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Abstract

Theories of dependent types have been proposed as a foundation of constructive
mathematics and as a framework in which to construct certified programs. In
these applications an important role is played by identity types which internalise
equality and therefore are essential for accommodating proofs and programs in the

same formal system.

This thesis attempts to reconcile the two different ways that type theories deal
with identity types. In extensional type theory the propositional equality induced
by the identity types is identified with definitional equality, i.e. conversion. This
renders type-checking and well-formedness of propositions undecidable and leads
to non-termination in the presence of universes. In intensional type theory propos-
itional equality is coarser than definitional equality, the latter being confined to
definitional expansion and normalisation. Then type-checking and well-formedness

are decidable, and this variant is therefore adopted by most implementations.

However, the identity type in intensional type theory is not powerful enough
for formalisation of mathematics and program development. Notably, it does
not identify pointwise equal functions (functional extensionality) and provides no
means of redefining equality on a type as a given relation, i.e. quotient types. We
call such capabilities extensional concepts. Other extensional concepts of interest
are uniqueness of proofs and more specifically of equality proofs, subset types, and
propositional extensionality—the identification of equivalent propositions. In this
work we investigate to what extent these extensional concepts may be added to
intensional type theory without sacrificing decidability and existence of canonical
forms. The method we use is the translation of identity types into equivalence

relations defined by induction on the type structure. In this way type theory with



extensional concepts can be understood as a high-level language for working with
equivalence relations instead of equality. Such translations of type theory into

itself turn out to be best described using categorical models of type theory.

We thus begin with a thorough treatment of categorical models with particular
emphasis on the interpretation of type-theoretic syntax in such models. We then
show how pairs of types and predicates can be organised into a model of type theory
in which subset types are available and in which any two proofs of a proposition
are equal. This model has applications in the areas of program extraction from
proofs and modules for functional programs. For us its main purpose is to clarify

the idea of syntactic translations via categorical model constructions.

The main result of the thesis consists of the construction of two models in
which functional extensionality and quotient types are available. In the first one
types are modelled by types together with proposition-valued partial equivalence
relations. This model is rather simple and in addition provides subset types and
propositional extensionality. However, it does not furnish proper dependent types
such as vectors or matrices. We try to overcome this disadvantage by using another
model based on families of type-valued equivalence relations which is however much
more complicated and validates certain conversion rules only up to propositional

equality.

We illustrate the use of these models by several small examples taken from

both formalised mathematics and program development.

We also establish various syntactic properties of propositional equality includ-
ing a proof of the undecidability of typing in extensional type theory and a corres-
pondence between derivations in extensional type theory and terms in intensional
type theory with extensional concepts added. Furthermore we settle affirmatively
the hitherto open question of the independence of unicity of equality proofs in
intensional type theory which implies that the addition of pattern matching to

intensional type theory does not yield a conservative extension.
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Chapter 1

Introduction

Theories of dependent types have been proposed as a foundation of construct-
ive mathematics [72,19] and as a framework in which to construct certified pro-
grams [64,19,109] and to extract programs from proofs [27,87]. Using implement-
ations of such type theories, substantial pieces of constructive mathematics have
been formalised and medium scale program developments and verifications have

been carried out.

One key feature of dependent type theories making them so apt for these
applications is that to a certain extent they allow the internalisation of meta-
theorems; they can “speak about themselves”. For instance, it is possible to
use such a type theory as a programming language and at the same time for
reasoning about these programs. Then, the proof that e.g. a program meets its
specification is an element of a certain type and the fact that this is so can be

checked automatically.

To a great extent this is made possible through the internalisation of equal-
ity by propositional equality and more generally through the interplay between

propositional equality and (intensional) definitional equality.

The main subject of this thesis is to study this interplay and in particular
extensions to propositional equality which maintain the desirable properties of the

definitional equality.



1.1 Definitional and propositional equality

In extensional type theory and axiomatic set theory the constant zero function

and the function defined by

0, if there is no counterexample to Fer-

mat’s conjecture of size less than n

f(n) =

1

otherwise

Y

are (probably) equal, whereas intensionally they are quite distinct, because their
definitions are entirely different. On the other hand, even in an intensional setting
there may be a proof that the extensions of the two functions agree. In the presence
of such a proof it should be the case that whenever some definable property holds

for the constant zero function then it also holds for f.!

However, certain equalities do not require a proof. For instance, in the above
example the function f equals the function which searches for a counterexample

to Fermat’s conjecture. Similarly, we have
if true then e else ¢ = ¢ (1.1)

just by appealing to the definition of the if-then-else construct. One therefore
speaks in the former case of a propositional equality whereas in the latter we have
an example of a definitional equality. The precise borderline between propositional

and definitional equality is fluid, but it appears to be commonly agreed that two

LA simpler example of propositionally equal yet intensionally different functions is
given by the identity on the natural numbers and the function Az:N.Suc®(0) sending
x to the z-fold iteration of the successor function on zero. The example with Fermat’s
conjecture is however more convincing since one could imagine an intensional theory in
which the former two functions become identified by some “n-rule” for natural num-
bers, whereas in no reasonable intensional or algorithmic setting would one identify two

functions the propositional equality of which is equivalent to Fermat’s conjecture.



objects are definitionally equal if after certain computation steps they evaluate
to identical results.? Traditionally, definitional equality is therefore meant to be
induced by a strongly normalising confluent rewriting system; in an extended sense
we might simply require definitional equality to be decidable and furthermore that
the decision procedure be induced by some notion of terminating computation on
terms. Indeed, we shall consider notions of definitional equality defined indirectly

via interpretation in some syntactically constructed model.

It is important that definitional equality is pervasive so if M and N are defin-
itionally equal then P(M) is definitionally equal to P(N) whatever P is. In
particular the proposition stating that M is propositionally equal to N is defini-
tionally equal to the proposition that M is propositionally equal to itself. Since the
latter proposition is always true, definitional equality always entails propositional

equality, but certainly not vice versa.

This distinction between “obvious” identities which do not require a proof and
“meaningful” identities which need to be verified is the key difference between
intensional and extensional theories. In an extensional theory every identity needs
a proof, whereas in an intensional theory a notion of computation or definitional

expansion is built in.

An illustrative example of definitional equality arises in category theory. For
conceptual reasons one often does not want to have an equality on objects. Non-
etheless, such an equality is needed to state when a composition fog is defined,
namely when the domain of f and the codomain of ¢ agree. A careful analysis of
common practice shows that the word “agree” here refers in most cases to defin-

itional equality of objects. For example if G(X) = A x X one would be allowed

2Luo [67] confines definitional equality to actual definitional expansion and considers
1.1 as an instance of “computational equality”. However, since computational and defin-
itional equality behave identically syntactically this distinction is merely a philosophical
one. On the other hand, Martin-L&f [71] explains the use of the term “definitional” for
equalities like 1.1 on the grounds that the “non-canonical” term former if-then-else is

defined by 1.1 and a corresponding clause for false.



to compose a morphism with codomain G/(X) with a projection, but no category
theorist would write “let’s prove that the domain and codomain of the following

two morphisms are equal”.

A formal framework in which both propositional and definitional equality are
present is Martin-Lo6f’s intensional type theory [85]. Definitional equality is ex-
pressed by the equality judgement I' - M = N : ¢ meaning that M and N are
definitionally equal terms of type o in context (type assignment) I'. There is also
a notion of definitional equality on types: I' = 0 = 7. Propositional equality of
terms M and N is expressed by the judgement I' F P : Id,(M, N) meaning that
P is a proof that M and N are propositionally equal terms of type o in context
I'. Here “Id” is Martin-Lof’s identity type which is defined as an inductive family
with the single constructor Refl(M) : 1d, (M, M).

In the presence of a type of propositions “Prop” one can also define proposi-
tional equality by Leibniz’s principle. According to this principle a proof that M
is propositionally equal to N is a proof that whenever a property P : ¢ — Prop

holds for M then it holds for N.

These formulations demonstrate an important aspect of propositional equality
in intensional type theory—the fact that it internalises proofs of equality. Propos-
itional equality is identified with the type of its proofs and it is decidable whether
a term belongs to this type or not. In contrast, in set theory one may define an

“identity type” by

et B {*} tM=N
[ (M, N) =
0 otherwise

Then 1d***( M, N) is nonempty iff M and N are equal, but membership in Id***(M, N)

is not in general decidable, so x cannot be considered a proof that M equals N.

A similar situation occurs in extensional Martin-Lof type theory [72,31] where
propositional and definitional equality are forcefully identified by the equality re-

flection rule

Ik P:1d,(M,N)

ID-DEFEQ
I'FM=N:o



This rule makes definitional equality extensional® and thus undecidable (Sect. 3.2.2).
Moreover, type checking becomes undecidable because Refl(M) : 1d, (M, N') holds
ifft M and N are definitionally equal. Also, the term Refl(M) can no longer be
considered a proof that M and N are equal as is the case in of the above “identity
type” in set theory. For these and other reasons (see Sect. 3.2.6.2) interest in ex-
tensional type theory seems to have recently decreased. We shall however explain
in Chapter 3 that the equality reflection rule can be seen as a shortcut for longer

derivations in intensional type theory.

Unfortunately, the abovementioned formalisations of propositional equality
(identity type and Leibniz equality) suffer from serious limitations when they are
used at types which are not inductive. For example, if P : Hx:oId, (f x,¢ ) is a
proof that f and ¢ are point-wise propositionally equal then there is in general no
way of constructing an element of Id,_.(f,¢) although in the presence of P the
functions f and ¢ are clearly propositionally equal in the abstract sense. This has
led to the common misunderstanding that the identity type was intensional. This
is not so because if M(x) and N(x) are expressions containing a free variable of
type o then in certain cases an element of Id,(M(x), N(x)) may be constructed
by induction on = even if M(x) and N () are not definitionally (i.e. intensionally)

equal.?

Summing up, we can say that definitional equality is intensional—it identifies
objects which become identical upon definitional expansion and/or computation;

and that (idealised) propositional equality is extensional, but that it is not ad-

3Strictly speaking, definitional equality does not become extensional here, but the
equality judgement no longer expresses definitional equality. To avoid the introduction
of a third notion of equality, judgemental equality, we shall by a slight abuse of language
identify definitional equality with the relation expressed by the equality judgement.

1Luo [67] therefore calls the identity type “weakly intensional”. A way of justifying
the predicate “intensional” for the identity type consists of decreeing that intensional

equality on open terms refers to definitional equality of all closed instances.



equately captured by the identity type or Leibniz equality. This thesis is an

attempt at overcoming this mismatch.

1.2 Extensional concepts

We use the term “extensional concept” to refer to a desirable feature of propos-

itional equality which is not present in its traditional formulation. In this thesis

several such extensional concepts are of interest, notably the following:

il.

iil.

v.

vi.

Functional extensionality: Two functions which are point-wise proposition-

ally equal are propositionally equal.

Uniqueness of identity: Any two proofs of a propositional equality are pro-

positionally equal.

Proof-irrelevance: Any two proofs of a proposition are propositionally equal.

Subset types: The presence of a type former which permits the formation of

a type of elements of a given type that satisfy a certain predicate.

. Propositional extensionality: Two propositions which imply each other are

propositionally equal.

Quotient types: The presence of a type former which permits arbitrary defin-

ition of propositional equality on some underlying type.

These extensional concepts are not independent of each other. In particular

iii implies iv and vi implies i (see Sect. 3.2.7) Also, v implies iii if one assumes

a distinguished proposition with exactly one proof. The concepts iii, v, iv only

make sense if there is a difference between propositions and arbitrary types. In

this thesis this difference is expressed by the assumption of a type of propositions

Prop and a type Prf(P) for each P : Prop. The propositions are then the types

of the form Prf(P) and the elements of these types are proofs. If for conceptual



reasons one does not want to have a type of all propositions one can also introduce
a new judgement I' F ¢ Prop to mean that the type P is a proposition. We only
hint at this alternative in Remarks 4.6.1 & 5.1.11.

The concept of uniqueness of identity is of course a special case of proof-
irrelevance, so it only makes sense in the absence of the latter, for example in a

theory with propositions and types identified.

In extensional type theory, these extensional concepts are either present or can
be added easily, see e.g. [31]. Here we take on the more difficult task of adding
them to intensional type theory. Apart from the advantages of intensional type
theory in general this has the desirable effect that we can add a choice principle

for quotient types 5.1.7 which would be unsound in any extensional theory.

Extensional concepts could simply be added axiomatically and justified se-
mantically, say by a set-theoretic interpretation. For example, in order to achieve

functional extensionality we could simply assume a family of constants
Extyr : f,g:0 — r.(Ile:odd-(f 2,9 @) — Id,—r(f, 9)

However, in this case an important property, called N-canonicity (Def. 2.1.9), of
definitional equality will be violated, namely that every closed term of the natural
numbers is definitionally equal to a numeral.® The reason is that a term containing
an instance of Ext cannot be definitionally equal to a numeral because there are
no rules governing the behaviour of Ext w.r.t. definitional equality. This work
can—to some extent—be seen as a quest for extensions of definitional equality so

as to include rules for these constants.

An exception to this is uniqueness of identity. As noticed by Streicher [101] it
can indeed by added axiomatically and the axiom can be endowed with a reduction
rule so that no non-canonical elements arise. For us the concept is of relevance
because it is needed to establish equivalence of extensional and intensional type

theory with extensional concepts added (3.2.5).

’The use of the natural numbers is arbitrary here. One can easily show that a non-

canonical element in some other type induces one in the type of natural numbers.



1.3 Method

The main tool we use in order to achieve the goals set out above consists of defin-
ing interpretations of the type theory with extensional concepts inside pure type
theory. For example, in order to achieve functional extensionality and quotient
types, one interprets every type as a type together with an (internal) equivalence
relation and propositional equality at a particular type as this equivalence rela-
tion. Since this approach is inspired by Bishop’s definition of a set by its members
and its equality [9] we call this translation the setoid interpretation. Similarly,
for subset types and proof-irrelevance we use a translation of types into types
with unary predicates and of terms into terms plus proofs that these predicates
are respected. Following Burstall and McKinna [13] we call this translation the

deliverables interpretation.

Given such an interpretation we can consider two objects definitionally equal if

they receive definitionally equal interpretations and in this way ensure N-canonicity.

1.3.1 The use of categorical models

It turns out that due to type dependency the verification that a certain translation
indeed validates all the rules of type theory is quite difficult. It has therefore
proven useful to insert the intermediate step of abstract categorical models. One
then defines a sound interpretation function from the syntax to the abstract model
once and for all and the task of proving that a certain translation is sound can
then be reduced to the task of verifying that one has an instance of the abstract

model.

This may be compared to the situation in the simply typed lambda calculus.
Instead of directly giving an interpretation of typed lambda terms in some math-
ematical structure one can alternatively show that this structure forms a cartesian

closed category and then appeal to the general interpretation function mapping



lambda terms to morphisms in an arbitrary cartesian closed category [49]. In
our situation the role of cartesian closed categories is played by syntactic categor-
ies with attributes—an equational presentation of Cartmell’s notion of categories
with attributes [15,89]. Such an equational presentation has the advantage that
the property of being a model can be checked using term rewriting (normalisa-
tion). In this way we have encoded all the syntactic models within the Lego proof

checker [68] and advantageously used its normalisation features to verify them.

1.3.2 Syntactic models

So the task of interpreting type theory with extensional concepts can be rephrased
as that of exhibiting a categorical model in which the desired extensional concepts
are valid. The aims set out in Sect. 1.3 above place certain restrictions on such

models.

Firstly, in order that (semantically defined) definitional equality be decidable,
equality in the model must be decidable, which presupposes that the semantic

objects come with some effective description.

Second, the model must have the property that the type of natural numbers
consists of numerals only so that we obtain the desired property that even in the
presence of an extensional concept every closed term of the natural numbers is

definitionally equal to a numeral (N-canonicity).

Now any model satisfying these two requirements would meet the specification
set out so far. However, in addition to this we want that the model explains the
extensional concepts in terms of more basic ideas. “More basic” in this context
means in terms of type theory without extensional concepts added. We thus seek
a syntactic model the objects of which are syntactical and the equality of which is

induced by the definitional equality of the underlying type theory.

The interpretation in the model then not only induces a coarser notion of
definitional equality, but actually computes syntactic expressions which no longer
contain the extensional concepts. Extensional concepts may therefore be seen as

abbreviations or “macros” for longer derivations in the theory without them.



In particular, working in the syntactic model for functional extensionality and
quotients can be viewed as using a high-level language for working with equivalence
relations instead of equality and functions together with proofs that they respect
these relations instead of mere functions. Similarly, the syntactic model for subset
types and proof irrelevance can be understood as a high-level language for working
with “deliverables” in the sense of [13], i.e. functions together with proofs that they

respect certain predicates.

We also encounter a model which cannot be called syntactic—the groupoid
model. Tt is similar in spirit to the syntactic models we give and serves similar
purposes. The groupoid model can be seen as a refinement of the setoid interpret-
ation in which proofs are constrained by equations. For example the proof that
a function respects equality must respect symmetry. This allows for a more fine-
grained definition of (semantic) propositional equality on the identity type itself
which both shows the underivability of uniqueness of equality proofs and permits

a view of propositional equality of types as isomorphism.

It turns out that the syntactic models for the various extensional concepts
discriminate between the features present in the type theory under consideration.
For instance, the simplest model for quotient types does not support universes
and other more involved forms of type dependency like the definition of a family
of types indexed over Booleans by case distinction. It is possible to extend this
model to cover universes, but then the extensional concepts are only available for
types in the universe and not for the universe itself. Definition of types by cases is
still not possible. On the other hand, in a more complicated model in which these
type dependencies are available, certain expected definitional equalities only hold
propositionally, for example certain instances of the computation rules associated
to elimination of natural numbers. Some of these limitations have a natural ex-
planation in terms of the intended meaning of the particular extensional concept in
question; others, like the lack of certain definitional equalities, are rather arbitrary

but nevertheless seem unavoidable.

Of course here the question arises whether the method of syntactic models is

not too restrictive. Certainly, any approach to extensional concepts would (modulo



some coding) be induced by a model which meets the first two requirements on
a syntactic model, viz. semantic equality would have to be decidable and the
interpretation of the natural numbers would have to consist of numerals only.
Given that from the model one also expects some insight about the nature of the
extensional concepts, not much choice is left. We cannot exclude the existence
of such non-syntactic models, but have not encountered any in the course of the

research reported here.

1.4 Applications

The applications of extensional concepts are numerous. Functional extensionality
is required when one wants to reason about higher-order functions and also when
coding coinductive types and greatest fixpoints using function types [60]. Quotient
types are of pivotal use in formalisations of proofs in constructive algebra, since
the most elementary algebraic constructions involve quotients. Quotient types also
provide bisimulation principles to reason about infinite types. This may facilitate
semantics-based verification of concurrent programs. Subset types can be used
for modular specification. Here the additional computational principle that a
function on a subset type should embody an algorithm defined on the whole type
is important (Sect. 4.6.2). Proof irrelevance and propositional extensionality are
of more theoretical interest. For example, propositional extensionality implies
that quotient types are effective, i.e. that if two equivalence classes are equal in a
quotient type then their representatives are related (Sect. 5.1.6.4). We work out

several of these applications in some detail in Chapter 6.

Most of the applications also go through if the extensional concepts are merely
assumed axiomatically without supporting them by a syntactic model. Indeed, we
establish a conservativity property (Thm. 3.2.5) of which this fact is a general con-
sequence. The benefit of the syntactic models in applications is three-fold. First,
they show that using (partial) equivalence relations (called “book-equalities” in

the Automath tradition [25]) is essentially equivalent to using propositional equal-



ity with extensional concepts added. Even if one does insist on “book-equalities”,
the syntactic models may guide their use, which is particularly important in the
presence of type dependency. Second, they allow to gauge the differences in ex-
pressiveness between various approaches to “book-equalities”, e.g. equivalence re-
lations ws. partial equivalence relations, Prop-valued wvs. type-valued relations, et
cetera. Finally, two of the syntactic models we look at give rise to a complete
separation between proofs and computations. Definitional equality in the model
only compares the computational parts, so that the decision procedure for equality

and type checking becomes more efficient.

1.4.1 Application to machine-assisted theorem proving

Theorem proving in type theories with or without extensional concepts is in prin-
ciple possible by writing down derivations according to the rules. For realistic
applications these rules are, however, unmanagable and one either has to move
to informal notation or use machine support. For ordinary type theory without
extensional concepts such machine support exists in the form of proof assistants
like Lego [68]. There are in principle two possibilities as to how a proof assistant

can be extended so as to provide extensional concepts.

As said above, most of the applications go through with axiomatically added
extensional concepts. The Lego system allows for the addition of axioms or con-
stants and even for the addition of certain definitional equalities as rewrite rules.
In Appendix A we give Lego code which approximates in this sense one of the syn-
tactic models for extensionality and quotient types (a setoid interpretation). The
main disadvantage of this simple-minded approach is that terms of the natural
numbers may contain instances of these axioms and thus not reduce to a canon-
ical form. We also encounter certain non-standard operations on subset types and

quotient types which cannot be cast into the form of Lego constants.

A deeper application of the work described here consists of a changing the im-
plementation of the proof assistant itself so that it would compute interpretations

in a syntactic model of all types and terms occurring during a proof session and



use these interpretations to decide definitional equality and thus type checking.
This would restore the ability of internal computation on terms and would also
support the non-standard operations. Additionally, the interpretations could be
made accessible to the user for subsequent processing. For instance, in the case of
the syntactic model for proof-irrelevance the computational part of the interpret-
ation can be seen as a program corresponding to the computational content of a

proof.

Unfortunately, such a change to a proof assistant involves substantial practical

effort and thus falls beyond the scope of this thesis.

1.5 Overview

Chapter 2 recapitulates the syntax of dependent type theory including universes
and impredicative quantification. We use a judgement-oriented presentation without
a logical framework. In order to compensate for the lack of a logical framework
we develop a high-level syntax for substitutions and free variables. In the second
part of Chapter 2 we introduce our notion of categorical model for dependent type
theory, so-called syntactic categories with attributes, and we describe the inter-
pretation of syntax therein. The definition of the interpretation function and the

soundness proof closely follows [100].

The third chapter is mainly devoted to a comparison between intensional type
theory with extensional concepts added and extensional type theory. The main
result is that the latter is conservative over the former. Together with the unde-
cidability of extensional type theory we consider this result the main theoretical
justification for the use of intensional type theory with extensional concepts added.
We also describe some basic constructions with the identity type that are required
later, such as the definition of Martin-Lof’s elimination rule in terms of a Leibniz

principle.

Chapter 4 contains the first syntactic model construction, a “deliverables inter-

pretation” of the Calculus of Constructions, which models types as types together



with a predicate. The model supports subset types and proof-irrelevance, and
it interprets a non-standard rule for subset types which under certain conditions
allows one to lift a function defined on a subset to a function on the whole set.
The interpretation establishes a correspondence between two methodologies for
program development in type theory, the deliverables approach and the refine-
ment approach. We also sketch an application of the interpretation to typing of

higher-order modules.

Our main purpose in presenting the deliverables interpretation is, however,
to introduce the methodology of describing translations of type theory into itself
using categorical models, and to indicate how the verification of such a categorical

model can be mechanised using Lego.

Chapter 5 forms the kernel of this thesis. It contains three model constructions
centred around extensionality and quotient types. Section 5.1 describes an inter-
pretation under which types are modelled as types together with a Prop-valued
partial equivalence relation (“setoids”). The interpretation is rather simple be-
cause type dependency is only allowed at the level of the relations, not for the
types themselves. In this model functional and propositional extensionality, sub-
set types, and quotient types can be interpreted. For the quotient types a choice
operator may be defined which under certain conditions allows a representative
to be recovered from an equivalence class. The model does not contain any prop-
erly dependent types such as matrices and universes. To alleviate this we look at
an extension with universes obtained by amalgamating the setoid model with the
deliverables interpretation. In this way a universe is supported, but extensional

concepts become restricted to types inside the universe.

Sect. 5.3 describes an attempt to overcome the lack of type dependency in the
previous model. We try to answer the question of what the right definition of a
family of setoids indexed over a setoid might be, under the hypothesis that the
underlying types of such a family should depend on the underlying type of the
indexing setoid. The criterion for the value of such a definition is of course that
the families must form a syntactic category with attributes and support as many

type formers as possible as well as functional extensionality. The answer turns out



to be rather unsatisfactory; the model is quite complicated and the verification

even of the type of natural numbers is extremely complicated.

In Sect. 5.2 the—in our opinion—most natural solution to the above question
of dependent setoids is described: the groupoid interpretation of type theory. It is,
however, not a syntactic model, but can only be defined in extensional type theory
or set theory. We show how the groupoid interpretation answers the question
of independence of uniqueness of identity and how it permits one to interpret
propositional equality on a universe as isomorphism. It also motivates the setup

of the dependent setoid model in Sect. 5.3, which is why we describe it first.

Chapter 6 is devoted to applications of the extensional concepts and of the
conservativity of extensional type theory over intensional type theory with exten-
sional concepts added. Many of these applications have been actually formally

developed within the Lego proof checker.

Sect. 6.1 studies a formalisation of Tarski’s generalised fixpoint theorem using
subset types. The main lemma-—a property of posets—is instantiated in the course
of the proof with various sub-posets of a given one, whence the need for subset
types. Our development is based on an earlier formalisation by Pollack, which can
be viewed as the result of translating our development to intensional type theory

using the interpretation in the deliverables model.

Sect. 6.2 studies an important application of functional extensionality—an en-
coding of infinite lists (“streams”) as functions. We derive a coinduction principle
for these streams and define a fixpoint combinator the verification of which makes

heavy use of coinduction.

In Sect. 6.3 we describe a simple-minded encoding of category theory in type
theory with extensional concepts (propositional equality is used to compare both
objects and morphisms). We investigate how this encoding gets translated un-
der the various interpretations in terms of setoids. The resulting encodings in
pure intensional type theory resemble encodings proposed independently by other

authors.



Sect. 6.4 serves a similar purpose. We show how an encoding of disjoint-union
types in extensional type theory due to Troelstra gets translated under the setoid
interpretations. In particular we show in some detail how functional extensionality

gets eliminated.

Sect. 6.5 is devoted to an examination of our syntax for quotient types by
redoing certain constructions with quotient sets collected by Bourbaki [10] in order
to become independent of their encoding as sets of equivalence classes. All but one
construction go through; we explain why this one (isomorphism between the two
definitions of the image of a function as a subset and as a quotient) must fail under
a constructive understanding of quotienting as a redefinition of (propositional)

equality.

Finally, Sect. 6.6 gives an application of the conservativity of extensional type
theory over intensional type theory. We give an extensional type-theoretic vari-
ant of a theorem due to Mendler which involves indexed families of sets. Our
formalisation is such that the conservativity theorem implies the existence of a
proof of this theorem in intensional type theory with functional extensionality and
uniqueness of identity. However, we were not able to come up explicitly with such
a proof. This “application” suggests that in certain situations extensional type
theory might be useful as a high-level language for type theory with extensional

concepts.

Each of the four theoretical chapters ends with a section discussing possible
extensions and related work. General conclusions and some directions for future

research are summarised in Chapter 7.

The appendix contains a summary of the type-theoretic rules used throughout
the thesis, a glossary of type theories appearing in the thesis, and an index of
symbols. We also include a translation into Lego syntax of some of the rules for

extensional concepts.



Chapter 2

Syntax and semantics of dependent types

In this chapter we fix a particular syntax for a dependently typed calculus and
define an abstract notion of model as well as a general interpretation function
mapping syntactical objects to entities in a model. This interpretation function is

shown to be sound with respect to the syntax.

2.1 Syntax for a core calculus

We start by giving a syntactic description of intensional Martin-Lof type theory
with IlI-types, natural numbers, and the identity type [71]. On top of this we can
add further inductive types, Y-types, universes, impredicative quantification and
so forth, in order to accommodate richer systems like the Calculus of Constructions
[19] or Lego/ECC [65,67]. The syntax we give does not make use of a “logical
framework” as e.g. in [85] or [101]. We could, however, view the core calculus as
a framework and make all further definitions of types inside some universe. So we

do not really commit ourselves to a particular style of presentation.

2.1.1 Raw syntax

The raw syntax is formed out of three categories: pre-contexts, pre-types, and

pre-terms. These are defined by the grammar in Fig. 2-1.
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r R empty context

| Iz:io context extension
o, T = N natural numbers
| Mx:o.7 dependent product
| Id, (M, N) identity type
M,N,O,P == «x variable
| 0 N introduction (zero)
| Suc(M) N introduction (successor)

| RN(M, N,0) N elimination (induction)

| Ax:o. M7 typed abstraction
| App, (M, N) typed application
| Refl, (M) identity introduction
| J,(M,N,0,P) identity elimination

Figure 2—1: Syntax of pre-constructions

A few remarks concerning this presentation are in order. First, note that we
include type information in application and abstraction. This makes the definition
of the interpretation function for models easier, and it appears somewhat arbitrary
to leave the type information out in this particular place. Indeed much more type
information could be inferred automatically and for an actual implementation one
would set up some sort of front end which would generate as much type information
as possible so that the syntax we give here would only appear as an intermediate
language. Cf. also Streicher [100] where situations are indicated in which the
typing information in an application can not be inferred. To increase readability
we shall, however, often suppress type information informally and in particular we
abbreviate App, (M, N) by (M N) and Az:0.M™ by Azx: .M or even Ax.M where
appropriate. See Coquand’s survey article [16, Sect. 2.3] for a deeper discussion

of such abus de langage.



Second, we are a bit sloppy about variable binding in our presentation. For
example, as will emerge from the typing rules, the type o in of RN contains a free
variable of type N which becomes bound in RY. To be consistent with the usual
notation we make this binding explicit in the case of II-types, but otherwise not,

since it would lead to overly clumsy terms.

We identify all constructions up to renaming of both free and bound variables
and ensure by a suitable renaming policy that no unwanted variable captures
occur. This could be made more precise by using de Bruijn indices instead of
named variables, but the price to pay is that syntactic weakening would no longer

be the identity and thus notation would become less readable.

The union of pre-terms, -types, and -contexts is called the set of pre-construc-
tions. The prefix “pre” indicates that these need not “typecheck” in any sense.
The actual terms, types, and contexts (constructions) are those which occur inside
the typing judgements to be defined in the next section. To avoid repetition we
use the synonyms “element”, “function”, “operation” for “terms”, where the latter
two are mostly used for terms with distinguished free variables. We also sometimes

say “set” instead of “type”.

2.1.2 Judgements

There are six kinds of judgements.

'k I' is a well-formed context of variable declarations
I'kFo o is a type in context I'
I'EM:o M is a term of type o in context I’
FI'=A The contexts I' and A are equal
'Fo=r The types o and 7 both in context I' are equal
'FM=N:o The terms M and N of type o are equal

The last three kinds of judgements state definitional equality of contexts, types,

and terms. The valid judgements are defined inductively by the following clauses.



2.1.2.1 Context rules

Valid contexts are generated from the empty context by successive extensions.

I'kFo
— EwvprTY ——— COMPR

ok ae:ok

It follows from our conventions on variable names that in rule COMPR the variable

z does not occur in I'.

2.1.2.2 Type formation rules

For each of the type formers N, Id, II there is a formation rule stating the con-
ditions under which a pre-type having that type former as outermost constructor

is well-formed. In particular the type formation rule for II specifies its binding

behaviour.
I'EM:o
lNae:okr I'EN:o '+
——— II-ForM ID-ForM — N-ForM
'tz :or I'F1d, (M, N) I'EN

2.1.2.3 Term formation rules

First, there are two “structural rules” which define the typing of variables and

type conversion along type equalities.

'Fo=r7

oo, Al I'EM:o
VAR —— Conv

oo Abx:o '=M:r

The following rules each correspond to a constructor on pre-terms and define its
well-formedness and typing. In particular they define the binding behaviour of
the term formers A\, RY, and J, .. The rules can be grouped in pairs according to
whether a certain type appears in the conclusion (introduction) or in a premise

(elimination) of the rule. The rules corresponding to the Il-type are

' z:obM:71 '-M:1lz:o.1 '-N:o
II-INTRO II-ELiM

I'FXeioM™: Ha:o.r ' App, (M, N) : 7[x := N|




The introduction rules for the natural numbers define the constructors 0 and Suc
whereas the elimination rule defines mathematical induction.

'k I'FM:N
N-INTRO-0 N-INTRO-SUC

I'FO: N I'F Suc(M): N

' «:NFo
I'E M, :ofz:=0]
I'ya:N , p:o b M, : oz := Suc(z)]

I'EFN:N
N-Erim

'k RN(M,, M,,N) : o[z := N]

Notice here that the free variables x in o as well as  and p in M, are bound by

RN. We could have chosen a notation like

RNg (M., 2:N.p:o.M,, N)
to emphasise this. Instead we define later in Sect. 2.2 a high-level syntax for terms
and types with free variables.

Finally, for the identity type Id,(M, N) the introduction rule corresponds to
reflexivity, whereas the elimination rule is a generalised Leibniz principle which
we study in more detail in Chapter 3.

I'EM:o
ID-INTRO

I'F Refl, (M) : 1d, (M, M)

I, 2:i0y:0,p:ld(a,y)F 7

I' ziob M :rle:=2][y := 2][p:= Refl, ()]
I'FNy:o

I'FNy:o

'k P: Idg(Nl,NQ) I B ]
D-BLIM-

I'F JU,T(Ma leNQ,P) : T[{E = Nl][y = NQ][p = P]



2.1.2.4 Definitional equality

Definitional equality of types I' F 0 = 7, terms I' F M = N : o, and contexts
I' = A is defined as the least congruence with respect to all type and term formers
closed under “definitional expansion”. This means that definitional equality is

reflexive, symmetric, and transitive:

ko 'Fo=r 'Fo=r F'Er=p
T-REFL — T-SyM™m T-TRANS

'Fo=o 'kr=o0 F'Fo=p

with analogous rules for definitional equality on contexts and terms. Further-
more there are congruence rules for every type and term former; for example the

congruence rule for the successor and for the Il-type are:

'-M=M:N I'to=o Mziokbr=17
C-Suc C-11
['F Suc(M) = Suc(M'): N IFTz:or =a: o7’

Notice also the congruence rule for context extension.

FI'=A 'Fo=r7

C-CoMPR
Flyeio=Ay:7

Special attention is drawn to the congruence rule for abstraction (“£-rule”) because

it is left out in some presentations of type theory. See [71] and Sect. 3.2.1.

I'tz:or = Hz:o' 7' Fz:obM=M:1
C-ABSTR

I'FAvio.M™ = de:o’. M7 aior
Finally, closure under definitional expansion is formalised by the following rules

which are all understood under the premise that the respective left and right hand
sides both have the indicated types.

II-BETA

' App, ,(Az:0. M7, N) = M|z := N| : 7[z := N]

NAT-COMP-ZERO

I'FRN(M., M,,0) = M. : o[z := 0]

NarT-ComMP-Suc

I+ RN(M., M,,Suc(N)) =



Ip-Cowmpr

'k J,.(M,N,N,Refl,(N)) =
Mz := N]: 7]z := N]y := N][p := Refl, (V)]

Notice that, unlike propositional equality given by Id the definitional equality is not
annotated by any justification or proof whatsoever. Thus, I' - M = M’ : o states
that M and M’ are definitionally equal terms of type o whereas I' - P : Id, (M, M")
states that P is a proof that M and M’ are propositionally equal terms of type o
in context I'. Also a definitional equality can never appear as an assumption in
a context, whereas propositional equality obviously can. This stands in contrast
to the system presented in [34] in the framework of so-called labelled deductive

systems.

2.1.3 Notation

The empty context is usually left out in judgements; so we write = N instead of
o = N. We sometimes write I' = J for an indeterminate judgement where J may
be of the form I' ' = A, o, 0 =7, M : 0, M = N : 0. In the running text the
ambient context I' and the derivation symbol F are often left out and informal
equality reasoning may be used to justify equality judgements thereby implicitly

using reflexivity, symmetry, transitivity, and the congruence rules.

We shall in the sequel sometimes use an abbreviated notation for inference

AFJ
orJ!

rules whereby we omit the context I' carried along previously. So a rule is

[AFJ
r,erJ:

understood as This abbreviated notation appears also in [6] and [105]. We
also use this abbreviated notation in the running text, so phrases like “let M : o
be ...” are understood in arbitrary context I'. If I' - ¢ then we sometimes write

I' F o true to mean that there exists M with ' - M : o.

The implicit typing premises to equality rules mentioned above (Sect. 2.1.2.4)

are also required in all subsequent equality rules. So an equality rule of the form

P

I'FM=N:o0o



is understood as

PI'EM:0T'EFN:o

I'FM=N:o0o

We use the symbol = for syntactic identity including a-conversion. So Az:N.z =

Ay: N.y, but (Az: N.2) 0 £ 0.

The set of set-theoretic natural numbers is denoted w. If n € w we sometimes

write n also for the corresponding numeral in N, for example we write abbreviate

Suc(Suc(Suc(0))) by 3.

2.1.4 Derived rules and meta-theoretic properties

The meta-theory of systems like the above has been the subject of extensive study
[2,100,105,19,67,38]. For our development we need the following meta-theoretic

properties whose proofs are standard and may be found e.g. in [67].

Proposition 2.1.1 (Weakening) Let ')A F and ' o. If the judgement I'; A F
J is derivable then so is I',x:0, A F J.

Proposition 2.1.2 (Substitution) Let',z:0,AF and ' M : 0. If the judge-
ment I, x:0, A F J is derivable then so is ') Alx := M|+ J[x := M]

Proposition 2.1.3 IfF ' =A then'F. If '+ o=71thenl'Fo. IfT'F M =
N:othenI'FM:o.

Proposition 2.1.4 (Strong normalisation) The rewrite system obtained by dir-
ecting the non-logical equality rules (II-BETA, ID-COMP, NAT-COMP-ZERO, NAT-
CoMP-Suc) from left to right is strongly normalising. This induces a decision

procedure for definitional equality.

Proposition 2.1.5 (Decidability) [t is decidable whether a judgement I' & J is

derivable.



Remark 2.1.6 The strong normalisation property implies in particular that every
term in the empty context is definitionally equal to a canonical one, i.e. a term

having Refl, 0, Suc, or A as outermost term former.

Proposition 2.1.7 (Unicity of typing) If ' - M : 0 and I' v M : 7 then
'Fo=r.

Proposition 2.1.8 (Unicity of type formation) If I' F [lz:0.7 = Ha:o'.7'
then T F o =0 and Tya:o b 7 =17 IfT F Id,(M,N) = 1d, (M’', N') then
'Fro=¢d"andT’FM=M":0and ' N=N'":o0.

These meta-properties continue to hold mutatis mutandis for the various exten-

sions to the core type theory we are going to make.

2.1.4.1 N-canonicity

We are now in the position to make precise what we mean by the property that
in the empty context terms of the natural numbers are canonical which we hinted

at in the Introduction.

Definition 2.1.9 (N-canonicity) A type theory with natural numbers is N-ca-
nonical if whenever o = M : N then o = M = Suc(...Suc(0)...) for some n € w.

n times

It follows from Prop. 2.1.5 and Remark 2.1.6 above that the core type theory
described so far is N-canonical. We remark that if I' = M : N is a non-canonical
element of the natural numbers and I' L : ¢ is any term of type o then I' I
RN(L,[z:N,y:0]L, M) : ¢ is a non-canonical element of type o so that the role of

N in the definition of N-canonicity is arbitrary.



2.2 High-level syntax

In the syntactic model constructions we are interested in we need to define various
operations on contexts and will require the notion of relative contexts or “tele-
scopes” [26]. We thus introduce some high-level syntax and derived rules and
judgements in order to deal with these. We also introduce some abbreviational

machinery to deal with definitions and substitutions.

2.2.1 Telescopes

IfI'and A = xy:7q,...,2,: 7, are pre-contexts then we write I' = A as an abbrevi-
ation for the n judgements ' =7, I zy:m F mpup to Uiy, ooy q: Ty 7
In this case we say that A is a context relative to or a telescope w.r.t. I'. It can be
shown by induction that I' F A iff I') A = where according to our convention the
variables in A have been suitably renamed. The type equality judgements are
extended accordingly to telescopes. l.e. we write ' F A = A" if A and A’ have

the same length and definitionally equal components.

2.2.2 Elements of telescopes and context morphisms

Assume I' B A with A = 2y : 7y, 2, t 7. I f = (My, ..., M,) is an n-tuple
of pre-terms then we write I' b f : A as an abbreviation for the n judgements
' M :n, U'F My nfag := My], up to ' F M, : 7,[zq := My].. . [z, =
M,,_1]. We then call [ an element of the telescope A. In the special case where A
is independent of I', i.e. we have I' - and A F, we call f a substitution or a context
morphism from I' to A. In this situation we write I' F f = A. Definitional equality
is extended canonically to elements of telescopes, that is we write ' [ = f': A

if f and f’ have the same length and definitionally equal components.

Syntactic substitution generalises to elements of telescopes. If I' F f: A and
I') A F o then we write o[(x1,...,2,) := f] for the parallel substitution of all A-

variables xy through x, in ¢ by their companions in the n-tuple f. We then have



't o[(x1,...,2,) := f]. If the variables are clear from the (linguistic) context we
also write o[f]. An analogous notation applies to substitution inside terms and

telescopes.

The context morphisms include the identity from I' to I' which consists of the
tuple of variables in I', and they are closed under composition, i.e. if f is a context
morphism from I" to A and ¢ is a context morphism from A to © then the parallel
substitution of f into g gives a context morphism from I' to © denoted go f. In this
way the contexts form a category, i.e. composition is associative and the identity

is neutral.

We remark that the property of unicity of typing (Prop. 2.1.7) which holds for
terms does not extend to elements of telescopes. For example the pair (0, Refln(0))
can be viewed as a substitution from ¢ to « : N,p : ldx(z,2) or to x : N,p :
[dn(0,0). Therefore, elements of telescopes ought to be annotated with typing

information which we shall, however, usually omit.

Since we are going to describe constructions involving abstractly given contexts
and telescopes we need a means of introducing variables for them. If I is a pre-
context of length n and if ¥ = (y1,...7,) is an n-tuple of variables then ~v : I'
denotes I' with its variables renamed to 7;...7,. This allows us for example to

write y : '~ T

2.2.3 Definitions and substitution

Assume I', A F o for some type expression o. By the declaration
6 Al:=0c

the meta-variable 7 becomes an abbreviation for the expression o. This notation

emphasises that the variables from A are free in 7. For example we may define
eqzero[n : N| := Idx(n,0)
and in ambient context maxint : N

eqmax[n : N| := Idn(n, maxint)



Explicit variable names in a substitution may now be omitted, for example the
expression eqzero[5] denotes Idn(5,0) and eqmax[5] denotes Idn(5, maxint). We

also use square brackets as a form of first-order abstraction. I.e. we may write
[6: Alo

to emphasise the A-variables in . The above declaration can thus equivalently

be written as

r:=[6:Alo

Whenever 7 or [6 : A]o appears inside some term then by suitable renaming it is

ensured that none of the A-variables are captured.

Analogous conventions apply to terms, telescopes, and elements. The main
application of first-order abstraction is the instantiation of binding operators like
RN. For example the following is a (somewhat contrived) proof that every natural

number is equal to itself

n:NF
R Ntans (o by ind. on n
Reflx(0) base case

[n: N, p: Idx(n,n)]Reflx(Suc(n)),  ind. case

n) : Idn(n, n) conclusion

Observe the scoping of variable names here. The n in the subscript to RN is

different from the one declared in the global context.

It is the hope of the author that with these conventions a reasonable comprom-

ise between readability and formal correctness has been found.



2.3 Further type formers

In this section we introduce the syntax of a few further type formers such as
Y-types and universes. We also describe how Coquand-Huet’s Calculus of Con-
structions fits into our syntactic framework. It is understood that whenever a rule
introduces new type or term formers then the raw syntax is suitably extended to

account for these, and definitional equality is extended accordingly.

2.3.1 Unit type

We start with a unit type, which is sometimes handy for technical reasons. It
introduces a type 1 with single canonical element x. The unit type comes with an
induction principle stating that x is the only inhabitant of 1 up to propositional
equality. We shall later (Sect. 4.5.4) consider an extensional unit types which

contains a single element x up to definitional equality.

——  Unrit-ForMm ——  UnNIT-INTRO
F1 *:1

w1k ofz] FM:ox] EFN:1

UniT-ELIM
FRY(M,N) : o[N]

UnNiT-Comp

F RN M, %) = M : o[«
2.3.2 X-types

Y-types serve to internalise telescopes. They are given by the following rules.

Fo z:o b 7[x] FM:o N[ M]
Y.-FORM Y-INTRO
F Y o.r[] - pair, (M, N) : Ya:0.7[x]
p: Yoz F oplp]
zioyy:Tle] F Mz, y] : plpair, (x,y)] FP:Yaor[]
’ Y-ELm
= Ro (M, P) [ P]
Y-Cowmp

Ry (Mv paira,T(Nv O)) = M[Nv O] : p[paira,T(Nv O)]

U7T7p



In case type information can be inferred from the context we abbreviate the pairing
operator pair, (M, N) by (M, N). By suitable instantiation of R* we can define
projections .1 and .2 which provide a left inverse to the pairing operator viewed

as the context morphism x: o, y:7 & pair, (z,y) = Yz:0.7:

M1 :=RE_ ([z:o,y:7]z, M) : 0o

M.2 :=RE ([zroy:rly , M) 2 7[M.1]

o,7,[p:Xzio.r|T[p.1

Now from ¥-CoMP we get pair(M, N).1 = M and pair(M, N).2 = N. But pairing
is not surjective which is why Y-types only approximate the summation obtained

from telescopes. However, using R® we can find a term of the type

p: Yr:ioTk IdEx:cr.T(pv <p17p2>)

namely R¥(p , [z: 0, y: T|Reflg,., - (pair(x,y))). Thus “surjective pairing holds pro-

positionally”.

2.3.3 Function and cartesian product types

Function spaces and cartesian products are special cases of dependent product and
sum. Writing 0 — 7 :=Ilz:0.7 and o X 7 := Ya: 0.7 we have -0 — 7 and F o X 7
provided - o and F 7 and we obtain corresponding introduction and elimination

rules.

Although Y-types and unit type are not absolutely crucial we consider them
from now on as part of the core type theory which we henceforth refer to by TT.

The type theory TT is a sub-system of Martin-L6f’s intensional type theory [85].

2.3.4 The Calculus of Constructions

Coquand-Huet’s [19] Calculus of Constructions is a dependently typed calculus

with products (Il-types) only and a universe Prop that is closed under impredic-



ative quantification. The latter is described by the following rules.

.S : Prop
ProP-FORM ———— PROOF-FORM
F Prop F Prf(9)
z:0 F S[z] : Prop

F Va:o.S[x] : Prop

Propr-INTRO

Pror-EqQ
F Prf(Va:0.5[x]) = [le: 0.Pr(S]z])

The terms of Prop are called “propositions”. If M : Prop is a proposition then
Prf(M) is the type of its proofs. A type of the form Prf(M) for some M : Prop
is also called a proposition. The term “propositions” for these terms (and types)
can be misleading because in some applications of the Calculus of Constructions
the universe Prop is used to represent both datatypes and propositions [87]. In

the present work this will not be done.

The operator V together with the equation PROP-EQ gives that the product
over a family of propositions (indexed over o) is a proposition again. In Coquand
and Huet’s original presentation, terms of type Prop and their corresponding
Prf-types were syntactically identified. The presentation used here is due to
Streicher [100]. The Calculus of Constructions has types in the empty context, for
example the type of falsehood F Ils: Prop.Prf(s).

We use logical connectives =, A, V, tt,ff, - for their encodings in the Calcu-
lus of Constructions. If P,() : Prop then their implication P = () is defined
as the proposition Va:Prf(P).Q), their conjunction is defined as the proposition
Ve: Prop. (P = Q = ¢) = ¢, and their disjunction PV @ is given by Ve: Prop.(P =
¢) = (Q = ¢) = c¢. The true proposition tt is defined as Ve: Prop.c = ¢. The false
proposition ff is defined as Ve: Prop.Prf(c). The negation =P of proposition P is
defined as P = ff. If x:0 = P : Prop then we define the existential quantification
of P as Jx:0.P := Ve:Prop.(Va:0.P = ¢) = ¢. For M, N:o we define Leibniz
equality M L N as

VP:0 — Prop.(P M) = (P N)



It is well-known that the proof rules for these connectives in higher-order intu-
itionistic logic are derivable [19]. Extending the notation from Sect. 2.1.3 we write

I' F P true for I' F P : Prop to mean that there exists P with I' = P : Prf(P).

The syntactic properties stated in Sect. 2.1.4 including decidability of equality

continue to hold for the Calculus of Constructions, see e.g. [3].

2.3.5 Universes

A universe is a type U containing names or codes for types. This is achieved by

an operator El which for each term M : U gives a type EI(M). A universe can be

closed under various type formers in which case there are functions similar to V

which perform the type formation on the level of codes. As an example we give

the rules for a universe closed under II and containing the natural numbers.
MU

—— U-ForMm — — El-ForMm
FU FEI(M)

FS:U z:E(S)FT:U
FI(S,T): U

U-INTRO-II

- U-EqQ-I1
EI(11(S,T)) = a: EI(S).EI(T)

U-INTRO-N —— U-Eq@-N

A

FN:U FE(N)=N

We do not consider “universe-induction” [85, p. 101ff.]. Universes can be used
to represent modules [41] and also increase the strength of the type theory. For
example in the presence of a universe containing an empty type 0 (which we
haven’t defined) it becomes possible to find an inhabitant of the type - Ilp :
Idn(0, Suc(0)).0 which corresponds to Peano’s fourth axiom [97].  For a type
theory without universes it may therefore be appropriate to introduce this as an
axiom by the following rule:

I'F M : Idx(0, Suc(0)) I'kFo
PEANO-4

I' F Peano,(M) : o



This rule does not introduce non-canonical elements in the empty context, because
with I' = © the premises to PEANO-4 cannot be met. In [107] it is shown how a
term Peano,(M) can be defined by induction on the form of o in the core type

theory without empty types and universes. Cf.. also Sect. 6.4.

2.3.6 Quotient types

Quotient types permit the redefinition of the propositional equality on a type.
According to the particular notion of propositional equality chosen we obtain dif-
ferent formulations of quotient types. In this thesis we study quotient types with
respect to Leibniz equality (Sect. 5.1), the identity type (Sects. 3.2.6.1, 5.3), and
(marginally) also w.r.t. extensional ‘definitional’ equality (Sect. 3.2.6.1). We de-
fer the syntactic rules to these sections. Here we only remark that intensional
formulations of quotient types must invariably introduce non-canonical elements
of identity types which establish propositional equality of equivalence classes of
related elements, and therefore the statement made in Remark 2.1.6 is no longer
true in the presence of quotient types unless definitional equality is redefined using

a syntactic model like the ones presented in Chapter 5.

2.4 Abstract semantics of type theory

As described in the Introduction we require a precise definition of what a model for
a dependently typed calculus should be and also a generic interpretation function
mapping syntactic objects to objects in the model. Many notions of model have
been proposed in the literature; for a comprehensive treatment see e.g. [56]. We
use a derivative of categories with attributes as introduced by Cartmell [15] and
later used by Pitts [89] (dubbed type categories there) and Moggi [84]. This notion
seems to offer the right level of generality for our purposes, and nevertheless does

not introduce any unnecessary formal padding.

As opposed to the “display-map” approach [103] or “contextual categories”

[15,99], in categories with attributes a distinction is made between “families” (the



denotations of types) and their corresponding context extensions. In particular,
the map which assigns the corresponding context extension to a family need not
be injective. This extra generality will be required in almost all the model con-

structions we shall study.

The original definition of categories with attributes involves conditional equa-
tions, since certain diagrams are required to be pullbacks. This is a disadvantage if
one wants to construct models internally in some type theory and check the model
equations using normalisation. We thus describe a notion of model without con-
ditional equations inspired by Curien’s categorical combinators [21,22,23]. This
means that in addition to abstract contexts and families we introduce a third sort
of abstract sections which are in one-one correspondence to sections (right inverses)
to projections. Their separate introduction allows to quantify over them without
using conditional equations. Ehrhard [30] and Ritter [92] achieves the same goal
by introducing arbitrary morphisms between families as a new sort. For our pur-
poses this appears overly general and the price to pay is that a formal unit type

must be introduced and that the equational theory becomes more complicated.

Since a guideline in our description of the semantics of dependent types is to
stay as close to the syntax as possible without losing the advantages which abstract
semantics offers, we have chosen the name syntactic categories with attributes for

the notion of model to be described here.

2.4.1 Syntactic categories with attributes

Definition 2.4.1 A syntactic category with attributes is given by the following
data:

i. A category C with terminal object T. The objects of C are called contexts (A,
BYL, T, A, ...), the morphisms (f, g, h, ...) are called context morphisms.

The unique morphism from the terminal object to I' is denoted .

'Read “Alpha”, “Beta”.



ii. A functor Fam : C°® — Sets. [If f € C(I'A) is a context morphism
and o € Fam(A) then Fam(f)(o) € Fam(I') is abbreviated by o{f}. The

elements of Fam(I') are called types or families (o, 7, p,...) in context I'.

ii. If o is a family in context I' then there is a context ' - o called the compre-
hension of o, and a context morphism p(o) € C(I' - 0,1') called the display
map or the projection of o. Moreover, if in addition f € C(B,I') then
a(f,o) e C(B-o{f},I'-0) and

B-o{f} 4>q(f70) I'-o

p(e{/f}) p(o)

B

2

commutes.” The assignment (—, —) is functorial in the sense that q(idp, o) =

idr., and for g € C(A,B) also q(fog,0) = q(f,0)oq(g,0{f}). Note that
these equations “typecheck” by virtue of the functoriality of Fam.

iv. For each o € Fam(I') there is a set Sect(o) of sections or terms (M, N,
v. If M € Sect(c) for o € Fam(T') then M € C(I',T - o) and

p(o)oe M =idr (SECT-CHAR)

or diagrammatically

S

idr p(o)

2Henceforth all diagrams are supposed to commute unless stated otherwise. The

diagrams have been typeset using Paul Taylor’s versatile macro package.



vi. If o € Fam(A) and f € C(I', A - o) then HA(f) € Sect(o{p(o)o f}) and

q(p(o) e f,o)o HA(f) = f (MOR-INV)

or diagrammatically

['-afp(o)of}

Hd(f) p(o)

p(o)ef
Moreover, if f: 1T — A and M € Sect(c{f}) then

M =Hd(q(f,0)0 M) (SECT-INV)

which at the level of contexts becomes

r-off} 1/, 9) A-o

M =Hd(q(f,0)0 M) o(f.0) o T p(o)

This definition is rather condensed and may need some explanation. C being a
category means that there is an associative composition (o) for context morphisms
which has a left- and right-neutral element, the identity idr. Fam being a functor
from C°P to the category Sets of sets and functions means that for each context I'
there is a set Fam(I') of possible interpretations of types over I' and if f : B — T’
then Fam(f) is a function from Fam(I') to Fam(B) written —{f} and satisfying
ofidr} = o and o{fog} =o{f}{g} for 0 € Fam(I') and ¢ : A — B.

The projection p(o) associates to each family o € Fam(I') a forgetful context
morphism I' - ¢ — I'. Its codomain I' - ¢ corresponds to the extension of context

I' by type o. Substitution along the morphism p(c) corresponds to weakening.

The morphism q(f,o) : I'- o{f} — A -0 can be seen as a “weakening” of f.
On the A-part of A-o{f} it behaves like f (this expressed by the commutative



square for q) and on the o{f}-part it does nothing (this is indirectly expressed by

the equation MOR-INV.

The mapping M +— M associates a context morphism to a section M from
I' to I' - ¢ which is the identity everywhere but on the last component. This
is expressed by the equation SECT-CHAR. The equation MOR-INV is a kind of
surjective pairing property for context morphisms. It expresses that (and how)

f: T — A- o can be recovered from its two components Hd(f) and p(o). f.

The (at first sight strange) “typing” of Hd may be explained as follows: A
context morphism f : I' — A - o should be thought of as containing two com-
ponents: A context morphism from I' to A (obtainable as p(o)o f) and a section

of o submitted to substitution along this first component of f, i.e. an element of

Sect(o{p(o)o f}). This is HA(f).

We continue by giving a few examples of syntactic categories with attributes
which should clarify the definition further. In particular, the term model provides
some more intuition and should be carefully gone through by the reader unfamiliar

with categorical models of type theory.

Example 2.4.2 (Term model) Consider a calculus of dependent types 7 like
the core calculus T'T described in Section 2.1. We construct a syntactic category
with attributes, which will later turn out to be the initial one. The underly-
ing category of contexts C has as objects the well-formed contexts of 7 and
as morphisms context morphisms as defined in Sect. 2.2.2 modulo definitional
equality. This is easily seen to be a category in which the empty context is a
terminal object. For a context I' the set Fam(I') is the set of well-formed types
in this context, i.e. the set of valid judgements I' = 0. Context extension is in-
herited from the syntax, so I' - (I' F o) = I',2: 0 and the display map p(I' F o)
is the context morphism consisting of the variables in I'. Substitution is syn-
tactic substitution, i.e. if (My,...,M,) : B — I' = (21 : 01,...,2, : 0,) then
(I'Fo){(My,...,M,)} =BF olxy := M]...[¢, := M,]. The “weakened” con-
text morphism q((My,..., M,),0) : Byz:o[xy := Mq]...[¢, := M, — T, a0

between the respective comprehensions then becomes (M, ..., M, x) where x :



olxy :== Mq] ... [z, := M,] is the last variable of the comprehension of the substi-
tuted type. If I' F o is a family then Sect(I' F o) is the set of terms I' = M : o again
modulo definitional equality. To such a section we associate the context morph-

ism xy:01,..., 8,0, F Moo= (x1,...,2,, M). Finally if f = (My,..., M,) is

a context morphism we put Hd(f) := M,,. The verification that this forms a syn-
tactic category with attributes is straightforward. The term model of the Calculus
of Constructions has been thoroughly studied by Streicher [100]; in particular a

completeness result for abstract categorical semantics w.r.t. syntax is proved there.
The next example is taken from [55] with minor adjustments.

Example 2.4.3 (Families over sets) Let F be a small category with terminal
object. We form a syntactic category with attributes over the category Sets of
sets and functions as follows: If I' is a set then Fam(I') is the set of all functions
from I' to Ob(F). If ¢ € Fam(I') then I' - ¢ is the disjoint union {(v,s)|~ €
['and s € F(1,0(v))}. The map p(o) is the first projection. If furthermore
f B — T then of{f} is the composition oo f and q(f,o) sends (b,s) where
be Band s € F(1,0(f(b))) to (f(b),s). Finally Sect(o) is the cartesian product
[T,er F(1,0(7)). We leave the remaining definitions and the verifications to the

reader.

In this example families carry an intensional structure, namely the morphisms in
F which are not global sections and thus are not reflected into the underlying

category.

Example 2.4.4 (Set-theoretic model) An important special case of the previ-
ous example arises when F is chosen to be the full subcategory of Sets consisting
of small sets, i.e. with cardinality smaller than some inaccessible cardinal (see
Sect. 5.2.2.6). We then obtain the familiar set-theoretic model [65,16]. of type
theory, which may e.g. be used to demonstrate equational consistency, i.e. the fact

that the type F Idn (0, Suc(0)) is not inhabited.

Example 2.4.5 (Families of w-sets) An w-set is a pair X = (| X]|,IFx) where

| X| is a set and IFy is a surjective relation between | X| and the set w of natural



numbers. If n lFx 2 for some n € w and x € | X| then we say that n realises
or that n is a realiser for x. Surjectivity means that every element of |X| has a
realiser. A morphism between two w-sets X and Y is a function f from | X]| to |Y|
for which there exists a natural number n (viewed as a code for a partial recursive
function) such that for all # € | X| and realisers m IFx «, the computation {n}(m)
terminates and is a realiser for f(x). (We write {n}(m) for the application of the
partial recursive function coded by n to input m.) We say that f is tracked by
n. The w-sets with these morphisms form a category with terminal object given
by the singleton set {*x} equipped with the trivial realisability relation, i.e. every
natural number realises x and the unique morphism is realised by any code for a

total recursive function.

We construct a syntactic category with attributes over the category of w-sets
as follows: A family over an w-set I' is an assignment of a (small) w-set to each
element of |I'|. If 0 = (o), is such a family then its comprehension I' - o is
defined by |I'-o| := {(v,$) |y € |I'| and s € |o,|} and n lFr., (7, s) iff {p1}(n) IFr ~
and {p2}(n) I, s where p; and p, are codes for the components of some recursive
bijection between w and w X w. The display map p(o) is the first projection tracked
by pi. If o is such a family above I and f is a morphism from B to I' tracked
by n € w then we define the substitution o{f} simply by composition, viz. as the
family (o)) e The morphism q(f, o) sends (3, s) to (f(3),s) and is tracked
by the pairing of n and a code for the identity. If o is as before then a section
is an element M of the cartesian product [T ¢rj|o| together with a realiser, i.e.
some natural number n such that whenever m I v then {n}(m) I, M,. We

leave the definition of the remaining components to the reader.

Remark 2.4.6 One might try to define a syntactic category with attributes over
Sets, say, by defining Fam(l') as the set of all functions with codomain I' and
if o 0 X ——1 s such a function and furthermore f : B — I' then to define



substitution as the pullback

{(b,s) e Bx X|f(b) =0(s)} Y
B r

[

This does not work because then for example o{idr} is only isomorphic, but not
equal to . Also the composition law is not strictly satisfied. In [{6] we describe
a canonical construction which turns a structure like the above into a syntactic

category with attributes.

Some remarks on notation. We usually refer to a syntactic category with
attributes by the name of its category of contexts. If C is any category then a
syntactic category with attributes having C as underlying category of contexts
will be called a syntactic category with attributes over C. Whenever we use one
of the operator symbols which were part of the definition of a syntactic category
with attributes it should be clear from the context to which syntactic category

with attributes we are referring.

Although the formulation of the above definition might suggest something dif-
ferent, a syntactic category with attributes is meant to be a structure, i.e. the
various components referred to by the operator symbols are explicitly given and

not merely required to exist. The same applies to further definitions in this style.

We begin our investigation of syntactic categories with attributes with a char-

acterisation of the sections as special context morphisms.

Proposition 2.4.7 Let 0 € Fam(T'). The assignment M — M is a bijection
between Sect(o) and {f: ' =1 -o|p(o)o f =idr}.

Proof. One direction is part of the definition of a model. Conversely, it f :
I' = I' - o has the specified property then Hd(f) is a section of o{idr} = o. It is

immediate from the definition that these two maps are inverse to each other. a



So up to bijective correspondence the set Sect(o) is the set of sections of the
corresponding display map. By making these sections part of the structure we can

quantify over sections without having to introduce conditional equations.

Our next step consists of establishing a correspondence to the usual notions of

model which make use of pullbacks.

Proposition 2.4.8 FEvery diagram of the form

B.U{f}Mr.g

p(e{/f}) p(o)

B

is a pullback.

Proof. lLet u: A — B and v : A — I'- ¢ be context morphisms such that
fou = p(o)ov. The unique mediating morphism from A to B - o{f} is given by
q(u,o{f})oHd(v). Indeed

p(o{f})ealu,o{f})oHd(v) =
wop(o{uo f})oHd(v) = since Hd(v) € Sect(o{uo f})

[

N alf,o) .

A-o{fou} a(w, o)) B-o

Hd(v)| |p(e{fou})  plo{f}) o

A B r

Similarly we have

a(f,0)eq(u,a{f})o Hd(v)

= q(fou,0).Hd(v)
= v by MOR-INV



For uniquenesslet w : A — B-o{f} be such that q(f,0)ow = v and p(c{f})ow =
u. Then

Hd(w)
= Hd(q(fu,0).Hd(w)) by SECT-INV
— HA(q(fs ) e, o 1) o )
= Hd(q(f,0)ow) by MoOR-INV
= Hd(v) by assumption
and thus
q(u,o{f})e Hd(w) =
q(u,o{f})e Hd(v)
as required. a

This property has the consequence that if f: B — I'- o then Hd(f) is the unique
section M € Sect(a{f}) with q(p(c)of,0)o M = f. This implies the following

identities.
Lemma 2.4.9 Let A, B, T be contexts and o € Fam(I').

i. Hd(q(f,0)0g) =Hd(g) for f:B—=T andg: A — B-o{f}.

ii. HA(HA(f)og) = Hd(fog) for f: B —T1 -0 and g : A — B.

We can furthermore use the pullback property in order to characterise syntactic

categories with attributes.

Proposition 2.4.10 Let C be a category with terminal object and equipped with
the following data:

— A functor Fam : C°® — Sets with morphism part written —{—} as in

Def. 2./.1.

P(U) F )

— For each o € Fam(I') a C-morphism with codomain I denoted I' - 0 —>



— For f € C(B,T') and o € Fam(I') a pullback square

qa(f,o)

B-o{f I' o
{ }_J

p(e{/f}) p(o)

B

[

— For each o € Fam(I') a set Sect(o) and a bijection
—:Sect(c) — {f € C(I',I"-0)|p(o)o f =idr}

Then there is a unique way of completing this structure to a syntactic category

with attributes.

Proof. It only remains to define the Hd(—) operation and to check the equations
and uniqueness of the particular choice made. Let f : B — I' - . The unique
mediating morphism in

B

(p(9)o f;0)

q
s B-U{f}__|

p(e{/f}) p(o)

. p(o)o f g

is a section of o{p(c)o f}. Welet Hd( f) be the corresponding section of o{p(c). f}.

Uniqueness of this choice follows from the universality of the pullback and the

equations are routine calculation. a

Remark 2.4.11 A special case of Prop 2.4.10 arises when the bijection — is an
identity, i.e. if Sect(c) equals the set of right inverses to p(o). Such a structure



is called “category with attributes” by Cartmell and Moggi [15,84] and a “type
category” by Pitts [89]. This notion in turn is equivalent to Jacobs’ notion of full

split comprehension category [56/, a notion of model based on fibrations.

2.4.1.1 Substitution on sections

Assume f : B — I', 0 € Fam(I'), and M € Sect(c). We construct a section

MA{f} € Sect(a{f}) as
M{F) = HA(T o )

This reflects the intuition that substitution in terms is composition rather than
induced by abstract universal properties. If in particular the morphism f hap-
pens to be a display map, i.e. of the form p(7) for some 7 € Fam(I'), then the
“substitution” M{p(7)} is the weakening of M. Alternatively we can identify the

morphism M{f} as the unique mediating morphism in the diagram

B

idp

whereby we get that if q(f,0)o N = Mo f for some N € Sect(a{f}) then N =
MA{f}.

2.4.1.2 Notation for weakening

If o,7 € Fam(I'), M € Sect(o), and f : B — I' we introduce the following

abbreviated notations for weakening.
ot = ofp(r)}
M* = M{p(r)}=Hd(Mop(r)))
* = alf.o)



This notation being ambiguous (e.g. f* can mean both q(f,o) and q(f,7)) we
use it only if the meaning is clear from the context. In the term model we have

TrFo)f=T,a:7Focand ('FM:o)t=Ta:7F M:o0.

2.4.1.3 Handling of variables.

If o € Fam(I') then Hd(idr.,) is a section of o{p(o)}. In the term model it
corresponds to the term I', x : ¢ F a : 0 where the second instance of ¢ is actually
weakened. We abbreviate this section by v,. The thus defined “semantic variables”

are stable under substitution in the following sense.
Lemma 2.4.12 [f f : B — I and o € Fam(I') then
volall, o)} = Vo

We can also establish that the substitution of a section into a variable results

in that section; this corresponds to the syntactic triviality z[z := M] = M.

Lemma 2.4.13 [fo € Fam(I') and M € Sect(o) then

vo{M} =M

Proof. Routine calculation. O

We could have introduced v, as a primitive together with an operator Cons which
turns a context morphism f : B — I' and a section M € Sect(o{f}) into a context
morphism Cons(M, f): B — I'- 0. The morphism q(f, o) then becomes definable
as Cons(ve(sy, fop(c{f})). We leave it as an exercise to work out the details of

this alternative description.®

°In the meantime this “exercise” has been (independently) worked out by P. Dybjer
and it turns out that the resulting notion of model without conditional equations is much
more natural and intuitive than ours. If this thesis would be written again, certainly

this notion would be used instead.



The variables other than the last one are obtained as successive weakenings
of v,. For example if o € Fam(I') and 7 € Fam(I' - o) then v, € Sect(7*) and

v, € Sect(oTT).

2.4.2 Type constructors

We now turn to the description of the semantic companions to the type formers
described in Sect. 2.1. These semantic operators will be defined in such a way
that the term model always provides an instance. This precludes their definition
by universal properties as is usually done in the literature (e.g. [100,56]). Instead
we must ask for stability under substitution of all type and term formers not only
the constructors. This sometimes leads to more complicated formulations, but it
is the only way to identify as models the various syntactic constructions to be

defined later.

2.4.2.1 Dependent Products

Definition 2.4.14 Assume a syntactic category with attributes C. We say that
C is equipped with dependent products if the following hold.

— For every context I' and families o € Fam(I'), 7 € Fam(l' - o) there is a
distinguished family (o, 7) € Fam(I').

— If M € Sect(7) then there is a distinguished section A\, (M) € Sect(Il(o,7)).

— If M € Sect(ll(o,7)) and N € Sect(c) then there is a distinguished section
App, (M, N) € Sect(r{N}).

— If f:B—T then

(o, 7){f} = Mo {f},m{a(f,0)})

and for M € Sect(Il(o,7)), N € Sect(o)

App, (M, N){f} = Appogsy riaron (ML N{F})



and for M € Sect(r)

Ao (ML} = Aoty rtatrop(M{alf, 0)})
— If M € Sect(r) and N € Sect(c) then App, (As-(M),N)= M{N}.

This definition of dependent products almost verbally follows the syntactic defini-
tion of II-types. The requirements on compatibility of reindexing with the depend-
ent product constructor corresponds to the syntactic definition of substitution as

distributive over type- and term constructors.
Remark 2.4.15 We could require an “n-rule” too, i.e. for M € Sect(Il(o, 7))

)‘U,T(APPU{p(g)},T{q(p(a),g)}(MJraVcr)) =M

Then the compatibility condition on A\, .(—) could be dropped and in fact 11 would
enjoy a universal property. However then the term model would not have dependent

products unless an n-rule were present in the syntaz.

Proposition 2.4.16 The term model from FErxample 2.4.2 is equipped with de-
pendent products if the underlying syntax has Il-types.

Proof. If o € Fam(I') and 7 € Fam(I' - o) then I' is a valid context and I' - o
and I'yz : o F 7 by definition of the term model. We then put (o, 7) := Ilz :

o.7 € Fam(I'). If f:B — I'is a (syntactic) context morphism then clearly

(Ilz : 0.7)[f] = Iz : o[ f).7[(f. )]

by definition of syntactic substitution. Next if M € Sect(r) then I'yx :o0 - M : 7
so we put A, (M) := Az:o.M € Sect(Il(o,7)). Conversely, if M € Sect(Il(o, 7))
and N € Sect(o) then I' = M : Ilz : 0.7 and I' = N : 0 s0 we put App, (M, N) :=
(M N). Again by definition of syntactic substitution these choices meet the co-
herence requirements and moreover by PI-BETA the defining equation is also sat-
isfied. We also see that the “n-rule” mentioned in the above remark corresponds

to Ax : o.M x = M which does not necessarily hold. a



We now give another characterisation of dependent products which is sometimes

easier to check.

Proposition 2.4.17 A syntactic category with attributes has dependent products
iff for each family o € Fam(I') and 7 € Fam(I' - o) there is a distinguished family
(o, 7) € Fam(I') and a morphism

evor: oo -Ml(o,7){p(o)} = T'-0o-7

with p(1)oeevy,, = p((o,7){p(o)}) in such a way that for every section M €
Sect(7) there exists a distinguished section A\, (M) € Sect(Il(o, 7)) such that

eVyr oo (M){p(a)} = M, and moreover the following three coherence conditions

are satisfied for any morphism f: B — I':
= o, 7){f} = We{f},m{alf, o)}

a(a(f; o), (o, 7){p(2)})

Vo iy r{a(fo)} Vo

a(a(f,e),7)

— Ao (M} = Aoyrtatron(MAalf, 0)})

Proof. We give the proof for the term model. The general case is an exercise in
categorical notation. In the situation v : ' F o and v : ',z : ¢ I 7 we define the

context morphism evy r as
v:Tysio, filleior b (y,8, fs) « vy sio,ter

Conversely if we are given a context morphism ev, ; with the above source and

target and satisfying the commutativity requirement then we must have
evor = [v: 1 sio, filleio.7](7, s, Als, f])

for some term

v: U sio, filleior = Als, f]: 7



We then define for ' M : Hz:o.rand 'F N : o
(M N):= A[N, M|

The verifications are straightforward. O

From the example of the dependent product it should have become clear how in
principle every syntactic type or term former can be translated into its semantic
equivalent. For every type forming rule one introduces an operator on families and
for every term forming rule an operator on sections where in each case suitable
instances of weakening have to be inserted. Then for every equation one intro-
duces an equation between the corresponding semantic entities and finally one
imposes equations which ensure the compatibility of all semantic operators with

substitution.

In most cases, however, this approach leads to very clumsy formulations of the
semantic type formers. Indeed, it is often possible to replace a term operator by
a single context morphism (or sometimes by a single section) and a type operator
by a single family. An example for the former is provided by the alternative
characterisation of dependent products in Prop. 2.4.17 where we have replaced
the application operator by the evaluation morphisms. An example for the latter

arises from the identity type we define in Sect. 2.4.2.4 below.

We often follow this strategy in the definition of further semantic type formers

without explicitly stating and proving correspondences like Prop. 2.4.17 above.

In most cases we relate our definition to stronger ones which make use of
universal properties and thus are more elegant, but are usually not met by syntactic

models like the term model.

2.4.2.2 Unit types

The semantic definition corresponding to the unit type defined in Sect. 2.3.1 is as

follows:



Definition 2.4.18 A syntactic category with attributes is equipped with unit
types, if for every context I there is a distinguished family 1p € Fam(I') and
a distinguished section xp € Sect(1r) such that for every o € Fam(I'- 1r) and
M € Sect(c{*T}) there is a distinguished section R (M) € Sect(o) with

Ror (M) {Fr} = M
in such a way that the following coherence equations are satisfied for every morph-
ism f:B =T, and M € Sect(o{*r}):
- 1r{f} =18
—r{f} =8

= (RIS} = Roppy (M{f))

In view of the first coherence condition one might require only 1+ and obtain the
other units by substitution along the unique morphism into the terminal object.

The operator R would, however, still have to be required for arbitrary contexts.

The correspondence to the syntax is as follows: If ¢ € Fam(I'- 1p) and M €
Sect(c{>r}) and N € Sect(1r), then R} (M, N) := R (M){N} € Sect(a{N}).

In many models unit types exist by virtue of the following proposition.

Proposition 2.4.19 A syntactic category with attributes C can be equipped with
unit types if there exists a family 1 € Fam(T) such that p(1) is an isomorphism.

Proof. We put 1p := 1{l}. Since

ot

I'-1p T-1

p(1r) p(1)

r T

I

is a pullback, p(1r) is an isomorphism, too. Let ¢ be its inverse. We put

*r := Hd(¢) and for o € Fam(I' - 1r) and M € Sect(c{p}) we put RIr (M) :=



M{p(1r)} € Sect(o{p(1r)o¢}) = Sect(o). Stability under substitution follows

since all the operators are given by substitutions themselves. a

2.4.2.3 Natural numbers

Definition 2.4.20 A syntactic category with attributes C is equipped with nat-

ural numbers if for every context I' there are the following data:

— a distinguished family Np € Fam(I'),

— a distinguished section Op € Sect(Nr) and a distinguished morphism Sucr :
I'-Np — I'- Np with p(Nr) o Sucr = p(Nr),

— for every o € Fam(I'-Nr), M, € Sect(c{0}), and M, € Sect(c{Sucrop(c)})
a distinguished section RNT (M., M) € Sect(o) with RN (M., M,){0r} = M.
and RNT (M., M,){Sucr} = M,{RNr(M,, M,)}

in such a way that all these data are stable under substitution, i.e. for f : B — T,

o € Fam(I' - Nr), M, € Sect(c{0}), M, € Sect(c{Sucrop(c)}), we have:

Nr{f} =Ns

— Or{f} =08

— fToSucg = Sucro f*

— RYP (M., M){fT} = RI(MAf}, MAST})

By straightforward calculation we obtain:



Proposition 2.4.21 The term model described in 2.4.2 is equipped with natural

numbers given by

Nr = I'FN

Op = I'FO:N

Sucr[y:T',n:N] := (v,Suc(n)) : [,n:N

RNt (M., M,) = T,&:NFRN(M,, M,,z):0

Again, we relate our notion of natural numbers to a stronger one often offered

in the literature, e.g. [78].

Definition 2.4.22 Let B be a cartesian category (with terminal object and products).

. . . . . Suc
A parametrised natural numbers object in B is a diagram 12N 2N

such that for any diagram G —— S —— S there exisls a unique morphism

R(z,s): G x N — S such that

G S S
R(z,s R(z,s
o R (2:5)
G xN G xN
% 1dg X Suc %

Proposition 2.4.23 Let C be a syntactic category with attributes. If there exists
a family N € Fam(T) such that T - N is the object part of a parametrised natural
numbers object in C then C can be equipped with natural numbers in the sense of

Def. 2.4.20.

Proof. We define
NF = N{’F}

Or = HA0){lr}

Next we notice that I' - N is isomorphic to the cartesian product I' x T - N by
virtue of Prop. 2.4.8. Without loss of generality we can identify I' - Np with this
product. We then put Sucp := idr x Suc. We also have that p(INp) is a product
projection and Or = (idr, 0).



Next we note that for ¢ € Fam(I" - Nr), sections of o{Sucp}{p(o)} (this is the
“type” of My) are in bijective correspondence to the set of endomorphisms h of
['-Nr - o with p(¢)oh = Sucrop(a). On the other hand elements of Sect(o{0r})

(the “type” of M.,) are in bijective correspondence to morphisms g : I' = ' - Np-o
with p(o)og = (idr, 0).

Now given such ¢ and h arising from appropriate sections M, and M, then
R(g,h):I'"Np — I' - Np-o and p(0) o R(g, h) = idr.n. by the uniqueness property
of the natural numbers object. So R(g,h) induces a section of o which is the
desired RNT(M,, M,). The commutativity of the diagram defining R(g, h) gives
the required equation for RNr. The coherence laws for Nr, O, and Sucr follow
from their definition by substitution (pullback) and the coherence of RNT is again

a consequence of the uniqueness property. O

One may compare this to the proof of mathematical induction for natural numbers

objects in a topos, see e.g. [40].

2.4.2.4 Identity types

For the definition of the identity type we first observe that for o € Fam(I') the

morphism

v, o—>T-0-0"

is the “diagonal” which in the term model is given by
y:T,eiob (y,2,2) : Taioyyio

It has the property

0V, = idp.,
where p(c™) and p(c)T are the two projections I'- - o™ — T - a.

Definition 2.4.24 A syntactic category with attributes C is equipped with iden-
tity types if for every context I' and o € Fam(I') there is

— a distinguished family Id(c) € Fam(I' - o - o),



— a distinguished morphism Refl, : T'-0 —T'-c-0oT-1d, with p(Id,).Refl, =

Vo,

— for every family p € Fam(I' - o - 0% -1d,) and M € Sect(p{Refl, }) a distin-
guished section J, ,(M) € Sect(p) with J, ,(M){Refl,} = M

in such a way that all these data are stable under substitution, i.e. for f : B — T,

o, p as above, and M € Sect(p{Refl, }) we have:
= Id(o){f**} =Td(a{f})
— Refl, o f+ = f+++ oRefl,
— Jo o (M STHT} = Jogpypree+y (M{fT))
Again in many “semantic” models we can give a simpler definition as follows:

Proposition 2.4.25 A syntactic category with attributes can be equipped with
identity types if for every o € Fam(I') there is a distinguished family 1d(o) €

Fam(I' - o - o) stable under substitution such that

F-U-U"’-Id(U)MF-U-U"'
p(1d(0)) o)t
I'o-0ot I'-o

(commutes and) is a pullback.

+ 7.

Proof. The universal property of the pullback applied to I'- o - o

Vo

o—— 100" gives the morphism Refl, : ' -0 — T'-o-07 - Id(o) with
p(ld(o))oRefl, = ¥, as required. Now Refl, is actually an isomorphism because
lo-ot<" T .0-"4wT.0-0Fis also the pullback of the two projections
p(o)t,p(c*): T -o-0% = T'-o. For the inverse of Refl, we may for example take
p(c™)op(Id(c)). So substituting along this inverse defines the desired function
Jop  Sect(p{Refl, }) — Sect(p). All the data except Id(o) are defined by universal

properties and thus are stable under substitution. a



2.4.2.5 X-types

Definition 2.4.26 A syntactic category with attributes C is equipped with -
types if for every context I' and families o € Fam(I'), 7 € Fam(I' - o) there is:

— a distinguished family (o, 7) € Fam(I'),
— a distinguished morphism pair,  :I'-o-7 — T'-X(o,7) with
p(X(o, 7))o pair, . = p(a) o p(7)

— for each family p € Fam(I'-X(0, 7)) and M € Sect(p{pair, . }) a distinguished
section RY (M) : Sect(p) with RZ (M){pair, } = M

in such a way that all these data are stable under substitution, i.e. for every
situation f : B — I', ¢ € Fam(I'), 7 € Fam(I' - o), p € Fam(I' - (o, 7)),
M € Fam(p{pair, ,}) we have:

= Yot {f} =Z(e{/h 7 {/*})
— [Topair, = pair, ;5 (4y0 fTF

= RO (M} =R - pny (M{fFF})

The term model is equipped with ¥-types with the obvious choice. A more spe-
cialised but simpler definition of Y-types is the following:

Proposition 2.4.27 A syntactic category with attributes can be equipped with
Y-types if for every o € Fam(I') and 7 € Fam(l' - o) there is a distinguished
family ¥(o,7) € Fam(I') and an isomorphism pair, . : I'-o -7 — I'- X(0,7)
with p(X(a, 7))o pair, . = p(a) o p(7) both stable under substitution in the sense of
Def. 2.4.26.



Proof. The elimination operation R¥*" is defined by substitution along the in-

verse of pair, _. O

The Y-types obtained by virtue of the above proposition are called extensional for

they have the property that any P € Sect(X(c, 7)) is of the form Hd(pair, o P17

T

P.2) for uniquely determined sections P.1 € Fam(o) and P.2 € Fam(r{P.1}).

2.4.2.6 Universes

In this section we define a general semantic framework which allows us to in-
terpret various kinds of universes including the universe Prop in the Calculus of
Constructions. We first present a very concise definition of semantic universes
which, however, turns out to be too restrictive for many applications. Therefore
we define a looser notion and give a canonical construction which allows to pass
from one to the other. The Calculus of Constructions will play the role of a “run-
ning example”. We give the explicit constructions for this particular case and
appeal to the mathematical understanding of the reader for the generalisation to

other instances of universes.

Throughout this section we assume a fixed syntactic category with attributes

C equipped with dependent products.

Definition 2.4.28 A full submodel of C consists of a subset Fam'(T") of Fam(T")
for each context T such that whenever f : B — I' and o € Fam'(I') then o{f} €
Fam'(B). In other words a full submodel is a subfunctor of Fam : C°? — Sets.

Definition 2.4.29 A full submodel Fam' is closed under some type former if
whenever all family arguments to the type former are in Fam' then so is the newly

formed family.

For example Fam’ is closed under dependent products if for ¢ € Fam'(T') and
7 € Fam'(T" - o) the product Il(c, 7) is in Fam'(T) (instead of just in Fam(T)). In
case the type former takes no arguments, i.e. it is a constant like N, then closure

means that this constant is in Fam’.



Definition 2.4.30 A full submodel Fam' is closed under impredicative quantific-
ation if whenever o € Fam(T') and 7 € Fam'(I" - o) then [I(o, 7) € Fam'(T).

So impredicative quantification means that the product of a family in Fam’ over

an arbitrary family is in Fam’ again.

Definition 2.4.31 A pair (U, El) is a generic family for a full submodel Fam' if
U € Fam(T) and El € Fam/(T - U) and for every family ¢ € Fam'(T') there exists

a unique morphism s : ' — T - U such that o = El{s}.

Example 2.4.32 [f U € Fam(T) and El € Fam(T - U) are any two families with
the property that whenever El{s} = El{s'} for some s,s' : I' — T - U then the
assignment Fam'(I') := {o € Fam(I')|3s : ' = T - U.o = El{s}} defines a full
submodel of C with generic family (U, El).

In fact by definition every full submodel with generic family is of the form given
in Ex. 2.4.32. The reason for introducing the notion of full submodel is that it
allows to state closure properties in a shorter way as becomes clear in the next

definition.

Definition 2.4.33 The syntactic category with attributes C is a model of the Cal-
culus of Constructions if it has a full submodel closed under impredicative quanti-

fication with a distinguished generic family, denoted (Prop,Prf).

Proposition 2.4.34 Let C be a model of the Calculus of Constructions. Then for
any context I, family o € Fam(I') and s : I'-0c — T -Prop there is a distinguished
morphism ¥,(s) : I' = T - Prop with

Prf{V,(s)} = [I(o, Prf{s})

Moreover, these morphisms are stable under substitution, that is for every f : B —

I' and o, s as above we have

Vo(s)of =VYoipy(s0fT)



Proof. Ifs:I'-0 — T-Prop then 7:= Prf{s} lies in the full submodel. Since
the latter is closed under impredicative quantification the product Il(o,7) does
too. We thus define ¥,(s) as the unique morphism with Prf{V¥,(s)} = (o, 7).
For stability under substitution we observe that substituting either side into Prf
gives rise to the same family. So the equation follows by the definition of generic

family. a

Proposition 2.4.35 The term model of the Calculus of Constructions is a model

for same.

Proof. The generic family is given by the pair (F Prop, x: Prop F Prf(z)). We
must show that this is indeed a generic family, i.e. that I' - Prf(M) = Prf(N)
implies I' = M = N. We prove this by induction along derivations together with
the statement that I' = Prf(M) = Ila: 0.Prf(N) implies ' F M = Va:o0.N. So
assume I' = Prf(M) = Prf(V). If this is an instance of reflexivity then ' F M = N
by reflexivity, too. If it is an instance of the congruence rule for Prt we must
have I' M = N as a premise. In all other cases we can find 7 such that
I' F Prf(M) = 7 and I' F 7 = Prf(N) such that both these judgements have
shorter derivations than I' = Prf(M) = Prf(/N) and moreover the last instance
in the proof of I' F Prf(M) = 7 is neither reflexivity, nor transitivity, and if it
is symmetry then the derivation of its premise does not end with either of these
three. In the first case either 7 is Prf(M’) and ' M = M’ or M is Va:0.M’ and
7 is [la: 0.Prf(M’); in either case the result follows from the inductive hypothesis.

All the other cases are similar.

We thus have shown that the types of the form Prf(M) form a full submodel
with generic family. They are closed under impredicative quantification by virtue

of the V-operator. O



2.4.2.7 Other universes.

In order to define semantic counterparts to other sorts of universes we proceed in
a similar way. We ask for a full submodel with a generic family closed under the
desired type-forming operations. For example in order to interpret the particular
universe used in Sect. 2.3.5 we ask for closure under dependent products and
natural numbers. We can now define operators similar to V,(s) witnessing the
closure on the level of morphisms. Again using uniqueness we can show that
these operators are stable under substitution. Finally, by suitably extending the
argument in the proof of Prop. 2.4.35 we can show that the term model provides

an instance.

The set-theoretic model admits a cumulative hierarchy of universes all closed
under all the standard type formers using inaccessible cardinals. This is worked
out e.g. in [65]. The w-set model admits such a chain of universes all inside the
impredicative universe of partial equivalence relations hinted at in Example 2.4.37

below even without using inaccessible cardinals. This is worked out in [1] and [6].

2.4.2.8 Loose models for universes

Unfortunately the definitions above are too restrictive to account for many natural
models like the set-theoretic model and the w-set model. For example if in the
set-theoretic model we put Prop := {tt,ff} and Prf(tt) = {*x} and Prf({ff) = 0
then the induced full submodel, i.e. those families {o., },er with o, € {{*},0}, are
not closed under impredicative quantification because if o, = {x} for all v € T
then the product over the family is a singleton, but not the chosen singleton {x}.
We present a laxer notion of model for the Calculus of Constructions of which
the set-theoretic model forms an instance (see Example 2.4.37) together with a
canonical construction which turns such a model into an actual model in the sense
of the definitions given above. The notion as well as the construction generalise

to other universes in a straightforward way.



Definition 2.4.36 A syntactic category with attributes C equipped with dependent
products is a loose model for the Calculus of Constructions if the following are

given:

— distinguished families Prop € Fam(T) and Prf € Fam(T - Prop),

— for each 0 € Fam(l') and s : I' -0 — T - Prop a distinguished morph-
ism Vo(s) : I' — T - Prop and a distinguished morphism ev,, : I'- o -
Prf{V,(s)op(o)} — T -0 Prf{s} with p(Prf{s})oev,s = p(Prf{V,(s)o
p(o)}),

— for each section M € Sect(Prf{s}) a distinguished section A\, (M) €
Sect(Prf{V¥,(s)}) with

evyso s s(M){p(o)} = M

in such a way that all these data are stable under substitution, that is for f : B — T,
o€ Fam(l'), s: "0 — T - Prop, M € Sect(Prf{s}) we have:

= Vo(s)of =Vors(se f7)
- evms of++ = f++ oeVg{f}7sof+

= Xos(MN{f} = Aogpyso s+ (M{fF})

Notation. To simplify notation we shall in the sequel denote by “Prop” the
family in Fam(T), its substitutions Prop{!r} € Fam(I'), and its comprehension
T - Prop.

Example 2.4.37 The set-theoretic model can be turned into a loose model of the
Calculus of Constructions as follows: We define Prop and Prf as in the erroneous
attempt above, i.e. Prop = {tt,ff} and Prf(tt) = {*} and Prf(ff) = 0, and for
s : ' o — Prop we define ¥,(s)(vy) = tt if s(v,x) = tt for all x € o, and

ff otherwise. Then we can define ev, as the function sending (x,%) to (x,x) in



the former case and as the empty function otherwise. The other components are

defined accordingly and the verifications are straightforward.

This loose model is trivial in the sense that for any two M, N € Sect(Prf{s})
for some s : I' — Prop we must have M = N. It is known that the w-set model
can be turned into a nontrivial loose model by letting Prop be the set of partial

equivalence relations on w endowed with the trivial realisability structure [100,2,

55].

Proposition 2.4.38 There exists a canonical construction which for a given loose
model C for the Calculus of Constructions produces a model in the sense of
Def. 2.4.33 over the same category of contexts. Moreover the new model supports

whatever type former the original one did.

Proof. The families of the new model are defined as the disjoint union
Famypey (') := Fam(T') U C(T, Prop)

If f:B — I then substitution on families in the left summand is inherited from

the original model whereas on the right summand it is given by composition.

For o € Famyew(I') let 6 be o if o is already in Fam(I') and Prf{c} if o is a
morphism from I' to Prop. All the other components of the new model except 11

are inherited from the original model by pre-composition with “=7.

If o € Fampew(I') and 7 € Fam(I" - o) then we define the product (o, 7) in
the new model as II(6,7). On the other hand, if 7 is a morphism from I' - o
to Prop then the product II(o, 7) in the new model is defined as the morphism
Vs(7) : I' = Prop. For evaluation and abstraction we use either the operations
from the original model or the ones which are part of the definition of a loose

model. Both satisfy the required equations and are stable under substitution.

The families in the right summand, viz. the morphisms into Prop, thus form a
full submodel closed under impredicative quantification. It has the generic family

(Prop,idprop). Indeed if s : I' — Prop € Famyew(I') then there is a unique



morphism — namely s itself — such that s arises by substitution from the generic

family. a

The above proposition is a bit vague as stated, because for example the prom-
ised construction might produce the same (trivial) result for every loose model.
Had we defined a notion of morphism between models we could identify the con-

struction as an equivalence.

In case the loose model we start with has the property that the families of the
form Prf{f} form a full submodel with generic object, i.e. the functions Prf{—}
are injective, then we can choose Fampe, to be Fam and define II(o, 7) by case
distinction according to whether 7 = Prf{t} for some (then unique) ¢ or not. A
special case of this procedure appears in [100] for the particular case of the w-set

model and in [2] for a particular class of models.

2.5 Interpreting the syntax

In this section we define a semantic function which maps well-formed terms, types,
and contexts of the dependently typed calculus defined in Sect. 2.1 to entities in
a syntactic category with attributes which supports the type formers and other
features present in the syntax. We proceed by first defining a partial interpretation
function on pre-constructions which is then proven total on well-formed construc-
tions by induction on derivations. This method, which circumvents the necessity
to prove independence of the interpretation of a particular derivation, is due to
Streicher [100]. Our treatment here differs from loc.cit. in that our notion of model
is more general, in particular we do not require extensional II-types, and that in

loc.cit. only the particular example of the Calculus of Constructions is considered.



2.5.1 Partial interpretation

Assume a syntactic category with attributes C equipped with dependent products,
natural numbers, and identity types. An a priori partial interpretation function

[—] is defined which maps:
— pre-contexts to objects of C

— pairs I' | o, where I' is a pre-context and o is a pre-type, to families in

Fam([I7)

— pairs ' | M, where I' is a pre-context and M is a pre-term to sections in

Sect(o) for some o € Fam(I').

We show below in Thm. 2.5.6 that this semantic function is defined on all contexts,

types, and terms.

The semantic clauses are the following, where in order to reduce the number of
cases we adopt the convention that an expression containing an undefined subex-

pression is itself undefined. We also adopt the convention that expressions which

do not “typecheck”, like T' - o if & ¢ Fam(I'), are undefined.
— o] =T
—[ryeo] =[] [V | o]
— [T | Oz:or] = U([T" | o], [T,2:0 | 7])

— [I' | N] = Ny

= [ [1do (M, N)] = W {[T | MT* T [ N}

— [T ] 2] = vy T7F i T = T, 2:0,T” where I has length n and x does
n times
not occur in IV, . Undefined otherwise.

B [[F | Appcr,[ac:cr]T(M7 N)]] = App[F|U]|,|[F,x:U|T]|([[F | M]]? [[F | N]])



— [ Ae: 0. M7] = Arjop o ([T, 2200 | M)

= [ [ 0] = Opry

— [T | Sue(M)] = Hd(Sucqryo [T | M])

= [ RN(M., My, N)] = RNO([D | M, [0, 2N, pro | MODAIT | N}
— [T | Refl,(M)] = Reflpr 1 {[T | M]}

- [[F | Jcr,[xy:mptlda(x,y)]T(Mv N17N27P)]] =
J)o] [0 ey pi1ds (o) | AT 220 [ MDD | NaJFF T | N HT | P

The n-fold weakening in the clause for variables is understood along the semantics
of the n types in I'” in their respective contexts. Notice that the semantic com-
binators like RN and J take sections as arguments, whereas substitution (—{—})
takes morphisms as arguments, so that when arguments are supplied via substitu-
tion, like the three last arguments to J we must use — to transform sections into

morphisms.

2.5.2 Soundness of the interpretation

Before we state and prove a soundness theorem for this interpretation we establish
correspondences between syntactic and semantic substitution and weakening. In

order to state these we need to define a semantic equivalent of telescopes.

Definition 2.5.1 Let C be a model and I' € Ob(C). A (semantic) telescope
over I' is a list of families (o4,...,0,) with o1 € Fam(I'), o3 € Fam(I' - 0y), ...,
o, € Fam(I' -0y -...-0,_1). The set of semantic telescopes is denoted by Tel(I").
The empty telescope over ' is written ()r. The operations of comprehension and

substitution are extended to telescopes by the following recursive definition.



- Or{f} =0 for f: B—=T.
—a(f.0r)=f
— ' (Ayo)=T"-A"0 where (A,0) is the telescope A extended by family o.

- p((A,0)) =p(A)op(o)

(A, 0){f} = (A{f},o{a(f, A)})
= a(f,(A,0)) = ala([, A),0)
By a straightforward induction on the length of telescopes we now obtain

Proposition 2.5.2 The telescopes together with the operations defined above sal-
isfy the premuses of Prop 2.4.10 and thus define a syntactic category with attributes
where Sect(A) = “the set of sections of p(A)”.

The partial interpretation function can be extended to telescopes by defining

for pre-contexts I' and A = a1: 7y, ..., 2,7,
[T A} := ([T | 7], [T, xazma | 2]y [Ty 20 71y e ooy et Tt | 7))

Clearly, if [I' | A] is defined then so is [I'] and the former is a semantic telescope
over the latter. Moreover, the following two properties of the extension are obvious

from the definitions of p(—) and q(—, —) on telescopes:
p([I' [ A,0]) = p([I' [ A])op([I',A [ ©)

a(/, [T A, 00) = a(a(f, [T [ A, [T, A €f)

Lemma 2.5.3 (Weakening) Let I'; A be pre-contexts, o,7 pre-types, M a pre-
term and x a fresh variable. The following equations hold if either side is defined:

[T, w0, Al = 1,20 - [T A{p(I" | o)}
[T 20, Al 7] = [0, A [ rl{a(p([T [ 1), [T [ A}

[T, w0, AT M] = [T, A | MI{a(p([1 | o), [I" [ A}



Proof. An instance of this lemma is one of the left hand sides of the above
equations. The weight of such an instance is the number of symbols required to
write it down including variables and punctuation symbols. Thus for example the
weight of [I',z:0, A, y: 7] is greater than the weight of [I',z:0 | 7] because y is
not contained in the latter. We also need the notion of length of a pre-context A
denoted |A| which is the number of variable declarations it contains. We proceed
by induction on the weight and give a representative selection of the many cases

required.

First consider the case where A = o. If either side of the instance is defined
then p([I' | o]) must be defined, too. Now [[',z:0,A] = [I'2:0] = [I',2:0] -
[T | Al{p([I" | )} because [I' | A = ()iry by definition.

If A=A y:7 then

[T, z:0,A]
— [[,a:0,A [T, 2:0,A | 7] by definition
— [Cozio]- [0 | AT [ o))} - [0 2 | T{a(p(IT | o), [0 | AT} by IH
— [0l (I0 | AH(IT | oD}, [0, A | 7T{a(p(IT | oD, 1T | D))

— [Nozio]- [0 | ANR(IT | o1}

The last two steps follow from the definition of substitution and comprehension on

semantic telescopes. We have used the inductive hypothesis (IH) on the instances

[, z:0, A" | 7] and [I', z: o, A’] which both have smaller weight.

Next we consider the instance [I', x: 0, A | N]. We have

[, z:0,A | NJ
= N[F,w:U,A]]
= Nirao]malerieh} by IH

= Npa{ae([I [ o)), [I' | A}

= [IA[NJ{a(e([I" [ o]), [T | AD}

For the penultimate step we have used that q(p([T' | o]), [T | A]) is a morphism
from [T, :o] - [T | Al{p([T | o)} to [T]- [T | A] = [T, A] and the fact that
Nr{f} = Ng for any morphism f: B — T.



Now we consider the instance [I', z: 0, A | [ly: 7.p]. We have

[T, a0, A | y:7.p]
= ([T a:0,A| 7], [T 2:0,Ay:7 | p])
= 1 A [Tr{alp(IT [oD), [T [AD},
[T, Asy:7 | pl{a(p(Il | o), [T [ A, y:7])})
= 1 A [Tr{alp(IT [oD), [T [AD},
[T, Asy:7 | pl{ala(e(IT [ o), [T | AD, [T A Ty:7D)})
= (A T7L 00 Ay yer [ pD{a(e(T [oD), [T [ AD}
= [IA [Hy:7.pl{a(p(II" | o), [T [ ADD}

In the second step we have used the IH on the instances [I', A | 7] and [[', Ay :
7 | p] both of which have smaller weight than the original instance. We see here
the need for the rather involved structure of the inductive argument. The third
step uses the definition of the q(—, —) operation on semantic telescopes and the

fourth step is a consequence of the stability of II under substitution.

The instance [I', 2: 0, A | Id. (M, N)] is similar. We expand the definition and
use the TH on the instances [I',z: 0, A | 7], [[',2:0,A | M], and [[',z: 0, A | N]

all of which have smaller weight.

Let us now consider the instance [[',2:0, A | y] where y is a variable. We
observe that using our notation for telescopes and functoriality of substitution we

can rewrite the iterated weakening in the semantic clause for variables as follows:

[T, y:m,T" | y] = V|[p/|T]|{p([[F’,y: | T}

where y does not occur in I, I”. Suppose now that [[',a:0, A | y] is defined.
Then either I' = I, y: 7, I'” for some type 7 and y does not occur in I'', I, A or
A = Al y:7, A" and y does not not occur in I'; A’, A”. In the former case we

calculate as follows:
[[F/7 y: T7 Fl/? €l 0-7 A | y]:l

= viip([I, g7 | T 200, A }
= virp{p(I y: 7 [ D))o p([T | o]) o p([1 20 | A}



Now we notice that

[T, w0 [ Al = [T [ A{p(IT [ 1)}

by induction on |A| and the IH. This in turn implies that

p([T [ o) o p([T's 20 | Al) = p([F | A]) o al(p([T [ o), [I' | AD)

because semantic telescopes form a syntactic category with attributes. We can

thus continue the calculation as follows:

= v {p([s g7 [T o p(IT | AD o a(p([T' | o]), [T | AD}
= v {p([Tsye 7 [ T AD o a(p([T | D), [T | AD}
= [y A y{ae(T [ o]). [T | AD}
On the other hand if A = A’,y: 7, A” and y does not occur in I', A’, A” then
[T, 2:0, ALy, A" | y] =
= Virwoa ([T 20, Ay | A"])}

= VIrafaeElel ramip([l, 2o, Ay | A"])} by IH
= va{ae([T | o]), [T | Ay r]) Hp([T, a0, Ay | A”])}

by Lemma 2.4.1.3 and the definition of q(—,—) on telescopes. Now again by

induction on |A”| and the IH we conclude that
[T,z:00 A y:m | A" = [T, A" y:m | A"H{a(p([T | o), [T | A" y:7])}

and thus
Ap(IT | oD), [T | Ay 7)o p(IT, 220, AL i | AV]) =
p([1 A%y [ A" e q(p([T | o), [T | A, y: 7, A"])
using the commutativity of the square corresponding to the substitution [I', A’  y: 7 |

A"H{a(p([T" | ), [I' | A’ y:7])} and the observation on nested q(—, —)-morphisms

on telescopes made above. Now we can finish the calculation as follows

= viraE e[ A g7 [ A" Hale([F | o), [T [ AD}
= [N A Tyl{ale( | o), [T | A}



If the right hand side of the equation for variables is defined then we perform the
same case distinction as to whether y occurs in I" or A. Since all the steps in the
above calculation are valid if either side is defined this implies that the left hand

side is defined, too.

The instances of the form [I',z:0, A | M] are similar to the instances of the
form [[',z: 0 A | 7]. If M is a constant then we follow the proof for N, and if the

outermost constructor of M is a binder then we argue as in the case of II. O

Lemma 2.5.4 (Substitution) Let ', A be pre-contexts, o, pre-types, M, N pre-
terms and x a fresh variable. We denote the substitution of M for x in some pre-
construction C' by C[M]. The expression [T | M] is abbreviated by m. If [T' | o]
and [I' | M] are both defined and the latter is a section of the former then the

following equations hold if either side is defined:
[0, A[M]] = [T - [, 20 [ AJ{IT | M}
[, AM] | r[M]] = [, @20, A fr[{q([1" | M, U220 | A}

[0, AIM] | NIM] = [, w0, A | N[{q([I" | MT, [V, 2:0 | A])}

Proof. Again we proceed by simultaneous induction on the weights of the three
instances. We abbreviate the morphism [I' | M] by m. It now plays the role of
the “weakening morphism” p([I' | o]]) in Lemma 2.5.3. There are only two cases
the proof of which differs from the one of their companion in Lemma 2.5.3. The
first one is the instance [I', o[M]]. This equals [I'] - [I', z: o | o]{m} iff [T | M] is
defined and is a section of [I' | o] because otherwise the substitution would not
typecheck and would thus be undefined. This is actually the only place where this
assumption is needed; it is propagated to the other cases through the inductive

process.

The second case is the instance where N is the variable x, i.e.

[T,AM] | M) =T, 20, A 2{q(m, [ 2:0 | A])}



Notice here that 2[M] = M. By the inductive hypothesis and by induction on |A|
we may assume that

[I' | A[M]] = [I'2:0 | Al{m}
and thus
mop([I' [ A[M]]) = p([L';z:0 [ A])oq(m, [I',z:0 | A])

by the commutativity of the square corresponding to the substitution [I',z:0 |

A]{m}. Now we calculate as follows:

[T, AlM] | M]
= [T'| M{p([l | AIM]])} by |Al-fold application of Lemma 2.5.3
= v lme(IT | A} by Lemma 2.1.13
= (I, 0 | Al eq(m, [0 | A) as argued above
= [T a0, A z{q(m, [ 2:0 | A} by the clause for variables

The proofs of all the other cases almost literally follow the proof of Lemma 2.5.3

and are thus left out. O

Substitution for arbitrary context morphisms We can extend the inter-
pretation function to (syntactic) context morphisms (together with their domain
and codomain) as follows: If I', A are pre-contexts, f a tuple of pre-terms and M

a pre-term then
=10 [l =!m
= [T, M) | A zzo] = q([A [ o], [T FAD) [ | M]

where as before we adopt the convention that expressions which do not typecheck

are undefined. We now have the following general substitution property.

Lemma 2.5.5 (General substitution) Let B,I', A be pre-contexts and [ a |I'|-

tuple of pre-terms, M a pre-term, and o a pre-type. We denote the simultaneous



substitution of the A-variables by [ in some pre-construction C by C[f]. If [B |
f | ] is @ morphism from [B] to [I'] then the following equations hold if either
side is defined:

[B, AT =[B]- [T [AIB | /[ TT}
[B, Aol = 1A Tol{a(@B | /[ TLT [ A)}

[B, AT MAT =0 A | MKa([B [ £ TT, T [ A)}

Proof. The proof is by induction on the length of f. If f = () and thus I' =
¢ then the first equation is satisfied by definition of substitution on semantic

telescopes. The second equation becomes

[B,Alo] =[A[el{a([B [0 [ol.[o | A}

From a |B|-fold application of Lemma 2.5.3 we get

[B,A ol =[A [el{a(p(e [ B),[o | A}

where we have used compositionality of q(—,—) and the definition of p(—) on
telescopes. But now p(¢ | B) as a morphism from [B] to T must equal !frj by the

unicity property of the terminal object. The third equation is analogous.

Now consider the case where f = (f',N) and I' = IV y:7. It [B | f | I'] is
defined and is a morphism from B to I' then [B | N] must be defined and be a
section of [I' | 7{[B | f' | [']} which by the IH is equal to [B | 7[f']]. Now for

the first equation we calculate as follows:

[B, A[(f", N)]]
= [B,A[f ]y := N]] by definition of parallel substitution
= [BI-[B,y: [T AL/IIH{IB [ NT} by Lemma 2.5.4

= [BI-IMy:7 [ AKa(@B [ /[T " [ 7I)HIB [ N} by ind. on [Af and TH
[BI- [T [AKIB [ (/, N) [T y:7]}

by compositionality of —{—} and the definition of the interpretation of nonempty

context morphisms.

The other cases are similar. O



We remark that the inductive argument above does not go through if we restrict

ourselves to A = ¢ and thus q([B | f | T],[I'| A]) =[B| f|T].

We have tried to prove the general substitution lemma directly by induction on
the weight of the instances. Then all the inductive cases are very much the same
as, if not easier than in the weakening case (Lemma 2.5.3), but the case where M
is a variable becomes extremely complicated and seems to require weakening and

substitution for terms in the first place.

We can now establish a correspondence between syntax and semantics.

Theorem 2.5.6 The interpretation function enjoys the following soundness prop-

erties

If T'F then [I'] is an object of C.

If Tt o then [I' | o] is an element of Fam([I']).

— IfT'E M : o then [I'| M] is an element of Sect([I' | o]).

IfTE and AF and U'F f: A then [T'| f | A] € C([T], [A]D).

— IfET = A then [I'] = [A].

—IfTFo=71then [I'|a] =[] 7]

—IfTFM=N:0 then [I'| M] =] | N].

Proof. The proof is by induction on derivations. Again we only treat selected
cases to give the general idea. The cases for context and type formation rules
are fairly simple applications of the IH. Assume for example that I' F Ilx : o.7[z]
has been derived from I' - ¢ and I',z: 0 F 7[z] using I[I-FORM. Then we may
assume that S := [I' | o] € Fam([I']) and T" := [[",z:0 | 7] € Fam([[', z: o]).
Now [I';z: 0] = [I'] - S by the semantic clause for context extension. So II(.S,T")

is defined and equals [I' | Ila: o.7] by the clause for II-types.



More interesting are rules involving syntactic substitution. Assume for example
that I' = App, [,.,,(M, N) : 7[N] has been derived from I' = M : Ilz:o.7[z] and
I' F N : o using [I-ELiM. Then by induction we may assume that [I' | M] €
Fam([I' | [lz: o.7[z]]) and [I' | N] € Fam([I" | o]). By expanding some definitions
and using the IH we get from this that [I' | App, [,.,1,(M, N)] is defined and is
a section of the family [I',z:0 | 7[z][{[[" | N]}. We now use Lemma 2.5.4 to

conclude that this family equals [I' | 7[N]] as required. 0

We finish our presentation of categorical semantics of dependent type theory with

a trivial completeness theorem for syntactic categories with attributes.

Theorem 2.5.7 Let ')A be pre-contexts, o,7 be pre-types, and M, N be pre-

terms.

If [U] is defined in all interpretations then I' .

If [U | o] is defined in all interpretations then I' F o.

— If[U'| M] is defined in all interpretations then I' = M : o for some (unique)

g.

If [U] = [A] in all interpretations then F 1T = A.

— If[T'| o) =[I'| 7] in all interpretations then I' -0 = 7.

If [T | M] = [U' | N] in all interpretations then I' = M = N : o for some

unique o.

Proof. Using the term model from Ex. 2.4.2 and induction on the definition of

the interpretation function. a



Remark 2.5.8 One can define morphisms between syntactic categories with at-
tributes in the obvious way as functions on contexts, morphisms, families, and
sections preserving all the structure up to equality. In this way syntactic categor-
ies with attributes supporting a given set of type formers form a category in which

the respective term model is initial.

2.6 Discussion and related work

Our formulation of the syntax differs from the more modern one in [85] in that it
is not based on a logical framework. In the latter approach one first defines a type
theory with Il-types (written (2: 0)7) and one universe (called Set) the way we have
done and then one introduces all further constructs as constants of the appropriate
type, e.g. for E-types one would have a constant ¥ : (S:Set)(7": (s: EI(5))Set)Set.
In this way many of the rules can be simplified and less meta-notation (like sub-
stitution) is needed. The reason why we have not used this notation was that
the categorical semantics then becomes more complicated. In retrospect we think
that it might have been better to pay this price in exchange for a neater and more

up-to-date syntax.

Another basic characteristic of our presentation of the syntax is the handling
of substitution as a defined operation on the raw syntax. Recently, there has been
an interest in treating substitution as part of the syntax and giving reduction (or
equality rules) for it ([22,23] and unpublished notes by Per Martin-Lo6f). We have
not used this presentation simply because it does not yet seem to be sufficiently

settled, see for instance [76].

The categorical semantics of dependent type theory has attracted quite some
interest, see [15,55,86,30,52] for instance, but mostly from an abstract categorical
point of view. If we can claim any originality for the material in this chapter then
it is for having tried to de-mystify the categorical semantics and to relate it as
closely to the syntax as possible. Let us summarise the most important approaches

to categorical semantics in the literature. The subject started with Cartmell’s pi-



oneering work [15] who invented the notions of contextual categories and categories
with attributes. Categories with attributes have been described in Remark 2.4.11;
in contextual categories the “families” are replaced by an additional tree structure
on the category of contexts. This latter notion underlies Streicher’s work [99,100]
on categorical semantics of the Calculus of Constructions, where the interpret-
ation of the syntax is defined formally and the method of partially interpreting

pre-constructions appears for the first time.

In these two notions of model, equality of families and compatibility of the
type formers with substitution up to equality is crucial (this in known as the “split
case”). In other approaches to categorical semantics this has been weakened to ca-
nonical isomorphism (the non-split case), e.g. in locally cartesian closed categories
[96], models based on fibrations [30,55], and display map categories [52,103]. The
interpretation of the syntax in such structures is not obvious at all, however, a fact
which has astonishingly been neglected by many authors. An exception is Ehrhard
[30] who restricts to the split case and then uses Streicher’s method to interpret
the syntax of the Calculus of Constructions in his fibrational models. The problem
of interpreting the syntax in non-split categorical structures has only recently been
taken up by Curien using an intermediate syntax with explicit substitutions [23]
and by the author using a categorical construction that turns a non-split structure
into a split one [46]. In both approaches problems (in particular the treatment
of universes) remain, so that one can conclude that at the current state-of-the-art

the non-split models do not properly correspond to the syntax.

Another generalisation offered by models based on fibrations is that morphisms
between families are primitive rather than defined through context comprehension
as special context morphisms. This has the advantage that context comprehen-
sion satisfies a universal property w.r.t. these morphisms [30] and therefore—if it
exists—it is unique up to isomorphism. Morphisms between families also permit
a more natural characterisation of II- and Y-types as certain adjoint functors.
Again, this characterises them up to isomorphism so that the presence of these
type formers becomes a property rather than additional structure. However, this

only works for models of extensional type theory.



It has already been said that most of the material in this chapter is not original.
However, since no homogeneous treatment covering both syntax and semantics of
dependent type theory exists in the literature, let alone a textbook (this may be
remedied by the forthcoming [89]), we considered it necessary to give a rather
detailed account. As novelties, albeit implicit in existing literature, we consider
the equational presentation of categories with attributes, the emphasis on stabil-
ity under substitution rather than universal properties in the formulation of the
semantic type formers, e.g. the identity type, the construction achieving equality
between the semantics of Prf(Va:0.5) and Hx: 0. Prf(S) in Prop. 2.4.38, and the

explicit use of telescopes in the correctness proof for the interpretation function.



Chapter 3

Syntactic properties of propositional

equality

The main focus of this Chapter are the proofs of two important properties of ex-
tensional type theory, i.e. type theory with propositional and definitional equality
identified. The first property is undecidability of this theory; in view of the inform-
ation loss in the equality reflection rule an obvious thing, which is nevertheless not
completely trivial to prove (Sect. 3.2.2). The second property is the conservativity
of extensional type theory over intensional type theory with extensional concepts
(Sect. 3.2.5). These two properties constitute the major justification for the use

of intensional type theory with extensional concepts.

On the way we develop some notions and concepts which will be required later
such as the formulation of propositional equality using uniqueness of identity and
a Leibniz property (Sect. 3.2.3.1) and the syntactic formulation of extensional
concepts relevant in Martin-Lof type theory without a universe of propositions
(Sects 3.1.2, 3.1.3, 3.2.6.1). An impatient reader may skip the other parts of this

chapter without affecting the understandability of the rest of the thesis.
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3.1 Intensional type theory

Intensional type theory is the one described in Sect. 2.1. Here we present some
derived combinators and operations for the inductive identity type Id, defined
there (Sect. 3.1.1). Next we look at the extensional concepts of uniqueness of
identity (Sect. 3.1.2) and functional extensionality (Sect.3.1.3) and establish some

syntactic properties of these.

3.1.1 Substitution

From the elimination operator J we can define an operator which allows to replace
propositionally equal objects in a dependent type. Let x:0 F 7[z] and M, M’ : o
and P :1d,(M,M') and N : 7[M]. We then define

Subst 5 (M, M', P, N) :=
Jm[%yx,][p:Idc(%y)]T[w]_w[y]([:1;: oAzl h , M, M, P) N :7[M']

By the equality rule ID-CoMP we have
Subst , (M, M,Refl,(M), N) = N : 7[M] (3.1)

Intuitively, Subst allows to “replace” M by the propositionally equal M’ in the
type 7[M] of N. As opposed to extensional type theory every application of

propositional equality must be recorded in the terms, we cannot simply write

N : 7[M'], but Subst, (M, M’', P, N): 7[M'] as indicated.

Since the first two arguments to Subst can be inferred from the third one we
often suppress these and write Subst, (P, N). Also, as usual, type annotations
may be left out. The same convention applies to other combinators and definitional

extensions which we introduce later on.

It is slightly unpleasant that the function type has to be used in order to derive

a principle as basic as substitution. This may be avoided by replacing J by another



elimination operator J’ governed by the typing rule
I'ya,y:o,p:ldy(z,y) F 7z, y,p]
I'EN o I'ENy:o
' M : 1[Ny, Ny, Refl, (V)]

I'F P :1ds(Ny, V) ID-EriMm-J’

I'FJ, (M,Ny, Ny, P): 1[Ny, Ny, P]
and an equality rule analogous to ID-COMP. So instead of having to “prove”
7|z, x, Refl,(2)] for all « : o (the second premise to ID-ELIM-J we only need it for
x := Nj. This elimination operator is definable from J using function types and
gives Subst directly without using them. However, since J is more established, we

shall stick to it.

It is worth pointing out that identity elimination (J) allows us to “reason”
about terms involving instances of Subst (an example for such a term occurs in
Ex. 6.6). Intuitively using J one can “replace” the proof P in an instance of
Subst by an instance of reflexivity and then use the definitional equality Fqn. 3.1
above to get rid of Subst. A more systematic approach to this is provided by the

conservativity result in Sect. 3.2.5 and is exemplified again in Ex. 6.6.

3.1.1.1 Symmetry and transitivity

Let M,N : o and P :1d,(M,N). We define
Sym , (M, N, P) := Subst o sojia, ery(M, N, P, Refl,(M)) : 1d, (N, M)
If in addition we have @ : Id,(N, ) we define
Trans ,(M, N, O, P,Q) := Subst , fpojarsay (N, O, Q, P) : 1d,(M, O)

The typing annotations and the inferable arguments may again be elided.

3.1.1.2 Compatibility with function application

Assume U : 0 — 7 and M,N : o and P : 1d,(M,N). An element of type
Id.(U M,U N) is constructed as follows:

Resp (U, P) := Subst , [y.0)1d, (U M) (P, Refl (U M))



More generally, if F Ilz:o.7[2] and M, N, P are as before then we can find an
element of Id;nj(Subst ,.(P,U M), U N).

3.1.2 Uniqueness of identity

The conversion functions from 7[M] to 7[M’], if P : Id(M, M’), obtained from
Subst depend on the proof supplied. That is, if ' - P,@ : Id,(M,N) and I' - L :

7[M] then in general the type
I' = Id vy (Subst (P, L) , Subst , - (Q, L))

is not inhabited. We shall prove this later in Section 5.2. It is, however, certainly

desirable that the above type is inhabited!, or that equivalently the type

I'F IdIdU(M,N)(Pv Q)

is inhabited. We use the term uniqueness of identity to refer to either type being

inhabited for every such P,Q, M, N.

Various authors have proposed the addition of axioms to type theory so as
to achieve uniqueness of identity [101,17,37]. Now as pointed out in [101] it is
sufficient to have uniqueness of identity in the case where one of the two proofs is
a canonical one by reflexivity. The general case follows using J, see below. So we

introduce a family of constants

I'ko 'EM:o 't P:1d, (M, M)

ID-UNI-I
'+ IdUHlU(M,P) : IdIdU(M,M)(Pa Reﬂ(M))

and (in addition to the obvious congruence rules) an equality rule

I'ko I'M:o
Ip-Uni-Comp

I'F IdUni, (M, Refl(M)) = Refl(Refl(M)) : 1d, (M, M)

nhabited, at any rate, if the identity typed is to approximate extensional equality.

For an application of a type theory without uniqueness of identity see Sect. 5.2.4.



In this way an instance of IdUni can be eliminated if its arguments are canonical,
so that, provided ID-UNI-COMP does not destroy strong normalisation, a type
theory extended by ID-UNI-I and ID-UNI-COMP is N-canonical in the sense of
Def. 2.1.9. We have not found a formal proof in the literature that ID-UNI-CoMP
is indeed strongly normalising, but it seems probable that any of the usual proofs

of normalisation should carry over.

Where appropriate we omit the type annotation and the first argument to

IdUni.

For the sake of completeness we give now a proof of the general case of unique-

ness of identity using IdUni. If I' = o then consider the type

T[l’,y:a’ » Pt Idcr(xvy)] = Hq:Ida(xvy)-IdIdg(x,y)(p7Q)
Now if ' M,N :0 and I' - P,Q : Id,(M, N) then we have

' Jor([2:0]Aq: 1ds (2, 2) IdUni g (z,p) , M, N, P) Q : Idia, a3y (P, Q)

3.1.2.1 Uniqueness of identity for definable types.

In the presence of a universe one can show that various instances of IdUni are
definable. In addition to the unit type we need an empty type 0 containing no
canonical elements and an elimination operator R, where I' - R2(M) : o if
I' = M : 0. Moreover, we need a universe (U, El) in the sense of 2.3.5 containing
codes 1 and O for the unit type and the empty type. We say that uniqueness
of identity is definable at type o if for each M : o and P : 1d,(M, M) the type
Idya, (ar,00)( P, Refl, (M) is inhabited without using IdUni.

Proposition 3.1.1 In TT extended with an empty type 0 and a universe (U, El),
containing 0 and 1, uniqueness of identity is definable at 0,1, N. [If uniqueness
of identity is definable at o then it is definable at I1d,(M,N) for U'- M, N : 0. If
I',x:0 F 7 and uniqueness of identity is definable at o and at 7, then it is definable

at Yx:o.T.



Proof. For the empty type O the result is trivial, since in the presence of a term
M : 0 any type is inhabited by R?. For 1 we first construct a general proof
z,y:1 F Po[z,y] : Idy(z,y) using R? satisfying Py, z] = Refl(z) and then show
using J and R! that whenever I' - P : Idy (M, N) then ' F, Ida, (v,3) (P, Po[M, NY).
Uniqueness of identity at 1 is a trivial consequence from this. We argue similarly
for the case of identity types themselves. If uniqueness of identity is definable at

I'Foand I' F M, N : o then as shown above we have a general proof

I y Py q- Idcr(Mv N) + PO[pv Q] : IdIdg(M,N)(pv Q)
We deduce uniqueness of identity at Id, (M, N) as in the case of 1 using J.

For N we define a term z,y: N F EqNat[z,y] : U by induction (RN) in such a
way that F EqNat[0,0] =1 : U, 2:N F EqNat(0, Suc(z)) = EqNat(Suc(z),0) =
0 : U, and z,y:N F EqNat(Suc(z), Suc(y)) = EqNat(z,y). Now we construct

terms

z,y: N, p:ldn (2, y) F ®[p] : El(EqNat[z, y])

and

z,y: N, p: El(EqNat[z,y]) - V[p] : ldx (2, y)

The function ® is defined using identity elimination, whereas W involves induction

(RN). Now using identity elimination (J) we can show that

l’,yiN y Pr IdN(xvy) + IdIdN(x,y)(\I}((I)(p))vp)

is inhabited. So uniqueness of identity at N follows from unicity of proofs of

El(EqNat[x, 2]), which can be established by induction.
For Y¥-types consider the type
EqSigmalu, v: ¥a:o.7[z]] := Ep: Id, (u.1,v.1).1d; 1y (Subst 5 (p, u.2) , v.2)

As in the case of N we can construct an “isomorphism” between Ids,.,.(M, N)
and EqSigmalM, N] and deduce uniqueness of identity from uniqueness of proofs

of EqSigma which in turn follows from uniqueness of identity at o and .



The methods of the above proof appear to carry over to other inductive types
and type formers and under a certain assumption also to ll-types, see below.
Uniqueness of identity is, however, not definable at universes, as emerges from the

proof of its independence in Sect. 5.2.

3.1.2.2 The relationship with pattern-matching

It is worth highlighting the trivial observation that uniqueness of identity is defin-
able at all types using the device of pattern-matching for dependent types in-
troduced by Coquand in [17]. We do not here give the full definition of this
mechanism, but only remark that it allows to define a function on an inductive
type, such as the identity type, by specifying its value at the canonical elements.

In this way we may define a term
T, p:1d, (M, M) F 1dUni , (M, P) : Tdia, (ar.a0)( M, Refl, (M)
by the single pattern
IdUni (M, Refl, (M)) = Reflya, (as.ar)(Refl, (M))

since Refl, (M) is the only canonical element of 1d,(M, M). Of course, this reduc-
tion to canonical elements is also the intention behind the elimination rules RN, J,
..., but there the patterns are given in a parametrised way. This subtle difference

is made more explicit in the proof of independence of uniqueness of identity in 5.2.

3.1.3 Functional extensionality

Suppose that ' F U,V : Hx:o.7 and I'yz:o = P 2 1d, (U « , V ). It is in general
not possible to derive from these hypotheses that I' F Idp,.,..(U, V) is inhabited,
that is—in the terminology of the Introduction—intensional type theory does not
support functional extensionality. In [101] a formal semantic proof of this is given.
Intuitively one may argue that if functional extensionality were available then

in the case I' = ¢ we could deduce Idp,.,..(U, V) true (from the existence of P



above), but by strong normalisation (see Remark 2.1.6) an identity type in the
empty context can only be inhabited by a canonical element Refl(—), so U and V
must be definitionally equal, i.e. intensionally equal, which does not follow from
the existence of the proof P which may have been obtained using induction. This
is an unfortunate problem with the identity type which makes its instances at
higher types essentially unusable. To achieve functional extensionality we may

add a family of constants Ext, (U, V, P) obeying the rule

Fre0,V:lzor

Faiok P:1d (U 2,V )
EXT-FORM

'+ Ethﬂ—(U, V, P) . IdHl’:O’.T(U7 V)

The type annotations and the first two arguments to Ext may be omitted.

The introduction of these constants is essentially the solution proposed by
Turner in [108]. Clearly, the addition of these constants Ext is consistent as may
be seen from the set-theoretic or the w-set model (Examples 2.4.4 and 2.4.5).
Its serious drawback, immediately pointed out by Martin-Lof in a subsequent
discussion also in [108], is that this introduces non-canonical elements in each type,
since we have not specified how the eliminator J should behave when applied to a
proof having Ext as outermost constructor. For example, consider the (constant)
family f : N — N F N. Now if 2:N F P[x] : Id,(U «,V z) for two functions
U,V : N — Nthen Subst n_n m:n— NN (Ext(F),0) is an element of N in the empty
context which does not reduce to canonical form. We address this problem later in
Chapter 5 where we give syntactic models in which functional extensionality holds
and which induce a decidable definitional equality on the syntax under which terms
like the above are indeed definitionally equal to an element in canonical form. One
may try to achieve the same thing by adding reduction rules for Ext under which
the above term would for example reduce to 0. Yet no satisfactory set of such
rules has been found to date. Notice, however, that we can show that the term in
question is propositionally equal to 0 because using J we can “replace” Ext(P) by

an instance of Refl.

In loc.cit. Turner proposes to add the (definitional) equation

I' F Exty -([z:0]Refl.(U)) = Refligo - (Ax: 0.U) = Idpgo. - (Ax: 0.U, Az 0. U)  (3.2)



i.e. if we use Ext only to establish equality of definitionally equal terms then we
may use Refl straightaway. The equation is ‘incomplete’ (i.e. does not solve the
problem with non-canonical elements) because for example even in its presence the
above term is not equal to 0 or any other canonical natural number. We remark
that the propositional version of Turner’s equation is an instance of IdUni, but
does not seem to follow from J alone. Interestingly, using Turner’s equation we

can define uniqueness of identity at Il-types as well.

Proposition 3.1.2 Consider an extension of TT containing a family of term
formers Ext, . satisfying Turner’s equation (3.2) above. If uniqueness of iden-

tity is definable at I',x: 0 = 7 then it is definable at I' - 1la:o.7.

Proof. Consider the type EqPi[u, v : [lz:0.7] := [lz: 0.1d (v @, v 2). We define
Olu, v:Ha: o1, p:ldige.-(u, v)] := Ax:o.Resp ([u: Ha:o.7]u @, p) : EqPifu, v]

and

Ulu, v:1lz: 0.7, p: EqPi[u, v]] := Ext, - ([z:o]p @) @ Idnge.-(u, v)

From uniqueness of identity at 7 and Ext it follows that any two elements of
EqPi are propositionally equal. On the other hand an element p : Idp...-(u,v) is
propositionally equal to W[u, v, ®[u, v, p|] using first J and then Turner’s equation.
(Notice that Resp (f, Refl(x)) = f a by ID-ComP.) We conclude using Resp for
v, O

Note that this proof still goes through if Eqn. 3.2 only holds propositionally, e.g.
by IdUni.

In the remainder of this chapter we shall leave aside the issue of non-canonical
elements and study the logical implications of functional extensionality together
with uniqueness of identity. We shall see that in a certain sense these two allow

to recover the strength of extensional type theory in an intensional setting.



3.2 Extensional type theory

As described in the Introduction, in extensional type theory the definitional equal-
ity is identified with propositional equality and thereby becomes extensional. This

is achieved by adding the following two rules [85, p. 65]:

I'to I'EM:o I'EN:o
I'-P:1d,(M,N)

ID-DEFEQ
I'EM=N:0o
I'ko I'M:o I'FN:o
I'tP:1d,(M,N)
Inp-Un1

I'F P =Refl,(M) : 1d,(M, N)

The first rule (ID-DEFEQ) is the equality reflection rule discussed in the Introduc-
tion. Notice that this rule is needed to make the other one (ID-UNT) “typecheck”.

For technical reasons we also assume an n-rule for Il-types:

I'tEM:lx:o.7
II-ETA

I'tM=Xe:o. M z:1llz:0.7

In [85] it is pointed out that in the presence of rules ID-DEFEQ and ID-UNI,

identity elimination becomes definable by putting
JUJ(M, Nl,NQ,P) = M[l’ = Nl]

The operators IdUni and Ext are also definable, see Prop. 3.2.2; in fact they are
just instances of reflexivity! Therefore, extensional type theory does not need ex-
plicit elimination operators for identity. For these reasons, extensional type theory
is intuitively quite appealing. It also is very close to set theory and extensional con-
cepts like quotient types are easily added (see [31] and Sect. 3.2.6.1). Moreover, it
avoids the unusual coexistence of two different notions of equality. The rest of this
Chapter is devoted to refute these apparent advantages of extensional type theory

and to argue in favour of intensional type theory with extensional concepts. The



two main arguments we put forward are the undecidability of extensional type the-
ory (Sect. 3.2.2) and the conservativity of extensional type theory over intensional
type theory (Sect. 3.2.5) which shows that nothing is lost by using intensional type
theory.

3.2.1 Comparison with Troelstra’s presentation

In order to prevent possible confusion let us remark that in Troelstra and van
Dalen’s book [107, Sect. 4-5], the predicates “intensional” and “extensional” are
used in a different way. Their intensional theory ML is a version of our extensional
type theory, that is it has rule ID-DEFEQ, but with type equality confined to
basically syntactic identity. So no definitional conversion is permitted inside a type
and thus the introduction rule for the identity type must be extended to permit
one to conclude I' - Refl(M) : Id,(M, M’) from I' F M = M’ : 0. Moreover,
ML}, neither contains a congruence rule for abstraction (“¢-rule”) nor an n-rule
for Il-types. On the other hand, their extensional type theory ML, agrees mostly
with extensional type theory in our sense (and in the sense of [85]). Intensional
type theory in our sense (and in the sense of [85]) is only mentioned briefly as a

note [loc.cit., p. 633].

3.2.2 Undecidability of extensional type theory

The equality reflection principle ID-DEFEQ is problematic since upon its applica-
tion the proof P for the propositional equality is lost. Therefore, a syntax-directed
decision procedure for definitional equality in extensional type theory would have
to “guess” this proof P. Our aim in this section is to prove that this is not possible
by showing that definitional equality in extensional type theory is undecidable.
Before doing this we describe how this entails undecidability of all other kinds of
judgements. Assume I' - M : o and ' - N : 0. Now I' F Refl,(M) : 1d,(M, N)
iff ' M = N : o so typechecking is equivalent to deciding definitional equality.
Furthermore, we have I' F Id,(M, M) iff I' = M : o so typehood is equivalent to



typechecking. The same goes for the remaining three kinds of judgements: type

equality, context equality, and well-formedness of contexts.

Let us now turn to the undecidability of definitional equality. Although the rule
ID-DEFEQ represents an information loss, undecidability is not entirely obvious
because it is not clear how many propositional equalities are actually provable. In
particular, there does not seem to be an obvious reduction to the halting problem,
but one must use the tool of recursively inseparable sets [24]. In order to avoid
the introduction of too much machinery we shall, however, avoid explicit mention
of this notion. We also avoid explicit formalisation of proofs and algorithms in
Martin-Lof type theory and appeal to a variant of Church’s thesis and the math-

ematical intuition of the reader.

If n € wis a natural number let 7 stand for the numeral Suc”(0) in type theory.

We have - n : N. A k-ary function f on the natural numbers is called numeral-wise

representable if there exists a term F f :N — N — ... — N such that for every
k-tuple of natural numbers (z1,...,x;) we have F f Tp... 3, = flxg,...,xr) : N

It is well-known and actually obvious from the form of the recursor RN that every
primitive recursive function is numeral-wise representable. Compare this to the

interpretation of Heyting arithmetic in type theory [107, Theorem 4.9].

Fix some Gédel numbering of Turing machines (TMs) in order to allow for

self-application of Turing machines and consider the following function:

flet) 1, if TM e applied to itself halts after less than ¢ steps with result 0
e,t) =

0, otherwise

Since the number of steps required to evaluate f(e,t) is linear in e and ¢, this
function is primitive recursive. Let k f : N — N — N be its numeral-wise

representation.

Now suppose ¢ is such that e applied to itself halts after some number of steps
with a result other than 0. Then f(e, —) is constantly 0 and this fact is actually
provable in type theory, i.e. in this case the following type is inhabited by induction

(RN) and finite case distinction (also RN):

N

t:NFIdn(fét,0)



Using ID-DEFEQ this implies that
t:NFfeéet=0:N
holds.
On the other hand, if TM e applied to itself halts with result 0 then
t:NFfeéet=0:N
does not hold because this would contradict the definition of f.

Notice that in case e applied to itself does not halt, the above equation may

or may not hold according to whether nontermination is provable in type theory.

Now if definitional equality in extensional type theory were decidable we could

construct a Turing machine which when applied to some number e returns 0 if
t:NF f et=0:N
and returns 1 otherwise. Let ¢y be the Godel number of this machine and consider

the application of eg to itself. By definition of ey this computation terminates. We

arrive at a contradiction whatever the result is.
Summing up, we obtain:

Theorem 3.2.1 In extensional type theory definitional equality, typechecking and

typehood are equivalent and undecidable.

The same argument shows that inhabitation of identity types in nonempty contexts

is undecidable in intensional type theory.

We remark that the undecidability of extensional type theory is part of the
“folklore” in the field, but to the best of our knowledge has never been explicitly

proved in the literature.

3.2.3 Interpreting extensional type theory in intensional

type theory

In view of the above undecidability results, implementations of extensional type

theory like e.g. Nuprl [31] deal with derivations rather than terms and judge-



ments. The question arises whether derivations in extensional type theory can
be translated into terms in intensional type theory with functional extensional-
ity and uniqueness of identity. For example, we may want to know whether if
x:N F U,V : N in intensional type theory and 2:IN - U =V : N in extensional
type theory then the type x: N F Idn(U, V) is inhabited in intensional type the-
ory. This is indeed the case and follows from a much more general correspondence

between intensional and extensional type theory which we prove below.

3.2.3.1 The type theories TT; and TTg

Streicher has observed in [101] that in the presence of uniqueness of identity the

elimination operator J can be defined in terms of its particular instance Subst
defined above (Sect. 3.1.1). Indeed, if I'a:0 = H : 7[x,z,Refl(2)] and ' - P :
Id,(M, N) then we form the type

plaso] = p: 1d, (M, 2).7[M, 2, p]
Now we observe that T'F p[M] is inhabited by
L[y] == Ap: 1d(M, M).Subst (Sym (IdUni (P)) , H[M])
Therefore, Subst ,,(P, L) P is an inhabitant of ' F 7[M, N, P] as required.

This suggests to take Subst instead of J as a primitive if one has uniqueness of
identity. For the remainder of this Chapter, by “intensional type theory” or TTy
we mean the theory TT from above together with the constants IdUni and Ext,
and with the elimination operator J with its associated rules replaced by a newly

introduced term former Subst governed by the following two rules:

[ z:o b 7[x]

'+ Ml,MQ e
'k P Idg(Ml,Mz)
I'F N :7[M]

LEIBNIZ

I' b Subst ;. (My, My, P, N) : 7[Ms)]

LeEiBNIZ-COMP

I' - Subst , (M, M,Refl,(M),N) = N : 7[M]



The type annotations and the first two arguments to Subst may be omitted. If
so stated in the running text, TT; may be augmented by further type formers

and rules. Thus, the term formers associated to propositional equality in T'Ty are:

Refl, Subst , IdUni, and Ext.

By “extensional type theory” or TTg we mean the core type theory TT with
the identity elimination rules (the rules ID-ELiM-J and ID-CoMmP J) replaced
by ID-DEFEQ and ID-UNI, and with II-ETA added. In order to distinguish the
intensional from the extensional type theory we write F; and kg for the two
respective judgement relations. Recall from Sect. 2.1.3 that (for F€ {F1,Fg}) we
write I' - o true if there exists M with I' = M : ¢ and that = denotes syntactic

identity modulo renaming of variables.

It was mentioned before that the operators of TT} are definable in TTg. More

formally, we can define a “stripping map” | — | by
— |Subst , (M, My, P, N)| := |N|

= [dUni, (M, P)| := Reflra ar) v (Refljo (|]))

|EXtU,T(U7 V7P)| = Reﬂn$|0||7|(|U|)

— homomorphically extended to all other terms, types, contexts. and judge-

ments
This mapping enjoys the following trivial soundness property.

Proposition 3.2.2 [f 'y J then |U'| Fg |J| for all contexts I and judgements J.

Proof. By induction on derivations in TTy or equivalently by showing that the
term model of TTg forms a model of TT; with the settings prescribed by the
definition of |[—|. The only interesting case is the interpretation of Ext. If I', a: o by
P:1d,(U «,V x) then by ID-DEFEQ we have I'z:0 Fg U 2 =V 2 : [la:0.7. So
by the congruence rule for abstraction we get I' g Az:0.U & = Az:o.V z

[Iz: 0.7 and hence using I[I-ETA and transitivity I' Fg U = V : [lz: 0.7 and finally



I' Fg Refl(U) : Id(U, V) as required. Without II-ETA we could obtain functional

extensionality only for abstractions but not for arbitrary terms of Il-type. a

In order to compare the strengths of extensional and intensional type theory we

are now interested in possible converses of this proposition. In particular:

Inv I' Fg J implies IV 1 J' for
some [, J" with |[I"| =T and |J'| = J.
Cons-Ty I'| Fg |o| true implies I' Fy o true .

Cons-Ip || kg [M]| = |N]|: |o| implies I' by Id, (M, N) true.

Clearly, CONS-TY implies CONS-ID. The first property INV which in contrast to
the other two speaks about arbitrary judgements in TTg, is not true. A counter-

example is the judgement

z:N Fg o =Suc”(0) : N

where Suc®(0) := RX(0, [z, y: N]Suc(y), z) is the x-th iteration of the successor
function on start value 0. If we decorate both sides of this equation with instances
of Subst we get more complicated terms, but certainly no true equation in TTr.
The reason is that (apart from congruence) the only way that a Subst -expression
can be definitionally equal to something else is by use of LEIBN1Z-COMP, but then
the outermost Subst disappears and no equation has been added which wasn’t

there before. However, we certainly have

2: N Fp Idn (2, Suc™(0)) true

since the required inhabitant of the identity type may be constructed by induction.
Together with ID-DEFEQ this gives a proof of the above judgement in TTg and

corroborates CONs-1ID.

Our aim is to prove CONS-TY, and thus CONs-ID and to define a mild exten-

sion of T'T} under which INV becomes true.



3.2.4 An extension of TT; for which the interpretation in

TTyg is surjective

The above counterexample would no longer go through if there were a term whose
stripping equals & and which nevertheless is definitionally equal to Suc”(0) in TT.
To cure the problem with INV we may simply add such a construct. More precisely,

we introduce a new term former £,(M, N, P) described by the following two rules:

I M,N:o Tt P:1d,(M,N)
I'H R,(M,N,P):o
I'H R,(M,N,P):o
I'H R,(M,N,P)=N:o0

R-FORM

£-EQ

Let us write TTy for Ty extended with ¥ and g for the corresponding judgement
relation. In view of R-EQ, R is a simple definitional extension comparable with the
addition of an explicit function symbol for multiplication which is definitionally
equal to its primitive recursive coding using RN. The power of ® stems from its

interpretation in TTg. Namely, we decree that:
Ry (M, N, P)| :=[M]|
Now Prop. 3.2.2 continues to hold:

Proposition 3.2.3 If ' g J then || Fg |J| for all contexts I and judgements
J.

Proof. As before by induction on derivations; the only interesting case is the
rule R-EQ. If I' g R,(M, N, P) : o then we must have [' g M, N : 0 and I' kg
P :1d,(M,N). So we may inductively assume that |I'| Fg |P| : Idj, (|M], |N])
and thus |I'| Fg [M| = |N| : |o| by ID-DEFEQ. But this is the stripping of the

conclusion of rule R-EQ. O

The interesting aspect of TT'y is that the interpretation |—| of it in TTf is actually

surjective, which means that INV holds.



Theorem 3.2.4 Whenever I' Fg J then there exist IV and J' in the language of
TTyx such that 1" g J' and [I'| =T and |J'| = J.

Proof. By induction on derivations in TTg. The interesting cases are ID-
DErEQ, ID-UNI, and II-ETA. In the other cases we just follow the deriva-
tion in TTg. For ID-DEFEQ assume I' Fg P : Id,(M,N) and (inductively)
I"Fg P 1d, (M, N') where |C'| = C for C € {I';o, P, M, N}. Now the conclu-
sion of ID-DEFEQ is ' Fg M = N : 0. Putting M" := R,/(M’, N', P’") we have
["Fx M” = N': ¢’ but on the other hand |M"| = |M'| = M.

The rule ID-UNT has the same premises so we keep the variables introduced so
far. The conclusion of the rule is I' b P = Refl, (M) : Id, (M, N). Therefore, we
must find a term P” with stripping equal to P and which itself is definitionally
equal (in TTy) to Refl(M’). Using R we can relax this to propositional equality.
This suggests to define

P" := Subst o [poqiagyr ey (N, M, Sym (P'), P')

We have IV g P : 1d, (M, M) and 1" k¢ IdUni (P”) : Id(P", Refl(M)). Moreover,
|P"| = |P'| = P. Therefore with

P”/ = %Idc/(M’,M’)(Plla Reﬂ(M'), [dUni (P”))

we have [" g P" = Refl,(M’) : Id,/(M’, M') and the stripping of this judgement

is the conclusion of rule ID-UNI.

Finally, for II-ETA we use a particular instance of Ext. a

The particular instance of [dUni used in this proof can be defined using J as well.
So if we had used J instead of Subst we could have avoided the use of uniqueness
of identity. Then, however |P”| would not be identical to P but only F-reduce to
P. One could circumvent this using J’ (defined above in Sect. 3.1.1) as primitive.
The only use of functional extensionality was in order to mimic the rule II-ETA.
If one were not interested in this rule, one could get surjectivity of | — | with R

alone and no extensional concepts at all. In particular, in TTg we can derive a



propositional counterpart of the A-congruence rule (£-rule) as follows: Suppose

that I'a:o b U,V i 7 and I a0 by P : 1d, (U, V). Then we have
I' Fp Refligor (A2 0V) : ldige - (Ax: Ro(U, V, P) , Aa: o V) (3.3)

This shows quite well how R works. In a certain sense, the above judgement is a
triviality because it is an instance of reflexivity. But if one does not identify defin-
itionally equal terms and instead reads an expression R,(M, N, P) as something
like “means M but is written N for reasons of intensionality and this is justified
by virtue of P” then the above judgement really corresponds to the conclusion
of a propositional é-rule. One can do even more and—using extensional concepts
and instances of Resp —move all the instances of R to the root of a term, with the
stripping unchanged, which may be used to obtain a variant of property CoNs-ID
as follows: If ' Fg M = N : o we can find 1", ¢’ and R-free terms My, My, Ny,
N3, and proofs Py, P, such that

F/ |_§R %g/(Ml,MQ,Pl) = %g/(Nl,NQ,PQ) . 0'/

where |[I'| = T, |o'| = o, |M1| = M, and |N;| = N. From the definition of & we
then get
[ by Trans (P, Sym (Py)) : Id,( My, My)

which we can see as the conclusion of CONS-ID in case 7 and o’ are sufficiently
simple so that they equal their stripping. Also the type annotations of My, M,
must not contain any instances of R or Subst which may be difficult to guarantee.
We will not pursue this line of thought any further and prove CONS-TY and
Cons-ID by other methods below. However, we want to advocate the use of R as
a possible addition to intensional type theory even in the absence of extensional
concepts. This requires a slightly unusual approach to theorem proving in type
theory because in the course of trying to prove a goal it may become necessary
to alter it by interspersing instances of . E.g. we can’t prove that Ax:0.U and
Az: 0.V from above are definitionally equal or (without functional extensionality)
that they are propositionally equal, but by altering the goal using R this becomes

possible as we have just seen in the derivation of Judgement 3.3.



3.2.5 Conservativity of TTy over TT;

Our aim is now to prove property CONS-TY of which CONS-ID is a consequence.

In fact we shall establish the following mild generalisation of CONS-TY.

Theorem 3.2.5 IfI' ;o and |I'| Fg P : || for some P then there exists P' such
that I' by P': 0. Moreover, |I'| Fg |P'| = P : |o|.

Before embarking on the proof of this Theorem we remark that it does not follow
from INV, i.e. in the presence of R, because if I' by o and |I'| g |o| true then we
have [V g ¢’ true for some I” and ¢’ with |I”| = |I'| and |o'| = |o]|, but there is
no reason why I' Fg o true should hold, too. It would, however, be true if types
(and contexts) with identical stripping could be shown to be isomorphic. On the
other hand, this fact (at least for types) is a consequence of CONS-TY because if

|o| = |o’| then the stripping of

Yfio— o' Xf o — o

d(Ax:o.f7H(f ), \vio.x) x Id(Az: o’ f(f! 2), Aa: o' )

is inhabited in TTg by taking the identity on o for f and f~', and CoNs-TY then

gives an isomorphism between o and ¢’ in TT}.

These isomorphisms are indeed the key to proving the conservativity theorem,

but it turns out that the use of £ can be avoided.

The idea for the proof is to show that the term model of TT; quotiented by
propositional equality forms a model of TTg. Quotienting a model of type theory
is, however, not an easy thing to do because as soon as one identifies two morphisms
f,g: 1" — A one also has to identify families over I' which come from the same
family over A through substitution along f and g. This identification of families
also forces identification of certain contexts and therefore of new morphisms which
were incomparable before. We do not know whether there exists a general theory
of quotients of syntactic categories with attributes and more generally of fibrations
and generalised algebraic theories, but we believe that such a theory would have

to be fairly complicated. Fortunately, in the particular case at hand we have a



good definition for when two types or contexts are to be identified, so that we can

get away without looking at the most general case.

Our strategy consists of first extending propositional equality to contexts so
that we can say when two context morphisms are to be identified. Next, by struc-
tural induction we construct possibly undefined isomorphisms (up to propositional
equality) between types and between contexts in such a way that the isomorphism
between two types (and between two contexts) is defined iff their strippings are
equal in TTg. The key idea of the proof is that this semantic property of types

and contexts can be defined by structural induction,

We identify two types or contexts if the corresponding isomorphism is defined,
and show that this gives a model of TTg. We then show that stripping lifts to
an operation on the induced equivalence classes and defines a structure-preserving
map between this model and the term model of TTg. Its composition with the
interpretation of TTg in the quotient model must therefore be the identity. This,
together with the fact that equality in the quotient model is isomorphism, gives

the desired result.

3.2.5.1 Propositional equality of context morphisms

Let I' be a context in TT. By induction on the length of I' we define a type 1 I’

in the empty context and substitutions : T Fj outy = I' and ' Fyinp = 2:T as

follows:
S = 1
ino = %k
out, e ()
Iao = Yg:T.oloutr[g]]
inryl’ig [7 F? €. U] = pairﬁ,a[outp] (iHF [7]7 $)
outr z.o[z: I, 2:0] = (outrlz.1], 2.2)

From the equation ¥-COMP we get the definitional equality

v:T'Fyoutpfinp[y]] =~ : T (3.4)



This equation is needed for the definitions above to typecheck, so strictly speaking

we have to establish it along with the inductive definition above.

The converse only holds propositionally: If Fy M : T then by induction on the

length of T' and using R* we can construct a term stjp(M) such that
by sejp(M) @ Idg(inp[outp[M]] , M)

This reflection of contexts into types allows us to compare substitutions up to

propositional equality. If I' b1 f, g = A then we can form
T "1 IdK(IHA o f, iHA og) (*)

and if A by o, I' bp P : Idg(inao f,inaog), and I' b1 M:o[f] then since I'

o[f] = olouta][ina o f] we have
I' Fy Subst Z,a[outA](inA o fyinaog, P, M) : 0[]

So the above type (%) behaves like an identity type at contexts. We thus introduce

the abbreviations

Ida(f, g) := Idx(ina o f,ina 0 g)

and

Subst A »(f, g, P, M) := Subst Aol ina o f,inaog, P, M)

outA](
for these types and terms. We also write
Refla(f) := Reflx(ina o f)

and

[dUnia(f, P) := IdUnix(ina o f, P)

As usual, we allow the omission of arguments which can be inferred or are clear

from the context.

From LEIBN1Z-COMP and IDUNI-COMP we obtain the definitional equalities
I' b1 Subst A, (Refl(f), M) = M : o[f]

I' b IdUnia(f, Refl(f)) = Refl(Refl(f)) : Ida(f, f)



Remark 3.2.6 This definition of propositional equality of context morphisms can
still be carried out when L-COMP is a replaced by a propositional equality (as is
the case in the type theory Sy to be introduced in Sect. 5.3), but then one must
construct a witness for the propositional counterpart of Fqn. 3.4 along with the

definition of inp and outp. This is possible, but messy to write down.

3.2.5.2 Propositional isomorphisms

A pair of syntactic context morphisms I' Fr f = A and A by f/ = T is called a
propositional isomorphism between T' and A if v: T by Idp(f~Y[f[y]] . 7) true and
§:A Fr Ida(f[f71[8]] 5 8) true. In this situation we write (f, f7') : ' = A. If
I'Fio and T Fy 7 then a pair of terms T, z:0 by flz] : 7 and T, a:7 by f7 2] : o
is called a propositional isomorphism between ¢ and 7 if T', z: 0 by Id, (f~[f[z]]
z) true and T' | y:7 Fr Id-(f[f'[y]] , v) true. We write I' Fr (f, f7!) : 0 2 7 to

indicate this.

We shall now partially define symbols cor a and typ 5 ,, by structural induc-
tion on pre-terms and pre-contexts in such a way that if these symbols are defined

they constitute propositional isomorphisms in the following way

12

A

(cor,a,copn): T

and

r l_I (tYF,A,U,T7tYI:,1A,U,T) to= T[COFvA]

The inductive clauses for these symbols are as follows’:

COs.o = 60;1O = ()
Cor,zi0, a7 [V Iy 20l = (cora[v]s tyr a0 17, 7))
COT bep A e [0,y 7] = (cOpa[6], tyTa o, [COr A, Subst a (P, y)])

where §: A k1 P : 1d(6, cor a[cop 5 [6]]) is obtained from the assumption that (cor a,
COI:}A) : ' 2 A. The context morphisms co and co™! are undefined in all other

cases. In particular cor a is undefined if I' and A have different length.



The propositional isomorphisms tyr A ,, can only be defined if o and 7 share

the same outermost type former. We have a clause for each of these.

x, if cor a is defined

tyr a NN, 2] = .
undefined otherwise

-1 .
tyrann =Wrann

For the definition of tyr A 1140, 0. assume v: I', f:1la: 0q.09 and y: 74[cor a[7]]-

Ily:7m1.72

We put U :=tyrh ,, - [v:y] : o1[y] and V := f v : o3[y, U]. Now

W= tY(F,ac:crl),(A,y:Tl),ch,Tg [(77 U)? V] 2 T2 [CORA["}/] ) tYF,A,Ul 1 [77 U]]

by expanding the definition of co(r s:s,),(a,y:r). Finally,
Subst (P, W) : m2[cor alv] , ¥]

where

v: T yimifeor a] b1 P2 1dr yirfeop a1(
(CORA [7] ’ tYF,A,Ul,Tl [77 tYI:,lA,crl,Tl [77 y]]) ’
(coralv],¥))

2

is obtained from reflexivity and the assumption I' b1 (typ A, ,T17tyE,1A,O'1,Tl) toy =

i [cor a] and thus

tYF,A,Hl’:Ul.Ug,Hy:Tl.TQ [77 f] = )\y ! [CORA[’Y]‘SUbSt (P7 W) : (Hy Tl‘TQ)[CORA[’}/]]

The inverse tyﬁlA’Hl,:Ul.U% is defined in the same way, interchanging the roles

Ily:7m1.72

of ty and ty~!. The proofs that a propositional isomorphism has been constructed

are obtained using Ext.
For typ A sy 0g Syiry 7, We assume y: 1" and f:Xa:0y.09. Now

U = tyF7A70'1,7'1 [77 f]‘] : Tl [COF7A [7]]

and

V= tY(F,x:crl),(A,y:ﬁ),crg,ﬂ'g [(77 f1)7 f2] 2 T2 [CORA[’}/L U]

We thus define

tYF,A,El’:Ul 00,0y T] . T2 [77 f] = (U7 V) : (Zy Tl‘TQ)[CORA[’}/]]



The inverse is again obtained by interchanging ty and ty~!. For the proof of the
isomorphism property one uses that surjective pairing holds propositionally (see

Sect. 2.3.2).

For tyr A 1d, My My).1d, (v, N,) WE check whether there exist P, @ with
v P ddrfeor sl (81,80, [, M), Nifeor,a[7]])

Y: T b1 Py Idsjeop A (8YT A .- [ Ma], No[cor a[7]])

If not, then typ A 1a,(an,a),14, () 18 undefined. If yes, then for p: Id, (M, Ms)

we define

tYF,A,IdU(Ml,MQ),IdT(Nl,N2) [% p: Idcr(Mlv Mz)] =
Trans (Sym (P, ), Trans (Resp (Az: 0.typ o, [, 2] 5 p) 5 P2))

D (Id; (N1, Na)[cor al7]]

The inverse is defined analogously; the proof of the isomorphism property is an

instance of IdUni.

Notice that this definition depends in various places on choices of particular
proofs of propositional equalities. Some of the choices, e.g. in the definition of
C01:71$:U7A7y:7_, could be avoided by carrying through explicit witnesses for the various
isomorphism properties. Others, like the one in the clause for the identity type,

are more difficult to eliminate.

These propositional isomorphisms enjoy various properties all of which follow
by straightforward structural induction. First (for convenience) we restate the

isomorphism properties.
Lemma 3.2.7 Let ' o and Ay T.

i. If cora s defined so is COE}A and the two constitute a propositional iso-

morphism between I' and A.

ii. Iftyr o, is defined so are cora and typ . and T Fr (tyr o VT A s

o = 7[coral.



Next we state that definedness of the propositional isomorphisms induces an equi-

valence relation on contexts and on types.

Lemma 3.2.8 i. If b1 T then coryr is defined and v: 1 by Idp(y, cor r[y]) true.

oo,

i. IfTU'Fyo then typr,, is defined and U, x: 0ty 1d, (2, typr, ,[2]) true.
ie. If cora is defined then so is coar.
w. Iftyp a ., s defined then so istyap., ,-

v. If cor o and cope are both defined then so is coro and

v:T' k1 Ide(coaelcoraly]] , core[y]) true

vi. Iftypa,, and tys o, are both defined then so is
tyr e . and

v a:p by IdT[COF@](
Subst 0,-(P,tya 0,0 [coraly], tyr 4,075 2]])
type,,-[7,7]) true
for every

v:I'F1 P Ide(conefcoralv]] , corely]) true

We also need that the propositional isomorphisms are stable under definitional

equality and under syntactic substitution.

Lemma 3.2.9 i IfFr =17 and -1 A = A’ then if cora is defined so is
cors ar and

v: T 1 Ida(cor,aly], corrar) true

i, Ifr=T1"and -1 A=A andU'tyo =0 and Aty 7 =7"then if typ o,

is defined so is typi pr 0 and

v: 120 by Id, (Subst o (P tyr a2 [V, %)) 5 610 ar pr [V, 7)) true

for every v:I' 1 P : Ida(cor,a, cors ar).



Lemma 3.2.10 Suppose that typ 5, is defined and that I" by f = T and A’y

g = A are syntactic context morphisms satisfying
[ Fy Ida(cora o f , gocorar) true
so in particular corr ar defined, then Yy ar 15,1 15 defined and
Vil zio[f] b ldsgocon o0 (80 ar ooV 2] 5 0080, [F Y] 7)) true
The relationship to extensional type theory is described by the following lemma.

Lemma 3.2.11 i. If copa is defined then Fg |I'| = |A] and v:|I'| Fg v =

|corally]: T,
. Iftyra,., is defined then |I'| g |o| = |7| and

ATz lol be @ = [typ o llv, 2] - o]

3.2.5.3 A model for TTy

We come to the construction of a model for TTg by quotienting the term model
of TTr. We write ~ for an equivalence relation determined by the (linguistic)

context and [—] for equivalence classes.

Definition 3.2.12 The category C has as objects equivalence classes of contexts
i ' where I' and A are considered equivalent if cor o is defined (this forms an
equivalence relation by Lemma 3.2.8). A morphism between [I'] and [A] is an
equivalence class of triples (A, B, f) where A € [I'], B € [A], and A k1 f = B.
Two such triples (A,B, f) and (A, B, f') are equivalent if cop nr and cogpr are
defined and

a: A brIdpi(cog g [ f[a]] 5 f'[coaar[a]]) true

Again, it follows from Lemma 3.2.8 together with properties of 1d that this defines
an equivalence relation. The identity morphism on [I'] is given by [(I',I',y: T Fy
v = I')]. The composition of [(B',=,¢)] : [A] — [O] and [(A,B, )] : [I'] — [A]
is given by [(A,=,a: A by glcopp[fla]]] : Z)]. Observe that copps is defined by
Lemma 3.2.8.



Proposition 3.2.13 C is a calegory with terminal object [o].

Proof. First we check that homsets, identities, and composition are well-defined,
i.e. independent of the choice of representatives. For the homsets this is obvious,

the case of identities is an instance of reflexivity. For composition we consider the

diagram
co
A1 g p—9 .=
co co co co
S co 5N —_
Al B1 Bll iy

If the two outer squares commute up to propositional equality, i.e. if (A, B, f) ~
(A1,B1, f1) and (B, =,¢9) ~ (B}, =1, ¢1), then the whole rectangle commutes up to
propositional equality because the inner square does by Lemma 3.2.8. 1t is obvious
that identities are neutral. For associativity of composition assume A F; f = B,
B'Fig== Z'F h= 0. A common representative for both ways of composing

the triple is given by
a: A k1 hfcoz z/[glcopp/[fle]]]] : ©

Finally, the obviously unique morphism from [I'] to [¢] is given by [(I', ¢, ())]- O

Definition 3.2.14 (The model Q) A syntactic category with atiributes Q over
the category C is defined as follows: Let [I'] € Ob(C). A family over [I'] is an
equivalence class of pairs (A, o) with A b1 o, where two such pairs (A, o) and

(A", 0") are considered equivalent if tya ar, o0 @5 defined. The set of families is

denoted Fam([I']).

If [(A,0)] € Fam([']) then the morphism p([(A,0)]) : [I'] - [A,0] — [I] is
represented by
[(Aya:0), T, 6:Ayaio Frcoar]d : )]



If[(A,B, )] : [©] — [I] then the substitution [(A,o)[{[(A,B, f)]} is represented by
(A, (a: Ay ofcopalfla]]])). The morphism q([(A, B, )], [(A,0)]) is represented

by
((Avx:U[COB,A Of]) ’ (A7$:U) ’
a:Ajxiofcopao flFr(copaof,z): (A z:0))

A section of [(A, 0)] is an equivalence class of triples (0,7, M) with (0, 7) ~ (A, 0)
and © by M : 7, where two such triples (0,7, M) and (&', 7', M") are equivalent if
0:0 b1 Id(tye o [V, M] , M'[cop e/ [V]]) true
If [(©,7,M)] is a section of Sect([(A,c)]) then a morphism [(©,7,M)] : [I'] —

[[] - [(A,0)] is represented by

(©,(0,2:7),
9:0 by (9, M) : (0, 2:7))

Conversely, if [(A,B, f)]: [I'] = [I']-[(A,0)] then we must have B = B’ x: p since
equivalent contexts have equal lengths. Thus f = (f', M) for By M : p[f']. We
put HA([(A, B, N)]) := (B, o[f], M)].

Proposition 3.2.15 Q is a syntactic category with attributes.

Proof. Routine verification. As an example we check that substitution in famil-

ies is well-defined and commutes with composition. Suppose that g = [(B', =, ¢)] :

[A] — [0] and o = [(Q,0)] € Fam([O]). We have

o{g} = [(B,o[coz 0 g])]

Now let (€, 0") ~ (2, 0) be another representative for . We must show that
(Blv U[COE,Q o g]) ~ (B/, O'/[COE@/ o g])

By definition this is equivalent to tyg g/, ] being defined. By

coz.n O f],cr’[cogyﬂ/ of

Lemma 3.2.10 this holds if tyg g/, ,+ is defined and

30,0

ﬂli B/ "1 IdQ/(COQ@/ 0COFQof ,COQr=0go COB/7B/) true



The former follows from the assumption (2',¢') ~ (Q,0); the latter follows by

equality reasoning from Lemma 3.2.8.

r =

Now suppose that (B”,Z',¢') ~ (B’, =, ¢) is another representative for g. We
must show that tyg gn .

3.2.10 this boils down to

7 is defined. Using Lemmas 3.2.8 and

coz,q 0 gl,ofcogr g og

B’ F1 Idg(cogqocozqog , cozgog ocoB’, B”) true

Using the fact that Id respects composition and using Lemma 3.2.8 this follows
from

B’ ki Idz/(cogzrog , ¢' o coB’, B”) true

which is the definition of (B",Z’, ¢') ~ (B, =, ¢).

For compatibility with composition assume in addition that £ = [(A, B, f)] :
Il — [A] and & = [(2,0)] € Fam([0O]). We have gof = [(A,=,gocopp/o f)] and
thus

o{gof} =[(A,o[cozqogocoppiof])]

which equals o{g}{f} as required. O

Proposition 3.2.16 The stripping map | — | from T1Ty to Ty lifts to a struc-
ture preserving map from Q to the term model of TTg (constructed according to

Er. 2.4.2) defined by [[T)] = [T[, [(T,0)]] = [o], and |[(T', 0, M)]| = | M|

Proof. Immediate from Lemma 3.2.11 (for contexts and types) and rule DEFEQ

and the definition of stripping (for context morphisms and terms). a

Proposition 3.2.17 The model Q supports I-types, Y-types, natural numbers,

and extensional identity types, and these are preserved by | — |.



Proof. Let o = [(I',0)] € Fam(I") and = = [(I",2:0") , 7] € Fam(T' - o). We
represent Il(o, 7) € Fam(T') by

v: ' by Hazo.r[cor v [v], tyr pr o o [, 7]

It follows from the definition of ty for II-types that this is well-defined.

M = [((I'",2:0"), 7", M)] € Sect(T) we represent its abstraction Ag (M) €
Sect(Il(o, 7)) by
AT by Ao’ M a: o7

This is indeed a section of Il(e,T) because YT P Mo fcop 1ty v g Tzt 19

defined by assumption and the definition of ty for Il-types. For well-definedness
we use again the definition of ty for Il-types.

Now let M = [(I', Ila: 0”.7', M')] € Sect(Il(o, 7)) (observe that the type of M
must be a dependent product) and N = [(I'"”, 0", N)] € Sect(o). The application
Appg +(M,N) € Sect(7{IN}) is represented by

"}/”/: F/” l_I M tYF’”,F”,o’”’,cr” [’}//”, N] . T/[tYF’”,F”,U’”,o’” [’}//”, N]]

Now the required equations are readily checked, and since the Il-type and its
associated term formers are modelled by their syntactic companions interspersed
with canonical isomorphisms, it follows that stripping preserves the dependent
product structure because the canonical isomorphisms are mapped to identities

by Lemma 3.2.11.

For the identity type assume o = [(I',0)] € Fam(I') and M = [(I",¢’, M)] €
Sect(o) and N = [(I”, 0", M)] € Sect(o). We represent the identity type Idg (M,
N) € Fam(I") by

"}//2 F/ "1 Idg//(tyr/f//ﬂ/ﬂ// ["}//, M] 5 N[COF/I//])

Now if this family has a section then M = N by definition of equality on sections
and any two sections of this family are equal by [dUni and the definition of equality

on sections.

We follow the same pattern for Y-types and natural numbers. a



Proof of Theorem 3.2.5. Consider the following informal diagram of inter-

pretations

Here TT; and TTg denote the term models associated to the type theories TT}
and TTg. The informal map [—] : TT; — Q denotes the interpretation of TT;
in Q which being a model for TTy also is a model for TT;. The mapping | — | :
Q — TTg is the lifting of | — | : TT; — TTg given by Prop. 3.2.16. Finally,
[—]: TT; — Q is the canonical mapping associating equivalence classes, which is

structure preserving by definition of Q.

These maps preserve all the type and term formers up to semantic equality;
thus, by induction on derivations or more elegantly by an initiality argument?
we find that any two paths in this diagram with common source and target and
starting from either TT; or TTg are equal. In more elementary terms this gives

in particular the following identities:

i. If T'Fy then [[] = [|T'] in Q.

i. If I' by o then [(T',0)] =[] | |o|] in Q.

—

ii. f 'y M @ o then [(I',o, M)] = [|T'] | |IM]] in Q.
iv. If I' Fg then kg |[I']| = T.

v. f I'Fg o then I' b |[T' | o] | = 0.

2We cannot properly formulate initiality of TTy and TT since we have not defined

morphisms of models. See however Remark 2.5.8



vio f I'Fg M : o then I'Fg |[I' | M| =M : 0.

Now suppose that I' by o and |I'| Fg M : |o|. The interpretation yields
[T MT € Sect([IT] | |o|])

Thus Sect([(T',)]) # @ by Eqn. ii. By definition of Q this means that there exist
I, o', M" with I" -1 P' : 0’ and corr and typp/, . are defined. Therefore we

have

T b1ty ooy MYcor A1) 0

and therefore I' 1 o true. Call this term M”, i.e. ' = M" : 0. By definition of Q
we have (I'yo, M") € [|I'| | M] and thus |I'| Fg |[M"| = M : |o| by Eqn. vi. 0

3.2.6 Discussion and extensions

The relative complexity and clumsiness of the present proof is regrettable and it
is our hope that in the near future a shorter and more elegant proof will be found.
Notice, however, that the described method is fairly robust w.r.t. extensions of the
type theory. For it to be extensible to a new type former it is enough that this
type former admits an action on propositional isomorphisms. To demonstrate this
we consider the addition of quotient types and of a universe closed under Il-types

and natural numbers below.

A possible point of criticism is the non-constructive nature of the proof. Not
only has the axiom of choice been used in the definition of the canonical iso-
morphisms co and ty; more seriously the interpretation of TTg in Q associates
equivalence classes to contexts, types, and terms. In order to get an inhabitant of
type o in the proof above we must arbitrarily choose a representative of the cor-
responding class. So the present proot does not directly give rise to an algorithm
which effectively computes an inhabitant of o in TTy from a derivation of |o| true
in TTg. Such algorithm trivially exists by Markov’s principle: we simply try out
all possible terms and derivations and from the non-constructive proof of existence

we know that this search always succeeds. But of course one would like a more



efficient algorithm which makes use of the derivation in TTg. It is, however, not
clear whether the described argument gives rise to such an algorithm. An idea
would be to carry out the construction of Q in a setoid model similar to the ones
described in Chapter 5, where quotients come with a canonical choice of repres-
entatives. In the present framework of a set-theoretic presentation of syntactic

categories with attributes this is, however, not possible.

Definitional equality has played a minor role in the present proof and it appears
that the whole development goes through if T'T; was replaced by a type theory
without definitional equality at all and rules like 3 replaced by corresponding
constants of identity types in the style of IDUNI. The construction of the model

Q would remain unchanged since propositionally equal objects are identified in Q.

3.2.6.1 Quotient types

The Nuprl version [31] of TTg contains a quotient type former governed by the
following rules.
I'to T ,z,2"0F plx,2] '-M:c T'Fo/p

Q-E-ForMm Q-E-INTRO
I'Fo/p Fl-[M]p:a/p

I'-M,N:o ' H: p[M, N]

Q-E-Eq
Fl—[M]p:[N]p:a/p

[ z:0/pF 7]2] [La:o b M[z]: T[[l‘]p]

I', a2 0, p:plr,2|F M[z] = M[2'] : T[[l‘l]p]

I'-N:o/p

Q-E-ELIMm
I' - plug, Nin M : 7[N]

Q-E-Cowmp

I'Fplug, [N] in M = M[N]: 7[[N] ]
Here p is viewed as a binary relation on ¢ and the idea is that o/p is the type
of equivalence classes of the least equivalence relation on o containing p. The
operator [—]p associates an equivalence class to an element of . The rule Q-E-EQ

states that equivalence classes of p-related elements are equal in o/p. Notice that



this rule introduces an information loss in a way similar to ID-DEFEQ-—upon its
application the proof H is lost. The lifting operator “plug, — in —” permits one to
define functions on the quotient type as usual in mathematical practice by defining
it on representatives and proving independence of the particular representative
chosen. Notice that Q-E-EQ is required for Q-E-ELIM to make sense. Finally,
the rule Q-E-CoMP states intuitively that the underlying algorithm of a lifted

function is the function itself.

A version of quotient types for T'T| has to replace the conclusion of Q-E-EQ by
a propositional equality and include instances of Subst in order to make rule Q-
E-ELIM typecheck. Formally, we extend T'T1 by the following rules for intensional
quotient types.

I'Fo ', z,2":0F plz, 2] '-M:o I'ko/p
Q-I-ForMm Q-I-INTRO
I'Fo/p Fl-[M]p:a/p

I'-M,N:o ' H: p[M, N]

Q-I-Ax
I'F Qax,(H) : 1d,/,([M] , [N],)
[ a:o/pb 7]2] [0k Mlz]: (2] ]
I',z,2"0,p:pla, 2]k
H : 1d, e j(Subst ., (Qax,(p), M[2]) , M[a'])
I'-N:o/p

Q-I-ELiMm
I' - plug, Nin M using H : 7[N]

Q-1I-Cowmp
I'F plug, [N],in M using H = M[N]: 7[[N] ]

Let TTgrq, TTiq refer to the respective extensions of TTg and TT; with quotient

types and let Frq, Fig denote the corresponding judgement relations.

We notice that, like Ext, the term former Qax introduces non-canonical ele-

ments in the identity type and thus in all types. In Chapter 5 we study models®

In the first of these models (Sect. 5.1) Q-I-FORM is restricted to relations p of the
form Prf(R) for some I' , z,2": 0 - R : Prop, and Q-I-ELIM is split into a non-dependent

elimination rule and an induction axiom.



which induce further equations for Qax so that these non-canonical elements disap-
pear, but for now TTiq is any extension of TT supporting the rules for quotient
types. So in particular this may be one of the type theories to be studied in
Chapter 5 or it may be a simple addition of the rules for quotient types to TT;

where we ignore the problem with non-canonical elements.

Let us now study the relationship between TTiq and TTgq. The interpret-
ation | — | of TTr in TTg extends to quotient types by setting |Qax (H)| :=
Refliop/(|[M]g]) where I by H : p[M, N], and homomorphically extending to the
other type and term formers. E.g. |o/p| := |o|/|p|. Now again Prop. 3.2.2 contin-
ues to hold, i.e. if I' Fiq J then |I'| Frq |J|. Moreover, if TTgq and Fpq denote
the extension of TT1q by R as in Sect. 3.2.4, we obtain an analogue of Thm. 3.2.4,
ie. if I' Frq J then I Fgq J' for some I, J" with |I'| = ' and |J'| = J. Here
the only new nontrivial case arises from rule Q-E-EQ. In order to mimic this in

TTxq we have to use Q-I-AX and an instance of R.

More interestingly, TTgq is again conservative over TTiq with respect to type

inhabitation.

Theorem 3.2.18 IfI' Fig o and |I'| Frq P : |o| for some P then there exists P’
such that I' b1 P’ : 0.

Proof. The proof follows the same pattern as the proof of Thm. 3.2.5. First, we
extend the definition of the ty-isomorphisms as follows: Assume I' Fig o/p and
A biq 7/w. In this context we put Ulx: o] := typ a, . [v,2] : 7[cora[y]]. Now, in

the context ~: 1", z,2": o, p: p[z, 2'] we put
Vo= e a0 ytir el 02 L pleon aly] s tyra o (1, 2] 5 tyr a0 [, 2]
and therefore we have
v:Ta 2o, ppla, 2| Fiq V i ¢[cor a[y] , Ulz] , Ul2']]
and hence

vl s, prple, o g Qax, (V)[cor a[y]] = Id([U[2]],, , [U2]],)



Therefore we may use rule Q-I-ELIM and conclude

v:T',q:0/p t1q plug, ¢in [U] jusing V' : (7/¢)[cor ]
It all the participating isomorphisms were defined we make this term the value of

tYr,A0/pr/p Lhe inverse is defined analogously.

Next we must show that Lemmas 3.2.7-3.2.11 carry over to this extension.
The proofs are difficult to write down, but are essentially straightforward. As an

example we show Part ii of Lemma 3.2.8. In the situation I' Fiq o/p we must

establish
- F? q: U/p l_IQ Id(Q? tYF,F,U/p,U/p[77 Q]) true
After expanding the definitions and simplifying by using the Lemma inductively

for o and p, this boils down to the following property which may be compared to
the (n)-rule for quotients in simple type theory [54].

Lemma 3.2.19 If ' g o/p then
Fv q: U/p l_IQ
Idg/p(plugp gin[z: o] [x]pusing [, 2" o, p: plz, x’]]QaXp(p) , q) true

holds. In other words the lifting of the projection | — ]w equals the identity.

Proof of Lemma. Let

i Tygiofp] =
Idg/p(plugp gin[z: o] [:zj]p using [z, z": o, p: plz, x’]]QaXp(p) . q)
By rule Q-I-CoMP we have

v zio l_IQ Reﬂcr/p([x]p) : T[[l‘]p]

Moreover, since 7 is an identity type, we have
v a0, pple, 2] Fig
H 1o (Subst o1 (Quss, (1), Refl([2],)) » Refl, ([+7),)
for H := IdUni ;[zn(Subst ;/, -(Qax,(p), Refl,/,([7] ))). (In fact, this identity may

also be proved using J alone.) Therefore, we may conclude

7: 1 q:0/p Fig plug, ¢in[x:o]Refl, ), ([%] ) using H : 7[q]



as required. a

Having defined the canonical isomorphisms co and ty for TTiq we construct
a model Q from TTjq in exactly the same way as in the proof of Thm. 3.2.5.
In order to get an interpretation of TTgq in this model we must show that it
supports the rules for quotient types from TTgq. Suppose that & € Fam(I') and
p=[T,z:0,2":0", p)] € Fam(IT'- o-o%). Recall that this means I', z: o, 2": ¢’ -1
p and that typr, . is defined and that both (I',o) and (I', o) are representatives
for . We define the interpretation of the quotient type as the following family

over I':

o/p:=IT,0/p)]

where

/

pl=[y:T,x, 2" olple, tyr p , o[, 2]

If M = [(I",0", M)] € Sect(o) then we put

My o= [T, o/p" [v: DIy T 1 g o [7: Meor o [3]11],)]

which is a section of o /p. It M, N € Sect(o) and H € Sect(p{M*}{N}) then by
suitably composing with the ty-isomorphisms and using Q-I-AX and the definition

of equality for sections we obtain that [M]p = [N],, i.e. rule Q-E-Eq is validated.

p7
We continue similarly for the remaining term formers and rules and then proceed

as in the proof of Thm. 3.2.5. O

3.2.6.2 Universes

We consider an extension of both TT} and TTg by the rules for a universe closed
under II-types and natural numbers from Sect. 2.3.5. It is known that extending
TTg by universes allows non-normalising terms to be typed. For example, in the

context I' = d: U | p: Idu(d, ﬂ(d, [2:d]d) we can derive the type equality

'rg D=D—D



for D := El(d) using rules ID-DEFEQ and U-EQ-II and therefore we have the
judgement

I'Fg (Ae: D x) Az Do x): D

In TTy we can only construct a propositional isomorphism between D and D — D
using instances of Subst y [;ujEl(2). This allows one to construct a term M such
that |M] is non-normalising, but where M itself does not contain any redexes at

all because the instances of Subst contain the variable p which prevents reduction.

Our aim is to show that the development in the previous sections goes through
for this extension. Certainly, Thm. 3.2.4 characterising the extension of TT; by
the R-operator continues to hold because we make the same extension to TT} and
TTg. More importantly, Thm 3.2.5 establishing the conservativity of TTg over

TTy as far as inhabitation of types is concerned, carries over as well.

Theorem 3.2.20 The extension of TTg by a universe closed under 11 and nat-

ural numbers is conservative over T'T7 with the same extension in the sense of

Thm. 3.2.5.

Proof. As in the case of quotient types we have to extend the definition of the
ty-isomorphisms so as to account for the newly introduced types U and EI(M).
A certain complication arises from the fact that it is no longer the case that
if ' by 0 = 7 then ¢ and 7 share the same outermost type former because of
the “non-logical” type equalities U-EQ-II and U-EQ-N. We may introduce an
additional clause for ty to account for this equality, but then in order to retain
transitivity (Lemma 3.2.8) we must close up under composition of ty from the left
and from the right. Then, however, ty is no longer uniquely defined and one would
have to establish coherence up to propositional equality. To account for arbitrary
non-logical type equalities this seems indeed to be the only possible way; in the
particular case of a universe we can get away by treating types of the form EI(M)

separately.

We say that I' by o is a small type it I' b1 o = EI(M) for some I' Fy
M : U. Notice that in this case we must have either I' k1 ¢ = N or ¢ =



Hay:7y. - Hag: 7. EI(N) for some & > 0 and I', xq: 74, - - a2 7 F1 N : U and small
T, .., Tt. Now we introduce the following two clauses to deal with U and small

types:

x, if cor a is defined

undefined otherwise

tyravuly: e Ul = {

and

tYr Ao [v:T',z: 0] = Subst [x:U]El(x)(P, )

if there exist M, N, P with I' by 0 = EI(M) and A Fy 7 = EI(N), i.e. 0 and 7
are small, and ' by P : Idy(M, N|cor a]), and undefined otherwise. In the former

case M, N, P are chosen arbitrarily. The inverses are defined analogously.

The clause for N in Sect. 3.2.5.2 is removed and the clause for Il-types in
Sect. 3.2.5.2 is restricted to those cases which are not yet dealt with by the above
clause for small types, i.e. tYp A [11.0, .00 11yiry 7, 15 defined by the clause given there

only if Ila: 0y.05 and Ilx: 7.7, are not small.

Now it is easy to show that the auxiliary properties of these canonical iso-
morphisms continue to hold. Notice that if typ 5 , . is defined and o is small so is

T.

It remains to show that the model Q constructed from the extended syntax as

in Def. 3.2.14 still supports Il-types, natural numbers, and a universe.

The type of natural numbers is given by N := [(I',N)]. We have [(I',N,0)] €
Sect(N). If M = [(A, 0, M)] € Sect(IN) then we must have A F; o = EI(S5) and
AFp P 1d(S, N) for some P. Now we define

Suc(M) := [(A, N, Suc(Subst (P, M)))]

In a similar way we define RN using pre-composition with instances of Subst y g

where necessary.

For the II-type we only need to consider the case Il(o, 7) where both o and
7 are small since in all other cases we may proceed as in the proof of Prop. 3.2.17

above. So assume o = [[,EI(S5)] and w.l.o.g. 7 = [[,2:EI(S) , El(T[x])]. We



A

define Il(e, 7) as [(I', EI(II(S,7T)))]. That this is well-defined and also the defini-
tion of the associated combinators follow from the following Lemma which states
that the ty-isomorphisms for II-types remain essentially unchanged by the altera-

tion for small types.

Lemma 3.2.21 Suppose that 'y S : U and AT U and I'ya: EI(S) Fr M - U
and Ayx:ENT) bt N 2 U and T' by P 2 1d(S, Tlcor,a]) and Ty 2:EI(S) F1 @
Id(M, N[Subst (P, z)]), i.e. YT om(s), A wm1(T) B0 BN 05 defined. Then

y: Iy w M EIGS).EI(M) by Id(
EYT A Mem1(8) B0 11eE1(T). B Y 2]

Az:7[cop a].Subst y g (Q, u tyElA’El(S)’El(T) [v,x])) true

where ty' is the propositional isomorphism given by the (now overridden) clause

of Sect. 3.2.5.2.

Proof of Lemma. Using Ext and elementary equality reasoning. a

We may now replace instances of ty at small II-types by ty’ and proceed as in

the proot of Prop. 3.2.17.

The universe and its externalisation are defined as the equivalence classes of
U and El, respectively. The code N in context [['] is given by [I', U, N] Similarly,
we define the code of Il as the lifting to equivalence classes of the syntactic term

former II. That this is well-defined is readily checked using RESP and Ext.

We conclude as in the Proof of Thm. 3.2.5. O

Remark 3.2.22 We believe that this result extends to an impredicative universe
as defined in Sect. 2.3.4, but we have not been able to prove this because it is not
clear how the ¥-operator lifts to equivalence classes. That is, if typ 5, . is defined

and I'yx:7 F1 M : Prop then it is not obvious why one should have

[ b1 Idprop(Va: 0. Mty o, 5] 5 Ve 7. M) true



although this can probably be shown by induction on the structure of o.

We also remark that the existence of a term M in TTy such that |M| is non-
normalising, is now an immediate consequence of the conservativity theorem 3.2.5

extended to universes.

In Chapters 4 and 5 we also consider Prop-valued Leibniz equality as an imple-
mentation of propositional equality. In general, Leibniz equality is much weaker
than the identity type in TTy because substitution (Subst) is possible only for
“propositional” families of the form x:0 F Prf(P). Thus, the results reported in
this chapter do not apply to Leibniz equality. However, the type theory Sg we
consider in Chapter 5 has the unusual property that its Leibniz equality behaves
like the identity type so that the results do carry over. In the deliverables model
of Chapter 4 we could define an identity type which would coexist with Leibniz
equality, but it would not be Prop-valued.

3.2.7 Conservativity of quotient types and functional ex-

tensionality

We have now studied in much detail the question of conservativity of TTg over TTr.
Another important question is the conservativity of TT| over pure type theory
without extensional concepts added. Let TT, denote the type theory without
Ext but with IdUni, and let I, denote the corresponding judgement relation.
Certainly, we cannot in general have that I' -, o and I' Iy o true implies I' = o true
because the type of Ext is valid in TT,. However, we believe that the following
holds.

Conjecture 3.2.23 IfI' b, 0 and neither I' nor o contains instances of the II-
type then I' k1 o true implies I' I, o true.

A possible proof of this would use one of the models to be presented in Chapter 5
and show that a Il-free type is (propositionally) isomorphic to its denotation in

the model. We shall try to answer this question in future work. In [32, Sect. 4.4.2]



such a conservativity result is proved for first-order predicate logic over simple type
theory using a similar method, but the situation is much simpler there because

one only has to consider bi-implication instead of isomorphism.

As shown in [101], uniqueness of identity is not conservative over type theory

without it in any reasonable sense, because for example we have
zro, u,v:7(x] b1 s - (pair(z, u), pair(z, v)) — Id;(u, v) true

but this does not hold in the pure type theory with J alone. Probably one has
conservativity for types not containing the identity type, but this is logically un-

interesting.

Surprisingly, quotient types are not conservative over T'T, because in their

presence a weak form of functional extensionality is derivable. Suppose that I,

F,G:lx:or and F, H : [la:o1d,(F x,G x). We claim that
Fiq 1. (Ax: 0 F @, A 0.G @) true

using quotient types, but of course without using functional extensionality. To get
the conclusion of functional extensionality from this (in the sense of Sect. 3.1.3)

an n-rule for Il-types would be required.

Define

ExtEq[u, v:Ha:o.7] := Ha:odd (v 2,0 2)
and consider the quotient type (Ilz:0.7)/ExtEq. Now we have
zioyulleor b (u ) 7[z]

and

rio,u,vllecor , prExtEqlu, vl F p o Id (v 2,0 @)

Thus we can “lift” application to the quotient type and get

z:o,q: (e o.7) /ExtEq Fig

pluggpq ¢ in [w: e o.7)u xusing [u, v: Hz: 0.7, pr ExtEqu, v]]p 2 : 7]2]



and by abstracting from z:o we obtain

q: (Ilz: 0.7) /ExtEq Fig
Az:o.plugg g ¢in [u:llz:o.r]u @
using [u, v: Hx: o7 | p: ExtEq[u, v]]p =

z: o7

Call this function Extract, i.e.
q: (Ilz: 0.7) /ExtEq Fiq Extract[¢] : Ha: 0.7
Notice that by rule Q-I-COMP we have
flz:o.7 biq Extract[[flg g ) = Avio.f z: Haior

We have

QaXExtEq(H) : Id(Hl’:U~7)/EXtEQ( [F]ExtEq7 [G]ExtEq)

and therefore Idy,.,.,(Az: 0. F 2, Aa: 0.G @) true by RESP.

We do not know whether quotient types are conservative over extensional type

theory (TTg).

3.3 Related work

Astonishingly, the meta-theory of propositional equality, in particular in the con-
text of intensional type theory, has attracted very little attention in the literature.
In the standard reference [85] the intensional (TTy) and the extensional (TTg)

versions of type theory are introduced and compared by way of example.

Streicher [101] was the first to see the need for uniqueness of identity as an
additional principle for propositional equality in intensional type theory. He also
realised that the complicated elimination rule J may be replaced by the Leibniz
principle Subst and uniqueness of identity, if one is interested in the latter. In

loc.cit. an n-rule for the identity type is introduced and it is shown that it entails



equality reflection, i.e. the rule ID-DEFEQ. The 5-rule is as follows: If z,y:0 ,
p:ldy(z,y) = Mlx,y, p] : 7], y, p] then

zyyio, pldy (2, y) B J([e: oMz, x, Refl(2)] , 2,y , p) = M : 7]z, y, p]

Streicher’s work has been taken up in [37] and syntactic consequences of uniqueness

of identity in the context of Pure Type Systems are studied.

Luo [65,67] studies a few meta-properties of propositional equality in the con-
text of the Extended Calculus of Constructions. He discusses the so-called equality
reflection principle which states that propositional and definitional equality agree
in the empty context. This principle (not to be confused with the equality reflec-
tion rule ID-DEFEQ) is (in the absence of extensional concepts) an immediate
consequence of normalisation. Luo also considers formulations of the Calculus
of Constructions which have an identity type inside Prop and nevertheless allow
elimination (Subst, J) over arbitrary families, not only propositional ones. He
observes that these identity types and the definable Leibniz equality imply each
other. However, as shown by Streicher in [101] this bi-implication only forms a
retraction and not a propositional isomorphism between the two incarnations of
propositional equality and so in particular it is not possible to define a J-like elim-
ination rule (or equivalently uniqueness of identity) for Leibniz equality in this

case.

Recently, Gabbay and de Queiroz [34] have looked at propositional equality
in the context of labelled deductive systems. In their setting not only proposi-
tional equality but also definitional equality is witnessed by a proof term (“la-
bel”), written as a subscript to =, which in this case records instances of reflexiv-
ity, symmetry, transitivity, and of the congruence rules. They have the following

introduction rule for identity types (given here in our notation):

I'tM=,N:o

I' - Refl,(M,N,s) : 1d, (M, N)
and the elimination rule

'k~ I' M=, Niok L:7 I'-P:1d,(M,N)

I'FTEST(P,L): 7



where t is a variable that becomes bound in the TEST-expression. They claim that
this elimination rule for propositional equality is simpler than ID-ELIM-J, but they
do not compare to the formulation with Subst and IdUni. It is difficult to give a
satisfactory comparison between their system and TTy, say, because the framework
is very different; for example the hypothetical use of definitional equalities in the
elimination rule is not possible in TT} and in fact we consider it the raison d’étre
of propositional equality that it may be assumed hypothetically. We conjecture
that one may give a translation between Gabbay and de Queiroz’ calculus and
TTr by mapping both annotated definitional equality and propositional equality
to the identity type, but since their calculus is not given in a fully formal way it
is hard to give more detail. As an application they give a proof of a constructive
variant of Leisenring’s formula Jx.Vy.P(x) = P(y), that is they show that the

type (in our notation)
o— Yx:iolly:old,(x,y) — T[x] — T[y]

is inhabited. Obviously, an inhabitant may be constructed using Subst as well.

Extensional quotient types like the ones considered in Sect. 3.2.6.1 have been
theoretically investigated by Mendler [79] who finds that they correspond to cat-

egorical coequalisers. See also the section on related work in Chapter 5.

The problem with the failure of strong normalisation in the presence of ex-
tensional identity types and universes (Sect. 3.2.6.2) has also been noticed in [41]
where it is concluded that for this reason identity types cannot be used to describe
sharing constraints in SML functors [80] and that sharing by parametrisation [12,
11] ought to be used instead. We believe that [41] was written in ignorance of the
intensional identity type and that the latter provides a reasonable alternative to

sharing by parametrisation. We leave this to further research.



Chapter 4

Proof irrelevance and subset types

Our aim in this chapter is to present a syntactic model for the extensional concepts
of proof-irrelevance and subset types. The model we give not only provides these
concepts, but also relates two approaches to program development in Martin-Lof
type theory [85] or the Extended Calculus of Constructions (ECC) [65]. Under the
first one specifications and types are freely mixed using >-types. This methodology
underlies a project for development of correct software at the University of Ulm
[109]. It is also the most natural approach and is probably employed by most users

of type systems like the ones under consideration.

In the second approach types and specifications are kept completely distinct.
This way of using type theory has been studied systematically in McKinna’s
thesis [75,13]. We consider both approaches in detail. For definiteness we work in
the Calculus of Constructions extended with Y-types and natural numbers which
enables us to use the defined logical connectives and Leibniz equality (é) Much of
the development to follow can also be carried out in Martin-Lof type theory repla-

cing Leibniz equality by the identity type and the logical connectives by product,

sum, etc..
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4.1 The refinement approach

Let us start with an example. A type of even numbers can be formed as
Even := Yn: N.3m:N.n £ 2m

An element of type Even is thus a natural number together with a proof that it
is even. More generally, a function with result type Even can be viewed as an
N-valued function together with a proof that it only takes on even values. Such a
function can thus be viewed as a “verified program”. For lack of a better name we
call this methodology the refinement approach'. There are basically two problems
with this approach. First, the projection from a refined type such as Even to its
underlying type of elements (here N) is in general not injective?, for two elements
of type Even may have the same underlying number, but two different proofs of
evenness. More seriously, a function out of a refined type even into a base type
like N may depend on the proof component. For example if f : Even — Even

then f decomposes into
fi: In: N.Prf(Im: N.n L 2m) — N

and

fo : Prf(Vn:N.Vp: dm:N.n L 2m.3m’: N.(fi n p) L 2m')

So even in order to compute the underlying natural number of (f x) for some
x : Even, both components of z are required. Even if by strong normalisation we

know that (f x).1 eventually converts to a natural number, this computation may

'In the terminology of Hayashi [43] Even is a refinement of N.

2If we formulate this example using the identity type instead of Leibniz equality and
Y instead of 3, then we could prove using Prop. 3.1.1 and R* that the projection is
injective. However, for a predicate like [n: N]3m, m’: N.n Lo xm! stating that n is

composite this is not possible.



in principle require evaluation of the proof part of the argument, =.2. Hence one
cannot honestly claim that f is a verified program; it is at most a computation

which bears some extensional resemblance to an intended algorithm.

The situation is not quite as serious as it might appear, since one can show that
computations of type N (and other basic inductive types) cannot really depend

on proofs.

Proposition 4.1.1 Let o = P : Prop be a proposition in the empty context and
p: Pri(P) F M : N be a term of type N containing a variable of type Prf(P).
Then M is definitionally equal to a numeral, i.e. p : Prf(P) = M = Suc™(0) for

some n € w.

Proof. We give the proof for the Calculus of Constructions with natural num-
bers, but without Y-types, i.e. the only type formers are N, Prop, Prf, II. The
extension with Y-types and other inductive types is similar. We reason by induc-
tion on the length of the normal form of M. If M = 0 or M = Suc(M’) the result
follows directly or from the TH. If M = Rg:N]N(MZ,MS,N) then by induction
N is a numeral, thus M was not in normal form for it admits a reduction using
NAT-COMP-ZERO or NAT-COMP-SUC. Now assume that the normal form of M
is of the form (My My ... M, ) where M; is not an application. If M; is a variable
then by assumption it would have to be p : Prf(P). But then for M to typecheck

we would have to have

Prf(P) = Haz: 0y, .. . a0, .N

A

for suitable types oy...0,. But this is possible only if N = Prf(IN) for some
N : Prop which is not the case.

On the other hand if
M1 = Rg:N]HxQ:UQ....Hxn:Un.N(MZ? MS? N)

then again by induction we can assume that N is a numeral whereby M was not

in normal form. This exhausts all possible cases for a normal form of M. a



We observe that the proof depended upon the fact that N is not a proposition
and that M does not contain any free variables other than than p : Prf(P). In-
deed, it is not necessarily the case that an open term of type N containing p is

definitionally equal to a term not containing p. For example

Mp: Prf(P),x:N] :=
RE:N]Prf(P)_)N()\f: Prf(P).0, \y: N Af: Prf(P) — N.f, 2) p

is in normal form. Now clearly every instance M [p, N| for some numeral N converts
to 0, but M itself does not convert to 0. The reason is that the application to p

cannot be moved inside the recursion operator.

Of course, using induction (RN) we find p: Prf(P), z: N + Idx(M[p, ] , 0) true.

4.2 The deliverables approach

In [75] and [13] another approach to program development is advocated under
which a specification is a type o together with a predicate P : ¢ — Prop and a
function between two specifications (o, P) and (o', P') is a function f; : 0 — o'
together with a “proot” f; : Ha:o.(P a) — P’ (fi a). Such a pair (f1, f2) is called
a deliverable for it corresponds to a program together with its verification. Thus
a deliverable contains an actual algorithm (f;) which does not depend on proof
components; by forgetting the second component of a deliverable one gets rid of
all computationally irrelevant information. In [75] various examples of program

development in this framework have successfully been carried out.

What we consider a serious disadvantage of the deliverables approach is that
the user has to do a lot of bookkeeping. He or she has to keep track of which
proof corresponds to which program, probably by means of a suitable choice of
identifiers. Also a lot of work has to be done twice. For example if two deliver-
ables are composed one has to compose the function and proof parts separately.

This problem was realised in loc.cit. too, and as a remedy it is shown there that



specifications and deliverables form a semi-cartesian closed category whereby one
may use categorical combinators like composition, abstraction, and application to

obtain new deliverables from already constructed ones.

Our aim in this chapter is to extend this result substantially by showing how
deliverables can be organised into a full-blown model of the Calculus of Con-
structions where specifications interpret types and deliverables interpret terms.
Moreover, we shall see that in this model the underlying type of the specification
interpreting a -type Yz:0.P x for some Prop-valued predicate P is the same
as the underlying type of the specification interpreting . Thus type refinement
using Y-types over Prop-valued predicates only changes the predicate component,
but leaves the underlying type unchanged. This means that we can basically use
the refinement approach as an internal language for deliverables thereby unitfying
the advantages of the two approaches described above. Furthermore, we shall see

that in the deliverables model the following type is inhabited
'k 1Ip,q: Prf(P).pé q

for any proposition I' = P : Prop. Thus in the model the projection from a refined
type to its underlying “algorithmic” type is provably injective.

4.3 The deliverables model

In this section we construct a syntactic category with attributes whose contexts
and families are (modulo some syntactic clutter) pairs of types and Prop-valued
predicates, whereas morphisms and thus terms are pairs consisting of an ordinary
term of the underlying type and a proof that the predicates are respected. In this
model we shall identify a family Prop which has as underlying type the type Prop
and the trivial predicate [¢: Prop]tt (recall that tt stands for the true proposition
VP:Prop.Prf(P) — Prf(P)). If P : Prop and P’ is some proof that this trivial pre-
dicate is satisfied for P, i.e. P’ : Prf(tt), then we define a specification Prf(P, P’)

with underlying type 1p (extensional unit type) and predicate Ax: 15.P. We shall



see that with this choice we obtain a (loose) model of the Calculus of Construc-
tions which meets the requirements set out in the previous section. Let us now
describe the model in detail. We use the generic notations C, Fam, etc. to denote

the entities in the deliverables model.

4.3.1 Contexts

Let T" be a (syntactic) context. A propositional telescope over I' is a telescope A
w.r.t. I, ice. I' B A, such that all the types in A are of the form Prf(M) for some

term M. In particular, the empty telescope is propositional.

A context of specifications is a pair (I'; A) such that I' is a valid (syntactic)
context and A is a propositional telescope over I'. For example the pair (¢, <) forms
a context of specifications which is denoted T. Another exampleis (x:N,y:N | p:
Prf(z 4y L 5),q: Pri(x —y L 1)).

If (I'; A) and (17, A’) are contexts of specifications then a morphism (a deliver-
able) from the former to the latter is a pair (f, g) where f is a (syntactic) context

' and ¢ is an element of the telescope

morphism from I' to [, i.e. v:I'F f[y] : T
A'[f] over ', A i.e.

v 8 A F gy, 8] - A'[f[A]]

For example the pair (3,2) forms the first component of a morphism from the
empty context of specifications T to the example with natural numbers considered

above. The second component would contain two instances of reflexivity.

It is obvious that the morphisms of contexts of specifications contain identities
and are closed under component-wise composition so that they form a category.

It is also clear that this category C has a terminal object, viz. T = (0,¢).

Notation. IfI' € Cis a context of specifications we denote by I'ye; its underlying
type and by I'hreq its second component, the propositional telescope over I'sey. If
f: ' = Ais a morphism of contexts of specifications we denote by fg., its first
component, the syntactic context morphism from I'sey to Ager; we denote by fresp

the second component, the element I'set, 'pred F fresp @ Dpred|ffun)-



Equality of contexts of specifications and their morphisms is component-wise

definitional equality.

4.3.2 Families of specifications

Let I' be a context of specifications. A family of specifications over 1" is a pair

(Cset, Opred) Where

Fset l_ Oset

and

Fset, & 2 Oget | Oprea @ Prop

for instance, if I'ex = N and ['prea[n: N] = Even[n] then og¢[m:T'set] = N and

Opred|[m: Lset, n: IN] = (m L n) is a family of specifications.

The set of these families is denoted Fam(I'). Equality of families of specifica-
tions is again point-wise definitional equality. If o € Fam(I') then we define the
comprehension I' - o by

(T 0)set := Dsety ¥ Oset
(I 0 )prealy: et #: 0set] 1= Tresp 7], pr Pri(opreay, 2])
The projection p(c) is given by
P(0)fun[7: Lset, 21 0set] 1=

(0 )resp[7: Tsets 72 Tset s P Tprea[7], ¢ Prf(oprealy, 2])] := p

If f:B — T and o € Fam(I') we define the substitution of f in o by
o { f }set[B: Bue] 1= et frun[B]]
o { fYpreal B Bset, 21 Osee frun[B]] := Oprea[ fran[A], 7]
We also define the morphism q(f, o) by
A(f, 0 )tun[ B2 Bees, 2 0ot fran [ B1)] := (f[8], )

(S, 0 Jrespl B2 Bsets 2 et [ frunl 1. p: Bpreal 8], ¢: Pri(opreal franlB], 2])] := (Sresp[P], )



So the first components of all the definitions made follow exactly the term model
(Ex. 2.4.2), whereas in the second component we carry through the proofs that

the predicates are respected.

4.3.3 Sections of specifications (deliverables)

Let o € Fam(I'). A section of o is a pair (M fun, Myesp) Where
v Fset F Mfun[’}/] . Uset[’}/]

e Fseta p: Fpred[’}/] - Mresp [p] : Prf(o-pred[Mfun[’y]])

A section M gives rise to a context morphism M from I' to I' - & by decreeing

Mean[7: Tsee] = (7, Msun[7])

M resplV: Teet, P TpreaV]] := (py Mrespl7, 1))

As in the term model, composition with the projection p(o) yields the identity.

If((f,M), (p,Q)): ' = A0 is a morphism of contexts of specifications then

from the definition of such morphisms we obtain that

(fvp) I — A Yilser B M : Uset[fh/]]
Vi Lsets 71 Dprealy] B @ 2 Prf(oprea[ f[7], MY]])

and thus HA((f, M), (p,Q)) := (M, Q) is a section of o{(f,p)}. By straightfor-

ward equality reasoning we now obtain:

Proposition 4.3.1 Contexts of specifications together with families of specifica-

tions and their sections form a syntactic category with attributes.

We call this model the deliverables model, or D for short. Proving properties about
syntactic models like the above proposition is often elementary, but requires some
bookkeeping effort due to the relatively complex syntax. It is therefore ideally
suited for machine-supported reasoning. In the following we describe how the

Lego system can be used for mechanised proof of such properties.



4.4 Model checking with Lego

Our definition of syntactic categories with attributes contains no conditional equa-
tions. This makes it particularly easy to verify the correctness of an instance of
this definition by means of an implementation of type theory, e.g. Lego [68]. The
idea is to code the structure using higher universes as a metalanguage. One prob-
lem is that Lego (or any other implementation of type theory) does not support
contexts and telescopes, which means that we have to encode these using Y-types.
These encodings, however, are slightly weaker than actual telescopes for they do
not have surjective pairing up to conversion. Therefore in order to check certain
equations we have to perform certain n-expansions, i.e. replace = by (x.1,z.2).
Since surjective pairing holds on the level of contexts, any equation which holds
in Lego modulo such expansions does hold in the actual model. Also in Lego we
encode meta-level pairs, like the ones occurring in the definition of contexts of spe-
cifications, as internal ¥-types. Again, n expansions may become necessary. These
issues will become clear by way of example. In order to reduce redundancy we
adopt a record notation for Lego which unfortunately is not (yet) implemented.”

For the syntax and the pragmatics of Lego we refer the reader to [68].

4.4.1 Records in Lego

The declaration
[R = <<l1:57,...,0,:9,>>]
expands to the following sequence of declarations.

[R = <l1:51><3:58>. . <l_1:5,-1>5,,] Y-type

3In the meantime this situation has changed and records, albeit with a different

syntax, are available in Lego.



(r:R] [y =r.1 : 511 1st projection
[ly = r.2.1: Sy 1

Uy = r2.2.....2.1]

n — 2 times

Ly

r.2.2.....2] nth projection
—_—
n — 1 times

Discharge r;

MkRl:5]...[L,:5,] = y,..., 0, R)] tupling

So if [r:R] we can access its components by applying the defined projection
functions, e.g. (I3 r) is the second component. Using Lego’s postfix notation
for function application this expression may also be written as r.l; which is more
suggestive of the intended record semantics. The function Mk R allows one to collect
n items of the appropriate types to form an object of type R. The -rule for the
Y-type (X-COMP) gives the equations

(MkR xz1...2,).l; == x;

We now come to the actual implementation of the deliverables model in Lego.

4.4.2 Deliverables in Lego
The contexts of specifications are defined as elements of the following record type.
[CON = <<set:Type(0), pred:set->Prop>>]

So in Lego a context of specifications is just a type and a Prop-valued predicate on
it. As we see below we then use the internal Y-type instead of context extension

for comprehension. The morphisms are defined analogously:

[MOR[G,D:CON] = <<fun:G.set->D.set,
resp:{glG.set}(G.pred g)->(D.pred (fun g))>>]

The empty context must be defined using a unit type and a true proposition, i.e.

we have



[Emp = MkCON unit ([x:unit]tt)]

where unit: Type(0) is an inductive type with sole constructor star:unit and tt
is the proposition {X:Prop}X->X— the higher-order encoding of truth. We have

a (not necessarily unique) morphism into Emp from any other context.

[bang[G:CON] = MkMOR G Emp ([_:G.set]star)
([g:G.set] [_:G.pred g] [X:Prop][x:X]1x)]

Thus in order to prove that the category of contexts of specifications has a terminal
object the Lego encoding is of no use; we must look at its definition in terms of
contexts and telescopes. We can, however, prove in Lego that morphisms admit

an associative composition and identities.

[Id[G:CON] = MKMOR ([g:G.setlg) ([g:G.set][p:G.pred glp)]
[Comp[G,D,T|CON] [£:MOR D T][g:MOR G D] =
MkMOR ([x:G.set]f.fun(g.fun x))

([x:G.set][p:G.pred x]f.resp (g.resp p)Jl

Goal {G,D,T,X:CON}{f:MOR G D}{g:MOR D T}{h:MOR T X}
Q (Comp (Comp h g) f) (Comp h (Comp g £));

Intros GDT X £ g h;

Refine Q_refl;

(k%% QED k%)

We have formulated associativity in terms of propositional equality (Q). However,
since we were able to prove it using reflexivity alone, we know that the two termsin
question have identical normal forms and thus are definitionally equal as required.
Alternatively, we can use Lego to calculate these normal forms and compare them
by hand, but the use of propositional equality appears more economical. We see
that Lego is used here only as a proof assistant. The full proof that deliverables

form a syntactic category with attributes is done by hand.

The remaining definitions are as follows:



[FAM[G:CON] = <<set:G.set->Type(0), pred:{glG.set}(set g)->Prop>>]
[SECT[GICON] [S:FAM G] =
<<fun:{g:G.set}S.set g,

resp:{glG.set}(G.pred g) -> (S.pred (fun g))>>]

For simplicity we use the same name for the first components of contexts and of
families. In the actual Lego implementation we have to choose a different name

each time.

Context comprehension is defined using ¥-types and conjunction.

[Dot [G:CON] [S:FAM G] =
MkCON (<g:G.set>S.set g)
([x:<g:G.set>S.set gl (G.pred x.1) /\ (S.pred x.2)]
[p[GICON] [S:FAM G] = MkMOR (Dot G S) G
([x: (Dot G 8).setlx.1)
([x1 (Dot G 8).set][p:(Dot G S).pred x]fst p)
[Subst[G,D|CON] [S:FAM D] [f:MOR G D] =
MkFAM G ([g:G.set]S.set
(f.fun g))
([glG.set]l[s:S.set (f.fun g)1S.pred s)]
[q[G,DICON] [£:MOR G D][S:FAM D] =
MkMOR (Dot G (Subst S £)) (Dot D S)
([x:(Dot G (Subst S f)).set](f.fun x.1,x.2)
([x| (Dot G (Subst S f)).set]
[p: (Dot G (Subst f)).pred x]
(pair (f.resp (fst p)) (snd p)))]

We use conjunction in Lego (/\) to concatenate parts of a propositional telescope.
Now we can use Lego to check for example coherence of substitution where in the

case of the identity law we must make an n-expansion.

Goal {G|CON}{S:FAM G}Q (Subst S (Id G)) (MkFAM S.set S.pred);
Intros G S;Refine Q_refl;

(xxx QED *x*x*)



Goal {B,G,D|CON}{f:MOR B G}{g:MOR G D}{S:FAM D}
Q (Subst S (Comp g f)) (Subst (Subst S g) £);
intros;Refine Q_refl;

(xxx QED *x*x*)

Since the n-expansion we made is an identity in the true deliverables model we
can conclude that the equations we are able to prove in Lego do indeed hold in
the actual model. But for example due to the deficiencies of the unit type as a

surrogate for the empty context we cannot expect completeness.

4.5 Type formers in the model D

We have now set out the structure of the model, it remains to define various type
constructors. In fact it seems that the deliverables model can be endowed with
whatever features the original type theory has; we shall, however limit ourselves to
II- and ¥-types, the natural numbers, a universe, and of course the proof-irrelevant

type of propositions.

4.5.1 Dependent products

Let T' be a context of specifications and o € Fam(I') and 7 € Fam(I" - o). Their
dependent product Il(o, 7) € Fam(I') is defined by

(o, 7)set]y : Tset) = 1Lt Oget[V]- Tset[V, $]

(o, 7)prealy = Tsets [ (0, T)set] = Vs et [7]-0preal v, 8] = Tprealys 5, (f )]

So the set-component of the dependent product is just the syntactic product over
the set-components of ¢ and 7, and the associated predicate expresses that a

function in this II-type sends arguments meeting opeq to values meeting 7oeq-

The associated combinators are almost forced. If M € Sect(7) then A\, (M) €
Sect(Il(o, 7)) is defined by

)\U,T(M)fun[7 . Fset] = As: Uset[’}/]-Mfun[’yy 3]



)‘U7T(M)I“GSP[7 : Fet, p: Fpredh]] = A8! et [7]-)‘(]: Prf(apred[% 5])Mresp[77 S, Py Q]

Similarly we define application for M € Sect(Il(o, 7)) and N € Sect(o).
Appcr,T(Ma N)funh/: Fset] — Mfunh/] Nfun[’}/]

Appy (M, Nresp[7: Tsets P preal 1]l = Mresp[7, 2] (Ntun[7]) (Nresp7, p])

Proposition 4.5.1 The above assignments determine dependent products in the

deliverables model.

Proof. All the equations follow by simply rewriting the definitions. For compat-
ibility with substitution one uses the fact that syntactic substitution commutes
by definition with all type and term formers. The equations can also be checked

automatically using Lego. O

4.5.2 Dependent sums

Let T' be a context of specifications and o € Fam(I') and 7 € Fam(I" - o). Their
dependent sum (o, 7) € Fam(I') is defined by

Y0, T )set|V : Uset] = L8t Oget[V] - Tset[V, $]

2(0-7 T)Pl“edh/ : Fset7 f : 2(0-7 T)set] -
p)

actrTset,[f 15710 et . Toet |PTOD

([7 1 Ouet, ¥ ¢ Teet|®]]Tpreal] A Tprea[z, y] 5 f)
That is, X(0, 7)prea holds for a canonical element (z,y) if oprea holds for 2 and
Tpred holds for y and it is extended to arbitrary elements of ¥(o, 7)set using the
Y-elimination operator R¥. Alternatively, one could define (o, 7)prea using a

higher-order encoding or the defined projections.

Next we define the pairing morphism pair : I'-o -7 — ' ¥(o, 7). Its first

component is defined by

pairun[7, $,1] = (77 <57t>)



The second component is a bit more difficult. We start from the context

1Tt 0o £ 7o 2 P (a7, 4 P (gneals]) 2 P (s, 1)
In this context we must find an element M of S := Prf(X(0, 7)prea)[(s,1)]. We
then put

pair[y, s, L,p, q,r] = (p. M)
For the construction of M we observe that by virtue of the computation rule X-
CowmP, S equals Prf(oprea[s] A Tpred[s,t]). We thus put M := A-Intro(s,t) where

A-Intro is the pairing combinator associated to A.

For Y-elimination assume p € Fam(I'- ¥(o, 7)) and M € Sect(p{pair}). We
must construct a section R¥(M) of p. The first component is just as in the term

model:
RE(M)funh: Pset, 21 X(0, 7)see[v]] = Riet,rset,pset (M fun, @)

For the second component we use ¥-elimination as well. We must find an inhab-

itant of the type
Prf(ppred[Rgset7Tsetypset (Mfun7 x)])

in the context
v Lset, €0 (0, T )set, Pt Dpreal V], ¢: Prf(X(0, 7)prea[])
Using “cut” this may be reduced to finding an inhabitant of
pl[x] = Prf(2(0-7 T)Pred[x] = ppred[Rgset,Tset,pset (Mfuﬂ? x)])

in context y: Dset, 1 X(0, T)set, P Dprea[7]. Using R¥ we can reduce this task to find-
ing an inhabitant of p'[(s,?)] in context ¥: Iset, @1 X0, T)set, P: Lprea[V], 81 0set[7], 1 -
Teet|$]. But using ¥-ComP, p'[(s,1)] is equal to

Pri(opreals] A Oprea(t] = pprea Mranls, 1]])

This latter type is inhabited by K := Ah : Prf(opreals] A 0pred[t]). Myespls, T, fst(h),
snd(h)] where fst and snd are the projections associated with A. So putting things
together we get

R¥(M )sesply, 2, 6] = (RY, .., o (K 2)) p

Proposition 4.5.2 The above data endow D with Y-lypes.



Proof. The pairing morphism satisfies

p(a)op(T) = p(X(0, 7))o pair

since the I'-components are simply copied in both parts of pair. Stability of all
components under substitutions follows again directly from the split property of
syntactic substitution. It remains to check equation ¥-CoMP. In the —g,,, compon-
ent it is identical to its syntactic companion, for the —cp,-component we calculate

as follows: If v: Dset, 8t Oty b Tsets P Upred[7], ¢ Pri(opreals]), r: Prf(7prealt]) then

(R*(M){pair} Jrespl7: 5, £, . . 7]

= K A-Intro(q,r) by ¥-Comp
= Miespls, t, fst(A-Intro(q, r)), snd(A-Intro(q, r))] by II-BETA
= Miespls,t,q,7]

O

Using this technique we can show that the deliverables model admits other in-

ductive type constructors. We content ourselves by describing natural numbers in

D.

4.5.3 Natural numbers

If ' € C we define (Np)set[y] = N and (Np)prea[y,7] = tt. The morphisms
0 and Suc are readily constructed from their syntactic companions. We have
(Or)fun[y] = 0 and (Sucr)fan[y,n] = Suc(n). The —,ep-components are constants
returning the canonical proof of tt. For N-elimination let p € Fam(I' - Nr) and
M. € Sect(c{0}), and M, € Sect(c{Sucrop(c)}). We must construct a sec-
tion RNF(MZ,MS) of p. The —gn component is again the same as in the term
model, RN"(M,, My)tun[7,7] = RN((M.)tun, (My)tan,n). For the — . p-part we
must “show” that ppreq “holds” for this term. By analogy to the case of Y-types
we use RN, This time there is no need for strengthening the inductive hypothesis

since the predicate on N is trivial.



Proposition 4.5.3 (N-canonicity) If M € Sect(N+) then M is canonical, i.e.

M = Suc”(0) for some (set-theoretic) natural number n.

Proof. We have F My, : N so by Remark 2.1.6 we have b M, = Suc”(0 : N)
for some n € w. Moreover, we have = M, : Prf(tt), but by strong normalisation
for the Calculus of Constructions there is only one element of Prf(tt) in the empty

context, so M = Suc"(0) as required. O

4.5.4 The type of propositions

Now we come to the main feature of the deliverables model — the proof-irrelevant
type of propositions. We show that the model is a loose model of the Calculus
of Constructions in the sense of Def. 2.4.36. For the moment we assume that the

underlying type theory supports an extensional unit type obeying the rules

'k I'F
UniT-FOorM ——— Unrr-INTRO
'+ lE 'k w: lE
I'E M: lE
UnNIiT-EQ
I'EM=x: lE

We shall see below how this assumption can be eliminated.
Now we define the family Prop € Fam(T) by

Prop... = Prop
Proppred[P: Prop] = tt

The generic family of proof types Prf € Fam(T - Prop) is defined by

Prf.[P: Prop| = 15
Prf,ea| P: Prop,a:15] = P

So the proof type associated to a proposition P is always the unit type, but the
predicate associated to P is P itself.



Therefore, a section of Prop is already determined by its —g, component; a

section of Prf{s} is already determined by its —jesp-component.

We come to the definition of universal quantification. Let o € Fam(I') and
s : I'-o — Prop. Recall that Prop here denotes T - Prop. We define the

morphism V,(s) : I' = Prop by

Vo (8)tun[7: Tset] = VI Oget.Opred|t] = 3], ]

For the —,esp-part we take some constant function returning a proof of tt.

If M € Sect(Prf{s}), i.e.
v Fsetax:o-set l_ Mfun : ]-E

v Lsets @2 Osety Pt Upred[7], ¢ Pri(oprea[z]) F Miesplp, q] © Prf(s]y, z])
then we define A\, s(M) € Sect(Prf{V,(s)}) by

Aos(M)tan|v: Tset] = * 1 15
Ao,s (M )resp[7: Tset, P Dprea7]] = A%: st AG: Oprea[z]. Mresp[p, 4] -
Prf(Va: 0get.0preal] = s[7, ¢])
The evaluation morphism ev,, : I'- 0 Prf{V,(s) o p(c)} — T - o-Prf{s} is defined
by
(eVos)fun[7: 2, 0] = (7, %)
(€Yo, )resp|
Yi Dsets €1 Oser, [2 1E
Pt Dprealy]s 72 Prf(opreal2]), ¢: PrE(Vy: ot 0prealy] = slv,y])] =
(p, qaxr)

Proposition 4.5.4 The above data endow D with the structure of a loose model

for the Calculus of Constructions.

Proof. For the -equation let M € Sect(Prf{s}). We want to show that

Vo Aen (M) (p(0)] = T

The —guy-part is an equation of type 1x and therefore holds by UNIT-EQ. The
—resp-part follows immediately from the definitions and II-BETA and ProP-EQ.
The other laws including the substitutivity laws are also immediate consequences

of the definitions. O



We can now establish logical consistency of the deliverables model in the sense

that there exists a morphism ff : T — Prop such that Prf{ff} has no sections.

Proposition 4.5.5 (Consistency) The family Prf{ff} with
ff := Vprop(idprop) : T — Prop

has no sections.

Proof. We have Prf{ff}... = 15 and Prf{ff} ca[z] = Vp: Prop.tt = p. A section

of Prf{ff} thus consists of an element of 15 (necessarily *) and a term of type
o Prf(Vp: Prop.tt = p)

but no such term exists by consistency of the syntax. a

4.5.4.1 Eliminating extensional unit types

One may object against the use of extensional unit types as they are not part
of the original syntax and because their behaviour in terms of rewriting and in
particular normalisation is dubious. For instance they lead to non-confluence in
the presence of n-reductions for functions and require a typed notion of reduction
(for otherwise every term could be reduced to ). Although we believe that their
addition does not cause any substantial problems (and indeed this has been done
in the formulation of the Calculus of Constructions used in [30]) we prefer to show

two ways in which their use can be eliminated.

First, we observe that the only use of the extensional unit type was to ascribe a
—set-component to the families of the form Prf{s}. So a possible solution consists
of not giving these families a —.-component at all. We then have to refine the

notion of families so as to allow for that. More precisely, we define

Fam(T') := Famgpe(I') U Famp,op(T')



where Famgype(I') is the set of families of specifications over I' as defined in
Sect. 4.3.2 and Famyp,p(I') is defined as the set of propositions in context D,
i.e. the set of terms P with I'seq = P : Prop. These are called propositional fam-
ilies over I'. Now we must show that even with this extended notion of families
we still have a syntactic category with attributes supporting all the structure we
are interested in. The proof of this is absolutely straightforward and tedious. An
element of Famp,op(1') behaves like an ordinary family of specifications having the
extensional unit type as —g¢-component. All reference to it is omitted. So for
example if P € Fampop(l'), i.e. I'set E P : Prop then the comprehension I' - P is
defined by (I' - P)set = D'set and (I' - P)prea[v] = v: Uprealv], ¢: Prf(P). Alsoif 7is a
propositional family over I' - o then the product II(o, 7) is a propositional family

over .

A more systematic way of eliminating extensional unit types consists of exhib-
iting an interpretation of type theory with them in type theory without them. This
can be done by constructing a syntactic category with attributes whose base cat-
egory is the same as that of the term model—the category of contexts and context
morphisms—and where a family over I' is either a type in context I' or a formal
constant 1z. The relevant operations may then be extended to this constant in

the obvious way, for instance we define I' - 15 :=TI" and p(1g) := idp.

4.5.5 Proof irrelevance

In the deliverables model any two proofs of a proposition are indistinguishable
because proof types have 1p as —.-component and observations only take the
—set-component into account. To make this statement precise we first need to

define a semantic analogue to Leibniz equality.

Definition 4.5.6 Fiz a loose model of the Calculus of Constructions and let o €
Fam(I') and M, N € Sect(o). Leibniz equality of M and N, written L_Eq(M, N),

is the proposition over I defined by

Vo —prop(Fparqen (PNF)) : T — Prop



where we have used the following abbreviations

o — Prop = Il(o,Prop{lr.,}) € Fam(T')
PM = APDy+ (s—Prop)+ (Vo—Prop, MT) € Sect(Prop{!r.,—prop})
PN = ADPPo+ (o—Prop)+ (Vo—Prop, V7)€ Sect(Prop{!r.,—prop})

Syntactically, the thus defined Leibniz equality corresponds to the usual
I'FVYP:0 — Prop.(P M)=- (P N): Prop

(To be precise, this gets interpreted as Hd(L_Eq([M], [IV])).) By mimicking the
usual syntactic manipulations in the semantics we can show that Prf{L_Eq(M, M)}
is always inhabited, and that if Prf{L_Eq(M, N)} is inhabited, then whenever
Prf{App, pyop(F, M)} is inhabited for some P € Sect(c — Prop) then so is

Prf{Appg,Prop(Pv N)}

Let us now examine what Leibniz equality means in the deliverables model. If

o € Fam(I') and M, N € Sect(o) in this model then we have
L-Eq(M, N)tun[v] = VP 0wei[y] = Prop.(P (Mun[y]) = (P (Nrun[7]))

whereas L_Eq(M, N)esp is some uninteresting proof of tt—the —peq-component
of Prop. So L_Eq(M,N) simply states actual Leibniz equality of the —gu,-
components of M and N. Given the definition of Prf in the model we see
that Sect(Prf{L_Eq(M, N)}) is nonempty iff Mgy, and Ngy, are Leibniz equal
in context Iy, prea. We thus obtain the following proposition expressing proof-

irrelevance in the deliverables model.

Proposition 4.5.7 Let I' € C be a context of specifications and A : I' — Prop
and M, N € Sect(Prf{A}). Then the set Sect(Prf{l._Eq(M,N)}) is nonempty.

Proof. Since the —.-component of the family Prf{A} is 15, both My, and
Npan must equal x. So by the above considerations the section Pr_Ir with Pr_Irg,, =
* and Pr_Itpesp[v: Usety p: Uprea[7]] = AP: 15 — PropAz: Pri(P x).x defines the de-

sired section. O



However, we do not have M = N because the second components (which are not
observed by propositional equality) may differ. We can also obtain a model if we
identify morphisms and sections with equal first component. In the more general
setting of partial equivalence relations instead of predicates this will be done in the
next chapter. Here we prefer not to identify propositionally equal terms because
this would thwart the application to modules described in Sect. 4.6.2.2 below.

There is no fundamental reason for this choice, though.

Corollary 4.5.8 The deliverables model permits the interpretation of a type the-
ory extending the Calculus of Constructions by the rule

' A: Prop ' M, N :Prf(A)

Pr-Ir
I'F PrIr(A, M,N): Prf(M £ N)

Proof. We interpret Pr_Ir by the section defined in the proof above. It remains
to show that the choice of this section is stable under substitution, but this follows

immediately from its uniform syntactic definition. a

4.5.6 Universes

It the underlying type theory has universes so has the deliverables model. In
particular since the underlying type theory has an impredicative universe (Prop)
we can define such a universe in D which astonishingly is different from Prop.

We therefore call it Set and write El instead of Prf. We define

Setger = XX Prop.X — Prop
Setpred[: Setget]) = tt

Elget[X: Seteer] = X1
Elpred[ X : Seteet, 2: X.1] = X.2 «

It is now possible to define a V-operator for this universe. Moreover, the universe

Set will be closed under the subset types defined below. Since we do not make



further use of Set, we do not give the details here. Notice that since the —g-
component of an El-type is not 1g, proof-irrelevance does not hold for Set. In
this sense D allows us to use the impredicative universe Prop both for proof-
irrelevant logic and for impredicative quantification. One may compare this to the

two impredicative universes Spec and Prop in Paulin-Mohring’s thesis work [88].

4.6 Subset types

Given PR-IR we can encode subset comprehension using »-types, more precisely
if ' - o and F P : 0 — Prop then the type F Ya:0.Prf(P x) can be seen as
the subset of o containing those elements for which P holds. The first projection

Foro: Yeio.Prf(P @) — o where 7 = Au : Ya:0.Prf(P x).(u.l) is now provably

injective in the sense that the proposition
L L
w,v: N0 Prf(P o) (ru)=(rv)=>u=0v

is provable using Y-elimination (R*) and PR-IR. Let us now look at how this
particular ¥-type gets interpreted in the deliverables model. If o € Fam(I') and
P:T'-0— Prop then we have

Yo, Pri{P})set[v: Tset] = Yt 0get. 15
Y(o, Pri{P})prea[v: Tset, u: X(o, Prf{ P} )set[7]] =
R ([2: 0ty y: 1g]oprealz] A Ply, 2], u)

That is, the —s-component of the ¥-type is almost the — .-component of o and
the —prea-component is the conjunction of opeq and P. It makes sense to replace

“is almost” by “is” and to define the following subset type former inside D.

Definition 4.6.1 Let 0 € Fam(I') and P : ' - 0 — Prop. The subset type
{o| P} € Fam(I') is defined by

{0 | Pleet[v: Tset] = 0set[7]
{U | P}Predh: Pser, 2 Useth“ = UPred[% x] A Pfun[% x]



Now if M € Sect(a) and H € Prf{P o M} then we define a section (M )y of {o | P}
by

where here pair is the (defined) introduction operator corresponding to A. Con-
versely, if M € Sect({o | P}) then we have a section wit(M) of o (“witness”) given
by Wit(M)fun = M and wit(M)esp = f3t(Myesp). Every section of the form
wit(M) “satisfies” P in the sense that there is a section cor(M) of Prf{Po M}
(“correctness”) given by cor(M )apn = * and cor(M )resp = snd(Myesp) where fst

and snd are the projections corresponding to A.

Proposition 4.6.2 The deliverables model permits the interpretation of a type
theory extending the Calculus of Constructions by a subset type governed by the

following rules:

Fo x:0F P : Prop
F{x:0]| P}
FM:o = H : Prf(P[M])

{}-FOorM

{}-INTRO
F(M)y :{x:0| P}
FM:{z:0|P} Wi
Fwit(M): o
FM:{x:0| P} (1-Con

= cor(M) : Prf(Plwit(M)])

{}-BETA
Fwit(M)g)=M : 0o Fcor((M)g) = H : Prf(P[M])

Proof. The subset type and its associated combinators are interpreted by the
semantic operations defined above. {}-BETA and stability under substitution are

immediate from the definition. O

The above proposition could also be “proved” in a purely syntactical way by
interpreting {x:0 | P} as Ya:0.Prf(P). The point is that the more economical

encoding above also interprets them.



An extended example for the use of subset types will be given in Sect. 6.1.

4.6.1 Subset types without impredicativity

The above development of subset types and proof irrelevance does not hinge on
impredicative propositions; one could carry out the same development in the core
type theory T'T and would then obtain a model for a type theory with two different
sorts: types and propositions. So instead of I' = o we would have to write I" -
otype and we would also have a judgement I' = o prop. These “propositions”
would support the same type formers as the “types” and moreover we would have
an inclusion rule

I' F o prop

I' - otype

Semantically, the “propositions” would be interpreted as families with extensional
unit type in the —g-component. In the absence of Leibniz equality we would
then define a propositional equality using the identity type from the syntax. The
propositions then would be at most single-valued w.r.t. this equality. The resulting

model is then quite close to the subset interpretation of Martin-Lof type theory.

4.6.2 A non-standard rule for subset types

In Section 4.5.4.1 we sketched a refinement of the deliverables model in which fam-
ilies could have no —g-component, which then was meant to be 15. We will now
consider a refinement under which there are families without —p..q-component,
which is understood to be tt. This will allow us to derive a “non-standard” rule
for subset types in Prop. 4.6.6 below which shows that every function on a subset
type is in fact defined on the whole of the underlying —.-component. So we define

a new model with
Fam(T') := Famgype(T") U Famypeop(T)

where Famgype(I') is the set of families of specifications as defined before, whereas

Famyppeop(I') is the set of (syntactic) types in context I'se;. The elements of this set



are called non-propositional families of specifications over I'. If o € Famyprop(I)
then we define (I' - 0)set as I'set, 210 and (I' - 0)pred = I'prea. Substitution in non-
propositional families is simply syntactic substitution. A section of ¢ is a term
I'wt B M : 0. The corresponding morphism M is given by Mpum[y] = (v, M) and
Mesply,p]) = p which makes sense since the comprehension of o does not add
anything to the —peq-component. We call the resulting structure the deliverables

model with non-propositional families.

Proposition 4.6.3 The deliverables model with non-propositional families is a
loose model of the Caleulus of Constructions and supports natural numbers and
Y-types. Moreover, Prop and N are non-propositional, and Il(o,7) is non-propo-

sitional iff T is, and X(o,T) is non-propositional iff both o and T are.

Proof. The model equations for non-propositional families are readily checked
by straightforward expansion of the definitions. N and Prop are defined as their
syntactic companions viewed as non-propositional families. If 7 € Famypop(1' - o)
then Il(o,7) € Fampprop(l') is defined as v: Tt F U oge[v] - Tset[v,2]. If 0 €
Famyprop([') and 7 € Fam(I' - o) we define the dependent product by

(0, 7)set[7: Tset) := a2 et Tset [ %]
(o, 7)prealy: Tser, f111(0, T)ser[7]] 1= Va1 Oser- Tprea[7, 7, f @]

The dependent sum of two non-propositional families is defined as in the syntax;
the dependent sum of an ordinary family and a non-propositional one is defined
as in Sect. 4.5.2 where all references to the (non-existing) —prea-part of the non-
propositional family are dropped. The other components and the verifications are

straightforward. O

Next we define a syntactical counterpart to non-propositional families which

will serve to define the desired rule for subset types.



Definition 4.6.4 Consider the Calculus of Constructions with natural numbers,
Y-types, and subset types. The set of non-propositional pre-types is defined by the

following clauses.
— N and Prop are non-propositional.

— If o and 7 are non-propositional then so are Y(o,7) and (p,7) for any

pre-type p.

We write I' = o Nprop ¢f I' = o and o is a non-propositional pre-type. In this

situation o is called a non-propositional type.

Proposition 4.6.5 The notion of non-propositional types is stable under equality
and substitution, more precisely if I' = 0 = 7 and I' = o Nprop then also I' F
7 Nprop and Bt o[f] Nprop for every syntactic substitution BF f = T.

Proof. The only type equality rule which is not a congruence rule is PROP-EQ.
Therefore, if I' F ¢ = 7 then either both ¢ and 7 have the same outermost type
former or both types contain an instance of Prf in which case I' = o Nprop does

not hold. We then use induction. The same argument applies to substitution.

Proposition 4.6.6 The following rules can be interpreted in the deliverables model
with non-propositional families.
z:0 F 7[z] Nprop
z:0 F Plz]: Prop
p:{w:o | Ple]}y = Mp]: 7[wit(p)]
FN:o
Fextend, p (M, N) : 7[M]

{}-ELiM-NONPROP

= H : Prf(P[M])
Fextend, p(M,N)= M[(N)g]: 7[N]

{}-ELiM-NONPROP-COMP



Proof. By induction along the definition of the interpretation function we show
that if I' = o Nprop then [I' | o] € Fampprop([I']). It remains to interpret the two
rules on the semantic level. Thus let o € Fam(I'), 7 € Famyprop(l'), and P : -0 —
Prop. Let w : T'- {o| P} — T'- o be the morphism q(p({c | P}),0) o wit(v(,|p))-
We have w7, 8] = (7, ) and wyesp[7, P, q] = (p, Tst(q)). Now let M € Sect(r7{w})
and N € Sect(s). We must construct a section extend, p, (M, N) of T{M}. We
define it by

extend, p (M, N)[7v: Tset] = Mtun[7, Nean[7]]

Notice that no —,ep-component is required because 7 is non-propositional. The

equation {}-ELIM-NONPROP-COMP now holds by definition. O

The non-standard rule allows one to extend a function p: {z:0| P[z]} F M]p] :
7[wit(p)] defined on a subset type to the whole of o, hence the name of the operator
symbol.

In the ordinary deliverables model we could still interpret {}-ELIM-NONPROP
by showing that non-propositional types get interpreted as families with a —ppeq-
component which is universally valid (equivalent to tt). One would then use this
proof to interpret the —,esp-component of extend. But first, some care would have
to be taken in order to retain stability under substitution, and second the equation
{}-ELiM-NONPROP-COMP would only hold up to Leibniz equality, because the

—resp-components of the two sections might disagree.

The “computation” rule { }-ELIM-NONPROP-COMP is suspicious from a rewrit-
ing point of view, for if we direct it from left to right we would have to “guess”
a proof H : Prf(P[M]). If on the other hand we choose to direct it from right
to left there is no way of eliminating instances of extend. Such rules do however
make sense as a clarification of the semantically determined definitional equality
induced by a syntactic model (here D) discussed in the Introduction. Below in

Sect. 4.7 we make that more precise.



4.6.2.1 Internal program extraction

The rule {}-ELIM-NONPROP may be used to perform an internal version of pro-
gram extraction. For example if we have defined a function f : Even — Even
where Even is {z:IN|3m:N.n £ 2m}, then we obtain a function f from N to N

by

N

f = An:N.extend([x: Even]wit(f x),n)

which is valid since N is non-propositional. Now using {}-ELiM-NONPROP-COMP

we obtain

x:Even F f wit(z) = wit(f «): N

which states that f is the “underlying algorithm” of f.

In a similar vein, the non-standard rule for subset types admits the following

generalisation of Prop. 4.1.1 above.

Proposition 4.6.7 Consider a type theory with subset types and the extend-
operator. Let I' = P : Prop and I',p: Prf(P) = M : o for some non-propositional
type o, e.g. N. Then there exists a term I' N : o with I',p: Prf(P) - M = N : 0.
Proof. Consider the type {n:N| P} (where n does not occur in P). We have
I'ya:{n:N|P}F M[p:=cor(z)]: o
Therefore, by {}-ELIM-NONPROP
I' b extend, po([e: {n: N | P}]M[p := cor(z)],0): o
Let N be this term. By rule {}-ELIM-NONPROP-COMP we get
ip:Prf(P)FM=N:0o

as required. a



We remark that the non-propositional families and the families of the form Prf{s}
are independent in the sense of [84]. In our terminology this means, that for
s : I' — Prop the non-propositional families over I' are in 1-1 correspondence
to the non-propositional families over I' - Prf{s} and that for non-propositional

o € Famppop(1') the weakening map

—{p(Prf{s})} : Sect(c) — Sect(c{p(Prf{s})})

is a bijection. The non-standard operator extend can be seen as an internalisa-
tion or a syntactic version of Moggi’s concept of independence. From equation
{}-ELIM-NONPROP-COMP we can only deduce that the above mapping is surject-
ive. To deduce bijectivity in a purely syntactic way we could introduce an n-like
equation: extend([u:{x:0 | P}M|wit(u)], N) = M[N]if 2:0 - M|z] : 0. This is
a case in point for the type theory with semantically defined definitional equality
described in Sect. 4.7.

In the set-theoretic model (Ex. 2.4.4), where subset types can be interpreted
as ordinary subsets, one can interpret extend as extend, p.(M,N) = M(N) if
P(N) holds and ¢, otherwise where ¢, € 7 is a “default element” defined by
induction on the definition of “non-propositional”. However, this understanding

is not constructive, whereas the interpretation in D is.

4.6.2.2 Application to modules

We can also use subset types and the deliverables model for modules and higher-
order functors, where it is important that the typing component of a functor does
not depend upon its implementation component. Although the account of modules
we end up with is essentially the same as the one given by Moggi and others in
[84,42] we found it interesting to exhibit the relationship with subset types and

deliverables and to rephrase their constructions in terms of syntactic models.

For what follows we need a type theory in which Prop (the name “Set” would be
more appropriate) contains the natural numbers and other datatypes of interest.

This means that there is a constant I' F N : Prop with Prf(N) = N. In the



deliverables model we can then also define such a constant by putting Nﬁm[’y] - N
and Nresp returns a proof of tt. Now in the model Prf(N) is not N because any
family of the form Prf{s} has —.-part 1z, but we can interpret the following
rules, where we abbreviate Prf{N} by N.

'k I'FM:N
N-INTRO-0 N-INTRO-SUC

I'FO: N I'F Suc(M): N

I',2:NF S Prop
'k M, : Pri(S[z := 0])

I,z : N, p:Pri(S) F M, : Pri(S[z := Suc(z)])
I'FN:N

N-Erim

I'F RY (M., M,,N) : Prf(S[z := N])
Now we may view Prop as the universe of datatypes, and types like Prop — Prop
as “kinds”. We may then use the subset type to give signatures. For example a

signature for sets with a binary operation would be*
BIN = {X:Prop| X = X = X}
The signature for “monads” as used in functional programming [83,110] would be

MON = {T:Prop — Prop |
(VX:Prop. X = (T X)) A
(VX,Y:Prop. (X = (TY)) = (T X)=(TY))}

If S : BIN then wit(S) : Prop and cor(S) : Prf(S) — Prf(S) — Prf(S), so
an element of type BIN consists of a datatype and a binary operation on it. For
example we have (N)M.Ay.xﬂ : BIN. We may therefore call elements of a signature

“structures matching the signature”. If S is a structure then we call wit(.S) its

type component and cor(S) its implementation component.

‘Recall that for X,Y:Prop we have Prf(X = V) = Prf(X) — Prf(Y) and that
Prf(X AY) together with pair, fst, and snd is a binary product without surjective

pairing.



Now we still have that any two “proofs” (elements) of a “proposition” (data-

type) are “Leibniz-equal”, for example the type
F Prf(VP : Prf(N) — Prop.(Prf(P 0)) — Prf(P (Suc(0))))

is inhabited in the model (by PR-IR). But the reason for this is that in the model
a datatype (a “proposition”) can never depend upon values of a datatype and so
every P the quantification ranges over must be constant. Thus by working in D it
is possible to typecheck signatures at compile time without performing any compu-
tations on datatypes. Using the deliverables model with non-propositional families
this can be internalised in the following sense. If ' : BIN — BIN is a “functor”
mapping structures matching BIN to themselves, then just as in Sect. 4.6.2.1 we
can define f : Prop — Prop where f X is the “type component” of f applied to
a structure matching BIN with type component X.

It should be pointed out that now that we have used up the two components
of a specification for types and implementation respectively, there is no possibility
of including logical information anymore. This could be done in a similar model
where a family has three components: type, implementation, and proof. This
might form the basis of a type-theoretic semantics for a modular specification
languages like Extended ML [94] in which programs and specifications can coexist.
The internal language of such a model, i.e. the type theory interpretable by it
should resemble one of the higher-order type theories considered in [53].

4.7 Reinterpretation of the equality judgement

We have now described a syntactic model of type theory in which subset types and
proof-irrelevance can be interpreted. We have argued that type theory extended
with these additional constructs can be understood as a macro language for work-
ing under the deliverables approach described in Sect. 4.2 above. Upon application
of the semantic interpretation function to derivations in the extended type the-
ory one obtains a corresponding derivation under the deliverables approach as

explained by the semantic interpretation of the various type and term formers.



Rather than actually computing the deliverables interpretation of some derivation
one may also look at the new equality judgements induced by this interpretation.
We therefore propose a new type theory in which all the equality rules are replaced

by rules making reference to semantic equality.

Definition 4.7.1 Let [...]] denote the semantic function associated to D and take
x =1y : X to mean that x, y, and X are defined, and x, y are equal elements of

the set X. The type theory D is defined by the following clauses.

— The pre-constructions of D are the same as those of ordinary type theory

extended with Pr_Ir and the operators associated to subset types.

— The typing rules are the same as those of ordinary type theory.

— There are only the following three equality rules:

[I'| M] =[I"| NT € Sect([I" | o])

EQ-TErRM
I'bM=N:0o
T =T eF T
[Co]=["| e Fam(@D
l'kFo=r
I' = [A] € Ob(C
[=[a1€obe) oo
FI'=A

Since the interpretation function is recursive and equality in the deliverables model
is decidable by decidability of equality in the Calculus of Constructions, we find
that the new type theory defined above also has decidable typing and equality
judgements. In this way we can make sense out of equality rules like {}-ELIM-

NONPROP-COMP which now appear as special cases of EQ-TERM.

This semantic definition of equality also applies to the two syntactic models

for extensionality and quotient types we study in the next chapter.



4.8 Related work

A subset type former very similar to ours has also been introduced by Martin-Lof
and justified by a very similar model construction—the subset interpretation of
type theory (described in [85]). The main difference is that our model accounts
for the full Calculus of Construction, i.e. higher-order logic, and more subtly that
Martin-Lof identifies morphisms with equal first components and families with
equal first and equivalent second components. This last identification makes se-
mantic equality undecidable. A difference in presentation is that Martin-Lof’s
subset interpretation is not described in terms of categorical semantics. In this
simple case this is only a matter of taste; however, for the more involved setoid
models we look at in the next chapter, we found the use of the abstract semantics

unavoidable.

Subset types in an extensional context without unicity of typing (in the sense of
Prop. 2.1.7) have been studied by Salvesen and Smith [93]. They consider a subset
introduction rule which allows one to conclude M : {z:c | Plz]} provided M : o
and P[M] true. They do not have a rule which gives P[M] from M : {z: 0o | P[z]},
but only allow to conclude C' true if x: 0, p: Prf(Plz]) F C true and = does not
occur in €. They ask the question under what conditions on P this does allow
P[M] to be derived and find that this is the case for stable formulae, i.e. those
for which ((P = ff) = ff) = P true. This work does not really compare to ours
because in an intensional setting the questions answered in loc.cit. either make no

sense or have a trivial answer.

The idea that types endowed with predicates can be organised into a model
of type theory also appears in [13]. There, however, only semi-cartesian closure is
shown, thus it follows that “deliverables” form a model of the simply typed lambda
calculus. Inloc.cit. also “relativised specifications” and “second order deliverables”
are considered. A relativised specification relative to a specification - o and z: 0
P[z] : Prop consists of a type 7 and a relation z:0,y:7 F R[z,y] : Prop. If

(1, R) and (7', R') are two relativised specifications over (o, P) then a second-



order deliverable from (7, R) to (7', R') consists of a function x:0 & flz] : 7 — 7
and a proof x: o, p: Pri(P[z]) F F : Prf(Vy: 7.R[x,y] = R'[z, f[z] y]). In our model
a relativised specification is a special case of a family in Fam(T - (o, P)) (where
in general 7 may depend upon o). A second order deliverable then appears as
a morphism from p((7, R)) to p((7/, R')) in the slice category over T - (o, P). It
is easily seen that the relativised specifications form a full submodel of D. The
setoid model Sq presented in the next chapter has indeed the property that the

type component of families does not depend on the context.

Many of the ideas underlying the model D are also present in the thesis work
of C. Paulin-Mohring [88]. She describes a type theory with two impredicative
universes Spec and Prop which is then interpreted in an amalgamation of pure
Calculus of Constructions and system F,,. It is explained in great detail how
the F, component of the interpretation (it corresponds to our —gu,- and —ge-
components) can be seen as a program extracted from a constructive proof. An
analogy is drawn to the notion of realisability in proof theory and various exten-
sions are proposed such as an interpretation of well-founded recursion using a fix-
point combinator on the F|, level. Also a subset type is introduced, albeit without
the non-standard rule from Sect. 4.6.2. The main differences to our construction
are that categorical models are not used and that the “—g-, —gn-components”
in Paulin-Mohring’s model do not contain type dependency, very much like our

model Sq to be introduced in the next chapter.

Summing up, we can say that the constructions leading to the deliverables
model were all known, but that some new facets have been presented such as the
organisation using categorical models and the non-standard rule for subset types.
As was said before, our main purpose in presenting the deliverables model is to

exemplify the use of categorical models for syntactic translations.



Chapter 5

Extensionality and quotient types

In this chapter we study models for quotient types and the related concepts of
functional and propositional extensionality. The general method is to construct
models in which types are interpreted as types together with partial equivalence
relations. Propositional equality at some type is then the associated partial equi-

valence relation.

As we discuss below in Sect. 5.4 this idea has been considered by several authors
with various aims. What is new here is that the concept of types with partial
equivalence relations (“setoids”) is studied in the context of intensional dependent
type theory, which makes it necessary to define setoids depending on setoids. In the
sequel we shall essentially give three different answers to this question. The first
and simplest one (Sect. 5.1) only provides a restricted notion of type dependency
because in the model dependency arises only at the level of the relations, not at the
level of the types themselves. The second one (Sect. 5.2)—the groupoid model—
supports all the type and term-formers we know of and should be considered the
“correct” answer, but unfortunately it is not definable in intensional type theory.
However, it answers the question of independence of the uniqueness of identity
and provides valuable insights into the nature of propositional equality. The third
one (Sect. 5.3), finally, is an attempt to overcome the syntactic problems with the
groupoid model and the limitations of the first setoid model. It provides slightly
more type dependency, but—as we shall see—has other disadvantages, so that the

definitive answer to the question of dependent setoids remains open.
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We encounter two operations the soundness of which relies on the difference
between extensional propositional equality and intensional definitional equality: a
choice operator for quotient types (Sect. 5.1.7) and an axiom identifying proposi-

tional equality on a universe with the type of isomorphisms (Sect. 5.2.4).

5.1 The setoid model

We consider an extension of the Calculus of Constructions by dependent sums,
natural numbers, and possibly some datatypes. No further universes are required.
Our aim is to construct a model in which quotient types w.r.t. Leibniz equality
can be interpreted and in which the extensional concepts of proof irrelevance,
functional extensionality, and propositional extensionality are available. In view
of the analysis in Sect. 1.2 we then also have proof-irrelevance which we shall,
however, derive directly. The model we construct has the remarkable property
that Leibniz equality behaves like the identity type in the sense that a substitution
operator for dependent types in the sense of Sect. 3.2.3.1 may be defined for it. If
one looks closer at the model this is not so astonishing because the only source for
type dependency in this model is the dependency of proof types on propositions,
w.r.t. which Leibniz equality is substitutive by definition.

In the model types will be interpreted as types together with Prop-valued
partial equivalence relations. Type dependency is modelled only at the level of
the relations, i.e. a family indexed over some type o is a type 7 (not depending
on o) and for each x:0 a partial equivalence relation on 7 compatible with the
relation on o. By analogy to Bishop’s definition of sets as assemblies together with
an equality relation [9] we call the pairs of types and partial equivalence relations

setoids.

We use the name target type theory to refer to the version of the Calculus
of Constructions the model is built upon, and source type theory to refer to the
internal language of the model which contains all the type and term formers from

the target type theory together with the desired extensional concepts and the



“strong” Leibniz equality. Definitional equality in the source type theory is defined
semantically via interpretation in the model according to Sect. 4.7. The model
we construct is called the setoid model Sq. Its components are called contexts,

families, morphisms, etc. of setoids. The source type theory itself will also be

called Sg.

Large parts of this section have been published as [45]. The extension to
universes (Sect. 5.1.8) and the discussion of choice principles and Church’s thesis

(Sect. 5.1.4.2 and 5.1.4.3) appear here for the first time.

5.1.1 Contexts of setoids

A context of setoids is a pair I' = (I'set, ['vel) Where I'set is a (syntactic) context
(i.e. T'set ) and T'ye is a proposition in context v: ety 7't Usety 1-€. Y: Fsety 7' Tset
[valy,7'] : Prop, in such a way that

Y, Y Tset , Prf(Lra]vy,7]) F Ty, 7] true SyMm
YY" Lset s Pri(Trar]v,7']) , Pri(Tre[v',7"]) b Traly, 7”] true TRANS
Here we just write Prf(I'wa[7,7]) in a context instead of p : Prf(I'ye[7y,v']) for some
variable p since this variable does not appear in the conclusion of the judgement.
We shall adopt this abbreviation in the sequel as well. The axioms SyMm and
TRANS thus express that I'y¢ is a partial equivalence relation on I'ge;. Two contexts
of setoids I', A are equal if their components are definitionally equal, i.e. if - I'yoy =
Ager and 7,7 Tser F Tra[7, 7] = Avet[v,7'] : Prop. The implicit witnesses for SYm
and TRANS are not compared. It is important that the relation is not assumed

reflexive for otherwise we could not interpret propositions, see Sect. 5.1.4.

Examples. The empty context of setoids is given by T = (o, ) where SYM and
TRANS are validated by the canonical proof of tt. Another example is the context

Int given by Intge; = p: N x N and
Intea[p, p': Inteet] 1= p.1 + p'.2 L p.2 +p'.1

where in order to establish symmetry and transitivity we use some elementary

lemmas about addition on natural numbers.



5.1.1.1 Morphisms

Let I'; A be contexts of setoids. A morphism from I' to A is a (syntactic) context
morphism f from 'y to Ageq with

Y, Y Tset , Prf(Taly,¥']) F Avalf17], fI7]] true REsp

In this situation we write f : I' — A as usual. Equality of morphisms is definitional
equality in the target type theory. Clearly, the composition of two morphisms is
a morphism again and the identity is a morphism. Moreover, the unique context

morphism into T trivially satisfies RESP so that we have

Proposition 5.1.1 The contexts of setoids and their morphisms form a category

C with terminal object.

Notice that we do not identify “provably equal” morphisms, i.e. f and ¢ with
v: Lset, Pri(Tra[v,7]) B Avalf[7], 9[7]] true. Doing so would render the semantic
equality undecidable and therefore the source type theory would be undecidable.
The difference between actual semantic equality and provable equality is also im-
portant for the choice operator we consider in Sect. 5.1.7 which would be unsound

if the two were identified.

5.1.1.2 Families of setoids

Let " be a context of setoids. A family of setoids indexed over I' is a pair ¢ =

(Oset, Orel) Where 04t is a type in the emply context (o F 04et) and
Vi lget 5 8,81 Oget | Orel 7, 8, 8] - Prop
is a family of relations on o4 indexed by D'y such that
Vilger 5 8,8 Oger SYM
Prf(rrelh/v 7]) ) Pl’f(O'rel["}/, S, 5/]) - O-Telh/v 5/7 5] true
Vilger 5 8,8, 8" Oget s TRANS
Prf(rrelh/v 7]) ) Pl’f(O'rel["}/, S, 5/]) ) Pl’f(O'rel["}/, 5/7 5”]) - O-Telh/v 5, SH] true

Yoy Taet 5 8,8 Oget 5 CoMpP
P (Tal3:77])  Prt(sal, 5, 8]) F ol 5, ] true



Two families are equal if their two components —. and —.. are definitionally

equal.

Thus, a family of setoids consists of a I'yi-indexed family of partial equival-
ence relations on one and the same type o4 with the property expressed by Comp
(“compatibility”) that the relations over related elements in I'se; are equivalent (by
virtue of symmetry of I'yp). It is important that symmetry and transitivity are
relativised to “existing” 7: g, 1.e. those with I'ie[v,7], since otherwise most of
the type formers including quotient types would not go through. Also intuitively
this restriction makes sense since o4t and o, are meant to be undefined or uncon-
strained outside the “existing” part of I'. An example of a family is again given by
Inteee = N X N and Int,q [y, p,p'] = p.1+p'. ép.Z + p'.1. Here the family o, does
not actually depend on I'y;. Examples where there is such a dependency will arise
later in Section 5.1.4 when we interpret an impredicative universe of propositions.

The set of families of setoids over I' is denoted by Fam(I').

5.1.1.3 Substitution and comprehension

Let B,T" be contexts of setoids, f : B — I' and o € Fam(I'). A family o{f} €
Fam(B) is defined by 0{f}set = 0set and

U{f}rel[ﬂ: Bset y Sy 3/: U{f}set] = O-Tel[f[ﬂ]v S, S/]

The comprehension of o is defined by (I' - 0 )set = set, 81 Tet and

(F : U)rel[(77 3) ) (7/7 3/)] = Frelhv 7/] A Urelhv S, 3/]

The morphism p(c) : I'-o — 1" is defined by p(o)[y, s] = 7; the relation is preserved
by virtue of A-elimination. Finally, the morphism q(f,o) : B-o{f} — I'- 0o is
given by q(f,0)[3,s] = (f[F],s). This preserves the relation since f does. It is
also readily checked that the relevant square formed out of f, p, and q commutes

(and in fact is a pullback).



5.1.1.4 Sections

Let ' be a context of setoids and o € Fam(I'). A section of o is a term 'y F

M: o4, which respects the relations, that is
YY" Loer s PrE(Traly, ¥ F ovaly, M[y], M[y]] true REsP

Equality of these sections is again definitional equality in the target type theory. If
M is a section then its associated context morphism is defined by M[v] = (v, M[+])
which is a morphism by virtue of RESP. Conversely, if (f,M): B — 1'-0is a
morphism then Hd((f, M)) := M is a section of o{f}. To see RESP let 3, 3": Bees
and p: B[, 8']. We must show that in this context o.a[f[3], M[5], M[3']] true.
But this is merely the last component of condition REsp for (f,M): B =T .o

by definition of (I' - oye1). Summing up, we have the following:

Proposition 5.1.2 Contexts, families, and sections of setoids form a syntactic

category with attributes—the setoid model Sg.

The dependent type theory with extensional concepts modelled by this syntactic
category with attributes in the sense of Sect. 4.7 will also be called Sy.

5.1.2 Implementing the setoid model S; in Lego

It we want to use Lego to check the equations of Sy we must deal with of the
extensional nature of the judgements of the form I' F P true. We have used an
approach whereby semantic objects are rendered as pairs consisting of the actual
part which figures in the model and a proof that the required judgements hold.

For example, we define

[Con = <<set:Type(0), rel:set->set->Prop>>]
[CON[G:Con] =
({g,g’ |G.set}(G.rel g g’)->(G.rel g’ g)) /\
({g,g’,8’’ |1G.set}(G.rel g g’)->(G.rel g’ g’’)->(G.rel g g’’))]



Now a context is an element G of Con and a proof of (CON G), but these proofs
are ignored when two contexts are compared. For each semantic operation we
have a part which works on the first components and a part which establishes

preservation of these properties. For instance, composition has two components:

Comp:{A,B,G|Con}(Mor B G)->(Mor A B)->(Mor A G)
COMP:{A,B,G|Con}{g|Mor B G}{f|Mor A B}

(CON A)->(CON B)->(CON G)->

(MOR g)->(MOR £)->(MOR (Comp g £))

Thus in a sense we work in the deliverables model. We cannot use the internal lan-
guage of the deliverables model directly, since it only offers propositional equality

of proofs, but we must compare the semantic objects using definitional equality.

5.1.3 Type formers in the setoid model

Let o0 € Fam(I') and 7 € Fam(I'- o). The dependent product II(o, 7) is defined by

H(O’, 7—)set = Oset — Tset
(o, 7)re|v: Tset 5w, v: (0, T)set] =

Vs, 8" Oset-Orel[ Vs 8, 8’| = Trel[(7,8) , u s, v 8]

If M € Sect(7) then we define
Aor (M) [y: Tset] = A8t 0ger. M [, 9]
and conversely, if M € Sect(ll(o,7)) and N € Sect(o) we define

App, (M, N)[y:Teer] = (M[y] N[v])

Now by straightforward calculation we obtain:

Proposition 5.1.3 These data endow the model Sq with dependent products in
the sense of Def. 2.4.14.

In very much the same way we can interpret Y-types, natural numbers, and various

inductive types present in the target type theory. Since the interpretation of these



is almost forced we leave it out here. In particular we have (Nr)et = N and
(N[ )rel[7, @, 2] = (2 L 2'). This allows us to establish in exactly the same way as
in the proof of Prop. 4.5.3 that in the empty context the natural numbers contain

canonical elements only, in spite of the extensional concepts (N-canonicity).

5.1.4 Propositions

Our next goal is to identify a type of propositions (and proofs) which allows us to
“externalise” the relations associated to each type and to interpret quotient types
and extensionality. We use the semantic framework of Def. 2.4.36 (loose model of
Constructions). Again, we denote by “Prop” both the family in Fam(T), and its

comprehension T - Prop.

To simplify the exposition we assume as in Chapter 4 that the target type
theory supports an extensional unit type, i.e. there is a type I' F 1g in every
context, and a term I' F x : 15 together with the equation I' - M = % : 1 for
every I' = M : 1. We shall use the extensional unit type as the underlying type
of propositional types. It is possible to get rid of the extensional unit type in
the same way as in Section 4.5.4.1, by defining families of setoids as being either
of the form defined in Section 5.1.1.2, or to consist simply of a proposition in
context I'set compatible with 'y (in which case it is silently understood that the
—set-component is the extensional unit type). Comprehension, substitution, and

the type formers have then to be defined by case distinction.

Now we are ready to define the required ingredients to interpret propositions.
The underlying type of Prop € Fam(T) in Sy is just the syntactic type of pro-
positions.

Prop... = Prop

In order to identify equivalent propositions we define the relation as bi-implication.

Prop,ap, ¢: Prop] = (p & q)

This is clearly symmetric and transitive and so a family over T has been defined.

Note that COMP degenerates to a tautology in the case of families over T.



The family Prf € Fam(T - Prop) is given by

Prf . [p: Prop] = 15
Prf,[p: Prop , x,2":15] = p
where 1p is the extensional unit type. The relation on Prf is trivially symmet-

ric and transitive; for COMP we use the relation on Prop. More precisely, if

Prop.a[p, ¢] and Prf.q[p, z,y], i.e. p, then also ¢, thus Prf,[q¢, x,y].

Next we define universal quantification. If ¢ € Fam(I') and S : ' - ¢ — Prop
then we put

Vol S)[7y: Lset] = Vi 0get.0va|7, @, 2] = S|, ]

For property RESP assume v, v": Iset and yer[v, 7']. We must show that ¥, (9)[v] &
Vo (S)[7']. So assume V,(.5)[v] and x: 04 with opa[y, z, z]. Using SYM and CoMP
we get oy, x,z], hence S[v,z] by assumption. Property RESP for S using
[raly,7] and oelly, @, x] gives S[v,z] < S[y', 2] and thus S[y/,z] as required.
The other direction is symmetric. We see that the relativisation to “existing”

X: Oget 18 Necessary to prove RESP.

For the abstraction let M € Sect(Prf{S}). We define
Ao (M) ] =

To see that this is indeed a section of Prf{V,(5)} assume ~,7": I'set and L'yeal[v,7']-
We must show that

Prf{¥,(5) b7, Ao.s(M)[] , Aos(M)[7']]

which equals Va: 0.0y, 2, 2] = S[v, 2] by definition of Prf,q and V. Now
assuming @: oeer and opel[7, «, ] we have that (I'- o)a[(v, ) , (7', 2)], hence S|, ]
by RESP for M.

Finally, the evaluation morphism is given by

eVy 5[y Tset 5 ¥ 0set , u: 1g] = (7,2, %)

We must show that this defines a morphism from I' - - Prf{V,(S)op(o)} to ' - o-

Prf{S}. Assume v,79": [ser, @, 2": 0ger With [iei[y, 7] and oel[y, 2, 2']; furthermore



assume Y: Oget.0vel|y, ¢, ] = S[v, 2] (meaning that the two variables of unit type
corresponding to Prf{¥,(S)o.p(c)} are “related” according to the definition of
Prf.). We must show that S[y,x]. But this follows since by SYMm and TRANS

for I' we have I'.q]y,~] and thus o]y, 2, 2] by SYM and TRANS for o.

The equations relating evaluation and abstraction follow straightforwardly
from the properties of the extensional unit type. Also the stability under sub-

stitution of all components follows readily by expanding the definitions.

Proposition 5.1.4 The model Sy is a loose model of the Calculus of Construc-

tions.

5.1.4.1 Proof irrelevance and extensionality

Next we explore which additional propositions are provable in Sq. First, we have

a non-provability result:

Proposition 5.1.5 (Consistency) The family
ff := Prf{Vprop(idprop)} € Fam(T)

has no sections.

Proof. We have flyoq = 1p and fi,q[z,y: 15| = Vp: Prop.Prop.alp,p] = p. A
section of ff consists of an element of 15 (necessarily x) such that Vp: Prop.(p &
p) = p (expanding Prop,.). But this is not possible by consistency of the syntax.

a

Next we look at Leibniz equality in the model. If o € Fam(I') and M, N € Sect(o)
then let L_Eq(M,N) : I' — Prop be the denotation of Leibniz equality as given
in Def. 4.5.6. By unfolding its definition we find that in Sg

L Eq(M, N)[3: T =
VP:os — Prop.
(Va, 2" 0.0va[y,2,2'] = (P ) & (P 2'))) =
Vy:1p.(P M[y]) = (P N[v])



So (modulo the trivial quantification over 15) M and N are Leibniz equal in the
model if they are indistinguishable by observations which respect the relation on

g.

Lemma 5.1.6 Let o € Fam(I') and M, N € Sect(o). The family Pri{L_Eq(M,N)}

over I' has a section iff

Y: Teet » Prf(Lralv, 7)) b ovaly, M[y], N[7]] true

Proof. Assume a section of Prf{L._Eq(M, N)}. By definition this means that if
['ra]7, 7] for some v,~": Tyt then M[y] and N[v] (not N[y']!) are indistinguishable

by observations respecting o. Now
Ax: Uset'arel[77 M[7]7 l‘]

is such an observation as can be seen using SYM and TRANS for o and ['yei[7, 7] by
virtue of ['yei[v,~'] and SYM, TRANS for I'. Therefore, we can deduce o,afy, M[7],
N[v]] provided we can show oy, M[y], M[7]], but this follows from RESP for

M. Conversely, if o[y, M[y], N[v]] and P : 0 — Prop respects o.q then obviously
(P M[v]) = (P N[v]) by definition of “respects”. 0

Thus Leibniz equality “externalises” the relation associated to each family.

Proposition 5.1.7 The following rules providing proof irrelevance as well as func-

tional and propositional extensionality can be interpreted in Sgq.

' A: Prop ' M,N :Prf(A)
' M= N:Prf(A)

Pr-Ir

I' - P : Prop I' Q@ : Prop I'FH:Pf(P & Q)
I'F Bidmp(P,Q, H) : Pri(P £ Q)

Bi-Imp

r=0,vV:lz:or
F,l’:O‘"H:PI’f(Ul'éVJ})
'+ Ext(H): Pri(U £ V)

ExT




Proof. We identify syntactic objects with their denotations in Sg. Rule PR-IR
is immediate because both M and N equal . For rule BI-IMP assume P, () €
Sect(Prop{!r}). The assumption H gives rise to a proof of P[y] & Q[v] for every

v 1 Tget with Ty, 7], But by Lemma 5.1.6 this implies that there exists a section
of Prf{L._Eq(P,Q)}. The proof for EXT is similar. O

Now we present a somewhat unexpected feature of Leibniz equality, namely that
it behaves like Martin-Lof’s identity type in the sense that a Leibniz principle for
dependent types can be interpreted from which the definability of Martin-Lof’s
elimination rule [85] follows using PR-IR and the encoding of J in terms of Subst

and IdUni given in Sect. 3.2.3.1.

Proposition 5.1.8 For each o € Fam(I') and 7 € Fam(I'-0) and M, N € Sect(o)
and P € L_Eq(M, N) and U € Sect(r{M}) there exists a well-determined section
Subst , (P, U) € Sect(t{N}) in such a way that Subst, . (Refl(M),U) = U where
Refl(M) is the canonical section of PrE{L._Eq(M, M)} corresponding to reflexivity.

Moreover, this operator Subst s stable under substitution in all its arguments.

Proof. We define Subst, . (P,U) simply as U. That this is a section of 7{N}
follows from Lemma 5.1.6 applied to P and rule CoMP for the family 7. The other

properties are trivially satisfied. a

Obviously, this means that we can interpret rules LEIBNIZ and LEIBNIZ-COMP
from Sect. 3.2.3.1 with Id, (M, N) replaced by Prf(M L N). As long as we do not
use induction over definable families the semantic formulation of closure properties
as in Prop. 5.1.8 above and the more syntactic one in Prop. 5.1.7 are equivalent

and it is a mainly a matter of presentation which one is being used.

Prop. 5.1.8 is important because it states that Sy has the same strength as T
and thus is conservative over extensional type theory (TTg) by Thm. 3.2.5.



5.1.4.2 Axiom of choice

We may start with a target type theory in which the “internal axiom of choice”

[5], i.e. the following schema of propositions

I'kto I'kr
IAC

't (Va:o.3y:7.R[x,y]) — (3f:0 — 7.Veio. Rz, f «]) true

holds.! Then in the source type theory this axiom is nevertheless not in general
valid because in its translation the witness f is required to respect the equivalence
relations present on ¢ and 7 which cannot be guaranteed for the witness produced
by TAC in the target type theory. In fact one can show by mimicking Diaconescu’s
argument (see [59, I1.7]) that IAC together with EXT and BI-IMP implies the
principle of the excluded middle, ¥p: Prop.p V (p = ff); if this holds in the source
type theory then it must hold in the target type theory. This in turn is not
necessarily the case even if IAC is present in the target type theory. The fact that
the axiom of choice may fail because a choice function fails to preserve extensional
equality is well-known and is e.g. discussed in [106,36]. See also the example with

real numbers in Sect. 5.1.7.1 below.

We conjecture, however, that in the particular case where the type o in TAC
is N (“countable choice”) or any other type with Leibniz equality as the relation
we can actually interpret IAC in the source type theory provided we have it for
the target type theory. The reason is that this relation is always preserved. See
also Remark 5.1.11 below. The same goes for the principle of dependent choice,
see e.g. [32, Sect. 4.4.3]:

Vae:ro.dy:o.R[x,y] = Ve:o.3f: N — o.(f 0 L ) A (Vn:N.R[f n, f(Suc(n))])

where again the choice function has domain N. The internal axiom of choice must

not be confused with the following “proof-relevant” version of the axiom of choice,

TAC is not valid in the Calculus of Constructions, but it does hold in its set-theoretic

interpretation of it.



which is obviously inhabited:
Ha: o Xy: 7. Pri(Plx,y]) — Xf: 0 — r1la: 0. Prf(Plz, y))

The difference is that elements of a Y-type are distinct if they have different

witnesses, whereas all proofs of an existential statement are identified.

5.1.4.3 Church’s thesis

Another principle which gets lost when passing from the target type theory to the

source type theory is Church’s thesis in the following formulation:
CT =3dF:(N — N) - NVf:N — N.computes[F' f, f]
where
computes[e: N, f:IN — N] = Vn:N.3z:N.(f n L Ulz]) A Tle,n, 2]

and T is Kleene’s T-predicate and U is the output extraction function. Informally,
computes|e, f] expresses that e is (code for a) program which computes f, and CT
states that there exists a functional which to every function f: N — NN associates

a program for it.

If CT holds in the target type theory? then it need not hold in the source type
theory, because there is no reason why the witness F' should preserve pointwise
equality of functions. Even worse, in the source type theory one can actually prove
=CT by mimicking the proof in [106] that CT together with the axiom of choice
and functional extensionality is inconsistent in HA,. Intuitively, the reason is

that in the presence of functional extensionality /' must yield equal results when

2We do not know whether there exists a model of the Calculus of Constructions in
which CT is valid, but this seems rather likely since CT is consistent in higher-order
intuitionistic arithmetic (H A,) using a realisability model, which interprets types as

subsets of w rather than partial equivalence relations.[32,104]



applied to extensionally equal functions, so one can check whether a function is

e.g. constantly zero by examining whether F' applied to it equals F/(Az: N.0).?

Let us point out that the following weaker formulation of CT
CT' =V f:IN — N.Je: N.computes[e, f]

does hold in the source type theory if it holds in the target type theory because
it gets translated into basically the same formula. In the presence of TAC this
weaker version implies CT, so that Sg together with CT’ provides a type theory
in which the internal axiom of choice is inconsistent (provided CT’ is consistent in

the target type theory.).

We also believe that CT’ can be consistently added to TTy or TTg if we trans-
late the existential quantification using the squash type former to be introduced

in Sect. 5.3.5, rather than into a X-type.

5.1.5 Quotient types

We now turn to the interpretation of quotient types in the model. Their syntax is

given by the following rules:

I'kFo I',s,s:0F R[s,s']: Prop I'-M:o
Q-ForMm Q-INTRO
I'Fo/R I'E[M]gz:0/R
'tr T ,siobF M[s]:T I'-N:o/R
', 5,80, p: Prf(R[s,s']) F H : Prf(M][s] L M]s'])
Q-Erim
I' = plugp Nin Musing H : 7
Q-Comp

I' F plugg [N]pin M using H = M[N] : 7

3Per Martin-Lof has told the author that this phenomenon was one of the reasons
for him to reject equality reflection (ID-DEFEQ), which gives functional extensionality

and thus makes (a TTg-version of ) CT inconsistent.



I'-M,N:o I'= H : Pri(R[M, NJ)
'+ Qaxp(H) : Pri([M], £ [N],)

Q-AXx

I',2:0/Rt Plz]: Prop
. s:ob H:Pri(P[[s],])
I'tM:o/R

I'F Qindy(H, M) : Prf(P[M))

Q-IND

This syntax is a formalisation of usual mathematical practice. Rule Q-FORM al-
lows the formation of a type o/R from a type o and a relation R. We do not
require R to be an equivalence relation. Using Q-INTRO one constructs elements
(“classes”) of o/ R from “representatives”. The rule Q-ELIM allows one to con-
struct functions on the quotient type by definition on representatives. The axiom
Q-AX states that classes of related elements are equal; the axiom Q-IND states

that o/ R consists of “classes” only.

For example, we may define a type of integers as Int := N x N/ Ry, where
Rp[u,v: N X N] = (u.1 + 0.2 Ly v.1). The elimination rule now allows us to
define functions like addition on the integers and the induction principle together
with the equations permits us to derive properties of these functions from their
implementations. In examples we assume that various such functions such as +,

| — |, and — (negation) have been defined.

5.1.5.1 Comparison to quotient types in TT;

Notice that Q-IND resembles a special case of the dependent elimination rule Q-
[-Evrim from Section 3.2.6.1; the additional proviso in Q-I-ELIM stating that H
preserves R is trivially satisfied in this special situation because of proof irrelev-

ance.

Using Prop. 5.1.8 and the fact that the quotienting relation never appears in
the conclusion of a rule we can simulate the rules for quotients given in Sect. 3.2.6.1
in the following way. If s,s": o F p[s, s'] we put R[s,s'] := dp: p[s, s'].tt and o/p :=
o/R. We also put [ —] = [—]z. Obviously we have R[s,s'] true if p[s, s'] true



and conversely, if R[s,s'] true and p:p[s,s’] = P[s,s’] true for some s,s":0 F
P[s, s'] : Prop then P[s, s'] true by 3-elimination. Therefore, the rules Q-I-FORM,
Q-I-INTRO, Q-I-AX are validated. For Q-I-ELIM assume x:0/R F 7[x] and
x:o0 b M[x]: 7[[z]g] such that

x, 2o, piple, 2’| = H : Prf(Subst,, - (Qax,(p), M[z]) L M{z'])
We put 7/ = Ya:o/R.7[z] and
M'[s: 0] = pair([s]z, M[s]) : 7

Now if R][s,s’] then we can find H : M'[s] L M'[s'] using R*, F-elimination, and
equality reasoning. Therefore the premises to rule Q-ELIM are satisfied. Let N :
o/R and put U = pluggy Nin M'using H : 7. The second projection U.2 has type
7[U.1] rather than 7[N] as we would need it in order to simulate Q-I-ELiM. But
using Q-IND (over N) we can construct P : Prf((plugy Nin M’ using H).1 L N),
and thus have Subst ,/p (P, U.2) : 7[N] as required. The computation rule Q-
[-CowmP follows from Q-CoMP and the semantic interpretation of Subst as the

identity.

5.1.6 Interpretation of quotient types in S

Let 0 € Fam(I') and R : I'- o - 67 — Prop be a “relation” over o. Viewed

internally R is a term of type v: L'geq , @, 2": 04t F Prop such that

Vi lset » T, Y Oset s Vi Dset » @,y ey
Prf(Lea[y, Y] A ovaly, 2, 2] A ovaly, 4, y']) I
R[z,y] & R[z',y'] true

We say that R “respects” oye. Our aim is to define a new family o/ R on which the

relation is given by R. The underlying type remains unchanged by quotienting.

(0/R)set[v] = 0cet[7]

Now since R is not guaranteed to be symmetric and transitive, we have to take

the symmetric and transitive closure of R, moreover we must ensure compatibility



with 0. — the relation already present on o. It turns out that the right choice for

(0/R)ra is the following higher-order encoding of symmetric, transitive closure.

(O-/R)Tel[’y: Fset y Sy s': Uset] —
VR 04t — 05t — Prop.

(Va, 2" 0er. (R 2 2') = (R 2’ 2)) (o)
)

= (Va, 2, 2" 0. (R 2 2') = (R 2" 2") = (R« 2")) (r
= (Va, 2" 0get.0val|y, ¢, 2" = (R @ 2')) (p)
= (Va, 2" 0. Ry, v, 2] = ovaly, v, 2] = oy, 2,2 = (R 2 2')) (k)
= (R s s)
In other words, (¢/R)aly, —, —] is the least partial equivalence relation on o
which contains oya|y, —, —] and R[y, —, —] restricted to the domain of o[y, —, —].

We shall call such a relation suitable, so (0/R).e is the least suitable relation.

5.1.6.1 Equivalence classes

Assume M € Sect(o). We want to construct a section [M], of o/R. We put

so [M]y behaves just like M. We must prove RESP for [M],. Let v,~": I's; and
[raly,7]- Moreover, let R': 044 — 0t — Prop be a suitable relation. We must

show that R'[M[v], M[+']]. But since M is a section we have o[y, M[y], M[7']]

so we are done since suitable relations contain o.q[y, —, —].
For Q-AX assume M, N € Sect(a) and H € Sect(Prf{RoNT+M}), i.e.
79" Lsee , Pri(Tvaly, 7)) B Ry, M[7], N[7]] true

We want to show that Sect(Pri{L_Eq([M], [N]z)}) is non-empty. By Lemma5.1.6
and the definition of [ — ], it suffices to show that

¥: Ut s Pri(Tra[y,7]) B o/ Bealy, M[y], N[7]] true

In this context we can show oyaly, M[v], M[v]] and ora|y, N[v], N[y]] using RESP.
Thus for every suitable relation R': 0gt — 0set — Prop we have (R' M[v] N[v])
by (k) which gives the desired result.



5.1.6.2 Lifting

Now we want to define functions on the quotient family o/R, from functions
on o which respect R. More precisely, suppose we are given 7 € Fam(I') and

M € Sect(r{p(o)}) and

H € Sect(Prf{L_Eq(
M{p(o*)op(Prf{R})},
M{a(p(o),0) - p(Pri{R})}
)}
(The two sections inside L_Eq are instances of M applied to one of the o-variables
in [ o-o* - Prf{R}. Thus informally H states that M maps R-related elements

to Leibniz-equal elements.) Finally assume N € Sect(o/R). We want to construct

a section plugy N in M using H of 7 from this. We define
(plugs N in M using H)y: T = My , N

Let v,~": T'set and I'va[y,7]. Since N € Sect(o/R) we have (o/R)alvy, N[v], N[¥]]-

Now consider the particular relation

R = Ax, 2" 04
O'rel[’}/,l',l']/\
Urel[’}/,x/,l‘/]/\

Tral7, My, 2], M[y', 2]

Now the result follows provided we can show that R’ is suitable. This requires a

somewhat lengthy calculation in which H is used to establish that R’ extends R.

5.1.6.3 Induction

Finally, we interpret the induction principle Qind. Assume P : I'-0/R — Prop
and let an element of Sect(Prf{Poq(p(c),0/R)o[v,]z+ }) be given. In other words

assuime

Y3V Tset » Pri(Trea]v,7']) 5 8, 8" Ocet , Pri(ovel]7, s, 8]) F P[s] true



Now, if M € Sect(c/R) then we want to find a section of Prf{P o M}, i.e. we must

show

Yo7 T s Pri(Tual.7]) £ PIMA]] true

In this context we find o /Ry, M[y], M[y]] using SYM and TRANS and RESP.
Now putting s = s’ = M[y] the result follows if we can show (the stronger condi-

tion) oy, M[v], M[y]]. But this follows by using the suitable relation

R/ = )\Jj, l’/: Uset.O're]["}/, x, l'] A Urel[77 l’l, l’/]

Proposition 5.1.9 The setoid model Sq allows the interpretation of quotient types.

5.1.6.4 Effectiveness of quotient types

Here we want to address the question as to whether the converse to Q-AX is
also true, i.e. whether we can conclude R[M, N]| from [M], L [N]g. In general,
this cannot be the case because together with (Q-AX this implies that R is an
equivalence relation. Quotient types are called effective [54,82] if this condition
is already sufficient. It turns out that in Sg all quotient types are effective and
that this is a purely syntactic consequence of the rules for quotient types and rule

Bi-Imp.

Proposition 5.1.10 Fix a type theory with quotient types and B1-IMP. Let ' o

and I, z,y:0 = R[z,y] : Prop be an equivalence relation, i.e. in context I' we have

Va:o. Rz, z] true (reflexivity)
Va,y:0.R[z,y] = Ry, z] true (symmetry)
Va,y,z:0.R[x,y] = Ry, z] = R[x, z] true (transitivity)

Then for each I' = U, V:o with [U], L V], we have R[U, V.

Proof. Consider the term M[y: o] = R[U,y] : Prop. We have

U,y y" 0, Rly,y)F Mly] £ M[y'] true



by symmetry and transitivity and BI-IMP. Let H denote the proof of this. Now
put

M'[z:0/R] = plugg zin M using H : Prop

By Q-Comp M'[[U]y] equals R[U,U] and M'[[V]] equals R[U, V]. The former is
true by reflexivity of R and both are Leibniz equal by assumption on U and V.
Therefore R[U, V] is true as well. O

Remark 5.1.11 (Quotient types without impredicativity) Remark 4.6.1 on
the role of impredicativity for subset types applies mutatis mutandis also to Sg.
We have used the impredicative Calculus of Constructions as a target type the-
ory (and as the basis of the source type theory) mainly for convenience because
it offers encodings of the logical connectives and equality so that their existence
does not have to be verified in the model. Also effectiveness of quotients can then
be derived in the source type theory. However, if for certain reasons one wants to
stay within a predicative framework such as Martin-Lof type theory one can still
interpret a type theory with a sort rather than a type of propositions. One reason
why one might want to do this is that Martin-Lof type theory as a target type
theory satisfies the internal axiom of choice so that one could hope to interpret
the principles of countable choice and dependent choice in the source type theory

as indicated in Sect. 5.1.4.2 above. The details are left to future research.

5.1.7 A choice operator for quotient types

Our next goal consists of finding a way of getting hold of a representative for a
given element of a quotient type. The idea is that since in the model an element
M of a quotient type is nothing but an element of the underlying type, albeit with
a weaker RESP requirement, it should under certain circumstances be possible to

view M as an element of this underlying type. In other words we seek to interpret



a rule of the form

I'EM:0o/R “certain proviso”

Q-CHOICE
I' F choice(M) : o

and the following two equality rules.

I' F choice([M]y) : o '-M:o
Q-CuHoice-Comp
I' F choice([M]gz) =M : o
I'EM:0o/R I' F choice(M) : o

Q-CHOICE-AX
I' F [choice(M)], =M :0/R

There is no error in rule Q-CHOICE-COMP; we explain in Sect. 5.1.7.1 how it can
be consistent with Q- AX. Semantically, we want to interpret the choice operator as
the identity, i.e. if M € Sect(o/R) then we want to put choice(M)[v: T'set] = M[7].
Now from M € Sect(o/R) we can deduce that if Tye[y,~'] for some v, 4" Tset
then o/Ryaly, M[7y], M[+']]. But in order to conclude choice(M) = M € Sect(o)
we need to have (the stronger) oy, M[y], M[y']]. One situation in which we
can deduce the latter from the former occurs when from I'e1[7, '] we can conclude
that M[y] and M[+'] are actually Leibniz equal, because then we can reason like in
Sect. 5.1.6.3 above. Now this situation in turn occurs for example when I'yq[7, 7]
entails that v and 4’ are Leibniz equal themselves. This motivates the following

definition.

Definition 5.1.12 The set of non-quotiented types is defined by the following

clauses.

— N (and other inductive types) and llzq: o1 .. M, 0, Prf(M) forn >0 are

non-quotiented.
— If o and 7 are non-quotiented, so is Yx:0.T.

A (syntactic) context ' is non-quotiented if it is made up out of non-quotiented

types only.

Notice that if F I' = A and I' is non-quotiented then so is A.



Proposition 5.1.13 Let ' be a non-quotiented syntactic context and let (T'ser, I'ver)

be its interpretation in the setoid model. We have

Y,V Tset  Tret[7,7'] F -2 L o true

Proof. FEasy induction on the definition of “non-quotiented”. a

Now we could semantically justify the application of choice in non-quotiented
contexts, i.e. the above “certain proviso” would be that I' is non-quotiented. With
such a rule we would, however lose the syntactic weakening and substitution prop-
erties which are implicit in e.g. the typing rule for application. For example if
F M : o/R we can infer - choice(M) : o because the empty context is non-
quotiented, but we would not have z:0/R I choice(M) : ¢ although = does not
occur in M. Therefore, we close the rule up under arbitrary substitution and
weakening and thus arrive at the following definitive rule for choice:

There exists a non-quotiented context

A and a type 7 and a term N with

A F N : 7 and a syntactic context

morphism I' = f = A such that M =
I'EM:o/R N[f] and /R = 7[f].

Q-CHOICE
I' F choice(M) : o

Recall that = means syntactic identity and not just definitional equality so that
the side condition is decidable since the possible substitutions f are bounded by
the size of M. The condition is e.g. satisfied for z: Int - —|z| : Int with A =n:N
and f[z:Int] = |z|, but it does not hold for z: Int F 2z + 2 : Int

Proposition 5.1.14 The above rules Q-CHOICE, Q-CHOICE-ComP, Q-CHOI-

CE-AX can be soundly interpreted in the setoid model.

Proof. We interpret choice(M) like M. Suppose that I' i choice(M) : o by
Q-CHOICE then M = N[f] for some (syntactic) substitution f : I' = A. We



identify these syntactic objects with their interpretations. If T'.ei[y,7'] then f[v]
and f[y'] are actually Leibniz equal by Prop. 5.1.13 using the assumption that
A is non-quotiented. So M|[y] and M[y'] are Leibniz equal and thus related in
0l by the same argument as the one used in Sect. 5.1.6.3. Thus we can assert
M € Sect(c). Since both choice and [— ], are interpreted as the identity, the rules

Q-CHoice-ComMPp and Q-CHOICE-AX are validated. a

5.1.7.1 Discussion

The choice operator is quite unusual and seems paradoxical at first so that a few ex-
amples explaining its use are in order. Let —1:=[(0,1)]p ~and —1":=[(2,3)]5
where 1,2, 3 are abbreviations for the corresponding numerals of type N and Ry
is as defined in Sect. 5.1.5. Now since 043 Z 142 we have Rme[(0,1),(2,3)], and
thus —1 Z —1’. On the other hand, choice(—1) = (0,1) and choice(—1") = (2, 3).
It seems as if we could conclude (0,1) L (2,3) which would be a contradiction.

Now —1 £ —1’ means
VP:Int — Prop.(P —1)= (P —1)

In order to get a contradiction from this, we would have to instantiate with P =
Az: Int.choice(—1) L choice(z). But this expression is not well-typed since z: Int
choice(z) (the context z:Int contains a quotient type) is not. Thus, in some sense
the choice operator does not respect Leibniz equality. As with any term former it
does of course respect definitional equality, so in an extensional setting where the

two equalities are identified choice would be unsound.

The main usage of the choice operator is that it permits to recover the underly-
ing implementation of a function between quotients internally. For example, if we
have defined some function F : Int — Int in non-quotiented context I' (so in partic-
ular /" may not just be a variable) then we may form I',u: N X N = I [u] : Int,

apply choice and abstract from u to obtain F’ := Au:N x N.choice(F [u]p ) :
(N x N) — (N x N) Now using Q-CHOICE-AX we obtain I' , u:N x N F



F [U]Rm = [ U]RIH
['F Vu,v:N X N.Ryye[u, v] = Ri[F" u, F' v] using the above and Prop. 5.1.10.

L Int and moreover—since Ry, is an equivalence relation—

Yet another application of choice arises from the use of quotient types to model
“non-constructive” types like the real numbers. Assume that we have defined a
type of real numbers Real as a quotient of a suitable subset type RealRep of N —
N (thought of as of decimal or continued fraction expansions), the quotienting
relation being that the difference is a fundamental sequence defined in the usual
¢-0 style. Now since different real numbers can be arbitrarily close together, there
can be no non-constant function from the quotient type Real to a ground type like
N and, more generally, all functions from Real to Real must be continuous. This
has been brought forward as a serious argument against the use of quotienting in
a constructive setting, since if one has defined a real number one cannot even put
one’s hands on its first digit! Using the choice operator one can at least solve this
last problem. Assume that we have defined a real number R in the empty context,
say e or m. We may then form F choice(R) : N — N and from this extract desired
intensional information like the first digit or other things. However, it is still not
possible to write a non-constant function from the reals to N. Notice that this
lack is not particular to the setoid model, but directly inherited from the target
type theory which does not provide functions from N — N to N which respect
the “book”-equality for real numbers. Similarly, in the setoid model we have no

non-constant function from Prop to N because this is so in the target type theory.

The constructive real numbers furnish another illustrative example due to
Troelstra [104] for the failure of the axiom of choice because choice functions
need not preserve equality. Consider the function f[x] = 2® — 3z. Although
f 1s surjective it has no continuous right inverse. In Sy surjectivity, that is
Va:Real. Ja: Real. fz] L a, follows using Qind from Va: RealRep.Ja: Real. fz] L
[&]RRMI where Real = RepReal/Rpea. This in turn is readily established by case
distinction on a. But since this case distinction does not preserve equality of real

numbers we cannot lift this operation to a function on the real numbers themselves.



5.1.8 Type dependency and universes

As announced earlier, the model Sg does not provide any type dependency other
than the one induced by propositions. In particular we have neither universes
nor “large eliminations” [2]. Formally, this can be seen as follows. Assume that
the target type theory contains an empty type O and an operator 7, such that
7,(M) : o if M : 0. Then in the setoid model Sy we also have this empty
type. Now if we had a universe containing the natural numbers and the empty
type then we could define a family of types n:IN F o[n] such that ¢[0] = 0 and
o[Suc(n)] = N. Now remember that the —.-component is left unchanged upon
substitution. So in view of the first equation (o[0] = 0) there would have to be a
function 7, : oy — T for every type 7 which contradicts the second equation if

T =0.

A major application of such families of types is that they allow to derive Peano’s
fourth axiom [85,97]. On the level of propositions we are still able to interpret this
axiom, that is we have 0 L Suc(0) = ff, provided this holds in the target type
theory. The difference is that Prf(ff) is weaker than the empty type because in
the presence of an element of Prf(ff) every proposition is true, but not every type

is inhabited.

Universes are also used for modularisation and structuring. E.g. using a uni-
verse it is possible to define a type of monoids or groups and to identify the
construction of the free group over a monoid as a function. If we want to use
universes in this way then we are not interested in quotienting the universe itself
or types derived from it like U — U. So it should be enough to allow quotienting
for small types, i.e. those of the form EI(M) for some M : U. Moreover, there does
not seem to be a need to define a function from a quotient type into a universe,

unless this function arises by weakening or substitution.

We have investigated an extension to the setoid model which admits a universe
restricted in the sense that quotient types and inductive types and elimination of

them is only allowed within the universe. This will concern us now.



In this model, types (in the empty context for now) are triples ¢ = (Giypes Tsets
Orel) Where Oyype is a type, oge is a family of types indexed by o¢ype and finally
ora is a partial equivalence relation on each oge[s] for s:ogype. It is not possible
to compare : 0get[s] and s 04ei[s’] unless s, 8" oype are definitionally equal. Now
the universe has —yp. component U, whereas types of the form EI(M) have trivial
—iype component 1. Quotienting will then only be possible for such “small” types.
Similarly, the families in elimination rules like the one for the natural numbers
or the one for quotient types will only range over small types. So in particular
we cannot define the above family o over N, because this would require primitive

recursion with result type U. Let us now study the model in more detail.

Contexts are defined as triples I' = (I'ype, L'set, 've1) Where I'ype is a syntactic
context. D'y 1s a syntactic telescope over I'yype. The third component I'ye is a
proposition
9:Teype » 77" Teetlg] F Tratlg, 7,71 Prop
such that I'. defines a partial equivalence relation, i.e. we have
9: Liype s 7,7 Taet9]
Prf(Tyer[g, v, ¥']) F Tralg, 7', 7] true SYM

g: Ftype » Vs 7/7 7”: Pt [g] s
Prf(Tvalg,v,7']) » Prf(Tralg, v/, 7"]) & Tralg, v, "] true TRANS

As usual, equality between such contexts is given by definitional equality of all
three components. So a context can be seen as a context of deliverables equipped

with a partial equivalence relation on each fibre.

A morphism between two contexts I', A is a pair f = (fiype, [set) such that

g: Ftype F ftype[g] : Atype
9: Liype » 7 Fset[g] - fset[977] : Aset[ftype[g]]

and moreover

g: Ftype s Vs 7/: Lset [9] )
Prf(Tralg, v,7']) F Avalfiypeld]; feetlg, 7], feetlg, 7] true RESP



A family over context I' is now given by a triple 0 = (T type, Tset, Orel) Where

g: Ftype l_ Utype[g]
9: Liypes St Oypelg] F osei[g, 5]
g: FtYPe ) 5t UtYPe[g] )y V- Fset[g] y Ly ' Uset[gv 5] + Urel[97 7,58, T, l'/] : PI’OP
in such a way that o, is symmetric and transitive and compatible with I';q, 1.e.
9: Tiype , s Utype[g] ) Fset[g] T,z Uset[gv 3] ) SYM

Prf(Tiellg,v,7]) , Prf(ovelg, v, s, 2, 2']) F ovelg, 7, s, 2/, 2] true

G: Diype » 1 0typeld] » Vi Lsetlg] s @, @', 2" 0setly, 8] TRANS
Prf(rrel[gv Y5 7]) ? Prf(o-l“el[gv ERIEE l’/]) ” Prf(o-l“el[gv 7y S xlv l’”])

F ovelg, v, s, 2, 2" true

9: Diype » S 0typelg] 5 Vo7 Tsetlg] > @y 2" 0set]g, 9] , Cowmp
Prf(Tiellg,v,7']) , Pri(ovalg, v, s, @, 2']) F ovalg, 7', s, x, 2'] true
We notice that since oy does not depend on 'y, the last axiom COMP can be
formulated in the same simple way as before for ordinary setoids. Indeed, in this
setup dependency and quotienting are entirely separated. Again, we have the

relativisation of symmetry and transitivity to “existing” elements of I'ge.

The remaining structure is forced by the construction, so we leave it to the

reader.

More interesting is the definition of the universe in the empty context. We
shall require the target type theory to support a universe (U, El). In particular,
this universe may be (Prop, Prf) in which case we obtain an impredicative universe
in the model different from the semantic universe of propositions which exists too.
The universe is defined by

Uiype = U

Uset|[X: U] = EI(X) — EI(X) — Prop

Usa[X:U][R, R:EI(X) — EI(X) — Prop] =
(Va, 2" El(X).(R x 2') = (R 2’ 2)A
(Vo, o', 2" EI(X).(Rz 2') = (Ra' 2") = (R z 2"))A
(Va, 2 EI(X).(R z 2') & (R x 2'))



This means that a morphism f from I' to T - U assigns to ¢:['iype an element
Fiypelg] : U and to 7v: T'set[g] a relation El( fiypelg]) — El( fiypelg]) — Prop in such a
way that if ['ei[g, 7, 7] then this relation is symmetric and transitive and moreover
if Tietlg,7v,7] then the relations associated to v and 4" are equivalent. In other
words such a morphism induces a family over I'. This family is formally obtained

by substituting f into the generic family El € Fam(T - U) defined by

Eliype[ X: U] = 1
Eleet[X: U, u: 1] = EI(X)
Ela[X:U ,u:1,R: X — X — Prop, z, 2 El(X)] =R z 2

It is easy to check that this indeed defines a family, because symmetry and trans-

itivity are relativised to those R: X — X — Prop for which U,q[X, R, R] holds.

The universe thus obtained is closed under all type formers the original universe
from the underlying type theory is closed under and in addition it is closed under

quotient types. We leave the details to future work.

5.2 The groupoid model

We have seen in the last section that the setoid model Sy is of rather limited use
when one wants to interpret genuine type dependency other than the one arising
from proofs depending on propositions. For instance, we were unable to define a
family of types over the natural numbers by primitive recursion. The reason was
that the set-part of a family did not depend on the set-part of its context, only
the relations were made dependent. In order to overcome these limitations an
obvious change is to make the —g-parts dependent, too. So a setoid depending
on a context of setoids I" would consist of a type in context 'y, i.e. I'sep F Tget
and an equivalence relation on each of the o[y], i.e. Tt , @, 2" 0ger F 0rer together
with terms refl, sym, trans having the appropriate types. Now in order to define
context extension one needs a relation on the context I', x: 0. This means that
there must be a way of comparing elements in oy[y] and ogi[y'] if v and 4" are

related. A natural way of achieving this consists of assuming functions mediating



between the two, i.e. a term

v 7/3 Lset  p Frel[% 7/] y L2 0sget [7] + UreindeX[pv x] P Oset [7/]

One would then expect that o engex sends related elements to related elements and
so forth. It is because the proof p of T'iei[y,7] is used computationally in o reindex
that all the relations have to be proper dependent types and not just families of
propositions. Another way, which we pursue in Section 5.3, consists of defining
the relations o, between elements in different fibres ogei[vy] and og[y']. The

component oreindex 18, however, still needed.

Now it turns out that in order to obtain a model of type theory along these
lines one needs to impose certain equational constraints on these proofs of re-
latedness and also on the witnesses refl, sym, trans which cannot be guaranteed in
a purely syntactic model. The construction can, however, be carried through in
an extensional set-theoretic framework and is of interest for the following three

reasoIns.

First, the model shows that from the identity elimination rule J alone it is not
possible to prove that any two elements of an identity type are propositionally
equal, that is it provides the proof promised in Sect. 3.1.2 that the additional

elimination rule IdUni introduced there is indeed necessary.

Second, the model gives a semantic view on the dichotomy between definitional
and propositional equality. Definitional equality is the ambient set-theoretic equal-
ity in the model, whereas propositional equality gets interpreted as generalised
isomorphism. This establishes in particular the soundness of a rule which defines

propositional equality between elements of a universe as isomorphism.

Thirdly, we consider the model as the “correct” definition of dependent setoids
as opposed to the somewhat ad hoc formulation in Sect. 5.3 below. This latter

construction is motivated and clarified by the interpretation we shall give now.

Since in the model types are interpreted as groupoids, that is small categories
with isomorphisms only, we call the model the groupoid interpretation of type the-

ory. Much of the material presented here has been published in a joint paper with



Streicher [47]. A similar model has independently been studied by Lamarche [58]
without, however, noticing the implications on propositional equality. In [47]
the model was described in rather abstract terms using the notion of fibration
of groupoids. Here we give an elementary description avoiding categorical lan-
guage as much as possible. We use informal Martin-Lot type theory to denote
sets and families of sets as well as elements. In particular we write Ila€ X.5(x)
for the cartesian product of a family of sets S indexed over a set X, and we use
Yre X.5(x) for the disjoint union of all sets in an X-indexed family 5. We denote
pairing by (x,y) and projections by .1 and x.2. Also we use Az€ A....and M N

for set-theoretic functional abstraction and application, respectively.

In the following we define groupoids and families of groupoids and show how
they give rise to a syntactic category with attributes which interprets the stand-
ard type formers including universes and the intensional identity type, but which

nevertheless violates uniqueness of identity. Functional extensionality will be avail-

able, though.

5.2.1 Groupoids

Definition 5.2.1 A groupoid is a small category in which all morphisms are iso-

morphisms.

In elementary terms a groupoid X consists of a set X¢ 4 and a “proof-relevant”
relation on it, i.e. for each x,y € X a set Xia(x,y) which is provably an equi-

valence relation. This means that there are functions

refl € HJ/'E Xset-XI‘el(x7 l’)
sym € Hl’, ye Xset-Xrel(xv ?J) - Xrel(y7 $)
trans € Iz, y, 2€ Xeet. Xva(y, 2) X Xeal(z,y) — Xya(z, 2)

Notice the order of arguments to trans which differs from the one used for trans-
itivity of Id or of setoids in Sect. 5.1. We have adopted the applicative order here

to be in line with usual practice in category theory.



Moreover, these functions must satisfy the following equations.

where we have omitted the X-arguments. If X is a groupoid we refer to its
components by Xget, Xvel, Xvei, Xsym, X trans- 1f the groupoid we are referring to

is clear from the context we use the following abbreviations

L= Xien(2)
¢ := Xtrans(P, ¢)
ph = Xym(p)

We also sometimes leave out the —. oy and —.. subscripts.

Examples. For each set X we have the discrete groupoid V(X) defined by
V(X)set = X and V(X )ya(z,y) = {x} if z =y and @ otherwise.

If X is a set and (& is a group we define a groupoid G @ X by (G @ X)set = X
and (G @ X)a(z,y) = G if © = y and () otherwise. Here refl, sym, and trans are

defined in the obvious way using the group structure.

Every topological space X' gives rise to a groupoid with underlying set being
the set of points |X| of X and with the set of morphisms between points = and
y being the set of paths from = to y quotiented by homotopy, i.e. two paths are
identified if there exists a continuous mapping sending one to the other. For
example the groupoid thus associated to the surface of a ball is the discrete one
element groupoid V(|X'|) and the groupoid associated to the surface of a torus is

the groupoid Z ® |X|.

Every type I' - o in intensional type theory TT (without extensional concepts)
gives rise to a groupoid G(o) in the following way. The underlying set G(0)set is
the set of terms I' = M : o and the set of morphisms G(0)ra(M, N) between terms
' M,N : o is the set of proofs I' = P : Id,(M, N) quotiented by propositional
equality, i.e. 'F P Id(M,N) and I' - @ : Id(M, N) are identified if I' F Id(P, Q)



is inhabited. Identity, composition, and inverses are given by Refl,, Trans,, and
Sym , which are readily seen to lift to the quotient using Resp. The proof of the

groupoid equations is a nice application of the elimination rule ID — ELiM — J.

Remark 5.2.2 The definition of groupoids also makes perfect sense in intensional
type theory replacing “set” by “type” or “context”. The problem is that not many
groupoids exist if we ask the defining equations to hold in terms of definitional
equality. Indeed we see below why this definition would not be closed under most

type formers, notably function space and 1l-type.

Definition 5.2.3 Let X and Y be groupoids. A morphism of groupoids from X

toY s a functor from X toY when viewed as categories.

In elementary terms such a morphism f consists of a function fru, @ Xeet — Yot

and a “proof” that fr., respects the relations, i.e. a function

fresp : Hl’, yE Xset-Xrel(xa y) - Yrel(ffun(x)a ffun(y))

Moreover, this proof must respect refl and trans, i.e.

Fresp(1) = ¢

resp(pq) = resp(p)resp(q)

From this it follows that sym is also preserved. We omit the —p,;, and —yeqp

subscripts if no confusion can arise.

Example. If I' F 0,7 are types in intensional type theory and I';z:0 - Flz]: 7
is a “function” from o to 7 then F' induces a morphism of groupoids G(F') from
G(o) to G(7) by G(F)tun(M) := F[M] and G(F)resp(P) = Resp,, (F, P). Again,

the required equations are readily verified using ID-ELIM-J.

Proposition 5.2.4 Groupoids with morphisms of groupoids form a cartesian closed

calegory.



Proof. Composition and identities are their set-theoretic companions taken for
the element and resp-part separately. The terminal object 1 is the discrete one-
element groupoid denoted V({*}); the cartesian product is the product category.
We give the explicit construction of the exponential X = Y of two groupoids X
and Y.

(X = Y)eet = “the set of morphisms from X to Y”

(X = Y)a(f,g) = “the set of natural transformations from f to ¢”
Thus an element of (X = Y )a(/f, g) is a function

p€ o€ Xeep.Yea(f(2), 9(x))

such that for each p € X,a(x,y) the equation

holds. The groupoid structure is given by

t(x) =1

pq(x) = p(x)q(z)

p~(x) = (p(x))™
If fis a groupoid morphism from Z x X to Y its abstraction A(f) is a groupoid
morphism from Z to X = Y. If 2 € Z. then A(f)(z) is the functor which
sends © € Xee to f(z,2) and p € Xya(x,2') to f(¢,p). Now if ¢ € Zia(2,2') then
A(f)(q) is a natural transformation from A(f)(z) to A(f)(z'). Its component at « €
Xset 1 f(g,¢). The naturality condition amounts to checking that f(q,¢)f(¢,p) =
fle,p)f(q,¢) which follows since f preserves transitivity (composition) in X x Y.

[t remains to verify the functor laws for A(f). We have
AN () () = fle0) =
AN ) () = f(pg, ) = f((p,)(q,0)) = f(p, ) f(q,0)

We leave it to the reader to define the evaluation morphism and to check the 3

and n equations. O



The exponential of groupoids cannot be defined syntactically in intensional type
theory, because there is no way to restrict the type-theoretic function space in
such a way that only those functions are included which preserve reflexivity and
transitivity up to definitional equality. An encoding in extensional type theory

should, however, be possible.

The assignment V(—) of groupoids to sets extends to a functor between these
categories and as such has a left adjoint A which sends a groupoid G to the
quotient set Geey/~ where ¢ ~ ¢’ & Gralg,g') # 0.

Definition 5.2.5 Let I' be a groupoid. A family of groupoids indexed over I' is
a functor from I' viewed as a category to the category of groupoids. The set* of

families over a groupoid I' is denoted Fam(I').

In elementary terms a family of groupoids over I' consists of a groupoid o(~) for
each element v € I'set. Moreover, these groupoids must be compatible with each

other, i.e. there is a reindexing function

T reindex € H77 7/6 Fset-rrel(77 7/) — U(V)set — U(Vl)set
and a “proof” that this operation respects the relations, i.e. a function

Oresp € 17,7 E€ Lser 1IpE Trer (7, 7). M, vE€ 0 (7 )set.-
(Y )ret(t, 0) = (Y )rel(Treindex( P, 1), Treindex( P, V)
So far we have the notion of dependent setoid sketched in the introduction to this
section. But now again we impose further equational constraints. Both oiendex

and 05, must respect the groupoid structure, i.e.
Ureindex(ba U) =Uu
O-reindex(pqa U) — O-reindex(pa Ureindex(qa U))

Uresp(bap) =p

4This is meant to be a “naive” set. In order to avoid size problems one might require

the groupoids taken on by the functor to be small w.r.t. some universe.



O-resp(pQ7 T) = O-resp(pv Uresp(qa T))
O-resp(pa L) =1

O-resp(pa qT) - O-resp(pa Q)Uresp(pa T)

It o is a family of groupoids indexed over I' we refer to its components by o,
Orely Orefly Osyms Otrans- We thus allow both opa(y , s, 8") and o(7)ra(s, s) to denote
relatedness of s and s’ in the fibre over v € I'y. If the family under consideration
is clear from the context, we abbreviate oreindex(p,u) by p - u and also oresp(p, ¢)
by p - ¢ in accordance with the convention to use the same name for object and
morphism part of a functor (For p € T'yei(y, ') the pair (Oreindex(Ps —), Oresp(P, —))
is a functor from o(v) to a(').).

Examples. Every family of sets {5, },ex induces a family of (discrete) groupoids
indexed over V(X) in the obvious way. Moreover if X and Y are groupoids we

define the constant family Const(X,Y’) over X by

Const (X, Y )eer () = Yot independent of x € X
Const(X, Y )ra(z,y,y") = Yialy, y')

Const (X, Y )reindex(P,¥) = ¥

Const(X, Y )resp(p, ¢) = ¢

We also note that families of groupoids over the terminal groupoid 1 are in 1-1

correspondence to (non-dependent) groupoids.

A family of types ', z: 0 F 7[z] in T'T almost gives rise to a family of groupoids
over G(o). Indeed, if ' = M : o is an element of G(0)set then we obtain a groupoid
G(r) (M) := G(r[M]). Moreover, if I' = P : Id, (M, M’) then Subst, (P,—)
induces a morphism of groupoids from G(7[M]) to G(7[N]). However, we do
not have Subst (Trans (P, @), M) = Subst (), Subst (P, M)) as required by the
second law for o.q,, but only the corresponding propositional equality. Also the
Subst -functions do not lift to functions defined on G(o ). Nevertheless it is an
instructive exercise to verify the equations for families of groupoids in this case up

to propositional equality.



More examples arise from the interpretation of the type constructors which we

are going to describe.

5.2.1.1 Comprehension and Substitution

Let I' be a groupoid and o € Fam(I'). We define the comprehension of o denoted
I' - o as the following groupoid:

(I 0)set = Y€ Daer-0set(7)

(I o)eal(y,u) 5 (75 0) = Bpe Tvaly,7).00a(y" s p - u,v)
(I o )ren((7, ))Z(Freﬂ(v)aareﬂ(%U))

(pa)™t =" 07"

(p:q)

(r,d) = (pp q(p-q'))

p,q
p,q

Notice that in order for these definitions to typecheck the equations imposed on
families are required. For example, for (I'vea(7y), oren(v,w)) € (I' - 0)paa((v,u)
(v,u)) it is required that opea(y,u)€ ova(y , Tren - u,u) and this follows from

Tien - u = u.

It remains to check that I'- o is indeed a groupoid. We only verify associativity

of transitivity.

()P, aNP" q") = (pp' a(p- )", ¢") =
(pp'p" q(p- ") pp" - ¢") = (pp'p",q(p- (d'(¥' - 4")))) =
(p,)(P'P". d(¥ - ¢") = (p, (P, )", "))

The canonical projection p(o) is the first projection from (I' - 0)ger t0 T'ser which
is obviously a morphism of groupoids. The reader familiar with category theory
will have noticed that this defininition of comprehension is a special case of the

so-called “Grothendieck construction”.

Now let I'; A be groupoids, o € Fam(A) and f : I' — A. The composition
oo [ is a family of groupoids over I' which defines the substitution o{f}. In more

explicit terms we have

o {fFeet(VE Lset) = Oset( frun(7))



o {[1ra(YE€ Tset » w,v€ 0 {f}et(7)) =
Orel( fran(7), 1, v)

o{ [ reindex(7: 7'E€ Lset, PE Lvat(7,7') s u€ o { [ }set(7)) =
f(p) - u€o{flee(y)

The other components are defined accordingly. It is immediate from the definition
that this substitution operation satisfies the split property o{fog} = o{f}{g}
and o{idp} = 0.

Finally, we have the morphism ¢(f, o) from I' - o{f} to A - o whose function
part sends (v,u) to (frn(7y),u), and it is readily seen that the following diagram
is a pullback in the category of groupoids:

qa(f,o)

I-off
{ }J
p(e{f}) p(o)

r A

This shows that groupoids and families of groupoids form a category with attrib-
utes in the sense of Remark 2.4.11. For technical reasons it is, however, appropriate

to separate sections from their associated context morphisms as follows.

Sections. Let o € Fam(I'). A section of o is a pair M = (Mg, Myesp) Where
Mel € H’}/E Fset-aset(’y) and Mresp € H777/E Fset-l_[pe Frel(’ya’}//)-arel(’}// P Mel(7)7
Ma(#')) in such a way that the following two equations hold for v,7', 7" € T

and ¢ € I'a(7,7') and ¢ € Ta (v, 7"):
Mresp ret(7)) = ren(Ma(y)) € ovaly, Ma(7), Ma(y))

Miep(Pq) = Miresp(p)(p - Mresp(q)) € ava(7”, (pq) - Ma(v), Ma(y"))

If M € Sect(c) we define the associated context morphism M : ' — T' - o by
Mean(7) := (7, Ma(7)) and M yeqp(p) := (p, Mresp(p)). This obviously defines a 1-1
correspondence between the set of sections and the set of right inverses to p(o).

We can now conclude:



Proposition 5.2.6 Groupoids and families of groupoids form a syntactic category

with attributes.

5.2.2 Interpretation of type formers

We now investigate the closure properties of this model w.r.t. various type formers.
It turns out that the groupoid model supports almost all the set-theoretic type
formers, so in particular those studied in the monograph [85]. Here we restrict
ourselves to the interpretation of sum and product types, the identity type, natural

numbers, and a universe.

5.2.2.1 Interpretation of the dependent sum

Let o be a family over I' and 7 a family over I' - 0. We want to construct a family
over I' which interprets the ¥-type ¥s : 0.7(s). It is a dependent version of the
comprehension groupoid from Section 5.2.1.1. It is defined by

Y0, T)set(VE Tser) = USE et (V) Tset (7, §)
Y0, T )ret(VE Tset » u, VE X (0, T )set (7)) =
Yp€ ora(y, u.l,v.1).ma((v,0.1) , (¢, p) - u.2,v.2)
3(0, T )ret(VE set, u€ X(0, T)set(7)) = (¢,¢)
(o) =)
()P q") = (o' a(p - ¢)
p-(s,t)=(p-s,(pt)-1) Reindexing on elements.
p-(qg,r)=(p-q,(p,c)-r) Reindexing on morphisms.

The verifications are essentially the same as in Sect. 5.2.1.1 and are left to the

reader.



Projections and pairing If M is a section of ¥(o, 7) then taking the first /second
projection in the el- and the resp-part separately yields two sections, one of o de-
noted M.1 and one of 7{M.1} denoted M.2. On the other hand, component-wise
pairing turns sections N; of o and Ny of 7{N;} into a section (Ny, Ny) of X(a, 7).
These operations are inverse to each other, i.e. (N1, N2).1 = Ny, (N1, N2).2 = N,
and (M.1, M.2) = M. Compatibility with substitution is straightforward.

The groupoid model thus admits extensional ¥-types in the sense of Prop. 2.4.27.

5.2.2.2 Dependent product of groupoids

Let o, 7, I' be as before. For each v € 'yt let 7(y) denote the family of groupoids
over the groupoid (oset(7), ore(7y)) defined by

T(V)set(5€ Tset(7) = Tser((75))

T(Vrel(5€ Tsei(7)) = Tra((7, )

In fact 7(7) is just a special instance of substitution along the morphism from the
one point groupoid to I' determined by v € I'i;. Using this notation we define the

dependent product of 7 along o as a family over I' by

(o, 7)set(v€ ) = “The set of sections of 7(7)”

H(Uv T)rel(’)/e I ) M7 Ne H(Uv T)Set(’y)) =
“The set of natural transformations from M to N”
Natural transformations are defined in the same way as for the exponential of
non-dependent groupoids. Also the fibre-wise groupoid structure is like in this

example. A bit trickier is the definition of reindexing. For p € T'a(7,7') and
M € 1l(o, 7)set(y) we put

(p- M)a(s€ ae(v)) = (p,e) - M(p™" - s)

Here M(p™ - s) is an element of Tei(v,p™" - s). Now since p- (p~'s) = s the
pair (p,¢) lies in (T - a)ra((v,p7" - 5), (7, 8)). So the definition makes sense. The

morphism part is similar:

(P M)resp(q€ gra(7',5,8')) = (p,0) - M(p~" - q)



Finally we must define the resp part of reindexing. So let u be a natural trans-
formation from M to M" in (o, 7)set(y). We must define a natural transformation

from p- M to p- M'. Its component at s € oget(7') is

(p,e) - u(p™" - s)

which is an element of 7.a((7',s) , (p- M)(s),(p- M')(s)). The verifications are

tedious but straightforward.

Abstraction and application. We want to show that the groupoid model ad-
mits products in the sense of Prop. 2.4.17; so we have to define abstraction and
the evaluation morphism. In the above situation let M be a section of 7. Its
abstraction A, (M) is a section of II(o, 7). Its element part at v € 'y is the
section of 7(v) sending s € oeet(7) to Ma(7,s) and ¢ € ora(7, s,8") t0 Myesp(t, q)-
Its resp-part sends p € I'yei(y,v’) to a natural transformation from p - A, -(M)(7)
to Ao (M)(%'). Its component at s € oge(7) is M(p,¢) which is an element of

Traa((758) 5 (P Aor (M)(7))(s), M(7', 5))

The evaluation morphism
evor: oo -Ml(o,7){p(o)} = T'-0o-7

sends (y,8, M) : (I' - o- (o, 7){p(0)})set t0 (7, Me s) and acts similarly on morph-

isms. The verifications are left to the reader.

5.2.2.3 The identity groupoid

Now we come to the most important part of the model construction. Due to the
particular properties of groupoids and families of groupoids it becomes possible to
define an identity type which is different from the categorical equaliser, and hence

is truly intensional. We use the semantic framework of Def. 2.4.24.

Let o be a family of groupoids over I'. We form the groupoid I' - o - ot which
corresponds to the context v:I' | s, :0(v). Over this groupoid we define the
family Id(o) by

Id(a)((7,5,5") = V(owal(7, s, 5))



Thus a proof that s, s € og(7y) are propositionally equal is an element of oya(7, s,
§"). Two such proofs are related only if they are actually equal. Thus proposi-
tional and definitional equality on identity types coincide in the groupoid model.
Coming back to the example of topological spaces and homotopy we would thus
consider two points of a topological space as “propositionally equal” if there exists
a path linking the two, and two such paths are propositionally equal if they can

be continuously transformed into one another.

It remains to define the reindexing functions for 1d(o). If (p,q,r) € (I'- o -
o et((758,8") 5 (71, 81,87)) and h € 1d(0)set(2, 8, 8') = ora(7 , 5,8") then

(P.g.7) - he=r(p-h)g" € ovaly',51,51) = 1d(0)see(7, 51, 51)
Notice that by the definition of I' - o - T we have p € Tya(v,71), ¢ € ora(p - s, 51)
and r € opa(p - &', 8)). Moreover since h € o.a(s,s’) by definition of families we
have p-h € oa(p-s,p-s’). So the above definition of reindexing in Id(o) is “well
typed”.
We check the transitivity law:
(g, )P’ q's ") = (pp'.q(p-¢),r(p-r")) - h =
r(p- )P ) a(p-¢) 7 = () e )P g et =
r(p- (70 R ))e™ = (pygsr) - (W' r) - h)
Now if x € Id(o)ra((7, s,8") , b, h')—in other words if h and " are equal—then

clearly (p,q,r)-h = (p,q,r)- k', so we put
(p7 q, T) k=K

For this definition to work all the coherence equations imposed on families of

groupoids are indeed required.

Identity introduction. Recall that ¥, : I'- ¢ — T'-o-o% is the diagonal
morphism from I'-o to I' - o-0t defined on elements by (V5 )gun(7, 5) = (7, 5,5). We
must construct a morphism Refl, : I — I'- o - ot -1d(c) with p(Id,) o Refl, = v,.
It is defined by

(Refl; )un(7,5) := (7, 5,5, 0ren(5))

(Refly )resp (P, 4) := (p: ¢, 4. %)



This definition implicitly uses the equation
-1 -1

(g, q) - refl (o) (v, 5) = q(p-1)g™ =qq7 =

deduced from the laws for families of groupoids.

Identity elimination. Let 7 be a family over the family I'- o - 6% - Id(o) and

let M be a section of 7{Refl,}. We construct a section J, (M) of 7 by
JU7T(M)61((77 5, 8/7 Q)E (F oot Id(a))set) = (Lv 2 %*) ) M(77 5)

This works since (7, s, s, oren(s)) and (7, s, s', q) are related in I' - o - o - 1d(o) by
(¢,¢,q,%) because (¢,¢,¢) -t = qu = q.

It remains to define J, (M )pesp. Let
(p, T rlv*) € (F oot Id(a))rel((% 5, 5/7 Q), (717 51, 5/17 ql))

or equivalently p € I'wa(v,v'), ¥ € ova(y1,p - 8,81), ¥ € ora(y11,p - §,8,), and

g1 =7'(p-q)r~'. We must exhibit an element of
Teet((Y1: 51,81, 1) (P %) = (5 6,.%) - M(7,8) (45 4,.q1,%) - M(71,51))
Now
M(p,r) relates (p,r,r,x)- M(y,s) and M(y1,s1)
since M is a section. So we have

(Lv 2 T/(p ' Q)r_lv*) : M(p7 T) relates (p7 r, T/(p ' Q)v*) ) M(77 S)

and (¢, 0,7 (p-q)rt, %) - M(71,51)
by “multiplying” by (¢, ¢,7'(p - ¢)r~', %) which is the desired proof since
(P, 7" 5) (10,4, %) = (p, ' (P - 4), %)
by definition of transitivity in I'- o - o7 and ¢, = v/(p- ¢)r~* by assumption.

Proposition 5.2.7 The groupoid model supports intensional identity types.



5.2.2.4 Functional extensionality

It is immediate from the definitions of the dependent product and the identity type
that the latter supports functional extensionality, i.e. that Ext constants as defined
in Sect. 3.1.3 can be defined, and that Turner’s equation (Eqn 3.2 in Sect. 3.1.3)
holds. This is important, because we do not have uniqueness of identity in the

groupoid model as shown below in Thm. 5.2.8.

5.2.2.5 The base types

The types 0, 1, N may be interpreted by the discrete groupoids V(0), V({x}),
V(N). These are initial, terminal, and natural numbers objects, resp., in the cat-
egory of groupoids from which it follows that the introduction and elimination rules
can be interpreted. One may of course construct them explicitly as well. It is also
possible to define a groupoid of lists even over a non-discrete groupoid, but we have
not checked whether arbitrary parametrised inductive definitions can be carried
out in the groupoid model. Certainly, arbitrary inductive definitions as provided
by Coquand’s pattern matching [17] cannot be interpreted, for then uniqueness of
identity would hold in the groupoid model contradicting Theorem 5.2.8 below. We
leave it as an open problem to determine whether the groupoid model supports
all “orthodox” inductive definitions, i.e. those which only provide Martin-Lof’s

canonical elimination rules as formalised by Dybjer [28].

5.2.2.6 Interpretation of universes

To interpret the universe we mimic the construction described in [65] of a model for
the Extended Calculus of Constructions. Let x be some inaccessible cardinal. This
means that x is regular (closed under union) and whenever a cardinal g is strictly
smaller than s then so is 2# [62]. Let U be the set of all groupoids lying inside
the level V,, of the cumulative hierarchy. We interpret the universe by the discrete
groupoid V(U). Since U is a model of ZFC it is closed under all constructions on
groupoids we described, so all the universe rules can be interpreted. Using a chain

of inaccessible cardinals we can also interpret universes containing each other. If



we are interested in a universe closed under impredicative quantification containing

only 0 and 1 we may use the discrete groupoid V ({0, {*}}) with EI(X) = X.

Inside the set-theoretic groupoid model we considered so far there does not
exist a non-trivial impredicative universe. However, groupoids can be defined in
any locally cartesian closed category, for example the category of w-Sets [100].
Here we can take U to be the set of those w-Set groupoids for which both the
set of objects and each homset are “modest sets”, see loc.cit. We conjecture that
in this way we get a non-degenerate (i.e. without proof-irrelevance) model of the

Calculus of Constructions.

We have not looked in detail at universes admitting universe induction. However,
since the category of sets is a full subcategory of the category of groupoids (via
V), every set-theoretic construction of such a universe should carry over to the

groupoid case, see for example [28].

5.2.2.7 Quotient types

The groupoid model admits the interpretation of intensional quotient types as
defined in Sect. 3.2.6.1, at least in the case where the quotienting relation p is
internally an equivalence relation. If ¢ € Fam(T') and p € Fam(I'-o - o7) is
such that there exist sections of the appropriate families witnessing reflexivity,
symmetry, and transitivity, then we can define a groupoid o/p by (0/p)set = Oset
and (o/p)er(7y,s,8") = Alp(7,s,s")) where A is the left adjoint to V defined after
the proof of Prop. 5.2.4. The rules for quotient types can be interpreted in this way,
but due to the absence of uniqueness of identity we would like to have further rules
which constrain the equality proof obtained by Qax (see rule Q-I-AX). A special
case of this problem will be considered below in Sect. 5.2.4. The formulation of a
general quotient type former in the groupoid model of which this example would

be an instance is left for future research.



5.2.3 Uniqueness of identity

We are now ready to give the promised proof that uniqueness of identity is not in

general definable.

Theorem 5.2.8 Uniqueness of identity is not uniformly definable at all types, in
particular it is not definable at the type = La: U.El(x).

Proof. If uniqueness of identity is definable at some type I' F o then by the
soundness theorem 2.5.6 and the fact that all groupoids Id(c)(7, s, s') are discrete,
every groupoid [I' | o](v) for v € [I'] must be a pre-order, i.e. every set ([I' |
o] (7))ret(x, 2") has at most one element. But the interpretation of Ya:U.El(x)
does not have this property since in particular it has the element (Zy @ {*},*)

which has two different endomorphismes. a

We remark that in view of Propositions 3.1.1 and 3.1.2 the interpretations of all
types definable from N using II, 3, Id must be pre-orders, in fact they are discrete,
which may also be seen directly from the definition of these type formers in the

groupoid model.

Since uniqueness of identity can be defined using pattern-matching (Sect. 3.1.2.2)

we obtain the following important corollary:

Corollary 5.2.9 Pattern-matching is a non-conservative extension of Martin-Lof

type theory.

5.2.4 Propositional equality as isomorphism

The lack of uniqueness of identity in the syntax has been considered as a drawback,
which can be cured by the introduction of the IdUni constants. There may,
however, be circumstances under which the existence of more than one proof of
identity is actually useful. Omne such is provided by the following extension to

TT with one universe (U, El) which may be soundly interpreted in the groupoid



model. For reasons of exposition we assume functional extensionality and an

explicit constant Subst as in TTy although it is definable from J. Let
[so[x,y: U] := X f:El(x) — El(y).Xf": El(y) — El(z).
IdEl(x)ﬁEl(x)(f/Ofv id) x IdEl(y)ﬁEl(y)(fOflvid)
be the type of propositional isomorphisms between El(x) and El(y). If F :
Iso[ X, Y] let F also stand for the first component F.1 : EI(X) — EI(Y) and

let F'=! stand for the second component F.2.1 : EI(Y) — EI(X). Now consider the

following new introduction rule for propositional equality on the universe:

'-X,y:U I'F F:Iso[X,Y]

Univ-Ip
I'F Univld(X, Y, F) : Idy(X,Y)

Moreover, we introduce a definitional equality describing the reaction of Subst to

Univld:

['F F:lIso[X,Y] I'E M : EI(X)

Univ-InD-EqQ
I' b Subst y (X, Y, Univld(F), M) = F M : EI(Y)

So if we use Subst to rewrite an element M of EI(X) as an element of EI(Y)
then this equals the result of applying the isomorphism F' to M. Clearly, this
violates uniqueness of identity: this rule makes the operator Univld injective so
that if any two proofs of a propositional equality were identified then also any
two isomorphisms between types in the universe would be identified, which is a
contradiction as soon as the universe contains a code for a nontrivial type such as

N. Astonishingly however, the above extension is sound in pure TT.

Theorem 5.2.10 The above extension of TT can be soundly interpreted in the

groupoid model.

Proof. Let U be the groupoid with underlying set U the set of all small sets
(i.e. with cardinality smaller than some inaccessible cardinal) and with Ue(z,y)
the set of bijections between = and y. The identity bijection provides reflexivity;

symmetry and transitivity are given by taking inverses and composition, respect-

ively. We define a family of groupoids El € Fam(U) by El(x) = V(z) and if



p:x = yis a bijection between x and y, i.e. p € Upa(x,y) and e € Elet(2) = x,
then we put p - x := p(x). The Elesp-component is trivial since both El(x) and
El(y) are discrete. It is readily verified that this defines a family of groupoids.
Now we claim that this provides a model for the above extension to TT. Clearly
we interpret the universe as U and the El-operator as El. Now if XY € U, then
the interpretation of Iso is the set of bijections from = to y because EI(X) and
EI(Y') are discrete and thus propositional equality and semantic identity coincide.
By definition any such bijection is an element of U.(X,Y") and thus we interpret
Univld as the identity. Finally, it may be seen from the interpretation of J and
the definition of Subst that the latter is interpreted exactly by — i eindex 50 that the

equation UNIV-ID-EQ is validated. a

The rule UN1v-ID-EQ may be replaced by the simpler definitional equality

UnNiv-ID-EqQ’

I F UnivId(X, X, id[X]) = Refly(X) : Idu(X, X)
where id[X] : Iso[ X, X] is the identity function viewed as an isomorphism between

X and X. From UNIV-ID-EQ’ one obtains the propositional version of UNIV-ID-

EQ using J in the obvious way.

We do not know whether this extension has many applications as such, but one
might imagine more general extensions which allow to define quotient types with
proof-relevant equality relation of which the above universe would just be a special
case. For example, one could then quotient a slice category by isomorphism and
in this way obtain a pullback operation which is “split” up to Id. If one succeeds
in formulating the interpretation theory for dependent types inside type theory
and with propositional equality rather than set-theoretic extensional equality, one
could in this way address the problem of interpreting type theory in non-split
structures [23,46]. This ties in with the abovementioned work of Lamarche [58]
which attempts to base mathematics on isomorphism rather than equality using a
groupoid interpretation without, however, noticing the relationship with proposi-

tional equality.



5.3 A dependent setoid model

Our aim in this section is to give a version of truly dependent setoids which can
be presented as a syntactic model within TT. As we shall see, the model we end
up with has other drawbacks, so that it cannot really be considered superior to
So. The model, which we call Sy, is similar in spirit to the groupoid model, but
certain compromises have to be made since as we have seen the groupoid model is

not definable in intensional type theory.

We have argued that the reason for this is that the preservation of symmetry
and transitivity by context morphisms cannot be guaranteed as soon as one has
dependent products or function spaces. A natural attempt would be to drop
these requirements and to see how far one gets. Then, however, symmetry and
transitivity for contexrts may not be used in the definition of any type former, for
then stability under substitution would fail. To see why, consider a (contrived)
type former in the groupoid model which sends o € Fam(I') to B(o) € Fam(I')
(for all I') given by

B(o)e =0 for & € {set, rel, refl, sym, trans}.
B(U)reindex(pa 3) — Ureindex(rsym(rsym(p))a 3)
Now, if f : B — I' and o € Fam(I') then we have B(o){f} = B(o{f}), i.e.
stability under substitution of B, if and only if f,.s, preserves Bgym.

Now, if no type (and term) former may use symmetry and transitivity for
contexts, we can just as well omit them from the definition of contexts. It turns
out that the use of reflexivity in certain term formers is unavoidable, notably
in the interpretation of Subst —the elimination operator for the identity type.
Fortunately, using a trick we can ensure the preservation of reflexivity by all

context morphisms as we see below in Sect. 5.3.1.2.

However, we cannot ensure that reflexivity is preserved by reindexing, i.e. that

for all families 0 € Fam(I') and s : 04¢(7y) we have

Ureindex(rreﬂ(7)7 5) =S



The lack of this preservation property entails that certain definitional equalities,
notably ¥-CoMP and NAT-COMP-SUC, only hold up to (semantical) propositional
equality in the model S; so that we can only interpret a weakened type theory
where these equations are replaced by propositional axioms in the style of ID-UNI-
I or EXT-FORM. This is not a principal problem because the model S; supports
uniqueness of identity and functional extensionality so that by Thm. 3.2.5 and the
remark at the end of Sect. 3.2.6 it has the same expressive power as TT1, namely

the one of extensional type theory TTEg.

Let us now describe the details. The target type theory, i.e. the type theory
in which the syntactic model is formulated, is TT, the core type theory with

dependent sums and products, identity types, and natural numbers.

Parts of the material have been previously published as [44]. The definition of
squash types in Sect. 5.3.5 is new and the material on universes (Sect. 5.3.5.1) has

been thoroughly revised and rewritten.

Definition 5.3.1 A context of setoids is a triple I' = (I'set, L'rel, Irent) where Dse

is a (syntactic) context and I'ye is a (syntactic) context relative to (I'ser, Uset), i-€.
Yo Fset ) 7/ : Fset l_ Frel[77 7/]
and I'ieq is a tuple of terms establishing reflevivity of e, i.c.

Y Teee F Dren[v] : Tral[7, 7]

Two contexts of setoids are equal if their three components are definitionally equal.

So a context of setoids is a reflexive graph if we view 'y as the set of nodes and

[raly, '] as the set of edges from ~ to +'.
Definition 5.3.2 Let I' and A be contexts of setoids. A morphism from I to A
is @ pair f = (frun, [resp) where

Y Daet B frun[7] 1 Aet

and

v 7/ e, p Frel[% 7/] + freSP[p] : Arel[ffunh]v ffunh/]]



such that reflexivity is preserved up to definitional equality, i.e.

v I'+ fresp[rreﬂh/]] = Areﬂ[ffunh/]] : Arel[ffunh/]v ffunh/]]

holds. Two morphisms between contexts of setoids are equal if their two compon-

ents are definitionally equal.

Proposition 5.3.3 The contexts of setoids together with their morphisms form a

category C with terminal object.

Proof. Clearly, morphisms are closed under component-wise composition and

contain the identity. A terminal object T is given by Taet = Trel = ¢ and Tren = ().
O

5.3.1 Families of setoids

Now we come to the most important ingredient—the definition of dependency in
the model. We first introduce a useful abbreviation. If I' is a context of setoids

and vy, ..., v, 1 Tser then

FCOHH[’VM s 7771]

denotes the context consisting of all types I'va[vyi,7;] for ¢,5 = 1...n,7 # j, i.e.
the ~; are connected by I'ye. So for example if 7,7 : 'y, then

FConn[’}/v 7/] = (Frelhv 7/] ) Frelhlv 7])

Definition 5.3.4 Let I' be a context of setoids. A family of setoids above I' is a

6'tupl€ 0 = (Useta Orely Oreindexs O syms O transs Uax) where
— Oget 15 a type depending on g

7 : Fset l_ T set [7]



— Ol 18 a dependent relation on oy
777/ (et 5 80 Useth] ) s’ Useth/] + Urel[sv 5/]
— Oreindex 18 the reindexing function which allows to substitute connected ele-
ments of et 1N Tget

777/ et p e Fconn[777/] y S Useth] CH Urel[svs] -

O-reindex[pa S, g] P Oset [7/]

such that o is symmetric and transitive and such that oremaex|p, s, 3] is always

ore-related to s. More precisely we require terms

7Y Teet

P Leonn7,7']

st osely], 8" oly],

q: Orells, ] F o oamlp, gl : orals’, 5]

757" et
p: Fconn[77 7/7 7”] 5
S Uset[’}/] 9 S/ : Uset[’}//] ) SH : Uset[’}/”] ?

q: Urel[sv 5/]  q Urel[slv 3”] - UtraHS[pa q, q/] : Urel[sv 3”]

Y57 Tset
P ¢ Peomn[v: 7] 5
$:0setY], 8t ovals, 8] F o oax[p, 8, 8] OrellS, Treindex| P, S, 5]
Two families are equal if all their six components are definitionally equal. We

denote the set of families of setoids over context I' by Fam(I').

Since ', is not assumed to be symmetric we must make I'conn[7y,7'] a premise
t0 Oreindex Tather than merely I'vqfy,7]. Otherwise, we could not define type
formers like the dependent product. The reflexivity assumption s : oyafs, s] in
0ax 18 needed, for otherwise from o, one could conclude that any two elements
of oset]7] are ope-related. The function o eindex could also be defined without this

assumption.



5.3.1.1 Comprehension and substitution

Let o be a family of setoids indexed over I'. Its comprehension I' - o is the context

of setoids defined by

(T 0)set = i Lset 5 81 0set[Y] 5 50 Oreal]s, 9]
(F ) U)rel[(% S,p), (7/7 Slvp/)] = p: Frel[% 7/] y 4 Urel[sv 5/])
(T 0 )ren]7, 8, 8] = (Trest[7], S)

Thus a typical context of setoids I' of length 2 takes the form

Fset = 81

—= = [ [ _ .
Frel[51751752782 781781782782] = D

[yen[$1, 51, S2, 2] = (51,52)

The morphism p(c) : I'- 0 — T" is defined by by

p(0)tan[y, 5,5 = 7
P(0)resp[p,a] == p
It follows immediately from the definition of (I'- ). that this is indeed a morph-
ism.
Let o be a family of setoids indexed over A and f be a morphism from I to

A. We obtain a family of setoids over I' denoted o{f} by pre-composing with f,

i.e. by putting

o {fsetlV : Tset] = Oset[frun[7]]

o{fhrels : Oset[ frn[V]] 5 8" 1 Teet[ fran[V]]] := Ora]s, 8]

o{ [ }reindex[P : Peonn[7,7'] 5 5 2 Gaet fran[V]] 5 5+ ovails, 8]] :=
Oreindex| fresp[P], 3, 3]
Here by a slight abuse of notation we have applied fresp t0 p : conn[7v,7]. This is
understood component-wise. The other components of o{f} are defined similarly

by pre-composition. We omit the obvious definition of the g-morphisms.



5.3.1.2 Sections

Definition 5.3.5 If o is a family over a context of setoids I' then a section of o

is @ pair M = (Me, M yesp) where

Yo Fset l_ Mel[’}/] * Oset [7]

and

v 7/ : Fset » P Frel[77 7/] - Mresp [p] : Urel[Mel[7]7 Mel[’}//]]

We denote the set of sections of o by Sect(o). Two sections are equal if both

components are definitionally equal.

Every section induces a context morphism from its context to the comprehension

of its type. More precisely, if M € Sect(c) then we define M : T' — T'- o by

Muwl[y] = (v, Maly], Mresp[Tren[7]])

Miesplp] := " (ps Mresp[p])
We check that reflexivity is preserved:

Miesp[Tren[1]] =

(Creav] s Mresp[Tren[v]]) =

I orenly, Maly], Miesp[Lren[7]]] =
I oren[Mpun[7]]

So although no equational constraints are placed on sections they nevertheless
induce proper morphisms. This is the “trick” used to obtain preservation of re-

flexivity. We have p(o)o M = idr as required.

Conversely, if f : I' — A-o then we construct a section Hd(f) € Sect(o{p(c)o f})
as follows. The —g-part of p(o)o f sends v : 'yt t0 6 := frun[7].1.1.2 1 Ager. Now

Sran[7]-1.2 is an element of o4[6]. So we put

Hd(f)elh/] = ffunh/].l.Q

The —iesp-component is defined analogously. We have f = q(f,0).Hd(f) and

M = Hd(M) so sections and right-inverses to canonical projections are in 1-1

correspondence. Summing up we obtain



Proposition 5.3.6 Setoids and families of setoids form a syntactic category with

attributes—the setoid model Sq.

A frequently asked question is whether one could not identify families as soon
as they have definitionally equal —g- and —,-components, but arbitrary —gym-,
—trans-s —reindex-s and —,-components. As we shall see, these components enter
directly the definition of the Subst -operator (and the derived operators Sym and
Trans witnessing symmetry and transitivity of the identity type). A fortiori we
would then have to identify equivalent morphisms, and to make substitution re-
spect this identification, we would also have to identify certain families. This could
only be achieved using a construction like that in the proof of Thm 3.2.5. The
resulting structure would probably be a model of extensional type theory, but not

a syntactic model in the sense of Sect. 1.3.2 for functional extensionality.

We now pass to the modelling of type formers, notably the identity type and
a Il-type satisfying functional extensionality. We also look at natural numbers
and Y-types where we see that certain conversion rules are only satisfied up to

propositional equality.

5.3.2 Dependent product

Let I be a context of setoids, o be a family over I' and 7 be a family over I - 0.

We define a family (o, 7) € Fam(I') as follows. Its type component is given by
(o, T)sety @ Tset) 1= 1Ls @ 0get][ 7] 115 1 0rel[$, 8] . Tset[V5 S, ]
The relation is defined by

(o, 7 )l : (o, T)see[7], V2 (0, T)see[v']] 1=
s : oge[V]TS : orer]s, s|IIs" 1 oot [YTI5 : el s, 8]

orals, 8] — TralU s 5,V s §

From the other components the definition of which is basically forced we single out

transitivity because it displays a perhaps unexpected need for the use of reindexing.



We assume the following variables:

Y5 7/7 7// : Fset ) f: H(Uv T)Seth/]v f/: H(Uv T)Seth//]v f”: H(Uv T)Seth/”] )
p: FConn[’}/v 7/7 7”] ) q1: H(O‘, T)rel[fv f/] ) q2: H(O‘, T)rel[flv f”]

We must show that II(o, 7)alf, f]. To that end assume
s1:0set[], S1:0vals1, 81) , 5210, [77], 521 0val[s2, 82) 5 e oval sy, 52

We have to construct an element of 7.[f s1 81, [ s2 $2]. We would like to use
Ttrans and g1, ¢z for this, but in order to do so we need an element of oy [7'] which is
related to both sy and s3. Using opeingex 1t 1s possible to obtain such element from
either s1 or sy using the hypothesis p: Uconn[v,7',7"], for instance o eindex[@, 1, 51]
where @ : Tconn[7,7'] is a part of p. The rest is obvious. This shows that with
a more general definition of transitivity that does not include the restriction to
connected elements of the context it would not have been possible to define the

[I-type.

Next we define introduction and elimination for the dependent product follow-
ing Def. 2.4.14. That is, if M € Sect(r) we construct A, (M) € Sect(Il(c, 7)) and
conversely if M € Sect(Il(o,7)) and N € Sect(c) we construct App, (M,N) €
Sect(r{N}). The element parts are

Aor(M)erlv @ Tset] := As @ Oset[V]-AS & e[ 8, 5]. M a7, s, ]

and

App, (M, Naly : Tser] := Maly] Na[y] Nresp[T'ren[]]

The relational parts are defined similarly. Also the governing equations are readily
checked. Stability under substitution may be verified by careful inspection by
hand or (better) using the Lego proof checker. The fact that morphisms preserve
reflexivity is crucial for this property to hold.

Proposition 5.3.7 The setoid model Sy supports dependent products.



5.3.3 The identity type

We are now ready to define the interpretation of the identity type in the model
Si. The basic idea is to interpret propositional equality on a type as the as-
sociated relation endowed with a trivial relation (namely any two elements are
related) so that we can interpret uniqueness of identity. In view of Sect. 3.2.3.1
this allows us to replace J by (the simpler combinator) Subst. Moreover, we can
interpret functional extensionality in the sense of Sect. 3.1.3.  Ext will satisfy
certain definitional equations which in particular ensure that all elements of type
N in the empty context are equal to canonical values. However, the definitional
equality LEIBN1Z-COMP is only validated up to propositional equality, that is we
can interpret a constant of the corresponding identity type. In [44] we sketch
the definition of a more complicated identity type in S; with “strict” LEIBNIZ-
CoOMP, but since—as announced above—other computational equations only hold

propositionally and there is no fix for those, we do not give this construction here.

Suppose we are given a context of setoids I' and a family of setoids o over I'.
We first form the context consisting of I' and two copies of o. In our notation this
is I'- o - ot. The identity setoid, denoted Id(c), is a family over this context. We
define it by

Id(o-)set[(77 S1, 81, S2, 52) : (F "0 U+)Set] = Urel[slv 52]

and

Id(o)er[z, 2" (T - 0 - 01 )eer , pr Id(0)set]2] 5 ¢: 1d(0)ser[2]] = 1

i.e. any two elements of 1d(0)set are related. Clearly this is symmetric and trans-
itive. To define the rewriter Id(o)reindex We make use of transitivity and symmetry
of o.e1. We see that although the relations on contexts are not assumed to be sym-

metric and transitive, we do need these properties for the relations on families.



5.3.3.1 Reflexivity

The distinguished morphism Refl, : ' — I' - o - 6% -1d(c) interpreting reflexivity
is given by

(Refl, )tun[(7, 5, 3) : (T - 0)set] = (7, 5,5,5,5,8) : (-0 0T - 1d(0))set

The —yesp component is trivial since any two elements of the identity setoid are
related (by *). It is also clear from the definition that Refl, satisfies the required
equations, i.e. is stable under substitution and equals the diagonal when composed

with p(Id(o)).

5.3.3.2 Identity elimination

Let o0 € Fam(I') and M, N € Sect(o). We introduce the abbreviation 1d(M, N)
for the family Id(o){N*}{M} € Fam(T'). Id(M, N) corresponds to the setoid of
proofs that M and N are equal. We also write Refl(M) for the section

Hd(Refl, o M) € Sect(Id(M, M))

Now assume o € Fam(I'), 7 € Fam(I"-o), My, My € Sect(o), P € Sect(Id( My, M3)),
and N € Sect(r{M,}) corresponding to the premises of rule LEIBNIZ. We want
to define a section Subst (P, N) of 7{ Ny} using Treindex- We put

Subst (P7 N)elh/] = Treindex[(rreﬂh]v Pelh]) ) (Freﬂh]v Usym[rreﬂh]v Freﬂh]v Pelh]b’
Nel ["}/] 5 Nresp[rreﬂ[’}/]]]

The first two arguments to Treindex constitute a proof that (v, (M)a[v]) and (7,
(M3)aly]) are connected in I' - 0. Notice that reflexivity of I' is required here as
well as symmetry of the relation on families. In particular, the use of reflexivity
(as a proof that the two first components of the two elements of I' - o are related)

is crucial.

The next two arguments to Treindex are the element Na[y] : Teet[v, (M1)e[7]] and
a proof that it is related to itself. We hence obtain an element of 7se¢[v, (M2)a[7]]

as required.



The —esp-part of Subst is defined similarly using 7,y.

As announced above this eliminator does not satisfy the rule LEIBN1Z-COMP.
The reason for this is that 7 endex applied to a proof by reflexivity is not necessarily
the identity function. However, by virtue of 7, the propositional companion to

LEIBNIZ-COMP is inhabited in the model.

5.3.3.3 Extensional concepts

If P € Sect(Id(M, M)) then—since the relation on Id(o) is trivial—there is a

canonical section of Id(Refl(M), P) sending v € I'set to *. Thus we conclude
Proposition 5.3.8 The model S; supports the concept of uniqueness of identity.

Next assume that 7 € Fam(I' - o), that U,V € Sect(ll(o, 7)), and that
P € Sect(Id(Appy+ +(UT,v5) , Appes +(VT,v,)))

i.e. corresponding to the premises to rule EXT-FORM (Sect. 3.1.3). We want to
define a canonical section Ext, (U, V, P) of Id(U, V) from this. The element part

of P is basically (modulo some currying of ¥-types) a term of type
Vi Tser s 81 0sev] s 51 ovalls, s] F ovalUaly, s,3], Valy, s, 3]
The element part of the section we are looking for amounts to an inhabitant of

vV Dot s 81 0set]Y] 5 80 Orel[8, 8] 5 8" 1 oset|Y] 5 8 1 ovals, 8] F

Urel[Uel[gv S, §] ) Vel[97 5/7 gl]]

We obtain that by using either U,esp or Viesp and transitivity of oy The — e

part is again trivial.

Proposition 5.3.9 The model Sy supports the concept of functional extensional-

ity.

We discuss quotient types below in Sect. 5.3.5.



5.3.4 Inductive types

Simple inductive types like the unit type, the Booleans, and the natural numbers
may be defined by taking the identity type from the target type theory as the
relation. Unfortunately, in the case of the natural numbers we obtain the compu-
tation rule NAT-COMP-SUC (see Sect. 2.1.2.4) only up to propositional equality

because of the reflexivity assumptions in contexts.

We show the construction of the natural numbers in Sy following Def. 2.4.20.

Let " be a context of setoids.
Nset[’}/: Fset] =N
Neal[v, 7" Tset , 7, n": N] := Idn(n,n)

where Idy is the identity type from the target type theory. This is obviously

symmetric and transitive. The reindexing function Niycingex 18 simply the identity.

The section Op € Sect(Nrp) and the morphisms Sucp : I' - Ny — I' - Np are
defined using the derived combinator Resp defined in Sect. 3.1.1.2. For example

we have

(Sucr)fun|7: Fsets n: IN] 1= (7, Suc(n), Resp ([n: N]Suc(n), I'wea[v]))
(SUCF)reSP[(% n)v (7/7 n/): (F ’ NF)Set ) (pv q): (F ’ NF)rel[(% n)v (7/7 n/)]] =
(p, Resp ([n: N]Suc(n), q)) : (I' - o)sa[(7, Suc(n)), (7', Suc(n’))]

For the elimination rule RN assume some family ¢ € Fam(T' - Nr) and sections
M. € Sect(c{0}) and M, € Sect(c{Sucrop(c)}). We must construct a section
RNt (M., M,) € Sect(c) from this. Assuming 7: [ser, n: N and n: Idx(n, n) we have
to find an element RN (M., M,)al[y,n, 7] of owi[v,n, 7). Notice the dependency of
Oset ON the proof that n is equal to itself. As we have seen this dependency is in
general unavoidable, because ¢ may contain term formers like Subst which make
use of —.eq which is in turn defined using the reflexivity assumptions like n added

during context comprehension ((I' - N)set 18 L'set, n: N, n: Idw(n, n)).

We wish to define the desired element using RN, but in order to do so we must

slightly strengthen the inductive hypothesis, because My expects elements of o



which are related to themselves. So we use

(R’[ﬂ:N]Hﬁ:IdN(n,n).Es:Uset[’y,n,ﬁ].arel[s,s](?2’7 ?57 n) n)l

where the question marks are readily filled using M, and M;. In the case of 7, i.e.
the inductive step, we assume n: N and hyp : [In: Idx(n, n).Xs: 0get[v, 1, 7].0re[ 3, $]

and 1 : [dx(Suc(n), Suc(n)). We then have to construct an element of
Y8: Oget]y, Suc(n), ST].0el[ 8, $]

There are various possibilities for obtaining this element. The easiest is probably

to instantiate hyp with Reflx(n) and to apply (M;)e. This gives an element of
Oset]7, Suc(n), Resp (Suc, Refly )] = oget[v, Suc(n), Reflx(Suc(n))]

from which we obtain an element of o[y, Suc(n),sn]. The second component,
i.e. a proof that this element is related to itself, is obtained using (Mj)yesp and the
required first component using instances of Subst and IdUni (which is definable

at N).
We omit the nontrivial but essentially forced —,.s,-part for RUN(MZ, M;).

Now the equation NAT-COMP-ZERO follows immediately from its syntactic
companion. The other equation NAT-COMP-SUC does not even hold for the —-
parts, because in the right-hand side, according to the definition of substitution for
sections, the (omitted) —,.p-part of RNT(M,, M,) applied to reflexivity appears,
whereas the left-hand side does not contain this term. Of course, using induction
the two can be proved propositionally equal in the target type theory and are thus
propositionally equal in the source type theory so that a propositional counterpart
of NAT-COMP-SUC can be interpreted. It seems that in many special cases NAT-

CoMP-SUC does indeed hold, for instance if o does not depend on N.

We are now able to establish the two important meta-properties of S;: N-

canonicity and consistency:

Proposition 5.3.10 If M € Sect(Nt) then M = Suc”(0) for some = € w.



Proof. By definition of S; and in particular the interpretation of the natural
numbers we must have (in the target type theory) o - Mg : N and o b M -
ldn(Me, Ma). By Remark 2.1.6 we have o F M = Suc”(0) for some € w and
O Myesp = Refln (M) : ldn(Me, Mer). Hence M = Suc”(0) in Sy. a

Proposition 5.3.11 The family Idx(0, Suc(0)) over T has no sections.

Proof. If M € Sect(Idx(0,Suc(0))) then in the target type theory we have
ot Mg : Idx(0,Suc(0)) which is a contradiction. O

5.3.4.1 X-types

Our definition of contexts and context morphisms is based on an equational con-
straint (preservation of reflexivity). So we cannot expect that they can easily be
internalised in S; by some sort of ¥-type. The obvious guess for a -type in the
setoid model has (for I', o, 7 as in the definition of the II-type) as underlying set

Y0, T )set(V 2 Tset) = 28 1 0get(7). 55 : 0rer(8, ). Tset (7, 5, 9)
and as relation
Y8, T)er((8,5,1),(s,5,1") = arals, s) X Tralt, t')

We can now define pairing and the first projection and more generally interpret the
weak Y-elimination rule [81]. In order to define a second projection or equivalently
the dependent Y-elimination rule we must use T endex and thus we cannot get the
equation

(M,N)2=N

but only interpret the corresponding propositional identity.



5.3.5 Quotient types

We believe that intensional quotient types obeying the syntax given in Sect. 3.2.6.1
are definable in Sq, but checking all the necessary proof obligations turned out to
be too complicated even with machine support. Particular instances of quotient
types—especially in the empty context—can, however, easily be seen to exist in
S;. Examples are types of integers and rationals. We therefore propose to add
the required quotients as primitive when working in Sy until a formal verification

of the quotient type former in S; can be given.

As an example of how this works, we define a squash type former, which can

be seen as a quotient by the everywhere true relation.

Proposition 5.3.12 The setoid model Sy supports a squash type former defined
by the following rules.

I'kFo I'M:o
O-ForMm —  O-INTRO
I'+ O¢ I'F0OM: Oc
I'EM,N:Qc
O-AX

I'F O_ax(M, N) : Idg, (M, N)

o, 7 ok M[z]: 7 ' N:Oco
I' e, 20 H:1d,(M]z], M[z'])
I'F plugg Nin Musing H : 7

O-Erim

I'F plugo ONin M using H : 7

0-EqQ
I'F0O_eq(M,N, H) : 1d,(plugg ON in M using H , M[N])

Proof. Assume o € Fam(I'). We define Oo € Fam(I') by Do := 0get and

Darel[% 7/3 Pty ¥ Oget [7]7 &'t Oget [7/]] = Urel[% z, x] X Urel[% xlv x/]

Furthermore, we put O0ycindex = Oreindex- 1he other components are straight-

forward. If M € Sect(o) then OM € Sect(Oo) is given by OMg = M, and



OM,yesp 1s trivial. Finally, if M : Sect(r{p(c)}) and N € Sect(Do) and H €
Sect(Id(M{p(c)*}, M{p(c*)})), i.e. as in the premises to rule O-ELIM, then we
define plugg N in M using H € Sect(7) by

phlgg NinMUSng Hel[’}/: Fset] = Mel[7 ) Nel[’}/] ) NTeSP[77 Freﬂ[’}/]]‘l]

The —yesp part of this section is combined using Tyans out of an instance of H
and M,s, applied to instances of N and an instance of oyeindex applied to N. One
cannot use H directly because it only works for elements over one and the same
~: I'ser, whereas for the required —,esp-part we must compare elements over different
(albeit related) elements of [yt With 0peindex being part of the definition of plug
we cannot achieve O-EQ up to definitional equality for the same reason as in the

situation of identity types where ID-CoMP only holds propositionally. O

We remark that an analogue to the dependent quotient elimination rule Q-I-ELIM
is definable and that a definitional counterpart to O-EQ would be desirable, but

cannot be interpreted in S;.

An application of squash types is that they permit the definition of existential
quantification as

dz:o.7[x] := OXa: 0.7[x]

For this existential quantifier the usual intuitionistic introduction and elimination
rules can be defined, but with the restriction that in the elimination rule the
conclusion type must be at most single valued, i.e. any two elements of it must
be propositionally equal. In particular, for this existential quantifier we can prove

unique choice, i.e. if ' F o then the following type is inhabited:
(Jz:0.1) x (Hz, 2" 0.1d(z,2")) = o

We also conjecture that the schemes “countable choice” and “dependent choice”

from Sect. 5.1.4.2 (with V replaced by II) are inhabited.

We believe that one can define a choice operator for the squash type similar to

the one in Sect. 5.1.7, but we have not checked the details.



5.3.5.1 Universes

We were also unable to identify a universe in S; closed under II-types. The obvious

candidate would have as underlying set the type:

S U.ES,  El(S) — EI(S) — U. type and relation
(ILs, " : EI(S).EI(S, s s') — EI(S, s s)) X symmetry
(ILs, s’ 8" : EI(S).EI(S, s §') — EI(S, & s") — EI(S, s s")) transitivity

and the identity type as relation. Contrary to what we stated in [44] this universe
is apparently not closed under the II-type former, unless one assumes functional
extensionality in the underlying target type theory. This universe does, however,
contain the empty type and a unit type so that it may e.g. be used to derive

Peano’s fourth axiom.

We conjecture that it is possible to add a universe to S; using the method
described in Sect. 5.2.2.6 with the same restriction on the source type theory, i.e.

the extensional concepts are then only available inside the universe.

5.4 Discussion and related work

An interpretation of types, sorts or sets as sets together with (partial) equivalence
relations with a corresponding relativisation of quantifiers and abstractions has

been proposed by several authors with various aims.

The first was probably Gandy [35] who gives an interpretation of simple type
theory (no dependency) in itself to establish relative consistency of an extensional-
ity axiom (corresponding to our Propositions 5.1.5 and 5.3.11). In [36] he extends
this result to Godel-Bernays’ formulation of axiomatic set theory. There he em-
phasises the semantic character of his method by using the term inner model for
the interpretation. Gandy also recognises the value of the interpretation itself as
an explanation of the nature of extensionality: “The results of this paper may be
...expressed by saying: in ordinary mathematics it is not possible to prove the

existence of non-extensional quantities”.



Feferman [32, Sect. 4.4.2] strengthens Gandy’s result by proving conservativ-
ity of extensionality w.r.t. second-order formulae. His method does not seem to
generalise easily to type dependency, which is why we must content ourselves with
Conjecture 3.2.23. Luckhardt [63] applies Gandy’s method to higher-order Heyting

arithmetic.

Assemblies together with (partial) equivalence relations as a formalisation of
the notion of a set underlies Bishop’s approach to constructive analysis [9] and has
also been used by Bénabou [8] where these objects are called ensembles empiriques
(empirical sets). Bénabou’s setting differs from Bishop’s because the relation in
empirical sets is “proof relevant” very much like the — ¢-part in groupoids, however
the set of proofs that two objects are related carries a structure of topological
space there. Bénabou’s motivating example is the set of stars where a “proot”
that two stars are “equivalent” is a person who sees them identified. The set of
persons is assumed to be endowed with a structure of a topological space expressing
closeness. The “relation” thus defined is symmetric and transitive and moreover
has the property of observational stability, namely that for any two points the set
of proofs that they are related is open. Or to stay within the example, if p mixes
up stars x and 2’ and p’ is close enough to p then p’ identifies them, too. Bénabou
then defines functional relations between empirical sets and proves that with this
notion of morphism the empirical sets form a topos, in fact are the topos of sheaves
over the topological space of observers. Bénabou’s main objective seems to be of
a pedagogical nature, namely to find an intuitive way of explaining sheaves and

toposes.

This bears some resemblance with the Scott-Fourman theory of existence and
identity [95] and the construction of a topos out of a categorical model of higher-
order logic (“tripos”) described in [51]. Again, a category is formed the objects of
which are objects of some category endowed with an abstract equivalence relation
and the morphisms are functional relations. We believe that Bénabou’s construc-
tion can be cast into this abstract framework. The motivating example in [51],

the effective topos [50] is of a similar nature.

With the exception of Bishop’s approach (and ours) in all these constructions



the morphisms between “setoids” are functional relations rather than functions
preserving the relations. The reason for this is that functional relations provide
the aziom of unique choice which is crucial to topos logic.® In the Calculus of

Constructions or extensions of it like Sy, this axiom may be phrased as follows:

I'Fo I'F P:Prf(Ja:oVy 0 = y)

AC!

I'FACIP): 0o
This axiom thus blurs the distinction between proofs and datatypes present in Sg
because it allows to construct an element of type o out of a proof. Obviously, with
functional relations instead of functions one achieves unique choice because one

identifies elements of a type with premises to the unique choice axiom.

We have not considered functional relations and unique choice for two reas-
ons. First, we want the interpretation function to map functions to functions,
i.e. algorithms, rather than functional relations, i.e. specifications. Second, with
functional relations as morphisms it does not seem possible to keep proposition-
ally equal elements distinct intensionally®, so that we lose the decidable semantic
equality and also the choice principle. Of course, setoids with functional relations
as morphisms have their own merits, but for this project we found it interesting
to look at the other alternative. Some more thoughts on the issue of functions
vs. functional relations and unique choice can be found in Sect. 6.5.1. We also
remark that if we express totality of a functional relation using ¥-types instead of
existential quantification then there is no difference between functions and func-
tional relations. This is for example the case in the type theory suggested in

Remark 5.1.11.

’Due to the set-theoretic nature of Bénabou’s setting, unique choice is present even

if one takes functions instead of functional relations.

SWe have no precise proof of this because there is more than one way of setting up a
type-theoretic setoid model with functional relations as morphisms, but in the obvious
one one has to make this identification for example in order to define substitution in

families.



Bénabou also considers a categorical version of empirical sets called théorie
d’appartenance et égalité formelle in which a “setoid” is simply a span in a cat-
egory along with morphisms witnessing reflexivity, symmetry, and transitivity.
These morphisms are to obey equational laws similar to the groupoid equations
in Sect. 5.2. Morphisms between these objects are again (suitably defined) func-
tional relations. Closely related to this is Carboni’s explicit description of the
exact completion of a left exact category [14]. This category has as objects spans
with structural morphisms witnessing reflexivity, symmetry, and transitivity; and

morphisms are morphisms in the underlying category respecting the relations.

It deserves mention that in none of these categorical approaches is type de-
pendency a primitive. It can be encoded using pullbacks or subsets of cartesian
products, but only in an extensional setting where definitional and propositional

equality are identified.

Jacobs [54] and Mendler [79] have looked at categorical re-formulations of the
syntax of quotient types in the context of simple type theory and extensional type
theory, respectively. Jacobs identifies (extensional) quotient types as left adjoint
to equality, whereas Mendler proves that they correspond to coequalisers. For our
purposes the syntax is not really important, we feel free to add or remove rules as
long as this is sound w.r.t. the setoid semantics and corresponds to (constructive)

mathematical practice.



Chapter 6

Applications

In this chapter we describe some small applications of the extended type theories
studied in this thesis. Most of the applications only use the extensional concepts
qua constants; the additional definitional equalities gained by the interpretation
in the various syntactic models are not used. This allows us to carry out the ex-
amples within the existing Lego system by merely working in a context containing
assumptions for the various extensional concepts (see Appendix A). Most of the
examples have been carried out in Lego, but we prefer to stick to the notation used
so far and not give actual Lego syntax here. The main purpose of the examples is
to explain the usefulness of extensional concepts as opposed to a direct encoding

in pure intensional type theory according to one of the syntactic models.

This becomes particularly clear in Sect. 6.1 where subset types are heavily
used and in Sect. 6.2 which explores an encoding of streams using functional
extensionality. The example of category theory in type theory (Sect. 6.3) shows
how the obvious encoding of categories in type theories with extensional concepts
gets translated in the various setoid models. The resulting encodings of category
theory in pure intensional type theory are quite complex, which we see as evidence

for the structuring and taxonomic aspect of setoid models.

The explicit unfolding of the interpretation in the setoid models is pursued
further in Sect. 6.4 where we show how a familiar encoding of coproduct types in
extensional type theory gets interpreted in pure intensional type theory. On the

one hand, this constitutes an interesting application of functional extensionality,
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on the other hand it exemplifies the elimination of this concept by way of the

interpretation in the setoid models.

Section 6.5 aims at a comparison between quotient types and the usual set-
theoretic encoding of quotienting. This also sheds some light on the difference
between setoid models and toposes and the role of “unique choice”. The last ex-
ample (Sect. 6.6) provides evidence for the usefulness of the conservativity of equal-

ity reflection over intensional type theory with extensional concepts (Thm. 3.2.5).

In order to prove the practical usefulness of intensional type theory with exten-
sional concepts, larger case studies taken from Computer Science and constructive
mathematics would be required. However, we felt that subsequent research in this
field would benefit more from the present short examples, each of which highlights

a specific topic or problem raised in this work.

6.1 Tarski’s fixpoint theorem

Our aim is to give a formalisation of the following general form of Tarski’s fixpoint
theorem [102]. Our formalisation is based on a previous one by Randy Pollack [91]
which uses the Extended Calculus of Constructions [67] without extensional con-

cepts added.

Definition 6.1.1 A poset (T, <) is a complete lattice if every subset P C T has

a (necessarily unique) least upper bound (lub) \/ P in T.

Theorem 6.1.2 (Tarski) Let (T,<) be a complete lattice and f : T — T be

monotone. The sub-poset of fixpoints of f is then a complete lattice, too.

“Informal” proof. We first note that if P C T then P has also a greatest lower
bound in 7" given by A P := \/{z|z < P}. This implies that the dual of a complete

lattice is a complete lattice again.



Now we show that the lub of the set of “post-fixpoints” of f,i.e. \V{z]z < f(x)},

is a fixpoint of [ and that it is actually the greatest fixpoint, i.e. that

Vizle < f(2)} = \VH{zlr = f(2)}
Both properties follow by expanding the definition of “least upper bound”. By

duality we also obtain the existence of least fixpoints.

Next we observe that for any « € T' the sub-poset Ta = {y|z <y} of elements
above z is a complete lattice. The lub of P C Tz in Tx is given by the lub of
PU{z} in T. The verification is by case distinction on whether or not P is empty.

Now given a subset P C {x|x = f(«)} of the fixpoints of f let [ be its lub in
T. First, we show that f restricts to T/{. Suppose that | < z. We want to show
that | < f(x). Since [ is a lub this amounts to showing that P < f(«), but this
follows from the assumption and the fact that P contains fixpoints only. Now let
w be the least fixpoint of f viewed as a function on T/. This fixpoint exists since
by the above T1 is a complete lattice. We claim that w is the desired lub of P in
{z]x = f(x)}. Obviously, w is an upper bound of P since w > > P. On the
other hand, if P < w’ and w' is a fixpoint of f then [ < w’ by definition of [ and

thus—since w is the least fixpoint of f above [—we have w < w' as required. a

The structure of this proof is somewhat intriguing since the facts about com-
pleteness and fixpoints are first proved for T" and later on in the proof instantiated
with other partial orders obtained from 1" by restriction. If we are to formalise this
proof in some dependent type theory we therefore have to prove these preliminary
facts for arbitrary posets and later on instantiate them. Now if we define a poset
as a type together with a binary Prop-valued relation for example, then (without
subset types) there is no way of identifying the up-closure Tz of an element x as

a poset again.

In the formal prooft by Pollack this difficulty is overcome by representing the
underlying set of a poset not merely as a type, but as a type together with a Prop-

valued predicate! which singles out the intended elements. The poset axioms are

L Actually, Pollack uses partial equivalence relations rather than just predicates, but



then relativised to the intended elements and so are further notions such as lubs
and fixpoints. This is where the deliverables model from Chapter 4 comes in.
Since in this model ordinary types are in fact modelled as types with Prop-valued
predicates, we can get away with the previous naive definition of a poset as having
merely a type as underlying set. The interpretation of the development in the
model should then roughly give rise to Pollack’s proof, but we don’t even need to
carry out the translation if we are merely interested in the existence of a proof. The
formal proof obtained thus is substantially shorter than Pollack’s original proof
and moreover follows much closer the informal proof given above. The reason is
that we do not need to verify each time we apply an operation or a law that all
the arguments satisfy the relativising predicate. A certain drawback of the use
of subset types is the need for explicit coercion functions from subsets to their
supersets. In Pollack’s proof coercions arise only at the level of the predicates, but

not at the level of the terms themselves.

Let us now describe the details of the proof. We work in the internal language
of the deliverables model, i.e. we assume the additional term and type formers
introduced there, notably subset types and proof-irrelevance. We also require a
universe (U, El) to define a type of posets which makes the presentation more
compact, but could in principle be avoided by using type variables. To increase
readability we do not explicitly write down the El- and Prf-operators and we use
the abbreviations for logical connectives and quantifiers introduced in Chapter 4.

We also allow infix notation for the ordering <.

In the context T:U,<:T" — T — Prop we define a proposition PO stating
that (7, <) forms a partial order and CL stating that (T, <) is actually a complete
lattice. The definition of CL uses four auxiliary predicates expressing that an

element of T' is a lower, upper, least upper bound or greatest lower bound of some

since the present proof does not make use of quotienting, the extra generality offered by

using PIERs is not needed.



property P : T — Prop.

lower[P:T — Prop,a:T| =Vz:T(P z) = 2 < z

upper[P: T — Prop,x: T =Vz:T.(P z) = z <«

lub[P: T — Prop,a:T| = upper[ P, z] A lower[\y: T.upper[P, y] , z]
glb[P:T — Prop, z: T] = lower| P, z] A upper[Ay: T'lower[ P, y] , z]
CL =POAVP:T — Prop.Jaz: T.lub[P, x|

Furthermore, if f:T" — T we define a predicate mon|[f] stating that f is monotone
w.r.t. < and if in addition P:T" — Prop we define a predicate closed[f, P| express-
ing that P is preserved by f. We also define predicates fix[f, z] := (« L f x) and
prefix[f, ] := (¢ < f x). Notice that all the definitions made so far depend on T
and < and that these can be instantiated using substitutions. E.g. the proposition

POI[T, Ax,y:T.y < x] expresses that the dual of (T, <) is a poset.

We keep the variables T', <, f and assume proofs of the propositions CL[T, <]

and mon[T, <, f]. We may then construct the following proofs:
fpulf] : Vu: T.lub[Az: T.prefix[f, x| , u] = fixpt[f, u]
lubfpsu[f] : Vu € T lub[Az: T.prefix[f, z] , u] = lub[Aa: T fix[f, 2] , u]

establishing that the lub of the set of pre-fixpoints is a fixpoint and actually the
greatest fixpoint. We also prove that complete lattices have glbs.

Glb : VP:T — Prop.dg: T.glb[ P, ¢]

by constructing ¢ as the lub of the lower bounds.

Now while keeping T', <, and f we instantiate the definitions made so far
with different arguments. Whenever P : T" — Prop we may form the subset type
{z:T|P z} and define an order <’ on this type by pre-composing the relation <

by the injection wit(—).
<= Az, y: {x: T|P z}.wit(z) < wit(y)

Henceforth we write < instead of <’. Now we prove the proposition PO[{x:T'|Pz},

<], i.e. that a subset of a poset is a poset again and use this to establish the main



lemma, namely that the up-closure of some element of a complete lattice is a

complete lattice. The up-closure is represented as T := {y: Tz < y}.
upsCL : Va: T.CL[T z, <]

Roughly, this proof upsCL is constructed as follows. Assuming z:7 and P :

{y:T'|x <y} — Prop we construct a predicate P’ on T as

Ay: T 3p: (2 < y).(Ply),) Vx = Y

following the set-theoretic definition in the informal proof (Recall that (y), : T«
is an instance of the introduction operator for subset types.). The existential
quantification over proofs that y lies in the subset is required to lift the predicate
P to the whole of T'. Another way of doing so would be to use the extend-operator
from Sect. 4.6.2.

We may now use proof-irrelevance to deduce that if y: 1" and p: & < y then P’y
iff (P (y),)Va L y. (Had we used the extend-operator this would be an instance

of {}-ELiM-NONPROP-COMP.) We then follow the informal proof.

Now we prove that f is increasing on lubs of sets of fixpoints.
VP:T — Prop.(Va:T.(P a) = fixpt[f,a]) = VI TIub[P, ]| = | < (f 1)

We then form the subset of fixpoints Fix := {a: Tz Ly z} and focus on the main
goal
CL[Fix, <]

where again < refers to the restriction of the original ordering to Fix. It is trivial
to show that this is again a partial order. Given P : Fix — Prop we use existential
elimination on 31: T lub[Aa: T.3p: fixpt[f, a]. P (a),,!] giving a variable [: T" and a
proof that [ is the lub in T of the P “lifted” to T' using existential quantification

over proofs as above. Next we use existential elimination with
GIb[T 1, <,upsCL {] Ae: T 1. f wit(e) < wit(c)

giving w: T and a proof that it is the greatest lower bound of the post-fixpoints in
1. Here we use f still as a function on T'. We then need to show that | < f(wit(c))



if ¢: T1in order to get that w is actually a fixpoint of f. Another possibility would
be to explicitly construct an f": T/ — T/ and to take the least fixpoint of this

function. One concludes as in the informal proof.

6.1.1 Discussion

The pattern of the formal proof follows quite closely the informal one except for
the coercion functions between subsets and their supersets. B. Reus, who has
been using a similar type theory to develop synthetic domain theory in Lego, has
reported that these coercions are extremely cumbersome. In general, the coercions
seem unavoidable, unless one gives up decidability and explicit proof objects; one
could, however, imagine a system in which coercions from a subset type to a non-
propositional supertype in the sense of Sect. 4.6.2 may be elided. This ties in with
Hayashi’s ATTT [43] where one has implicit coercions between refinement types
and basic types. The details of this in the context of the deliverables model remain

to be worked out, though.

Apart from its simplicity, the present formalisation using subset types also has
the advantage of being more convincing than the proof in the pure Calculus of Con-
structions by Pollack, since it is closer to the intended set-theoretic understanding

of posets and lattices.

6.2 Streams in type theory

We assume a type theory with functional extensionality, e.g. the internal language
of the model Sy or S;. For definiteness we assume Sy and thus functional ex-
tensionality w.r.t. Leibniz equality. Given a type o (not necessarily in the empty

context) we form a type of infinite lists (“streams”) over o as
Str(o) =N — o

If S: Str(o) we put
Hd,(S):=S50:0



and

Tl,(S) := An: N.S (Suc(n))

Now we define a bisimulation as a relation s,s:Str(o) F R : Prop with the
property that Vs, s Str(o).R][s, s'] = Hd(s) L Hd(s") and Vs, s": Str(o).R[s, s'] =
R[T1(s), T1(s")]. In this case we can establish the coinduction principle

8,8 Str(o) F R[s,s'] = s L ¢ true

In other words, bisimilar streams may be substituted for one another in an arbit-
rary context. The (straightforward) proof of this uses functional extensionality to

reduce equality on streams to equality on ¢ and induction (RN).

Streams can be constructed using co-iteration [61,111] as follows. Ifout : 7 — o

and step : 7 — 7 then for init : 7 we put
Colt, ,(out, step, init) = An: N.out (step” init) : Str(o)

where —" is the n-th iteration of a function defined using RN. Now by the rules

for definitional equality we have

Hd(Colt, ,(out, step,init)) = out init : & (6.1)

T1(Colt, ;(out, step, init)) = Colt, . (out, step, step init) : Str(o) (6.2)
For example if M : 0 we may define a constant stream
Const(M) = Colt, 1 (Az: 1.M, Ax: Loa, *)

It satisfies Hd(Const(M)) = M and T1(Const(M)) L Const(M) by coinduction.

More generally, using coinduction we can show terminality of Str(c), i.e. that
any function f: 7 — Str(o) which satisfies the two equations 6.1 and 6.2 above up

to propositional equality must be propositionally equal to Ax: 7.Colt, - (out, step, x).



To be independent of the “implementation” of streams as functions one also

needs a prefixing? operation: if M: ¢ and S:Str(a) then
Pref(M,S) = An: N.RE:N]U(M, Ax:N.As:0.5 ¢, n)

satisfying Hd(Pref(M, S)) = M and T1(Pref(M,S)) = S. Prefixing is also prim-
itive in Coquand’s approach to infinite objects [18] and infinite lists in Martin-

Lof’s non-standard type theory [73,74]. Using coinduction we can prove that
Pref(Hd(S), TI(S)) £ S for S : Str(S).

Possibly terminating streams, i.e. solutions to domain equations of the form
@ = (0’ ® @)J_

have been proposed as a model of dataflow networks [57]—these are networks of
agents communicating via channels with unbounded capacity playing a role in

protocol verification [98,29].

If the infinite streams described above are used instead of possibly terminating
ones, one has the advantage that liveness, i.e. the absence of deadlock modelled by
a terminating stream, is built into the typing. A certain difficulty arises from the
ubiquitous use of the fixpoint combinator for the definition of domain-theoretic
streams. (For example, the behaviour of a dataflow network is defined as the least
solution to a system of fixpoint equations obtained from the specification of the
agents and the geometry of the network.) Since for the type Str(o) obviously no
fixpoint combinator can be available (for instance As: Str(IN).Const(Suc(Hd(s)))
has no fixpoint and As: Str(o).T1(s) has no unique fixpoint which could be obtained

by an iterative process®), we cannot immediately compute the solution of such

2In fact, prefixing is definable in terms of co-iteration using function types, but it
seems more economic to define it directly as above. Prefixing can also be defined in

terms of a generalised version of co-iteration, co-recursion, as is shown in [61].

3The domain-theoretic least fixpoint of these functions is in both cases the undefined

stream.



equations. Not surprisingly, this is the point where we have to supply a proof of
“liveness”, i.e. a proof that the domain-theoretic least fixpoint of a function on
streams is indeed infinite. Fortunately, due to the simplicity of the above domain
equation we can always compute a candidate for this least fixpoint which coincides

with the least fixpoint if the latter happens to be infinite.

Suppose that F': Str(o) — Str(o) and that o is inhabited, e.g. by M : o. If the
least fixpoint of F'* is total then Hd(F s) must be independent of s so a “guess”
for it is My := Hd(F (Const(M))). Continuing with the iteration, we obtain the

tail of the fixpoint as the fixpoint of the function
As: Str(o). TI(F (Pref(Mo, s)))
This suggests the following definition for the candidate for fixpoints.

Fix(F, M) = Colt s stx(o)—Str(o)
AF:Str(o) — Str(o). Hd(F (Const(M))) ,
AF:Str(o) — Str(o).Az: Str(o). TI(F (Pref(Hd(F (Const(M))), x))) ,
F)

We acknowledge that this is not a very efficient implementation, but if so desired
one may always translate instances of Fix using general recursion and prove once

and for all that the thus extracted general recursive programs never deadlock.

Along with this candidate we define a totality predicate on “stream trans-

formers” as a greatest fixpoint:
Total(F': Str(o) — Str(o)) = IP: (Str(o) — Str(o)) — Prop.(P F)A (VF.(P F) =
Jda:o.(Vs:Str(o). HA(F s) L )N
P (As: Str(o). TI(F (Pref(x,s)))))
Here the first line is a higher-order encoding of the greatest fixpoint of the re-

mainder when abstracted from P. Using coinduction it is possible to prove the

4“Least fixpoint” is understood informally here via some again informal embedding

of Str(o) into @—the domain of possibly terminating streams.



following proposition:
VF:Str(o) — Str(o).Vm:o.
Total(F) = I (Fix(F,z)) £ Fix(F, z)

and also that every other fixpoint of F' equals Fix(F,z). This proof (which we
have carried out in Lego) makes heavy use of the property that every function and
predicate respects bisimilarity. It would highly complicate the proof if one did
not have coinduction and instead used a defined “book-equality” on streams. If,
for conceptual reasons, one is interested in such a development, one may always

translate the present proof using the interpretation in one of the setoid models.

It is possible to justify the choice of Total using an intuitive domain-theoretic
argument. It turns out that whenever F': © — O has an infinite least fixpoint
in the domain-theoretic sense and the domain S of elements of the streams is
flat, then F' must satisfy the predicate Total. Indeed, if the least fixpoint of F' is
infinite then F' L must be different from L and therefore mo := Hd(F L) must
be different from L. Thus, since S is flat, As.Hd(F L) must be the constant
function As.mg. Now recall the “dinaturality principle” [90] for the least fixpoint

Y(fog) = f(Y(gof)). Consider TI(Y(F)). We have:

TI(Y(F))
= THY(Xs.Pref(HA(F s), TI(F s)))) since I's £ L
= TI(Y (As.Pref(mg, TI(F s))))

= Y(As.TI(F (Pref(mo,s)))) by dinaturality.

Thus Total(F') is satisfied for the predicate

P = F.Y(F) is infinite”

A simple application of Fix and Total is the recursive definition of Const(M)
as the fixpoint of F' = As: Str(o).Pref(M, s). This satisfies Total with the obvious
choice P = \f.f L F because HA(F s) = M and TI(F(Pref(M,s))) = F.

We remark that in a Lego development we have been able to prove “Total” for
the central loop of the alternating bit protocol in the setup of Dybjer and Sander
[29] and could thus redo their domain-theoretic proof in the setting of (total) type
theory.



6.3 Category theory in type theory

Formulating category theory within type theory is a nice application of dependent
types and propositional equality. Several authors have attempted to formalise bits
of category theory in type-theoretic systems with varying results [33,48,4]. In fact,
Luo [66] reports that giving a sound foundation for category theory was one of

Martin-Lof’s original motivations for introducing his type theories [70].

Our own experience suggests that the simplest approach is to use propositional
equality for both objects and morphisms. In this way we have managed to give a
formal proof of the Yoneda Lemma in Lego—a nontrivial task because it neces-
sitates the formalisation of presheaf categories which in turn mix up equality of
objects and of morphisms. Our formalisation makes use of functional extension-

ality in various places.

Here we will not reproduce this fairly obvious formalisation, but rather ex-
plain how the definition of a category using propositional equality gets translated
into setoids using the models Sy and Sy. The resulting structures bear resemb-
lance with Hornung’s and Huet’s formalisations [33,48] which, however, lack object
equality and therefore do not seem to permit the definition of functor categories.
(In [33] this is possible using intensional equality for objects, however more com-
plicated constructions mixing equality of objects and arrows do not seem to go
through anymore.) This application shows how the setoids models can be used
as a guideline for formalisations if one does insist on using (partial) equivalence

relations rather than propositional equality.

Let us first recall the definition of a category using propositional equality.
Definition 6.3.1 In type theory with extensional concepts a category is given by
a type = Ob of objects, a family of types

z,y: Ob F Mor|[z, y]
of morphisms, an operation

2: Ob Fid[z] : Mor[x, x]



an operation
z,y,2:0b , f: Mor[z,y], g: Mor[y, 2] - compl[z,y, z,g, f] : Mor[z, ]

and the following operations corresponding to the usual axioms where complz,y, z,

g, f] is abbreviated by go f:
z,y:0Ob , f: Mor[z,y] = idL{f] : Idmorw,y ([ oid[z], f)

z,y:Ob, f:Mor[z, y] = 1dR[f] : Idmore 1 (id[y] e f, f)

z,y,z,w:0b , f: Mor[x, y], g: Mor[y, z], h: Mor|[z, w]
ASS[f,g, h] : IdMor[x,w](ho(gof)v (hog) Of)

It should be clear that this definition is stable under constructions like functor
category, arrow category, slice category, opposite category etc. and has—whenever
z:o F 7lz] is a family of types—a particular instance based on Ob = o and
Mor[x,y] = 7[z] — 7[y], called Full[o,7]?. Of special interest is the category
Full[U, El] for a universe (U, El), which can be compared to the category of small

sets. The use of propositional equality on objects (Idop) is needed for instance in

the definition of slice categories.

The typing of composition may suggest that composable morphisms must have
definitionally rather than propositionally equal domain and codomain, respect-
ively, and that thus we cannot use propositional equality on objects. However,

using Subst we can adapt the domain and codomain of a morphism. For instance,

if X, X")Y :Oband P :Idop(X, X’") and F : Mor[X, Y] then we have
F/ := Subst Ob,[x:Ob]Mor[x,Y](Pa F) : N[OI’[)(/7 Y]

and using ID-ELIM-J we can establish properties of F’. For example, if I7 is an

isomorphism then so is F’.

®This corresponds to the category-theoretic notion of “full internal subcategory”

defined for example in [55, Thm. 4.5.7], where it is attributed to Pénon.



6.3.1 Categories in Sy

In the model Sy, a category according to the above definition (in the empty context,
for simplicity) expands to the following. The objects are represented by a type
F Ob and a partial equivalence relation x,y:Ob F @ = y : Prop. (We use infix
notation here to increase readability. This Prop-valued equivalence on objects is
not to be confounded with definitional equality which is denoted = y : Ob.)

Morphisms are represented by a single type F Mor of morphisms and a relation
z,y:0b, f,g:Mor - f =, , ¢ : Prop

stating that f and ¢ are equal qua morphisms from x to y. These data are subject
to the following axioms where we have used conjunction (A) and implication (=)

instead of context extensions:
z,:0b, figMork (z=2)A(y=y)ANf=py g) = g =2, [ true
and
z,y:0b , f,g,h:Mor F (z = 2)A(y = y)A(f =4y 9)A(g =2y h) = (f =sy h) true
and
z,y, 2y 0b, fig:Mor F (x =2 YA (y =y )A ([ =2y 9) = [ =ury g true
The identity operation now takes the form
2:0b F id[z] : Mor

with
z,2:0Ob F (2 = 2') = id[z] =, 1d[2'] true

and composition takes the form
z,y,2z:0b , f,g: Mor F comp|z,y, 2, g, f] : Mor

with
x7y727x/7y/72/: Ob 2 f7g7f/7g/:M0r l_
r=2Ny=y Nz=7ZA
f:x,y f//\g:y,z g/:>

complz,y, 2,9, [] =z complz’,y', 2", ¢', f'] true



In view of Lemma 5.1.6, the laws are then expressed in terms of — =__ —. e.g.

idLL. becomes
z,y:0b, frMor e =aAy=yA f=,, f= complr,z,y, f,idz]] =, f true

The salient feature of this encoding is the single type of morphisms independent
of the respective domains and codomains. This makes it easy to replace domain
and codomain of a morphism by propositionally equal ones, but it precludes the
particular instance of a category based on a universe (Full[U, El}), since such a
universe is not available in Sg. In the extension of Sg by universes described in
Sect. 5.1.8 the situation is different. Here we can of course construct a category
with U as its set of objects, but then we do not have a substitutive equality on
objects (at least not an equality with extensional concepts). Let us sketch how
a category looks in this extension under the assumption that Ob has trivial —
and —q-components, and that Mor has trivial —yp.-component. A category is
then given by a type Ob of objects (for instance Ob = U) and a family of types
z,y: Ob F Mor[z, y] such that each of the types Mor[x, y] is endowed with a partial

equivalence relation:
z,y:0b , f,g:Mor[z,y] F f =5, ¢ : Prop
z,y:0b | fyg:Mor[z,y|F f =2, 9= g =s, [ true
z,y:0b, fog, h:Mor[a,y|F f =2y g Ng =2y h = f =4, h true
The composition operation has the usual typing:
z,y,z:0b , f: Mor[z, y], g: Mor[y, z] F comp|z,y, 2, g, f] : Mor[z, ]

and the congruence laws and the other components are as one expects them to be.

This encoding of categories is quite similar to the ones offered in [48,33]:

Of course this notion of category is not stable under constructions such as
functor categories because of the lack of object equality. But in the extension of
So with universes both notions of category coexist (and even mixed forms where Ob

has nontrivial —get- and —iype-components), and it makes sense to call a category



“small” if it has a “set of objects”, i.e. if in the source type theory Ob = EI(X)
for some X : U (or if in the target type theory it has trivial —ype-component).
One would then allow the formation of a functor category C — D only if C is
“small”. The same restrictions on functor categories apply in set theory, but for
size reasons, not for lack of substitutive equality. We remark that such a distinction
between categories which have object equality and those which don’t also is made

by Bénabou in [7], albeit for different reasons.

6.3.2 Categories in S;

In S; we have both dependency of morphisms on objects and a substitutive object
equality. This is achieved by a “reindexing” function on morphisms. Again we
only treat the case of a category in the empty context and use infix “=" (not to be
confused with definitional equality) for the relations on objects and morphisms. A
category then consists of a type F Ob and a partial equivalence relation x,y: Ob
x = y. Unlike in Sg, symmetry and transitivity must now be witnessed by terms

which are part of the category structure.
z,y:0b ,pre =y F Obgulp] 1y =
z,y,220b prx =y, qy=2F Obgas/[p,¢] : 2 =z
Next we have a set of morphisms indexed over “existing” objects
z,y:Ob,z:2 =2, y:y =y F Mor|z, y]

Notice that we do not indicate the dependency on x and y since these can be
inferred from & and y. The equality relation is defined for arbitrary morphisms

not necessarily with common domain and codomain.
x7y7x/7y/:0b b j:x =T b g:y = y b jl:x/ = x/ b gl:y/ = y’?
f:Mor[z,y] , g: Mor[z',y']
f =259 9
This equality is again symmetric and transitive with the restrictions made in

Def. 5.3.4. We do not explicitly state these. More interesting is the “reindexer”



for morphisms over related objects:

wvyvxlvy/:Obvj:wzxvg:y:y7*%/:1;/:1'/7?7:?//:?//7

pr=a,qy=y", f:Mor[z,y], ff =z9,59 |
l_

reindex|[p, ¢, f] : Mor[z’, ¢']
and in addition the axiom on reindexing

'k ELX[p, q, f] : f ERTRURTY reindex[pv q, f]

where I' is the context in the judgement for “reindex”. Using symmetry and

transitivity we can construct a proof that reindexp, ¢, f] is related to itself. The

identities take the form
x:Ob, 2: 2 = a F id[z] : Mor[z, ]
z, 2 0Ob, e =a, 22" = 2, pre = 2’ Fidxesplp] @ id[x] =z 5. 7 1d[2]

A special case of id_resp is
2:0b, 212 = o F id_resp[z] : id[#] =z 7.7, 1d[7]

We abbreviate this term by id[z]. Composition is defined similarly:

r,y,2:0b, e =z, 1y =y,2:2 =z,

f:Mor[z, 3], g: Mor[,2] , f: f = f,g:9 =g

F complg, f] : Mor[z, ]

v, y,2:0b, e =z, 1y =y,2:2 =z
f:Mor[z, y],g:Mor[y, 2], f:f = f.g:9 =g

2y, 20b 2l =2l yy =y 2 =

f:Morl#', g'], g Morly, 2], f": f' = [',9" 9 = ¢'
pr=x.qy=y . rmz=uf =0y g =529

- comp_resp[p, ¢, 7, u,v] : compg, ﬂ =yt complg’, f/]

Again we can define a term complg, f] witnessing “existence” of complg, f]. As

an example of an equational law we give again the left identity law:

v,y:0b, sz =a, iy =y, fiMor[Z,9], [ : [ =245 [
FidL[f] : complf,id[z]] =

9,7,y f



It follows from the fact that S; forms a syntactic category with attributes closed
under II-types, Y-types, and identity types that the above encoding of categories
is stable under all constructions on categories which can be carried out with the
encoding based on propositional equality using these type formers. This includes
functor categories, arrow categories, slice categories, the instances Full(o, 7), and
many more. Of course, many of these instances do not fully exhaust the generality
of the encoding, as for example the possible dependency of composition on the
“existence proofs” f. Nevertheless, this generality has proven necessary in order to
obtain a syntactic category with attributes and so one can expect counterexamples
to every simplification of the above encoding. It is, however, difficult to construct
such counterexamples explicitly because even with machine support the encoding

becomes unmanageable as soon as one goes beyond the simplest cases.

6.3.3 Discussion

We have seen how some reasonable encodings of category theory in type theory
arise as translations of an obvious encoding using propositional equality with ex-
tensional concepts added. We consider such an encoding useful for the following

two reasons.

First, a development of category theory in constructive type theory permits to
directly explore the constructive content of many category-theoretic arguments,
which gets hidden if tools like set-theoretic quotienting and choice from equivalence
classes are being used. A case in point is Lafont’s proof [20, Sect. 4.10] that
the addition of function types to an algebraic theory constitutes a conservative
extension. Second, type theory as a basis of category theory is philosophically
appealing as the consistency of type-theoretic systems like TT, Sg, S; even with
universes can be proved within ordinary mathematics (probably even in primitive
recursive arithmetic), whereas the relative consistency of a set-theoretic foundation

of category theory like Mac-Lane’s universes [69, 1.6] goes beyond ZFC.



6.4 Encoding of the coproduct type

In the literature on extensional type theory various encodings of type formers
from simpler or more general ones have been proposed. In particular, we have
the encoding of a sum (coproduct) type using natural numbers and functions
by Troelstra [107, Ex. 11.4.7] and the encoding of inductive types like the natural
numbers in terms of Martin-Lof’s well-ordering type [85,39]. By the conservativity
theorem 3.2.5 these encodings can also be carried out within TT; and therefore
give rise to counterparts in the various setoid models. Since we have not looked
at interpretations of the well-ordering type in the setoid models, we only work out
the example with coproducts here and leave the study of well-ordering types to

future work.

By coproduct type we mean a type former which to any two types ¢ and 7
associates a type o 4+ 7 together with the following term formers: if M : o then
inl,, : 04+ 7 and if M : 7 then inr, (M) : o+ 7. If z2o+ 7 F p[z] and 2:0 F
Llz]: plinl, - (2)] and y:7 F R[y]: plint,,(y)] then whenever M : o + 7 we have
RI*7(L, R, M) : p[M] and the definitional equalities R7*7(L, R,inl(M)) = L[M]
and RJ*7(L, R,inr(M)) = R[M].

The abovementioned encoding of coproducts in TTy requires a type (called Ny
in [72]) with two elements (called 0 and 1) and corresponding elimination rule
which in the situation z: Ny F o[z], L : ¢[0], R : o[1], and M : Ny gives an element
RN2(L,R, M) : o in such a way that RN?(L, R,0) = L and RN?(L,R,1) = R.
Moreover, for each type I' F o a term L, : Idn,(0,1) — o is required. The type
N; may be defined as

Ny := ¥m: N.Xn: N.Idx(m + n, Suc(0))

where + is the obvious encoding of addition in terms of RN; the terms L, may be
defined by induction on the structure of o [107, p. 592, Prop 4.1]. The interesting
case is when o = Id.(M, N). Here one defines a function from Ny to 7 using RN>

which takes on the values M, N on 0, 1, respectively, and then obtains Liq (ar,n3)



using Resp. Unlike in the extensional theory studied in loc.cit., the term L,
may thus contain a variable of type Idn,(0,1). We remark that this definition is
not possible in the presence of an empty type, but becomes again possible if the
empty type is contained in a universe [97]. Troelstra and van Dalen now offer the

following encoding of the coproduct type o + 7 for types o, 7:
o+ 7 :=%n: Na.(Idn,(n,0) — o) x (Idn,(n,1) — 7)
Indeed, if M : o then we have
inl(M) := (0, Ap: 1d(0,0).M, Ap: 1d(0,1). L, p): o+ T
and analogously we define the right injection using 1 ,. Conversely, assume z: o +
7k plz], 20 F L : plinl(z)] and y: 7 F R : p[inr(x)] and M : o + 7. Using R* and
RN2 the task of finding an element of p[M] may be reduced to finding elements of
the following two types:
u:1d(0,0) — o,v:1d(0,1) — 7 F p[(0, u,v)]
u:1d(1,0) — o,v:1d(1,1) — 7 F p[(1, u,v)]
These elements in turn can be constructed using Subst and L, R, provided we
can show that the variables v and v are propositionally equal to the second and
third components of some instance of inl and inr, respectively. Let us focus on the
first type. If u:1d(0,0) — o and v:1d(0,1) — 7 then using functional extension-
ality and uniqueness of identity we find that Idig,0)—o(u, Ap: 1d(0,0).u (Refl(0)))
is inhabited, and using functional extensionality and an instance of L, we find
that Idrag,1)—-(v, Ap:1d(0,1).L; p) is inhabited. Therefore, the triple (0,u,v) is
propositionally equal to inl(u (Refl(0))). Similarly for the second type.
The two equalities associated with the coproduct type can only be shown pro-

positionally. The reason is that in the above construction IdUni gets applied to a

variable and thus no reduction is possible.

6.4.1 Development in the setoid models

The above argument goes through immediately in the model S; because all the

constructions used are supported by this model. It also goes through in Sg when we



replace the identity type by Leibniz equality (which is substitutive by Prop. 5.1.8),
but due to the presence of an impredicative universe the definition of the terms L,
requires some explanation. The terms L, : Prf(0 L 1) — o are again defined by
induction on the structure of . If ¢ = Prop we choose some arbitrary proposition;

if o = Prf(P) then we define a function F': Ny — Prop with F 0 =ttand F'1 = P

and define Lp,g(p) as
Ap: Prf(0 L 1).p (Ax: No.Prf(F x)) [

where [ = Az: Prop.Ap: Prf(x).p is the canonical proof of tt.

Notice that this implies that each of the types [I' | o]set, which all “live” in the
empty context, is inhabited by some element L. This in turn is not surprising

since these types are generated from 1, Prop, N by x and —.

For simplicity we assume that Ny is available in the target type theory; if
we were to carry out its definition in terms of N and the identity type then
its underlying type would be N x NN and the relation would be Leibniz equality

restricted to pairs with sum equal to 1.

Now let o and 7 be families of setoids which arise as values of the interpretation
function (so that L is available). The underlying type of (the interpretation of)

o + 7 becomes

(U + 7—)set = N2 X Oget X Tget

Notice here that the underlying type of a Leibniz equality is the extensional unit
type which disappears at the left of a function space.

The injections inl and inr are defined using the default elements 1’ in the
obvious way. The relation on this type singles out the elements which lie in the

image of either injection and on these elements uses the relations on o and 7.

The elimination rule applies to a family of setoids indexed over o + 7, but by
definition of families its underlying type (call it p) does not depend on o + 7. The
input to the elimination rule thus consists of functions o4 — p and 74 — p and

an element M of o+ 7. The conclusion is then obtained by case distinction on the



first component of M and application of either function to the second and third

component, respectively. We omit the verifications.

Explicitly carrying out the construction in Sy is quite complicated and would
probably not clarify much. The key step, however, where the elimination of func-
tional extensionality takes place, is quite instructive and relatively easy to explain.
The need for functional extensionality in the definition of the eliminator R7*™
came from the need for constructing an element of p[(0,u,v)] from an element
of p[(0,u’,v")] (for some u' and v’) under the assumption that w,u’ and v,v’" are
point-wise equal functions. In TTy one first concludes that these functions are pro-
positionally equal and then uses Subst ; within the model Sy, the family p comes
with a “reindexer” which allows to pass between fibres over related elements, so
that in order to pass between the two instances of p one only needs relatedness of

(0,u,v) and (0,u,v") which is defined pointwise.

6.5 Some basic constructions with quotient types

In a series of books a collective of French mathematicians has under the pseudonym
“N. Bourbaki” attempted to put all of mathematics, in particular geometry and
algebra, on a solid axiomatic foundation based on set theory. They emphasise
abstraction and modularisation: the set-theoretic encoding of a concept is used as
little as possible and derived universal properties are employed instead. Their first
book [10] is on basic set-theoretic constructions and contains a section on quotient
sets where some universal constructions with them are given. As an application of
the quotient type formers we shall in this section try to redo these constructions in
a type-theoretic setting. The emphasis on abstraction in the Bourbaki approach

makes it particularly apt for a development in type theory.

As in various places higher-order logic is required, we work in the impredicative
type theory Sg. Parts of the development can also be carried out using the quotient

types for first-order Martin-Lof type theory given in Sect. 3.2.6.1.



6.5.1 Canonical factorisation of a function

A function z:0 F f[z] : 7 is a surjection if Vy:7.3z: 0. f[z] L y holds; f is an
injection if Va, 2 0. fx] L fl2'] =« L 2’ holds. Notice that due to the lack of the
axiom of choice it is not the case in type theory that every surjection has a right
inverse. It is also not the case that if a function is both surjective and injective then
it has an inverse. This would be equivalent to the axiom of unique choice (AC!)
which is not available in Sg. (We come back to this point later.) If y: 7 F g[y] : p is
another function then we write go f for the function x: 0 F ¢g[f[z]] : p. We extend

Leibniz equality to functions in the obvious way.

Now let @:0 F f[z] : 7 be any function and consider the equivalence relation
Rlx,a": 0] .= (f[x]) L (f[2']). By definition of R the function f lifts to the quotient

type o/ R, that is we have
v:0/Rt g[x] := plugg xin fusing ([z,2": o, p: Rz, 2']]p) : 7

and by Q-CoMP we get z:0 = f[z] = g[[z],]. Using Qind we readily establish that
¢ is injective and that h[z: 0] := [z], is surjective. The thus obtained factorisation
of f into a surjection and an injection is initial among all such. This means that
if 2:0F s[z]: pis surjective and y: p b ¢[y] : 7 is injective and f L ;o5 then there
exists a unique (up to é) function :0/R F ufx] : p such that uo hZs and iohZg.

Indeed, we obtain u as the lifting of s.

Bourbaki now points out that the quotient o/R is in bijective correspondence
with the image of o under f, i.e. the subset of 7 consisting of those elements which
have an inverse image in o. In fact they factor f as a three-fold composition of
the class-map, this bijection, and the injection from the image into 7. If we code

the image of f in type theory as®

Im(f) := Xy: 7.Prf(Jz:o.(f ) L Y)

6We could also use a subset type former, but since we haven’t explicitly described it

in Sy we use X-types instead.



then we obtain another factorisation of f into a surjection and an injection, this
time through Im(f). It is easy to see that this factorisation is terminal (up to

propositional equality). Using either initiality or terminality we obtain a function

[:0/R— Im(f).

Since we lack unique choice, we are, however, unable to define an inverse to
this. If we had AC! in the sense of Sect. 5.4 we could construct an inverse as
follows. Given u : Im(f) we form the type Xz:0/R.I[[x] Ly and prove using 3-
elimination that this type contains a unique element. If P is a proof term for this

then we can form Au: Im(f).AC!(P) providing the desired inverse to [.

Let us note that in the model Sy the above mapping [ is the function f itself,
whereas an inverse to [ would have to be a mapping in the other direction which

need not necessarily exist, for instance if o4 is empty.

We remark that if we had unique choice then we could define quotient types in
the usual way as the subset of 0 — Prop consisting of “equivalence classes”. We
also remark that if we use the X-type instead of 4 to define images then we have

of course “choice”, but the projection from Im(f) to 7 would not be injective.

Bourbaki also explains that any equivalence relation (in the sense of Sect. 5.1.10)
R on o can be seen as being of the above form using the function f which sends an
element x: o to the set of elements related to x. In the impredicative type theory

So this can be mimicked by putting f[z] := Az": 0. R[x, 2] : ¢ — Prop. We have

vyio b (fle) £ fly)) £ Rlz,y] true

by propositional extensionality. In first-order type theory (S;) this is, however,

not possible.

6.5.2 Some categorical properties of S

One may look at the issue of factorisation from a more modern category-theoretic
view as follows. A regular epi is a surjection which can be obtained as the co-

equaliser of two functions. Conversely, a reqular mono is an equaliser of a parallel



pair. Let So/é be the category obtained from Sy by taking closed types as ob-
jects and functions up to propositional equality as morphisms. The regular epis
in So/é are precisely those which can be obtained from class maps by pre- and
post-composing with isomorphisms (notice that x: o = [2], : 0/ R is the coequaliser
of the two projections from Yu: 0. Xy: 0. Prf(R[x, 2']) to o. Similarly, the regular
monos are precisely those which can be obtained in this way from projections out
of X-types with propositional second component (= subset types). Here proposi-
tional extensionality is needed. In So/é the regular epis together with injections
and the surjections with regular monos each form a factorisation system [5, p. 190].
The content of unique choice in the framework of Sq is precisely that all surjections
are regular epis and that all injections are regular monos. We also remark without
proof that So/é is regular [5, p. 187], i.e. has finite limits” and coequalisers (given
by quotient types) which are stable under pullback (the verification of the latter
property requires the dependent elimination rule for quotients Q-I-EriM). In ad-
dition this category has the property that the regular monos are “classified” by the
object Prop. It is also very easy to see that the category with the same objects,
but with functional relations as morphisms (again up to propositional equality) is
a topos. One only has to check that ¢ — Prop is a “power object” in the sense
of [5]. We have not pursued this category-theoretic analysis any further in this
thesis because it glosses over the distinction between definitional and propositional

equality, which we consider as crucial in type theory.

6.5.3 Subsets and quotients

Let o be a type and x,2":0 F R[z,2'] : Prop an equivalence relation. If z:0
Plz] : Prop we may form the “subset” 7 := Ya: 0.Prf(P[x]) and denote by i[x: 7] :=
x.1 : o the first projection which is injective by PR-IR. In first-order type theory,

“In order to have a canonical choice for these finite limits it is advisable to identify

objects with equal —4; component and extensionally equal —¢-components.



e.g. S1, we must restrict to a predicate P which is single-valued, i.e. any two proofs

of which are propositionally equal, or use the squash type former.

On 7 we have the induced equivalence relation R, [z,2'] := Rli[x],i[2"]]. Now

we can define a bijective correspondence between the quotient of 7 by R,
p:=T1/R:
and the image of 7 under the class map from o to o /R, i.e. the type
p:=Yzi0/RIx:T.2 L ES

In one direction (from p to ¢) we use the lifting of the obvious map from 7 to ¢
obtained by restricting the codomain of x:7 I [i[z]], : ¢/p. The other direction is
more complicated. In set theory, i.e. in the development of [10], one uses a right
inverse to the class map from 7 to 7/R;. In type theory we use the (derived)

dependent elimination rule Q-I-ELIM from Sections 3.2.6.1 and 5.1.5.1. We define
([z:0/R] := Ha: 7.Prf(z L li[z]]p) — T/ R~

By F-elimination a term of type x:0/R F ([x] gives rise to a function from ¢ to p,
and such term can be defined using the dependent elimination rule for quotients

provided we can find a term M with
vio b= Mlx]: ([[r]g]
together with a proof of
z 2 o, p: Pri( Rz, 2']) F Subst (Qaxp(p), M[z]) £ M[2']
We define
Mlz: 0] := Aa: 7. Ap: Prf(z £ [i[2]]p).[2] o

and the proviso is readily established using functional extensionality and the defin-
itions of 7 and R,. The verification that the function obtained thus is the required

inverse is straightforward.

In Sy this inverse would have been obtained more easily by working in the
model directly rather than by using the “internal language” given by the syntax
for quotient types.



6.5.4 Saturated subsets

The predicate P from above is called saturated if for each x in P the whole equi-

valence class associated to x is contained in P, more precisely if
Va,y:0.Plz] = Rlz,y] = Ply]

In [10] it is noted that a subset is saturated iff it is the inverse image under the
class map of some subset of the quotient set o/ R. This is true in type theory as
well. Indeed, if P is saturated then we define P'[z:0/R] := Jx:0.Plz] A [2]p L.

and we have that

vio F Pla] L P[z],)

using propositional extensionality and effectiveness of the quotient type as defined
in Sect. 5.1.6.4. Without effectiveness this example does not go through even if
we would replace equality of predicates by bi-implication. We could also define P’

using lifting (plug). That both definitions agree requires again effectiveness.

The other direction, i.e. that an inverse image along the class map is saturated,

is straightforward and only requires Qax.

Bourbaki also defines the saturation of a subset P of ¢ as the inverse image of
the image of P under the class map. We can show that this saturation is equal to

o F Ja’io Rz, 2']) A P[], but again this requires effectiveness.

In loc.cit. saturatedness is extended to predicates with parameters, i.e. rela-
tions, and then called compatibility. Of particular interest is the case of functional
relations where the image along the class map defines a set-theoretic analogue to
lifting (plug). Since (due to the lack of unique choice) functions and functional
relations are different in our type theory, we cannot sensibly compare the two

definitions.

In loc.cit. a more general notion of lifting is also defined which takes a function
x:o b hlz] : 7 with 2,20 b Rz, 2'] = Q[h[z], h[2'] for equivalence relations R
and @) on o and 7, respectively into a function from o/R to 7/Q. In type theory
we do this by lifting the composition of A with the class map for 7/Q.



6.5.5 Iterated quotients

Let o, R be as above and z,z":0/R F S|z, 2] : Prop be an equivalence relation on
the quotient of o by R. On ¢ we define an equivalence relation T' by T'[x, '] :=
S(l]p, [2']z]. It is argued in [10] that the quotient types (o/R)/S and o/T are
in bijective correspondence by relating elements which come from one and the
same element in ¢ by taking equivalence classes. In type theory we can define
the bijection by appropriately lifting the class maps. In the model Sy the thus
obtained bijection is simply the identity on o4 in accordance with the set-theoretic

definition.

Conversely, if T' is any equivalence relation on ¢ which has the property that
Rz, 2'] entails T[x,2'] for x,2": 0, then (since T is saturated in both z and a’)
we can by the analysis in Sect. 6.5.4 define an equivalence relation S on o/R and
find that T is equal to the relation defined by pre-composing S with the class
map for o/R. Bourbaki calls the thus obtained relation S the quotient of T by R
denoted T'/R. One thus obtains a bijective correspondence between (o /R)/(T/R)
and o/T.

That the above line of reasoning goes through both in the set-theoretic frame-
work of [10] and in type theory is a nice example for the emphasis on abstraction

and modularity in the Bourbaki approach.

6.5.6 Quotients and products

Let R and S be equivalence relations on o and 7, respectively. An equivalence
relation R x S on the product o x 7 is defined component-wise. One has a bijective
correspondence between (o/R) x (7/5) and (¢ x 7)/(R x S). One direction is
obtained by lifting the obvious map from o x 7 to o/R x 7/S5. For the other
direction we consider the function z:o,y:7 F [(2,y)|g.s : (0 X 7)/(R x S) and lift

along y to obtain

w:T/S,x:0 b plugg, swin[y: 7][(z,y)| g gusing H : o x 7/R x S



where H uses reflexivity of R, the definition of R x S and Qax. Now in order
to lift this function along = we must use Qind to replace w by an equivalence
class and the lifted function by its definition. This method is of use when we
want to define a binary function on a quotient type. By giving such a function
on representatives and showing that it respects the relations component-wise, one
has, strictly speaking, defined a function on (o x 7)/(R x S5). Pre-composition

with the said bijection yields the desired binary function.

This concludes the type-theoretic analysis of Bourbaki’s constructions with

quotients.

6.5.7 Quotients and function spaces

Motivated by the last construction we may ask whether quotienting is compatible
with function spaces, e.g. whether the type o — 7/5 is isomorphic to the quotient
of o — 7 by the equivalence relation ¢ — S = [u,v:0 — 7]Va:0.5u z,v .
In the model Sy and also in set theory this is the case, but apparently this is
not derivable from our syntax for quotient types. The reason lies in the fact that
in topos logic, where every surjection is isomorphic to a class map, this property
implies the internal axiom of choice (IAC) from Sect. 5.1.4.2 which is in general not
valid. (Recall that IAC means the proposition (Va:o.3y:7.P[z,y]) — (If:0 —
r.¥e:o. Pz, f ]) for all types o, 7.) Parts of the following development also appear
in a category-theoretic guise in [5, p. 251 ff.].

IAC is equivalent to saying that all surjections (in the sense of Sect. 6.5.1)

split internally, i.e.

Vs:p— . (Vy:pdeio.(s x) L y) = It — o Vy:h.s(t y) L Yy

In order to obtain TAC from this one starts from P with Va:o.3y:7.P[z,y] and
instantiates with s being the first projection from ¢ := Ya: 0. Xy: 7.Prf( Pz, y]) to
Y 1= o. Surjectivity of this function is precisely the assumed premise to IAC, a

splitting of this surjection on the other hand gives the conclusion of TAC.



That all surjections split internally is in turn equivalent to saying that if s :
@ — 1 is surjective then so is p — s := Auip — p.sou for all types p. Let us
call (following [5]) a surjection with this property powerful. To obtain an internal
splitting of powerful s we instantiate with p = ¢ and apply surjectivity of p — s
to the identity on . The other direction is easy.

Now under the assumption that for every equivalence relation S on 7 the types
o — 7/S and (0 — 7)/(c — S) are isomorphic, we find that every “class map”
Az:7.[z]s is powerful. This is the case in Sg. Unlike in a topos it is, however, not
the case in Sy that every surjection is isomorphic to a class map. For example the
surjection onto Im(f) described above (Sect. 6.5.1) does not have this property.
Thus we obtain that compatibility of quotienting with function spaces is not true
in a topos, unless it satisfies IAC and thus is Boolean, and this can not be derived
from our syntax for quotient types which (except for the choice operator) can be
interpreted in any topos. The choice operator, on the other hand, is of no use
here because it only works for non-quotiented context and we want compatibility
of quotients with function spaces even if one of the involved types contains free

variables of quotient type.

In view of this one may consider including the isomorphism between o — 7/

and (0 — 7)/(0c — 9) as a primitive in the syntax of quotient types.

6.6 Y is co-continuous—intensionally

In [77], Mendler shows that in a locally cartesian closed category C every “Y-
functor” ¥y : C/A — C/Bsending u : X — Ato fou: X — B preserves directed
limits and in particular limits of w-chains. In view of the correspondence between
locally cartesian closed categories and extensional type theory [96,46], this result
carries over to TTg and by Thm. 3.2.5 also to TT;. The result has applications
to encodings of coinductive types in TTy (in fact the encoding of streams as N —
o is a special case) and to the intensional formulation of bisimilarity avoiding

the use of impredicativity, i.e. the quantification over all bisimulations [60]. We



sketch the set-theoretic instance of a special case of Mendler’s result and give a
translation into TTg. The crux of this example is to demonstrate the power of
the conservativity theorem 3.2.5 because a direct proof in TTy seems to be very

complicated.

6.6.1 Parametrised limits of w-chains
As in Sect. 5.2 we use informal Martin-Lof type theory to refer to sets and families
of sets and functions between them.

Consider an w chain of sets and functions

bit1 b;
- — Bipa B;

and let L be its limit with projections m; : L. — B;. This means that b;om;11 =
7; for i € w and that for every “compatible family” (;)ic, with z; € B; and

bi(xi41) = x; there exists a unique element (x;|¢ € w) € L with m;({x;]7 € w)) = ;.

This defines the limit up to isomorphism. Recall that such limit L always exists

and that it may be explicitly constructed as the set of compatible families by
L:= {f cll: e w.B; |Vl € w.bi(fﬂ_l) = f(l)}

The projections are then defined by m;(f € L) = f(¢) and if (2;);e. is a compatible

family as above then we define the unique associated element of L as
<$Z|Z Ew> =\ € w.x;
The verification is routine.

Now suppose that the whole development so far depended upon some para-
meter € O and that we form the disjoint union over all possible values of this
parameter. This means that we consider the chain

b b! bi_ b b

Y EeO.BL, X eO.B = ... — ¥ €0.B) X0 € 0.8

Here the notation BY indicates the dependency of B; on 9 and may be used to

denote substitution. This applies to the other meta-variables (L, b;,...) as well.



The functions b} are given by
bi(z € X9 € ©.BY,) := (2.1,b)(2.2)) € X0 € ©.B/

Now we have:

Proposition 6.6.1 (Mendler) The set ¥4 € ©.L% with projections
(9, f) € XV € O.L) = (U, m(f)) : X0 € ©.BY

is a limit of the chain of the b..

Proof. Let z; € ¥ € 0.8/ with
bi(ig1) = 2 for: € w (6.3)

be a compatible family. By applying the first projection to this equation and
induction on ¢ we find that all the first components ;.1 are equal (to ¥g := 0.1
for instance). Therefore we have ;.2 € BY° and bY°(z:41.2) = ;.2 by applying

the second projection to Eqn. 6.3. This allows us to form
(Yo, (z:.2]7 € w)) € X0 € ©.1L°

It is routine to check that this satisfies the commutation requirement and that it

is unique among those. O

We remark that the “proof-relevant” character of ¥ is crucial here. If we replace
it by “existential quantification”, i.e. 39 € ©.BY := @ if BY = ) for all ¥ and {x}
otherwise, then 39 € ©.LY is not a limit of the sequence of the 39 € ©.BY. For
example, if © = w and BY = {x} iff ¥ > 7 then z; := * is a compatible family,
but 3¥ € O.LY is empty. This phenomenon is the gist of Hallnas’ definition of

bisimulation as an w-limit by replacing 3 by ..

6.6.2 Development in TTg

The above proof can be formalised in TTg—the extensional type theory introduced

in Sect. 3.2.3.1—almost without changes. We assume a chain depending on 9: ©:



— 9:0,i:NF B[Y,i]
— 9:0,i:NF b9, : B[Y,Suc(i)] — B[Y,i]
and define the type of compatible families by
CompFam[9: 0] := X f: 1i: N.B[W, i] . i:N.Id(b[0, 1] (f (Suc(i))) , f 1)

For simplicity we identify the limit L with this type. Now we make the following

definitions:
— B[i:N] := 39: 0.B[¢, ]
— ¥[i:N] 1= Az B[Suc(i)].(x.1, b[2.1,i] 2.2)
— CompFam’ := X f: Ii: N.B[i] . li: N.Id(W[i] (f (Suc(:))) , f )
— If 20 b 7[2] then Yot 0.7 = Sa:o0.(7 x Hy: 0.7[y] — 1d, (2, y))

and establish in TTg
Fp Ha: CompFam'.X!z: (X¢9: ©.CompFam[d]).Ile: N.Idp/((2.1,2.2.14) , 2.1 ¢) true

i.e. that ¥¢: ©.CompFam[d] is the limit of the B’[:]. Notice that if x: CompFam’
and ¢:N then z.1 ¢ : B'[i] because 2.2 is the proof of compatibility, and similarly

for elements of CompFam.

6.6.3 Development in TT;

Now from the conservativity theorem 3.2.5 it follows immediately that the same
judgement holds in intensional type theory with functional extensionality and
uniqueness of identity (TTy), provided the assumptions on B and b are valid in
TT;. However, giving a direct derivation of this in TTy is quite difficult, because

the “candidate” z: ¥9: @.CompFam[d] already contains instances of Subst so for



the verification we have to reason about terms containing instances of Subst . More
precisely, we first construct a term
z: CompFam’, 7: N Fy Uniform : Ide((z.1 0).1, (2.1 7).1)

———
“9,7
0

using .2 (the proof that z.1 is compatible) and RN. Then we construct an element
of
z: CompFam’ k1 CompFam][(z.1 0).1]

the first component of which (of type Ili: N.B[(x.1 0).1,¢]) is given by
x: CompFam’ k1 Ai: N.Subst g (g.0p[s,7(Uniform[z, i] , (2.1 ¢).2)

The verification now uses IdUni (and the derived induction principle J) and Ext.
The author has spend considerable time with Lego trying to formalise this com-
pletely without succeeding. The strategy is of course clear and is indeed dictated
by the proof of Thm. 3.2.5, but carrying out all the necessary dependent sub-
stitutions in Lego turns out to be extremely cumbersome. The lesson is that
machine-supported reasoning in TTy, in order to be efficient, must be supported

by tactics, which could very well be based on the conservativity theorem.

One could e.g. imagine that one would conduct parts of a development in TTg.
This has the advantage that certain terms which can be proven propositionally
equal are syntactically identified, for instance Subst , (P, M) and Subst , (P, M)
for some M : 7[Nq] and P, P': 1d, (N1, Ny).



Chapter 7

Conclusions and further work

We have compared extensional and intensional formulations of type theory and
argued for the need for adding “extensional concepts” to the latter. These exten-
sional concepts have been justified using syntactic models based on pure intensional

type theory.

A natural next step would be to develop an implementation of the syntactic
models along the lines of Sect. 1.4.1 so as to gain more experience with them.
We think (although this may turn out to be wrong) that this implementation
task is essentially straightforward and merely requires a lot of time. It is worth
mentioning that in a certain sense such an implementation already exists in the
form of the combinators for the syntactic models defined in Lego (Sect. 4.4 &
5.1.2), but the variable-free syntax they support is of very limited practical use.

A more difficult and also theoretically challenging question in this direction
would be to develop an implementation of the groupoid model. This model as we
have presented it is based on classical extensional set theory and as such is not
amenable to a direct implementation. However, it seems that the fragment of the
groupoid model which is actually taken on by the interpretation function from the
syntax does admit an effective description, which we consider worthwhile to work

out.

The intended application of such an endeavour—the idea of interpreting pro-
positional equality on types as isomorphism (Sect. 5.2.4) in the absence of unique-
ness of identity—has not been pursued deeply in this thesis. It appears to be quite
a promising subject. For instance, preliminary investigation has shown that an

extension of the type-theoretic definition of categories by additional axioms which
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allow one to conclude propositional equality of objects from isomorphism might
give rise to an elegant syntactic formulation of coherent isomorphisms. Such a
notion of category is stable under the notions of functor and slice category, and
contains the particular example Full(U, El) if (U, El) is a universe with proposi-
tional equality as isomorphism as mentioned in Sect. 5.2.4. However, this universe
must appear as a primitive in type theory. In order to be able to “construct” it
from more general principles, some kind of “proof-relevant” quotient type former

would be needed of which this universe would be an instance.

This leads us to another important question which has only been marginally
addressed in this thesis: the expressiveness of the “source type theories” with
extensional concepts w.r.t. to the setoid models in which they are interpreted. It
seems that for every setoid in the model there exists an isomorphic one which is
taken on by the interpretation function and that every section of definable families
is definable. This would work by exhibiting a given setoid as the quotient of its
—set component by its —-component. The resulting relation on the quotient
type will, however, only be equivalent (not equal) to the original one, hence the
isomorphism. Such a completeness result (if it holds) would not be all too useful
since we still do not know which types and terms are definable. So what one would
really like to have is an overview over the principles and rules (like countable choice
or compatibility of quotients with exponentiation) which are valid in the setoid

models.

More specially, the meta-theory of quotient types should be studied more thor-
oughly. We have made some attempts at that in the course of the examples in
Sect. 6.5, but these were far from exhaustive. For instance, it would be interesting

to shed some light on the role of effectiveness of quotient types in applications.

The interpretability of type formers in the setoid models ought to be studied
from a more general perspective. For instance one would like to know whether
the difficulties with interpreting inductive types and universes in S; are inherent
or stem from a flawed definition of the model. After two years of experience with
setoid interpretation the author tends towards the first alternative, but this is of

course only a personal impression.



Appendix A

Lego context approximating Sy

Below is a sequence of Lego declarations which simulates quotient types, proof-
irrelevance, and functional and propositional extensionality as supported by Sg,
cf. App. B. This code is slightly more general than Sy as Lego supports an infinite
hierarchy of universes. It should, however, be possible to interpret the code using
the method described in Sect. 5.1.8. To be absolutely safe, one can of course avoid
the use of Lego universes when working with quotient types. The code does not
contain subset types as those can be simulated by ¥-types and it does not support
the non-standard operations extend and choice as the syntactic restrictions for
those cannot be stated in Lego. A version of this code extended by proofs of certain
properties such as effectiveness of quotient types is part of the Lego distribution.

Notice that Q refers to Leibniz equality.

A.1 Extensionality axioms
$[Bi_Imp:{X,Y:Prop}(X->Y)->(Y->X)->Q X Y]; propositional extensionality
$[Pr_Ir:{X:Prop}{x,y:X}Q x y]; proof irrelevance
$[Ext:{A:Type(0) }{B:A->Type(0) }{U,V:{a:A}B a}

({a:A}Q (F 2)(G a))->Q F G]; functional extensionality
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A.2 Quotient types

[A|Type(0)] [R:A->A->Prop]; all declarations are relative to A and R
$[QU : Set // RI; Q-ForM. //R indicates the dependency of QU on R
$[QU_class:A->QU//R]; Q-INTRO
$[QU_Ax:{al,a2:A}(R al a2) -> Q (QUclass al) (QU_class a2)]; Q-Ax
$[QU Elim:{C|Set}{f:A->C} Q-EriM

({a1,a2:4}(R al a2) -> (Q (£ al) (f a2))) -> QU -> C];

$[QU_Ind:{P:QU->Prop}({a:A}P(QUclass a)) -> {q:QU}P ql; Q-IND

[[ClSet] [f:A->C][H:{al,a2:A}(R al a2) -> Q (f al) (f a2)][a:A] Q-Cowmp
QU_it f H (QU_class a) ==> f al;

Discharge A; relativising the declarations to A and R

A.3 Further axioms

One may add axioms approximating the substitutivity property of Leibniz equality
(Prop. 5.1.8) and the special case of Prop. 4.6.7 where 0 = N. The correspond-
ing definitional equalities can, however, only be approximated by propositional

equalities, which hampers their efficient use.

$[Q_Subst:{A|Type(0) }{B:A->Type(0) }{a,a’ |A}(Q a a’)->(B a)->(B a’)];
$[Q_Subst _Comp:{A|Type(0) }{B:A->Type(0) }{a:A}{b:B a}
Q (Q_Subst B (Q.refl a) b) bl;

$[extend : {P:Prop}(P -> Nat) -> Nat];
$[extend Comp : {P:Prop}{f:P->Nat}{p:P}Q (f p) (extend £)];



Appendix B

Syntax

For the convenience of the reader all of the rules appearing throughout this thesis
are summarised in this appendix. Notice that some of the rules are incompatible
with each other, e.g. ID-UNI-I and UNIV-ID. Notice also that since the rules are

literally the same as in the text, some appear in abbreviated form and others do

not

Rules for TT

I'kFo
— EwmprTY — CoMPR
ok Ix:ok
I'FM:o
Ix:obr I'FN:o Ik
—— II-FormM —  — Ip-Form —— N-ForM
I'Fllz:or I'FId,(M,N) I'FN
I'Fo=r
I x:0,AF I'FM:o
VAR ——— Conv
I z:0,AFz:0 I'tM:T
I'.z:cFM:7 I'FM:1lz:01 I'FN:o
II-INTRO II-Evim
'k Xeio M7 : a0 '+ App, (M, N):7[z:= N]
'k 'FM:N
— N-INTRO-0 N-INTRO-SUC
'-0:N I'FSuc(M):N
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I' 2:NFo
I'F M, :ofz:=0]
I'a:N ,p:oF M, : oz := Suc(a)]

I'FN:N
N-ErLim

I'FRN(M,, M, N): o[z := N]

I'M:o
Ip-INTRO

I'F Refl, (M) : 1d, (M, M)

I' zio,y:0 ,p:ldo(z,y)F 7

,ziob M:7a = z|[y = 2][p:= Refl,(z)]
I'EN o

I'ENy:o

F"P:Idg(Nl,Ng) .| ]
D-ELIM-

T l_ JU,T(M7 Nl,NQ,P) . T[$ = Nl][@/ = Nz][p = P]

Equality rules—a selection

I'kFe 'Fo=r P'Fo=r1 F'Fr=p
——  T-RErL. — T-SvMm T-TRANS
'Fo=9¢ 'Fr=0¢ 'Fo=p

I'-M=M:N I'o=0o IziokFr=1
C-Svc C-Pi
It Suc(M) = Suc(M'): N 't Mz:or = Ha:o' .7

FT=A I'to=r
C-CoMPR

FL,z:0=A,y:7

I'Iz:or = 20’7 Iaz:ob-M=M:71
C-ABSTR

Tk Aeio.M™ = Aaio’ M7 :a:o.r
Rules for sematically defined definitional equality (Sect. 4.7)

[U[ M]) =[I'| NT € Sect([I" | o])

EqQ-TERM
IT'FM=N:0o
I'lo|=|T]|7] € Fam(|I
K K e S U |
'Fo=r

['] = [A] € Ob(C)
FT=A

EqQ-ConT



Computation rules. These are always understood under the premise that left and

right hand sides both have the indicated type.

II-BETA
'+ App, (Az:0.M7,N)= Mz := N]: 7[z := N]

NaT-CoMP-ZERO

I'FRN(M,, M,,0)= M. : o[z := 0]

NaT-CoMP-Suc

I'FRN(M,, My, Suc(N)) =
M[z := N][p:= RN(M,, My, N)] : o[z := Suc(N)]

Ip-CompP

I'FJ,(M,N,N,Refl,(N)) =
Mz := N]:7[z := N]ly:= N][p:= Refl,(N)]
Rules for YX-types and unit type.

—— Un~ir-FormM —— UnNIT-INTRO
F1 *x:1

z:1kofz] FM:ox] FN:1
Unit-Evim/CoMmp

FRYM,N):a[N] FRI(M,x) =M

Fo 0 b 7] FM:o N :7[M]
Y-ForMm Y-INTRO
F Ya:or[z] F pair, (M, N) : Yz:0.7[z]
p: Yaor[z]F p[p]
zroyy:Tle] F Mz, y] : plpair, .(z,y)] FP:Yaeor|z]
S : Y-Erim
l_ RU,T,p(M7 P) : p[P]
S ¥-Cowmp
Ry, (M, pair, .(N,0)) = M[N,O] : p[pair, .(N,0)]
Rules for the extensional unit type
'k 'k
UniT-ForRM ——  UNIT-INTRO
'k 1E 'k x: 1E
I'HM:1g
UNIT-EQ
I'EM=x: 1
Rules for the Calculus of Constructions
F .S :Prop
ProrP-FORM ——— Proor-ForMm
F Prop F Prf(5)

z:oF S(z): Prop
FVYz:0.5z] : Prop

Prop-INTRO

Pror-EQ
F Prf(Va:0.5[z]) = Ha:0.Prf(S[z])



Universes
FM:U
—— U-ForMm —— El-ForMm
FU FEI(M)
FS:U z:E(S)FT:U
FI(S,T): U

U-INnTrO-1I

- U-EqQ-1I
EI(II(S,T)) = Hz: EI(S).EXT)

—  U-IntRo-N ——— U-Eq-N
FN:U FE(N)=N

Peano’s fourth axiom

I' F M : Idn(0, Suc(0)) I'Fo

PEaNoO-4
I' - Peano,(M): o

Further rules for the identity type

I' z,y:0,p:lds(2,y) F 7l[z,y, p]
I'EN o I'ENy:o

I'F M : T[Ny, Ny, Refl,(N1)]

Tk P:1d, (N, Ny)

Ip-ELim-J’
Ik J;T(M,Nl,NQ,P) : T[Nl,NQ,P]

I'Fo I'-M:o I'FP:1d, (M, M)
Ip-UNI-1

Ik IdUnig(M, P) : IdIdg(M,M)(Pv Reﬂ(M))

I'kto I'FM:o
Ip-Uni-Comp

I'F 1dUni ,(M, Refl(M)) = Refi(Refl(M)) : Id, (M, M)

U,V :lz:o.r
Iziok P:1d (U 2,V )

ExT-ForMm
I'F ExtmT(U, V, P) : Idnx;g,T(U, V)
Ia:o bk 7[2]
Tk Ml,MQ . g
I'kP: Idg(Ml,MQ)
I'E N :7[M]
LEIBNIZ

I'F Subst, . (My, My, P, N) : 7[My)]



LEeiBNIZ-COMP
I' F Subst , (M, M,Refl,(M),N)= N : 7[M]

Rules for extensional type theory

I'Fo I'M:o I'EFN:o
' P:1d,(M,N)

ID-DEFEQ
I'FM=N:o
I'kFo I'FM:o I'FN:o
I'FP:1d,(M,N)
Ip-Un1
I'FP=Refl,(M):1d,(M,N)
I'FM: 1z 07
II-ETa
I'FM=XAv:o. M z:1lz:0.7
Rules for TTy
'kt M,N:o I'Fr P:1de(M,N)
R-ForMm
I'F R (M,N,P):0
IFR,(M,N,P):0
R-EQ
'R (M,N,P)=N:0
Rules for quotient types in TTg
I'ko I,z,2" 0k plz,2'] I'-M:o I'ko/p
Q-E-FormMm Q-E-INTRO
I'ko/p L'E[M],:0/p
I'-M,N:o '+ H:p[M,N]
Q-E-Eq

IF[M], = [N],:0/p

I az:o/ptk 7[z] Lyaio b M) : r[[z] ]
I,z,2"50,p:pla,2'|F M[z] = M[2'] : T[[ac’]p]

I'EN:o/p
Q-E-ELIM
I'Fplug, Nin M : 7[N]
Q-E-Cowmp
I'Fplug, [N],in M = M[N]:7[[N],]
Rules for quotient types in TT;
I'ko I',z,2":0F plz,a'] I'M:o I'to/p
Q-I-FormM Q-I-INTRO

I'ko/p L'E[M],:0/p



I'-M,N:o I'-H:p[M,N]

Q-I-Ax
I'F Qax,(H):1d,/,([M],,[N],)

ILaz:o/p bk 7[z] Iaio b Mla]: 7([z] ]

I,z,2"0 7p:p[$7$/] -H : IdT[[x/]p](Sllet cr/p,T(QaXp(p)vM[x]) ’ M[xl])
I'EN:a/p

I' i plug, N in M using H : 7[N]

Q-I-Comp
I't plug, [N],in M using H = M[N]: 7[[N] ]

Proof irrelevance

' A:Prop I'FM,N :Prf(A)

7 Pr-Ir
I'FPrir(A,M,N):Prf(M = N)

Rules for subset types

Fo ,x:0 F P :Prop
F{xz:0| P}

EM:o F H : Prf(P[M])
F(M)g :{a:io| P}

FM:{x:0|P}

Fwit(M):o

FM:{z:0| P}

Fcor(M) : Pri( P[wit(M)])

{}-Form

{}-INnTRO

{}-WiT

{}-Cor

Fwit(M)g)=M€o Fcor((M)g) = H € Pri(P[M])

I'z:0 F 7[2] Nprop

I'z:0F Plz] : Prop

P, | Plal} - M(pl: rlwit(p)]
I'FN:o

{}-ErLiMm-NoNPRrOP
I' F extend, p (M, N): 7[M]

Same premises as {}-EriM-NoNPROP and

I'F H : Prf(P[M])

I' Fextend, p(M,N)= M[(N)g] : 7[N]

Q-I-Erim

{}-BETA

{}-EriM-No~nPrOP-COMP



Extensional concepts in Sy

' A: Prop ' M, N :Prf(A)

Pr-Ir
' M= N:Prf(A)

I' = P : Prop I' Q@ : Prop I'-H:Pf(P & Q)

7 Bi-Imp
I' - Billmp(P,Q, H) : Prf(P =Q)
r=0,vV:lz:or
I'a:o b H:Prf(U s 2V )
EXT
I+ Ext(H): Pri(U £ V)
Quotient types in Sg
I'kFo I',s,s:0F R[s,s']: Prop I'-M:o
Q-ForMm Q-INTRO
I'Fo/R I'E[M]gz:0/R
'tr T ,siobF M[s]:T I'-N:o/R
I',s,8 0, p: Prf(R[s,s']) F H : Prf(M]s] L M]s'])
Q-Erim
I' = plugp Nin Musing H : 7
Q-Comp
I' F plugy [N]pin M using H = M[N]: 7
I'-M,N:o I'= H : Pri(R[M, NJ)
B Q-AXx
['F Qaxp(H) : Pri([M]g = [N]g)
I',2:0/RF Plz]: Prop
I',s:ob H:Prf(P][[s]z])
I'-M:0o/R
Q-IND
I'F Qindg(H, M) : Prf(P[M])
Rules for the choice operator
There exists a non-quotiented context
A and a type 7 and a term N with
A F N : 7 and a syntactic context
morphism I' = f = A such that M =
I'EM:o/R N[f] and /R = 7[f].
Q-CHOICE

I' F choice(M) : o



Ik choice([M],) : o I'FM:o
['F choice([M],) =M : o
I'bM:o/R I' b choice(M) : o
[ [choice(M)], = M : o0/R

Q-CuHoice-Comp

Q-CHOICE-AX

Rules for the identity type on universes

'-X,y:U I'F F:Iso[X,Y]

Univ-Ip
I'F Univld(X, Y, F) : Idy(X,Y)

['F F:lIso[X,Y] I'E M : EI(X)
Univ-InD-EqQ

I' b Subst y (X, Y, Univld(F), M) = F M : EI(Y)

UnNiv-ID-EqQ’

I' F Univld(X, X,id[X]) = Refly(X) : Idu(X, X)
Rules for squash types

Lre O-FORM M O-INTRO
' Oo I'FOM :Oc
'-M,N:Oc
' D_ax(M, N) : Idg,(M, N)
I'Fo,r ILae:iob Mlz]: 7 ' N:Oc
I' a2 o H:1d,(M[z], M[z'])
' plugg Nin M using H : 7
' plugg ONin M using H : 7

O-AX

O-Erim

O0-EqQ
I'-0Eq(M,N,H) : plugg ONin M using H = M[N]: 7

Axioms of Choice and Unique Choice

I'kto I'kr
IAC

't (Va:o.3y:7.R[x,y]) — (3f:0 — 7.Veio. Rz, f «]) true

ko ' P:Prf EIx:a.Vy:U.xéy
( ) AC!

I'FACIP): 0o



Appendix C

A glossary of type theories

We use various type theories sometimes in parallel, so that the following summary,
which gives the name or symbol of each relevant type theory together with a brief

description and a reference to its first appearance in the text, may be helpful.

TT, core type theory: Dependent type theory with dependent products, sums
natural numbers, unit type, and identity types. (p. 30)

Calculus of Constructions: A part of TT together with an impredicative uni-
verse. In the C.0.C. propositional equality may be defined as Leibniz equality (see
2.3.4). It is generally weaker than the identity type; in So (see below) the two are,

however, equivalent. (p. 30)

TTr: The type theory TT together with the extensional concepts of functional
extensionality and uniqueness of identity. The elimination operator J is replaced
by the Leibniz principle Subst for convenience. The extensional concepts are

merely assumed as constants. (p. 90)

TTg: The type theory TT together with the equality reflection rule which identi-

fies definitional and propositional equality. Also called “extensional type theory”.

(p- 90)

272



TTyx: Extension of TT; with an intensional counterpart to equality reflection
(“R”). For every derivable judgement in TTg there exists a decoration of this

judgement with Subst and R derivable in TTy. (p. 93)

D: Type theory defined by the deliverables model-—a kind of subset interpret-
ation of the Calculus of Constructions. D supports all type and term formers of
the C.0.C. and in addition proof-irrelevance and subset types. The symbol D is
also used for the deliverables model itself. (p. 130)

So:  Type theory defined by the “non-dependent” setoid model in Sect. 5.1 (also
called Sp). It includes the C.0.C. and supports proof-irrelevance, subset types,
functional and propositional extensionality, and quotient types. The extensional
concepts in Sy are based on Leibniz equality which in Sq is equivalent in strength
to the identity type. Sg does not support universes, except for the impredicative
universe of propositions. There exists an extension of Sg which makes universes
available, but extensional concepts are then restricted to types inside the universe,

see Sect. 5.1.8. (p. 160)

Si: Type theory defined by the “dependent” setoid model in Sect. 5.3. It sup-
ports all type and term formers of T'T; including functional extensionality based
on the identity type. Probably quotient types are also supported. Unlike Sy the
type theory S; caters for proper type dependency, however, it is not clear whether

a universe is supported. (p. 212)

Source type theory: Type theory defined by a syntactic model, e.g. S; or D.

Target type theory: Type theory used to construct a syntactic model. Usually
TT or the C.o.C.



Appendix D

Index of symbols

The following summarises the mathematical symbols used throughout the thesis

together with a brief explanation and a reference to their first appearance in the
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text.

—op opposite category 42

Sets category of sets and functions 42

Subst substitution operator for identity types 78

Id identity type, propositional equality 20

Refl reflexivity operator for id. types (canon- 79
ical element)

Sym symmetry operator for id. types 79

Trans transitivity operator for id. types 79

Resp compatibility of id. types with function 79
application

J elimination operator for id. types 21

IdUni uniqueness of identity proofs 80

F judgement relation in type theory 19

I'F o true judgement expresing that o is non- 23
empty

0 composition (of morphisms, substitu- 27
tions, and terms)

id identity morphism 35



0, Suc

RO

Int
Real
Str(o)
1, (~)
TI(-)
Colt

)

type of natural numbers

canonical elements of N, zero and
successor

elimination operator for type former
syntactic identity

type of positive and negative integers
type of real numbers

type of streams over o

first element of a stream

tail of a stream

coiterator for streams

emptly context

a category, category of contexts
terminal object, semantic equivalent to
the empty context

objects of category

semantic context extension, “compre-
hension”

families over I, interpretation of types
sections of o, interpretation of terms
semantic substitution

display map

weakened substitution

context morphism associated to section
M

last component of a semantic context
morphism

semantic weakening

telescopes over I’

empty telescope over I'

evaluation morphism

20
21

21
24
173
182
232
232
233
233
17
34
34

38
35

35
35
35
35
35
35

36

44
64
64
48



App
Aor (M)

[-]

Vo
{e}a)
Prop
Prf(P)
Prop
Prf

:>,\/,/\,E|,tt,ff
I'F P true

EI(T)

set

T type
—pred

rel

~reindex

refl
sym

~ trans

Tax

— fun

el

T resp

semantic application operation
semantic abstraction operator
interpretation function

(extensional) unit type
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