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Introduction to Homotopy Theory

These are lecture notes giving a detailed introduction to classical homotopy theory,
starting with the concept of homotopy in topological spaces and motivating from this
the “abstract homotopy theory” in general model categories.

For background on basic topology see at Introduction to Topology.

For application to homological algebra see at Introduction to Homological Algebra.

For application to stable homotopy theory see at Introduction to Stable homotopy
theory.
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Model structure on pointed spaces
Model structure on compactly generated spaces

Topological enrichment

Model structure on topological functors

4. Homotopy fiber sequences

Mapping cones

Categories of fibrant objects

Homotopy fibers
Homotopy pullbacks

Long sequences

5. The suspension/looping adjunction

Final remark

6. References

While the field of algebraic topology clearly originates in topology, it is not actually
interested in topological spaces regarded up to topological isomorphism, namely
homeomorphism (“point-set topology”), but only in topological spaces regarded up to
weak homotopy equivalence - hence it is interested only in the “weak homotopy types”
of topological spaces. This is so notably because ordinary cohomology groups are

homeomorphism class.

The category of topological spaces obtained by forcing weak homotopy equivalences to

category however has forgotten a little too much information: homotopy theory really
wants the weak homotopy equivalences not to become plain isomorphisms, but to
become actual homotopy equivalences. The structure that reflects this is called a model
category structure (short for “category of models for homotopy types”). For classical
homotopy theory this is accordingly called the classical model structure on topological
spaces. This we review here.

1. Topological homotopy theory
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This section recalls relevant concepts from actual topology (“point-set topology”) and
highlights facts that motivate the axiomatics of model categories below. We prove two
technical lemmas (lemma 1.40 and lemma 1.52) that serve to establish the abstract
homotopy theory of topological spaces further below.

Literature (Hirschhorn 15)

Throughout, let Top denote the category whose objects are topological spaces and
whose morphisms are continuous functions between them. Its isomorphisms are the
homeomorphisms.

(Further below we restrict attention to the full subcategory of compactly generated
topological spaces.)

Universal constructions

To begin with, we recall some basics on universal constructions in Top: limits and
colimits of diagrams of topological spaces; exponential objects.

Generally, recall:

Definition 1.1. A diagram in a category C is a small category I and a functor

Xe: I —>C

B I RS

A cone over this diagram is an object Q equipped with morphisms p,: Q — X; for all

i € I, such that all these triangles commute:

Q
p; / \‘pj
i x@ M

Dually, a co-cone under the diagram is Q equipped with morphisms q;: X; — Q such

that all these triangles commute:
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X
@y

q; N ‘/q]'

Q

A limit over the diagram is a universal cone, denoted h(_m . X;, that is: a cone such

A
that every other cone uniquely factors through it Q — lim IXi, making all the
€ &S

resulting triangles commute.

Dually, a colimit over the diagram is a universal co-cone, denoted lim  X;.
—iel

We now discuss limits and colimits in € = Top. The key for understanding these is the
fact that there are initial and final topologies:

Definition 1.2. Let {X; = (S;,7;) € Top},, be a set of topological spaces, and let § € Set

be a bare set. Then

fi : . .
1. For {§ — §;}; ., a set of functions out of S, the initial topology Tiyitiai ({f;};¢,) 1S
the topology on S with the minimum collection of open subsets such that all
[+ (S Tinitiat ({f3;¢,)) — X are continuous.

fi : . , :
2. For {S; — S}, ., a set of functions into §, the final topology tfina ({f;};<,) is the

topology on S with the maximum collection of open subsets such that all
fi:Xi = (S Tanal({f;};¢,)) are continuous.

Example 1.3. For X a single topological space, and (5:S < U(X) a subset of its
underlying set, the initial topology Tipitia1(ts), def. 1.2, is the subspace topology,
making

ts ¢ (S, Tinital(ts)) © X

a topological subspace inclusion.

Example 1.4. Conversely, for p.:U(X) — S an epimorphism, the final topology
Tfinal(Pg) 0N S is the quotient topology.

Proposition 1.5. Let I be a small category and let X, : I — Top be an I-diagram in Top (a
functor from I to Top), with components denoted X; = (S;,7;), where S; € Set and t; a
topology on S;. Then:
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1. The limit of X, exists and is given by the topological space whose underlying set is
the limit in Set of the underlying sets in the diagram, and whose topology is the
initial topology, def. 1.2, for the functions p, which are the limiting cone

components:
lim Si
i€l
p; / \‘pj
Si — S]
Hence

lim X; =~ (lim,eISi, Tinitial({Pi}ie,)>

2. The colimit of X. exists and is the topological space whose underlying set is the
colimit in Set of the underlying diagram of sets, and whose topology is the final
topology, def. 1.2 for the component maps ; of the colimiting cocone

Hence

lim X; =~ (li_r>nl_615i, Tfinal({li}l-e,))

(e.g. Bourbaki 71, section 1.4)

Proof. The required universal property of (lim, Si, Tinitia1({p, }; )) (def. 1.1) is
—iel 1liel

immediate: for

5,7

any cone over the diagram, then by construction there is a unique function of

underlying sets § — lln . S; making the required diagrams commute, and so all that
AS
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is required is that this unique function is always continuous. But this is precisely what
the initial topology ensures.

The case of the colimit is formally dual. i

Example 1.6. The limit over the empty diagram in Top is the point * with its unique
topology.

Example 1.7. For {X;},_, a set of topological spaces, their coproduct 'IEII X; € Top is
l

their disjoint union.
In particular:

Example 1.8. For S € Set, the S-indexed coproduct of the point, [[ ., * is the set §

itself equipped with the final topology, hence is the discrete topological space on S.

Example 1.9. For {X;}, _, a set of topological spaces, their product [], ., X; € Top is the

Cartesian product of the underlying sets equipped with the product topology, also
called the Tychonoff product.

In the case that S is a finite set, such as for binary product spaces X X Y, then a sub-
basis for the product topology is given by the Cartesian products of the open subsets
of (a basis for) each factor space.

Example 1.10. The equalizer of two continuous functions f,g: X =Y in Top is the
equalizer of the underlying functions of sets

f
eq(f,g) © Sx —> Sy

(hence the largest subset of Sy on which both functions coincide) and equipped with
the subspace topology, example 1.3.

Example 1.11. The coequalizer of two continuous functions f, g: X = Yin Top is the
coequalizer of the underlying functions of sets

f
Sx 3 Sy — coeq(f, 9)

(hence the quotient set by the equivalence relation generated by f(x) ~ g(x) for all
x € X) and equipped with the quotient topology, example 1.4.
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Example 1.12. For

ALy
fl
X

two continuous functions out of the same domain, the colimit under this diagram is
also called the pushout, denoted

A4 Ly
Iy L
X — Xu,Y.

(Here g.f is also called the pushout of f, or the cobase change of f along g.)

This is equivalently the coequalizer of the two morphisms from A to the coproduct of
X with Y (example 1.7):

ASXUuY > XUu,Y.

If g is an inclusion, one also writes X Uf Y and calls this the attaching space.

By example 1.11 the
pushout/attaching

X space is the gquotient
topological space
f 3
y D C o= 5

of the disjoint union of X

and Y subject to the

equivalence  relation
which identifies a point in X with a pointin Y if they have the same pre-image in A.

(graphics from Aguilar-Gitler-Prieto 02)

Notice that the defining universal property of this colimit means that completing the
span
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A — Y

e

to a commuting square

e
e

is equivalent to finding a morphism

XuyYy—1~27.
A

Example 1.13. For A < X a topological subspace inclusion, example 1.3, the pushout

A © X
! (po) l
* - X/A

is the quotient space or cofiber, denoted X / A.

Example 1.14. An important special case of example 1.12:

Forn € N write
e D":={xXx € R"| |X| <1} R™ for the standard topological n-disk (equipped
with its subspace topology as a subset of Cartesian space);

¢ S"l=9gp":={X¥ e R™| [¥| =1} 5 R" for its boundary, the standard
topological n-sphere.

Notice that S ™! = @ and that S°® = * U *.
Let
i,:S"" 1 —p"

be the canonical inclusion of the standard (n-1)-sphere as the boundary of the
standard n-disk (both regarded as topological spaces with their subspace topology
as subspaces of the Cartesian space R™).
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Then the colimit in Top under
the diagram

i _4 1
Dn(lsn 1_n>DTl

)

i.e. the pushout of i, along
itself, is the n-sphere S™

in

Sn—l LN Dn
in | (po)
p* — st

(graphics from Ueno-Shiga-Morita 95)

Another kind of colimit that will play a role for certain technical constructions is
transfinite composition. First recall

Definition 1.15. A partial order is a set S equipped with a relation < such that for all
elementsa,b,c € S

1) (reflexivity) a < a;
2) (transitivity) ifa < band b < cthena < ¢;
3) (antisymmetry) ifa < band b < athena = b.

This we may and will equivalently think of as a category with objects the elements of
S and a unique morphism a — b precisely if a < b. In particular an order-preserving
function between partially ordered sets is equivalently a functor between their
corresponding categories.

A bottom element 1 in a partial order is one such that 1L < a for all a. A top element
T isone for whicha < T.

A partial order is a total order if in addition
4) (totality) eithera < borb < a.
A total order is a well order if in addition

5) (well-foundedness) every non-empty subset has a least element.

9 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/Top
https://ncatlab.org/nlab/show/Top
https://ncatlab.org/nlab/show/pushout
https://ncatlab.org/nlab/show/pushout
https://ncatlab.org/nlab/show/n-sphere
https://ncatlab.org/nlab/show/n-sphere
https://ncatlab.org/nlab/show/transfinite+composition
https://ncatlab.org/nlab/show/transfinite+composition
https://ncatlab.org/nlab/show/partial+order
https://ncatlab.org/nlab/show/partial+order
https://ncatlab.org/nlab/show/set
https://ncatlab.org/nlab/show/set
https://ncatlab.org/nlab/show/relation
https://ncatlab.org/nlab/show/relation
https://ncatlab.org/nlab/show/reflexive+relation
https://ncatlab.org/nlab/show/reflexive+relation
https://ncatlab.org/nlab/show/transitive+relation
https://ncatlab.org/nlab/show/transitive+relation
https://ncatlab.org/nlab/show/antisymmetric+relation
https://ncatlab.org/nlab/show/antisymmetric+relation
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/objects
https://ncatlab.org/nlab/show/objects
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/bottom+element
https://ncatlab.org/nlab/show/bottom+element
https://ncatlab.org/nlab/show/top+element
https://ncatlab.org/nlab/show/top+element
https://ncatlab.org/nlab/show/total+order
https://ncatlab.org/nlab/show/total+order
https://ncatlab.org/nlab/show/total+relation
https://ncatlab.org/nlab/show/total+relation
https://ncatlab.org/nlab/show/well+order
https://ncatlab.org/nlab/show/well+order
https://ncatlab.org/nlab/show/well-founded+relation
https://ncatlab.org/nlab/show/well-founded+relation

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

An ordinal is the equivalence class of a well-order.

The successor of an ordinal is the class of the well-order with a top element freely
adjoined.

A limit ordinal is one that is not a successor.

Example 1.16. The finite ordinals are labeled by n € N, corresponding to the well-
orders {0 <1< 2---<n-—1}. Here (n+ 1) is the successor of n. The first non-
empty limit ordinal is w = [(N, <)].

Definition 1.17. Let C be a category, and let I € Mor(C) be a class of its morphisms.

For a an ordinal (regarded as a category), an a-indexed transfinite sequence of
elements in [ is a diagram

X.:a—C
such that
1. X, takes all successor morphisms 8 3 f + 1in a to elements in [
Xpp+1 €1

2. X, is continuous in that for every nonzero limit ordinal f < «, X. restricted to
the full-subdiagram {y | y < B} is a colimiting cocone in C for X, restricted to

{r | vy<B}

The corresponding transfinite composition is the induced morphism
Xo — Xq = lim X,

into the colimit of the diagram, schematically:

X X
Xo — X — Xy —
AV ) 4
Xa

We now turn to the discussion of mapping spaces/exponential objects.

Definition 1.18. For X a topological space and Y a locally compact topological space (in
that for every point, every neighbourhood contains a compact neighbourhood), the
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mapping space

X'e Top

is the topological space

» whose underlying set is the set Homr,, (Y, X) of continuous functions ¥ — X,

e whose open subsets are unions of finitary intersections of the following
subbase elements of standard open subsets:
the standard open subset UX c Homr,, (Y, X) for

o U & X an open subset

is the subset of all those continuous functions f that fit into a commuting
diagram of the form

K oV
l 1.
U o X

Accordingly this is called the compact-open topology on the set of functions.

The construction extends to a functor
(=) : Topy? x Top — Top .

Proposition 1.19. For X a topological space and Y a locally compact topological space
(in that for each point, each open neighbourhood contains a compact neighbourhood),
the topological mapping space X Y from def. 1.18 is an exponential object, ie. the

functor (—)Y is right adjoint to the product functor Y X (—): there is a natural
bijection

Homrop(Z X Y, X) =~ Homro, (Z,X")

between continuous functions out of any product topological space of Y with any
Z € Top and continuous functions from Z into the mapping space.

A proof is spelled out here (or see e.g. Aguilar-Gitler-Prieto 02, prop. 1.3.1).

Remark 1.20. In the context of prop. 1.19 it is often assumed that Y is also a Hausdorff
topological space. But this is not necessary. What assuming Hausdorffness only
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achieves is that all alternative definitions of “locally compact” become equivalent to
the one that is needed for the proposition: for every point, every open
neighbourhood contains a compact neighbourhood.

Remark 1.21. Proposition 1.19 fails in general if Y is not locally compact. Therefore the
plain category Top of all topological spaces is not a Cartesian closed category.

This is no problem for the construction of the homotopy theory of topological spaces
as such, but it becomes a technical nuisance for various constructions that one would
like to perform within that homotopy theory. For instance on general pointed
topological spaces the smash product is in general not associative.

On the other hand, without changing any of the following discussion one may just
pass to a more convenient category of topological spaces such as notably the full
subcategory of compactly generated topological spaces TopCg S Top (def. 3.35)

which is Cartesian closed. This we turn to below.

Homotopy

The fundamental concept of homotopy theory is clearly that of homotopy. In the
context of topological spaces this is about continuous deformations of continuous
functions parameterized by the standard closed interval:

Definition 1.22. Write
[=[0,1] >R

for the standard topological interval, a compact connected topological subspace of
the real line.

Equipped with the canonical inclusion of its two endpoints

x| * (50'51)11!) "

this is the standard interval object in Top.

For X € Top, the product topological space X X I, example 1.9, is called the standard
cylinder object over X. The endpoint inclusions of the interval make it factor the
codiagonal on X

id,6p),(id, 8
v, : xux 84008y Ly
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Definition 1.23. For f,g: X — Y two continuous functions between topological spaces
X,Y, then a left homotopy

n:f=.9g

is a continuous function

n:XxI—Y

out of the standard cylinder object over X, def. 1.22, such that this fits into a
commuting diagram of the form

X
(d80) | NS

n (0,1) (1,1)

XXI — Y- AT 1

| | | | g
(id,61) 9 7 ¥ A
= ' ™
X ‘\v

(0,0) X (1,0) f

(graphics grabbed from J.
Tauber here)

I

Example 1.24. Let X be a
topological space and let x,y € X be two of its points, regarded as functions
x,y:* — X from the point to X. Then a left homotopy, def. 1.23, between these two
functions is a commuting diagram of the form

80 J/ \x
I L ox
i1 2,

*

This is simply a continuous path in X whose endpoints are x and y.
For instance:

Example 1.25. Let

8o
consty : [ — * — 1
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be the continuous function from the standard interval I = [0, 1] to itself that is

constant on the value 0. Then there is a left homotopy, def. 1.23, from the identity
function

n : id; = const,
given by
nix,t) =x(1-t).

A key application of the concept of left homotopy is to the definition of homotopy
groups:

Definition 1.26. For X a topological space, then its set my(X) of connected components,
also called the 0-th homotopy set, is the set of left homotopy-equivalence classes
(def. 1.23) of points x: * — X, hence the set of path-connected components of X
(example 1.24). By composition this extends to a functor

o : Top — Set .

Forn € N,n > 1 and for x: * — X any point, the nth homotopy group m,, (X, x) of X
at x is the group
e whose underlying set is the set of left homotopy-equivalence classes of maps
I™ — X that take the boundary of I" to x and where the left homotopies 1 are
constrained to be constant on the boundary;

e whose group product operation takes [a:I" — X] and [B:I" — X] to [a - B] with

a-B: IS u11"@>X,

m-

where the first map is a homeomorphism from the unit n-cube to the n-cube with
one side twice the unit length (e.g. (x4, x5, x3,**) = (2x41, x5, x3,**)).

By composition, this construction extends to a functor

Tesq - Top*/ —>GrpNzl

from pointed topological spaces to graded groups.

Notice that often one writes the value of this functor on a morphism f as f, = m,(f).
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Remark 1.27. At this point we don’t go further into the abstract reason why def. 1.26
yields group structure above degree 0, which is that positive dimension spheres are
H-cogroup objects. But this is important, for instance in the proof of the Brown
representability theorem. See the section Brown representability theorem in Part S.

Definition 1.28. A continuous function f : X — Y is called a homotopy equivalence if
there exists a continuous function the other way around, g : Y — X, and left
homotopies, def. 1.23, from the two composites to the identity:

n,: feg=yidy
and

2 . g°f:>LidX-

If here n, is constant along /, f is said to exhibit X as a deformation retract of Y.

Example 1.29. For X a topological space and X X I its standard cylinder object of def.
1.22, the projection p: X X I — X and the inclusion (id, §y): X — X X I are homotopy
equivalences, def. 1.28, and in fact are homotopy inverses to each other:

The composition

x %) v 1 P x

is immediately the identity on X (i.e. homotopic to the identity by a trivial
homotopy), while the composite

(id,69)
XXI—>X—>X I

is homotopic to the identity on X X I by a homotopy that is pointwise in X that of
example 1.25.

Definition 1.30. A continuous function f:X — Y is called a weak homotopy
equivalence if its image under all the homotopy group functors of def. 1.26 is an
isomorphism, hence if

o (f) : mo(X) = mo(Y)

and forallx € Xandalln>1
o (f) : mp(X,x) = m (Y, f(%))
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Proposition 1.31. Every homotopy equivalence, def. 1.28, is a weak homotopy
equivalence, def. 1.30.

In particular a deformation retraction, def. 1.28, is a weak homotopy equivalence.

Proof. First observe that for all X € Top the inclusion maps

id, S,
x G%%0) o o)

into the standard cylinder object, def. 1.22, are weak homotopy equivalences: by
postcomposition with the contracting homotopy of the interval from example 1.25 all
homotopy groups of X X I have representatives that factor through this inclusion.

Then given a general homotopy equivalence, apply the homotopy groups functor to the
corresponding homotopy diagrams (where for the moment we notationally suppress
the choice of basepoint for readability) to get two commuting diagrams

. (X) . (Y)
m.(id,80) | \ - (N)em.(9) m.(id,80) | \ (@) e (f)
rnxxD "B o . mox) Z9 o).

. (X) m.(Y)

By the previous observation, the vertical morphisms here are isomorphisms, and hence
these diagrams exhibit 7, (f) as the inverse of ,(g), hence both as isomorphisms. H

Remark 1.32. The converse of prop. 1.31 is not true generally: not every weak
homotopy equivalence between topological spaces is a homotopy equivalence. (For
an example with full details spelled out see for instance Fritsch, Piccinini: “Cellular
Structures in Topology”, p. 289-290).

However, as we will discuss below, it turns out that

1. every weak homotopy equivalence between CW-complexes is a homotopy
equivalence (Whitehead's theorem, cor. 3.8);

2. every topological space is connected by a weak homotopy equivalence to a CW-
complex (CW approximation, remark 3.12).

Example 1.33. For X € Top, the projection X X I — X from the cylinder object of X, def.
1.22,is a weak homotopy equivalence, def. 1.30. This means that the factorization
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Vy: XUXOXXISX

of the codiagonal Vy in def. 1.22, which in general is far from being a
monomorphism, may be thought of as factoring it through a monomorphism after
replacing X, up to weak homotopy equivalence, by X X I.

In fact, further below (prop. 1.25) we see that X LI X — X X I has better properties
than the generic monomorphism has, in particular better homotopy invariant

properties: it has the left lifting property against all Serre fibrations E 2, B that are
also weak homotopy equivalences.

Of course the concept of left homotopy in def. 1.23 is accompanied by a concept of right
homotopy. This we turn to now.

Definition 1.34. (path space)

For X a topological space, its standard topological path space object is the
topological path space, hence the mapping space X!, prop. 1.19, out of the standard
interval I of def. 1.22.

Example 1.35. The endpoint inclusion into the standard interval, def. 1.22, makes the
path space X’ of def. 1.34 factor the diagonal on X through the inclusion of constant
paths and the endpoint evaluation of paths:

This is the formal dual to example 1.22. As in that example, below we will see (prop.
3.14) that this factorization has good properties, in that

1. X'~ " is a weak homotopy equivalence;

* * . - -
2.X Y ~lisaSerre fibration.

So while in general the diagonal Ay is far from being an epimorphism or even just a
Serre fibration, the factorization through the path space object may be thought of as
replacing X, up to weak homotopy equivalence, by its path space, such as to turn its
diagonal into a Serre fibration after all.

Definition 1.36. For f,g: X — Y two continuous functions between topological spaces
X,Y,then aright homotopy f =g g is a continuous function

n:X—vY!
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into the path space object of X, def. 1.34, such that this fits into a commuting diagram

of the form

Y
f 2 x0%

x L y!
y%1

g\
Y
Cell complexes

We consider topological spaces that are built consecutively by attaching basic cells.

Definition 1.37. Write

ln
Itop = {Sn_l S D"} c Mor(Top)

neN

for the set of canonical boundary inclusion maps of the standard n-disks, example
1.14. This going to be called the set of standard topological generating
cofibrations.

Definition 1.38. For X € Top and for n € N, an n-cell attachment to X is the pushout
(“attaching space”, example 1.12) of a generating cofibration, def. 1.37

sn-t 5 X
n | (po) l

p"* — X u D" =XU¢D”
Sn—l

along some continuous function ¢.

A continuous function f: X — Y is called a topological relative cell complex if it is
exhibited by a (possibly infinite) sequence of cell attachments to X, in that it is a
transfinite composition (def. 1.17) of pushouts (example 1.12)
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0 s™™ — X
Himel oy
]—[i D™ —  Xk+1
of coproducts (example 1.7) of generating cofibrations (def. 1.37).

A topological space X is a cell complex if  — X is a relative cell complex.

A relative cell complex is called a finite relative cell complex if it is obtained from a
finite number of cell attachments.

A (relative) cell complex is called a (relative) CW-complex if the above transfinite
composition is countable

X=Xy — X4 — X, —
N ) /

Y =limX,
—
and if X, is obtained from X}, _; by attaching cells precisely only of dimension k.

Remark 1.39. Strictly speaking a relative cell complex, def. 1.38, is a function f: X - Y,
together with its cell structure, hence together with the information of the pushout
diagrams and the transfinite composition of the pushout maps that exhibit it.

In many applications, however, all that matters is that there is some (relative) cell
decomposition, and then one tends to speak loosely and mean by a (relative) cell
complex only a (relative) topological space that admits some cell decomposition.

The following lemma 1.40, together with lemma 1.52 below are the only two
statements of the entire development here that involve the concrete particular nature
of topological spaces (“point-set topology”), everything beyond that is general abstract
homotopy theory.

Lemma 1.40. Assuming the axiom of choice and the law of excluded middle, every
compact subspace of a topological cell complex, def. 1.38, intersects the interior of a
finite number of cells.

(e.g. Hirschhorn 15, section 3.1)

Proof. So let Y be a topological cell complex and € & Y a compact subspace. Define a
subset
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PcY

by choosing one point in the interior of the intersection with C of each cell of Y that
intersects C.

It is now sufficient to show that P has no accumulation point. Because, by the

compactness of X, every non-finite subset of C does have an accumulation point, and
hence the lack of such shows that P is a finite set and hence that C intersects the
interior of finitely many cells of Y.

To that end, let ¢ € C be any point. If c is a 0-cell in Y, write U, := {c}. Otherwise write
e. for the unique cell of Y that contains c in its interior. By construction, there is exactly
one point of P in the interior of e.. Hence there is an open neighbourhood c € U, C e,

containing no further points of P beyond possibly c itself, if c happens to be that single
point of P in e..

It is now sufficient to show that U, may be enlarged to an open subset U, of Y
containing no point of P, except for possibly c itself, for that means that c is not an
accumulation point of P.

To that end, let @, be the ordinal that labels the stage Y, of the transfinite composition

in the cell complex-presentation of Y at which the cell e. above appears. Let y be the
ordinal of the full cell complex. Then define the set

T::{(ﬁ,[]) | a, <B<y,U c Yﬁ,UnYa:UC,UnPe{(Z),{c}}},

open
and regard this as a partially ordered set by declaring a partial ordering via

(181'U1)<(:82'U2) A 181<:82 ’ UZnYBI :Ul .

This is set up such that every element (5, U) of T with  the maximum value f = y is an
extension U, that we are after.

Observe then that for (8, Us) ., a chain in (T, <) (a subset on which the relation <

restricts to a total order), it has an upper bound in T given by the union (Ug 8, U Uy).

Therefore Zorn's lemma applies, saying that (T, <) contains a maximal element
(ﬁmax’ Umax)'

Hence it is now sufficient to show that =y. We argue this by showing that

max

assuming 8 < v leads to a contradiction.

max
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So assume f <y. Then to construct an element of T that is larger than

max
(B pax’ Umax), consider for each cell d at stage Yp  +1 its attaching_ map

hy:S™ 1> Yﬁmax and the corresponding preimage open set h;l(UmaX) c st

Enlarging all these preimages to open subsets of D™ (such that their image back in
Xp  +1 does not contain c), then (S Umax) < (B ax T 1 UaUg)- This is a

max’

contradiction. Hence = y,and we are done. |

max

It is immediate and useful to generalize the concept of topological cell complexes as
follows.

Definition 1.41. For C any category and for K < Mor(C) any sub-class of its
morphisms, a relative K-cell complex is a morphism in C which is a transfinite
composition (def. 1.17) of pushouts of coproducts of morphisms in K.

Definition 1.42. Write

Jo = pn &%) pny < Mor(T
Top ™ nen or(Top)

for the set of inclusions of the topological n-disks, def. 1.37, into their cylinder
objects, def. 1.22, along (for definiteness) the left endpoint inclusion.

These inclusions are similar to the standard topological generating cofibrations Itqy
of def. 1.37, but in contrast to these they are “acyclic” (meaning: trivial on homotopy
classes of maps from “cycles” given by n-spheres) in that they are weak homotopy
equivalences (by prop. 1.31).

Accordingly, ]TOp is to be called the set of standard topological generating acyclic

cofibrations.

id,&
Lemma 1.43. For X a CW-complex (def. 1.38), then its inclusion X (1) X X1 into its

standard cylinder (def. 1.22) is a ]Top-relative cell complex (def. 1.41, def. 1.42).

Proof. First erect a cylinder over all 0-cells
yex, 0° — X

\) (po) | .
]—[xEXOD1 — 7
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Assume then that the cylinder over all n-cells of X has been erected using attachment
from ]Top. Then the union of any (n + 1)-cell o of X with the cylinder over its boundary
is homeomorphic to D" " and is like the cylinder over the cell “with end and interior
removed”. Hence via attaching along D™*' - D™*1x [ the cylinder over o is
erected. B

Lemma 1.44. The maps D" & D™ X I in def. 1.42 are finite relative cell complexes, def.
1.38. In other words, the elements of]Top are Itqp-relative cell complexes.

Proof. There is a homeomorphism

p = po
(id,8¢) ! !
anl ~ Dn+1

such that the map on the right is the inclusion of one hemisphere into the boundary n-
sphere of D™, This inclusion is the result of attaching two cells:

Sn—l L_n) DTl
m|  (po)
p* — st

l:

st g st
ln+1 l (po) J/

Dn+1 N Dn+1
id

here the top pushout is the one from example 1.14. W

Lemma 1.45. Every ]Top-relative cell complex (def. 1.42, def. 1.41) is a weak homotopy
equivalence, def. 1.30.

Proof. Let X — X = lim

i Xpbea ]Top-relative cell complex.

First observe that with the elements D™ & D™ X I of ]Top being homotopy equivalences

for all n € N (by example 1.29), each of the stages Xz — Xp,; in the relative cell
complex is also a homotopy equivalence. We make this fully explicit:
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By definition, such a stage is a pushout of the form

LI D™ — Xﬁ

i€l
id, &
12y (1d:00) 1 (po) 1

iléani XI' = Xp4a

Then the fact that the projections pn_:Dni x I — D™ are strict left inverses to the
l

inclusions (id, §) gives a commuting square of the form

uphm — Xﬁ
iel

12, (1d:80) l Lid
u DMx]
Lel
ier Py 1 1

uphm — XE
iel

and so the universal property of the colimit (pushout) Xg, ;1 gives a factorization of the
identity morphism on the right through Xz, 4

LI D™ — XB

i€l
2, (id.80) l 1
nix
g DX = Xpaa
ierPn; l 1

L D™ — XB

i€l

which exhibits Xz, > Xp as a strict left inverse to Xg — X, . Hence it is now
sufficient to show that this is also a homotopy right inverse.

To that end, let

M, D" XTI — DMXI

L

be the left homotopy that exhibits P, as a homotopy right inverse to P, by example

23 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/pushout
https://ncatlab.org/nlab/show/pushout
https://ncatlab.org/nlab/show/commuting+square
https://ncatlab.org/nlab/show/commuting+square
https://ncatlab.org/nlab/show/universal+property
https://ncatlab.org/nlab/show/universal+property
https://ncatlab.org/nlab/show/colimit
https://ncatlab.org/nlab/show/colimit
https://ncatlab.org/nlab/show/pushout
https://ncatlab.org/nlab/show/pushout
https://ncatlab.org/nlab/show/left+homotopy
https://ncatlab.org/nlab/show/left+homotopy

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

1.29. For each t € [0, 1] consider the commuting square

L D™ S Xﬁ

i€l
2 !
i'éaniXI Xps1
M (=0 . |id
i'glaniXI — Xpi1

Regarded as a cocone under the span in the top left, the universal property of the
colimit (pushout) Xg 1 gives a continuous function

n(—t) : Xgy1 — Xp41

for each t € [0,1]. For t = 0 this construction reduces to the provious one in that
n(—0):Xg4q1 > Xp > Xp4q is the composite which we need to homotope to the
identity; while n(—, 1) is the identity. Since n(—,t) is clearly also continuous in t it
constitutes a continuous function

n:Xgy1XI—Xpgya
which exhibits the required left homotopy.

N
So far this shows that each stage X — X, 1 in the transfinite composition defining X

is a homotopy equivalence, hence, by prop. 1.31, a weak homotopy equivalence.

This means that all morphisms in the following diagram (notationally suppressing
basepoints and showing only the finite stages)

~

T[n(X) — T[n(Xl) — T[n(XZ) — T[n(XB) -
~ N = /-
lim 1m,(X¢)
are isomorphisms.

Moreover, lemma 1.40 gives that every representative and every null homotopy of
N

elements in m,(X) already exists at some finite stage Xj. This means that also the

universally induced morphism
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1 i X &
m — T
¢ n ( a) n ( )

~ ZAY N . .
is an isomorphism. Hence the composite 7, (X) — m,(X) is an isomorphism. |

Fibrations

Given a relative C-cell complex t: X — Y, def. 1.41, it is typically interesting to study the
extension problem along f, i.e. to ask which topological spaces E are such that every
continuous function f: X — E has an extension f along ¢

RN
/‘Elf

X
‘1
Y

If such extensions exists, it means that E is sufficiently “spread out” with respect to the
maps in C. More generally one considers this extension problem fiberwise, i.e. with
both E and Y (hence also X) equipped with a map to some base space B:

Definition 1.46. Given a category C and a sub-class C € Mor(C) of its morphisms, then
a morphism p:E — B in C is said to have the right lifting property against the
morphisms in C if every commuting diagram in C of the form

X — E
€l R
Y — B

with ¢ € C, has a lift h, in that it may be completed to a commuting diagram of the

form
X — F
cl hp P
Y — B

We will also say that p is a C-injective morphism if it satisfies the right lifting
property against C.

Definition 1.47. A continuous function p:E — B is called a Serre fibration if it is a
]Top-i_njective morphism; i.e. if it has the right lifting property, def. 1.46, against all
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topological generating acylic cofibrations, def. 1.42; hence if for every commuting
diagram of continuous functions of the form

p" — E
D"xI — B

has a lift h, in that it may be completed to a commuting diagram of the form

D" — E
(id6) | hp P,

D"xI — B

Remark 1.48. Def. 1.47 says, in view of the definition of left homotopy, that a Serre
fibration p is a map with the property that given a left homotopy, def. 1.23, between
two functions into its codomain, and given a lift of one the two functions through p,
then also the homotopy between the two lifts. Therefore the condition on a Serre

fibration is also called the homotopy lifting property for maps whose domain is an n-
disk.

More generally one may ask functions p to have such homotopy lifting property for
functions with arbitrary domain. These are called Hurewicz fibrations.

Remark 1.49. The precise shape of D™ and D™ X I in def. 1.47 turns out not to actually
matter much for the nature of Serre fibrations. We will eventually find below (prop.
3.5) that what actually matters here is only that the inclusions D" & D™ X[ are
relative cell complexes (lemma 1.44) and weak homotopy equivalences (prop. 1.31)
and that all of these may be generated from them in a suitable way.

But for simple special cases this is readily seen directly, too. Notably we could
replace the n-disks in def. 1.47 with any homeomorphic topological space. A choice
important in the comparison to the classical model structure on simplicial sets
(below) is to instead take the topological n-simplices A™. Hence a Serre fibration is
equivalently characterized as having lifts in all diagrams of the form

A" — E
(id,80) | L2,
A"x] — B
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Other deformations of the n-disks are useful in computations, too. For instance there
is a homeomorphism from the n-disk to its “cylinder with interior and end removed”,
formally:

(D"x{0) U (D" xI) ~ D"
) )

D" x 1 D" x I

12

and hence f is a Serre fibration equivalently also if it admits lifts in all diagrams of
the form

(D"x {0 U (D" xI) — E
(id,80) | I

D" x1I — B

The following is a general fact about closure of morphisms defined by lifting properties
which we prove in generality below as prop. 2.10.

Proposition 1.50. A Serre fibration, def. 1.47 has the right lifting property against all
retracts (see remark 2.12) of ] op-relative cell complexes (def. 1.42, def. 1.38).

The following statement is foreshadowing the long_exact sequences of homotopy
groups (below) induced by any fiber sequence, the full version of which we come to
below (example 4.38) after having developed more of the abstract homotopy theory.

Proposition 1.51. Let f: X — Y be a Serre fibration, def. 1.47, let y: * = Y be any point
and write

Lo f
FyoX—>Y

for the fiber inclusion over that point. Then for every choice x: * — X of lift of the point
y through f, the induced sequence of homotopy groups

7. (Fy, %) — (X, %) 25 (1)
is exact, in that the kernel of f, is canonically identified with the image of x:

ker(f,) = im(t) .
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Proof. 1t is clear that the image of i« is in the kernel of f, (every sphere in F, & X

becomes constant on y, hence contractible, when sent forward to Y).

For the converse, let [a] € . (X, x) be represented by some a:S™ ' - X. Assume that
[a] is in the kernel of f,. This means equivalently that « fits into a commuting diagram

of the form
gn—1 2 X
! v,
pr Sy

where k is the contracting homotopy witnessing that f,[a] = 0.

Now since x is a lift of y, there exists a left homotopy

n : k= const,

as follows:
gn-1 A X
tn | 1f
pr 5y

Ldsy jid

id,$
D" (1—02 D"x] — Y
l !
' v, v

(for instance: regard D™ as embedded in R™ such that 0 € R" is identified with the
basepoint on the boundary of D™ and set n(?, t) = K(tTJ))).

The pasting of the top two squares that have appeared this way is equivalent to the
following commuting square
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Sn—l N — X
(id,61) | 17

nr.d
sty Y pnp My

Because f is a Serre fibration and by lemma 1.43 and prop. 1.50, this has a lift

8" IxI—X.

Notice that 7) is a basepoint preserving left homotopy from a = 7|, to some a = N,

Being homotopic, they represent the same element of m,, _ 1 (X, x):

[@'] = [a] .

But the new representative a’ has the special property that its image in Y is not just
trivializable, but trivialized: combining 7 with the previous diagram shows that it sits
in the following commuting diagram

o st 8% -1 A0y
L l(ln,id) lf
pr 9% pnop My
! !
* 2, Y

The commutativity of the outer square says that f.a’ is constant, hence that a' is

entirely contained in the fiber F,,. Said more abstractly, the universal property of fibers

L
gives that a’ factors through F,, © X, hence that [a'] = [a] is in the image of 1. W

The following lemma 1.52, together with lemma 1.40 above, are the only two
statements of the entire development here that crucially involve the concrete
particular nature of topological spaces (“point-set topology”), everything beyond that
is general abstract homotopy theory.

Lemma 1.52. The continuous functions with the right lifting property, def. 1.46 against
the set Itop = {(S™1 & D™ of topological generating cofibrations, def 1.37, are

precisely those which are both weak homotopy equivalences, def. 1.30 as well as Serre
fibrations, def. 1.47.
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Proof. We break this up into three sub-statements:

A) It,p-injective morphisms are in particular weak homotopy equivalences

Letp: X - X have the right lifting property against I,

A

Sn—l N X
ln l 3 7 J/p
D" — X

We check that the lifts in these diagrams exhibit m,(f) as being an isomorphism on all
homotopy groups, def. 1.26:

For n = 0 the existence of these lifts says that every point of X is in the image of p,
hence that no()/?) — 1o (X) is surjective. Let then SO=+*][* — X be a map that hits
two connected components, then the existence of the lift says that if they have the same
image in my(X) then they were already the same connected component in X. Hence

1/ ()/}) — 1y (X) is also injective and hence is a bijection.

N N
Similarly, for n > 1, if S™ - X represents an element in 7,,(X) that becomes trivial in
,(X), then the existence of the lift says that it already represented the trivial element

itself. Hence m,, ()/}) — 1, (X) has trivial kernel and so is injective.

Finally, to see that m,, ()/? ) = m,(X) is also surjective, hence bijective, observe that every
elements in 7, (X) is equivalently represented by a commuting diagram of the form

sl x5 X
l l l
D" — X = X

AN
and so here the lift gives a representative of a preimage in m,, (X).
B) It,p-injective morphisms are in particular Serre fibrations

By an immediate closure property of lifting problems (we spell this out in generality as
prop. 2.10, cor. 2.11 below) an Itqp-injective morphism has the right lifting property
against all relative cell complexes, and hence, by lemma 1.44, it is also a ]Top-injective

morphism, hence a Serre fibration.
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C) Acyclic Serre fibrations are in particular I1,,-injective morphisms

(Hirschhorn 15, section 6).

Let f: X — Y be a Serre fibration that induces isomorphisms on homotopy groups. In
degree 0 this means that f is an isomorphism on connected components, and this
means that there is a lift in every commuting square of the form

STl=0p — X
l lf

D°=* — v

(this is Ty (f) being surjective) and in every commuting square of the form

S0 — X
lol J’f
D'=* — Y

(this is my(f) being injective). Hence we are reduced to showing that for n > 2 every
diagram of the form

STL—l — X
n | lf
p" 5 vy

has a lift.

To that end, pick a basepoint on S™~ ! and write x and y for its images in X and Y,
respectively

Then the diagram above expresses that f,.[a] =0€m,_4(Y,y) and hence by

assumption on f it follows that [a¢] = 0 € m,,_1(X, x), which in turn mean that there is
k' making the upper triangle of our lifting problem commute:

Sn—l ﬁ) X
fn ] Zer
Dn
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It is now sufficient to show that any such k" may be deformed to a p’ which keeps
making this upper triangle commute but also makes the remaining lower triangle
commute.

To that end, notice that by the commutativity of the original square, we already have at
least this commuting square:

This induces the universal map (k, f o k') from the pushout of its cospan in the top left,
which is the n-sphere (see this example):

This universal morphism represents an element of the nth homotopy group:

[(e, for)] € mn (Y, y) .

By assumption that f is a weak homotopy equivalence, there is a [p] € m,, (X, x) with
filpl = [(r, f o kD]

hence on representatives there is a lift up to homotopy

X

Py U

n ___,
(K.fok!

Morever, we may always find p of the form (p’, k") for some p": D™ — X. (“Paste k' to the
reverse of p.”)
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Consider then the map

gn (feprx) v

and observe that this represents the trivial class:

[(fep O] =[(fep, ferD]+[(for' K]
fl(@ kD] + [(f e r’, 1]

=1p]
= [(e forD] + [(for', )]
0

This means equivalently that there is a homotopy
¢: fop =k
fixing the boundary of the n-disk.

Hence if we denote homotopy by double arrows, then we have now achieved the
following situation
Sn—l — X
ml o P e V
D" — Y

and it now suffices to show that ¢ may be lifted to a homotopy of just p’, fixing the
boundary, for then the resulting homotopic p” is the desired lift.

To that end, notice that the condition that ¢p: D™ X I — Y fixes the boundary of the n-
disk means equivalently that it extends to a morphism

sty prxg L4y
Sn—1xg

out of the pushout that identifies in the cylinder over D™ all points lying over the
boundary. Hence we are reduced to finding a lift in
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D" L
l WV
stt oy pnxy 2%y

en—1yyg

But inspection of the left map reveals that it is homeomorphic again to D™ - D™ x I,
and hence the lift does indeed exist.

2. Abstract homotopy theory

In the above we discussed three classes of continuous functions between topological

spaces

1. weak homotopy equivalences;

2. relative cell complexes;

3. Serre fibrations

and we saw first aspects of their interplay via lifting properties.

A fundamental insight due to (Quillen 67) is that in fact all constructions in homotopy
theory are elegantly expressible via just the abstract interplay of these classes of
morphisms. This was distilled in (Quillen 67) into a small set of axioms called a model
category structure (because it serves to make all objects be models for homotopy

types.)

This abstract homotopy theory is the royal road for handling any flavor of homotopy
theory, in particular the stable homotopy theory that we are after in Part 1. Here we
discuss the basic constructions and facts in abstract homotopy theory, then below we
conclude this Introduction to Homotopy Theory by showing that topological spaces
equipped with the above system of classes continuous functions is indeed an example
of abstract homotopy theory in this sense.

Literature (Dwyer-Spalinski 95)

Definition 2.1. A category with weak equivalences is

1. a category C;
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2.a sub-class W © Mor(C) of its morphisms;
such that

1. W contains all the isomorphisms of C;

2. W is closed under two-out-of-three: in every commuting diagram in C of the

form

if two of the three morphisms are in W, then so is the third.

Remark 2.2. It turns out that a category with weak equivalences, def. 2.1, already
determines a homotopy theory: the one given given by universally forcing weak
equivalences to become actual homotopy equivalences. This may be made precise
and is called the simplicial localization of a category with weak equivalences (Dwyer-
Kan 80a, Dwyer-Kan 80b, Dwyer-Kan 80c). However, without further auxiliary
structure, these simplicial localizations are in general intractable. The further axioms
of a model category serve the sole purpose of making the universal homotopy theory
induced by a category with weak equivalences be tractable:

Definition 2.3. A model category is

1. a category C with all limits and colimits (def. 1.1);

2. three sub-classes W, Fib, Cof € Mor(C) of its morphisms;

such that

1. the class W makes C into a category with weak equivalences, def. 2.1;

2. The pairs (W n Cof, Fib) and (Cof, W N Fib) are both weak factorization
systems, def. 2.5.

One says:

elements in W are weak eqguivalences,

elements in Cof are cofibrations,

elements in Fib are fibrations

elements in W N Cof are acyclic cofibrations,
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e elements in W N Fib are acyclic fibrations.

The form of def. 2.3 is due to (Joyal, def. E.1.2). It implies various other conditions that
(Quillen 67) demands explicitly, see prop. 2.10 and prop. 2.14 below.

We now dicuss the concept of weak factorization systems appearing in def. 2.3.

Factorization systems

Definition 2.4. Let C be any category. Given a diagram in C of the form

XLY
py
B

then an extension of the morphism f along the morphism p is a completion to a
commuting diagram of the form

X L Y
p .
VNV 7
B
Dually, given a diagram of the form
A
»Lp
X i) Y

A
f P
X i) Y

Combining these cases: given a commuting square

11/18/2025, 4:11 PM
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1

X1 — Y,
|4 l lpr
f
X, =5 Y,

then a lifting in the diagram is a completion to a commuting diagram of the form

f

X, = Y,

L N L -
f

X, =5 Y,

Given a sub-class of morphisms K c Mor(C), then

* a morphism p_ as above is said to have the right lifting property against K or

to be a K-injective morphism if in all square diagrams with p_. on the right and
any p, € K on the left a lift exists.

dually:

e a morphism p, is said to have the left lifting property against K or to be a K-

projective morphism if in all square diagrams with p, on the left and any

p, € K on the right a lift exists.

Definition 2.5. A weak factorization system (WFS) on a category C is a pair (Proj, Inj)
of classes of morphisms of C such that

1. Every morphism f:X — Y of C may be factored as the composition of a
morphism in Proj followed by one in Inj

€ Proj €Inj
f:X—Z—Y.

2. The classes are closed under having the lifting property, def. 2.4, against each
other:

1. Proj is precisely the class of morphisms having the left lifting property
against every morphisms in Inj;

2.1nj is precisely the class of morphisms having the right lifting property
against every morphisms in Pro;j.
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Definition 2.6. For C a category, a functorial factorization of the morphisms in C is a
functor

fact : ¢4 — A2

which is a section of the composition functor d; : cAlzl o, Al

Remark 2.7. In def. 2.6 we are using the following standard notation, see at simplex
category and at nerve of a category:

Write [1] = {0 - 1} and [2] = {0 —» 1 — 2} for the ordinal numbers, regarded as
posets and hence as categories. The arrow category Arr(C) is equivalently the
functor category cAll .= Funct(4[1], C), while cAl2l .= Funct(4[2], C) has as objects
pairs of composable morphisms in C. There are three injective functors §;:[1] = [2],

where §; omits the index i in its image. By precomposition, this induces functors
d;: c421 — ¢4 Here
¢ d, sends a pair of composable morphisms to their composition;
* d, sends a pair of composable morphisms to the first morphisms;
* d, sends a pair of composable morphisms to the second morphisms.
Definition 2.8. A weak factorization system, def. 2.5, is called a functorial weak
factorization system if the factorization of morphisms may be chosen to be a

functorial factorization fact, def. 2.6, i.e. such that d, o fact lands in Proj and d o fact
in Inj.

Remark 2.9. Not all weak factorization systems are functorial, def. 2.8, although most
(including those produced by the small object argument (prop. 2.17 below), with
due care) are.

Proposition 2.10. Let C be a category and let K € Mor(C) be a class of morphisms. Write
K Proj and K Inj, respectively, for the sub-classes of K-projective morphisms and of K-
injective morphisms, def. 2.4. Then:

1. Both classes contain the class of isomorphisms of C.

2. Both classes are closed under composition in C.
K Proj is also closed under transfinite composition.

3. Both classes are closed under forming retracts in the arrow category cAll (see
remark 2.12).

4. K Proj is closed under forming pushouts of morphisms in C (“cobase change”).

38 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/functorial+factorization
https://ncatlab.org/nlab/show/functorial+factorization
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/section
https://ncatlab.org/nlab/show/section
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/simplex+category
https://ncatlab.org/nlab/show/simplex+category
https://ncatlab.org/nlab/show/simplex+category
https://ncatlab.org/nlab/show/simplex+category
https://ncatlab.org/nlab/show/nerve+of+a+category
https://ncatlab.org/nlab/show/nerve+of+a+category
https://ncatlab.org/nlab/show/ordinal+numbers
https://ncatlab.org/nlab/show/ordinal+numbers
https://ncatlab.org/nlab/show/posets
https://ncatlab.org/nlab/show/posets
https://ncatlab.org/nlab/show/categories
https://ncatlab.org/nlab/show/categories
https://ncatlab.org/nlab/show/arrow+category
https://ncatlab.org/nlab/show/arrow+category
https://ncatlab.org/nlab/show/functor+category
https://ncatlab.org/nlab/show/functor+category
https://ncatlab.org/nlab/show/functors
https://ncatlab.org/nlab/show/functors
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/functorial+factorization
https://ncatlab.org/nlab/show/functorial+factorization
https://ncatlab.org/nlab/show/small+object+argument
https://ncatlab.org/nlab/show/small+object+argument
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/class
https://ncatlab.org/nlab/show/class
https://ncatlab.org/nlab/show/morphisms
https://ncatlab.org/nlab/show/morphisms
https://ncatlab.org/nlab/show/projective+morphisms
https://ncatlab.org/nlab/show/projective+morphisms
https://ncatlab.org/nlab/show/injective+morphisms
https://ncatlab.org/nlab/show/injective+morphisms
https://ncatlab.org/nlab/show/isomorphism
https://ncatlab.org/nlab/show/isomorphism
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/transfinite+composition
https://ncatlab.org/nlab/show/transfinite+composition
https://ncatlab.org/nlab/show/retracts
https://ncatlab.org/nlab/show/retracts
https://ncatlab.org/nlab/show/arrow+category
https://ncatlab.org/nlab/show/arrow+category
https://ncatlab.org/nlab/show/pushouts
https://ncatlab.org/nlab/show/pushouts
https://ncatlab.org/nlab/show/cobase+change
https://ncatlab.org/nlab/show/cobase+change

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

K Inj is closed under forming pullback of morphisms in C (“base change”).

5. K Proj is closed under forming coproducts in cAll,
K Inj is closed under forming products in cAl,

Proof. We go through each item in turn.
containing isomorphisms

Given a commuting square

A L ox
L p
EIsol' l
B — Y

g

with the left morphism an isomorphism, then a lift is given by using the inverse of this

isomorphism fi™ » Hence in particular there is a lift when p € K and so i € K Pro;j.
The other case is formally dual.

closure under composition

Given a commuting square of the form

A — X
Dq
! ‘]’EKIn]
i P,
EK ! ‘LEKIn]
B — Y

consider its pasting decomposition as

A — X
b,
! N J’EKIn]
i P,
€K ! J’EJ’(In]
B — Y

Now the bottom commuting square has a lift, by assumption. This yields another
pasting decomposition
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A — X
i Py
EK ! J’eKIn]
b,
! 4 ‘LEKIn]
B — Y

and now the top commuting square has a lift by assumption. This is now equivalently a
lift in the total diagram, showing that p, e p, has the right lifting property against K

and is hence in K Inj. The case of composing two morphisms in K Proj is formally dual.
From this the closure of K Proj under transfinite composition follows since the latter is
given by colimits of sequential composition and successive lifts against the underlying
sequence as above constitutes a cocone, whence the extension of the lift to the colimit
follows by its universal property (cf. eg. Hirschhorn (2002), Lem. 10.3.1).

closure under retracts

Let j be the retract of an i € K Proj, i.e. let there be a commuting diagram of the form.

idg: A — C — A
Y L W,

€ K Proj
idg: B — D — B

Then for
A — X
il V.
B — Y

a commuting square, it is equivalent to its pasting composite with that retract diagram

A — C — A — X
Jj i j f
l l l lEK

€ K Proj
B — D — B — Y

Here the pasting composite of the two squares on the right has a lift, by assumption:
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A —> C — A — X
J L f
\) \) 7 Vek
B —- D — B — Y
By composition, this is also a lift in the total outer rectangle, hence in the original

square. Hence j has the left lifting property against all p € K and hence is in K Proj. The
other case is formally dual.

closure under pushout and pullback

Let p € K Inj and and let

Ix;X — X
ey P
Z L Y

be a pullback diagram in C. We need to show that f*p has the right lifting property with
respecttoalli € K. So let

A — ZXfX

i fp
eKl l

B L 7z

be a commuting square. We need to construct a diagonal lift of that square. To that end,
first consider the pasting composite with the pullback square from above to obtain the
commuting diagram

A—>Z><fX—>X

iy lf*P 1P

B % 7 Ly

By the right lifting property of p, there is a diagonal lift of the total outer diagram
A — X
RGO

fa
_>

B Y
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By the universal property of the pullback this gives rise to the lift g in

Ix;X — X
g p e P,
B & 7 Ly

In order for § to qualify as the intended lift of the total diagram, it remains to show that

A — ZxpX
1t a
B

commutes. To do so we notice that we obtain two cones with tip A:
¢ one is given by the morphisms
1LA-ZXeX - X
i g
22ZA-B—>7Z
with universal morphism into the pullback being
0o A->ZXrX
¢ the other by
i g
1LA->B—->ZX;X—->X
i g
2.A—-B—>Z.
with universal morphism into the pullback being
i g
©A—B—ZXsX.

The commutativity of the diagrams that we have established so far shows that the first
and second morphisms here equal each other, respectively. By the fact that the
universal morphism into a pullback diagram is unique this implies the required identity
of morphisms.

The other case is formally dual.

closure under (co-)products

Let {(As 5 Bs) € K Proj} ., be a set of elements of K Proj. Since colimits in the
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presheaf category ¢4l are computed componentwise, their coproduct in this arrow
category is the universal morphism out of the coproduct of objects [[ . A5 induced

via its universal property by the set of morphisms i,:

(is)
U A, —53 | B,.
SES SES

Now let

U A, — X
SES

(is)ses | lf;K

U B — Y
SES

be a commuting square. This is in particular a cocone under the coproduct of objects,
hence by the universal property of the coproduct, this is equivalent to a set of
commuting diagrams

A, — X

ig f
eKProjl J’EK

By, — Y
SES

By assumption, each of these has a lift £5. The collection of these lifts
A, — X
s | ¢ f
EPnﬂl 4 l'EK

B, — Y

SES

is now itself a compatible cocone, and so once more by the universal property of the
coproduct, this is equivalent to a lift (£;) . ¢ in the original square

L Ag — X

SES

(s)ses | (#s)ses 2 V;K

LI Bg — Y
SES

This shows that the coproduct of the i has the left lifting property against all f € K
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and is hence in K Proj. The other case is formally dual. W

An immediate consequence of prop. 2.10 is this:

Corollary 2.11. Let C be a category with all small colimits, and let K € Mor(C) be a sub-
class of its morphisms. Then every K-injective morphism, def. 2.4, has the right lifting
property, def. 2.4, against all K-relative cell complexes, def. 1.41 and their retracts,
remark 2.12.

Remark 2.12. By a retract of a morphism X L Y in some category C we mean a retract

of f as an object in the arrow category ¢4l hence a morphism A B such that in
¢4l there is a factorization of the identity on g through f

idj: 9g—f—g.

This means equivalently that in C there is a commuting diagram of the form

idgq: 4 — X — A
A
idg: B — Y — B

Lemma 2.13. In every category C the class of isomorphisms is preserved under retracts in
the sense of remark 2.12.

Proof. For

idg: A — X — A
A
idg: B — Y — B

: f : : . g . .
a retract diagram and X — Y an isomorphism, the inverse to A — B is given by the

composite
X — A
A
B — Y
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More generally:

Proposition 2.14. Given a model category in the sense of def. 2.3, then its class of weak
equivalences is closed under forming retracts (in the arrow category, see remark 2.12).

Proof. Let
idi: A — X — A
ry WV
idi: B — Y — B

be a commuting diagram in the given model category, with w € W a weak equivalence.
We need to show that then also f € W.

First consider the case that f € Fib.

In this case, factor w as a cofibration followed by an acyclic fibration. Since w € W and
by two-out-of-three (def. 2.1) this is even a factorization through an acyclic cofibration
followed by an acyclic fibration. Hence we obtain a commuting diagram of the
following form:

idi: 4 — X — A
ldl lEWﬂCOf »le

t
id: 4 S5 X — A,

f EWnFib f
l l ‘l’EFib

idi: B —, 'Y — B

where s is uniquely defined and where t is any lift of the top middle vertical acyclic
cofibration against f. This now exhibits f as a retract of an acyclic fibration. These are
closed under retract by prop. 2.10.

Now consider the general case. Factor f as an acyclic cofibration followed by a fibration
and form the pushout in the top left square of the following diagram
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id: A — X — A
EWﬂCOfl (pO) LEWﬂCOf lEWnCOf

id: A — X — A
€Fib | LEW | EFib

d: B — Y — B

where the other three squares are induced by the universal property of the pushout, as
is the identification of the middle horizontal composite as the identity on A’. Since
acyclic cofibrations are closed under forming pushouts by prop. 2.10, the top middle
vertical morphism is now an acyclic fibration, and hence by assumption and by two-
out-of-three so is the middle bottom vertical morphism.

Thus the previous case now gives that the bottom left vertical morphism is a weak
equivalence, and hence the total left vertical composite is. i

Lemma 2.15. (retract argument)

Consider a composite morphism
L p
f:X—A—>Y.

1. If f has the left lifting property against p, then f is a retract of i.

2. If f has the right lifting property against i, then f is a retract of p.

Proof. We discuss the first statement, the second is formally dual.

Write the factorization of f as a commuting square of the form

X — A
rl LP.
Y =Y

By the assumed lifting property of f against p there exists a diagonal filler g making a
commuting diagram of the form

46 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/universal+property
https://ncatlab.org/nlab/show/universal+property
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/retract+argument
https://ncatlab.org/nlab/show/retract+argument
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/left+lifting+property
https://ncatlab.org/nlab/show/left+lifting+property
https://ncatlab.org/nlab/show/retract
https://ncatlab.org/nlab/show/retract
https://ncatlab.org/nlab/show/right+lifting+property
https://ncatlab.org/nlab/show/right+lifting+property
https://ncatlab.org/nlab/show/retract
https://ncatlab.org/nlab/show/retract
https://ncatlab.org/nlab/show/formal+duality
https://ncatlab.org/nlab/show/formal+duality
https://ncatlab.org/nlab/show/commuting+square
https://ncatlab.org/nlab/show/commuting+square
https://ncatlab.org/nlab/show/lifting+property
https://ncatlab.org/nlab/show/lifting+property
https://ncatlab.org/nlab/show/commuting+diagram
https://ncatlab.org/nlab/show/commuting+diagram

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

X — A
fl 9 P
Y =Y

By rearranging this diagram a little, it is equivalent to

X = X
Fl Ey
idy: ¥ - A —- Y
g p

Completing this to the right, this yields a diagram exhibiting the required retract
according to remark 2.12:

Small object argument

Given a set C © Mor(C) of morphisms in some category C, a natural question is how to
factor any given morphism f:X — Y through a relative C-cell complex, def. 1.41,
followed by a C-injective morphism, def. 1.46

€Ccell A eCinj

f: X X > Y

first approximation to such a factorization turns out to be given simply by forming

A
X= X, by attaching all possible C-cells to X. Namely let

dom(c) — X
(C/f)=€l l
cod(c) — Y

be the set of all ways to find a C-cell attachment in f, and consider the pushout X of the
coproduct of morphisms in C over all these:
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]_[Ce(c/f) dom(c) — X
Heee/ne (po) L .
]_[Ce(c/f) cod(c) — X4

This gets already close to producing the intended factorization:
First of all the resulting map X — X is a C-relative cell complex, by construction.

Second, by the fact that the coproduct is over all commuting squres to f, the morphism
f itself makes a commuting diagram

]_[CE(C/f) dom(c) — X
Heee/ne 1f
]_[CE(C/D cod(c) — Y

and hence the universal property of the colimit means that f is indeed factored
through that C-cell complex X;; we may suggestively arrange that factorizing diagram

like so:
]_[CE(C/f) dom(c) — X
id l l
]_[CE(C/f) dom(c) X .
Heee/ne 2 1
]_[CE(C/f) cod(c) — Y

This shows that, finally, the colimiting co-cone map - the one that now appears
diagonally - almost exhibits the desired right lifting of X; — Y against the c € C. The
failure of that to hold on the nose is only the fact that a horizontal map in the middle of
the above diagram is missing: the diagonal map obtained above lifts not all commuting
diagrams of ¢ € C into f, but only those where the top morphism dom(c) = X factors
through X — X;.

The idea of the small object argument now is to fix this only remaining problem by
iterating the construction: next factor X; — Y in the same way into

X1 — X, —>Y
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and so forth. Since relative C-cell complexes are closed under composition, at stage n
the resulting X — X,, is still a C-cell complex, getting bigger and bigger. But
accordingly, the failure of the accompanying X,, — Y to be a C-injective morphism

becomes smaller and smaller, for it now lifts against all diagrams where dom(c) — X,
factors through X,,_; — X,,, which intuitively is less and less of a condition as the
X, _1 grow larger and larger.

The concept of small object is just what makes this intuition precise and finishes the
small object argument. For the present purpose we just need the following simple
version:

Definition 2.16. For C a category and C € Mor(C) a sub-set of its morphisms, say that
these have small domains if there is an ordinal a (def. 1.15) such that for every c € C
and for every C-relative cell complex given by a transfinite composition (def. 1.17)

f:X_)Xl_)XZ_)'“_)Xﬁ_).“_))/}

every morphism dom(c) — X factors through a stage Xz — X of order p < a:

\)
N
dom(c) — X
The above discussion proves the following:
Proposition 2.17. (small object argument)

Let C be a locally small category with all small colimits. If a set C € Mor(C) of
morphisms has all small domains in the sense of def. 2.16, then every morphism
f:X — Y in C factors through a C-relative cell complex, def. 1.41, followed by a C-
injective morphism, def. 1.46

€Ccell A €Cinj

f:X > X

(Quillen 67, 11.3 lemma)

Homotopy

We discuss how the concept of homotopy is abstractly realized in model categories, def.
2.3.
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Definition 2.18. Let C be a model category, def. 2.3, and X € C an object.

e A path space object Path(X) for X is a factorization of the diagonal
Ay : X > XX Xas

p)
Ay X—>Path(X) ToPilyxx.

where X — Path(X) is a weak equivalence and Path(X) — X X X is a fibration.

e A cylinder object Cyl(X) for X is a factorization of the codiagonal (or “fold
map”)Vy : XU X - Xas

Vy : XuX(O 1)c l(X)—>X

where Cyl(X) — X is a weak equivalence. and X LI X — Cyl(X) is a cofibration.

Remark 2.19. For every object X € C in a model category, a cylinder object and a path
space object according to def. 2.18 exist: the factorization axioms guarantee that
there exists

1. a factorization of the codiagonal as

eWnNFib
Ve XU xS ey S0

2. a factorization of the diagonal as

ewWnCof
Ay X 0 pathn) S8 xxx

The cylinder and path space objects obtained this way are actually better than
required by def. 2.18: in addition to Cyl(X) — X being just a weak equivalence, for
these this is actually an acyclic fibration, and dually in addition to X — Path(X) being
a weak equivalence, for these it is actually an acyclic cofibration.

Some authors call cylinder/path-space objects with this extra property “very good”
cylinder/path-space objects, respectively.

One may also consider dropping a condition in def. 2.18: what mainly matters is the
weak equivalence, hence some authors take cylinder/path-space objects to be
defined as in def. 2.18 but without the condition that X U X — Cyl(X) is a cofibration
and without the condition that Path(X) — X X X is a fibration. Such authors would
then refer to the concept in def. 2.18 as “good” cylinder/path-space objects.
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The terminology in def. 2.18 follows the original (Quillen 67, 1.1 def. 4). With the
induced concept of left/right homotopy below in def. 2.22, this admits a quick
derivation of the key facts in the following, as we spell out below.

Lemma 2.20. Let C be a model category. If X € C is cofibrant, then for every cylinder
object Cyl(X) of X, def. 2.18, not only is (ig,i1): X U X — X a cofibration, but each

io, il X — CYI(X)
is an acyclic cofibration separately.

Dually, if X € C is fibrant, then for every path space object Path(X) of X, def. 2.18, not
only is (p,, p,): Path(X) — X X X a fibration, but each

Py P, Path(X) — X

is an acyclic fibration separately.
Proof. We discuss the case of the path space object. The other case is formally dual.

First, that the component maps are weak equivalences follows generally: by definition
they have a right inverse Path(X) — X and so this follows by two-out-of-three (def.
2.1).

But if X is fibrant, then also the two projection maps out of the product X X X — X are
fibrations, because they are both pullbacks of the fibration X — *

XxX — X
l (pb) {.
X —  *

hence p,:Path(X) - X X X — X is the composite of two fibrations, and hence itself a
fibration, by prop. 2.10. W

Path space objects are very non-unique as objects up to isomorphism:

Example 2.21.1f X € C is a fibrant object in a model category, def. 2.3, and for Path; (X)
and Path,(X) two path space objects for X, def. 2.18, then the fiber product
Path; (X) Xx Path,(X) is another path space object for X: the pullback square
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X 2 Xx X
! l
Path, (X) X Path,(X) ~ —  Pathy (X) x Path,(X)
Xx XXX Qdeld) X xXxX
s
Xx X - X x X

gives that the induced projection is again a fibration. Moreover, using lemma 2.2
and two-out-of-three (def. 2.1) gives that X — Path;(X) Xy Path,(X) is a weak
equivalence.

For the case of the canonical topological path space objects of def 1.34, with
Path; (X) = Path,(X) = X' = X% then this new path space object is X'V = xlo2]
the mapping space out of the standard interval of length 2 instead of length 1.

Definition 2.22. Let f,g: X — Y be two parallel morphisms in a model category.

e A left homotopy n: f =; g is a morphism 7: Cyl(X) — Y from a cylinder object
of X, def. 2.18, such that it makes this diagram commute:
X — ClX) «— X
FaY v
Y

9

o A right homotopy 1: f =g g is a morphism n: X — Path(Y) to some path space
object of Y, def. 2.18, such that this diagram commutes:

X
fv U Y
Y «— Path(Y) — Y

Lemma 2.23. Let f, g: X — Y be two parallel morphisms in a model category.

1. Let X be cofibrant. If there is a left homotopy f =, g then there is also a right
homotopy f =r g (def. 2.22) with respect to any chosen path space object.
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2. Let Y be fibrant. If there is a right homotopy f =g g then there is also a left
homotopy f =, g with respect to any chosen cylinder object.

In particular if X is cofibrant and Y is fibrant, then by going back and forth it follows
that every left homotopy is exhibited by every cylinder object, and every right
homotopy is exhibited by every path space object.

Proof. We discuss the first case, the second is formally dual. Let n: Cyl(X) — Y be the
given left homotopy. Lemma 2.20 implies that we have a lift h in the following
commuting diagram

iof
X —  Path(Y)
io h Py P,
ewWnCof d 4 leFib’
Cyl(X) —— YXY
yi(x) (fop,m)

where on the right we have the chosen path space object. Now the composite 7} :== ho i;
is a right homotopy as required:

Path(Y)

Po:P1

h
7 lEFib'

X 5 oyl(X) ——  YXY

(£ Anrn an)

Proposition 2.24. For X a cofibrant object in a model category and Y a fibrant object, the
relations of left homotopy f =, g and of right homotopy f =g g (def. 2.22) on the hom
set Hom(X,Y) coincide and are both equivalence relations.

Proof. That both relations coincide under the (co-)fibrancy assumption follows directly
from lemma 2.23.

The symmetry and reflexivity of the relation is obvious.

That right homotopy (hence also left homotopy) with domain X is a transitive relation
follows from using example 2.21 to compose path space objects. i

The homotopy category

We discuss the construction that takes a model category, def. 2.3, and then universally
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forces all its weak equivalences into actual isomorphisms.

Definition 2.25. Let C be a model category, def. 2.3. Write Ho(C) for the category whose

e objects are those objects of C which are both fibrant and cofibrant;

e morphisms are the homotopy classes of morphisms of C, hence the equivalence
classes of morphism under the equivalence relation of prop. 2.24;

and whose composition operation is given on representatives by composition in C.

category C.

Proposition 2.26. Def. 2.25 is well defined, in that composition of morphisms between
fibrant-cofibrant objects in C indeed passes to homotopy classes.

Proof. Fix any morphism X LY between fibrant-cofibrant objects. Then for
precomposition

(=) e [f] : Homyg ) (Y, Z) = Homyg ) (X, Z)

to be well defined, we need that with (g ~h) : Y = Z also (fg ~ fh) : X = Z. But by
prop 2.24 we may take the homotopy ~ to be exhibited by a right homotopy
n:Y — Path(Z), for which case the statement is evident from this diagram:

Z
g p 1P1
x L v X pahz) -
ANy
Z

For postcomposition we may choose to exhibit homotopy by left homotopy and argue
dually. W

We now spell out that def. 2.25 indeed satisfies the universal property that defines the
localization of a category with weak equivalences at its weak equivalences.

Lemma 2.27. (Whitehead theorem in model categories)

Let C be a model category. A weak equivalence between two objects which are both
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fibrant and cofibrant is a homotopy equivalence.

Proof. By the factorization axioms in the model category C and by two-out-of-three
(def. 2.1), every weak equivalence f: X — Y factors through an object Z as an acyclic
cofibration followed by an acyclic fibration. In particular it follows that with X and Y
both fibrant and cofibrant, so is Z, and hence it is sufficient to prove that acyclic
(co-)fibrations between such objects are homotopy equivalences.

So let f: X — Y be an acyclic fibration between fibrant-cofibrant objects, the case of
acyclic cofibrations is formally dual. Then in fact it has a genuine right inverse given by
alift f "' in the diagram

1) - X
f -1 f

ol S 2 J’e’Fian
Y = Y

To see that f ! is also a left inverse up to left homotopy, let Cyl(X) be any cylinder
object on X (def. 2.18), hence a factorization of the codiagonal on X as a cofibration
followed by a an acyclic fibration

Xux 5oy S x

and consider the commuting square

_10 ’_d
xux L9y

ecg%l J’]érwnFib
1(X Y
Cyl(X) o

which commutes due to f ~* being a genuine right inverse of f. By construction, this

commuting_square now admits a lift n, and that constitutes a left homotopy
-1 .

n:f “of=,id. I

Definition 2.28. Given a model category C, consider a choice for each object X € C of

. ix Px
1. a factorization X
® € Cof Q e WnFib

already cofibrant then p, = idy;

X of the initial morphism, such that when X is

) ) ix ax
2. a factorization X PX —
eWnCof € Fib

* of the terminal morphism, such that when
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X is already fibrant then j, = idy.
Write then

VYpo C — Ho(C)

for the functor to the homotopy category, def. 2.25, which sends an object X to the
object PQX and sends a morphism f: X — Y to the homotopy class of the result of

first lifting in
@ — QY
ix | Qf o |Pr
X — Y
Q fopy

and then lifting (here: extending) in

joy°Qf
ox 2 poy

Jox ! PQf A 19y
POX — *

Lemma 2.29. The construction in def. 2.28 is indeed well defined.

Proof. First of all, the object PQX is indeed both fibrant and cofibrant (as well as
related by a zig-zag of weak equivalences to X):

1)
eCofl \ECof
*
QX vncor POX
EWl
X

Now to see that the image on morphisms is well defined. First observe that any two
choices (Qf), of the first lift in the definition are left homotopic to each other, exhibited
by lifting in
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(@)1, (@)
QX uQx —M35

€ Cof l by
eWnNFib

CY](QX) f°pX—°0')QX Y

Hence also the composites jQY ° (Qf)l. are left homotopic to each other, and since their

domain is cofibrant, then by lemma 2.23 they are also right homotopic by a right
homotopy k. This implies finally, by lifting in

0X 5 Path(PQY)
ewncCof l ~L € Fib
POX PQY X PQY

(P(Qf),P(Qf),)

that also P(Qf), and P(Qf), are right homotopic, hence that indeed PQf represents a
well-defined homotopy class.

Finally to see that the assignment is indeed functorial, observe that the commutativity
of the lifting diagrams for Qf and PQf imply that also the following diagram commutes

p Jj
x < ox =2 pox

fl le lPQ].”

Y — QY — PQY
Py Jor

Now from the pasting composite

J
x & ox 5 pox
fl le lPQf
Y «— QY — PQY
Py Joy
9| ng lPQg

7 — Q7 — PQZ
Pz Joz

one sees that (PQg) o (PQf) is a lift of go f and hence the same argument as above
gives that it is homotopic to the chosen PQ(ge°f). B
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For the following, recall the concept of natural isomorphism between functors: for
F,G : C — D two functors, then a natural transformation n: F = G is for each object
¢ € 0bj(C) a morphism n_: F(c) — G(c) in D, such that for each morphism f:¢; - ¢,

in C the following is a commuting square:

Ney

F(c;) — G(cq1)
F(f) | 160)

F(cy) 77 G(c2)

Such n is called a natural isomorphism if its n _ are isomorphisms for all objects c.

Definition 2.30. For C a category with weak equivalences, its localization at the weak
equivalences is, if it exists,

1. a category denoted C[W _1]

2. a functor
y:C— W™
such that

1. y sends weak equivalences to isomorphisms;

2.y is universal with this property, in that:
for F:C — D any functor out of C into any category D, such that F takes weak
equivalences to isomorphisms, it factors through y up to a natural isomorphism

p

Ho(C)

and this factorization is unique up to unique isomorphism, in that for (F;, P)
and (F,, p,) two such factorizations, then there is a unique natural

isomorphism k: F; = F, making the evident diagram of natural isomorphisms
commute.

Theorem 2.31. For C a model category, the functor Yp,o N def. 2.28 (for any choice of P
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and Q) exhibits Ho(C) as indeed being the localization of the underlying category with
weak equivalences at its weak equivalences, in the sense of def. 2.30:

C = C
YP’Ql J/V
Ho(G) = ¢[w™]

(Quillen 67, 1.1 theorem 1)

Proof. First, to see that that y, 0 indeed takes weak equivalences to isomorphisms: By

two-out-of-three (def. 2.1) applied to the commuting diagrams shown in the proof of
lemma 2.29, the morphism PQf is a weak equivalence if f is:

p Jj
x & ox = pox

fl le LPQf

(Y & QY = PQY
by Jov

With this the “Whitehead theorem for model categories”, lemma 2.27, implies that PQf
represents an isomorphism in Ho(C).

Now let F: C — D be any functor that sends weak equivalences to isomorphisms. We
need to show that it factors as

F

C — D

SN2
Ho(C)

uniquely up to unique natural isomorphism. Now by construction of P and Q in def.
2.28,Yp , Is the identity on the full subcategory of fibrant-cofibrant objects. It follows

that if F exists at all, it must satisfy for all X L Y with X and Y both fibrant and
cofibrant that

F(fD = F(f),
(hence in particular F(y, o(N) = F(PQf)).

But by def. 2.25 that already fixes F on all of Ho(C), up to unique natural isomorphism.
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Hence it only remains to check that with this definition of F there exists any natural
isomorphism p filling the diagram above.

To that end, apply F to the above commuting diagram to obtain

FOO < poxy % R(pox)

1SO

F(f) | LF@n LF®PeN

iso iso
F(Y F(QY F(PQY
();(Ty) (Q)m (PQY)

Here now all horizontal morphisms are isomorphisms, by assumption on F. It follows
that defining p, = F(jQX) °F(py) ~! makes the required natural isomorphism:

-1 .
F(py) F(]Qx) ~
px: F(X) ——— F(QX) —— FPQX) = F(yp X))
F(f) | LFPQN)  |Frp o)
F(Y) ——— FQY) —— F(PQY) = F(y,,X)
: =
Py Fpy) ™ FlUqy) ( Vo)

Remark 2.32. Due to theorem 2.31 we may suppress the choices of cofibrant Q and
fibrant replacement P in def. 2.28 and just speak of the localization functor

y : C — Ho(C)

up to natural isomorphism.

In general, the localization C[W ~!] of a category with weak equivalences (C, W) (def.
2.30) may invert more morphisms than just those in W. However, if the category admits
the structure of a model category (C, W, Cof, Fib), then its localization precisely only
inverts the weak equivalences:

Proposition 2.33. Let C be a model category (def. 2.3) and let y : C — Ho(C) be its
localization functor (def. 2.28, theorem 2.31). Then a morphism f in C is a weak
equivalence precisely if y(f) is an isomorphism in Ho(C).

(e.g. Goerss-Jardine 96, 11, prop 1.14)

While the construction of the homotopy category in def. 2.25 combines the restriction
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to good (fibrant/cofibrant) objects with the passage to homotopy classes of
morphisms, it is often useful to consider intermediate stages:

Definition 2.34. Given a model category C, write

for the system of full subcategory inclusions of:

1. the category of fibrant objects Cy

2. the category of cofibrant objects C,,

3. the category of fibrant-cofibrant objects Cy,,

all regarded a categories with weak equivalences (def. 2.1), via the weak
equivalences inherited from C, which we write (C¢, W), (C¢, W) and (Cge, W g().

Remark 2.35. Of course the subcategories in def. 2.34 inherit more structure than just
that of categories with weak equivalences from C. C; and C, each inherit “half” of the
factorization axioms. One says that Cy has the structure of a “fibration category”
called a “Brown-category of fibrant objects”, while C,. has the structure of a

“cofibration category”.

We discuss properties of these categories of (co-)fibrant objects below in Homotopy
fiber sequences.

The proof of theorem 2.31 immediately implies the following:

Corollary 2.36. For C a model category, the restriction of the localization functor
y : C — Ho(C) from def. 2.28 (using remark 2.32) to any of the sub-categories with
weak equivalences of def. 2.34
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Cre
4 \
C. Cy
\ v/
C
l)’
Ho(C)

exhibits Ho(C) equivalently as the localization also of these subcategories with weak
equivalences, at their weak equivalences. In particular there are equivalences of
categories

Ho(C) = C[W 1] = Cf[W; '] = C. (W] = Cre[Wr]

mixed variant of the above will do; it is sufficient that the domain is cofibrant and the
codomain is fibrant:

Lemma 2.37. For X,Y € C with X cofibrant and Y fibrant, and for P, Q fibrant/cofibrant
replacement functors as in def. 2.28, the morphism

Home(jy,py)
Homy, ey (PX, QY) = Home(PX,QY) /. —— Home(X,Y) /_

(on homotopy classes of morphisms, well defined by prop. 2.24) is a natural bijection.

(Quillen 67, 1.1 corollary 1)

Proof. We may factor the morphism in question as the composite

Home (idpx.py) /- Home (jyidy) /_
Homg(PX,QY) /| ———XPC 5 Homo(PX,Y) /. ——X""'5 Home(X,Y) /_

This shows that it is sufficient to see that for X cofibrant and Y fibrant, then

Home(idy,py) /. + Home(X,QY) /. — Home(X,Y) /

is an isomorphism, and dually that

Home(j,,idy) /_ : Home(PX,Y) /. — Home(X,Y) /_

62 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/localization
https://ncatlab.org/nlab/show/localization
https://ncatlab.org/nlab/show/equivalences+of+categories
https://ncatlab.org/nlab/show/equivalences+of+categories
https://ncatlab.org/nlab/show/equivalences+of+categories
https://ncatlab.org/nlab/show/equivalences+of+categories
https://ncatlab.org/nlab/show/homotopy+category+of+a+model+category
https://ncatlab.org/nlab/show/homotopy+category+of+a+model+category
https://ncatlab.org/nlab/show/homotopy+classes
https://ncatlab.org/nlab/show/homotopy+classes
https://ncatlab.org/nlab/show/natural+bijection
https://ncatlab.org/nlab/show/natural+bijection

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

is an isomorphism. We discuss this for the former; the second is formally dual:

First, that Home (idy, p, ) is surjective is the lifting property in

@ — QY
Cof Py
stotl L ew nFib
X i) Y

which says that any morphism f:X — Y comes from a morphism ]/}:X — QY under

s : P
postcomposition with QY Xvy.

Second, that Home(idy, p, ) is injective is the lifting property in

xux 29 oy
Cof Py
etoly 'l'E'WnFib

which says that if two morphisms f,g:X — QY become homotopic after
postcomposition with p,,: QX — Y, then they were already homotopic before. i

We record the following fact which will be used in part 1.1 (here):

Lemma 2.38. Let C be a model category (def. 2.3). Then every commuting square in its
homotopy category Ho(C) (def. 2.25) is, up to isomorphism of squares, in the image of
the localization functor C — Ho(C) of a commuting square in C (ie.: not just
commuting up to homotopy).

Proof. Let
A 4 B
a| 1Y €Ho(0)
A — B
fr

be a commuting square in the homotopy category. Writing the same symbols for
fibrant-cofibrant objects in C and for morphisms in C representing these, then this
means that in C there is a left homotopy of the form
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A L B
b ] P
Cylta) — B
fo 1 (e

A — A

A i> B

) (po) LEW
Cyl(4) —  CGyl(f)

ot N !
A B’
a i Tf/

AI

This exhibits the composite A 2 Cyl(A4) — Cyl(f) as an alternative representative of f
in Ho(C), and Cyl(f) — B’ as an alternative representative for b, and the commuting

square
A — Cyl(f)
al l
A — B
fr

as an alternative representative of the given commuting square in Ho(C). i

Derived functors

Definition 2.39. For C and D two categories with weak equivalences, def. 2.1, then a
functor F:C — D is called a homotopical functor if it sends weak equivalences to

weak equivalences.

Definition 2.40. Given a homotopical functor F:C — D (def. 2.39) between categories
with weak equivalences whose homotopy categories Ho(C) and Ho(D) exist (def.
2.30), then its (“total”) derived functor is the functor Ho(F) between these homotopy
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categories which is induced uniquely, up to unique isomorphism, by their universal
property (def. 2.30):

F
C — D

Ye | & ~ Yo .

Ho(C) 3H—o(F3 Ho(D)

Remark 2.41. While many functors of interest between model categories are not
homotopical in the sense of def. 2.39, many become homotopical after restriction to
the full subcategories Cr of fibrant objects or C, of cofibrant objects, def. 2.34. By

corollary 2.36 this is just as good for the purpose of homotopy theory.

Therefore one considers the following generalization of def. 2.40:
Definition 2.42. (left and right derived functors)

Consider a functor F:C — D out of a model category C (def. 2.3) into a category with
weak equivalences D (def. 2.1).

1. If the restriction of F to the full subcategory Cf of fibrant object becomes a
homotopical functor (def. 2.39), then the derived functor of that restriction,
according to def. 2.40, is called the right derived functor of F and denoted by

RF:
F
Cy S e — D
ycf ~L &: lYD ,
RF: Cf[W™'] = Ho(C) —— Ho(D)

where we use corollary 2.36.

2. If the restriction of F to the full subcategory C. of cofibrant object becomes a
homotopical functor (def. 2.39), then the derived functor of that restriction,
according to def. 2.40, is called the [eft derived functor of F and denoted by LF:

F
c, © € — D
e | 7 Lo,
LF: C.W™] = Ho(C) —— Ho(D)
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where again we use corollary 2.36.
The key fact that makes def. 2.42 practically relevant is the following:

Proposition 2.43. (Ken Brown's lemma)

Let C be a model category with full subcategories Cr,C. of fibrant objects and of
cofibrant objects respectively (def. 2.34). Let D be a category with weak equivalences.

1. A functor out of the category of fibrant objects

is a homotopical functor, def. 2.39, already if it sends acylic fibrations to weak
equivalences.

2. A functor out of the category of cofibrant objects

F:C.—D

is a homotopical functor, def. 2.39, already if it sends acylic cofibrations to weak
equivalences.

The following proof refers to the factorization lemma, whose full statement and proof
we postpone to further below (lemma 4.9).

Proof. We discuss the case of a functor on a category of fibrant objects Cy, def. 2.34.
The other case is formally dual.

Let f: X — Y be a weak equivalence in C¢. Choose a path space object Path(X) (def.
2.18) and consider the diagram

Path(f) ——

eWnNFib
P f f
ew (pb)  lew
by

Path(Y) m{) Y
2
eWnNFib
Y

where the square is a pullback and Path(f) on the top left is our notation for the
universal cone object. (Below we discuss this in more detail, it is the mapping cocone of
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f,def. 4.1).
Here:

1. p; are both acyclic fibrations, by lemma 2.20;
2. Path(f) - X is an acyclic fibration because it is the pullback of p,.

3. pi f is a weak equivalence, because the factorization lemma 4.9 states that the

composite vertical morphism factors f through a weak equivalence, hence if f is a
weak equivalence, then p; f is by two-out-of-three (def. 2.1).

Now apply the functor F to this diagram and use the assumption that it sends acyclic
fibrations to weak equivalences to obtain

F(Path(f)) i F(X)

F(pif) ! lF(f)
F(py)
F(Path(Y)) — F(Y) -
Ew
F(py)
eEw
Y

But the factorization lemma 4.9, in addition says that the vertical composite p,, ° pif is
a fibration, hence an acyclic fibration by the above. Therefore also F(p ° p:f) is a weak

equivalence. Now the claim that also F(f) is a weak equivalence follows with applying
two-out-of-three (def. 2.1) twice. W

Corollary 2.44. Let C, D be model categories and consider F:C — D a functor. Then:

1. If F preserves cofibrant objects and acyclic cofibrations between these, then its
left derived functor (def. 2.42) ILF exists, fitting into a diagram

F
C. — D,
Yel ¢. UMD
LF
Ho(C) — Ho(D)

2. If F preserves fibrant objects and acyclic fibrants between these, then its right
derived functor (def. 2.42) RF exists, fitting into a diagram

67 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/factorization+lemma
https://ncatlab.org/nlab/show/factorization+lemma
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/factorization+lemma
https://ncatlab.org/nlab/show/factorization+lemma
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/two-out-of-three
https://ncatlab.org/nlab/show/model+categories
https://ncatlab.org/nlab/show/model+categories
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/left+derived+functor
https://ncatlab.org/nlab/show/left+derived+functor
https://ncatlab.org/nlab/show/diagram
https://ncatlab.org/nlab/show/diagram
https://ncatlab.org/nlab/show/right+derived+functor
https://ncatlab.org/nlab/show/right+derived+functor
https://ncatlab.org/nlab/show/right+derived+functor
https://ncatlab.org/nlab/show/right+derived+functor
https://ncatlab.org/nlab/show/diagram
https://ncatlab.org/nlab/show/diagram

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

F

Ye | e~ LYo,
Ho(C) - Ho(D)
Proposition 2.45. Let F : C — D be a functor between two model categories (def. 2.3).

1. If F preserves fibrant objects and weak equivalences between fibrant objects,
then the total right derived functor RF := R(y,, o F) (def. 2.42) in

F
ery gl UM
Ho(0C) . Ho(D)
is given, up to isomorphism, on any object X € C Le, Ho(C) by applying F to a
fibrant replacement PX of X and then forming a cofibrant replacement
Q(F(PX)) of the result:

RF(X) = Q(F(PX)) .

1.If F preserves cofibrant objects and weak equivalences between cofibrant
objects, then the total left derived functor ILF = LL(y, o F) (def. 2.42) in

C. — D

Yeey oyl UM
Ho(C) T Ho(D)

is given, up to isomorphism, on any object X € C Te, Ho(C) by appying F to a
cofibrant replacement QX of X and then forming a fibrant replacement
P(F(QX)) of the result:

LF(X) = P(F(QX)) .

Proof. We discuss the first case, the second is formally dual. By the proof of theorem
2.31 we have
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RF(X) = y5,(F(¥e))
=y F(QP(X))
But since F is a homotopical functor on fibrant objects, the cofibrant replacement

morphism F(Q(P(X))) —» F(P(X)) is a weak equivalence in D, hence becomes an
isomorphism under y,. Therefore

RF(X) = yp(F(P(X))) -

Now since F is assumed to preserve fibrant objects, F(P(X)) is fibrant in D, and hence
Yo acts on it (only) by cofibrant replacement. l

Quillen adjunctions

In practice it turns out to be useful to arrange for the assumptions in corollary 2.44 to
be satisfied by pairs of adjoint functors. Recall that this is a pair of functors L and R
going back and forth between two categories

cC D

L
h
—

R

such that there is a natural bijection between hom-sets with L on the left and those
with R on the right:

(,bd,C : Home(L(d), ¢) — Homgp(d, R(¢))

for all objects d€D and c€C. This being natural means that
¢:Homp(L(—), —) = Home(—,R(—)) is a natural transformation, hence that for all

morphisms g:d, = d; and f:c; — ¢, the following is a commuting square:

¢d1,C1

Home(L(dy),¢1) —— Homyp(dy, R(cy1))
Lo ()9 | 19°()°R()

Home(L(d,),c;) —— Homp(d,, R(cy))

¢d2,C2

We write (L 4 R) to indicate an adjunction and call L the left adjoint and R the right
adjoint of the adjoint pair.

The archetypical example of a pair of adjoint functors is that consisting of forming
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Cartesian products Y X (—) and forming mapping_spaces (—) ¥ as in the category of

compactly generated topological spaces of def. 3.35.

If f:L(d) — c is any morphism, then the image ¢, .(f):d — R(c) is called its adjunct,
and conversely. The fact that adjuncts are in bijection is also expressed by the notation

L(c) 2> d
=2=c
¢ L R@)

For an object d € D, the adjunct of the identity on Ld is called the adjunction unit
n, : d — RLd.

For an object c € C, the adjunct of the identity on Rc is called the adjunction counit
€: : LRc — c.

Adjunction units and counits turn out to encode the adjuncts of all other morphisms by
the formulas

e (tdl )= @2 RrLa ™ Ro)
e d%Re)=(d LRc S 0.

Definition 2.46. Let C,D be model categories. A pair of adjoint functors between them

(L4R): ¢ D

L
(_
_)
R
is called a Quillen adjunction (and L,R are called left/right Quillen functors,

respectively) if the following equivalent conditions are satisfied

1. L preserves cofibrations and R preserves fibrations;
2. L preserves acyclic cofibrations and R preserves acyclic fibrations;
3. L preserves cofibrations and acylic cofibrations;

4. R preserves fibrations and acyclic fibrations.
Proposition 2.47. The conditions in def. 2.46 are indeed all equivalent.
(Quillen 67, 1.4, theorem 3)

Proof. First observe that
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e (i) A left adjoint L between model categories preserves acyclic cofibrations precisely
if its right adjoint R preserves fibrations.

e (ii) A left adjoint L between model categories preserves cofibrations precisely if its
right adjoint R preserves acyclic fibrations.

We discuss statement (i), statement (ii) is formally dual. So let f: A — B be an acyclic
cofibration in D and g: X — Y a fibration in C. Then for every commuting diagram as on
the left of the following, its (L 4 R)-adjunct is a commuting diagram as on the right

here:
A — RX) L(A) — X
i WR@ 1.
B — R(Y) L(B) — Y

If L preserves acyclic cofibrations, then the diagram on the right has a lift, and so the
(L 4 R)-adjunct of that lift is a lift of the left diagram. This shows that R(g) has the
right lifting property against all acylic cofibrations and hence is a fibration. Conversely,
if R preserves fibrations, the same argument run from right to left gives that L
preserves acyclic fibrations.

Now by repeatedly applying (i) and (ii), all four conditions in question are seen to be
equivalent. l

L
«—

L
Lemma 2.48. Let C = D be a Quillen adjunction, def. 2.46.

1. For X € C a fibrant object and Path(X) a path space object (def. 2.18), then
R(Path(X)) is a path space object for R(X).

2. For X € C a cofibrant object and Cyl(X) a cylinder object (def. 2.18), then
L(Cyl(X)) is a cylinder object for L(X).

Proof. Consider the second case, the first is formally dual.

First observe that L(X U X) =~ LX U LX because L is left adjoint and hence preserves
colimits, hence in particular coproducts.

Hence

LX U X 5% eyl x) = (e U Lo S5 Licyloo))
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is a cofibration.

Second, with X cofibrant i,: X — X U X is an acyclic cofibration (lemma 2.20), and so
then is

ip 1 L(X) — L(X) U L(X).

Therefore by two-out-of-three (def. 2.1) L preserves the weak equivalence
CylX) - X. 1

Proposition 2.49. (derived adjunction)

L
For C lE D a Quillen adjunction, def. 2.46, then also the corresponding left and right
—

R
derived functors, def. 2.42, via cor. 2.44, form a pair of adjoint functors

LL

Ho(€) L Ho(D) .
RR

(Quillen 67, 1.4 theorem 3)

Proof. By def. 2.42 and lemma 2.37 it is sufficient to see that for X,Y € C with X
cofibrant and Y fibrant, then there is a natural bijection

Homq(LX,Y) /_ =~ Homgp(X,RY)/_ .

Since by the adjunction isomorphism for (L 4 R) such a natural bijection exists before
passing to homotopy classes (—) /_, it is sufficient to see that this respects homotopy

classes. To that end, use from lemma 2.48 that with Cyl(Y) a cylinder object for Y, def.
2.18, then L(Cyl(Y)) is a cylinder object for L(Y). This implies that left homotopies

(f=.9): LX—>Y
given by
n: Cyl(LX) =LCyl(X) —Y
are in bijection to left homotopies

(f=.9:X—>RY
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given by

7+ Cyl(X) — RX .

Definition 2.50. For C, D two model categories, a Quillen adjunction (def.2.46)

L

H
(L4R):C L D

R

is called a Quillen equivalence, to be denoted

L
C =,D

—
R

~

if the following equivalent conditions hold.

1. The right derived functor of R (via prop. 2.47, corollary 2.44) is an equivalence
of categories

RR: Ho(C) = Ho(D) .

2. The left derived functor of L (via prop. 2.47, corollary 2.44) is an equivalence of
categories

LL: Ho(D) = Ho(C) .

3. For every cofibrant object d € D, the derived adjunction unit, hence the
composite

d s R(L(d)) R(P(L(d)))

(of the adjunction unit with any fibrant replacement P as in def. 2.28) is a weak
equivalence;

and for every fibrant object ¢ € C, the derived adjunction counit, hence the
composite

©)
L(Q(R(c ))) L(R(c)) — ¢

(of the adjunction counit with any cofibrant replacement as in def. 2.28) is a
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weak equivalence.

4. For every cofibrant object d € D and every fibrant object ¢ € C, a morphism
d — R(c) is a weak equivalence precisely if its adjunct morphism L(c) — d is:

EWp
d — R(c)
EWe '
L(d)—c
Proposition 2.51. The conditions in def. 2.50 are indeed all equivalent.

(Quillen 67,1.4, theorem 3)

Proof. That 1) < 2) follows from prop. 2.49 (if in an adjoint pair one is an equivalence,
then so is the other).

To see the equivalence 1),2) < 3), notice (prop.) that a pair of adjoint functors is an
equivalence of categories precisely if both the adjunction unit and the adjunction
counit are natural isomorphisms. Hence it is sufficient to show that the morphisms
called derived adjunction unit and derived adjunction counit above indeed represent
the adjunction (co-)unit of (ILL 4 RR) in the homotopy category. We show this now for
the adjunction unit, the case of the adjunction counit is formally dual.

To that end, first observe that for d € D, then the defining commuting square for the
left derived functor from def. 2.42

L
D, — C

S A

Ho(D) ETY Ho(C)

(using fibrant and fibrant/cofibrant replacement functors y,,, Y0 from def. 2.28 with

their universal property from theorem 2.31, corollary 2.36) gives that
(LL)d ~ PLPd ~ PLd € Ho(C),

where the second isomorphism holds because the left Quillen functor L sends the
acyclic cofibration j ,: d — Pd to a weak equivalence.

The adjunction unit of (ILL 4 RR) on Pd € Ho(C) is the image of the identity under

Homye(c)((LL)Pd, (LL)Pd) 5 Homye(e) (Pd, (RR)(LL)Pd) .
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By the above and the proof of prop. 2.49, that adjunction isomorphism is equivalently
that of (L 4 R) under the isomorphism

Hom(j, 4,id)
Homy ) (PLd, PLd) ————— Home¢(Ld, PLd) / _

of lemma 2.37. Hence the derived adjunction unit is the (L 4 R)-adjunct of

JLa

Ld — PLd —> PLd,

which indeed (by the formula for adjuncts) is

UL
x 2 RLd "9t pprd .

To see that 4) = 3):

Consider the weak equivalence LX Iix PLX.Its (L 4 R)-adjunctis

x5 RLX 5 RPLX

by assumption 4) this is again a weak equivalence, which is the requirement for the
derived unit in 3). Dually for derived counit.

To see 3) = 4):

Consider any f: Ld — ¢ a weak equivalence for cofibrant d, firbant c. Its adjunct f sits
in a commuting diagram

~ R
7ood L Rra P oRe

=1 LFia LR

RPf
d — RPLd — RPc

cTA7

where Pf is any lift constructed as in def. 2.28.

This exhibits the bottom left morphism as the derived adjunction unit, hence a weak
equivalence by assumption. But since f was a weak equivalence, so is Pf (by two-out-
of-three). Thereby also RPf and Rj_, are weak equivalences by Ken Brown's lemma

2.43 and the assumed fibrancy of c. Therefore by two-out-of-three (def. 2.1) also the
adjunct f is a weak equivalence. |l
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In certain situations the conditions on a Quillen equivalence simplify. For instance:

L
Proposition 2.52. If in a Quillen adjunction C (_I) D (def. 2.46) the right adjoint R
R

“creates weak equivalences” (in that a morphism f in C is a weak equivalence precisly
if R(f) is) then (L 4 R) is a Quillen equivalence (def. 2.50) precisely already if for all
cofibrant objects d € D the plain adjunction unit

d 5 R(L(d))
is a weak equivalence.
Proof. By prop. 2.51, generally, (L - R) is a Quillen equivalence precisely if
1. for every cofibrant object d € D, the derived adjunction unit

RUL(a))
d -5 R(L(d)) —= R(P(L(d)))

is a weak equivalence;

2. for every fibrant object ¢ € C, the derived adjunction counit

®r(c))

L(Q(R(C))) — 5 LR() — ¢
is a weak equivalence.

Consider the first condition: Since R preserves the weak equivalence jL(d), then by two-
out-of-three (def. 2.1) the composite in the first item is a weak equivalence precisely if
n is.

Hence it is now sufficient to show that in this case the second condition above is
automatic.

Since R also reflects weak equivalences, the composite in item two is a weak
equivalence precisely if its image

R(L(Q(R(C)))) R(L(R( ) - R(c)
under R is.

Moreover, assuming, by the above, that Noer(ey) ON the cofibrant object Q(R(c)) is a
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weak equivalence, then by two-out-of-three this composite is a weak equivalence
precisely if the further composite with 7 is

Q( )

QR(c)) — R(L(Q(R(C)))) R(L(R( M 2R .

By the formula for adjuncts, this composite is the (L 4 R)-adjunct of the original
composite, which is just Preo)

©)
L(Q(R(c ))) L(R(C)) S |
QR(C) ™3 R(c)

Butp R(O) is a weak equivalence by definition of cofibrant replacement. Wi

3. The model structure on topological spaces

We now discuss how the category Top of topological spaces satisfies the axioms of
abstract homotopy theory (model category) theory, def. 2.3.

Definition 3.1. Say that a continuous function, hence a morphism in Top, is

e a classical weak equivalence if it is a weak homotopy equivalence, def. 1.30;

e aclassical fibration if it is a Serre fibration, def. 1.47;

e a classical cofibration if it is a retract (rem. 2.12) of a relative cell complex, def.
1.38.

and hence

e a acyclic classical cofibration if it is a classical cofibration as well as a classical
weak equivalence;

e a acyclic classical fibration if it is a classical fibration as well as a classical
weak equivalence.

Write

W, Fibgy, Cof. € Mor(Top)

for the classes of these morphisms, respectively.

We first prove now that the classes of morphisms in def. 3.1 satisfy the conditions for a
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model category structure, def. 2.3 (after some lemmas, this is theorem 3.7 below). Then
we discuss the resulting classical homotopy category (below) and then a few variant
model structures whose proof follows immediately along the line of the proof of

TOpQuillen:

e The model structure on pointed topological spaces Tole/mlen;

e The model structure on compactly generated topological spaces (Top

cg)Quillen

*/ .
and (TopCg )Quinen,

nd

e The model structure on topologically enriched functors [C, (Top
[C, (Top

cg)Quillen]proj a

*
cg)Quillen]proj'

Proposition 3.2. The classical weak equivalences, def. 3.1, satify two-out-of-three (def.

2.1).

Proof. Since isomorphisms (of homotopy groups) satisfy 2-out-of-3, this property is
directly inherited via the very definition of weak homotopy equivalence, def. 1.30. i

Lemma 3.3. Every morphism f: X — Y in Top factors as a classical cofibration followed
by an acyclic classical fibration, def. 3.1:

€ Cof )/\( EWNFibg

f:X

Proof By lemma 140 the set It ={S" ' D"} of topological generating
cofibrations, def. 1.37, has small domains, in the sense of def. 2.16 (the n-spheres are
compact). Hence by the small object argument, prop. 2.17, f factors as an I,-relative
cell complex, def. 1.41, hence just a plain relative cell complex, def. 1.38, followed by an
Itop-injective morphisms, def. 1.46:

ECOfcl N eITop In]

f:X X > Y

By lemma 1.52 the map X - Y is both a weak homotopy equivalence as well as a Serre
fibration. B

Lemma 3.4. Every morphism f:X — Y in Top factors as an acyclic classical cofibration
followed by a fibration, def. 3.1:

EWNCofgy )/} € Fib¢

f:X
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Proof. By lemma 1.40 the set ]Top = {D"™ & D™ x I} of topological generating_acyclic

cofibrations, def. 1.42, has small domains, in the sense of def. 2.16 (the n-disks are
compact). Hence by the small object argument, prop. 2.17, f factors as an ]Top-relative

cell complex, def. 1.41, followed by a ]top-i_njective morphisms, def. 1.46:

e]TOp Cell 5 e]Top Inj

f:X > X > Y

By definition this makes X - YaSerre fibration, hence a fibration.

By lemma 1.44 a relative /. Op-cell complex is in particular a relative I,,-cell complex.

N
Hence X — X is a classical cofibration. By lemma 1.45 it is also a weak homotopy
equivalence, hence a clasical weak equivalence. i

Lemma 3.5. Every commuting square in Top with the left morphism a classical
cofibration and the right morphism a fibration, def. 3.1

—

gE fe
Cofg l l Fib

admits a lift as soon as one of the two is also a classical weak equivalence.

Proof. A) If the fibration f is also a weak equivalence, then lemma 1.52 says that it has
the right lifting property against the generating cofibrations I't,p, and cor. 2.11 implies
the claim.

B) If the cofibration g on the left is also a weak equivalence, consider any factorization
into a relative ]Top-cell complex, def. 1.42, def. 1.41, followed by a fibration,

EJTop Cell € FibCl

g : ’ ’

€] Cell
as in the proof of lemma 3.4. By lemma 1.45 the morphism —® ", is a weak

homotopy equivalence, and so by two-out-of-three (prop. 3.2) the factorizing fibration
is actually an acyclic fibration. By case A), this acyclic fibration has the right lifting
property against the cofibration g itself, and so the retract argument, lemma 2.15 gives
that g is a retract of a relative ]Top-cell complex. With this, finally cor. 2.11 implies that

f has the right lifting property against g. il

Finally:
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Proposition 3.6. The systems (Cof., W N Fiby) and (W N Cofy, Fiby) from def. 3.1
are weak factorization systems.

Proof. Since we have already seen the factorization property (lemma 3.3, lemma 3.4)
and the lifting properties (lemma 3.5), it only remains to see that the given left/right
classes exhaust the class of morphisms with the given lifting property.

For the classical fibrations this is by definition, for the the classical acyclic fibrations
this is by lemma 1.52.

The remaining statement for Cof, and W n Cof. follows from a general argument
(here) for cofibrantly generated model categories (def. 3.9), which we spell out:

So let f: X — Y be in (Iop Inj)Proj, we need to show that then f is a retract (remark
2.12) of a relative cell complex. To that end, apply the small object argument as in
lemma 3.3 to factor f as

ITop Cell 9 €lTop Inj

f:X

It follows that f has the left lifting property against Y- Y, and hence by the retract

ICell
argument (lemma 2.15) it is a retract of X —, ¥. This proves the claim for Cof.

The analogous argument for W N Cof, using the small object argument for ]Top,
shows that every f € (]Top Inj)Proj is a retract of a ]Top-cell complex. By lemma 1.44
and lemma 1.45 a ]Top-cell complex is both an I,,-cell complex and a weak homotopy

equivalence. Retracts of the former are cofibrations by definition, and retracts of the
latter are still weak homotopy equivalences by lemma 2.13. Hence such f is an acyclic
cofibration. B

In conclusion, prop. 3.2 and prop. 3.6 say that:
Theorem 3.7. The classes of morphisms in Mor(Top) of def. 3.1,

o W = weak homotopy equivalences,

e Fib, = Serre fibrations

o Cof. = retracts of relative cell complexes

define a model category structure (def. 2.3) TopQuill oy Lhe classical model structure
on topological spaces or Serre-Quillen model structure .
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In particular

1. every object in TopQuill op 1S fibrant;

2. the cofibrant objects in TopQuiH o are the retracts of cell complexes.

Hence in particular the following classical statement is an immediate corollary:

Corollary 3.8. (Whitehead theorem)

Every weak homotopy equivalence (def. 1.30) between topological spaces that are
homeomorphic to a retract of a cell complex, in particular to a CW-complex (def. 1.38),
is a homotopy equivalence (def. 1.28).

Proof. This is the “Whitehead theorem in model categories”, lemma 2.27, specialized to
TopQuillen via theorem 3.7. R

In proving theorem 3.7 we have in fact shown a bit more that stated. Looking back, all
the structure of ToPgyilten 1S entirely induced by the set I, (def. 1.37) of generating

cofibrations and the set ]Top (def. 1.42) of generating acyclic cofibrations (whence the

terminology). This phenomenon will keep recurring and will keep being useful as we
construct further model categories, such as the classical model structure on pointed
topological spaces (def. 3.31), the projective model structure on topological functors
(thm. 3.76), and finally various model structures on spectra which we turn to in the
section on stable homotopy theory.

Therefore we make this situation explicit:

Definition 3.9. A model category C (def. 2.3) is called cofibrantly generated if there
exists two subsets

I,] € Mor(C)
of its class of morphisms, such that

1.1 and ] have small domains according to def. 2.16,

2.the (acyclic) cofibrations of C are precisely the retracts, of I-relative cell
complexes (J-relative cell complexes), def. 1.41.

Proposition 3.10. For C a cofibrantly generated model category, def. 3.9, with generating
(acylic) cofibrations I (]), then its classes W, Fib, Cof of weak equivalences, fibrations
and cofibrations are equivalently expressed as injective or projective morphisms (def.
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2.4) this way:

1. Cof = (I Inj)Proj

2. W N Fib = I Inj;

3. W n Cof = (JInj)Proj;
4. Fib = J Inj;

Proof. 1t is clear from the definition that I c (I Inj)Proj, so that the closure property of
prop. 2.10 gives an inclusion

Cof < (IInj)Proj .

For the converse inclusion, let f € (I Inj)Proj. By the small object argument, prop. 2.17,

. . . €lCell IInj .
there is a factorization f: —— — . Hence by assumption and by the retract

argument lemma 2.15, f is a retract of an I-relative cell complex, hence is in Cof.

This proves the first statement. Together with the closure properties of prop. 2.10, this
implies the second claim.

The proof of the third and fourth item is directly analogous, just with | replaced for
I. 1

The classical homotopy category

With the classical model structure on topological spaces in hand, we now have good
control over the classical homotopy category:

category, def. 2.25, of the classical model structure on topological spaces TODQuillen

from theorem 3.7: we write
Ho(Top) == Ho(TopQumen) :
Remark 3.12. From just theorem 3.7, the definition 2.25 (def. 3.11) gives that
Ho(Topqyijien) = (TOPRetract(cem)) /~

is the category whose objects are retracts of cell complexes (def. 1.38) and whose
morphisms are homotopy classes of continuous functions. But in fact more is true:

Theorem 3.7 in itself implies that every topological space is weakly equivalent to a

11/18/2025, 4:11 PM
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retract of a cell complex, def. 1.38. But by the existence of CW approximations, this
cell complex may even be taken to be a CW complex.

(Better yet, there is Quillen equivalence to the classical model structure on simplicial

EVVC . .
sets which implies a functorial CW _approximation |Sing X| —SX given by forming
the geometric realization of the singular simplicial complex of X.)

Hence the Serre-Quillen classical homotopy category is also equivalently the
category of just the CW-complexes whith homotopy classes of continuous functions
between them

HO(TOPQumen) = (TOpRetract(Cell)) /~
= (Topcw) /.

It follows that the universal property of the homotopy category (theorem 2.31)

implies that there is a bijection, up to natural isomorphism, between

1. functors out of Top ., which agree on homotopy-equivalent maps;

2. functors out of all of Top which send weak homotopy equivalences to
isomorphisms.

This statement in particular serves to show that two different axiomatizations of
generalized (Eilenberg-Steenrod)_cohomology theories are equivalent to each other.
See at Introduction to Stable homotopy theory - S the section generalized cohomology
functors (this prop.)

Beware that, by remark 1.32, what is not equivalent to Ho(TopQuille ,) is the

category

hTop == Top / _
obtained from all topological spaces with morphisms the homotopy classes of

continuous functions. This category is “too large”, the correct homotopy category is
just the genuine full subcategory

HO(TOpQuillen) = (TopRetract(Cell)) /~ ° TOp /~ = hTOp )

Beware also the ambiguity of terminology: “classical homotopy category” some
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literature refers to hTop instead of Ho(TopQumen). However, here we never have any

use for hTop and will not mention it again.

Proposition 3.13. Let X be a CW-complex, def. 1.38. Then the standard topological
cylinder of def. 1.22

(lo,i1)

XUX—XXI— X

(obtained by forming the product space with the standard topological interval
[ = [0, 1]) is indeed a cylinder object in the abstract sense of def. 2.18.

Proof. We describe the proof informally. It is immediate how to turn this into a formal
proof, but the notation becomes tedious. (One place where it is spelled out completely
is Ottina 14, prop. 2.9.)

So let Xy = X; = X, = - => X be a presentation of X as a CW-complex. Proceed by
induction on the cell dimension.

First observe that the cylinder X, X I over X, is a cell complex: First X, itself is a
disjoint union of points. Adding a second copy for every point (i.e. attaching along
S™1 - D% yields X, U X,, then attaching an inteval between any two corresponding
points (along S° — D) yields X, x I.

So assume that for n € N it has been shown that X,, X I has the structure of a CW-
complex of dimension (n + 1). Then for each cell of X,, , 1, attach it twice to X,, X I, once
at X,, X {0}, and once at X, X {1}.

The result is X,, , ;1 with a hollow cylinder erected over each of its (n + 1)-cells. Now fill
these hollow cylinders (along S™** — D™*1) to obtain X,,,; X I.

This completes the induction, hence the proof of the CW-structure on X X I.

: : o : : (i,i1) :
The construction also manifestly exhibits the inclusion X LI X % as a relative cell

complex.
Finally, it is clear (prop. 1.31) that X X I — X is a weak homotopy equivalence. W
Conversely:

Proposition 3.14. Let X be any topological space. Then the standard topological path
space object (def. 1.34)
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I(X‘SO,Xsl)
X—>X — XXX

(obtained by forming the mapping space, def. 1.18, with the standard topological
interval I = [0, 1]) is indeed a path space object in the abstract sense of def. 2.18.

Proof. To see that const: X — X' is a weak homotopy equivalence it is sufficient, by
prop. 1.31, to exhibit a homotopy equivalence. Let the homotopy inverse be
X% x! > X. Then the composite

const I X50
— X — X

is already equal to the identity. The other we round, the rescaling of paths provides the
required homotopy

&y)~y(-(-))

Ix X! X',

To see that X! > X x X is a fibration, we need to show that every commuting square of

the form
p* — X!
o | l
D"xI — XxX
has a lift.

Now first use the adjunction (I X (—)) - (—)] from prop. 1.19 to rewrite this
equivalently as the following commuting square:

prup® Y pry L (DX
(lo)i1) | !
D*xI — X

This square is equivalently (example 1.12) a morphism out of the pushout

D”xIDnu (D*"xDHu(D*xD) — X .

upm

By the same reasoning, a lift in the original diagram is now equivalently a lifting in
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D"xI U D'"xDu(D"x1I X
LU (@ xDu@"xD) —

l l-
(D" xI)x1I — ¥

Inspection of the component maps shows that the left vertical morphism here is the
inclusion into the square times D" of three of its faces times D". This is homeomorphic
to the inclusion D"*! —» D™+ x [ (as in remark 1.49). Therefore a lift in this square
exsists, and hence a lift in the original square exists. il

Model structure on pointed spaces

A pointed object (X, x) is of course an object X equipped with a point x: * = X, and a
morphism of pointed objects (X,x) — (Y,y) is a morphism X — Y that takes x to y.
Trivial as this is in itself, it is good to record some basic facts, which we do here.

Passing to pointed objects is also the first step in linearizing classical homotopy theory
to stable homotopy theory. In particular, every category of pointed objects has a zero
object, hence has zero morphisms. And crucially, if the original category had Cartesian
products, then its pointed objects canonically inherit a non-cartesian tensor product:
the smash product. These ingredients will be key below in the section on stable
homotopy theory.

Definition 3.15. Let C be a category and let X € C be an object.

The slice category C ,x is the category whose

A
¢ objects are morphisms | in C;
X
A — B
e morphisms are commuting triangles N v inC.
X

Dually, the coslice category C* / is the category whose

X
¢ objects are morphisms | in C;
A
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X
e morphisms are commuting triangles ¢ N inC.

A — B

There are the canonical forgetful functors

U:c;xc* —e
given by forgetting the morphisms to/from X.
We here focus on this class of examples:

Definition 3.16. For C a category with terminal object *, the coslice category (def. 3.15)

e objects are morphisms in C of the form * 5 x (hence an object X equipped
with a choice of point; i.e. a pointed object);

e morphisms are commuting triangles of the form

%
xv N
X — Y
(hence morphisms in C which preserve the chosen points).

Remark 3.17. In a category of pointed objects C’*/, def. 3.16, the terminal object
coincides with the initial object, both are given by * € C itself, pointed in the unique
way.

In this situation one says that * is a zero object and that ¢/isa pointed category.

It follows that also all hom-sets Hom,+,(X,Y) of ¢’/ are canonically pointed sets,

pointed by the zero morphism

3! 3!
0: X—>0—0Y.

Definition 3.18. Let C be a category with terminal object and finite colimits. Then the
forgetful functor U:€"/ — C from its category of pointed objects, def. 3.16, has a left
adjoint
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(=)

+

*/ €
C C
—
U
given by forming the disjoint union (coproduct) with a base point (“adjoining a base

point”).

Proposition 3.19. Let C be a category with all [imits and colimits. Then also the category
of pointed objects c/ def. 3.16, has all limits and colimits.

Moreover:

1. the limits are the limits of the underlying diagrams in C, with the base point of the
limit induced by its universal property in C;
2. the colimits are the limits in C of the diagrams with the basepoint adjoined.

Proof. It is immediate to check the relevant universal property. For details see at slice
category - limits and colimits. Wi

Example 3.20. Given two pointed objects (X, x) and (Y, y), then:

1. their product in c/is simply (X XY, (x,y));

2. their coproduct in €"/ has to be computed using the second clause in prop.
3.19: since the point * has to be adjoined to the diagram, it is given not by the
coproduct in C, but by the pushout in C of the form:

X

ES — X
Y1 (po) l
Y — XvY

This is called the wedge sum operation on pointed objects.

Generally for a set {X;}, ., in Top "/

1. their product is formed in Top as in example 1.9, with the new basepoint
canonically induced;

2. their coproduct is formed by the colimit in Top over the diagram with a
basepoint adjoined, and is called the wedge sum V;¢; X;.

Example 3.21. For X a CW-complex, def. 1.38 then for every n € N the quotient
(example 1.13) of its n-skeleton by its (n — 1)-skeleton is the wedge sum, def. 3.20,
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of n-spheres, one for each n-cell of X:

Xt/ x" 1t~ v os™,

colimits, the smash product is the functor
(A=) : €/ xe™ —¢e'/
given by

XAY = * U (XXY),
Xuy

hence by the pushoutin C

idy,v), (x,id
xuy enoidy)

l l
* — XAY

In terms of the wedge sum from def. 3.20, this may be written concisely as

X XY

XAY = :
XVY

Remark 3.23. For a general category C in def. 3.22, the smash product need not be
associative, namely it fails to be associative if the functor (—) X Z does not preserve
the quotients involved in the definition.

In particular this may happen for € = Top.

A sufficient condition for (—) X Z to preserve quotients is that it is a left adjoint
functor. This is the case in the smaller subcategory of compactly generated
topological spaces, we come to this in prop. 3.44 below.

These two operations are going to be ubiquituous in stable homotopy theory:

symbol name category theory
XVvY wedge sum coproduct in ¢’/

XAY smash product tensor productin c’/
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Example 3.24.For X,Y € Top, with X,,Y, € Top /, def. 3.18, then

« X VY, =(XUY),;

« Xy AYy = (XXY),.

Proof. By example 3.20, X, VY, is given by the colimit in Top over the diagram

X * * Y
This is clearly X U * U Y. Then, by definition 3.22

(XU *)x (XU *)
(XU *)V (YU *)
XXYuxuyu*
S ST ATE:
~XXYuU*.

X AY, =

Example 3.25. Let ¢/ = Top*/ be pointed topological spaces. Then

I, eTop*/

denotes the standard interval object I = [0, 1] from def. 1.22, with a djoint basepoint
adjoined, def. 3.18. Now for X any pointed topological space, then

XA =& XD/ ({xo} XD

is the reduced cylinder over X: the result of forming the ordinary cyclinder over X as
in def. 1.22, and then identifying the interval over the basepoint of X with the point.

(Generally, any construction in C properly adapted to pointed objects ¢/ is called
the “reduced” version of the unpointed construction. Notably so for “reduced
suspension” which we come to below.)

Just like the ordinary cylinder X X I receives a canonical injection from the coproduct
X U X formed in Top, so the reduced cyclinder receives a canonical injection from the
coproduct X Ul X formed in Top /, which is the wedge sum from example 3.20:
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XVX—> XAy .

Example 3.26. For (X,x),(Y,y) pointed topological spaces with Y a locally compact
topological space, then the pointed mapping_space is the topological subspace of
the mapping space of def. 1.18

Maps((Y,y), (X,x)), © (XY, const,)

on those maps which preserve the basepoints, and pointed by the map constant on
the basepoint of X.

In particular, the standard topological pointed path space object on some pointed
X (the pointed variant of def. 1.34) is the pointed mapping space Maps(/,, X)..

The pointed consequence of prop. 1.19 then gives that there is a natural bijection

HomTop*/((Z, )N (Y,y), (X, x)) = HomTop*/((Z, z),Maps((Y,y), (X,x)).)

between basepoint-preserving continuous functions out of a smash product, def.
3.22, with pointed continuous functions of one variable into the pointed mapping
space.

Example 3.27. Given a morphism f:X — Y in a category of pointed objects C’*/, def.
3.16, with finite limits and colimits,

1. its fiber or kernel is the pullback of the point inclusion

fib(f) — X
L (pb) V
* N Y

2. its cofiber or cokernel is the pushout of the point projection

x Ly
! (po) l

* —  cofib(f)
Remark 3.28. In the situation of example 3.27, both the pullback as well as the pushout

are equivalently computed in C. For the pullback this is the first clause of prop. 3.19.
The second clause says that for computing the pushout in C, first the point is to be
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adjoined to the diagram, and then the colimit over the larger diagram

*

be computed. But one readily checks that in this special case this does not affect the
result. (The technical jargon is that the inclusion of the smaller diagram into the
larger one in this case happens to be a final functor.)

Proposition 3.29. Let C be a model category and let X € C be an object. Then both the
slice category C x as well as the coslice category cX/, def. 3.15, carry model structures
themselves - the model structure on a (co-)slice category, where a morphism is a
weak equivalence, fibration or cofibration iff its image under the forgetful functor U is
soin C.

In particular the category ¢’/ of pointed objects, def. 3.16, in a model category C
becomes itself a model category this way.

The corresponding homotopy category of a model category, def. 2.25 we call the
pointed homotopy category Ho(C "/ )-

Proof. This is immediate:

By prop. 3.19 the (co-)slice category has all limits and colimits. By definition of the
weak equivalences in the (co-)slice, they satisfy two-out-of-three, def. 2.1, because the
doin C.

Similarly, the factorization and lifting is all induced by C: Consider the coslice category
c*/, the case of the slice category is formally dual; then if

commutes in C, and a factorization of f exists in C, it uniquely makes this diagram
commute
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X
v N
A — C — B

Similarly, if

A — C
l l
B — D

is a commuting diagram in c*/, hence a commuting diagram in C as shown, with all
objects equipped with compatible morphisms from X, then inspection shows that any
lift in the diagram necessarily respects the maps from X, too. W

Example 3.30. For C any model category, with ¢*/ its pointed model structure

remark 3.17, canonically enriched in pointed sets, in that its hom-functor is of the
form

[— —]. : Ho(C"/)°? xHo(€"/) — Set /.

Definition 3.31. Write Top(*ZI/lillel’l for the classical model structure on pointed

topological spaces, obtained from the classical model structure on topological
spaces TopQuillen (theorem 3.7) via the induced coslice model structure of prop.

3.29.

Ho(Top ' /) = HO(TOle/Jillen)

we call the classical pointed homotopy category.

Remark 3.32. The fibrant objects in the pointed model structure ¢/, prop. 3.29, are
those that are fibrant as objects of C. But the cofibrant objects in ¢/ are now those
for which the basepoint inclusion is a cofibration in X.

For ¢/ = TOp(*y/lillen from def. 3.31, then the corresponding cofibrant pointed

topological spaces are tyically referred to as spaces with non-degenerate
basepoints or . Notice that the point itself is cofibrant in TopQui]1 o SO that cofibrant

pointed topological spaces are in particular cofibrant topological spaces.
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While the existence of the model structure on Top / is immediate, via prop. 3.29, for

the discussion of topologically enriched functors (below) it is useful to record that this,
too, is a cofibrantly generated model category (def. 3.9), as follows:

Definition 3.33. Write

n-1 (Ln)+

Ipop'/ = {83715 02} < Mor(Top™/)

and

n (id:60)+ n */
]Top*/ = {D+ —> (D ><I)+} c Mor(Top /),

respectively, for the sets of morphisms obtained from the classical generating
cofibrations, def. 1.37, and the classical generating acyclic cofibrations, def. 1.42,
under adjoining of basepoints (def. 3.18).

Theorem 3.34. The sets ITop*/ and ]Top*/ in def. 3.33 exhibit the classical model

uillen

structure on pointed topological spaces Top;/ of def. 3.31 as a cofibrantly
generated model category, def. 3.9.

(This is also a special case of a general statement about cofibrant generation of coslice
model structures, see this proposition.)

Proof. Due to the fact that in ]Top*/ a basepoint is freely adjoined, lemma 1.52 goes
through verbatim for the pointed case, with ]Top replaced by ]Top* /, as do the other

two lemmas above that depend on point-set topology, lemma 1.40 and lemma 1.45.
With this, the rest of the proof follows by the same general abstract reasoning as above
in the proof of theorem 3.7. W

Model structure on compactly generated spaces

The category Top has the technical inconvenience that mapping spaces X" (def. 1.18)

satisfying the exponential property (prop. 1.19) exist in general only for Y a locally

cartesian closed. But cartesian closure is necessary for some purposes of homotopy
theory, for instance it ensures that

1. the smash product (def. 3.22) on pointed topological spaces is associative (prop.
3.44 below);

2.there is a concept of topologically enriched functors with values in topological
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spaces, to which we turn below;

3. geometric realization of simplicial sets preserves products.

The first two of these are crucial for the development of stable homotopy theory in the
next section, the third is a great convenience in computations.

Now, since the homotopy theory of topological spaces only cares about the CW
approximation to any topological space (remark 3.12), it is plausible to ask for a full
subcategory of Top which still contains all CW-complexes, still has all limits and
colimits, still supports a model category structure constructed in the same way as
above, but which in addition is cartesian closed, and preferably such that the model
structure interacts well with the cartesian closure.

Such a full subcategory exists, the category of compactly generated topological spaces.
This we briefly describe now.

Literature (Strickland 09)

Definition 3.35. Let X be a topological space.

A subset A c X is called compactly closed (or k-closed) if for every continuous
function f: K — X out of a compact Hausdorff space K, then the preimage f ~*(4) is
a closed subset of K.

The space X is called compactly generated if its closed subsets exhaust (hence
coincide with) the k-closed subsets.

Write

Top cg S Top
for the full subcategory of Top on the compactly generated topological spaces.
Definition 3.36. Write
Top L TopCg S Top

for the functor which sends any topological space X = (S, ) to the topological space
(S, kt) with the same underlying set S, but with open subsets kt the collection of all
k-open subsets with respect to 7.
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Lemma 3.37. Let X € TopCg S Top and let Y € Top. Then continuous functions

X—Y
are also continuous when regarded as functions
X — k(Y)
with k from def. 3.36.

Proof. We need to show that for Ac X a k-closed subset, then the preimage
f '(A) c X is closed subset.

Let ¢: K — X be any continuous function out of a compact Hausdorff space K. Since A
is k-closed by assumption, we have that (f o ¢) "*(4) = ¢ "}(f "}(4)) c K is closed in
K. This means that f ~'(A) is k-closed in X. But by the assumption that X is compactly
generated, it follows that f “*(4) is already closed. W

Corollary 3.38. For X € TopCg there is a natural bijection
Homr,, (X, Y) = HomTOpcg X, k(Y)) .

This means equivalently that the functor k (def. 3.36) together with the inclusion from
def. 3.35 forms an pair of adjoint functors

[SEEN
Topcg & Top .
k

This in turn means equivalently that TopCg S Top is a coreflective subcategory with

coreflector k. In particular k is idemotent in that there are natural homeomorphisms

k(k(X)) = k(X) .

Hence colimits in TopCg exist and are computed as in Top. Also limits in TopCg exist,

these are obtained by computing the limit in Top and then applying the functor k to the
result.

The following is a slight variant of def. 1.18, appropriate for the context of Top_ g

Definition 3.39. For X,Y € Top cg (def. 3.35) the compactly generated mapping space

xX'e TopCg is the compactly generated topological space whose underlying set is the

11/18/2025, 4:11 PM
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set C(Y,X) of continuous functions f:Y — X, and for which a subbase for its
topology has elements U™ forUu c x any open subset and ¢p: K — Y a continuous
function out of a compact Hausdorff space K given by

U®™ = {f e C(Y,X) | f(¢(K)) c U} .

Remark 3.40. If Y is (compactly generated and) a Hausdorff space, then the topology
on the compactly generated mapping space X" in def. 3.39 agrees with the compact-
open topology of def. 1.18. Beware that it is common to say “compact-open topology”
also for the topology of the compactly generated mapping space when Y is not
Hausdorff. In that case, however, the two definitions in general disagree.

Proposition 3.41. The category Top_ g of def. 3.35 is cartesian closed:

for every X € TopCg then the operation X X (—) of forming the Cartesian product in
TopCg (which by cor. 3.38 is k applied to the usual product topological space) together

with the operation (—)* of forming the compactly generated mapping_space (def.
3.39) forms a pair of adjoint functors

For proof see for instance (Strickland 09, prop. 2.12).

Corollary 3.42. For X,Y € Tong/, the operation of forming the pointed mapping _space
(example 3.26) inside the compactly generated mapping space of def. 3.39

e
Maps(Y, X), = fib(XY = x ,x)

is left adjoint to the smash product operation on pointed compactly generated
topological spaces.

YA(-)
* — *
TopCg 1 TopCg .
Maps(Y, —)«

Corollary 3.43. For I a small category and X,: 1 — Tong/ a diagram, then the compactly

generated mapping_space construction from def. 3.39 preserves limits in its covariant
argument and sends colimits in its contravariant argument to limits:
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Maps(X, hmi Yi)e = hmiMaps(X, Yi).

and

Maps(li_)mi X, V), = liLniMaps(Xi, Y).

Proof. The first statement is an immediate implication of Maps(X, —), being a right

adjoint, according to cor. 3.42.

For the second statement, we use that by def. 3.35 a compactly generated topological
space is uniquely determined if one knows all continuous functions out of compact
Hausdorff spaces into it. Hence it is sufficient to show that there is a natural
isomorphism

Hom */(K, Maps(li_r)ni X;, Y)*> ~ Hom

Topcg *g{ (K’ li(_miMaps(Xi, Y)*)

Top,
for K any compact Hausdorff space.

With this, the statement follows by cor. 3.42 and using that ordinary hom-sets take
colimits in the first argument and limits in the second argument to limits:

HomTopzé<K, Maps(li_)mi Xi, Y)*> Hom_, */<K/\11m Xi, Y)
= Hom,, */<11m (K AX;), Y)
~ lim_ (Hom */(K/\Xl, Y))
~ li<—miH0mT0pzé (K, Maps(X;,Y).)
~ HomTong/ (K, li(_miMaps(Xi, Y)*>

Moreover, compact generation fixes the associativity of the smash product (remark
3.23):

Proposition 3.44. On pointed (def. 3.16) compactly generated topological spaces (def.
3.35) the smash product (def. 3.22)

(=) A (=) : Topg] X Topg, — Top,
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is associative and the 0-sphere is a tensor unit for it.

Proof. Since (—) X X is a left adjoint by prop. 3.41, it presevers colimits and in
particular quotient space projections. Therefore with X,Y,Z € Topcg/ then

XXY
Xx{y}u{x}xyY XZ

XAY)x{zyU{[x] = [y]} xZ
XXYXZ
_ XX{yIxXZUu{x}xYxZ
X xYx{z}
XXYXZ

TXX(IXZUIXYXZUXXY X (2}

(XAY)AZ =

XXYXZ

The analogous reasoning applies to yield also X A (Y A Z) = XX ZU XY xZUXXY X5}’

The second statement follows directly with prop.3.41. R

Remark 3.45. Corollary 3.42 together with prop. 3.44 says that under the smash
product the category of pointed compactly generated topological spaces is a closed
symmetric monoidal category with tensor unit the 0-sphere.

(Top;kg/, A ,SO), :

Notice that by prop. 3.41 also unpointed compactly generated spaces under
Cartesian product form a closed symmetric monoidal category, hence a cartesian
closed category

(Topcg, X, *).

The fact that Top:g/ is still closed symmetric monoidal but no longer Cartesian
exhibits Tong/ as being “more linear” than Topcg. The “full linearization” of TopCg is
the closed symmteric monoidal category of structured spectra under smash product

of spectra which we discuss in section 1.

Due to the idempotency ko k = k (cor. 3.38) it is useful to know plenty of conditions
under which a given topological space is already compactly generated, for then
applying k to it does not change it and one may continue working as in Top.

Example 3.46. Every CW-complex is compactly generated.

Proof. Since a CW-complex is a Hausdorff space, by prop. 3.53 and prop. 3.54 its k-
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closed subsets are precisely those whose intersection with every compact subspace is
closed.

Since a CW-complex X is a colimit in Top over attachments of standard n-disks D™ (its
cells), by the characterization of colimits in Top (prop.) a subset of X is open or closed
precisely if its restriction to each cell is open or closed, respectively. Since the n-disks
are compact, this implies one direction: if a subset A of X intersected with all compact
subsets is closed, then A4 is closed.

For the converse direction, since a CW-complex is a Hausdorff space and since compact
subspaces of Hausdorff spaces are closed, the intersection of a closed subset with a
compact subset is closed.

For completeness we record further classes of examples:

Example 3.47. The category TopCg of compactly generated topological spaces includes

2. all first-countable topological spaces,
hence in particular

1. all metrizable topological spaces,

2. all discrete topological spaces,

3. all codiscrete topological spaces.

(Lewis 78, p. 148)

Recall that by corollary 3.38, all colimits of compactly generated spaces are again
compactly generated.

Example 3.48. The product topological space of a CW-complex with a compact CW-
complex, and more generally with a locally compact CW-complex, is compactly
generated.

More generally:

Proposition 3.49. For X a compactly generated space and Y a locally compact
Hausdorff space, then the product topological space X X Y is compactly generated.

e.g. (Strickland 09, prop. 26)
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Finally we check that the concept of homotopy and homotopy groups does not change
under passing to compactly generated spaces:

Proposition 3.50. For every topological space X, the canonical function k(X) — X (the
adjunction counit) is a weak homotopy equivalence.

Proof. By example 3.46, example 3.48 and lemma 3.37, continuous functions ™ — k(X)
and their left homotopies S™ X I — k(X) are in bijection with functions S™ —» X and
their homotopies S" <1 - X. i

Theorem 3.51. (model structure on compactly generated topological spaces)

The restriction of the model category structure on TopQui]1 o Srom theorem 3.7 along
the inclusion Top g O Top of def. 3.35 is still a model category structure, which is
cofibrantly generated by the same sets Itq, (def. 1.37) and ]Top (def. 1.42). The k-
ification coreflection of cor. 3.38 is a Quillen equivalence (def. 2.50)

[N
(Topcg)Quillen (i TopQuillen '
k

Proof. By example 3.46, the sets Ito, and ]Top are indeed in Mor(Tong). By example

3.48 all arguments above about left homotopies between maps out of these basic cells
go through verbatim in Top g’ Hence the three technical lemmas above depending on

actual point-set topology, topology, lemma 1.40, lemma 1.45 and lemma 1.52, go
through verbatim as before. Accordingly, since the remainder of the proof of theorem
3.7 of TopQuill on [Ollows by general abstract arguments from these, it also still goes

through verbatim for (Top (repeatedly use the small object argument and the

cg)Quillen
retract argument to establish the two weak factorization systems).

Hence the (acyclic) cofibrations in (Top are identified with those in TopQumen,

cg)Quillen
and so the inclusion is a part of a Quillen adjunction (def. 2.46). To see that this is a
Quillen equivalence (def. 2.50), it is sufficient to check that for X a compactly generated
space then a continuous function f: X — Y is a weak homotopy equivalence (def. 1.30)
precisely if the adjunct f: X — k(Y) is a weak homotopy equivalence. But, by lemma
3.37, f is the same function as f, just considered with different codomain. Hence the

result follows with prop. 3.50. H

Compactly generated weakly Hausdorff topological spaces
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While the inclusion TopCg S Top of def. 3.35 does satisfy the requirement that it gives a

cartesian closed category with all limits and colimits and containing all CW-complexes,
one may ask for yet smaller subcategories that still share all these properties but
potentially exhibit further convenient properties still.

A popular choice introduced in (McCord 69) is to add the further restriction to
topological spaces which are not only compactly generated but also weakly Hausdorff.
This was motivated from (Steenrod 67) where compactly generated Hausdorff spaces
were used by the observation ((McCord 69, section 2)) that Hausdorffness is not
preserved my many colimit operations, notably not by forming quotient spaces.

On the other hand, in above we wouldn’t have imposed Hausdorffness in the first place.

More intrinsic advantages of Top_ gwh OVer Top,. g are the following:

e every pushout of a morphism in Top S Top along a closed subspace inclusion

cgwH

in Top is again in TopngH

e in Top, gwH quotient spaces are not only preserved by cartesian products (as is the

case for all compactly generated spaces due to X X (—) being a left adjoint,
according to cor. 3.38) but by all pullbacks

e in Top the regular monomorphisms are the closed subspace inclusions

cgwH

We will not need this here or in the following sections, but we briefly mention it for
completenes:

Definition 3.52. A topological space X is called weakly Hausdorff if for every
continuous function

f:K—X

out of a compact Hausdorff space K, its image f(K) c X is a closed subset of X.

Proposition 3.53. Every Hausdorf{f space is a weakly Hausdorf{f space, def. 3.52.

Proof. Since compact subspaces of Hausdorff spaces are closed. W

Proposition 3.54. For X a weakly Hausdorf{f topological space, def. 3.52, then a subset
A c X is k-closed, def. 3.35, precisely if for every subset K c X that is compact
Hausdorff with respect to the subspace topology, then the intersection K N A is a closed
subset of X.

e.g. (Strickland 09, lemma 1.4 (c))
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Topological enrichment

So far the classical model structure on topological spaces which we established in
theorem 3.7, as well as the projective model structures on topologically enriched
functors induced from it in theorem 3.76, concern the hom-sets, but not the hom-
spaces (def. 3.65), i.e. the model structure so far has not been related to the topology
on hom-spaces. The following statements say that in fact the model structure and the
enrichment by topology on the hom-spaces are compatible in a suitable sense: we have
an “enriched model category” This implies in particular that the product/hom-
adjunctions are Quillen adjunctions, which is crucial for a decent discusson of the
derived functors of the suspension/looping adjunction below.

Definition 3.55. Let i;:X; - Y; and i,: X, = Y, be morphisms in Topcg, def. 3.35.

Their pushout product
i1 01 = ((id, i2), (i1,1d))
is the universal morphism in the following diagram

X, %X,
(iz,id) | (d.iz)

Y XX, (po) X, XY,
N vd
(Y1 X X3) X11>%X2 (X1 X7Y3)
l((id,iz).(ipid))
Y, XY,

Example 3.56. If i;:X; <Y, and i,:X, @Y, are inclusions, then their pushout
product i; O, from def. 3.55 is the inclusion

(X; XY, UY;XX,)oY, XY,.
For instance
{0} > No({0} > 1)
is the inclusion of two adjacent edges of a square into the square.

Example 3.57. The pushout product with an initial morphism is just the ordinary
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Cartesian product functor

@->X)o(-)=Xx(-),

i.e.

@-x0AbB) ~uxxaXlxxpy.

Proof. The product topological space with the empty space is the empty space, hence
i
the map @ X A (I—Q @ X B is an isomorphism, and so the pushout in the pushout

product is X X A. From this one reads off the universal map in question to be X X f:

PxA
4 N
XXA (po) @ X B
N v
XXA
1 (Gd.f),3H
XXB

Example 3.58. With

in jn
Itop:{S"™ ' S D™ and o, :{D" S D"x I}

the generating cofibrations (def. 1.37) and generating acyclic cofibrations (def. 1.42)
of (Topcg)Quillen (theorem 3.51), then their pushout-products (def. 3.55) are

lnl o lnz = lnl +n,

lnl D]nz _‘]n1+n2

Proof. To see this, it is profitable to model n-disks and n-spheres, up to
homeomorphism, as n-cubes D™ =~ [0,1]™ € R™ and their boundaries S"~* = 9[0,1]"
. For the idea of the proof, consider the situation in low dimensions, where one readily
sees pictorially that

i1Di1:(= U ||)‘—>D
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and
hoj,: (= u | )oo.

Generally, D" may be represented as the space of n-tuples of elements in [0, 1], and S™
as the suspace of tuples for which at least one of the coordinates is equal to 0 or to 1.

Accordingly, S™ x D™2 & D™ *"2 ig the subspace of (n; + n,)-tuples, such that at least
one of the first n; coordinates is equal to 0 or 1, while D™ x §™2 & D™ *"2 ig the
subspace of (n; + n,)-tuples such that east least one of the last n, coordinates is equal
to 0 or to 1. Therefore

SMixpfz2yp™ xStz ~ gMtn2
And of course it is clear that D™ x D™2 ~ D™ *™2 Thijs shows the first case.

For the second, use that S™ x D™ X [ is contractible to S™* x D™ in D™ x D™2 x I, and
that S™ x D™ is a subspace of D" x D"2. i

Definition 3.59. Leti: A —» B and p: X — Y be two morphisms in Topcg, def. 3.35. Their
pullback powering is

pOi = (pB’Xi)
being the universal morphism in

xB

L@B.xH

yB ;<A xA
V4 \
y? (pb) x4
yi ™ ‘/pA

yA

Proposition 3.60. Let i,,i,,p be three morphisms in Topcg, def. 3.35. Then for their

pushout-products (def. 3.55) and pullback-powerings (def. 3.59) the following lifting
properties are equivalent (“Joyal-Tierney calculus”):
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i1 0i, hasLLPagainst p
& iy  hasLLPagainst pU.

© i, hasLLPagainst p“

Proof. We claim that by the cartesian closure of Topcg, and carefully collecting terms,

one finds a natural bijection between commuting squares and their lifts as follows:

f B (f.35)
Q — X QxBQuAPxA—2> X
. X
i | P o i10iy | 1P
— > yBx x4 PXxB — Y
(91'92) YA 91

where the tilde denotes product/hom-adjuncts, for instance

p 2y

pxB Ly
etc.

To see this in more detail, observe that both squares above each represent two squares
from the two components into the fiber product and out of the pushout, respectively, as
well as one more square exhibiting the compatibility condition on these components:
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Q - x®
ay 1P
YB x x4
(91.95) Y4
(0 L x° o L x® p 9 ya )
~ iy o, gy X7, ey o
p — Y& P — x4 Y8 — v4
\ 94 94 yi2 ),
7 (id,i5) g '
oxB L x QxA —> QxB pxa 2 x
o {Guid) | P Gaid) | oo adiz) | po\
PxXxB — Y PxXA — X PxXB — Y
\ 9> 9, 94 )
(f.3,)
QxB U PxA %5 X
QXA
~ i1|:‘i2i lp
PxB — Y
91

Proposition 3.61. The pushout-product in TopCg (def. 3.35) of two classical cofibrations

is a classical cofibration:

Cof. O Cof, < Cof .

If one of them is acyclic, then so is the pushout-product:

COfCl O (WCI N COfcl) - Wcl N COfCl .

Proof. Regarding the first point:

By example 3.58 we have
ITop I:llTop = ITop

Hence
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Itop Ol1op has LLP against W N Fibgy

< Iop has LLP against (W N Fibg)™'Top
= Cof has LLP against (W N Fibg)™'Top
& ItopOCofy has LLP against W.qnFibg
A Itop has LLP against (W N Fiby) ¢
= Cofy has LLP against (W4 N Fibcl)cofcl
&  Cof, OCofy has LLP against W N Fibg

where all logical equivalences used are those of prop. 3.60 and where all implications
appearing are by the closure property of lifting problems, prop. 2.10.

Regarding the second point: By example 3.58 we moreover have
ITOP = ]Top c ]Top
and the conclusion follows by the same kind of reasoning. W

Remark 3.62. In model category theory the property in proposition 3.61 is referred to

as saying that the model category (Top, g) Quillen from theorem 3.51

1.is a monoidal model category with respect to the Cartesian product on Topcg;

2.1is an enriched model category, over itself.
A key point of what this entails is the following:

Proposition 3.63. For X € (Top cofibrant (a retract of a cell complex) then the

cg)Quillen
product-hom-adjunction forY (prop. 3.41) is a Quillen adjunction

XxX(-)

—
(Topcg)Quillen ix) (Topcg)Qumen '
(=)

Proof. By example 3.57 we have that the left adjoint functor is equivalently the pushout
product functor with the initial morphism of X:

XX(=)=@->X0(-).

By assumption (@ — X) is a cofibration, and hence prop. 3.61 says that this is a left
Quillen functor. W
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The statement and proof of prop. 3.63 has a direct analogue in pointed topological
spaces

Proposition 3.64. For X € (Tong/ cofibrant with respect to the classical model

)Quillen
structure on _pointed compactly generated topological spaces (theorem 3.51, prop.
3.29) (hence a retract of a cell complex with non-degenerate basepoint, remark 3.32)

then the pointed product-hom-adjunction from corollary 3.42 is a Quillen adjunction
(def. 2.46):

XA(-)

(To "/ ) 1 (To */)
Peg Jquillen — =, \1%Pcg Jquillen -
Maps(X, —)«

Proof. Let now O, denote the smash pushout product and (—)D(_) the smash
pullback powering defined as in def. 3.55 and def. 3.59, but with Cartesian product
replaced by smash product (def. 3.22) and compactly generated mapping_space
replaced by pointed mapping spaces (def. 3.26).

By theorem 3.34 (Tong/ is cofibrantly generated by ITop*/ = (Itop), and

)Quillen
]Top*/ = (]Top)+. Example 3.24 gives that for i, € Itop and j,, € Jtop then

(ln1)+ D/\ (ln2)+ = (lnl +n2)+
and
(in1)+ /\/\ (in2)+ = (lnl +n2)+ -

Hence the pointed analog of prop. 3.61 holds and therefore so does the pointed analog
of the conclusion in prop. 3.63. i

Model structure on topological functors

With classical topological homotopy theory in hand (theorem 3.7, theorem 3.51), it is
straightforward now to generalize this to a homotopy theory of topological diagrams.
This is going to be the basis for the stable homotopy theory of spectra, because spectra
may be identified with certain topological diagrams (prop.).

Technically, “topological diagram” here means “Top-enriched functor”. We now discuss
what this means and then observe that as an immediate corollary of theorem 3.7 we
obtain a model category structure on topological diagrams.

As a by-product, we obtain the model category theory of homotopy colimits in
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topological spaces, which will be useful.

In the following we say Top-enriched category and Top-enriched functor etc. for what
often is referred to as “topological category” and “topological functor” etc. As discussed
there, these latter terms are ambiguous.

Literature (Riehl,_chapter 3) for basics of enriched category theory; (Piacenza 91) for
the projective model structure on topological functors.

Definition 3.65. A topologically enriched category C is a Top Cg-enriched category,

hence:

1. a class Obj(C), called the class of objects;

2. for each a, b € Obj(C) a compactly generated topological space (def. 3.35)

C(a,b) € Topcg,

called the space of morphisms or the hom-space between a and b;

3. for each a, b, c € Obj(C) a continuous function

°abc : Cla,b)xC(b,c) — C(a,c)

out of the cartesian product (by cor. 3.38: the image under k of the product
topological space), called the composition operation;

4. for each a € Obj(C) a pointId, € C(a, a), called the identity morphism on a

such that the composition is associative and unital.

Similarly a pointed topologically enriched category is such a structure with Top_ g

replaced by Tong/ (def. 3.16) and with the Cartesian product replaced by the smash

product (def. 3.22) of pointed topological spaces.

Remark 3.66. Given a (pointed) topologically enriched category as in def. 3.65, then
forgetting the topology on the hom-spaces (along the forgetful functor
U:Top, g™ Set) yields an ordinary locally small category with

Home(a,b) = U(C(a, b)) .

It is in this sense that C is a category with extra structure, and hence “enriched”.
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The archetypical example is TopCg itself:

Example 3.67. The category Top cg (def. 3.35) canonically obtains the structure of a

generated mapping spaces (def. 3.39)

— yX
Topcg(X, Y)=Y
and with composition
Y*xz" — z*

given by the adjunct under the (productd mapping-space)-adjunction from prop.
3.41 of the evaluation morphisms

Xxxv¥xz¥ Yy uzr &g

Similarly, pointed compactly generated topological spaces Top,t/ form a pointed

topologically enriched category, using the pointed mapping spaces from example
3.26:

Tong/ (X,Y) = Maps(X,Y), .

Definition 3.68. A topologically enriched functor between two topologically enriched
categories

F:¢C—D

is a Top,, g-enriched functor, hence:
1. a function
Fo : Obj(C) — Obj(D)

of objects;

2. for each a, b € Obj(C) a continuous function

Fgp : C(a,b) — D(Fo(a),Fy(b))

of hom-spaces,
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such that this preserves composition and identity morphisms in the evident sense.

A homomorphism of topologically enriched functors

n:F=aG

is a Topcg-enriched natural transformation: for each c¢ € Obj(C) a choice of

morphism 7n_ € D(F(c),G(c)) such that for each pair of objects ¢,d € C the two

continuous functions

ng°F(=): C(c,d) — D(F(c),G(d))
and

G(=)emn, : C(c,d) — D(F(c),G(d))
agree.

We write [C, D] for the resulting category of topologically enriched functors.

Remark 3.69. The condition on an enriched natural transformation in def. 3.68 is just
that on an ordinary natural transformation on the underlying unenriched functors,
saying that for every morphisms f: ¢ — d there is a commuting square

C(c,c)xX e, F(c)
f oo clef) | lF(f.)

Cled)xX — F(d)

d

Example 3.70. For C any topologically enriched category, def. 3.65 then a topologically
enriched functor (def. 3.68)

F: C’—>TopCg

to the archetypical topologically enriched category from example 3.67 may be
thought of as a topologically enriched copresheaf, at least if C is small (in that its
class of objects is a proper set).

Hence the category of topologically enriched functors

[C’ Topcg]
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according to def. 3.68 may be thought of as the (co-)presheaf category over C in the
realm of topological enriched categories.

A functor F € [C, Top, g] is equivalently

1. a compactly generated topological space F, € TopCg for each object a € Obj(C);

2. a continuous function

F,xC(ab) — F,
for all pairs of objects a, b € Obj(C)

such that composition is respected, in the evident sense.

For every object ¢ € C, there is a topologically enriched representable functor,
denoted y(c) or C(c, —) which sends objects to

y(c)(d) =C(c,d) € TopCg

and whose action on morphisms is, under the above identification, just the
composition operation in C.

Proposition 3.71. For C any small topologically enriched category, def. 3.65 then the
enriched functor category [C, Topcg] from example 3.70 has all limits and colimits, and

they are computed objectwise:
if
F,: 11— [C’,Topcg]

is a diagram of functors and c € C is any object, then

(lim F)(e) = lim (Fi(c)) € Top,,
and
(li_m,l. Fy)(c) = 1i_m)l.(F i(c)) €Top,, .

Proof. First consider the underlying diagram of functors F; where the topology on the
hom-spaces of C and of TopCg has been forgotten. Then one finds
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(lim F{)(c) = lim (F}()) € Set
and
(li_m,l. F)(c) = li_rn>i(F£’(C)) € Set

by the universal property of limits and colimits. (Given a morphism of diagrams then a
unique compatible morphism between their limits or colimits, respectively, is induced
as the universal factorization of the morphism of diagrams regarded as a cone or
cocone, respectvely, over the codomain or domain diagram, respectively).

Hence it only remains to see that equipped with topology, these limits and colimits in
Set become limits and colimits in Topcg. That is just the statement of prop. 1.5 with

corollary 3.38. i

Definition 3.72. Let C be a topologically enriched category, def. 3.65, with [C, Top_ g] its

category of topologically enriched copresheaves from example 3.70.

1. Define a functor
(=) (=) : [6,Top,] X Top, — [C, Top,,]

by forming objectwise cartesian products (hence k of product topological
spaces)

F-X:cm»F(o)xX.

This is called the tensoring of [C, Top, g] over Top_ g

2. Define a functor
(=) .
(=) : (Topcg) P « [C, Topcg] — [C, Topcg]

by forming objectwise compactly generated mapping spaces (def. 3.39)

FX:cwF (c)X :
This is called the powering of [C, Top_ g] over Top_ g

Analogously, for C a pointed topologically enriched category, def. 3.65, with
[C, Tong/ ] its category of pointed topologically enriched copresheaves from example
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3.70, then:

1. Define a functor

(=) A (=) : [€,Topgg 1 X Topey — [C, Tope, |

by forming objectwise smash products (def. 3.22)

FAX:c—F(o)NX.

This is called the smash tensoring of [C, Top;g/ | over Top:g :

by forming objectwise pointed mapping spaces (example 3.26)

F¥: ¢ Maps(X,F(c)). .
This is called the pointed powering of [C, Top, g] over Top_ g

There is a full blown Topcg-enriched Yoneda lemma. The following records a slightly

simplified version which is all that is needed here:

Proposition 3.73. (topologically enriched Yoneda-lemma)

Let C be a topologically enriched category, def. 3.65, write [C, Topcg] for its category of

topologically  enriched  (co-)presheaves, and  for ¢ € 0bj(C) write
y(c) = C(c, —) € [C, Top, ] for the topologically enriched functor that it represents, all

according to example 3.70. Recall the tensoring operation (F,X) = F - X from def. 3.72.

For c € Obj(C), X € Top cg and F € [C, Top Cg], there is a natural bijection between
1. morphisms y(c) - X — Fin [C, Topcg];
2. morphisms X — F(c) in Topcg.

In short:

y(l)-X—F
X — F(c)
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Proof. Given a morphism 7n: y(c) - X — F consider its component

n,: Clc,c)xX — F(o)

and restrict that to the identity morphism id,. € C(c, ¢) in the first argument
nc(idc, -): X—F(c).

We claim that just this n_(id,, —) already uniquely determines all components
ng : Clc,d)xX — F(d)

of n, for all d € Obj(C): By definition of the transformation n (def. 3.68), the two
functions

F(=)en, : C(c,d) — F(d)“ X
and
N4 oC(C, —) XX : C(C, d) N F(d)C(c,c)xX

agree. This means (remark 3.69) that they may be thought of jointly as a function with
values in commuting squares in TopCg of this form:

C(c,c)x X e, F(c)
f oo cef) | lF(f)
C(c,d)x X n—> F(d)

d

For any f € C(c, d), consider the restriction of
ny°C(c, f) € F(d) <@

to id, € C(c, ¢), hence restricting the above commuting squares to

daxX 25 F(o)
f oo cef) | lF(f)
{fIxXx P F(d)

d
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This shows that ), is fixed to be the function
n,(f,%) = F(f) °on (idc, x)

and this is a continuous function since all the operations it is built from are continuous.

Conversely, given a continuous function a: X — F(c), define for each d the function
ng:(fLx) > F(f)ea.

Running the above analysis backwards shows that this determines a transformation
n:y(c)xX->F.

Definition 3.74. For C a small topologically enriched category, def. 3.65, write

— ln
Kop = {y@ (" " DM}
c€0bj(C)

and

nenN,
ce0bj(0)

Sy = {y@- " 2 D)

for the sets of morphisms given by tensoring (def. 3.72) the representable functors
(example 3.70) with the generating cofibrations (def.1.37) and acyclic generating
cofibrations (def. 1.42), respectively, of (Topcg)Quillen (theorem 3.51).
These are going to be called the generating cofibrations and acyclic generating
cofibrations for the projective model structure on topologically enriched functors over
C.

Analogously, for C a pointed topologically-enriched category, write

_ 4 ()
€0 = poas =5 ont
cEO0Dbj(C)
and
(id, 69)
cE0Dbj(C)

for the analogous construction applied to the pointed generating (acyclic)
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cofibrations of def. 3.33.

Definition 3.75. Given a small (pointed) topologically enriched category C, def. 3.65,
say that a morphism in the category of (pointed) topologically enriched
copresheaves |[C, Topcg] ([c, Topcg/]), example 3.70, hence a natural transformation

between topologically enriched functors, n: F — G is

e a projective weak equivalence, if for all c € Obj(C) the component
n.:F(c) —» G(c) is a weak homotopy equivalence (def. 1.30);

* a projective fibration if for all ¢ € Obj(C) the component n_: F(c) - G(c) is a
Serre fibration (def. 1.47);

e a projective cofibration if it is a retract (rmk. 2.12) of an Irfop-relative cell
complex (def. 1.41, def. 3.74).

Write

[C' (Topcg) Quillen] proj

and

*/
[C, (Topcg )Quillen]proj

for the categories of topologically enriched functors equipped with these classes of
morphisms.

Theorem 3.76. The classes of morphisms in def. 3.75 constitute a model category
structure on [C, Top Cg] and [C, Topcg/ ], called the projective model structure on

enriched functors

[C, (Topcg)Quillen]pFOj

and

*/
[C, (Topg )Quillen]proj

These are cofibrantly generated model cateqgory, def. 3.9, with set of generating
(acyclic) cofibrations the sets 1$0p, ]gop and Igop*/, ]gop*/ from def. 3.74, respectively.

(Piacenza 91, theorem 5.4)
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Proof. By prop. 3.71 the category has all limits and colimits, hence it remains to check
the model structure.

But via the enriched Yoneda lemma (prop. 3.73) it follows that proving the model
structure reduces objectwise to the proof of theorem 3.7, theorem 3.51. In particular,
the technical lemmas 1.40, 1.45 and 1.52 generalize immediately to the present
situation, with the evident small change of wording:

For instance, the fact that a morphism of topologically enriched functors n: F — G that
has the right lifting property against the elements of I%Op is a projective weak
equivalence, follows by noticing that for fixed n: F — G the enriched Yoneda lemma
prop. 3.73 gives a natural bijection of commuting diagrams (and their fillers) of the

form
y()-S"t — F s*1 — F(o)
(id-tn) | L o l e |,
y(c)-D" — G D" — G(o)

and hence the statement follows with part (A) of the proof of lemma 1.52.

With these three lemmas in hand, the remaining formal part of the proof goes through
verbatim as above: repeatedly use the small object argument (prop. 2.17) and the
retract argument (prop. 2.15) to establish the two weak factorization systems. (While
again the structure of a category with weak equivalences is evident.) i

Example 3.77. Given examples 3.67 and 3.70, the next evident example of a pointed

topologically enriched category besides Tong/ itself is the functor category

[Top.g, Topg | -

The only technical problem with this is that Tong/

proper class of objects), which means that the existence of all limits and colimits via
prop. 3.71 may (and does) fail.

is not a small category (it has a

But so we just restrict to a small topologically enriched subcategory. A good choice is
the full subcategory

Topcg/,fin - Topcg

of topological spaces homoemorphic to finite CW-complexes. The resulting
projective model category (via theorem 3.76)
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[Topcg,fin ’ (T0pcg )Quillen]proj

is also also known as the strict model structure for excisive functors. (This
terminology is the special case for n = 1 of the terminology “n-excisive functors” as
used in “Goodwillie calculus”, a homotopy-theoretic analog of differential calculus.)
After enlarging its class of weak equivalences while keeping the cofibrations fixed,
this will become Quillen equivalent to a model structure for spectra. This we discuss
in part 1.2, in the section on pre-excisive functors.

One consequence of theorem 3.76 is the model category theoretic incarnation of the
theory of homotopy colimits.

Observe that ordinary limits and colimits (def. 1.1) are equivalently characterized in
terms of adjoint functors:

Let C be any category and let I be a small category. Write [I, C] for the corresponding
functor category. We may think of its objects as I-shaped diagrams in C, and of its
morphisms as homomorphisms of these diagrams. There is a canonical functor

const; : C — [I,C]

which sends each object of C to the diagram that is constant on this object. Inspection
of the definition of the universal properties of limits and colimits on one hand, and of
left adjoint and right adjoint functors on the other hand, shows that

1. precisely when C has all colimits of shape I, then the functor const; has a left
adjoint functor, which is the operation of forming these colimits:

lim
—1
%

el L e

const;

2. precisely when C has all limits of shape I, then the functor const; has a right
adjoint functor, which is the operation of forming these limits.

const;
b

el 1L e
lim,

Proposition 3.78. Let I be a small topologically enriched category (def. 3.65). Then the
(li_r)nl - const;)-adjunction
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lim
_)I

—_—
[I, (Topcg)Quillen]proj (i (Topcg)Quillen

const;

is a Quillen adjunction (def. 2.46) between the projective model structure on
topological functors on I, from theorem 3.76, and the classical model structure on
topological spaces from theorem 3.51.

Similarly, if 1 is enriched in pointed topological spaces, then for the classical model
structure on pointed topological spaces (prop. 3.29, theorem 3.34) the adjunction

lim
—_—

[1, (Top..]) ] roi . L (Tope)
’ Pcg Jquitlentproj « = Pcg Jquillen

const
is a Quillen adjunction.

Proof. Since the fibrations and weak equivalences in the projective model structure

(def. 3.75) on the functor category are objectwise those of (Topcg)Quillen and of

To Iy , respectively, it is immediate that the functor const; preserves these. In
Pcg Quillen p y Y

particular it preserves fibrations and acyclic fibrations and so the claim follows (prop.
2.47). I

Definition 3.79. In the situation of prop. 3.78 we say that the left derived functor (def.
2.42) of the colimit functor is the homotopy colimit

hocolim; = ILli_n}I : Ho([I, Top]) — Ho(Top)

and

hocolim; = ]Lli_r)nl : Ho([I, Top*/]) — Ho(Top*/) :

Remark 3.80. Since every object in (Top and in (Tong/ is fibrant, the

cg)Quillen )Quillen
homotopy colimit of any diagram X,, according to def. 3.79, is (up to weak homotopy

equivalence) the result of forming the ordinary colimit of any projectively cofibrant
7AN EVVproj
replacement X, — X,.

Example 3.81. Write N* for the poset (def. 1.15) of natural numbers, hence for the
small category (with at most one morphism from any given object to any other given
object) that looks like
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N*={0->1-2->3->-}.

Regard this as a topologically enriched category with the, necessarily, discrete
topology on its hom-sets.

Then a topologically enriched functor

X. : N® — Top,,

is just a plain functor and is equivalently a sequence of continuous functions
(morphisms in Top_ g) of the form (also called a cotower)

f f f
Xo _O)Xl _1)X2 _2)X3_>"’

It is immediate to check that those sequences X, which are cofibrant in the
projective model structure (theorem 3.76) are precisely those for which

1.all component morphisms f, are cofibrations in (Top or

. cg)Quillen
(Topcg/ )Qumen, respectively, hence retracts (remark 2.12) of relative cell

complex inclusions (def. 1.38);

2. the object X, and hence all other objects, are cofibrant, hence are retracts of
cell complexes (def. 1.38).

By example 3.81 it is immediate that the operation of forming colimits sends projective
(acyclic) cofibrations between sequences of topological spaces to (acyclic) cofibrations
in the classical model structure on pointed topological spaces. On those projectively
cofibrant sequences where every map is not just a retract of a relative cell complex
inclusion, but a plain relative cell complex inclusion, more is true:

Proposition 3.82. In the projective model structures on cotowers in topological spaces,
[N=, (Top and [N¥, (Topcg/ ].from def. 3.81, the following holds:

cg)Quillen]proj )Quillen]pro

1. The colimit functor preserves fibrations between sequences of relative cell
complex inclusions;

2. Let I be a finite category, let D.(=):1 - [N%, Topcg] be a finite diagram of

sequences of relative cell complexes. Then there is a weak homotopy equivalence

. . . EWq ., . .
i (1m,010) 4 i, 010

>n
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from the colimit over the limit sequnce to the limit of the colimits of sequences.
Proof. Regarding the first statement:

Use that both (Tong)Quinen and (Topcg/)Quillen
categories (theorem 3.34) whose generating acyclic cofibrations have compact
topological spaces as domains and codomains. The colimit over a sequence of relative
cell complexes (being a transfinite composition) yields another relative cell complex,
and hence lemma 1.40 says that every morphism out of the domain or codomain of a
generating acyclic cofibration into this colimit factors through a finite stage inclusion.
Since a projective fibration is a degreewise fibration, we have the lifting property at

that finite stage, and hence also the lifting property against the morphisms of colimits.

are cofibrantly generated model

Regarding the second statement:

This is a model category theoretic version of a standard fact of plain category theory,
which says that in the category Set of sets, filtered colimits commute with finite limits
in that there is an isomorphism of sets of the form which we have to prove is a weak
homotopy equivalence of topological spaces. But now using that weak homotopy
equivalences are detected by forming homotopy groups (def. 1.26), hence hom-sets out
of n-spheres, and since n-spheres are compact topological spaces, lemma 1.40 says that
homming out of n-spheres commutes over the colimits in question. Moreover, generally
homming out of anything commutes over limits, in particular finite limits (every hom
functor is left exact functor in the second variable). Therefore we find isomorphisms of
the form

and similarly for the left homotopies Hom(S§%x I, —) (and similarly for the pointed
case). This implies the claimed isomorphism on homotopy groups. W

4. Homotopy fiber sequences

A key aspect of homotopy theory is that the universal constructions of category theory,
such as limits and colimits, receive a refinement whereby their universal properties
hold not just up to isomorphism but up to (weak) homotopy equivalence. One speaks
of homotopy limits and homotopy colimits.

We consider this here just for the special case of homotopy fibers and homotopy
cofibers, leading to the phenomenon of homotopy fiber sequences and their induced
long exact sequences of homotopy groups which control much of the theory to follow.
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Mapping cones

In the context of homotopy theory, a pullback diagram, such as in the definition of the
fiber in example 3.27

fib(f) — X
l U
E3 N Y

ought to commute only up to a (left/right) homotopy (def. 2.22) between the outer
composite morphisms. Moreover, it should satisfy its universal property up to such
homotopies.

Instead of going through the full theory of what this means, we observe that this is
plausibly modeled by the following construction, and then we check (below) that this
indeed has the relevant abstract homotopy theoretic properties.

Definition 4.1. Let C be a model category, def. 2.3 with C "/ its model structure on
pointed objects, prop. 3.29. For f:X — Y a morphism between cofibrant objects
(hence a morphism in (C’*/)C S ¢/, def. 2.34), its reduced mapping cone is the

object

Cone(f) = * I)J( Cyl(X) % Y

in the colimiting diagram

X — Y
1 L
X 2 cyl(X) ’
l N\ l
* - —  Cone(f)

where Cyl(X) is a cylinder object for X, def. 2.18.

Dually, for f:X — Y a morphism between fibrant objects (hence a morphism in
((;’*)f S ¢/, def. 2.34), its mapping cocone is the object

Path«(f) = * >1§ Path(Y) >1§ Y
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in the following limit diagram

Path«(f) — — X
! AT V
Path(Y) p—> Y

1
\) LPo

* — Y

where Path(Y) is a path space object for Y, def. 2.18.

Remark 4.2. When we write homotopies (def. 2.22) as double arrows between
morphisms, then the limit diagram in def. 4.1 looks just like the square in the
definition of fibers in example 3.27, except that it is filled by the right homotopy
given by the component map denoted 7:

Path.(f) — X
Lo, V.
* SN Y

Dually, the colimiting diagram for the mapping cone turns to look just like the square
for the cofiber, except that it is filled with a left homotopy

x Loy

7 )
* — Cone(f)

Proposition 4.3. The colimit appearing in the definition of the reduced mapping cone in
def. 4.1 is equivalent to three consecutive pushouts:

X i) Y

L (po) I
X L gl — )

L (po) l (po) !
* —  Cone(X) — Cone(f)

The two intermediate objects appearing here are called
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e the plain reduced cone Cone(X) := * % Cyl(X);,

e the reduced mapping cylinder Cyl(f) = Cyl(X) % Y.

Dually, the limit appearing in the definition of the mapping cocone in def. 4.1 is
equivalent to three consecutive pullbacks:

Path«(f) — Path(f) — X

L @b L (b V
Path«(Y) — Path(Y) p—) Y

1
\) (pb) LPo

* — Y
The two intermediate objects appearing here are called
* the based path space object Path:(Y) := * [],, Path(Y);
e the mapping path space or mapping co-cylinder Path(f) = X >1§ Path(X).
Definition 4.4. Let X € ¢"/ be any pointed object.

1. The mapping_cone, def. 4.3, of X — * is called the reduced suspension of X,
denoted

2X =Cone(X —» *).

Via prop. 4.3 this is equivalently the coproduct of two copies of the cone on X
over their base:

X — *
Lh (po) l
X % lX) — Cone(X):-

L (po) l (po) l
* —  Cone(X) — XX

This is also equivalently the cofiber, example 3.27 of (iy, i1), hence (example
3.20) of the wedge sum inclusion:
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(iO'il) COfib(io,il)

XVX=XUX25Cyl(X) —=5 ZX .

2. The mapping_cocone, def. 4.3, of * — X is called the loop space object of X,
denoted

QX = Path«(* = X) .

Via prop. 4.3 this is equivalently

), —  Path«(X) — *

l (pb) l (pb) |
Path«(X) — Path(X) — X

by
! (pb) LPo

* N X

This is also equivalently the fiber, example 3.27 of (p,, p,):

fib(py,p4) (Pg:P1)
0x =24 path(x) 2228 x x X .

Proposition 4.5. In pointed topological spaces Top*/ ,

e the reduced suspension objects (def. 4.4) induced from the standard reduced
cylinder (=) A (1) of example 3.25 are isomorphic to the smash product (def.
3.22) with the 1-sphere, for later purposes we choose to smash on the left and
write

cofib(X VX - XA(,)) =S'AKX,

Dually:

e the loop space objects (def. 4.4) induced from the standard pointed path space
object Maps(I,, —), are isomorphic to the pointed mapping space (example 3.26)

with the 1-sphere
fib(Maps(I, X). = X X X) = Maps(§%, X). .

Proof. By immediate inspection: For instance the fiber of Maps(l,,X), — XX X is

clearly the subspace of the unpointed mapping space X’ on elements that take the
endpoints of I to the basepoint of X. i
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Example
4.6. For
C= Top
with

mapping
cone

iy

q |
X Y inclusion Cf collapse ZX TSR

Y

Cyl(X) = X X I the standard cyclinder object, def. 1.22, then by example 1.12, the
mapping cone, def. 4.1, of a continuous function f: X — Y is obtained by

1. forming the cylinder over X;
2. attaching to one end of that cylinder the space Y as specified by the map f.
3. shrinking the other end of the cylinder to the point.
Accordingly the suspension of a topological space is the result of shrinking both ends

of the cylinder on the object two the point. This is homeomoprhic to attaching two
copies of the cone on the space at the base of the cone.

(graphics taken from Muro 2010)

Below in example 4.20 we find the homotopy-theoretic interpretation of this
standard topological mapping cone as a model for the homotopy cofiber.

Remark 4.7. The formula for the mapping cone in prop. 4.3 (as opposed to that of the
mapping co-cone) does not require the presence of the basepoint: for f: X — Y a
morphism in C (as opposed to in C’*/) we may still define

Cone'(f) ==Y U Cone'(X),
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where the prime denotes the unreduced cone, formed from a cylinder object in C.

Proposition 4.8. For f:X — Y a morphism in Top, then its unreduced mapping cone,
remark 4.7, with respect to the standard cylinder object X X I def. 1.22, is isomorphic to
the reduced mapping cone, def. 4.1, of the morphism f _:X, — Y, (with a basepoint

adjoined, def. 3.18) with respect to the standard reduced cylinder (example 3.25):

Cone’(f) = Cone(f,) .

Proof. By prop. 3.19 and example 3.24, Cone(f, ) is given by the colimit in Top over the

following diagram:

* — XUu* @ Yu*
\) \) \)
Xu* — (XxhHhu*
\J \)
* — —  Cone(f)
We may factor the vertical maps to give
* — XUu* @2 Yu*
\) \)
Xu* — (XxhHhu*
\)
*u* — —  Cone'(f),
\) \)
* — —  Cone'(f)

This way the top part of the diagram (using the pasting law to compute the colimit in
two stages) is manifestly a cocone under the result of applying (—), to the diagram for

the unreduced cone. Since (—),_ is itself given by a colimit, it preserves colimits, and
hence gives the partial colimit Cone’(f), as shown. The remaining pushout then

contracts the remaining copy of the point away. i

Example 4.6 makes it clear that every cycle S™ — Y in Y that happens to be in the image
of X can be continuously translated in the cylinder-direction, keeping it constant in Y, to

11/18/2025, 4:11 PM
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the other end of the cylinder, where it shrinks away to the point. This means that every
homotopy group of Y, def. 1.26, in the image of f vanishes in the mapping cone. Hence
in the mapping cone the image of X under f inY is removed up to homotopy. This
makes it intuitively clear how Cone(f) is a homotopy-version of the cokernel of f. We
now discuss this formally.

Lemma 4.9. (factorization lemma)

Let C. be a category of cofibrant objects, def. 2.34. Then for every morphism f: X — Y

the mapping cylinder-construction in def. 4.3 provides a cofibration resolution of f, in
that

1. the composite morphism X R Cyl(X) Ga)ef Cyl(f) is a cofibration;

2. f factors through this morphism by a weak equivalence left inverse to an acyclic

cofibration
(i1)«folg
FX e YD Y
Dually:

Let Cy be a category of fibrant objects, def. 2.34. Then for every morphism f:X —Y
the mapping cocylinder-construction in def. 4.3 provides a fibration resolution of f, in
that

S P
1. the composite morphism Path(f) G Path(Y) — Y is a fibration;

2. f factors through this morphism by a weak equivalence right inverse to an acyclic

fibration:
Po°P,f

Proof. We discuss the second case. The first case is formally dual.

So consider the mapping cocylinder-construction from prop. 4.3

(1)
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€W NFib
Path(f) —— X
Pl ) Y
Py _
eWnNFib lpo
Y

To see that the vertical composite is indeed a fibration, notice that, by the pasting law,
the above pullback diagram may be decomposed as a pasting of two pullback diagram

as follows
(£,id) (01,9,) pr
Path(f) Tb“k XxYy =S X
l l(frld) if
(p,,py) EFib pr
Path(Y) ———— YxY — Y-
Pol Z or,
€ Fib
Y

Both squares are pullback squares. Since pullbacks of fibrations are fibrations by prop.
2.10, the morphism Path(f) — X XY is a fibration. Similarly, since X is fibrant, also the
projection map X XY — Y is a fibration (being the pullback of X — * alongY — *).

Since the vertical composite is thereby exhibited as the composite of two fibrations

(f,id) (,,p,) pr, o (f,1d) =pr
Path(f) —————> X xY -2 3y,

itis itself a fibration.
Then to see that there is a weak equivalence as claimed:

The universal property of the pullback Path(f) induces a right inverse of Path(f) — X
fitting into this diagram
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3 €W NFib
idy: X prev Path(f) — X

fl l V
. i b,
idy: Y py Path(Y) - Y’
q N LPo
Y

which is a weak equivalence, as indicated, by two-out-of-three (def. 2.1).

This establishes the claim. B

Categories of fibrant objects

Below we discuss the homotopy-theoretic properties of the mapping cone- and
mapping_cocone-constructions from above. Before we do so, we here establish a
collection of general facts that hold in categories of fibrant objects and dually in
categories of cofibrant objects, def. 2.34.

Literature (Brown 73, section 4).

Lemma 4.10. Let f:X — Y be a morphism in a category of fibrant objects, def. 2.34.
Then given any choice of path space objects Path(X) and Path(Y), def. 2.18, there is a
replacement of Path(X) by a path space object Path(X) along an acylic fibration, such
that Path(X) has a morphism ¢ to Path(Y) which is compatible with the structure
maps, in that the following diagram commutes

X — Y
V4 l l
— ¢
Path(X) m— Path(X) — Path(Y).
S X o X Y., Y
k%) \ l(po,pl) l(po,pl)

(f.f)
—

XXX Y XY

(Brown 73, section 2, lemma 2)

Proof. Consider the commuting square
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X L vy = Ppathy)
l(Pg'Hf)
(2 29) ,
Path(X) -2 xxx L0 yxy

Then consider its factorization through the pullback of the right morphism along the
bottom morphism,

X — (fopX fop¥) Path(Y) — Path(Y)

€Fib (2628)
EW N l J'EFib'
(fop& for)
Path(X) 0 N YXY

Finally use the factorization lemma 4.9 to factor the morphism
X - (fopé‘,fopf)*Path(Y) through a weak equivalence followed by a fibration, the

object this factors through serves as the desired path space resolution

x £ Pa(x) —  Path(1)

: Y ¥
N lewnFlb l(po,P_l)

(fepd,fopd)
Path(X) ———5 Y XY

Lemma 4.11. In a category of fibrant objects Cy, def. 2.34, let

A, N A,

€Fib ¥ Y eFib

B

be a morphism over some object B in Cy and let u: B' — B be any morphism in Cy. Let

* u*f *
u A — u A,

€Fib Y eFib
BI

be the corresponding morphism pulled back along u.
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Then

e if f is a fibration then also u’f is a fibration;

e if f is a weak equivalence then also u’f is a weak equivalence.

(Brown 73, section 4, lemma 1)

Proof. For f € Fib the statement follows from the pasting law which says that if in

B'xgA; — Ay
lu*feFib | fEFib
| EFib | EFib

u

B’ — B

the bottom and the total square are pullback squares, then so is the top square. The
same reasoning applies for f € W N Fib.

Now to see the case that f € W:

Consider the full subcategory (C’/B)f of the slice category C,p (def. 3.15) on its fibrant
objects, i.e. the full subcategory of the slice category on the fibrations
X

p
J’EFib
B

into B. By factorizing for every such fibration the diagonal morphisms into the fiber
product X §X through a weak equivalence followed by a fibration, we obtain path

space objects Pathg (X) relative to B:

eEw € Fib
4x)/B: X — Pathg(X) — XxX

€Fib ¥ 2  eFib
B

With these, the factorization lemma (lemma 4.9) applies in (C/B)f.
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(Notice that for this we do need the restriction of C,p to the fibrations, because this
ensures that the projections p,: X; Xp X, — X; are still fibrations, which is used in the

proof of the factorization lemma (here).)

So now given any

X Ly
ew

€Fib ¥ Z eFib
B

apply the factorization lemma in (C/B)f to factor it as

iew eEWnNFib
X — Pathg(f) — Y
€Fib ¥ d Z e Fib
B

By the previous discussion it is sufficient now to show that the base change of i to B’ is
still a weak equivalence. But by the factorization lemma in (C’/B)f, the morphism i is

right inverse to another acyclic fibration over B:

. ilew eEWnNFib
idy : X — Pathg(f) — X
EFib d Z € Fib
B

(Notice that if we had applied the factorization lemma just for 4y in C instead of for
(Ax) /B in (C,g) then the corresponding triangle on the right would not be
guaranteed commute.)

Now we may reason as before: the base change of the top morphism here is exhibited
by the following pasting composite of pullbacks:
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B’ >§ X — X
l (pb) !
B’ X Pathg(f) —  Pathp(f)

B'x X — X
B

l (pb) l

B’ — B

The acyclic fibration Pathg(f) is preserved by this pullback, as is the identity
idy: X — Pathg(X) — X. Hence the weak equivalence X — Pathg(X) is preserved by
two-out-of-three (def. 2.1).

Remark 4.12. Lemma 4.11 implies in particular that in a category C of fibrant objects,
the operation of fiber product

with a fibration A —» B preserves fibrations and weak equivalences between
fibrations. For B = * the terminal objects this means that the plain Cartesian
product

AX(=): Cr— Cf

preserves fibrations and weak equivalences (cf. Brown 73, p. 431).

Lemma 4.13. In a category of fibrant objects, def. 2.34, the pullback of a weak
equivalence along a fibration is again a weak equivalence.

(Brown 73, section 4, lemma 2)

Proof. Let u: B’ —» B be a weak equivalence and p: E — B be a fibration. We want to
show that the left vertical morphism in the pullback

ExzB — B
l,:>EW J,EW
€Fib

—

is a weak equivalence.
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First of all, using the factorization lemma 4.9 we may factor B’ - B as

, EW EWNF
B" — Path(u) —— B

with the first morphism a weak equivalence that is a right inverse to an acyclic
fibration and the right one an acyclic fibration.

Then the pullback diagram in question may be decomposed into two consecutive
pullback diagrams

ExgB - B’

) )
€ Fib
Q — Path(w),
lEWﬂFib lEWﬂFib
€ Fib
SN B

where the morphisms are indicated as fibrations and acyclic fibrations using the
stability of these under arbitrary pullback.

7%
This means that the proof reduces to proving that weak equivalences u: B — B that

EWNF
are right inverse to some acyclic fibration v: B—— B’ map to a weak equivalence

under pullback along a fibration.

Given such u with right inverse v, consider the pullback diagram

E
(p,id) .
eEWnNFib
E1 = B XB,E _—
(pb) B
J, lUEWnFib
veFibnwW ,
—_—

ew
Notice that the indicated universal morphism p X1d: E — E; into the pullback is a
weak equivalence by two-out-of-three (def. 2.1).
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The previous lemma 4.11 says that weak equivalences between fibrations over B are
themselves preserved by base extension along u:B’ — B. In total this yields the
following diagram

WE=B%xgE — E

u*(px1d) pxId d
ew | eEw | N
" eWnNFib
u El — E1 _—
B
€ W NFi
l l l'l? w ib
, u veWnNFib ,
B — B —> B

so that with p x Id: E — E; a weak equivalence also u"(p x Id) is a weak equivalence, as
indicated.

Notice that u'E = B'xg E — E is the morphism that we want to show is a weak
equivalence. By two-out-of-three (def. 2.1) for that it is now sufficient to show that
u'E, — E; is a weak equivalence.

That finally follows now since, by assumption, the total bottom horizontal morphism is
the identity. Hence so is the top horizontal morphism. Therefore u'E; — E, is right
inverse to a weak equivalence, hence is a weak equivalence. Wi

Lemma 4.14. Let (C*/)f be a category of fibrant objects, def. 2.34 in a model structure

on pointed objects (prop. 3.29). Given any commuting diagram in C of the form

EW RN
X’1 — X — X,
t g

P, D,
‘LeFib ‘LeFib
u
B — (C

(meaning: both squares commute and t equalizes f with g) then the localization
functor y:(C’*/)f - HO(C*/) (def. 2.28, cor 2.36) takes the morphisms

fib(p,) = fib(p,) induced by f and g on fibers (example 3.27) to the same morphism,
in the homotopy category.
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(Brown 73, section 4, lemma 4)

Proof. First consider the pullback of p, along u: this forms the same kind of diagram

but with the bottom morphism an identity. Hence it is sufficient to consider this special
case.

Consider the full subcategory (C;é)f of the slice category C;é (def. 3.15) on its fibrant
objects, i.e. the full subcategory of the slice category on the fibrations
X
p
! €Fib
B

into B. By factorizing for every such fibration the diagonal morphisms into the fiber
product X EX through a weak equivalence followed by a fibration, we obtain path

space objects Pathg (X) relative to B:

EwW €Fib
(4x)/B: X — Pathg(X) — X§X

€Fib ™ 2 Y eFib
B

With these, the factorization lemma (lemma 4.9) applies in (C;L/?)f.

(Po/P4)
Let then X — Pathp(X,) "% X, X X, be a path space object for X, in the slice over
B and consider the following commuting square

, sft
X'y — Pathy(X,)

(Po:P41)

t
l lEFib '

EW
X1 74 X2 XX
By factoring this through the pullback (f,g)*(po,pl) and then applying the

factorization lemma 4.9 and then two-out-of-three (def. 2.1) to the factoring
morphisms, this may be replaced by a commuting square of the same form, where
however the left morphism is an acyclic fibration
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X", — Pathg(X,)

(Po:P4)

t
l J’EFib :

e WnFib
f,9)

X, =5 Xy;%X,

This makes also the morphism X”; — B be a fibration, so that the whole diagram may
now be regarded as a diagram in the category of fibrant objects (C’/B)f of the slice

category over B.

As such, the top horizontal morphism now exhibits a right homotopy which under
localization y, : ((;’/B)f — Ho(C,p) (def. 2.28) of the slice model structure (prop.

3.29) we have

Ye(H) =vz(9) .

The result then follows by observing that we have a commuting square of functors

(C/B)f - ¢
ey o,

Ho(C,}) — Ho(C™/)

because, by lemma 4.11, the top and right composite sends weak equivalences to
isomorphisms, and hence the bottom filler exists by theorem 2.31. This implies the
claim. B

Homotopy fibers

We now discuss the homotopy-theoretic properties of the mapping cone- and mapping
cocone-constructions from above.

Literature (Brown 73, section 4).

Remark 4.15. The factorization lemma 4.9 with prop. 4.3 says that the mapping cocone
of a morphism f, def. 4.1, is equivalently the plain fiber, example 3.27, of a fibrant
resolution f of f:

Path«(f) — Path(f)
L @b U

* N Y
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The following prop. 4.16 says that, up to equivalence, this situation is independent of
the specific fibration resolution f provided by the factorization lemma (hence by the
prescription for the mapping cocone), but only depends on it being some fibration
resolution.

Proposition 4.16. In the category of fibrant objects (C*/ ) £ def. 2.34, of a model

structure on pointed objects (prop. 3.29) consider a morphism of fiber-diagrams, hence
a commuting diagram of the form

. b,y
fib(p,) — X3 <Fib Yy
Lr 19 V.
fib X, 22y
1 (Pz) — A2 mp 12

If f and g weak equivalences, then so is h.

Proof. Factor the diagram in question through the pullback of p, along f

fib(p,) — X

L €W\
fib(f" v, T2y
ib(fp,) — fX2 3 1

~ EW f

l l v
. p;
fib(p,) — X <Fib Y,

and observe that

1.fib(f p,) =pt f p, = pt'p, = fib(p,);
2. f*Xz — X, is a weak equivalence by lemma 4.13;

3.X1 - f X » is a weak equivalence by assumption and by two-out-of-three (def.
2.1);

Moreover, this diagram exhibits h:fib(p,) — fib(f*pz) = fib(p,) as the base change,

along * - Y, 0of X; — f*XZ. Therefore the claim now follows with lemma 4.11. W

Hence we say:

11/18/2025, 4:11 PM
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Definition 4.17. Let C be a model category and ¢”/ its model category of pointed
objects, prop. 3.29. For f:X — Y any morphism in its category of fibrant objects
(C‘* / ) f, def. 2.34, then its homotopy fiber

hofib(f) — X

by the fiber, example 3.27, of any fibration resolution f of f (hence any fibration f
such that f factors through a weak equivalence followed by f).

Dually:

For f:X — Y any morphism in its category of cofibrant objects (C*/)C, def. 2.34,

then its homotopy cofiber

Y — hocofib(f)

is the morphism in the homotopy category Ho(C), def. 2.25, which is represented by
the cofiber, example 3.27, of any cofibration resolution of f (hence any cofibration f
such that f factors as f followed by a weak equivalence).

Proposition 4.18. The homotopy fiber in def. 4.17 is indeed well defined, in that for f,
and f, two fibration replacements of any morphisms f in Cy, then their fibers are

isomorphic in HO(C*/).

Proof. 1t is sufficient to exhibit an isomorphism in Ho(C*/ ) from the fiber of the
fibration replacement given by the factorization lemma 4.9 (for any choice of path
space object) to the fiber of any other fibration resolution.

Hence given a morphism f:Y — X and a factorization

A €Fib
f: X—X—Y
ew’' f,

consider, for any choice Path(Y) of path space object (def. 2.18), the diagram

142 of 162 11/18/2025, 4:11 PM


https://ncatlab.org/nlab/show/model+category
https://ncatlab.org/nlab/show/model+category
https://ncatlab.org/nlab/show/pointed+objects
https://ncatlab.org/nlab/show/pointed+objects
https://ncatlab.org/nlab/show/pointed+objects
https://ncatlab.org/nlab/show/pointed+objects
https://ncatlab.org/nlab/show/category+of+fibrant+objects
https://ncatlab.org/nlab/show/category+of+fibrant+objects
https://ncatlab.org/nlab/show/homotopy+fiber
https://ncatlab.org/nlab/show/homotopy+fiber
https://ncatlab.org/nlab/show/homotopy+category+of+a+model+category
https://ncatlab.org/nlab/show/homotopy+category+of+a+model+category
https://ncatlab.org/nlab/show/fiber
https://ncatlab.org/nlab/show/fiber
https://ncatlab.org/nlab/show/category+of+cofibrant+objects
https://ncatlab.org/nlab/show/category+of+cofibrant+objects
https://ncatlab.org/nlab/show/homotopy+cofiber
https://ncatlab.org/nlab/show/homotopy+cofiber
https://ncatlab.org/nlab/show/homotopy+category+of+a+model+category
https://ncatlab.org/nlab/show/homotopy+category+of+a+model+category
https://ncatlab.org/nlab/show/cofiber
https://ncatlab.org/nlab/show/cofiber
https://ncatlab.org/nlab/show/factorization+lemma
https://ncatlab.org/nlab/show/factorization+lemma
https://ncatlab.org/nlab/show/path+space+object
https://ncatlab.org/nlab/show/path+space+object
https://ncatlab.org/nlab/show/path+space+object
https://ncatlab.org/nlab/show/path+space+object
https://ncatlab.org/nlab/show/path+space+object
https://ncatlab.org/nlab/show/path+space+object

Introduction to Homotopy Theory in nLab https://ncatlab.org/nlab/show/Introduction%20to%20Homotopy%20Theory

EWNFib
Path(f) —— X
VLo b LY
EWnNFib A
Path(f,) —— X
€Fib l (pb) lej;lib
b,
Do
EWNFib |

Y

as in the proof of lemma 4.9. Now by repeatedly using prop. 4.16:

1. the bottom square gives a weak equivalence from the fiber of Path(f,) — Path(Y)
to the fiber offl;

2. The square

Path(f,) —> Path(f,)
l l
Path(Y) p—> Y

0

gives a weak equivalence from the fiber of Path(f,) — Path(Y) to the fiber of
Path(f ) - Y.

3. Similarly the total vertical composite gives a weak equivalence via

Path(f) — Path(f,)
l l
Y — Y

id

from the fiber of Path(f) — Y to the fiber of Path(f,) - Y.

Together this is a zig-zag of weak equivalences of the form

fib(f,) < fib(Path(f,) — Path(Y)) — fib(Path(f,) - ¥) < fib(Path(f) - ¥
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between the fiber of Path(f) — Y and the fiber of f . This gives an isomorphism in the

Example 4.19. (fibers of Serre fibrations)

In showing that Serre fibrations are abstract fibrations in the sense of model
category theory, theorem 3.7 implies that the fiber F (example 3.27) of a Serre
fibration, def. 1.47

F — X
lp
B

over any point is actually a homotopy fiber in the sense of def. 4.17. With prop. 4.16
this implies that the weak homotopy type of the fiber only depends on the Serre
fibration up to weak homotopy equivalence in that if p’: X' - B’ is another Serre
fibration fitting into a commuting diagram of the form

EW ,
X — X

1P P
EW
B — B

then F —> F'.

In particular this gives that the weak homotopy type of the fiber of a Serre fibration
p:X — B does not change as the basepoint is moved in the same connected
component. Forlety:I — B be a path between two points

Y
b01 : * —5 ] —>B.
’ EWCI

) Quillen 3T€ fibrant, and since the endpoint inclusions

Ip1 are weak equivalences, lemma 4.13 gives the zig-zag of top horizontal weak

Then since all objects in (TopCg

equivalences in the following diagram:
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* EW * EW 1 *
Fp,= bop — yvp <— bip =Fy,

0

Lopb) L7 by L

Fib
EW¢ EWc
* —5 I — *
lo l1

and hence an isomorphism F;, = F;_in the classical homotopy category (def. 3.11).

The same kind of argument applied to maps from the square I? gives that if
Y., ¥,:I > B are two homotopic paths with coinciding endpoints, then the

isomorphisms between fibers over endpoints which they induce are equal. (But in
general the isomorphism between the fibers does depend on the choice of homotopy
class of paths connecting the basepoints!)

The same kind of argument also shows that if B has the structure of a cell complex
(def. 1.38) then the restriction of the Serre fibration to one cell D™ may be identified
in the homotopy category with D™ X F, and may be canonically identified so if the
fundamental group of X is trivial. This is used when deriving the Serre-Atiyah-
Hirzebruch spectral sequence for p (prop.).

Example 4.20. For every continuous function f:X — Y between CW-complexes, def.

1.38, then the standard topological mapping cone is the attaching space (example
1.12)

Y Uy Cone(X) € Top

of Y with the standard cone Cone(X) given by collapsing one end of the standard
topological cyclinder X x I (def. 1.22) as shown in example 4.6.

Equipped with the canonical continuous function

Y — Y U; Cone(X)

this represents the homotopy cofiber, def. 4.17, of f with respect to the classical
model structure on topological spaces C = TopQui]len from theorem 3.7.

Proof. By prop. 3.13, for X a CW-complex then the standard topological cylinder object
X X1 is indeed a cyclinder object in TopQuiHen. Therefore by prop. 4.3 and the

factorization lemma 4.9, the mapping cone construction indeed produces first a
cofibrant replacement of f and then the ordinary cofiber of that, hence a model for the
homotopy cofiber. |
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Example 4.21. The homotopy fiber of the inclusion of classifying spaces
BO(n) © BO(n + 1) is the n-sphere S™ See this prop. at Classifying_spaces and G-
structure.

Example 4.22. Suppose a morphism f:X — Y already happens to be a fibration
between fibrant objects. The factorization lemma 4.9 replaces it by a fibration out of
the mapping cocylinder Path(f), but such that the comparison morphism is a weak

equivalence:
: f
fib(f) — X = Y

fib(f) — Path(f) %; Y

Hence by prop. 4.16 in this case the ordinary fiber of f is weakly equivalent to the
mapping cocone, def. 4.1.

We may now state the abstract version of the statement of prop. 1.51:

Proposition 4.23. Let C be a model category. For f:X — Y any morphism of pointed
objects, and for A a pointed object, def. 3.16, then the sequence

[4, hofib(f)], — [4,X], 1> [4,7].

is exact as a sequence of pointed sets.

(Where the sequence here is the image of the homotopy fiber sequence of def. 4.17
under the hom-functor [A, —], : Ho(C’*/) — Set*/from example 3.30.)

Proof. Let A, X and Y denote fibrant-cofibrant objects in C "/ representing the given
objects of the same name in Ho((;’*/). Moreover, let f be a fibration in c’/ representing
the given morphism of the same name in Ho(C* /).

Then by def. 4.17 and prop. 4.18 there is a representative hofib(f) € C of the homotopy
fiber which fits into a pullback diagram of the form

hofib(f) — X
) W

% RN Y
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With this the hom-sets in question are represented by genuine morphisms in ¢/,
modulo homotopy. From this it follows immediately that im(i+) includes into ker(f.,).

Hence it remains to show the converse: that every element in ker(f,) indeed comes

from im(i+).

But an element in ker(f,) is represented by a morphism a: A — X such that there is a

left homotopy as in the following diagram

a
A — X
by ap S
i n
A — Cyl4A) — Y-
) 1=
X —_— Y
Now by lemma 2.20 the square here has a lift 7}, as shown. This means that i; o7 is left

homotopic to a. But by the universal property of the fiber, i; o7} factors through
i:hofib(f) - X. B

With prop. 4.16 it also follows notably that the loop space construction becomes well-
defined on the homotopy category:

Remark 4.24. Given an object X € C*/, and picking any path space object Path(X), def.

2.18 with  induced loop  space object 02X, def. 4.4, write
Path, (X) = Path(X) X Path(X) for the path space object given by the fiber product of

Path(X) with itself, via example 2.21. From the pullback diagram there, the fiber
inclusion 22X — Path(X) induces a morphism

QX X 0X — (02X), .

In the case where ¢/ = Top*/ and (2 is induced, via def. 4.4, from the standard path
space object (def. 1.34), i.e. in the case that

NX = fib(Maps(14,X), — X X X),

then this is the operation of concatenating two loops parameterized by I = [0, 1] to a
single loop parameterized by [0, 2].

Proposition 4.25. Let C be a model category, def. 2.3. Then the construction of forming
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loop space objects X — QX, def. 4.4 (which on C’;/ depends on a choice of path space

objects, def. 2.18) becomes unique up to isomorphism in the homotopy category (def.
2.25) of the model structure on pointed objects (prop. 3.29) and extends to a functor:

0 : Ho(€"/) — Ho(€"/) .

Dually, the reduced suspension operation, def. 4.4, which on ¢’/ depends on a choice of
cylinder object, becomes a functor on the homotopy category

Y : Ho(¢'/) — Ho(C™/) .

Moreover, the pairing operation induced on the objects in the image of this functor via
remark 4.24 (concatenation of loops) gives the objects in the image of () group object
structure, and makes this functor lift as

0 : Ho(C"/) — Grp(Ho(C™ ")) .

(Brown 73, section 4, theorem 3)

Proof. Given an object X € ¢’/ and given two choices of path space objects Path(X)
and Path(X), we need to produce an isomorphism in Ho(C’*/) between 12X and 02X.

To that end, first lemma 4.10 implies that any two choices of path space objects are
connected via a third path space by a span of morphisms compatible with the structure
maps. By two-out-of-three (def. 2.1) every morphism of path space objects compatible
with the inclusion of the base object is a weak equivalence. With this, lemma 4.11
implies that these morphisms induce weak equivalences on the corresponding loop
space objects. This shows that all choices of loop space objects become isomorphic in
the homotopy category.

Moreover, all the isomorphisms produced this way are actually equal: this follows from
lemma 4.14 applied to

X - Path(X) =3 Path(X)
) )

id
XXX 5 XxX
This way we obtain a functor

Q:¢;/ —Hoc").
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By prop. 4.16 and Rem. 4.12 this functor sends weak equivalences to isomorphisms.
Therefore the functor on homotopy categories now follows with theorem 2.31.

It is immediate to see that the operation of loop concatenation from remark 4.24 gives
the objects 2X € Ho(C’*/) the structure of monoids. It is now sufficient to see that
these are in fact groups:

We claim that the inverse-assigning operation is given by the left map in the following
pasting composite

QX — Path'(X) — XxX

= = (pb) lsw?p
NX — Path(X) —— XXX
(Po:P1)

(where Path’(X), thus defined, is the path space object obtained from Path(X) by
“reversing the notion of source and target of a path”).

To see that this is indeed an inverse, it is sufficient to see that the two morphisms
ﬁ
NX — (NX) )

induced from

2
Path(X) — Path(X) Xy Path’(X)

(sepy,S°opy)

coincide in the homotopy category. This follows with lemma 4.14 applied to the
following commuting diagram:

. A
X — Path(X) ———= Path(X) Xy Path(X)

(S°p0'5°p0)

PoP1) | l
XXX 2°e XxX
|
Homotopy pullbacks

The concept of homotopy fibers of def. 4.17 is a special case of the more general
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concept of homotopy pullbacks.

Definition 4.26. A model category C (def. 2.3) is called a right proper model category
if pullback along fibrations preserves weak equivalences.

Example 4.27. By lemma 4.13, a model category C (def. 2.3) in which all objects are
fibrant is a right proper model category (def. 4.26).

Definition 4.28. Let C be a right proper model category (def. 4.26). Then a commuting
square

A — B
l 19
Cc — D

f

in Cr is called a homotopy pullback (of f along g and equivalently of g along f) if
the following equivalent conditions hold:

1. for some factorization of the form

EW A €Fib
g:B—B—D

the universally induced morphism from A into the pullback of B along f is a
weak equivalence:

2. for some factorization of the form

EW A €Fib
f:C—C—D

the universally induced morphism from A into the pullback of D along g is a
weak equivalence:
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EW A
A—>C>.§B.

3. the above two conditions hold for every such factorization.

(e.g. Goerss-Jardine 96, 11 (8.14))

Proposition 4.29. The conditions in def. 4.28 are indeed equivalent.

Proof. First assume that the first condition holds, in that

A — B
Ew | lEW

N N

CxB — B

Then let

€W A €Fib
f:C—C—D

be any factorization of f and consider the pasting diagram (using the pasting law for
pullbacks)

X X
D D
L (pb) IFb (pb) LEF
C C

[=RV/Vs m\ D
where the inner morphisms are fibrations and weak equivalences, as shown, by the
pullback stability of fibrations (prop. 2.10) and then since pullback along fibrations
preserves weak equivalences by assumption of right properness (def. 4.26). Hence it

follows by two-out-of-three (def. 2.1) that also the comparison morphism A4 — C >,§ B is

a weak equivalence.

In conclusion, if the homotopy pullback condition is satisfied for one factorization of g,
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then it is satisfied for all factorizations of f. Since the argument is symmetric in f and
g, this proves the claim. l

Remark 4.30. In particular, an ordinary pullback square of fibrant objects, one of
whose edges is a fibration, is a homotopy pullback square according to def. 4.28.

Proposition 4.31. Let C be a right proper model category (def. 4.26). Given a diagram in
C of the form

Proof. (The reader should draw the 3-dimensional cube diagram which we describe in
words now.)

First consider the universal morphism C — E>1§C and observe that it is a weak

equivalence by right properness (def. 4.26) and two-out-of-three (def. 2.1).

Then consider the universal morphism A >£§ C—-A >1§ (E >1§ C) and observe that this is
also a weak equivalence, since A § C is the limiting cone of a homotopy pullback square
by remark 4.30, and since the morphism is the comparison morphism to the pullback
of the factorization constructed in the first step.

Now by using the pasting law, then the commutativity of the “left” face of the cube, then
the pasting law again, one finds that A X (E X C)=A X (DII;:' X ). Again by right

properness this implies that A X (E X C)—-D X F is a weak equivalence.

With this the claim follows by two-out-of-three. i

Homotopy pullbacks satisfy the usual abstract properties of pullbacks:

Proposition 4.32. Let C be a right proper model category (def. 4.26). If in a commuting
square in C one edge is a weak equivalence, then the square is a homotopy pullback
square precisely if the opposite edge is a weak equivalence, too.
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Proof. Consider a commuting square of the form

A — B

l -

Cc — D
eEw

To detect whether this is a homotopy pullback, by def. 4.28 and prop. 4.29, we are to
choose any factorization of the right vertical morphism to obtain the pasting composite

A — B
A eEw A
CXB —
D
C — D
eEw

Here the morphism in the middle is a weak equivalence by right properness (def. 4.26).
Hence it follows by two-out-of-three that the top left comparison morphism is a weak
equivalence (and so the original square is a homotopy pullback) precisely if the top
morphism is a weak equivalence. Wi

Proposition 4.33. Let C be a right proper model category (def. 4.26).

1. (pasting law) If in a commuting diagram

A — B — (C
l l l
D — E — F

the square on the right is a homotoy pullback (def. 4.28) then the left square is,
too, precisely if the total rectangle is;

2. in the presence of functorial factorization (def. 2.6) through weak equivalences

followed by fibrations:
every retract of a homotopy pullback square (in the category (;’]E' of commuting

squares in Cy) is itself a homotopy pullback square.

EW A €Fib
Proof. For the first statement: choose a factorization of C — F — F, pull it back to a

A €Fib A
factorization B - B — E and assume that B — B is a weak equivalence, i.e. that the
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right square is a homotopy pullback. Now use the ordinary pasting law to conclude.

For the second statement: functorially choose a factorization of the two right vertical
morphisms of the squares and factor the squares through the pullbacks of the
corresponding fibrations along the bottom morphisms, respectively. Now the
statement that the squares are homotopy pullbacks is equivalent to their top left
vertical morphisms being weak equivalences. Factor these top left morphisms
functorially as cofibrations followed by acyclic fibrations. Then the statement that the
squares are homotopy pullbacks is equivalent to those top left cofibrations being
acyclic. Now the claim follows using that the retract of an acyclic cofibration is an
acyclic cofibration (prop. 2.10). W

Long sequences

The ordinary fiber, example 3.27, of a morphism has the property that taking it twice is
always trivial:

* ~ fib(fib(f)) — fib(f) — X 2> Y .

This is crucially different for the homotopy fiber, def. 4.17. Here we discuss how this
comes about and what the consequences are.

Proposition 4.34. Let Cy be a category of fibrant objects of a model category, def. 2.34
and let f: X — Y be a morphism in its category of pointed objects, def. 3.16. Then the
homotopy fiber of its homotopy fiber, def. 4.17, is isomorphic, in Ho(C*/), to the loop
space object QY of Y (def. 4.4, prop. 4.25):

hofib(hofib(X 5> ¥)) ~ qv .

Proof. Assume without restriction that f : X — Y is already a fibration between
fibrant objects in C (otherwise replace and rename). Then its homotopy fiber is its
ordinary fiber, sitting in a pullback square

l

hofib(f) ~ F —

% — Y

In order to compute hofib(hofib(f)), i.e. hofib(i), we need to replace the fiber inclusion
[ by a fibration. Using the factorization lemma 4.9 for this purpose yields, after a choice
of path space object Path(X) (def. 2.18), a replacement of the form
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F 5 FxyPath(x)
i lze Fib
X
Hence hofib(i) is the ordinary fiber of this map:
hofib(hofib(f)) = F xx Path(X) x5 * € Ho(C"/) .
Notice that
F Xy Path(X) = * X, Path(X)
because of the pasting law:

FxyPath(X) — Path(X)

! (pb) !
F —l> X
! (pb) W
k — Y

Hence
hofib(hofib(f)) = * Xy Path(X) xy * .

Now we claim that there is a choice of path space objects Path(X) and Path(Y) such
that this model for the homotopy fiber (as an object in C*/) sits in a pullback diagram
of the following form:

* Xy Path(X) Xy * — Path(X)

\) l EWnF
nYy —  Path(Y) X, X .

\) (pb) \)

* — YxX

By the pasting law and the pullback stability of acyclic fibrations, this will prove the
claim.

To see that the bottom square here is indeed a pullback, check the universal property:
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A morphism out of any 4 into * R Path(Y) Xy X is a morphism a: A — Path(Y) and a
morphism b:A — X such that p,(a) = *, p,(a) = f(b) and b= *. Hence it is
equivalently just a morphism a: A — Path(Y) such that p,(a) = * and p,(a) = *. This
is the defining universal property of 2Y = * >}§ Path(Y) >1§ *,

Now to construct the right vertical morphism in the top square (Quillen 67, page 3.1):
Let Path(Y) be any path space object for Y and let Path(X) be given by a factorization

EW €Fib
(idy, iof, idy) : X — Path(X) — X Xy Path(Y) Xy X
and regarded as a path space object of X by further comoposing with
€Fib
(pr,pry): X Xy Path(Y) Xy X — X X X .
We need to show that Path(X) — Path(Y) Xy X is an acyclic fibration.

It is a fibration because X Xy Path(Y) Xy X — Path(Y) Xy X is a fibration, this being the
pullback of the fibration X L Y.

EWNFib
To see that it is also a weak equivalence, first observe that Path(Y) Xy X —— X, this

being the pullback of the acyclic fibration of lemma 2.20. Hence we have a factorization
of the identity as

) i N
idy : X W Path(X) — Path(Y) Xy X EWNFib

and so finally the claim follows by two-out-of-three (def. 2.1). R

Remark 4.35. There is a conceptual way to understand prop. 4.34 as follows: If we
draw double arrows to indicate homotopies, then a homotopy fiber (def. 4.17) is
depicted by the following filled square:

hofib(f) — *

l ¢ |

X — Y
f

just like the ordinary fiber (example 3.27) is given by a plain square
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fib(f) — *
l L
X — Y

f

One may show that just like the fiber is the universal solution to making such a
commuting square (a pullback limit cone def. 1.1), so the homotopy fiber is the
universal solution up to homotopy to make such a commuting square up to

Now just like ordinary pullbacks satisfy the pasting law saying that attaching two
pullback squares gives a pullback rectangle, the analogue is true for homotopy
pullbacks. This implies that if we take the homotopy fiber of a homotopy fiber,
thereby producing this double homotopy pullback square

hofib(g) — hofib(f) — *

l ¢ 19 ¢ 1
* — X — Y
f

then the total outer rectangle here is itself a homotopy pullback. But the outer
rectangle exhibits the homotopy fiber of the point inclusion, which, via def. 4.4 and
lemma 4.9, is the loop space object:

Yy — *
l ¢ 1.

% — Y

Proposition 4.36. Let C be a model category and let f:X — Y be morphism in the
pointed homotopy category Ho((:’*/ ) (prop. 3.29). Then:

1. There is a long sequence to the left in ¢’/ of the form

0
= ax oy S hofib(f) » x Ly,

where each morphism is the homotopy fiber (def. 4.17) of the following one: the
homotopy fiber sequence of f. Here f denotes 02f followed by forming inverses
with respect to the group structure on 2(—) from prop. 4.25.

Moreover, for A € c’/ any object, then there is a long exact sequence

w5 [4,0%Y], — [4,Qhofib(H)], — [4,2X]. — [4,0Y] — [A, hofib(f)]. -
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of pointed sets, where [—, —|, denotes the pointed set valued hom-functor of

example 3.30.
2. Dually, there is a long sequence to the right in ¢’/ of the form

z
X R Y — hocofib(f) — 2X 4, Y - -,

where each morphism is the homotopy cofiber (def. 4.17) of the previous one: the
homotopy cofiber sequence of f. Moreover, for A € C "/ any object, then there is
a long_exact sequence

.« = [2?X, A], — [Zhocofib(f), A], — [2Y, A], — [2X, A] — [hocofib(f),

of pointed sets, where [—, —|, denotes the pointed set valued hom-functor of

example 3.30.

(Quillen 67, 1.3, prop. 4)

Proof. That there are long sequences of this form is the result of combining prop. 4.34
and prop. 4.23.

It only remains to see that it is indeed the morphisms 2f that appear, as indicated.

In order to see this, it is convenient to adopt the following notation: for f: X =Y a
morphism, then we denote the collection of generalized element of its homotopy fiber
as

hofib(f) = {(x, f(x) + *)]

indicating that these elements are pairs consisting of an element x of X and a “path” (an
element of the given path space object) from f(x) to the basepoint.

This way the canonical map hofib(f) — X is (x, f(x) w» *) = x. Hence in this notation
the homotopy fiber of the homotopy fiber reads

hofib(hofib(f)) = {((x, f(x) * *),x % *)}.
This identifies with 2Y by forming the loops

Yy f(73))
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where the overline denotes reversal and the dot denotes concatenation.

Then consider the next homotopy fiber

f/ /x Kv% *\

f(rs3)
hofib(hofib(hofib(£))) = { | ((x, Fx) * *),x & ), | () > g
N = 4

k\ \ i )

where on the right we have a path in hofib(f) from (x, f(x) % *) to the basepoint
element. This is a path y, together with a path-of-paths which connects f, to f(y;).

By the above convention this is identified with the loop in X which is
Vo 073) .

But the map to hofib(hofib(f)) sends this data to ((x, f(x) L ), X 13 ), hence to the
loop

Vi f(ry) = fvy) - f(73)
=f(ys-7v2)
=fy,73)
=02 7s)

)

hence to the reveral of the image under f of the loopin X. W

Remark 4.37. In (Quillen 67, 1.3, prop. 3, prop. 4) more is shown than stated in prop.
4.36: there the connecting homomorphism 2Y — hofib(f) is not just shown to exist,
but is described in detail via an action of 2Y on hofib(f) in Ho(C). This takes a good
bit more work. For our purposes here, however, it is sufficient to know that such a
morphism exists at all, hence that 2Y =~ hofib(hofib(f)).

be the classical model structure on topological

Example 4.38. Let C = (Topcg)Quillen

spaces (compactly generated) from theorem 3.7, theorem 3.51. Then using the
standard pointed topological path space objects Maps(/,,X) from def. 1.34 and

example 3.26 as the abstract path space objects in def. 2.18, via prop. 3.14, this gives
that
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[*, 27X] = m,(X)

is the nth homotopy group, def. 1.26, of X at its basepoint.

Hence using A = * in the first item of prop. 4.36, the long exact sequence this gives
is of the form

oy (X) L5 my (1) — my(hofib(£)) — m,(X) 5 m,(Y) — my (hofib(£)) — 1

This is called the long exact sequence of homotopy groups induced by f.

Remark 4.39. As we pass to stable homotopy theory (in Part 1)), the long exact
sequences in example 4.38 become long not just to the left, but also to the right.
Given then a tower of fibrations, there is an induced sequence of such long exact
sequences of homotopy groups, which organizes into an exact couple. For more on
this see at Interlude - Spectral sequences (this remark).

Example 4.40. Let again C = (Top be the classical model structure on

cg)Quillen
topological spaces (compactly generated) from theorem 3.7, theorem 3.51, as in
example 4.38. For E € Topcg/ any pointed topological space and i: A © X an inclusion

of pointed topological spaces, the exactness of the sequence in the second item of
prop. 4.36

-« = [hocofib(i), E] — [X,E], — [4,E], = -~
gives that the functor
[— E]. : (Topgiy)°®® — Set™/
behaves like one degree in an additive reduced cohomology theory (def.). The Brown

representability theorem (thm.) implies that all additive reduced cohomology
theories are degreewise representable this way (prop.).

5. The suspension/looping adjunction

We conclude this discussion of classical homotopy theory with the key statement that
leads over to stable homotopy theory in Introduction to Stable homotopy theory — 1: the
suspension and looping adjunction on the classical pointed homotopy category.

Proposition 5.1. The canonical loop space functor {2 and reduced suspension functor X
from prop. 4.25 on the classical pointed homotopy category from def. 3.31 are adjoint
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functors, with X left adjoint and {2 right adjoint:

b
240 : Ho(Top*/) % Ho(Top*/) :

Moreover, this is equivalently the adjoint pair of derived functors, according to prop.
2.49, of the Quillen adjunction

S /\( )
*/
(TopC )Qulllen —> (TOng )Qu111en
Maps(St, -).

of cor. 3.42.

Proof. By prop. 4.25 we may represent X and {2 by any choice of cylinder objects and
path space objects (def. 2.18).

The standard topological path space (—)I is generally a path space object by prop. 3.14.
With prop. 4.5 this shows that

2 =~ RMaps(St, -).

Moreover, by the existence of CW-approximations (remark 3.12) we may represent
each object in the homotopy category by a CW-complex. On such, the standard
topological cylinder (—) X I is a cylinder object by prop. 3.13. With prop. 4.5 this shows
that

I=LS'A (D).

Final remark 5.2. What is called stable homotopy theory is the result of universally
forcing the (X' 4 £2)-adjunction of prop. 5.1 to become an equivalence of categories.

This is the topic of the next section at Introduction to Stable homotopy theory — 1.

6. References

A concise and yet self-contained re-write of the proof (Quillen 67) of the classical
model structure on topological spaces is provided in
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e André Joyal, appendix E of The theory of quasi-categories and its applications (pdf)
The two originals are still a good source to turn to:

e Daniel Quillen, Axiomatic homotopy theory in Homotopical algebra, Lecture Notes
in Mathematics, No. 43, Berlin (1967)
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