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Graph Configuration Spaces
LetT = (V(T),E(T)) be an abstract graph with

» Vertices V(T') = {vy,...,v,} (finite set)
> Edges E(G). An element of E(G) is of the form {v;,v;},i # ;.

All graphs in this paper will be simple (no loops and no multiple
edges) and vertex-labeled.
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Graph Configuration Spaces
LetT = (V(T),E(T)) be an abstract graph with

» Vertices V(T') = {vy,...,v,} (finite set)
> Edges E(G). An element of E(G) is of the form {v;,v;},i # ;.

All graphs in this paper will be simple (no loops and no multiple
edges) and vertex-labeled.

Let X be a path-connected topological space. The graph
configuration space is defined to be

Confr(X) = {(x1,-++,x,) € XIVOI | x; 2 x; if {i,j} € E()}

o Different labeling of vertices produce homeomorphic spaces.
¢ WLOG we can assume our graphs to be connected, since

Confy, r, (X) = Confp, (X) x Confp, (X)
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Example 1: When the graph is complete G = K,,, one recovers the
classical configuration space of pairwise distinct points

Confy, (X) = Conf,(X)

Example 2: The line graph L,, on nodes labeled 1,2,...,m.

Confy (X) ={(x1,x0,..., %) € X" | x; # X1 ,1 <i<m}

Notice x; # x, but x, and x5 can be equal, etc.
We have a homeomorphism
Confy, (RV) RN x (RN — {0}) x -+ x (RN — {0})

(X1yeeer X)) —> (X1, %0 — X1, X3 — X0,y v o) Xy — Xpu1)

SO

m—1

Confy, (RN)~ J]sV!




If G is the category whose objects are undirected simple graphs,
which are vertex labeled and whose morphisms are the graph
homomomorphisms.

Fix X = RN (or any other good enough space).
Then W : G — Top, which sends
I' — Confp(X)

is a contravariant functor



If G is the category whose objects are undirected simple graphs,
which are vertex labeled and whose morphisms are the graph
homomomorphisms.

Fix X = RN (or any other good enough space).
Then WV : G — Top, which sends

I' — Confp(X)
is a contravariant functor

The study of Confr(X) was motivated by the study of INVARIANTS
OF GRAPHS in data analysis.



The Chromatic Polynomial

Let T be a graph, and A € N. A mapping f : V(G) —{1,2,..., A} is
called a A-colouring of T if f (i) # f(j) whenever {i,j} € E(T).

The number of distinct A-colourings of T is denoted by = (1), and this
is a polynomial in A (the chromatic polynomial).

Examples:

» If T =L, is the line graph with n vertices, then
mp, (A) = A"(A = "1,

> IfT' = K, is the complete graph on n-vertices, then rg (1) is the
falling factorial g (1) = A(A—1)---(A —n+1)
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Let x.(X) denote the Euler characteristic of a space X (with compact
supports).

Let T be a simple graph.
The following is a categorification type of result.

Theorem: (Eastwood-Huggett, Kallel-Taamallah)

nF(Xc(X)) = Xc(Coan(X))

Corollary:
x(Confp(R")) = (—1)"Vlrep((=1)")

This key result is the starting point of this work.
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Example:

Different coloring configurations of the Y-graph.
Conf(X, T) consists of all tuples (x1, x,,x3,x4) with x; # x4

This space stratify as follows

{wxx0}, {(pxx2)} {vxz)} {22}, {02}

where different letters mean distinct entries in X.
Every stratum in X* is homeomorphic to a Conf(X, ).
We have the stratification

Conf(X,T') = Conf(X, 2) b 3Conf(X, 3) L Conf(X, 4)
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Here 4, = 1 always.



Graph Theoretic Results

We need some preliminary results.
Let T be a simple graph with n vertices.

Theorem (Whitney’s broken circuit theorem)
n . .
nr(A) = Y (=)"a(T) A (1)

where the coefficient a;(T') for 0 < i < n counts the number of
spanning subgraphs of T that have exactly n — i edges and that
contain no broken circuits.

Itis clear that a,,_, is the number of edges.
Here 4, = 1 always.

The Linear Term: The number 4, (T') has several interpretations. It is
the number of “spanning trees with no broken circuits” of T'.
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Results:
e (Eisenberg) I'is a tree ifand only if a; (T') = 1,

e (Read) I is connected if and only if a; (T') > 1.

We now give a better alternative description of a; (T') in terms to
acyclic orientations of graphs.

» An orientation of a graph I = (V,E) is an assignment of a
direction (i.e. arrow) to each edge {i, j}, denoted by i — j or
j — i, as the case may be.

» An orientation of T is said to be acyclic if it has no directed cycles.
» Avertex vy of I is a source if all arrows emanate from v,.

Theorem (Stanley):
Let |A(T,vy)| be the number of all acyclic orientations with a unique
sink (or source) vy. Then

|A(T,vg)| = ay(T)

and this number is independent of the choice of v,.



Example: Let C4 be the square graph. The acyclic orientations of C,4
with a single source are displayed below

The top left vertex vy being a source.
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Example: Let C4 be the square graph. The acyclic orientations of C,4
with a single source are displayed below

s{slsfx

The top left vertex vy being a source.

There are only a; = 3 orientations where v, is the “unique” source.
There are in total 14 acyclic orientations of Cy.

The chromatic polynomial of Cy4 is

xc,(A) =1t =413 + 647 -31



Bond Partitions

Given a graph I with vertex set V(T'), a “connected partition” or “a
bond partition” of T is any unordered set partition of V' (T'), written
B1|B,|---|Bx, where the B;’s are the blocks which are assumed to be
the vertices of a connected subgraph I; of T.

The orderof the B;’s appearing in this notation is immaterial.
The integer k, 1 <k < |V(T)], is the length of the partition.

Example: Consider the line graph L5 on 5 vertices labeled 1,2,...,5.

The bond partitions of length 3 of L5 are listed lexicographically as
follows:

112|345, 1|5/234, 4/5/123, 1|23|45, 3|12/45, 5/12(34



Denote the set of all connected partitions of I' having length k by
By (T).

If B= Bq|B;|---|Bx € Bx(T), write |B| = k the length of B.

Each block B; corresponds to a connected subgraph T; < T.
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For such B, define the product
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Denote the set of all connected partitions of I' having length k by
By (T).

If B= Bq|B;|---|Bx € Bx(T), write |B| = k the length of B.
Each block B; corresponds to a connected subgraph T; < T.

For such B, define the product

a1(B):=a (). (Ty) |

Finally, write the set of all subgraph partitions of T' as

| BI) =Urcren Be(T) |




Main Result

Theorem (S.K and M. Bouzouita):
LetT be a finite simple graph, N > 2 and m = |V (T')|. Then stably
(after one suspension)

Confy (RN) | ~; \/ S(m—|3|)(N_1))\/u1(B)
BeB(T)
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Main Result

Theorem (S.K and M. Bouzouita):
LetT be a finite simple graph, N > 2 and m = |V (T')|. Then stably
(after one suspension)

Confr(lRN)+ ~ \/ S(m—|B|)(N_1))\/ﬂ1 (B)
BeB(T)

i.e. Every B e B(T) contributes a wedge summand consisting of a; (B) wedge
copies of a sphere of dimension (m — |B|)(N —1).

Consequences:

e The homology of the configuration space is torsion free and it is
concentrated in degrees that are a multiple of N — 1.

e The first non-zero betti number is by _; = |E(T')| (number edges).
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B(RY) = > ay (B BN
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Corollary: The Poincaré polynomial of Confr (RN ) is

B(RY) = Y ay(B)t(m=IBIN-D)

BeB(T)

Literature: The COhomology of Conf(IRN) is computed by Békstedt
and Minuz (2020):
Cohomology of generalised configuration spaces of points on R".

They recover (not knowing it, but in a nicer way) much earlier
computations of Longueville and Schultz (2001):

The cohomology rings of complements of subspace arrangements,
Math. Ann. 319 (2001),625-646.

In Bokstedt and Minuz, the cohomology is given in terms of
generators and relations. In Longueville and Schultz, it is given as the
cockernel of a big DGA morphism.



Corollary: The Poincaré polynomial of Confr (RN ) is

B(RY) = > ay (B BN
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Literature: The COhomology of Conf(IRN) is computed by Békstedt
and Minuz (2020):
Cohomology of generalised configuration spaces of points on R".

They recover (not knowing it, but in a nicer way) much earlier
computations of Longueville and Schultz (2001):

The cohomology rings of complements of subspace arrangements,
Math. Ann. 319 (2001),625-646.

In Bokstedt and Minuz, the cohomology is given in terms of
generators and relations. In Longueville and Schultz, it is given as the
cockernel of a big DGA morphism.

The Poincaré series is not computed and it is not readily obtainable.
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Simple Example: Consider the line graph with THREE nodes labeled

1,2,3. The graph is in R® (N = 3)

1 2 3
Whitney | Sphere

Bond | length | |\ mber | summand
5 5] a,(B) | sG-IBH(N-1)
723 | 3 1]s°

12]3 2 182

123 2 182

123 1 1] st

Here a;(B) = 1 since all connected subgraphs are trees!

Consequently | Confy, (R3) ~; S2 v §2 v §4

This is consistent with the earlier result Confy, (R?) =~ $2 x 2.



Second Example: The Cyclic Graphs

LetT = C,, be the cyclic graph on m-vertices.

(D—2)
®) (3)
E—®

The associated configuration space is called the “cyclic configuration
space”

Confc, (X) = {(x1,..,xm) | X1 # X0, %0 # X3, ,x, # x1}



Second Example: The Cyclic Graphs

LetT = C,, be the cyclic graph on m-vertices.

(D—2)
®) (3)
E—®

The associated configuration space is called the “cyclic configuration
space”

Confc, (X) = {(x1,.., ) | X1 # X2, %3 # X3, , Xy # X1 }

Literature: This space has been studied by M. Farber and S.
Tabachnikov in connection with the problem of finding upper bounds
to the number of periodic trajectories of high dimensional billiard
problems.
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The following corollary was originally obtained using sophisticated
methods (Leray Spectral Sequence).

Theorem (Farber-Tabashnikov):

Pe (IRN) _ (thl + l)m _ t(mfl)(Nfl) _ tm(Nfl)

Our approach to this result is completely combinatorial.
One for example needs to establish the following result about graphs:

Let B,(C,,) be the set of all bond patrtitions of the cyclic graph C,,,

k= 2. Then |By(Cy)| = (’;:)



Third Example: The complete graph

Let I = K,,, be the complete graph on m-vertices. Then one recovers
the following well-known result.

Theorem (Stable Arnold-Cohen):

m
m—1
Confy (RN), ~; \/ <S’<(N*1)> {m - k]
k=0
where mni 3 is the unsigned Stirling numbers of the first kind
corresponding to the number of permutations of m elements with k
disjoint cycles.



Third Example: The complete graph

Let I = K,,, be the complete graph on m-vertices. Then one recovers
the following well-known result.

Theorem (Stable Arnold-Cohen):

m
m—1
Confy (RN), ~; \/ <S’<(N*1)> {m - k}
k=0
where mni 3 is the unsigned Stirling numbers of the first kind
corresponding to the number of permutations of m elements with k
disjoint cycles.

Note that [mrf 1] = (’”(”’2*1)) is the number of edges of K, indeed.



Third Example: The complete graph

Let I = K,,, be the complete graph on m-vertices. Then one recovers
the following well-known result.

Theorem (Stable Arnold-Cohen):

m—1 m }
Confy, (RN) | ~; \/ (Sk(Nﬂ)) {m—k
k=0

where mni 3 is the unsigned Stirling numbers of the first kind
corresponding to the number of permutations of m elements with k
disjoint cycles.

Note that [mrf 1] = (’”(”’2*1)) is the number of edges of K, indeed.

How do we get this splitting from our main result?



e When I = K,,, is a complete graph, any collection of vertices makes
up a complete subgraph of T'.

e For a complete graph K,, a;(K,) = (r — 1)!

The stable Arnold-Cohen splitting is classically deduced
from the fact that the homology of Conf,,,(IRY) is generated by
classes of products of spheres (Cohen-Taylor, Fadell-Husseini,
Salvatore), so that

Conf,,( 1:[ (SN_l)vk



Poset topology
This is an extremely powerful area of (combinatorial) topology.

First initiated by H. Whitney and G. Rota in the 50s, it was later vastly
developed by R.P. Stanley in the 70s, and a bit later by A. Bjorner, M.
Wachs and many others.
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Poset topology
This is an extremely powerful area of (combinatorial) topology.

First initiated by H. Whitney and G. Rota in the 50s, it was later vastly
developed by R.P. Stanley in the 70s, and a bit later by A. Bjorner, M.
Wachs and many others.

A poset (P,<) means a set P with partial order <.

The order complex of P is the simplicial complex whose simplices
are the chains of P

A(P) = {{il,...,ik},il <i2 < .- <ik in P}

3 2

D ADY



Bond Poset

The connection with graph arrangements is through the bond lattice
(A lattice is a poset where every two points have a meet and a join).



Bond Poset

The connection with graph arrangements is through the bond lattice
(A lattice is a poset where every two points have a meet and a join).

Let T be a graph. Construct the poset I'l;:

» Every bond partition B := B|B,| - |Bi is an element of T1(T').
» B < B'if B is a coarsening of B.

4 \\ HET 12134 12314
Y
. PN
: > >
™ - »
) ] \\x// ‘\\\
o 1201 11234 12134
4 T P
= ~
1 4 o

1121314

Figure: The Bond lattice Iy, of the line graph Ly.



The Graphic Arrangements

An arrangement of affine (or linear subspaces) A; in RN is any finite
collection of such: A = {A;}ier.

An arrangement A gives rise to a poset of intersections (also called
the “intersection semi-lattice”) L(A).

The elements of L(A) are the A;’s and their intersections. The order
is given by REVERSE inclusion so that x <y if y < x.

3\/4 5 6 7
AN bﬂﬁi@ﬂ

1_:7\ L‘“‘"‘-i..\“ﬁZ’"‘J

A L(n)




Let I be a simple graph, and |V (T)| = m.
Then obviously Confr(IR") is the complement of a subspace
arrangement
(R")" = JA;;
where

Aij ={(x1, 0, xp) € (RM)™ | x; # x;, if {i, j} € E(T)}



Let I be a simple graph, and |V (T)| = m.
Then obviously Confr(IR") is the complement of a subspace
arrangement
(R")" = JA;;

where

Aij = (51,00 xm) € (RD™ | x; # x;, i {i,j} € E(T)}
Observation: The bond lattice of T is isomorphic to the intersection
lattice of L(A).

We can now use the theory subspace arrangements to compute the
homology of the graph configuration spaces.

This uses a formula by Goresky and MacPherson



Goresky and MacPherson, in “Stratified Morse Theory”, make the link
between the homology of the COMPLEMENT of a subspace
arrangement and the homology of LOWER INTERVALS in the
intersection LATTICE (Ln).
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Goresky and MacPherson, in “Stratified Morse Theory”, make the link
between the homology of the COMPLEMENT of a subspace
arrangement and the homology of LOWER INTERVALS in the
intersection LATTICE (Ln).

Theorem: Goresky-MacPherson Formula

A

H'(Conf(RN,T); Z) = @ e (a), {0y HinN —i—dim B(x) 2 (A(0, %); Z)

Here A(0,x) = {ye L(A) | 0 <y < x} and B(x) is the subspace
associated to x (dim B(x) is also the length of the corresponding
bond).

The streamlined way to think about this formula is as a
direct application of Alexander duality.

Associated to the subspace arrangement A = {A;} in RY is the
singularity link
V9 =Nl A
i

and Alexander duality gives that
H' (My;F) = H, , ;(VY;F) (F is any field)



Literature: The (stable) homotopy type of VAQ was computed by
Ziegler and Zivaljevic (and Kozlov). The answers are phrased in
terms of the lower intervals in the intersection lattice L, of the
subspace arrangement A. For general subspace arrangements,
these lower intervals in L, can have arbitrary homotopy type.



Literature: The (stable) homotopy type of VAQ was computed by
Ziegler and Zivaljevic (and Kozlov). The answers are phrased in
terms of the lower intervals in the intersection lattice L, of the
subspace arrangement A. For general subspace arrangements,
these lower intervals in L, can have arbitrary homotopy type.

To prove our Theorem, we first get the homology, and to that end, we
need understand the homology of the intervals!

Strategy:
o Show that each interval is the homotopy type of a wedge of
spheres (This uses shellability).

e Knowing the dimension of those spheres, we can deduce
their number from the Euler characteristic (so link to chro-
matic).



A facet is a maximal face of a
simplicial complex.

A simplex is pure if all facets
have the same dimension.

A shelling is a linear order on the
facets with a special condition:
Pick a first facet. Then each new
facet added to the list must meet
the old complex at a nonempty
union of MAXIMAL proper faces.

A shellable complex is a pure complex with a shelling
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A greatly useful result in the theory is that a shellable simplicial
complex has the homotopy type of a wedge of spheres.

More precisely, let u(P) = u(0,1) be the Mobius function of the poset.

Theorem: LetP = P u {0,1} be a bounded and ranked poset (P is its
proper part), and suppose that A(P) is shellable. Then A(P) is a
wedge of (—1)%u(P) spheres of dimension d = rk(P) — 2.

The rank of a ranked poset is the length of a maximal chain (this is
well defined if P is ranked).

Example: Below is an example of a poset that is not ranked
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Let T be a simple graph on m vertices, and let I'l; its bond poset.

e The bond poset is ranked:

rk(x) = number of blocks in partition
i.e. if x = By|...|By € Il is a bond element, then rk(x) = k.
e The bond poset is shellable

Indeed, it is geometric and bounded, so shellable (general result in
the field).

As a result we get the following main consequence.
Proposition: LetT be a simple graph with n vertices, and let ﬁr be

+p(Ir)
the proper part of the bond lattice. Then |IT| ~ \/ §n=3,
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» The bond lattice is nice (ranked, shellable).
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bond lattices of the I;’s (where T; is the connected graph
corresponding to B;).

» The number of spheres is related to the mobius function of I
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SO TO RECAPITULATE !

» The bond lattice is nice (ranked, shellable).
» The intervals of the bond lattice are also ranked and shellable.

> The interval (0,x), x = By|...|By, is the POSET PRODUCT of the
bond lattices of the I;’s (where T; is the connected graph
corresponding to B;).

» The number of spheres is related to the mobius function of I

So we get our theorem by putting this all together, interval by interval.

BUT, where does the a; (T') (linear term of the chromatic polynomial)
come from?
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Mobius Inversion Let P be a finite posetand f,g: P — R (or Z).
Suppose that for all x € P we have

fx)=>glw) = gx)=> uxy)f®).

y=x y=x

In our case, let P be the poset of intersections {A,} of an
arrangement A in X, with & < g if A, > Ag. Set

a<f

g(Aa) = Xc (Aa - U Aﬁ)

f(Aa) = Xc(Aa)
Since

f(Ay) = xc(An) = Z g(Aﬁ)

p>a

It follows by Mobius inversion that



Proposition:

we (U =



Proposition:
Xc (X\UAa) = . Z A"{(O"X)XC(ALY)

0<a<l1

Apply this to the graph configuration space and its bond poset, we get

Corollary (Rota): The characteristic polynomial of Iy coincides with
the chromatic polynomial
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Proposition:

Xc (X\UAa) = . Z AV((AJ’O‘)XC(A&)

0<a<l1

Apply this to the graph configuration space and its bond poset, we get

Corollary (Rota): The characteristic polynomial of Iy coincides with
the chromatic polynomial

xr(A) = Y p(0,x)A0) 2)

xellp

By comparing Whitney’s and Rota’s formulas, we see that

p(Ip) = (=1)""'a (T) @)




Application (Configuration Spaces with Obstacles)

For C = (p1,...,p,) € Conf,(X).

Consider the following configuration space of points

Conf(X,C) := {(x1,...,x,) | x; # xj,i # j and x; # p;, Vi}

These are configuration of pairwise distinct points (x1,...,x,) in X
such that x; avoid p;, for all i.
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Theorem: (K - Bouzouita)

N
P,(Conf(RN, 7)) = : (p?(ogg(nH;(IRII"(nE I)<)2))

In particular, the first non-trivial positive betti number is
by_1 = (g) + n.

This relies on a “Fadell-Neuwirth type” generalized fibration result
which says the following.

A subgraph H in G is relatively complete if whenever a vertex of v of
G\H shares edges with v; and v, in H, then {v;,v,} must be an edge
in H.

Proposition:
Suppose H is relatively complete in G. Then the projection map
Confs(RN) — Confy (RN) is a bundle projection.



Thank you
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