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Abstract

An important symmetry of string theory, T-duality relates string theory on
different backgrounds and may be realized as a transformation between two-
dimensional o-models. A systematic method has been developed by Bouwknegt,
Evslin and Mathai to analyze the global properties of T-duality in the presence
of NS — NS 3-form H-flux. Cavalcanti and Gualtieri subsequently realized that
generalized geometry provides a natural setting to study global T-duality.

In the case when two T-dual o-models with target spaces are principal circle
bundles over a common base manifold, Cavalcanti and Gualtieri showed that T-
duality can be viewed as an isomorphism between Courant algebroids. In this
thesis, we generalize the result of Cavalcanti and Gualtieri to general principal
torus bundles and show that a principal torus bundle E and its T-dual space E
are related by T-duality as isomorphic Courant algebroids.

Next, we generalize the above construction to Poisson-Lie T-duality, which
is a non-Abelian T-duality proposed by Kliméfk and Severa. For a Poisson-Lie
group G and its dual group G, Poisson-Lie T-duality relates a pair of o-models
with targets being principal G and G-bundles E and F , respectively. We then
show that Poisson-Lie T-duality can be viewed as an isomorphism relating £ and
E as isomorphic Courant algebroids.

We also investigate the non-geometric flux compactifications proposed by
Shelton, Taylor and Wecht. We show that the full gauge algebras arising from
a Scherk-Schwarz compactification correspond to a Courant algebra, and the
non-geometric fluxes proposed by Shelton, Taylor and Wecht correspond to the
fluxes arising from the global T-duality formulated by Bouwknegt, Hannabuss
and Mathai.
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Chapter 1

Introduction

1.1 Introduction

String theory is without doubt the most active research area in Mathematical
Physics at present. T-duality originally arises as a symmetry which relates type
ITA and type IIB string theories. Geometrically, T-duality arises from compact-
ifying a theory on a circle with radius R, and one can show that such a theory
describes the same physics as a theory compactified on a circle with radius 1/R.
While T-duality is a symmetry of String theory, it relates different String back-
grounds, i.e. classical solutions of the underlying low-energy effective theories.
Thus it can be used, for example, to construct new solutions to Einstein’s equa-
tions in General Relativity out of existing solutions.

In particular, T-duality relates String Theory on different backgrounds and
may be realized as a transformation between two-dimensional o-models [29]. A
two-dimensional o-model describes the world-sheet theory of a string propagating
on a target manifold F equipped with a Riemannian metric g;; and a locally
defined antisymmetric B-field b;;, with string background defined by F;; = g;; +
bij.

Locally the duality rules for T-duality with an Abelian isometry were con-
structed by Buscher [13] in 1987, and are known as the Buscher rules. To
obtain the Buscher rules, F is required to have an Abelian isometry group which
leaves the o-model invariant. The dual model can then be obtained by gauging
the isometry, with gauge fields being integrated out. Here, let us simply refer to
this type of construction as Abelian T-duality.

However, since the B-field is often only locally defined, it is of great interest

to obtain a global characterisation of T-duality in terms of some global objects.
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One such object is the NS — N .S background H-flux, which is locally given by the
exterior derivative of the B-field. Through examples in literature, it is argued
that T-duality leads to a topology change of the underlying manifold [4, 34].
Many open questions regarding T-duality in the presence of background fluxes
remain to be answered though. In order to understand the topology change under
T-duality, we follow a systematic method that has been developed to study the
global aspect of T-duality by Bouwknegt, Evslin and Mathai [6, 7].

In this construction, one considers a target space E that is a principal torus
bundle over a base manifold M. o-models are characterised topologically by
(M, F, H), where the H-flux on E is a closed, integral, 3-form H on F and can
be characterized by the four tuple (H sy, Hy, H(1y, H(o)), where H; is a vector
valued i-form on M. This method of characterising H € Q*(F) by forms on
the base manifold is referred to as “dimensional reduction”. F' is the curvature
2-form on M. In the case when E is a principal circle bundle, H;y and Hg)
vanish and the T-dual space turns out to be another principal circle bundle with
corresponding dual H-flux. Extending to the general principal torus bundle case,
in which case the H(;y and (or) H(g components can be non-vanishing, one arrives
at some interesting results involving topology change. As argued in [62], if one
considers a principal T"-bundle with H¢y # 0 and H = 0, then the T-dual
bundle surprisingly has noncommutative tori as fibres. Furthermore, if Hg) # 0
then the T-dual bundle has non-associative tori as fibres.

In order to analyse the above mentioned topology change in more detail, we
study T-duality in the framework provided by generalized geometry. General-
ized geometry, first introduced by Hitchin [38] in 2002 and further developed by
Gualtieri [32] and Cavalcanti [16], has emerged to provide a useful framework
for studying string compactifications and T-duality. Generalized geometry is a
geometry that doubles the original space, i.e. in generalized geometry, a vector
space V' is replaced by V & V*, here V* is its dual space. In particular the object
that we are interested in is the direct sum of the tangent and cotangent bundles
TE @ T*E. As first studied by Cavalcanti [16] and Gualtieri [33], considering
the case when F is a principal S'-bundle, there is a natural inner product and
an antisymmetric bracket structure called the Courant bracket satisfying certain
properties on (T'E & T*FE)g — the invariant sections of TE @ T*E — and making
(TE ®T*FE)g: into a Courant algebroid. They also showed that invariant struc-
tures on (TE @ T*E)s: can be transported to an invariant structure on its dual
space (TE & T*E) g1, where E is the dual principal S'*-bundle.

Thus, T-duality can be viewed as isomorphism between a pair of Courant
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algebroids:

(TE®T*E)in, (, )1, 1n)

We then extend Cavalcanti and Gualtieri’s result of principal circle bundles
to the general case — principal torus bundles — and generalist the Courant bracket
on the invariant sections of TF & T*E, where F is a principal torus bundle and
E is its dual space.

It it not apparent that the generalized Courant bracket in this case together
with the non-degenerate bilinear form makes the space of invariant sections of
TE & T*E a Courant algebroid. But once we redefine the generalized Courant
bracket in terms of the bracket on an object called proto-bialgebroid [55, 66],
then the space of invariant sections of TE @& T*FE is recognized as the double of
a proto-bialgebroid, as a result (T'E @ T*E);,, can be interpreted as a Courant
algebroid.

Any invariant structure on TFE ¢ T*E can be transported to an invariant
structure on T*E®TE , even when £ and E has different topology. Therefore we
use the setting of T-duality as an isomorphism between Courant algebroids and
show that the topology change for principal torus bundles with nonvanishing H )
and Hy agrees with the result previously obtained by Bouwknegt, Hannabuss
and Mathai [8, 9].

Since the Abelian T-duality described by the Buscher rules is so simple and
beautifully symmetric, a naive question to ask is whether the Buscher rules can
be extended to the case when the isometry is non-Abelian. With such a gener-
alization, T-duality can then be further applied to o-models with non-Abelian
isometry groups.

A first attempt to construct T-duality with non-Abelian isometry was formu-
lated by de la Ossa and Quevedo [20] in 1993. Inspired by Buscher’s technique,
they applied a T-duality transformation following Buscher’s procedure using non-
Abelian isometry groups. However it was soon realized by de la Ossa, Quevedo
and other authors [4, 20, 27] that non-Abelian T-duality in this formalism suf-
fered certain drawbacks, the most noticeable being that this technique is not
symmetric, i.e. one can not in general recover the original theory by repeating
the T-duality procedure.

In another attempt to construct non-Abelian T-duality, Klimcik and Severa

[49] abandoned the requirement of isometry as dualizability and proposed a gen-
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eralization of T-duality in 1995, which has come to be known as Poisson-Lie T-
duality. In this formalism of non-Abelian T-duality, instead of the requirement
of an isometry, the crucial concept of Drinfel’d double are required to construct
a pair of dual o-models.

Since in the Abelian case, we have set up a framework to study T-dual spaces
as isomorphic Courant algebroids, we are then attempted to set up a similar
framework for Poisson-Lie T-duality. For a pair of Poisson-Lie groups G and G,
Poisson-Lie T-duality relates a pair of dual o-models on targets £ and E being
principal G and G-bundles. Thus generalizing the Abelian case, TE @& T*E and
TE®T*FE can be viewed as isomorphic Courant algebroids related by Poisson-Lie
T-duality.

We also investigate the non-geometric flux compactification proposed by Shel-
ton, Taylor and Wecht [74]. In this formalism, they showed that performing T-
duality on H-flux in one direction yields a twisted torus compactification, which
is characterised by a ‘geometric fluxes’ f,,¢. While performing another T-duality
on a twisted torus in one direction yields a globally non-geometric space charac-
terized by a ‘non-geometric flux’ ¢® .. They further proposed that if one performs
T-duality once more in one direction, one obtains a non-geometric string back-

ground characterized by a non-geometric flux r%.

To be more precise, these
fluxes arise as the charges of algebras of the full T-duality invariant gauge al-
gebra from a Scherk-Schwarz compactification on the string background E. We
show that the full gauge algebra arising from a Scherk-Schwarz compactification
correspond to the Courant bracket on the invariant sections of the generalized
abe

tangent space TE @& T*E, and the charges f,,¢, ¢*°, and r% correspond to the
fluxes Flz), F(1) and Fg) which are the T-dual of H(y), H(1y and Hg).

1.2 Outline

This thesis is organized as follows.

In Chapter 2, we first review some basic concepts of Poisson geometry includ-
ing the concepts of Poisson-Lie groups and Drinfel’d doubles, which is crucial
to the study of Poisson-Lie T-duality. Then we introduce some algebraic ob-
jects such as Lie algebroids, Lie bialgebroids, Proto-bialgebroids and Courant
algebroids, which will be needed later.

In chapter 3 we review the basic construction of Abelian T-duality, i.e. the

Buscher rules. Followed by a review of a non-Abelian version of T-duality, the
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Poisson-Lie T-duality.

Chapter 4 reviews the basic ingredients of generalized geometry, in particular
we focus on the generalized tangent space — the direct sum of the tangent and
cotangent bundle TE @& T*E — with an interpretation of a Courant algebroid.

Then in Chapter 5, we move on to setting up a framework to study T-duality
using the framework of generalized geometry. We start by reviewing the global
T-duality followed by a generalization of such setting using the framework of gen-
eralized geometry. At the end of this chapter we analyse the generalize Courant
bracket in the principal torus bundle case and show that this bracket can be
rewritten as the derived bracket of a proto-bialgebroid, thus the generalized tan-
gent spaces of a principal torus bundle and its dual space are simply the double
of a proto-bialgebroid, or as one expect, a Courant algebroid. This chapter is a
joint work with Bouwknegt and Garretson.

In Chapter 6, we consider the non-Abelian version of T-duality — Poisson-Lie
T-duality — in the framework of generalized geometry. We begin by introducing
the Semenov-Tian-Shansky Poisson structure on a Poisson-Lie group G. We
then generalize the (Abelian) T-duality and establish an isomorphism of Courant
algebroids related by Poisson-Lie T-duality. This chapter is a joint work with
Bouwknegt.

The goal of Chapter 7 is to investigate the non-geometric flux compactification
and relate the non-geometric fluxes with the fluxes which appear in the global
T-duality using the language of Courant algebroid. This chapter is a joint work

with Bouwknegt and Garretson.
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Chapter 2

Poisson geometry and Lie

algebroid theory

2.1 Introduction and outline

As stated by Mackenzie [61], Poisson geometry has been developed over the years
from three principal sources.

Firstly, Poisson geometry provides a more natural and convenient framework
to study symplectic geometry. There is a canonical Poisson structure associated
with any symplectic manifold (M, w) such that the Poisson bracket makes C'*° (M)
into a real Lie algebra. Symplectic structures naturally give rise to non-degenerate
Poisson structures, and conversely the symplectic structure can be recovered from
the Poisson bracket.

Secondly, Poisson geometry can be viewed as a semi-classical limit of mod-
ern quantum geometry. In particular, a class of interesting Poisson manifolds
introduced by Drinfel’d called Poisson-Lie groups has emerged from the study of
Quantum Groups. On the other hand, the discovery of Poison-Lie groups pro-
vides a large class of degenerate Poisson structures which makes the theory of
Poisson geometry more interesting. Finally, Poisson geometry embodies a theory
dual to Lie algebra theory, and more generally, to Lie algebroid theory. In this
chapter we shall concentrate more on this observation, in particular the relation
between Poisson geometry and Lie algebroid theory.

The third source arises from the fact that poisson brackets on a manifold M
give a Lie algebra structure on the real vector space of smooth functions on M.
In the case where M is symplectic, the condition that the symplectic two-form

be closed is precisely what is needed for the Poisson bracket to satisfy the Jacobi
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identity. These structures are the famous Poisson-Lie structures. Poisson-Lie
structures can be considered as canonical Poisson structures living on the dual
space g* of a Lie algebra g. Thus one can view these manifolds with Poisson-
Lie structures as being dual to Lie algebras, and instead of the Lie algebras one
can work entirely with these Poisson-Lie structures. One can also interpret the
symplectic leaves of the Poisson-Lie structures as its coadjoint orbits, and the
symplectic forms on the orbits in such a case was obtained by Kirillov [46].

The importance of Lie algebroid theory in Poisson geometry is based on the
following observation. As an observation made by various authors (eg. [37]), it is
well-known that the Poisson bracket of one-forms on a Poisson manifold (M, )
makes the cotangent bundle T*M a Lie algebroid. The cotangent bundle 7™M
as a Lie algebroid, called the cotangent Lie algebroid of M, is both a tool in
understanding the Poisson geometry and an important source of examples of Lie
algebroids.

Furthermore, the cotangent Lie algebroid together with the tangent bundle
of a Poisson manifold (M, II) turns out to be a Lie bialgebroid (T'M,T*M), with
its double TM @ T* M being a Courant algebroid. This observation provides an
important link between Poisson geometry and Courant algebroid theory.

This chapter is organized as follows.

Section 2.2 reviews the basic concept of Poisson geometry, starting with ba-
sic definitions of a Poisson manifold. Then a special class of Poisson manifolds
called Poisson-Lie groups and their infinitesimal analogues, Lie bialgebras are in-
troduced in Section 2.2.2. Lie bialgebras can be constructed out of its double, the
Manin triples, which is reviewed in section 2.2.3. The concept of a Manin triple
is important in the construction of Poisson-Lie T-duality which will be discussed
in Chapter 3. In section 2.3, objects called Lie algebroids, Lie bialgebroids and
Courant algebroids are introduced. Section 2.3.4 gives an alternative definition
of Lie bialgebroid in terms of derived bracket due to Kosmann-Schwarzbach [56]
and Roytenberg [67]. At the end of this section, the concept of an object called
proto-bialgebroid is introduced. Since the double of a proto-bialgebroid gives rise
to a Courant algebroid, it provides interesting examples to construct Courant

algebroids which will play an important role in Chapter 5.
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2.2 Poisson geometry

A Poisson manifold is a smooth manifold with a Poisson bracket defined on its
function space. The classical Poisson bracket was first introduced by Poisson in
the early 19th century in his study of the equations of motion in celestial me-
chanics. In 1835, Hamilton [35] revolutionized mechanics and reformulated the
equation of motion using the Poisson brackets. Since then, Poisson brackets, or
more precisely non-degenerate Poisson brackets coming from a canonical sym-
plectic structure on a vector space, have attracted interests in Physics and have
been exploited since the 19th century.

Later in 1980, Lie [58] examined some degenerate Poisson brackets and they
turned out to be the famous Poisson-Lie structure on Poisson-Lie groups.

In the last few decades, the theory of Poisson geometry has undertaken
tremendous developments due to its close connection with many fields in math-
ematics. Many independent researchers came across to the notion of “general
Poisson manifolds”. Among them, Kirillov [45] developed the notion of local Lie
algebras which encompasses that of Poisson structure, while Lichnerowicz [57]
introduced a precise definition of a Poisson manifold. A substantial contribution
to establish local structure of a general Poisson manifold was made by Weinstein
[80] in 1980.

In the last 15 years, a large class of interesting Poisson manifolds have emerged
from the study of Quantum Group theory, these are Poisson-Lie groups. The
notion of Poisson-Lie groups was first introduced by Drinfel’d in the early 1980s
and studied by Semenov-Tian-Shansky, Kosmann-Schwarzbach, Weinstein, Lu
and many others [14, 23, 70, 80]. The study of Poisson-Lie groups provides a
large class of interesting nonlinear and degenerate Poisson brackets.

In this section we review the basic concepts of Poisson manifolds, Poisson-Lie
groups, their infinitesimal analogues, the Lie bialgebras, and Manin triples which

provide a rich source of examples for Lie bialgebras.

2.2.1 Poisson manifolds
Poisson structures

Definition 2.1. A Poisson structure on a smooth manifold M is an R-bilinear
Lie bracket {-,-} on C*°(M) called the Poisson bracket, which satisfies the

following conditions:

1. Antisymmetry, {f, g} = —{9g, f},
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2. Jacobi-identity, {f,{g,{h}} + cyclic =0,
3. Leibnitz identity, {f, gh} = {f, g}h + g{f, h}, where f,g,h € C*(M).

Remark 2.2. 1. The skew-symmetry property together with the Jacobi-identity
implies that the Poison bracket { , } is a Lie bracket on C*(M).

2. The Leibnitz identity implies that the Poisson bracket can be considered as
a derivation in each variable for the associative multiplication on C*°(M).
A vector field X; can be defined on M by

Xi(g) ={f, g},

and is called a Hamiltonian vector field.

3. The Jacobi-identity implies that the map f +— X is a homomorphism from
the Lie algebra C*°(M) of smooth functions under the Poisson bracket to

the Lie algebra of smooth vector fields under the Lie bracket, i.e.
[Xf7Xg] = X{f,g}'
One can define a bivector on M known as the Poisson bivector as follows.

Definition 2.3. The Poisson bivector is a map Il : T"M & T"M — M x R
corresponding to a 2-vector field IT : A2T*M — R defined by

(fdg, f'dg") = ff'{g,9'}.

Definition 2.4. The map II induces the sharp map 7* : T*M — TM on (M, II)
defined by
() (f) = wIl(f), «€T*M.

The sharp map 7 is a well-defined bundle map on T*M, with the following

properties:
(1) 7% is a bundle map on M, it induces a map on sections of T*M via
o D(T*M) — T(TM), a1l (2.2.1)

(2) On exact one-forms one has 7*(df) = X;. The Poisson two-tensor II can

be written in term of 7 as

11(df, dg) = (x*(df),dg) = {f, g9} = (X}, dg).
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Definition 2.5. The Schouten-Nijenhuis bracket [, |sn : T(APTM)XT(ATM) —
L(APT2=ITM) is the natural extension of Lie bracket to multi-vector fields. It is

defined explicitly as

(w, [X,Y]sn) = (1) VN d(1yw), X) = (d(1xw),Y) + (1) {dw, X AY),
(2.2.2)
for all X € T(APTM), Y € T(ATM) and w € QPH9=1(M).

Here is a sufficient condition for a skew-symmetric two-vector field to define

a Poisson structure:
Proposition 2.6. The Poisson two-tensor is required to satisfy
[IT, sy = 0, (2.2.3)

here [, |sn is the Schouten-Nijenhuis bracket on multi-vector fields defined by
(2.2.2).

Proof. Let w € Q*(M). While [II, gy € T'(A*TM), (2.2.2) gives rise to
(w, [II, T]sn) = —(d(inw), ) — {d(iqw), IT) + (dw, ITT A TI). (2.2.4)

Let w =df Adg A dh and {f, g} = (df A dg,II). Since d(df A dg A dh) = 0, the

above equation reduces to

(w, I Hgn) = —2(diqw, 1)
= —2(duy(df A dg A dR), TI)
= —2(d({g,h}df —{f,h}dg +{f, g}dh),1I)
= —2(d{g,h} Ndf —d{f,h} Ndg+d{f,g} Ndh,II)
= —2({g.h}. Y = {{f h}. g} +{{/f. 9}, h}) = 0. (2.2.5)
Therefore if IT is a Poisson structure then [II, IT]gy = 0. O

Note 1. Hence forth by abuse of notation, we will refer the Poisson bivector 11

as the Poisson structure.
Finally, let us define a particular set of functions on M.

Definition 2.7. A function f € C*°(M) is called a Casimir function if {f, g} =
0 for all g € C™(M).

Here are some examples of Poisson structures on a manifold M.
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Example 2.8. Every manifold admits the trivial Poisson structure {f, g} = 0,

in such a case the bundle map 7 = 0.

Example 2.9. At the opposite extreme to the trivial Poisson structure, (M, w)
is a symplectic manifold if it is equipped with a non-degenerate closed 2-form
w.

A Hamiltonian vector field Xy can be defined by w(Xy,-) = (—df,-), i.e. 1x,w =
—df. An antisymmetric bracket on C*°(M) is defined by {f, g} = w(Xy, X,) =
—w(Xy, Xy) = —{g. f}.

Then one can check that the bracket { , } satisfies the following properties and

is a Poisson bracket:

e {, } is bilinear:
{fl + f2:g} = W(Xf1+f27Xg) = w(anXg) + w<Xf27X9)> since Xf1+f2 =
Xfl + Xf2‘

e { , } satisfies the Jacobi-identity:
One can easily show that dw(Xy, X,, Xs) = 3Jac(f,g,h) = 0.

e {, } satisfies the Leibnitz identity:
{f:gh} = 1x,d(gh) = 1x,(9(dh)+(dg)h) = gix,(dh) +ux,(dg)h = g{f, h} +
{f,9}h.

Thus every symplectic structure gives rise to a Poisson structure.

Poisson manifolds

Definition 2.10. A smooth manifold M equipped with a Poisson structure IT is
a Poisson manifold, (M, II).

Here is an example of Poisson manifold [68]:

Example 2.11. There is a Poisson structure on R?® with Poisson bracket given
by

3
{X', X7} =) Xt (2.2.6)
k=1
where €% is the completely antisymmetric three tensor.

One can show that this Poisson structure (2.2.6) is a degenerate Poisson struc-
ture, since it is well-known that Darboux coordinates can never exist on a mani-

fold of odd dimension.
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It can be shown that in this example, Cy := Z§:1 X'X"is a Casimir function.

In this example, the Poisson structure can be restricted constantly on two-
spheres given by the choice of a constant value for Cs, and the restricted Poisson
structure turns out to be non-degenerate.

Generally speaking, any Poisson manifold with degenerate Poisson structure
foliates into a family of lower dimensional manifolds, which are often called the
symplectic leaves. Each symplectic leave is characterized by assigning a constant
value to the Casimir functions and is equipped with a non-degenerate Poisson
structure [68].

Poisson maps

Definition 2.12. Let (Mj,1I;) and (Ms,11;) be Poisson manifolds. A smooth

map f : My — M, is a Poisson map if

{uo fivo f} ={u,v}of, Yu,v € C°(Ms).
Similarly, a map f is called anti-Poisson if

{uo fivof} =—{u,v}of, Vu,v € C%(M,).

Example 2.13. Let M = R* with basis {z1, y1, 72,32} with a Poisson structure
given by
{zi,y;} = 65, otherwise 0. (2.2.7)
Let N = R? with basis {x;,y;} with a Poisson structure {zy,3,} = 1.
Consider a map ¢ : M — N which is defined by (1, y1, 2, y2) — (z1,y1). It

is obvious that ¢ is a Poisson map.

Local description

Let (M,II) be a Poisson manifold. In local coordinates (z1,...,x,) of M, the

Poisson tensor II is determined by the matrix
ILij(x) = {i, 2}

If I1;; is invertible at each z, then Il is called nondegenerate or symplectic.

When II is symplectic, the local matrices (w;;) = (—II;;)~" defines a global
two-form w € Q?(P) and w is called the Symplectic form on M. With w a
symplectic form, the Jacobi identity is equivalent to dw = 0 as we have seen
previously in Example (2.9).

Here are some example of Poisson structures:
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Example 2.14 (Constant Poisson structure). Let M = R™ and II,; be constant.
By a change of coordinates, we can choose coordinates (qq, ..., qk; P1y- - -, Dk; €1, - - -
,e;) on M, with 2k + [ = n. The splitting theorem [80] states that the Poisson

structure is given by

k
0
g apl + = Z 901] —ej, (,DU(O) = 0. (228)

ij=1

When [ = 0, the Poisson structure is then symplectic and II can be defined as

0 0
H:;a%/\api'

The Poisson bracket { , } can be expressed as

oy =YL 20 - 2120,

follows

0q; Op; Op; 0g;

We can recognize this as the original Poisson bracket in classical mechanics. Orig-
inally only non-degenerate Poisson structures are employed in classical mechan-
ics. However in the 1970s, many physical models arising from mechanical systems
with symmetry groups or constraints were discovered to have degenerate Poisson
brackets (eg. [21]).

Example 2.15 (Poisson-Lie structure). Let g be a finite-dimensional real Lie
algebra with Lie bracket | , ], and g* be the dual algebra. The tangent space of
g* at any point can be identified canonically with g* itself, so df of any smooth
function f on g* is a map d : g* — (g*)* = g, and we can define a Poisson

structure on g as

{f1, 23(&) = ([(dfr)e, (df2)e), §), V€ € g, (2.2.9)

Note that if we take {T,} as a basis of g and {T°} a basis of g*, g has a Lie
bracket [T, T3] = f,,“Te. If one chooses fi = T% and f, = T?, then by (2.2.9) we
have

{1, T"T) = {[T0, To), T) = ([ “Tes T) = fus (2.2.10)
since T,(T%) = 60 thus
{1, T = f,,°T.. (2.2.11)
Therefore IT = f,,°T, AT}, is a Poisson tensor on g*.

As a result, the dual space of a Lie algebra is always equipped with a canonical

Poisson structure called the Poisson-Lie structure.
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2.2.2 Poisson-Lie groups and Lie bialgebras

A Poisson-Lie group is a Lie group and a Poisson manifold, the two structures

being compatible as follows.

Definition 2.16. A Poisson-Lie group (G,1I) is a Lie group G equipped with
a Poisson structure Il on the manifold G, such that the multiplication map g :
G x G — G (u(g1,92) = g192) is a Poisson map.

Equivalently, IT is a Poisson-Lie structure on G if II satisfies the equation:

where L, : h — gh and R, : h — hg.

Example 2.17. Any Lie group G with the trivial Poisson structure II = 0 is a

Poisson-Lie group.

Example 2.18. A finite dimensional real Lie algebra g with a Poisson structure
defined in example (2.15) is a Poisson-Lie group when g is regarded as an Abelian

Lie group under addition.

Now, let us turn our attention to the infinitesimal analogues of Poisson-Lie

groups, the Lie bialgebras.

Definition 2.19. A Lie bialgebra is a vector space g together with a Lie bracket
[, ]:A%’g — g and a Lie cobracket § : g — g ® g satisfying

(a) g together with [, ] is a Lie algebra,

(b) g* together with [, ], = §* : A%g* — g* is a Lie algebra.

(

¢) A compatibility condition between |, | and ¢ is satisfied:
Oz, y] = (ad, ® 1 + 1 ® ad,)d(y) — (ad, ® 1 + 1 @ ad,)d(z), (2.2.13)

for all z,y € g. The adjoint representation ad, on g is given by the commutator
relation
adyy = [z,y], =,y € g. (2.2.14)

Examples 2.20. (1) Any Lie algebra with 6 = 0 is a Lie bialgebra.
(2) Let g be an Abelian Lie bialgebra. For 0* satisfies the Jacobi-identity, the

cobracket ¢ gives g a Lie bialgebra structure.

There is a direct correspondence between Poisson-Lie groups and Lie bialge-

bras.
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Theorem 2.21 (Drinfel’d [23]). Let G be a Lie group with Lie algebra g. If G
18 a Poisson-Lie group, then g has a natural Lie bialgebra structure called the
tangent Lie bialgebra of G.

Conversely, if G is connected and simply connected and its Lie algebra g is a
Lie bialgebra, then there is a unique Poisson structure on G which makes G into

a Poisson-Lie group.

Proof. Let &,& € g* and fi, fo € C°(G) such that (df;)|. = &, there is a
canonical Lie algebra structure on g*

61, &) = (d{f1, f2})e (2.2.15)
such that ¢ and the Lie bracket on g satisfy the compatibility condition (2.2.13),

thus the Lie algebra of a Poisson-Lie group has a natural Lie bialgebra structure.
For the converse, consider a Poisson-Lie group (G, IT) with Lie algebra (g, ¢),
then (g%, [-,]+) is a Lie bialgebra. It integrates to an unique connected, simply

connected Poisson-Lie group G. We will refer G as the dual Poisson-Lie group
of G. O

2.2.3 Drinfel’d doubles and Manin triples

In this section we introduce the double of a Lie bialgebra, the Manin triple. The
definition of Manin triple conceals the fact that for a given Lie bialgebra (g, g*), g
and g* play a symmetric role. Manin triples also provide a rich source of examples
for Lie bialgebras.

Let D be a Lie group with Lie algebra D. Now we define a symmetric,

nondegenerate bilinear form ( , ) on D, that is also ad-invariant, i.e.
adq (b, c) = ([a,b],c) + (b, [a,c]) =0, Va,b,ceD. (2.2.16)

Definition 2.22. g is isotropic if for all z,y € g, (z,y) = 0. Maximally
isotropic means that the space cannot be enlarged while preserving the property

of isotropy.

Definition 2.23. Let D be a Lie group with Lie algebra D. A Manin triple is
a triple of Lie algebras (D, g, g_) together with an ad-invariant, non-degenerate
bilinear form (-, -) on D, such that
(i) g+ and g_ are subalgebras of D,
(ii) D = g4+ @ g— as vector spaces,
(iii) g+ and g_ are maximally isotropic with respect to (-, -).

The pair (g,,g_) is called a Drinfel’d double.
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Remark 2.24. g, and g_ are maximally isotropic with respect to ( , ) implies
that

(1) gy =g", g-=g.
(2) dim(g4) = dim(g-).

It follows from the next theorem that a Manin triple gives rise to Lie bialge-

bras, and conversely the double of a Lie bialgebra is a Drinfel’d double:

Theorem 2.25. (1) Suppose (g,94,9_) is a Manin triple, and let [ , | : A’g — g
be a Lie bracket on g, and | , |+ and [, |- are the restriction of [ , | on N*g,

and N*g_ respectively. If one defines the dual operations

0r:(9-)" =g+ — Aoy, 0-:(94)" =9- — Ng-, (2.2.17)

then (g4,0+) and (g—,9_) are Lie bialgebras.
(2) Let (g,0) define a Lie bialgebra. One can define a bracket [ , | and a
bilinear form (, ) on g ® g* by

(z+&y+n) = &(y) +n(x)

[z +&y+n = [r,y] +adn —ady§ +[€,n] +adiy — adyz, (2.2.18)

where ,y € g and £,n € g*.
g @ g* with the above defined | ,] and (, ) is a Manin triple.

Proof. The coadjoint representation on g* is given by

(adpy,§) = (y, —ad§), zyegeg (2.2.19)
Thus the cocycle condition of a Lie bialgebra (2.2.13) can be rewritten as
(0([z, 9]), € @n) = {(ad, @ 1 +1 @ ad,)d(y) — (ady ® 1 +1® ady)d(x),§ © n)
= —(0(y), ad; (&) @ n + § @ adyn) + (0(x), ad,(§) © 1+ § @ adyn)

= (y, [ad;&,n] + [§, adyn]) — (z, [ad,&, n] + €, adyn])
= (adyy, ady§) — (adgy, adyn) — {ad;z, ad,§) + (adgz, adyn). (2.2.20)

The invariance of the bilinear form implies
€, 7] = adix — ad¢, (2.2.21)
and

<[€>'T]777> = <5: [l’,?]D = _<ad;€>77>7 <[f,l‘],y> = <5: [Z’,y]> = _<ad;€7y>'
(2.2.22)
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Let us rewrite (0([z,y]),£ ®@n) as

(6([z,9]), ¢ @mn) = ([z,y],[&n), = ye€g,{neEg . (2.2.23)

Then

Oz, yl, € @m) = ([, 4], [§, 1) = —(x, [y, [§,m]])

= —(&, [0, [y, ]l + [§, [n,9]])  (by Jacobi — identity)

= (x, [n, ady§ — adyy] + [§, adyy — adyn))

= (adyy, ad,&) — (adfy, adyn) — (adyx, ad;€) + (adix, ad;n) (2.2.24)

which agrees with (2.2.20).
The bracket in (2.2.18) simply follows from (2.2.21). O

One can choose a basis in each subalgebra T, € g, To € g* such that

(T, Ty) = (T°,T") =0
(T,, T% = &°. (2.2.25)

The ad-invariance of the bilinear form (-, -) given by (2.2.16) implies that the
brackets on the Drinfel’d double D is given by

[Taa Tb] = fabCT(n

[Ta’ Tb] _ fabcj%c’

[T, T = f.,°T¢ + f*T., (2.2.26)
where f,, ¢ and f“bc are the structure constants of g and g*, respectively.

It follows from the Jacobi-identity on the Drinfel’d double that the structure

constants are constrained to satisfy
fabedee = faecfedb + faedfceb - fbdcfEda - fbedfcea' (2227)

Example 2.26 (Abelian double). Let D = U(1)” x U(1)", and denote the gen-
erators of the Lie algebras of U(1)" and U(1)" by {T,},{T%}, for a = 1,--- ,n,

respectively. In this case all brackets vanish
[T, Ty) = [T, T%) = [T,,, T*] = 0.

Thus D is a Drinfel’d double.
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Example 2.27 (0O(2,2) double). Consider the Lie algebra sl(2,R) with genera-

tors H, F,, E_ and commutators
[H,E.]=+2E., [E,,E_]=H, (2.2.28)
equipped with the non-degenerate, symmetric, invariant bilinear form
(Ey,E_)=1, (H,H)=2. (2.2.29)

There exists a Drinfel’d double D called the O(2,2) double such that its Lie
algebra D is the direct sum of two copies of si(2,R)

D =sl(2,R) @ sl(2,R) (2.2.30)
with the following bilinear form

(w1, 22), (Y1, 92)) = (21, 91) — (@2, 92),  (21,41), (T2, 92) € D. (2.2.31)

D can be decomposed into a pair of maximally isotropic subalgebras (si(2,R), b2)
such that si(2,R) is generated by

1
Tv=g(HH), Ty=(E. B, Ty=(E. E.) (2.2.32)

and 02 has generators
. 1 . -
T = 5(H, —H), T*=(0,—-E_.), T°=(E,,0). (2.2.33)

These two sets of generators satisfy (2.2.25) and (2.2.26), therefore the pair
(sl(2,R),b2) is a Drinfel’d double.

2.3 Lie algebroid and Courant algebroid theory

For a general Poisson manifold (M, II), it was noticed by Weinstein, Mackenzie
and Liu [61] that the concept of a Lie algebroid captures more closely the inherent
nature of a Poisson manifold than that of a Lie bialgebra. A Poisson structure
on M induces a Lie algebroid structure on the cotangent bundle 7 M, thus both
TM and T*M have Lie algebroid structures and one can extend the notion of Lie
bialgebra to Lie bialgebroid in the sense of Mackenzie and Xu [83].

In the previous section, we noted that Lie bialgebras can be defined in terms

of Manin triples. It is then natural to ask if the notion of Manin triples can be
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extended to Lie bialgebroids. This extension of the theory of Manin triples to Lie
bialgebroids is constructed by Liu, Weinstein and Wu [59].

For a Lie bialgebroid (A, A*) over M, there is a natural Courant algebroid
structure on the double of the Lie bialgebroid, which is analogous to the Drinfel’d
double of a Lie bialgebra when M is a point. And conversely, for a pair of
complementary isotropic subbundles (A, A*) of a Courant algebroid E, closed
under the bracket structure defined on a Courant algebroid, there is a natural
Lie bialgebroid structure on (A, A*) such that its double is isomorphic to FE.
Therefore the theory of Manin triples of Lie algebras extends to Lie algebroids.

In this section we review the definitions of a Lie algebroid, a Lie bialgebroid,
a Courant algebroid and an exact Courant algebroid, and we also review an
alternative construction of a Lie bialgebroid using the definition of a derived
bracket constructed by Kosmann-Schwarzbach [56] and Roytenberg [67]. At the
end of this section, we introduce an object called the proto-bialgebroid which is

a “quasi”’-version of Lie bialgebroids [56].

2.3.1 Lie algebroids and Lie bialgebroids

In this section we review the notion of a Lie algebroid and a Lie bialgebroid,

which are important for the construction of Courant algebroids.

Definition 2.28. A Lie algebroid (A, M, p,|-,-]) is a vector bundle A over a
manifold M together with an anchor map p : A — T'M and a Lie bracket |-, |4
on I'(A) satisfying the following conditions:

(1) p[X,Y]a = [pX, pY].

(2) [X, Y4 = FIX,Y]a+ (o) )Y,

where X, Y € I'(A) and f € C>®(M).

Example 2.29. Any vector bundle with zero anchor map and Lie bracket is a
Lie algebroid.

Example 2.30. A Lie algebra regarded as a vector bundle over a point is a Lie

algebroid.

Example 2.31. The tangent bundle T'M of a manifold M with the usual Lie
bracket of vector fields and p the identity map is a Lie algebroid.

Example 2.32 (Cotangent Lie algebroid). Let (M, II) be a Poisson manifold,
and 7* : T*M — TM be the bundle map defined by (3, m%a) = II(«, 8) for all

differential one-forms o and (3. For every Poisson manifold M there exists a Lie
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algebroid structure on T*M, with anchor p = 7* and the associated bracket on
[(T*M) being the Koszul bracket of differential forms defined by

[Oé,ﬁ]n = ﬁwu(a)ﬁ — £7ru(6)05 — d(H(Oz, ﬁ)) (231)

Here the Koszul bracket has the following properties:
(1) It is a Lie bracket [, |i satisfying

[df7 dg]H = d{f7 g}a vfag € COO(P)a

where {-, -} is the Poisson bracket of functions defined by II.
(2) It satisfies

[, f Bl = flev, Bl + (x*(a) f)B, Vo, 5 € QY(P), f € C%(P),

(3) The bundle map 7* is a Lie algebra homomorphism:

[7* (), 7(8)] = 7|, Bn. (2.3.2)

And the associated differential on I'(A*T'M) is defined by dyp = [I1, -]sn, here the

bracket [, |sn is the Schouten bracket of multi-vector fields.

The Lie algebroid in the previous example is called a cotangent Lie alge-
broid, it provides an important link between Poisson geometry and Lie algebroid

theory.

Definition 2.33. Let (A, M, p, [, ]) and the dual bundle (A*, M, p,, |, ]«) both
be vector bundles equipped with Lie algebroid structures. A Lie bialgebroid
is a dual pair (A, A*) such that the differential d. on I'(A®*A) coming from the
structure on A* is a derivation of the bracket [, | on I'(A), i.e. if for all X|Y €
I'(A), the following condition is satisfied:

d.[X,Y] = [d.X, Y]+ [X,d.Y]. (2.3.3)

Remark 2.34. The condition (2.3.3) is equivalent to having the differential d on
['(A®A*) dual to d, with respect to the natural pairing (-,-) on A and A*, such
that d is a derivation of the bracket [, |. on I'(A*), i.e.

d[p, ). = do, ). + [, ).

for all ¢, ¢ € T'(A*).
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Example 2.35. A Lie bialgebra (g, g*) regarded as a pair of vector bundles over

a point is a Lie bialgebroid.

Example 2.36. Let (M, IT) be a Poisson manifold, one can verify that (T'M,T*M)
is a Lie bialgebroid, where the Lie algebroid (TM, [, |, p,d) is equipped with the
standard Lie bracket [, ], identity anchor map p = id, and the differential d on
[(AT*M) is given by the de Rham differential d. While (T*M, [, |m, p« = 7%, dny)

is a Lie algebroid with the structures as given by example 2.32.

Not only does a Poisson structure induce a Lie algebroid structure on the
cotangent bundle T*M of a Poisson manifold M, a Lie algebroid structure also
induces a Poisson structure on its base manifold, by the following lemmas.

Let (A, A*) be a Lie bialgebroid over a Poisson manifold M with Lie algebroid
structures (A, [, |,p,d) and (A%, ], i, p«, dy), then [53]

Lemma 2.37. for all f,g € C*(M),

Lemma 2.38. The bracket on C*(M) defined by

{f.9} = (df,d.g) (2.3.5)

1s a Poisson structure on M.

2.3.2 Courant algebroids

The Courant bracket was first introduced by Courant and Weinstein [18, 19] as
an extension of the Lie bracket of vector fields on T'M to sections of T'"M & T* M.

In order to extend the theory of Manin triples from Lie bialgebras to Lie bial-
gebroids, Liu, Weinstein and Xu [59] axiomatized the properties of the Courant
bracket to those of a Courant algebroid. Under this construction, the double of a
Lie bialgebroid carries a Courant algebroid structure, and conversely a Courant
algebroid gives rise to a Lie bialgebroid. Thus a Courant algebroid can be natu-
rally constructed from a given Lie bialgebroid.

It was also realized that an exact Courant algebroid provides the natural
setting to study generalized complex structures in generalized geometry.

The following definition of Courant algebroids is due to Kosmann-Schwarzbach
[55]:
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Definition 2.39. A Courant algebroid C = (F,M,o,p) is a vector bundle
E — M equipped with a nondegenerate symmetric bilinear form (, ), a Dorfmann
bracket o on I'(E) which is an R-linear map satisfying the Jacobi-identity,

Ao(Bo(C)=(AoB)oC+Bo(Ao(C), A B,Cel(F), (2.3.6)

a bundle map p : F — TM called the anchor satisfying the following conditions
for all A,B,C € I'(E):

(1)  p(A)B,C)=(A,BoC+ CoB),
(2)  p(A)B,C)=(AoB,C)+(B,Ac(C). (2.3.7)

The Dorfmann bracket in a Courant algebroid C is not skew-symmetric. The
skew symmetrization of the Dorfmann bracket of C is known as the Courant
bracket .
5(AeB—BoA). (2.3.8)
Two main theorems for Lie bialgebroids in [59] show that a Courant algebroid

[[Aa B]] =

can be constructed from a Lie bialgebroid and conversely a Courant algebroid

gives rise to a Lie bialgebroid.

Theorem 2.40. Let (A, A*) be a Lie bialgebroid. Both A and A* are Lie alge-
broids over the base manifold M , with anchor maps p and p,, respectively. (A, A*)
15 equipped with two natural nondegenerate bilinear forms, one symmetric and one

antisymmetric

(T + &1, 0 + o) = &1 (2) £ &), (2.3.9)
and a Courant bracket on I'(A & A*)

1
ﬂel, 62]] = ([131,.752] + ﬁzlm - 622]31 - §d*<61, 62>_>

+([€1, €a)s 4 Lo &0 — Loy + %d(el, es)_), (2.3.10)
where e; = x1+E&1, €9 = o+, 11,19 € ['(A), &1, & € T'(AY) and Li = 1ed,+de.
There is an anchor map pg : A® A* — T M defined by pp = p + ps, i.e.

pe(x+&) =plx)+p§), Vrel(A),{el'(A4A"). (2.3.11)
Then E = A@® A* together with ([ , |, pe,(, )+) is a Courant algebroid.
Conversely, we have

Theorem 2.41. In a Courant algebroid (E, p, |-, -], (-,-)), suppose that Ly and Lo
are Dirac subbundles transversal to each other, i.e., E = L; ® Ly. Then (Lq, Lo)

15 a Lie bialgebroid, where Lo is considered as the dual bundle of L, under the

pairing { , ).
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2.3.3 Exact Courant algebroids

Definition 2.42. A Courant algebroid F over M is an exact Courant alge-

broid if the following sequence
0-TMZELTM -0 (2.3.12)
is exact. Here p is the anchor map of E.

Definition 2.43. A connection on E is a map A : T'M — F such that it is an
isotropic splitting - it splits the anchor map p, i.e. po A = idrys, and is isotropic,
ie. for x,y e I'(T'M), (A(z), A(y)) = 0.

Remark 2.44. The space of connections is an affine space under Q?(FE). Let
w € Q%(E) be a two-form. If one adds w to the original connection, one sees that
A+w:z— A(x) 4 1w is also a connection — the new connection splits p and is

isotropic.

One defines the curvature of the connection A as the antisymmetric map
F:TM xTM — E given by

Flz,y) = [Ax), Ay)] — Allz.y). (2.3.13)

The curvature 3-form H for the connection A is defined by H(z,y,z) =
1. F(x,y). Here 1, acts on I'(E) via the natural pairing ( , ) on E, that is,
1, F(x,y) = (z, F(z,y)). Thus the curvature 3-form is given by

H(z,y,z) = (A(z) o A(y), A(2)) (2.3.14)
and H is closed.
Proof. The closedness of H follows from the Jacobi-identity
Jac(A(x), A(y), A(z)) = —10y2.dH, (2.3.15)
ie. dH = 0. 0

Thus given an exact Courant algebroid E with an isotropic splitting A, such a
splitting is characterized by a curvature 3-form H given by (2.3.14). The splitting
A give rises to the bundle isomorphism A+p* : TM &T*M — FE, and one can use
such a bundle map to transport the Courant algebroid structures onto T'"M &T* M.
The Courant algebroid structure on T'M & T* M has a natural pairing as before:

@+ &y +m) = 5(E) + (o)) (2316)
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for x + & y+n e I(TM @ T*M). While the Courant bracket on TM @& T*M
is twisted by the curvature 3-form H, i.e. it is equipped with the H-twisted
Courant bracket on TM & T*M:

[z+&y+np=]z+E&y+n]+ ey H (2.3.17)

Therefore an exact Courant algebroid F equipped with a natural pairing and
a Courant bracket is equivalent to T'M & T* M equipped with the same natural
pairing and a twisted Courant bracket. The notion of a generalized tangent space
TM & T*M will be discussed in Chapter 4.

If one chooses an isotropic splitting (a connection A) of the exact sequence,
ie. E = TM ® T*M, one can add to A a 2-form b € Q*(M) to obtain a
new connection. Adding b changes H to H + db. Thus an H-twisted Courant
algebroid (T'M & T*M)y is isomorphic to an H' = H + db-twisted Courant
algebroid (T'M & T*M )+, with the isomorphic map (x,&) — (z,§ + 1,b). So we

have the following lemma:
Lemma 2.45. An exact Courant algebroid E is characterized by [H) € H?(M,R).

This classification of exact Courant algebroids is due to Severa [72] and [H]

is often referred to as the Severa class or characteristic class.

2.3.4 An alternative definition of a Lie bialgebroid

There is an elegant way to define a Lie bialgebroid using the concept of a de-
rived bracket in the sense of Kosmann-Schwarzbach [55] (originally introduced
by Roytenberg [67].) This construction of a Lie bialgebroid provides a convenient
setting to extend the notion of a Lie bialgebroid to a proto-bialgebroid defined
by Kosmann-Schwarzbach [56].

In this section we start by introducing the derived brackets, then the general
construction of a Lie bialgebroid using derived brackets. At the end of this section

we introduce an object called proto-bialgebroid.

Derived bracket

Definition 2.46. If (V,[,], D) is a graded Lie algebra over R with degree n and
a derivation D, the derived bracket of [ , | by D is a bilinear map [, |p :
V ®V — V defined by

la,b]p = (—1)" "1+ Da, b], (2.3.18)
for a,b e V.
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Properties of the derived bracket:
(1) The derived bracket satisfies the graded Jacobi-identity

[a, [0, ] p]p = [[a, b]p, c]p + (=1) " HHEDEHED[ [a, ] p]p. (2.3.19)
(2) With the graded Leibnitz rule
Dla,blp = [Da,b]p + (—1)l“*F" [a, Db|p. (2.3.20)
The graded Leibnitz rule can also be expressed as
[a,b]p = [a, Db] + (—1)"*1*1D[a, 1), (2.3.21)
Va,b,ce V.

Definition 2.47. An interior derivation D by an element d € V is a map D :

a v [d,a] for a € V, where d is an element of square 0 in (V. [, ]).

Theorem 2.48 (Kosmann-Schwarzbach[55]). Let D be the interior derivation of
(V,[, ]) by an element d € V, with |d| the degree of d and n the degree of the
bracket. If |d| + n is odd and [d,d] = 0, then the derived bracket is

[a,b]q = [[d, al, b], (2.3.22)
fora,beV.

Remark 2.49. For example, the Cartan formulae [£,,,] = 5, can be rewritten

as
Uzy] = [d, 2], Zy]a

As a result, the Lie bracket of vector fields is a derived bracket.

Interpreting a Lie bialgebroid using the derived bracket

This approach defines Lie algebroids in terms of functions on the supermanifolds
and is developed by Vaintrob [76], Roytenberg [66, 67] and Kosmann-Schwarzbach
[55].

Let A be a vector bundle over M. Equivalently, a Lie algebroid structure can
be defined in three ways:

Firstly, recall in Section 2.3.1 that a Lie algebroid structure on A is given by
a Lie algebra structure [, | on I'A and an anchor map p satisfying the axioms
in Definition 2.28. Or equivalently the Lie algebroid structure is given by a
derivation d on I'(A*).
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Alternatively, one can view I'(A*) as the algebra of funcitons on the super-
manifold ITA, where II denotes the change of parity functors applied to each
fibre.

Let 2° be local coordinates on M, {e,} be a local basis of I'(A) and (%, y%) be
the local coordinates on A. The anchor p and the Lie bracket on A is given by

; 9,
plea) = Au(2) 5,
[€q, €] = fup e (2.3.23)

Let (2%, %) be the local coordinates on ITA, then the homological vector field

d 4 has the local expression

~a AT a 1 coa~ a
dA =Y Aa(x)% + §fab Yy ybagc' (2324)

One can also view a Lie algebroid structure on A as follows [55, 66, 67]:

Definition 2.50. A Lie algebroid structure on A is a degree three function y on

the supermanifold 7T*(ITA*). u is required to satisfy

{n, n} =0, (2.3.25)
where { , } is the canonical Poisson bracket of 7% (ITA*).

Let (2%, &) be the local coordinates on ILA* dual to (2%, §%), and (2°, &, xF,£)

ySar i

be the associated coordinates on T*(ILA*), then locally p is defined by

p = T ALE 5 (D)EEE (23.26)

Since T*(ITA*) is Z*-graded, we assign bi-degree (0,1) to variables %, (1,0)
to variables £, and (1,1) to variables z* and x}. The degree of a function on
T*(ITA*) with bi-degree (p,q) is p + q.

The canonical Poisson structure on C*°(T*IIA) is defined as follows and has

the following properties:

1. The bracket is uniquely determined by the relations:

{29, 2" = {a;, a3} = (€, &} = {¢", "} =0,
{z},2"} = {&, "} = o, (2.3.27)

2. The Poisson bracket is skew symmetric:

{eg, 65} = —(=1){ey, €1}, (2.3.28)

where e; and ey are degree k and degree [ functions on T*ITA*, respectively.
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3. For e a degree k function on T*IIA, the bracket is a derivation of degree
k—2,ie.
{e,erea} = {e, e1}en + (—1)F2e {e, s} (2.3.29)

4. And the bracket { , } satisfies a graded Jacobi-identity:

{e, {eg,e3}} = {{e1, ea}, €3} + (1) ey, {e1,e3}}, (2.3.30)

where eq, e, e3 are degree k, [, m functions on T*IIA, respectively.

Definition 2.51. A Lie algebroid structure on A is the supermanifold IIA to-
gether with a homological vector field of degree 1, i.e. a derivation d4 on I'(A®*A*)

increasing degree by 1 and satisfying d4 = 0.

The Lie algebroid brackets can be defined in terms of the Poisson bracket on
T*(ILA*) by [56]:

Theorem 2.52. A Lie algebroid bracket [, |4 on A is given by the derived bracket
[z, yla = {z, 1} y}t,  zy € CF(AT) =T(A°A), (2.3.31)
while the anchor is given by

pa(x)f = {{z,p}, f}, xeC®(MA"), f e C®(M). (2.3.32)
A Lie bialgebroid (A, A*) can be defined as follows:

Definition 2.53. A Lie bialgebroid (A, A*) is a pair of Lie algebroids in dual-
ity. The Lie algebroids (A, [, ]a,pa) and (A*,[, |a,,pa,) have Lie algebroid
structures correspond to functions g and vy on the same supermanifold 7*(ITA),
respectively. The Lie bialgebroid condition (2.3.3) is equivalent to placing the

following condition on structures p and ~

{u+vyp+v}=0. (2.3.33)

The Lie bialgebroid (A, A*) has the associated differential d4 and d4« on
[(A*A*) and T'(A®A) given by

da={p,-}, da={7,-}, (2.3.34)

which satisfy
d4 = d4. = 0. (2.3.35)
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Proto bialgebroid

The notion of a Lie bialgebroid discussed previously in this section can be gener-
alized to a proto-bialgebroid [55, 67].

Definition 2.54. A Proto-bialgebroid (A, A*) is a supermanifold 7*ITA with
a quadruple (u, 7, ¢, 1) such that u, v, ¢ and ¢ are bi-degree (1,2), (2,1), (3,0)
and (0, 3) functions on T*IIA* satisfying

{6,6} =0, (2.3.36)

where 0 =+ v+ ¢ + 1.
In local coordinates on T*IIA, these structures are given by [67]

po= EALT - S e,

1= ARG - i GG

1 * * %k
o = gwabc(w)fa&,fc,
1

Q/} = 6¢abc(x)§a£b£c- (2337)

On a proto-bialgebroid (A, A*), we have the following structures:

e Lie algebroid brackets [, |4 and [, |4~ are given by
['7 .]A = {{7 M+ w}u '}7
[Jas ={{ v+ e} ) (2.3.38)

e Anchor maps p4 and pa- given by

pA(CU)(f) = {{ZL‘, :u}v f} = A;(m)é)@f,
pa-(O)(f) = &), £} = A% (2)aif, (2.3.39)

where x € I'(A) and £ € T'(A*).
e Quasi-differentials d4 and d- on I'(A®*A*) and ['(A®A) respectively,
da={p,-}, da-={v}, (2.3.40)
satisfying

(da)? 4 {da-b,-} =0, (da)* + {dagp,-} = 0. (2.3.41)
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Recall that the condition for the structures (u,7,,¢) to define a proto-
bialgebroid (A, A*) is that it obeys the structure equation (2.3.36). Splitting the
degree 3-function 6 = 1+ v+ + ¢ into components according to the bi-grading,

the above condition is equivalent to a set of five conditions:

(Y} + {0} =0,
{7} +{e, 0} =0,

s+ e} =0, (2.3.42)
{n, v} =0,
L {7 ¢} =0.

Proposition 2.55. The double of a proto-bialgebroid A & A* is a Courant alge-
broid, with the Dorfmann bracket defined by the derived bracket

(z+&o(y+n) ={{zr+0}y+n}, (2.3.43)

where x,y € T'(A) and §,n € T'(A*). And the anchor map p is given by

plz+(f) = pa(@)(f) + pa-(E)(f) = {{z + £ 0}, f1, (2.3.44)
where f € C*(M).

Proof. We need to check the properties (2.3.7) for A @& A* to define a Courant
algebroid. For simplicity, let us identify A, B, C' € T'(A® A*) with their images in
C>°(T*I1A). We will also use the Jacobi-identity (2.3.30) of the Poisson bracket
{, } of C=(T*I1A).

We first prove property (1) of (2.3.7). In terms of functions on C*°(T*I1A)

and the canonical Poisson bracket, this property can be rewrite as

{{4,0},{B,C}} ={A,{{B, 0}, C}} + {A{{C, 0}, B}}

RHS = {AAB{6,C}}} +{A,{C{0,B}}} +{A,{0,{B,C}}}
+HA,{0,{C, B}}}
= {4, {{B,0},C}} +{4,{{C, 0}, B}}
= {4, {{B,0},C}} +{A,{C.{6, B}}} +{A,{,0,{C, B}}}
={{A4,0},{B,C}} = LHS. (2.3.45)

Property (2) of (2.3.7) can similarly be written as

{{4,0},{B,C}} = {4,0}, B}, C} +{B, {{A4,6},C}}.
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RHS = {{A,0},{B,C}} —{B,{{4,0},C}} +{B,{{A,6},C}}
= {{4,06}{B,C}} =LHS. (2.3.46)

]
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Chapter 3

Abelian T-duality and
Poisson-Lie T-duality

3.1 Introduction and outline

T-duality in string theory plays an important role as it relates String theory
on different backgrounds and can be realized as a transformation between two-
dimensional o-models [29]. A two-dimensional o-model describes the world-sheet
theory of a string propagating on a target manifold M equipped with a Rieman-
nian metric g;; and an antisymmetric B-field b;;, with string background defined
by Ei; = ¢ij + byj.

The rules for T-duality with an Abelian isometry were first constructed by
Buscher [13] in 1987, and these rules are known as the Buscher rules. To
obtain the Buscher rules, M is required to have some Abelian isometry group
which leaves the o-model invariant. The dual model can then be obtained by
gauging the isometry, with gauge fields being integrated out. Here, let us simply
refer to this type of construction as Abelian T-duality.

Since the Buscher rules are so simple and beautifully symmetric, a naive
question to ask is whether the Buscher rules can be extended to the case when
the isometry is non-Abelian.

A first attempt to construct a version of T-duality with respect to a non-
Abelian isometry was done by de la Ossa and Quevedo [20] in 1993. Inspired by
Buscher’s technique, they applied a T-duality transformation following Buscher’s
procedure using non-Abelian isometry groups. However it was soon realized by
de la Ossa, Quevedo and other authors [4, 20, 27] that non-Abelian T-duality

in this formalism suffered certain drawbacks, the most noticeable being that this
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technique is not symmetric, i.e. one does not in general recover the original theory
by repeating the T-duality procedure.

In another attempt to construct non-Abelian T-duality, Kliméik and Severa
[49] abandoned the requirement of isometry as dualizability and proposed a gen-
eralization of T-duality in 1995, which has come to be known as the Poisson-Lie
T-duality. In this formalism of non-Abelian T-duality, the requirement of an
isometry is replaced by the Poisson-Lie condition, which places a restriction on the
backgrounds of a dual pair of o-models. The Poisson-Lie condition is necessary
for the existence of the dual worldsheet. Also the relevant structure underlying
non-Abelian T-duality is a Drinfel’d double. With a given Drinfel’d double, a
dual pair of o-models with backgrounds satisfying the Poisson-Lie condition can
be constructed.

The structure of this chapter is organized as follows. Section 3.2 gives a brief
account of the basic concept of Abelian T-duality, i.e. the Buscher rules. In
section 3.3, we review the construction of Poisson-Lie T-duality due to Klimcik
and Severa [47, 49].

3.2 Abelian T-duality

3.2.1 T-duality with a U(1)" isometry

In string theory, a string propagates in d-dimensional space-time E sweeping out
a two-dimensional worldsheet with coordinates z and z, and the action of such a

string is described by the two-dimensional o-model action:

Definition 3.1. The two-dimensional oc-model action is described by a met-
ric g;; and a locally defined two-form b;; on the d-dimensional target manifold £

with the following action
S = 1 /sz(g-- + b;;)02' 017 = L /dng--(x)(?asi@xj (3.2.1)
2 R 2 “ ’ o

here 2%,i = 1,...,d denote target space coordinates and dx' (resp. Oz') are

derivatives with respect to the world-sheet coordinates z (resp. Z).

Roughly speaking, this action integrates over the two-dimensional world-sheet
of a string.
Starting with a o-model action (3.2.1) with a U(1)" isometry, let us choose

coordinates {z'} = {z%, z*},a =1,...,n, p =n+1,...,d, such that the isometry
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acts by translation of . The string background E;; can be decomposed as

E(l E[ll/
E; = b , (3.2.2)
Ew E.

and the o-model action becomes
S = % / d*2(Ey0x" 02" + E,,01" 02" + Eubé?:c’“‘éxb + Euyax“gx”). (3.2.3)
To obtain the dual theory, let us first gauge the U(1)™ isometry z% +— x% + €*
by replacing
Or* +— Dz = 0% + A®,  Ox" +— Dz = 0z + A, (3.2.4)

where A% are connection one forms on M.

Adding a Lagrangian multiplier term

1
2

d*z 3*(0A* — 0A") (3.2.5)

we then end up with a o-model action

™

+ T(0A* — 0A"Y)]. (3.2.6)

1 _ _ _ _
SR 7 /dQZ[Eabeanb + (Eu,)Da"0x" + (E,p)02" Da’ + (E,,)0z" 0x"

This action has a gauge symmetry
2% = 2% 4 €%, A% AY— 0e", A% — A — 0, (3.2.7)

Integrating out the Lagrange multipliers 2 requires the field strength F¢ =
0A® — 0A® to vanish, which imposes pure gauge conditions on A% and A?, i.e.
A* = 9z, A* = 93,

To retrieve the original o-model action, we gauge fix S by either choosing
2% =0 or 2% = 0. On the other hand, to obtain the dual o-model we integrate
out the gauge fields A and A% and the resulting o-model action with the dual
metric and B-fields is given in terms of the dual coordinates (2%, z#). It follows
that the dual string background Eij is related to the original string background

Ez] via:

Theorem 3.2. The T-duality transformation rules of the metric g and the B-field

b with a U(1)"™ isometry are given by a set of rules called the Buscher rules:

Eab = (E_l)aba Eal/ = (E_l)abEbV?
Eup=—E(E™),, By = Eu — EuW(E™N)™E,, (3.2.8)
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As an example, let us consider the n = 1 case, when a two-dimensional o-
model has an Abelian isometry corresponding to a compact U(1) group.

One can now choose coordinates {x'} = {z° x#} such that the isometry acts
by translation of the coordinate 2° = 6. In this case the metric g and B-field
b are transformed to ¢ and b under the T-duality transformation given by the

Buscher rules:

~ 1 ~ 1 ~ b
g;w = Guw — 900 (guoguo - buObzxo) ) .5700 = 900’ guo = ﬁ? (3 9 9)
buu = b;w - gﬁ (gyobuo - g,LLObZ/O) ) buO = ELS-

Q

0

3.2.2 O(n,n) T-duality group

It turns out that the T-duality symmetry of R — 1/R when, generalized to
arbitrary n-dimensional toroidal compactifications, is generated by an element of
the T-duality group O(n,n;Z) [28, 73].

Consider string theory compactified on a n-torus.

Let T be an element of O(n,n;Z) defined by

T= ( Z Z ) : (3.2.10)

where a, b, ¢, d are n X n matrices.

Then T preserves the form

such that
TJT = J. (3.2.11)
In terms of (3.2.10) we have
ac+ca = 0
bd+db = 0
ad+cb = 1 (3.2.12)

The T-duality group acts on a string background E,, = gap + bap (a,b=1,...,n)
on the n-torus via
T(E) = (a(B) +b)(c(E) +d)~ (3.2.13)
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Example 3.3. Consider a particular element T' € O(d, d; Z) given by

0 I,
T = ( Lo > . (3.2.14)

The T-duality action of T on Ef = g + b gives us the dual string background E

on the n-torus as follows

A

T(Ew) = Eab = (B ab = Gab + bab, (3.2.15)

which is consistent with the Buscher rules given by Theorem 3.2. And it follows

that the dual metric and B-field transform as

(g —bg~'0)"
= (b—gb g (3.2.16)

o> ©»
|

In the case when n = 1, (3.2.16) reduces to goo = gy, - and obeys the Buscher
rules (3.2.9) for T-duality with U(1)-isometry, i.e. this is the standard R — 1/R
duality.

3.3 Poisson-Lie T-duality

This section is organized as follows. In Section 3.3.1 we review the Poisson-Lie
condition which is necessary for the existence of a dual g-model. In Section
3.3.2 we show that one can solve the Poisson-Lie condition using the concept of
the Drinfel’d double. Section 3.3.3 gives three examples for different types of
Poisson-Lie T-duality.

3.3.1 The Poisson-Lie condition and Poisson-Lie symme-

try

Poisson-Lie T-duality is a generalization of the non-Abelian T-duality proposed
by Klimcik and Severa [49], which allows the duality to be performed on a target
space E without the requirement of an isometry.

However, the background does need to satisfy a certain condition which we
will refer to as the Poisson-Lie condition. The Poisson-Lie condition is essential
for the existence of a well-defined dual world-sheet.

Before going into Poisson-Lie T-duality, we need the concept of Noetherian

currents.
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Consider a o-model with a group G acting freely on its target manifold F

with v, (z) the left-invariant vector fields corresponding to the action of G on E.

Definition 3.4. Let G be a Lie group acting on a manifold E. A left invariant

vector field on G is a section v, of T'G such that
(Lg)svn = vgn, Vg e€G. (3.3.1)

where (L,) is the left translation given by (Ly)h = gh and (L,). is the induced
map on the tangent spaces, i.e. (Ly).: TG — T,G.

Definition 3.5. Noetherian currents J, are quantities corresponding to sym-
metries of the Lagrangian, which are defined by the variation of the o-model
action with respect to the free action of G on the target manifold E, and are

given by
0S8 = S(z + €"v,) — S(z) = /de“ A J, + /e“EUQ(L). (3.3.2)

where g € GG and ¢ is in the Lie algebra of G and L, is the Lie derivative with

respect to the left-invariant vector fields v,.

Now consider the 2-dimensional o-model described by a metric g;; on the
target manifold £ and a locally defined 2-form b;; on £ with the action given by
(3.2.1).

We can associate to the action of G on E the Noetherian current one forms

on the world-sheet:

Lemma 3.6. The Noether current 1-forms associated with the action of G on E
are given by

J, = vi(2) B0 dz — vl (7) E;027 dz. (3.3.3)
Proof. Using the variational principle, 45 is given by

(S) = S(x+€e",)—S(x)
= /szEijﬁ(xi + €"2)0(a? + €"vl) — /szEijaxi('?a:j

= /de“ A (v B0zl dz — o) B0’ dz) + /G“EUG(L)

_ / de® A J, + / L, (L). (3.3.4)
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Let us consider the following two cases:
Case I : If the action of G is an isometry, i.e. £, E =0, then [50]

0=469 = /de“ ANJ, —dJ=0, (3.3.5)

i.e. the Noether currents given by (3.3.3) are closed one forms on the world-sheets
of extremal strings.

Case II : If the action of G is not an isometry but a free action on E such
that 65 = 0, then it follows from (3.3.2) that on the extremal string surfaces we

have

Ly, (L) =—dJ,. (3.3.6)

Although these forms .J, are no longer closed, one simply requires that on the
extremal surfaces the forms .J, satisfy the Maurer-Cartan equation so they are

still integrable
1 -
dJ, = —§bean A e, (3.3.7)

where fa be are the structure constants of some Lie algebra § of a Lie group G.

Definition 3.7. If the Noether currents (3.3.3) with respect to the action of a
group G obey the condition (3.3.7) on the extremal surfaces, then such a o-model

is said to have G-Poisson-Lie symmetry with respect to the group G.

Proposition 3.8. The condition

Lo, (Eij) = [," 00 v B Ein (3.3.8)

on the string backgrounds is referred to as the Poisson-Lie condition. It is

the sufficient condition for a o-model to possess a Poisson-Lie dual.

Proof. 1t follows from (3.3.3) and (3.3.6) that (3.3.7) becomes

1 -
L, (L) = —§fbcanAJc

1 - o . _ .
= —§fbca(vg”Emj8xjd2 — vy B, 027 dz) A (V) Ep02'dZ — v By 0x'dz),
= f bcav}flv?Eijmdxidajj

= L, (E;j)dxz'dx?, (3.3.9)

thus L"va Ez‘j = becaUgnU?Eijin. ]
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When the string background satisfies the Poisson-Lie condition (3.3.8), then

following from (3.3.7) J, can be explicitly expressed as
T J, = —dgg~" (3.3.10)

or

§= Pexp/JaTa, (3.3.11)
ol

where § € G, T* are the generators of the Lie algebra § of G, and P means the
path-ordered exponential.
At this point a natural question to ask is, how is the group G related to G?
It turns out that the Poisson-Lie condition (3.3.8) requires a certain compat-

ibility condition on the structure constants of the Lie algebras of G and G.

Proposition 3.9. Let f ¢ be the structure constants of g, the Lie algebra of G.

The integrability condition on (3.3.8) requires the following constraint

~ackffae - faekffac - ~acffkae + ~aeff/lmc - feaaffka = 0. (3.3.12)

Proof. 1t follows from [v,, vs] = f,, Ve that L, satisfies the following relation
['Cvaa 'Cv;,] = fabcﬁvc- (3313)

Using the above identity on E;; and substituting the Poisson-Lie condition (3.3.8)

into the above equation, we have

T Lo Eij = fu° ~€ch:1“gEijin
= [Ly,, Lo Eij = Lo, Lo Eij — Lo, Lo, Eij
= Lo (I EmjEin) — Lo, (f00 0] EpjEin)
= (Y e Nt = Ffoe = oy VO B B
(4T, = P P T vy By B Ein
+(f0dbffga — ffgadeb)vTUgv;fvéEknEmjEz’l
= ~Cdbfac6 +fe b afd - deafbce - fefafbfd)U?UgEijim

therefore we obtain the following constraint:

chbface + ]Ze \ afd - fcdafbce . fefafbfd . fNedCfabc —0. (3314>



3.3 Poisson-Lie T-duality 41

It is obvious that the relation (3.3.12) is the standard relation which is obeyed
by the structure constants of a Lie bialgebra, i.e. this is exactly the relation
(2.2.27). Therefore the pair (g, g) forms a Drinfel’d double.

Condition (3.3.12) is manifestly dual, i.e. the condition (3.3.12) is invariant
with respect to the exchange of structure constants f « f.

This suggests that there exists an equivalent dual o-model where the roles of g
and g are exchanged. The following Poisson-Lie condition is required for the dual

o-model:

A

‘Cf)a (EZ]) = fﬁcﬁgnﬁgEszAjn (3315)

That is, there exists a dual o-model on a target manifold E with G acting freely
on E.

To see that this o-model is dual to the o-model with string background E
satisfying (3.3.8), it follows from the fact that the dual Noetherian form for G
acting freely on E can be organized in the g*-valued form J = J,7° and the
whole procedure can be repeated to retrieve the original ¢ model on F.

Both the target manifold £ and its dual manifold E are embedded into an
extended manifold E which has a natural structure of a fibre bundle over base
manifold M = E/G = E/G with the fibre being the Drinfel'd double.

As a result, dual o-models are naturally constructed using Drinfel’d
doubles.

As a conclusion, for a pair of Lie groups (G, é) whose Lie algebras constitute a
Drinfel’d double, every o-model such that a group G acts freely on its target space
and its action is Poisson-Lie symmetric with respect to G has a dual counterpart,
such that G acts freely on the dual target space E and its action is Poisson-Lie

symmetric with respect to G.

3.3.2 Solutions to the Poisson-Lie condition

In this section we consider the case when G acts on the target F not only freely
but also transitively, i.e. the target manifold can be identified with the group
manifold. In this case solutions of (3.3.8) and (3.3.15) can be solved using the
concept of the Drinfel’d double.

First, the action (3.2.1) can be rewritten in terms of group elements g € G
S = /d2zwf a(g)wloz' 0’ (3.3.16)

where widz’ = (g7'0g)* and widx® = (¢g~10g)* are the left-invariant one-forms,
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and
Euw(g) = w,Eij(g)w], (3.3.17)

where E;;(g) is the string background given by (3.2.1).

Now, let D be a Drinfel’d double containing the groups G and G with Lie
algebra double D. D can be decomposed as g & g, where g is the Lie algebra of
G and § is the Lie algebra of G.

Let us choose a basis {T,, 7%} of D such that {7,} are the generators of g
while {7} are the generators of §, where {T,} and {T°} are dual with respect

to the nondegenerate bilinear form (, ) on D.

Lemma 3.10. The adjoint representation of G on D can be written in terms of

the matrices a(g), c(g), d(g) defined as the coefficients in the expansion

9 ' Tug=al9) Ty, g 'T" = c(g)™Ty + d(g)",T". (3.3.18)

Proof. Since (g, §) is a Drinfel'd double, T, and T* follow relations (2.2.26) can
be chosen to satisfy the orthogonality conditions (2.2.25) with respect to a non-

degenerate bilinear form on D, invariant under the adjoint action of D, i.e.
(Ad,V, AdW) = IVI"HLIWITY =(V,W), V,W eD,leD. (3.3.19)

Then using (3.3.18) and g € G, the orthogonality conditions give rise to the

following constraints

c(g)d(9)" = —d(g)c(g)". (3.3.20)

According to (3.3.20), a(g), ¢(g) and d(g) satisfy the conditions (3.2.12) when one
puts a = a(g) =0, c=c(g) and d = d(g), in other words, Ad, is an element of

Next, we will follow a procedure cleverly constructed by Kliméik and P. Severa
[47] such that E.(g) is found by translating a general g independent reference
field E'(e) from the identity e € G to the point g € G by left action of G on itself.
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Let R, be an n-dimensional subspace of the 2n-dimensional D and R_ be its
orthogonal complement such that R. span the whole algebra D. R. are precisely

the graph of an arbitrary matrix E(e) in D:
R, = Span{(t+ E(e)(t, ).t € §}, R. = Span{(t—E(e)(~1)).t € §}. (3.3.21)

Consider the Lagrangian L and L corresponding to the Drinfel’d double (G, é’)

as follows.

Lemma 3.12. The Lagrangians L and L satisfying (3.3.8) and (3.3.15) can be
deduced from an equation of motion on the Drinfel’d double. Let | : 3% — D such
that

(DI Ry = (0D, R_) = 0. (3.3.22)
According to Drinfel’d, any arbitrary element of D can be decomposed as the
product of elements g € G and h € G, i.e.

l=gh=gh, g¢g,heG,ghed. (3.3.23)

This decomposition is generally not unique. However, according to Drinfel’d [22],
there exists the unique decomposition in the vicinity of the unit element of D as
the product of elements from G and G.

Any two decompositions give rise to a pair of equivalent o-models. The possi-
bility to decompose a Drinfel’d double into two (or more) Manin triples enables
one to construct two (or more than two) equivalent o-models on G and G (or
equivalently on others groups too) from the decompositions. This property is called
Poisson-Lie T-plurality [77].

So there is a dual pair of o-models on D and the string backgrounds Eq(g)
and Eab(g) are defined by R+ via

g 'R.g = Span(T, + E,(g)T?), (3.3.24)
g 'R-g = Span(T, — E(9)T"),
and
G'R.g = Span(T°+ E®(§)Ty), (3.3.25)
GIR_g = Span(T° — E*(§)Tp).
(

Proof. Inserting (3.3.24) into (3.3.22) and imposing conditions (3.3.22), it follows
that

—(035 " )a = Ewlg)(g~'09)" = Al(g)
939 e = —Ewl(9)(g7'09)" = A, (9). (3.3.26)
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Eliminating g, we arrive at the following set of equations
DA, (9) — 0AT — [, A, (9)Al (9) =0, (3.3.27)

where the fa b¢ are the structure constants of the Lie algebra g.

It can then be checked that the the above set of equations (3.3.27) are the
field equations of the o-model action (3.3.16).

Similarly, the field equations of the dual o-model action can be obtained by
eliminating g following the above arguments. Thus we conclude that the o-model

Lagrangian L and the dual Lagrangian L can be deduced from (3.3.22). [

Proposition 3.13. The o-model background E.(g) can be written conveniently

as

Eaw(g) = ([alg) + E(e)c(9)] 1) o Eeale)d(g)?, (3.3.28)

Proof. Starting with g = e the identity element
R-‘r = Span(Ta + Eab(e)Tb)a

the explicit dependence of E,;, on g is given by the matrices of the adjoint repre-

sentation of D and is given by

g 'Rig = Span{g (T, + Eu(e)T")g}
= Span[(a(g),° + Euw(e)c(9)®)T. + Eu(e)d(g)’,T¢]. (3.3.29)

Comparing (3.3.24) and (3.3.29) the matrix E(g) is given by

Ea(g) = (lalg) + E(e)c(9)]™)a Ecale)d(g)", (3.3.30)

Alternatively, E,;(g) can be defined equivalently as follows.

Proposition 3.14. Let I1%(g) be defined by

11*(g) = c(9)™(alg) ™)., (3.3.31)

then up to a similarity transformation, E.(g) can be expressed as

Eu(g) = (E(e)" +T1(9)] us (3.3.32)
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Proof. Starting with (3.3.29), the matrix E(g) given by (3.3.30) can be rewritten

g 'R.g = Span[(a(g),’ + Ew(e)c(9)*)T. + Ew(e)d(g)?.T¢. (3.3.33)

Consider a basis transformation of {T},} of g and {1} of g* via
T.— (a(9),)) 'y T (d(g)%)'T", (3.3.34)
then (3.3.33) becomes

g 'Rig = Span[(I+ Eu(e)c(9)"(alg).") ) Tu+ Ea(e)T"]
= Span(T, + Eu(g)T"), (3.3.35)

thus up to a similarity transformation, £(g) can be expressed as
E(g) = [E(e) ™ +clg)a(g) ] = [Ele) " + T 7. (3.3.36)
O

Remark 3.15. As we will show in Section 6.2, T1%(g) = c(g)*(a(g)™1). is a

c

natural Poisson structure on G.

The dual background E,, is found by transporting é € G to any hed@ by the
action of G on itself.
Following the previous construction for the dual o-model with target G, we

have the following result:

Theorem 3.16. The matrices a(§),&(§) and d(§) are defined in a similar way to
(3.10)

g = a(g)% T TG = G’ + d(§), Ty, (3.3.37)
with the dual background found to be
E(g) = d(g)" (@) ([a(g) + &@) E@)] ). (3.3.38)

Equivalently, in terms of the dual Poisson structure g (3) = &(§)*(a(g)™")20,

the dual background can be written as
E®(g) = ([E@) " +TI(g)] ). (3.3.39)

The following lemma relates the original o-model and the dual o-model:
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Lemma 3.17. At the origin of the group, the matrices E(e) and E(¢) are related
by

~ A

E(e)E(é) = E(é)E(e) =1 (3.3.40)
Proof. R. = R, is the crucial choice. Thus

R, = Span{T, + E(e)abTb}
= Ry = Span{T® + E(¢)®T;} = Span{T, + (E(&) ™ )"}, (3.3.41)

therefore E(e)w = (E(E)a) " O

That is, the Poisson-Lie T-duality is a generalization of the standard Abelian
T-duality, i.e. the R — 1/R symmetry. An example for Abelian T-duality is

constructed in Section 3.3.3.

3.3.3 Classification of Poisson-Lie T-duality

Poisson Lie T-duality can be classified by the following types of underlying Drin-
feld doubles:

1. Abelian doubles, which correspond to standard Abelian T-duality.

2. Semi-Abelian doubles, which correspond to the non-Abelian T-duality be-
tween a G-isometric o-model with the target manifold being the group G,
and a o-model on G viewed as the Abelian group. This is non-Abelian
T-duality in the sense of de la Ossa and Quevedo [20].

3. Non-Abelian doubles which correspond to non-trivial Poisson-Lie T-duality
where none of the o-models of the dual pair is isometric with respect to the

action of the group.

Poisson-Lie T-duality with Abelian double

In the Abelian double case, let us take the Drinfel’d double D = U(1)™ x U(1)™.

Starting with a o-model with a free G = U(1)™ action on the target manifold
E, we choose coordinates y* (i = 1,...,n) for the orbits of U(1)" on E. The
matrix of the o-model, Ej;, has both types of indices corresponding to y* and

g € U(1)", and the Lagrangian can be decomposed as

L = EY)0y"0y" + E(y,9)u0y" (g 0g)"
+ E(Y,9)a(97109)"0y" + E(y, 9)as(97'09)* (g 09)".  (3.3.42)
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Or in matrix form, let us write

— E<y)lw E(Z/?.g),ub
E(y,9)i ( E(y.9)n E(y,g)ab>' (3.3.43)

The dependence of E;; on g is fixed by the Poisson-Lie condition (3.3.8) and is
given by (3.3.28), i.e.

Ea(y, ) = (alg) + E(e)e(9)) . E(e)ead(9)",

hence it follows that the o-model matrix F (3.3.43) is given by

I, 0 o o \] I, 0
E(y,9) = [( 0 alg) ) + E(y,e) ( 0 o) ) E(y,e) ( 0 dig) ) ,
(3.3.44)

where e is the unit element of G, and a(g), ¢(g) and d(g) are the matrices given
by (3.3.18). Since U(1)™ is Abelian, thus

a(g) =d(g) = Id,, c(g)=0. (3.3.45)

Comparing (3.3.43) and (3.3.44), we have made the choice E(y,e) = E(y,g) in
the adaptive coordinate (y, g).

The dual model E is defined similarly with the choice of coordinates (y,q)
and the dependence of E on g is given by (3.3.38), i.e.

L Id, 0 o 0 0 Id, 0 L
E(y,g)z( 0 J(g))E(y’e)Ko a(g)>+< 0 E(g))E(y,e)

According to Section 3.2.2, E(y,é) can be chosen as

-1

A

E(y,¢)

(5 2o () ((3 2o (5 2))

I, 0 0 0 0 0 L o)\
[ oo (2 N (02 Yo (5 1)
_ < Euy — Euo(E™1)Ey, —E#G(E__l)ab ) ’ (3.3.47)

(E_1), Ep, E,™

where we have chosen a =d =0, and b =c =1,.
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Since the dual group is G = U(1)", the matrices a, ¢ and d are given by
a(g) = d(g) = Id,, &(g)=0. (3.3.48)

The dual model E(y, §) follows from (3.3.46), (3.3.47) and (3.3.48) is thus

E(y,§) = B = Bpa BB —Bu( B ) (3.3.49)
7 (Efl)abEbl/ Eabil

This is exactly the Buscher rules with a U(1)™ isometry (3.2.8), as given previously
in Section 3.2.1.

Poisson-Lie T-duality with semi-Abelian double

Non-Abelian T-duality originally introduced by de la Ossa and Quevedo [20] is
a special case of Poisson-Lie T-duality, such that the double corresponding to a
Poisson-Lie symmetry is the so called semi-Abelian double.

Semi-Abelian doubles correspond to non-Abelian T-duality between a G-
isometric o-model with a G-target and a non-isometric o-model with the target
G which can be considered as an Abelian Lie group.

In this case the double D is simply the cotangent bundle T*G which is the
semi-direct product of the non-Abelian group G and the Abelian group U(1)",
where n = dim(G), i.e. D =G x U(1)™.

Example 3.18. [36] Let {7}, a = 1,2 be the generators for the Lie algebra of
the Abelian group G = U(1)%. And let {T}, T3} be a basis of G such that

(11, To] = 1o, (3.3.50)

then the mix-algebra relation is given by

Ty, 7% = —T?%, |[1,,T% =T\ (3.3.51)
e. (G, @) is a Drinfel’d double.
Now let (6, ¢) and (8, ¢) be group coordinates of G = U(1)? and G, respec-
tively.

Computing the matrices a(g), ¢(g) and d(g) of (3.3.18) we have

B 1 0 (00 (1 pe?
a(9)—<_(p 69), C(g)—(o 0)’ d(g)—<0 o0 ) (3.3.52)
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and similarly, a(§), é(§) and d(§) are given by

a@):(; ?) e(g)—(g 8) g<g>—<; ?) (3353)

Let us choose the constant matrix F(e) and E(¢) as follows

E@):(i z> E(é):(

such that E(e) and E(¢) satisfy the relation E(e)E(e) = E(é)E(e) = Id.
Then the string backgrounds E(6, ¢) and E(0, @) are given by

N
<

) : (3.3.54)

~g1
[S4!

B.g) = L [ el eterty) e —efytpr
RCORT. wy —efu+ePox ez ’
. 1—¢) —¢i
E0,¢) = —— . (3355
(0,9) 1—|—<pu+g02v:c—goy—<p2uy< oI 1—|—<ﬁﬁ> ( )

Poisson-Lie T-duality with non-Abelian double

The following example is an example of Poisson-Lie T-duality with a non-Abelian

double, which was first worked out explicitly in [48].

Example 3.19 (Borelian double). The simplest non-Abelian double is the D =
GL(2,R) group with Lie algebra D = ¢l(2,R) and is called the Borelian double.
The Borel group G with Lie algebras g has the basis

10 0 1
T, = L Ty = : 3.3.56
1 (00) 2 (OO) 3350

while the dual group G with algebra § has the following basis

T1:(00>, T2=<0 O). (3.3.57)
0 1 -1 0

There is a symmetric bilinear pairing ( , ) on D defined by
(x,y) = Det(x +vy), =z,y€D. (3.3.58)

It is obvious that (T,,Ty) = (T*, 1% = 0 and (T,,7% = 6. One can also

show that ( , ) is ad-invariant, i.e. it satisfies

<[$,y],2> - <y7 [J?,ZD =0.
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Thus both sets of generators span a Borel subalgebra of the algebra D = ¢l(2, R)
and D is a Drinfel’d double. And an easy computation shows that the commu-
tation relations is of the mixed type satisfying (2.2.26).

Now consider a pair of o-models in duality with targets being G and G,
respectively.

The elements g € G have a parametrization

_eXQ
9=\o 1)

Then according to Eqn. (3.3.18), we find the matrices a(g), ¢(g) and d(g) to be

1 e ™0 0 —e X0 1 0
a(g) ( 0 e ) . c(9) ( 0 oxg? ) , d(g) ( 0 )
(3.3.59)
Let us define the o-model matrix F(e) at the unit element of G by

Ele) = ( vy ) . (3.3.60)

u v

Substituting (3.3.59) and (3.3.60) into (3.3.28), the string background E,(g) is
given by

E(9)=A< Pt y) 0 Xy O — 1)~ )

(u—0v(l+ ) + Quy) e?Xy

> . (3.3.61)

where A = (14 0(y — u) + 6*(vzr — uy))~".
Similarly the element of G as the group manifold of the dual o-model with

Lie algebra g given by (3.3.57) can be parameterized as

9= ( ! 00 ) : (3.3.62)
o e

Then computing a(§), é(§) and d(§) accordingly, we find

a(§)=(é e:”>, é3) = (0 _iaf>, ci(g):(l 0{,>,
e p e %p —p e
(3.3.63)

where the inverse dual o-model matrix F (e) at the unit element is

E(e) = ( vy >_ . (3.3.64)

u v
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Then the dual string background E(§) can be obtained by substituting (3.3.63)
and (3.3.64) into (3.3.38):

: | <v+p<u+y>+p2 —e0<y+p<x—1>>>,

F(qg) =
(9) prrvr+plu—y)—uy \ —e’(u+ p+ px) e x

(3.3.65)
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Chapter 4

Generalized geometry

4.1 Introduction and outline

Generalized geometry was first introduced by Hitchin [38] as a form of construct-
ing differential geometry with a background B-field. Then the notion of general-
ized geometry was further developed by Cavalcanti and Gualtieri [16, 32] in their
thesis.

Generalized geometry is a geometry on T'M @ T M, the direct sum of tangent
and cotangent bundles of a manifold M. Generally speaking, one would like to
view T'M @ T*M as a Courant algebroid over M.

Generalized geometry was first introduced as a generalized structure which
unifies symplectic and complex structures. It was soon noticed by physicists that
generalized geometry applies naturally to mirror symmetry [25, 30, 34].

As suggested by Gualtieri and Cavalcanti [16, 33], generalized geometry pro-
vides a natural geometry to study T-duality. They showed that global T-duality
introduced by Bouwknegt, Evslin and Mathai [6] behaves naturally in the con-
text of generalized geometry for the case of principal circle bundles. And since
generalized geometry doubles the original geometry, it can also be related to the
the double geometry of T-folds [40].

This chapter is organized as follows. In Section 4.2 we introduce natural
operations on the generalized tangent space TM @ T*M. Section 4.3 reviews
the definition of Clifford algebra on the generalized tangent space, followed by
an introduction to a generalized Cartan system on T'M & T*M in Section 4.4.
In Section 4.5, the Courant bracket is viewed as an extension of the Lie bracket.
Section 4.6 introduces the concept of a Dirac structure and maximal isotropic

subspaces. In the last section, we introduce the generalized metric, which is a
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generalized version of a Riemannian metrics on "M & T* M.

4.2 Natural operations

Let M be a smooth manifold of dimension n. T'M &T™* M has a natural symmetric

non-degenerate bilinear form defined by

(X+&Y +n) = %(lyﬁ +1x7) (4.2.1)

where X, Y € I'(T'M), and &,n € I'(T*M).

This symmetric form has signature (n, n) and is invariant under the orthogonal
group O(n,n).

There are a certain special symmetries of TM @& T*M. To explore the various
orthogonal symmetries of TM @1 M, let us consider the special orthogonal group
SO(TM @ T*M) = SO(n,n) which preserves the non-degenerate, symmetric,
bilinear form ( , ). The Lie algebra of SO(T'M & T*M) is defined by

SO(TM@T*M) = {T|<T.’{1, %2>+<%1,T%2> = O,V:{hxg S TM@T*M} (422)

T:<A i ) (423)
B —A*

where A € End(TM), g : TM — T*M and B : T*M — TM, and B and 3
are both skew-symmetric. Thus B is a 2-form and acts on X € I'(T'M) via the

T can be decomposed as

interior product B(X) = 1xB. Similarly, § is a bivector and acts on a form

Ee(T*M) via (&) = 1.
A special case of T called the B-field transform can be obtained by expo-
nentiation; this is an orthogonal symmetry of TM & T*M given by

exp(B) = ( ; (1] ) , (4.2.4)

the B-field transform sends X + & — X + & +1xB, here X € I'(T'M) and
el (T*M).
[-transform is another important symmetry given by 3 € A*(TM), it is

exp(f) = ( (1) f > : (4.2.5)

the S-transform sends X + & — X + & + 0.

given by the element



4.2 Natural operations 55

Besides the non-degenerate bilinear form, there is a natural bracket operation
on smooth sections of TM & T*M, called the Courant bracket. The Courant
bracket was first introduced by Courant [18] to define a geometric structure called
a Dirac structure, which is used by Courant and Weinstein [19] to unify Poisson
geometry and presymplectic geometry by expressing each structure as a maximal
isotropic subbundle of TM & T*M.

Definition 4.1. The Courant bracket is defined on pairs (X,£) = X + & of
a vector field X and a one-form £ on a manifold M. Here X 4+ &Y +1n €
L(TM e T M):
1
I]X + f, Y + T]I] = [X, Y] + £XT] - £y£ - 5d(lx7] - ny), (426)

Note that the Courant bracket reduces to a Lie bracket on vector fields, i.e.
let p: TM & T*M — TM be the projection on T'M, then

p([X1, Xa]) = [p(X1), p(X2)], (4.2.7)

where X; e I'(TM & T*M).
The Courant bracket has the following properties [32]:

1. It does not in general satisfy the Jacobi-identity, but its Jacobiator
Jac(X1, X, X3) = [[X1, X2]), Xs] + [[X2, X3], X1] + [[X3, X1], X2],

can be expressed as the derivative of the Nijenhuis operator:
.. 1
Nl.](Aa B7 C) = g(([[%h xQ]]y :{3> + <[[:{2a %3]]7 xl) + <[[%37 %1]]a %2>)

through
JaC(%l,%Q,%g) = d(NlJ(%l,xQ,%g)) (428)

2. The Courant bracket satisfies a certain Leibnitz identity:

[X1, f2Xo] = f[X1, Xa] + (p(X1) )Xo — (X1, X2)df, (4.2.9)
where f € C*(M).

3. Let B be a smooth two-form which maps TM — T*M via the interior
product X — 1xB. Then for X + &Y +n € I'(TM & T*M), the B-field

transform

10
eBz(B 1):X—|—§r—>X+§+2XB
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satisfies
[e®(X +€),e(Y +n)] = "([X + &Y +1]) +1x2ydB.

i.e. the map ef is an automorphism of the Courant bracket if and only if
B is closed, i.e. dB = 0.
As the result, the Courant bracket has a non-trivial automorphism defined

by a closed 2-form B.

4. The Courant bracket can be “twisted” by a real, closed, 3-form H. That
is, define another bracket [ , |5 on sections of TM @ T*M:

[X+&Y +n]g = [[X +&Y +n] +wxwy H. (4.2.10)

[, ]& defines a Courant algebroid structure on T'@&T™ if and only if dH = 0.

The notion of Courant algebroid has been discussed in Section 2.3.2.

The (twisted) Courant bracket is the anti-symmetrization of a bracket called
the (twisted) Dorfmann bracket defined as follows:

Definition 4.2. The (twisted) Dorfmann bracket is a bracket on I'(T'M &
T*M) defined by

(X +&) oy (Y+n) =(X,Y]+ Lxn—1ydé +1x1yH). (4.2.11)
It is related to the (twisted) Courant bracket by
[(X+6,(V + )l = (X + € o (Y +m) —dX+EY +7).  (4212)
Properties of the (twisted) Dorfmann bracket are:

e The (twisted) Dorfmann bracket on T'M @& T M is not skew-symmetric, but

its skew-symmetrization gives the Courant bracket, i.e.

1
[[%1,%2]]1{ = 5(:{1 og X9 — Xo0p %1), X, € F(TM () T*M) (4.2.13)

e The (twisted) Dorfmann bracket satisfies the Jacobi-identity

:{1 oy (:{2 o) =3 :{3) = (%1 oy %2) oy .'fg + %2 o) =4 (%1 oy X3) (4214)
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4.3 Clifford algebra on T'M & T*M

Definition 4.3. The Clifford algebra CL(TM & T*M) is defined by the as-

signment X — v, with the relation
{7270 = 2(X1, X2), VXL, X e T(TM @ T°M). (4.3.1)

Proposition 4.4. The Clifford algebra has a natural representation on the exte-
rior algebra N*(T*M) given by the action of X = X +& € I'(TM & T*M) defined
by

xSl = 1xQ + N Q, (4.3.2)

where 2 € N*(T*M).

Proof. We can verify this by showing that

%{7X+§,7X+§}Q = Zx(le + 5 A Q) + § A (ZXg + § A Q)
(2x€)N2
= (X +{X+9Q, (4.3.3)

as required. O

4.4 Generalized Cartan system

First recall Cartan’s formulas with ingredients (1x,Lx,d, [, ]) as follows

[d,d] :0, [ZX,ly} =0 ,CX = [ZX,d], [ﬁX,Zy] = UX,Y]s [Ex,ﬁy] :ﬁ[Xy].
(4.4.1)
Here X,Y are vector fields on a manifold, 2y is the interior product with respect
to X, Ly is the Lie derivative with respect to X, d is the de Rham differential
and [, ] is the graded commutator of differential forms except on the right hand
side of the last two formulas, which denote the Lie brackets.
On TM@T*M, there is a differential system with ingredients (vx, Lx, dy,on)

in analogy with the Cartan system we have just recalled. These ingredients are

e X = (X,¢) € I'(TM & T*M), in analogy with vector fields in Cartan’s
system.
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e As defined in the previous section, vx = y(x,z) is the Clifford algebra on
TM®T*M, in analogy with 1x in Cartan’s system. Recall that when acting

on differential forms €2,

"}/(X’E) Q :ZXQ—F&/\Q.

e Ly in analogy with the Lie derivative Ly in Cartan’s system. Lz acts on

differential forms €2 via,

Lixe Q= LxQ+ (dE +uxH) A (4.4.2)

e dy is the twisted differential on differential forms, in analogy with the de
Rham differential d in Cartan’s system. dy = d + H acts on differential
forms by

dgQ=dQY+ H N Q. (4.4.3)

e oy in analogy with the Lie bracket in the Cartan’s system is the (twisted)

Dorfmann bracket defined previously by (4.2.11) in Section 4.2.
We then claim that

Proposition 4.5. In analogy with Cartan’s formulas (4.4.1), the algebraic struc-
ture of the differential graded algebra on T M @ T*M can be stated as follows

(1) [du,du] =0, (4.4.4)
(2) s y2] = 2(X1, %),
(3) [du, x| = Lx,
(4) [£2,79] = Vxon,
(5) [La, Lx,] = Layopr = Lz 2000
(6) [du, Lx] =0, (4.4.5)
where X,X1,Xo € (TM & T*M), |, | is the graded commutator of the graded

algebra on T'M & T*M .

Proof. (1) and (2) follow from the definitions.

(3)

A, 72| = (d4+HA)(exQ4+ENAQ) + (ax +EN)(d+ HNQ
= LxQ4 (d€+1xH)NQ = L.
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(4) Starting with LHS:

(L), 72, -
= Lx, (1x, + EN)Q+ (&1 +ox, H) A (1x, + &N)N
—1x (Lx, + (d& +1x, H) A Q) = & A (Lx, + (& + 1x, )N
= [Lx1, 1,2+ (Lx, 62 — 1x,dE1 — 1x,0x, H) A Q2
= 1, x0) 0+ (Lx, & — 1x,dEn + oxy0x, H) A Q= Yx0,2,0

ldy, Lx| = du(duyx +vxdu) — (davx + vxdp)dg = 0.

L, Lx,] = Lx[dm,vx,] — [da, vx,]Lx, (via (3))
= L (drvx, +v2.dn) — (dave, + vxdn)Lx,
= duLlx, V% + Lx,V0dn — duv,Lx, — v%Lxdy  (via (6))
= Yxopxdm + duYxionx, (via (4))
=Lxopx, (via (3)).
(4.4.6)

Also by (5) we have

1 1
E[x1,3€2]]1{ = 5(‘636101{%2 - £3€20H%1) = 5([‘6317 ‘Cffz] - [EXW ‘Cxl]) - Eilonz'

]

4.5 Courant bracket - extension of the Lie bracket

The Courant bracket can be viewed as a natural extension of the Lie bracket on
TM @ T*M in the following sense.
The Lie bracket satisfies the following identity when acting on a form Q [52]:

Z[Xl,XQ]Q = [ZX172X2]dQ + d[ZXI,ZXQ]dQ + 2ZX1d(ZXZQ) — 22X2d(2X19)- (451)

As observed by Gualtieri [32] (Lemma 4.24), the identity (4.5.1) for Lie bracket
can be generalized to the Courant bracket on T'M & T*M, acting on forms via
the Clifford action:

1 1
S 5[’Yx1,7x2]d9 + §d[23€1, Y| + 22, d(12,2) — 13, d (2, 2), (4.5.2)
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here X1,X, € I(TM @ T*M), and |, | is the graded commutator on the graded
algebra on T'M & T*M. This extension of the Lie bracket can be generalized to

the twisted Courant bracket as follows:

Proposition 4.6. In terms of the generalized Cartan system (vx =), L(x.z),du, [ |u),
the twisted Courant bracket gives a natural extension of the Lie bracket on T M @
T*M acting on forms via the Clifford action:

1 1
V%1, %] m Q = 5[73617’7/%2] ’ dHQ + §dH([7%17’73€2] : Q)
Y2 A (V- ) — vz - A (yx, - ). (4.5.3)

Proof. RHS. of (4.5.3) can first be rearranged as follows

1 1
RHS = —[vx,7%] da+ zdu([vx,, 7] - Q) + 72 - du(vx, - Q)

2 2
—Yx A (yx, - Q)

= %(%el Yy — Ve Yx)  deS) + %dH(%el RO E R VR PR E AR V)
Yz du (v, - ) — 2 - du(vx, - Q)

= 0m LeQ—n L@+ La 1m0~ Lo 1m0)

1 1
= 5[[’3617%62]9 — 5[5362,7361]9,

using Property (4) in Proposition 4.5 along with the definition (4.2.13) of the

Dorfmann bracket, it follows that

1 1
RHS. = §’YxloH3€29 - 5’73620113319
= '7[[351,X2HHQ
= LHS.

O

Imposing dg2 = d2 + H A (), the above relation can be expand and be

rewritten as
1
[%1, Xo] g = [ X1, Xo] + Lx,& — Lx,61 — éd(lxlfz —1x,81) +ixix, H,

where X; = (X, ;) and the above is simply the twisted Courant bracket (4.2.10).
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4.6 Dirac structure

The vector space T'M @&T*M can often be decomposed into a direct sum of other

spaces, for instance, maximally isotropic subspaces:

Definition 4.7. A subspace L € TM & T*M is isotropic if (X,Y) = 0 for all
X,Y € I'(L). If the dimension of L is maximal, i.e. dim(L) = dim(TM) then L

is called maximally isotropic.

If L and L' are two maximally isotropic subspace of TM & T*M such that
LN L =0, then the inner product defines an isomorphism L' = L*, and one can
alternatively split TM @ T*M =2 L & L.

Definition 4.8. A subspace L € I'(TM @ T*M) is called involutive if it is

closed with respect to the Courant bracket, i.e.
[[%1,:{2]] S F(L), V%l, X, € F(L) (461)

Definition 4.9. If a maximally isotropic subspace L € T'M & T*M is involutive,

which implies that L is integrable and in this case L is called a Dirac structure.

Proposition 4.10 ([32] Proposition 2.37). Let L be a mazimally isotropic sub-
bundle of TM & T*M, then L being involutive is equivalent to

J(X1,%2,%3) =0, VX, eT(L). (4.6.2)
Thus as a consequence:

Proposition 4.11. Let L be a Dirac structure, together with the usual Leibnitz

identity on L implies that L is a Lie algebroid.

4.7 Generalized metric

Recall that a Courant algebroid is endowed with a natural non-degenerate pairing
(, ). One can generalize the concept of a Riemannian metric g on manifold M
to a generalized metric G on TM @& T*M. First introduced by Gualtieri [32] and
Witt [78], a generalized metric is defined by

Definition 4.12. Let £ =T M &T*M be the generalized tangent space of M. A
generalized metric G : £ — £ is an orthogonal and self adjoint operator such
that

(Ge,e) >0, VYeeTI(E)\{0}. (4.7.1)
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Since G is symmetric and orthogonal, one notices that GG is an involution
G*=GG"'=GG 1 =1d. (4.7.2)
Therefore GG splits £ into its +1-eigenspaces, Cy, i.e.
TMeTM=C,aC_. (4.7.3)

One can describe Cy as a graph over T M, in terms of a metric g € Sym*T*M
and a 2-form b € A*T*M [16]:

Cp = {X+0+9)(X)|X eTM}
C. = {X+(b-g)(X)|X eTM}. (4.7.4)

One can express G in terms of the metric g and the B-fields b. Consider the

case when b = 0, one finds Gy = G(g,b = 0) in matric form is given by:

_ (0 g
a0 -

with the corresponding subbundles Cy...
Now turn on a B-field b. Then C'y can be obtained by B-transform C. =
e’Cyy, and the generalized metric G transforms as G = e*Goe?. In matrix form

G is thus given by

-1 -1 -1
=00 R A R o
b 1 g 0 -b 1 g—bg b bgt



Chapter 5

T-duality and generalized

geometry

5.1 Introduction and outline

T-duality originally arises as a symmetry of string theory which relates string
theory compactified on large circles with string theory compactified on small
circles. T-duality in string theory plays an important role as it relates string
theory on different backgrounds and may be realized as a transformation between
two-dimensional o-models [29]. A two-dimensional o-model describes the world-
sheet theory of a string propagating on a target manifold M equipped with a
Riemannian metric ¢g;; and an antisymmetric B-field b;;, with string background
defined by F;; = g;; + b;;. The transformation rules of the low energy effective
fields under T-duality are given by the well-known Buscher rules. However, B-
fields are only defined on local patches of the underlying manifold, while globally
we have a well-defined 3-form H = dB. Thus it is tempting to interpret the
geometry of the underlying manifold in terms of H-flux instead of B-fields.

Through examples in the literature [4, 34], it is argued that T-duality leads to a
topology change of the underlying manifold. To understand the global properties
of T-duality in the presence of NS — N.S 3-form H-flux, a systematic method has
been developed by Bouwknegt, Evslin and Mathai [6, 7].

In this construction of T-duality, a principal torus bundle E over M with a
curvature 2-form F' and T-dualizable H-flux is topologically determined by the
pair (H,F). In the most general case, the flux [H] € H?*(F) invariant with
respect to the isometry can be decomposed via the Chern-Weil homomorphism
into a four-tuple (Hsy, H2), Ha1), Hip)) while the curvature class [F] € H?*(M)
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can be characterized by a three-tuple (Fiay, Fi1), Flo)). Here H(; and F{; are
vector-valued i-forms on M. The T-dual object is found to be classified by H =
(Hs), Flay, 0,0) together with the triple F' = (Fla), Fruy, Flo)) = (Hey, Hay, H)
9]. It turns out that when H1) # 0 and H ) # 0, the T-dual object characterized
by the triple (F(z), F(l), F(O)) is no longer a principal torus bundle [9, 62]. There
are some proposals offered to interpret such an object [40, 62].

It was recently discovered by Gualtieri and Cavalcanti [16, 33] that generalized
geometry provides a natural setting to study global T-duality. They showed that
for a principal circle bundle FE, the space of invariant sections of TE & T*E
together with a non-degenerate bilinear form ( , ) and the twisted Courant bracket
[ ,]u can be identified with a Courant algebroid. T-duality is then realized as an
isomorphism of Courant algebroids.

In particular, we extend the results of Gualtieri and Cavalcanti from principal
circle bundles to general principal torus bundles with a generalization of the
Courant bracket which is invariant under T-duality in the presence of non-trivial
background H-flux.

We show that for a general principal torus bundle £ over M, on the invariant
sections of the generalized tangent space TM & T*E, TE & T*E together with a
nondegenerate natural pairing ( , ), a generalized Courant bracket [ , g r and
an anchor map p defines a Courant algebroid &€ = (E, M,[ , Jur,p). Thus a
principal torus bundle E and its T-dual space E can be described in terms of
an isomorphism of Courant algebroids related by T-duality. We also show that
using the language of Courant algebroids, the T-duality transformation rules for
the fluxes (H, F') agree with the global T-duality due to Bouwknegt, Hannabuss
and Mathai [9].

This chapter is organized as follows.

In section 5.2, we introduce some basic concepts of the global properties of
T-duality first developed by Bouwknegt, Evslin and Mathai [6, 7] by considering
two cases - principal circle bundles and principal torus bundles. In section 5.3
we begin by reviewing Gualtieri and Cavalcanti’s [16, 32] formalism of T-duality
using the framework of generalized geometry for the case of principal circle bun-
dle, then we generalize this construction to the case of general principal torus
bundles, and define a generalized Courant bracket on the generalized tangent
space. In order to show that on the space of invariant sections, the generalized
Courant bracket together with the natural pairing make the generalized tangent
space into a Courant algebroid, we show in section 5.4 that one can consider the

generalized Courant bracket as the bracket on the double of a proto-bialgebroid,
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thus a generalized tangent space together with the generalized Courant bracket
can be interpreted as the double of a proto-bialgebroid, or generally speaking, a
Courant algebroid.

Sections 5.3.2, 5.4.2 and 5.4 are collaborative works with Bouwknegt and
Garretson [10, 11].

5.2 Global T-duality

T-duality arises as the generalization of the R — 1/R invariance of string theory
compactified on a circle of radius R. Recall in Section 3.2, T-duality from a local
perspective is derived by gauging the isometries of a two-dimensional o-model
action, followed by coupling to Lagrangian multipliers which provide the extra
coordinates of the dual o-model. Integrating out the Lagrangian multipliers leads
to the original action, whereas integrating out the gauge fields gives the dual o-
model action. The resulting Buscher rules give the local transformation rules for
the metric and B-field. Globally, one would then like to derive the transformation
rules for the globally defined H-flux from the local transformation rules of the
B-field.

In Section 5.2.1 we first consider T-dualizing on a circle, i.e. we view the
spacetime FE as a principal circle bundle. Following the construction developed
by Bouwknegt, Evslin and Mathai [6], we start with the Buscher rules and derive
the T-duality transformation rules of the globally defined H-flux. Section 5.2.2
generalizes the principal circle bundle case to general principal torus bundles,

following the construction developed in [8].

5.2.1 Principal circle bundles

Let 7 : E — M be a principal S'-bundle with H-flux [H] € H*(E). When
we choose a connection one-form A on E, and a metric g on the base M, the
canonical metric on F is given by g =g+ A® A.

Locally the coordinates on E can be chosen to be z° = (z#,2°) or denoted
(xz#,0) on E such that the Killing vector of the S* isometry is given by x = 9/94.
And again locally H = db with b a two form required to be invariant, i.e. £.b = 0.
The invariance condition £,H = L,.b = 0 imply that the components H;;, and
b;; are independent of 6.

The connection can be chosen locally as A = A;dz* = df + A,dz*, where
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A, dxt € QY(M). The metric, g, and B-field, b, can then be written as
g = §+A®A=g,de" @da” + (df + A,dat)?,
1
= §BWd3:“ Adz” + B, dz" A (df + A,dx"), (5.2.1)

Or, in matrix form, the components of metric and B-field b are given by

g — auw+AA A, by = b + (b,A, —ALb,) b,  (529)
A, 1 —b, 0

Applying the Buscher rules (3.2.9), the metric and the B-field components after

the T-duality transformation become

~ g/ux + b,ubzx b,u 7 b,uy Ay
= . by = , 5.2.3
9ij ( b, 1 j _A, 0 ( )

From Eqn. (5.2.2) and Eqn. (5.2.3), we see that T-duality locally corresponds to
the interchange between A, and b,,.

Denoting the coordinate of the dual circle by 0, we can define A = df + bydzt
as a connection on a dual circle bundle # : £ — M.

In local coordinates (z*, 0, é), b becomes
b=b+ANA—dfAdb, (5.2.4)
so that
H—H=dANA) =FANA—ANF, (5.2.5)
where F = dA and F = dA are the curvatures of A and A, respectively.
Eqn. (5.2.5) can be rewritten as
H—FNA=H—-FAA. (5.2.6)

The left hand side of (5.2.6) is a form on F, while the right hand side is a form
on E. Therefore both sides need to equal a form Hs) defined on M, i.e.

H = Hs) +A/\F,
H=Hg+ANF (5.2.7)

Now let us denote H = Hz + A A Hey by (Hg), He) and H = Hgy + AAF
by (Hy, F), with Hg) = F = 7, H and ﬁ(2) — F = #,H. Here 7, and 7,
denote the pushforward maps of the bundle projections 7 and 7 on E and E,

respectively. Then a T-duality transformation corresponds to the interchange of
the pairs (Hg), F') < (F, H()).
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Theorem 5.1 (BHM [8]). A principal torus bundle E — M with T-dualizable H -
flux is determined topologically by (H, F') while its T-dual E — M is determined
by (H, ﬁ’) The H-flux and its dual are given by

H = H(g)-l—A/\F,

H = Hg+ANAF, (5.2.8)
where Hiy € Q3 (M), F € Q*(M,t) (resp. F € Q*(M,t*)), and A (resp A) is
a connection one form on E (resp. E) taking value in the Lie algebra t. Here t
denote the Lie algebra of S' and t* denote the dual Lie algebra.

As a result, H-fluz and the first Chern class of the bundle are exchanged under
T-duality:

~

F=#H, F=nmH. (5.2.9)

5.2.2 Principal torus bundles

To generalize the previous construction to principal torus bundles, we need to
define the following notions.

Let m: E — M be a principal T"-bundle, and t and t* the Lie algebra of T"
and its dual, respectively. Let us choose a basis {t°}(a = 1,...,n) of t and a
corresponding dual basis {¢,} of t*. The connection A and curvature F' = dA are

t-valued, expressed as
A=At F=Fit"=dA.t". (5.2.10)
Denoting the T-dual of E by E , one defines

Definition 5.2. The correspondence space of £ and F is the fibered product
E xy E = {(z,2) € E x E|ln(x) = #(&)}, with the following commutative
diagram:

ExyFE (5.2.11)

N

A
M
That is to say, the correspondence space is the higher dimensional space con-

taining both the original space and its dual, such that there exist two independent

projections which give the original space £ and the dual geometry E.
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The action of T™ on E associates to each element X € t a vector field which

we will also denote by X.
Definition 5.3. For all X € t, a form € QF(E) is called invariant if Lx = 0.

In the construction of global T-duality, we only consider principal torus bun-
dles E with the “T-dualizable” H-fluxes which admit a T-dual.

Definition 5.4. An H-flux on F is a closed integral 3-form H € Q3(F). H is
called T-dualizable if there exists a closed t*-valued 2-form F on M such that

dH = 0
wH = mF(X), (5.2.12)

for all X € t, and F(X) € Q?(M) is the dual pairing of F € Q2(M,t*) with
X et
Pairs (H, F) satisfying (5.2.12) are called T-dualizable fluxes.

It follows from Definition (5.4) that all T-dualizable fluxes (H, F) satisfy
LxH=LxF=0 VXet (5.2.13)

Proposition 5.5 ([31]). Let Q(E)n, be forms invariant under the U(1)™ isom-
etry. There is an isomorphism H*(E) = H*(Q(E)iny, d), i.e. every cohomology

class in H(FE) contains an invariant representative.

One can then decompose an invariant form Q%(E);,, by

P(E)w = @ ((M) @ M%), (5.2.14)

For instance, one can decompose H-flux as:
a 1 ab 1 abc
H — H(g) + Aa /\ H(Q) "‘ §Aa /\ Ab /\ H(l) + gAa /\ Ab /\ Ac /\ H(O) 5 (5215)

where H; € HY(M, N374F).

In a short-hand notation, let us denote the above decomposition by the 4-tuple
H = (H), He), Huy,s Hig))-

This way of decomposing the fluxes [H] € H?(E) by the Hy's is referred to
as dimensional reduction or Chern-Weil homomorphism.

Suppose we are given a principal T"-bundle over M with H-flux H € H3(E)
and curvature F € H?*(M) satisfying (5.2.12). Upon dimensional reduction,
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(H,F) is characterized by the tuple ((Hs), H2), Hqy, Hq)), (F(2),0,0)), where
Hgy € Q(M)@A>t* and Fjgy € Q(M)@A*~*. The T-dual fluxes H and F char-
acterizing the T-dual object can be deduced from the Gysin sequence of principal
torus bundles [9], and the resulting (ﬁ ¥ ) on E, upon dimensional reduction, is
found to be characterized by the tuple ((_[:.,(3), ]:I(z), fl(l), FI(O)), (F(g), F(l), F(O))) =
((Hy, Fl2),0,0), (H2), Hay, Hy)). Le. T-duality exchanges the role of H; and
Fs). In the case when E is a principal circle bundle, H(;y and H) vanish and
T-duality exchanges H () and F{). This is in agreement with the T-duality trans-
formation rule given by (5.2.9).

A question we would like to pose at this point is: What is the topology of the
dual space characterized by such an H and F, i.e. when F(l) and (or) F(O) are
nonzero? What type of topology change of the underlying manifold is a result of

T-duality transformation?

Possible interpretations:

Here are two possible interpretations for the T-dual of a principal torus bundle
with non-trivial H-flux:

(1) The T-dual manifold as a field of non-commutative / non-associative tori:

For a principal torus bundle £ with non-vanishing H,), E is characterized
by H = (H), Hi2), Hn),0) and F = (F(3),0,0), while the T-dual object is char-
acterized by H = (Hsy, F(2),0,0) and F = (H2y, H1y,0). It was proposed by
Mathai and Rosenberg [62, 63, 64] that the T-dual space in this case turns out
to be a continuous field C' of noncommutative tori. I.e. the fibre over a point in
the base M is a noncommutative torus. Let 6 € [0, 1] be the non-commutativity
parameter, the non-commutative torus Ay can be realized as taking the cross
product C(T) x Z, where the generator of Z acts on T by rotation through an
angle of 27#. It turns out that when @ is rational, Ay is Morita equivalent to
C(T?) [62]. Thus in this approach, the action of T-duality is considered as taking
the crossed-product algebra.

Next consider a principal T"-bundle £ with H-flux and curvature F' such that
upon dimensional reduction, (H, F) is characterized by ((H sy, H(2), Hny, H()),
(F2),0,0)). In this case when Hy is also nonzero, (H, F) on the dual bundle
E upon dimensional reduction, is classified by ((H(s), Fi2),0,0), (H2), Hay, Hp)))-
In this case the T-dual object carries an integral class [H )] € H°(M, A*t*). It is
well known that such a class often corresponds to nonassociativity [15, 42]. Thus

in this case the T-dual bundle is proposed to be a continuous field of noncommu-
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tative, nonassociative tori [9].

(2) The T-dual manifold as a non-geometric object called a T-fold:

Consider a string theory on a spacetime which is locally viewed as a T"-bundle
E over M. In this construction, the fibre of F is doubled from a T" to a T?", so
that globally there is an extended space E which is a T?"-bundle over N. String
theory on F — a T™-bundle over M — becomes a string theory on the extended
space E. A choice of a subspace T™ € T?" gives rise to a physical subspace. For
a geometric background, the local choice of T™ fit together to give a space which
is a T"-bundle. When considering a non-geometric string background, the local
choice of T" do not fit together to form a manifold but rather a non-geometric
object called the T-fold [39, 40, 41].

T-folds, originally constructed by Hull [39], are spaces where T-dualities can
be transition functions between local patches. T-folds locally look like a conven-
tional patch of a spacetime with a torus fibration, where the transition functions

also include T-duality transformations.

5.3 T-duality and generalized geometry

Let E be a principal T"-bundle. The generalized tangent space, TE G T*E, is the
natural object in generalized geoemtry. It was first realized by Cavalcanti and
Gualtieri [16, 33] that one can build a framework on generalized tangent space
to study T-duality, in particular, T-duality can be viewed as an isomorphism of
Courant algebroids.

This section is organized as follows. Section 5.3.1 starts with the simple case,
T-duality for principal circle bundles with non-trivial H-flux. To built up a frame-
work on generalized geometry for T-duality, we follow the constructions in [16]
and firstly define a T-duality map between the complexes of invariant differential
forms and a T-duality map between invariant sections of the generalized tangent
space. A twisted Courant bracket is then defined as the natural bracket on the
generalized tangent space. At the end of this section we review an important
theorem due to Cavalcanti and Gualtieri [16] — Theorem 5.9 concludes that on
the invariant sections of the generalized tangent spaces, a principal circle bundle
and its T-dual space can be related as a pair of isomorphic Courant algebroids.
In section 5.3.2, we generalize the previous construction to the case when the
underlying manifold is a principal torus bundle. We then generalized Theorem

5.9 to general principal torus bundles.
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5.3.1 Principal circle bundles

Let us consider a principal S*-bundle E over M, with t (= R) the Lie algebra of
St and t* the dual algebra. Let A be a t-valued connection one-form on FE.

An invariant section of TE@GT*F is denoted by X = (X, E) e '(TE®T*E) 4.
Any invariant section can further be written in dimensionally reduced form as
(x, [;&,9) € (T(TM) x C°(M,t)) x (I(T*M) x C°°(M,t*)). This is equivalent
to X =2+ f04 and Z = £ + gA, where A is a connection on F and d4 is the
vector field dual to A.

An invariant k-form  on £ can be decomposed as € = Q)+ AAQ 1) where
Q) € Q(M), and we will often use the short-hand notation Q = (Q), Q_1)).

In this section, we define T-duality maps 7 and ) between invariant dif-
ferential forms on F and F and invariant sections of the generalized tangent
spaces T'E @ T*E and TE®T*E , respectively. Following the introduction of the
twisted Courant bracket on the generalized tangent space, we review the impor-
tant theorem 5.9 linking generalized geometry and T-duality due to Cavalcanti
and Gualtieri [16, 33].

T-duality maps

Let us first introduce a T-duality map 7 between the complexes of invariant

~

differential forms, 7 : Q*(E)g1 — Q*(E)a by
T(Quy + AN Qi) = Q1) + AN Qe (5.3.1)
which can be written in the short handed form:

T(Quwy, Qr-1)) = (= Qw-1), Q)- (5.3.2)

~

Theorem 5.6 ([6]). The map 7 : (Q*(E)s1,du) — (Q°(E) g, —dy) is an isomor-
phism of differential complexes, where dy is the twisted differential dg = d + H

and acts on invariant forms by
dyQ =dQ+ H N\Q. (5.3.3)

The T-duality map 7 has the following property. If we T-dualize twice and
choose A = A, then on invariant forms it is clear that 72 = —Id.
We also have a T-duality map of invariant sections ¢ : I'((TE @& T*E)g1) —
I((TE ® T*E)g) by
ez, ;€ 9) = (z,9:€, ). (5.3.4)
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It is obvious that ¢? = Id and ¢ is an isomorphism between invariant sections of
TE®T*E and TE @ T*E.

Remark 5.7. This map ¢ along with the fibre orientation reversing automor-
phism ¢'(z, f;€,9) = (z,—f;&, —g) generate the four element T-duality group
O(1,1,Z). As we will see in Section 5.5, the generalized metric defined in Section
4.7 can be transported using the T-duality map ¢ and as a result reclaim the

Buscher rules.

A

7 also induces an isomorphism of Clifford modules A*(T*E)g1 = A*(T*E) 1,

1.e.

Theorem 5.8. Let €2 be an invariant form and recall that the Clifford action of
Yxz) on S is given by
Yxz) - Q=1xQ+EAL

Then for X = (X,2) e I'(TE) x I'(T*E)

T(vx - Q) = =402 - T(Q). (5.3.5)
Proof. First, let us compute the Clifford action using the short-hand notation:
Ve ti60) (k) Qi-1)) = ((Qr) +EAQuy + FQr-1))s (—2Qx-1) — EA Q1)

+9Qm)))
= (Ve Qw) + fQE-1), —Vwe) - Qr—1) + 90w))- (5.3.6)

Then apply 7 to the above equation we find
T(V(wvf;&g) Q) = (7(:1:,5) Q-1 — 920, Vwe) - Q) + fQ(k_1)), (5.3.7)

while computing the right-hand side of equation (5.3.5) we find

V(z,g:&.f) (TQ) = V=gtf) " (_Q(k—l)7 Q(k‘))
= (Yo Qw-1) + 920, V@) - Qp) — fQ@E-1))-(5.3.8)

From relations (5.3.7) and (5.3.8), we have arrived at the proof. O

Twisted Courant bracket

Recall from Section 4.2 that the twisted Courant bracket for X; = (X;,Z;) €
[(TE @ T*E) is defined by

- - - - 1 - -
[[(Xl, 51), (XQ, 52)]]1{ = ([Xh X2], £X1:2 _£X2:1 - §d(@X152 —2X251) +2X12X2H),
(5.3.9)
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where H = H(g) + AN H(Q).
Let I = dA be the curvature two-form on E. The Lie bracket on (T'E)g: is
given by [32]

[(z1, f1), (@2, fo)] = ([z1, z2], 1(f2) — 22(f1) + 12,20, F), (5.3.10)
where (x;, f;) € T(T'M) x C>®(M, t).

Thus in dimensionally reduced form, the twisted Courant bracket is given by

[[(xla f1;§1,g1)7 (9527f2§f2792)]]H = ([xla@]?xl(ﬁ) - $2(f1) + by by

1 1
(Lo&0 — L2,61) + (9210, F — 9102, F') — §d(2x1§2 —13,61) + §(df192 + fodg:
—fidgs — dfzgl) + lelsz(?)) + (lele(z) - fllxgH(z)), 96’1(92) - 1’2(91)
—l—ZIlZZQH(Q)). (5.3.11)

The above bracket by construction has the properties of a Courant bracket, i.e.
it is antisymmetric and it satisfies a Jacobiator condition (4.2.8).
Together with Theorem 5.8, the properties of the T-duality maps ¢ and 7 are

encoded in the following theorem, proved in [16]:
Theorem 5.9 ([16]). The following hold:

1. ¢ is orthogonal with respect to the non-degenerate bilinear form { , ) on
invariant sections (TE & T*E)g1 and (TE ® T*E) g, hence it induces an
isomorphism of Clifford algebras, CL(TE & T*E)g1 = CL(TE & T*E)gl,'

2. ¢ defines an automorphism of the Courant bracket, (I'(TE®T*E)s1, [, |u)
=TEST E)s [ 1a) -

90([[(901, FHSE 91), ($2, J2; &2, 92)]]1{) = [[tp(xh J1: 61, 91)7 90($2, J2; &2, gz)]]g-
(5.3.12)

3. As a result of (5.3.5), T induces an isomorphism of Clifford modules, i.e.
NTHE = NTEE.

An important conclusion of the above theorem can be stated as follows:

Any structure on E in terms of the natural pairing, the twisted
Courant bracket and invariant forms (closed forms) has a correspond-
ing one on the dual space E.

Since (TE @ T*E)g: together with the natural pairing ( , ) and the twisted
Courant bracket [, ]g defines a Courant algebroid, Theorem 5.9 states that the
Courant algebroids defined by invariant sections of a pair of T-dual principal

circle bundles are isomorphic.
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5.3.2 Principal torus bundles

In this section we extend the previous construction of principal S'-bundles to

general principal T™-bundles.

T-duality map

The T-duality maps defined in section (5.3.1) can be generalized for principal
torus bundles as follows.

For a principal T”-bundle, the T-duality map between invariant sections of
TE & T*E and TE & T*E is defined by © = Q1P P pn, here

(pa(xvflu---7fa7~--7fn;§7g17~--7ga7-“7gn>
= (xafla"'>ga>"'7fn;§7gl>'-'afa>"'agn)> (5313)

i.e. ¢, is the T-duality map of invariant sections in the a — th circle of T™.

The T-duality map between invariant forms 7 is simply defined by 7 =7 ... 7,
where 7, is T-duality with respect to the a-th circle.

Properties of 7,:

(1) Due to the antisymmetry of A, A Ay, the 7,’s anti-commute:

TaTo = —TpTa- (5.3.14)

(2) The map 7, acts on invariant forms as the Clifford action of (—0da,, As)
followed by replacing the remaining A, with A,. As an example, consider the
case when F is a principal T?-bundle. The map 7 acts on an invariant form
QO =4, AQ! via

71(Q2) = (=04, A1) (A1 A o =0

Similarly, the map 7, acts on (Q as
TQ(Q) = (—8A2,A2)(A1 VAN Ql)

= Ag/\Al/\Ql (A2—>A2)
= Ay A A AQL

Since 7 = 71 ... T, and each 7, satisfies Eqn. (5.3.5), we immediately have

Theorem 5.10.
T(12Q) = (=1)" ) - T(Q), (5.3.15)
where X € '(TE & T*E)n.
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Example 5.11. Consider a principal T?-torus bundle E. Any invariant k-form

on F can be written in the following dimensionally reduced form

= Q(k) + AL A Q(,H) + A2 A Q(,H) + A1 NAy ANQG . (5.3.16)

In shorthand, we denote this by
Ql

(Q(k) ( ) Qlk 2))
Q1)

TQ = TlTZ(Q(k)—i_Al/\Q%k_l —|—142/\Q2 +A1/\A2AQ(k 2) )
= (=041, A1) - (=045, A2) - (Quy + AL A Qe 1y + A AQG )+ AL AN A ANQRE )
= (=0a,, A1) - (A2 A Qo + A AN AL A Qfyy) — Q3y) + AL AQE )
with (4, — A4))

Yy
(— Q(k 2)» Ol ) Q(k))-
(k—1)

Q

Applying T-duality map 7

Thus
Ol —Q2
T(Q““)’(Qé’“ ) Qi-g) = (=i-2), ( a2 ) Qi) (5.3.17)
(k-1 (k—1)

And it is easy to verify that 72 = —1.

Generalized Courant bracket

To generalize the Courant bracket on a principal T"-bundle, let us first make the
following observation.
Consider the vz, f, .)%(xs,fo..)H term in the twisted Courant bracket (5.3.11),

expanding this twisting term gives us

Z(ml»fl,a)z(x%fzb)H = Zﬂ?lzsz(?) - f2 meHg)z) + fl aszH(GQ)
+frafop HEY 4 Ag A (o 1oy Hiyy = foptay HE 4 f1ota, HE
+f1,bf2,cH(o) ). (5.3.18)
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Applying the T-duality map ¢ to the Courant bracket (5.3.11), we find the

corresponding Z(thlﬁa)z(m,fzyb)f[ term
z(m,fl,a)z(wzj&b)ﬁ = 1, by H 3y + A, N lesz(”é) — f27az$1 5+ f1ata, F ) (5.3.19)

here F' € Q*(M) ® t and we denote F' = (Fy),0,0).

Recall that from Theorem 5.9, the twisted Courant bracket is preserved under
the map ¢ in the case of principal circle bundles. We expect the same rule for
principal torus bundles. However, it is obvious that for non-zero H(;) and H )
the map ¢ does not preserve the twisted Courant bracket by comparing (5.3.18)
and (5.3.19). To resolve this, we need to generalize the twisted Courant bracket
(5.3.11) by adding terms involving ¢'s and contractions of x with new variables
Fay € Q1 (M) @ A*t and Flgy € C°(M) ® A3, i.e. we arrive at the “generalized

Courant bracket” [, |z r given in terms of dimensional reduced form
[(x1, f1,a:&1,97), (%2, f2a:62, 99) | r = ([71, 22], (5.3.20)
(21(f2,0) — z2(f1, a)) + 2y 1y F2)a + gglxlF(l)ab — glf%QF(l)ab - Q?QEF(O)abc;
(Ly&2 — L4,61) — (Zm1£2 12561) + 1y oy H sy +
(9522, F2) 91 Zng o) + (foate) Hiy) = frate, Hy)) — f1,af2,bellb)
—g‘fgSF( Dab + 35 (dfl a5 + f2,0d97 — f1,adgs — df497), 21(95)

_372(91) + lezazg (f2 aleH(l) fl,aZ:ch(alb)) - fl,bf27cHEl[;))C)'

To write (5.3.20) in a more invariant notation, let us introduce 2d-dimensional

vectors and forms

h= < / ) e C®(Mtot"), Fi= < H() ) € Q/(M, At AP, (5.3.21)
9 (i

0 14
= 5.3.22
(o) -
and write X = (z,§).

Then the generalized Courant bracket can be rewritten as

as well as

1
[(X1, ha), (X, ho)] 7 = ([, Xo] ) — (MT e, Fo — hoT 10, Fo) + §(dh1jh2
—h T dhy) — (T )(heT)Fr, 21(h) — 22(h1) + 10,00, F2 + (T ) Fa
—(MJ)(haT ) Fo), (5.3.23)



5.3 T-duality and generalized geometry 77

from which is is obvious that the O(n,n) T-duality group provides automorphisms
of this generalized Courant bracket.
With the T-duality maps 7 and ¢ and the newly defined generalized Courant

bracket, we have thus generalized Theorem 5.9 to general principal torus bundles:
Theorem 5.12. The following hold

1. ¢ is orthogonal with respect to the non-degenerate bilinear form { , ) on
the invariant sections of (TE®T*E) and (TE & T*E), hence it induces an
isomorphism of Clifford algebras on the invariant sections of (TE & T*E)
and (TE ® T*E).

2. ¢ defines an automorphism of the generalized Courant bracket [ , |ur on
the invariant sections of (TE & T*E) and (TE & T*E), i.e.

([(z1;, fra5 €1, 97)s (2, f2.a3 €25 95) | .F)
= [p(x1, fra: 61, 91)s 0(T2, fr,05 €20 95)] 1 - (5.3.24)

3. T induces an isomorphism of Clifford modules on the invariant sections of
(TE ® T*E) and (TE & T*E) via (5.3.15).

A question which arises naturally at this point is, does the space of invariant
sections of (T'E @ T*FE) together with the natural non-degenerate pairing ( , )
and the generalized Courant bracket [, |z 7 define a Courant algebroid, which is
introduced previously in Section 2.3.27 Can we still interpret T-duality between
a Principal T"-bundle and its dual in terms of an isomorphism between a pair of
Courant algebroids?

Originally we expect that the generalized Courant bracket can be interpreted

as the bracket of a Courant algebroid. However, upon taking the natural anchor

map p: (x, f;€,9) — (x, f), one finds

p([[(ﬁﬁ, fl,a; &1, 9(11% (1‘27 f2,a; &2, 93)]]HF) = [p(xla fia: &1, 9(11)7 P(l”2, f2,0: &2, 93)]
+<g12)Z:Jc1F(1)ab - gll)ggp(O)abc)a
(5.3.25)

1.e.

p([[<x17 fl,a; 617 g?)’ <x27 fQ,a; 527 gg)ﬂH,F> 7& [p<x17 fl,a; 517 gil)’ p(x27 f2,a; 527 9(21)]
(5.3.26)



78 T-duality and generalized geometry

Thus the space of invariant sections of (TE @ T*FE) together with the non-
degenerate pairing ( , ) and the generalized Courant bracket fail to be a Courant
algebroid with the natural anchor map.

We can, however, choose the anchor map as a projection onto the base
manifold M, py : (z, f;&,9) — (x,0). The Courant algebroid with this an-
chor map is only defined over the base manifold, i.e. one can take (T'M @
T*M, po,{, ),[, Jur) and this is a Courant algebroid.

To resolve this problem of (TE@®T*E)r~ failing to have an interpretation of a
Courant algebroid, we show in the next section that one can construct a Courant
algebroid on the invariant sections of (TE @ T*FE) with the generalized Courant
bracket from the double of a proto-bialgebroid (T'E, T*E).

5.4 Generalized Courant bracket of a Courant

algebroid

Recall that for E a principal S'-bundle, the (twisted) Courant bracket on invari-
ant sections of TE'@T™ E makes it into a Courant algebroid, it is natural to ask if
this is true for general principal T"-bundles with the generalized Courant bracket
(5.3.2).

In this section, we will redefine the generalized Courant bracket as a derived
bracket on a symplectic manifold (cf. Section 2.3.4). Thus when E is a principal
T™-bundle, on the invariant sections of (TE@T*E), (TE @& T*E) can be realized
as the double of a proto-bialgebroid defined previously in Section 2.3.4, i.e. a
Courant algebroid. As a result, for a principal T™-bundle E, the space of invariant
sections of TE @ T*E together with a non-degenerate bilinear form ( , ) and the
generalized Courant bracket [ ,]gr defines a Courant algebroid. As a result,

T-duality can be realized as a map relating isomorphic Courant algebroids.

5.4.1 TE & T*E as a Courant algebroid

Let E be a principal T"-bundle over M (dim(M) = d). Let us choose coordinates
{;} ={zp, 2. (p=1,...,dya=1,...,n) on E, and coordinates (z*, &, x},")
on T*(IIT*E).

Let (TE,T*E) be a proto-bialgebroid defined previously in Section 2.3.4,
with proto-bialgebroid structures (u,~, ¢, %) which are degree 3-functions on
T*(IIT*E). The structures (p, v, ¢, ¥) are required to satisfy the condition (2.3.42).
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We choose the proto-algebroid structures (u, v, @, %) on (TE, T*FE) as follows
0k 1 Q¢ ¢V e
no= gxz—i_éf,m/ § § ga)
1 ab ¢ &%
= eteee
1 k =k ok
p o= PG
1 1 1 1
1/} = gwuu'yéuéygy + §wauu§a€ufu + §wabu£a€b€u + éwabcfaébgc' (541>
Here f, q, ¢ and ¢ can be identified with H'’s and F’s via

F(2)a = fw,afﬂfyfza F(l)ab = qabugzgl;kf,u’ F(O)abc = (pabcgzé-;f:’
H(3) = wuu'yfufl/gyu H(a2) = wauugafugua Héllb) = wabuéafbfuv
H{ = tapel €€ (5.4.2)

Next we will construct the anchor map, the quasi-differential and the Courant

bracket correspond to the above defined proto-bialgebroid structures.

Anchor map

The anchor map p on TE & T*E is defined by
p(X +&) = pre(X) + pre(2), (5.4.3)

with prp and pp«g given, respectively by

pre(X)(f) = {{X,0}, f},
pre@) () = {{Z6} 1}, (5.4.4)

where X € T(TE),E € I(T*E), f € C*(M) and 0 = u+ v+ ¢ + .
Consider the anchor map on invariant sections of TE®T*E. For (x, f* &, ga)

an invariant section of TE @ T*FE, the anchor map gives

p(x, 56, 90)(f) = at'a, (f) + fhap f = " Ouf + [*Ouf. (5.4.5)

In this case the anchor becomes

p(x, £5€, ga) = (x, [*0). (5.4.6)
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Quasi-differentials vs twisted differential
The associated quasi-differentials, d,, and d, on I'(A*T*E) and ['(A*T'E) are given
by

The quasi-differentials d,, and d, are “quasi” in the sense that they do not

square to zero but satisfy the following relations:

(du)? - +{d -} =0
{ (d'y)z : +{d“90, } = 0. (548)

The quasi-differential relations (5.4.8) are equivalent to the first two of the five
constraints placed on the proto-bialgebroid structures (2.3.42):

(Y} + {0} =0,
v+ {w e} =0,

{7} +{p, v} =0, (5.4.9)
{u. 4} =0,
L {7 ¢} =0.

Substituting (5.4.1) into (5.4.9) and making the identification given by (5.4.2),

we find the following constraints on H'’s and F'’s

p

dHs) + Fio)a A Hyy =0,

dH{y) + Fop A HEY) =0,

dHE + Fgye NHGY =0,

dH{ =0, (5.4.10)
dF2)a + Fiayay A H&) =0,

dF(1yab + Floyabe N Hizy = 0,

dF0yabe = 0.

Courant bracket

Recall in Section 2.3.4 that the double of a proto-bialgebroid (T'E,T*FE), given
by TE®T*FE is a Courant algebroid, and is equipped with the Dorfmann bracket
on T'E @& T*E defined by the derived bracket

(Xl -+ El) 9 (X2 —+ Ez) = {{Xl —+ El; (9}, X2 + EQ}, (5411)

for X; € T(TE) and E; € [(T*E).
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The Lie bracket on TE and T*FE are given by

[X17X2]M = {{X17#}7X2}7
(21, Za)y = {{Z1,7}, Z2 ) (5.4.12)

Using an analogous notation for the interior product and the Lie derivations,

let us define
E; = d,uZX + ’Lxdu, E’Ey = d,yZE + ZEd'y-

Thus the components of (5.4.11) can be written as

Xio0Xy = [ Xy, Xo], +ox,0x,7,

X105y = —ig,d, Xy + El;(lEQ,

Zio0Xy = E%ng —ix,d,=,

E10Zy = [E1, 50y + =m0 (5.4.13)

On invariant sections of TE @ T*E the bracket becomes

(@1, fra: 61, 97) © (22, fo,0: €2, 95)

= {#h€, + 1€ + Eu€" + 918", 01, 258, + 365 + Eoul” + 92,08}

= [21, 2] + 21(f2) — 22(f1) + [0 “TVT5E; + Py ah T5E + Yoy [l ahE"
Fai T foET 4 Do fIFEET + qabﬁfgz,af; + Loy &o + 10,dgo + £, 7Y g2.08"
+q“bﬂx§gl,a€?§ + [ 5 9108" = 10, d§1 — 12,dgy + df{ go0 + f5dg1a

+0" 9109206 + 479109266 (5.4.14)

the indices p, v,y = 1,...,dim(M), a,b,c =1,...,n, whilei,j = 1,...,rank(E).
In terms of H’s and F’s, the above Dorfmann bracket can be rewritten as

(@1, f1,a:61, 97) © (T2, f2.0; &2, 95) = ([x1, w2), 21 (f2) — 22(f1) + Loy ey F2)a

+ 9512, Ftyab — 9310s F1)ab + oyt H(s) — 9195 Fl0)abe; Lara — 10y d
+(f2,alm1Hzl2) - fl,aZzQH(az)) - fl,afz,bH(a1b) + (gg@xlF@)a - g(f@xQF(z)a)

— 9195 Fyab + dfr.ags + fo.adg?, 21(95) — 22(g7) + e, 10, Hy)

+(f2,0%, Hfllb) - fl,a’leH&b)) - f1,af2,bel(§))c)' (5.4.15)

The bracket (5.4.15) is exactly the Dorfmann bracket corresponding to the gener-
alized Courant bracket (5.3.20) defined in Section 5.3.2. Therefore for a principal
torus bundle, the generalized Courant bracket (5.3.20) on invariant sections of
TE & T*E can be alternatively defined via the derived bracket (5.4.11) with
structures (i, v, @, ¥) given by (5.4.1).
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Therefore we conclude that the space of invariant sections of T'E & T* E with
the generalized Courant bracket defines a Courant algebroid, with H’s and F’s
required to satisfy (5.4.10).

At this point we have not specified | , ], the Lie bracket on T*M given in
terms of the proto-bialgebroid structure q“b”. Later in Sections 5.4.3 and 5.4.4,
we will study the special cases when [, ], is defined via a Poisson structure [56).

The first example in Section 5.4.3 is my own work, while the second example
in Section 5.4.4 is due to Garretson [26].

5.4.2 Generalized Cartan system

Recall in Section 4.5 that the Courant bracket can be viewed as an extension of
the Lie bracket, acting on forms via the Clifford action on the generalized tangent
space. The twisted Courant bracket [ , [z and the twisted differential dy are
compatible in the sense of Proposition 4.6.

In this section, we generalize Proposition 4.6 to general principal T"-bundles,
showing that the generalized Cartan system in Proposition 4.5 can be formulated
similarly for principal torus bundles, with the generalized Courant bracket [, | r
and the differential dy.

Let E ba a principal torus bundle, with dy the differential defined in terms of
the structure § = i+~ + ¢+ 1 and the canonical Poisson bracket on T*(IIT*E):

de- ={0,}. (5.4.16)
The differential dy acts on X = (X + =) and gives
do(X +2) =d,E+ d, X +1x9 + 129, (5.4.17)

where d,, and d, are the quasi-differential defined by (5.4.7).
Also recall from the previous section, the (generalized) Dorfmann bracket is
given by
Xiour X ={{0, %1}, X} (5.4.18)
Let us define the generalized Cartan system on T'E@T™* E with the ingredients
(vx, Lx, dg, o, rr) given by:

o X =(X,§) e '(TE®T*E), in analogy with vector fields in Cartan’s system.

e 7x in analogy with 1x in Cartan’s system, acts on differential forms via

Yx = {%7 }
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e Ly in analogy with the Lie derivative in Cartan’s system, is defined by

Ef' = [d977%]'
= {{97%}7'}4_{%7{67'}}- (5.4.19)

e A differential dy defined by (5.4.16), in analogy with the de Rham differen-

tial d in Cartan’s system.

e The Dorfmann bracket oy p defined by (5.4.18), in analogy with the Lie
bracket in Cartan’s system.

Thus we claim:

Proposition 5.13. The generalized Cartan formulaes defined in Section 4.5 on
TE ®T*E can be generalized as follows

where X; e N(TEGT*E) and [ , | is the graded commutator of the graded algebra
onTE®T*E.

Proof. (1)
[dg, dg] = 2{0,{6,-}} = 0. (5.4.20)
(2) and (3) by definition.
(4)
[ﬁxl,”ny} = ‘631732 - szﬁxl

= dovx, V% + v dovxe — YaadoVx, — VY, do

= {0.{X0, {X2, 11} + {X1, {0, {Xs, - }}} — {X5, {0, {X1, - }}}
—{ X2, {X1,{0,-}}}

= {{0. X}, {X2, }} — {%2, {{X1, 0}, -}}

= {{{0,%:} X2}, -}

= Yriompts - (5.4.21)
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[do, Lx] = dopdpyx + doyxdy — doyxdy — dodgyx
_ 0 (5.4.22)

Lz, Lx,] = LxLx, — Lx,Lx
= (dovx, +72,do)(dovx, + vx2d6) — (doV2, + V22 d0) (dov2, + V2, )
= {0,{X:,{0,{%2, -} }}} + {0, {X:, {X2, {0, - }}}}
H{X1,{0,,{0. {Xs, }}}} + {X1, {0, {Xs, {0, -} } } }
—{0,{X2, {0, {X1, - }}}} — {0, {%2, {X:1. {0, }} }}
—{ X2, {0, {0, {X1, - }}}} — {%2,{0,{%:. {0, -} }}}
= {0, {%:, {{X2,0}, }}} + {X:, {0, {{0. X2}, -} }}
—{0,{Xa, {{X1, 6}, -} }} — {X2, {0, {{0, X1}, - }}}
= {0, {{{0. X1}, X2}, -}}
= {{0.{{0, X1}, X2}, -} + {{{0. X1}, X2}, {6, - }}
= £3€10H,F3€2' (5.4.23)

The following theorem follows immediately

Theorem 5.14. The generalized Courant bracket is related to the Lie bracket
and twisted differential dg through the relation:

1 1
7[[331,352]]H,FQ = 5[’7/%1’ 7}:2] ' d9Q + §d9(['7x177%2] : Q) + Vx d9<7%2 : Q)

5.4.3 Example: Principal torus bundles with Poisson struc-

tures

Consider a principal T™-bundle E over M with a Poisson structure II. Let us
choose coordinates {z;} = {z,, 2.} (p=1,...,dim(M);a=1,...,n) on E. Sup-
pose IT has components only on the fibre of the bundle, i.e. locally on T*(IIT*E)

the Poisson structure is given by IT = JII°°¢}¢;.
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(TE,T*FE) is a proto-bialgebroid with structures (u,~, ¢,v) given by (5.4.1),
except in this case the structure 7 is replaced by v = {y, I}, i.e. the derived

bracket corresponding to v is the Koszul bracket on one-forms [53]:
[57 ?7]’7 = {{Py’ 5}5 77} = Ewﬁgn - ‘Cﬂ'ﬁnf - d(H(£7 77)) (5425)

We can re-define ¢ = A37f1). Thus in local coordinates on T*IIA, the proto-

algebroid structures are given by

< 1
= £} — 51, €L,
= {10} = 9,(I1"(x))e &3¢,
1 1 1
E{Ha {H7 {H7 7/’]’}} = EHadeeﬂcfwabc€:l£:€; = ESOdeffo:f}kw

= S E T S Sl P, (5.4.20)

< 6 2 =
I

for implicity, we relabel TI%I1%¢T1% ¢}, = ¢/ and q‘“’/L = 9,11

Recall in Section 2.3.4 that in order for ((T'E,T*E), u,v,,%) to define a
proto-bialgebroid, we need the consistency relations given by (5.4.9).

It follows from (5.4.26) that {u,u} = {7,7} = 0. Thus the consistency

relations (5.4.9) breakdown to the following sets of relations:

{1}y = {9} =0,
{7} + {0} =0, (5.4.27)
v} ={v,u} ={7,7} ={n,n} =0,

Substituting (5.4.26) into (5.4.27) gives us the following set of conditions:

0u (i) = 3 Yo = 0.

0 (Vavy) + frp " Vbary = 0,

(W) = 5 Fy Ve =0,

O (thabe) = 0

iy = 0, (BII)hyy; = 0, D™ =0, (5.4.28)

On invariant sections of TE®T*E, the Dorfmann bracket defined by these struc-
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tures is given by

(1, f1,a: €1, G7) © (2, f2,03 &2, G5)

= {2l + 1186 + & ul" + 918", 0}, 258, + 1365 + S8 + 92,08}

= [21, m2] + 21(f2) — 22 (f1) + [, "2 258, + VT T5E" + Papi frah €’
FUuai) F5E 4 Yapi f1 [3€" + 0, (1% (2)) 2! 92,085 + L2 + 12,dgo
L T 92,08 + 0, (T (2))a8 91.0&5 + [ “Th91.0E" — 12,dE1 — 1y
+dfi 20 + [5dg10 + ¢ g1.ag206e + 0u(T1°(2)) 91,092, (5.4.29)

is invariant under T-duality transformation ¢ defined in Section 5.3.2, with the

corresponding terms exchange under T-duality:

fy,z/a — w/,LV(IJ (5430)
0", < Yuab, (5.4.31)
@abc = ¢abc- (5432)

If one makes the identification

H(3) = wuu'yfufyg’ya H(a2) = wauugaéugua Hézlb) = wabufafbéuv
HE™ = ap €€, Floya = [, "€"€7E, (5.4.33)
F(l)ab = au(Hab@))f%;fZ - dH7 F((])abc = @abcf;kfgﬁz = (/\37Tﬁ)H,

we see that T-duality exchanges (H(q), H1y, H)) with (Flo), F1), Flo)) as one
would expect.
In terms of the H and F, the set of consistency relations (5.4.27) become

(

dHg) = 3Fio)aHy) = 0,

dH{y) + FopHE) =0,

dHfb — %F(2)CH(Cg)b =0,
dH(aOb)c =0, (5.4.34)
dF2, =0,

dFnyar = 0, dF@aHy) = 0, dFaHEY) =0, dFnaH{G =0,

dF0yabe = 0, dFoyancHs = 0, dFoyarc H{* =0, dF(opancH,

ade __
(0) — O.

By specifying the structure v so that the Lie bracket on T*FE is replaced by the

\

Koszul bracket on one forms, the set of constraints (5.4.28) is a set of stricter
constraints on the H and F' than (5.4.10).

In this example, the principal T"-bundle with Poisson structure II is character-
ized by the H-flux H = (H(3), H(2), H(1y, H(p)) and the three tuple (F9), F(1), Flo))-
Here F|y) is the curvature two form, Fj;) = dIl and Fo) = (A37%)H.
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5.4.4 Example: Principal torus bundles twisted by a Pois-

son structure

In this example, let us consider a principal torus bundle E with IT a Poisson
structure, satisfying
[T, = {{ju, 1T}, 11} = 0. (5.4.35)

Consider a Poisson structure II such that its components only live on the fibre,

i.e., locally on T*(IIT* E) the Poisson structure is given by I1 = %Hab(x){’;fg‘. We

will now consider twisting a proto-bialgebroid by II as introduced by Roytenberg
[66] and Kosmann-Schwarzbach [56].

Let us start with a proto-bialgebroid (T'E,T*FE) with structures (u, 0,0, 1),
where p and 1 are the structures defined in (5.4.1). One can twist this proto-

bialgebroid by a bivector II to construct a proto-bialgebroid with twisted struc-

tures (i1, Y, @i, ) given by ([56] section (4.1.2)).
pn = i = {IL e
= €0 = S EEE+ LEEE + L
= () (AP = (T + 2 (T (T )}

1 a * ok 1 C Q% %
- _ql’« bguéafl) + _Qab 5 €b£c7

2 2
pn = (N = ({11 {IL,4}}}
- eage,
Yo = (5.4.36)

= LU+ Yl + S E R+ Yk,
where

fuca — Habwb,u,c; de(z — Hab¢bcd7 qablu — aﬂHab’
cha — HCedewaef’ gOabC — (/\37Tﬂ)w (5437)

This twisted proto-bialgebroid has consistency relations given by the original

(untwisted) proto-bialgebroid, which is

{p, o} =dup =0. (5.4.38)

If as usual we identify ¢» = H, (5.4.38) simply gives the consistency relation

dH =0, (5.4.39)
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which is equivalent to saying d% = 0.
The Courant bracket defined by

(@+8o+n)={{mz+&,y+n}, On=pn+m+en+vn (54.40)

is still invariant under T-duality, with the corresponding terms exchange under
T-duality:

b b
f;u/a — wuuaa qa o — wualn Spa “ waba

fuab A /,Lba fbca « qbca' (5441)

If we make the following identification

Hsy = $un€€"87, Hiyy = b €"E", HY) = Yau €€,
H{gy = anc€ €65, Flop = f,,"€"€" (5.4.42)
Fya = (0,1 ()86 = dll,  Floyae = ™66 € = (NTHH,

it it obvious that T-duality exchanges (H ), H(), H(o)) with (Fay, Fl1), Floy) as

one expects.
b

a

However, we end up with additional f,,°, f.; and the ¢*, components coming
from (5.4.36), as a result of this twisting. These extra terms are either dual to

each other or self-dual under T-duality.

5.5 T-duality and the Generalized metric

As pointed out by Cavalcanti [17], the generalized metric G : TE & T*E —
TE & T*E defined in Section 4.7 is another geometric structure that can be
transported via T-duality.

A generalized metric G on TE & T*E is introduced by Hull in terms of a

symmetric matrix g (the metric) and an antisymmetric matrix b (the B-field) on
E [40]
—bg~ b bg!
a=(77" " . (5.5.1)
—9b g
The dual generalized metric G on TE @ T*E can be obtained by
G = oGyt (5.5.2)

Recall from Section 4.7 that G is a self-adjoint, orthogonal metric which splits
TE & T*F into +-eigenspaces Cy € TE & T*E. CL are given as the graph of
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g+ b and g — b, respectively. Le.

Cy = Span{z + (g + b)(x)|x € TE},
C_ = Span{z + (g — b)(z)|x € TE}. (5.5.3)

One can transfer Cy to its dual counterpart Cy using the T-duality map ®,

1.e.

p(Cx) = ¢(Span{X + (9 +0)(X)})
|

= (. (5.5.4)

Since the dual +-eigenspace C‘+ is given by the graph of g + b on the dual
space F, the corresponding ¢ and b can be determined from C’+.

We will start with the simplest case — when E is a principal circle bundle —
and show that the corresponding g and b on E are related to the original one by
the Buscher rules, followed by a generalization to the case of a general principal

torus bundle.

5.5.1 Principal circle bundle case

E is a principal circle bundle over M, with local coordinates {x'} = {a#, 0},
where {z,} are the coordinates on M and € is the coordinate on the circle.

For simplicity, let us denote £ = g + b. In this case F is given by
E = Eydd @ df + E,odz" @ df + Ey,df @ dz” + E,,dz" @ dz”. (5.5.5)
To determine the corresponding E, recall that C, = (C):

o(Cy) = o(Span{0y + O + (Eoo + E,0)df + (Eo, + E,)dx"})
= Span{(Eu + E.0)0; + O + df + E,,dz"}

EO(] O 89‘ 1 EOI/ dé
= Span
E. 0 Eu dz”
= Span{ 05 + O + L Eo, 40
0 £, dx¥

= Span{8 + 8;,;# —|- - 00 ))d@ + ( oolEOV + E;w
_EOO EuoEoy)dZE }
= Span{ﬁé + azu + (Eoo + EA”O)dé + (EO]/ + Eﬂy)dﬁy}.



90 T-duality and generalized geometry

Therefore we have the following correspondence between Eand E

A

Eo=Ey, Ew=-EyxEw, FEow=EygEow, Eu=E.—EyFE.wEo..

If we insert E = g+ b and E = §+ b into the previous line, we find

doo = oo L@o:% f]oz@
00 . 900’ Y 900’
A b A bow
b,uO - LO: bOl/ - _L7
goo goo

. 1 ~ 1
G = Guv — _(guOgOV + buObOV)a b;u/ = buy - _(buOQOV + g,uObOV)a
goo 9oo

i.e. we retrieve the Buscher rules given by (3.2.9).

5.5.2 Principal torus bundle case

Now let us consider a general principal T"-bundle E over M. Let {x*} be coor-
dinates on M and {6*} be coordinates on the torus.

The string background E = b + g decomposes as
E = E, di" @ d2" + Eda" @ df® + E,,d0" @ dx” + Eadf* @ df°.  (5.5.6)
The T-duality map ¢ transforms C to C, via

p(Cy) = o(Span{dum + 0o + (B + Eay)dz” + (Eap + E,p)d6"})
= Span{0u + (Eup + E)0y, + (B + Eo)da” + df}

sy (T B (2 ) B 0 [
0 E 9, E, 1 a6t
—1
1 B, E. 0\ ( d
= S Ogn + Oja a m ~
bat +"+<o Eab> (anﬂ)<d9b>

B — (B By, —E(E-1) dz”
— S axu (‘931 14 pna v pna b "
pan { + 0 + ( (Eil)abEbV (Eil)ab dgb
= Span{du + dgu + (B + Eay)da” + (Eap + Epp)dd"}.

Thus the dual string background is given by

o (B B BN

N EY . Ey, (E™")ab

which agrees with the Buscher rules (3.2.8).



Chapter 6

Poisson-Lie T-duality and

generalized geometry

6.1 Introduction and outline

The Poisson-Lie T-duality is a generalization of (Abelian) T-duality proposed by
Kliméik and Severa [49] in 1995. This construction of T-duality does not need the
requirement of an isometry, instead, the backgrounds of a dual pair of o-models
are required to obey the Poisson-Lie condition, which is the necessary condition
for the existence of the dual worldsheet. The dual pair of o-models with targets G
and G are defined on a Drinfel’d double D as a generalized space in the following
sense.

The Lie group D with Lie algebra D has subgroups G and G, which is a pair of
Poisson-Lie groups with Lie algebras g and g*, respectively. The algebras g and g*
form the maximally isotropic subspaces of D with respect to the ad-invariant non-
degenerate bilinear form on D. Starting with the tangent space T.D = D = gdbg*
at the unit element of D, we take a dim(G)-dimensional subspace R, of D which
is the graph of a non-degenerate linear mapping F(e) : g — g*. The subspace
R, can be transferred to every point g € G and the resulting subspace RY. is the
graph of the string background E(g) of the o-model on G. Similarly transferring
R, to § € G gives rise to the dual string background E (g) of the dual o-model
on G. Thus we transfer the subspace R, of D=g® g* onto GG and G.

The above can be extended to Courant algebroids. Let F and E be principal
G and G-bundles over M. Similar to the Abelian T-duality case, the spaces of
invariant sections of TE @ T*E and TFE & T*E can be viewed as isomorphic
Courant algebroids related by Poisson-Lie T-duality.



92 Poisson-Lie T-duality and generalized geometry

This chapter is organized as follows.

Section 6.2 introduces the Semenov-Tian-Shansky Poisson structure on a Drin-
fel’d double D and is used to define a Poisson structure IT on G. In this section,
we showed that the structure II which appeared previously in Proposition 3.14 is
indeed a Poisson structure on G.

In Section 6.3 we revisit the Poisson-Lie T-duality first introduced in Chapter
3. In particular we explicitly show that the dual pair of string backgrounds
expressed in terms of the Poisson structures on G and G satisfy the Poisson-Lie
condition.

Recall that our general argument of Chapter 5 is that the Abelian T-duality
can be viewed as a duality between isomorphic Courant algebroids. This mo-
tivates us to consider Poisson-Lie T-duality on a Drinfel’d double as a gener-
alized space, which is discussed in Section 6.4. In Section 6.4.3, we generalize
the (Abelian) T-duality case and establish an isomorphism of Courant algebroids
related by Poisson-Lie T-duality.

This chapter is a collaborative work with Bouwknegt.

6.2 The Poisson structure on ¢

In this section we introduce the Semenov-Tian-Shansky Poisson structure [70] on
a Drinfel’d double D. When restricted on G, this Poisson structure turns out to
be the structure II appeared previously in Proposition 3.14.

Let D be a Drinfel’d double containing both groups G and G with Lie algebra
D. D can be decomposed as g & g*, where g is the Lie algebra of G and g* is the
Lie algebra of G.

Let us choose a basis {T,, 7%} of D such that {T,} is a basis of g while {7}
is a basis of g*. T, and T* are orthogonal with respect to the non-degenerate

bilinear form on D, i.e.

(T,, T = &°. (6.2.1)

According to Lemma 3.10, there is an adjoint representation of the group G
on D.

Definition 6.1. The adjoint representations of G on D can be defined in terms

of the matrices a, ¢ and d as the coefficients in the expansion
g ' Tug = al9),' Ty, g7'T"g = c(9)™ T, + d(g)*,T", (6.2.2)

where g € G.
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There exists a natural Poisson structure introduced by Semenov-Tian-Shansky
[70] on D, however, before introducing such a Poisson structure the following must
be defined.

Left and right gradients

For any group G there are left and right gradients V and Vg taking values in

*

g

(V2f(9), ) = ZH9)lmn

(Vr(6).€) = 7 (0)eco (6.2.3)

where £ € g and f is a function of g € G.
In terms of {7,} and {7}, we have

df = (VLf)a’LU% = (VRf)a’LU%, (624)

where w¢ and w§, are the (Maurer-Cartan) one-form given by
g tdg =uwiT,, dgg'=wyT,. (6.2.5)

and

(Viflale) = (o)) = &
d

(Vef)alg) = (df,vi)(9) =

f(etTag)lt:()a

f(ge™*)le=o. (6.2.6)

where vl and v are the left and right-invariant vector fields corresponding to
T,, respectively.

Apply the previous construction on D, it gives

(Vif)lo) = S FE™ 0,
(Vaf)e) = < Foe™ e (627

where g € D.
Next, we introduce the Semenov-Tian-Shansky Poisson structure on D, and

in particular we show that IT = ¢(g)a(g) ™" is a Poisson structure on G.
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Poisson structure on GG

Definition 6.2. Let g a Lie algebra, »r € End g a linear operator and ( , ) a
nondegenerate invariant scalar product on g, then (g,r) is called a Boxter Lie

algebra if r is skew-symmetric and satisfies the Yang-Baxter equation
rX,rY] =r([rX, Y]+ [X,7Y]) — [X,Y], VXY €g. (6.2.8)
Such an operator r is called a classical r-matrix.

Proposition 6.3. The Yang-Baxter equation (6.2.8) implies
1
(X,Y], = 5([7")(, Y]+ [X,rY]) (6.2.9)
1s a Lie bracket.

Consider a Drinfel’d double D with Lie algebra D = g g*. The left and right
gradients give rise to Vi, f and Vi f € C°(D,D). Let P, and Py be projection

operators onto g and g* parallel to g* and g, respectively.
Proposition 6.4 (]70]).
Pp = P;— Py € End D (6.2.10)

15 skewsymmetric with respect to the natural pairing on D and satisfies the Yang-
Baxter equation (6.2.8).

The right and left gradients defined in the previous section generalize to
Vif,Vrf € C®(D,D) via (6.2.3).

Proposition 6.5 ([70]). The Semenov-Tian-Shansky Poisson structure on C*(D)

15 given by
{f:f'tp= —%((PDVLf, Vif') = (PoVrf, V). (6.2.11)

In terms of a basis {T,} of g and a dual basis {T°} of g*, (6.2.11) can be expressed

U = S(VLDa(T2) = (VL (Vi)

- %“VRf)a(VRf’)“—<VRf>“<va'>a>. (6.2.12)

The manifold D equipped with the above Poisson bracket is called a Heisen-
berg double.
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Proposition 6.6. Consider functions f, f' on D, which are invariant under the
right action of G. Then these functions can be interpreted as functions on G. The
Poisson bracket in equation (6.2.12) on such functions defines a Poisson bracket

on G and can be written as

{f: Ye =09V L)V LS Db, (6.2.13)

such that I1(g) is given by
I(g) = c(g)alg) ™, (6.2.14)

where a(g) and c(g) are given by (6.2.2).

Proof. Firstly, for functions on D, invariant under the right action of G, we have

the following relations

(Vif)(o) = S FE™ 0o = o flog™ e g)lco = o) (Vr (o),

(Vaflalo) = 570 ™)o = 5 F(ae ™0™ gm0 = alg ™) (T1 )
(Vrf)'(g) = 0. (6.2.15)

Therefore the Poisson bracket (6.2.12) restricted on G becomes

{f. /Yo =clg)(alg) VL)V f )y =TV )a(Vif ). (6.2.16)
0

Before showing that IT = ¢(g)a(g) ™! defines a Poisson structure on G, we need

the following results.

Lemma 6.7. The left gradient on 11 is given by

(V%) = f,,°T% + f ,bI19¢ — fab (6.2.17)

[

a(g) )" = (gTug ™ T%) = (Tu,g'Tg) and c(g)” =
D)e and (Vb)) are found to be

Proof. Starting with
(g7 Tg. 1), (Vi(a™

_ d 1 Tt 1
(Vilalg) ™) = £<Ta,g te Tt e e g) |img = (Tu, g7 [TP, T2 g)
= <Ta,g_1 (fcded + fdbch) g> = fcdbd(g)ad = fd(a(g)_l)ad’
d, 4 _ a T -1 [7a T
(Vielg)™)e = —{g~'e T g, T) i = (g~* [T, T.] 9, T")

= (g7 (f."T" = [ T2)g, T = f.g"c(9)™ — f*Lalg)
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Therefore

(VoI = (Ve (g)e(alg) ™) + < (9)(Vilalg) ).
= fua"c9)®(alg)™).” = f%alg9), (alg) ™) + fa'clg)™(alg) ™),
= f'T% — fabc + [ T (6.2.18)

]

Lemma 6.8. The left gradients (V) do not commute but satisfy

(Ve(Vefla)s = (Ve(Viflo)a = =fa (VL f)e. (6.2.19)

Proof. From definition, (V(VLf)a)s is given by

dd
d—af(esneﬁag) |t=0,5=0- (6.2.20)

Thus using Taylor expansion around e € GG, we have

d d

(Ve(Vefla)s — (Ve(Vefls)a = %%(f(esﬂ’@mg) — f(e€e" ) i=0,5—0

= _Zfl) TaaTb
= —fa° Zdt )+ 5 f(l()( '9)")|i=0
= —fu(Vif)e (6.2.21)

[
Proposition 6.9. II = c¢(g)a(g)™" defines a Poisson structure on G.

Proof. Let us first simplify our notation and denote (Vf), = V.f.
To check that TI(g) = c(g)a(g)~! is a Poisson structure, recall in Section 3.3.2
that a(g), c(g) and d(g) are constrained by

a(g)" =d(g)~", clg)d(9)" = —d(g)c(9)", (6.2.22)

which directly guarantee that 1% = —I1%. It is also obvious that II satisfies the
Leibnitz rule. Thus we only need to check if IT satisfies the Jacobi-identity.
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Using Lemma 6.7 and Lemma 6.8, one finds

{{o.hy, 1y =5k gy +{{F 93, 1
= {I1"VygVeh, f} = {1V [Veh, g} + {1V, f Vg, g}
= (I*V,I1% — TPV 411 + 1%V ) Vo f VgV ch
T (V Vo f) Vg Veh + TP (VY 4g) Vo f Vch
—T1M%(V 4 Vpg) Vo f Ve — TTM1%(V 4V h) Vo f Vg
HI (Vg V3 [) VgV eh + TV V h) Vo f Vg
= (M7V 411" — TPV + 117V ) V. f VgV ch
FITPTE fy o T £ 4+ T f ") Vo f Vg Vch
— (19,01 — 19,019 4+ 1%V, + f,,UTI%TIeb 4 f, Plideqre
— [od TIMI%)V o f VgV ch
= (f, PTI401% ¢ £, eTPeqIde 4 f, e[1bdqpee — fabppde 4 fbe pjad
— [V o f VgV h. (6.2.23)
Next, consider the adjoint action of g on [T, T}]
9T, Thlg = 97 (fur“Te)g = fu . T
=97 Tug, 97" Thg] = [a,°Te, 0,"Ta) = a,°ay" [y T,
thus we have the following constraint
fa‘al = fufafay’. (6.2.24)
Similarly for [T, T%] we have
g I g = g7 (F"T%)g = [ (T + d°.T7)
= [%T, + d° T, M, + db /7]
— (caechif ey caeh Fde _ ga bdfee T o (f dgaegh _ f cqa cbd
ey f)T,

as a result, we obtain the following constraints

fabccce _ Caccbd Cde + Cacdbdfdec - daccbdfced (6225)
]Eabcdce _ ecdcacdbd . fedcdaccbd + dacdbd.dee' (6226)
Computing f“dedC we find
~abdl-[dc _ fabdcde (a—l)ec
(6225) - (Caecbd edf + Caeddbfdfe _ deacbdefd) (a—l)cf

(6.2.24) = = f, T + ¥ eed?, — FU 11ae,,. (6.2.27)
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Permuting a, b, ¢ in the above equation (6.2.27) and add up fﬂ’s, we find
fadedc + fbcdea + fcadeb _ dechd + fededbd . fdeenbcdad
+fadchdea + fededcd . deeel—[cadbd + fbdeadch + fNedeHdead _ fdeedcd
— deCHdeac+fdaaHCdea + fdbeadHCb' (6228)

Substituting (6.2.28) into (6.2.23) we obtain the Jacobi-identity. And therefore
I = c(g)a(g)~" defines a Poisson structure on G. O

Example 6.10 (Borelian double). Let us consider the simplest non-Abelian dou-
ble appeared previously in Section 3.3.3, the Borelian double D = GL(2,R) con-
sists of the Borel group G and the dual group G such that their Lie algebras g
and g* have basis {7,} and {7} given by

1

T — 0 - 01
00 00

. 00 . 0 0

T = , 1?7 = : (6.2.29)
01 -1 0

An element g € G can be chosen by

g= ( 6; f ) , (6.2.30)

and it follows that the matrices a(g), ¢(g) and d(g) from (6.2.2) are found to be

a(g) = ( ; eejpf) ) c(g) = ( 2 ;ia;f > , d(g) = ( _10 e(i ) . (6.2.31)

Thus the Poisson structure 11% = ¢*(g)(a(g) )%, on G is

0 —6
I = ( . ) (6.2.32)

Now, let us compute (VI1%),.. Since (VI1%), is given by

(VLHCL())C — deaHdb + debHad __ fab (6233)

c?

the components of (VI1%), are found to be

(VLITP?)y = —(VL ) = =0, (V%) = (V. II)y = -1 (6.2.34)
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One can then easily check that the Poisson structure IT given by (6.2.32) satisfies
the Jacobi-identity, therefore II is a Poisson structure on the Borel group G.

Similarly, if we choose an element § € G parameterized by

9= < _15 6(35 ) : (6.2.35)

we obtain the Poisson structure IT on the dual group G as

= &(g)(@(@) ") = ( . ) . (6.2.36)

6.3 Poisson-Lie T-duality revisited

In this section, we give a short revision of the Poisson-Lie T-duality introduced
previously in Chapter 3. In particular, we focus on the solutions of the dual pair

of o-models defined in terms of the Poisson structures on the dual groups G and

G.
Recall in Section 3.3.2, for a o-model (3.2.1) to possess a Poisson-Lie dual o-

model, the string background £;; is required to satisfy the Poisson-Lie condition:

Lo, (Ey) = 000l BB, (6.3.1)

where fbca is the structure constants of G, and vl = vi9; are the left invariant
vector fields on G.
A dual pair of o-models with the targets being Lie groups G and G can be

constructed with the Lagrangian

L = E(9)w(d99 ") (dgg™ )",

L = E(§)"™(035 (055 "), (6.3.2)

where g € G and § € G.
The string background E;; is related to Eq(g) via

Eijdxicixj = Eabw%wli = Eabwfdxiw;?czxj, (633)

where w¢ = wdx® are the (Maurer-Cartan) one forms on G.
Next, we show explicitly that the String background E defined in terms of

the Poisson structure Il on G satisfies the Poisson-Lie condition.
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Proposition 6.11. A pair of o-models with targets being G and G have string
backgrounds E(g) and E(g) given explicitly by

E(g) = (alg)+ E(e)c(9)) " E(e)d(g),

E(g) = d@)E@)(a(g) +ag)Ee) ™, (6.3.4)

or as have been shown in Section 3.3.2 that up to a similarity transformation,

E(g) can be conveniently written as

E7Ng)" = (E7'(e) +1(g))"
E7 @ = (E(e) +11(g))w. (6.3.5)
Proof. We show that (6.3.5) satisfies the Poisson-Lie condition (6.3.3).
Let us start with £, E,. and use the Poisson-Lie condition (6.3.3), we find
Lo By = Lo, (0vlEy)
= [ 0l By + foc0hvi By 4 J 00 0 ! B By

= fu Ba + fonlEra + % FueEe. (6.3.6)

Substituting (6.3.6) into £,, (E~)", we have

Lo (BT = —(B7)" (Lo, By (BT
— _<E_1)br(fardEd8+fg,sdETd+fdeaEd8E7‘€>(E_l)Sc
= _(Efl)br arc . (E71>sc asb . ]ECba' (637)

We have seen in Lemma 6.7 that
(VLIT), = — £, I1% = f. CT1% 1 f. e[pbd — foe.
hence I1% satisfies (6.3.7), while E~1(e) + II satisfies (6.3.7) provided
Fad"(E7H(e)™ + faa“ (B (e))" =0, (6.3.8)

i.e. this condition is equivalent to the requirement £,, F(e)p. = 0. Thus E(g) =
[E~1(e)+1I] ! satisfies the Poisson-Lie condition requiring that (6.3.8) is satisfied.
[l

6.4 Poisson-Lie T-duality and generalized ge-

ometry

Recall in Chapter 5 that using the framework of generalized geometry, (Abelian)

T-duality between a pair of dual o-models on £ and E can be viewed as duality
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between invariant sections of TE@®T*E and TE ®T*E. This result motivates us
to consider Poisson-Lie T-duality as a duality on the Drinfel’d double D = g & g*
in a similar way.

We begin in section 6.4.1 defining the natural operations on g g*. In Section
6.4.2, we consider the Poisson-Lie T-duality between a pair of o-models on G and
G as a duality on the orthogonal subspaces of the generalized space D. In Section
6.4.3, We generalize the construction for (Abelian) T-duality in Chapter 5 and

establish an isomorphism of Courant algebroids related by Poisson-Lie T-duality.

6.4.1 Natural operation on the Drinfel’d double D

The double D = g @ g* is equipped with an ad-invariant non-degenerate bilinear

form
(x+&y+n) = (z,n)+ (), (6.4.1)

where z,y € g, {,n € g*. (, ) is the canonical orthogonal pairing between g and
g, ie. (T,, T = 6°, and otherwise 0.
D is equipped with the bracket

[+ &y+np = [zy)+ ad¢y — ad,x
+[&n] + adin — ady§, (6.4.2)

where z,y € g and §,n € g*. ad; is the ad*-operator for g acting on g* and ad

corresponds to the coadjoint action of g* on g, i.e.

(ady&, x) = (& [z, y]),  (adyz, &) = (x,[€,n]). (6.4.3)

The Lie brackets on g and g* are given respectively by

[Taa Tb]D = fabcTca
[T, T"p = f*.T°, (6.4.4)

where f,,¢ and f“bc are structure constants on g and g*. Then it follows from

(6.4.2) that the brackets between g and g* are given by

[T, Tp = —ady, Ty + ady, T
= fbcaTC + fcabTC’
[Ta’ Tb]p = (ld;;aTb - (ld;«bfa
== _f(ZCbTC + fbcaj:’c. (645)
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These brackets are simply the brackets between g and g* given previously in
Section 2.2.3.
The bracket (6.4.2) on D has the following properties:

1. It is antisymmetric.

2. The bracket on the Drinfel’d double D satisfies the Jacobi-identity by plac-

ing the following condition on the structure constants:

fedcfabc _ ~Cdbfac€ + fe , afd _ fcdafbce - .]Eefafbfdy (646)

we recognize this as the integrability condition of the Poisson-Lie condition

(6.3.3) given previously in Proposition 3.9.
Here is an example of a Borelian double following Example 6.10.

Example 6.12. The Borelian double D = GL(2,R) with Lie algebra D = g & g*
has subgroups G and G, such that the Borel group G has Lie algebra g and the
dual group G has Lie algebra g*, respectively.

The Lie algebras g and g* have basis {7},} and {7} given by (6.2.29). There

is a non-degenerate pairing on D satisfying (T}, T%) = 5%
(x,y) = Det(x +vy), Vax,yeD. (6.4.7)
It follows from (6.2.29) that the Lie brackets on g and g* are
Ty, 15 =Ty, [T%,T7 =17 (6.4.8)
thus according to (6.4.5), the brackets on D between g and g* are found to be
1y, 1%) = =T, [I",Ty) = -1, (6.4.9)

and otherwise 0.
These are simply the commutation relations of the Lie algebra D = gi(2,R)
with a basis {17, Ty, T", T?}.

6.4.2 Orthogonal subspaces of the Drinfel’d double D

Let us consider the tangent space T,D = D at e the unit element of D. l.e. e is
the unit element of both G and G at the same time (i.e. e = é).
The generalized space D = g & g* can be decomposed as linear orthogonal

subspaces R4 as follows:
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Let E(e) be a non-degenerate linear mapping E(e) : g — g*. R4 can be
defined as the graph of E(e) in D, i.e.

Ry = Span{t+ E(e)(,-)|t € g},
R_ = Span{t— E(e)(-, )|t € g}, (6.4.11)

or R4 can be expressed as

R, = Span{T,+ E(e)uT"}
R_ = Span{T, — E(e),T"}. (6.4.12)

Remark 6.13. The subspaces R, are self dual, i.e. Ry = Ry, where
Ry = Span{T® + E(¢)®T;}, R_ = Span{T® — E(&)*T}}. (6.4.13)
E(e) and E(¢) are related by E(e)E(é) = E(¢)E(e) = 1.

There is a generalized metric G on 1.D = g® g*, i.e. G : T.D — T.D with

the following properties:
1. G is an involution, i.e. G% =1,

2. G is required to be a (linear) homomorphism of the Lie algebras, G[z,y| =
Gz, Gy, for all z,y € D.

3. G is self-adjoint with respect to the non-degenerate bilinear form (, ) on
D, ie. (Gz,y) = (z,Gy).

4. G : D — D has eigenspaces R,

G(Ry) = £R.. (6.4.14)

Remark 6.14. Since G is a homomorphism of Lie algebras, we have the following

properties:
G[R+7 R+] = [RJra R+]7 G[RJr? R*] = _[RJra R*]a G[R*7 R*] = [R,, R*]v
(6.4.15)
and thus
[R,,R,J]eR,, [R.,R]€eRy, [R.,R]ER_. (6.4.16)

Since R, and R_ are orthogonal subspaces with respect to ( , ), we have the

following relation:

<[R+7R+]7R—> = <[R+aR—]’R+> = <[R—’R—]’R—> =0. (6417)
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In terms of the symmetric part G(e) and the anti-symmetric part B(e) of

E(e), the generalized metric G can be expressed as a matrix

(6.4.18)

Now, consider a pair of o-models with targets being G and G. For each
element g € G, T.D can be transported to T,D via the action of g on D (i.e.
(6.2.2)) such that the subspaces R, are transported to R} € T,D = D according
to

Rﬂ_ = g_1R+g = Span{Ta + E(Q)abTb}y

R? = g 'R_g=Span{T, — E(g)u1"}, (6.4.19)

where F(g) is defined explicitly in Proposition 6.11 in terms of the Poisson struc-
ture II on G and satisfies the Poisson-Lie condition, i.e. E(g) defines the string
background on a o-model.

Apparently R span T,D = D and since the non-degenerate bilinear form

(, ) is ad-invariant, thus R% are orthogonal subspaces of D, i.e.
(R, RY)=(9g'Ryg9,9g7'R_g) = (R,,R_) = 0. (6.4.20)

There is also a generalized metric G, : T,D — T,D with R its +-eigenspaces.

I.e. we have the following commutative diagram

T.D—S~T,D (6.4.21)

P

7,0 -~ T,D
According to [2], every element f € D can have two different decompositions
f=gh=gh, g,heG, ghedG. (6.4.22)

Thus, similarly for g € G, T.D can be transported to T3 D via the action of
g on D such that the subspaces R, are transported to Rgi € T;D = D. The

subspaces Ri are given by
RY = Span{T" + E(3)®T,}, RY = Span{T°® — E(§)""T}}, (6.4.23)

where E (g) defines the string background on the dual o-model and is given in

terms of the Poisson structure II on G in Proposition 6.11.
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Let G be the generalized metric on 73D = D with Ri its £-eigenspaces,

then we have the commutative diagram

T.D—S~T,D (6.4.24)

P

7,0 -S% ;D

Example 6.15. Consider again the Borelian double D = GL(2,R) following
Examples 6.10 and 6.12. D has subgroups Bs and G with Lie algebras g and g*
generated by {T1,T5} and {T",T?} defined previously in (6.2.29).

Let us choose the matrix E(e)~! as

Ele)™ = ( v ) : (6.4.25)

1.e.

uy — vx U -

E(e) = — <_” Y ) (6.4.26)

Then the subspaces R are found to be

~ 1 0 0 1
R, = Span{T, + E(e),T"} = Span { ( Ly Y ) : ( . Y ) }
UY—vr  UY—UT UYy—vr  UY—VT

~ 1 0 0 1
R_ = Span{T, — E(e)p, T°} = Span { ( C ) ) , ( Y 7y ) } )
UY—vr  UY—vT uY—vr  UY—vT

(6.4.27)

An element g € By can be parameterized by

g= ( 6; f ) . (6.4.28)
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Thus R, can be transported to R via

R, = g 'Ry

{ 1 ( (uy —vz)r? + 0y O(uy — vz) + 0?ye=% + fe v )
Span { ———— :
uy — ur —ye? —yf — v

1 —0x —0%Px — Que ¥ + uy — vw
uy —vr \ xe¥ x0 +u
0 1
= Span 204 0+ (0z+u)e? )
O(y—u)+e? (uy—vzx)+e= %02  O(y—u)+e? (uy—vz)+e— P02

1 0
—ye?—0 —260%—0(uty)—v
0(y—u)+e? (uy—vx)+e=%0%  O(y—u)+e¥ (uy—vz)+e=¥02
= Span{T, + E(¢9)wT"}. (6.4.29)

Thus comparing terms we find that the string background E(g) is given by

Eg) = 1 — (20 +0(u+y) +v) ye? +0
9= O(y — u) + e?(uy — vx) 4 e~¥0? 0+ (0x + u)e? —e2eyr |7
(6.4.30)

Let us choose a parametrization of the dual group G

g= ( _15 jz > : (6.4.31)

One can check that both g and g give a different decomposition of [ € D via
(6.4.22).

Again transporting R, to Ri gives us

Ri = §71R+g

1 uYy — vx 0
= Span . T ,
{uy — vz ( e ?(vh —y)+be ?(uy —vx) —v )

—O(uy — vz e (uy — vx)
e %% (x —yh — 02 (uy —vz)) O(uy —vx) +y
e"ﬁ(uy—flm)(:r—éQv) —(uy—va:)(vé—y—}:é(uy—fux))
= Span —e~P(vaty?)+02 (uy—vx)  —e~P(vety?)+62 (uy—va) ,
0 1
(uyfvxZ(é(uyfvz)+y7v9~) e:;v(uyfvm)
e~ % (02 (uy—vz)2+vz) e~ % (02 (uy—vz)2+vz)
1 0

= Span{T® + E(3)*T;}. (6.4.32)
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Comparing terms we find that the string background E (g) on the dual o-model

is given by
e"*a(uy—vx)(:r—é%)) —(uy—vx)(vé—y—té(uy—vx))
NI AN —e~?(va+y?)+02 (uy—vz) —e~% (va+y?)+62(uy—vx)
E(g) - . (uyfvmz(e(uyfv:p)erfv@) i ef’v(uyfvz) ) (6433>
e~ ?(02(uy—vzx)2+vz) e~ ?(02(uy—vz)2+vz)

We can compare the above dual pair of string backgrounds F(g) and E(§) with the
string backgrounds computed previously in (3.19) in Section 3.3.3 using (6.3.5).

These solutions agree up to re-parameterizations.

6.4.3 Poisson-Lie T-duality on Courant algebroids

In this section we establish an isomorphism of Courant algebroids related by
Poisson-Lie T-duality.

Consider a Poisson-Lie group G and its dual group G. Let {v,} be a basis of
left-invariant vector fields on G and {w®} be the dual basis of left-invariant one
forms on G.

The Lie bracket on the left-invariant vector fields is given by
[Vas 8] = fop“Ves (6.4.34)
while the dual one forms are defined by
w(vp) = 1,,w* = oy, (6.4.35)

satisfy
1
dw® = 5 foo"w® A w”. (6.4.36)

Lemma 6.16. In terms of left action of g, Lemma (6.7) becomes
(VL) = f 1% + f, 011 4 oo (6.4.37)
Proof. With g a left action, the adjoint action of g on D is given by
9Tug ™" = a(9),' Ty, gTg™" = c(9)™ Ty + d(g)",T" (6.4.38)
Computing (V1 (a(g)™),")e and (V1¢(g)™),, we find

(Vi(a(9)™De = fillalg)™),%
(Vie(@)™)e = fa'clg)® + f*%alg)s. (6.4.39)
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Thus
(VilI?). = (Vie(g)™)elalg)™)d +e(9)*(Vila(g)™)q)e
= fdcaHdb + fdchad + .fabc' (644())
[

Lemma 6.17. The Koszul bracket | , |n defined by (2.3.1) on invariant sections
of T*G 1s given by
[w®, wy = fwe, (6.4.41)

where f~“bC is the structure constant of G.
Proof. The bracket |, | on invariant forms is given by
[w® W’y = Eﬂu(wa)wb — Lt (ryw” — dII(w*, w®)
= dIl(w®, w’) + zﬂn(wa)dwb — dIT(w®, w*) — Lt (whydw® — dIT(w?, w®)
= [T ww? — £, T (e, )w? — dIT(w®, w®)
— debHcawd - dechbwd + dHab
= £ — £, T + (V1) . (6.4.42)

Substituting (6.4.37) into the above equation, we obtain

[w®, W)y = fuwe. (6.4.43)
O
Lemma 6.18. The differential dn = [I1,-]sy on left-invariant vector fields is
given by
1 -
dnv, = Efbcavb A Vg. (6.4.44)
where |, |sn is the Schouten bracket on multi-vector fields.
Proof.
1 ab
dHUc = [§H 'Uavlnvc}SN
1
= §(H“b[va, veJvy — 1% [vy, ve]vg + ve(TT%)v, A vp)
1
= ST T 4 (1) A vy
1
- 5(_Hdbfdca - Hadfdcb + (VLHab)C)Ua N Uy
1 -
— ifabc,va A U, (6445)

where we have used (6.4.37). O



6.4 Poisson-Lie T-duality and generalized geometry 109

Recall in Example 2.32 in Section 2.3.1 that when G is a Poisson manifold
with a Poisson structure II, then (T*G, [, ], p» = 7%, dp) is a Lie algebroid over
G, with the associated bracket on I'(T*G) being the Koszul bracket [ , ], anchor
7 and a differential di; on T'(A*TG) defined by dy = [I1,Jsn. (T*G, [, ], px =
7%, dyp) is often called a cotangent Lie algebroid.

As we have seen in Example 2.36 that (T'G, T*G) defines a Lie bialgebroid,
where the Lie algebroid (T'G, [, |, p,d) is equipped with the usual Lie bracket on
['(TG), identity anchor map p and de Rham differential d. T*G is a cotangent
Lie algebroid with the above mentioned structures. Since (T'G,T*G) defines a
Lie bialgebroid, according to Theorem 2.40, its double TG & T*G form a Courant
algebroid equipped with a non-degenerate bilinear form ( , ) and a Courant
bracket [ ,] on I'(T'G @ T*G). On invariant sections, the non-degenerate bilinear
form is given by

(Vg, w?) = 6. (6.4.46)

The Courant bracket on invariant sections of TG @ T*G is found to be
[£1Va + 910w, f$0a + g2aw°] = [f1Va, S300) + L3, o f305 = L3 e 105
1
+lg1,aw", g2sw"] + Lo, (92.4w") — Ligv, (g1pw”) + —d(gl ofs = 92.4f7)

(f1f2fab +f291bfb _f192bf ) (91a92bf ‘|‘f192afbc
— [391.afp" 0", (6.4.47)

where f¢, g, € C®(G) are constant functions and £ = [z, dy].
Since (TG T*G)¢ = g P g*, it is obvious that the above Courant bracket on
g @ g* coincides with (2.2.26), i.e. the Lie brackets on the Drinfel’d double D.
Similarly for the dual group G with a Poisson structure II, let {5%} be a basis
of left-invariant vector fields on G and {1,} be a basis of left-invariant one forms

on G. The Lie bracket on the left-invariant vector fields on G is given by
(09, 0] = f.0¢, (6.4.48)

while the dual basis of one forms on G are defined by
W (D7) = 1pg = 6, (6.4.49)
satisfy
1 -
dibg = 5 £ Ay A . (6.4.50)

According to Lemma 6.17 and Lemma 6.18, on left invariant forms of G, the
Koszul bracket is given by
[Wa, Wp)ig = fop “We, (6.4.51)
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and the associated differential dp is given by

dpt® = % fo0° A D°. (6.4.52)
It follows that (TG, T*G) is a Lie bialgebroid, where the Lie algebroid (TG, [, |,
p, d) is equipped with the usual Lie bracket on I'(T é), identity anchor map p and
de Rham differential d. And (T*G, [, |5, p = 7, dg) is a cotangent Lie algebroid
with the Koszul bracket [, ]g on I'(T*G), anchor map p = 7 and a differential
dg = [T, -]sy on T(A*TG). Since (TG, T*G) defines a Lie bialgebroid, its double
TG @ T*G is a Courant algebroid.
Let ¢ be a map relating invariant sections of T'G & T*G and TG & T*G and
is defined by

@ [+ gaw* — go0" + [0, (6.4.53)

¢ is an isomorphism of invariant sections and ¢? = 1. It is obvious that the map
v simply exchanges the role of g with g*. Thus, let us refer to ¢ as a “Poisson-Lie
T-duality map” relating invariant sections of TG & T*G and TG & T*G.

Then we have the following result:

Theorem 6.19. (1) ¢ is orthogonal with respect to the the non-degenerate bilin-
ear form (, ) on the invariant sections of TG ® T*G and TG & T*G.

(2) ¢ preserves the Courant brackets on the invariant sections of TG & T*G
and TG ® T*G

@([[ffva +g1,0w", f30, +g2,awa]]) = [[@(ffva +gl,awa)7 W(f;va +92,awa)]]‘ (6'4'54>

Proof. (1) This is trivial from the definition.
(2) It is obvious that ¢ preserves the Lie brackets on D given by (2.2.26). [

Therefore on the space of invariant sections, TG @ T*G and TG & T*G are
isomorphic Courant algebroids related by the Poisson-Lie T-duality map .

This can be generalized to principal G and G-bundles over a common base
manifold M.

Let E be a principal G-bundle over M, and E be a principal G-bundle over
M. The invariant sections of TE @& T*E decompose as (T'M x g) & (T*M x g*)
while the invariant sections of TE @& T*E decompose as (TM x §) & (T*M x §*) =
(TM x g*) @ (T*M x g). Thus the previous construction applies to principal G
and G-bundles in the obvious way, such that the Poisson-Lie T-duality map %
simply exchanges the role of g and g* on the invariant sections of TE & T*E and
TE®T*E.
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In the Abelian case when F is a principal T™-bundle and E its dual space,
the Koszul brackets on T*E and T*E vanish, and the map ¢ coincides with the
T-duality map between invariant sections of TE & T*E and TE @ T*E defined

previously in Section 5.3.2.
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Chapter 7

Non-geometric flux
compactification vs global
T-duality

7.1 Introduction and outline

(Super)string theory requires 10-dimensional spacetime, and one of the most chal-
lenging aspects of string theory is to reduce the 10-dimensional spacetime to our
4-dimensional world consistently. There is a systematic method developed by
Scherk and Schwarz [69] for reducing supergravities as a generalization of the
Kaluza-Klein reduction. Such a reduction of supergravities gives a lower di-
mensional supergravity, in particular when a non-Abelian Yang-Mills group is
involved.

The Scherk-Schwarz reduction on a D +d dimensional field theory with target
E on a d-dimensional internal manifold T gives rise to a D-dimensional field
theory with gauge symmetry, mass terms and a scalar potential. Kaloper and
Myers [44] showed that the Scherk-Schwarz reduction can be constructed on an
internal space which is a twisted torus, thus the Scherk-Schwarz reduction can be
generalized by introducing a flux labeled f ¢ corresponding to the twisting. In
string theory, this construction can be used to compactify a D + d-dimensional
string theory on d-dimensional (twisted) tori with the presence of background
H-flux. In the literature, the H-flux and the fluxes corresponding to the twisting
of the internal space are referred to as the geometric fluxes [41, 44, 74].

Shelton, Taylor and Wecht [74] then take the Scherk-Schwarz reduction of

string theory on twisted tori one step further by including compactifications on
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spaces which cannot be described geometrically. In their constructions additional
algebraic structures are introduced to be included on a given string background
which results in the string background no longer describing a manifold. These
algebraic structures are referred to as the non-geometric fluxes. The non-
geometric fluxes, labeled ¢, and r®¢, appeared naturally by T-dualizing the
original internal manifold. As a result, Shelton, Taylor and Wecht proposed the
following T-duality rule
T Ty  ab ,Te  abe

a a
habcé éfbcé rq < r 9

where a, b, ¢ denote the indices of the coordinates on the internal space.

It turns out that the brackets on the gauge algebras of the reduced theory
simply correspond to the Courant bracket on the invariant sections of the gen-
eralized tangent space T'E & T*E when restricted on T. And the non-geometric
fluxes qabC and 7% simply corresponds to the fluxes F, (1)ab and Fg)qpe introduced
by Bouwknegt, Evslin and Mathai [6] for the global T-duality.

This Chapter is organized as follows: In Section 7.2 we review the basic idea
of Scherk-Schwarz reduction and the gauge algebra of the reduced theory when
the internal space is a flat torus. In Section 7.3, we follow Kaloper and Myers’
generalization of Scherk-Schwarz reduction to the case when the internal space is
a twisted torus. Section 7.4 reviews the idea of non-geometric compactification
proposed by Shelton, Taylor and Wecht [74]. In Section 7.5 we show how to
obtain the full gauge algebra which is invariant under T-duality, while in Section
7.6 we show that the non-geometric fluxes introduced by Shelton, Taylor and

Wecht are related to the fluxes F{;) and F{g) introduced previously in Chapter 5.
This Chapter is collaborative work with Bouwknegt and Garretson [11].

7.2 Scherk-Schwarz reduction and gauge alge-

bra

Let us consider a D + d = 10-dimensional string theory compactified on a d-
dimensional internal manifold T which gives rise to a D-dimensional string theory
on the manifold M. Let y* (a = 1,...,d) be coordinates on T and z* (u =
1,...,D) be coordinates on M.

The Scherk-Schwarz reduction [69] of a string theory on a n-torus T" gives a
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decomposition of the metric g, the B-field b and the gauge fields as follows

g = guw(r)dr" @ dz" + gup(z,y)A* @ A
= (gu(@) + g AL AL da" @ dx” + gap(x) Abdy® @ da” + gap(x) Alda” @ dy’
+gap(2)dy” @ dy?,
1 1
b = ébw(x)dﬁ“ A dz” + bye(z)dat N A + §bab(9§, y)A® A AP

1 1
= (ibw,(x) + bua(2) AL + §bab(x, y)AZAl;)dx“ A dx”

1 1 1
+(bpa() + §babAZ - 5b,,aAz)algz:M N dy" + Sbap(x)dy* N dy?, (7.2.1)

where A = dy* + Ajdz" and Ajdz* are Kaluza-Klein fields.

Similarly, a p-form gauge potential V' decomposes as
1
V=V + Vipna A A* + SVip-2ja A A® A At (7.2.2)
Let us organize the B-field b in (7.2.1) as

b,u,y - b,u,v<5(7> + 2bua(x>AZ + bab(‘ra y>AaAb

p o
1 1
b,ua = bﬂa(x) + §bab(x7y)AZ - §bba($,y)AZ7
bab == bab(xvy)' (723)

Similarly, we organize the metric g terms in (7.2.1) as

Juw = YGu (x) + gabAZAia
Jar = gab(x)Al;7
Jab = Gap(T). (7.2.4)

One can introduce the flux hg. and decompose by(x, y) by including an explicit

dependence on the coordinate y as follows
bab(l', y) = bab(x) + habcyc~ (725)

By introducing the flux hgy., the fields A} arise from the metric and the B-field
transform under two types of reduced gauge transformations [44]:

(1) Kalb-Ramond gauge transformations with gauge algebra A,:

Let £ be a basis of non-vanishing one-forms on the internal space. The B-field
b has a one-form gauge symmetry in the original 10-dimensional theory given by

a one-form A:

b—b =b+dA, A=\ + \da'. (7.2.6)
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If we set A\; = 0, an explicit computation shows that the reduced two form B-field

transforms according to

Vo = bua + 0uhas
Wy = by + Fly“Nas (7.2.7)

where F), ¢ = 0,A] — 0,Aj is the field strength of Af.

(2) Kaluza-Klein gauge transformations with gauge algebra w®:

The forms dy® transform under spacetime diffeomorphism according to dy® —
dy* = dy® + dw®. In order to ensure the invariance of the internal space d-
bein, i.e dy* + Ajdz" — dy'* + Ajldr" is invariant, A transforms under Kaluza-
Klein transformation according to A}, — A} = Aj — d,w. While the B-field b

transforms according to

b;m = bﬂa + habcwcAZ>
b;b = bab + habcwc7
b;w = b/“, + hm,awa + 3habcwaAZA,C/, (728)

where hyq = 0,byq — Oyby, is the field strength of b,,.

Those fields that are not listed above are invariant under the corresponding
transformations.

Let X* be generators of the Kalb-Ramond gauge transformation and Z, be
generators of the Kaluza-Klein gauge transformation.

The generators Z, and X* satisfy

[Zm Zb] = AabCZc + BachC;
Z,, X" =C,'X°+ D7,
(X X" = B*Z, + F® X°©, (7.2.9)

where A, B,C, D, E and F are some structure constants to be determined.

To find these structure constants, let us consider the successive application
of the Kalb-Ramond and the Kaluza-Klein gauge transformations. Let g; =
e % and h; = €eX" be gauge transformations corresponding to the Kalb-
Ramond and the Kaluza-Klein gauge transformations with a® and 3, the gauge
transformation parameters, respectively.

Now computing the forms ¢gi192 — 9291, g1hs — hagy and hihy — hohy, and
comparing the products with the corresponding successive gauge transformations
given by (7.2.7) and (7.2.8), we obtain the structure constants in (7.2.9)

Bape = hape,  otherwise 0. (7.2.10)
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Thus the gauge algebra becomes

[Zm Zb] - hachcv
[Z4, X" = [X*, X" = 0. (7.2.11)

7.3 Gauge algebra on a twisted torus

In the previous section, the 10-dimensional string theory is compactified on the
flat n-torus with coordinates y®. In this section, we will consider the case when
the internal space T is not restricted to be homeomorphic to fibred torus T, but
a space called the twisted torus.

To illustrate the idea of a twisted torus, let us first consider an example of a
twisted three-torus T provided in [43].

Consider string theory compatified on T* with non-trivial H-flux. Let (y',4?, y?)
be coordinates on T3, each with period 1. We start with a metric and H-flux

(which corresponds to hi23 = k in the previous notation) given by
g = (dy")? + (dy*)? + (dy®)?, H = kdy" A dy® A dy?. (7.3.1)

This metric has symmetry (y', 9% y%) «~ (y' + 1L,y%9%) « (v 92 + 1,4%) -
(v, y2, 2 + 1). If we then choose a local gauge H = db, with b = ky2dy' A dy?,
we can do a T-duality transformation on the y' or y? coordinate. Performing

T-duality transformation on the y!-direction, the Buscher rules (3.2.9) give us
§ = (dy' — ky*dy®)® + (dy®)? + (dy®)?, b=0 (= H=0). (7.3.2)

The dual metric § has symmetry (7',9%y3) « (7' + ky?, 9% 93 + 1) «~ (g* +
Ly?y®) « (097 + 1 yP).

The shift of dy* by ky3zdy in the metric turns T? into a twisted three-torus.

The twisted three-torus is a manifold. The T-duality transformation mixes
the metric and the B-field b by an SL(2,Z) € O(2,2;Z) transformation which is
characterized by k € Z.

To generalize the above construction to twisted d-torus T, let £ be a basis of
one-forms on T defined by a vielbein 0% (y) which is related to coordinate twisting
of y*

£ = o (y)dy’. (7.3.3)

The inverse of the above map is

dy" =0, ()¢, (7.3.4)
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where 0,%(y) is the inverse of 0%,
The generators Z, of the Kaluza-Klein gauge transformation are the Killing
vector fields generating the spacetime isometry of the internal space, and are dual

to the basis one-forms £*. The Killing vector fields Z, can be expressed as
Zy = 0,0, (7.3.5)

where 0y, = Biyb'

The Killing vector fields Z, must satisfy
(Za, Zo) = [ Ze, (7.3.6)

where f ¢ are some structure constants.

Let us include the flux f,,¢ by a shifting of dy® via
dy* — dy" — f,"y dy". (7.3.7)

Thus the components of the metric g and B-field b in (7.2.1) now decompose

as:

Guv = guu(fB)JrgabAZAf,,

Gub = gab<x>AZ_gad(x)fcbdAZ 5

gab = 9an(¥,Y) = Gaa() [ Y. (7.3.8)
and

1
b = (@) + Bya () A5+ Sba(, ) AL AL

i
1 b 1 b b, c c b, e
b,ua - b,ua(x) + §bab<x’y)"4,u - ébba(‘ra y)Au - bub(x)fca y — bcb<x7y)Aufea Yy,
1 1
bap = bap(,y) — §bad($,y)fbedye - §bdb($, y)feadye' (7.3.9)

Therefore by including the flux f,, ¢ which is related to the twisting, the gauge
transformations (7.2.7) and (7.2.8) that appeared in the previous section are now
generalized as follows [44]:

(1) Kalb-Ramond gauge transformations with gauge algebra A,

by ()
bua(@)

by (7)

b fabc)\07
bua(x) + 0pAa fabCAb)\c,

buv () + F, "N + 5 fabCAaAb o (7.3.10)
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(2) Kaluza-Klein gauge transformations with gauge algebra w®:

Al = A% = 9 — f, WAy, (7.3.11)
Vo (%) = bua(®) + hanew® Ay, + [ Wby + O(W?),

V() = bap(2) + hapew® + O(w?),

b, (%) = b (2) + hywaw® — Bhapew® ALAS — fo,“w b AL, + O(w?).

Those fields that are not listed above are invariant under the corresponding trans-
formations.
Following the procedure in the previous section by applying successive gauge

transformations, the structure constants in (7.2.9) are found to be
Ayt =—-Cu = fuw Babe = hape, otherwise 0. (7.3.12)
Thus the gauge algebras Z, and X satisfy
[Za7 Zb] - fa,bCZc + hachcy
[X(l7 Zb] = _fbcaXc7
(X, X" = 0. (7.3.13)

These brackets define a Lie algebra if we further require the following condi-

tions on A’s and f’s:

fabdfdce + fbcdfdae + fcadfdbe = 07
fabdhdce + fcedhﬂ«db + fbcdhdae + faedthd + fcadhdbe + fbedhaCd =0.

7.4 Non-geometric flux compactification

First, let us recall the twisted three-torus example in Section 7.3. Denoting
fo3' = Kk, the shift of dy' by fy3'y3dy? in the metric (7.3.2) turns T? into a
twisted three-torus. These fluxes fy;' € Z are referred to as geometric fluxes
since they characterize twisting of the coordinates. As a result, T-dualizing on

the y! direction takes:

hiss =5 fos . (7.4.1)

If we further perform another T-duality on the y? direction, the Buscher rules
give us

A 1 diM? 4 (di?)? A2 b= ky® dit A di?. (7.4.2

g= 5((dg)” + (dg)) + (dy”)", b= 5dy ANdyT. (7.4.2)

1+ k2(y?) 1+ E2(y3)
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Although the metric ¢ and B-field b are defined locally, the string background
with such § and b is globally not a manifold. The T-duality transformation mixes
the metric and the B-field by a SL(2,Z) € O(2,2;Z) transformation which is
characterized by ¢'%, = k € Z, and ¢ is called a non-geometric flux. Thus

T-duality takes

T T
higg < fo3! = q'%. (7.4.3)

For general twisted d-torus, Shelton, Taylor and Wecht [74] proposed the
following T-duality transformation rules for non-geometric fluxes:

Rape s [, 2t o Loy pabe (7.4.4)

where hgp,. corresponds to the NS-NS H-flux with three legs in the internal space,
fy.® is the geometric flux corresponding to coordinate twisting, and ¢®, and 7

are both non-geometric fluxes.

7.5 Full gauge algebra under T-duality

Recall that in the previous sections 7.2 and 7.3, the gauge algebra Z, associated
with the Kaluza-Klein gauge transformations (7.3.11) is the generator of the
spacetime isometry on the internal space, which corresponds to Killing vector
fields on the internal space T. Since the gauge algebra X* associated with the
Kalb-Ramond gauge transformations (7.3.10) is the generator corresponding to
the one-form gauge symmetry of the B-field, thus X correspond to the one-form
A = \&% and can be associated with the one-form basis £ on the internal space
T.

Thus Z, and X* can be viewed as gauge algebras corresponding to invariant
vector fields and invariant one-form on the internal space T.

Let E be a T-bundle over M. Recall in Chapter 5, the T-duality map ¢ inter-
changes the invariant vector fields and the invariant one-forms on the invariant
section of TE@®T*E. Thus we expect in the a-th coordinate on the internal space
T, Z, < X* under the T-duality transformation.

For T a twisted d-torus, the gauge algebras Z, and X satisfy

[Zm Zb] = fabCZc + hachC>

[Xa7 Zb] = _fbcaXca
(X X" = 0.
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where Ay, is the component of the H-flux on T, while f ;¢ comes from the twisting
of the coordinates y* on T.
Now, applying the T-duality transformation to the above set of brackets, we

obtain

[Xa’ Xb] — qachc + rachm
[Xa7 Zb] - qaCcha
[(Za, Zp) = 0.
where q“bC is the flux T-dual to f,,¢ and r®c is the flux T-dual to hgpe.

Thus for the algebras to be closed under T-duality, we need to modify the
brackets (7.3.13) by including the T-dual fluxes ¢%°, and 9% i.e.

[Za, Zb] = fabCZc + hachC>
[Xa7Zb] = _fbcaXc_l_qacbZCa
(X XY = ¢ X4 r*7,, (7.5.1)

and the fluxes are related via T-duality as
Ff o g™ hgpe — 770, (7.5.2)

Next, we show that the brackets (7.5.1) on Z, and X correspond to a Courant
bracket on the generalized space of T.

Let us first introduce a basis {v,} of vector field on T and a dual basis {w*}
of one-forms on T. Here we have introduced the notation v,(f) = 0,(f), while

the dual basis of one-forms are defined by
w(vp) = 1y, W = 0p (7.5.3)

then w? satisfies )
dw® = §fbc“wb A we. (7.5.4)

The Lie bracket between vector fields in this case is given by

[Uﬂwvb] = fabcvm (755)

while the bracket on w®’s is given by

[w®, w’], = [w* w’], = ¢ ", (7.5.6)

where [, |, is defined by (5.4.12).
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Recall in Section 5.4, the Dorfmann bracket on the generalized space can be
defined in terms of proto-bialgebroid structures 0 = p+~v+ @+ given by (5.4.1).
The Dorfmann brackets are given as follows:

Xio0Xy = [ Xy, Xo]u +ox,0x,7,

X105, = —ig,d, Xy + El;(lEQ,

HioXy, = E%ng —1x,d, =1,

EioZy = [E1,Z9)y 155,90, (7.5.7)

where X € I'(TT) and = € I'(T*T). d, and d, are the quasi-differentials defined
by (5.4.7) while L = d,ix + 1xd, and L1 = d, 1= + 1=d,,.

On the basis {v,} and {w*}, the Dorfmann bracket becomes

C (&
Va0 Up = [Va, U] + , 0, = fo“Ve + Panc®
1
b b b, .c be

Vgow = —updyv, + L w’ = Sfac W= 5070V,

a o £’y d a 1 ac 1 a. ..c
whouy = Loath =ty = 54"V = o fro"w",
[w, w’] = W w'], + 1wty = ¢’ + v, (7.5.8)

Anti-symmetrizing the above Dorfmann bracket, we obtain the Courant brack-

ets on v, and w* as

[[Uav Ub]] = fabcvc + habcwc7
b b b
[[Uaaw ]] = fac w’ — q Cavm

[w?, wb]] = q“bcwC + ey, (7.5.9)

Thus comparing the charges of algebras in (7.5.1) with (7.5.9), we identify the
charges (£, q®., have, 7%%) of (7.5.1) with (f,,¢, q¢®, hape, ) of (7.5.9).

7.6 Global T-duality and non-geometric flux com-

pactification

In this section we relate the non-geometric flux compactification with the global
T-duality discussed previously in Chapter 5.

Let E be the target manifold of a 10-dimensional o-model compactified on a
d-dimensional internal space T over a manifold M. Let us re-define coordinates

on the internal manifold T. Let y* (i = 1,...,d) be the coordinates on T and we
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choose from T n-coordinates y* (1,...,n) to carry out T-duality transformations
and denote the rest as y* (u=n+1,...,d).

Recall in Chapter 5 that T-duality exchanges the role of invariant vector fields
with invariant one-forms on the generalized tangent space TE @ T*E via the T-
duality map ¢ defined by (5.3.4). As remarked in the previous section, this is

equivalent to the exchange between Z, and X®.

Now, recall that the generalized Courant bracket on invariant sections of TE @

T*FE given in Section 5.3.2 is

[(z1, fr.0:&1597), (2, foa: 62, 69) ] mr = ([21, 2], (7.6.1)
(1 fo,0 — 2 fr0) + leng@)a + gz’lxlF( 1)ab — glljzng(l)ab - Q?QSF(O)aba
(L& — L4,61) — (%152 12,61) + Uy tay Hg) +

(9202, F 91%2F ja) + (f2, aZmH(g) .fl,aZ:L‘QH(aQ)) - fl,an,belb)
—g?gSF( Dab + 5 (dfl a5 + f2,0d97 — f1,adgs — df2.497), 21(g5)

—z9(gy) + lezmﬂg + (foate, HEY) = frate, HE) — frofocH)),

where x and £ are invariant vector fields and one-forms on M, and f, and ¢°
correspond to invariant vector fields and one-form, taking the value Z, and X*

respectively.

The generalized Courant bracket (7.6.1) on a basis of vector fields v, and

one-forms w® decomposes as

Vs UV]]H,F - U’y + F( 2)a ( Ups UV) + H(3)(UM7UV7 ) + HEIQ)('7UM7UV)>
#]]H,F - H(2 (Ua,l)“, ) + Héllb)(vw ',U“)

<

U(I?

<

b]]H,F - - b)(’l]a,’Ub, ) H(a(;))c(vavvl)? ')7

[

[

[va,

[vu, W' a,r = Fayas(vu, w?, ) + Faya(vg, -, w?),
[

[

' mr = —Fayw(, w, w’) — Fopape(w®, w’, ),

w
Vg, W ]]H,F = 07 (762)

where H(;y € T(A*T*T) has (3 — i)-legs in the T-duality coordinates y“, and
F;y € T(NT*T @ A*'T'T) has all three legs in the T-duality coordinates.

Then let us decompose the brackets (7.5.1) in terms of coordinates of y* and
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y® as follows:

Zu; Zu] = fW“Za + fWVZ'y + e X+ Ty X7,
1w Za] = fuabe + fuaVZV + huabXb + huaVXya
as Zb] = fabCZC + fab'uZu + hab,u,XH + hachca
a’Xb] — qabcxc + qabﬂz,u + TachC + T’ab'uZu,
Za, X' = [, X+ f,"XF — ¢ Zc — ¢, 2, (7.6.3)

Comparing (7.6.1) and (7.6.3) gives us the following correspondence between
the charges of the algebra (7.6.3) and the fluxes:

vy = Hig) (v, 0y, 0y) - g = H&)@‘“ Upsy V)

h/ab,u = _H(alb)<vaa Vp, /Uu)a habc = _H(aob)c<va7 Vp, Uc)v
fu® = Foja(vp v, w®), ¢, = —=Foyw(v, w*,w’)  r* = = Foae(w, v’ w°),
otherwise 0. (7.6.4)
Thus the gauge algebras (7.6.3) become

(Zy, Zy) = hywa X 4+ hywy X7,

[Z,uv Zzz] - h,uabXb + h,uaqua

[Zaa Zb] - haquM + hachca

[ZM?Xa] - f'u,]/aXV - qabuZlN

[Xa’ Xb] — qaqu,u, 4 TabCan

[Z4, X" = 0. (7.6.5)

Therefore the charges (f,,¢, ¢, 7%, hay.) appear in (7.4.4) are in correspon-
dence with the fluxes (F| 2)a> F(1)abs Fl0)abe, H (aob)c) coming from the global T-duality.
These brackets are invariant under T-duality transformation. Let ¢ : X <
Z, be a T-duality map, and consider the T-duality map ¢ as a homomorphism
of the gauge algebras, ie. ¢[Z;, Z)] = [p(Z:),0(Z))], ¢[Zi, X'] = [p(Z:), p(X7)]
and o[X* X7] = [p(X"), o(X7)] implies the following T-duality transformation

between the charges:

h — huy'ya ha;u/ — “ habu — qabu, habc — ,r,abc‘ (766)

pvy 7

This transformation rule can be rewritten in terms of H’s and F’s using the

correspondence (7.6.4), as a result, T-duality changes the fluxes according to

a al aoc T
(Hey, Hyy HY HigyY) < (H), Fyas Fayas Floyabe)- (7.6.7)
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This agrees with the global T-duality discussed previously in Chapter 5.

As a conclusion, the non-geometric flux transformation rule (7.4.4) proposed
by Shelton, Taylor and Wecht [74] is a particular example of the global T-duality
transformation rules introduced by Bouwknegt, Evslin and Mathai [6] when con-

sidering T-duality transformation in one coordinate at a time.
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