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“PA‘ ' Graded Jordan Algebras I

Irving Kaplansky

To the memory of Adrian Albert (Nov, 9, 1905 - June 6, 1972)

on the 70th anniversary of his birth

As this is being written, the theory of graded
Lie algebras is developing rzpidly. As is to be expected,
there is a parallel theory of graded Jordan aigebras. It
seems to have independent intefest, and may in due course
shed some light on the Lie case. This paper is intended to
lay the foundations for the study of the Jordan case.

It is apprépriate in a paper dedicated to Adrian
Albert that the setting matcnes that occurring in his
pioneering paper [}1. The only simple algebras that
arise are the expected ones. However, at the end of the
paper examples are given to show that there will be extra
simple algebras in future more general studies.

Basic definitions will now be given briefly. The
grading in this paper is by 22, the integers mod 2.
Grading by %, the integers, also merits study but is
left to the future. We pfefer to take our graded objects
as set-theoreétic unions rather than direct sums. So a
graded vector space V is a union V, v Vl of vector
spaces, disjoint except for a ccmmon O. u&ll vector
spaces in this paper are finite-diménsionai.) Zlements
of Vj, (Vl) are even (o0dd). A graded algebra A = Ay v Ay

is a graded vector space with a multiplication satisfying



(2)

AlAJ < Al-i-,j (subscripts taken mod 2). The bracket [:xy]

is xy - yx except when x and y are both odd in which

case it is xy + yx. The brace 4xy} is xy + yx except
out @ " | when x and y are both odd in which case it is xy - yx.

r
entetE T

The bracket motivates graded Lie algebras, the brace
graded Jordan algebras,
\j Vo@ V4 }; The linear transformations on a graded vector

AV = fr"p i"“l) 3 space acquire a grading in a natural way. There is a

;A 1A, Apuir. trace which we call the graded trace and denote by Tr.
10 /1("‘ A‘ﬂ ‘.._- 7 .

. .

(We keep the adjective "graded" since the usual ungraded

trace will also play a role.,) The. graded trace of every

‘r' (1 Tol
TA T (ﬂo7ﬁs odd linear transformation is O; for an even T we define

= &.zsﬂ-&:m Ir(T) = Th(To) - Tr(Tl) where T, and T, are the restrictions

[

of T to V., and Vl. A graded Jordan algebra of linear

0
transformations (GJALT) is a subspace closed under {x}.
Ideals and simplicity are defined in the obvious way.

- Here are two key examplgs. The algebra of alls

C:> linear transformations on a graded vector space is a

x]’f'/1+ simple GJALT under €'§; call it full linear. Next assunme

/4\/1:£h40’ a nondegenerate bilinear form which is symmetric on Vg,

skew on Vl, and makes VO and V ortnogonal.. Call a

[ - : ’ linear transformation T on V self-adjoint if, as usual,

| (Tx, y) = (x, Ty) for all x and y, except that when T and x
are both odd we inse%w sign. The self-adjoint .

. linear sransformations form a simple GJALT. 1If VO and Vl

s .
. . ; ; i i [ Selfacy T =T,
have dimensions s and 2r, its dimension is /,éjzzg)_ s, T

(qu)a (- )Em Al( 7 ] . ¥s(s + 1) + 21‘2 - r + 2rs, T At

) 46 Vo (Tt y) = { % Tt T Ay N ‘ W; ol , _ e E

I TR £7, g5 = <0Ts> Tu Sy par 7’0
" oxeVp eV L7 :.w)-:(x; Toia) Lo Tor  dor™ 7}0 . -70‘, H |

: = — ""Tn neahuats: .
- _(dg\/; X, = (7&;# ¥y T - LY, T Xy I dyﬁ-‘( Tio “:' : A gdgj,(,.f mf“‘( (ng e 7. (K“ 5 el
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~ We call this algebra orthosymplectic. /4"L éa,%) ?"“d“f

Theorem. Let J be a simple GJALT over an ﬁvﬁédfwﬂauh cosnf
V algebraically clopd field of characteristic Q.  Assume .
ﬂ/ué-ﬁﬁwﬂw that the odd part of J is nonzero and that Tr is not .

é7;nq}“’ \>>identlcally O on J.=fThen J is isomorphic to a full
K =K @b linear algebra or an orthosymplectic algebra.

. The proof will be carried out in a number of st
gx € _ epS.
Tr fxd = . Talixd Gy e uads P

e - pgf@tln, 2 (1) T 4Ix zb = Tr4xiyzti. This routine
j:”.‘é""if” e vba} AR Ta= e L?’uf“thZ yeJ, Fedy tyte=/
Hifg- 7ixg  verification is left to the reader. <Jth< (xoq1oz - Nalyes = Lylx2T] b
_._CL% p— ) S ARSI . Cip 42 n '[‘aa‘a“"’:r":i‘_ 7 é"—' 12, II’F%@‘@.S
-m'x,pvo, v,oxwl (2) £ Trw& O for all y then x = O, That Ao 74 @elbgr
Tt (X, Y= Y %) [ Al ro)ilaiodivo
the set of all such x's is an idesl follows from (1). ‘4wd%¢d-agﬂ
If this ideal is all of J, then Tr vanishes on éJJf, hoa a””?‘;fih
- ~f w w
which equals J by simplicity. Tnis contradicts cur
hypothesis. Hence the ideal is O.
We write K and L for the even and odd parts of J,
reserving subscripts for components of Peirce deconDOSltlons.
(3)uK is semlslmple. Let x be in the radlcal of K.
: ,{a,w e T T Lo Horelon. Ly
Then Tr«#xK@ = 0 Sane Tr vanlshes on ‘nilpotent elements
] and Tr &xL% O since Tr vanishes on odd elements.
Hence Tr {fo = 0, wtence x = O by (2).
Xt{, LEN -
L at ml[miqnmx ; v (&) J has a2 unit element. Let u be the unit element
_@JM%@ K“"‘J“J //f‘m/
U, T 2emt 2 of Ko " We Snall prove that u is the unit element of dJ.

Given x and y in J, our task will be accomplished if we

%,y Adpaisd Tae0 verify Tr 4(4uxt - x)y¢ = O. Only the case where x and y

xp oo i duxizx are both odd needs attention. Then
Tr {duxby? = Tr  uixyks = Tr fxy¥
since i;y}’is even.
Ta (l-x—ipy ) Tal wenge )= Talx- Lyl

VM‘_;}:“J (/ X N tJ, Daakan £ )(41' - T3-S




(4) | ':’- o

At this point we can harmlessly assume that J
}’Lqﬁ'” U@L)’IC‘/ e

@gﬁu%a xeJ

/mqvnﬁfd“¢5“4 rest of the graded vector space on which J is acting is

contains the identity linear transformation, since the

irrelevant., Note that the unit element of J equals
i % the identity linear transformation, because of our use

of xy + yx rather than (xy + yx)/2 for the Jordan operation,

Al 2 Cpedre [ luecbind

4 e
QQ: ;—Q (5) if e is a primitive idempotent of K then Qi. ii‘&é AWN

is one-dimensional. We know that eKe is one-dimensionszl, gﬁ“’”
. tw‘_’.—lﬁf

and so our problem is to prove that ele = 0, Write
Iy (= ede), J15» J5p for the subspaces in the Peirce

decomposition relative to e. With x £ eLe we wish
Ly
to show that Tr-#xy-J= O for any y, we can suppcse ¥y to be
demee Tls 70 R hll,) v o
- odd. The vanishing of Tr éxy« is clear for y in J12
« For y in J,,, the alternative reqguires that
22 A 11 o e e

. t E‘H"‘; Gamn t FEisy

axy? Xy - yx be a nonzero scalar multiple of e. This
€= mC"’ dl'”l ev ’17‘0

makes the ungraded trace of e equal to O, an impossibility.

(Note the use of characteristic O here. A similar argument

appears in the next paragraph.)

(&) Let ey and ey be orthogonal primitive idempotents

ode* K@;ﬁﬁ belonging to the same gimple summand of K. Then.
acti & &7 Jos Ade L Jze
(e1 +Ue2)J(e + € ) contains no nonzereo odd elements.

With the usual subscripts for Pelzgge subspaces, our
only problem is to prove L12 = 0, since Lyq = Dyy = O is
known from (5). By ordinary Jordan theory there exists
2z &’K12 with 22 = e + €5 Take x in Ly,. In showing
that Tr ¢xJ f vanishes our only problem arises with

o Sxdy it - Ly Ky Clatar
Taiaki=0 Tr hxyp for y in NP The elements sz}fand Jij are

odd elements in Jq; + Jpyy and hence are O, again by (5).



We conclude the argument using a block matrix notation

If this is nonzero then YX - XY is a nonzero scalar
multiple of the identity matrix, an impossibility in

characteristic 0O,

.l
o ¥
r%‘Qq for the elements of (el + ez)J(el + ee). For a suitable
3 j choice of basis we have
i3 ,
‘i’.r s . [0 1)
E%g LI D
3 ? *ﬁg' The equations {zx} = 0, %zy% = 0 show that x and y
\Jf; s 0 é{ have the form |
VW EE QY
\g% 0 x) 70 Y)
: X = y= .
§ =y gf (-x o/ '’ tﬁr 0/
y
v % o
Q}\s\i n:.’: we have
Q7‘§ b ¥ L
¥ v Sw . ; ¥X - XY ¢
N Axye = xy = yx = .
" Ré’*; - (o YX - XY
4 . :
3 ?\ v
3§
1> 3N
i, N

| et [xyy7]

(@) K is not simple. Take a maximal set of

orthogonal primitive idempotents in K and apply (6).

If K is simple we find that L = O, contrary to hypothesis.
Now consider orthogonal primitive idempotents

e and €5 residing in different simple suzmands of K.

We shall in due course prove that (in the same Peirce

notation as above) L12 is nonzero. As a temporary

expedient, let us call e; and e, related if L,, # C.

*; V(S)\QEE e, €p and_qg5 be orthogonal primitive

idempotents in K, with e,, e, in tre same simple summand :

of ¥ and €3 in a different cne. If e; and €3 are related




(6)

80 are e, and 3. Here and in the rest of the discussion
we continue to use the standard notation for a Peirce
decomposition. Pick gwin K5 with 22 =€ + e, pick ¥y
bmrjlﬁgﬁgwﬁ nonzero in L13. Then=?y}lies in L23 and a matrix . Il
ZCrimandibleg ov S les) T

by v - computation shows that it is nonzero. oV et onTy o713

(9) Let e, ey, 93 be orthogonal primitive

idempotents in three different simple summands of K.

Ihen e, cannot be related to both e, and €z. Assume

the contrary. Pick x and y nonzero in L 1o and L1,. There

must exist z in L)z with {yz% £ O; otherwise Trcsch = 0.

The vanishing of the ungraded trace of byzu = yz - 2y d€1“§-3,

, ' |
NO ] q/n e e Lt f-tv“
, dute R CAREFUL ! o+ oMy

Jest e shows that Jyz} is a nonzero scalar mulélple of e, =~ e N e
ol) #0 - 3° O“W%*O

Next we note that 4xy¢ and 4xz% are O, for they lie

in K = 0. So x commutes wlth y and z, hence with
e, - 33, a contradiction, /ﬂq#o M*‘"“"“

We choose, and hold fixed for the rest of the
discussion, a maximal set of orthogonal primitive

idempotents in K.

v'(10) Let A and B be two simple summands of K.

eeh rt Ffﬁ
f( : -".-

Suppose that some primitive idempotent ipg A ig.gglated

enf s E” to scue primitive idempotent in B. Then any primitive

idempotent in A is related to any primitive idempotent in.

Qﬂiﬁifﬁiz B. This is quickly seen by iterated use of (8).
,ﬁﬁlbﬂbb (11) K has precisely two simple summands. X has at
e

least two by (7). 4s in (7), some primitive idempotents
from different simple summands of X (say A and B) must be

related, for otherwise L = 0., Let u be the unit element

S TR ATE A
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of A®B. It follows from (9) and (10) that the

L;?‘?‘O 2y L}S"' PP
off-diagonal Peirce space for the decomposition given
by u is O. Thus if u £ 1, u yields a nontrivial direct
sum decomposition of J, contradicting simplicity. Hence
K = A @& B,

(J2) Any L;; linking primitive idempotents in

the two summandgof K is 2-dimensional. It follows
T

from (1C) and (11) that L,. is nonzero, For x and y
lJ ﬂ
— -, , @D cn, = einy
h’o-'f;ln Lij we have that &xyf = ce; - cej or a scailar c. awfn'émutcL'
The map assigning ¢ to x, y is an alternate form on
L... The usual appeal to Tr shows that this form i
1J CsoMme'zc ,av finl, teo = {x ‘J}-—o =i "TA il u? O ,lmua XK=
nondegenerate, If the dlmen510n of L i3 exceeds 2,
s we can arrange to have {xt? = {ytk = 0 Wwith t nonzero
Leane
vt o .
wes, (KadT(x]TY and [xy% = & -de.. Then t commutes with x and y, '%"drb

M Ale+ 1) Aomee 12t (14 d)e, touh € Md‘f‘f/a‘ gﬁ: o

=7 B,&.“Jﬁ-h‘]to . .
hence with {xy a contradiction.

M‘“”f bl e sl
the algebin i< From this point on the identification of J with «

a full linear or orthosymplectlc GJALT is fairly

stralghtforward and also tedious (involving case

distinctions and matrix computations). The procedure
will therefore only be sketched, with details left

to the reader.

The ggucial case .~ the first in which. there is.

work to do - is thzat in which the simple summands

,;{k()[a(’_a? k|
A= Fe, 8=F@

L= FrxFy
[xu]= er4%M§‘of the general case from this will be totally omitted.

l—'-'ULL MATKI *

Bk o D) =m e
'ﬂ6%2¥“.e—ﬁ31.)Jordan algebra of degree 2. We shall build up the

< (3155) 4 G62)

!‘r-‘e:z’“"!: Y= a3 % ?
Cxq e, +eas)~(an = &) GET ONLY  [SOTopesS ~FE Futl PATRIX !

t“‘(h ,,j—?ﬂ, = '92 ‘2 [

A, B of K have degrees 2 and l. The easy deduction

So B is 1-dimensional, and A is an (ordinary)
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structure of J in a 3 by 3 block matrix notation, the

blocks having the sizes indicated:

‘T byr r by r r by s
{ r :
= { |
mxaﬂ*yhﬂbx r by r_ ______ ) r'by r““ r'by s
m1_1/ t:iwe *Qz. o . ....,{_:?r. .
e ¢ 5 byr sby T Sbys

The algebra A occupies the four blocks in the upper

left. The matrices down the main diagonal are scalar.

We write
‘o 0 P 0
D = 0O 0 0 , T =] 0
Q O © S

0O R
0 O
0 0

for a basis of LlB' As we noted above, A contains

2

an element z with 27 = el
"0 I 0
g = I 0 O -
O 0 O
We have
. PS - RQ O 0
{pt} - 0 0 0
: _ 0 0 QR - SP

+ 92 and it can be taken in the form

S0 PS - RQ and QR - SP are nonzero scalar matrices,

The elements {;pf, {?t% form a besis of Lz, built in

exactly the same fashion out of P, Q, R, S.

Ll5 and L23 we find that
= {2 Y= O 0o
P o _qu) OOP en* S
2% p-r- O q O

‘L:'[p)érj— rR'-J'(Q‘-'\P"*Sh-]: Psfltre@zl i

€

0oR

o S
O PSo
rRQ O &

.

)

L° seb} =<° ©0

o

Multiplying

)



rd+4¢-ceo
gRY G =<

-1
~grc @D

ne o ed
9pS <qse=49

(9
0 PSS O N /O R O
/ LA #/] (oe o O)
q = -RQ C 0 . O © O
0 0 0

lies in A. Now come the various cases.

Case I, A is %3-dimensional. Then g must be a
scalar multiple of z, so that PS = -QR = a scalar ﬁifsjﬂ
multiple of I; we can normalize to mg%e them equal I. pi%Q o
In the matrix for q we may replacef%jgy Q and R by P Jj%(
ané¢ the resulting element will also be a nultiple of z.

This tells us that{fQ = a?gnd likewise we have}RS = 8}

Suppose that QR - SP is the scalar ¢ times the identity.

Right~-multiply by Q to get -8 = cQ, ¢ = =1. 8ince the
>
ungraded trace oﬂ {pt] is O, we deduce that s = Zr. )(

Bases may now be chosen sc¢ as to make P = (I C), R (0 -1),
o ;

O . I ():("3 oo)é‘:’; ,_: 5:\ c;-o
: | 7 g 88 ( 2
- (%))

On deflating th%matrices by a factor of r we recognize

3

oG Gou
[ IRy
el -0

amfymplectic algebra, acting on a four-dimensional
vector space with two-dimensional symmetric and
skew components.

From now on A is more than 3-dimensional. The
remaining basis elements of A may be assumed to

anticommute with 2z and therefore have the form

/0 X O
X 0 0.
.0 0 ©



LG

SRR

We may further assume X2 = I,

Case 11, tX is a scalar. We may assume X = I,
4

It is possible to take Q = R = 0. Then'PS andSP

are both scalar matrices, r must equal s, and P and S
can be normalized to I. A deflation by r yields
GC-TA LT

the full linear admeks® on a 3-dimensional vector space.

Case III. A is 4~dimensional and X is not a
scalar. Again we find r = s, It turns out that,
J-can bedexhibited-as-the full linear GJALT on a
A-dimensional vector space repeated a certain number
of times, and then repeated a certain number of times
with each matrix transposed, the total nurber of
replicas being r. In any event, J is isomorphic to
that algebra.

Case IV. A is more than 4-dimensional. 8Since
A admits a 4-dimensional module, Jordan module theory
(see [5]) shows that the dimension of A is at most 6. A
fifth basis element may be chosen with square the
identity and anticommuting with both z and our 4th
basis element. One then sees that ocur 4th and 5th
basis elements can be put in the form
I 0
o

E 0
T2 o 0|, [5s O O
O O

C O



Here we find that r must equal 2s and we can normalize

so that Q = (0 I), S = (I 0),

I 0
P = , R = :
0 -I

After deflating the matrices by a factor of s we have

the orthosymplectic algebra that acts on a 5-dimensiocnal
vector space, consisting of a 4-dimensional skew piece
and a l-dimensional symmetric piece, With this the

proof of the theorem is complete,

We now present a number of examples which
hopefully will point the way to future investigations.

Example 1. The characteristic is 3, the algebra
1s 3-dimensional, and it acts on a 3-dimensiconal graded
vector space in which the first two basis vectors are
even and the third odd. A basis for the algebra

consists of the identity nmatrix and

0 0 1 \ 0 0 0\
i

b, (o o0 1,
o 1 o/ 1 0 0 l

The commutator of these two matrices is the identity,
so the algebra closes and it is simple. The graded
trace of the identity is 1. This shows the thearem
failing for characteristic # O. From now on all
exanples are in characteristic O,

Example 2. Take the 2n2-dimensional graded «
asgociative algehra where the even and odd elements

are of the form



J= At

T=HOA )

)

A}- H,(k) @, kL] 74«5&.-45 anre st

e

T M= (12) ..

‘PO Q o\

ko p) Lo Q |
P and @ ranging aukei-dddedi.by Red@btrices. Under ‘i jﬂthis
is a simple GJALT. The graded trace vanishes identically.
If we use E :]instead, and trim by one dimension at
top and bottom, we cobtain the graded Lie algsvras of
Gell-Mann and Radicati (see page 567 of [é]}. P

Example 5, Take 2n by 2n nmatrices divided into

blocks of size n. Tne map

X.depmipiredec P Q) > (S"’ =4 (* = ¢ )
) i . ‘f L ranspos
A“”‘;&a% - o RS /4 R' __ P/ o
=/lant

ig an involution in the graded sense (gpe requires
b
(xy)* = —;& when x and y are both odd)}. Give the

algebra a Z-grading as follows:

P ®0 0 .Q\ ‘om0
» degree 0O, degree 1, ! degree -1
0 mS 0 R O/

We can convert this to a Ze-grading by lumping
together the portions of degrees.l, -i. The selfi-adjoint

elements have the form
" e - -

/ P = skew\ o

ksymm. pt /

and form a simple GJALT. Agein theFrmﬁmi,trace

vanishes identically. The Lie ccunterpart (consisting

of all elements skew with respect to the involution)
appears in [ﬁ:zunder the designetion P(m) and also

7
at the end of [&é. +



telw ' : (13) .

-

P Consider the following GJALT's: full linesr,
ortnosymplectic, and those of Examples 2 and 3. It is a
fact that they exhaust the simple GJALT's obtainable
by taking all of a simple graded associative algebra
(these are known - see [?]), or the self-adjoint
elements under an involution. The analogous remark
applies to the Lie case. |

. 1 What identity (in addition to commutativity,

CﬂiaXr&?A' graded style) should one postulate for general graded

leﬁﬁ KNE ~3;rdan algebras? One notes that a“b.a = a®.ba is

4€£A;4L, inadequate since it y;elds nothing when a is odd. The

linearization is fine, however, Assume

Wem ab.cd + ac.db + ad.bc = (bec.a)d + (cd.a)b + (db.a)c

éxﬂuyhA/CXE;\ except when two elements are odd and two even. If

a,b are evén and ¢, d are odd the assumption is changed to

.

ab.cd + ac.db ~ ad.bc = (bc.,a)d + (cd.a)b - (db.a)c.

Example 4., With x and y o0ad and xy = =yx = 1
we have a 3-dimensional simple graded Jordan algebra.
For characteristic O it is not "special", i, e. it
cennot be represented by linear transformstions, at

least on a finite-dimensional vector space; but in

| = - e - — e

Example 1 it is so exhibited for characteristic 3.
Anderson [?, . 120@] has encountered this algebra

in a different context.

- To conclude the paper we make a remark on the
connection with triple systens. Consider the odd elements

of a GJALT. They of course cliose under {{abfc}. From

Y




(14)

the ungraded point of view the operation is actually:,
¢{E§5]c}. Likewise the odd elements of a graded Lid
algebra lead to E{ab}d]. These "mixed triple systems® ' \
have occurred in physics and may merit the attention

of matheraticians.
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