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This article originates from an (unpublished) conjecture by Atiyah and Singer expressing the
classifying spaces of the functors K (X), n =0, 1,2, ... by means of suitable Fredholm operators
(cf. 81 for a precise statement). This generalizes the Janich-Atiyah theorem for n = 0 [3], [8].
Relying on the techniques of [12] and [18], we prove this generalization here. This article is thus
the natural continuation of [13], [15] where a stable version was proven. In fact, we propose
two proofs of the conjecture here. The first, which relies essentially on the results of [12] and
[13], is described in 83. The second, outlined in 84 and in the appendix, consists of finding
a simple map between the ordinary classifying spaces and those of Atiyah-Singer that proves
to be a homotopy equivalence. This map, expressed using "Jacobi matrices” [25], allows for a
simultaneous proof of the conjecture and the classic Bott periodicity theorems.

We have also taken this opportunity to systematically develop the K-theory of paracompact
spaces. On the whole, these results are not new (cf. for example [7]) and are part of what is
conventionally called "representable K-theory”. The advantage of the viewpoint adopted here
is that it provides, thanks to "Banach categories,” a common framework for "classic” and "repre-
sentable” K-theories.

The essential content of this article is obviously contained in 883 and 4, with the first two
sections being simply a preparation for them. The Atiyah-Singer conjecture and its immediate
implications are described in §81. In 82, we have, on one hand, transposed the techniques of
[12] to the paracompact setting and, on the other hand, made explicit the classifying spaces
naturally associated with a Banach algebra. We thus obtain a unified framework for the ordinary
classifying spaces and those of Atiyah-Singer.

The essential results contained in this article have been summarized in two Notes to the
Comptes-Rendus de 'Académie des Sciences.

Finally, one last remark: although we have strived to be complete in the definitions and
proofs, we could not resist the temptation to use the Banach categories from [12]". We leave it
to the reader to convince themselves of the utility of this notion for simply proving the theorems
proposed here.

Note added in proof. 1 have just learned that the conjecture has been resolved (by a completely
different method, it seems) by Atiyah and Singer. To avoid any ambiguity, let us specify that
the essential part of this article (with the exception of §4) was communicated to Atiyah (letter of
August 4, 1967) in response to a question he had asked me. Let us also specify that this work is
the conclusion of articles that have already appeared ([13], [14], [15], [16]).

'0or, what amounts to the same thing here, Banach algebras (cf. [12] Proposition 1.3.4).
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I The Atiyah-Singer Conjecture

Let k be the field of real numbers or complex numbers and let CP4*2 be the Clifford algebra of
kPtat2 equipped with the quadratic form —af — - - — a2 + 22 +- - + a2, ., (cf. [12, 81.1] for
details). This algebra is written as F(n) or F(n) ® F(n), where F is one of the three fields R, C, or
H (F(n) representing the algebra of n x n matrices with coefficients in F). Let H be a Hilbert space
(over the field k) on which the Clifford algebra acts. If ey, ..., ep, €1, ..., €442 are the generators of
CP472, these can be interpreted as automorphisms of H satisfying the relations

(e)?=—-1, i=1,..,p

(6,])2 = +I’ ] = 1?"'?q+ 27

and anticommuting pairwise. Conversely, the given of such automorphisms is of course equiv-
alent to that of a CP%*t2-module structure on H. Let GP%*2 be the finite subgroup of (CP4+2)*
multiplicatively generated by the e; and ¢;. There then exists a metric on H invariant under the
action of G412, For this metric, we have el = —e; and € = €. Furthermore, according to the
general theorems on semi-simple algebras, the Hilbert space H can be written in the form H'™ or
H'™ @ H"™ depending on whether CP4+2 is a simple algebra or not. In the latter case, H™ (resp.
H'™) is a module over the first (resp. the second) factor F(n) of the sum F(n) ® F(n) ~ CP9+2,

DEFINITION (1.1). The CP%*2-module H is said to be "infinite” if the metric of H is invariant under
the action of G*%+2 and if H'™ and H'€ (if applicable) are vector spaces of infinite dimension.

REMARK. Two infinite CP%*2-modules are, of course, isometric. Without loss of generality, we can
therefore assume that H is written as C*92 @ H' where H' is an (ordinary) Hilbert space of infinite
dimension. We also deduce from this that H can be equipped with an infinite C*"7 -module structure
(0’ > p,q > q+ 2) which, by restriction of scalars, gives the initial C4"2-module structure.

To such a Hilbert space H, we will associate the set §¢(H) of (bounded) Fredholm operators
[3] in H satisfying the following relations:

D*=D
De;=—eD, 1=1,..,p
Dej = —¢;D, j=1,..,q+1

(note that no algebraic relation is imposed between D and ¢,7). If we equip §>9(H) with the
norm topology induced by End H, we can consider the connected component §,, of ;2 in
§P1(H). Let kP9 be the discrete group K?~4(Point). We will prove the following theorem in 83:

THEOREM (1.2) (ATIYAH-SINGER CONJECTURE?). The space kP x 5, , is a classifying space for the
functor KP~1(X).

REMARK 1. Thetheorem holds in the real case as well as in the complex case (H being a real or
complex Hilbert space, respectively). K"(X) likewise denotes either real or complex K-theory.
When there is a risk of confusion, we will denote KU"(X) (resp. KO"(X)) for the K™ groups of
complex (resp. real) K-theory. This type of convention is valid for this entire article.

2We modify its statement slightly to adapt it to the notation of [12].



REMARK2. One candefine aHopfspace structure on g, , inthe following way: H being infinite,
there exists an isometry f : H @ H — H of CP%*2-modules. This allows for the definition of a
continuous map

2 Sp.q X Spg = Spag

by the formula D@ D' = f- (D@ D')- f~1. According to Kuiper’s theorem [18], [6], applied to the
real, complex, or quaternionic case?, the isotopy class of f, and thus that of F, is independent of
the particular choice of f. We will then have a group isomorphism K?~9(X) ~ [X, k"7 x § 4], for
the obvious group structure on the second factor.

REMARK 3. It is false that §79(H) is a classifying space for K?~%(X) in general (for example
FHO(H) has three connected components; cf. Lemma 1.4). However, we will show later that this
is indeed the case if p — ¢ # 1 (mod 4) in the real case and if p — ¢ Z 1 (mod 2) in the complex
case.

REMARK 4. In the statement of Theorem 1.2, the space X is assumed to be compact to avoid
any ambiguity in the definition of K?~9(X). If X is not compact, we will see in 882 and 3 how to
extend the definition of K?~%(X) so that the theorem remains true.

To apply Theorem 1.2 with different choices of the pair (p, q), we must describe the spaces
§74(H) and §,, more "concretely”. This description is not essential for the proof of Theorem
1.2, and the reader may omit the end of this section without inconvenience. Unless explicitly
stated otherwise, all Hilbert spaces considered are of infinite dimension.

From the general considerations of [12, 82.1], it is clear that the spaces 7 = §" depend, up
to homeomorphism type, only on the difference n = p—¢ (mod 8) (mod 2 in the complex case).
To have an exhaustive list of the spaces §,, 8 particular cases must therefore be considered (only
2 in the complex case). Note also that since two infinite C?¢*2 Hilbert spaces are isometric, we
have great latitude in the choice of the automorphisms e; and ;.

Case p = ¢q=0. The algebra C%?2 is then simple and we can choose H = H' & H'

/10 (01
A=l -1) 27\1 o0

An element D of 3%°(H) is thus written
0 D

where D' is a Fredholm operator in H'. If we denote §(H’) as the set of such operators, F%°(H)
is thus identified with F(H’) and §o o with the subset of F(H’) formed by operators with index
zero. Since the connected components of F(H’) are homeomorphic, we have k%9 x §90 ~ F(H').
Theorem 1.2 therefore implies the following well-known result?:

PROPOSITION (1.3) (ATIYAH-JANICH). A classifying space for the group K(X) ~ K°(X) is the set
T of Fredholm operators in the Hilbert space H'.

3We implicitly use the fact here that the category of F(n)-modules is equivalent to that of F-modules.
“In fact, we will use this result during the proof of Theorem 1.2.



Casep—1 = ¢ = 0. The algebra C'? ~ C%!(2) is no longer simple, but we can still choose

H=H & H,
/1 0\ O (0 a
A=l —1)0 27\ o) 27\ a o

where o« : H' — H'is a self-adjoint endomorphism of H’, with square one, such that Ker(1 — «)
and Ker(1+«) are of infinite dimension. A simple calculation on 2 x 2 matrices shows that §4°(H)
consists of endomorphisms of H = H' ¢ H’ that are written in the form

0o D
D - (D/ 0 > ’
where D' is a self-adjoint Fredholm operator. Let . denote the set of such operators D" and D

the image of D’ in the Banach algebra A = EndH’/R, where £ is the two-sided ideal of compact
operators in H'>.

LEMMA (1.4). The set .7 has three connected components #*, #~ and §1; F (resp. .7 ~) is the
set of Fredholm operators D’ such that the spectrum of DV’ is contained in R* (resp. R~) and §, =
F—-Ft - F.

Proof. By reasoning as in [3] or [15], we easily see that .# has the same homotopy type as .7,
" denoting the set of invertible elements A of the algebra A such that A* = A. Let .Z#° be the
subset of .7V formed by elements A of A that satisfy the additional condition A% = 1. Classic
theorems on the holomorphic functional calculus in a Banach algebra (cf. [27, p. 384]) imply
that .Z° is a deformation retract of #V. Furthermore, .#V*, #V~ and §Y, images of #+, %~
and §F; in A and having the same homotopy type as them, are invariant under this retraction.
Consequently .#V* and .Z"V~ (thus #* and .Z~) are contractible. It remains to show that 3
is connected. Consider two elements A and A’ of §. Then A (resp. A’) is homotopic in §; to
A + Idgera (resp. to A’ + Idkeras). Without loss of generality, we can therefore assume that A
and A’ are invertible. In this case, the holomorphic functional calculus in the algebra End H also
allows us to assume A2 = A" = 1. Let K; = Ker(A — 1), K, = Ker(A + 1), K| = Ker(A’ — 1),
K/} = Ker(A’+1). Since A and A’ belong to 1, the vector spaces K, Ko, K1 and K/, are of infinite
dimension and we can find anisometry ¢ : H' = K; ® K2 — K| ® K}, = H' suchthat A’ = ¢~ 'Ag.
The isometry ¢ being isotopic to the identity by Kuiper’s theorem [6], [18], we deduce that A’ is
homotopicto A in §. O

Whence the proposition:

PROPOSITION (1.5). A classifying space for the functor K'(X) is the set §; of self-adjoint Fredholm
operators D such that the imaginary axis divides the spectrum of DV into two non-empty parts.

The description of §y and §1 being sufficient in the complex case, we will only consider
the real case in what follows.

Casep=¢q—1=0. Wehave C’?~ (C(2) and we can choose H = H' ¢ H'

/10 (01 (0 —a
A=l —1) 27\1 0) 7 a o)

where « is a skew-symmetric automorphism of H' (a* = —a) such that a? = —1 (in other words,
a is a complex structure on H' compatible with the metric). An element D of %!(H) is thus

written in the form /
0 —-D
D - <D/ 0 ) 9

where D’ is Fredholm and skew-symmetric. Let ! be the set of such operators.

>That is, limits of finite-rank operators.



LEMMA (1.6). The space §~! consists of two isomorphic connected components. If D' € F~1, the
parity of the dimension of the kernel of D’ characterizes the connected component of D'.

Proof. Let (3~H)* (resp. (3~1)7) be the subset of F~! formed by operators D such that Ker D is
of even (resp. odd) dimension. Reasoning as in the previous case and noting that there always
exists an invertible skew-symmetric operator in an even-dimensional vector space, we see that
(31t and (1)~ are connected. It remains to show that a pointin (=1)* and a pointin (1)~
cannot be joined by a path in §!. Recall for this the existence of a bijection (cf. [13] or [15]):

i KPY(X) - KP4(X)

for any compact space X. On the other hand, we have an obvious surjection (thanks to Kuiper’s
theorem)
X, 3(H)] = K™(X)
(cf. 84 for more details). In particular, if X is reduced to a pointand if p = ¢ — 1 = 0, we deduce a
surjection
7T0<3_1) — Z2.

The announced result follows immediately. O

REMARK. To prove that 7o(3~') = Zs, one could also have considered a family of real operators on
the circle S*. The author does not know of an "elementary” proof.

COROLLARY (1.7). Aclassifying space for the group KO~'(X) is the set F~1 = Fo.1 of skew-symmetric
Fredholm operators in an infinite-dimensional (real) Hilbert space.

Casep—2 =gq = 0. We have C*? ~ R(4) and C*! ~ C1°(2) ~ C(2). We can therefore write
H = H'® H', H' being a complex Hilbert space, with

(0 -1 O /10 NOEAY
A=\ o) 27\ o) 7\ —-1) 27 \¢ 0)’

where c is complex conjugation. Consequently, an element D of 32°(H) is written in the form

0 D
D_<D/ O>7

where D' : H' — H'is an anti-linear and self-adjoint (for the underlying real metric) Fredholm
operator.

LEMMA (1.8). The space *°(H) is connected.

Proof. If D' : H' — H'is an anti-linear and self-adjoint Fredholm operator, KerD’ is a (complex)
vector subspace of H’ of finite dimension. Furthermore, H’ splits into the sum KerD’ @ (KerD’)+
of subspaces invariant under the action of D’. Using the fact that one can find such an operator
D’ on any complex vector space, we see that we can assume D’ is injective (thus bijective). By the
holomorphic functional calculus in Endz H’, we are reduced by homotopy to the case D"? = 1.
We can then split H' into the sum H” & H” of real vector subspaces with

, (1 0\ . [0 1
= h) = (0)

If c is complex conjugation, we can similarly split H into the sum H} & H{ relative to ¢ and find
a (complex) isometry

¢:H =H'oH' - H/ ©H = H
suchthat D' = ¢~!.c-¢. The isometry ¢ being homotopic to the identity, D’ and c are homotopic,
whence the result. O



The following proposition follows immediately:

PROPOSITION (1.9). A classifying space for the group KO?(X) is the set §2 of anti-linear and
self-adjoint Fredholm operators in an infinite-dimensional complex Hilbert space.

Casep =g —2=0. Since C%* ~ H(2), we can write H = H' © H' where H’ is a quaternionic
Hilbert space and

(10 (0 -1 (0 = (0 —j
o 1) 2T\ o) TG o) ATy o)

An element D of §%2(H) is thus written

0 -D
D= (D/ O ) ’
where D’ is anti-linear (for the C-structure of H’) and skew-symmetric (for the underlying real

metric).

LEMMA (1.10). The space §%2(H) has two isomorphic connected components. If D € 3°2(H), the
parity of the (complex) dimension of KerD characterizes the connected component of D.

Proof. The proof of this lemma is analogous to that of Lemma 1.6. O

COROLLARY (1.11). A classifying space for the group KO~2(X) is the set Fo 2 of anti-linear skew-
symmetric Fredholm operators in an infinite-dimensional complex Hilbert space.

Case p = ¢ — 4 = 0. We have in general CP7+* ~ CP? @ C%%, Since C%* ~ H(2), it follows
from the preceding arguments that 3%4(H) is identified with the set of quaternionic Fredholm
operators on a Hilbert space H' which is equipped with a module structure over the field of
quaternions. From this we deduce the following well-known result:

PROPOSITION (1.12). A classifying space for the functor K O*(X) is the set of H-Fredholm operators
on a quaternionic Hilbert space.

Casep—5=g=0andp—3=¢=0. Inthesetwo cases, we have the following propositions:

PROPOSITION (1.13). A classifying space for the functor KO®(X) ~ KO~3(X) is the set of self-
adjoint H-Fredholm operators D on a quaternionic Hilbert space such that the imaginary axis divides
the spectrum of D" into two non-empty parts.

PROPOSITION (1.14). A classifying space for KO3(X) is the set of skew-symmetric H-Fredholm op-
erators on a quaternionic Hilbert space.

Proof. The proof of these two propositions is analogous to that of Proposition 1.5 and Corollary
1.7. O

The various special cases thus considered in this section can be summarized in the following
two theorems:

THEOREM (1.15). We have a natural isomorphism
KU™(X) ~ [X,3U",

where FU" denotes the subset of §(H) formed by C-linear operators D satisfying the following con-
dition:



* n=0 (mod 2): no additional condition.

* n=1 (mod 2): D is self-adjoint (D* = D) and the spectrum of D" is not located on only one
side of the imaginary axis.

THEOREM (1.16). We have a natural isomorphism
KO™"(X) ~ [X,50"],
where FO™ denotes the subset of §(H) formed by real operators D satisfying the following condition:
* n=0 (mod 8): no additional condition.

* n=1 (mod 8): D is self-adjoint, the spectrum of D" not being located on only one side of the
imaginary axis.

* n = 2 (mod 8): H is equipped with a complex structure for which D is self-adjoint and anti-
linear.

* n =3 (mod 8): H is equipped with a quaternionic structure; D is skew-symmetric (D* = —D)
and is compatible with this structure.

*n = 4 (mod 8): H is equipped with a quaternionic structure and D is compatible with this
structure.

* n = —3 (mod 8): H is equipped with a quaternionic structure; D is self-adjoint and is compat-
ible with this structure. In addition, the spectrum of DV is not located on only one side of the
imaginary axis.

* n=—2 (mod 8): H is equipped with a complex structure; D is skew-symmetric and anti-linear.
* n=—1 (mod 8): D is skew-symmetric.

REMARK. The adjoint D* of an operator D is understood in the sense of the metric of the underlying
real vector space. In the case where the Hilbert space H is complex (resp. quaternionic), we will write
H=H ®C~H ®&H'(resp. H=H ® H~ H @& H' & H & H’'), the metric of H being the sum of
the metrics of each copy of H'.

II Review and complements of K-theory

Let ¥ be a Banach category in the sense of [10]° and let X be a paracompact space. We want
to define the notion of a "#-bundle” over X. To do this, we start by considering the category
¢r(X) of "trivial ¥-bundles” over X: this category has the objects of ¢ as its objects, and the
morphisms from source E to target F are simply the continuous maps from X into Homy (E, F').
The composition of morphisms is immediate. The category of trivial ¥-bundles is obviously
additive, and the associated pseudo-abelian category (cf. [11]) will be denoted B(X): an object
of P(X) is thus a pair (E, p) where E is a trivial ¥-bundle and p is a projector of E (think "Im p”).
A morphism from source (E, p) to target (F, q) is a morphism f : E — F of trivial ¥-bundles such
that f-p=¢q- f = f. We easily see that a #-bundle (i.e., an object of (X)) is "locally trivial” (cf.
[12], Proposition 1.2.8).

When ¢ is the category of finite-dimensional vector spaces, (X)) is equivalent to the cate-
gory of vector bundles that are direct factors of trivial bundles; this coincides with the category

8In fact a "pre-Banach” category will suffice for our considerations. For the reader’s convenience, recall that this
means that Hom« (M, N) is, for any pair (M, N), equipped with a Banach space structure such that the composition
of morphisms Hom« (M, N) x Hom« (N, P) — Hom« (M, P) is bilinear and continuous.

7



of all vector bundles if X is compact. Another interesting particular case is when % is the cate-
gory ‘B(A) of finitely generated projective modules over a Banach algebra A (when A = R, C or
H, we recover the previous particular case). Then B(X) is equivalent to the category of Banach
bundles whose fiber is a finitely generated projective A-module and which can be expressed as
a direct factor of a trivial A-module bundle X x A*, n=0,1,2,...

DEFINITION (2.1). Let X be a paracompact space and ¢ a Banach category. Then K(X;%) is the
Grothendieck group of the additive category B(X). If € = B(A), we simply denote K (X; A) for the

group K(X;B(A)).

REMARK. With the usual notations, we thus have (for X compact) the identities K(X; R) = KO(X),
K(X;C)=KU(X), K(X;H) = KSp(X).

Let CP? be the Clifford algebra of Rt equipped with the quadratic form of type (p, q). We
define a group K?%(X; %) as follows: let I be the set of triples (E,n,72) where E is a ¢-bundle
equipped with a C??-module structure and where 7; and 7, are two "gradings” of E (i.e., involu-
tive automorphisms that anticommute with the generators e;, ¢; of the algebra C?9). Two triples
(E,n1,m2) and (F, &1, &2) are equivalent if there exists a C?-module ¢-bundle G and a grading
¢ of G, such that n; @ & @ ¢ is homotopic to 7 @ & ¢ £ among the gradings of E ¢ F & G. The
quotient of I by the equivalence relation thus defined is denoted K?%(X;¥): itis clearly a group
under the sum of triples. If € = P(A), we also denote it K77(X; A).

According to Lemma 2.1.13 of [12], this definition coincides with that of [12] (in the case
where X is compact). On the other hand, according to the general considerations of [12] (cf.
for example Proposition 2.1.18), generality is not restricted by assuming that E is a bundle of
the form CP%*! @ F, where F is a trivial ¢-bundle, with the first grading 7; being defined by
the last generator ¢,,1 of CP?*1. The second grading 7. is then interpreted as a continuous
map from X into the space Grad(FE) of "gradings” of E. To fix ideas, suppose that ¥ = B(A4) and
consider F = A™. We then denote Grad”%(n, A) as the set of "gradings” of £ = CP4*! @ F i.e.,
the set of A-endomorphisms A of this A-module such that A? = 1, Ae; = —¢;A and Ae; = —¢;A,
i=1,.,p;j=1,..,q. Ifn =1, wesimply denote Grad”?(A) as the set Grad”?(1, A); we obviously
have Grad”(n, A) = Grad”?(A(n)). On the other hand, we have obvious maps Grad”%(n, A) —
Grad™(n + 1, A) defined by A — A & ¢,41. Finally, we have a commutative diagram (for any
paracompact space X):

[X,Grad”?(n, A)] —— [X,Grad”?(n + 1, A)]

fnl fn-&-ll

KPU(X;A) —— KPa(X; A)

where f, is defined by the formula f,,(A) = d(E, ¢;11,A). With the techniques of [12, §2.1], the
following proposition is obvious:

PROPOSITION (2.2). The maps f, induce anisomorphism from K?9(X; A) ontoli

[X, Grad™(n, A)]
for any paracompact space X. 7

REMARK 1. If X is compact, we have an identity of a well-known type IiLn>n[X7 Grad”(n, A)] ~
(X, lim Grad”(n, A)].

REMARK 2. Ifp = ¢ =0, we obviously recover the ordinary group K(X; A) (cf. [12], Proposition
2.1.7 for example).



REMARK 3. To define Grad™?(n, A), we started from the C?%*1-A-module N = C?%*! ® A and
considered the gradings of N™ (regarded as a CP?-module). Of course, if we are only interested
in the inductive limit
H p,q

we can replace N with any finitely generated projective CP4*!-A-module M, provided that it "gen-
erates” the category of such modules. By this we mean that any finitely generated projective
crati-A-module is a direct factor of M™ for n large enough. We can then identify

1 p.q 1 D,q n

Il%n>[X, Grad™¥(n, A)] and Il%g[X, Grad™?(M™)]
with obvious notations.

The definitions we have just given for the groups K7%(X; %) and KP4(X; A) extend immedi-
ately to the relative case. For example KP4(X,Y;¢) (for Y closed in X) is constructed using triples
(E,e1,e2) Where e; and e; are two gradings that coincide over Y (cf. [12, §2.1] for details). We then
have KP4(X,Y;%¢) ~ KP4(X/Y,{y};¢),p: (X,Y) — (X/Y,{y}) being the canonical projection
(excision theorem). We denote kP9(X; %) (resp. kP4(X; A)) as the subgroup of KP4(X; %) (resp.
KP1(X; A)) whose elements vanish when restricted to any point of X. Denoting kP? as the (dis-
crete) groups KP4(Point;¢) = KP(%¢), we have an obvious decomposition of K?4(X; %) into
the direct sum kP4(X;¢) @ H°(X; kP9). If X is a based space with base point zo, we similarly set

KP9(X; %) = KPI(X, {20};€) = Ker(KP(X;€) — KP({z0};7)).

If X is connected, we of course have kP(X; %) ~ KP9(X;%). In the case where % is the Banach
category 3(A), let us finally denote grad”?(n, A) (resp. grad”™?(A)) as the connected component
of €441 in Grad™¥(n, A) (resp. Grad”?(A)). Taking into account the preceding definitions and
remarks, Proposition 2.2 can be reformulated as:

PROPOSITION (2.3). The obvious map from

[X,grad”?(n, A)] into kP9(X;A)

lim
—
n

is an isomorphism.

COROLLARY (2.4). For any paracompact space X, we have a natural isomorphism

lim[X, K7(A) x grad™(n, A)] = KP9(X; A)”.

lim

It is quite easy (and classic, cf. [27] for example) to give an interpretation of the space
grad”?(A) (and consequently of grad”%(n, A)) in terms of a homogeneous space. Specifically,
let GLP7(A) be the group of A-CP4-automorphisms of CP9t!1 @ A and let gi»4(A) be the identity
component of GLP4(A). Let GL'P9TL(A) (resp. gl’™4t1(A)) be the subgroup of GLP4(A) (resp.
glP4(A)) formed by CP4+1-automorphisms. Let h be the map from gi?( A) to grad”?(A) defined
by h(g) = geg+1971. Finally, let

h: glPa(A) /gl (A) — grad”(A)
be the induced map.

LEMMA (2.5). The map h is a homeomorphism.

"We denote K?9(¢) and K?7(A) as the groups K??(Point; ¢), K??(Point; A).



Proof. Let e be an element of grad”?(A) that belongs to the image of h, so ¢ = a¢,1a71. Con-
sider an element n of grad”?(A) close to e. We then have the identity n3 = Be with 8 = (1+e¢n)/2,
whence n = (Ba)eg+1(Ba)~L. This shows that h is an open map and that gi»4(A) is a principal
bundle over its image. Now let n be a point in the closure of Im h and let ¢, be a sequence of
points in grad”?(A) such that ¢, — 5. For n sufficiently large, 3, = (1 + €,n)/2 will be invertible.
Setting e, = anegr1,'; we will thus have n = h(B,a,,) € Im h. O

REMARK. The spaces Grad™?(A) and GLP4(A)/GL»4+1(A) are not homeomorphic in general (ex-
ample: p=q=0and A = C).

COROLLARY (2.6). For X compact, the functor KP1(X; A) is represented by the space

gi™(n, A)/gl™T" (n, A).

P i
KP9(A) x Il%n>

We will now clarify the fundamental theorem of [12, §2.2] in this context. This theorem states
that we have an isomorphism

t: KPit(Point; ¢) — KP¢(D', $% %),
given by a formula of the following type

t(d(E,m,m2)) = d(E',m1(6),m2(0)),

where E’ is the underlying C??-module of E and where 7;(0) = €;4+1 cos0 +n;sind, i = 1,2, is the
grading of E’ over the point ¢ of D' ¢ S' c C, 6 € [0, #]. In fact, the same formula allows us to
define a homomorphism

t: KPP (X 4) — KP9(X x D', X x %)

for any paracompact space X. Let us give another interpretation of t in terms of reduced K-
theory. We thus assume that X is a based space with base point xy and we want to define a
homomorphism

i RPrH(X) o RPIYSX) ~ KPI(X x %, {20} x STUX x {1}),

where SX is the suspension of X (the category % is understood, to lighten the notation). We set
for this

t(d(E,n1,m2)) = d(E',n1(0), 15(0))-

where 7/(9), i = 1,2 are the gradings of E’ defined over the point ¢ of S! (more correctly of
X x S1) by the formulas:
1, (0) = €g41COS O + 11 5in 6,

75(0) = €441 €050 +masinf for0 < <n
75(0) = €441 €OS0 +msinf form <6 <27
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We then have a commutative diagram

0 —_— 0
KPatl(X) L) KP4(SX)
KPatl(X) —L1s  KPI(X x D', X x S

KPatl({m}) —— KP({zo} x D!, {zo} x 59

0 — ey 0

From this diagram, ¢ is determined by t. Conversely, t is also determined by ¢ (consider X+ the
disjoint union of X and a point). This allows us to consider t or ¢ indifferently, according to the
convenience of the presentation.

According to [12, §2.2], it is clear that the generalized homomorphism t (and thus #) is bijec-
tive when X is compact. In the case where X is paracompact, we cannot rely on the techniques
of [12]. The essential reason why the arguments of [12] cannot be applied to the paracom-
pact case is the impossibility of approximating a Fourier series, depending parametrically on X,
by the sum of a finite number of its terms (more precisely, by Cesaro means). Suppose, how-
ever, that the functors K?(X) are representable (for X paracompact) by based H-spaces B
having the homotopy type of CW-complexes. We must therefore have a natural isomorphism
KP4(X) ~ [X, B"9] where [,] denotes the set of homotopy classes of continuous maps respect-
ing the base points. Suppose further that the homomorphism # is induced by a continuous
map

t' . pratt — Qprad

It will then follow from Theorem 2.2.2 of [12] that
mi(t') : m(BPITY) = i (QBPY)

is an isomorphism. According to Milnor [21], the space QB also has the homotopy type of
a CW-complex. A well-known theorem by J. H. C. Whitehead [26] shows that ¢’ is a homotopy
equivalence®, which implies that ¢ (and thus t) is an isomorphism in the paracompact case. We
can thus summarize the preceding discussion:

DEFINITION (2.7). A Banach category ¢ is said to be “CW-representable” if, for X paracompact, the
functors KP4(X ;%) are representable by H-spaces having the homotopy type of CW-complexes and
if the homomorphism t is induced by a continuous map between representing spaces.

THEOREM (2.8). Suppose the Banach category ¢ is CW-representable. Then the homomorphism
t: KPP (X:€) — KP9(X x D', X x §%,%)

is an isomorphism for any paracompact space X.

8The base point of QB is not necessarily the "constant” loop at the base point of B2
BP9 being an H-space, all connected components have the same homotopy type.
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Let us now consider the important particular case where ¥ = B(A). According to Corollary
2.4, we have an isomorphism

KPI(X; A) = lim[X, KP9(A) x grad™(n, A)]"
Moreover, on the connected components of the classifying spaces, t is obviously induced by a

map
s’ : grad”?tt(n, A) — Q°grad??(2n, A)'°

where s'(¢) for a grading ¢, is defined by the formula:

s'(€)(0) = €441 COS0 +esinf 6 € [0, 7],
s'(€)(0) = €g+1COSH + €442SiN0 0 € [, 27].

If we assume that the map grad”%(n, A) — grad”?(n+ 1, A) is a homotopy equivalence and that
grad”?(A) has the homotopy type of a CW-complex'!, we will have from the above a homotopy
equivalence

s : grad”itt(4) — Q°grad”i(A).
By setting BP? = KP1(A) x grad”?(A), we then find that the hypotheses of Theorem 2.8 are

satisfied (the H-space structure of grad”?(A) being induced by the direct sum of the gradings).
Whence the proposition:

PROPOSITION (2.9). Let A be a Banach algebra such that, for all integers p, q, and n, the map
grad”?(n, A) — grad®?(n + 1, A)

is a homotopy equivalence. Then the category 3(A) is CW-representable. In particular, the homo-
morphism
t: KPITH(X: A) — KP9(X x D', X x §% A)

is bijective for any paracompact space X.

Consider again a general Banach category ¢ and a pair (X, Y), where X is paracompact and
Y is closed in X (thus paracompact). We can then define a connecting operator

d: KPUY x DY x §°:€) - KPI(X,Y;%).

Let us briefly indicate how 0 is defined in this context (we refer the reader to [15] for more
details'?). Let d(E, (), e2(0)) be an element of KP9(Y x D'Y x S%;%), where E is a trivial
CP4-bundle and where ¢;(0) and e(0) are two gradings of E (considered as a bundle overY),
depending continuously on a parameter § varying between 0 and 7. By adding an elementary
triple if necessary (i.e., equal to 0 in the corresponding K79 group), we can assume that ¢;(0)
comes from a grading ¢ of E considered as a bundle over X. A "homotopy extension theorem”
for gradings then allows us to extend ¢;(#) and e2(0) to gradings é;(#) and é;(0) of E, considered
as a CP4-bundle over X, such that € (0) = €(0) = e. We then set

I(d(E, e1(0), €2(0))) = d(E, é(m), éx(m)),

a definition independent of the choice of extensions.

1900 denotes the connected component of the 100p €,.1€0S# + e,125in6, 8 € [0,2x], in grad”?(2n, A), it being
understood that (C?972 ® A)™ is identified with (CP7"* ® A?)™ as a C™7"'-module.

"In fact, grad™?(A) always has the homotopy type of a CW-complex because it has the homotopy type of operators
D such that Spec D NnR = (), which is open in a suitable Banach space (cf. [6, Lemma 1] or [24]).

12strictly speaking, in [15] we are only interested in the compact case, but the generalization to the paracompact
case presents no difficulty.
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PROPOSITION (2.10) (cf. [15). ] For any Banach category ¢, we have an exact sequence

KP9(X x D', X x §%%€) — KP4(Y x DLY x §%%) -2

KP9(X,Y;6) — KPU(X;€) — KPUY;E).

Finally, note that the K% groups depend only on the congruence of p—¢ (mod 8) in the real
case and p—q (mod 2) in the complex case (cf. [12, 82.1]). Thus we will often write K" instead of
KP%when p — ¢ = n. Theorem 2.8 and the preceding proposition therefore imply the following
result:

THEOREM (2.11). Suppose the Banach category ¢ is CW-representable. We then have a "cohomology
exact sequence”

K" YX;%6) — K" YY;¢) — K"(X,Y;%)
— K"(X;¥¢) — K"(Y;9%)

for any paracompact space X and any closed subspace Y, 0"~! being the composite of the homomor-
phisms t and 0.

COROLLARY (2.12). Suppose the Banach category % is CW-representable. Then the functors K™(X,Y; %),
equipped with the coboundary operators 0 defined above, constitute a cohomology theory on the cat-
egory of pairs (X, Y) where X is paracompact and Y is closed in X.

REMARK. It is not at all obvious a priori that non-trivial CW-representable Banach categories exist.
Indeed, the usual Banach categories in K-theory B(R), 3(C) and 3(H) are not. One of the goals of
the next section is to construct one, which will also allow us to prove Theorem 1.2 at the same time.

III Proof of Theorem 1.2

We will apply the general considerations of the previous section to the following situation: let
H' be an infinite-dimensional Hilbert space’ and let B be the Banach algebra of continuous en-
domorphisms of H'. The compact operators form a two-sided ideal £ in B, and we will denote
A as the quotient Banach algebra B/&. We will see that this Banach algebra and the associ-
ated Banach category B(A) play an essential role in the proof of Theorem 1.2. Beforehand,
it is good to note that the category (A) is equivalent (as a Banach category) to the category
2V considered in [13]. Indeed, J#V is by definition the Banach category associated with the
following pre-Banach category .7#”': the objects of #” are infinite-dimensional Hilbert spaces,
and the morphisms are (bounded) homomorphisms between Hilbert spaces considered mod-
ulo compact operators. Up to replacing #” with an equivalent category, we can assume that the
objects of 7’ are H™, n =0, 1, ... We then define a functor ¢ from .7#” to B(A) (category of free
modules over A) by the obvious formulas ¢(H'™) = A", ¥(a) = «" (matrix notation for homo-
morphisms). Itis trivial that ¢ is an equivalence of pre-Banach categories and that consequently
Y o Y — PB(A) is an equivalence of the associated Banach categories. Note that, similarly,
the category B(B) is equivalent to the category # of Hilbert spaces (infinite-dimensional or
not). In this context, the obvious functor ¢ : # — >V is interpreted as the extension of scalars
functor B(B) — P(A) defined by the usual formula M — A®p M.

Now let H be an infinite CP4*2-module in the sense of §1. Without loss of generality, we can
assume that H = C?4 1@ H'14, the C»7+1-module structure being induced by the first factor of
the tensor product. Let D be an element of 3»9(H). Since D* = D and DV = ¢(D) is invertible,

'3Real or complex depending on the K-theory under consideration.
“We set ¢’ = ¢ + 1 to simplify the notation throughout this section.
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the spectrum of DV is contained in R — {0} (cf. [19]). Let v (resp. v~) be a closed differentiable
curve containing the spectrum of D located to the right (resp. to the left) of the imaginary axis,
and let A be the element of Grad”? (A) defined by the integral (which depends only on DVY):

1 dz 1 dz
A=ID"V)=— - — _
(D) 24 /74- z—DV 2w [Y_ z — DV

In fact, A satisfies the additional condition A* = A (we can define an adjoint in the category
2V since the adjoint of a compact operator is compact). Let Gradp’q’(A)* be the subset of
Gradp’q/(A) formed by gradings that satisfy this additional condition. Similarly, let GRAD< (A)
(resp. GRADP? (A)*) be the set of endomorphisms D of H such that DV ¢ Gradp’q'(A) (resp.
Gradp’q/(A)*) and which anticommute with the generators e;, ¢; of CP4" c CP4'+1,

LEMMA (3.1). The maps
FPU(H) — Grad™? (A)*

and

#|GRADP:? (A)
-

GRADP? (A) Grad”? (A)

/
. GIGRADP (4)*
%

GRADPY (A) Grad™? (A)*

are homotopy equivalences.

Proof. The last two maps are induced on a suitable subset by the projection
Q : End;;nH — End%ovH.

According to a well-known theorem [20], Q admits a global section s (perhaps non-linear). If we
restrict ourselves to endomorphisms that anticommute with the generators of C?¢, say End, H
and End’,v H, we find a section 5 of the corresponding projection by setting

1 w(g) —
= oprd+l Z (1) (g)g 's(gA),

geGr.d

5(A)

where w(g) denotes the degree of g. The same remark applying for the adjoint, we deduce that
the last two maps of the lemma are fibrations with contractible fiber. Indeed, this fiber is the
vector space of compact operators anticommuting with the generators of C?¢', It follows that
these maps are homotopy equivalences. Now let §77(H) be the subset of End’,v H image of
§P4(H) by the canonical functor ¢. By an analogous argument, the projection

is also a homotopy equivalence. To show that the same holds for the first map, it suffices to
show that Grad™? (A)* is a strong deformation retract of §'7¢(H). To do this, we set

r¢(D)=tD+ (1—-t)I(D), DegF'PIH), tcl01].
Then r; is the desired retraction. d
LEMMA (3.2). The inclusion map
i : GRADPY (4)* — GRADP? (A)

is a homotopy equivalence.
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Proof. The space GRAD?? (4)* has the homotopy type of §7¢(H), which is open in an obvious
Banach space. According to [21] (see also [6, Lemma 1]), GRAD”"’/(A)* therefore has the homo-
topy type of a CW-complex. Let §79(H) be the set of endomorphisms D of H that anticommute
with the generators of C?¢ and are such that the spectrum of D does not meet the imaginary
axis. An analogous argument to the preceding one shows that GRAD” (A4) has the homotopy
type of 3’7¢(H). It follows that GRADP? (A) also has the homotopy type of a CW-complex. We
are thus led to show that the inclusion map induces a bijection

®y : [X,GRADPY (A)*] — [X, GRADPY (4)]'

for any paracompact space X (in fact, spheres suffice, cf. [26]). In this case [X, GRADP? (A)] is
identified with the set of homotopy classes of Hilbert bundles as infinite C?¢*+!-modules over
X, trivializable and equipped with an endomorphism D satisfying certain properties (in fact, any
bundle of this type is trivializable according to Kuiper’s theorem [6], [18], but the application of
this theorem at this precise spot is not essential). We have an analogous description of the set
[X, GRADP? (4)*]". If D is an endomorphism of the bundle E that does not necessarily satisfy the
condition DV* = DV it is easy to change the metric of E so that this is the case. Indeed, if <, >’
is the initial metric of E, it suffices to set

<z,y>=<zx,y> + < Dx,Dy >’

Then DV* = DV for the new metric because DY? = 1. Since any two metrics are homotopic and
X is paracompact, we can trivialize E equipped with the new metric. In other words, there exists
an automorphism « of the bundle E such that A* = A for the old metric, with A = aDa~! and
a homotopic to the identity. This reasoning shows that ®x is surjective. One would similarly
show that ®x is injective by considering X x [0, 1]. O

The two preceding lemmas imply that the map
FP(H) — Grad” (A)

is @ homotopy equivalence. By replacing H’ with H"™ and H with A", one would show that the
same holds for the map

FPU(H™) — Grad”? (n, A).
From this, we immediately deduce the following proposition:

PROPOSITION (3.3). The maps
Fpq(H™) — grad™ (n, A)
are homotopy equivalences.

Consider now a real, complex, or quaternionic Hilbert space E and let A be the correspond-
ing Banach algebra EndE/ 8.

LEMMA (3.4). The natural map from GL(n, Ag) to GL(n + 1, Ag) is a homotopy equivalence.

Proof. We do not restrict generality by considering only the case n = 1. We also have a commu-
tative diagram
$(E) —— S(EDE)

l l

GL(l, AE) Em— GL(Q, AE)

where the vertical arrows are trivial fibrations with contractible fiber by an already-tested argu-
ment (§(H ) denoting the set of real, complex, or quaternionic Fredholm operators, as the case
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may be, in the space H). We are thus led to prove the lemma’s conclusion for the first horizontal
arrow of the diagram. Since the spaces considered have the homotopy type of CW-complexes,
it suffices to show that

(X, $(E)] = [X,5(E e E)]

is bijective for a compact space X (in fact, a sphere suffices here too). But this is a well-known
consequence of the Janich-Atiyah theorem (cf. [3], [8] or [18] and [23]). dJ

PROPOSITION (3.5). The natural map
grad®? (n, A) — grad™? (n + 1, A)
defined by A — A @ e, 41 is a homotopy equivalence.

Proof. The spaces considered having the homotopy type of CW-complexes, it suffices to show
that this map induces an isomorphism on the homotopy groups =;, i = 1,2,... According to
Lemma 2.5, we have two locally trivial fibrations

gl (n, A) —> giP? (n, A) —> grad® (n, A)
gl " (n+ 1, A) — gl (n+1, A) — grad”™? (n + 1, A)

We then apply the preceding lemma and the five lemma to the two corresponding exact ho-
motopy sequences, taking into account the classification of Clifford algebras in terms of matrix
algebras over the real, complex, or quaternionic numbers [12, 81 A705. O

COROLLARY (3.6). The natural map §,,(H) — §pq(H & H) is a homotopy equivalence.

COROLLARY (3.7). The category *B3(A) is CW-representable in the sense of Definition 2.7. In partic-
ular, Corollary 2.12 applies to this category. The representing spaces for the functors KP7 (X; A) =
KPa+l(X: A) are the spaces

KP9(A) x grad?? (A) ~ KP9TY(A) x §0(H)'6.

Proof. This is indeed a direct consequence of the preceding proposition and Propositions 2.9
and 3.3. O

End of the proof of Theorem 1.2. Taking into account that the groups K?? only depend on the
difference p—¢ (mod 8), it remains for us to show that, for X compact, we have an isomorphism
K"(X) ~ K" }(X; A) with n > 1 for example. This isomorphism is described in great detail in
[13] and [15]"7; moreover, its general scope was emphasized in [14] and [16]. We will therefore
limit ourselves to the following few remarks: First, we have K" 1(X;A) ~ K" 1(X;s7V) as a
consequence of the equivalence of Banach categories # and §3(A) noted at the beginning of
this section. Second, we have the exact sequence of pre-Banach categories

0 — 6r(X) = 4(X) = Y (X) =0

where €7 (X) generally denotes the category of trivial #-bundles (cf. 82). Since the category
7 (X) is flabby [14, Definition 3], the connecting operator 9"~ ! : K"(Y (X)) — K" (%1 (X))
is an isomorphism [14, Theorem 7]; a "concrete” description of 9"~! in this particular case is
given in [13]. This completes the proof of Theorem 1.2.

SFor the calculation of the 7, groups, note that ﬂo(gl’p’q,+l(n, A)) is the number of connected components of
GL’M/“(n, A) contained in glrd' (n, A) and that a homotopy equivalence respects connected components.

'®The preceding reasoning shows that Proposition 3.5 (thus Corollary 2.12 for ¢ = 9B(A)) is true more generally for
Banach algebras A such that GL(n, A’) — GL(n + 1, A’) is a homotopy equivalence, A’ = A, A® R,C and A® R, H,
for any n. Such an algebra is called stable.

7See also the end of 84 for an "elementary” proof in the spirit of this article.
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REMARK (3.8). The homotopy equivalence
s': grad”?t!(4) — QOgrad”(A)
obviously transfers to the spaces §, ,. We thus have a homeomorphism

S Fpar1 — VFpg
which is defined by the formula

S(D)(0) = eg+1 €050+ Dsind for0<6<m
S(D)(0) = €g+1€0S8 + eg2Sind  form < 6 < 2.
As was noted in 82, this homeomorphism corresponds on the Grothendieck groups to the "Thom

isomorphism”:
’ KPIY2(X; V) — KPP (SX; 2Y).

For X compact, this again gives the ordinary isomorphism K"(X) — K"t'(SX) when one identifies
K™(Y) with Kn=Y(X; V) (cf. [13], [15]).

The above arguments show that there exists a natural candidate for the functor K"(X), X
paracompact, if one wants Theorem 1.2 to remain valid. It suffices to choose K" }(X; A) ~
K" Y(X;#V)'8. The advantage of this definition over the classical definition is obviously that
the category 7V is CW-representable. Another advantage is that the considerations of [12]
relative to Banach categories, etc. allow for the immediate extension to the paracompact setting
of K-theory theorems ordinarily proven in the compact setting. For example, one can prove a
"Thom isomorphism” for spinor bundles (in the formulation of [12, Proposition 3.1.5] or [13,
Theorem 8] with families of support), using the techniques of [12] and [22].

IV Relations with classic classifying spaces

[Section IV omitted from translation.]
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