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Abstract

We discuss the Gauss, Codazzi, and Ricci equations for a Riemannian immersion. The
O’Neill tensors for a Riemannian submersion are introduced and applied to the Fubini-
Study metric on CP". Moreover, we discuss the case of a vector bundle equipped with
a connection and fibre metric over a Riemannian manifold and show how to equip the
vector bundle with an induced Riemannian metric. This construction is analyzed as
a Riemannian immersion and a Riemannian submersion, and the precise conditions
under which the O’Neill tensors vanish is determined.
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1 Introduction

The purpose of this project is to introduce Riemannian immersions and submersions. The
reader will need to be familiar with the basics of smooth manifold theory and vector bun-
dles at the level of [3]. It will be helpful for the reader if they have some familiarity with
Riemannian geometry, including parallel transport, geodesics, and the exponential map. See
for example, [1] or [4]. While we will review the basics of Riemannian geometry that we will
use, this review is brief and most theorems are not proved.

In section 2, we briefly review immersions, submersions, and embeddings in the context
of smooth manifold theory, and we discuss some examples of each. We then review the basic
definitions and important theorems in Riemannian geometry, including the curvature tensor
symmetries, the Levi-Civita connection of a Riemannian manifold, and the Ricci, scalar, and
sectional curvatures. At the end of section 2, we consider a vector bundle £ — M, where
(M, g) is a Riemannian manifold, and E is equipped with a connection V¥ and fibre metric
h. We show how to naturally construct a Riemannian metric g on E.

In section 3, we define a Riemannian immersion and the second fundamental form. We
use the second fundamental form to prove the Gauss, Codazzi, and Ricci equations, which
relate the curvature of the ambient manifold to the curvature of the submanifold. We then
specialize to the hypersurface case, where the difference in dimension between the ambient
and submanifold is 1. Section 3 ends with an introduction of the Gaussian and mean curva-
ture of Euclidean hypersurfaces and a proof of Gauss’s Theorema Egregium.

Finally, we introduce Riemannian submersions in section 4. The Fubini-Study metric and
the vector bundle construction from section 2 are discussed as examples. The O’Neill tensors
are defined for a Riemannian submersion, and the fundamental equations for the O’Neill ten-
sors are proved. We end by computing the O’Neill tensors for the vector bundle construction
and computing the curvature of the Fubini-Study metric using the fundamental equations.

2 Preliminaries

We briefly review immersions, submersions, embeddings, connections, and Riemannian man-
ifold theory in order to fix notation and conventions. Most results in this section are not
proved.



2.1 Immersions, Submersions, and Embeddings

Let M, N be smooth manifolds and F': M — N be a smooth map. The rank of ' at p € M
is the rank of the linear map [Fi|,: T,M — Tpyp)N. We say that F' has constant rank if its
rank is the same at all p € M. The most important types of constant rank maps are those
with maximum rank:

Definition 2.1 Let F': M — N be a smooth map.
a. F: M — N is called an immersion if [F,], is injective for all p € M.

b. F': M — N is called an embedding if F' is an injective immersion and F is a homeo-
morphism onto its image. That is, U C M s open in M if and only if F(U) is open in
F(M) C N, where F(M) is given the subspace topology of N.

c. F': M — N is called a submersion if [F,], is surjective for all p € M.

Notice that dim M < dim N whenever F': M — N is an immersion, and dim M > dim N
whenever F': M — N is a submersion.

Example 2.2 Suppose M, My, ..., M are smooth manifolds.
a. If p; € M; for each i, then the map ¢;: M; — M; x --- x M;, given by

L](Q) - (pla <oy Pi—1,4, Pj41,y - - - 7pk)
is an embedding.

b. If v: J — M is a smooth curve and M is a smooth manifold, then ~ is an immersion if
and only if 7/(t) # 0 for all ¢ € J. In particular, if V' is a smooth vector field on M and p
is a regular point, then the integral curve ©® passing through p at t = 0 is an immersion.

c. f: M — N is alocal diffeomorphism if and only if f is an immersion and a submersion.

d. The natural map 7: C*™' \ {0} — CP" of a nonzero (n + 1)-tuple onto its equivalence
class is a submersion.

e. We claim that the map z: R? — R* given by

1
x(0,¢) = —=(cos @, sin 0, cos ¢, sin p)

V2

is an immersion of R? into R* whose image x(R?) is a torus T?. We compute the matrix
of the pushforward at (6, ¢).

O(cos(0))  O(cos(0)) .
NN —sind 0
o] = 1 (Sgle( ) (sg;( ) 1| cose 0
NG 3(C<(>959(w)) 8(cgiiw)) V2 0 —sing
I(sin(p))  I(sin(p)) 0 cos ¢
90 dp
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Clearly the columns of the above matrix are always linearly independent, so [x.], has full
rank. Thus, z: R? — R?* is an immersion. Moreover, ||2(6, )| = 1 for all # and ¢, so
is an immersion of R? into S®. Notice that the image of z is a torus T.

f. If E — M is a vector bundle over M, then w: E — M is a submersion. In particular, the
map 7 : TM — M given by m(p, X,,) = p is a submersion.

g. Suppose m: E — M is a rank r vector bundle over K € {R, C} and define the zero section
as
7 = {0 € E: ¥ is the zero element in the vector space 7' (7 (¥9)).},

and give Z the subspace topology of E. We claim that Z can be given a smooth structure
such that Z is a smooth manifold and the inclusion ¢: Z — FE is an embedding.

Let ¥ € Z, define p = 7(¢¥), and let {s1,...,sx} be an R-local frame for £ on a neigh-
borhood U of p. Here k = 2r if K = C and k£ = r if K = R. By further restricting U,
we may assume that U is the domain of a local chart (U, ¢) for M. Now define a map
0: 772 (U) — p(U) x R* by

0(y'si(p)) = (e(p).y", ..., y")

for any 3 € R. Using the inverse function theorem, it is not difficult to verify that
(7=1(U), 0) gives a smooth chart for E.

In terms of this local frame, we have Z N 7~ 1(U) contains exactly points of the form
(x',...,2",0,...,0) where (z',...,2") is a point in U. Thus, we can construct a local
chart (Z N7 Y (U), p?) for Z from the chart (U, ) on M in the obvious way. Doing so
for every such chart on M endows Z with a smooth structure such that Z is naturally
diffeomorphic to M.

In local coordinates, the inclusion map ¢: Z — FE is given by «(z!,... 2") =
(x',...,2,0,...,0), which is clearly an immersion. Moreover, since Z was given the
subspace topology, ¢ is a topological embedding. So ¢ is an embedding, as claimed. //

It is not always easy to check the constant rank condition explicitly. Thankfully, there is a
simple local criterion for submersions.

Theorem 2.3 (From [4, Theorem 4.6]) Suppose M and N are smooth manifolds, and
m: M — N is a smooth map. Then © is a submersion if and only if for each p € M

there is an open neighborhood U C N of w(p) and a smooth map o : U — M such that
o(r(p))=pandmooc=1d: U = U.

As constant rank maps, immersions and submersions enjoy particularly nice local represen-
tations.



Theorem 2.4 (From [1, Remark 1116.4]) Let M, N be smooth m,n-manifolds, respectively,
and let F': M — N be a smooth map of constant rank k. If p € M, then there exist
charts (U, p) for M and (V) for N such that p(p) = (0,...,0), v(F(p)) = (0,...,0), and

F =1 oFop!is given by

Moreover, we may assume that p(U) = C™(0) and (V) = C*(0), where C(0) C R' denotes
an open cube of breadth € about 0.

Moreover, every immersion is locally an embedding.

Theorem 2.5 (From [1, Theorem I114.12]) Let F' : M — N be an immersion. Then each
p € M has a neighborhood U such that F|,; is an embedding of U in M.

Corollary 2.6 Every immersion is locally injective.

We now want to consider the notion of an embedded submanifold and its relation to immer-
sions and embeddings. If £ < n and U is an open subset of R", then a k-slice of U is a set
of the form

S={(z',...,a")eU: 2" =" . a"=c"}

where c**1 ... ¢" € R are constants. Now suppose that M is a smooth manifold and (U, )

is a chart on M. A subset S C U is called a k-slice of U if ¢(5) is a k-slice of ¢(U).

Definition 2.7 Let M be a smooth manifold and N C M. Then N is called an embedded
submanifold of dimension k or an embedded k-submanifold if for every p € N there is a
chart (U, ) with p € U such that NN U is a k-slice for U.

The following theorem justifies the name embedded submanifold:

Theorem 2.8 (From [4, Thm. 8.2]) Let M be a smooth n-manifold and let N C M be an
embedded k-dimensional submanifold of M. With respect to the subspace topology, N is a
smooth manifold of dimension k and the inclusion map - N — M is an embedding of N
into M.

Example 2.9

a. Let U C R¥ be open and let F': U — R" be smooth. Then the graph I'(F) is an embedded
k-submanifold of R*¥*".

b. The n-sphere S™ is an embedded submanifold of R"**!,



These examples show that our definition of an embedded submanifold agrees with our in-
tuition of what a “submanifold” should look like in Euclidean space. Moreover, there is a
natural connection between embeddings and embedded submanifolds.

Theorem 2.10 (From [3, Proposition 5.2]) Let M, N be smooth m,n-manifolds, respec-
tively, and let F': M — N be an embedding. Then F(M) is an embedded submanifold of
N.

Using slice coordinates, a vector field can be extended from an embedded submanifold to an
open set of the ambient manifold.

Theorem 2.11 Suppose M C M is an embedded submanifold and X is a vector field on
M. Then there is a vector field X defined on an open subset of]\/[ containing M such that
forallp € M, [u],X, = X,.

Proof. First, note that since [ts]p is injective, we can identify T,M with [¢.],T,M for all
p € M. Let {(¢a,Us)} be a set of slice charts for M such that UaeA(U N M) covers M.

In the slice coordinates (., ﬁa), X is given by
k
X(pa' (! oah) =) faled (@ 2h,0,...,0)d;,
i=1

where fi e C=(U, N M). We canomcally extend each fZ to fZ € C"’O( «) by defining
Pl (x,...,2™) = fi(ez(2h,...,2%,0,...,0)). Define X, = S2F | fid;. By construc-
tion, X, is a smooth extension of X to F(Ua).

Now let {pa} be a partition of unity subordinate to the U,. Define

=3 pufe € D(Uneall).

By construction, X is a smooth extension of X to a neighborhood of M in M. [ |

Finally, we can use submersions to construct embedded submanifolds of the domain by
taking level sets. This provides a very nice connection between submersions and embed-
dings. In fact, we do not even need the full strength of a submersion to do this. Instead,
we only need to know the map’s behavior at points in the level set. To make this precise,
suppose F': M — N is a smooth map. Then p is called a regular point if [F,], is surjective
at p. If ¢ € F(M), the level set F~1(q) is called a regular level set if every p € F~1(q) is a
regular point. Notice in particular that every level set of a submersion is regular.
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Theorem 2.12 (From [3, Corollary 5.14]) Let M, N be smooth manifolds and let F': M —
N be smooth map. Fvery reqular level set of F' is an embedded submanifold of M whose
codimension is equal to dim N. In particular, any level set of a submersion F': M — N s
an embedded submanifold of M.

2.2 Connections, Curvature, and Torsion

Remark 2.13 If E is a vector bundle over M, we denote by I'(E) the smooth sections of
E, and we denote by E, the fibre of E over p € M. That is, E, = 7 '(p).

Definition 2.14 If E — M is a vector bundle, then a connection on a E is a map
V:I'(TM)xI'(E) - I'(E): (X,0) — Vxo

such that

a. Vxo is C®(M)-linear in X
b. Vxo is R-linear in o
c. Vx(fo)=(Xf)o+ fVxo forall f € C®(M) and X € T'(TM).

Example 2.15 Let (z',...,2") be the standard global coordinates for R". The Euclidean
connection on TR" — R" is denoted by V and satisfies V5,0; = 0 for all 1 <14, j <n.

Since Vxo is C°°(M)-linear in X but only R-linear in o, (Vxo)(p) depends on o in a
neighborhood of p but only depends on X at the point p. Thus, we often write Vx Y
instead of (VxY)(p). In fact, the following proposition shows that VxY depends only on
the values of Y on a particular curve.

Proposition 2.16 (See [4, Proposition 4.26]) Let M be a smooth manifold with a connection
V on E, and let X, € T,M. Supposec,T € I'(E) and~y: I — M is a curve such that y(0) = p
and v'(0) = X,,. If o and 7 agree on the image of vy, then Vx,0 = Vx, 7.

Often we are interested in smooth sections of a vector bundle over a curve. Indeed, suppose
v: 1 — M is a curve in M and V is a smooth section of F over v. That is, V: [ — T'M is
a smooth map such that V; € E,) for all t € I. We denote the space of all such maps by
F(v*E).

Theorem 2.17 (See [4, Theorem 4.24]) Let M be a manifold with connection V on E, and
v: I — M be a smooth curve. Then V induces a unique R-linear map Dy: T'(v*E) — T'(v*E)
such that



a. Di(fV) = f'V + fD,V for all f € C*(I)

b. If V€ I'(n*E) and for some t € I, V; can be extended to a smooth section of E, say ‘7,
in a neighborhood of ~(t), then

DV =VyuV.

A connection on a vector bundle £ — M induces a curvature tensor on E. The geometric
meaning of such a tensor will become clear in the context of Riemannian geometry.

Definition 2.18 Suppose E — M 1is a vector bundle and V is a connection on E. Then
the curvature of V is the map RY: T(TM) x T'(TM) x T'(E) — T'(E) given by

RV<X, Y)O' = VvaO' - VyVXU — V[X,Y]O'.

Notice that RV (X,Y)o is skew-symmetric in X and Y. Using Definition 2.14 and properties
of the Lie bracket, it is easy to show that RY is C°°(M)-linear in each of its three arguments.

From now on, we consider the case ¥ = T'M, and we say V is a connection on M. In
a set of local coordinates (z!,...,2") on M, we define the local functions Rﬁjk for the cur-
vature tensor R by R(0;,0;)0, = R!,0,. In the case E = T'M there is another important

ijk
tensor called the torsion.

Definition 2.19 Let V be a connection on a smooth manifold M. The torsion of V is the
map TV : T(TM) x T(TM) — T'(TM) given by

TV(X,Y)=VxY - VyX — [X,Y].

V is said to be torsion free if TV = 0.

Notice that TV is skew-symmetric in its arguments. Using Definition 2.14 and properties of
the Lie bracket, it is easy to show that TV is C°°(M)-linear in each argument and is thus a
(2, 1)-tensor.

2.3 Riemannian Manifolds

Definition 2.20 A Riemannian manifold is a pair (M, g) where M is a smooth manifold,
and g is a fibre metric on TM. That is, g € T(T*M @ T*M) is a smooth (2,0)-tensor which
18 symmetric and positive definite at every point.



In local coordinates we can write g = g;;da’®@dz?, where (g;;) is a symmetric, positive definite
matrix of smooth functions defined on the domain of the coordinate chart. Since g;; = gji,
we write g = g;;dz'dz? where dx'dz! = % (dr' @ dz? + da? @ dz') is the symmetrized tensor
product. If g is understood, we often denote g(X,Y) by (X,Y).

Example 2.21 Let (z',...,2") be the standard global coordinates on R™. The Euclidean
metric on R" is defined by g (9;,0;) = d;;.

The notion of an isomorphism in the category of Riemannian manifolds brings us to the
definition of an isometry.

Definition 2.22 Suppose (M, g), (N, h) are Riemannian manifolds. An isometry from M
to N is a map F : (M,g) — (N,h) such that F is a diffeomorphism from M to N and
F*h =g.

Since we are largely interested in local properties of Riemannian manifolds, we introduce a
more restricted notion of local equivalence through a local isometry.

Definition 2.23 Let (M, g) and (N,h) be Riemannian manifolds. A local isometry from
M to N is amap F : (M,g) — (N, g) such that for each p € M there is an open set U C M
containing p such that F|y: (M|y,glu) = (Npwy, hlpw)) is an isometry.

An important property of immersions is their ability to pull back metrics to metrics.

Proposition 2.24 Suppose i: M — N s an immersion and g is a metric on N. Then i*g
18 a metric on M

Proof. Since g is symmetric and bilinear, so is ¢*g. It remains to show positive-definiteness.
Suppose that X, € T,M such that (i*g),(X,, X,) = 0. That is, gip)([is]pXp, [ix]pXp) = 0.
Since g is positive definite, this implies [i,],X, = 0. Since ¢ is an immersion, X, = 0. [ |

Example 2.25 Consider Example 2.2¢, and suppose T? is given the induced metric from R*.
Let us show that the curvature of T? is zero. By restricting x to a suitably small neighborhood
and restricting the range to the image of x on this neighborhood, we obtain a smooth map
y =z|y: U — z(U) where z(U) is an embedded submanifold of R*. Since [z.](g,,) is injective
at every point, [y.](g,) is invertible on U. By further restricting U we may assume y is a
diffeomorphism by the inverse function theorem. Locally, x = ¢ oy, where ¢ : z(U) — R is
the inclusion map. Locally, the metric on the torus is given by t*g = (y~!)*(2*g). Since y
is a diffeomorphism, to show that this metric induces zero sectional curvature it suffices to
show that 2*g is a metric on R? which induces zero Riemannian curvature on R?,

1
2*g = —= (d(cos 8)* + d(sin 0)* + d(cos ¢)* + d(sin p)?)

V2
10



(sin*(0)db* + cos®(8)df> + sin’(p)dp® + cos*(0)dp?)

Sl

1
V2

The metric is a positive scalar multiple of the Euclidean metric, and thus the Riemann
curvature tensor is zero. //

(d62 + dg02) :

Since a Riemannian manifold (M, g) is equipped with a metric, there are a special class of
connections on M.

Definition 2.26 Suppose (M, g) is a Riemannian manifold. A connection ¥V is said to be
metric compatible if for all X, Y, Z € T'(TM), we have

X(Y, Z) = (VxV, Z) + (Y, VxZ).

One may wonder about the existence of torsion free and metric compatible connections. This
leads us to the following important theorem.

Theorem 2.27 (Fundamental Theorem of Riemannian Geometry)
Let (M, g) be a Riemannian manifold. There is a unique connection N on M that is torsion
free and metric compatible. We call this connection the Levi-Civita connection of (M, g).

From now on, we assume that the connection on a Riemannian manifold is its Levi-Civita
connection unless otherwise stated. Moreover, whenever X, Y € T'(T' M), we denote g(X,Y)
by (X,Y). Likewise, the curvature tensor of a Riemannian manifold is with respect to the
Levi-Civita connection. Using the metric and curvature tensor, we construct the Riemann
curvature tensor.

Definition 2.28 Let (M, g) be a Riemannian manifold with curvature R. Then the Riemann
curvature tensor is a the smooth section R € T'(T*"M ® T*M @ T*M ® T*M) given by
R(X,)Y,Z, W) =(R(X,Y)Z,W) for all X,Y,Z,W € I'(TM).

In local coordinates, we define R;jp = R(0;,0;, 0k, 0) = (Rg?kﬁm,@l} = R gm- The Rie-
mann curvature tensor satisfies several symmetries, which we summarize.

Proposition 2.29 (From [4, Proposition 7.12]) Let (M, g) be a Riemannian manifold, with
Riemannian curvature R. Then

a. R(X,Y,Z,W)=—R(Y,X,Z,W)
b. R(X,Y,Z,W)=—R(X,Y,W,Z)

11



¢. RIX,Y,Z W)+ R(Y,Z, X, W)+ R(Z,X,Y,W) =0
d. R(X,Y,Z,W)=R(ZW,X,Y)

Using the Riemann curvature, one can define the sectional curvature. Later, we will see that
the sectional curvature measures the curvature of a two-dimensional submanifold of M.

Definition 2.30 Let (M, g) be a Riemannian manifold, let p € M, and let L, be a two-
dimensional subspace of T,M. Let {X,,Y,} be a basis of L,. Then the sectional curvature
of L, is given by
R(Xp, Yy, Yy, Xp)

| Xp A Ypl?

where we define | X, A\ Y,|? = (X, X,)(Y,,Y,) — (X, V)%

seey(Ly) =

Note that it is not difficult to prove that | X, AY,| defines a norm on the vector space A’ T,M.
We must show that the previous definition does not depend on the choice of basis.

Proposition 2.31 The definition of sectional curvature does not depend on the choice of
basis.

Proof. Let p € M and let {X,,Y,} and {Z,,W,} be two bases of T,M. We can write
Z, = aX, +bY, and W, = cX, + dY, for some a,b,c,d € R. Using the symmetries of the
Riemann curvature tensor, it is easy to show that

R(Zp7 Wy, W, Zp) = (ad — bc)2R(Xpa Yy, Yy, Xp)?
|Zy NWy|* = (ad — be)*| X, A Y, 2.

We say a manifold has constant sectional curvature if for all p € M and all two dimen-
sional subspaces L, K, of T,M, we have sec,(L,) = sec,(K,). In this case, the sectional
curvature is simply a smooth function on M.

Proposition 2.32 (From [4, Proposition 8.36]) Suppose (M, g) has constant sectional cur-
vature C' € C®°(M). Then the Riemann curvature is given by

RX,Y, Z, W) =CU(X, W)Y, Z) = (X, Z)(Y,W)) for all XY, Z,W € T(T'M)

Finally, we review the Ricci curvature. To do so, we first take a linear algebra digression.
Suppose V' is a vector space with inner product (.), and A: V' — V is linear. Suppose

12



{e1,...,e,} is a basis of V. Let g;; = (e;,e;) and let g be the inverse matrix. Then
(e, e1)g" = (Alej,)g” = Algng" = Al6} = A} = ta(A).
i=1

We can now use this characterization of the trace to obtain a local coordinate expression for
the Ricci curvature.

Definition 2.33 Let (M, g) be a Riemannian manifold. Fixp € M and X,,Y, € T,M. Con-
sider the linear operator A, on T,M defined by Z, — R(Z,, X,)Y,. Define Ric,(X,,Y,) =
tr(A,).

By the preceding discussion, in local coordinates we have Ric(X,Y) = (R(0;, X)Y, d))g",
so Ric is indeed a smooth (2,0)-tensor. In local coordinates, we write Rj, = Ric(0;,0)) =
Rijug™.

Definition 2.34 The scalar curvature of a Riemannian manifold (M, g) is the smooth func-
tion on M defined by Sc(p) = try(Ric,).

Notice that in local coordinates, Sc = Rjkgjk , s0 Sc is indeed smooth.

Next, we review the gradient of a smooth function on a Riemannian manifold M. Define
the flat operator b: I'(TM) — I'(T*M) by

(X)) = (X,Y)

for all X,Y € I'(T'M). The flat operator is clearly tensorial, so b € I'(T*M ® T*M). For
every p e M, b,: T,M — T » M is injective since the metric is positive definite. Thus, b, is
an injective linear map between vector spaces of the same dimension, and is thus an isomor-
phism. Let f,: Ty M — T,M denote the inverse map.

Now consider a local coordinate frame {9, ..., 8,} of TM. Then we can write b(0;) = A;pda”
for local smooth functions A;, on M. Then

gij = (05, 0;) = b(9,)(9;) = Awda™(8;) = Ay,

80 [gi;] is the matrix of b with respect to the local bases {0, ...,0,} of TM and {dz?, ..., dz"}
of T*M. Thus, [¢" (p)] = [g:j(p)] " is the matrix for #,. Since the ¢g"/ are smooth functions and
both {1, ...,8,} and {dz', ..., dz"} are smooth local frames for TM and T* M, respectively,
t, extends naturally to a tensorial map §: I'(T*M) — I'(T'M). Now if f € C*°(M), define
the gradient of f to be

V(f) = t(df).

13



In local coordinates, V(f) = #(2Ldx’) = g 2L 2. Now let Y be any other smooth vector

field on M, say Y = Y 8‘21-. Then

Of 0 . 0
— [ 4t = _—

o LOf )0 0
— 4l k =
g7y axi<axa"axk>

i of
= g7 gpY" 5
of
_vkZJS
=Y oxk
=Y/,

which is exactly how one would expect the gradient to behave.

Finally, we define the Hessian and state its relation to the gradient.

Definition 2.35 Let (M,g) be a Riemannian manifold, and let f € C°(M). Then the
Hessian of F', Hess(f), is defined for all vector fields X,Y € I'(T'M) by Hess(f)(X,Y) =

XY f) = (VxY)(f).

Proposition 2.36 Let (M, g) be a Riemannian manifold, let f € C*°(M). Then Hess(f) is
symmetric and Hess(f)(X,Y) = (Vx(Vf),Y) for all XY € I'(T'M).

2.4 Induced Riemannian Metric on a Vector Bundle

Let (M, g) be a Riemannian manifold, suppose 7w : E — M is a rank r vector bundle over
K € {R,C} and suppose h is a fibre metric on F and V¥ is a connection on E. In this
section we want to construct a Riemannian metric § on E in terms of g, h, and V¥. We
will analyze this construction as a Riemannian immersion (where M is the zero section of
E) and as a Riemannian submersion in later sections.

Fix p € M, and let {s1,..., st} be an R-local frame for E on a neighborhood U of p. Here
k=2rif K=Cand k =rif K=R. Fix a chart (U, ¢) for M about p. As in Example 2.2g,
we can define local coordinates (z!,... 2" y', ..., y*) for E, where (z!,... 2" 9%, ..., y")
corresponds to the point y's;(¢ 1 (z!, ..., 2")) of E. We refer to the (z°) coordinates as the
base coordinates, and we refer to the (y7) coordinates as the fibre coordinates. Notice that
the (y’) coordinates are defined once a local frame is chosen. Given this local frame, we let

Ffj be the Christoffel symbols for this local frame. That is, Féjsl = VEE,V 5;.

ozt
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Definition 2.37 Suppose p: N — L is any submersion of smooth manifolds, and let ¢ € N.
Then the vertical subspace of T,N is the subspace V, = ker [p.],.

Lemma 2.38 Consider the submersion w: E — M discussed above, and fir ¥ € E. In
terms of the local coordinates constructed above, the set {8%1‘19, cee %}ﬁ} s a basis for Vy.
Proof. This follows immediately from the fact that « is given in local coordinates by

m(xt, . amyt YR = (2t ).

Let v: [0,1] — M be a smooth curve with v(0) = p. Given any ¥ € E, = 7 *(p), the
connection allows us to define the parallel transport 7y : [0, 1] — E such that 7,(0) = ¢ and
;)/\19(15) S Ev(t) for all t € [0, 1].

We call 7y the horizontal lift of v with initial point . It depends on 7, 1, and the connection
V on E. It is called a lift because m 04y = 7. A smooth curve on E is called a horizontal
curve if it is the horizontal lift of a smooth curve on M as described above. A tangent vector
in TyE is called horizontal if it is the velocity vector at ¥ of a horizontal curve passing
through 9.

Proposition 2.39 Suppose 7'(0) = Wi%p and that in local coordinates ¥ =
(o(p),VY,...,V¥). Then
o, N,
~ \/ — 7 _ Fl ivjg Y
(o) (0) =W ox’ WV oyt

where the vectors are evaluated at ¥ and the Christoffel symbols are evaluated at p.

Proof. In the local coordinates (z*,..., 2"y, ..., y*) for E, write

() = (z(t), ..., 2" (t), ¥ (1), ...y~ (t)).

Since Yy(t) € By for all t € [0, 1], the local coordinate expression for + is

Thus, we have '
dx’

0 o

Wi—
ox? »

so W* = %L:fo for each i.
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Using the local frame {si,...,s,}, we can write 9 = Is;(y(t)) = (y(t),c (1), .., " (1)),
so in fact 3’ (t) = ¢/(t) for each j. From the parallel transport equation we obtain

dyt dat
= .t J(t) = 0.
i L) v (=0
Evaluating at ¢t = 0 gives
!
Wl _rwvi,
ot |,_ J

where the Christoffel symbol is assumed to be evaluated at v(0) = p. Putting it all together,
we have

daz’ s, dy! 0
) (0) = — —| ==
(55)'(0) dt |,_,0zt|,  dt |,_, 0y,
_wild | Fﬁ-WiVji
oxt 9 J ayl 9

Proposition 2.40 Let Hy be the set of horizontal tangent vectors at ¥ € E,. Then Hy
s a subspace of TyE, and there is a canonical isomorphism hy : T,M — TyE that takes
W, € T,M to its horizontal lift hy(W,) € Hy.

Proof. By Proposition 2.39, all horizontal tangent vectors at ¥ € E, are of the form

0 N
A
W BrS WV ay/
Take any two horizontal vectors at 1, say
) .0
Wi —TLwivi_—
ox! K oy’
.0 N
7' — —TL7'Vi_—
ozt v] ayl7

and let a,b € R. Then

.0 .0 .0
0w 2y (2.2
a(W BIS WV 8yl>+b< By

= (aW' + bzi)i —TL(aW' + 02"V

9
ox’ oy

16



e
Ozt

is horizontal, so Hy is a subspace. For any W, = W'
lift. Namely,

, € Tp,M let hy(W,,) be its horizontal

.0 0
ho(Wp) = Wi—| —TLW'VIi—| .
19( P) axz ) 1) ayl »
This map is clearly linear and invertible and thus an isomorphism. |

As claimed, this horizontal subspace is complementary to the vertical subspace of T, M.

Proposition 2.41 TyE = Vy ® Hy.

Proof. First, let Wy € TyE be arbitrary, say Wy = a' 22

i 0
19+b8_y719 Then

So Ty = Vy + Hy. Now suppose Wy € Vy N Hy. Since Wy € Hy, Wy has the form

0 0
Wy=W'—| —TLWVi_——
v axz‘ﬁ ij oy

¥
But since Wy € Vy, we must have W; = 0 for all <. But then Wy = 0. Hence Vy N Hy = {0},
which completes the proof. [ |

Let Ay, By € TyE be two tangent vectors to E at the point ¥ € E, C E. Then we
can find smooth curves v and w on E with v(0) = w(0) = ¥ and v'(0) = Ay and w'(0) = By.
Notice that v and w project down to smooth curves on M. Explicitly, define

(t) = (wowv)(t),

7(s) = (mow)(s).

We can regard v and w as smooth sections of F over the curves v and 7, respectively. Recall
that (Dyw)(t) and (Dsw)(s) are the covariant derivatives along v and 7, respectively, so in
particular (D;v)(t) € Tyy»M and (Dsw)(s) € Ty M.

Define an inner product gy on TyE by
99(Ag, By) = gp([mJoAv, [m]oBg) + hyp((Dy0)(0), (Dsv)(0)),

17



where 7w : £ — M is the natural projection. It is clear that gy is a symmetric bilinear form
on TyE.

Proposition 2.42 gy is an inner product on TyE.

Proof. Tt suffices to show that gy is positive definite. Suppose that gy(Ayg, Ay) = 0. We
must show that Ay = 0. Let (U, ¢) be a chart on M containing p, and let (7' (U), 6) be the
induced chart on E. In local coordinates, we can write

Now we have

0

ox’ 0 8_3/“ 0
10 0T

= + —

ot g Ot |,_,0y*
In local coordinates, it is easy to show that the covariant derivative of v along v at ¢ = 0 is
given by

Ag = U,(O)

)

k

i

00 = (B +r05| mhw) ) )

Now since 0 = gy(Ay, Ay) = gp([mi]o Ay, [Te]9Aw) + hyp((Dw)(0), (Dyw)(0)) and g, and h, are
nonnegative on 1, E, we must have both terms equal to zero. Since g, is positive definite on
E,, we must have [m.]yAy = 0, which implies

dz? 9, dy* 0
0 = [msAs = [r. LA -
[ralodo = melo ( dt |,_o 02|y i dt |,_0y" 19)
da’ 5,
T At |, 0| ) 2)
t=0 p
Thus, we conclude that dd—f|p = 0 for all i. Again, since h,((D;v)(0), (Dy)(0)) = 0 and h,, is

positive definite, (1) and (2) give

dy* o dat
0= (Dw)(0)=|— 7(0 Ik
o= (| 05| ) s
dy*
T t:OSk(p)
which implies % o = 0 for all k. All together, Ay =0, so gy is positive definite. |

Thus, we have shown that gy is an inner product on TyE for each ¥ € E. Moreover,
the next proposition shows that g is smoothly varying over E.
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Proposition 2.43 In local coordinates, we have

([ 0 0
g (%, %) = gi; + DL Py hyg,
(0 0

g (575) =T y"hu,

o 0
(3y 3yﬁ> = i

so g is a smooth tensor, and thus a smooth Riemannian metric on E.

Proof. Define a smooth curve on E in local coordinates by v(t) = (z'(t),...,2"(t), y*(t),...,y"(t))

where v(0) = 19 € E, and the coordinate functions satisfy % = 8y and % = 0. Now let
Ay ='(0) = . So (1) gives

8m’

%

(Dw)(0) = (ddyt 05| ) s

y* ()15, (p)su(p). (3)

Moreover, (2) gives

da! 0 dy* 0 )
TeoAy = Mo | =—| = —_—| —
[meJo Ao = | ]ﬁ(dt 002ty dt |,_,0yF |,
0
= — 4
=l (@)
From (3) and (4) we obtain
0 0

Go (% ) ﬁ) = (% Yo ) + hy (y*(0)TE, (p)sk(p), " ()T, (p)s:(p))
= i;(p) + T ()T (p)y (0)y(0) g (p).

As a local function on F, we have

({0 0
g <— —> = gij + Tl Doy y  ha,

" Oxd

Oxt’ O
as claimed.
Now Ay = ‘19 corresponds to 4 = 0, % = 0;. Again, (1) gives
dy* da’
(Dw)(0) = (d—yt PO TG ) s) = 5 )
t=0 =0
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As a local function on M, we have

~ 6 a k a
g (%7 8_yﬂ> =Ty hjk?

as claimed. Finally, we have

(0 0
i (| 3] ) = 0 0O+ 0. 5,0)) = D),
As a local function on M, this gives g ( 881-, %) = h;;, as claimed. Since g is tensorial and
Y Y
bilinear, we have g(X,Y’) is smooth for all smooth vector fields X, Y € I'(T'E), which shows
that g is a smooth Riemannian metric on F. |

Thus, we have constructed a smooth Riemannian metric g on E. This metric has the
property that the complementary horizontal subspace of Ty E we have defined is the g-perp
space of Vy.

Proposition 2.44 With respect to the metric g on E, the orthogonal complement of Vy is
precisely Hy.

Proof. We previously saw that that Hy was an n-dimensional subspace of Ty E spanned by
vectors of the form

_ i B U J’i
Coxk|, M oy,
Furthermore, we found that the vertical vectors in Vy are spanned by vectors of the form
v = 6% 4+ Writing ¥ = (¢(p), V1 ..., V¥)in local coordinates, we have

) N R I
g(he,v) =7 <@ - ijw@_yw ﬁ_yl)

o 0 A I
YY) _riyig( 2L <2
<5$’“’ 6’y’> bV (W’ 8?/)

g
VT Byt — T, VIR = 0,

hy,

So Hy is a subspace of V;ﬁ. But Hy and Vﬁlg both have dimension n, so they are equal.
[ |
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3 Riemannian Immersions

Assume (M, ) (dimension n) and (M, g) (dimension k) are Riemannian manifolds with Levi-

Civita connections V and V, respectively, and that ¢: M — M is an injective immersion
with i*g = ¢g. Then i is called a Riemannian immersion.

Fix p € M. By Theorem 2.5 and Theorem 2.10, there is an open neighborhood U of
p € M such that i|y is an embedding and ¢(U) as an embedded submanifold of M. Since
we will only study local properties of Riemannian immersions, we are thus permitted to
assume that M is an embedded submanifold of M. Now let ¢: M — M be the inclusion
map «(p) = p. We have [1.],T,M C T,M, and since [.], is injective, we can identify T,M
with [1.],7,M and thus consider T,M C T,M for any p € M. With this identification, we
first discuss local adapted frames.

PropOSItlon 3.1 For every pe M, there exists a local orthonormal frame {FEy, ..., E,} for
TM in a neighborhood U C M of p such that for every ¢ € M NU, {Eilgs -, Eklg} is a
basis for T, M.

Proof. Since M is locally an embedded submanifold of M , let (z1,...,2") be slice coor-

dinates for M on a neighborhood U C M. Then {01,...,0,} is a local frame for TM,
and for each ¢ € M NU, {01|y,---,0klq} is a basis for T, M. Performing Gram-Schmidt
on this local frame gives a smooth local orthonormal frame {E},..., E,} on U such that
span{Eilq - .., Exl,} = span{0i|,, ..., 0|, = TyM for each g € M NU. |

Fix p € M, and define N,M = (T,M)*. Then Tp]f\\/[/ = T,M & N,M. This allows us to
decompose, over the points of M, the tangent bundle to M into the part tangent to M and
the part normal to M.

Example 3.2 Consider again the immersion in Example 2.2e. We claim that the vectors
e; = (—sinb,cos6,0,0),
es = (0,0, — sin @, cos p)

form an orthonormal basis of the tangent space, and the vectors

ny = —=(cos#,sin b, cos p, sin ),

=

ny = —=(—cos B, —sin 0, cos p, sin )

V2

form an orthonormal basis of the normal space. From the matrix computation for [z.],
in Example 2.2e, it is clear that e; = [2.](9,)0p and es = [7.](9,,)0,, 50 €1 and ey are in
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the tangent space. It remains to show that {ej, es,n1,n2} is an orthonormal set of vectors.
Indeed, we have

{e1,e1) = sin® 0 + cos®§ = 1,
<€17€2> -

(e1,n1) = (—sinfcosf + cosfsinf) = 0,

(e1,n9) = (—sin g cos ¢ + cos psin ) = 0,

=S
— —_
WO L

(e, e9) = sin? p + cos® p = 1,

(€9,m1) = (—sin ¢ cos ¢ + cos @sin p) = 0,

&IH%IH

(€9,n9) = (—sinp cos ¢ + cos psing) = 0,

(ny,n1) % (cos? 6 + sin® 6 + cos® ¢ + sin® p) = 1,

(n1,ng) % (—cos® 0 — sin® @ + cos® p + sin® ¢) = % (-=1+1) =0,
(ng, na) % (cos2 6 + sin? 6 + cos® ¢ + sin® go) =1,

which completes the proof. /

While we are able to decompose TpM at each p € M, we would like to see if such a decom-
position can be done in a smoothly varying way. Define NM = |—|p€ v NpM. To give NM
the structure of a vector bundle we use a construction lemma from [3].

Lemma 3.3 (From [3, Lemma 10.6]) Suppose that for each p € M we are given a real vector
space I, of some fized dimension k. Let ' = |_|p€M E,, and let m: E — M be the map that
takes each element of E, to p. Suppose furthermore that we are given the following data:

a. an open cover {Uy}aeca of M,

b. for each a € A, a bijective map P, : 7T_1<Ua) — U, x R* whose restriction to each E, is
a vector space isomorphism from E, to {p} x R¥ = Rk,

c. for each o, f € A with U, NUg # &, a smooth map T,5: Uy, N Usg — GL(k,R) such that
Do 0 @51 (p,v) = (P, Tap(P)V).
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Then E has a unique topology and smooth structure making it into a smooth manifold and
a smooth rank k vector bundle over M with m as projection and {(Uy,, ®,)} as smooth local
trivializations.

We now apply the construction lemma to the restriction T™ |asr of TM to M.

Proposition 3.4 TM|M and NM can be given vector bundle structures such that TM|M =
TM & NM.

Proof. Let {U,} be an open cover of M such that there is an adapted orthonormal frame
{Eap,...  Eqn} of TM in an M-open neighborhood U, 2 U,. If U, NUs # @, write
E.i = (Aup)] Es . By construction of adapted orthonormal frames, we have

_ (Bas O
Cosll = (55 1)

where B, 3, C,p are matrices of smooth functions on U, NUpg of sizes k x k and (n—k) x (n—k)
respectively.

Let 7: TM — M be the natural projection. For N M, define bijective functions ®,: NM N
7Y Uy) = Uy x R to be

CI)a (Z aiEa,i<p)> = (p> (ak+17 s 7an)T)'

Then

(®50 0. (p, (akt1, .- an)") = Pg ( > @iEoz,z'(P)) = &g ( > ((Aaﬂ(p»zai)Eﬂ,j(p))

i—ht1 ij=k+1
= (pa Cg;ﬁ(p)(ak-i-la S 7an)T)'

By the previous lemma, NM is a vector bundle such that 7|y, is the projection and
{(®n, Uy)} are local trivializations.

Similarly, ¥, : TM N7 1(U,) — U, x R* given by ¥, (Zle aiEm(p)) = (p, (a1, ..., a3)7)

are local trivializations for T'M, with transition matrices Bgﬂ.

Finally, T:]\Z already has the structure of a vector bundle, and TM has local trivializations
Ou: m HUy,) — U, x R" given by

O, <Z aiEm(p)) = (p, (a1, ..., ax)").
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A similar calculation as done with NM shows that the smooth transition matrices are A%;.

Replacing each 17@ with U, in the definition of the trivialization maps and transition matri-
ces and then applying the previous lemma, we see that T'M |, is a vector bundle. Moreover,

the transition matrices for TM|y are the Alslm = Bl ® CLg, which exactly says that
TM|y =TM & NM, |

We can now define the tangential and normal projections.

Definition 3.5 Define the natural projections 7' : T]/\\J/|M — TM, 7t: T]T/[/|M — NM to
be the unique functions satisfying

7TT(CL1E1 + -+ CLnEn) = CL1E1 + -+ CLkEk,
71-l(aflE‘l + -+ anEn) - ak+1Ek+1 + 4 anEn

for any adapted local orthonormal frame {Ey, ..., E,} and smooth functions a; € C*°(M)

Proposition 3.6 7" and 7t are smooth maps.

Proof. We show that 7' is smooth. The argument for 7+ is similar. Let p € M, and
fix a chart ¢,: V, — M such that V, C U, where U, is as in Proposition 3.4. Then
0o = (o x Id) 0 O4|r-1(1,) is a local chart for TM |y, and 1, = (pq X Id) 0 Vo101,

is a local chart for TM, and in these coordinates w" is the map (x!,..., 2% y* ... y") —
1

(xt, ... 2% yb ... y¥), which is clearly smooth. [ |
By their definition, 7' and 7 clearly induce C°(M)-linear maps 7" : T'(TM|y) — T(TM)
and 7t: T'(T'M|y) — T'(NM). This means that any smooth vector field X € I'(T'M]|,;) can

be decomposed as
X=X"4+X*

where X € I'(TM) is a tangent vector field over M and X+ € I'(NM) is a normal vector
field over M. Using this decomposition, we can define the second fundamental form. First
we prove a lemma.

Lemma 3.7 Suppose X,Y € F(T]\A/HM). Let )?1,)?2 be extensions of X and let 171,172 be

extensions of Y to an M-open subset of M (this is possible by Theorem 2.11). Then for all
peM, - -~ o~
(VY1) (p) = (Vg,Y2)(p)

Proof. By Proposition 2.16, (ﬁgli},)(p) depends only on ()~(,~)p = (X;), and the values of Y;

along the image of any curve v: I — M such that 4/(0) = X,,. But Y=Y along the image
of any such curve. [ |
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The previous lemma shows that for X,Y € F(TM |ar), we can define
%XY = (6)}?)|M € F(TM‘M)v

where X , Y are any extensions of X and Y. Using this fact, we are able to define the second
fundamental form.

Definition 3.8 (Second Fundamental Form)
The Second Fundamental Form is the map B: T'(TM) x I'(TM) — T'(NM) given by
B(X,Y) = (VxY)*.

Although not immediately obvious, we will see that the second fundamental form is sym-
metric and depends on its arguments pointwise. To prove this, we need a lemma.

Lemma 3.9 Suppose X,Y are vector fields on M such that Xp, Y, € T,M for allp € M.
Then [X,Y], € T,M for allp € M.

Proof. Making explicit our identification of T,M with [1.],T,M, there are U,V € I'(T'M)
such that [t.],U, = X, and [1.],V, = Y,. But then [t.],[U, V], = [X,Y],, which says that
[X.Y], € [t]pT,M for each p € M. Thus, [X,Y] is tangent to M at each point p e M. N

Proposition 3.10 B is a smooth section of T*M @ T*M @ NM and is symmetric.

Proof. For X,Y € I'(TM), B(X,Y) = (VxY)* depends pointwise on X, so it suffices to
show that B is symmetric. Indeed,

B(X,Y) - B(Y,X) = (VxY - VyX)" = [X,Y]*F =0,
where the last equality follows from the previous lemma. [

Before looking at the geometric interpretation of the second fundamental form, we see that
it relates the Levi-Civita connection on M to the Levi-Civita connection on M.

Proposition 3.11 Let X, Y € I'(T'M). Then

VxY = VxY + B(X,Y).

Proof. We must show that (6 xY)T" is the Levi-Civita connection on M. It is easy to see
that (VxY)T is R-linear in X and Y.
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Let f € C(M). Suppose the chosen extensions for X and Y are X and Y, respectively.

Without loss of generality, we may assume that the extensions for fX and fY are f)N( and
fY ., where f extends f. Then

(VixY)T = (Vi) = (Fu(VV)|a) T = F(VxY)T.

Since X is a vector field tangent to M at all p € M, (X f)|s depends only on the values of
X and fon M. That is, (X f)(p) = (X [f)(p) for all p € M. Thus, we have

(Vx(fY))T = (VYD) = (XHY + fVY)u)" = (XFY + fF(VxY)T.

Therefore, this defines a connection. Fix XY, Z € I'(T'M). Using the fact that V is metric
compatible and all the vector fields are tangent to M, we have

X(Y,Z) = (VxY,Z)+ (Y,VxZ)
= ((Vx¥)", 2) + (Y, (Vx2)"),

so the connection is metric compatible. Finally, Lemma 3.9 gives

(Vi) T = (VyX)T = (VyY =V X)T = [X,Y]T = [X,Y],
so the connection is torsion free. |
A similar formula can be given for vector fields along curves.

Proposition 3.12 Let v: I — M be a smooth curve and V a vector field on M along 7.
Then _
D,V = D,V + B(v,V).

Proof. Let {Ey,...,E,} be a local adapted orthonormal frame, so {E,..., Ex} is a local
orthonormal frame for T'M. Thus, we can write

Vi = V() Ej(t),

where j sums from 1 to k, and the E; are viewed as vector fields over v (as functions of ) as
well as vector fields on M. Using the fact that the £} as vector fields over vy are extendible,
we have B ‘ - A -

DV = (V))YE; + VI'D\E; = (V?)E; + V'V, E;.
A similar result holds for D;V. Thus,

(DV = DiV)(t) = VI (VywEj — VywE;) = VI B (), B;(t) = B(Y (1), V(1))
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We are now able to see the geometric interpretation of the second fundamental form. Fix
X, € T,M, and let v: I — M be the M-geodesic with initial data X,. Intuitively, v is a
“straight” curve in M. By Proposition 3.12, we see that D;y’ = B(+',~'). In particular, we
have

(D)(0) = B(v(0),7(0)) = B(X,, X,).
Thus, B measures the failure of “straight lines” in M to be “straight lines” in the ambient

manifold M. This means that B in some sense captures the curvature of M as “seen from”
the perspective of the ambient manifold.

These considerations motivate us to consider the case where geodesics in M are geodesics in
M.

Definition 3.13 M is called totally geodesic if every M-geodesic is an M—geodesz’c.

Proposition 3.14 The following are equivalent:

a. M s totally geodesic,

b. If X, € T,M, then the M—geodesic v with initial data +'(0) = X, stays in M on some
neighborhood (—e, €).

c. B=0.

Proof. We provea = b, b = ¢, and ¢ = a. First, suppose M is totally geodesic, and
let X, € T,M. Let vyx,: I — M be the M-geodesic with initial data X,. By assumption,

Vx, coincides with the M-geodesic with initial data X, on its domain I. By uniqueness of
geodesics in M, the M-geodesic with initial data X, lies in M for all ¢t € I.

Now suppose b holds. We want to show B = 0. Fix any X, € T,M, and let vx, be

the M. -geodesic with initial data X,. By restricting the domain of vy, to a sufficiently small
neighborhood (—¢,¢), we may assume that yx, lies in M. Applying Proposition 3.12 at

t =0 with V = 4/, we obtain 0 = (D;7/)(0) = (D;7')(0) + B(X,, X,). Since (Dyy')(0) and
B(X,, X,) are orthogonal, this implies B(X,, X,) = 0. Since X, € T,M and p € M were
arbitrary, B(v,v) = 0 for all v € TM. Since B is symmetric, this implies B = 0.

Finally, ¢ = a is immediate from Proposition 3.12 with V' = +/. |

We will see that given a product manifold M; x My, any submanifold of the form M; x {¢} is
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totally geodesic. To do this, we need to determine the Levi-Civita connection for M; x M, in
terms of the Levi-Civita connections of M; and M, which requires a fairly lengthy lemma.

Lemma 3.15 Let M, and My be Riemannian manifolds, and consider the product M x
M,, with the product metric. Let V' be the Riemannian connection of M, and let V? be
the Riemannian connection of Ms. The Levi-Civita connection of My x My is the unique
connection satisfying

Vi (Vi + Y2) = Vi Vi + V3, Y (6)

whenever X1,Y; € T(TM;) and Xo,Ys € T'(Ms).

Proof. We first show that there is at most one connection on M; x M, satisfying (6). Let
(p,q) € My x My, let (x!, ..., 2%) be local coordinates on M; about p and let (y!,...,y") be

local coordinates on Mo about ¢, so (x!,..., 2% y*, ... y*) are local coordinates for M; x M,
about (p,q). Fix X,Y € I'(T'(M; x My)). Locally, we can write

0 .o,

0 0
_k r
V=dar g (8)

Thus, if V is some connection on M; x M, satisfying (6), we can use the product rule to
decompose and then apply (6).

VY =a'VoY+bV,LY

907 57
=g (gi% + Ckvaii % + %a(; +d'V o, air)

+v <g_;§% TV, aik + g;z; a(Zr AV, air)
= (ai g;i + bﬂg—;i. + aic’frﬁk) % + (ai gﬁ + bﬂg;lj + bf'd’”er) 8%8’ (9)

where T}, and Qf, are the Christoffel symbols of V', V2, respectively. Thus, (9) shows that
any connection satisfying (6) must satisfy (9), and thus there is at most one connection
satisfying (7).

We want to define V using (9). However, we must ensure that such a definition is indepen-

dent of the choice of coordinates. Thus, with our fixed coordinates (z',... 2% 3!, ... y"),
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let us define the the local operator

. Oc! act 0 ,0d’ od? 0
AX)Y) = — +d'c'T) R
(X,Y) ( axﬂtbfayﬁac zk:)aﬁ( alerb]ay]ijﬂd )ays’

whenever the smooth local vector fields X, Y are given by (7) and (8). Clearly A(X,Y) is
smooth on its domain of definition since the coefficient functions are all smooth. Moreover,
suppose f is a smooth function on M; x M,, and X and Y are given by (7) and (8). Then

e (Y5 ()T )

A(FX,Y) = ((faw
((fa)ads (fb])ads ()9 )%

B ol od ) O ods  .od ..\ 0
f[( Lo cri,C)axﬁ(alway b]dg)ays]

= fA(X,Y)

It is also easy to see from the definition of A that if Z is another such local vector field, then
AX+Z2Y)=AX,Y)+AZ,)Y)and A(X,Y+7) = A(X,Y)+ A(X, Z). Finally, we must
verify the product rule for A. If X and Y are given by (7) and (8), then

_(0fd) 0(fd) 0 O(fd) . ;0(fd)
A(X,fY)—(a o0 + v oy +a fkl“ik>@+<a e + v o

,O0f ,Of 80 - Oc! 0
il i k1l
(ac—ai—l—bjﬁ)al—l—f( aj+acrik)_az

+(adsaf+b’ds ) ( Q)

0

0
oy*

+b]fd'f’ S)

a J
» 9 + fA(X,Y)
8y9 8yJ 6
0
= — AX)Y
K owi T ayf)Ka )*“ )
= (XY + fAX,)Y).
Thus, A is a local connection on M; x M,. Now suppose that (z1,...,2% ¢',...,¢") are
other local coordinates on M; x Ms, and furthermore suppose that the chart domains of
(... 2%yt .o y") and (2L, ...,2% 9L, ..., 9") overlap. We define a local connection A

as we did for A, but in the new coordinate system. That is, if X, Y are local smooth vector
fields of the form

X=a

S
x’l,

7
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then A(X,Y) is defined as

A I Y. ) Od* .0d* .
AXY) = (a5 + 525 4 aieht TRy XA ¥ oY
(X.Y) (“ P T k) o3 T (a o5 oy J’")

oy

We must show that A and A agree on the intersection of their domain. Since both are
tensorial in the first factor and satisfy the product rule, it suffices to show that

o 0d ~( 0 0
4o o) = (6 a) "

g 0 ~ (0 0
A (% %) =4 (a_ a_) (11)

g 0 ~( 0 0
Al —, — | =4 —, — 12
(0?#’31/") (ay“é’zf) 12

We show (10) and (11), as (12) is similar to (11). For (10), note that & = ¢* = 0 for all j
and r, and d° is constant, so from the definition of A, we have

o 0
Al —,— | =
(8%”83/) 0
~ (0 0
Al —,— | =0.
(6@”837) 0
But then we have

(9 0 N Y B G
A (a ayr) =4 (a?@@)

_ o, (i @ﬂ)
0z \ 9z Dy 0"

Lo o by o))
oz \9atoyr ogr oy \ 9zt age
oi [ 0 o

" o <0' o5 oy '0)

=0.

Similarly,

This proves (10). We now prove (11). First, note that from the definition of A, we have

o 0 ;)
A (a—a—> =L
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Similarly,

~ (0 0 ., 0
i (555 = g 1)

> and substituting (13), we have

Performing a computation similar to as with A ( D7 By

~( 0 0 ~ (03t 9 01" 0
Al —,— | =A -
(835“ 0:5’“) (8.%1 Ozt Ok 8.@“)

I iy ¥ QUG
Ozt \ Oztoxk 0iv - Oxk T \ 93t 9w

_oit (9% 0 di“. O
T ort <axtaxk dzv | Ok t“%)
_ ozt ( 9*z" 9xv 0 N oT" ., Oz¥ 0 )
02t \ 0210zk 03w Oxv  Oxk” ™ 93 Oav

B ( 0*z* Ox® Ozt oz 8x“fl ) 0

Oxi0xk Ozu + ozt Oxk 0zt oxv
, 0
=lage oxv’

where the last equality follows from the Christoffel symbol transformation rule. This proves
(11). Thus, for any point (p,q) € My x My, we can define (VxY)(p,q) in any local coordi-
nates about (p,q) by (9), and our previous work shows that V is a well defined connection
on My x Ms.

We now verify that V is metric compatible. Recall that the product metric is defined
by
g(P#])((Ul? U2)7 (wlv w2)) = gzl)(vla wl) + QS(U% wg),
for all vy, wy; € T,M; and ve,wy € T,M,. For simplicity, we denote all metrics by (.). To
show that V is metric compatible, we must show that for all X,Y, Z € I'(T'(M; x Ms))
XY, Z)=(VxY,Z)+ (Y, VxZ).

In local coordinates, we can write

-0
Y=Y+Y, = V¥ —
1+ Yo (9 oy
e O 0
Z2=0+7y=c"—+d—
1+ 29 =k Dk + 8y
Now using the definition of the metric on M; x My, we compute
0 0 0 0
XY, Z)=X bV —, cF— +d
¥, 2) <axz+ Rk 8+8y>
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A o 0 . g 0
- X ik - ! - 14
(ac<5wl’3x’“>+b]d<0y3’é’yl>) )
Computing the first term gives

4 o 0 .0 0
i k) — i kK~
X(ac <8xi’8xk>) <(Xa)8a:i’c 8xk>+

8 i’ 8 k oxk
; 0 0 ; 0 0
<WXa o) T\"0 wCVXw>
0 0 ;0 0
<VXa a Z, W>+< a l,VXC W>
Similarly,
vd 0 9 = (VxYs, Z Yy, VxZ 16
oy oy = (VxYs, Zy) + (Yo, Vx Zs). (16)

Combining (14), (15), and (16), we obtain the required result. Finally, we show that V is
torsion free. Since the torsion is tensorial, it suffices to prove the result for coordinate vector
fields. Since the Lie bracket of a coordinate vector field vanishes, we have

g 0 9] 9]
T|—,— | = —_— —

(81:“ 6yﬂ> Vi oy v@y? dx?
—0-0=0,

g 0 0 0
g (a_a_> =Viiaw  Vibon

0 0
vl Y9 o _
N Vaii oxd V% oxt

o 0 0 0
(W’ 3@/’) Viroy Y anay

0 0
_ 2 - 2

=0,

where we used that V satisfies (6) and that V! and V? are torsion free. This shows that V
is the Levi-Civita connection. [
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Lemma 3.16 Suppose My and Ms are Riemannian manifolds. Let v € T(p,q)(Ml X Ms), so
v = v1 + vy where vi € T,My and vy € Ty;M,. Then the geodesic with initial data v is the
curve

T = (7111 (t)7 Yva (t))

where v, is the M; geodesic with initial data v;.

Proof. Let ~,, be the M;-geodesic with initial data v;. Fix some time ¢y. In some neighbor-
hood of t, %i (t) can be extended to a local vector field X; on M;. In local coordinates, we
write

, 0
X, — i .',Ul, ,Ik : 7
' f ( )a[gl (21,...,2F)
; 0
X2 :g](y17 ’yn)_ )
Oy’ Why™)
where (2!,. .., 2%) are M;-local coordinates about ¢ and (y!, ..., y") are Ms-local coordinates
about ¢g. The vector field X; can be extended to an open subset of (p, q) be defining

X, = fi(at,... 2" ==

where the f? are independent of the (y',...,y") coordinates and the ¢/ are independent of
the (z!,...,2") coordinates. Let 7(t) = (74, (t), Vv, (t)). Using (7) and the fact that X; is a
local vector field extension of 7, and X5 is a local vector field extension of v5, we have

(De7)(t) = (Vxi120,(X14X2)) (9, 0) = (V, X1) (0)+(VE, X2) (@) = (D; (7,,)+D{ (3,))(t) = 0
in an open neighborhood of ¢y,. Since t;, was arbitrary, 7 is a geodesic with initial data
7(0) = %, (0) +7,(0) = v1 + v = 0. m
Let us use this lemma to show that {p} x M, is a totally geodesic submanifold of M; x Mj.
Example 3.17 For every p € My, the set
(Mz), ={(p,q) € My x My: q € M}

is a totally geodesic submanifold of M; x Ms.

Proof. Let 7 be a geodesic of {p} x M, with initial data v € T{, o ({p} X M) = T, M.
By Lemma 3.16, 7 = (p,~,) where =, is the M, geodesic with initial data v. Applying

Lemma 3.16 again, we see that 7 is the geodesic in M; x M, with initial data v € T,M, C
T(p’q) (Ml X Mg) [ ]
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Example 3.18 Consider a vector bundle 7 : E — M over a Riemannian manifold (M, g)
where E has a connection V¥ and fibre metric h, and let £ be endowed with the induced
Riemannian metric g from section 2.4. Then the zero section Z from Example 2.2g inherits
the metric g o from (E,g) and Z is a totally geodesic submanifold of (E,g).

Proof. We first show that ¢Z is essentially just g, which means i: Z — E is a Riemannian
immersion. Fix p € M. Let (z',...,2") be a set of local coordinates for M about p such
that g;;(p) = d;; for 1 < 4,57 < n. Let {s1,...,st} be an R-local frame for £ such that
that hay(p) = 0ap for 1 < a,b < k. As usual, let (z!,... 2™ y', ..., ¥*) be the usual induced
local coordinates for E in terms of the local coordinates (x!,...,2") for M and the frame
{s1,..., 85} for E.

Let ¥ € Z be arbitrary. Then we have

0 0

Z’l9 =7, bel9 = 5 |lx|lo 75—
3500) = 3o (g | o] )

o] o
(a3,
i (m(9)) + Ti ()5 (m (0))y? | 9° | (0)
i (m(7)),

where the last equality follows since each 3 is zero at a point of the zero section. So g% = gom.
Moreover, using Proposition 2.43 and the fact that the ¢’ are zero at a point of Z, we have

7 (55| 5] ) =m0

)
g 0T |

NN
gal'i,&’ayjﬂ_7

0 0

)

I
)

g
g

Now write p in local coordinates as p = (a', ..., a") and define ¥ = (a*,...,a",0,...,0) € Z.
In local coordinates, the inclusion map is given by «(z!,...,2") = («%,...,2™,0,...,0). So
{a%l g 8%“} is a basis for TyZ. By choice of local coordinates, we have g (% 9 % 19) =
9ij(p) = 6ij, g (% 9 aiyj ,9> = 0, and g <8%i 9 8% 19) = hij(p) = 0. Thus, the set

{8%1 9o a%k‘ﬂ} is a basis for NyZ. Let V be the Levi-Civita connection on E and let

Q; be the Christoffel symbols for V. Then

(] (e o
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Now for any 1 <1 < k, we compute Q”+l(19) as

n+k ~ ~
OGjm | OGim  07ij
n+l _ ~m(l+n) ] _ J
2 Z ( * ozJ 8xm)
o (0 0y, o (0 oy 0| (0 o
2\ 0z ﬁg Ox?’ Oyt OxI ﬁg ox’ Oyl oy ﬁg Ox'’ Oxd

L (0 me 0 ) , )
= 5 (axz (Fjay hml) + ﬁ (any hml) 8yl (gw + F chy Yy hbd)) .

So every term in Q?j” contains a y° term for some i. Thus, Q%H (¥) = 0, which implies
B (% Y % 19) = 0. Since B is a tensor, B = 0. That is, Z is a totally geodesic submanifold

of E. [ |

We have seen that the second fundamental form is a measure of the “extrinsic curvature” of
M in M. It is very reasonable, then, to expect the second fundamental form to relate the
Riemann curvature tensors of M and M. This leads us to the Gauss FEquation.

Theorem 3.19 (The Gauss Equation) Let R be the curvature ofM and R the curvature of
M. Then for every X,Y,Z, W € I'(TM),

R(X,Y,Z,W) = R(X,Y,Z,W) — (B(X,W),B(Y, Z)) + (B(X, Z), B(Y,W)).

Proof. We first note that

(VxB(Y,Z),W) = X((B(Y,Z),W)) — (B(Y, Z),VxW)

= X(0) = (B(Y, 2), (VxW)*)
—(B(Y, Z), B(X,W)). (17)

Similarly,
(VyB(X,Z),W)=—(B(Y,W),B(X, Z)). (18)

From (17) and (18), we obtain

R(X,)Y,Z,W) = (VxVyZ — VyVxZ — Vixn Z,W)
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= (Vx(VyZ + B(Y,Z)) = Vy(VxZ + B(X, Z)) = Vixy|Z, W)
= ((Vx(Vy2)T = (Vy(Vx2))" = (Vixy12)", W)
+(VxB(Y, 2),W) - (VyB(X, Z),W)
— (VxVyZ —VyVxZ —VixyZ, W)
—(B(Y, 2), B(X,W)) +(B(Y, W), B(X, Z))
= R(X,Y,Z,W) — (B(X,W),B(Y, 2)) + (B(X, Z), BY, W)).
]

Corollary 3.20 Let sec be the sectional curvature for M and let sec be the sectional curva-
ture for M, and fix p € M. Then for all linearly independent X,,Y, € T,M, we have

|B(Xp, Yp)I* = (B(Xp, Xp), BV, V)

sec(Xp, Yy) = sec(Xp, Yp) + ——F X, AY,2
p p

Remark 3.21 The previous corollary provides a geometric interpretation of the sectional
curvature. Let (2, be a two-dimensional subspace of T,,M, and let V' be a star-shaped, open

subset of TpM such that the exponential map exp, is a diffeomorphism. Since €2, NV is an

embedded 2-submanifold of Tp]T/[/ , M = exp,(£2,NV) is an embedded 2-submanifold of M. M
consists of small geodesics passing through p with initial data in €2,. By construction, each

M geodesic with initial data in 7, M lies in M for a short time. Proposition 3.14 together
with Corollary 3.20 implies that

éé/C(Qp) = 860M<p)a

where secy/(p) is the sectional curvature of M at p. Thus, the €2, sectional curvature of a
manifold is the curvature at p of the embedded submanifold formed by geodesics passing
through p with initial data in Q,. /

For any X,Y,Z € I'(T'M), Theorem 3.19 allowed us to find the tangential components of

R(X,Y)Z in terms of R(X,Y)Z and the second fundamental form. We can also find the
normal components of R(X,Y)Z in terms of covariant derivatives of the second fundamental
form. To do this, we must first introduce the normal connection.

Definition 3.22 Define the normal connection V+ : T(TM) x T(NM) — T'(NM) by
VLN = (VxN)*..

Proposition 3.23 The normal connection is a metric compatible connection on N M in the
sense that for X € T'(T'M) and N, M € I'(NM) we have

X(N,M) = (VxN,M) + (N,VxM).
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Proof. That V<1 is a connection follows an identical format to the beginning of Proposi-
tion 3.11. To show metric compatibility, let X € I'(TM) and N,L € T'(NM). Using the

metric compatibility of 6, we have
X(N,L) = (VxN,L) + (N,VxL)
= ((VxN): L) + (N, (VxL)Y)
= (VxN, L) + (N,VyL).
|

Given that we now have connections on T'M and NM, there is a naturally induced con-
nection on T"M @ T*M @ NM. Now B € I'(T*M @ T*M ® NM), and this connection
satisfies

(VxB)(Y,Z) = Vx(B(Y.Z)) - B(VxY,Z) = B(Y,VxZ)

for all X,Y,Z € I'(T'M). This definition of Vx B is clearly C*°(M)-linear in X and R-linear
in B. It is a simple calculation to show that this (VxB)(Y, Z, N) is tensorial in each of its
three arguments and that V x B satisfies the product rule.

Theorem 3.24 (The Codazzi Equation)
Let X, Y, Z € '(TM). Then

(R(X,Y)Z)" = (VxB)(Y. Z) - (VyB)(X, Z).

Proof. Since the equation to prove is tensorial in X, Y and Z, we may assume [X,Y] = 0.
Now calculating, we have

(R(X,Y)Z)" = (VxVyZ —VyVx2Z)*
= (Vx(VyZ + B(Y,Z)) = Vy(VxZ + B(X, Z2)))*
= (Vx(Vy2))* + Vx(B(Y.2)) - (Vy(Vx2))* — V3(B(X, Z))
= B(X,VyZ)+ Vx(B(Y,Z)) — B(Y,VxZ) — Vy(B(X, Z))

Rearranging terms, we have

(R(X,Y)Z)' = (Vx(B(Y,2)) = B(Y,VxZ)) — (V#(B(X, Z)) — B(X,VyZ))
=(VxB)(Y,2)+ B(VxY,Z)— (VyB)(X,Z) — B(VyX, Z)
:(VXB)(Y72> (VyB)(X,Z)—B([X,Y],Z)
= (VxB)(Y, Z) = (Vy B)(X, Z)
where the second to last equality used the fact that [X,Y] = 0. |

When M has constant sectional curvature (in particular, when M = R"), the Codazzi
equation takes a simpler form.
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Corollary 3.25 Suppose M has constant sectional curvature C. Then

(VxB)(Y,Z) = (VyB)(X, 2).

Proof. By Proposition 2.32, for any normal vector field N € I'(N M), we have

R(X,Y,Z,N) = C-(g9(X,N)g(Y, Z) = (X, Z)g(Y, N))
=C-(0-9(Y,2) - g(X,Z)-0)
so (R(X,Y)Z)* = 0. The result now follows immediately from Theorem 3.24. [

So far, we have investigated the relationship between the intrinsic and extrinsic curvature of
T M. However, similar questions may be asked about the curvature of NM. To make this
precise, we define the “normal curvature” of NM in terms of the normal connection.

Definition 3.26 Define the normal curvature of NM to be the map R*: T'(TM)xT(TM) x
I'(NM) — T'(NM) given by

RY(X,Y)N = VXV$N — V$ VN = Vix N,

Similar to the standard curvature tensor, one can easily verify that R+ is tensorial in each
of its arguments. Thus, R+ € T(T*M @ T*M @ N*M @ NM).

When XY, Z € I'(T'M) and N € I'(NM), we found that the second fundamental form, de-
fined by B(X,Y) = (VxY)!, related R(X,Y)Z to R(X,Y)Z. Reversing the tangential and
normal roles in the second fundamental form, one may expect the map (X, N) — (VxN)T
to relate RE(X,Y)N to R(X,Y)N. We first fix N € I'(NM) and consider the map
X = (6NX )T. The reason for fixing N will be come clearer when we consider the hy-
persurface case.

Definition 3.27 Fiz N € I'(NM) and define the shape operator determined by N to be the
map Sy: I'(TM) — I'(T'M) defined by

Sn(X) =—(VxN)".
Sy is clearly tensorial, and so Sy € ['(T*M ® T'M). There is a natural relationship between
the shape operator and the second fundamental form.
Proposition 3.28 Let X, Y € I'(T'M) and N € I'(NM). Then

<SN(X)>Y> = <B(X’Y)’N>'
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Proof. Indeed, we have

(—(VxN)T,Y) = —(VxN,Y)
— (N, VxY) — X(N,Y)
= (N, (VxY)h) — X(0)
_ (B(X,Y),N).

Since B is symmetric, Sy is self-adjoint. This fact allows us to prove the relation between
the intrinsic and extrinsic normal curvature of NM.

Theorem 3.29 (The Ricci Equation) Let X, Y € I'(T'M) and L, N € I'(NM). Then
(R(X,Y)L,N) = (R*(X,Y)L,N) — ([Sg, Sy] X, Y)

where [Sp, Sy] = Sp oSy — Sy o Sp.

Proof. This is simply a calculation. Since the statement is tensorial in X and Y, we may
assume [X,Y] = 0. Indeed, we have

(R(X,Y)L,N) = (VxVyL — VyVxL,N)

= (Vx(V$L — SpY) — Vy(VxL — S. X))4, N)
= (VEVEL — VEVEL N) + (Vy S X)5, NY — (VxS Y, N)
= (R*(X,Y)L,N) + (B(Y, S.X), N) — (B(X, S.Y), N)
= (R (X,Y)L,N) + (Sn(S£X),Y) = (Sn(SLY), X)
= (R*(X,Y)L,N) + (Sn(5.X),Y) — (S.(SnX),Y)
= (R*(X,Y)L,N) — ([S1, SN]X,Y),

where the second to last equality used that Sy and S, are self-adjoint. |

3.1 Hypersurfaces

We now suppose that M is an n-dimensional hypersurface in M™1. In this case, NM is a
rank-one vector bundle, so if N, L € I'(N M) are any nonvanishing normal vector fields, then
Sy = fSy for some nonvanishing f € C°°(M). Thus, to understand all the shape operators
on M, it suffices to study Sy where N is a unit normal vector field. Such a vector field does
not always exist globally. However, using an adapted orthonormal frame {E\,..., E,1}
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it is easy to see that locally such a unit normal vector field exists and must be equal to
+F,+1. Throughout this subsection, we suppose that we are restricting ourselves to a suffi-
ciently small open neighborhood of M such that there is a smooth unit normal vector field V.

In the case of a hypersurface with a smooth unit normal vector field, we are able to simplify
our expressions for the second fundamental form and the shape operator.

Definition 3.30 Suppose N is the local unit normal vector field for M. Then we define the
scalar second fundamental form h: I'(T'M) x I(TM) — C>*(M) by

WX, Y) = (B(X,Y), N),
so B(X,Y)=h(X,Y)N, and h is well defined up to choice of sign.

Remark 3.31 Given a smooth unit normal vector field N, we denote by S the shape oper-
ator determined by N, which is also well defined up to a sign.

3.1.1 Gauss Formula, Gauss Equation, and Ricci Equation for Hypersurfaces

One can write the Gauss formula in terms of the scalar second fundamental form as
VxY = VxY + h(X,Y)N.
Similarly, the Gauss formula over a curve becomes
D,V = D,V + h(+,V)N.

Using the Kulkarni-Nomizu product and exterior covariant derivative, one can also write
the Gauss equation and Codazzi equation in terms of h. For more details, see [3]. Moreover,
the normal component of v x N vanishes when M is a hypersurface. This leads to a simpler
expression for the shape operator.

Proposition 3.32 Suppose M C M is a hypersurface with local shape operator S deter-
mined by the local unit normal vector field N. Then

(VxN)* =0.
Proof. Since X (N, N) = X (1) = 0, we have (VxN, N) = T X(N,N) =0. |

Corollary 3.33 Suppose M C M isa hypersurface with local shape operator S determined
by the local unit normal vector field N. Then

S(X)=—VxN.
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Remark 3.34 We can use the previous corollary to give a geometric interpretation of the
shape operator when M = R"*!. Let M C R""! be a hypersurface, and let X, € T,M. Let
a: I — M be any curve with o/(0) = X,. Let N = (N',..., N""!) be a smooth unit normal
vector field in a neighborhood of p. Using the previous corollary and the definition of the
Fuclidean connection, we have

d

T (Noa)=—| (N'oa,...,N""'oq)

dt|,
d(N7 o @)
dt
dat| ONJ
dt |, 0z
=Vx, N
= —Sn(Xp).

0

0
007
0

J
p@x

Thus, we see that the shape operator measures the rate of change of the unit normal on

The Ricci equation can be simplified when M is a hypersurface.
Proposition 3.35 Let M C M be a hypersurface. Then the Ricci equation becomes
(R(X,Y)L)" = RH(X,Y)L

for all XY € T'(TM), L € '(NM).

Proof. Since the statement to prove is tensorial in L, it suffices to prove the statement when
L has unit norm. Applying Theorem 3.29 gives

((R(X,Y)L)* = (R(X,Y)L,L\L = (R*(X,Y)L, L)L = R*(X,Y)L.

We can say even more about the shape operator and the normal component of ﬁ(X YL if
M has constant sectional curvature (in particular, if M = R"™1).

Corollary 3.36 Suppose M C M isa hypersurface and M has constant sectional curvature.

Let S = Sy be the shape operator, where N is a unit normal vector field. Then for all
X, Y €e(TM) and L € I'(NM), we have

a. (VxS)(Y) = (Vy9)(X),
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b. R(X,Y)L = RH(X,Y)L.

Proof. We first prove part a. Fix X,Y,Z € I'(T'M). Since (%XN)L = 0 by Proposition 3.32,
this implies
(B(Y,Z),VxN) =0. (19)

Moreover, recall that the covariant derivative of B satisfies
(VxB)(Y,Z) = Vx(B(Y. Z)) = B(VxY, Z) = B(Y,VxZ). (20)
Applying (19) and (20), we have

(ViS)(Y), Z) = (Vx(S(V)), Z) = (S(VxY), Z)

— (X(S(Y),Z) ~ (S(Y),VxZ)) -

X(B(Y, 2),N) - (B(Y, VxZ), N} - (B(VxY, Z), N)
(VXB(Y,Z),N) + (B(Y, Z), V£ N))
— (B(Y,VxZ),N) - (B(VxY, Z),N)

< (VXY)72>

But VN = 0 by Proposition 3.32, so

(Vx9)(Y), Z) = (VxB(Y,Z),N) = (B(Y,VxZ),N) = (B(VxY, Z),N)
= ((VxB)(Y, 2),N).

The proof of part a now follows immediately from Corollary 3.25.

We now prove part b. Since the statement to prove is tensorial, we may assume L = N, and
we may assume [X,Y] = 0. By Proposition 3.35, it suffices to show that (R(X,Y)N)" = 0.
From Corollary 3.33, we have

(R(X Y)N)' (VXVyN VyVXN)
= —Vx(5(Y)) + Vy(5(X))
—(VxS)(Y) = S(VxY)+ (VyS)(X) + S(VyX).

Now applying part a, we have
(R(X,Y)N)T = =(S(VxY) = 8(Vy X))

[ |
Much of our time so far has been concerned with unit normal vector fields on M. The
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question arises: is there an easy way to find N7 In general, we do not want to have to
perform Gram-Schmidt to find such a unit normal vector field. However, if f: M — R is a
smooth map and M = f~!(c) is a regular level set, then

_ v/
IV Il
is a smooth unit normal vector field for M. Indeed, if Y € I'(T'M), then
(VEY)=Yf=0

since f is constant on M.

Example 3.37 The unit sphere S" is given by f~(1) where f: R"™ — R is given by

f(x) = ||z|*. The unit normal on S" is given by
Vf (21, ... 22" ) 1
N = = — = (2., 2" = 2.
IV 2|]
That is, the position vector field is normal to S". By Corollary 3.33, the shape operator
for S” is given by SN(flaxl) Vfl P (xj—) = flgﬁ% flxjvﬁé% = flaz”

Sy = —1Id. Thus, for any vector fields X Y, Z,W € I(TSY), we have
(B(X,Y),B(Z,W))={((B(X,Y),NYN,(B(Z,W),N)N)
= (B(X,Y),N)(B(Z,W),N)
= (SNX,Y)(SyZ, W)
= (X, Y)(Z, W).
Applying Theorem 3.19, the curvature tensor of S” is given by
R(X,)Y, Z W)= (X, W)Y, Z) — (X, Z)(Y, ).

In particular, by taking an orthonormal basis of any two-dimensional subspace of T),M, it is
easy to see that the sectional curvature of S™ is 1 everywhere.

3.1.2 Computing h and S for Euclidean Hypersurfaces

In this section, indices a, 3,7 range between 1 and n, while indices i, j, k range between 1
and n 4+ 1. We now address how to compute the second fundamental form when M = R+,
Suppose M C R"*! is a hypersurface with a local parametrization ¢: U — R™"*!. That is,

¢ is an embedding of U whose image is an open subset of M. Then (u',...,u™) are local
coordinates for M, and identifying 7,M with the image of T, M under [p.],, we have
0 dpl 0
= - 21
Ju®  Ou® dxJ (21)
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Proposition 3.38 (From [4, Proposition 8.23]) Let M C R™™ be a hypersurface of Eu-
clidean space, and consider the setup above. If N s a local unit normal vector field for M,

then 5 8 o
N 14
h (8u‘1’ 8uﬂ> B <8u0‘8u5’N>

v i_v 0T 0 09t PY) 0 DT 0 D
T ouP L OuP 0 Ouc 0ri0uP 0 OucOuP Oxd  OucouP’

Proof. First note that

which implies
o 0 o 0 — ) ey
h (37 W) = <B (87 W) ’N> = <VwN> = <—auaauﬁ’N>-

Example 3.39 Let M C R3 be the cylinder of radius one about the z-axis. A local
parametrization for M is p: (—m,7) x R — R?® given by ¢(0,z) = (cosf,sinf,z). The
vector field N = x% + ya% on R? is normal to M at all points in M, and is unit at all points
on M.

2

% = (—cosf,—sinb,0),
0%
a0z~ (:0.0)

0%

92 (0,0,0).

We can extend these to vector fields on R? by defining %ﬁ = (—xz,—y,0). Using the previous
proposition, we have

g 9\ o 2 e
h(%?%) _<( z, y70>7($7y70)>_ x y = 17
o 0 o 0

When we are given a local defining function, we can compute the scalar second fundamental
form using the Hessian.
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Proposition 3.40 Let f be a local defining function for M, and let N = %. Then the

scalar second fundamental form of M with respect to the unit normal N is given by
Hess(f)(X,Y)

MY =g

Proof. Indeed, for any vector fields tangent to M, we have

hMX,Y) = (VxY,N)
(VxY,Vf)
IV /]

(VxY)(f)
v/l

Now Y is tangent and V f is normal, so X (Y, V f) = X(0) = 0. Thus,

Y,V = (VxY)(f)
IV
XN = (@)
V]
_ _ Hess(f)(X,Y)
IV

hx,v) = -

Remark 3.41 (Shape Operator Expression in Local Coordinates)
Suppose (E1, ..., FE,) is a local frame for TM. Then with respect to this basis, the matrix
for S is given by

S0 nglk = hj. Thus, Szj = hirg". /

Example 3.42 Suppose U C R” is open and f: U — R is smooth. Let M = {(z, f(z)) :
x € U} C R™ be the graph of f, endowed with the induced Riemannian metric and upward
unit normal. Let us find the components of the shape operator in graph coordinates.
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Let F: U x R — R be given by F(x,y) = y — f(x). Notice that M = F~1(0), so an
upward pointing unit normal for M is given by

VE  (=dif,...,=0uf,1)

N = —
VF
IVE] L+ V1P

Now define ¢: U — U x R to be the Monge patch for f, given by ¢(u) = (u, f(u)). The
pair (p,U) is a global chart for f with local coordinates (u',...,u"). By (21), we have

9 9 _of 9

- = — 22
oui Ozt Oui O+l (22)
and applying Proposition 3.38, we have
D¢
hi‘ == - =y N
! <8u18u3 >
1 0? 0 0
L (oo P (22
L+ VFI?
0 f
— (1 H-12_— L 2
(4 IV 2 (23)
Moreover, computing the g;; in the ( SaTs %) basis using (22), we have
B aof of
95 =% % By pu
By direct computation, it is easy to verify that
. 1
g7 = 0ij — o7 of (24)

L+ |V f]]* Ou' dul-
Combining (23) and (24) gives
Sj = hz’kgkj

o f 1 of of
— 1/2 L

L O 1 0f <~ &f 0f

outou’ (1 4 HVfH2)3/2 ou’ — OutOur Ouk’

=(1+ ||Vf||2)

This is a fairly ugly looking expression, but it will allows us to compute the shape operator
for many specific examples. //
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Another fairly general class of surfaces are surfaces of revolution.

Example 3.43 Let C be an embedded smooth curve in the half-plane H = {(r, z): r > 0},
and Sc C R3 be the surface of revolution determined by C.

Let v(t) = (a(t),b(t)) be a local unit speed parametrization of C. A local parametriza-
tion of S¢ is given by
o(t,0) = (a(t) cosb,a(t)sinb, b(t)).

We complete all the following computations in the general case and then specialize to the
unit speed case at the end. The metric on S¢ is given by
g =g =d(acosf)® + d(asind)® + d(b)*
— (—asin(0)df + a cos(A)dt)? + (acos(h)dd + asin()dt)? + b2dt?
= a?sin?(0)d6? + a2 cos?(0)dt? + a? cos?(0)dh? + a2 sin®(0)dt? + b2dt?
= (a% 4 b*)dt?* + a2d?

The components of the inverse matrix for g are given by

1 _ 1'
a? + b2
912:0
1
22
A

We now compute the shape operator of S¢ in terms of @ and b, and we show that the principal
directions (eigenspaces of S¢) at each point are tangent to the meridians and latitude circles.

To calculate the unit normal, we have

((;—f = (@ cos @, asinb,b)
Op .
20 = (—asin®,acosh,0),
which gives
dp  Op . . )
5 X 50 = (—abcosf,—absinb, aa).

Thus, our unit normal is given by

e X 9p 1 . .
N=-2t 00 _ (—bcos, —bsin b, a).

9 0 . ;
2% % Ve v iz
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Let u' =t, u? = 0. Computing h;; = h (52, 52 ) using Proposition 3.38 gives

Ou'’ OuI
0
hii=(—— N

1 . . .
= <(a cosf,dsiné,b), (—bcosf, —bsinb, d)> ,

Va2 + b2
_ab—ab

Ve i

Al
fuz = <8t89’N>

1 . .
e <(—d sin®, acos,0), (—bcosf, —bsin b, a)>
Va2 + b2
= 07
s [0
hggzab—ab<W7N>
1 . ; . .
= —F— <(—a cosf, —asinf,0), (—bcosf, —bsinb, a)>
Va? + b2
ab

Vet

Computing the components of the shape operator S using Sz-j = hixg™, we find
ab — ab

(a2 + 52)3/2’

512 = hlkgm = h12922 =0

521 = thle = h22921 =0

St = hug™ = hig" =
b

aVv a? + 2

522 = thQkQ = hz2922 =

In the unit speed case, this becomes

St = ab — ib,
Si=S8,=0,
b
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Let us return to the torus one more time and compute its shape operator.

Example 3.44 Consider the immersion of the torus into S* from Example 2.2¢. Recall that
in Example 3.2 we showed that

e1 = (—sinb, cosb,0,0),

ea = (0,0, —sin ¢, cos p)
form an orthonormal basis of the tangent space, and the vectors
ny =

(cos@,sind, cos p, sin ),

Ny = (—cosf, —sin 6, cos p, sin )

Sl Sl

form an orthonormal basis of the normal space, as an immersed submanifold of R*. Recall
that the recall that z: R? — R* is given by

1
x(0,¢) = —=(cos @, sin 0, cos ¢, sin ).

V2

So ny is the position vector at (6, ¢) and thus is normal to S*(1) by Example 3.37. Hence, ny

is the normal vector for the torus as an immersed submanifold of S3. Let V be the connection
on S? induced from the Euclidean connection V on R*. Let us compute the shape operator
S for the hypersurface T? using the fact that

<S(ei)7€j> = _<§€in27€j> = <§€i€j7n2> = <v6iej7n2>'

We first need to extend ej,es to R*. Let {0;,...,0,} be the global frame for R* and recall
that z: R? — R* is given by

(cos@,sind, cos p,sin ).

33(9, 90) = E

Thus, we can extend e, es to all of R* by

El = \/E(—.’L'2,x17 0, O) = _\/51281 + \/ExlaQa
€y = \/5(0,0, —zt, 2% = —V22495 + V2230,

Using the product rule and the fact that V,0; = 0 for all i and 7,

Ve e1 = 2(—2°V, (—220) + 2'05) + 2'Vy, (—2%0) + 2'0,))
= 2(—1’282 — 317181)
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( L cost, - '900)
= ———=cost, ———=sinb, 0,
V2 V2

= (—\/§COS 0, —V/2sin 0,0, 0) ,

where in the second to last equality we restricted V., e; to the torus. Similarly, we have
Ve s = 2(—2°Vy, (—2%05 + 2°0,) + 2' Vs, (—2*05 + 2°0,))
=0
v6262 = 2(—x4va3(—m483 + .117384) + m3734(—x483 + 117384))
= 2(—1’484 — 317383)
= (0, 0, —V/2 cos v, —V/2sin go) .
Computing the components of S gives

(Sny(e1),e1) = <ve1617 na)

1
= < (—\/50059, —V/2sin 6,0, 0) , —2(— cos 6, —sin 6, cos v, sin <,0)>

= cos® 0 + sin® 6
=1,
<Sn2 <€1)7 62> = <ve162a n2> =0,
(Sny(e2), €2) = <v@€2, na)
1
= < (0, 0, —V/2 cos ¢, —v/25sin go) ,—2(— cos, —sin @, cos @, sin g0)>
= —cos’p —sin® ¢
=1,

soS:<(1) _01) /

3.1.3 Gaussian and Mean Curvature

We have seen that the shape operator S is a tensorial, self-adjoint operator. Thus, for
each p € M, S, has a basis of eigenvectors {ey,...,e,} with corresponding real eigenvalues
{A1,..., A}, The eigenvectors of S, are called the principal directions of M at p, and the
eigenvalues of S, are called the principal curvatures of M at p. We define the Gaussian
curvature of M at p to be K(p) = det(S,), and we define the mean curvature of M at p to

be H(p) = tr(S,). In terms of the eigenvalues of S at p, we have
K(p) = A1+ A,
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H(p) =M+ + .

If we change the sign of N, then K changes by a factor of (—1)" and H changes by a factor
of —1.

Example 3.45 Let M C R""! be the n-dimensional paraboloid defined as the graph of
f(z) = ||lz||>. Let us compute the principal curvatures of M. By symmetry of the graph

about the y-axis, it suffices to compute the principal curvatures at (a,0,...,0) and then
substitute /(z1)2 + -+ + (2")2 for a at the end. Now we have
of ,
- = 21"
ox?
92
0xtoxd

Applying Example 3.42 at the point (a,0,...,0), we have

n

. 2(51 ia
S} =20;;(1 + 4a2)*1/2 -— 2(25%)(25119@),
(1+ 4a2)3/2 k=1
851]-512-&2

=

The matrix (S7) is diagonal and thus the principal curvatures are the diagonal entries. We
have

ol _ 2(1+4a%) — 8a*> 2

P (1 +4a2)32 (14 4a2)3/?
; 2
S 2<j<n.

I (1 +4a?)/2

Substituting /(x1)2 + - -- + (z")? for a as previously discussed, we obtain principal curva-
tures given by

2

T+ 4@+ o+ @ PP
2

[T+ 4@+ o+ @ PP

R1 =

K; = 2<1<n.

In particular, the Gaussian curvature is K = 2"[1 + 4((z")? + - -+ + (27)?)]"*+2/2 )

Example 3.46 For \ > 0, let M, C R? be the surface of revolution obtained by revolving
the curve y(t) = (Acosh(¢/X),0,t) in the zz-plane around the z-axis, called a catenoid. Let
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us compute the mean curvature of the catenoid. We apply the results from Example 3.43
when a(t) = Acosh(t/\) and b(t) = t.

_ab—ib . b
(@2 + 5232 gy/a2 + 2
_ m(aa‘b — aih + b(a® + 1))
— m(—ad + (a2 +1))
_ m(—)\cosh(t/)\)((l /) cosh(t/N)) + sinh(t/X) + 1)
(st (/3) s 0]3) )

= 0.

So a catenoid has zero mean curvature. Such surfaces are called minimal surfaces. |

Notice that the Gaussian and mean curvature are defined in terms of a particular embedding
into an ambient manifold, so we should not expect them to be invariant under a local
isometry. Indeed, the mean curvature is not invariant under local isometries, as the next
example shows.

Example 3.47 Let M; C R? be the zy plane and let M, C R? be a cylinder of radius 1
about the z axis. Let g; be the metric for the plane and let g be the induced metric for the
cylinder. For the plane, we have

g1 = do* + dy*.

Now local coordinates for the cylinder are given by (6, z), where the relation to the standard
Euclidean coordinates is

x = cosb,
y = sin6,
z=z.

Thus, the metric for M is given by

g2 = d(cos 0)? + d(sin 0)* + dz*
= sin?(0)dH?* + cos?(0)db? + dz*
= df* + dz*.
Thus, the local smooth map (6(z,y), z(z,y)) = (z,y) is a local isometry from M; to Ms.
Note that the matrix of the pushforward is the identity matrix, so we can use the Inverse
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Function Theorem to obtain smoothness of the inverse map.

We now want to compute the shape operators for M; and M,. First, notice that the lo-
cal parametrization for M; is X(x,y) = (x,y,0), and all second order derivatives of X
vanish. Thus, the scalar second fundamental form h' for M; vanishes by Proposition 3.38.
Calculating the entries of the shape operators for M; using Remark 3.41 gives

(50} = gl =0-89 =0,

A normal vector for My is No(6,z) = (cosf,sinf,0). Calculating the entries of the shape
operators for M; and M, using Remark 3.41 and Example 3.39, we have (S;)) = —1,
(S2)f = 0, (S2)? = 0. Thus, H; = K; = Ky = 0, Hy = —1. The mean curvatures of
My and M, are not equal, so the mean curvature is not preserved by a local isometry.
However, we see that the Gaussian curvatures are equal. |/

In the previous example, we found that the Gaussian curvature was preserved by a local
isometry. This makes us curious: is the Gaussian curvature of Euclidean hypersurface M C
R"™™! invariant under local isometries? This would be very suprising, because K (p) is defined
in terms of a particular embedding of M into R™*!. And in fact, it is easy to see that this is
not be true when n is odd, because changing the sign of the unit normal changes the Gaussian
curvature by a factor of (—1)" = —1. Amagzingly, the Gaussian curvature is invariant under
local isometries when n is even, and the absolute value of the Gaussian curvature is invariant
when n is odd. We prove the n = 2 case, which is known as Gauss’s Theorema Egregium.

Theorem 3.48 (Gauss’s Theorema Egregium - proof from [2, Remark 2.7]) Suppose M C
R3 is a hypersurface. Then K (p) = %Sc(p). Thus, the Gaussian curvature is preserved under
local isometries.

Proof. Fix p € M, unit normal N, and let {e;, e2} be an orthonormal basis of 7, M formed
by eigenvectors of the shape operator S,. Then h(e;, e;) = (S(e;), e;) = Xidi;. Now applying
Corollary 3.20, we get

sec(p) = sec(er, ex) = (B(ey, e1), B(ea, e2)) — |B(ey, e2)|?
= (h(e1,e1)N, h(es, ea)N) — |h(er, e) N|?
=M\ (N,N) -0
= A2
= K(p).

With respect to the basis {e1, s} the matrix entries for g are g;; = d;; and g = 6. Thus,
R(ey, €2, €2,61) + R(ea, e1,e1,€2) = Rijrug'g’* = Sc(p). We conclude that

sec(p) = R(ey, eq,€2,€1)
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1
- §(R<€17 €2, €2, 61) + R(627 €1,€1, 62))

= 2 5clp).

4 Riemannian Submersions

Let m: M™ — B™ be a surjective submersion of Riemannian manifolds. We call M the total
space and we call B the base. By Theorem 2.12, 7=*(p) is a properly embedded submanifold
of M.

By the Rank Theorem, there are local coordinates (x!,...,z") for M and local coordinates
(y',...,y™) for B such that

(y'y . y™) =w(t, . 2" = (2t a™).

We define the vertical tangent space at p € M as V,, = ker|[n.],. By the above coordinate rep-
resentation for 7, we conclude V,, = span{ -2+, .- ., 3% |}, S0 V}, is an (n—m)-dimensional
vector space. Using the metric on M, we define the horizontal tangent space as

1
HP = (%) )
so we we have
T,M =V,M & H,M.

We are now ready to define a Riemannian submersion.

Definition 4.1 Let m: M — B be a submersion of Riemannian manifolds. Then m is called
a Riemannian submersion if [m.], maps H,M isometrically onto T,B. That is, if p € M,
and X,,Y, € Hy, then

(Xp, Yp) = ([m]pXp, [m]pY5)-

Example 4.2 Let (M, g1) and (M, go) be Riemannian manifolds, and consider the prod-
uct manifold (M; x My, g), where g = g; + g2 is the product metric. Fix (p,q) € M; x Ms.
Let (z',...,2™) be local coordinates for M; about p and let (y',...,y™) be local coordi-

nates for M, about q. Then we have local coordinates (z',...,z" y', ... y™) for My x Ms.
Let # : My x My — M, be the canonical projection onto M;. In local coordinates,
m(zt, o am gyt y™) = (2t . 2™). Now fix any X(pg), Yipe € Hipg), say
.0
X(p’q) = al 7 ?
02| (q)



i

Yoo =55

(,9)
Then

[W*](M)X(IJ,Q) =a Ori

. 0

[T ) Yipg) = Oz

)
p

)
p

SO

0

) 0
g (X(p,q)’ Y(M)) =90 (az%

i
Oa:p

7
,C

p

) = 01T ) X gy [Tl 0.0) Yipa))-

Thus, 7 is a Riemannian submersion. //

Example 4.3 Consider the vector bundle construction from section 2.4. We claim that « :

E — M is a Riemannian submersion. Fix any ¥ € E, and write 9 = (z!,...,2", V!, ..., V¥)
in local coordinates. Consider the horizontal vectors
0 o,
Xy = — TV~
VT 9z aT oyt
0 0
Yy = — — Tt Vs—.
P Oah st Oyt
Then

0 0 0 0
7(Xg,Ys)=7 -rtvi— Tty
g( ) 19) g<a$a a]V 33/1’81'1’ bsv ayt)

o 0 Lo (00N (DD
Z 29 g9 rtys v
((‘91:“’ 8xb) FosV79 (8xb’ (9yl) V0 (ZM‘“ dyt

, o 0
l s
+ FajFZSV]V g (6—yl, a_yt> .

I
@)

Now using Proposition 2.43, all the terms with Christoffel symbols cancel, and we obtain

9(X9,Ys) = gap

~1(530)
= g (o X0, [r.1,Y0)

so m: E — M is a Riemannian submersion.
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We have seen that 7,M can be decomposed into horizontal and vertical tangent spaces for
every p € M. The next proposition shows that this decomposition is smooth over M.

Proposition 4.4 Let X € I'(TM) be a smooth vector field. Then we can write X = HX +
VX where HX,VX € I'(T'M) are smooth horizontal and vertical vector fields, respectively.

Proof. Recall that using local coordinates (z',...,2") for M from the Rank Theorem, we
have V, = span{WL_m b axin‘p} for each p in the local chart. Performing Graham-

o D =9-) we obtain a smooth orthonormal

Schmidt on the ordered frame(#, e Bom BTy > B
frame (Ey,...,..., E,) such that V, = span{E\, ..., E,_,,} and H, = span{E, 11, E,}.

Write X in this orthonormal frame as X = f'E; for smooth functions f*. Then

X=(f'Bit o " " By) + (f 7" By + o+ [P ER)
=VX +HX

and clearly VX is a smooth vertical vector field and HX is a smooth horizontal vector field
on M. |

4.1 Fubini Study Metric

Suppose G is a Lie group and M is a smooth manifold. A smooth action of G on M is a
smooth map G x M — M such that a - (b-p) = (ab) - p for all a,b € G and all p € M, and
e-p=p for all p € M, where e is the identity element of G.

Now suppose that 7 : M — N is a submersion and G is a Lie group acting on M. The action
is called vertical if m(a - p) = m(p) for all @ € G and p € M. The action is called transitive
on fibres if whenever w(p) = 7(q), there is an a € G such that a-p = ¢. If M is endowed
with a Riemannian metric, then the action is said to be isometric if the map p — a - p is an
isometry for all a € G.

Lemma 4.5 Suppose G is a Lie group acting vertically and isometrically on M and fix
a € G. If X, € H, is horizontal, then so is [a.],X,.

Proof. Let Wy, € V,, be any vertical vector. We must show (W,,, [a.],X,) = 0. Since
the map p — a - p is, in particular, a diffeomorphism, the linear map [a.|,: T,M — T,,M
is an isomorphism. Thus, there is some W, € T,M such that [a.],W, = W,.,. Since the
action is vertical, we have moa = 7, and so [1],W, = [m.]p[a.], ' Wap = [mp[(™")i]apWayp =
[(moa™)uapWap = [Ti)apWap = 0, which shows W, is vertical. Now using the fact that the
map p — a - p is an isometry, we have (W, [a.],Xp) = ([a], W), [a:]p X)) = (W), X,) = 0,
as desired. [
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Theorem 4.6 Let (M, g) be a Riemannian manifold and let M be a smooth manifold. Let

m: M — M be a smooth surjective submersion. Moreover, suppose that G is a Lie group
acting vertically, transitively, and isometrically on M. Then there is a unique Riemannian
metric g on M such that w is a Riemannian submersion.

Proof. We first show uniqueness. Consider an arbitrary element of M, say w(p) € M
and X, Yrp) € TrpyM. Since [m],|m, is a linear isomorphism from H, to TrM,
there are unique horizontal vectors )?p,?;g in H, such that [W*]p)?p = Xr(p), and sim-
ilarly for fp. If g is any~sa’gvisfactory Riemannian metric on ]\{ , Ehen we must have
Gr(p) ([Tl p X [Tl Yp) = 9p(Xp, Yp). That 1S, gr(p)(Xa(), Yar) = 9p(Xp, Yp). So g is uniquely
determined by g.

We now show existence. Fix any z € ZT/[/, and let Xy, Yrp) € TraM. Let )?p,f/p
be the unique horizontal lifts of X(,),Yrp) to H,, respectively. We want to define

Gr(p)( Xnp)s Yap) = ﬁp()N(p, 17;,) We must show that this is well defined. To do so, let ¢ € M
be any other element in the fibre of 7(p). Again, let X,,Y, be the unique horizontal lifts of
Xa(p)s Yr(p) to Hg. To show that g, is well defined, we must show that g,(X,,Y}) = g4(Xg, Yy).

Since the action is transitive, there is an a € G such that a-p = ¢. Thus, we have
[mqladp Xy = (10 a)]p X, = [7.]p X, = X, where the first equality follows from the fact
that moa =  since the action is vertical. But also [r,], X, = Xo(p)s SO [mg[as]oXp = [ma]e X,
Now [a,],X, is horizontal by the previous lemma and [r,],| m,: Hy — TrpyM is an isometry,
so we conclude that [a,],X, = X,. Similarly, [a,],Y, = Y,. Now using the fact that G
acts isometrically, we have gp(Xp, X,) = Go([a:]p X, [a:]pY,) = G4(X,, Y,), which is what we
needed to show.

We now show that g is a Riemannian metric on M. Bilinearity and symmetry are clear.
Consider any element of M, say m(p) € M for some p € M and let X,y € Ty M. Consider
the vector space isomorphism L = ([m.]y|m,) " : Trp)y — Hp. The horizontal lift to H, is
given by LX), so

I (p) (Xr()s Xn(p) = 0 = Gp(L X (), LXr(p)) = 0
<~ LXW(p) =0
< X,r(p) =0.

Thus, ¢ is symmetric, bilinear, and positive definite at every point. We now show that
g is smooth. Fix p € M. Let XY € I'(T'M) be smooth vector fields on M, and let

HX, 1Y € [(TM) be the corresponding horizontal lifts. Now since 7 is a submersion, there

is an open neighborhood U C M of p and a smooth section o: U — M. On U, we have
9(X,Y) = g(HX,HY) oo on U. Since the right hand side is smooth on U, g(X,Y) is
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smooth in a neighborhood of p, and we conclude that g(X,Y") is smooth. This holds for all
X,Y e I'(T'M), so g is a smooth (2,0)-tensor. [

Now consider the submersion 7w: C"™\ {0} — CP" from Example 2.2d. Now since S***! is an
embedded submanifold of R?"*2 =2 C"*!  we can restrict 7 to a smooth map P: S?**! — CP".
The map P is clearly still surjective. It remains to show that P is a submersion. Fix
x € S*"*1. Since 7 is a submersion, there is a a neighborhood U C CP" containing 7(z) and
a local smooth section o: U — C"™'\ {0} with o(7(z)) = z. Now define 7: U — C"*1\ {0}
by :

a(¢
Tk

Clearly this is a smooth map into S*"*1 it satisfies 7(P(x)) = o (7 (2))/||o(7(2))]| = x/||z| =
z, and for every ¢ € CP™ we have (Po7)(¢) = (mo7)(() W(IIZESH) w(o(())=¢( Tisa

smooth section. By Theorem 2.3, P is a submersion.

~—

Now define the action of S* on S by X - (z1,...,2"™) = (A2}, ..., A2"T). Tt is easy
to see that this action is vertical, and transitive on fibres. To see that it acts isometrically,
identify C"! with R?"*2 via the coordinates (', 4", ..., 2", y"*1) given by 27 = 27 ++/— 1y’
(we use /—1 instead of i € C since the letter 7 is used for indices). The action is given in
local coordinates by

eV (2t gyt ™y = (cos()z! — sin(0)y!, sin(0)z! + cos(8)y,
. ,(:0.'5(9)31:’”rl —sin(0)y™t, sin(@) 2™ + cos(0)yt).
Fix any p € S and let X, + b a be a vector tangent to S*"*! at p. Write
A= eV for some # € R. Then 1dent1fy1ng )\ Wlth the map ¢ — X - ¢, we have

X 15 = (0 (a0 )y (0 + ) )

— g( ((cos(e)ai — sin(@)bi)% + (sin(0)a’ + cos(6)b") aii) ;
((008(9)07 — sin(f)d’) aia (sin(f) + Cos(e)d])aiy]) )

n+1
= Z (cos*(B)a’c’ — cos() sin(f)(a'd’" + b'c") + sin*(0)b'd")
i=1
n+1
+ Z (sin*(0)a’c’ + cos(f) sin(F)(a'd" + b'c’) + sin®(9)b'd")
i=1

= Z (aici + bidi)

i=1
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9 .0 9 .0
= i = d ) =g,
g((a 3fﬂ+b0y’) ’ (ij‘?xf +d &w)) 9% Yo,

so the action is isometric. By Theorem 4.6, there is a unique metric on CP"™ making P :
S?tl — CP" into a Riemannian submersion. This metric is called the Fubini Study metric.
For more on the Fubini-Study metric, see chapter 1 of [6].

4.2 The O’Neill Tensors

In this section, we will introduce the O’Neill tensors and derive the fundamental equations.
These fundamental equations are similar to the Gauss, Ricci, and Codazzi equations for
Riemannian immersions. Much of this section loosly follows [5]. However, we discuss the
necessary preliminaries in more detail, expand /provide proofs that were skipped in the orig-
inal paper, and discuss applications of the O’Neill tensors to new examples.

Definition 4.7 A wvector field X € I'(T'M) is called horizontal if VX = 0. We say that X
is the horizontal lift of a vector field X, € I'(T'B) if X is horizontal and [}, X, = (X.)rp)
for allp € M. We say that X is a basic vector field if it is the horizontal lift of a vector
field X, on B.

Proposition 4.8 There is a bijective correspondence between the vector fields on B and the
basic vector fields on M.

Proof. Let X, be a vector field on B. Since [r,]|g, is an isometry for all p € M, [7.]|g, : H, —
Tr(p)B is an injective linear map between vector spaces of the same dimension and is thus
an isomorphism. So X, determines a unique horizontal section X : M — TM. It remains

to show that X is smooth. From the rank theorem with coordinates (z',...,z") for M
and (y',...,y™) for B, we can write X, = fj%, where each f7 is a smooth function of
the coordinates (y',...,4™). We can extend each f7 to a local smooth function on M by
defining

fiat, o2 = fa . a™).
Now let Y = 27:1 fi %. By construction, this is a smooth local vector field whose pushfor-
ward is X,. Subtracting the vertical component of Y gives a smooth horizontal vector field

whose pushforward is X,. By uniqueness, this smooth horizontal vector field is X which
shows X is smooth. [ ]

We denote the Levi-Civita connection on M by V and the Levi-Civita connection on B

by V*. The correspondence between basic vector fields on M and arbitrary vector fields on
B respects metrics, Lie brackets, and connections.
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Lemma 4.9 (From [5, Lemma 1] Let X and Y be basic vector fields on M and let X, and
Y, be the vector fields on B corresponding to X and Y, respectively. The following hold.

a. (X)Y)=(X,,Y.)om
b. H[X,Y] is the basic vector field corresponding to [X., Y],

c. HVxY is the basic vector field corresponding to V. Y,

Proof. Part a follows directly from the definition of a Riemannian submersion and the
definition of a basic vector field. For part b, note that since X (respectively, Y) is m-
related to X, (respectively, Y;), it follows that [X,Y] is m-related to [X,,Y,]. That is,
[7.]p[ X, Y], = [Xs, Yila(), and thus H[X, Y] is a horizontal vector field and [m.],(H[X,Y],) =
[T)p[ X, Y], = [ Xy, Yi]p, as desired. For ¢, fix any horizontal vector field Y and recall that
the Koszul formula is given by

2AVXY,Z) = XY, Z)+Y(X,Z) — Z(X,Y)
+ <[X7 Y],Z> + <[X7 Z]7Y> - <D/7 Z]7X>

Since this equation is tensorial in Z, we may assume Z is basic. From part a, we know that

(XY, 2))(p) = (X ({Y, Zi) o)) (p)

= [mpXp(Ys, Z2)

= (X )m) (Yes Z)

= (X (Y, Z,) om)(p),
so X(Y,Z) = X.(Ys, Z,) om. Similar formulas hold for Y(X, Z) and Z(X,Y). Using part
b, we have ([X,Y], Z) = (H[X,Y],Z) = ([X.,Y.], Z.) o m, and similar formulas hold for
([X,Z],Y) and <[ , Z], X). Substituting into the Koszul formula gives

(V3 Y., Z) o = (VxY, Z) = (HV Y, Z).

Invoking part a, the above gives (Vx.,Y,, Z,) om = (HVxY),, Z,) o w for any basic vector
field Z, which proves part c. [

We are now able to define the O’Neill tensors for the Riemannian submersion 7. We will see
that these tensors play an analogous role to the second fundamental form for an embedding.

Definition 4.10 (O’Neill Tensors)
For vector fields E, F € I'(TM), we define

TeF = HVye(VF) + VWyp(HF),
ApF = VVyp(HF) + HVyp(VF).
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We have called these the O’Neill tensors. The next proposition shows that the O’Neill tensors
are indeed tensors, and establishes some basic properties of T and A.

Proposition 4.11 (From [5, Page 460] and [5, Lemma 2]) Let E be an arbitrary vector field
on M. Then T is a (2,1)-tensor, and the following properties of T hold:

1. At each point, Tg is a skew-symmetric and it reverses the horizontal and vertical sub-
spaces.

2. T is vertical. That is, Ty = TyEg.

3. If V.W are vertical vector fields, then TyW = Ty V.
Similarly, A is a (2,1) tensor and satisfies the following properties.

1°. At each point, Ag is skew-symmetric and it reverses the horizontal and vertical subspaces.
2°. A is horizontal. That is, Ap = Ayg.

3. If X,Y are horizontal vector fields, then AxY = %V[X, Y]. In particular, AxY =
—Ay X.

Proof. Properties 2 and 2’ are obvious, as is the reversal part of 1 and 1’. We prove that T
is a tensor, as well as properties 1, 3, and 3'. The others are similar. Let f € C°°(M). Then
for any F' € I'(T'M), we have

Te(fF)=HVye(fVE)+ VVyp(fHEF)
=H((VE)(f)VF + fVypVF)
+V((VE)(fYHF + fVyeHF)
= f(HVygVF + VVypHE)
= fTsF,

so T is tensorial in F'. It is clearly tensorial in E. For property 1, let F, F5 be two arbitrary
vector fields on M. Then

(TgFy, Fy) = (VypVE, HF) + (VygHEL, VE)
= —(VF,VypHE,) — (HF,VypVE)
= —(F, VVypHE,) — (F1, HVypVE)
= (F, —TeF),
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which proves skew-symmetry. To prove 3, let V, W be vertical vector fields. Then Ty, W —
TwV = H(VyW — Vi V) = H[V,W] = 0 since the bracket of two vertical vector fields
is vertical. Finally, we prove 3'. Let X and Y be horizontal vector fields on M. Then
AxY — Ay X = V(VxY — VyX) = V[X,Y]. So it suffices to show that AxY = —Ay X,
or equivalently that AxX = 0. Let V be a vertical vector field. Since A is tensorial, we
may assume that X is basic. Fix two point p,q € M in the same fibre of 7. Since 7 is a
Riemannian submersion and X is basic with some corresponding vector field X, on B, we
have

(Xp, Xp) = ([malp X, [ p Xp)

so (X, X)) is constant along the fibres of 7. Thus, V(X, X) = 0. Now [V, X]| = Vy X = VxV
is vertical since V' is m-related to 0 € I'(T'B) and X is m-related to a smooth vector field on
B. This implies that

(VAV, X) = (Ve X, X).

Putting it all together, we have
0= V(X,X) = 2V X, X) = 2(VxV, X) = —2(V, Vi X) = —2(V, AcX).
Applying property 1’, we conclude Ax X = 0. [ |

We denote the Levi-Civita connection on an arbitrary fibre of M by v. By Proposition 3.11,
VyW = VVy W for all vector fields on the fibre (that is, for all vertical vector fields on M
restricted to the fibre). Notice that when V,, W, € T,M are vertical vectors, then Ty, W, is
just the second fundamental form of the fibre 7=!(7(p)) as an embedded submanifold of M.
This leads to the following result.

Proposition 4.12 Fach fibre of © is a totally geodesic submanifold of M if and only if
T =0.

Proof. By the discussion preceding the proposition and Proposition 3.14, each fibre of 7 is
totally geodesic if and only iff TyyWW = 0 for all vertical vector fields V,W € I'(TM). Now
suppose that Ty, W = 0 for all vertical vector fields V, W & T'(T'M). To complete the proof, it
suffices to show that 7= 0. Let V. W € I'(T'M) be vertical vector fields, and let X € I'(T'M)
be a a horizontal vector field. Then

(Ty X, W) = —(X,TyW) = 0.
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Since this holds for any vertical W € I'(T'M ) and Ty X is vertical, the above implies Ty X = 0.
All together, we have Ty, F' = 0 for all vector fields F' and all vertical vector fields V', which
implies 1" = 0 since T is vertical. [ |

Lemma 4.13 (From [5, Lemma 3]) Let X,Y be horizontal vector fields, and V, W be vertical
vector fields. Then

1. VoW =Ty W + Vy W

2. VyX = HVy X + Ty X

3. VxV =AxV +VVxV

4 VY = HVyY + AxY

Furthermore, if X is basic, HVy X = AxV.

Proof. Parts 2,3, and 4 are obvious. Part 1 is just Gauss’s formula on the fibres of M. The
last statement follows from part 3 and the fact that [X, V] is vertical when X is basic and
V' is vertical. |

We now compute the covariant derivatives of T" and A.

Lemma 4.14 (From [5, Lemma 4]) If X, Y are horizontal and V, W are vertical, then

(VvA)\w = —Anw, (VxT)y = —Ta,yv,
(VxA)w = —Aaw, (Wwl)y =-Tpy.

Proof. Let E be an arbitrary vector field. Then
(VxT)yE=Vx(IyE) — Ty,v(E) — Ty(VxE),
and the first and last terms vanish since 7' is vertical. By Lemma 4.13, we have
(VxT)yE = =Ty, v (E) = —Tvv,y(E) = —Ta v (E).
Similarly, we have
(VvT)y(E) - VV(TyE> — Tvvy(E) - Ty(vVE)
= —Tyvyv(E)
= —Tn,v(E).

The proof of the formulas for A are similar. [ |

The next lemma shows that (VyT)p and (VrpA)g do not reverse horizontal and vertical
vectors.
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Lemma 4.15 (From [5, Lemma 5]) Let XY, Z be horizontal vector fields and let U, V,W
be vertical vector fields. Then

(Vo A)xV, W) = (TyV, AxW) — (TyW, Ax V),
(VoA)xY,Z) =(TvY, AxZ) — (Tu Z, AxY'),
(VxTY,Z) =(AxY, Ty Z) — (AxZ,TyY),
(VxT)gV.W) = (AxV, TyW) — (AxW,TyV).

Proof. We prove the first formula. The others are similar. First, note that
(Vo A)xV, W) = (Vy(AxV) — Av,xV — Ax (Vi V), W).

Since Ay, xV is horizontal, (Ay, xV, W) = 0. Using metric compatibility, Lemma 4.13, and
Proposition 4.11, we have
(Vo A)xV, W) = (Vu(AxV) = Ax(VyV), W)
—(AxV, VW) + (Vg V, AxW)
—(AxV, TyW) + (TyV, AxW).
|

Finally, we review some symmetry properties of 7" and A that we will use in the funda-
mental equations of T" and A.

Lemma 4.16 (From [5, Lemma 6]) If X,Y are horizontal, V,W wertical, and E,F are
arbitrary vector fields, then

1. (VET)yW, X) is symmetric in V and W, and
2. (VEA)xY,V) is alternate in X and Y .
3. (VgT)r and (VgA)r are skew-symmetric (1,1)-tensors.

Proof. We prove 2 and 3, since 1 is similar to 2. First, we prove 2. Using Proposition 4.11,
we have

(VeA)xY, V) = (V5(AxY) — A, xY — Ax(VpY),V)
AxY) = Ayo o x(HY) — Ayx (HVEY), V)
Vi(Ay X) — Apy (HV5X) — Ay oy (HX), V)

(
Ve(AyX) — Ay (VeX) — Av,y X, V)
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= —((VeA)yX,V).

We now prove 3. Let K,L € T'(T'M) be arbitrary vector fields. Then (VgT)pK =
Ve(TpK) — Ty, r K — Tpr(VgK). Applying metric compatibility and the fact that Tr is
skew-symmetric, we obtain

(VED)pK,L) = (Vg(TrK) — Ty, r K — Tp(VeK), L)

= (E(TrK,L) — (TpK,VgL)) — Iy, rK,L) — (Tr(VgK), L)
= —(E(K,TpL) — (K, Tp(VgL)) — (K, Ty ,rL) — (VEK,TrL))
= —((K,Vg(TrL)) — (K,Tp(VgL)) — (K,Ty,rL))
(K, (VgT)pL).

The proof that (VgA)g is skew-symmetric is similar. |

4.2.1 The Fundamental Equations

Given a Riemannian submersion 7 : M — B, we want to now find the fundmental equations
relating the curvature tensor of M with the curvature tensors of B and the curvature tensors
of the fibres. We will number these equations by {n} to denote the number of horizontal
vector fields on the left-hand side of the given fundamental equation. For a point p € M,
let R denote the curvature tensor of the fibre 77(n(p)). Similarly, for horizontal vectors
hi, by, by, and hy in T,M, define (R}, hs, ha) = (R; 1., P3., has).

Recall that when V,,, W, € T,M are vertical vectors, we have Ty, W), is simply the sec-
ond fundamental form of the fibre 771(7(p)) as a submanifold of M. Thus, the first two
fundamental equations are simply the Gauss and Codazzi equations from Theorem 3.19 and
Theorem 3.24, respectively.

Theorem 4.17 From [5, Theorem 1] If U, V, W, F are vertical vector fields on M and X is
a horizontal vector field on M, then

{0}. (RyyW, F) = (RyyW, F) — (Ty F, TyW) + (TyW, Ty F),
{1}. (RuvW, X) = (VuT)vW, X) = (VyT)oW, X).

We now prove the fundamental equations containing two, three, and four horizontal vector
fields one at a time. We first prove a lemma.

Lemma 4.18 Fiz p € M and let X,,,Y, € T,M be horizontal vectors. Then there are basic
fields X, Y € T'(T'M) such that X‘p = X, and Y|p =Y, and [X,Y] is vertical at p.
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Proof. Let (X.)rp) = [m]pXp and (Yi)zp) = [m)pY,. In a chart (U, ) with local coordinates
(2',...,2"), we can write (X,)rp) = a'2 () A0 (Yi)r) = b o= x(p TOT some a’, 0" € R.
Let p € C*(M) be a bump function on M with p = 1 in a neighborhood W of 7(p) and
supp(p) € U. On B we can extend these vectors to global vector fields X, and Y, respec-
tively by defining X, = pa';%; and Y, = pb'2:. Now let X,Y € I'(T'M) be the basic vector

0. %
fields on M which are 7-related to X, and Y, respectively. Since [r.]|,, is injective, we have

X[, =X, and Y| =Y,

Hy

Since p is constant on W, [X,,Yi] = p?a’t’ [5%,5%] = 0 on W. Since X is r-related

dx? ) dad
to X, and Y is m-related to Y., we have [X,Y] is m-related to [X,,Y,]. Thus, [X,Y] is
vertical on the open set w1 (W), which contains p. |

Theorem 4.19 (From [5, Theorem 3]) Let V, W be vertical vector fields on M and let X,Y
be horizontal vector fields on M. Then

{2} <RX\/Y, W> = <TvX, Tyw> - <Ax‘/, AyW> - <(VXT)VVV, Y> - <(VVA)XY, W>

Proof. Let p € M. Using Lemma 4.18 and the fact that the equation is tensorial, we may
assume that X and Y are basic with vertical bracket at p. We compute each term of Rxy Y.

The vector field [X, V] is vertical since X is basic and V' is vertical at p, so [X, VHP =

(VVxV)(p) — (VVyX)(p) = VVxV)(p) — (TyX)(p). Using Lemma 4.13 and the fact that
T is vertical, we have

(VVixY)(p) = (ToxvY — Ty xY)(p). (25)
Applying Lemma 4.13 twice, we have

VxVvY =Vx(HVVY +TVY)
- HVX (HVVX) + AX (HVVY> + AX (Tvy) + VVX (Tvy),
which implies
VVxVvY = Ax(HVVY) + VWi (TvY). (26)

Similarly,
VWi VxY =Ty (HVxY) + VVy(AxY). (27)

Combining (25), (26), and (27), we have

<RX\/Y, W> (p) = <VVXVVY - VVVVXY - VV[X7v]Y, W> (p)
= (Ax(HVyY) + Vi (TyY) — Ty (HVxY)
— VV(AXY) = Ty vY + T, x Y, W)(p)
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= (Ax(VvY) + Vx(TvY) — Ty (VxY)
— Vv<AXy) — TVXVY + TTVXK W> (p) (28)

Moreover, using Proposition 4.11 and the last part of Lemma 4.13, we have

VvA XY — AVVXY7 W>
VA XY - AHVVva W>

(Ax(VyY) = Vy(AxY), W) = (- )
(— )

vA) xY, W) — (Aa v Y, W)
)
)

— (—(V
v
Vv A)xY, W) + (Ay AxV, W)

(
(
==
(
(Vv A)xY, W) — (AxV, Ay W). (29)

=~
=~
By definition of the induced connection on (2, 1)-tensors, we have

Vx(TvY) =Ty (VxY) =Ty vZ = (VxT)vY. (30)
Again applying Proposition 4.11, we have

(TryxY, W) = —(Y, T, xW)
==Y, TwTvX)
— (TwY, Ty X)
— (TyW, Ty X). (31)

Substituting (29), (30), and (31) into (28) gives

(RxvY,W)(p) = (TyW, Ty X) — (AxV, Ay W) + (VxT)yY, W) — (VyA) xY,W))(p)
= (Tv X, TyW) — (AxV, Ay W) = (VxT)y W, Y) — (Vv A) xY, W))(p),

where the final equality follows from Lemma 4.16. |

We now present the final two fundamental equations. For simplicity, if hy, ho, hs, hy € T,M
are horizontal vectors, we define (R}, , hs, ha) = (R}, D3, ha,), where h;, = [m.],h;.

Theorem 4.20 (From [5, Theorem 2]) Let X,Y, Z, H be horizontal vector fields and let V
be a vertical vector field. Then

{3} <nyZ, V> = <(VXA)yZ, V> - <(VyA)XZ, V> - 2<Tvz, Axy>

Y. (Ryy Z,H) = (Riey Z, H) + 2(AxY, AyH) — (Ay Z, AxH) + (Ax Z, Ay H)
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Proof. Since both equations are tensorial, we may again assume that X,Y, 7, and H are
basic and that [X,Y] is vertical at p. We begin by computing the horizontal and vertical
components of RxyZ. Using Lemma 4.13 twice gives

VxVyZ = Vx(HVyZ -+ AyZ)
— UV (HVy Z) + Ax (HVy Z) + Ax Ay Z + VV x (Ay Z), (32)

and reversing the roles of X and Y gives a similar equation for VyVxZ. Now using the fact
that [X, Y] is vertical at p, Lemma 4.11, and Lemma 4.13, we have

(Vixy1Z)(p) = (HVixv1Z)(p) + VVixy1Z)(p)
(Az([X,Y])(p) + (Tixv12)(p)
2(AZAxY)(p) + 2(Ta v Z)(p). (33)

From (32) and (33), we have

(HRxyZ)(p) = (HVx(HVyZ) + AxAyZ
—HVy(HVxZ) — AyAxZ —2A7AxY)(p),
(VRxyZ)(p) = (Ax(HVyZ) + VVx(AyZ) — Ay (HVx Z)
—VVy(AxZ) — 2T v Z)(p).

(34)
(35)

Let X,,Y,, H, be the vector fields on B corresponding to X, Y, and H, respectively. Notice
that [X,, Y|z = [mp[X, Y]], = 0. Now using Lemma 4.9 twice and the fact that [r.],
maps H, isometrically onto 7, B, we have

(HVx(HVyZ) = HVy(HVxZ), H)(p) = (V. VY. Z. — V3 Vi Z,, H)(7(p))

= (V. VY. Z. = VY. V% Z. — Vix, v, Zs, He) (7(p))
= (Rx.y,Z+ H.)(7(p))

= (Rxy Z, H)(p).

Now using the skew-symmetry of Ap and taking the inner product of (34) with H, we have
<nyz, H> (p) == <HVX (HVYZ) - HVy(HVXZ), H> (p)
-+ (—2<A2Axy, H> — <AyAXz, H) -+ <AxAyZ, H>)(p)

((RyxyZ, H) + 2(AxY, AzH) + (Ax Z, Ay H) — (Ay Z, AxH))(p)
= ((RxyZ, H) + 2{AxY, AzH) — (Ay Z, AxH) — (Az X, Ay H))(p),

which proves {4}. To prove {3}, take the inner product of (35) with V. Recalling that Ag
reverses horizontal and vertical subspaces allows us drop the H operators. This gives
(RxyZ,V)(p) = (Ax(VyZ) + Vx(Ay Z) — Ay (Vx Z)

- VY(A)(Z) — QTAXyZ, V) (p) <36)
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Using Proposition 4.11 gives

<TAXYZ, V) = —<Z, TAXyV)
= —(Z, TVAXY>
= <TVZ, AXY>7 (37)

and using the fact that A is horizontal and H[X,Y]|, = 0, we have

(Vx(AyZ),V) —(Vy(AxZ),V))(p) = (VxAWyZ, V) + (Ay(Vx Z),V)
—(VyA)xZ,V) = (Ax(Vy2),V))(p).

Substituting (37) and (38) into (36) gives the result. |

4.2.2 Example: O’Neill Tensors for the Complex Projective Space

Consider the Riemannian submersion P: $2**!1 — CP” from section 4.1. We want to com-
pute the O’Neill tensors for P. As usual, we identify C"*! with R?*"*2 with the coordinates
(xt, gyt 2"ty defined by 27 = 27 + /—1y/.

Lemma 4.21 The vector field S = a° aii

vertical space at each point of S* 1.

— y'52: is tangent to S* 1 and is a basis of the

Proof. The vector field N = x* a(zi + a?;i on C"™! is normal to §?"*! everywhere. Using the

Euclidean metric on C"*!, we have

- 0 -0 0 -0
N — 1 i 7 : j__ J_

n+1
= Z —z'y' +y'z' = 0.
i=1

Since S is normal to N, S is tangent to S?**!, as desired. We now show that S is a basis
of the vertical space at every point. Fix p = (2! + /=1y!, ... 2" + /=1y"™!) € §2FL.
Define a curve a: R — S?"* by a(t) = e¥~"p. In local coordinates,

a(t) = (cos(t)z' — sin(t)y", sin(t)z’ + cos(t)y,

- cos(t)a" T — sin(t)y™ ! sin(t)a" T + cos(t)y').

Hence, o/(0) = —y' % + o' 8(31' = S(p). But notice that «(t) remains in the same fibre of P

for all t € R, so o/(0) = S, is tangent to the fibres and thus vertical. That is, [r,],S, = 0.
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Clearly S is nonzero at all points of S?**1. In fact, on S?"*! we have

9 .98 .o .0
— J_— ) J__— )
(5,5) <x oy L ow " oy Y 3:Ej>

n+1

_ g (@) +)") =1

So S is a unit vector field at all points on S?**! which is in the vertical space at each point.
Since S?"*! has dimension 2n + 1 and CP" has dimension 2n, so each vertical space has
dimension 1. So S, is an orthonormal basis of V}, at each p € $*"*1. [ |

Let J: TC*!' — TC"*! be given by

Lemma 4.22 For any E, F € T(TC"), we have

@) £l =I[7E],
(i) (E,JF) = —(JE,F). In particular, (JE,E) = 0.
(iii) If X, € T,S*"*! is horizontal, then so is JX,.
Proof. (i) and (ii) are simple calculations. We prove (iii). Using the fact that S = JN and
J? = —1d, we have
(JXp, Np) = =(Xpp, INy) = —(X, J2Sp> = (Xp, Sp) = 0.

Thus, JX, is tangent to S***1, since it is orthogonal to the normal vector field N for S*"*1.
Now JX, is in the horizontal vector space at p because

<JXp7Sp> = _<Xp> JSp> = <Xp7Np> =0.

Using J, we can now describe the O’Neill tensors.

Theorem 4.23 Let X,Y € T'(S*™) be horizontal vector fields. We have
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(i) AxY = (X, JY)S,
(iii) AxS = JX.

Proof. We first prove (i). Notice that for any p € S***1, the fibre containing p is {\p: A € S},
which is a great circle of S*"*1. By Proposition 4.12, T' = 0.

We now prove (ii). In local coordinates, write X = fiaii + gi%. Then VxS =
f'V o (S) +¢'V s (5), and
ozt oyt

0
= o5
Similarly, Vo S = — 821.. Thus, we have
oy?
_ 9 9
VxS=f——-¢g— =JX.
X f@yl gaxl

Taking the component of the above vector field which is tangent to S?**! and applying
Proposition 3.11 and part (iii) of Lemma 4.22, we obtain

VxS = JX. (39)

We have AxY = VVxY = (VxY,5)S = —(Y,VxS)S = — (Y, JX)S = (X, JY)S, which
proves (ii). Finally, we combine (39) and Lemma 4.22 to get AxS = HV xS = H(JX) = J X,
which proves (iii). [

We now use use the O’Neill tensors to compute the curvature operator R* of CP".
Proposition 4.24 The curvature tensor R* of CP" satisfies
R*(‘T7 Y, z, h) = <‘T7 h><y7 Z) - <I7 Z><y7 h> - 2<'T7 Jy><Z, Jh) + <y7 JZ><‘T7 Jh> + <Zv J.Cl}><y, Jh’>

for all horizontal x,y, z, h € T,S*" ™ and for all p € S* 1,

Proof. From {4} in Theorem 4.20, we have
(Ry,2,h) = (Reyz, h) — 2(Asy, ALh) + (Ayz, Agh) + (A.x, Ayh)
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= (Ryyz, h) —2((x, Jy)S, (2, Jh)S) + ((y, J2)S, (x, Jh)S) + ({2, Jz)S, (y, Jh)S)
= (Ryyz, h) — 2(x, Jy)(z, Jh) + (y, J2)(x, Jh) + (2, Jx)(y, Jh),

where R is the curvature tensor of S*"*'. But from Example 3.37, we have (R,,z,h) =
(x,h)(y, z) — (x, 2){(y, h), which completes the proof. |

Proposition 4.25 For orthonormal vectors z,y € T,CP", the sectional curvature of the
plane spanned by {x,y} is
sec(z,y) = 1+ 3(z, Jy)*

Proof. The previous proposition gives

sec(x,y) = <R:¢yy’ )
= (e, ) y.9) — (@) (v, 2) = 2a Ty) . o) + (o To) (@, Jo) + (. o)y, T,

Using the fact that {z,y} is an orthonormal set and Lemma 4.22, this simplifies to
sec(z,y) =1 —0+2(Jz,y)* + 0+ (Jz,y)*.
|

Corollary 4.26 For all n > 2, the sectional curvatures at each point of CP" take on all
values between 1 and /4, inclusive.

Proof. Let n > 2 and fix p € CP". CP" has dimension at least four, and the vertical space has
already been found to have dimension equal to one, so the horizontal vector space at p has
dimension at least three. Applying the previous lemma, there is a set of three orthonormal
vectors {z, Jx,y} in the horizontal vector space at p. Define z(f) = cos(f)Jz + sin(0)y.
Notice that z(#) is a unit vector in the horizontal space at p and is perpendicular to x for
all # € R. Thus,

sec(z(0),x) = 1+ 3(cos()Jx + sin(0)y, Jx)?
=1+ 3(cos(0)(Jx, Jz) + sin(0)(y, Jz))?
=1+ 3cos*().

Since cos?() takes on values between 0 and 1, inclusive, the sectional curvatures at p take
on all values between 1 and 4, inclusive. [ |

Proposition 4.27 The Gaussian curvature of CP! is everywhere equal to 4.
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Proof. Since CP! is a two dimensional manifold, the sectional curvature is constant and the
Gaussian curvature at p is the sectional curvature at p. Let @ € T,S*"*! be a horizorizontal
unit vector, so {x, Jx} is an orthonormal basis for the horizontal vector space at p. Hence

K(p) = sec(x, Jr) =1+ 3(x, Jx)? = 1 + 3(z, —x)* = 4.
|

Remark 4.28 In Example 3.37 we found that the sphere S” equipped with the round metric
gs» has sectional curvature everywhere equal to 1. But S? is diffeomorphic to CP!, so the
previous corollary shows that the Fubini-Study metric on CP' is 1gs:.

4.2.3 O’Neill Tensors for Vector Bundle Submersion

We showed in section 2.4 and Example 4.3 that given a Riemannian manifold (M, g), a vector
bundle £ — M with connection V¥ and fibre metric h, there is an induced Riemannian
metric g for £ which makes the projection 7 : E — M into a Riemannian submersion. We
now want to compute the O’Neill tensors for this submersion.

Lemma 4.29 Suppose VE is a connection on a vector bundle E. Then

R
a_:i o Fgu‘hpj o anjhip

E L =
(th)m ax

foralll1<i,j<kandl<m<n.

Proof. Let {s'...,s*} be the dual frame for {sy,...,s;}. In this frame, the fibre metric h
has the form h = h;;s' ® s’. By definition of the dual connection, we have

i T D
V o s =-I,s"

ox™

Now computing, we have

Vih = V%(hmsz ® Sj)

Oh;; . , : .
- 877231 ® s +hi;V_o (s'®s)
_ Ohij I h T §P VRN N VR p
= ax—mS ® S’ — ij mpS ® S’ — ij mpS ® S
Oh; ‘ .
— (c‘%’i — hy I — hiprnj> s'® s,
which proves the result. [ |
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Proposition 4.30 Fiz a point ¥ € E. By choosing an appropriate local frame for E, we

assume T'};(zo) = 0, where xg = (xp,...,x4) are coordinates in M for m(J). Defining
fibre coordinates in terms of this choice of local frame, we have ¥ is identified with a tuple
(o, y0) = (g, -, T2 Y8, .-, yb). In this set of local coordinates, the expressions for T and
A are given by
0 | R 0
L| 0. = = —34 (vl h) m ’
ot (r0.v0) 8yq (51707?/0) 2 w al. (x():yo)
9 1 ml a 9
B Rl L s
9z (0:10) Dy (z0,90) 2 Oz (z0,y0)

where all functions on the right hand side are evaluated at (xg,yo), and F' is the curvature
tensor of VE

Proof. In the following, we ignore the Einstein convention for the indices [ and m and
write the sums explicitly. For other indices, we use the Einstein convention. For notational
purposes, we define the local coordinates (u!,...,u" ™) = (x',... 2" y', ..., 4*). Moreover,
if s is an index between 1 and k, we define [ = [ + n. Notice, for example, that % =2

a_yl'
This will help keep notation clear us as we compute T and A in local coordinates.

0 0
T = * (V)

0
=H (Vail’ 8uq)

n+k
- ZH ( pqaum)

n . a k . a
- (z (%505) + 3 (%)

m=1 m=1

. m a m (A a
:H(Z <qua m _FZJqu ja m)

We need to compute Q , for any 1
HZMAW Gy aﬁﬂl B OGpg
o oul  oul
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_ Ly 0 0N, 0,00 9 0.(0 0
n 2 =1 8yp g;l’ ayq 8yq axl’ ayp axlg ayp7 ayq

pisogu(Dg( 0 0N, D o(0 0N D00 D
2 z=1g 8ypg oyl Oyt 8ng oyl Oy aylg Oyr’ Oyt
_1 - ~ml a a ahpq
= (P A Y _8xl)

+F
Ol—‘

Evaluating at (xg,yo) and applying the previous lemma, we obtain

n

m 1 m
Q@(xoay(J) ) Zg (VIR b

=1

All together, we have

9 - Y Loy g0
(Tayp 8@/‘1) = l (qu% - F“Q”qyjé’_yl)

1
Il &< . %)
g l(leh)Panm

(=,y)

m,l=1

We now compute the second O’Neill tensor.

9 9
Aaerwss (a5) = (Vs (57))

We need to compute Qéq(x) for 1 <1 <n. Indeed, we have

1y [09am  OGpm  OGpq
I _ ~ml 4 gan 4
g = Z [ owr | ul aum} ‘
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Consider when n+1 < m < n+ k. Since 1 <[ < n and the Christoffel symbols vanish at

zo, we have g™ (z¢) = 0. So the last k terms of the sum vanish at (g, yo), giving

n

1., aggm 8§Bm a/gpg
(w0, 90) = (Z 59" {&up + auml

m=1

(z0,90)

Suppose 1 < m < n. Then

1 (9gm | OGpm Oy
59

oup oul  Qum
1,0 (0 0 o (9 o o (0 0
=37 (a0 (o 3 ) * 530 (o m) ~ 37 (531
Loy (0 (v 4 9 bd a,c 0 b 4
=359 <8 " (T2 0y heg) + a_yq(gpm + 10 00y Yy hyg) — 87(F oY hbq)>
b
_ %gml(agﬂ;;a “hpg + Ty %hl;q

ore, oh
+%ﬂw%ﬁTIﬁfw—5#¢%—Qwaw>

Evaluating at (xg,yo), we obtain

jp— " AN
29 ouP oul oum )

where the right hand side is assumed to be evaluated at (zo,yo), and Fp, is the matrix of

local functions corresponding to the curvature tensor of the connection on F at p. Putting
it all together at (xg,yo), we have

0 "9 m.a
(s () ) ) = (32 e~ o500 5

0
- ZQ;g(iUm yo)@
=1

n

(IEO )yo)

(‘TO’yO)

1 ml b a 0
=> 39" (Fpm) o Yoo

l,m=1

(930:3/0)
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Corollary 4.31 T =0 iff VA =0, and A = 0 iff F = 0 where F is the curvature of VF.

Proof. This follows immediately from the previous proposition and the fact that Tx and Ay
are skew symmetric operators for all vector fields X on F. [

Corollary 4.32 The fibres of m are all totally geodesic iff h is metric compatible.

Proof. Follows from the previous corollary and Proposition 4.12. ]
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