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Abstract

11-dimensional supergravity on PP-wave background (23 1J % fluctuation fields & . 11-dimensional super-

gravity on AdSyr) x ST 128513 % fluctuation fields & A%,

2003 10/12 fRIZHB T, &5 %< 11-dimensional supergravity (up to torsion) 2 FFEEIZ Bl Nz, K50
EHENR EIE BN E T THY . AdSyry x ST & KG solution & DEEM) 2L 12U T consistent A& Gk 2355
NTN3,

(ER) 1GR3 53] & 1d. field strength OHFHEDFFSAWTH DAY, WHENIIEDIZE W,
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Introduction

Eleven-dimensional supergravity % maximally supersymmetric background £ TR 2 §i% i#ind 2. 2R
IZ1& [2] THW > 72 Kowalski-Glikman (KG) background, Duff and Pope [1] @ AdSy x S7 background, % U
T de Wit and Nicolai [18] @ AdS; x S* background Tdh b, F&ARMNS AdS; x S IZDOWTIFiEmIE < #
ATV,

fRHTDFBrE U T, AdSyry x ST % global coordinates % FIVVCTHRL . £ D _ETO spin connection Z D
fliz FHRL TH D, (ERIZIX coset construction & FHHWT D AdS, x ST % #kd 5 ikz a4 5,

BB, 20/ —hIZIEhd 11-dimensional Minkowski spacetime Df#EITIZE LT TDRRIZ, HDFEED con-
vention % FEMIIZEARL TH D, HlZIE. 11-dimensional Minkowski spacetime T® Clifford algebra., Lorentz
algebra & € MDFRBL, charge conjugation R E TdH D, FHARMIZIX Polchinski [25] D appendix B % FIZHERL T
HBEN, EBEBWETEBRZDTHERENPLETHS, F 72 11-dimensional supergravity Lagrangian DREIZDWT
IR ICFEICERL 720 2 kI [31]) TH D, [31] D convention & Z D/ —h L IXHRLD,

RITMH UK, extended objects (2 DWT Dk, dimensional reduction U 724D supergravity /superstring
BE D iU 720> 7208, TOHEERIE T TIZESN [32] IZFEINH S,
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TK Notations






Chapter 1

Convention of 11-dimensional Spacetime

[MN] = %(MNf NM)

(MN) = %(MNJr NM)

1
MMy M) = o D sen(0) Moy My(a) - Mo



6 Convention of 11-dimensional Spacetime

1.1 Lorentz Algebras

Lorentz algebra in Minkowski spacetime %
i[¥aB,Xcp] = nacXep +MBpXac —nNapXBc —NBCEAD (1.1.1)

TEFT D (Polchinski [25] & IFWFFA), F 7z, generator X ap @D spinor representation %

i PSR
Sap = gTap = J[CaT5l (1.1.2)

TEHL THID 25, ZDEHRDEK;, Lorentz algebra in Minkowski spacetime (241249 % Rotation algebra in

Euclidean space (&,
[(ZaB,Xcp] = 6acEBp +08pEAc —0aDEBC —6BcEaD (1.1.3)
THZH A5, ZDWED generator X5 @ spinor representation [FXD & 5 12785 [28]:
1~ 1~ =

up = *irAB = *Z[FA,FB]~ (1.1.4)

1.2 General Coordinate Transformations

Infinitesimal transformation:

oM o M = M M (y) (1.2.1)
parallel transformation:
Ay(z) = Al (@ +de) = Ay +T5 5 Ap(a)dz (1.2.2a)
AM(z) — AlM (g4 dz) = AM — ¥y AP (2)dz (1.2.2b)
covariant derivative:
Ay (z+da) — Al (2 + dz) = VyAydz? — VnAy = OnAy —ThyAp (1.2.3a)
AM (2 +dz) — AIM(z + dz) = VyAMd2N — VnAM = ogyAM 4 TH, AP (1.2.3D)

metricity condition:

Vegun = 0 + affine connection A% metric T TE % (1.2.4)



1.2 General Coordinate Transformations 7

Lie derivative: oy f(z) = f'(x) — f(z)
e scalar

¢(z) = ¢'(2') = ()
~ ¢/(z) + &7 Opo(z)
Sup(z) = ¢'(x) —d(z) = ¢(x) — &7 dpg(x) — d(2)

= —£P 0po(x) (1.2.5)
e covariant vector
/ / aIP P
AM(.T) — AM(I) = WAP(I) ~ A]u(l‘)—a]\/jg Ap(l‘)
~ AM(I)+§P(3PAZM(I)
5LAM(.I) = A?\/[(-T)_AM(x) = —8M§P'Ap(l‘)—§PapAM(JU) (1.2.6)
e contravariant vector
M IM (0 oM P M M 4P
AM(z) - AM(2) = 8xPA () ~ A% (z)+0p&™ A7 ()
~ AM(z)+ P opAM (2)
5LAM(x) = A’M(x)—AM(x) = 78P§M~AP(1:)75P8PAM(:17) (1.2.7)
e tensor
oxt 9z9
gun(x) = gyn(@) = WWQPQ(HC) ~ gun(x) — 0" gpn — OnE® gurg
~ gyn(@)+ & 0p gun(x)
srgun(z) = —&P0pgun(z) — 0" - gpn(2) — ONET grip(T) (1.2.8)
e vielbein
A rAf dx” A A P_ A
ev”(z) = eyt(a) = ax’MeP () ~ ey (x) — Omé ep”(x)
~ ey (@) + P Open (x)
5L6MA($) = 7€P3P6MA(.’£)78M£P‘613A((L') (129)

e gravitino

PR ozt P
\IJM(.I) — ‘IIM(Z‘) = W\I’p(x) ~ \I’]\I(JJ)—aMf \I/p(x)

~ Wy (z) +E70p W (x)
5L\I/M(.T) = —fpﬁp\lfj\/j(x) — 81\/[£P . ‘llp(],‘) (1.2.10)

e 3-form gauge field

0xQ 9xf 9a°
waNP(x/) = WWWCQRS(x)
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R

Cunp(x) — 0n€? Conp(z) — ONE? Crugr(z) — 0pE? Cung ()

Chrnp(®) +E%0Cunp(x)

Cunp(@) = Cunp(@)

= —£Q0Cunp(x) — 0nE? - Conp(a) — ONE? - Crgr(x) — 0pE? - Cung(a)

= —£90oCunp(x) = 3Cqun0pE? (1.2.11)

12

oLCunp(x)

1.3 local Lorentz transformation

Lorentz algebra (1.1.1) & A7z 9 Lorentz generator Y45 @ vector Z&Hildk

(Sop)'s = i(68nps — §hnes) - (1.3.1)
&3t —7 scalar IZxf9 2 KX
(Sep)'s = 0 (1.3.2)
TdHY . spinor (0T D FEIE
P = (1f%aCDEcp)w Sep = %fCD (1.3.3)

Thbd,

Covariant Derivative:

e, Uy, Cynp 2F LT ¢ LElikT 5, 2 DL X local Lorentz ZHUI TS ¢ (x) DZEHANL,
5¢'(z) = _%O‘AB(m)(ZAB)ij ¢ () (1.3.4)

LEIBRTE D, Z O local ZHUIT S gauge Hi% BAT S, AU spin connection wy? p & FEHEI, wy AP =
—wyPATH B, B ¢i(x) DFEFTREIE ¢ll(x 4+ dr) T, BARDEEOTNE ¢i(z+dx) & TDE, TNTN

¢z +dz) = ¢'(x) + %wMAB(x) (Ban)'j ¢ (x) da™ (1.3.5a)

' (z+dx) = ¢'(x) + Oy’ (x) daM (1.3.5b)
THZH N5, covariant derivative I&, x +dz 2813 field D% ¢'(z + dz) — ¢'l(z + do) TEHI ND:

Dyt (z) daM = ¢'(x + dz) — ¢'l (2 + dx)

= {ou — gunt? EAB}ZJ- & (z) daM (1.3.6)

19/30 £ TO/ —hMFHFESTHY ., MENTHo /2, BB I OENDZD, vielbein O covariant derivative D H1T BN FF5D
MENA T > T, curvature 2-form DEFHA' differential form DT A& LWV ES TV /=, (2003 10/1)



1.4 Abelian gauge transformation

spin connection wyr AP HEOD local Lorentz ZH#afll% &% &5, covariant derivative I local Lorentz 2

2L TYURZRMNS covariant THD XU, L WD FENS | spin connection @D local Lorentz Z#HI23E6 11

%, F 9% covariant derivative DA HHZ H kS .

5(Dad) = (Das+0Du) (¢ +06) — Dagop = f%o/‘BzABDMas
ZZT
0p = _%QABEAB¢ 0Dy = _%5WMABZAB

E WS EEEEE Wz, SHIZOWTERL &S

(1.3.7)

(1.3.8)

(1.3.9a)

(1.3.9b)

(1.3.9¢)

- Y i op
Dy, (5¢)) = (8M 2wM EAB)( 204 ZCD¢>
1 7 7
_ —ZCVABWMCD([ECD’ZAB] + ZABECD)¢ — 5(3MaAB)EAB¢ _ iaABEAgaMgb
SDy - ¢ = —%5WMABEAB¢
) 7 1
_iaABZABDM¢ = _§OéABEABaM¢_ZO‘ABWMCD(ZABECD)¢

35 7z DM((S(b) + (SDM . ¢ ~ —%QABEABDM¢ T&)é DT,

1 1 )
—§5WMABZAB¢ = ZCYABWMCD[ZC& Yaplo + 5(8MCYAB)2AB¢
DFY.
1 .
SwrPYap = iaABwMCD “i[Zep, Bas] — OmaPSag

&£ 7%, Lorentz algebra (1.1.1) & Fi\ 5 & |

1 AB
2a w

mP iSep, Sas] = (?cwn? — aPcwn )

LB DT, B

AB

Ows = 78MOzAB +aAcwMCB

— B cwy CA

1.4 Abelian gauge transformation

vielbein, gravitino & invariant, Cyyp DAZEHT S

0Cunp = OmAnp Aun(z) = —Anm(2)

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)

(1.4.1)
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1.5 Totally Covariant Derivative

general coordinate transformation & local Lorentz transformation M j 525 T covariant 2 M EH#E%E &
#1945, curved space index & tangent space index Dli /i% £fD vielbein ICDWTHEZX LD, THEIE

7 A _ At cD A B A P A
DMeN = VMeN —§LU]W (E(j]_)) BEN = DMeN _FNMeP
A A B P A
= Oyen” +wypen” —Dypep (1.5.1)

Thd, X512, —MBHMEHIZHB VT metricity condition Vygyp = 0 % FRU 72D & FFRIZL T, vielbein 124
U T vielbein postulate

EM eNA =0 (1.5.2)

9, 24Uk Y | affine connection & spin connection M EIZBEfRMA DL,

1.6 Affine connection and spin connection written in terms of viel-

bein

metricity condition Vpgyrny =0 25 HFEL £ 5 -

0 = Vegun = 9pgun —TFpgon — TR poue (1.6.1a)
index % cyclic \IZE 7
0=20 —T%,,90p —T% (1.6.1Db)
MYINP NMIQP PMINQ
0 = 8ngM — FgNgQM — F%[ngQ (1.6.1(3)

—(1.6.1a)+(1.6.1b)+(1.6.1c):

—0pgun + Ongnp +Ongrm — T§n +T8)9re — Thy — TRp)amg — (T8 — TSip)ane

o
I

= —0pgunN +Omgnp +ONgPM — QF(QMN)QPQ - QF%N]QMQ - QFSDM]QNQ (1.6.2)

ZI T, ROEFEE A

1

F?MN) = §(F%N+F%M) (1.6.3a)
1 1 1

F[?V[N] = §(F§2{N_F%M) = §CQMN = —§CQNM (1.6.3b)

ZD C9yn % torsion & IERZ, Zhxk VWD L (1.6.2) 5

1 1 1
gPQF(QMN) =3 (OmgrN + ONgrp — Opgun) — 29MQ C9n — 29NQ Cum

2FSMN] =T n £ UT torsion % £FIHEE L\ (2005 6/25).



1.6 Affine connection and spin connection written in terms of vielbein 11

1 1 1
I15\/11\7) = §9PQ{3M9PN + Ongmp — OpgunN | — §OMRN - §CNRM (1.6.4)
Z D first term (& Christoffel symbol & U TEHEI 15 :
ngp{aMgPN +Ongup — Opgun} = @ (1.6.5)
2 M N

& o T affine connection H& %, Z ® Christoffel symbol & torsion Z FHAWTRD & S IZHRI Nd:

R
Ty = FZL{N)+F[I}VIN] = {MN}JFKRMN (1.6.6a)
1 1
Kfyn = i{C’RMN*CMRN*CNRM} = i{C’RMNnLCMNRwLC’NMR} (1.6.6b)

ZZT KR]\/[N ti contorsion bt ﬂ?iiﬂ\ KRMN = 9JRQ KQ]\/[N %i@bf

1
Kryn = —Kumrn Kpny = §CRMN (1.6.7)

% MA7-F, 7z, torsion free DA, affine connection & Christoffel symbol (&% & 225

affine connection % vielbein TERL &5, ZD7HIZIE vielbein postulate Dy ey =0, L L IZZ e
X lipAN 5}9 gun =0 % H\W5:

0 = Dpgun = Vpgun

= (Dpen™)en®nap + e (Dp en®)nas (1.6.8)

EY
0 = ﬁpeMA = DpeMA—F%[PeQA (1.6.9)

i)
Dpey”™ = T peq? (1.6.10)

L3BDOT, AU ExN REHYETC,
Iin = Ea”(Dyen™) (1.6.11)
g6 b,
#tW\ T spin connection, *i&t) vielbein postulate % HW\ 5 :

A A A A B
Dpey” = F%PeQ = Opey” +wpipenm

prBQMB = —(9p€MA+F?/IP€QA (1.6.12)

ZAUZ E-M ZEHX E5:

wplc = —BEcMopen” + T peq” EcM (1.6.13)
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Z uiE Cartan’s structure equation T##579 % affine-spin connection TEH D, TN nap ZEHIED &,

—wppe = EcMopenp — TS peon Ec™

BEIZ EAF 2 EAXELD

—WwABC =

EAP ECM 6p €M B — EAPECM F%P €QB

(1.6.14)

(1.6.15)

ZZ T, RBIZEFETD Ricci MERE QO % ©€HET D %EEE U LS, spin connection DMHE wipc = —wacn %

(1.6.15) %

WABC = EAPEBM{apeMc*F%pGQC}

& EEXET, torsion C9yny = QF&N]

—(waBc —wpac)

D% Ricci MHERE Qape &

Qupc = Es" EgM(0penic —Omepc) =

% H\WT

= E,° EBM{CQMP eoc — (0p exrc — Our 6Pc)}

EAP EgM C9y\pego — Qane

= —epmc {EAP op Eg™ — Egfop EAM}

= —Qpac

8%, (1.6.17) @ index % cyclic (ZEHTH:

Qapc =
Qpca =
Qcap =

—(1.6.19a)+(1.6.19b)+(1.6.19¢) & V)

—Qapc +Qpca+Qcan

Qun*t = 0t

_ ’f]AD eMB eNC(EBP ECQ _ ECP EBQ)aPeQD —

= 26[M€N]A

(wapc —wpac) + Ea” Eg™ C9ypege
(wpca —wepa) + Egt EcM C9ypega

(weap —wacp) + Ec¥ Ea™ C%ypegn

1

(EA” Eg™ — Eg” E4™)0p enc

2wcap +{ —Copa+Cacs +Cpac}

WCAB = *{QCAB — Qapc + QBCA} + Kapc

2

* Coap = —Copa = EAMERTeqcCPyp Z FHNT WD, /2

WCAB = —WCBA
Qapc = —Opac
Kipc = —Kpac
Kape = Kfynepa Eg™ EcN

Ricci [H|§£f2%0% vielbein Tl £ 5,

B_ C
em” en” Qpcp

(a7 0% ~

o% O5r)Op eq”

(1.6.16)

(1.6.17)

(1.6.18)

(1.6.19a)
(1.6.19b)
(1.6.19¢)

(1.6.20)

(1.6.21)
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1.7 Riemann curvature tensors

curvature tensor 1% affine connection MY, 75 D% D R &, spin connection w,*? D& D R & 2 ¥idd, =
N5 1, vielbein postulate

_ i
Dyen® = O =T varep” = gwn® (Sep) pen” = 0 (1.7.1)

DFCH—TH2 27, T I T Dy 1&—RIEEZ WD covariant derivative Vy; & local Lorentz ZEHiD covariant
derivative Dj; & &YX 72 total covariant derivative TH D, 7272, KX TEHYT S Dy (&, local Lorentz D
covariant derivative Dy (2 4-form flux DAY N2E DTHY . Dy L IERRD HIZEETS,

% 9" affine connection 225 85 1% curvature (2 DWT, [V, Vy]Ap 2 5HH TS, 272U . torsion HY D
FETHHEEITD,
VnAp = OnAp —T9y Ag (1.7.2a)
VuVnAp = 9 (VnAp) —T%, VoAr —T9,, VnAg
= Om(OnAp —TDy Ag) — TR, (0gAp —TE, Ar) —T%,, (OnAq — TEy Ag) (1.7.2b)
VnViuAp = On(0Ap — T2y Ag) — T n (00Ap —TEq AR) —T2x (0nrAg —TEy Ar)  (1.7.2¢)

[V, Vn]Ap = —{aMrI@N — ONTEy + T8, Ty - rgNrgM}AR + CRynVrAp
= —RRPMNAR+CRMNVPAR (1.7.3)
%Y
RRPMN = 8MF§N—8NFI}§M+F5M FjQDN_FSNFg]V[ (174)

Riemann tensor REpyy 1ZIEWAABRIN—I0H 5 :

Rpoun = —Rgpun = —Rponum (1.7.5)
torsion free IZfRY)
Rpomun = Runpo (1.7.6)
Thd, ZOMHHIZRO@E)
RRpyin = (00T oy = ONTloar) + TlaanT oy — Dlio Dban

+0uTbn) — ONTipag
R Q R Q R Q R Q R Q R Q
@ pny H ol eny + Vot ipny Lo en = TiomT'(pany — TiomT e
torsion 2MFAET % & blue colored terms WFEET D 72, Rpoun # Runpg TH Do F R0 D!

[Var, VN]JAR = REpynAP +CFyn (VpATR) . (1.7.7)
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spin connection 25 185 114 curvature (Z2WC, [Dys, Dylo % FHHLU &5 (field ¢ D index IZEM):

Dn¢ = Ong — %WNABZAB¢ (1.7.8a)
DyDno¢ = <8M - %WMABZAB) (8N - %WNCDECD>¢
= OuON® — %EABaM (wn*Po) — %EABWMABaNd) - iEABECDWMABWNGDd) (1.7.8b)
£oT
[Du, Dnlo = _%{8MWNAB — Ovwn P +wytcwn? —wno wMCB}EAB¢
= _%EABMNEAB¢ (1.7.9)
%Y
Ry = Ouwn™? — Onvwnr®? +wyc wn P — wntcwn P (1.7.10)

Z Z T affine connection 2*5 @D curvature (1.7.4) & D HIKE 45 720IC tilde & DT TH W/,

REpyy & RAP yy BBLEOT 515, TO¥Efie LT
Rfpyn = Eafepp Ry (1.7.11)

&L TH IS, affine connection »¥ vielbein & spin connection & [T I'E = E4¥(Dyep?) & idid I 1
5DT, Ik ANTRNES N

8MF§N = (8MEAR)(DNBPA)—|—EAR3M(DN61DA) (1.7.12)
ZZT
0 = 8M(6§) = 8M(eRBEAR) = 5M(6RB)EAR+€RB(9M(EAR)
OMEA" = —E 9 Ep"oum(eq®) = —Ba? Ep®™ (Dareg®) +wna (1.7.13)
ThHdIler b,
aMFﬁN = 7EAQ(DNGPA) EBR(DM GQB) +wMRA(DN6pA) +EAR8M(DN epA)
= _FgNFgM +wMRA(DN€pA)+EAR(9M(DNBPA)
8MF§N+F5MF?DN = wMRA(DNepA)+EAR(9M(DNePA) (1.7.14)

THD DT, affine connection 75 D curvature R py v 1ERKDOE S IZES b s .

wara (Dn BPA) + E4"0n (Dy €PA) —wnT4 (Dy 6PA) — E," 0N (Du 6PA)

R
RpunN
R, C A A c R B R B
= Ej'ep {8MWN ¢ —Onwym c}+€P {WM BWN ¢ —WN BWM c}
R AB AB A cB A CcB
= Ey ePB{aMWN —Onwy ™ FwpyTcwNTT —wN cwM }

= E leps R un (1.7.15)
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Ricci tensor. scalar curvature IZ2WTH 55X TH IS, Ricei tensor 1&

— e ECRRC, (1.7.16)
Thd, ZIT
ECD = ECADA = ECBDAWBA

Thb, %77 scalar curvature [ IR CEHEI N5 :

R = RMy = EAA (1.7.17)






Chapter 2

Lagrangian of Eleven-dimensional Supergravity

supersymmetric Lagrangian 2 W& 20 #92 DIXAHGETH D, —M%IC supergravity Lagrangian ORERKH L
& LU T, £791E kinetic term 721} % ¥E{L . supersymmetry invariant 2 #)% %3R3 2 /212 interaction terms
MR T & WD it 5 Nd, T2 T [31] DR ATEICHRED . [31] L XS, BERE DENDD
5720, BADOFREEZ ERHEL TH IS,
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2.1 First Setup

F9EMIC. fields 2 vielbein (metric) ey, gravitino (Majorana vectorial spinor) W, three-form gauge field
Cunp CTHERINTWS Z &5, N5 D Lagrangian % ART 2 1

Lo = Lo+ Lrs + Lc (2.1.1a)

Lo = BoeR = BpeR e = det(en™) = +/—det(garn) (2.1.1b)
1 — - _ .

Lrs = _iexerMNPDNfoP Uy = vl 10 = vic (2.1.1¢)
1 1

Lo = —5 - gefunre FMNPQ Fynpg = 40mCunp (2.1.1d)

fHU . By IXEDEMTH D, % Lagrangian & Hermitian THd, £z, T I TROMNKE 5 :

[MNP — TIMPNTP] (2.1.2a)

1 — -~ 1 — =~ —
—ie\I/MFMNPDM\IlN = —Ze\IlMFMNPDM(w)\IJp (2.1.2b)

3 o — —
where Dy = Dy — BN and BN = Oy —wn; Oy acts only on Wy, (see, for example, p.500 in [15]).

2.2 Supersymmetry Transformation of Gravitino, part 1

Z Z T supersymmetry transformation % %L &5, HFEHRE U T, gravitino ¥y, M SUSY transformation %
SsusyUar = 2Dy(w)e(a™) = 2(8M - %WMABEAB)g(x) (2.2.1)

ERET D2, Z 2T e(x) I& fermionic 7% local parameter TdHH ., Majorana spinor TH 2,

], torsion & FHR\, DFY spinor D 3 KLALEE HHL 7518 % 17, up to torsion T SUSY invariant
% Lagrangian % f#k 925 Z & % ikhd ., TDd, —HEHIHKT S HiEE, 1E2 A Y flat & spacetime D
LETHRT 2 & WD fikx L 5, iffllidiking BT Z hTHITS,

T D%, torsion (spinor bilinear terms) % & 7= full Lagrangian % 9 %,

Lagrangian Lq @D, gravitino Wy, 12X 2% (f£) Bo% ALD, BHEDH, gravitino I& Lrs IZDHAAD TS
DT, ZOEHE BAEE

SLRrs OLrs OLRrs
B = 5u? = 5u? - 2.2.2
Lus = oW Su7, ) i ovT, ~ Mooyt J (222)

!Einstein-Hilbert Lagrangian Lg D&%, Polchinski [25] & IZ#Tdh 5, T AUk Lorentz algebra DFFEHMNI Z & [25] & IFWTH
5 ZLIZEENT D, 4B, Lorentz algebra DR 5IZ& > T, spin connection T DD ENETEE 21 2 23, Hf&MIZIL, Lagrangian %

Hermitian THA, & WD FLETHED 2 D5, BRMAI, Lrs, Lo 1 canonical kinetic term % FfD &5 IZU THRE D,
28USY invariant Lagrangian % fU TW<IZHENT, ZAUTHIIEZ MR TWL,
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ZZT, Uy & OnUyy &N E A2 (Lagrangian formalism 2D T), €D LT, Lgs IE
1 — =~ 1 ~ 1 ~
Lrs = —5e TN POy = —56\1/§JOFMNP{6N\IJP+1wNABrAB\pP}
1 N
— 5e(DN\IJP)T(FMNP)TOT\I/M (2.2.3)

BREDESIZEHEZIFIILENTES, £0T,

OLrs _ L OTMNP DB+ Lewy AP (Fap)T BNV O, (2.2.4a)
ouT, 2 8
OLrs L SMNP\T AT
_9kRs . f cTy 2.2.4b
donury ~ 2t (22.40)
Thd, Thdb.
5£p%s _ _le{CfMNPDN\IIP_leAB(fAB)T(fPNM)TCT\IJP_’_(fPNM)TCTaN\PP}
SuT, 2 1

o %(aNe)(fPNM)TC’T\IIP - %e@N(fPNM)TCT\IIP

o~ 1 =~ 1 =
= —e€ CFMNPDN\PP - 5(8Ne)(FPNM)TCT\IJp - 568N(FPN]VI)TCT\PP (225)

Z 2T (2.2.5) HADH 2 I, % 3 HIZE torsion term 25 K2 (index N, P O ANHZ T KAFR, see [31] p.89)
DTHML T,
0LRs
swt,

~ —eCTMNPD\ W, (2.2.6)

LIEMT S
XT, (221) 2 VB E

0Lrs )

5\1’7,11 ~ 2(DME)T(—€CfMNPDN\IJP)
M

su T, (

R

~ T -
2(61\/15 + %wMABFABs) ( — eCFMNPDN\I/p)

= 22Dy (eTMNP D) = 28Dy TM (2.2.7)
Y RIND, i, WHBSEHOTOS, ULl T OFD Dy (eTMNVP) 5 OFLIEXIEY torsion term
Mo DHELL RIENd DT, 2 Z& MHTDH L,

0LRs
5UT,

5\1@,( ) ~ 2ezDMNP DL (DyUp) = e2DMNP[Dyy, DN]Up
- i~
= 65PMNP( - §RABMN2AB)‘I’P
1 - ~ -
= Ze?FMNPFAB\IIP~RABMN (228)

Z Z T, Dirac Gamma matrices @ identity (A.2.1) & AV & |

DMNPT = TMNP o 6B, MTNF ) — 6B, M By N TP (2.2.9)
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THBDT ([31], p.89).

0Lrs
ST,

1 ~ ~ —~ ~
5\1@( ) - Zeé{FMNPAB + 6B, MTNP, — 6B, M EB]NFP]}\IIP CRAP N (2.2.10)

L85, ZOF 1 HE index N, P IZDOWT KR DT, Ik torsion term 236 KD L EZX . HWHTD, H
2 IHZ HIZHS R LS

GE[A[MFNP] 5]

— %(EAJMFNPB +EANfPMB +EAPfA4NB —EAMfPNB _EANfMPB _EAPfNMB
_ EBMfNPA _EBNfPJWA _EBPfMNA _|_EBMfPNA _|_EIBNfJVIPA +EBPfNMA)
(2.2.11)
LDT,
6EMTNP g RAP = ATMPAR 13y + 2TMNARE iy (2.2.12)

ERD, M. TOAEMEE 1 EIE. Ricc tensor @ index (2D WT KAFVR IS DFE., DF 1) torsion H
5DHESTHY . B 2 IHE torsion W6 DHFLETHDL DT, ZHIETHELEI NS,

(2.2.10) O 3 HE AL S

6EAM EgNTPIRAE v = 2RTY —4RP\TM = —4GPMTy, (2.2.13)

(y
(A
o)

GPM — RPM _ %gPMﬁ (2.2.14)

i Einstein tensor Th b, &> THERMMIZ, torsion # ML 7= (2.2.2) I

0LRs
5uT,

§Lrs — wﬂ( ) — eGPMET 0 p (2.2.15)

NEL NS, e, £ 90X vielbein ey D supersymmetry transformation 5 OHFGTHH T,

2.3 Supersymmetry Transformation of Vielbein

supersymmetry transformation (Z & % flEfR/INEH SE,M % B8RT D, TS HBIT depr? & BEL LD, (inverse)
vielbein DZHUZLED §Lgg, 1&. gravitino Uy; 2% 3 RUEL 2D /20, ZZTIRERTD, BB, 0L 5D
FHIIITREE-YEBEZR, T 6V, IZHIEE 5A2HE L T, BREEETD,

Lagrangian Lo DZ7r1E

0Lg
OE M

) _ ﬁo(SEAM( de 7 SR )

_ M
6L = B4 ( sE Rt O

(2.3.1)
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Thbd, 2T
1
de = 0y/—qg = iegMN(SgMN
1 1

= 5¢9" (= 9uponadg™?) = —Segran®”(Ea” 5B + Ep©EA")

= 7€6MA (5E'A]W (232)
BDT,

de A
W = —ee€n (233)

LRBIE NS, £/2 R=EMERNRAB Ny THD DT,
R = 2R"P yn - EpN oELM (2.3.4)

THhs, LEN>T (2.3.1)

0Lg
0E M

5[(; = 5EAM( ) = ﬁoe{—eMAﬁ—‘rQﬁA]y[}(SEAM = ZBoeéAM~5EAM (2.3.5)

Y EXMZ 515, {HL Einstein tensor G4,y 1&
~ ~ 1 ~
GA]V[ = RAM — §€MAR (236)

Thd,

2D (2.3.5) &, HKFED gravitino supersymmetry transformation (2.2.15) & AWHWMIFHIETE L T, 6E4M
%KD& D, Lagrangian DZE M

oo (i) + v (55

0 = 6Lg +dLgrs

1

- - . - 1 ~
SEAM -2y eGhy + (e GPMET ) Wp) = 20GMy (BodBAM + S0V Ws)  (23.7)

GPMTUp = GPuTMUp = GAyTMU, (2.3.8)

ZANTWD, 2k,
11 _+ 11— ~
M _ M - - = M

(5EA = ,802€F \I/A ﬂoZ\IIAF & (2.3.9)

THd e Bbhrd, IHIT
0 = 5(EAM€MB) = 5EAM€MB+EAM56MB
(56MA = —eMBeNA5EBN
ThHhdIerE DL
Sent = Llapag (2.3.10)
M7 B2 M o

ThHd I bhd,
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2.4 Supersymmetry Transformation of Three-form Gauge Field

X T, TZFTHDiEMTIE three-form gauge field Cpynp D supersymmetry transformation (s 21T W
BV, EHbAAINEBEBINDIRETHLDT, ZITEMALED, 20 Cynp (& boson THD DT,
supersymmetry transformation T gravitino Wy, (28235, UL XY, (2.2.1) TIKEL 7z gravitino @D
supersymmetry transformation ISR B HE 32112 Z L 12745, ZDEFEMN, Lagrangian (#7272 interaction
terms & MFEL I RFLI L& /D,

gauge field Cynp (B U < IET D field strength Fiynpg) O supersymmetry transformation 2
0Cyunp = Olggf[MN\I/P] dFvNPg = 420 (Epr\I/Q]) oo : constant (2.4.1)
TRE#ETD., AUV, gravitino ¥y, D supersymmetry transformation rule (2.2.1) (2558 % i g :
§Uy = 2Dy + 630y (2.4.2)

(52\111\/[ = OélfNPQR]V[FNpQR€ = OquNPQRFNPQRS Q1 - constant (2.4.2b)

ZZTOHEETIL, gravitino Uy, D 3 KU EZ EHL 72 TD Lagrangian DZEHAIE 5,0, DIFE PREX
72\, gravitino M full order TOZABANIEDFEMIZEL TH X 2\, TD7/2®. torsion term & E DHF 5%
AT NRNEDS 1T, T2 Tk spacetime 1% flat, 2FY e~ 1, Dy ~ 9y (ie., wprP ~0) & WD RE
% ?‘ﬂ’\’éé o

TNTlE e=1 D FTiEinz EHL &5, gauge field Cyryp D Lagrangian Lo DER% EZX 5 :

Lo = —éFMNPQ FMNPQ (2.4.3a)
Lo = —iFMNPQ-zlaga[M(ngp\pQ]) = —iFMNPQ-zLazaM(ngP\pQ)

= %ag(aMFMNPQ) ~§pr\IIQ

= —Lon (OnFMN) (ToFpe) = —can(On VN PR) (TnTrge) (2.4.3b)

@& action OBAET B (integrand) THD Z & & FEL . HOMDE VTS, ISICHERTH LM, (A.15),
(A.1.6) &\ BfRAH % 72D

T

?pr\I"Q = 7Wg(pr)TCT€ = 7\1150'071(pr) (70)5 = 7@@?1\]135 (2.4.4)

THdZ ez HANTWS,

RIZ oW (HED Lrs DENE BT D, (2.2.6) & VT

0LRs
ST,

~ T A~
= OleNpQR~€T(FMNPQR) (7€)CFMSUDS\I/U

52»CRS = ((52\I/M)T( ) = (alfMNPQRFNpQR€)T(—eCfMSUDS\IJU)

~ T o~
~ —OqFNpQR€T (FMNPQR) CFMSUﬁs\I/U
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= —aFnpor O Wy TMSUT ) NPQR ¢
= _al(asFNPQR)EUFUSMfMNPQR5 — a1 FnporUyTVSMD ), NPOR 9ge

= (62£RS)1 + (52£RS)2 (2.4.5)

LEXBRD, ZITHAMAE VTV,
Field strength Fypor £ gamma matrices D
[USME | NPQR

Fnprqr = FnNpPQR (fUSMfMNPQR — 8rUsM 5E\JJFPQR]) (2.4.6)

D IH% gamma matrices D FERDEIZ /3 RL T, gamma matrices D KRBT (2.4.5) Difamz EBEL L5,
gamma matrices (ZB9 % identity (A.2.1) # H\ %,

(2.4.6) D% 1 HZ £ $ 5, identity (A.2.1)

fUSi—\\M _ fUSM_QTI]W[UfS] _ fUSM+2f[UnS]M (247&)
foNPQR — f]\/[NPQR—f—ZldE\];fPQR] (247b)
MLy = 11-1 (2.4.7¢)
FINFPQRI _ PNPQR  FIUES) — FUS (2.4.7d)
WS &
fUSMfMNPQR _ (stfM . zf[UnS]M) (foNQPR _ 455\51:13@1%])
— 11TUSTNPQR _ TUSPINTPQR] _ o UTSIPNPQR 8f[UnS][NfPQR]
= SLUSTNPQE 4 gPU,SINTPRE] (2.4.8)
Thd, 2D (2.4.8) DHF 1 HiE
RUSTNPQR _ TUSNPQR [US] UsS] B AN BP, CQ, DR
rUsSTNPRR — T O — (80417 popy + 1200405 Tep)n N P 0@y
— fUSNPQR _ 8,]7U1\“'fSPQH _ lananprR (249)
L7853, (2.4.8) D 2 HIXE
f[Uns][NfPQR] _ _nUNfSPQR _3771»'1\1775131?(31? (2.4.10)
LBBDT, (2.4.9) & (2.4.10) Z WD &, (2.4.6) D 1 JHIE
Fxpor fUSMfMNPQR = Fypor (5fUSNPQR o 4877UNIA“SPQR _ 8477UN7]SP1?QR) (2.4.11)
LFELOOND, FRKT (2.4.6) D 2 HIZDWTIX
[USM[PQR _ [USMPQR gnUPfsan _ 1877[”37)5@1“\]\"”‘7’ _ 677UP775Q77MR (2.4.12)

32 2Tl index A, B, --- |% tangent space TIEAR< . ®I&Y world index TH 5,
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ThdILl, FNPQR WPIEFHL TWb Z &% ZEL T
FNPQRFUSM(;N’\PQR] _ FNPQR(fUSNPQR_’_977(;'PfSNQR 18nU PSRN _g, UP, SQ,/NR) (2.4.13)

& 8%, mALIHIE metric index O symmetry/antisymmetry TR % DT gray scale L L TH D, (2.4.11) &
(2.4.13) = AbED L. (24.6) TDOEDIE

Fyxror fUSMfMNPQR _ FNPQR( _ 3TUSNPQR _ 487;”‘“’1?513@3 B 7277UPfSNQR

— 84pUNpSPTOR 4 1449V PySQTN R) (2.4.14)
Y55,

BEB. ETHZIIEYT 5 index color &, FNIT & T antisymmetric RfHAEDOETHD Z & & BkT 5,
Bz IE

M[NTPQR]

nMNfPQR =

EWDS ERTHDB4, 12, =20 index BEBOEAMRE FFO L ¥ brown THAITL THL,

INT (24.5) D (02Lgrs); (BT 2 gamma matrices TOEFI%Z #HfT2 L BT 5.

@UfUSMfMNPQR c

(02LRs)1 —a1(0sFNpqR)

— 70[1§U (aSFNPQR) {73]:('}»’ NPQR __ 48nUNfSPQR o 727,][»"Pi—‘\SNQR

_ 84nUNpSPTQR 4 14477UP775QIA‘NR}5 (2.4.15)

Z ZTH 1 IHD gray scale & Bianchi identity djgFnpor) =0 THADHTH D, H 3 HIZDWTIX

~ 1 o ~ S
0sFnpoR nUPFSNQR = 9sFxpon - g{nUPFSNQR n nSPFNUQRv’]NPF( stR}

2 INQS
—gaSFNPQR pUNToPQR (2.4.16)

BOT, bkDE (24.15) O 3HE HHMHLHS ., (2.4.15) # 5 FHiE

b e 1 =~ D NOD ~g
9sFnpor nLPnsQFNR = 9sFxpon - g{nUPnSQFNRJH],sP”]\ QUUR | l]NPI/I QSR

7'}(‘PI/NQ]:,%’R _ nSPnUQfNRiI/NP,},S‘Q]:{‘R}
1 , ~
= 30sFnpan nU NS PR (2.4.17)
EGCHE A 220605, EoT (2.4.15) &
((SQERS)]_ = —Q (85FNPQR)EU{(—84 + 48)7]UN775PfQR}E
= —360l1 (8PFPNQR) (aNfQRE) (2418)

4[31] 15T % contraction DitlH5% > £ FKRTE D style file & Fio TWARWZO, #Ex BTREATD,
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L85, (2.4.3b) & (2.4.18) A cancel 5 &D IZHEH a; & ax DBEFREREIELD 5

0 = 6£C+(§2£RS)1 = —%ag(aMFMNPQ) (@prQE) —360[1(8PFPNQR) (@NfQRE)

Qg = —216 (e75] (2.4.19)

DWTIZ, (2.4.5) Zdhd (62LRs)2 EEIETS:

(02Lrg)2 = *OélFNPQR@UfUSMf‘MNPQRQSE

— Ty FNPQR{ _ 3TUSNPQR _ g UNTSPQR _ 79, UPPSNQR
o 84,'7(/"1\[,,7,91"?@}5 + 144,'7[/‘71)775@?]\’71{}655 (2420)
92 HE 5 3 HHIX, (02Lrs)1 PE XL FABKMIHBHL DD, FLHEAHE B HEFT L DOND, 0T

(62Lgs)2 = —a1¥y FNPQR{ — 3TUSNPQR _ 3677UN775P1A1QR}5’S€

3a1FNPQR@U{fUSNPQR + 12nUNnSPfQR}asg

= 3041FNPQR@U fUSNPQRasf (2421)
&85, ZZT
f]V[NPQRS _ fMNPQRS+129M[PfQRgS]N (2.4.22)

WD EERZEALTHD,

2.5 Interaction Terms

X T. 7 Lagrangian |& supersymmetric invarinat (213722 TWAW, (2.4.21) Z {THHTIHIZ DWTIEE 7247
EEZRINTVEY, UL, 2HhETHHETIHIR. 10 Lg, Lrs 1D DFETIEES 1R, torsion free,
flat DEBITT S, FEINTIEFHFAL 20D THD, TD/2®, KO interaction term % HET S :

L1 = eﬁlaMfMNPQRS\I/NFPQRS [1 : real constant (2.5.1)

VARSI e@MfMNPQRS\IINFpQRS & Hermitian THd, /> T, ZDIHE Hermitian TH D NU & 0D Ffns |
B1 MFEL 0D FRMEDVMK, T2 TE flat BIELOE & Tiwinz JEFAL £S5, /2. £, ODEHOFSEE Z 2 TH
295

01L1 : derived from 6V, = 2Dpe ~ 20ye (2.5.2a)
52£1 : derived from 52\111\/[ = OélfMNPQRFNPQR&‘ (252b)
d0cLy @ derived from dFynpo = 4a28[M(§pr\IIQ]) (2.5.2¢)

SHUZWD & (82LRs)2 BT /20, Lagrangian (X 572 % interaction terms % JIX %, ZDO%Y fiz, FU % £ THY BT,
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D, BED 6oLy 1 gravitino @ 3 REALEDIEZ £kT 2720, I TIREHRI NG, > T, 22Tl 6L,
& 6oL B EET D, Mifitk gravitino DEBUZ LD EDTHD DT, #fie LT
0L, = ﬁl(\I/M + (S\IJ]w) — ,Cl(\I/M)
= p (5\I’M)TCfMNPQRS\I’N Fpgors + B UL CTMNPRES 5y, Fpgrs

— 2B,(60 ) CTMNPRES G\ Fpgpg
0Ly
ST,

= 2B8,CTMNPRRS Y Fpopg (2.5.3)
ZBIFTBID,

HEDHEUT, 51L1 & (62Lrs)2 WHWIZFHBIHL 5 &bz I 3T, TR, 6L, ZHHIETEHNE
DRWDT, #%FEHEZRS interaction term (Chern-Simons term (ZAHY T2 ) 2 HATLH I LIIRD,

(5\11M ~ 2(9]\/[6 0)%—:‘53\'(%%% ﬁ’bé (Slﬁl li

0Ly
U,

018y = 0wl (cr) ~ (20me)" (2B,CTMNPORS Wy Fpgpg)

= 4By TMNPORS e Fpors (2.5.4)
Thd, The (24.21) Z2HHET

0 = 01L1 + (02Lrs)2 = 481Uy TMNPRES 9y e Fpops + 301 FyporVy VSN PREGge

B = —%m (2.5.5)

8oLy & FTH I /278 interaction term % HATIF & 722, 6L, & BAMIZES TLTEI S, BB, 22
DFHFIIEHICRS TEMTH L DTHEEZ 95!

0L )

~ T -~
soT) = (T NP9 Fypgre)” (28:CTMSVVWE g By )
M

b1 = (020)" (
= 2013, Wg (DSMUVWXTD NPQRYo . Py por Fuvwx (2.5.6)
& charge conjugation (A.1.6) DEBANS F5 1D

(TMSUVWX)T _ (FMSUVWX | 19 MURVW, XIS)T _ GFMSUVWX -1 (2.5.7)

ZHOTWS, £72 (2.5.6) IZHD gamma matrices (FRDE S IZEFAX 15

fSMUVWXfMNPQR _ (fSMUVWX + 12nS[UfVWnX]M) (fMNPQR _ 85E\1/IVfPQR])
= DSMUVWXP NPQR _ gRSMUVWX §[NRPQR

4 12U MXTVWE, NPQR _ g6, U, MXTVWRPQR SN (2.5.8)

INH 4 DDHIZDOWTE HIZEFT S, HREERIIIERICROVZTTHL DT, [31, 27) IZ5HlZ #H 2L 129
BERERVRDESITHEAL NG :

fSMUVWXfMNPQR _ QfSUVWXNPQR + 6077NSfUVVVXPQR o 48077NS77PUFVW’XQR
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- 120077NS,0PU77QVfVVXR + 72OTINS77PU17QV,'7RW'fX (2.5.9a)
fSMUVWX 5[NfPQR] _ fSNUVWXPQR _ 18nPSfNUVWXQR
i =
— 9OnPSy@NPUVWXR | 190, PSp@Np RURVIVX (2.5.9b)
nsu*nfo\mffMNPQR _ nSUfVWXNPQR . 10”51»’,7Mf14WPQR
— 90pSU X WNTPQR (2.5.9¢)
pSUgMXTYWTPQR _ pSUNXFVWPQR _ ¢, SU,NX, PVTWQR
_ 6ySUpNX PV QW PR (2.5.9d)

(2.5.9b) & (2.5.9¢) IZdH 5 underline 1&, & D KRR AT DKL metric O symmetric 2 MEEE gamma matrices

M5 D antisymmetric R YEED LTS ZOICENE IR D, L 0D EikE RS, HlZIE (2.5.9b) 2

3 DY

&, Z2O® metric @Y @ index =D& E [NPQR] kDY TF¥ Tty | —/» [NPQR] HIETES
—AM [SMUVWX] HRTHNIE, EOIZARS 8V, ZORHEEIE, 6 WFEETD L ITERNTS,

(2.5.9) % (2.5.8) ITARAL THEBE$TZL, TM D 7K 5K ZUT 3RITEHLMHLH> [31, 27), #2

DI 9 RE 1 ROWEFIFTTHD, £TWRTN6 %2 JLIZEHLTEIS, £313 9 ROETH D H3,

{2FSUVWXNPQR _ 8FSNUVWXPQR}FNPQR Fovwx

_ 76FSUVWXNPQR FNPQR FUVWX
1

—6
2

SUVWXNPQRY Z 7
€ Q I'vz Fnpor Fuvwx

8%, 22T SUVWXNPQRYZ 13 - weight +1 0D invariant tensor density T |

5012“-[1 =1

EHEEINT VWD LD, TNk VDL, 0,L, D 9 RDIH ((02L1)9 & KT) IE
(02L1)9 = —6ay p15VVWINPREYZ By b Fyvwx (@SfYZE)

& 7230, gamma matrices A% 1 RDIAIZ DWWTIE,

720" S Uy WX Fypor Fovwx = dFyvwx FUVYWXTS 4 576 vy FsVVW TX
576050 N XV @V T Fnpor Fovwx = 5T6Fyyvwx FsVVW rx
= VT,

((52£1)1 = 2015 - 144@s{fSFUVWX + 8fXFSUVW}FUVW)(E

= 2880[1ﬂ1@s{stUVWXFUVWX - SfXFSUVWFXva}{:‘

ERBIEDNDND,

6 N%& 5T /2012 Chern-Simons term % E AT 5,

(2.5.10)

(2.5.11)

(2.5.12)

(2.5.13a)
(2.5.13b)

(2.5.14)
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(2.5.12), (2.5.14) Z {HHETHIIMMTDH A D . (2.5.12) IZD2WTIE, TORANS HRIA O L5112, X
D& > 72 Chern-Simons term % #7272 interaction term & U T Lagrangian (Z3EJIL . £ @ supersymmetry
transformation % FIWTH HiHETE LU

Ly = PoeMNPORSUVWXY By b Frsuv Cwxy (2.5.15)
Z 0D SUSY £z ZHET5H, (24.1) 2 Hd &

ScLo = —2-Aagfy eMNPRESUVWXY ppgiy Cwxy - O (ﬁQpr]é?)

— By MNPARSUVWXY By oy Frsuv (W iy Twxge) (2.5.16)
Z Ni& action @ integrand A DT, 2 1 HHIZHNU THABD % F479 5 &, Bianchi identity R EIT LY |
ScLy = —3gfe eMNPRRSUVWXY 1\ b6 Frsuv (ﬁ[yfwx]ﬁ) (2.5.17)

VBB, B (0aLy)e LHHEML HS L EX B, (25.12) &Y.

0 = (02£L1)9 +6cLy = (—601B1 — BagBs)eMNPRESUVWXY [y pg Frsuv (@[waxﬁ)
(){1 2 1
- _9 - = = 2.5.18
fz w2167 144 (25.18)

ZIT (24.19), (2.5.5) 2 VTV,

(2.5.14) Z BT HIEX, EiF Lo MO ™ROND, Lo % vielbein TE43 95, vielbein DI (2.3.2),
(2.3.9), (2.3.10) THALNTWVWS DT, ERNIEFHHEL L5, TOFNZ, inverse metric g™ DA% 52 THL :

11

Se = —cey SEAM = —— oW, TMe (2.5.19a)
fo 2
ogM = 8(BaN EpU ') = (0EAN) BN + EPN (0ERY)
- %{(@AFNE)EAU+EBN(§BFU€)} (2.5.19b)
£oT,
Lo = —%{&FU‘/WX FUVWX 4 4e6g™NY Fyvwx FUVWX}
_ é%{ (T TMe) Fyywx FUYWE — 4(BVTVe) PV X Fyvwx — 4(TVTVe) Py FUVWX}
= é%@M{fM Fyywx FUVWX _gpX pMUVW FXUVW}ff (2.5.20)
BB,

(02L1)1 & 0Lc EMPMHTHIHL HS 519D &, (2.5.14) & (2.5.20) &V

1 1 1

(‘)_288&5—‘[—i affy = —= ———
- WL L™ 79748288 B,

0 = ((52,(:1)1 + Lo
1

— 2.5.21

6 o ( )
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NELND, (2.5.18) 2 ERTD L,
1 -3 1 1

aw=qn @=5 f=1 fh=-75 f= ENE (2.5.22)
L85,
Pk, & dD &, up to torsion T
0oWy = alfNPQRMFNpQRE = Hlll(fNPQRMe)FNpQR (2.5.23a)
SCunp = ol yn¥p) = —ggf[MprP] (2.5.23b)
Ly = efi Uy TMNPRESY y fpops = —T;Qe@MfMNPQRS U Fponrs (2.5.23c)
Lo = PoeMNPRRSUVWXY b\ b6 Frsuy Cwxy = — (1414)2 eMNPQRSUVWXY by v b Frsuv Cw xy
(2.5.23d)
Thd, NOELD%ET5:
L =¢eR-— %e@MlA“MNPDN\Ilp - %eFMNPQ FMNPQ
_ KIQGEMfI\/[NPQRS\I/N Frons — (1414)2€MNPQRSUVWXY Frnro Frsov Cwxy (2.5.24a)
Sert = %EFA\I/M = f%@wf% (2.5.24b)
oWy = 2Dy (w)e + ﬁFNPQR(fNPQRMs) (2.5.24c¢)
SCrnp = —;gf[MN\pp] (2.5.24d)
DWTIZ full Lagrangian % W TH I D,
L = eR(e,w) — %@MfMNPDN[%(w +@)|¥p — %GFMNPQ FMNPQ
LB RSy E 4 P
B @EMNPQRSUVWXY Frnro Frsuv Cwxy - (2.5.25)

full Lagrangian Tigf)\i( *WL: (:) t ﬁ]\/[NpQ @ﬁ%
Dy (@)en)” = §\IIMF Uy, Fynpg = Funpo + §‘I/[MFNP\I/Q] ,

full Lagrangian TT® full supersymmetry transformations:

1_~ 3 ~
den? = §§FA\IJM ,  0Cunp = *igr[MN‘I’P] )
= 1 = ~
oWy = 2Dy (W0)e + QTMMNPQEFMNPQ , TMNPQR = 7(]_"MNPQR _ 85$FPQR]) )

288
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2.6 Summary of the Convention

Z D chapter DF & & U THRIED—Ex KL THI 5 :

algebras and representations of generators:

i[¥ap,¥cp] = nacXpp +MepXac —Nap¥pc — NpcXap
Yap = 0  scalar
(Ecp)'s = i(0¢msp — 0pnec)  vector
Yap = %fAB spinor

(T4, T} = 2npap = 2-1diag.(— ++---+)

fMlMQ“'Mu = 1.gMiMz-Mu

affine/spin connections and curvature tensors:

VuAny = OyAn —TXAp

Dyen® = Ouen™ +wy?pen” = Thyep?
[V, Vn]Ap = —R¥pynAr+CFyn VpAg
Rfpyn = OuTEy — ONT B + TE0T Sy — TENT 20
[Dan, Dnlo = _%EABMNEAB¢
R yn = Onwn™? — Onwn™? +wnc wn P —wntcwar
REpyun = Eafeps R yn
REy = ens® ELBRA,
R =RMy =R =R
Cartan’s structure equations:
T4 = deA—i-wAB/\eB, T4 = %TMNAde/\de, TMNA = —C’AMN

RAB = deB erAc/\wCB

Lagrangian and its conventions:

1 — = . 1
L = eR(e,w)—ie\I/MFMNPDN[%(w—i—w)}\I/p——eFMNpQ

48

1 — ~ 1 .

~ 793¢ U TMNPRRES 5(F + F)pors
1

_ (144)2€MNPQRSUVWXY FMNPQ FRSUV OWXY

CB

(2.6.1a)
(2.6.1D)
(2.6.1¢)

(2.6.1d)

(2.6.1¢)
(2.6.1f)

(2.6.4a)
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Uy = i, T0  Dy(w) = oy — %wMABzAB (2.6.4D)

fMNPQRS _ fMNPQRS + 12gM[PfQRgS}N (2.6.4(:)

Dip(@)eny* = é@MfA\pN . Funpg = Funro+ g@[MfNP\IJQ] (2.6.4d)
supersymmetry transformations:

Sent? = %ng\I/M (2.6.5a)

5y = 2Dy (@)e + 2T NP e Fy por (2.6.5b)

SCrunp = _ggf[MN\I/P] (2.6.5¢)

T, NPOR — L (fNPQR o 855\1;1?1’@131) (2.6.5d)

288
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3.1 Supergravity on Classical Background

F 971d classical background T supergravity % %84 % . fluctuation (Z DWW TIXRD subsection TITD .

3.1.1 Supergravity Action without Torsion

Action (e = det(epr?) = /= det gurn):

1
5= ﬁ/dnxﬁ’ (3.1.1a)
1 — o 1
L =eR—=eUyITMYPDNUp — —e FynpoFMNPR
2 48 Q
1 — =~
— ﬁeq,MrMNPQRS\I/NFpQRS — (144)2EMNPQRSUVWXYFMNPQFRSUVOWXY ’ (3.1.1b)

where the covariant derivative for local Lorentz transformation are defined as
7
DN\I’p = 8N\IJP - §C<)NABZAB‘I’P . (312)

F /2 eMNPQRSUVWXY 13 11_dimensional spacetime |28 1) % weight +1 D invariant tensor density T4 . #i
itz

gOZh — (3.1.3)
& B3, weight & +1 120 TE»MZR & Chern-Simons term A scalar density & 25 R\,

Supersymmetry transformations (up to torsion):

1 ~
6€MA = 5?1—”4\11]”7 (3.1.4&)
1 ~
(S‘I/M = 2D1M€+mFNPQR(FNPQRM€), (314b)
3 ~
Cyunp = _§gF[MN\IIP]- (3.1.4c¢)

[NPQR — TNPQR _ gsNFPQR (3.1.5a)
[MNPQRS _ fMNPQRs+129M[PfQRgS]N_ (3.1.5b)
Z Z T supercovariant derivative Dy (flux Fynpg HY D& SIZEEZ 272 Dy) 2 EFRL TH I D
1 -
Dy = Dy + == F, pNPRR
M M+ 288 NPQR M

i 1 /= ~
- (aM - inABZAB) + @(FNPQRM - 855{}FPQR])FNPQR (3.1.6)
Yap =0 scalar (3.1.7a)
(ECD)AB = ’i((;éﬂDB —51[4)?7(;3) vector (317]3)
Yap = EfAB spinor (3.1.7¢)

2
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3.1.2 Classical Field Equations

0 = %QMNR —RunN — 9*169MNFPQRSFPQRS + %FMPQRFNPQR ; (3.1.8a)
0 = TMNPD O, + %fMNPQRSxpNFPQRS, (3.1.8b)
0 = V{eFounpr} — ﬁ gz gnk gpp e’ KPR UV WY B psu Fuwxy (3.1.8¢)
0 = VinFyron . (3.1.8d)

fHU . fluctuation field MEE) HERIZENT, 2 KU EOFLEL 2E 7256 I QR WIHIFZZ Z TIEHEKL THd, /-
ZAUZPED, metric DEE)HFERIK et DEDTIZARL gy PENTHZTH D, mEDRAIL Bianchi identity
Th5,

3.2 Fluctuations

fluctuations:
gun = gun +haun,  gMY = gMN 4 MY (3.2.1a)
Uy = 0+¢um (3.2.1b)
Funpq = Funpg +Funprq, Funrg = 40uCnpq) (3.2.1¢)

From now on we omit the circle, which is the symbol of classical background.

other representations:

hyn = hyu (symmetric) , (3.2.2a)
PMN = _gMPNQp b (3.2.2b)
de = %egMNhMN , (3.2.2¢)
T, = %gMR(VthR + Vphnr — Vrhyp)  (torsion free) , (3.2.2d)

ORMN = —%{vaMhPP ~VnVPhyp = VuVPhyp + vPvPhMN}

— R9ypnhot + %RPNhJ\IP + %RPMhNP
= *%{VNVMhPP — VnVPhyp — VMVPhNP} + %ﬁhMN ; (3.2.2¢)
SRMN = FMPGNQR Lo 4 NQGMPR ) 4 gMPNQSR Lo

= —hrsg" 9" gNRpq — hrsg" 9 g Rpq + g™ gV R pq | (3.2.2f)
SR = WMNRuyn + d"NoRyn = —hpQgMPgNQ’RMN + MNR N (3.2.2¢)

Z ZC Al Lichnerowicz operator & IHEN2Z £ DTHY . rank-2 symmetric tensor X 11-dimensional space I
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D 0-form ¢, 1-form wy A2, 3-form Cyyp WZRDE S IZIET S [1]:

Ahyn = —=VpVPhyn —2Rupno W9 + Rt hon + Ryt hpw (3.2.3a)
Ap = —VpVPe (3.2.3b)
Awy?? = —VpVPwuy? + Ry’ wph? (3.2.3¢)
ACunp = ~VoV9 unp
—2Rmonr C9%p 4+ 2Ryopr COf N — 2RNgpr C9F
+Ru® Conp + Ry Crrgr +Rp9 Cuno (3.2.3d)

fHL . 22 TlE torsion WAS TWBEEE BEL THD., torsion free DEEIE ACyvp DALE 2 [FldE D
12785, Zhb &KW classical field equations (3.1.8) 25 155 115 field equations for fluctuation fields (FXD &
2ILHEALNG:

1
5 {hMN R —hpo gun 97 9°9 Rrs + gun (VepVoh@ — VoVehp?) }

1 1
n §{vaMhPP VAP hpa — vaPhPN} ~ 5Bhuy

1 1 1
. % FPQRS o @ ﬂhPU IMN FPQRS FUQRS

1 1
+ E{IMPQR FxPeR + Fypor FMPQR} - ths Frpqr Fs®"

FPQRS +

hyun Fpors FPQRS gMN

(3.2.4a)

1
96

~ 7
rMNe (3N¢P - inAB YAB ¢P)

TMNP pyapp + —MNPQRS Fpgrs YN

+— (3.2.4b)

1 /~ ~
96 (FMNPQRS n 129M[PFQRQS]N)FPQRS .

1
0 =ce {ihUUgQR — hQR}VnFQ\/‘\'P +eVeFounp

1
—e {FSMNP (VQhQS — iaShQQ) + FQSvaQhMS + FQMSPVQhNS + FQMNsthpS}
1

576
o ](\) <ZI\’/',(V)I?,‘7'T'\'U'.\'Y(’
(144)2 \

ZKLQRSUVW XY
gZKLQ Forsu 9mz 9Nk 9L Fvwxy

haz Nk 9pL + hnk gvz 9pr + her gvz vk ) Forsu Fyvwxy  (3.2.4¢)

0 = V[MJTNPQR] == 48[M8NCPQR] (324d)

RA< §5 7201Z classical background Tdh 2 Z & % /R9 circle symbol 1ZEMEL 72, F 72 Freund-Rubin ansatz
%M & TIHA S HHIX gray scale 12U TH W /21, F 72 Bianchi identity 12 2W T, affine connection M &5
MLy =T5y EHVDZ LT, HEMBMCE TH EFTE D H2 AV, HUEEHORTHAS,

I Nz ERRICRS BT, classical equations (3.1.8) & FWS & RW/EA S, (3.1.8a) &V

1
R = 7FPQRS FPQRS

Z D 3 DD field equations & generic THhd .

(3.2.5a)

lFreund-Rubin ansatz % X 2 W THIFE,
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1
N Fpors FPORS + — Fypor FnPOR (3.2.5b)

1
RuN = ——
MN 1449M 12

NE5ND, D (3.2.5b) 6 DFES it

1 1~
ORMN = _i{vaMhPP ~ VNV hyp — VMVPhNP} + §AhMN
1 1 1
— F FPQRS o FPQRS 7hPU F F QRS
a1 hyvn Fpors T IMN FrQrs + 36 gmN Frgrs Fu

1 1
+13 (.FMPQR FNP9% 4+ Fypgr FMPQR) - ihPU Fupor Fno®" (3.2.6)

2%, (3.24a) & (3.2.6) £ IL4 classical field equation (3.1.8a) M5 BENZEDTHL DT, £¥HH % HW
TH RV, 72 Duff, Pope [1] ZE1XED 25 (3.2.6) 2 HNTWE LD Thd, Lo TINDE, (3.2.4a) DR
DIZZ D (3.2.6) & WD,

gravitino equation (3.2.4b) ¥, 5 DU FHEL P T WKL £ 5

. 1~
0 = TMYPDnip + %FMNPQRSFPQRS (N

1 ~ ~ ~ ~ ~ ~
T %{gMP (FQRgSN _TQS4RN FRSgQN) _gMQ (FPRgSN _TPS4RN FRSgPN)

Fpgors YN
(3.2.7)

gME (FQPgSN _TQSgPN FPSgQN) _gMs (FQRgPN _TQPgRN | FRPgQN)}






Chapter 4

Supergravity on PP-wave Background

Z 2 Tl& Kimura and Yoshida [2] D% BT 5, Z Oifiwd HWIE, introduction (ZF#X NTWd & L T,
ZITIEEKTS, BB, [2] &I convention IZDWTH TOMENDHD 72, £5 —EiHEEZ I TETL

YU F & OETIZIERHAHEN BE 2 & WL 25813, [2] O convention 2 TDF EAND Z LI 5,
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4.1 Kowalski-Glikman background

Here we summarize several properties of the maximally supersymmetric pp-wave background. This solution was
found by Kowalski-Glikman [6, 7] and often called the KG solution. This is the unique pp-wave type solution

preserving maximal supersymmetries. The metric of this background is given by

9
ds? = —2datdz” + Gy (da)? + ) (dz')?, (4.1.1a)
=1
% F % - I
_ 2 "\2
Gy = —[(5) > (@) +(8> Y (@ )}, (4.1.1D)
=1 I'=4
or
Gy -1 0 -1
JuMN = —1 0 , gMN = —1 _G++ R vV—g = e =1, (4123.)
1 1
0o -1 0o -1
nag = | -1 0 , P =1 -1 o0 , (4.1.2b)
1 1
I 5G4 IR Ten .
en” = 0 1 . EuM = 0 1 , te., ey = —§G++,etc. (4.1.2¢)
1 1
which is equipped with the constant flux
F+123 = W 7é 0. (413)

572 AT, tangent space D metric nap 1. light-cone coordinates x+ % E#&H$ 2 MDD weight DE HIZHKS

B, DFY at =L (2%+2%), 27 =a(a® — 2f) & UK, metric nap DRI “weight” a IZIFKEL B0,

In our consideration the contribution from torsion is not included, i.e., affine connection is symmetric under

lower indices: 'Y, = I'%,,. For the KG metric, the above quantities are written as

rlo— (YT Z _laig o= (B~ Jlarg 41.4
++ = T = ++ 5 F+ = T = ++ (4.1.4a)
3 2 6 2

- - 7 N2 T _ _ b pN2

_ [ 2 , w2

R'.7, = Ryz, = 57J<§) , Ry = Rpyry = 51%(@) ) (4.1.4¢)
- _ T (N T r- _ (P

wi'T = e = —(3) Wy = —wy =5« - (4.1.4d)

It should be noted that the scalar curvature vanishes and the Ricci tensor is constant and proportional to 2.

These are given by

1
Ry, = 5’“‘2’ R =0. (4.1.5)
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4.2 Hamiltonian

Now let us discuss the Hamiltonian and its energy eigenvalue. We need to calculate and solve field equations for
fluctuation modes around the KG background (for the KG background, see Appendix 4.1) in the next section.

Then we will encounter Klein-Gordon type equations of motion and have to evaluate its energy spectrum.
We shall consider a Klein-Gordon type equation of motion for a field ¢(x):
(O+apio_)p(=t,z",2") = 0, (4.2.1)

where « is an arbitrary constant and 2" is an evolution parameter. The d’Alembertian [J on the KG background

is given by

——— 0 (V=g9MNoN) = 20,0+ Gy (0-)? - (9k)%. (4.2.2)

The above Klein-Gordon type field equation will appear later as equations of motion of fluctuation modes.

Fourier transformed expression of ¢(x)
dp-d’ps

/(27(-) 10

¢($+ax_7ml) = e'i(p,ac7+p1x1) ;Z)i(x-‘rapfapf)

leads to the following expression:

0 = 2p idy —Giy-(p)*+(p1)* —app_, (4.2.3)

where G4 is defined as

Gt

ﬁ:(g) A7) "‘Z() ) - (4.2.4)

By rewriting the above equation and H = id;, we can obtain the explicit expression of Hamiltonian:

H = —— {0 = Gos - (0 —aup-} (4.2.5)

The energy spectrum of this Hamiltonian can be derived by using the standard technique of harmonic oscillators.

Now we define “creation/annihilation” operators

ol = \/%T%{p;—i—ﬁl@pi}, al = \/%T%{pf—ﬁu?pf}, m = —%,up,, (4.2.6a)

o = \/%m/{pp—&-m Oy } s al = \/%m/{pp m'oy,, } m = —é,up,, (4.2.6b)
whose commutation relations are represented by

ol,a] = 67, [oFa’] = 6", @] = [F,@] = 0. (4.2.7)

Thus we express the Hamiltonian in terms of the above oscillators:

= f,uZaIaI—i— ,uZa ol + ,u 2+a) . (4.2.8)
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Note that the last term implies the zero-mode energy Ey of the system, which is represented by

By = gnéolé),  Eo(0) = 240 (4.2.9)

In the next section, we will use &£; to evaluate the energy of the zero-modes of fluctuation fields.

4.3 Light-cone Gauge Fixing

hoy =0 WM =0 Cyn =0 % =0 (4.3.1)

@ K< EGTEMRIHDORHEZ XL OTHEIS:

A_ = g yAM = g_ At = At (4.3.2a)
Ay = gAY = g AT 49 AT = G AT - AT (4.3.2b)
FH2 — _F 155 =0 (4.3.2¢)
F712 — Pl =Gy F 193 = —p (4.3.2d)
Fpors FPOMS = A1F, 193 FT1? = —AIF 153 F 193 = 0 (4.3.2¢)
FPRRS Fpors M puF 123 = —4lpd0_Cia3 = —4!M4T3!5—Cl23
—924119_Ci23 (4.3.2f)
Fopor = 40 Cpor = %a,cPQR = 9_Cronr (4.3.2g)
e ’® =3 =6 (4.3.2h)
crrr et = 215k (4.3.21)
er7 P = LM 6M 5L (4.3.2))
97T}, =0 (4.3.3)
VeFor1 = 9¥"{0rF i1 =T Fsqi1 —ThoF-st1 — T Fqsi — TarF-qis})
= g9%0r0_Coyr = 0-(9"90rCq11) — 0-(9"?)ORCo+1
= 0_0% gt (4.3.4)
VOFo 15 = —QQR{aR}lQU —T5_Fsors — F%Q}lSIJ — T3 F_gss— F%J}lQIs}
= —0_09q1s (4.3.4b)
Ve Forix = gQR{aR]:QIJK - F%Q}-SIJK — 5 Fosik — Dy Forsk — FzszK}—QIJS}
= %F o1k (4.3.4¢)
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VOFqi1s = 99" {0rF Qi1 — ThoFsirs — Doy Fosis — Ui Forss — ThyFoiis )
= 0%Fqi1s + 2T F kg

= 99Fgi1s — OxkG11+0_Ckry (4.3.4d)
VPhip = g"{0ghip — T3 hsp —THphys}t = 0 hyp (4.3.4¢)
Vthy; = —V_hy; = —0_hy; = 0" hyy (4.3.4f)
VPhpr = ¢"9Vohpr = QPQ{thPI_FgPhSI_F%[hPS} = 9 hpr (4.3.4g)

1( oo~ - - PR ~ ~
o %{g P(FQRQSN o FQSgRN 4 FRSgQN) —g Q(FPRQSN - FPSQRN 4 FRSgPN)

1 - ~ ~
— +7<FQR95N_FQSgRN+FRSgQN)

= +5; Fiqrs YN

- i (P17 g"RN —TTRGIN L TIRGIN) P 17z

= iu 7z (Tr7vr —Tig v5+ Tz )

= él“ﬁf( Trrvg )
1

- %{glp (FQRgSN B FQSgRN + FRSgQN) _ gIQ (FPRgSN _ FPSgRN + FRSgPN)
—g'" (FQPQSN — FQSQPN + FPSQQN) - QIS (FQRQPN o FQPgRN + FRPQQN) }FPQRS ¥Yn
1 - R SN 7QS RN RS QN
- _ﬂ(FQ 9" Frgrs N —T9%g™ Prgpgn + T g9 Prg pg o)
1

= o1 (fQRFTQRZ wz - fQSFTQZS ¢Z + IAﬂRSFTZRs ¢Z)

- —1—12 (C+RFp, gz v - TPz vz + TF P, 07)

— iu Mg g

_ 7%” 123 (677 — ffAj)wj (4.3.5b)
DH230, = PH128 [HID _ PRI L5 T2
p+1231'0 7f+123(51w 7f1/f‘],) (4.3.5¢)

4.4 Field Equations for Fluctuations on the PP-wave Background

Here we write the field equations for fluctuation fields hpsn, ¥as and Cynp on the KG solution (4.1.1) and

(4.1.4) under the light-cone gauge-fixing condition (4.3.1).
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e Since field equation for fluctuation hysn (3.2.6) has two uncontracted indices, we obtain six equations:

1 1~
SRy = —f{v+v+hpp VLV hp v+vPh+p} + 5Bh

1

1
= ——hyy Fpors FPORS — —g., FPORS Frops + —hPY g1 Fpors Fy9®

727" 36
1 1
+ 2 (APQR FLPOR L Fpon F+PQR) — W Fapor Fru®® (4.4.1a)

1 1~
SRy = —7{v,v+hpp —V_VPhyp - vNPh,p} + 580

144
1 1
+ 5 (f+pQR F.PRR L F pop F+PQR) ~ 0"V Fypor F-u@" (4.4.1b)

1 1~
R, = —§{V~V+hpp ~ ViV hip = VaVPhip b+ SRR

1 1
= —7h+ Fpgrs FFORS — T d+- FPORS Fpons + %hPU 9+ Fpors Fu?'™

_ F pPers _ L
144h+1 PQRS 72

1
+ D) (f+PQR FTPQR + ‘FINPQR F+PQR) hP Fipqr F~ g (44.1c)

1

1
SRy — /{vpmhpp VP hyp - VLV h[/P} + iAhH/

_ 1 pQrs 1 PQRS L. pu
= 1m ——hir Fpgrs I iRk F FprqQrs + 36 " g1 Fpqrs Fu

1 1
+3 (APQ R FrPOR 4 Frpor F+PQR> ~ 0" Fipon Frp®" (4.4.1d)

QRS

1 1~
R = —f{v,v,hpp SV_VPh_p— v,v”h,p} n 5Ah,,

1
_ —— h _F FPQRS - —a__ FPQRS 7h PU _F F QRS
144 PQRS =9 Frqrs + %6 g PQRrs Fu

1
+ 3 (LPQR FPORLF pop P POR) — h"Y P-por Py " (4.4.1¢)

1 1~
0R_; —§{v~v,hpp ~ ViV hop = V_VFhp b+ SRk

1 1
_ h F FPQRS ~FPQRS F hPU ~F F QRS
144 PQRS 7 59 7 PQRS + 36 g_7LpPors fu

1
HT) (I—PQR FiPOR 4 Frpo "% ) = Sh™ F_por P, 0" (4.4.1F)

1 1~
SR_p = —f{vpv_hpp VP p— v_vphpp} +58h_

1 1 1
= ——h_pF FPQRES _ — 4 | pPQRES —WUg L F Fy @RS
144 1 FPQRS 729 I PQRS + 36 g—1 'PQRS f'v

1
+ 15 (f_PQR FyPOR 4 Frpor F_PQR> — hTY Fopor Fru@® (4.4.1g)
1 P P P 12
SRy7 = —§{V~V~hp = ViV hip = ViV g} + 5By

1 1
144h~~FPQRSFPQRS 72g]JFPQRS~7:PQRS+36h 9757 Fpors Fu9F

! PQR PU R
+E(}}PQRF T+ PQRF~ 9 ) h FIPQRF UQ (4.4.1h)
1
_i{vJ’vfhPP — VvathP - V;VPhJ/p} + §Ath,
1

1 1
= —mhﬁ, Fpors FPORS — 72 9rr FPRRS Frops + %hPU 97, Frors Fy@t®

O0R7



4.4 Field Equations for Fluctuations on the PP-wave Background 45

! PQR PQr) _ L, pu R .
+E(‘FI~PQRFJ’ Q —|—.7:J/pQRFI~ Q ) _Zh FTPQRFJ'UQ (4.4.11)
1 1~
5RI/J/ = —E{VJ/VI,}LPP _ VJ’vPh]/P o v]/vPhJ/P} + §AhI/J/

1

1 1
N A 5 FPQRS _ 2 . pPQRS f L RPU L F F, QRS
Taa 17 FrQrs T J17 PQRS t 36 gr g ¥pqrs Fu

1 1 .
ST} (]:I’PQR FpP 9% 4 Frpor FI’PQR) B ZhPU FpporFru®F (4.4.1j)

e Field equation for fluctuation ¢, (3.2.4b) has one uncontracted indices. So we obtain four equations:

. 1~
0 = I'™PDyipp + —THNFPCRS P gy

96
1 ~ ~ ~ ~ ~ ~
+ %{ g+P (DQRGSN _TQSGRN | RS (QN) _ +Q([PRGSN _ PSRN | [RS PN
o g+R (fQPgSN . fQSgPN T fPSgQN) - g+s (fQRgPN _ fQPgRN n fRPgQN) }FPQRS .
(4.4.2a)

. 1~
0 = I"""Dyyp + %F_NPQRSFPQRS YN

1( _po= ~ . PR . N
n %{ P (TQRGSN _ PSRN | PRS(QN) _ =Q(FPRySN _[iPS RN | FRS PN

~

_ g_R(FQPgSN _ FQSQPN T FPSgQN) _ g—S (FQRQPN _ FQPQRN 4 I-\RPgQN> }FPQRS ¢N

(4.4.2b)
0 = ffNPDpr + %fTNPQRSFPQRS YN
n 9716{ gTP (TQRGSN _ QS RN | PRSGQN) _ gTQ(PPRySN _ PPSyRN | PRS PN
. gTR (fQPQSN _ fQSgPN + fPngN) . gfs (fQRgPN o fQPgRN + fRPgQN> }FPQRS N
(4.4.2¢)
0 = I'NPD e + %fI/NPQRSFPQRS LN
n 9%{ g7'P(DQFGSN _FQS RN | FRS(QN) _ (I'Q(FPRGSN _ [PS AN | FRS PN
_ gI'R(fQPgSN _TRSgPN | fpngN) _ gI’S(fQRgPN _ QP RN | fRPgQN) }FPQRS by
(4.4.2d)
e Field equation for fluctuation Cpnp (3.2.4c) has three uncontracted indices.
— M = + case:
0= VeFy, 7
= Fs+_;(VQhQS . %aShQQ) — Fg VoS — Fy, iVOh 5 — Foy sV
- % gZRLQRSUVW XY T bt 9472 9K 951, Fvwxy (4.4.3a)

0 = VQfQ+—I’

|
— Fsi_p (thQS - 565%@) — Fos—1V9hyS — ForspV@h_S — Fo, _sV@hpS
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_ % eZKLQRSUVWXY 0o gv 2 9k 910 Fywxy (4.4.3b)
0 = V9F,, 77
Fq 75 (V hq® — %aShQQ> quv hy® — Q+SJVQh;S QJJSV h5 S
_ % eZKLQRSUVWXY b org. 7 9ir 951, Fvwxy (4.4.3¢)
0= Vv Forir
~Fsii (V ho® %83]1@@) FosipVohy® = FouspVOhi® — F,y 7sVohy®
_ % eZKLQRSUVWXY T\ 0.4 7 9 9001 Fyw xy (4.4.3d)

O == VQ‘FQ-‘,-I’J’

1
—Fsyipy (VQhQS - iashQQ> — Fospy V9 — FoispVehy® — FoupsV9hy
1

~ 576 eZRLQRSUVWXY T pstr 912 g1 i 91 Fvw xy (4.4.3e)
— M = — case:
0= v< ]:Q e
1
Q S1 Q s Qp._S _ vlp .S
S I](V hQ *58 hq ) QSIJV h-® Q S]v h[ *FQJSV hJ
1
-~ 5= ARLQRSUVWXY b o g Fywxy (4.4.42)
0= v< ‘FQ Ty
1
s s
~ Fy 10 (V9ho® = 50°0%) = Fogr, V-5 = Fo sy Vohi® = Fy_1oV9hy®
1
= eZKLQRSUVWXY T st 9-7 975 901 Fvwxy (4.4.4b)
O = VQ.FQ—I’J’

1
—Fg_py (VQhQS — 5aShQQ) — FosrpV9h_ 5 — Fo_ s V9hp® — Fo_psV9hy®
1

~ 56 gZRLQRSUVW XY T b e -7 g1 i 90 r Fyw xy (4.4.4c)
— M =1 case:
0 = V9Forir
I.s
STJK (VQhQ - 55 hQQ) QSJF{V h QISKth FQﬁsV h
1
= eZKLQRSUVWXY T psur 975 975 97, Fvw xy (4.4.5a)

0 = VQ]:ijK/

1
v s S v s v v s
_FsﬁK'( QhQ _5‘9 hQQ)_FQs]K' Qh? _FQTSK' Qh FQf~S Chi
1

_ %EZKLQRSUVWXY}-QRSU 07y 97 951 Frwxy (4.4.5b)
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VQ-FQTJ/K/

1
— Pyt (VOha® = 50h09) = Fasic VOh® = ForaueVoh® = FopygVohic®

b ZKLQRSUVWXY
576

VQ]:QI’J'K'

Forsv 97, 91k 9L Fvwxy (4.4.5¢)

1
— Fspryic (V2ho = 50500%) = FosiV%he™ = ForsicoVohy® = ForpsV%hic®

1 ZKLQRSUVW XY

576 FQrsu 9rz 9k 9x'L Fvwxy (4.4.5d)

light-cone gauge, Freund-Rubin ansatz % A AU 7z :

1 2 2
0= 5{v+v+hp’° V. VPhip - ViV hp — Dh++} - (%) hir — (%) i
1 1
+ g,u G++ 0_Cia3 + wFy103 — 5,112 hZZ (446&)
1
0= {a,ampp _ a,aPmP} + 310-Cizs (4.4.6b)
1
0 = {ViVihp? =070  hip = 0207 hyp = Oh g} = Spepzg 0-C g (4.4.6¢)
1
0 = {V]/V.A,.hpp — 8]16Ph+13 — 6+8Ph[/p — DI’L+I/} —+ EMGJI?Z‘FI/jI?Z (446d)
0 = 0_0_hp” (4.4.6¢)
0 = 9;0_hp” —0_0"hrp (4.4.6f)
4
0 = {050the” = 950"y = 070" — Ohys | = 2pd750-Ciag (4.4.6g)
1
0 = {&;x@;hpp - aj/aph‘fp - afaphfp -0 th,} - 5/1 Effff, 8,CJ,I~(L~ (4.4.6h)
2 .
0 = {8]/a[lhpp — ijaphpp — BlraphJ/p — Dh[/]/} + gM(S['J/ 8,C123 (4461)
0 = T*NPDyep (4.4.7a)
o~ 1 -~ ’ 1 =~
0 = I Dyepp = Zp U5 g — cperzplrvg (4.4.7D)
PR 1 ~ ~ ~
0 = I""PDyyp + 1" LH2 (505 — DD 5) 07 (4.4.7¢)
A~ 1 -~ ~ A~
0 = T'YPDyyp — ZMF“B((SI,J, — Ty )y (4.4.7d)
0 = 9_0%0g,r (4.4.8a)
0 = 09,57 — OkG140_Cpiy
1
+Herz <3Qth - gathK> — g0 ho g+ pesrpOghiy — nerrpOrhir (4.4.8b)
0 = 8Q}—Q+I~J’ — 8KG++8_CKI~J, — ueﬁ(z@ghwz (4.4.8(})
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0 = 8%F o1y —OxkGi 0 Crrpy — iMsI’J’Q’R’S’U’fQ/R/S,U, (4.4.8d)
0 = —0_0%q1; (4.4.8¢)
0 = 09,55k + %ueﬁ;{amu — ez 0T hig + perpp0thyy — per0 hipg (4.4.8f)
0 = 8Q.7-"Q75K, — pegp0Thy (4.4.8¢)
0 = 0% 1y (4.4.8h)
0 = 9% o1k — éusI'J’K’R'S’U'a,cR,s,U, (4.4.81)

4.5 Bosonic Spectrum

4.5.1 Non-dynamical Fields

From (4.4.6¢):
0 = hpt (4.5.1)
IHIZZDFRT (4.4.6f) 25
O’hp =0 = hyy = 5 0shis (4.5.2)

I5HIZ ED (4.5.1) 2% FWT (4.4.6b) 2 EXHR DL,

1
0 = 8_{8Ph+p* gﬂcl23}
1 1 1
— 8Ph+p = 5/1,6123 — h++ = 8—_{81h+1—§u0123} (453)
XS LW g
(4.4.8a) &)
0 = 6QCQ+1 — 05Cy1g = 0 (4.5.4)
(4.4.8¢) &V
1
0 = 8QCQ1J — C+]J = a—aKCKU (4.5.5)
1 1
——D&KCUK—E)KG++8,CUK = —a—aK(DCUK) (4.5.6)
1
CfJ’ = 767f(f,cf<f‘]’ C = 2Ci23 (4.5.7)

2
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eirRiTrirt = 49w Cigi) € iRE
= (0rCirg — 95Cr1r + OxCrr 7 — 91CriR) €7RE
= 60pCi23 — 607C5,, (4.5.8)
HREDEME HARAT S & field equations 1$KD & S 12 reduce I 15
1 [ 2 12
0 = 5{—V+vPh+P—V+vPh+P—Dh++}— (g) hl?f(_ (6) hL’L’
1 1
+ éu Gy O_CH+ ptFi123 — §,u2 hiz (4.5.9a)
2 1 1
0 = g,u 8fC + ID 8jh;j+ ED aJ/hINJ/ + uapCfJ, (459b)
1 1 1
0 = —gu orC + (97_D 8jhj1, + aiD Oyhypr g + 5}ij (4.5.9(3)
2
0 = Ohzz+ §M5f58_c (4.5.9d)
0 =10 hI~J’ =+ ua_C;J, (4.5.96)
1
0 =10 h]/J/ - gu 6[/]/ 0_C (459f)
1 1
0 = 7267,670:' C) — aiaJ/ (DCTJ,) + ;La]/th, + ua;hﬁ (4.5.10&)
1 1
0 = 5=0g(OCk7,) = 50k (BChy ) + rerridichyg (4.5.10D)
1 1 1 ! ’ ! ’ ’ ’
0 = —5-0g(0Czp ) = 570k (OCkry) = gpe’ VTS0 09 Crrsr (4.5.10c)
0 =0C- 2#8,h77 (4.5.10d)
0 = DCTJ, *Ma_hi}, (4.5.106)
0 = 0Cr, (4.5.10f)
1 ! ’ ’ / ! !
0 = OCpryk —|—6/LEI SRS 0_Crisiyr (4.5.10g)

fHU (4.4.8b) 12 SO(3) Levi-Civita symbol €75 Z fEHI B THD, IHIZ hpl =025 hpp = —hpp ©H

WTW5, [ARRIC (4.4.8f), (4.4.8g) IZ% €77 R ZEAIETWS,

4.5.2 Spectrum

I HIZF  ODTHLIZED D, Field re-definition % 765 :

Hy; = hy; +1iCyy Hi; = hi; —iCyp

1 1
1 1
hfi = hyy— g‘sffhf(f( hyy = hpy — 651'thKfK/

(4.5.11a)

(4.5.11b)
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h = hgp+iC h = hzpiz—iC (4.5.11c)
Chywr = éap'],K,W’X,Y/C%/X/Y/ Cryg = _ég/'I,KIWIX/YICVGV/X/Y/ (4.5.11d)
NN
(O—pio_)Hz,, = 0 (O+pid_)Hyz,;, = 0 (4.5.12a)
Ohz = Ohtiyr = 0 (4.5.12b)
(O—2pi0_)h = 0  (O42uid_)h = 0 (4.5.12¢)
(O = pi0_)C5 ;e = 0 (O+4 pid-)C g = 0 (4.5.12d)
AT,

&> T, spectrum % Table 4.1 IZ52 5%,

energy &g ‘ bosonic fields (D) ‘ degrees of freedom
4 h(1) 1
3 Hy,(18) CS 1 (10) 28
2 Ciyig:(45)  ha=(5) h$: 5:(20) 70
1 Hy,,(18) Aa) 28
0 h(1) 1

Table 4.1: Bosonic zero-modes in eleven-dimensional supergravity on pp-wave background.

4.6 Fermionic Spectrum

boson [k, fermion IZDWTEF & HOTHL , F 91 non-dynamical field & A5, TDDIT, (4.4.7) % (HEH
HZRDOE S ICESETL MM THS:

TMNPD pp = JM (4.6.1)
72U JMIERDE D IZERINT NS
Jt = —-J_ =0 (4.6.2a)
Jm = iuf*”?”wp+éuem~(fﬁ¢f{ (4.6.2b)
= J = —iuf“%(aﬁ—f;ﬁjw; (4.6.2¢)
J' = = iﬂfﬂ%(&w—fﬁf(}')wf (4.6.2d)

T 51T (4.6.1) 5 ROBMRRNES b

. . 1o =
YDy —TNDappy = I — §F]MFNJN (4.6.3)
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(4.6.1) 5 (4.6.3) PEHND 2L % 22 THAL TH IS, 3 rank 3 O gamma matrix TNPQ % identity
(A.2.1) % VT

[NVPQ = [NPPQ _ gNPTQ 4 gNOTP (4.6.4)

rEXET, JAUEID Ty 2 EAI T2 L

CyINPQ = orPe (4.6.5)
PRELND, Tk, (4.6.1) 2 HANT
CyLnJY = TyTNINPODppg = 9Ty IP2Dpyyg (4.6.6)
NELND, -5 T (4.6.3) DAL
JM—éfMIA“NJN = Ju —DulP9Dpyg = (CuP? —TulP)Dpyg = — (65,19 — 69T Dpijg
= TPDpips — TFDpbp (4.6.7)

&Y. (4.6.3) DAL KD, @&, identity (A.2.1) & VT WS, TN TRI Nz,

(4.6.3) & WD & (4.4.7b) & A4 BRAIK
TVNDyt_ —TND_¢py = J_ — %ijJ” (4.6.8)

L7325, 772U light-cone gauge-fixing (4.3.1), spin connection (4.1.4) X J_ = 0 (4.6.2a) & F\ % & X 5 [T fif
Bz

~

o_(TNyy) = %f_FNJN (4.6.9)

LR, B, (41.1) Ao bhd LD, d_ey =0 EHVWT WD, ZOHLIFILIZARTES:

PPy = DTt 4T + T 4+ T’}
_ im{fffms (577~ T )07~ TpTHB (61— Frfp)ys )
=0 (4.6.10)
L T_T_ =THT+H =0 2 TV, Zhdt) o_TMyy) =0, 2%V
My = 0 (4.6.11)

PELND,

spinor @ covariant derivative Dyt¢p % U TH I 5, KG solution (4.1.4) # WS & ZHUIBL FORRIZ
HERTILNTES:

1 T r~ 1 ~
Divp = dptp+3 (w;-rﬂ oyt —rp,)wp = Outbp+ 701G T vp (4.6.12a)
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D_t¢p = 0_tp (4.6.12b)

Djwp = 811pp (46120)

Tl (4.4.7) 2N ZRL &5, £91F (44.7a) THD, ZITINP 2 BXHZ 5.
TN = gPAEN PN g (PN FNE Y (4.6.13)
So (4.4.7a) is rewritten as
0 = g"*T¥Dyvp — g" T Dyipp + %(f*fw —TNTHTP Dypp (4.6.14)

We find that the first and third term are deleted by light-cone gauge-fixing and (4.6.11). Thus we can reduce
(4.6.14) to 0 = [T (—0_1hy + Oybr). So 1by can be expressed as

1
Yy = 8*311111 ; (4.6.15)
and we see that 1, is a non-dynamical field.
Here we shall reduce (4.4.7¢) to
~ 1 o - 1 =0 S
0 = Dt (a+ + §G++a_)¢§? + 07002 + TR0 (2 + 0F) + ul 15 (o7 — T )0l (4.6.16)

where we decomposed gravitino as 7 = 1/)? + 1/11@. The 1/);9 and 1/)1@ are defined as

1~ ~ la,~
’(/}? = —51“ F+1/J7, wf@ = —§I‘+I‘ V7, (4.6.17)

which satisfy the projection conditions: f’w? = fﬂ,/)? = 0. When we act I'" on (4.6.16) from the left, w? can

be expressed in terms w? as follows:

1 ~ ~
Vg = ﬁﬁrKaKw?. (4.6.18)

Thus w? is not independent of ¢?. Similarly, when we act I'~ on (4.6.16) from the left and utilize (4.6.18), we

obtain the following equation:
1 ~ -
0 = 097+ §uF123 (077 —TiT7)0-v5 . (4.6.19)

In order to solve this equation, we shall introduce the following fields:

1~ ~ - o~
vt = (07— 3Ty)us,  wfl = T = T2, (4.6.20)

and decompose 1/)? in to the I-transverse mode and f—parallel mode. Acting T/ on (4.6.19) from the left and

contracting the index i we get

0 = Oyl 4 1289 _y®l (4.6.21)
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~

On the other hand, when we act (077 — % 7#I'7) on (4.6.19), we find
1 =0
_ el 123 oL
0 = D@bf( + iuI‘ 8,1/)1? . (4.6.22)

Moreover, in order to solve (4.6.21) and (4.6.22), we decompose 1/1?l and 7,/1?” according to the chirality in
terms of iI123 as follows:

1 +ZF123 1'\123

WS = oyt Rt = P (4.6.23)
ol = ﬂ—rmw?”, o = #w?“. (1.6.23b)
These variables satisfy the following chirality conditions:
z’f”%ﬁﬂ = +y2h, if”%?j = -, (4.6.24a)
iyl =l syl o gl (4.6.24D)
Multiplying % (1 + il123) to (4.6.21) on the left, we get
0= (O-pio- e, 0= (O+pio- el (4.6.25)

Similarly, when we multiply £ (1 + if123) to (4.6.22) on the left, we obtain
1
— _ — 2 DL
0 = <D ,uz@ ) mo 0= (D + 2,1”8,)1/111 . (4.6.26)

From these equations, we can read off the zero-mode energies and degrees of freedom of 1[1?;‘ and ’L/J?LJ'Z

Eo(WEr) = g Eovit) = g DY) = DE) = 8x(3-1) = 16. (4.6.27)

We will discuss these quantities of 1/}69” and ;] @l Jater.
Then let us investigate (4.4.7d):
=~ 1 =~ =~ 1 ~ ~ =~
0 = {F+ (a+ n 5c:++(9_) +T 0+ FKaK}W — gl (51,J, _ r,,rJ,)¢J, . (4.6.28)

In the same way as the case of 17, we decompose 9y into the f—parallel mode and T-transverse mode, and

obtain
0 = (D+gma_)¢§3§, 0 = (D—gma_) el (4.6.292)
0 = (D+;ma Yok, 0 = (D—%M&) oL (4.6.29b)

where the I-transverse mode and f—parallel mode are defined as

1~ ~
Vv = f§r*r+¢,,, (4.6.30a)

1447123 1— 02
1 1 1 1
PRo= VRt R = U (4.6.30b)
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o _ 1+ g ol _ 1-@'?1231/)@\.

2R T 2 5 2L T 2 (4.6.30C)

From (4.6.29b), we find that the zero-mode energies and degrees of freedom of are given by 1/1?1;‘ and w?LJ‘:

) 3
Eo(¥ir) = 50 ol ) = 30 D Pr) = DPp) = 8x(6-1) = 40. (4.6.31)

Now we have finished the study of the [-transverse part. The remaining task is to analyze the f—parallel
mode. In order to investigate the I-parallel mode, we perform a linear combination of (4.6.25) and (4.6.29a),

and define new f—parallel modes as
2= Subl-uil. el = JuRl -l (4632
Then, by the use of (4.6.15), we can easily see that the re-defined fermions satisfy the equations:
0 = (D+gma,) 20 = (o- gma,) ol (4.6.33)
Thus the zero-mode energies and degrees of freedom of them are represented by

7 1
Eog)) = 5. &ML = 5. DR = D) = 8. (4.6.34)

Now we have fully solved the field equations for fermionic fluctuations, and have derived the spectrum of
gravitino in the case of pp-wave. As a result, we have found that the spectrum is splitting with a certain energy
difference in the same manner with the spectrum of bosons. Summarizing (4.6.27), (4.6.31) and (4.6.34), we

obtain the spectrum of gravitino as in Table 4.2:

energy &g ‘ fermionic fields (D) ‘ degrees of freedom
: R () 8
2 Y- (16) iz (40) 56
3 YEL(16) 71 (40) 56
3 L) 8

Table 4.2: Fermionic zero-modes in eleven-dimensional supergravity on pp-wave background.

4.7 Summary

Z ZT%H 5 —J& bosonic/fermionic spectrum % &L TH 5 :

% energy “floor” & supersymmetry TENS, 5. 22 TIEH 5 DIZERL TWR WA, pp-wave background
Tl& Hamiltonian  supercharge ® time IZAKTFL TW2 728, 2416 D commutator I TITIXAES R0, U
MU supersymmetry I& manifest (2 32 {fiff> T\d, TD—D2& L T, lowest energy floor & zero energy T
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energy & H bosons fermions degrees of freedom

4 h 1

7/2 e 8
3 FTJ’ C%J’K’ 28

5/2 I 56
2 Cipgr  h3z hiiy 70

3/2 PO+ o 56
1 Hij CIG/J’K’ 28

1/2 e 8
0 h 1

Table 4.3: Zero point energy spectrum of all the physical fields of the linearized supergravity on the pp-wave

background.

B ZENETLND

&
— o

o (BBAAINETHBRILTITAR W,

) TOREERICDOWTIX, FlAIE

37, 42] B E & BIRO

B, 22 'Cf%%b N7z spectrum (Table 4.3) I&. Matrix theory on pp-wave @ zero-mode spectrum & FE42(Z
Wind s, BlIAIE [38] 2D &, [38] 1%, light-cone gauge % %> 72 #IZ5%% spacetime SO(9) symmetry
% SO(3) x SO(6) DEETEIRL T\Wd, T DRI
fields & XA &V, E 2. BID, Spin(7) x U(1) symmetry & U TEIBL 725 DAY [42] TH D 75\ hed
zero-mode 1F—FL TW5, Hi# [38] I& pp-wave background ET® oscillator mode % i g % DT mid R Kad
ThhY . #BE [42] 1. pp-wave IZFRS 2\ background (ZH BIETE D, TELE. Spin(7) x U(1) %Eﬂii\ 5
#i& flat background T supermembrane matrix model TEL 726 DTH D [40],

. 22 TC#Eaml 7z linearized supergravity @ fluctuation

X T, matrix theory I& M-theory @ fundamental object Td% M2-brane (supermembrane) % matrix Tzl
LU TWEEEZDE, ZITRONZFERMNS | Figure 4.1 D& D5 RGN RZ TS 208 L V2.

AdSycr) x ST background T (linearized) supergravity {2 2WTld, Duff et al. [1, 17, 16, 18] % ¥ A%kS
THNZIZEE U T0d, B, AdS, x S7 E® fluctuation mode & KG background [ fluctuation mode % .
oscillator method % FHWTHIGEIRE 1§86 Z L MW TE & WD #HiENH S [30), F 72 fluctuation fields TDE D
WIZOWTOMBEBRIERHI N THERWE Bbd DT, TO/MEIESLTDIDIEHEAVIE LRV, KE
FHIND,

AdS, x 8™ 1%, M2-brane @ near-horizon limit T® background geometry (Z5FEL . AdS; x S* I& Mb-brane
DENIHIRL TWDEZERZLNT WD, AdSyxS™T & AdS; x S* &, Penrose limit T KG solution (pp-wave
background) (Z¥43% 728, & 72 Mb-brane (ZDWTHIANZL WHL &, 2 Z Of#EH25 M5-brane (22T
Bz R EHRBEE HEDE LU IVERW, UL ZUEE ZD0n5 20,

ZHAMRNTHAD L, {a# 11-dimensional spacetime Tl 32 supersymmetry % ££2 background W2 1V721F &
500, HENRFET L IATHD,
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Supergravity on PP-wave Background

11-dim. Supergravity KK Zero-mode(?)

on

*----
S

AdSy x S7 S

M2-brane in M-theory
on

ZERO-MODE PP-wave

—

Penrose Limit | 11-dim. Supergravity

Penrose Limit

11-dim. Supergravity
on <

AdS; x §4 KK Zero-mode(??)

Mb5-brane in M-theory
on

PP-wave

Figure 4.1: The relationships among the spectrum of the eleven-dimensional supergravity/M-theory on the

maximally supersymmetric curved background.



Chapter 5

Supergravities on Anti-de Sitter Spaces

section 4 Tl [2] Dififie ©5 —ETHIIXPD RBL 7z, I 2 TIED background, FHI AdSy7) x ST back-
ground (2 DWT, 1980 FRITHEMI NI L 2L OTEHL, FUMIA S XHkIE Duff and Pope [1] TH S,
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F 971%, 11-dimensional supergravity % My x My (208 % ik BEL T2 k% ’é’§ FTTEIS, FHI
HHZ%E Dl Duff, Nilsson and Pope [12] (FHIHEZEE U TZ D section 3, 4, 5) TH D, I ZIZIk Einstein space
T compactify §2& ZA0N5EF Y . Freund-Rubin ansatz, classical vacuum., isometry group and Killing vec-
tor (spinor), fluctuation fields and linearized supergravity, gauge-fixing condition, masslessness. cosmological

constant problem, supersymmetry algebra, non-abelian gauge theory, coset construction £& ., —ifY DEim

NEPNTHD,

BH. AdSy x ST IZDWTIE Duff and Pope [1], Duff [17] (linearlized level), de Wit and Nicolai [18] (full
nonlinear level) % 28, AdS; x S* {Z DWW T Pilch, van Nieuwenhuizen and Townsend [16] (linearlized level),
Nastase, Vaman and van Nieuwenhuizen [22] (full nonlinear level) % 2, linearized level & nonlinear level T
a2 2 B, linearized level Tifafi CX b DId zero-mode spectrum < 5 W Tdh S, massive mode DIF
156 AT X 2 MY, zero-mode % AT, interaction |2 DWTIHAE 52 28\, (non)renormalizable interaction
term ¥ TEHO T, symmetry breaking % i&and 2 21k, full nonlinear level ¥ TiB%9 2 HEMdH D M, sphere
comactification A% consistent (272 X 115 #H# A3 % (higher-dimensional Einstein equation (Z lower-dimensional

fluctuation % fA AL 7z & ¥ lower-dimensional spacetime T2 FU & B EAH D M, T UZHHTIZZR W),
BB, AKTIE zero-mode spectrum 721} % BT S DT, linearlized level DT+ THA S,

AdS space DX FRME, REUZDWTIE de Wit and Herger [19] & £,

5.1 Some Comments on Ansatze, Field decomposition and Gauge-

fixing

HAKRNZ AdSyr) x S7™) background E® fluctuation field (Z DWW T iz BT HIZ, W DhDI AV
M 2FELTEID, SBROFEROEMIZHDIHEDIEHEZ A5 L Bbhd, B, I TELT S EBEIT
M ¢ AdS, x S9, a* € AdS,, y™ € S DK% £,

5.1.1 Decomposition of Background Fields

background field, background flux IZ2WTI&, spacetime index 2% AdS, 7213, H UL E 717217, LD 5%
WZDBEL 728 DETPEFETD L RETD, 2FY

(gum) = 0 (5.1.1a)
<F;u/pm> = <F;wmn> = <F;,Lmnp> =0 (5.1.1b)

9%, ZTHIX metric BERIZHEET D ZE NS DIRETH D, I 51T affine connection & AdS, HmE 595
MTREIZDHT S Z & 55, covariant derivative IZDWTRD & S R EBRADNIES N

vu¢m = M(bm vu¢ym = p,¢1/m - FZV (bpm etc.
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F72, BIZEFET D Freun-Rubin ansatz &V . classical flux Fyypg FEBE 5, 207D, HIZIE

qunpqr = Vmepa =0
ViFopor = 0 VyFupe = 0

£ 7%, [HU < Freund-Rubin ansatz # i\ % & | (3.1.8¢c) 5

0 = VQFQMNP or
0 = VMF‘/LV,DU 0 = quqmnp

NEH b, LAEIZE L D< &, field equations for fluctuation fields (3.2.6), (3.2.4b), (3.2.4c), (3.2.4d) 75 %%
ONDHBANEE NS, TNENIDNWTTE DT —HINICEX TS,

e (3.2.6) |21 uncontracted indices 2% 2 DdH D, > T 3 @Y DHFEX (M, N) = (u,v), (p,m), (m,n) HE

I ERSE
Ry = f%{vyv#hpp — VoV hup =V VP hup  + %ﬁhw
B _ﬁhm/ Fpors FP9MS — %g#u FPORS Fpors + %hPU 9uv Fpqrs Fy9™*
+ % (-FWUA F27 + Fupox Fﬂpm\) B %hPT Fupox Fur™ (5.1.2a)
SRy = —%{vnvuhp” VP hp — vuvphnp} + %Bhw
_ —ﬁhm Fpors FPORS 1—12 (Fuvar FaP" + Frpor B (5.1.2b)
SRy = —%{vnvmhpP = V¥ hp = ViV hap | + %Ehmn
- —ﬁhmn Fpors FPORS — %gmn FPRRS Fpops + %hPU gmn Frors Fu®™®
n % (}-mqu FoP9" 4 Fropar Fmpqr) _ ihpu Frpgr Fra®” (5.1.2¢)

e (3.2.4b) 1213 uncontracted indices 7% 1 2H D, ft> T 2 @) DAER M = p,m WEE5T5:

PN 1 1~ 1 ~
0 = DwNF (awp — 5 Sap wp) + 5g U Frgrs o + 29" TTT g Fpori b, (5.1.30)

BN 1 1= 1 =
0 = D"V (onvp — Zon? Saptp) + oLV PO Fogrs tn + g VT By (5.1.3b)

e (3.2.4c) IZ1& uncontracted indices 2% 3 DdH D, > T 4 @Y O HFHEANEE TS (Freund-Rubin ansatz
&) gray scaled terms &2 TiHKT 2 )L

0 = eVeFqup

1
e {F,,,W (thQf’ . 5a"hQQ) + Frgup VP, + Fruep V7 + FW,,vAh,,f’}

Ibackground spacetime %% direct product (22> T\5 &\ FHnb | covariant derivative 2% ordinary derivative (2 reduce 9%

Vphuy = Ophyy (2825 L0 BRREZ BHTHOTWS,



60 Supergravities on Anti-de Sitter Spaces

1
T eTFAQRSUVWXY T b str Gpur Guns Gpn Fvrw xy (5.1.4a)
1
0 =ce vQ}—Qmup - eFAm/pv)\th - % €ZKAQRSUVWXY]'—QRSU Imz Guk Gp FVWXY (5.1.4b)
1
0 =ce VQ‘Fanp - qumnquhpS - % {':Zk)\QRSUVWXY-FQRSU 9Imz Ink Gp FVWXY (514C)

0 = eVeFomnp

1
—€ {Fsmnp (VQhQS - iaShQQ> q.snpV h'rn + q’rn‘spV hn + Fqnbnsv hps}

1
~ 56 FMQRSUVWXY 0 b str G Gnk 9pl Fvw xy (5.1.4d)

e (3.2.4d) IZ1F uncontracted indices 7% 5 2dH 2 DT, 6 @Y DFFEAPMEET S :

0 = Vi Fupon] (5.1.5a)
0 = ViFupor + 4V Fpoaim (5.1.5b)
0 = 2VimFuppor + 3V pForjmn (5.1.5¢)
0 = 3VimFuplor + 2V o Fajmnp (5.1.5d)
0 = AVinFupgr + VaFmnpg (5.1.5¢)
0 = VinFupgr] (5.1.5f)

5.1.2 Decomposition of Fluctuation Fields

Duff, Pope [1] %, Kim, Romans, van Nieuwenhuizen [3] DL Tld, AdS, x S ®IKIZJAH% fluctuation field
e (z,y) & AdS, HFOD field ¢, (z) &, S FFEOD field Y™ (y) (SROE S IZHET S

o Z¢W SY (y) (5.1.6)

T OD#. de Donder gauge-fixing V,,, @/ = 0 & > TEtH& 475 . (A1 Duff, Nilsson, Pope [12] @ section
5, (5.1.14) 5 (5.1.16) BETH D, ) TNXERZ I, Y/ (y) Y ST OEREFAFIBEEL (S A M D Laplace
FHRRADEAR) ThHd L FRHI, isometry group SO(g+ 1) @ Killing vector TDEDTH>THEIWHTH
% [1], de Donder gauge-fixing @ /iFEAk, B & 5 & Killing vector equation & U CTEZ [ET Z & 23 KD nH
Thd, BIZIE hym(z,y) VD field IZHU TIERDE S 0T D & Lo

T (2, y) ZBI and  V™h,, = 0 (de Donder gauge-fixing condition) (5.1.7a)
If we set K! is a Killing vector, i.e., V,,K! +V,K! =0, this decomposition is consistent:
m 1 I mn I I
VT hum = 5 ZI:BMQ (Vo KL+ V,KL) = 0 (5.1.7h)

Z 2T index I I& isometry group SO(q+1) D algebra so(q+1) DXt q(q+1)/2 72T ED . (EFRDFEHIIE A
MRS, ) BARMI, IO Killing vector K. 1% S @ isometry group SO(g+ 1) @ commnutation relation
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(KT, K7 ~ fl7 g KK 2 H729, ZAUT&D | AdS), IZ{ED vector field B, I& SO(q + 1) gauge group % £2Z
L 1Z7% (see section 1.3 in [12]),

X512, 2D decomposition % 11-dimensional field equations IZ AL 7z B2 1556 115 4-dimensional field
equations A% consistent TH 2 &5 IZU RIFUIRS B\, £ Oifamld i fIHHEZRZT Duff, Nilsson, Pope, Warner
[20] IZ& > TRINT WS M, ZOBEEEMEIE [1] ICBECHY ANS NTW5, EFED CHRIZ W TIE Duff [21],
Nastase, Vaman, van Nieuwenhuizen [22], Hoxha, Martinez-Acosta, Pope 23] IZFFHINENNTDH S,

5.1.3 Er=H5 D fluctuation field hyy ICDWT

[1,3] BEDXERIZE D L. AdS, HINZHED < field hy, &, KOS 12 Weyl shift % i 2:

1
N
h/“’ = hl“’ — ﬁguy hmm (518)
Hx ik, h,, & BfdiIC 4-dimensional spacetime O massless graviton & [FEL 724, D&Y k), I symmetric,

transverse, traceless tensor THhd £ D IZE&EL 72\,

2Weyl shift & FI\ 72 3ClikIE [1, 3] TH B A5, Weyl shift £ DE OOfEIL, HEIZIE [16] LH D,
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Penrose limit %= Zi#id 5 72, AdSs x ST background £ spectrum DHFLIZE T, AdSs DL Ry &
ST X Rg DEfR%E Ry =2R4 &£ 95,

6.1 Freund-Rubin Ansatz

Pzl AdSy x ST D Penrose limit (Z U Ti#X47% rescale) Th2 Kowalski-Glikman (KG) solution ETOD
Freund-Rubin ansatz % %> T\%, THhz

FXGy = (6.1.1)

L ERL TH IS, Penrose limit & rescale # U TINE 525, 04 D AdSy x ST ETO ansatz 13E 5 %o
TWbBDTHAD D, ThE KDD,

AdS, x ST T® Freund-Rubin ansatz %

FOl = Meupe o Fis = My/|gaas] (6.1.2)

9%, AU €4p0 & completely anti-symmetric tensor ThH b, TNTNDELFIERTEHRI Nd:

RQ
gAds = det(g,w) = —ﬁ (6.1.3&)
€uvpc = V ‘gAdS’| E;leo' E(ilgg =1 (613]3)

(A
(y
o)

E.) . 1& weight % —1 @ invariant tensor density Th S [14]. I LI B} OD#THE EFre & E#H

c
9_|_.
%

Mo — V ‘gAdS|E;u/po - 1 e E0123 =1 (614)

9AdS vV |gAdS‘

Z X weight 1 @ invariant tensor density TH 5,

2 DO invariant tensor density £}, , E*?7 OREIFRIX

EM7 = gaas 9" 9" 977 97 B 5. (6.1.5a)
BB = Al (6.1.5b)
BB, = 316k (6.1.5¢)

wvpo p—1 v LSV v
E"PT B, = 20(05 05 =05 0y) = 2!- 2147, 0 (6.1.5d)
B By = {0 65 00 + ol 6 6% + 0% 0% 0f — o 0% 6% — ol o of, — o 05 %}
= 3161, 35 00, (6.1.5€)

eHvPo — glwt gl’ﬁ gP’Y 955 €aBys (616&)
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e;tupa €pvpe = —4! (616b)
P e = —31 5" (6.1.6¢)

—21 (65 05 — 0 65) = —21- 2167, oy (6.1.6d)

vpo
P € e

—{01.55.80 + 5% 01 58, + ot o 6y — 8 8%, 8% — 51 0% of — 6% o5 6% |

vpo
e €apro 8%y Ca B Ya Oy

= =310y, 65 64, (6.1.6¢)
Thd, bz Hnd e, —RDOEENFR tensor Gupe, GHP7 1E
Guvpe = Go123 €pe GHP7 = g"g"P P ¢70 Goprs = Goraz €7 (6.1.7)

DRRIZERT D 2 & WAL 15,

AdS; x ST ET® Freund-Rubin ansatz % (6.1.2) £ U 7z& ¥, KG solution T ansatz (6.1.1) & 5225 M
2 RMATD DN ZDETH S, KG solution 1217< 7212, F §7I& light-cone coordinates # HEAT 2, T
I& Penrose limit % R#kL T

1 o _ 1 + 1 -
T (29t z’ = — (2R ™ + —x
{ w = g ) or h 12( sz ) (6.1.8)
T = RA(xO—yh) Y= 5(2R,4x —R—Aa: )

LREFEIND (rescale IXEDR), oF TNTNOD weight 23FAR D DIE Rosen coordinates ¥ Brinkmann
coordinates % WL 72 HTH S, T DEMERATIX, Freund-Rubin ansatz FYC IZRDE 512785

0z
Fihs = %Fﬁgg = RaM~+/—gads FXe = 0 (6.1.9)

{HU . standard ZR&Eame [FERIZL T,

Fyis = 0 (6.1.10)
EUTWD [12], £72. KG solution Tl&k F_193=0THD DT, TITEZTNZEHAL TWbH, I T, Penrose
limit %%, ZZTldk p=0=0,t=2p &£ \> null geodesics FTfET Ry — 00 2 HDZLIZTDH, TD& X,

> S ! — 1 (6.1.11)
gads = (X-1)2  cosh® pcos?t o

LR85, £72 flux & finite THEIFED MIZIE M = M/ /Ry L HEHETD L LWV, ZODIR,
FYSy — M = FUGE" (6.1.12)

8%, X51Z, rescaling % 175, appendix 10.3 TIEFHAIZIXFERL TWZR WA,

ot - %m+ o ahe = 2o, (6.1.13a)
3
T = ;m* S Xge = %xic (6.1.13b)
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EATSDH, UL KG solution ED ansatz 2355 15 :

FKG - _ Oy FLCPL _ e 6.1.14
+123 T 5o U123 T g = K (6.1.14)
TKG
Ny ) IR
M’ 3
M= — = — 6.1.15

ERBDT, AdSy x ST EO ansatz 13
pAdS  _ ielww (6.1.16)
A

Qv po R

THZLND EN DL,

6.2 Field Equations for Fluctuation Fields

9. Freund-Rubin ansatz (6.1.16) M FT® classical field equations (3.1.8), (3.2.5), supercovariant derivative
Dy (3.1.6) & HRLTH I > :

1 1 1
R = —6M2, Ry = —gMZg,w, Royn = 6M?gmn, (6.2.1a)
~ 1 ~ ~
0 = DMNPDyWp 4 oM eponr (FMNP"’\T n 12gM[pFU)‘gT]N)\I!N , (6.2.1b)
i 1 N R
D = (0~ S Tap) + Sea M v (T, — salyTeed) (6.2.1c)
i 1 _
Dm - ( m T A mab Za ) —M vpo 1—ng/\m 2.1d
, O — 5wm b) + 55 M €vpor , (6.2.1d)

e FHT (6.2.1a) 1 (8.1.19) T b AL HEIL TW5,

equations of motion for fluctuation fields {2 2W T, Freund-Rubin ansatz (6.1.16) O FTIFRDE S 127485 :

1 1.
R = =5V Vubhe” = V9 hy = Vo b+ 5 By
1 2 1
= 7§M2hm, - gMgW For23 + §M2g#,, hpp (6223,)
1 1~
Rin = ~5{ VaVuhp” = ViV huy = V¥Vl b + 5 Bhn
1 1
= 6M2hm + 15 Mur €A Frpox (6.2.2b)
1 P P P 13
R = =5 { VeV = Vu ¥y = VoVl b + 5 Bl
1 1 1
= EMthn + gMgmn]:OlQS - 6M2gmn hpp (6226)
. ; 1 .
0 — [wNP (8pr _ %MNAB San ¢p) + Mg T gV it (6.2.32)

IPBEOFHATEE 2 IES M L0 5% HWTEL & FEL &0,
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. i 1
0 = [P (anp — swn P Sap wp) — JMTTI2Ey, (6.2.3b)

1
0 = Vo Fppy— M {gwp (vAhAU - 5a“h(,f?) F exonp VT + exuop V7 + ewgv*h;} (6.2.42)

0 = V' Fomvp— M exon,V " (6.2.4b)
0 = VoFoin 6.2.4c
P
o 1 0123zklgrsu
0 = eV Fomnp + ﬂM\/—gAdg € Farsu Gmz Gnk Gpl (6.2.4d)

F 7z, & TD fluctuation fields (XU TRD & S IZ de Donder and Lorentz type gauge-fixing condition % #f
LTwa 3]

V'hprt = 0 V"Funpog = 0 D™y, = T, = 0 (6.2.5)

fAL . gravitino @ gauge-fixing I%. bosonic fields M Lorentz type gauge-fixing % HAU72E D (compact S7 Fi[]
IZ721F Lorentz type gauge-fixing condition % i) THY . THANIEL W& WD RFEHX (BRFRTIE) AW,

Bianchi identity 72°6 DS E (5.1.5) KDL S IZH5A 5N

0 = ImFrpor + AV Fporlm (6.2.6a)
0 = 2VimFuppor + 3V pForimn (6.2.6b)
0 = 3VimFuplor + 2V Falmnp (6.2.6¢)
0 = AV Fupgr + OnFmnpg (6.2.6d)
0 = VinFupgr] (6.2.6¢)

6.3 Four-Seven Splitting, Killing Spinor Equation

J21% Freund-Rubin ansatz (6.1.16) % fRAL 72721 Tlk, TN & A727F background & AdS,; x S TH B & Ik
FRS 2y, 72% 2 4-dimensional spacetime % maximally symmetric space THd AdS; TH>TEH., &Y D
7-dimensional internal space (2 I fEED ATREMEATFAET D, HIZIE. round S7 fi#Tld 32 supercharge % 5% A%,
maximally supersymmetric Tl squashed S” (N =1, D& 4 supercharges) Dt FHET D, €I T, Hr
7272 ansatz % if9, € HIE. 1ll-dimensional spacetime gravitino Wj; @ supersymmetry transformation dW,,
DOHIFFEA L IIZZNE WS EDTHD (1, 17):

<(5\I/]\4> = 2<D]V[€> =0 (631)

Z Z T e(x,y) 1% 11-dimensional Majorana spinor Tdb % fermionic parameter (SUSY parameter, 32 degrees of
freedom) Td %, 11-dimensional spacetime #% Freund-Rubin ansatz (6.1.16) IZ& > T 4+ 7 (22X 115 DT,
Z @ SUSY parameter e(x,y) & 2 FES 115 :

e(z,y) = & (@)’ (y) (6.3.2)
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Z 2T e!(x) I 4-dimensional spacetime Majorana spinor (4 degrees of freedom) THY . n!(y) I& 7-dimensional
internal space Majorana spinor (8 degrees of freedom) T# 5 2, index I I (z) (o TOWVWT WS EDTA
LT BBEM] AT nly) OF lE) 2RTEDTHD, 22T, anti-commuting R HEE L 4-dimensional
spacetime (D spinor parameter ! (x) IZ5-2 %, 7-dimensional space spinor parameter 1’ (y) I% commuting spinor

Thd,
ZAUZHDHHET, Dirac gamma matrix [4 & RDE S 2RI 15 -
M= ("901L,%e0) o =01,23 a=45---,10 (6.3.3a)
{,Ya,,yﬂ} _ 277046 {Fa7rb} _ 26(11) 5 = i_l’Yo’Yl’YQ’)/g (633b)
Z 2T, 7* IF 4-dimensional Minkowski spacetime T gamma matrices THH . T'* iX 7-dimensional Euclidean
space T gamma matrices Tdh 2 [25, 28],

11-dimensional spacetime T® Lorentz generator @ spinor 8 (3.1.7c) & ¥ . four-seven split U 2% TH

1= i 1= i
E(Y = 7F(¥ = ZYar 1 Za} - 7Fa, = -1 Fa, 634
8 5 Las 5 Yas ® t 5L ab 5 ® Lap ( )
& 7233, Lorentz algebra I
1
—5[%/3, Yys) = NayV8s + NBsYay — NasV8y — Mgy Yas (6.3.5a)
1
_i[raby ch] = 6acrbd + 6bdrac - 6adrbc - 6bcrad (635b)
LS BIRE B (R EICIERE, 72
N 31 N _ N N N
o0 TP = Jhevpon (5;rm — 60T + 57T — 5gr"ﬂ0) = €uporl " = oy’ @1
= =3liv, 1 (6.3.6a)
opos T, = ey (BT, — g PeN) — T, g, gl
= iy l+4ivysel = 2-4livype1 (6.3.6b)
opos TP — o (97T, — 4EP ) — _aifOIE,
= —4li1el,, (6.3.6¢)
VAW VRN &
[MNFPQL, — TMNPQ, _ 4sIMPNPC] (6.3.7)
LS MEEFERZ VTS (see appendix A.2), T 51
~ 4! . .
F0123 _ 70123 ® 1 = I,y(),}/l,y?,y(ﬂ ® 1 = Vs ® 1 (638&)
coporY’? = =3 = “Blingys = €uport™ = =3livus (6.3.8b)
2Minkowski spacetime (23 1) % spinor ® HHEIL [25]. Euclidean space (28172 spinor O HHEI [28] % £,

37-dimensional Euclidean space 2374V Y FIVOHZHAZL | B,y = —%Fab LD REE BAULL VA, T2 DFEHRTIE 11-dimensional
Minkowski space 2341 YNV THd,
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&S BfRE AW T WS, curved spacetime index A% contract L TW\d DT, FEHRMIC gamma matrices 5 DE
HITIXBHIZ tangent space index & FIWVWT R I N, vielbein & E X EHL B\, U 7Zd> T, weight /—gaas

(ES= 07 |URANAN

RS Nz SUSY parameter (&, (6.3.1) (2&D . THNTHRD condition % A7z § BENED 5

1, i

Due'(z) = [%Jrzwﬁd ’Yu/%‘FgM’m%}ﬁl(x) =0 (6.3.9a)
1 i

Do (y) = [8m+1wm“bfab—EMFm]nI(y) =0 (6.3.9b)

ZIT, RIZETEN 5 %M LIk (6.3.9b) DZ & THY | Killing spinor condition & FEIND, Z & Az
3 8-component spinor n’ (y) DI fE#%) 4, 2%V Killing spinor DEEAY index I DEDETdH S, 4-dimensional
spacetime 2% AdS,; D¥5#5, spinor parameter e/ (z) 1& (6.3.92) & A7 9 DT, EDOH# (6.3.2) D FTIE, FA&IC
I f#l® Majorana spinor e! () B FET S, THIEDFY . 4-dimensional spacetime (2% A = I supersymmetry
(41 supercharges) DMF(ET D Z & % BT 5, #lZ I, round S7 DEEIE (6.3.9b) & A7 spinor nl (y) 1k 8 D
f#1£94 % (Killing spinor 28 8 DFAET D) 72, 1 =1,2,--- ,8 £72Y | AdS, EIZIE N =8 D supersymmetry
(32 supercharges) W {FET D Z L1245, —F. squashed S7 Tl (6.3.9b) & #A727 spinor nl(y) 1&7272—>
(Killing spinor 2% 1 D721}) DT, AdS,; EIZIE 4 x 1 = 4 supercharge 72 M7 2 [17].

X512, (6.3.9) 75 . RO integrability condition & MM ZffE X b .
['DM’DV]{;‘I(I‘) =0 (6310&)
[P, Dl (y) = 0 (6.3.10b)
BEEIZ W ZIE. 2 O integrability condition % A7zL . 2D (6.2.1a) % A7z F K, 4-dimensional spacetime 2%

AdSy. T-dimensional internal space 7% S7 TH2 Z & b7 d (pl(y) 2 8 DAZT L Xl round S7. 1 D7Z
D& F % squashed S7), integrability condition (6.3.10) & BRI FLRL &5 -

0 [D,, D)’

1

;
4wﬂ‘$%5 + =My, 75| e’

1. i
= I:au + zwu(ﬂ%yﬂ + 7M,YM,Y5 ’ 81/ + 3

3
1
= [a;u a1/]61 - §M2[’m%7%’75]€1

1 p 1 1
+ 1[6ukuad7uﬁ]5l - Z[aukuaﬁ%ﬂ]fl + Ewuaﬁwvw ['Y(Y/%%/(S]a[

+ fM[amv,ﬁg,]sl — fM[al,,%%]aI + —Mw#“[”ha/j,%%]g — —Mw,,aﬁ[%ﬁ,%%]sl (6.3.11)
3 3 12 12

EF (0,00l =0 THY . 512

1 2
—o M2l sle’ = GMP e e yape! (6.3.12)

Tdh 5, Lorentz algebra (6.3.5b) = HW\ % & (6.3.11) D 2 171F

1 , 1 1=,
Z[ap‘awuaﬁp)/aﬁ]gl — Z[au,wuadf}/aﬁk‘:[ + 1—6(,0# ﬁwl/ﬂyé[’}/aﬁ,’}/»yg]€1 = ZR Byu Yo €I (6313)

Anl(y) @ component DITIEH,
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&b, H3

Q
e

Z’ 1 (o3 1 (o4
gM([amvws] — [0v,vuvs) + s B Vs Yovs) — e ﬂ[vaﬁ,w%])sl

7
= gM{aﬂ e, —0be,” +w, s e, — w3 eﬂﬁ}'ya%el (6.3.14)

TdHDH, torsion free IZH1F% Cartan structure equation de® + ws Ae’ =0 &V, ¥OE 8%, £>T, &
Lhd e

11~ 8
['DM7DV}5I = Z{Raﬁnu + §M26ua euﬁ:|'}/a[3 51 =0 (6315&)

L5, < FARKCHiRnE BT &

17~ 1
[DmaDn]UI - Z[Rabmn_EMQEM(L 6nb:|rab’r][ = O (6315b)

ERDBIEDNDND,

6.4 Decomposition of Fluctuation Fields

Duff, Pope [1] IZ#2 T hyn(z,y) & BET Do by (z,y) IZDWTIERD Weyl shift (5.1.8) % i d:

1 m
huu == hiu/ - 59/11/ hm (641)

Z 2T g W& background AdSs metric TH D,

X T, % fluctuation % four-dimensional fields & internal space fields {2 /3L & 5 :

W (z,y) = h,(2) (6.4.2a)

hyn(z,y) = Y Bl (@) - K[ (y) (6.4.2b)
4,J

Ponn(2,y) = > 85 (@) - [KEIKL = 01 gran KSTKI7] (y) (6.4.2¢)
0,5,

Gmn 1% ST background metric ThHd, F 7=, K] (y) t& S7 spherical harmonics T2 & [FIRHZ, ST D isometry
group SO(8) @ Killing vector & 9%, index 4,j, - I& SO(8) vector index £ U T 125 8 FTESD, TD/
i K1) (y) & gCo = 28 fHlD Killing vector B FET S, £ D7~d four-dimensional spacetime vector B,[fﬂ () &
28 AfF(E$ %, AR four-dimensional spacetime scalar & 2% S(9) (z) % SO(8) vector index % . symmetric
traceless (ZRf DX D IZERI N, 35 EFIET D, BB, EH oy 1& Duff, Pope [1] Tl

1
a = 3 (6.4.3)

TH2M, TR DER DPEREL TRV, REDEHE U THEI D, (e Biz HEL TV factor
MRIHETLS %, )
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ST Lo 28 {0 Killing vector KL (y) W& T L EHIX, LIZE F WA de Donder gauge & consistent
129572 THh5, Killing vector equation &

- 1 . -
v gl — §<VmK,[Z]]+VnK7[:LJ]> -0 (6.4.4)

(m™"n)

ThY ., ZN& de Donder gauge (6.2.5) % consistent 1293 field hpsn @ decomposition & (6.4.2) THAH 1
% (1%

X512 Funpo 20T, £ 1, [ shift SRTBI S0 Fuupo, Fuvpgs b

L hn™ TN NDTHIN
mixing # 2 LD IZRDELD ITEET D!

1
]:HVPU = f;{tupa + §M€ul/p0' (hl)\A - han) (6453,)
Fuvpqg = f;Lypq + g euupnvquhmm (6.4.5Db)

(6.4.5a) @ shift factor 1% (5.1.8) & [AIFKIZ 1/(4 —2) THR S M, (6.4.5b) IZKT B L HSZVWDOT, 2IT
EREDER ay # HNTWD, 51T, Fuupg & By D mixing = FEL T

olii (74 [
Fuvma = Fhupg — 03 €upo VP BT KR (6.4.5¢)
EREHELTHEL, az bREDEHCTHD, ZZTEHEETD hy,,™ 1& (6.4.2¢) Z FANT

h™ = (1= ap)S@ . KA lem (6.4.6)

THALNTWVWD, ZORMAEDFTO flux Fynpg P decomposition (FXTHAL NS [1]:

Frwpe(®,y) = 0 (6.4.7a)

Frwpg(®y) = 0 (6.4.7b)

Frwpg(®,y) = 0 (6.4.7¢)

Funpa(@,y) = > a0, PIF () (v KK () (6.4.7d)
7.k, 0

Fonpg(y) = > PiH(z). {V[mK,[;’J} [VPK;"]](;/) (6.4.7¢)
i,7,k, 0

PUk () 1%, four-dimensional spacetime Tl& pseudo scalar THY . SO(8) vector index (22T self-dual &
UCTEBEIND, TO®) PUr 3 35 EFIET 5,

FEBEE ED decomposition T2 EHS BEAH LA, §TIC Duff et. al. [1, 17] IZL > THIRMIGEA S T
%, Duff @ notation & HADZNE WHETRIZD 2OIZZ ZFIZKREDER a; (1 =1,2,---,4) BWEIHL 7203,
decomposed fluctuation fields (6.4.2), (6.4.7) % equations of motion (6.2.2), (6.2.3), (6.2.4) & Bianchi identity
(6.2.6) IZARAL . o; 28 ZE T, fluctuation fields & V=& BT, (SRS, I HIZIHEARL AR
EEL 5, TNA AdS space ETOD “free” field equations (ZIEWVETHA D, ) 72, Bl&IE SO(8) vector
index @ summation symbol IZEMET S,

52 0 Killing vector 13T Killing spinor TRlidX d 23, Z 2 TlkE 2 5 KkU B\,
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6.5 Penrose Limit

ZIZTED R AETHDBS,

AdSy x S7 background metric ® Penrose limit I% appendix 10.3 IZf#X T 5, Z AU, fluctuation
fields A% [2] (ZEEND NEN%E [EGRT D . AdS oscillator method (2B 4% Penrose limit & U T [30] 23 % DT,
SHEIRDZNE LR,

Penrose limit &
Rap, R40 : finite p,0 — 0 Ry — o (6.5.1)
EHOBIETHD,

FITFwIE BB AT 5

1. gauge-fixing condition »% Penrose limit TE¥23% Z & % Flb

AdS; x ST ET® de Donder and Lorentz type gauge-fixing condition V"¢, (z,y) = 0 3. KG solution
ET® light-cone gauge-fixing condition ¢_(x,y) = 0 IZ8,NE L 2 /RT, ELT D spacetime 1% 11-
dimensions 2K TH 5,

2. fluctuation fields D BAKKZR BEHN) % BB

Penrose limit % ££2 BXIZ compactified S7 23 BE< | DT, Z DiEiwmsd ¥1kY 11-dimensions 2K TH X
%, D%V AdS; L0 fields B (z), ete. DEHZIFE BB DTIRAL . ST LD K[ (y), ete. £ FRAC
BEZT, hym(z,y) = BEj]Ky@j] DFFERTD, TDEE. light-cone coordinates (2 FEIEZAHLL T, fields %

Z
BA X T Penrose limit % ££5 .

AdSy x 87 L fluctuation fields 3. KG solution _E® fluctuation fields |2 one-to-one TEMNZ Z & % RU /-
T, Eix 1 ZU TRV, 5 DOREREZERTIHS, 2. FTHETHD, ZIETOEMIFET 2. Dz
DDUEFTH > /-,

62003 9/29 e, H72U T OFEMITAERBRE D TH D ONENVRRZFEINEZ TERT WS,
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Penrose limit %= Zi#id 5 72, AdS7 x S* background ED spectrum DHFLIZE T, AdS; DL Ry &
S4Bt Ry OBIfR%E Ry =2Rg £ §5, BARAIZ, ZTDHNAEIZDWTIX Pilch, van Nieuwenhuizen, Townsend
[16] &= 21,

7.1 Freund-Rubin Ansatz

Pzl AdS; x S* D Penrose limit (Z U Ti#X47 rescale) ThHS Kowalski-Glikman (KG) solution ETOD
Freund-Rubin ansatz (6.1.1) % A>T\ %, Penrose limit & rescale, T U THED ANMZ %@L TI e 52
%, 2D AdS; x S* ETD ansatz (ZED BRO>TWEDTHAD W, ThE RDb,

AdS7 x S* T® Freund-Rubin ansatz %
Fvinps = Némnpg  oOr F7ss9u = Nv/|gal (7.1.1)

92, fHU. €mnpq | completely anti-symmetric tensor ThH o, TNTNDFFIIRTEHRI ND:

R

g2 = det(gmn) = iy (7.1.2a)
mnpa = V94| Erprpg Ergyy = 1 (7.1.2b)

ZZT E77819h 1% weight % —1 @ completely antisymmetric invariant tensor density THd., E_ L O TH5

mnpq
Emnpq ti

emnpd — V ‘g4|Emnpq _ 1 Emnrq E789h -1 (713)

94 V194

TEHIND, weight 1 D invariant tensor density TH 3,

2 D invariant tensor density E-1  E™"Pd DRI

mnpq>

EmPe = g g™ gt gic gl gl (7.1.4a)
mmn —1
Emap L = Al (7.1.4b)
-1
EmaE L = 316 (7.1.4c)
Emnpa E;b;q = 21(67 o — o3 8y) = 2! 2160 o (7.1.4d)
Emmpe E;,}Cq = {53@ S 08 + Oy O 6F + O 61 6F — Op 61 68 — O 6 S — 0 o 55}
= 31677 67 o7 (7.1.4¢)
¢mnpl = gma gnb gac gad o (7.1.5a)

Mg, = 4l (7.1.5b)
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M, = 315 (7.1.5¢)
€M oy = 21 (SO — O SL) = 20- 2167 6 (7.1.5d)
I e = {007 OF 5T+ O 67 8% + 67" 07 6] — 85" 0% 07 — oI 6% oF — 67 67 o7}

= 3187 07 oY (7.1.5¢)

Thd,

AdS7; x S* ET® Freund-Rubin ansatz % (7.1.1) £ L 72& ¥, KG solution T® ansatz (6.1.1) & 52 %
N % BT 6 DRI ZDFRETH S, KG solution 1Z17< 72812, light-cone coordinates % HE AT 5, £ ik
Penrose limit % &L T

1 0 1 + 1
at = — (29 4 4f T = 7(2RA90 + —

QRA( V) or ? Ba ) (7.1.6)
v = Ra(a" - ) v o= 5(2RAx*—Rjaf)

LREHEIND (rescale IXEDR), oF TNTND weight 23FAR D DIE Rosen coordinates ¥ Brinkmann
coordinates % RL 72 HTH D, Z DEEIERTIX, Freund-Rubin ansatz FYC IZRDE 12485

dy"
Fif = %F%gu = —RaN\/g4 FLSy = (7.1.7)

fHU . standard A G&ame FAKIZL T,
Forzgg = 0 Fo759 = 0 (7.1.8)
LTS [12], T, Penrose limit # &, ZZ Tk p=0=0,¢t = 2p £ \> null geodesics FTFET Ry — oo

ERLHILIZTE, TDLE,

_ B L (7.1.9)
g = (Y12 cos2fcos? g o

LR85, £72 flux & finite THEIFED BIZIE N = N'/Ry L HEHTDI L LWV, O,
Fioy — —N' = Frogt (7.1.10)

L%, X51Z, rescaling % 175, appendix 10.4 TIXFEIITIZFLRL TWZR WA,

6

zt o %x+ ke = el (7.1.11a)
6

B e kg = %xgc (7.1.11b)

ZEBATD, X510, BEDT NVDANHZ

(z',2%,2%) < ", 9% y")

C,PL ~LC,P
F-I;789 = F+123L (7.1.12)
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L CTH<, THZ&D) KG solution ED ansatz H3556 15 :

G _ O%lo piopn _ Py 7113
+123 T 5 4 P12 T T = p (7.1.13)
TKG
&Y.,
N’ 6
N =— = —— 7.1.14

ERBDT, AdS; x S* ED ansatz 1
ES = ——€mnpg (7.1.15)
A

THZLND EN DL,

7.2 Field Equations for Fluctuation Fields

9. Freund-Rubin ansatz (7.1.15) M FT® classical field equations (3.1.8), (3.2.5), supercovariant derivative
Dy (3.1.6) & HRLTH I > :

R o= N, Ry = —cN0u,  Ron = N0 (7.2.1a)
0 = TMNPD U, + %Nepqm (fMNWS n 12gM[p/F\ngS]N) Uy, (7.2.1b)
D, = (au - %wﬂ‘”ﬂ zaﬁ) + %N €npgr L7, (7.2.1¢)
D = (B — i 3s) 2k e (£, i) (210

e, RHT (7.2.1a) 1 (8.219) 2 T b AL HEIL TW5,

equations of motion for fluctuation fields {2 2W T, Freund-Rubin ansatz (7.1.15) O FTIFRDE S 127485 :

1 1~
R = =5V Vubhe” = V9 hy = Vo b+ 5 By
1 1 1
= ngQhW = 3 NG Frsop + éNng hy? (7.2.2a)
1 1
Rin = ~5{ VaVuhp” = ViV huy = V-Vl b + 5 Bhn
1 1
= —6N2h,m + 5 N0ns €7 Fupgr (7.2.2b)
1 p 1~
R = =5 { Va Vo = Vu ¥y = VoVl } + 5 Bl
1 2 1
— gNzhmn + 3N Gmn Frsos = gNngn h,P (7.2.2¢)
. i 1T e
0 = F“NP (31\/1/113 — %WNAB EAB 1/)13) + Z]VF'“V?S)Iq 1/JV (7.2.3&)

IPBEOFATEE 2 IESL N &0 5% HNTHE & BBl A&y,
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~ 1 1 ~
0 = FmNP <8N1/]P - inAB EAB wP) + gNgm[pl'\ngs]n €pqrs '(/}n (723b)
1
0 = eV Fpup— ﬂN@MWWg%aW G Gur Gp (7.2.4a)
0 = V' Fomup (7.2.4b)
0 = V7 Fomnp — Negmns VIh,* (7.2.4c)

1
0 = V" Fomnp = N {eomnp (V71" - 5aShQQ)  €qonp Vi €qmep VI + cquns V" | (72.40)

F 7z, & TD fluctuation fields (XU TRD & 5 12 de Donder and Lorentz type gauge-fixing condition % #f
LTwa 3]

Vhprt = 0 V"Funpg = 0 D™y, = T, = 0 (7.2.5)

fHU . gravitino constraint 12 DWW TIXZ NAYIEL W& WD RFEIZE 2780,

Bianchi identity 225 DS E (5.1.5) IFRDE S 12745

0 = VuFupon (7.2.6a)
0 = OmFrpor + 4V Fporlm (7.2.6b)
0 = 2VimFuppor + 3V pForimn (7.2.6¢)
0 = 3VimTFuplor + 2V o Fajmnp (7.2.6d)
0 = 4V Fupgr + OnFmnpg (7.2.6e)

7.3 Seven-Four Splitting, Killing Spinor Equation

11-dimensional spacetime A 7-dimensional spacetime & 4-dimensional internal space (2 33 11d & X 32

component % 2 11-dimensional Majorana spinor parameter (SUSY parameter) £ 73X 115 :

e(z,y) = ' (@)n'(y) (7.3.1a)

22T el(x), n!(y) I&F TN 7-dimensional spacetime, 4-dimensional internal space EDEEFIZL spinor Tdh B
9 THD, Ll BNTE,

el(x) : Dirac spinor, 16 components (7.3.1b)

n'(y) : self Weyl spinor, 4 components (7.3.1c)

THY. 16x4=64 2> TULED [25,28], FHEL TWDEIZRZ D DN, TORIXE D BDZAD M (2003
9/21), Minkowski spacetime (Zi& d = 6 T pseudo-Majorana spinor 237#£9 % [29], Euclidean space D&
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& d = 4 12 pseudo-Majorana spinor DMFAET D Z & I8 %, TD/D, d = 4 space (2T D BER spinor 1%,
pseudo-Majorana »*2> Weyl T,

n'(y) : pesudo-Majorana and self Weyl spinor, 2 components (7.3.1d)

BB, £oT, HHEMEIXELS 25,

AdSy x ST TO#EE [k index I 1& e(2) I TOWTWEEDTRL [ H2 5 & AT ny) OF f#
B 2KRTEDTHD, 2T, anti-commuting % HEIL 7-dimensional spacetime @ spinor parameter £/ (x)

1252 %, 4-dimensional space spinor parameter 1! (y) I& commuting spinor THh 2 ,
spinor e(xz,y) DRI E> T, Dirac gamma matrices in 11-dimensional spacetime  RD K D I3 # T %
M= (3olh1el) o =01,2--,6 a= 78910 (7.3.2a)
(7.3} = 27 {T°.T"} = 26" T3 = —T'T°TT" (7.3.2b)
Z 2T 7* & T-dimensional Minkowski spacetime T Dirac gamma matrices TH Y | I % 4-dimensional

Euclidean space T® gamma matrices TdHh D [25, 28], AdSy x ST DL KHIT S 72HDIZ tilde & (T THL,
D53#ED R T, Lorentz generator ¥ 45 (3.1.7¢) @ spinor representations XD & 5 12745 :

B i i~ i ~
Sy = Ty = LA.,01 Sy = T = “1@T, 7.3.3
8 gt ab Ve @ b 5 Lab 51@TLa ( )
Lorentz algebra 1%
1. - ~ - -
_5 [’yaﬂa 7’75] = Na~7ps + NpsYay — NasVBy — NpyYas (734&)
1~ ~ - - ~ ~
_i[raba Lea] = daclva + 0palac — daal've — pelad (7.3.4b)
EWS Rz o, X512, 5 D0 gamma matrices DFER E 1ZRDELD 12725
~ | ~ ~ ~ ~ ~ ~
empqr Ol TP = %empqr (apFr — g, B 469, F% — 67 F7) = 0 TP = 10 €y TP
= —311®T,l; (7.3.5a)

o T — o (97T — 46l F00r)) = (PO 4 411 @ T T

= 2. 41100, (7.3.5b)
E"qufnpqru = €npgr (fnpqrfu - 45Lnqur]) = anlhfnpqrfu
= el (7.3.5¢)
ZZT
1‘\789u — $F7F81—\91“h = -1® 1'\5 (736)
HNTWS,

MRS N7z SUSY parameter &, (6.3.1) (&Y . TNTHRD condition & A7z MENEL 5 -

1 - 1
D,el(z) = |0, + Zwu"ﬂ%ég - EN’yH el(x) = 0 (7.3.7a)
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1 ~ 1.~ ~
Do (y) = 8m+1wmabfa,;,—|—§NFmF5 n'(y) = 0 (7.3.7b)

ZZT, RIZETRD 25 %M1 L1F (7.3.7b) DT & THY | Killing spinor condition & FEHENG, Z ik Al
3 2-component spinor n’ (y) DI f#%) 2, 2%V Killing spinor DEEAY index I DED K TdH 5, 7-dimensional
spacetime 2% AdS; D#, spinor parameter e () 1& (7.3.7a) & A7z 9 DT, EOHR (7.3.1) O FTIE, Bl
I fl> Majorana spinor el (z) ’F4£9 25, TAUEDE Y . 7-dimensional spacetime (Z1& A = I supersymmetry
(161 supercharges) BMFAET 5 Z & & HIKT 5,

X50T, (7.3.7) ™5, RO integrability condition & XD &€ HI Nd -

11~ 1 1

Du D @) = [B + N%eu” e |Fase’ = 0 (7.3.81)
17~ 8 ~

s Dl (4) = 5 [RBmn + 5 N2 e [Tup’ = 0 (7.3.8b)

BEEIZWZ X, 2 D integrability condition % A72L . 2D (7.2.1a) % A72F K, 7-dimensional spacetime A%
AdS7. 4-dimensional internal space 2% S* THD Z & b nd,

7.4 Decomposition of Fluctuation Fields

7.5 Penrose Limit

2T (y) @D component DETIXA N,






Chapter 8

Coordinate Descriptions

coset construction & 1EA1Z, polar coordinates & FIVNT AdSy7) x ST classical background % #{#d %,

2B, IO Cartan’s structure equations DE KL, Lorentz algebra R L IMKFT D L & BNRNED 1T
L7z,

%D Part TH DI & % BT 2D A, de Wit [33, 34, 35] (& Lorentz algebra 2352725 72& (Z L T Clifford
algebra IX[FIU 728). spin connection DEFHZMNRRD
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8.1 AdS, x S’

8.1.1 Curved Spacetime Coordinates and Metric

Supergravity on PP-wave background % WL T. AdS,; x S7 DFl&E U TRDE D (global coordinates) % £
3% [32):

ds?, = RIQL‘{ — cosh? p - dt? + dp? 4 sinh? p - dQ%} + R%{ cos? 6 - d? + df? + sin? 6 - ngQ} (8.1.1)
3 8
= {—@x 2 - @x*?+ Y @x)?} + { 3 arm?} .
=1 m=1

ZZT. AdS,, ST ixTnTh

AdSy —Ry = —(X7H2 (X2 + (X124 (X)) 4+ (X3)? (8.1.2a)
S? . R%’ _ (Y4)2+(Y5)2+(Y6)2+(Y7)2+(Y8)2—|—(Y9)2+(Y10)2+(Y11)2 (812b)

TREWNZEZI VTS (13-dimensional flat space ~NDHDIAA), FEME {X4;Y P} % polar coordinates % i
WTHET, £9 AdS, IZOWVWTIXE

X1 = Rycoshp cost X? = Rysinhp sin ¢y cos ¢y (8.1.3a)
X% = Rycoshp sint X3 = Rysinhp sin ¢y sin ¢o (8.1.3b)
X' = Rasinhp cos ¢ (8.1.3¢c)

ZIZTOL<H <m0< g <21 THY, STIZDOVTIE

Y4 = Rgsiné sin¢s cos oy Y® = Rgsin® sin ¢z sin ¢y sin ¢s sin ¢g sin gy (8.1.3d)
Y® = Rgsinf sin ¢s sin ¢y cos ¢ Y? = Rgsiné cos ps (8.1.3e)
Y% = Rgsin6 sin ¢3 sin ¢y sin ds cos dg Y19 = Rgcosf sing (8.1.3f)
Y" = Rgsiné sin¢s sin ¢4 sin ¢ singg cosgy Y11 = Rgcosh cos (8.1.3g)

2EL0<¢;<m(i=3,-,6),0< ¢7 <21 THdD, ZDFEEROIE, ViIRA dOZ, dOL2 % RKTHS !

2 -1 7 7—1
A3 = Y [ sin® ¢rde? d0g® = Y]] sin® ¢ de? . (8.1.4)
i=1 k=1 j=3 k=3

Freund-Rubin ansatz X Penrose limit % fi\ 3 DT, FKMEEOKEZ L OTEID:

coordinates H p Qs t © 974 0

before Penrose limit AdS, ‘ ST
after Penrose limit flat (SO(3)) | light-cone (+, —) | flat (SO(6))
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83

¥ /2. 1l-dimensional curved spacetime coordinates % . Penrose limit % ££-> 72IfZ flat space R E MR
WEDTEIGRL &5, (8.1.3) IX 13-dimensional flat space R ANDIEDIAARZR DT, 11-dimensional {23 % |2

1ZRD constraint WHETH 5 :

3

(X2 = R = (X + 3 (X2
10
e I 0k

ZODRT, BELEHEZ XRTEHEZ LD

2" = X% = R, coshpsint yt =
z! = X! = Rysinhpcos Y’ =
z? = X? = R4 sinh psin ¢, cos ¢ y°
z3 = X3 = R4 sinh psin ¢ sin ¢ y’
"
Y
10

(8.1.5), (8.1.6) % (8.1.1) IZfRAL &5

L
o = i () e £ (s

= gundzMdzVN = Guv dz’dz” + gmp dy™ dy™

DFEY FHEDOZHRAIIRDES ITHEZL NS :
xPx?
Guv = MNuv — Nup nuam

XX~ = —Xx%X%+ ) X'dX’ (8.1.5a)
yilayt = =3 ymdaym (8.1.5b)
y* Rg sin @ sin ¢3 cos ¢4 (8.1.6a)
Yy’ Ryg sin 0 sin ¢ sin ¢4 cos ¢5 (8.1.6b)
Y6 Ry sin 0 sin ¢)3 sin ¢4 sin ¢5 cos ¢g (8.1.6¢)
Y’ Rg sin @ sin ¢3 sin ¢4 sin ¢5 sin ¢g cos @7 (8.1.6d)
y$8 R sin 6 sin ¢3 sin ¢4 sin ¢5 sin ¢g sin ¢ (8.1.6e)
Y? = Rgsincos ¢3 (8.1.6f)
Y1 = Rgcosfsing (8.1.6g)

2 . 5. 2p0y . 5. 2gind S
) }(d.’l?l)2 + Z mdl’odxz — Z mdmldl’j

ZITat € AdSy, ym € ST ThD, Thoh FL DT oM = {at;ym} L EIRTIL2HD, X512 gMV X

et
R
& 7452, metric D determinant 1£%F NZ 4
__Bh
(X-1)2
£ 725, 11-dimensional spacetime /A TILZ DFE
R% R%

g = g+

det(gu) =

det(gMN) =

Lvielbein (8.1.3), (8.1.13) % &L TZ DIEFIZL TH 2,

ECSDEvE

i=1 i,j=1
(8.1.7)

Gmn = 6mn+6mp6nq% (8.1.8)
gmt = " — y;gn (8.1.9)
det(gmn) = (Y}Tf)g (8.1.10)
7(coshpcostlcosecos<p>2 (8.1.11)

2 /notes/tk-notes/sugra-ads/tk/maplefiles /030824 /affine-ads4s7-030824.tex 2,
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ERB, F-. ZOREERTO affine connection 233KD S N -

1 zf

oA —1\2 2 v
FZV = Riy{nua AT X _nMVX} X = (X ) = RA + Muw zhe
e, = iy—p{zs e Y'Y + Opn Y } Y = (Y')? = RE = 0pmny™y"
mn — R% y 19ma nr Y'Y mn = = g mnY Y

8.1.2 Differential Forms, Vielbein, Affine-spin Connection, Curvature

metric (8.1.1) (ds?; = nape? e?, nap = diag.(— + +--- +)) 25 . vielbein & KD &S IZEHL &

e’ = Rycoshpdt e% = Rgsin# sin ¢ sin ¢4 des

el = Radp e’ = Rgsin sin @3 sin ¢y sin ¢s dog

e? = Rysinh pdoq e® = Rgsin6 sin ¢3 sin @4 sin @5 sin ¢g dor
e’ = Rasinhp sin ¢ deo e’ = Rgdf

e! = Rgsinfdes el = Rgcosfdyp

e’ = Rgsin sin ¢3dey

Z O exterior derivative de? % 2L £ 5 .

1
de’ = ———tanhpe’ Ae!
Ry P
de! =0
1 1
de? = —— e’ Net
R4 tanhp
1 1 1 1 1
de® = —— e Net — —— e3 A e?
R4 tanh p R 4 sinh p tan ¢
1 1
det — —— 4,9
€ Rstanﬁe
1 1 1 1 1
de® = —— e Nne’ — —— e’ net
Rg tan6 Rg sin @ tan ¢3
det = — = Logpeo L L1 e a 11 1 1 6,05
Rg tan 6 Rg sin @ tan ¢3 Rg sin @ sin ¢3 tan ¢4
1 1 1 1 1 1 1 1 1
de” = —— TAe? — —— e net — —— - e ne’
Rg tan6 Rg sin @ tan ¢3 Rg sin @ sin ¢3 tan ¢4
11 1 1 1 .
- 5 = . - e Ne
Rg sin @ sin ¢3 sin ¢4 tan ¢5
1 1 1 1 1 1 1 1 1
de® = —— P — S Net — —— - B Ae®
Rg tan6 Rg sin @ tan ¢3 Rg sin @ sin ¢3 tan ¢4
1 1 1 1 1 8. 6 1 1 1 1 1 1 8 . 7
- 5 = . - eeNe — 5 — - - - e"Ne
Rg sin @ sin ¢ sin ¢4 tan ¢5 Rg sin§ sin ¢ sin ¢4 sin ¢5 tan ¢g
de’ =0
1
de!” = —tanfe'® Ae’

S

(8.1.12a)

(8.1.12b)

8.1.13a

—

8.1.13b

—~

8.1.13c

—

8.1.13d

—~

8.1.13e

—~
—_ - L D O

8.1.13f

(8.1.14a)

(8.1.14D)

(8.1.14c)
(8.1.14d)
(8.1.14e)
(8.1.14f)

(8.1.14g)

(8.1.14h)

(8.1.14i)

(8.1.14j)

(8.1.14k)
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Cartan’s structure equation de + w” 3 Aef =0 &V . affine-spin connection w3 R 52 5 Nd:
1 . 1 1 .
0 0 3 3
w1 B anhpe w1 R tanh s e ( a)
1 1 9 3 1 1 1 3
= — Sy = — — - 8.1.15b
w R4 tanhpe w2 Ra Sinhptan(ble ( )
1 1 1 1 X
4 4 6 6
0 o= 0 = — 8.1.15
WO Rg tan6 ¢ wo Rg tan6 ¢ ( )
. 1 1 6 1 1 1 6
P9 = — ° = — 8.1.15d
wo Rstan96 w Rssinetand)ge ( )
. 1 1 1 . 6 1 1 1 1 6
o - o = — 8115
W Rg sin 0 tan ¢3 ¢ wo Rg sin @ sin ¢3 tan ¢4 ¢ ( )
1 1 - 3 1 1
= — = - 8.1.15f
wo Rstanﬁe wo Rstan96 ( )
1 1 1 1 1 1
7 7 8 8
_ 1 - 8.1.15
W Rg sin 0 tan ¢3 c W Rg sin 0 tan ¢3 ¢ ( g)
1 1 1 1 1 1 1 1
w's = o= - e’ W = == - e’ (8.1.15h)
Rg sin 0 sin ¢3 tan ¢4 Rg sin 0 sin ¢35 tan ¢4
1 1 1 1 1 1 1 1 1 1
7 7 8 8 :
= — = — 8.1.15
wo Rg sin @ sin ¢3 sin ¢4 tan ¢s ¢ wo Rg sin 6 sin ¢3 sin ¢4 tan ¢5 ¢ ( 0
Wiy = I ! L ! et (8.1.15§)
Ry sin 6 sin ¢3 sin ¢4 sin ¢5 tan ¢g o
1
wl = ——tanfe' (8.1.15k)
Rs
affine-spin connection O AT wA 5 naa +wB anpp =012 HEETS:
w'ry = O.)lo, Wy = —w'r (I7J = 1a27"' ’10)
exterior derivative of affine-spin connection: dw 3
1 ‘ 1 (. coshp 1 ,
dw’y = ——= e’ Ae! dw?; = ——{63/\6] + 63/\62} 8.1.16a
! R% ! Ri sinh? p tan ¢q ( )
1 . 1 1
dw?; = ——= €% Ael dw?y = — e3 A e? 8.1.16b
1 R?q 2 R‘i sinh2 P ( )
1
dw?y = = et Ae? (8.1.17a)
S
1 - cosf 1 -
dw’y = —{e”/\egf eJAe4} 8.1.17b
@ R% sin? 6 tan ¢3 ( )
. 1 1 .
dw’y = — —5—e’net 8.1.17¢c
! R% sin? 6 ( )
1 cos 6 1 1 1 5
dw®y = —{66/\69— ( eSnet + — 766/\60)} 8.1.17d
? R% sin? § \tan ¢s sin ¢3 tan ¢y ( )
1 1 3 1
dow®y = —5— {66 Aet — CTOZ% eS A 65} (8.1.17e)
R sin® 6 sin® ¢3 tan ¢4
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1 1 1
R% sin’ 0 sin? ¢

1 0, 1 11 11
dw'y = R2{e Aed — =5 ( e et + - [ eTAE + — —eMeﬂ)} (8.1.17g)

dw’s = O Ned (8.1.17f)

sin? @ \tan ¢ sin ¢3 Ltan ¢4 sin ¢4 tan ¢s
1 1 1 1 1
dw’y = —5— {67 ANet — 9082(153 ( e’ Ne’ + — e A 66)} (8.1.17h)
RS sin® 6 sin® ¢3 \tan ¢ sin ¢4 tan ¢5
1 1 1 5 1 X
dw’s = ﬁTT{J/\@O - c'oz;m 67/\66} (8.1.171)
RS sin” 0 sin” ¢ sin® ¢4 tan ¢s

1 1 1 1 .
dw’s = —5 e’ Neb 8.1.17j
0 R% sin 0 sin? ¢5 sin® ¢4 ( )

1 ; cos 1
dwdy = —2{68/\6‘)— — (768/\64
R sin” 6 \ tan ¢3

1 1 8 . & 1 1 8 . 6 1 1 8 . 7
: Ae® + — { A€ + — A H)} 8.1.17k
+ sin ¢3 [tan P4 e et sin ¢4 Ltan ¢5 e het sin ¢5 tan ¢g € ne ( )
1 1 1 1 1 1 1
dw®, = = {68/\64— COS¢3( B ned + [ B nel + 68/\67])}

R% sin® 6 sin? ¢ \tan ¢4 sin ¢4 Ltan ¢s sin ¢ tan ¢g
(8.1.171)
1 1 1 e 1 1 1
dw85 = ﬁTT{eg A 6J — (::082(254 ( 68 A 66 + . P — 68 A\ 67)} (8117m)
RS sin” 0 sin” ¢3 sin® ¢4 \tan ¢ sin ¢5 tan ¢g
1 1 1 1 1
W = o555 {68/\66— C.OSQ% 768/\67} (8.1.17n)
R sin® 0 sin” ¢3 sin” ¢4 sin® ¢ tan ¢g
1 1 1 1 1
dw®; = ——— — —— S Ae’ (8.1.170)
RS sin” 0 sin” ¢3 sin” ¢4 sin” ¢5
1
dw'ly = —e'%ne’ (8.1.17p)
Ry
curvature 2-form R p = dw’ g + wic AwCp & KD
1 / 1 /
R = ——5mee” Ne® for AdSy, Ry = —50pce” "Ne for 7 (8.1.18)
R, R
& > T. Riemann tensor R*zcp, Ricci tensor R g, scalar curvature R4(7 NERPNZFHEI NS :
a 1 a a cd 12
RY%eq = R2 (6 Thd — 5(1 nbc) R = R chd 1] RA (51, Ry = —R7124 (8.1.19&)
Ralblcld/ = 2 (6 6d’b’ — 5d' 61'1)’) R”’/b/ = Ra/c’b’d' ’[’]C/d/ = 2 (5 R? == iz (8119b)
R% R3 Rg

Penrose limit % B RIZIE Rg = 2R 4 WZ[EET 5,

8.1.3 Explicit Expression of Components of Affine-spin Connection

supergravity @ fluctuation DFHHE%E 95 BZI affine connection T'F,, 7217 TIE/4< | affine-spin connection
wMAB D BRI LGN BENZ RS, ZDEARMKRZELDZOIZ, £33 (inverse) vielbein DE % KD\, T
D7=DIT, FEE M D exterior derivative doM % 51125945, Z 1k vielbein D@L U Tl TE 5

dz® = €' sinhpsint + €° cost (8.1.20a)
Ee! + Ey° e
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dy9

dylo

dz! = e' coshpcos ¢ — e? sin ¢, (8.1.20b)
= Flel + Eyle?
dz? = e’ cosh psin ¢ cos o + € cos ¢y cos Py — € sin po (8.1.20¢)

= E12 61 + E22 62 + E32 63

dz® = el cosh psin ¢ sin dg + €2 cos ¢y sin ¢ + €3 cos ¢y (8.1.20d)
= Elel + Bl 4+ B33 e (8.1.20e)
= ¢ cosfsin ¢ cos 4 + € cos p3 cos gy — € sin Py (8.1.20f)

= E94 e + Bt et + E54 e’
= ¢” cosfsin ¢gsin @3 cos s + € cos ¢ sin Py cos p5 + € cos P4 cos s — €° sin ¢ (8.1.20g)
= Ee’ + Ele' + Es®e® + Bgb e
= ¢” cosfsin ¢ sin ¢4 sin ¢s cos dg + € cos P3 sin ¢y sin @5 cos g + €° cos G4 sin P cos g

+ €5 cos g5 cos g — €7 sin dg (8.1.20h)
= BSOS+ ESet + B5¢ + Ebe® + ESe7
= ¢” cosfsin ¢y sin ¢s sin ¢ cos 7 + € cos B3 sin ¢4 sin P sin g cos d7 + € cos ¢4 sin G5 sin ¢g cos P7

+ €% cos 5 sin ¢g cos 7 + €7 cos g cos p7 — €° sin ¢y (8.1.201)
= By e+ By e+ Es"e®” + By S+ E.7e” + Fy" €8
= ¢” cos0sin ¢y sin ¢s sin ¢g sin @7 + e cos P3 sin ¢4 sin P sin g sin 7 + € cos P4 sin @5 sin dg sin G7

+ €5 cos ¢ sin ¢ sin @7 + €7 cos dg sin 7 + €° cos @7 (8.1.20j)
= B8’ + BBt + E:8e” + Eb el + E,8 e’ + E8e®
= ¢” cosfcos 3 — e sin 3 (8.1.20k)
= Ey%e¢” + B0 et

= ¢ sinfsing + 'Y cosgp (8.1.201)

¢
EglO eJ 4 Elolo 61()

ZOFIIZEY inverse vielbein E M O BRI ZADES D, I D inverse vielbein DWif74% kDb Z &
T. vielbein ey NkDS D 3:

eol dz® + e,% dazt + 50 dz? + 530 da?
ﬁ dz® — tanh ptant cos ¢ da! — tanh ptantsin ¢; cos ¢g dz? — tanh ptantsin ¢ sin ¢y da> (8.1.21a)
e dat + e da? + e3! da?

% 1 sinzﬁolszo; o2 4a? 4 sinilsiiz b2 PP

(8.1.21D)

3Maple 12 & % 357 7 1 )V iE /home/tetsuji/notes/tk-notes/sugra-ads/tk/maplefiles /030822 /ads4ds7-vielbein.mws IZH 2, Z D
latex version | ./ads4s7-vielbein.tex TH 2,
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€2 = e?da! + ex?da? + eg? da?
= —sin¢y da! + cos ¢y cos o dz? + cos ¢ sin ¢o da? (8.1.21¢)
e = ey?da? + ey’ da?
= —sin ¢y da? + cos ¢y da® (8.1.21d)
et = et dat + et da’ + et dab + er dz” + eg? da® + et da®
= cos 3 cos Py Azt + cos @3 sin ¢y cos ¢5 dz® + cos ¢ sin G4 sin 5 cos dg da’
+ COS ¢3 Sin ¢4 Sin ¢ sin dg cos ¢7 Az’ + cos ¢ sin G4 sin ¢y sin Pg sin 7 dz® — sin ¢s da? (8.1.21e)
e” = e dat +e5° da’® + eg” dab + e da” + eg” da®
= —singy dz* + cos ¢4 COS 5 dz® + cos ¢4 8in P5 cos pg da8 + cos ¢4 8in @5 sin Pg cos P dz”
+ €08 ¢hy Sin 5 sin g sin ¢y da® (8.1.21f)
ed = e50da® + €8 da’ + ;% dz” + egf da®
= —sin ¢5 dz® + cos ¢5 cos g da® + cos ¢ sin ¢ cos 7 da” + cos ¢ sin ¢g sin 7 da® (8.1.21g)
e = eg"dzb +e; da” + eg” da®
= —sin¢g dz® + cos dg cos ¢7 dz” 4 cos ¢g sin 7 dz® (8.1.21h)
e = e;.8dz" + eg® da®
= —sin¢yda’ + cos ¢y da® (8.1.21i)
e’ = e, dat +e5” da® + eg” dab + e da” + e da® + e9? da?
_ sin ¢3 cos ¢4 da + sin ¢z sin ¢4 cos @5 4 + sin ¢3 sin ¢4 sin @5 cos Pg P
cos cos 6 cos 6
n sin ¢ sin ¢4 sin @5 sin ¢g cos ¢7 de + sin ¢3 sin ¢4 sin @5 sin g sin @7 4e® + % P (8.1.215)
cos 6 cos 6 cos @
e0 = €0zt + 6510z’ + €60 Az’ + €10 Az + e5'0 dz® + €00 dz? + 1010 dz'®
= —tan 6 tan psin ¢g cos ¢4 dz? — tan 0 tan ¢ sin ¢3 sin ¢4 cos @5 dz®
— tan @ tan ¢ sin ¢g sin ¢4 sin @5 cos ¢g dz® — tan 6 tan @ sin ¢ sin ¢4 sin ¢s sin ¢g cos d7 da”
— tan 6 tan @ sin ¢ sin ¢4 sin @5 sin @g sin @7 dz® — tan 6 tan ¢ cos g3 dz” + ﬁ dzt® (8.1.21k)
DWTIZ
e = det(en”) = ! (8.1.22)

cosh pcostcosf cos

Thd, ZNlF e=/—det(gyny) THDI L% EETDH L, (81.11) & consistent THD,

(8.1.15) & (8.1.21) & ¥ | affine-spin connection wy“ 5 & BRI FLIRTE 2

wol = w001 d.IO + w101 d’JJl -+ LLJ201 d$2 -+ W301 dl’s
1 tanh 1 1
= — P dz® — = tanh? ptantcos ¢ dz' — — tanh? ptantsin ¢1 cos ¢ da?
Ry cost Ry Ra
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ot

6

9

9

5
4

6
5

1
N tanh? ptantsin ¢ sin ¢ da® (8.1.23a)
A
w21 = w121 da? +(U221 daz? +LU321 dz?
_ s sing; . icosqbl CosS @y . o icosqﬁl sin ¢o PP (8.1.23D)
R4 tanh p R4  tanhp R4 tanhp
W = wydy da? + ws?y da?
_ o Losinds ga 1 ocosdr s (8.1.23¢)
R4 tanh p R4 tanhp
w32 = w232 d$2+W332 dCC‘3
1 sin ¢o 9 1 COS @2 3
= ——— = d — = 8.1.23d
R 4 sinh ptan ¢ . +RAsinhptan¢1 . ( )

=4
(JJ449 d$4 + w549 dx” -+ w649 dl’G -+ CU749 d$7 —+ w849 de + WQ49 dl‘g

1 cos¢scosps | 4 1 cos ¢3 sin ¢4 cos o5 1 cos ¢3 sin ¢y sin ¢ cos ¢g

da® da®
Rg tan . Rg tan @ S Rg tan 6 v
1 cos @3 sin ¢4 sin ¢ sin ¢ cos p7 . 1 cos ¢3 sin @4 sin @5 sin ¢g sin g7 | ¢
— de' + — dx
RS tan 6 RS tan 6
1 sings . 4
_ 8.1.23
Rg tan@ ( )
(JJ459 d$4 + w559 diL’S + w659 dl’G + CU759 d$7 + w859 de
1 singy . 4 1 cosgycosgs . 5 1 cos ¢4 sin ¢5 cos og P
- x ————dx — T
Rg tan Rg tan 6 Rg tan 6
1 cos ¢4 sin s sin ¢g cos ¢7 . 1 cos ¢y sin s sin ¢ sin g7+ ¢
— d —_— d 8.1.23f
RS tan 6 v RS tan 6 . ( )
wi’sdzt + ws®y da® + we®y dal + w0y da” 4w’y da®
1 sin ¢4 4 1 cosgpycosgs | 5 1 cos ¢4 sin ¢5 cos ¢pg P
- dz ———dx — T
Rg sin 0 tan ¢3 Rg sinftan ¢ Rg sin 0 tan ¢
1 cos o si.n @5 Sin g cos P daT + 1 cos o si.n @5 sin ¢g sin pr7 PP (8.1.239)
Rg sin f tan ¢3 Rg sin @ tan ¢3

QJ569 da® + (JJG()Q da® + LLJ769 da” + w8(’9 da®

1 sings .| 5 1 cosgscosdg , ¢ 1 cos ¢5 sin g cos p7 1 cos ¢5 sin ¢g sin ¢

— da” da®
RS tan 6 v RS tan 6 . RS tan 6 T RS tan 6 .
(8.1.23h)
W564 da® + w664 daf + w764 dz” + w864 da®
1 sin ¢ 5 1 cosgscosgs , ¢ 1 cos ¢5 sin ¢g cos ¢ F
- > _— PYs TR Y6 il T
Rg sin 0 tan ¢3 Rg sinftan ¢ Rg sin 0 tan ¢
1 cos¢ssinggsingr | ¢ .
il d 8.1.23
Rg sin 6 tan ¢g . ( i)
ws%5 da® + we’s dab + wr%5 da” + webs da®
1 sin ¢s 5 1 COS @5 COS Pg 6 1 cos ¢5 sin g cos ¢pr7 P
- — — x
Rg sin @ sin ¢3 tan ¢4 Rg sin 0 sin ¢3 tan ¢4 Rg sin@sin ¢stan ¢y
i COs (5 Sin ¢g sin @7 P (8.1.23)

Rg sinfsin ¢3 tan ¢4
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10
9

w679 d$6 + (JJ779 d$7 + w879 dl‘s

1 sings . ¢ 1 cosggcosdr | - 1 cosggsingy | 4
- d ———d — " d 8.1.23k
Rg tan@ v Rg tan 6 vt Rg tan 6 . ( )
we 4 dz® + wr Ty da” + ws' 4 da®
_ _L . sin ¢g 6 icc?sgb(;cosdw o7 Lc?sgbgsingzh PP (8.1.231)
Rg sin 0 tan ¢3 Rg sinftan ¢ Rg sinftan ¢3
w675 dab + (JJ775 dz” + w875 da®
_ _L ' ?in o 4u + L ' cos '(156 Cos (7 da + L ' cos.q’)g sin ¢7 P (8.1.23m)
Rg sin @ sin ¢3 tan ¢4 Rg sin 0 sin ¢3 tan ¢4 Rg sin @ sin ¢3 tan ¢4
w676 da + w776 dz” + w876 da®
1 sin ¢g 6 1 COS (g COS P7 7 1 COS ¢g sin @7 s
~ Rg sinfsin ¢g sin ¢4 tan ¢s Rg sin @ sin ¢3 sin ¢4 tan ¢5 Rg sin 0 sin ¢3 sin ¢4 tan ¢5
(8.1.23n)
wry dz” + ws®y da®
1 sing7 , , 1 cos¢r . g
-_— _— 8.1.23
Rs tanf Rg tané ( o)
W784 dz” + OJg84 da®
1 singy - 1 cos¢r 3
—_—— — 8.1.23
Rg sin 6 tan ¢3 . Rg sin § tan ¢3 o ( )
wits dz” + w5 da®
1 i 1
_ 1 smdr Tyl cosdr da® (8.1.23q)
Rg sin 0 sin ¢3 tan ¢4 Rg sin 0 sin ¢3 tan ¢4
w786 d$7 + (JJ886 dIS
1 sndy Tyl s 8 (8.1.231)
Rg sin @ sin ¢35 sin ¢4 tan ¢5 Rg sin @ sin ¢3 sin ¢4 tan ¢5
OJ787 dz” + w887 da®
1 sngr Tyl cosdr s (8.1.23s)
Rg sin 0 sin ¢3 sin ¢4 sin ¢5 tan ¢g Rg sin @ sin ¢3 sin ¢4 sin ¢y tan ¢g

10

W4 9 dl’4 + Ws 109 d$5 + w610

10

9 de + w7 g dI‘7 + w8109 d’IS + CLJ9109 dxg + wlolog d$10

1 1
e tan? @ tan ¢ sin ¢3 cos ¢4 dat + e tan? @ tan @ sin ¢3 sin ¢4 cos ¢s dz®
S S

1 1
+ e tan? 0 tan ¢ sin ¢s sin ¢4 sin @5 cos ¢g da’ + e tan? 0 tan ¢ sin ¢s3 sin ¢4 sin ¢s sin ¢g cos @7 dz”
S s
1 1 1 tand
+ — tan? f tan @ sin ¢ sin ¢4 sin ¢ sin dg sin ¢7 da® + — tan? 6 tan ¢ cos g5 daz® — — any dzt?
Rs Rs Rs cos ¢

(8.1.23t)
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8.2 AdS; x S*

8.2.1 Curved Spacetime Coordinates, Metric

FDFHHEE IGHAL T AdS; x S* @ global coordinates % i3 [32]:

ds?, = Ri{ — cosh? p - dt* 4+ dp* 4 sinh® p - ng} + R%{ cos? 0 - dp? + df? + sin? 6 - dQ’22} (8.2.1)
6 11
= {—@x 2 - @x*?+ Y @x)?}+ { 3 arm?} .
i=1 m="7

Z T, AdS;, S* iZENTEN

AdS; - —R% = —(X7H2 = (X2 + (X1)2 + (X + (X2 + (X2 + (XP)? + (X9)? (8.2.2a)
st RE = (Y24 (Y52 + (Y92 + (Y192 4 (Y!)? (8.2.2b)

TR EZEI VTS (13-dimensional flat space NOHDIAA), FEE {X4;Y P} % polar coordinates %
WTET, AdS; 2D\ Tk

X1 = Rycoshp cost X3 = Ry sinhp sin ¢g sin ¢4 cos ¢s (8.2.3a)
X% = Rycoshpsint X% = Ry sinh p sin ¢ sin ¢4 sin ¢ cos ¢g (8.2.3b)
X! = Rysinhp cos ¢ X® = R, sinhp sin ¢g sin ¢y sin ¢s sin ¢g cos o7 (8.2.3¢)
X? = Rysinhp sin ¢g cos ¢y X% = R, sinhp sin ¢3 sin ¢4 sin ¢s sin ¢g sin ¢r (8.2.3d)
FELO0<gi<m(i=3,,6),0< ¢ <21 THB, S*IZOVTIE
Y7 = Rgsiné sin¢; cos ¢y Y = Rgcosfsing (8.2.3¢)
Y® = Rgsinf sin ¢y sin ¢ Y = Rgcosh cosyp (8.2.3f)
Y? = Rgsiné cos ¢, (8.2.3g)
ZITO0< <m,0< g <27 THD, ZDREERODIE, VifRMA dQL2, dQs? 1E
2 -1 7 -1
A3 = Y [ sin® ¢rde? d0g? = Y] sin® ¢xdg? (8.2.4)
i=1 k=1 J=3 k=3

TRIND (singg = 1),

Freund-Rubin ansatz X Penrose limit % fi\ 3 DT, FMEEOKEZ L OTEID:

coordinates H p Qs t © 938 0

before Penrose limit AdS~ ‘ 54
after Penrose limit flat (SO(6)) | light-cone (+, —) | flat (SO(3))
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7235 Z Z T, Penrose limit T flat space XA 29 < 725 WER% FHEL £ 5. 11-dimensional space 1%, &
IZELIRE 115 & 5 (T 13-dimensional flat space R*13 DD IAATEIRX 115, 13-dim. coordinates |& (8.2.3) T
HZH6NTWBS DT, Z NI constraint % L T 11-dimensional space (ZHDAE S -

(X7 = RA - (X2 + ) (X7)? XX = —x%dX0 4+ Y Xidx (8.2.52)
i=1 -
10
(Y11)2 —_ R%_ Z(YM)Q Ylldyll — _Zymdym (825b)
m="7

IO RTHEMLFHEZ 5X LD

2" = XY = R4 coshpsint y" = Y7 = Rgsinfsing; cos ps (8.2.6a)
z! = X' = Rysinhpcos s y® = Y® = Rgsinfsin ¢ sin ¢y (8.2.6b)
2?2 = X? = Rysinh psin ¢scos ¢y y? = Y? = Rgsinfcos ¢, (8.2.6¢)
23 = X3 = Ry, sinh psin ¢s sin ¢4 cos ¢5 y® = Y10 = Rgcosfsing (8.2.6d)
z* = X* = R, sinh psin ¢s sin ¢4 sin ¢5 cos dg (8.2.6¢)
% = X° = Ry sinh psin ¢ sin ¢4 sin ¢s sin ¢g cos ¢r (8.2.6f)
2% = X% = R, sinh psin ¢s sin ¢4 sin ¢5 sin ¢g sin ¢7 (8.2.6g)

(8.2.5), (8.2.6) % (8.2.1) ITARAL &>

0

o = -+ () }Wé{l—(;t)} e 3 2
S U s N Y
35 e () Yo 35

m,n="T7

= guyndeMdz = g,, da"dz” + gy, dy™dy" (8.2.7)

DFEY FEDERIIRDED 1225

IPI ypyq
Guv = Tuv = Nup nuam Imn = 5mn + 5mp6nqm (828)

o

(y

ZTC ot € AdSq7, y™ € S* TH DY, IhHEFL DT oM = {at;ym} L EIRTIEDDHD, 72, Th

5135 Nnd gMN %
g o= gy wj’g“ gmm = gmn sz?:" (8.2.9)
TdHh D, metric D determinant 1£FNZ 1
det(gu) = _()f??)? det(gmn) = (Y}E%)Q (8.2.10)
¢ 725, 11-dimensional spacetime /A TIl&
2 P2
det(garn) = ()(—111%12](%5/511)2 - 7(coshpcostlcos€cos<p>2 (8.2.11)

4vielbein (8.2.13) % L CZ DIEFIZL TH 5,



8.2 AdS; x S§* 93
Tdhd, affine connection &
e, = ix—p{ %2 — X} X = (XH? = R+, ata” (8.2.12a)
v R124 X Nuo Mv Nuv - - A Nuv <L
1 P
T2, = — L {Smg e YY" + ¥} Y = (Y2 = RE = Spny™y" (8.2.12b)
RLY
Th5d5,
8.2.2 Differential Form, Vielbein, Affine-spin Connection, Curvature
metric (8.2.1) (ds% = nap e e?, nap = diag.(— + +---+)) M5 vielbein & HEX FZ5:
e = Rycoshpdt e% = Rysinh p sin ¢3 sin ¢4 sin ¢y sin ¢g dey (8.2.13a)
el = Radp e’ = Rgsinfdep, (8.2.13Db)
e? = Rysinhpdes e® = Rgsinb sin ¢ deo (8.2.13¢)
e3 = Rysinh p sin ¢ doy e’ = Rgdf (8.2.13d)
e* = Rysinh p sin ¢g sin ¢y des e = Rgcosfdy (8.2.13¢)
e’ = Rasinh p sin ¢3 sin ¢4 sin ¢s dog (8.2.13f)
Z D exterior derivative de” % #ZEL & 5 :
0 1 0 A 1
de” = ———tanhpe’ Ae (8.2.14a)
Ry
de! =0 (8.2.14b)
1 1
de? = —— ——¢e* net 8.2.14
¢ R4 tanh p cne ( )
. 1 1 . 1 1 1 . .
de* = —— Shnet — — — e ne? 8.2.14d
¢ R4 tanhpe ¢ R 4 sinh p tan ¢3 e ne ( )
1 1 1 1 1 1 1 1 1
de* = —— Thet - ——— tae? — — taed 8.2.14
€ R4 tanh p ©ne R 4 sinh p tan ¢3 € R 4 sinh p sin ¢3 tan ¢4 € ne ( 2
1e° 1 1 5 5 ol 1 1 1 5 A o2 1 1 1 1 5 5 o3
= —— - e’ Ne®— — e’ Ne
€ R4 tanh p e ne R 4 sinh p tan ¢3 R 4 sinh p sin ¢3 tan ¢4
1 1 1 1 1 5
- == . . e’ net (8.2.14f)
R 4 sinh p sin ¢3 sin ¢4 tan ¢5
1 1 1 1 1 1 1 1 1
deb — — 6pel o — = 6 A2 — 6 A @3
¢ R4 tanh p ©ne R 4 sinh p tan ¢3 ¢ R 4 sinh p sin ¢3 tan ¢4 € ne
1 1 1 1 1 4 , 1 1 1 1 1 1 4 .
- — - — A 8.2.14
R 4 sinh p sin ¢3 sin ¢4 tan ¢5 R 4 sinh p sin ¢3 sin ¢4 sin ¢3 tan ¢g e ne ( g)
1
de” = —— “ne? 8.2.14h
¢ Rg tan 6 ¢ ( )
1 1 1 1 1
de® = —— Sne? — — Snel 8.2.14i
€ Rg tan 6 ¢ Rg sin 0 tan ¢y € ne ( i)
de? = 0 (8.2.14j)

5 /notes/tk-notes /sugra-ads/tk/maplefiles /030824 /affine-ads7s4-030824.tex % £,
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1 :
de!® = R—tan@ew Ne .

S

de? +wp AeP =0 &Y. affine-spin connection w5 2355 N5 -

1 .
w'p = R—AtanhpeO w?y
1 1 . .
2 L 2 3.
v Ra tanhpe v
1 1
a 4 5
v RAtanhpe v
1 1 1
a4 4 5
. R4 sinhptan¢36 w2
whe = L 1 1 1 ot o
S R 4 sinh p sin ¢3 tan ¢4 s
w54
1 1
6 _ 6
Y Ra tanhpe
6 _ 1 1 1 6
W = ST
R 4 sinh p tan ¢3
6 1 1 1 1 6
w’z = —
3 R 4 sinh p sin ¢3 tan ¢4
6 1 1 1 1 1 6
w’y = —
: R 4 sinh p sin ¢3 sin ¢4 tan ¢5
6 1 1 1 1 1 1 6
W5 =

PTA sinh p sin ¢3 sin ¢4 sin @5 tan ¢g

1 1
7 7
w9 = — e
) Rg tan 6
1
w'% = ——tanfe'
S

1 1 3
R4 tanh P ¢

1 1 1 3
R sinh p tan o3 ¢

1 1 5
R, tanh P ¢
1 1 1 5
R sinh p tan ¢s ‘
1 1 1 1 5
R sinh p sin ¢3 tan ¢y ¢
1 1 1 1 1
R7A sinh p sin ¢3 sin ¢4 tan ¢5 ¢

111

8
w = — e
7 Rg sin ) tan ¢y
1 1
8 8
W9 = — e
7 Rgtanf

affine-spin connection O SHFME wA 5 naa +wB anp s =012 ET5:

1
dw’, = ==’ Ae!
1 R[gq
dw?, = —LeQ/\e1
Ry
) 1 ) h 1 ;
dw?, = *72{63/\61+ CiOS 2,0 e‘j/\eQ}
RA sinh ptan(bg
1 1
dw?s = 3Ae?

——ce
R? sinh? p

(I,J = 1,2,---,10)

5

(8.2.14k)

(8.2.15a)

(8.2.15b)

(8.2.15¢)
(8.2.15d)
(8.2.15¢)

(8.2.15f)

(8.2.15g)
(8.2.15h)
(8.2.151)
(8.2.15))

(8.2.15Kk)

(8.2.151)

(8.2.15m)

(8.2.16a)
(8.2.16b)
(8.2.16¢)

(8.2.16d)
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1 cosh p 1 1 1
dwty =~ {etne! ( The 4 et} 8.2.16
w R% ¢ et sinh? p \tan ¢g c e sin ¢3 tan ¢4 € ne ( )
1 1 1
dw?y = —2#{@4 Ae? — C.Oz(bg et A 63} (8.2.16f)
R7 sinh” p sin” ¢3 tan ¢4
1 1 1 ‘
dw?y = — —5————¢*Aé? 8.2.16
: R? sinh? p sin? ¢3 ( g)
. 1 . h 1 . 1 1 : 1 1
dwol _ *72{60 A 61 + C:OS QP ( 5A 2 i |: 5 3 i 65 A 84:|>} (8216h)
R5 sinh® p \tan ¢3 sin ¢3 Ltan ¢4 sin ¢4 tan ¢s
- 1 1 1 5 1 1
dw’y = jﬁ{(ﬁ Ae? — C.OS2¢3 ( e’ ned + — —— A 64)} (8.2.161)
R% sinh® p sin? 3 \tan ¢y sin ¢4 tan ¢s
. 1 1 1 - -
dw’s = TﬁT{eo N C_082¢4 e’ A 64} (8.2.16j)
R sinh” p sin” ¢3 sin® ¢y
. 1 1 1 1 .
dw’y = —5——5—F5——5—€"re’ (8.2.16k)
R% sinh® p sin” ¢3 sin” ¢4
1 cosh p 1
dwb, = ——{66/\61—&— ( e A e?
! R% sinh? p \ tan ¢g
1 L 6,3 1 { 1 6.4 1 L 5” )}
A A N 8.2.161
- sin ¢3 [tan o chet sin ¢4 Ltan ¢ che T sin ¢5 * tan ¢5 € ne ( )
1 1 cos ¢3 1 1 1 1
dwbs = —7{66/\62— (766/\63—}— - [ eSAet + — 66/\65D}
’ R? sinh® P sin? ¢ \tan ¢, sin ¢4 Ltan ¢g sin ¢5 tan ¢g
(8.2.16m)
1 1 1 1 1 1 .
dwby = —Qﬁf{e6 Aed— C_OSQ(M ( eSNet + — eS A e“’)} (8.2.16n)
% sinh” p sin” ¢3 sin® ¢4 \tan ¢s sin ¢5 tan ¢g
, 1 1 1 1 . 1 ,
dw®, = — 5 3 — {e(’ Aet— (%OSQ(% eS A 65} (8.2.160)
R sinh” p sin” ¢ sin” ¢y sin” ¢y tan ¢g
1 1 1 1 1
dw’s = 55— —F5———5——5—€" A€’ (8.2.16p)
R% sinh® p sin® ¢3 sin® ¢4 sin” ¢5
dw’y = L67/\69 dw®; = - S ne” (8.2.17a)
R% R% sin? 6
dw' = ——e'%A¢’ dw®y = L{e8 Ne — cost 1 eS A 67} (8.2.17Db)
R% R% sin? § tan ¢,
curvature 2-form R4 5 = dw? 5 + wic AwC g IERDEDIZE L DD NHABETH S
a 1 a c a’ 1 a’ o 4
R%, = — gz e Ae¢ for AdS7 , Ry = ﬁ‘sb’c’ e’ Ne® for S (8.2.18)
A S
& > T. Riemann tensor R* BCD, Ricci tensor R4, scalar curvature R MEARIIZE BRI NS
a 1 a a a a cd 6 a 42
R%ca = —R7124<5c Mod — 0 e RY% = R%upan™ = _Rii(sb Rz = TR (8.2.19a)
R" ! (04 8% — bwar 6ey) R R S5 R 12 (8.2.19b)
verd = T3 (O O0gr — Od’a’ Oc'ty o= Y d = =50y 4 = o5 2.
R RS RS

Penrose limit % {5 BRIZIE Ry = 2Rg IZEET 5,
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8.2.3 Explicit Expression of Components of Affine-spin Connection

AdSy x ST & [FARRD % 175 . (inverse) vielbein D EARMKFLE 155 72D, (8.2.6) DL | vielbein TOH
sl % 7L £ 5

dz°

dzt

dz?

da?

dz*

da®

daf

e sinhpsint + e” cost (8.2.20a)
E¢! + B0

e! cosh pcos ¢z — € sin ¢3 (8.2.20Db)
Ellel + Byt e?

el cosh psin ¢z cos ¢y + € cos ¢3 cos g — € sin ¢y (8.2.20c¢)
E2e! + By?e + By e

el cosh psin ¢ sin ¢y cos ¢s + €2 cos P3 sin ¢4 cos ds + € cos ¢y cos s — e’ sin ps (8.2.20d)
Ele + B2 e+ B e + B3 e

el cosh psin ¢z sin ¢4 sin @5 cos g + €2 cos 3 Sin P4 sin G5 cos dg + € cos ¢4 sin G5 cos dg

+ e cos ¢ cos g — €° sin g (8.2.20e)
Eilel + Bte® + Bt e + Byt et + Bt el

el cosh psin ¢ sin ¢4 sin ¢ sin ¢g cos 7 + €2 cos P sin ¢4 sin ¢s sin pg cos dr

+ € cos ¢y sin ¢ sin ¢g cos o7 + et cos ds sin g cos p7 + € cos ¢ cos p7 — €5 sin py (8.2.20f)
ESe +ES e+ B + Bl et + BB e® + Egb e

el cosh psin ¢ sin ¢4 sin ¢ sin dg sin 7 + e cos ¢3 sin ¢4 sin 5 sin g sin 7

+ €3 cos ¢4 sin ¢ sin ¢ sin @7 + e* cos P sin dg sin ¢7 + €° cos ¢g sin p7 + € cos P7 (8.2.20g)
Efe! + B¢ + B e’ + B0 ¢t + B0 e + EgS

dy” = € cosfsin ¢y cos o + €7 cos Py cos Py — € sin po (8.2.20h)
— BT+ BT 4 By ef

dy® = €’ cosfsin ¢ sinds + €7 cos ¢y sin ga + €° cos Po (8.2.201)
= E8ed + B8 + EBe®

dy® = € cosfcosp, — e’ sin gy (8.2.20j)
= B¢+ B0

dy!® = —€” sinfsingp + €'’ cosp (8.2.20k)

_ EglO 69 —|—E1010 610
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ZOFLIZEY inverse vielbein E M D BRI ZADES D, I D inverse vielbein DWif74% kDb Z &
T. vielbein ey MkdDSH b 6

e’ = 0 dz’ + eV dat + 2’ da? + e5 da? + 4’ dat + e5” da® + e’ da
1
= cost dz? — tanh ptant cos ¢3 do! — tanh ptan ¢ sin ¢ cos ¢4 dz® — tanh ptan ¢ sin ¢g sin ¢4 cos ¢ daz>
cos

— tanh p tan ¢ sin ¢g sin ¢4 sin ¢5 cos ¢ dz? — tanh ptan t sin g5 sin ¢4 sin @5 sin dg cos ¢7 da®
— tanh p tan ¢ sin ¢3 sin ¢4 sin ¢ sin ¢g sin ¢y da® (8.2.21a)
el = elda! +ext da? + et dad + eyt dot + 65! da® + eg! da®

_ cos b3 Qe 4 sin ¢3 cos ¢4 da? 4 sin ¢3 sin ¢4 cos @5 P sin ¢3 sin ¢4 sin ¢5 cos ¢g
cosh p cosh p cosh p cosh p
n sin ¢z sin ¢4 sin @5 sin ¢g cos ¢ P sin ¢3 sin ¢4 sin ¢5 sin ¢g sin ¢
x

cosh p cosh p

dz*

daf (8.2.21Db)
€2 = e ?dat +ex?da? 4 e3? da® + e4? dz* + e5? daz® + eg? da®
= —singgda’ + cos g3 cos ¢y da? + cos ¢ sin ¢4 cos ¢ da® + cos B3 sin ¢y sin ¢s cos ¢ da?
+ COS (3 Sin G4 Sin 5 sin Pg cos P7 da® + cos (g sin G4 sin @5 sin dg sin 7 da® (8.2.21¢)
e? = e’ da? + ey da’ + e dat + e da® + eg” da®
= —sin gy da? + cos ¢y cos @5 dz> + cos ¢y sin @5 cos g dz? + cos ¢4 sin @5 sin ¢g cos @7 dz®
+ €08 ¢y Sin ¢ sin ¢g sin ¢y da® (8.2.21d)
et = e3tda® + eyt dat + est da® + et da®
= —sings dz? + cos ¢5 Cos g dz* + cos @5 Sin ¢g cos P dz® + cos @5 Sin ¢g sin @7 daf (8.2.21e)
e = ey’ dat + e5” da’® + eg” dab
= —sin ¢ da? + cos ¢g cos 7 da® + cos ¢g sin ¢y da® (8.2.21f)
ed = e50da® + €% da®

= —sin ¢y da® + cos ¢y da® (8.2.21g)

e = e; da” + es” dad + 9" da?
= cos ¢y cos Py dz” + cos ¢y sin o da® — sin ¢ dz” (8.2.21h)
e = e.%8da” + eg® da®
= —sinpyda” + cos pp da® (8.2.21i)
= e7”dz” + eg” da® + e9” da®
sin ¢ cos o singy sings | ¢

Cos 1
— 7(1 7 7(:1 9
cos SN cos v cosf .

610 _ 6710 dl‘7 +681O de +€910 d.’L‘g + 61010 dxlO

(8.2.21j)

6Maple 12 & % 357 7 1 )V iE /home/tetsuji/notes/tk-notes/sugra-ads/tk/maplefiles /030822 /ads7s4-vielbein.mws IZH 2, Z D
latex version | ./ads7s4-vielbein.tex TH 2,
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F 7.

1
= tan @ tan psin ¢ cos ¢ dz” + tan 6 tan @ sin ¢ sin ¢o da® + tan 0 tan P CoS 1 dz? + —— dz!°
cos ¢

(8.2.21k)

1
cosh p costcosf cos p

det(en™) = (8.2.22)

ThB, ZORIE (8.2.11) & FIEL L,

(8.2.15) & (8.2.21) M5, affine connection wy ' g PSEARINZ KD S N5

wO

1

4
1

4
2

WOol daz® + W101 dz! + LU201 dz? + (U301 dz? + w401 d$4 + w501 da® + UJ601 dzb

1 tanh 1 1
- tanap dz® — — tanh? ptantcos s da! — — tanh? ptantsin ¢s cos ¢y da?
Ra cost Ra Ra

1 1
R tanh? ptantsin ¢s sin ¢4 cos ¢s da’ — N tanh? ptantsin ¢s sin ¢4 sin ¢s cos ¢g da?
A A

1
“ R tanh? ptantsin ¢s sin ¢4 sin ¢s sin ¢g cos ¢r da®
A

1
-~ tanh? ptan ¢ sin @3 sin ¢4 sin ¢ sin ¢g sin g7 da’ (8.2.23a)
A

W121 da! + w221 dz? + LU321 dz? + LU421 d$4 + w521 dz® + w621 da®
1 sin o3 Fp! 1 cos (3 COS Py du2 1 cos (3 Sin ¢4 cos ¢y
R4 tanh p R4 tanhp R4 tanh p
1 cos 3 sin ¢4 sin 5 cos g dat + 1 cos (3 Sin ¢4 Sin @4 sin ¢g cos @7
Ra tanh p Ra tanh p
1 cos ¢3sin ¢4 sin ¢4 sin g sin ¢
Ra tanh p

da?

dz®

daz® (8.2.23b)

woly dz? + w331 dz® + wy? dat + w531 dz® + w631 dab
1 singg | 4 1 cosgycosds | 4 1 cos ¢4 sin ¢5 cos ¢g
- T — " dx —
R4 tanh p R4  tanhp R4 tanh p
1 cos ¢4 sin ¢ sin ¢g cos @7 4 + 1 cos ¢4 sin ¢5 sin ¢g sin @7
= z 7
Ra tanh p R4 tanh p

dz?*

daf (8.2.23¢)

UJQBQ da? + w332 da? + LU432 dz* + W532 da® + w632 dab

1 sin o 9, 1 cos psco8Ps | 1 cos ¢4 8in ¢P5 cos Pg o
R 4 sinh p tan ¢3 R 4 sinh p tan ¢3 R4  sinhptan ¢s

1 cos ¢4 sin 5 sin pg cos P 4 + 1 cos ¢4 Sin @5 sin g sin Pr7

Ra sinh p tan ¢ Ra sinh p tan ¢s

da® (8.2.23d)

wyty dz® + wyty dat + ws?y da® + we?y da®
1 sings da® + 1 cos O5COSPs . 4 1 cos @5 sin g cos P 4 1 cos ¢s sin ¢g sin b7

" R4 tanh p R4 tanhp . Ra tanh p Ra tanh p

da®
(8.2.23¢)

W342 dx3 + (.L)442 dl‘4 + CLJ542 dl’5 + w642 dl‘G

i sin @5 3 L COS @5 COS P | 4 L COs ¢5 Sin ¢g COs P7 .

R 4 sinh ptan ¢3 R 4 sinh ptan ¢3 R4 sinhptan¢s

1 cos¢ssinggsingr . 4
— T
Ra  sinhptan¢s

(8.2.23f)
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8
9

W343 dLEB + OJ443 dl‘4 + W543 d1‘5
1 sin @5 3
Ry sinh psin @3 tan ¢y
1 cos ¢ssin ggsin g7 . ¢
R sinh psin g3 tan ¢y

.
we?y Azt + ws® da® + we®y da®

1 s
1 sin ¢g qu
R4 tanh p

Ry
W452 dI4 + (.L)552 dI’S + w652 dI’G
1 sin ¢g 4

R 4 sinh ptan ¢s
OJ453 dzt + OJ553 dz® + w653 dzb

1 sin ¢g 4
R 4 sinh psin ¢3 tan ¢4

wa’ s da* + ws’ s daz® 4 we® s da®
1 sin g
- R7A sinh psin ¢3 sin ¢4 tan ¢5
1 COS g Sin @7
R7A sinh psin ¢3 sin ¢4 tan ¢5

OJ561 da® + w661 daf

1 singr . 5

1 coso¢r
R4 tanh p

R4 tanh p

w505 da® + wgby dab
1 sin ¢7 5 1
"~ Ry sinh ptan ¢g
w55 da® + we’s da®
1 sin @7 5
Ry sinh psin g3 tan ¢y

OJ564 dl’s + w664 d.’176
1 sin ¢7
R 4 sinh psin ¢35 sin ¢4 tan ¢5

) = .
(JJ565 dz® + w6°5 diL’G

1 sin ¢

R4 sinh psin ¢z tan ¢y

1 cosggcosor |
tanh p

1 cosggcospr |

R 4 sinh ptan ¢3

R4 sinh psin ¢g tan ¢q

R4 sinh ptan ¢

+ w643 d.TG

1 COs (5 COS g 4

1 cos¢ssinggcospr | 5

1 cos ¢g sin ¢

d 6
R4  tanhp *

1 cosggsingr | ¢
R 4 sinh ptan ¢3

1 COS (g COS 7 5 1 COS ¢g Sin @7

R 4 sinh psin ¢3 tan ¢4

4 i COS (g COS 7 5
R 4 sinh psin ¢3 sin ¢4 tan ¢5

6

coS @7 P

1 cos ¢ 6

R4 sinh psin ¢z tan ¢y

5 1 cos ¢7 6
R 4 sinh psin ¢3 sin ¢4 tan ¢5

5 1 cos o7

" Ry sinh psin @3 sin ¢4 sin ¢5 tan ¢g

1 cos¢icosga | -

Rg tan 6 Rg

= w789 dz” + w889 dz®

1 singy |,

1 cos o>
Rgs tan6

Rg tanf

1 cosgisings | ¢

— d
R 4 sinh psin ¢3 sin ¢4 sin ¢5 tan ¢g *

OJ779 d.1‘7 + wg79 da® + LU979 dz?

1 singy . o

tan 6 B Rg tané

8

R sinh psin g3 tan ¢y

6

(8.2.23g)

(8.2.23h)

(8.2.23i)

(8.2.23))

(8.2.23k)

(8.2.231)

(8.2.23m)

(8.2.23n)

(8.2.230)

(8.2.23p)

(8.2.23q)

(8.2.23r)
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W = wrtrda” 4+ we®; da®
1 sings 7 1 cosgy 8
_ L sings o1 cosby 8.2.23
Rg sin 0 tan ¢y v Rg sin 6 tan ¢ * ( °
w = wr'da” 4+ w9 da® + w9 dz® + wip'%y da'”

1 1 1
= —— tan? 6 tan @sin ¢ cos gy da’ — e tan? f tan psin ¢ sin ¢o da® — e tan? f tan o cos ¢; da®
S s s

1 tand
e Cz:(p dzt0 (8.2.23t)



Chapter 9

Coset Construction



102 Coset Construction

9.1 General Theory

P. van Nieuwenhuizen [4] % S, fIN/ARE# (real or complex, etc.) IFEAKNRFHTEET D,

coset manifold M = G/H 23d% % , isometry group H O generator & H; T, G/H @ generator % K, Til
L &5 (generator & anti-Hermitian T reductive), Z 415 & tangent space 2B WT KD algebra & A727:

[Hi, H;] = fi;"Hy (9.1.1a)
[Hi, Ka] = fia"Kp (9.1.1b)
[Ka,Kp] = fap'Hi+ fap“ Ko (9.1.1¢)
where
i,7,--- : unbroken generator index A,B,--- : G/H tangent space index

G/H O representative L(x) (x: coordinates on M) &, #lZ L generator K4 % FWT
L(z) = exp(z?K4), z = ey?aM (9.1.2)
ERBIIND (M,N,---: curved spacetime index), Z D representative @, isometry G {2k & ZH#illl (g € G) &
G : L(z) — L) = gL(x)h '(z,9) (9.1.3)

THZHMND, isotropy group H DIt h(z,g) 1. coset manifold M ED A G IZ&> THEIL 2L S HU M
DLEIZFELZOD, WHIET 5IERL ] OBFE 175 2L IZLD DT, v & g ITKFL T0d,

isometry group G OFEFIZXFU T left invariant 1-form, Maurer-Cartan 1-form o % RTEFHT D :
a = L7'L = &K, +Q'H; . (9.1.4)

fHU 47381% representative L(x) % BT 2 & 135 15 — AR THY | generator DRI 4, QO IFThTh
vielbein, H-connection & IEZALL,

@) = @)™, Qle) = Quila)da™ (9.1.5)
THh%, Maurer-Cartan 1-form a 1%, TDEENS |
da = —aha (9.1.6)
MK TS, 2% vielbein, H-connection (ZXL THTIkDd &

de* Ky +dVH;, = —(ePKp + Y H;) A (e“Ke + Q Hy,)

1 1 . .
- —§€BA€C[KB,KC]—§QJAQ’“[HJ»7H;€}—QJ/\/e\B[Hj,KB]

Uit/ — b TEYF 2 vielbein & notation 23 F%4 5, BIFT S D% ) 5 7~2DIT hat it 5% 3 TE<,
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THhd, algebra (9.1.1) & s &

1 A 1 , -
= *563 NeC (fpc Ka+ fpc'H;) — VA OF (fiu'Hi) = NEP (f5" Ka)

1 N 1 . o
= —(ffBCAEB /\éC + ijAQJ AN eB)KA - §<fBCZGB /\«éC + fjklﬂj A\ Qk)HZ

2
L RB5DT,
de? = —%fBCA eBae’ — fiptine? (9.1.7a)
dQt = f%chiéB ned — %fjki QO AQF (9.1.7b)
NEH 1D,

Z 2T Cartan’s structure equation % %L &£ 5 :

dé\AJrcAdAB AneP = 0, CAL)A/B T]A/A+CAUB/A7]B/B =0 (9.1.8&)
~ N . N 1~ R
RAB = dOJAB + UJAC A ch = iRABCD e nel (9.1.8b)

T =0 pe’ =wytpda™ THS2, I I TLHEIZ,

g = %ch%CJrij“‘ o (9.1.9)
& EWT, wlp % affine-spin connection @5 & 92 DI TH D, 75 . structure constant fap &,
EFIZBWT A, B OB THKMIRTH>TH, B,C OKRHTRMFRE (XRS5 T, ERE U T Oap # —pa &4
2HEMHDMNE THD, index DRIUIDWT KHFETH D 720121, (9.1.8a) ICK[EE £ 725 I QR VFEEIC,
(9.1.9) IZRAAREHE FOMIMTHIEE W, fERE LTI

~ - 1 / / /
olp = @'p+ 556 " (fac® nps + fas” npc)
1— .
= §chA€C+ijAQj ) (9.1.10a)
Fos™ = fos + 0 (fac® s + fars® npc) (9.1.10b)

EFTNIEEV, ZD&S 12U T, Cartan’s structure equation % % Z & T, affine-spin connection & 5, cur-
vature 2-form R4 5 1& vielbein & H-connection 75 135 M3,

H-connection QF I&, representative L(z) & Maurer-Cartan 1-form o DEHEMNS FUELNIZ FHEE N9 Z & A%
RETHD, ZIZTIE L(z) = exp(zK4) DREMND DJEFHE ZZ &S
L(z) = exp(z?K,),
L7YdL = exp(—z" K1) dexp(zPKp) -1

{d + [z K 4, d] + %[— e K, [~2PKp,d]] + - } 1

2 ziE, det + ol AeB =TA ©k 512, torsion 2-form TA = %fABCEB AEC MBAX MDD, coset space Tl torsion free
THDDT, BAINTHARW ([4] (6.6) XBH, ).
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= da’ K4+ %d:UA wP (fap'Hi+ fap“Ko) +- -
= (dzA + %fCDA dz® 2P + - -~)KA + (%fABidl’A z? + - )Hz
fHU 2 Z T appendix IZH D B AXE HN -z, ZHUTEY .
et = dat + %fCDA da® 2P+ = eyt daM (9.1.11a)
Q= %fABidan:BJr--- (9.1.11b)

LHEZ5N5,

9.2 AdSym) X S74): bosonic part

AdSy x ST, AdS7 x S* l&. THT N (super)coset Tl

7
AdSex 5%~ o5 S0@.1) 50(6,1) x SO(4)

(9.2.1)

TREX NS, 11-dimensional supergravity = % 2 % RHZ & supergroup T X T supervielbein % {32 & R
WS U WA, FZBEL TORWDTI O FEIFHAVARY, bosonic part ZIFEZ 5 &,

SO(3,2)  SO(®) SO(6,2)  SO(5)
AdSy x 87 ~ 50(.1) X 50(7) AdS7 x S* ~ 50(6.1) X S0() (9.2.2)

Thd,

-

isometry group G @ algebra % FHW\TH I D [34], anti-de Sitter space 722 724 sphere 22721 §2% DT,
Poincaré algebra TIXZR WA, ZTHUEWEAZE FFD3:

[Po, P = ~4f*May,  [Pu, Mye] = napPe = 1acP (9.2.32)
[Map, Mea] = NaaMpe + moeMad — NaeMpa — mpaMac (9.2.3b)

[Par, Py] = f*Mayy . [P, Myo] = Doy Po — nare Py (9.2.3¢)
Moy s Morar] = Narar My er + et Marar — Narer My ar — myrar Marer (9.2.3d)

Z O KRFIE reductive TH D, A, prime AU D index % HiD algebra I 4-dimensional space @ isometry
group SO(3,2) (for AdS,) L <X SO(5) (for S*) @ algebra % &L . prime &) D index % D algebra
\& 7-dimensional space @ isometry group SO(8) (for S7) £ U < I& SO(6,2) (for AdS7) @ algebra & &g, Z
Z TIX2T tangent space index a,b,--- THU T3 M, index »' contract L TW& DT curved spacetime
index r, s, CEZETDIIBEDTHD, (EZLTDHEG P = P.(v) L85 I LITHER, ) £72. “translation”
generator P (& coset space G/H D algebra G — H IZJBL . “rotation” generator M I isotropy group H D

3¢ RT generator 1% anti-Hermitian TH D, HSHD/ —h Tl algebra I& Hermitian TEZHRI VT VWD DT, FHEICIFERE 235,
BB, RO section TlE Hermitian THI EL T3,
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algebra H IZJET, FRE f » purely imaginary DEIZIE AdSy x 7 WEHX 1, real DLEIZIE AdS; x S*
WEREINDL, BB, f— 0 limit T flat 11-dimensional spacetime 12723,

TlkZ Z T representative L(z), Maurer-Cartan 1-form o % E#&HU & :

L(z) = exp (z”P4), o = LML = &'Ps+ %QAB Map (9.2.4)
22T A={a;d'} TH%, Maurer-Cartan equation da = —aAa & . Z O vielbein e! & H-connection Q4%
DRRANRES b

de" P, + dQ“bMab +de" P, + dQ“ "V Moy
= —%e NeP[Po, Pp) — 5( QP A QAB)[MCD,MAB] —A QAB[PC,MAB]
= 2f2e Ne" My, — %f2€“' AEY M,y

1
- chd A Qab (nchda + nda,Mcb - ncaMdb - ndcha)

1 Ul AN
c'd b
- ch N Qe (n(:’b’Md’a’ + nd’a,’Mc’b’ — Ne'a Mary — Td' v M(:’(L’)

- %é\c A Qab (n(:(l,Pb - ncbpu,) - %é\d A Qa/b/ (’r}(:'u,’Pb/ - n(:’l)’Pa’)

= —Nbe gb A Qcapa, — N e’ ,éb/ A QC/aIPa/

1 . 1 , ,
+3 (4f2 4N — 1eg QT A Qb‘i)Mab -3 (f2 e NS g QY AQY ) py (9.2.5)
de = e Qne’, dQ® = 4f?e N =0 QAQY (9.2.6a)
de” = o Q7 A, A" = —f2e" A =g Q7 A QYT (9.2.6b)

(9.2 ) F. (9.1.1) I3 structure constant fap® (ZHYT D E DMFEEL R, 565 T (9.1.9) IHNT D
&0 BIBEEBPEFAEET, EORNS EHIZ affine-spin connection &4 5

~a

wWhy o= —me Y, WY Naa + @M = 0 (9.2.7a)

~

wa/b/ = —’l’}b/c/ Qc/a/ s (Da/b/ 'I’]a/d/ —|— @a/d/ ’I”b/a/ = 0 (927b)

L THELND, DFY H-connection B3ZDF F affine-spin connection & U TS5 b Z & B3 Hd, curvature
2-form R* B, Ricci tensor RA B, scalar curvature 7/54(7) i&. H-connection (affine-spin connection) MB35 &

< F¥ VEIU T vielbein I TETE R TEI B 5:

Eab = do% + 0% AR = —1npe dQ + Neq Mpe Qde A Qee
= —4fmeene (9.2.8a)
R%eq = —4f? (e 65 — mpa 02) (9.2.8b)

4f & flux F O [34] Tlk. Freund-Rubin ansatz & Fyrsty = 6fecrsty LTV, ZIZT e=dete,* THDH, HBTHHD

convention |2 EHX EHT,
S fEETIE. T DF ¥ VIV algebra @ (& 7z 1& structure constants @) Jacobi identity 225 DIFFETH 2,
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7/?\/0,“ - nbd ﬁab(:d - 12f26(a 5 7/?\/4 - ﬁaa - 48f2 (928(3)
Eu/b/ _ d@a/b’ + aa/cl A @u/b/ = — Ny dQ(:’a/ + Nerar Norer Qd/a/ A Qsi’(:’
= fPogpee ne” (9.2.8d)
R yoa = f2(nye 0y —mya 6%) (9.2.8¢)
ﬁalcl = ’r]b/d/ ﬁa/b’c/d’ = 76]02 ((;l/l 5 7/?\/7 = ﬁa/a/ == 742‘][‘2 (928f)

THALND,

affine-spin connection @5 T D D% HD 72HIZIE H-connection Q4P % M BENH D M, Z L EEN
5. DFY Maurer-Cartan 1-form o 235 Ksbd Z & BT3B,

9.3 Superalgebra

F9 T, AdSy x S7 background @ Freund-Rubin ansatz %

FIV = feE:,1

INPQ MNPO (9.3.1)

Th5Z%, AL M,N,--- % 4-dimensional curved indices THY . e = +/ | det gasv| 1 11-dimensional spacetime
® vielbein determinant, f I real ThHd, 7z E1\7711\713c§ I& 4-dimensional space T®D weight —1 D invariant
tensor density THY . Eyhy =1 L BB LI N TS, Z0be Tk
pUNPG _ S piiNFG (9.3.2)
e
Thd, 5L, 1l-dimensional space A Minkowski THd Z & IZHRKL | EMNPQ |3 weight +1 @ invariant
tensor density (E9?3 =1) THhd, ZN1b % HND L

Foons FMNPQ _ g2 (eE11~~~)~(;1EMmS@) = 41 f? (9.3.3)
(&

ERBDBIEIFEETD, 2D ansatz D FTD 4-dimensional space, 7-dimensional space ® Riemann curvature

FThTh

1 2
Ryixpo = —g! (9575 956 — 951G 955) - (9.3.4a)
1
RM’N’P/Q’ = %fz (gM/p/ gN/Q/ — gM/Q/ gN/p/) y (934b)

THEZx5N5, {HU indices M',N',--- |& 7-dimensional curved indices TH D, f2 >0 DHEIEX AdS, x 87 T
HY . f2 <0 OBAE AdS, x S Thd.

AdSy x ST @ isometry group M5 55 N5 algebra = T 5 :
1 7
[P;,P5] = §f2 35 > [Par, Pp/] = —%ﬂ Sap (9.3.5a)

[Px.35e] = i(nap Pe —nic Ps) » [Par,Bprcr] = i(narp Por —nacr Pyr) (9.3.5b)
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i35, %ep] = 146 ¥ T 155 XAc — Nib 256 ~ 56 Y AD - (9-3.5¢)
i[Xap,Berp| = narcr Xprpr + 0o arer — Narpr Xprer — Nprer Barpr (9.3.5d)
) 7 /
[Pﬁana’] = *gf(ﬂYX'YE’J)ab Qba’ [Par; Qaar] = *ﬁf(FA’)a’b Qav (9.3.5¢)
) 7 ,
[2,2{57 Qaa’] = _7<7j§)ab Qba’ 3 [ZA’BH Qaa’] - _7(FA’B’)a’b Qab’ 5 (935f)
2 2
| i 15
{Qaar, Qv } = _Cz/z’b’{ —2i (v5C)as P + gf (v2575C)ab EAB}
. ’ Z 1B~
- (V5C)ab{ —2i (T4 C" )y P — gf (CapC gy MAP } (9.3.5g)

{HU . indices a, b I& spinor indices in 4-dimensional space. a’,b’ I& spinor indices in 7-dimensional space T&
5. 72, 75, v, Cap 1& gamma matrices and charge conjugation matrix in 4-dimensional space T4 . Tar,
C!,,, & gamma matrices and charge conjugation matrix in 7-dimensional space THd, BRI, f2 <0 DL &

a

%, Z D algebra I& AdS; x S* D coset construction THHI N5,

(9.3.5) % i~ @ flux & 11-dimensional notation TFLET S & | algebra (9.3.5) &

[P, Pgl = éfQ Yig. [Pa,Pp] = —%JQ Tam, (9.3.6a)
[Pa,Xcp) = i(nac Po —nap Po) (9.3.6b)

i[¥aB,Ycp] = nacXpp + 18D Xac —Nap Lec —NBc XaD , (9.3.6¢)
[P4,Q] = iQTA"“"F Fpcpr (9.3.6d)

(24, Q] = %afAB ; (9.3.6¢)

(0,0} = 2T P — ﬁ{fABCDEF Foppr +24Tcp FABOPYS, (9.3.66)

LS, AL DICEEDLND (Q =iQIT0 = QTC)5, 77, ZOHRILEEHAA coset (£Z D smooth
deformation ¥ 717z coset) IZDAHFRNEE DTH%, KG solution 1& AdSy 7y % S74) D Penrose limit T5Z 5
N5 DT, KG solution TE ZDERELITEZTH D,

9.4 Coset Space Representatives

algebra |4 (9.3.6) THA 5 MNd, £72. coordinates |2 Z Tl superspace coordinates Z = (z*,0) % (implicit
IZ) Hwd, 22T 6 1% SO(10,1) Majorana spinor coordinates (fermionic, anti-commuting coordinates) T

Hd,

X T, coset space ZL DT, torsion free DEIFRAE KL & 5 . & 91k representative L % Fi T Maurer-Cartan

one-form a %

o =i 'L7WL = E+Q (9.4.1)
60Q = —QTCTo=QTo = Qo, (0Q) = —iQT(T°) 19 = iQTTY0 = Qo = 9Q.
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T T D, I 2T representative [3H T BT 2 BEZ unitary THD Filk VD, 72 E, O IF supervielbein
& H-connection (IZ generator % fffflIL 726 D) TH % :

E = B P +BQ, Q= %QAB San (9.4.2)
Maurer-Cartan one-form (9.4.1) I&T DEFENS KD FiFEA% A7

da+iana = 0, (9.4.3)
I e BIRIZES TES
da = dE*P, + QdE + df)
iaNa = i(%ﬁf‘ ANEP[Py, PRl +QAQ+ %EA AQCP[PA, Sep)
+[Pa,QIE* NE + %QAB A[Sas, QE + %E/\ {Q,@}E)
_ %’EAAEB[pA,pB] +iQAO -0, ABPP,
— BANQTAPCPE B Fropn — i@w NOTapB— EATAEP,
+ %EA {fABCDEF Feper + 24?00 FABCD}EEAB ,
0 = dBPy+QAE +d0 + LB A BP(Pa, Py] +i0 A0~ 045 B Py
— BANQTAPCPE B Fopn — 3@43 ANQEapE — EATAE Py

1 = ~ ~ ~
sss BN {TABCPEE Foppp 4+ 24Tcp FAPCPYES 45, (9.4.4)

+
(9.4.1), (9.4.2) & (9.4.4) IZfRATSD &, Cartan’s structure equations 2355 2 % :

0= dﬁ—kiﬁ/\ﬁ—k%ﬁAAEB[PA,PB]

1 =(~ ~ ~

+ 35E {FABCDEF Feppr +24Tcp FABCD}E Sas (9.4.52)

0= dEA QAR ABB —ETANE, (9.4.5b)
~ o~ ~ 1~ ~

0 = dE—EA/\TABCDEEFBCDEfZQAB/\I‘ABE. (9.4.5¢)

fermionic contribution % 4 /X T neglect LU T. bosonic part 7217 Z%4 5 &, ¥H AL Riemann tensor (9.3.4)
HETL, LML I I TEINE AWARWY, [43] DFEE LS,

X T, supervielbein E, E4 OF5H% LRI HEDZI1ZH /21 | representative L(Z) %

L(Z) = l(z)-L(B), U=z) = exp(iz”Py) and L(0) = exp(ifQ) (9.4.6)

DBKIZ. bosonic part & fermionic part (22 & HRITHZ. M. [P,Q] #£0 THBDT, ((z) & L(O) &
commuting T&AL . RPUIKHL TEDY BHLE B, TNIEHMTEX2EDTHS, TOEHOEOL X %2 T,
bosonic part 721} Maurer-Cartan, fermionic part @ Maurer-Cartan %= I TX 25, &\ Flfix: Z Ok SH
EIEFD,
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72, ZIT trick 25, L de Wit [35] @D section 11 (2% »3, fermionic coordinates 6 % 6 — t0
D& 51T rescale TETHWT (¢ € [0,1]). Maurer-Cartain one-form (9.4.1) RE % ¢t THIL . Tz, &
WD FiiERE D, rescale TNz (9.4.1) & t THWATD L,

d | d T—1yp—1 T
Sa =it {(Te (D)}
d~ d

_ i‘l{%(i—l)~(€—1d£)f+f‘1(€_1df> ait g AL L d(dt 2k

- —z‘@Qi’l{i*(fldﬁ)f + Z*ldi} i {L* (¢-'d0)L + L*ldL} (i6Q) + Qdo

= —i0Qa+iadQ +doQ ,
d _ o .
TE+Q) = dBQ+i(E+Q)8Q - i0Q(E + Q) (9.4.7)
WESEND, ZDORIEE ZTNTNFHEL &S
ds 6y - 974 ldgan
GE+Q) = E Pi+Q— E+2dtQ San,

(E+0)0Q — 0Q(E + Q) = [B4P4,0Q) + [QE,0Q] + i[QABZAB’QQ]

= iQTAP°PPY Fpepp EX

—gl2itAp, — 144{FABCDEFFCDEF +24Tcp FAPOPYs, B}

PPN
+ ZQABQFABQ

e BT L
%EA = 200E (9.4.8a)
%Ea = (A8 — EATAPPEO Fpopp — lﬁAB Tapb)”, (9.4.8b)
%AAB - 7129{FABCDEF Feper +24Tcp FABCD}E : (9.4.8¢)

WELND, Zud, ESORREAGERIZRD 28 DBDNn2 DT, BRI 22 B TE D, T0 —RIRITHEER
BT H D D, 0 Id 32 component Majorana spinor THh 2 72T ERMH 2 DT, FREEEE%E EEIL 72T

@ all order THZ 5 N5 :
15

~ - 1 A
EAx,0) = e +0T4DO+2 Z me “M* Do, (9.4.9a)
E(z,0) = D6+ Z MQ”DH (9.4.9b)
R 1 15 1 R R
Q4 (2,0) = —wP — = > m?{FABCDEF Feppr +24Tcp FAPCPIMP DY (9.4.9¢)
d ~ 1 ip=
DI = —E| = d0— e TaPPEO Fpepp + ~wBTap0 . (9.4.9d)
dt =0 4

{HU e, WP EFEOEHRTHY . 2 2 Tl Riemann tensor % HIHT2 LD IZH5EZTHD, £ -FAKHI 1-form &
DT,

et = eyt da™M WP = wp AP daM | (9.4.10)

)



110 Coset Construction

THd, RHEGBHE M?IZ

(M*)*, = _2(TABCDE9)GFBCDE (?fA)b
1

+ 233 (fAB 0)" (5 [fABCDEF Foper +24Top FABCD} )b : (9.4.11)



Chapter 10

Penrose Limit of Anti-de Sitter Spaces

SEHR: 6,7, 8,9, 10, 11],
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10.1 Penrose Limit

10.1.1 Rosen Coordinates

D-dimensional spacetime metric:

ds* = —dUdV + adVdV + B;dVdAY" + C;;dY*dY? (10.1.1)
where
a = a(U,V,Y")  arbitrary function (10.1.2a)
Bi = Bi(U,V,Y")  arbitrary function (10.1.2b)
Cij = Cy(U,V,Y")  symmetric and arbitrary function (10.1.2¢)

dsf = Q72ds?
where () is a positive constant. Then
dsy = —dudv + Cy;dy'dy’ + Q%a(dv)? + QB;dvdy’ (10.1.3)
Penrose limit (2 — 0):
dsy — dsp = —dudv + Cy;dy'dy’ (10.1.4)
10.1.2 Brinkmann Coordinates
X 5 (T PEAA
u = 22" v =1 - %Mij(x+)1‘i£€j Yy = Q'(zh)a? (10.1.5)

ZIT R IZhBEDIZ,

] j /7 i [ 13 /7 d 7 /
Cij Qv Q1 = o Cy(Q": Q" — Q% Q7)) =0 Q7 = L@ My = Cu@ FQY  (10.1.6)
EALTEDIIRETD, Ik, FEE
dsp = —2dztdz™ + {Ay(z)a'a? }(dat)? + (d2')® Ay = —(Cu Q'lj)lei (10.1.7)

If A;; is constant and non-degenerate, the metric (10.1.7) is called Lorentzian symmetric space (Cahen-Wallach

space) [9].
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10.2  AdS, x S¢

supersymmetry #33#% anti-de Sitter space AdS, (& p = 2,3,4,5,6,7 DATHd, TN LA T, p+ ¢
dimensional space AdS, x S9 DElE%E ROMIIHKEL &5 :

ds? = Ri{ — cosh? p - dt? + dp? + sinh? p - dQIQ,_2} + R%{ cos? 0 - dp? + df? + sin? 4 - dQ’3_2} (10.2.1)
Z DFFEDME—DRFLTIZZ VA, Penrose limit # £5 B3 Z OEXZLPERTH 2 72DIZHNT WD, AdS, &
STIFZENTNRTERINT NS

p—2 q

AdS, © —Ry = —(X )2 — (X924 ) (X')? S4: Ry = Y (V™)
i=1 m=1
X! = Rycoshpcost Y! = Rgcosfcosyp (10.2.2a)
X% = Ry coshpsint Y? = Rgcosfsing (10.2.2b)
X' = Rysinhp-Q; Y™ = Rgsinf-Q, (10.2.2¢)

X T, p,0~0fHET o KD boost #FZ LD, KDL (T light-cone coordinates % ££5 :

1
= §(t—|—a<p) T = R4t —ay) (10.2.3a)
R
x = Rap y= Rs «a = 5 (10.2.3b)
Ra

H R AT Z AU Brinkmann coordinates & FEIEND KRl TH D, XI5 a2 [EEL 72FF Ry — oo MEZ 5
(Penrose limit), FKRHZ 2t — pz™, 27 — ia:_ & rescale Z 179, 95 L FEMNROKIZES:

ds* = —2datda™ — p?(2® + o ?)(dat)? + {da® + 22dQ)_, } + {dy® + AV _,} (10.2.4)

10.3 AdS, x ST

11-dimensional spacetime ® geometry I&. M2-brane ® near-horizon limit Tl AdS, x ST £ %%, Z DZERID
isometry group 1% SO(3,2) x SO8) TH5, al&EZ LU NCTEHERALD:

ds* = R3{ - cosh? p - dt* 4 dp® + sinh? p - dQ3} + Re{ cos® Odp® + d6” + sin® QL% } (10.3.1)

Z Z T Penrose limit % ££5 7212 R%E HT 5 -

Rs 1 3 _
QZEZQ x+:§(t+2¢)-; T = RA(t—2p)-

W=

r = Rap y = 2Ra0
fHL Z 2 TY TIZ rescale factor NI ¥ THS., Z I 25 Penrose limit p, 0 ~ 0, Ry — o0 % AT S

2 1
ds? = —2dzrTdr™ — (%) {CBQ + ZyQ}(der)Q + {d2® + 2°dQ3} + {dy® + y*dQ%?} (10.3.2)
Z OEF&EIF Kowalski-Gkilman solution & FEENS , Z DEHED ETO flux M Freund-Rubin ansatz i& F 193 = p

Thd,
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10.4 AdS; x S*

11-dimensional spacetime ® geometry I&. Mb5-brane M near-horizon limit Tl AdS; x §* £ 4%, Z DZERD
isometry group 1% SO(6,2) x SO(5) THd, FlEEZLLRTLER LD :

ds? = Ri{ — cosh? p - dt% + dp® +sinh? p - dQ?)} + R%{ cos? 0dp? + d#? + sin® 9dQ’22} (10.4.1)

Z Z T Penrose limit % 2 72O k%= BHT S .

Rs 1, 1/, 1N 6 o 1N op
C TR, 2 YT 2(t+2¢> L CT RA(ﬁfiw)‘E
1

T = Rap y = §RA9

fHU . 2 2 TIXT TIT rescale R E % I JAATWS, I T, Penrose limit p,0 ~ 0, Ry — oo &, FEEDT )b
DHEZ sy EHEAD, NIV FEIRDES ICEHEZILDD:

ds? = —2datde — (ﬁ)2{x2+1 2‘}(d )2 4 {da? + 22d02} + {dy? + y2dQ> (10.4.2)

= 3 1Y x T Ay { Yy Ty dis } -

& 725, Z® background metric M LT Freund-Rubin ansatz & Fyjo3 = p & 5<, Z3uE (10.3.2) L FAU T
HB,

PLE, KEEUZ WD & RD Figure 10.1 D& S 2 BEBMRES b

AdS, x S7 Penrose Limit
\\\\\\s ft — 0 Limit
( Kowalski-Glikman )
AdSy x §* Penrose Limit

Figure 10.1: The relationships among the maximally supersymmetric spacetimes in eleven-dimensions.
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11.1  AdS, x S? £TIX light-cone gauge-fixing (3 EK%Z 72T 2L\ 7
ZD/ —bh OAEE, [ KG solution £ fluctuation fields M spectrum [2] & . AdSyr) x 574 ED fluctuation

& D, Penrose limit (2T 2 [IGEERE BLL 72\, | ThH-o 7=,

AdS, x S1 T® fluctuation fields 2L TlX. de Donder gauge-fixing THY . KG background EIZHU T
I light-cone gauge-fixing ®_y/n... =0 2 AT 5,

TNTNDORFIILTORIZ B> TS

o de Donder gauge on AdS, x S V™hprm(x,y) =0
de Donder gauge-fixing condition &
V" hym(z,y) = 0 (11.1.1)
BETHEZL NG, ZOK, #lZIF fluctuation fields hym, (x,y) % S9 EREFHFBIET

Ry (2, ) ZV’ (11.1.2)

& ERAL 72454, de Donder gauge-fixing & FRAL T\ /26 BB KL (y) OMEEAHUZ Laplace HFERD[H
BREEE WD 21 THRLS, 87 O isometry group SO(q + 1) @ Killing vector DWEE KO LN TE B,
Killing vector (&

Vi KL+ V. KL =0 (11.1.3)

THd72b., ZD5ME de Donder gauge-fixing condition I&5F ik 725, Z D, index I & Killing vector
DIz £ 7, AdS, THEHT 2 field V)] (z) DI ES 12005

e light-cone gauge on KG background: hy;—(z,y) =0
KG background I light-cone coordinates & ££fHL T\W5, 7z, oF AFMMUIMIZERIC flat T, SO(3) x
SO(6) DEELNFRIEE £iD, ZN%& mARIZIEN T DIEXIEY light-cone gauge-fixing

py=—(z,y) = 0 (11.1.4)

ThAD,

Penrose limit TH H\\ & BIF-\e B5 & 2T ND background T L& IZHID gauge-fixing & £8Y 72<
%%, Penrose limit OFIEDFIHZ T gauge-fixing condition IFWVUH 72 RV BEZ 5 DIEFHEARTHAS, UL
TNTIERNT DI ICHEEIZ 2D TR AEL 5, HERZ JIZEL &5

e light-cone gauge on AdS, x S¢

BIZIE (11.1.2) & BHIL 7254, hght -cone gauge-fixing & AL TW /=6 B KL (y) OMHEEAHUZ Laplace
JiIFEROEAREETL 272\, I 512, T OREABRBOMEEN T 2 HHRAMENS /35 AWz, index T



11.1 AdS, x S? ETIF light-cone gauge-fixing (3 EK%Z 7RI 72\ ? 117

FHNBE DTIIRL 8D, TD/®, AdS, IZR1F % massless field V[ (x) 2V DEIET D DAY
TEZ\, U de Donder gauge-fixing % FRFAHL TV UK, K1 (y) 1& isometry group SO(q+1) ® Killing
vector £ §% ZEMWTED 2, index I 13FENZ K $ (Killing vector DL DF 1) algebra so(g+1) D
Rt qq+1)/2 THDB ),

F V) BARIIZHIHL & 5 . light-cone coordinates »& %

et = a(z® +4) = = bz —y7) (11.1.5)

TE#HL TH<, ZD& E light-cone gauge-fixing h,—(z,y) = 0 &

1

0 = hﬂ—(x7y) = %{huo(a:,y)—huu(x,y)} huo(x7y) = hﬂh(x7y) (1116)

L%%, 22T, (11.12) K855 T

huo(z,y) = > hlo(@)K' (y) hu(z,y) = Y Vi (@)K (y) (11.1.7)
I J

ERRL &S UL 2 OAREMTE e X730, K(y) & K (y) dThTh S ORREFAMBEET
H 3N, de Donder gauge-fixing DFE Y | Z b X Killing vector TEATTH N 2DIZ, THhEN
? index I,J 2K DED DPWEE SR, 2T AdS, ED hly(x), V] (z) T NEIMBEEET D
Dh, S BRAS D, 20D FHIZBEU T, light-cone gauge-fixing hy,— = 0 136 &2 % HX 20, fi]
5 HilfR%E 527320,

AdS,7y x ST® _ED spectrum & [1] 1285 & 5 12 de Donder gauge % T2 DARRTH A5, —Ji KG
background T light-cone gauge iR TdH 5, Z 5 A% Penrose limit 12 & > TEMND Dn,

de Donder gauge on AdSy7) x ST 4 Penrose limit = light-cone gauge on KG

L2 O, AU AR TH D, HERSIE. AdS,7) x ST LD fluctuation field hy—(z,y) 2
Penrose limit TEHIZARD DONED ., K 5WTHAD h,
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Chapter 12

Introduction

JedD Part TIXHZD D convention % L . £ D N T supergravity = Z2LU 7z, UL EERIZMO ke AR
5 RHZIXIERZ Y595, IR S B DIL—IUIZIEZE 72 full action BEHEI VTR VL, superspace NDILHRE
ZTDBENDHDZRY, FEEEDPDIRNEZENRILUSZ NS THD, AU, BIFE Matrix theory 2 ¥ T
HBRELEL TWD L Bbd KRl dhd DT, Tk FIIMNIT D & B dBREAPTTHA D,

supergravity % BB 7z BHE, WA RN FERHZ BN TRILL TWAR, BERAREELZON, ¥ 2%
WU NURE D BERNDD DM, RENHDEEH>TE/ZD2HY) THD, TITI I Tk, de Wit [33, 34, 35]

@ notation and convention %= fHT 35,

Z D convention . HODENEL IFRD S THEND S :

e Lorentz algebra and representations of their generators
e covariant derivative for local Lorentz

e Cartan’s structure equation

e sign of spin connection

e sign of curvature tensor for affine connection

e definition of curvature tensor for spin connection

e canonical scale for gravitino

e scale factor of terms in the Lagrangian
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13.1 The Convention Defined by de Wit [33, 34, 35]

Matrix theory [37] & @ convention D#Ft—% ) 72W\A& 5 | supergravity @ convention & TAUZHEDHED A
MFEENRDB N, BARPZ Lagrangian DEETFIEIZ T TIZHEAEL TWD DT, Lorentz algebra O EFE. spin
connection DFFEFZTHEOAT 2 FBZ ML TDDIETEHTHA S,

de Wit [35] D section 7 TEH59 % supergravity Lagrangian & covarianrt derivative &% & OF{f, section 10
TEY9 % AdS algebra 75 GiAHINS Lorentz algebra & Z Z THIZEL £ 5 -

1 — N 1
L = —56 R(e,w) — 2e \IJMFJWNPDN[%(W + LU)]\IJP — %BFMNPQFJMNPQ
1

5100 eMNPQRSUVWXY by n po Frsuv Cw xy

1 — _ ~
— %e(\ll gIMNPQRES g o 4 120MTNPGQ)(F + F) v po (13.1.1a)
Uy = il 10 (13.1.1b)

1

DM(w)e = (6M — ZLUM'ABFAB)G (13.1.1(})
ﬁMNPQ = 48[]\/[C’NPQ] + 12@[MFNP‘IJQ] (1311(1)
{FA,FB} = 277AB s NAB = diag.(—++--~+) (13.1.16)
I‘NllMQ"'Mll — 1€M1M2'“M11 (131.1f)
[Map,Mcp] = napMpc +ncMap —nacMpp —nppMac (13.1.1g)

OB AXRD equation DL U TEHRI N :
D (@)en™ =Ty IOy = 0 (13.1.2)

INEEZ S, TAUTIE vielbein postulate Dys(w)eny” = —T'5 ep? & OIIEE WV, £ BIRNIC (13.1.2)
= BT 5

0 = DM(@)Q?NA — DN(@) GMA - QWMFA\I/N (1313)

¥ 7z, Lorentz generators M,p O vector K% FH\WT

DM(@)BNA = 8M€NA—&)\MAB€NB (13.1.43.)
DM(W)GNA = 8MeNA—wMAB eNB (1314b)

& J&F9 %, vielbein postulate I&
DM(OJ)GNA = 6M6NA—wMABeNB = —FZMEPA (13.1.5)

THOT, WHOFILMR AT BX MRS NT, Dy @)en? &

DM(L/J)ENA = wMAj_; eNB—FﬁM epA—LAuMAB eNB (13.1.6)
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Y 5%, (13.1.6) % (13.1.3) ILRATSB &
0= (WMABGNB‘_WNABQME)’_(@MABQNB'_@NABeMB)
- (FZM ept — TP epA) — 90, M40y (13.1.7)
WELND, ZH BEcM & EpN 2 EHIET. R $HL . B 0 BE6 Nb:

@[CAD] = W[CAD] +Ff4CD] — U I, (13.1.8)

supersymmetry transformations ® %L TEZ 5 :

Seyt = 28Ty, (13.1.92)
oWy = DM((:J)(-J—FTMNPQR&ﬁNPQR (1319b)
0Cynp = —6§F[MN‘IIP] (13.1.9¢)
T
1
Ty NPQR _ @(FMNPQR—%%IVPPQR}) (13.1.94)
Thd,

Clifford algebra 7%, Lorentz generator Map O spinor REWEH IZHN5:
Map = %FAB (13.1.10a)
F72. Map O vector KEH, EBIZHETSHZ LT
(Mcp)*s = &m0 — 8pMBC (13.1.10b)
THd L Wbhrd,
Z DOFBI% covariant derivative IZRAAT D & RIEUMKS 2V ELidR A
Dy (w) = Oy — %wMABMAB (13.1.11)

TEZLNE ZENbM”nd, L5 T, T D covariant derivative D commutator »*5 . spin connection HHE®D

curvature 2-form »355 15 :

1 1 1
[Dy, Dn] = *iMABaMWNAB + iMABaNWMAB + ZWMABWNCD[MABa Mc¢p])
1
= _gMAB{aMWNAB — Inwn P — o own P + wNAcwMCB}
1 _
= —iMABRABMN (13.1.12a)

]TZABMN = 8MwNAB - anMAB - wMACwNCB + wNAcwMCB (13112b)
UL, ZDEHIL differential form H5 D curvature 2-form %

RY'p = dw'p —w'c AwCp (13.1.13)
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ETAL, LW EEENNDD Z LT85, (13.1.11) &V, vielbein D covariant derivative £ EIRETE 5 &5 12
NN EN

DMeNA = 8M6NA—WMA36NB (13.1.14)
THd I & Wbhd DT, vielbein postulate
0 = Dyen”® = Dyen® +T%5ep™ (13.1.15)

M5 1 affine connection FH2ED curvature & spin connection FHED curvature (ZBAfR%Z (1172 Z & B TE 5,
I M5, Cartan structure equation & FHZ 5, torsion free DEH%E FZ L5, (13.1.15) £V,

Ea"Dyen™ = T8y = —Thy = EalDyey” (13.1.16)
DT,
0 = DMeNA—I—FJI\D,MepA = Oyen? —wypen? — (EBPDNBMB)epA
= Oyen? —Oyen™ —wy?pen® +wn?pen® (13.1.17)
WE5 N5, Zidk, differential form THRT L
ded —wipnef =0 (13.1.18)

IZIEMNZ S 720, (13.1.13), (13.1.18) {F Cartan’s structure equations TH 2,

-

curvature from affine connection & curvature from spin connection MEEfR%E ¥ TH IS5, (HLZ ZTH
torsion free £ U TH IS5, £ affine connection 7°5 135 715 curvature (22T, covariant derivative Vs Ay
& . commutator [V, VN|Ap % EF. FIHTD%
VnAp = OnAp +T%9y Ag (13.1.19a)
VuVnAp = 0u(VnAp) + %, Vodp +T9,, VnAg
= Om(OnAp + T2y Ag) + 1%, (0gAp +TEy Ag) +T9,,(OnAq + T8y AR)  (13.1.19b)
VnVuAp = On(0mAp +T9), Ag) + TSy (0gAp +TEG AR) + T8y (0 Ag + T8y Ag)  (13.1.19¢)

[V, Vn]Ap = {3MFII§N — ONT Ry — FSMFgN + FgNFgM}AR
= REpyuNAR (13.1.20)
D%
Rfpyn = TRy — ONTEy — T8, Ty +TENTE,, (13.1.21)
Riemann tensor REpyy 1ZIEWAABRIN—I0H 5 :
Rpomun = —Ropmun = —Rponum (13.1.22)

Lz Z & T o 7273, affine connection DEHE TK & FHHETHD, D&Y Vy Ay = 0mAn + 15 ,,4Ap TEHEIND,
2affine connection DEFHIE, TK L IFFHFEDNHTH D,
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(13.1.15) &V . TE = —E ®(Dyey?) BOT, W% WHT5:

ouTEy = —(0mEA")(Dyep™) — EaR0n (Dyep™) (13.1.23)
EJsd
OMEA" = —EA°EpRon(eq”) = —EA°Ep"Dy(eq”) —wna (13.1.24)
THd DT,
OuTEy = Ea%Dnep)Ep®(Dpreq?) + wnfa(Dyep™) — EsRy (Dyep™) (13.1.25)

&£ 72%, vielbein postulate &Y E % (Dyep?) = —FIQDN DT,
6MFI1§N — FgMF]CgN = wMRA(DNepA) — EARBM(DNBPA)
= wya(Onep® —wn?pep?)
— EAR(aNaMGPA — BMUJNAB . epB — UJNAB . 6M€pB) (13126)
ThdIEeWbnd, Tz HWD L affine curvature I&
Rfpyun = EARepB{aMwNAB — Ovwn g —wartcwn s + wNAcwMCB}

= E feppR* yn (13.1.27)

& . spin curvature THLBRTE 3, fFRIIERT D HENDH D, Ricci tensor, scalar curvature (&7 12 1RD &
DILEHET D!

RMN = gPRRMPNR = EAMEBREABNR = EAMBNBEACBC = EAMBNBEAB (13.1.28&)
Rs = R'“p¢ (13.1.28D)
R = RMy = R*, (13.1.28¢)

Ricci tensor % 3K 2 BE. de Wit [35] £ HiIZ 2 DOE 4 DD index % contract U TWS, TD72, sphere
SP O affine curvature (& positive curvature & U TEHHZL 2\, UL ZUIZTNTE WV, de Wit (&, sphere
@ curvature % minus TEHL TWBDTHS, [35] @ section 10 TEHT S AdS, x ST ® Riemann
curvature tensor . €I M5 185 N3 Ricci tensor/scalar £ . sphere DETNNAEICARD LD ICEHRI
nTW3, Cartan’s structure equation (13.1.18), (13.1.13) 225 135 115 curvature (&, sphere SP A% negative
curvature (R < 0) TEEHT2 ARE 25 TWd, de Wit O Lagrangian (13.1.1) 75 135 1% equations of
motion, FHI metric DENNS 55 1D background DRFEE . ENE KL ZEETHD Z & Bbhrd,

13.2 Summary of the Convention

de Wit @ convention # £ HOTEHIH:
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algebras and representations:

[Map,Mcp) = napMpc +npcMap —nacMpp —nepMac
Map = 0 scalar
(Mcp)*s = 64npp — 0pnec vector
Mup = %I‘AB spinor

{T4,Tg} = 2nap = 2-1-diag.(— +++---+)

rMiMz-Mu _ q . MiMz-Min

affine/spin connections, curvatures:

VAN = OuAN +FﬁMAp

A B

A A P A
= 8MeN — WM BEN = _FNMeP

Dyen

A B A B
pen~ +wnpey” = 0

ven — Oven —wis
[Var, Vn]Ap = RFpunAg
Rfpyn = OuTEy — ONTEy — FgMFJQDN + FgNFgM
[Dn, Dnlo = —%MABRABMNqb

AB AB A CB A CB
MN = Oywn”” —Onwy ™" —wu cwnT T Fwn cwm

R R SAB
RY%pyuNn = EaeppR™7 N

EAB

Cartan’s structure equations:

T4 = deA—wAB/\eB

RAB = deB —QJAC /\wCB

Lagrangian and its convention:

£ = —geRe.w) - 2T Dyl + B)Wp — goeFuunpgF N
5 .1124 EMNPQRSUVWXYFMNPQFRSUVCWXY
- %e(@RrMNPQRS\pS +120MTVPU9) (F + F)unpg
Ty = 0}, 10
Dy (w)e = (aM _ %wMABMAB)E

(13.2.4a)
(13.2.4b)

(13.2.4¢)
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ﬁ]v[NpQ = 48[]»10]\/13@] + IQE[MFNP\I/Q] (1324(1)
@[CAD] = UJ[CAD] + F[/é*])] — @CFA\I/D (13.2.4e)
supersymmetry transformations:
Seyt = 28Ty, (13.2.5a)
oWy = DM(CAL))E + TMNPQRE ﬁNPQR (1325b)
0Cyunp = —6§F[MN\IJP] (13.2.5¢)
1
Ty PR — (rMNPQR - 865]/[VFPQR]) (13.2.5d)



TK notations & D&Y, 2% 550 TH IS :
H TK transformation rule de Wit
gamma matrix T4 4 =14 r4
Lorentz generator YAB Yap =iMap Mag

covariant deriv.

Cartan’s str. egs.

Riemann tensor

Ricci tensor

Ricci scalar

(ex.)

scale of fermion
SUSY parameter
Hilbert action

scale of Lagrangian

VarAy = 0y — T, Ap
Dy = 0n — 2wy P ap
T4 =de? +wip NeP
RAp =dwip +wic Awls
iRfpyNn = OuTEy +F5MFgN
IRAB v = Onwn AP +wy A own OB
RMn = g"?RMpng
Rty = B0
R =TRMy,
R=R"4

R(SP) > 0

¥ (TK)
ETK
eR

L(TK)

FﬁM(TK) = *FﬁM(dW)

WAB(TK) = —wAB(dW)

U(TK) = 2v/2¥(dW)
etk = V2eaw

L(TK) = 2£(dW)

VAN =0u + T8 AP
Dy = 0n — 2wy P Myp
TA =de? —wip NeP
RAp =dwip —wlc Awp
%RRPMN = 81\1F11§N *FSMI‘%N
NP —wytown OB
RMy = gPeRM png
Rty = R
R=RMy,
R=R",

R(SP) <0

T (dW)
£aw
—eR

L(dW)

0€T

MAA OP Aq POULOP SUOIJUSAUO)) PUR SUOIJRION]
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Properties of the PP-wave

de Wit D TIL spin connection % TK & &84 5,
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14.1 Kowalski-Glikman background

Here we summarize several properties of the maximally supersymmetric pp-wave background. This solution was
found by Kowalski-Glikman [6, 7] and often called the KG solution. This is the unique pp-wave type solution

preserving maximal supersymmetries. The metric of this background is given by

9

ds® = —2datde” + Gyip(dat)’ + > (da')?, (14.1.1a)
I=1
INESS, T N2 N~
_ 2 "\2
I=1 I'=4
or
Gy —1 0 -1
JMN = -1 0 . 9N = -1 —Gyy ; V=g =e =1, (14.1.2a)
1 1
0 -1 0 -1
nag = | -1 0 , P =1 -1 o : (14.1.2Db)
1 1
1 —5G4 1 3Gy .
e’ 0 1 . EaM = 0 1 , ie., ey = 75G++,etc. (14.1.2¢)
1 1
which is equipped with the constant flux
F+123 = W 7é 0. (1413)

Z @ p l¥ mass dimension +1 @ real parameter TH2, Z DZEA{kIX, Penrose limit % 5 KFiZ, light-cone
coordinates |2, scale factor X p % weight & U CTEAI D L FZEZX IR THAD (see, for example, chapter
6.1), HZRMAIZ, tangent space D metric nap 1. light-cone coordinates z& % £ 2 KD weight DEV ;IZ
SR, 2FD ot = L2 +2f), 27 = a(2 — 2%) LUK, metric nap DFRIE “weight” a IZIFREFEL

RN,

In our consideration the contribution from torsion is not included, i.e., affine connection is symmetric under

lower indices: I'f; v = I'%,,. For the KG metric, the above quantities are written as

T 1 T /,L 2 T ! 1 4 /“L 2 ’
Fi_,’_ = 581G++ = —(§> I‘I 5 F_Ii__,'_ = 581 G++ = —(6) .’L‘I 5 (1414&)
_ _ 7 UN2 7 _ B , UN2
P, ="r; =T, = —(§> o ry, =T, =T¢, = —<g) ol (14.1.4b)
R:f _ — R~ . — 75~~ H 2 RJ/ , = R ’ / = 75 7 H ? (14 1 4C)
+1+ J+I+ 17\ 3 ) +1'+ J'+1'+ 1'J 6 ) L.

curvature & 2&0D Part  I3BRDZFETHD L IIEE, EENVVOHFETHD,
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spin connection % U & 5, nontrivial 2 K% w '~ ZIFTH2DIFH>TWDDT, ThETE BD,
vielbein postulate (13.1.15) &¥) |

wPAB = nBCECM(apej\/[A +F§\Q/[P6QA) (14.1.5)

L%%, ey, Ea TS, 1d EOfEiZ kS, 20L&,

1
w+I* = r]7+E+M(8+€MI+Fj\Q/1+€QI) = _F{H- = _ialG—H- (14.1.6)
LR, §RDL,
_ ~ 2 ~ ’ ’ 2 ’
w - = T = (%) o wi '™ = —w = (%) i (14.1.7)

It should be noted that the scalar curvature vanishes and the Ricci tensor is constant and proportional to j.

These are given by
1
Riy = —§u2, R =0. (14.1.8)

D%, Lorentz algebra, spin connection, affine connection DEFE%E ZFHL TW\W% DT, spin connection DE
DFFFMIEEE 115 1, Riemann curvarture & fF 5N KHEL TW5 728, Ricci tensor/scalar € FFSAKIZT 5,

de Wit (&, sphere S? @ curvature DFE%2[ &) TEEHL TW53,

14.2 Hamiltonian

Now let us discuss the Hamiltonian and its energy eigenvalue. We need to calculate and solve field equations for
fluctuation modes around the KG background. Then we will encounter Klein-Gordon type equations of motion

and have to evaluate its energy spectrum.

We shall consider a Klein-Gordon type equation of motion for a field ¢(x):
(O+apio_)p(z*,2”,2") = 0, (14.2.1)

where « is an arbitrary constant and 2 is an evolution parameter. The d’Alembertian [J on the KG background

is given by

= ———0m(vV=99"N0N) = 20,0_ + Gy (0-)* — (0k)*. (14.2.2)

The above Klein-Gordon type field equation will appear later as equations of motion of fluctuation modes.
Fourier transformed expression of ¢(x)

dp_dp;

J2m)
L5 A2, [37] D spin connection (2.16) I&, 22 @ convention & 1&&F 2T 845, ded —wiApAel =0, R g = dw? p—w?cAwC
X2 HL THB N, VAN = O — FﬁMAPv RRPMN = 8NF§J\{[ — 8ZWF§N + FﬁQF%P — F]@{QF%P THoTEEDR,

L
pat,x7,a") = e P==HPI) G0t p_ pr)
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leads to the following expression:

0 = 2p iy —Giy-(p-)*+(p1)* —app-, (14.2.3)

where G4 is defined as

Gy = i(g)rz(aﬁ)u 3 (%)Z(apl,)? (14.2.4)

By rewriting the above equation and H = 04, we can obtain the explicit expression of Hamiltonian:
1 ~
H = j (P1)2 —Giy-(p-)? - Oé,up—} . (14.2.5)
The energy spectrum of this Hamiltonian can be derived by using the standard technique of harmonic oscillators.

Now we define “creation/annihilation” operators

7 1 7 1 1
T _ ~ T _ ~ ~
a = —{p7+md,.}, a = ——{pr—md,- |, m = ——up_, 14.2.6a
m{pl Pz} \/ﬁ{pI PI} 3/”7 ( )
’ 1 ’ 1 1
I i _
a = \/Tw{pll + m/apl,} 5 a = \/T,rn/{p[/ — mlapl,} 5 m' = —Elj,p, y (1426]3)
whose commutation relations are represented by
ol,a] = 67, [oFal] = 6", [dd,@] = [F,@] = 0. (14.2.7)
Thus we express the Hamiltonian in terms of the above oscillators:
H = 1;@ alal + luZaﬂa" + L ieta) . (14.2.8)
37 = 6 = 2
T

Note that the last term implies the zero-mode energy Ej of the system, which is represented by

By = gnéolé),  Eo(o) = 240 (14.2.9)

In the next section, we will use &£j to evaluate the energy of the zero-modes of fluctuation fields.



Chapter 15

Spectrum on the PP-wave with de Wit Rule
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15.1 Supergravity on Classical Background
F 91 classical background T® supergravity & &9 %, fluctuation |2 DWW TIERD section T, AR,

XX DEFER DT, gamma matrix DFEKFLIE TK & FAU G525, EHL EkIE de Wit [35] D& DT
Hd,

15.1.1 Supergravity Action without Torsion

Lagrangian up to torsion from (13.1.1):

1 = 5 1
L = _5872 — % \I,MFJVINPDN\I/P o %BFI\/INPQFN[NPQ
L .7 1
— ZSe \I,MFMNPQRS\I;NFPQRS — WEMNPQRSUVWXYFMNPQFRSUVCWXY 7 (15.1.1a)

where the covariant derivative for local Lorentz transformation are defined as
1 4B
Dn¥p = OnVUp — gwn""Map¥p . (15.1.2)

F 72 eMNPQRSUVWXY I3 1] dimensional spacetime (235 1F % weight +1 D invariant tensor density T4 . #i
MAbZ

g1zt = (15.1.3)

D, weight 2 +1 12U TEMRWWE Chern-Simons term A% scalar density & 725 284,

[NPRR, - TNPQR, _ gsVPPQA] (15.1.4a)

Mg =0 scalar (15.1.5a)

(MCD)AB = (%nmg —pnes vector (15.1.5Db)
1~

My = §FAB spinor (15.1.5¢)

15.1.2 Classical Field Equations

1 1 1
0 = *ggMNR +Rmun — %QMNFPQRSFPQRS + EFMPQRFNPQR ; (15.1.6a)
~ 1~
0 = TMNPDNDp + %FMNPQRS\IINFPQRS , (15.1.6b)
18
0 = V9{eFounpr} — a1y gz gNE gpr, e KEQRSUVWY B b st Fyw xy (15.1.6¢)

0 = V[MFNPQR]7 (15.1.6d)
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{HU . fluctuation field DHEEN FFERIZENT, 2 KU EDFLGL E 7256 X BRWIHIZZ Z TIXEAKL ThHhd, £/
ZAUZPED, metric DEE)HFERIK eyt DENTIZARL gy PENTHZTH D, mBEODRIZ Bianchi identity
Thd,

EETH DM, Ricci tensor DEDIE, TK OB IS A D, 7R S , Riemann tensor DEFED TK
& de Wit 27205 THD, UL Z D classical field equation (23592 DIk, HFHUT metric DER7Z 1T
THdDT, TDOIELIERITAS 2\, fluctuation field equation % ZH 2 5 K, dRyn D EHE5TDHDT, 5D
A %,

15.2 Fluctuations

fluctuations:
gun = gun +hun . gMN = gMN 4 pMN (15.2.1a)
Uy = 0+¢um (15.2.1b)
Funpq = Funpg+Funerq, Funrg = 40mCnpq (15.2.1¢c)

From now on we omit the circle, which is the symbol of classical background.

other representations:

hun = hym (symmetric) , (15.2.2a)
PN = _gMPNQp iy — _pMN (15.2.2b)

de = %egMNhMN, (15.2.2¢)
TN, = f%gMR(VthRwLVPhNRfVRth) (torsion free) , (15.2.2d)

1
ORuN = §{VNVMhPP ~VNVPhyp —VuVPhyp + VPVPhMN}

1 1
+ Ry pnhot — iRPNhMP - §RPMhNP

1 1~
- 5{vaMhpP — VNV harp — vaPhNP} — 5Bhury (15.2.2¢)
SRMN _ _}'LMPgNQRPQ _ ;’LNQgJMPRPQ — MPGNUR b
= hrsgMBgP5gNORpo + hrsgV g gM P Rpg — ¢MF gV R pq , (15.2.2f)
SR = —hM¥Ryn — gMVoRun = hpd™ T gV Ry — ¢M N oR - (15.2.2g)

Riemann tensor DEFHMN TK L IFHFETHD2d. TIN5 JRET S Ricei tensor & W FIZRD, [>T
variation dR N, OR ©WIZRS, £/-2, TIT A 1% Lichnerowicz operator & FEHENDE DTHY . rank-2
symmetric tensor ¥ 11-dimensional space £ 0-form ¢, 1-form w42, 3-form Cprnp IZRDE S IZEHT S

[1]:

ﬁhMN = —VPVPhMN — QRN[pNQ hPQ —|—RMP hpn + RNP hpy (15.2.3&)



138 Spectrum on the PP-wave with de Wit Rule

Ap = —VpVPe (15.2.3b)
Awy P = —VpVPuy?? + Ry” wpt? (15.2.3c)
ACynp = ~VoVeCunp

— 2RnoNr C9%p + 2Rpgrr COf Ny — 2RNnopPR C9F N

+RMQ CQNP+RNQ CMQP+RPQ CMNQ (15.2.3d)

fHL . 2 2Tk torsion AASTWBHBEE EEL THD. torsion free DIFEIE ACyNnp DEUE 2 F7iE¥ 0
8%, ZhH £V classical field equations (15.1.6) 2*5 135 114 field equations for fluctuation fields 1&>RD
XOITERALNS:
1
0 =3 {hMN R —hpqgun 977 9°° Rrs + gun (VPVh?" = VoVehp?) }

1 1~
n 5{vaMhPP VAP hpa — vaPhPN} ~ 5Bhy

1 1 1
~ 96~ Frars FPRRS _ 187 PQRS gMN FPORS 4 ﬂhPU gun Fpors Fu@®s
1 1
* ﬁ{]:MPQR Fx"% + Fyrr FMPQR} - thS Fupor Fns®" (15.2.4a)
. 1~
0 = TMNP Dyibp + %FMNPQRS Frons ¥n
- 1 1 /=~ ~

1
0 — 6{§hUUgQR _ hQR}TnFmL\/’ +eVeFounp

1
—e {FSMNP (VQhQS — QashQQ) + FQSNPVQhMS + FQMSPVQhNS + FQMNsthPS}

1 ZKLQRSUVW XY
= @ Forsvu 9mz 9Nk 9pr Fvwxy
fm '5/‘[\ LRQRSUVIV XY (/1 ViZ gNK 9PL + hN K 9gmz gperL + hpr 9gmz gN /\)/“(g/.’,x'( Fyw xy (15~2~4C)

W< 5 7201Z classical background TH 2 Z & % /89 circle symbol 1ZE ML 7z, F 72 Freund-Rubin ansatz
%92 & TIHA S MHIX gray scale (2L TH W /21, F 72 Bianchi identity 12 2WTId, affine connection M &5
MLy =T8y EHVWD LT, BEMMTE TH EFTE S 2 AV, HUIFEHORTHAS,

e FEBITRS REIZIE, classical equations (15.1.6) # W& & B\W\WEZA 5, (15.1.6a) £V,

_ 1 PQRS
R = 144FPQRS F (15.2.5&)
1 1
Run = TagIMN Fpgrs FPORS — 712FMPQR FyPOR (15.2.5b)

IFreund-Rubin ansatz % #X 2 WTHIFIE 2D 3 D0 field equations & generic TH 5,
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MEH NS, ZHIE R(SP) <0 DEFHL consistent THD, ZD (15.2.5b) 6 DFEH Fid

1 1~
IRMN = i{vaMhPP ~VnVPhyp — vaPhNP} - iAhMN

1 1 1
= mhMN FPQRS pPQRS + EQMN PQRS fPQRs B %hPU guN FPQRS FUQRS

1 1
12 (‘FMPQR FNPeR 4+ Fypor FMPQR) * ZhPU Furpr Fnu @ (15.2.6)

3%, (15.24a) & (15.2.6) & % classical field equation (15.1.6a) 535 N/zE DTHDH DT, EH5 % H
WTH RV, F72 Duff, Pope [1] £E13E5 X5 (15.2.6) Z HNTWH &S THD ., Lo TINLE, (15.2.4a)
DRD 1D (15.2.6) % VB,

gravitino equation (15.2.4b) £, © 5 AU FHHEL P dWVEFIZL £ 5

L

0 = fMNPDNwP+ fMNPQRSFPQRS ¢N

96
1 - - - o - ~
+ %{QMP (FQRQSN _ FQSgRN 4 FRSgQN) _ gl\/IQ (FPRQSN _ I\PSgRN + FRSgPN>
_ gMR (FQPgSN _ FQSgPN 4 FPSgQN) _ gJWS (FQRgPN _ FQPgRN + FRPgQN) }FPQRS '(/JN
(15.2.7)
15.3 Light-cone Gauge Fixing
hoyy =0 APM =0 C_yuy =0 . =0 (15.3.1)

15.4 Field Equations for Fluctuations on the PP-wave Background

Here we write the field equations for fluctuation fields hysy, ¥ar and Cprvp on the KG solution (14.1.1) and

(14.1.4) under the light-cone gauge-fixing condition (15.3.1).

e Since field equation for fluctuation hy/ny (15.2.6) has two uncontracted indices, we obtain six equations:

1 1.
SRy = 5{v+v+hpp VaVPhp— v+vPh+P} ~5Bhy

1 1 1
= —hiy Fpors FPORS + g, FPORS Frpops — — bV gy Fpors Fu9™®
144 72 36
1 1
-5 (f+pQR FiPOR L Fopor F+PQR) + {0V Fipgn Fro®" (15.4.1a)

1 1~
SRy = 5{v,mhpp V_VPhip— VNPh,P} ~ 5Bh

1 1 1
= —hy_ Fpors FT9R5 + o d+- FPORS Foors — —h"Y gy_ Fpors Fu®™®

144 36
1 1
- (Firor P-TO + F_pon Fy7OF) + T Fepqr Py ® (15.4.1b)

1 1
0R.; = 3{ViVahe” = ViV hip = ViV by | = S8k g
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Ry

OR__

OR_+#

OR_p

0R77

5RTJ'

5R1/ J’

1
144 T i Erors FPORS 4 7o 94T FPonRs FPQRS — thPU 9.7 Frqors Fy @RS
1
12 (]:+PQR Fr" %+ Froor F+PQR) + ZhPU Fypor Fy®" (15.4.1c)

1 1~
§{V1/V+hpp —VpVPhyip - V+VPhI’P} - QAh—‘rI’
1

1 1
— h.+ F FPQRS - , FPQRS F o 7hPU ,F F QRS
144 +I' ' PQRS + 79 g+r1 PQRS 36 9g+1' 'PQRS I'U

1 1
~ 55 (Frrar Fr "% 4 Frpqu Py POR) + Sh™ Fpon Fru " (15.4.1d)

1 1~
f{v,v,hpp V. VPh - v,vph,p} ~5Bn__
1

1 1
11 —g__ FP@RS rpors — —h"Y g _ Fpors Fy9f®

72 36
1 1
1 (]: PQRFLPQ + F_ pQRF,PQR> —I—ZhPU F,pQRF,UQR (15.4.16)
1 1~
5{v~v,hpp ~ ViV hop = V_VFhp,} = SRk

1 1
144h_1 Fpors FP9RS 4 Eg_fFPQRS FrQRrs — %hPU g_7 Fpors Fy9f®

—h__ Fpops FTORS 4

1
12 (J:—PQR FP + Frpon F—PQR) + ZhPU F_por Fry %" (15.4.1f)

1 1~
f{vpv_hp” — Vi VPh_p— v_vphpp} - 58h_p
1

1 1
— h F FPQRS . FPQRSJ—_' o hPU L F F QRS
Taa/-1 FPars + 729 I PQRS ~ 3¢ g-1 Fpors Fu

1 1
— E(f_PQR F]/PQR Jr]:.]/pQR F_PQR) + ZhPU F_pQR F]/UQR (15.4.1g)

1 P P P 13X

§{VJVThP —ViVihipp = ViV hfp} — 5Ahgy
1 1 1

1 ——h37FpQRrs FPQRS 4 EgﬁFPQRs ]_—PQRS . %hpu 977 Frors FUQRS

1 R PU R
—*<fprR FP9F 4 Fipon Fi' ¢ ) I Fipor Fi® (15.4.1h)

12
! hpt Php Ph Ah
§{VJ'V; P = VyNVihip = ViV J’P} Iy

1

1 1
hi, Fpors FP9RS + —gp,, FPORS Fpors — —h"Y g7, Fpors Fu@™®

144 7291 36
1 .
12 (J:TPQR Fy "9 + Frpor Fy QR) 4 iprv e Frpor Fru®® (15.4.10)

1
§{VJ’VI’hPP ~VyVPhpp -V hJ’P} - §Ah1’J’
1

1 1
— hn o F FPQRS g FPQRSJ’_' _ 7hPU s I F QRS
144 1’7 'PQRS + 7291 J PQRS 36 grj 'pQrs I'u

1 1 .
12 (‘FI'PQR FpPCR 4+ Frpor FI’PQR) + ZhPU Frpqr Fpu®t (15.4.1j)

e Field equation for fluctuation 1, (15.2.4b) has one uncontracted indices. So we obtain four equations:

0 = T*NPDyipp +

1 ~
4+ — o6 {g-i-P (FQR SN FQS RN FRSQQN)

1 ~
%F+NPQRSFPQRS N
_ gQ(FPRGSN _ PPS RN | PRSPN)
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_ g+R (FQPgSN _ FQSgPN + FPSgQN) _ g+S (FQRgPN o FQPgRN + FRPgQN) }FPQRS d)N
(15.4.22)
~_ 1~
0 = I"""Dyyp + %F NPQES Fpors ¥y
1 o= . _ A _ R
+ %{g P(I‘QRgSN _ FngRN + FRSgQN) —yg Q(FPRgSN _ FPSgRN + FRSgPN)
_ g_R(FQPgSN _ FQSQPN T FPSQQN) _ g—S(FQRgPN o FQPQRN + FRPgQN) }FPQRS wN
(15.4.2b)
~F 1 ~7
0 = FINPDNwP + %FINPQRSFPQRS ’(/}N
1 p o ~ ~ T ~ ~
4 %{gfp (FQRgSN _ I\QSgRN + FRSgQN) o gIQ (FPRgSN o FPSgRN + FRSgPN)
gIR (FQPgSN _ FQSgPN 4 FPSgQN) _ gIS (FQRgPN _ FQPgRN + FRPgQN> }FPQRS wN
(15.4.2¢)
~71 1 ~p
0 = FI NPDNQZ}P + %Fl NPQRSFPQRS’ wN
1 = fa ’ =~ ~ ~
N o6 {gI P(FQR SN FQSgRN + I\RSgQN) _ gI Q (I\PRgSN _ FPSQRN 4 PRSgPN)
_ gI R(FQPgSN _ FQSgPN 4 FPSQQN) o gl S(FQRgPN o FQPgRN + FRPgQN) }FPQRS wN
(15.4.2d)

e Field equation for fluctuation Cpsyp (15.2.4¢) has three uncontracted indices.
— M = + case:

_ Q .

0= V*Fy, 7

1 g s

Fy, 1(V2ho® = 50°hq?) — Fog_1V%hy" = Fo, i9%h-5 — Foi—sV9hy

1
= eZKLQRSUVWXY T b st 942 9—x 97, Fvwxy (15.4.3a)

0 = VQ]:Q-;-—I’
1
— Fssp (V9o - 50°hQ?) = Fos— Vs — Fousn VOoh-5 - Foi—sV2hi"
1

~ 56 gZRLQRSUVW XY T potr 94 29—k 91 Fywxy (15.4.3b)
0=V« ‘FQ+1J
I.s s s
S+IJ (VQhQ - 56 hQQ) QSIJV h+ - Q+5Jthf - FQ+Tsth5
1
~ 56 eZKLQRSUVWXY T psv 942 975 971, Fvw xy (15.4.3¢c)
O — V ]:Q+IJ/
1
s S
— Fyy1p (V9he® = 50°hQ) = Fogr,, Vohe® = ForsyV9hy® = Fo 1V %h®
1
~ 576 eZKLQRSUVWXY T st 942 975 901 Fvw xy (15.4.3d)
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0 = VFquiry

1
— Fsiry (VQhQS - §8ShQQ) — FosiyVehy® — Fou55Vohp® — FoipsV@hy®

1
= gZRLQRSUVW XY T bt 942 91 i 90 r Fyw xy (15.4.3e)

— M = — case:

O:V}"Q”

1
- Fs-fi(thQS - §8ShQQ) stjv he® - Fo- SJVQhTS - FQ—TSVQhJS

1
~ 5% 6ZKLQRSUVWXY]-'QRSU 9-z 97 951 Fvwxy (15.4.4a)

0= V@ fQ Ty
1
Fs-1s (V ho® - §aShQQ) — FosiVOh-® = Fo sy VOhi® — F_3V9h,°

1
~ 56 gZRLQRSUVWAY T pstr 92 7y 9071 Fyw xy (15.4.4b)

0= VeFq 1
|
— Fs_py (thQS - §aShQQ) — FospnVeh_5 — Foy_gpV@hpS — Fo_pgV@hy S
|

576 e LQRSUVIWAY T psu 9-2 91k 9oL Fuwxy (15.4.4c)
— M =1 case:

0= ve ]:QIJK

~ Fyrrze (VOho® - %35’1@@) = FosirVohi® = ForsgVohs” — ForzsVehi®

- 5176 eZKLQRSUVWXY T psur 97, 95k 9 Fvwxy (15.4.5a)
0= V¥ ]:QIJK/

— Fsiire (V h® — %aShQQ) - FQSJK/thTS - FQTSK'VQh FQﬁsthK’S

- % e#RLQRSUVIWAY Fo psu 977 97k 9k’ L Fvwxy (15.4.5b)
0 = VQ]:QTJ/K/

—Fotpg (VQhQS - %aShQQ) — Fosrx'V9hi® — QISK,V hy® — Forrs GV@hy®

- % gZRLQRSUVWXY T b sty 977 90k 95'L Fvwxy (15.4.5¢)

0 = VQ]:Q]/J'K/

1
— Fsp ik (VQhQS - §aShQQ) — Fosyk'Vehy® — ForskVhy® — FoppsV9hy®

1
~ 576 eZKLQRSUVWXY T psvr 91z 91k 9rc 1 Fyw xy (15.4.5d)

light-cone gauge, Freund-Rubin ansatz % X AL 7z :

0= %{mmhpp ViV hip — ViV hyp — Dh++} - (%)Qhﬁ - (%)th,
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143

1 1
+ K G141 0-Cia3 + p Fii23 — §H2 hiz

1
- {a_a+hpp - a_apmp} + 510-Cizg

1
= {VpVihe = 007 hip = 0,07 hpp —Oh 1} = Snerzg 9-C, g

1
= {VVihe” = 000 hip = 0,0"hpp ~ Dby | + cheiRiFrikt

= 9_0_hpt
= 8;0_hpT —0_0"h;p

4
= {6j8‘fhpp — 658thp — 8;8Phjp — Dh;f} — gu 5fj8—6123

0 = T*NPDyip

1
{8J/61~hpp — 8J/6PhI~P — 876Phyp -0 th’} — §M €I~I~(f 6—CJ’I~(Z

2
{aﬁa]/hpp — 070 hpp — 010 hyp — DhI’J’} + §M51/J/ 0_Ci23

~_ 1 ~, 102 1 ~
0 =T NPDN%//P*ZuFJr 1230 4y, ~ gkl N

I1JK

- 1 -~ o
INP 123
0 = DPDyyp + o pT 12 (677 — Tl 5)0 7

~p 1 ~ PPN
0 = FI NPDN?/JP-z/LF+123((5I/J/ _F]/FJ/)'IZJJ/

0_09Cq.r

0%F 77— Ok Gy 0 Crpy

1
+rerT (3Qth - §3thK) — ez Thop + perrpOrhi

09F g 7r = OkG i 0-Crry — perridghyg

O°For1y — 0k Gy 0_Creprgr — iuEIIJIQ/R,S,U,FQ/R/S/U/
—0_0%Co1 s

O Forik + %M €70 hin = pegrpdhip + pergpdThyy —
09 Fqrrw — merrid hyer

aQJ:QTJ/K'

I'J'K'R'S'U’

1
8Q.FQI’J’K’ — BILLE 876R/S/U’

1J 7K

— nergiOrhig

+
persrd  higy

(15.4.6a)
(15.4.6b)
(15.4.6¢)
(15.4.6d)

(15.4.6¢)
(15.4.6f)

(15.4.6g)
(15.4.6h)

(15.4.61)

(15.4.7a)
(15.4.7b)
(15.4.7¢)

(15.4.7d)

(15.4.8a)

(15.4.8b)
(15.4.8¢)
(15.4.8d)
(15.4.8¢)
(15.4.8f)

(15.4.8g)
(15.4.8h)

(15.4.81)
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15.5 Bosonic Spectrum

15.5.1 Non-dynamical Fields

From (15.4.6¢):
0 = hp”
X5IZZDOTFT (15.4.6f) 25
Ohip = 0  —  hpy = Iaﬂlu

X512 ED (15.5.1) 213 % JHWT (15.4.6b) & EX 2 5 & |

0 = 6_{8Ph+p - éMCHB}

1 1 1
- Ohyp = g,UfC123 = hyy = ai{alh+1*§,ucl23}
"EHL N5,
(15.4.8a) & V)

0 = 8QCQ+1 — aJC+[J =0

(15.4.8¢) &V

1
0 = aQCQu — Cirg = FBKCKIJ

1 1
—?DaKCIJK—aKG++a—CIJK = —afax(DCUK)
j— 1 j—
Crr = 5¢riCriy € = 20
iRl iRt = 400CrRT) € 7RI

= (0rCirz — 95Cx1y +9%Cr 57— 0:CriR) €7RT

= 601Ci23 — 607C5,,

HFEDEM%E A AT S & field equations XKD L S 12 reduce X N5 :

0= %{ Vi VPhip — ViV hp — Dh++} - (g)rzhﬁ - (%)th,

(15.5.1)

(15.5.2)

(15.5.3)

(15.5.4)

(15.5.5)

(15.5.6)

(15.5.7)

(15.5.8)
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1 1,
+ éu Giy O0_CH pFi123 — 5# hiz (15.5.9a)
2 1 1
0 = guﬁfc + 6T|:| 8jh;j+ im 3J/hl~J/ + MaJ/CTJ’ (1559b)
1 1 1
0 = —gu orC + aiD ajhjl, + 87_|:| Oyhp g + 8jcf1’ (15.5.9C)
2
0 = Ohzz+ guéﬁa_c (15.5.9d)
0 =0 hINJ, =+ ua_C;J, (15.5.96)
1
0 =10 h]/J/ — gp, (5[/]/ 0_C (1559f)
1 1
0= —ﬁa;(m C) - 50 (OC;,) + u0yhg,, + pdihiy (15.5.10a)
1 1
0 = a—_c?f( (D Cf(f],) — 87_81(/ (DC;K,J,) + ue;gz@ghwi (15.5.10b)
1 1 1 Iy ’ ’ ! ’
0 = —878]? (DCE’I’J’) — 876[(/ (DCKI[IJ/) - 6“61 JQRSU QQ/CR/SfU/ (15.5.100)
0 = DC*Q/La_hﬁ (15.5.10d

0 = DCINJ'_Ma—h’fJ’
0 = OCsype

1 17l gl Q!
0 = DC[’J’K’ -+ 61“51 J' K'R'S'U afcR/S/U/

)
(15.5.10¢)
(15.5.10f)

(15.5.10g)

fHL (15.4.8b) I SO(3) Levi-Civita symbol €55 Z X ETHD. IHI2 hpl =025 hpp = —hpp B H

WTWE, FBKC (15.4.8), (15.4.8g) 126 77z 2 (EAXETVS,

15.5.2 Spectrum
ZZERIZE LD THELIZED S, Field re-definition % 1765 :
Hi; = hg; +iCyp FfJ’ = hy; —iCsp

1 1
L L
hiz = hiz = 30mhir  hry = heo = Gorahi

h:hf(f(+ic E:hf(f(fic

@ _ L P KW XY D o _ L UKW XY o
CIIJ/K/ - 66 CW/X/Y/ CI/(]IK/ - 766 CW/X/Y/
Dk X
(O — pio_)Hy,, = (O+pid_)Hz; = 0

0
Ohts = Ohfiy = 0
(O—2pi0_)h = 0 (04 2uid_)h = 0

0

(O — pio_)C5 ji e = (O + pnio-)Cs e = 0

(15.5.11a)
(15.5.11b)
(15.5.11¢)

(15.5.11d)

15.5.12a
15.5.12b
15.5.12¢

—~ o~ o~~~
- = Z

15.5.12d
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AT,

&> T, spectrum % Table 15.1 IZ5-2 5,

energy &g ‘ bosonic fields (D) ‘ degrees of freedom
4 h(1) 1
3 Hy, (18) Co i (10) 28
2 T (45)  hE(5) hi: ;/(20) 70
1 Hy,, (18) C g (10) 28
0 h(1) 1

Table 15.1: Bosonic zero-modes in eleven-dimensional supergravity on pp-wave background.

15.6 Fermionic Spectrum

boson [Alkk, fermion (ZDWTE XL HOTHL, £ 7 IF non-dynamical field & Ad, TDZHOIZ, (15.4.7) % {H
HIZRDES ITHESET L HERTHS:

MNP D pp = JM (15.6.1)
72720 JMIZRODEDIZRINT NS
Jt = —-J_ =0 (15.6.2a)
J- = iuf*”?”’w,,+éuem~<fﬁ¢;{ (15.6.2)
=7 = —iuf“%(éﬁ—f;fj)wj (15.6.2¢)
g =g = iﬂf+123(51’J’_fI’fJ’)¢J’ (15.6.2d)
T HIT (15.6.1) 26 ROBBRENES D
TNDytoar — VD by = JM—%fMlA“NJN (15.6.3)

(15.6.3) Z fl\ 2 & (15.4.7b) & [A%2 BIBRAIE

~ ~ 1~ ~
I'"Dyy_ —TND_ oy = J_ — §F_FNJ” (15.6.4)

&85, 272U light-cone gauge-fixing (15.3.1), spin connection (14.1.4) X J_ =0 (15.6.2a) Z Fi\5 & I 5 (Z
i #IZ

o_(TNyy) = %f,fNJN (15.6.5)
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LR5, @, (14.1.1) 2E0OND LD, d ey =02 AT WD, ZOHBIFIHIZAEFTE S:

T TyJN

RS A O Y RV

iﬂ f+{f7f+123 (675 — fffj) vy T, s (51’J’ B fpf'],)w{],}
=0 (15.6.6)
AL T_T_ =TTt =0 2 VTV, Zhk) o_TMyy) =0, 2%V
™My = 0 (15.6.7)
NELND,

spinor @ covariant derivative Dyyp & #HL TH I 5, KG solution (14.1.4) & HWBd &, T UIBL ROk
LEXRTIENTES:

1 7o r~ 1 ~
Dipp = amp—i(w;-erg —rp,)wp = Outbp+ 701G T vp (15.6.8a)
D_vp = 9_ip (15.6.8b)
Dﬂ/)p = aﬂﬁp (1568C)

Tt (15.4.7) 2 EMICEERL &>, £ (15.4.7a) THD, ZICTIHVP 2 #HXH2 5.
NP _ gP+fN _ gPNer + %(fﬂ?z\r _ fo+)fP ) (15.6.9)
So (15.4.7a) is rewritten as
0 = g"* TN Dyyp — " NTH Dypp + %(f*fw —TNTH) TP Dyyp (15.6.10)

We find that the first and third term are deleted by light-cone gauge-fixing and (15.6.7). Thus we can reduce
(15.6.10) to 0 = [ (—8_1by + dr11). So ¥4 can be expressed as

1
Yy = 8—61w1 ) (15.6.11)
and we see that 1, is a non-dynamical field.
Here we shall reduce (15.4.7¢) to
~ 1 -~ N 1 ~ -
0=TI% (a+ + §G++a_)w;9 D70 Y7 + TR0 (YF +9F) + ul 1 (057 = T 7)0F (15.6.12)

where we decomposed gravitino as 7 = w? + ¢I@. The w;@ and wI@ are defined as
| PPN 1~
S  — — o —
¥e = —5T Iyp, 9 = 751“*1“ V7, (15.6.13)

which satisfy the projection conditions: f_’l/J? = f“‘zﬁ? = 0. When we act [t on (15.6.12) from the left, @[JI@

can be expressed in terms 1/);9 as follows:

1 ~, ~
¥s = ﬂﬁrKasz;@. (15.6.14)
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Thus 1/11@ is not independent of 1/1;9. Similarly, when we act I~ on (15.6.12) from the left and utilize (15.6.14),

we obtain the following equation:

1~ o
0 = 0Oy2+ iurl“‘“(aﬁ—r;rj)a_z/;? . (15.6.15)

In order to solve this equation, we shall introduce the following fields:
1a ~ s P
1 _ el _ pI _ 7l
Yyt = (517— grjrf)ngﬁ ool = Tye = PTye, (15.6.16)

and decompose w? in to the I-transverse mode and f—parallel mode. Acting T/ on (15.6.15) from the left and

contracting the index f, we get

0 = Oyl 4 1289 _yPl (15.6.17)
On the other hand, when we act (07 — %f r- 7) on (15.6.15), we find
1 -
_ ol 1 Bi23y @l
0 = Dyt + oul'®o g2t (15.6.18)

Moreover, in order to solve (15.6.17) and (15.6.18), we decompose ¢?L and zb?” according to the chirality in

terms of il''23 as follows:
pel = %ﬁmwjﬁl, y2t = Zrmwﬁﬂ (15.6.19a)
v = ”fmﬁ', T = %F%?”- (15.6.19b)
These variables satisfy the following chirality conditions:
D22l = @l D0t = g8 (15.6.20a)
D 2yil = pyf D2yl =yl (15.6.20D)
Multiplying % (1 =+ il'123) to (15.6.17) on the left, we get
0= (O—pio)ufl, 0= (O+uio-)ufl. (15.6.21)

Similarly, when we multiply 1 (1 + iT'23) to (15.6.18) on the left, we obtain
1 1
_ : _ - oL
0 = (D - i,uza >¢IR , 0 = (D + a,uza,)wn . (15.6.22)

From these equations, we can read off the zero-mode energies and degrees of freedom of w%l and 111?5:

WS = 5. &WE) = 5. DWE) = DWEH = sxB-1) =16, (1562)

We will discuss these quantities of w@” and wiBL” later.

Then let us investigate (15.4.7d):

0 = {f+ (a+ + %G++8,) +T 0+ fKaK}wp - iufm?’ (51,(,, - fpf,,,)sz, . (15.6.24)
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In the same way as the case of 97, we decompose ¥/ into the f—parallel mode and T-transverse mode, and

obtain
_ 5 ol _ 0 ol
0 = (D—i—iuza,) oy 0 = (D 5/128,) oL (15.6.25a)
— 1 DL _ 1l oL
0 = (D+ guza,)dzppu 0 = (D 5u16,>1/11,L ; (15.6.25b)

where the I-transverse mode and f—parallel mode are defined as

1~ ~
Vi = =50 Ty, (15.6.26a)
144012 1 — 012
1 1 1 1
e R e (15.6.26b)
1+ 40128 147123
o= g,y = ——fl (15.6.26¢)

2

From (15.6.25b), we find that the zero-mode energies and degrees of freedom of are given by w;@;‘ and w;@;‘:

5 3
EoWin) = 5.  EolWiL) = 5. DEg) = DEpy) = 8x(6-1) = 40. (15.6.27)

Now we have finished the study of the [-transverse part. The remaining task is to analyze the f—parallel
mode. In order to investigate the f—parallel mode, we perform a linear combination of (15.6.21) and (15.6.25a),

and define new f—parallel modes as

ol _ 2 el _ ol v®l = 2401 _ ol (15.6.28)

R *51R 2R 51L 2L -

Then, by the use of (15.6.11), we can easily see that the re-defined fermions satisfy the equations:
3 3
0 = (O+3uio-)ug!. 0 = (O-ZSuio-)ul. (15.6.29)
Thus the zero-mode energies and degrees of freedom of them are represented by

7 1
Eowr!) = 5. &ML = 5. DR = D) = 8. (15.6.30)

Now we have fully solved the field equations for fermionic fluctuations, and have derived the spectrum of
gravitino in the case of pp-wave. As a result, we have found that the spectrum is splitting with a certain energy
difference in the same manner with the spectrum of bosons. Summarizing (15.6.23), (15.6.27) and (15.6.30), we

obtain the spectrum of gravitino as in Table 15.2:
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energy &g ‘ fermionic fields (D) ‘ degrees of freedom
5 R (3) 8
5 Y- (16) i (40) 56
> w%‘i(lb’) i (10) 56
@
3 L'®) 8

Table 15.2: Fermionic zero-modes in eleven-dimensional supergravity on pp-wave background.



Chapter 16

Differential Forms with de Wit Notations

chapter 8 X I3 TH72 5, T1IE Lorentz algebra, spin connection, Cartan’s structure equations DD Z T
Ay S

KHEFLUZ NS & | spin connection & Riemann tensor D73 DRF 523K %, Ricei tensor /scalar [FAZ
Thd,
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16.1  AdS, x S7

16.1.1 Curved Spacetime Coordinates and Metric

Supergravity on PP-wave background % WL T. AdS,; x S7 DFl&E U TRDE D (global coordinates) % £
M3 % [32):

2
dsi;

Ri{ — cosh? p - dt? 4+ dp® 4 sinh? p - ng} + R%{ cos? 0 - dp? + df? + sin? 6 - ngz} (16.1.1)

3 8
- (e @ S} s ().

m=1

ZZT. AdS,, ST ixTNnTh

AdSy - —R%
ST RL = (Y2 4+ (V) 2+ (Y2 + (Y22 + (V82 4+ (Y92 + (Y102 + (Y11)? (16.1.2b)

(X2 - (X902 4 (X2 4 (X2)2 4 (X3)? (16.1.2a)

TREMNZEZI TS (13-dimensional flat space ~DHDIAA), FEME {X4;Y P} % polar coordinates % i
WTHET, £9 AdS, IZOWVWTIXE

X1 = Rycoshp cost X? = Rysinhp sin ¢y cos ¢y (16.1.3a)
X% = Rycoshp sint X3 = Rysinhp sin ¢y sin ¢o (16.1.3b)
X' = Rasinhp cos ¢ (16.1.3c)

ZIZTOLSH <m0< g <27 THY, STIZDOVTIE

Y4 = Rgsiné sin¢s cos dy Y® = Rgsinf sin ¢z sin ¢y sin ¢s sin ¢g sin g7 (16.1.3d)
Y® = Rgsinf sin¢s sin ¢y cos ¢ Y? = Rgsinf cosds (16.1.3¢)
Y% = Rgsin6 sin ¢3 sin ¢4 sin ds cos dg Y19 = Rgcosf sing (16.1.3f)
Y" = Rgsiné sin ¢s sin ¢4 sin ¢ singg cospr Y = Rgcosf cosgp (16.1.3g)
2EL0<¢;<m(i=3,--,6),0< ¢7 <21 THdD, ZDFEMEROIE ViIKA dOZ, dOL2 % KT :
2 i1 7 j—1
A3 = Y [ sin® ¢rde? dQg? = Y]] sin® ¢r de? . (16.1.4)
i=1 k=1 j=3 k=3

Freund-Rubin ansatz X Penrose limit % [\ 3 DT, FEEDOKEZ L OTHEID:

coordinates H p Qs t © 974 0

before Penrose limit AdS, ‘ ST
after Penrose limit flat (SO(3)) | light-cone (+, —) | flat (SO(6))
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153

¥ /2. 1l-dimensional curved spacetime coordinates % . Penrose limit % ££-> 72IfZ flat space R E MR
WEDTHEIRL &5, (16.1.3) & 13-dimensional flat space R ANDHDIAAZR DT, 11-dimensional (29 % (2

1ZRD constraint WHETH S :

(X 1H? = Rj—(XO)%rZB:(Xi)? Xldx~' = —x%X%+ ) x'dX’ (16.1.5a)

. i=1 i
(Y12 = R%Z - Z(Ym)2 yldy!'t = fZYdem (16.1.5b)

m=4 m
ZODNT, BEFEEFE2ZXTHERALD:

2" = X% = R, coshpsint y* = Y* = Rgsinfsin¢scos ¢y (16.1.6a)
z! = X' = Rysinhpcos y° = Y® = Rgsinfsin ¢ssin ¢4 cos ¢s (16.1.6b)
z? = X? = Ry sinh psin ¢, cos ¢y 1% = Y°® = Rgsinfsin ¢ssin ¢4 sin ¢5 cos dg (16.1.6¢)
z> = X3 = R4 sinh psin ¢ sin ¢ y" = Y7 = Rgsinfsin ¢ssin ¢4 sin ¢5 sin dg cos 7 (16.1.6d)
y® = Y® = Rgsinfsin ¢gsin ¢4 sin ¢5 sin ¢ sin ¢7 (16.1.6e)
v’ = Y? = Rgsinfcos ¢z (16.1.6f)
y'% = Y% = Rgcosfsing (16.1.6g)

(16.1.5), (16.1.6) % (16.1.1) IZf/RAL &

0

3 3 0 i 3 i
2 _ 7 \? 02 Tt \? i\2 2c7x 0.0 2t
10 Y2 10 2ymyn
7 m\2 m i, n
+mz_:4{1+(yu) }(dy ) +m2n;4 (Yll)Qdy dy
— M N _ wA..V m_j, n
= gundz™dz” = g, datdz” + g, dy™dy (16.1.7)
DF D) HEDKESIIRDODEDIZHEZ LN
xPx’ yPy1
Guv = Npv = Nup nuam gmn = Omn + 6mp 6an (16'1'8)
ZIZTat € AdSy, ym € ST ThD, Thor FL DT oM = {at;ym} L EIRTIL2DHD, X612 gMV X
i ymyn
HYo v mn.o_—  ymn _ 16.1.9
g n" + ) g I ( )
& 7452, metric D determinant 1£F NZ 4
R? R?
det(g,,) = ——4— det(gmn) = S 16.1.10
€ (gy, ) (X,1)2 e (g ) (Y11)2 ( )
£ 725, 11-dimensional spacetime /A TILZ DFE
R% R? 1 2
det = A5 __ - _ 16.1.11
et(grn) (X—1)2(y1)2 (coshpcostcos@cosgo) (16 )

Lvielbein (16.1.3), (16.1.13) Z il TZ DIHFIZL TH D,
2 /notes/tk-notes/sugra-ads/tk/maplefiles /030824 /affine-ads4s7-030824.tex 2,
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ERB, £72. ZOMEERTO affine connection 23RDS 1D :
re _ Ll TN — X X = (X 1YH)? = R? v 16.1.12
T R Y {77;40 Tox T Um2 } = ( ) = [y + e ( L. a)
A
1 P
. = R—%y?{amq S YY"+ Sn Y} Y = (Y2 = RE — Spny™y" (16.1.12b)
16.1.2 Differential Forms, Vielbein, Affine-spin Connection, Curvature
metric (16.1.1) (ds?, = nape” e, nap = diag.(— + +---+)) 5. vielbein & XD LS ITEHL &5 :
e’ = Rycoshpdt e’ = Rgsin@ sin ¢g sin ¢4 dos (16.1.13a)
e = Radp e’ = Rgsin sin g3 sin ¢4 sin g5 dgg (16.1.13b)
e? = Rysinhpde; e® = Rgsin sin ¢3 sin ¢4 sin ¢y sin ¢g dey (16.1.13c¢)
e’ = Rasinhp sin ¢ deo e = Rgdf (16.1.13d)
e! = Rgsinfdes el = Rgcosfdy (16.1.13e)
e’ = Rgsiné sin ¢ dey (16.1.13f)
Z D exterior derivative de” % FZEL & 5 :
0 1 05 Al
de” = ———tanhpe’ Ae (16.1.14a)
Ra
de! =0 (16.1.14b)
de? = I e’ Ne! (16.1.14c¢)
R, tanh p o
1 1 1 1 1
de® = —— Sael — — SA e 16.1.14d
c Ra tanhpe ¢ R 4 sinh p tan ¢, e ne ( )
1 1
= — “ae? 16.1.14
de R tan0 e (16 e)
1 1 1 1 1
de’® = —— hne — —— S net 16.1.14f
c Rg tan6 e ne Rg sin # tan ¢3 e ne ( )
1 1 1 1 1 1 1 1 1
deb = —— —¢° b Caet — — S A€’ 16.1.14
c Rg tan6 Rg sin # tan ¢3 e ne Rg sin  sin ¢3 tan ¢4 e ne ( g)
1 1 1 1 1 1 1 1 1
de” = —— & A TAed_ A ¢
c Rg tan6 Rg sin 0 tan ¢3 e ne Rg sin  sin ¢3 tan ¢4 e ne
11 1 1 1 -
- — A 16.1.14h
Rg sin 6 sin ¢3 sin ¢4 tan ¢g cne ( )
1 1 1 1 1 1 1 1 1
de® = —— 8 A 8 At 8 A o5
c Rg tan6 € ne Rg sin f tan ¢3 € ne Rg sin f sin ¢3 tan ¢4 € ne
11 1 1 1 4 4, 1 1 1 1 1 1 4 - ,
- — - — N 16.1.14
Rg sin 0 sin ¢3 sin ¢4 tan ¢g Rg sin @ sin ¢3 sin ¢4 sin ¢5 tan ¢g € ne ( i)
de? = 0 (16.1.14j)
1
de'® = ——tanfe'® A€’ (16.1.14k)

S
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Cartan’s structure equation de —w” 5 A e =0 &V 3, affine-spin connection w g 3525 N5 :
1 1 1
0 0 3 3
= ———tanh = —— 16.1.15
v Ry HPC i R tanh p ( a)
1 1 1 1 1
2 2 3 3
= —— = —— 16.1.15b
W RAtanhpe w2 R Sinhptancble ( )
1 1 : 1 1 ,
4 4 6 6
= —— = —— 16.1.15
v Rstanee wo Rstaune6 ( )
1 1 : 1 1 1 ,
5 5 6 6
- = —— 16.1.15d
wo Rstanﬁe W Rssinﬁtanqbge ( )
1 1 1 : 1 1 1 1 .
5 5 6 6
- - = 5 = —— — . 16.1.15
W Ry sin 6 tan ¢ c “ Rg sin 0 sin ¢3 tan ¢4 ‘ ( ®)
1 1 1 1
7 7 8 8
_ 1 - 16.1.15f
wo Rstanﬂe wo Rstanee ( )
1 1 1 1 1 1
7 7 8 8
- = —— 16.1.15
W Rg sin ) tan ¢3 ¢ W Rg sin 0 tan ¢3 ¢ ( )
1 1 1 1 1 1 1 1
7 7 8 8
o G = 16.1.15h
@ Rg sin 6 sin ¢3 tan ¢y ¢ w Rg sin 6 sin ¢3 tan ¢4 © ( )
1 1 1 1 1 1 1 1 1 1
7 7 8 8 .
;= —— = —— 16.1.15
wo Rg sin @ sin ¢3 sin ¢4 tan ¢s c v Rg sin @ sin ¢3 sin ¢4 tan ¢s ¢ ( i)
1 1 1 1 1 1
w87 = ——— - - . (16.1.15j)
Rg sin @ sin ¢3 sin ¢4 sin ¢5 tan ¢g
1
w' = —tanfe'’ (16.1.15k)
S
affine-spin connection M SHFRE wpnoa +wanep =0 IHEET S
W = wo, Wy = -w; (I,J = 1,2,---,10)
exterior derivative of affine-spin connection: dw*
1 coshp 1
dw’y = =’ Aée! dw?; = —{63/\ ! eg/\BQ} 16.1.16a
! Ri‘ ! R% sinh? p tan ¢y ( )
. 1 1
dw?, = —-e*Aée! dw?y = —— e3Ne? 16.1.16b
! R% ’ R? sinh? p ( )
1
dw?y = 7z et ne? (16.1.17a)
s
1 cosf 1
dw’y = ——{65 e — S22 & A e4} 16.1.17b
J R% sin? 6 tan ¢3 ( )
1 1
dw®, = e’ Net 16.1.17c
! R% sin? 6 ( )
1 cos 6 1 1 1 :
dwby = ——{66/\69— ( SAet + — 66/\6‘))} 16.1.17d
? R% sin? 0 \tan ¢z sin ¢3 tan ¢4 ( )

3R
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1 1 1
do®y = ——— {66 Net — C_OS2¢3 eS A 65} (16.1.17e)
RS sin® 0 sin® ¢3 tan ¢4
1 1 1
dw’s = ———5—€® A€ (16.1.17f)
R sin? 6 sin? 3
1 cos 6 1 1 . 1 1
dwly = ——{e"ne - ( A el [ TAE "ne])} 6117
wo R% e ne sin? 0 \tan ¢z S sin ¢3 Ltan ¢y ¢ sin ¢4 tan ¢s cne ( )
1 1 : 1 5 1 1 .
dw’y = ———; {67 Aet — C.OSQ% ( e’ Ne® + — e’ A eb)} (16.1.17h)
RS sin® 0 sin® ¢3 \tan ¢4 sin ¢4 tan ¢5
1 1 1 5 1 -
dw’s = 4~—§f—77—f§—f{67A6d4*29%?é e7Ae°} (16.1.171)
RS sin” 0 sin” ¢3 sin® ¢4 tan ¢
dw” LI ! L 7 pes (16.1.17j)
w'e = —= e Ne 1.
0 R% sin” 0 sin® ¢5 sin? ¢4 !
1 0 1
dw®y = ——2{6 N C_OSQ (768/\64
R sin® 6 \tan ¢3
1 8 A 5 8 A 6 8 A T
: Aed + — { : A }})} 16.1.17k
* sin ¢3 [tan b4 c sin ¢4 Ltan ¢5 ¢ sin ¢5 tan ¢g cne ( )
dw®;, = —ii{eg/\eél— COS¢3( ! S ne’ + 1 [ eSAeb + ! 68/\67})}
R% sin? sin? 3 \tan ¢, sin ¢4 Ltan ¢s sin ¢ tan ¢g
(16.1.171)
1 1 1 1 1
dw85 = —72#7{68/\65 - C.OS2¢4 ( 8 6 N 768/\67)} (16117m)
R sin” 0 sin” o3 sin® ¢4 \tan ¢s sin ¢ tan ¢g
1 1 1 1 1
Aty = — oy~ —y———{e et - €0 s e ne (16.1.17n)
R sin” 0 sin” ¢3 sin” ¢y sin® ¢ tan ¢g
1 1 1 1 1
dwb; = ——F———F——F——5—€*Ae’ (16.1.170)
R sin” 0 sin” ¢3 sin” ¢4 sin” ¢
1
dw'®y = —EgewAe (16.1.17p)
curvature 2-form R4 p = dw?p —wic AwCp 2 kDD 4
e ]_ e ~ ’ ’
RAE = Rﬁﬂé@ e A e for AdSy RA B = R2 —0prcr SA AN e for ST (16118)
A
&> T, Riemann tensor R gcp, Ricci tensor R g, scalar curvature Rycry D EARIKNIZFHHEI W5
i 1, 4 T i i ep 3 4 12
A A A A CD A
Rzep = 72 (6c155 — 05 m50) R = Rigppn™” = 7203 Ri = 2=
A A A
(16.1.19a)
’ 1 ’ ~/ 1y 6 / 42
RA B/C/D/ — R2 (5(‘1/ 5D/B/ - (SD/ 50/3/) RA B/ = R C/B/D/ 776 D = 7?63/ R7 = ?
5 5
(16.1.19b)

curvature DEHFEMNLED Part & BARDB -0,

JER, 72, Penrose limit % % BRIZIE Rg = 2R4 I

HER

Z ZTlE S7 » negative curvature % 5O &
i‘d‘é o

HBLrR->TWBIEIZ
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16.2 AdS; x S*

16.2.1 Curved Spacetime Coordinates, Metric
FDFHHEE IGHAL T AdS; x S* @ global coordinates % H.% [32]:

ds}, = Ri{ — cosh? p - dt* 4 dp* 4 sinh? p - ng} + R%{ cos? 0 - dp? + df? +sin® 6 - dQ’QQ} (16.2.1)
11

_ { —(dX Y2~ (dX°)% + i(dXi)z} + { Z(dym)z} '

m="7

ZZ T, AdS;, S* iZENEN
AdS; :  —R% = —(X7H?2 - (X" + (X2 4+ (X2 + (X2 + (X2 + (XP)% 4 (X©)? (16.2.2a)
st . RY = (Y22 4+ (Y32 + (V)2 + (Y02 + (Y!)? (16.2.2b)

TR EZEI VTS (13-dimensional flat space NOHDIAA), FEE {X4;Y P} % polar coordinates %
WTET, AdS; 2D\ Tk

X1 = Rycoshp cost X3 = R4 sinhp sin ¢g sin ¢4 cos ¢s (16.2.3a)
X% = Rycoshp sint X% = Ry sinhp sin ¢ sin ¢4 sin ¢ cos ¢g (16.2.3b)
X! = Rysinhp cos ¢ X® = R, sinhp sin ¢g sin ¢y sin ¢5 sin ¢g cos o7 (16.2.3¢)
X? = Rysinhp sin ¢g cos ¢y X% = R, sinhp sin ¢3 sin ¢4 sin ¢s sin ¢g sin g7 (16.2.3d)
ZELU 0<¢; <7 (i=3,--,6),0<¢; <2r THD, S*IZD\TIE
Y7 = Rgsiné sin ¢, cos ¢y Y19 = Rgcosf sing (16.2.3¢)
Y® = Rgsinf sin ¢y sin ¢ Y = Rgcosh cosyp (16.2.3f)
Y? = Rgsin® cos ¢, (16.2.3g)
ZITO0< <m,0< g <27 THD, ZDREERODIE, VifRMA dQL2, dQs? 1E
2 i1 7 j-1
A3 = Y [ sin® ¢rde? d0g? = Y] sin® ¢xdg? (16.2.4)
i=1 k=1 j=3 k=3

TRIND (singg = 1),

Freund-Rubin ansatz X Penrose limit % fi\ 3 DT, FMEEOKEZ L OTEID:

coordinates H p Qs t © 938 0

before Penrose limit AdS~ ‘ 54
after Penrose limit flat (SO(6)) | light-cone (+, —) | flat (SO(3))
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7235 Z Z T, Penrose limit T flat space XA 29 < 725 WER% FHEL £ 5. 11-dimensional space 1%, &
2RI 1D & 5 1T 13-dimensional flat space R*!3 OMDIAATE BRI 15, 13-dim. coordinates & (16.2.3)
THALNTWAS DT, Z U constraint % U T 11-dimensional space (ZHDIAE S :

6

X2 — Rp2 _ (X921 N (Xx1)2 X7 ldx—! = —X%X°+) Xidx® 16.2.5a
A
1=1 P
10
(Y'™)? = Rg- > (Y™)? Yy = -y ymaym (16.2.5b)
m=T7 m

IO RTHEMLFHEZ 5X LD

2’ = XY = R4 coshpsint y" = Y7 = Rgsinfsin g cos ¢, (16.2.6a)
z! = X' = Rysinhpcos s y® = Y® = Rgsinfsin ¢ sin ¢o (16.2.6Db)
2?2 = X? = Rysinh psin ¢scos ¢y vy = Y? = Rgsinfcos ¢, (16.2.6¢)
23 = X3 = R, sinh psin ¢g sin ¢4 cos ¢5 y® = Y0 = Rgcosfsing (16.2.6d)
z* = X* = R, sinh psin ¢s sin ¢4 sin ¢5 cos dg (16.2.6¢)
% = X° = Ry sinh psin ¢ sin ¢4 sin ¢s sin ¢g cos ¢r (16.2.6f)
2% = X% = R, sinh psin ¢s sin ¢4 sin ¢5 sin ¢g sin ¢7 (16.2.6g)

(16.2.5), (16.2.6) % (16.2.1) IZfRAL &£ :

0 i 6

as?, = {14 () (dx0)2+i Lo (Y (dxi)Q—i—i%dxodxi— 3 %dmidxﬂ'
X i=1 X = (X (X1

1,j=1
10 ym 2 10 2ymyn
m\2 m 3, n
+ Z {1 + (Yll) }(dy )"+ Z (yn)zdy dy
m="7 7

m,n=

= guyndeMdz = g,, da"dz” + gy, dy™dy" (16.2.7)

DFEY FEDERIRDEDIZ25:

zPx yPyd
Guv = Tuv = Nup nuam Imn = 5mn + 5mp6nqm (1628)

o

yy
gul/ — TIHV + g’lnn — 577”1 (1629)
R R
TdH 3, metric D determinant &7 N7
R? R?
det(gu) = _ﬁ det(gmn) = (Ylf)Q (16.2.10)
¢ 725, 11-dimensional spacetime /A TIl&
R% R% 1 2
det = —ATlS f( ) 16.2.11
et(garn) (X-1)2(y1)2 cosh pcost cosf cos ¢ ( )

Svielbein (16.2.13) % &l CZ OIEFIZL TH D,
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TdHh5, affine connection (&
re, = Lﬁ{ 72t — X} X = (XH? = R+, ata” (16.2.12a)
wo T R Y Nuo v =X Um? = = g T v R
A
1 yp r m, n
Fgr)nn = ??{qu 6n7' yqy + 5mny} Y = (Y11)2 - R% - 5’mny Y (16212b)
S
Th55,
16.2.2 Differential Form, Vielbein, Affine-spin Connection, Curvature
metric (16.2.1) (ds?; = nape? e?, nap = diag.(— + +--- +)) 25 vielbein % HFX FE5:
e = Rycoshpdt €’ = Rasinh p sin ¢3 sin ¢4 sin ¢5 sin ¢g dor (16.2.13a)
el = Radp e’ = Rgsinfde, (16.2.13Db)
e? = Rysinhpdes e® = Rgsinf sin ¢1 dos (16.2.13c¢)
e3 = Rysinhp sin ¢ doy e = Rgdf (16.2.13d)
e* = Ry sinh p sin ¢g sin ¢y des e = Rgcosfdy (16.2.13¢)
e’ = Rasinh p sin ¢3 sin ¢4 sin ¢s dog (16.2.13f)
Z D exterior derivative de? % %L &5 :
0 1 0 1
de’ = ———tanhpe’ Ae (16.2.14a)
Ry
1 1
de? = —— Znel 16.2.14
¢ R4 tanh p ¢ ( )
1 1 1 1 1
de? = —— Snet — — SA e 16.2.14d
¢ Ra tanhpe ¢ R 4 sinh p tan ¢ cne ( )
1 1 1 1 1 1 1 1 1
de* = —— hel - ——— R a— tae? 16.2.14
€ R4 tanh p e ne R 4 sinh p tan ¢3 € R 4 sinh p sin ¢3 tan ¢4 € ne ( 2
1 1 1 1 1 1 1 1 1
ded = ——— Sael -~ — 5pe2_ — 5 A 3
€ R4 tanh p e ne R 4 sinh p tan ¢3 € R 4 sinh p sin ¢3 tan ¢4 e ne
1 1 1 1 1 5
- == . : e’ Aet (16.2.14f)
R 4 sinh p sin ¢3 sin ¢4 tan ¢5
1 1 1 1 1 1 1 1 1
deb — — bpel - — = 6pe2_ — 6 A 3
€ R4 tanhp € ne R 4 sinh p tan ¢3 ¢ R 4 sinh p sin ¢3 tan ¢4 e ne
1 1 1 1 1 4 , 1 1 1 1 1 1 4 .
- — - — Ae’ 16.2.14
R 4 sinh p sin ¢3 sin ¢4 tan ¢5 R 4 sinh p sin ¢3 sin ¢4 sin ¢3 tan ¢g cne ( g)
1
de” = —— “Aed 16.2.14h
€ Rg tan 6 € ( )
1 1 1 1 1
de® = —— Sne! — — Sne’ 16.2.14i
€ Rg tan @ € Rg sin 0 tan ¢ € ne ( i)

6 /notes/tk-notes/sugra-ads/tk/maplefiles /030824 /affine-ads7s4-030824.tex % £,
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1 C
de' = —tanfe!®ne’ . (16.2.14k)
Rs
de? —wp AeP =0 &V 7, affine-spin connection w? g H3EFS N5 :
1 . 1 1 .
0 0 3 3
= ———tanh = —— 16.2.15
w’q T anhpe w1 R tanh s e ( a)
1 1 . ‘ 1 1 1 ,
2 2 3 3
= —— = —— 16.2.15b
v Ra tanhpe v Ra sinhptan¢36 ( )
1 1 1 1
4 4 5 5
- = —— 16.2.15
w R4 tanhpe wi Ra taunhpe ( )
1 1 1 1 1 1
4 4 5 5
- e 16.2.15d
w2 R 4 sinh p tan ¢3 c w2 R 4 sinh p tan ¢3 ¢ ( )
1 1 1 1 1 1 1 1
4 4 5 5
= —— = —— 16.2.15
v R 4 sinh p sin ¢3 tan ¢4 c ws R 4 sinh p sin ¢3 tan ¢4 c ( )
1 1 1 1 1
5 5
= —— 16.2.15f
W R 4 sinh p sin ¢3 sin ¢4 tan ¢5 € ( )
1 1
6 6
- 16.2.15
v R4 tanh p c ( 8)
1 1 1
6 6
= —— 16.2.15h
v R 4 sinh p tan ¢3 © ( )
1 1 1 1
6 6 :
h = - 16.2.15
v R 4 sinh p sin ¢3 tan ¢4 ¢ ( i)
1 1 1 1 1
6 6 ;
= —— 16.2.15
W R 4 sinh p sin ¢3 sin ¢4 tan ¢s c ( i)
1 1 1 1 1 1
6 6
5 = —— 16.2.15k
@ R 4 sinh p sin ¢3 sin ¢4 sin ¢5 tan ¢g ¢ ( )
1 1 1 1 1
7 7 8 8
= —— = —— 16.2.151
wo Rstanee W Rgsinﬂtan¢>1e ( )
1 1 1
10 10 8 8
— — tanf = —— 16.2.15
w Rs anfe w®y R tand e ( m)
affine-spin connection M MMM wCpnea +wCancp =0 ITHERTS:
w'rp = wWo, Wy = —wr ) = L, 4 )
0 ! ! I,J = 1,2 10
exterior derivative of affine-spin connection:
1
dw’y = —;e’Ae! (16.2.16a)
R
1
dw?; = —ye*Ae (16.2.16b)
R
. 1 . sh 1 .
dw?, = 72{@5 net 4 2P 3 A 62} (16.2.16¢)
R4 sinh® p tan ¢3
1 1
dw’y = —— e’ Ne? 16.2.16d
’ R? sinh? p ( )

TERIEHRNRED,
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1 cosh p 1 1 1
dwty = —{etnel+ ( Ape? ) 16.2.16
W I e" Ne sinhgp —— e*Ne” + e e"Ne ( e)
1 1 1
dw'y = ——>—{etne? - cos 5 e'netl (16.2.16f)
R7 sinh” p sin” ¢3 tan ¢4
1 1 1 .
dw?y = ———5————¢*Aé? 16.2.16
g R? sinh? psin2 O3 ( 8)
5 1 cosh p 1 1 1 5 1 1 5
@’ = —{e ne! ( 5 A e [ 53 “netl)} (16.216n
v R% et sinh? p \tan ¢s cnet sin ¢3 Ltan ¢y chet sin ¢4 tan ¢s e ne ( )
5 1 1 5 5  COS@®3 1 5 3 1 1 5 4 .
dw’y = _ﬁﬁ{e Ne — —— (76 Ae’ + — — e’ Ae )} (16.2.161)
R% sinh” p sin? 3 \tan ¢y sin ¢4 tan ¢s
1 1 1 -
Wiy = ——r—o——{ne - COSP4 5 pet) (16.2.169)
R% sinh” p sin” ¢3 sin® ¢4
. 1 1 1 1 .
dw’y = —— —5—5———5—e" Aeé’ (16.2.16k)
R sinh” p sin” ¢ sin” ¢y
1 h 1
dw’®; = —2{66/\614— C.Osgp( : S Ne?
RA sinh p tanqi;
1 1 6 3 1 { 1 6 4 1 1 6 rH)}
N N A e’ 16.2.161
sin ¢3 [tan P4 cheT sin ¢4 \tan ¢5 che T sin ¢5 + tan ¢s e ne ( )
1 1 1 1 1 1 1
dw®y = ——Qﬁ{eﬁ/\g— c'os2(b3 ( S ned 4+ — S net + — 66/\65})}
R sinh” p sin® g3 \tan ¢y sin ¢4 Ltan ¢5 sin ¢5 tan ¢g
(16.2.16m)
1 1 1 1 1 1 . 5
by = — oy ———{e ne’ - cos 4 ( S Aet+ — ¢ ne’)} (16.2.16n)
1% sinh” p sin” ¢3 sin® ¢4 \tan ¢s sin ¢5 tan ¢g
. 1 1 1 1 ' 1 X
Wy =~y —————{e net - cos ¢5 e ne’ (16.2.160)
R sinh” p sin® ¢ sin” ¢y sin® ¢ tan ¢g
1 1 1 1 1
dw’s = —— ————5——5————eAé° (16.2.16p)
R7 sinh® p sin® ¢3 sin” ¢4 sin” ¢5
dw’y = ,L N dw®; = ,LLB?S Ne’ (16.2.17a)
' R% R% sin® 6 o
1 1 cosf 1
dw'% = — ¥ Ae dwfy = ——>{efne’ - “ne} 16.2.17b
©oo R% ‘ ‘ “o R% e T %0 tan o1 cne ( )
curvature 2-form R4 p = dw’ 5 —wc AwCp IZRDE I ICF L DD I L MAHETH 5 8:
/ ]_ / ’ e ]_ e ~
RYp = T2 B er Ne”  for AdS; RAE = 7ﬁ§§5 et ne®  for §* (16.2.18)
A s
& o T, Riemann tensor R“ zop, Ricci tensor R4 5, scalar curvature R4y DS EARIIZ FHE X 15 -
(4)
A 1 A’ A’ A’ A’ c’'D’ 6 ! 42
R B'C'D! = R72(50’ ’I’]B/D/ _5D’ nB/C/) R B = R C/B/D/’I] == R72(SB/ R7 == RT (16219&)
A A A
i 1 ,.7.5 i i &P 3 i 12
A _ A B A_ _ pA CD _ A _
5 5 s

curvature M EFHZMN D Part & H3d 72, 2 Z Tl S »' negative curvature = FFDEHEEL K> TWD I & 12
R, F72. Penrose limit % B2 BRIZIX Ry = 2Rg (ZHET D,
SR, EHEMNHRLD,







Chapter 17

Coset Construction

In this appendix we discuss the coset construction of AdSy7) xS 7(4) spacetime, which leads to the KG solution
in the Penrose limit. In this construction we define supervielbeins to all order in #, the superspace coordinates

(S0(10,1) Majorana spinor coordinates) in eleven dimensions[33, 34, 35].

2E, 22 Tk KG solution @ coset representation IFMEAL R\, F 72, AdS x S spacetime @ “cosmological
constant” f & KG solution M parameter p DEAfRIEERL 2\,
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17.1 Superalgebra

F9Z T, de Wit [35] & BLLT, AdSy x S background @ Freund-Rubin ansatz %

Fispg = 6f ¢ Byluna (17.1.1)
TH5x%, HL M ,]V ,- - I& 4-dimensional curved indices THH . e = /| det gpsn| t& 11-dimensional spacetime
® vielbein determinant, f I% real THd !, F7z Eﬁﬁﬁ@ I& 4-dimensional space T® weight —1 @ invariant
tensor density THY . Eyhy =1 L HKLEI TS, Z0b e T

pNNPG _ _OF phiNpG (17.1.2)

e

Thd, BAFIEX, 1l-dimensional space 7% Minkowski Tdhd Z & IZHKEL , EMNPQ 13 weight +1 @ invariant
tensor density (E°12% = 1) T#%, invariant tensor density Dikamld, #lX X chapter 6.1 % 2t L, Zhb
zHWS &

Fragpg V9 = (61 (e

1 e
MNPBQ *EMNPQ> = —36-4! 7 (17.1.3)

ZV[NPQ) ( e

ERBDIEIIEFERET D, 20D ansatz D FTD 4-dimensional space, 7-dimensional space ® Riemann curvature
e ghak e

2
Ryxpg = A (9515 986 — 9576 955) » (17.1.4a)

RI\/T/N’P’Q/ = —f2 (gM/P/ gN’Q’ — QM’Q’ gN/P/) s (1714b)

THZLMND (see (16.1.19)), HL . de Wit [35] D (86) & IFHFFHTH D, [35] Tlk., “Pauli-Killén conven-
tion” & W5 W& FHWT W5, 1L, completely antisymmetric tensor D#Ei% 9% & IC. spacetime
signature Z UL 2L, L WD EDTHSD., 2FD . (17.1.3) TRIEL, Fyi7 ~1;@FMNPQ (6f)2-41& LTV
%, ZORMWKRELS H85 720, Riemann tensor DFFFHY [35] (86) DRkIZAD, UL, BiREAL (2003 10/27)
TlE. 20 “Pauli-Kéllén convention” MIEFIZAHRIZEL 5 Nd, (A5 | spacetime signature I3 IEHIZEH

B factor 72035 TH B W, The BEHL TWBE N6 THD,

A% i & S, (17.1.4) 1285 $ % indices M', N',--- | 7-dimensional curved indices THd., f2 >0 D
BEE AdSy x ST THY . f2 <0 DHEEIE AdS; x S TH D,

coset construction % #ifid 4 HIIZ, AdSy x ST (HELIZEHEI BNIX AdS7 x S I 85 & HfiL £ 5,
AdS4 x ST %

50(3,2)  SO(®)
50(3,1) ~ SO(7)

AdSy x 87 ~

THDDT, ZOD coset D generator D algebra & EFE T AUXEL VN, 7272, 2% —»5 BT 5 (I HEDN E
DR, 22Tl de Wit [35] 1285592 A& 5L TH I 5, generator &9 N T anti-Hermitian TH 5 & 4
% (Pauli-Killén sense), 7238, Map IE isotropy group @ generator Tdhd & [HET D I L N TEX D, symmetry

IR(ST) < 0 DEHTH B, de Wit [35] TIE f I pure imaginary TEHEZNUE R(ST) < 0 2525, [35] D (86) IEFHhx DH% 2
curvature & 1XE ZNEBNERD DA ),
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breaking D Z %% {595 . Mup I& unbroken generator TdhY . P, I broken generator Th 2, ZIVT I,
S0(3,2) x SO(8), SO(3,1) x SO(6) ® generator TH 5,

¥ 9. AXTIE Lorentz algebra (1.1.1) % TV DT, ZAUIEFEL L\, de Wit [35] Tl Pauli-Killén
convention # VT WB N, Z I Tlkzhze AVWAR Wz, f ORENEDD, ZD7/2H Riemann tensor &
(17.1.4) Thd, ZN&HTiHiwd D coset construction TH R D 720DIZIE, KD KD 7 algebra & HE T IXK

W2

[PA,P ] = 4f2 AB [PA/,PB/] = —f2 MA’B/ 5 (1715&)
[P7, Mgzl = ni5 Pe—n4i6Ps [Par,Mpicr] = narp Pcr —narcr Ppr (17.1.5b)
(M35 Map) = nip Mpe +nse Mip —nic Mpp — 155 Mac » (17.1.5¢)
[MA’BHMC’D’] = nA’D’ MB’C’ + nB’C’ MA’D’ — nA’C’ MB’D’ — nB’D’ MA’C’ 5 (1715(1)

. 7 /
[PgaQaa’} = _Zf(’)/;(y{i)ab Qba’ s [PA’ana/] = _if(FA’)a/b Qab’ ; (17156)

1 1 /

i Waa'] = —5V4B)a ba’ A'B" s Waa'] — —Z5\1A'B)a’ ab’ L.
(M35, Qaa] 5 ( )a” Q [Marpr, Qaa’] 5 (Lap) "Q (17.1.5f)
{Qaar; Quy} = %/{2(’)’;0)@ P +2i f (v5575C)ab MAB}

— ()b {20 Oy P =1 f (Carpr C oy M (17.1.58)

{HU . indices a, b & spinor indices in 4-dimensional space, a’,b’ I& spinor indices in 7-dimensional space T &
5. 72, 75, v5, Cap 1& gamma matrices and charge conjugation matrix in 4-dimensional space T4 . T4,
C!,, \& gamma matrices and charge conjugation matrix in 7-dimensional space THd, KH. f2 <0 DL &
&, Z D algebra & AdS; x S* @ coset construction THEHX 15,

7, ES UL THRITED DX (17.1.5) 0)'430) FPRADTWVBIHTHD, LIZEHFNTWSHRIZ, de Wit
[35] £ ZZDARXE Tk, f2 DFEVRHENIHIZR>TWD, 2505 L o> T, algebra DD HE EFHTH
FEZNTHR) 2DESD 0,

“momentum generator” P, & anti-Hermitian ThH2 & EHIND L TD, ZDL X, TOMWMIERIIL Py = 04
Thd (i0r £ T5E, THUE Hermitian & 25 ), 85 04 & covariant derivative D 1iE& A LR 2 DT,
momentum generator D5 FKE%

Py

R

D (17.1.6)
rL&S., 2ok X, (131.12) &9,

L =cp
[Pa, Pg] = [Da,Dp] = *iR as Mcp (17.1.7)

2de Wit [35] (88), (89), (90) TEYTD f % if ILEIMZD,
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THd, THIZ, Freund-Rubin ansatz (17.1.1) O FTO Riemann tensor (& (17.1.4) THEASNEH DT, Iz
(AWNC PR

1 ~ -~ ~ ~

[P;.Pg) = —5-4f2(6gég—6g6§)M55 = —4f°M ;5 , (17.1.8a)
1 ’ ’ ! ’

[Par, Pp] = —5-(—f2)(<5A, 65 — 065, 65 ) Meip = fPMap (17.1.8b)

BRSNS, k. 2 DTS de Wit L IZWTH->TE. 5T algebra OHDOFFEFE TEEL TV AR
W, WD ZEEYIREY . X512, algebra ik de Wit [35] @ (88), (89), (90) MIZTHLEATL Z L% /RTD
TIXENA D M,

LHL. TD convention % AT 5 &, coset construction TIEL L curvature ZEH L 2L, ZD7-
b, ZOENEI I TIEMRL TWRWA, (17.1.5) % HHU T (super)vielbein % KL & 5

de Wit [35] Tl&. Freund-Rubin ansatz (17.1.1) & % K2 Pauli-Kéllén convention % FAWT WS 728,
FREL f A pure imaginary TR\ AdS,; x 87 @D curvature % [IEL < HX 25> /253, Pauli-Killén convention
ZLODEEIX, flFreal THD, TD/® algebra (17.1.5) IZEH TS f X de Wit [35] £ I3 LD, UL,
Z UL convention (2L DEDTL MR, TK D f % frk, de Wit DZ N2 faw & EONTBITIE,

faw = ifrk
ThHhhiFHE-L) 3,

BIL & 5, Freund-Rubin ansatz (17.1.1) TE U Pauli-Kéllén convention % £HL 72 1F NI, algebra &
(17.1.5) & 72D . SEHTAUL (17.1.1) OFREZE frk — faw KT FT) BE MR de Wit [35] THRH NS (88),
(89), (90) I2%%, TNLETTHD,

Pauli-Kéllén convention % ££fH9 2 U R WIZES 9, (17.1.5) % 564 @ flux & 11-dimensional notation Tt
94 % & (Pauli-Kallén convention (ZBFRDZRWEREUIE G L), algebra (17.1.5) (&

[P1,Q] = QTA"“"F Fpepp (17.1.9a)
_ 1~
[(Map, Q] = §QFAB7 (17.1.9b)
_ . 1 o mame .
{Q,Q} = —2U4P* + M{FABCDEF Feppr +24Tcp FAPOP Y Mg (17.1.9¢)

YWS | iR EDICE L OL5NDE (Q =iQTT0)., 7. ZDORILEEHAA coset (£ T D smooth deformation
I N7z coset) IZDIRERNEE DTHD, KG solution & AdS,(7y x S D Penrose limit THZ 515 DT, KG
solution TH Z DKFLIFHAHTH D,

17.2 Coset Space Representatives

17.2.1 General Discussion

FFIE—MEmDEEE B FTH IS, P. van Nieuwenhuizen [4] & S,
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coset manifold M = G/H 73% % , isometry group H O generator & H; T, G/H @ generator % K, Tt
IRU &5 (generator & anti-Hermitian T reductive), Z 415 & tangent space (235 W TRD algebra & A727:

(H;, Hj) = fi;"H),, (17.2.1a)
[Hi, Ka] = fia"Kp (17.2.1b)
[Ka,Kp] = fap'Hi+ fap“Kc (17.2.1¢c)
where
i,7,+-- : unbroken generator index A,B,--- : G/H tangent space index

G/H O representative L(z) (z: coordinates on M) I, #lZ L generator K4 % T
L(z) = exp(z?Ky), 2% = ey?taM (17.2.2)
ERBIIND (M, N,---: curved spacetime index), Z D representative @, isometry G (Z& & ZH#illl (g € G) &
G : L) — L) = gL(x)h *(z,9) (17.2.3)

THZH6 NS, isotropy group H DIt h(z,g) 1. coset manifold M ED KA GIZ&> THEL 2L T HU M
DEIZHEDZOD, WHIET 5IERL ] OEEE 175 2L IZ&d DT, o & g ITKFL TWd,

isometry group G DIEFIZHU T left invariant 1-form, Maurer-Cartan 1-form o % X CE#ET 2 3:
a = LWL = 'K, - Q'H; . (17.2.4)

{HU £381% representative L(x) % [ERHT 2 & 85 1D — AR THY | generator DRI 4, O IFZ TN
vielbein, H-connection & FEIEAL,

@) = @)™, Q@) = Quila)da (17.2.5)
Tdhd, Maurer-Cartan 1-form « 1%, TDEZENS |
da = —aNha« (17.2.6)
MENLT 5, 4% vielbein, H-connection 125U THTiddHd &

de*Ky —dVH; = —(ePKp — W H;) A (e“Ko — QVHy,)

1 i '
_553 NeC[Kp, K] — 593 A QF[Hjy, Hy] + Q9 AeP[Hj, K]

THho, algebra (17.2.1) 2 H\ D &

1 , 1 . o

= —§e5 NS (feeKa+ foc'H;) — 3 A QF(fir Hy) + Q9 NP (fip" Ka)
1 ; 1 . .

_ _(§fBC,AgB NEC — fipQ0 A aB)KA = (f,;c”é\B NEC + fi1P00 A Qk)Hi

3de —wipAnePl =0, R g =dw?p —wic AwCp DEBIZIHD LD ITHSVERI NG,
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L R5DT,
1 P
det = _ifBCA ef AéC+ijAQJ ne? (17.2.7a)
Q' = 2 fpc'@” AT+ S fiu A QH (17.2.7b)

WES5 D, 22T Cartan’s structure equation = &L £ 5 :

et =o' Ae” =0, Ypnaa+e® anss = 0 (17.2.8a)
~ R R R 1~ .
RAB = dWAB —wAc /\UJCB = iRABCDé{/ /\eD (1728]3)

ZIZTw's=wc""e" =wytpde™ TH24, I I TRHEIZ,

~ 1 .

g = —§fCBA€C + fipt QY (17.2.9)
BT, 0 % affine-spin connection @’ 5 & 2 DI TH D, A5 . structure constant faz® &,
EHIZBWT A, B DX TRNIRCTH>TH., B, C ORETRAME IFES T, FEHRE LT Oap # —0pa &

BRBGBENHZNETH S, index DEHUZDOWTKMFTH B 720I11E, (17.2.8a) 12K WiE & 725 X ROFEE
2. (17.2.9) IZRAGBHZE FTHIT XSV, #REL TR

~A ~A 1/~C

Ww'p = w'p— e 1 (fac® e+ fas® npc)
1- .
= —5fep® e+ 15, (17.2.10a)
fo™ = fop™ +0** (fA’CB/ nes+ fas” npc) (17.2.10Db)

EFTNIEEV, ZD&S 12U T, Cartan’s structure equation % % Z & T, affine-spin connection & 5, cur-
vature 2-form R4 5 1& vielbein & H-connection 75 135 M3,

H-connection Q° &, representative L(z) & Maurer-Cartan 1-form o DEHEMNS FUELIZ FHEE 92 & A%
BETHD, ZI Tl L(z) = exp(z?K4) DRGNS OEE BEA LD :
L) = exp(a’Ky),
L7YdL = exp(—2*K)dexp(zPKp) -1

1
{d—i— [—a:AKA,d] + 5[—$AKA, [_IBK]_hdH +} -1
1 _
= dz? K4 + idxA zP (fABZHiJFfABCKC) +oe
1 1 ;
= <dSCA+§chAdIL'CID+"'>KA* (*ifABZdIAIBJF"')Hi

L 2 Z T appendix (253 REIARE V2, ZAICEY .

1
et = da + ifCDA de“ 2P+ = ey da™ (17.2.11a)
, 1
o = —ngBdeA B4 (17.2.11b)
L H5EZLND,
Az, ded — @A AeB = T4 &> 2. torsion 2-form T4 = %fABCEB AEC MBAX MDD, coset space Tl torsion free

THDDT, BAINTHARW ([4] (6.6) XBH, ).
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17.2.2 Representatives and Supervielbein

SD subsection & BE 2. RBITERT, algebra I& (17.1.9) THALNEEDTH D, F72. coordinates 1£Z
Z Tl& superspace coordinates Z = (z4,0) % (implicit {2) JAV%, 22T 0 IX SO(10,1) Majorana spinor

coordinates (fermionic, anti-commuting coordinates) TdH %,

X T, coset space ZRMDT, torsion free DERAE FEKL &5, F 971& representative L % T Maurer-Cartan

one-form a %
a =L YL = E-Q (17.2.12)
TE#HTD., ZIT E, QI supervielbein & H-connection (IZ generator % fffIiL 72& D) TH S :
E = E*P,+EQ, Q = %Q“‘B Map (17.2.13)
Maurer-Cartan one-form (17.2.12) &€ DEHENS KD fife X% A= 7
da+ana =0, (17.2.14)

(17.2.12), (17.2.13) & (17.2.14) IZfRAT S &, Cartan’s structure equations 2355 2 % :

1 1 — (=~ _

0 = d2—QAQ— 2B NEP [Py, Po) - 5B {FABCDEF Feper +24Tcp FABCD}E Mag, (17.2.15a)

0= dE— Qs AEP —ET* NE, (17.2.15b)
, 1 -

0 = dE+ EAATAPPP EFpepp — ZQAB AT E. (17.2.15¢)

fermionic contribution % 9 /X T neglect U T, bosonic part 7217 E%d 5L, T HAL Riemann tensor (17.1.4)
% HET5,

X T, supervielbein E, E4 OF5H% EBIZH#D D IZH 72V | representative L(Z) %

L(Z) = {(z)-L(O), lx) = exp(a’Py) and L(0) = exp(0Q) (17.2.16)

DI, bosonic part & fermionic part (23T & HRITHZ. T [P,Q)#0 THB DT, () & L(0) &
commuting TAL . RIPUIKL TEDY BHE B, TNTEMTEI2EDTHD, TOEBHOHDL X% 2 T,
bosonic part 721} D Maurer-Cartan, fermionic part @ Maurer-Cartan % 5t TX 5, & WD Flfi% Z D05
®EIEED,

F72. ZIT trick 25, §HflllE de Wit [35] @D section 11 (2% »Y, fermionic coordinates 6 % 6 — t0
D& S 1T rescale TETHWT (¢ € [0,1]). Maurer-Cartain one-form (17.2.12) 2& % t THIIL . ThE fE< |
WD FiiEE D, rescale I N7z (17.2.12) % t TS D L.

%(E —Q) = d0Q + (E —Q)0Q — 0Q(E — Q) (17.2.17)
NESLND DT, INxEHHTDL
dpa _ ogpap, (17.2.18a)

dt
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1 - a
%Ea = (d0+EATABCDE0FBCDE—ZQAB Tap0)", (17.2.18b)
1 (= .
%QAB - i9{1”“30’3“FCDEF+24FC,;,Ff“BCD}E, (17.2.18c)

WS N5, Z N first-ordered linear differential equation Z2RDTES Z & N TEX S, ZOfiRlE 6 @ all order
THZLNS:

15

. 1 .
n=1 ’
16 1
n=1 '
1 15 1 - R
Q4B (2,0) = WP + = > ﬁe{FABCDEF Foppr +24Tcp FAPCPIMP" DY (17.2.19¢)
n:O( n+ )
d 1 ~
DO = EEL—O = d9+€ATABCDE9FBCDE_ZWABFABev (17.2.19d)
where
et = eyt da™ wiB = wy AP daM | (17.2.20)
and

(MQ)CLb _ Q(TMNPQR 9)‘1 FNPQR (ng)b
1

T (Carn 6)" (a[fMNPQRS Fpqrs + 24T pq FMNPQ])b : (17.2.21)
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notation 23F 7ZHDE D, £ U < & notation IZMRIEL W WELDEEE ZIFTHL,
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A.1 Field Contents, Clifford Algebra

Z O section 1%, TK, de Wit IZ4L@D convention TH 5,
11-dim. spacetime signature: (—,+,+,+,+,+,+,+, +,+,+)

field contents:

en ¢ vielbein,  E,M : inverse vielbein (A.1.1a)

Uy, : gravitino (Majorana spinor) (A.1.1b)

Cynp @ completely antisymmetric tensor (A.1l.1c)

wy P : spin connection (A.1.1d)

gun = exexPnap,  nap = EAMEpNgun, e = detey” (A.l.2a)

U = wiro (A.1.2b)

We are using the convention that M, N, P,--- refer to 11-dim. world indices and A, B,C, - - refer to 11-dim.

MNPQRSTUVW X

tangent space indices. ¢ is an invariant tensor density in 11-dimensional spacetime (weight 1),

and

g2 — 1, (A.1.3)

LR DFREZERITT D spinor OFERL /%% Polchinski [25] appendix B % £, H4 D supergravity note [27]
HEZ US> T WD, HU ., AXTIXI Z DFRRE TREILHD HEIZZ W, The eleven-dimensional gamma

matrices are satisfied

{TA TP} = 2P (A.1.4a)
TH" = T, = —I°T4(1°)! (A.1.4b)
fMlMQ“'Mn = f[leM2~-~fM"] = msgn(o_)valvaz'”van (A.1.4C)

where 745 is the metric in the tangent space. 223, T'AZ 14 anti-Hermitian T 5 :

~ ~ PN 1 ~, .~ PPN

1
2
| PPN ~m ~ ~

—iro(rArB—FBrA)(ro)—l = 147 (A.1.4d)

The spinors appearing in the above action are anti-commuted and satisfied the Majorana condition
v = vlCo, (A.1.5)
where the charge conjugation matrix C' is antisymmetric and defined by

cr4c—' = —-@H7T, (A.1.6a)



A.2 Identity 175

CTAAng=l = (_1)*F)(TAr-AnT | (A.1.6b)
(2] = {1,1,2,2,3,3,---}  where n=1,2,3,--- , (A.1.6¢)
C = BI° = I°I°Ir1° = —¢' = —¢7 (A.1.6d)

Polchinski [25] (2351} % charge conjugation matrix C' £ (ZEHZ MR AL TH 2D A, fermion U DEHENELD, D
EFY (V)rk = i(V)polchinski CH Do ZAUKMEILZR N, [25] 1. o & »TCO BREL ZHANZHED & i3> TWnd
M, =BT LIEE>TWARY, DF Y phase [FHEIZEHE> Tk, [25] TIE ¢y % anti-Hermitian & U TEH
LTWwWadh, FxldZ &k Hermitian TEFHEL 7272, Dirac bar & ¢ = ipT0 ¥ EHMABEL TWD, B,
d-dimensional spacetime (2317 % charge conjugation matrix D EFD ML [25] & ST AU,

d = 2k + 2-dimensional spacetime T® chirality operator T

[ = 7T ... ! (A.1.7)
TEHRINDG, TH4DL, d=4 Tl
V5 = iflv(),ylVZ,yiﬁ (A18)
Thd,
A.2 Identity
fMllbfgprleNQqu
B min(p:q) 1h(2p—k—1) plq! (M, My My g1+ M)
- Z;(_DQ Rl R Om T Nl (A2
where
[MiM, _ QM My [M,] _ %Sgn(g)fMa(UfMa@)...fMo(p) (A.2.2)

A.3 Killing Vectors, Killing Spinors

[21] 1 A D B .

A.4 Supersymmetry in Anti-de Sitter Space and its Algebra

[19]
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