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Outline

Free versus Interacting SPTs



Symmetry-Protected Topological Phases

For SPT phases...

» M = space of Hamiltonian operators with specified symmetries
> A = space of gapless Hamiltonians

» phase € (M \ A)/ ~

SPT phases can be free or, more generally, interacting...

» free Hamiltonians are a subset Mfee C Mint

Our focus:
» How does (Mfree \ A)/ ~free compare with (Mine \ A)/ ~jnt ?



Example: Free and Interacting Fermionic SPTs

The group of free d = 1 class BDI SPTs is Z,

generated by the TRS Majorana chain:
C G (s G G CC G G Co
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Interacting Trivialization [Fidkowski—Kitaev '10]
Eight copies of the TRS Majorana chain trivializes
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= The group of interacting BDI SPTs in d =1is 7Z/8



Our [Debray—K.—Pacheco-Tallaj-Stehouwer| Approach

» Following [Freed—Hopkins, '16], we model the passage ([H]free = [H]int) from free
to interacting SPTs as a homotopical map...

“unstable” free fermion interacting fermion intrinsically
— — —
free " G-SPTs G-SPTs interacting "

lﬁ‘ Sla nsatz

ker ——— KOZ_Z’T —————— P2l > /ZQg+2 > coker

» Today: construct F2/ for the “Bott spiral” of SPTs [Queiroz—Khalaf-Stern '16],
for which G = (Z/2)", compute its image, and discuss dimensional reduction



The “Bott Spiral” of Primed Phases [Queiroz—Khalaf-Stern, '16]

“Bott Clock” of Free SPTs “Bott Spiral” of Interacting SPTs
[e=+3) AI-‘
(5=+3) Al
CI BDI
(s=+1)
C D
(5= +4) (_;-,o)
CTI DITT
fesrl ayp G |
(s=-2) All

> Periodic: KO9+5—2 — KO(d+1)+(s—1)-2 » Not periodic! Z/(2") for increasing n
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Fermionic Groups and Classification of SPTs



K-Theory Classification of Free SPTs

Definition
Let A be a finite-dimensional superalgebra. Then

Kn(A) = (Modde, )/(ModiZe, ).

Ansatz
In spatial dimension d, free SPTs with A-symmetry are classified by K_4(A).

Example
» For A one of the ten classes of superdivision algebras (R, C/_1, Cl_5, ...), this
recovers the tenfold way

» Class BDI superconductors have A =2 C/, 1, generated by T.
The TRS Majorana chain generates Ko_1(Cl11) = Ko(R) = Z.



Tangential Structures |

Definition
A stable tangential structure is an object (§: X — BO) € Spc 0.
A stable tangential structure on a manifold M is a lift...

ls

M*>

Examples
» X = BSO ~~ orientations
» X = BSpin ~ spin structures
» X = BPint ~> pinT structures



Tangential Structures Il
Definition
The bordism group of d-manifolds with &-structure is

QS = ({closed d-dim’l &-manifolds}/bordism, LJ).

Pontryagin—Thom
Bordism for £&-manifolds is encoded by the Madsen—Tillmann spectrum:

Ta(MTE) 2= Q5.

Example
In dimension 2 with £: BPin™ — BO, the group is Q5" = 7/8 generated by [RP?].



Invertible Field Theory Classification of Interacting SPTs |

Basic Definition
An n-dimensional TQFT is a symmetric monoidal functor

Z: Bord,, — Vectc

from the bordism category Bord, of closed (n — 1)-manifolds and bordisms to the
category Vectc of complex vector spaces.
» closed (n — 1)-manifold M —— Z(M) the state space of the theory on M

» closed n-manifold W —— Z(W) € C the value of the partition function of Z

Ansatz

Interacting SPT phases of a given symmetry type are classified by the deformation
class of their low energy field theory, which is a fully extended reflection-positive
invertible field theory on manifolds with certain tangential structure.



Invertible Field Theory Classification of Interacting SPTs Il

Theorem [Freed—Hopkins '16, Grady '23]
Let £ be a stable tangential structure.

{ fully extended reflection-positive
(

deformation = [MT¢, Y912
d + 1)-dim’l invertible §—theories}/ eformation = [MT¢ 7]

» There is a short exact sequence
0 — (Hom(Q, 1. C*))eor — [MTE, T*21;] — Hom(Q5, 5, Z) — 0

(where, recall, QZ ({closed (d + 1)-dim’l £&-manifolds}/bordism, L))

+1 7=
Example

The interacting analog of the TRS Majorana chain is the Arf-Brown TQFT, which
generates the group (Hom(Q5™ , C*))ior = Q5" 22 7/8 [Debray-Gunningham, '18]



Connecting the Classifications

To construct the free-to-interacting map

free fermion | g5, [ interacting fermion
—
G-SPTs G-SPTs

J”: zla nsatz

KOZ™>™ P2l » Qg

we need to know how to match up G and €...



Fermionic Group Symmetries

The fermionic group formalism encodes symmetries compatibly for both KOg,-theory
(the free side) and (Anderson-dual) spin bordism (the interacting side).

Definition [Benson, '88]
A fermionic group is the data of
» a topological group G
> an extension w by Z/2F <« generated by fermion parity (—1)F

1-2/2F -G -G, —1

» a grading 0: Gf — Z/QT + labels which symmetries are antiunitary



Fermionic Groups ~+ Superalgebras

Definition [Benson, '88, §7]

Let (Gp, 0, w) be a finite fermionic group. lts fermionic group algebra is the real

superalgebra
R[Gr]

Rf[Gf] = m

graded by 6.
Fact [Karoubi]

If V is a rank zero Gp-vector bundle with w1V =6 and w,oV = w, then

Ko(R'[Gf]) = KOZ, (SY).

» Recall that Gr is the Z/2-extension of G, classified by w.



Fermionic Groups ~~ Tangential Structures

Let (Gp,0,w) be as before. Define H(Gr) as the pullback

BH(Gf) ——— BO

l - l(WI:W12+W2)

BG, —“L. B7,/2 x B27,)2.
Then setting £ to the top map BH(G¢) — BO allows us to define H(Gy) tangential
structures. These are related to spin structures...

Theorem [Debray—K.-Stehouwer]

There is a symmetric monoidal functor

(FermGrp, X) — (MTSpin-Mod, A)
(Gb,e,w) — MTH(G{).



Examples: Pin™®

Example
Consider twisting by o — BZ/2. Write x = wio € HY(BZ/2;7/2).
» PinT(1) := (Z/2, x, 0) € FermGrp
s QPInT ~ 3P"((B7Z,/2)°~1) on the bordism side
~ Rf[Pin"(1)] & Cl,1 on the superalgebra side, and Ko(Cl41) = KO™1

Example
Similarly, for 3c — BZ/2, or equivalently, —o — B7Z/2,
» Pin~ (1) := (Z/2, x, x?) € FermGrp
s QPIn' ~ Q3PIN((B7,/2)39-3) on the bordism side
~ Rf[Pin™(1)] & C/_; on the superalgebra side, and Ko(C/_1) = KO?!



Discrete versus Continuous Symmetry Groups |

Definition ) )
Generalizing the previous examples, define E; j 1= (Pin+(1))X£>A<(Pin_(1))Xk.
» Then Rf[E&k] = Cly i [Albuquerque-Majid, '02]
> And Ko_q(Cly ) = KO9+t=k=2 recovers the tenfold way

Example

Class Al has two anticommuting time-reversal symmetries 71, 72, which could be
encoded using E> . Equivalently, can use 71, 7:7>. But if the unitary symmetry 7;7>
is meant to encode charge, then it should be enlarged to a continuous U(1), leading to
Pin™(2). We have o C Pin™(2) and Ko(Ez0) = KO~2 C Ko(Pin™(2)).



Discrete versus Continuous Symmetry Types ||

The choice of discrete versus continuous has a profound effect on the interacting
classification...

Definition
Spin-(¢, k) is the stable tangential structure H(Eg k).
» A spin-(¢, k) structure on a manifold M is a spin structure on
TM+ Ly +---4+Lp—Lyy1 — -+ — Lyyg for some line bundles L;

Example

For class Al, the discrete fermionic group Ex g gives rise to spin-(2, 0)-structures, while
the continuous fermionic group Pin™(2) gives rise to Pin©~ = Pin™ x 41 U(1).

szin67 o~ Z % (Z/z)@WAI o~ QzEQ,O



Discrete versus Continuous Tenfold Way Fermionic Groups

Class Cont. Kr Disc. Gr Rf[Gf] H(Kr) H(Gy)
Cll Pin™(3) Eos Cl_3 Pin"™ :=Pin™ x4 SU(2) Spin-(0,3)
All - Pin~(2) Eoo Cl_o, Pin®:=Pint x4 U(1)  Spin-(0,2)
DIl Pin~(1) Eoa Cl_y Pin" Spin-(0,1)
D Spin(1) Eo o R Spin Spin
BDI  Pin™(1) Eio Cl;  Pin~ Spin-(1,0)
Al Pint(2) Exp Cly  Pin® :=Pin~ x4; U(1)  Spin-(2,0)
Cl  Pin™(3) Esp Cl3  Pin" .= PinT x4; SU(2) Spin-(3,0)
C SU(2) Qs Cly  Spin/ := Spin x4 SU(2)  Spin x41 Qg

» column H(Kf) recovers the groups H(s) of [Freed—Hopkins, '16]
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Modeling SPTs in the “Bott Spiral”



The “Bott Spiral” of Primed Phases [Queiroz—Khalaf-Stern, '16]

“Bott Clock” of Free SPTs “Bott Spiral” of Interacting SPTs
(s=+2) AI:
(5:43) Al
CI BDI
(5=+1)
C D
(5= +4) (.s-.d)
CII DITI
(s=-3) ATl (s=-1)
(s=-13 All’

> Periodic: Ki(Cl115A) = Ki(A) » Not periodic! Z/(2") for increasing n



Primed Altland—Zirnbauer Classes and [Queiroz—Khalaf-Stern, "16]

» Primed phases are made by by stacking two
opposite chiral phases and imposing a unitary ¢
72 symmetry [Yao—Ryu, '13 and Qi, '13] N

» Queiroz—Khalaf-Stern calculated the groups of

interacting phases connected to certain free \ \

fermion primed phases




Our Model for Primed Symmetry Classes

Definition
Let Gr be a fermionic group. The primed version is

Gf := G % Pin™(1) X Pin™(1).

Consequently...
~ RG] 2 Rf[GF|&Cly1 ~m RF[Gf]

~ QnH(G;) ~ Qr’;/(Gf)((Bz/2)a—1 A (Bz/z)l—a) % QnH(Gf)



Example: Morita Variance

Consider Gr = R, modeling class D.

>

| 2

Then G} = Pin™(1)xPin~ (1) models class D'.
Rf[R] 2 R and Rf[Pin"(1)%Pin~(1)] = Cl11 ~m R

QHR) _ gSpin | 1t QH(PIn (DRPin~ (1)) » DPin

Spin structures and dpin structures are different.
For example, RP? is not spin, but since TRP? + ¢ — 1
admits a spin structure, RP? js dpin.

The bordism groups are quite different ~~

oA WN R Ol

Qipin QBPin
Y/ 7]2
7]2 7]2
Z/2 (Z/2)?
0 7/8
Z (z/2)
0 0
0 (Z/2)?
[K-PM-T-D, '20]



Outline

The Free-to-Interacting Map



Connecting the Classifications

To construct the free-to-interacting map

free fermion F2l interacting fermion
—
G-SPTs G-SPTs

l,: zia nsatz

KO»_4(RF[Gf]) ——--- Fai___, IZQZJ(rcz.;f)

we need to know how to go between (twisted) spin manifolds and K-theory classes...



The Free-to-Interacting Map for Primed Phases
The free-to-interacting map is dual to a (twisted) Atiyah—Bott—Shapiro index map

Qipin ABS Kon
[M] —— Dy~ C=(S)
For primed phases, like dpin, this index map takes the following form:

QDPin =, QYPI"((BZ/2)° L A (BZ/2)7)

J{smoo c

OP(BL/2)7 ) —2E—— KO,-1((BZ/2)7 1)

Js

KO,

ABS(1 1)



Computational Results

Theorem [Debray—K.—Stehouwer]
Let m:=[(d —¢—k+i+1)/8], where i € {0,1,2,3} with i = ¢ mod 4. For d large
enough, the image of the type-E, , free-to-interacting map

F2lyy: KOHTH=2 5 552 (ME )

Z)244m—1 d = {4+ k —2i +2 mod 8
im (F2lpx) = 72541 d =0+ k —2i + 6 mod 8
Z]2 d={¢+k—-2imod8orl+k—2i+1mod8.

» Here, m tracks the number of times we have gone around the spiral.



Example Free-to-Interacting Map

Example
Consider d = 2. The F2I map for the class D superconductor is an isomorphism:

7= KO%(pt) — Z = Q3.
The F2I map for the class D’ superconductor, meanwhile, is reduction mod 8:

7= KO%(pt) — Z/(23) = I, p;...
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Dimensional Reduction



The “Bott Spiral” of Primed Phases [Queiroz—Khalaf-Stern, '16]

“Bott Clock” of Free SPTs “Bott Spiral” of Interacting SPTs
(s=+2) AI:
(5:43) Al
CI BDI
(5=+1)
C D
(5= +4) (.s-.d)
CII DITI
(s=-3) ATl (s=-1)
(s=-13 All’

> Periodic: Ki(Cl115A) = Ki(A) » Not periodic! Z/(2") for increasing n



Dimensional Reduction

» We use "dimensional reduction” in the sense of [Ryu—Schnyder—Furusaki-Ludwig
'10, Teo—Kane, '10, Queiroz—Khalaf-Stern '16, ...| where it takes...

SPT(dim d,type s) ~» SPT(dim d + 1,type s — 1)

» We define this for IFTs by generalizing Smith homomorphism models for
symmetry breaking [Hason—Komargodski—Thorngren, 20,
Debray—Devalapurkar-K.-Liu—Pacheco-Tallaj-Thorngren, '23 & '24]

> We need two different types of maps...



Spiral Maps

Write ME; x := ((BZ/2)° ") A ((BZ/2)1 =) k.

Definition
For ¢ > 0 and k > 0, set

b MEg = MEg 1 A (BZ/2)"7 22 ME, 1 AS(BZ/2), 2% SME 1,

Yot MEg = MEg_y A (BZ/2)=0 2% ME, 1 AS(BZ/2),

lid/\A

ME@J(,l A ZMELl

—— TMEpi1s

Definition
The spiral maps are the induced maps on twisted spin IFTs.



Example Spiral Map

Consider dimension 3 and spin-(1,1), a.k.a. dpin:

» On bordism...
QpPin~7/8 2, 7,8~ Qfin

(RP?, Ly, Lp) —— (RP?, Ly)
where L1 = [, = 0.

» On IFTs...

@
B =7/8 b U3, =78,



Spiral Maps in General

Theorem
Restricted to im F2/ in the relevant degrees,

Ska: Gg;ri,}(MEZ,k—l) — Us;r”%(MEg k)

is an isomorphism and

szki OLE(ME 11,4) — BZE2(ME ).

is multiplication by 2.



The Bott Spiral Unraveled
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The Spiral from d = 1 Class BDI’

BDT D" pir ATl CII i CI AT BDI’

ud, o, But, S o, Bot, S, 2ul, B us, S0, Ul — e
U U U U U U u U U
Z/4a Sz X3 78 =5 748 X3 6 —= s 216 225 7/32 = 2/32 X3 7064 — -

> Need discrete symmetry types
> Need additional primes on first three classes
» Need exceptional choice for class C and to use the isomorphisms E4 g = Eg 4

» Observe “interacting Bott periodicity”



Related Articles

» Arun Debray, CK, and Luuk Stehouwer. Unraveling the Bott Spiral. Coming soon.

» Omar Antolin Camarena, Arun Debray, CK, Natalia Pacheco-Tallaj, Daniel
Sheinbaum, and Luuk Stehouwer. Weak Topological Phases in the Presence of
Interactions. arXiv: 2410.10031 [math-ph,cond-mat.str-el,hep-th].

Thank you!


https://arxiv.org/abs/2410.10031

Outline

Extra: Computations



Idea of the Computation |

» Computing

F2lpy: KOHH72 5 52 (ME )

relies on computing
ABS; j: MTSpin A ME,, — Y¥*KO,
which is determined by the restriction to

ME; ) — ‘KO

» Study ko.(ME, ) via the Adams spectral sequence



Idea of the Computation Il

Recall ME; . := ((BZ/2)° )M A ((BZ/2) =) k.
H*(ME x;Z/2) has a nice A(1)-module structure in terms of the following...

> No:= X ‘H*((BZ/2)'~7;7/2)

> Ny := H*((BZ/2)° %, Z/2)

> N, C ¥ 2H*(BAq; Z/2) unique non-free summand

> N3 C ¥ 3H*(BAs A BZ/2;7/2) unique non-free summand



Idea of the Computation Il

10 {/l(/

« 7
] ;
A o
N 5 rs
1) e
. ( y 4 wer @ way
3 y _—
1 :
4
N 1 )‘q
/T// 0 a / ) az ay
a2
ot : o
PN 001 2 3 4 56 T & 9 10 11 12

A(1)-module N; and the E;, page of the Adams spectral sequence



Idea of the Computation IV

=Ny

Ny

; =

/ "

. Ny

10 1 2 3 4 5 6 7 8 9 10 11 12

%
B o] @ = ko W R ot & =3
e

E, page of the Adams spectral sequence for shifts of the A(1)-modules N;



|dea of the Computation V

Lemma [Yu, '95]
Up to suspensions, there are stable isomorphisms of A(1)-modules

N; @ N; 2= Niyj mod 4

Proposition [Debray—K.—Stehouwer]
Let i = ¢ mod 4 and j = |{/4]. If at least one of ¢, k is positive, then

H*(ME;k; Z./2) ~ YTk N,

» Differentials and extension problems are all trivial for the N;'s

> We can ignore Whitney summands, i.e. summands that are trivialized upon
inverting 3

» A version of Margolis homology is effective for computing the remainder



Computational Results

Theorem [Debray—K.—Stehouwer]

Let m:=|[(d —¢—k+i+1)/8], where i € {0,1,2,3} with i = ¢ mod 4. For d large
enough, the image of the type-E, , free-to-interacting map

F2/47k: KOd+é_k_2 — Ug:ﬁ(ME&k)

Z)244m=1 d = {4+ k —2i +2mod 8
im (F2lp ) = 22541 d =0+ k —2i +6 mod 8
Z]2 d={¢+k—-2imod8orl+k—2i+1mod8.



	Free versus Interacting SPTs
	Fermionic Groups and Classification of SPTs
	Modeling SPTs in the ``Bott Spiral''
	The Free-to-Interacting Map
	Dimensional Reduction
	Extra: Computations

