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GENERALIZED EQUIVARIANT BUNDLES
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Let I and G be compact Lie groups and let p: E— B be a principal

1I- bundle, where Bis a G—space Informally, we say that p is an equivariant

bundle if the action of G on B lifts appropriately to E. The classical way

- to make this precise is to require the IT-action on E to extend to a

G x Il-action such that p is a G-map, and a detailed foundational study
of such bundles was given in [2].

- However, there are many naturally occurring examples which surely
ought to count as equivariant bundles but which don’t fit this description.

- Most simply, if I' is an extension of G by II, then one surely wants to

consider the quotient homomorphism ¢: T — G as an equivariant bundle.
Taking this example as a model, we fix such an extension and say that p
is a principal (IT;I')-bundle if E is a TI-free I-space and p is a -map,
where G acts through ¢ on B; the classical case is obtained by taking
I'=GXxIL If F is a I'-space, we then refer to the induced G-map

" E X gF - B as the associated (II; I')-bundle with fiber F, where E x F

denotes the orbit G-space E x F/IL. This is our preferred general notion
of a G-bundle, and it is the purpose of this note to point out that the basic
theory of equivariant bundles set out in [2] generalizes without difficulty
to this context. More discussion of examples and of the passage back and
forth between principal and associated bundles may be found in.
[3;1V,§1]. Our main result is an analysis of the fixed point spaces of
equivariant classifying spaces, and the second author will use this analysis
in [4] to prove a new generalization of the Segal conjecture.

Let p: Y — B be-a G-map which is a II-bundle with fiber F, where F
is a I'-space on which IT acts effectively. The discussion in [3;IV§1]
implies that p is the bundle with fiber F associated to a principal
(IL;T')-bundle p: E— B if and only if each composite

F—p=i(b)—»p~'(gh)>F

coincides with the action of a (necessarily unique) lift of g to T", where the
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first and third arrows are admissible homeomorphisms and the middle
arrow is action by ge G. This characterization leads to the following
natural examples of equivariant bundles in our sense which are not
equivariant bundles in the classical sense.

EXAMPLE 1. — Let M be a smooth oriented n- -manifold with a smooth
orientation-reversing involution . The tangent bundle TM is an SO(xn)-
_bundle, but the induced involution 7. TM —>TM is only an O(n)-bundle
map. Regarding 7 as a generator of G = Z,, we see that TM > M is an
(SO(n); O(n))-bundle with fiber R”.

EXAMPLE 2. — Let II < Q and let I be the normalizer of Il in Q. If
p: Q[T —» Q/T is the projection, then the pullback p*T(Q/T)is a (IL; T)-
bundle with fiber the I-representation V = T,-(Q/T'). In fact, we may
- identify w*T(Q/T) with Q x 4V and give it the G-action, G = I'/IT,

specified by g(y)lw,v} = [wv"‘,w]-

We say that two (IT; T)-bundles p: Y —» B and p': Y’ - B with fiber F
are equivalent if there is a G-map f: Y —» Y’ which is an equivalence of
I-bundles over B. The discussion in [3;V,§1] implies that f necessarily
has the form f X g1 for a T-map f: E> E’ which is an equivalence of
- principal IT-bundles over B, where E and E’ are the associated principal
(I1;T)-bundles of Y and Y’. Therefore equivalence classes of (IL;T')-
bundles with fiber F over B correspond bijectively to equivalence classes
of principal (IT;T)-bundles over B. We shall concentrate on principal
(IT; T')-bundles henceforward.

There is a description: of principal (IT; I") -bundles in terms of the
classical kind of equivariant bundles that the reader may find illuminating.
ifp: E - Bis a principal (I1; T')-bundle, then the induced map Ex -8B
is a principal (I'; G x I')-bundle with a given reduction of its structural
group from I" to T1. Here E x T is given the diagonal left action by I and
E x I is the orbit G-space. The right action of I" on itself gives rise to
a rlght action of I on E x I" which commutes with the left G-action. The
reduction may be viewed as given by the section

2BoEx (T/H)=BxG

specified by s(b) = (b, 1), and s satisfies s(gb) = gsr(b)g‘1 Note that s is not
a (G x IT)-reduction since it is not equivariant with respect to the left
G-action. Conversely,if ¢: Z—-Bisa principal (T';G x T')-bundle with a
reduction s: B—Z/IT of its structural group to IT such that
s(gb) = gs(b)g~ 1, then Z is T-homeomorphic over B to E x 4F for a
principal II-bundle E over B. The IT-action on E extends to a I'-action;
E . can be identified with the space of admissible homeomorphisms
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Y: T - ¢~ '(b), and py is the composite _
IS T 4 9= '(b) W o~ Yg(y)b).

‘We conclude that principal (IT;I')-bundles correspond bijectively to
-principal {I'; G x I')-bundles together with given reductions of their struc-
tural group from I" to IT which satisfy the specified formula.

- A principal (I1;T')-bundle is said to be trivial if it is gquivalent to one
ofthe formI" X \V—> G x 4zV,where H « G,A = T',An 1l = e, A maps
isomorphically to H under g: I"' - G, and V is an H-space regarded as a
A-space via ¢. The following observation on the local structure of principal
(IT; I')-bundles makes clear that this definition is appropriate.

LemMMA 3. — Let p: E— B be a principal (IT; I')-bundle, where E and
therefore B is completely regular. Let 5 B and z e p~ '(b) and let G, and
I', be the respective isotropy groups.

" (i) I, n TT = e and q maps T, isomorphically onto G,.

(ii) If W is a slice through & in B, there is a slice V through z in E such
_that p maps V homeomorphically onto a neighborhood V' of 5 in W
‘and thus p | T'V is trivial.

PROOF. — (i) I', n IT = e since IT acts freely on E; ¢(I',) = G, since,
“for yeT', g(y)b = b if and only if yz = vz for some veIl, in which case
v~ lyz =z and q(v™'y) = g(y).

(ii) Let D be a bi-invariant normal disc to I, through e in T". Then g maps
D homeomorphically onto a bi-invariant normal disc D’ to G, through
ein G, and g(ydy~ ') = gq(d)g ' if ye T and g = g(7). The action of G
on B maps D’ x W homeomorphically onto a G,-invariant neighborhood
of b. Choose a slice V through z sufficiently small that p(V) = D’ x W and
let A: V- D be the composite I',-map ¢~ ' 7,p, where n,: D’ x W > D’
is the projection. It is easily checked that V = {A(x)~ x| xe V} is then a
slice through z which maps homeomorphically into W under p.

A principal (II;I')-bundle p: E — B is said to be locally trivial if there
is an open cover {GV,} of B such that V, is an H -slice and p/p ~(GV,)
is trivial; p is numerable if, in addition, the cover can be chosen to have
a G-equivariant partition of unity {1, GV, — I}. With these definitions,
we have the following generalizations of [2,1.5) and [2,1.13].

PROPOISITION 4. — A principal (IT; T')-bundle with completely regular
total space is locally trivial.

PROPOSITION 5. — A locally trivial principal (IT;I')-bundle over a
paracompact base space is numerable.
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Using Lemma 3, the arguments of [2,§2] generalize to give the follow-
ing analogs of [2,2.10-2.12 and 2.14].

THEOREM 6. — A'numerable principal (IT; I')-bundle E over B x I is
- equivalent to (E|B x {0}) x L.

‘COROLLARY 7. — The pullbacks of a numerable principal (IT;T')-
“bundle along homotopic G-maps:into its bases space are equivalent.

COROLLARY 8. — A numerable principal (IT;T')-bundle satisfies the
equivariant bundle covering homotopy property.

THEOREM 9. — A numerable principal (IT;T')-bundle p: E— B is uni-
- versal if and only if E* is contractible for all (closed) subgroups A of I'
such that AnTI = e.

We let B(II;T") denote the base space of a universal principal (IT; I")-
bundle; it is uniquely determined up to G-homotopy type. Our main result,
which generalizes [2,2.17], gives the homotopy types of the fixed point
spaces of such a classifying G-space.

THEOREM 10. — For H < G,
BIL; )" =11 BT n NA; WLA),

where the union runs over the H-conjugacy classes of subgroups A of T’
such that A N TI = e and ¢(A) = H. In particular, B(IT; ) is empty if
there is no such A.

Here NA is the normalizer of A in I' and WA = NpA/A When
ANnTl = e, TI " NpA is a normal subgroup of WA since IT is a normal
subgroup of I'. Actually, since the theorem is only a statement about
nonequivariant spaces, the A” summand on the right may be viewed
simply as the ordinary classifying space B(IT n NA), with WA ignored.
However, it is crucial to the application to the Segal conjecture in [4] to
know the structure of B(IT; I)* as a WgH-space, or, more generally, as
a Wy H-space for any K containing H, and the theorem admits the
following elaboration. '

CoroLLARY 11. —If H ¢ K < G, then, as a W H-space,
B(IL;IY = I W,H X yaBII N NgA;WiA),

where Q = ¢~ '(K), the union runs over the g~ 1(NiH)-conjugacy classes
of subgroups A of Q such that A " II = e and ¢(A) = H, and V(A;Q) =
WoA/IL N NGA is the image of WA in W H.
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To prove Theorem 10 and Corollary 11, we shall analyze the fixed point
~ structure of general principal (IL; T')- bundles For notational simplicity, we
agree to write TI* = IT n NpA whén A < T and A n IT = e. It is perhaps
worth observing that TI* is also equal to TT N Z A, where Z-A is the
~centralizer of A in T, .

THEOREM 12. — Let p: E — B be a principal (IT;I")-bundle, where E is

a completely regular I'-space. Let Hc Gand A c T, with AnTI = e.

(i) [EAis a principal (IT*; WA)-bundle and E*/TI* = p(E*).

(i) p~Y(»(E™)) = 11 E°, where the union runs over the distinct IT-con-
jugates 6 of A.

(iii) B¥ =1 p(E*), where the union runs over the II-conjugacy classes of

~ subgroups A of T" such that An Il = e and g(A) = H.

(iv) As a WgH-space, BY = I1 WH x V(A:,p(E ), where the union runs
over the g~ '(NgH)- conjugacy classes of subgroups A of " such that
AN Il = eand g(A) = H and where V(A) = W A/IT# is the image of
WA in WGH.

'PROOF. — (i) Obviously TT* acts freely on E*. If ze E*, veIl, and
vz e EA then ve TT* since, for any Ae A, vz = Avz = Avi~ Az = Avi™ 'z
hence v = AvA~ 1. Therefore the natural map E*/TI* - p(E*) is a homeo-
- morphism. _
(ii) Since yE* = E"7" for ye T, p(z) € p(E*) if and only if ze E**"" for
some ve IL Ifze EA n E"™V"' ye Il then Az = vAv~ 'z for all A€ A, hence
A7yl =vand A= vAv L
(iii) Certainly p(EA) < B™ if g(A) = H. If beB¥ and zep~ (), then
g(I',) = G, and there is a subgroup A of I', such that g(A) = H. If
zeBAnE% where AnTI = e = 6n T, and g(A) = H = ¢(0), then
z € BA? hence (A8) N II = e, and g(Af) = H. Therefore A = A6 = 0. With
(i), this implies that B¥ =1I p(E*) as sets, where A runs over the
appropriate IT-conjugacy classes. It i is to ensure that this decomposition
is 2 homeomorphism that we require E to be completely regular Certainly
p(E*)is a closed subspace of BF. We must show that it is also open. Let
b = p(z), where ze E* Let £ = T', and K = ¢(Z) = G,,. Then z has a slice
neighborhood T'V = I x V whose image under p is a slice neighborhood
GV' 2 G x V' of b, where p maps V Z-homeomorphically onto V’
regarded as a Z-space via ¢: £ = K. Let D and D’ be as in the proof of
(ii) of Lemma 3. D’ x V' is a K-invariant neighborhood of b, and
p~ (D' x V') = DII x V. Since p maps D x V Z-homeomorphically
onto D’ x V', it maps the open neighborhood (D x V)* of z homeo-
morphically onto the open neighborhood (D’ x V') of b in BY.

(iv) For each subgroup A of T such that A N IT = e and g(A) = H, p(E*)
is fixed by V(A), hence the action of WgH on B¥ induces a W H-map
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WeH X yup(E*) » BR If g = gq(y) 8 NGH, then g(yAy~ 1) = H,
Ay~ AT = e, and gp(B*) = p(yE?) = p(E*" "), It is easily checked
that, as the images in WgH of such elements g run through a set of
. V(A)-coset representatives, the groups yAy~' run through one group in
each II-conjugacy class of subgroups X of T" such that T I1 =¢,
q(Z£) =H, and X is g~ Y(NgH)-conjugate to A. Thus, as A runs over
¢~ (NgH)-conjugacy classes, the images of the gited WH-maps account
for all of BH.

The following observation makes clear that parts (iii) and (iv) are
consistent with the topology.

LEMMA 13, — For each A, V(A) has finite index in WgH.

.PROOF. — It is standard that the group N-A/(Z -A)A is finite since, via
conjugation, it is a compact subgroup of the discrete group of auto-
morphisms modulo inner automorphisms of A. Applying this with A
replaced by AII and observing that Z(AIl) ¢ Z A < NpA, we see that
(NA)IT has finite index in N(AII). Since ¢~ !(H) = ATl, ¢ 7 '(NgH) =
N (AIT). Therefore g(IN-A) has finite index in NgH,

Finally, we turn to the proofs of Theorem 10 and Corollary 11. It is
convenient to think of the universal principal (IT;I")-bundle in terms of
families. A family & of subgroups of T" is a set of subgroups closed under
subconjugacy. (Subgroups are understood to be closed.) A I'-space X is
said to be an Fspace if all of its isotropy groups are in For, equivalently,
If X* is empty for A not in & An Fspace EFis said to be universal if any
Fspace maps into it, uniquely up to I'-homotopy. (We restrict attention
to I'-CW homotopy types to avoid technical problems.) It is equivalent to

“require E # to be contractible for A in % A pleasant conceptual construc-
tion of universal %spaces E# has been given by Elmendorf [1]. Let
F(I1;T") be the family of subgroups A of I" such that A nIT = e and let
E(II;T) = EZII;T). Either quoting Theorem 9 or using E(IT; I') to prove
it, we see that E(II;T") is a universal principal (II;T')-bundile, so that
B(II;I') = E(IT;I')/II. We insert a few general observations about
universal Zspaces. The proofs are easy.

LEMMA 14. — Let #be a family in T and let A be a subgroup of T,
(i) E& regarded as a A-space is E(%#|A), where

F|A = {0]0c A and fe F).

(ii) If A € & then (E %)" regarded as a WyA-space is E(#?), where #°
is the family in WA specified by

F* = {0]8=Z/A, where A c £ = N;A and Te F}.

Specializing to & (I1;I), we obtain the following conclusions.
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LEMMA 15.— Let II be a normal subgroup of I' and A be any
subgroup. '
i) FALT)|A = FALAA;A), hence EILT) = E(IInAA) as a
A-space and ‘ .

E(ILT)/TI A A = B(II N A;A)

as a (A/II n A)-space. o,
(ii) If Ae #FL;T), then FILT)* = F(I1";, W-A), hence
E(IL;TY* = E(II";WrA) as a WiA-space and

E(IT; )»/TI* = BIT4;WA)
as a V(A)-space.

ProOF OF THEOREM 10.— This is now immediate from (ii) of Lemma
15 and (i) and (iii) of Theorem 12.

PROOF OF COROLLARY 11. — By (i) of Lemma 15 (with A replaced by
Q of Corollary 11), it suffices to consider the case K = Gand thus Q =T
Here the conclusion is immediate from (iv) of Theorem 12.
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