QUASITORIC MANIFOLDS AND
COBORDISM THEORY

A THESIS SUBMITTED TO THE UNIVERSITY OF MANCHESTER
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

IN THE FACULTY OF ENGINEERING AND PHYSICAL SCIENCES

2008

Craig Matthew Laughton

School of Mathematics



Contents

Abstract

Declaration
Copyright Statement
Acknowledgements

1 Introduction

2 Notation and prerequisites
2.1 Nomenclature . . . . . . . . . ..
2.2 Oriented cohomology theories . . . . . . ... ... ... ... ....
2.3 Tangential structures . . . . . . . .. ... Lo
2.3.1 Stably complex structures . . . . . . .. ... .. ... ....
2.3.2  Special unitary & stably quaternionic structures . . . . . . . .
2.3.3 Tangential structures on sphere bundles . . . . . .. ... ..
2.3.4 Changes of tangential structure . . . . . ... ... ... ...
2.4 The Borel construction . . . . . . . ... ... L

2.5 TIterated bundle constructions . . . . . . . .. ...

3 Quasitoric manifolds
3.1 Torus actions and simple polytopes . . . . . . . ... ... ... ...
3.2 Quasitoric manifolds . . . . .. ... oL

3.3 Cohomology of quasitoric manifolds . . . . . .. ... ... ... ...

13
13
14
18
19
19
20
21
25
26



3.4 Tangential structures . . . . . . .. ... oo 40

4 Dobrinskaya towers 44
4.1 Constructing the towers . . . . . . . . ... 44
4.2  Cohomology of Dobrinskaya towers . . . . .. ... ... ... .... 50
4.3 Stably complex structure . . . . .. ... 0oL o1
4.4 Dobrinskaya towers as iterated bundles . . . . . . ... ... ... .. 52
4.5 Special cases . . . . . .. 55

5 Quasitoric manifolds with SU-structure 58
5.1 Reducible quasitoric manifolds . . . . . . . ... ... ... ... ... 61
5.2  Encoding omniorientations in A . . . .. ... 72
5.3 Chernclasses . . . . . . . . 73
5.4 Characteristic numbers . . . . . . .. ... .o 5
5.5 Complex projective space . . . . . . . . .. ... 7

6 Quaternionic towers 85
6.1 Quaternionic line bundles . . . . . .. .. ... ... L. 86
6.2 Constructing the towers . . . . . . . . ... .. L. 90
6.3 Special cases . . . . . ..o 92
6.4 Quaternionic quasitoric manifolds . . . . . . . . ... ... ... ... 94

7 Quaternionic towers and cobordism theory 99
7.1 Torsionin MSp, . . . . . . . . . o 100
7.2 The manifolds Y4+ . . 104
7.3 Tangential structures . . . . . . . . . ... L 110
74 Associated units . . . . . ... 120
7.5 Fundamental classes . . . . . . .. ... Lo 126
7.6 Determination of W(Y* ) o000 128

Bibliography 135

Word count 37,234



The University of Manchester

Craig Matthew Laughton

Doctor of Philosophy

Quasitoric Manifolds and Cobordism Theory
July 29, 2008

Our aim is to investigate quasitoric manifolds, and their quaternionic analogues,
in the setting of cobordism theory.

A quasitoric manifold is said to be reducible if it can be viewed as the total space
of an equivariant bundle with quasitoric fibre and quasitoric base space. Buchstaber,
Panov and Ray have conjectured that any quasitoric SU-manifold is a boundary in
the complex cobordism ring. We prove this conjecture for complex projective space
CP", and for reducible quasitoric manifolds with fibre CP*.

We introduce the notion of a quaternionic tower, as the quaternionic analogue
of a certain family of quasitoric manifolds known as Dobrinskaya towers. We com-
pute their F-cohomology ring for a quaternionic oriented ring spectrum F', and the
properties of various subfamilies are investigated. Approaches to placing the towers
within a quaternionic analogue of the theory of toric topology are considered.

We undertake a study of one particular subfamily of quaternionic tower in the
quaternionic cobordism ring M Sp,. This allows us to construct a new set of man-
ifolds, and by studying their possible stably quaternionic structures, we prove that
they are simply-connected geometric representatives for an important class of torsion
elements in M Sp,.
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Chapter 1

Introduction

Toric topology encompasses the study of topological spaces that admit well-behaved
torus actions. The subject was initiated by the work of Davis and Januskiewicz
[16], who introduced the notion of a quasitoric manifold as the topological analogue
of a construction in algebraic geometry. In the fifteen years since their pioneering
paper, the subject has rapidly flourished, and links between more established areas
of topology have begun to be forged.

One of the first applications of toric topology was to the theory of complex cobor-
dism, the study of which stretches far back into twentieth century mathematics; for
instance, the coefficient ring MU, of complex cobordism was first determined by Mil-
nor [37] and Novikov [40] in the early sixties. Quasitoric manifolds M are amenable
to the methods of complex cobordism because once M and certain of its submanifolds
are oriented in a particular manner, M is furnished with a canonical stably complex
structure. This fact allowed Buchstaber and Ray [9] to fabricate an alternative basis
for MU, using quasitoric manifolds. Their work led to a solution to the topological
analogue of a long standing problem in algebraic geometry, first posed by Hirzebruch
in 1958 (see e.g. [5, Section 5.3]).

Our thesis continues the study of quasitoric manifolds in complex cobordism the-
ory. Buchstaber, Panov and Ray [7] have conjectured that every quasitoric manifold
with an SU-structure is a boundary in the complex cobordism ring, and it is this

problem which we investigate for complex projective space CP", and for the class of
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reducible quasitoric manifolds introduced by Dobrinskaya [17]. A quasitoric manifold
M?" is said to be reducible if it can be viewed as the total space of an equivariant
bundle, with quasitoric fibres and quasitoric base space.

In the second half of our thesis, we consider the effect of replacing the complex
numbers by the quaternions in some of the constructions of toric topology. In par-
ticular, we study a quaternionic analogue of a family of quasitoric manifolds known
as Dobrinskaya towers. The seemingly innocuous fact that the quaternions do not
commute throws up many obstacles, but the quaternionic viewpoint does allow us to
construct a collection of quaternionic towers with interesting applications in quater-
nionic cobordism theory.

As in the case of complex cobordism, the coefficient rings of the other clas-
sical cobordism theories M G*(—), which arise from the Thom spectra MG, for
G = 0,50, SU, Spin, have long been understood (see e.g. [54]). In contrast, the
coefficient ring M Sp. of quaternionic cobordism, remains something of an enigma.

In the past thirty years there have been several attempts to compute this ring.
Gargantuan calculations with spectral sequences that converge to M Sp, were un-
dertaken by Kochman [30] and Vershinin [58], while more recent efforts utilised the
transfer map [4], and the theory of cobordism with singularities [59]. Though these
approaches offered many new insights into the structure of M Sp,, a full description
of the ring is still lacking.

However, it is clear that a collection of elements ¢,, € M Sps,,_3 defined by Ray
in [42], play a crucial role in M Sp.. The ¢,, are multiplicatively indecomposable
elements of order 2, and they have been the starting point for all of the investigations
described above.

Finding geometrical representatives for elements in M Sp, is a key problem. Once
we have obtained such representatives, we would hope that we can gain further infor-
mation about the cobordism ring, which would have remained hidden, or been harder
to obtain by using purely algebraic methods.

Ray went on to realise the torsion elements ¢, geometrically in [47], with the

aid of a special subfamily of quaternionic tower. He conjectured that it would be
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possible to create another collection of geometrical representatives by constructing
(4n + 1)-dimensional manifolds Y*"*! that are closely related to the original family.

Armed with our knowledge of quaternionic towers, we undertake a thorough inves-
tigation into the quaternionic cobordism of Y4"*! and work towards a confirmation
of Ray’s claim that they are geometric representatives for the torsion elements ¢,,,
when n =2m — 1.

There are several common themes and ideas, which tie our thesis together. The
spaces we study are either quasitoric manifolds, or manifolds inspired by constructions
in toric topology; whether quasitoric or not, manifolds constructed from sequences of
iterated bundles recur throughout our work. Once we have obtained our manifolds,
in all cases, our interest is in studying their algebraic topology using the tools of
cobordism theory, both complex and quaternionic.

The contents of each chapter can be summarised as follows.

Chapter 2 introduces the language, notation and background material that we
rely upon throughout our thesis. We introduce the various cohomology theories we
will require, and the idea of a stable tangential structure is explored in detail. Since
iterated bundle constructions and the Borel construction often feature in our work,
we establish some of their general properties at this early stage.

The essential ideas of toric topology are detailed in Chapter 3, from the viewpoint
recently given by Buchstaber, Panov and Ray [6]. The ordinary cohomology ring of
a quasitoric manifold is computed, and we explore their stably complex structures.
This is the foundation for the following two chapters.

Chapter 4 is concerned with the study of Dobrinskaya towers. They are introduced
as families of quasitoric manifolds, and we utilise the results of the previous chapter
to describe their cohomology rings and stably complex structures. We then construct
the towers out of a sequence of iterated bundles, and show that the two constructions
agree up to diffeomorphism. The special subfamilies of Bott towers and bounded flag
manifolds are introduced.

In Chapter 5 we offer a proof of Buchstaber, Panov and Ray’s conjecture for com-

plex projective space CP" and for the class of reducible quasitoric manifolds N?* with
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fibre the complex projective line CP!. This latter class includes certain Dobrinskaya
towers and in particular, all Bott towers. We begin with a rigorous definition of a
reducible quasitoric manifold, and a review related results of Dobrinskaya. After es-
tablishing some cohomological properties of N?" in terms of those of the base space of
the reducible quasitoric manifold, we encode the possible choices of omniorientation
on N?" by attaching a collection of signs to its dicharacteristic matrix. We deduce
a result on the Chern classes of the stable tangent bundle of N?", which leads to
confirmation of the conjecture for N?*. In the final section we study SU-structures
on complex projective space, and prove the conjecture for CP". We would like here
to express our gratitude to Dmitry Leykin, with whom the concept of attaching signs
to the dicharacteristic matrix was developed.

The process of transferring the ideas of toric topology to the realm of the quater-
nions gets underway in Chapter 6. We investigate the properties of quaternionic line
bundles, which are then used to construct a quaternionic analogue of the Dobrinskaya
tower as an iterated bundle construction. The F-cohomology ring for a quaternionic
oriented ring spectrum F' is computed. As in Chapter 4, we spend a little time in-
vestigating the subfamilies of quaternionic Bott tower and bounded quaternionic flag
manifold. Finally, we attempt to realise our towers as the quaternionic analogue of a
quasitoric manifold, and we survey other authors” approaches to such a construction.

Our thesis concludes with Chapter 7, in which a subfamily of quaternionic tower is
studied in M Sp,. The torsion elements ¢,, € M Sps,,_3 are introduced and we explain
how the quaternionic bounded flag manifold can be used to create a geometrical
representative for ¢,,. The related manifolds Y4"*! are constructed and we study
their geometry and F'-cohomology rings. In the remainder of the chapter we follow the
programme of Ray, Switzer and Taylor [48] to study the different stably quaternionic
structures on Y#"*! and this allows us to prove Ray’s conjecture that Y®" 3 is a
simply connected geometrical representative for ¢,,.

As the first three chapters contain background material that is the foundation for
our thesis, there is little new here. We believe that some of the findings of Chapter 4

on Dobrinskaya towers have not appeared elsewhere, but they can be deduced easily
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from a combination of results in [12] and [10].

Chapter 5 seems to be the first attempt at a proof of Buchstaber, Panov and
Ray’s conjecture, since it was posited in [7]. Unless otherwise stated, we believe that
the results of this chapter concerning reducible quasitoric manifolds are original. In
particular the idea of incorporating signs into the dicharacteristic matrix, which leads
to a proof of the conjecture for the particular family of manifolds, does not seem to
have appeared elsewhere before. Our proof of the conjecture in the case of complex
projective space is deduced from observations about the topology of CP™, which we
believe are well-known, though we have not found explicit references for all of these
facts in the literature. Nevertheless, we believe that our interpretation of these results
in the context of toric topology, leading to our proof of the conjecture for CP", is
original.

We believe that our construction of a quaternionic analogue of a Dobrinskaya
tower in Chapter 6, and calculations of its F-cohomology ring, are original. Results
related to special subfamilies of the towers are also new, though we acknowledge
that Ray [47] has previously worked with the subfamily of bounded quaternionic
flag manifolds. The final section concerns our tentative steps towards a quaternionic
analogue to the theory of toric topology. Though we believe that exactly such an
approach as ours has not been tried previously, several authors have made very similar
attempts, and so this section mixes old and new as we discuss and adapt their ideas.

Other than our concluding Chapter 7, we are not aware of any other studies of the
manifolds Y41 The first section recounts some well-known background material
from several sources. The rest of the chapter employs the aforementioned machinery
of Ray, Switzer and Taylor, and so it definitely the case that our methods, and many
of the proofs we offer, are often not in themselves original. However, we give the first
serious treatment of the geometry and F-cohomology of Y41 and we make many
new calculations related to stably quaternionic structures on these manifolds, which

culminates in what we believe to be the first proof of Ray’s conjecture.



Chapter 2

Notation and prerequisites

In this chapter we establish some of the fundamental concepts and notation that
feature throughout our thesis. Some of our terminology is nonstandard, so we begin
with a discussion of nomenclature. The next section describes the various cohomology
theories that appear in our thesis. Following this, notation related to bundles is
established, and we define certain structures on the tangent bundle of a manifold. A
brief section follows, where we detail the Borel construction, illustrating the concept
with a well-known example. Finally we explore the properties of iterated bundle

constructions, which will feature prominently in later chapters.

2.1 Nomenclature

Throughout our thesis we work with a class of manifolds, which were described by
Davis and Januskiewicz as toric [16]. We prefer to follow the more recent convention
of using the phrase quasitoric manifold, since the original terminology conflicts with
the class of smooth toric varieties in algebraic geometry.

In Chapter 7 we apply certain generalisations of quasitoric manifolds to M .Sp*(—),
the cobordism theory that arises from the Thom spectrum M Sp (see Example 2.2.9
below). We refer to M Sp*(—) as the quaternionic cobordism ring functor, rather than
symplectic cobordism, as it is classically known. We justify this as follows. We have

that quaternionic cobordism theory arises from the Thom spectrum of the infinite

13
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symplectic group Sp, which mirrors the convention that complex cobordism theory
arises from the infinite unitary group U. Though this is undeniably neat, there
is a more compelling reason to overturn tradition: in modern parlance the phrase
symplectic manifold refers to a manifold equipped with a symplectic form, and has
little relation to the objects studied in M Sp*(—). Therefore we feel it is sensible to
refer to the study of stably quaternionic manifolds as quaternionic cobordism theory,

thus avoiding any confusion with concepts arising from symplectic geometry.

2.2 Oriented cohomology theories

In this section we establish the basic properties of the various cohomology theories
that we will encounter in subsequent chapters. A comprehensive reference for the
material is the book of Adams [1], while characteristic classes in our cohomology
theories are described by Connor and Floyd [14] and Switzer [56].

A ring spectrum FE is a spectrum equipped with a smash product map EAE — E.
We work exclusively with ring spectra that are commutative and associative up to
homotopy, and are equipped with a map S° — E that acts as a unit up to homotopy.

Associated to a ring spectrum F is a cohomology theory E*(—) and a homology
theory E,(—) (see e.g. [56, 8.33]); we denote the coefficient ring E*(pt) = E.(pt) by
FE,. The reduced and unreduced cohomology rings of a space X will be written as

E*(X) and E*(X) respectively.

Definition 2.2.1. The cohomology theory E*(—) is complex oriented if there exists
an element z¥ € E?(CP>), such that E*(CP!) is a free E,-module generated by
i*2¥ € E*(CP'), where i is the inclusion map CP! — CP*. Furthermore, in such

circumstances we say that the ring spectrum FE is complex oriented.

We will take ¢, to be the universal U(n)-bundle over BU(n), the classifying space
of the nth unitary group U(n). The direct limit of the natural inclusions BU(n) —
BU(n + 1) is given by the union BU = J,., BU(n), which forms the classifying

space of the infinite unitary group U. Then we let ¢ denote the virtual bundle over
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BU given by the limit of the virtual bundles ¢,, — C" over BU(n). By construction,
the restriction of ¢ to any BU(n) is ¢, — C".

In the case when n = 1, the universal line bundle (; is simply the canonical
complex line bundle over BU(1) = CP>, whose fibre over each complex line in
CP® is the line itself. We will also write (; for the restriction of this bundle to any

n-dimensional complex projective space CP".

Example 2.2.2. When F is the Eilenberg-Mac Lane spectrum H associated with a
ring R, we obtain ordinary cohomology H*(—; R) and homology H,.(—, R). A complex

orientation can be given by taking x to be the usual generator in H?(CP>).
We will often abbreviate the integral cohomology ring H*(X;Z) to H*(X).

Example 2.2.3. Complex K-theory is a complex oriented cohomology theory with
coefficient ring K, isomorphic to Z[z, 2], where z € K> is represented by the virtual
bundle (; — C over the 2-sphere S? = CP! (see e.g. [56, 13.92]). The complex
orientation ¥ in K?(CP>) is represented by the product of 27! with {; — C €
K°(CP>).

Example 2.2.4. The Thom spectrum MU arising from the infinite unitary group U
gives rise to the cohomology theory of complex cobordism MU*(—), and the corre-
sponding homology theory, complex bordism MU, (—). We take 2V to be the complex
cobordism class representing the well-known homotopy equivalence CP* — MU (1),
thus determining a complex orientation for MU*(—).

Complex cobordism is the universal complex oriented cohomology theory in the
following sense. For any complex oriented ring spectrum FE, there is a one-to-one cor-
respondence between complex orientations x¥ € E*(CP>) and maps of ring spectra

g% : MU — E, such that gF(zV) = 2F.

We study complex cobordism in Chapter 5.

Any complex oriented ring spectrum F gives rise to Chern classes in E*(—) (see
e.g. [56, (16.27)]). Given a U(n)-bundle # over a space X, we will write cF() €
E?(X) for the ith Chern class of 0, for 1 < i < n. The total Chern class c?(6) of 0 is
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defined to be the sum 1+ ¢ (6) +cF(0) + - - -+ cZ(6) in E*(X). In the universal case
of CP> we will often denote cF((;) simply by ¢Z in E*(CP>). When there is no
danger of confusion, we may also use the symbol ¢ to denote the Chern class ¢ (()
in £%(BU). Furthermore, if the context is clear, we may drop the superscript E to
simplify our notation.

In analogy with Definition 2.2.1 we have the following notion.

Example 2.2.5. The cohomology theory F*(—) is quaternionic oriented if there
exists an element y* € F*(HP>), such that F*(HP!) is a free F,-module generated
by i*yf" € FY(HP'), where i is the inclusion map HP! — HP*. Furthermore, in

such circumstances we say that the ring spectrum F' is quaternionic oriented.

Denote by &, the universal Sp(n)-bundle over BSp(n), the classifying space of the
nth symplectic group Sp(n). The direct limit of the natural inclusions BSp(n) —
BSp(n + 1) is given by the union BSp = |J,-, BSp(n), and forms the classifying
space of the infinite symplectic group Sp. Then let £ denote the virtual bundle over
BSp given by the limit of the virtual bundles &, — H" over BSp(n). By construction,
the restriction of £ to any BSp(n) is &, — H".

In the case when n = 1, the universal line bundle &; is simply the canonical
quaternionic line bundle over BSp(1) = HP>, whose fibre over each quaternionic
line in HP> is the line itself. We will also write & for the restriction of this bundle

to any n-dimensional quaternionic projective space HP™.

Example 2.2.6. Ordinary cohomology H*(—; R) and homology H,.(—, R) as de-
scribed in Example 2.2.2 are quaternionic oriented by taking the usual generator in

H*(HP>) as the quaternionic orientation y.

Example 2.2.7. Real K-theory KO*(—) is a quaternionic oriented cohomology the-
ory that will be central to our calculations in Chapter 7, so we establish here some
fundamental properties.

The coefficient ring KO, is given by

Z[a,ﬁ,v]/(?a,a3,aﬁ,[32 _4'}/), (2.2.8)
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where «, 3 and ~ are the elements represented respectively by the canonical virtual
line bundle over S!, the virtual quaternionic line bundle & — H over S*, and the real
virtual bundle given by the tensor product (& — H) ®p (£, — H) over S A S* = S8,

The quaternionic orientation y*¢ € KO*(HP>) is represented by the product
of y~! with the real virtual bundle (& — H) ®y (& — H) € KO°(S* A HP>™) =
KO (HP>).

We relate quaternionic K-theory and real K-theory by the well-known isomor-
phism KSp°(—) & KO~*(—), given by mapping a virtual quaternionic bundle § €
KSp’(X) to (& —H) @z 0 in KOY(S* A X) =2 KO4(X) (see e.g. [14]).

Example 2.2.9. The Thom spectrum M Sp that arises from the infinite symplectic
group Sp, yields the cohomology theory of quaternionic cobordism M Sp*(—) and the
dual theory of quaternionic bordism M Sp,(—). In analogy with the complex case,
we take the element y°P to be the quaternionic cobordism class that represents the
homotopy equivalence HP* — MSp(1).

Among quaternionic oriented cohomology theories, quaternionic cobordism is uni-
versal in the analogous fashion to complex cobordism. In other words, for any quater-
nionic oriented ring spectrum F', there is a one-to-one correspondence between com-

plex orientations y* € F4(HP>) and maps of ring spectra g : M Sp — F, such that
9l (y°r) = y".

We study quaternionic cobordism theory in Chapter 7.

Any quaternionic oriented ring spectrum F' gives rise to quaternionic Pontryagin
classes in F*(—) (see e.g. [56, 16.34]). Given an Sp(n)-bundle bundle 6 over a
space X, we denote by pf'(0) in FY%(X) the ith quaternionic Pontryagin class of
6 for 1 < i < n. The total quaternionic Pontryagin class p' () of 6 is given by
L+ p0) +pL(0) + -+ + pE(0) in F*(X). In the universal case of HP> we will
often denote pf' (&) simply by pf” in F¥(HP>). If there is no danger of confusion,
we may also use the symbol p! to denote the quaternionic Pontryagin class p!’(£) in
F*(BSp). Furthermore, if the context is clear, we may drop the superscript F to

simplify our notation.
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Remark 2.2.10. In our thesis we work exclusively with quaternionic Pontryagin
classes, which should not be confused with real Pontryagin classes. The latter are
defined in terms of the Chern classes of the complexification of a real bundle. Stong

explores the relationship between real and quaternionic Pontryagin classes in [53].

2.3 Tangential structures

In later chapters we study quasitoric manifolds and related constructions in the set-
ting of cobordism theory, where the existence of particular structures on the stable
tangent bundle of a manifold is of fundamental importance. In this section we estab-
lish the necessary concepts and notation needed to describe tangential structures on
manifolds.

We begin with the definition of a stably complex structure, and the related notions
of an SU-structure and stably quaternionic structure follow. A particular tangential
structure on a sphere bundle is then introduced, and in conclusion, we set up some
machinery to study the effect of changing structure on the stable tangent bundle.

Further details on the material in this section can be found in the books of Stong
[54] and Switzer [56].

We will write R, C™ and H" for a trivial n-dimensional real, complex and quater-
nionic vector bundle, respectively, over any space X; in the case n = 1, we will usually
omit the superscript so that R, C and H are the appropriate trivial line bundles.

Given a vector bundle 6 that is equipped with a suitable Riemannian metric (see
e.g. [38, Chapter 2]), we will denote by S() its sphere bundle, whose fibres are the
unit spheres in the fibres of #. Similarly D(6) is the disc bundle of unit discs in the
fibres of #. The Thom space of 6 is the quotient space D(6)/S(0) and is written as
7).

For a manifold M, we write 7(M) for its tangent bundle, though we will occa-

sionally simplify this to 7 if M is understood.
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2.3.1 Stably complex structures

The following notion will be of particular importance in complex cobordism theory.

Definition 2.3.1. A stably complex structure on an n-dimensional manifold M is a

real isomorphism of vector bundles
T(M) @R* " 20, (2.3.2)

where 6 is a k-dimensional complex vector bundle. We say such manifolds M are

stably complex.

We denote by 75(M) the stable tangent bundle 7(M) ®R*~" of M, again simpli-
fying to 7° when there is no danger of confusion. Often we use the same symbol to
denote both a bundle and its classifying map. If the stable tangent bundle of M is
classified by 7°: M — BO(2k), we can view a stably complex structure on M as a lift

of 7 to BU(k) via the classifying map of 6, illustrated by the commutative diagram

BU(k)

M —"—~ BO(2k)

in which r is realification, giving 76 = 7°. Then two isomorphisms of the form (2.3.2)
are considered equivalent if they are homotopic as lifts of the map 7%, and accordingly,

in such cases we call the structures homotopic.

2.3.2 Special unitary & stably quaternionic structures

We can impose stricter conditions on the stable tangent bundle of a manifold to define
additional tangential structures.

Suppose that we have a stably complex manifold M. If the first Chern class
c1(7%) € H?(M) of the stable tangent bundle of M is zero, then the stably complex

structure is spectal unitary; we say M is a special unitary manifold. Often we will
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abbreviate these notions to SU-structure and SU-manifold respectively. We study
SU-structures on quasitoric manifolds in Chapter 5.

Furthermore, we can extend the idea of a stably complex structure to the quater-
nionic setting, which will be crucial for the constructions of Chapter 6 and our work
with quaternionic cobordism in Chapter 7. In analogy with Definition 2.3.1 we have

the following notion.

Definition 2.3.3. A stably quaternionic structure on a manifold M is a real isomor-
phism of vector bundles

T(M) @ R* " =, (2.3.4)

where 6 is a k-dimensional quaternionic vector bundle. Such M are said to be stably

quaternionic.

As in section 2.3.1, we will term two isomorphisms of the form (2.3.4) homotopic

if they are homotopic as lifts of 7°: M — BO(4k) to BSp(k).

2.3.3 Tangential structures on sphere bundles

Throughout this section we work with a bundle 6, which has fibre K", where K = R, C
or H. We will assume that 6 is equipped with a suitable Riemannian metric. Let
E(6) denote the total space of 6, and label by 7 the projection to the base space,
which is taken to be some manifold B(6).

We write 77(6) for the bundle of vectors in /() that are tangent to the fibres of 6.
The bundle of vectors orthogonal to fibres in 6 will be denoted by 7, (); it is obviously

isomorphic to 7*(7B(0)). Furthermore there is an isomorphism of O(in)-bundles,
TE(0) = 7r(0) & 7.(0), (2.3.5)

where i = 1,2 or 4 when K = R, C or H, respectively.
We now apply a result of Szczarba [57, Theorem 1.2] in the particular case of the

sphere bundle S(f) to obtain the following.

Corollary 2.3.6. There is an isomorphism
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This isomorphism and the splitting (2.3.5) combine to give an important propo-

sition that we will rely upon throughout the rest of our thesis.

Proposition 2.3.7. There exists a real isomorphism of vector bundles
7S(0) ®R = 7*(0 & 7B(0)). (2.3.8)
Similarly, we can apply Szczarba’s methods to determine an real isomorphism
TD(0) = (0 & TB(0)), (2.3.9)

on the tangent bundle of the disc bundle of 6.

In the case that 6 is a complex vector bundle such that 7B(0) is stably complex,
the isomorphism (2.3.8) leads to a stably complex structure on S(#). In a similar
fashion, for quaternionic  we can obtain a stably quaternionic structure on S(6) via

(2.3.8). These structures bound since they extend via (2.3.9) to D(0).

2.3.4 Changes of tangential structure

In Chapter 7 we will consider the effect of changing the tangential structure on a
manifold, using the techniques described in the memoir of Ray, Switzer and Taylor
[48]. In this section we give a brief exposition of the theory that underlies their
methods, taking some ideas from an earlier paper by Ray [46] as our starting point.

Let G, H be stable subgroups of the infinite orthogonal group O such that G < H,
and choose integers iq, i, such that H(ign) and G(n) act on R¢™. A typical example
is when H = U and G = Sp, then iy = 2 and ig, = 4.

Counsider the fibration
H(ign)/G(n) —= BG(n) -1 BH(ixn). (2.3.10)

The map f classifies the universal G(n)-bundle and ¢ is the inclusion of the fibre. The
nullhomotopic composition fu classifies a trivial H(ign)-bundle over H(ign)/G(n)

and induces a map of Thom spaces

S A H(ign)/G(n)y — MG(n).
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Let n — oo and take the adjoint to obtain j: H/G, — Q° MG, which in turn induces
a map

J: (X, H/G] — MG*(X,). (2.3.11)

which we term the J-homomorphism.

In our thesis, we will only consider situations where H/G is equipped with an
infinite loop structure, so that the set of homotopy classes of maps [X, H/G] forms
a group. In the case of H/G = O/U or U/Sp, the standard equivalences of Bott
periodicity give [X,, H/G] &2 KO™?(X,) or KO 3(X,) respectively (see Lemma
2.3.13 below), and a suitable infinite loop structure on O/Sp is described in [43,
Section 2|. Henceforth we will denote [ X, H/G] by H/G*(X ).

Now suppose we have an n-dimensional manifold M", whose stable tangent bundle
carries a G-structure g, that is, a class of lift g of the classifying map 7°: M"™ — BO
to BG. This is the generalisation of concepts we defined earlier: in the case when
G = U or Sp we have a stably complex or stably quaternionic structure respectively
on M™, as given by Definitions 2.3.1 and 2.3.4. We write [M", g] € MG, for the
equivalence class under the G-bordism relation of a manifold M™ with G-structure g.

With the notion of a G-structure established, we can state the main aim of
this section. Suppose we have a manifold M", whose tangent bundle carries a
fixed H-structure and a G-structure g. We will work towards defining a function
U,: H/G(M?) — MG, whose image describes all the possible changes to the
G-structure on M". Then we will detail a systematic procedure for computing the
image of W , and use this as the basis for our investigations in Chapter 7.

There is a useful geometric description of H/G®(M), which allows us to study
the effect of a change of G-structure on a manifold M", which already has a given

G-structure g.

Lemma 2.3.12. [48, Lemma 2.1] We can identify H/G°(M') with the homotopy

classes of G-structures on M™, considered as a manifold with fixed H -structure.

Proof. An element § € H/G"(M?) is represented by a map M"™ — H/G. This can

be thought of as a new G-structure on the trivial H-bundle over M™, as it gives a
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lift to BG by the inclusion of the fibre H/G — BG. Adding this trivial H-bundle to
the stable tangent bundle 7° of M"™ does not affect the H stability class of 7%, and so

we have identified H/G®(M) and the set of stable G-structures on 7°. O

The new G-structure on M" induced by ¢ is written as d + g.
Since SO/U ~ Q*(BO) and U/Sp ~ Q3(BO) (see e.g. [29, Theorem 5.22]) we
can relate certain homotopy classes of tangential structures to real K-theory, the

cohomology theory of Example 2.2.7.

Lemma 2.3.13. The set of homotopy classes SO/U°(M?Y) of stably complex struc-
tures on M™ as a fized SO-manifold is in 1-1 correspondence with KO™2(M™).
When a stably complex structure on M™ 1is fized, the set of homotopy classes

U/SpO(Mﬁ) of stably quaternionic structures on M"™ is in 1-1 correspondence with

KO=3(M™).

Now that we have a convenient description of the homotopy classes of G-structures
on a manifold M", we are almost ready to fulfil our goal of establishing the func-
tion Wy: H/G°(M?}) — MG,. As far as possible we wish to retain the geometric
viewpoint of [46, Section 2|. Therein the group MG, (H/G,) is described as the
bordism group of n-dimensional manifolds M"™ which carry independent G-structures
g1, g2 that are equivalent (i.e. they are homotopic, in the sense of Section 2.3.1) when
considered as H-structures. We denote such classes of MG, (H/G) by [M", g1, ¢a].

Assume now that M"™ carries a G-structure g. By Lemma 2.3.12, given § €
H/G (M), we have two G-structures g and 6+g on M™, which agree as H-structures.
The induced map B,: H/G°(M?) — MG, (H/G), sends ¢ to [M™ ¢,0 + g] in
MG, (H/Gy).

We then define a map ¥, given by the composite
H/GO(M?) 2% MG, (H/G.) - MG,, (2.3.14)

where the map L simply takes [M", g,0 + g] and considers it as a bordism class in
MG, so that
U, (0) =[M",0+g] € MG,, (2.3.15)
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for any § in H/G°(M™). Hence ¥,(d) has the effect of changing the G-structure on
M™ by the addition of 4, in the sense of Lemma 2.3.12.

Remark 2.3.16. In general ¥, is not a homomorphism.

Lemma 2.3.17. [48, Lemma 2.2] The image of ¥V, is independent of the G-structure
g on M™.

Proof. Suppose we have a second G-structure ¢’ on M™. As a consequence of Lemma
2.3.12 we can express ¢’ as g + ¢, for some e € H/G(M?).

We have that ¥,(6) = [M",04+¢g] = [M",0+ ¢ — €] = V(6 — €), and similarly
U, (0) = Wy(0 +€). So it follows that the images of U, and ¥, on M™ comprise the
same subset of MG,,. O

We will therefore write W(M™) for the image of ¥, on H/G°(M?).

In [48] the authors show that there is an alternative and equivalent definition of
V,, which leads to a reduced map \T/g. They introduce an additive homomorphism
Dy: MG°(M?Y) — MG, whose composite Dy.J with the J-homomorphism (2.3.11)
is a map

H/G(M?) — MG,, (2.3.18)

which is equivalent to ¥, [48, Lemma 1.3]. We will study D, in greater detail later
in this section, as it has a simple geometric interpretation as part of a systematic
procedure for calculating ¥(M™)

. we first note

We will use the new and equivalent definition of ¥, to obtain Efg,

that the the composition H/G*(M") — H/G°(MY}) — MG°(M}) — MG°(M"),
gives a reduced J-homomorphism J. , where MG°(M™) is given the circle operation

xoy =z +y+ xy, so that

T(61 4 65) = J(61) + J(52) + J(61) T (82), (2.3.19)

for any 1,0, in H/G(M™). Then the composite D,J is ¥,: H/GO(M") — MG,,
and we denote the image of Efg on H/G°(M™) by U(M™). Again, \T/g is not necessarily
a homomorphism. We have introduced the reduced viewpoint as it will be useful for

some of our observations in Chapter 7.
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In our thesis, we will assume that H/G is connected (that is, H < SO), thus
ensuring that our changes of G-structure do not affect the orientation of M™. This
has various consequences, but in particular we will need the fact [48, Note 3.2] that

we can then relate our reduced and unreduced maps by the formula

Wy(0) = [M", g] + Wy(6), (2.3.20)

so if ¢ is a bounding G-structure we have W(M") = U(M™").

We will also require the following definition in Chapter 7.

Definition 2.3.21. A closed, connected G-manifold (M", g), with the property that
U, : H/G(M}) — MG, is epimorphic, that is the image W(M") = MG, is said to

be an H -universal G-manifold.

To conclude this chapter we describe a systematic procedure for calculating the
image W(M™), which we will form the basis of our investigations in the final chapter.

In [48] the authors identify the homomorphism D, with (—, [M"],), where [M"], €
MG,(M?) is the fundamental class of M™ with G-structure g, and ( , ) is the Kro-
necker product for the spectrum MG. Given any z in MG*(M}) we have that
(x,[M"];) = co(z —~ [M"],), where ¢ collapses M™ to a point, and —~ denotes cap
product in M G. Hence (z,[M"],) is nothing more than the image under the collapse
map of the Poincaré dual of z.

Therefore the process for determining W, (d) breaks into the following steps. Begin
by taking the associated unit of ¢, given by J(0) € MG°(M?). Then compute the
associated dual, which is the Poincaré dual I'y(6) = J(6) —~ [M"], € MG, (M?}).

Finally, read off the G bordism class of a manifold that represents I'y(d).

2.4 The Borel construction

The Borel construction features throughout our thesis, so we set out the salient details
here. A more thorough description and further applications can be found for example

in [15] or [22].
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Suppose that a topological group G acts freely on a space E by (g,e) — ge, for

any g € GG and e € E. Denote the orbit space under this action by B.

Definition 2.4.1. A principal G-bundle over B is a bundle 7: £ — B, with fibre G.
Now suppose that G acts on a space F by (g, f) — ¢gf, for any g € G and f € F.

Definition 2.4.2. The quotient space E x F'/ ~, under the equivalence relation

(e, f) ~ (g€, 9f), (2.4.3)

is the Borel construction, denoted by E X F.

For an equivalence class [e, f] € E' X F', the map w: [e, f] — 7(e) gives rise to a
bundle
w: ExgF — B,

with fibre F', which is associated to the principal bundle 7: £ — B.

We have a well-known example that illustrates these concepts.

Example 2.4.4. Consider S?"™! embedded in C"™ as the set {z = (21,..., 2n11) :
|21 )* 4+ -+ |2nsa|> = 1}. Let t € S* act diagonally on the sphere S2! by (¢, 2) > tz,
yielding the standard principal S*-bundle S***! — CP™. Now, given an action of S*

on C by (t,w) — t~lw, the associated complex line bundle
S+l o C — CP™,

is the canonical complex line bundle (; over CP".

2.5 Iterated bundle constructions

To simplify our presentation in Chapters 4 and 6 we will establish here some basic
facts about the cohomological properties of iterated bundle constructions, based on
the programme detailed in [12, Section 7].

We begin by stating the Leray-Hirsch Theorem for any ring spectrum FE.
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Theorem 2.5.1. [56, Theorem 15.47] Let F — Y — X be a fibre bundle in which
the base space X is 0-connected. Suppose there are elements yi,...,y, € E*(Yy),
such that *(y1),...,05(y.) € E*(Fy) form a basis of E*(F}) as a module over E,.
Then E*(Yy) is a free E*(Xy)-module with basis {y1,...,y.}. The module action is

given by xy = m*(x) — y for x € E*(Xy) and y € E*(Yy).

For the remainder of this section we will work exclusively with complex oriented

ring spectra F.

Definition 2.5.2. A 2-generated connected CW-complex X is one whose integral co-
homology ring H*(X) is generated by a linearly independent set of elements x4, ..., x,

in H?(X). We say such elements are 2-generators and n is the 2-rank.

The first Chern class ¢ defines an isomorphism between the multiplicative group
of complex line bundles over X and H?(X;Z) = Z". Hence there exists line bundles
7; over X such that ¢ (;) = z;, and the n-tuple (a(1),...,a(n)) € Z" corresponds

to the tensor product bundle ~; = ) %(n)

under the isomorphism.
In any complex oriented ring spectrum E, the first Chern class ¢ (v;), which we
will henceforth denote by yZ, lies in E*(X) for 1 < i < n. The Atiyah-Hirzebruch

spectral sequence, in which
Ey’ = H'(X; E;(pt)),

converges to E*(X) (see e.g. [24, Chapter 3]), collapses, since the ordinary cohomol-
ogy of X is concentrated in even degrees, forcing all differentials to be zero. Therefore
E*(X) is a free E,-module, spanned by the collection of monomials [], v, where R
is any subset of {1,...,n}; as a free F,-algebra, E*(X) is generated by y=, ... yZ.
Given an n-tuple (a(1;j),...,a(n;j)) € Z", write §; for the bundle ’yf(l;j) Q-

fyf{(n;j ) over X. Now, for [,,;1 such n-tuples, we can define a direct sum bundle

B=5@ @B, (2.5.3)

Then let Y denote the total space of the CP"+1-bundle CP(8® C) over X, given

by projectivising the direct sum of 3 and a trivial complex line bundle C.
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Lemma 2.5.4. The E,-module E*(Y,) is a free module over E*(X ), generated by

LyZ o (vE)% o (W), where yE  is an element of E*(Y.). A single relation
W) Wnier = (BL) - (W1 — 1’ (Brya)) = 0, (2.5.9)

describes the multiplicative structure.

Proof. We will adapt the proof of Proposition 4.2.2. in [10]. We have a fibre bundle
Cp+ Ly I X, (2.5.6)

and EJ(CP™+1) is a finitely generated E,-module for all j. Consider the canonical
line bundle 7,1 over Y, whose total space consists of all pairs (A, v), where A is
a 1-dimensional subspace in the CP™"+! fibres and v is a point in A. The pullback
t*Yn+1 is isomorphic to ., the canonical line bundle over CP+1. We have that
{1, 0(cF (Yng1)), - -, 15 (cF (Ypy1) 1)} forms a basis for E*(CP+1) over E,. Denote
et (Tn+1) by Yiys-

With these preliminaries in place, we can apply Theorem 2.5.1 and deduce that
E*(Y,)is a free E*(X;)-module generated by yZ, |, (yF, )% ..., (y£ )+, for y&, | €
E*(Y,). Furthermore, for any z € E*(X,) and y € E*(Y, ), the module structure is
determined by zy = 7*(x) — y.

The pullback 7*(5 & C) contains 7,41 as a subbundle. Therefore we may use
the standard inner product in the fibres of the complex bundle 3, to define an [, -
dimensional bundle v, , over Y, such that 7*(3 & C) = 7,41 ® v;y;. The fibre of
’y,ﬁrl is given by the orthogonal complement A\ in 3@ C.

Now take the total Chern class ¢¥ of 7*(8 & C) = 7*(3) & C to obtain

(@ (8)) = ¢ (Y1 & %)
= (1+ " (1)) (i) (2.5.7)

=(1+ ny)CE('yiH).
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Rearranging we have

CE('%%—H) = CE(W*(B))(l + yfﬂ)_l
=1+’ (T ). (L4 (1B (L y) ™
=L+ (mB) - (L4 e (T B )L =Yg + -
A (D ) ),
Note that by equating coefficients in degree 21,1 + 2 of the total Chern class (2.5.7)

we have that y2, ¢  (y,1) = 0, because the fibres of (3 are of dimension 2/,

whence

Y (F1)" ()" + (1) yal) 0 e Br) +
et Cl(ﬂ-*ﬁlm—l)) +ot Cl(ﬂ-*ﬁl) s 01<7T*ﬁln+1)) =0.

After some simple but tedious manipulation we arrive at

W) W1 — ' (7)) - (Yo — e (7 By,0)) = 0, (2.5.8)

and our above determination of the module structure of E*(Y, ) shows that the bundle
B; over Y is simply the pullback 7*(5;), for 1 < i < [,,4, thus giving our desired

cohomology relation. O]

Note that Lemma 2.5.4 implies that Y itself is 2-generated with 2-rank n + 1.

By taking a nonzero vector in the C summand we have a section w for the bundle
m: Y — X. The space obtained by the quotient of Y by the image of w is homeomor-
phic to the Thom complex of 3 [54, page 66], which we denote by T'(3). Label the
quotient map by ¢. The section w has left inverse 7= and so the induced cohomology
sequence

B (X) << E*(Y) <& BX(T(B)), (2.5.9)

is split by 7*, thus ensuring it is short exact.

We illustrate Lemma 2.5.4 with a familiar example.

Example 2.5.10. Let X = CP* and choose 3 to be (i, the universal complex line
bundle over CP>. It follows that T(¢;) = CP> (see e.g. [27, 15.1.7]). Therefore
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Y is the projectivisation CP(¢; @ C), which is homotopy equivalent to CP> v CP>
[51, page 45]. We have that £*(Y]) is free over E*(CP{°) = E,[[z]], generated by
1 and y € E*(Y,), with (y)? = xy. Simplifying the cohomology relation to y = =,
illustrates the homotopy equivalence between Y and CP> VvV CP.

Note that the first Chern class ¢’ in E*(CP*>) induces a canonical Thom class
t¥ € E*(T(¢1)), and gives a Thom isomorphism E*2(X,) = E*(T((;)). This allows

us to view y as the pullback 9*¢F.

An alternative proof for Lemma 2.5.4 is given in [12, Lemma 7.2]; a useful fact
that arises from this approach is that products of the form 7*(x)yZ, | may be written

as U*(xt?), for any element z € E*(X).



Chapter 3

Quasitoric manifolds

Quasitoric manifolds can be thought of as a topological analogue of the nonsingular
projective toric varieties of algebraic geometry. They were introduced by Davis and
Januskiewicz [16], whose work is now regarded as the catalyst for the study of toric
topology.

In this chapter we introduce the key definitions and results that we rely upon
throughout the rest of our thesis.

We will follow the most recent approach to toric topology, as described by Buch-
staber, Panov and Ray in their work [6]; therein the reader will find any omitted
proofs, and a wealth of further detail is contained in [5].

We begin by setting out some preliminary details on torus actions and polytopes,
which leads to the definition of a quasitoric manifold. The concept of a dicharacteris-
tic function is introduced, which allows a second description of a quasitoric manifold
as a quotient of an object known as the moment angle complex. In the next section
the ordinary cohomology ring of a quasitoric manifold is computed, and we conclude

by considering stably complex and special unitary structures on such manifolds.

3.1 Torus actions and simple polytopes

Coordinatewise multiplication of the n-torus 7" = (S')" on C" is called the standard

representation; the orbit space of this T™-action is the nonnegative cone RZ, which

31
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consists of all vectors in R” with non-negative coordinates. We call a 2n-dimensional
manifold M?" with an action of T™ a T™-manifold.
Consider open sets U C M?" and V C C", which are closed under the action of

T™, and a homeomorphism h: U — V.

Definition 3.1.1. Given an automorphism ¢ of T", we say that a T™-action on
M?" is locally isomorphic to the standard representation if h(tu) = ¥(t)h(u), for all

teT™ uel.

Let T; denote the ith coordinate circle in T, for 1 < i < m, and given a subset
I ={iy,... i} of {1,...,m}, write T} for a product [],., 7; < T™. We shall set Tj
equal to {1}, the trivial subgroup.

Now consider n-dimensional Euclidean space R", endowed with the standard or-
thonormal basis ey, ..., e,, and inner product denoted by ( , ). Let H be the collec-

tion of closed half-spaces
H; ={x € R" : {a;,z) > —b;}, (3.1.2)

for 1 < i < m, where a; € R" and b; € R. The boundary 0H; is the bounding

hyperplane of the half-space H;; it has an inward pointing normal vector a;.

Definition 3.1.3. A bounded intersection N;H; of half-spaces is called an n dimen-
stonal convex polytope, which we denote by P". We assume H is as small as possible,

so that if any H; is removed from H, the polytope would be enlarged.

A supporting hyperplane of P" is a hyperplane H, which intersects with P" and
contains the polytope in one of the two half-spaces it determines. The intersection
P™ N H defines a face of the polytope, which is itself a convex polytope of dimension
< n. We will take P™ to be an n-dimensional face of itself, and regard all other faces
as proper faces. In particular we have vertices, edges and facets as faces of dimensions

0, 1 and n — 1 respectively.

Definition 3.1.4. An n-dimensional convex polytope P™ with exactly n facets meet-

ing at each vertex is called simple.
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Throughout our thesis we will work only with simple polytopes, and we will always

use m to denote the number of facets of a polytope.

Example 3.1.5. The standard n-simpler A™ is the simple polytope given by the

intersection of the half-spaces

{z: {e;,x) > 0} for 1 <i<n,

{z:{apy1,2) > =1} fori=n+1,
in R", where a,,; = (—1,...,—1). The vertices of A™ are given by the origin 0 and
the points ey, ..., e,, while each facet is an (n — 1)-simplex A",

Occasionally it will be helpful to view the n-simplex as the following subset of
Rn+1
A" = {(z1,...,Zny1) € R Sy = 1,2, > 0, for all i}. (3.1.7)

Example 3.1.8. The standard n-cube I" is the simple polytope given by the inter-

section of the half-spaces

H;, = {x:{e;,z) >0} for 1 <i<n,

H,i = {x:—(ejz) > —1} for1 <i<n.

in R™. The vertices of I™ are (d1,...,0,), where ; = 0 or 1, for 1 < i < n, while each

facet is an (n — 1)-cube "1

Denote by F the set of facets {F},..., F,,} of P". Every codimension k face of

the polytope can be expressed uniquely as

F,=F,Nn---NF (3.1.9)

%)

where I = {iy,... i} is a subset of {1,...,m}. We order the F; lexicographically
for each 1 < k < n. Moreover, every point p € P lies in the interior of a unique face
Fy,, where I, := {i : p € F;}. To simplify notation, we will abbreviate Fy, to F(p),
and similarly, write T'(p) for the subtorus 77, < 1™.

Permuting the order of the facets if necessary, we will assume FyN---NF, is a
vertex v,. We term such orderings fine and name v, the initial vertex of P", the first

vertex with respect to the lexicographical ordering of faces (3.1.9).
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The fine ordering can be extended to a product of polytopes in the following
manner. Let P and P’ be finely ordered polytopes of dimensions n and n’ and

respectively. The set of facets of the product P x P’ may be written as a list
FixP,. .. F,xP PxF . ,PxF,, (3.1.10)

where F;, for 1 < i < m, and F/, for 1 < i < m/, are the facets of P and P’
respectively. We can impose a fine order on P x P’ by moving the facets P X
F{...,P x F), into positions n+ 1,...,n +n' in the list (3.1.10). We then have the
point (v,,v.) € R™™ as the initial vertex of the product. Note that we will have a
different ordering if we instead consider P’ x P.

We require one final concept before we define a quasitoric manifold.

Definition 3.1.11. A vector v; € Z" is called primitive if there exists n — 1 vectors

Vg, ...,Up_1 in Z", such that {vy,...,v,} forms a basis for Z"

3.2 Quasitoric manifolds

Definition 3.2.1. Given a simple convex polytope P", a T™-manifold M?" is a

quasitoric manifold over P™ if
(i) the T™-action is locally isomorphic to the standard representation,

(ii) there is a projection 7: M?** — P" mapping every k-dimensional orbit to a

point in the interior of a k-dimensional face of P*, for k =0,...,n.

The second condition implies that any points of M?" that are fixed under the
action of T™ map to the vertices of P", while points at which the action is free
project to the interior of the polytope. We define 7! (v,) to be the initial fived point
Ty

Before we consider examples of quasitoric manifolds, we introduce some further

notions.
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Definition 3.2.2. The moment angle complex Zpn associated to a polytope P" is

the quotient space

T" x P"/ ~ (3.2.3)
where (t1,p) ~ (t2, q) if and only if p = ¢ and ¢ 'ty € T(p).

The free action of 7™ on T™ x P™ induces a T™-action on Zpn, with quotient
P, 1t is straightforward to check that the isotropy subgroups of the T™-action are
given by T'(p) for all p € P".

The moment angle complex associated to a product of polytopes splits in the

obvious fashion.

Proposition 3.2.4. [5, Proposition 6.4] If P is a product Py X Py of simple polytopes
Pl,PQ, then Zp = Zpl X ZPQ.

The following fact will also be useful in our thesis.

Lemma 3.2.5. [5, Construction 6.8] There is a T™-equivariant embedding Zpn —

cm.

Moment angle complexes lead to the construction of quasitoric manifolds, which
appear as the orbit space of Zp» under a certain 7™ "-action. To determine that

action we make the following definition.

Definition 3.2.6. A dicharacteristic function is a homomorphism [: T™ — T™,
satisfying the condition that if Fj is a face of codimension k, the map [ is monic on

T7.

We denote [(T'(p)) by T(F(p)), so for a vertex v of P" we have T'(F(v)) = T™,

while any point w in the interior of the polytope has T'(F(w)) = {1}.

Remark 3.2.7. In [16], Davis and Januskiewicz introduced the notion of a charac-
teristic function, which mapped each facet F; of P™ to a vector \; determining the
isotropy subgroup of F;. However, such a vector is only defined up to sign. On intro-

ducing the dicharacteristic function, Buchstaber and Ray [9] removed this ambiguity
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by insisting that each T'(F;) be oriented, therefore choosing the sign of each vector
Ai. In Section 3.4 we will see that this has important consequences for the study of
quasitoric manifolds in complex cobordism theory, which is the subject of Chapter 5

of our thesis.

As we insisted on the first n-facets of P™ intersecting in the initial vertex vy,
Definition 3.2.6 implies that the restriction of [ to T} X --- x T,, is a monomorphism,
and so [ is an isomorphism. Hence we can take T'(F}),...,T(F,) to be a basis
for the Lie algebra of T™. Then the epimorphism of Lie algebras associated to the
dicharacteristic [, may be described by a linear transformation A: Z™ — Z". The

dicharacteristic matrix representing the map A is the n x m matrix

1 0 ... 0 >\1,n+1 c.. /\l,m
001 oo 0 Amrr -or Ao

A=| o ol (3.2.8)
000 v 1 Mmst -or A

We can see that the isotropy subgroup associated to each facet F; is given by
T(Fz) _ {(627”')\1,1'90, o 7627ri>\n,i80) c Tn}, (329)

where ¢ € R. The ith column of A is a primitive vector \; = (A1;,..., ;) € Z7,
called the facet vector associated to Fj.

The partition of A into (I,, | S), where S is an n x (m —n) submatrix, is known as
the refined form of the dicharacteristic matrix, and we term S the refined submatriz.
Given any other vertex F;, N---NF; , Definition 3.2.6 implies that the corresponding

columns \;,,...\; form a basis for Z" with determinant equal to +£1.

i -

As a consequence of the condition imposed by Definition 3.2.6, the kernel K (1) of
the dicharacteristic [ is isomorphic to an (m—n)-dimensional subtorus of 7™. Further-
more, for any point [t,p] € Zpn = T™ x P™/ ~, where p belongs to a codimension-k
face of P, we know that the restriction of [ to T(p) < T™ is monic, and fixes an

(m — k)-dimensional kernel K(p) = T™ % < T™. Hence the intersection of K(p)

and T'(p) is trivial, for every p € P™. Since such T'(p) are the isotropy subgroups of
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Zpn, it follows that K (1) acts freely on Zpn and thus defines a principal K (I)-bundle
Zpn — M?*" over the quotient space M?".

We can view the base space M?" as the quotient space,
T" x P"/ ~, (3.2.10)

where (t1,p) ~ (t2,q) if and only if p = g and ¢, 't € T(F(p)). Again, the free action
of T™ on T™ x P™ induces a T"-action on M?", with quotient P". In [5, Construction
5.12], it is shown that this action is locally standard, and that the projection to P"
behaves as in Definition 3.2.1(ii). Hence the space M?" is a quasitoric manifold.

For an automorphism 1 of T™, two quasitoric manifolds M?" and M2Z" are -
equivariantly diffeomorphic if there is a diffeomorphism g: M — M2", such that
g(tx) = Y(t)g(x) for all t € T", and all ¥ € M?". This leads to the following

important result.

Proposition 3.2.11. [16, Proposition 1.8] Any quasitoric manifold M*" over P" is

W-equivariantly diffeomorphic to one of the form (3.2.10).

As a consequence, we will assume that every quasitoric manifold can be viewed
as a quotient of the form (3.2.10).
To illustrate some of the concepts we have introduced in this section, consider the

following example.

Example 3.2.12. Consider the n-simplex A" embedded in R"*!, finely ordered as in
Example 3.1.5 so that the origin is the initial vertex. The associated moment angle
complex Zan is the (2n + 1)-sphere S?"*! (see e.g. [5, Example 6.7]).

The dicharacteristic function [ is chosen so that the associated matrix takes the

form

: (3.2.13)
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Hence the kernel K (1) is equal to the diagonal subgroup D := {(¢t,...,t)} < T""%.
The quotient of Za» under the action of D, is n-dimensional complex projective space

CP"™. The n-torus acts on the homogeneous coordinates [z1, ..., z,11] of CP™ by
(tl, ce ,tn) . [21, ce 7Zn+1] = [tlzl, ce 7tnzn7 Zn—f—l]» (3214)
with initial fixed point [0,...,0,1].

In Chapter 4 we will consider quasitoric manifolds known as Dobrinskaya towers,
the class of which includes the well known examples of Bott towers [12] and bounded

flag manifolds [47].

3.3 Cohomology of quasitoric manifolds

Davis and Januskiewicz proved that the integral cohomology ring of a quasitoric
manifold is a quotient of the Stanley-Reisner ring of its associated polytope. Their
result is described in this section with the aid of the dicharacteristic function. As an
illustration, we compute the cohomology ring of complex projective space.

Consider a quasitoric manifold 7: M?* — P™. Let us assume that we have chosen

a dicharacteristic function [, so that the kernel K(I) is an (m — n)-torus of the form

[ty < T (33.1)

n

for fixed integers yi; ;. The map of Lie algebras induced by [ gives rise to a short exact

sequence

0— zZ™ " 5,

7m 27— 0, (3.3.2)
and from (3.3.1) we can see that the m X (m — n) matrix describing the injection &
is given by
H11 ..o Hlm—n
(3.3.3)
Hmi1i -+ Hmm—n
For every facet of P™, we can associate to the principal K (I)-bundle Zpn — M?"

a complex line bundle p; given by

an XK(l) (Cz — MQn, (334)
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where K (I) acts on C; by z; — /%" ... thim "2 for 1 < i < m. These bundles are
known as the facial bundles of M?".

By Definition 3.2.1, the preimage of a facet 7~ (F;) is a 2(n — 1)-dimensional
quasitoric facial submanifold M; over F;, with isotropy subgroup T'(F;). The normal
2-plane bundle of the embedding M; C M>" is denoted by v;, and its total space is
isomorphic to Zp, X C; [9, p. 12]. Hence if we restrict p; to M; we recover ;.

Armed with the facial bundles, we can now describe the cohomology ring of the
quasitoric manifold, which is generated by wuq,...,u,,, where u; is the first Chern
class ¢ (p;) € H*(M*).

We express the cohomology ring of M?" in terms of the Stanley-Reisner ring Z[P"]

of P", which takes the form
ZIP" = Zluy, . . ., un)/Z, (3.3.5)

where 7 is the ideal generated by monomials w;, ... u;;, which correspond to empty
intersections Fj, N--- N Fj = () in P™. A comprehensive treatment of the Stanley-
Reisner ring and its applications in algebra and geometry is given in [52, Chapters
11, II1].

Theorem 3.3.6. [16, Theorem 4.14] The integral cohomology ring H*(M?") is given
by

Zlug, . .. um) /(T +T), (3.3.7)

where J 1s the ideal generated by the image of the elements
U; + )\i,n+1un+1 + -+ )\i,mum, fO?“ 1 < 7 < n, (338)
in the Stanley-Reisner algebra.

Note that the linear relations (3.3.8) can be ascertained from the rows of the
refined submatrix S, and they imply that we only require the elements w,, 1, ..., Uyim

in order to generate H*(M?") multiplicatively.

Example 3.3.9. Consider CP" as in Example 3.2.12. Complex projective space is a
quasitoric manifold over the n-simplex A", which has n + 1 facets. Hence the coho-

mology ring H*(CP™) is generated by the elements uy, ..., u,+1. The only monomial



CHAPTER 3. QUASITORIC MANIFOLDS 40

relation generating 7, is given by u;...u,y; = 0, due to the empty intersection of
facets FiN---N F,11 in P".

With A as in (3.2.13), we obtain the linear relations, u; = ug = -+ = up 41 in J.
On applying Theorem 3.3.6 we recover the well-known (see e.g. [22, Theorem 3.12])

description of the cohomology ring
H*(CP") 2= Z[u]/u™",

where we set u = Uy, 1.

3.4 Tangential structures

We now consider quasitoric manifolds with regard to the tangential structures we
introduced in Chapter 2. We describe a canonical stably complex structure on an
omnioriented quasitoric manifold, again using complex projective space as an illus-
trative example. In conclusion we give a simple test that determines whether an
omnioriented quasitoric manifold carries an SU-structure, and investigate the Chern
classes of a quasitoric manifold in terms of its dicharacteristic matrix.

A choice of orientation on each facial bundle p;, or equivalently each facial sub-
manifold M;, was termed an “omniorientation” of M?" by Buchstaber and Ray [9].
This is of course equivalent to a choice of dicharacteristic function. It is now the

convention to also include a choice of orientation on the manifold M?" itself.

Definition 3.4.1. An omniorientation of a quasitoric manifold M?" is a choice of

orientation on M?" and on each of the facial submanifolds M.

It follows that there are 2™*! possible omniorientations on M?".
The next result will be crucial in our investigation of quasitoric manifolds in

cobordism theory.

Proposition 3.4.2. [6, Proposition 4.5] Any omnioriented quasitoric manifold has

a canonical stably complex structure described by an isomorphism
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Note that even though there are 2*! possible omniorientations, due to the pos-
sibility that some may be homotopic to each other, there are not necessarily 2m*1

inequivalent stably complex structures on M?".

Example 3.4.4. We complete our investigation of CP"™ (with omniorientation as
specified in Example 3.2.12), by noting that the facial bundle p; over CP" is given
by

St p C; — CP", (3.4.5)

Since D acts on C; by multiplication by ¢ for all 7, by Example 2.4.4 we identify each
p; with ¢, the complex conjugate of the canonical line bundle ¢; over CP". When (,
over CP" is restricted to each facial submanifold CP"~! we recover the appropriate
canonical line bundle {; over CP" !, which is the normal bundle of the embedding
Cpr—tccp

Finally, Proposition 3.4.2 gives the well-known (see e.g. [38, p170]) isomorphism,
TCPYOR* Z( @ ®( = (n+1)(;. (3.4.6)

Proposition 3.4.2 illustrates the importance of the choice of orientation on each
facial submanifold, which was determined by the choice of dicharacteristic function.
If we wish to study quasitoric manifolds in complex cobordism theory, a choice of
omniorientation has to be made so that we can describe the canonical stably complex
structure on the manifold. Often in our thesis we will consider the effect of changing
the omniorientation on a quasitoric manifold, so we now look at how such changes
can be recorded by the machinery we have developed in this chapter.

Changing the orientation of a facial submanifold M;, or equivalently a facet Fj,
has the effect of choosing a different sign for the facet vector \;, therefore negating
the ith column of the matrix A (3.2.8). If one or more of the first n columns of A
are negated, then the refined form of the matrix will be destroyed; we wish to avert
this. Suppose we have changed the omniorientation so that columns iy,...,%; have
been negated, for 1 < i, < n. Denote the resulting matrix A’. To restore the refined

form, we need to multiply each column of A’ by the n x n change of basis matrix that
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converts the first n columns back to [I,,. It is straightforward to check that this has
the effect of negating rows 4,,...,4; of the refined submatrix S.

Henceforth, in order to preserve the refined form of the dicharacteristic matrix, if
any of the orientations on a facet F; are switched, for 1 < ¢ < n, the change will be
encoded in A by negating the ith row of S. For a change of orientation on any other
facet, we will continue to negate the appropriate column of S.

In terms of the cohomology ring of a quasitoric manifold M?", switching the
orientation of M; conjugates the complex line bundle p;, and thus has the effect of
negating the cohomology generator u; € H?*(M?").

To conclude this chapter, let us investigate the characteristic classes of 7(M?").
Following Proposition 3.4.2 we know that the stable tangent bundle 75 of M?" splits
as a sum of complex line bundles, and so the total Chern class of 7° is given by

o(m%) = [T, (1 4+ w;) in H*(M*"). This leads to the following result.

Corollary 3.4.7. [6, Corollary 4.8] The ith Chern class c;(7%) € H*(M?") is given

by the ith elementary symmetric polynomial in uy, ..., Uy, for 1 <i<n, andn < m.

Henceforth, we will denote the ith elementary symmetric polynomial in the vari-
ables x1,...,z; by o;(z1,..., ;).
Given a quasitoric manifold M?", there is a simple test we can use to check

whether an omniorientation induces an SU-structure on M?2".

Lemma 3.4.8. [7] An omnioriented quasitoric manifold M*" has an SU -structure

precisely when every column sum of the refined dicharacteristic matriz A equals 1.

Proof. By Corollary 3.4.7, the first Chern class is given by ¢;(7°) = uy + -+ - + Up,.
Using the relations (3.3.8), we can rewrite this first elementary symmetric polynomial

as

(1 > Ai,w) Upyy + -+ (1 = )\m> Upp.- (3.4.9)
=1

=1

As prescribed by our definition in Section 2.3.2, for M?" to have an SU-structure,
we require that the expression (3.4.9) be equal to zero. This happens precisely when

each column sum > A;; of Aisequal to 1, forn+1 < j <m. [
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To conclude this chapter, we look at what further information can be extracted
from the dicharacteristic matrix associated to a quasitoric manifold.

If a vertex v € P™ is the intersection of facets Fj,, ..., F;_, then the sign e(v) of v
is the minor formed by the columns \;,, ..., \;, of the dicharacteristic matrix of M?".
Due to the conditions imposed on the dicharacteristic function in Definition 3.2.6, it
is straightforward to check that e(v) = £1.

The notion of the sign of a vertex was central to the work of Dobrinskaya [17],
which we will investigate in Chapter 5. However, the idea was first introduced by
Panov in [41]. He proved that the nth Chern class of the stable tangent bundle of a
quasitoric manifold M?" is given by the sum of the signs of its associated polytope
P that is

(T (M) = ) e(v). (3.4.10)

vepn
Remark 3.4.11. Since the first Chern class of a quasitoric manifold can be described
by a sum of the columns of A (in some sense, a sum of 1x 1 minors), and the nth Chern
class is a sum of the n x n minors of A, it is natural to ask whether we can realise the
other Chern classes of M?" in terms of the matrix A. Unfortunately a sum of i x i
minors, for 2 <i < n— 1, related to codimension-i faces of P" does not give ¢;(7°) in
any obvious manner, even though this is analogous to the procedures for ¢;(7°) and
¢n(7%). Certainly the information that determines all the Chern classes, and hence
the Chern numbers, of the quasitoric manifold is bound up in its dicharacteristic
matrix, so it would be extremely useful if a simple method of extraction could be

found.



Chapter 4

Dobrinskaya towers

In this chapter we study a family of quasitoric manifolds known as Dobrinskaya
towers. These spaces are named after N. Dobrinskaya, who introduced them as part
of her investigation into the classification of quasitoric manifolds [17]. Choi, Masuda
and Suh [11] augmented these results, incorporating Dobrinskaya towers under the
name “extended Bott manifolds”, and they played an important role in Carter’s study
of loop spaces on quasitoric manifolds [10].

We have chosen to give a detailed treatment of Dobrinskaya towers for two reasons:
they are part of a wider class of manifolds whose SU-structures are studied in Chapter
5, and in Chapter 6 we introduce a quaternionic analogue of the concept, whose role
in quaternionic cobordism theory is the subject of Chapter 7.

We begin by constructing Dobrinskaya towers as a sequence of quasitoric mani-
folds over a product of simplices. Using the methods of Chapter 3, we compute their
integral cohomology rings and describe the stably complex structure on an omnior-
iented tower. We detail a second construction of the tower using iterated bundles,

and in conclusion we consider two special subcases of Dobrinskaya towers.

4.1 Constructing the towers

A Dobrinskaya tower can be built out of an iterated sequence of bundles; alternatively,

we can realise each manifold in the sequence as a quasitoric manifold over a product

44
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of simplices A" x - - - x Al*. We begin with the latter viewpoint: let L denote the sum
li 4 +1;, and write P” for the product polytope A x --- x Al*. FEach simplex Al
in the product PL is finely ordered by (3.1.6), so we can use the procedure described
in (3.1.10) to finely order P itself.

Let the facets of Al be finely ordered as Fii1,...,Fi;,+1. The intersection of any

l; facets is a vertex of A, and the initial vertex v; = F;1n---NF;,, is the origin in

R,

In the product PF, the facets are of the form F;; := Al x -+ x A=l x [ ; x
At x ... x Al and they are finely ordered as
E1,17 ey El,ln ey Ei,17 v 7Ei,li7 v 7Ek,l7 v 7Ek,lk7
(4.1.1)
Ervps1yeo s By oo B
The first L facets intersect in the initial vertex (v, ..., v;), which is the origin in RZ.

To assist any bamboozled readers, we provide an illustration of this ordering of

facets in a low dimensional example.

Example 4.1.2. The facets of the polytope A% x Al x A? are ordered
E1,17 E1,27 E2,17 E3,17 E3,27 El,?n E2727 E3,3a

which we can write in full as,

Fl,l X Al X AQ,FLQ X Al X AQ,AQ X F2,1 X A2,A2 X Al X F371,A2 X Al X Fg’z,

F1’3 X Al X AQ,A2 X szg X AQ,A2 X Al X F373.

Facets Iy 1, B 2, B21, 31, B3 9 intersect in the initial vertex at the origin in RS.

We can give a complete description of the vertices of PY. For any [l-tuple

{p1,....pi,} C{1,...1;+1} the intersection of ﬂ?l:"pl F; ; is a vertex of Ali. Therefore
in a product of simplices P*, the vertices are given by the intersection

kP

() Euss (4.1.3)

i=1j=p1

as j ranges over all possible l;-tuples {p1,...,p,} C{1,...; + 1}, for 1 <i < k.
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Example 4.1.4. Consider the product of simplices A? x A!. The intersections of
any two facets of A? with any one facet of Al give the vertices of A2 x A!, which we

can list as
EinNEioNEyy; EyiNE N By

Ei.NEisNEyy; EiiNEi 3B,
EioNEisNEyr; EiaNE 3N Eos.
As usual, the initial vertex is given by Fy; N Ej 2N Ey 4, the origin in R3.

In Example 3.2.12 we had that the moment angle complex Z,; is the sphere
S2i+1 A simple application of Proposition 3.2.4 implies that Zpz is a product of
spheres S21+1 x ... x §%k+1 which we may embed in Ch*! x - .. x C**! via Lemma
3.2.5.

In order to describe the dicharacteristic function [: T*** — T we now define a

list (ai(lg),...,ax_1(lx)) of integral I;(i — 1)-vectors
aifl(li> = (a’(la Zu 1)7 s ,Cl,(’i - 177‘7 1)7 s 7a(17i; l’L)J s 70’(7; - 17 Zu lz))7 (415)

for 1 < i < k, which is associated to a sequence (i, ...l;) of nonnegative integers.
We choose a dicharacteristic [ so that the associated L x (L + k) dicharacteristic

matrix A takes the form (I | S), where I, is the L x L identity matrix and S is of

the form
1 0 0 0o - 0 0
1 0 0 0 - 0 0
1 0 0 0 0 0
—a(1,2;1) 1 0 0o - 0 0
—a(1,2:l2) 1 - 0 0o - 0 0
—a(lil) —a(2i1) o —ali—1,i1) 1 0 0 (4.1.6)
—a(lil) —a(Zyils) -~ —a(i—1/0;) 1 0 0
—a(lk:1) —a(Zkl) - —a(i—L1k;l) —a(ik;l) - —a(k—1k1) 1

—a(lik;lk) _a(2::k3lk) _a(i_:11k§lk) _a(iikﬁlk) —a(k—:l,k;lk) 1
The ith column of A is the primitive vector \; assigned to the ith facet in the ordering

(4.1.1) by the dicharacteristic.

Proposition 4.1.7. The chosen dicharacteristic function | satisfies the condition

imposed by Definition 3.2.6.
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Proof. It will suffice to prove that if the facets E;,,,... ,Elﬂ-ll, U ) Ek,izk

intersect in a vertex of P¥, then the matrix V comprised of the columns
/\LZ‘17 ey )‘Lill’ e Akiﬁ ey )\k’ilk’ (418)

from A, has determinant equal to 1.

In the case k = 1, the dicharacteristic reduces to that considered in Example
3.2.12, and clearly the condition of Definition 3.2.6 is satisfied.

Our strategy now is to show that the dicharacteristic satisfies the condition of
Definition 3.2.6 in the case k = 2; the argument is then easily seen to generalise to
higher cases k > 2. For k = 2 there are three scenarios to check, which cover all
possible situations.

First, let us consider the (I3 + l3) X (I; + I3 + 2) dicharacteristic matrix A

10 -~ 000 0 1 0
01 .--- 000 0 1 0
o0 -.--100 -0 1 0
, (4.1.9)
00 - 010 -+ 0 —a(1,2;1) 1
00 --001-- 0 —a(1,22) 1
00 -+ 000 -+ 1 —a(l,2;lp) 1

in the case when k = 2.

According to the ordering (4.1.1) of facets, the first [; + Iy columns are the facet
vectors Aq i, ..., A1y, A2, ..., Mgy, Which are simply ey, ..., €,41,, where e; denotes
the ith standard basis vector in R1*+2; hence they form an identity matrix I, ,;,. The
final two columns of A are the vectors Ay, 11 and Agj,41.

According to our description (4.1.3), the intersection of a choice of any [; facets
from Ey.,...,E ;41 and any Iy facets from Eyq,..., Fs,41 results in a vertex of

Al x Az 'We denote the set containing our chosen facets by

O = {El,i17 ree 7E1,ill 9 EQ,i17 s 7E27il2}-
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To prove the proposition for all possible sets C', it will suffice to consider 3 cases.
In the first instance, if C = {Ey1,..., E1y,, Eaq, ..., Eyy,} we determine the initial
vertex, and the matrix V' comprised of the appropriate columns, as described in
(4.1.8), is simply the identity matrix. Hence V' has determinant equal to 1.

The second case is when the final facet Ey;,1; is in C. To begin determining
a vertex we must now make [y — 1 further choices for the set C from the facets
Esq,...,Ey,. If we choose every such facet except Es;,, for some 1 < i < Iy, we

can form a matrix V’ whose columns are given by the set

{AQ,lu ey A2,7;2—17 AQ,’i2+17 v 7)‘2,l27 )\2,12—1—1}

= {ell+17 e Clidrin—15 Clydrint1s « - 5 Clydas )\2,12+1}'

By (4.1.9) we have Ay j,+1 = (0,...,0,1,...1), so using elementary column operations
in V', we can convert the column Aoy, into e, 4,.

To finally determine our vertex, we must now make /; choices from F 1, ..., Ey 41
to complete the set C'; there are two further subcases to consider.

If E1p41 ¢ C, the corresponding matrix V' is simply the identity matrix Ij, 44,
with the column vector ¢;,;, switched to the final column. Hence V' has determinant
equal to —1.

If 14,41 € C, then the matrix V' consists of columns

{>\1,17 ceey Al,il—h )\l,i1+17 s 7)\1,l17 )\2,17 ey )\Q,ig—la )\2,i2+17 ey >\2,l27 /\1,l1+17 ell+i2}

= {617 ey €15, €Ch 41y - -5 €l Gl - - Clyin—15 Clytio+1s - - 5 CliHo )‘1,11+17 el1+i2}7

for some 1 <147 < [;. Again, it is clear that we can use elementary column operations
to convert the vector A, 41 into e;;. Then V' is simply the identity matrix I;, +4,, with
the column vectors e;,, €, i, switched to the final two columns respectively, hence V'
has determinant equal to 1.

The final case is for a vertex determined by a set C' such that ;41 € C, but
FEs5,+1 ¢ C. Using similar reasoning to the previous case, we can show that the

matrix V must be formed from columns

{€1, o €1 iyt €l €Lty ey ey €l AL+ ) (4.1.10)
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and using elementary column operations we can convert A;; 41 into e;;. Then V' is
I}, +1, with the column vector e;, shifted to the final column, hence V' has determinant
equal to —1.

For k > 2, we can follow a similar procedure. To determine a vertex of PF =
Al x ... x A we begin by making I, choices from the columns of the dicharac-
teristic matrix (4.1.6), which correspond to facets Ej1,..., Ex;+1. Again, elemen-
tary column operations can be used to reduce the chosen vectors to a collection
Sk ={eriys--- ,ek’ilk} of distinct standard basis vectors ey ;; € RZ. We continue as in
the k = 2 case, making [; choices from FEj;,..., Ej 41, for j=k—1,...,1in turn, to
determine a vertex in P%. After each choice of [; vectors is made, elementary column
operations can be used to reduce the vectors to a collection of distinct standard basis
vectors S; = {ej;,,- .- ,ej,ilj}; note that each element of the set S; is also distinct
from every element in the set S;, for all < and all j. Therefore any choice of vertex in
P ultimately determines a set C' of L = [; + - - - + [}, distinct standard basis vectors
in R”, and so the matrix whose columns are comprised of the elements of the set C

has determinant 41, as required. ]

Given our choice of dicharacteristic [, the k-dimensional kernel K ([) is equal to

T T e e I e S P M L S
oyt ety e elhe bR D (4.1.11)
) etk bRl e e Y i e T 1 < i < kY < THHE

and the quotient of Zpr = S?1F1 x ... x S2kF1 under the free, effective action of K (1)
is a 2L-dimensional manifold DOy. Since by Proposition 4.1.7 our dicharacteristic
function satisfies the conditions of Definition 3.2.6, it follows from Proposition 3.2.11

that DOy is a quasitoric manifold.

Definition 4.1.12. The sequence of quasitoric manifolds (DO, : k < n) arising from
alist (a1(l2),...,a,—1(l,)) associated to (I1,...,1,), is a Dobrinskaya tower of height
n (note that n may be infinite). The individual quasitoric manifold DOy, is known as

the kth stage of the tower, for 1 < k < n.
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For any two adjacent stages DOy and DOj_; in the tower, we have a projection
map 7i: DO, — DOy_q, defined as follows. Given a point of DOy, which is the

equivalence class

[2171, ey Zl,l17 ce 7Zk,17 ey Zk,lk7 ZLllJrl, e Zk7lk+1],

of a point in Zp:r under the action of the kernel (4.1.11), the map 7 is given by

projecting onto the equivalence class

[Zl,la ey Ry e e Rh=1,15 v vy Rh—1,0p_15 R1,l14+15 - - - Zk—l,lk_l—i-l])

of a point in DOy,_;.
Finally we note that (t1,...,t;) € T***/K(I) = T acts on the equivalence class

(210 -+ s Zhts 2000415 - - > Zhip1] of DOy by

(t1yoontn) (2000 Zhis 2415 - - s Zhgrt] = (1200 EL 2k 0 210415 - - 5 Zhgtn]s
(4.1.13)
and the initial fixed point of DOy is [0,...,0,1,...,1]. Label this T*-action on DO,

by .

4.2 Cohomology of Dobrinskaya towers

As described in Section 3.3, the integral cohomology ring H*(DOy) is determined by
two sets of linear and monomial relations. We begin here by computing the monomial
relations that arise from the Stanley-Reisner ring Z[P*]. Let u; ; € H*(DOy,) be the
first Chern class ¢f (p; ;) of the facial bundle p;; associated to the facet F;;. In a
simplex Ali| we have that {F,,..., F;;,+1} is the only collection of nonintersecting

facets. It follows that in P, we have
Ei,l N---N Ei,li—i-l - @,
for 1 <14 < k. Therefore the Stanley-Reisner ring Z[P%] is isomorphic to

Z[um, ey ULy e ey Uk Ty e ULy, UL L 41 - - - ,ukvlk+1]/1—k, (421)
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where 7, is the ideal
(ui,l e Ug i 1 S 1 S ]{?)

The second set of relations in the cohomology ring are linear and arise from the
dicharacteristic function. We can use the matrix (4.1.6) to read off the following

equations
uij = a(l,4; j)ury 11+ +ali — 1,4 0) %1y 41 — Uigi41, (4.2.2)

in H*(DOy), for 1 < j <1;, and for 1 <i < k. Hence the elements uy j, 41, ..., Uk, +1
suffice to generate the cohomology ring multiplicatively; let us relabel these elements

vy, ..., Uk, respectively.

Proposition 4.2.3. The integral cohomology ring H*(DOy,) is isomorphic to

Z[Ul,...,vk]/(zk +jk>, (424)
where Iy + Jy 18 the ideal generated by

vi(a(l,i; Do+ +ali — 1,4 vy — ;) ... ( )
4.2.5

o (a(yisl)vy -+ ali = s L) — ), for 1 <i < k.

Proof. Apply Theorem 3.3.6. The product w;; ...u,,, of linear relations (4.2.2) be-
comes zero when multiplied by w; 11 := v; in Z[PY], yielding the required relations

(4.2.5). O

4.3 Stably complex structure
To allow us to describe the facial bundles of DOy, we first define complex line bundles
L - 5211+1 X X SQlk+1 XK(l) C — DOk, (431)

for 1 < i < k, where the action of the kernel K(l), as described in (4.1.11), on C is

defined by z — ¢; 2.
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The action of K(I) on the moment angle complex Zpr & Sl x ... x §2tl jg

equivariantly diffeomorphic to that of (C,)* on (Ch*1\ 0) x -+ x (C*1\ 0) by

(tl, ce ,tk) : (21,1, A N AR ITIER 4 "3 EIIRIRIRI-4 ) PRI Iy S, Zk,lk+1> =
—a(1,2;1) —a(1,2;12)
(t12171, e ,tlzl,ll,tl tQZQ,l, . 7t1 t2Z2712, e
(4.3.2)
—a(l,k;1) —a(k—1,k;1) —a(1,k;lg) —a(k—1,k;lx)

.. ’tl e tkfl tkzk,la e ’tl c. tkfl thka,

-1 -1
tl 2101415 - - - 7tk Zk,lk+1)7

where each complex coordinate z; ; is associated to a facet E;; of P*. Following our
definition in (3.3.4), we can now identify the facial bundles p; ; associated to each

facet F; ; as
a(1,i5 ali—1) — —
pi = 1" @@ u T @, (4.3.3)
Pili+1 = iy
for 1 < j <l;and 1 < i < k. To simplify these expressions, let py be the trivial

complex line bundle C, and define

1,45 a(i—1,5;5
iy = ,“1( D@ ---®,u-(1 7).

After applying Proposition 3.4.2 we arrive at the following.

Proposition 4.3.4. The stably complex structure on DOy induced by the chosen

ommniorientation is described by an isomorphism

T(DOy) & R* = @ (uz @ (I ® (@ aiLj))) : (4.3.5)

4.4 Dobrinskaya towers as iterated bundles

In this section we consider the second construction of a Dobrinskaya tower, built out
of an iterated sequence of bundles. Using the results of Section 2.5 we compute the
FE-cohomology of each stage in the tower. Finally we check that the two constructions
agree.

Suppose we have a list (ai(l2),...,a,-1(l,)) associated to a sequence of inte-

gers (ly,...1l,). Our alternative construction of the Dobrinskaya tower is inductive,



CHAPTER 4. DOBRINSKAYA TOWERS 23

beginning with the assumption that for any integer £ > 1 we have constructed
a (k — 1)th stage DO,_, as a smooth 2(l; + --- + [;_1)-dimensional manifold, 2-
generated by y € H*(DO),_,), and carrying line bundles v; such that ¢ (v;) = y,

for 1 <¢ <k —1. Denote by 3;,_; ; the tensor product bundle,
a(1,isj a(i—1,i;j
FILED @ L g LD, (4.4.1)
for 1 < j <l; and 1 <17 <k, and define the ith bundle of the construction

B(ai—1) == Bic11 ® - B Bic1y,- (4.4.2)

Then DO, is defined to be the total space of CP(f(ax_1) @ C), the projectivisation
of the direct sum of (ax_1) and a trivial complex line bundle C.

We define DOJ, to be the space consisting of a single point so that the first bundle
is trivial; it follows that the next stage DO} is CP". Lemma 2.5.4 implies that DO},
has 2-generators y for 1 < i < k, where yi! is the first Chern class c(v;) of the
canonical line bundle 7, over DOy; moreover, this result provides a description of the
cohomology ring £*(DO;., ), which is compatible with Proposition 4.2.3 when E is

the integral Eilenberg-Mac Lane spectrum H.

Proposition 4.4.3. The E.-algebra E*(DO ) is isomorphic to
where Ky, is the ideal

()W = et (Bimn)) - (7 = e (Biyy,)) 2 1 < i < k). (4.4.5)

As a consequence of the discussion that followed Lemma 2.5.4, we have projections
7. DOy, — DO, sections wy: DO;_; — DO, and quotient maps 9;: DO, —

T(B(ak-1))-
We claim that DOj is in fact the kth stage of a Dobrinskaya tower.

Proposition 4.4.6. [10, Prop. 4.2.3] Given a Dobrinskaya tower (DOy, : k < n),
there exists a diffeomorphism 6y: DOy — DOy, for any 1 < k < n, which pulls back

i to p; for all 1 < i <k.
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Proof. To simplify the algebra in what follows, we will change the omniorientation on
DOy, by negating the first L columns of its dicharacteristic matrix A. It is straightfor-
ward to check that this has the effect of switching the last k& coordinates of the kernel
K(l) described by (4.1.11) from (t;',...,t;") to (t1,...,t;). Such a change is per-
missible, since any change in omniorientation leaves the underlying smooth structure
of a quasitoric manifold unaffected.

The proof of the proposition is by induction. For the base case, simply take k = 0;
both DOy and DOj are a point, and then o and vy are simply trivial complex line
bundles C.

For k£ > 0 we will assume that we have the required diffeomorphism 6. Our
strategy is to pullback the individual line bundles 3 ; along ¢, to allow us to identify
the pullback of their direct sum 6*(5(ax)) = 0" (Bk1 @ - - & Oy, ). This allows a
detailed description of the fibres of CP(6;3(a;) ® C) as the total space of a projective
bundle, which we then identify with DOy, by studying the action of K(I) on Zpr.

To begin, the inductive hypothesis implies that ;(f3y, ;) is the complex line bundle

52l1+1 X oo X Szlk—H XK(Z) C — DOk,

where K (1) acts on C by z — t;a(l’kﬂ;j) .. .t;a(k’kﬂ;j)z. It follows that in the Cl+1+1

fibre of the direct sum bundle 6;5(a),) ®C, we identify (21, ..., z,,,+1) € Ch+1 1! with

—a(1,k+1;1) —a(k,k+1;1)
(tl ...tk Zl,...,

—a(1,k+15l) —a(k,k+1;lg)
121 T, Rlgyr Zlk+1+1)'

Taking lines in each of the C*+1+! fibres, that is, identifying

(21, Za 1) ~ 2(21, 0 20 41) (4.4.7)

for some z € C, we obtain the projectivisation CP(6;3(ay) ® C) = 6;(DO}, ,4).
We aim to show that this projectivisation is DOj1. In (4.3.2) we described the
K(l)-action on Zpr = S2hFl x ... x S+l whose quotient is DOy,,. Taking

account of the change of omniorientation, K () acts on (2], ...,z ) in Skt o~
’ 1> ’ lk+1+1
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(C1¥1\ 0) by

—a(1,k+1;1) —a(k,k+1;1) /
(tl tk tk+121,...,
tfa(lkarl?lk) t*a(kkaFl%lk)t / t / )
1 vk k+1zlk+1’ k+1zlk+1+1 :

Setting z = tj41 € C in (4.4.7), we see that our above description of 6;(DO; )
as CP(0;0(axr) ® C) is precisely DOy Therefore DOy is the pullback of DO,
along 60, and the required diffeomorphism 6 is given by the resulting map between
the total spaces of these projective bundles. Finally we have that p; is the pull back
Opiq (i) for 1 <o <k + 1. O

As a consequence of Proposition 4.4.6 we will denote the kth stage of a Dobrin-

skaya tower by DOy, regardless of how it has been constructed.

4.5 Special cases

To conclude this chapter, we focus on two special subfamilies of Dobrinskaya tower
that will feature throughout the rest of our thesis: the Bott tower and the bounded
flag manifold. We use the results of Section 2.3.3 to describe stably complex structures
on such manifolds.

Assume we have the sequence of manifolds (DOy : k < n), arising from a list

(a1(la), ..., an-1(ly)) associated to (I, ...,1,).

Definition 4.5.1. A Bott tower of height n is a Dobrinskaya tower in which [; = 1

forall1 <i<n.

To distinguish the Bott tower, we will denote the kth stage by B*. Again for
convenience we set BY to be the one-point space, and B! is CP!. At the second
stage B2 = CP (212D @ C), if a(1,2;1) is even, B? is CP! x CP', while if a(1,2;1)
is odd, B? is a Hirzebruch surface CPQ#(C_P2, that is, a connected sum of complex
projective planes with opposite orientations (see [5, Example 5.64], [12, page 10]).

Bott towers were first introduced in the context of algebraic geometry by Gross-

berg and Karshon [21]. The construction was translated into algebraic topology by
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Civan and Ray [12], who calculated the real K-theory of particular families of Bott
towers, and enumerated their possible stably complex structures. More recently Ma-
suda and Panov [34] have studied Bott towers that admit certain interesting circle
actions.

Each stage B¥ = CP(By_11 @ C) is a CP' bundle over B¥'. Since CP' is
homeomorphic to S?, we may equally consider the kth stage of the tower as the total

space of a 2-sphere bundle S(f;_11 ® R).

Proposition 4.5.2. There is an isomorphism

T(BY)oR=R® (@ 51’1,1) ; (4.5.3)

i=1
which determines a bounding stably complex structure on BF.
Proof. The isomorphism follows from Proposition 2.3.7. The structure bounds since

it extends to the 3-disc bundle D(8;_11 & R). O

It turns out that this stably complex structure is isomorphic to the structure on
DOy, described in Proposition 4.3.4, which was induced by our chosen omniorienta-
tion. To see this, begin by setting [; = 1, for all i, in the stably complex structure

(4.3.5). We obtain

@ R @ @ (i11))) - (4.5.4)

Now, Civan and Ray [12, p. 31] exhibit an isomorphism

CP®Bic11 = 7it1 D (Vi1 © Biz11),

which, coupled with the diffeomorphism 60: o;_11 — Bi—11 of Proposition 4.4.6,
reduces (4.5.4) to

k
(B o R*=CrFg (@ 5“,1> : (4.5.5)
=1

(Clearly this is isomorphic to the stably complex structure induced by the isomorphism
(4.5.3). Note that this is a special case: choosing a different omniorientation on B*
can lead to a stably complex structure on the Bott tower, which is not isomorphic to
the bounding structure induced by Proposition 2.3.7.

In addition to the Bott tower, we can specialise further.
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Definition 4.5.6. Consider the Bott tower (B¥ : k < n) arising from the list
(ai(1),...,a,-1(1)) in which a;(1) = (0,...,0,1) for all <. Then each stage B* is

a bounded flag manifold.

The bounded flag manifold B" is the space of all bounded flags V in C*!; that
is, the set of all sequences V = {V; C Vo C --- C V,, C V,;y = C"'}, in which
V; contains the coordinate subspace C'~! spanned by the first i — 1 standard basis
vectors of C"1, for 2 <i < n (see e.g. [5, Example 5.36]). In our construction, these
manifolds are of the form B¥ = CP(v;_1 ®C). In this guise they were studied by Ray
[47], who proved that bounded flag manifolds, and their quaternionic analogues, play
an important role in cobordism theory. We will return to the latter case in Chapter
7, where we extend Ray’s study of the quaternionic analogue of CP(v;_; @ C) in

quaternionic cobordism theory.



Chapter 5

Quasitoric manifolds with

SU-structure

Suppose we have a stably complex manifold M™. Then there is an isomorphism
7(M™) @ R*~" = ¢ for some k-dimensional complex vector bundle @, as prescribed
by Definition 2.3.1. We will write [M™, 8] for the equivalence class of a stably complex
manifold M"™ under the bordism relation. Then the set of all such classes, equipped
with the two operations of disjoint union and Cartesian product, forms the complex
cobordism ring MU,, the coefficient ring described in Example 2.2.4.

By virtue of Proposition 3.4.2, every omnioriented quasitoric manifold is stably
complex, so such manifolds are perfect candidates for investigation via the methods
of complex cobordism.

In Chapter 1 we discussed one of the first results that arose from this research:
the discovery by Buchstaber and Ray [8] that every 2n-dimensional stably complex
manifold is complex cobordant to a disjoint union of products of quasitoric manifolds.
By developing the notion of a connected sum of omnioriented quasitoric manifolds,

this result was refined to give a quasitoric basis for MU, in dimensions > 2.

Theorem 5.0.1. [6, Theorem 5.9] In dimensions > 2, every complex cobordism
class contains a quasitoric manifold M*", which is necessarily connected. The stably
complex structure on M?" is induced by an omniorientation, ensuring it is compatible

with the action of the torus.

58
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More recently Buchstaber, Panov and Ray have made the following conjecture.

Conjecture 5.0.2. [7] A quasitoric manifold M>" whose omniorientation induces
an SU-structure on the stable tangent bundle of M>", is complex cobordant to zero

in MU,, for all SU-structures induced by omniorientations on M?*".

If the omniorientation on a quasitoric manifold M?" induces such an SU-structure,
we will refer to M?" as a quasitoric SU-manifold.

To put Conjecture 5.0.2 into context, we first note that any quasitoric SU-
manifold M?® must lie in the image of the map F: MSU, — MU,, which simply
forgets the SU-structure on M?". We wish to investigate whether A/?" bounds in the
complex cobordism ring, which is not the same as addressing the question of whether
M?" bounds in MSU,. This is due to the fact that the kernel of F is comprised
of the torsion elements of M SU,, which appear in M SUg,11 = MSUg,,o for all n;
this torsion is comprised of p copies of Z/2, where p is the number of partitions of n
[13]. Therefore any M?" € TorsM SU, is mapped by F to zero in MU,, regardless of
whether it is zero in M SU,. Of course, in such cases the conjecture is trivially true.

On the other hand, the image of the injection MSU,/Tors — MU, realises a
significant portion of MU,. Conner and Floyd described this image in [13, Theorem
19.1], by first introducing the subgroup Wy, C MUy, of stably complex manifolds
whose Chern numbers vanish if they are divisible by the square of their first Chern
class C%(TS). Coupled with a boundary operator 9: Ws,, — W, s, they obtain a chain
complex (W,,d). The image of MSU,,/Tors — MU, is given by the cycle group
Z(Way,,d), when n # 8i + 4, while the image is described by the boundary group
B(W3,,0), when n = 8i 4+ 4. In particular, the former group Z (W5, d) is precisely
those 2n-dimensional stably complex manifolds whose Chern numbers vanish if they
are divisible by their first Chern class ¢;(7°) [13, (6.4)]. Therefore in the vast majority
of cases, the conjecture is far from trivial. Note though, that when n # 8k + 2 for
some k, the problem is in fact equivalent to deciding whether M?" bounds in M SU,
or not.

Now let us consider the evidence supporting Conjecture 5.0.2. For some ring R,



CHAPTER 5. QUASITORIC MANIFOLDS WITH SU-STRUCTURE 60

the generalised elliptic genus T, : MU, — R, is a particular type of Hirzebruch
genus (see e.g. [25]; for applications in toric topology see [5, Section 5.4]). In [7] the

authors prove that T, is such that for any quasitoric SU-manifold M?"
T, ([M?",0]) = 0. (5.0.3)

Furthermore, Ty, is an isomorphism on cobordism classes [M?" 0] when n < 5. It
follows that Conjecture 5.0.2 is true in dimensions < 10. However, the genus T,
is only an epimorphism for n > 5, and so (5.0.3) alone will not suffice to prove the
conjecture, since [M?" 6] could lie in the kernel of Ty, .

Nevertheless, we have sufficient evidence to make an investigation of the conjecture
worthwhile.

Now suppose we are able to view a quasitoric manifold M?" as the total space of
an equivariant bundle, which has a quasitoric base space and quasitoric fibre. In these
circumstances, we follow the lead of Dobrinskaya [17] and term such M*" reducible;
this notion will be made precise in Definition 5.1.5 below.

In this chapter, we will prove Conjecture 5.0.2 for complex projective space CP",
and for all reducible quasitoric manifolds N?" with fibre CP!. This latter class
includes, for example, any stage DOy in a Dobrinskaya tower (4.1.12) with I, = 1,
and any stage B* in a Bott tower (4.5.1).

We begin by introducing reducible quasitoric manifolds and we consider some
illuminating examples. Then we determine some cohomological properties of N?7,
which will be central to our proof of the conjecture in this case. Next we incorporate
a collection of signs into the dicharacteristic matrix A, in order to encode the chosen
orientation on each facet of the polytope associated to N?"*. In the following section
we use our modified A to make a crucial observation about the Chern classes of the
stable tangent bundle 75(N?"), which ultimately allows us to prove that when N?"
has an SU-structure, it is cobordant to zero in MU,.

In the final part of this chapter, which is mostly independent of the earlier sections,
we study SU-structures induced by omniorientations on complex projective space

CP™, and confirm Conjecture 5.0.2 for this important class of spaces. Related results
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on Dobrinskaya towers and other quasitoric manifolds are given, and we conclude
with a discussion of potential strategies for a full proof of the conjecture.
We would like to express our gratitude to Dmitry Leykin, with whom the concept

of the signed dicharacteristic matrix of Section 5.2 was developed.

5.1 Reducible quasitoric manifolds

In the first half of this section we define reducible quasitoric manifolds and consider
examples and results that link the concept with ideas from the earlier chapters of
our thesis. The rest of the section is devoted to describing the cohomology ring
of a particular class of such spaces, in terms of the cohomology ring of their base
space and fibre. We begin by obtaining a partial description of the dicharacteristic
matrix associated to this class, which gives an insight into the linear relations in
their cohomology ring. Following this, we study their associated polytopes to garner
information on the monomial cohomology relations, which arise from the Stanley-
Reisner algebra of the polytope.

Suppose we have an (n; + ng)-torus 7”2 and a homomorphism
w: Tn1+n2 — T2

for some positive integers ni, ns.
Given a space E with a T™™2-action ¢;, and a space B with a T"2-action go, a

bundle 7 : F — B with fibre F' is said to be ¢ -equivariant if the diagram

R

wxm x (5.1.1)

T x B

B,

92

commutes.
Consider some simple polytopes P"5 and P"¥, which have mpg and mp facets
respectively. Let B?*B F?"r and E?"B+7r) he quasitoric manifolds over P"B, P"F

and P"B x P"F respectively. Assume these manifolds B?"8, F?"F and E2"5+7F) are
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constructed as the quotients of moment angle complexes Zpng, Zpnr and Zprpy prp
by the kernels of respective dicharacteristic functions lg,lr and [g. By Proposition
3.2.4 we have that ZP"B x P"F — ZP”B X ZPRF.

Now suppose that we have a bundle
e, p2mstnr) B2”B7 (512)

with quasitoric base space, fibre and total space. We term a bundle of the form
(5.1.2) a quasitoric bundle.
Let K (lx) denote the kernel of the dicharacteristic function [y, for X = B, F' or

E, and assume that the diagram

L ™

K(lr) K(lg) K(lp)
L L L (513)
T : Tme x Tmr a Tms,

commutes, where maps ¢ are inclusions and maps 7 are projections. Then by taking

quotients we have a short exact sequence
1= T K (Ip) — (T x T™) /K (lg) % T™ /K (I5) — 1. (5.1.4)

With quasitoric manifolds B?"5, F?"r and E?"B+7r) a5 defined above, we can

make the following definition.

Definition 5.1.5. If the quasitoric bundle F?*r — E?(s+nr) _, B2m5 i such that
the associated diagram (5.1.3) commutes, then the total space E2"5+7F) is a reducible

quasitoric manifold over P"8 x P"F,

Note that in these circumstances, the quasitoric bundle (5.1.2) is a ¢-equivariant
bundle, with respect to the homomorphism ¢ : (T™5 x T™r)/K(lg) — T™5 /K (lg)
that features in the short exact sequence (5.1.4)

If a quasitoric manifold does not satisfy the conditions of Definition 5.1.5, we may

refer to it as rreducible.
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The notion of reducibility is due to Dobrinskaya, [17, Section 4]; however, the
definition that is given therein is somewhat difficult to follow, so we have decided to
set out the full details to avoid any confusion in our thesis.

Before we consider some examples, we note that our quasitoric bundle with re-

ducible total space fits into the following diagram

L

Zpnp Zpnpg X Zpnp Zpnp
K(lF) K(lg) K(lB)
F2nr ¢ E2(nptnp) T B2ns
T K (1) (T8 xT"F) /K lp) T8 /K (ip)
prr : pre x prr u pre,

which commutes since the corresponding diagram (5.1.3) commutes. The maps ¢ are
inclusions and maps 7 are projections, and vertical maps X — Y in the diagram are
labelled by the groups acting on X to give orbit space Y.

The following familiar example should elucidate several of the ideas discussed

above.

Example 5.1.6. Consider the quasitoric manifold given by the third stage B? in a
Bott tower (B* : k < 3), as defined in Section 4.5. The simple polytope associated
to B? is the 3-cube 3. With dicharacteristic I3 as specified by the matrix (4.1.6), a

point [z1,. .., 2] in B? is an equivalence class

a(1,2;1) 1,3;1)

(Zla SRR ZG) ~ (tlzh tl_ tQZQa tl_a( 2(;2_(1(273;1)1‘:3237 t1_1247 t2_1257 tZ;lZG)? (517)

where (21,...,2) € CO and (t1,t,t3) € T°.

By definition, B? is a bundle with fibre the quasitoric manifold CP*! over I', and
base space the quasitoric manifold B? over I?, where B? is the second stage in the
same Bott tower (B* : k < 3). Since I® = I? x I', it follows that CP! — B3 — B2
is a quasitoric bundle.

It is straightforward to check from the descriptions of the dicharacteristic functions
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involved, that the appropriate diagram of the form (5.1.3) commutes, and so B? is a
reducible quasitoric manifold with fibre CP! and base space B2.

There is a canonical T®/K(l3) = T3-action az on B? given by [z1,...,2]
(8121, 8229, 8323, 24, 25, 26| for (s1,80,53) € T?, as described in (4.1.13). We also have

the homomorphism ¢: T — T2, such that (ty,ts,t3) — (t1,12), and the projection

my: B — B2, (5.1.8)
which acts by [z1,...,26] — |21, 22, 24, z5]. Then the corresponding diagram of the
form (5.1.1) commutes as

3 - 043((81, 82, 83)7 [217 SR ZG]) = 7T3[8121, 8222, 8373, 24, %5, 26]

= [512175222,2’4725]
= a((s1,52), [21, 22, 24, 25))

= 042(1/) X 71'3)((31,82,83), [2’1, .. -,26])7

where ay is the canonical T*/K(ly) = T?-action on B?. This confirms that our

quasitoric bundle is indeed -equivariant.

Note that in a similar manner to the above example, any stage B* in a Bott
tower (B¥ : k < n) is a reducible quasitoric manifold with fibre CP! and base space
B*~1. Further examples of reducible quasitoric manifolds include the stages DO}, in
a Dobrinskaya tower (DO : k < n), where the fibre of the corresponding quasitoric
bundle is CP* and the base space is DOj_;.

Example 5.1.9. The basis for MU, given by Theorem 5.0.1, is in terms of qua-
sitoric manifolds B, ;, with ¢ < j, over I' x A7t Each B, is the total space of a
quasitoric bundle with fibre CP/~!, and base space the bounded flag manifold B°.
A thorough description of these quasitoric manifolds is given in [6, Example 3.13],
and it is straightforward to use the details therein to check that each B; ; is in fact a

reducible quasitoric manifold over I* x A7~

Remark 5.1.10. In defining reducible quasitoric manifolds, we insisted that the

polytope associated to the total space E2("B+7F) was the product of the polytopes
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P2 and P"F that are associated to the base space B?"2 and fibre F?"F respectively.
Note that conversely a quasitoric manifold M?" over some product of polytopes is not
necessarily reducible; however, Dobrinskaya gave conditions on the dicharacteristic
function, in terms of the signs of each vertex, as defined at the close of Chapter 3, to

determine when this is the case [17, Theorem 6].

Let us put this work in context with some of the other themes in our thesis.

Suppose we have a quasitoric manifold M?" over a product of simplices P¥ = Al x

"'XAlk.

Lemma 5.1.11. [17, Section 4] If the sign of every vertex of PE is positive, then

M?E is the kth stage of a Dobrinskaya tower.

Note that on the other hand, if some of the signs are negative, then M?" could still
be the kth stage in a Dobrinskaya tower, or some other reducible quasitoric manifold,
or it could be an irreducible quasitoric manifold.

Reducible quasitoric manifolds certainly merit further study. The additional
knowledge of how such manifolds fibre over their base space should make them a
useful tool for studying problems in toric topology. It is precisely this information
that we will now utilise when studying Conjecture 5.0.2 in the second half of this
chapter.

To get underway, let N2"*2 denote a reducible quasitoric manifold over some poly-
tope P! with base space a quasitoric manifold M?" over some P", and fibre CP!.
The latter is a quasitoric manifold over the 1-simplex A!, which is homeomorphic to

the interval I := [0, 1], so we have that
Pl =P x I (5.1.12)

The facets of I are the end points of the interval, finely ordered as Fy, F.

Before considering the cohomology ring of N2"*2 we must establish some prelim-
inary information on M?".

As usual we will assume that P™ has m facets, and the facets of the polytope

are finely ordered as Fi, ..., F,,. Furthermore, we will assume that a dicharacteristic
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function [,,: T™ — T™ has been chosen, and the kernel of [,, is denoted by K(1,).

Then, as in Section 3.2, the dicharacteristic /,, gives rise to a short exact sequence
0 — zZm " Loy gm 2 g, (5.1.13)

describing the map of Lie algebras induced by [,,. The n x m dicharacteristic matrix

A,, describing the map A, is written in refined form as

1 0 ... 0 )\1,n+1 )\l,m
001 v 0 Dopsr -or Do

M= oo o (5.1.14)
00 oo 1 Asst -or A

Remark 5.1.15. Note that our quasitoric manifold M?", which depends only on the
choice of dicharacteristic [,,, may have a dicharacteristic matrix A,, of a different form
to (5.1.14) if we choose a different basis for the Lie algebra of 7™. Similarly, if we
change the order of the facets of P", then the order of the columns in A,, will change,
to give a different dicharacteristic matrix associated to M?". However, as is made
clear in Section 3.2, we can always choose the basis for the Lie algebra of 7™ in such a
way that we can write A,, in refined form. Furthermore, if we change the order of the
facets of P, this change does not affect the omniorientation of M?". Therefore we
wish to make clear here that the main results of this chapter will not be dependent
on displaying A,, in the particular form (5.1.14). We will further emphasise this point

in Section 5.4.
The m x (m — n) matrix describing the injection x,, will be written as

Hia  ovo Him—n
K, = : : , (5.1.16)

Hma - Hmm—n
for 1 <7 < m, and some fixed p;; € Z, for 1 < j < m —n. By Lemma 3.2.5, we
can embed the moment angle complex Zpn in C™, so that the action of K(l,) on the

complex coordinates of Zpn is given by

Hi 1 Him—n
zZi =t %,
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for z; € C;, with 1 <4 < m. Here C; denotes the ith copy of C in the product C™.

We will use this information in our description of the cohomology ring of N2"+2,
The polytope P**1 = P™ x I associated to N?"*2 has m + 2 facets. Using the

procedure described in (3.1.10) to finely order a product of finely ordered polytopes,

the facets of P! should be ordered as
FixI,....FE,xI,P"xF|,F,;1xI,...,F,xI, P"xF,. (5.1.17)

By Proposition 3.2.4, the moment angle complex associated with P"*! is described
by
Zpnit = Zpn X S, (5.1.18)

where S? is the 3-sphere {(21,22) | 2121 + 2022 = 1} C C2.

If the dicharacteristic function of N?"*2 is denoted by I,,;, we have a kernel
K (l,;1), such that the quotient of Zpnt1 by K(I,41) is N?"2. Following our splitting
(5.1.18), the kernel K(l,,;) must act on (z1, 22) € S® by

(21, 29) > (880 om0 gfmond ), (5.1.19)

for some o, B; € Z, for all 4, j, while K(l,41) acts on Zpn in the same manner as the

action of K(I,) on Zpn, because N*"*2 is reducible.

Example 5.1.20. lf oy = - - =appn =0 == Bpn =0, apyp_pny1 = £1 and
Bm-ns1 = £1, then N?"*2 is simply the product M?* x CP!. In terms of reducible
quasitoric manifolds, we can view N2"*2 as a trivial ¢-equivariant CP*-bundle over
M* where ¢: T™2 /K (l,4+1) — T™/K(l,) is defined as in the short exact sequence

(5.1.4).
Associated to [,,1 we have a short exact sequence

0 — Zm—n+1 Fntl mi2 Ant1 7t s, (5.1.21)

and taking into account the fine ordering (5.1.17), the matrix describing the map
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Kny1 18 given by

Hi1

ﬂn,l

(651

Kn+1 =
Hn+1,1

,um,l
b

,ul,mfn

Hnm—n
Am—n

,un+1,mfn

Hm,m—n

Brm—n

Om—n+1

0

BmfnJrl

(5.1.22)

If we denote the dicharacteristic matrix associated to l,y; by A,.1, then by

(5.1.21) we have

t
An+1Kn+lvn+1 =0,

where v}, is the transpose of an arbitrary vector (v, ..

(5.1.23)

—n+1
. ,Um_n+1) < Zm—nT

Lemma 5.1.24. The final column of A, 11 is given by a vector (0,...,0,a), for some

nteger a.

Proof. Let us write A, 41 as

1 0 0 A1 n+2
0 1 . 0 a2 n+2
0 0 1 Ap41,n+2

a1,m+2

a2 m+2

an+1,m+2

, (5.1.25)

for some a; ; € Z, with columns corresponding to the ordering of facets (5.1.17).

The equation (5.1.23) provides n + 1 linear equations in vy, ..

equation being given by setting the product of the ith row of A, with K, v

-y Um—n+1, the ith

t
n+1

equal to zero. It is a matter of simple linear algebra to collect the terms in v, 1

in the (n + 1)th equation, to ascertain that a,41m+2 = —Qm—nt1/Bm—n+1-

Collecting terms in v,,_, 1 in the remaining n linear equations, it is easy to deduce

that ;42 =0, for all 1 <7 < n.
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We established in Section 3.2 that every column of an n x m dicharacteristic
matrix must be a primitive vector in Z". Since the final column of A, ;; must meet

this criterion, it follows that —au,—p11/Bm-ns+1 = £1, which completes the proof. [

If (a1 m+2; -5 Qnmt2, Gnt1me2) = (0,...,0,%£1) in A, 44, then the first n linear
equations arising from (5.1.23) reduce to the linear equations
A K,0h =0, (5.1.26)
where v, = (vq,...,v,) € Z", which arise from the short exact sequence (5.1.13).
This observation is enough to prove the following result.

Proposition 5.1.27. The (n+ 1) x (m + 2) dicharacteristic matriz A4, takes the

form
10 ... 00 XAps1 ... AM,m 0
01 ... 00 Agpgr .. A2.m 0
, (5.1.28)
0 0 1 0 At Anm 0
00 ... 01 Ap+int+2 --- OGptim+1 @
where a = £1.

We can see the dicharacteristic matrix of M?" inside the dicharacteristic matrix of
N?"+2 ag the columns 1,...,n,n+2,...,m+1,inrows 1,...,n. The dicharacteristic
matrix of the fibre CP! comprises columns n + 1, m -+ 2 in row n 4 1. Furthermore, it
is straightforward to check that N?"*2 = M?" x CP! as in Example 5.1.20, precisely
when a, 1142 = = app1me1 = 0.

Readers may find it helpful to keep in mind the following example, which illus-

trates each of these aspects of A, .

Example 5.1.29. By Example 5.1.6, the 3rd stage of a Bott tower B3 over I® = I? x
I, is reducible with base space B? and fibre CP!. From (4.1.6), the dicharacteristic
matrix for B? is given by
1 00 1 0 0
0 1 0 —a(1,2;1) 1 0 |

0 0 1 —a(1,3;1) —a(2,3;1) 1
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where columns 1,2,4,5 in rows 1 and 2 comprise the dicharacteristic matrix

10 1 0
01 —a(1,2:1) 1

for the base space B? over I2.

Columns 3 and 6 in row 3 of the dicharacteristic matrix of B give the dicharac-
teristic matrix (1 1) for the fibre CP! over I'. Note that the omniorientation of CP!
here differs from that of Example 3.2.12.

The third stage B3 of a Bott tower is the total space of the projective bundle
CP(({"¥) @~23) ¢ C) over B2. For the trivial case when a(1,3:1) = a(2,3;1) =
0, we see that B3 becomes B? x CP?, the total space of CP(C ¢ C) over BZ.

Our description (5.1.28) of A, 41 provides us with information about the linear
relations in the cohomology ring H*(N?"*2). To fully understand this ring, we must
now shed light on the monomial relations in H*(N?"*2) which arise from the Stanley-
Reisner ring Z[P™"] of the polytope P".

With the facets of N?"*2 ordered finely as in (5.1.17), let u; € H*(N?""2) be the
generator associated to the ith facet in the ordering.

The polytope P""' = P™ x [ is, in some sense, an (n + 1)-dimensional analogue
of a prism, in that it is composed of two copies of P", viewed as P" x F| and
P™ x Fy, joined through F; x I for 1 < ¢ < m. Hence we can immediately deduce
that P" x F] N P™ x Fy = (), and so we have a relation w, 1,2 = 0 in Z[P"*1].

Now consider the quasitoric manifold M?" over P", the base space of our reducible

quasitoric manifold N?"*2, Assuming that the Stanley-Reisner ring of P™ is given by
Z[P"] = Z[vy, . .., vm] /Ly,

then the remaining relations in Z[P""!] are given by the image of the ideal Z,, under

the map r: Z[P"] — Z[P""'], which relabels the elements v; by

vir—u; for 1 <1<n,

v Ui for n+1<i<m,
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to take account of the ordering (5.1.17). This follows from the fact that if £}, N---N
F;,, =0 in P", then
FoxIn---NE, xI=40,

in Pt
Denoting the image of Z,, under r by r(Z,) we can collect our observations together

as follows.

Proposition 5.1.30. The Stanley-Reisner ring of P"™ is described by
ZIP" Y = Zluy, . . . Umyo) /Toy1, (5.1.31)
where L1 15 (L) U {tns1Uma}-

We have now attained adequate information on the cohomology ring of N2"*2 to
conclude this section with an observation that we will rely upon in Section 5.4.

Suppose we have a relation w;, ...u; = 0 in r(Z,) C Z,41, where u;,, ..., u; are

1
such that 1 <4 <n, and u;_ ,...,u;; are such that n+2 < ¢, <m+1. Then using
the linear cohomology relations, our monomial u;, ... w;; can be rewritten to give the

following relation in the cohomology ring H*(N?"*2)

<_/\i1,n+1un+2 — )\il,mum—f—l) e (_)\il,n+lun+2 — = /\il,mum+1)uil+1 s Uiy = 0.
(5.1.32)
By multiplying out the above expression (5.1.32), and rearranging as necessary, we

are able to deduce the following result.

Lemma 5.1.33. The relations in the cohomology ring of N*"*2 are such that the

l

cohomology class u,; can be expressed as a polynomial p over Z in Upia, ..., Umi1, for

some integer 1, and forn+2 <1< m+ 1.

So there is no relation in H*(N?"*2) that allows us to rewrite a product of Chern
classes w;,, ..., u;;, for i, # n + 1,m + 2, so that it contains a term in w2, since
any such relation w;,,...,u;; must be of the form (5.1.32), and clearly we cannot

rearrange this expression so that terms in w,,, o appear.
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5.2 Encoding omniorientations in A

A quasitoric manifold M?" has 2™*! possible omniorientations; if one such induces
an SU-structure which bounds in MU,, then we cannot conclude that Conjecture
5.0.2 is true for M?", as one of the 2™ alternative omniorientations might induce a
nonbounding SU-structure on the manifold. In this section we introduce the notion
of a signed dicharacteristic matrix that allows us to deal with this problem.

Following the definition of the dicharacteristic matrix A (3.2.8), we discussed the
effect on A of changing omniorientation. To preserve the refined form of the matrix
after such a change, if a facet Fj, for 1 <1 < n is switched, then we negate the ith row
of the refined submatrix S. While if the orientation on a facet F;, forn+1 <i<m
is switched, we negate the ith column of S. We wish to encode this data in A.

Let €(m) := (€1,...,€n) be a list of signs €;, which can take values +1 for 1 <

1 < m.

Definition 5.2.1. Given a dicharacteristic matrix A, and a list of signs e(m), the

signed dicharacteristic matriz A¢,) is the n x m matrix (I, | Se(m)), where S¢(n) is

given by
€1€n+1)\1,n+1 e €1€m)\1,m
626n+1)\2,n+1 e 626m)\2,m
(5.2.2)
Enen-l—l)\n,n—‘rl s 6nem)\n,m

The sign ¢; represents the choice of omniorientation on the facet F; and so, on the
facial bundle p;. The initial omniorientation is given by ¢; = 1, for all 1 <i < m, as
in this case A,) reverts to the original A.

We encode the effect in a change in omniorientation as follows. Begin with the
initial omniorientation €(m) := (1,...,1); if the complex line bundles p;,, ..., p;, are
conjugated, then map ¢, — —¢ for ¢4 < k < ¢;. This ensures that the appropri-
ate rows and columns in S, are negated to give the correct representation in the
dicharacteristic matrix.

Incorporating the ¢; allows us to work with a completely general omniorientation,
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but it will also be easy to consider special cases by substituting in particular values

for ¢; if necessary.

5.3 Chern classes

In Section 3.3 we observed that o, ..., Un,.o suffice to generate H*(N?"*2) multi-
plicatively. This is due to the fact that, referring to the signed dicharacteristic matrix

of N?"*2 we can write

U; = _€i€n+2)\i,n+1un+2 — Eiem—i-l/\i,mum—i-la

for 1 <i<mn,and

Un+1l = —E€p4+1€p4+20n+1n+2Unt2 = *°° = Ent1Em410n4+1m+1Um+1 — Ent+1€m+20UM 42,
(5.3.1)
where a = +1. Note that the element u,, s only appears in two of the expressions
for the first Chern classes u; of the facial bundles p;; namely ¢;(ppi1) = tny1 as in
(5.3.1), and ¢ (pm+2) = Um+2. This observation will be important in the proof of our
main theorem in the penultimate section.

As noted in Remark 3.4.11, we do not have a simple method that will extract
the Chern classes of the stable tangent bundle 7(M?") of a quasitoric manifold M?"
directly from its dicharacteristic matrix. However, for our manifolds N?"*2 we have
the following result, which gives us enough information on the Chern classes to help
to determine Chern numbers in the next section.

From the introductory discussion above, it is clear that the Chern classes of the

stable tangent bundle of N?"2 are polynomials over Z in 12, . . . Upno.

Proposition 5.3.2. Whenever the element wu,, o appears as a term in a Chern

class of the stable tangent bundle of N?"2  its coefficient contains a factor of (1 —

€n+1€m+20).

To illustrate Proposition 5.3.2, consider the Chern classes of B3, the third stage

of a Bott tower considered in Example 5.1.6. The generators of H*(B?) are wy, us
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and ug € H*(B?), and in this case a = 1.

(%) = ug(l — €164 + e264a(1,2; 1) + e3e4a(1,3; 1)) +
us(1 — €g€5 + €365a(2,3;1)) + ug(1 — €e3¢6),

co(7%) = uqus(1 — €164 — €265 + €1€2€4€5 + €364a(1,3; 1) —
eseszegesal(l, 3;1) + ezesa(2, 3;1) — er1€e364€5a(2, 35 1) +
eseqa(1,2;1)a(2,3;1)) +
—ugug(1l — ezeq) (€164 — €2€4a(1,2;1) — 1) +
—usug(€ezes — 1)(1 — €e3€4),

63(7'5) = —U4U5U6(6164 — 1)(6265 — 1)(1 — 6366).
With each occurrence of ug, the coefficient contains a factor of (1 — ezeq).

Proof of Proposition 5.3.2. Denote the stable tangent bundle of N?"*2 by 75. By
Corollary 3.4.7 the ith Chern class of 7° is given by ¢;(7°) = o;(uy, ..., Umi2).

We noted above that the element wu,, o only appears in ¢;(p,+1) and ¢1(pmi2),
so when we evaluate this ¢th elementary symmetric polynomial the only terms that
contain 1,2 are monomials of the form w;, ... u;, ,Un+1Umt2, for i > 2, where u,;, #

Upi1, Umto, OF sums of monomials
Upy - UL Unt1 + Uy - U Um+-2, (533)

for i« > 1, where w;, # Upt1, Umi2. By the Stanley-Reisner relations described in
Proposition 5.1.30 , the former are zero since U, 1um+2 = 0, and if the relations
cancel out one of the monomials in the sum (5.3.3), then clearly they will cancel out
the other. So we can assume that after applying the relations, if any terms in w,, o
remain, we are left only with terms of the form (5.3.3).

Using the linear relations in H*(N?""2), we can rewrite the ith Chern class as

s
Ci(T ) :Ui(_61€n+2>\1,n+1un+2 — €1€m+1)\1,mum+1, sy
— En4+1€n420n4+1 n42Un+2 — 0 T Ent1€m410n4+1 m+1Um+1 — En41€m420UMm4-2,

Up42y - - - ,Um+2>.
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The coefficient of w12 in ¢1(ppi1) = Uni1 1S —€nr16ma2a and the coefficient of w,, 2
in ¢1(pmi2) = Umae is just 1. So collecting together the terms in w,,,» we have the

following term in our Chern class

( 1-— €En+1€Em—+2 a) Um+2D,

for some polynomial p that does not contain any terms in u,, 2. Hence we can write

Ci(Ts) = (1 - €n+1€m+2a)um+2p +q,

where p and ¢ are polynomials over Z in u, o, ..., Upi1- O

5.4 Characteristic numbers

In this section we present our proof of Conjecture 5.0.2 for reducible quasitoric man-
ifolds N2 +2,

We follow the description in [38], that for each partition Q = qi, ..., qx of n, the
Qth Chern number of an n-dimensional manifold M", cg[M™] = ¢,, ... ¢, [M"] is, by
definition, the integer

< e (7). (T9), [M"] >, (5.4.1)

where [M"] € H,,(M™;Z) is the fundamental homology class of the manifold, and 7°
is its stable tangent bundle. For any partition () of n, the element c,, (7°) ... ¢, (7°)
lies in the top dimension of the cohomology ring of M™.

Note that we are working with tangential characteristic numbers, rather than the
more commonly used normal characteristic numbers. In the latter case cq,(7°) is
replaced by c,, (v*) in (5.4.1), where v* is the stable normal bundle of M™.

We can make the following observation about the Chern classes of the stable

tangent bundle of N?7.

Lemma 5.4.2. Given a partition qi,...,q; of n+1, the product c,, (7°)...c, (7%) of
Chern classes in H*"2(N?"2) is equal to a sum of terms that each contain a factor

of the cohomology class Uy, o € H*(N?"2).
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Proof. A product cg, (7%) ... ¢, (7%) € H*"T2(N?*"*2?) can be written as a sum of terms
of the form u;”jf .. u;’?jﬁ, for integers i; > 0, with 440 + -+ 4+ 2 =n + 1.
Now suppose that our product ¢, (7%) ... ¢, (7°) does not contain any terms with

factors of u,, 9. It follows that the product must be comprised of a sum of terms of

the form w5 .. upny, With dpp0 + - + i = n + 1.

The elements w12, .., Uy are in the image of the map r: Z[P"] — Z[P™"*!] of

Stanley-Reisner rings, which was introduced at the close of Section 5.1. We have that

) int2 Im+1 in+2

e = w5 .. .uyrty, where the element v,7 ... vim+! lies in the coho-

r(ots .. vm
mology ring H*(M?") of the base space of the quasitoric bundle CP! — N?7+2 —
M?". We have that v:{ﬁ:f .. vim+t = (), since this element lies in the cohomology
group H?"*2(M?"), which is zero for dimensional reasons. Therefore we can de-
duce that /™2 .. umtl = 0 in H?*?(N?"?). Hence to ensure that the product
Cu (T%) . cq (%) of Chern classes lies in H*""2(N?""2) we require that it is com-

prised of sums of terms of the form w5 ... u;5, with ipp0 4+ -+ + o = 0+ 1,

and 4,49 # 0. O
By combining Lemma 3.4.8 and Proposition 5.1.27 we obtain the following fact.

Corollary 5.4.3. The quasitoric manifold N*"*2 has an SU-structure induced by an

omniorientation on its stable tangent bundle, only if €, 11€m100 = 1.
Now everything is in place for us to prove our main theorem.

Theorem 5.4.4. If a reducible quasitoric manifold N*"*2 with fibre CP! has an
SU -structure induced by an omniorientation, then N?"2 is cobordant to zero in the

complex cobordism ring MU,.

Proof. Let qi,...,qx by a partition of 2n + 2 so that ¢, ...c, [N?"?] is a Chern

number given by

< g (T5) g (75), [N*"12] > (5.4.5)

where [N2"2] is the fundamental class of N?"2 in the top dimension of its homology;

it is determined by the chosen omniorientation on N?"+2,
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By Lemma 5.1.33, the relations in the cohomology ring of N?"*2 imply that any
element uf € HY(N*"*2) for n +2 < i < m + 1, can be rewritten in terms of
Upy2, - - - Uma1, DUt never in terms of u,,,o. For example, at the third stage B3 of a

Bott tower we have
1,2:1 2
up = (M) us, (5.4.6)

and it is not possible for ug to arise from a combination of powers of uy and us.

It follows that for a product of Chern classes ¢, (7°) . .. ¢, (7°) to contain the term
Um+2, Which Lemma 5.4.2 implies is necessary if it is to lie in the top dimension of
H*(N?"*2) | at least one of the terms ¢, (7*) in the product has to have a term in
Umao 1IN its polynomial expression.

By Proposition 5.3.2, if a Chern class ¢, (7°) contains a term in ,,;2, then that
term has a factor of (1 — €,11€6,,40a) in its coefficient. Hence the product of Chern
classes ¢, (7°) ... ¢, (7°) has at least one factor of (1 — €,41€m42a), and so must the
Chern number ¢, . .. ¢, [N*"*?]. By Corollary 5.4.3, if N*"*? is an SU-manifold then
€n+1€mi2a = 1. It follows that the Chern number cg[N?"2] = ¢,, ... ¢, [N*""?] =0

for any partition Q) of 2n + 2, and so N?"*2 is cobordant to zero in MU,. O

Remark 5.4.7. In light of Remark 5.1.15 we emphasise that Theorem 5.4.4 holds for
the reducible quasitoric SU-manifold N?"*2, regardless of the ordering of the facets
of its associated polytope P"*!. While our proof of Theorem 5.4.4 did require us to
use a particular ordering of the facets of P"*!, since we can always reorder the facets
accordingly without affecting the omniorientation of N2"*2 and thus its complex
cobordism class, then Theorem 5.4.4 holds for N?"*2 with any choice of ordering for

the facets of P!,

5.5 Complex projective space

One of the most natural examples of quasitoric manifolds are the complex projective
spaces CP", which we introduced in Example 3.2.12. If we could prove Conjecture

5.0.2 in the case of CP™, then since these spaces are so fundamental in toric topology,
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it would offer compelling evidence to support the full conjecture. This is the main
aim of our final section.

We begin by studying the case when n = 2k is even and show that there are
no SU-structures on CP?* that are induced by omniorientations. Following this we
prove Conjecture 5.0.2 for CP" in the case when n = 2k + 1 is odd. In conclusion,
we speculate on several possible approaches to a complete proof of the conjecture.

To reiterate our comments from Chapter 1, we feel we should make clear that some
of the results in this section follow from what are probably well-known observations
about CP"™, though we do not always have specific references to call upon. However,
our interest is in reinterpreting these results in the new context of toric topology.

To begin, we note that for CP", we need only verify Conjecture 5.0.2 in cases

when n is odd, courtesy of the following observation.

Proposition 5.5.1. There is no omniorientation on CP?*" that induces an SU-

structure on the stable tangent bundle 75(CP*").

Proof. By Example 3.2.12, the signed refined submatrix of an omnioriented CP?"
is the column vector v = (—€1€9,41,. .., —€am€any1) in Z**. By Lemma 3.4.8, the
omniorientation on CP?" induces an SU-structure on its stable tangent bundle if

and only if the column sum satisfies

—€1€p41 — €2€2p41 — " — €ap€opq1 = L. (5.5.2)
Suppose that CP?" is omnioriented so that a of the entries —€i €241y - -y —€iy€ant1 Of
v become +1. Then the remaining 2n — a entries —e¢;ea, 11 of v, where @ # iy, ... g,

must be equal to —1. There are two subcases to consider:

If a = n, then the column sum (5.5.2) is zero. Therefore such an omniorientation
does not induce an SU-structure on CP?".

If a # n, then the column sum (5.5.2) is 2a — 2n. Since both a and n are integers,
2(a —n) # 1, and hence such an omniorientation does not induce an SU-structure

on CP?". O

Let us consider some of the implications of this result. In Section 5.1 we saw that

we can view the reducible quasitoric manifold DOy, the kth stage of a Dobrinskaya
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tower (DOy, : k < n), as the total space of a quasitoric bundle CP* — DO, —
DOy_;.

Lemma 5.5.3. The quasitoric manifold DOy, has an SU-structure induced by an
ommniorientation, only if, when viewed as a quasitoric bundle, the fibre CP%* has an

SU -structure induced by an omniorientation.

Proof. This result is easily seen to be true by looking at the final column of the

dicharacteristic matrix (4.1.6) for DO. O

In particular, if I, is even so that the fibre of DO, is some CP%, then it follows
from Proposition 5.5.1 and Lemma 5.5.3 that there is no omniorientation on DOy
that induces an SU-structure on its stable tangent bundle.

Following Proposition 5.5.1, confirmation of Conjecture 5.0.2 for complex projec-
tive space CP™ reduces to verifying the conjecture in the cases when n is odd; in such
cases the signed refined submatrix induced by an omniorientation on CP?"*! is the
column vector

_ 2n+1
V= (—€1€m42,. .., —€mti1€amta) € L.

In a similar fashion to the even dimensional case above, the omniorientation induces

an SU-structure on CP*"*! if and only if the column sum satisfies

—€1€2n42 — €2€2,41 — *** — €2py1€2n42 = L. (5.5.4)

Only if CP?"*! is omnioriented so that n + 1 of the entries in v become +1, and the
remaining n of the entries in v become —1, is equation (5.5.4) satisfied, inducing an
SU-structure on CP?"+1,

Assume now that we have satisfied the condition (5.5.4) so that the omniorien-
tation has induced an SU-structure on CP?***1. Without loss of generality, we may
then assume that v is the vector (1,...,1,—1,...,—1) € Z**™' in which the first
n + 1 entries are 1; this explicit choice is justified in Remark 5.5.7 below. Label
by t the SU-structure induced by this choice of v. If the cohomology generators of
H*(CP?"*1) are given by elements uy, ..., ug,o in H*(CP?"*1)  then the linear re-

lations arising from associated dicharacteristic matrix, with refined submatrix v, are
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as follows

Uy = Uz =+ =Upy1 = —U2p42,

(5.5.5)

Upy2 = Upy3 = * " = U2p4+1 = U2n+2-

To simplify notation, we will denote ug, > € H?(CP***1) by x. Then by Corollary

3.4.7, the pth Chern class of the stable tangent bundle of CP?"*! is given by
cp(TS((CP2n+1)) =op(T,...,0,—x,...,—T), (5.5.6)

that is, the nth elementary symmetric polynomial in n + 1 copies of x and n + 1
copies of —x.

Remark 5.5.7. We are able to make our choice (1,...,1,—1,...,—1) for v without
loss of generality, because for the remainder of this section we are interested only in the
cohomology generators ui, .. ., Usyso € H*(CP**1). If CP*"*! has an SU-structure
then we know that n + 1 of the entries in v must be +1, and the remaining n of the
entries in v must be —1. So whatever the choice of omniorientation that determines
the vector v explicitly, we know that the cohomology generators will always be of the
form (5.5.5), albeit in a different order to that shown above. This will be sufficient

for our purposes below.

Following Remark 5.5.7, we will assume that in the remainder of this chapter,
CP?**! is equipped with the SU-structure t. We have the following result on the
odd Chern classes of the stable tangent bundle 75(CP?*"*1) of the quasitoric SU-
manifold CP* 1,

Lemma 5.5.8. If an omniorientation on CP**' induces an SU-structure on its
stable tangent bundle, then the Chern classes copy1(7°(CP?" 1)) in H*2(CP2nHl)
are zero, for all k > 0.

Proof. Since an omniorientation has induced the SU-structure t on CP?"*!, we know
that the Chern classes of 75(CP?"™!) are given by elementary symmetric polynomials

of the form (5.5.6). As is well-known (see e.g. [38, p. 189]), this is equivalent to

writing the total Chern class ¢(75(CP?*"*1)) € H*(CP**1) as
(T (CP™Y)) = (1+2)"(1—2)

= (1- 352)".
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By expanding (1 — 2%)" it is clear that the total Chern class has no terms in z%+1,

so it follows that the Chern classes cop. 1 (75(CP?*" 1)) in H*+2(CP?*"*1) are zero, for

all k£ > 0. ]

Lemma 5.5.8 is the foundation for the following result, which confirms Conjecture

5.0.2 in the case of odd dimensional complex projective space.

Theorem 5.5.9. If the quasitoric manifold CP?**™* has an SU-structure induced by
an omniorientation, then CP?"*1 it is cobordant to zero in the complex cobordism

ring MU,.

Proof. Let qi,...,q by a partition of 2n + 1 so that ¢, ...c, [CP?"™] is a Chern
number given by

< e (T%) .. g (75), [CP?M ] >, (5.5.10)

where [CP?"!] is the fundamental class of CP?*"*! in the top dimension of its ho-
mology; it is determined by the chosen omniorientation on CP?**!.

Every partition ¢y, ..., qx of 2n + 1 must be such that at least one ¢; is odd. For
if q1,...,q, were all even, then their sum would be even, which cannot be true since
by definition we have ¢; + --- + ¢ = 2n + 1. So it follows that at least one of the
Chern classes ¢, (7°) that contributes to the Chern number ¢, ... ¢, [CP?" '], must
be such that ¢; =25 + 1.

Then since CP?"*! has an SU-structure, by Lemma 5.5.8 the Chern number
Cqr - - - Cq [CP?™ 1] is zero, for all possible partitions qi,...,q of 2n + 1. Hence we

have that CP?"*!, with SU-structure induced by an omniorientation, is a boundary

in MU.. ]

It is worth noting that we can prove Theorem 5.5.9 geometrically by constructing
the quasitoric SU-manifold CP?"*! as the boundary of a (4n + 3)-dimensional stably
complex manifold. If CP?"*! has SU-structure ¢, which is induced by an omniori-
entation, then it follows from our description (5.5.5) of the cohomology generators

u; € H*(CP?t1) for 1 <i < 2n+2, and Example 3.4.4 that there is an isomorphism

7_<(Cp2n+l) @RZ ~ Zl D - @Zl P Cl @B Cl s (n + 1)61 P (n —+ 1)(1, (5511)
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on the stable tangent bundle of CP?"+1,
Given &, the universal quaternionic line bundle over HP", it is well-known (see

e.g. [3] or [4]) that there is an isomorphism of real bundles
LGoué& = LR, (5.5.12)

for some real 3-plane bundle L over HP". In [4, Section 2|, the authors show that
the 2-sphere bundle 7: S(L) — HP™, is such that S(L) = CP?""!; moreover, they

give an isomorphism of complex bundles
(&) 2 ¢ B G- (5.5.13)
By Proposition 2.3.7, and using the isomorphism (5.5.12), we have

7(S(L) @R?* = 7 (L®R@T(HP))

(& ®n &) © T(HP")). (5.5.14)

I

In Chapter 6 we will see that there is an isomorphism on the tangent bundle of HP?"
given by
T(HP") @ (& @u &) = (n+ )&y,

so pairing this with the isomorphism (5.5.13) we reduce (5.5.14) to
T(S(L) ®R* = (n+ 1){; @ (n + 1)¢. (5.5.15)

This isomorphism is precisely the isomorphism (5.5.11). Hence if CP*"*! is a
quasitoric SU-manifold, we may consider it as the 2-sphere bundle S(L) over HP?".
Then CP?"! is cobordant to zero in the complex cobordism ring, because the sta-
bly complex structure given by the isomorphism (5.5.11) bounds, as it extends via
(2.3.9) to the 3-disc bundle D(L) over HP?". This illustrates the geometry underlying
Theorem 5.5.9.

Further work should of course be devoted to verifying Conjecture 5.0.2.

Let F': MSU, — MU, be the map that simply forgets the special unitary struc-
ture on a manifold, and let R be a subring of M SU, generated by the projective spaces
CP?*! and manifolds of the form N?". If the image Im(F) = F'(R), then Conjecture
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5.0.2 is true, because it follows from Theorems 5.4.4 and 5.5.9 that F/(M*") = 0, for
any M?" € R. In other words, any quasitoric SU-manifold M?" is cobordant in MU,
to a combination of products and connected sums of SU-manifolds of the form N?"
and CP?"*1 which necessarily bound in MU,. Of course, it is almost certainly not
the case that Im(F) = F(R), but we could conceivably prove the conjecture for a
larger class of manifolds than CP?**! and the N?" alone if we knew how much of
the image of F' is comprised by F'(R). The memoir of Conner and Floyd [13], where
the image of F' is studied in detail, would be a good starting point for any such
investigations.

It is unclear how to extend Theorem 5.4.4 to reducible quasitoric manifolds M
with a general quasitoric fibre F'. The proof of our result relied on the fact that the
final column of A was of the form (0,...,0,a). If, for example, M was the kth stage
DO, of a Dobrinskaya tower, so that F' = CP%:; if [, # 1, then the proof would fail
as the final column of A would be of the form (0,...,0,ay,...,q, ). However, given
Theorem 5.5.9, perhaps a first step in this direction would be a proof of the conjecture
for any reducible quasitoric manifold with fibre the quasitoric SU-manifold CP?"+!,

Suppose we relax the condition of reducibility on M. Then even if its associated
polytope reduces to P™ x I, the final column of A can take a form that differs from
(0,...,0,a), and so an attempt to extend Theorem 5.4.4 to such manifolds M would
also founder.

In Example 5.1.9 we considered the reducible quasitoric manifolds B; ; over I* x
NIt with ¢ < j, which comprised the basis for MU, given by Theorem 5.0.1. Since
B, j is the total space of a quasitoric bundle with base space the bounded flag manifold
B; and fibre CP’~!, in light of Theorems 5.4.4 and 5.5.9 it would be natural to hope
that we could go on to prove that every B,;; with SU-structure bounds in MU..

However, we have the following observation.

Lemma 5.5.16. There is no omniorientation on the reducible quasitoric manifold

B, ; that induces an SU-structure on its stable tangent bundle.

Proof. In [9, Example 4.5], the dicharacteristic matrix of B; ; is shown to contain a
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column of the form v = (0,...,0,—1,0,...,0,1,0,...,0) € Z"~1 which has only
two nonzero entries. No matter how we manipulate the omniorientation of B; j, it is
impossible to make the entries in the vector v sum to 1. It follows from Lemma 3.4.8

that B, ; is never a quasitoric SU-manifold. O

Consequently it seems unlikely that calculations with the B; ; manifolds will lead
to a full solution to Conjecture 5.0.2.

Suppose instead that we could construct an alternative basis for MU, comprised
of quasitoric manifolds V2", which could admit SU-structures induced by omnior-
ientations. If we could prove the conjecture for any quasitoric SU-manifold V2",
then a proof of the full conjecture would require confirmation that every quasitoric
SU-manifold is complex cobordant to a connected sum of products of V2" with SU-
structure, which would then necessarily be a boundary. This is by no means straight-
forward because if M; has an SU-structure, and [My, 01] ~ [Ms, 0] in MU,, it does

not follow that M, should necessarily have an SU-structure.



Chapter 6

Quaternionic towers

In this chapter we define a quaternionic analogue of the Dobrinskaya towers of Chap-
ter 4. Due to the noncommutativity of the quaternions H, the process is not entirely
straightforward, but by refining our definitions where necessary, we are able to carry
over many aspects of the Dobrinskaya tower to the new setting.

The first problem we encounter is that the tensor product over H of two quater-
nionic line bundles is not itself a quaternionic bundle. To overcome this difficulty,
in the first section we describe an operation on quaternionic bundles, which will
play the role of the tensor product when we construct our quaternionic towers. We
then verify that the preliminary results of Section 2.5 still hold when reformulated
in the quaternionic milieu. This is the foundation for the second section, in which
we define the quaternionic tower using an iterated bundle construction, determine its
F-cohomology ring and consider stably quaternionic structures on the tower. We will
find that unlike Dobrinskaya towers, in which each stage is a stably complex manifold,
the manifolds comprising a quaternionic tower are not in general stably quaternionic.
In the next section we concentrate on some exceptional cases of quaternionic tower
that do admit stably quaternionic structures.

In addition to the iterated bundle construction, Dobrinskaya towers have a second
description as quasitoric manifolds. Therefore we devote the final section to consid-
ering the possibility of constructing a quaternionic analogue of a quasitoric manifold

to describe our quaternionic towers.

85
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Throughout this chapter, F' will denote a quaternionic oriented ring spectrum, as

defined in Section 2.2.

6.1 Quaternionic line bundles

Quaternionic line bundles over a space X are classified by homotopy classes of maps
X — HP°. However, HP is not an Eilenberg-Mac Lane space, so in contrast with
complex line bundles, there is no isomorphism between the multiplicative group of
quaternionic line bundles over X and the cohomology group H*(X).

As a consequence, we will have much less freedom when building our quaternionic
towers. Each stage DOy in a Dobrinskaya tower is determined by a vector ax_1(lx)
of integers (4.1.5), which represents the tensor powers over C of the complex line
bundles used to build each stage. We cannot carry over this idea to the quaternionic
construction, as the tensor product over H of two quaternionic line bundles is not
itself a quaternionic line bundle, it is only a real bundle. This follows from the
fact that if H and H denote the quaternions considered as right and left H-modules
respectively, then we have the well-known isomorphism H @y H = R%.

In this section, we consider an operation on quaternionic line bundles, which we
will use in place of the tensor product when we construct our quaternionic towers in
Section 6.2. We will focus on using self-maps HP™ — HP"™ of quaternionic projective
space, using the paper of Granja [20] as our primary reference.

With pf(&;) € H*(HP™) denoting the first quaternionic Pontryagin class of the

canonical quaternionic line bundle &; over HP", we have the following notion.

Definition 6.1.1. The degree d € Z of a self-map g: HP™ — HP" (n may be

infinite), is such that g*pf (&;) = dpf’(&).

This allows us to classify self-maps of HP>, courtesy of the following result by
Mislin.

Theorem 6.1.2. [39] Self-maps of infinite quaternionic projective space HP> are

classified up to homotopy by their degree.
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Moreover, in [18, Theorem 1.2] Feder and Gitler show that there exists a self-map
g of HIP> if and only if the degree of g is zero or an odd square integer (2r + 1)?, for
r € Z. Sullivan constructed explicit maps with such degrees [55, Corollary 5.10].

Self-maps of HP! are also classified up to homotopy by their degree, and it is
well known that a self-map HP' — HP' of degree d exists for any integer d, but for

general n, self-maps of HP" are not classified by degree [19], [33].

Remark 6.1.3. The permissible degrees of self-maps HP™ — HP™ for general n are
unknown, but their determination is the subject of the Feder-Gitler Conjecture, a
summary of which, and details of its confirmation in degrees n < 5, can be found in

120].

Though the picture is far from complete, we now have enough information to use
self-maps of quaternionic projective space to define an operation on quaternionic line
bundles.

Any quaternionic line bundle # over a space X is the pullback along the classifying
map 6: X — HP* of the universal quaternionic line bundle &;. Hence, for a degree
d self-map gq of HP>®, we can define 09 to be the pullback of & along g.0. By
Theorem 6.1.2, self-maps of HP> are classified up to homotopy by their degree, so
the bundles % are distinct for each d; moreover, by Definition 6.1.1, we have that
pE(610) = dp (9) in F*(X),

By Feder and Gitler’s result on the permissible degrees of self-maps HP* — HP>,

we have the following result.

Proposition 6.1.4. Given a quaternionic line bundle 6 over a space X, there exists
distinct quaternionic line bundles 09 over X, where d = (2r + 1), forr € Z, or

d=0.

When d = 1, the bundle 0 is 6 itself, and we interpret 0% as the trivial quater-
nionic line bundle H. We use the notation 64 to emphasise that our operation is

different to the tensor product of d copies of @, which is usually written as <.

Remark 6.1.5. Since the Feder-Gitler conjecture has been verified in dimensions

n < 5, we could be bolder and consider a larger pool of bundles 8% over n-dimensional
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spaces, for all the known degree d self-maps of HP"™. However, for simplicity and
consistency, we will limit ourselves to maps of odd square or zero degree throughout

our thesis.

Thus we have shown that we can replace the ill-behaved tensor product of quater-
nionic line bundles, with our operation built out of self-maps of quaternionic projec-
tive space. This will be central to our construction of quaternionic analogues of the
Dobrinskaya tower in the remainder of this chapter. As a first step towards that goal,
we now confirm that the preliminary results of Section 2.5 hold when translated to

the quaternionic setting.

Definition 6.1.6. A j-generated connected CW-complex X is one whose integral co-
homology ring H*(X) is generated by a linearly independent set of elements x4, ..., x,

in H*(X). We say such elements are /-generators and n is the 4-rank.

Suppose there exist quaternionic line bundles y; over X, such that the first quater-
nionic Pontryagin class pl’(x;) € H*(X) is the 4-generator z;. For any quaternionic
oriented ring spectrum F', the quaternionic Pontryagin class pf(x;) also lies in F*(X),
for 1 < i < n. Henceforth, we will denote p!'(y;) by 47

As in the complex scenario, the Atiyah-Hirzebruch spectral sequence converging
to F*(X) collapses, since the ordinary cohomology of X is again concentrated in
even degrees, which forces all differentials to be zero. It follows that F*(X) is a free
F.-module, spanned by the collection of monomials [], yF', where R is any subset of
{1,...,n}; as a free F,-algebra, F*(X) is generated by yI', ... y~.

In contrast to complex line bundles, the tensor product of two quaternionic line
bundles is not itself quaternionic, as we discussed earlier in this section. To take ac-
count of this, we now make our first serious deviation from mimicking the programme
of Section 2.5. Rather than working with a tensor product bundle y{" @ - - - @ ya™
for integers a(i), we must choose only one of the bundles, y; say, from xi,..., Xn-

[a(%)]

Now we are able to form x;""”, where a(i) is (2r 4+ 1)?, for some r € Z, or a(i) = 0,

as prescribed by Proposition 6.1.4.
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We now make [ choices of bundles x;,, ..., x; from x1, ..., x», allowing the possi-

bility of choosing any of the bundles more than once, and define a direct sum bundle
x=xeWe. o (6.1.7)

This bundle will play the role of (2.5.3) in our quaternionic setting.
Given our 4-generated space X, which carries the n quaternionic line bundles y;,

for 1 <i < n, let Y denote the total space of the HP'-bundle HP(y @& H) over X.

Lemma 6.1.8. The F,-module F*(Y,) is a free module over F*(X,), generated by

l

Lyl ()% o (yh) !, where yX', ) is an element of F*(Y.). A single relation

a(l a(l
W) Wner =24 0Gi™) - (g = w1 () =0,
describes the multiplicative structure.

Proof. We need only note that the Leray-Hirsch Theorem (2.5.1) holds for a quater-
nionic oriented cohomology theory. Then the proof of Lemma 2.5.4, with obvious

adjustments to take account of the quaternionic setting, will suffice. [

Lemma 6.1.8 implies that Y itself is 4-generated with 4-rank n + 1.

Taking a nonzero vector in the H summand yields a section w for the bundle
m:Y — X. As in the complex case, the space obtained by the quotient of Y by the
image of w is homeomorphic to the Thom complex T'(x) of x. Label the quotient

map by ). The section w has left inverse m and so the induced cohomology sequence

O*

F*(X) <2 Fr(Y) <Z F(T(x)), (6.1.9)

is split by 7*, thus ensuring it is short exact.
We record here a particular case of Lemma 6.1.8, which we will call upon in

Chapter 7.

Example 6.1.10. Let X = HP* and choose y to be &, the universal quaternionic
line bundle over HP*. It follows that T'(§;) = HP>. Therefore Y is the projectivi-
sation HP(& @ H), and it is straightforward to extend Segal’s reasoning [51, page

45] to the quaternionic case to show that Y is homotopy equivalent to HP*> v HP>.
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We have that F*(Y, ) is a free module over F*(HP{°) = F,[[z]], generated by 1 and
y € F4Y,), with (y)? = ay, and simplifying the cohomology relation to y = x
illustrates the homotopy equivalence between Y and HP> V HP>.

Note that the first quaternionic Pontryagin class pI” € F4(HP>) induces a canon-
ical Thom class t" € F4(T(&;)), and so we have a Thom isomorphism F*~*(X ) &

F*(T(&)). This allows us to view y as the pullback 9*tF.

As in the complex case, products of the form 7*(z)y~’, | may be written as ¢* (zt"),

for any x € F*(X).

6.2 Constructing the towers

Having established the fundamentals, we are able to define quaternionic towers using
a construction analogous to that of the Dobrinskaya towers of Section 4.4. Following
this, we calculate the F-cohomology ring for each stage in the tower and consider
their stably quaternionic structures.

Suppose we are given a sequence of nonnegative integers (Iy,...,1,), to which we
associate a bundle list (j(l1),...,7(l,)), where j(I;) is an l;-vector (j;1, ..., jis,) with
entries taken from the set {1,...,7 — 1}. Note that we allow repetition of choices, so
that if, say I3 = 5, then (1,1,2,1,1) or (2,1,2,1,2) are both valid examples of the
vector j(l3). The quaternionic Dobrinskaya tower will be constructed inductively:
the (k — 1)th stage carries k£ — 1 quaternionic line bundles, and we will choose I of
them to construct the kth stage. The vector (j(l;)) records the chosen bundles.

Furthermore, to (l1,...,1l,) we associate a quaternionic list (ay(l2), ..., an_1(1n))
of l;-vectors

a;—1(l;) = (a(i,1),...,a(i, 1;)), (6.2.1)

with entries a(i,j) = (2r + 1)2, for some r € Z, or a(i,j) = 0.
For the inductive construction of the tower, assume we have already built the
(k—1)th stage Q7)1 as a smooth 4(ly +- - - +1;_1 )-dimensional manifold, 4-generated

by y# and carrying quaternionic line bundles y;, such that pf(y;) =y, for 1 <i <
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k — 1. Define the ith bundle of the construction to be

a(i, a ’L',ll'
Xai-1) = X @ -yl (6.2.2)

Jidg
Then QT is defined to be the total space of HP(x(ax_1)®H), the projectivisation
of the direct sum of x(ax_1) and a trivial quaternionic line bundle H.
We define QT to be the space consisting of a single point so that the first bundle
is trivial, then the next stage QT} is HP". Lemma 6.1.8 implies that QT}, has 4-
generators y for 1 < i < k, where yl! is the first Pontryagin class p(x;) of the

canonical line bundle ;. over QTy.

Definition 6.2.3. Given the nonnegative integers (ly,...,l,), the sequence of man-
ifolds (QTy : k < n), arising from a bundle list (j(l;),...,;(l,)) and a quaternionic
list (a1(l2),...,an—1(ln)), is a quaternionic tower of height n (which may be infinite).

The individual manifold QT is known as the kth stage of the tower, for 1 < k < n.

As a consequence of the discussion that followed Lemma 6.1.8, we have projec-
tions m,: QT — QTk_1, sections wy: QT_1 — QT} and quotient maps J;: Q1) —

T(x(ar-1))-
From our preliminary investigation of 4-generated projective bundles, we can de-

termine the F-cohomology ring of any stage Q7}.

Proposition 6.2.4. For any quaternionic oriented ring spectrum F', the Fi-algebra
F*(QTy.) is isomorphic to

where Ly, is the ideal
(O =pl O =l G ) 1 <i<k). (6.25)
Proof. The result follows from k — 1 applications of Lemma 6.1.8. O]

Note further that when a(i,j) = 0 for all 1 < j < [;, so that QT; = HP%, we
recover from (6.2.5) the usual relation (y/)%+! = 0, on F*(QT;,) = F*(HPY).
In general, each stage )T}, in a quaternionic tower does not carry a stably quater-

nionic structure. Essentially this is because each QTj, is a HP*-bundle over QT},_1,
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and HP"* does not have a stably quaternionic structure when [, # 1. This is due to

the fact (see e.g. [26, Theorem 1.1]) that its tangent bundle admits an isomorphism
THP") @ (L 0ué&) Z6HO - 06 = (I +1)&, (6.2.6)

and & ®g &, is not quaternionic. In the exceptional case when [;, = 1, Proposition
2.3.7 implies that HP! carries a trivial stably quaternionic structure, and there is an
isomorphism &; ®p &, = & @&, of real bundles over HP! (for more details see [3] and
[26]). In the following section, we pay particular attention to this exceptional case,
to define quaternionic towers in which each stage does carry a stably quaternionic

structure.

6.3 Special cases

In this section we concentrate on two particular subfamilies of quaternionic tower.
We begin by defining the quaternionic analogue of a Bott tower, and describe a
quaternionic structure on the stable tangent bundle of each stage. Then we specialise
further to define a bounded quaternionic flag manifold.

Suppose we have a quaternionic tower (Q7} : k < n), arising from the sequence

of integers (ly,...,0,), as in Definition 6.2.3.

Definition 6.3.1. A quaternionic Bott tower of height n is a quaternionic tower in

which [; =1forall 1 <i<n.

To distinguish the quaternionic Bott tower, we will denote the kth stage by QF.
Again for convenience we set Q° to be the one-point space, while Q! is HP'. When

a2 )] g H) takes the form HP' x HP!,

J2,1

a(2,1) = 0, the second stage Q% = HP(x
while for a(2,1) = 1 we can interpret Q? as HP?# HAP’, that is, a connected sum of

quaternionic projective planes with opposite orientations.

Remark 6.3.2. Unlike the situation for Bott towers, which we documented in Section
4.5, the isomorphism class of the direct sum bundle Xﬁ(f,l)} @ H does not depend only
on the parity of a(2,1). Therefore unless a(2,1) = 0 or 1, we cannot necessarily view

Q? as cither HP! x HP' or HP?4 HP .
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At the close of Section 6.2, we saw that HP! carries a stably quaternionic struc-

ture. This fact is especially relevant for the quaternionic Bott tower since each stage

QF = HP(XE.‘;(?U} @® H) is an HP'-bundle over Q*~!. Since HP! is homeomorphic
to the 4-sphere S*, we may equally consider the kth stage of the tower as the total
space of a 4-sphere bundle S (X?ﬁl’l) @ R). We prefer this viewpoint because it allows

us to easily describe a stably quaternionic structure on QF.

Proposition 6.3.3. The tangent bundle of Q% admits an isomorphism

k
(@) SRR (@ x(ai)> : (6.3.4)
i=1
where x(a;) = Xg-?(f’l)]. The isomorphism determines a bounding stably quaternionic

structure on QF.

Proof. The isomorphism follows from Proposition 2.3.7. The structure bounds since

it extends to the 5-disc bundle D(Xg-‘z(f’m ®R). O

We also have the quaternionic analogue of Civan and Ray’s result [12, Proposition
3.3], which gives a decomposition of the suspension LQ* as a wedge of suspensions

of Thom complexes.

Proposition 6.3.5. Given a quaternionic Bott tower (Q* : k < n), there is a homo-

topy equivalence
h: 2QF — XS* v T (x(a1)) V-V ET (x(ap_1)), (6.3.6)
for each 1 <k <n.
Proof. First consider the map h;: XQ° — Q"' VvV T (x(a;_1)), given by the sum
Y + 29;. Now for the homotopy inverse, take the cofibre sequence
Q' =S(x(ai) ®R) == Q' =5 T(y(ai) @ R) — Q' — ..,

in which ¢; is the inclusion of the zero section, and the map p; collapses this copy of
Q"' in T(x(a;) ®R). Since T(x(a;) ®R) = XT(x(a;)) [27, Corollary 15.1.6], and the
section w; is 7; ', our inverse is given by Yw; V ;.

Having established the homotopy equivalence h;, a simple inductive argument,

with the base case k = 1 provided by taking T'(x(ag)) = S*, completes the proof. [
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We can interpret this result in terms of the F-cohomology of Q¥ again following
the lead of Civan and Ray. From Proposition 6.2.4, we have that F 41(@’_1) is the
F,-module generated by monomials [[,y!, for subsets R C {1,...,k} of cardinality
1. The homotopy equivalence hj induces an isomorphism in F-cohomology, which

desuspends to give an additive splitting of the F,-module F*(Q¥) as

FA QM = (i) @ @ (v, (6.3.7)

where <yg> denotes the free F,-submodule of F*(QF), generated by monomials [, y/"
with R C{1,...,i} and i € R.

We can specialise further to define a subfamily of quaternionic Bott towers.

Definition 6.3.8. Consider the quaternionic Bott tower (Q* : k < n) arising from
a bundle list (j(l1),...,J(l,)), in which each j(l;) = (i — 1), and a quaternionic list
(a1(ly), ..., an_1(l,)), in which each a;_;(l;) = (1) for all . Then each stage Q* is a

bounded quaternionic flag manifold.

The bounded quaternionic flag manifold Q™ is the space of all bounded quater-
nionic flags V in H™; that is, the set of all sequences V ={V, c Vo, C---CV, C
Vpi1 = H*M} in which V; contains the coordinate subspace H'™! spanned by the
first ¢ — 1 standard basis vectors of H"*!, for 2 < ¢ < n. In our construction, these
manifolds are of the form QF = HP(x,_1 @ H), or equivalently S(x,_1 ® R). As in
the complex case, Ray [47] studied such manifolds in cobordism theory, and the final

chapter of our thesis will be concerned with extending this work.

6.4 Quaternionic quasitoric manifolds

Each stage in a Dobrinskaya tower can be realised as a quasitoric manifold, therefore
it is natural to try to construct each stage QQT}, of our quaternionic tower as a quater-
nionic analogue of a quasitoric manifold. The possibility of such a construction is the
subject of this final section. We want to take the fundamental ideas of toric topol-

ogy, as outlined in Chapter 3, and explore to what extent we are able to formulate a
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quaternionic analogue of the theory. In conclusion, we briefly survey other authors’
approaches to quaternionic toric topology.

The unit sphere in the quaternions is the 3-sphere S2. Though S? is not commu-
tative, we would like the quaternionic n-torus (S3)" to play the role of the n-torus
T" in our construction of a quaternionic theory of toric topology. Coordinatewise
left multiplication of (S®)" on H" is called the standard representation of (S®)" and
a 4n-dimensional manifold M*" with an action of (S®)" is termed an (S®)"-manifold.
Then we have the notion of an (5%)" -action on M*" being locally isomorphic to the
standard representation in the obvious manner, similar to Definition 3.1.1.

Complex projective space CP", viewed as a quasitoric manifold over the n-simplex
A" is one of the fundamental constructions in toric topology. Before we consider
the more complicated case of a quaternionic tower, let us construct quaternionic

projective space HP™ by analogy with Example 3.2.12.

Example 6.4.1. In place of the moment angle complex Za» = S**! we will take
the (4n+ 3)-sphere S¥"3; such a choice will be valid if the orbit space of S under
the standard left action of (5%)"*! is the n-simplex A™.

Let us consider the case when n = 2. We view S as the set {(ai,as,a3) €
3 : |ay|? + |as]? + |as|* = 1}, and a point in (S?)3 is denoted by (vy,vs,v3). Our
quaternionic torus (S%)? acts freely on the left of S'' by coordinatewise multiplica-
tion. Then the orbit of a point (a1, as,az) under this action of (S%)® is given by
{(viay,v9a9,v3a3) : v; € S?}, which we can rewrite as

viar|la VoQo | A Vaas|a
{( arfar] vatafaz| vyag ')} (W) - (laal, sl fas]) : o] € 57,

|a1| |a2’ |a3|

where v, = wv;a;/]a;]. So the orbit space of S'! under the free action of (S5%)? is
homeomorphic to the space of points (by, by, b3) € R3, where b; = |a;|. Now, since
b; > 0 and by +by+bs = 1, we have that { (b, by, b3) } is exactly A? as in the description
(3.1.7).

In a similar manner, if we define a diagonal subgroup Dy to be {v,v,v} < (53)3,

the orbit space of S'' under the action of Dy can be seen to be HP2.
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It is straightforward to generalise these arguments to show that we can view both
HP", and the associated polytope A", as quotients of S*"*3 by appropriate actions

of Dy < (S3)"! and (S3)"™! respectively.

Now we can turn to the quaternionic tower. Continuing our analogy with the
complex scenario, the polytope associated with QT}, is the product of simplices At x
-+ x Al which we earlier denoted by P*, where L = Il; + --- + [;. Following
Example 6.4.1, we replace the moment angle complex Zp. = SZ1+! x ... x 2+ by
S35 x §4F3 ) which we denote by Qpr.

As with the Dobrinskaya tower, we would like to realise each stage QT} of the

quaternionic tower as a quotient of Qpr by the action of a group of the form

—a(1,1) —a(1,l1) —a(i,1) —a(i,l;)
{(vl,...,vl,vjl,l R T Y T
—a(k,1) —a(k,lk) -1 1y . 3 : 3\ L+k
T Oy U R, Uy s U )i, €571 < g <k} < (8°)FTR

However, due to the noncommutativity of the quaternions the above subspace does
not form a group under multiplication, unless a(i,j) = 0 for all 4,5. In light of
Example 6.4.1, it is easy to see that this exceptional case corresponds to a tower in

which each stage QQ7T; is the product
HP" x - x HP".

Otherwise, without a suitable group to act on Qpr, we cannot continue to mimic the
quasitoric manifold construction of the Dobrinskaya tower for our quaternionic case.

A naive transfer of the ideas of Chapter 3 to the realm of the quaternions therefore
fails. We now consider two alternative approaches, giving a brief outline of each, and
explaining the implications for our goal of realising )T}, as a quaternionic analogue
of a quasitoric manifold.

Mazaud [35] [36] studies closed, orientable 8-dimensional manifolds M®, which
are equipped with an action of S3 x S3, and whose orbit space M? is a surface with
boundary. Assume that the interior of the orbit space consists entirely of free orbits,
while points of M® with nontrivial isotropy subgroups occur over the boundary of M?2.
In this situation Mazaud obtains a complete equivariant classification of (S? x S%)-

actions on such manifolds M8.
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If M? is viewed as a 2-dimensional polytope P2, such that fixed points under
the (S x S3)-action project to the vertices of P? and points with 3-dimensional
isotropy subgroups project to the facets of P2, then M?® is a quaternionic analogue
of a quasitoric manifold. Mazaud identifies the manifolds that arise in precisely this

situation, and he views them, in similar fashion to construction (3.2.10), as
S? x S3 x P?/ ~, (6.4.2)

where the identification ~ depends on the isotropy subgroups of the (5% x S3)-action.

We record here some possible examples of M.
Example 6.4.3. [35, Examples 2.4]

(i) When P? is the 2-simplex A2, the manifold M? is either HP? or WQ, that is,

quaternionic projective planes with opposite orientations.

(ii) When P? is the square 12, the manifold M? is either S* x S* or the connected

sum HP?#HP 2,

(iii) In general, for polytopes P? with 4 or more vertices, M® is a connected sum of

copies of S* x S* or a connected sum of copies of HP? and HP .

As we saw in Section 6.3, the manifolds S* x S* and ]I-]IP?#W2 are the second

[a2D)] g H), when a(1,2) = 0 and 1, respectively.

J2,1

stage of a Bott tower Q* = HP(x
However, as Remark 6.3.2 indicates, it is unclear how to represent any other Q? with
a(1,2) # 0,1 in the form (6.4.2). Nevertheless, Example 6.4.3 does show that some
special cases of our quaternionic towers can be viewed as a quaternionic analogue of

a quasitoric manifold.

Remark 6.4.4. Notice that since x;,, = x1, the connected sum HP2#HP ?is in fact
the bounded quaternionic flag manifold HP(x; @ H). Since a sequence of bounded
quaternionic flag manifolds is the simplest nontrivial quaternionic tower, extending
Mazaud’s analysis to higher dimensions to include HP(x; @ H), for & > 1, would be a
good starting point for any further investigations. Unfortunately, such an extension

does not follow in any obvious manner from the results of [35] and [36].
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A second approach to a quaternionic version of toric topology is due to Scott [50],
who constructs spaces M called quaternionic toric varieties, which are inspired by

Davis and Januskiewicz’s quasitoric manifolds. They are of the form
(SH" x P/ ~, (6.4.5)

where P" is a simple polytope, and the equivalence relation, which is distinct from
that of construction (6.4.2), depends on certain self-diffeomorphisms of (5%)". This
identification does not always preserve the left (S3)"-action on (S®)" x P™ due to
the noncommutativity of the unit quaternions S®. However, every unit quaternion
u gives rise to an inner automorphism on S3, given by a, : v + uvu~!, for v € S3.
Since we have a, = a_,, the group of such inner automorphisms on S? is exactly
SO(3). Therefore, in general Scott’s spaces do not have a full (S3)"-action, but only

1 —1
s uvpuTt pl, for

a diagonal action of SO(3), given by u - [vy, ..., Vs, p] — [uvu”
u € SO(3) and [vq,...,v,,p] € M (see [50, Property 2.3]).

Though the methods of Mazaud and Scott are closely related to those of toric
topology, we are no closer to constructing each stage Q7). of a quaternionic tower
as a quaternionic analogue of a quasitoric manifold. Aside from trivial cases, we
were only able to represent @Q* = HP(y; @ H) in the form (6.4.2), but only because
we knew beforehand that this Q% was homeomorphic to HP?4HP . In general,
even if we were able to define some QT as an (5%)F-manifold using an identification
of the form (6.4.2) (or as a quaternionic toric variety with an SO(3)-action using
(6.4.5)), it is unclear how we would prove that this manifold is diffeomorphic to Q7.
Simply modifying the proof of Proposition 4.4.6 to take account of the quaternions
is inadequate, since this relies on viewing Q)7 as a quotient of Qpr, and as we
discovered above, such an approach is unavailable to us.

Clearly there is scope to further develop the ideas discussed in this section, perhaps
starting with the suggestion of Remark 6.4.4. We emphasise that while our attempt
to mimic the programme of Chapters 3 and 4 to construct a quaternionic analogue
of a quasitoric manifold failed, we do not rule out the possibility that our manifolds

QT}, could yet fit into the schemes developed by Mazaud and Scott.



Chapter 7

Quaternionic towers and

cobordism theory

Quaternionic towers play an important part in the search for geometrical representa-
tives of elements in the quaternionic cobordism ring M Sp.. Ray [47] utilised the sub-
family of bounded quaternionic flag manifolds to help describe the torsion elements
Om € MSpgm_3, and he claimed that a collection of simply connected manifolds
Y4+l which are related to the Dobrinskaya towers, could also serve as representa-
tives for .

In this chapter we will verify Ray’s conjecture by constructing the manifolds Y471
and proving that they can indeed represent ¢,,, when n = 2m — 1. We achieve this
by applying the machinery of Ray, Switzer and Taylor [48], which evaluates all the
possible stably quaternionic structures on our manifolds by computing the image
(Y4 +1) of the map W,: SO/Sp°(Y"*!) — MSpy,.1, which we introduced in
Section 2.3.4.

We begin with some preliminaries on quaternionic cobordism, defining the tor-
sion elements ¢,, and obtaining their original geometrical representatives. In the
next section we consider the geometry of the manifolds Y#"*! and calculate their
F-cohomology rings, for any quaternionic oriented ring spectrum F'. The remainder

of the chapter is devoted to computing ¥ (Y*"*1) beginning with descriptions of the

99
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groups U/Sp° (Y1) and SO/Sp°(Y*"*t1). This allows us to determine the associ-
ated units of Y4+ in the following section. Then we obtain fundamental classes in
M Sp, (Y1) which leads finally to our calculation of W(Y4n+1).

Throughout this chapter F' will be a quaternionic oriented ring spectrum, but note
that in order to simplify our presentation, when the context is clear we frequently
drop the superscript F' from our notation for characteristic classes and F-cohomology

generators.

7.1 Torsion in M Sp,

In this section we consider the role of a particular subfamily of quaternionic tower
in MSp,. We state some well-known results in quaternionic cobordism theory and
give the various definitions that we will need for our work in the remainder of this
chapter. Our main objective is to define the torsion elements ¢,,, and study Ray’s
original geometrical representatives.

In Definition 6.3.8 we described a quaternionic tower in which each stage Q¥ =
HP(xr—1 @ H) was a bounded quaternionic flag manifold, carrying quaternionic line
bundles Yo, . .., Xz Since HP! = S* we may equally view QF as a 4-sphere bundle
S(xr_1 ® R) over QF L.

Applying Proposition 6.3.3 in the case of QF, we obtain an isomorphism

T(Q")®R=R® (G_Bx) (7.1.1)

To describe v*(QF), the stable normal bundle of Q*, we introduce a quaternionic

bundle xi over Q*, which satisfies
Xi-1 ©H X3 & X

Over each point | € QF, which is a quaternionic line in y,_; @ H, the orthogonal
compliment [+ in y,_; @ H is taken as the fibre of xi; in fact, we can pull back
similarly defined orthogonal bundles from each lower stage Q° to define x;- over QF,
such that

Xi1 @ H 2 ik @ x4,
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fori=1,...,k—1. By [47, Proposition 1.4], this allows us to describe an isomorphism
on v*(Q%), the stable normal bundle of Q*, which is given by

k-1

v (QF) = Pk —i)xi-. (7.1.2)

i=1
The following properties of BSp, the classifying space of the infinite symplectic
group Sp, are well-known (see e.g. [56, (16.34)]).
The quaternionic cobordism ring of BSp is isomorphic to the algebra of formal
power series

MSp*(BSpy) = MSp.[p1,pa, - - -], (7.1.3)

generated by the universal Pontryagin classes p; = p;(§) € M Sp*(BSp, ), for i > 1.

We now introduce a particular collection of elements in M Sp*(BSp), which will
be useful throughout this chapter. To begin, suppose we have a Hopf algebra H,
equipped with a coproduct f: H — H® H.

Definition 7.1.4. An element = of a Hopf algebra H is primitive if f(z) = 2®@1+1®z.

Primitive elements are important, for if a Hopf algebra H is generated as an
algebra by a collection of such elements, then the coproduct f is uniquely determined
by the product H @ H — H.

Since BSp is a loop space, it has an H-space structure, and so M Sp*(BSp)
is a Hopf algebra (see e.g. [22, Section 3C]). The coproduct f: MSp*(BSp) —
M Sp*(BSp)® M Sp*(BSp) is induced by the Whitney sum operation on quaternionic
bundles. In [42] the collection of primitive elements of M Sp*(BSp) is described as
having one additive generator P; € M Sp*(BSp) for all i. To express these generators
as polynomials in quaternionic Pontryagin classes p; € MSp*(BSp), with P, = py,

we have an inductive formula

P=> (=1)'p; Py + (1) ip;. (7.1.5)
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In low dimensions this yields

b= p,
Py = p? — 2po,
Py = pi—3pip2+ 3ps,
Py = pi—4pips +2p5 + 4pips — 4pa.
In this chapter we often work with quaternionic line bundles. If 6 denotes a
quaternionic line bundle over a space X, then 0 is classified by a map X — HP*>.

Restricting (7.1.3) to BSp(1) = HP>, we have that the quaternionic cobordism ring

of HP* is isomorphic to the algebra of formal power series
MSp*(HPY) = MSp.[[p]],

generated by the first universal Pontryagin class p; = pi1(§) € MSp*(HP®). The

dual quaternionic bordism module M Sp,(HP$®) is described as follows.

Proposition 7.1.6. [56, (16.34)] The free M Sp.-module M Sp,(HP5°) is generated
by o, ¢1, G2, - - ., where g € M Spy(HP®), and go = 1 € MSpo(HP®).

The usual properties of duality imply that the cap product of ¢, in M Spa, (HP®)

with the first universal quaternionic Pontryagin class p; gives
D1~ Qp = Qp_1, forn=1,2,..., (7.1.7)

so that pi € MSp"(HP:®) is dual to ¢; € M Spy,(HP$®), for all 4.
The bounded quaternionic flag manifolds Q¥ now come to prominence as geomet-

rical representatives for the generators of MSp,(HP>).

Proposition 7.1.8. [47, Proposition 2.2] The generators q, € M Spy(HP>) are
represented by the manifolds
i QF — HP™>, (7.1.9)

where y, 15 the classifying map of the canonical quaternionic line bundle x;, over QF.
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Proposition 7.1.8 will allow us to fabricate geometrical representatives for the
torsion elements ¢,,, in M Spg,,_3.

First we must define the ¢,,. Let g&' € F"(S™) be a generator of the cohomology
ring F*(S™), and take 7 to be the real Hopf line bundle over S*. The tensor product of
n with the universal quaternionic line bundle & over HP*, yields a new quaternionic
bundle n ®p & over St x HP>.

Given the isomorphism
MSp*(S' x HP™) = MSp.[[p1, 1]l/ 93, (7.1.10)
we can expand p;(n ®g &) € MSp*(S! x HP>) to give

pi(n ©r &) =p1+ Y G161, (7.1.11)

k>0

where 0, € M Spy,_3 for k=1,2,....

The element 6, represented by the circle with suitable stably quaternionic struc-
ture, generates M Sp; [44, Lemma 4.1]; Roush [49] proved that 09,1 = 0, for k& > 0.

We follow the notational convention of relabelling the remaining s, € M Spgi_3
as gy, for k =1,2,.... These elements were first described by Ray [42], who proved
that they are multiplicatively indecomposable and generate part of the 2-torsion in
MSp,.

Later Ray utilised the bounded quaternionic flag manifolds to manufacture geo-

metrical representatives for (,,.

Proposition 7.1.12. [47, Proposition 4.2] The torsion element ¢,, € M Sps,_3 can be

represented geometrically by S' x Q?"~1, with a suitable stably quaternionic structure.

Proof. For notational convenience we will often denote S x Q¥ by W4+1,
Using the expansion (7.1.11), and the duality property (7.1.7) of the elements
qx € M Spa(HP®) we have

@n = (PM(NOr &), @ qan) (7.1.13)

where hy € M Sp;(S') denotes the dual generator to g;, and (—, —) is the Kronecker
product for M Sp.
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We represent hy ® qon, by fon: ST x Q?" — HP?", where f, is the classifying
map for the quaternionic bundle 1 ®g x2,, and we obtain ¢,, by making the map fs,
transverse to the inclusion HP?*"~! — HP?",

The transversality construction yields the following diagram

WSn—3 J W8n+1

fon—1 fon (7.1.14)

Hp2n—1 i HP2n,

where i is inclusion into the first 2n homogeneous coordinates of HP?", and j embeds
Q* ! in Q* = HP(x2,_1 @ H) as the subspace of quaternionic lines in xg,_1.
Now we describe the normal and tangent bundles of W3, Diagram (7.1.14)

gives rise to an isomorphism
VS (WB3) =2 y(5) @ jvs(WH . (7.1.15)

The normal to the embedding ¢ satisfies v(i) = &, where & is the canonical quater-

>~

nionic line bundle over HP?"~! and pulling back & along fs,_1, we attain v(j)
1 @R X2n—1-

Coupling the description of the stable normal bundle of Q** (7.1.2) with the
isomorphism (7.1.15) yields

V(W) = (1) @R X2n-1) ® (R QR <®(2n - k)Xi)) ,

k=1

determining a stably quaternionic structure on W53,
In a similar manner, there is an isomorphism between the stable tangent bundle

of W83 and a direct sum of quaternionic bundles, given by

T (W) 2 (1 @r Xan—1) @ (R ®r (@ Xk)) . (7.1.16)

]

7.2 The manifolds Y#*1

We have established that St x Q?"~1, equipped with a particular stably quaternionic

structure, is a geometrical representative for ¢, € MSpg,_ 3. Now consider the
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following conjecture of Ray.

Conjecture 7.2.1. [47] A simply-connected geometrical representative for v, may
be constructed by choosing a suitable stably quaternionic structure on the S°-bundle

S(xon_2 ®R?) over Q2.

We will denote the S5-bundle S(x,_1 @& R?) over Q" ! by Y*"*! with projection
O e L

The remainder of our thesis is devoted to studying all the possible stably quater-
nionic structures on Y4 ! by computing the image ¥ (Y*"*1). Consequently, we
will prove Conjecture 7.2.1. As a first step towards this goal, in this section we
study the geometry of the manifolds Y#"*! which allows us to then determine their
F-cohomology rings.

From the discussion that followed Lemma 6.1.8, it should be clear that a choice of
nonzero vector in the R? summand of y,, ®R? gives a section w, : Q" ! — Y41 while
I, YA — T(x, @ R) is the usual quotient map. Then we have a commutative

diagram
w

anl o wm Y4n+1 ﬁ' T(Xn—l D R)

. . (7.2.2)

1

s S0 S5,

in which ¢ is inclusion of fibres and 1 is the identity map.

Proposition 7.2.3. There is an isomorphism

n—1
Y o R2R*@ (@ Xi) : (7.2.4)
=1

which determines a bounding stably quaternionic structure on Y41,

Proof. There is a stably quaternionic structure on the base space Q" ! of the S°-
bundle Y*"*! — @Qm~1 which arises from the isomorphism (7.1.1). Therefore we can
apply Proposition 2.3.7 to get the required isomorphism on 7(Y*"*1) & R, which ex-
tends to the 6-disc bundle in the usual manner, to give a bounding stably quaternionic

structure on Y4+, O]
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We denote the resulting stably quaternionic structure by s, so that the cobordism
class [Y4"*1 5] equals zero in M Spy,, 1. Similarly, we will take s’ to be the bounding
stably quaternionic structure on Q" given by the isomorphism (7.1.1). As explained
in [44, Lemma 4.1], a framing of the circle S!, given by an element of 7,(0) = Z/2,
leads to a stably quaternionic structure on S'. This is due to the fact that the 2-
skeleton of the M Sp spectrum is simply the sphere spectrum. Then the generator
of m1(O) represents the nontrivial framing of S' that generates 6, € MSp;, which
appeared in the expansion (7.1.11). On the other hand, the trivial framing of S*
gives rise to a trivial stably quaternionic structure on the circle, which we will denote

by t.

Lemma 7.2.5. There is a quaternionic bordism between [Y 4" s] and [WA+1 ¢ x §/]

i MSp,.

Proof. The 6-disc bundle with total space D(x,_1 @ R?) over Q" !, contains the
subbundles whose total spaces are Y"1 = S(y,, 1 & R?) and Q" = S(x,_1 ® R). It
will be convenient to assume that the 6-disc and 5-sphere fibres of D(x,_ ®R?) and
Y4+ respectively, have radius 2, and that the 4-sphere fibres of Q" have radius 1.
The tubular neighbourhood of the embedding of Q™ in D(x,_; ® R?) is framed
by the outward pointing normal vector of Q™, and a choice of vector in the second R
summand of y,_; ® R% Hence we have an embedding of D? x Q™ in D(x,_1 ® R?).

Therefore we can define
X2 = D(xn_1 ®R?) — (D* x Q"), (7.2.6)

and so X© is simply D% — (D? x S*). Then we have that X% is the total space
of an X®%bundle over @Q"'. The boundary of X2 is homeomorphic to a disjoint

union

OX 42 22 (G QM) T Y4+ (7.2.7)

and so X2 provides a bordism between Y4"*! and S' x Q" = W4+t
Since X*"*2 is the total space of a disc bundle, an isomorphism of the form (2.3.9)

leads to a stably quaternionic structure s”, which obviously restricts to s on Y47+,
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since s also arose from an isomorphism of the form (2.3.9). It is also straightforward
to check that the restriction of s” to S* x Q" simply gives t x s’. It follows that X4"+2

provides a quaternionic bordism between [Y4" ™! s] and [IW4"+1 ¢ x §/]. O

We now construct a retraction map, which will prove useful throughout this chap-

ter.

Lemma 7.2.8. There exists a retraction r,: X" — Y4+ whose restriction v/, =

Tnlwan+1 is of degree 1.

Proof. Consider the bundle 7,: D(x,_1 ® R?) — Q" !, and its subbundles Y4 !
and Q", with fibres as described in the proof of Lemma 7.2.5. Define a section
wn: Q" — D(xn_1 ® R?) by taking w,(l) to be +1 in the first R summand of
Xn_1 @ R2, for each point [ in Q*!. Denote this first R summand by R;. Then
remove a 6-disc D¢ of small radius € centred on w,(l) in each D°-fibre 7, !(1).

When we form X4 as in (7.2.7), our 6-discs D¢ are removed from D(x,,_; ®R?)
as subspaces of D? x Q™. Then in each X°®fibre of X*"*2 we can project radially
from the centre of DY onto the 5-sphere fibres of Y#"*1. This leads to a retraction
T, X4H2 — Y4+l a5 the radial projection is clearly the identity on the 5-sphere
bundle Y47+ itself.

In each fibre of the X%-bundle X¥"*2_ the radial projection from the centre of D¢
in the direction of the vector +1 € R; passes through the point w of S' x S* € X©
that has the highest value in the R; coordinate; eventually it meets the end point p of
the vector +2 € Ry, which lies on S C 9X°. Therefore the restriction r/, = 7, |yyan+1
has degree 1 since by choosing the point p in each fibre of Y#"*1 the inverse image
(r! )71 (p) consists of the single point w in each of the fibres of W41, Furthermore,
the restriction r], preserves stably quaternionic structure (and thus orientation), since
by Lemma 7.2.5, the radial projection line joining the points w € S! x S* and p € S°,

is in fact a stably quaternionic bordism between w and p in each fibre. O

It is straightforward (see e.g. [48, Lemma 10.3]) to show that the retraction 7/,
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gives rise to a homotopy commutative diagram

St x §4 e Stx Qr ekl St X T(Xn-1)
] rl c (7.2.9)
5° : i e S AT ()

where ¢ is the map which collapses onto the smash product, and ¢ is inclusion of
fibres.

We now devote our attention to determining the F-cohomology of our manifolds
Y4+ To begin we restate Proposition 6.2.4 in the special case of a bounded quater-

nionic flag manifold.

Proposition 7.2.10. For a bounded quaternionic flag manifold Q™ = S(xn—1 ® R),

the Fy-algebra F*(Q'}) is isomorphic to
Flyls o ynl/Ln (7.2.11)
where L,, is the ideal
(i )i —yita)) 1 1<i<n). (7.2.12)

By pulling back from the universal case of Example 6.1.10, we can view the

generator y% as 9% (L), where t£" is a Thom class in F*(T(xn_1)).

Lemma 7.2.13. There is a virtual bundle \, € KSp°(T(xn_1)) such that p¥'(\,) =

th.

Proof. From the discussion that followed Lemma 6.1.8 we have a split short exact

sequence

KSp(Q ) <2 KSp°(Qm) <7 KSp*(T(xa1)), (7.2.14)

and since W’ (x,,) = 0, there must exist some A, € KSp°(T (xn_1)) with 9% (\,) = xa-

Therefore 97 pf'(\,) = p'(xn) = y£, and so pi'(\,) = tI' as required. O

As a consequence of the remarks following Example 6.1.10, by considering the

element ¢yl ...yl € FY*(T(x,-1)), we have the following equations

On(thyl - yi) = un o (yi - yi) = uh i -yl (7.2.15)
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for any {i1,...,7;} C{l,...,n—1}.

Now we consider Y4"*! over Q" !. Let o denote the suspension isomorphism
F*(T(xn-1)) = F*(S'AT(Xn_1)) = F*(S") @ F*(T(xn-1)), where the latter isomor-
phism is given by the Kiinneth isomorphism for F-cohomology (see e.g. [56, Theorem
13.75]). Since the Thom space T'(x,_1 @ R) is homeomorphic to S* A T'(xn_1), the
isomorphism o gives a Thom class gf' ® t' = ot!" in F5(T(x,_1 ® R)), where gf
generates F*'(S?).

We will write vf € F5(Y4") for the pullback 9%(atl’) along o, : Vit —

T(Xn—l S5 R)'
Lemma 7.2.16. The element vE restricts to a generator of F3(S%) in each fibre.

Proof. By definition the Thom class t£' € F4(T(x,_1)) restricts to a generator of
F*(S*) in a fibre. Therefore ot restricts in a fibre to a generator of F®(S®), and the

result then follows from the commutative diagram (7.2.2). O
This allows us to describe the F-cohomology of our manifolds Y41,

Proposition 7.2.17. The F,-algebra F*(Y"™) is a free module over F*(Q"1),
generated by 1 in dimension 0 and v € F 5(Yf"+1). The multiplicative structure is

described by the single relation (vE)? = 0.

Proof. Given Lemma 7.2.16, the result follows from the Leray-Hirsch Theorem 2.5.1.
The relation is due to the fact that vZ is a pullback of a suspension ot%', and suspen-

sion kills all cup products. [

We conclude with a result that plays the role of [48, (11.13)] in our setting.
Lemma 7.2.18. In FY (Y1) we have that 0y, (otyyf ... yl) = vyl .yl
Proof. Referring to the commutative diagram (7.2.9), we have

M (E) = 0! M0 (oth) = (1 x 9,) ¢ (oth) = (1 x 9,)* (gF @ tF) € F3(S' x Q™).

n n

By definition of y!” € F4(Q™), this implies " (v) = gf' @y~
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Now consider the element t;y/ ...y € F¥*4(T(x, 1)), a similar string of equal-
ities leads to
0 (otlyl Lyl = g @ ylyl L yf (7.2.19)

Now suppose that 0y (ot y] ...y[) = Wiyl ...yl for some integer . This would

give
O otyyl oyt =gl @y )X @y y) = lot @yl -y, (7:2:20)
and so, referring to equation (7.2.19), we have [ = 1. ]

Note that since ot! is itself a Thom class, the result of Lemma 7.2.18 also follows
by applying the usual properties of iterated bundle constructions, which are discussed
at the close of Section 6.1. However, we have presented the above reasoning to
illustrate some of the properties of the retraction r/, which we will call upon in

Section 7.5.

7.3 Tangential structures

Suppose we have a manifold M™, which carries a G-structure g on the stable tangent
bundle 75(M™). If G < H, this also induces a H-structure on M". Recall that in
Lemma 2.3.12, we described an element § € H/G?(M™) as a homotopy class of G-
structure on the trivial H-bundle over M™. Then we can change the G-structure on
M™ by adding this trivial H-bundle, equipped with G-structure ¢, to 7°(M"). We
denoted the resulting G-structure on M" by g + d. Note that since we only added a
trivial H-bundle to 7°(M™), the H-structure on M" is unchanged.

In this section we use our cohomology calculations to study U/Sp°(Y*"*1), which
leads to a determination of SO/Sp°(Y4" ). In other words, we obtain a complete de-
scription of all possible changes of stably quaternionic structure on Y4**1 which, re-
spectively, leave the stably complex structure and orientation (that is, SO-structure)
on Y4+ fixed. To aid our work with associated units in the next section, we then rep-

resent certain elements in U/Sp®(Y4"*1) by constructing appropriate virtual bundles

in KSpY(Y4n+l),



CHAPTER 7. QUATERNIONIC TOWERS AND COBORDISM THEORY 111

For the lists of real K-theory generators that feature throughout this section, it
will be helpful to recall the description (2.2.8) of the coefficient ring KO,. As we
remarked in the introduction, we will drop the superscript F' from the notation for
our cohomology generators when it is clear which cohomology theory F*(—) we are
working with.

We commence with the computation of U/Sp"(—) for the bounded quaternionic
flag manifold Q™ and the S°-bundles Y4**!. From Lemma 2.3.13, this reduces to
calculating KO~3(—) of our manifolds, so we can read off the following descriptions

of U/Sp°(—) from Propositions 7.2.10 and 7.2.17.

Theorem 7.3.1. The group of stably quaternionic structures on Q", considered as a

fixed stably complex manifold, is given by an isomorphism

U/Sp’(Q™) = 0. (7.3.2)

The bounded quaternionic flag manifold @™ has the bounding stably quaternionic
structure s’ as given by Proposition 6.3.3. Therefore Theorem 7.3.1 implies that it
is impossible to change the stably quaternionic structure on ", keeping the stably
complex structure fixed, so that Q™ does not bound in M Sp..

Let R(j) denote a subset of length j from [n — 1] = {1,...,n — 1}, so that if
R(j) = {i1,...1;}, then yg(;) denotes the element y;, ...y;,. We write P[n — 1] for

the power set of [n — 1].

Theorem 7.3.3. The group of stably quaternionic structures on Y"1, considered

as a fixed stably complex manifold, is given by an isomorphism

U/sp’ (vt = p z, (7.3.4)

on—1

on generators

{Y0n, BYURYRAY Y URYR@)s BY VnYRE)s - - - BY ™ OnYR(m—1) : R(j) € Pln — 1]},
when n = 2m, and generators

{Wn,ﬁwnyR(mVZUnyR(z)ﬂWQUnyR(?,), . ,Vmﬂvnymn_l) : R(j) € P[n — 1]},

when n = 2m + 1.
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Proof. The total number of Z summands in U/Sp°(Y4" ™) is equal to the cardinality

of the power set P[n — 1], namely 1 (") =2t O

Remark 7.3.5. For simply connected manifolds X = Q" or Y*"*! we have that
SU/Sp*(X,) = U/Sp°(X,). This follows from the fact that there is a deformation
retract ry of U onto SU (to prove this we can use an argument analogous to the
deformation retract of the group GL™(R) of invertible linear transformations of R,
with positive determinant, onto SO, as given by Hatcher [23, p. 26]). Any based map
f: X, — U sends the basepoint of X, to SU < U, so by composing with r;; we have
a homotopy of f to a map X, — SU. This then induces the required isomorphism

SU/Sp’(X4) = U/Sp°(X4).

Now we wish to calculate SO/Sp®(—), which will describe the stably quaternionic
structures on Q" and Y*"*! when they are considered as manifolds with a fixed
orientation.

Consider the fibration SO — SO/Sp — BSp, which gives rise (see e.g. [15,

Theorem 6.42]) to the exact sequence
= 8p%(=) 5 S0°(=) = SO/5p (=) — KSpP(=) & KSO'(=) = -+, (73.)

in which the map h: KO~*(—) — KO°(—) can be taken to be multiplication by y~14.
Furthermore, SO°(X) is the group of homotopy classes [X,SO] & [X,QBSO] =
[¥X,BSO] = KSO™Y(X); the group Sp°(X) = KSp }(X) & KO5(X) is de-
fined in a similar manner. Now, by Proposition 7.2.10, Sp°(Q") consists entirely
of torsion generated by elements of the form ay"'yggii1), while by Proposition
7.2.17, Sp°(Y4"*1) consists entirely of torsion generated by elements of the form
oy ypeirny and a*y o, ypes). Therefore when X = Q" or Y***!, the image of
h: Sp°(X) — SO°(X) is zero because a3 = 0 in KO,. Similar reasoning confirms
that the image of h: TorsKSp°(X) — KSO°(X) is also zero, so we have a short

exact sequence
0 — SO%X) — SO/Sp°(X) — TorsKSp’(X) — 0. (7.3.7)

Lemma 7.3.8. [48, (12.6)] The short exact sequence (7.3.7) is split.
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Proof. The splitting is given by a map TorsKSp®(X) — SO/Sp°(X), which is the

composite
TorsK Sp°(X) —% KO3(X) 2 U/Sp(X) 2% SO/Sp°(X), (7.3.9)

where ji; is induced by the inclusion U — SO, and d acts by ay +— y, on generators

ay € TorsKO™(X). O

We are now able to describe the groups SO/Sp°(—) for our manifolds Q™ and

Y4+l in terms of the splitting of the sequence (7.3.7).

Theorem 7.3.10. The group of stably quaternionic structures on Q", considered as
a fired SO-manifold, is given by an isomorphism

SO/Sp"(Q") = SO°(Q" = B z/2, (7.3.11)

2n—1_1

on generators

{avyr@), OV’ YRy OV YR©)s - - - V" YR : R(F) € Pln]},

when n = 2m, and generators

{OéVyR(Q)y047293(4),&7391%(6), cen ,CmeR(nfl) : R(j) € P[”H%
when n = 2m + 1.

Proof. We can read off SO°(Q™) = KO~ '(Q"), and deduce its generators, from
Proposition 7.2.10 as follows. The generators of KO*(Q") are of the form yp) €
KO%(Qm), for 0 < i < n. It is straightforward to check that we cannot multiply
Yr(2i+1) by any coefficient in KO, so that the resulting product is an element of
KO~1(Q"). Therefore the generators of KO~!(Q") are of the form a~y'yg() as listed
above. We can use similar methods to verify that TorsK Sp°(Q™) = 0, since we have

KSp°(—) =2 KO™*(—). The total number of Z/2 summands is given by (3) + (}) +

ce 4 (27;1), for both n = 2m and n = 2m + 1. The sum of the even terms in the

binomial expansion satisfies
" /n
=2t 7.3.12
> (5) == (7312)

so our number of summands is 21 — 1. ]
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Theorem 7.3.13. The group of stably quaternionic structures on Y"1 considered
as a fired SO-manifold, is described by an isomorphism
SO/Sp’ (V) 2= SO (Y* ) @ TorsKSp" (Y™ ) = P z/2 P Z/2,
on—1_1 on—2

on generators

{0427%2/}2(1); QYYR(2)5 042’72%313(3)7 Oé’VQyR(zL); e 7042’YmUnZJR(n—1) : R(j) < P[n - 1]}7

{avvn, a0 YRe), - - -, Y™ VU YRm—2) - R(j) € P[n — 1]},
(7.3.14)

when n = 2m, and generators

{0427%%(1), QAYYR(2); 04272%1/}2(3), Oé’YZyR(zx), o OV YR(n—1) R(j) € P[n — 1]},

{ayvn, av*vuyre), - - Y™ ayrmo1) ¢ R(F) € Pln —1]},
(7.3.15)

when n = 2m + 1.

Proof. We can read off SO°(Y"*1) and deduce its generating set, from Proposition
7.2.17 as follows. The generators of KO*(Y*"*1) are of the form yg) € KO* (Y1)
and v,ype € KOY (Y4 ) for 0 < i <n — 1. It is straightforward to check that
we cannot multiply elements of the form yg(2i41) or v,yr(2i) by coefficients in KO, so
that the resulting respective products lie in KO~1(Y4"*1), Hence KO~ }(Y4"t!)
SO%(Y*"+1) is generated by elements of the form ay'yp(2y and o*yv,yreitn) as
listed above. The generators of TorsK Sp®(Y4" ™) are determined in a similar manner.
As usual, the enumeration of the Z/2 summands follows from well-known identities

on binomial coefficients. O

Arising from the fibration U — U/Sp — BSp is a long exact sequence
c = Sp(=) = U°(=) = U/Sp’(=) — KSp°(=) & KSO(=) — -+, (7.3.16)
that we can link with the sequence (7.3.6) via maps
iy : U%(=) — SO°(=),  ju:U/Sp’(=) — SO/Sp°(-),

which are induced by the inclusion U — SO.
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Proposition 7.3.17. For X = Q", Y*"*! we have an isomorphism
Im(jy) = Im(iy) @ TorsK Sp°(X). (7.3.18)
For X = Q" the image of iy is zero, while for X = Y4+ we have an isomorphism

Im(iv) = P Z,/2

gn—2
on generators

{a27vnyR(1), a2721)ny3(3), a273vny3(5), . ,a27mvnyR(n,1) : R(j) € P[n — 1]},
when n = 2m, and on generators

{a%vnyR(l), a272vny3(3), ()42’73UnyR(5), . ,a%mvnyR(n,l) : R(j) € P[n — 2]},

when n = 2m + 1.

Proof. By applying exactly the same reasoning as in [48, Theorem 12.7], studying
the interaction between the long exact sequences (7.3.6) and (7.3.16) will lead to the
isomorphism (7.3.18). The descriptions of Im(iy;) for @™ and Y*"*! follow from the
SO°(—) groups determined in Theorems 7.3.10 and 7.3.13; therein, TorsK Sp°(—) is

also described for each of our manifolds Q™ and Y*4+!, O

In light of Remark 7.3.5 we have that Im(igy) = Im(iy), and so Im(jsy) = Im(ju).

To conclude this section, we will study the elements of SU/Sp®(Y*" 1) in detail,
which will allow us to describe associated units in Section 7.4. First we present the
necessary background from [48, Chapter 12].

Applying the long exact sequence (7.3.16) to the suspension S' A BSp we have,
- — U/Sp°(S* A BSp) = KSp°(S' A BSp) — K°(S' A BSp) — -+,

where the map a can be taken to be multiplication by @ € KO,. The virtual
quaternionic bundle (7 — R) ®g £ in KSp°(S' A BSp) vanishes when mapped to
K°(S' A BSp) = 0, and so the exactness of the above sequence implies that (n —
R) ®g £ € Im(a). In [42, Lemma 3.2] it is shown that the first real K-theory quater-

nionic Pontryagin class p;((n — R) ®gr ) = g1 ® ap; in KO*(S' A BSp).
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Now consider the element Q € SU/Sp°(S* A BSp), represented by a map S' A
BSp — SU/Sp, which arises by adjointing the equivalence BSp ~ Q(SU/Sp) (see
e.g. [29, Theorem 5.22]).

Lemma 7.3.19. [/8, Lemma 12.9] The map a sends Q to (n—R) @r & € KSp(ST A
BSp), and Q corresponds to g, @ yp; € KO73(S' A BSp).

We will regard ) as a particular SU trivialisation of the virtual quaternionic
bundle (n — R) @g £&. Moreover, under the map jsy: SU/Sp°(—=) — SO/Sp°(—) we
have that jsy(2) := A is a particular SO trivialisation of (n — R) ®g &.

Given a map f: X — S A BSp, we can pull back these notions, as illustrated by

the commutative diagram

SU/SpP(X) 50 SO/Sp°(X)

1 1 (7.3.20)

SU/Sp*(S* A BSp) — Y+ SO/Sp°(S* A BSp),
so that we have elements Q(f) := f*(Q2) and A(f) := f*(A). This will allow us to give

an explicit description of some of the elements in SU/Sp®(Y4"+1) and SO/Sp° (Y4 +1)
as specific SU and SO trivialisations of virtual quaternionic bundles over Y4"+!,
which we will construct in due course. Ultimately this facilitates our calculations
with associated units in the next section.

First we require some preliminary facts on virtual bundles.

Suppose we have virtual bundles 6; over spaces X;, for ¢ = 1,2,3. The usual
properties of commutativity and associativity apply to tensor products of virtual

bundles to give respective isomorphisms
01 ®k 02 = 02 Qx 01, (7.3.21)
of virtual bundles over X; A X5, and
(01 ®k 02) @k 03 = 0) Rk (2 @k 03), (7.3.22)

over X1 AXyA X3, where K = R, C or H when the 6; are real, complex or quaternionic,

respectively. In the quaternionic case, when we consider the tensor product 6; ®y 0
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it will be understood to mean that the quaternions act on the right of #; and on the
left of 6,.
Assume now that 6; and 0y are virtual quaternionic bundles, and that 63 is a

virtual real bundle. We have an isomorphism of virtual real bundles
(91 X 92) Qp 03 = 0, Qu (92 KRR 93), (7.3.23)

in KO°(X; A Xy A X3) (see e.g. [32, Proposition 5.15]). It follows that we have a

second isomorphism of virtual real bundles
(01 ®u ) g (01 @u ) = (01 @u 01) Rk (02 @u 02), (7.3.24)

in KO°(X; A X1 A Xy A Xs), since the tensor product of two quaternionic bundles is
a real bundle, as discussed in Chapter 6. These isomorphisms will prove crucial in
our calculations below.

Now let @ be a virtual quaternionic bundle over X. Let 6**) denote the virtual

real bundle

(0 ®u ) ®r - @ (6 @ub), (7.3.25)

over the smash product X A---A X of 2k copies of X. Furthermore, let 82+ denote

the virtual quaternionic bundle
(0 @u0) @k - Or (0 @y 0) @p 0 = 09 @ 0, (7.3.26)

over the smash product of 2k + 1 copies of X. Of course, 8% should be interpreted
as 6 itself, and virtual bundles of the form 6 are subject to the usual properties of
commutativity and associativity of tensor products, as discussed above. By pulling
back along diagonal maps of the form A: X — X A--- A X, we can also define
o2k = AR in KO°(X),
(7.3.27)
P2k+1 . A*QE+D) ip KSpO(X>.

With these notions in place, we have the following result.

Lemma 7.3.28. In KO*(HP™>) the first quaternionic Pontryagin class of the virtual

2i+1

quaternionic line bundle (& — H) satisfies

pi((& —H)* ™) = 4'pi (7.3.29)
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Proof. Our proof is based on the reasoning given in [48, page 41]. First recall that in
Section 2.2 we saw that the generator v € KO, is represented as a virtual bundle by
(& — H) ®p (&4 — H). Then we can use the associativity and commutativity of the
tensor product, the virtual real bundle isomorphisms (7.3.24) and (7.3.23), and well-
known properties of the real K-theory spectrum (see e.g. [56, page 302]) to attain

the equations

Y ApERTY) = (6 - )™ @r (6 - H) @x £#1)
= (& —H) @ &)+

= Ap1A---Aypr € KO (S¥* ™ ABSp A --- A BSp).

Since we only work with quaternionic line bundles, we will restrict from BSp to

BSp(1) = HP> throughout to obtain
YAy ((61 — H)PFD) = apy A= Aypy € KOY(SS A AHP® A --- AHP™),

and pulling back along the diagonal map HP>* — HP> A .- A HP*™ gives
VI (&6 — H)2HY) = A2ilp2it]
= pi((& — H)**) = ~'pPt € KOY(HP>).
O

This result will prove crucial for our constructions in SU/Sp®(Y*4" 1), which are

now given in the following theorem.

Theorem 7.3.30. Given any subset {l1,...,ly;} C{1l,...,n—1} of even cardinality,
there is a quaternionic bundle piny, . 1,; over Y4+ which is trivial when viewed as an
SU-bundle, and is such that the element Q(fin,...1,,) € SU/Sp°(Y*"+1) corresponds

to Y -y, in KO3 (Y4,

Proof. We adapt the proof of Theorem 12.11 in [48].

Recalling the definition of A, from Lemma 7.2.13, write 0,,, ., for the virtual

.....

quaternionic bundle \, ®g (xi, —H) ®x - - - Qm (x1,, —H) € KSp°(T(xn-1)). It follows
from equation (7.2.15) that 9% (0n,...1,,) € KSp°(Q™) is equal to

(Xn —H) @r ((x1, —H) ®r (X1, —H)) @r -+ Or ((X1;_; — H) @1 (x1,; — H)).
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Now define a virtual quaternionic bundle ji,,....1,; to be the pullback

5 (0 —R) @ Ony,,..10,) € KSPP (Y. (7.3.31)
A map Y4+ — S' A BSp is given by the composite
Y4n+1 i Sl /\T(Xn—l) i) Sl A Bsp7 (7332)

where f is the suspension of the classifying map for 6,,;, . ;,;, and so Q(p;) is defined.

This gives a lift of the classifying map of fi,,,..1,, to SU/Sp, and thus an SU-

-----

trivialisation of fin, ... 1,,. It follows from Lemma 7.3.19 that €(fin,,....1,,) corresponds

.....

to
YO (0p1(Ongy,.t,)) € KOTP (YD), (7.3.33)
As in the universal example of Lemma 7.3.28 we can pullback (£, — H)®*Y over

HP*® A--- AHP* to Q" A--- A Q™ to obtain

D1 Ot 1) = VUn Ay A Ay, € KOYQ A -+ AQ),

where é\n,h 1o, denotes the external tensor product A\, ®r((x;;, —H) ®u (xi, —H)) ®r

-----

- ®r ((Xiy,_, — H) ®m (x1,, — H)) over @* A--- AQ". Pulling back once more to Q"

via the diagonal map Q" — Q" A --- A Q" we have

b1 (792(6”,11 ----- l2j)) = ’ijnyh e Yl € KO4(Qn)7

and applying Lemma 7.2.18 yields

79:1(0-])1 (lel ~~~~~ le)) = 7j792<0tnyl1 .- 'ylzj)

= ’Yjvnyll <Yy, € KOS(Y4n+1)'
......
Yy, -y, in KO3 (Y4, O

Corollary 7.3.34. The TorsKSp®(Y*"*1) summand that appears in the splitting
of SO/Sp*(Y*" 1) in Theorem 7.3.13 is generated by A(ping,...10,), as {lx,...,l2;}

ranges over all subsets of {1,...,n — 1} that have even cardinality.

Proof. We defined A(—) to be jsy2(—), so the result follows by combining Proposi-
tion 7.3.17 and Theorem 7.3.30. O
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7.4 Associated units

In Section 2.3.4, we defined the associated unit of 6 € H/G°(M?) to be the image of
¢ under the J-homomorphism J: H/G°(M?) — MG°(M?). Let As(M™) denote the
group {J(8) : 6 € H/G°(M?)}. In this section we will determine As(Y*"1) in the
case when H/G = SO/Sp.

The elements of As(Y*"*1) may be divided into two disjoint types: type A are
elements arising from SU°(Y*"*1) or SO°(Y4" 1) forming a subgroup A(Y*"t!) <
As(Y*t): type B are elements arising from TorsK Sp®(Y*"*1) forming a subgroup
B(Y4 1) < As(Y*+1). This dichotomy follows from our calculations of the groups
U/Sp° (Y1) and SO/Sp°(Y4" 1), and Proposition 7.3.17.

To deal with the elements of type A, we will rely heavily on the theory expounded
in [48, Sections 13, 14]. Rather than regurgitate all of this background detail, we will
give a rapid summary of the specific results that we need to reach a description
of A(Y*"*1): any omitted proofs can of course be found in [48]. We conclude by
determining B(Y“”“), using the quaternionic bundles i, ... 1,;, which we defined at
the end of the previous section.

Suppose we have a finite CW complex X and a ring spectrum E. Let ET(X) <
KO"(X) denote the subgroup of virtual bundles over X, which are E orientable; that

is, bundles for which an appropriate Thom class in E*(X) exists.

Definition 7.4.1. The exotic J group of X associated with the spectrum E is the
quotient KO°(X)/ET(X), which we denote EJ(X).

When F is the sphere spectrum, FJ(X) reduces to the group J(X), introduced
by Atiyah in [3]; the notation is due to the fact that when X is a sphere S™, J(X) is
the image of the classical stable J-homomorphism J: m;(0O(n)) — m,4:(S™) (see e.g.
[15, Chapter 8]).

We will focus on the case when the spectrum FE' is taken to be the M Sp spectrum
of Example 2.2.9, which is associated with quaternionic cobordism theory. In the

case of quaternionic projective space, we have the following result.
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Lemma 7.4.2. [/8, (14.6), (14.7)] For all n € Z, the exotic J groups M SpJ(HP"™)
and M SpJ(S' ANHP™) are zero.

The notion of the exotic J group is intimately linked to the type A associated

units of X.

Lemma 7.4.3. [48, Lemma 15.1] The subgroup A(X) of associated units of type A
is isomorphic to MSpJ(S*' A X).

So our aim is to compute M SpJ(S* A Y4 1) To begin, we consider the case of

the bounded quaternionic flag manifold Q™.

Theorem 7.4.4. The exotic J groups M SpJ(Q") and MSpJ(S* AQ™) are zero, for

all n.

Proof. The proof will be by induction on n. The base case M SpJ(S*) = 0 is con-
firmed by Lemma 7.4.2.

The classifying map of the bundle \,, as defined in Lemma 7.2.13, induces an
epimorphism

KO*(HP") — KO*(T(xn_1)), (7.4.5)

as \f (t59) = t59 ¢ KO*(T(xn_1)), where t%© is the universal Thom class of Exam-
ple 6.1.10. It follows that M SpJ(T(xn-1)) = 0.
Now assume that M SpJ(Q") = 0 for i <n — 1. We have that (6.1.9) in the case

of Q™ induces a short exact sequence
Wy, ny | Un
MSpJ(Q™Y) < MSpJ(Q™) «+= MSpJ(T(xn-1)). (7.4.6)

Since M SpJ(T(xn-1)) = 0, the inductive hypothesis implies that M SpJ(Q") = 0,
and so by induction the result holds for all n.

Similar reasoning shows that M SpJ(S' A Q") = 0, for all n. O
This allows us to determine a similar result for Y4+,

Theorem 7.4.7. The exotic J groups MSpJ(Y*" 1) and MSpJ(S* A Y1) are

zero, for all n.
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Proof. Since we have a short exact sequence
MSpJ(Q™Y) < MSpJ (Y1) % MSpJ(T(xn1 @ R)), (7.4.8)

similar reasoning to Theorem 7.4.4 will suffice to prove the result by induction; the

base case M SpJ(S®) = MSpJ(S' A S%) is given by Lemma 7.4.2. H

So we have established that A(Q™) and A(Y*"!) are both zero.

Now we turn our attention to the associated units of type B, which arise from
TorsK Sp°(—). Following Theorem 7.3.30, the elements in B(Y*"*1) are of the form
JA(pn ;. lzj). We will describe our type B associated units by pulling back from the

universal case of ST A BSp. We have a composition
SY A BSp =+ SO/Sp 1 QM Sp, (7.4.9)

using the map j, which was introduced in Section 2.3.4. The unit represented by
the composite j(A) € MSp°(S* A BSp, ) is called the universal unit, denoted by U.
Using the torsion elements ¢, € M Sps,_3, and the generators P, € M Sp*(BSp) of

primitive elements in M Sp*(BSp), we can describe U as follows.

Theorem 7.4.10. [48, Theorem 16.2] The universal unit is given by
U=1+0® ) piPyr in MSP’(S' A BSp,).
i>1
This allows us to describe JA(fin,...1;,) € MSp (Y1), which is represented by

the composite map

where f is the smash product of the identity and the classifying map for the virtual

bundle 6, .. 1,;- By Theorem 7.4.10 we have

.....

JA(Mn,ll .... l2j) =1 + 19:1 <91 & Z gpiPQl-_l(@mll ’’’’’ 52].)) . (7411)

i>1
From the short exact sequence (7.4.6) we have ¥ : MSp*(T(xn-1)) — MSp*(Q") is
) € MSp%=4(Qm), which is

a monomorphism, so we may work with Pa;_1(U};0n1,....12,

equal to

Poi 1((Xn — H) ®r ((xt, —H) ®m (xi, — H)) @k -+ @& ((X1p;_, — H) @m (X1,;, — H))),
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in place of Py;_1(Onyy...10,)-
First we consider the universal case of Py;_1((& — H)2*D) in MSp¥4(HP>® A

-+ AHP>), which may be expanded as

j i 1 kojt1
Pya((& -H)P ) = > o i@ ep, (7.4.12)

k1,..,k2i 4121

for some coefficients c}'ﬂ € MSPpagry+ vk 1—2i41), and with the summation

yeerk2 41

taken over all possible combinations of k1 > 1,..., kg1 > 1. We will return to study

the cobordism classes ¢, koys, 11 detail later.

By way of contrast, we note that in [48], the universal case of Py;_1((& — H)**!)

in MSp¥~*(HP>) is considered, in which case the expansion is

Pyi1((& — H)¥ ™) Z €ij, kp?jHJrk, (7.4.13)
k>0

for some €; ;1 € MSpacajtira—2i)- We will also look at the relationship between &; ;.

and ¢}, in due course.

YRS

Now, pulling back (7.4.12) first to Q™ A --- A Q™, and then to a single copy of Q"

via the diagonal map, we have

i k
P 1<19 <9n li,.. ’l2j)) = Z Ck1,...,k2j+1y’721ylk; : yl;]ﬁ_l' (7414)

k1, koj11>1

i — ynyfbl 1! in the quaternionic cobordism ring

Therefore, using the relation y;
of @™ (6.2.4), and recalling that y,7%(x) may be written as ¥} (t,x), for any z €

MSp*(Q™1), we can express (7.4.11) as
L244]

) k k k
JA(/"Lnle---JQj) - ]' + Z SOZ Z Ck1,...,k2j+1 TL( nynl 11yll2 : ylgj]+1)7

=1 k1ekzip>1

where | x| denotes the greatest integer less than or equal to z. The first summation
runs only between i = 1 and |21, because Py (05 (0n,...05,)) € MSP¥~4(Q), as
in equation (7.4.14), vanishes once 8 —4 > 4n. As in the proof of Theorem 7.3.30, we

are able to rewrite this expression to describe our type B associated units as follows.

Theorem 7.4.15. The associated unit JA(piny, .. 1,,) € BY'™ ) is given by

Ln+1

() k
It =14 D00 D0 G Sty oy (74.16)

i=1 kl,“.,kg]'_'.lzl
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for2j <n—1, and ki + -+ - + kgj1 < n.

Proof. We insist that ki 4 - - - + ka;41 < n, because the relations in the cohomology
ring (7.2.17) of Y4+ give vnyfbfllyff . '-leZjH =0, if ky + -+ 4+ kgj41 > n. The

constraint that 25 < n — 1 is a necessary consequence of Theorem 7.3.30. O

Remark 7.4.17. In light of Proposition 7.3.17, since A(Y*"™!) = 0, the units in
MSp® (Y4 1) associated with SU/Sp® (Y4 1) are the same as those associated with

SO/Sp°(Y4"+1) namely the type B associated units arising from TorsK Sp®(Y4n+1).

Let us now investigate the elements Ci?la---,k?j-&-l € M SDy(ky 4 +hyjp1—2i+1)- Though
we have no systematic procedure for determining these cobordism classes in terms of
known generators of M Sp,., we can combine a variety of approaches to study some
low dimensional examples.

The case when i = 1 appeared in a paper of Ray [44], who denoted the sum of all
c,lﬂw,%+1 with ky + -+ -+ kgjs1 = p by m(j +1,A,). This helped determine examples
of the classes ¢; ;x, which appeared in the expansion (7.4.13), in [48, Lemma 16.3].

Our cobordism classes are related to €; ;5 by the equation
gi,j,k = Z 0217...7k2j+1, such that /{31 + -+ k’2j+1 = 2j + 1 + k’,
k1,525 412>1
where as usual, the summation is over all possible combinations of k1 > 1,..., ky; > 1.

For example, we have

1 1 1 1 1 1
€112 = Cioo T Cyyo T Cooy+C311 T Ci311+Cag
!
€120 = G111
2 2 2
€211 = Cyq1 T Cloq T Clio
2
€210 = €111

The case i = 1 was also studied in detail by Imaoka [28], whose results were utilised
in [4]. By a combination of all of the above methods, and some slight modifications
for our particular situation, we can determine some examples of the classes ¢}, ;-

yeees254-1

in low dimensions by studying their relationship with €; ;5. In common with other
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authors, we will express our answers in terms of certain generators 2x; € M Spy;,
using the notation established in [45].

We can determine

d. o= 0, if ky #2i—1,

1 = 1,

C%,Ll = 36wy + 22,

céym = 60x3 — 152129, (7.4.18)
C%,1,1 = 36,

037171 = 110z,

¢l = 302400z + 10800zx5 + 1209623 + 972220, + .

Clearly no obvious pattern arises from this list to allow us to describe more ex-

amples of ci:l" in terms of known generators of M Sp..

sk2jt1

Remark 7.4.19. Due to the associative (7.3.22) and commutative (7.3.21) nature
of the tensor product of virtual bundles, we were able to obtain virtual real bundle
isomorphisms of the form (7.3.24) and (7.3.23). Various combinations of these iso-
morphisms are enough to show that ¢, , ., = Cig,k;,kg for any permutation k|, k), k%
of k1, ko, k3. Of course, any other relation between tensor products of virtual bundles

will yield similar relations on the elements ¢}, .
1--5R2541

Now suppose that we can represent the element Clil,...,kgjﬂ € MSPa(hyt-thoj1—2i+1)
geometrically by a 4(ky+- - - +kg;41 —2i+1)-dimensional stably quaternionic manifold

My, ... Then the following fact could prove helpful in describing c,lcl’_

k2j+1' ..7k‘2j+1'

Lemma 7.4.20. The manifold My, ...

submanifold of Q1+ Thkzi+1,

kojo1 May be embedded as a codimension-(8i—4)

Proof. With ¢, € MSpy,(HP$®) as in Proposition 7.1.6, and with reference to the

expansion (7.4.12), it is straightforward to check that the Kronecker product

(pr((& = H)**Y), oy b ) (7.4.21)

. 1 .
yields ¢, 0 MSPathy 4oy —1)-
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In Proposition 7.1.8, we proved that the generator g, .4, , 1 represented
by the map Q¥ — HPX classifying the quaternionic line bundle yg, where K =
ki + -+ + kgjy1. The Kronecker product (7.4.21) with the first Pontryagin class is
equivalent to making this classifying map transverse to the inclusion HP*~! c HPX.

Therefore, in a similar manner to the transversality construction illustrated by di-

agram (7.1.14), we have an embedding of the manifold My, . ,,,,, representing
Ch,.. kay» 85 & codimension-(8i — 4) submanifold of Q*. O
While we do not have a complete understanding of the elements ¢}, oy, 1L TEITOS

of generators of M Sp,, we have gleaned enough information to conclude this section

with a list of the type B associated units for Y#"*! in low dimensions.

Corollary 7.4.22. Forn < 4 the associated units B(Y*"*1) in MSp°(Y"*) are as

follows.
Forn =1, JA(u) = 14 1.
Forn =2, JA(u2) = 1+ @10s.
Forn =3, JA(us) = 1+ p1v3 + p203y2y1,

JA(pz21) = 1+ @r1z3v3y0y;.

Forn =4, JA(us) = 1+ Y104 + ©204Y3Yo,

JA(paz2) = 1+ p1(ztogysys + x12204Y3Y201),
JA(pag1) = 14 prxfvaysy,
(

JA(pa21) = 1+ @1(230492y1 + T1T204Y3Y2Y1 )
7.5 Fundamental classes

Having determined our associated units, we must now obtain the fundamental class
(VA1) o€ M Spyn, 1 (Y1), so that we can calculate W(Y4m+).
To get started, since M Sp*(Q™) and M Sp*(Y*"*1) are free over M Sp, by Propo-

sitions 6.2.4 and 7.2.17 we can dualise to deduce the following results.
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Corollary 7.5.1. A basis for the quaternionic bordism module of Q™ is given by
MSp.(Q") = MSp.{zru : R(i) € P[nl}, (7.5.2)

where the monomial zg;) € MSpy(Qm) is the dual homology element to the monomial
Yr(y) € MSp*(Q™), for 1 <i<n.

A basis for the quaternionic bordism module of Y41 is given by
MSp, (Y1) = MSp.{wn, 2r@), Wnzre) : R(i) € Pln — 1]}, (7.5.3)

where w, € MSps(Y*"™), zpu € MSpy(Y*) and w,zre € MSpays(Y*H)
are the dual homology elements to v, € MSp*(Y*" 1), yry € MSp*(Y*"*1) and

UnYRrey € M S5 (Y4 ) respectively, for 1 <i<n—1.

Given the bounding stably quaternionic structure s’ on Q™ from Proposition
6.3.3, we will determine the fundamental class [@"]y in terms of the above basis

of MSp.(Q™).

Proposition 7.5.4. The fundamental class of Q™ with stably quaternionic structure

s, is given by [Q"]y = 2p2p—1...21 € MSpa,(Q7).

Proof. Referring to Corollary 7.5.1, the fundamental class is of the form
[Qn]sl = Z C{R(i)}ZR(i) + ZnZpn—1--- 21, (755)
R(i)ePln—1]
where ((piy € MSpinm—i). Using the projection m,: Q" — Q" ! we can determine

these coefficients ({r(;); to be

Grayy = (Yra) [Q"]s)
= (M (Yr@), [Q"]«)
= <yR(i)> (Wn)*[Qn]s’a >
but (7,).[Q"]s = 0 € MSp4,(Q"™ 1), since 7, maps the bounding Q™ into Q" *,

representing zero in M.Spa,(Q™'). It follows that (fr@)y = 0, for any subset R(i) €

P[n — 1], and so the expression (7.5.5) reduces to [Q"]s = znzn_1 ... 21. O
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Using similar methods, the fundamental class of [S! x Q",t x '], where t is
the trivial stably quaternionic structure on S!, is given by [S? x Q"]ixy = h1 ®
ZnZn_1-..21, where hy € MSp;(S?) is the dual generator to g; € MSp'(S?).

In Lemma 7.2.8 we defined a degree 1 retraction r],, which arose from the quater-
nionic bordism between [S1xQ", tx s'] and [Y4"*1 s]. We can easily dualise the action

of (r])", as described in Lemma 7.2.18, to determine (1), ([S* X Q"]ixs) = [Y*" ;.

n

Proposition 7.5.6. The fundamental class of Y4+ with stably quaternionic struc-

ture s, is given by Y"1, = wpzn_12p-a. .. 21 in MSpam (Y.

7.6 Determination of V(Y4 1)

We now have all the information we need to compute the image ¥ (Y*"*1) of the map
W,: SO/SP(Y ) — MSpy,.1. After comparing our results with those in [48], we
prove Conjecture 7.2.1.

According to the instructions that concluded Section 2.3.4, to compute (Y4 1)
we must form the associated dual I's(A(pn,,...1;)) = JA(fny,.to;) ™ [Y4n+1]  and

take the quaternionic bordism class of a manifold that represents I's(A(gni,....15;))-

Theorem 7.6.1. The image ¥ (YY) which is a subgroup of M Spany1, is generated

by
Bl
Z Pi Z Cha,.. kajt1
=1 k1,e.ey k2j+121
where 2] < n — 1, and the integers ki, ..., koji1 are such that
_ koj n
yf{l_llylkf .. .yl;“ = Yn-1Yn—2...y1 € MSp*(Yyintly, (7.6.2)

whereK:kl—1+k2+---+k2j+1.

Proof. Compare the expressions for the associated units (7.4.16) and the fundamental
class (7.5.6). Clearly the associated dual is nonzero only when k; > 1,... kgjiq > 1
are such that the monomial yflfllylkf .. .yl]:_j“ reduces to ¥,_1Yn—2 ...y under the

cohomology relations in M Sp*¥ (Y4"*1). Hence we have the generators of W (Y4 1)

in M Sp, as described above.
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To see that U(Y*"*1) is a subgroup in M Spy,,1, we utilise the reduced map v
Given ay, ay € SO/Sp°(Y*"™1), in equation (2.3.19) the reduced J homomorphism J
was shown to have the property that J(a; + as) = J(a1) + J(az) + J(a1)J (az). Then

we have

Uy(ag +az) = (J(a1) + J(az) + J(a1)J (az), [Y*"],)

= Uy(a) + Wy(a) + (J(ar) I (az), [Y"H],).

By Theorems 7.4.7, 7.4.15, any J(a) € As(Y*"™!) is in the ideal generated by wv,,
but v2 = 0 in MSp(Y*#+1) so it follows that J(ay)J(az) = 0. Therefore U is a
homomorphism.

The stably quaternionic structure s bounds, so by the formula (2.3.20) we have

U (Y4 = @ (Y4 ) which completes the proof. O

Note that every element in the subgroup ¥(Y*"*1) has order 2, since the genera-
tors all have factors the 2-torsion elements ;.

Following Remark 7.4.17, the units associated to SO/Sp°(Y4" 1) coincide with
those associated to SU/Sp°(Y4" ™), coming from TorsKSp®(Y4" ™). Therefore the
changes of stably quaternionic structure on Y*"*! that give rise to the elements in
U (Y*+1) are such that they leave the SU-structure on the manifold unchanged. Since
we started with a bounding stably quaternionic structure s on Y41 (and hence by
forgetting, a bounding SU-structure), then [Y4**! s + §] also bounds in MSU,, for
any 6 € SO/Sp° (Y4 +h).

As an illustration of our results, in low dimensions the subgroups W (Y4"+1) <

M Spyni1, and their generators are

vy = Z/2 {e1}s
T(Y®) = 0,

V(YB) = Z/20Z/2, {p2,201},
(Y = z/2, {z1z2001 1,

In the case when n = 5, there is a subgroup Z/2 ® Z/2 & Z/2 < U(Y?!) generated

by {p3, 2101, 301 }. Unfortunately, obtaining a complete description of ¥(Y?!), and
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indeed (Y4 1) for n > 5, is hampered by difficulties in computing the elements
011;1,...,@#1 € MSPy(ky 4 +hojpr—2i+1)- Without further work, we can only describe the
remaining generators of W(Y?') as gao1 = 2301 + @2ac5, + p3c3,, and g311 =

(2123 + €x3)p1 + P23 1 | + p3c3 ., for some e € Z/2.

Remark 7.6.3. By comparing our results with the description of M Sp, in low di-
mensions given in [45], we have that Y and Y'® are SO-universal stably quaternionic
manifolds, in the sense of Definition 2.3.21. While we do not have a complete descrip-
tion of U(Y?!), we do not rule out the possibility that Y is also an SO-universal
stably quaternionic manifold; to prove this we would need to represent z2p, € M Spo;
via a stably quaternionic structure on Y. Again, further investigation into the ele-

ments c}’m“’kgj is needed before we can say anything more about the possibility of

+1

Y41 being SO-universal stably quaternionic manifolds, for n > 5.

Let us briefly compare our results with those of [48], where W(—) was calculated
on the (4n + 1)-dimensional manifolds A**! defined by Alexander in [2] (note that
these calculations of W(A%" 1) are in M Sp, /V,, where V, is a certain ideal in M Sp,).

The manifolds A*"*! are defined to be S(&; ®u &, © R?), the total space of a
5-sphere bundle over HP"~!. Each A**! carries a bounding stably quaternionic
structure via the usual application of Proposition 2.3.7. Alexander’s manifolds rely
on a technique used by Landweber [31], to build stably quaternionic manifolds over
quaternionic projective space, which is itself not stably quaternionic. In contrast, the
manifolds Y41 are built over a quaternionic tower (Q* : k < n — 1) of bounded
quaternionic flag manifolds, each of which is stably quaternionic. So in terms of
quaternionic cobordism theory, it is perhaps more natural to work with Y4+!,

Certainly we are able to represent more elements in M Sp, using the various
stably quaternionic structures on Y"1 in dimensions when n is even, U(Y*"*1) is
not necessarily zero, while ¥(A**1) = 0 for all n = 2m. In the case when n is odd,

we have the following.

Corollary 7.6.4. The image ¥(A¥3) is a subgroup of ¥(Y®™=3) which is generated
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by the quaternionic bordism classes of the associated duals

FS(A<,LL’N,>>7 FS(A(,U/n,nfl,n72))a FS(A(Nn,nfl,an,nf&anl))7 R FS(A(/JLn,nfl ..... 1))

Proof. Tt is straightforward, though long-winded, to show this, so we offer only a
sketch here.

The proof relies on the fact that for virtual bundles g, -1, . n—2;, the associated

~~~~~

units will arise from an expansion of the form

n—2j—1
Poi1((xn — H)¥*) = Z EighnYnii ",
k=0
which plays the role of (7.4.14) in this case. Following the reasoning as in Section
7.4, we obtain the expression for the associated units to be

B B Y |

JA(,Un,n—l ..... n—2j) =1+ Z Vi Z Ei,j,kvnyijjk, (765)
i=1 k=0

for 2j < m — 1. The result follows by comparing (7.6.5) with the corresponding

expression for the associated units in B(A*"3) given by [48, Theorem 16.6]. O

Returning to the manifolds we have been working with, we can easily relate our

results to bounded quaternionic flag manifolds.
Proposition 7.6.6. There is an isomorphism W(S' x Q") = Y(Y4n+l),

Proof. The isomorphism is induced by the degree 1 map r/: Wil = S x Q" —
Y4+ of Lemma 7.2.8. First we will prove that there is an injection f: U(Y4 1) —
U(W4 ) “and then show that f is in fact an epimorphism.

From the proof of Lemma 7.2.18, we know that r/," (v,) = g1 ®y,, € M Sp° (W),
So using 7;, and Theorem 7.3.30, we can pull back Q(gny,....1,;), Which corresponds
to Y oy, -y, in KOT3(Y" ) to the SU-trivialisation Q((n — R) ®g Onyy.,...i5,)
corresponding to /g1 @ yuuy, - . Y, in KO3 (W),

Applying the techniques of Section 7.4 to W41 it is straightforward to determine

the formula
|2 ]

i kaj
JA((” - R) Qr en,ll ..... l2j) =14+ a1 ® Z Pi Z Ckl ,,,,, koji1 yzlylkiz ce yl;jﬁ_la

i=1 K1yeskoji1>1
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for 2]§TL—1, and k1+"'+/€2j+1 Sn
Recall from Section 7.5, that the retraction map induces an equality between

fundamental classes (17,),([S* X Q"]ixs) = [Y*" T, so that
(), (M ® zp2zp—1...21) = WnpZp_1...21. (7.6.7)

Now, at the beginning of this section we computed ¥(Y*"*1) by forming the associ-

ated dual Ts(A(pny,..t5;)) = JA(fny,ta;,) — [V, but using (7.6.7), we have

Co(A(pns,tn;) = JA(ny,ty;) — (10)s(h1 @ 20201 .. 21)
= J(r) (Atniy,s;) ™ (M1 ® 2p20-1. .. 21)
= JA((n—R)®r Onyy,..10;,) ™ (b1 ® 2n2n-1... 21)
= Do (A((N = R) ®r Onpy,...15;)) € M Spanir (WHH),

..... j

and then we clearly have an injection f: W(Y4"1) — ¥(W* 1) given by

FOs(Alpnn,5;)) = Cost (A((0 = R) g Oty 15,)))- (7.6.8)

We must show that f is in fact an epimorphism. It is straightforward to check
that 7/, induces an injection (r/)": KO73(Y4" ™) — KO=3(W*1) but not an iso-
morphism, as there are elements in KO 3(W**1) of the form $v7¢1 ® yge;), for
R(2j) € P[n], and of the form v/ *1g; @ ygrjt1), for R(2j + 1) € P[n — 1], neither of
which are in the image of (r/,)". No associated units arise from the former elements,

while it can be shown that for R(2j + 1) = {l,...,l2j11}, the latter give rise to

associated units in MSp?(W4+1) of the form

|2
JA(K‘ll ..... l2j+1) - 1 + gl ® 907, Ckl ,,,,, k2j+1ylll e yl;:_:rl17 (769)
i=1 k1,...,k2j41>1

for some virtual quaternionic bundle lj;1- However, the corresponding asso-

ciated dual Ty (A(ky, )) in M Span (W) is always zero, since the cap

----- lajt1
product of (7.6.9) and the fundamental class [S* x Q"|;x is zero. This can be proved
by using the fact that n ¢ R(2j + 1) and applying similar reasoning to that of

Lemma 5.1.33. Hence we have no new elements in W(W*"*1) arising from the ele-

ments 37'g1 @ yrei) and Y gr ® yreisny in KO3 (W) It is also easy to use the
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tools of Section 7.4 to show that, as for Q™ and Y*"*!, there are no type A associated
units for W41 that would contribute to the image ¥(W* 1), This is enough to
show that f: ¥(Y4 ) — ¥ (W4*1) is indeed an epimorphism, and so we have the

required isomorphism. O

Remark 7.6.10. With suitable modifications, it should be possible to use our results
to gain an insight into the images W(S! x Y4*1) and ¥(Y*"2), where the simply-
connected manifold Y42 is the total space of the 6-sphere bundle S(x,,_1 ®R?) over
Q.

The spur for our investigation of ¥(Y4"*!) was Ray’s Conjecture 7.2.1, which we

are now able to verify.

Proposition 7.6.11. The element p,, € M Spg,,_3 may be represented geometrically

by the simply-connected manifold Y3, equipped with stably quaternionic structure

s + A(p2m-1)-

Proof. By putting n = 2m — 1 in the basis described by Theorem 7.6.1, we have that
the associated dual Ts(A(ugm_1)) = JA(pam_1) —~ [Y¥73], in M Spgm_s(Y ")
satisfies

FS<A<:U2m—1)) - golcémfl + SOQCgmfl +oeee Spmcgnmfl'

This expression reduces to ¢y, since from the list (7.4.18) we see that ¢, = 0, if

ki #2i—1, and ¢, ; = 1. O

Recall that the indecomposable torsion elements ,, € M Spg,_3 are actually the
coefficients 6y, in the expansion (7.1.11). On the other hand, the elements 6y, €
M Spg, 1 are zero for n > 0. However, there is nothing to stop us rewriting the
expression of Theorem 7.4.10 to give the universal unit purely in terms of the elements
0., for all n. Checking through the original calculation in [48, Chapter 16] it is clear
that the universal unit then takes the form

U=14g1®> 0;Pyin MSp"(S" A BSp,). (7.6.12)

i>2
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Subsequently, the associated unit JA(finy,,...1,;) given in Theorem 7.4.15 can be

rewritten as

|23t )
2 k
o Z 2: i k1—1, ko 2j+1
JA(,LLTL,Il,‘..,le) - 1 + 92i Ck,‘l,...,kszrl'Unyn—l yll te ylzj
i=1 kiyeokojr1>1
ot (7.6.13)
2
Z ' Z i ki—1_ ko k2ji1
+ 92@+1 kl,...,k2j+1vnyn71 yll e ylzj
=1 k1,..5k2412>1
for 2j < n —1, and ky + -+ + kgj;1 < n, and some coefficients Ay oohgyer €

of (7.4.12), this

M SPa(y4-tkoj1—2i)- In a similar manner to the elements Chy ooz

set of coefficients has its true origins in an expansion of the form
2j+1Y\ __ i k1 k2jt1 8i 00
Py((& -y = > di, o, o py? T e MSPM(HP®).  (7.6.14)
k1,...,k‘2j+121
Now, the restriction of the primitive element P; € M Sp*(BSp) to HP* is simply p}
(see e.g. [42, page 263]). By restricting (7.6.14) to the case when j = 0, this fact is

enough to show that

di = 0, if ky # 2i,
ki 17 (7.6.15)

I
2 = L

This leads us to our final result.

Proposition 7.6.16. The element 05,11 € M Sps,, 1 may be represented geometri-

cally by Y™ equipped with stably quaternionic structure s + A(pam).

Proof. The proof follows the same reasoning as that of Proposition 7.6.11. The
associated dual Ts(A(uam)) = JA(pam) —~ [V, satisfies

FS(A(/’LQW)) = 63d%m + 05d§m +oot 92m+1d72nm7
which reduces to g, 11 via (7.6.15). O

Consequently, we have the intriguing conclusion that when Y*"*! is equipped
with the stably quaternionic structure associated to A(u,) € SO/Sp°(Y4"t1), our
manifolds bound only when n is even; moreover when n is odd, since ¢,, is of order
two, we must have that the disjoint union of two copies of Y3 is a boundary. It

would be very interesting to understand the geometry underpinning these phenomena.
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