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Introduction

Overview of gauge theories and instantons

For centuries the marriage between physics and mathematics has been extremely fruitful. New-
ton, for instance, had to develop the calculus in order to be able to formulate his mechanics. In
the beginning of previous century Einstein was able to formulate his theory of general relativity
since its mathematical framework of differential geometry had already been developed by Rie-
mann. Another great success of the interplay between physics and mathematics is the functional
analysis, whose roots lie in Von Neumann’s successful attempts of uniting Schrodinger’s wave
mechanics formulation of quantum mechanics with Heisenberg’s matrix mechanics formulation.

In the second half of previous century another love child, gauge theories, was born. The
importance for physics is immediately clear since three of nature’s four fundamental forces, are
described by a gauge theory. What a gauge theory is can be best explained by the example of
electromagnetism, the most simple gauge theory. In electromagnetism the fundamental physical
quantities are the electric and magnetic fields E and B, since the electromagnetic force can be
expressed only in terms of these two fields. The dynamics of the electric and magnetic fields in
vacuum are described by the Maxwell equations.

V-E=0, VxE=-22
ot

V-B=0, vxB=E
ot

Since the components of E are not completely independent, we can introduce a potential V'
such that under certain circumstances we have E = VV. A more general formula exists, but
for the sake of argument we assume this one. Conversely, we can express V' in terms of E by
the following line integral

V(x) = — / E(x) - dl,
X0

where the point xg is a reference point. One can check that V' given by this integral satisfies
VV = E. However, we have a freedom in the choice of the reference point xy. If we denote by
V' the potential obtained by the same integral formula but with x, replace by xq, it turns out
that VV' = VV. More generally, the electric field E does not change if we add a function f to
V aslong as Vf = 0. So we have a certain freedom in the choice of the potential, which is called
gauge freedom. A more direct illustration of this gauge freedom is given by the convention that
the voltage of the earth is zero. Given this convention, the maximal output of an electrical
outlet is 220 V. However, we have the freedom to say that the voltage of the earth is 80.000 V'
and the maximum output of the outlet 80.220 V', which does not alter the physics, since only
the differences in voltage are relevant. Similar to the electric potential, we could introduce a
magnetic potential A such that B = V x A. Also in A we have a gauge freedom, we could
always add a function f to A as long as V x f = 0.

Our formulas become more compact if we use covariant notation. We collect the potentials
A and V in one 4-vector A, the gauge potential with entries (A, V). Furthermore, we introduce
the field tensor F,, given by

0O E  E, E.

| -E, 0 B. -B,
Fw=| _g, -B. 0 B,
~E. B, -B, 0
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Then F,, can be expressed in terms of A, by
Fuw =0, A, — 0, A,
and the Maxwell equations are given by a single equation
Ou(xF ) = 0,

where (xF),, is the dual tensor, which can be obtained from F,,, by the substitutions E — B
and B — —E. For mathematicians it is convenient to redefine F and A as F — iF and
A — iA. Then F,, is clearly invariant if we add ¢0,A(x) to A,, where A is a function with
values in R. This transformation A, — A, + i0,A(z) is called a gauge transformation and
all gauge freedom lies in the fact that F,,, is invariant under this transformation. In order to
generalize to gauge theories in general, it is convenient to introduce the action

S = / Fo Frdis,
]R4

which is clearly invariant under gauge transformations. Then F,, satisfies the Maxwell equa-
tions if and only if F,,, is an minimum of the action. If we examine the gauge transformation,
we see that we can rewrite it in the following form: A, — A, + e*iA(x)ﬁueiA(‘”). Since ¢*M®)
is an element of the (abelian) group U(1), and conversely all elements g(z) € U(1) are of the
form e**®) we can rewrite the gauge transformation as follows.

A= g(@) Aug(z) ™ + g(2) " 09 ()

with g(x) € U(1). So we see that the gauge transformations of electromagnetism are in deep
relation with the group U(1), which is is called the structure group of the gauge theory. Now
we have arrived at the point that we can generalize to other gauge theories, whose structure
is almost the same except for that they have different structure groups, which do not have to
be abelian like U(1). On contrary, almost all gauge theories, except electromagnetism, have
non-abelian structure groups. For all gauge theories the gauge transformations have the same
form as our last version, but this has its consequences for A and F. Firstly, we see that the
term g(x)'d,g(z) is an element of the Lie algebra g of the structure group G. We see if we
want to be consequent that .4, must also be g-valued. Since F,, is related to A,, we find that
also F,, must be g-valued. The relation between F,, and A, also alters slightly and becomes

Fuw = au-AV - al/Au + [-Am A

The action does not change, except for that we implicitly assume that an inner product on g.
The equations of motion for general gauge theories can be derived from the action by finding
its minima. We obtain then the Yang-Mills equation

D, (xF) =0,

where D, is the covariant derivative given by D,, = 0, + A,. For electromagnetism the Yang-
Mills equation turns out to be equivalent with the Maxwell equations.

The Maxwell equations are relatively easy to solve, but this is definitely not the case Yang-
Mills equation for more complicated gauge theories, since in these cases the Yang-Mills equations
are second-order differential equations which are non-linear due to the commutator of [4,, A,]
in F,,. However, in Euclidean space some solutions are easier to find. These are the absolute
minima of the action, which satisfy a much simpler first-order partial differential equation

Fuw = EEF)
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called the anti-self-duality equation if we have a minus sign and the self-duality equation oth-
erwise. Since solutions A, of these equation, which we call instantons, are absolute minima
of the action, they are automatically solutions of the Yang-Mills equation. Instantons are in-
teresting for physicists, since they provide information about all solutions of the Yang-Mills
equation, but also describe the phenomena of tunneling between different vacuum states. For
mathematicians instantons are interesting since they provide information about the topology of
the space in which they exist. For example, if we denote the group of all gauge transformation
by G and the space of all self-dual instantons, that is solutions of the self-duality equation, by
/", then we can introduce the moduli space .# = o/ /G of all self-dual instantons modulo
gauge transformations. This space behaves neatly under certain conditions, and turns out to
be a very important object for mathematicians, since Donaldson used it in order to prove his
famous result of the existence of exotic differential structures on R%.

Since the (anti-)self-duality equation is also non-linear in A4, it is still hard to solve. It
were Atiyah, Drinfeld, Hitchin and Manin, however, who found a trick for gauge theories with
structure group SU(n). They discovered a set of quadratic algebraic equations, called the
ADHM equations, whose solutions are in 1-1 correspondence with the instanton solutions. The
ADHM construction is not the endpoint in the research of instantons. For physicists instantons
are still important, since they also occur in other theories like general relativity and string
theory. Moreover, instantons play an important role in the path integral formalism of quantum
field theories, a formalism which is still not perfectly understood. Mathematicians have found
some generalizations of the ADHM construction for other spaces than R*, for instance for ALE
spaces. So we can conclude that gauge theories and instantons are still important objects of
research for both physicists and mathematicians.

Outline of thesis

In this thesis we shall concentrate us on the mathematical aspects of gauge theories and instan-
tons. We want to define gauge theories in curved spacetime, for which we have to introduce
principal bundles in the first section, since they offer the mathematical framework for gauge
theories on curved spaces. In the second section we shall introduce connections and show that
these are equivalent with gauge potentials. Furthermore, we introduce the gauge field-strength,
the object describing the physical configuration within gauge theories, and the gauge group.
In the third section we shall discuss the topological properties of gauge theories using Chern
classes, continued by introducing instantons and showing that there is a connection between
former and latter. Finally, we calculate some instanton solutions with instanton number —1,
introduce the moduli space, and derive from its dimension that we found all solutions with in-
stanton number —1. In the fourth section we discuss the ADHM construction, which is a linear
algebraic construction providing all possible instanton solutions for gauge theories with struc-
ture group SU(n). We shall show that the ADHM construction indeed yields SU(n)-instantons
by the use of holomorphic vector bundles. Finally, we introduce quivers, which are directed
graphs and which can be used to give an alternative description of the ADHM construction.
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1 Principal bundles

1.1 The definitions of fibre and principal bundles

Definition 1.1.1. A differentiable coordinate bundle (E,w, M, F,G) consists of the following
elements

1. A differentiable manifold £ called the total space.
2. A differentiable manifold M called the base space.
3. A differentiable manifold F' called the fibre.

4. A surjection m : E — M called the projection, such that 7~!(x) = F, & F. Sometimes
we rather use the notation E, instead of F.

5. A Lie group G called the structure group, which acts freely on the fibre on the left; if
gf = f for all f € F, then g = e. In this thesis we shall only consider Lie subgroups of
GL(C,n).

6. An open covering {U;};cr of M, where I is an index set, and a set of diffeomorphisms
Vi Uy x F — ©=Y(U;) such that wot;(x, f) = . This means that v; is the diffeomorphism
such that

UXFHWl U;)

NS

commutes, where p; is the projection on the first coordinate. The map ; is called
a local trivialization and the set U; a coordinate neighborhood. In case we can find a
diffeomorphism ¢ : M x F' — FE, we say v is a global trivialization and the bundle is
called trivial.

7. The maps v, : F — F, defined by ¢;.(f) = ¢i(x, f) satisty for all 4,5 € I, and
x € U; N Uj, the condition that @/)j_; 0, : F'— Fis a diffeomorphism which coincides
with the operation of an element of G (which is unique, since G acts freely on F'). We
shall abbreviate U; N U; by Us;.

Remarks.

1. Since 1; , provides the diffeomorphism between F' and Fj, we shall from now on identify
the latter with the first.

2. For simplicity we shall sometimes use the notation £ -+ M or just E instead of
(E,m, M, F,G) and refer to it as ‘E is a bundle over M.’

Fibre bundles were introduced as generalization of the product of two spaces. We continue
by defining two functions, which will be very helpful in the future.

Definition 1.1.2. We define the functions f; : £ — F' and g;; : U;; — G by
fi(p) = ¥is (p);
9ii(x) = ¥iz 0 Vja.
Clearly f; and g;; are smooth. In some occasions we will drop the argument of f;(p) and write

just f;. If F'= G, we shall write g; instead of f;.

7
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Proposition 1.1.3.

1. For all4,j € I, x € U;; and p € 71 (U;5), the maps g;; and f; satisfy
9j(2)f;(p) = fi(p). (1.1.1)
2. If the overlap Uj; is non-empty, then ¢; and 9; are related to each other on U;; by
Vi, f) = vi(z, gi(2) f)- (1.1.2)
Proof.

1. By definition of both functions, we find

9i(2) f3(p) = i) 0 by 5(p))

= Y12 ()
= fi(p).
2. Let p = 9;(z, f). Then f;(p) = f, so we find
%’(957 f) =D

= %‘(907 fi(P))
= ¢i($agij($)fj(p))
= Yi(z, g;(x) f),

which is exactly the statement.

O
The following proposition is easily proved:
Proposition 1.1.4. We have the following identities:
gi(x) = Id(z) [z €U (1.1.3)
gij(x) = gj_il(:p) [z € U;NUj] (1.1.4)
Gii(2)gju(x) = gu(z) [z eUnU;NU. (1.1.5)

Definition 1.1.5. Two coordinate bundles B and B’ are equivalent if they have the same total
space, base space, projection, fibre and group, and their coordinate functions {1}, {1} satisfy
the conditions that g;;(z) = z/;éfxl 0 1), ; coincides with the operation of an element of G, and
the map g;; : Uj; — G is smooth. The equivalence class of a coordinate bundle is called a fibre
bundle. A fibre bundle w : P — M with fibre identical to a vector space is called a wvector
bundle. If the fibre F' is identical to the structure group G, and the left action on the fibre F’
corresponds with left multiplication on GG, the bundle is called a principal bundle, denoted with
P(M,G). Note that in this case the action of G on the fibre is automatically freely.

Definition 1.1.6. Let R, : G — G be the right multiplication with an element a € G. Let
P(M,G) be a principal bundle, and let p = 1 (x, Ji (p)) for some trivialization v; : U; x G —
771 (U;). Then the right multiplication R, : G — G with an element a € G induces a right
action R, : 71 (U;) — 7 1(U;) by R.(p) = @D(x, Ragi(p)), or equivalently

pa = Yi(x, gi(p)a). (1.1.6)
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Proposition 1.1.7. The right action defined above satisfies the following properties:

1.
2.
3.

The action is globally defined;
The action is is free: We have pa =p = a =-e for all p € P;

The action is transitive on the fibres: for all py, p, € 7 !(z) there is an a € G such that
D1 = Pp2a;

. 7 is G-invariant: we have m o R, = 7, or equivalently, m(pa) = m(p) for all a € G;

5. g; is G-equivariant: we have g; o R, = R, o g;, or equivalently, g;(pa) = g;(p)a for all
a € G;
6. Every fibre 7—!(x) coincides with pG = {pg : g € G} for any p € 7 !(x).
Proof.
1. Let x € U;j, then by (2) of proposition 1.1.3 we find

pa = vi(z,ga)
= ;(z, gji(z)gia)
= V;(z, g;a),
hence pa is globally defined.

. For p € P let ¢; a trivialization with p € 771(U;). Then p = wiJ(gi(p)) for some

x € U;. Hence pa = p is equivalent with ¢; ,(g:(p)a) = Vi (gz(p)) Now since 9;, is a
diffeomorphism, we find g;(p)a = g;(p), implying a = e.

. Let x € M and py,ps € 7 (z). Choose a trivialization 1);, such that x € U;. Now, if we

choose a = g;(p1) ™' g:(p2), we find

pia = Pi(z,gi(p1)a)
= @/)i(%gz‘(pg))
= D2,

hence the actions is transitive on the fibres.

. Forpe Plet x € M and g € G such that p = ¢(x, g) for a trivialization ¢). Then we

have

m(pa) = w(Y(z,9)a)
_ (uog0)

m(p),

where the third equality follows from the definition of a trivialization.

. By previous statement in this proposition, we have

Ui(T(p), 9i(pg)) = i(w(pg), 9i(pg))
= 1y
= i(7(p),9:(p))9g

= i(m(p), 9:(p)g),

then the statement follows, since v; is a diffeomorphism.

9
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6. Follows directly from the transitiveness of the action and the G-invariance of .
O

The proof of following theorem is quite long and technical, and can be found in chapter 9

of [27].

Theorem 1.1.8. Let G be a compact Lie group acting smoothly and freely on a smooth
manifold P. Then the orbit space P/G is a topological manifold of dimension dim P — dim G,
and has a unique smooth structure with the property that the quotient map = : P — P/G is a
smooth submersion.

Corollary 1.1.9. Let P(M, G) be a principal bundle with G' compact. Then M is diffeomorphic
with P/G and dim M = dim P — dim G.

1.2 Constructing fibre bundles

In this section we construct a fibre bundle E given manifolds M and F and a Lie group G.
Furthermore, we give some constructions of new bundles from existing bundles.

Theorem 1.2.1. Let M and F' be manifolds, G a Lie group, a left action G x F' — F'| an open
cover {U;} of M, and g;; : U;; — G smooth functions. Then we can construct a fibre bundle
(E,7, M, F,G) by defining

E=X/~ (1.2.1)
where

X={JUxF (1.2.2)

The equivalence relation ~ between (z, f) € U; x F and (2/, f') € U; x F' is defined by
(. f) ~ @ f) < z=2a"and f=g;()f" (1.2.3)

If we denote elements of E by [(z, f)] with z € M and f € F, the projection is given by

m([(z, f)]) = =, (1.2.4)
while the local trivialization v; : U; x F — 7=1(U;) is given by

Proof. We prove this theorem by checking that m and 1; satisfy all axioms of a fibre bundle.
Firstly, we have

moi(x, f) = n([(z, f)]) = =,

Secondly, let « € U;; and f € F. Then (z, g;;(z)f) € U; X F is equivalent with (z, f) € U; x F,
so we find

i o Via(H) = v ([, N]) = 0 ([, 955(@) )]) = g35(2)

thUS 77[)1_’; o w],m = gU ]

10
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Corollary 1.2.2. Let (E,m, M, F,G) be a fibre bundle with overlap functions g;; : U;; — G.
Then, using previous theorem, we can construct a principal bundle P(M,G) with P = X/ ~

with X = U, U; x G.

Since many interesting geometrical spaces turn out to be fibre bundles, it is natural to ask
which fibre bundles are equivalent to each other. In order to define the equivalence between
fibre bundles we need the concept of bundle maps.

/

Definition 1.2.3. Let £ =+ M and E' =~ M’ fibre bundles. Then a smoothmap f : E' — E
is called a bundle map if it maps each fibre F, of E onto F, of F', where x € M and 2’ € M.

Remark. A bundle map f mapping a fibre F/, C E’ onto F, C E naturally induces a smooth
map f: M’ — M such that f(2’) = z. In other words, the diagram

E-f-p

ﬂ’\L \Lﬂ
M s m
commutes.

Definition 1.2.4. Two bundles £ = M and E’ ™ M’ are equivalent if there is a bundle
map f : £/ — E such that both f and the induced map f : M’ — M are diffeomorphisms.

Since vector bundles and principal bundles are fibre bundles with a specific fibre, it is clear
the notion of equivalence of fibre bundles can directly be translated to the case of vector bundles
and principal bundles.

From existing bundles we can construct new bundles.

Theorem 1.2.5. Let 7 : E — M be a fibre bundle with fibre F'. Then given amap f: N — M,
the space

f"E={(y,p) € NxE: f(y) =7(p)},

can be made into a fibre bundle over N with fibre F', called the pullback bundle, as follows. We
define the projection with projection 7y : f*E — N by (y,p) — y. Given local trivializations

(Ui, ;) for E, we define local trivializations (f_l(U), wlf) for f*E by

W, 1) = (v, s (1), (1.2.6)
for y € f~Y(U;), f; € F. The inverse of ¢/ is given by
WH ™ W) = (v, Vi foy (0)- (1.2.7)
The transition functions are given by
g =95 (W), (1.2.8)

for Yy € f_l(Uij).

Proof. 1t is clear that @Z)Zf isamap f~HU;) x F — W;I(Ui) satisfying 7 owlf(y, fi) = y and that
its inverse is given by (1.2.7). So we only have to show that (1.2.8) are indeed the transition
functions for f*FE. By definition of the transition functions we find

g f; = W)™ 0wl () = W) 7 (v bsw () = Yife) © isw () = 95 (F W)
last equality by definition of the transition functions for F. O

11
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The proof of next theorem can be found in [31].

Theorem 1.2.6. Let £ "+ M be a fibre bundle with fibre F and let f and g be homotopic
maps from N to M. Then f*E and ¢g*F are equivalent bundles over N.

Corollary 1.2.7. Let E —~+ M be a fibre bundle with M contractible. Then E is the trivial
bundle over M.

Another useful construction is the product bundle of two vector bundles.

Definition 1.2.8. Let E — M and E' ——— M’ be two vector bundles with fibres F and F’

mx’

respectively. Then the product bundle E x E' ———— M x M’ is a fibre bundle with fibre @ F”.
If M = M’, we can define the Whitney sum bundle E@® E’ as the pullback bundle E x E’ over
M by f: M — M x M defined by f(x) = (x,z). The structure group of E @ E’ is given by

GE@E/_ gE 0 - dF € GF E GE/ 1.9.9

The transition functions gg-@El of E® E’ are given by

o) = (7 et )

Remark. We have £ © E' = {(z,p,p') € M x E X E' : f(x) = 7 x 7'(p,p; ). Since f(z) =
m x 7 (p,p') is equivalent with 7(p) = 7'(p’) = z, we see that we can find another bundle £
over M defined by

E={(p,p) € ExE :n(p)=7(p)}. (1.2.10)

Since f: E@® E' — E given by f(z,p,p') = (p,p’) is clearly a diffeomorphic bundle map with
diffeomorphic induced map M — M (which is actually the identity), we see that we could give
an equivalent definition of £ @ E’ by (1.2.10). Similarly, we can define the Whitney sum of
vector bundles Ey, ..., E, over M by

El@@En:{(pl,,pn)EElxXEn’]Tl(pl)::’]Tn(pn)}

1.3 Sections and smooth lifts

Definition 1.3.1.

1. Let # : E — M be a fibre bundle. A local section is a map s : U C M — FE be a
differential map such that m o s =1Id. If U = M, then s is called a global section.

2. The space of smooth sections s : M — E is denoted with ['**(M, E). Let F' be a manifold,
then an F-valued section s : M — E ® F'is defined as a map which can me written as
s(z) = sp(x) ® sp(xr) C E ® F satisfying m o sgp = Id. We denote that space of F-valued
sections with I'*(M, E ® F').

3. Let X be a manifold and F' either a vector space or a manifold. Then we define the
F-valued forms on an open subset U of X by Q"(U, F) = F°°<U, A(T*X) ® F), or
equivalently, by the set of alternating r-linear maps « such that at any point x € U we
have af, : T, X x T, X x ... x T, X — F. If F =R, we write Q" (U, F) = Q"(U).

12
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Remark. If U = X, it is clear that A"(7*X) is a bundle over X. On the other hand, if
U is a proper subset of X, it is not directly clear that A"(7T*X) is a bundle over U, and so
neither what a section from U to A"™(T*X) is. However, Proposition 3.6 of [27] provides an
isomorphism between T,U with 7,X, which allows us to identify A"(7*U) with the subset
7Y U) of A"(T*X), where 7 is the projection of A"(T*X) onto M. So a section from U into
A"(T*U) can naturally be identified with a section into A"(7*X).

Proposition 1.3.2. Let P(M,G) be a principal bundle. Then every local trivialization 1 :
U x G — 1~ }(U) defines a local section s : U — P by

s(z) = ¢Y(x,e). (1.3.1)
Conversely, a local section s : U — P defines a local trivialization ¢ : U x G — 7~ (U) by
U(z,g) = s(x)g. (1.3.2)

Proof. Let ¢ : U x G — 7 '(U) be a trivialization. Then s : U — P defined by (1.3.1) is
indeed a section, since 7 o ¥(x,g) = z for all x € M and g € G. Conversely, given a local
section s : U — P, then ¢ : U X G — 7 }(U) defined by (1.3.2) is a local trivialization, for we
have

w(v(x,9)) = n(
= 7(pg)
= 7'('(
prmng l‘,
where we used the equivariance of m. Notice that a global section implies the existence of a

global trivialization, and thus trivialness of the fibre. O

Proposition 1.3.3. Let s; : U; — P be local sections defined as corresponding to local trivi-
alizations 1); by (1.3.1). Then we have for all z € U; and p € 7~ 1(U;)

()M@ZP (1.3.3)
<<>m (1.3.4)

(@Z (1.3.5)
O%@ﬂz i () [z € U] (1.3.6)
&OW@)zp%()l (1.3.7)
si(7)gij(z) = s;(2) [z € U] (1.3.8)

Proof. We have s;(x)g;(p) = ¥i(x,e)g;(p) = ¥ (:E,gi(p)) = p, so the first identity holds. The
second identity follows from (1.3.2) and by definition of g;. The third is a special case of the
second identity. Notice that the third is also a special case of the fourth identity, which holds
since
gi o sj(x) = gi o Yj(z,e)

= g; 0; (x, gij(x)) [By Proposition 1.1.3]

= 9ij ().
The fifth identity holds, since
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Finally,
sj(z) = ¥;(z,e)
= ¢i(, gij(z)e) by (1.1.2)]
= i, egij (v))
= Yi(x, €)gij (x) [by (1.1.6)]
= si()gi;(x),
which proves last identity. O

We can use sections to prove existence of lifts. First we need the following proposition:

Proposition 1.3.4. Let P(M,G) be a principal bundle and F' : M — X a map to a smooth
manifold X. Then F is smooth if and only if F' o 7 is smooth:

P
\L Fom
M?X

Proof. If F' is smooth, then F' o 7 is smooth, since it is a composition of smooth maps. Con-
versely, if F'o7 is smooth, let € M and take a coordinate neighborhood U; of x and a section
s; : U; — P. Then

Fl, =Fold|, = Fo(ros;) = (Fom)os,,

so F| y, 18 a composition of smooth maps. Therefore, F' is smooth in a neighborhood of each
point x, so it is smooth. O

Proposition 1.3.5. Let P(M,G) be a principal bundle and F : P — X asmooth map which
satisfies F'(pg) = F(p). Then there is a unique smooth map F : M — X such that For = F.
In other words, F' is the smooth map making following diagram commute:

1N

M?X

F is given by F(z) = F(p), where p € 7~!(z) may arbitrarily be chosen.

Proof. F defined as above is well-defined; take ¢ € #~1(x), then by the transitiveness of the
right action of G on the fiber, there is a g € G such that ¢ = pg, and we see that F( ) =

F(pg) = F(p). By construction, we have F o 7w = F and by the previous proposition we find
that F' is smooth. 0

1.4 Lie theory, representations and the Maurer-Cartan form

Groups are used in mathematics in order to describe symmetries of geometrical objects. In
physics most systems are described by (partial) differential equations, where the space of so-
lutions has in most cases certain symmetries described by a Lie group, which we will define
now.

Definition 1.4.1. A smooth manifold G is called a Lie group if it is also a group with a group
structure such the multiplication map (g, h) — gh and the inversion map g + g~! are smooth.
A Lie subgroup H of G is a subgroup in algebraic sense which is closed in G.

14
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In this thesis we shall restrict us to matrix Lie groups, which are Lie subgroups of GL(n, C).
Furthermore, all Lie groups used are connected and compact, unless otherwise stated.

The next notion we will introduce is that of a Lie algebra, which is close connected to Lie
groups.

Definition 1.4.2. A Lie algebra is a vector space L endowed with a bilinear product [-, -] :
L x L — L, called the Lie product such that

1. [X,X]=0forall X € L
2. [X,[Y, Z]] + [V, [Z, X]] + [Z,[X, Y]] = 0 for all X,Y,Z € L.

A Lie subalgebra of L is a subspace of L which is closed under the Lie product. Let K be
another Lie algebra. An ideal I of a Lie algebra L is a subspace of L such that [X,Y] € I
if X e landY € L. A linear map F : L. — K is called a Lie algebra homomorphism if
F([X,Y]) = [F(X),F(Y)]. The image F(L) is in that case a Lie subalgebra of K. A Lie
algebra L is called abelian if [X,Y] =0 for all XY € L. A Lie algebra L is called simple if it
is non-abelian, and its only ideals are 0 and L. A Lie algebra L is called semisimple if it is the
direct sum of simple Lie algebras.

Example 1.4.3. Let M, (R) be the space of n x n matrices with values in R. Then M, (R) is
a Lie algebra with the matrix commutator as Lie product.

Example 1.4.4. Let 2 (M) be the space of smooth vector fields on a manifold M. Then
2 (M) is a Lie algebra with the Lie bracket as Lie product.

The next lemma is proved in [27] as Corollary 4.17.

Lemma 1.4.5. Let F' : M — N be a diffeomorphism. Then F, : 2 (M) — 2Z°(N) is a Lie
algebra homomorphism.

We shall see that we can assign a unique Lie algebra to each Lie group, which is not the
space of all vector fields, for that is in some way too large to be interesting. However, we shall
find a subspace which is more suitable. We start by defining the left- en right-translation of an
element A in a Lie group G by g € G,

Ly(h) = gh;
Ry(h) = hg
These maps induce maps in the tangent space
Lg* : ThG — TghG; (141)
Ry . TG = Th,G. (1.4.2)

A vector field X is called left-invariant if it satisfies
Ly (X 1) = X|gn (1.4.3)

Since L, is a diffeomorphism, we can write this as Ly, X = X. Using Lemma 1.4.5, we see that
for left-invariant X and Y we have Lq.[X,Y] = [La« X, Lo Y] = [X,Y]. We see that the space
of left-invariant vector fields is closed under the Lie bracket, so these vector fields forms a Lie
algebra, which is small enough.

Definition 1.4.6. Let G be a Lie group. Then the Lie algebra consisting of the left-invariant
vector fields on G is called the Lie algebra of G, denoted with Lie(G).

15
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We shall give an alternative definition of Lie(G), which provides other useful information.
For this, we need the coordinate function z = (z%) : G — M"(C), latter space is viewed as
a real space. We define z%(g) is the matrix entry g% of g € G, so we could see the function
x as the inclusion of G into M™(C). Given this notation, we can define the pushforward
zy » TG = Ty M, (C) ~ M, (C), which is often denoted with dz in the physical literature
and so we will do. Notice that dz provides the embedding of T,G into M, (C) by

Xy = X"(g) X(g),

Oz

g
where X (g) is the matrix with matrix entries X (g). We see that every vector field X : G — TG
is determined by a map X(-) : G — M,,(C). When no confusion possible, we write X instead
of X(-). The corollary of following proposition gives information about the behaviour of X(-)

if X is a left-invariant vector field.

Proposition 1.4.7. Let G be a Lie group with coordinate functions 2%, and X, Y left-invariant
vector fields. Writing X|, = X% (g) 52 ‘ € T,G, we have
g

Ozt

0

83:”“
g

X|g = Lg*X‘e = 951']'(9))((6)]'/1‘C

Y

0

axz’k
g

)

(XYl = ()X (e), Y ()

where [X (e),Y (e)] is the commutator of matrices.
Proof. See equations (5.113) and (5.114) of [25]. O

Since x%(g) is nothing more than the coordinates of g, the previous propositions reads in
matrix form:

Corollary 1.4.8. Let GG be a Lie group and X, Y be left-invariant vector fields. Then the map
X : G — M,(R) satisfies

X(g) = LyX(e) = gX(e)
[X,Y](g) = g[X(e),Y(e)].

These identities motivate us to the following proposition:

Proposition 1.4.9. Let G be a Lie group and let g be the space of all matrices X (e) with X
a left-invariant vector field. Then g is a Lie algebra with matrix commutation as Lie product
and is isomorphic to Lie(G).

Proof. From (1.4.3) we find that a vector A € T, G uniquely defines a left-invariant vector field
X4 on G by setting X4|, = Lo A, while a left-invariant vector field X defines a unique vector
A= X|, € T,G. If we take g = e in last corollary, we see that [X,Y](e) = [X(e),Y (e)], the
map X — X(e) is a Lie algebra homomorphism, thus an isomorphism. O

Remark. Since Lie(G) is isomorphic to g, we see that the map L, : g — g corresponding to
the map L, : Lie(G) — Lie(G) is equal to L,.

By the Lie algebra isomorphism between Lie(G) and g, we see that g has the same dimension
as the manifold G, since latter has the same dimension as 7.G. We have seen that given a
vector X|. € T.G, we can construct a left-invariant vector field by the map Lg,. The converse
is also possible:

16



AJ Lindenhovius (0628298) Instantons and the ADHM construction

Definition 1.4.10. The map © : 2°(G) — Lie(G) is defined as O, = Ly-1, is called the
Maurer-Cartan form. Since g is isomorphic with Lie(G), the corresponding map 0(-) : Z°(G) —
g given by 0(g) = Ly~1. = Ly is also called the Maurer-Cartan form. In order to avoid the
use of parentheses, we shall write 6|, instead of 6(g). If no confusion is possible, we shall write
6 instead of 0(-), and g*8|y(,) or (g*0)|, instead of g*0(p), where p an element from some smooth
manifold X and g : X — G a smooth map.

For the following proposition we shall use the alternative notation df for the pushforward f.
of some map f with values in GL(n,R). We will see in the second remark below the proposition
that we can interpret df as the exterior derivative of f, which justifies this notation.

Proposition 1.4.11. We have 0(a) = z(a)~'dz|,, where x : G — GL(n,C) is the inclusion. If
g : X — G is a smooth map, then g*0(-) = g~'dg.

Proof. The Maurer-Cartan form is exactly the form which sends a vector field X to X|.. So
(-) has to send X to X(e), which is indeed the case:

0ly(X1g) = 2(9)” 1d%I( l9)
() X(9)
' X(g)
(6)

If g: X — G is smooth, we find

9*9|9( (X|p) = 6)|g (p) (g*X|P)

= 2(9(p)) " dalyn (9. X1,)
= (g(p)) da|yp) (dglpX|p) [dg is an alternative notation for g,
= 2(9(p) " d(zo g)lp(X],)
= g(p)'dgl,(X1,) [z is the identity on GJ.

Remarks.

1. Since g*0|y) sends vector fields on a manifold X to elements in g, we see that g*0 €
Q'YX 9).

2. The notation ¢~'dg suggests that we deal with an exterior derivative of some map ¢ :
X — G. It is indeed possible to give an alternative definition of dg, which underpins this
idea. First we remark that G is a subgroup of GL(n,C), so we have component functions
¢“ : X — R on which the exterior derivative dx of X can act. Then we define dxg to be
the matrix with entries dxg¥, which allows us to define g(z)~*dx|,g by the usual matrix
product. If x : G — M"(R) is the canonical embedding, we find z~'dz is just the usual

17
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matrix representation of , since in that case we have for a vector field X € 2 (G):

)
y

ik kj im0
:{(g Y (dorly) (o) 2

2(g) " daly(X1,) = 2(g) " doel, (X(y)m -

By the exponent of a matrix we can give another relation between Lie groups and their Lie
algebra. Next proposition can be found in [32] as Theorems 4.6, 5.1 and 5.12.

Proposition 1.4.12. Let GG be a connected and compact Lie group with Lie algebra g and let
X € g (where we identify X (e) with X), then

1. g={X e M"(C) : exp(tX) € G for all t € R}.

2. For X|Y € g, [X,Y] = 0 if and only if /¥ and e*¥ commute for all s,¢ € R, in which

case we have eXTY = eXeY,

3. The map ¢ — exp(tX) is a homomorphism: exp(tA) exp(sA) = exp ((t + 3))A.

4. If GG is connected, exp g generates G as group, i.e. all elements g € G can be written as
g =eX1eX2 X where X1,..., X, €g.

5. If G is connected and compact, then exp is surjective: every g € GG can be written as
g = exp(X) for some X € g.

Example 1.4.13. The simple Lie algebra u(n) = {X € M"(C) : X = —XT} is the Lie algebra
of the compact Lie group U(n) = {A € GL(n,C) : A = AT}.

Example 1.4.14. The simple Lie algebra su(n) = {X € M"(C) : X = —XT trX = 0} is the
Lie algebra of the compact Lie group SU(n) = {A € GL(n,C) : A= Al det A = 1}.

Definition 1.4.15. For g € G, we define the adjoint map Ad, : G — G by h — ghg™'. In
other words Ad, = L, o R;,_1, and it defines a representation Ad : G — Diff(G) by g — Ad,.
Furthermore, we define the map ad, : 7,G — Ty, G by ady = Adg. = Ly 0 Ry-1,. Hence we
find that ad : G x Lie(G) — Lie(G), which gives by g — ad, a representation G — GL(Lie(G)),
called the adjoint representation. Notice that ad induces a map G xg — g, which we also denote
with ad.

Remarks.

1. The map ady : g — g for all g € G is a Lie algebra homomorphism: we have
lad, X, ad,Y] = ad,[X, Y] (1.4.4)

for X,Y € g, which follows directly from ad,X = ¢Xg ' and [X,Y] = XY — YV X.

18
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2. The representation Ad is only faithful if the center Z(G) = {g € G : gh = hg for all h €
G} = 0. If G is connected, but not necessarily compact, the representation ad is faithful
if the center Z(g) ={X € g: [X,Y] =0for all Y € g} = 0. Connectedness of G allows
us to write any element g € G as eXteX2 ... eX" for X; € g, so if g has nontrivial center
with X € Z(g) \ {0}, then writing g = ¢, we find for any A € g

adg(A) = gAgil
=X Ae X
= AcXe X

pum A)

hence ad, = Id. So it is clear that if g is centerless, we always have ad, # Id for g # e,
thus ad is faithful. The condition that g is centerless is fulfilled if g is semisimple.

Lemma 1.4.16. Let G be a connected Lie group and g its Lie algebra. Then Z(g) = Lie(Z(G)).

Proof. Let X € Lie(Z(G)). Then X g = getX for all ¢ € G, so in special we have e!XesY =
eYelX for all Y € g and t,s € R. By Proposition 1.4.12, we find that [X,Y] =0 forall Y € g,
so X € Z(g).

Conversely, let X € Z(g). Then we have [X,Y] = 0 for all Y € g, thus we have e!*es¥ =
e XY — oYelX for all Y € g and ¢,5 € R. Now also by Proposition 1.4.12, all elements
g € G can be written as g = eX1eX2 ... X and since [X, X;] =0 (X € Z(g)), we find that e~
commutes with all eXi| thus e*Xg = ge!X for all g € G. But this means that e!* € Z(G) for all
t € R, whence X € Lie(Z(G)). O

Lemma 1.4.17. The Maurer-Cartan form 6 and ad : G x g — g satisfy the following identities

R6),0 = ad, 16, (1.4.5)

1
a0 = —[0.], (1.4.6)
d(ad,~1cr) = ady—1da — [ad,—1a, g70), (1.4.7)

where a € Q'(X, g).

Proof. We have

R30)ga = 0]gaRax
= L(ga)—l*Ra*
S P
— Ady1.Ly 1

= ad,-1 00|,

which proves the first identity. The second identity can be proven without using that G is a a
matrix group, see for instance Theorem 5.3(b) of [25]. Assuming that G is a matrix group, we
find

df = d(z'dx)
=d(z ) Ade
= —g ezt Ade

= —ON0, (1.4.8)

19
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where we used (A.2.5) in the third equality. It follows by (A.1.9) that this equals —3[6,6]. The
third identity follows from
d(ad,-10) = d(g 'ag)
=d(g Y ANag+gtdag—glandg [By Proposition A.2.2]
=—g 'dg9)g ' ANag+ g 'dag — g taAdg By (A.2.5)]
= —g '(dg)g ' Aag +ad,1da — g lag A g ldyg
=—g"9Nady;1a+ad,1da —adgr1a0 A g7
= ad,1da — [adg-10v, g70) By (A.1.2).]
]

Definition 1.4.18. Let g be the Lie algebra of a matrix Lie group G and let ad : g — End(g)
be the adjoint representation of g. Then the bilinear form

K(X,Y) = tr(adX o adY), (1.4.9)
where XY € g is called the Killing form
Next theorem can be found in [32] as Theorem 6.16.
Theorem 1.4.19. Let g be a semisimple Lie algebra. Then
1. k is negative definite on [g, g] := {[X,Y]: X, Y € g};
2. If g C u(n), then there is a positive ¢ € R such that x(X,Y) = ¢ tr(XY) for all X,Y € g.

It is easy to see that [g,g] = g if g is simple. Corollary 5.2 of [19] assures that [g,g] = ¢
even if g is semisimple. Hence we see that —k is an inner product on semisimple Lie algebras.
Furthermore, we see that (X,Y) — —tr(XY) is a inner product on g C u(n).

Finally, we state a useful fact about the center of a matrix Lie group G.

Proposition 1.4.20. Let G be a connected compact matrix Lie group with semisimple Lie
algebra g. Then the center Z(G) = {g € G : gh = hg Yh € G} is discrete.

Proof. Since g is semisimple, we have Z(g) = 0. Then the statement follows immediately by
Lemma 1.4.16 and Proposition 1.4.12. O

1.5 Associated bundles

Definition 1.5.1. Let P(M, G) be a principal bundle, F' a space, and let p : G — Aut(F') be
a representation. If F'is a manifold, we take Aut(F') = Diff(F') and if F' is a vector space, we
let Aut(F) = GL(F). Then we define the action G x F — F given by (g, f) — p(g)f, which
we sometimes will denote with (g, f) — g f.

Lemma 1.5.2. Let P(M,G) be a principal bundle, F' a space, and let p : G — Aut(F') be a
faithful representation. Then the action defined in previous definition is a free action.

Proof. Trivial. O
Definition 1.5.3. Let P(M,G) be a principal bundle with G compact, F' a space, and let

p : G — Aut(F) be a faithful representation. Then we define an action of G on P x F

by (p, f) = (pg,p(g)~1f), which is free, since the actions (g,z) — gx and (g, f) — p(g)f
are free. We denote the space of equivalence classes under this action with F,. That is

E, ={lp.9)l : p € P, [ € F}, where [(p, f)] is an equivalence class defined by the equivalence
relation (p, f)(pg. p(9) " f)-
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Proposition 1.5.4. F, is a manifold.

Proof. This follows directly from Theorem 1.1.8 since E, = (P x F)/G with G compact and
the action of G on P x F'is free. U

Theorem 1.5.5. Let P(M,G) be a fibre bundle with G compact, F' a manifold, and let
p: G — Aut(F) be a faithful representation. Then the space P x, F' := E, can be made into
a fibre bundle with base space M and fibre F, called the associated fibre bundle of P(M,G).
If F'is a vector space, P X, F'is called the associated vector bundle. We make P x, F into a
bundle by defining the projection 7, of P x, F' onto M by

To(psv) = 7(p), (1.5.1)

and local trivializations 1, : U; x F — 7, (U;) by

U, (x, f) = [(si(2), )], (1.5.2)

where s; is the section with respect to the trivialization ¢; : U; x G — 7~ 1(U;) defined in (1.3.1).
The inverse is given by

0, ([0, ]) = (x(p), p(9:0) ) (1.5.3)

and the transition functions by
pij(z) = p(gij(x)). (1.5.4)

Proof. The projection 7, is well defined since m(p) = 7(pg) implies

3

mo(pg, p(g) 'v) =

(pg)
= 7(p)
P(pa U)‘

=

S

The map v, is clearly smooth, for it is the composition of smooth functions. We prove that
1, is well-defined: let [(pa, p(a)~! f)] be another representative of [(p, f)], then we find

U5 ([(pa, pla) ™ 1)]) = (x(pa), p(pi(pa) ) pla) ' )]
= (), p(pi(p)a)p(a) ' 1))
=4, ([(p, 1)])-

We have indeed that 1,, and w;il are inverses of each other, since by Proposition 1.3.3:
U0, ) = (mosi@). p(gs0 5i(@) f)
= (ZL" 6)7
while we also have
U 00 (0 10) = | (550 7)) )
= |(pto) o (0)) )|
= [(p, /)]
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Hence we see that 9, is clearly a diffeomorphism between U; x F' and lel(Ui). The transition
function p;;(x) for 1,, can be found by looking at the transition functions for 1;. So, let x € Uj;
and f;, f; € F such that ¢, (z, f;) = 1,, (=, f;). This is equivalent with

[(si(x), fi)] = [(s;(), ;)]
= [(si(2) g (), f;)] [By Proposition 1.3.3]
= [(se@)-p(0s(x)) )]
so we can conclude that indeed p;;(z) = p(gij(x)). O

Remarks.

1. Since we sometimes denote the action on the fibre G x F' — F'is given by (g, f) — p(g)f
by (g, f) — g - f, the transition function is given by p;;(x) = ¢;;(x) in this notation.

2. In most instances, we shall take G = SU(n), which is a connected, centerless matrix group
with semisimple Lie algebra su(n). So by the second remark below definition 1.4.15, SU(n)
has faithful representations Ad en ad.

Theorem 1.5.6. Let F' be a group. Then we can make lel(x) into a group by defining

[(p, 0)][(p, w)] = [(p, vw)], (1.5.5)

with p € P, v,w € F. If F' is a vector space, then we can make lel(x) into a vector space by
defining addition respectively scalar multiplication by

[(p, V)] + [(p, w)] = [(p, v+ w)];
Al(p,v)] = [(p, Av)],

where p € P, v,w € F and X € R.
So if F'is a vector space, the associated vector bundle is indeed a vector bundle.

Proof. The operations on W;l(x) defined above are well-defined. In order to show this for
(1.5.5), let [(p/,v")] = [(p,v)] and [(p/,w’)] = [(p,w)]. This means that there is a ¢ € G such
that p’ = pg, v' = p(g)"*v and w’ = p(g)'w. Then we find

(0", V)P, )] = [(p, v'w")]
pg, p(g) op(g)~'w)]

(
(pg, p(g) *(vw))] [p is an automorphism)|
(
(

Equation (1.5.6) is the abelian case of (1.5.5). For (1.5.7) let p,p/,v,v" as above, and let A € R.
Then

AP, V)]

which proves that the operations are well-defined. If F' is a group, the neutral element is given
by [(p,e)] and the inverse of [(p,v)] is given by [(p,v™!)]. If F is a vector space, the neutral
element and the inverse of [(p,v)] are given by [(p, 0)] respectively [(p, —v)]. O
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Theorem 1.5.7. If F' defined as above is a group, then the fibre lel(x) is isomorphic to F'. If
F' is a vector space, then the fibre is linear isomorphic to F'.

Proof. In both cases, we establish the isomorphism f : F' — 7, (x) by v — [(p, v)], where we
have chosen a fixed p € 7~ !(z). If F is a group, we have f~![(p,e)] = {v € F: f(v) = e} =
{veF:|[pnv)=I[pe)l}=-{e}, fisinjective. Notice that if F' is a vector space, the same
argument is valid, but with e replaced by 0. Furthermore, we find that f is surjective: Let
[(p,v)] € m,; (z) and let p’ € 7~ (x) such that f(w) = [(p/,w)] for all w € F. Since G works
transitively on the fibre 771(x), we have a g € G such that p’ = pg. Now choose w = p(g) v,

then we find

flw) = [, w)]
= [(pg, p(g)"'v)]
= [(p,9)]-

Finally, if F' has a group structure, we have f(vw) = [(p,vw)] = [(p,v)][(p,w)] = f(v)f(w), so
f is an isomorphism of groups. If F' is a vector space, we find

flav+ pw) = [(p,av + pw)]
= of(p,v)] + Bl(p, w)]
= af(v)+Bf(w),
so f is linear. O

Example 1.5.8. The two most important associated bundles we will encounter are ad P :=
P Xad @ and Ad P:=P XAdG.

Remark. By Corollary 1.2.2 it is also possible to associate a principal bundle to a vector
bundle. These operations are exactly each others inverses. P and P x, F' share the same
coordinate neighborhoods U;, and by the first remark below Theorem 1.5.5, they share the
same overlap functions g;;. The associated principal bundle of P x, F' is then given by X/ ~,
where X = (J;U; x G and where the relation ~ is defined by saying that (x,g) € U; x F is
equivalent with (z, g;;(z)g) € U; x G, whence X/ ~ is exactly P.

Corollary 1.5.9. Every vector bundle is the associated vector bundle of some principal bundle.
Proposition 1.5.10. Let f; : U; — F be a family of functions satisfying

filx) = p(gi(2)) f3() (1.5.8)
for x € U;; and let s; be the section defined in (1.3.1). Then f: M — P x, F' defined by

f@) = [(si(2), fi())] (1.5.9)

is a smooth section M — P x, F. Conversely, a smooth section f € I'°(M, P x, F') induces
functions f; : U; — F satisfying (1.5.8) such that (1.5.9) holds.

Proof. Let f; : Uy — F be a family of functions satisfying (1.5.8). Then we define f : M —
P x, F by (1.5.9). This is independent of the choice of trivialization, since
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By 7,([(p, 9)]) = 7(p), we find that f is a section, since

oo (@) =7,([(s:(2), fi(2))))
= 7o s;(x)
= x.
Conversely, let f € T(M,P x, F) and let ¢, : Uy x F — 7w, '(U;) C P x, F be the
trivialization induced by the trivialization ; : U; X G — 7 }(U;). Then we define f;(z) =
;}m o f(z), which is clearly smooth, for it is the composition of smooth functions. Notice that
Tp, 0 f(z) = x since f is a section, so f(x) € m, ' (x) C w, ' (U;), whence f; is well defined.
If x € U;;, we have by definition of the transition functions and (1.5.4) that the transition
function p(gij (x)) equals ¢ 1 0 1), , hence we find

p(9:5(2)) J5(p) = 0" 0y, f5(p)
=, o f(x)
= fi(z).

Furthermore, we have

f(@) = Ppw 0ty p0 f(2)
- wﬂi,l‘ © fz(l’)
= [(Sz(x%fl(x))}a

where we used (1.5.2) in the last equality. This proves that (1.5.9) holds. O

Corollary 1.5.11. Let P(M,G) be a principal bundle and p : G — Aut(F) a faithful repre-
sentation for some space F'. Then a family of forms a; € Q"(U;, F)

aile = p(g5(2)) © (15.10)

define a form o € " (M, P x, F') and vice versa.
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2 Gauge theories

2.1 Connections on principal bundles

In differential geometry the notion of a connection on a principal bundle is very important, for
it gives information about how tensors are transported along a curve. Furthermore, it gives
rise to a differential operator on the principal bundle, called the covariant derivative, which is
an extension of the Euclidean derivative. We start by introducing the concept of the vertical
subspace.

The vertical subspace

Definition 2.1.1. Let P be a fibre bundle over M, then V,P = kerm, C T,P is called the
vertical subspace of T,,P. If a vector field X € 27 (P) satisfies X|, € V,P for all p € P, the
vector field X is called vertical. By writing VP = {V,P : p € P}, we can denote this with
X eVP.

Proposition 2.1.2. Let x = 7w(p). Then the vertical subspace V,P equals T, (W‘l(x)).

Proof. Let f: M — R and X|, €T, (Wﬁl(x)). Since f o 7 restricted to 7~!(x) is constant, we
find 7. X|,f = X|,(fonm) =0, so X|, € V,P and we find that Tp(wfl(x)) can be embedded

in V,P. Since 7 is surjective, we find that m, is a linear surjection, so from the Dimension
Theorem for vector spaces, we find that dim7, M = dimim 7, = dim7,P — dimker 7. From
Corollary 1.1.9, we know that dim M = dim P — dim G, thus by dim7,P = dim M, we find

that dimker 7, = dim G. Whence 7~ !(x) ~ G implies dim Tp(ﬂ'_l(l’)) = dim G, we find for
dimensional reasons that the embedding is also surjective. O

Fundamental vector fields

Let P(M,G) be a principal bundle. For any A € g we can define a curve t — exp(tA) in G,
which for all p € P gives rise to a curve ¢p(t) = Rexpa)p = pexp(tA). Notice that ¢, depends
smoothly on p. Since ¢,(0) = p, we see that c,(0) is an element of T, P, which we denote with

a(A) .

d tA

o(A)], = T tzope (2.1.1)

Then o(A) is a vector field on P, called the fundamental vector field associated to A, so
we have a map o : g — 2 (P). We have 7o ¢,(t) = 7(p) for all t € R, whence we find
T 0(A)], = mc,(0) = (7 0¢,)'(0) = 0, hence o(A)|, € V,,P for all p € P.

Lemma 2.1.3. o satisfies the following identities:
1. Ryo0(A) =o0(ad,~1A)

2. gio(A)lp = gi(p)A.
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Proof. The proof goes by direct calculation. The first identity follows from

)
t=0

_ = R, <petA)

t=0

d
(RQ*U(A)|P = Ry, <E

the second identity by

guo(Aly=—| g (pe")

Next proposition can be found in [30] as Proposition 8.1.

Proposition 2.1.4. Let P(M,G) be a principal bundle. Then we can define a map o : g —
Z (P), such that

1. We have o([A, B]) = [0(A),o(B)] for all A, B € g;
2. The map A — o(A)|, is a vector space isomorphism between g and V,P.

This proposition implies that V,P is an Lie algebra isomorphic to g. Notice that every
vertical vector field X can be written as X = o(A) for a unique A € g.

Corollary 2.1.5. R, V,P =V,,P.

Proof. Let X|, € V,P. Let A € g such that o(A)|, = X|,. Then R, X|, = Rg0o(A)|, =
o(adg-1A)|,e, which is vertical. Conversely, let X|,, € Vg P. Then there is an B € g such that
X|pg = 0(B)lpg. Let A € g such that B = adg-1A. Then X|,, = o(ad,-14)|,g = Rge0(A)]p,
and since o(A)|, € V, P, we find that X|,, is in R,.V,P. O

The Eheresmann connection

Definition 2.1.6. An FEhresmann connection on a principal bundle P(M, G) is defined as a
choice of a horizontal subspace H,P which is a subspace of T,,P satisfying

1. T,P = V,P & H,P;

2. Any smooth vector field X on P can be written as the sum of two smooth vector fields
X = X# 4+ XV such that X¥#|, € H,P and XV|, € V,,P for all p € P;

26



AJ Lindenhovius (0628298) Instantons and the ADHM construction

3. HyyP = Ry H,P for all g € G.

The second condition guarantees that the choice of H,P is a smooth one. The third condition
is called the equivariance condition, and tells us, given the horizontal subspace H,P at p, what
the horizontal subspace H,P at ¢ in the same fiber as p is. Analogous to the definition of
vertical vector fields, we define horizontal vector fields to be the fields X € 2 (P) such that
X|, € H,P for all p € P. If we introduce the notation HP = {H,P : p € P}, we can denote
this with X € HP. With this terminology the second condition can be translated to ‘Every
vector field X can be split in a smooth way into a horizontal vector field X and a vertical
vector field XV’

Example 2.1.7. Given a G-invariant Riemannian metric on P, we can define a connection by
defining H,P =V, P+.
Proposition 2.1.8. Let x = n(p). Then 7, : H,P — T,,M is an isomorphism.

Proof. This follows directly from the facts that V,P is defined as the kernel of 7, and the
decomposition T,P = H,P ® V,P. O

Sometimes it is more convenient to describe the horizontal spaces in terms of projection
operators.

Definition 2.1.9. Let HP be a connection. Then we define the projection operator H, onto
the space of horizontal vector fields by

Xl|p, X|p € HyP;

H,(X],) = { A (212)

If no confusion is possible, we drop the subscript p and write H. We have a corresponding
projection operator V onto the space of vertical vector fields along the space of horizontal
vector fields given by V =1 — H.

Proposition 2.1.10. Let P, be a projection operator acting on 7,P. Then im P, is an
Ehresmann connection if and only if

1. ker P, = V,,P;
2. P, depends smoothly on p;
3. PyyRy = Ry Py
Conversely, given horizontal spaces H,P, the operator H satisfies above conditions.

Proof. It is clear that first two conditions for P, are equivalent with the first two conditions
of Definition 2.1.6. Assume the third condition for of the proposition for P, holds and let
X|p € im P,. Then R, X|, = Ry.P,X|, = PpyRyX|p, so0 Ry X|, € im P,,. Let X, € ker P,
then P, R, X|, = Ry, X|, = 0, so Ry X|, € ker P,. So we find that R im P, = im B,
which corresponds with the third condition in the definition of the Ehresmann connection.

Conversely, from Corollary 2.1.5, we find that not not only the horizontal subspace, but
also the vertical subspace satisfies an equivariance condition, whence

HpgRg*X|p = HpgRg*X|gI;{ + HpgRg*X|X

= HpgRg*X|zI>{ [RQ*X‘;‘)/ € Vng]
= RQ*X‘;;{ [RQ*X‘;;I € Hng]
= Rg*HpX|p.
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Proposition 2.1.11. The space of vertical vector fields form an ideal in the Lie algebra of
vector fields: Let X be an arbitrary vector field and V' a vertical vector field on P. Then [X, V]
is vertical.

Proof. By Proposition 2.1.4 we know that [X, V] is vertical if X is vertical, so assume that X
is horizontal. Then X|,, = R,.X|,, so we find 7. X|,, = m.RpX|, = m.X]|,, whence 7, X is
a well-defined vector field. Then 7.[X, V] = [m.X, m.V] (Proposition 4.16 of [27]), and since
.V =0, we find 7,[X, V] = 0. Thus [X, V] is vertical. O

The connection one-form

Definition 2.1.12. A connection one-form w € Q' (P, g) is a smooth Lie algebra valued one-
form satisfying

1. woo =1dg,
2. Rjw = adgww for all g € G.

Remark. If we write X, = o(A) for A € g, condition 1 is equivalent with w(X4) = A. In
other words, w acts as a Maurer-Cartan form on V,P. Condition 2 means that for X € 2°(P)
we have Riw(X) = w(RgX) = g7 'w(X)g.

Lemma 2.1.13. For all connection one-forms w we have that ¢ o w is a projection operator
onto the vertical subspace.

2=c0o(woo)ow=o0co0ldow, we see

Proof. Let w be a connection one-form. Since (¢ o w)
that o ow is a projection operator. Furthermore, w is by definition a surjection, while ¢ is an

isomorphism between g and V,P, so im(c ow) = V,P. O

Proposition 2.1.14. The definitions of the connection one-form and the Ehresmann connec-
tion are equivalent; we have a map between the collection of connection one-forms and the
collection of Ehresmann connections given by w + Id — o ow with inverse H + o' o (Id — H).

Proof. Tt is trivial that both maps are inverses of each other. Notice that ¢~! only acts on
vertical vector fields, but whence Id — H =V, the inverse is well-defined.

Since ¢ o w is a projection, it directly follows that H = Id — 0 o w is also a projection
operator. Whence,

ker H, = {X]|, : (Id — 0 ow)X]|, = 0}

= {X|p: X[ =g ow(X|p)}

= im(o ow)

= V;?P’
we find that H is a projection operator along the vertical subspace. Since H is a composition
of smooth operators, it is smooth. Finally, H is equivariant, since for X|, € T,P, we have

R, H(X)=R,(ld—ocow)X
= Ry X — Ry0 ow(X)

=R, X — a(adgfm)(X)) [By Lemma 2.1.3]
= Ry X — o Rjw(X)) [By Definition 2.1.12]
=Ildo Ry X —ocowo Ry X

= HR,.(X).
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Conversely, let H be the projection operator corresponding with the horizontal subspace
H,P and let w =071 o (Id — H). Let X = o(A). Since we have H o o0 = 0, we find w(X) =
07 (X), hence wo g(A) = A. Lastly, we have to check that Riw(X) = adg-1w(X) for all
X|, € T,P. For horizontal X the relation holds, since ad,-1w(X) = 0, for w kills horizontal
vector fields, and also by definition of H we have

Ryw(X) = Ryw(HX)
= w(Ry HX)
=w(HR,X)

so both sides are clearly zero. For vertical X, take an A € g such that X = o(A). Then

Ryw(X) =wo Ry X
=wo Ryo(A)
=woo(ad,1A) [By Lemma 2.1.3]
=ad, 1A
= ad;1w(X),

hence we see that the second property also holds for vertical X, which finishes the proof. [

Corollary 2.1.15. Let HP be the Ehresmann connection corresponding to the connection
one-form w. Then w(X) = 0 if X is horizontal.

Proof. Given w, we have the horizontal projector H = Id — 0 ow. Then for any vector field X,

we have w(HX) = w(Id(X) -0 ow(X)) =w(X)—Idow(X) = 0. O
Proposition 2.1.16. Any principal bundle P — M has a connection one-form w.

Proof. For any coordinate neighborhood U; let w; = ¢;6, then w; is a connection one-form on
the trivial bundle 7=1(U;) — U;. We will postpone the proof that w; is indeed a connection
one-form until section 2.6, where it is given in Proposition 2.6.3. Let {\;} be a partition of
unity subordinate the covering {U;} of M, then we define w = 3, \jw;. It is easy to see that w
satisfies Ryw = ady—1 ow and wo o = Id, since the w; satisfy the same identities. Hence we see
that w is a connection on 7~ !(U;) for all coordinate neighborhoods U;. But since this is valid
for all coordinate neighborhoods, it follows that w is a connection on whole P. O

The gauge potential

For mathematicians P might be more interesting than M, since latter space is a building stone
of the more complex former space. For physicists however, the space M is more interesting,
since it forms the spacetime on which the gauge theories are defined. Therefore we are interested
in describing connections in terms of functions on M.

Definition 2.1.17. Let s; be the smooth section associated to the local trivializations ¢;. The
local connection form or gauge potential is defined as

A = siw € QY (U, 9).

Proposition 2.1.18. Let U; be a coordinate neighborhood. Then the restriction of the con-
nection one-form w to 77(U;) agrees with w; defined as

wi|17 = adgi(PVl © 7T*Ai|7r(p) + gz*e gi(p)s (213)

with 6 the Maurer-Cartan form, and x = 7 (p).
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For the proof of the proposition, we need a lemma.

Lemma 2.1.19. Let s : U — P be a local section and p € im s. Then (son), : T,P — T,P is
a projection operator such that 7,P = im(so ), & V,P.

Proof. We first remark that for every projection operator P : X — X, with X a vector space,
we have X = im P @ ker P. Then since 7o s = Id, we have 7, o s, = Id, so s, is injective, for
it has a left inverse. Whence

(som)?=s,0(m 08,)0m, = (s07),,

we find that (som), is a projection operator. From the injectivity of s, we find that ker(som), =
ker m, = V,,P, which proves the lemma. O

Proof of Proposition 2.1.18. Now, let © € U; and let p = s;(z), so by Proposition 1.3.3 we have
gi 0 s;(x) = e. By Lemma 2.1.19, we find for all X € 2" (P) that X = s;, om.(X) 4+ 0(A) for a
unique vertical vector o(A). Then we find

Wi|p(X|p) = adg,p)-1 © 77*Ai|7r(p)(X|p) +g;0 gi(p)(X|p)
= adg,(y)-1 0 71'*S;K('d|sz-o7r(p) (Xp) + e‘gi(p)gi* (X1p)
= ade o 57w p(X|p) + g, (p) gix (Six 0 T (X |p) + 0 (A)]p)

= wly (i 0 Tu(X1p)) + Ol gix (A)], [Since (gi o 5;). = 0]
= wlp (i 0 T (X1,)) + 0lgi9:(p) A [By Lemma 2.1.3]
= wlp (i 0 T (X)) + Ly, 16:(p)A By Definition of 0]
= wly(si 0 m (X)) + A

= wly (i 0 T (X1,)) + wlo(A), woo = 1d,]

Hence we find that in the point p = s;(z) we have w;|, = w|,. In order to prove that the
identity holds for all p € 7~ (U;), we show that w; transforms in the same way as w under
the right action of GG. First we notice that ad, for a € G is a pullback, which commutes with
pushforwards. Then we find

Rywilpg = adg, pg)-1 By siwlpg + Ryg;0lg,)

= ad (g, (p)g)-1 Ry 57Wlpg + 95 B301g:(pg) [Equivariance of g;]
= adg-1g,()1 T 7 W[, + g7 Rg0l g, (pg) [mo Ry =]

= adg-1ady, ()17 s;wlp + g7adg-10]g,) [By (1.4.5)]

= ady—1 (adgi(p)—m*sfw\p +g;0 gi(p))

= ady-1 0 wlp.

O

Corollary 2.1.20. Let A; € Q'(U;, g). Then the A; define a connection one-form w by (2.4.7)
if and only if on overlaps U;; the A; satisfy

‘AZ|$ = adgij(m)Aj|90 + g;i0|gji($)
= gij(x)-Aﬂzgij(x)il + gji(x)ildgji‘x- (2.1.4)

30



AJ Lindenhovius (0628298) Instantons and the ADHM construction

Proof. Let w be a connection one-form, then we have w; = w; on U;;, so we find
Ai|ac = wai si(x)
= S;Wjlsi(x)
= 57 (adg, )1 © 7" Ajlrosi(@) + 950g;08:00))
= ady, )18 0 T Ajle + 57950]g,08:(2)
= adg;(s:(2))~1 (1 0 80) Az + (95 0 5:)" 0 gj05:(2)
= adgji(w)’l-Aﬂz + g;ﬂ gji(x) By (1.3.6)]
= adgij(w)Aj|w + g;i0|9ji(w)'
Conversely, let A; satisfies (2.1.4) and define w; by (2.1.3). We shall show that the w; agree
on overlaps, and so define a global one-form, which satisfies the conditions of a connection

one-form. By Proposition 1.3.3 we have g; o s;(x) = e, so (g; 0 s;)* = 0. Furthermore, we have
sform* = (mos;)* =1d" = Id, whence on overlaps U;;

Sg‘kw‘si(z) = ad(giosi(a:))_l © S:W*Ai“osi(z + 8*9*9

g7,OS 1'
= ad o A1|w + (gi © Si)*e gi0si ()
= adgij(x 'A‘x + g;z‘e gji(z) [By (2.1.4)]

= adgy(s (z))~ 1(mos;)" Ajle + (g5 0 Si)*0|9j°5i($)
= adgj(p)—l s; o 7T*~Aj|z + (si o 9;0”9]'051'(90)

=s; (adgj(p)fl o W*Aj|ﬂosi(x) + g;9|gjosi(z))

*
= 5;Wjls(@)-

*

Since s; and thus s} is injective, we find w; = w; on Uj;, so the w; define a global one-form w.

We check that this is a connection one-form. Firstly, we check if w; o 0 = Id,.

wilp 0 o (A)], = adg, )1 0 T Ailrpyo (A)|p + 9704, (A)
= adgi(p)‘lAi|7r(p)7T*U(A)|p + 9|gi(p)gi*U(A)|p

= Olg ) 9ix0 (A)p l0(A) € VP = ker7,]
= Olg.p9i(p) A [Lemma 2.1.3]

= Lgi(p)—lgi(p>A

= A.

Furthermore, we have
Rywilpg = adg,pg-1) © Ry Ailn(pg) + Ry 0lg,(pg)
= ady,(pg) © Rgﬂ -Ai|7r(pg Rg :9|gi(pg)‘

First we remark that by Proposition 1.1.7 we have R)7* = (7 o Ry)* = 7* and gi(pg) = 9:(p)g,
or equivalently ¢; o R, = R, o g; (we need both formulations), so we find

szi|py = ad(g(p)g)-1 © T Ailr(pg) + Q;R;mgi(p)g
By (1.4.5), we find R}0|,,,)g = adg-10]g,(), whence
Rowilpg = adg-1g,(p)-1 0 T A r(p) + adg-1970]g, ()
= adgfl (adgi(p)—l e} 7T*Ai|7r(p) + g;0|gi(p))
= adg-1wlp,

which proves that w is a connection one-form. O
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Last proposition shows that we can define connections by (2.1.4) without referring to the
space P, we only need a covering {U;} of M on which we define the A;, so the U; do not even
have to be coordinate neighborhoods of a principal bundle. This allows us to define connections
on other bundles than principal bundles.

Definition 2.1.21. Let E be a vector bundle over M with structure group G. If A; is a collec-
tion on g-valued one-forms on U; satisfying (2.1.4), then we call the family {A4;} a connection
on F.

On a principal bundle P, to summarize, we have four equivalent descriptions of a connection
on P:

1. A horizontal distribution HP C TP satisfying Ry H,P = H,,P;
2. A projection operator P acting on T'P satisfying Py Ry = Rg.Pp;
3. A one-form w € Q'(P, g) satisfying wo o = Idy and Rjw = ady-1 o w;

4. A family of one-forms A; € Q'(U;, g) satistying A;|, = ady, @) Ajlz + g5:0

¢ (@)

The space of connections

Definition 2.1.22. We define the following two subsets of Q'(P, g).

o ={we Q'(Pg): Riw=ads1ow, woo=1d}
¥ ={reQ'(Pg): Rir=adj07, Too =0}

The space 7 is exactly the space of all connection one-forms and is therefore called the space
of connections. It is not immediately clear that 7 is non-empty, but we shall prove this below.

Note that &7 is not a vector space, since the sum of two connection one-forms w and w’ do
not satisfy the second condition anymore: (w+ w’) oo = 2 Id. However, o7 is a so called affine
space, which we will introduce immediately.

Definition 2.1.23. Let A be a set and V' a vector space with an action V' x A — A denoted
with (v,a) — v+ a. Then A is called an affine space over V' if the action satisfies the following
properties:

1. 0+ a=aforall a€ A
2. v+ (w+a)=(v+w)+aforalov,weV and a € A;
3. For all a € A the map V — A given by v — v + a is a bijection.

Lemma 2.1.24. If A is a subset of some vector space W such that V ={da’ —a:a,d’ € A} is
a subspace of W, then A is an affine space over V.

Proof. Trivial. O

Since ¥ = {W —w : w,w € &}, it is clear that &/ is an affine space modelled on ¥
The space of connection &7 turns out to be infinite-dimensional, but later on, we shall consider
quotients of subspaces of .7, which are finite-dimensional under certain conditions. It will turn
out that these quotients, called moduli spaces, are geometric invariants, which makes them
interesting.

We can also define o7 in terms of an affine space modelled on the space of ad P-valued
one-forms.
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Proposition 2.1.25. Identify &/ with the space of families of gauge fields A; € QY(U;, g)
satisfying (2.1.4) by Corollary 2.1.20. Then & is an affine space over Q'(M,ad P).

Proof. Let {A;} be a family of gauge fields in &/ and let 7 € Q'(M, ad P). By Corollary 1.5.11
we find that there are unique forms 7; € Q'(U;, g) such that

Ti|$ = adgij(z) © Tj|$a (215)

Then we define the action Q'(M,adP) x & — & by
(7', {AZ}) — {TZ' + AZ}

From (2.1.4) and (2.1.5) it follows that 7; + A; satisfies (2.1.4), so the action is well-defined.
Then it is easy to see that this action satisfies the axioms for an affine space. O

2.2 The curvature of a connection
Horizontal forms and the exterior derivative

In Paragraph 2.1 we introduced the projection operator H), : T,P — H,P, and showed that it is
equivariant: H o Ry, = Ry, o H. We use the notation H" for the dual of H, so if 8 € Q*(P, F),
we have (HY3)(X1,...,Xx) = B(HXy, ..., HX}).

Definition 2.2.1. A form a € QF(P, F') with F a vector space is called horizontal if
H'a = a, (2.2.1)
or equivalently o(H Xy, ..., HXy) = a(X;y, ..., X}), where X; € T,P.

If « is horizontal, we do not have necessarily that da is also horizontal. In order to fix this
we make the following definition:

Definition 2.2.2. Let a € QF(P, F), then we define the exterior covariant derivative by d,a =
HYda, or equivalently by

dpa(Xy, .y X)) = da(XT, . X)), (2.2.2)
where Xy, ..., X1 € T,P.

We use the subscript w, since the derivative depends on H and thus on w.

The curvature 2-form

A distribution Z of 2 (M) is called integrable if for X|Y € 2, we have [X,Y] € 2. It
turns out that integrable distributions have some nice properties. For instance, if the subset of
holomorphic vector fields of an almost complex manifold is integrable, the manifold is complex.
For principal fibre bundles, the question wether the horizontal subspace is integrable is also
important, since connections with an integrable horizontal subspace are so-called flat, a notion
which will be discussed later on. We first make the following definition:

Definition 2.2.3. Let w € Q'(P,g) be the connection one-form for a connection HP C TP.
The 2-form Q = d,w € Q?(P,g) is called the curvature (2-form) of the connection.
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Proposition 2.2.4. The curvature satisfies the following identities:

HYQ =Q; (2.2.3)
Ry = ad,1Q; (2.2.4)

Q:dw+%[w,w]; (2.2.5)
d,Q = 0. (2.2.6)

Equation (2.2.5) is called the Cartan structure equation. Equation (2.2.6) is called the Bianchi
identity.
Proof. This first identity follows directly from the definition of 2. For the second, let XY &
Z (P). Then
R:Q(X,Y) = Q(Ry.X, R,.Y)

= H'dw(R,.X, Ry.Y)

— dw(HR,. X, HR,.Y)

=dw(R,HX, R HY) [By Proposition 2.1.10]

— R'dw(HX, HY)

— dRw(HX, HY)

= ad,1dw(HX, HY) [By Definition 2.1.12]
=ad,1Q(X,Y).
By (A.1.10) we see (2.2.5) is equivalent with
dw(HX,HY) = dw(X,Y) + [w(X),w(Y)] (2.2.7)

for all vector fields X,Y on P. We show that this equation holds by considering three different
cases.

1. X and Y are horizontal. In this case (2.2.7) holds, since w(X) =w(Y) =0and HX = X,
Oy =Y.

2. X and Y are vertical. In this case the left-hand side of (2.2.7) is zero. Let A, B € g such
that 0(A) = X and o(B) =Y, then we find
dw(X,Y) =X (w(Y)) = Y(w(X)) —w([X,Y]) [By Proposition A.2.3]
= X(woa(B)) - Y(woa(A)) —w(o(A),o(B)])

=X(woo(B))—Y(woo(A) —woo([A, B]) By Proposition 2.1.4]

[
=XB-YA-IA, B] [woo =Idy]
—[A, B] [A, B are constant]
—[woo(A),woa(B)] [woo =Idg]
= —(X),w(Y)],

which proves that the right-hand side of (2.2.7) is also zero.
3. X is horizontal and Y is vertical. Write Y = o(B) for some B € g. Then we find (2.2.7)

reduces to
0 =dw(X,o(B))
~ X(woo(B)) - a(B)
=XB—-Yw(X) —w(
= XB —w([X,0(B)]) [X is horizontal]
= —w([X,o(B)]) [B is constant],

—

w(X)) —w([X,o(B)]) [By Proposition A.2.3]
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so we have to show that the commutator of a horizontal and a vertical vector field is
horizontal in order to show that (2.2.7) holds. We shall not prove this but refer to
Lemma 8.15 of [30] for a proof, which is quite simple if one is familiar with the concept
of a Lie derivative.

We prove the Bianchi identity by using the Cartan structure equation.

1
4,0 = H'd (dw 4 é[w,w])

1 1
= HY (§[dw,w] — i[w, dw]) [By Proposition A.2.2]
= H"[dw, w] [By (A.1.8)]
= [H"dw, H"w]

=0.

The gauge field-strength

As with gauge potentials, which were introduced in order to describe connections in terms of
one-forms on subsets of M, we to describe curvature in terms of two-forms on subsets of M. As
in the case of the gauge potential, this can be done by pulling back via the canonical sections
S;.

Definition 2.2.5. We define the gauge field-strength F; € Q*(U;, g) by F; = siQ.

Sometimes we shall drop the subscript ¢ and write F instead of F; if it is clear in which
patch we work.

Proposition 2.2.6. F; satisfies the following identities:

F = HF; (2.2.8)

Fi= A+ A, Al (229

0 =dF; + [A;, F] (2.2.10)

Equation (2.2.10) is called the Bianchi identity for F;. Notice that by (A.1.9) equation (2.2.9)

is equivalent to
Fi=dAi+ A A A (2.2.11)
Proof of Proposition 2.2.6. For the first identity let X,Y € 27(U;), then
HYFi(X,Y) = H's:Q(X,Y)
= HYs'dw(HX, HY)
=sidw(HX,HY)
= F(X,Y).

The second identity follows from the Cartan structure equation (2.2.5).
Fi=5:Q2
. 1
=s; <dw + §[w,w])
* 1 * *
=dsfw + §[Siw’ Siw]

A+ %[Ai,AZ-].
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Finally, we find
dF; + [Ai, Fi] = 5;dQ + [sjw, 570
=s; (dQ + [w, Q)
(d (dw + %[w,w]) + [w, dw + %[w,w]D [By (2.2.5)]
(1

—[dw, w] — 1[(,u, dw] 4 [w, dw] + [w, %[w,w]D [By Proposition A.2.2]

_ *
= s,

*

"\2 2
= 57 (—[w, dw] + [w, dw] + [w, w A w]) [By (A.1.8) and (A.1.9)]
=sT(WAWAW—wAwWAW) By (A.1.2)]
—0,
which proves the Bianchi identity. O

Remark. Since we can express F; fully in terms of A;, we can also define field-strengths for
connections on vector bundles by (2.2.11).

Equation (2.2.9) allows us to describe F; in terms of A;. If we drop the subscript ¢ for the
moment, write 4 = A,dz"* and F = %}—de“ A dx¥. Then

%]:de“/\dx” = F
_ dA+%[AA]
= d(A,dz") + %[Audx“, A, dz"]
= 0, A, dz" Nda” + %[AH, Ayt Az,
where the second term in the last line follows from (A.1.6) by writing « = § = A with

of = " = A T;. We can replace the first term with 3(9,.4, — 8,.A,,)da* A da”, where we used
that da# A da” is antisymmetric in g and v. With this we obtain (2.2.9) in local coordinates:

Fu =0,A, —0,A, + A, A (2.2.12)
Proposition 2.2.7. F; satisfies the following identity

File = adg; @) Fjle- (2.2.13)
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Proof.
1

= d(adgij(x)Aj‘x + g;i0|9ji($)) + % {adgij(ﬂ?)Aj’ adgij(w)'Aj} ‘x

+ 3 [y disg50] ], + 5[50 aduo A, + 3 le30.050]] By 2:1.0)
= d(ady,,@)1 Ajle) + d(g5:0lg,.)) + %[adgijm/tj, ady, () Aj] \
+ [adgij@)v“j, g}*ﬂ] \x + % [932-9, g}}@} \gﬁ - [By (A.1.8)]

= d(adgji(w)‘l'Aj‘x) + %{adgij(x)'Ajv adgz‘j(x)'Aj} ‘x + {adgij(x)'AJ" g;ﬂ} ‘x By (1.4.6)]

= ad,, ;)1 dA|. + %[adgi].(m)Aj, ady,, () Aj] | By (1.4.7)]
= ady ol A e+ g oy [ A5, 4] By (1.4.4)]
= adg, () Fjle-
]
Corollary 2.2.8. The F; define a global 2-form F4 € Q*(M,ad P).
Proof. This follows directly from Corollary 1.5.11. O

2.3 The covariant derivative

Since the base space M of a principal bundle P(M,G) is more interesting for physicists than
the total space P, it is important to translate the notion of the exterior covariant derivative to
a derivative on forms of M, called the covariant derivative. This translation will be done as
follows. Firstly, given a vector space F' and a representation p : G — GL(F'), we will define the
subspace of so-called basic forms on P, and prove that these forms are in bijection with forms
on the associated vector bundle P x, F'. The most interesting case will be ' = g and p = ad.
By this bijection, we can find in a natural way an exterior covariant derivative on the vector
bundle. The representations on coordinate patches of this exterior covariant derivative will be
our covariant derivative. We will also denote the induced representation of g by p: g — gl(F).

Basic forms

Definition 2.3.1. Let F' be a vector space such that p : G — GL(F) is a representation. A
form a € QF(P, F) is called invariant if

Ryalpg = P(g_l) o alp (2.3.1)

for all g € G. If @ is both horizontal and invariant, it is called a basic. The subspace of Q*(P, F')
of basic forms is denoted with QF (P, F).

Definition 2.3.2. We define H, : Q% (P, F) — QF(U;, F) and I, : Q*(U;, F) — Q& (7= 1(U;), F)
by
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Proposition 2.3.3.

1. For all & € Q&(P,F), the forms H;(a) € QF(U;, F) are the representations of a form
H(a) € Q¥(M, P x, F).

2. If @ € QF(M, P x, F) is represented by o; € QF(U;, F), the forms I;(c;) define a global
form I(a) on QF(P, F).

3. The maps H; restricted to QF (7~ 2(U;), F) and I; are each other’s inverses.
4. The map H is an isomorphism with inverse I.
Proof.

1. Let a € Q&(P,F). We shall first show that H;(a@) satisfy (1.5.10), and thus are repre-
sentations of a form H(a) € Q¥(M, P x, F) by Corollary 1.5.11. We start by remarking
that by (1.3.8), we have R, ) o s;(z) = si(z) for x € Uj;, so

Hi(a)|, = sjals,)
= (Ryyi(w) © 85)" s, (@)951(0)
= 57 R, si @)g500)
= 5;p(g(2) ") 0 il By (2.3.1)]
= p(9:(x)) o Hy(@)L..

2. Given o € QF(M, P x, F), we will prove that @; obtained by (2.3.3) is the restriction of
a global form @ € Q*(P, F) by showing that the a; agree on overlaps Uj;.

Il = p(gi(p)™ owmh@
= P( 9ij(7)g;(p))” ) O T | () [By Proposition 1.1.3]
- p(g] 19 - ) ° 7T*P<9z‘j($)) 0 | x(p) [By (1.5.10)]
= P(gg _1) o T 0 jlr(p) [p is a representation]
= _J () p-

3. We will first show that H;ol; = Id. Let o; be a representing function of v € QF(M, Px ,F).
Then

H; o Ii(ci)le = 57p(9:(5:(p) ") © 7" il o (o)
= p(€) o (0 8;)" i ros; (2) [By (1.3.5)]

= Qly [Tos; =1d]

Conversely, let @; be the restriction of @ € QL (P,G) to n~1(U;). By (1.3.7) we have
s; 0 T(p) = Ry, (p)—1p, so we find

= p(gz(p)il) o (Si e} 7T)*O_éi|pg. —1

= G, By (2.3.1).]
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4. Follows directly from (1)-(3) and the fact that H; and I; are clearly linear in their argu-
ments.

0

Corollary 2.3.4. Let E be an arbitrary vector bundle over M with fibre F'. Then every
a € QF(M, E) can be represented by a; € QF(M, F).

Proof. By Corollary 1.5.9 we find that there is a principal bundle P such that £ = P x, F.
Then the statement follows directly from previous proposition. O

The exterior covariant derivative on an associated vector bundle

Proposition 2.3.5. Let @ € Q% (P, F). Then we have
dya = da + p(w) Aa € QP F). (2.3.4)
Proof. Let Xy,..., Xp11 be vector fields on P. Then we have by
dpa(Xy, ..., Xp1) = da(HXy, ..., HXk11)

k+1

- Z( 1)2‘—1HX(*(HXl,...,ﬁ?{i,...,HXkH))

+Z “”oz(HXZ,HX] HXl,...,ﬁXZ-,...,ILI\Xj...,HXkH),

1<J

where we used (A.2.4). Since & is horizontal, we can replace in the first term the factor
a(HXy,. .. JHX, ..., HXjy1) by a(Xy, ..., H;, ... , Xkt1)- In the second term, we replace all
occurrences of HX; by X; — X, where X denotes the vertical component of X;. Since & is
horizontal, we see that all terms containing X" vanish, also the terms containing commutators
(X, X7, [Xi, X)) or [X}, X]], since these commutators are vertical by Proposition 2.1.11. So

we find

k+1 .
dw@(Xla cee 7Xk+1) = Z(_1)171HXZ (@(Xla cee 7XZ'7 cee 7Xk+1))

i=1

+ 3 (-)Ma([Xn X)) Xy, X X X))

1<J
= d@(Xla cee 7Xk+1) - Z(_1)171X;/(0_[(X17 s 7Xi7 s 7Xk+1))7
=1

where we once again used (A.2.4). Since X is the vertical component of X; and the horizontal
projection operator H satisfies H = Id — 0 o w, we find X} = o o w(X;). Then if we write
g(t) = X)) we find by definition of ¢ and the fact that @ is invariant:

od
Xiva = T . Rg(t
<l p(yMa [By (2.3.1)
= —p(w(Xy))a,

hence we find

k+1

duG(X1, ., Xppr) = da(Xy, ., X)) + D0 (1) p(w(X0) (a(Xy, . Xy, Xi)).

=1
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Since @ is totally antisymmetric, the second term equals

1 . B —~
2l > Slgﬂ(P)p(W(XP(l)))@(Xp(z),---,XP(l),---aXP(kH)),

t PeSkt1

where P is a permutation. By definition of the wedge product (A.1.1), we see that this equals
p(w) AN a(Xy, ..., Xky1). In order to show that d,a is basic, we remark that we already have
that d @ is horizontal by definition of d,,. We show that d,a& is invariant:

R;d,a = R;H"da

= H'R;da [By Proposition 2.1.10]
= H'dR;a [R; and d commute]
= Hvd<p(g_1) o d) By (2.3.1)]
=plg™) o dua.
O
Next corollary shows that in contrary to d, we do not have d2.
Corollary 2.3.6. Let a € Q% (P, F). Then d2a = p(Q2) A a.
Proof. By direct calculation, we find
d>a = d,(da + p(w) A @)
= H'd(da + p(w) A @)
= H"'(p(dw) A a — p(w) A da) [By Proposition A.2.2]
= p(H dw) A @ [w kills HYda]
=p(Q) A&
U

Now we are able to define the exterior covariant derivative on Q¥(M, P x, F').

Definition 2.3.7. Let o € Q%(M, P x, F) and let & € Qf(P, F) be the corresponding basic
form on P. Then we define d4a as the corresponding form of d,& in Q¥1(M, P x, F).

The covariant derivative
Definition 2.3.8. We define covariant derivative of a form a; € QF(U;, F) as
dg,a; = dog + p(A;) A oy € QU F). (2.3.5)

With the machinery developed in previous paragraphs, we can see that this is not an ar-
bitrary definition. Next proposition shows that the covariant derivative is a derivative on
QF(U;, F) which is compatible with the connection.

Proposition 2.3.9. Let a € QF(M,P x, F) and let a; € Q%(U;, F) be the corresponding
representatives. Then d4,q; is exactly the representative (dga); of dqa in QFF1(U;, F).
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Proof. By (2.3.2) and Proposition 2.3.3, we have to show that d4 «; = sid,a if @ € Q% (P, F)
corresponds with . By direct calculation:

dAiOé = dOéZ' + p(AZ) AYe%
=dsja+ p(sijw) A sia

O

Corollary 2.3.10. If a; € QF(U;, F) are the representatives of o € Q%(M, P x, F), we have

da,ail. = p(gij(x)) o d ;.. (2.3.6)

Proof. Since the d4,«; are representatives of dqa € QF(M, P x, F) by definition, they auto-
matically satisfy above identity by Corollary 1.5.11. O

Sometimes it is convenient to know what d 4 is in coordinates.
Proposition 2.3.11. If we drop for a moment the subscript i, let
() = D + plA,) (2:3.7)
Then we have dqa = (d4),dz" A« for a € QF(U, F).
Proof. Let a € QY(U, F). Then we find by direct calculation

daa=dA+ p(A) N
=day, , de” A AdE + p(AL) Ay, dat Ada AL LA daE
= 00,y dat Ada” Ao ANdE 4 p(AL) A,y dat Ada™ A LA da
= (da) o, .y dat Ada”™ Ao A da™*
= (da),da” A o

Remark. We often write (d4), = 0, + A, if it is clear which representation we use.
Proposition 2.3.12. We have

4,0 = p(Fi) A o (2.3.8)
for all a; € Q¥(U,, F).
Proof. By direct calculation:

4% oy = dg, (dag + p(A;) A o
= d(da; + p(Ai) A i) + p(Ai) A (dog + p(Ai) A ;)
= p(dA;) N a; — p(A;) Ada; + p(Ay) Ada; + p(A; A A;) A a;  [By Proposition A.2.2]
= p(dA; + A; A A) A o
= p(F) Ny By (2.2.9).]

We also have a local expression for dii.
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Proposition 2.3.13. Forgetting the subscript ¢ for the moment, we have
(A2 = P(Fpw) = [(da): (da)y]- (2.3.9)
Proof. Let a € QF(U, F). Then we find by direct calculation
[(da)s (da)o] o = (8 + p(AD) (8, + p(A))
= 0,0,0 — 0,00+ 0, (p(A,)ar) — p(A,) D0
~ 0u(p(A)0) + (A0 + p(Ap(A)a — (A p(A o
= (0up(A) o = (up(AL) ) + p(A) (Ao = p(A)p(Ay)a
= p(0uA, — 0, A, + [Ay, Ao,

where we used that 9, and 9, commute and the fact that p is a representation, so a homomor-
phism of algebras. By (2.2.12) we find that [(8,4),“ (8,4),,} = p(Fuw). By previous proposition
we have (d%),, = p(F,), which completes the proof. O

Since the adjoint bundle is the most interesting associated bundle, we assign a special symbol
for the covariant derivative on ad P.

Definition 2.3.14. For F' = g and p = ad we write D 4, instead of dy;,.
Lemma 2.3.15. Let n € Q"(U;, g) and o; € Q¥(U;, g). Then we have ad(n) A a; = [, o).

Proof. Let {T;} is a basis of g. Then if we use that ad : g — gl(g) is the induced representation
of g, we find

ad(n) A a; = ad(T,)Tyn™ A a?
= [T, Tyn" A b

= [, i,

U

Proposition 2.3.16. We have the following identities for D 4,:
Do = day; + [A;, ] (2.3.10)
Doy = [Fi, i, (2.3.11)

where a; € QF(U;, g).
Proof. This follows directly from previous lemma and the identities (2.3.5) and (2.3.8). O
Notice that equation (2.3.10) by (A.1.2) is equivalent to

Dy = da; + A Ao — (=1)Fa; A A (2.3.12)

As a corollary, we can give an alternative formulation of the Bianchi identity (2.2.10) in terms
of the covariant derivative.

Corollary 2.3.17. We have

Dy Fi = 0. (2.3.13)
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2.4 The gauge group

In this section, we give a definition of the gauge group. This is an important object in mathe-
matics, since it forms the group of automorphisms of a fibre bundle: If ® is an element of the
gauge group of a principal bundle P(M, G), then also ®(P)(M, G) is a fibre bundle. The gauge
group is also important for physicists, since it turns out to be the group of transformations
leaving the Yang-Mills equations invariant.

Gauge transformations

Definition 2.4.1. Let P(M,G) be a principal bundle. Then a diffeomorphism ® : P — P is
called a gauge transformation if it satisfies the following two properties:

1. ® preserves fibres. In other words, the diagram

P ‘I’ P

A

M

commutes. This means mo & = m;
2. @ is G-equivariant: ® o R, = R, o ®, or equivalently, ®(pg) = ®(p)g for all g € G.
With respect to the composition of maps, the set of gauge transformations is a group called

the gauge group.

An alternative description of the gauge group

There are equivalent ways to define the gauge group, which are important, since alternative
descriptions can give us more insight into what a gauge group is. In order to explore them, we
we need the following definition, which can be made since ®(p) and p are in the same fibre.

Definition 2.4.2. Let ¢; : U; x G — 7 }(U;) be a collection of local trivializations. Then we
define the following maps between function spaces:

L H;: G — O (77 (U:), G) by Hi(@)(p) = gi(p) s (®(p)),
2. Hi: G — C=(77(U;), G) by Hi(®)(p) = 9:(2(p)) 0i(p) ™"

With these maps, we shall see that that the gauge group is isomorphic as group to two other
function spaces. The first of these spaces is introduced in next definition.

Definition 2.4.3. C3%(P, G) is the space of function f € C*(P,G) satisfying
flpg) = 97" F(p)g (2.4.1)
for all p € P and g € GG, which can be made into a group by pointwise multiplication.

Before we prove that an isomorphism exists, we state three lemmas.

Lemma 2.4.4. The H;(®) define a global function H(®) € C(P, Q).
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Proof. First we show that the H;(®) satisfy (2.4.1). Let g € G, then we have

—

Hi(®)(pg) = gi(pg)~" (@(pg))
( 9i( ) 9i (CD(P ) [Equivariance of ® and g;]

Hi(®)(p) = g:(p) " 0:(@(p))
= (90s(2)95 () ) 915 (x) 95 (®(p) [(p) € 7! (2)]
= 9;(p) '9;(®(p))
= Hy(@)(p)
hence the H;(®) agree on overlaps, which guarantees that H(®) is well-defined. H(®) satisfies
(2.4.1) since the H;(®) do. O

Lemma 2.4.5. Let ® € G, Then H(®) satisfies ®(p) = pH(®)(p).

Proof. Let p € P and U; the coordinate neighborhood such that p € 7=(U;). Since ®(p) and p
are in the same fibre and the right action of G on P is free and transitive, there is a unique g, € G

such that ®(p) = pg,. Then by the equivariance of g; we have g;(p)g, = g:(pg,) = g (@(p))
Multiplying on the left with g;(p)~* gives now g, = g;(p) '¢; (q)(p)) — H(®)(p). O

Lemma 2.4.6. Let ¢ € CR4(P, G). Then & : P — P given by p — pgg(p) is a gauge transfor-
mation, which satisfies H(®) = ¢.

Proof. We shall first prove that ¢ defined as in the Lemma is a gauge transformation. Firstly,
® preserves fibres since m o ®(p) = W(pgb(p)) = 7(p), where we used the G-invariance of 7.
Secondly, ® is G-equivariant, since

®(pg) = pgo(pg)
= po(p) [By (2.4.1)]
= ®(p)g.

Now let U; be the coordinate neighborhood such that p € #71(U;). Then we have
H(®)(p) = 9:(p) "5:(2(p))
= gi(p) " g:(po(p))

= gg(p) [Equivariance of g;],
which finishes the proof. O
Theorem 2.4.7. H : G — C%(P,G) is an isomorphism.

Proof. Lemma 2.4.4 assures that H maps gauge transformations into CG(P, G), while Lemma
2.4.6 assures that H is surjective. Injectivity can be proved as follows. Let (51, QAﬁg € CY(P,G)
and let @1, ®, € G such that by Lemma 2.4.6 we have H( i) = ;. Then p@[)l( ) = P (p) and
by Lemma 2.4.5 we find ®,(p) = ®2(p).
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What remains to prove is that Hisa homomorphism, so p € P. Then we find

pH(® o U)(p) = @ o U(p) [Lemma 2.4.5]
= CD(pH )(p)) [Lemma 2.4.5]
®(p)H (V) (p) [Equivariance of @]
_ (@) () (W) () Lemma 2.4.5
( (Q))H(\If))(p) [Def. multiplication on C3y(P, G)],
and since the right action of G on P is free, we find H(® o ¥)(p) = (ﬁ(@)ﬁ(@))(p) O

Convention. From now on we shall denote H(®) with ¢.

A second alternative description of the gauge group

It is also possible to describe gauge transformations in terms of functions U; — G which are
constant on the fibres. We shall see that the maps H; will play a role in this. This description
turns out to be the the most important of the two alternative descriptions, since it describes
the gauge group in terms of an associated vector bundle.

Lemma 2.4.8. Let ® be a gauge transformation. Then ® and H; satisfy
1. Hy(®)(p) = Adgi(p)ﬁ(q))a
2. ®(p) = p Ady,y-1 Hi(D)(p).

Proof.
1. Follows directly from the definitions of H; and H.

2. Follows from 1. and Lemma 2.4.5.

Proposition 2.4.9. H; is a homomorphism

Proof. From the definitions of H; and H; we find H;(®)(p) = Adgi(p)ﬁi(@)(p). Since H; is a
homomorphism, we find

Hi(V 0 ®)(p) = Ady, Hi(¥ 0 D)

= H;(V)(p) Hi(®)(p)
= (H:()Hi(®))(p),
0
Lemma 2.4.10. Let ¢; : 7~ '(U;) — G satisfy
6i(pg) = 6i(p) (2.4.2)
Ady, 2)$i(p) = di(p) p € 7 Y(Uy)). (2.4.3)

Then @ defined by ®(p) = p Adgi(p)_lqgl- (p) is the unique gauge transformation which satisfies
Hy(®) = 6.
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Proof. Let ¢; (p) = Adgi(p)flgzzi(p). Then ¢; is globally defined on P, since on overlaps Y U;)
we have
6i(p) = Ady,)-164(p)
= Ady,p)-1 Adg, )05 (p) [By (2.4.3)]
= Adg;i(@)g:(0)1 95 (P)
= Adg,)-195(p)
= ¢i(p)
so we can define ¢ = ¢;. Furthermore ¢ € C35(P, (), since
3(pg) = Adg(pg)-1i(pg)
= Adg-14,()10:(p) By (2.4.2)]
=g~ ' Ady,)-19i(p)g
=g '¢(p)g.

From Lemma 2.4.6 we find that ®(p) = pé(p) is a_gauge transformation, such that H(CID) = ¢.
By Lemma 2.4.8, we have H(®)(p) = Adgy,q)- Hy (D) (p ), whence H;(®) = ¢;. Uniqueness

follows from the fact that the maps ¢ — Adg,)-1¢ and H are bijective. O

Lemma 2.4.11. Let ® be a gauge transformation. Then H;(®) satisfies (2.4.2) and (2.4.3).

Proof. By definition of H;(®) we find

) = gi(® pg))gz pg)~"

= gz< p))g [Equivariance of ® and g;]
(@) (p),

which proves that H;(®) satisfies (2.4.2). From

Adgij(w)ﬁj(q)> (p) = Adgij(z)gj (Cp(p)>gj(p)il
= 95(2)9;(2(1)) (9:5(2)g5p))
= 9:(®(p) ) gi(p) ™" [p, ®(p) € 7 (2)]

we see that H;(®) also satisfies (2.4.3). O

To summarize, we found that a gauge transformation can be described by a family of
functions ¢; : 771(U;) — G satisfying the two identities (2.4.2) and (2.4.3). The first identity
allows us to apply Proposition (1.3.5), so we can find a function ¢ : U; — G satisfying pom = 5,
which gives rise the next proposition.

Proposition 2.4.12. Let H; : G — C*(U;, G) be given by H;(®) = g;o P o's;. Then

1. Hy(®) o = Hy(®),

2. H; is a homomorphism.

46



AJ Lindenhovius (0628298) Instantons and the ADHM construction

Proof. First identity follows by direct calculation:

H;(®)om(p) =g;0Pos;om(p)

= g0 ®(pgi(p) ™! By (1.3.7)]
= g; 0 ®(p)gi(p) ™" [Equivariance of ® and g;]
= H;(®)(p)-

The second identity follows from the first and the fact that H; is a homomorphism, since
then we find

() [mos; =1dy,]

Proposition 2.4.13. Let ¢; : U; — G be smooth. Then ¢; satisfies

Adgij(x)gbj(x) = ¢i(x) (2.4.4)

for + € Uy if and only if ®(p) = p Adg,)-10; o m(p) is a gauge transformation satisfying

Proof. Let ¢ satisfy Ady, )¢;(z) = ¢i(z). Then ¢; = ¢; o satisfies (2.4.2) and (2.4.3),
where the first follows from the G-invariance of 7, so by Lemma 2.4.10 we find that ®(p) =
Ady,p)-1¢iom(p) = is a gauge transformation, such that E(CI)) = ¢;om. By Proposition 2.4.12,
we find that the left-hand side equals H;(®) o 7, so that if we let both sides act on s;(z), we
find H;(®)(z) = ¢i(x).

Conversely, let ® given by p — p Adg,)-1¢; o m(p). By Lemma 2.4.8 we find that ®(p) =
P Adgi(p)qﬁi((b)(p), so if we compare both expressions, we find from the transitivity of the
right action that ¢; o m = H;(®). From Lemma (2.4.11) we know that H;(®), and so ¢; o ,
satisfies (2.4.3), and since 7(p) = z, this implies Ady,;.)¢;(z) = ¢i(). O

The construction of the homomorphisms H; helps us to show the existence of an isomorphism
between G and I'*°(M, Ad P). Before we can prove this, we have to show that I'*°(M, Ad P)
is a group.

Lemma 2.4.14. The function space I'**(M, Ad P) can be made into a group.

Proof. By Theorem 1.5.6, we know that myi(z) C Ad P has a group structure given by
[(p, 9)][(p, h)] = [(p, gh)]. For any section s € I'*°(M, Ad P), we have by definition of a section
that s(z) € m,5(7), so we can define multiplication of sections s; and sy by s155(7) = s1(2)s2(7),
where in the right-hand side the multiplication on 7, () is used. O

Remarks.
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1. Let s; : U; — P be the local sections corresponding to the local trivializations 1); and
let f; : Ui — G be smooth. Then s € I'°(M, Ad P) given by s(x) = [(sz(x),fl(:p))] is
well-defined if and only if f; satisfies (2.4.4), since we necessarily have

2. The identity e(z) of I'*°(M, Ad P) is represented by (s;(x),e).
We can now prove next theorem.

Theorem 2.4.15. Let H : G — I'°(M,Ad P) be given by H(®)(z) = |(si(x), Hi(®)(x))],
where s; : U; — P is the local section corresponding to the local trivialization ¢; : U; x G — P.
Then H is an isomorphism of groups.

Proof. We first show that H is injective. Consider the set H‘l(e(x)) ={deG: H®D)(zx) =
e(z)}. This is equal to {q) €g: Ksl-(:c),gl- odo sz(x))} = [(si(x),e)]}, from which we find
that H~1 (e(x)) ={PeG:g,0Posi(x) =eforallie I}. By equation (1.3.5) we find that
g; '(e) = si(z), whence H™! (e(x)) ={P e G:Posi(x) =si(x) forall i € I} = {Id}.

For surjectivity we first remark that by Proposition 1.5.10 every section s € I'*°(M, Ad P)
can be written as [(sl(:p), fz(x))} for some function f; : U; — G satistying fi(v) = Ady,; @) f;(7).
Hence by Proposition 2.4.13 we find that there is a gauge transformation F', such that H;(F') =
fi. With other words, we find s(z) = [(sl(:p), HZ(F)(x))], which is H(F')(x), so H is surjective.
Finally, by

we find that H is a homomorphism. O

The center of the gauge group

Definition 2.4.16. Fix a ¢ € G. Then we define ®, : P — P and QAﬁg P = Gby &, = R,
and ¢,(p) =g for all p € P.

The following proposition related the center of G with the center of G.

Lemma 2.4.17. ¢, is a gauge transformation if and only if ¢ € Z(G). If ¢, is a gauge
transformation, ¢, is the corresponding element in C3(P, G).

Proof. By Proposition 1.1.7 we have mo ®; = m. Let g € G. Since we have Rjo R, = Ry, =
R,y = R, 0 R, for all a € G if and only if g € Z(G), we find

®,0R, = R0,

48



AJ Lindenhovius (0628298) Instantons and the ADHM construction

if and only if g € Z(G). So ®, satisfies the equivariance axiom and is therefore a gauge

transformation if and only if g € Z(G). By Theorem 2.4.7, we find that ggg is the corresponding
element in C{Y(P, G). O

Proposition 2.4.18. We have ®, € Z(G) if g € Z(G). Equivalently, if we identify G with
CX(P,G), we have ¢, € Z(G) it g € Z(G).

Proof. Let g € Z(G). Let ® € G be an arbitrary other gauge transformation. Then we have
by the equivariance of ¢

Dy 0 d(p) = P(p)g = P(pg) = ® o Dy(p),

thus ®, € Z(G). By Theorem 2.4.7 it follows that ¢, € Z(G) if we identify by the same theorem
G with O (P, G). O

We see that {®, : g € Z(G)} C Z(G). Next theorem shows that under certain circumstances
we have equality.

Theorem 2.4.19. Let G be a connected compact matrix group with semisimple Lie algebra g
and let M be connected. Then we have the following isomorphisms:

Z2(9) = Z(G)
=T°(M, P xq Z(@))
={®,:9€ Z(G)}
= {¢,:9€ Z(Q)}.

Proof. The second equality follows from Theorem 2.4.15 and the identity Ad P = P XxaqG. We
prove the first equality by proving the equality Z(G) = I'°(M, PxxqZ(G)). Let ¢; € C*(U;, G)
be a family representing a section s € (M, P xxq Z(G)). Since all ¢;(x) € Z(G), we have
¢i(z) = Ady,@)¢j(z) = ¢j(x). So the ¢; define a global function ¢ : M — Z(G). Since we
assumed that M is connected, we find by Proposition 1.4.20 that ¢ must be constant. So we
find that ¢ does not depend on its argument, thus we have ¢ € Z(G).

Conversely, for g € Z(G) define ¢ = g be constant and let ¢; = ¢|y,. Then since g € Z(G),
we have ¢;(x) = ¢j(x) = Ady,,()®;(z), which defines a unique element s € I'*°(M, P xq Z(G)).

We prove the third equality by showing that if ® € Z(G), we must have ® = &, for some
g € Z(G). Solet & € Z(G). By Proposition 2.4.13 we find maps ¢; : U; — G such that
®(p) = p Adg,(p)-1¢; om(p) and H;(P) = ¢;. By the isomorphism H in Theorem 2.4.15, we see
that these ¢; define an element H(®) € I'*°(M, Ad P) and since we assumed that ® € Z(G),
we see that H(®) € I'°(M, P xaq G). Hence we see by the proof of first equality that the ¢;
must be constant; ¢; = g with g € Z(G). Then by ®(p) = pAdy, ;)1 ¢iom(p), we see ®(p) = pg
for all p € P.

Last equality simply follows from the third. O

The action of the gauge group on the connection, curvature and field-strength

The gauge group acts in a natural way on connections in the following way. Let HP be a
connection and ® : P — P be a gauge transformation. We can let ® act on TP by X —
®-1X. In particular, this defines an action of ® on HP. We denote the gauge transformed
horizontal space by H;b P := & 'Hg,)P. The corresponding projection operator is given by
H;I) = @;1H¢(p)®*.

Lemma 2.4.20. H;b : T,P — T,P is a projection operator with image H;,I’P.
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Proof. First we show that Hg’ is a projection operator:
(H,)* = @ Ho) 2.0, Hop) e = . Hop) Hop) o = €, Ha @, = Hy).
Secondly, we have
im HY = ®, ' Hy ) ®.T,P

=, 'Hop) Top P [® is a diffeomorphism]

=@, Ha P

= HP.

O

Before we check that H;b P is indeed a connection, we will show that the vertical space is
invariant under the action of .

Lemma 2.4.21. We have ®,0(A) = o(A) for every ® € G and A € g.
Proof. By direct calculation

d
. 0(A)|, =, [ —
o= 5

)
t=0

o (5

t=0

a
dt

d
T d(p)et! [Equivariance of @]
=0

= (Ala)

Proposition 2.4.22. H®P is connection on P.

Proof. We prove this by checking that H?® satisfies the properties in Proposition 2.1.10. Firstly,
by X is vertical & ®,(X) is vertical & H®,(X) =0 & H*(X) = ;' HP,(X) = 0, we see
that ker H* = V,P. Furthermore, since H® is composed of smooth functions, it is smooth.
Finally, the equivariance condition for ® can be translated into ® o R, = R, o ®, whence
Ry 0 @, = &, 0 Ry, which leads to

Ry H} = Ry, @' H,®, = ©, 'Ry, H,®, = ®, ' Hpy Ry, @, = ©, ' Hpy®, Ry, = Hy Ry,
which concludes our proof. O

Given the action of the gauge group on a connection, we can derive the induced action on
the corresponding one-form.

Proposition 2.4.23. Let w® = ®*w be the result of the action of ® on w. Then w? is the
connection one-form, which corresponds with the Ehresmann connection H®P.

Proof. Let H* = ®;'H®, be the projection operator onto the gauge transformed horizontal
subspace. The corresponding connection one-form is given by w® = 67! o (Id — H®). We shall
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show that w® = ®*w by direct calculation.
w?=0c"'1d - ®;'HD,)
=0 'od'(Id - H)®,
= (®,00) Y(Id - H)®,
=0 '(Id— H)®, [By Lemma 2.4.21]
= wd,
= d*w.

O

Proposition 2.4.24. Let & : P — P be a gauge transformation acting on a connection one-
form w. Then the gauge potential AP corresponding to the gauge transformed connection w?®
satisfies

A le = adg, o) Ails + 670]6,2)
= ¢i(1) T Alo0i(2) + di(2) T dil, (2.4.5)
where ¢; = H;(®) as defined in Proposition 2.4.12.

Proof. We first note that the connection one-forms w and w?® are given at p by

wlp = adg,p)-1 0 T Ailz ) + 97014 p) (2.4.6)
Wy = adg,)-1 0 T AT |np) + 9700, (2.4.7)

with z = 7(p). We have w®|, = ®*w|, with ¢ = ®(p), from which we can deduce a relation
between A; and A?L. First, notice that

$i(p) = :(2(p))gi(p) " = gi(@)gi(p) ",

implying g:(¢)~! = g:(p) '¢s(p)~". Then we find

w®|, = D*wla(p)
= adg g1 e} CI) 7T*./4 |7ro<1> + Cb*gz‘e\gio@(p)
= adgz g1t (7T ° (I)) A ‘770@(17 (gz o (I))*e gio®(p)

)~
)~

= adg,(g)-1 o T A, () + (gi © ©)*O]g,00() [m0® = 7]
)~

lad (p)—1 © 7T*'/41|7r(p) + (gi © q))*9|yi0‘1>(17)7

where we used in the third equality that the pullback is a contravariant functor. Now, since

(9 © ®)(p) = gi(q) = i(p)gi(p), we find
(gi 0 @) 0| gi00(p) = gi(P)_légz‘(P)_ld(&i(l?)gi(]?)) [ 0lp) = f(p)'df(p)]
=%<rﬂm@wumm*@@r%m@@n%@>
= 430l + addg 1 0 G105

+ ad -1 0T (b (pzow(p [(EZ = ¢Z o 7T]

=9;
Collecting these results, we find
W, = ady,p-radg, )1 0 T Ailz(p) + adg,(p)-1 © 7970 g,0m(p) + 93 0lgi(r)
o)) + 916l [6ip) = u(x))

= adgi(p)—l or* (ad¢i(m)—1.,4@-|7r(p) —+ 19
Comparing this result with (2.4.7) gives the desired expression for A?. O]
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We can also derive how the curvature and the gauge field-strength transform under a gauge
transformation

Proposition 2.4.25. Let ® : P — P be a gauge transformation acting on a connection H P.
Then the curvature Q% and gauge-field strength F corresponding to the gauge transformed
connection H® P satisfy

0% = o*Q,
‘F.Zq>|m = ad(bi(w)*l‘F”x)

where ¢; = H;(®) is defined as in Proposition 2.4.12.

Proof. By definition, we have Q = d,w = H"dw. So we have Q(X,Y) = dw(HX, HY), from
which we find a formula for Q% by replacing w by w® and H by H®. Hence, we find

Q*(X,Y) = dw®(H®X, H®Y)
= dP*w(H*X, H*Y)
= d*dw(H*X, H*Y)
= O*dw(®;'HO, X, &, HD,Y)
= d*HY (¢ ) d*dw(X,Y)
= " HVdw(X,Y)
= O*Q(X,Y).

The proof of the second identity is similar to the proof of Proposition 2.2.7, but with F; replaced
by F¥, g = gigl replaced by ¢; and F; replaced by ;. O

Convention. Instead of w®, AP etcetera, we shall sometimes write ®(w), ®(A;) etcetera.
Next theorem summarizes all results about gauge transformations acting on other objects.

Theorem 2.4.26. Let {H,P : p € P} be a connection and let H, w, A;, 2 and F; be the
corresponding projection operator, connection one-form, gauge field, curvature respectively
gauge field-strength, then a gauge transformation ® acts on these object in the following way:

L. ©(H,P) = ;' Ho) P;

2. ®(H), = ®; ' Hy ) Ps;

3. d(w) = d*w

4. O(A)|2 = ady, (@)1 Al + 010 4,(2);
5. 0(Q) =

6. CI)(-F@>|1 = ad¢i(x)_1ﬂ|z,

where ¢; = H;(®) is defined as in Proposition 2.4.12.
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2.5 Parallel transport and holonomy

Definition 2.5.1. Let P(M,G) be a principal bundle with connection H P and let v : [0, 1] —
M be a piecewise smooth curve in M. A piecewise smooth curve 7 : [0,1] — P is called
horizontal if ¥'(t) € Hy)P. The curve 7 is called a lift of «y if mo4 = ~. If 4 is both a lift of y
and horizontal, we call 4 a horizontal lift of ~.

Notice that this definition implies that w(’y’ (t)) =0 for all ¢ € [0,1]. A full proof of next
theorem can be found in [30] as Proposition 8.7.

Theorem 2.5.2. Let v : [0,1] — M be a piecewise smooth curve and let p, € 7! (’y(O))
Then there exists a unique horizontal lift 4(¢) in P such that 5(0) = po.

Proof (sketch). The lift may not be smooth, but piecewise smooth, we can restrict us to a
smooth curve 7 in a coordinate neighborhood U;. A global piecewise smooth lift can then be
obtained by gluing the curves in overlapping the coordinate neighborhoods together. So assume
v :10,1] — U; and let ¢); be a local trivialization corresponding to U;. Then we see that 4 has
to satisfy 1;(v(t), a(t)) = A(t) for some « : [0,1] — G. Since 4(0) = po, we find that a(0) has
to satisfy 1;(zg, a(0)) = po, where g = y(0) = m(po). Since 4/(t) has to be horizontal, we must
have w(¥'(t)) = 0. One can find that this is equivalent with adq)-1.4;(7'(t)) +(a*0)(¥'(0)) = 0,
which is in matrix form o/(t) + A;(7/(0))a(t) = 0. This is a first-order ordinary differential
equation for a, which has a unique solution given the initial condition ;(xq, @(0)) = po. O

Lemma 2.5.3. Let 4 be the horizontal lift of v : [0,1] — M with 5(0) = p. Then if 7 is
another horizontal lift of v with ¥(0) = pg for some g € G, than we have ¥ = R 7.

Proof. Using Proposition 1.1.7, we see that W(Rg o ’y(t)) = 7T<:)/(t)) =7(t), so Ry07 is a lift of
7(t). Furthermore, we have (R, 0 )'(t) = Ry € Hs4),P, thus Ry o ¥ is a horizontal lift. By
previous theorem it follows that I, oy must be equal to 7. U

Definition 2.5.4. Let p € P and let 7y : [0, 1] — M be a smooth piecewise curve that is closed.
Thus we have 7(0) = m(p). Then we define the parallel transport 7, : 7" (W(O)) — Wﬁl(v(l))
of p along v by 7,(p) = 7(1), where 74 is the horizontal lift of v with starting point 5(0) = p.

Proposition 2.5.5. Parallel transport is equivariant: R,o 7, = 7,0 R, for all ¢ € G and all
curves 7 : [0,1] — M.

Proof. We have R, o 7,(p) = (1)g. Let 7 be given by R, o4. Then 7 is the horizontal lift of
v with starting point pg, so 7,(pg) = 7(1). But this is also precisely 7, o R,(p) = F(1)g. O

Notice that if v is a closed curve such that 7(0) = z with horizontal lift 4, we have
7(0),%(1) € 7~ (x0). In other words, for closed curves with v(0) = 7(p) we have 7, (p) = pg for
some g € GG. Notice that this g is unique, since the action is free.

Definition 2.5.6. Let 71,72 : [0,1] — M be piecewise smooth closed curves. Then we define
the path product ~; * v2 by

1(2t)7
71 * 72(t> = { 32(2t _ 1)7

— N =

I

t
t

o~ O

<
<

ININA

It follows directly from the definition that v, * v, is a piecewise smooth closed curve.

Proposition 2.5.7. Let v1,7; : [0,1] — M be piecewise smooth closed curves. Then if v =
71 * 772 is the path product of v, and v;, we have 7, =7, o 7.
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Proof. Let g1 € G be the element such that 7., (p) = 71(1) = pg1. Then a horizontal lift 5 of
is given by

- Y1(2t), 0<t<i
’y(t) _ 71( )_ 1 2

72(275 ]-)gl) D) S t S 1
where 7; is the horizontal lift of v;. Note that the factor g; is essential to make the lift
continuous at ¢ = 1. Then by previous proposition we find 7., (p) = (1) = 7, (p)g1 = T, (pg1) =

Taz © Ty (D) =

A direct consequence of this proposition is that if there are g1, go € G and piecewise smooth
closed curves 71, 7s : [0, 1] — M such that 7,,(p) = pg,, we can find a curve 7 : [0, 1] — M such
that 7,(p) = pg2g1. This is exactly the curve v = 7; * 2. This shows that the holonomy group
defined directly below is a group, since it is a subset of G closed under multiplication.

Definition 2.5.8. Let C,(M) be the group of piecewise smooth closed curves v : [0,1] — M
such that v(0) = v(1) = 7(p). Then we define the holonomy group of a connection w at the
point p as Hol,(w) = {g € G : 7,(p) = pg for v € Cp(M)}. Let C)(M) be the subgroup
of Cp(M) of curves homotopic to 0, then we define restricted holonomy group of w at p as
Hol)(w) = {g € G : 7,(p) = pg for v € C(M)}.

Proposition 2.5.9.
1. We have Hol,,(w) = a~'Hol,(w)a.

2. Let p,q € P be connected to each other by a horizontal curve 4 (not necessarily a lift).
Thus we have (0) = p and §(1) = ¢. Then Hol,(w) ~ Hol,(w).

Proof.

1. Let vy : [0,1] = M be a curve such that 7,(p) = pg. By Proposition 2.5.5 we see that this is
equivalent to 7, (pa) = 7,(p)a = pga = pa(a~'ga). Hence we find that g € Hol,(w) if and
only if a~'ga € Hol,,(w), which is equivalent with stating that Hol,,(w) = a 'Hol,(w)a.

2. Let p ~ q denote the equivalence relation that there is a horizontal curve ¥ that connects
p and ¢, thus we have 4(0) = p and 4(1) = ¢. It follows immediately that ~ is an
equivalence relation. Notice that ¢ € Hol,(w) if and only if p ~ pg. Now, since ~ is an
equivalence relation, it is transitive. So if p ~ ¢, we have p ~ pg if and only if ¢ ~ qg. So
we see that if p ~ ¢, we have Hol,(w) = Hol,(w).

U
Corollary 2.5.10. Let M be connected. Then for all point p, ¢ € P we have Hol,(w) = Hol,(w).

Proof. Since M is connected and all manifolds are locally path-connected, it follows that M
is path-connected. So there is a path v : [0,1] — M such that v(0) = w(p) and (1) = 7(q).
Then let 5 be the lift of v starting in p. Since 4 ends in 77 1(7(q)), we find that there is an
a € G such that (1) = ga. With other words, p ~ ga, where ~ is the equivalence relation
introduced in the proof of previous proposition. Hence we find by the second part of previous
proposition that Hol,(w) = Hol,,(w). By the first part of the proposition, we see that Holy,(w)
and Hol,(w) are conjugated in G, thus isomorphic, whence Hol,(w) = Hol,(w). O

Convention. For connected M we are allowed by previous corollary to drop the subscript p
and write Hol(w).
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Definition 2.5.11. Let M be connected. Then a connection is said to be irreducible if the
holonomy group is exactly G. The space of irreducible connections is denoted with o7,.

Next proposition relates horizontal lifts of paths to the horizontal lifts with respect to a
gauge transformed connection.

Proposition 2.5.12. Let 4 the lift of  : [0, 1] — M with respect to the connection H P with
starting point 4(0) = p and let ® be a gauge transformation. Then the lift of v with respect to
the connection H® P is given by ¥* = ®~! 0 4 and has starting point ®~*(p).

Proof. Since &1 is a gauge transformation, we have 7o®~! = 7, hence we find 7107® = w0y = 7.
Since 7 is horizontal with respect to H P, we have w(5/(t)) = 0. Then we find

w(D((i@)’(t)) = @*w((@_l o 7)’(75)) [By Theorem 2.4.26]
= d*w (Q);l’y’ (t)) [By definition of the pushforward]
=w(¥()
=0,

so 4% is horizontal with respect to H®* P. Finally, we have 7%(0) = 10 5(0) = &~ (p). O

Proposition 2.5.13. Let ® be a gauge transformation and let T,;I) denote the parallel transport
along the curve ~ : [0,1] — M with respect to the connection H®P. Then we have

dor, :7_;1,—1 o®. (2.5.1)
Proof. By previous proposition we have that 4% starts in ®~!(p) if 7 starts in p. Then we find

that 737 acting on ®'(p) is given by 5®(1), just like 7, acting on p is given by 7(1). Then we
find

7V 0@ (p) =5%(1)
— 07 o 5(1)
=o' o7, (p),
and the statement follows by interchanging ® and &1 O

Corollary 2.5.14. Let ® be a gauge transformation that leaves a connection w invariant:

®(w) = w. Then we have T;I’ = 7, and in particular for all loops 7,

Por,=71,00. (2.5.2)
Definition 2.5.15. We denote the isotropy group of a connection w, {® € G : ®(w) = w} by
L.

Proposition 2.5.16. Let w be an irreducible connection and let G be a connected and compact
matrix group with semisimple Lie algebra g. Then I'y, = Z(G).

Proof. Write ® € T, as ®(p) = p(E(p) with ¢ € C(P,G). Then equation (2.5.2) is equivalent
with

~

7, (p)p o 7, (p) = 7,(p)B(p)

for all closed piecewise smooth curves v : [0,1] — M, where we used the equivariance of 7,
proved in Proposition 2.5.5 in order to obtain the right-hand side. Since the right action is
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free, we find that gg 0T, = gg If we fix a p € P, we have 7,(p) = pg for some g € G, so that we
obtain ¢(pg) = ¢(p). By Definition 2.4.3 we find that this implies

9'0(p)g = o(p). (2.5.3)

Now, since w is irreducible, we see that we can find paths v : [0,1] — M such that (2.5.3 holds
for all g € G. Hence ¢(p) € Z(G). By Proposition 1.4.20 Z(G) is discrete, so ¢ must be the
constant function p — a € Z(G). So & = R, with a € Z(G). Notice that ® is indeed a gauge
transformation by Lemma 2.4.17. So we see that Z(G) — T, given by a — R, is a surjection,
and since this map is clearly injective, it is a bijection. O

Proposition 2.5.17. Let M be connected and let G be a connected compact matrix Lie group
with semisimple Lie algebra g. Then the group G = G/Z(G) acts in a free way on the space of
irreducible connections <7 .

Proof. Let w be an irreducible connection and let ® € G be a gauge transformation that leaves w
invariant. Then since w is irreducible, we have Hol(w) = G, so for all p € P and all g € G there
is a closed path ~y : [0,1] — M such that 7, (p) = pg. Write ®(p) = po(p) with ¢ € C(P, G).
Then for all p € P we find

~

pd(p)g = ®(p)g

= d(pg) [By the equivariance of @]
=dor1,(p)
=17,09(p) [By Corollary 2.5.14]
= Ty (pq;(p))
= 7.(p)o(p) [By the equivariance of ]

= pgo(p),

so since the right action on P is free, we find that g(E(p) = qAﬁ(p)g for all g € G. Hence we see
that ¢(p) € Z(G) for all p € P. Now, by Proposition 1.4.20, we find that Z(G) is discrete,
so we must have that ¢ is constant. Then by Theorem 1.4.20 we see that ® € Z(G), which
concludes the proof. O

Finally, we will state the Ambrose-Singer Theorem, which we will not prove, but refer to
Theorem I1.8.1 of [22] instead.

Theorem 2.5.18 (Ambrose-Singer Theorem). Let P(M,G) be a principal bundle with M
connected. Let w be a connection one-form on P. Then the Lie algebra Lie (Holp(w)) is a Lie
subalgebra of v spanned by the elements of the form

Q,(X,Y) X,Y € H,P,

where ¢ € P is a point which can be connected with p by a horizontal curve.

2.6 Flat connections
Definition 2.6.1. A connection is called flat if Q2 = 0.

The concept flat connection is important, since flat connections have the nice property that
the space of horizontal vector fields is integrable. Moreover, in physics the vacuum state of a
system corresponds with F4 = 0, which is the case if the connection is flat. So in order to
understand the vacuum, it it important to understand flat connections. We start by introducing
the concept op the canonical flat connection on a trivial bundle.
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Definition 2.6.2. Let P = M x G be the trivial bundle and let g : P — G be the projection
on G. Then the connection H,P = ker g, is called the canonical flat connection.

To show that this is indeed a connection, we remark 1) : M x G — P given by ¢ ~!(p) =
(W(p), g(p)) is a global section. Hence 7, % g, : T,P — T,y M ® Ty, G is an isomorphism. We
have by definition VP = ker 7, thus V,P ~ T;(,)G. Likewise, we have H,P = ker g, ~ Ty, M,
so we see that T, P = H,P®V,P. Since 7 and g are smooth, this decomposition is also smooth.
By Proposition 1.1.7 we have R, 0 g = g o R,, thus we have g, R.,. X = R,.¢9.X = 0 if and only
if g,X = 0 for all vector field X on P. So we see that X is horizontal if and only if R, X is
horizontal, thus we have R, H,P = H,,P, which proves that H,P is a connection.

Proposition 2.6.3. Let P = M x G be trivial and let g : P — G be the projection on G.
Then the connection one-form corresponding to the canonical flat connection is w = g*6.

Proof. Let w = g*6. We first remark that since g is the projection onto G, we find that g, is
the projection onto T,G, which is the vertical subspace. If X is a horizontal vector field, we
have by definition g, X = 0. Then

w(X) =g"0(X) =0(g9:X) =0,

so we have indeed that w kills al the horizontal vector fields. Let X be vertical, which is the
case if and only if there is a A € g such that X = o0(A). Then we find

wlp(X1p) = 9"y (0(A)]p)
= 9|9(p)9*(‘7(14)|p)
= 0lym9(p)A [By Lemma 2.1.3]
= Lyp-19(p)A
= A,
so w o o = Id,. Furthermore, we have Rjw = ad,—1w, since

Riw=R.g"0

=g'R,0 [By Proposition 1.1.7]
= g*ad,—10, [By (1.4.5)]
so w is indeed a connection one-form. O

Proposition 2.6.4. Let P(M,G) be a principal bundle with a connection HP. Then the
connection is flat if and only if the connection satisfies one of the following equivalent conditions:

1. [X,Y] is horizontal for all horizontal vector fields X and Y;

2. For all p € P there is a neighborhood U C M of 7(p) and a diffeomorphism ¢ : #=1(U) —
U x G such that ¢.(HP) is the canonical flat connection in U x G;

3. For all p € P there is a neighborhood U C M of 7(p) and a diffeomorphism ¢ : #=1(U) —
U x G such that the connection one-form w restricted to 771 (U) equals ¢*g*0, where g is
the projection of 7~1(U) onto G;

Proof. We start by proving that {2 = 0 is equivalent with (1). First, we find by (2.2.3) that
Q(X,Y) = 0 if either X or Y is vertical. So we only have to prove that 2 = 0 if we assume
that both X and Y are horizontal. If we do so, we find
QAX,)Y)=dw(HX,HY)
=dw(X,Y)
= Xw(Y) —Yw(X) —w[X,Y] By (A.2.3)]
= —w([X,Y])
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so we see that = 0 if and only if w([X,Y]) = 0, which is only the case if and only if [X,Y]
is horizontal. Secondly, we prove the equivalence between (2) and (3). We start by remarking
that ¢ ~1*w corresponds with the connection ¢, (H P), since the first acts in a natural way on the
latter: ¢~ w(¢.X) = we; ¢, X = w(X). Then by previous proposition ¢.(HP) is canonical
flat if and only if ¢~*w = ¢*0, which is the case if and only if w = ¢*¢*0. We omit the proof that
2 = 0 implies (3) and refer to Theorem 11.9.1 of [22], since the Ambrose-Singer Theorem, which
we have not proven either, is essential for the proof. However, we can prove that (3) implies
that = 0. So assume (3) and write f = go ¢, so that we have w = f*0 on U. Then by (1.4.8),
we find that Q = HYw = HY f*0 = —H" f*(6 A 0) on U, hence we find 2 = —H"(w Aw). Since
the w kills horizontal vectors, we find that {2 = 0 of U. Since we can find such a neighborhood
U of m(p) for all p € P, it follows that {2 = 0 on the whole bundle. O

Definition 2.6.5. We call a gauge field A; on U; pure gauge if there is a smooth function
g : U; — G such that A; = g~ 'dg.

Corollary 2.6.6. F; = 0 if and only if A; is pure gauge.

Proof. Let F; = 0. Since F; = s;{) and s; is injective, we find that €2 = 0 on the trivial
bundle U; x G. By previous proposition there is some function f : 7#=!(U;) — G such that
w = f*0. Since A; = siw, we find A; = ¢*0 with g = f o's;. Hence by Proposition 1.4.11 we
find A; = g~ dg.

Conversely, let A; = ¢g~'dg for some function g : U; — G. If we restrict ourselves to U; x G,
we have by Proposition 2.4.13 we have a gauge transformation ® : U; x G — U; x G such that
H;(®) = g. By Proposition 2.4.24 we see that A;|, = g(x) 'A%|,g(z) + ¢~'dg|, with A? = 0.
By (2.2.9) we have F;* = 0. Whence by Proposition 2.4.25 we have F*|, = ady)-1Fi|s, we
must have F; = 0. O
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3 Instantons and the Topology of Principal Bundles

3.1 Invariant polynomials

Definition 3.1.1. Let g be the Lie algebra of a matrix Lie group G. Then a n-linear polynomial
P :g" — C of degree n is called symmetric if

P(X1,.. . X X

j,...,

Xn):P(Xl,,X],,X“,Xn) (311)

for all 4,5 € {1,...,n} and Xy,..., X,, € g. A symmetric polynomial P of degree n is called
symmetric invariant if

P(ad, X1, ..., adyX,) = P(X4,.... X,). (3.1.2)

A invariant polynomial P, of degree n is defined as a symmetric invariant polynomial P with
all its entries equal:

Pu(X) = P(X,...,X). (3.1.3)

Example 3.1.2. If A € g, then P,(A) = tr(A") is an invariant polynomial. Indeed, P, (A) =
P(A, ..., A) with

1
P(Al, ... ,An) == Z tI‘(Ap(l)Ap(z) .. .Ap(n)), Ay, .. A, € g,

n: PeS,
which is symmetric by definition and invariant by the cyclic properties of the trace.

Remark. Since a symmetric invariant polynomial is by definition linear in all its variables,
it follows that the degree of each variable in every term is at most one. Furthermore, it is
easy to see that we can decompose every symmetric invariant polynomial in a sum of invariant
symmetric polynomials such that each variable occurs exactly once in every term.

Lemma 3.1.3. Let P be a symmetric invariant polynomial of degree n and let A, Ay,..., A, €
g. Then we have

Z P(Al, “ e ,Akfl, [A,Ak],AkJrl, .. 7An) = O
k=1

Proof. Let g(t) € G be generated by A € g: g(t)e'*. Then we have P(adypy A, ..., adynA,) =
P(Ay,..., A,). Since the right-hand side does not depend on ¢, both left- and right-hand side are
zero when we differentiate it. Furthermore, we have %adg(t)Ak = %etAAke_tA = [A, adg) Ax),
whence we find

n i d
ZP(Al,---7[A7 Al Ay = ZP <adg(t)A1, ) ..,&adg(t)Ak,...,adg(t)An>
k=1 k=1 -
d
— E P(adg(t)z‘h, ceey adg(t)An)
t=0
= 0.

O

We can extent the definition of an invariant polynomial to a polynomial of g-valued p-forms.
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Definition 3.1.4. Let P : g" — C a symmetric invariant polynomial. If oy, ..., a,, € QP(U;, 9),
we define

P(Oél,...,Oén) =N /\772 VAN A?]nP(Al,AQ,...,An), (314)

where A; € g and n; € QP(U;) such that A; ® ; = a4 (no summation over 7). Given P, we
define an invariant polynomial P, of degree n for g-valued p-forms by

P,(a)=Pla,...,a)=nAnNA...AnP(AA,... A), (3.1.5)
where A € g and n € QP(U;) such that A ® n = a.

Example 3.1.5. The most important example of an invariant polynomial of degree n for g-
valued p-forms is tr(a™), where a” is recursively defined by a™ = o™~ A a. This polynomial is
invariant, since it is the extension for p-forms of the polynomial given in Example 3.1.2. The
importance of this example follows from the fact that the action of an instanton is [y, tr(F?),
as we will see below.

Proposition 3.1.6. Let P, be an invariant polynomial. Then P, (F;) defines a global 2n-form
and is gauge invariant.

Proof. On overlaps Uy;, we have F;|, = ady,;«)F;|. by Proposition 2.2.7, so P,,(F;) = P,(F;) on
Us; by the invariance of P,. Similarly, we have F*|, = adg, ()-1Fi|, for all gauge transformation
®, so we find P,(F?) = P,(F). O

Since the P, (F;) define a global 2n-form, we often drop the subscript and write P, (F).

Lemma 3.1.7. Let P be a symmetric invariant polynomial of degree n and let «, ay, ..., o,
be g-valued forms of degree p,pi,...,p,. Then we have

Z(—l)p(ler"'erk*l)P(al, ey Qg [ ] Qe e ap) = 0.

k=1

Proof. Call the left-hand side of above identity S. If we write « = A® n and o; = A; @ n;, we
find by Lemma 3.1.3

S = S (1A A AT A AT AT A A P(Ar . [A A, Ay)

I
NE

B
Il

1

I
NE

7’]/\7]1/\.../\7’]k+1/\.../\T]nP(Al,...,[A,Ak],...,An)
1

I
=1

O

Theorem 3.1.8 (Chern-Weil). Let P, be an invariant polynomial of degree n and F € Q*(U, g)
be the curvature 2-form on U (for convenience we drop the subscript ¢). Then P, (F) satisfies

1. dP,(F) = 0.

2. If F and F’ are curvature 2-forms corresponding to different gauge fields A and A’. Then
the difference P, (F') — P,(F) is gauge invariant and globally exact.

We first state a lemma.
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Lemma 3.1.9. Let P be a symmetric invariant polynomial of degree n such that P,(X) =
P(X,...,X) and let oy, ..., a, be g-valued forms of degree py,...,p,. Then we have

dP(ag,...,a,) = Z(—l)pﬁ“'*p’“*lP(al, ey 1, A, Qg1 - Q).
k=1

Proof. 1f we write o; = A; ® n; with A; € g and n; an ordinary p;-form, we find using implicitly
an induction step

dP(aq,...,an) =d(m A...n,)P(As, ..., Ay)
= (dp A A A+ ()P Ad(i A ona) ) P(As, L Ay)

I
NE

(—1)p1+"'+p’“*1771 Aot Adgg A Ao P(A 0 AY)

i
I

Il
M=

(—1)p1+"'+p’“*1P(a1, ooy 1, dag, Qg1 e, Q).

i
I

Proof of Theorem 3.1.8.

1. Let P, be defined by the symmetric invariant polynomial P of degree n. We first assume
every variable of P occurs exactly once in every term of P. We shall prove then that
dP(F,...,F)=0. If we use Lemma 3.1.9 with p; = 2, we find

dP(F,...,F) =Y P(F,...,dF,...,F)

ﬁ‘
—_
bl
—

=0.

where we used Lemma 3.1.7 in the second equality, and in the last equality the Bianchi
identity (2.3.13) and the fact that all variables of P occur in each term of P. The general
case follows from the fact that d is linear and each symmetric invariant polynomial can
be written as the sum of symmetric invariant polynomials with every variable occuring
exactly once in a each term.

2. Firstly, we write 7 = A" — A and A; = A+ t7, hence 4y = A and A; = A’. Then by
(2.2.11), we have

.Ft:dA+At/\At

=F+tldr+AANTHTAA) +ETAT
=F +tDat + 7 A T, (3.1.6)

where we used (2.3.12) in the last equality. Then we find

d
&ftIDAT—FQtT/\T

=dr+ AANTHEITATHTANA+TALT
:dT+At/\T+T/\At
ID_AtT.
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Now, since P is both linear in all its arguments and totally symmetric, we find

d d
&Pn(]:t):np &ft,Ft,...,Ft :nP(DAtT,.Ft,...,Ft>.

n—1

Now assume that every variable of P occurs exactly once in every term. Then

n

dP(T,ft,...,Ft):P(dT,ft,...,ft)—ZP(T,Ft,...,dft,...ft)

k=2
:P(dT+[At,T],.Ft,...,.Ft)—ZP(T,Ft,...,d.Ft—F[At,ft],...ft>
k=2
:P(DAtT,.E...,]-})—ZP(T,E,...,DAt.E,...,.E)
k=2

= P(D1, Fio. .y Fr),

where we used Lemma 3.1.9 in the first equality, Lemma 3.1.7 in the second, and the
Bianchi identity (2.3.13) in the fourth. Since every symmetric invariant polynomial can
be written as the sum of symmetric invariant polynomial such that every variable occurs
exactly once in every term, we find that this identity holds for all symmetric invariant
polynomials. Hence we find & P,(F;,) = dnP(r,F,,...,F;). Now, if we integrate this
from ¢t = 0 to t = 1, we find dP,(F') — Po(F) = dQ2,—1(A’, A), where we defined the
transgression Qaon—1(A’, A) as

1
QQn—l(A,7 A) = n/O P(A, - Aa 'F.ta s 7-Ft)dt

n—1

Now, if we once again add subscripts and write A = A; and A" = A;, we see by (2.1.5)
that Ajl, — Ail. = 7il. = ady,,,,Tjl. = adg,;@)(Ajl. — Ajlz). Furthermore, we have
Fitls = adj(x)Fj|, by Proposition 2.2.7, and since P is invariant, we find that the
Q2n—1(Aj, A;) agree on overlaps U;; and so define a global function. So we find that
P,(F'") — P,(F) is globally exact. Furthermore, by Theorem 2.4.26, we find that A'®|, —
A, = ady, (-1 (A, — Al,) and Fi|, = ady,y)-1Ft|s, so that we find once again by the
invariance of P that Q9,_1(A’, A) is gauge-invariant.

0

The Chern-Weil Theorem has some important implications. First, since P, (F) is a closed
2n-form if P, is an invariant polynomial, we see that P,(F) is a represent of a (de Rham)
cohomology class [P, (F)] € H*"(M). Since P,(F) differs from P,(F’) by an exact form
dQs,—1(A’, A), we see for a manifold M without boundary by Stokes’ Theorem that

/M P.(F) — /M Pu(F) = /M AQon_1 (A, A) = /8 Qe (AL A) =0,

so ([Pu(F)], M) := [y, Pu(F) is a quantity which does not depend on the choice of connection,
hence it is an invariant of the bundle. The Chern-Weil Theorem has another corollary: it allows
us to prove that P,(F) is locally exact without referring to Poincaré’s Lemma.

Corollary 3.1.10. Let P, be an invariant polynomial. Then locally on a patch U we have
P,(F) = dQ2,-1(A,0), where Q2,_1(.A,0) is called the Chern-Simons form of P,(F). Notice
that dQg,_1(A,0) = n fy P(A, Fp~h)dt with A; = tA and F; = dA+ A, A A, = tdA+HEANA.
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Proof. Since we work on a patch, the bundle 7~1(U)(U, G) is trivial, and so we can define a flat
connection A’ on U. Since we always can find a gauge transformation ® such that (A)® = 0,
we may assume that A" = 0. This implies that 7/ = 0 and from the Chern-Weil Theorem, we
find that on U that Pn(F) = Pn(F) — Pn(f/) = dQanl(.A, .A/) = sznfl(A, O) O

Example 3.1.11. Let n(F) = gtr(F A F). Then we have n(F) = P(F, F) with P(A, B) =
== tr(AB), so we find Chern-Simons form K (A, 0) of n(F) by

1
K(A,0) =2 /0 P(A, F)dt
_ 2 ! 2
_@/0 tr(AA (tdA+PANA))dt

1 2
:@tr(AAdAJrgA/\A/\A)
:itr(A/\f—%A/\A/\A),

2

using (2.2.11) in last equality.

3.2 Chern classes

Definition 3.2.1. Let F be a complex vector bundle (for instance the associated vector bundle
of a principal bundle) with & = dim G and let F be the curvature 2-form of a connection on
E. Then we define the total Chern class by
| F
o(F) = det (I + ;—) . (3.2.1)

T

Since F is a two-form, ¢(F) is a direct sum of forms of even degrees,
c(F)=1+c1(F)+cao(F)+... (3.2.2)
where c;(F) € Q% (M, g) is called the ith Chern class.

Notice that if M is n-dimensional, we have ¢;(F) = 0 if 20 > n. It turns out that if we
diagonalize the curvature form F, it is more easy to compute the different Chern classes. In most
of the cases we shall take G = SU(n). In that case the generators of its Lie algebra su(n) are
chosen to be anti-Hermitian, so the Hermitian matrix ¢ /27 can be diagonalized by g € SU(k)
and there are two-forms 1, ..., z; such that ¢g7'(iF/27)g = A, where A = diag(zy,...,z;).
By the property of determinants det(XY') = det(X)det(Y), we see that ¢(F) is invariant, so
that we find ¢(I +iF/27) = c(gg9~ " + g(iF /2m)g~ ") = ¢(I + A). Now, we have

det(I + A) = det (diag(l +ay,...,1+ xk))

k
1:[(1 + ;)

k
1—1—2@—1—2%%—|—...+x1x2...xk
i=1

1<j

1
=1+trA+ 5((trA)2 — trAQ) + ...+ det A.
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We see that each term is an invariant polynomal, so we find
Co (.F) =1
i
c(F) = %tr]:

1
co(F) = @(tr(}"/\ F) — tr]:/\tr]:)

cx(F) = (%)kdet}".

Remark. Since these are all invariant polynomials, we find that the Chern numbers ¢;(E) :=
([c;(F)], M) = [y, ci(F) are independent of the connection. If it is clear which vector bundle
we work with, we write ¢; instead of ¢;(E).

The number n = 87%2 Jtr(FAF) is called the topological charge for reasons shown below. We
shall prove below that n € Z if M = S*. Notice that since tr(A?) is an invariant polynomial,
we have that n is also independent of the choice of connection. Furthermore, notice that
Co =n—+ %Cl, so for bundles with zero first Chern number, we have ¢y = n.

Lemma 3.2.2. Let £ ® E’ be the Whitney sum of two vector bundles £ and E’ over M.
Let Fr and Fg be field-strengths of F respectively E'. By (1.2.9) Frop = Fp @ Fr is a
field-strength on F & E’. Then we have

(Frar) = c(Fg) Nc(Fg).

Proof. Since we have

F 0
fEEBE/ - ( OE .FE/ )

we find

c(Feep) = det <I + ZJ:E@EI)
T

[+Y2 0
“a (7 )

— det <I + @> A det (I 1 ZFE')
2 2

= C(.FE) A\ C(.FE/).
U

Corollary 3.2.3. Let E be a complex vector bundle over M with dim M = 4 and G = SU(n).
fE=FE&... & E, with E; vector bundles over M with fibre C?. Then we have

Proof. Let Fi,...,F, be the field-strengths of Fy,..., E, and let F be the field-strength of
E. Thus we have F = F; @ ... ® F,. Since dim M = 4, we have cx(F) = cx(F;) = 0 for all
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i€ {l,...,n} and k > 2. Furthermore, we have c;(F) = ¢;(F;) = 0, since field-strengths on F
and the E; take values in su(n), which is traceless. Then by previous lemma, we find

— (1 —f-c2(]:1)) AN (1 +C2(]:n))
1+ (Cz(fl) + ..o+ CQ(Fn))a

so we see that co(F) = ca(F1) + ... + co(F,), from which the statement follows. O

3.3 Instantons in Euclidean space

In this subsection we introduce the notion of an action, an object from which the equations
of motion can be derived. These equations are important, since they describe the dynamics of
the forces in gauge theories. We refer to A.4, where most of the notation used is introduced.
Before we make the first definition, we need the following lemma.

Lemma 3.3.1. The object tr(F; A xF;) is globally defined and gauge invariant.

Proof. By the cyclic property of the trace, tr(F; A xF;) is ad-invariant. Then by Proposition
2.2.7 we see that tr(F; A +F;) = tr(F; A =F;) on overlaps U;;. Similarly, by the cyclic property
of the trace and Theorem 2.4.26, it follows that tr(F; A *F;) is gauge-invariant. O

Since tr(F; A xJF;) is globally defined, we shall drop the subscript i. Now we are able to
define the action.

Definition 3.3.2. Let M be a four-dimensional Riemannian manifold. Then the Yang-Mills
action is defined by

SplA] = —/M tr(F A +F). (3.3.1)

Notice that since tr(F A *F) is not obtained by an invariant symmetric polynomial, we
cannot conclude that the action is independent of the connection. This is what we want, since
we would like to put further constraints on the connection by the equations of motion we ontain
by minimalizing the action. We note that by Definition A.4.3 and the following remark we have

Seld] = |1F|1* = | |FPavel(g). (33.2)
where we chose the normalization factor A = 1. If we write F = %fuydx” A dz”, we find

Se[A] = —i Mtr(fwf"”)d\/ol(g),

which will be recognized by physicists as the usual action for a gauge theory. We recall that
the Bianchi identity is given by D4F = 0. We can also state a similar identity for xJF.

Definition 3.3.3. The equation
Dix F=0 (3.3.3)
is called the Yang-Mills equation. Its solutions A are called Yang-Mills connections.

We emphasize that the nature of the Bianchi-identity is geometrical, while the nature of the
Yang-Mills equation is dynamical. We write F[.A] when we want to express the A-dependence
of F. Next proposition relates the Yang-Mills equation to the action.
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Proposition 3.3.4. The solutions A of the Yang-Mills equations on a coordinate neighborhood
U are precisely the minima of the Yang-Mills action.

Proof. Let a € QY(U, g), then we find that A is a minimum of Sg[A] = ||F[A]|]? if

gSE[A—I—toz] =0 (3.3.4)
dt 0

for all « € Q'(U,g). We start by expressing F[A + «] in terms of F[A] and «. Since we have
FlA =dA+ AN A, we find

FlA+ta] = d(A+ta)+ (A+ta)A(A+ta)
= dA+tda+ ANA+taNA+tANa+Pana
= FlA +tda+ta NA+tANa+PaNa
= F[A] +tda+t[A o] +tPa A a
= FlA] +tDa +t*a Aa,

where [4,a] = AANa+ a A Aby (A.1.2). Then we find

|F[A+ta]||* = (F[A +tDga + tPa A a, FJA + tDsa + t2a A @)
= ||F[A]|]? + 2t(F[A], Dga) + t}(a, a Aa) + tHa Aa,a A a),

so that 1
E||F[A +ta]|]?| = 2(F[A], Daq). (3.3.5)
t=0
By taking the adjoint of D4 we find by (3.3.4) that

(D} F[A],a) =0 (3.3.6)

for all « € Q'(U, g) if and only if D% F[A] = 0. By Theorem A.4.11 we see that this is precisely
the case if A is a solution of the Yang-Mills equation D 4 * F[A] = 0. O

Only for G = U(1) are the Yang-Mills equations relatively easy to solve. For more compli-
cated groups, we obtain a non-linear second-order differential equation, for which it is nearly
impossible to give all possible solutions.

Definition 3.3.5. The absolute minima of the Yang-Mills action are called instantons.

It follows immediately from the definition that instantons are solutions of the Yang-Mills
equation. We shall see below that instantons are relatively easy to find. First consider a
coordinate neighborhood U. Then by Proposition A.4.8 the operator xx : Q*(U, g) — Q*(U, g)
equals the identity, since M is a four-dimensional manifold, so * has eigenvalues +1. Hence we
find that Q%(U, g) can be split in an orthogonal decomposition of the eigenspaces of *:

Q*(U,g) = (U, g) ® Q2(U, g). (3.3.7)

Definition 3.3.6. A g-valued two-form « is called self-dual if o € Q2 (U, g) and anti-self-
dual if o € Q% (U, g). Equivalently, we say that « is self-dual if *a = o and anti-self-dual if
kxa = —a. A connection is called (anti-)self-dual if its gauge field-strength is (anti-)self-al, that
is F satisfies the (anti-)self-duality equation (abbreviated as the (A)SD-equations)

F=xxF. (3.3.8)
We denote the space of self-dual connections with &7 and the space of anti-self-dual connections

with o7/ ~.
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Let o € Q*(U,g). Then we define ay = 3(a + *a). So we have ay € Q3 (U,g) and
o = a; + a_. Since Q% (U, g) and Q2 (U, g) are orthogonal, we have

ar N =ap Nxxa_ = —ayp A*xa_ = —(aq,a_)dVol(g) = 0. (3.3.9)

Proposition 3.3.7. A connection A is an instanton if and only if its gauge field-strength F is
either self-dual or anti-self-dual. In other words, A is an instanton if and only if A € &/*.

Proof. Given the gauge field strength F, we can split it into self-dual and anti-self-dual parts
F =F, + F_. Since F L F_, we find

Se[A] = /M |, 2dVol(g) + /M IF_[2dVol(g). (3.3.10)

We shall proof that 87%n = [, tr(F A F), the topological charge, is an lower bound for Sg[A.
We find

sitn = tr<(f+ FFOA(F, + f_))

tr(Fp AFy) + /M tr(Fp AF_) + /M tr(F_ A Fy) + /M tr(F_ A F-)
tr(Fy Ak Fy) + /M r(F_ Ak F)
tr(Fy A+ Fy) — /M tr(F_ A *F)

TTE T E T E TR

(F., Fp)dVol(g) — /M<.7-",,.7-Z>d\/ol(g)

= — [ FPavel(g) + [ |F-[Pavel(g). (33.11)
M M
Hence we see that
SglA] > 87°|n], (3.3.12)
with equality if and only if F, or F_ vanishes, that is if and only if F = F % F. O

We could also give the ASD-equations in coordinates. Then the equation F} = 0 is equiv-
alent to

Fi2 + Fzq = 0; (3.3.13)
F1a+ Faz = 0; (3.3.14)
Fiz + Faz = 0. (3.3.15)
or
[Dy, Do) + [Ds, D4 = 0; (3.3.16)
[D1, Dy] + [Dy, D3] = 0; (3.3.17)
Dy, Dy] + [Da, Ds] = 0. (3.3.18)

by Proposition 2.3.13, where we used the abbreviation D,, instead of (D4),,.

We remark that the (anti-)self-duality equation is of first order, and is therefore more easy
to solve than the Yang-Mills equation. We have seen that solutions of the first equation are also
solutions of the latter, but this also follows directly, since if F = £xF, we find DyxF = Dy F,
which is always zero by the Bianchi identity.

Corollary 3.3.8. The action for an instanton equals Sg[A] = [,, tr(F A F) = 872n.
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If A is an instanton with gauge field-strength F, we often speak of the instanton number of
F instead of the topological charge of F. Notice that the matrices of su(n) are traceless, so for
G = SU(n), the first Chern number is zero and we find that n = cy. Next proposition shows
that instantons do not exist in electrodynamics, since its structure group U(1) is abelian.

Proposition 3.3.9. Let M be a four-dimensional base space of a principal bundle with abelian
structure group G. Then if F is (anti-)self-dual, we have F = 0.

Proof. Since G is an abelian group, we find that g is abelian, so commutators vanish and we
have F = dA by (2.2.9). Since we have d' = *d* by Theorem A.4.9, we find

|FII? = (F, F) = £(*F, F) = £(xdA,dA)
= £ (xd x xA,dA) = £(d * A, dA) = £(xA,d%°A) = 0.

0

Proposition 3.3.10. Let P be a principal bundle. Then all instantons on P have the same
instanton number n.

Proof. Since n is obtained from the invariant polynomial n(F) = tr(F A F), the statement
follows directly from Theorem 3.1.8. U

Last proposition has a direct consequence that instantons cannot exist on trivial bundles.

Corollary 3.3.11. Let P = M x G be a trivial bundle with M four-dimensional. Then if F
is (anti-)self-dual, we have F = 0.

Proof. Since P is trivial, we can find a globally defined connection A with global defined gauge-
field strength F such that F = 0. Then we have n = g [, tr(F A F) = 0. Then by previous
proposition we find for arbitrary (anti-)self-dual F that || F||? = Sg[A] = 0, whence F = 0. O

3.4 The Minkowski case

Since we do not live in an Euclidean space R*, but in Minkowski space R, it is interesting to
investigate wether our concepts can be translated to latter space. In quantum field theory one
usually switches between Minkowski space with coordinates z°, 2!, 2%, 3 and Euclidean space
with coordinates x!, 22, 23, 2* by a Wick transformation 2° — iz*. So we can Wick transform
our concepts in Euclidean space to Minkowski space by sending 2* to —iz®. Hence we find that
dVol(g) = dz* Ada? Adz® Adz? in R? transforms into idz® Ada! Adz? Adz? in R (notice that
moving dz to the left gives a change of sign). Let A be the gauge field and F the gauge-field
strength in Minkowski space. Then the Yang-Mills action Sy/[A] in Minkowski space picks up
an extra factor i compared with Sg[A] and becomes

SulA] = —i /M tr(F,, F*)dVol(g)
— i /M tr(F A +F).

By using the same technics as in the proof of Proposition 3.3.4, we see that the solutions of the
Yang-Mills equation D4 * F' = 0 are precisely the minima of Sj;. In contrary to the Euclidean
case, we see by Proposition A.4.8 that *x : Q*(U,g) — Q?(U, g) equals —Id. Thus we see that
x has eigenvalues 4, whence the absolute minima of the Fuclidean action satisfy /' = i F".
Therefore, instantons do not exist in Minkowski space, since the gauge field-strength F' and its
dual % F' are real objects.

68



AJ Lindenhovius (0628298) Instantons and the ADHM construction

3.5 Classifying bundles over S*

Since R* is not compact, it is possible that the integral in the action Sy diverges. Therefore,
we shall only consider connections with finite action, that is connections for which the integral
in the action converges. We can accomplish this by restrict us to gauge field-strengths F which
vanish at infinity. In other words, we demand that F|, — 0 if || — oo, or equivalently that
Al — g 'dg if |z| — oo for some function g with values in G.

Since S* minus a point and R* are conformally equivalent (just like the two-sphere minus
a point by stereographic projection is conformally equivalent to the plane), a connection for
which the action is finite defines an action on S* Whence the Hodge star on two-forms is
conformally invariant (Proposition A.4.7), we find that an instanton on R* defines an instanton
on S*. Hence we shall consider M = S*, the one-point compactification of R*, which is a much
nicer space to work with. We shall prove that if G is a simple Lie group containing SU(2) as a
subgroup, then two G-bundles over S* with the same instanton number are equivalent.

First we state a theorem which proof can be found in [6] and which will need in order to
assure that all our analysis will not only be valid for G equal to SU(2), but also for Lie groups
G containing SU(2) as a subgroup.

Theorem 3.5.1 (R. Bott). Let G be a simple Lie group containing SU(2) as a subgroup. Then
every map S® — G is homotopic to a map S® — SU(2).

Convention. Unless otherwise stated, we shall from now on assume that G is a simple Lie
group containing SU(2) as a subgroup.

We can cover S* by two charts Uy and Ug, being the northern respectively the southern
hemisphere:

1
UN:{17€S4I|ZL‘|<§+€}

1
ng{x654:|x|>§—e}

where € > 0 is a small number. Since all the topological information about the bundle lies in
the transition maps, and we here only have one transition map gygs : Uys — G, we can classify
all principal bundles by classifying all maps Uys — G. Since Uyg = Uy N Ug is homotopic to
S3, this means we can classify all principal bundles over S* by classifying all maps ¢ : S% — G.
We will do this by assigning to these maps an integer, called the degree, which is introduced in
next definition.

Definition 3.5.2. Let f : S™ — S™ be a continuous map and let Hy(S™) be the kth homology
group of S™. Then the degree of f is defined as the integer k such that f, : H,(S™) — H,(S™)
satisfies f.([z]) = k[z] for an arbitrary [z] € H,(S™).

Notice that deg(f) does not depend on the choice of [z], for f, is continuous with a discrete
codomain, so it must be a constant function.

Theorem 3.5.3. Let f,g: M — N be homotopic to each other and let A be an abelian group.
Then we have f, = g, : H,(M; A) — H,(N; A) and f* = g* : H*(N; A) — H*(M; A).

This result is proven in [7] as Theorem V.8.5. As a corollary, we find that deg(f) = deg(g)
if f,g:S™ — S™ are homotopic.

Proposition 3.5.4. We can classify all maps ¢ : S — G up to homotopy by assigning to each
map ¢ an integer n(g).
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Proof. By Bott’s theorem, we see that every map ¢ : S — G is homotopic to a map g : S® —
SU(2). Since latter group is homeomorphic as topological space to S, we can calculate the
degree of g. Then n(g) is given by deg(g). Whence homotopy is an equivalence relation, it
follows that n(g) does not depend on the choice of a representative of the homotopy class of
g. 0

Since it might be hard to find this g homotopic to g, it is important that we find other ways
to calculate n(g).

Theorem 3.5.5. Let g : S — G be a map. Then the integer n(g) can be computed by the
following integral

B 1
2472

n(g) /SB tr(g~'dg A g~'dg A g'dg). (3.5.1)

Before we can proof this theorem, we formulate de Rham’s Theorem, which is proven in [7]
as Theorem V.9.1.

Theorem 3.5.6 (de Rham). Let M be an n-manifold and let ¢, w be representatives of a
homology class in Hy,(M;R) respectively a de Rham cohomology class in H%; (M). Then the
pairing ([c], [w]) := [.w induces an isomorphism between the de Rham cohomology group
HEq (M) and the singular cohomology group H*(M;R).

Proof of Theorem 3.5.5. Using Bott’s Theorem, let g : S* — SU(2) be the map homotopic to
g. From the theorem we find that if f : S™ — S™ is a map and w is a volume form on S", we
have [; qw = [ f"w, hence

deg(f)/

On SU(2) the form tr(6 A 6 A 0) is a volume form, and since S® is homeomorphic to SU(2), we
find

w = deg()(S",w) = (£.5"w) = (5", f'w) = [ [w. (3.5.2)

n

n(g) = deg(g) /

o TENON6) = /Sgg (8 A G A 6) :/Sgg (B AOAB), (3.5.3)

where last equality follows by Theorem 3.5.3. Without proof we state that [y ) tr(0 AOAG) =
2472, By g*0 = g~'dg we find

B 1
2472

n(g) /S tr(g7'dg AgTidg A g™ dg). (3.5.4)
O

We shall proceed by showing that —n(g) is exactly the topological charge of a gauge-field
strength F.

Theorem 3.5.7. Let F be a gauge-field strength on P(S* G). Then the topological charge n
is an integer which equals —n(g), where g : Uyg — G is the transition map and Uy and Ug are
the two coordinate charts on S* defined as above.

Proof. First notice that Uy and Ug have opposite orientations, so that we have OUy = —0Ug =
S3. Furthermore, we have Ay = g ' Asg+ g 'dg and Fy = g ' Fgg. If K is the Chern-Simons
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form of n(F) = gztr(F A F), which is calculated in Example 3.1.11, we find

n= » n(F)
— [ dK(Ay,0) - / dK (As, 0)
Un -Us
= [, K(Ax.0) - [ o K(45.0)
1 1 1
:@/gstr<fNAAN_gA?V_fSAAS+§A%>7

where we used the notation " = A B A ... A S for g-valued forms. By (2.2.11) we find

n times

tr(Fy A Ay) = tr(g7 Fsg A (g7 Asg + g7 dg))
=tr(Fs AN Ag + g ' Fs Adg)
=tr(Fs AN Ag + g 'dAs Adg + gt AL A dg)
Fs A As+d(g Andg) —d(g™") A As Adg + g7" A% A dg)

tr(
=tr(Fs A As+d(g " ANdg) + g7 dgg ! A Ag Adg + g7 AT A dg),

where we used (A.2.5) in the last equality and the fact that the trace is cyclic, tr(AB)
tr(BA), in the second equality, which allowed us to eliminate some occurrences of g and g
Furthermore, we have

-1

1 3 o 1 —1 -1 3

gtr(AN) = gtr((g Asg+ g~ dg) )
1 1

= tr (3,42 + g TAL A Adg + gl dg A g Ag Adg + g(gldg)B) ,

where the terms with a factor 3 are obtained by using (A.1.7). Then we find

_ 1 —1 ~17,\3
n= —@/Sgtr(d(g Ags ANdg) + (¢~ "dg) )
_ 1 -1 -1 -1
= —@/Sgtr(g dgAg~dgngdg)
= _n(g>7
where we used that S3 is a manifold without boundary in the second equality. O

Corollary 3.5.8. Let P(S?, G) and P'(S*, Q) be principal bundles and let A be an n-instanton
on P and A" an n/-instanton on P’ such that n # n’. Then P and P’ are inequivalent principal

bundles.

3.6 BPST instantons

We shall now investigate solutions of the self-dual equations of topological charge —1 in the
Euclidean space R* with structure group SU(2). The solution relies heavily on the properties of
the Pauli matrices o;. Furthermore, we shall use quaternions in order to describe the solutions.
This is not necessary, a description of the —1-instanton solutions without using quaternions can
be found [34] for example, but the use of quaternions will be helpful in the ADHM construction,
which we will discuss below.

71



AJ Lindenhovius (0628298) Instantons and the ADHM construction

Lorentz generators

We start by defining the o, -matrices, which are 2 x 2 representatives of the Lorentz generators
in Fuclidian space.

Definition 3.6.1. 0, and 7, are defined as follows:

1
O = a(auai - O'I,UL) (3.6.1)
_ 1
Oy = 5(0L0V —ala,). (3.6.2)
where o; are the Pauli matrices and o4, = il. Pauli matrices are Hermitian; O'ZT = 0;, while
04 is anti-Hermitian; ai = —o0y4. Furthermore, the o-matrices are unitary, aL = 0;1, and
1 f
a(gugu + 0-1/0-“) = gquQa (363)
which can be derived from {o;,0;} = 2¢;;1> and the anti-Hermiticity of oy.
Proposition 3.6.2. We 0, is anti-self-dual, while 7, is self-dual.
1
S G Opr = ~Ouy (3.6.4)
1 _ _
o ErprOpr = O (3.6.5)

Notice that o, is self-dual if we replace o4 by oo and use the oriented basis {z°, ', 22, 2°}
instead of {z', 2% z3 2*}. Similarly 7, is anti-self-dual in that case. We shall use the basis
{z', 2% 23, '} from now on. Since —ioy, —ioy, —io3 form a basis of su(2), it is convenient to
assign a special symbol to these elements. Hence we define

Ty = —10y.

Notice that this means that 7, = Io. We give are now ready to introduce quaternions.

Quaternions
Definition 3.6.3. The algebra of quaternions is defined as
H = {iz" + jo* + ka® + 2* : o', 2%, 23, 2* € R},

where 2 = j? = k* = ijk = —1. The set {£1, 4, +j, +k} form a group, called the quaternion
group. Notice that H is a 4-dimensional vector space over R. If z = 2% 4+ iz! + ja? + ka® € H,
we define the quaternionic conjugate T of x by

T = —izt — ja® — ka® + 2t
We define the quaternionic imaginary part of x by
Im z =z — 2* = iz’ + ja® + ka®.
We define the absolute value of a quarternion z by |z| = /2.

Remarks.

1. Contrary to the definition for complex numbers we have Im x ¢ R .
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2. We can easily calculate the imaginary part by the identity Im =z = %(x —I).
3. Conjugation for quaternions is an anti-involution: Ty = yz.

By setting 22 = 23 = 0 we can identify C as a subalgebra of H. Moreover, we have a group
isomorphism induced by (i, 7, k, 1) — (—ioy, —ioe, —ios, Is) = (71, e, T3, T4), which allows us to
write

xr = 2t7,.
In this notation we have z = I'MT;. If we define complex coordinates z1, 2o by

21 = X2 +’i.’L’1

29 = X4 +’ll’3

we have

x:<f2 _Zl>, :z:< =2 '?) (3.6.6)
21 29 —Z1 22

Remark. We see that 1 € H corresponds with @ = z#7, with 21 = 23 = 23 = 0 and 24 = 1,
and with z = (21, 22) € C* with 2z; = 0 and 2, = 1. Especially the identification with the
element in C? seems to be a little bit odd, but it turns out to be convenient.

Since {71, 7,73} is the set of generators of su(2), we can identify latter Lie algebra with
pure imaginary quaternions with basis {i, 7, k}. Hence we can write SU(2)-gauge potential as

Al = A, (z)da”,

with A, taking values in Im H.
It is convenient to rewrite the action as

Sl A] = % [ 1FRavol(s). (3.6.7)

where the factor % arises by choosing the normalization factor A (defined in the remark below

Definition A.4.3) equal to %, so that we have |adaz* Adx”| = 1 with a = i, j, k. This means that
in case of F being (anti-)self-dual, we have

1
n=—
472

/M | F|2dVol(g). (3.6.8)
Definition 3.6.4. We define the quaternionic differential by
dz = idz! + jdz? + kdz® + dz*.
Its conjugate is defined by
dz = —idz! — jda? — kda® + dz*.

We easily see that we can represent all SU(2)-gauge potential A|, by

Al = Im(f(x)dz) = = (f(2)dz - dzf(x)), (3.6.9)
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where f: H — H is a function. Sometimes it is more convenient to represent A|, by

Al, = Im(f(z)dz) (3.6.10)

with f : HH — H. Both representations are equivalent, since f = —f gives the same gauge
potential. Now let us denote f(z)dx as a,dz* with a, € H. Thus for all y we have a, =
iay, + jai, + ka}, 4 a;,, and so Im a, = a, — a,. Then we find
Im(fdz) Alm(fdz) = Im(a,)Im(a,)dz" A dz”
= (a, — aﬁ)(a,, —al)da” A da”
= (aua, — a,a, — aiau + aﬁaﬁ)dx” A dz”
= aya,da A dz”,
since afj € R commutes with all other object, so —a,a; — af;au + a;‘;aﬁ is antisymmetric in p
and v, so vanishes under contraction with dz* A dz”. On the other hand, we have
Im(fdx A fdz) = Im(a,a,)dz” A da”
— (aua,, — (aua,,)4>dx“ A dx”
— (aua,, + aya, +a’a; + aa; — aﬁafj) dz* A dz”
= aya,dx’ A da”,
since aia}, + aiaz + aia?, — aﬁa;‘j is clearly symmetric in g and v. So we see that Im(fdz) A
Im(fdx) = Im(fdz A fdx), whence by (2.2.11), the corresponding gauge-field strength F of .4
is given by

Flo =Im(df(2) Adz + f(z)dz A f(z)dz). (3.6.11)

Proposition 3.6.5. The volume form dz A dZ is anti-self-dual, while the form dz A dz is
self-dual. Both volume forms are purely imaginary.

Proof. We have dz A dZ = 7,7)d2# Adz” = —0,0)dz* Adz?. Since dz# Adz” is antisymmetric
in p and v, we may replace o,0) by %(ngl —UVO'L) = 0, which is anti-self-dual. We could also
give a proof by direct calculation, which yields an expression which is clearly purely imnaginary:

dz A dz = (idz' + jda® + kdz® + da*) A (—idz' — jd2? — kd2® + da*)
= 2(dz' Ada* — da? A da?)i + 2(da?® A dat — dat A da?)j 4 2(da® A dat — dat A da?)k.

Using (A.4.8), we see that every term is anti-self-dual, so the whole form is anti-self-dual.
Similarly, we find

dz A dz = (—ida' — jda? — kda® + do*) A (ide* + jda? + kda® + dz?)
= —2(do' Adat +da? Ada?)i — 2(da® Ada? +dat Ada?)j — 2(da® Adat + dat A da?)k,

which is clearly self-dual. O

The (—1)-instanton

Proposition 3.6.6. The gauge field

xr —b)dz

with p? € R and b € H is anti-self-dual.
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Proof. First we calculate the corresponding gauge field-strength:

d(z —b) NdZ _ (x—=b)dz A (z—b)dz
=Im| ———"—= —-bd| —F———> d
Tl m<p2+|x—b|2+(x ) <p2+|x—b|2>/\ S P P

Ple—b2 (Pl bPR (Pl —0P) (P + |z = b?)?

dr Adz |z — b*dz A dz
=1 *+ |z —b)? —
e T )
2 —
— m pdx A dz
(p* + [z —b[?)?
p*dx A dz
(p? + |z —b])*’

where the last step follows from Proposition 3.6.5. By the same proposition, we see that A is
anti-self-dual. O

By interchanging = and 7 in (3.6.12), we see that the gauge potential

(z — b)dx
is self-dual, since its corresponding gauge field-strength is given by
2 —
p dzx A dx
F = R (3.6.14)

Proposition 3.6.7. The instanton defined in (3.6.13) has instanton number n = 1.

Proof. We use the abbreviation dz*” for dz* Adz”, and the notation |oz|§ = g(a, a) for ordinary

k-forms «.. Then using (3.6.8) and the expression for dz A dx we found in Proposition 3.6.5, we
find

]‘ 214
|n|—H/R4|}"|dx
B 1/ 4p*
T4 Je (Pt | — b2
4

_1/ 4p
- An? S (0 + |2 — B?)

‘(dx14 + dz?)i + (do?* + d2'?)j + (dz** + dxu)krd%

5 (Jda™ + da®) 2 + |da® + dz'®) 2 + [d2™ + da'?[2)d'z

2
g

1 / 24p* 4
= — l‘)
A2 Jre (p? + |z — b|?)?
where we used that dz'* and dz?® are normalized basis vectors, which are perpendicular to
each other, so that we have |dz'" + dz**|2 = |dz'*|2 + |d2z*|2 = 2. Similarly the squared length

of the other self-dual 2-forms also equals 2. Now, by translation invariance of the integral, we
can replace |z — b| by |z, while using spherical polar coordinates gives

6 oo p3dy
= vol(s?) [T
n| 2 ol(5?) o (L+r2)3
1 3
=1,
where we used that the volume of the unit sphere in R* is 272, O
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3.7 The moduli space

Convention. In this section we assume that M is a connected 4-manifold and G is a compact
connected matrix group with semisimple Lie algebra g.

We recall that we denote the space of connections with .o/, the space of irreducible con-
nections with 7, and the space of self-dual connections with /. We denote the space of
irreducible self-dual connections o7, N &7+ with <7". Furthermore, we have G=¢G /Z(G). For
w € /T, we can identify T,/ with Q'(M,ad P), since & is an affine space over Q' (M, ad P).

We define the moduli space to be the space of all self-dual connections up to gauge trans-
formation. That is

Definition 3.7.1. Let .# = «/*/G. Then .# is called the moduli space of the bundle P(M, G).

The purpose of this paragraph is to determine the dimension of the moduli space. We will
do this by calculation the dimension of its tangent space T4.# with A € &/", so that we can
conclude that .# must have the same dimension. This last step can be made only if .Z is
a finite dimensional manifold, a fact which we will not proof, but later on we will give the
required conditions instead.

Lemma 3.7.2. The Lie algebra & = T14G of G is equal to I'°(M,ad P) = Q°(M,ad P).

Proof. By the map H defined in Theorem 2.4.15, we see that G can be identified with I'*°(M, Ad P).
Since the fibres of Ad P are equal to GG, while the fibres of ad P are equal to g, we shall use the
notations my4(z) = G, and 7, (z) = g,. Then we have Ad P = U,c) G» and ad P = U,cp 0o
We have by Theorem 1.5.6 that ([p, €]) is the identity of 7, ](x) for all p € 77%(z), so we find

O = Te(Gz) = ﬂ(p,e)} (ﬂ-gé (l’)) = ‘/[(Pae)]Ad P’

where we used Proposition 2.1.2 in the last equality. By the second remark below Lemma
2.4.14, we have that [(s;(z), )] is the identity element e(x) of I'*°(M, Ad P) with s; : U; — P
the canonical section induced by the trivialization ;. Since we have by definition of a section
that s;(z) € 7~ (x), we find that Vi, Ad P = V,,)Ad P.

Now, let s € I'™°(M, Ad P) be a section and let I me a small interval around 0 such that
v: 1 — I'°(M,Ad P)is acurve with 7(0) = s. In other words, we have /(0) € T,I'*°(M, Ad P).
Then, for all z € M, 7,(t) = v(t)(z) is a curve in myj(z). Hence 7,(0) € T, (o) (maq(x)) =
Ty (7 1)) = VyyAd P (again using Proposition 2.1.2).

Now if we take s(x) = e(z), we find 7.(0) € g, and so v'(0) : M — ad P = Uyeps 92 1S 2
section. Thus 7/(0) € I'*°(M, ad P) if and only if 4/(0) € T1qG, which proves the lemma. O

Definition 3.7.3. We define the exponential map exp : & — § fibrewise, that is if © € &
is described by local functions {6; : U; — g} (not to be confused with the Maurer-Cartan
form), we define exp(t©) € I'°(M, Ad P) to be the function described by the family of local
functions {exp(t0;) : U; — G}, where exp denotes the matrix exponent. We denote the element

Hfl(exp(t@)) € G with ®;, where H is the isomorphism from Theorem 2.4.15.
Remarks.

1. Since we have exp(adcX) = Adgexp(X) for n X n-matrices X and C' with the latter
invertible (see for instance Proposition 2.3 of [18] for a proof), we see that exp(t6;(z)) =

Adg,, () exp(t0;(r)) if and only if 0;(z) = ady,;)0;(x), so @, is well-defined.

2. Using the homomorphism H; : & — C*(U;, G) defined in Proposition 2.4.12, we see by
Theorem 2.4.15 that H;(®;) = exp(t6;).
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Proposition 3.7.4. Let A = {A;} € . Then im{D4 : Q°(M,ad P) — Q'(M,ad P)} equals
the tangent space T4(G - A) of the orbit of A under the action of the gauge group.

Proof. Let © € & = I'°(M,ad P) and let ®; = exp(t©). Then by Theorem 2.4.26 the gauge
transform of A; is given by

®,(A;) = exp(—t0;)A; exp(th;) + exp(—tb;)d exp(td;) € Q' (U;, g). (3.7.1)

We have by definition that ®;(A;) is a curve in G - A, while ®y(A;) = A;. So we see that that
L0,(4)|

o € T.,(G - A). Since an explicit calculation gives

%@(Ai) = — exp(—t0;)0;.A; exp(t0;) + exp(—t0;).A;0; exp(t0;)

— 0; exp(—t0;)d exp(t6;) + exp(—t@i)d@i eXp(tQi))
= exp(—10;) (Aib; — 0;.A; + d0) exp(t6;)
:Cb_t'DAﬁi@t, (372)

where we used that exp(t6;) commutes with 6;, since both are 0-forms and e# always commutes
with A for all n X n-matrices A. Furthermore, in the second equality we used Proposition A.2.2
in order to expand d(@i exp(t@i)). If we evaluate this derivative in ¢ = 0, we find

d

S04

= D.Ab;, (3.7.3)

t=0

we find that DO € Ty(G - A). O

By Proposition 2.5.17, we have G - A ~ G - A for irreducible connections A, hence we have
the following corollary:

Corollary 3.7.5. Let A € o7, Then im{D4 : Q°(M,ad P) — Q'(M,ad P)} equals T4(G - A).

Definition 3.7.6. We define D : QY(M,ad P) — Q*(M,ad P), the space of anti-self-dual
forms, by D37 = (Da7)~, where 7 € Q' (M, ad P).

Lemma 3.7.7. Let A be a self-dual connection. Then we have D4 0Dy = 0.
Proof. By definition of D and (2.3.8) we find D 0 Dy = F, =0, since A is self-dual. O

Proposition 3.7.8. Let A = {A;} € &*. Then a 7 € Q'(M,ad P) is tangent to &/ if and
only if D47 = 0.

Proof. Define the curve A; = A+1t7 € &, then by (3.1.6), we have F; = F +tD 7+t AT and
we see that F; is self-dual up to first order if and only if D47 is self-dual, that is if D7 = 0.

So we see that A; € &/ if and only D7 = 0 and since 4y = A and %At‘t—o = T, SO We see

that 7 € Ty if and only if D7 = 0. O
We can summarize all our results in next theorem.

Theorem 3.7.9. Let A € &/". Then the following diagram given by

0 —=Q°(M,ad P) — 24> QY(M,ad P) —24 > O (M, ad P) ——= 0.

is a complex, called the deformation complex, with im{D 4 : Q°(M,ad P) — Q' (M,ad P)} =
Ta(G - A) and ker{D, : Q' (M,ad P) — Q*(M,ad P)} = T/ .
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Theorem 3.7.10. Let M = S* and G = SU(2). Then all self-dual connections with nonzero
instanton number must be irreducible.

Proof (sketch). Let w be a self-dual connection. Then if w is reducible, the bundle over M
splits (Theorem 3.1 of [16]) and there must be a circle S'-subbundle over S*. Since S'-bundles
are classified by H3(S'), which is zero, we find that these bundles must be trivial. So w must
have zero instanton number. O

We see that for S* we have &/ = /7. Hence we have following corollary:

Corollary 3.7.11. Let G = SU(2). Then the tangent space of the moduli space Ty.# is
isomorphic to the first twisted cohomology group H}.

Proof. Since M = o7 |G ~ @7 /G - A, we have Tyl ~ Tadl;t |Ta(G - A) = ker D3 /im Dy,
which is the first cohomology group H}. O

Lemma 3.7.12. Let G be a connected and compact matrix group with semisimple Lie algebra
g and let A be an irreducible connection. Then the zeroth twisted cohomology group HY
vanishes.

Proof. We have HY = ker D4, which is nonzero if and only if there is a © € Q°(M,ad P)
such that D4O = 0. Let © € ker Dy, then © defines a gauge transformation ®; = exp(t0),
which acts on A by (3.7.1). We see by (3.7.2) that ®,(A) must be independent of ¢, so we are
allowed to choose substitute ¢ = 0 in the right-hand side of (3.7.1), whence we find ®,(A) = A,

and therefore &, € I'y = {® € G : ®(A) = A}, the isotropy group of A, for all ¢. Since
0= %Cbt‘tio and &y = Id, we see that © € Lie(I"4), so we have proven that ker D4 C Lie(I'4).

By Proposition 2.5.16 we find that ker D4 = Lie(Z(G)). From Paragraph 3.1 of [14], we find
that Lie(Z(G)) = Z(g) :={X € g: [X,Y] =0 VY € g}, which is an abelian ideal of g. Since
g is semisimple, it follows that Z(g) and thus ker D4 must be zero. O

Lemma 3.7.13. On M = S* we have H3 = 0.

Proof (sketch). Since H3 = Q% (M, ad P)/im Dy, it is isomorphic to the subspace of Q% (M, ad P)
orthogonal to the image of D,. But this is exactly the kernel of (D3)*. Since we have
ker(D,)* C kerD4(D,)*, it is sufficient to show that the kernel of D (D,)* is zero. This
can be accomplished by showing that D (D )" is a positive-definite operator. For the details
we refer to Appendix B of [4]. O

Now we are able to state following theorem. We refer to [2], [13] or [16] for a proof.

Theorem 3.7.14. Let M be a manifold with H% = 0. Then the moduli space .Z is a finite
dimensional smooth manifold.

Finally, we are able to state the following theorem:

Theorem 3.7.15. Let P be a SU(2)-bundle over S*. Then the dimension of the moduli space
A equals 8|n| — 3, where n is the instanton number.

Proof (sketch). Instead of the operators Dy and Dy, we consider the operator D, & D :
QYM,ad P) — Q% (M, ad P)® Q°(M,ad P), which turns out to be an elliptic operator. Then
we have

Index(D, & D) = dimker(D, & D) — dimker(D, & D})*
= dim ker D4 + dim ker D — dim ker(D )" — dimker D4
= —dim H3 + dim H} — dim HY
= dim H}4,
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where the third equality follows from the fact that H) = ker Dy, Hy = kerD,/im Dy =
ker D/ ker(D)* and H3 = ker(D;)*. Last equality follows from previous lemmas in this
section. Using the Atiyah-Singer Index Theorem, we find that the index of D & D% equals the
topological index, which is 8|n| — 3 for G = SU(2) (see Table 8.1 of [2]). O
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4 The ADHM construction

In section 3.6 we found a 5-parameter solution with topological charge n = —1 for the anti-
self-duality equation. In previous section we found that the total number of (anti)-self-dual
solutions with topological charge n = n must be 8|n| — 3, so we see that for n = —1 we found
all solutions. In this section we will discuss the ADHM construction, which helps us finding all
|8|n — 3 solutions for arbitrary n.

4.1 Holomorphic vector bundles

Definition 4.1.1. Let E be a vector bundle over a complex manifold M. If the fibre V is a
complex vector space and the structure group G equals GL(n,C), we call E a complez vector
bundle. If m : E — M is holomorphic and E has a holomorphic structure £, i.e. one can
find biholomorphic trivializations v¢; : U; x V' — 7 }(U;) for which the transition functions
gij : UiNU; = GL(n, C) are holomorphic, we call E a holomorphic vector bundle.

Let E be a vector bundle with holomorphic structure £. In Appendix B, we introduced
complex and Hermitian manifolds, and the operators 9 : QP4(M) — QPL4(M), 9 : QP4(M) —
QPatL(M). Since the ordinary covariant derivative can be seen an extension of the exterior
derivative, it is interesting to see how we can extent @ and 0 to operators acting on QP¢(M, E),
the space E-valued (p, ¢)-forms. Next proposition proves the existence of an operator dz which
is such an extension and which is compatible with the holomorphic structure £.

Proposition 4.1.2. Let £ be a holomorphic vector bundle with holomorphic structure £. We
have linear operators 0 : Q%(M, E) — Q%+ (M, E) and dg : QP°(M, E) — QPFLO(M, E)
uniquely determined by the properties

1. If f is a complex-valued function and s a vector-valued section, Js and Og satisfy the
Leibnitz rule:

Oe(fs) = (0f)s + f(O¢s)

9e(fs) = (0f)s + f(Des).

2. Ogs and Ocs vanish on an open subset U C M if and only if s is anti-holomorphic
respectively holomorphic over U.

Proof. We only give the proof for d¢, which we construct as follows. The second property
implies that Jg is local, which allows us to work in a local holomorphic trivialization Uj;, in
which sections s of E are represented by vector-valued functions s; € Q%4(U;, V') by Corollary
2.3.4. So we define J¢ by letting the ordinary O operator act on the separate components. We
have to check that this is independent of the trivialization. By Proposition 1.5.10, we have
that two representations s; and s; of a section s are related by a map g;; into GL(n, C) such
that s; = g;;s;. Since E' is a holomorphic vector bundle, g;; is also holomorphic, so we have

d(gij) = 0, whence
5(5’@') = 5(9@'3]') = 5(9@')3]' + gijé(sj) = gijé(SJ')'

So we see that d(s;) = g;;0(s;), hence g is globally well-defined. The proof for d¢ goes in a
similar way. O

Let E be a holomorphic vector bundle and A a connection on its associated principle
bundle. By the projection operators defined in Definition B.2.5, we can decompose the operator
da:Q%(M, E) — QY (M, E) into holomorphic and anti-holomorphic parts: d4 = d4 ® 04, with
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o4+ (M, E) — QY(M,E) and 94 : Q°(M,E) — Q%(M,E). One could ask what the
conditions are that d4 is compatible with a holomorphic structure on E, that is that 04 = Of.

We start by defining a so called partial connection on a complex vector bundle E over a
complex manifold M with fibre V, which is a an operator d, : Q°(M, E) — Q%'(M, E) which
satisfies the Leibniz rule given in Proposition 4.1.2. Analogous to (2.3.10), we have that d, can
be expressed locally on a patch U; as

(604)2‘ :6+OZZ‘, (411)

where a; € Q1 (U;, V). Since partial connections satisfy only the first condition in Proposition
4.1.2, one could ask if it is possible to find another characterization of the second. This can
indeed be done by looking to 92.

Theorem 4.1.3. Let 0, be a partial connection on a complex vector bundle E over a complex
manifold M. Then 9, is compatible with some holomorphic structure on E if and only if 9> = 0.

The proof of this theorem can be found in section 2.2.2 of [13]. Note that if £ is a vector
bundle with holomorphic structure &€, we clearly have 9% = 0, which is consistent with the
theorem.

Corollary 4.1.4. Let E be a vector bundle with holomorphic structure & and let 04 be the
partial connection corresponding to the connection A. Then 04 is compatible with £ if and
only if .7:2(2 =0, where F4 = .7-"5{0 + Fj{l + .7-"2{2 is decomposed into different (p, ¢)-forms.

Proof. This follows directly from the fact that 0% = .7-—2{2. O

Furthermore, we can specify the conditions for a partial connection to be induced from a
connection. Before doing so, we introduce the concept of a Hermitian metric on a vector bundle.

Definition 4.1.5. Let E be a complex vector bundle over M with fibre V. Then a map
h, : m ' (z) x 77 (z) — C which depends smoothly on € M is called a Hermitian inner
product on the fibres if it satisfies

1. he(u,av + bw) = ah,(u,v) + bhy(u, w) for all u,v,w € 7~ *(z) and a,b € C;
2. hy(u,v) = hy(v,u) for all u,v € 77 1(z);
3. hg(u,v) >0 for all u,v € 77 1(x) and h,(u,u) = 0 if and only if u = 0.

Definition 4.1.6. A complex vector bundle with a Hermitian inner product on the fibres is
called a Hermitian vector bundle. A connection on the associated fibre bundle P of a Hermitian
vector bundle £ with Hermitian inner product (-, -) is called Hermitian if it is compatible with
the Hermitian inner product:

d(ag, ag) = (daaq, a2) + (g, dgas),
where ay, ay € QY(M, E).
Lemma 4.1.7. Let A be a Hermitian connection. Then both A and F4 are skew-Hermitian.
By the lemma we can prove that all partial connections come from a Hermitian connection.

Proposition 4.1.8. Let F be a Hermitian vector bundle over M, then for all partial connections
0, on E, there is a unique Hermitian connection A such that 94 = 0,.
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Proof. We work in a local unitary trivialization, so that we have 9, = 0+« with a a (0,1)-form.
Since previous lemma requires that we must have A = —A*, we have to choose A = a — ™.
Hence we see that the (0,1)-component d4 of d4 = d + A is exactly 0,. O

The fact that also F 4 is skew-Hermitian leads to next proposition.

Proposition 4.1.9. Let A be a Hermitian connection on a Hermitian vector bundle over M.
Then A is compatible with a holomorphic structure if and only if it has a field strength F4 of
type (1,1). In his case the connection is uniquely determined by the metric and the holomorphic
structure.

Proof. Since the field strength F can be split into ]-"j’o—l—]:i(l —l—]-—gl’z, and Hermitian connections
have skew-Hermitian field strengths, we must have Fy* = —(]—"3(0)*. By Corollary 4.1.4 we find
that A is compatible with a holomorphic structure if and only if F%2? = 0, so also Fi’O vanishes
in that case, whence F4 = .Fit’l. O

In Appendix B we introduced the Kéhler form w (not to be confused with the connection
one-form), which is has bidegree (1,1). Hence if E is a Hermitian vector bundle over M we can
decompose QU (M, E) = Qp' @ Q°(M, E) - w, where Q' (M, E) is the space of forms pointwise
orthogonal w.

Lemma 4.1.10. The complexified self-dual forms over a complex manifold M of complex
dimension 2 are given by

QN (M, E)* = 0*°(M,E)® Q°(M,E) -w® Q" (M, E)
and the complexified anti-self-dual forms are
Q (M, E)* = Q)" (M, E).

Proof. Since dim¢ M = 2, we use the model space V = C? and endow M with complex
coordinates 2! = izt + 22 and 2% = ix3 + 2*. Then Q?*°(M, E) is spanned by

dz' Ad2? = —da! Ada® + d2? Ada? +i(da? A da® 4 dat A da?).
Similarly Q%2(M, F) is spanned by
dz' AdZ? = —dz' Ada® + d2? Ada? —i(da? Ada® 4+ dat A da?),
while we have on C? that g;3 = go1 = 0 and gi1 = ¢o5 = 1 so that by (B.3.1) we find
w=idz' Adz! +id2® AdZ? = —2(dxt A da® + dz® A dat).
Now by (A.4.8), we have

sdz! A dz® = —dz? A dz?;

sdzt A dz? = da? A da?;

sdr! Adz? = da® A dat.
Since ** = 1, we can move the star operator to the right-hand sides, so we see that Q*°(M, E),
Q%2(M, E) and Q°(M, E) - w span all self-dual forms. Since latter three spaces together with
Qy' (M, E) form a decomposition of Q*(M, E)¢, while Qt(M, E) ® Q™ (M, E) is another de-
composition, we find that Q= (M, F) must be equal to Qy' (M, E). O

We are now able to describe anti-self-dual connections in terms of holomorphic vector bun-
dles.
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Theorem 4.1.11. Let A be an anti-self-dual connection on a complex vector bundle E over
the Hermitian manifold M. Then the operator d4 defines a holomorphic structure on E. If
£ is a holomorphic structure on F and A is a compatible unitary connection, then A is anti-
self-dual if and only if the component of the field strength F 4 along the Kéhler form w is zero:
(f A, w) =0.

Proof. Assume that A is anti-self dual, so by previous lemma F4 € Q' (M, E). Thus Fy* =0
and by Proposition 4.1.9 it follows that A is compatible with some holomorphic structure
on E. For the second statement, let A be a unitary connection compatible with a holomor-
phic structure £ on E. Then again by Proposition 4.1.9 we have that F4 € QY (M, F) =
Qg (M, E) ® Q°(M, E) - w. Then F4 is anti-self-dual if and only if F4 € Q' (M, E), which is
exactly the case if and only if (F4,w) = 0. O

Remark. If we restrict ourselves to M = C2, we find by
1
.FA = §(f12d$12 —+ .Flgdl'lg -+ .F14dl'14 —+ Fggdng -+ .F24dl'24 —+ .F34d.’L'34),

with dz#” = da* A da”, and w = —2(dz'? + dz3?), which we found above, that the condition
(Fa,w) = 0 is equivalent with the ASD equation (3.3.13). Furthermore, we easily see from
the fact that Q%2(M, E) is spanned by —dz! A dz® + da? A dz* — i(da? A da® + dz! A da?)
that F3° = 0 is equivalent with the other two ASD equations (3.3.14) and (3.3.15). So latter
two equations are equivalent with the condition that d 4 is compatible with the holomorphic
structure.

4.2 Connections and projections

Let M be a smooth manifold and K and L complex vector spaces. Then a smooth map
R: M — Hom(K, L) is actually a family of linear maps R,, and so R is a bundle map

R:K— L,

where V' denotes the trivial vector bundle over M with fibre V. Assume that M is a complex
manifold and that we have complex vector spaces Ky, K7 and K5 and holomorphic bundle maps

KO $ Kl $ K%
such that 8 oa = 0. In other words, we have a family of complexes
Ko 2> K, 5 K,

where «, and [, vary holomorphic with x. If « is injective and 3 surjective, we can define a
vector bundle E with fibres E, = ker 5,/im «.

Proposition 4.2.1. Let E be the vector bundle defined as above. Then we can find a holo-
morphic structure £ on F.

Proof. We can accomplish the proof by showing that all local sections s : U C M — F lift to
a smooth section s’ : U — ker 3.

ker 3
U——=>FE =kerf/ima
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Fix an zp € M and choose a k; € ker3,,. Let P : Ky — K; be a right inverse for j,,
(which exists, since (3 is assumed to be surjective), then we shall prove that it is possible to find
a holomorphic section of ker 5 of the form s'(x) = k; + j(x), where j(zg) = 0. Let n: M — K,
be given by 1, = B, — Bs,, so that

By = By + N (4.2.1)
Then s'(z) € ker f, if

since if we let 3, act on both sides, we obtain ,,j. + 7:j: = —n.(k1). Then since k; € ker 3,
we can subtract (. k; from the right-hand side, whence we have (,j, = —f,k; using (4.2.1).
But this is exactly £, (x) = 0. If we choose U small enough, then Pn, is small, whence we can
invert 1+ Pn,. Hence we can find a unique solution j, to (4.2.2), which varies holomorphically
with x, since 7, depends holomorphically on z. Using this method, we can find a set of local
holomorphic sections of F, forming a basis for the fibres near x. O

If we assume that the vector space K; have Hermitian metrics, then the fibres E, can be
identified with the orthogonal complement of im a, C ker 3, that is E, = (im a,)* Nker 3,.
Now, we introduce the bundle map R : K; — K, x K; given by

B
R, = (Bs,al) = < SR (4.2.3)
where R, acts on k € K; by R,k = (B.k,alk). We clearly have ker R, = ker o) Nker 8, =
(im a,)* Nker 8, = E,.
Proposition 4.2.2. The orthogonal projections P, and Ps of K; on ker al = (im )t respec-
tively ker 5, are given by

P =1—az(ala,) " al;
Pl =1=B(B:5) 7" Br.
The orthogonal projection P, : K1 — FE, is given by
Py =1—B1(B:60) 7" Be + au(aon) 'l

Proof. Tt is clear that im P® = ker o], since o) P* = 0. Furthermore, P is clearly Hermitian,
and since

(P)? = (1 = azala,)"al)?
=1- 2az(alax) 1041 + &x((%l&x)fl@l&x(o‘l@x) 10‘:1
=1—2a,(ala,)  al + az(ala,)tal

In a similar way we find that P? is an orthogonal projection. Since B,a, = 0, we have

PzBPa(:X =(1- ﬁl(ﬂwﬁl)_lﬂw)(l - aw(alaz)_lal)
=1- ﬁl(ﬁxﬁbilﬁx - O‘x(&l&x)il&l + ﬂl(ﬁxﬁbilﬁxo‘x(o‘lo‘x)il&l
= Pa}a
and similarly we find P, = P*P?, since alf] = (8,a,)! = 0. So we found that P and P?
commute, whence P2 = PYPPpPaps = pepepSpl = paps = P, so P, is an idempotent.
Furthermore, P, is clearly Hermitian, so it is an orthogonal projection. From the way we can
express P, = Pj‘Pf it is clear that P, maps K; onto E, = ker OJE N ker 3,. O
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Now we have found a bundle projection P : K; — E and given the flat product connection
d on K, we can define an induced connection A on E by defining the covariant derivative d4

by

daf = Pdf, (4.2.4)
where f: U C M — FE a section.
Lemma 4.2.3. The unitary connection A is compatible with the holomorphic structure &£.

Proof. We first remark that o depends holomorphically on z, so da = 0. Furthermore, the k&
are holomorphic coordinates so we find

OP(k) = —ad(a'a)ta 'k,

thus we have OP* € im a, and so P*OP® = 0.
Now, let s’ be a holomorphic section of ker 5. Then we can associate the section s” of E by
the projection s” = P*(s') € (im a)*, so that we find

P*(0s") = P*(9(P*(s')) = P*((9P*)s' + ds') = P*OP°s' = 0.

Since PPP*0 = 04 on E, we see that 04 annihilates holomorphic sections on F, whence d 4 is
compatible with the holomorphic structure. O

4.3 The ADHM construction

Before we introduce the ADHM construction, we give a motivation for the equations we shall
introduce. Recall that the ASD-equation is equivalent to equations (3.3.16)-(3.3.18). If we
restrict us to the Euclidean space M = R* and assume we have a Hermitian metric, we can
introduce complex coordinates z; = xy + 171, 20 = 24 + 123, but we could also express D4 in
these complex coordinates. So we introduce the operators Dy, Dy defined by

1 :
D1 = §(D2 — ZDl)

1 .
D2 = §(D4 — ZDg),

where we once again used the notation D, instead of (D4),. Since the metric on M ~ C? is
Hermitian, D;, D, are skew-Hermitian if we demand that the connection is Hermitian. Thus
we have D} = (=D, —iDy) and D} = +(=D4 — iDs). Then we find

A[Dy, Dy) = [Dy — iDy, Dy — iDs)
= —[D1, D3] + [Da, Du] — i([Dy, Da] + [D2, D),

so we see that [Dy, Dy] = 0 is equivalent to equations (3.3.17) and (3.3.18). Furthermore, we
have

4[Dy, DI] = [Dy — iDy, =D, — iDy]
= i[Dy, D3] — i[Ds, D]
— %[D, Dy,

Similarly, we find 4[D,, D}] = 2i[Ds, D4], hence we see that (3.3.16) is equivalent to [Dy, DI] +
[Dy, DI] = 0. Summarizing, the ASD-equations are equivalent to

[Dl, DQ] — O
[Dy, Di] + [D,, DI] = 0.
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By the remark below Theorem 4.1.11, we see that the second equation is equivalent with the
condition (F4,w) = 0, while the first equation is equivalent with the condition that the con-
nection is compatible with the holomorphic structure. This is not surprising, since [Dy, Do) =0
corresponds with the fact that the (2,0)-part of F4 vanishes, thus .7-"5{0 = 0, which is exactly
the condition that the connection is compatible.

Now, the idea of the ADHM construction is that we take the Fourier transforms B;, which are
matrices, of D; and solve the equations above in the Fourier-transformed space. Furthermore,
we have to add source terms depending on k£ € Z in order to get instantons with instanton
number k. So we get equations of the form

[B1, Bo] = S

(B, Bj] + [Ba, BY] = Ss.
We remark that if this method works, then something remarkable has been achieved. In that
case, we started with the ASD equation, which is a non-linear partial differential equation, and
ended up with a set of quadratic equations whose solutions are relatively easy to find and are

in 1-1 correspondence with solutions of the ASD equations.

We are now ready to give a precise formulation of the ADHM construction. First we define
a certain sysem of data indexed by an integer k.

Definition 4.3.1. Let U be a four-dimensional space with a complex structure, so that we have
the coordinates (z1, z2) on U. We shall refer to the following spaces and maps as an ADHM
system:

1. Complex vector spaces V and W of dimension k& and n respectively.

2. Complex k x k matrices By, By, a complex k X n matrix I and a complex n x k matrix J.

A system of ADHM data is a system (U,V,W, By, By, I, J) that satisfies the following two
conditions:

1. By, Bs, I, J satisfy the ADHM equations
(B, By +1J =0 (4.3.1)
[By, Bj] + [By, Bi] + IT" — JtJ = 0. (4.3.2)
2. Forall (z,y) # (0,0) € U* with z = (21, 22), y = (w1, w2), the map oz, : V = WaVRU

UJQJ - wllT
Aey) = | —waB1 — w1 Bf — 2 (4.3.3)
’UJQBQ — U)lBI + 29

is injective, while B, ) : W &V @ U — V given by
ﬁ(x,y) == ( UJQI + wle w232 - wlBI + 29 wgBl + wlB;r + 2 ) , (434)

is surjective. Note that we implicitly multiplied z; and 25 by the k X k identity matrix.
This condition is called the non-degeneracy condition and implies that the 2k x (n + 2k)
matrix

R(m,y):<6(f’y)):W@V@U—H/XV
«

(z,y)

is surjective.
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Lemma 4.3.2. Let g € U(k), h € SU(n) act on (B, Be, I, J) by
(B, Ba, I, J) = (9Big™", gBag ™, gIh™ " hJIg™).

Then if By, By, I, J satisfy the ADHM equation, so do the transformed matrices under these
transformations.

Proof. Trivial. O

The ADHM complex

At first sight it might not be not clear how one could construct instantons from ADHM data.
However, it turns out that a and £ define a complex, and so we can define by the methods of
section 4.2 a vector bundle and a connection which turns out to be anti-self-dual.

Proposition 4.3.3. Let o, and 3(,,) be defined by (4.3.3) respectively (4.3.4). Then the
diagram

is a complex for all (x,y) # (0,0) if and only if (B, Bs, I, J) satisfying the ADHM equations,.
Proof. The diagram is a complex if Sa = 0. So let us calculate Sa. This is

wad — wi It
BOC = ( ’UJQ[ -+ ’UJ1JT U}QBQ — U}lBI + 29 U}QBl -+ wlB; + 21 ) —w231 — wlBg — 21
we By — wlBI + 29

= (wol + leT)(wgJ — wlﬂ) + (wy By — wlBI + 29)(—wy By — wlBg —21)
+ (we By + wlBg + 21)(we By — wlBI + 29)
= (W2IJ + wywe JTJ — wywo I Tt — w?JTIY) + (—w2 By By — wiwy By By — wyz, By
+ wlwgBIBl + w%BIBg + wlleI — 2pwe By — 22wlB;r — 2129) + (W3B1 By — wlwgBlBI
+ 2wy By + wywy BYBy — w?B Bl + zpwy B + 21wy By — 21wy Bl + 21 25)
— w2(IJ + B1By — ByB,) + w(—J'I" — BiB} + B/ B)
—wywy(IIT = J'J + BBl — B{B, + By,B} — BIB,)
— w([By, By] + 1.J) — w?([By, Ba) + 1)) — wyws([By, B + [Ba, BY] + ITF — JtJ).

So we see that fJa = 0 if and only if the ADHM equations (4.3.1) and (4.3.2) hold for
(B1, B, I, J). U

Convention. If we choose y = 1 (which is (w1, ws) = (0,1)), we write x instead of (x,1). So
B(z,1) is denoted by f3,, etcetera.

If U, V, W have Hermitian product, we can assign a connection A to the ADHM data U, V, W
by constructing the fibre bundle £ with fibres E, = ker R,. The connection A is then given by
(4.2.4). We can now state the following important theorem:

Theorem 4.3.4. We have a one-to-one correspondence between the equivalence classes of
ADHM data under the action of the groups U(k) and SU(n), and gauge equivalent classes of
anti-self-dual SU(n)-connections A with instanton number —k.
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A complete proof of this theorem is given in Chapter 3 of [13]. We shall only prove one
direction, namely that the ADHM data define an SU(n)-instanton with instanton number —k.
We start by showing that the instanton number of the bundle E equals —k. First we

introduce the adjoint of R, ),

which we denote by A, ), since it is a Dirac-like operator. We

refer to section 3.1.1 of [13] for the mathematical details of the Dirac operator. So A, ) is an

(n + 2k) x 2k operator given by

Ay = ( ﬁ(T:v,y) Xayy) ) '

Then we have

Wolt + w1 J woJ —wi I
A(ﬂw) = w2B;r — w1 By + 2z —weBy — wlBg — 2z
WoB] + @By + 2 wyBy —wi Bl + 2

The matrix A, could be seen as a Fourier transform of an ordinary Dirac operator. If we define

g 0 0
a=| Bl =B |, b=|1I 0
Bl B, 0 I

and let x = (21, 22), y = (w1, wy) be quaternions defined by (3.6.6), we have
Ay = ay + br

if we implicitly identify x with x ® I}, and similar for y. So for instance we have

00 2ol —=1, 00
0 Ik 11k 214k 21 29

where z;, z; are implicitly multiplied with I in last matrix.

Lemma 4.3.5. We have E(, ) = E(4q,q), Where ¢ is a non-zero quaternion defined by
[ 2 —a
¢ ( T G )

Proof. Recall that we have F(, ) = ker R(, ). Let us examine what R(,q,q) looks like.

with ¢, ¢, € C.

_ AT
R(WJ:?JQ) - A(zq,yq)
= (ayq + bxq)"
= q(ay + bx)’

= qR(m,y)a

from which it is clear that that ker R, ) = ker R, ) = Eu ).

(4.3.5)

(4.3.6)

0

We see that we can consider (z,y) homogeneous coordinates, which makes E a bundle over

P, (H) = S*. We are now able to prove that A on E must have instanton number —k

Proposition 4.3.6. The bundle E over S* has topological charge —k.
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Proof. We have K, =V U W = C"*2?¢ Then we have E = ker R, while the rows of R, )
span by the non-degeneracy condition a subspace of C"*?* of complex dimension 2k, which is
complementary to E,,. Notice that this subspace only depends on the ratio zy~!, that is on
the point of S*. Hence we see that the complement of E in C"*?* is given by k quaternionic
line bundles. Since the one-dimensional quaternionic subspace L, = {(zq,yq) : ¢ € H} C H?

can be associated to v,, = (x,y) € H?, and L,, corresponds to a point in P;(H), we see that
each line bundle can be identified with 3, which is the bundle over P;(H) defined by

Y ={(L,v) e P,(H)xH?:v € L}
s 8 = Pi(H), (L,v) - L.

Note that 7#=1(L) = {(L,v) : ns((L/;v)) = L} = {(L’,v) cvel=1L}~{vel}=H,
so X is indeed a line bundle, which is called the quaternionic tautological line bundle. Hence
C"?* — F @ Y% and since the left-hand side is trivial, we have

0 = co(C") = cy(E) + key(X) (4.3.7)

by Corollary 3.2.3. So we can calculate cy(F) if we know what co(X) is. Now, just like the
first Chern number of the complex tautological bundle is 1 (see for instance page 309 of [23]),
the second Chern number of the quaternionic tautological bundle is 1 (that in the quaternionic
case it is the second Chern class which is 1, and not the first Chern class, has to do with the
fact that the dimension of H is twice the dimension of C). U

If we choose y = 1, which is (y1,y2) = (0, 1), we obtain a subbundle over R*. As mentioned
before, we shall use the notation z instead of (x,1). Then we have

(4.3.8)

Afzaf+w:< I Btz Bita )

Jt —Bl—z Bl+z

with

Note that we have

so A, is of maximum rank by the non-degeneracy condition for a, and (.. Furthermore, we
remark that be can write

A, =a+bx=a+ bra". 4.3.9
“w

We shall see that we can obtain SU(n) instantons with instanton number —k by looking at
solutions ¥ of the equations

ATW =0 (4.3.10)

The reason why we use the notation AlW = 0 instead of R,V = 0 is to emphasize that the
U can be seen as solutions of the Dirac equation. We can give an orthonormal basis of the
nullspace of Al and construct a matrix M whose columns are exactly the basis vectors of the
null space. Hence we have
ATM =0 (4.3.11)
MM =1. (4.3.12)
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The second equation is the orthonormalization condition. A simple calculation gives

= r s

with

p=B.00=1I"+ BlBI + BQB%L + B1z1 + Byzp + Bizl + Bgzz + |21 + |22
q=1J+ By, By

r = J" 4+ B}, B]

s =ala, = J'J+ BIB, + BB, + Bz + BoZ + Blzi + Blzy + |21* + | 22|

The first ADHM equation (4.3.1) implies that ¢ = 0. Since r = ¢, we also find that r = 0.
Clearly p and s are Hermitian k£ x k matrices. By adding the second ADHM equation (4.3.2)
to s, we see that s = p. It is conventional to write p = s = f~!, so that we have

(1o
ala, = (0 ).

Note that since A, is of maximum rank, f must be of maximum rank. Furthermore, if we

identify f with
L®f= ( é S]c ) )

we have ATA, = f~1. If we use a similar identification, we can define the projection operator
Q by

Qo = A fAL (4.3.13)
This is indeed an orthogonal projection, since it is clearly Hermitian and

QF = A fALALFAL = AL f 1AL = Q.

Lemma 4.3.7. We have P+ Q) = 1.

Proof. By direct calculation. Since f~! = ala, = 3,41, we have

Qo = Ay fAT
[0 Be
:<ﬁi O‘f)(o f)(a})
= BLfBe + arfal
= ﬁ;(ﬁzﬁ;)_lﬁx + O‘x(O‘lO‘z)_l(Xl
=1-P,.

Now we are able to describe P, in terms of M.

Lemma 4.3.8. We have P, = M M.
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Proof. First we remark that P, = MM is indeed an orthogonal projection, since it is clearly
Hermitian and is an idempotent by the orthonormalization condition (4.3.12).
We shall prove that P = P’. Since AIM = 0 (thus MTA, = 0), we find that

so P, and @), are orthonormal. This means that the operator 1—Q,— P, is a projection operator.
Note that projection operators only have 0 and 1 as eigenvalue, so projection operators are
positive. Whence the operator is clearly Hermitian, since P, and @), are, we find that

1-Q,—P,=VvV?

for some operator V' (for an advanced proof that this V' exists, see Theorem VIIL.3.5 of [11]).
Now, we have Q,VVT = 0, or equivalently A, fAIVVT = 0, and since f and A, are of maximum
rank, we find AIVVT = 0. With other words, V must consist of other vectors annihilated by
Al linear independent of the vectors which are the building stones of M. Since M consists
by deﬁnltlon of the complete basis of the nullspace of Al, we must have V = 0. So we have
1 —Q, — P, =0 and since P, + @, = 1, it follows that P, = P/. O

We have arrived at the point where we can express A in terms of M.

Proposition 4.3.9. We have
A= MtdM. (4.3.14)

Notice that M is not an element of SU(n), since it is not an n X n matrix, unless k = n, so
A is not pure gauge.

Proof. Let s be a section. Then we find
Mds + MAs = da(Ms) = Pd(Ms) = MM'd(Ms) = M(ds + (M'dM)s),

whence A = MTdM. O

Now we are able to prove that the field-strength of a connection defined by (4.3.14) is
anti-self-dual. We introduce the following notation:

Notation. A}, B, is defined to be the object A, B, — A,B,,.

Theorem 4.3.10. The connection defined by (4.3.14) is su(n)-valued, is anti-self-dual and has
instanton number n = —&.

Proof. Using the notation we introduced above, we find when substituting (4.3.14) into (2.2.12)

Fuvr = OpAu + AjpAy)
= 8y, (M'0,)M) + (M"8,,M)(M'9,; M)

= (0, M")(0y M) — (3, M) M(M0,M) By (A.2.5)

— (0, M")(1 — MM")(2,,M)
= (9, M NQ(8,)M) [By Lemma 4.3.8]
= (8[M NA, FAL( O M)
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Now, by (4.3.11) we have 0 = 9,(AIM) = (0,Al)M + Al9,M, so we have AL9,M =
—(8,Al)M. Similarly, we have (9,M")A, = —M'9,A,, whence

FMV = MT(a[HAz)f(au]A;)M
= MTbT[ufT;r]bTM.

We have identified « with z ® I;, whence 7, must be identified with 7, ® I;. Then by (A ®
B)(C ® D) = AC ® BD we find

T[HfTJ] = (7, ®@ )12 ® f)(TJ] ® Ix) = T[HTJ} Rf =20 f,

where we used that 7, = —io, and (3.6.1). So by (3.6.4), we find that F,, is anti-self-dual.
Differentiating (4.3.12) we find

Al = (AMYM = —MTdM = — A,

so A is anti-Hermitian, hence it is u(n)-valued. We can calculate its trace and since A is
anti-Hermitian, we find

T tr(A) = 3 (tr(4) — (4] ) = 5 (1x(A4) — (A1) = tr(A),

so tr(A) is pure imaginary. Hence we find that A = A' + A% with Ay = +tr(A)I, u(1)-valued,
where we identified u(1) as the subalgebra {irl, : r € R} of u(n), and A' su(n)-valued, since
we have indeed tr(A') = tr(A) — Ltr(A)tr(Z,) = 0. By (2.2.11) the field-strength of A is given
by

F=dA + A% + (A" + A A (A" + A?)
=dA' +dA2+ ANAYF APANATH AN AT+ AP A A

The latter two terms are equal to (A, A7 + A2A})da#* A dz¥. Notice that AJ A2 + A%A] is
symmetric in g and v since -’4,11 commutes with A2 for the latter is a diagonal matrix. So
AV A AL+ Ay N A%+ AP A A% = 0 and we find that F = F! + F2, where F* comes from
A’ by (2.2.11). Since the Hodge star is linear, we find that the ADS-equation *F = —F is
equivalent with *F! + xF? = —F' — F2. Now, F! is traceless, while 72 only has entries on
the diagonal, so we obtain two decoupled ASD equations *F! = —F! and *F? = —F2. So F?
is the field-strength of an ASD U(1)-gauge potential A%, but by Proposition 3.3.9, we see that
F? must be zero. By Corollary 2.6.6, A? is pure gauge, which disappears after an appropriate
U(1)-gauge transformation. Thus we can assume that A is su(n)-valued.

Recall that by Proposition A.4.7 the anti-self-duality equations are conformal invariant. So
the instanton A can seen as an instanton defined on the bundle E with fibre E, , over S*—{0}.
Then by Proposition 4.3.6 it follows that the instanton number of A is —k.

O

The (—1)-instanton revisited

Finally we show that the solution of the ADHM equation for n = 2 and k = 1 equals (3.6.12).
Since the B; matrices are 1 x 1, all commutators are zero, so (4.3.1) and (4.3.2) become

1J =0;
Ir—Jgijg=o,
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and we have a free choice for By and By;. We shall choose By = —b; € C, By = —by € C.
Now, if we represent I and J' by the complex 2-vectors i = (iy,43) and j = (ji1, j2), the ADHM
equations are equivalent to

13 =0;
i = 13-

We shall choose i = (p,0) and j = (0, p) with p € R, whence Al becomes

i (P 0 zm—by z—b\ - 7
A9”_<0 p —Z1+b Zy— by _(p v b)’

with = defined as in (3.6.6). We define b € H in a similar way. Then we have two vectors
spanning the null space of Al:

—Z9 —|—7b2 —21 ‘Hjl
zZ1—b —Zy+ b
v = A 1p 1 ’ Uy = A 20 2 |
0 p

with A a scalar. Hence we find

—2Z9 +7b2 —Z1 + 91

M- 7 — by —Z+ by :)\<_f+b>.
p 0
0 p

Then by «' = (7,2")! = 7ja# = Z, we find
Mi=X(—z+b p),

so that MTM = N\(Jz — b|> + p?). By (4.3.12) we see that this implies that \ = 7?4}\%142’

hence we have

Simply differentiating gives

S S i D1 Y
O M= | Vet (PPHla=b?)P2
K —p(xp—by) ’

P+la—bP)7

hence

A, =M9,M
_ (z — b)TJ _ |z — b (2, — by) _ p* (= by)
PPl =0 (P r—bP)? (0?4 [r —b?)?
_ (z — b)T;I — (z, — b))
p? + |z — bf?
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Now, if y = x — b we have
Ty = (iy" + 5% + ky® + y") () — y1 = im(—yi)
—3/2 (iy" + jy* + ky® + y) (—j) — o = (—yj)
3 —yo = (" + 5y + kY oyt (k) —
—y4—(zy — i+ kP +yt) —ya = (y),

hence we see

YT~

p*+ lyl?

| (—yid:pl —yjda? — ykda® + ydx4>
=Im

P?+ lyf?
_ Im( ydx )
P+ [yl
:Im< (x —b)dz )
PP+ le—02)"

which is exactly the instanton defined in (3.6.12).

4.4 Quivers

In this section we shall introduce the concept of a quiver, which plays an important role in
recent research, since it has connections with many concepts in mathematics and physics as
Dynkin diagrams in the theory of Lie algebras, the study of Feynman diagrams and with D-
branes in string theory. The link of quivers with instantons is given by the fact that one of the
first interesting quivers was inspired by the ADHM construction.

Definition 4.4.1. A quiver @ is a directed graph, that is, a quadruple {Qv, Q4, s,t}, where
Qv is a collection of vertices, Q4 a collection of arrows, s,t : Q4 — Qv are functions which
assign to each arrow a starting verter respectively a terminating vertex. If both V and A are
finite, the quiver is called a finite quiver.

Example 4.4.2. Next picture shows the quiver @ with Qy = {1,2}, Q1 = {a}, s(a) = 1,
t(a) = 2.

1 a 2

O O

Next example shows that quivers may have multiple arrows between the same two vertices
and arrows from one to the same vertex. The quiver is called the ADHM quiver, which is
derived from the ADHM construction.

Y

Example 4.4.3. The ADHM quiver Qapnwm is described by Qv = {v,w}, Qa = {b1,b2,4,5},
s(by) = s(be) = s(j) = t(by) = t(by) = t(i) = v, t(j) = s(i) = w. The graph is given by

oL

OU

U@

w O

LAY .
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Definition 4.4.4. A representation of a quiver () over a field F is an assignment of a vector
space V(z) over IF to each vertex x € QQy and an F-linear map V(a) : V(z) — V(y) to each
arrow a € Q4 where z = s(a) and y = t(«). We call the representation finite if dimpV =
Yeeqy dimp V() is finite.

Examples 4.4.5.

1. For any quiver the zero representation can be defined by assigning the zero space to each
vertex and the zero map to each arrow.

2. Let @ be the quiver from Example 4.4.2. Then a representation of @ is given by V(1) =
F*, V(2) =F™ and V(a) = M, with M any m X n-matrix with entries in F.

3. For Qapum a representation Vappwm is given by an ADHM system. Thus V(v) = V,
V(w) = W with V and W complex vector spaces of dimension k and n respectively,
V(b1) = By, V(by) = By, V(i) = I, V(j) = J, where By, By are complex k X k matrices,
I is a complex k X n matrix and J is a complex n X k matrix.

Definition 4.4.6. Let V and W be representations over F of a quiver (). Then a morphism
from V' to W is a family {¢(z)}.eq, of F-linear maps ¢(z) : V(z) — W (x) such that for all
arrows « we have W(a)p(x) = ¢(y)V(a), where = s(a) and y = t(«). In other words, the
diagram

Vie) — 2 S Wiz
V(a)\L W(a)
(y)

V(y) —————= W(y)

commutes. If p(z) is bijective for all x € Qy, we call {o(x)}.eq, an isomorphism of represen-
tations.

Given two representations of a quiver (), we can define their direct sum.

Definition 4.4.7. Let V and W be representations over [F of a quiver (). Then the direct sum
V@& W over V and W is defined by setting (V & W)(z) = V(x) @ W(x) for all n € Qy and
(Vo W) (a)=V(a)®W(a) for all @ € Q4.

By direct sums one could decompose representations of quivers into simpler representations.
This leads to the following definition:

Definition 4.4.8. Let V be a representation over F of a quiver ). Then V is called an
irreducible representation of () if there are no representation Vi and V5 over F of () such that
V' is isomorphic to V; & V5.

Every finite dimensional representation V' of a quiver () can be decomposed into a finite
sum of irreducible representations Vi, ..., V,,, which can be shown by induction. Next theorem
tells that this decomposition is unique. A proof can be found in [3] as Theorem 1.8.

Theorem 4.4.9 (Krull-Remak-Schmidt). Let Vi,...,V,, Wy,..., W, be irreducible represen-
tations of a quiver () such that Vi & ... &V, 2 Wy & ... ® W,,. Then n = m and there is a
permutation 7 of (1,...,n) such that V Wi for all 1 <i<n.

Another way of studying a quiver @) is by its path algebra.
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Definition 4.4.10. Let Q be a quiver. A path p is a sequence ajas . .., of arrows a; € Q4
such that s(a;) = t(ayq1) fori =1,...,n — 1. We extent s and ¢ to the space of all paths by
defining #(p) = t(ay) and s(p) = s(ay,). If ¢ = B1Pa . .. By is another path such that t(q) = s(p),
we define the concatenation pg of p and ¢ by

Pqg = 1. .., P18 ... B

If z € Qv, we define the trivial path e, by the conditions s(e,) = t(e;) = x and e,p,)p = pes) =
p for all paths p in Q.

Definition 4.4.11. Let ) a quiver and F a field. Then we define the path algebra F() as the
vector space spanned by all paths in ) with multiplication defined by

_ | pg, s(p) =1t(q);
p'q_{ 0, s(p)# tq).

Equivalently we could say that the path algebra FQ is the algebra generated by all o € () 4
and e, with x € y such that

af =0 [s(c) #1(8), c, B € Q]
ae, =0 [s(a) # 2,00 € Qa,z € Qv]
Wes(a)T = @ € Q4]

ez =0 [t(a) #x,a € Qa,x € Qv
EHa) = [ € Q4]

ey =0 [z,y € Qv,x # ¥

ez =e, [z € Qvl.

Examples 4.4.12.
1. Let @ be the quiver from Example 4.4.2. Then F(Q is the algebra generated by {eq, e, a}.

2. Let @ be the quiver with one vertex 1 and one arrow a with s(a) = t(a) = 1. Then
FQ is the algebra spanned by the paths {e;, o, a? a?, ...}, which is isomoprhic to the
polynomial ring K[a], where e; is the 1-element in the ring.

Just like a representation of a Lie algebra is equivalent with the notion of a g-module, it
turns out that a representation of a quiver () is equivalent with an FQ-module.

Proposition 4.4.13. The category Repgp(Q)) of finite-dimensional representations over F of a
finite quiver ) and the category F() — mod of finite-dimensional F@Q-modules are equivalent.

Proof. Let V be a finite-dimensional representation of a quiver ). Then we define the left FQ-
module V = @,cq, V(z) with multiplication FQ x V' — V defined as follows. Let v = (v3)zc0,
be a vector in V. Then if p is a path ajas ..., with s(p) = y and t(p) = 2z we define
pv = (PUs)zeq, such that (pv), = V(aq)V(az)...V(ay)(vy), while all other components of pv
are defined to be zero.
Conversely given a finite-dimensional left FQ-module M, we define V(z) = e, M = {e,m

m € M}. Hence we have M = @,cq, V(i) and we can define a representation by setting
V(a) : V(z) = V(y) by exm — am for all arrows o : z — y. O

As we have seen in Example 4.4.12.2, it is possible to obtain an infinite-dimensional path
algebra. One could resolve this by imposing extra conditions.
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Definition 4.4.14. Let Q be a quiver and F a field. Then an admissible relation is an element
r of FQ of the form r = > | ¢;p; where ¢; € F for all ¢ and p; are paths such that s(p;) =
s(pa) = ... = s(py) and t(p1) = t(p2) = ... = t(pn). An admissible ideal is a two-sided ideal
generated by admissible relations. FQ/I with I an admissible ideal is called an algebra of a
quiver with relations.

Next proposition might not come as a surprise.

Proposition 4.4.15. Let FQ/I be an algebra of a quiver with relations. Then modules of
FQ/I correspond to representations of @) for which the equations r = 0 for all » € I hold.

So we find that representations of the ADHM quiver Qapum over C with the relation
7 = biby — byby + ij are exactly the representation for which the first ADHM equation (4.3.1)
holds. There are two ways to make sure the second ADHM equation also holds. The most
elegant solution is restricting ourself to holomorphic representations. Then a solution of the first
ADHM equation is also a solution of the second ADHM equation if and only if the corresponding
holomorphic vector bundle is stable. If we now the moduli space <7~/ C;‘C instead of A4 = o/ ~/ Q,
where Q~C is the complexification of C;, this means that the second ADHM equation holds if
and only if the connection is irreducible. If we recall Theorem 3.7.10, we see that the case of
SU(2) all anti-self-dual connections are irreducible, so we see for SU(2) we can drop the second
ADHM equation as a condition if we restrict ourself to holomorphic vector bundles and use the
complexification of the gauge group instead of the ordinary gauge group. For more details we
refer to chapter 6 of [13].

Another solution is extending the quiver in the following way. We consider the opposite
quiver QX which is exactly the same quiver as Qapuwm, but only with reversed arrows. If
we denote the reversed arrow of a by a*, we can define a new quiver ) with set of arrows Q4 =
(Qapum)a U (QNbam)a- We demand that the representations respect Hermitian structures:
V(a*) = V(a)*, and introduce another relation: r' = b1b; — biby + bobl — biby + ii* — j*j. The
representations of this quiver are exactly the solutions of both ADHM equations. Hence we see
that it is possible to study the ADHM contruction by the properties of the ADHM quiver and
its representations.

It turns out that quivers offer a way to generalize the ADHM construction on other spaces
than four-dimensional Euclidean space, such as ALE spaces. These are spaces obtained by
considering C?/T", where I' C SU(2) is a discrete subgroup. Then an ALE space (which is
an abbreviation of Asymptotically Locally Euclidean space) is a hyperkéhler manifold which is
diffeomorphic to a so called minimal resolution of C?/T". It turns out that the discrete subgroups
I’ of SU(2) can be classified by the A-, D- and FE-series of Dynkin diagrams. Since Dynkin
diagrams can be seen as quivers where the direction of the arrows has been forgotten, we see
that ALE spaces can be classified by quivers. An interesting side-issue is that ALE spaces
are examples of graviational instantons, which are the equivalents of Yang-Mills instantons in
general relativity. Also on ALE spaces one could define gauge theories and try to examine what
its Yang-Mills instantons are. This can be done by adjusting the ADHM quiver, which means
that depending on the Dynkin diagram corresponding to the ALE space we have to add extra
vertices and arrows. For instance the quiver for the ALE space corresponding to the Dynkin
diagram A, (or equivalently I" = Z3) is given by
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Hence we find that quivers offer the opportunity to generalize the ADHM construction not
only to S* and R?*, but to a wide range of four-manifolds. ALE spaces form an important
subject in string theory, especially in the theory of D-branes, which illustrates that quivers
play an important role in modern research, not only in helping to define new spaces, but also
in generalizing the ADHM construction on those spaces.
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5 Conclusion

In this thesis we have studied space of instanton solutions with topological charge n in two
ways. In the first one we used the moduli space over S*, from which we could derive the
number of solutions by calculating its dimension. The moduli space itself is a very fruitful
subject for study, and the moduli space over S* is only one example, since one could easily
define instantons and moduli spaces on other spaces than S*. In this thesis we only studied the
dimension of the moduli space, but latter has many more interesting properties. For instance,
one could introduce metrics on the moduli space and study its diameter and volume [15].
Furthermore, one could ask how this metric should be related to the metric of the underlying
space. The moduli spaces can be used to define new geometrical invariants. For example
Donaldson used cobordism theory to show the existence of exotic differential structures on R*
by studying the moduli spaces of the boundaries of cobordisms [13].

The second method of studying instantons we used was the ADHM construction. This
construction was introduced by Atiyah, Drinfeld, Hitchin and Manin and translated the problem
of finding instanton solutions into the problem of solving a linear equation. We showed that
every solution of the ADHM construction corresponds with an instanton, but we did not show
the converse. The completeness of the ADHM construction, i.e. that all anti-self-dual solutions
can be found by the ADHM construction, can be proved in several ways. For instance, one
could count all solutions and conclude that the number of solutions equals the dimension of the
moduli space, which is done in [4]. Another method is by the use of Penrose twistor spaces [1].
A modern proof without the explicit use of twistor spaces is given in [13].

Finally, we gave a short introduction to quivers and discussed the ADHM quiver, whose
representations in some cases turn out to be solutions of the ADHM equations. We briefly
discussed that some adjusted ADHM quivers correspond with the ADHM construction on ALE
spaces. One could ask which other adjusted ADHM quivers are still relevant. For instance,
what happens if one changes the relations between the paths in the ADHM quiver? Are the
representations of that quiver still physical relevant?

Furthermore, quivers are interesting because of their link with algebras. For instance there
is a strong link between quivers and the study of affine Lie algebras, since generalized Coxeter
diagrams can be seen as quivers without orientation. Other examples of modern research fields
in which quivers play an important role are the fields of Hall algebras and quantum groups.
So it is reasonable to conclude that we can expect many interesting results in the research of
quivers in the (nearby) future.
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A Differential Geometry

In this section we assume that M is an m-dimensional orientable manifold with either a Rie-
mannian or a Lorentzian metric g. Furthermore, g is a Lie algebra with generators {7;}.

A.1 Lie algebra-valued p-forms

We introduced the space Q" (U, F') of r-forms on a subset U of M with values in a manifold F’
in Definition 1.3.1. If F' is an vector space with basis {7;}, we can find a basis of Q" (U, F) by
elements of the form n'T};, where {n'} is a basis of Q"(U). This means that every a € Q" (X, F')
can be written as o = o'T};, where o' are ordinary r-forms. From now on we shall assume that
E and F' are vector space with an action £ x F' — F of E on F, for instance if £ = End(F).
Notice that if F' is an algebra (for instance if F' is a subspace of End (V') for some vector space
V'), it also acts on itself by left multiplication. We assume that {V;} is a basis of E and {T;} a
basis of F'.

Definition A.1.1. We extend the definition of the wedge product of ordinary forms to A :
(U, E) x QUU, F) — QPTY(U, F) by
1 .
aAp= F Z &gn(P)()g(Xp(l), R Xp(p))ﬁ(Xp(erl), o ,Xp(erq)), (A.1.1)

"1 PeSpig

where a € QP(U, E), p € QI(U, F), S, the permutation group of order n and Xi,..., X4,
vector fields on U. If E = F is an algebra, we can also define the commutator [«, 5] by

[, fl=aAnb—(=1)PIBAa. (A.1.2)
Remarks.

1. If we write «a = A®n and = B® ¢ with A € E and B € F, and 7, ordinary forms,
we have

aNp=ABnAE, (A.1.3)
where A is the usual wedge product between ordinary forms.
2. If E = F is an algebra, we have
[, B] = [A, Bln A&, (A.14)

which follows from [a, 8] = ABnp A & — (=1)P2BAE A . We can also choose o € QP(U)
and B € QY(U) such that a = V;a' and 8 = T;5°. Then we have

aApB=VTja" A B (A.1.5)
3. If E = F is an algebra, and a = T;a' and 8 = T;3, then the commutator [a, 3] satisfies
0, 8] = [T T’ A &, (A.16)
where [T}, T}] is the usual matrix commutator of 7; and 7.
4. Let E = F be a space of n X n-matrices. Then for a; € QP(U, F'), we have
tr(ar Aag A Aag) = (—DPtr(ag A ... Aag Aay), (A.1.7)

since tr(ag Aag) = tr(T3, Ty - .. Ti, )i A AL .. A, whence the identity follows from the
fact that the trace is cyclic and from a A § = (=1)Prf A « for ordinary forms a € QP(U)
and 3 € Q" (U).
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5. It follows immediately from the definition that both [-, -] and A are bilinear.

Proposition A.1.2. Let a € QP(U, F), g € QI(U, F) and v € Q" (U, F'). Then we have the
following identities:

[, 8] = =(=1)"[8, ] (A.1.8)
2ac A\, p is odd;
[0 = { 0, p is even. (A-1.9)

Proof. The first identity follows from
o, 8] = [T, Tj]o A 7
=T,Tjo' A = TjTia" N
=T, Tja' A B7 — (=1)P'T;T;37 A o
= [T, Tjla A 3.
The second and third identities follow directly from the first. O
Remark. If p = 1, the second identity implies
[0, a)(X, Y) = 20a(X), a(¥)], (A.1.10)
where X and Y are vector fields, since
[a,a)(X,Y) =2a A a(X,Y)
= 2T;Tja" A (X,Y)
= 2T (o' (X)a/ (V) = o/ (V)o? (X))
=2(a(X)a(Y) — a(Y)a(X))
= 2[a(X), a(Y)].

A.2 The Exterior Derivative

Definition A.2.1. Let U € M. We define the linear map d : QF(U) — Q*1(U) by the
following properties:

1. If f € Q°U), then df is defined by df(X) = X f, where X is a vector field on U.
2. if a € QP(U) and 5 € QU(U), then d(a A ) =da A S+ (—=1)Pa AdS.
3. dod=0.

We define d : QF(U, F) — Q¥ (U, F) by da = A ® dn for a € Q¥(U, E), where n € QF(U) and
A € E such that @ = A®n. Notice that this implies that if we write a = T} for oy € Q*(U),
we have da = da'T;.

Proposition A.2.2. Let a € QP(U, E) and € Q4(U, F'). Then
dlaNp)=daAB+ (-1)Pandp (A.2.1)
and
dla, f] = [de, B] + (—1)P[a, df], (A.2.2)
if £ = F = End(V) for some vector space V.
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Proof. Write a = o'V; and 8 = B'T; with o' € QP(U) and ° € Q4(U). Then we have

d(a A B) = ViTyd(a' A 57) By (A.1.5)]
= ViT;(da' A 37 + (—1)Pa’ A dB7) [By Definition A.2.1]
=daAp+(-1)Pands [By (A.1.5)].
Using the first identity, we find
dlor 8] = d(a A f— (~1)"5 A ) By (41.2)

=daAB+ (=1)PaAdB — (=1)PdB A a— (—1)P98 A da
=daAB+ (~1)Pands— (=1)"dB Aa — (=1P"BAda [(—1)7 = (—=1)"']

~ [da, 8] + (~1)"[a, 48 By (4.1.2)]
0
Proposition A.2.3. Let w € Q' (U, F'). Then for any two vector fields X and Y we have
dw(X,Y) = X(w(Y)) = Y(w(X)) —w([X,Y)). (A.2.3)

Proof. First assume w € Q'(U). Let v be a smooth function. Since Q(U) is one-dimensional,
it is spanned by dv, so there is a smooth function u such that w = udv. Then the left-hand
side of (A.2.3) equals
dw(X,Y) = d(udv)(X,Y) =du Adv(X,Y) +udod(X,Y)
=duAdv(X,Y)
= du(X)du(Y) — do(X)du(Y).
The right-hand side is
X(w(Y)) =Y (w(X)) = (X, Y]) = X(udo(Y)) = ¥ (udv(X)) — udv([X, Y])
= X(uYv) =Y (uXv) —ulX,Y]
= (XuYu—uXYv)— (YuXv+uY Xv) — (u(XYv—YXv),

which is equal to the left-hand side after canceling the uXYv and uY Xv terms. Now let
w € QYU,F). Since we can write dw = dw'T;, X(w(Y)) = X (w'(Y))T; and w([X,Y]) =

W ([X,Y])T;, and w' satisfies (A.2.3), it follows that w satisfies (A.2.3). O
Remark. A more general formule can be given for k-forms with k > 1. For all a € Q¥(U, F)
and any smooth vector fields X, ..., X, on U we have

k41

dOé(Xla SR XkJrl) = Z(_l)lile (Oé(Xla cee 7)/51‘7 cee 7Xk+1))

=1
+ 3 (=D"a (X, X1, X1, Xy X X)), (A.2.4)

1<J
where that hats indicate omitted arguments. This is proved in [27] as Proposition 12.19.
The following proposition will be helpful.

Proposition A.2.4. Let g : M — G be some smooth function from M to a Lie group G. Then
we have the following identity

gd(g™") = —(dg)g . (A.2.5)

Proof. Since the differential of a constant function vanishes, we have

0=de=d(g9™") = (dg)g" +gd(g™").
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A.3 Integration

Definition A.3.1. If U is a chart with coordinates x*, we define the invariant volume element

dVol(g) = \/|glda* A da? A ... Ada™ (A:3.1)

where |g| = det g,,,, the determinant of the metric.
Proposition A.3.2. dVol(g) is invariant under coordinate transformations.

Proof. If y* are coordinates on V with U NV # (), we have by dy” = %dx“

dVol(g) = \ldet (%’;g;) d
det <8x )‘ﬁdet( )dx Ao Ada™

= +/lgldat AL A, (A.3.2)

yt AL A dy™

where we have a positive sign if z# and y” define the same orientation, since in that case we
have det (8””“) > 0. O

Definition A.3.3. If f: M — R is continuous, we define the integral of f over M by

/ fdVol(g / £/lglda’da?. (A.3.3)

The integral is finite if f has a compact support, which is always the case if M is compact.

A.4 The Hodge star

In this subsection we assume that U C M is a coordinate neighborhood and F' is a vector
space, which acts on itself, and let {T;} be a basis for F'. We shall introduce the Hodge star
operation, which allows us to define a natural isomorphism between Q"(U, F) and Q™" (U, F').
First we recall the definition of a metric tensor.

Definition A.4.1. Let F be a vector bundle over M. Then a metric tensor is a map g :
E x E — R such that the restriction to the fibres g, : £, x E}, — R is a non-degenerate bilinear
form.

If E = TM, g is a tensor of signature (0,2) and we write g = g,,dz*dz”, so that we
have g(V,W) = ¢, V*W?", where V|, = V*9,|,, W = W#"0,|, € T,M. The metric defined
a natural isomorphism between the tangent bundle T'M and the cotangent bundle T*M by
Vi, = g,(Vlp,-), for V|, € T, M. In coordinates this is V*9, — V,dz*, where V, = g, V*.
We notate this isomorphism with I : T'"M — T* M. We shall also denote the induced metric on
T*M by g : T*M x T*M — R, which is given by g(w,n) = g(I ' (w), [7*(£)), with w, & € T*M.
In coordinates this is g(w, &) = ¢"'w,&,, with w,, {, such that w = w,dz*, £ = ¢,dz*, and g"”
the inverse of g,,. As we already have done before, we shall use g to raise and lower indices:
V=9, V", w* = g"w,. Before we extent g to A"(T*M), we introduce the following notation.

Definition A.4.2. I = (pg, pig,. .., pr) With 1 < pp < pp < ... < pp < m s called a
multi-index of length |I| = r. We denote with I the multi-index of length m — r such that
Tul={1,2,...,m}.
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If we use the notation dz’ = da#* A ... Adzt", we have {dz’|, : I is a multi-index of length

r} as a basis for A"(TyM). Now, if J = (v1,14,...,1,) is also an multi-index, we can extent g
to the basis elements of A"(T*M) by
g(da!, da’) = g"vr . gt (A.4.1)

and to general elements of A"(T* M) by bilinear extension. That is, for w = w,,,_,, dz# ALk
and £ =&, dz"t A2 in Q7(U), we have

g(w7 5) = gulyl s guryrwulug...urgylug...ur7 (A42)
or if we use the metric g to higher or lower indices
9(W, &) = Wy pug..u, £ (A.4.3)

Since 2"(U) is defined as the space of sections of A"(T*U), g acts also on r-forms. We can use
the metric to define an inner product on Q"(U, F).

Definition A.4.3. Let o, 5 € "(U,g) and let i : g X g — R be an inner product. Then we
define

<Oé, B) = /‘L(Taa Tb)g(aaa Bb)
(@.8) = [ (e B)avol(g).

Furthermore, we shall write |o| = (o, ) and ||a|| = (o, @).

Remark. If g C u(n) then by Theorem 1.4.19 the map u(A, B) = —X tr(AB) with A > 0 is an
inner product on g, so that we can take (a, 8) = —\ tr(T,T3)g(a?, 3°). The factor X is called
the normalization factor. For g = su(2), we shall we have the generators 7; := —io; with o;
the Pauli matrices. We usually take A = 1, so that we have u(7;, 7;) = 24,5, but sometimes it is
more convenient to have (7, 7;) = d;;, for which we have to take A = 3.

Now let p : Q™ (U, F) — Lin(Qk(U, F),Qm™(U, F)) be given by p(a)(8) = B A a.. Clearly
p is an isomorphism. Notice that Q™ (U) can be spanned by dVol(g), so we can define another
isomorphism m : Q"(U, F) — Lin(QT(U, F),Qm™U, F)) by a — (a,-)dVol(g). Now we are able
to define the Hodge star operator.

Definition A.4.4. The Hodge star operator is the operator x : Q" (U, F') — Q™" (U, F') defined
by * =p~!lom.

Since p and m are isomorphisms, * is also an isomorphism.
Proposition A.4.5. Let O : Q"(U, F) — Q™ " (U, F') be a linear operator satisfying
BN O(a) = («a, 5)dVol(g), (A4.4)
for a € Q"(U) and g € Q™" (U). Then O = .
Proof. First we show that * satisfies (A.4.4):
BAxa = p(xa)(B)
= pop om(a)(B)

= m(a)(B)
= ({a, B)dVol(g).

Then we have 8 A ( *x o — O((x)) = B Axa— B A O(a) = 0, from which we easily see that
O = . O
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Corollary A.4.6. For g C u(n) the Hodge star allows us to write the inner product (-,-) on
Q" (U, g) in the following way:

(@, 8) = — / tr(a A %8). (A.4.5)

In order to give a local description of the Hodge star, let x* be the coordinates on U such
that at p € U we have
€

) =V
9(0,.0,) = { B (A4.6)

where ¢, = +1. If ¢ be the number of negative ¢,, we have ¢ = 0 in the case that M is
Riemannian and ¢t = 1 if M is Lorentzian. We have now

<dl’l,dl'J> :{ er, 1=1J;

o 127 (A4.7)

where €7 = €,,€,, ... €. I TUT is the concatenation of I and I, we denote with (; the sign of
the permutation (1,2,...,m) — I U I. Then the local version of the Hodge operator is given
by

xda’ = e;Crda’, (A.4.8)
which can also be written as

9]

s (datt Adaf? AL A dat) = (m— 1)

ettt o daT A L A da (A.4.9)
This local form allows us to give a formula for how the Hodge star transforms under a conformal
transformation g — ef g.

Proposition A.4.7. Let § = ¢*/¢g be a conformal rescaled metric. If & € Q"(U, F), we have
kGO = elm=2n)f x4 . In special if 2r = m, we have ;o = * 0.

Proof. First consider the case that « is a basis element of Q"(U). So a = dz* Ada#? A.. . Adatr
with 1 < 3 < pg... < pr <m. Then *,a is exactly the left-hand side of (A.4.9), while we can
rewrite the right-hand side so that we obtain

9l
ko0 = ————ghtgh?2 o ghrtre, L dattE A LA datm.
g (m o T)'g g g 1...Um
Now by (A.4.6), g can locally be written as a diagonal matrix, and therefore g is also a diagonal
matrix with the same entries as g but multiplied with a factor €*/. So we find that det g =
e?™f det g, whence +/|g| = €™/,/|g|. Then we find

g
*GQr = ﬁgumﬁmw o ghttey oy, AN LA dat

V19
= e(m_2r)f(7’n7|—|’]“)'gulylgu2y2 e guryreyy..umdl'yﬂrl A .. oA dxP™
= e(m—?r)f *g Q.

Now, since the identity holds for basis elements, it holds for general o € Q"(U). Furthermore, if
follows also that the identity holds for aw € 2"(U, F'), since xa = A®=nif A € F and n € Q"(U)
such that o = A ® n. O
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Proposition A.4.8. The map > : Q" (U, F) — Q'(U, F) is given by > = (—1)"m="+q,
where ¢t = 0 if M is Riemannian and ¢ = 1 if M is Lorentzian.

Proof. We have for dz! € Q"(U)

«2dr! = e[Q*dxf
= erer(r¢rda’,
where e;e; = (—=1)" and (;¢; = (=D = (=1)"™=7)_ Since xa = A ® *n for A € F and
n € Q"(U) such that a = A ® n, it follows that the identity is also valid for Q" (U, F). O

Theorem A.4.9. Let d* : Q"(U, F) — Q" }(U, F) be the adjoint of d:
(dB,a) = (B,d*a). (A.4.10)
Then we have
d* = (—1)m=n=DFH 4 (A.4.11)

on the subspace of F-valued r-forms with compact support (which is whole Q" (U, F') if M is
compact).

Proof. Let a € Q"(U, F) and 8 € Q" '(U, F). Then by Proposition A.2.2 we have
d(fA*xa) =dB Axa— (—1)"BAdx*a. (A.4.12)
Since d * « is an (m — r + 1) form, we have

1)(m— r+1)(m—[m—r+1]) thd*Oé

% (d* )

)
1) m—r+1)(r— 1)+td % O
)

1mr r24r—m+r— 1+td*0(

(=
(=
(=
(=1)mr—rimmelt g g (A.4.13)
(

since (—1)% = 1. Hence we find d % ov = (=1)™ "=+ 4 4(d % a), so from (A.4.12) we find
d(B A *xa) = dB A xa — A x[(=1)m =D+ gy ], (A.4.14)

where we used (—1)"(—=1)mr—r*=m=1+t — (_1)(m=n)=D=1+ and (—1)2 = 1. Then with Stokes’
theorem, we find

/dﬁ/\*a—/ BA#(=1)m= =D+ d s q] = /d(ﬁ/\*a)
M

= BN xa
oM
= 0,

which proves the theorem. O

Proposition A.4.10. With respect to this inner product defined above [A,-]* : Q"(U,g) —
Q" 1(U, g) satisfies [A, -]* = (—1)m= =D+ [ A 5],

Proof. Let 3 € Q"Y(U,g) and v € Q"(U,g). Then we can write A = A%T,, § = B°T, and
v = Ty°. We have [T,,Ty| = f,,T, hence by (A.1.6) we can write

AB) = fu Tud A B (A415)
(A #9] = [ TaA* Ay, (A.4.16)
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So we find

(A, B81,7) = (f"TaA" A B°, TiA")
— [, 0(TAT) / A% A BY A $7°.

At the other hand we have

(B4l A7) = (T8, fo Tux (A" A y°))
= facdtr(Tde) /ﬁb N\ * % (Ad A */yc)
= (=1)mrtDO=DFt ¢ der(T3T) / B A AN xy©

= (_1)(m*1")(1"*1)+t acdtr(Tde> /Aa A ﬁb A *P)/C

where we used in the third equality that A A %y and xy A A are (m — r + 1) forms, for which
s = (—1)m=r =D+ and in the last equality we used that the interchange of Bb and A*
gives a factor (—1)""!, since B is an (r — 1) form. We also used (—1)2"=Y = 1. Now Since
tr(ABC) = tr(BCA) for arbitrary n x n-matrices A, B and C, we find

fpltr(TyT,) = tr([T,, T|T, )
(7.7} — TT)T,)
= (T, T,T, )—tr(TbTaTc)
= tr(T,1.17,) — tr(TyT,T.)
= (T[T, T,))
= [ (DT
= —f.. (T, Ty).

So we find ([A, 3],7) = (=1)m=E=D+1+(3 %[ A, %v]), which proves the proposition. O
This proposition combined with Theorem A.4.9 proves the following:

Theorem A.4.11. Let A € Q'(U, g) and let D4 be the covariant derivative Dy = d + [A, -].
Then we have
DY = (—1)m = DFH Dy (A.4.17)
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B Complex geometry

B.1 Complex manifolds

Definition B.1.1. A manifold M is called complex if it has a atlas of charts to open subsets
in C" such that the transition maps are holomorphic. We say that M has complex dimension
dimc M = n, whereas the real dimension is dimgp M = 2n. A manifold M is called almost
complex if there exists a (1,1)-tensor field J which acts as vector bundle isomorphism J :
TM — TM such that J?> = —1. The map J is called an almost complex structure on M.

Definition B.1.2. Let V be a real vector space. Then we define its complezification VC by
VE=VeC={X+iV:X,Y eV}
Notice that V is a subspace of VT, since every X € V can be identified with X + 0 €

VE. Let M be a complex manifold with dimc M = n. Then we have 2n real coordinates

', ... 2"y, ..., y", which allows us to introduce the following vectors, which span T, M®:

9 _1(9 _,9
ozt 2 \ OxH oy
0 _1(o 0
ozt 2\ 0xn  oyr )’
We shall often use the abbreviations 9, and 9 instead of % and %. The corresponding dual

basis of one-forms on T*M® = (T, M®)* is given by

dz! = dz" + idy”
dz¥ = dat — idy”.

As the term almost complex suggests we have

Lemma B.1.3. Every complex manifold is almost complex.

Proof. We define the map J, : T,M — T, M by
0 0
/ (a—> = oy

0 0
7 (5) =

Clearly we have J? = —1. O

Note that J depends holomorphic on x and if we extend J linearly to T,M®, we have
J(0,) = i0,, while J(0;) = —id;. Now, J has eigenvalues i on T, M®, so we can decompose
T, M€ into the eigenspaces of .J.

Definition B.1.4. We define T, M to be the eigenspace of .J corresponding to the eigenvalue
i. That is T,M* = {Z € T,M® : J(Z) = +iZ}. A vector Z|, is called holomorphic if
Z|, € T,M* and anti-holomorphic if Z|, € T,M~.

A basis of T, M is given by the 0, while a basis of T, M/~ is given by the 0. It is convenient
to introduce projection operators.

Definition B.1.5. We define the operators Py : T,M® — T,M* by PF = L(Id FiJ).
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Then we have JP(Z) = §(J(2) FiJ%(2)) = §(J(Z) £ iZ) = iP*(Z), s0 Zs = P*Z ¢

T,M*. Hence indeed all Z|, € T,M® can uniquely be decomposed into holomorphic and
anti-holomorphic vectors Z = Z, 4+ Z_. Thus we have found

Proposition B.1.6. We have the following decomposition: T, M¢ = T, M+ @ T, M.
Definition B.1.7. We define 2 (M)t = {Z € 2 (M)® : P*(Z) = Z} to be the space of
holomorphic vector fields. Similarly, 2 (M)~ ={Z € 2 (M)®: P~(Z) = Z} is defined as the
space of anti-holomorphic vector fields.

Proposition B.1.8. We can decompose every vector field into a holomorphic and an anti-
holomorphic part: 2 (M) = 2 (M)" & 2 (M)~.

Proof. This follows directly from the decomposition of T, M® and the fact that J and thus P*
depends holomorphically on . O

B.2 Complex differential forms

Definition B.2.1. Let QP(M) be the space of real p-forms, then we define the space of com-
plexified p-forms by

QP(M)C = {w+in:w,ne (M)}

We shall denote the space of complex p-forms at x € M with QP(M)C. If ¢ € QP(M)® with
¢ = w +in where w,n € QP(M), we extent the differential operator d to QP(M)C by

d¢ = dw + id.

We readily find that d : QP(M)® — QPFY(M) satisfies (A.1.1) and (A.2.1) with in the
first equation Xi,..., X,y € 2 (M)® and in both equations o € QP(M)® and 8 € QI(M)°C.
Furthermore, we remark that d is a real operator, since d¢ = dw — ¢dnp = d(.

Definition B.2.2. Let M be a complex manifold with complex dimension n and let V;,..., V,
with k& = p + ¢ be vector fields in 2" (M)C such that V; either in 2 (M)* or 2 (M)~. Then
we say that a complex k-form w is of bidegree (p,q), or equivalently w is a (p,q)-form, if
w(Vi,...,Vk) =0 unless p of the V; are in 2" (M)" and g of the V; are in 2" (M)~. The space
of (p, q)-forms is denoted with QP4(M).

Proposition B.2.3. Every (p, ¢)-form can be written as

1
w = p|—q|wm---upm---quzm A AdZPP AdETT A LA dE

Proof. This follows directly from the fact that (dz*,d;) = 0, and so dz* is a (1,0)-form.

Similarly, dz* is a (0, 1)-form, and so the set {dz** A... Adzf» AdZ" A ... AdZz"} is a basis
for the (p, ¢)-forms. O

Corollary B.2.4. We have the decomposition
QM) = P arM).
ptq=Fk

If wis a (p, g)-form, then dw is a mixture of (p + 1, ¢)- and (p, ¢ + 1)-forms. Therefore, we
introduce the following operators:

Definition B.2.5. We define 9 : QP4(M) — QPTL9(M) and 0 : QP9(M) — QP9HL(M) as the
operators satisfying d = 9 + 0. If we define PP : QF(M)C — QP9(M) to be the projection
operator onto the space of (p, q)-forms, we have d = PP*190d and 9 = PP%"'od. The operators
0 and 0 are called Dolbeault operators.

109



AJ Lindenhovius (0628298) Instantons and the ADHM construction

B.3 Hermitian manifolds

Let M a complex manifold. Then we can extend Riemannian metrics on TM to TM®:

Proposition B.3.1. Let g be a Riemannian metric on a complex manifold M. Then we can
extend g to TMC by

92(Z, W) = g2(X,U) = gu(V, V) +i(ga(X, V) + g (Y, U)),
where Z = X +iY,W =U +iV € 2 (M)¢ with X,Y,U,V € T, MC.

Remark. The components of g are given by

guy(x) = ga}(a;u au)a
guﬁ(x) = gz(am a’>5
gﬁ,/(l’) - gm(afa aV);
gﬁﬂ(x) = gz(a’a a’)'
Furthermore, we have

Guv = Gops

G = 9aws

g—uﬂ - g[w-

Definition B.3.2. A metric on a complex manifold is called Hermitian if it satisfies

for all vectors X,Y € T,M® and all z € M. A complex manifold with a Hermitian metric is
called a Hermitian manifold.

Proposition B.3.3. Every complex manifold M admits a Hermitian metric.

Proof. Let g be a Riemannian metric on M. Then §(X,Y) = %(g(X, Y)+g(JX, JY)) is an
Hermitian metric. U

Lemma B.3.4. Let g be a Hermitian metric on a complex manifold M. Then g,, = gz = 0.

Proof. We have

Guv = g(aua ar/) = g(Jaua Jau) = _g(a;u ar/) = —Guv;
so we find that g, = 0. Since gz7 = g, we also find that gz = 0. O

Definition B.3.5. Let M be a complex manifold with Hermitian metric g. Then we define
the Kdhler form w of g by

wa}(Xa Y) = gw(JxXa Y)>
where X,Y € T, MC.

Proposition B.3.6. The Kahler form w is anti-symmetric, and so indeed a two-form, which
is of bidegree (1,1). Furthermore, 2 is invariant under the action of .J.
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Proof. Let X,Y € T,M®. Then

In order to calculate the bidegree, we have w(d,,0,) = g(J0,,0v) = igu = 0, so w,, = 0.
Similarly, we find wzy = 0, and w,; = —wp, = 19,7 Hence we find

w = wypdz! @ dz¥ + wp,dzZ" ® d2”
= igupdzu ® d?y - Zg/j“/dzu ® dZV
= 1g,pd2" N dZ". (B.3.1)

Finally, w is invariant under the action of J, since

w(JX,JY) = g(J*X,JY) = g(J?X, J*Y) = g(JX,Y) = w(X,Y).
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