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Let M be a compact oriented manifold of dimension n. Then Poincare duality asserts the existence of

an isomorphism

H*(M; A) = Hy, o (M; A)
for any abelian group A. Here the essential hypothesis is that M is a manifold: that is, that every point of
M admits a neighborhood which is homeomorphic to Euclidean space R™. It is therefore natural to begin by
asking what Poincare duality tells us in the special case M = R". Since Euclidean space is not compact, we
should consider instead a more general formulation of Poincare duality which applies to noncompact oriented
manifolds:

HE(M; A) ~ Hy oo (M A).
In the case M = R", the right hand side of this isomorphism is easy to understand (since M is contractible),
and Poincare duality comes down to a calculation

HI(R": 4) = {A fen

0  otherwise.
From this isomorphism, one can deduce Poincare duality for more general manifolds by means of a local-to-
global principle. To formulate it, let U(M) denote the collection of all open subsets of M, partially ordered
by inclusion. For each object U € U(M), let C.(U; A) denote the singular chain complex of U, and let
C*(U; A) denote the compactly supported cochain complex of U. Then the constructions

U C.(U; A) U CHU; A)

can be regarded as functors from U(M) to the category Chain of chain complexes of abelian groups, or to
the associated oo-category Modyz described in the previous lecture.

Let Ug(M) denote the partially ordered subset of U(M) consisting of those open sets U C M which
are homeomorphic to R". In this case, the chain complexes C.(U;A) and C¥(U; A) have their homolo-
gies concentrated in a single degree. It follows that they are naturally quasi-isomorphic to chain com-
plexes concentrated in a single degree. The local version of Poincare duality therefore supplies equivalences
C*(U; A) ~ Cp—(U; A) in the oo-category Modgz. If M is oriented, we can even choose these equivalences
to depend functorially on U: that is, the constructions U — C*(U; A) and U — C,,_.(U; A) determine
equivalent functors from Uy (M) into the co-category Modz. To obtain information about more general open
subsets of M, it is convenient to introduce the following general definition:

Definition 1. Let € be an co-category which admits colimits, and let F: U(M) — € be a functor. We will
say that F is a C-valued cosheaf on M if the following condition is satisfied:

(x) For every open set U C M and every open cover {U,} of U, the canonical map
117n>13r (V)= F{U)

is an equivalence in C, where the colimit is taken over all open sets V' C M which are contained in
some U,.



Remark 2. Definition 1 has many equivalent formulations. For example, a functor F : U(M) — C is a
C-valued cosheaf on M if and only if it satisfies the following three conditions:

e For every increasing sequence of open sets Uy C U; C Us C - - -, the canonical map H?(Uv) - FUW)
is an equivalence in C.

e The object F(()) is initial in C.

e For every pair of open sets U,V C M, the diagram

FUNV) F(U)
F(V) FUUV)

is a pushout square in C.

If ¥ is a cosheaf, then its global behavior is determined by its local behavior. More precisely, one can
prove the following:

Proposition 3. Let C be an co-category which admits colimits and let F : UW(M) — € be a C-valued cosheaf,
and let Uo(M) denote the subset of U(M ) whose elements are open sets U C M such that U is homeomorphic
to R™. Then the canonical map
lign FU) — F(M)
Uelo (M)

is an equivalence in C.

The proof is mostly formal, using only the fact that Uo(M) forms a basis for the topology of M (since
M is a manifold) and the finite-dimensionality of M.

Proposition 4. For every abelian group A, the constructions U — C.(U; A) and U — C}(U; A) determine
Modgz-valued cosheaves on M.

Proposition 4 is one formulation of the idea that compactly supported cohomology and homology satisfy
excision. For example, if U and V are open subsets of M, then the existence of a pushout diagram

C.(UNV;A) Cu(U; A)
Cu(V; A) Cu(UUV;A)

in the co-category Modz implies (and is morally equivalent to) the existence of a long exact Mayer-Vietoris
sequence

- H(UNVA) - Ho(U; A) o H(V;A) > H(UUVA) > Ho g (UNV;A) = -
Using Propositions 3 and 4, we deduce the existence of a canonical equivalence

Co(M;A) & lim  CH(U;A) = lim  Cru(U3 A) = Coi(M; A).
Uely (M) UelUo(M)

Passing to homology, we obtain a proof of Poincare duality.
Our goal in this lecture is to formulate an analogue of Poincare duality to the case of nonabelian coef-
ficients. To formulate this, we first recall that cohomology is a representable functor. More precisely, for



every abelian group A and every integer n > 0, one can construct a topological space K(A,n) and a coho-
mology class n € H"(K (A, n); A) with the following universal property: for any sufficiently nice space M,
the pullback of 7 induces a bijection

[M7 K(A, ?’l)] ~ H"(M; A)a

where [M, K(A,n)] denotes the set of homotopy classes of maps from M into K (A, n). The space K(A,n) is
called an Eilenberg-MacLane space. It is characterized (up to weak homotopy equivalence) by the existence
of isomorphisms

A ifi=n

0  otherwise.

miK(A,n) ~ {

When n = 1, one can define an Eilenberg-MacLane space K (G, n) even when the group G is nonabelian.
In this case, K(G,1) is called a classifying space of G, and denoted by BG. It can be constructed as the
quotient of a contractible space by a free action of G. This motivates one possible definition of nonabelian
cohomology:

Definition 5. Let G be a discrete group and let M be a manifold (or any other reasonably nice topological
space). We let H'(M; G) denote the set of homotopy classes of maps from M into K (G, 1) = BG.

Definition 5 has many other formulations: the set H' (M; G) can be identified with the set of isomorphism
classes of G-bundles on M, or (in the case where M is connected) with the set of conjugacy classes of group
homomorphisms m M — G. However, the formulation given above suggests the possibility of giving a far
more general interpretation of nonabelian cohomology:

Definition 6. Let Y be a topological space, and let M be a manifold (or any other sufficiently nice space).
Then the cohomology of M with coefficients in Y is the set of homotopy classes of maps from M into Y,
which we will denote by [M,Y].

We have the following table of analogies:

Abelian Cohomology Nonabelian Cohomology

Abelian group A Pointed topological space (Y, y)

H"(M; A) [M,Y] = mo Map(M,Y)
C*(M; A) Map(M,Y)
Ci(M;A) Map,.(M,Y’)
C,(M; A) 777

Here Map(M,Y) denotes the space of continuous maps from M into Y, and Map,(M,Y") denotes the
subspace consisting of maps which are compactly supported: that is, maps f : M — Y such that the set
{z € M : f(x) # y} has compact closure.

We can now ask if there is any analogue of Poincare duality in the nonabelian setting. That is, if M is
a manifold, does the space Map.(M,Y) of compactly supported maps from M into Y admit some sort of
“homological” description? By analogy with classical Poincare duality, we can break this question into two
parts:

(a) What does the mapping space Map,(M,Y) look like when M ~ R"?

(b) Can we recover the mapping space Map,(M,Y") from the mapping spaces Map, (U, Y'), where U ranges
over the open disks in M7



Question (a) is easy to address. The space of compactly supported maps from R™ into a pointed space
(Y, y) is homotopy equivalent to the space of maps which are supported in the unit ball of R™: that is, the
n-fold loop space Q"(Y).

To address question (b), we note that the construction U — Map_.(U,Y) can be regarded as a covariant
functor of U: any compactly supported map from U into Y can be extended to a compactly supported map
on any open set containing U (by carrying the complement of U to the base point of Y'). We can regard
this construction as a functor from the partially ordered set U(M) to an oo-category 8 of spaces (whose
0-simplices are nice topological spaces, 1-simplices are continuous maps, 2-simplices are given by homotopies
between continuous maps, and so forth). We might then ask the following:

Question 7. Let (Y,y) be a topological space. Is the construction U — Map_.(U,Y) a 8-valued cosheaf on
M?

For example, Question 7 asks if, for any pair of open sets U,V C M, the diagram of spaces

Mapc(U n ‘/a Y) - Mapc(Uv Y)

l l

Mapc(vv Y) - Mapc(U U ‘/7 Y)

is a pushout square in the co-category 8 (such a diagram of spaces is commonly referred to as a homotopy
pushout square). This is an unreasonable demand: if it were true, then the diagram

mo Map, . (UNV,Y) ——— mo Map_(U,Y)

l i

7o Map,(V,Y) —— mp Map (U U V)Y)

would be a pushout square in the ordinary category of sets. In other words, any compactly supported map
from U UV into Y would need to be homotopic (through compactly supported maps) to a map which is
supported either in U or in V. This is generally not true.

Why does Question 7 have a negative answer, when Proposition 4 is true? The difference stems from the
type of presheaves we are considering. Recall that Proposition 4 implies (and is essentially equivalent to)
the existence of Mayer-Vietoris sequences

S H(UNVA) - H (U A) e HA(V;A) > H (U UV A) S HHUNVA) — -

The existence of such a sequence says that any compactly supported cohomology class v € H (U U V; A)
satisfying the condition 6(u) = 0 can be written as a sum u = «’ + «”, where «’ is supported on U and u”
is supported on V. Here it is crucial that we can add cohomology classes (and the cocycles that represent
them): there is no reason to expect that we can arrange that v’ or w” is equal to zero.

In the setting of nonabelian cohomology, there is generally no way to “add” a compactly supported
map u' : U — Y to a compactly supported map v” : V' — Y to obtain a compactly supported map from
u:UUV — Y. However, there is an obvious exception: if U and V are disjoint, then there is a canonical
homeomorphism Map,(U,Y) x Map_.(V,Y) ~ Map (UUV,Y), which we can think of as a type of “addition”.
It turns out that if we take this structure into account, then we can salvage Question 7.

Theorem 8 (Nonabelian Poincare Duality). Let M be a manifold of dimension n, let Uy (M) denote the
collection of all open subsets of M which are homeomorphic to a disjoint union of finitely many open disks,
and let Y be a space which is (n — 1)-connected. Then the canonical map

lim  Map,(U,Y) = Map, (M. Y)
UelU, (M)



is an equivalence in the co-category 8. In other words, Map.(M,Y) can be realized as the homotopy colimit
of the diagram hﬂUeul(M) Map, (U, Y).

Remark 9. The formation of chain complexes T' +— C,(T;Z) determines a functor of co-categories 8§ —
Modz which preserves colimits. Consequently, Theorem 8 implies that the chain complex C,(Map,.(M,Y); A)
can be realized as a colimit

—

lim  C.(Map (U, U---UU,, Y);Z) = lim Q) C.(Map,(U;,Y); Z),
Us,....,Un Ui,....Up

where the U; range over all collections of disjoint open disks in M. This expresses the informal idea that
C.(Map,.(M,Y); Z) can be obtained as a continuous tensor product of copies of cochain complex C,(Q"Y; Z),
indexed by the points of M (or open disks in M).

Remark 10. Theorem 8 provides a convenient mechanism for analyzing the homotopy type of the mapping
space Map,.(M,Y): the partially ordered set indexing the colimit depends only on manifold M, and the
individual factors Map,(U,Y') are homotopy equivalent to Q™Y which depends only on Y.

Remark 11. The hypothesis that Y be (n — 1)-connected is necessary for Theorem 8. For example, if n > 0
and Y is disconnected, then the constant map from a compact manifold M to a point ¥’ € Y belonging to a
different connected component than the base point y € Y cannot be homotopic to a map which is supported
in a union of open disks of M.

On the other hand, suppose that Y is (n — 1)-connected and that M is a compact smooth manifold, so
that we can choose a triangulation of M. Then any continuous map f : M — Y is nullhomotopic on the
(n — 1)-skeleton of Y, and therefore homotopic to a map which is support on the interiors of the n-simplices
of Y. This should make Theorem 8 sound at least plausible.

Remark 12. One can use Theorem 8 to deduce Proposition 4 (and therefore the classical Poincare duality
theorem).

Remark 13. Theorem 8 asserts the existence of a homotopy equivalence

lim  Map,(U,Y) — Map,(M,Y),
UelU, (M)

whose codomain can be viewed as a kind measuring the (compactly supported) nonabelian cohomology of
the manifold M with coefficients in Y. To argue that this is an analogue of Poincare duality, we need to
interpret the left hand side as some kind of homology. We will return to this point in a future lecture.

Theorem 8 asserts the existence of a homotopy equivalence

lim Map,.(U,Y) — Map,.(M,Y),
UelU, (M)

whose codomain can be viewed as a kind measuring the (compactly supported) nonabelian cohomology of
the manifold M with coefficients in Y. As in the case of classical Poincare duality, the left hand side can be
viewed as a kind of homology. However, it is not the homology of M itself, but of the Ran space Ran(M).

Definition 14. Let M be a topological space. We let Ran(M) denote the collection of all nonempty finite
subsets of M. For every collection of disjoint open sets Uy,...,Uy C M, let Ran(Uy,...,U,,) denote the
subset of Ran(M) consisting of those nonempty finite sets S C M satisfying

SCU;U---UU, SNU, #0 SNU, #0.

The collection of sets Ran(Uy,...,Uy,) form a basis for a topology on Ran(M). We will refer to Ran(M) as
the Ran space of M.



Remark 15. Suppose that the topology on M is defined by a metric d. Then the topology on Ran(M) is
also defined by a metric, where the distance from a nonempty finite set S C M to another nonempty finite
set T'C M is given by
max{max min d(s,t), max min d(s,t)}.
seS teT teT seSs

Theorem 16 (Nonabelian Poincare Duality Reformulated). Let M be a topological manifold of dimension
n and let Y be a pointed space which is (n — 1)-connected. Then there exists an S-valued cosheaf F on the
topological space Ran(M) with the following property: for every collection of disjoint connected open sets
Ui,..., U, C M, we have

F(Ran(Uy,...,Ux)) ~ Map_.(U1,Y) x --- x Map_.(Ug,Y).

Theorem 16 is essentially a reformulation of Theorem 8. If M is connected, it implies that we can recover
Map.(M,Y) ~ F(M) as a homotopy colimit

li_I)n Map_.(U1,Y) x -+ x Map,.(Ug,Y),
Ui,...,Uk

where the colimit is taken over all collections of disjoint open disks in M (this follows from the fact that sets
of the form Ran(Uy,...,Uy) form a basis for the topology of Ran(M)). This is essentially the same as the
colimit which appears in the statement of Theorem 8 (though there are a few subtleties; see [1] for a more
detailed discussion).

Remark 17. The cosheaf F appearing in the statement of Theorem 16 is not locally constant. Unwinding
the definitions, one can identify the costalk of F at a point S = {z1,...,2,} € Ran(M) with the product
[I; Map.(U;, M), where {U;}1<i<m is a collection of disjoint open disks around the points {z;}1<i<m. In
particular, the costalk of F at S is noncanonically equivalent to Q™(Y)™: a homotopy type which depends
only on the target space Y, and not on the manifold M.

In the next lecture, we will formulate a nonabelian version of Theorem 16.
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