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2 GWENAEL MASSUYEAU

1. REVIEW OF SURFACES AND CURVES

In this section, we assume a certain familiarity of the student with the basics of algebraic topology.
Textbooks in algebraic topology include [Bre93] and [Hat02]. We shall use the following notations:

D" :={x € R" : 2} +--- + 22 < 1}, the n-dimensional disk;

Sti={x e R"" 12} + .-+ 2}, = 1}, the n-dimensional sphere.

1.1. Surfaces. Here is our definition of a “surface.”

Definition 1.1. A surface X is a 2-dimensional topological manifold, possibly with boundary. The
interior of ¥ is int(X) := X \ 0¥ where 0¥ denotes the boundary of X.

We shall not review here the definition of a manifold with boundary (see for instance [Bre93] or [Hir76]).
We only recall that it involves the notion of “atlas”: at any point z € X, there is a “chart” (U, p)
consisting of an open neighborhhood U of 2 and a homeomorphism ¢ : U — ¢(U) onto an open subset
©(U) of R x R>g. By definition, x € 93 if and only if p(x) € R x {0}. If two charts (U, ¢) and (V, )
are given at the same point, then we can consider the “coordinate change”

(1.1) Yo t:ipUNV)—p(UNV)
which is a homeomorphism from an open subset of R x R>( to another one.
In these lectures, unless otherwise specified, we assume that a surface X has the following properties:

(i) X is connected;
(ii) X is compact;
(iii) ¥ is orientable.
Some comments about the last two conditions are in order:

(ii) implies that O3 consists of finitely many copies of the circle S*; if 9% = @, then the surface ¥
is said to be closed;

(iii) means that any coordinate change of ¥ should be “orientation-preserving”; this property can
be defined using homology but, in dimension 2, it is equivalent to say that the Moebius strip

can not be embedded in ¥; by condition (i), ¥ has exactly two orientations; an orientation on
a surface ¥ induces an orientation on any connected component of 9% (and vice-versa):

@

Example 1.2. Here are two “elementary” closed surfaces:

the sphere S2 the torus S* x !

We define three operations which we can perform on a surface:

(i) given a surface X, we can remove a disk from ¥: the new surface is
¥° =X\ int(D)

where D C int(X) is a closed disk;
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(ii) given two surfaces X1 and X, with a boundary component §; C 9%; specified on each, we can
do the gluing
216 U EQ = (El |_|22)/ ~

1=02
where ~ is the equivalence relation identifying any 1 € §; to ¢(x1) € da, for a fixed homeo-
morphism ¢ : §; — do;
(iii) given two surfaces ¥; and ¥y, we can construct the connected sum

Elﬂzg = (21 \1nt(D1)) 8D128D2 (22 \ lnt(Dg))

where D; C int(¥;) is a closed disk.
The above operations are well-defined in the following sense:

(i) the homeomorphism type of X° does not depend on the choice of D;
(ii) the homeomorphism type of X1 Us, —s, X2 does not depend on the choice of ¢;
(iii) consequently, 314%5 is also well-defined up to homeomorphism.

Furthermore, these operations can be defined for oriented surfaces:

(i) an orientation on X restricts to a unique orientation on X.°;
(ii) if ¥; and ¥o are oriented and if ¢ is orientation-reversing, then there is a unique orientation
on Xy Us, =5, 22 that is compatible with those of ¥; and Xo;
(iii) consequently, there is a unique orientation on 1§35 that is compatible with those of X1 and %,.

We can now construct infinitely many surfaces out of S? and S' x S! using the above operations.
Definition 1.3. Set ¥y := S? and, for any integer g > 1, set
Y, = (St x ShHg---4(St x Sh).

g times

Set 340 := X4 and, for any integer b > 1, let Xy 4 be the surface obtained from ¥4 by removing b disks.

Of course, the surface X, is only defined up to homeomorphism, but we can also fiz a “standard”
surface ¥, C R? once and for all, and orient it, as shown below:

Theorem 1.4. For any (connected, compact, orientable) surface S, there exists a unique pair (g,b) €
Z>o X L>q such that S is homeomorphic to ¥y 4.

The unique integer g > 0 such that S = ¥, for some b > 0 is called the genus of S.

Sketch of proof. We prove the unicity. Let (g1,b1), (92,b2) € Z>o X Z>o be such that X, 5, = 3y, p,:
we must show that g1 = g2 and by = by. We have 0%, , = 0%, », and, since the number of connected
components is a topological invariant, we obtain b; = by. According to Exercices 1.1-1.2, we have

1
gi = §(rank Hi (g, 5,5 Z) — max(b; — 1,0)).

Since the homology is a topological invariant, we have H1(3g, p,;Z) ~ H1(24, 5,;Z) and we conclude
that g1 = g2.

We now sketch the proof of the existence. Let S be a surface: we must prove that S = ¥ ; for some
g,b > 0. We first consider the case where 0S5 = @ and we accept the following classical result [Rad25].

Theorem. (Radé 1925) Any closed surface S has a triangulation.

This result may seem obvious at a first glance, but it is actually quite difficult to prove: see for instance
[Moi77, §8]. A triangulation of S is a homeomorphism f : K — S, whose source K is a topological
space consisting of (finitely many) copies of the 2-dimensional simplex

A% = {$€R3:$1,$2,$3 >0,z1 +x0+ 23 = 1}
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which are glued one to the other along edges by affine isomorphisms. We call triangles the images of
those simplices by f and, in the interior of each of these triangles, we color a smaller triangle:

-

We pick one of these colored triangles, and we merge it to an adjacent colored triangle of our choice.
We repeat this process at much as possible, doing some choices at each step:

At the end of the process, we get a colored “polygonal” region in S which almost fills S. This shows
that the surface S can be obtained from a polygon P C R? by identifying its edges pairwisely: let

m:P— S=P/~
be the corresponding projection. It can happen that the integer
np := g ({vertices of P})

is greater than one. In this case, there is an edge e of P whose two vertices are not identified by ~:
so, the same happens for the “twin” edge €. By collapsing e and simultaneously € to their midpoints,
we see that np can be decreased by one. Hence we can assume that np = 1: let x € S be the common
image of all the vertices of P. There is a small closed disk D C S such that x € int(D) and 7—*(D)
consists of disjoint neighborhoods of the vertices of P:

The surface

Hi= (P\ 7 int(D)) / ~

can now be regarded as a disk with “handles” (one “handle” for each pair of twin edges in P):

Qul

c d
Thus the surface S is obtained by gluing a closed disk to H along its boundary. We pick one of the
handle of H — which we call a;. Because H has just one boundary component, there must be at least

one other handle — which we call by — whose attaching intervals “alternate” with those of a;. Next,



if another handle has an attaching interval “under” a; U by, we can always “slide” it far away from
a1 U by. Doing this repeatedly, we see that S is obtained from a surface of the type

al b1 Qg bg

Ny =

(for some integer g > 0) by gluing a disk along its unique boundary component. Therefore S = 3,
since Y, is also obtained from N, by gluing a disk along its boundary:

leiily

The existence in the general case is deduced from the closed case as follows. Assume that S has
b boundary components d1,...,8,. Let ST be the surface obtained from S by gluing a closed disk
D; along each boundary component d;. Then ST is closed so that ST = 3/ for some g > 0. For all
i=1,...,b, let D. be the image of D; under this homeomorphism. Then

S =S8t \int(D;U---UD,) = ¥, \int(D;U---UD}) =3, O

A smooth structure on a surface ¥ is an atlas which is equivalent to the given one and such that
any coordinate change (1.1) is a C*°-diffeomorphism. We accept the following result: see [Hat13] for a
proof.

Theorem 1.5. Any surface has a smooth structure, which is unique up to diffeomorphism.

Thus, in 2-dimensional topology, one is allowed to freely use the tools of differential topology [[Tir76].
For instance, we can define the orientability of a surface ¥ by requiring that the Jacobian determinant
of any coordinate change (1.1) should be positive.

1.2. Curves. Let X be a surface. Here is our definition of a “curve” in X.

Definition 1.6. A closed curve in a surface ¥ is a continuous map « : S' — X. It is simple if «
1s injective.
In fact, a “closed curve” « : S' — ¥ will sometimes only refer to the image a(S'). If we need also

to record the image by « of the trigonometric orientation of S!, then the closed curve is said to be
oriented. The same closed curve as o with opposite orientation is denoted by @.

Lemma 1.7. Any simple closed curved « in the interior of ¥ has a closed neighborhood N(«) such
that the pair (N(a), ) is homeomorphic to the pair (S* x [—1,1], S x {0}).

Proof. Assuming that ¥ and « are smooth, this is the simplest manifestation of the existence theorem
of tubular neighborhoods for submanifolds [[ir76]. The “triviality” of the tubular neighborhood in this
situation is due to the facts that oz and ¥ are orientable and that GL (1) = (0, +00) is contractible. O

Two closed curves a and 3 are homotopic if there is a continuous map h : S x [0,1] — ¥ (called a
homotopy) such that h(—,0) = a and h(—,1) = 8. A closed curve is essential if it is not homotopic to
the constant curve or to a boundary component.

Two simple closed curves « and 3 are isotopic if there is a continuous map h : S* x [0,1] — ¥ (called
an isotopy) such that h(—,0) =« , h(—,1) = 8 and h(—,t) is simple for every ¢.

The above definitions can also be formulated in the smooth category if a smooth structure is specified
on X. It turns out that two smooth simple closed curves are smoothly isotopic if and only if they are
isotopic. Furthermore, we will accept the following classical result of Baer [Bae27] (see [Eps66] for a
more modern treatment).

Theorem 1.8 (Baer 1927). Two essential simple closed curves in ¥ are isotopic if and only if they
are homotopic.
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This is not true anymore if the assumption “essential” is removed. Indeed consider the disk D? with
its usual orientation. The curve 9D? (with the orientation inherited from D?) and the curve —9D?
(with the opposite orientation) are both homotopic to the constant curve at 0 € D?. But it can be
shown that they are not isotopic.’

We shall now see two different notions of “intersection invariant” for closed curves in 3. The first
notion is homological and needs the curves to be oriented.

Definition 1.9. Assume that ¥ is oriented. Then the (homology) intersection form on X is the
bilinear map

w: H{(X;Z2) x Hi(%;Z) — Z, (a,b) — (Dj.(a),b)
where j, : H1(X;Z) — Hy(X,0%;2Z) is induced by the inclusion j : ¥ — (£,0%), D : H1(X,0%;Z) —
H(X;7Z) is the Poincaré duality, and (—,—) denotes the Kronecker evaluation.

When a = [a] € Hi(X;Z) and b = [] € H1(X;7Z) are represented by some oriented closed curves «
and 8, we have the following formula for w(a,b). Working in the smooth category, we assume that a
and f are transversal in the sense that

VeeanpB, T,X= <O_2:v7/6_;w>
and that o, 8 only meet at double intersection points; then

wal,8) = 3 {+17 if (&, B,) is direct }

—1, otherwise
reanf

(A student who is not familiar with Poincaré duality may accept the above formula as a definition of
the form w.) In particular, it follows that w is skew-symmetric.

The second notion of “intersection invariant” is homotopic and does not need the curves to be
oriented.

Definition 1.10. Let a,b be homotopy classes of closed curves in X. The (geometric) intersection
number of a,b is

i(a,b) =min {#§(aNpB)|a €a,B € b} € Zx.
Two closed curves a, 8 in ¥ are in minimal position if (o N B) = i([a], [5])-

The following is very useful to display two simple closed curves in minimal position.

Lemma 1.11. Two smooth simple closed curves, which are transversal, are in minimal position if and
only if they do not show any bigon <X

Proof. See [FN12, Proposition 1.7]. O

To conclude this section, we shall now see that there are only finitely many “types” of simple closed
curves in the surface ¥. Here two simple closed curves « and § in X are said to have the same topological
type if there is a self-homeomorphism of ¥ carrying « into 5.

Lemma 1.12. Two simple closed curves a and 3 have the same topological type if, and only if,
Y\ int N(a) 2 X\ int N(B).

Proof. Assume that o and § have the same topological type. Then there is a homeomorphism f : ¥ — %
such that f(a) = 8. We can assume that f(N(«)) = N(8), hence f restricts to a homeomorphism
Y\ int N(a) — X\ int N(B).

Assume that there is a homeomorphism A : ¥\ int N(«a) — ¥\ int N(8). According to Exercice 1.8,
we can also assume that h carries the components of N(«) to the components of N(5). Hence, by
using the identifications N () 2 S x [~1,1] 2 N(8), we can extend h to a homeomorphism £ : £ — %
such that h(a) = . O

Proposition 1.13. There are only finitely many topological types of simple closed curves in 2.

This proposition remains valid if we require orientation-preserving self-homeomorphisms of ¥ in the
definition of the topological type of a simple closed curve.

1 Hint: work in the smooth category, and use the fact that GL(2) is disconnected.



Proof. Let a be an arbitrary simple closed curve in X, and consider the possibly disconnected surface
Yo = X\ int N(«). According to Lemma 1.12, it suffices to show that there are only finitely many
possibilities for the homeomorphism type of ¥.

Assume that X, is not connected: then ¥, has two connected components S; and S;. Let g; > 0
be the genus of 5; and let b; > 1 be the number of boundary components of S;. Then

b1 + b2 = # (boundary component of ¥) + 2
which shows that there only finitely many possibilities for b1, bs. Next, we have
X(E) = x(Za) +x(N(a)) = x(ON(ar))
= X(Za) +x(8T x [0,1]) = x(STUSY) = x(Za) = x(5) = x(Za)-
By Exercice 1.3, we also have
X(Za) = x(S1) + x(52) = (2= 291 — b1) + (2 — 292 — b2).
We deduce that 2g1 +2g2 = 4—x(X) —by —be, which shows that there are only finitely many possibilities

for g1, g2. The case where %, is connected can be treated with the same kind of arguments. O

In addition to curves, we will also need “arcs” in the sequel. Assume that 0¥ # @&. A proper arc
in ¥ is a continuous map p : [0,1] — X such that p=1(9%) = {0,1}. It is simple if p is injective. The
notions of homotopy of arcs and isotopy of simple proper arcs are defined as we did for curves, by
requiring endpoints of arcs to be fixed at any time.

1.3. Exercices.

Exercise 1.1. Let ¢ > 0 and b > 1 be integers. Show that ¥, ; deformation retracts to a wedge of
2g + b — 1 circles. Deduce that

Ho(Xg,0;Z) = Z, Hi(3g;7Z) =~ zPh, H;(3g,0;Z) =0 for i > 2.
Exercise 1.2. Let g > 0 be an integer. Using Exercise 1.1, show that
Ho(Sy;Z) ~ 7, Hy(X52)~7%, Ho(XyZ)~Z7, H;(X,;7Z)=0fori>3,

Exercise 1.3. Compute the Euler characteristic x(3,5) for any g,b > 0. Is the Euler characteristic a
complete invariant of (compact, connected, orientable) surfaces?

Exercise 1.4. Compute the fundamental group (X, ;) for any g,b > 0. Is the fundamental group a
complete invariant of (compact, connected, orientable) surfaces?

Exercise 1.5. Deduce from the classification of surfaces the Jordan—Schoenflies theorem: for any
simple closed curve o C 5%, the complement S? \ « consists of two connected components whose
closures in S? are closed disks.

Exercise 1.6. Show that the intersection form w of ¥, ; is non-singular if and only if b € {0,1}.
Exercise 1.7. Which (compact, connected, orientable) surfaces can be embedded in the plane R??

Exercise 1.8. Let X be a surface with a least two boundary components ¢ and ¢’, and let T be a con-
nected subsurface of ¥ such that § Ué’ € T. Construct an orientation-preserving self-homeomorphism
of ¥ which exchanges ¢ with ¢’ and is the identity outside T

Exercise 1.9. A simple closed curve « in the interior of a surface X is non-separating if the space X\« is
connected. Show that any two non-separating simple closed curves in ¥ have the same topological type.
Exercise 1.10. List all the topological types of simple closed curves on the surface ¥ ;.

* ok ok

Solution to Exercise 1.1. It is enough to draw such a wedge of circles I'y , on a picture of 3, ;. Since
the homology is a homotopy invariant, we have H,(244;Z) ~ H,(I'y;Z) and we easily conclude.

Solution to Exercise 1.2. We have ¥, = ¥ | UD? where g1 and D? are glued along their boundary.
It follows from the Mayer—Vietoris theorem (in reduced homology with Z coefficients) that we have a
long exact sequence

Hy(3,1) @ Ho(D?) — Ho(%,) BN Hy(SY) — Hi(2,.1) ® Hi(D?) — Hy(2,) — Hy(SY),

which simplifies to

0 — Hy(S,) 25 Hy(SY) — Hy(Sy1) — Hi(B,) — 0.
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The map H;(S') — H1(X,1) is obviously trivial, and we deduce that
Hy(Sy) = Hi(S") = Z, Hy(Sy) ~ Hi(Sy,1) ~Z>9.
We also have Hy(X4) ~ Z since ¥, is connected, and we have H;(X,) = 0 for i > 3 since ¥, has a

cellular decomposition with only cells of dimension < 2.
Solution to Exercise 1.3. For b > 0, we have by Exercise 1.1
X(Egp)=1—-(29+b—-1)=2-29-b
and, for b = 0, we have by Exercise 1.2
X(Xg)=1-2¢9+1=2-2g.
Hence x(345) = 2—2g—>b for any g, b > 0. In particular, x(31,1) = —1 = x(Z0,3) although £, 1 2 X 3.

Solution to Exercise 1.4. For b > 0, ¥ ; deformation retracts to a wedge of circles oy, 51, . . ., ag, Bq,
C1y---,Cp—1 based at a point x € 90X, ;. Hence

T (Zgp, %) = F (o1, B1,...,04,84,C1,...,C—1), the free group on 2¢g + b — 1 generators.
For b = 0, we have ¥, 2 %, ; U D?. Hence, by applying the Van Kampen theorem, we get for g > 1

(g %) = {01, 81, 09, By 1B on] -+ [B5 7 ) )

where aq, 01, ..., a4, B, are appropriately oriented; for g = 0, we get m1(2o) = {1}. In particular, note
that m (20) ~ 7'('1(2071) although X A;tp 2071.

Solution to Exercise 1.5. It is enough to show that S, := S?\ int N(«) is the disjoint union of two
closed disks.

Assume that S, is connected. Then the two endpoints of the interval {(1,0)}x[—1,1] C S*x[-1,1]
N(a) can be connected by a path in S,: thus we obtain a closed curved 3 C S? which we orient in an
arbitrary way. Since o and 3 meet in exactly one point, we have w([a], [5]) = £1 which contradicts the
fact that Hy(S?;7Z) is trivial. Therefore S, has two connected components, which we call S; and Ss.

Since S2 is closed, we must have S; = Y4, 1 for some integer g; > 0. Hence

= x(5%) = x(a) = x(51) + x(S2) = (1 = 2g1) + (1 — 2g2) = 2 — 2(g1 + g2)

which implies that g; = g2 = 0. Hence S; = S; = ¥y 1, and we have g ; = D? since S? = % is
obtained by gluing two disks along their boundaries.

Solution to Exercise 1.6. Assume that b € {0,1} and consider the following system of oriented
simple closed curves on g p:

Vs

Set a; := [oy] € H ) and b; := [3;] € H1(%;Z) for all i € {1,...,g}. Then the matrix of w in the
basis (a, b) := (a1 ag,bl, ... ,bg) is
(0 I
(5, %)

Since we have det Q2 = 1, the form w is non-singular. Thus w is a symplectic form and (a,b) is a
symplectic basis of w.

Assume that b > 1. Choose (b—1) boundary components among the b available, and let 21, ...,2,_1 €
H,(X,,4;Z) be their homology classes. Then z; # 0 and w(—, z;) = 0 since any element of H; (X, 3; Z)
can be represented by an oriented closed curve disjoint from the ¢-th boundary component. Hence the
radical of w is not trivial.

N.B. The matrix of w in the basis (a,b,2) := (a1,...,ag,b1,...,bg,21,...,20—1) of Hi1(Eg;Z) is

0 I, 0
~I, 0 0
0 0 0
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Solution to Exercise 1.7. Let i : ¥ — R? be an embedding of a surface. Since ¥ is compact, we can
find a closed disk D C R? which contains i(X). We have the following commutative diagram:

Hy(3;7) x Hy(S;2) —=5 7,

i*xi*l

Since Hy(D;Z) = 0, we must have wy, = 0. Then, by the previous exercise, the genus of ¥ must be
zero. Assume now that X is closed, i.e. ¥ is homeomorphic to a 2-sphere: we can even assume that
¥ = S2. Fix a point € S? and let p : R> — S? be a continuous map which is a homeomorphism onto
S2\ {z}. Then f :=poi:S* — 5% is an embedding whose image does not contain z. We denote
by H. the two hemispheres of S? and let E := H, N H_ be the equator. By Exercise 1.5, the simple
closed curve f(E) separates S? into two closed disks: one of them, called Dy, contains z in its interior
while the other one, called Dy, does not. The map f sends int(H4) Uint(H_) into Dy U Dy so, for
connectedness reasons, either int(H ) is mapped into D; and int(H_) into Da, or vice-versa. Assume,
for instance, the first possibility: then f is an embedding of H, into D; \ {«} which sends the curve
O0H, = E to the curve 9D, = f(E). The former is null-homotopic in H; while the latter generates
Hy(D1\{z};Z) ~ Z ... contradiction. We conclude that ¥ = X for some b > 0.
Conversely, a disk “with holes” ¥, (with b > 0) can be embedded in R? in the obvious way.

Solution to Exercise 1.8. Let a be a proper simple arc in T' connecting 0 to ¢’. There is a closed
neighborhood of o U § U ¢’ which is homeomorphic to ¥ 3. Hence we can assume without loss of
generality that ¥ =T = 3 3 as shown below:

° o

and we need to construct a homeomorphism f : ¥ — ¥ which is the identity on §y and exchanges ¢
with ¢’. To be even more explicit, we can assume that

Y=D?\{2€C:|z—1/4<1/8or |z+1/4 <1/8} CC.
Let h : D? — D? be the homeomorphism defined by

h(z) = { exp (2im(1 —|z])) -z if1/2<[z| < 1.

Clearly h exchanges the disk {z : |z — 1/4| < 1/8} with the disk {z : |z + 1/4] < 1/8} and h is the
identity on S' = 9D?. Hence f := h|x has the desired properties.

Solution to Exercise 1.9. Assume that ¥ = ¥, ; and let o C int(X) be a non-separating simple
closed curve. Then the surface X, := X\ int N(«) has b+ 2 boundary components; let g, be the genus
of ¥,. We have

2-2g90 — (b+2) = x(3a) = x(¥) =2—-29 - b,
hence go = g—1. We deduce that ¥, = ¥;_; y12, i.e. the homeomorphism type of ¥, does not depend
on the choice of a.
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Solution to Exercise 1.10. Let a be an arbitrary simple closed curve on ¥4 1. According to Exer-
cise 1.9, there is only one possible topological type if we assume that « is non-separating:

/Iy N/

Assume that o is separating: let S be the subsurface delimited by o containing 03,1 and let T" be the
other subsurface. We have S = ¥j 5 and T' = ¥, ; for some h, k > 0. Moreover,

1=29=x(Zg1) = x(5) +x(T) = (=2h) + (1 = 2k) =1 = 2(h + k)
so that g = h + k. Therefore, in the separating case, there are g possibilities of topological types:

(h, k)

(h'> k) = (g - 171) = (970)
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2. MAPPING CLASS GROUPS

We can now turn to the main subject of these lectures, namely the mapping class groups of surfaces.
Our exposition is inspired from the books [Bir74], [FM12] and the survey article [Iva02]; it mainly
follows the informal notes [Mas09] with some additions and corrections.

2.1. Definitions of mapping class groups. Let ¥ be a (compact, orientable, connected) surface,
and fix an orientation on ¥. We will consider the following group:

HomeoJ“a(E) = {homeomorphisms > — ¥ which are orientation-preserving and fix 02}

Recall that, for any two topological spaces X and Y, two continuous maps a,b : X — Y are
homotopic if there is a continuous map H : X x [0,1] — Y (called an homotopy) such that H(—,0) = a
and H(—,1) = b. Two homeomorphisms a,b : ¥ — X are isotopic if there is an homotopy H : ¥ x
[0,1] — X (called an isotopy) such that H(—,t) is a homeomorphism for every ¢. Two homeomorphisms
a,b: Y — ¥ which fix 9% are isotopic rel 93 if they are related by an isotopy H : ¥ x [0,1] — X such
that H(—,t) fixes 0% for every t.

Definition 2.1. The mapping class group of ¥ is M(X) := Homeo+’8(2)/(z’sotopy rel 9%).

Other common notations for the mapping class group include the following ones: MCG(X), Mod(X)
and Mgy, Ty, if ¥ is one of the “standard” surfaces ¥, ;. The isotopy class of an f € Homeo™?(X%)
is denoted by [f] € M(X), or simply by f € M(X).

Remark 2.2. Equip the set Homeo+’3(§]) with the compact-open topology, i.e. the topology generated
by the family of subsets {V(K,U)} kv indexed by compact subsets K C 3 and open subsets U C £
and defined by

V(K,U) == {f € Homeo ™ () : f(K) C U}.

(See [Bre93] for an exposition of this kind of topology.) Then a continuous map p : [0, 1] — Homeo™? (%)
is the same thing as an isotopy rel 9¥ between p(0) and p(1). (Observe in particular that, during an
isotopy, an orientation-preserving homeomorphism remains orientation-preserving.) Therefore, M(X)
can also be defined as the set of path-connected components of Homeo™?(%). |

The above definition of a mapping class group has several variations. Here are two variations which
give equivalent definitions:

. We could fix a smooth structure on ¥ and we could replace homeomorphisms up to isotopy
by diffeomorphisms up to smooth isotopy, but this would not affect the definition of M(X). In
other words, any homeomorphism is isotopic to a diffeomorphism (this generalizes Theorem 1.5,
see [Hat02]) and any two isotopic diffeomorphisms are smoothly isotopic.

. We could consider homeomorphisms up to homotopy rel 9% instead of considering them up to
isotopy rel 0X. This would not affect the definition of M(X) since Baer used Theorem 1.8 to
also show the following: two orientation-preserving homeomorphisms ¥ — 3 are homotopic rel
0¥ if and only if they are isotopic rel 9% (see [Bae28, Eps66]).

Here are two other variations which give non-equivalent definitions of the mapping class group:

. We could allow homeomorphisms not to be the identity on the boundary. Then, generally
speaking, the resulting group M?9(X) differs from the above group M(X): specifically, we have
an exact sequence of groups

7 — M(E) — MP(2) — &, — 1,

see Exercise 2.10.

. We could allow homeomorphisms not to preserve the orientation: we denote by M*(X) the
resulting group. If the boundary of ¥ is non-empty, then any boundary-fixing homeomorphism
must preserve the orientation: M*(X) = M(X). If the boundary is empty, then we have a
short exact sequence of groups

1 — M(B) — MEE) — Zy — 1,

see Exercise 2.11.

2.2. First examples of mapping class groups. We now give two examples of mapping class groups.
First, let us prove that the mapping class group of the disk D? is trivial. Recall that a topological
space X deformation retracts to a subspace R C X if there exists a continuous map r : X — R (called
the retraction) such that r|g = idg and the map X — X defined by x — r(z) is homotopic to idx; if
R is a singleton in X, then X is said to be contractible.
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Proposition 2.3 (Alexander’s trick). The space Homeo?(D?) = Homeo™?(D?) is contractible. In
particular, we have M(D?) = {1}.

Proof. For any homeomorphism f : D? — D? which is the identity on the boundary, and for all
t € [0, 1], we define a homeomorphism f; : D? — D? by

fi(2) = { tefz/t) if0<|z| <t

x ift< |z <1
Here D? is seen as a subset of C and |x| denotes the modulus of x € C. Then, the map
H : Homeo?(D?) x [0,1] — Homeo?(D?), (f,t) — f;

is a homotopy between the retraction of Homeo? (D?) to {idp2} and the identity of Homeo?(D?). Thus,
Homeo? (D?) deformation retracts to {idpz}. O

We now compute the mapping class group of the torus S' x S!, which is not trivial.

Proposition 2.4. Let (a,b) be the basis of Hi(S* x S1;7Z) defined by a := [S* x 1] and b := [1 x S].
Then, the map

K M(S' x SY) — SL(2;Z)
which sends any isotopy class [f] to the matriz of f. : H1(S' x SY;Z) — H(S' x SY;Z) with respect
to the basis (a,b), is a group isomorphism.

Proof. The fact that we have a group homomorphism x : M(S* x S') — GL(2;Z) follows from the
functoriality of the homology. We now check that x([f]) € SL(2;Z) for any [f] € M(ST x S'): set

Ji1 o fi2
K =
D ( Ja1 fa2
where the integers f;;’s are such that f.(a) = fiia + fa1b and fi(b) = fiza + fa2b. Since f preserves
the orientation, it also leaves invariant the intersection form w. So, we have

1 =w(a,b) =w(fila), f«(b)) = w(fi1a + fa1b, fiza + fa2b) = fi1fo2 — fo1f12 = det &([f]).

The surjectivity of x can be proved as follows. We identify R?/Z? to S* x S* via the homeomorphism
defined by (u,v) + (e2™* €2i™) for any (u,v) € R%.  Any matrix T € SL(2;Z) defines a linear

isomorphism
R 2 R 2’ <U> T. (U)
v v

which leaves Z? globally invariant and so induces an (orientation-preserving) homeomorphism ¢t :
R2/Z? — R?/Z. Tt is easily checked that x([t]) = T.

To prove the injectivity, let us consider a homeomorphism f : St x S — St x St such that x([f]) is
trivial. Since m(S? x S!) is abelian, the Hurewicz theorem implies that f acts trivially at the level of
the fundamental group. The canonical projection R? — R?/Z? gives the universal covering of S* x S*.
Thus, f can be lifted to a unique homeomorphism f: R2?2 — R? such that f(0,0) = (0,0) and, by
assumption on f, the homeomorphism fis Z2-equivariant. Therefore, the “affine” homotopy

H:R>x[0,1] — R, (2,t) —st- fla)+(1—1t) -z

between idg2 and f, descends to a homotopy from idg: g1 to f. Since homotopy coincides with isotopy
in dimension two, we deduce that [f] = 1 € M(S! x S1). O

2.3. Generation of mapping class groups. Let ¥ be an oriented surface. We now introduce some
generators for the mapping class group M(X).

Definition 2.5. Let « be a simple closed curve in the interior of ¥. We identify a tubular neighborhood
N(a) of a with S* x [0,1], in such a way that orientations are preserved. Then, the Dehn twist along
« is the homeomorphism T, : X — 3 defined by

) ={ AR
@ (62”(9“),7") if x = (¥, 1) € N(a) = S* x [0,1].

Because of the choice of N(a) and its “parametrization” by S* x [0, 1], the homeomorphism 7, is only

defined up to isotopy. Besides, the isotopy class of 7, only depends on the isotopy class of the curve «.
Here is the effect of 7, on a curve p which crosses transversely « in a single point:
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Remark 2.6. A\ The definition of 7, does not need the curve a to be oriented, but it requires an
orientation on the surface . Since the surface X is oriented, there is a notion of “right-hand side”
and “left-hand side” on X: observe that, in the above picture, the image of the arc p by 7, makes a
right-hand turn. Thus our definition of a Dehn twist is the same as in [Bir74], but it is opposite to the
definition used in [[va02] or [FM12] where Dehn twists are “left-handed”. |

It can be checked that 7, =1 € M(X) if a bounds a disk (see Exercise 2.4). Otherwise, 7, # 1 as
we now show.

Proposition 2.7. Let a be a simple closed curve in ¥ such that [a] # 1 € m1(X). Then 7, has infinite
order in M(X).

Proof. Assume that « is isotopic to a boundary curve §. If ¥ is an annulus, then we know from
Exercise 2.2 that M(X) ~ Z generated by 7,. If ¥ is not an annulus, then the curve « regarded in the
“double” surface
¥i=3 U (-Y)
§=5

is not anymore isotopic to a boundary curve; furthermore, the inclusion ¥ < ¥’ induces a group
homomorphism M(X) — M(X'); so the fact that 7, has infinite order in M(¥’) will imply that 7, has
infinite order in M(X). Therefore we can assume in the sequel that « is not isotopic to a boundary
curve, i.e. « is “essential” in the terminology of §1.2.

Let now 3 be an arbitrary simple closed curve in 3. The following can be deduced from Lemma 1.11
(see [FM12, Proposition 3.2]):

Fact. For any k € Z, we have i ([t5(B)], [8]) = |k| - i([e], [8])?.

@
Hence it is enough to justify that there exists a § such that i([a], [8]) > 0. Clearly this possibility for

a only depends on its topological type. If « is non-separating, then we can choose g as follows:
(0%

and Lemma 1.11 implies that i([a], [8]) = 1. If « is separating, then each of the subsurfaces S; and S,
delimited by « is not a disk nor an annulus. Therefore we can find a proper simple arc 8; C .S; such
that we have the following situation:
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If follows from Lemma 1.11 that 5 := 1 U fs is a simple closed curve satisfying i([a], [5]) = 2. O

Here is now a fundamental result about mapping class groups, which dates back to Dehn [Deh38].

Theorem 2.8 (Dehn 1938). The group M(X) is generated by Dehn twists along simple closed curves
which are non-separating or which encircle some boundary components.

In order to prove this, we will need the following result which describes how the mapping class group
“grows” when one removes a disk from the surface [Bir69a].

Proposition 2.9 (Birman’s exact sequence). Let X° be the surface obtained from ¥ by removing a
disk D. Then, there is an exact sequence of groups

Push Uidp
Em—d —

m1 (U(X)) M(X°) ME)——1
where U(X) denotes the total space of the unit tangent bundle’ of ¥. Moreover, the image of the
“Push” map is generated by some products of Dehn twists (and their inverses) along curves which are

non-separating or which encircle boundary components.

Sketch of the proof. The argument below needs the notion of “fibration” which we have recalled in
Appendix A. Let Diﬂeo+’6(§]) be the group of orientation-preserving and boundary-fixing diffeomor-
phisms ¥ — 3. We equip Diffeo+’8(2) with the compact-open topology. As we mentioned in §2.1, we
have

M(E) = mo(Homeo™?(%)) = mo( Diffeo™? (%))

so that we can work in the smooth category. Let Emb™ (D, ) be the space of orientation-preserving
smooth embeddings of the disk D into ¥, and denote by ¢ € Emb™ (D, ) the inclusion D — ¥. The
restriction map Diffeo™?(2) — Emb™ (D, %), f — f|p is a fibration whose fiber over ¢ is Diffeo?(3°)
(see [Iva02, Theorem 2.6.A], and below). The long exact sequence in homotopy induced by this fibration
terminates with

m1(Diffeot?(£),ids ) — m (Emb* (D, %), 1) £ M(3°) — M(E) — 1,

since any orientation-preserving embedding of D into X is isotopic to ¢ (i.e. Emb+(D, Y)) has a single
path-connected component). The above map P has the following definition. A loop in Emb™ (D, Y)
based at ¢ is an isotopy I : D x [0,1] — X such that I(—,0) = I(—,1) = ¢. By the “isotopy extension
theorem” (see [Hir76], for instance), there is an isotopy I : & x [0,1] — X starting with I(—,0) = idy,
and such that fIV|DX[0)1] = I. Then, [I] € m (Emb+(D, %), L) is mapped by P to

[restriction of I(—,1) to 2° =%\ int(D)].

We now give a more concrete description of the map P. For this, let v be a unit tangent vector
of D: v € T, with ||v|| = 1 and = € int(D). The map Emb*(D,%) — U(X) defined by f
(de f)(0)/]|(de f)(v)]] is a weak homotopy equivalence (see [[va02, Theorem 2.6.D]). In particular, it
induces an isomorphism

7 (Emb™(D,X),1) ~ m (U(Z),v).

We denote by “Push” : 71 (U(X),v) - M(Z°) the composition of the homomorphism P with this
isomorphism. If & is the unit tangent vector field of a smooth simple closed curve « based at x, then
Push([@]) € M(X°) can be described as follows. Let N(a) be a tubular neighborhood of o and let
a_,ay be the two boundary components of N(«): here we assume that the orientation induced by
N(a) on a4 (respectively, a_) is the given orientation (respectively, the opposite orientation) on «.
Then we have the following formula:

(2.1) Push([d]) = 7, '7a, .

This is proved by checking that Push([@]) and 7,7, (viewed as elements of M(N(a) \ int(D))) act
in the same way on the proper arcs p; and py shown below, and by appealing to Exercise 2.3:

2Here, the surface ¥ is endowed with an arbitrary smooth structure and a riemannian metric.
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Push([a])
—

Note that the way how Push([@]) acts on the arc ps explains the terminology “Push”. Next, from the
exact sequence of groups

71 (Y1) — 1 (U(D),v) — (%, 2) — 1

(deduced from the long exact sequence in homotopy for the fibration U(X) — X), we see that
71 (U(X),v) is generated by the fiber and by unit tangent vector fields of smooth simple closed curves
which are non-separating or which are isotopic to components of 9%. Since the image of the fiber S by
the Push map is 75, we conclude from (2.1) that Push (m; (U(X), v)) is generated by some products
of Dehn twists (and their inverses) along curves which are non-separating or which encircle boundary
components. O

Remark 2.10. It is known that the path-connected components of the space Diffe0+’8(2) are con-
tractible when” x(3) < 0 [EE69, ES70, Gra73]. So, in this case, the above proof produces a short exact
sequence of groups

1 m (U(R)) 20 aq(ze) 292 () 1. m
We can now proceed to the proof of Dehn’s theorem.

Proof of Theorem 2.5. Here we mainly follow the arguments of Ivanov [[va02, Theorem 4.2.C]. Let ¢
be the genus of ¥ and let b be the number of boundary components of ¥. First of all, we deduce
from Proposition 2.9 that, if the statement holds at a given g for b = 0, then it holds for any b > 0.
So, we can assume that ¥ is closed and the proof then goes by induction on g > 0. For g = 0,
Exercise 2.1 tells us that there is nothing to prove. The case g = 1 is proved using the isomorphism
Kk M(St x S1) — SL(2;Z) introduced in Proposition 2.4. It is well-known that the group SL(2;Z) is

generated by
1 1 0 1
A.—<0 1) and T.—(_1 O>

(see [New72, Theorem VIL.3]). Hence SL(2;Z) is also generated by

1 0
A and B'_(—l 1)

since we have ABA = T. The matrices A and B correspond via k to the Dehn twists along the simple
closed curves o := S x {1} and §:= {1} x ST of S! x S1. We deduce that the group M (St x S1) is
generated by 7, and 75. Thus, in the sequel, we are allowed to assume that the genus g is at least 2.
Let f € M(X) and let a be a non-separating simple closed curve on . Then, f(«) is another non-
separating simple closed curve on ¥. We need the following non-trivial fact due to Lickorish [Lic64]:
see [F'M12, §4.1.2] or [Iva02, §3.2] for proofs.
Fact. (Connectedness of the complex of curves) Assume that g > 2. Then, for any two non-separating
simple closed curves p and p’, there exists a sequence of non-separating simple closed curves

p=pLepa e pp=pf
such that i(p;, pj41) =0 forallj=1,...,r— 1L
We also need the following observation.
3 This is not true if x(Z) > 0. For instance, we have the following results in the closed case: Diffeo™ (52) deformation

retracts to SO(3) by [Sma59], while each of the path-connected components of Diffeot (S* x S') deformations retracts
to St x S by [EE69).
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Fact. If 8 and v are two non-separating simple closed curves on X such that i(8,~v) = 0, then there is
a product of Dehn twists T along non-separating simple closed curves such that T(8) = .

Indeed, we can find a third non-separating simple closed curve § C ¥ such that i(d,v) = (4, 8) = 1.
Then, by Exercise 2.7, we have 757, 7g75(8) = 757,(6) = v and we can take T' := 757, 737s.

The above two facts show that we can find a product of Dehn twists T' along non-separating simple
closed curves such that T'(a) = f(«). Therefore, we are allowed to assume that f preserves . But, it
may happen that f inverses the orientations of «. In this case, we can consider a non-separating simple
closed curve 3 such that i(a, 3) = 1 and deduce from Exercise 2.7 that 737275 preserves a but inverses
its orientations. Therefore, after possible multiplication by 737275, we can assume that f preserves «
with orientation. Since there is only one orientation-preserving homeomorphism of S up to isotopy,
we can assume that f is the identity on «. Furthermore, we can suppose that f is the identity on a
tubular neighborhood N(«) of a.

Let ¥/ := ¥\ int N(«) and let f’ be the restriction of f to ¥’. The surface ¥’ has genus ¢’ := g — 1
and has 2 boundary components:

So, by the induction hypothesis, f € M(X’) is a product of Dehn twists along simple closed curves in
Y’ which are non-separating or which encircle some boundary components. We can conclude the same
thing for f € M(X): indeed a non-separating simple closed curve in ¥’ is also non-separating in X,
and a simple closed curve which encircles some boundary components in ¥’ is either isotopic in X to
« (which is non-separating) or is isotopic to the simple closed curve é shown above. In the latter case,
we use Exercise 2.8 which implies that 75 is a product of six Dehn twists along non-separating simple
closed curves in ¥ (namely « and f3). O

The above proof can be improved to show that finitely many Dehn twists are enough to generate
the mapping class group, and this was already proved by Dehn in the closed case [Deh38]. Much later,
Lickorish rediscovered Dehn’s result and improved it by reducing the number of generators [Lic64].

Theorem 2.11 (Lickorish 1964). For g > 1, the group M(X,) is generated by the Dehn twists along
the simple closed curves

(22) Oll,...,Oég,ﬁl,...7ﬂg,’}/1,...,’yg,1

shown below: s

Afterwards, Humphries showed that 2¢g + 1 Dehn twists are enough to generate M(X,): specifically,
with the above notation, M(%,) is generated by the Dehn twists along

(23) ﬁla"'uﬂg7’yl7"'7’79717a17a2

see [Hum?79]. The Dehn twists along the curves (2.2) are called the Lickorish generators of M(X),
while those along the curves (2.3) are called the Humphries generators.

Remark 2.12. Humphries also proved that M(3,) can not be generated by less than 2g + 1 Dehn
twists [Hum79]. Nonetheless, Wajnryb showed that M(X,) is generated by only two elements (one is
defined explicitly as a product of 2¢g Dehn twists, while the other one is a Dehn twist composed with
the inverse of a Dehn twist: see [Waj96]). |
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2.4. Presentations of mapping class groups. Since mapping class groups are generated by Dehn
twists, it is natural to look for presentations in terms of Dehn twists. First of all, one can wonder
which relations exist between only two Dehn twists, and it is intuitively clear that these will depend
on how much the two curves intersect each other.

(Disjointness relation) Let § and p be two simple closed curves on a surface ¥ with
i(0,p) = 0. Then [75,7,] = 1.
(Braid relation) Let § and p be two simple closed curves on a surface ¥ with i(d, p) = 1.
Then, TsT,Ts = ToTsTy-

The first relation is obvious. To prove the second one, we use Exercise 2.7 and Exercise 2.5:

-1
Tp = Trsr,(8) = T6Tp To (T6Tp) -

If i(6,p) > 2, then 75 and 7, generate a free group of rank two: this can be proved using estimates
of the geometric intersection number, see [[sh96] or [FM12, §3.5.2]. Thus, there is no relation at all
between 75 and 7, in this case.

If we now consider more than two simple closed curves, then new relations appear between the
corresponding Dehn twists. For instance, we can consider a chain p1, ..., px of simple closed curves,

which means that
( {0 if |1 —m| > 1,
WPLPm) =1 if [l —m| = 1.

Each chain induces a relation in the mapping class group.

Lemma 2.13 (k-chain relation). Let p1,...,pr be a chain of simple closed curves in a surface ¥, and
consider the subsurface
N:=N(p1)U---UN(py) C X

where N(p;) is a (sufficiently small) tubular neighborhood of p;. Then,

. for k even, (1, -+ 7, )22 = 75 where § := ON.
. for k odd, (7, - -T,,,C)]“'1 = T5,Ts, Where 61 U dg := ON.

The 2-chain relation is proved in Exercise 2.8. The proof of the k-chain relation for higher & is sketched
in [FM12, §9.4.2].

The few relations that we have exhibited so far are enough for a presentation of the mapping class
group of 37 =2 S x S'. Indeed, according to Proposition 2.4, this is equivalent to a presentation of the
group SL(2;7Z).

Theorem 2.14. Set A:= 71, and B := 75, where a := S* x {1} and B := {1} x S are shown below:

Then, we have the presentation

(2.4) M(S' x ') =(A,B |ABA=BAB,(AB)° =1).
Note that the first relation is a braid relation, and that the second one follows from the 2-chain relation.

Proof. Let PSL(2;Z) be the quotient of SL(2;Z) by its center, namely the order 2 subgroup generated
by —I5. Tt is well-known that PSL(2;Z) is a free product Zs * Zz. More precisely, we have

(2.5) PSL(%Z) = (T,U | T° = 1,0 =1)

where T and U are the classes of the following matrices:

0 1 0 1
T.-(_l 0) and U.-(_l _1>.

(See [New72, §VIIL3] for a one-page proof.) Note that T? = —I, and U3 = I5. Hence, using the short
exact sequence of groups

0 — {xl:} — SL(2;Z) — PSL(2;Z) — 1,
we deduce from (2.5) the following presentation of SL(2;Z):
SL(22) =(T,U | T*=1,U°=1,[U,T?| =1).
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(This can be proved, for instance, using Lemma 3.6 below.) Setting

1 1
v (o).

and observing that U = V~1T?2, we obtain the following equivalent presentation:

SL(2,Z)=(T,V |V =1,T*=V?).

1 1 1 0
A'_<O 1> and B'_<—1 1)

and observing that T'= ABA and V = BA, we obtain the presentation
SL(2;Z) = (A, B | (BA)® =1,(ABA)* = (BA)*)
which is equivalent to (2.4). O

Finally, setting

For higher genus, we need more relations and we consider for this the involution A of ¥y C R3 which
is a rotation by 180° around an appropriate axis: see below. It can be shown” that h € M(X,) is given
by the following word in the Lickorish’s generators:

h = Tar T TviTB2 " " TRy 1Tvg1TBgTag " Tag TRy Tryg_1TBg—1 " " TB2Ty1 T Ty

Then, we have the following relations between Lickorish’s generators:

(Hyperelliptic relations) In M(X,), we have h*> =1 and [h, 74, = 1.
The first one is obvious, while the second one follows from Exercise 2.5 using the fact that h(a1) = ag.
These additional relations allow for a presentation of M (X5), which has been obtained in [BH71].

Theorem 2.15 (Birman-Hilden 1971). Set A := 7,,, B :=13,, C := 7y, D := 73, and E = 71,,,
where oy, s, B1, B2,y are the simple closed curves shown below:

Then, we have the presentation
M(22) = (A, B,C, D, E | disjointness, braid, (ABCDE)® =1,H* =1,[H,A] =1).

Here, the word “braid” stands for the J possible braid relations between A, B,C, D, E, the word “dis-
jointness” stands for the 6 possible disjointness relations between them and H := ABCDE?>DCBA.

Note that the third relation follows directly from the 5-chain relation, while the fourth and fifth relations
are the hyperelliptic relations. Birman and Hilden [BII71, Theorem 8] obtained this presentation
by means of the 2-fold covering ¥, — ¥,/(h) = S? (which is branched over 2g + 2 points). But,
unfortunately, their method do not apply to higher genus.

We know from Theorem 2.11 that mapping class groups are finitely generated. But there exist finitely
generated groups which are not finitely presented. For instance, the external semi-direct product

G:=Z[tt ' |xZ

k- (Z Ziti) = Z Ziti_‘—k

is finitely generated by (¢,0) and (0, 1), but it can be shown that G has no presentation with finitely
many relations [Bau61].

where Z acts on Z[t,t~!] by

4See the proof of [BH71, Equation (8)] for instance.
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The first proof that mapping class groups are finitely presented in genus g > 3 is due to McCool in the
boundary case: regarding M(X, ;) with b > 0 as a subgroup of the automorphism group of a free group,
he proved that M(X, ;) is finitely presented by constructing a finite connected 2-dimensional CW-
complex whose fundamental group is isomorphic to M(X,;) [McC75]. Later, Hatcher and Thurston
introduced the complex of “cut systems” on which the mapping class group acts naturally, and they
proved by means of Cerf theory that this CW-complex is simply-connected [[TT80]. When a group G
acts on a simply-connected CW-complex K in such a way that

. K/G has finitely many cells in dimension 0, 1 and 2,
. the stabilizer of any vertex of K is a finitely presented subgroup of G,
. the stabilizer of any edge of K is a finitely generated subgroup of G,

then the group G is finitely presented and there is a general procedure to derive from this a finite pre-
sentation of G. Thus, it follows from the work of Hatcher and Thurston that the mapping class group
is finitely presented. Instead of the complex of “cut systems” on a surface X, one can use the “curve
complex” (see the proof of Theorem 2.8) or the “arc complex” to prove with a similar strategy that
M(Y) is finitely presented: see [[va37] and [[va02, Theorem 4.3.D] in the former case, and see [FM12
§5.3] in the latter case. Building on the work of Hatcher and Thurston, Wajnryb [Waj83, Waj99] found
an explicit finite presentation of M(X,;) for b € {0,1} (see also Harer [Har83]). We refer to [Bir88,
§1], [Iva02, §4.3] or [FM12, §5.2.1] for a precise statement of Wajnryb’s presentation. In a few words,
this presentation is given by Humphries’ generators subject to the following relations: the disjointness
relations, the braid relations, a 3-chain relation, a hyperelliptic relation’, and an instance of the fol-
lowing relation (which is proved in Exercise 2.9).

(Lantern relation) In M(Xg 4), we RaVe Tpy, TpouTpra = Tpias Tor Tps Tps -

p123

So far, we have mainly considered presentations of the mapping class groups of closed surfaces.
Using Birman’s exact sequence (Proposition 2.9) and Lemma 3.6 below, it is not difficult to deduce
finite presentations of mapping class groups in the boundary case too, but the resulting presentations
turn out to be complicated for several boundary components. Nevertheless, Gervais managed to derive
from Wajnryb’s presentation another finite presentation of M(X,;) for any g > 1,b > 0, and for
g =1,b> 0 [Ger01]. Gervais’ presentation has more generators than Wajnryb’s presentation, but its
relations are much more symmetric and they essentially splits into two cases (the disjointness/braid
relations and some new “stars” relations).

To conclude, let us mention that the above techniques leading to finite presentations of groups are
also useful for the computation of low-dimensional (co)homology groups. Thus Harer used the work
of Hatcher and Thurston to compute the second homology group of mapping class groups [HHT80].
Later Pitsch explained how to use Hopf’s formula to easily deduce this computation from Wajnryb’s
presentation [Pit99]. See also [FM12, §5.4]. Here, following Harer [Har83], we only explain how the
lantern relation can be used to derive the first homology group.

Corollary 2.16. The abelianization of the mapping class group is

ME) ) g g
[M(Eg)aM(Zg)] {0} ifg>3.

Proof. We know from Theorem 2.8 that M(X,) is generated by Dehn twists along non-separating
simple closed curves. If §; and ds are any two such curves, we know from Exercise 1.9 that there is an
orientation-preserving homeomorphism f : ¥, — X, satisfying f(d1) = d2. By Exercise 2.5, we get

To,=f 015 0 f L.

5Speciﬁcally, for b = 0, this is the relation [k, 7o,] = 1 written in terms of the Humphries’ generators. For b = 1, this
relation must be omitted.
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We deduce that the abelianization of M(3,) is cyclic generated by 7,, where p is any non-separating
simple closed curve in X4. Then the result in genus g € {1, 2} is easily deduced from the presentations
of M(X,) given in Theorem 2.14 and Theorem 2.15. In genus g > 3, there is an embedding of ¥y 4 in
Y, such that each of the curves involved in the lantern relation is non-separating in ,:

So, we conclude that 7';1 = TS’ in the abelianization and the conclusion follows. O

2.5. Exercises.

Exercise 2.1. Show that M(S?) = {1} using the fact that S? minus a point is homeomorphic to R2.

Exercise 2.2. Let z := [S! x {1/2}] be the generator of Hy(S' x [0,1];Z) ~ Z, and let p be the
1-chain {1} x [0, 1] of S* x [0,1]. Show that the map

n: M(S'x[0,1]) — Z

which sends the isotopy class [f] to the unique integer k; such that [f(p) — p| = ks - 2, is a group
isomorphism. Deduce that M (St x [0, 1]) is freely generated by the Dehn twist along S* x {1/2}.

Exercise 2.3. Let b > 1 be an integer, and let pq, ..., pp—1 be the following simple proper arcs in 3¢ p:

Show that any two f,h € Homeoa(Eovb) are isotopic rel 0%, if and only if the simple proper arcs
f(pi), h(p;) are isotopic for every i.

Exercise 2.4. Let a be the boundary of a closed disk in an oriented surface ¥. Show that 7, = 1 € M(X).

Exercise 2.5. Let ¥ be an oriented surface. Show that the conjugate of a Dehn twist in M(X) is
again a Dehn twist: specifically, for any f € M(X) and any simple closed curve o C X, we have
fra [ =Tta)-

Exercise 2.6. Let a be an oriented simple closed curve on an oriented surface 3. Show that the action
of the Dehn twist 7, in homology is given by the following formula:

(2.6) Ve e Hi(5;Z), (Ta)«(x) =2+ w([a],z) - [a].

Exercise 2.7. Let « and 8 be simple closed curves on an oriented surface ¥ such that i(«, 8) = 1,
and assume that they are oriented. Show that

| o ffw(a,B)=+1
787a(P) = { a ifw(e,f) =1

where @ denotes the curve o with the opposite orientation.
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Exercise 2.8. Let a and § be simple closed curves on an oriented surface ¥ such that i(a, 8) =
and let § C X be a simple closed curve isotopic to the boundary of the subsurface N(a) U N(f8):

Show that 75 = (7,75)°.
Exercise 2.9. Prove the lantern relation using (a slight variation of) Exercise 2.3.

Exercise 2.10. Let ¥ be an oriented surface and denote by M?(X) the “boundary-free” version of
the mapping class group of 3. We number the boundary components of ¥ from 1 to . Show that
there is an exact sequence of groups

(2.7) 70 - M(D) -5 MO(S) =5 &, — 1,

where the homomorphism d maps the i-th canonical vector of Z? to the Dehn twist along a curve
parallel to the i-th component of 9%, the map c¢ is the canonical homomorphism and the map s records
the way how homeomorphisms permute the components of 9. (Hint: to show the exactness at M(%),
one can use the fact that Homeo™t (S) deformation retracts to the group of rotations of S*.)

Exercise 2.11. Let ¥ be a closed oriented surface and denote by M*(X) the “unoriented” version of
the mapping class group of . Show that there is a split short exact sequence of groups

(2.8) 1— ME) - ME®) Lz, 1

where e is the canonical homomorphism and f is defined by the condition f~({0}) = e(M(%)).

* ok %

Solution to Exercise 2.1. Let f : $2 — S? be an orientation-preserving homeomorphism: it suffices
to show that f is homotopic to the identity. Fix a point z € S2. Using rotations in R?, it is easy to
construct an isotopy I : S? x [0,1] — S? such that I(—,0) = id and I(—, 1) maps = to f~'(z). Then
fol is an isotopy between f and a self-homeomorphism of S? which fixes 2. Therefore, we can assume
without loss of generality that f(z) = x.

Since S? \ {x} is homeomorphic to R?, we are reduced to prove that any self-homeomorphism of
R? is homotopic to the identity. This is actually true for any continuous map f : R? — R?, using the
“affine” homotopy

H:R?x[0,1] — R? (,t) —t-f(z)+(1—1t) -z

Solution to Exercise 2.2. We first check that 7 is a homomorphism. Let f,g € Homeoa(S1 x [0, 1]).
Since f fixes the boundary and since all the homology of S x [0,1] comes from the boundary, f acts
trivially in homology. Therefore,

[fa(p) — pl = f« ([9(p) = pl) + [f(p) — p] = [9(p) — p] + [f(p) — pl

which proves that kf, = kf + kg € Z.

The injectivity of n is proved with the same kind of arguments as in Proposition 2.4. Let f €
Homeo? (5" x [0, 1]) be such that n([f]) = 0. The canonical projection R x [0,1] — S* x [0, 1] gives the
universal covering of S x [0,1]. Thus, f can be lifted to a unique homeomorphism fv: R x [0,1] —
R x [0,1] such that £(0,0) = (0,0). Since m;(S* x [0,1]) ~ Z is abelian and — as we observed above —
since f acts trivially at the level of homology, the map f acts trivially at the level of the fundamental
group: so f is Z-equivariant. The fact that f(0,0) = (0,0) implies that f fixes R x {0}; since ky =0,
we also have f(0,1) = (0,1) so that f fixes R x {1}. Therefore, the “affine” homotopy

H:(Rx[0,1]) x[0,1] — R x [0,1], (z,t) —st- fx)+(1—1)-x
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between the identity of R x [0, 1] and f is such that H (—,t) is Z-equivariant and fixes the boundary at
each time ¢ € [0,1]. Thus H descends to a homotopy rel 9(S* x [0,1]) from the identity of S* x [0,1]
to f. Since homotopy coincides with isotopy in dimension two, we deduce that [f] = 1 € M(S! x [0, 1]).

The Dehn twist along the curve S* x {1/2} is mapped by 7 to +1. Since +1 generates the group Z,
we deduce that 7 is also surjective. This argument also shows that M(S! x [0, 1]) is generated by that
Dehn twist.

Solution to Exercise 2.3. Set ¥ := Xy ;. Any isotopy of simple proper arcs between fp; : [0,1] = X
and hp; : [0,1] — ¥ is equivalent (by composition with A=) to an isotopy of simple proper arcs between
h=tfp; :[0,1] — ¥ and p; : [0,1] — X. Similarly, any isotopy rel 9% between f and h is equivalent (by
composition with h=1) to an isotopy rel 9% between h~!f and idy. Therefore we can assume without
loss of generality that h = idy.

It is obvious that, for any f € Homeoa(Z) isotopic rel 9% to idy, the proper arc fp; is isotopic to
pi for every i. To prove the converse, assume that fp; : [0,1] — X is isotopic to p; : [0,1] — X for
every i € {1,...,b—1}. We can assume that these “individual” isotopies can be unified into a “global”
isotopy

I:([0,1]u---U][0,1]) x [0,1] — X
such that I(—,0) = py U---Upp—y1 = [0,1JU---LU[0,1] — [0,1] and I(—,1) = fpr U ---U fpp—1 :
[0,1]U---U[0,1] — [0,1]. As a general fact of differential topology,” this isotopy can be extended to
an “ambient” isotopy rel 0X: specifically, there exists an isotopy
I:¥x[0,1] — %

such that I(—,0) = idy and I(—,1) o (p1 U---u pb,l) =fo (p1 U---u pb,l). Thus I(—, 1) and f are
two self-homeomorphisms of ¥ which coincide on

G:=0XU pl([oa 1]) U---u pbfl([07 ]-D

As a general fact of differential topology,” we can also assume (after an isotopy of f) that they coincide
on a “regular” neighborhood N(G) of G. Since ¥\ int N(G) is a closed disk, we deduce from Proposi-

tion 2.3 that the restrictions of I(—,1) and f to ¥\ int N(G) are isotopic relatively to the boundary.

By extending with the identity, we get an isotopy rel 0¥ between I(—,1) and f. The “concatenation”
of this isotopy with I provides an isotopy between f and idy.

Solution to Exercise 2.4. Let D be the closed disk bounded by « in ¥, and let ap C int(D) be
a simple closed curve parallel to dD. Then the inclusion D — ¥ induces a group homomorphism
M(D) = M(X). Since 7o, =1 € M(D) by Proposition 2.3, we deduce that 7, = 7o, = 1 € M(X).

Alternatively, starting from the defining formula of a Dehn twist, it is not difficult to construct an
explicit isotopy between 7, : ¥ — ¥ and the identity of 3.

Solution to Exercise 2.5. Let v C X be a simple closed curve, and let f : 3 — ¥ be an orientation-
preserving homeomorphism fixing 0%. We claim that

2.9 foTyof™t =T € Homeo™? (X
Fo)

for some appropriate representatives T, and Ty, of 7, and 7y, respectively. Indeed let N(«)
be a tubular neighborhood of «, and fix a parametrization p : S x [-1,1] — N(«a). As a tubular
neighborhood N(f(«)) of f(a), we can take f(N(«a)) with parametrization f op. Then (2.9) can be
checked separately on X\ N(f(«)) and on N(f(«a)).

Solution to Exercise 2.6. The abelian group H;(X;Z) is generated by the homology classes of
oriented simple closed curves in ¥. Thus it is enough to prove (2.6) for the homology class x := []
of an oriented simple closed curve v C ¥. By applying an isotopy to -y, we can assume that = is
transversal to «, so that a and v meet in a finite number n of points. We consider the cyclic order on
a N~ determined by the orientation of «, which identifies & N~ to the cyclic group Z,. As a 1-chain,
the oriented simple closed 7,(7) is homologous to

Z (Viji+1 + & - @)
i€Zy,
where ; ;41 is the oriented arc on 7 between the points ¢ and 7 + 1 and where

e — +1, if (&;,7;) is direct
"1 —1, otherwise :

6This is the “isotopy extension theorem,” see [[1ir76].
"This is by using the theorem of collar/tubular neighborhoods, see [Hir76].
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Therefore,
(a)s(@) = ral)] = | 3 Giinn i) | = [ 3 vin |+ (2 i) o] = bl +-w(lal. b)) - o]

Solution to Exercise 2.7. We can assume without loss of generality that 3 := ¥, ; is a torus with
one hole, and that «, 8 are the following simple closed curves:

B

By applying subsequently 7, and 73 to a parallel copy of 3, we get

| J

Hence 1374 (f) = « as unoriented curves. The statement about oriented curves is proved by adding
some orientations to o and 8 on the above pictures.

Solution to Exercise 2.8. We can assume without loss of generality that > := ¥, ; is a torus with
one hole, and that «, 3,9 are the following simple closed curves:

1)

We consider the following two simple proper arcs p; and ps in X:

p2

Let N be a “regular” neighborhood of 93X U p; U pa. We observe that X\ int(N) is a closed disk: then,
by using the same kind of arguments as in Exercise 2.3, we see that any two f,h € Homeoa(E) are
isotopic rel 9% if and only if f(p;) is isotopic to h(p;) for every i € {1,2}. Therefore, it is enough
to “test” the identity 75 = (7473)® on each of the arcs pi, pe; since (7473)% = (7574)¢ by the braid
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relation, and for symmetry reasons, it is actually enough to “test” this identity on p;. We have

L/

(TaTB)3 { 178

=

It follows that

1%

D) 0

IR

o (rag)?

(TQTB)5

We conclude that (7,75)%(p1) = 75(p1) as required.

Solution to Exercise 2.9. We set ¥ := ¥4 and consider the simple proper arcs pi,p2,p3 C X

=
<

Let N be a “regular” neighborhood of 9% U p; U pa U p3. We observe that ¥\ int(N) is a closed disk:
hence, by proceeding as in Exercise 2.3, we see that any two f,h € Homeoa(E) are isotopic rel 9% if
and only if f(p;) is isotopic to h(p;) for every i € {1,2,3}. Therefore, it is enough to “test” the lantern
relation on each of the arcs pi, pa, p3. This is easily checked: see for instance [FM12, Figure 5.2].

Solution to Exercise 2.10. The fact that the group homomorphism d : Z* — M(X) is well defined
follows from the disjointness relation, and the surjectivity of s follows from Exercise 1.8. Hence we
only have to prove the exactness of the sequence (2.7) at M(X) and at M?(X).

The fact that ¢(M(X)) C ker(s) is obvious. To prove the converse inclusion, let [h] € ker(s). Then
the homeomorphism h : 3 — 3 maps every boundary component § of ¥ to itself. Since h preserves
the orientation, the self-homeomorphism h|s of § = S! is orientation-preserving: hence h|s is isotopic
to the identity of §. There is a neighborhood N(§) of ¢ in ¥ which can be identified to ¢ x [0,1] in
such a way that § C N (&) corresponds to ¢ x {1}. (This is the “collaring theorem” of differential
topology, see [Hir76].) Using this identification, we easily construct an isotopy I : ¥ x [0,1] — X such
that I(—,0) = h and I(—,1)|s = ids. Doing this construction for every boundary component of X, we
see that h is isotopic to a self-homeomorphism of ¥ fixing %: therefore [h] belongs to the image of c.

To show that d(Z') C ker(c), it is enough to prove that the Dehn twist along the “core” a :=
St x {1/2} of the annulus A := S' x [0, 1] is isotopic to id4 through an isotopy which fixes S* x {0}
(but which mowves S x {1}). For instance, the isotopy I : A x [0,1] — A defined by

I((e%re7 r), t) — (eQiTr(9+7-(1—t))7 r)
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has the desired properties. To show the converse inclusion, let [h] € ker(c¢). Then there is an isotopy
I:% x[0,1] — X such that I(—,0) = idy and I(—,1) = h, but this isotopy does not need to fix JX.
For every boundary component § of 3, the restriction of I to § x [0, 1] provides an isotopy between the
identity of 6 and itself. In the sequel, we identify § with S!. It is known that the map

St — Homeo™ (S"), u > (multiplication by u)

is a homotopy equivalence (see [[va02, Corollary 2.7.B] for instance). Since 71 (S!) ~ Z, we deduce that
there exists a (unique) k € Z such that the loop of Homeo™ (S') based at idg: represented by Ils5x 0,1
is homotopic to the loop t + (z + 2ze2i™*): let H be such a homotopy. As in the previous paragraph,
we identify a neighborhood N(§) of § with d x [0, 1] in such a way that § C N(d) corresponds to § x {1}.
Using this identification and the homotopy H, we can construct from I a new isotopy I’ : ¥ x [0,1] = X
such that I'(—,0) = ids, I'(—,1) = h and I(2,t) = 2e?"™** for every (z,t) € § x [0,1]. Finally, we can
construct from I’ a new isotopy I” : ¥ x [0,1] — X fizing & such that I"'(—,1) = h and [I"'(—,0)] = 75
where ¢’ is a simple closed curve parallel to §. Doing these constructions for every boundary component
of ¥, we deduce that the isotopy class of h rel 9% belongs to the image of d.

N.B. The map d is not injective in general. For instance, if ¥ is an annulus, the homomorphism
d: 7% = M(X) ~Zis given by (I1,1l3) +— Iy + lo.

Solution to Exercise 2.11. By definition of f, we have for any self-homeomorphism A of 3
f([h]) =1 <= h reverses the orientation

and it easily follows that f is a group homomorphism. To show the surjectivity of f, we embed ¥ in
R3 in such a way that there is an affine plane H C R3 whose corresponding symmetry leaves X globally
invariant. The restriction s of this symmetry to 3 reverses the orientation, so that f([s]) =1 and f is
surjective. This also shows that the homomorphism Zy — M () defined by 1 ~ [s] is a section of f.

The exactness of (2.8) at M*(X) is obvious, and it only remains to justify that e is injective.
This follows from the fact that, during an isotopy, an orientation-preserving homeomorphism remains
orientation-preserving.
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3. SURFACE BRAID GROUPS

We now give a brief introduction to surface braid groups, which can also be viewed as mapping class
groups of a certain kind. The reader may consult the monographs [Bir74, K'T08] for further details.

3.1. Definition of surface braid groups. We shall give two equivalent definitions of surface braid
groups. Let ¥ be an oriented surface and let n > 1 be an integer. We assume that n distinct points
Z1,...,T, have been fixed in the interior of X: we call them the marked points of 3.
The first definition is based on the notion of “configuration space”. The configuration space of n
ordered points in X is the topological space
Fo(X) = {(z1,...,20) €Int(X)" : Vi # j, 2; # 2 }
and the configuration space of n unordered points in ¥ is the quotient space
Cn(X) :=F,o(2)/6,,
where the symmetric group &,, acts on (the left of) F,,(X) by permutation of the coordinates:
Vo € 6, V(Zl7 Ceey Zn) S Fn(Z), o- (Zl, ey Zn) = (2071(1), RN 2071(71)).
In particular, the n marked points of ¥ define some elements
x:=(21,...,2,) €EF,(X) and {a}:={z1,...,2,} € Cph(D).
Definition 3.1. The surface braid group on n strands in X is
By (%) :=m (Cn (%), {z})
and the pure surface braid group on n strands in X is

PB,(X):=m ( F.(%), x)

When ¥ := D? is a disk, B,(X) and PB,(X) are simply denoted by B,, and PB,, respectively, and
they are called the braid group and the pure braid group on n strands. In this case, the marked points
Z1,...,%, are assumed to be uniformly distributed (in this order) along the interior of the segment
[—1,1] x {0} c D? C R?.

Lemma 3.2. The canonical projection p : F,,(X) — C,(X) is a regular covering map, with automor-
phism group &,,.

Proof. We have the following general principle: given a properly discontinuous action of a group G on
an arc-connected and locally arc-connected topological space Y, which means that

Yy € Y, 3 neighborhood V 3y, Vg€ G\ {1}, ¢g(V)NV =g,

the quotient map Y — Y/G is a regular covering map with automorphism group G. The fact that &,
acts properly discontinuously on F,,(X) is easily checked. O

If follows from Lemma 3.2 that we have a short exact sequence of groups
(3.1) 1 — PB,(X) 25 B, (2) -5 6, — 1.
Here the map py : m1(Fpn(2),2) = m1(Cpn(X), {z}) is the homomorphism induced by the map p, while

s : By(X) = &, is the canonical map m;(Cy,(X),{z}) = m1(C,(X),{z})/psm1(Fn(X),x) composed
with the isomorphism (depending on x)

Wl(cn(2)7 {x})/pﬁﬂ'l(Fn(E)a l‘) ?AUt(p) =6,

that is given by the general theory of covering spaces. Specifically, for any loop ¢ : [0,1] = C,(%)
based at {x}, we have

s([€]) -z = €(1)
where £ : [0,1] — F,,(X) is the unique lift of £ such that £(0) = x.
We now give a second definition of surface braid groups, which corresponds better to one’s intuition
of what should be a “braid.”

Definition 3.3. A geometric braid on n strands in X is an embedding of n intervals into the 3-
manifold ¥ x [0, 1]
B:{1,...,n} x[0,1] — X x [0,1]
such that the following holds:
. the image of B is contained in int(X) x [0, 1];
forallk e{1,...,n}, B(k,0) = (z,0);
. there exists s(8) € &,, such that, for all k € {1,...,n}, B(k,1) = (xs(ﬁ)—l(k), 1);
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. for all t € ]0,1], the hypersurface ¥ x {t} cuts the image of 8 into n distinct points.
If s(B) is the trivial permutation, then B is said to be pure. Two geometric braids By, 31 are isotopic
if there exists a continuous map
H:{l,...,n}x[0,1] x [0,1] — X x [0,1]
such that H(—,—, s) is a geometric braid for all s € [0,1], and H(—,—,s) = Bs for s =0, 1.

Thus, a geometric braid § on n strands consists of n strings connecting the set of points {x} x {0} up
to {z} x {1} in ¥ x [0, 1] without going “downwards” (as follows from the third condition).

Example 3.4. Assume that ¥ := D2. Up to isotopy, we can assume that any geometric braid j3 is
smooth and that the composition of 8 with the projection D? x I — R x I defined by ((x1,12),t)
(21,t) has only transverse double points. Thus, we can encode the isotopy class of a geometric braid
by a braid diagram where those double points are depicted as

N /
N /

in order to record the information of the overcrossing/undercrossing strands. For instance, the following
diagram represents a geometric braid 8 on 5 strands whose corresponding permutation s(8) is given
by (1,2,3,4,5) — (1,3,4,5,2):

(z1,1) (22,1) (ws,1) (z4,1) (2s5,1)

( P D? x {1}

|
AA .

(1,0) (22,0) (23,0) (24,0) (5,00

We can multiply any two geometric braids f; and s in the following way. The product i - B2 is

the geometric braid
x B1(k, 2t) ifte€10,1/2],
{Lonbx(0.1]5 (k8 — { % Ba(s(B1) (k). 2t — 1) + 1 ifte[1/2,1]
where the map 5 x (=) : ¥ x [0,1] — X x [0,1] in the first case is defined by (z,t) — (z,t/2) and the
map % x (=) + 1 : £ x [0,1] = ¥ x [0,1] in the second case is defined by (z,t) — (z,t/2+1/2). In a
schematical way, we have

SN

N[ =R [

Bil|-| B2 |:= gi

The trivial braid on n strands in X is defined by (k,t) — (zg, 1), i.e. it goes straightly from {z} x {0}
to {z} x {1}. It is easily verified that the above multiplication law defines on the quotient set

B8°°(X) := {geometric braids on n strands in 3} /isotopy

a structure of group whose identity element is represented by the trivial braid.

We now justify that the above two definitions of a surface braid group are equivalent. Any loop ¢
in C,,(2) based at {z} lifts to a unique path ¢ in F,,(X) joining = to s([¢]) - 2. Hence, we can associate
to the loop ¢ the geometric braid 8 = 5(¢) defined by

Vk € {1,...,n}, Vt € [0,1], B(k,t) := (k-th coordinate of £(t),t).

If we perturb the based loop ¢ by a homotopy, then the path { is changed by a homotopy (fixing
endpoints) so that the geometric braid § is only changed by an isotopy. Thus, we have defined a map

(3-2) B (%) — BE* (%), (] — [8(0)]
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which is easily seen to respect the multiplication. To proceed, we observe that we could have replaced
in Definition 3.3 the third condition by the following stronger condition:

. for all t € [0,1] and for all k € {1,...,n}, B(k,t) belongs to the hypersurface ¥ x {t}.

Then it can be proved that any geometric braid in the “weak” sense is isotopic to a geometric braid in
the “strong” sense, and that if two geometric braids in the “strong” sense are isotopic in the “weak”
sense, then so they are in the “strong” sense. It follows that the map (3.2) is a group isomorphism.
We also observe that the diagram

is commutative. In particular, the subgroup PB,(X) of B, (X) corresponds to pure geometric braids
through (3.2). In the sequel, we will make no difference between the groups B, (X) and B%*°(X), and
(isotopy classes of) geometric braids will be simply referred to as “braids.”

3.2. Presentations of surface braid groups. We only consider the case of a disk. (See Remark 3.10
below for the general case.) Let n > 1 be an integer. For all i = 1,...,n — 1, we denote by o; € B,
the braid defined by the following diagram:

1 - i i+1 - n
These braids can serve as generators of a presentation of B,,, which is due to Artin [Art25] and is
considered to be the “canonical” presentation of the braid group.

Theorem 3.5 (Artin 1925). The braid group B,, has a presentation with generators o1,...,0n,—1 and
with relations

00 = 040 Zf|l—]|22,
0,00, = 040,04 Zf|Z—]|=1

The proof of Theorem 3.5 given below builds on the short exact sequence (3.1), namely
1— PB, — B, — &, — 1.
It consists in “merging” a presentation of &,, with a presentation of PB,, using the following lemma.
Lemma 3.6. Consider a short exact sequence of groups
(3.3) 1—85-56-5Q—1
where S and Q are defined by some presentations:
S:=(A|B) and Q:=(X|Y).

Let F(X) be the free group generated by the set X and let t : F(X) — G be a homomorphism such that
ptz) =2 €Q forallz € X. Forally €Y, let wy, be a word in A such that i(wy) = t(y) € G and, for
alla € A,z € X, let v, be a word in A such that i(vy o) = t(x)i(a)t(x™1) € G. Then the map

e:(AUX | BU{wyy 'y € Y} U{vgaza 'z a € A,z € X}) — G
defined by pla :=i|la and p|x = t|x is an isomorphism, and so it gives a presentation of G.

A special case of interest is when the short exact sequence (3.3) is split, i.e. when there is a group
homomorphism s :  — G such that pos = idg. In this case, the statement can be applied to the map
t: F(X) — G defined by = — s(x), and we can assume that w, is the empty word for each y € Y.
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Proof of Lemma 5.6. Denote by G° the domain of ¢, and consider the subgroup S° of G° generated
by A. Because of the third kind of defining relations for G°, S is a normal subgroup of G so that we
can also consider the quotient group Q° := G°/S°.

We have ¢(S%) = i(9) and ¢|g0 : S° — () is injective because of the first kind of defining relations
for GY, hence an isomorphism pg : S° — S. Moreover, ¢ induces a homomorphism g : Q° — Q since
©(5%) = i(S). This homomorphism is certainly surjective (since ¢ is so) and is injective because of the
second kind of defining relations for G°. We sum up the previous constructions in the commutative
diagram

1 S0 GO Q° 1
wsJ: SDJ WQ\L:
1 §——G——0Q 1

whose rows are short exact sequences. We deduce by diagram chasing that ¢ is an isomorphism. [

For all 4,5 € {1,...,n} such that i < j, let a;; € PB,, be the pure braid defined by the following
diagram:

1 ) j n
Note that
-1 -1 2
(3.4) a‘lj:o']71~.o'z+10'l 'Uz+103—1
Here is the presentation of the pure braid group that we will use to prove Theorem 3.5. This is also

due to Artin [Art47].

Theorem 3.7 (Artin 1947). The pure braid group PB,, has a presentation with generators a;; (for all
1<i<j<n) and with relations

arsaija;slzaij if r<s<i<jor i<r<s<yjy,
arsa”a_l = a}la”aw if r<s=1i<}j,
Ars@ijayy = [asj, arj] taijlasj, arg] i r<i<s<j,
ArsQijQy 1 = (asjaij) taij(asjaq;) f r=i<s<ij.

Here [x,7] denotes the commutator !y ~!zy. Note that the relations given for PB,, are indexed by

all possible pairs (r, s) and (¢,7) with r < s, 7 < j and s < j.

For all 7 € {1,. — 1}, let 7; € &, be the transposition (i,74 1). Here is the presentation of the
symmetric group that we will use to prove Theorem 3.5. This is a classical result which seems to go
back to Moore [Moo97].

Theorem 3.8 (Moore 1897). The symmetric group &, has a presentation with generators T; (for all
1<i<n—1) and with relations

=1
ﬁfj:73ﬂ U|i*j|22,
ﬁfﬂ}zifﬂyﬁ ﬁ ﬁ‘*j|:il
Assuming Theorem 3.7 and Theorem 3.8 for granted, we can now prove Artin’s presentation of the
braid group.

Sketch of proof of Theorem 3.5. We apply Lemma 3.6 to the short exact sequence (3.1). The group
PB,, has the presentation given by Theorem 3.7, while the group &,, has the presentation given by
Theorem 3.8. The braid o; satisfies s(o;) = 7; € &,,. Thus, the group B,, is generated by

{ai; |1 <i<j<n}U{oi|li=1,...,n—1}
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with three kinds of relations: 1) the relations of PB,, 2) the relations arising from &,, and 3) the
relations of “conjugation-type.” Relations 2) can be choosen as follows:

2.&) 0'1-2 = ai77;+1,

2b> 0,05 = 0404 if |’L —_j| > 2,

2.c) 04050, =0j0,0; if i —j| = 1.
As for relations 3), they are of the form

U;Caijagl = word in the a,¢’s
foralll1<i<j<mnand ke {l,...,n—1}. Among them, we have the relations of the form
3.a) 0j-1aj05 1 = Gij-1

for all ¢,j such that j > i + 1. Relations 3) that are no of type 3.a) are declared to be of type 3.b).
The relations 3.a) and 2.a) can be used to write each a;; in terms of o1,...,0,-1. Thus, we get a
new presentation of B,, with generators oy,...,0,_1 and with relations 1], 2.b), 2.c) and 3.b], where
relations 1] and 3.b] are obtained from 1) and 3.b) respectively by expressing each a,s in terms of
the o;’s. It is a long but straightforward computation to check that each of the relations of type 1] or
3.b] is a consequence of 2.b) and 2.c). The conclusion follows from this check. O

It now still remains to prove Theorem 3.7 and Theorem 3.8. We start with the latter.

Proof of Theorem 3.5. We repeat the proof of [Bur55, Note C] with some slight variations. Let &2 be
the presented group

=1
62 = <T1,...,Tn1 TiTy; = T5T; 1f|7,—j|22 >
TiTjTiszTiTj 1f|Z—j|:1
As it is easily checked, there is a group homomorphism ¢ : 8 — &,, defined by 7; — (i,i + 1). It is
surjective since the transpositions (1,2), (2,3),...,(n — 1,n) generate &,,. Since the cardinality of &,
is n!, the bijectivity of ¢ will follow from the fact that &Y is finite with cardinality |&%| < n!. To prove
this, we consider the subgroup Hy of &Y generated by 71,...,7,_2 and the following n cosets of &:

Hy, HoTp—1, HoTn—1Tpn—2, ..., HoTp_1Tp—2---71.
——

::Hl :2H2 ::Hr,,,fl
We claim the following.
Fact. Foranyi€{0,...,n—1} andj € {1,...,n—1}, thereis a k € {0,...,n—1} such that H;T; C H.

Since 1 € Hy, we deduce that any element of & belongs to one of the cosets Ho, ..., H,_1. There is
an obvious surjection &Y _; — H; for every i. Clearly &9 is the cyclic group of order 2. Hence, by an
induction on n > 2, we conclude that &Y is finite with cardinality

8% <n-(n—1)---2=n!

To justify the above fact, it suffices to observe that

T (7'7&_1 .- 'Ts+17'3) ) ifj<s—1,
Tj—1(Tn—1"""Ts+1Ts ifj>$7
Tn—1" " Tst1Ts)Tj = e
( n—1 s+1 a) J Tl Tet1TsTs_1 lf] =s5—1,
Tn—1"""Ts+1 if j =s,
where the second identity follows from the relation (7;7;-1)7; = 7j—1(77j-1). O

Theorem 3.7 will be proved by an induction on n > 1. On the one hand, there is a homomorphism
p: PB,y1 — PB,

which consists in “forgetting” the last string of a pure braid on (n + 1) strands. On the other hand,
there is a group homomorphism

iZ7T1(D2\{J}1,...,J}n},l‘n+1) _>PBn+l

which sends (the homotopy class of) a loop « to (the isotopy class of) the geometric braid defined by
(k,t) = (ag,t) for k <n and by (n+ 1,t) — (a(t),?).

Proposition 3.9. The sequence of groups
(3.5) 1— m (D> \ {1, &0}, Zns1) — PByyy = PB, — 1

is exact and it splits.
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Proof. We note that p : PB,,41 — PB, is the group homomorphism f; induced by the map

[ Fni1(D?) — Fu(D?), (21, 20, 2n11) — (21, 20),
and that f has a right inverse. Specifically the continuous map s : F,,(D?) — F,,;1(D?) defined by
(21, ey 2n) — (zl, ooy Zny/maz (2], |zn|)) satisfies fs = idp, (p2). Besides, we note that i is the
group homomorphism induced by the map

D>\ {z1,..., 2} — Fpy1(D?), 2+ (z1,..., 20, 2),

whose image is f~!(z1,...,2,). Thus, we are asked to prove that the sequence
(3.6) L— m (F @), a") — w1 (Faga (D), 27) 25w (Fa(D2),2) — 1
is split exact, where = denotes the base point (x1,...,2,) of F,,(D?) and 2% denotes the base point
(1, Zny1) of Fry1(D?). Tt suffices to prove that f is a fiber bundle: then the long exact sequence

of homotopy groups induced by f restricts to (3.6), since the existence of a right inverse for f implies
that fy : 7 (Fpp1(D?)) — m(F(D?)) is a surjection for any k > 1.

To show that f is a fiber bundle, let us consider a point b = (b1, ...,b,) € F,(D?). The minimum of
{|bi —bj| > 0|1 <i<j< n} U {1 — b >0i=1,... JL} is denoted by e. Then, the product of open
disks

U := D(b1,e/3) x -+- X D(by,&/3)
(centered at the points b;’s with radius £/3 in C) is an open neighborhood of b in F,(D?). Let
K := D(by,e/3)U---UD(b,,e/3) C int(D?) and let ¢ : U x K — K be a continuous map such that,
for all u € U, ¢y := p(u,—) : K — K is a homeomorphism which is the identity on 0K, and satisfies
wu(u;) =b; for all i = 1... ,n. The existence of such a map ¢ follows from the following fact, which is
easily checked.

Fact. Let b € D(0,1). For all w € D(0,1), let ¢, : D(0,1) — D(0,1) be the map defined by
bu(tu+ (1 —t)v) =tb+ (1 —t)v for allv € St = 9D(0,1) and t € [0,1]. Then, ¢, is a homeomorphism
which is the identity on S' and sends u to b. Moreover, the map ¢ : D(0,1) x D(0,1) — D(0,1) defined
by (u, 2) — ¢ (2) is continuous.

v v

We still denote by ¢, : D? — D? the extension of ¢, by the identity. Then, there is a homeomorphism
f~YU) = U x f~1(b) defined by
(217 <oy 2n, ZnJrl) = (Zla sy Zny (b7 (p(zl,...,zn)(zn+1)))~

We conclude that f is a fiber bundle with fiber D\ {z1,...,z,}. O
We can now conclude the proof of Artin’s theorem.

Sketch of proof of Theorem 3.7. The theorem trivially holds for n = 1 (and it also holds for n = 2
according to Exercice 3.1). Assume that the theorem is valid for n strands. Then, Lemma 3.6 can be
applied to the short exact sequence (3.5) in order to get a presentation of PB,, 1. For this, we observe
that the group m (D2 \{z1,..., 20}, :17"+1) is freely generated by [¢1]...,[¢,], where ¢; is represented
by the following loop:
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The image of [¢;] in PB4+ is the pure braid a; ,+1. Taking advantage of the fact that (3.5) is split,
we deduce that PB, 1 is generated by

{@ginmt1li=1,...,n}U{as|]1 <7 <s<n}
and that the relations are those from PB, together with the relations expressing the conjugate
arsai,n+1a;sl in terms of a1 py1,...,8pne1 forall 1 <7 < nand forall 1 < r < s < n. The
latter are easily computed and the conclusion follows. O

Remark 3.10. The first presentations of surface braid groups for arbitrary surfaces have been obtained
by Birman [Bir69¢] and Scott [Sco70]. Gonzalez-Meneses has used the same strategy as the above proof
of Theorem 3.5 to compute presentations of surface braid groups for arbitrary closed surfaces [GMO1].
Finally, Bellingeri has obtained some presentations of B,(X) and PB,(X) for arbitrary surfaces ¥
in [Bel04]. [ |

3.3. Surface braid groups as mapping class groups. To conclude this section, we explain how to
interpret surface braid groups as mapping class groups of a special kind. Let 3 be an oriented surface
with marked points z1,...,2z, C int(X). We denote {z} = {x1,...,2,} and = = (21,...,2,). We
consider the groups

Homeo (S, {z}) = {f € Homeo" () : f({a}) = {a})
and Homeo™?(%,z) := {re Homeo™?(%) : f(z) = x}

which we equip with the compact-open topology.

Definition 3.11. The mapping class group of ¥ with marked points z1,...,z, s

M(E {z}) = Wo(Homeo+’a(E, {z}))
and the pure mapping class group of X with marked points x1,...,x, is
PM(E,x) = wo(Homeo+’a(E,x)).
For any [f] € M(Z,{z}), we denote by s([f]) € &,, the unique permutation such that f(z;) =

Ty((f)) () for all i € {1,...,n}. Then, we have the short exact sequence of groups
(3.7) 1 —— PM(D,2) —— M(Z, {z}) —— &, —— 1

where iy is the map induced by the inclusion i : Homeo™?(%, z) — Homeo™? (3, {x}).

Remark 3.12. We have already met the above groups in an equivalent form. Indeed, when 0% = @,
the group M(X, {z}) is essentially the “boundary-free” version M?(X) of the mapping class group
considered in §2.1, while PM(X,z) corresponds to the image of M(X) in M?(X). Then (3.7) is a
portion of the sequence (2.7). |

The next theorem, which relates surface braid groups to mapping class groups in the general case,
is due to Birman [Bir69b].

Theorem 3.13 (Birman 1969). We have the following commutative diagram with exact rows/columns
in the category of groups:

(3.8) 1 1

71 (Homeo™?(2)) —— PB,(X) —=— PM(E,z) —— M(Z) —— 1

" iu

7T1(HOIH€O+’8(Z)) B,(Z) ——= M, {z}) — M(Z) —— 1
S, S,
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Sketch of proof. 1t is not difficult to check that the evaluation map
e : Homeo™? () — F,. (%), f+— f(x)

is a fiber bundle with fiber e~!(z) = Homeo™?(%,z): see [Bir69h, Lemma 1.2] or Proposition 3.9
above for similar arguments. We take idys, as a base-point for Homeo™?(2) and x as a base-point for
F,(%). Then the long exact sequence in homotopy groups induced by e terminates with

w1 ( Homeo™?(), idx ) —— m (Fn(2), 2) l) 7o Homeo™?(%, z)) — 7o HomeoJ“a(E)) —1
~—_——
=PB,(2) =PM(Z,z) =M(%)

since, according to Exercise 3.2, the space F, (X) is arc-connected. By definition of the connecting
homomorphism 0y, we have
8,(181) = [B(V)]

for any pure braid 8 : [0,1] — F,(X), where 3 : [0,1] — Homeo™?(X) is an isotopy starting at
B(0) = idy and such that B(t) = B(t)(z) for any t € [0,1]. We claim that 04 is a group anti-
homomorphism. Indeed, for any two pure braids 5,5 : [0,1] — F,(X), let B’ o B(l) be the path
[0,1] — Homeo™? (M) defined by ¢ — '(t) o 3(1). Denote by * the concatenation of paths. Then, the
path B* (B’ o 5(1)) projects to 3 * 5’ by the evaluation map e and starts at idy, so that

:([8118) = 0x([8  8) = [F'(1) 0 BO)] = [F' (V)] [BV)] = 0:(18")) 0:(18)).
We define @ to be the composition of d; with the group inversion.
Thus, we haved obtained the first row of the diagram (3.8). The second row is obtained in the same
way by considering the evaluation map

Homeo™? (%) — C,(8), f— f({z})

(This is the composition of the above fiber bundle map e : Homeot?(X) — F,,(X) with the covering
map p : F,,(2) = C,(X), hence it is a fibration with fiber Homeo™? (%, {z}).) The commutativity of
the subdiagram consisting of the first two rows follows from the naturality of the long exact sequence
of homotopy groups for fibrations. Finally, the identity sow = s : B,(X) — &,, easily follows from
the definitions. O

Note that, in general, the group homomorphism 71 (Homeo™?(2)) — PB, () is not trivial, so that
w is not necessarily injective. (See [Bir69b, §1] and [Bir74, §4.1] for further details.) Nevertheless,
this homomorphism is certainly trivial when HomeoJ“a(E) is contractible. This is for instance the case
when y(X) < 0 [EEG9, ES70, Gra73] or in the following situation.

Example 3.14. Assume that ¥ := D? is a disk. Then, by Proposition 2.3, the space Homeo+’8(2) is
contractible. It follows from Theorem 3.13 that @ : PB,, — PM(D? ) and @ : B,, — M(D? {z})
are isomorphisms. [ |

3.4. Exercises.

Exercise 3.1. Show that Fo(D?) has the homotopy type of S, and deduce from this some presenta-
tions of the groups PBy and Bs.

Exercise 3.2. Show that, for any oriented surface ¥ and for any integer n > 1, the spaces F,,(X) and
C,.(X) are path-connected.

Exercise 3.3. Let n > 1 be an integer. Compute the abelianization PB,,/[PB,, PBy,] of the pure
braid group PB,,.
Exercise 3.4. Let n > 1 be an integer.
(a) Use Proposition 3.9 to show that PB,,; is an iterated semi-direct product
PB,i1=F, % (Fpo1 ¥ (- xFy)---)
where each F; C PB, 1 is a free group of rank ¢ > 1.
(b) Deduce that each braid 8 € PB,t1 can be written uniquely in the form
B=Pny1-Bn--- B2

where all the strands of the braid §; are straight vertical except for the i-th strand which
“winds around” the (¢ — 1)-st strands.

(¢) The above decomposition of 3 is called the combing of the braid g: illustrate this with an
example for n = 4.
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Exercise 3.5. Let X be an oriented surface with a set of marked points {z} := {z1,...,2,}. An arcin
¥ relative to {z} is an embedded arc a C int(X) joining two distinct points z;, ; and whose interior does
not meet {}. We choose a closed disk N C ¥ such that a C int(N) and NN{z} = {z;,z;}, and we fix
an orientation-preserving homeomorphism N =2 D? C C mapping the arc a to the segment [—1/2,1/2].
Then the half-twist along a is the element o, € M(X, {z}) represented by the self-homeomorphism of
Y. which is the identity outside N and is given on N =2 D? by

—z if 2] < 1/2,
i exp(2im(1—|z])) -2 if1/2< |z < 1.

(a) Determine the action of o, on the set {z} and compute o2.
(b) For any two arcs a and b in ¥ relative to {x}, show that o,0, = op0, if aNb = ©.
(¢) Show that o,0p0, = 0p040p if @ and b meet in a single point belonging to {z}.

Exercise 3.6. Let ¥ be an oriented surface with marked points {z} := {z1,...,2,}, and let g :
{1,...,n} x [0,1] = X x [0, 1] be a geometric braid. Show that there is a homeomorphism

(2 [0, ID\A(L - n} < 0,1]) = (S\ {1, 7)) < [0,1]
from the “exterior” of § to the “exterior” of the trivial braid, which fixes (X \ {z1,...,2,}) x {0}.

Exercise 3.7. Let n > 2 be an integer and set 6, := (0102 0,_1)" € B.

(a) Draw 92, 93, and 04.

(b) Compute the image of 6,, under the isomorphism w : B,, — M(D?, {z}).
(c) Deduce that 6,, belongs to the center of B,.

(d) Show that 6, has infinite order in B,,.

Exercise 3.8. Consider the group homomorphism
Y : By — M(S' x S, 01— Ta, 09— T

where A and B are the simple closed curves S' x {1} and {1} x S* respectively.
(a) Show that 1 induces an isomorphism Bs/(fs) ~ PSL(2;Z) where 05 := (0102)>
(b) Using Exercise 3.7, deduce that the center of B3 is a free cyclic group generated by 03.
Exercise 3.9. Let K be a commutative field and let V' be a K-vector space.
(a) A Yang—Bazter operator is a linear automorphism R : V® V. — V ® V which satisfies the
following identity in Endg(V®3):
(R®idy) o (idy ®R) o (R®idy) = (idy ®R) o (R®idy) o (idy ®R).
Show that R induces a homomorphism

PR : B, — AutK (V®n)

defined for all i € {1,...,n — 1} by pr(c;) == idy® ™Y @ R@idy "=,

(b) Let F: V@V — V®V be the “flip” defined by F (v ®v3) := v2®@v; and let z € K\ {0}. Check
that xF is a Yang—Baxter operator and compute the representation p,r explicitely using the
homomorphism s : B, — &,,.

(¢) Assume that V is a unitary associative K-algebra, and let x,y,z € K\ {0}. Check that the
linear map Ry . : V@V — V ®V defined by

Ryy.(a1®a2) =z 0102 @1+y-1®aias —z-a1 ®as
is a Yang-Baxter operator with inverse R,-1 ,-1 ,-1 if # = z or if y = 2. (Hint: decompose
R, y,. as a sum of two terms Ry, = R/m,y —z-idygy.)

x k%
Solution to Exercise 3.1. Since int(D?) = C, the configuration space Fa(D?) is homeomorphic to
F2(C) :={(z,2/) e C*: 2 # 2'}.

The latter is homeomorphic to C x C* via the map (z,2’) — (2,2’ — z). Since C is contractible and
since C* deformation retracts to S, we deduce that Fo(D?) has the homotopy type of S'. Hence

PBy(D?) = 1 (Fo(D?),2) ~ (S, 1) ~ Z.
To be more specific, it results from the previous discussion that the map

r:Fo(C) — St (2,2) — (2 = 2) /|2 — 2|
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is a homotopy equivalence. Furthermore, the composition of r with the loop
0:]0,1] — Fo(D?), t — (¥ ay, e* ™ ay)

(where, for concreteness, we assume that z; := —1/2 and x5 := 1/2 in D? C C) gives the loop
rof:[0,1] — S* t — €%7 which generates 7 (S, 1) ~ Z. We deduce that

PBy; = (a|@) where a:= [{].
To obtain now a presentation of Bs, we shall use the short exact sequence
1 — PBy—+By &5 — 1.

The loop m : [0,1] = Ca(D?), t + (e zy, €™ z9) defines an element o := [m] € By such that s(o)
generates Gy ~ Zy. Since 02 = a and (therefore) cac™! = a in By, we deduce from Lemma 3.6 that

By = <a,0’a_102, [o, a]> = <a,a’a‘102> = (0]|@).
N.B. Note that a = a2 and ¢ = o7 in the notations of §3.2.

Solution to Exercise 3.2. Since C,(X) is a quotient space of F,,(X), it suffices to show that F, (%)
is path-connected. Consider two points z, 2’ in F,,(X).

Assume that {z} N {2’} = @. Using the fact that ¥ is connected (and, so, path-connected) by our
convention, we can find for any ¢ € {1,...,n} a path ; : [0,1] — X such that 7,(0) = z;, v(1) = «}
and ~;([0,1]) Nv;([0,1]) = @ for any i # j. Then the path (y1,...,7,) in F,(X) connects z to z'.

Assume now that {z} N {2’} # @, and denote by J the subset of the indices i € {1,...,n} such
that x; € {«'}. Observe that, for any transposition 7 of {1,...,n} and for any z € F,,(2), there is a
path connecting z to 7 - z: if 7(i) = ¢, the point z; remains fixed along this path and, if 7(:) # 4, z; is
“exchanged” with z;(;) inside a small disk D C int(¥) such that D N {z} = {2, z;(;)}. Therefore, we
can assume that x; = z’; for all j € J. By the previous paragraph, (z;)ic(1,....n}\s can be connected
to (2})icf1,....ny\s by a path in F,,_;(X\ {z;]j € J}): we deduce that  can be connected to 2" by a
path in F,,(X) along which z; is fixed for any j € J.

Solution to Exercise 3.3. The abelianization of PB,, can be deduced from Artin’s presentation.
Indeed, every relation of this presentation is of form

baijb_l = aij
for some 1 < i < j <nand b € PB,: hence this relation becomes superflous in the abelianization.

We conclude that PB,,/[PB,, PB,] is a free abelian group whose rank is the number of generators in
Artin’s presentation, i.e. () =n(n—1)/2.

Solution to Exercise 3.4. (a) We recall the following general fact: a split short exact sequence

l—ss—tvg 2 1

determines a semi-direct product decomposition
G=8xQ
(and vice-versa). Specifically, defining S’ := i(S) 9 G and Q' := #(Q) < G, there is for any g € G a
unique (s,q) € S’ x Q' such that g = sq. Thus, by Proposition 3.9, we obtain
PB,1 =F, x PB),

where F,, ~ 71 (D?\ {x1,...,2,},7n41) and PB!, ~ PB,,. Note that F), is a free group of rank n since
D%\ {x1,...,2,} deformation retracts to a wedge of n circles. An element of F), is a pure braid on
(n+1) strands whose n first strings are straight vertical and whose last string winds around the n first
strings; an element of PB!, is a pure braid on n + 1 strands obtained by “juxtaposing” an arbitrary

pure braid on n strand with the trivial braid on one strand. Next, by applying Proposition 3.9 to the
copy PB], of PB,, in PB, 1, we obtain a semi-direct decomposition

PByy1 = F % (Fyo1 @ PBI_)).
Here an element of F),_; is a pure braid on n + 1 strands whose strings are straight vertical except for
the n-th string which winds arounds the (n — 1) first strings; an element of PB]/_; is a pure braid on

n + 1 strands obtained by “juxtaposing” an arbitrary pure braid on (n — 1) strands with the trivial
braid on two strands. Thus, by an induction on n, we get an iterated semi-direct decomposition

PBn—&-l:FnXl(Fn_l)q(~..><|F1)...)

(b) This follows from the definition a semi-direct product and the discussion carried in (a).
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(c) Here is the example given by Artin in his foundational paper [Art47] (after a rotation):

The above braid g € PBjy is decomposed as 5348302 with 5; € F;.

Solution to Exercise 3.5. (a) Let S, be the self-homeomorphism of ¥ representing o, as it is given
by the statement. Clearly S, exchanges z; and z; since the given self-homeomorphism of D? exchanges
—1/2 and 1/2, and S, fixes xy, for any k & {4, j} since x, € N. So the permutation of {z} induced by
0q is the transposition z; < x;.

The self-homeomorphism S2 of 3 represents 2. This homeomorphism fixes X\ N and it is given
on N = D? by

z— —z+— —(—2) =2z if |z| €0,1/2],
2+ exp(2im(1 — |2]))z — exp(2in(1 — |2|))%2 = exp(2im(2 — 2|2|))z if |2| € [1/2,1].

We deduce that S2|y represents the Dehn twist along the curve {z € C : |z| = 3/4}. Therefore
02 € M(X, {x}) is the Dehn twist along ON.

(b) Let N, C X be a closed disk such that a C int(N,) and N, N {z} = a N {z}; let also S, be a
self-homeomorphism of ¥ which fixes ¥\ N, and represents o,. Let Nj and S, play similar roles for the
arc b. Since a Nb = &, we can assume that N, N N, = &. Then S, S, is the identity on X\ (N, U Np),
it acts the same way as S, on N, and its acts the same way as S, on INp; the same is true for S3S,.
Therefore S,S, = SpS, and it follows that o,0, = 0p0,.
(c) Assume that the arc a connects x; to z; and that the arc b connects x; to z. Let D C X be
a closed disk such that a Ub C int(D) and D N {z} = {;,x;,2x}. Then the inclusion D — X
induces a group homomorphism M(D,{z;, z;j, z}) — M(XE,{z}), so that it suffices to prove the
identity o,0p04 = 0p0q01 in M(D,{z;,x;,x}). Choose an orientation-preserving homeomorphism
D = D? C C mapping the intervals a and b to [~1/2,0] and [0, 1/2], respectively. Clearly the group
isomorphism

B3 %M(D27 {_1/2’ 07 1/2}) T> M(D7 {'I’ia Lj, 'rk})
(where w is given by Theorem 3.13) sends the generators oy and o to o, ! and o, ! respectively. Thus
the identity o,0p0, = 00,0 is a consequence of the braid relation oy0207 = 0907105.
N.B. The definition of a half-twist corresponds to the construction done in Exercise 1.8 via the iso-

morphism M(3, {z}) = M3(%).

Solution to Exercise 3.6. Since the statement is only about the image 5({1, coo,n} x [0, 1]) of 3,
we can assume that § satisfies the condition

vt e [0,1], B({1,...,n} x{t}) C T x {t}.

Hence there is a loop £ : [0,1] — C,,(X) such that 5 = 8(¢) in the notation of (3.2). We have seen in
the proof of Theorem 3.13 that the map

Homeo™?(2) — C,(2), f— f({z})
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is a fibration. Thus, the loop £: [0,1] — C,(X) can be “lifted” to Homeo?(X): specifically, there is
an isotopy £ : [0,1] — Homeo™? (%) such that £(0) = idy and £(¢)({z}) = £(t) for all t € [0,1]. Then
the map

he S\ {zr,- 2 }) x [0,1) = (S x [0,1)\ B({1,...,n} x [0,1]), (y.t) — (C(t)(y).?)
is a homeomorphism since, for any ¢ € [0,1], it maps the level set (X \ {z}) x {t} to the level set

(S\£(t)) x {t} by restriction of the self-homeomorphism £(t) of . Since £(0)
f fixes the “bottom boundary” (¥ '\ {z}) x {0}.

idy;, the homeomorphism

Solution to Exercise 3.7. (a) Here are 6, 05 and 64:

\ \\

N\ ) \
é SIS
N\ A\ \ \\
(b) Let D C D? be a closed disk containing the set {z} in its interior, and let § C int(D?)\ D be
a simple closed curve parallel to 9D?. Consider a tubular neighborhood N := N(J) of § such that
N Cint(D?)\ D. Let T : D? — D? be the self-homeomorphism which is the identity outside N and is
given by
St % [0,1] 3 (¥, 7) — (20T 1) € S* x [0,1]

on N = 81 x [0,1]. Thus [T] € M(D? {z}) is the Dehn twist 75 along §. We know that 7 is isotopic
to idp2 relatively to D? and, by writing down an explicit isotopy, we easily see that

w(0,) =75 "

(c) According to (a), it suffices to show that 75 belongs to the center of M(D? {z}). Let T be the self-
homeomorphism of D? representing 75 that we have considered in (a). Any element y € M(D? {z})
is represented by a self-homeomorphism of D? which fixes dD?: thus y can also be represented by a
self-homeomorphism Y of D? which fixes a neighborhood of the boundary. Assuming that N = N(4)
is contained in this neighborhood, we obtain that TY = YT. It follows that tsy = yts.

(d) We have 6,, € PB,, since s(6,,) = s(ts)~! = 1. Therefore, it is enough to show that 6,, has infinite
order in PB,,. For this, we observe that the canonical homomorphism PB, — PB,,_1 defined by “for-
getting” the last string maps 6,, to 6,_1. (This is a consequence of (a) too.) Thus, by an induction on
n > 2, we obtain that there exists a group homomorphism PB,, — P B mapping 6,, to 05 = U% = ays.
Since PBs is the infinite cyclic group generated by a;2, we deduce that 6,, has infinite order in PB,,.

N.B. In fact, it is known that the center of B, is an infinite cyclic group generated by 6,, for any
n > 3. (See [KT08, Theorem 1.24] for instance; Exercise 3.8 proves this for n = 3.) Besides, the group
B, is known to be torsion-free. (See [KT08, Corollary 1.29] for instance.)

Solution to Exercise 3.8. (a) Consider the following composition

By =23 M(S" x §') —"+ SL(2 Z) — PSL(%;2)

where £ is the isomorphism defined in Proposition 2.4, and recall from the proof of Theorem 2.14 that
PSL(%Z) = (T,U | T = 1,0 =1)

where T and U are the classes of the following matrices:

0 1 0 1
T.(_1 0) and U.<_1 _1>.

Kp(or) = ((1) D — TU, (o) = (_11 ‘f) - UT

We have
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so that p(o1) = TU and p(o2) = UT. In particular
——2_9_9_o_o_

p((0102)?) = TCTY? =TOT OTUT=TOT=T =1,
which shows that p induces a group homomorphism 5 : Bs/(63) — PSL(2;Z). It is easily verified that
the group homomorphism
PSL(2;Z) — B3/ {03), U+ oy 05", T — 010201
is well-defined and is an inverse of p by using the above presentation of PSL(2;Z).

(b) The center of PSL(2;Z) is trivial, as can be checked from the fact that PSL(2;Z) ~ Z * Zs.
Therefore, the center of Bs/(f3) is trivial and it follows that the center Z(Bs) of Bjs is contained in
(03). We deduce from Exercise 3.7.(b) that Z(Bs) = (3) and from Exercise 3.7.(c) that Z(B3) ~ Z.

Solution to Exercise 3.9. (a) For all i € {1,...,n — 1}, we set v; := idy® ™Y @ R@idy®"~1,

The braid group B, is generated by o1,...,0,_1 with relations
(3.9) 0i05 = 959 ifli-gl=2,
0;0j0; = 0;0;0; if "L—j‘:].

For all i € {1,...,n — 2}, we have
viovigrov; = idy®0 Y g (R®@idy)o (idy ®R) o (R ®idy)) ® idy ©" =2
= idy® Y @ ((idy ®R) o (R®idy) o (idy ®R)) @ idy &2
= Vi4+107; 0041
and, for all i,5 € {1,...,n — 1} such that ¢ < j — 1, we have
Vv = idv®(i_1) ®R® idv®(j_i_2) QR® idv®(”_j_1) = v;0;.
So, there is a unique group homomorphism pg : B, — Autx(V®") defined by o; — v;.

(b) For all vy, ve,v3 € V, we have

rF®id id®zF 9o zF®id
VRV RV > T V2@V QU3 5 TP vy ®U3 @V T U3 ® V2 @ vy
id @z F zF®id o id®@zF 3

V1 @U@V = T -V QU3 RQUy > 7 03QV; QUg H—— x° -3 QU2 KUy
which shows that xF is a Yang—Baxter operator. The property

Yor, oo vn €V pr(B)(v1 ® -+ @ vn) = vy(g-1)(1) @ @ Vs(8-1)(n)

is true for 8 = o; and, so, it is true for any (3 since B, is generated by o1,...,0,_1. Moreover, we have
pzr(0;) =z - pp(o;). So, we conclude that
VUl,...,UnGV, pr(ﬂ)(U1®®vﬂ) = x‘BlpF(ﬁ)(/l)l@@’U”)
= 2l vy @ ® vy

for any 8 € B,, whose length in the words o1,...,0,_1 is denoted by |8] € N. (This length is well-
defined according to the presentation (3.9) of B,,.)

(¢) Let us assume, for example, that z = z, the case y = z being similar. An easy computation gives
Rm’y’z e} Ry—17x—l7x—1 = idV®V = Ry717x717x71 e} Ra:,y,z

and shows that R, , , is a linear automorphism. In order to prove that R is a Yang-Baxter operator,
we set R:= R, ,, and R' := R+ z -idygy. Thus, we have

(id®R)o (R®id)o (id®R) = ({id®R)o (R ®id)o (id®R') —2®-id es
—z-(ild®R)o (R ®id) —z- (R ®id) o (id®R')
—z-(d®R)? + 22% - (id®R') + 22 - (R’ @ id)
and
(R®id)o (id®R)o (R®id) = (R ®id)o (id®R)o (R ®id) —2®-idjes
—z- (R ®id) o (([d®R') — 2 - (id®R) o (R’ ®id)
—z- (R ®id)? +22% - (R ®id) + 2* - (id ®R).
So, we are reduced to show that
(id®R) o (R ®id) o id®R/) — 2* - (R' ®id) — z - (id®@R')?
Z (R ®id)o (i[d®R) o (R ®id) — 22 ([d®R') — z - (R’ ®id)?

and this is a straightforward computation.
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4. FORMALITY OF THE TORELLI GROUP

This last section provides an introduction to the “non semi-simple” part of the mapping class group,
namely the Torelli group. The reader may consult Johnson’s survey [Joh83b] or the Chapter 6 of
[FM12] for the classical aspects of the Torelli group, and the survey article [[IM12] for the connections
with 3-manifold invariants.

Recall that, with our conventions of §1.1, all surfaces are assumed to be connected, compact and
orientable. In this section, we fix an oriented surface ¥ with one or no boundary component: we denote
by n the number of boundary components and by g the genus of . If n = 0, the bordered surface
obtained from ¥ by removing a disk is denoted by X°; if n = 1, the closed surface obtained from ¥ by
gluing a disk is denoted by X7.

4.1. Definition of the Torelli group. In the sequel we denote H := Hy(X;7Z) and H* := Hom(H, Z).
(Note that H* is canonically isomorphic to H!(3;Z) by the universal coefficients theorem.) Let w :
H x H — 7Z be the homological intersection form defined in §1.2. We have seen in the solution of

Exercise 1.6 that w is a symplectic form, in the sense that it is bilinear, skew-symmetric and non-
singular:
(4.1) H = H*, z— w(z, —)

A group homomorphism ¢ : H — H is said to preserve w if w(¢(x),¥(y)) = w(z,y) for any x,y € H.

Definition 4.1. The symplectic group of H (equipped with the symplectic form w) is the group of
automorphisms of H preserving w. We denote it by Sp(H).

Set a; := [oy] € H1(3;Z) and b; := [8;] € H1(X;Z) for alli € {1,...,g}, where as,...,a4,81,..., 0
are the oriented simple closed curves that are shown below:

(4.2)
(The above picture represents the oriented surface ¥ if n = 1, and it represents X° if n = 0.) Then the
matrix of w in the basis (a,b) := (a1,...,aq,b1,...,b,) is

— 0 Ig
(5, %)

Then, by considering matrix presentations of automorphisms of H, we see that the group Sp(H) is
isomorphic to

Sp(2¢g;Z) :== {M € GL(2¢;Z) : M" - Q- M = Q} .
The latter is also referred to as the symplectic group or, sometimes, as Siegel’s modular group.
Proposition 4.2. The canonical homomorphism

k: M(X) — Sp(2¢g;Z)

which sends any isotopy class [f] to the matriz of f. : H — H in the basis (a,b), is surjective.
Proof. If n = 0, the inclusion i : ¥° < 3 induces an isomorphism i, : H1(X°;Z) — H1(3;Z) sending

the basis (a, ) to the basis (a, b); hence we have the following commutative diagram:

(4.3) M(2°) —2— Sp(2¢;7Z)

| <

M(D)

Therefore we can assume that n = 1. Using a prior work by Klingen [Kli(1], Birman observes in [Bir71]
that the group Sp(2¢;Z) is generated by the 2g x 2g matices

. Ig —A4; o Ig 0 e Ig Bj
4 Yl._<0 1 )7Ul-_(Ai Ig))ZJ._<0 Iy

indexed by i € {1,...,g} and j € {1,...,9 — 1}, where A; and Bj are the g x g matrices defined in
terms of the elementary matrices Fy;’s by

A; = FE; and Bj = —E]‘j — Ej+1’j+1 + Ej7j+1 + Ej+1’j.
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Consider now the simple closed curves a1, ...,04,81,...,84,71,---,7g—1 corresponding to the Lickor-
ish’s generators of the mapping class group:

By using Exercise 2.6, or by a simple direct computation, it is easily checked that
(4.5) k(') =Y, H(Tﬂ_il) =U; and H(T;l) =Z,

J

and we conclude that x is surjective. O

Proposition 4.2 suggests the following notion.
Definition 4.3. The Torelli group of the surface ¥ is the subgroup
Z(X) :=kerk C M(X)
of the mapping class group acting trivially in homology.

Observe that the Torelli group Z(X) is trivial when ¥ is a disk or a sphere, since M(X) = {1} in those
two cases (by Proposition 2.3 and Exercise 2.1). Besides, it follows from Proposition 2.4 that Z(X) is
trivial when ¥ is a torus. Thus, the “simplest” surface ¥ for which Z(X) # {1} is the torus with one
hole ¥ 1: see Exercise 4.3.

Starting from now, we assume that g > 2. Then the Torelli groups in the closed case and in the
bordered case are related as follows.

Proposition 4.4. If ¥ is closed, then we have a short exact sequence of groups

Push Uidp
—

1——m (U(X)) Z(x°)

(%) 1
where the maps “Push” and “Uidp” are as described in Proposition 2.9.

Proof. We have the following commutative diagram:

M (UE) = — = 3 Z(8%) = — — = 3 I(S) — — — — — — -
|
m (U(D)) 2oy pq(me) 292 pm(x) 1
I - - J
1 1 Sp(2¢; Z) == Sp(2¢; Z)
|
L 777777 R sl ——— - +1

The third row is obviously exact, the second row is exact by Proposition 2.9, and the dashed arrows
are given by the “snake lemma” which makes sense in the present situation. Since x(X) =2 —2¢g <0,
the “Push” map is injective by Remark 2.10 and we get the desired short exact sequence. O

Remark 4.5. For a surface S with n > 1 boundary components, the Torelli group Z(S) is defined in
the following way by Johnson [Joh85a]. Pick one of the boundary component dy and choose a system

of oriented simple proper arcs ¢1,...,e,_1 connecting dy to each of the other boundary components
(51, ey 5»,74,1:
51 2 On—1

o
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Then an element f € M(S) is declared to belong to Z(S) if and only if f. : H1(S;Z) — H1(S;Z) is
the identity and

Vi € {1, e, — 1}, [f(é‘z) - €i] =0¢€ Hl(S;Z).
There are other possible definitions of the Torelli group which are not equivalent to the previous one:
see [Put07] for a detailed analysis of all the possibilities.

4.2. Generation of the Torelli group. We first define two families of elements of the Torelli group,
which will be used to generate Z(X). Recall that we have assumed that g > 2.

On the one hand, for any simple closed curve p in ¥ such that [p] = 0 € H, we deduce from
Exercise 2.6 that 7, € Z(X). Such elements of the Torelli group and their inverses are called BSCC
maps (for “Bounding Simple Closed Curves”), since the condition [p] = 0 is equivalent to say that

there is a subsurface of ¥ with boundary p (i.e. p is separating.) The genus of 7, is the minimum of
the genus of the subsurfaces of ¥ having this property.

On the other hand, for any simple closed curves p,d in ¥ such that pNd = @ and [p] = [0] # 0, we
deduce from Exercise 2.6 that

7,75 L € Z().

Such elements of the Torelli group are called BP maps (for “Bounding Pair”), since the condition
[p] = [0] is equivalent to say that there is a subsurface of 3 with boundary p U d. The genus of 7,75 "
is the mininum of the genus of the subsurfaces of ¥ having this property.

The following theorem, due to Johnson [Joh79], is the culmination of several results by others whose
chronicle is outlined below.

Theorem 4.6 (Johnson 1979). The Torelli group Z(X) has the following generating sets, depending
on the genus g and the number n of boundary components of :

g =2 all BSCC maps of genus 1 | BSCC maps of genus 1 & all BP maps of genus 1
g>3 all BP maps of genus 1 all BP maps of genus 1

Outline of the proof. We only consider the closed case (n = 0); the case of a surface with non-empty
boundary (n = 1) can be deduced from this using Proposition 4.4.

The proof of the theorem starts with Birman’s paper [Bir71] which we have already referred to in the
proof of Proposition 4.2. She did much more than deducing from the paper [Kli(1] a finite generating
set of Sp(2g;Z): she also carried out the method proposed there by Klingen to find an explicit finite
presentation of Sp(2g;Z). Thus, after some long computations which are only partly reproduced in
[Bir71], she find out a finite set R consisting of 10 types of relations for the system of generators
S :={Y;,U;, Z;};; given at (4.4). The situation can be summed up with the diagram

(4.6) F(X) —2 5 F(S)/(R) —— 1

1 ——I(%) —— M(B) —2—=Sp(2¢9; Z) —— 1

where X := {ay, 8;, 7, }i,; is the set of Lickorish’s curves (2.2), the homomorphism 7 sends any element
of X to the Dehn twist along the corresponding curve, and the homomorphism k is defined by k(«;) :=
Y, k(B) = Ut and k(vy;) = Zj_l. This diagram is commutative by (4.5). Let ¢t : F(S) — F(X) be
the group homomorphism defined by ¢(Y;) := ai_l, t(U;) == Bi_l and ¢(Z;) := ’yj_l. Then, for any word
r € R, there are two possibilities for the “lift” (r):

. either 7t(r) = 1, i.e. the relation r of the symplectic group “survives” in the mapping class

group: the word ¢(r) is a relation between the Lickorish’s generators;

. or 7t(r) # 1, i.e. 7t(r) is a non-trivial element of the Torelli group.
For instance, the word r; := YiUiYiUleflUfl is one of the elements of R found by Birman which
corresponds to the relation Y;U;Y; = U,;Y;U; in Sp(2g;Z); we have t(r;) := a;lﬁflajlﬂiaiﬁi so that
7t(r;) = 1 because of the braid relation

Ta; T8 Ty = T8, Ta; T; € M(E)

The word s := (Y;U;Y7)* is another element of R found by Birman; using the braid relation and the
2-chain relation, we have

Tt(S_l) = (Ta17517a1)4 = (TalTﬁlTal)(TﬂlTalTﬁl)(TalTﬁlTal)(TﬁlTalTﬁl) = (TalTﬁl)G =175 € M(E)
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where 47 is a simple closed curve bounding a subsurface of genus 1: thus we get, this time, a non-trivial
element of Z(X). As a third and last example, consider the word u := (Y1U; Z1U5Y>)® which is another
element of R found by Birman; by the 5-chain relation, we have

Tt(u_l) = (TazTﬂzT’hTﬂlTal)ﬁ =Ts, € M(Z)

where d5 is a simple closed curve bounding a genus 2 subsurface of 3: thus we get another non-trivial
element of Z(X) if g > 3. It follows from diagram (4.6) that Z(X) is the subgroup of M(X) normally
generated by the finite set

B:= {Tt(r) |r e R} \ {1}
which Birman fully computes in [Bir71]. The set B consists of the single element 7¢(s) = 7t((Y1U1Y1)?)
if g =2, and it consists of four elements including 7t(s) and 7t(u) = 7t ((Y1U12,U2Y2)") if g > 3.

The next step has been carried out by Powell. He showed that, for g > 3, any element of B is either
a BSCC map of genus < 2 or is a product of BP maps of genus 1 [Pow78]. (We have checked this in
the previous paragraph for only two elements of B over four.) Since the conjugate of any BSCC map
(respectively, any BP map) is a BSCC map (respectively, a BP map) of the same genus, it follows that
Z(¥) is generated by BSCC maps of genus < 2 and BP maps of genus 1 for g > 3. The same argument
shows that Z(X) is generated by BSCC maps of genus 1 if g = 2.

Johnson gave the final touch to the theorem in genus g > 3. Using the lantern relation, he showed
in [Joh79] that any BSCC map of genus 2 is a product of BSCC maps of genus 1 and BP maps of
genus 1, and that any BSCC map of genus 1 is itself a product of BP maps of genus 1. It follows that
Z(%) for g > 3 is generated by BP maps of genus 1. O

Remark 4.7. Putman proved without appealing to Powell’s result [Pow78] that Z(X) is generated
by BP maps and BSCC maps: see [Put07, Theorem 1.3]. By adjoining to his result the arguments
of Johnson in [Joh79], one gets another proof of Theorem 4.6 which is logically independent of those
lengthy computations that are only outlined in [Bir71].

Remark 4.8. It follows from Theorem 4.6 and Exercise 4.5 that, as a normal subgroup of M(X), the
Torelli group Z(X) is generated by only one or two elements:

n=20 n=1
g =2 | one BSCC map of genus 1 | one BSCC map of genus 1 & one BP map of genus 1
g >3 | one BP map of genus 1 one BP map of genus 1

Theorem 4.6 does not consider the problem of the finite generation/presentation of the Torelli group.
We sum up below what is known about this subject.

Theorem 4.9 (Johnson 1983). In genus g > 3, the group I(X) is generated by a finite number of
BP maps.

About the proof. See [Joh83a] for the original proof and [Joh83Db] for a quick outline. Note that the BP
maps of the finite generating set provided by Johnson may have genus greater than one. O

The generation of the Torelli group in the case g = 2 is drastically different than in the case g > 3.
Theorem 4.10 (McCullough-Miller 1986). In genus g = 2, the group Z(X) is infinitely generated.

Outline of the proof. By Proposition 4.4, it is enough to deal with the closed case (n = 0). The proof
given in [MMS806] goes as follows. Let S be the regular covering of ¥ corresponding to the kernel of the
group homomorphism

pim(E, %) — (s,t|[s,t] = 1) ~ 7>
defined by p(a1) := 1, p(B1) := 1, plag) := s and p(B2) := t. Here (aq, b1, as,2) is the system
of oriented simple closed curves shown at (4.2) and bAased at a point x € 3. The action of the

automorphism group (s,t|[s,t] = 1) of the covering ¥ — ¥ induces a structure of R-module on
Hy(%;Z) where R := Z[s*',t*!]. Thus, there is a group homomorphism
(4.7) I(%) — Autg (Hi(52)), [f] — T

where the representative homeomorphism f is assumed to fix x and f: $ — 3 denotes the unique
lift of f fixing a preferred lift % of x. Now, it turns out that Hl(i;Z) is a free R-module with basis
([621], [B\l]) where aj, 31 are lifts of a1, 31 respectively. Then, by considering matrix presentations in
this basis, one obtains a group homomorphism

kr:I(X) — GL(2; R)
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which McCullough and Miller explicitly compute on Dehn twists. Thus, using Powell’s result that
Z(Y) is generated by BSCC maps of genus 1, they deduce that ki takes values in the special linear
group SL(2; R). This group has a certain decomposition as an amalgamated free product [BM78].
Using this decomposition, McCullough and Miller are able to show that the image of kg is not finitely
generated. O

Concerning presentations of the Torelli group, the following is known. Mess proved that Z(X) is
a free group (of infinite rank) for ¢ = 2 and n = 0 [Mes92]. Putman also obtained in [Put09] some
interesting infinite presentations of Z(X) for any g > 2 and n € {0, 1}, whose generators are given by
BSCC maps, BP maps and commutators of the kind considered in Exercise 4.4. But it is not known
whether the Torelli group is finitely presented in genus g > 3.

4.3. The Johnson homomorphisms. Starting from now, we assume that X is an oriented surface
of genus g > 2 with a single boundary component. All the results and constructions below exist in the
closed case too; but their statements are often more technical, and the proofs in the closed case are
derived from the bordered case (with the notable exception of Hain’s results in §4.5). Therefore we
have preferred to omit the closed case in what follows.

Let 7 := 71 (2, ) be the fundamental group of ¥ based at a point * € 9X. The homotopy class
of the boundary curve is denoted by ¢ := [0X] € w. The following shows that mapping class groups
naturally embed into automorphism groups of free groups.

Theorem 4.11 (Dehn, Nielsen & Baer 20’s). The group homomorphism
p: M(X) — Aut(n), [f]— f;
is injective and its image consists of all v € Aut(w) satisfying ¥(¢) = (.

About the proof. The fact that p is a group homomorphism follows from the functoriality of 7 (—). By
definition of M(X), we obviously have

p(M(2)) C {¢ € Aut(r) : () = ¢}
The proof of the converse inclusion, which is much more involved, can be found in [ZVC80] for instance.

To prove the injectivity, assume that f € M(X) is such that f; = id.. Since ¥ deformation retracts
to a bouquet of circles, it is a K(m, 1)-space. Thus, for any pointed topological space (X, x), the map

{continuous maps g : (X,z) — (X,%)}

(4.8) — Hom (7r1(X, SL’),’IT), 9] — gy

homotopy
is a bijection. Taking (X, z) = (X, ), we deduce that there is a homotopy between f and idy (which
is not necessarily relative to the boundary). Since homotopy coincides with isotopy in dimension 2, we
deduce from (2.7) that [f] = T,IYC € M(X) for some k € Z and where v is a simple closed curve parallel
to OX. It is easily checked that (7,); is the conjugation by ¢, so that (7uy)fi is non trivial for any [ # 0.
We deduce that k£ = 0 and that [f] =1 € M(). O

The Dehn—Nielsen—Baer representation p can be “approximated” step-by-step by considering a suc-
cession of nilpotent quotients of the group 7. Specifically, we consider the lower central series of 7

r=01mDlen D - DTm D@ D ---

defined inductively by Iy 17 := [7r, ka] for all £ > 1. Since I'y417 is a characteristic subgroup of ,
there is a canonical homomorphism Aut(7) — Aut(7/Tk417) and we define a representation py of the
mapping class group by the following composition:

M(E) —2— Aut(r) —— Aut(r/Tiy17)
>

~
— —_—
-~ -

Pk
Defining Jix M (X) := ker py, for every k > 0, we obtain a sequence of subgroups
M(E) = JM(Z) D IME)D -+ D JM(E) D JgpaM(Z) D -

which is called the Johnson filtration of the mapping class group M(X). Note that JyM(X) = Z(X)
and, for any k > 1, we will sometimes write J,Z(X) instead of JpM(X). We now give two important
properties of the Johnson filtration.

Lemma 4.12. We have
(i) [JkM(E), JIM(E)] C JpuM(E) for any integers k,1 > 0,
(i) Nizo M) = {1}.
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Proof. We refer to [Mor91, Corollary 3.3] for the proof of (i). To prove (ii), consider an f € M(X)
such that f € JyM(X) for all k > 0. Let € w. Then, by assumption,

VE>1, fy(z)z~! € Tym.

Since 7 is a free group, it is residually nilpotent i.e. (5, Im = {1}. It follows that fy(z) = x for all
x € . We deduce from Theorem 4.11 that f =1 € M(X). O

As an application of Lemma 4.12, we obtain the following.
Proposition 4.13. The Torelli group Z(X) is residually nilpotent.
Proof. Using Lemma 4.12.(i), we obtain by an induction on k > 1 that
(4.9) I'vZ(2) C JpM(D).
Then it follows from Lemma 4.12.(ii) that (1,5, TxZ(X) C {1}. O

Proposition 4.13 shows that it is important to compute the graded object associated to the lower
central series of Z(X), namely

B IZ(S)
G (D) = @ #I(Z)

As a general fact, Gr' Z(X) is a graded Lie algebra The conjugation action of M(X) on Z(X) induces
an action of the symplectic group Sp(H) on Gr' Z(X):
IWZ(%)

VM € Sp(H), Vf € TWwI(X), M-[f] := [mfm™'] € FrZ(®)

where m € M(X) is such that m, = M
Clearly this action preserves the graded Lie algebra structure of Gr (%).

The degree one part of Gr' Z(X), i.e. the abelianisation of Z(X), will be seen in §1.4 while its
rationalization (Grr Z(¥)) ® Q will be considered in §1.5. Before that, observe that the inclusion (1.9)
induces a canonical map
JLZ(Z

4.10 G'Z(®) — G’ 7
(4.10) (%) @Jk+11

E>1
Furthermore, using Lemma 1.12.(i), we can also give to Gr” Z(X) the structure of a graded Lie algebra
with Sp(H)-action as we did for Gr' Z(X): clearly, (4.10) is a homomorphism of graded Lie algebras
and it is Sp(H )-equivariant.
Remark 4.14. A\ Although it is induced by an injection of filtered groups, namely the inclusion (4.9),

the graded homomorphism (4.10) is not injective. Indeed, it is not injective in degree 1 as will follow
from the results of §4.4.

Thus, we are now interested in the Lie algebra Gr” Z(X). We will show that it embeds in a Lie
algebra of derivations. Let H := H;(3;Z) and let £(H) be the Lie algebra freely generated by H

=@ Lr(H) where £(H) = H, £,(H) = A’H, ...
k>1
The natural action of Sp(H) on H extends to an action of Sp(H) on the graded Lie algebra £(H): for in-

stance, for any M € Sp(H) and for all hy, ha, hg € H, we have M-[hq, [ha, h3]] = [M (h1), [M (ha), M (hs3)]].
Recall that a derivation of £(H) is a Z-linear map 0 : £(H) — £(H) such that

Va,y € E(H)v 5([56,'7;]) = [5(1')734} + [I76(y)]7
a derivation § is positive if it maps H = £1(H) to £>2(H); a derivation § is symplectic if §(w’) = 0
where w’ € A?H is the bivector dual to the intersection form w : H x H — Z (see Exercise 1.2).
The set Der (£(H)) of derivations of £(H) equipped with the Lie bracket [d;,d2] := 1 0 62 — d2 0 0y
is a Lie algebra, and its subset Der (S(H )) consisting of positive symplectic derivations is a Lie

subalgebra. Note that the canonical action of Sp(H) on £(H) induces an Sp(H)-action on the Lie
algebra Der (£(H)):

VM € Sp(H), V6 € Der (£(H)), M -6:= (M -(=))odo (M~"-(-)),

which, by Exercise 1.2.(a), leaves Der;, (£(H)) C Der (£(H)) globally invariant. Finally, Der) (£(H))
is a graded Lie algebra whose homogeneous elements of degree k > 0 are the derivations mapping H
to £k+1 (H)

8 If no ring of coefficients is specified, a “Lie algebra” g will refer here to a Lie algebra over Z. It is said to be “graded”
if g = @r>o00k is graded as a Z-module and [gx, g;] C gr+ for any k,1 > 0.
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Theorem 4.15 (Johnson 80’s, Morita 90’s). There is a canonical graded Lie algebra homomorphism
7: Gr! Z(¥) — Der]; (L(H))

which is injective and Sp(H)-equivariant.

Sketch of proof. We first define, for any integer k > 1, a group homomorphism

(4.11) T+ JyZ(E) — Hom (H, Lr41(H)) such that ker 7y = Jp1Z(2).

Let f € J,Z(X). For all z € m, we set

(£ ([]) = pea (A)((2]) - [2]7" € 5
k427

where the = on the left-hand side represents an element of 7/I'om ~ H and the x on the right-
hand side represents an element of 7/I'yyi17m. Using the commutator identities, it can be checked
that the right-hand side only depends on the class of £ modulo I'sm and that the resulting map
H — Tyi17m/Tkiom is actually a group homomorphism. We now check that the resulting map 7 :
JZ(X) = Hom (H,Tj417/Tj4om) is a group homomorphism (where Hom (H, g1 17 /Tj427) has the
operation induced by the commutative multiplication in Tyy17/Tgyom): let f,h € JZ(X), then
veen, m(fh)((z]) = pera(fR)([z]) - [2] 7
= (prr1(f) 0 prra(h))([z]) - [2] 1
= per () (prr () ([])) - [2] 7
pr1 (F) (e(R)([2]) - [a]) - [2] "
= pert (N (me(W)([2]) - prra (F) ([2]) - [2] 7
=& (h)([=]) =7 (f)([=])
7k ()([]) - 7 () ([])
where, in the last identity, we use the fact that pg+1(f) € Aut(m/Tk427) is the identity on 417 /Tg4o7.
Since 7 is a free group, there is a canonical isomorphism of graded Lie algebras between Gr' 7 and
L(H): this is the unique isomorphism which is given in degree one by the Hurewicz isomorphism
between 7/T'om and H. In particular, we may identify T'yy17/Tiom with £xyq(H).
Therefore, we have managed to construct a homomorphism 75 as in (4.11) for any integer k > 1.
Taking the direct sum over all k > 1, we obtain an injective group homomorphism
7: Gr! Z(¥) — Hom(H, £ H).

Since the Lie algebra £(H) is generated by its degree one part, any derivation of £(H) is determined
by its restriction to H. Therefore, we can identify the abelian groups Der™ (£(H)) and Hom(H, £59H )
to obtain an injective group homomorphism

7:Gr! Z(X) — Der™ (£(H)).

We now check that this map 7 takes values in the Lie subalgebra of symplectic derivations. Let
(a1, B1, ..., a4, By) be a system of simple closed curves as shown in (4.2), and consider their homology
classes a; := [a4], by := [8;]. Then (a1,b1,...,a4,b,) is a symplectic basis of H so that

g
w’ == Za,; A bl
i=1

Let f € JyZ(X) and set § := 74(f) € Der™ (£(H)). We must show that

Fk+1’/T

g g
(4.12) > [6(ai),bi] + > [a, (b

i=1 i=1
By connecting the curves «;, 8;’s to * by some arcs, we can promote them to loops based at x which
we denote by the same letters. Then, for an appropriate choice of those arcs, the homotopy class of
the boundary curve decomposes as

g = [agaﬁgl} e [alaﬂl_l] € 1_‘2’”-

Then (4.12) can be deduced from the fact that f({) = ¢ using commutators identities.
We now verify that the map 7 is Sp(H )-equivariant. Let m € M(X) and f € J,Z(X). For any
T € 7, we have

me(mfm™)([z]) = pra(mfm™)([a]) - [2]7F
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= s (m) (P (F)([my " (@)]) - prsr (m™ ) ([2] 7))
= pk+1(m)(pk+1(f)([m ( ) [y @)]7) = prga(m) (re(F)(Imy (2)]))-

This shows that 7,(mfm™1) = (m. - (<)) o 7 (f ( SL(2) = mac Te(f) if Ti(f) is regarded as a
derivation of £(H), which proves the Sp(H)- equlvarlance.

Finally, the fact that 7 : Gr’ Z(X) — Der], (£(H)) preserves the Lie brackets is proved in [Mor91,
Propositions 3.4 & 3.5] to which we refer. O

The map 7, : JLZ(X) = Hom(H, £441(H)) introduced in the proof of Theorem 4.15 is called the k-
th Johnson homomorphism. It has been introduced by Johnson for k = 1 in [Joh80a] and for arbitrary
k > 1in [Joh83b]. The general properties of the Johnson homomorphisms have been studied by Morita
in [Mor91, Mor93].

The first Johnson homomorphism 7y : Z(X) — Hom(H, £2(H)) deserves a special attention. There
is a canonical isomorphism H — H* defined by h +— w(h, —), so that we can identify the target of 7
with the Z-module

Hom(H, £5(H)) ~ H* ® £5(H) ~ H ® £2(H).
Furthermore, there is a group homomorphism A3(H) — H ® £5(H) defined by
hi ANha ANhs— h1 ® [hg,hg,] +h3® [hl,hg] + hy ® [h37h1].

It is injective since it can be inserted into the following commutative diagram

NH—2  A3H,

| T

H® L5(H) —— Ho © £2(Hg)

where Hg := H®Q and the map Ho® £2(Hg) — A*Hg is defined by u® [v, w] — uAvAw. Therefore,
we can regard A®>H as a submodule of H ® £5(H). It can be verified by a direct computation that, for
any BP map 7775_1 of genus 1,

(4.13) m(ryrs ) = 2R A AP € AP H
where p’ and p” are simple oriented closed curves on the subsurface of genus 1 delimited by d U~ and
they are such that i(p/, p”) = 1: see [Joh80a, Lemma 4.B]. Furthermore, 7; vanishes on any BSCC

map: see Exercise 4.9. It follows from Theorem 4.6 that 7 takes values in A>H. Thus, to sum up our
discussion, the first Johnson homomorphism is an Sp(H )-equivariant homomorphism

m:I(%) — A°H
The formula (4.13) can also be used to show that 7y is surjective: see [Joh80a, Theorem 1].
4.4. The abelianization of the Torelli group. In contrast with the mapping class group (see
Corollary 2.16), the Torelli group has an interesting abelianization which we now survey. As in the

previous subsection, we consider an oriented surface X of genus g > 2 with a single boundary component
and we set H := H;(3;Z). To describe the abelianization of Z(3), we will need the set

Q= {H@Zg /N Ve,y € H®Zs, q(xz+y) —q(z) — qy) :w(m,y)}

where w : (H ® Zs) X (H ® Zy) — Zs is the symmetric Zy-bilinear form obtained by taking the mod
2 reduction of the intersection form w : H x H — Z. In other words,  is the set of quadratic forms
whose polar form is the mod 2 reduction of w.

Lemma 4.16. The set Q) is an affine space over the Zs-vector space H ® Zs, the action being given by
(4.14) Vee HRZz, Ve, q+7:=q+w(z,—).

Proof. Since w: H x H — Z is non-singular, its mod 2 reduction is non-singular too, i.e. the map
(4.15) H ® Zs — Homy, (H ® Zs,Z2), ©+— w(x,—)

is an isomorphism. The action (4.14) is transitive because, for any ¢, ¢’ € 2, the map ¢—q' : HQZg — Zo
is a homomorphism and the surjectivity of (4.15) implies that there is an © € H ® Zg such that
w(x,—) = q—¢'. The action (4.14) is free because, for any ¢ € Q and € H ® Z, such that ¢+ Z = ¢,
we have w(x,—) = 0 and the injectivity of (4.15) implies that x = 0. O
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Consequently, we can consider affine functions on 2 and, furthermore, we can consider the space
Cubic(Q, Zs) := {Q %3 Zsy : ¢ is a sum of triple products of affine functions}

of cubic functions on . The (formal) third differential of a ¢ € Cubic(),Zs) is the map
d®c: (H®Zy) x (H®Zy) x (H® ZLy) — Lo
defined by
Pe(z,y,2) = clg+T+F+2)+ (clg+F+2) +clg+T+2) +clg+T+7))
+(c(g+ @) + clg+9) + c(g+ 2)) + clq)

where ¢ € §2 is an arbitrary point. It can be checked that the map d3¢ is trilinear and does not depend
on the choice of ¢ (because the function ¢ : © — Zs is cubic) and that d3c is alternate (because we are
here working in characteristic 2). Therefore the map d®c defines an element

d’c € Homgz, (A*(H ® Z»),Zs) ~ A*(H @ Z»).
Here the isomorphism A?(H ®Zy) — Homg, (A3(H ®Zs), Zg) is induced by the non-singular Z-bilinear
form A3(H ® Zs) x A3(H ® Za) — Zo defined by

w(vr,wr) w(vy,ws) w(vy,ws)
(vl A vg A vz, wy Aws A wg) — det | w(vg, w1) w(ve,ws) w(ve,ws) | € Zs.
w(v37w1) W(U?nwz) w(vg,wg)
)

Theorem 4.17 (Johnson 1985). There is a group homomorphism [ : Z(¥) — Cubic(£2, Zs) such that

the following diagram is commutative:

(4.16) 7() — s Cubic(Q, Zs)

A Js

NH——ANH®Z
—QZa

For g > 3, this diagram induces an isomorphism
(%)
[Z(%),Z(%)]

between the abelianization of the Torelli group and the corresponding fibered product.

(Tlu B) : i> ASH XA3H®Zo Cubic(Q7 ZQ)

It follows that, for g > 3, the abelianization of the Torelli group is (non-canonically) isomorphic to
2
NH & (PN (H® L)
i=0
since the space of quadratic functions on €2 is (non-canonically) isomorphic to @?:0 A(H ®Zs). Since
rank A°H = (239) and dimgz, A'(H ® Z) = (21.9), we deduce that the group Z(X) can not be generated

by less than
2g 2g 2g 2g 4 5 5
== - 1
(3) = (3) = () (§) =50+ 5o

elements: this is in sharp contrast with the mapping class group for which we can find a system of
generators whose cardinality is linear in g. Note that the second part of Theorem 4.17 does not hold
in genus g = 2 since Z(X) is not finitely generated in this case (Theorem 4.10).

About the proof of Theorem /.17. The theorem is proved by Johnson in [Joh85¢] by combining all his
prior works on the Torelli group with a bit of 3-dimensional topology. We only mention here, in a very
rough way, how 3-manifolds and their topological invariants arise in Johnson’s proof.

We can associate to any f € M(X) a topological 3-manifold which is closed (i.e. compact without
boundary), connected and oriented: this is the mapping torus of f defined by

Ty := (M) P (Sl X D2) .

Here the equivalence relation ~ identifies (f(z),1) with (z,—1) for all x € X, and the “solid torus”
St x D? is glued as follows along its boundary: the meridian {1} x dD? is glued along the circle
({*x} x [=1,1])/ ~ while the longitude S x {1} is glued along 9% x {1}. If now f € Z(X), then the
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inclusion ¢ : ¥ <« T; defined by x + (z,1) induces an isomorphism between H = H;(X;Z) and
H,(Ty;Z). The intersection of closed immersed surfaces in T defines a trilinear alternate form

Hy(T 3 Z) x Hy(T 3 Z) x Hy(Tj;Z) — Z

(in a way similar to the definition of the intersection form of an oriented surface in §1.2): thus we have
assigned to any f € Z(X) an element of

Hom (A*Hy(Ty;Z), Z) ~ A* Hom (Hy (T3 Z), Z) ~ A*H?(Ty; Z) ~ A*Hy(Ty; Z) ~ A*H

where the second isomorphism is given by the universal coefficients theorem and the third isomorphism
is by Poincaré duality. Therefore we have obtained a map Z(X) — A%H, and this map turns out to
coincide with the first Johnson homomorphism 7 [Joh&3b].

We now explain the new homomorphism S : Z(X) — Cubic(€2, Zs) that appears in the statement of
the theorem. This is actually a “compilation” of many homomorphisms which have been first introduced
by Birman & Craggs [BC78] before being studied in great detail by Johnson [Joh80b]. Thus the map
B is called the Birman—Craggs homomorphism and, similarly to the first Johnson homomorphism, it
can be described using the “mapping torus” construction [Tur83]. Specifically, for any f € Z(X), the
cubic function B(f) : @ — Zs is the map which assigns to any spin structure ¢ on T; the Rochlin
invariant of the spin 3-manifold (T, ). This definition of 5 would need several explanations. Let us
only clarify a few points: (i) when it is not empty, the set Spin(M) of spin structures on an oriented
manifold M constitutes an affine space over the Zy-vector space H(M;Zs); (ii) the Rochlin invariant
of a closed spin 3-manifold is defined as an element of Zg (using 4-dimensional topology) but, when
the first homology group with integer coefficients of the manifold is torsion-free, the Rochlin invariant
belongs to the subset {0,8} C Zig so that it defines an element of Zy; (iii) the inclusion ¢ : ¥ — Ty
induces an affine isomorphism Spin(T¢) — Spin(X); (iv) there is an affine canonical correspondence
between Spin(X) and the space of quadratic forms  [Joh80c].

The facts that the Rochlin function Spin(M) — Zj¢ is cubic and that its third differential is given
by the trilinear intersection form on Hy(M;Z) is true for any closed oriented 3-manifold M [Tur83].
In particular, we get the commutative diagram (4.16). But it then remains to prove the second part
of the theorem which, of course, is the most difficult one. O

4.5. The Malcev Lie algebra of the Torelli group. We conclude these lecture notes by mentioning
Hain’s results on the formality of the Torelli group. We first need some general definitions about the
notion of “formality”.

Recall that the Malcev Lie algebra of a discrete group G is a filtered Lie Q-algebra 9(G), which is
usually defined as the primitive part of the I-adic completion of the group Q-algebra of G:

M(G) = Prim(@@[G]/Iﬂ where I is the kernel of the augmentation Q[G] — Q.
k
The graded Lie Q-algebra GrO(G) associated to M(G) is isomorphic to (Gr' G) ® Q in a canonical

way and, of course, the latter is generated by its degree 1 part. Hence there is always a canonical
graded Lie Q-algebra homomorphism

£ ([c% ® Q) (Gr' G) ® Q = GrM(G)
which is surjective and whose kernel is denoted by R(G) = Gakzz R (G).

Definition 4.18. A finitely generated group G is 1-formal if M(G) is isomorphic to the degree-
completion of GrIM(G) ~ (Gr* G) ® Q and if the ideal R(G) is generated by Ry (G).

Thus, for a 1-formal group G, all the information captured by the Malcev Lie algebra is contained
in the graded Lie Q-algebra (GrF G) ® Q and the latter has a finite presentation with only quadratic
relations. Examples of 1-formal groups include finitely-generated free groups, fundamental groups of
closed surfaces and pure braid groups.

As in the previous subsections, we now consider an oriented surface ¥ of genus g > 2 with a single
boundary component. The following result, whose proof is out of reach to us in these notes, has been

7

proved in [Hai97].
Theorem 4.19 (Hain 1997). The Torelli group Z(X) is 1-formal if g > 6.

In genus g € {3,4,5}, Hain has also proved that 9(Z(X)) is isomorphic to the degree-completion of
Gr(Z(X)) and that R(Z(X)) is generated by Ra(Z(X)) ® R3(Z(X)). Recall that Z(X) is not finitely

generated if g = 2 (Theorem 4.10) so that Definition 4.18 does not apply in this case. In the sequel,
we will mostly consider the case g > 6.
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In order to get explicit quadratic presentations of Gr9(Z(X)), one still needs to compute Ra(Z(X)).
By definition, R(Z(X)) is a subspace of

(5)
< (mz),z(z)] ® Q)

and, according to Theorem 4.17, we have an isomorphism

[I(ZI)(,ZI)(z)] ®Q TISQ A3Hg where Hg := H ® Q.

Therefore we can regard Ro(Z(X)) as a subspace of £2(A%Hg) and, since 71 is Sp(H)-equivariant,
Ro(Z(X)) is actually an Sp(Hg)-submodule of £5(A%Hg). The following has been firstly proved in the
analogous case of a closed surface by Hain [[Hai97], and it has been subsequently extended to the case
of a bordered surface by Habegger and Sorger (unpublished); the proof needs the representation theory
of the symplectic group Sp(Hg) ~ Sp(2g; Q).

Proposition 4.20 (Hain 1997, Habegger—Sorger 2000). If g > 6, then the Sp(Hg)-module R (Z(X))
is spanned by the following elements 1,7 of Lo(A3Hg):

ry = [()él/\OZQ/\B27a3/\a4/\B4]
ro = [ay /\a2/\ﬁ2,ag/\w']

where (o, B1, ..., oq, By) denotes a symplectic basis of H and ' := .7 | o A B;.

Thus, we get the following quadratic presentation of the Malcev Lie algebra of the Torelli group:

(4.17) Grom(z(s) ~ S Ho)

~ (for g > 6)
<<’/‘1 ) r2>SP(H@) >idea1

The next step would be to deduce from the presentation (4.17) a diagrammatic description of
GrIM(Z(X)). One expects something similar to the description of Gr9(PB,) in terms of “chord
diagrams”. On this purpose, we introduce the following notion: a Jacobi diagram is a finite graph
whose vertices have valency 1 (external vertices) or 3 (internal vertices). Each internal vertex is
oriented, in the sense that its incident edges are cyclically ordered. A Jacobi diagram is colored by
Hg if a map from the set of its external vertices to the vector space Hg is specified. A strut is a
Jacobi diagram with only two external vertices and no internal vertex. Examples of connected Jacobi
diagrams (the strut, the Y graph, the H graph, the Phi graph and the Theta graph) are shown below:

'

I

|

, !
|

N [l
I |
| !
! |
| i

(Here and in the sequel, the vertex orientations are given by the counter-clockwise orientation.) We
consider the following Q-vector space:

Jacobi diagrams without strut component
and with external vertices colored by Hg

o {
Hp) :=
A(Ha) AS, THX, multilinearity

The “AS” and “IHX” relations are diagrammatic analogues of the antisymmetry and Jacobi identities
in Lie algebras:

"\ N , -t ! ! \ ’
N N7 1 1 1 N7
- = — Y 1 — r--=1 + Mo =0
! ! ! ! SN
1 1 o 1 1 VAN
1 1
AS IHX

The “multilinearity” relation states that a Jacobi diagram D with one external vertex v colored by
q1-h1+q2-ha (with ¢1,92 € Q and hy, ho € Hg) is equivalent to the linear combination g1 - D1 +¢q2 - D2
where D; is the Jacobi diagram D with the vertex v colored by h;. The degree of a Jacobi diagram is
the number of its internal vertices. Thus, A(Hg) is a graded vector space:

A(Hg) = @5 Aa(Hg).
d=0
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The degree 0 part Ag(Hg) is 1-dimensional spanned by the empty diagram @, while the degree 1 part
A1 (Hg) is isomorphic to A®Hg via the map

T2 T3

— 21 AN X2 A\ X3.

Z1

There is an interesting operation % in A(Hg): for any Hg-colored Jacobi diagrams D and E whose sets
of external vertices are denoted by V and W respectively, we set

DxE := Z ﬁ . H w(color(v),color(ﬁ(v))) -(DUg E)

v'cv, wcw veVv’

BV =w!
where the sum is taken over all ways of identifying a subset V' of V with a subset W’ of W, and
D Ug E is obtained from D U E by gluing each vertex v € V' to B(v) € W’. Clearly x is Sp(Hg)-
equivariant if the group Sp(Hg) acts on A(Hg) in the obvious way, i.e. by acting on the colors, and it
is easily verified that (A(Hg),*) is an associative algebra. Let [—,—], be the Lie bracket defined by
[D, E], := Dx E — E % D. The subspace of A(Hg)

A°(Hg) = € Ai(Hg)
E>1
spanned by non-empty connected Jacobi diagrams is preserved by [—, —].«: we call (A°(Hg),[—, —]x)
the Lie algebra of symplectic Jacobi diagrams [TIN09].

Proposition 4.21. For g > 3, there is a unique Sp(Hg)-equivariant homomorphism of graded Lie
Q-algebras
£(A3Hg)

Y:
<<7’1, T2>SP(HQ) >ideal

— A°(Hg)

Tro X3

that is defined by x1 A\ x2 N\ x3 — x in degree 1.
1

Note that the image of Y is the Lie subalgebra a(Hg) of A°(Hg) generated by A§(Hg) = Ai(Hg).
According to (1.17), Y provides an Sp(Hg)-equivariant surjective homomorphism of graded Lie algebras
GrIMM(Z(X)) — a(Hg) for g > 6. But, unfortunately, it is not known whether Y is injective (although
it is known to be so in degree 2 [HMO09]).

Proof of Proposition /.21. Clearly there is a unique graded Lie algebra map Y : £(A3Hg) — A°(Hg)
defined in degree 1 by

T2 X3

1 N T2 N\ T3 —

T

Since Y; is Sp(Hg)-equivariant and since [—, =], is Sp(Hg)-equivariant, we deduce that Y is Sp(Hg)-
equivariant. Thus, the proposition will follow from the facts that Y3(r1) = Ya(r2) = 0. We obviously
have

- az P2 as Ba
2(1) a1 ) as 4 0,
and we have
- 9 raz B2 oa; Bi
B = [0 ]
i=1 e
By « B «
az B2 a1 P az P2 az B2 12 19 a12 12 0111 19 THX
o D A e B e I e a0
aq g * aq oy * [ i i [
a2 1 a1 (xg 52 a2

O

The algebra A(Hg) and the Lie algebra A°(Hg) originate from the theory of finite-type invariants
for 3-manifolds. In particular the following is proved in [[IM09] without using Hain’s results. Here

~

A(Hg) denotes the degree-completion of the vector space A(Hg).
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Theorem 4.22 (Habiro-Massuyeau 2009). Let g > 2. There is an injective map Z : Z(X) — ./Z(H@)
which is

(i) multiplicative in the sense that Z(f - h) = Z(f)* Z(h) for all f,h € Z(X),

(ii) filtration-preserving in the sense that Z(I'vZ(X)) C @ + le\zk(H@) forall k> 1.
Furthermore, Z induces at the graded level an Sp(Hg)-equivariant homomorphism of graded Lie Q-
algebras

GrZ:(Gr'Z(2)) ® Q — A°(Hg)

which, in degree 1, is given by the isomorphism 71 ® Q : (Z(X)/[Z(X),Z(2)]) ® Q — A3Hg ~ A§(Hg).
Again, the image of Gr Z is the Lie subalgebra a(Hg) of A°(Hg) generated by A§(Hg). It is expected
that Gr Z is injective or, at least, it is expected to be so in the “stable range”.

About the proof. The map Z is derived from a 3-dimensional TQFT which has been constructed in
[CHMO8] using the Le-Murakami-Ohtsuki invariant of [LMO98]. Thus we call Z the LMO homomor-
phism. The injectivity of Z is proved by showing that all the Johnson homomorphisms 7y, 79, 73, ... are
explicitly determined by Z, and using Lemma 4.12.(ii). The multiplicativity of Z is the manifestation
of the functoriality of the TQFT constructed in [CTIMO8]. The fact that Z is filtration-preserving is
proved by using a kind of surgery calculus in 3-manifolds (the so-called “calculus of claspers” developped
by Goussarov and Habiro). O

4.6. Exercises.
Exercise 4.1. Show that Sp(2;Z) = SL(2;Z).

Exercise 4.2. Let H be a finitely generated free abelian group and let w : H x H — Z be a symplectic
form. Let w’ € A2H be the bivector corresponding to w € A2H* through the isomorphism
w:H = H* h — w(h,—)
(a) Show that an automorphism ¢ of H preserves the bilinear form w if and only if (A2%4)(w') = w'.
(b) Deduce that any ¢ € Sp(H) satisfies det(¢)) = 1.

Exercise 4.3. Let X := 3, ; be a torus with one disk removed, and let § C int(X) be a simple closed
curve parallel to 9X. Show that Z(X) is the infinite cyclic group generated by the Dehn twist along 4.

Exercise 4.4. Let X be an oriented surface with at most one boundary component. Let §, p be simple
closed curves such that w([d],[p]) = 0 for some arbitrary orientations of these curves. Show that the
commutator [75,7,] belongs to Z(X) and that it is not trivial in general.
Exercise 4.5. Let X be an oriented surface with at most one boundary component.

(a) Show that any two BSCC maps of the same genus are conjugate in M(3).

(b) Show that any two BP maps of the same genus are conjugate in M(X).

Exercise 4.6. Let k£ > 2 be an integer. Show that any BP map of genus k is a product of BP maps
of genus 1.

Exercise 4.7. Let £k > 3 be an integer. Using the lantern relation, show that any BSCC map of
genus k is a product of BSCC maps of genus 1 and 2.

Exercise 4.8. Let w : H X H — Z be a symplectic form on a free abelian group H, and let w : H — H*
be the isomorphism introduced in Exercise 1.6. Show that the isomorphism

wlid

Der® (£(H)) — =M Hom(H, £55(H)) ~ H* ® L50(H) ——"—— H @ £55(H)
maps Der] (£(H)) onto the kernel of the Lie bracket [—, —] : H ® £>9(H) — £>3(H), and prove that

it is Sp(H )-equivariant.

Exercise 4.9. Show that the first Johnson homomorphism 7 vanishes on every BSCC map.

* ok %

Solution to Exercise 4.1. Consider an arbitrary 2 x 2 matrix with entries in Z:

w= ()
M'OM = <Z Z) <—01 3) <i Z)

‘We compute
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_ fa c c d

o b d) \—-a -b

. 0 ad — be
o chb — ad 0 ’

MQM=Q < ad—be=1.

It follows that

Solution to Exercise 4.2. (a) The bilinear form w being skew-symmetric, it can be seen as an
element w € Hom(A2H,Z) ~ A?H*. Specifically, let (o, 8) := (a1,...,a4, B1,-..,3,) be a symplectic
basis of H, which means that
(418) w(ai, Otj) = w(ﬁi,ﬂj) =0 and w(ai,ﬁj) = —w(ﬂj,ai) = 67;j.
Then .

w= Za;k/\ﬁ;‘ € A’H*

i=1

where (a7, ..., a7, 07,..., ;) denotes the basis of H* dual to the basis (au,...,a4,81,...,8,) of H.
It follows from (4.18) that the isomorphism w : H—H* defined by h — w(h, —) sends «; to 8 and j;

to —a;. Therefore
g g
w' = Z(—ﬂi) Ny = Zai A Bi.
i=1 i=1

- (59)

Let ¢ € Aut(H) and denote by

the matrix of ¢ in the basis («, 8). Then

(A?9) (W)
= > () A(Br)
%
= Z(Cikai + dirBi) A (ejre + finBi)
kirj
= Z cikejroy Aoy + Z ik f565: N By + Z(Cikfjk — djreir)a; N B
kirj kij ki
= ZZ(Cikejk — Cjkeik)0G N oy + Z Z(dikfjk — dji fir)Bi N By + Z(Cikfjk — djreir) oy N B;.
k i<j k i<j ki, j

We deduce that
(A*Y) (W) =’ (CE'— EC'=0,DF'— FD"'=0,CF'— ED' = I,)

MQM'=Q
Q=M"1tQ(MH!
Ql=MQ M
—Q=M"(-Q)M <= M €Sp(2¢;Z) <= v € Sp(H).
(b) Let ¢ € Sp(H). We deduce from (a) that

AH 5 (A")(W A Aw') = (A2 (W) A A (M)W

= WA AW

rreny

Besides, using a symplectic basis (a, §) of H, we have
g
AIHSW A A = > g, ABiy Ao Ay, A,

i1ig=1

D (1) ABo(r) A+ Aa(g) A Bo(g)
oeS,

= n!~a1/\B1Aoz2/\ﬁ2/\~--Aongﬂg.

We deduce that
AYHSW A AD = (AP A---AW)
= nl-lar) ANY(Br) Ap(ag) Ap(Ba) A= Ap(ay) Ab(By)
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nldet(v) -cn A1 Aas ABa A+ Aag APy
= det(¢) W A AW
which implies that det(¢) = 1.

Solution to Exercise 4.3. It is clear that 75 € Z(X) since the group H;(3;Z) is generated by classes
of oriented curves in ¥ and any such curve can be made disjoint from § by a homotopy. We also know
from Proposition 2.7 that 75 has infinite order. Therefore, it suffices to show that Z(X) is generated
by 7s5. For this, we use Birman’s exact sequence (see Proposition 2.9):

™ (U(S1)) 228 M(S) 222 M(S) —— 1.
The subgroup Z(X) of M(X) is mapped by “Uidp” to Z(X+) = {1} since X7 is a torus. Therefore,
Z(X) is contained in the image of “Push”, which we denote by I. Let o and 3 be simple oriented closed
curves in X1 which meet in a single point belonging to int(D). Since m1(X7T) is generated by [a] and
(8], the group 7 (U(X1)) is generated by [d], [] and the class f of the fiber U(1) 2 S'. If we look
back at the proof of Proposition 2.9, we see that

Push([a]) @ T T, =1
since a._ is isotopic to a4 in 3 ; the same phenomenon happens for 3 ; finally it follows easily from the
definition of “Push” that Push(f) = 75. We conclude that (r5) C Z(X) C I C (75) so that (15) = Z(%).

Solution to Exercise 4.4. Set H := H(3;Z) and let d,r : H — H be the actions of 75,7, in
homology. It follows from Exercise 2.6 that, for any x € H,

dr(z) = d(z+w(p]z)-[p])
d(x) + w([pl, z) - d([p])
= (z+w((d],2)[0]) +wllpl, ) ([p] +0-[6]) = @+ w([d],z) - [0] +w([p], ) - [p]-
A similar computation for rd(z) gives the same result. Hence [d,r] =1 € Aut(H) and it follows that

[7s,7,] belongs to the Torelli group.
Let 4, p be the following simple closed curves in 3:

It follows from Lemma 1.11 that i(d,p) = 2 since § and p do not delimitate bigons: therefore 75
and 7, generate a free subgroup of M(X) of rank 2, and in particular [75,7,] # 1 € M(X). Besides
w([6], [p]) = 0 since the two intersection points of 6 and p have opposite signs. We conclude that [7s, 7]
is a non-trivial element of Z(X).

Solution to Exercise 4.5. We only consider (b) since (a) can be solved by the same kind of arguments.
Denote by g > 0 the genus of ¥ and by n € {0,1} the number of components of 93. Let p,d C X and
let p’, 6’ C X be simple closed curves defining some BP maps
pi= Tng_l, p = 7'5/7';,1
of genus k > 1. Let S1 = ¥y 2 and Sy = Xy_j 24 be the subsurfaces of ¥ delimited by the curves &
and p; let S and S4 play the same role for §’ and p’. Since S; = S} and Sy = S}, we easily construct
an f € Homeo™?(X) mapping S; to S/ for each i € {1,2}, and such that f(§) = &’ and f(p) = p/. We
deduce that .
P =TT = (Fraf ) (frof 1) = fromy U= fof

Solution to Exercise 4.6. Let X be an oriented surface with at most one boundary component. Let
p,0 C X be simple closed curves defining a BP map p := 7'57'/)_1 of genus k£ > 2. Thus p and § delimitate
in ¥ a subsurface S = 3 5. We can decompose S into k subsurfaces of genus 1

S=5USU---US,_1US
in such a way that 051 = pUe€y, 0S3 = €1 Ue€g, ..., 0Sk_1 = €2 U €x_1, OSx = €1 U d where
€1,...,€x—1 C int(S) are pairwise-disjoint simple closed curves. We deduce that

p=17, = (167 )T 7S") - (e ) (Te i, )
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is a product of £ BP maps of genus 1.

Solution to Exercise 4.7. Let X be an oriented surface with at most one boundary component and
consider a BSCC map d := 75 € M(X) of genus k > 3. Thus ¢ is a simple closed curve bounding a
subsurface S = Xy, ; of ¥. We can embed in S the disk with 3 holes

in such a way that we have pjo3 = § = 95, each of p; and py bounds a subsurface of genus 1, and p3
bounds a subsurface of genus k — 2. By the lantern relation, we have

_ —1_-1_-1
Tpi2s = Tp sz Tpg Tp31TpasTpia-

This shows that the initial BSCC map d is a product of 6 BSCC maps of genus 1, 2, k — 2 and k — 1.
Therefore, we can conclude by an induction on k& > 3.

Solution to Exercise 4.8. Let © : Der" (£(H)) — H ® £>2(H) be the isomorphism under study,
and let (cq, B1,..., a4, By) be a symplectic basis of H. For any § € Der™ (£(H)), we compute ©(J):

6%6\11%204 ®6a1+26 ®3(B;) — Z@@aazjuza ® 5(8:)

=1 =1
Hence the Lie bracket of ©(d) is

_Z Bi, 0(cvi) +Z a;, 6 Bz :Z (i) ﬂz +Z a;, 0(B;) —5(2[0‘2'»51']):5(“}/)

i=1 i=1

Q

where w’ € A2H ~ £,(H) is the bivector dual to w. We deduce that the Lie bracket of ©() is trivial
if and only if ¢ is a symplectic derivation.

We now show that © is Sp(H)-equivariant. Since © is defined as a composition O3050; of three
isomorphisms, it suffices to verify that each of them is Sp(H )-equivariant. The fact that the restriction
homomorphism ©; : Dert (£(H)) — Hom(H, £52(H)) is Sp(H )-equivariant is obvious, if Sp(H) acts
on Hom(H, £>2(H)) by M - f := (M - (=)) o fo M~'. Also, the fact that O, : Hom(H, £>2(H)) —
H* @ £59(H) is Sp(H)-equivariant is obvious, if Sp(H) acts on H* ® £>o(H) by M - (u ® v) =
(wo M~1) @ (M - v). To justify now that O3 : H* ® £52(H) — H ® £52(H) is an Sp(H )-equivariant
isomorphism, it remains to prove that w : H — H* is Sp(H )-equivariant. This is checked as follows:

VM € Sp(H), Vh € H, w(M -h) = w(M(h)) = w(M(h),—) = w(h, M~} (=)) = M - w(h).

Solution to Exercise 4.9. Let ¥ be an oriented surface of genus g > 2 with one boundary component,
and let § C X be a simple closed curve bounding a subsurface S C 3. We give S the orientation induced
by ¥ and we give ¢ the orientation induced by S. We pick a base point x € 9% and set 7 := 71 (X, x).
We are asked to show that

71(75) = 0 € Hom(H, £2(H)) or, equivalently, p2(75) =1 € Aut(n/Tgn).

Let x € 7 and let £ be an oriented closed curve based at x representing x. We can assume that § and
¢ are transversal and that 6 N & consists of 2n double points. (There is an even number of intersection
points since 6 is null-homologous.) We number these intersection points py,...,p2, in the order that
they are encountered as one runs along £ in the positive direction. In the computation below, we use
the following notations: for any oriented closed curve v and for any simple points p,q € ~, we denote
by 7pq the path where one runs along < from p to ¢ in the positive direction; the concatenation of paths
is denoted by *; when one runs along a path v in the negative direction, it is denoted by 7. Then, with
these notations, we have

(5)s(2) - 2!

= [f*pl * 5171171 * Epypy * 5172172 Ko

* 617271711)27171 * §P2n71p2n * 5P2np2n * £p2n*} ’ [g*pzngp%*]
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n
= H[g*pzi—l * 6172'i—1p2'i—1 * 51727;—11721 * 5p2ipzi * §p2i*]
i=1
n
= H[g*P21‘71 * 5:021'711021'71 * 5?21’—11721’ * 51721':021'71 * 51721‘711721‘ * 61021'1727;71 * 61721'711721' * gpzi*}
i=1
n
- H[g*p2qt—1 * 5p21‘—1p21‘—1 * £p27:—1p27: * 51)27:1?21‘—1 * 617271—117271—1 * 5?272—1[’272 * fp%*]
i=1
n
= H[&*p’zi—l * 51021'711021'71 * gpzi,l* * €*P2i71 * £p2'i—1p2'i * 61121'102@'71 * 51021'71;!721'71 * 51121'711)21' * gpg,-*]
i=1

n
= H Yi- [5*?21' * 61721'1721'71 * 5102171;02171 * 61721'711721' * gpzi*]
i=1

n
= H Yi [5*1727; * 51721’?2«;71 * fpgi,l* * 5*}721'71 * 5?21‘71?21‘71 * 51727;71* * 5*?21’—1 * 51021‘711021‘ * gpzl-*]
=1

n
-1 —1
= Hyi'zi'yi "z
=1

where y; 1= [5*;021‘—1 *51927:—11927:—1
y; is a commutator in 7 and the above computation shows that (75)4(z) - 2! € I'sm. We deduce that

(75)¢ € Aut(m) is the identity modulo I'sm.

%€ pys 1wl AN 20 1= [Expyy % Opoipns 4 ¥, 4]+ Since § is null-homologous,

N.B. In fact, Johnson proved that kerm = JyZ(X) is generated by BSCC maps [Joh85b]. Tt is not
known whether this group is finitely generated.
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APPENDIX A. FIBRATIONS

The concept of “fibration” is a basic notion in homotopy theory. In this appendix, refering to
the textbooks [Bre93, Hat02] for further details, we only review the definition and the behaviour of
fibrations with respect to homotopy groups.

Definition A.1. A map f : E — B is a fibration” if it has the homotopy lifting property with
respect to any pair of CW-complexes (X,Y). Thus, for any homotopy u : X x I — B, for every lift
w:Y X I —= E of ulyxr and for every lift ug : X — E of u(—,0) such that w(—,0) = ug|y, there is a
liftu: X xI— E ofu such that u(—,0) = ug and Uy x1 = w:

uogUw
(A1) Xx{0}uY xI——F

a_ -

Xx[——B.

It turns out that f is a fibration if and only if it has the homotopy lifting property with respect to
(X,Y) = (D", 0D") for all n > 0 (since CW-complexes are constructed by attachement of disks along
their boundaries). Furthermore, f is a fibration if and only if it has the homotopy lifting property with
respect to (X,Y) = (D", @) for all n > 0 (since the pair (D™ x I, D™ x {0} UdD™ x I) is homeomorphic
to the pair (D™ x I, D™ x {0}) as it is easily checked).

For example, if E = Bx F and if f : E — B is the cartesian projection, then f is clearly a fibration.
More generally, we have the following notion.

Definition A.2. A map f : E — B is a fiber bundle with fiber F if, for all b € B, there is a
neighborhood U > b and a homeomorphism h : U x F — f~Y(U) such that foh : U x F — U s the
cartesian projection.

Thus, a fiber bundle f : E — B with fiber F is locally “shaped” as the cartesian projection Bx F — B.
It follows that fiber bundles are fibrations. For instance, covering maps are fiber bundles with the
peculiarity that their fiber is discrete.

Fibrations behave very well with respect to homotopy groups. Specifically, they have the following
property.

Theorem A.3. Let f : E — B be a fibration, fix some base-points eg € E, by € B such that f(eg) = by.
We set F := f~1(by) and denote by i : F — E the inclusion. Then we have a long exact sequence

i 16) 7
o (F) —2s o (B) st 1 (F) =5 - — mo(F) — J:

mo(E) mo(B)

mn(B)
where the homotopy groups of F, E. B are based at eg, eg, by respectively.

We refer to [Bre93, Hat02] for the proof and the definition of the “connecting” homomorphism 0 :
Tn(B) = mp—1(F). In these notes, we only need the definition for n = 1. Then the homomorphism
0y : m(B,by) — mo(F, €p) is defined by

0 ([ul) = [u(1)]
for any path w : [0,1] — B such that «(0) = u(1) = by and where u : [0,1] — E is a lift of u such that
(0) = eg. (The existence of @ is ensured by (A.1) with X a singleton and Y := &.)

9 Fibrations in our sense are sometimes called “Serre fibrations” in the litterature.
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