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ABSTRACT

Let X and y be two measurablespaceswitha_algebra_6 and,B

,::p€ctively.A random map f:X-y isa functionf:X*;l_[0, 1],suchthat

, iix._) isa probabilitymeasureon y, foreachx € X; and 2).f(_,8) isa

,l-measurablefunctionforeachB e E The measurablespacesform theobjectsof'

'Ir)categories,-,1(and.g("/t).The firstthemorphismsaresimplythemeasur.abre

-:-ciions;inthesecondtheyaretherandom maps. g(,,,11)providesa baseground

"rhisfuonecanform,late,anar,vseand solvemany problemsinprobabiritytheor.y.
,--'-:lsticaldecisiontheory,stochasticprocessesand stochasticdynamic

rr'|{ramming.Furthermore, g(,',/Q(x,y),thespaceofrandom maps betrveenX
--- \' hasvariousstructures:itisa convexset,itisalsoa generarizedmetric
' .-':e'Thisactuallyinducedby a closedfunctorrpfrom c,thecategoryofco.vex

''':'and affinelinearmaps,to y-cat,thecategoryofgeneralizedmetricspacesancl
::ancedecreasingfunctions.Then we wilrusethisgeneralizedmetricon

-t '/iiX.Y)togivecriterionsofbestdecisionrulesand bestoptinralpoliciesinthe
-'-::sricaldecisionproblemsand stochasticdynamicprogramrningproblenis.
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]NTP.ODUCTION

-:: iiand Y be two measurable spaces witrr f-algebras -*("r.,0
a --==;.3;:ve1y. A random map (i.e. probabilistic trans|ormation)
-= :::-:...to Y is a map f: XyB----+[Or1], such that for each xeX,

' j- ^ n-L̂^- ii_ _s r.rprooability measure on y and for each Beg , f(_ rB)
-: J --::a-=:lrab1e.Tne measurable spaces form the ob jects. of two

::::;::-:ee, )X.and PTn>. Tne first tne morphisms are simply the

::=:-:-:le functions; in the second. they are the random maps.
F_
r,- :::T:t:s a base g::ound on whlch. one can formulate, analyse
::: :-:l-.-: :any problems in probability tneor-v,statistical decision
--+::; ::: stochastic processes. thls fact has been already
l:-:::' ::t by Cencov [4), lawvere 11O] ancl Schi_opu Ll].

eacii pair of measurable spaces X anri y, the set

random maps between X and y is a convex set, we

r+. :-:: '*or:kwith the study of the category C, of convex sets

i-::
=l'_

-: iinear maps. In chapter 1, we show that e is a closed

:::=:-:.r- ,r]i tnere is a closed functor ? from C to the category
-_-:- ---

=ora-:.1 ir-:. -zed metric spilces . Therefore P tml is enriched

*r ,L . a:.i, so r is enriched lntI-cat. Ihis gives to ea ch convex

r*,sl:_--i I i:r toe semi-ring of nonnegative real numbers a].rd
/.:-:::: :::: L rs a coreflective subcategory of K-mod/K.Moreover,

-ll:;: = -=i: aijoint which assigns to each generalized metric

i:-n"j ::: :::: :onvex set i.tgenerates.
------̂ 1.

-j::-r=- :--:.-. alove genera)_ized metrj.c "n
0 (m) (X,y) .



f'or eacrr measurable space X witn f_alg;ebra C , 1ut F(X) l. tt,.
set of probabilitlr measures on X wit.irthe smallest o-*algebra
such trtat for each Ar.d, the eval uation map evA:

P(X)-->[0,1],

evO(O) = p(A) is measurable; for eacir rneasurable -functjon

f: X+ y, there is a measurable function
0(f): p(X) __-____o0tt1 ,

def ineci by 0(t)<p) (B) = p1r-r1B; ), for p6 F(x), 3e6 . rn tnis
woyr P forrs a monad on 74 , and

/fm) is just the l.Ieis1i

category of it' on eaeh convex set c there are two riifferent

iopolcgi-es induced by tne generalizednretric: a contr-avari-ant one
wittr basis

tt(",")
-

{"e e
l,iist(a,c). "Jl.r C, re;iJ , ana

a covari:nt one
c

,

rtrn basis
tS(u,") ={ c+C

l.tist(u,").
"}Ia € c, r e r{J , where w-o use dist to rrenote ti.regenerar.ized metric.

since,iis met::ic cist is not symmetric, tnese two topol0gies are
ouite d i-fferent tnan trte topology lnduced h./ tire ;rsua] s..r'mnetric
metric. iiowever-wher C = 0(m) (X,yy , thev are well_benaveri: botn
tcpol0Sies are iiarrsdorff and sequentlalJ.y caucnv corplete under
tnree different definil.ions of cauc-y scouFnces. A1so, trlp contra-
variant topologv is compact ir X and y are finite.

fn crrant-erj, d€ stuiy certain applications of 0Qff) ar,C
tlris general i_ze. metric on p(tZ)(;<,y) ,re s,ot oi ranCom naps
betv"een ea ch pa ir ol npa surable slacps )(an,l y. Using :.anrron

naps to fcrmula't,e tn- concepts of stochastie processes,dr-n:rnic
stocnasti-c proglamming antistatistical ceeision prohlems clar.ifies
these con cepts.

?hp rrsual fornulai.icns of stochastic p,l6cFSSes incl rreciiwo



riifferent types.0ne ernphasizes toe results of tne tirnar"nicsbv

riefining a stochasti.c process as a sequence of p:-ob-abiiit,,.measur.es

on eacn accunulated state space f,rXi., compaiiblp with t.Ge

pro jcctions tr*)t _T,In- {nXf , tnat is tne following tliangle is

comnuta ti-ve. D-'n+t
1 ---------F---+ TX,

\ x'nlK

\r\Ir
,..,\ I'rrn)rh v

*T^*o

The ot,ier one empliasizes tne dynamics itsel_C, narnely it gives

ine rlvn;:rni-csQn, rTnXk* X.,*t at each stage n. To riistin;:.uish

tite latier one we ea11 it stochastic dynaml-cs.

Given a stocaastic dynarnics, it is easy to gpt its r.esults,

namely trle correspord irig stocnastic process, but irie otirer way

around nay not be possible. A Markov d)rnanics is a stochastic

dwra:nics suco triat tite dynamics at each stage is independent of

history, i.e. Qn: Xr.,-----r-+Xn+1 . There is an arljoint relation

between the category of stochastic d','namics and thc catego:.r of

I{arkov dynanics.

The generalized metric provides a possj-b1e criterlon to choose

thp
rthestrtdecisi-on rul-es (in statistical deeision prohlems) and

policies (in rnultistage decision problems or dynamic stochastic

program,ning) . i'/epursue tnig in enapter J. For example, in case of

tne statistical decisi-on problem, X is tne message space, fI is

tne observation space and Y is tne decision space. A randorn map



f : x --*J) describes the process of observation tarorrgh a noi.sy

channel; g: x
-*

Y is the correct action whi-ch reilects the

objective conneetion between message anrj <jeeisions (g also could

be random). I'or any deeislon rule 5 rJ) ---Hy, we write dlst(J.f ,g)
for the Cistance hetween 5of and g, then dist(j,f,g) is a measure

of 5 (wj.th respect to f and g). pr.,optimal decision rule 5* should

satistv the property

dist(t*of ,€) = inf dlst(3of ,g)6

Note tnat, dist(-o f ,C) | 0(m) (O,'f;---+ [O,ool is a contracting

(i.e. lipschitz) function witn constant 1, so it is continuousr.

we sbow tne exlstence of sucrr optimal decision rures or policies.

I

!
I
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C-}IAFIER1 . fHE OATEGORY Otr'CONVEX SETS C

In this chapter, we are goj-ng to dlscuss the the properties of

the category of convex sets C., which are the followi-ng: (t). C is

a closerl eategory, (Z).C is equivalent to a coreflecti.ve subcatego-

ry of K-mocl/K, (3). tnere is a close<l functor ? fron C' to Ll-cat'

tae category of generalized metric spaces, (q)' functor pbas

a 1eft a6joint, anri sorne ot.er properties related with C .

!1. The categorv of convex sets C. is a closed category.

tetK=Rr=lren,
tnerealeI rzOJ.

feflnitlon 1. The theory of K-module is a category lf witn

finite products and a dlstinguished obiect A, such that eYery

obJect irl 1I is one of the sequence

Morpbisms are

Ao=1,

Attl = AnxA, n = 0t1 tlr...

O-ary operation 0: 1

-A,unary operation r: A-----+A, for each reK,

binary operation(additlon) +: AxA...------*A r

sueh that

(O).fA=111rwhere1Oistneidentitv ofA,1K1stneunlt

of the multiPlication j.n K;

and the fo11ow1ng dlagrams are commutative:

(t). commutativitY of +:
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AxA ---1+
A

Iol,x: _-
"

l.o -/
*

where rT
,:

AIA ...* A,i =

Q) . associativlty of

(Axl)xl
*

A
r

|
+x1A

AxA
\+
\o

(l). "o+a=art:

are the projections;

(A)

1Ox+

A

112

+:

x(A

iAx

v
rz'

lxA
ox 1A

-.\
---=

AxA
I

|+
A

(4). ttg.s = orti

A
---

g- -=+
r.

I ----"
\
-''' o

forA0
'A,

Ois in K;

(:). 'ir-a +rr.? = (r +rt).att:

A
A

rA*A
r*rttA*A

r+r I

where a is ttre diagonal maP;

(6). "r.(r'.a)
= (rr').a":

l*t
A

-----.....-.-..-

rrt ---=

A

Irs
a



rart /A of trie theory'll- (see J.Isbe11, :1

Alfine part of algebraic theories). !tr,

of 'll-witir tire same objects but only tne

An operation u: An.+A is idempotent,

1.1

Definition 2 ?he theory of convex set is just the affine

.Klur,.and S.Schan,tel,

A is a subcategorr,'

idernpotcnt opera t ions .

if uoan = 1A, where An

is the ciiagonal from A to An. Since tne n-ary operatlons in f

have the form 7no (rl ,.., r"n), wlrere r.€K, i=1 ,...,n1 I is rlefinecl

inclr.rctively,21 = lA, ZZ -- *, En+1 - *ofr.,*10:An+l: An"a IiIJi6*q

-l-+ a, trlerefor", rno(rj,...rTn) is iaempotent i--fanrj rn1;r if

h
i=ra

Definition J. A K-module M (a model of tneory'lJ-j-n S, S is

the category of sets) ls a finite product preserving functor

from ll'to S.

Iet S[ be trre category of functors from 'll-to S, dcnote by

[-mo'j thc frr1l suhcategory of STdete-mined by K-mor.iu1es.

Definition 4. ! eonvex set is a finite prodrtct preserving

functor fro,r A, to S.

1'rerlenote tLe fu1l subca Legorv of convex sets of S'A tl'C

Tiren tne mcrDnisms in C. are just the l-afftne linear naps, that

is , f :l-------->l'in C- , f satisfies f(*r.c.) = *r.r(".),-'-r.rIfiqll'

where ciec,
"1.(,

1= 1r...rn and
*",

=f.

Remark. a). Note that, not every K-module M could be embeded

into a R-rnorjule (E is the ring of real nunbers), for exaple, In

could be the K-module gene::ated by two elements I(tigirt) ana

h(heav.r), sucn tfrat 11 + rtn = rth, for all rt + 0.



1.4

b). Botn K-mod and C. are complete, since ST and SAare

complete and llmits always commute wlth flnlte producte.

tr'ora functor I:X----+ C. , we take ]1mF in 54 , because limits

commute wltn flni-te products, t.b'erefore limP preserves t'inite

products, so I1mF e C- .

Proposition 1. Any convex eet C can be embeded lnto a K-

module.

Proof. Ihle ls Just a epeeial eaee of the more general theorem

1n t8l

Def,inition 5. l,et C,B and D be convex Bets. A map f: CIB+D

ls called biconvex, if for any crcr( C,
n

E,t,
= 1; brbjeErBjeK, J=l ,...rm ,

E,"J

tie K, i = 1r...rn ,

_4= 1r f(E, ti"i.,b) =

h rrl
-

E.tt(c'b)
and f (c,

f,,srbr)
= i,srf (c,br).r=l .l=l

Deflnltion 6. CrB are two convex sets. lhe tensor proCuct of

C and E denoted by COB is an object in [ , together wlth

i:CxB+ C@B, riefi-ned by the fol-lowing universal property: for

any convex set D,and anv biconvex map f : :xB ----> D, there is

a unique affine linear r"p f: CEI, >D, such that i,i =f.

Trreorem. For any palr of convex sets C and B) C@g exists.

Proof. Let tr'(Cxf)te the free convex set generated by CxB.

Define - as the congruence relation on F(CxB) generated by

Etr"r,b)
- trti(ci,b) ;

where crcigC, tieK, i=1r...rn

(c, $.srtr) -
#,ur(c,br)

n
,
E,ti

= 1; b'bjeB' s
jeK, J=l ,... 'm

.I". = 1. Then f (Cxf')A i-sa convex set. Let us denote th,el=r J

congruence class of (c,b) by cOb.



r.)

Clai-m: F(CxB)/- is the tensor product of

Flrst, we have the canonical biconvex nap

l(crb)
- cab, for cec and beB.

If l: CxE.*D is a biconvex map,

because F(CxB) ls a free convex set, so

f induces an affine linear map

?: F(CxB)-----+ D, Since f is biconvex,

so f sends the elements in the same congruence class of F(CXB)

to the same element 1n D, hence i i.,dr."""an afflne linear map

f: I(CxB)/--D, and i.i =f.

If g is another affine llnear map from f(CxB)/- to D,

such that goi = f, then fOr any ceC, beB,

e(cou)
= g'1(c,b) = f(c,b) = r"i(c,b) - f(cob).

This snows that ? is unique.

Proposltion 2. If f3C+ C',8! B+Btare two affj-ne linear

maps between convex sets, define fOg on tne gene::ator:s c@b of

C&B as fgg(ceb) = f(c)Oe(b), for ceO, b€B. Then f0g uniquelv

extends to an aff ine linear rnap from CEB to C'OB' .

Froof. Ihis is true because that
{eoUl ceC,beBJ ,t" generat-

ors of COB and f, g are affine 1iear.

Proposition J. Define E : Cx[ -----+ ( , for objects,

(C,n) r------+969;morphisms, (f ,g) t+ f8g, lrnere f : C -----+C',

g: E-----+Br. Then @ is a bifunctor.

Proof. Wenaveto showthat if f:C---->Cr, fr: Ct------.'Ctt

and g: B -----+Br, gt: Br -'--'---'--'-Bilare affine linear mapg, then

(f ,"f)o(s'.g) = (f'@gr)"(foc).

CandB.

i: CxB r(cxB) /-

CxB
---

_+F(CxB)
I*,/ I

fl t///
I

I"/- I
D r f

F(cxB)/*
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l,et us define a map h: CxB + C'rOBtr by h(c,b) =

= f 'of (e)Og'" g(t), then h ls biconvex. For the canonical

biconvex map i: CxB --------+C@8,is easy to crreck that

(f'"f)o(s'"e).i = h = (f'Ee')'(nee)"i. By the universal proper-

ty of the tensor product (C@B,i), we have f t,f&gt" g =

= (f 'oe'), (tog).

Proposltion 4. lor each pair of convex sets C and B, the set

of afflne linear maps from C to B, denoted ty O(C,B), is a

eonvex set.

Prool- For f .e C(CrB), t.eK, i=1 ,...,n, crC,
f,t,

= 1, define

(i trrr) (c) = i trrr(c).

Then for ciec, s
jeK, j=1r... rm,

#",
=,,

1i trrr)(! src,)
=

i trtr(rt "r"j)= *.rF,srr,(c.,)

=
.,t=r(itrrr(cr))

=

*=r,*.rtr)(cr).
fhis snows tnat

iart,
is an affine linear map.

r-|

Proposition 5. Let C,B and D be eonvex sets, tberr we have

the natural lsomorphism Pcfor C(COf ,O)
e 0.(C, C(f ,o)).

Proof . Eor an affine linear map f : C@B +D, deflne

P\t)=f:c -- C-(B,D), f(c)(b) = f (csb), where cec and beB.,CBD

1). i(") is affi-ne llnear for each ce C.

let bi6F, tieK, i=1 ,...rn ,
*,ti

= t,

r(
")
tl trtr) = r( c o*trur) = t("=,ticabi)then

= strf (cobr) =
Etrr(c)

(ur).
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2). i is affine linear.

Let
*,tr"re

C and beB,

then f(frtrcr)(t) = r((itrer)ob) =

=
*trf(crob)

5). ?"oi" 1-1.

TrF - c- iII t1 = tZ, i.e. for an, CeC,

but tbis 1s fr(cob) = f2(c8b), so

beB, r.,{")(u) = fr{")iu),

f1=f2'

r(.* tr( crob) )

i trr(cr) (u).

4) . ?..0i" surjective.

For an affjvre llnear map g: C -----+C(S,D), define

Q: coB rDr
$(itrcrour)

=
itrs(cr)(ur). 6 is afrine

linear and E: c --+ C(B,D) , g(
")(u)=B(cou)=C(c)(b),for

anycQC,beB.So€=g.

This sbows that ((uols a biJection. By straight di-agram c.b.aslng,

one can show the naturality of V 1n CrB and D.

Theorem. C 1s a closed category.
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{2. C is a coreflective subcategory of K-nod/K

let Uo be the underlying functor from K-mod to C. . Sj-nce U,

pr"eserves limits, we would like to ask whether it has a left

ad joint.

For each convex set C, if C = 0 , riefine fo(c) =
{Oi the zero

K-rnodule; if C + f , Cefine an equi-velence relation on CxK:

"j,c2ec,
k1,nraa, ("1,k,) - (c*kr) iff 1). c, = c2andkl =k2

or z). kl = kZ = 0. Then define the following operati-ons on CxKf*:

for rrkeK, e eC,r(crk) -(c,rk),

fork., ,kZeK,k1*0ork,
*
0 ,ande., , eZeC

(c'k1 )
*

("2,k2) = (kr,crilzcz , k1+k2)
*1*Kz

O + O = 0-,where 6 is th" equivalence class of (e,O).

These operations are well defined and it is easy to check

that with these ope::ations CxK/- is a K-rnodu1e, we denote this

K-module Uv Fo(C).

If f : C --'--+B i-san affine linear .nap, then def ine

7t CxK/*

-+BxK/-
uy i(c,k) = (f (c),k) . It is easy to check

that i is a K-mod honornorphism. Tn this wav we obtain a functor

Fo from C to K-mod.

Remark. CxK/- is the cone generated by C as in the following

picture (see [t+] ).
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Proposition 1. Fo is left adjoint to Ur.

Proof. If convex set CtQ, define ia: C*U.F .(C) =Cxf/*

by fr(c) = (c,1), u/here ceC; 1f C =Q , define ia to be tite

unique affine linear map from ernpty convex set Q to tne one

poi.nt convex set [oFo(Q). Tnen it ls easy to cneck tnat i is

a natural transformation from 1O to UoFo.

For any K-nrodule laand ;rnv affine linear map f : C --------+11,

we have to construct a K-module homomorphis. it f'o(C) *M,

such tirat
4(i)"

iC = f , i.e. the followlng diagram eorn.nutes.

ic

i:

Tnen I("(",k)) = i(c,rx) = rkf(c) = r(kf(c)) = ri(c,t);

i{ {",,,'x.,)+ (.z,kz)) = i(kr,"r*lz"z,k,+kr)*
1**z

k. c.+krc, .,'
= (k,+xr)f(-]ffi )

k- k^
(t.,+tr)r(q;q cr +

p3*y c, )

k. k^
(t,+xr)(T--fq r(c, ) .

q+r(cr))
(since

c

--->

ur'^(c)_.r_ o,,

)\fnr

Define C\K/*--+ Y

4(M)

uv f(c,k) = tf(c).

f 1s affine 1lnear )



If g is otirer K-module

that goi. = f, then for

g(c,k) = g(k(c11)) =

= ti"1c(c) =

tberefore I = f.

This co.'npletesthe proof .

The K--linear functionals

of a ca'cegory K-modr/K in

is a il-mod homomorpiri.sm f ;

Ir f -I:, comnutes, i.e.
o\

'/eI',

bomomorphlgm fro'n CxK/- to M euch

anv (c,k)eCxK/* ,

kg(c,1) = kg'lc(c) = kf(c)

ti(c,1) = f(c,k),

M h rK on K-modules are

wh.iciia morpnisnn from
fr,
Y-

= k1f(c1) + kaf(c2)

= i(c,,,k.,)+i(c,tr)

So, f i-"" K-module honomorphlem.

For any c€ C,

f-.1c(c) = f(cr1) = tf(c) = f(c), tbls 1s

1.10

f .1^ =f.

the objects

to
T',c
K

tnat the triangle

eacn K-linear functional

M -----+IlI such

8of =h. For

F!
Jir
K

Mr
Je
K

h: I{
-+

iat, fr-l(1) is a convex set and each

induces an affine linear rnap

(e-'(t) =+ forces n-r(t) =f

induced map is just the unique affine linear

otherwise i.fme ir-l(f) , since gof - h, we have

tuat is, f(m) is in el(f)). Tnis gives us a

G: K-mori/x "'---->t-.

f

K-mod,/K morpnisrn

from]i-r(1)toe:l(r)

;irril(i) =f , the

mapfrom+toe-l(r);

e(r(m))
= h(m) = 1,

fun ctor



1.11

fheorem 1. The functor G has a left ad joint F: C--+ K-morl,/K,
P^

given bv l'(C) = Fo(C)
" I I(,where pC = ?o(C

--+1;.

This tneorem is a corollary of the following Lemma.

I,em'na. If B , $ are two categories, anct E has pullbacks anri

F
i-fgi-ven two funetors I -f-. b ,Fois left acijoint to Go,

o

then for any object B in E , we trave two inciuced functors

Ii
tsts ,

*

&tr^tl), such that F is lef t arljoi.nt to G.
^UU

x F(x) E
Froof . Def ine e(ln) =

,l^?r;:,
; an.i for eacn

"l?rl

in 6/ro(n),
o' o

form the pullback

p(E) ---x.-.----G (E)
I^ :

o(g),(i

l" tne unit of Fo, Go)

l* Jo

r-_
f--_-+

coFo (B)

and then take

G are functors.

l.Towwe construct a naturel bijection

It is immmediate that F anri
E P(E)

c( Jg)= Ig
Fo(B) B

^x
, b

/i^(r)( r(ln),
"r

E
Is ))

F(B)

E

Jg'
q(E )

G(

ql

F(o'

E

qig)

x

)-+E/B(
ih,I

x
r(ln)
B

x)
= JF"(h)toI,et f be a morphism frorn

n)
tnatls tne



trlangle

In the following diagram

x?i,

r^(x)--l-, Ev/
\1s

F.th)
:rao

,r,

1 .12

Go ls a functor,

g,f = Fo(h),

fo 1e natural.

that !.i =h,

is commutative: gof = ro(h)).

GoFo (x) -_...-G.(f)

ptr)
-

-c-\ote)Ir

Ia I co(s)
+I
E

-n

s /r\
oo',b

ve have co(s).co(f).7i
= Go(g.f)'7!

ooro(u). ?!

7i,o

ef:

isa

sin ce

slnce

ei-nce

We

x
Jtr
B

s a urJ-qu

. Thus f

E
te ).F (B)o'

P ,8/a(

Therefore, there 1

(andrr,i =Go(f)'?l)

x p(p)
Jrrto JA- c(
BB

|
+

p(E), eucb

morphism from

/^\OeIl-ne o(fIl = I.

Now we construct

tet ? be a morphism from

EaXE
o( Js ))- o/F^(B)(F(h), le ).
q(t)

'
B q(B)

E p(E)

c(fg)=
'iA' Ln B/n,

Fo(B) B

x ---t* p (E) --J-----,co (E)

\ l^ I (*)

h\ lA lco(e)

\r{B_-__--___-)cF(E)
l' oo'

x

]n
to

B

then in the diagram



lof = b, and we define 9(f)
= f as tne transpose of the composlte

x
i
,p(E) --lI* Go(E), that ls f = t;'ro(n" ?), where d r"

tae counlt of Fo r Go.

l{e vant to show that the triangle fo(X) LP is

,N4
'"

Fo(B)

commutative, sinee:

go EoE.ro(rr"i) (thedeflnitlon off)

Eltrl"roGo(e)'Fo(r'i) (since Lo ls aatural)

%rtu)" r'o(Go(g)"t'i)
(slnce Fo is a functor)

gof =

Ihls sbows that

fhe proofs of

the lnverse of

this conpletes

= tro(a,t"ro()"r'ir)

'q,r)'Fo(7i)"F

1F"(B)'Fo(h)

(slnce Go(slrr,f

see the above d

(n) (again slnce F-
ot-' o

x
from F(Jtr) to

B

tne equivalent condltlon

tire adjointness)

1.13

= )'r"?"7 = l;

iagram (*))

is a functor)

i! 6/F(B).

and that p is

chasing exercises.

h)

(by

of

F (h)o'

f j.s a morphlsm
E
Je

E(B)

the naturality of c( and p t

o( are straignt forward diagram

the proof of the lemma.
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Now tne Proof of the tneorem I

Using the above lemma, let fr= K-mod, B= (t

Ro = Fo. Take B = 1t tne one element convex aet'

= Fo(1) = K, the free K-module on otle generator'

P^

F(c) = Fo(c
------*

1) = Fo(c) --:-v'K, vhere Fo(c) ls

generated bY the convex set C'

Si-nce C'---'+1 sends every c in C to tbe unique generator of

the free K-module K, we have that Pg = Fo(C +t): Fo( C) = CxK/-

---------rKtakes (c,k) =k(c,l) to kl =k '

, Qo= uo and

tben Fo(B) =

We have

the free K-module

H
For each Jh

K
ln K-mod/K , the Pullback dlagram

P(M)
..----..------

----------rG (K)
,o o',I

Go(M)

I
nror

and the fact ti.ratco(K) = GoFo( 1) te1l us tnat p('1) = n (1)'

t,rat is c(Yn) = h-r(1) .*

u --,
Therefore we have A e- K-mod,/K, tr'j-s left adjoint to G'

rJnich completes tne proof of the theorem'

Prooosition 2. For any convex set C,

CxK/-
Proof.If CtQ, cF(C)=G('tPc)=

r cH (er1)

{o}
.Lo) = S.
K

{i",rl
I

C
^,

GF(

1sa

njtrl
crcJ

bijection inCThe map C+GF(C)

if C=S, GF(f)=c(
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Corollary. C 1s equivalent to a coreflective eubcategory

of K-mod/K .

M
Proposltion J. I,et Ja e r-moa/K

-t
if andonly1fh'(o) ={oJ .

MM
Proof . t,et IG(Jb) , l,h Since

KK

r'r dl( 1)xK/*
Fc(lh) = 1P,.. ,

K K '..,

Then
!,1

etrb
K

M
Fc( l.h)

K

so tbere is a K-module isomorphlsm t, U-'(l)xC/--+M I such

taat pni,r=hof or rriirt''=h. Since the kernel of Prt,)i" 16J

and f-l j-s an isomorphism, so the kernel of h is {OJ.

conversely, if ril(o) =
{oi , ve deflne g: M------ril(l)xx/*

as follows:

g(m) = (#il,u(m)), for ne l'1'm t 0; e(0)
= d

g is a K-module homomorPirism:

givenreKandm,R1 ,mreU,web,ave;

g(rm): hruil, h(rm)) = (;fitil, rh(m)) =
"(6ft;1,n(m))

= re(m)'

= (Eh,h(m.,)) . (nkr,h(mr)) = s(m.,)
+
e(mz)

m. m^ -l
(s1nce

;d;l
'
ilfrr)

are ln rr'(t) )
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g ls EurJectlve: for any

tben b(tc) = tu(c) = k (note

s(m)
= (ffi,n(m)) = (EftO

g1s1-1:1fmt0,then

(crr)e dt(t)rrl- , ]etm=kcr

tb,at ceu-t(f ) ). Th.erefore,

,h(kc)
= (#iO,kh(c)) - (e,k).

n(m)
*

O, Bo g(m) = (ffi,rr(m))

Also we have,for any meM, p'ilre(m)- n6i,f;ft),b(n)) = h(rn),

i.e. P-,og=b.
l(r) M

Therefore, I is an lsomorphlsm betrreen fC(ln) and
K

Deflnltj.on. If M is a K-module and N is a K-submdule of M,

the quotient K-module M/N and the cannonical K-mod homomorphlsm

q: M*M/tl is defined by the followlng uni-versal propertv:

for any K-module B, and K-mod lromomorptrism f ; fvl+8, such

that f(n) = 0 for all n in N, there is a unique K-module homo-

morphlsm i: fq/l{.* B suchthat ioq=f .

M/N

i

Remark: We can construct M/N in the ueual way (construction

of quotient R-modu1e, wltere R is a ring)), namely define M/N

as the set of congruence classes deterni-ned by N on M, except

that since K has no negatives, the congruence relation on M

should be defined as follows:

t0.

M
Jn
K

q
----+
\
f\ \t1

B



1.17

n1- frZ iff truere exi-st nl, n.e N, such tnat rn.,*. 1
= m.+n2.

Ib.eorem 2. The functor F: C--------->K-mod/K

ad joint ],: K-mod,/( --------*C.

lrl
Let Jir be an object ln

fi.

M/trr(o), then n induces a

also bas a left

K-mod/K. Form the quotlent

K-moduLe homomorphlsm

F(c) ).

is commutative.

Let us denote tae congruenee class of m (o) bv 6.

M MI
If gis anorphismfromJir.to Jht (trrat1shteg=h), tnen

KK

g indrrces a horiiornorDrrisrnE; v,/i'(o)

-

t',/;l(O) siven r,v

E(,i)
=
e(") (For lr(*) = O implies ir'og(m) = O) .

M
We def 1ne f,(J,n)=

-n-'
(t) and l(S) = the reetrictlon of

K

g on E-t(I) , 'd is an affine linear map between the convex sets
- -r --lo (t) anri fi (1). It is easy to cneck tnat L is a functor:.

liow we construct a natural bi_jection

n: M/n-'(O)-K, euch that

Proof.

K-module

ffwehavea

define f="<(r):

1). h(m) =

2). n(m)
*

M ------)M/h-r(O)
tne triangle h\ / E

K

-l
1n M,/a

M ,^',
o( | L(r(Jn) , c) -i-:----+ x-mod/K(

K

M

Jh,
r

morphisrn f :
M_,

L(lh) = -ir'(
1)-------+C

n

= QxK/- as follows ,

inC.,

M ----->

0,

r(c)

f (r)

f(r) = (f(dil),h(m)) , note that E(m) = h(m).



tretts eheck tnat f 1s a K-mod h.onrophism:

1). ? preservea acalar multiplicatlon. Let r6K, m eM,

(a). u(r) =O,tben b(rm)=0rBof("r) =6 =rd=r?(m)

(b). n(m) + o, r + o, then f(rm) = (r(Ettil), h(rm))

= (r(;ffi;l),rh(m))

= (r(u?-rj,rb(m) )

= r(f (hh)),h(m) )

=
"?(r)

r=o,then?(0rn)=?(o)=6 =of(m).

2) . ? preservea addition. Let tr1,rr2e M,

(a). uotn u(m.,) and h(ma) are o ,

tiren u(m,,+mr) = 0, so ?(rr**r) = 5 = ?t*.,) + ?(mr).

(b). h(m.,) = o, but ir(mr) { o, then n(m.,+mr) = rr(mr) \

?(rn.,+,r) = trrffi), h(,r+mr))

=( rroffi;p ), b(mr )+u(mr) )

= (r(dfo), u(mr)) (eitce fr, = 0, h(m.,) = 0)

= ?(.r) = f{m,) +
f(mr) (f(m.,) =o)

(c). u(mr) t 0 and ir(mr) + o,

1.18



m--Tffi^
f(m,,+mr) =

trtoffi)), h(r1+mr))

E +m^
= (f(h(M,!1+Bi) , tr(m.,)+n(mr) )

1.19

CvK/-
.t, ,
K

m.
(f (hGtr ) , a(m.,))

?tr.,)
*
f(*r)

t^
+ (r(Ed;;), u(mr))

fina11y, letts see that ? i" a morphism from
M
Jtr to
K

thatthatisthatPaof=h.ForanymtM,

na.?{.) = pc(f(dil), h(m)) = h(m), this shows tnat pao? = n.

On tne other hand, we constructe

HI"\M

p
: K-mod/K(

*n,
F(c))+C( r(Ih)' c )

M Cxx/-
let g be a morphism from Jn to f(C) = dp. (1.e.

K K.

PCog = h) , and note that the elements in -ir-'(f) have the form

f
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m_m
?j(m)

-
n(m). Let

1.e . Ta(c,k) = c.

Et;fu1
= rrc"c(#il ).

tt fi = ht in ti/rrll(o) , then tnere exist u, u1 e l--'(o),

n+u=m1+u1 . SlncePaog=h, g(u)=s(r:r)=O ,sog(m)

c(nr,),
this gives us that E(+"])

=
E(*.)) (note that

h-(m) = ir(m.,)), i.". E is well defined.

flre naturality of o( and I , and the fact tirat P is tne

inverse of o( are straight forward exercises.

lI, be tne pro jecti.on from CxK,/- to C,

we define P(e)
= !, it-tt1)

-

cbv
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I l. A closed functor Q from @ to [J-cat.

l,et d be tne poset ( [Or-] .
r.
). !f has a symmetrlc tensor

defined by "1O"2
=
"1

*
TZ, ariy t1, r.e[; and Hom defined

by [r,,,12)
=

1tz-Tt'
if 12l'1

(o, if r2<11

It 1s easy to check tnat r1*T2 ,1 iff =1 ,Zrr3 . Titus,

= ([0,@7, >,) is a closed eategory.

We denote tne category of 1,I-categorles and l/-functors (see

L11l) by Lr-cat

If A eU-cat, that is for any objects arb ln A, A(a,b) e [0,*],

it satisfles (t). A(a,b)+A(b,c)>, A(a,c)

(2). o >/ A(a,a)

Iff:A+B is a f -functor between two l,I-categorles, that

is A(a,b) > B(f (a),f(b)), for all a,be A. fhus lj-cat is the

category of general-ized metric spaces and l,ip 1 functions.

Proposition '1.
yf-cat ls a closed category with the tensor

product E and Hom as following (see [tt] ):

Let Ar-B be generalLzed metric spaces and f, I be lj-p 1

functions frorn A to B, then AEB 1s again a generalized metric

space or a LI-category, wj.tlrobjects: ou(eon) = ob(l)x ob(B) ,

where ot(A) i.stne set of objects of A, and

loB( (a.,,b.,),(ar,br) ) = A(a.,,ar)
+ l(b.,,br) ;

Hom(l,B) is also a generalized metric space or a Lr-category

witn objects: ob(Hom(A,B) =
{f,ip

f functions from A to B}

Horn(A,B)(f,B) = srrp l(f(a),8(a)).
aeA

and
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Definition 1. C is

dist(a,b)

convex set, arbt C.

-1ogsupt .
gcrCrJt€t,O,1l
a=tb+('t-t)c

=Q -ot

=rO

Deflne

Remark. If C is a convex subset of

R2, then in the above definition

. =
!!i'"] , wnere d(a,c) is tne
d(b,c)

Euclidean distance between a and c, dist(a,b) te11s us the situa-

tion of the l1ne segment or ray starting from b passing through
ainC.

Proposi-tion 2. For any convex set c, di-st is a generallzed

metrlc on C.

Proof. It ts clear that diet(crc) = g.

For any arbrc6 C, we have to show that the triangle inequality

is true, i.e. dist(a,b) + dist(b,c) >z dlst(a,c).

We denote sup _t =t^i
3te[0r1.l,:lueC
a=tb+(1-t)u

sup s
3se [0,1],3 ve0

b=sc+( 1-s)v

sup r

3y€[0, 1j ,]weC
a= rc+( 1-r)w

Substitute b=sc+(l-s)v into a= tb + (1-t)u, we get

a = t(sc + (1-s),r) + (t-t)u

= tsc + t(1-s)v + (t-t)u
*=

fi$,*'[t"= tsc +
(l-ts)r{ftf" +{fru)

\r(



slnce t(l-s) = t-ts<l-ts, 1-t < 1-ts and **
*

1:* =

t-ts+1-t - t( 1-s) 1-t

Thus, ts( ro . Taking aup over t, Br we get toso< ro.

Therefore, -logtoeo = (-Iogto) + (-tog"o) ) -1og!o ,

i.e. dlst(a,b) + dist(b,c) ), dist(a,c).

lemma 1. C is a convex set, arb€ C, then

dist(a,b) = -1og suP t = inf(-]oe t)
= te[0,il ,Jc(C gte[o,1],3cec
a=tb+( 1-t) c a=tb+( 1-t)c

1.23

=dlst (fral,ftbl)

lemma2.If f: C+B ls an afflne fi.near map, then for

any a,be c, dlst(a,b) > afet(f(a), f(b)), t.e. f 1s a tip 1

function with respect to dlst on C and B.

Proof. If a = tb + (1-t)c, because f is affine linear,

ao f(a) = tf(b) + (t-t)r(c) , then

-1og t > i.nf(-1oe s)
rse[O'1] '3ueB
f(a)=sr(u)+(t-s)u

tnerefore, dist(a,b) = inf(-1og t) >/

3teL0,'11 ,3cec
a=tb+(1_t)"

inf(-1og s)
3se[0,1],lu€B
f (a)=tf (b)+( t-s)u

With dist as metric on convex sets and using Lemma 2, we get

a functor Q z t----+ f-cat, which sendg each convex set C to

C = (Crdist) ttre corresponding generallzed metric space of C,

and sende each affine l1near map f to the coresponding lip 1

function ?f.



Proposition 2. I is a closed functor. (see[!]
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for the 'defini-

tion of closed funetor)

Proof. slnce the unit of tensor in lj-cat is one element

metric space 1 aad tne unit of tensor in o ls one element

eoDvex set 1 , so we b.ave

?o'. 1 ----------------+e1=1

For each pair of convex eetg c and B , we have to construct

a Lip 1 functlon (f-functor)

?cst PC(c,B)
---+

Hom(?c,?B) ,

where c(c'B) is t.be convex set of affine linear mape fron c

to B,P0(CrB) means to take it ag a metric space Vlth dlst as

metrlc. Hom(PC,?B) ls the metri.c space of Lip 1 functions

from metrlc epace ?C to metric space fB with sup metric.

From lemma 2, we nave an obvious map pggr sends f to Et, we have

to prove that it is l,ip 1.

],et f,8€?0(C,n;,

dist(f,B) = inf(-1og t)
3te i0r1l ,lhe?c(c,B)
f=tg+( 1_t)h

and uom(?c,gB)(gf ,t?g) = supB(f(c),e(c))
cec'

= sup dist(r(c),e(c))
ceC

Because f=tg+(1-t)h iff f(c)=tg(c)+(t-t)h(c), for a1r c€ c,

3o dist(r's) =

=i:tr5;i"?=l]
*q.,rl','ll[01?f,r=1.,

=dist(r(c),e(c))

f=tg+(1-t)A f(c)=sg(c)+(t-s)U

tnus di-st(f,B) 7 sup dist(f (c),e(c)) = tiom(gC,?B)(?f ,?C)ceC
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Frorn straig,ht diagram chasing, it 1s east to see that ?rU is

natural in C and B, and also the followi_ng three diagrams are

commuta t ive .

jt
,pc(c,c)

I

I ?""
J

----------- H om (?C,9C )Jn

to ,al to" ldentity map of c;

1

1

where j^ takes 1v

Q.
?C( t ,c;

?i.
1

Hom(? 1,9c)

J
,",,rC, rr.)

?C___----_--_---_>itom(.t,fC)la

where ia: C

-
C.(1,C)isan

(ff(c,-;o,

isomorphlsm;

Pc.(
c,l)c( c,B)

pC(A' B)# E trrc-(C,A),C.(C,B ))
------=-+

Hom(9C(C,A),?C(C,B))
rl

I ?ou I Hom( r ,Prr)
L"-,|

itom(?A ,98)-----+llom(Hom (?c,?l) ,ilom(Pc,9B) )--+ Hom( ?c( c ,A),Hom(gc,?B))
tlom(?c,-)glgB uom(pa^, t)

where ArB and C are convex sete.

This completes the proof that V is a closed functor,
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4. Professor Schanuel proved that P has a left ad joint .

r =
{te [o,r)l:ce

lemma 1. I,et C be a convex set, arb e C,

a=tb+(1-t)") , ao"r, T is downward closed.

Proof. If a=tb+(t-t)c, and s<t, then

a = sb+(t-s)u +(1-t)c = sb+(r-s)(ffiu +
]{"),

so se T.

lemma 2. I,eta,b1 ,br€ C. If ta+(1-1)b1 = ta+('t-t)bZ holds

for some te (0,1), then it holds for a1l- te (Or1). (but possibly

notat t=0)

Proof. Let A be an equilateral triangle generated by

xrV1J2 . f ;A---------+C is an afflne 11near ruap, euch. that

f(x) = a, f(Yi) = bil i=1,2. Then the hypothesis is

f (tx+( ''-t)yr) = f (tx+( 1-t)ve) , 1et

ul = tx+(1-t)yl, rz = tx+(1-t)ye,

that is f("t ) = f(uz)
x

F'orany vertical line segment on

the left of u.,u, , f ls constant

on v1v2 , since v, is a convex

corablnation of x and u, and f (u.,)=f(u2)

Same is al-so true for uru, iteeLf.

Now we bave to ebow that f is

also constant on any 11ae segment

1n between *1r2 and y.,fr.
x

l{e see that f ls constant on il1il2r

assume w1 = sx+(1-s)y1 , vZ = sx+(l-s)yz

, so f(v.,) = f(vr).

yl

yr



w.w^
then

1j#
= * , (assurne that the length of eactr side is

i.e. iji2 =
f(r-t) =a does not depend on the positlon

i.,,ilr.This shows that f is constant on any line segment

which has length E . Thus, f is constant on w1w2.

Theorern. p : C-------r!)-cat preaerves all limits.

Proof. First, p preserves arbitrary producte.

let Cie C , slnce the metrj_c of the product of metric

j-s the sup metric, we have to show that if
",O1 T.ar,

"

b = (b1), dist(a,b) = sup riist(a,br).
r'

dist(a,b) = -1og sup t ;
Ete[0 '1] 'Sce,Cl

a=tb+(1_t)c

sup dist(ai ,bi) = sup(-1og sup t. )

tn,r.to,1l,3'c .ec .

ar=trbr+( 1-tr) c,

-1og(inf sup t, )

3 tfe [0, 1] ,JcieCi

ai=tib'+( 1-tr) e,

i.e. we have to

{trl:ci,
ai =

downward closed.,

showsupt=inf sup
I

trb.+(r-t.)cr] . But

thls implies sup T

1.21

1)

of

of w.,w,

spaces

= (ar),

Tio^1 -"

lnf( supT. ).
i'

m
'i,

m-

=

where

nT.
if

sup (

T.
1

and

AT.) =
1r
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Secondly, we show that p Preserves equalizer

E'1'c-1s
s

CrB are convex sets, E is the equaIl-zer of f, S ln C . We want

to see that the convex metrlc on E ls the induced convex metrle

from C, i.e. if e1,e2eE, then dista(.1 r"2)
= dlstr(er rer).

Now if e, = ter+(1-t)" for some c€C, then for any s<t,

let,=f{"2

*

1*",
slnce tf(er)

+ (t-t)r(c) = r(er) = s(e1)

= te(eZ) + (t-t)S(c), in lemma 2, Let a = f(er)'= S(er),

br = f(c) and b, = e(c), then f(w) =
F"t(er)

+
]j-"t{")

=

=
f-"e(.r)

+
]{s(c)

= g(w). Thus weE, and dista(e,,er) =

-
dlstr( e.r,er).

Corol}ary. lp z [
" f-cat has a left adjoint.

Proof. X is a generalized metrlc space and C is a conver eet,

f is any lip 1 function from X to fC. Because the cardinal

number of the convex sets generated by f(x), xe X, ia bounded,

we could -take one copy of each lsomorphic class of sucb convex

subsets to get a solutioa set of X. The above theorem ehovg

that P is contjruous, tberefore ? hae a ]eft adjolnt.
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! 5. tire relatlon between posets .and U-categories.

let 2 be the two elemente poeet.2 is a cartesian closed

category.

Defini-tion 1. Def ine i: 2 --
LI=(L0,@f,2.) uy i(O)=6o,

i(t) = o.

?ropositlon 1. i ls a strlct cLosed funetor(strict in the

sense that 1 preserves tenser proatuct, l.e. for any x ,ye2,

1(x)
+

t(y) = i(xny). )

Proof. i ls order preserving, so 1t ls a functor. lle bave to

check that for any x ,yQ L, i(x) + r(v) = i(xny).

If x or y is 0, then 1(x)+i(y) =o, and i(xny) = 1(9) =oo,

the equali,ty lrolde;

lf bothx='l andy=1rtheni(xny)=i(1) =Orbut

i(x)+i(y) = 0+0 = 0, the equality sti11 bolds.

Remark. the category of posets and order preeervl-ng maps

ls the category of categorles enriched ln p . Uris closed

functor i lnduces a functor from ?osets to D-cat. If P ls

a poeet, tlren ve have a generallzed metrlc space P wtth metric

rtn.,,or)={o,
'fP1sP2;

L
*

, otherwise.

Definltion 2. Def lne Tro: l/-----------+f, by n^(r) = 11"
(o

Define I , V-2 by r(r)=51
''

(o,

=0;
>o.

r

r

r

r

,
t

<ei

=0o.

Proposltion 2. Both Tt^ and l- areU strlct closed functors.
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TIo ls left adjoint to i, and f 1s rlg.bt adjoint to 1.

Proof. Easy to see Jfn and l- are order presrevlng.

For rr, ,r. I

lf r, or12ls equal1ooo, then r1+r2=@ ,'tfo(r.,+rr) = O

and rto(r.,)nno(rr)
= 0 , the equality

TIo(r,+rr) = To("1)nq(rr) holds;

lf both r.,and T2 are finite, then r1+rZ ls finite, To(r1+rr)=1

and To(r.,) =lo(rr)
= 1r the above equality sti1l bolds. Bhus ,

'tfois a etrlct closed functor.

If 11 or r, ls not o, then l-(r.,+rr) = 0, and I-(r.,)n[(rr)
= o,

the equality l-(r.,+rr)= f(rt)nf("2) holds;

lf both r.,and TZ aye O, then l-(rr+rr)
= f (0) = 1' and

[(r.,)nl-(rr) = 1n1 = 'lr the equality stll1 holds. thus, [- is

a strlct closed functor.

It is not hard to check that for any rel/ , x ep , tbe foll-owlng

tvo bljective equlvalences hold

rrj(r) < x i(x)>rand

r >. i(x) 1 -.l-(r)

thi-s shows that Tro ls left adJolnt to 1 and [- is rigbt adjolnt

to i.

Proposition J. [-induces the usual underlylng poset structure

on netric spaces and T[o induces a 'rface structurerr(so ca11ed

because of the observati-on tbat the usual face stmcture of



1.31

a convex 8et 1n fact depends on1-y on the assoclated metrie).

Proof . l-and TIo lnduce functors from lJ-eat to Poeets,

i.e. they lrduce two dlfferent order relatlons on a generallzed

metrlc apace. I€t X be a generallzed metrlc apace, x1rxzeX.

XaeaposetwlththeorderinducesbVI-is x1Sx2 lff

f (x(x.,rxa)) = 1, 1.e . I(xt rxr)
= 0. Ihus, this ls the usual

underlylng poset struture on metrlc space X.

S1mi1ar1y, X as a. poset wlth tbe order induced by TI
o is

*1 { *2. 1ff To(x(x.,,xr)) = 1, 1.e . X(x.,,*2).
Eo . Thls order

relation on finltely generated free convex sets(slmpllces) will

give the usual face structure. We will dlseuss this at the end

of ctrapter 2, after some work on the topology induced by this

generalized metric on a convex set.
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oHAPTER 2.CETEGORY 0(m) .

In tnis cnapter,we are going to discuss that the category 0(m) of

measurable spaces and random maps is the Kleisly category of

a monad P on the category m of measurable spaces and measurable

fnnctions, and tbe properties of O(il. The properties of tb.e

topology induced by the convex metrlc on 0(/[)(I,y), for each

palr of measurable spaceg (Xrd), (yr8), also will be diseussed here.

!t. Catego"y 0(m) and its properties.

Let YfLbe the category of measurabre spacee and measurable

functlons.

Deflnitlon 1. (Xrd) le a meagurable epace, where X ls a eet

and d 1s a cr-algebra of x. For each A€{ , we have an evaluation

function
fo(-,1)

from @(x), the set of probabillty measures on

x, to to,1l , if pe P(x), then E*(R,A) = p(A).

Definitlon 2. Iet (X,d) Ue a measurable space, deflne

Hx) = tbe probability meaeures on x wi-th the emalrest f-algebra

such that tX(-,4) 1s meagurable for all fed

If (YrB) ls another measurable space and f : X--------+yie

measurable function, define 0{f) r P(x) ------*P(y) by

0(r)(p)
= pofr, where pe P(x), i.e. if BeE, then p,d,(s)

It is easy to check that P is a functor from tftto ta4.

lemma. (X,d), (YrB) are two measurable Bpaces. If f : X+y
ls a measurabl-e fu:ction, g is a measurable function from y to

Rr where R is the reals, and p is'any probability measure on x, then

l-e(y)a(p.t'')
=

Jg"f(x)dp
=

Je(r(*))ap.Yxx

a

= p(f-'(s)).



Proof. See E.Hewitt, Real and abstract analysis, p.180,

lbeorem (12,46).

Proposltion'l . F f" a monad

Proof. l{e have to deflne two natural transformatlons,

4z 1-:--rP and ttrflF'------->p,and have to show that they aretm

satlsfylng eome conmutatlve diagrams.

Let (XrA), (YrB) be two measurable spaces.

Define 7": X--+CI(X) by 7*(x)
= 5x, for each xe X, 5* ls the

probabllity measure concentrated on x, 1.e . for Aed,

- (1, xeA;
b*(a) =

to, *\1.

If f : X---------+Yig a measurable function, the followlng dlagram

1s corrmutatlve,

,_̂

'P(x)

r
lol)
l,

--------;---'P(Y),Y

stnce for xex, Be$, ff1)"7^t*)(r) =P(r)(5*tr))
= 5*(f-'(B))

(1, *.i'(")i (1, f(x)e3; c

=to, x\f-'(B).
=

10, t(x)q n.
=

'r(*)
(B) '

but |y"f(x)(n)
= Er(x)(n). Thus, )

is natural.

Def ine l.l": PPtx) P(x), forqe80(x),Aed,

z{lr(o)(,c) = Je*to,n)dq. , note that, q ls a probabillty

PeftX)
measure on P(x).

x

Y
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Let q € fB(X), BeB, then ln the followi-ng dlagram,

\P(x)
'* '

F(*)

IIloo<rt I o(r)
J

Pf(v)
" , dr)

the left side: ur. PP(f) (q) (e)

-l
= a"(q"p(r) .)(n)

r

=_). .Ey(F,B)d(q,p(ri')
pepg)

r -

= J Ey@(r) (p) ,l)dq
peP(x)

= J €r(r,r-'(a))aq ,
p eP(x)

the right side: P(f),ilx(q)(g)

= ,rrx(q)(r'(n) )

=
J E*(n,r-'(s) )aq

pep(x)

(by lemma )

(einee ty(P(f) (p),a)

= t*(p,r-\e) ) )

thus, left = right, 1.e . lI is natural.

Dtagram 1
'

p.")
7&x),

fP$)
.

P""
rr*)

1Prx)
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retpeP(x),Aed,

tne left triangle:

ilx"7efx; (n)(e)

tnus , ilr.,7p(*)(p) = p,

toe right triangle:

ilx"P(rx) (p) (r)

=,r1x"5r(A)

=
, tx(q,r)cSr

qeP(x)

= p(A)

i.". /x"?p(x) = le1)

= ilx(p"{)(A)

=
J tX(q,A)crp"2;)

1ef(x)

=
Jt*t2rt*),r)cp

(by Lemma )
xeX

= p(A), (since t.r2."(x),A) =
iJ: I;l

tnus, il*'frZ*) (n) = p, i.e . /1x"P(7i = lp(x).

Diagram 2. f ttl*\

Pe?gl
#

CIRx)

1'^*,
I"-

IL

8P(rl ---7i- Pt*l

let q t?WG), Ae61 ,

tne left side:



ur,;l64xy (r) (e) = ilx(Ap1)(q) )(e)

=
J Ex(p,A)d+(x)(q)

peF(x)

=
J e'*tr,r) J tnr*)(a,ap)aq

pe P(x) r€8P(x)

J t,,,r,r) tfix)(o,dp)aq. ;

re007) pe0(x)

=, I er(r,l)acaq

o-ePP(x)tro(x)

Deaote the Kleie11 category of monad P by PUil. P(n) ba8 tbe

eame obJectc ae )2 doee. If (Ird) aad (Y,E) are tvo measurable

apaeea, a morphlen f from I to I tnPQd ls a morpb.lsEt f: X-P(Y)

1n m r 1,e. for each x 1n X, f(x) 1a a probabillty meaEure on Y;

2.5

(note, .r1:ffix) ---------+P111)

commutative.

on/n.

=t

the right elde:

lt;0tu*) (e) (e)

thue, left = Tlght,

Tbls completes tbe

= ,{.lx(q.r;)(A)

=
J tr(n,l)atq.rri)

prf (x)

= J rx(rrx(a),A)dq

ACWG)

=
J il*@)(.1)oq

ce00(x)

=t t rr(r,r)araq
ce 0e$) pef(x)

the square la dlagram 2 lc

proof .that P 1e a monad
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f
for eacb BeE r the compositlon Ey(-rB). f : X *-*-r

ffy) [0,t]

is d-neasurable. Ihus, f ls just a probabillstic transformation

from X to Y( f is a probabillstic transformation between two

measureble spaces (X,d)ana (Y,8), if f is a function from X,B

to [0,'l], such that for each xe X, f(xr-) is a probability

measure on (Y,B) ; and for each Be$, f (- rl) 1s d-measurable).

\ie rvl1l call a morphlsm f ln P(ttl)a random map, denote 1t as

x ,f ,y;andfor x(X,BeBrdenotef(xrB)for f(x)(B).

If f ; X ---+-Y and g: Y ---r*Z are two random mapa, yhere XrY and

Z have 6--algebras C, B , and 6 respectlvely, aceordlng to

tne rule of composition ln Kleisli category, g'f = AZ"&g)'f :

x
r
, p$)

-9!E)4Ail
ilz,p(il.retx€x,6e(, then

lle w1Il- call this f determlnistlc.

tensored, and the tensor ie a blfunctor.

P(m) , deflne (x,C)@(Y,8) = (xxY,4,.6 ),

g"f (x ,C)= Az' fie)'f (* Lr(t,c)a(r(x,-)oe')

Z)

=

where f(x

(e(y, -)

sdards for df(xr-).
Fo

From tbe adjointness, Xt .;3 Am) (the notatlon from
\{o

Maclaners book, Categories for tne worklng mathematiciant

Spinger-Verlagr19?1) r aDY measurable function f: (X,d) ------+(YrB)

coulcl be regarded as a random map, for x eXr 3eB,

c1, f(x)ea,

f(x,B)=to, f(x)\r.

Proposition 2. P(m) is

Proof . lf (xd), (Y,8) e

,C)=j
qefi

,c)f(x,ay)
=

Js(y,c)f(x,dy),
YJ,,

yeY

,dY)
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where XxY 1s the carteslan product of sets X and Y, d*61s the

r-algebra generated by the measurable rectangfes {lral.ned ,nuA}

on XxY.

tet f : (x,4) ---.-'(X',d), g; (y,A) ----r*(y',d) be two random

maps, define tug: (x,d)a(y,B) ----r---+(x,,*')O(y',d) by

Sg((x,y),ArxB') = f(x,A,).g(y,B') , where (x,y)e XxYr A,xBr is

a measurable rectangle 1n .d'.E'.

t). f'or each palr of (x,y)e X.Y, foe((x,X),*) ls a probabiLlty

measure on (xt*Y' rd"d) :

ftrst, f@e((xry)rX'xYr) = f(xrX').g(yrY,) = 1;

1f A'xBr =
l!,oi.ri

r AixBin ljxaj = + for 1 { J, then

either AinAj -Q or

Thus, f6g( (xry) ,A'x

BinBj = Q.

= Ef (x,li).s(v,ri)
t=l

=
E,tos( (x,y) ,llxri) ,i=l

then use Caratheodory extension tbeorem , extend f8g((xry)r-)

to a probabi.lity mea€rure on d(6".

B') = f(xrA').g(y,B')

=
J tl ,o,.ru,f(x,dx,))g(y,dy,)
Yr xl

= t (l ro,*s,f(x,dx'))g(y,dy')
Yr xr

=

J,
t1,P,r'o'i*air(x'dx' ))g(Y'dY' )

=
nq I. '!,'oi

rrrr(x rdx '))e(Y 'dY')Yr xr
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2).ForanyA,xB' , fog(- ,A 'xBI)is {xS-measurabl-e;

we start wlth tnat f(-rAt) is a characteristic function,

f (-,A') = IA, for some AeC , then

fog( (x,Y) ,A
t"3 '

) = f (x,A') .g(y,B')

= rl(x).g(y,B')

lf u is a measurable set fu [OrlJ rand 1et Ac = X\A,

(ro(x). e(y,B') i'(,,) = { i:1i(l:u'],i"):..
1r0&u;

tA'x Y r.rAxg:'(yrB') (u) , if o eq,

thus, In(x).g(y,B') is dxS-measurablel

n
1f f (-,A') = .,i"rrO, 1s a step function,

"is
R the reals,

then foe((x,1r),A'xBr) = (i,"raor(*))'s(y,B')

=
*=,tr(

rlr(*)
'g(Y'B') )

slnce a flnite eum of measurable functions j.s meaeurable, thus

ln this case, f@g(- rA'xB t) is d*B-measurable;

now f(-rAt) = 1im so, where{sr}ls a sequence of increaslng step
11+6

functions, then feg( (x,y) ,Arx B') = f (xrA') .g(Y,B' )

= (fim so).s(y,B')
n+oo

=
lil.sn.

8(Y,B')

glnce for each nr sn'g(yrBt) is a {x$-measurable funetion, and

the limit of a sequence of measurable functj-ons ls measurable,

thue f8g(-rA'xBr) ls dxB-measurable ln this case-

Now from the proof of Caratneodory extension theorem' we get tbat

for any ctA'rd, fog(- rc) is 4.&measurable.



fo eee tbat teneor @ , F(m)x&ldE_+ P(ril te a blfunctor,

let (x,{)._
-
J+1x'd'; --{---' (I",d")

(y,g) --*L*(Y'ro)
8,' ,(r'reu)

be random maps, ve have to ehow that tbe fo)-low!:g dlagran 1r

eommutatlve, 1.e . to ebow tbat (f '.f )6(gro g)
- 1t6g

I'fe8

(fr.fgrg
r.I

XxY nxYn

f '@g'

->x

,/

2.9

,x- L'xYr

= [ f,(x,rA,,)g,(yrrB,,)f(x-)
xrxYl

-, f ,(x!,A,,)r(x,ax') J s'(v'
xr Yr

= f b f(xrA')g'.g(yrB")

tberefore, (f '.f )O(gr. g)= f Bg'. f$g.

1et (xry) e ItT, AtrxBrrbe a meaeurable rectangle ln C"E',

f hg'. f eg( (x rY) ,An^B')

= ( fbg'((x',yr)r1rrx3n)rog((x,y)rd(x'ry')))
ItxYI

,dx')g(yrdy')

,3o)g( yrdy') (ty ruu:.ni

tbeorem)

Ye uee Pffi)tx,Y)
to denote the set of random maPe from (I,d)

to (Y,6). ror rree@(f?)(x,Y), o( t< 1, xe x, and BtE, deflne

(tf +(1-t)e)(x,B) = tf(x,B)
+ (t-t)e(x,B). It le easy to eee tbat

tf + (1-t)c 8P(m) (x,v), tbus P(ml (x,Y) 1s a eonvex set.

Proposition ]. Ibe tensor 1e blconvexrln the aenae that lf

, ,r, ,rr: (xd)---r---+(Y,8)t Bt\t|2t 1;'
'd')

(v' P') are random

maps,thenforany0(t€1t
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r@(tsr + (t-t)ez) -.tf@g.,
+ (r-t)ros,

and (tt., + (t-t)rr)Oe = tf.,EB + (t-t)rrOs .

Proof . Let (xrx')e XxXr, BxBteE*d,

f@(tg, + (t-t)S2)((x,x,),B*B')

= f(x,B).(tst+ (t-t)82)(x,,8')

= tf (x,B)et(x,,8') + (t-t)r(x,B)gr(x',8')

= tfQer((x,x')rBxB,) + (1-1)foS2((x,x'),BrB,)

simllarly (tr., + (t-t)fr;a*((x,x,),BxB,)

= (tf.,og + (1-t)fzge)((x,x'),BxB,)

then use caratheodory extension tbeorem to extenil the result to

any measurable set CeB*d. Thus, we have that @ i.sbiconvex.

Proposj.tion 4. The finite product ($,r, gO r,
o3 (Xi,dr) vlth

proJectlons Tr1: fr*;------'", in ln is a weak product In pm).t=l!r

I'ireneak product is in the sense that for any (yr$) and fr: y*Xl ,

there j-s a f: ,*.'!,r' such that r.of = fi (f is not necessary

unlquely determind by the latter equatlons).

Proof . Define t = -$,ti ay, where Ar: y--r---+yxyx...xy is tbe

diagonal map vlewed as a random map, i.e. for y€ yr Bi*E, 1=1 r...)tr,

ay(y,8
,x
...x8,,) = t ;: li",f,rli

"
'A3o'

Slnce tb,e unit of tensor is the terminal object fn POt), we

have the proJection Ti = (fi*r-lx...xlrx ...x1), this gives-
r=l-

that lfrof = fi.



Note that, ay is not natural 1n 0(m), unless f : L ---+Y ls a

measurable function(i.e . f ls determinlstlc). In the following

dlagram
a_

x^>xxx
tl

lt lt.t
l+I
Y^Y'Y

let x€X and 81,BzeB tfre meagurable sets 1n Y, then

ay.f(*,BrrBr) =
In,y,B1xB2)f(x,dy)

= f(x,BrnBz)
Y

r@f .\(xrBt*Bz) =
J

rert (x.,,xr) ,r1n ,)\(x,d(x,xz)
)

XxX

= f(x,lr)t(x,Br)

but f (x,B.,ola) may not be equal to f (x,r.,)r(x,Br), such ae x = [x]

Y =
1",b), f(x,3) = ] = f(x,b), then f(x,laln{b}) = f(x,Q) = 0,

butf(x, {"})t(*, lbJ) =l.* = t.

Proposltlon 5. 0(m)
r" enrlched in C. .

For each pair of measurable spaces (x,d), (YrE), d(m)(x,y) is a

eonvex set.

Define Jr: 'l

-

P(m)(X,X), 1r-..---+1, ;

^xyzt
Pm) tx,y)@p(m) (v,z) -----------+

P(tft)(x,z)

.t,=rtr"B1 r---------->
f;rur'

t,

where tf O(m)(x,Y), eie0(fD (Y,z), rie K and
f,",

=

tensor iu C. . Because
*,",

=1andSa,f
aep(p)

(X,Z) r

t"rur,frefiI0(x,z).
and both ix , \yz

are afflne
r=l

2.11

,

1,@iethe

ao

llnear.



Th.e associatlve law:

(firn)(x,v)@fi/n)(v,z) )0fiIn)(z,w)

I

|
,xvz@1a (m) (z,w)

I

&n) (x,z)E&m) (z,w)

E,=io:-'81'f i

commutatlve.

2,12

die P(m) (z,w),

I ,*'p(m) (x,Y)

.x
0{m) (x,Y)s(p(m) ft,2)@0(m) (z,v) )

I

| 'Ptrol(x,Y)o*'r

J

f(m) tx,v)Od(n) 1v,n)

1et

then

$rrrre(
sronr)

irrrro(nr. sr)

thus, tiee dlagram 1s

The ldentlty law:

P(D (x,Y)Eflm) (Y,Y) x,v) .J-P(rn) (x,x)@f(ra) (x,r)

T
1P@)(x,v)6iv I

P(m) (x,y

-E--.'p(m) (
r'

1@P(m) (x,r)

f = 1rof, thus both triangles

enrlehed Ln l,I-cattoo, since

C to Ll-cat.

Pon) (x,w)

rie K,
f,",

= 1, fi€ O(m) (x,y), Bl e Pfu)(y,z) and

.9r,(rros,)Eu,:
';' i

:rr(e1o rr)orr,

\,

)or

1et f e 0(m) (X,Y), since f o1* =

are commutatlve.

Note that, actually P(D is

there is a closed functor from



One of tbe ldeas to understand the dlstance between two

random mapa f ,g: (X,d) -** (yr8) , whlch w111 be used later ln

discussing completeness is

Propoeltlon 5. sup t r(x,B) -
e(x,B)l

< dlst(f ,g) .

T:I

Proof. let us denote dist(frg) -
-log eup t =d
3trt0, 11,:be0(n) (X,y)
f=tg+(1-t)u

If sup_ t It^, then-Iogto=d,or to=
"-d3t€r0,t1 ,erreP(tn)(x,y)

u'

f=tg+(1-t)l

For any E, 0<5<to,3t>t-S, Jhep(n)(x,y), such that

f = tg+(1-t)fr, i.e. f(x,B) = tg(x,B) + (1-t)fr(xrB), for xe X, BeB,

So
, lt(x,B)

-
s(x,r)l

= (1-t)lU(x,B) -
e(x,B)l

< 1-t (slnce 0e n(x,B), g(x,f )< t)

r< 1-to+t

this lmplles that
lf(xrf)

-
S(x,B)l < 1-to for any xe X, BeEr

thus,?yIlf(x,B)- e(x,t)I<t-to.

2.11

-*-1.
o,

x =d,

OefifPy(x) = 1-e -x -x, the d.erj.vatlve of y(x), y,(x) = e

as x>0; because atso y(0) = 0, so 1-e -x< x, speclally for
'l-e-d< d, 1.e . 1-to = l-e-d. d.

Ihis eompletes the proof of tbe proposition.
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I2. fue covariant and contravariant topologles ot P(lrt)(x,y).

Definition 1. C is a convex set, the covariant open ball ln

C with center a and radlus r rs tce c Idist(a,c)< "J
= B(","),

where a€ C, re K.

fhe contravarlant open ball in C wlth center a and radius r

is{c€cIdist(c,a)< rJ=n(r,a).

Proposition 1.
{s(r,a) |

a ec, re K
}

fo"* a basls.

Proof. let ceB(r,a)nB(s,b), dlst(c,a) = rr< r and

dlst(c2b) = s, 4 s. T,et 5 = minlr-r1 rs-s1), ff xe B(J,e), that

is rlist(x,c)< 5 , then c]ist(x,a) < dist(xrc) + dist(c,a)< 5+r.,

( ,-"1
*

11 = r, and dist(xrb) s dlst(xrc) + dist(c,b)< 5+s.,

-(
s-s1 t s1 = s. Thus, B(5,s) s B(rra) flB(srb).

Using a similar argument, we can show tnat the covarlant

open ba1ls also forrn a basie for covariant topology lnduced

by the metric.

Rernark. Let f ,grh €0(n)(xrY). The convex combinati-on f = tg +

(r-t)ir inplies that f (x,B) = tg(x,B) + (1-t)(x,ts), for all xC X

and Bt$. If f is determj-nistic, i.e. f(x,l) ={1'
f(x)€ B

5'v' +\^''l
[0, f(x)\n'

then thie forceg g(x,s) = n(x,s) =
{
1' rtx]1n

, that is

[0, r(x)\n

g = h = f. Thus, the covariant open ball B(frr) =
{t}, or f is

isolated 1n the covariant topology. However, the determlnistic

map is not i.solated in the contravariant topology. Ihis ig the

reason that we feel more interested in the contravariant one.



Examples.

First note,if b=ta+(1-t)c, O<t<1,

then either a<b< c or a>b> c.

Example 1. The unit interval- [OrtJ

If b=ta+(1-t)c,

case 1. 0.<a<b<c('l , ?hq
01

case2. 0<c<b<?.<1r

Since the derivative

cb

2,15

arbrc are rea.Is, a t b,

,thent=fi$;

.thent=b-c=S-
a-C C-a

'

of function y(c) =
#* ls y'(c) = *,"_", ,

so y(c) :.slnereasing as b ) ar i.e. 1n case 1; y(c) is decreasinlt

aeb(a,i.e. incase2.

Thus, dist(b,a) =
:1oq^slp

t - =-1ogsup*
=ll'.3;t,,:i;:

ro"l ce ro,it

_ f-1oeE* , j.fb>a,
-1

|.-r"u* , 1rb<a.

The open tafl fn [0,t] with center a and radius € (contravariant)

is B(E,a) =
lu.to,1l I di-st(r,a)

< eJ

=
{oe[0,1]l

-'ouF'z' t>"

]
'-log*.a,

bsa/

=
{u. ro,,l I :, l"l::")"-t

'

:_ :j

B(E,a) is as in the Picture:

a

qe-t r-u-q){t t



ifa=0,B(E,0)

ifa=1,B(art)

fhe open ball in

is
e(a,E)

=
{uelo,r)

=
{ue[o,r]

z. to

t (covarlant)

b<- -e I. 1-e-l-e JiSaS 4-)+
a=O 1

b>e-t
]
t" as

-e

o1

[O,t] with center a and

=
[ueto,r] [ dist(a,b)'

t

1

=
{teto,1il-}os

ffi'e'

I-rog*'t,

lb >1-(1-a;ee,
=

lur[o,1jlb<aer,

radius

]

b<a

)
b>ra )

:.' 1
o)rdJ

ia^-LL 4 -

ifa=

I;IE DICtrUTE _
0 r-(r_r)qt aeE I

0, ae€ =0, soB(o,L)={tefo,r]lb<0} ={oJ,

t, 1-(1-a)et = 1r so B(1,e) =lue[0,1] lb> 1] = {r]

Renark. a). this worke for any cl-osed interval ["rb] , -oo< a( b< oo

t). tue topologies(contravarlant, covariant) i-nduced by this

metrlc dist on (Or1) are equivalent to the usual topology on

(0,1).

Example2.Lo,- ) .

From Example 1, y(c) = FI is'
c-a

asb<a.Thus,asb,
", ",rp l;$ce[o,r)

,c-bbaso<a. suD c-a aC+fo,r)

lncreasing as b> a, decreasing

=lim* = ltm(t-$t = 1; and
c->F u-6 c+F
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fhus, 3(g,a) t [0r0.;

e [0roo)

t[O,0.)

g(e,a) is as in tne picture:

lf I =0,thenae-E

Tbe covariant open

B(a,e ) =

=[b

=lu

- {.- tu

dlst(b,a) < s J

- n-h
-10e auD - "

a-a
c(toF)

- "

-1og1 = O.g,

-losI.r
-)

b>ae-6
l)

.r]

b>a
i

b(a)

=
{te1o,*;

o

B(e,0)

qs-t

= lre [0,-; I o, oJ =[0,-) .= 0r thus

ball

{rr[o,-;

Ite [0,*)

{t
e1o,*y

dlst(a,b) . t
]

- c-t
-Ios auD :--:n-h

Ce[o/oo)"
"

-1ogl = O<E r

.r
J

b. " )

t>"J-1ogt.e,

t<aet]=
{ue[0,-)

l(art) !s as in the Plcture:

att

lf e = O, tb,en ad = Or thus B(O,e) =lUe[0,-)i ts OJ =

Remark. Ior the reaL .].ine
(-eroo\, crne.e \!s,

c-a* =o-\
c--+:s- -

{oJ

t\ereio:ce, O,\st(ar\) --
-\og eup * = O. Tnuer By\y open ba]'I

Ct(-rn)\
\contravlant, covarlant) !n (-nre) ls equal to (-o-,* ).



2. 18

Definition 2. For re K, defj.ne fi = 1
1'" =O .

(-, r>o

r,enma 1. fre ef(nz)(x,y), tf f 1s, then
,tlf#i:Bi

( 1,

and
?.Y ff.18

' .''

D€6

B+6

Proof. f + g impllea that there exists xeL, BeOr euch that

f (x,3)
*
e(x,B). Let us denote Y\B = Bc, elnce f (x,_) and e(x,-;

are probability measures,

then either f(x,3) <
B(xrB), f(x,Be) , g(x,Be);

or
f(x,E)>B(xrB),f(x,Bc)<g(x,nc).

Thus, we have the results.

Lenrma 2. r,e e P(rfr(x,y) , then

a). sup t =
3te [0,'t],3heP(ri)(x, r)
f=tg+(1-t)a

thereforer diet(f,g) =
-1og lnf

T:T

b). -1os tnt {r'P} = sup los
xtX g\x'rl ;ai-

"

ItO Brb

r.rrf (*
'!)

xe;1 8(xr57
B16

f (x.3)
Efx,EI

'

c). Vlew f ,g as functions X-------'fiY),tnen

sup0(Y) (r(x,-),s(x,-) ) = dlst(f,B) .
xeX

Proof. Flret ve

Ifforsomexte

(t ). r(x',8') =

gd#.

we

1,

x,

o,

ehow that rnr f
!*'!)-"*-

so]B)ios(x'B)

3'tB r g(x' ,B') = O,

then
:{iiB+

=
&=

i?i++#.
Be&

have two eases:
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(z). r(x',8')
*
o, then

Ifftg,fromLemma1,

f (x' .B')
sFfE-rI

= oo '

iti {{'iB'
"

'
rhererore, those

(x'rB')'s (suci1 that u,*,raff*= O,

or
*:i #n#

. rhus,
ili *fnB+

do uot effect ttre result

= tnf f(x,B).

3qs)+og(x,l)

for al-1 x t X,BeB, therefore

So f(x,B) z sog(xrB) or

s(x,B)

Be6 BTB

If f = g, then f(x,B) = g(x,B)

l:i€FB=1
=

jl:i,*[-oiB+'
BeB

a).tet
il,.ti{{j*l

=eo .Foranyxex,BeB,vehave
BEB

#l€l- , i?i *f*ii+
= so .

B€B

f(xrB) - coB(xrB)

Deflne h(x,B) =

>o.

f(x,B) - s

1-"o

(t). for eacb BeE, h(-,B) is C-measurable; eince f(-rB) and

g( -,B)
are .d-measurable ;

(2). rr(xrl) > 0: slnce f (x,3) - eog(x,B) 7 0 and 1-so) o;

(l). h(x,B) -< 1: lf 1et Bc = Y\Br then b(xrB)> o, and b(x,Be)> o,

and h(x,B) + b(x,Bc) =
i=",f

(x,B)-sog(x,B)+f (x,Be)-sog(x,Bc) )

= 4.,-" ((r(x,r)+f (x,Bc) -
"o(g(x,r)+g(x,sc)

)

=*-"rtt-so)
= 1r thls shows that h(xra)< t.

b(x,-) is a measure,slnce f(x,-) and g(x,-) are. Tbus, u,e0(m)(x,y).



I,et sup t
3teto, 1l,f1eP(rn) (x,y)

f=tg+( 1-t ):_

= to. Slnce f=so8+(t-so)h

2.20

xe X, BeB,

lmp1 1eg

thus,
"o

( to.

On tae ottler hand, lf f = tg + (1-t)h, i.e. for any

f(x,B) = tg(x,B) + (t-t)n(x,S).

Us(*,8) +0,then f(x,B)_
*

s(x,B)-'+tr-t)ffi'th1e

that ), t , thererore,

stll.#*,*]

r, ,, end

=to. Thus,so=to."o
=

3*.",f,€{*++
"

=r,,Bl?:lrn.rrr)(x,y)r=te+(1_t)n

b). If f = sr tbe equallty -r"*
i:i *{tB
i*"

hoLds.

=
ili '"u s1*E|
Be6

liowf\g:

1). if (x',F')eAt ={t*,1)l x(x, BeE, f(x,B) = O and g(x,B) + 0},

thenitf#*,8+=o,so -1oeip*r#ilS=,. ; and

BCB BCB
oI- P\

sup 1os +++++ = oo r !nus, b) holds.
YeX I\^ r!'/
BeE

)
il. if (*',8')€ oz =

t*,B)l
xex, BeE, f(x,l) + 0 anri g(x,r) = oJ,

tlren
#r+#+

= co r bv r'emma 1 it does not effect the value of

l?*r#"iS,
therefore does not effect the value of -1og ilf #"l*J-t

Be6 Be6

,r,a ifffi
= o, so it does not effect the

Let 1= X.fu1vAZ, then any (x,B)e A,

of supYax
Ee,03

f (x,E) g(x.B)
g(x,B)' f (x,B)
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(in Definition 1

-1os inr lt)(-P]"
xcy g(xrB)
Bes

.o
, we definedf,= 1).

= -1os inp $r-S. -
"i,.o'='AB(x rB)

o/- I\
=
sup1og?ffi =

q,B)eA

Thus, we have

f,.l&-'ou #-1ts

::g'"*
fl+B

Be6

c). sup0(Y) (t(x,-) ,s(x,-) ) =
xex

=

sup dist(f(x,-) rg(x,-) )
xeX

sup( -1og sup s )
xeX 3se[0,t],rpr0(Y)

f (r,-)=s8(x,
-)+(

t-s)p

but dist(r'8) =

;t:t.:ii,rtn.p(m)(x,y)
-'"u

*ttfl#*E+
(uv a)' )

f=tg+( 1-t)h Be6

= s,p I"s Fl*+I (uv u). )
xeX
Be8

=

;:i ;:E'"u
fl*s

fhus, we b.ave to show that -1og sup s ^.
;tB

,"U
f{++}

??;:: ll'";rli9l Il ,-" r,

But thls is Just the cases a). aad b). again, for f(xr_), g(xr_)

i"
0(D(t,Y).

Remark. From the proof of a). we htow that if dist(frg) = t ,

th.en there 1s he 0(n) (x,y), such that f = e-tg + (t-e-e)rr.

l,emma 5. f ,Se P()it)(X,y), then dlst(f,B) = 0 iff f = B.

Proof. If f = g, then dist(trg) = O.

rr dist(r,B) = 0, 1.e. -ros
*1;ffi$+=@or _Ti

#iifl
= ,r.

BCB B€6
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Aasume

f (x,Ec)

lxeX,BtBr sucbtbstf(xrB)

g(x,Bc), vhere Bc = Y\B. This

> g(x,B), tnen

lmplies f(x'B:) < 1.

8(x'B')

therefore f = g.It contradicts tne faet 1nf {l*} =t,
*61 8\xrlJ/
Bcb

x
(o,l)

O (tp)
xl

.A.nybe 0(m)(t,l), b = (b1,b2,b5), b12

'rJetake b1 ,b2 as coordi::ates of b on x.,

Example J. 0tm)(t,:).

tiote that , 0@) (t ,z)
=

[0,1]

0(m)ll,l) is the free convex

d(m) (1 rJ) could be viewed as a

Let ae 0(rn)(1,1), € > o, the

center a and radius e is

B(e,a) =
lueP()z)(1,r)

tbe 0(n) (t,l)

=
{u. 0(m)(t,t)

ag convex get.

set generated by three elements.

subset of R2:

0 and

-axis xr-ax is .

ball with

5
5b.l=Ir

and

contravariant open

I arst(u,a) . t]

l-loe *rr.,).t )'11

I ,i'*"')

b. b.
For be B(E,a),

* 7min;3, "-' ,
iioi
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1fa,
*
O,b.>

"i"-t ,

ifa, =0,bj.>0=ai=

-iIrom Or,
^3"

-
ror

Note tnat,
",lv "1"-L,

(t-ar"-€) - (at*"2)

(t).a,

B(€,a)

-Caie
-

1-(b.,+br) >
"r.-L,

*"

-ga2>aze
-'

and

= 1-(a1 *^r)- .r.'t

_c= ar-are
'

=
"5(1-" -t)

> o

regi-on bounded by
-a

"1"

'

-e
"2"

-a6 1-a,e
'

)

"i =0,i =1r2r3)

get br*b2 < 1-are-e .

so, .1*rZ( 1-are-E .

I.hus, I(e ,a) is the

\*, "

\ ,,,

tx1**2

("=" aolds, only when

{0,i=1,2rj.then

-t
r*12 "1"'
\I -!

=1 *2,
"2"

II -C\ x1+x2 < 1-are
'

Ait



(2).al=0,"2*0,ar\0, thea

E(t,a) -€

- -e|-aJe

(3).a.,
*
0,aa=O,a3*O,then

!(t,e/

1-are-t

(+).a1\o,a2to,a1=o,tnen

l(e,a)

f"

=o

=1x2>a2e

[*r**r.

J
,,, "

=)xr=0

[,,.*r.

i.,'
'.,"-:

=1*2>.2"'

[*.,**, = '

x:

to,t)

4{t

o

\
(q,)

2.24

(r,0)

I

i

lI

{,t

1I
I

.,u-t

xr

(oI

I,tx,= t-1g-
t

o,dt o=(a,1|a3) (tol

a - (a,ro.,D)



(l). a1=0,E2=o, a-
)_

I, then

B(€,a)

1-e-e

(5).a, =1,dz=Ora3-o, then

B(t,a)

(?).a1=o, ^z=
1'

^1
= 0, th.en

B(e,a)

=0
-L>e

+xr= 1

(*,=o

=i*r=o

(*;.*,.

\

*''
' "-'

=')x,=0

(*r**, = ,

xr

(o,0

a=o

2.25

(lrD)

x:

(0,r)

)1.

tqt)=q

1;
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Example 4. 8(m)(1,n), n<,o.

ae P(l??)(1rn), then a = (a1 ,...,arr), ^Lz
0, and

ye can vj.ew 0@)(1 ,n) ae a subeet of Rn-1, such

" = (a1'...'an-.l ), ai'r 0, and 5'"ru r.

The eontravariant open ball with center a and

x(€,a) = lue 0@)(r,r) | dlst(b,a).
t]

=
{ue Qh)(r,n)

|
-1og mln}., , ormin

*, "-t

beF(E,a),ifa,1o,trren+rri.+> e-Erorb, , .i"-E ;

n
5a. =1.
l=t I

that aeP(m)(t,n)

radiue e ls

bi) 0=Bi =
"i"-t.

-cx1 >.?1e

:

-exn-l
)

an-1e

x1+ xz+...*xn-1
-(

1-(1- !!., )"-t
= l-BrrE-t

i=tr

om a to xj. = a1e-t, i = 1r...rE-1,

); the Euclldean distance from a to

.1*.. .+an_1 - (r-
"r"-e )l

= 0r tben

region
(

wren
)

n)1
I
I

t

istance fr

. -c= ai(1-e
'

lel

a.1

e

v

.t

I

1f

B(era) 1s to

(n=n holds onl

"i
= 0, 1=1r..

lhe Euclldean

. -t1s at-aie-

n-l -E
3xi=1-ene
l=t

=# (1-e-t)a

to !uir1 = "'i't

Jn-1

,r(the l)uclidean dlstance from a = (al r...ran-r)

," l5ort,
-

"l
).Ir'"1

r,lEr1

Corollary. Tbe contravarlant topology on P(n)(1,n) 1s
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equivalent to the usual

*n- 1K.

Proof. let us denote

and the usual open ball

If wenaveB(tra),1et

then U(5,a) s l(t,a).

Conversely, if we have

in the case n=J, B(Era)

triangle with vertices

(a1e ,1-(1-ar)e-E),
. -9 -9.(ale ,d2e ) and

(t-(t-a.,)"-t,"r"-t) . rhe

distance between a and

("re-8, 1-(1-"r)"-t) is s, =

J,ftr-"-' )2*(^ z-(r;r;=tDz

topology on 0(m)(t,n) restricted from

U(5 ,a) as the Lntersection of P(m) (l ,n)

of center a and radius 5 ln Rn-1 .

s- ,ni-n\ar(r-e-e ) , ,+ {r-e-E )ar,}a.+o'' in-t

u(5,a),

lsa

Euclldean

= (1-e -€)J;F('-%trt

Euclldean distance between a

, -t -fr\a1e
'&2€/rss'

=

Jre=

(1-e-€ il;T.4; tne distance between a and (t-(t-a,)"-E,ar"-t)

tr-t,-o,l[t,ryE)
The

and

-e)l(q7;:-.

to,tt,oS-)
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fota,\O;

Slmi-Iarly, we

nold s

Ifwechooset>O,suchthats,<tq{S, "r#\ai+o J

sr<
;r,in{5,ar} fora,=0rthenB(€,a)cU(S,a).

can show B(Era) c U(5ra), for n>5.

Now, let us look at the covarlant topology on 0(r?)(t,n).
The covariant open ta11 vlth center a anC radius E ie

B(a,e; = lue 0(nr)(1,") I dist(a,b). aJ

=
{teO(nD(r,n) l-1og min}.a or *ir,-ti

-E 1

1'1 i E;'" J

Note that, lf beB(ara), then
"i

= 0 impliee b, = Orbecause

1-ta, =o,bi10,then-1ogmin1L=-1ogo=oe
JuJ

(i.)

is bi( .i"t (u-"

io,a (r-!a.)e€,
r=)- i=l^

i"e , i= 1r...rn-1

1-a e€n

ar< aret, and

x

I

t
AEJ

For be!(a,E),
drri"t,"-t , .n",

only when ai = 0). From br",<anet, or 1-

we have
Aor,

1-(1-fr"r)u€ = t-arr"E.

Therefore, B(a,a) is the
f*ra"

region ('=' holde only when 1 n_,
.i=o or an=o) l.F,*t'

Note that, a ie in thie reglon, slnce

5lr,
= 1-an2 1-ane'

i=l' rr

For example, n = 5,

(t). a,t0,i =1t2,3. Then

'x''<

a''et

B(e,E)=lr,<aze€

l-
\x.,,+xr> i-aret

Xt+(r=l-AJqe
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(z).a, =Q,?zqo,a,to

then

(1).a., *o,a2=o,a,t o

then

(+).a,t o,a2{0,,a, = o

tb.en

\*'

t
"'t"t

B(a,e) =fxr< arez

[*',**, = '

^3
=1'

then

=
{"}

\..

-q.gL \j____\_x,

qf

a
\*'

=o

B(arL)=i*^< "^".
l''
(rr**, > t-aree

\

*r<
"ret

B(a,€)=ix^=Q

I.r.., > 1-areL

(:).a.,=ora,=o,

i.e. a ls the orlgin,

(*r
=o

B(a,[)=]*2
= o

I
Ix.,+x,>1-e€

note that, 1-e€< 0.
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(5).a, =1ra2=0r

tben

"1
=0r

I'"

"'

\tz=o

(rr**, = ,

(
*r=o

B(a,E;={xrcet

{.1*,, =,

B(a, t)= = {t}

(7).a.,=o,?z=1rd, =ot

then

= {"j

ye eee that the covariant topology on 0(m)(l,r) te tbe dlsJolnt

r:..:nionof the ueual topology on eacb open face.

From the descrlptlon of B(are), (x) fn p.2 .28, ve bave the

general result,

Propoeitl.on 2. the covarlant topology on 0(In)(1,n) (elmplex)

le the dleJoint union of the usual topology on each open face.

Noy we go back to the end of chapter 1, ehov that tbe closed

functor ro: Lf ------+) lnduees nface gtructuren on P(/D (1 ,n).

Reca11 that no(r) =
ll: fil,

rot re [O,co]. ro lnducee a

poeet etructure on 0()?D(1rn), euch that arbe QUrl (1rn),

a<b lff dlet(arb).to . Ye deflne an equlvalence relatlon on

P(m(1rn): ai,b lff a<b and b< a, 1.e . g-b lff



dist(a,b) + dist(bra). -.

Lemma. a-b lff arb 1i.e in the eame face.

Proof. a = (ar), b = (bl), i = 1r...rn. arb 1i.e in

faceiff foranyi, ai=0lmpliesb. = 0,andbi=0

ai = O. Si-nce dlst(a,b) =
-fog ,ninp and we deflned

1't

this is equivalent to dist(bra)<oo and dlst(a,b)< *,

a -b.

2.11

the same

implles

n
O=lr

thls ie

Now we define an order relation

5, be 0(m)(t,n)/* , 5.'d; for E I E, 6 q' E iff dlst(a,b) = oo

and di-st(bra).to . This 1s well defined.: if a-ar, b-brr

then dist(b',a') < Oist(b'rb) + dlst(b,a) + dist(a,a,). oo .

1f di-st(a' ,b')
.oo

, then dist(arb) < dist(ara') + diet(a,rb')
+ dist(b,rb)(& ,this is a contradietion, tb.us dist(drd) = 06 r

If e <' 6, E <' E, 1.e . dlst(arb) = oo = dlst(b,c), riist(bra)<oo

and dist(crb)< co . Then dist(cro).< dist(c,b) + dlst(bra)<ao ;
if dist(a,c) <oo , then rlist(a,b) g dist(a,c) + dist(c,b)< oo ,
this ls a contradiction, therefore dist(arc) =F, i.e. E sr E.

Conclusion. (P(f?)(I,n)/- , (' ) gives the

0@1 11,n) wlth the usual incluslon. x,

Example. 0(tl)(t,3). we denote

01 for the face determined

by (o,1), (o,o);

10 for tne face determined

by (o,o), (1,0);

poset of faces of

(0,1 )

(o,o) (t,o)
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11 for the faee determined by (0r1), (t,O);

012 for the two dimensional faee.

Notethat, (0,'l)1=0,(0,1)Z=1,(0,1)l=O.If bisin01,

b+(0,1), thenb, = 0,b2+o, B +0. dj-st((O,t),t) =

(0,1){ n b.
-1og rnin

tr=
-1ost = *, but dist(b,(0,1)) =

-1og,ri"O+,

=
-1og b2. *, because &=* ,forrtO.

It iseasytoseetbat1falsin01,bisin10,thendist(arb)

= dist(bra)=oo, where a 1(OrO) anC b + (O,O).,Also, if a is

in 01, bis 1n012,tlrendist(a,b) =
-1ogminEl =-fog0=& r

}I

but dist(b,a) = -Iog min * . *.
l]-

fhus, we have the followi_ng order relation on 0(m)(1 ,3)/*

,'
01,2\

,/l\./t\
01 11 10

)<l(0,1) (o,o) (1,0)
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From tire above discussion we see that the eontravarlant

topology on 0(tE)(trn) is Hauedorff and compact.

Proposltion l. For any pair of measurable spaces (X,4), (yrE),

toe contravariant topology of 0(Z)(X,l) is Hausdorff.

We need one lemma from ehapter 'l 04.

Lernma. C is a convex set, arbrce C. If a = tb + (t-t)c and

0<s<t<1, then for some c?e C, a =sb + (1-s)c'.

Remark. a,beC, 1f ceE(rra)n E(Srb), thenJsefOrl],
",

e-t, and.

jatrbre C, such that c = sa + (l-s)at and c = sb + (t-s)Ur.

Say dist(cra) = t., , dist(c,b) = t, , andtr<E,tor

"-€t, "-e', "-5
Slnce t2 =

90r 3s, Sbte

-E-51nee e '<

C, sucn that e

-e.e'= supt

-c
e'2=sups

3se[0,]I,:b'eC
c=sb+(1-s)b

sb + (1-s)b'.

C, such that

-logsups ,or
3sr [0r1J ,Jbre c
c=sb+(1-e)b'

-Ea
"a"-"

andc=

rso3t, 3arre

=l1Hlil:ii.-'
'

.-€'a t.
"-t',

and c = ta + (1-t)a,,. Using the above Lemrna, for

" a
"-"a

t, wegetargC,and.c =sa+(1-s)at.

Proof of tne proposition:

If f ,g efl(l?{)(X,y) and f 1 g, then there exists xre X,

such that f (x',B') + g(x'rB'). r,et e(xrE) = rn?xtr(xrl),

where x€.X, Be6; and t = , where
e(xrrB')+e(xtrStc;

B'eo,

s(x,n)),

Bc = Y\8.

Note that, 1< e(xt ,Bt)+e(x'

Let5= -1ogt or e-5 =t.

,Btc)< 2, tberefore *<t.t.

IfheB(5,f)nB(5,8),fromthe



remark, there existe " ,
"-5

b=sf+(t-s)ft andh=

we have h(xrB) = af (xrB)

h(xrB) = sg(x,B)

then h(x,B) ) sf(x,B) and

h(x,B) ) ee(x,3).

Specia).ly, for x = xrr B

1 = h(x'r3') +
b(x'rB'e) >

2.14

, f ,, g'e P(n) (x,Y), sucb that

8g + (t-e)gt, i.e. for any x e x, 3e6,

+ ( 1-8)ftx,3)

+ (1-s)B'(x,B)

b(xrB) ) eG,B), th,erefore,

StandB=Btc,

e(e(x'rB') + e(x'rB'e)), ttris lmpliee

t = e-6. Ihis 1s a contradictlon,=-

e(xtrB')+e(xtrBtc;

thus B(5,f)nr(5,g) =Q.

Remark. fn case of covarlant topology of 0(f4)(X,y), ye nay

conslder d(x,B) = minlf (x,f ),S(x,A)] , and 1et

t = d(x'r3')+d(x'r3'c), 5= -1og t, then we could get the

conclusionl the covarlant topology ot 0(m) (X,y) is Hausdorff.

Now we are going to discuss the completneee of 0(r0(x,y).

Definltlonl. f-e 0tr0tx,y), n = 1rZr., . 1s a Caucby Bequence,n

lf for any E>0,3N(E), euch tnat dlst(fo,tr).€, for any

krp > N(E ). Ye denote a sequenee f1 , n=1 t7t... Uy tfrri

Theorem. P()7?)(x,Y) ie sequentlally Cauchy complete, 1.e . 1f

fn, n = 1r2r... 1s a Cauchy sequence h O(m)(x,f), then there

exlsts f e P(m) (X,y), such that dlst(f ,fp) -+ 0 as p.---+oo and

dlst(fkrf)
--+ 0 ae k----aoo.



2.15

Proof . First note, ir
{rr,}

is a Caucily sequence tn P(m)(x,y),

then for x€- X, Be6, {rrr(x,e)} ls a Caucny sequence in R(the

reals) in the usual sense, because for any t> O, JN(€), as

k,p)N(€), dist(fk,fp)< €, then

lrn(x,B)
- ro(x,B)l <

ili |rntx,B)
-

rn(x,B)l <
dist(ru,rp) < E

Be6

the seeond inequality ho1ds, because the proposition 5, in last

section.

Since for any x e X, BeB, the Cauehy sequence {frrt*re)} has

a limi-t in R, we defj-ne f (x,B) =

*lLfn(x,B).
we have to check

that fep(n(I,Y) and dist(fk,f)-+e as k----+oo;dist(f,fp)*O

aS p--+oo.

a). For eaeh

f (x,Y) =

Let SreE ,

then f(x,

x eX, f (xr-) is a probability measure on (yr6):

1im f*(x,Y) = 1.
K-)€

i = 1r2r..., BiABj=9,itj,

[pr,
=

lil'n(*,
ppr,

=
lirn!-!."(*.Bi\k+J"

*

= E t-i* fo(x,Br)1=\14-1e '

=
?.t(x,sr)\E\

the third equa1.ity ho1rls, because from Ttr.eorem B.j9(tom Apostal ,

\f,attrernatical.Ana\ysis):"assume tnat }im f (prq) = a1 fo.r eaeh
! rQ-oo
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fixed p assume that tne limit I1m f(prq) exists. Then the limit
q--r6

li.m(lim f (prq) ) also exists anrl iras the value atr.Here we take
P*rc Q+-

ppp
r(p,q) = ro(x, ppr),

since

l]:r,r,e)

=

l:Lrnt., .lJprl

= r(x,y,ur)

ppp
and 1im f^(x, -UB..) = limff^(x,8. ) = >f (x,B. ), tirus

e--+rcq i=l^ e+ool:lq
r i=l r

1im(Iim f(p,q)) = 1im9rt,.,B.,) = .Er(x,s.) .
P+n Q-rrc p+- i=l

' i=t !

b). For each BeB, f(-,B) 1s d-measurable. Tnis is beeause for

each k, ff(-,8) ls d-measurable, so is trre 11mit
11,

f.t-,8) = f (_,8).

c) . We show that dist(f ,fp) ->
0

as k-+oo .

Foranyt>O,fN(+), suchthat

f,-(x,B)
1.e . -1og inf ;^-z;=f-<i ,or

XeX rP\^t!''

Be6

as p-).o and dist(fnrf)__.+O

as p,k > N(+), dlst(fkrfp)< + ,

f/--D\ar-\Ar!/

Be6

f (x.B) - I--vffi>,e',rh\Ar!/Y

inf
xex
Ee6

fu(x,B)

fn(x,B
-a

So, for any xeX, BeB,

f,-(xrB)
then 1to

{Gc,BI

=

f'-(x
'B)and lirn =* =

P--
rP\x tll)

-e€:r

--
f_GlB-



?.5'l

E..+ +L^+!'uvgudv

and

ls, dist(f ,rr)
= -."*

ltr,#3
BtB

dist(fk,f) = -Ios
l?i:tP
3tD

Thls complete the proof of the theorem.

Slnce the generallzed metric dlst on 00tt)(X,Y) 1s not eynmetrlc,

tbe definltion of Cauehy Bequence above ls rather etrong. Ye caa

veaken the requlrement for being a Cauchy aequenee in+tlr+ortow'tNAy r

Def lnition 4 .{fr,} 1e a sequence ln P(m) (x
'y)

.

{f*} 1s a co.,traveriant Cau , 1f for aay L>0,

J N(e), eucrr that as p > k > N(e), dj.st(fu,fp)< e ;

{f-} ls a covariant Caucny sequence, lf for any t7o r fN(e),_!'

sucb that as p>k>tg(e), dist(fo,fk)<e .

Example. foe0(n)(t,z) = p{z), frr(o) =

taklng Z = i0,1]

1

7'frr(1)= ,n=1r2r.,.
t- |
--F-

{fn}
ie a contravarlant Cauchy Eequence, slnce

dlst(t,S,*p )
= -1os,r" {+Sd;, #}1-

t

,^D*PIZ--Los mln
t5

zP(zn-r)
-Ios

lti+F_f

2n+F(zn-r )'
2n(2n+P-r )
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2p(2n-1) - 2p(2n-1) _
but

;"TF-1
,

,"*,

ff,
"-' 1mp1les -rou#.,

1
1oS, f,"=f , tben for anY n> N(e),

+ , tben2" '
,-!

or
2t'

. Thus, 1f we take N(e) >

1.e . for any poeltive lnteger p, dlst(fnrfrr*p)t €.

{fo}
ls not a covarj.ant Cauchy sequence, einee

dist(rB+p,rr) =
-1og min {

SP,

tfi#

, 2D 2n(2n+P-1) ,
= -1oB trLnl2n+P , 2t*P(Zo_t)

J

zn1
=

-1og ;il+P
-

-1ogTg-
- , aEp'+ c1o

Proposition 4. If
{fn} 1s a contravariant Caucby eequenee 1n

0(D(x,Y), tben tbere exlsts f e 0(n)(x,t;, euch that

dlst(fk,f)--+ 0, as k->oo;

1f ifn] 18 a covarlant cauchy aequenee Ln Pgn) (rrY), tben

there exlste fe p()aD(x,Y), euch that dlBt(f'fk)---+ 0r 88 k-+oo.

Proof. The conetructloa of f and tbe proof of fe O(m)(x,y)

are the Baure as part e) and part b) fn tbe proof of tbe above

theoren. {fr} 1s a coutravarlant Caucby aequence, ln order to

ebov tbat dlst(f*rf)+ 0, as k+oo, Just aote, ln part c) of

the proof of above theorem, for any €.>o , fN(!), dlet(f*,fp).9
-

only vhen p >k>N(9). Thus, for any rFI'S€6,
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rf{f}t-njis a covarlant

dist(fp,fk).!, when

f-(x,B)

{r.,Er

'
*:i
Be6

f (x.B)
= Trl?,-E-)2 e

0, fN(?) ,

X, BeE,

|igfo
(x,n)

=tx-;Bl-

fo(x,B) - lnf fn(x,B) - -+ _ f,(x,l) fn(x,B)

_e
7.€S.Thieglvesus, dlst(fk,f)<9<t

Cauchy sequence, then for E >

p>k >N(:). Ihue, for anyxe

f.(x,B) _€ f-(x,B)

{filr)-)e:-,
and

i*{G;B-,-

=

_a-5 . rhis glves us, dist(f,ft) < I < E

Finaly, we dlscuss compactness.

We already know that O(lrD(1,n) =
P(n) is compact(contravarj_ant

topology) .

proposition 5. (Y,E) is a measurable space. ff P(ln)(t,y) = fit)

wlth contravariant topology is compact, then Q(il(n,y) wlth

contravariant topology is compaet, where n is a n-elements

dlscrete space.

Proof . Since n is discrete, so P1tD 6,y) e (0(m) (1 ,r))n

=
fiY)n as setg. riith product topology on 0(n) (n,y) n 0(y)n

(each component P(Y) wi.tircontravariant topology) r 0(m)6,y)

ls compact.

tet B(e,f) be an open ball in P(nD(e,y). If ceB(r,f), then

s(fr-;, i6n, is a probability measure of (Y,8) and



dist(B,f) =

.-o g( 1,8)lIIf-.x.,H
3g6

I(1r]J/

-1og

>/ inf
1en
Be6

tot
5{}{]< e . so ror each ien,

ien r\rtDl

3t6

F{+h} ,
"-t,

r-.e. dist(e(t,-),r(i,-) )
< e

2.40

<t . Thus,wehave

boundedby8 ff Xis not

(in product topology or O(t)x)

completeness and total

since the generalized metric

T.*us, e etrtt,f(1,-) ). conv"ruuryl't(sr) e p(y)n, if (er)e.te(e,r(r,-)),

denote Bi by s(r,_; and (sr) uy g. since
i?6 +iiE-i ,

"-.
ror

i?: tfiiB]
3eo

al-l ien, so dist(grf) = -1og

B(e,f )
=

tr(E,f (i,-) ).t=l
n

But gP(t,f(i,-)) is an open set in the product topology on

0(m)(n,y)* P(y)n, therefore tiie contravariant topology 1s

contained 1n the product topology on P0n)(n,y), and the contravarlant

topology on O(nr)(n,Y) is compact.

corollary. The contravariant toporogy on 0(m)(nrm) is compact.

Remark. Generally, P(nr)(x,y) is just a subspace of 0(y)X. tire

open ball B(grf) is too sma1l, like open sets in box topology:

because ge B(E,f), sup dist(g(x,-),f(x,-) )=dist(g,f) <t ,
xeX

i.e. on each x-component, B(t,f) is

finite, we can not find an open set

contained in B(t,f) .

In the case of usual metric space,

boundedness implies compactness, but
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ls not symmetric, the usual proof does not work here. We have

to put some new conditions together with eompleteness and total

boundedness to imply eountable compactness.

A ls a generallzed metric space.

Definltlon 5. A is totally bounded(contravariant), if for

any €> 0, there exj.st f lnitely many B(€ rar), are A, coveri_ng A.

Simil-arly we can define totally bounded(covarlant).

Definition 5. suppose that for any sequen." l.i}
in A, 1f for

some ae A, B(t ra)n {ar} is infinlte, then there exlsts a, F {"r}^o

such that B(€,ai-)n{"r} ts also lnflnite. We say that A has
o

the property I (contravarlant).

Sim11ar1y, we can define the property I (covariant).

Remark. rn the ueuar case, total boundedness implies property r.

lemma. If A is a generalized metric space, then, in the

contravariant topology :

a). A ls flrst countable,

b). sequential compactnese ls equivalent to countable compactness,

c). compactness impllee countable compaetness, but the converse

may not be true.

Proof. a). any ae A, {r(",r) |
r rationar} form a countable

basis of neighbourhoods at a.

b). Roydon, ReaI Analysls, p.160.

c). tfre reason of the possible failure 1s:

even both a,b FB(t,c), 1.e . dlst(ar"). t , Otst(U,c) < E , but
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could be arbltraty, as ln the following example,dj.st(a,b) stlLl

A=0(m)(1,3), " =lll,
LOJ

rlr
= l*l

LOJ

dlst(b,c)arb e B(1 rc), sinee dlst(arc) = -1og I

= -1ogl =1og2<1,butdist(arb)=

r*r-

f-gj

= log

oo.

2q1t

Proposltion 5. If A is complete(contravarj-ant), totally

bounded(covariant) and has property I(covarlant), then A is

eountably compact( contravarlant topoloCy) .

Proof. We are golng to show that A is sequential compact

(contravariant), then we could use the l,emma.

f,et ta;) be a sequence in A. For 8., ='t , f B(bt.,1), i=1 ,...,nl ,

cover A, slnce A 1s torally bounded(covariant). Among them,

there is B(b.,
,o,,

) , such that ,(o,
,o,1 )rrtaj]isinf1a1te.

Using the property I, there exists
"r.,u ia;]

, and E(aJ1,r; n {a3}

is j-nfinite. For ZZ = L, f B(b2.r|), 1='lt...1!t2r cov€! A. fhen

lB(be ,|), such tbat B(b, ,*) n (B(a,t)n {aJ ) is trfinite,
'io 'io 11 'r

then by property I, 3"J2e ,(aJt,t)n {a1}, such that

B(ar ,*)n (n(ai ,1)n {.r} ) is infinite. .... For t = 1 .-'-12 J1' JJ In m'

=
u{bmL,

f),
t=tr...1!1,n , cover A. then 3 B(bm.o,

#,

u,o.ro, * I n,h]t,"r*,f ln {"1} ) ls r,,flnlte, by property r,
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=.rr* b,r,"ro, f In 1"r) and n(ajm
*

ln,Ilr,"r*,

te inflnite. Contlnulng this process, we S"t {"1*} ,

sequence or {a3} '
""u {"j*} is a contravarlant cauchy

for any f>0, JN > O, such that *. t,*n"oforp>k

.rru u,"rn, f ), thus' dlst(ar*raro, .
*. fr' e.

Since A 1s complete(contravariant), thus, {"rr}
fr."

1
(

a

)n {";J )

sub-

gequence:

>N,

a limit.

Remark. If we lnterchange the contravarLant and covariant

1n the above proposltlon, we w111 get conditions for A belng

countably compact (eovariant topology) .
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CI{APTER
'.

APPLICATIONS IN STATISTICS,

STOC}IAS?IC PROCESSES A.ND STOCITASTIC DYNAMIC PROGRAMI4IIIC

fhere are four sectlons in thls chapter which deal with.

the formulatlon of statteticar deelslon problems and the

exigtence of the beet declgion rulee; the formulatlon of

stochagtlc procesEes and transformatlons, stoch,aetlc and t{arkov

dynamics, and the relatlons betveen them; decompositlon of

stocbastlc transforrnations; formulation of etochastlc dynamlc

programming and the exletence of the optlmal policles.

il Statistlcal decislon problems.

1). T}re usual structure of etatlsti-ca} decislon problems nay
be deEcribed by the following strueture:

the message apace

the space of observable etatee

tbe decieion space

l{e may use a random map f: x----+r} to deecrlbe a nolsy
transmission channel: for all xex, ce&, f(xrc) gives the probabi-

Ilty that we observe states lying in c when message x i.s sent.
A procedure for making dectslon depending on what has been

observed ts called a declsi-on ru1e, 5: o ------------+y.rt also mar be
rand om (probabilistlc ).

A criterion i-sneeded to meaeure the deciei.on ruIes. sometirnee
a direct relatj-on g: I_y between X anri y has been assumed,

(see James l. l'ler'saand Davld r. cobn, Declsion end Estlmation

theory). But in ttre most of the casesr a tyo variable real_valued

(x,d )

(o,& )

(Y,g)
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cost function c: XxY+ ff has been used. c(x,y) gives tire

cost for us to choose decision y 1f message x be sent.

The problem 1s , given f : X +ft and some connection

between X and Y, how could we find a'rbestil decieion rule

(optimal decision rule)?

a). The relation hetween X and y.

The usual relation between x anri y is gi,ven bv a cost functi-on.

There is no general metnori to glve a cost function, like tne

often-used 'rrneansquare cost functlonr ln statistlcs books.

People Just use it without giving reason for cb.oosing this

rather than some other functions.

cost function is a measure of the riifference between certaln

interesting characteristj-cs of tae rea)- proeegs and tne declsion

we make about thege characteristics according to the observations

(based on what we tnink is happenlne). It is quite often that

eost functions nave been constructed just *for
analytical purposes'l

(see Cencov) .

Here, instead of usi.ng cost function, we conslder a rcorect

actionrt (as ln lilelsaans cohn). fbis is the dlrect connection

between f and Y. Tne correet choiee for the decisions exlsts

objectively in the process 1tseIf, we may get an approximation

of it through experiments, analyging, syntaesizirg the observed

'-iata,anc certai,n consideration to simpllfy the calculation. The

correct action g: X -------+Y may t,e random too.

b) . fne crlterion of ilbestrt.

0(m)(O,y)isthespaceofall riecision rules.



a?

If we have a cost functlon c: XxY+K (where K 1s the

nonnegative reals), then define

c,, : 002) (n,Y) -*
Kx, 5 5.-.-----,e5 ,

where cr(x) =
,c(x,y)5"f(x,dy),

x6x;
Y

also def ine sup( ): fX-------* Kr g !-+sup g(x)
YY

\{e have the followi-ng

0(m) (o,v)

d iagram

u()

-

sup( )
x

the composltion ,qends 5 in P(n) (o,y) to sup cr(x).
x

Certalnly we want our declsion rule $ to make the loss

under the worst case, sup cE(x), as smal1 as poselb)-e.
x"

If we have a priorl probabi-1ity meaaure p on the message space

X, p: 1 --r+X, then lnstead of using sup( ), just take the

functional average wlth respect to p,
"5*u,

, wb.eregeKx.
x

Y
K"

I
K

( ,)dp

)"(*,v)5
"f (x,dv)dp

Y

..x--------+tL

II

\.ttK

(

'*) x
f
"(*,y)s'f

(x,dy)

Y

c(r
P(m) (o,Y)

6*cs=
D=
"5'
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Slo11ar1y, we vant c! ae smal1 as posslble.

ff we uBe reh,ard functlon r: IxY---------+K,r(x,y) glvee the

reward for chooslng deelslon y when message x ls sent. Then, ve

vould use lnf( ) , so that 1n the yorst case, we eti1l could earn
x

aB mucb ag poeelble.

Example. XrY and O are flnite sets, let I = 0(X), B = flY) and

C=P(fl).Foranyf;X+y :-n0(m), fo-: A = P(x)--+B = p(y)

is a morphism in C . Conversely, given any g: A ------+B define

E(xr-;
= g(5x), where 6* is tire probability measure whicir is

concentrated on xCI. Thus, we have the bijectlon

x---' Yj.n0@)

A----+B in C.

or 0(m)(X,Y) 1, C.(A,B) as sets. Similarly we can get the space

of deeision rules fltm){C,r)t, C(c,B).

If c: XXY+ K 1s a cost function, p is a priori probabl-

lity measure on X. Define

r : 0(m) (x,r) *. c(A,B) --------+
K

s -.---, lt!"t*,y)e(x,dy))ap
XY

=Z c(x,y)e(x,y)p(x) (slnce x,Y are
xex
yeY flnite discrete)

g Z. c(x,Y) (O " *(t,y), p(x) < t)
xeX
yeY

thenYisaffinelinearandr is bounried,thatis r:0(l,B)-->r

for some closed interval I i_nK.
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In the following diagram

( )"r
C( c,B)

---------------->
C(

rt----..

rf =
tr"(()"3;, Yr(s) = Y(E.r)

I,et C.(C ,B)

\,7Y+\
,-/o

be the lmage factorlzation of X, in C. Assume inf Io = a, sup Io

= b, then the purlback along 1--q
-' ro gives the optimal decision

ruleg when we take c as the cost function and p as a prlori

probability measure.

A rB)
I

I'
I

D
=";

opt inal

decision

rules

T
1

If c is the reward function, the

gives the optimal decision rules

C(C
o\
,DJ

I
lY+
T'

Io

pullback

,B)
I
lY-

Jtro

alons r
-!--

r"o

optlmal
decis ion

rule s

J,l

-

C(C

Secondly, the metric criterion.



Slnce 0(m) is enricbed ln U-cat (generalized metrlc spaces) r

we may use tais generalized metric dist as a measure ofttbestn

In the following dlagram,

xf'1a

\

""r<

,.6

Ihen,

g as sma11

sefi(m)(n,v)

g is trre correct aetion, E is a decision rule.

we want the distanee between the eomposition 5.f and

as posslble. If 5*: O ----r+Y sat j-sfles

dist(5,*.f,8) < dlst(5.f,g) for all

or dist(5*.frg) = 14f dist(5.f,g)
5

then we eay that 5* is a best declsj.on ruLe.

2). Comparison of the cost fr.rnction crlterion and metrlc

criterion.

I,etX be a measurable space, l(xlP(m))l ls the set of obJects

of comma category (xl0(//L)),viewing it as a diserete category.

For any c: XtY----* Kr assume ce),R(XxYrK), and f : X----+-.}O,

r e l(xl0(m))l , derine

"r
=

{5o
e P(ra)(O,v) |

ttt
"rn l"(*,y)

5.f (x,dy) =
axY

"t
=

{5o
e Oft) (o,v) I

"y,
i"r

\c(x,v) 5.r(x,dv) =
'5x'\

sup
x

lnf
x

,r)55r{*,eYl}j"(*
Y

!"{*Y
,v)[6r(x,'lyli

c,ls the eet of optimal solutlons witb respect to the coet

function c;
"f

1" the eet of optlroal solutlons with respect

to the reward function c.
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For each f : X----r-tflr g: X --r-+y, deflne

sr =
{5oe P(rn)(n,Y) | dist(5o. r,e) = tlt dist(5.f ,c)}

81 ls the set of optimal solutions wlth respect to the rcorreet

actiontr g.

c,,, c() , and B,a"e functors from
l(x l0(m))l

to set.

Question (t). for given c, ts tb.ere some g: X+Y, sueh that

"f
= Bf or c' = Bf forall

fe[(xlP1m))l,

Question (2). For a given g, is there some c: Xry-K, such

thatg, =c, or Bf=
"f

for all f e l(xlp(n))l ,

or rre could ask inclusi-on j-nstead of equality, eg. e, 9 g' etc.

Proposlti-on 1. ff g 1s determlnlstic (i.e. g ie a measurable

functlon), then there ls a c: XxY------)K, such that gf = cf,

for all f e
l(x l0(m))l .

Proof . Define e: XxY---+ K, as c(xry) =
{1,

if y = g(1)
(0, ify+e(x)

r
Tben,

)"(r,y)
5.r(*,dy) =

6.f(x,g(x)), t e0(m)(x,0),1e0(n)(Jr,y)
Y

hence,

and

(x,y) 5"f (x,dv)5"
Y

f,to

1n
x

dist(

= lnf 5"f(x,g(x) );

g) =
-1og tnf

xex
B16

x

E.f (x,B)--
c(-rB, = -1og inf 5.f(x,e(x) ).

x

Foranytoe0(m)(rr,Y),

5oe cf iff sup inf5.f(x,e(x)) = inf6s,f(x,e(x)) t1l
"5xx

iff -1og sup infSof(x,g(x)) = -1og inf 5oof (x,e(x) ) t2)



iff infdist(5of,B)=di.st(5oof,g),

iff 5oes1.

(trre left side of (Z) -fog sup inf6,f(x,s(x))

= iff dist(5'f,g); and the rtght side of (2)

-1og infton f(x,g(x) ) = dist(5oo f,g) )

then we want dist( r'fr1*) as emall

condi.tions, }of may even be equal

Remark. Tne identity 1X in p(m)

1*(x,A) =
{:, I;l

. Note that,

,.8

rnf (-1og inftr.f(x,e(x) )
6x

(5)

(+)

J). ?arameter estlmate.

In this case, X ls the space of parameters and Y = X, g = 1X,

X{'Yr.....I,-..."'
t

as possible, under some

to1r.

!s a random map defined as

the ldentity 1X 1n [1 gives' rise

to 1, h CI(nf),but the converse may not be ture, i.e. 1* 1n 0(m)

ls not neceasary comming from 1* ln IIt(see next remark).

Proposition 2. X, Ye fi, wj.tb 0'-algebra { and I , f : X------+Y

is determinlstie, and a). f is lnJecttve, b). f(n)e6, fo, any

AC.d . Then there is a t : Y---->X in 71a , such that

6of=1xh tLr so 1s 1n 0(m).



Proof. Define g: Y-x, 5(y)
= l*'tXot

'

,o*

{v-r(,r)}, *o.

zo

I\xi =Y

vef(l(). x is a fixed

element in X

is measurable,

if

if

5 is well

si-nce for

-t
5 (a)

A

defined

each !.ed

_ tf(A),-
lr(.q)u

, since f is inJective. 5

and 5"f(x)=x,hence$.f =1*ln)r:t, sois in&m).

Deflniti-on. X is a separable measurable space, if for any

x 6 X, there is a minimal measurable set E* containi-ng x (minimal

in the senge that 1t contains no proper gub measurable set).

Proposition J. X is a separable measurable space, defLne

x-xtiff E*=E*, . Thenxxx/-in0(n).

Proof . Let f : X------+X/,- be tbe quotient map in 7L , where X,/-

wlth <r-algebra d, tred iff fr([)e.d . Define gz x/---+x

Justasaeectionoff,1.e.f.g =1X/*inSet.

For any Aed, c-t(A) ig measurable 1f r1g-'1,c)= (g"f i'(,q)e4.
and

slnce g.f(x)&Xreo Ex=Eg"f(x)
.Thus'x€A iff g'f(x)eA,

1.e . A = gof(e), or (g"ff'(A) = A. This shows that g is

measurable. So f"g = 1X/* is in ,?t , henee ie in P(m).

e.f(xra)={1,
if xeA(slnce g'f(x)eA iff xeA)

L0, otherwise

this j-s g.f = 1x tn 0(m), therefore X x X/* in 0(m).

Remark. X is a separable measurable space, f: X---'-->I is a
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measurable function. If f(Ex)

rn 0(m).

lrppl. x t E_ implies f(x)x

f (Ex) 9 E*,sowe have f (x) r E*.

a minimal measurable set, so

6y
Now, for"Ae{, xeA iff

so f(x,A) ={1'
f(x)eA

to, r(x)\ I

1.e.f =1xin0(m).

= "* for all xeXrthenf='l
X

from the aesumpti-on

Er(*) e E* ' but E* is

Ex.

ff Ef(x)sA iff f(x) eA,

, xeA

, x\A

h:X ------+Y

3 a section

(where

6: Y------+X,

ef(Ex),

Thus,

Er(*) =

ExsA I

_ t1-
1o

Proposition 4. X 1s a separable measurable space,

is a measurable function. If a). ii'(rr(r*))s n*; u).

g of f, sueh that b"g(tr) ie measurable for at:. Itd

f ; X-------rX/-),then there is a measurable function

such that loh = 1" 1n 0(n).

Proof.
t

x=+x/-

I e.,'
L"

blrr. ?=h.g
I

Let ?= h.g, then h = P.f and I is injective, since a).

f'rom proposltlon 2, there is 5t: I-----+X/n , sucb that Er"? = ,*/_

Define S= gnSt, then 5.h - go6'"?.f = g"(6,"F).f =
A"(1X/),f

=g.f=lX.
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1,1p1:

, where te [0r{,

Cr

>/ inf (-Ioe s)
rse L0,1J rsh'e 0(rr)(x ,Y)
h.,"f=shro f+( 1-s)hr

4). Optimal declston rules under the metric crlterion.

Proposition 5.

dist(-"f,s):0(m)(o,Y)--+[o,oo1 x

ig a Llp 1 functlon, hence is

a continuous functi-on.

Proof . Flrst, -.f : CI0A)(Q,r)-- fim) (x,r) j-s

Let h.,in.rinre P(m)(nrv), and h., = th, + (t-t)hl

then h.,of =tbr.f +(l-t)bff ,

and aist(h,,or)
lr.i6i,J;lilbl*lro,yl

h',=tbr+( 1-t)h,

f
------t-
\,\,/o\ ,x6\/ vr

Y

= dlst(h.,"frh2"f).

seeondly, ge 0(m)(x,Y),then dist(- rdt P(n) (x,Y)------>[o,oo]

isaliplfunction:

Because, l)= ( [Or-], Z ) ls a closed categor]r so

dlst(g1,gr) + dlst( E2,c) ) dist(s.,,s)

di.st(g.,,82) v [aist(s,s), dist(s1 ,e)I

where 8t,Bze fifn)(x,f), [-r-] ls the Hom ln / . Note that,

dist(-rg) is a contravariant representable lJ-funetor from

1,I-categorv 0(m) (x,Y) to V .

Nov, dist(-"frB) is the eomposition of two lip 1 functions,

so it ls a trlplfunctj-on, hence a continuous functloa.

Corollary. If 00?t)(O,y) ts countably compact, then there ls a

best decision rule g*, such that dist(5*.frg) = inf dj-st(5,frg).
5



!e. Stoctrastic processes, Stoebastic transformations and

Stochastie dynamics

A stochastlc process is a sequenee

on the accumulated state spaces, pn:

where XU is the state space at stage

the followlng dlagram ls commutative

1.12

of probabllity dlstributlons

, *Jr* r !l= 1r2,...,

k, pnrB are eompatible, i.e.

for each n,

1P'tl,

where \n,ls the proJection.

Remark. Most often, the definltlon of a stochastic procesg

is glven as a gequence of real valued measurable functions

(random variables) ffr.rJn=t,Zs...,
then the joint distribution

F, of f1rfzr...rfn gives a probabllity Cistribution on Rn,

where R is the rea1s, the diagram

1'
t __'!tJ_______--*pn+1

>=-
I',",n \Rn

is commutative for each n.

Tbis definition could be generalized as follows:

Deflnition 1. A stochastic process conslste of state spaees

Xrr, n=1 ,2r..., X. contai-ns accumulated states until stage n;

nx.
rrmK
I
Ir,,,
{,

]tx.
x{nK
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recall of hietory hn: ID;T-) Xo, hr, 1s deterznl-nietle' 1.e . lt

ls a measurable functlon; and a Eequence of probablllty measures

pn: 1#Xn, such that for each n, the dlagram

a subspace of the product space ln the

the restrlcted proJeetlon T(n)are

14\*r

\I

\t,,\1"" -x
n

is commutative.

Example. Taking Xn as

prevlous caser euch that

co:npatible with X. Is.

Ivloregenerallyr we have

Defi,nition 2. The category of stochastic transformations e}ri\,

obJect I 1s a aequence of neagurable epaces Xrr, r=1r2r...,

togetber vlth reca11 of historl bn:
\;7+

Xn In 7rL' ve denote

b- h_
(xr--l- xz-...

*
xnArrr*f- ... ) by (x,rr);

urorphtsm I : (X,fi).- (Y,g) ls Just a natural tranefomatlon

from (Xrb) to (Y,e), 1.e . for eacb n, ?n: In*Yn 1s 1n ftnt)'

and the Bquare
@

xn+1----.-----]LYn+t

ltlh. ls"
Jtpt,
^n

-'n
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le commutative.

Then, a etochagtic process

f,*r
lhln
J
X,,

n= '1
r2r..., ls Juet a etochastlc transformatlom p from one

poirrt apace 1 to (X,b); and any Vz (X,tr)--+(y,g) y111

transforn a etochast5.c proceea p on (Xrir) to a stochaetie

process ?.p on (Y,g), (?.r)o = ?.,.po: 1<*yrr.

Remark. a). fae above definltion of etochaetic procees pLaces

empbasls on tbe resuLts of dynamlee (motions). ff ye take

Prr:1-+Io as a point 1n 0(\)(the probablllty meaeurea on Xo)

then a etochaetlc process p ia Juet a patb, 1n space (XrU).

b). Ihe set P(nfi (Xry) of stochastic transforrnationrr betwsen

(Irh,) and (Yre) ig a,eonvex set, so it 1s a generalized metric

space. rf ? ,V e&fit)(x,v), then

dlst(p,P) =

Prlt
,

\PE -\

lnf (-1og to)

= toe[o,1l ,3V'rre0(m)(xo,rr,)

Prr=to?rr+(t-trr)Pd

dlst (fo,prr)

thua, diet(P,?r) 7 eup dlet(?rr,Prr).

gtetO,1J ,3l+'tp(rn"ti(x,Y;

Q=tV+(t-t)P'



Note tbat, a aequence of random mapelje P(rd(xn,YD) r D = 1r?r"'

1e not necesearlly eompetlble wltb reca11 of hletory h and gt

t.g . the aquare
rr,*t& yrr*t

tl
bnl

ls"
t+:Y

nn

may uot be commutative,
"o{Vi}o=r,2r...

le not neceasarily

comlng from a stochaetic traneformatlon.

Ilrereleslothervaytoaaalgaadletancebetyeentvo

eto cbaetlc traneforratlone A rprfirl$(r ry),

di"(%il =E+ dlat(p,r,?o), thie 1s a generallzed metrlc,
n=t L

sl-nce dlet 1g.

1.15

1g to enpbaalre

lor tbe dlttlrctlon,

of a aequence

aad a aequence

Another vay to a::aIyee a stocbastle process

the dyaaulce 1tae1f, ratber thau 1ts results'

ve call lt atocbagtlc dYoamlcs.

Deflnltlon 5. A stochastlc d5mamlcs conelete

of etate gpaees Ior n = Or1r...r vbere Xo = 1;

of dynanlca(Iav of uotlon ) lrr:XIf
Xn+1 '

Ye can treneform dYaarnlce {qrJ

of probabllltY roeasuree on cacb

tnto tbelr reEulter a Eequence

product BPece' ae follove:

... , r--&rl*-L5* , ...

a\./t'{torr,oo)
J.xx

.,
d'ino.

,., ,r T2,xrxr2 r

uNr,/.'tr'et)



,.16

6rr, o = 1,21 o.. Br€ eompatlble vlth proJectlons r,rl ,Jffi.*{.Xo

Note tbat, lf we only hrow the resulte of a sequence of

dynamlcs, 1.e . a aequence of probablllty measures on product

spaces, generally ,r" corlJ not recover the d5mamics, even wrren

we can reconstruct it as 1n tne following propositlon, the

choice of the dynamics is not unique.

Proposltlon 1. I, Y are fiulte gets , p: 1#X, e: 1-----*----+Y

are tvo probablllty measures and f : X+Y ls a surJective

determini.stic map witn the propertv fcp = q. Then there is

randorn map Y z Y
--+

X,suchthatgcq=pandf.? =1y.

Proof . Define P: Y--r+ 1,

1re(v)+o,

9(v,x)
= F( {x}nt-'(y)) - p( {x}nr-'(y))

p(f '(y)) q(Y)

1f x e f-r(y)

1f xq r-r(r)

-t
r '(y),

.p(x)
=
lArv-I
t0,

lf q(y) = O, pick any xye

=Xv

try

We have to check,

a) . ?e0(m) (Y,x) :

for q(y) = O, ?(y,-) 1s a probablllty measure

concentrated on ry ;

p( txlnf-'(y))

.1 . x

P(v,x) =
)!0; x

for q(y) t o, :, ?(y,x)
xeX

on I vblch 1s

-a p(u{x}nr-r(y))
q(y) r€xrtX q(v)
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= 1p(1't(r))=q(Y)=1,

q(v) q(v)

tbus, 9t0(m) (Y,x) .

b). ?.q=p:

Ietlo=trIq(y)=oJ,

then
?.q(x)

=
=-,9(y,x)q(y)

= I ?(y,x)q(y)
+

YtY B-
= P(y,x)q(y)
Y\B o

= E P(v,x)q(v)
= = P(1*\-ni'(v))n(r)

y\Bo y\Bo q(y)

= z. p({xlnr-'(y))= p({x)nuf-r(y))=p(r)
Y\3o hBo

the last equallty holde, because q(y) = f.p(y) =.2*f(x,Y)p(x) =

= :Jl(x), bence q(y) = 0 lmples P(x) = 0 for any xe t-'(y).
x6rig)

Slnce f ls eurJective, ,* f.t(y),some y eY. If ye Bo, tben p(x) =0,

and p({xJnf,$-'tv)) <p(x) = 0, so p({x}n%i'(y))
:
o = p(x);

rr y\Bor tben trin
H":'(v)

=
{xlr and p({xln;r'tr)) = p(x).

=t6y,x)
=z p(tx].nf-'(v)) = 1 .p(r-'(y,)^f-r(y))

rrf.l,) 'rri$ q(y) e(y)

=JlrY=Yr
to,v+y'

c). fog = 1y:

f.p(yry') =>f(x,y')9(y,x)
=
9(y,f-'(v'))

= Z fly,x)xrx reri$

lf q(y)=0, E9(v,*1 =11r
Y=Yr

;-
xe,.ijl t0, ytyl

lfq(y)+o,

tberefore f'? = 'l
y.

Deflnltlon 4. If (Xrq), (Yrp) are two gtochastlc dynamlcs as
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in deftnition J, a morphism f : (X,q)--* (y,p) consj.sts of

a Bequence of ran(om mals fO..XO--++ Yn , sucYr tb,at tbe square

-rl"xkgxn+1
rl

t P^to I
r,,*r

+D+

l'#r.#rn+r

le eommutatlve for each n. If g: (yrp)
---.>

(Zrp' ) 1s another

morphism, slnce tbe tensor fn 0(m) ls a blfunctor, so g.f wj.th

(g'f )n = Brrofn ts a morphlsm from (xrq) to (z,p'). t{e denote

this category as S.,.

Deflnition 5. A Markov dynamlcs (process) is a stochastic

dynamics in whlch what will hapen does not depend on the hlstory,
'.".9n: Xn*Xn+1 r !1= 1r2r..., where Xo = 1. We define

a norphism between two Markov dynamics similarly,

g: (X rq)
-------+(Yrp) consists of a sequence of random maps

e;: Xo,-t---+Yrr,such that the fol1ow1ng Bquare

q-

Don

pn

n

is commutative, 1.e . gn+1. en 8.r,rn=Or'l,... . Ye denote

this category as M.,.

Note that, the usuar definition of Markov process is as above,

but not as a sequence of probability measures on each state space

Xn+1

I

f%+r
J
Yn+'l

x

l"

I
Y

trn.
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Definition 6. Define a functor F.,: S.,-+Mr. For each object

(xrq) in s.,, 1et F1 (xrq) be with state spaces 11 X1 r xlXx2r... r

*Tnxk,...,
and ciynamics,,*n"*,0r.,):f,nxt-*I#t.

ro" each morpirism

f: (x,q)----(y,p) in s.,,
J_x"

(1J.x,.rq")rJlk

riefinF1(f):F1(x,e)+ n.,(Y,n)

*"

l*_ - -i) l--
i @f,- l@f.

by F1(r)n =
*9".n' *T"*u-XJn

.

J*;'ikEjd.r,_['^

Also define a functor G.,: Ml- S.,. For each obiect (X,q) 1n t'11,

Iet G, (Xrq) be with state spaces 1 , x1,...,x., ..., and dynamles

enoTnt.SXtf In+1 . tr'oreach morphism g: (X,q) --> (Y,p) in M1,

l,et G.,(B)r.,= Bnr for eacrr n.

q-
X -----*ll )X"n

'
'.'n+1

tltq' t%*r
{pI
y

---l!----+
y-n -n+1

fhen the square (1)

bifunctor, this shows

r.x=
tro,|u& |n*r*"1*
(2) I I

t9Ft l% J%*r
{rr-lrP-U

'rY. "D .Y
'.n

,Y-lrnK n n+-l

is commutative, because tne tensor in p(72) iS a

tliat F.,(f) is a morphism in M.,. The square (2)

is commutati-ve, because
Sn*n,

'lrnrk=1 ,... rn) is a weak product in

0(m), hence the rectangle on tne rignt in above diagram is commutative,

this shows trrat G.,(e) is a morpni-sm in S.,. Ihus, !'1and G1 are

functors.

One of the difficulittes aere is that we can not develop any

furtner relation between F.,and G.t.

\r{eYrave more genera\ dellnit,ion of s\ochastic dynamlcs.



Definition 7.

ir,P(nt' , where

satisflea bn" g'

n = 1r2r...

A stochastic

(xrqrh) = (1

=1x,wbere
n

1'20

Jynamies is an object 1= (X,q,h)

A'",-
...1Fxr=ffxn*f+.. .)

Xn = X(n) and h. Le determlnlsttc,

One example here ls to take X. as a gubspace of the product

Bpace(accunulated state Bpaee untll stage ,, nnXk as 1n deflnltion

5) and hrr ls the corresponding proJeetlon, for each n, euch tbat

hrrrs are compatible uith Xrrrs.

A morphism f : (Xrq,h) ------+(trprg) conslsts of a eequence

of random maps frr: X+Yrrr euch tbat ln the fo11ovlng diagram

h
rDr-
ln ______-

+
rn+t

lq"lifl€
i'n I ^n+1
JsJ
v-"II .r
'D ___<_--_________ -n=.i

Prr.fr, = fn+1. Qn , fn" hn = 8n'fn+1 . i{e denote thls category

as Sr.

The definition of the category of Markov dynamlcs is tne same

as in Def inition 5, we denote it here as lt1r.

Deflnltion 8. Deflne Fr: S^-------+!1, as tbe forsetful fuactor,

i.e. to forget the recall of history.

(r,q) ? t42t (xrq) = (t ?o ,x1.-
-..-+.. .-*-rvJa*\r*t*...)

deflne Qrz l4r€52 , uy Gz(x,q)o = 1,
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Gr(r,q)o=Ttx,-
X,Tt=cr(x,e)rr*1

,n=1,21...ttn K (lJ"xtrarr.rrr)

If f : (xrq) -----*(Yrp) ls ln M2 , a reasonable vay to define

oz(f): Gr(x,q.) -or(Y,n) le as folLows:. Gz(t), =
Pnto

for each n.

;g;*

(1I"X"q"'ttJ
-**

tll@r. lS"1_
I'o"' I.!T
y, _______-_ ___+ Ty,_xrnK

(1r,,p;no)o-f

vould fike that lo"
"oor"

Equare commutes. As n=1 , the above aquareWe

1s
ox, 1-oq,

Tr

-xrlxr

# x{xz

|',

(I)

fr,rr,

(z)

|r,.r,
Yr

qY,xY, Tffi''^t,

x

I

I
Y

(t*,,e.,)
1
---+--------)

ft

1
-(rqET

x1* 12

t_

f r,er,
T

Y',xY,

the square (2) ls commutative, becauee @ ls a bifunctor and

f..e1 = p1of1; but (1) uay not be commutative i:l0(r?), because

A Is not natural fn 0(m).

a ls not naturar and
S.xg,

1r*r k=1 ,... rn) le not tbe product

but only a veak product of Xnrs 1n P0n), these are tbe reasons

th,at ve coul-d not shoy tbat G, is a functor and develop any

further relatlon between l.tand G.,.

There are tvo ways to overcome tb.ese dlfflcultiesr one ls to
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ffshrink'r SZ, M2 by taklng only determlnistic maps as ,lynamics

and mo::phisms between stocnastic dynamicsl another way is to

enlarge S, and Mr.

I,et So, Mo be correspondlng deterministj-c subcategories(1.e .

dynamics and morphlsms conslst only deterministic maps) of

SZrfrZi ForGo be the corresponding restrictions of FZrGZ on SorMo.

Theorem. F^ 1s left adJoint to G^.o-u

Proof . tet (x,q,n) = (1---{+xts... -x"+xr*rt=F...)e so.

Def ine 7*: (x,q,tr)------rGotro(X,e,h) by

xr,*r&*T.#r
I

Io. l*",
J (7r)r,

,*.xr, 'x.nK

(?x)n = (b.r.....hn-1,...,hn_.1 ,1x.r)

(7x)n' hr, = (hr" ...obrr-,r...rhn-1 r1rrr)"h'

= (h.,"... ho_.,"hn, ...rbn-.tobnrhn)

=
Ir',(bf"'otrr,

"'
rhrr-lohnrbnr'*r.r*.,)= 1r(";(7x)n+1

this shows tb,at 0* is a morpblem in So.

If f : (Xrq,h) --------*(yrp,g) ts a morphism in So, i.e.

fn+1oen = pr.f. and frr.br,= go"fn+l , n = 011 ,... (eee tbe diagram

ln p.f.Z0). lnen ln the followlng dlagram
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T"&--1"*,.

l'" I*ro

l"
(2')o

"'l n

(zy)n. fr, = (g1c ....er-t r... rBn-t rrro).tn

= (81. ...
Qr-1'for... rAn-t. frrrfo)

and

'TJ*"("'"
= ;;:r,. :...;-;:.

'",:;"-,:1",

but 81' "'"8n-1"
*

:
:], ...'":rl:::.".-,

- f',ohr" ".oho-,

(uee fno h, = Bo. fr,r,)

8r,-1'fr, = fn-1" ha-1

thus, (7y)rr.fo =
*Tnft"(?X)D,

for all u This shows that ? is natural

as the uni-t of Fo and Go.

If (Y,p) e lto and ?: (xrq,h) ------+Go(Y,p) is a morphlem

ln So, i.e. for eacb a, Prrt Xn-nnYk ls a measurable function

anri in the following sequence of squares

T'
I"-l

' o..'
l?n I ?n+t, ...
t (tr.rrpjo.)l

TY,-Z-..._%TY,-rtaK' Tfnl tseta

?1 .9o = Po, ..., ?o*10 Qr, = (
1qy,-rPo'Trr)'?n,

?oo hr, = {r'>Fn+1,

for n = 1r2r...
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Define f : Fo(xrQrh)*(Yrp), by

?o = *rr'fo : xo--+Xlfr-Yr. ,

then Fo*1. Qn = Tn+1oPn+1o Qn = Tn+1o (lrnyOrPn.rr)'P,

= Tn+1" (?nrpriTnoFrr) = Frro'lt'rropr,= po.?r,

thus Ff""morpbismhMo.

Note that, if 1et n[ :,-[frYi+Yn r n( o, be the proJectlon,

then ?n'hO.hn*1. ....bn-l = nf;"(kk.hk)n....ho-,

= n['v*"?*+1 ohk+1o
...ohn-1

= nf*,o Fk+1ohk+1 ....hn-l

= 'rTf;+l"Trt*tf pt* 26 ....hn-1

= Til.P,

c1aim. (co-?).?x - v

(coF)n. (7x)n =
|.f,?no(b1.

...ohn-1,...rhrr-1,1xo)

(@.,"rr.,... .ohrr-.1,...rFn-Io hn-1 rFo)

1nf,Prr,...fil-r"?rr,nf;.rrrr)

?n.

p is unique: if ?t: Fo(xrq,h)

-+(Yrp)

is another morphism

such that Gog'.?a = ? , Then for any n,

9n = (co?')rr'(?"), =-[.9[o (h.,,...n]rrr-1,...rho-1 ,11n)



- (?i"h.,'..."bn_1'...'?l-1"bn-t'?i

sor ,riPr, =?i-, , but Tl'rr.?r,= Qn . fhus, P),
= Qn .

Thle completee the proof of the theorem.

Remark. tret ujh be the category

7 )tr,

n-1 ,m"
hn,n-1'da*l' n\< m

m-lrm
hnrm-l

'hrr*i'
n>m

m,
m.

the

.nf.

1).

o+-* ,jt'- 2:... ,-*
" l:'o.-L n+1

;-+
.'.

=E; Tt-
-

(--
{*t,r,

such that bn+1
,no

dnrn+'l = 1r, '

\{dor'
hno,dlur'hn1' ...'d

Note, r<rh(n,m)=1-
'ldor' hno,dlm hn1,' ",d

and crrlr(nrm) has 1
n+1 elements ' forn<

Im+1e]ements , for n>

I,et ,J be the category

o "01 , 1 "12 ,z-_--___+...+n
€n.n+lrn+1

_--_-+...

)7iis the category of measurable spaces and measurable functions.

let z#hte the category of funetors from rrlhto )zt, ,Pt"

category of functors from ,J to lzt. Tben So.Trfh and Mo

((X,q,h) e So needg Xo = 1; similarl-y (Y,p) t Mo , Yo =

fbe lnclusion functot Lz uJ'-------+.rh lnd.uees the forgetful

funetor yrril---rf , t has the right Kan extension G: tf*nth,

whlcb is the Tigbt adJoint of F. Ihe restrietions of F and G

onSoandMoareJustFoandGo.

1 also b.as tbe l-eft Kan extension G, since I/t is also cocomplete.
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Xeff, for each n, (GX)r, 1s tbe co1lmlt of tflll j*
, a-rm,

vbere P 1s tbe proJectlon, P sends k-.--m fa (lln) to k +gl,
\r,/

f... (Ex)r, 1s the collmit of X actlng on the following d.lagram

. d.,..

-1,.3(h*,,.),/
1","

/,/

l"-,.r'3u.*;1,",*,)136".riL,-,)
-=

...(

d,r/

,1,

4^3'd,..L,-

e.,,/

J." -! ... 1.9 d. .'l''--

vhere

d",".,

-

a,n'irrt----, d,q.n*rrr.-,, -..

--+
4n h..iaEL oL".h.,,

-)

...

DeenEt

do,t
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On the other hand, ye could extend P(m) to C .

lemma. fhere le a faithful functor c( : 0@)

-

X.

Proof. For Xt P(m), define o((X) =
0(X) tne probability measures

on X. If f : X---++Y j-s a random map, define o((t): P(X)
-+P(y)

by p F-+ f"p, pe flX). then a(f) fs afflne ltnear, because

for p,qe0(x), te[or1J ,

c((f)(tp + (r-t)q) - f.(tp + (1-t)q) = tf.p + (1-t)f.q

= t((f)(p)+(1-t)c((f)(q).

otlsfalthful: lf fandgaretworandommapsfromXtoY,f +C

i.e. there exlsts xe X ald Be6, such that f(x,B)
*
e(x,B). ],et

5* be the probablllty measure on X which is concentrated on x,

then d(f)(5*)(r) = f.5x(B) = f(x,3) + s(x,B)
= g.5"(E) = o<(g)(5xXB),

1.e . c*(r) +
"((e).

Definition 9.

d" i" the extended category of etocbastic dynamics,

Cd 1= the extended category of Markov dynamics,

I is the extended category of stationary ltarkov dynaml-cs, where

C,?= Cil , N is the addltive monold of natural numbers {0rt,...1.

Remark. a). From Definitlon 7, a stochastic dynamics is

'
h1t

"
h,

wlth brr.qr, = ,r,,, , =

ueing the above lemma,

1r2r,.. ,

we get an obJect (0(xo),6n,Ln) :-r,d^,
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.l^ q.

ln

wtth L.,.dn =
btXJ r D = 1r2r...

b).In the above deflnltions, we made etochastlc dSmamics C'/"

and Markov dynamlce Cdnor" general, namely instead of an

inltial probabllity measure, ye use el initial random map.

fheorem 2. I'lreLncluslon functor K: rdi-+arA inducec the

forgetful'functor F: Cdt.-..-.-._+ C'. K has the rigbt Kan extension

G: Cd*CL, wnicu sends

(arf; = t,lo-J$A.,
f'l2. Az.......-...----rAo

ft''*1,An+1- ...)
in c-

to G(A, r) = (A"gg AoxA,,t}jt'31r;i. ..
-***E4l^Tlr

<--...
;

u-llr-
inC. . So, G ls the rlgbt adjoint of F. K also has tbe left

ad Jolnt E.

Proof . For eaclr ner^r[,(nlf) conslste of strlnge of fol].oulng

types:

nnn

n""l*-__. '.fX\ ',^l\=*- _ .
0-'l

-2
.5--->... i 1.+2*5-. ..i ; n-n+1....*n+2+...

dor d,, drr d,a das dn,r*t drr,,r".

each triangle is commutative. Note tnat , for m>n, the stri.ng
n

,^,rffi

+2 _+...

ls just a part of the last one 1n the above'

d',,, d",t.,
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A e (L'r,n€d r the right Kan extenslon (Gl,), ie the limlt of

OA
(nlf )

'n ' trJ--_C , where % 1" the forgetful functor.

Since for eaeh n, there are n+1 dlfferent types of strlngs

1n (nlK), therefore !!m A% =
[nAk

wi.th the proJeetions

TrA.x:nl(
l-\4.z
l'-\\r.t l:..\\2-J 3\\

A-*A.+A.+. .. i
o4do,lAJ,,z

if BisanobJect inC.r sucbthatfor

]TA,.
k{n,I

L\-Jv
- l'e-̂<,rn13.\ \.
Iri\ \

i ArrjAr,*l-- An+z- "'

Adn,mr Adrnrr,

eachstring gsn,

Ad","*1" z! = zi, Ad"*t
,"*2"

zi = 2i,... . peflne

z = (z:r.lr...rz:): B.*-TnAr. ,
then 1r"o1 = gs , for s{ n.

,,tsotl rr*1 r r = 0r1,2r..., Indusg maps
hn+1

,n

The morphisms

(GA)n = lln rq

I'lreleft Kan extenslon

constructed in a similar

(
lr,,oo,

Adr,rr*1'Trr)

(GA)n+1 =
+im AQrr+1

inclusion functor K ls

Iheorem 1.

Tf(n)
Gofthe

way as ln

Deflni-tion 10. Deflne
t

afunctorx:d
-+N

= O,by\(n) = *,

N and A(dr,,r,*1) = t, for all n.
*

is the only obJect 1n
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A lnduces an inclusion functor t z E , L0, forXeC3,

(rx)n = x(*) and (tx)(dn,r,*1) = x(t).

Theorem ]. Ihe incluslon functor ],:d.-
-- Cd has right adJoint

G and left adjoint G, namely the right and left Kan ertensions

of A: rrf
---+.?t,

such tnat for 3ecd, gB = iBoxrun , Gr = i.3o

Proof. The eomma category (*l\) conslsts of strlngs 1lke

follows:

.**

,l\x(;)*xir)]...;
tt

.,1\-.rqI t\\*
\\

x(t)-{z)1...;
tt

*

I\L
i"lit'.\t
,\\

r(n)-Xn+r)1r...;

t\\
-l\\ ..
'l r\ -'!.
*\\

X(O)--+,r'(1)*!...; i

'r
t\\
l\\ -r+lt'\ \-
.,\\

,r(n)
-.r(n+r

)]...;
tt

*.1N.- ..

^rL)--
i,r*\...,

tt

i\.*,+' \-r
(1)

-.r(2)-itt

*

t\\
t*
| .\-..- 1*-.
,\\

; (1)--,x(z)-I ...;

*

I\\
,* I .o,.\ -th'L\
,\\

; (n)
-\(n+1)

-1. ..;

But each etring of the tlrpe

is either as a Part of toe string

--J\\

r(n)iA(n*, )i...
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or as a part of the string

, for n<k.

So, for each n, there are two different types of strings
-**

andrr\I\-rrn+L
*nlsu\ -1
*\\\

.x(o)-+A(1)--*A(2) ->, ,.

l\-,
-

.rl \ \\t'
rdl+\\
J-\

----:

A(n)--+l(n+1) *,\(n+2).* . ..
tttttt

Therefore, the rlght Kan extenslon of .\ , for Be Od, the

limit of 1*t>.)
Q ,ar -E--C , is

GB = 11m BQ = ?rJErn , for each n, Bo takes care of the first

type of string and B. takes care of the second type of string.

t:*+* induces a morphism g: GB
-----+GB, s3y

, = (Bouo'' Er&82-...---->8,
8n'n+1

,Brr*1..-----...),

Iet b€ GB = frr;?no , b = (boo,bo1,bo2r...;b., rb2r...,bn,...)

wherebokeBo,k=o11,2r...ibieBi,j_z1,

then e(b)
= (bo1 ,bo2,boJ,... iBol (boo),e.,r(t,,),...,qr._1

,r,(brr_1),...
).

For the

(\l{) cons

I(o) x(o

rdI *l
.l, i,
*r*

left Kan

ists of
!

)--,r(t)

//;)
,1

extension G: Dd---* CQ , th" comma category

f ini-te length strings:

^(O)
l-x(1) l-\(2)

rl
Z---r-



a2^
)t)a

rf Becl

then GB

gkrk*1:

tttt

s,- 8o1 - 812 - - gn.n+1 - \E = (Eo+3,+9r+....'3n r:trr')Er*1-...),

=.T.% , and E r.Fpr. -*IFn t" lnduced by

Bk-Bk+1 , k =Ot1,2r...
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!1. Deconpositi,on of Stochastic Iransformations.

In Fieller's paper [5], the cAtegorJ' of stochastic transforna_

tj.ons consists of only those Xrs, euch that Xr, = Xn , Xo is a

flnlte set, n = 1,2,... and the recall of history 1s Just tbe

proJecti-on. For each such x, 1et A(xo) be the free assoclative

R-algebra generated by Xo, where R ls the rea1s, then there

1s a A(xoxYo)-module etructure associated with every stochastic

transformation p fron x to y. He applles the decomposltlon

tb.eorems of modules to etocbastic transformations.

Here, we discuss the decomposltion problem of stochstic

transformations in a direct vay and also la a larger categoty.

Definiti-on 1. s r 1s a full eub categorv of the category of

stochastlc transformations leri: with obJecte X, euch that

X' are flnite eete and hn: Xn+1- Xn are eurJective, n = 0 11 ,...j

s't 1e a fuI1 sub category of s' , Buch that X is an obJect ln s,,

then Xr, = X:*l xo is a finite set and hn: X:t?---------)Xf,+1arejust

the proJectlonsrn = 0r1r...

Notations. 1) . To.t ls the pro jectlon ,
[]xo----],, o

.

2). ?: X+Y ie a etochaetlc transformation, then use

?k to denote the k-th component of P, P1 : X*++yO .

lemma 1. ? : X-+Y 1e a random map, X and y are f1n1te eets.

Then there exist tt) O, *.t. = 1 and determlnistic maper i.lr

?1 : X--------;Y,i = 1r2r...rn , euch that
?=htipi.

Proof . l,et t., =
*?,li.*(t,y)

r Bay tt =
?(r.,,y.,). Deflne ?1: x----y

asfollows: if x=*1 ,?1(x., )=lrt;
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j.f x\ xl, t (x) =yx,for someyxey, suchthat{.a(x,v*)1O.

We could vj.ew ?1 ,s a random map in the following way-

?,(*,v)=t;:
I-;"}i=ll

x=*1 orY=Yx'irxtx, '

Def ine
?fl),

x ---r---+Y,

tr\ I

?"'(*,y) =l;t(?(x,v)
-

tlLpt(x,y)).

If Q(.x,y)+Otoenp(x,y;>,t., and,, ?t(x,y)<t;

tnis inplies ?.,(x,y) = 0, so ?t1)(*,y)> O in both

*,, Fnr\,y)
-

,.,iv?,(*,y)) =
-t(r-t .,)

= t, so
/,,(*,y)-. 1,

t.".
/"e0(m)(x,Y)

anrl it is easy to see that V= tfpt
*

1r-tr)f1)

Repeating sane procedure to pll),
*"

g"t ?(1)
= .zez

*
(r-"r)tP),

where V2 i" cleterministic, and tl= tl ?t
*

(1-t1)( rZe Z
*

(l-.)@) ),

let t, = (1-t1)s. then V= t1? 1
*

t2ez
*

(1-tft)Y?). Repeating

the same procedure to q(2) r... , since x, y are finite, eventually

we get?=*ai?i, where ?r, i='l r...,n, aredeterministic.

Eslng-f!=-a). tbis decomposi-tion of V is far from unique.

U). tet yX be tne set of arbitrary maps from X to y. Since X,y

are finite discrete spacesr any map from x to y is a. measurable

functionrl.e . it could be viewed. as a random map, hence tnere

is an inclusion YX-----+0(m)(X,Y). I'or any set V, 0(m)(1,V) is

the free eonvex set generated by y, specially P(m)(1,yx) is tne

free eonvex set generated, by yX, so there is a unique afline

it
?(x,Y)

= o,

cases.;*C't,,,y) =



linear map , P(m) (t ,rx; --+ p@Xx,y) . temma

1e surJecti-ve.

lemma 2. IrY, n and m are finlte sets,

are eurJective determiniettc maps. If the

x
-j
-' y

lrlr le
Lv,l.n ----r4-----+m

1s commutative, then p ls determinietic

etlc.

Proof. Slnce f: X-------+nls eurjective,

j-nverse b: n---->X of f, i.e. foh = 1.,.

tnen p = p.f.h - g.g .h is deterministic.
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1 saye that this map

f : I .+Dr 8l Y--------+m

square

lmplies 'U, Ls determini-

so there is a right

If ? is deterministi.c,

1

1

€ ...

1

-

...

fov
o
II
Ito
J

----------)Yo
8o

?1 are random maps, k

determlnistie maps, k

9t_r. ft-t = gr-ilrt .

s
a way, Pt =

F,tr?tf

k = 0r1r...rn and

= 0r1;...,ni fy, g1 are surJective

=Orl,. ..rn-1 , guch that

fhen, vs can deeomposite {rO,e ln sucb

, ti7 o,
*,a,

= 1, Pki are determi.nletic,

?o-,rr'ft-r = 8k-1'?kt , for I = 1r".rs.



Proof . Denote f[ = ff....ofm-.I , C[=

for 0sk<m-1<n-1.

Pk-1.fk-1 = Bk-1o?k , k = 1r...rn,

1.e. for any xke Xk, yk_l o Yk_.t ,

Po_ .,(r*_.,(xn),yk-1 )

= ?k-1'fk-1(xp,v1-1 ) = gk-10 ?1(xo,Y1-1)

= Po(x*,Bu-l'(vu-.,) )
.

Let t., =.mi.n ?r.,(*r,yn),
FE(r.,Yn)to

Define ?o1: Xo.----+Yo ,

if xo = rf,(xf,), Po1(xo)

if xo r fl(*!) , Po1 (xo)

say t1 =
?n(*1,rfl).

?o(xo,Y*

to,
%(xo,Po1(xo))

+ o.

Define Ftt, Xt._.---+Y.l '

flr Or
go\yn /;

y-- , for soney-6Y,suchtnat
^o ^o

)too

n/ Or= 81l.Yr.,/;

=,r1rwhereY*1e

g1-.....8_ ntI lll-|

lo

i(---------.-------+

lj'l.
I"k-1
{.
X. -=---t----+R-l tnrk- 1

Y.

l"

juo-
,'

Yt-t

if *r = fl(*l), ?1.,(x.,)

if x1 t r!(*!), P.,.,(x,)

such

*",q.,(ro(xr))),

that P.,(*.,,yx1) + 0.

(suctr yr1 exists, because 9r(x.,,*-itPor(ro(x1))))

= LPo(fo(x1),?ot(fo(x1)) + o), So P.,(x1,?.,.,(*.,))+ 0.



1f xk = fil(r:) , ?u.,(xu) =
cil(y:)

if' xk + fil(x;), ?nl (xn) = ,*u ,

Assrme we have def ined ?U_,,t: X*_T_r yk_1, sucn that

?t-r(*k-.1 ,L_1,.i(xk_1)) + o, where *k_.1 . xt_t .

Now def ine ?n.,: XU-----+yp ,

t

where

such that ?o(*u,v*.
K

(such yxk exists , because

Pu{xu,*il-, (Pn-1 ,.1
(fk_t (xo) ) )) = Pr_1(rk_. , (xn) , ?u_, ,r

(rr_r (xn)))

+ o.)

so, ?*(*k, Pkj(xu)) + o.

For each k = 1r... rn,

8k-1" ?kr (xn) = sk-r (vxk)

i.e. s. .otP., -A.ok-l 'k1 ,k-1 ,1

Derine ?? =
+I(?n-t1pk1),

k=0,1,...,n.

For xkt xk r y;r yn , 1et x, e {r})-r(xu), then

P1(x1,vn)
=
Frr(*rr,(e[f'(ru)) 7 Prr(xr,ryr.,)ranr yne (s[)-'{ru),

if ?t(xt,yt) t O, then we coul-rlpick yrre (s[)-t(vn), such that

P.,(*rr,rr.,)1 o, so ?n(xn,vn) >,Vn(xn,yrr) 7 t1 ;

if ?t(xt,yk) = 0, then Po.,(xn) t yk, t.".
Ptt(xn,yn)

= o.

'*n*
*-,i-',(?k-t(Ip-',(*n) ))

)+o.

x,-eX,- ,

(h=? n-1 ,1
(fk-, (xu) )

rt-I

a
.- k1
.tr,--------------+Y.

l*- I*

| 'x-r lck-r
.rI
Y+v
"k-1,^ 'k-1

Yx-L,L
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Therefore,
{(*n,yk)

=
,},,,tn,,.6,r1)

- tt?yt (xn,ro)) ) 0, for

all xUeX* yUeYn.

also r9ll)(x. .v.
1

s".y*

*'
*'-

*)
=

l-rr (rTfn(*n,Yp) - t,i-f-n, (xn,vo) )

=

=+(t-t.)
=t.

'-"1 I

rhus, ?{})e0tzLl(xo,rn) and ?n = tr?n
1
+ (t-t1lff .

ck,?? = ??-t'fr. , sj-nce Ek,Qk = ?k-1'fk and Bn.P1, = ?k-1
,1.

fk

Repeat the same procedure to
{??}r=0,..., . , if p,l is not

deterministie( from f,emma ,, ?tl' is deterrninistie implies that

,pE is deterrninistic, k<n), we could get ?O, deterministic,

I,et t, = (1-t1)sr, then YX = tl?yl
*

|Z?UZ

then repeat the same proceaure top(fl)|,

f inite, after fj-nite steps r w€ get f,. = !1
^ i='

determinlstic, i = 1r...r9, k = 0r...rn .

1

1

f- ^ \
\lrlt...r9i

ForO<t <

qrqr on Zr

+ (t-t)q'.

J].eZr Su

-to(,r
i -

-l
^ iLIvr J1-

i-safiniteset,pisa

1,0<os1,andp(Z)>t<

wi-th q(Z) =4, q,(Z) =

h that p(i)Z tc{ , then

, tnere

*tr(z)-t")

define

"z
e (0,1), and

f(fl)e0(m) (xk,Yk) , such that
?(|

= .r?u z
+ (t-.r)(f;

+ (1-t
ft)q?

.

. . Since X,.Y, aren'n

i?ti , ?ri are

Lemna4. I =

Zwithp(z)<1.

exist measures

sucjrtnatp=tq

Proof. 1). 1f

q(i)



q'(J) =
I +(n(i)-t";'

J = 1

L-frr;1, r+i

since p(r) > t{ , so q,(i), o,
.,+,q'(

j) =
t';to(i)-t<)

.
Tl}p(t)

=*(p(z)-tor); and p = tq + (1-t)q'.

Z). if 3ic Z, such that p(i) > (f-t).( , then just interchange

qandq' ln case1).

l). rr for all it z, p(r)< min[tu,(r-tF], slnce
nlt'.

o

s p(i)
ana i7 =

*f,rttl
=

ln(z)r<
r Bo there exists ke z,

sucn that
"(

- !+I ,{P andd-.i+! .p(t+1)
'

i:l t t
*'--

.F,t - -t--

p(r/
-r

o(-

0,

ArHp(i)-t"r)lgl

Define q\r/

,

5p(l).z-1 -,t.t

I

_1-t

(

i<k

i=k+1

i>k+1

)=o(

1.39

I=k+lp(i)-T-

>k+

kh
&-
l=l

*)+

r.A)!

R
z
l=t

i

to(

td

d

)-

I

o ' i<k

I +rp(k+1)-t("r
I

[,{ ,ttl ,

(i)=ipii) *t
FtL

'(i)
=
frr!.rtt

=
A(p(z)l-L

= tq + (t-t)q'.

i)=

s
5q
i=r

s
=O

q'(

Then,

and

r))

+1

p(i)+

*i3.t'r
*( i,r(

r)-tq)
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Iemma 5. XrY,n

are deterministi-e

and the square

and m are finite sets, f : X+ n, g: Y-------+fl1

maps, ?: X .+ Y, 4: D ----$m are ranCom maps
rp

X ----+--Y
tl
Jr Is
Ir----+-----+fi

is commutatlve.

If y= aF.,
*

(t-t)VZ , 0 ( t( 1, then there exist 9,, ?re P(m)(x,y),

such tnat (P= t\ + (1-t)Pe and g"?j- = Vi.f , i = i,Z.

Proof . E.? =V.f and 4= tll + (1-t)VZ mean that for anv

xex, kem, ?(*,g-t(k)) =p(r(x),k)
= tt1(f(x),r) + (1-t)Yz(r(x),r),

We wish to def ine q
j,QZC 0(m) (X,Y), such tirat

Pr(x,*-r (k))
=
?r(r(x),k) , i = 1,2, xe x, ke m.

If s-r(t) -f , define
fr(x,Q)

= 0, since lf(f(x),t) =
?(x,e'(rl)

=Q.

For e-'(t) + q,

lf
?r(rtx),k)

= 0, then ? (*,e'(k) )
= th (r(x) ,k) ,

for y r el(r), then V,Q,y1
> o; sincedefine Pr(*,y)

= P(I'Y)

,.T,?r(*,y)
=
=_y-+v)

=
{Wx,c-r(k)y =fttp,(r(x),k))

= 8.,(r(x),k)([,
Jes-lxl

'
9rg'rxr

so
P1t*,y)-<

1i define PrG,y) = 0, yeg'(k);

Lt Yz(f (x),k)\ O, take g,-r(r)= z; p = P(x,-), o- 4t (r(x),t)

tnen p(z) > t"( . Using Lemma 4, we eet ?t (*,-), ?2G,-), two

measures oa Z = g'(t), and ?(x,y) = t$x,y) + (r-t)pr(x,y), yeg-r(f).

Since Y 1s the rlisjoint union of g-'(kts.ke m and meagures are
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finitely additive, we have tne desired result.

Tneorem. Let 9 be a stochastic transformation from (X,f) to

(y,S) in S'. F'or any given n, we have decomposition p=
i titi, ,

such that
1r,

*
t'( (x,r) ,(y,g) ) and (?o[: xn--> yu is determini_

stic upto k -(n.

Proof. For a given n, fronr

Illa

9t=iIti?ri, k(n,?6iare

Ct-f ?ki. = ?k-t
,io

fk-1 .

For k> n, repeatedly using lemma

and Ek-r"Pki =Vk- .I
,i'fk-1

Thus, ?., witn the k-th cornponent

transformation from (x,f) to (Yrg),

anri lP=q,t.V., F, ]..t]-)
-

Lemma 3, we have deeor.'rposition

deterrninistic anC

!, weget?n=H.r?ki,

(?,r-Jo= ?xi is a siocaastic

i.". ?,:,eSr( (x,f), (y,g) ),

ar.: two finite sets, p",: Xo*Yo i.s

xr.,= x3*1,Yn= ,:*' anrlp" =BPo. n,"

component ?r.,,tit" stocnastic transfornati-cn

Ilefinition 2. \le say that a stocirastic transf ormation

tp | (X,f )--> (Y,g) is indeeomposable, if there j-n no nontri-via1

decornposition of Q , i.e. for O<t<'1 , ?= i.\
*

(,-tlPZ

inplie" {4 =?p=?.

Exanrples.

Exanple 1.

a ra.ndorn,aap.

call \a with,)

generateC l-.y

o' o

I)ef ine

the nth

ID
{o'



2a^
).+a

If (7o is not rjeterninistic, from Lemma 1, ?o =
E,arqt

,

?i,i = 't
,...,m are deterministic. Tnen ?r.,=6'eo = 6,f. trpi)

t-l

=

?='t',t'r"'t'.,*r?tbrtb"'@('i*''
we can not decompose p into

k=rr-i*t

finite many stocnastic transformations ?,r, , such tnat ?,1)"""

indeconposable.

Example 2.
?,

X-----+Y is in S',, j-.e. Xr.,= Xl*l , yn = ,l*r,

Xo, Yo are finite sets. If for some n, as k>n, Vk*1 =ek6,?,,

where f
r: Xo------+Yo 1s a deterministlc map, using Lemma 3, we

get ?v =
2.tr*n, , ks n , Vki rieterministic.N i=lr6

Then ?n+p = ?nEt&,g')
= : ti?ni8(dp ) , rienote Vnrild,p,)= pn*p, i

?n*0, i ls deterninistic, since g
t and Vn, are rleterministic.

?herefore, ?rtt,with tne k-th component (?,r)t = VkL,is a

stochastic transformation from L to Y, i = 'l
,...,m , and

? =
$,ttP,r,' ?,i', is indecomPosable'

Exarnple 3. X^, Y^ are fj-nite setsr .1: X^---r---+Y! v w D,

a: X^x Y----{-----+Y- are random maps.ooo

Define Xr, = Xl*1, Yn = Yn+1 ,

?o =4 : Xo--r.-+Yo '

LP, = 6r,a)" (T2, d..'Ir1) : xox xo -_3l_.--.--*Yo* Yo

\v

(E,d.,r,N-- - ,/1n,a7'
XxY
oo



assume A -: xn- "n.
n_| o

-

Yo ie defined ,

then defin" Qn- $2...n+1 , a,rr.,r)(rr

aa2

where

\Dlh
Xn+1 '" tyil+1o -o

\,/\,x
(n^*,,p"-itr,",)\x *yr/

(Tr...rr,rA.'rrrr)
oo

,r*1'?.r- 1"\n>

\
n+1 'Yn-.1"

lrrnt/Then

i.e. the

I^iPr,
= Trn,o(T2...r,*1,ao11 ,)"(Tr
= @ -o'Ii.rn_ I ,,(n)

following square ls commutatl

lD
,.n+1 T n ,,n+1tJJY

lo ro

\,rl lr,r

i,
*+-,

,Y"oo

ve.

?n_t has tne property, for (xl,...,xrr) exf, , (y1 ,...,yr.,)ay:,

Pr.,-t(*tr...1x,riy1r...ryr.,)
= o1(x1,y,,)a(x,y1 ,y2)a(x3ry2tyl)...a(xn,y1-,,/n).

Pp=f,tr?1i,k<n,

= ?,'-1,iTtkl
'

aj are deterministic.

Then @rn+l = (Tr2...n+2, ?oT1z)" (fo*2, ?n,1n+1) )

= (rr-2..,n+2, ,i "j"j)'riz)'(r,.,*2, tfltrer,r)"rru.,*11)

= t{'=.t.(rr^
2, a;"r12) (Tn+2rg.fTg,*t))

fi J 1' 2...n+

For any n, using Lemna I, we get

?*1 are determlnistic and ltiPti

Decompose a by a =!
"iai,

wilere
J=l

If a is not deterministic, we run into the same difficulty



l

;
i

as in Fxample 1.

rf a is determlnistic, then we can decompose p into finite many

lndecomposable stochastic transformations.

a is deterministic, then (rr. ..n+p,
a"Trl

2)
is deterrninj-stic

Then ?n+1 =
!trtvr...n+2,a"TT12)o(Tn+2,?ni..rn+tl )

denote (te...n+2raor.l
,)"(ii'rr*r,?ni"rln+t))

= pn+.,
,i , en+1., . are

determini.stic
"rd

Prr*1 = .fltt?r.,*1
,i

.

Assune
?n+p

= .,3--,trt r*r,, , ?n+F,
'

are deterninistie.

then
?n*p*1

= (rr2...n+p+2, ?oT1
2).(trr,*p*2,Pn+p"T1n+p+11 )

= (T2 ...n+p+2r 3uT'r2)'(rn*p*2, (
f tiPn*p,

i)'ln+p+t; )

_r"
€,tt(*r., .n+p+2, 8oT12) "(Tr',*p*2r?n+p,i.T1n+p+i;)

so ?n*p*t,i
= (Tr2...n+p+2, aoT12)" (Tn*p*2,Pr.,*p,fr(.*p*,i are

deterministic e
rtin

'td ?n*p*1
=

fiti?n*p+l ,i
'

Itiseasyto checkthatfor Lynr i =1r...,fin , wealsohave

\tj?n,
= ?r.-r,i'\t,.Thus'

tt,
with k-th component (f,i"lt = ?ui

is a stocnastic transformation from X to Y, and Qa=Htr?,rr.



[4. Stocnasti-c dynamic programming.

Ihe essential characteristic of stochastic dynamic

is that the dynamics(or transformatlon) not just

the states but aLso on decisions. ft has been calIed

decision problem or controlled stochastic process.

Formulation (d iscrete) .

lN = 0r1r...

1). Spaces of states, at eacir stage n the space of

x., , n€lll.

2). Spaces of decisions, at each stage n tr.e spaee

decislons is Ar.,, ne tN.

1.45

programmi-ng

depend on

seqentiaI

states i.s

of available

f). Dynamic (transformation, 1aw of the motion), at each stage

nj-samapTr,, *Tnxk*JlrAk.-..----+Xn+1 |

in llarkov case, dynamic does not depend on tite history

T:XxA+X -
nnn n+t

4). Policy (decision rule) is a 1aw of choosing decisions, at

eaeh sta3e n, In_1 :
*T^xr.*,[*fr-An

Re,'rark.a). tn tel , F,ellmanrs definition, he used stationary

I{arkovcase,i.e. Xn=X,A. = Aforall ntN,and

Tr,: XxA
-_ +X,

5n: XrA +I. Same is 1n Glhmanl6], state space

Xr, = (x,4) , cecislon space An = (UrB), for all ne N.

b). If we requ.i.re Tr.,,5r, in 4 ( the c€tegorrr of measurable



spaces and measurable functions), we get deterministlc dynamic

programning(see LrJ) ; if we requj-re Tn , 5 r,
i. 0(m) (the category

of measurable spaces and random maps), then we get stochastic

dynamic prograrnmi-ng, thls 1s the case in IJ] and t5l .

5). Criterj.a of optimal policy (best decision rule).

g: XkxAk-K is tlie reward function at stage k, where.K is the

nonnegati-ve rea1s. Uhenever 1t is appropriate to conslder that

the reward of process is trre eum of the rewards of its stages

then j.t is also appropriate to define the following functional

orr, rn(xo)=

^]i.i^#S(xu,au),

where Xt. = T(xk-1,.k-1).

If a policy is given, i.e. on each stage ,, 5n_1,*LXtrJ_it*\

is given, and an lnitial state xo€ Xo is chosen, then we have a

sequence xo, Eo = 5o(xo), x., = ?o(xorao), a., = 5.,(xorxrrao)r...,

*n = Trr-1(*or... rXn-1 ,3or... ran-1), "r,
= Err-1(*or.. .rxnraor... r"r-,),

. 5* is an optimal pollcy if for any ii€lN, and such a

sequence correaponding to 5 *, we have L eGu,"u)
= fr(xo) .

l<.o [[

In etochasti_c case, T.rt nnxk*

for eacrr (*or. .rXnrBor...ran)

probability neasure tr.,(. Ixo, .

for 5r.,tX,XJn'*x€ An , there

TIA,
-+-----+

X--.. isarrnK n+l

in IlX,xTA, . there
F{n Kk{hK

'

-\..,Xnr3or...,an/ On

is

random map,

is an i-nduced

xn+1 and
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an induced probabillty meaaure 5rr(
.
lXor... rxnraor... rarr_, ) on

Arr. So !rr,5r, and an ln1tiaI probability measure }r oD Xo

give a probability measure ayg on XxA =
E,rU*EOn

.

tret ('IrBkxco)"([*In-on) = 3orco, ...xB,rxcrrxxn*l*An+1... be

a measurable cylinder in XxA, wbere 81, Cn are measurable sets in

Xk, Ak reepectively, k = er...,n , then

!r(
(f,.nnxco)* (fxox.e*) )

=
r t

...t
J Sota"rrlxor...lxnras,...larr-1)Tr,-r(dxrlxo,...,xn-r,

BCBCoonn
aor... ran-1)... 5r(aaolxo),tr(axo)

If ,A 1s a probability measure on
JrrO*llrft,

trr"r, o|,,,

a probability measure on IrAr such tbat

oi.s((f,^%xco)x(S*xoxr*) )

=
J J

...t I Srrta"rlxo,...'xrr,3s,...,an-1)Trr-r(dxrrtxo,...,

,$r3x'foft cp B, c'

1s

Xn-1 ,aOr.. .ran-.t) .

.A.teach stage n, there ls a lose

return) cr: XoXAn+K, it ls a

c(x,a) = p-."rr(*rrr"rr),

cf,(x,a; =
lco(xo,a1)

..5r(danlxo r. .. ,*p r"o, ...,ap-1)d,A

fu"nctlon (or cost , reward ,

measurable funetion.

vhere (xra) e xrA,then
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the rlsk r!(,,,,s) = n{r( c!(x,a) ) _(
-)
XxA

Let )1t-- - t be the probablllty measure on\Xor. .rXnr3or... ran_i

llnxi.tX"*trwiricl' is concentrated on (xo,...,xnr3or...,rn-l .

Then a policy 5r ls said to be opti.mal at sta55e n, if

Ln(r(*or...'Xr.,r?or...
r"r], r*)

= ttt
'rr,r,*or... rxnr.or...,"r,] rt)

(for reward or return fulctions we should consider

1. (u ^ r,E*)
= sup L_(!, ,,S))-n" (xor...,xnraor...,"r_i

'" -i' "n"-'(xor... rxn1Bor.. .r^n),r-'

for a1L (xor. .rXnraor...r"ole
_T.xtr"Tr*t.

A policy is fu1l-y optimal, 1f it is optimal at any stage,

see [3], L5]

The existence of a (ful1y) optimal policy depends on a). under

certain topology, the space of policies is compact; b). the rlsk

function is lower semicontinuous with respect to this topology,

then use tiie theorern: a lower semicontinuous real valued function

defined on a compact space assumes its inf.

Diseussion.

1). About cost functions.

A cost function ls trying to te11 us some kind rel-ation or

measurement about wirat was happening and tne decision we made.

This external measuement should reflect, reveal the more deep

internal relation, the causatlon. Objectively there 1s a direct

connection between state space X. and decisi.on space A, .9.:X'-'-----+A



We could obtain it through observation, exper:iments, analysing

and syntheslzing varj"ous external rneasurements.

Because of the complexity of tire real vorld, noise observation

and possible mistakes, .0.also could be random.

2). For convenj-ence, !/ewould sometlmes like

def lned on
;[nxkx]I"At

. On ce the dynami.c T, is

policy 5r.,is chosen et eacii stage n, we can

of following two

stage n.

ranri.ommaps, and define it

)S

"T^xt"
xrr*T

[nAt
.----.L Arr*t

po1lcy also to be

given, and a

form tne composition

as tne policy at

*T"xt*J"At
'tn'

1.'trA*(1r.,

l). ?o1icy depends on partlal informations.

Sinee our observation 1s partial and our decisions are made

just baserl on our observation, so the decision rule should just

depend on this partial information, but not the whole state space.

In t5l , p.36, rtControl of processes with incomplete observation't,

state space X with c-algebra $ , decision space A with f-algebra

& ; En , the policy at stage n, is defined on Yr,*At-l , vhere

Yr, = (xnr6'), 6' 1s a sub cr-algebra of 6n, 1.e . 5r, only depends

on part of the state apace (x',6t). Note thatrttris relatl-on

between state space (X'rBt) ancl observation(partial information)

yr.,= (xn, 6 ) is just a measurable function 1*n: (xn,g,n)
*

(xn rA ).

?hus, generally we use a measurable function f-r
,T;tn*",

io describe tne relation of state spa""
*{"Xk

and the space of

observable states Y., at each stage n. f, also could he random,



zqn

wrlich means trrat tne observation is obtained thr:ougn a nois:f

channel. l'lotetnat, Yn may not be a product, even if tne states

are. Thus, tne policy at staile n, is a random rnap 5n: Yn*Xlt*An+l .

4). More generally, also for slmplicltyr we could take Xn and

A, as subspaces of -nXn and
JL,AI'at

each stage n, such that

Xrrs and Ar,rs are compatible wlth projections

After tnese discusslons, we give another forrnulation of

stochast ic Cynamic Programmjng.

1). state space X, for each nr Xrr lncluds the hlstory unti11

etage n.

2). decisicn space An for each n, An lncluds tbe history

untll stage n.

l). the partlal lnformation obtalneil from Xn, fn: Xn*Yn.

4). dynamlc (1aw of the motion) at each stage n,

qn; xnx An--*l* \+t

5). poli-cy at stage n, 5n: YnxAr',+ ln+.

5). the reca1l of hj-storY,

hrr: Xrr*1-* X' r 8n: An+1-_ + Ao r

h. g are deterministic.
n, "n

Remark. In the prevlous case' Trnr:
*]l,It.

-----*
*[Xt

1e the

recall of the history, and YtrriIo = ,*{"*U.

7). initiaL probability measure on Xor qo: 1 *Xo ;

lniti-aI probabi)-tty measure on Ao, 5o: {
+--+ Ao



a

Y-x.q.- ",' -An
_,.

"n+1

L''
I'r. -/
I^"r't 8-P/I
TI

as smal1 as possible, i.e. t* is

3.51

8). tire eorrect action at each stage n,

-P:X+A-nnn

lhe following diagrams are commutative.

q-
Xr,*\ ---*-:-? Xn+l
t''
l-
I"*^

"-

- hn

xn

!

9). tbe optirnal policy. In the follovring square

fx1.
xxA n,'An tnn

no*

a\Do\

we want dist (5rrofnx1Ar,,{rroer,)

an optimal policy , if

dist (5fi frrx1Arr,0rr"Qr.,)

for eaeb n.

xo
I
+
j

Ao

I
Tan*

xn+1

Y.,xAr',

i"lon+
A"n+ 1

= t;t dist(Srrofrrx1A,'Qn" Q.,)

Existence of such an optimal policy.



tremma. l,etXrYrZ be measurable spaces and h: Z _- +Y is

determinlstic. t,etan = lse O(m)(xxy,z) I n.8 =Ty ]
t.". ge\ ,

if XrY 8. ' Z Ls comnutative.
l* -.'
in'h

lhenAO is a closed subset ot 0(n) (XxY,Z) with contravarlant

topology induced by the convex metric

Proof . ],et 5(Ih, tbe closure of ah ln 0(m)(xxy,Z), fo'r

any t>0, BeB(e,5)oatr,
i.e. 3t)e-t,8 = t5+ (t-t)g' '

then .y - h"g = t(tr.t) + (1-t)(h"6').

('1, YeB
For any measurable set B lx Y, rTr((xry),8) =to, y\B ,

this implies h"t ((x,v) ,B)
= tl: Ii i

u<a

, i.e. oy=hoS,go5e5.

tr"romsection 1, we koow that the function

dist(-ofnxlo ,0rr'9n)z 0(m) (YnxAnrAr',*1) ---+
l"

n

ie continuous respect to tbe topology induced by the

so restrict lt to our., ={sne o(m)( YnxAr.,rAn+r)I *n.sn

is sti1I continuous.

If p (rn)(Y.xan,An+.1 ) ls compact, then eo is o*rrt "= in case

yr,, Arr, An+1 are f inite setsl rf 0{m; (rnxen,An+1 ) is not compact,

under gome condi-ti.ons the subspa"" oU. rnay be compact, or we

Just work with a compact subset ot o*o , for each n. lhen there

is an optinal PolicY.

convex metric,

).=rA Y rit
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