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ABSTRACT

Let X and Y be two measurable s aces with g-algebra € and 2
g

A random map f: X—Y is a function f: Xx 8—[0, 1], such that
B) isa

i 'i','f“l',"
is & probability measure on Y, for each x € X: and | B

function for each B € 2 The measurable spaces form the objects of

&1 able
! A and P(M). The first the morphisms are simply the measurabl
ions; in the second they are the random maps. P(.4) provides a base ground
vhich one can formulate, analyse and solve many problems in probability theory
stical decision theory, stochastic processes and stochastic dynamic
gramming. Further more, 2(.4)(X.Y), the space of random maps between X
Y has various structures: it is a convex set. it is also a generalized metric
e. This actually induced by a closed functor p from C, the category of convex
nd affine linear maps, to ¥~Cat. the category of generalized metric spaces and
nce decreasing functions. Then we will use this generalized metric on
*1 #(X.Y) to give criterions of best decision rules and best optimal policies in the

tistical ¢

lecision problems and stochastic dynamic programmil g problems
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INTRODUCTION

€t X and Y be two measurable spaces with r-algebras # and
Tespectively. A random map (i.e. probabilistie transf{ormation)
°= X to Y is a map f: Xx8—[0,1] , such that for each xeX,
x,.) is 2 probability measure on Y and for each B¢8, £(-,B)
~% d-mezsurable. The measurable spaces form the objects of two
2tegories, M and #0N). Tne first the morpaisms are simply the

_________ e functions; in the second they are the random maps.

vides a base ground on which one can formulate, analyse
=2 =clve many problems in probability meorvl_atatistical decision
==ecr¥ 2nd stochastic processes. this fact has been already
PEi=tes cut by Cencov [4], lawvere [10] and Scaiopu 013).

Sizce for each pair of measurable spaces X and Y, thne set
random maps between X and Y i= a convex set, we
S=g.= tnls work with the study of the category € of convex asets
@2 =f7ire linear maps. In chapter 1, we show that € is a closed
=Tegory and there is a closed functor ¥ from . to the category
J-==2% =7 generalized metric spaces. Therefore (P(M) is enriched
= L , and, =0, is enriched inlU~cat. This gives to each convex
m=%_ === specifically to PUN)(X,Y), a generalized metric structure.
%= w=_.== ¥ for tne semi-ring of nonnegative real numbers and
gruws =2zt € is 3 coreflective subcategory of K-mod/K.Moreover,
$ies = 127t adjoint which assigns to each generalized metric

mmece tte free convex set it generates.

I

sszpter 2, we study the category J(Mm) and the topologies

Smtsces oy tne above generalized metric on P (M) (X,Y).




OT eacn measurable space X witn 0-algebra ¢ , let Px) be tiie
set of probability measures on X withh the smallest 0-zlgzebra

T T R L ) SN Sy o -
such tnat for each Aeﬂﬁ, the evaluation map ev,: ?\i?—-*LU.ﬂ

\ i
evA(p, = p(A) is measurable; for each measurable functign

f: X—= Y, there is a measurable function ﬁff?:;?(x?——~4¢%”“

0 & I
defined by @P(f)(p)(R)

| ny\
P(f (B)), for pe P(X), 3¢® . In tais
way, (P forms a monad on m » @and P(M) is just tae Kleisl{

category of it. On =acn convex set C there are two different

topologies induced by tne generalizedmetric: a contravariant one
1

3 . fap
wita basis {Bla,r) = {ce€ |d

]
ct
11}
-
n
A
L |
 —

l-&b sy Te K|, and
! ¢
a covariant one witn basis 1B(a,r) ={ce | dist(a,e)< r} ‘

-
- o :
aeC, r&r,J, wiere we use dist to denote the generalized metrie,

Since this metrie dist iz not symmetric, tnese tw

-l y

auite different tuan tue topology induced by the iusual

metric. However when C = @(nﬂux.?ﬁ, they are well-benaved: bata
topologies are Hausdorff and Sequentially Caucav complete under
tnree different defin

11i1ons of Caucny sequencea, Alsg. tae contra

variant topology is compact if X and Y are finite

=
In cuapfer 3, we stusy certain applications of (M) zns
tiis generalized metric on PM)(X,Y) the sot o+ random maps
between eacn pair of measuratle spaces X and Y, Using ranfom

mAps to formulate tas concepts of storhast i procesges,dA™mamic

o

tocnastic programming and statistical decision problems clarifies

ne uzusl formulaticns of



~ ol ~ .- } 1 a . 1
different types. One emphasizes tne results of tae dvnamics hy
lefining A stochastic process as a sequence of prohability measu

projections T : UX—>TNX , tnat is tae followinz trizngsle i
) Kny I mn X =

a.'_v 1
1 ——3 WX,
LL LT o
Tr:ﬂ
D v
B T™X
Ken A
The otaer one s tae dynamics itsell, namely it gives

the dynamics q_: WX, —> X at eacn s

3 a n v0 i13Tin 1 81
N ksn K n+1 ¥ hstsie
A To++ - - (W “ 2 % s ov A ey = 4 -~ 4 vrey 3
ne latter one we rall it stochastic dynamiecs.
iven a atocaastirc +0 et {ts results,
namely tine correspon g2, but tne otner way

[\
-
(0]
=
b |
0.
3
1%
g
3
o
+
o
i
o
1]
i}
-
(-
=
D
==
=

arkov dwvnamics is & stochastic

dvnamics sucn tnat the dynamics at each stage is independent of
nistorv, i.e. g_: X —+—X « There is an zdjoint relation

n n n+1
between the category of stochastic dynamics and the categorv of
Farkov dynamics.

The generalized metric provides 2 possible criterion to choose
the "best™ decision rules (in statistical decision protlems) and

palicies or dynamic stochastic

. For example, in case
tne statistical decision problem, X is tne message space, () is

ne observation space and Y is tne decision space. A Tandom map

roa
I'e s

of



4
4

f: X—+—=[) describes the process of observation t7

arough a noisy
channel; g: X——> Y is the correct action which reflects the
objective connection between message and decisions (g alsc could

be random). For any decision rule § : Sl —+>Y, we write dist(§f,g)

for thne distance hetween $eof and g, then dist(§«f,z) is a measure
of § (with respect to f and g). An optimal decision rule §* should

satistv the property

Note tnat, dist(_ef,g): ?ﬂMTLﬂ.??———*-&uﬁﬂ s a contracting

(i.e. Lipscnitz) function witn constant 1, so it is continuous




SHAPTER 1. THE CATEGORY OF CONVEX SETS C

In this chapter, we are going to discuss the the properties of
tne category of convex sets L , which are tne following: (1). € 1is
a closed category, (2).C is equivalent to a coreflective subcatego-
rv of K-mod/K, (3). tnere is a closed functor { from € to U-cat,
tne category of general ized metric spaces, (4). functor ¢ has

a left sdjoint, and some otuer properties related with € .

§1. The categorv of convex sets £ is a closed category.
ILet K = R = ireﬂ, tne reals | r;O} ¢
nefinition 1. The theory of K-mecdule is a category T wita
finite products and a distinguished object A, such tnat every
object in T is one of the sequence
A°=1.

T o AR A, B ® 0y1,2e0s

A
Morpnisms are

O-ary operation 0O: 1 ——=A,

unary operation r: A——>A, for each r¢k,

binary operation(addition) +: A*A—>a4,

such that

(0). 1, = 1, , where 1, is tne identity of A, 1, is tne unit

of the multiplication in K;
and the following diagrams are commutative:

(1). commutativity of +:




Al ety B
[ (m *) _/'/
v S
ArA
where Tr‘,L: AXA——s A, 1 = 1,2 are the projections;
(2). associativity of +:
(AxA)xA = Ax(AxA)
[ +x1y L*A" #
AXA Ax A
. * *
‘\__}‘ A l'_"
('5] "0 + a = a"
0x1,
1A —» AXA
-~ 1
x> ‘!
S
(4) '0.a = OV
A= Y i
e
T~ 0

5). "r.a +7'.a = (r 4r').a"%:
- e’

A —p ARA e AWA

i

where A 1s the diagonal map;

f - A\
\_;-‘_ l'-.-'l‘_._-l‘;j] = '._T‘:'"-Ci":



Definition 2. The theory of convex set is just the affline

part A of tue theory T (see J.Isbell, ".Klun and 3.5cnanuel,
Affine part of algebraic theories). 5», A iz a suhcategors

of T witn

tne zame objects but only tane idempotent operations.

-

AR

An operation u: A"——s A is idempotent, if uadr = 1 wileTe A

is the diagonzl from A to An. Since tne n-ary operations in T

have the form X o(rf,....rr). wiiere r ¢K, i=1,,..,n; X is Aefined

n 1 ’

il ) e n+1 n Toxla
inductively, zl = ‘A' z? = +, Z“+$ = +03 n‘A: A s A RA ——y AxA
N L P i \ .

A, taerefore, znelrf,..., 1 18 idempotent if and only if

g |
Definition 3. A K-module M (a model of tneory T in S, S is

the category of sets) is a finite product preserving functor
from T to S.

ol "
Jet 5 be tne categorv of

functors from T to S, denote hy
- & } - T
Y=mod tne full subcstegory of S determined by K-modules.

Definition 4. # convex set is a finite product preserving

Tnen tone morpnisms in € are just the VY-affine linear maps, that

n
jg , f:2—>C' in € , f satisfies f(Er.c.) = T r. e, );

n
where ¢ &0, r. &3, 1 = 1,,..,80 &and ZTr, = 7,
i mn 1

Remark., a). Note that, not every K-module M could be embeded
into a R-module (R is the ring of real numbers), for exaple, V¥
could be the K-module generated bv two elements 1(ligzat) and

n(heavv), suen that rl1l + r'n = r'h, for all r' % O.
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b). Bota K-mod and € are complete, since 81 and S™ are
complete and limits always commute with finite products.
For a functor F:J——C , we take limF in s® , because limits
commute witn finite producte, tnerefore }_i_rn_? preserves {inite
products, so ;HE&-[‘. .

Proposition 1. Any convex set C can be embeded into a K-

module.
Proof, This is just a special case of the more general theorem

in [8] .
Definition 5. Let C,B and D be convex sets. A map f: CxB——D

is called biconvex, if for any c.cie O, t.& X, L= T,00e9D 4

i
n

o s =1 L2 - - \
E‘ti = 1; t,bJ(-E,Bj!-K, J=14.004m , ?‘-183 1, I(Eitic b) =

1’
n m ™
= Zt,f(cy,b) and f(C.;‘Sthl = Isjf(c.bj).

Wi i

Definition 6. C,B are two convex sets. The tensor product of

C and E denoted by COE is an object in € , together with

i: CxBE—> (08B, defined by the following universal property: for
eny convex set D and any biconvex map f: CXB——D, tnere is

a unigque affine linear map T C®F ——D, such that fei = f,

)

Tneorem, For any pair of convex sets C and B, C@t exists.

Froof, Let F(CxE) be the free convex set generated by CxB,

NDefine ~ as the congruence relation on F(CxB) generated bty
" L] m
) ~ H b ~ s
('E.tici'b‘ E,ti(ci’b) 3 {C,E@:j j) ?.,Ej(c'bg)

n
where c,ci(-C, ti(-}'., i=1,s009n , Ft. = 1; b,b

" i J(-E' 5:-'("1‘:. :=1....,TI

Esj = 1. Then F(CxE)A is a convex set. Let us denote the ‘
I=i

congruence class of (e¢,b) by ceb.




Claim: F(CxB)/~ 1is the tensor product of C and B,

First, we nave tne canonical biconvex map i: CxB ——— F(CxB) /~
i(c,b) = cab, for ceC and beB,
CxB —— F(CxB)
If f: CxE——D {is a biconvex map,
-~
because F(CxE) is a free convex set, so - ¥
f induces an affine linear map ' e
oLl D «——— F(CxB)L
f: F(CxB)——— D. Since f is biconvex,
~
so f sends the elements in the same congruence class of F(CxB)
to the same element in D, nence f induces an affine linear map
f: F(CxB)/—=D, and f+i = £,
If g 1is anotner affine linear map from F(CxBE)/ to D,
such tnat ge«i = f, then for any ceC, beB,
g(ceb) = gei(e,d) = f(c,b) = fei(e,b) = f(cob).

This saows that f is unique.

Propogition 2. If f:C——> C', gt B—— B' are two affine linear

maps between convex sets, define f@g on tae generators c@b of
o®B as fea(cob) = f(c)oe(b), for ce¢C, heB. Then fOg uniguely
extends to an affine linear map from CEB to C'®B'.

Froof, This is true because that {cab\ c:efj,b&BJr are generat-
ors of C®8 and f, g eare affine liear.

Proposition 3. Define ® : £xf —— £, for objects,

(C,BE) ——>C®B; morphisms, (f,g) — f®g, wnere f: C—>C',
g: E—>B', Then ® 1is a bifunctor.

Proof, We nave to show that if £f: C—»(C', f': C'—> CO"
and g: B—— B', g': B'——B" are affine linear maps, then

(£ £)®D(g'=g) = (f'@g')-(feg).



Let us define a map h: CxB

—> C"@}‘-“ by h(C.b] =
= f'« f(ec)pg' g(b), then h is biconvex. For the canonical

biconvex map i: CxB

>C®B, 1is easy to cueck that

(£ f)@(g. gl 1 =h = (f'®8g')*(f®g)-i. By tne universal proper-
ty of the tensor product (C®B,i), we have f' feg'. g =

= (f'e9g') (fog).

Proposition 4. For each pair of coanvex sets C and B, the set

of affine linear maps from C to B, denoted by C(C,E), 1is a

convex set.
Proof, For fi(-{_{C,B}, ti(-:(, 1=1,0000n, ctG, :T_t- = 1, define

L L

L] L]
(Zt,0,)(e) = 3¢,1,(c).

(L =1 i i
Tnen for c.eC, st-E{, ] youe o gy ;sj = 1,
o »
(Ft,2,)(Sa.0) = Ft 2 (Fa.c.) = 2t,Ta.t.(e.)
Ztif)(Fee, Ztfi(Zsycy) = Zt; 2,0, ()
L] ( nt 2 )‘ [h 1 \
= ‘EBJ E 1fi\cj ) = gs -Eti*L (c:J;.
This saows tnat 3 t fj_ is an affine 1linear map.
=]
Proposition 5. Let C,B and D be convex sets, then we have

the natural isomorpaism @,;.: C(ce8,D) =~ {(c, €(B,D)).

Froof. For an affine linear map f: C®B ——D, define
@ (f) = f: C— C(B,D), f(c)(b) = f(cedb), where ceC and beB,
1). f(c) is affine linear for each ce C.

et beB, t.,6K, i=l,0.00n , Zt; =1,

=

- " » n
; : A < - . )
tnen f(C)(,%,tibi’ = f(coi‘,‘;tibil f(_l{tlc.‘bbi.
n 1 I~ \
= Etif{csbi) = ﬂti.\c,l(h-i..



2). f is affine linear.

Let Zt,c.&C and beB,
m 4 1
- & ¥ ~ L _ \ '.::_‘_,‘ \
tnen f(ziticith, = f\(?&tlul,Gb: = .tﬁsyitufab,l
n 4 n -
= st.f(e®b) = Tt .fle,)(b).
z (c®b) .-..1(1‘
3. @,is 1-1,
If £, =1,, i.e., for any ceC, beE, fTic)LbJ = fg{c?Lb?.

but tnis is f (ceb) = f (c8b), s0 f, = f_ .

1 2
4). %,1is surjective,
¥or an affine linear map g: C — C(B,D), define
"
o~

"
g: CeB - B(Z b,) = Tt.gle,)(b,). is affin
g: CeB——D, g,_lticla i) E;Liﬁkci,kbi g is affine

(e)(b) = g(c@®b) = g(c

(v) , for

[} 331

linear and g: ¢ — &(B,D),
any ce¢C, b¢B. So g = g.
Tnis shows that ﬂﬁo is a bijection. By straight diagram cnasing,

one ecan Snow the naturality of @ in C,B and D.

Theorem, L€ 1is a closed category.



§2. € is a coreflective subcategory of K-mod/K

Let U, be the underlying functor from K-mod to € ., Since U,

preserves limits, we would like to ask whether it nas a left

adjoint,

For each convex set €, if ¢ = & , define F _(0) = [O} tne zero

0

K-module; if C %9, define an equivalence relation on CxX:

01.c,e C, k1.k2& K,
or 2). k, =k, = 0.

for r,keK, ceC,

for 31.k9 €K, k1 %

(Cllk:j +{C2'k2\

0 +0 =0, where

3

1)~ (epky) 1ff 1)L ey = ¢, and k,

Then define the following operations on CxK/~:

D is the equivalence class of (e,0).

These operations are well defined and it is easy to check

that with these operations

K-module by Fo(f).

f: CxKA —> BxK /o
f

P, from C to K-mnd.

Remark., OxK4 is

picture (see [14]).

by fle,k) = (£(c),k). It i

is a K-mod homomorphism.

the cone generated

CxK/~ is a K-module, we denote this

:t C—>B isg an affine linear map, then define

m

erasy to check

In this way we obtain a functor

by C as in the following




Proposition 1, Fo is left adjoint to U,.

Proof. If convex set C ¥ ® , define i,: C ——>UF _(C) = CxKA

by i.(c) = (¢,1), where ceC; if C =¢ , define i, to he tue
unique affine linear map from empty convex set ¢ to tne one

Lad

point convex set UF ($). Then it is easy to cneck tnat i is
a

a natural transformation from 1C to QFQ

For any K-module M and any affine linear map f: C — M,

we have to construct a K-module homomorphism f: ¥ _(C
L&}

such tnat U(f)ei, = f, i.e. the following diagram commutes.
*c
€ ——— uF (C)

e O

/
.

pr-

sl

Pefine f: CxKf—— ¥ by flec,k) = kf{c)

Then f(r(c,k)) = f(c,rk) = rkf(e) = r(kf(e)) = rf(e,k);
- . srk,.c.+k. C 3
f((egoky M ley,ky)) = £021717 272,k +k,)

k1+12

k.c.+k_ ¢C
= (g +iy) 0 (22

k1+£2
¢ o (e u AL
= K,.+K f\-— c + —C.
1 =g x1+k2 1 k1+42 P
1 ! ks -
= {k1+K2](_k.iT¢_2 IKCT + zC.I_-H(é fl’CE W, \since

I is affine linear)



= kqf(cy) + kpficp)

= ff,r:

sk ¥ f(cz,k

)
2
So, f is a K-module nomomorphism.

For any c€C,

f-iC(cW = f{c,1) = 1f(ec) = £(ec), this is ?-10 =
If g is otner K-module nomomorphism from CxzK/A to
that gei, = f, then for anv (c¢,k) ¢ CxK/~ ,
gle,k) = glk(e,1)) = kgle,1) = kg-ic(c = kf(e)

—t

= kfe1,(c) = kf(e,1) = T(e,k),
therefore g =

This completes tne proof.

. < 5 i IR - L s
The K-linear functionals M ——= X on K-modules

of a calegory K-mod/K in which a morpniam from

is a Femocd homomorpaism £: M—— M' such

s
M —=s }!' commtes, il.e. g+f = h. For

“l\‘.. -/r—'.
E

eacn K=linear

: g

M puch

tne objects
t u’
0

lg

K

functional

: Y . i ;
n: Fe—a¥' L '(1) is a convex set and each K-mod/K morpnism

" (g7(1) =49 forces h™ (1)

induced map is just the unique affine linear map from P to g

> ™ : -l i LY
otherwise if me h (1), since gef = h, we nave g(f(m))

pet induces an affine linear map from h4(1) to 84(1)

-1
Psif h (1) =&, the

tnat is, f(m) is in g (1)). Tnis gives us a functor

G: K-mod/K — (..

-{,
(1);

= ﬂ{ﬁ} = 1.



Theorem 1. The functor G has a left adjoint F: € — K=mod /K,
o U WSS

D
¥
given by F(C) = ¥ (0) ———= K, where p. = ?j\’,‘——-‘]T,
v} "
This tneorem is a corollary of the following Lemma,
Iemma, If® , & are two categories, and & has pullbacks and
if given twoc functors B :?jtf » F_ is left adjoint to }3,
.
g
+ . = < B in R = + v 3 T e
nen for any object B in® , we have two induced functors
D
B,f'[‘. ,__.&f}“ (P), sucn that ¥ is left adjoint to G.
~ 0
4
X P (X)
Proof. Define F(lh) = Vrm ; and for each &/7 _(B)
ZT00%, = F_(F) ?
olF!
form toe pullback
m
p(8) —T—, G_(E)
L
% 2 (7" is tae unit of ¥ . 0.1
& l & {EJ 0
B ———o F (R)
o 4 &
o0
?b
E p(E)
and then take G( lg ) = l& . It is immmediate that F and
F_(B) B
-
G are functors.
¥

Now we construct

let

f he a

by

morph i

X 2(x) B
fsm from F(}n) = [lrWm to lg , tnat is tne
E F(E) E(E)



F (X)~—£——’E

triangle

F(b\d (B

In the following diagram

70

X — K G F, (x)

P(B) —p O

h l,\
4

B ——

we have Go(g)'sc(f)'7i

Therefore, there is a unique

(and Tof = G (f)-?;). Thus
X p(E) E

ih  to Lg a G{ 39.)
B i3 F (B)

then in the diagram

is commutative:

gf =F_ (n)).

&b

'I:'

o{ )

[\! [Sr
. of o
75
= r [g!f}'?o !

o X since S, is a functor,
. ” o] $a e \

= GOPo(n) 7X since gef ro{h;,
= J3°h since 7’ is natural.

f: X — p(B), such that g*f = h,

f is a morpinism from

We define o(f) = f.
X E £ X E
' (g ))— “/F (B)(F(in), ig ).
F(E) E E(B)
E p(E)
6( leg) = Jh@ in 8/3,
F (B)
o
PR SOy P - G, (E)
\ 2 [ }
h g
B ———;;——ﬂ G, F,(B)



8ef = h, and we define a(%) = £ as the transpose of the composite

f

X p(E)-Jl—-Go(E), that is f = 3;'F°{W°f), where £ is

tne counit of Fo' Go'

We want to show that the triangle Fo{x}-——£—+E is

E&?\ 3

FO{E)
commutative, since:
gof = g.i%‘?o(r-f) (the definition of f)
e ? ]
= E&{B)'Poﬁb(g)'Fo(ﬂ'r) (since §° is patural)
= E;§E)'Fo(ﬁo(g)'“=§) (since F_ is a functor)
= EF(B}O F0(7°B-n) (gincg -‘:‘,G(g)q.i: - 703'%.? - ,)v.n
asee the above diagram (*))
o M
= EE§E)'FD(7B)'F0{E) (again =aince F,is a functor)
' 1P(E)°?o{h) ( by tne equivalent condition
of tne adjointness)
= F (n)
X E
This shows that f is a morphism from F(lh) to %g) in 6'/F(E}.
B FP(B
o

The proofs of the naturality of o and P , and that P is
the inverse of o are straignt forward diagram chasing exercises.

this completes the proof of the lemma.



Now the proof of the tneorem;

Using the above Lemma, let &= K-mod, B=C , §=u and

Fo = Po. Take B = 1, the one element convex set, then FO(B} -

= Fc(1) = K, the free K-module on one generator. We have

P
F(c) = FG(C—-H) = FO(C) —C*K, where FO(C} is the free K-module
generated by the convex get C.

Since € —>1 sends every ¢ in C to the unique generator of

the free K-module K, we have that pn = FQ(C——H}: FO(Cl = OxK/

— K takes (c,k) = k(e,1) to ki1 = k.

M p(M) —= G, (M)
For each Lh in X-mod/K , the pullback diagram
. l 6(n)
{
i K)
?l
and tne fact tnat G (X) = GQFO(H tell us tnat p(M) = a (1),
taat is G(H.n} = h (1),
K
Therefore we have C = K-mod/X, ¥ is left adjoint to G,

Wnich completes tne proof of the theorem.

Provosition 2. For any convex set C, C ~~ GF(C).

CxE [/~ -1
Proof. If C #®, GF(C) = G( |k ) = pyl1) = {(C»UI cec} 1
K

The map C ——=GF(C) , c+ (e,1) 48 a bijection in € .

to}
if C=¢, GF(P) = o( ,}L{o) =¢.



Corollary. ( 1s equivalent to a coreflective subcategory
of K-mod/K .

M M M
Proposition 3. Let Jné& K-mod/K . Then FG({h) == |h
K K K

-1
if and only if b (0) = {0} .

-1
M M M h (1)%xE/~
Proof. Let FG(ln)= ln Since FG(lh) = B b
—_— k K K Kt(n)

=l
so there is a K-module isomorphism f: h (1)xX/~ —>M , such
t = 8 i = A
tnat By = hef or ph_.mf h. Since the kernel of P is {..f}
end £ is an isomorphism, so the kernel of n is {OJ.
- -
Conversely, if hl{O) = {0} , we define g: M——sh (1)xK/~

g8 follows:
gim) = (H'(“F),n(m)), for me M, m % 0; g(0) =0 .

g is a K-module homomorpiism:

given re K and m, m1.m2t- M, we have:

glrm) = (n—%mﬁﬁ' h(rm)) = (;f(mm, rhim)) = r(—(—)bmm ,a(m)) = rglm),

e T
glm, + m,) = (;W. n(m,+m,))
m, m
hin B(m.) h )‘(‘2—
( (m ) "y e "‘2). h(m1)+h(m2))
h(mi)m(mz)
. 22 n(m,)) )
= (m'h(mi)) + {.h m2 /| = g(m1) + g(m2
m m o
(since h__l_(m‘} . n(mz are in h|(1) )



-1
g 1is surjective: for any (c,k)é h (1)xK/. , let m = kc,

tnen n(kc) = ka(c) = k (note that cen (1) ), Therefore,
g(m) = (T n(m) = (GEsy,blke) = (KT, knle)) = (e,k).
g€ 1s 1-1: if m % O, then a(m) % 0, so g(m) = (F?-m y,h(m)) % 0.
m
Also we have, for any me M, ph_.l;g{m) = ph_.m(m.h(m)) = h(m),
i.e. pﬂ;g = h.

M M
Therefore, g is an isomorpnism between FG(lh) and ln .
K K

Definition., If M is a K-module and N is a X-submdule of M,

tne quotient K-module M/N and the cannonical K-mod homomorphism

q: M —= M/N is defined by the following universal property:
for any K-module B, and K-mod homomorpnism f: M ——= B, such
that f(n) = 0 for all n in N, there is a unique K-module homo=-

morpnism f: M/N —= B such that foq = f.

q
M — M

R{.‘ 4

B

Remark: We can construct M/N in the usual way (construction
of quotient R-module, where R is a ring)), namely define M/N
as the set of congruence classes determined by N on M, except
that since K has no negatives, the congruence relation on M

should te defined as follows:




th, = My,

cn tnat m
Ny, nQeN. sucn tnat m,+n, 2

~ m, i i
m, 5 ff tuere exist

Theorem 2. Tne functor F: L ——> K-mod/X also has a left
adjoint L: K-mod/K —— C.

M
Proof. Let Jh be an object in K-mod/K. Form the quotient
K

K-module I'!/n"‘(O}. then n induces a K-module homomorphism
M —> M/b (0)

N, Z ©
X

h: M/’n"{o)———vl&. such that the triangle

is commutative. o
class of m in M/n (0) by m.

Let us denote tne congruence
M M?

If g is a morphism from Jn to Jh' (taat is h'azg = h), taen
K K

N § ~ =l =]
g induces a homomorpuism E: M/a (0)— ¥'/n (0) miven hv
0 4implies h'ag(m) = 0).

#(A) = z(m) (For al(m) =

M
-l
We define L(#n) =h (1) and L(g) = the restriction of

L= =l 4 ror
€ on b (1), F is an affine linear map between the convex sets

-] -l
n (1) and A (1), It is easy to cneck that L is a functor.

Now we construct a natural bijection

LY

M M
- S C(L(éﬂ} ’ C)L» K-mod/K( Jh, F(C)).
K
" 2
If we have a morphisnm f: L(}'h) =h (1)—sC inC,
K

define F=o(f): M —> F(C) = CxK/~ as follows,
f(m) = 0;
(

fm) = r(H%Ey.h{m}) » note that h(®) = h(m).

1). him) = 0,
2). h(m) % 0,



Let's check tnat f is a K-mod homopnism:

1). T preserves scalar multiplication. Let rekK, meM,

(a). b(m) = 0, then h(rm) =0, so f(rm) =0 = 70 = rf(m);

(b). a(m) ¥ 0, r % 0, then f(rm) = (f(i%%aj. h(rm))

(£6GE=y, xa(m))
(£ rn(m))
r(£ Gyhb(m))

rf(m)

r = 0, then f(om) = P(0) = 0 = 0F(m).
2). T preserves addition. Let m, ,m

e,

2
(a). both h(m1) and h(m,) are O ,
tnen h(m1+m2) = 0, so ?(m1+m2) =0 = ?(m1) . ?(mz}.

(v). h(m,) = 0, but h(mz) ¥ 0, then n(m1+m2) - n(mz] % 0,
m,+m
?(m1+m2) = (r(ET%T:ﬁgT)' a(m +m,))
m,+m
-{f(gjaijjﬁf;;j). h(m1)+h(m2))

m
= (f{;TﬁEjﬂ. h{mg)) (since 31 = 0, n(m1) = 0)
= ?(mz) = ?[m1} + ?(me) (F(my) = 0)

(e). h(m1) % 0 and h(ma) %0,



?(m1+m2) (£(

n(m1+m2 )s n(m1+m2)}

ﬁ}+ﬁ' \
(f(HTa::EiTJ. h(m1)+h(m2))

o
: (r(h(m )n(m + h(mz)h

2°), h(m,)+a(m,;) )
n(m1) + h(mel

h(n ) - n{u )
1 ot
- (h{m )+n(m2) (n(m }) o a(m, )+blm )f(—fﬁ—j) B(m,) a(m,))

m m
(r(Efi:j}, n(mi)} + (f(ET%;T), h(mz}}

A A
= f(m,) + T(m)) .
A M CxE /A~
Finally, let's see that f is a morphism from th to | ,
K K

)
that is that Po*f = h, For any me M,
~
-

PC‘?(N} = pC(f(E%ET}’ h(m)) = n(m), tais shows that P’ f = h.

On tne other hand, we constructe
w

M M
p @ K-mod/K( {n, F{c))—-v” c L(%n). c)
K
! CxXK /o
Let g be a morphism from ﬁh to PF(C) = 4% (d.e.

-]
Poeg = h), and note that the elements in n (1) have tne form



n(m) - a(m). Let T

c be tne projection from CxKA to ©,

|
i.e. Wole,k) = c. We define B(g) = g: h (1) —= C by

TC.E(EI("TH.) p 3

- - L d -1
Ifm=m 1in M/ (0), thentnere exist u, u,€ o (0),

me
e
jq
i~ |
o
[}

miu = m,+u,. Since Ppeg = h, g(u) = g(ug =0 g0 glm) =
\ w il 2 - ‘_I"t +a +h
g(m1, , this gives us that g{n—m ) g(h-(-‘;m ) (note taat

h(m) = h{m”). i.e. g is well defined.

The naturality of o and B , and the fact that B is tne

inverse of o are straight forward exercises.



$ 3. A closed functor ¢ from ( to [J-cat,

let U be the poset ([0,2].2). U has a symmetric tensor
defined by r@®r, =T, + T, , any r,, r2¢'U': and Hom defined
by [ryer,] = {"2“’1' ir ry>wy
¢ = afr Ty< Ty
It is easy to check tnat T 4T, Tg o % T, T5iTy - Thus,

= ([0,0¢],2) is a closed category.

We denote tne category of |J-categories and U-functors (see
[11] ) by V=cat.

If A¢)-cat, that is for any objects a,b in A, A(a,b)e [0,%],
it satisfies (1). A(a,b) + A(b,c) % A(a,c)

(2). 0 3 A(a,a)

If f: A——B 1is aU=-functor between two =-categories, that
is A(a,b) » B(f(a),f(b)), for all a,beA. Thus [ -cat is the

category of generalized metric spaces and Lip 1 functions.

Proposition 1. =-cat is a closed category with the tensor

product ® and Hom as following (see [11] ):

Let A, B be generalized metric spaces and f, g be Lip 1
functions from A to B, then A®B is again a generalized metric
space or a U-category, with objects: ob(A®B) = ob(A)xob(B),
where ob(A) is tne set of objects of A, and

A®E((a,,b,),(a,,0,)) = Ala,,a,) + B(b,,b,);
Hom(A,B) is also a generalized metric space or a U-category

witn objects: ob(Hom(A,B) = {Lip 1 functions from A to E]

and Hom(A,B)(f,g) = sup B(f(a),gla)).
aecA




Definition 1. C is a convex set, a,be¢ (I, Define

dist(a,b) = -log sup t .
geceC,3tef0,1]
a=tb+(1-t)ec

Remark. If C is a convex subset of
32, then in the above definition

g d(a,e)

, waere d(a,c) is tane
d(b,e)

Buclidean distance between a and c, dist(a,b) tells us the situa-
tion of the line segment or ray starting from b passing througn

& in C.

Proposition 2. For any convex set C, dist 4is a generalized
metric on C.

Proof., It is clear that dist(c,e) = 0.
For any a,b,c€C, we have to show that the triangle inequality
is true, i.e. dist(a,b) + dist(b,c) ?» dist(a,c).

We denote sup t = t

ate[0,1] ,3ueC o
a=tb+(1=-t)u

"
L]

sup s s
3se [0,1), 3 veC
b=sc+(1-3)v
sup r = T .

arel0, 1] ,JweC -
a= rc+(1-r)w

Substitute b = sc + (1-8)v into a = tb + (1-t)u, 5 e get
a = t(sc + (1-8)v) + (1-t)u

tae + t(1-8)v + (1=t)u

t!1 !) 1=-% \.“"HLE.?'“*{-:—E;“
tse + (1=-ts)( =ts 7 ¥ T:fiu)




t(1-8) 1=t _
since t(1-3) = t=-ts< 1=-ts, 1-t < 1=ts and T = T

= E:%g%%:ﬁ. =1, 80 t%lzg)v + :::sue C, denote it by w.

Thus, tsg T Taking sup over t, s, we get t,8,¢ T,
Tnerefore, -logt s, = (-logto) + {-logso) > -logr, ,

i.e. dist(a,b) + dist(b,c) 2> dist(a,c).

Ilemma 1. C is a convex set, a,b€ C, then

dist(a,b) = =-log sup t = inf(-log t) é
3 tel0,1] ,3ceC 3te[0,1] ,3ceC
a=tb+(1=-t)c astb+(1-t)ec

Lemma 2. If f: C——B 1is an affine linear map, then for
any abe C, dist(a,b) » dist(f(a), £f(b)), i.e. £ is a Lip 1
function with respect to dist on C and B.
Proof, If a = tb + (1=-t)c, because f is affine linear,
so f(a) = tf(v) + (1=-t)f(c) , then
-log t » inf(-log s)
Ha) et (335 (1-0)u
tnerefore, dist(a,b) = inf(-log t) 2> inf(-log s) =dist(fMngH),

3te[0,1] ,3ceC 38¢[0,1] ,3uel
E a=tb+(1-t)e fla)=tf(b)+(1-8)u

With dist as metric on convex sets and using ILemma 2, we get
a functor @ : L —> |J-cat, which sends each convex set C to
C = (C,dist) the corresponding generalized metric space of C,

and sends each affine linear map f to tne corresponding Lip 1

function ¥f.
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Proposition 2. ¥ is a closed functor. (see[5] for the defini-

tion of closed functor)

Proof, Since the unit of tensor in U-cat is one element
metric space 1 and tne unit of tensor in € is ocne element
convex set 1, s0 we have

‘P': 1 ——p1r =1,

For eacn pair of convex sets C and B , we have to construct
a Lip 1 function (V-functor)

Pop: PL(C,B) — Hom(PC,¥E),

wiere (C(C,B) is the convex set of affine linear maps from C
to B,PL(C,B) means to take it as a metric space with dist as
metric. Hom(¥C,¥B) is the metric space of Lip 1 functions

from metric space ¥C to metric space @B with sup metric.

From Lemma 2, we nave an obvious map ﬁbB' sends £ to ¥f, we have

to prove that it is Lip 1.
Let f,g € C(c,B),
dist(f,g) = inf(-log t)

3te [0,1] ,3he P(C,B)
f=tg+(1-t)n

and Hom(C,¢B) (¢f ,¥g) = sug B(f(e),gl(c))
ce

-

= sup dist(f(e),g(c))
ceC

Because f=tg+(1-t)h iff f(e)=tg(c)+(1-t)a(c), for all ceC,

so dist(f,g) = inf(-log t) ?» inf(-log s) =dist(f(c)glc)),
3te[0,1] ,ahe P&(C,B) 38¢[0,1] ,3beB
f=tg+(1-t)n f(c)=sg(ec)+(1-8)b

taus  dist(f,g) » sup dist(£(c),glc)) = Hom(PC,¥B)(¥L,Pe)
cel




From straignt diagram chasing, it is east to see that ¢LB is

natural in C and B, and also the following three diagrams are
commutative,

1 —;}C——»w&c.c)

T

| ——— Hom(C,¥PC)
¢
where jc takes 1 to 1C' the identity map of C;

1C

P€(1,0) ———— Hom(®1,PC)

WicI l Hom(?f,!VC)
(PC —Ié i{Dm(].‘PC}
Cc

where i,: C ——g(1,C) is an isomorphism;

PELC =) 1 n beie.necc,n)
PC(A,B) —— PLIE(C,A) ,€(C,B)) —————> Hom(VE(C,A), PE(C,B))

Prp . Hom(?,?cE}
Hom(¥A,¥B) — Hom(Hom(¥C,¥A) ,Hom(¥PC,¥B) ) — Hom(P€(C,A) ,Hom(¥C,PE))
Hom{?c'_}‘PA?B hom(?c*!‘l )

where A,B and C are convex sets.

This completes the proof that ¥ is a closed functor.



4. Professor Schanuel proved that ¥ has a left adjoint.

Lemma 1. Let C be a convex set, a,be¢C, T = {te [O,1ll§ct-c,
a=tb+{1-t)c} , then T is downward closed.
Proof. If a=tb+(1-t)e, and s< t, then
t-8

a = sb+(t-8)b +(1-t)c = sb+{1-s}(T:;b + }fﬁc}, g0 se¢T,

Lemma 2. Let a,b,,b,€ C. If ta+(1-t}b1 = ta+(1-t)b2 holds
for some te€ (0,1), then it holds for all té (0,1). (but possibly
not at t = 0)

Proof. Let & be an equilateral triangle generated by

Xy¥q9¥, o f:A——>C 1is an affine linear map, such that
£f(x) = a, f(yi) = by, i=1,2. Then the hypothesis is

fltx+(1-t)y,) = f(tx+(1-t)y2). let
uy = tx+(1=t)yy, u, = tx+(1-t)y,,

that is f(u1) = f{uz).

For any vertical line segment on

the left of Uiy f is constant

on v1v2 s 8ince vi is a convex

-

"
combination of x and uy and f{u1) - f(u2]. 80 f(v1] = r{vz).

Same is also true for u,u, itself.

Now we have to show that f is
also constant on any line segment
in between ugu, and ¥i¥5.

We see that f is constant on G1W2,

assume w, = sx+(1-s)y1 ' Wp = Bx+(1-s)y2



» (assume that the length of each side is 1)

t
s
t

i.e. ;1;2 = (1=t) =€ does not depend on the position of

w

31,32. This shows that f is constant on any line segment of w

1°8

which has length & ., Thus, f is constant on LAY

Theorem. @ : L—— [J-cat preserves all limits.
Proof. First, ¢ preserves arbitrary products.

let cie-ll » 8ince the metric of the product of metric spaces

is the sup metric, we have to show that if a,be mC,, a = {al),
i
b = {bi)' dist(a,b) = sgp dist(al,bi).

dist(a,b) = -log sup t
3te[0,1] ,!cﬂ:.lci

astb+(1-t)c

sup dist(ai.bi) = sup(=-log sup ti)
i Elti" o, 1] .Bcit Ci
ai-ti‘bi+(1—ti)c1
= =log(inf sup ti)
i
ate0,1],3cec,
p a1=tibi+(1-ti)ci

i.e. we have to show sup T = inf sup Ti’ where T1 =
i

{tyl 3¢5, a; = t,b +(1-t e} . But T = ‘}Ti and T, is

downward closed, this implies sup o

= sup( QTi) = 1:11f(eup1‘i).




Secondly, we show that { preserves equalizer

E—t.c—s

g
C,B are convex sets, E is the equalizer of f, g in € . We want
to see that the convex metric on E is the induced convex metric

from C, i.e. if e ,e,tE, tnendiatc(o.".ez) = distg(e1.22].
Now if e, = te2+{1-t)c for some c€C, then for any s<t,

t-s 1=t

let w = 3-ce, + ;—,c , since tf(ea) + (1=t)f(ec) = f(e") = g(e1}

= tg(e2) + (1=t)g(e), in Lemma 2, let a = f(ez) = 5(92).

= = = =8 1-t -
b = f£(c) and b, = gle), then f(w) = 3=2f(e,) + ;=5f(c) =

t- 1-t
= 7323(32) + T:EE(C} = g(w), Tous weE, and distc(e1.e2) =

= distg(ei.ea).

Corollary. @ : L —— U-cat has a left adjoint.

Proof. X is a generalized metric space and C is a convex set,
f is any Lip 1 function from X to ¢¥C. Eecause the cardinal
number of the convex sets generated by f(x), xe X, is bounded,
we could “take one copy of each isomorpnic class of such convex
subsets to get a solution set of X. Tne above theorem shows

that ¥ is continuous, therefore ¥ has a left adjoint.
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§5. The relation between posets and U-categories,

Tet 2 be the two elements poset. 2 is a cartesian closed
category.

Definition 1, Define i: 2——U= ([0,°],2) by 4(0) =0o,
i(1) = 0.

Proposition 1. 1 is a strict closed functor(strict in the

sense that i preserves tenser product, i.e. for any x.ye-?,
1(x) + 1(y) = i(xAy). )

Proof. i is order preserving, so it is a functor. We have to
check that for any x,ye 2 , i(x) + 1(y) = 1i(xay).

If x or y is O, then i(x)+i(y) =e, and i(xay) = 1(0) =oo,
the equality holds;

if both x = 1 and y = 1, then i(xay) = i(1) = 0,but
i(x)+1(y) = 040 = 0, the equality still holds.

Remark. The category of posets and order preserving maps
is the category of categories enriched in 2 . This closed
functor i induces a functor from FPosets to U-cat. If P is
a2 poset, then we have a generalized metric space F with metric

o ., otherwise.

Definition 2. Define yw  :U——= 2 by TW,(r)

i1 s T €oo}

Define [" : U——2 vy [(r)

n

H

n
o O

Froposition 2. Both'ﬂo and [ are strict closed functors.




T, is left adjoint to i, and T is rignt adjoint to i.

Proof. Easy to see 7. and are order presreving.
—_— o

For Ty rzf:' U-.

ifr r, or r, is equal to ®© , then Ty4T, = , To(r1+r2] =0
and 1T°(r1)AlTo{r2) = 0 , the equality
Ty (ry+r,) =W (r,)am (r;) holds;
if both r, and T, are finite, then r +r, is finite, 1T°(r1+r2)=1
and wo(r1) =1T°(r2) = 1, the above equality still holds. Thus,

TTO is a strict closed functor.

If T, or r, is not o, then I'(r1+r2) = 0, and I'(r.l)nl'(rz) =0,
the equality r(r1+r2) = F(r1)nr(r2] holds;

if both r, and r, are 0, then l'{r‘i-rz) = [(0) = 1, and
r(r1)nf(r2) = 1a1 = 1, the equality still holds. Thus, [ is

a strict closed functor.
It is not hard to check that for any rélU , xe 2 , the following

two bijective equivalences hold

Mo (r) € x e i(x) 2 r

r 2 i(x) x sfir)
tnis shows that 1r° is left adjoint to 1 and [ is right adjoint

to 1.

Proposition 3. [ induces the usual underlying poset structure

on metric spaces and 11‘0 induces a "face structure"(so called

because of the observation that the usual face structure of
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a convex set in fact depends only on the associated metric).

Proof, [ and ‘ﬂa induce functors from U-cat to Posets,

i.e. they induce two different order relations on a generalized

metric space. Let X be a generalized metric space, Xq0X X,

2
X ae a poset with the order induces by [ is X,€ X, Aff

r{x(:1.x2)) =1, i.e. I(x1.x2) = 0. Tnus, this is the usual
underlying poset struture on metric space X.

Similarly, X 2s a. poset with the order induced by 'ﬂo is
x,€x, 4ff W (X(x;,x,)) =1, f.e. X(xy,x,)<* . This order

relation on finitely generated free convex sets{simplices) will
give the usual face structure. We will discuss this at the end
of chapter 2, after some work on the topclogy induced by this

generalized metric on & convex set.




CHAPTER 2.CETEGORY @P(m).

In tnis cnapter,we are going to discuss that the category P(m) of

measurable spaces and random maps is the Kleisly category of

a monad P on the category m of messurable spaces and measurable

functicns, and the properties of @(M). The properties of the

topology induced by the convex metric on P(M)(X,Y), for each

pair of measurable spaces (X,d), (Y,8), also will be discussed nere.
§1. Category (PM) and its properties.

Let M be the category of measurable spaces and measurable

functions.

Definition 1., (X,d) is a measurable space, where X is a set
and ¢ is a ¢ -algebra of X. For each A¢d] , we have an evaluation

function F_x{_,.l) from (P(X), the set of probability measures on

X, to [0,1] , if pe P(X), then Ex(p,k) = p(a).

Definition 2. Let (X,d) be a measurable space, define

((X) = the probability measures on X with the smallest T-algebra
such that fx(-.A} is measurable for all a€d .

If (Y,8) is another measurable space and f: X——>Y is a

messurable function, define P(f): P(X) —P(Y) by

P(£)(p) = pef”’, where pe (X)), i.e. 1f BeB®, then pef (B) = p{f”'(B)).

It is easy to check that ® is a functor from m to m.

Lemma. (X,4), (Y,B) are two measurable spaces. If f: X —=Y
is a measurable function, g is a measurable function from Y to
R, where R is the reals, and p is any probability measure on X, then

fe(y)al(pet™) = fgef(x)dp = Sgl(£(x))dp.
Y X X




Proof. See E.Hewitt, Real and abstract analysis, p.180,

Theorem (12.46).

Proposition 1. (P is a monad

Proof. We have to define two natural transformations,

K 1m—-:4) and M:PP—> P, and have to show that they are

satisfying some commutative diagrams.
Let (X,4), (Y,B) be two measurable spaces,
Define ’?x: X — P(X) by ?x(x) = §,» for each x¢X, Sx is the

probability measure concentrated on x, i.e. for A¢d,

1, X €A;

Sx“) < {0. xkA.

If f: X—>Y is a measurable function, the following diagram

is commutative,

7
X X _.o(x)
lr l P(r)
Y P(Y

7y D)

since for xe X, B¢, P£)+7, (x)(B) = P(£)(§,(B)) = §_(£(B))

1. x(—f-‘(B): i‘v f(x)('B: S
{o, st m). = lo, zix)gs. * ?(x) (B

but ﬂy-f(x)(B) = Et{x)(B). Thus, 7 is natural.

Define My: (PP(X) ——P(X), for qePPX), Aed,

Ax(q}{a) - SEx(p.A)dq ; note that q is a probability

pefx)
measure on P(X).



Let q € PP(X), Be®, then in the following diagram,

PP(X) —2=— B(x)

]d’a’(f} \ P(t)
PP(Y) —2r ., Ay)

the left side: ﬂYnPP(f)(q)(B)

= Ay (q@(£))(B)

= 3 EG.Baleae)

pefY

= § e,@(£)(p),B)aq
peP(X)

= e p,£7(®))aq
pef(X)
the rignt side: P{f)-ﬂx{q)(B)
= My(q)(£(B))

= § £(p,f (B))dq .
pef(X)

thus, left = right, i.e. M is natural.

Di ¥ 7
e p(x) — X porx)

~

) ™ pix)

(by Lemma )

(since EY(P(ﬂ(p),B)
= &(p,£7(B)) )

P2
O 7S

Tl
X
Tocx lp(x)



let pe P(X), Aed ,

tae left triangle:
. e TR 2 \
,Uf?,_gtxj,kpﬂk,u = My spu.

qef(X)

ola)

taus o Hy*7p(x)(P) = Py Lee. Uy Tpyy = p(x)3

tane rignt triangle:

U2 P (95 (p) (A)

By (P72 ) (A)

5 EK{q,A?dr}‘u?';. )

=1<-6’LX?'
= jfxw:({x}.n}dp (by Lemma
we X
= p(Aa), (since Exl?x(xf.ﬂﬁ ={
tnus, Ux‘§*7x1(p7 = p, i.e. UK°P(91) = 1p(x)*
Diagram 2. P
PPP(X) ———— PAX)
| 1
Hpcx) | Mx
PP Zi Pix)

let q e PAP(X), ﬂ"ﬂl

the left side:

\
)

1
0

xXeA
XEA

\

/



= J gemasy )

pef(X)
= 5 Ex(Pn,l) J 2ﬂx)(°'|dp)dq
pef(X) TePP(X)

cePP(X) peP(X)

" S S Ex(P.A)dG'dq
o ePP(X) uP(X)

the right side:
M @sy) (q) (A) = Ay (qrai}) (A)

= § Ep)alqesy)
pef(X)

= j Ex Uy (o) ,A)dq (note, A&:W’(x)——-—sﬁ’(x))
Tepp(X)

“ § My(@)(A)dq
ve PP(X)

- I j Ex(p,A)dqu
oe PP(X) pef(X)
thus, 1left = rignt, the square in diagram 2 is commutative.

This completes the proof that (P is a monad on m .

Denote the Kleisli category of momad P by fPUn). (M) has the
same objects as M does. If (X,4) and (Y,8) are two measurable
spaces, a morphism £ from X to Y in P(m) is a morphism £: X—s P(Y)
in m , i.e. for each x in X, f(x) is a probability measure on Y;



Ey(-,B)

—— [0,1]

.
for each B¢B, the composition EY{_.B}Of: X ——0FY)

is s{-measurable, Thus, f is just a probabilistic transformation
from X to Y( f is a probabilistic transformation between two
measurable spaces (X,d)and (Y,8), if f is a function from X=&
to [0,1], such that for each xe X, f(x,.) is a probability
measure on (Y,B); and for each Be¢®, f(_,BE) is fl-measurable).

We will call a morphism £ in (M) a random map, denote it as

X -—--t:—-'Y; and for x¢ X, B¢® , denote f(x,B) for £(x)(B).
If f: X——Y and g: Y —— Z are two random maps, where X,Y and
Z have o -algebras @ ,B, and & respectively, according to

tne rule of composition in Kleisli category, g'f = -uz‘ﬁg)-f:

x—’»?(?) m%ﬂz) ”E-P(z} . Let x¢X, cefy, then

g f(x,C)= ﬂz'ﬂg)'f(x.C) = 5 Ez(q.C)d(f(x._)*’s")
qtﬂZ)
= fe ety ,0080x,8y) = faly,C)r(x,0y),
yeY 4
where f(x,dy) sdands for df(x,-).
From the adjointness, MM Z M) (the notation from

Maclane's book, Categories for tne working mathematician,
Spinger-Verlag,1971), any measurable function f: (x,4) —>(Y,8)
could be regarded as a random map, for x&X, Be®,

14 f(x)e B,
f(x,B) = {O, £(x) & B. We will call this f deterministic.

Proposition 2. (P(M) is tensored, and tne tensor is a bifunctor.

Proof. If (X d4), (Y,B8)€ P(M), define (X,4)®(Y,B) = (XxY,d:8),




where XxY is the cartesian product of sets X and Y, #AxBis the

g-algebra generated by the measurable rectangles {AxBlAH‘ .BHB}
on XxY,

Let f: (X,d) ——(X',4), g; (¥,8)——(Y',&) be two random
maps, define f@g: (X,A)®(Y,B)—+—> (X',4)®(Y',8) by

mg((x,y),A'xB') = £f(x,A')-g(y,B') , where (x,y)é XxY¥, A'xB' is
a measurable rectangle in A&’

1). For each pair of (x,y)e XxY, feg((x,y),-) is a probability
measure on (X'<Y',d%8):

first, feg((x,y),X'xY') = £(x,X"')-g(y,¥Y') = 1;

1f A%B' = ;t:.J‘Ai&Bi » A{XB{NAJxB} =4 for i & J, then

either A!

imui =& or B!nB! =¢,

L
Thus, feg((x,y),A'xB') = f(x,A').g(y,B")

j (§ I,¢ Ig.f(x,dx'))g(y,dy")
Y' xt

= g {5 IA'KB'f(x’dx'))g(Y'dy'}
L

= ((§ $1,, 0. 2(x,8x))gly,dy")
éa ;51.?:* B o e

"

1=l

= ‘Ef (! g IB pf(X.dx'))g(y'dy‘)
¥'rox! i i

= T(x,A]) - g(y,B))

- :I:‘fﬁg((x.y):ﬂ;_"ﬁi) ’

then use Caratheodory extension theorem , extend Mg((x,y),-)

to a probability measure on Ax®'.



2). For any A'*B', feg(-,AxB') is o{x«B-measurable:

we start with that f(_,A') is a characteristic function,

f(_,A') = I,, for some Atg) , then

fog((x,y) ,A'"xB') = £f(x,A').g(y,B")
= I,(x)-g(y,B")

if u is a measurable set in [0,1] ,and let AY = X\A,

(Il(x}-g(y.ﬂ'))-‘(u) ={A25"(Y.B'-)I(u). if 0& u;
A%YVAxg (y,B')(u), if O€u,

thus, IA(x}-g(y.B') is dxB-measurable;

n
if f(.,A') = Z2a, I, is a step function, a. ¢ R the reals,
=] i Ai 1
then  feg((x,y),AxB') = (IiaiI,‘i(x)}-g(:-'.E')
=|
n
== a/(I, (x)-g(y,B'))
i= i
since a finite sum of measurable functions is measurable, thus
in this case, f@g(.,A'®B') is dxB-measuradble;

now £{_,A') = lim Sps where{s | is a sequence of increasing step
n-soe

functions, then f@g((x,y),A'xB') = f(x,A"') g(Y,B')
= (lim s ) g(y,B')
n->e
= lim s - g(y,B')
N*sc
since for each n, s, gly,B') is a dAxf-measurable function, and
the limit of a sequence of measurable functions is measurable,

thus f®g(-,A'xB') is dd«B-measurable in this case.

Now from the proof of Caratneodory extension tneorem, we get that

for any Ced*®, r@g(_,C) is dxB-measuradle.



2.9

To see that tensor ® : PUMXxAM) — PM) 1e a bifunctor,
let  (X,4) —&—=(x'd) —F (xv,d")

(Y,8) —E—(Y',8) —E (1", 89
be random maps, we have to show that the following diagram is
commutative, i.e. to show that (f'+f)®(gh.g) = f'eg' 1@z

(L' fge's &
XxY > X"xyY"

rk /r'@s'
e dl i gl

let (x,y)e XxY, A"xB" be a measurable rectangle in A",
r'og' feg((x,y) ,A"<B")

rog'((x',y"'),A"xB") f@g((x,y),d(x"*,y'))
X'eY'

= 5 £'(x',A")g" (y',B") f(x,dx")g(y,dy")
X'y

j f‘(x'.A")r{x.dx'}S g'(y',B")g(y,dy") (by Fubini
b & b & theorem)

£y f(x,A")g" gly,B")

therefore, (f' £)®(g'-g)= fRe" 1Og.

We use (P(M(X,Y) to denote the set of random maps from (X,d)
to (Y,B). For f,ge PUM(X,Y), Octs 1, xe X, and Be¢B, define
(tf +(1-t)g)(x,B) = tf(x,B) + (1-t)g(x,B). It is easy to see that
tf + (1=-t)g €epPM(X,Y), thus POM(X,Y) is a convex set.

Proposition 3. The tensor is biconvex 6 in the sense that if

£.1,08,: (XA) ——(Y,8), & 18, (x',d)——(Y' £) are random
maps, then for any O< ts 1,



6 tg, + (1-t332)

t1®g, + (1-t)f®gz

and (tr1 + (1-t}r2)®g tf105 + (1-t)féag .

Proof, Let (x,x')€ XxX', BxB'e Pxg),
re(tg, + (1-t)g,) ((x,x'),BxB")

= f{x,B}tg,+ (1-t)g,)(x"',B")

= tf(x,B)g,(x',B') + (1-t)f(x,B)g,(x"',B")

= trog, ((x,x'),BxB') + (1-t)feg,((x,x'),BxB"')
similarly (tf, + (1-t)f,)@g((x,x'),BxB")

= (tf.0g + (1-t)f0g)((x,x'),BxB"')
then use Caratheodory extension theorem to extend the result to

any measurable set C¢Bx®. Thus, we have that ® is biconvex.

[ n
Proposition 4. The finite product (T Xi» JTyii} of (Xi,ﬁli) with
=

n
projections W,: TX—X, 1in M is a weak product in P(M).

The weak product is in the sense that for any (Y,8) and fi: Y—.—»xi.
L]
there is a f: ‘1’-.—»_1!111. such that wf = £, (f is not necessary

|l

uniquely determind by the latter equations).

n
Proof. Define f = @Ifi'ﬁy, where Ay: Y ——YxYx,..xY is the
X Y

diagonal map viewed as a random map, i.e. for yeY, Bi"ﬁ, i=1,...,0,

% {1, if ye B1n...an.
Y(¥sBXeooXB)) =10 otherwise.

Since the unit of tensor is the terminal object in P(M), we
have the projection 1ri = (f{xi——-—o‘lx...xxis...ﬁ). this gives
=

that '!Ti'f = fi.



Note that, A, is not natural in PN, unless £f: X—> Y is a

measurable function(i.e. f is deterministic). In the following
diagram

By

X —32—» xxX

l s l ror
A,

Y

- YxY

let x€ X and B.l,Bz('B the measurable sets in Y, then

A’Y'f(xiB1‘B2) = gAY(YIB1xB2}r{xudY) = f(xtB1n32)

oA (x,B,AB,) = xSxf@f“H"‘2)'31‘52)"5!("‘”‘1"‘2))
x

= f(XpBT)f(xoﬁz)
but f(x.B,r\Bz) may not be equal to t‘{:.B1}r(x.Eg). such as X = {x},
Y = {a,b), f(x,a) = & = £(x,b), then f(x,ialalb}) = f(x,4) = 0,

but £(x,{a))f(x,iv}) = 2-3 = %,

Proposition 5. (M) is enriched in C .

For each pair of measurable spaces (X,d), (Y,8), #(M(X,Y) is a

convex set.

Define Jy: 1— PUM(X,X), 1——1y

myyzt POD (X, VIOPM) (¥,2) em(x,z)

n n
sr.f0g, —a T o f
o 1 ?_:1 184" %y
where fi(-d’(?’ﬂ(x.Y). gi(-(P(IR)(Y.Z), r;€ K and iri =1, ® is the
i=]
tensor in C . Because ilrl =1 and g rieﬂi'{m)(x.z). 80
=

‘iriﬁi-fif‘ﬁm)(x'Z}- and both jx 8 mXYZ are affine linear.

=)



The associative law:

(Am) (x, Y)®FM) (Y,2))8AUn) (2,w) a POm) (X,Y)B(O(M) (Y,2)0P(M) (Z,W))

1
"XYZ>'P0m) (2.4) Tem) (x, v Py
fm)(x,2)®0m) (z,w) fim) (x,Y)®F(m) (Y,W)
\\\ /
’“xzw\ My vw
Pm) (x,w)

let re K, Zr, =1, £,6 P (xX,Y), g; € P(m) (Y¥,2) and h € P(M)(2Z,w),
1=

n
i ﬁlri{fﬁsi}@hi = ,Elririe(giehi)
i= = T
n n l
Zrileye £ )ony Zr1f®(n gy)
‘\ 3 /
b 8 rihio gio fi

thus, tne diagram is commutative.

The identity law:

PO (X, Y)®AM) (Y,Y) —Bs P(M) (X,Y) «2—@(m) (X,X)OP(Mm) (X,Y)

N

Tp(m) (x,Y)®y 1 I®p(m) (x,7)
P(m) (x,Y)®1 1®fP(m) (x,Y)
let £ ¢ PN (X,Y), since fely = £ = 1yof, thus both triangles

are commutative.

Note that, actually (M) is enriched in V-cat too, since

there is a closed functor from € to U-cat.



One of the ideas to understand the distance between two

random maps f,g: (X,2)——(Y,8), which will be used later in

discussing completeness is

Proposition 6. sup |f(x,B) - g(x,B)| < dist(f,g).
xeX
Bely

Proof., Let us denote dist(f,g) = -log sup t =4d
Rt 3te(0,1) ,3heP(M)(X,Y)
f=tg+(1-t)h

If sup ¢t =t
3t€10,1] ,3neP(M) (X,Y)
f=tg+(1=t)n

-d
o’ then -logt° = d, or to = e ‘

For any § , 0<8<t,3t>t-5, 3ne P(M)(X,Y), such that
f = tg+(1-t)h, i.e. £(x,B) = tg(x,B) + (1-t)n(x,B), for xe X, B¢®,

so , I£(x,B) - g(x,B)l = (1-t)In(x,B) - g(x,B)|
§ 1=t (since 0¢ h(x,B), g(x,B)s 1)
€ 1=-t+3
this implies that |f(x,B) - g(x,B)| s 1-t, for any x¢ X, Be8,
thus, sup |f(x,B) - g(x,B)|s 1-t,.
Defi;:by(x) = 1-e”* -x, the derivative of y(x), y'(x) = e *-1<0,
as x> 0; because also y(0) = 0, so 1-e ¢ x, specially for x =4d ’
1-e™< d, t.e. 1=t = 1-e"%ca.

This completes the proof of the proposition.




§ 2. The covariant and contravariant topologies of P(n)(X,Y).

Definition 1. C is a convex set, the covariant open ball in

C with center a and radius r is ic'r c|dist(a,e)< r] = B(a,r),

where a¢ C, re K.

The contravariant open ball in C with center a and radius r

is {c(— ¢| dist(c,a) < r_} = B(r,a).

Proposition 1. {B(r,a) | aecC, re K} form a basis.

Proof, Let c¢ B(r,a)n B(s,b), dist(c,a) = r,< T and

dist(e,b) = 8, < 8. Let 5§ = min{r-r1.s-s1}, If xe B(S,c), that

is dist(x,c)<$ , then dist(x,a) ¢ dist(x,c) + dist(ec,a)< 5+,

¢< r-r, +r, =T, and dist(x,b) ¢ dist(x,c) + dist(e,b)< b+s,

g s8-8, + 8, = s. Thus, E(§,c) € B(r,a)n B(s,b).

Using a similar argument, we can show that the covariant
open balls also form a basis for covariant topeclogy induced

by the metric.

Remark. let f,g,h €P(M)(X,Y). The convex combination f = tg +
(1-t)h implies thnat f£(x,B) = tg(x,B) + (1-t)(x,B), for all xé&X

and Be® . If £ is deterministic, i.e. £(x,B) =1" f(x)e B
0, f(x}ﬁ B

3
then this forces g(x,B) = a(x,B) = 11' f(x)eB , that is
0, f(x)4B

g =h = f. Thus, the covariant open ball B(f,r) = if]’. or f ig
isolated in the covariant topology. However, ihe deterministic
map is not isolated in the contravariant topology. This is the

reason that we feel more interested in the contravariant one.



Examples.

First note, if b = ta + (1-t)e, 0< t< 1, a,b,c are reals, a ¢ b,

then either a<b<cora>b>e.

Example 1. The unit interval [0,1 .
If b=ta+ (1=t)c,

case 1. Oga<b<ecc1, , then t = — ;
1 c-a
] = b=t _ ¢=b
case 2. Ogc<becag, : : » then t e S s
c-b

Since the derivative of function y(c)

' 2 .._—ih'
= ia y () = lc-ay °*

so y(c) is increasing as b>a, i.e. in case 1; y(e) is decreasing

as b<a, i.e. in case 2.

Thus, dist(b,a) = =-log sup t .1 = -log sup g'g
3te 10,1 ,3c¢ =
b=ta-:-(1:t)c : ce[0,1)
-log 1=, if b>a,
. -a
-log2 , if b<a.

The open ball in [0.1] with center a and radius ¢ (contravariant)

is B(5,a) = {belo,1]| atet(v,a)<€]
1-b
-log <t, b>a
- lb(-[on]l P ]
-lug-}cz s, bsa
b< 1-(1-a)e” €, b>a
= {bs[on] ik }
b>ae °, bga

B(€,a) is as in the picture:

e il

0 et )€t 1
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if a = 0, B(¢,0) = {belo, | b<1-e"¢ Jisas

a=0 1

if a

1, B(g,1) = {be[0.1]|b>e“} {s as 6___.$u.m

The open bdall in [0,1] with center a and radius £ (covariant)

is
B(a,t) = {bz-to.ﬂ[ dist(a,b) < £ }
1=-a
-log <t, b<ca
= foefo, | T T }
-log%«:i. bya
b>1-(1-a)ef, b<a
'{N[O’ﬂ b<aet, bxa
4 — L zua‘ e
as in tae picture 0 -t:-gk‘ 5 1

if a = 0, ae* = 0, so B(0,8) = {veW,]|bs0} = {o} ,

if a =1, 1-(1-a)e®= 1, so B(1,e) ={bef0,1]| b3 1] = {1}

Remark. a). This works for any closed interval [a,b], -p¢a< beoo
b). The topologies(contravariant, covariant) induced by this
metric dj:at'. on (0,1) are equivalent to the usual topology on
(0,1).

Example 2, [0,%).
c=D

From Example 1, y(e) = e is increasing as b>a, decreasing
as b<a. Thus, as by a, sup %’—: = lim%-g- = 11m(1-‘3-'3 = 1; and
Cefewm) Lo =7 tmaon T8
as bg a, sup%}'g -%:—-.

ce b‘h}




Thus,

B(g,a)

B(g,a) is as in tae

if a = 0, tnen ae~t

The covariant open

B(a,t)

E(ali\‘l

if a = 0, then aé = 0, taus B(0,¢) ={ve[0,)| vs 0} = {0}

{ve [0,%) \ dist(b,a)< ij’

{b(-[o,m) ‘ -log sup §+: «'E}

Celom)

| =logt = 0<€, b>a
{b¢loe) | b
~0g = < § , b<a )
{pe(0,=) [ b>ae”¢ j
picture: o
N

= 0, thus B(g,0) ={ve[0,@) | 20} =[0,).

ball

{vefo,=) [ dist(a,b) <t |

is as in tne picture:

b€[0,=) | =log sup —.EE-S <
i ' l cerom) }
{tfio.w) -logl = 0<¢, b<ca
-los%ce ’ ba
{vefo,=) lb< aet }
0 .
o ogt

Remark. For the real line (-e,% ), aince 1im

Yterefore,

dlstla, o) = <log sup

C=-2

telww) E

C-a
xSl

A

% = 0. Thus, any open ball

\contraviant, covariant) in (=wm,ce) is equal to (-es,o=),



Definition 2. For re K, define _15, = { 1, r=0 .

w, >0

lemma 1. f,g ¢f(m)(X,Y), Af £ & g, then inf—r-{l'i} < 1;
xey, ELX,B

Eeg
x,B
and 's.u,? ﬁ?:ig- -
be
Proof, f & g implies that there exists xe¢ X, B¢8, such that

f(x,B) % g(x,B). Let us denote Y\B = B® since f(x,.) and gix;<)
are probability measures,
then either f(x,B) < g(x,B), £(x,B°) >g(x,B8%);

or £(x,B) > g(x,B), £(x,B®)<g(x,B°).

Thus, we have the results.

Lemma 2, f,g¢ IPUTZ)(X.Y). then

g). sup t a  inf f(: B) ;
3te [0,1] ,30eP(M)(X,Y xeXx E1%
f=tg+(1=t)n Beg
I f(x,B
therefore, dist(f,g) log :i:fi E(?:-F;—- -
Ee
)
b). =log infi((x—'-g-}— = sup log H(x B) 4
xex B\X» xe X X
Ee® Et®

¢). View f,g as functions X——®@Y), then

5“139(?){:{!'-)'8(1;_}} = dist(f.g) .

xe X
3
Proof. First we show that inf iél'-%j- - 1nf%l'-§-;— .
e )20 8 % xex B(X,

Bef

If for some x'e X, B'¢®, g(x',B') = 0, we have two cases:

(1), £f(x',B') = 0, then é—%—:—%} =%- [



(2). £f{x",B') % 0, then é{:—'—:'g% = 0o ,

If f » g, from Lemma 1, in!%l'%;- < 1 . Therefore, those
xex B\ %y

Bed

(x',B')'s (suca that g(x',B') = 0) do not effect the result

of mfﬁ%‘%} . Thus, inf £(%B) o gpp £(x,B)

4+ 36 Fry Sunto 8(x,B)

If f = g, tnen f(x,B) = g(x,B) for all x¢ X,B¢® , therefore

f(x,B - f(x,B)
1nfﬁ;§%:1- inf SHOSL

xeX Supy%o
Be@
a). Let 1n££§i'-§-}—- 8 For any x¢ X, B¢® , we have
= xeX 8 x. o . y L ] L
BeR
fix,B f(x,B
—g-h—:?;* > ﬁig{;ﬁ% =s . So f(x,B)> sg(x,B) or
Be)y

f(x,B) = s.&(x,B) > 0,
f(x,B) - s_g(x,B)
1 = 8 .

Define h(x,B) =

(1). for each B¢® , h(-,B) is f-measurable; since f(.,B) and

g(-,B) are d-measurable;

(2). h(x,B)>» 0O: since f(x,B) - !og(x,B) 2 0 and 1-s_> O;

(3). n(x,B) ¢ 1: if let B® = Y\B, then h(x,B)> O, and h(x,3%)> O,
and n(x,B) + h(x,B%) -ﬁ (r(x.B)-aog(x,B)+r(x.Bc)-sog(x,B°})
[+]

=11—,°((f(x.ﬂ)+r(x.13°) - so(g(x.B}+g(x,Bc))
'ﬁoﬂ-so) = 1, this shows that h(x,B)g 1.

n(x,.) is a measure,since f(x,.) and g(x,.) are. Thus, hef(m)(X,Y).



let

sup t =t . Since f =8g + (1-8_)n
3te«[0,1] ,31¢P(m)(X,Y) e ¢ 5
f-tg+z1-t)1

thus, ’o £ to.

On thne other hand, if f = tg + (1=-t)h, i.e. for any xe¢ X, B¢ B,
f(x,B) = tg(x,B) + (1-t)a(x,B).

If g(x,B) & 0, then rsx,B; n%x,B‘
’ glx.B7 " t + (1--15)g % 3 B this implies

that f—él-ﬁ}- > t , therefore, inf 151'3} 2 t, and
g(x,5B

sup t =t . Thus, 5. = ¢_.
" 3t0, 1) ,3he O(M) (X,Y) ° dgil L
f=tg+{1—t)‘n

b). If £ = g, the equality =-log inf ~4X 3 = suwp 1og§{ltg§—
xex E1%» xeX s

Be@® Bep
holds.

Now f % g:

)W (x'.F-')E-A1 ={(x,2)l xe X, B¢B, f(x,B) = 0 and g(x,B) # 0_’]‘}

ARERR o b Al - o o FAXLBL _ o5 s
then Jig‘f{' EEXL‘:F} =0, so <=log .:L‘l;l; g(x,B = 0o ; and
Be® BEBD

4
sup log-’?%—’i'-%}=oo . Tnus, ©b) holds.
KEX Xy
LLs =)

2). 1if (x',B)€ A, = §(x,B)| xex, Be®, £(x,B) ¥ O and g(x,B) = O],

tlien é ;: g:- =060 , by Iemma 1 it does not effect the value of
+B')
£f{x.,F f(x,B)
1nf‘—E—lL.g-, therefore does not effect the value of -log inf L
<ex 8lx,B xex B\%,
BE Be@
’ B
and g(x,P') = 0, s0 it does not effect tine value of sup logﬂ{l'-‘é-%—.
LY VX Irix,E

]

=
et A = X-G\A?uﬁz , then any (x,B)e A, 0 < g—((%::?;-, %—f%:%%-‘ﬂ S



(in Definition 1, we defined == 1), Thus, we have

0
: f(x,B f(x,B) f(x,P
-log inf -{—4—% . £ "{"’f NP _4_4_%
& :-bi gix,B 1ﬂguqu,SA glx,B I!?’::ifﬂ tog gix,B
BER X
= sup log (: B = sup log %%%l%% .
(xB)eA ! xe ’
: Be®

c). sup®(¥)(£(x,.),g(x,-)) = sup dist(f(x,.),alx,-))
XEX xeX

= sup( -log sup s )
xeX asi-[051] ,apeP(Y)

f(x,-)=sg(x,-)+(1-3)p
but dist(f,g) = =log sup t = -log 1nf-£%§*§} (by a). )
3t€10,1] ,3heP(m)(X,Y) xex 1%
f=tg+(1-t)h Be®
(x,B)
= sup log %T—lET (by bv).)
xeX X
Be®
= sup sup log %%;1%}
xeX Bed -
(x,B)
Thus, we have to show that -log sup s = sup log %T_LFT
; ase (0,1 , pe®(Y) Be® %y

f(x,-)=sg(x,-)+(1-8)p

But this is just tne cases a). and b). again, for f(x,.), g(x,.)

in (M) (1,Y).

Remark. From the proof of a), we know that if dist(f,g) =&,

then there is hé¢ P(M)(X,Y), such that £ = e“tg + (1-e~%)n.

Lemma 3. f,ge P(M)(X,Y), then dist(f,g) = O iff f = g.
Proof. If f = g, then dist(f,g) = O,

2 f(x.B f(x,B)
It ﬁist{fog) 0, i.e. -1og inf g T = Q or inf 8{Koﬁ) .1

xex E\% xeX
Bel Be®



Assume 3 xe¢ X, B¢®, such that f(x,B) > g(x,B), then

c
£(x,B%) < g(x,ES), where B® = Y\B. This implies J{X:B) _ 4

g(x,B%)
It contradicts tne fact 1nfi%1‘%—;-= 1, therefore f = g.
xeX B\%»
Eed

Example 3. P(Mm)(1,3).
Note that, P(m)(1,2) = [0,1] as convex set.

P(m)(1,3) is the free convex set generated by three elements.

f(m)(1,3) could be viewed as a subset of R?:

. A

o (0 !

Any be PUM)(1,3), b = (by,b,,b5), b3 O and li“bi -1,

We take b'l'bz as coordinates of b on x.l—axis and xe—axis.

Let a¢ §(m)(1,3), € > O, the contravariant open ball with

center a and radius § is

B(z,a) = {be P(M)(1,3)| dist(b,a) < €]
b
- ib(- f(m)(1,3) | -log min -a—i <t }

= {b" t?(ﬂl)(h'i}' rn.'iu'!-':—i:-ta"E ]’

b b
For b€ B(E,a), ﬁ—;min-é—i o g
i



if a, § 0, hi* aie'E

ifa; =0, b,20=1a, = Rl

-t - -
From bs> aze™, or 1-(b1+b2) > aze ", we get b +b, <1-aze

Note tnat, 313319"; az)aze-", and

(1-a3e"“') - (a1+32) 1'“‘1‘32}‘;’3"-{

e ot
S a

33(1-e-E]30

so, a,+a, € 1—aje-t.

Thue, F(€,2) is the region bounded by
X, 2 a‘e'f
x5 2 aze-l
X, 4%y € 1-a39'E
("=" nolds, only when a; =0, 1=1,23)

(1).8; % 0, 1%1,2,5: then
-§
!1 > 819

B(E,a) = x‘?)»aze'E

A -5
x1+x2 <1 e3e

£




(2). 2, =0, 2, £ 0, a; ¥ 0, tnen
x1=0

BE(t,2) = x5 > a2e"

-E
x14x2< 1-533

(3). 2, %0, a, =0, 25 4 0, toen
x, > a1e-i

B(¢,2) = X, = 0

-
x1+!2< 1—a3e

(4). a, %0, a, %0, az = 0, tuen

E(g,a) = X5 529'

act % o - \ o

[’///\

alt'l ﬂ'i“,-’-‘,“lj I'i‘ﬂ) ]

%
(o, 11K
" ﬂf"- ‘

TR s
/ o=la,,a,,0)
a.z_‘ // p \

x
0 aet e f

4




(5)- 31 = O. 82 = 0. 83 = 1| then

!1-0

1

g iy I a, =0, a, =1, a, = 0, then

x1=0

-t
B(E,B) = x?’ .

11*'22 =

x +x2< 1=

1

(e,

V6 il
|/ AN N\
G=0 (1,0 |

{o1)

ct Qsli,0)




Example 4. P(m)(1,n), n<w,
at P(m)(1,n), then a = (31.....an), a,» 0, and r%ai =1,

We can view @(m)(1,n) as a subset of R""', such that ae Fim)(1,n)

n=i
a = (a1.....an_1}. a;> 0, and ,:_‘_‘la €1,

i

The contravariant open ball with center a and radius & is

BE(g,a) = ibt' P(m}(hn)l dist(b,a) < 1}

bi bi =t
= {ve @(m)(1,n) [ -log min——>-<& , or min == > e J
i i 1 i
b, By b
be BE(e,a), 4if a; %0, tnen;;:; m?nqa-e , OF bi:»aie :

if a, = 0, then b2 0 = a; = aie-f‘

B(e,a) is tae region LI a.le"ﬁ
("=" nolds only wnen

8 w 0, iml,54sin1) -£E
RS e Xpe1? 81

+ 1e{1=Za.)e™" & tea ¢
Xyt Tgberott 1 & 1=U-28 )e™ = Teag¢

The Buclidean distance from a to X, = aie"z 1= 1,0000=1,

is a, - aaie"£ = 81(1—e'£}; the Buclidean distance from a to

-E
Erxi o bt 4g |2y*e..ta o - (1-2a e |

: n
=1 ’n_""_ 1
1

=T [t )an(t.he Fuclidean distance from a = (31 1essyd

n—1)

M=l

- Zb.a - C

to E{‘_Ibixi =c is l"' i3 | Y
o ETH

=

Corollary. Tne contravariant topology on f(m)(1,n) is



equivalent to the usual topology on f(m)(1,n) restricted from

Rn—‘l

Proof. Let us denote U(§,a) as tne intersection of (M) (1,n)

and the usual open ball of center a and radius § in Rn'1.

If we nave B(&,a), let § = minja, (1-e7%), L (Yt Ja
e, 2 e

then U(5,a) s E(g,a).
Conversely, if we have U(§,s),
in the case n=3, B(g,a) is a
triengle with vertices
o =
(a,e ,1-{1-32)9 *¥s

|
(a1e'£,32e'5} and [_

(1-(1-aT)e_t,aze-E). The Buclidean

distance between a and

(a1e"5. 1-(1-32)e-i} is 8, =

. (ke
da2(1-e7)%u(a,- (10, )™ ))? Lokt 1-u-a€)

- (1-e'£}|a$+(1-az)z;

B NIRRT

"t
@e", ae™)

Tne Euclidean distance between a

14

and (a1n' ,azehi) is s, =

;a$(1-e'5}2 . 35[1-9'5)2

(1-e-£lJa$ + ag ; tne distance between a and (1-(1—a1)e'5,32e'£)

is 85 = J(a1-(1—{1-a1)}e-512 + 33(1-9'8)2 = {1-e-e)|(1-a1)2+a§ .




a
If we choose £> 0, such that si< :!ixéis. aiyj} for 33 x 03

s;¢ min{§,a;} for as = 0, then B(t,a) ¢ U(§,a). Similarly, we

Q:se

can show B(f,a) € U(§,a), for n>3,

Now, let us look at the covariant topology on P(m)(1,n).
The covariant open ball with center a and radius £ is
B(a,e) = {be P(m)(1,n) | dist(a,b)<s]

a a

= {bt—é’(mj(hn] l -log minb—i<e or min—b—j‘; e'i}
i i n § i

Note that, if b€ RB(a,t), then a, = 0 4implies ‘::1 = 0,because

il ay = 0, bi#O tnen-logminﬁ_]_ = «log 0 = o0 .
J

For be E(a,t), Ti-
i

H—crir--

» that is b, g aie‘ ("=" nolds

only when a; = 0. From b € anet, or 1- Eb < (1- ;a Jet,

we have F‘_Ib 2 1= (1-?31%5 = I-anez.
=)

Therefore, B(a,g) is the X, € aie‘i s A% 15000601
region ("=" holds only when et -
$x, > 1-a et
ai=0 or an=0) i=]

Note tnat, a is in this region, since a, s aie*, and

n=l £
.Elai = 'I-an 3 1-ane

XA
For example, n = 3,

|
(1).31#0, i=1,2,3, Then \

\ X &%, = \-ﬁ,{t
X,< a et

1 s N,
Bla,t) = X5< 02e5 g TSRN

X +X.> 1=-a et \%_ \

1+%2 3 0 adt o




(2). a, = 0, a, ¥ 0, a; %0
then
x1=0
B(a,t)= X, < azeE
1x1+x2 > 1-a3e‘

(3). a, #0,a, =0, a; %0

3
then

I1< B1E£
B(a,E]: 12 = 0

> £
x1+x?>1 a3e

(4}' a1 * oiaz x 0. 33 = 0
then

X4 < a1e£
Bla,t)= X5 < ayet

X, +X, = 1

172
(s). a, =0, a, =0, ag =1,
i.e. a is the origin, then
X, = 0
E{a'£)=]x2 = 0 = {83
X 4%, > 1-et

note that, 1-e‘< 0.

N 5txei-ady
e Y
N I N
T, T !
o agt

N




X, 4
(6). 2, =1, a, =0, az =0,
then
X, < et
Bla,t)=\x, =0 = {a} P
X 4x, = 1 5 N o
%4 o
o 1
(7). a, =0, a, =1, ag =0,
then
X, = 0
S \
B{a,i)-]xzce’- = {a} 4 \
X +X, = 1

P

We see that the covariant topology on (P(m)(1,3) is the disjoint

union of the usual topoclogy on each open face.
Prom the description of B(a,t), (%) in p.2.28, we have the
general result,

Proposition 2. The covariant topology on P(m)(1,n) (simplex)

is the disjoint union of the usual topology on each open face.

Now we g0 back to the end of chapter 1, show that the closed
functor m : |y —> 2 induces "face structure” on Pm) (1,n).

1. I'<m

Recall that T (r) ={q5' o o for re¢ [0,0°]. 7, induces a

poset structure on P(m)(1,n), such that a,b¢ £(m)(1,n),
aghb iff dist(a,b)ceo . We define an equivalence relation on
P(m)(1,n): a~d iff acb and dca, i.e. a~d Iiff



dist(a,b) + dist(b,a)< ¢,

Lemma., a~b iff a,b lie in the same face.

Proof. a = {ai), b = (bi}. i=1,s0eyn. a,b lie in the same

face iff for any i, a, = 0 implies 'bi = 0, and bi = 0 implies

a

a; = 0. Since dist(a,b) = -log minb—i and we defined % = 1,
. % i

this is equivalent to dist(b,a)<* and dist(a,b)<ee, this is

a~b.

Now we define an order relation ¢' on PUn)(1,n)/ ,
g, 6e®M(1,n)/n , 3<'3; for 3 $ 65, 3 ¢' b 1iff dist(a,b) = oo
and dist(b,a)<ee . This is well defined: if a~a', b~b',
then dist(b',a') s dist(b',b) + dist(b,a) + dist(a,a')<o=;
if dist(a’',b') <>, then dist(a,b) < dist(a,a') + dist(a',b')
+ dist(b',b)<ee ,tnis is a contradiction, thus dist(a,¥) = oo .

Ifd ¢' b, B «' T, i.e. dist(a,b) = o0 = dist(b,c), dist(b,a)<oo
and dist(e,b)< oo . Then dist(c,a)s dist(c,b) + dist(b,a)<os ;
if dist(a,c)<wm , then dist(a,b) € dist(a,c) + dist(e,b)<ee

r

this is a contradiction, therefore dist(a,c) =s , i.e. @ ' B.

Conclugsion. (PUM)(1,n)/~ , ' ) gives the poset of faces of

f(m)(1,n) with the usual inclusion, %4 ( )
0,1

Example. P(M)(1,3). We denote
01 for the face determined

by (o0,1), (0,0);

10 for tne face determined ;
; l . Sy
by (Olo)l (1n0); [0.0) (1,0)




11 for the face determined by (0,1), (1,0);

012 for the two dimensional face.
Note that, (0.1}1 =0, {0,1}2 =1, (0.1}3 = 0. If b is in 01,

b % (0,1), then b, =0, by ¥ 0, by ¥ 0. dist((0,1),b) =

~-log min T = -log—i\-; = 6, but dist(b,(0,1)) = -log mii.n(o—"Ti

= -log b2( = because %—-oo s for v % 0.
It is easy to see that if a is in 01, b is in 10, then dist(a,b)

= dist(b,a) = e, where a § (0,0) and b & (0,0). Also, if a is

a
in 01, b is in 012, then dist(a,b) = -log minb—i----log 0 =60,
i i
but dist(b,a) = -log min a—i < 6o .
i i

Thus, we have the following order relation on #M)(1,3)/u

7 i e
SN

(0,1) (0,0) (1,0)



From tne above discussion we see thnat the contravariant

topology on #(M)(1,n) is Hausdorff and compact,

Proposition 3. For any pair of measurable spaces (X,d), (Y,8),

tae contravariant topology of P(m)(X,Y) is Hausdorff.

We need one lemma from chapter 1 §4.

Lemma, C is a convex set, a,b,ce¢C, If a = tb + (1=-t)e

and
O<s<t<1, then for some c'e¢ C, a =3b + (1-38)c',

Remark, a,h €0, if ce¢E(5,a)n E(5,b), then3Is¢[0,1) s> e, and

32',b'€ C, such that ¢ = sa + (1-s)a' and ¢ = sb + (1-8)b"',

Say dist(c,a) = £, , dist(ec,b) = 52 » and £, < E

o » OF
~E, -0, =5 -£,
e >E e « Since 22 = =log sup s , OT @ = sup s
3s¢[0,1 ,3b'eC 3s¢ [0,1],3b'eC
c=sb+(1-8) b’ c=sb+(1=-8)V
so, 38, 3b'¢ C, sucn that e_s«c s¢e”™ and ¢ = sb + (1-8)b'.
Since e B¢ e” % = sup t y 80 3 t, 3a"e C, such that

3te [0,1]) ,3a'€C
c=ta+(1=-t)a’

€

R ' and ¢ = ta + (1=-t)a", Using the above Lemma, for

s<e”Bet, we get a'e C, and ¢ = sa + (1-g)a"'.

Proof of tne proposition:

I1f f,ge @M (X,Y) and f % g, then there exists x'e X, B'¢®,

such that f(x',B') % g(x',B'). Let e(x,B) = max {i‘(x,E}. g{x,E)}’

where xe X, Bef; and t = L — , where B¢ = Y\B.
e(x' ,B')+e(x',B'Y)

Note that, 1<e(x',B')+e(x',B'®)g 2, therefore #st<i.

Let §=-logt or e ® =+t, If heB(§,f)NB(5,g), from the



remark, there exists s>e ', f', g'e POM)(X,Y), such that

b =8f + (1-8)f' and h = sg + (1-3)g', i.e. for any x¢ X, Be®,
we have n(x,B) = sf(x,B) + (1-8)f(x,R)
h(x,B) = sg(x,B) + (1-8)g'(x,R)
then h(x,B) > sf(x,B) and h(x,B) > g(x,R), therefore,
h(x,B) 2 se(x,B).

Specially, for x = x', B =E'and B = B¢ ’

1 = h(x',B') « b(x'",B'%) > e(e(x',B') + e(x',B'%)), tnis implies

g < 1 - =t = e-‘. This is a contradiction,
e(x',E')+e(x',B'")

thus PR(5,f)nE(5,g) = .

Remark. In case of covariant topology of P(m)(X,Y), we may
consider d(x,B) = min{r(x.E}.g(x.B}}, and let
t =d(x",B")+d(x',B'®), §=-log t, then we could get tne

conclusiont: the covariant topology of P(m)(X,Y) is Hausdorff.

Now we are going to discuss the completness of F(m(X,Y).

Definition3. 1€ (M (x,¥), n = 1,2,... is a Cauchy sequence ,

if for any £€> 0, 3N(&), such that dist(fk.fp3¢£ , for any
k,p>N(E). We denote a sequence f,, n=1,2,... by {fn} -

Theorem., (f(M)(X,Y) is sequentially Cauchy complete, i.e. if

f+n=1,2,... 1is a Cauchy sequence in #(m)(x,Y), then there
exists fé #(M)(X,Y), such that dist(f,fp) — 0 as p—soo and

dist(fk,f) —» 0 ag k=—re,



Proof. Pirst note, if {fn'[ is a Caucay sequence in P(m)(X,Y),

then for x& X, Be§, {fn(x,B}} is a Caucny sequence in R(the

reals) in the usual sense, because for any €» 0, 3N(e), as
k,p >N(e), dist(fk.fp]*ii , then
£, (x,8) = £ (x,B)| ¢ ::;‘l{kk(x,ﬂj - fp[x,E']l < dist(f,,f ) <€
Et®
the second inequality holds, because the proposition 6, in last
section.
Since for any x€¢X, B¢B®, the Cauchy sequence {fn(x,E}} has

a limit in R, we define f(x,B) = lim fk(x,B}. We have to check
k=00

that f¢ P(M(X,Y) and dis‘:(fk,f}-——-o ags k—» o0 ; dist{f,fo)—a 0
28 P—oo .

a). For each x¢X, f(x,.) is a probability measure on (Y,8):

f(x,Y) = 1im £, (x,Y) = 1.
K=peo

let Bf@: s w3 e BN B_. =%, 1%},
-] (-]
then f(x.pEL) = lim rk(x,UBi‘J
=) k_’w =1

[kl
= UimZTL (xB )
N T o p &

| S Y

bl =
== lim fkkz.?sl)

V=% om

= 3 £(x,B,)
i

the third equality holds, because from Theorem 8,39(Tom Apostal,

Mathematical Analysis):"assume that 1lim flp,q) = a; for eaen

Pi1Q-=eo



fixed p assume that tne limit

1im(1im f(p,q)) also exists and has the value a" Here we take

Par Qo=

£(p,q) = f (x, UB ), since lim £(p,q) =

P
and lim £ (x, UE;)
=00 9 =1

q=teo

Qs ea

D
lim rq(x, UB ) = f(x, UB

Q=

= i-i’igfq(x.ﬁi) = E.“"-Ei)'

lim(1im £(p,q)) = 11mrr{x B,) = ;f(x B,).

Pom Quw

b). For each B¢® ,

eaca k, f (_.B) is gdl-measurable, so is tne limit 1lim f (_.B) = £(_n),

c). We show that dist(f,fp)-—ro 88 P>t and dist(f, ,f)—e0

as K—o,

For any £>0, 3N($), such that as p,k>N(%),

Paw 1

f{-,B) is ®l-measurable. This is because for

- (X |B}

i.e. =log infm-c—i— s OF
P

xeX
Bed

So, for any x¢ X,

£ (x,B)

Et®

Be® , ?ﬁﬁy >

£ (x,B) lim £, (x,B)
A = - Xre 70
o . () £,(x,5)

£, (x,B) £, (x,B)
s T M Tin'? NEN)

Py

£, (x,B)

’ -
ifﬁf (x,Bi =t

B

1lim £(p,q) exists.

Then the limit

thus

k-»te

f(x,B
'y . P‘I'x”‘, BL)" ..

£ (x,B)
f(x,B

>

-1

a

-£

a

dist(fk,rp)<§ "

£ (x,EB) =
—k—)—.>e*.
xt_xl‘(m:l’!



£(x,B)

E
But that - T <€
ut that is, dist(f,rp) = =log i;:r:i rp{.x.B} Y )
B
f (ch) £
and dist(fk.f) = =log it:; ?%:B]_ . e - T
Be®

This complete the proof of the theorem.

Since the generalized metric dist on f(M)(X,Y) is not symmetric,
the definition of Cauchy sequence above is rather strcng. We can
weaken the requirement for being a Caucny sequence in e folowing way,

Definition 4.{fn} is a sequence in (M) (X,Y).

{fn} is a contraveriant Cauchy sequence, if for any £>0,

3 N(t), such that as p> k> N(&), digt(fk'fp).cg ;

{fn} is a covariant Caucny sequence, if for any £¢20,

JN(e),
such that as p>k>N(e), diat{rp,f ) [
1 i
Example. f € Pm) (1,2) = P(2), rnto) ="§'r'1 5 rn(1} = o Wn=12,..

taking 2 = 10,1} .
{fn] is a contravariant Cauchy sequence, since

£.(0) £.(1)

dist(f, ,5,p) = -log mi“{ £n+p(0) . fn+p(1)}

2n+p 2n+p(2n-1) }

= =log min ’
. {2“ 2" (27*P-1)

2P (2"-1)
= =log SO+P_4



2P (2"-1) 2 2P(27-1) 2" 1 L

et Ny ——
but  on+p_ on+P = o then 27> {7=f or
n n
21, ™ implies -log-Zgl c¢. Thus, if we take N(t) >
2
1 ProP_q =
1052 1_e_E- , then for any n> N(t), =log %ET). & lag.?_:.n_ <,
i,e. for any poeitive integer p, diat(rn. n+p) £

{f,} 1s not a covariant Cauchy sequence, since

(0) > 2 (1)
dist(fy  .f) = -log atn {20 % RO f“r{) |

o8 o0 (2P*P_q)

= -log minlpa%p , FHPGA,)
- a8 1

= =log o0tp = -log —217—""’ sy A8 P—200

Proposition 4. If {tn} is a contravariant Cauchy sequence in

f(m)(x,Y), then there exists f¢& f(m)(X,Y), such that
dist(f,,f)—> 0, as k—>oe;

it {f } is a covariant Cauchy sequence in P(m)(x,Y), then
there exists f¢ P(m(X,Y), such that dist(f.rk)—-b 0, as k—»c0,

Proof. The construction of f and the proof of fé #(M)(X,Y)
are the same as part a) and part b) in the proof of the above

theorem. {tn} is a contravariant Cauchy sequence, in order to
ghow that aut(rk.r)—s 0, as k—»e , just note, in part c) of
the proof of above theorem, for any €>0, 3N(§), diat(rk.rp)c £

only when p>k>N(%). Thus, for any x¢X,B¢8,



£ (x,B)

£, (x,B) f (x,B) f, (x,B)
_k int kT -£ i pond i
fp(x,B 7 xeX fp X, B 2 e 3, and lim £ (x,B) ® 1imf_(x, B)

B¢® Pan—P paos P
fk(x.B)

= aF S o=t . this gives us, dist(r,,2) s & <&,

|

it {rn} is a covariant Cauchy sequence, tnen for & > 0, 3AN(%),

diat(fp,rk)"—f—, when p>k>N($). Taus, for any xe¢ X, BeS®,

£ (x,B) f_(x,B) . f (x,B) 1inf (x,B)
2 mr—’i(—)— > e 7, and 1im =B = B2=D
£ (x,B xeX Ty 'X»B ’ S fk(x,BT rk(x,B)
Bed

f{x B -E
- Ikix,éi ? "% , This gives us, dist(r,f, ) < $ <x.

Finaly, we discuss compactness.
We already know that P(M)(1,n) = P(n) is compact(contravariant
topology).

proposition 5. (Y,8) is a measurable space. If P(m)(1,Y) = AY)

with contravariant topology is compact, then P(m)(n,Y) with
contravariant topology is compact, where n is a n-elements

discrete space.

Proof. Since n is discrete, so P (n,Y) ~ (P(M)(1,Y))"

= XY)" as sets. With product topology on PUm)(n,Y) ~ P(¥)?
(each component @P(Y) with contravariant topoclogy), #0n)(n,Y)
is compact.

Let B(£,f) be an open ball in P(M) (n,Y). If ge&B(g,f), then
g(1,-), ien, is a probability measure of (Y,®) and



dist(g,f) = =log inf (1,B) . £+ So for each ien,
ién y
BE®

g(1i,B (1,B -
é:g-ﬂm};, if:{ 5) > ¢ .+ i.e. dist(g(di,-),f(4,.))<e .,

Bedy
n let
Thus, g egf{t,f(i,-)). Conversely: (gi)e PR, if (gi)éiiB{a.f(i.-)l

denote g; by g(i,.) and (gi) by g. Since énf %%%$%% > et gfor
) ’

all ien, so dist(g,f) = -log inf (i’B <& ., Thus , we have
Bed
B(e,f) = §B(e,£(1,.)).
But :ﬁp(&,f(i,-)) is an open set in the product topology on
Pm)(n,Y)= @ Y)", therefore the contravariant topology is
contained in the product topology on (PUR)(n,¥), and the contravariant

topology on P(M)(n,Y) is compact.

Corollary. The contravariant topology on f(0n)(n,m) is compact.

Remark. Generally, (UM (X,Y) is just a subspace of GKY)X. The
open ball B(g,f) is too small, like open sets in box topology:

because ge¢ B(¢,f), sup dist(g(x,.),f(x,.)) = dist(g,f)<e ,
xeX

i.e. on each x-component, B(t,f) is bounded by € . If X is not
finite, we can not find an open set (in product topology of dKY)xJ
contained in B{g,f).

In the case of usual metric space, completeness and total

boundednesgss implies compactness, but since the generalized metric
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is not symmetric, tne usual proof does not work here. We have
to put some new conditions together with completeness and total

boundedness to imply countable compactness.

A is a generalized metric space.

Definition 5. A is totally bounded(contravariant), if for

any €>0, there exist finitely many B(&,ai}, a € A, covering A,
Similarly we can define totally bounded(covariant).
Definition 6. Suppose tnat for any sequence {ai} in A, if for

some a¢ A, B(E,a)n {ai} is infinite, then there exists a, ¢ {al}
o
such that B(E,a, Jn{ai} ig also infinite. We say tnat A has
o

the property I (contravariant).

Similarly, we can define the propertv I (covariant).
Remark. In the usual case, total boundedness implies property 1,

Lemma. If A is a generalized metric space, then, in the
contravariant topology:

a). A is first countable,

b). sequential compactness is equivalent to countable compactness,

¢). compactness impliea countable compactness, but thne converse
may not be true.

Proof. a). any a¢ A, {B(r,s)|r rational} form a countable
basis of neighbourhoods at a,

b). Roydon, Real Analysis, p.160.

¢). the reason of the possible failure is:

even both a,b ¢B(¢,c), L.e. dist(a,c)<€, dist(b,e)<t , but



dist(a,b) still could be arbitraty, as in the following example,

0

A = PO (1,3), c=[5]. “[é]' "'@]

a,be¢B(1,c), since dist(a,c) = -log & = log 2 < 1, dist(b,c)
= -log % = log 2 < 1, but dist(a,b) = co.

Proposition 6. If A is complete(contravariant), totally

bounded (covariant) and has property I(covariant), then A is
countably compact(contravariant topology).

Proof, We are going to show that A is sequential compact
(contravariant), then we could use tne Lemma.

Let {aj} be a sequence in A. For E, =1, aE{b1i.1). i=1,...,0,,
cover A, since A is torally bounded(covariant). Among them,

there is B(b, ,1), such that B(b, ,1)n {aj} is infinite.
io io

Using the property 1, there exists ay ¢ {aj}, and B(aj ,1)n {a.]’]
1 1 :
is infinite. For 5-2 = 3, SB(hzi,i), i=1,...,n,, cover A, Then

3B(b, ,3), such that B(b, ,3)n (Bla, ,1)n {aJ) is infinite,
%40 250 3 J

then by property I, Baje 1?,(aJ »1)N {a:’}, such that
2 1

B(ajz.i)n (B(a31.1)n {aj} ) is infinite. .... For & = -:? 5

1 - 1
3 E(bmi. ) i=1,...,n, , cover A, Then 3 B(bmm, =

m-1
B(b. ,L)n(NBla, ,~— )n {a } ) is infinite, by property I,
mio" M el jk k J



Ja, ¢ H‘F(a l)nﬂa’j and B(a
dm w9 Kk J

1 e f
3’ E;)lﬂ(flﬁ{ajk, - )n {aji)

is infinite. Continuing this process, we get {aj } , a sub-
m

sequence of {aj}' and {aj¥§ is a contravariant Cauchy sequence:

for any £>0, 3IN>0, such tnat -}Ji-fF. , them for p>k>N,

a. e Bla

5 - ), thus, dist(a.
ip I J

k

R B
’ajp}"'k‘N‘E'

k

Since A is complete(contravariant), thus, {aj } has a limit.
m

Remark. If we interchange the contravariant and covariant
in the above proposition, we will get conditions for A being

countably compact (covariant topology).



CHAFTER 3, APPLICATIONS IN STATISTICS,
STOCHASTIC PROCESSES AND STOCHASTIC DYNAMIC PROGRAMMING

There are four sections in this chapter which deal with
the formulation of statistical decision problems and the
existence of the best decision rules; the formulation of
stochastic processes and transformations, stochastic and Markov
dynamics, and the relations between them; decomposition of
stochastic transformations; formulation of stochastic dynamic

programming and the existence of tne optimal policies,

§1 Statistical decision problems.

1). The usual structure of statistical decision problems may

be described by the following structure:

(x,4) the message space
n,a) the space of observable gtates
(Y,8) the decision space

We may use a random map f: X—— 0 to describe a noisy
transmission channel: for all xeX, Celey £(x,C) gives the probabi-
lity that we obaserve states lying in C when message x is sent.

A procedure for making decision depending on what has been
observed is called a decision rule, §: N0 — Y, It also may be
random(probabilistic).

A criterion is needed to measure the decision rules. Sometimes
a direct relation €: X——=Y between X and Y has been assumed,
(see James L. Melsa and David L. Cobn, Decision and Estimation

Tneory). But in the most of the cases, a8 two variable real-valued




cost function ¢: XxY——=R has been used. c(x,y) gives the

cost for us to choose decision y if message x be sent.
The problem is , given f: X —— . and some connection

between X and Y, how could we find a "best" decision rule
(ocptimal decision rule)?
a). The relation hetween X and Y.

The usuzcl relation between X and Y is given by a cost function.

There is no general metnod to give a cost function, 1like tne

often-used "mean square cost function" in statistics books.
People just use it without giving reason for choosing this
rather tnan some other functions.

Cost function is a measure of the difference between certain

interesting characteristics of tae real process and tue decision

we make atout these characteristics according to the observations
(based on what we taink is nappening). It is quite often that

rost functions nave been conatructed just "for analyticsl purposes”,
(see Cencov).

Here, instead of using cost function, we consider a "correct
action" (as in Melsa ans Cohn). This is the direct connection
between X and Y. The correct choice for the decisions exists
objectively in the process itself, we may get an approximation
of it througn experiments, analysing, syntnesizing the nhserved
“ata, and certain consideration to simplify the calculation, The

correct action g: X——> Y may te random too.

b). The criterion of "best",

PM(Q,Y) is tne space of all decision rules.



If we have a cost function c: XxY——=K (where K is the

nonnegative reals), then define
., s P0n)(N,Y)

where c‘(x) = Sc(x.y]s'f(x,dy), xeX;
Y

X
K § —scg

also define sup( ): g K, g+r—sup gl(x) .

x x
We have the following diagram

Cey X
) 0,Y) ————s X

sup( )
X

sup ¢,
X

the composition sends § in P(m)(n,Y) to sup cs(x).
X

Certainly we want our decision rule § to make the loss

under the worst case, sup ca(x}, as small as possible.
X

If we have a priorl probability measure p on the message space

X, p: 1——X, then instead of using sup( ), just take the
x

functional average with respect to p, Sgdp , Whnere ge le
X

Coy
Pim)(a,Y) ————— xX
S( )dp
x
K

fra—eey w SC(x.y)S-f(x,dy) — S Sc(x.y)&-f(x.dy)dp = cg ’
Y X ¥



Similarly, we want clz as small as possible.

If we use reward function r: XxY——K, r(x,y) gives the
reward for choosing decision y when message x is sent. Then, we

would use inf( ), so that in the worst case, we still could earn
x

as much as possible.

Example., X,Y and {) are finite sets, let A = f(X), B = /YY) and
C =P). For any £f: X—+—Y in P(M), fo_: A = P(X)—> B = P(Y)
is a morphism in € . Conversely, given any g: A—> 3 define

Elx,.) = g(Sx). where § is the probability measure whicn is
concentrated on x &€ X, Thus, we have the bijection

X—>Y in fm)

A——>E in C
or @(m)(X,Y) & C(A,B) as sets. Similarly we can get the space
of decision rules f®(Q,¥) A~ €(C,B).
If c¢: XxXY——» K 1is a cost function, p is a priori probabi-
lity measure on X. Define
v: P0m)(X,Y) =~ ¢(A,B) —— K

& — S(Sc(x.?)g(x.d}') )dp

XX
-Zxc(x.y}g(x.y)p{x) (since X,Y are
X&
yeY finite discrete)
< = clx,y) (0<elx,y), p(x)s1)
xeX
yeY

then ¥ is affine linear and ¥ is bounded,that is J:CL(A,B)—>1

for some closed interval I in K.



In the following diagram

()or
ﬂ:(C'B) T e Q(A,B)
¥
x\x;;xM\th l

I

rf - Y-(( )'f)u Yf{S) = Y(S'f) = C?

Yo
Let c(c, B)-—*————-——ol

Ny’

be the imege factorization of ¥, in €. Assume inf I

= b, then the pullback along 1—2»1

gives the optimal decision

rules when we take c as the cost function and p as a priori

probability measure.

optimal ¢(c,B)
decision
rules \'E
l a
1 = 10

If ¢ is the reward function, the pullback along

gives the optimal decision rules

optimal

£(c,B)
decision
ru}es l ‘l"{,
b
1 - Io

Secondly, the metric criterion.



Since (P(m) is enriched in V-cat (generalized metric spaces),

we may use tnis generalized metric dist as a measure of "beatn,

In the following diagram,
x———g-—_-n
é\\\‘ (},/
v 5

g is the correct action, § is a decision rule. Then,
we want the distance between the composition §*f and g as small
as possible. If g*: Nl —+—>Y patisfies
dist(s% £,g) € dist(sef,g) for all §¢f(m)(n,Y)
or dist(s*f,g) = 12r dist(s«f,g)

then we say that §* is a best decision rule.

2). Comparison of the cost function criterion and metric
criterion.

Let X be a measurable space, [(X|Pm))l 1is the set of objects
of comma category (X|®(m)), viewing it as a discrete category.
Por any c¢: XxY —> K, assume ce (XxY,E), and f: X—— 0,

£ e |(x|®m))|, define

cp = {SD(— Pom) (0,Y) | i;:f sup SC(X.Y)Sof(x.dy) = sup c(x.y)sc;r{x.-'ﬁ}
L A,

x

f = {sot-ﬁtm)(n.f) | B?p inf Sc(x.y)s.r(x,ay) = mec(x,y)SSf(x’alj)}
LT Y

Ce is the set of optimal solutions with respect to the cost
function c¢3; cr is the set of optimal solutions with respect

to the reward function c.



For each f: X—— (1, g: X—— Y, define

g = 15,6 Pm)(Q,Y) | dist(§ s f,g) = ing dist(s-f.g)}
Es is the set of optimal solutions with respect to the "correct

action” g.

Gy € o and g ,are functors from |(X |#(m))] to Set.

Question (1). For given ¢, is there some g: X —— Y, such that
Co = g OF f = g, for all fe |(X|fm))| ;
Question (2). For a given g, is there some c: XxY — K, such

that g, = ¢, or g, = ef for all fre l(x|em)) ,

or we could ask inclusion instead of equality, eg. cf&gr, ete,

Proposgition 1. If g is deterministic (i.e. g is a measurable

function), then there is a ¢: XxY— K, such that - cf,

for all £ ¢ |(x|®m))| .

Proof. Define c: XxY—— K, as c(x,y) = {;’ ifys= gtx; .
s if y ¥ gix

Then, Sc{x,y)3°£(x,dy)= pef(x,g(x)), £ efPim)(x,N), 5¢fm)(,Y)
Y

hence, inf Sc{x,y)ﬁ-r{x.dy) = inf §of(x,2(x));
x v x

g+ £(x,B)
and dist($+f,g) = -log inf =3y = -log infef(x,g(x)).
xeX Bl¥% x
Be§
For any §_ ¢ f(m)(n,Y),
6. €ct 1ff sup infsef(x,g(x)) = inf ¢ £(x,g(x)) (b
o £ X

iff -log sup infif(x,g(x)) = <log inf§ ¢ £(x,g(x)) 12)
s x X



iff 1?f dist(§e f,g) = dist(§ e f,g), 3)

1ff §_ € g “

(the left side of (2) =lcg s:p inffef(x,g(x)) = inf(-log infpf(x,g(x))
x 5 X

= L?f dist(Se f,g); and the right side of (2)
-log 1::1'50- f(x,g(x)) = dist(so" f,e))

3). Parameter estimate.

In this case, X is the space of parameters and Y = X, g = g

then we want dist( $*f,1,) as small as possible, under some
conditions, §¢f may even be equal to iy -
Remark. The identity 1, in P(m) is a random map defined as

1x(x.A] -{1' X €A . Note that, the identity 1x in ;m gives rise

0, XkA
to 1y in P(m), but the converse may not be ture, i.e. 1y in f(m)

is not necessary comming from 1x in M (see next remark).

Proposition 2. X, Yé M, with O-algebra o and & , f: X——>Y

is deterministic, and a). f is injective, b). f(A)eB, for any
AcAA. Then there isa §: Y—>X in  , sucah that

bef =1y in m, so iz in P(m).



Proof. Define §: Y——X, §(y) ={“' if f(x) =y

X

element in X
§ is well defined, since f is injective. § is measurable,

since for each A¢d ,

= £(a) x & A
(A) = ’
$ {r(-t)u fv-£(n)}, x:;(- A

and §$+f(x) = x, hence §+f = 1){ inm, so is in Pm).

Definition. X is a separable measurable space, if for any

xe¢ X, there is a minimal measurable set Ex containing x (minimal

in the sense that it contains no proper sud measurable set).

Proposition 3. X is a separable measurable space, define

X~x' iff E =B . Tnen X = X/ in P(n).

x'
Proof. Iet f: X—— X/~ be the quotient map in m , where X/.
with o-algebra o, Ae g iff £ (X)eA . Define g: Xfo——X

just as a section of f, i.e. f+g = 1y, in Set.

ol -1
For any Aed, g'(A) is measurable if f+g (A) = (gef) (A)ed, and
since gef(x)~x, so E_ = Bo.g(x) + Thus, xeA iff gef(x) e A,
-
i.e. A = g+f(A), or (gef) (A) = A. This shows that g is

measurable. So f+g = 1y, 1is in m , hence is in ®m) .

gef(x,4) ={1- if xe A(since gof(x)e A iff xeA)
0, otherwise

this is gf = 1, in #(m), therefore X = X/. in &(m).

Remark. X is a separable measurable space, f: X——>X is a

R - i £(x), x, is a fixed
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measurable function. If r(Ex} e PR for all xe X, then f = Ty

x

in P(m).

Proof. x ¢E_ implies f(x)¢ f(Ex), from the assumption
o
r(Ex)SEx' we have f(x) ¢E_. Thus, Bo(x) S By » Dut B is
a minimal measurable set, so Er(x) = Ex .

any
Now, for Aedl, xe¢A iff Exsh iff Ef(x}ﬁk 12F S(x)e i,

s0 f(x,A) ,{1' f(x)€ A - 11. xe A
o, f(X}RA s XE_A

i.e. £ =1, in om) .

Proposition 4, X is a separable measurable space, h: X——=Y

is a measurable function. If a). h“{n(Ex))s E s b). 3 a section

g of £, such that h-g(X) is measurable for all A¢d (where
f: X——X/.), then there is a measurable function §: Y—>IX,
such that §oh = 1, in POM).

f
Proof.

X X o
g
2 ‘\A-s
Y

let (= h.g, then h = +f and ¥ is injective, since a).

From proposition 2, there is §': Y—> X/, , such that ghyp = /o -

Define g= g.5', then §oh = goglstpef = go(5hp)ef = g-(1y,. )t

= gof = Tx .



4). Optimal decision rules under tne metric criterion.

Proposition 5.
dist(_<f,g): P(m)(n,Y)— [0,%)

Y ——ay
is a Lip 1 function, hence is ;\\\; {///
) 4

a continuous function.

Proof. Pirst, _f: POn)(Q,Y)—— M) (X,Y) 4is Lip 1:

Let By WByhs¢ POM)(Q,Y), and  hy = th, + (1-t)ny , where te [0,1],

then h1°f = th20£ - (1-t)h3°f "
) = inf (=log t)

3te 10,1] ,3ng¢ #(m) (n,Y)
h1-th2+(1-t)h3

and dist(h1.h2

2 inf (=log s) = dist(h.l'f,hz-f}.
38¢10,1] ,3n'e®(n)(X,Y)
h,e f=sn o f+(1-8)n’
Secondly, ge #(m)(X,Y),then dist(_,g): P(m)(X,Y)——=[0,°°]
is a Lip 1 function:

Because, }J= ([0,],2>) is a closed category, so

dist(g,,8,) + dist(g,,g) > dist(g,,e)

where €, 18, ¢ om) (X,Y), [-,-] is the Hom in }J . Note tnat,
dist(_,g) is a contravariant representable |J-functor from
J=-category {(m)(X,Y) to V.

Now, dist(-ef,g) is the composition of two Lip 1 functions,

go it is a Liplfunction, hence a continucus function,

Corollary. If P(m)(Q,Y) is countably compact, then there is a
best decision rule §*, such that dist(§*.f,g) = inf dist(§ef,g).
5



§2. Stochastic processes, Stochastic transformations and

Stochastic dynamics

A stocnastic process is a sequence of probability distributions

on the accumulated state spaces, Ppt 1 —4~+J}k R S [P PP
where xk is the state space at stage k, pn'u are compatible, i.e.
the following diagram is commutative for each n,

pn+1
¥ i

\p\ l'rrm
n
K

where W, is the projection.

Remark, Most often, the definition of a stochastic process
is given as a sequence of real valued measurable functions

(random variables) frn} » then the joint distribution

n=1.2’.-o

Foof £.,05,...,1

" gives a probability distribution on Rn.

n
where R 1s the reals, the diagram

4 l"n-i-i Rn+1

1“{03
\?n\ L

R

is commutative for each n.

This definition could be generalized as follows:

Definition 1. A stochastic process consists of state spaces

Xn, n=1,2,c00, Xn contains accumulated states until stage n;



recall of history hnz xnﬁ—o xn. hn is deterministic, i.e. it

is a measurable function; and a sequence of probabllity measures

P21 —+—+xn. such that for each n, the dlagram

n
P
n+1
1 - Xn”
h
P, »
xn

is commutative.

Example. Taking xn as a subspace of tne product space in the
previous case, such that the restricted projection W, are

compatible with xn's.

More generally, we have
Definition 2. The category of stochastic transformations P(mds:

object X is a sequence of measurable spaces xn. N=1,2,0eey

together with recall of history hu: Lir— %, in m., we denote

h h

(X Xy vus — Xpe—2— X ——o00 ) by (X,h);

morphism ¢ : (X,n) ——(Y,g) 4s just a natural transformation

from (X,h) to (Y,g), i.e. for each n, ¥;: X ——Y,  1is in Km) ,

and the square



is commutative.

pn+‘|
Then, a stochastic process 1 xn+1
\ .
n
Pn \\l
xn

n=1,2,..., 1is Jjust a stochastic transformatiom p from one
point space 1 to (X,h); and any ¢: (X,h) —(Y,g) will
transform a stochastic process p on (X,h) to a stochastic
process (.p on (Y,g), (‘F°P)n =

1_HYn-

n' Pnt

Remark, a). The above definition of stochastic process places

empnasis on the results of dynamics (motions). If we take

Ppil——X, as a point in (P(X,)(the prodability measures on x,)
then a stochastic process p is just a path in space (X,h).

b). The set p(m""ﬁ(x,r) of stochastic transformations between

(X,n) and (Y,g) is a convex set, so it is a generalized metric

space., If cp.ueﬂnt‘?;(x,ﬂ, then

dist(Q,un) =

inf (-log t) : 2 inf (-log tn)
3t¢10,1) 3 ¥e 0@ (X,Y) 3t e [0,1] ,3% eO(m)(X,,T,)
p=t¥+ (1=t)u P = ta%, + (1=t )0

= dist(@,,})

thus, dist(p,y) > sup dist(¥ % ).
n



Note that, a sequence of random maps % € P(m.}(xn,‘fn), 4TS -

is not necessarily compatible with recall of history h and g,

i.e. the =mquare

nfl
——
x111»1 Y

hnl - [sn

Xn --——---o——-—ar'Yn

itati '
may not be commutative, so {u n}nﬂ e is not necessarily
coming from a stocnastic transformation.
There is another way to assign a distance between two
ptochastic transformatione @.Rfﬁmuq(x.'f).
a1st(,%) =5 dist(p,, %), this is a generalized metric,
n=i 2

gince dist is.

Another way to analyse a stochastic process is to emphasize
the dynamics itself, rather than its results. For the distinction,
we call it stochastic dynamice.

Definition 3. A stochastic dynamics coneists of & sequence

of state spaces X , n = 0414440y where X = 1; and a seguence

of dynamics(law of motion ) Ut I X1 -

We can transform dynamics lqn\ into their results, a sequence

of probability measures on each product space, as follows:

q,=4, 3 Gp41

1-—1——-.x1 ’1—r—~bxlx2,...' 1 ———7TX s saw

\ /11 'q1 an\\vx/ (1‘E-I‘xk|fln)

sy K




an. n=1,2,.,.. are compatible with projections Wg, :Jnx.k_*lr.xk p

Note that, if we only know the results of a sequence of
dynamics, i.e. a sequence of probability measures on product
spaces, generally we could not recover the dynamics, even when
we can reconstruct it as in the following proposition, the
choice of tne dynamics is not unique,

Proposition 1. X, Y are finite sets , P: 1=—+—=X, q3 1 —+—Y

are two probability measures and f: X—— Y 1s a surjective
deterministic map wita the property f:p = g. Then there is

random map Y : Y——» X, such tnat ¢sq = p and fep = Tye

Proof. Define ¢: Y——X,

if q(y) % O, g |
e(y,x) = RUXInT (¥)) _ plixiat7(y))
p(£7(y)) a(y)
-i%%} » Af xef (y) ;
o, i =k f_’(y)
if qly) = 0, pick any x ¢ £ (y),
L R L
ﬁﬂ(y,x) =i y .
0, x% xy

We have to check,
a). pef(M(Y,X):
for q(y) = 0, ¥(y,-) is a probability measure on X which is

concentrated on xy :

for q(y) ¥ 0, = @(y,x) = = p(ixinf (v)) _ _ 1 p(uixiar™(y))
xeX xeX  qly) qly) = wx




= 1 p(e'(y) =2 o g,

q(y) q(y)
t.hus' W?(m)(ytx)O
b) . ¢q = p:
let B, ={y|aly) =0},
then

yeY o

@qh)-I?WJhW)-INLﬂdﬂ+

Z @(y,x)qly)
\B,

Y\B

- £ Plya)aly) = = UYL () 0y
Y\B,

= = plixint'(y)) =
Y\Bo

aly)

p(ixa Ut (y) = p(x)

the last equality holds, because gq(y) = f+p(y) -n(x y¥)p(x) =
= ::'.fp(x). hence q(y) = 0 impies p(x) = O for any x¢ £ (y).
Since f is surjective, xe f (y) some y «Y. If ye B, then p(x) =0,

and p(ix}n ur "(v)) ep(x) = 0, so p(i{x}na Haf (¥)) = 0 = p(x);

if y&B_, then {xin ‘L‘)\Qf.' "(v)

c). fep = 1y:

= {x], and p(ia UL (¥)) = p(x).
\p,

fee(y,y') =zr(x.y )P(y,x) = ely, L (y)) = = ﬂy.x)

if q(y) = 0, ¥ P(y,x) -{ e S A
“F'ii) 0 . y * yi
if q(y) 40, SHy,x) =y RUXaL(¥))
xefly) “fqﬁ q(y)
1 » ¥ = y
O, y%y'
therefore f¢ = 1Y 5

Definition 4.

Itt

=1 oM (y)at ()
qly)

If (X,q), (Y,p) are two stochastic dynamics as



in definition 3, a morphism f£: (X,q)—(Y,p) consists of

a sequence of random maps tk:'lk—+—*Yk » Such that the square

X In X
kin K n+1
o1, J fn+t
pn
JLY}: b iR Yn+1

is commutative for each n. If g: (Y,p)——(2,p') is another
morphism, since the tensor in (P(m) 4is a bifunctor, so g.f with

(g-r)u = g *f is a morpnism from (X,q) to (Z,p'). We denote

this category as 31.

Definition 5. A Markov dynamics (process) is a stochastic
dynamics in which what will hapen does not depend on the history,
i.e. U Xﬁ—~—+ Xn*1 sy n = 1,2,... , where xo = 1. We define
a morphism between two Markov dynamics similarly,

g: (Xx,9)——(Y,p) consists of a sequence of random maps
G Xﬂ—+—&Yh. such that the following square

q

n
x‘n+1

Xn

I = lgn+1
P

Yn

n
NS IS
Yn+1

is commutative, i.e. 141" = Py, » B = 0,1,44. + We denote

this category as H1.

Note that, tne usual definition of Markov process is as above,

but not as a sequence of probability measures on each state space xn.



Definition 6, Define a functor F

1t S]-—-—DT"f.l. For each cobject

(X,q) in 8 let F,(X,q) be with state spaces 1, X;, XXX

1? £3 2NTER'Y
diyvnamics ( q ): : » TR | rach T i
“r{"xk,..., and dynamics \1&'}(‘. In JLX‘—-%IT.;(r: For each morpnism
( 3 v.n) i 1
f \X,q, — ( ' in Q‘| Jxk ( :‘x‘lqn) 'n'xk
i { \ L4
defin F,(f): F,(X,q) —>F,(Y,p) : 7 e
&5, =
F = ol — TY o i '
by P (f), 8ty T Xy LA % (1gy +Pp)
_f CO" o, mY
uqk “u‘k

Also define a functor G,: M,—> S,. For each object (X,q) in M,
let G1(!,q} be wita state spaces 1, X,,...,X ..., and dynamics
Wt TX—t—> X g0 Por each morpaism g: (X,g)—>(Y,p) in M,,
e

= 8,0 for each n.

n
Q. T q,
N R :.r..xk —- X, —En
(2)
&n &nv1 —— 1 88y &, €n41
pn n pn
Tn Tn+1 I}k * Y, — Tna1

Then tne square (1) is commutative, because tne tensor in P(m) is a

bifunctor, this shows that l-“(f} is a morpnism in !\'.1. The square (2)

is commutative, because QI“XK, L k=1,...,n) is a weak product in
L]

f(m), hence tne rectangle on tune rignt in above diagram is commutative,
this shows that G1{g} is a morpnism in 51. Taus, ¥y and G! are

functors.

One of the difficulities nere is that we can not develop any

furtner relation between Fl and G1.

We have more general definition of atocnastic dynmamics,



3.20

Definition 7. A stochastic dynamics is an object X = (X,q,h)

h
in P(MT’ , where (X,q,h) = (1 ——aX ‘—.——...‘-T-oxnf-.:‘—,L;x o — |
Uy ) qn, 0+l

satisfies h «q = 1xn. where X = X(n) and h, is deterministic,

D=1.2...- .

One example here is to take xn as a subspace of the product

space(accumulated state space until stage n, X, as in definition
3) and b is the corresponding projection, for each n, such that
hn's are compatible with Xn'a.

A morphism f: (X,q,h) ——(Y¥,p,g) consists of a sequence

of random maps rn: X —-c—vY » Buch that in the following diagram

X I.

n+1

._LY

n+1

P fn = fn+1' Q, fn' hn =g :fm+1 « We denote this category

as 82.

The definition of the category of Markov dynamics is tne same

as in Definition 5, we denote it here as ME.

Definition B. Define F2= 32—-5» H2 as the forgetful functor,

i.e. to forget the recall of history.

q q
CIOQ)G Hal (an) = (1_—‘2-’x1-‘—,.|._"'-’xn_'_n_. In_'_"-'—* ncc)

define Gy My—>S, , by G,(X,q)

Ty



Gztx,q) = TfI — 'ITIk = 62(X,q)

k (1 n+1 p A = 1.2..-.

X, 19pT)

I f: (X,q) —(Y,p) is in M, , a reasonable way to define

cztr): Gz(x.q)-—-er(Y.p} is as follows: Gz(f)n = Enfk for each n.

{1 56 - 1499
is x1 ._xL.l. x1x12 X1 -—-—-1—-X1*X1 _I._‘I_' X1xX2
=
(1) (2)
} £, {1'1@1'2 l 8 £er, £81,
Y1 1Y 7 Y1xY2 Y1 ——-—-‘bY.l"Y -1—|—bY &YZ
1 1 Y1®P1

the square (2) is commutative, because ® is a bifunctor and

f,eqq = Py* L, but (1) may not be commutative in (P(m), because

A is not natural in P(m).

& is not natural and (X,, T, k=1,...,n) is not the product

but only a weak product of X, 's in P(n), these are the reasons

that we could not show that 62 is a functor and develop any

further relation between P1 and G1.

There are two ways %o overcome these difficulties, one is to



"shrink" 52, M2 by taking only deterministic maps as dynamics

and morphisms between stocnastic dynamics; anotner way is to

and M,.

enlarge S2 2

Iet So' Ho be corresponding deterministic subcategories(i.e.

dynamics and morphisms consist only deterministic maps) of
sz,ne; Fo'Ga be the corresponding restricticns of Fz,Gz on SD.MO.

Theorem. Fo is left adjoint to Go‘

b

; —n
Proof. Let (X,q,n) = (1—51—01-1(1‘_.—_. ...‘:-_.xn....,.._..qn Xpei =) €S,

Define 91: (X.q.h)——bGoFo(X,q,h) by

(7x}n+1 X
n+1 Keun K
! s l%
(
X'n
%, —i

{?x)n = (h.l' ..c'hn_."cq-.hn_.‘.‘lxn)'
(?x)n. hn = (h1' o--'hn_1.o.c'hn_1.1xn).hn
= (h10 LR hn_.llhn.ooo,hn_."hn.hn)

= 1T!-')(n1. '...hn".'.hn-1.hn'hn.1x ) s .‘T.{ox}

n+1 (m) n+1

this shows that 7x is a morphiam in 30‘
If f: (X,q,8) — (Y,p,g) is a morphism in S, i.e.
f,41°Qy = Py f, and £ «h = sn'fn+1' n=0,1,... (see the diagram

in p.3.20). Then in the following diagram



(9g),

n J‘rnxk
1rn (2.) "lfk
Y'n

n I

(79) 2 = (Bgoeeeogy_; ....,gn_1.1yn)-fn

SR CITRTRN SPLE SRR SIRTE SIS A0

and .‘E.ka(’}'x)n = Jf,fk‘(hf URL - SEPERTETS W b )

n
= (f1'h1'...Ohn_1,...,fn_1-hn_1,fn)
but By» seerBy oo fn = gy “"fn-1' hn_1 (use fn. hn =g fn.'l}

= 31. 'R fn_zihn_zahn_1

= 11. h1' .s ..hn_.‘

Bn-1' Tn = fpo1 Ppay

tous, (7y)rf, = "Efﬂtk*(’)x)n. for all n This shows that ) is natural

as the unit of FO and Go'
Ir (Y,p)e M, and ¢:(X,q,n) —> G,(Y,p) 1s a morphiem

in So' i.e. for each n, lpnz Xn———»*TlnYk is a measurable function

andi in the rollowing sequence of squares
9n

+ X, X, X " Xn+1
l J ¥ y sse {‘P]‘I l "’nﬂ' e
Y, “Y"H Ty, PR

2 Kin Tew kgne) X

ff‘.qo = Por e ?’B+1- Q9 = “ﬂ,}rk'Pn.vn)‘?n’ t,on. hn = TI".-’PDH,

forn = 1,2.-.0 .



Define 5 - Fo(x,q.h) —— (Y,p), by

‘Pn ‘“n'?n o xn 'E:rk ’Yn '

then ¥ .12 ™ That' (Pnﬂ' UG = Tha' “gﬂl’k'pn'“n)‘ n

= Tner® (FuoPp e ) = Pt Wye ¥y = PPy

thus ¥ 1is a morphism in M,

Note that, if let ng ‘ilT.‘."i""’Yn , n¢m, be the projection,

7 - ° < . . -
then @k. hk.hk+1 - hn_1 = 'ﬂ'k'{'?k hk) e hn-‘l

X
= T T e 1 Brete .. By

k+1
=Ty ¢ Prar*Breq ooetBpy

K+1
=“k °“[k41}.wk+2...'.hn-1
I‘]‘fﬁo? e

n

Claim. (GOQ}-')I =9 .
(Gotf)n.(yx)n - J;‘Pk‘(h1. oo-'hn_1'---,hn_1|1xn)

(Byehye eouehy qyeees®y_soby 40 P,)

n, - - n
(T Prreealp 1@ oim o))

Pn .
P is unique: if ¢': Fo(x,q,h) — (Y,p) is another morphism
such that anp'.?x = (p , Then for any n,

Pn = (Go#") e (74), =Tpt » (nye ...-hn_1,....hn_,,1xn}




= (?;.h1.00 I.hn_1.olv.?;l-1'hn-1'?!; )

so, Wep =¢'!, butW ¥ =9 . Thus, p; = q-nn :
This completes the proof of the theorem.

Remark. Let wh be the category

d d d
o =2y 12—, —n BBl ——
h10 l121 hnﬂ.n
such that hn+1,n'dn,n+1 = 1n !

{dOm' n::tO""l1|:|'hn1""'dx:l-1.,r1'|'h:':.n-1'ﬁnm}' WEN. o
Note, wWh(n,m) =

{GOm. hnO'dhn' nr|.1 g 'dm-‘l .m. hn,m-1 ’hnm} x BN

and Wh(n,m) has{ n+1 elements , for nsm,
m+1 elements , for n>m,

Let ¢J be the category

0 e01=1 e12_2 ioa ot en,,n+1

>N+l ——> .00 .

M is the category of measurable spaces and measurable functions.

W
Let 'n{”"be the category of functors from wh to m, » be the

category of functors from « to m . Then Sucm"’h and M c m“}.

((X,q.h)éso needs X = 1; similarly (Y,pleMm Y. = 1),

o ¥ "o
The inclusion functor i: we~— wWh induces the forgetful
A
functor F: mw——-- m“’. i has the right Kan extension G: mu——-pf".

which is the right adjoint of F. The restrictions of F and G

on So and Ho are Jjust PO and Gu'

i also has the left Kan extension 8, since M is alsc cocomplete.




x
Xem’, for each n, (BX), is the colimit of (iln) — twr — oy |

where P is the projection, P sends k—-=m in (iln) to k —m,
n

i.e. (BX), is the colimit of X acting on the following diagram

Jn,nn
e () ——s -+

o/

JH n ‘...’l
{ Jn.l .‘ _"_'“n.l’l.h,t--) —a(d

oyt o) =—— -
"

dIl
"l d..nol
&n___. Ja.‘h..__’ Y Tr— JI.. }l.. — d..' h-. " — e

JO" u"n Jd'd“.h’ AW __‘Jtn.huiﬂi' -‘l'lntl—__’"‘

wnere

‘.,Itl
——ly “‘

‘ln _;“L" d.n'h.. d.a

i® by s s —du b

L-u,t_'—"‘°

means

e Y




On the other hand, we could extend P(n) to C.

Lemma, There is a faithful functor «: P(m) —— C.

Proof. For X€ P(m), define a(X) = P(X) the probability measures
on X, If f: X——>Y is a random map, define a«(f): P(X) —s P(Y)
by p+— fop, pe P(X). Then *(f) is affine linear, because
for p,qe P(Xx), tel0,1] ,

A(f)(tp + (1=t)q) = fo(tp + (1-t)q) = tfep + (1-t)feq
ta(£) (p) + (1=t)*(£)(q).
ol is faithful: if f and g are two random maps from X to Y, f ® g

i.e, there exists x¢ X and B¢®, such that f(x,B) % g(x,B). let

Sx be the probability measure on X which is concentrated on x,
then o(f£)(5,)(B) = £+§ (B) = £(x,B) ¥ g(x,B) = g+§,(B) = =(g) (§,)(B),

f.e. a(f) % o(g).

Definition 9.

f‘h is the extended category of stochastic dynamics,

Cu is the extended category of Markov dynamics,

CQ is tne extended category of stationary Markov dynamics, where

€= ¢ , N is the additive monoid of natural numbers 10,1,...}.

Remark. a). Prom Definition 7, a stochastic dynamics is

g q‘l__, i . Sn . .
(X,q,h) = (1-—-——-x1_—h* X==... Xn‘—h ST —— PR
1 n

with hn.qn-1x1" n=1.2'l'l’

R wh
using the above Lemma, we get an object (ﬂ?(xn},qn.hn) in € 3



1 &-t?(x,) —...-;.:—_1—_- (X)) e—=.. = {X,) ;:&d’(xm,)::'...

1 n

with iln'ﬁnlk!xa,n-1.2..c- .

b).In the above definitions, we made stochastic dynamics o™
and Markov dynamics Cwmore general, namely instead of an

initial probability measure, we use an initial random map.

Theorem 2. The inclusion functor K:; W———=Wh inducec the
forgetful functor F: C“’L-—-* tw. K has the right Kan extension
6: €V—— ", which sends

f & f
01 12 D ~ n,n+1 w
(A,£) = (A—=A, —=4, coe—A —2— A —>..) in €
s Toy fom) oy o™ W)
tO G(A r) = (‘ 'L’ 1‘“—1fAk .“—szl I.'l!-%k‘_- T
1 imy

in t . So, G is the rignt adjoint of F. X also has the left
adjoint G.

Proof. For each newh, (n|K) consists of stringe of following

types:
n n
u,u \ “:
Wall <2
‘z NN ‘f. Q\. =
0—’1—.2—-3%--0 H -—. -—-0 ~—*s00) eee 3 n—’n+1-—'n+2—".|.
Aot du ss du. d:! dn{nt[ dm'nn

each triangle is commutative. Note tnat , for m>n, the string

p l.\*:: is just a part of the last one in the above.
- ]
LA R B

Me—pm+]1 —>mM+2 —>, ..

dl‘l‘mrj nu,me)

)



wl
A€ €, new, the right Kan extension (GA), is the limit of

Q
(n]K) —B— & —— C , where Q_ is the forgetful functor.
n

Since for each n, there are n+1 different types of strings

in (n|K), therefore Lim AQ, = TTA, with the projections

TA mA TA
cen K 4 ksh, K n ‘\ Y
7, e \\ " C-.A i "nli’..-_ e
A ' A A A 1 A o A m"NA .,
—s A, — —~Sseny —sAy=tAg —eee} eoe — A "o
n‘.j" 1“’1& 2 1A'j|}. 2 Ha}.s nﬁdn ».r.ll +-T:;.Mr:,+2_-’

8

Adsﬂ .s+2° t1

Htg.... . Define

T = (Tg,‘rl....,tg): B—=—~'1‘rnAk s then WeT = 1:2 s for s<n.

The morphisms n 22%*Lniy | n=0,1,2,..., induce maps
hn+1.n
(L‘L“k' Adp net Tn)
(GA), = lim AQ, — — (GA),,q = 1im AQ_ , .
n

The left Kan extension U of the inclusion functor K is

constructed in a similar way as in Theorem 1.

t
Definition 10. Define a functor X :w —> N =, by Aln) = *,

#* is the only object in N and J\{dn ) = t, for all n.

,n+1



A induces an inclusion functor L: g = s for Xe CQ,

). & XY,

(Ix)n = X(*) and (Lx){dn'n+1

Theorem 3. The inclusion functor L: €—— ¢ has right adjoint
G and left adjoint B, nomely the rignt and left Kan extensions

of A:w —> 2%, such tnat for Btt"’, GB = 'T?BoxEBk , BB = EBk .

Proof. The comma category (*|*) consists of strings like

follows:

- *

[N IR g
0

MO e M1, s 3 KLOY =M Y= soc osn § MOF=+MII=iiat asn
t , - - t - t
- - -

I N o] s
id lN t‘l, t‘"‘\ 3 ti\ £ oN‘
1 —"pt.=

M1)—=N2)—...; (1) —A2) eoe 3 (1) =N2)—eess a0e
t t t t t t

- - -

>
.‘JJ’t\-\#L i‘.lt\"\ 2 tul t:'\‘\”' o
W g \ By
AMn)=—(n+1)=...; An)—An+1)—=.ee} oee 3 (n)=A(n+1)=...5 ...
t t t t t t
But each string of the tvpe -
J they
Lol BN
Mn)—A(n+1)—3, .,
t *
is either as a part of tae string i

-

A

. ° # .

.-:% J“Nﬂ\tn;

Nn-k)—.7. Sxn=1)—=xn)—=ir(n+1)—>... , for n»k,
t 3 = t t



or as a part of the string

o
MO)—A(1)— 7., ?«(n-ﬂ—-d[n}—-)\(nﬂ)—»... y for n<k,
t t t . -

So, for each n, there are two different types of strings

E 3 -
and b
-.J\N ' l\ut‘
t | ™ id + '-a\
AMO)=A(1) =M (2) —... M) A(n+s1) A (n+2)— e
t t ? ¢ t t t

Therefore, the right Kan extension of A , for Be C'J, the
limit of (*|») —2sw -2 ,¢, is

GB = 1im BQ = ?B K'T?B » for each n, B_ takes care of the first
- O xsl K (+]

type of string and Bn takes care of the second type of string.
t: * —>* induces a morphism g: GB —>CB, say

€01 312. " = g1'1.t1-|-1
B= (B —-—-51 .Bz ¥ o an ’Bn+1

let b€ GE = WBXTTB

— oo)

kb= (boo. 01,b02,...;b1,bz.....bn....)

where boke Bc’ K2 0s)s8s0ee0d B t-Bi. iz1,

i
then g(b) = (b

For the left Kan extension T: E‘.‘J—r G.‘_Q » the comma category
(A *) consists of finite length strings:

AMO)  A(0)-SeA(1) AN0) o a(1) Ton(2)

| A 2

01’ ozib 3!"'!801(b°°)ig12(b )’-ooggn_.l n(bn 1)



t t t t
ANO)— X(1) —2(2) —= ... —sA(n=2)—+A(n-1)—>A(n)
=

-

W Eoq g12 €n,n+1
If Rel, B = (BQ—Q—-B1——~B2—~...—.Bn——-'—. B yq=—>ees)s

i Lot o - -
then OB =1 , and g : UB —— UB,  is induced by

Esn ‘r;— k

sk.k+1= B}C Bk+1 ’ k= 0'1.2'I00 .



§3. Decomposition of Stocnastic Transformations.

In Heller's paper [6]1, the category of stochastie transforrma-

tions consists of only those X's, such that Xn = xg b XO is a

finite set, n = 1,2,... and the recall of history is just the

projection., For each such X, let A(Xo) te the free associative
R-algetra generated by xo' where R is the reals, then there
is a A(XDKYQ)-madule structure associated with every stochastic

transformation ¥ from X to Y. He applies the decomposition
theorems of modules to stochastic transformations.
Here, we discuss the decomposition problem of stochstic

transformations in 2 direct way and also in a larger categoty.

Definition 1. S' is a full sudb category of the category of

5
stochastic transformations ®(r') with objecte X, such that

xn are finite sets and hn: X xn are surjective, n = 0,1,...;

n+1
S" is a full sub category of S' , sucn that X is an object in 8",

then X_ = x2+1 X, is a finite set and b _: Igtg———+xg+1are just
the projections,n = 0,1,... .

el n
Notations. 1). w_  1is the projection :Jlxk—q;r[lx

o i

2). $: X——Y is a stochastic transformation, tnen use

(Pk to denote the k-th component of £, EC‘k: xk_H Yk o

Lemma 1. ¢ : X—+>Y is & random map, X and Y are finite sets.

n

Then there exist tia 0, ;ati = 1 and deterministic maps
|l
n
¢y: X—Y, 1 =1,2,...,n , such that b= Etiﬁpi.

Proof. Let t, = min ¥(x,y), say t, = ¢(x,,y,). Define gz X—>Y

¥ixd)x0
as follows: if x = x., ‘1"1{11} = ¥i3



if % % Xy (.01(3(1 = ¥,+ for some Y€ Y, such that iﬂ{x,vx] ® 0.

We could view ’_1’1 as a random map in the following way,

51,:.,r==1,r1.i£‘x=x1 or y = ¥

if x % Xy
0, otherwise.

x.

{791 Ex ly"

Define (pm: X——Y,

¢ (x,y) =Tt (Plxy) - £, @, (x,y)),

If @(x,v) ¥ 0 taen wix,y)2 t.! and O« ‘F,i():,yjs 1; if @(x,y) = 0,

i Z : " . (1
tnis implies @ (x,y) = 0, so ' (x,¥)2 0 in both cases. zw1(x y) =
1 Wy
[

1 ‘ { 1
1-1:1{-_.2:}@“‘""} = ti.!z,r“ppxnf” = T 0-t,) =1, so PMx,1)s 1,

i.e. ¢”e@(m){x.vw and it is easy to see tnat {¢= t.f, + ('I-t.l}ﬁdu

Repeating same procedure to tp.” , We get f{”" = s, fﬁ'? + (1-52‘)@?'.'.

s s i’ }
where 5,5‘2 is deterministic, and Y= t, @, + (1-t1)(32f,¢2 + U-SE)‘??)_

let t, = (i-t,)s,, then P= t, @, + t,¥, + (1-t,-t,)¢?, Repeating

the same procedure to ‘-{‘r-e' peee y Bince X, Y are finite, eventually

we get U = &tigﬁi , where (‘01 sy i=1,...,n , are deterministic,

=1

Remark. a). This decomposition of ¥ is far from unique.
b). et Y be the set of arbitrary maps from X to Y., Since X,Y
are finite discrete spaces, any map from X to Y is a measurable
function,i.e. it could be viewed as a random map, hnence tnere

is an inclusion Yx——-‘-?im){X.‘f’). For any set Vv, P(m)(1,V) is
tne free convex set generated by V, specially P(m)(h‘{x? is tne

free convex set generated by Yx, 80 there is a3 unique affine



linear map, @{m}ﬁ,l’x)—»ﬁ(ﬂx.ﬂ. Lemma 1 says that this map

is surjective.

Lemma 2. X,Y, n and m are finite sets, f: X ——mn, g: Y——an
are surjective deterministic maps. If the square

w

X ey ¥
e
n A m
is commutative, then ¥ is deterministic implies % 4is determini-
stic.
Proof, Since f: X——n is surjective, so there is a right
inverse h:i n——>X of f, i.e. feh =1 . If ¢ is deterministic,

n
toen Y = Yefeh = geppah is deterministic.

Lemma 3. In the following diagram

?k are random maps, k = 0,1,...,n; L1 g, are surjective
deterministic maps, k = 0,1,...,n-1, such that

Pt Ty = €_i¥x - Then, we can decomposite ®.'s 1in such
a way, LPk = Tz_lti'?u_ v 2,20, ‘%Iti = 1, ('oki are deterministic,

k=0,",...,0 and @&_1.1ffk_1 = gk-\'?&i W <5 i S I T




m m
Proof, Denote f, = fiecscef 4 » & = Byeceeel 4 »

for Osk<m-1<n-1.

Prot® Txat = E-1" P 0 k= Tooceomy “k
i.e. for any x, € Xy Yy ¢ Y g o l!‘ lg
k=1 k-1
Pt (e () oy y)
X ——+—> Y

=
= P Dot (B ¥emq ) = B Pic(Xier Vi) Fie

= - \
- 'Pk{xk!g-k_n‘(yk_" 1} .

' = D
Let t, = min Qan(xn,yn). say t, = Spn\xn,yn).
A AR ALL

Define ':Po.i: X—> Y, »
if x, = 200x2)s  Pylx,) = glyn)s
if X, ¥ fg(x:}, @oi(xo) = :rxo , for some yxot— Y, such tnat
?’a(xo.yxo) £ 0

S0, @ (x,0¥pq(x,)) % 0.

Define SOH: Xy—=Y; ,

? ¢ n 3
if %Xy = f?\xf.:). (1"“\)( ) = SH)’E:‘ H

SN, 0 " e, \
it F, % £a(x ), P“(x1) -Vx1 , where yx1(- go{?al{fo{xfn'

such that @, (x,,y, ) ¥ O.
1

(such y’1 exists, because @1(11.g-c:(¥’01(f°lx1))))

= (Po{rofx1).‘f’°1(fo(x1}) ¥ 0) So '1"1(:&1.?11(:1)) % O.



Agsume we have defined Wk_] RN Yk s Sueca that
4 o .

)) ¢ X

¥ 0, where X1 k=1°

k1 k 5 o
it x = fEL 2}, ?%I(xx} = g (y,)3
m n,_o ¢ & I b &
i xk = fk\xn), ¥k1\xk] = yx y wWhere }x € & 1\? (x ‘})

Kk K K-I K 1

such that ?k[xk.yxk) EQ,

(such . exists , because

-1
))) = ® y
pk(xk'gk-1{¢%-1,1[fk-l(xk)’)) =11 () ‘k-1,1{fk-1{xk)”
¥ 0.)
- { w f Y
So, Wk\xk. ,k1kxk3, £ 0,
Foreach kE = 1;.5:30; xke Xk N (p
k1 -
6, ty, Dw By o 1 e "
o \x‘ = £ = n : (X\].
k1 k=1 k=1,1""k=-1""k l e lgk'1
e &t Py = Proq,1 Ty X -1
ﬁhht

Define ¢\ = —,1—1:—1('-0}( = 85,80 Bw 01,000,

For x, ¢X , y ¢Y, , let xne-{fﬁld(xk), then
@k(xk.yk) = ?n(xn.{gﬁfq(yk]) > gkixn'yn)’ any y,e (gﬁ}d(vk},
if ?k(xk,v ) £ 0, then we could pick . {g (yk] such that
@n(xn'yn] * 0, 80 Rpi‘c(}"i-c'yk)?' vh(xn’yn) e t1 i
ir ¢ (X o¥y) = 0, then Prei(x) % Yo L.e. ?%1(xk.yk) = 0.
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1
Therefore, ¢ (x. ,v.) = —— (P, (x o) - t.P . (x ,y.)) > 0, for
ol i ‘l---t'..I K'Tk"k 1 k1 k"

all xk(- x,‘, yks-Yk.
1
)] A

< '

1s

1
—{:t—1(1-t1)

Thus,?{::e&(ﬁu(xk,‘rk) and Q"k

) 1) E S e
BePi =Pt Ty o Since &P = B _of, and gef, = Pr-1,1" T .

)
£, + (1=t )00 .

Repeat the same procedure to 1?‘3&_0 = ; £ lpll? is not
SWgeeey

deterministic(from Iemma 2.‘?[;} is deterministic implies that
@) 1is deterministic, k<n), we could get ., deterministic,

(2) . 1 2
s, € (0,1), and ‘f’k e {P(m)(xk.‘fk]. such that ff’[k = 52?}:2 + {1—52)‘#1{]
Tet t2 = {1—t1152. then [Fk = t1‘f’k1 + t2€Pk2 - (1-t1-1:2)‘t"'§J :

Then repeat the same procedure to‘{p{?}, sae » Since xn.Yn are
s

finite, after finite steps, we get ‘Pk =E,ti(fki . t‘pki are

deterministic, 1 = V,00098, Kk = Og..04n

Lemma 4. 2 = {1,2,...,8)} is a finite set, p is a measure on
Z with p(2) ¢ 1. For O<t<1, O<« €1, and p(2)> t« , tnere
exist measures q,q' on 2, with q(2) =« , q'(2) = 1—1;(9(2)-“).
sucn tnat p = tq + (1-t)q’'.

Proof. 1). if 3i€2Z, such that p(i)» t« , then define

=fy J=X
§23 ‘lO. Jei




=1

Ly

q'(3) = {'T‘l“t'(l’“}““) '

g p(3) T

(p(1)-t) + 7l xp(y)

since p(i)3> t< , s0o q'(i)20, $q'(3)
].l
= 1—1.5(;3(3)4«); and p = tq + (1-t)q"'.

2). 4if 3ie 2, such that p(i)2 (1-t)X , tnen Just interchange

q and q' in case 1).

(1)
3). if for all ie¢ 2, p(i)< min{tu.h-t)n}, since X <«
s p(i) 18 1
and Elt_ = $Zp(1) = +P(2)>%® , 80 there exists ke Z,

Sk _e=p(d) (k) Spli) (k+1)
sucn that o Elr 2 &.t_ and D(-zhf-— < -p——E—-

=)

5 EE_—i—) B isk
Define (i) = | o = '—t—-p(i) ¢ L=y
0 ¥ 1> k+1
o 1% Xk

. ’ g -
q'(1) = ﬂ—t—(p\kﬂ)-t(u-a%ﬂ)) = 11—‘,-(;-};'llzl(il—t-sl) . 1w ke
11—t p(i) , i k+1

Pnan, 3 . kp(4 - Ep(4)y
en E‘qti) E—E—)' + (ot zp-t—--) = oA

(L]

5 § 1 kel $
Z3'(W) = 3R (ER-t4) + e 2P(1) = 7 (3 p(1)-t0)

1= =hevl =1

T(0(2) - tw)

and P=tg+ (1=-t)q’.



Lemma . X,Y,n and m are finite sets, f: X—sn, g: Y—sn

are deterministic maps, ¢: X——Y, %: n——m are random maps

(7]
and the square X it Y is commutative.

Le lg

n——m
If Y=tk + (1-—t)¥2 » O¢t< 1, then tnere exist @, ¥ oe Pim) (x,Y),
such taat Y= t¢ + (1-t), and gefp, = @of , i=1,2;

Proof. gep =¥+f and 3= ty, + (1—1’.]7;‘-2 mean that for any
xeX, kem, (,D(x.g"{k}) =®(f(x),k) = t¥, (£(x),k) + (1-t)%,(£(x),k),
We wish to define ‘P,.(f’?(' P(m) (x,Y), such tnat

P (x,g (k) = %, (£(x),k), 1 =1,2, xeX, kem,

If g (k) =¢ , define Sﬂi(x,cpi = 0, since ¥¥(£(x),k) = ¢(x,g (k)
=0,

For g-l(k) -r
if vz{f[x},k) = 0, then @(x,gﬁl(k)) = ﬂ_ﬁ(f(x}.k},

-
define 5"1(::.11) = ﬂ’%ﬁ for yeg (), toen ‘191(x.y}?= 0; since

@ (x,y) = 3 2007) o Lax, (k) = Lity (£(x),k)) = ¥, (£(x), )¢ 1,
Ye gt weax)
80 P, (x,¥)€ 1; define Pp(x,y) =0, yeg (k);
1 Y,o(£(x),k)% O, take g'(k) =32, p = ¥(x,-), o= % (£(x),k)
tnen p(Z)> tX . Using Lemma 4, we get Py(x,-), @zix._}. two

measures on Z = g (k), and Pix,y) = t!ﬂ;{x,y) + U-t)‘!’z(x.&'.‘u. yeg (k).

s
Since Y is the disjoint union of g '(k}sbkem and measures are



finitely additive, we have tane desired result.

Tneorem. Let ¢ be a stochastic transformation from (X,f) to

3 My
(Y,g) in S'. For any given n, we have decomposition = = :iﬁql‘ ¥
"~

such that Q"mé s'((X,f),(Y,g)) and [de}k: Kyt X is determini-

£

stic upto ké€n.

Proof. For a given n, from Lemma 3, we have decomposition

Ma
@, = --‘:"i“’m' ks n, f’pki are deterministic and
=)

Bt Phei = Pra1, 1" Tier e
Ll

For k> n, repeatedly using lemma 5, we get CPK = ;'»:tiﬂ’,(‘_ :
= AL

and & 1Py = Prar, 1" Tt

Taus, (f,, wita the k-th component (‘Pm)k = ¥,y 1s a stocaastic

transformation from (X,f) to (Y,g), i.e. lﬁﬁ¢3'((1,:‘3.{1’.gf“'

Mn
and LP= Itltell .

p=t

Definition 2. We say that a stochastic transformation
p: (X,f)—>(Y,g) is indecomposable, if there in no nontrivial

decomposition of {¢ , i.e. for O<t<i, @= L, + ';'I-T_'”z

implies , =0, =0,

Exanples,
wyarmcle 1. X b 4 ars two finite sets 2 X —aY is
Example 1. Xg» ¥, ° sets, ot X, o
s n+1 _ yn+1 _ ’
a random map, Define X, =X "', Y =Y and =@ . We

eall Y with the nth component ¥,> the stocnastic transformation

generated ty !Pn'



1f ¥, 1s not deterministic, from Lemma 1, P

21,00

]

(=

: | ) X ne| o m 3
¥ , 1 =1,...,m are deterministic. Tnen ¢_ =Ry, = O(T thpl]

"1

::m.*.t t 1

b e 1qib¢l{0...®¢1"'. We can not decompose & into
'K'] -+
K== m|

finite many stocnastic transformations ©@

W ! such tnat ",J-“. are

1)

indecomposable.
5 . . . ™ < H n+1
Example 2. @ : X——>Y is in 8", i.e. Xn =X, T =X e

X,» ¥, are finite sets. If for some n, as k3 n, Cray = (A‘@(,D' 3

where p': Xo—™ '.’O is a deterministic map, using Lemma 3, we

™
get &Pk = %_,“i(’gki s E&n, cpki deterministic.
. S A Z ?
Taen @ . = P 0(®¢') = t,0,.80¢), denote ¢ .Bb¢) =
(‘on+p.i is deterministic, since ¢' and wni are deterministic.

Therefore, 9?1“ with tne k-th component ((Pm)k - !,:’ki'j_s a

stochastic transformation from X to Y, i = 1,...,m , and

™m
P=3x ti‘ﬁ_i, ; (P-.i\ is indecomposable.

Example 3. xo. YO are finite sets, o : J(o—e—; Yo‘

- x —— F Tan ¥ .
a Xo Yo Yo are random maps

- n+1 n+1
Define X = xo* A A S <kl
a =l ¢ xo—¢—>Y° ’
p, = (w,a)e{w,,aem,): XxX —t—'o~;‘-———+YxY
1 27 2! 1 o 0 o o

o //
-
lg,unr,)\.x %Y (m,,0n)
o

(o]

<Ft‘.+p.1 <



assume (Pn-i: xg—-':'g ie defined,

then define @‘n

L ] ﬂ
(Mo, . net1r 2 7y5) o2 %nay Tem )

{Pn
xn+1 e Yn+1
o 0
~
'\\,
NG
S 'V;.?ﬂen) - X x Yn ("J---nﬂ yOeT,3)
o

™ 7]
Then ‘I'F“‘a(ﬂn

!
fr.‘o(wz...n+1 .ao'l"l'12]-l: n+3 , 'n- 1 TT“,,,

Prn-1* Tem

i.e. the following square 1is commutative.

xn+1 R":’1'1 w41

| 2
)] lvrn)

;n n-1 yn

0 0

,.q has tne property, for (11....,x ) ex®

(Fﬂ—'l (xl v --sxn;:"! yooe "y!".]

For any n, using Lemma 3, we get ‘Pk - 'zt ‘P

=) l

?ki are deterministic and “lm"oki =<|Dk_1

s
Decompose 8 by a = X sjaj, wiere ay are deterministic.
=1
- « T
Then ‘Pnﬂ (w 2...n+2° a""'12) (Mns20 ¥n ("+1))

= {Tr2...n+2' {Isj J)”rl?) (‘Tr‘+2' (“t K’
5. M
a4° 1Mo, ne2r 35 ™2) (M

If a is not

» X& N

n+2'goniﬂ1in+13

)

£ {'_\"1.....}'!1]6 YI[;

43

= Alxy,y)alx,, vy vp)alxs, ¥oayg) e vcalxg oy, )

where

-

deterministic, we run into the same difficulty



as in Fxample 1.

If a is deterministic, then we can decompose ¥ into finite many
indecompesable stochastic transformations.

a is deterministic, then (T as’w,,) is deterministic .

2...0n+p'

My
Then (F‘qﬂ = 7t
T =)

(T, .n+2'a'“12}° (Trn+2"‘ﬂn i*Taep 7

denaote |

! s ) m = p -
v2...n+2'a T'_12‘Q(Trn+2'(’ani° tn+1 ) ?’nﬂ e T ("nu.‘ i
Ma
bt . = ¢ :
deterministic and @ . Zt@i1,1
™na
= ) % 2 L
Assume rfmp = Z tjﬁ"n-ﬁ;.i ' (Ton+p,1 are deterministiec.

=)

tnen (Fm-pn [“2...n+p+2' a”r12}°{"rn+p+2’wn+p°’{n+p+'.‘. )
: {?2--°n+p+2' a'“12}'{wn+p+2’ (gtiwn-p.ipﬁmpﬂ'}"
i gftii‘vz...n+p+2' a'w12j°(“n+p+2'(‘ﬁn+p.i°‘rrm+;+'.? )
e (‘an+p+1,§. » E1T2...!1.~--p+.?' a°w12}°(Wn+p+2'(’pn+p,iﬁwfm—p.:r} i
deterministic and (fmp” = g:ti(‘ompﬂ.i é

1t is easy to check that for k»n, i = 1""'”5 y we also have

= { i i -th t (@
“L';-c.}“p‘:ci' pk-‘r,ft.}c)’ Thus, qu},w:.tn k-tn component (¥

m,
is a stocnastic transformation from X to Y, and {;=zti@
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§4. Stocnastic dynamic programming.

The essential characteristic of stochastic dynamic programming
ig that the dynamics(or transformation) not just depend on
the states but also on decisions. It has been called gegential

decision problem or controlled stochastic process.

Formulation {(discrete].
B wm Oty nan
1). Spaces of states, at each stage n the space of states is

xn. néw,

2). Spaces cf decisions, at each stage n tne space of available

decisions is ﬂr y Ve N,

3). Dynamic (transformation, law of the motion), at each stage

n is a map I‘n: :ﬁxku ;!["Ak—-—'r xn” .

ir Markov case, dynamic does not depend on the aistory

m .
L.z xnun-——vx

.

n+1
4) Policy (decision rule) is a law of choosing decizions, at

each staze n, 3§ vxk*-q.-fk'_’ﬁn i

n=1"* KER

Remark. a). In [2] , Eellman's definition, he used stationary

Markov ca=e, i.e. Kn = X, *n = A for all ne N, a2nd

Tn: XxA —= X, Sn: XxA——= A, Same is in Ginman[6], state space

X, = (X,4), decision space A = (U,8), for all nelN.

b). If we Tequire T, §

8 in M ( the categorv of measurable

n



spaces and measurable functions), we get deterministic dynamic

programming(see (2] ); if we Tequire T, »§, in P(m) (the category

of measurable spaces and random maps), then we get stochastic

dvnamic programming, this is the case in 13] and 1l6J).

5). Criteria of optimal policy (best decision rule).

g: xkxAx———* E 1is the reward function at stage k, where K is the

nonnegative reals. Whenever it is appropriate to consider that
tne reward of process is the sum of the rewards of its stages
tnen it is alsoc appropriate to define the following functional

F N 3 pe b |
of T , fn(”o} = max zg(xk.ak). where x, = T(xk_1.ak_14.

o,p:-8, Em

'

If a policy is given, i.e. on each stage n, Sr KT A A,
- n L2 1 T |

is given, and an initial state X € X, is chosen, then we have a

sequence x_, 2, = So(xo). x, = To{xo,ao). a, = SI(xo,x1,aG}.....

%, =¥ BRI, a wrgll =8 ik s
n n-1( < Aibdat fo |, b o - kit n—1)' 2n n—1(xc" X840 o

)

=17
ess « §*® is an optimal policy if for any Ne IN, and such a

sequence corresponding to §*, we have E E(xk'ax) - rm(xo)‘

i1

In etochastic case: Tn: :r‘rnxk: P"”Ak—v—-v Xn+1 is a random map,

f
for eacn \xa....,xn,ao,....an) in TX xTA

T XxTAL there is an induced
L] "

-~ 144w - T o
probatility measure T (. |xc,...,xn,ao,...,dn] on X , ., and

1

for § : TX *Ta,_—+—>4A_, there is
N xsp K ksp K n




3.47

an induced probability measure Sn( . lxo""'xn’ao""'and) on

An. So Tn' Sn and an initial probtability measure M on xo

[ ] L]
give a probability measure &ug on XxA = onkx ank .

n rn on- - -~
Let (ﬂn-'k*“k)‘(f..xk“k) = BXC X¥.oonB xC xX XA  .ee. be

a measurable cylinder in XxA, where Bk' Ck are measurable sets in
xk. Al: respectively, kK = 0,...,n , then
T )x (¥ ))
Al (L BXC ) (T X% Ay )
= A
= 5 g ...S Eén(..an[ xc....,xn.ao....,an_1)Tn_1(dxn|xo....,xn_‘,

Eu Cu E. C,

8 reeesd )...51(da°| X, M(dx ) .

n=1

-

If M is a probability measure on WX, xTA , then Ap is
sy k £epy K ALk

2 probability measure on XxA, such that
P ((r )% (T X, x4, ))
a5 (T BXC )X (T X XAy

= 5 5 ...S S sn(danlxo,...,xn.ao,....an_.I)Tn_‘(dxnlxo....,
ek %S H G
xn_1.ao....,an_1}...5p(:'a;'lx0....,xp.ac....,ap_.I?d,A

At eacn stage n, there is & loss function (or cost, reward,

return) Cht xnxan——»ﬁ. it is a measurable function.
Then e(x,a) = :facn{xn.an}. where (x,a)e XxA,

n [ 4 n
cp(x,a) = E?ck(xk.ak}



; n i n %, n P
the risk Lp(p,S) - qﬂs[cp(x.a)} - S cp(x,a)daas "
: XxA
Let ﬂ(x be the probability measure on

o.....xn.ao....,an}

| _X'IT -~ & - ¢ b g 5 &
3;3& \mﬁk' wiaich 4is concentrated on (Xo.---.xnuacr- e

)
nit ©
Then a poliecy 3* is said to be optimal at stage n, if

Ly (A4 i = i?,f I‘n(‘“(xo

5)
a""'xn’ao""'anl ,...,xn.ao.....anj' g

(for reward or return functions we should congider

Ln{y(x },3*} = szp Ln(ﬂ(xg

£))
P RETS SRL P ,....xn,ac,...,an}'

for all (xo,....xn.ao....,anl& TX *TA .

A policy is fully optimal, if it is optimal at any stage,
see [3] , L&) .

The existence of a (fully) optimal policy depends con a). under
certain topology, the space of policies is compact; b). the risk
function is lower semicontinuous with respect to this topology,

then use the theorem: a lower semicontinuous real valued function

defined on a compact space assumes its inf.

1). About cost functions.

A cost function is trying to tell us some kind relation or
measurement a2bout what was nappening and the decision we made.
This external measuement should reflect, reveal the more deep
internal relation, the causation. Objectively there is a2 direct

connection between state space X and decision space A, i: X —A.



el
W0

We could obtain it through observation, experiments, analysing
and synthesizing various external measurements.
Because of the complexity of the real world, noise observation
and possible mistakes, £ also could be random.
2). For convenience, we would sometimes 1ike policy alsc to be
v n
defined on ‘“xkxxnkk. Once the dynamic ’I‘n is given, and a
policy §, is chosen ot eacn stage n, we can form tae composition
of following two random maps, and define it Aas tne policy at

stage n. (1 T 1 ) S
™ T TXc ' "'n" VA, n
“"xk“ g — e u‘.rnxk”xn-.-’f :In"k — A1

3). Policy depends on partial informations.

Since our observation is partial and our decisions are made
just based on cur observation, so the decision rule should just
depend on this pertial information, but not the whole state space.
In L6], p.36, "Control of processes with incomplete observation",
state space X with oc-algebra ® , decision space A with ¢-algebra

€5 5 Sn ,» the policy at stage n,is defined on ?nlAn"', where

Yn = {Xn,ef), @' is a sub o-algebdbra of!hp. i.e. Sn only depends

on part of the state space (x“.eP). Note that,tiis relation

between state space (X",8") and observation(partial information)

A (x?, @) 4{s just a measurable function 1gn: (x", ") — (X7, &),

Thus, generally we use 3 measurable function fﬂ::r!k———»Yn
L im

to describe tne relation of state space ﬂ'!k and the space of
L]

observable states Yn at each stage n. t"1 also could he random,

4




3.50

wiiich means tnat tne observation is obtained tarough a noi

isy
channel, Note tnat, Y. may not bte a product, even if tae states
n ’

are. Thus, tne policy at stage n, is a random map 5n: ?HII&\—ﬁ—bﬁ
i n A | 4

4). More generally, also for simplicity, we could take xn and

- T + 11 )
An as subspaces of JL?k and é:ﬁk , at each stage n, such that

xq's and An's are compatible with projections.

After tnese discussions, we give another formulation of
stochastic dynamic programming.

Llil

1). state space X, for each n, X, includs the history untill

stage n.

2). decision space An for each n, An includs the history

until stage n.

3). the partial informaticn obtained from Xr, ‘ 4

:X_HY!'“

14}

n

4). dynamic (law of the motion) at each stage n,
Ui X A Xna

5). policy at stage n, § 3 Y, xA ——>4, , .

&). the recall of history,

hn: xn+1 xn' &y’ An+1 'An'

h are deterministiec.

n' En

Remark. In the previous case, W, ¢ X —aTX

mé XX is the

k

recall of the history, and 1ﬁnan = ’rx‘ .
kzn K

7). initial probability measure on Xu. 9" 1 —4—~x° :

initial probdability measure on A, § : | —— A,
[

n+i

.
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3/.the correct action at each stage n,
: B Xn—O——- ‘in g

R 1

The following diagrams are commutative.

L
¥ x 1 ¢ . ':-
Tn Rn T 1n+1 fon
|
\"’-( = h b
& n ey
X P
fl n
- P
1 —S—x
\_\\ Q
e | g
&y . ¥ . Q
ul
A

$). the optimal policy. In the following square

%
" n Ap, ~
Kn‘An - Wﬁxﬁn
] 4 Sﬁ
v 2n « ’
“n+1 L — An+I

we want dist(§ ef x1, ,f ¢q ) as small as possible, i.e. §* is

an optimal policy , if

éistts,; £.X1, o0, ) = inf dist(sn-fnﬂ

for eacn n.

Existence of such an optimal policy.

¥
n

)
n® %’

2
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Lemma. let X,Y,Z be measurable spaces and h: Z—>Y is

deterministic. Let‘Ah = ige @(NQ{XxY,Z}l he g =‘TT\r } i.e. g@.ah .

ifr xxy £ 2z is commutative.

el

Tnen 4, is a closed subset of P(m)(XxY,Z) with contravariant
topology induced by the convex metric.

Proof., Let &¢ En, the closure of &, in ® (m)(xxY,2), for
any €>0, ge B(,8)N4,, i.e. Jtre t, g=t5+ (1-t)6" ,
then Ty = heg = t(heg) + (1-t)(hes').

y¢B

1,
For any measurable set B in Y, TTY((x.y).B) =&LC-. y&3

1, ye B

this implies he$((x,¥y),B) = {0, y&B i.e. Ty = he$ , S0 5ed,.

From section 1, we kmow that the function
dist[_-fnx1an.fg-qn}: @UR)[YnxAn,An+1§ o

is continuous respect to the topology induced by the convex metric,

- = 3 ; = .
so restrict it to &, = {5, PO (¥ xa_,An ) | €8y = "An} it

is still continuous.

if ?(M}(Yn*At'An+1) is compact, then so is &_, as in case

Yo A,y A, are finite sets; If @(m)(YnXAE.An+1] is not compact,

under some conditions the subspace Ag may be compact, or we
n

just work with a compact subset °f‘°gn , for each n. Then there

is an optimal policy.
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