Notes on algebraic stacks

Fredrik Meyer

Abstract

These are lecture notes from a course on algebraic stacks I attended
during the fall semester 2013. They follow very closely the lectures,
which in turn followed a draft version of the book “Algebraic spaces
and stacks” by Martin Olsson. The lectures were held by Paul Arne
Ostveer. All mistakes are my own.
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1 Moduli problems, spaces, and stacks. Vector bun-
dles and K-theory

We all know of varieties. In this course we will learn of wide generalizations
of varieties. Here’s some containments: varieties C schemes C algebraic
spaces C Deligne-Mumford stacks '69 C Artin stacks '74.

So, at the end of this course, you should be able to answer the question,
when stopped on the street, “what’s an algebraic stack?”.

Algebraic stacks were introduced by Deligne in his SGA4 and by Giroud
in his thesis [[source needed]]|.

The need for stacks arose in the study of moduli spaces in algebraic
geometry. Roughly, a moduli space is a geometric space (scheme or stack)
whose points represents algebro-geometric data of some kind, or isomorphism
classes of such. Some examples:

e RP! is the moduli space of lines through the origin in R2.

e The Grassmannian G(n, V') is the moduli space of all n-dimensional
linear subspaces of the vector space V.

Then, what is a moduli problem?

Definition 1.1. A moduli problem is a contravariant functor
F : Sch? — Set.

We say that a scheme M € Sch is a fine moduli space for F if it represents
F, that is, if
F(X) ~ Hom(X, M)

for all schemes X.



1.1 Some category theory

Here, C is a category and X € ob(C). We define the functor hx : C? —
Set. On objects: Y +— C(Y, X), and on morphisms: by composing. One
checks that this defines a contravariant functor. We then say that a functor
F : C? — Set is representable if there exists X € ob(C) with F ~ hx
(isomorphism of functors).

Now, let X 2 Y be a morphism in C. This induces a morphism h(g) :
hx — hy by sending a morphism f to the composition go f € hy (Z). Given
h(g), we can recover g, as the image of idx € hx(X) under h(g)(X).

More generally, suppose we are given a morphism of functors (or a natural
transformation, same thing) n : hx — F. This gives us a distinguished
element 7, € F(X), that is the image of idx € hx(X) under nx. In fact,
this is a bijection.

Lemma 1.2 (Yoneda’s lemma). There’s a bijection between natural trans-
formations
n:hx - F

and the set F(X), and it is given by n+— T,).

Example 1.3. When F is represented by Y, that is F = hy, we get a
bijection
Homc(X,Y) ~ Nat(hx,hy)
*

Exercise 1. Prove Yoneda’s lemma, plus the following statement: If F :
C°P — Set is given, then a pair (X,n), X € 0b(C) and 5 : hx — F is unique
up to unique isomorphism. A

Solution 1. Q

1.2 Back to moduli spaces

The category of affine schemes AffSch is equivalent to the category CR%,
the opposite category of the category of commutative rings. Here are some
moduli problems for commutative rings.

Example 1.4. Let F : CR — Set be defined by sending R to R*, that is,
sending a ring to its set of units. Then one can check that Z[x, %] is a fine
moduli space for units, because Homcg(Z[z, 1], R) = R*. *



Example 1.5. Let CR — Set be defined by sending a ring R to the isomor-
phism class of (M;m1,...,m,), where M is a locally free R-module of rank
r generated by mq,...,m,. Two such pairs are isomorphic if there exists
an isomorphism a with «(m;) = m}. On maps, one just sends a ring map
R — S to the map of modules M — M ®gr S.

There is a fine moduli space for this problem as well. It is the Grassman-
nian. G(r,n) = Proj(Z[x(]/I,y), where I, s is the Pliicker ideal. *

Example 1.6. Fix a numerical polynomial P(z) € Q[z]. Recall that a
numerical polynomial is a polynomial that for large enough integer values of
Z, outputs only integers. Define the moduli functor Hilbertp,, : Sch®” — Set
by sending a scheme X to the set of all schemes Y C P% = P x7 X flat
over X and such that the fibres of x € X all have Hilbert polynomial P. We
define what happens to morphisms by base change.

Then there is a theorem of Grothendieck, that there exists a fine moduli
space for Hilbertp,,, called the Hilbert scheme. It is projective, and in fact

contained in a Grassmannian. >
Example 1.7.

Hilby (P") = P"

Hilb, (P") = P"
The last equality because P” is the n’th symmetric product of P!. *

However, a fine moduli space doesn’t always exist!

Definition 1.8. We say that X € Schy, is a coarse moduli space for a moduli
problem F : Sch®? — Set if the following two conditions hold:

1. There exists a universal morphism px : F — hx:

F-ny

NE

hy

2. For every algebraically closed field k& D k, the morphism

px (k) : F(R) — hx(F)

is a bijection.



Remark. Fine implies coarse.

Now for a rather lengthy example to motivate why coarse moduli spaces
are necessary. Define the moduli functor F : Sch%7 — Set by sending X to
isomorphism classes of elliptic curves over X.

We recall what an elliptic curve is. In general, an elliptic curve over S is
an S-scheme together with a map p : £ — S satisfying the three conditions
below:

e p is proper and smooth of relative dimension 1.
e The geometric fibers of p are connected curves of genus 1.
e There exists a section 0 € E(s) = Homgse (S, E).

The first condition is explained in Hartshorne, chapter 3, paragraph ten. In
particular, it means that for all s € S, the fiber p~1(s) = E x5 Spec(k(s)) =
E, is geometrically regular over k(s), i.e. the base change of E, to Spec(k(s))
is non-singular.

The second condition means that the curve E}, defined by the pullback

Ex E
)
Spec(k) —— S

has arithmetic genus 1, meaning that dimy H'(Ey, Op,) =1

Claim: The moduli problem F,; has no fine moduli space. This is
seen like this: the two curves defined by the equations y?> = 23 — z and
2y? = 23 — z are non-isomorphic over Q, but become isomorphic over Q (via
(z,y) + (7,4/2y)). This implies that Fo;;(Q) ¥ Feyr(Q) is not an injection,
but injectivity would have held if F.;; were representable.

Question: Is the obstruction for a fine moduli space for Fy; trivial if we
work over an algebraically closed field? Turns out: NO!

The reason is because elliptic curves have non-trivial automorphisms.
Because of the equation y2 = f(z), we see that every elliptic curve has at
least one non-trivial automorphism.

Suppose M,y is a fine moduli space for Foj;. Then Foy(Mey) = Homgen (Mg, Meyr),
which contains the special element ida,,,,, which corresponds to “universal
elliptic curve” Eyniv — M. Then one checks that with these definitions,



every elliptic curve is the pullback via a unique map X — My:

E—— guniv

|

X —— Mgy

But if £ admits automorphisms, this map is not unique! (why?)

Luckily, there is a way forward by realizing that moduli problems live in
a “2-category of fibered categories over Sch”.

A stack is what you get by starting with a groupoid and adding geometry.
A groupoid is a category where all morphisms are isomorphisms.

1.3 The way out of the problem

Let Gpd be the collection of groupoids. That is, it consists of categories in
which every morphism is an isomorphism.

Example 1.9. Every set S can be regarded as a groupoid by setting

dy ifX=Y

0 otherwise

Hom(X,Y) = {

In this way we can identify Set as a full subcategory of Gpd.
We want to redefine a moduli problem as a (pseudo-)functor

F : Sch?”? — Gpd.

If we regard hx(Y') as a groupoid, then every such object has a trivial auto-
morphism group. *

Thus we need to abandon the category of schemes. We’ll replace it by
the “2-category of stacks” which accomodates automorphisms.

1.4 Algebraic stacks and moduli of vector bundles

In this course we will study the moduli functor
VBundles’y : Sch;” — Set

given by sending a scheme Y to the set of isomorphism classes of rank n
vector bundles over X xz Y. On maps, base change.



Example 1.10. Now for a rather lengthy example. We will construct an

example of a rank 2 vector bundle on Pz. Cover IP% with the standard affine
patches, Uy, Uy, Uy with affine coordinates (£+, £2) on U etc.

zo’ xo
We want to construct the transition functions pig : Ug N U1 — Uy N Uj.

Let A € k*. Then we have the relation:

z1 (&L 2 o
) — 170) 0 T
z2 —_ Z1T2 z1 2
o (1 )\) x% )\CEO X1

The entries in the 2 x 2-matrix are regular functions on Uy N Uy. Similarly,
there is a relation po1 : Uy NUy — U NUs:

z0 NE2 (1 - y)me2) [
1 _ 1 oy xTo
z1 z? T2

Combining these two transition maps gives us the transition map poy =
P21 © p1o:

1T1T nx
APNEES SN NN
L2 NI=X)Z N -XN+1)-=2 ZL
Zo zo ToT1 z2

To avoid division of zero on Us N Uy we must thus have AN — X +1 = 0,
that is, \' = ﬁ Hence if A # 0,1, we can glue the patches U; x Ai. Map
to ]P’i via the evident projection. This gives a vector bundle over IP’%. *

For convenience we repeat the definition of a vector bundle:

Definition 1.11. Let X be a scheme over a field k. Then a vector bundle
over X is a Zariski trivial map 7 : &€ — X. That is, there exists an open
covering of X and isomorphisms ; : 7= 1(U;) = U x A such that for all 4, j
there exists transition maps ¢;; : U;NU; — GL,, (k) such that goiogoj_l(:c, v) =
(x, pij(z)v) for all z € U; N Uj; and v € A}. We call the number n the rank
of £. [

The next proposition is homework:

Proposition 1.12. There is an equivalence between the category VBundlesy
of vector bundles of rank n over X and the category of locally free sheaves of
rank n on X.

Proof. Also see [Neu09|, Chapter 1. O

Also this: Exercise I1.5.18 in Hartshorne and exercise 6.10 and 6.11 in
Hartshorne, the latter two are about K-theory of schemes.



1.5 K-theory of schemes

We introduce some of the main characters of K-theory of schemes. Here we
assume that X is a Noetherian scheme.

Let Vb(X) denote the set of isomorphism classes of vector bundles of
finite rank on X. Let Coh(X) denote the set of isomorphism classes of
coherent sheaves on X.

Now, define K((X) = Z{Coh(X)}/ ~, that is the free abelian group
on the set Coh(X) under the following equivalence relation: for every exact
sequence

0—>F - F—->F"=0

we identify [F] with [F'] 4+ [F”]. Similarly, we define Ky(X) via Vb(X).

Lemma 1.13. For Ky and K|, the following is true.

o Any scheme map X i> Y induces a map on K-theory:
f* : KD(Y) — KQ(X)
given by [E] — [f*E].

e A flat map f: X — Y induces a map f*: Ky(Y) — Ky(X), defined
in the same way as the above map.

e Tensor products of locally free sheaves turn Ko(X) into a ring and
K{(X) into a Ko(X)-module.

o If f : X — Y is a proper map, then it induces a pushforward map
fs t K'(X) = K{(Y) given by

o0

F(F) = Y ()R ST,

=0
where the R f,F are the higher derived images of F.

o If f: X =Y is proper and o € K{(X) and f € Ko(Y), we have a

projection formula:

f(f5(B) - ) = B+ fula).

Here f*(B) € Ko(X) and fi(a) € K{(Y), the equality taking place in
Ko(Y).



Proof. The first three statements are obvious from the defintions.
By standard scheme theory (for example Hartshorne III, section 8.8)
there is an induces long exact sequence of coherent sheaves:

0= fiF = fuiF = L F' - R F — - 5 R'f,F' =0

The statement now follows by breaking this long exact sequence into short
exact sequences.
The last statement follows from the formula

sz*(f*(g) Reox ‘F) =& Xoy le*(f),
which is Exercise 8.3 in Chapter III in Hartshorne. O
Here’s a remarkable theorem:

Theorem 1.14. If X is regular, the two K-theories coincide, that is, we

have an isomorphism
Ko(X) = Kj(X).

The theorem says that even though one category (the category of coher-
ent sheaves) is much larger than the other category (the category of vector
bundles), their K-theories coincide.

For more on K-theory, see for example [Ros94].
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2 Flatness, limits of schemes and Kahler differen-
tials

We start by recalling definitions of flatness. Let R be a ring and M and
R-module. Then T'(—) = (—) ®r M is an endofunctor of Modg. We say that
M is flat over R if T'(—) is an exact functor.

Definition 2.1. We say that an R-module M is faithfully flat if for all
R-modules N and N’ the induced homomorphism

Hompg(N, N') — Homg(N ®@r M, N’ ®g M)
is injective. |
We have a long list of equivalences:
Proposition 2.2. The following are equivalent:
1. M is faithfully flat.
2. M 1is flat and for all R-modules N', the map

N’—>HomR(M,N’ ®RM)
y— (m—yem)

18 injective.
3. A sequence of R-modules
E:N — N — N"
is exact if and only if
EQM:No@rM —-NIrM - N'"@p M
1S ezact.
4. A homomorphism N — N’ is injective if and only if
N ®@r M — N®@r M
1S injective.

5. M is flat and N @ g M = 0 implies N = 0.

11



6. M is flat and for all mazimal ideals m € max(R), we have M /mM # 0.

Proof. 1 < 2 : Assume 1). Then put N = R in the definition of faithfully
flat. This implies 2). For the other direction, let F' = @;c;R be some free
R-module surjecting onto N. Then we have a commutative diagram:

HOInR(N,N/) 4>HOIHR(N KSR M,N, QR M)

Homp(F, N') —— Hompg(F ®r M, N' @ M)

But Hompg(F, N') ~ [[,c; N and Homr(F®rM, N'@gM) ~ [],.; Homgr(M, N'®r

M), and so by assumption, the bottom row is injective. Then by commuta-~
tivity, the top arrow is injective, hence M is faithfully flat.

2 = 4 : One direction is obvious, so assume N’ @zr M < N ®@pr M is
injective. We have a commutative diagram:

N/C—>HOHIR(M,N/ ®RM)

| |

NCHHOIHR(M,N@R M)

If we assume the right arrow is injective, it follows by commutativity that
the left arrow is commutative also.

4=5:Put N=0.

5=6:Put N =R/m.

5 < 3 :3) can be rephrased as “ M is flat and for any short exact sequence
E (as above), the sequence F ® M is also exact”. This implies 5) by looking
at 0 - N = 0.

We want to show 3) using 5). Let H = ker(N — N”)/im(N’ — N).
Tensoring with M and using flatness, we get

ker(N@R — N XR M)
im(N'@r M — N ®@r M)
The bottom sequence E ® M in 3) is exact if and only if H ® g M = 0. By
5), this implies H = 0, which implies that F is exact.

It remains to show 6 = 2. Assume that M is flat, but that the map in 2)
is not injective. So let x € N’ be some non-zero element such that its image
under N’ — Homp(M, N' ®r M) is zero, that is, the map z — x ® m is zero
for all . Let p, : R == N’ be multiplication by x and let a = ker p,,, so we
have an exact sequence of R-modules:

H®r M =

0—a— RZ N.

12



Tensoring this with M we get the exact sequence

0= aM — M 224 N @p M.
But the last map is the zero map, so by exactness aM = M. Let m be some
maximal ideal containing a. Then also mM = M, so M/mM = 0, so 6) is
wrong. O

Definition 2.3. We say that a morphism of schemes X i> Y is flat if
f# - Oy.f(z) = Ox is flat for all z € X. We say that f is faithfully flat if
it is flat and surjective. |

Remark. Let R — R’ be a ring map. Then the map of affine schemes
Spec R — Spec R is flat if and only if R is a flat R-module. The same for
faithfully flat.

To see this: flatness is a local property, so the first statement is trivial.
For the second statement, assume the map of affine schemes is not surjective.
Then there is some prime ideal p € Spec R such that no q in R’ maps to p
as the inverse image of f#*. Then f7(p) is a unit in R’ for all p € p. This
implies that the map

0—>pegrR — R
per— f*(p)r

is surjective, and so R’ is not faithfully flat over R. The argument can
be reversed.

Proposition 2.4. La X i) Y be a flat map between locally noetherian

schemes of locally finite type. Then f is an open map.
Proof. This is Theorem 2.12 in [Mil80]. O

Here is an important corollary that will be used repeatedly in the next
lectures.

Corollary 2.5. Let f be as above. Let {U;} be an affine cover of Y. Then
for every index i there exists a Zariski open cover {V;;} of f~H(U;) where V;;
is quasi-compact and f(Vi;) = U;.

Proof. Let p € f~1(U;) and let Wy, C f~1(U;) be an open affine neighbour-
hood of p. By the proposition, the image f(W;,) is open in Y, and it is
contained in the affine set U; which is quasi-compact. Letting p vary, we

13



see that U; = U, f(Wjp), and by quasi-compactness, we can choose a finite
number of points p; such that U; = Uy, f(Wip, ).

Set Vip = Wi, U Uq Wip,- Then V, is a finite union of quasi-compact
sets, so is itself quasi-compact, and clearly f(Vi,) = U;.

Letting p vary, we have exhibited an open cover {V;,} of f~1(U;) for
every 1, satisfying the conclusion in the statement. O

Definition 2.6. Let A be a ring and M and A-module. We say that M is
finitely presented if there is an exact sequence

A" - A° M =0

for some natural numbers r, s'. Note that if A is Noetherian then this is
equivalent to A being just finitely generated.

AL Bisa ring map, we say that B is a finitely presented A-algebra
if there is a surjection
7 Alxy,...,zn] — B

with finitely generated kernel. Again: if A is noetherian, this is equivalent to
B being just a finitely generated A-algebra (by Hilbert’s basis theorem). W

These definitions have of course their analogues in the category of schemes
and sheaves:

Definition 2.7. We say that a quasi-coherent sheaf F on a scheme X is
locally finitely presented if for all open affines Spec(B) C X, the B-module
['(Spec(B), F) is a finitely presented B-module.

We say that a map X Iy ¥ of schemes is locally of finite presentation if for
each affine open set Spec B of Y, and affine cover f~!(Spec B) = U Spec 4; of
the inverse image, each ring map B — A; is finitely presented as B-algebras.
We say that the morphism is of finite presentation if it is quasi-compact and
quasi-separated. |

Remark. Recall that a morphism f : X — Y is quasi-separated if for every
affine open subset U of Y, the inverse image f~1(U) is a quasi-separated
scheme. Recall further that this means that the intersection of any quasi-
compact open sets are quasicompact. For more on numerous properties of
schemes, see Ravi Vakil’s ever-developing notes [Vak13].

Lemma 2.8. Locally finitely presented maps are closed under composition.

1Zero is a natural number.

14



Proof. This follows from the corresponding facts of ring maps: If A — B
(resp. B — () are finitely presented A-algebras (resp. B-algebras), then C
is a finitely presented A-algebra. This is easy to see. O

Here’s a useful observation:

Lemma 2.9. Let X 5 Y be a locally finitely presented faithfully flat map
(fopf). Let E be a sheaf on X. Then the following is true: f.f*E ~ E.

Proof. Both are sheaves on X, so it is enough to compare stalks. We have:
= lim(f*E)(f~!
lim (£°E)(/7(0))

= lim lim  E(V)
Uz V2 (f~H(U))

=lim F(U)=F
lim E(U) = E,
The last equality follows because f is surjective and open. O

2.1 Limits of schemes

Fix a partially ordered set (I,>). Assume that I is filtered, meaning that
for any pair of elements, there is some element that is greater than both of
them. We can think of I as a category, in which there is an arrow A — p if
and only if A > pu.

Fix a scheme B. A projective system/inverse system of B-schemes, in-
dexed by I, is a functor S : I — Schp. That is, for all A € I, we have a
B-scheme S)y. For all A > u, some y € I, we have maps

9)\“ : S)\ — Sﬂ'
We say that S have affine transition maps if each 0, is an affine map.

Example 2.10. Let B = SpecZ and A a ring. Let I consist of all finitely
generated subrings of A and order them by inclusion. We get a projective
system in which each Sy = Spec(A,). All the transition maps are inclusion
maps. *

Lemma 2.11. Let S be a projective system of B-schemes with affine tran-
sition maps. Then the inverse limit limyc5 .Sy exists in the category of B-
schemes. For all A € I, the map

limS, — S
el A A
s affine.

15



“Proof”. Since I is directed, we can assume [ has a least element \g, since
the direct limit is unaffected by this. Then for every A, the map Sy — S),
is affine. Then for each of these we have a quasi-coherent sheaf of algebras,
Ay = Oz« Os, , and we can form the relative spectrum of this, we have
equalities S\, = Spec(Ay) for all \. Now, the inverse limit exists in the
category of sheaves, and so A = colimy¢s.A) exists. Define S = Spec(A).
We get maps py : S — Sy and properties of Spec shows that S = limy¢7 S).

O

Proposition 2.12 (EGA, IV 8.14.2). A map X iy s of locally finite
presentation if and only if for every projective system of Y -schemes {Sx}xer,
where each Sy is affine, the map

COlim)\el Homy<S)\, X) — Homy@\in} S)\, X)
S

s a bijection.
Proof. This is Proposition 31.5.1 in [Stal3, Tag 01ZB|. O

Remark. The bijection in the proposition can be more compactly written as
colim hx (Sy) = hx(lim S)).

Example 2.13. Let Y = Speck. Let X = Spec A, where A is a k-algebra,
not finitely generated over k. Let I be the set of finitely generated sub-
algebras of A, ordered by inclusion. Then X = lim S, where S) = Spec A},
A € I. Then idx € Homy (limyes Sy, X) = Homy (X, X) is not in the image
of colimyey homy (Sy, X). *

2.2 Kahler differentials

Let A — B be a ring map. Let M a B-module. An A-derivation of B is an
A-linear map, satisfying the Leibniz rule. That is, for all f,g € B, we have

d(fg) = fd(g) + gd(f).

This implies that d(a) = 0 for all a € A. We denote by Der4(B, M) the set
of all such derivations.

Definition 2.14. Let B be an A-algebra. The module of Kéahler differentials
of B over A is the B-module Q}B/A with an A-derivation d : B — Q}B/A

16



satisfying the universal property:

BLM

RN

Qs

Given d’ a derivation, it factors uniquely through Q}B /A" |

Proposition 2.15. The pair (Q}B/A,d) exists and is unique up to unique
1somorphism.

Proof. Standard hocus pocus. O

By the universal property, we have an identification:
Homp(Qp, 4, M) = Dera(B, M).

So in fancy language, the module of differentials is represented by the module
of Kahler differentials (or corepresented, depending on your taste).

Exercise 2. Let B be an A-module, and let p : B4 B — B be the diagonal
map, by ® by > b1by. View B® 4 B as a B-module via b- (by ® by) = by ® bbs.
Let I = ker p. Then also I/I? is a B-module. Define

d:B—I/I?
b—db=b0®1-1®Hb.
Then d is an A-derivation and I/I? satisfies the universal property of Q}B /A"
So we have an isomorphism (Q}B/A, d)~ (I/1%,d). [ )

Solution 2. That I/I? is a B-module is obvious. We check that d : B —
I/I? is a A-derivation. Let f,g € B. First note that

Qeof-feol)(leg-—gel)=1efg-gaf-fog+fegol (1)
is equal to zero modulo I?. This is the same as saying
1@ fg+fgl=fR9+9® f
modulo I%. Thus:
fd(g) +9d(f)=(1@ fg—ge )+ (1o fg—-f®g)
=1®fg-1®fg+1® fg—fg®1
=1® fg—fg®1
=d(f9)
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That d(A) = 0 follows by setting g = 1 and f = a for a € A and applying
the just proven Leibniz rule.
It remains to prove the universal property. We have a canonical map

h: QE/A — I/I? defined by df = 1@ f—f®1. First off, it is a surjection, since

1 is generated as an ideal by exactly the expressions of the form 1® f — f®1.
Too see this: clearly all such expressions lie I. Conversely, suppose Y f; ® g;
isin I. This means that Z figi = 0 so that Z fi®gi = Z fi®gi+2 figi®1 =
Y fil®gi+gi®1).

So the map h : Q}B/A — I/I? is surjective. We now show that there is
amap s: I/I?> — Q};/A such that so f = id, proving that f is injective as
well. Namely, define s : I/I? — QlB/A by f® g+ fdg. There is at least
such a map from I by properties of the tensor product and the bilinearity
of (f,g) — fdg. Now, let 1 ® f — f ® 1 be a generator of I, and resp. for
1® g — f®g. Their product is as in in (1) and is mapped to

d(fg) — gd(f) — fd(g) + fgd(1).
This is mapped to zero by the Leibniz rule. Hence we have a well-defined
map s: [/I? — leB/A' Also:
soh(df) =s(1® f— f®1)=df — fd(1) = df.

Thus h is a bijection, and we have established the universal property of

(I/1%,d). Vi

Example 2.16. Let B = A[Ty,...,T,] be the polynomial ring in n vari-
ables. Then Q}B /A is the free B-module generated by the symbols dT; for
1=1,...,n. *

Example 2.17. If B is a localization or a quotient of A then Q}B/A =0. %

Let B & C be a map of A-algebras. In particular, we have a map
v : A — B. Then we have natural maps of C-modules:

db ® c — cd(p(b))
and
B: Q= Qyp
adc — ~y(a)de

Then we have:
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Proposition 2.18. Let B be an A-algebra. Then the following holds:

1. Base change. For A’ an A-algebra, let B = B ®4 A’. Then there is
an isomorphism of B’'-modules Q}g,/A, ~ Q}g/A ®p B

2. If B — C is a map of A-algebras with o, 5 as above, then the sequence
1S exact.

3. Localization. If S is a multiplicatively closed subset of B, then
ST 4~ Qgoipa
4. Conormal sequence. If C' = B/I, we have an ezxact sequence
I %0k, 05 C % QL — 0
where §(b) = db® 1.

Proof. For 1), the derivation d : B — QF /4 induces an A’-derivation
d = d®idy : B — QlB/A ®AA/.

Now use the fact that Q}B/A ®q A = Q}S/A ®p B’, and check that the pair
QL /4 ©B B’,d) satisfies the universal property. Or else just compute an
explicit isomorphism.

Number 2) is Proposition 16.2 in Eisenbud [Eis95]. Number 3) is Propo-
sition 16.9. Number 4) is Proposition 16.3. O

Corollary 2.19. Let B be a finitely generated A-algebra, or a localization
of one. Then also Q}B/A is finitely generated over B.

Proof. This follows from 4) in Proposition 2.18 and Example 2.16. O

Example 2.20. Let B = A[Ty,...,T,] og let F' € B and let C = B/(F).
Then
04 = G CdT; /CAF

where dF = 31" | g—%dﬂ. *

Exercise 3. Let A be a ring. Show the two following statements:
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1. Let By og By be A-algebras and R = By ® 4 Bs. Then
¢ (Qp, /4 @B, R) ® (Qp,/4 @B, R) = Q)4

is an isomorphism, where ¢(db; ®@r1+dba®r2) = r1d(b1®1)+r2d(b2®1).
So “) turns products into sums”.

2. Let B be an A-algebra and set C' = B[Ty,...,T,]/I for some ideal
I. If o« and § is defined as above, show that there is a surjection of
B-modules ker § — ker a.

)

Solution 3. We prove that it is an isomorphism by giving an inverse. A
general element of QF /4 is a sum of elements of the form d(b1 ® b2), where

by € By and by € By. Let ¢(b1 & bg) = d(bl) ® (1 &® b2) + d(bg) (%9 (b1 &® 1). I
claim that this is an inverse of .

Write r1 = fi1 ® fo for a pure tensor in R. Such tensors generate R. We
first check that 1 o p = id:

Yo w(dh @ (f1 ® f2) +db2 @ (g1 ® g2))

= Y((f1 ® fo)d(b1 @ 1) + (g1 ® g2)d(1 ® b))

= (/1® f2)(dh ®(1®1))+ (g1 ® g2)(db2 @ (1 ® 1))
=db ® (f1 ® f2) +dba ® (g1 ® g2)

For the equality on the second line, we used that d(1) = 0, and the third line
used that R-multiplication in Q}Bi /A® B;R is done on the second factor. So

o p=id.
We check that ¢ oy = id, using the same notation as above:
wo(d(by ®b2)) = p(db ® (1 ® ba) 4 dby ® (by ® 1))
= (1®bg)d(by ® 1)+ (b1 ® 1)d(1 @ b)
=d((bh ®1)(1®@bg)) = d(b; ® ba)

The last line used the Leibniz rule. The proposition is proved. Q
Here is a lemma that will be useful later when we talk about étale maps.

Lemma 2.21. Let k be a field and E a field extension of k. Put K =
E[T]/(P(t)) for a polynomial P. Then if E is separable over k, the Kdihler

differentials vanish: Q}(/E =0 and Q}E/k QK = Q}(/k is an isomorphism.
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Proof. Let P'(t) be the derivative of P. Then Q}{/E = Kdt/P'(t)dt ~
E[T]/(P'(T), P(T)). Separability implies that P(t) and P’(¢) have no com-
mon factor, hence they generate the unit ideal, hence Qp,p = 0. O

2.3 Kahler differentials on schemes

The “obvious” construction yields what we want. By abuse of notation, we
also denote the resulting sheaf by Qﬁ( nE

Proposition 2.22. Let X i> Y be a map of schemes. Then there exists a
unique quasi-coherent sheaf Qk/y on X such that for any open affine VCY
and U C f~Y(V) and x € U, we have Qﬁf/Y]U ~ Q}ﬁx At each

stalk, we have

)/ oy (U)”

1 ~ Ol
(QX/Y)m - Qﬁx,x/ﬁy,fm'

Proof. This is a standard construction. We define Q% /Y(U ) to be the set of
functions
s:U— H Q@’X’m/ﬁyyf(z)
xeU

such that for every x € U, there exists an affine open neighbourhood V,,
where y = f(x) and an open affine U, C f~1(V,) of x and an w in Qo)) 0y (V)
such that w, = s(2’) for all 2’ € U,.

Then one sees immediately that Q; Iy is a sheaf of 0 x-modules, and
that the statements in the proposition holds. O

Another, more coordinate-independent way to define Qk Iy is the follow-
ing: let A : X — X xy X be the diagonal map and let Z = ker(Oxx, x —
A, Ox) be the kernel of the associated map of sheaves. Then it turns out
that Q% Iy = A*(Z/Z?). This holds essentially by Exercise 2. See [Har77,
Chapter II, §8| for details.

Example 2.23. For any scheme Y, let X = A}.. Then Qﬁ(/y ~ 0. *

Example 2.24. Let A be a ring and X = PY. Then Qx/9peca = Ox(—2).
Compare with [Har77, Chapter II, §8], Thm 8.13. Why? We compute that
on the open set D4 (xo) N D4 (x1) we have

o

).

T
x%d(;o) = —xfd(xl

The coordinate on D (zo) can be identified with X := 7L and the coordinate
on Dy (z1) with Y := 2¢. Then the calculation above says just that on the
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intersection, we have dX = %d(%), but applying the transition map X +—
% =Y, this says dX = Y2dY,s0 Ox ~ Ox(2) ® Q_lX/SpeCA' Untwisting
gives QI%M/A = Op1(—2). *

The following properties holds for Kéahler differentials on schemes. Note
that they are completely analogous to the results for Kéhler differentials of
modules from the previous lecture.

Proposition 2.25. Let X i) Y be a scheme map. Then:
1. Base change: If Y’ is a Y-scheme, let X' = X @y Y'. Then
1 *)1
QX//Y/ =P QX/Y’
where p : X' — X s the natural projection.

2. Exact sequence: Let Y — Z be a scheme map. Then there is an exact
sequence of sheaves on X :

f*Q%//Z - Qﬁ(/Z — Qﬁ(/y — 0.

8. Conormal sequence: Let j : Z < X be a closed subscheme defined by
a quasi-coherent sheaf of ideals . Then there is an exact sequence:

j*(I/I2) — Qx/y & ﬁZ — Qz/y —0
of sheaves on Z.

The proofs follows directly from Proposition 2.18 by definition of Q& v
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3 Etale maps

Etale maps are like local homeomorphisms in topology. In particular, they
are what let us define the fundamental group of an algebraic variety.

3.1 Etale and smooth maps
We define étale and smooth maps of schemes. Compare with Section 10 in

Chapter III in [Har77].

Definition 3.1. A map of schemes X L Y is formally smooth (resp. for-
mally unramified / formally étale) if for every affine Y-scheme Y’ and every
closed embedding j : Y < Y’ defined by a nilpotent ideal, the map

HOmy(Y/,X) — HOmy(Yb’,X)
frfoj

is surjective (resp. injective/bijective).
If in addition f is of locally finite presentation, then f is called smooth
(resp. unramified /étale). [ |

Remark. Assume Y] — Y’ is defined by T C Oy+ with I = 0 for some
n. Set Y/ CY’ to be the closed subscheme defined by T**1. This gives us a
series of injections:

Y=Y > ...=Y =Y

with Y] defined in Y/ ; by a square-zero ideal. Then Homy (Y', X) —
Homy (Yy, X) factors as

Homy (Y, X) — Homy (Y, _5, X) — -+ — Homy (Yj, X),
so in the definition, we could replace the word “nilpotent” by “square zero”.

Let S be a set and G a group acting on it. Then we say that S is a
G-torsor if the action of G is transitive.
Consider the set of liftings (dotted arrows) of yg in the diagram below:

vy, . x
17
Y’/

23



Proposition 3.2. The set of dotted liftings as above is either empty or a
torsor under the action of the group Homyoz(ygﬁk/y,I).

Proof. After some translation, I think this is just a global version of Lemma
4.5 in [Harl0]. O

Here are some properties that are easy to check:

Proposition 3.3. The following holds:

1. If X Iy v is smooth (resp. unramified/étale) and g : Y — Y any
scheme map, then ' : X Xy Y' — Y’ is smooth (resp. unrami-

fied/étale).
2. Smooth/unramified/étale maps are preserved under composition.

8. Suppose given a composite of maps that are locally of finite presentation

X Ly 7 with gf and g smooth and such that f*Q%,/Z — Qﬁ(/z 18
an isomorphism. Then f is étale.

We also have:

Proposition 3.4. a) If f : X — Y is smooth then Q}qy is a locally free
sheaf of finite rank on X.

b) If X iy s étale, then Qﬁ(/y =0.

c) If X 2y Y s smooth and i : Z < X is a closed embedding, then the
composite f =io0g:Z — Y is smooth if and only if the sequence

0= i"(Zz7/I%) = i*(Qx)y) = Qyyy =0
1s exact and locally split.

Proof. a) We may assume that X = Spec B and Y = Spec A. We want to
show that Q}B /A is projective. We define an operation, “bracketing™ If M
is a B-module let B[M] be the B-algebra B ® M where (b,m)- (', m') =
(bY',bm’ 4+ b/m). This gives an evident surjection 7y, : B[M| — B with
square zero kernel.

Then it is an easy exercise to check that we have a bijection

Hommody (2574, M) =~ Homa_aig(B, B[M]).
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So we have found an adjunction, and it is easy to check that it is func-
torial. Since showing that {2z, 4 is projective is, by definition, equivalent
to showing that there exists a dotted map below for any B-module M’:

Qp/a

M M’ 0

But by the adjunction, this is equivalent to filling in the diagram below:

B

B[M] ——= B[M'] ——=0

But since X is smooth, the 7-map exists by definition, so Q}B /A is projec-
tive.

b) If f is étale, the set of liftings is trivial, so by Proposition 3.2 HomR(Qﬁ(/Y, M) =

0, hence Qﬁ(/y =0.

¢) This was not proven.
O

Part ¢) of the proposition gives a “geometric meaning of smooth/étale
maps”. We will now try to explain what this means.

Let f : Spec B — Spec A be smooth. Fix x € Spec B. Assume Q}B/A is
free of rank r. Choose a surjection

Alxy,...,xy) - B

with kernel I. We than have a split exact sequence of B-modules:

0= I/ 5 QY s ®aB— Q) — 0.

This implies that there exist n — r functions fi,..., fn—r € I that map
to a basis of I/I2. Note that we have d(f;) = Y., g—gdxi. Because the
classes of f; form a basis for I/I? and the differentials {dz;}"_; form a basis

for QAfz,,....2,)/4, the condition that d is a split injection is equivalent to the

(n —r) X (n — r) minors of the matrix (g—ﬁ) € My, (n—r)(B) generating the

unit ideal of B.

711771}
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This tells us that there exist g € A[z1,...,x,]| such that the (n —r) X
(n — r) minors generate the unit ideal in Afzq,...,z,][1/g] and such that
the ideal in Afx1,...,z,][1/g] generated by I is (f1,..., fa—r).

This proves:

Proposition 3.5. Let X i> Y be of locally finite presentation. Then f is
smooth if and only if for every x € X there exists an affine neighbourhood
Spec B C X containing x and an affine neighbourhood f(x) € Spec A CY
with f(Spec B) C Spec A and such that

B~ A[ZL‘l,---a$n]/<f17---fs>[1/g]

for fi,..., fs,9 € Alz1,...,x,] with s < n and such that the s x s-minors of
the Jacobian generate the unit ideal of B.
If in addition f is étale, then the above holds with s = n.

So a smooth map has at least some similarity with the concept in differ-
ential geometry with the same name.

Corollary 3.6. Let A be a ring and f € A[x] a monic polynomial. Then
the finite ring map A — Alx]/(f) is étale if and only if f" maps to a unit in
Alz]/(f)-

Proof. The Jacobian in this case is just the 1 x 1-matrix (f’), and the minors
is just the single element f’, and the proposition says that A — Alz]/(f) is
étale if and only if f’ generate the unit ideal in A[z]/(f). But since (f’) is
principal, this happens if and only if f’ is a unit in the quotient ring. O

Example 3.7. Let K be a field and F' € K[z] an irreducible polynomial.
Then L := K[z]|/(F) is a finite field extension of K. Then the corollary says
that L/K is étale if and only if F’ # 0. *

=z

Example 3.8. Let Ai — A}ﬁ be the map sending a point = to its n’th
power. Then the map is étale at = # 0 if and only if (n,char(k)) = 1. It is
not étale at any point if n = char(k). *

Here’s an important corollary. It says that smooth morphisms always
have sections locally in the étale topology.

Corollary 3.9. Let f: X — Y be smooth and let x € X. Then there exists
an étale map 7 :Y' —'Y with image containing f(x) and a map s : Y — X
such that fos=m.

X
o lf
vy T .y
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Proof sketch. After shrinking X, we may assume there exists an étale map
a: X — A} for some n. The reference is SGA. Let Y’ be the fiber product

of the diagram
X

o
y —2- A7

Then Y fits into a diagram Y < Y’ 2 X as desired. O

Remark. So for example, locally {/x exists: Just consider the smooth map

x> ™. This will be useful in a later example.

3.2 Invariance of étale sites under infinetesimal thickenings

Let Sy < S be a closed embedding, defined by a nilpotent ideal. Let Et(S )
be the category having objects étale S-schemes and morphisms S-maps.

Theorem 3.10. The functor

F : Et(S) — Et(Sp)
(Z = S)— (Z x5 So — So)

18 an equivalence of categories.
Proof. This is Theorem 3.23 [Mil80]. O

We skip the proof for now, but philosophically it says that the étale
topology on S is equivalent to the étale topology on Sy, hence when dealing
with sheaves in the étale topology, we can always assume that .S is reduced.
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4 Functors, Hilbert Polynomial, Grassmannians

We begin by recalling something about representable functors.
Recall that a functor F' : C°P? — Set is representable if F' ~ hx for some
X eC.

Definition 4.1. Let F, G be functors C°? — Set. We say that a morphism

F i> G is relatively representable if for all X € C and ¢g : hx — G, the fiber

product
hx xg F: C? — Set

is representable. |

Often we will just say that a morphism is representable. In the future,
we will often not distinguish between

Now let C be the category Affg of affine schemes over an affine scheme
S. Any affine S-scheme X does of course define a functor hx as usual.

Definition 4.2. A morphism of functors F 1y G is an affine open (closed)
embedding if the following holds:

1. f is relatively representable.

2. For all affine schemes X and natural transformations hxy — G, the
map F' xg hx — hx is an open (closed) embedding.

Note that the second condition makes sense only because of the first
condition.

Definition 4.3. A (big) Zariski-sheaf on Affg is a functor
F o AfF? - Set

such that for all U € Affg, and an open cover {U;} of U of affine schemes,
the sequence

is an equalizer. |

Definition 4.4. A morphism of (big) Zariski sheaves g : F' — G is surjective
if for every affine scheme U and u € G(U), there exists an open cover of U,
{Ui}, such that )y, € G(U;) is in the image of F(U;) for all i € I. [ |
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Here’s a criterion to check when a functor is represantable in schemes.

Proposition 4.5. A functor F : Affg — Set is represented by a separated
S-scheme if and only if the following three conditions are satisifed:

1. F is a big Zariski sheaf.

2. The diagonal map A : F — F xg F is relatively representable and is a
closed embedding.

3. There exists affine schemes {X;} and morphisms m; : hx, — F that are
relatively representable and affine open embeddings such that [],c; hx, —
F is a surjection of Zariski sheaves.

In this case we have an equivalence of categories induced by the Yoneda em-
bedding h . On the left side: the category of separated S-schemes. On the
right side: the category of functors F : Affg — Set that satisfies 1)-3).

Proof. Suppose that X is a separated S-scheme, and let F' = hx. We want
to show that 1)-3) is satisified.

1. Let U = UU; where U, U; are affine. Need to show that a map of
schemes F': U — X is equivalent to a collection of maps {f; : U; — X}
such that f;y,nv;, = fjju,nu;- But this is obvious.

2. The Yoneda map commutes with products, that is, hxxsx = hx Xg
hx. Thus we can identify the diagonal map A : hx — hx Xg hx with
A hx = hxxqx, which is induced by A : X — X xg X, which is a
closed embedding since X/S is separable.

3. Let X = UX; be an affine open cover. We get maps hx, — hx, induced
by the inclusions. If T" is an affine S-scheme and ht — hx corresponds
to a map of schemes T" — X, then the fiber product hr X, hx,
is represented by f~1(X;), because the Yoneda embedding commutes
with the fiber product.

Since X/S is separable and S is affine, it follows that each f~1(X;)
is an open affine subset of 7', thus the m; constitutes an open affine
embedding. Then it is clear that [[;.; hx, — F is surjective.

We now try to prove the other direction.
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So suppose F' : Affg — Set is a functor satisfying 1-3). Choose m; : hx, —
F asin 3). We get a diagram

hx,

hXj ?F

Because of the assumptions, the fiber product is represented by an affine
scheme V;;, so get open embeddings X; <> V;; < X;. There is an obvious
isomorphism of functors hx; xp hx, =~ hx, xp hx,; obtained by switching
factors. This induces an isomorphism ¢ : V;; — Vj; satisfying the glueing
conditions of schemes. So we can glue to get a scheme X. Then F ~ hx.
[[<- The last statement was an exercise...||

For the equivalence in the proposition, one must show that A is fully
faithful, which is part of the statement of the Yoneda lemma. - O

4.1 The Hilbert polynomial

Let k be a field and j : X — P}, a closed embedding. Let &'x(1) be the
inverse image of the Serre twist Opr(1) under j. Let F be a coherent sheaf
on X.

Definition 4.6. The Euler characteristic of F is the integer

o0
X(X, F) = (-1) dimy H'(X, F).
=0
|
By a theorem of Grothendieck (see [Har77, Chapter III, Theorem 2.7]),
the higher cohomomology of F vanishes, so the sum is finite. In fact,

HY(X,F) =0 for i > dim X. We often abbreviate x(X,F) by x(F).
By Ex 5.1 in [Har77|, we have the following:

Proposition 4.7. Let F,G,H be coherent sheaves on X, fitting into a short
exact sequence:
0=+F—=G—>H—0.

Then x(G) = X(F) + x(H).

Proof. A sort exact sequence of sheaves induces a long exact sequence on
homology. After sorting the terms, we get the result. O
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Corollary 4.8. Let

d d dp—
0—)./."1—1>f2—2>---n—1>fn—>0

be an exact sequence. Then > (—1)'x(F;) = 0.

Proof. Split the long exact sequence into many short exact sequences:

0 \ / 0
im dz—‘rl

7’ \
d' z+1
1

H—
im
0 \
Then we have

S (1) F) = Z(—n (x(im ds) + x(im dM))
Z x(imd;) + Z x(imd;) =0
Hence the corollary is proved. O
The next proposition is Exercise 5.2 in Chapter III in [Har77].

Proposition 4.9. There exists a polynomial P(z) € Q[z] such that

for allm € Z. In addition, the degree of P is bounded above by the dimension
of X.

Proof. We start by simplifying the situation. We can substitute F with j.F
and X with P} because H'(X,F) = H (P}, j,F). So we can assume F is a
coherent sheaf on projective space.

By flat base change we can assume that k is algebraically closed.
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We proceed by induction on the dimension of the support of F. Recall
that supp(F) = {z € X | F, # 0}.

If supp(F) = 0, then F = 0, so P(n) = 0 works. If however F # 0, we
have an exact sequence

026G — F(-1) 5 F = H —0.

If x, is chosen so that the hyperplane z, = 0 does not contain any com-
ponents of supp(F), it follows that supp(G) and supp(H) have dimension
strictly lower than dimsupp(F). Hence by the induction hypothesis, the
difference

X(Py, F(n)) = x(Pg, F(n — 1))

is a polynomial of degree < dimsupp(F). The rest follows like in Section 7,
Chapter I, in Hartshorne. O

The polynomial P(n) is called the Hilbert polynomial of the € x-module
F. If F = Ox, then we say that P(n) is the Hilbert polynomial of X.

By Serre’s vanishing theorem (III, Thm 5.2 in [Har77]), there exists a
natural number ng € N such that for all i > 0, H*(X, F(n)) = 0 for n > no.
So P(n) = dimy, H°(X, F(n)) for large n. This is the “old” definition of the
Hilbert polynomial.

Exercise 4. Verify that the Hilbert polynomial of P} is P(n) = (""). Also,
the Hilbert polynomial of Spec(k[t]/(t?)) is P(n) = 2. Note that this is also
the Hilbert polynomial of two distinct points. [

Solution 4. For the first part, note that dimy H%(X, Opr (n)) is just the
number of monomials of degree n. A counting argument shows that there
are ("1") of these.

Since X = Spec(k[t]/(t?)) is affine, all higher cohomology vanish. Hence
P(n) = dimy, H°(X, Ox), which is just the k-dimension of k[t]/(t?) ~ k®tk,
so P(n) = 2. @

The next theorem says that in a flat family, the Hilbert polynomial is
constant. In fact, the converse is also true.

Theorem 4.10. Let T' be an integral noetherian scheme. Let X C IP7. be a
closed subscheme and let F be a coherent sheaf on X. For each t € T, let
P, € Q[t] be the Hilbert polynomial of Fi.

Then F is flat relative to X i) T if and only if P, is independent of t

(i.e. all fibers have the same Hilbert polynomial).
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Here’s a diagram of the situation:

TN
~1

Spec(k(t)) —=T

Proof. This is proved in Hartshorne, Chapter II, Section 9, as Theorem 9.9.
O

The theorem says, philosophically at least, that the Hilbert scheme,
parametrizing flat families with Hilbert polynomial P(t), is universal among
families parametrizing flat families.

4.2 The Grassmannian

For more about the Grassmannian (more than will be needed), take a look
at the article [Kle69].

Let k be a field. We will define the Grassmannian G(d,n) for n > d as a
projective k-scheme. We have the the wedge map

7+ A" = Spec(kla,_, 1) = Spec(zs]) = AL

The coordinates on Algd) are {xs}, where J is an ordered d-tuple, and the
coordinates on Ag" are x;j;, elements of a generic d X n-matrix.

The map f is defined dually by f#(x;) = det(z;;), which is to be inter-
preted as taking the determinant of the d X d submatrix of (CEZJJ) involving
only the columns J.

This gives us a rational map

i<d,j<n

n a)—1
¢ Af ———>P,Ed)

via composition of f with the standard rational map from A,gd) to P,gd)_l.
The locus of indeterminacy is V' (det(z;;)), the zero set of all subdetermi-
nants. So we have a well-defined map ¢ : A\ V (det(z;;)) — ]P’,(gd)_l.

If we set ;7 = (—1)%x; if they differ by a permutation, we see that each

d f—
x; gives a well-defined element of HY (P,S”) 1, 0(1)).
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The Pliicker quadric associated to I, J (both m-tuples) is the zero set of
the following set of equations, for 1 < s < n:

d

Q1,75 = x[05 — Zxil~--is—1jlis+1"'idmjl"'jl—liSlerl"'jd'
=1
Then we define the Grassmannian G(d,n) to be the zero set of all the
n
(d)_l

Pliicker quadrics inside P},

Example 4.11. Set d = 2 and n = 4. Then there is only one Pliicker
quadric, and it is given by

T12T34 — T13T24 + T14723
inside P°. So G(2,4) is a quadric hypersurface of dimension 4 in P°. *
Here comes the geometrical meaning of the Grassmannian:
Proposition 4.12. Denote by U the open set A\ V (det(x;5)). Let ¢ be the
map ¢ : U — IPngIL)i1 as above.

1. ¢ factorizes through G(d,n). That is, there is a commutative diagram

U——=G(d,n)

N
o(i)-

2. The map ¢ : U — G(d,n) is a locally trivial fiber bundle with fiber
GL4(k), and it gives a bijection between d-dimensional vector subspaces
of k™ and k-rational points of G(d,n).

1

3. Let J be a sorted d-tuple and let Uy, := P]gd)_l\V($J). Then G(d,n)N
Up, >~ Az(nfd). It follows that G(d,n) is a smooth, projective variety
of dimension d(n — d).

Proof. The first conditions say that the Pliicker quadrics define the image of
. This is a standard, see for example the references in my master’s thesis
[Mey13].
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For number 2), observe that ¢ is equivariant with respect to left multi-
plication from GLg(m), the group of invertible d x d-matrices. That is, there
is a commutative diagram:

GLi(d) x U2 U

Pmi @
U )-1

¢ }P’,Ed

This almost proves 2). The rest was an exercise. O
Thus the Grassmannian is a parameter space, parametrizing d-dimensional

subspaces of the affine space k".

4.3 The Grassmannian as a functor

Let T be any scheme. We consider the set of all exact sequences

0—-K—0pr—Q—0 (2)

where K and @ are locally free sheaves on T" of rank d and n—d, respectively.
We say that two such sequences are equivalent ~ if there is a commutative
diagram:

0 K ot Q 0

T

0 K’ on, Q 0

Definition 4.13. We define a contravariant functor Fy,, : Scth — Set. On

objects:
T—-{0—>K—0y—Q—0}/~,

where the sequence is as above. On maps, just define via pullback. |

Theorem 4.14. The Grassmannian G(d,n) represents the functor Fgr,.

Proof. This is proven in the first chapter of Janos Kollar’s book, “Rational
Curves on Algebraic Varieties”, which were handed out in the lecture. O

We can of course generalize this. We can substitute k with an arbitrary
commutative ring A with unity. We can even generalize to the Grassmannian
over any scheme S by glueing on affines. We get Gg(d,n). We have a
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“twisted” version of the functor: Let F, ¢(T") consist of equivalence classes
of sequences
0->K—=>& —Q—0

of locally free sheaves on T', where the rank of K is d and & is the pullback
EviaT — S (so £ is a sheaf on 5).

4.4 Quot and Hilbert schemes

Let £ be a coherent sheaf on S, where S is a noetherian scheme. Let X
be a projective S-scheme and let P(z) be a polynomial. Consider an exact
sequence &7 — @ — 0. We say that two such sequences are equivalent if
there is a commutatie diagram:

&r——=Q——>0

|

Er—=Q ——0
Then we define a functor Fg p.):

equivalence classes of sequences as above, where Q — T

F, T) =
e.p()(T) {is flat, and each @y have Hilbert polynomial P(z).

On maps, we define Fg p(.)(f) = f, where f comes from the commutative
diagram

X xgU =X xgT

|,

U T

Example 4.15. Exercise as well: Let X = S, P(z) = n —m and let £
be locally free of rank n. Then Fg¢ p(.y = Fn e = hgm,n)- This follows from
the fact that @ flat over T = X xg T with Hilbert polynomial n — m is
equivalent to @) being locally free of rank n — m. *

Theorem 4.16 (Grothendieck). The functor Fg p(.y is represented by a pro-
jective scheme, called Quot(E, P(z)).

Proof. See for example the nice article [Nit05]. O
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So what is the Hilbert scheme? The Hilbert scheme is the scheme we
get if we let X = P} and £ = O'x. Since sub-0 x-modules are in 1 — 1 cor-
respondence with closed subschemes of X, we see that the Hilbert scheme
parametrizes closed subschemes of P} with Hilbert polynomial P(z). So the
theorem says that there is a projective scheme parametrizing closed sub-
schemes of P}!. This is quite remarkable, as this says that in principle, we
could write down a finite set of equations, such that the solution set corre-
spond to all subschemes with a given Hilbert polynomial.
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5 Topologies, sites, sheaves

In this section we introduce the notion of a topology on a category. This is
motivated by the insufficiency of the Zariski topology.

5.1 Grothendieck topologies and sites

We must generalize the notion of topology. The reason is that we need more
“open sets” to do interesting things with schemes. Instead of considering
open sets, we consider “coverings”, which are certain classes of maps.

Definition 5.1. Let C be a category. A Grothendieck topology on C consists
of a set Cov(X) of sets of morphisms {X; — X },¢s for each X in C, satisfying
the following axioms:

1. If V.2 X is an isomorphism, then {V — X} € Cov(X).

2. If {X; = X}ier € Cov(X) and Y — X is a morphism in C, then the
fiber products X; xx Y exists and {X; xx Y — Y };er € Cov(Y).

3. If {X; € X}ier € Cov(X), and for each i € I, {Vij — Xi}jes €
Cov(X;), then

{Vij = Xi = Xtierjes € Cov(X).

Remark. Grothendieck/SGA calls this a pretopology.

A site is just a category equipped with a Grothendieck-topology. So in
a sense, a site is just a very general “space”.

Example 5.2. Let X be a topological space and let Op(X) be the category
of open sets of X and inclusions. If we let Cov(U) consist of all U; — U
such that UU; = U, then Op(X) is a site, called the small classical site of
X € Top.

The axioms are fullfilled, because in this case, if U7, Uy are two open sets,
the fiber product Uy xg Us is just the intersection U; N Us. *

Example 5.3 (The global classical site). Now let C be the category Top of
all topological spaces. If U is a topological space, then a covering of U will
be a jointly surjective collection of open embeddings {U; — U}. Here “open
embedding” must mean “open continuous injective map”, or else condition 1)
is not satisfied. *
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Example 5.4 (Big Zariski site). Let S be a scheme and Schg the category
of S-schemes. For (U — S) € Schg, let Cov(U) be the set {U; — U} of
maps U; — U that are open embeddings and such that U = UU;. Since open
immersions are stable under base change, this is a site.

It is called the big Zariski-site of S. Again, open embedding must be
interpreted as a morphism that gives an isomorphism between an open sub-

scheme of U. *

Example 5.5 (Small étale site). Let Et(S) be the full subcategory of Schg
consisting of étale maps (U — S). We say that a collection of morphisms
{U;i = U}ier is in Cov(U) if

HUi—>U

iel

is surjective. It is clear from earlier results that this defines a Grothendieck-
topology. We call this the small étale site on S. *

Example 5.6 (Big étale site). Now consider the category Schg. In the
small case, we worked only in the subcategory Et(S ), but now we allow all
morphism (U — S). However, the coverings Cov(U) = {U; — U} are now
étale maps. *

Example 5.7 (The fppf site). On Schg, let {U; — U}ier € Cov(U) if each
U; — U is flat and locally of finite presentation and such that [[U; — U is
surjective. We call this site the fppf site of S (from french fidélement plat de
présentation finie, “faithfully flat and of finite presentation”). *

Example 5.8. Let Lis—ét(X) be the full subcategory of Schg with objects
smooth maps U — X, and let {U; — U} € Cov(U) if every U; — U is étale
and [[U; — U is surjective. This is the lisse-étale site. *

Example 5.9. We also have the lisse site, which is like the previous example,
except that we demand that each U; — U to be smooth. *

Note that Zariski-coverings are étale coverings, and étale coverings are
fppf coverings. So we have natural inclusions

big Zariski site C big étale site C fppf site.

The two most important topologies for us will be the étale topology and
the fppf topology.

2« Lisse” is french for “smooth”.
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5.2 Presheaves and sheaves

Let F : C°? — Set be a presheaf. Let C denote the category of presheaves on
C.

Definition 5.10 (Sheaf). Let C be a site and F € C be presheaf.
1. We say that F' is separated if for all U € C, and coverings {U; — U} €
Cov(U), the map
FU) — [ Fwy)
is injective.
2. We say that F'is a sheaf if the diagram
F(U)——TIF(U;) —_Z F(U; xu Uj)
is an equalizer for all coverings {U; — U} € Cov(U).

If we have a presheaf, we can sheafify to get a sheaf, just as we did as
kids.

Theorem 5.11. The inclusion (sheaves on C) < C has a left adjoint.

Proof. The proof proceeds in two steps. First one shows that the inclusion
(separated presheaves on C) C (presheaves on C) has a left adjoint, and
secondly one shows that the inclusion (sheaves on C) C (separated presheaves
on C) has a left adjoint.

So let F € C be a presheaf. We want to construct a separated presheaf.
This is the easy step. We just let F'® be the presheaf that for each U € C
associates the set F(U)/ ~ where a,b € F(U) are equivalent if there exists
a cover {U; — U} € Cov(U) such that a,b have the same image under the
map

F(U) = [ FWy).
Now if V' — U is a morphism in C, then, by definition, {U; xgy V — V} €

Cov(V). We have a commutative diagram:

FU) [TF(U:)

| i

F(V)——=]IF(U xv V)
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Thus we see that the composition
FU)—-F(\V)—=FV)/~

factorizes through F(U)/ ~, and so F*® is indeed a functor, which is obviously
a separated presheaf.

Now let F' be a separated presheaf. Let F'® be the presheaf that to
each U € C assoicates the set of pairs ({U; — U}ier,{aiticr)/ ~ where
{Ui = U} € Cov(U) and {a;} € ker([[F(Us) = [, jer F(Ui xv Uj)). We
say that

(U = Ubier{ai}) ~ ({V; = Ubjes. {t})

if a; and b; have the same image in F(U; xy Vj) for all (i,5) € I x J.
It is an exercise in patience to check that this gives us a sheaf. O

Now, in good Yoneda-Grothendieck spirit, one realizes that the basic
object of study is not the space itself, but sheaves on it.

Definition 5.12 (Topoi). A topos is a category equivalent to the category
of sheaves on a site 2. |

Definition 5.13 (Morphisms of topoi). A morphism of topoi f : T — T’
is an isomorphism class of triples (fx, f*,¢) where fi : T — T’ and f* :
T' — T are covariant/contravariant functors and ¢ : Homp(f*—,—) =
Homyv(—, f«—) is an isomorphism of bifunctors, that is, f. and f* are ad-
joint functors. In addition, we demand that f* must commute with finite

projective limits (in particular, f* preserve fiber products). |

There is also the notion of a continuous map of topoi, but we won’t
mention that here.

Lemma 5.14. A morphism X i> Y in a site C induces a morphism of topoi
C/X —=C/Y.

Proof. First of all, a morphism X — Y induces a morphism C/Y to C/X
given by sending an object (Z — Y') to the fiber product (Z xy X — X).
Given a sheaf E on X, we define fLE(Z — Y) = E(Z xy X — X).
Similarly, for a sheaf F' on Y, we define f*as f*(Z - X)=F(Z - X = Y).
One can check that is functorial.
It remains to check that f* and f, are adjoint to each other. O

$Plural “topoi”
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We will denote the different toposes by X (sheaves on the small étale
site), Xpr (sheaves on the big étale site), Xz, (sheaves on the small Zariski
site), Xzar (sheaves on the big Zariski site), Xy, (sheaves on the big fppf
site of X).

The great thing is that different sites can give rise to equivalent topoi.

Example 5.15. The category of sheaves on Sch is equivalent to the category
of sheaves on AffSch, the category of affine schemes, since sheaves can be
defined locally on affine opens. *

The main theorem of this section is the following;:

Theorem 5.16. Let X — Y be a morphism of schemes. Then hx is a sheaf
in the fppf-topology on Schy .

The theorem says that morphisms of schemes can be glued, even in
topologies much finer than the Zariski topology. In particular, all repre-
sentable functors are sheaves.

This is a highly non-trivial theorem, and the proof will need several
lemmas. First, we consider the affine case. So let f : A — B be a ring
map and M an A-module. Then Mp := M ® 4 B is a B-module. Similarly,
Mpg,B = M ®4 (B ®4 B). By abuse of notation, write f : M — Mp for
the map induced by f. Let p1,p2 : Mp — Mpg, B be the maps induced by
b—b®1and b— 1® b, respectively.

Lemma 5.17. If f : A — B s faithfully flat then the sequence

f p2
0—— M — Mp Mpg B
P

15 exact.

Proof. Since B is faithfully flat over A, the lemma is equivalent to the se-
quence

; s

0= Mp——=Mpo,5 __ Mpa,ne.n
Py
being exact. We first show that f’ is injective. Multiplication B ® 4 B — B
induces a map 1 : Mpg,p — Mp. Then no f' =idp,, which implies that
f! is injective.
Now assume «a € Mpg , p satisfies p/ (o) = p5(c). Define 7 : Mg, o B —

Mpg , 5 by multiplying the last two factors. Then 7o p} =id and 7o pl, =
f'on. Then



So « is in the image of f’, that is, the sequence is exact. O
We get as a corollary:

Corollary 5.18. Let X be an affine scheme and assume V — U is a faith-
fully flat map between affine schemes. Then the sequence

hx(U) — hx(V) = hx(v XU V)
18 exact.

Proof. Let X = Spec R and V' = Spec B and U = Spec A. Then the state-
ment is equivalent to the exactness of the sequence

HomA,a|g(R, A) — HomA,a|g(R, B) = HOIIlA,a|g(R, B®a B)

Let M be the A-module Hom(R, A). Then Hom(R,B) = M ®4 B and
Hom(R, B x4 B) = Mpg , B, so the exactness of the above sequence is equiv-
alent to the statement of Lemma 5.17. ]

We need another lemma. It says that when checking if a functor is a fppf
sheaf, it is enough to consider the case of a single morphism.

Lemma 5.19. Let F : Sch®? — Set be a Zariski sheaf. Then F is a fppf
sheaf if and only if for any faithfully flat map of locally finite presentation
V — U, the sequence

FU)—-F\V)= F(VxygV)
1S exact.

Proof. Suppose that {U; — U} € Cov(U) in the fppf topology. Let V =
[1U;. Then V — U is a fppf map as in the lemma. We have a commutative
diagram:

F{U)——=F(V) F(V xyV)

- -

FU) —=11F(U;) _1L; F(Ui xu Uj)

The exactness of the top row is equivalent to the exactness of the bottom
row. O

Here’s another lemma. It says that when checking if F' is an fppf sheaf,
it is enough to consider single affine morphisms.
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Lemma 5.20. Let F' be a functor Sch®® — Set. Then if the two conditions
1. F is a sheaf in the Zariski topology and

2. If V.= U is an fppf map of affine schemes, then the sequence
FU)—=F\V)= F(VxyV)
18 exact.

are satisfied, F is a sheaf in the fppf topology.

Proof. Let f : V — U be fppf covering consisting of a single morphism f.
By Corollary 2.5, we can choose a cover {V;} of V such that each f(V;) is
affine and each V; is quasi-compact. Write each V; as a finite union U,Vj, of
affine schemes?. Then we have a diagram:

F(U) F(V) F(V xy V)
[L; F(U) I1; o F(Via) [Li 0o F(Via xu Vip)

We need to show that the top row is exact. The first column is exact since
the U; cover U in the Zariski topology, and the second column is exact since
the Vj, cover V in the Zariski topology. The middle row is exact because
for each 1, the Vj, are a finite number of affines covering U;, and by Lemma
5.19, this is equivalent to the having just a single covering, but we know that
in the case of affines, this row is exact, by Corollary 5.18.

Now a diagram chase shows that the top row is exact. O

We need one more lemma before we can prove Theorem 5.16.

Lemma 5.21. Let fi : X1 — Y and fo : Xo — Y be morphisms of schemes.
If x1,z2 are points of X1, Xo, respectively, satisfying fi(x1) = fa(x2), there
exists a point z in the fibered product X; Xy Xo such that pry(z) = x1 and
pro(2z) = x2.

“We need a finite union here, because if U; are affine schemes, then [[U; is only affine
if the index set is finite.

44



Proof. For a point z in a scheme X, write k(x) for the quotient field O'x , /m,.

Set y = fi(x1) = fa(za) € Y. Then k(y) — k(z1) and k(y) — k(z2)

are two field extensions. The tensor product k(z1) ®p() k(z2) is not 0

because the tensor product of two non-zero vector spaces is never zero.

Hence k(1) ®j(,) k(z2) has a maximal ideal m. The quotiend field K :=

(k(21)®p(y) k(z2))/m is an extension of k(y) containing both k(x1) and k(z2).
Let U be an affine open in Y containing y. The two composites

Spec K — Speck(z;) = X; ENG;

for i = 1,2 coincide, so we get a morphism Spec K — X1 Xy Xo2. We take z
to be the image of Spec K in X7 xy Xo. O

Now we are in position to prove Theorem 5.16.

Proof of Theorem 5.16. We have already proven the statement in the case
X is affine. This is the content of Lemma 5.20.

So write X as a union U;X; of open affine schemes. We first show that
hx is separated (cf. Definition 5.10). Let A : V' — U be a covering, and take
two morphisms f, g : U — X such that the two composites V — U — X are
equal.

Since V' — U is surjective, the inverse images of X; coincide, so we can
set U; = f~1(X;) = ¢g71(X;), and let V; = h=1(U;). Then the two composites

flu;
Vi—=U; X;
flu,

coincide, and since X; is affine, we conclude f|y, = g¢|y, by Lemma 5.20.
This holds for all ¢, hence f = g.
Now suppose that g : V' — X is a morphism such that the two composites

pry g
VxpyV_ V——X

Pra
?
Y

U

coincide. We need to show that g factors through U. From Lemma 5.21 we
get that g factors through U set-theoretically, and by Proposition 2.4, U has
the quotient topology induced by V' — U, so the function f : |U| — |X| (of
topological spaces) is continuous.
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Set U; = f~1(X;) and V; = g~ (V) for all i. Then the composites

pry
L glv;
Vixu Vi LV Vi—= X,

pro

coincide. Since X; is affine, it follows from the affine case of the theorem we
are trying to prove that g|y; factors uniquely through a morphism f: U; —
X;. We have

filvinu; = filvinu; : UiNU; — X

because hyx is separated, hence the f; glue to give the desired factorization
V-U-—X. O
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6 Fibered categories

Fibered categories are constructs designed to handle all the different (yet
isomorphic) fiber products. We will see later that stacks are a special kind of
fibered category. In particular, it is a category fibered in groupoids satisfying
a descent condition.

6.1 Fibered categories

Let C be any category. For (almost) all examples here, C will just be the
category Schg of S-schemes in some topology (e.g. the Zariski, étale, fppf
topology).

Definition 6.1. A category over C is a couple (F,p) where F is a category
and p: F — C is a functor. |

We say that a morphism ¢ : a — § in F'is cartesian if for all v € F with
a morphism v : v —  and a factorization

in C, of p(¢), then there exists an unique morphism A : v — « such that
¢o =1 and p(A\) = h. We draw a diagram to illustrate this:

m

T
C: p(r) " pla) 2 p(s)

If ¢ : a — [ is cartesian, then « is called a pullback of 5 along p(¢).

Exercise 5. If a & B and o 2, B are two pullbacks of 5 along p(¢),
then there exists an unique isomorphism X : a — o with p(\) = idy (o) and

¢ oA = 0.

Solution 5. This follows from the usual trickery with universal properties.

Q©

Definition 6.2. For U € C, let F(U), the fiber of pp over U, be the category
with objects @ € F with p(a) = U (actual equality) and morphisms o/ — «
in F such that p(f) = idy. [ |
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Definition 6.3 (Fibered category). We define fibered categories in 1), mor-
phisms between them in 2), and natural transformations between morphisms
in 3).

1. A fibered category over C is a category over C such that for all mor-
phisms f: U — V in C and § € F(V), there exists a cartesian mor-
phism ¢ : @ — 8 such that pp(¢) = f. (in particular, a € F(U)).

2. A morphism between fibered categories pp : F — C and pg : G — C is
a functor g : F' — G such that

(a) pcog=pr.
(b) g maps cartesian morphisms to cartesian morphisms.

3. Let g,¢ : F — G be morphisms of fibered categories. Then a base-
preserving natural transformation w : g — ¢’ is a natural transforma-
tion of functors such that for all « € F, the morphism =, : g(a) —
¢'(a) in G projects to the identity in C (under pg). (i.e. m, is a
morphism in G(pr(«)))

This gives us a new category, HOM¢(F, G) with objects morphisms of
fibered categories and morphisms base-preserving natural transformations.

Remark. The category of categories fibered over C is an example of a 2-
category (which can be thought of as a category where the Hom-sets are cat-
egories themselves).

It will be useful to single out unique pullbacks. This way there will be
no ambiguity when talking about the fiber products.

Definition 6.4 (Cleavage). A cleavage of a fibered category F' — C consists
of a class K of cartesian arrows such that for every f : U — V in C and
n € F(V), there exists a unique morphism to n that maps to f in C. [ |

A cleavage always exists by the axiom of choice.

Example 6.5. Let f : X — Y be a map of schemes. For T" — Y, con-
sider X Xy T. Let C = Schy. Then define the category F' to have objects
quadruples (¢, P,a,b) where t : T — Y is a map, P is a scheme, a : P — T
is a map and b : P — X is a map. A morphism (¢, P',d', V') — (¢, P,a,b)
is a couple of morphisms («, ) where « : 77 — T and § : P’ — P such
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that ao 8 =aoda’ and bo 8 =b'. The quadruple (¢, P, a, b) should also be a

cartesian square:

p-t.x

i r
a f

Then we have a functor p : F' — C that sends a quadruple (¢, P,a,b) to
the morphism ¢ : T — Y. Thus, for t : T — Y, the category F(t : T —
Y') is the category of cartesian squares as above (with a fixed base). Two
objects in F(t : T'— Y') are uniquely isomorphic, and a choice of one object
corresponds to a choice of fiber product T xy X.

The axioms of a fibered category corresponds to the existence of fiber
products. *

Lemma 6.6. Let p : ' — C be a fibered category. Then every morphism
Yy — B can be factorized as

0 Nad B
where ¢ is cartesian, and X\ is a morphism in F(p(7y)).

Proof. Apply p to ¢ to get p(¢) : p(y) — p(8). Then § € F(p(8)), so by
definition of a fibered category, there exists a cartesian arrow ¢ : &« —  such

that p(¢) = p(v). In particular, p(a)) = p(7), so that a € F(p(v)). Thus we

have a diagram:
m
1)

i ()
C: p(y) == pla) == p(B)
So that 1) = ¢ o A where X\ projects down to the identity on p(7y). O

Lemma 6.7. Let F % G be a morphism of fibered categories over C such
that for all objects U € C, the functor gy : F(U) — G(U) is full and faithful.
Then g is full and faithful as a functor between F and G.

Proof. Let x,y € F be two objects. Then we have a diagram:
g

Homp(x,y) Homg(g(z), 9(y))

x/

Home (pr(z), pr(y))
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We need to show that g induces a bijection on the Hom-sets on the top.
By Lemma 6.6 every morphism ¢ : g(z) — ¢(y) in Homg(g(x), g(y))

factors as
m
]
G: g(x)lij —g(y)
C: T Hl

Since g was a morphism of fibered categories, the cartesian morphism ¢
comes from a morphism o’ — y, up to unique isomorphism, by Exercise 5.
So we can write o = g(a/). Thus by the assumption A = g(y) for a unique
~v € Homp(x,y). Thus g is full, and it is faithful because any other ¢ differs
by a unique isomorphism from Hompg(z, x). ]

Definition 6.8. A morphism F % G of fibered categories over C is an

equivalence if there exists G B F oand base-preserving isomorphisms such
that
hog~idp and goh ~idg

Proposition 6.9. A morphism F 2y G over C is an equivalence if and only
if for all U € C, the functor gy : F(U) — G(U) is an equivalence.

Proof. A morphism is an equivalence if it is fully faithful and essentially
surjective. Since morphisms over C are base-preserving, it is enough to chech
on fibers. O

Remark. You might say that equivalence can be checked “pointwise” or
“fiberwise”.
6.2 2-Yoneda-lemma

Let pp : FF — C be a fibered category. Let X € C. Consider C/X (the slice
category of X in C). We have an evident forgetful functor C/X — C.
We have a map

a:HOM¢(C/X,F) — F(X)
(C/X % F) r g(idx)

that is a morphism of fibered categories.
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Lemma 6.10 (2-Yoneda). The map « is an equivalence of categories.

Proof. We want to define a map in the other direction: Let n : F(X) —
HOM¢(C/X, F) be defined as follows. For x € F(X), let

Ne:C/X - F

be given by (¢ : Y — X) — ¢*z. Here ¢ € Home (Y, X) and ¢*z is a choice
of pullback of x € F(X) along pr. This follows from the first property of
fibered categories in Definition 6.3. See the diagram below:

el

F: prr——xa
pFl -
C y > X
Now, given a morphism
Y =Y
\ i“ﬁ
%)
X

in C/X, define n,(€) : ¢"*x — ¢*z to be the uniquely defined morphism in
the diagram

V£ *
prr -5 =t ——==x

Thus we have defined 7. It is a morphism of fibered categories. Composi-
tions of maps need to be checked, though.

Note: A morphism EN— F(X) induces a morphism of functors
ng:ne — e I Y — X € Home (Y, X) and ¢*z’ — ¢*z is a pullback,
let n¢(p) be the unique (since p*z is a pullback) morphism ¢*z’ — ¢*x such
that the diagram

e g o),
pr —=¢T

b,

¥ ———ux
commutes. This gives the desired morphism of functors n(f). Thus we have

defined 7 on objects (n,) and on morphisms (z’ EN x). This defines 7.
Now consider the composition

F(X) L HOMc(C/X,F) % F(X)
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It sends z € F(X) to id%, which is canonically isomorphic to . This gives
an isomorphism of functors aon >~ idp(x).

On the other hand, consider n o a. This composition sends a function
f:C/X — F to the functor C/X — F that for (¢ : Y — X) € Home(Y, X)
associates ¢* f(idx). This functor is canonically isomorphic to f. (check
this!) O

Thus if F' is some moduli problem, the lemma says that the elements of
F(X) (i-e. the solutions of the moduli problem), correspond to maps to the
moduli problem.

So when we have defined stacks, this will imply that a stack is a fine
moduli space for the moduli problem it represents.

Corollary 6.11. Let X,Y € C be objects. Then the functor
HOM¢(C/X,C/Y) — Home(X,Y)
that maps f to f(idx) is an equivalence of categories.

Remark. If X € C and ' — C is a fibered category, we will often write
X — F to denote an objects in F(X). (“in good Yoneda lemma tradition”)

6.3 Categories fibered in Set

The objects of Set can be identified with categories with no non-trivial struc-
ture. That is, one can identify a set X with the category X whose only
morphisms are the identity morphisms.

Definition 6.12. A category fibered in Set is a fibered category p: ' — C
such that for all U € C, the category F(U) is a set. |

Lemma 6.13. Let g : G — C be a fibered category and let p : I — C be a
category fibered in Set. Then the category HOM¢ (G, F) is a set.

Proof. Let f,g : G — F be morphisms of fibered categories and o« : g — f
a morphism in HOM¢(G, F'). Then, for all z € G over X € C, we have a
morphism ay : f(x) = g(x) (in F(X)).

Now, if F' is fibered in Set, a, must be the identity. But then f(x) = g(z)
for all x € G. But then f = g. So any two objects with a morphism between
them are equal, hence HOM¢ (G, F) is a set. O

Let F' : C°? — Set be a presheaf over C. We will construct a fibered
category F over C. The category .# has objects pairs (U, x) with U € C and
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x € F(U). The morphisms g : (U',2') — (U,x) are given as a morphism
g : U — U such that g*z := F(g)(z) = 2’ in F(v'). The morphism F — C
is given by (U, X) — U.

It is an easy exercise in definition-hunting to see that this is indeed a
fibered category.

Proposition 6.14. We have an equivalence of categories

I' : PreSheavesc — {categories fibered in sets over C}
defined by F — .
Proof. Now given a category p : % — C fibered in Set, define

F :C? — Set
U~ Z(U)

Thus we have defined a natural transformation ¥ (things need to be
checked though) from categories fibered in Set over C to PreSheavesc such
that 3 o I' = idpresheavesc -

On the other hand, it is easy to see that X is an equivalence in each fiber
(there are no morphisms to check on!), so by Proposition 6.9 it follows that
> is an equivalence.

O

Remark. Schemes give rise to fibered categories because of the embedding
Sch < PreSheavesse, given by X — hx. In particular, schemes give rise to
fibered categories with no automorphisms in the fibers.

So a fibered category p : Groupoids — Sch without automorphisms is the
same as a scheme, in the same way that a scheme without gluing data is the
same as an affine scheme.
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7 Groupoids and descent

We define groupoids and show that fiber products of groupoids exist. After
that we define what we mean by descent, prove some lemmas, and state the
main theorem.

7.1 Groupoids

Definition 7.1. A groupoid is a category where all morphisms are isomor-
phisms. ]

Example 7.2 (The fundamental groupoid). Let X be a topological space.
Then I1; (X) is the category with objects the points of X, and morphisms the
paths betweens points of X, up to homotopy equivalence. This is a groupoid
because any path has an inverse path. Then the usual fundamental group
71(X, ) based at x € X is just Autyy, (x)(z). *

Definition 7.3. A fibered category p : F' — C is fibered in groupoids if every
fiber F(U) is a groupoid. [ |

Remark. In particular, every scheme give rise to a category fibered in groupoids,
because each fiber is just a set, and identity morphisms are isomorphisms.

Example 7.4. Let C be the category Top of topological spaces and let F
be the category consisting of triples (X, z, (X, x)) where X € Top is a
topological space, x € X and 7;(X, z) is the fundamental group based at x.
Define maps between (X, z, 71 (X, z)) and (Y, y, 71(Y,y)) to consist of a map
X — Y € Homop(X,Y) such that f(x) = y. This induces a corresponding
map on the fundamental groups by composition: f, : m (X, z) — 71 (X, y).
Define p: FF — C by (X, z, 71 (X, 2z)) — X. Then the fiber F(X) over X
is just the fundamental groupoid of X, so we have an example of a fibered
category fibered in groupoids. *

Lemma 7.5. Let
F

F——=C

be categories fibered in categories. Assume further that F' is fibered in
groupoids. Then the category HOM¢(F, F') is also a groupoid.
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Proof. Let f,g : F — F' be morphisms of fibered categories and let a: f — g
be a morphism in HOM¢(F, F’). To show that « is an isomorphism, it is
enough to do it on each fiber, by Proposition 6.9, but ay : f(z) — g(z)
is a morphism in F’, hence an isomorphism. So « is an isomorphism, so
HOM¢(F, F') is a groupoid by definition. O

Definition 7.6 (The “slice groupoid”). Let p : F' — C be fibered in groupoids.

For X € C, we get a new category fibered in groupoids as follows: The nota-

tionisp/X : F/X — C/X. The objects of F//X are pairs (y, p(y) ER X) with
y € F and f a morphism in C. The morphisms are morphisms ¢ : ¢y’ — y in
F such that fop(g) =/

Then p/X sends (y,p(y) EN X) to f : p(y) = X. For a morphism
Y — X, the fiber (F/X)(Y — X) is just F(X). This is a groupoid since F'
was fibered in groupoids. |

The next definition will be important in the definition of stacks.

Definition 7.7 (The isomorphism presheaf). Let p : F — C be a category
fibered in groupoids. For X € C, let x,2’ € F(X). Then we get a presheaf
Jsom(x,a’) : C°? /X — Set defined as follows. For an object Y € C/X, send

For each morphism Y i) X, choose pullbacks f*r and f*z’ (elements in
F(Y)) and define

Jsom(z,2') (Y L5 X) = Hompy,(f*x, f*2') € Set

For a morphism g : Z — Y in C/X, the restriction map is defined by

HomF(Y)(f*l" f*xl) £> HOHIF(Z) (9" ff2, 9" f"y) ~ HomF(Z)((fg)*an (f9)"y).

The isomorphism to the right comes from F' being a fibered category and
pullbacks being unique up to unique isomorphism. |

Exercise 6. For a composition of Z Y andY i> X we have a natural
map ¢* : Jsom(z,2") (Y = X) — Tsom(z,2')(Z — X). [ )

Solution 6. Hint: By choice of cleavage there are unique isomorphisms

(fg)w~g"fra. v

Note that when x = 2’ we get a presheaf of groups: Aut, : (C/X)? —
Grps, and furthermore, the set Jsom(z,2')(Y — X) is a torsor under the
action of Aut,.
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7.2 Fiber products of categories fibered in groupoids

Suppose we have a diagram of groupoids.

g1
y
Go—2>G

Then the fiber product G; xg G2 of the diagram exists, and it is a groupoid.
Its object are triples (z,y,0) where z € G; and y € Gy and o : f(z) — g(x)
is a morphism in G. The morphism (2/,y',0’) — (x,y,0) are pairs (a,b)
where a : 2/t x is an isomorphism and b : 3y — y is an isomorphism, such
that the diagram

f@') ——=g(y)
if(a) lg(b)
flz) —"=g(y)
commutes. There are evident functors p; : G1 Xg Go — G; for j = 1,2 and a
natural isomorphism of functors ¥ : f o p; — g o pa. (check this!)
In addition, the triple (G xg Ga, pi, &) has a universal property. Suppose
that H is another groupoid and o : H - G1, 8 : H - Goand v : foa —
g o f is an isomorphism of functors. Then there exists a (unique) triple

(h:H — G1 xg G2, A1, A2) such that A\; : @« — proh and A\g: B — paoh are
isomorphisms of functors, and such that the diagram

foatsop on

’Yi ith
(A2

gOBgﬁ—Q90pzoh

commutes.
Now let C be a site, and let

) Jol
F3

be categories fibered in groupoids over C. Suppose further that G is a cate-
gory fibered in groupoids over C and that we have functors o : G — F} and
B :G — Iy and an isomorphism v : coa — do 5.
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The triple (o, 3,7) is equivalent with an object in
HOMc(g, Fl) XHOMC(Q,Fg) HOMc(g, Fg).

Such a triple defines in turn a for any category fibered in groupoids H a
morphism of groupoids

« : HOMc(H, G) — HOM¢ (H, F1) X o (#.r,) HOMc(H, Fy)
(h:H—G)— (eoh,foh,yoh)

Proposition 7.8. 1. There exists a quadruple (G, o, 3,7) such that for
all H fibered in groupoids, the map * above is an isomorphism.

2. If (G',d,B',4") is as above, then there exists a triple consisting of
(F,u,v) where F : G — G’ is an equivalence of fibered categories and
u:a—adof andv:f — B of areisomorphisms of fibered categories.
In addition, the diagram

cou
coa—>=coa' oF

[T

doﬁﬂdoﬁ’oF

commutes. Further, if (F',u/,v") is another such triple, there ezists a
unique isomorphism o : F' — F such that

O[J>O/OF, B*U;ﬁ/OF,
X\ lﬁ x iU
o oF B oF

We will write F x g, F5 for the fibered category in part 1 of the propo-
sition. We skip the proof.

7.3 Descent theory

A stack is morally a sheaf of categories fibered in groupoids over C. What do
we mean by a sheaf? The answer lies in descent theory & la Grothendieck.
The situation is that we want some properties to be “local” in the some
“topology”, but for this to make sense, we have to prove that they are local,
which is the point of descent theory.
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Let C be a category with fiber products and let p : F' — C be a fibered
category, and choose a cleavage®.

We will define a category of descent data. We will say (see definitions
below), that a morphism X — Y is of effective descent if giving the fibered
category on “open sets” in a covering plus some glueing data satisfying a
cocycle condition is equivalent to giving the fibered category on the space
being covered (here Y).

For a morphism X — Y in C, we define the F(X — Y): The objects
are pairs (E,0) with £ € F(X) and o : priE = pr5E an isomorphism in
F(X xy X) such that in F(X xy X xy X) we have a commutative diagram

* * * *
prispril == pri,pri &
* * * *
Pri3prp prispra

/
\

* * * *
praospro p<—r§3w praospri

,which we call the cocycle condition. The equality signs are the canonical
isomorphisms coming from the choice of cleavage. Remember to think of the
fiber fiber products as intersections.

A morphism between pairs (E’,o’) and (F, o) consists of a morphism
g: FE' — E in F(X) such that

priog
* 1/ *
pri ' ——priE

afl~ ~lo

* ! *
pry B @) pry &

The isomorphism o is called descent data for E.
Remark. Notice that the cocycle condition is a technical way of writing
(prig 0 0) o (priz o o) = (priz 0 o).

Or better:
0123 ° 0|12 = 013-

Which is just the usual cocycle condition.

Swe say p is cloven.
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We have a natural functor
e F(Y) = F(X L y) (3)

For Ey € F(Y), choose two pullbacks pr} f*Ey and pr3f*Ey along the pro-
jection X Xy X — Y. Then, because of the chosen cleavage, there is a
unique isomorphism ocqp, @ prj f*Eo — prsf*Ep. Then we define € on objects
by sending Ejy to the pair (f*FEo, 0can)-

It is left to the reader to check that the pair (E, o.4y) actually satisfy the
cocycle condition.

Remark. One can similarly define the descent category F({X; — Y'}) for
a collection {X; — Y }ier. This is done completely analogously. However,
they are very often equivalent, as the following lemma shows:

Lemma 7.9. Suppose that coproducts exist in C and that the natural functor
F(II, Xs) — I, F(X;) is an equivalence of categories. Let {X; — Y} be
morphisms in C. Let Q@ = [[ X;. Then the map

e: F(Y)—= F{X;, = Y})
1 an equivalence if and only if
e:FY)—=F(Q—Y)
s an equivalence.
Proof. Exercise. (do this later!!) O

Definition 7.10. For an object (E,0) € F(X — Y'), we say that the descent
data o is effective if (E, o) is in the essential image of e. [ |

Definition 7.11. We say that a morphism X — Y is of effective descent
for Fife: F(Y) - F(X —Y) is an equivalence of categories. [ |

Algebraic geometers like to prove descent theorems. In one case it is easy,
and this if the map X — Y has a section. So let p : F — C be a fibered
category and X i> Y a morphism in C.

Proposition 7.12. If there is a section s : Y — X, then f is an effective
descent morphism.%

SRecall: a section s: Y — X of f: X — Y is a morphism such that fos=idx
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Proof. We must show that the functor
e F(Y)—>F(X—=Y)

is an equivalence of categories. There are three things to see. That it is
faithful, that it is full, and that it is essentially surjective.

Let n: F(X - Y) — F(Y) be defined by sending an object (E, o) to
the pullback s*FE.

Showing faithfullness is easy. One sees that the composition o e(E) =
s*f*E, but this is canonically isomorphic to (fs)*E =idxE ~ E. So ¢ has
an essential left inverse, hence is faithful.

[[Remains to show fullness and essential surjectivity.|| O
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8 Descent theorems

In this lecture we will prove various descent theorems, which roughly guar-
antee that many of the objects we work with in the future actually will be
stacks.

8.1 Descent for sheaves on a site

Let C be a site. For X € C, we have an associated topos C/X, the category
of sheaves on X.

We define a new fibered category over/e\z/site C, and call it Sh. Its objects
are pairs (X, E), where X € C and F € C/X.

A morphism (X, F) — (Y, F) is given by a pair (f,e) where f: X - Y
is a morphism in C and € : F — f*F is a morphism in C//\)?

Notice that if we have a composition

x, B) L9 v, p) 22, (7,6)

we have that the composition is defined as the pair (go f) : X — Z and the
f*poe, ie. by the diagram

ES fFI0 gt (go f)G.
Let p : Sh — C be defined by (X, E) — X.

Exercise 7. This give us a fibered category with fiber over X € C given by
Sh(X)=C/X. [

Solution 7. Easy. Vi

Now we are able to state the main theorem of this section. It is also time
to recall the definition of a morphism of topoi, i.e. Definition 5.13.

Theorem 8.1. Any covering in C is an effective descent morphism for Sh.
More precisely, the functor € : Sh(Y) — Sh(X — Y) is an equivalence of
categories.

Proof. Hopefully to be understood and TeXed some day. The proof was long
and technical. O

The theorem has a nice corollary, which — according to the @Dstveaer — is
difficult to prove my other means:
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Corollary 8.2. Let X,Y be S-schemes. Let S — S be a fppf-cover, and put
S"=8"xg8, X'=Xxg8 and X" = X xgxS8". And alsoY' =Y xg 5’
and Y" =Y xg S”. We have two projections pry,pry : S” — S’.

Suppose ' X" = Y is an S"-morphism such that pri f' = prif' : X" —
Y”. Then f' is induced by a unique morphism f: X — Y.

Proof. We have fppf-sheaves hx, hy induced by X,Y. Let C be the category
of S-schemes with the fppf-topology.
A morphism f’ such that prif’ = prjf’ is equivalent to a morphism

(hX’7 Jcan) — (hY’a Ucan)

in Sh(S” — S). But the theorem says that such a morphism is induced by a
unique morphism hx — hy. Now apply the Yoneda lemma. O

8.2 Descent for quasi-coherent sheaves

Let S be a scheme and let C be the fppf site of S. That is, the objects of
C are S-maps and the coverings are jointly surjective morphisms {U; — U}
that are fppf.

Then the sheaf & is a presheaf of rings on C. It assigns for every S-
scheme T the set of global sections I'(T, &'7). This is a sheaf because it is
represented by a scheme A}g (and all schemes are sheaves, by Theorem 5.16).

Now let Qcoh(S) be the category of quasi-coherent sheaves on S. We
will show (among other things) that the category of quasi-coherent sheaves
in the Zariski-topology is equivalent to the category of quasi-coherent sheaves
in the fppf topology.

Let F' € Qcoh(S). This gives us a presheaf F;; of @-modules on C (recall

that this is just a functor C% — Set”). It sends an S-scheme T 1, S to the
set (T, f*F) = f*F(T).

Lemma 8.3. The presheaf Fy;q is a fppf sheaf.

Proof. By Lemma 5.20 we need to check two things: 1) That Fy,, is a Zariski
sheaf. This is clear by childhood knowledge. And 2), that the familiar
equalizer is true for all fppf maps V' — U of affine schemes.

So let Spec B — Spec A be fppf. Let M be the A-module corresponding
to pullback of F' to Spec A. Then the sheaf condition on Fy;, is equivalent
to the exactness of the diagram

0O—— M ——M®®s B M®A(B®AB).

"Well, not really Set, but Mod.
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But this was shown in Lemma 5.17. O

Now let G be a sheaf of &-modules on C. Thist just means that for every
scheme T, the set G(T') is an 0 (T')-module.

Given a scheme map T — S we get an element G := G(T) € Qcoh(T)
by applying T to G. In particular, for F' € Qcoh(S) we get an isomorphism
F~ (F big)S .

In fact we have an adjunction:

Lemma 8.4. Restriction induces an isomorphism:
Homg (Fyig, G) = Homg  (F,Gg)
So “biggifying” is left adjoint to “localizing”®

Proof. Exercise with hint. We can assume that S is affine. Write F as a
cokernel
Fr—F—>F— O,

where the F;’s are direct sums of copies of 0'g. Claim: F' +— Fy;, is right-exact
(this is probably because tensoring is right-exact). So we get a commutative
diagram:

0 —— Homﬁ(Fbig, G) —— HOII]ﬁ(FLbZ'g, G) e Homﬁ(FQ,big, G)

| i |

0 —— Homg (F, Gs) — Homg (F1, Gs) — Homg (F2, Gy)

The vertical arrows are restriction maps (i.e. applying S to the sheaves
Fig, G, etc). If the two right arrows are isomorphisms, then the left arrow
is also. So we can assume that F' is a direct sum of copies of Og, but if the
statement is true for a direct sum, it is also true if F' = &g. So we assume
F=0s.

So we are reduced to proving that there is a bijection
Homg (0, G) = Homg,(O5,Gs).

The right hand side is equal to the set I'(S,Gg) of global sections of Gg.
The left hand side is equal to @F(X ,Gx). But C has a terminal object,

namely the identity morphism S — 5, so the left hand side is in fact also
equal to I'(S, Gs). O

8 Anyone have a better name for the operation ?p;,?
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Definition 8.5. A big quasi-coherent sheaf on S is a sheaf of &-modules F
on C such that:

1. For all S-schemes T' € Schg, the sheaf Fr on Ty, is quasi-coherent.

2. For any morphism 7" 9 T in C, the morphism ¢*Fr — Fp is an
isomorphism.

|
Remark. The map in 2) is the familiar pullback of quasi-coherent map.

This gives us a category Qcoh(Sypps) of big fppf sheaves on S. This is
in contrast to the situation in Hartshorne, where we worked in the category
Qcoh(Szar) of quasi-coherent sheaves on the small Zariski site of S.

Our discussions above showed that if I € Qcoh(Sz,), then Fyy €
Qcoh(Sfpps). By definition, we have an equivalence of categories:

Lemma 8.6. We have an equivalence of categories:

QCOh(SZW) — QCOh(Sfppf)
F— Fbig
Gg G

Proof. One direction follows since F' = (Fp;g)s. The other direction follows
by point 2) in the definition above, namely, that (Gg)yg ~ G. O

Let us define a new category QCOH: Its objects are pairs (7, E') where
T is a scheme and E is quasi-coherent sheaf in Qcoh(Tz4:). A morphism
between two pairs (T, E') — (T, F) is a pair (f,€) where f : 7" — T and
€: E' — f*E is a morphism between the quasi-coherent sheaves.

We have an evident forgetful functor p : QCOH — Sch.

Exercise 8 (Exercise-Proposition). This gives us a category QCOH fibered
over schemes and the fiber over T' € Sch, QCOH(T') is Qcoh(Tz4). '

Solution 8. This mounts down to saying that fiber products of quasicoher-
ent sheaves exist. It does. Q

Theorem 8.7 (Descent for quasi-coherent sheaves). Let X i) Y be a fppf
cover of schemes. Then [ is an effective descent morphism for QCOH.
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Proof. If f is quasi-compact and quasi-separated, then f, preserves quasi-

coherence. In that case, the functor n : Sh(X ERN Y) — Sh(Y) given by

(E,0) — fFE will be an inverse for € : QCOH(Y) — QCOH(X ER Y). This
is because fppf implies that f,f* is an isomorphism, i.e. Lemma 2.9.

So we want to reduce to that case. So let (E,0) € QCOH(X — Y). We
first show that (E, o) is in the essential image of €. Since f is fppf we can
choose a Zariski cover Y = UY; of Y such that f~1(Y;) = U;X;; where each
Y; is affine and Xj; is quasi-compact with f(X;;) = Y; for all j. Thus for
all 4,5 we have a quasi-separated and quasi—compact cover X;; — Y;. So
the restriction of (E, o) to Xj; is induced by pullback from a unique object
F;j € QCOH(Y;).

For indices ¢, 7 we have a commutative diagram

QCOH(Y;)

|

Tes Tes

There is a unique isomorphism o;;; : Fij — Fjj, so Fj; is not dependent
upon j, up to isomorphism. So we get an equlvalence of categories

i : QCOH(Y; )—>QCOH(f YY) = )

Now, an element in QCOH(X — Y) is, in this cover, equivalent to the
following data: a pair ({( Z,az)} {a;i}), where (E;, 0;) € QCOH(f~1(Y;) —
Y;) and for two indices i,

i+ (Ei, 00 vy, — (B, oi)viny,

is an isomorphism in QCOH(f~1(Y;NY}) — Y;NY;/) that satisfies the cocycle
condition for triples, but by the equivalence () above, this is equivalent to
the data of a pair ({E;},{B;i}) where E; is a quasi-coherent sheaf on Y;
and for indices i,7, we have an isomorphism in QCOH(Y; N'Y}:) between
B : E; = Ey. But by standard glueing of sheaves (see [Har77]), we get a
sheaf in QCOH(Y'). O
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8.3 Descent for closed subschemes

Let X 25V be a fppf cover. Let pr; : X xy X — X for i = 1,2 be the two
projections. Let Z < X be a closed subscheme and let pr; Z < X xy X be
VA XX,pri (X Xy X)

Then:

Proposition 8.8. We have a bijection between closed subschemes W — Y
and closed subschemes Z — X such that priZ = pr5Z.
The bijection is given by sending W to its inverse image f~1(W).

Proof. There is a 1-1 correspondance between closed subschemes and quasi-
coherent ideal sheaves, [Har77, Chapter II, §5]. So it is enough to show that
the pullback map of quasi-coherent sheaves induces a bijection between the
set of quasi-coherent ideal sheaves C Oy and quasicoherent ideal sheaves
J C Ox such that prjJ = pr5J. But this follows from descent for quasi-
coherent sheaves, i.e. Theorem 8.7. ]

This has the consequence that the fibered category F' consisting of pairs
(Y, X) where Y is a closed subscheme of Y and the forgetful morphism is
(Y, X) — X, is a stack. The fibers F'(X) are the set of all closed sub-
schemes of X (notice that this is a set, because there are no non-identity
automorphisms of objects of F|(X).

8.4 Descent for open embeddings

This turns out to be almost trivial. We don’t need to apply any heavy
theorems.

So let Op be the category with objects pairs (X, U) where X is a scheme
and U is an open subscheme of X. A morphism in Op is just a scheme map

X' Ly X such that U’ c f~H0).
Exercise 9. The evident map p : Op — Sch gives us a fibered category. &

Solution 9. Note first that the fibers Op(X) are just the set of open sub-
schemes of X. Let f: X — Y be a morphism of schemes, and let U be an
open subscheme of Y. Then the ordinary fiber product of schemes gives us
a scheme U xy X. But topologically this is just f~'(U), which is open (see
Exercise 7.1B in [Vak13|).

So for every map in Sch we get a fiber product, and this is just the
condition in Definition 6.3. @

Here’s the statement:
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Proposition 8.9. Any fppf cover S’ ER S is an effective descent morphism
for Op.
Proof. Let 8" = S' x5 S’. We must show that if U’ C S’ is an open subset
with pryH(U') = pry ' (U’), in S”, then U’ = f~'(U) for a unique open
UCS.
We first observe that uniqueness is clear since f is surjective. This is just
the set-theoretic fact that f surjective implies f(f~*(U)) =U for all U C S.
So we prove existence. Since f is fppf, it is an open map, so U := f(U’)
is an open subset of S, so at least U’ C f~1(U). Suppose now f~1(U)\U'.
Then there is some y € U’ with f(z) = f(y). But then the pair (z,y) € S”
will be in pry *(U’) but not in pr; ! (U”’). But this contradicts the hypothesis!
So U' = f~1(U). O

Remark. Note that the only property of f :S" — S we used was that it was
an open map. So we could have gotten away with assuming, for example,
that f was just flat and locally finitely presented.

8.5 Descent for affine morphisms
We have a category Aff: its objects are affine scheme maps X i) Y and the
morphisms are commutative diagrams
X —X
f’i lf
Y —=Y

There is an obvious functor p : Aff — Sch, given by sending a morphism
(X = Y) to its target Y.

Proposition 8.10. Let S’ % S be a fppf cover. Then s is of effective descent
for Aff.

Sketch proof. This follows from effective descent for modules and noting that
tensor products of modules are preserved (where?). O

8.6 Descent for quasiaffine morphisms

Recall that a morphism X i) Y is quasi-affine if there exists a factorization

X—sW

N

Y
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where the top arrow is an open embedding and g is affine. We can then form
the category QAff of quasi-affine morphisms. The morphisms are commuta-
tive squares of such. Again, it is easy to see that we get a fibered category
p : QAff — Sch.

Proposition 8.11. Any fppf cover S — S is of effective descent for QAfF.

Sketchy proof. This follows from descent for open embeddings and for affine
morphisms. O

8.7 Descent for polarized schemes

Let Pol be the category consisting of pairs (X EN Y, L) where f is a proper
morphism and L is relatively ample invertible sheaf on X. This means that
for all affine opens V' C Y, the restriction £f-1(y) is ample on X. This
means that for all coherent sheaves .# on X, there exists an integer ng > 0
such that for all n > ng, the sheaf .# @L®" is generated by global sections.
For more on this, see [Har77|.

The morphisms (X’ EiR Y. L) — (X ER Y, L) in Pol are triples (¢, a,b)
where a, b are morphisms of schemes and € is a sheaf isomorphism such that

X' —b.x

4

Y —=Y

and € : b*L = £ is an isomorphism of sheaves. This way we get a fibered
category p : Pol — Sch given by (X —Y,L) — Y.

Proposition 8.12. Any fppf cover S — S is of effective descent for Pol.

Proof. The proof was given as “self study”. O
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9 Example, torsors, principal homogeneous spaces

We start with an example. Then we define torsors and principal homoge-
neous spaces, and end with another example.

9.1 The moduli stack of curves of genus g > 2

We define a category M, that should parametrize families of curves of genus
g. We also show that it is in fact a stack.

Its objects are maps C' i) S such that for each s € S, the fiber Cj is a
geometrically connected, proper, smooth, curve of genus g.

The morphisms are just commutative diagrams

C'——=C

]

S ——S

We get a functor p : My — Sch for free: It just sends a morphism C' — §
to the codomian S. Clearly this makes M, into a fibered category.

We have a morphism of fibered categories from M, to Pol (the category
of polarized schemes) by sending C' — S to the pair (C' — S, Q}j/s).

For a fppf cover S’ — S we have a commutative diagram comparing the
descent data for M, and Pol:

My(S) Pol(.S)

i lﬁ

My(S" — S) ——=Pol(S" = 5)

The right arrow is an equivalence since every descent data for Pol is effective
(proven last lecture). A diagram stare shows that every object in M4(S" —
S) lies in the essential image of M,(S).

Also, the map My(S) — My(S" — S) is fully faithful by the effective
descent theorem of morphisms of sheaves on an arbitrary site, i.e. Theorem
8.1.

9.2 Torsors / principal homogeneous spaces

Let C be a site and u a sheaf of groups on C. A p-torsor on C is a sheaf P
on C together with a left action p : u x P — P such that the following two
conditions hold:
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T1. For all z € C there exists a cover {X; — X} such that P(X;) # 0 for
all 4.

T2. The map

wxXP—=PxP
(9,p) = (p, gp)

is an isomorphism.

Exercise 10. The condition T2 is equivalent with: If P(X) # (), then the
action of p(X) on P(X) is transitive. [ )

Solution 10. Let z,y € P(X). Then by T2, the pair (z,y) € P(X) x P(X)
is is equivalent to the pair (z, gz) for some g € p(X). But then y = gz, so
(X)) acts transitively. @

A morphism of p-torsors (P,p) — (P’,p’) is a morphism f : P — P’

such that
id
uwxP aat) X P’

b

P P’

Example 9.1 (Example of torsor). This example is from linear algebra. Let
T :V — W be a linear transformation and let @ € W. Then the solution set
of T'(wW) = 0 is either empty or it is a torsor under the action of ker 7. %

Now suppose that p is represented by G, a flat finite type group scheme
(over X).

Definition 9.2. A principal G-bundle over X is a pair (7 : P — X, p) where
7 is a smooth surjective morphism of schemes, and p : G xx P — P is a
map such that the following three conditions are true:

1. The following diagram commutes:

idGXp

GXX(GXXP) GXXP
mgXidpl lp
GxxP P P
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2. If e : X — @G is the identity section, then

idp

P

GXXP?P

eXidP
commutes.
3. There is an isomorphism p X pry : G xx P — P xx P.

A morphism (P,p) — (P’,p') of principal G-bundles consists of an X-
morphism f : P — P’ such that

Gxy PGy, P

C T

P P’

commutes. [ ]

Now let (P,o) be a principal G-bundle. We define a p-torsor (P, p) as
follows: © The sheaf P is the sheaf represented by P, namely P = hp, with
action p induced by o.

Condition T2 of the definition of a p-torsor follows easily. It is the first
condition that need some big theorems: Since 7 : P — X is smooth and
surjective, there exists locally an étale section of X, by Corollary 3.9. This
implies in turn that there exists an fppf cover {X; — X} with P(X;) # 0
for all 7. [|I don’t see how...]|

This discussion gives us a fully faithful functor * from principal G-bundles
on X to p-torsors on X, given by sending a pair (P, o) to the functors they
represent: (hp, hy).

Proposition 9.3. If the structure map G — X is affine, then x is an equiv-
alence of categories.

Proof sketch. We need to show essential surjectivity (fully faithfullness is
free by Yoneda). That is, if (P,p) is a torsor, we want to see that P is
represented by a smooth X-scheme P.

Choose a fppf cover {X; — X} with P(X;) # () for all i. Then the
restriction of P to X; is represented by an affine X;-scheme P;, namely
G xx X; (I don’t see why).

9Recall that y is represented by G.
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We can glue this together to get a scheme P by descent for affine mor-
phisms. O

Here’s a long example:

Example 9.4. Let X be a scheme, and suppose that n is invertible on
X. This just means that n is a unit in & x(X)*. Then we define the group
scheme of roots of unity u, by p,(Y) ={f € 05 | f* =1}. We will consider
the category of py,-torsors on Xg;.

Let ¥, be the category defined as follows: Its objects are pairs (£, 0),
where £ is an invertible sheaf on X and o : £&" 5 ¢ x is a trivialization
of the nth power of £.1° The morphisms (£, o) — (£',0’) is a morphism of
invertible sheaves p : £ — £’ such that

ren 7 o Ox

o

£/®n

Then we claim that we have an equivalence of categories F' : 3,, — Tors(pn, ).
Given a pair (L,0) € X,, let Pr,) be the étale sheaf associated to the
presheaf that maps a X-scheme U to the set of trivializations A : Oy — Ly
such that

A®n
Ou L’%” ‘> Oy

~_ 7

idey,

commutes. We have an action of y,(U) on P, 5 (U) as follows: given
¢ € up(U), we send (¢,A) to A, which makes sense because we have a
O x-module structure on L.

This makes P, ) into a uy,-torsor.

Now we see why we needed the étale topology: Given (L,0) € %,,, we
have no guarantee that P, ) is non-empty in the Zariski-topology. However,
we can always find such a A in the étale locally. [[Anyone sees why?||

On the other hand, we have a natural functor G : Tors(un)er — Zn.
Given P a pip-torsor... (I don’t understand my notes...) *

Here’s another example:

0Compare with the discussion of root stacks in the last section.
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Example 9.5. Let X = Speck, where k is a field. In this case all line bundles
are trivial, hence ¥,, can be identified with a category having objects o € k*
and morphisms o — ¢’ are just given by a A € k* such that o/ = \"o.
Then we get that isomorphism classes of o,-torsors on Spec kg are in
bijection with k*/(k*)™, the nth roots of k. *
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10 Stacks and algebraic spaces

We are finally able to define a stack. Furthermore, we define algebraic spaces
and algebraic stacks.

10.1 Definition of stacks

We have finally arrived at the definition of stacks. Let C be a site.

Definition 10.1. A category fibered in groupoids p : F' — C is a stack if for
all X € C and coverings {X; — X };er, the functor

e: F(X)— F{X; —» X})
E v (E,0cn)
is an equivalence of categories. |

So, a stack is a fibered category in which the fibers can be defined locally,
i.e. by coverings.

Lemma 10.2. A category fibered in groupoids p : F' — C is a stack if and
only if the following two conditions hold:

1. For all X € C and x,y € F(X), the presheaf Jsom(x,y) on C/X is a
sheaf.

2. Any covering {X; — X} is of effective descent.

Proof. Condition 1) says that the functor € in the defintion is fully faithful,
and condition 2) says that it is essentially surjective. ]

Fibered categories only satisfying condition 1) are called prestacks.

Lemma 10.3. Let
Fy

lc

Fy ——F3

be a diagram of stacks fibered in groupoids over C. Then the fiber product
Iy x g, Fy is also a stack.
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Proof hint. For any covering {X; — X} in C, we have maps
(F1 X py F2)(X) — F1(X) X pyx) F2(X)
and
(F1 Xpy Fo)({ X — X}) = FI({ X = X}) Xpyx-xyp Po({Xi = X}).
Both of these are equivalences of groupoids. O

Given a category p : ' — C fibered in groupoids, we can “stackify”.

Theorem 10.4 (Stackification). Let p : F — C be a category fibered in
groupoids. Then there exists a stack F'* over C and a morphism of fibered
categories q : F' — F'% such that for all stacks G over C, the induced functor

HOMc(Fa, G) — HOMc(F, G)
1 an equivalence of categories.

Proof sketch. There are two main steps. In Step 1 one constructs F — F’
that is universal among morphism to prestacks.

In Step 2 one constructs a morphism F’ — F% that is universal for
morphisms to stacks.

The construction is essentially set-theoretical and consists of a lot of
book-keeping. O

10.2 Algebraic spaces

Let S be a base-scheme and give Schg the étale topology (i.e. we are working

in the big étale site of S), and let F i> G be a morphism of sheaves.

Definition 10.5. We say that f is schematic or represented by schemes if
for all T € Schg and morphisms 7' — G, the fiber product F' x¢ T is a
scheme. ]

Definition 10.6. Let P be a stable property of morphisms of schemes, that
is, it is stable under pullbacks. If f is represented by schemes, we say that
f has property P if for all S-schemes T', the morphism

pry: FxgT =T

have the property P. |
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Exercise 11. If F, G are representable sheaves, then any morphism f : F —
G is represented by schemes. [

Solution 11. Let F' = hx and G = hy, and let f : F' — G be a morphism.
By the weak Yoneda lemma, this corresponds to a unique morphism f : X —
Y. Since the fiber product of schemes over schemes is a scheme, of course
F x¢ T is a scheme. (this exercise was so trivial it wasn’t even fun) Q@

Exercise 12. Let X i) Y be a map of schemes and let P be some stable
property. Then f have the property P if and only if hx — hy have property
P. [ )

Solution 12. This is equally trivial. %

Lemma 10.7. Suppose A : F — F x F is represented by schemes. Then
any morphism f : T — F where T is an S-scheme is represented by schemes.

Proof. Let T, T’ be S-schemes, and consider the diagrams below:

o T’ o T xT'
T
T I.oF F_ApxF

The fiber products in these two diagrams are isomorphic. To see this, just
write down the corresponding maps with elements. O

Now we come to the definition of algebraic spaces:

Definition 10.8. An algebraic space over S is a functor X : Schd’ — Set
satisfying the following three conditions:

1. X is a sheaf (in the étale topology).
2. The diagonal mapping A : X — X x X is represented by schemes.

3. There exists an S-scheme U and a surjective étale morphism U — X,
called an atlas of X.

Remark. In lieu of the last lemma, the third condition means the following:
for any S-scheme T and morphism T — X the morphism U xx T — T is
étale and surjective. So in the way schemes are covered by affine schemes
i the Zariski topology, algebraic spaces are covered by schemes in the étale
topology.
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10.3 Algebraic spaces as sheaf quotients

We're still working in the étale topology.

Definition 10.9. Let X € Schg. An étale equivalence relation on X is a
subscheme R <« X x¢ X such that:

1. For all S-schemes T, the inclusion of sets
R(T) C X(T) xg(ry X(T)
is an equivalence relation (reflexive, symmetric, transitive).
2. The maps s,t: R — X induced by the projections are étale maps.
|

By taking quotiens of R we get a presheaf Schgp — Set given by sending
an S-scheme T to the set-theoretic quotient X (T')/R(T) = X(T)/ ~. We
can sheafify to get a sheaf X/R on the site (Schg)¢.

Proposition 10.10. The construction above makes X/R into an algebraic
space.

Conversely, if Y is an algebraic space over S and X — Y is an étale
surjection where X is a scheme, then R := X Xy X 1is a scheme, and the
inclusion R — X xg X is an étale equivalence relation. In addition X/R —
Y is an isomorphism.

Proof. We will only say a little bit about the proof.

For the first part, let Y = X/R. The hard part is showing that the
diagonal A is representable, so we assume this has already been shown. We
will show that there exists a surjective étale atlas for Y. It is enough to
consider morphisms 7" — Y that factor through X (why?). Given such a
factorization, we get a commutative diagram

Txy X—R—>X

R

T X Y

Since t by assumption is surjective étale, by base change, T' xy X — T is
also surjective étale.
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Finally, we say something about R = X xy X: It follows from the
commutative diagram
R—— X X S X

1"
Y — A2V x5V

that R is a scheme, since Y is an algebraic space. O

10.4 Examples of algebraic spaces

Example 10.11. Let X be a scheme and let G be a finite group acting on X
via p: Gx X — X. We say that the action is free if the map Gx X — X x X
given by (g,z) — (x, p(g,x)) is injective.

Let X/G be the sheaf associated to the presheaf T — X (7')/G. Then
X/G is an algebraic space. *

Here is an example of an algebraic space that is not a scheme:

Example 10.12. This example comes from Hironaka, and is described in
Appendix B of [Har77]. We start with P? with coordinates xg, 1, 22, x3.
And we define two curves by

Cy :xor1 + 2179 + 2190 = 23 =0

Cy : xox1 + 1173 + 300 = 9 = 0

They intersect in two points, namely p;1 = (1:0:0:0) and po = (0:1:0:
0). Let i = 0,1. On P3\{p;}, blow up C; and then blow up C;_;. We get
two blowups which we can glue along the inverse image of P3\{p1, p2}. Call
the resulting scheme for Z.

There is an involution ¢ : Z — Z induced by zg — z1, 1 — o and
T9 — x3 and x3 — 9. The automorphism ¢ have fix points, so we restrict to
the open subscheme Z' C Z where o acts freely. Here we make the quotient
Z'/o. By the above result, this is an algebraic space, but it is not a scheme.
The proof uses intersection theory. *

10.5 More on algebraic spaces

Let P be a property of schemes stable in the étale topology. That is, such
that V' € Schg have P if and only if for every étale covering {V; — V'} all
the V;’s have P.
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Definition 10.13. We say that an algebraic space X have a property P if
there is an étale surjection U — X such that U have P. |

We say that a property P of morphisms of schemes is stable in the étale
topology if for any covering {V; — V'}, a morphism U — V have P if and
only if U xy V; — V; have P for all .

Definition 10.14. Suppose P is a property of morphisms of schemes that is

stable in the étale topology. Let X i> Y be a morphism of algebraic spaces
represented in schemes. Then we say that f has property P if there is an
étale surjection V' — Y such that V xx Y — V have property P. ]

In particular, we can talk about open and closed embeddings of algebraic
spaces.

Definition 10.15. We say that an algebraic space X is quasi-separated if

A: X — X x X is quasi-compact. |
We say that a property P of morphisms of schemes is stable and local

on the domain if for any scheme map U L v and covering {U; 2% U}, the

morphism f have P if and only if f o ¢; have P for all i.

Definition 10.16. Let P be a propery of morphisms of schemes that is

stable and local on the domain in the étale topology. Let X i> Y be a
morphism of algebraic spaces. Then we say that f has P if there are étale
surjections v : V' — Y and u : U — X such that the projection U xy V — V
have P. |

So we can talk about morphisms of algebraic spaces that are étale, flat,
smooth, surjective, etc.

Exercise 13. Let f : X — Y be a representable morphism of algebraic
spaces and P a property that is local on the source. If f have P, then for
any étale surjection V' — Y, the morphism X xy V — V have P. o

Solution 13. Q

Exercise 14. If P is a property that is stable and local on the source, and

X i> Y is a morphism of algebraic spaces that have P, then if we have a
commutative diagram,

U Y X xy VeV
x—1 oy
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where u is an étale surjection, then the composition U — V will have prop-
erty P. '

Solution 14. Q

Proposition 10.17. The full subcategory of Sch/S,, consisting of algebraic
spaces is closed under finite limits.

Proof. It is enough to show that it is closed under taking fiber products.
[|[Long proof]]| O

A priori, an algebraic space X is only a sheaf in the étale topology. The
next lemma shows that it is a sheaf in the fppf topology.

Lemma 10.18. Let X be an algebraic space over S with quasi-compact di-
agonal Ax. Then X is a sheaf in the fppf topology.

Exercise 15. Let C be a site and let X, R be sheaves on C. Let s X t :
R — X x X be an inlusion such that for all U € C, the inclusion R(U) C
X(U) x X(U) is an equivalence relation. Let X/R be the presheaf on C
associated to the presheaf U +— X (U)/R(U). Then the diagram

R—=X

!

X—X/R
is cartesian. '
Solution 15. Easy exercise. %

The next exercise will be used in a later lecture:

Exercise 16. Let Y be an algebraic space over S. Let I’ be a sheaf on Schg
in the étale topology. Let g be a morphism g : F' — Y. Show that if there
exists an étale surjection U — Y with U a scheme such that F' xy U is an
algebraic space, then F' is an algebraic space. [ Y

Solution 16. Q
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11 Algebraic stacks

Now we have defined both stacks and algebraic spaces. Algebraic stacks are
something in between.

11.1 First results on algebraic stacks

Recall, that from now an, all stacks will be over Schg in the étale topology.

Definition 11.1. We say that a morphism of stacks f : X — g) is repre-
sentable if for all S-schemes U and morphisms y : U — 2), the fiber product
X xg U is an algebraic space.!! |

Lemma 11.2. If X EN ) is a morphism of stacks, then for any algebraic
space V' and morphism y : V — 9), the fiber product X g9V is an algebraic
space.

Proof. This should follow from Exercise 16. O
Definition 11.3 (Algebraic stack). A stack X over S is algebraic if
1. The diagonal A : X — X x g X is representable and

2. there exists a smooth surjective morphism 7 : X — X where X is a
scheme.

[ |
An algebraic stack is often called an Artin stack.

Lemma 11.4. Let X/S be a stack. Then the diagonal A is representable
if and only if for all S-schemes U and objects ui,us € X(U), the sheaf
Jsom(uy,uz) on Schy is an algebraic space.

Furthermore, this happens if and only if for all algebraic spaces X and
maps x,y : X — X, the sheaf Jsom(z,y) is an algebraic space.

Proof. Only a hint was given: The following diagram is cartesian.

jsom(ul, UQ) U

x A L xxX¥

1 The gothic letter ) is math-speak for “Y”.
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Lemma 11.5. Suppose X/S is an Artin stack. For all diagrams

X

ix
Y*>y X
where X,Y are algebraic spaces, the fiber product X Xx Y is an algebraic
space.

In particular, every morphism X — X where X is an algebraic space is
representable.

“Proof”. Observe that X xx Y =~ Jsom(priz,priy) over X xgVY. O
Here’s a lengthy example:

Example 11.6. Let X be an algebraic space. Let G/S be a smooth group
scheme acting on X. We can define a stack [X/G] as follows: The objects
are triples (T, P, ), where:

1. T is a scheme over S.
2. Pis a Gy = G xg T-torsor on the big étale site of T'.

3. wis a morphism 7 : P — X xg T = Xp that is a Gp-equivariant
morphism of sheaves on Schr.

The morphisms (77, P/, 7') — (T, P, ) are pairs (f, f°) where f : T" — T is

a map of S-schemes and f*: P = f*P is an isomorphism of G7-torsors on
Schp such that the diagram

f* f*P/ >P

\ lf*ﬂ_ T
\

!
X xSTide>XT

P/

commutes. The dotted arrows automatically commute.

Now descent for sheaves on sites shows that [X/G] is a stack. It is actually
an Artin stack: We first have to check if A is representable. Let T' € Schg
and let (P;, ;) be objects in [X/G] over T (we’re omitting the 7" from the
notation here since we're looking over the fibers anyway).

To show that J := Jsom((Py, ), (P2, m2)) is an algebraic space, we can
replace T' by an étale cover (this was an exercise from last time). Thus we
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can assume that P; and P, are trivial torsors. Fix isomorphisms o; : P; —
Gt = G xg T such that we can identify the 7 in the definition with a map
m;  Gr — X7. Now the sheaf J can be identified with the sheaf that to 7"
over T associates the set of elements g € G(T”) such that the diagram

Mg
GT/ —_— GT/

RN

Xr

commutes (the upper arrow is just multiplication by g). Now, since we are
dealing with group schemes, commutativity is equivalent with 71 (e) = m2(g),
where e € Gr(T) is the identity section.

Thus we can identify J with the fiber product of the diagram:

J Gr

L

XT*A>XT XT XT

This implies that J is a scheme (and in particular, an algebraic space), by
representability of the diagonal morphism, and it follows by Lemma 11.4

that the diagonal morphism of [X/G] is representable. *
Exercise 17. Find a smooth surjection onto [X/G]. [ )
Solution 17. Q©

Definition 11.7. The classifying stack of G is the stack quotient [S/G], and
is denoted by BG. |

Remark. If we had come so far as to define dimension of stacks, we would
have seen that the dimension of [S/G] is dimS — dim G, so we see that
arbitrary large negative dimensions of stacks occur (!!).

Lemma 11.8. Artin stacks have fiber products. That is, if X1,X2,X are
Artin stacks, then the fiber product X1 X x Xo is also an Artin stack.

The proof is not difficult but very long, so we skip it.

Definition 11.9 (Inertia stacks). Let X/S be an Artin stack. The inertia
stack (norwegian: treghetsstacken) Jx of X is the fiber product X xxx x
X. [ |
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Explicitly, the objects are pairs (x,g) where z € X(T') for some scheme
T and g is an automorphism of 2z € X(T). The morphisms (2, ¢") — (z,9)
consists of a morphism f : 2’ — x in X such that

f

:];‘/H

X
:lg’ :lg

r ——z

f
commutes. The map Jx — X sends (x,g) — x.

Example 11.10. Let X = [X/G]. Then Jx is the stabilizer of G acting on
X. *

11.2 Properties of Artin stacks

Let P be a property of S-schemes that is stable in the smooth topology.

Definition 11.11. We say that an Artin stack X/S has property P if there
is a surjective smooth map 7 : X — X where X is a scheme that have the
property P. |

Lemma 11.12. Let P be a property as above and X/S an Artin stack with
P. Then for any morphismy : Y — X where Y is an algebraic space, Y also
have P.

Proof. The proof was given as an “exercise with hint”. Consider the following
diagram:
Y xe X—X

L F

Y X

It follows (why?) that the left vertical arrow is also smooth and surjective.

O]

Let X and 9) be maps of Artin stacks. A map'? for f is a commutative
diagram
h

X Ty 3y (4)

RN

x—>9

12Not “map” as in “function”, but “map” as in “atlas”.
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where g and p are smooth og surjective and X and Y are algebraic spaces.
If X,Y are schemes, we say that it is a map of schemes.'

Definition 11.13. Let P be a property of morphisms between schemes
that is stable and local on the source in the smooth topology (for example
smooth maps, locally of finite presentation, etc.). We say that a morphism
f X — % has the property P if there is a map for f of schemes where h
has the property P. |

Having a property P is independent of the map:

Proposition 11.14. Let P be as above. Then the map X i> ) have P if
and only if for all maps for f, h has P.

Proof. Fix one map as in Equation 4, and let Y’ — Y be a smooth surjection
of algebraic spaces. We get a commutative diagram

h/
/\
X xyY —>XxgY —2Y'

L

X g x

]

Consider the “outer” diagram:

XXyY/Hx XQ.)Y/HYI

|

X 2

This is also a map for f. Thus we see that the morphism A in Equation 4
have property P if and only if f : X xy Y’ — Y’ have P (the projection
X Xy Y’ — X is smooth and surjective).

Now fix two maps (i = 1,2):

h;

/_\
L>%I4>YVZ

N

x—1o9

X;

13This can’t be right? It sounds terrible.
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We want to show that iy have P if and only if hy have P. Let Y’ = Y] x9 Y5.
By the above discussion, and by considering the maps p; : Y/ — Y; for
J = 1,2, one sees that it is enough to consider the case where Y; = Y5 and
p1 = p2. So write X’ for the fiber product X xg9 Y7 = X xg Ya. Then we
have a commutative diagram, where X := X7 xx Xo:

ho
pro g T
X X5 7 X Y
A g1
X, P
X—9

Now since P is local on the source in the smooth topology, the morphism h,
will have P if and only if ~A; o pr; : X — Y have P, but this happens if and
only hg o pry have P and this happens if and only if hy have P. O

Definition 11.15. Let P be a property of morphisms of algebraic spaces
that is stable in the smooth topology on the category of algebraic spaces
over S.

We say that a representable morphism of Artin stacks f : X — ) have P
if for alle morphisms Y — %) where Y is an algebraic space, the morphism
X x9Y =Y have P |

Thus it makes sense to say that representable morphisms are étale, smooth,
separated, proper, etc.

Definition 11.16. An Artin Stack is a Deligne-Mumford stack if there is
an representable étale surjection X — X where X is a scheme. |

We abbreviate “Deligne-Mumford stack” by just saying “DM stack”.
Recall that a morphism of scheme g : Z — W is formally unramified
if for all closed embedding Sy < S of affine schemes defined by nilpotent

ideals, the map
Z(S) — W(S) Xw(s,) Z(S0)

is an injection, and this in turn is equivalent to QIZ/W = 0. Also, being
formally unramified is stable and local on the source in both the étale and
the smooth topology. Thus it makes sense to say that maps between Artin
stacks are formally unramified.
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Theorem 11.17. Let X/S be an Artin stack. Then X/S is DM if and only
if the diagonal A : X — X xg X is formally unramified.

This is a big theorem and we won’t prove it. In some sense it says
this: X is DM if and only if none of the objects of X allow infinetesimal
automorphisms. We will try to explain what this means in the rest of the
lecture.

Here’s a fact: The diagonal A is formally unramified if and only if for all
algebraically closed field k and objects z € X(k), the automorphism group
Aut, is a finite, reduced k-group scheme.

It fits into a cartesian diagram (7 why??)

Aut, —— Speck

R

¥— 2 xxx

[ the lecturer goes on to prove the converse but I don’t understand it ||

11.3 The moduli stack of curves of genus > 2

Recall the fibered category M, from Subsection 9.1.
Theorem 11.18. The stack Mg is a Deligne-Mumford stack.

This is a hard theorem and proven by Deligne and Mumford in the 70’s.

Lemma 11.19. Let (S,C EN S) be an object in My and L¢g the invertible
sheaf QlC/S®3' Then:

1. The pullback f.Lcys is a locally free sheaf of rank 5g —5 on S.

2. The map (“the counit of adjunction”) f*f.Lcss — Leys is surjective,
and the associated map C — P(f.Lc)g) is a closed embedding.

3. For any morphism ¢’ : S" — S, the map
9" fLoys = fig'Leys
18 an isomorphism.

Proof. For 1) and 2) we can assume that S = Speck and that k = F,
by flat base change [Har77, Chapter III, §12, Thm 12.11]. We claim that
dimy, H°(C, Lcys) = 59— 5 and that H(C, Lcys) =0 for all i > 0. The last
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statement follows by Serre duality (I don’t see how?). For the first part, note
that the degree of the canonical divisor on C' is 2¢g — 2 by Example 1.3.3 in
Chapter V in Harthorne. Hence dimy H°(C, L¢/g) = 2deg(Q}J/s) +1—g=
3(2g —2)+1—g=5g—5.

For 2), somehow use that & = k and that L¢ys is very ample. O

Let M, be the following functor on Sch: For each S-scheme it associates
the set of isomorphism classes of pairs (C EN S,0:0 gg = f«Lcys). What
is an isomorphism of such pairs? Let (C’ TN S o ﬁgg_g, — filcrs)
be another such pair. Then an isomorphism is an isomorpism of curves
a : C" — C such that the following diagram commutes:

5g—5 o g
Og " —— filcrys

fLeys

We have that G := GLs4_5 acts on My: On an S-point it works like this:
g-(C— S,0)=(C— S,00g) for g € G(S5).

We have a map 7 : M, — M, defined by sending a pair (C/S,0) to the
pair (S, C).

It turns out that we have an isomorphism [M,/GLsgs—5] ~ M, In
particular, M, is an Artin stack!

To show that the diagonal A : My — M, x M, is formally unramified,
we use the isomorphism. It is enough to show that for any algebraically
closed field k& and smooth genus g curve C/k, the k-group scheme Autg(C)
is reduced. The proof uses that g > 2.
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12 Root stacks and the Weil conjecures

In this last lecture we give another example of a stack, and in the last part
we prove state the Weil conjectures and define a Weil cohomology theory.

12.1 Root stacks

Let X be a scheme. Recall that a Cartier divisor on X is given by global
sections f; € T'(U;, K*) for a (Zariski) covering {U;}, such that f;/f; €
I'(U;nUj, 0%), where K is the sheaf of total quotient rings on €. A Cartier
divisor is effective if already all the f;’s are global sections of T'(U;, O%).
Stating things more compactly, giving a Cartier divisor is the same as giving
a global section of K*/ 0.

Note that effective Cartier divisors are in 1-1 correspondence with locally
principal closed subschemes of X.

Let D be a given effective Cartier-divisor on X and fix a natural number
n. Then one can ask: does there exist an effective Cartier-divisor £ on X
such that D = nE?4

More generally, one can ask: does there exists a scheme Y and a map
f:Y — X and a Cartier divisor £ on Y such that nE = f*D? The problem
is that divisors doesn’t always pull back! For example, for curves, divisors
only pull back for finite maps! (see [Har77|, Chapter II, Proposition 6.8).

So, as one does in mathematics, when something doesn’t work, we gen-
eralize!

Definition 12.1. A generalized effective Cartier-divisor (geCd) on X is
a couple (L, p) where L is an invertible sheaf on X and p is a morphism
L — Ox of Ox-modules. A morphism of couples (L',p') — (L£,p) is a

commutative diagram:
N A

Ox

Here are some examples.

Example 12.2. Let D C X be a locally principal subscheme of X and let
Zp be the associated ideal sheaf. Then the inclusion 7 : Zp — O'x makes
(Zp,1) a geCd. *

14Recall that given a Cartier divisor D, one can form an associated invertible sheaf
L(D), and we have a group operation by E + E’ «» L(E) ® L(E').
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Example 12.3. Any invertible sheaf £ give rise to a geCd given by (£, 0),
where 0 is the zeromap 0: L — Ox. *

We can multiply geCd’s:

Definition 12.4. Given two geCd’s, (L, p) and (L', p’), we define their prod-
uct to be

(Lyp)- (L) = (L@ L pop).
Here p ® p' is the morphism LR L' — Ox R Ox ~ O'x. [ |

But behold! Now we can pull back divisors! For let g : Y — X be some
scheme map, and let (£, p) be a geCd on X. This gives

(G*L,g"p: gL — g" Ox = Oy),

ageCdonY.

We want to define a fibered category 2. Its objects are pairs (T, (L, p))
where T is a scheme and (L, p) is a geCd. A morphism in 2 consists of a
scheme map g : T — T" and an isomorphism of geCd’s (£, p') =5 (¢*L, g*p).

Via the forgetful functor p : 2 — Sch given by (T, (L, p)) — T, we get a
category over Sch, where the fibers over X are the category of geCd’s on X.
If we work in the étale topology (or the fppf topology), then it follows that

2 is a stack by descent for invertible sheaves.

Proposition 12.5. We have an isomorphism of stacks
9~ [Al/Gm]
In particular, & is an algebraic stack.

Sketch of proof. We consider the prestack {A!/G,,} whose objects are pairs
(T,f € I(T,Or)), where T is a scheme, and a morphism to (77, f" €
[(T',0r1)) is given by a pair (g,u) where g : 7" — T og u € T'(T", O7%)
such that f' = u - g7 (f) in T(T", Op/).1°

We have a morphism of fibered categories {A!/G,,} — 2 given by send-
ing an object (T, f) — (T, (Or,-f)) and a morphism (g, u) to the morphism
(T, (Opr,-f) = (T,(Or,-f)) given by multiplication by f.

One can show that this induces an equivalence of stacks after stackifying
(but I don’t have a reference for this). O

15Recall that A' represents the functor T — I'(T, Or) and G,, represents the functor
T—I(T,07)

90



Now we consider the morphism A!' — Al given by ¢ mapstot™ and the
morphism G,, — G, given by u — «". This induces an endomorphism
pn : [A1/G,,] ©. This endomorphism corresponds to taking nth powers of
sheaves:

(T, (L, p)) = (T, (L5, p°M)).
Now fix a geCd (L£,p) on X and a natural number n. Let X, be the

fibered category over Sch with objects triples (T EN Xk,(M,\),0) where
(M, \) is a geCd on T and o : (M®",\) =5 (f*L, f*p) is an isomorphism of
invertible sheaves. )

A morphism (7" EiN X', (M' X)), 0" = (T EN X, (M, \),o) is given by
a pair (h,h?) where h : T — T is an X-morphism, and h® : (M’ N =
(h*M,h*)) is an isomorphism of geCd’s. In addition, we demand that the
diagram
pb®n

M/,@n h* M®n

x R*A
commutes.

Definition 12.6. The nth root stack of (L, p) is the stack X,, defined above.
|

That X,, actually is a stack follows from the next theorem:
Theorem 12.7. The following holds:

1. X, s an algebraic stack.

2. If L = Ox and p is given by f € I'(X,Ox), then X, is isomorphic
with the quotient stack of Specx (O x[T)|/(T™— f)) by the action of
given by ¢ -T = (T.'6

3. If n is invertible on X, then X, is a DM-sheaf.

Proof. We only prove number 1). This follows by noting that X,, is the fiber
product of the diagram
X, —2

| ]
Pn
L,
9 (L) 9
The other parts are harder. ]

16,4, is the group of unit roots.
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12.2 The Weil conjectures

All that was said in this lecture can be found in the Appendix of [Har77],
except the definition of a Weil cohomology theory, which we state here for
completeness.

A Weil cohomology theory for schemes that are reduces and of finite type
over a field k£ with coefficients in a field K with char K = 0 is a contravariant
functor from such schemes to graded commutative K-algebras. We write

X — H*(X) = oH'(X).

This graded K-algebra should also have a cup product.

We also have a trace map Try : H24mX(X) — K, and for every closed

subscheme Z < X a class ¢(Z) € H**(X), where ¢ = codimZ. This should
satisfy the following list of axioms:

Al.

A2.

A3.

A4

Ab.

AG6.

AT.

Finite-dimensionality. Every H*(X) should be a finite-dimensional K-
vector space. And furthermore, H*(X) = 0 for i < 0 and i > 2dim X.

Kiinneth formula. We have an isomorphism

H(X)org H*(Y) - H (X xXY)
a® f— priaUpryS

Poincaré-duality. The trace map Trx is an isomorphism, and for 0 < ¢ <
2dim X, the K-linear map

HZ(X) QK HQdimX—i S K
a®fB—aUp
is a perfect pairing of vector spaces.

Multiplicativity of the trace map. For a € H>3™X(X) and g € H24™Y (Y),
we have

Trxxy(pryaUpryS) = Trx(a)Try (B).

Yoneda product. For closed subschemes Z — X and W — Y, we have
o(Z x W) = prx(¢(Z)) U pry (¢(W)).

Pushforward. Given a map f : X — Y, there is map f. : H*(X) —
H*(Y).

Pullback. Given a map f: X — Y, there is a map f*: H*(Y) — H*(X).
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A8.  Normalization. For X = Speck, we have ¢(X) =1 and Trx(1) = 1.

For more on Weil cohomology theories, the reader is adviced to do a
Google search.
We concluded the course with two theorems:

Theorem 12.8 (Lefschetz’ trace formula). Let ¢ : X — X be smooth,
projective of dimension N. Then

A-Ty=) (-1)"Ti(¢"|H"(X))

If A and T’y intersects transversely (meaning that any irreducible component
of ANT, have codimension codim A + codimI'y, ), then

ATy, =#{z € X|p(z) = z}.
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A  Exam

Here are the five topics to be talked about on the exam:

e Moduli problems. See Section 1. Examples includes the Grassman-
nian (subsection 4.2 and onwards), genus g curves (subsection 9.1 and
subsection 11.3.

e Vektor bundles. See Section 1, subsection 1.4. Also see the book by
Frank Neumann [Neu09], especially the first chapter.

o Faithfully flat descent. This is in Section 8.
e Fibered categories. This is Section 6. Also see examples.

e The moduli stack of curves of genus > 2, M,. Subsections 9.1 and
11.3.

B References to the litterature

Stacks are still so obscure that there are no canonical literature unless one
wants to read the french EGA/SGA.

Much of the problem with studying stacks is that they are so abstract
that intuition and motivation for the concepts are hard to grasp.

There are several good articles and sections in books that tries to explain
and give motivation for the concepts introduced here. For a really good one,
see “Picard groups of moduli problems” [Mum65| by David Mumford, in
which he motivates the introduction of other topologies, and uses them to
compute the Picard group of M,.

In Hartshorne [Harl0|, Remark 27.7.1, there are two pages explaining
why stacks are needed.

There is also the note by Barbara Fantechi |[FanO1|, “Stacks for Every-
body”, using concrete examples. A more technical, but more motivating
article is “Algebraic stacks” by Toméas Gomez [GomO1].

Of course there’s also the “Stacks Project” [Stal3|, but unless you're
already an expert in the field, most of the stuff is unreadable.

B.1 Background litterature

For background in algebraic geometry, there is of course [Har77|, but also
sometimes [Harl0]. Milne has a lot of stuff on properties of étale and flat
maps, and also a lot on sheaves, see [Mil80].
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The last chapter of [EH00] has a lot to say about the functorial point of
view in algebraic geometry.
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