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Introduction

This book is devoted to the theory of manifolds of
differentiable mappings and contains results which can be
proved without the help of a hard implicit function
theorem on nuclear function spaces. A1l the necessary
background is developed in detail: § 1 (Jet bundies)
and § 2 (Manifolds with corners) contain basic material.
§ 2 - § 7 are devoted to the study of several canonical
topologies on spaces of continuous and differentiable
mapping and their properties. § 6 is devoted to trans-
versality of mappings between manifolds with corners:
the resulis therein seem to be new. § 8 covers the
necessary facts from calculus on locally convex spaces.
Here we regirict our attention to the simplest notion

of differentiability, called Cg), that admits = chain
rule in general. It geems likely that nearly all the
main notions of differentiability colncide in the case
¢® (see H.H. EELIER {1974)), so there is no need to
struggle with highly complicated remasinder conditions. We
prove the sc—called Omega lemma and the existence of
Cg)—partitions of unity on the class of locally convex
vector spaces that appears later as the class of mani-
fold model spaces: countable strict inductive limits of
separable nuclear Fréchet spaces. § 9 contains general
material on Cg)—manifolds and a first simple example:
JP(X,Y), the C?—fibre bundle of @ -jets. § 10 contains
the core of the book: Ca)(X,Y) ig made into a Cg)—mani~
fold in a natural way, its tangent bundle is identified,
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certain splitting submanifolds are contructed, and the
definite obstacle to a cartesian closed category (i.e.
the natural equation 07 (a,C7 (B,C)) =CY (4% 3,0) in
general) in our setting is investigated. § 11 shows that
composition and inversion are Cg), so the group Diff(X)
of all diffeomorphisms of a finite dimensional manifold
{even with corners) is a nguLie—group. It is well known,
however, that its exponential mapping is not surjective
on any open neighbourhood of the identity in general
(see OMORI (1970)).

§ 12 is devoted to the computation of the tangent
mappings for several canonical constructions of differen-
tial geometry; it is devoted to variational calculus.

In § 13 the prineipal fibre bundle structure of the mani-
fold of embeddings is investigated. § 14 is devoted to
the CSJ-Lie-group of symplectic diffeonorphisms.

I 4id not strife for maximal generality in this book,
rather for typical results and (hopefully) correct proofs:
this field is full of erronecus proofs (e.g. ILESLIE) in
settings that are too simple.

In the last two decades Global Analysis seemed to
become the theory and application of Sobolev spaces: it
is convenient to work in a Hilbert space, even if it is
an unnztural setting for the problem. The main difficulty
There lies in the need for regularity thecrems.

There is no Soholev space in this bock. I prefer the
natural setting of qu although the methods for solving
non-iinear partial differential eguations are wvery
limited - hopefully a2 good implicit function theorem will
help.

iv



1 Jet bundles

1.1 Jet bundles consist of all possible invariant
expressions of Taylor-developments of mappings betwesen
manifolds. Their invention goes back to Ehresmann.

1.2 Let X, Y be smooth manifolds without boundary. We
define a k-jet from X fo Y to be an equivalence class
[£,x7, of pairs (f,x) where f: X+ Y is a smooth mapping,
x €X, and vhere two pairs (f,x), (f',x') are equivalent,
(£,2) E(£',x'), iff x=x' and £ and £' have the same
Taylor development of order k at x in some (henhce any)
pair of coordinate charts centered at x and f(x)
respectively. We write [f,xT =: $%£(x) and call that
the k-jet of £ at x. x is called the source of the jet,
f{x) is called the target.

The set of 211 k-jets from X to Y is denoted by
Jk(X,Y). There are the gource mapping o Jk{X,Y)-’X
o 3%£(x)) =x, and the target mapping w: J5(X,¥)~7Y,
w(;kf(x)) f(x) We will alsc use the follow1ng
notation: J (x T =07 (x), P =0T (%), I5 (K1) =
(X Y)r\J (X,¥)} . The last space is the set of all
Jets with source x and target y.

For formalists there is another definition of the

equivalence relatlcn K [f,x}=[f",x"] iff x=x' and

k k

T f =T f! (T denotes the k-th tangent mapping).
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1.3 HNow we look at the special case X:Rn, ¥=R". We

write Jk(ch‘n,Rm) =Jk(n,m) too.

Let £: RE-RY be a smooth mapping. Then the k-jet of f
at = has a canonical representative, the Taylor
polynomial of order k of £ at x:
2(x+t) = £(x) +af(x) b+ AP2(x)8% + ...+ gy aF ()8 +

+o(1415)

= £(x) + (TE0) (%) + o | £1*)
The "Taylor polynomial of £ at x without constant”
Top: & 752 () = ag(e).t+ ... g ae(x). 6% is an
element of the linear space

Pk(n,m) =1 Lgym(Pn,Rm), where Lgym(ﬁn,me) is the vector
J=1

space of j-linear symmetric mappings RS> RP (using the
total polarisation of polynomials). Conversely each
polynomial pePk(n,m) corresponds to the k-jet
[t—»y+p(t—x),x]k with {arbitrary) source x and target
¥. 30 we get a canonical identification J:; y(n,m) =

= Pk(n.,m), Jk(n,m) =Ranmek(n,m). !

it Uan, ¥V <R™ are open subsets then clearly
JE(U,¥) UV x P¥(n,n) in the same canonical way.

1.4 TFor later uses we consider the "fruncated
compogition" : Pk(n,m) ka(l,n) —)Pk(l,m), peg=

= (polynomisl p. q without terms of order >k).

This is a polynomial mapping of the coefficients of the
polynomials, so it is real analytic. Now let U:Rn,
WeRY, Ver™ be open subsets, let J5(U,V) x (J5(0,0): =
{{o,7) € U, V) x T, 0): alc) =w(r) in U}=

UxW xVka(n,m) ka(l,n). Then

: Jk(U,V) xUJk(w,U}aJk(W,V), given by y(o,1) =
y{{ala),w(c),o), (alr),0(7),7))=

(al7),w(c),o0 T} EWxVka(l,m), is a real analytie
mzpping, called the fihered composition of jets. It will
be used heavily later on.

=
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1.5 Iet U,U' cR™, veR™ be open and let g: U'>T be a
smooth diffeomorphism. Define Jk(g,v): Jk(U,V)eJk(U' V)
by 9(g,v) [£,x) =[fo&, & (x)7 . Using the

canonical polynomial representation of jets (1.4)
l‘(g,v) has the follow:.ng form:

J (g,w o=vy(o,] gcg Y, ox I (g, V) (x,y,7) =

= (g™ (x),y,5 . (¥ £)). (g,v) is a ¥

g (x
diffeomorphism, if g is a CF diffeomorphism. If

g': U">1U' is another diffeomorphism, then elearly
(g, V)« (g, V) =55(g . 8",V), and (g 1,V) =

= Jk(g,\i")"‘l . So Jk(.,V) is a contravariant functor
acting on diffeomorphisms between open subsets of rRM

Since the truncated composition o-g. (Tk__1 g} is a

g (x)
llnear mapping, the mapping J (g, By, =

g (g,R m)le(U R™): Jk(U Rm)—>J 1 (U ,R™) is linear.
g (x)

1.6 Tet Ugﬁn, V;Rm, W;Rl be open subsets, let

h: V-W be a smoo‘bh mapping. Define Jk(U h) k(U V) -

> I, W) vy (U, h)[f x)=[ho £,x] or 75 (v, h)a—

Y(th(w(cr)) o) or JX(U, h)(x,y,o‘) = (x,h(y), (T k)« a).

(U,n) is ¢F~ ¥ i h ig ¢ Glea:t‘ly we have

JEU,n) « 35(u,nt) = 3K (U,n. h‘) (U, 1a,) = Ta s0
! &,y
J*(U,.) is a covariant functor, acting on smooth mappings

between open subsets of finite d:r.mensional vector spaces.
The mapping Jo y(U h): JE TT) Tx n(y)(T-7") s linear
if the mapping §- (Tyh) '6 is linear (e g. if h is affine,
or if k=1). '

1.7 Let gt X' =X be 3 diffeomorphism between manifolds.
Then the mapping J (g,%): Jk(X T) - JE (X ,Y), defined by
(g, 1) (" f(X))-J (2. 8)(g  (x)) or (e, T){7, X, =

=[f-8,g (x)]k, is a bijection. (learly Jk(.,Y) is a
eontravariant functor, acting omn diffeomorphisms of
manifolds, with values in the category of sets and
mappings.



If h: Y»Y'ig = smooth mapping hetween manifolds,
then we have the mapping Jk(X,h): Jk(X,Y)ﬂJk(X,Y'},
defined by J5(X,h)(%£(x)) =%(h. £)(x) or
35(x,b)[2,x] = [ko £,x],. I5(X,.) is a covariant functor.

1.8 Let X,Y be smooth manifolds of dimensions n,m resp.
and let (U,u) be a chart for X (i.e. UcX iz open,

w Uo>u(0) eR™ is 2 dlffeomorphism) and (V,v) be a chart
for Y. We consider the set JU V(X )= k:(U V)

(axw) (U % V) gJ (X,T) and the mapping JE {u” ,v) =
) o B uu),v) = 350, v) - T v () I, -
> JE(U),w(v)). JEwY,v) is bijective and we will use
(¥, vy, W, v I¥(U,T) - IE(u(U),v(V))) as 2
typical chart for JX(X,T).

If {(U',u'), (V',v') are some other charts for X,¥
resp. ther the chart change Jk(u."1 4V) e Jk(u"1 v )"1:
FEar(Unvr), v {(vnT)) > I(Un ), vw(VnT')) is the
mapping J“k(u‘ o u! s Vo v~ ') which is a diffeomorphism
by 1.5 and 1.6, Tt remains to check that J5(X,Y) is
Housdorft in the topology induced by the atlas of all
charts of the form above. This is clear, since Jk(X,Y) is
not only a manifold with this atlas, but even a fibre
bundle over Xx Y in the sense of the following definition.

1.9 Definition: A ¢® fibre bundle (®R,m,B,F} consist of
smeoth manifolds E,B,F and a smooth mapping w: E-B
vwhich matisfies the followlng local triviality condition:
. There is an open cover (Ui) of B and a family of
diffeomorphisms y;: U; xF ] (Ui) such that

T q;i(x,y) =z for all xEU ., YEF,

U, WF —i, o 1(g) = B|U, =B

\/

E is called the fotal space, B is c¢alled the bagis, m is
the projeection, F is the iypical fibre. For x € 3B the set

B s 7 (x) 1s the fibre over x. A family (Ugr9) as




above is called a fibre bundle atlas. Let 'Ui;} =Ui no
then the mapping ¢j-1 oyt Uij xF-—)Uij xPF is a fibre
respecting diffeomorphism, so it ig of the following form:
¢j"1 ° ﬂli x,y) = {x, 1}; (x)(y)) where ¢ i(11:) F->F is a
diffeomorphism for any x. If there is a (finite dimen-
sional) Iis-group G acting smoothly on F (i.e. there is
a2 0° mapping T: GxF-F such that T(g,»Mgy,¥)) =

= T(gy8,,¥) and T(e,.) =Idp) and if all wji{x) lie in G
{i.e. if a1l ¥, T U -+ G are smooth mappings and
wjl(x)(y) =T{y l(x),y)) then G is called a structure
gropp of the fibre bundle.

It F:Rl, and there is a structurse group 6L(1,R}, then
(E,'rr,B,Rl) is said to have the structure of a vector
bundle. With these notions we collecti the structure of
jet bundles in the following theorem.

j!

1. ‘[O Theorem: Let X,Y be smooth manifoids.

(X,Y) ig a T E panifolq if X, Y are ¢ mani-
folds, a canonical atlas is given by {(Jk(U v}, F_— s V1)
(U,u) chart on X, (V,v) chart on Y}.

(3%(2,7), (a,0), XxT, PX(n,n)) is a fibre bundle;
the canonical atlas of 1. induces a fibre bundle atlas.
GLk(n,R) ats k(m,R) is a structure group, where GLk(n,R) =
= G6L(n,R)} x n ngm(n,n) with truncated composition,

n=dim ¥, m=4im Y.
(Jk(X,Rm), a,X,Rmek(n,m)) is @ vector bundle;

(U, 7(0,R™) o (uxId): Ux (R®Ex PX(n,m)) » &(T,RE) : (U,u)
chart on X} is a veector bundle atlas.
4. If f1 X7 ig a C -mopping, then §¥f: X-d%(X,Y) is
I"'k—mappin,g, sometimes called the k-jet extension of f.
5., If g: X' X is a (C¥-) diffeomorphism and
h: YT is a (¢%) mapping, then Jk‘(g,Y): JE(X,T) »
- J5(X',Y) and F(I,n): J (x Y) » I5(X,Y') are ¢TK
mappings. Jk(.,..) is a contra—covariant bifunctor.

6. FPor k' <k in N_ we have cancnical projections
ﬁg,: TEK,T)» 7K' (X,T) given by e, [£,x 7, = [£,%7,,. These

a C
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, k' k ,
SAtLSfy Th: o Ton = Thw, T = (esu) J%(Z,T) > X xT.

7. (xR, m, MEY, §pl RURT) are
fibre bundles; (J(L,Y), n_,, EE—TEX,Y), 1 (REEM)
ave affine bundles; (7' (X,¥), (u,m), XxT) is & vector
bundle and coinecides with (I.(TK,TY),(ﬂX,nY),XxY).
Furthermore we get: J)(R,¥) =1T¥, J1(X,R) =T*.

Proof:

1. see 1.8.

2. {(UxV, &(a,v7) o ((uxv)xTa): (UxV) xP(n,n) -
» JU,v): (U,u) chart on X, (V,v) chart on Y} is &
fibre bundle atlas. The form of the structure group and
its action can he read of 1.5, 1.6.

3. Pollows from 1.5 where we checked that Jk(u,Rm):
Jk(u(U) ,Rm)—er(U,Rm) is fibrewise linear.

4. If (U,u) is a chart on X and (V,v) is a chart on
Y with £(U) =V, then J5(u ', v} . 355 u~t: w(U) cR®=
5 JE(D),v(V)) =u(U) x v(V) x P(n,m) is just the mapping
x5 (xyvo for  (x), TE(voefeun 1)) (cf. 1.3) which is
vigibly of class CT =,

5. See 1.7. Composing with the chart mappings of 1.

and using 1.5, 1.6 it follows that these mappings are
r=i
& .

6., and 7. In a local chart the mapping T‘I'LE. ig just
truncation of Taylor polynomials to order k'. Let (U,u),
(v,v) be charts of X,Y resp. Then we investigate:
) el o Fa e @), () » 5 (),
¥(V)). We have J5(u(U),v(V)) =u(U) xv{(V) x PX(n,m) =
= u(U) xv(V) x Lgym(Rn,Rm) =ua(U) xv(V) « P*' (n,m) x

k R , Kk )
I3 (RERD) =35 (w(U),v(V o (r%,RE
SRR S RO R I S

and the above mapping is just projection onto the first
factor. Therefore mh,: J5(x, 1) » 75 (X,7) is locally
trivial with unique fibre type, so 1s a fibre bundle pro-
jection.

To investigate m_, we have J(9(U),y(V)) =" (p(V),
§ (7)) xL];ym(Rn,me). A chart change in X acts linsar on



the fibres P¥(n,m) anghow by 1. 5. & chart change h in Y
acts on LK (Rn,R ) as follows: =7 k s {ha £)(x) =

-L-dh(x)o ) f(x)-%a sum of terms involving dlf(x),
1<k, multilineariy. The first part is linear in d f(x),
the second part produces the affine ghift. So {J (X,Y),
mqs XY, T sn(RER™) is an affine bundle (i.e.
the structure group 1s the affine group of the model
fibre vector space). By the same method one can prove
that a structure group of me, is 6L°F' (n,R) x41¥¥ (u,R),
acting polynomially on the model fibre vector space (by
truncated composition). (J¥X,1), (a,u), X x ¥, LRD,RE))
looks locally like: d' ((U),¢(V)) =o(U) x ¢(V) x LRD,RT),
3" (g,0)(x,7,5) = (™" (x),b(y), duly) . 5.dgle” (x))) 1s
linear in o for fixed x,y, iff g is a local diffeomor-
phism in R™ and h any smooth mapping on rR®. But this gives
just the same system of transition mappings as L{TX,TY)
has.

Finally: Jl(R,Y) =L(2R,TY) =7Y,J (X,R), =L{TX,T R) =

= T¥*X, g.e.d.

1.11 Let (E,mB,F) be a vector bundle, let (Ui,¢i:
U xF->E1U. )161 be a vector bundle atlas where the Ui are
so small that there is an atlag (Ui,ui) for B.

Definitign: A smooth section of the bundle B {of 7) is
a smooth mapping s: B~E with me s=Idy . Let T(R} =
= I'(E,w,B) denote the space of all smooth gections of E
with the pointwise linear structure, let T (B) =rc(E,w,B)
denote the sub vector space of all smcoth sections of E
with compact support.

Our next sim is to prove that the set {j¥s(x): s eT(®),
x € B} ;Jk(B,E) has the structure of a vector bundle in a
natural way.

If 3 €T(E) then §7' o (s]U;)s Uy » U, xF is of the form
x- (x, CH (%)) for suitable sy U;»F.

For 51mpllcity 8 sake we identify silently U' with
u. (U ) «R®. We compare j 8y (x) EJk(U ,F) with
(4,1 o (10,))(x) € (U, U, x ). Iet p=dim 2.



e (5) = (x,8,(x), Ti(s;)) €Uy xFx P(n,p). J5(U,,U; xF) =
= le(U xF) ka(n n+p) U xePk(n ) x Ty ka(n,n)
and Jk(q; (slUl)) =(x, sl(x), Tk(si),x,Ian) in this
decomposi-t:.on.

Thererore the mapping e: Jk(Ui,F)-aJk(Ui,UixF), given
vy e(x,y,0) = (x,y,9,%,Id n)s 1s an embedding of the

R:
vector bundle (Jk(U F),u.,U Fx'_Pk(n p))} onto an "affine
subbundle" of the f:l.bre bu.ndle (7% (U,0; xF),(a,u),

U, x U, xF, P(n,n+p)). Now let T, J_Uirwu be silently

identified. with both u.l(U J) and Uy (U j) ln R%. Then
o st xF=>T, i xP ig of the form q;i o ¢ (x,y) =
(x ¥ J(x) .¥) for transition mappings ¥34° —»GI.(F)
(ef. 1.9).

Por s €T(E) and x €U, we have (x, si(x)) = iﬁ1a(x) =

= gy e () =gy ey (1)) = (s (3) ().

a8, (x)—q:i (x).sj(x) Since ¥, (X)EGL(F) we have

(s +2x8') vsi+ls‘ etc. and ¢, (x)(s (2} +as;'{(x)) =
=y (x)s 4 + gy (x)ey (x), 80 Tk(ﬂ; sy +hey")) =
’l‘ki\hij 8.)+2) Tk(*ij'sj ). So the mapplng

‘l’ij' I’:(U J,F)—-»J (Ul ,F), given by :jks (x)->:] 8, (X), is
& vector bundle homomorphism of (J° {Uij,F).c,, 17
Fka(n,p)) into itself (more exactly: over the mapping

Uy =0y e Uy -1, uj(Uij) ui(T.Tij)). These transition

mapplings s ¥ can be used to glue all the triviagl wvector
bundles (JkiUi,F),c,,Ui,Fka(n,p)) into the vector
bundle J‘k(E), which we define by this process. Sc we have
proved the following result:

1.12 Theorem: Let (E,mw,B,F) be a smooth vector bundle.
Then we have:

1. (Jk(E) ‘nk B Fka(n p))} is a vector bundle for each
¥, where p=dim ¥, w=dim B. Here J5(B) = J5(E,n,B) is the
get of all k-jets of sections of B, For any s €T(E) we
denote its k-jet at x by Tos(x) if we consider it to be
an element of Jk(E).




2. The maEp_igg ¢ =e: Jk(E)—»Jk(B,E), given by

c(ﬁks(x)) =i s{x), is a smooth embedding, fibered over
(Idp,s): B BxE.

3. If o: (8,w,B,F)» (E',n",B,F') ig a vector bundle
homomorphism over Idy (i.e. ©: E»E' ig ¢®, m . 9=m,

-wIE E ~E ' is linear for all x), then Jk(m)
JE(E)-a (E‘), given by Jk(m)j a(x) = -k(m.s)(x), is a
vector bundle homomorphism again. Jk{.) ig a covariant
functor, aoting on strict vector bundle homomorphismg,
and sk: Jk(.)—aJk(B,.) is a natural transformation.

1.13 Remarik: The following result shows that J5(TX)
generate all "nstural vector bundles over X" in some
senge. The result is due to CHUU LIAN TERNG (1979) end
D.B.A. EPSTEIN, W, THURSTCON (1979).

A natural vector bundle over n-dimensional manifolds
is a functor acting on the category of all n-manifolds
with embeddings as morphisms, such that:

(1) ®(X) is a vector bundle over X for any n-manifold
X.

(2) F(i): PX)->PF(Y)} is = continucus vector bundle
map over i: XY for any embedding i.

Now the followlng holds: For any natural vector
bundle F there is some k such that F(i) depends only
on jki. k 1g called the order of F. It follows that there
is a one to one correspondence hetween isomorphism classes
of natural vector bundlesnof order k and repregentations

of the Tie group GL(n)>< R 1d R™,RD).

1.74 The vertical bundles of a Ffibre bundle.

1. Let (B,p,X,F) be a fibre bundle. 4 locally trivia-
lizing fibre bundle atlas (Ui'¢13 of E congists of an
cpen cover (Ui) of X and fibre respecting diffeomorphisms

by -1
Uy xF —=— EfUi=p (uy)

pT, P



Then we have ¢i-1 s 4(x,7) = (%9, 5(x,5)) for x€ Ty =

= Uif\Uj; The wi H Uﬁd-éDiff(F) are called the transition
mappings for B. If (Vcr.’vc.) is =2 manifold atlas for F and
(Uypuy) is a manifold atlas for X, then (q;i(UixVa),
(uixva) o q;i"1 )i,a, ig a manifold atlas for E.

The coordinate transitions for this atlas look like
(x,3)> (x7,7') = ( ﬁicx),vsaﬁji(x,y)) = (g0 w7 (x),

g o v e qjji(ui x),y)).

2. In the setting of 1., the tangent bundle (TE,TTE,E,
R® xR®) of the total space E of the fibre bundle (E,p,
X,P) (where n=4dim X, m=4dim F} is a vector bundle. We
have the vector bundle homomorphism of conatant rank:

= -—EEL% TX

g I p l"x

E ew————— X
The coordinate transformations for TE which are induced
by the atlas for E described in 1. look like:
(x,758,m)-> (x',7"3€",m")
x' =u.i£x)
¥ =g b5 (%07)
g’ =d(uji)(x).§
n' =8, (vg, 0 954 0(F,¥7) -8 +dp vy = ¥y ) (x,7)om

3. The (fibre wise) kernel of the vector bundle homo-
morphism Tp: TE~» T ig a vector subbundle of TE, the
vertical bundle (V(E),m,|V(E),B,R™). In local coordinates
{as described in 2.) Tp looks like:

p(z,y) =x
TP(X,.?;Em) =(x9§)-
So locally V(E) is given by {(x,7;0,n}1}.

1.15 The vertical bundle of a vecltor bundle
1. Let (8,p,X,R") be a vector bundle. Then the
coordinate transformations of 1.14.1: (x,y)- (x',y")
whers X' =1u i{x)
v =y (x)y,
can be chosen in such a way, that Eji(x,y) ig linear in y

10



Tor fixed x, and the atlas (V_,v ) is just R™,18 ).

The coordinate tremsitions for (TE,my,E L wRE) Ji-e:
(xyy;§9ﬂ)"’(x's'yrs€"ﬂ')
x'=u i(x)
y' =45 (x)ey
E' =4 uji(x)-g
n' =d1_'li; i(x,y)-g"‘dﬁji(x,y)-n

={d q:ji(x)-@)-y + g4 (%)en
The vertical bundle (V(E),nE]V(E),E,Rm) is again loeally
given by {{x,y;0,n}}.

2. Since (E,p,X,R™) is a vector bundle, TEB has two
veetor bundle gtructures:
a) The tangent bundle structure (TE,m,E,R"xR"), given
locally by (x,y;g,n) +Mx,¥;8',m") =(x,y;¢ +2&', n+in').
) The derivative of the vector bundle structure (E,p,X,
R™), i.e. the vector bundle (TE,Tp,TX,RTxRT), given
locally by (x,y;E,n) ®@A(x,y';8,m') ={(x,y +2y"5€,m+2in').

3. The vertical lift: let x €X, Ex=p"1(x) cE be the
fibre over x, let ix= Ex-*E denote the embedding of the
fibre.

For v,w€E  let V (v,w) =T (i,).w€TE, where
Tv(ix): TV(E::) =E ->TE. V{v,w) nvx(v,w) is called the
vertiecal 1ift of w over v. In canonical coordinstes V
has the fellowing form: V{{x,y),(x,2)) =(x,v;0,z).
V: E0E-»V(E) is a 0% —mepping and even a vector bundle
isomorphism (E®E, p,X,R%xR™) > (V(E),p. Ty =Ty o Ip,X,
R xR™D).

4. Ve will use the mapping {p=pry.V ': V(E)>E@E~E,
given locally by (p{x,y;0,m) ={x,n). (g ia called the
vertical projection.

1.46 The fibre derivative. Let (E,,p;,X, ,RT),
(Ez,pz,Xz,[Rl) he vector bundles and let

E, —— E

1 2
P l r Py

E — X

1 2
11



be a fibre respecting smooth mapping. The fibre depri-
vative of ¢ is the mapplng

B, ®F, S, E,
D — P2
T
X, ——— %,
defined like follows. For x €X, vwe have a C® -mapping
\px—q:f (E ) (E ) 2)cp(x between vector spaces, 80

its derlvative makes sense: d(q:x)(n) ' € (Ez)
nen' € (B, ) . We put dpeln,m) =dlg)(n).n’, 12 o’ e (B )y
The local expression for dpp is: dpo ({z,y),(z,y")) =
= (w(x), d0(x,3).3").

I% is clear that the following formula holds:
P = gE2 ° T VE1 : B, @B, »V(E,)>V(E,) > B,

Of courge the fibre derivative makes mense if o is
only defined on an open subaet of E

d

e
1.17 Pullbacks of vector bundleg
Tet {E,p,X,R®) be a vector bundle, f: ¥»X be a ¢°-
mapping. Then the pullback of E by £ is the vector
bundle (£¥E,f*p,Y,R™), given by

P =T xqB = {(y,e) € YxE, £(y) =p(e)}

f*pl 1pr1
Y = X

If (U ,ﬂ;i) is a locally trivializing vector bundle atles
for (E,p,XR ) {et. 1.9, 1.15), i.e.

.51 -
U «R® ——-——-)p1(U), ; X open.

\/

Then (£~ (U,), £%4;) is a locally trivializing vector
bundle atlas for (£*E,£*p,Y,R™), where (£, 1y, 7) =
= (y,4;(£(3) ™)), i.e.

£71(0,) xR (£22)7" (277 (1, ))

m 21 (Ui) /

m (T8 (¥ o (fod)))

12



1.18 Lemms:

1. Iet Vect(X) denote the category of vector bundles
over ¥ and striet vector bundle homomorphigms. If
£: Y-X is a ¢ P-mepping, then £*=Y¥xy.: Vect(X)-Vect(Y)
is a functor, mapping strict vector bundie homomorphismg
to strict wvector bundle homomorphiamg.

2. In a natural way we have T(F*E) =T(Y><XE) =17 x iy T8

3. For the vertical bundle we have V{f*E) =V(YxXE) =
= YxXV(E) =f*7(E} in s natural way. Moregver
Voug? £¥E @ 48 > V(£*E) coincides with YxX(VE):
YTxy(BE@®E) = £*(EQE) =£*E @ £*B~» Y x4 (V(E) ) = £#(V(E)),
and Coup: V{£*E)} > f*E coincides with YxX(QE):
TxyV(B) > TxE.
Frogf: 1. is elear.
2, Bince p: E-»X is a submersion, fxp: TxE-ZIxX is
transversal to the diagonal AX cXixX, g0 Yy X.li‘. =

= (£xp) N (ay) 1s 2 submanifold of YxE and we have
T(YxxE)w(T(fo))q(TaX)— {(vyrm,) € T(TxE)s
(mf. Vs IO, JeT (y)_P(e)AX},

= {(v,w) e TYxTE Tf.v = Tp.w)
= TYX E
3. (d.”f*'E)jr {71 )€ T xyB, 8o Tvy((f*E) ) = {0,)
x T Ef(x) cT(YxxEX so V(r*®) _v GL:E']* f ((f‘*ﬁr

¥

= 03r xXV(E) quXV(E).
The regt is clear, q.¢.d.

1.19 The double tangent bundle
Let X Pe 2 manifold. There is the double tangent bundle
79X = T(TX), the vertical subbundle V(TX) < T(TX), the
vertical 1ift Viy: T{BTX > V(TL)} and the vertical pro-
Jeotion {py: V(TX)» TX, ef. 1.15. But there is more
gtructure in this special situation:

There is the canonical f£1lip Dapping wy: T2X—>T2K,
gilven locally in canonical coordinates by
aX(x,y;g,n) ={x,E:y,n). xy is c®, idempotentiny o ny =
= Id; Ky is a vector burdle isomorphism over IdTX between

13



2
the two veetor bundle structures on T'X:

-
T2y —X 5 7%

1!
TX ) Tag, ¢ Tlmy)
Ty ——ss T
This is clear from the local expression, The fixed poinis

of uy are given locally hy {{z,y;7,n}}. These are
exzctly the elements of 32 S(R;X). For further use we note

agains:
T(ﬁx) ° Ay =Tipy

Ty » ng = g

1.20 Vector fields and flows:

Let E€2(X) be a vector field on X, let t- o, denote its
local flow: o (x) =X, 3% o (x) =Ee,(x). Then t-T(a;) is
a local flow on TX since T is a fuunector. We compute its

time derivative loecally: d‘t T(at)(x,y) = ‘t (c,_t(x),

dag (x).3) = (ag(x),day(x).7; oy(x),daglx).y) =

= nglay(x),0.(x)5 day(x).y,da (x).y) =xy (e, ) (%,5) .

So we ge't;2 a7 Mog) =xy T(d“t) =y ¢ (o a) =nyo T« Tay.
Tg: TX-T°X is not a veetor field, but uy . TE 1s one:

Tog © *y ® Tg:T(ﬁX) » TE =T(1TX= £) =T(Idx) =Idny {ef. 1.19).
So we have:

Lemma: Let g €%(X) be a veotor field on X. Then uy . T is
a vector field on TX. If - oy is the local flow for &,

then 'i;—rTat is the loecal flow for Hy o TE.

1.21 B8prays.

Let X be a manifold. We consider the mapping y: RxTX-
+ X, p({t,v}) =+%.v. For any t++0 the mapping g X TX,
“t(v) =t.¥, is a diffecmorphism.

Definition: A spray £ on X is a ¢ -mapping £: TX - T°X
subjeet to the following conditions:

1. Mgy o E=Tdgy (i.e. € is a vector field on TX)
2. T(er) o € =Tdgy
3. Mug).e(v) = . e(tv), t4o.

14



Example: Let X be a manifold such that TX ig frivial,
TX =X xR>. Tet y: x-»Lsym(R iR®) be a ¢® -mapping. Then
the following mapping is a spray: £{x,v) = (x,v;v,
v(x)(v,v)).

Proof: {x,v) ={x,%v), so T(u J(x,vie,n) = (x,tv;E,tn).
So T(p‘t) e(x,v) *T(u Yix,v;v, Y(x)(v v)) ={x,tv;v,t

Y@ (v,)) =% (x, %73 b, 82y (x) (v,7)) = L (x,tv;tv,

vix) (o, v)) =1 g(x,tv).

It can be shown, that any spray on a parallelizable X
ig of thig form. The mapping y appears in Riemannian
geometry as "Christoffel symbols".

Lemma: On any manifold X there is a spray.

Proof: Let (Ui,u.i) be an atlas for X. Then any U, 1s a
manifold with trivial tangent bundle, so there is a spray
g, on U, by the example above. Let (:pi) be a smooth
partition of unity, subordinate to the open cover (U ).

Then =T (mio VX) -§; is a spray on X, since conﬂitlon
2. above'is affine, 1. and 3. are linear.

1.22 The local flow of a spray
let € be a spray on the manifold X, let o: D{g) c TH xR~
» TX be the local flow of £: D(E) =2 TXx {0}, D(g) is open
and "radial" ((v,r) €D(g), |t} =1 implies (v,tr) eD(g)),
and o(v,0) =v, 3= o, =%.p,, and D(¢) is meximal.

1. Claim: o(sv,t) =s.w(v,st), 5,5 ¢R, if one gide is
defined,.
Proof: For fixed g and v€ TX let a(t) m(t gv), p(t) =
se(v,st)}. Then u(O)-—sv 8{0); ct.(t)--&,t m(t gv) =
£lo(t,57)) ~e(a(t)), B(t) =5% eo(v,5t) = (ugulst,v)) =
Tu,) £ o(at,v) =T{u_).2(w(st,v)).s =1 §(s(st,7)) .5 =
g(p(t)). So a and B are integral curves of the vector-
Tield & with the same initial conditions, so a=f. q.e.d.

2. Claim: Let y =1y o @3 D{g)-+X. Then the following
holds:

2.1. X(O,V) —TTX(V)

2.2, xV(O) =v

2.3, ¥ (t) =8(y, (%)), (v,t) eD(g).

It
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2.4. y(t,8v) =y{st,v), s,t €R if one side exisis.
Broof: 2.1. x(0,7) =mee(0,v) =mg(v). ¥ (%) =

= & nn(t,v) =T(m)d (%) =TryE e, (8)) =a (1) (by 1.21.2).
So %,(0) =@ (0} =v, so 2.2. holds. xv(t)"tp (t) =gle (%)) =

g(%v(t)), so 2.3, helds. 2.4. follows from claim 1.
x(t,87) = mgo(t,5v) =mp(s.9(st,v)) = ngle(st,v)) =x(st,v).

g.e.d.

%, Qlzim: There is an open neighbourhood U&TX of the
zero section such that [-1,17xUecD(g).
Proof: Let v € TX; there is 5>0 such that (&,v) €D(g).
By olaim 1: b.9(6.1,v) =o(t,8v), so {1,5v) €D(E). gq.e.d.

1.23 The exponential mapping of a spray

Definition: In the setting of 1.22, the mapping exp:
UcM X, given by exp(v) =x(1,v) = 'ercp(1 ,¥), is called
the exponsntial mapping of the spray E. We write:

exp, =exp|UN T.X, x€X.

Theorem: If the open neighbourhood Ue TX of the zero
section ig small enough, then the exponential mapping

exp: U-» X has the following properties:

1. exp 01=

2. exXp 3 UnTxK—)K is a diffeomorphism onto an cpen
neighbourhood of x in X.

3. Exp:(rrz,exp): U-XxX is a diffeomorphism onto an
open neighbourhood of the diagonsl in X xX.
Broof: 1. exp(0.) =x(1,0,) =x {1.22.2.1).

2. For veun T, X let alt) =eXp_ (tv) =x(1,tv) =
= w(t,v) (by 1.22.2. 4) Then a(0) =%, (0) v {by 1.22.2.2).

5o T, (exp )v——-- exp_ (tv) =v, 80 T, (exp. ) =14 +;
o, at =0 o (expy) = 1dy x

go by the inverse function theorem eXp, is a local
diffeomorphism. Choose U small enough.

3. By 2. Exp:(ﬂx,exp): U-»XxX is injective,
Exp(Ox) =(x,x). We claim that T Exp is injective for all
veU. Let x=ﬁx(v), choose w e TV(U) =Tv(TX). It
OvaExp.w=(Tv(nk).w, T (exp}.w), then TV(TTX).W=O, 50
% is vertical, WGTV(TxX)’ 80 O=Tv(exp).w=Tv(expx).w.
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But then w =0 gince exp 1s & diffeomerphism by 2. So

(by dimension) T,Exp is invertible for all v€U, so Exp

is a lo¢al diffeomorphism and injective, so 3. follows.
g.e.d,
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2 Manifolds with corners

2.1 Definition: & guadrant Q;Rn is a subset of the form

= {x eR™: lT(x)>O,..., (x) =0} where il ""’lk] is a
11near1y independent subset of (RM)*. Here O<k=n and k
igs called the index of Q.

If x€Q and exactly j of the 1,'s satisfy li(x) =0,
then x is called a gorner of index j. The index of a
corner depends only on X and Q and not on the special
gystem {11"“’315} deseribing Q.

2.2 Let UcQ De an open gubset of a quadrant Q. A
function f: U-bRp is called Cr (Ogr=w ) if all partial
derivatives of £ of order <r exist and are continuous
on U. By the Whitney extension theorem (cf. H. WHITHEY
(19%6), J.C. TOUGERON (1972)) this is the case iff f can
be extended to a C¥ function 'E: ﬁ—»RP, where TcR® is
open and U=anf.

2.3 The border dQ of a quadrant Q is {x er™: 1,(x) =0
or 1, {x})=0o0r ... or ].K(x) =013 it ig the disjcun‘t
u.m.on of finitely many {plane) submaenifolds of RY, +the
faces, edges, corners etc. of Q. »Q is "stra‘tlfied" by
this get of submanifolds.

Let UeQ, U'cQ' be open subsets of quadrants in rR"
A mapping f: U-T' ig a diffeomorphism iff f is bijective
and loecally of maximal rank. It follows that f maps
corners of index J in U to corners of index J in U'. So:
x€T0cQ is of index j iff £{x) € U' = Q' is of index ].

18



2,4 Manifolds with cornersg are defined in the usual

way: they are modelled on open subsets of guadrants in
R®, and are supposed to be of class CF, rz=1 (otherwise
we just get back topological manifolds with boundary):

A chart (U,u,Q) on a2 manifold ¥ with corners is a
diffeomorphism u: U->u(U) e q of an open set UsX onto an
open subset u(U) of a gquadrant in R® (u=dim X). (U,u)
is called centered at x€X, if ul(x) =0.

x €X is called a corner of index j if there isa chart
(U,1,Q) of X with x €U and u(x) is of index j in u(U)eQ
The index of x is independent of the chosen chart, by
the invariance of the index under diffeomorphisms.

The set of all corners of index j=1 is called the
border »X of X; x is called an inner point of X if
indx(x) =0,

2.5 A subset YcX is called a submanifold with corners
of the menifold with corners X, if for any y €T there is
a chart (U,u,Q) of X centered at y and thers is a
quadrant Q' eR¥ cR™ such that Q' =Q and w(Yn U) =

= u(U)NQ'. A submanifold with corners Y of X is called
neat, if the index in Y of each y € Y coincides with its
index in X: any corner of Y ix a corner of the same
index of X. Only neat submanifolds will be seen to have
tubular neighbourhoods. Let us denote 29X = {corners of
index j of X}. Then each ij is a submanifold without
boundary of X, and each closure {(in X) of a connected
component of bJX ig a submanifold with corners of X.

Neither of them is neat. Tet »X =U »9X.
i
2.6 The tangent bundle. Let X be a manifold with

corners, let (U,,u ,Q )1€I be an atlas of X. The tangent
bundle TX of X is the quotient space of the set
i{i,v,x): €U, i€, vERn} for the following equi-
valence relation: {i,v,x)~(j,w,y) iff x=y and

a(uy .« uy “')u,(x)).v=vw. TX is again a manifold with
corners. cha:cts are ({[{i,v,x)], x€U; 1, . [(1 v,x)] =
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= (v,u ())); so W ™y 1(U )»R® x 1 (U ) eR™ x @y cR™ x
e R is Ziven by choosing the index i 1n the equlvalence
class. (TX,nX,X,R By is a vector bundle.

A tangent vector £ ¢ TX is called imner (short for:
not outer) if there is a smooth curve e: [0,1)-X with
e(0) =g. Let g€ DX, let (U,u,Q) be a chart with x€T,
let Q={yeR": 1 (y)zO,...,lk(y)>0} Let u(g) =
= (r,u{x)) be the coordinate representation of E. £ is
inner iff the foilowing holds: if li{u(x))==0, then
1i(v)30. Let us call € gtrictly inner if li(u(x))-zo
implies li(v);*-{).

Let us denote the set of all inner tangent wvectors
'by 10%. Then % 1s a subset of TX.

ample: et Q=ix €R™; 1,(x)=20,...,1.(x)20}. If x_ is
a cormer of index J of Q, i.e. exactly 14 (x Y=0,..4,
1, (=) =0, then lm q is the quadrant {v eRB; 1, 1(v) >0,

j, (v) =0} of index i.

plg: TR, = g {x=0}= i(x,h)ER2: x=0, x=0=:éh201.
h This set is a convex o¢one in R™, but
it is not an oper subset of a quadrant,
h nelther is it diffeomorphic to some.
’ x
5o in general iTX ceases to be a manifold with corners.
Remark: It is pogsible to enlarge the category of mani-
folds with corners in guch az way, that it contains finite
products and inmer tangent spaces and there are still
innsr sprays onall these manifolds (just take the hull
of the set of all quadrants under the operation
03 1TQ and describe it nicely; then model manifolds on
open subsets of these sets). But Whitney's extension
theocrem is no longer applicable in the form of 2.2. So
we prefer to stick to the notion of manifolds with
corners.

2,7 Integration of inner vector fields
Iet X be 2 manifold with corners, let € be a vector
field on X. Let x €X be an inner point, then there is a
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pnique integral curve of § through x. If x is a corner
of X, then there is an integral curve c: [0,£) X with
e(0)=x% and ¢'(t)=g(c({t)) iff all g(y} are inner for y
near X.

So if £ is an inner vector field (i.e. € has values
in 1TX) then there exists a local f£low for £ in the
following sense: There is a set WeRxX{ containing {0} xX
and [O,cx) x {x} for some e, >0 for each x€X, and a
mapping o: W-X with a{0,x) =x and a’% a(t,x) =e(elt,x)).
But o is not even a local diffeomorphism (it may map
a corner to an inner point).

By a partition of unity argument one may prove that
on each manifeld with corners X there is a "strictly
inner" vector field £, i.e. E(x) is strictly inmer if
x € pX. Then the local flow g of £ flows vk into the
interier of X. By multiplication with a (small) function
one may adapt £ in such a way that a{t,x) is defined for
all O<t<e and all x., Then ue: X-X maps X diffeomor-
phically onte its image which is contained in X\2{X). So
we have proved: (ef. A. DOUADY, L. HERAULT {1973)).
Lemma: Bach manifold with corners is a submanifold with
gorners of a2 manifold without boundary of the same
dimension.

Now let § be a vector field which is tangential o
the border, i.e. if x € »IX then £(x) € ToX ¥j. Then there
exists on local flow a for € for positive and negative
time:

There is an open set WcR xX containing {0} xX,
o: WX such that «f0,x)=x, a% a{x,t) =€(a(x,t)). o, is
a local diffe:omorphism. Corners of index j may flow
only along »vx.

2.8 The second tangent bundle
Definition: A vector A €T{TX)} with Tyl €% is said

to be an inner tangent vector to 11X if there is a curve
¢t [0,e)~ TX with c(O):rrTX‘A, c([0,e)) elTX and c¢'(0) =4,
Bxample: Tet Q= {x €R™: 1,{x)20,...,1,(x) =0} be a
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quadrant and (xo,v) € iTQ. Iet {_'xo,v h,k) € T2Q. This
vector is an inner vector to 11Q if the following holds:
1. If x, is imner (so v arbitrary), then (h,k) is
arbitrary.
2, If 1i(xo)=o, 1i(v)>o, then li(h)zo. k is
arbitrary.
3, If 1i(x0)=0, ;i(v)=o, then li(h) 20 and li(k)zo.
Iet us dencte by 102 gne set of all inner vectors
to TTX.

2.8 Sprays: A spray € on a manifold with corners X is a
napping £: TX - T°X such that

1. T(my) o € =Tdyy

2. Tpyo & =Tdpy (i.e. E is a vector field)

5. Tuy)e(v) = % &(tv), t€R, t£0, vETE, where

: T™X~»TX is given by v=>t.v. )

A spray € is called an inner spray, if £(11X) < ir°x.
Example: Let Q=[x €R™ 1,(x)=20,...,1,(x)})20} be &
gquadrant of index k. Let U< Q be open. Then T2U= (UxR®) x
% (RExR%): define £: TU- 72y by £(x,v} =(x,v;v,0).

From 1.21 it is seen that £ is a spray; it 1is easily

Hy

checked that £ is an inner spray.
Lemma: Each manifold with corners X admits an inner spray.
Use & partition of unity on X to paste together loeally

given inner gprays (by the example).

We will need another sort of sprays:
Tangential sprays: & spray E on TX is ealled tangential,
if for any submanifold »°X (= {x € X: indX(x) =7j|) we have:
£(T39X) e T2 (39X). It is easily checked that the spray in
the example above is even tangential. By a partition of
unity on ¥ we can paste together locally given tangentisl
sprays and get:

Lemma: Any manifold with corners admits tangential sprays.
A word of warning: If € is an inner spray on a2 gquadrant

Q and if (x,v} € TQ is not inner, then (x,v;v,...) is no
inner vector to the manifold TX either. More so: There
does not exist 2 spray on a manifeld T with non trivial
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corners that is an inner wvectorfield on TX.

2.9 The flow of inner and tangentisl sprays.

Let £ be =n inner spray on a manifold with corners X.
Then £ is a vectorfield on TX and £( TX)e *T°X, but £ is
not an inner vgctorfield in general.

For any v € “TX there is an integral curve c: [0,e)~
» 1% with ¢(0) =v and ¢=%. ¢ since g(1x) < 1T2X. So
there is a maximal set Wng 10X containing {0} x 11y ang
0,¢e, ) x {x} for any x € 17X and some €, >0, and there is
a smooth mapping a: W — ITX with a(o x) =X and
dt a(t,x} =&(a(t,x)). This mapping o is called the local
flow of the spray E in 17X, 411 the properties 1.22.1
through 1.22.3 hold for this local fiow ¢ too, with some
more restrictiong on the parameter {for not leaving iTX),
by the same proofs.

If the spray £ is tangential (so g[Tij is again a
spray on 29X for all j) then of courge its local flow o
leaves invariant all submanifelds lTagX, induces a loeal
flow on each Tbix where jX iz the closure in X of a
connected compohnent bﬂX of bJX It is a manifold with
COTNEeTs.

2.10 The exponential mapping.

Let £ be an inner spray on X. Then there is an open
neighbourhood U of the zero section in iTX such that
[0,1]x X c W, by the analogon of 1.22.3 for manifolds
with corners. Le%t X =Tye at w—>§, where ¢ is the loecal
flow of g. The mapping exp=exp’t U-X, defined by
exp(v)::X(1,v):=wxa(1,v), vEU, is called the exponential
mapping of the spray g.

Theorem: Let £ be an inner spray on a manifold with
corners X and let exp: U-+X,’U g suitable open neighbour—
hood of the zero sectiom in “TX, be the exponential map
ef £. If U is chosen small enough, the exp has the
following properties:
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1. exp Ox=x! xeX

2. exp, : UT11TxX-+X is a diffeomorphism of U, onto an
open neighbourhood of x in X.

3. The mapping Exp::(nx,exp): U-XxX ig a diffeomor—
phism of U onto an cpen neighbourhood of the diagonal
in X xX.

Lf ¢ is moreover tangential (2.8) then expl becxnu-

ba xn Ulaka is ag_ln the exponential mapping for the

8pray gl Tb X, where bJX is the closure of a connected

component ka of an.
Proof: As in 1.23%. The last part is obvious.

2.11 det bundles:

Let U be open in a quadrant Q in Rn, let V be open in
2 quadrant Q° cR™, Let E;Rn, 7 <R™ ve open gets with
U=qnT, v=0'n¥. e define: J5(U,v): =J§Xv(ﬁ,'{5)

= U = (T,
(x,y)€0x7 *0¥
{compare 1.3). Then we have again Jk(U,V)zzU:<V><Pk(n,m).
If @z U'»U, §: V->V' are a diffeomorphism resp. smooth
mapping between open subsetz of quadrants, then we have
again a diffeomorphism Jk(m,v): Jk(U,V)-+Jk(U',V) Tesp.
smooth mappings J (U,q;) Jk(U v I8, v
JE (cp,ﬂr) - J¥ (cp,V') . Jk(U ) =T5U,y)
. JK (o0, V) J (U,V)-»J (U',v'}, defined
exgctly ag in 1.5 and 1.6 by truncated composition.

Iet now X, Y be manifolds with corners, let (Ui,ui,Qi)
be an atlas for X, (V SV ,Q ') be an atlas for ¥, then
we have ﬁhe system of chart change mappings:

Jk(u a uJ > Vg Vg 1) J (u (U ) v (V’ ))—aJk(uJ(U ),
(V }) which can be used to define the flbre bundle
(Jk(X ), (0,8), Xx¥, PX(a,m)).

2.12 A coordinate free definition of Jk(X,Y) can be
given as follows {(MATHER (1969)): A k—jet in Jk(X,Y) is
an equivalence class [U,V,f,x]k of quadruples (U,V,f,x),
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vhere U is an cpen set in a manifold without boundary
containing a neighbourhcod of x in X, V¥V is an open subset
in another manifold without boundary containing a neigh-
bourhood of £(x) in ¥, and f: U~V is a Cf-mapping. The
equivalence relation is the following:
[U,V,f,x]k==[U',V',f‘,x']k {ff x=x" and in a (hence any)
pair of charts around x,f(x) of U,V have f and f£' the
same Taylor expression at x up to order k.

Ancther way to define JS(X,Y) coordinate free is the
following: Let f,? be manifelds without boundary con—
taining X,7 as submanifolds with corners respectively
end dim ¥=dim X, dim Y=4im Y (cf. the lemma in 2.7).
the 75(x,7) =35 (%, %) = (o)™ (X x¥) < 7L, D).

Then complicated ways of defining Jk for manifolds
with corners is chosen in order to get a fibre bundle
gtructure on Jk(X,Y); in other words, to include "outward
pointing jets™.

2.13 If f: X-»Y¥ is a smooth mapping and x€ X, then the
k-jet of f at x, in symbols jkf(x), ig defined as follows:
Let U,V be (opven subsets of) manifolds without boundary
containing nelghbourhoods of x, f(x) 1n L,Y resp. w1th
a prolongation f: U=V of f. Then put j f(x).-[U v, f x], -
tnother way 1o define J Yp(x) is via local representatives
of £ in charis of X,¥, using 2.11.

111 k-jets in JE(X,Y) of the form jEf(x) for
£e0® (X,Y) and x€X are called inner k-jets. The set of
211 these is denoted by T5(X,¥). It is not a manifold
with corners any more: We have the same difficulty as
with TX. We have in fact "X =1J5([0,¢),X) for e>0.

2.14 Theorem t.10C holds for manifolds with cormers in
its full content  the proof iz the same with the
obvious changes.
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3 Topologies on spaces of continuous
mappings

3.4 Let %,Y be Hausdorff topological spaces, let C(¥,Y¥)
denote the space of all continuous mappings X- Y. The
best known topology on C(X,Y)} is the compact-open
topelogy (or OO—topologx). 4 subbasis for this topology
consists of sets of the following form: {f € C(X,Y):

f{E) ¢ U} where K is compact in X and U is open in Y.
This is & Hausdorff-topology.

Lemma: If X is locally compact with countable basis of

open sets and if Y is a complefe metric space, then there
ig a complete metric on (C(X,Y),C0}. So (C(X,Y),00) is a
Baire space.

3.2 If FeC{X,T) let Tf: X-+XxY be given by

Ff(x) =(x,f(x)). We use Te too to denote the image of
this mapping {{(x,f(x)}: x€X}, the graph of f.
Definition: The wholly open topology {or WO—togologg)

on ((X,Y} is given by the basis (W(U)={f e C{X,¥):

£{X) cU}: U open in Y}. This is not a Hausdorff topology
(surjective mappings cannot be separated).

Definition: The graph-tovology or WOO—topologx on C(X,Y)
is the topology induced by the embedding T': C{X,Y) -

» O(X,XxY), f-T,, where C(X,XxY) bears the WO-topology.
The WOo—topology has the basis of open setst

{M(U) = {£ € O(X,¥): T, =U}, U open in Xx ¥}. The wo°-
topelogy is Hausdborff since it can easlly be seen to be
finer than the compact open topology.
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3.3 Lemma: Let X be paracompact and Jet {Y,d) be g
metric space, then for f ¢ C(X,Y) the following family is
a neighbourhood bsgsis for the graph topology:
N(f,e):=lg€ (X,7): ale(x),f(x))<e(x) for all x€X},
where €€ C(X,70,m [J.
Proof: Put W={{x,y) €X»¥: d{y,f(x)) <e(x)] then W is an
open neighbourhood of Tp in X x Y and N(f,e) =M(uW).
Conversely, let W be any open neighbourhood of T

in
Ex Y. For each x € X there is an open neighhourhood IfJx of
x in X and some O<e <! such that UxxBex {(£{x)) =
= U, x{y€Y: a(y,f(x)) <e, 1S W, by definition of the
product topology. Now let (@x)xex be a conmtinuous
partition of unity subordinated to the open cover (Ux')
of X, and put e= T

x€X
€ Pye Then ¢ is continuous on X,
¢>0, and {(x,y):xd(y,f(x))ée(x)} cW, so N(f,e) cM(U).
q-8.4.
3.4 Lemma: Let X be paracompact and let Y be metrizable.
Then for ahy sesguence (fn) in C(X,Y) the following holds:
(fn) converges to £ € C{X,Y) in the graph topology iff
there exists a compact get Ke X such that f, squals £ off

K for all but finitely many n's and fn|K converges to
fIK uniformly.

Procf: It is clear that the condition above implies
convergence. Conversely, let (fn) and ¥ in C¢{X,Y) be such
that the condition does not hold. Then either fn does not
comverge Lo f in CO or there exists a sequence (xn) in X
without a cluster point and a sequence en>0 in R such
that d(fn(xn),f(xn)) ze, for all n, where d is a meirie
on Y. Now theres is a continuous function € on X with
O<elx), e(xn)ien for all n. But then d(fn(xn),f(xn))>
> c(xn), i.e. fnéN(f,c) for a1l n. 30 f, cannot converge

toe £ in the graph topology. g.e.d.
3.5 Corollary: Let f: T- (C(X,Y),W0°) be_a continuous

mapping, where T is compzet connected metrizable, X ig

paracompact and Y ig metrizable. Lhen there exists a
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compact set K< X guch that t>f(t)x) is constant for

any x € N\K,

Proof: For any t €T there exists et:=0 and a compact set

Kt‘;X such that t- £(t){x) is constant on B (t) =

= {t* €%: a{%,t') <e,} for any x € X\E,. If not then one

may find a sequence tnfat in T and a gequence X in X

without a cluster point such that f(tn)(xn)izf(t)(xn) for

811 n. But then f(tn)-#f(t) by 3.4, so £ is not continucus.,
Now cover T by finitely many balls 351(t1)""’B€k(tk)

and choose K::K%1 Uasa UKtn' g.e.d.

3.6 Let (Y,d) be a metric space. A subset Qo C(X,Y) is

called uniformly closed with respect to d, if §Q contains
all limits of sequences in Q which ars uniformly conver-
gent on X with respect to d.

Any set which is closed in the topology of pointwise
convergence is uniformly cleosed, as is a set which is
CO-closed.

Propesition: Let X be paracompact, let (Y,4) be a complete
metric space. Then any set Qe C(X,Y) which is uniformly
cloged with respect to d is a Bajre space in the graph

topology.

Proof: Let (An) be a sequence of open dehse subsets of

Q (for the trace of the graph topology). Let Us ( be any
non empty open subget.

We have to show that Unmn#ﬁ. AonU=}:¢, open, s¢
there is fOEAOnU and € €¢(X,70,1[) such that
Qnﬁ(f,co)gAOnU (where ﬁ(f,co) = {g e C(X,7): d{g(x),
£(x}) =e(x) for 21l x}). By recursion ong gete sequences
(fnl in Q, e, in C(X,70,1[), with ¢, , <= for all n and
Qr7?£fn+1,en+1) ;An*1r1N(fn,en). Then d(fn+1(x),fn(x)) <
< 277, go (fn) iz uniformly convergent om X, so its
limit £ is in Q since Q 1s uniformly closed. Moreover
TeN(r ,e )N4 for all m, so £€TU and feg Ay q.e.d.

3.7 Definition: Let X he paracompact and let Y be
Hausdorff. We define the locally finite open topology or
LO-topology on C(X,Y) by the following basis:
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M(L,U) = {f €C(X,Y): f(La) ;Ua} where L:(La) is a loeally
finite family of closed subsets LagX and U= (Ua) is =
family of open subsets of Y with the same index set.
Definition: The LOY-topology on C{X,Y) is the topology
induced by the embedding T: C(X,¥)->C(X,X%x Y} where
0(X,X%Y) bears the LO-topology.
Lemmpa: The Loo-to_pology is finer than the graph-topology;
so it is Hausdorff. (Since the LO-~topology is finer than
the WO-topology.)
(¢(X,Y), 10%) has the following basis of open sets.
M(L,U}={fe C(X,¥Y): Tf(La) = Ucr. for all o}, where
L= (La) is a locally finite family of closed sets in X
and U= (Ua) ig a family of open subsets in X Y with the
game index set.

3.8 lemma: I X is paracompact and (Y,d) is a metric

apace, then the following families are neighbourhood bases
of £ €C(X,Y) in the LO°-topology.

1. N(f,L,e;=lgeC(X,Y): alg(x),f{x)) <e for all
x €L, for all a}, where L:(La) iz a locally finite

family of closed sets in X and e= (ca) is a family of

positive real numbers.

2. W(f,w) ={zgec(¥,1): tpa(x)d(g(x),f(x)) <1{ for all
x €X, for all a}, where = (coa) is a family of continuous
non-negative funections cn X such that (supp cpa) :iﬁ'
locally finite family in X.
Proof: a) Let H{f,L,e¢) be as sbove. let M:(MG) be an
locally Tinite family of open subsets in X with MU-DLO‘.-
Let U ={{x,y) eXx1: XEM, d(y,f(x))<:a], then Uc. is
open m Ixy, f(L )cU So £eM{L,U)=N(f,L,e}, s0
N(f,L,e) is a 10° —nelghbourhood of F.

b) Let N(2,0) be as in 2. Let Ly = {x€X: ja<

(:»:)cx1 71, then L= (L n) is locally finite and
fEN(f L_(L ), £= (¢ ,n: *—)JCN(f,cp), so N(f,p) 18 2
1.0° —neigh'bou.rhood of £ by a).

¢) Tet £€M{L,U) be given, M{(L,U) as in 2.,7. Then

Lm(Lu) ig locally finite closed, U=(Ua) 18 open and
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f(LU_) gUa. As in the proof of lemma 3.3 we can find a
continuous function 6(1: L »R, 1>§_>0, such that
{(z,¥): aly,£(x)) <8 (x) for all x€L } U, for any o

Then 5 is defined on Lcr. and iz >1, 80 we may find a

o
family (.:pa) of continuous non-negative functioms on X
suck that (supp tpa) is a loeally finite family and

1 £eN(f,p=
cpa(x) <57 for all X € La' But then we have (f,o

o
= (@QJ)EM(L’U)‘

4) IN(f,p): p as in the lemma | is a neighbour-
hood basis of f in the LO®-topology by B}, ¢). Then by
a), b} {N{f,L,e): L,e} is neighbourhood basis also. gq.e.d.

3.9 Iemma: If X is paracompact, (¥,d) is metric, (f,) is
a sequence in C(X,Y) and f€C(X,Y), then the following
holds: £ - f in the 10%topology iff there exists a
compact set K cX such that ntX\K=fIX\K for all but
finitely many n's and fan-) f|¥ uniformly.

Proof: If fnéf in LO° then fn—vf in wo° by lemma 3.7,
but then (fn} and f satisfy the condition by lemma 3.4,
If (fn),f satisfy the condition, the clearly £, -~f in
Lo°. g.e.d.

3.10 Corollary: let f: T~ (C(X,Y),10°) be a continuocus

mapping, where T is compact metric connected, X is para-

compact and Y is metric. Then there exists a compact set

K cX such that t-7(t)(x) iz constant on T for any

x e \K.

Proof: This follows from 3.8 as %.5 follows from 3.4.
q.e.d.

3.11 Proposition: Let X be paracompact, let (Y,d) be a
complete metric space. Then any subset Qe Q(X,Y) is a
Baire gspace in the mo—topolgﬁr, if it is vniformly
cloged in C{X,Y) with respect to d (ef. 3.6).

Proof: Let An be a sequence of open dense zubsets of Q
{in the trace of the LOO—topology). ILet UcQ be any non

empty open submet. We have to show that Un/l An is not
n
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empty. Now A NU is non empty and open, so there
are T €A NTU and a locally finite cover L( o} _ (L (O))
of X consistlng of cloged sets L (o ) and a fam:.ly
(0 =€, (o) of real numbers e( , O-cg {0)51, such
that f e QN WL, L( ) (0)) gionu (whe;%e T\T(fo,L(o
(o )‘ lgec(x, Y) d(g(x),f{x)) <e  for all x€ L, for
a.ll all.
By recursion one finds sequences (f ) in Q, L(n) =

= {L (n))BEBn’ ~( )BGBn such tha‘t L( n) is a
closed locally finite cover of X, c(n) ig a family of
real numbers with O<e (n )¢_lﬁ, and such that

£, €Qn T2, L(n‘“‘) “‘*”2) S g (£, p(m) g (nly,
Then we have d(f 1(x) t, ()) =s——= for all x € X (since

any L(n) is a cover of X and all se(n) 5-5), |0 (‘fn) is
' 2

uniformly convergent on X and its limit f is in Q (since
§ is uniformly closed), fEﬁ(fn,L(n),:(n)) N4, for all
n, so feudnn An. g.e.d.

I
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4 Topologies on spaces of
differentiable mappings

4.1 Let X,Y be manifolds with corners. For any K€N we
have the fibre bundle JE(X,Y) of k-jets over IxY. We
consider the fol}owin.g: 2 3
k1 L T

XxT=3%%,1) «2— 71(x,7) — 32X, T) —= ...
Let us denote by J° (X,Y) the projective limit (in the
category of Hausdorff topological spaces) of this
system. We have agzin meppings: a: J& (X,Y) X, the
source map, w: J° (X,Y)>Y, the target map, wf::
Jg® (X,Y)—»J‘k(X,Y) which define the projective limit.
For any £ ¢C%® (X,Y) all the k-jets jkf(x} congtitute the
element 3¥£(x) (given by j¥£(z) =n¥® j P£(x)), and this
gives (by the limit property) & continuous mapping
3% X20% (X, D). (P (KT, (s} =1y, IxY, P® (a,m))
is a topological fibre bundle with typical fibre PP (n,m),
the space of all formal power geries without conatant
terms in n varizbles with values in RT {(n=4im X, m=
= dim ¥). This fibre bundle is the projective limit of
the above system of fibre bundles in the category of
topological fibre bundles. We will see that J® (X,Y) is
a CF —fibre bundle later on (in § 9).

Je (X,¥) is a complete metric space, as a countable
projeetive limit of complete metric spaces.

4.2 TFor ¢? ~memifolds with corners X,Y the mappings
s 0% (x,7)~ ¢O(X,75(%,Y)), O<k<w, are all injective
{(since wo jkf:f).

Lemma: For any k=0,1,2,...,® the image of the mapping
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jk: Ok(X,Y)-aco(X,Jk(X,Y)) is closed in the compact open

topology.
Proof: We have to show that the image is closed under
taking limits of sequences which converge uniformly on
compact subsets. If suffices to consider compact convex
subsets of chart neighbourhoods. Finally we have to prove
the following: Let U be closed and convex in a quadrant
Qin Rn, let fn be a sequence of ck-mappings U-+R™ such
that for any r=0,1,...,k the sequence (drfn) converges
uniformly on U to a continuous mapping g.: U= Lgym(Rn,me),
then d¥g o =&y for all such r.

The proof is by induction on . The general step is
the same as the first step: if dfn-a & uniformly on U,
fn—r 4 uniformly on U, then for x,x+y in U (U is convex)

we have: go(x+y):=lim fn(x+y)
D+
=lim (£,(x)+ /' af_(x+ty).y ar)

IE=X0
=1im fn(x)-ff lim dfn(x+ty).y at
n O n

:go(x)-+é1 g1(x+ty).y dt.
Therefore 84 =dgo, also on the boundary of U. g.e.d.

4.3 The compact Ok—topology or COk— opology on Cr(X,Y)
(Ock<r<om ) is the topology induced on CT(X,Y) by the
embedding (4.2) i%: ¢T(X,T) - ¢%(X,I5(X,T)) from the
compact open topology. The cOk-topology has the following
properties:

1. The GO®-topology on C¥(X,Y) is completely metrizable

(3.1 2nd 4.2), thus a Baire-topology.
2. (¢F(X,Y),00%) for k<r ig metrizable but not
complete. Its completion (in the canonical metric) is

just CN(X,Y).

4.4 The Whitney—CX—topology or WO¥-topology on CF(X,Y)
(O<k<r<w) is the topology induced by the embedding
jk: Cr(X,Y)->C°(X,Jk(X,Y)) from the graph topology (or
the WO-topoliogy, see below).

The WOk—topology has the following properties:
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1, 4 bagig for open gets is given by all sets of the
form W(U) = ig € 0T (X,1), jkg(X)g:U}, where U is open in
JE(x,1).

2. If 4 is s metric on J5(X,Y) (O<ks<wm) generating
the topology, and if f'ecr(x,r), then the following is =
neighbourhood basis for £ in the wok-topologz:

Nif,k,e): ={gecT(X,Y): dk(jkg(x),jkf(x}) <eg{x) for all
x€X}, whers e €C{X,10,0 [).

3. A _seguence T, in cT(X,Y) converges to £ € 0F(X,¥Y) in
woE iff there exists a compact set KeX such that £

eEu.als i_g_flf ¥ for aill but finitely many n's and
J fn-aj f uniformly on K.

4, I£f T is a compact connected mebric space and
f: T (Gr(X,Y),WOk) is a continuous mapping, then there
exists a compact set KcX such that %+~ f(1){x) is constant
for z € X\E,
5. (¢¥(X,Y),w0Y) is a Baire space. Bach CO¥-closed
subset of OF(X,Y) is a Baire space too in WOF (O<r<m ).
6. Wo® is the projective limit topology of all the
topologies WO, O<k <w .

7. A bagis of open sets for (CP(X,Y),W0® ) consists
of all sets W(U,k) from 1., for k=0,1,2,... .
Broof: The WO-topology and the WO®-topology coincide on
the image of 1%: CT(X,Y)- (X, I5(X,Y)): T5(X,¥) 3% is
already a fibration and jk takes values in the subsets
of sections of this fibraticn. In more detail: the
graph of any j°f, T i, lies already in X x I5(X,Y) =

= {(x,0) exxJk(x,Yg: alo) =x} e X x I5(X,¥) and J5(X,1) 3
> X 5K, Y) e X I5(X,Y), o (al0),0), is a topological
embedding. So 1., and 2. follow from 3.2, 3. follows from
2.5, 4. is implies by 3.4, 5. by 3.5 and 4.2.

6. is seen as follows: (-r'rk':p)"1 (U}, U open in Jk(X,Y),
kK=0,1,2,..., i8 a basis of the topology on JC (X,T) by
conagfruction. This implies 7. and 7. implies 6. q.e.d.

4.5 We now want to compare (C® (X,Y),w0™ ) with function
spaces konown from functional analysis. For that we need
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some subregulta.
i. Jk(X,YxZ)ng(X,Y)xXJk(X,Z); this is evident in
charts.
. (CR(x,Tx 2),W0E) = (¢5(X,¥),W0F) x (65(X,2),w0%);
the decompos:L‘t:Lon 01‘ 1. :|.s compatible wlth the decom-
position jk(f,g) = (5%2,1%8) for (f,g) € C™(X,¥x2):

r,
. (%2, %) Jk(X’Y)xXJk(X,Z)EJk(X,Y)XJk(XvZ)

|

3. For he C5(Y,%) the mapping hy=0%(%,n): c¥(x,7)-
- Ck(X,Z), given by hu(f)=h. £, is Wo¥ —continuous:
JE(x,n): J5(X,¥) »JE(X,2) is continuous by 1.10, 2.14,
even for k=m by 4.1, so F5(X,h),: (%, 75x,1)) »
» ¢°(x,7%(x,2)) is trivially WO-continuous, nearly by
definition, and the following diagram commutes:

k
E(x,¥) ————— ®(x,d%(x,7))

l h, X l 7 (x,n),
o¥(X,2) ———e———s 0O, T¥(X,2)).

4. ¢® (X,R) is a topological ring for the WO® ~topology;
i.e. (f,8)>f-g, (f,8)~»f.g are continuous in WO . This
follows from 2. and 3. But (C% (X,R),wo® ) is no topolo-
gical vector space, otherwise 1— £50 in WOo® for all
£¢¢®(X,R), but this is only true for £ with conpact
support by 4.4.3. :

Therefore the space P of all ¢® _functions with conpact
support on R ig the maximal subspace of c® (rr-?n,R) which
iz a topological vector space in wo® .

Let K cR™ be compact denote B = ig €9: supp g <K},
then on ‘:DK the 0% —topology and the Wo% —-topology coln-
¢ide. If r<w , then (®F,W0T) =1inm (saK co%) in the

“ggn
category of topological vector spaces, as can be ssen
from HORVATH (1966), p. 171. By 4.4.6 we have (D,w0%P ) =
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= lim (9%,W0T) =®¥ (as it is denoted by HORVATH), whose

[P

r
dual space (I)F)‘ is the space of all distributions of
finite type on R™.

This is not the usual topology on 2.

4.6 We want to comstruct the LDk—'bopology from the
LO-topology in the same way as above. Thisg gives us a
new topology only in the case k=w , becauze of the
following lemma:

Lemma: If k< then the topology on C'(X,Y) (rzk)
induced by the embedding j%: ¢T(X,Y) - ¢°(X,d5(X,¥)) from
the I:Oo—'bopologv {or the LO-topoleogy) coincides with the
WO ~topology. |

Proof: The LO-topology and the LOo-topology on
0°(X,55(X,¥)) induce the same topology om CT{X,¥) via
jk, because jk maps Into the subset of sections of the
fibration Jk(X,Y) §x. Compare with the proof of 4.4,

By 3.6 the Loo—topology induces via jk a topology on
CT(X,Y) which is finer than the WOk—topology.

Now let fe€ ¢V (X,Y). Let N(jkf,L,S) be a basis neigh-~
vourhood of j&f in ¢°(X,J5(X,¥)) for the LO%-topology as
described in 3.7.1: L= (Lu.) ig a loecally Tinite family
of clogsed sets in X, €= (ea) is a family of positive
real numbers; 4, is a metric on Jk(X,Y) compatible with
$he topology. Then (%)™ 1(W(5%¢,1,e)) = {g € T(X,Y):
dk(jkg(x),jkf(x)) <e, for xeLa, for all x}.

By a partition of unity argument there is a positive
continuous real function e: X-+R such that e(x) <e,  if
€l (since L= (La) is loeally finite this is possible).
Then N(f,k,e) = {g € CT(X,¥): a(i¥e(x), ¥2(x)) <elx) for
a1l xex} e (5P 3¥2,T,¢)). So WwoK is finer as
GEY 1LY, q.e.d.

4,7 The D—topology on c® (X,Y) is the topology induced
by the embedding j© : ¢® (X,¥)-»c%(X,s¥ (X,Y)) from the
LO- or the I.Oo—-topology, which coincide on the image of
jk (ef. 4.4). We have the Ffollowing properties:

36



1. A hasig of open sets for the thopology is gilven
by sets of the form: M({L,U) ={f ¢ ¢® (X,¥): f(L ) =
U }, uhere L=:(L ) is a locally finite sequence of
closed setg in X and (U ) is a seguence of open sets in
J® (X,Y). (Bach locally i nite family is essentially a
saquence since X is locally compact second countable.)
This follows from 3.6.

2. The following is a basis of open gets for the
D-topology too: M'(L,U) = {£cc® (X,7): jnf(Ln) £U 1,
where I = (I. ) is & locally finite sequence of closed
sets in X and U, is open in J U(X,Y) for all neEN.
Proof: (nm) 1(U) U open in J%(X,Y), runs through a
bagis of open sets in J® (X,Y). Given any basic set of
1. one may repeat the I 's, reorder it, put U =J%X,Y)
and ('nl) 1(U } into ‘che seguence (U } to represent this
get a3 a2 union of sets of the form M‘(L U).

3. Let K= (K ) be a sequence of compact sets in X
with X =¢, Kn_u; oq (the open interiour), L,[Kn X, Then

the following system of gets is =z basig for 'the D-topo-
logy: M(U,m) = {£ €C%® (X,¥): § 2(X\Ky0) U} where
m= (mn) is & seguence in N and U, &7 (X,Y) is open.
One may suppose o, increasing.
Proof: Any locally finite family L= (L ) satisfies
X\Kn (1) =2 L. QX\Kn (1) for suitable mappings By 0yt
N»N. The "3et-order" of a set Uy GJJ’(X T} may be lifted
vy ()71 (U, ) = (X, 7).

4. ﬁb_ £fec®(x,Y), let d be 2 compatible metric on
J® (X,Y). Then all sets of the following form are a basis
of neighbourhoods of f£: N(f,I,e) =igec® (X,¥): a(i®a(x),
3 £(x)) <e, for all x €L, for all n}, where L=(L ) is
a locally finite sequence of c¢losed sets, €= (en> 0) is a

sequence of positive constants.

The following gets form a basis of neighbourhoods too:
N(f,o) = {g€c® (X,¥): cpn(x}d(dmg(X),jmf(XJ) <1 for all
x€X, for all n}, where o= (qon), @, € C(X,[0,0 [), (supp tpn)
is locally finite. This follows from 3.7.
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5. Let d be & compatible metric on 3%(x,Y) for any
k, then for £¢ 0% (X,¥) the following is a basis of
neighbourkoods: V. (£) = {ge o™ (X,1): tpn(x)dn(jng(X) ’
i7£(x)) <1 for all x €X, for all n}, where again o=(w,),
v, €C(X,[0,m [), with (supp o ) locally finite.

This can be deduced from 4. or directly from 2. (see
MICHOR [27).

6. (6®(%,Y),®) 1ie a Baire space. Bach (0% -closed
subset of CP (X,¥) is a Baire space with the B-topology.
This follows from 3.10 and 4.2.

7. If (£,) is a seguence in ¢ (X,¥) and 7€ 0% (X,Y),
then we have: fn-;f in ® iff there exists a compact set
KcX guch that £ squals £ off K for all bub finitely
many n's and j® £, 1K~ i€ £IK uniformly (i.e. £,~7 in
00%® ). This follows from 3.8.

8. Let f: - (P (X,7),D) be a continuous mapping,
where T is compact connected metric. Then there exigis a
compact subset KcX such that t-»f{t)(x) is constant on
T for 3ll x € T\K, See 3.9.

9. (¢®(%,Tx2),D) =(c® (X,1),9) x (¢® (x,2),D).
Proof: As in 4.5.1 and 2. we have J% (X,¥x2)=
= Jm(X,Y)ngm (X,2) and

(i%£,i%8)

3% (X,Y) x 39 P(X,2) € 3% (X,¥) xI®(X,2)

- [
T (£,8)
’ 3% (X,Tx2)
commutes for all (f,z) in 0% (X,7) x¢® (X,2). So the
L0-topology on G°(X,d%° (X,¥x2)) =¢°(x,s® (x,7) x3% (X,2))
induces the same topolcgy on both gpaces. q.e.d.

4,8 Proposition: Let (E,p,X,R") be a 0® -vector bundle
over a manifold with corners X. Let I‘c(E) denote the
space of all ¢® sections with compact support of this
bundle, eguipped with the trace of the T-topology on
¢® (X,E). Then T,(E) is the meximal subspace of T'(E)
which is a topological vector space in the D-topology.
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(I‘O(E),SJ) is & complete locally convex vector space, a
nuclear (IF)-space, dually nuclear and a Lindeldf space,
hence even paracompact and normal,

Procf: T'(E)}, the space of all ¢® —gections of E, is a
closed subset of C® (X,E), since p. s =Id, is a continuous
squation in & for the D-topology. (p,: ca§(X,E)—’CG)(X,X)
is ©-continuous; this is {trivially seen in 4.5.3%; it will
be explicitly proved in 7. below). I‘C(E) ={s€T(E):

Jﬁ. s~ 0 in 9} is clearly the maximal subset of T{E) which
is a topological vegtor space.

Since X has a finite atlas (see GREUB, HALPERIN,
VANSTONE I), there exists a second vector-bundle (F,p',
X,RP) such that the Whitney sum E&@F is a trivial vector
bundle over X, s0 E9@F= Xme+p. By 4.7.9 I‘C(E) is a
topological subgpace, even a direct summand in I‘ (E®F) =

(X < ROVP) o SD(X)m"'P, vhere ®({X) denotes the space of
all smocth sections with compact support; the topology
is the nuclear (LF)-topology of L. SCHWARTZ, as can be
geen from comparing 4.7.3 with HORVATH, p. 170. We will
give a direct explicit proof of thig fact later.

So D(X)™P ig an (LP)~space too, i.e. a locally convex
direct limit of a sountable strict family of separable
Fréchet spaces, which can be identified with SEK (X)m+p =

£ e (X)™P: supp f<X,}, vhere K-(K } is & se uehce
= | q
of compact sets Ky & X with K, <k ,° and X = U K,. Bach

SK (X)®™P ig a Lindelsf space since it is sepa:rable and

me'tr:.c , 3o B( x)mtp

and its closed subspace I‘C(E) are
Tindeltf too. Since they are clearly completely regular,
they are paracompact and normal. 3ince 1" (B) is even a
direct summand in '-D(X)m+P it is nuclear and dually

nuclear and an {LF)-space too. g.e.4.

4.9 Remark: HNone of the topologies on o® (X,Y) mentioned
so far is fihe enough for our porposes, since (C%® (x,Y),
D) and (¢® (X,Y),W0® ) are not locally contractible, not
even locally arcwise connected if I is not compact: If f
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and g€ C® (X,T) are connected by = continuous curve

c: [0,11+0P (X,1), ¢{0) =%, c(1) =g, then  and g ¢iffer
at most on 2 compact set K<X as can be sesn from 4.7.8
and 4.4.4.

This is true for all topologies between Wo® and ®. So
there can be no way to make a manifold out of ¢ (X,Y) in
any sense, if one ingists that there should be open chart
neighbourhocods, modelled on topological vector spaces.

4,10 Definition: Iet X,Y be smooth manifolds with corners.
Call f,g€C® (X,Y) equivalent, f~g, if the set

fxeX: £(x) +a(x)] is relatively compact in X. This is
clearly an equivalence relation on ¢® (X,1).

Now the fine-©-topology or {F®)-topology on C% (X,¥)
is the coarsest topology on ¢® (X,Y) which is finer than
the D-topology and makes the above equivalence relation
to an open one.

An equivalent description of the (F®)-topology is the
following: take all eguivalence classes, induce the
D-topology on them and ftake their disjoint union.

Or: Declare all equivalence classes to be open and add
them to the open gets of the D~topology.

It is clear how the different bases and neighbourhoocd
bases of the T-topology described in 4.7 give bages and
neighbourhood bases of the (FD)-topology: intersect all
basic open gets with equivalence classes; intersect each
basic neighbourhood of f with {g: g ~f}.

The (FD)-topolegy was callad ®% —topology in MICHOR
{(1978), where it was introduced.

4.11 Remarks:

1. The (PD)-topology has the same converging sequences
and continuous curves as the T- and the WOa’-topology,
since 4.7.7 and 4.4.3, 4.7.8, 4.4.4 remain valid.

2. In %he notation of 4.8 T',(E) is gpen in T(E) for
the (FD}-topology. So T(E), the space of all sections of
a vector bundle, equipped with the F®-topology, is a
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local topological affine space with model topological
vector space (I‘C(E),ﬁ): For any s € T(E) the set
8 +I‘C(E) is an open neighbhourhood of s and an affine
gubspace which is isomorphic to I‘C(E). We will ses later
on that this is enough structure to get calculus on T'(E).
. (¢®(X,Y),(F)) is no longer a Baire space, since
T, (E) is no Baire space, if ¥ is not compact: Let ( Kn)
be a sequence of compacts in X with KO_Q, Kn+1 '
U K, =X. Then each I‘Kn(E) = {g € T(E), supp s;K} is
ﬂowhere dense in T, (E), but T, (E) = U I‘K (E).

We will see later that (Cm (%,7), (F‘-’D)) is locally
homomorphic to spaces of type T, (E), so ¢® (X,¥) is no
Baire space either, but we may conclude that (CP (X,1),
(F®)) is paracompact and normal. This is an open problenm
for WoP and D.
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5 Open subsets

Let X,Y be manifolds with corners, if not explicitly
stated otherwise.

5.1 Propopition:

1. The set of immersions Imm®(X,Y) is W0'-open in
c¥(X,Y) for each r=1. (Therefore open in each finer
topology tool.

2, The set of all gubmersions sub” (X, ¥) is W01ﬁ2222
in C¥(X,Y) for each r=1.

Proof: f: X»Y is an immersion {a submersion) iff j1f(x)
has maximal rank in J) e(x)(L,¥)- The set of all 1-jets
of maximal rank in J1(ﬁ,Y) is an open subset, even an
open sub fibre bundle SA(X,Y), se Imm{X,Y} (resp.
Sub(X,¥)) = {£ € 6™(X,¥): 3'2(X) =8 (X,¥)} is a basic WO'
open set. g.e.d.

5.2 Definition: A continuous mapping f: X- Y is called
proper, if f-1(K) is compact for each compact Eg Y.
Proposition: The set Crrop(X,Y) of all proper Cr—mapgiggs
is WO® open and closed in CT(X,Y), r=20. CoropXs¥) is
not empty if dim Y=1. For the proof we need a sublemma.
Sublemma: Let X be a manifold with corners. Then there is
a complete metric on X generating the topology, such that
each bounded subset is relatively compact.

Froof of the sublemma: As in the lemma in 2.7 let g be
the local flow of a2 strictly inner vector field g on X,
guch that Cg is everywhere defined for some ¢>0, then
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Oyt X-aK\b1X emheds ¥ 38 a submanifold with corners of
the manifold without boundary X\»'X. Choose a complete
Riemannion metric on X\b1X (these form a CO® -dense
gubset of the set of gll Riemannion meitrics, see MORROW
(1970)). Geodesic distance has the stated property on
X\b1X. Since the image of Ce is closed in X\01X, the
pull bank of the geodesic distance via e has the stated
properties on X. g.e.d.
Proof of the propesition: Let 4,d be complete metrics on
X,Y resp. such that each bounded subset is relatively
compact. Choose any constant e>0. For fe¢C® (X,Y)
congider N(f,s,0) = {ge 0T (X,¥): 8{f(x),g(x)) <e for all
xeXl.
Claim: If f is proper, thenany ge¢ N(f,e,0) is proper too.

If X¢Y is compact, then L={yecY¥: d(y,K) ¢} is
compact too, so f_1(L) is compact in X. If xd;f_1(L) then
g(x) ¢t K since f(x) ¢ L and d(g{x),f(x)) <e.

So g_1(KJ ;fﬁ1(L), =) g"1(K) is compact.
Claim: If f is not proper, then no g € N(f,e,0) ig proper.

There is = compact KeY such that £71(K) is not
compact. Define IL=1{y€¥: a(y,K) <¢}, then L is compact.

It x € £71(X), then £(x)€E, so glx) €L, so x€g | (L).
Therefore g_1(L):zf—1(K), 80 g_1(L) contains a closed
but not compact set, so g-1(L) is not compact either.

To prove the last claim of the proposition, let
XOEX be fizxed, let f(x) =d(x,xo)2. If 4 ia as constructed
in {the sublemma, then f 1s ¢® function on X. FPurthermore
f-1([~n,n]) is compazet in X (d-bounded and closed). HNow
take any embedding c: R-7Y and consider c. f € ¢% (X,Y).
This mapping is proper. g.e.d.

See MATHER (1969) and HIRSCH (1976) for alternative
proofs of parts of the proposition.

5.3 Propogition: The set Er(X,Y) of all embeddings is
Wo'-open in CY(X,¥), r=1.

The set of injective immersions is not open.
Proof: Consider <Lfirst U open and convex in a quadrant
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Q in Rn, let Q' be a quadrant in Rm, let £f: U»Q' be a
G1-embedding. By Taylor's thecrem we have for x,x+y € U:
£(x4y) - £(x) =df(x) .y + [T (1-t)(af{x+ty) - df(x)).y dt.

0

Put U(1) =inf{|1(y)|: |y| =1} for 1¢L(R™,R™), then

U: LR®,RD) »RT is a continuous function and U(1) >0 iff

1 is injeective. Then we get (‘I)

| £(x+y) -~ £(x}] 2U(at(x)). 1yl —f (1-t)|af (z+ty)-asr(=)l| | ylat.

Iet e(x) =U(df(x))/4, then e: U—)rR ig continuous, e¢{x) > 0.
Choose 6:U-R continuous, 8(x)}>0, &6(x)}<e(x) such that

lz] < 8{x) implies |df{x+z) -af(x)l| <e{x). Then we have:

Iyl <¥(x), z,x+y €U imply

[£{x+y) ~£(x)| > 4e(x). |yl - e(x) 7] =3e(x)|y|. Now

€3 U-R, ¢, {x)>0 be a continuocus function sueh that the
following holds if g: U- Q' is & C ~function and

ldg(x) - df(x)|l <e, (x) for all x €U, then

[U{dg(x)) ~U(aP(x))| <e(x). Let W< U be open, convex and
such that W is compact «U. Por xeU let

e, (x) =inf{|f(x) -F(z}|: 2 e WN{xty: |y] <8(x)}}>0. This
is a continuous function since £{WM\ix+y: |y| <8(x)})is
compact. et e (x)<e1(x), €zt U-R continuous, eB(x)>O,
such that e (x?*:inf{e(xﬂr) |¥] <8(x}}.

Claim: Det gE ¢ (v Q') be such that the following hold:

e X
lg(x) -£{x)| < 4 for all x€T.

jag(x) ~ af(x)| <—fl§—x— for all x€U. Then g|W is an
embedding.
Proof: U{dg(x) =U(df(x)) - |U(af(x)) -U(dg(x))}| >
> 4e(x) ~e{x)>0, s0 g is an immerion cn U,
Now let x,x+y €W, y£0. If |y| <8(x), then estimate
(1) for g shows:
lg(z+y) - 8(x)| 2U(ag(x)|y] - [T (1-t)lag(x+ty) - dg(x)ll | y] at.

But ||dg{x+ty) - dg(x)|| <ljag(x+ty) - AL (x+ty)l| +

+ de(§+t§) —df(x‘):H +I£df(x) ~dg(x)l| =
X x
< ° = y+e(x) +—3-2—42a(x)

Therefore |g{x+y) -g(x)}| =2U(ag(x))!yl -2e(x).|y| >
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> (3e(x) -2¢{x)) |yl >0.
If on the other hand |y| = 8(x), then we have:
lg(xty) —g(x)] >If x+y) - f(x)g - lf(xw; g(x+ Mo~
x) +e2(x+y s2 {x+y 3’
- !fE } g(x)| =

2 4
) t+e (x+y)
= 2 2 =0,

So g is injective. Since W is compact, gl¥ is am
embedding, so g|W is it too.

We have vroven the claim.

Now we loock at the general situation agasin: X,Y are
manifolds with corners, f: X~ Y is an embedding (CT). ILet
d,d1 be metriecs on T, J‘l (X,Y) resp. which are compatible
with the topologies. Using the first part of the proof
we pay find the following data: a locally finite open
relatively compact cover (U ) of X, compacts E_ in U
such that (K °) is still an open cover, contin&ous
positive functions e 6(1, defined cover U_, such that the
follow:.ng holds. if g E c¢'(X,Y) and d(g(x),f(x))<e (x)
d, (j g(x),] f(x))éb {x} for all XGU , then ,glU’:L :Ls an
embeddlng.

By a partition of unity argument we find conbtinuous
positive functions ¢,5 on X such that e(x)ésa(x) if
XE Ua.’ 5(x) < 6a(x) if x¢ Ua.

Since f is an embedding, there are disjoint open sets
Ac.’ B s Y with f(K ):ﬁ. and f(X\U );B

Now 1ot f.ls be the WO'- ~open neighbourhood of £, given
by % ={ge 0 (X,Y): dlg(x),2(x))<elx), a, (3'2(x),51e(x)) <
< 8(x), g(K )::A , g(X\U ) cB for all xEX for all al.
Claim: Each BEED 3.s an embeddlng. By construction g|U
is an embedding, s¢ g is an immersion.

If x,y in X, xeKa, x £y, then we have: yGUa implies
g{x) £g(y) since nga ig an embedding.

y € I\NU , then g(y) Gg(X\UO_) ch.’ glx) Eg(Ka) <A, 850
g(x) :}:g(y?. Therefore g is injective.

We have to show finally: g: X->g(X) is a homgomor—
phism. It suffices to ghow if (xn) is a sequence in X
such that g(xn) ~+g(x), then X, X.
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x is contained in some Ka’ 30 g(x) £ Aa which is open.
So a2ll but finitely many g(xn) EAQ, only finitely many
g(xn) (EBCL, therefore only finitely many x, are not in
Ua' Since glUG is a homeomorphism onto its image, X, x.
q.e.d.
5.4 GCorollary: The get BY _(X,Y) of all closed
embeddings is wo'! open in cr?x ), r=1.

T = T
Proof: Dprop(X,Y) (X,Tin CprOP(X,Y).

5.5 Let us denote the set of all surjective o -sub-
mersions of X onto Y by QT (X,Y), r=1. If dim X<dinm ¥,
then Q¥(X,Y) =@, if dim X =dim Y, then QX(X,Y) is the
get of all covering mappings.

Ezample: Let X=Y=[0,1]. Let £y : [0,1]>[0,1] be given
by £,(x) =t.x. Then £, +Idr, ,q for t-1 in (¢® (x,1),9),
but no £, is surject:.ve if ti:;! So ¢T(X,Y) is not open.
Lemma: Tet X,Y be manifolds without boundary, let

f: X7 be g gurjective Cr—submersion, rz1. Then there
exists a WO- open neighbourhood of f in ¢%® (X,¥), con-

sisting entirely of surjective mappings.
Proof: Let £: X-» 7T be a surjective submersion. Using
the theorem of implicit functions., We can construct the

following datar

(1) (v, yuy )y 2 locally finite a‘tlas of X, such that
ui(Ul) 2D 'the closed unit ball in R®, for each i
(n=dim X), and (U ) in still loecally flnite.

(2) {V )73 } an atlas of ¥ such that v, (V ) =2 D%

(m=dim Y) a_nd (v 1(I)m)) is still a cover of Y.

(3 f(U )c\T for each i, and there is an m-~dimensional
linear subspace LCR , and a linear 1somorphism 1: RE» L
such 1(vi(Vi)) ;ui(Ui) and Lov; e To u.:.L i, ui(Ui) cRYS L
coincides with the restriction of the orthogonal projection
onto L.

Now for any 1 choose B;, a closed ball of center 0 and
radius >1 in K% such that D"eB,%eB, v, (V).

Then choose € > 0 in such a way, 'that for any z € Dm
X € dB; and yGRm with x-y] <e; the following holds:
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the ray from z through y meets bBi in a point u with

|z-u| <1 <diam B, .

Fow let Ws0®(X,Y) be the following W0°-open neigh-
bourhood of £: W={ge 0°(X,T): lvig(x) -—vif(x)| <e,
for all xeU,, for all il.

Claim: Each g€ W is surjective. It guffices to show
that v, - g(U;) 2D for then g(Ui)zvi'1 (D7)
and the vy 1(Dm) still cover Y.

By condition (3) we have Ve il u._1 o l=Id.vi(vi).

Le'th—lagoul_1ol v(V)—:R Fora.n;ngWWe
have ih (x) - x| -hr g(u :L(x)) -V e f( l(x))| <e;-
Suppose that h; (B: )#:EDm Then there is some z € D'Nh, (B ).
Define H: Bl-*bBl as follows: for x¢€ B; let H{x) be 'hhe
intersection with »B; of the ray from z through hi(x).
H is continuous since =z § h,(B;). By choice of ¢; and
lhi(x) -x| <e; we have H(zx) £-x for all x ¢ B; . Therefore
H| dB;: 0B; » B, is homotopic to the identity (a homo-
topy connecting H| dB; and Ide moves H(x) along the
ghorter great cirele to xz). A Yellknown theorem of
algebraic topology {equivalent to Brouwer's fixed point
theorem} says that no continuous mapping g8t 5 go-1
which extends to a continuous mapping DT - 521 can be
homotopic to the ddentity. This contradiction shows that
Dmghi(Bi) for all i and proves the lemma. g.e.d.

5.6 Corollary: Let X,Y be manifolds without boundarvy.
Then the set Qr(K,Y) of all surjective submersiohs

X-T (r=z1) is w0' open in C¥(X,Y).
Proof: Use 5.5 and 5.1.
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5.7 Corollary: Let X be a manifold withou} boundary.
Then the set Diffr(X) of all Gr—diffeomorphisms of X
onto X is WO' open in CT(X,X), r=z=1.

5.8 Lemma: Let X,¥ be C°-mamnifolds without boundary,
let f: X~ Y be g homeomorphigm. Then there is a wo° open
neighbourhood of £ in C°(X,Y) consisting entirely of
gurjective mappings.
Proof: If f==IdX,thenone may carry over the proof of
lemma 5.5: in this case one only needs the cover (2}, so
there 1s no need for the impliecit funetion theorem.

Now if B¢ 0%(X,X) is an open neighbourhood of Idy
consisting entirely of surjective mappings, and if
f: X»Y is a homeomorphism, then by 4.5.3 f,: C°(X,X)-
- CO(X,YJ ig WO0%-continuous with WO0°-continuous inverse
(f_1)*, so £ {8)={f.g: g€8}l is a W0° open neighbour—

hood of f consigiing entirely of surjective mappings.
q-2+Ga

5.9 Definition: Let X,Y be manifolds with cormers again.
Denote by CT(X,Y) the set of all "border Faithful" mappings
in ¢¥(X,Y), i.e. 0§(X,Y) ={fec™(X,T): £(» X} cd ¥}. Since
> X and » Y are closed, 0y(X,Y) is closed in the w0 -
topology.

5.10 The double of z manifold with corners: ILet X be a
manifold with corners. DX, the double of ¥, is the
identification space cobtained from (Xx0) U{Xx1) by
identifying (x,0) with (x,0) if z€%X. DX is a C®-mani-
£0ld (since any quadrant is homeomorphism to a half space).
T2 X hags smooth boundary, then there is a %P _structure
on DY inducing the given ones on the two copies of X in
DX, and this structure is unique (up to diffeomorphisms):
uniqueness of gluing, see e.g. HIRSCH (1675), p. 184.

Let X,Y be manifolds with corners, then we have a
mapping D: Cg(X,Y)—)CO(DX,DY), defined by DfF={FxO) v
u (fx 1 )/N.

It is clear that D: cg(x,r}-m"(mc,m) is a topological
embedding for the WOO—topology. D has valusea in cg(DX,DY),

48




i.e. the set of all £ in C°(DX,DY) napping the submeni-
fold »n X of DX into » Y.

There are two continuocus projections CE(DX,DY)-acg(X,Y),
which are Jleft inverse to D, given by g-p.g- io’
Pafge i1, where p: DX-X is induced by p(x,0) =x,
plz,1) =%, and 1,8 X¥» DX, 1,: X DX are given by io(x) =
= {z,0), i1(x}:=(x,1). Since i_,i, are closed embeddings,
thege projections are continuous {e¢f. § 7).

5.11 If X is a manifold with corners and f: X-X is a
diffeomorphism, then automatically f(d X)cpan X, s0
DiffT(x) ;c’g(x,y), rzi.
Propeosition: Let X be_a manifold with cornmers, then
Dif£T(X) is W' open in C (X X), r=1.
Proof: If fEDJ.ffr(X) gcr(x X}, then Df: DX->DX is a
homecmorphism. By %.8 there is a Wo® open neighbourhood
B ;CO(DX,DX) congisting entirely of surjective mappings.
Then D_1($) iz a W0° open neighbourhcod of f in C;(X,X)
conzigting entirely of surjective mappings. But then
_1($)r1Er(X Y) (ef. 5.3} is a wo! open neighbourhocd of

T in C (X x), consisting entirely of diffeomorphisms.
g.e.d.
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6 Transversality and dense subsets

This section lies somewhat outside the main line of
development of this book. We include it since we have at
hand all the necessary hackground on manifolds with corners
and topologies on apaces of mappings. We prove the
trangversality theorem for manifolds with corners, in a
formulation slightly more general than the usual one,
thue solving two problems stated in HIRSCH (1976). See
GIBSON (1979), BOLUBITZKY-GUILLEMIN (1973) and HIRSCH
(1976) for proofs in the setting of manifolds without
boundary.

6.1 Definition: Let X1 ,Xz,Y be manifolds wlth corners,
let fi: Xi—>Y he smooth mappings, i=1,2.

We say that f1 and f2 are fransversal at y €Y if
Im Tx1 £, +In Tngz = TyY whenever f, (x.]) zfz(xz) =y, In
symbols: f1 ,'I',f2 at y. f1 ,f2 are gaid to be ftransversal,
f1 £f2, 1f they are transversal everywhere. Finally we
gay that f1 and f2 are transversal over Ax B (where A;X1 ,

Bc X, are subsets) if Tx‘}f1 (Tx15{,| ) +Tx2f2(T32X2) =
1)Y for all x, €4, X, € B such that f, (x.]) mfg(x2).

2
= Tf,[ (x
6.2 If f£f: X-+7 is a submersion between manifolds without
boundary, then £ ! (point) is a submsnifold of X, whose
codimension equals the dimension of ¥ 1f it is not empty.
If furthermore Z is a submanifold without boundary of ¥,

and £ 472 (i.e. £ &1, where i: Z-+7 is the embedding),
then £71(Z) is & submanifold of X, whose codimension
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equals the codimension of Z if it is not empty. Finally
let £5: X, »T (i=1,2) be smooth mappings between mani-
folds without boundary. If f1ﬂkf2 then the topological
pullback X, x (Y’f1 7 )Xz = {(x1 Ey) €, Xyt £, (x1) =

= f2(K2)},
pT,
L Xy, e, 2 )5 —=— %,
£y
X > T,

1

i1s a submanifold of X1 xX2.

For Xy x(y,2 %2 = (, x2,)7(8) where 2, x£,:
X,! ><X2—>Y><Y and where A is the disgonal of Tx ¥, and we
have (f, xT,) A p iff £, ALy,

All those results bresk down if we consider manifolds
with c¢orners.
Example: Let f: RO-»R be a smooth mapping such that f_1(0)
is very bad, a Cantor-like set in R™, say {any closed
subset of R™ ig of the form f—1(0) for suitable smoo‘bn f
by a partition of unity argument). Consider g. R xR, >R,
g(x,t) =£f(x)+t. Then g is a submersion, but g (O) has
intersection £71(0) with R”x {0} = (R xR_).

The following lemms will serve as a substitute for
results as above.

6.3 Lemma: Let X,Y,Z be manifolds with coxnerg, Z a
gubmanifeold with corners of Y. Let f: XY be a smooth
mapping and suppoge that fARZ. Let ¥ be a manifold with—
out boundary of the same dimension as X containing ¥ as
a submanifold with corners (2.7).

Then f—1(Z), as g subset of %, is covered by at most
countably many submanifeolds without boundary V. of X of
the same codimension sg Z, guch that for any x€Ff 1(2)
we have Txf . Txvj = Tf(x)z whenever x € Vj.

Proof: et z€X with f(x)€2cY. Let (U,u,Q) be & chart
for Y centered at f(x) €Y and making Z to a submanifold
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with corners, i.e. w{UnZ)=w{U)nQ', vhers Q' is a
quadrant in ngrR s ' Q. Here m=dim ¥, k=4im Z.
Consider the mapping h=pr,. uo f: f 1(U) cX->U->u(U) ¢
c QCR kfo k_)Rm -~k
open nelghbourhood of x in X, Enlarge h to an open neigh-

bourhood of x in ¥, using the Whitney extension theorem

. This mapping is defined on an

(2.2). h is a submersion at x since TARZ, so it is a
submergsion in an open neighbourhood W of x in rff Clearly
Ny nwen ™ (0)nw. Put 1T1(0) NW=: V_, one of the
submanifolds referred to in the lemma. Clearly countably
many of these V_ suffice to cover £ (2). g.e.d.

This lemms is weak but it suffices to prove the
following:

6.4 Lemma: Let X,Y,2,W be manifolds with corners, let
f: 27 be a smooth mapping. Let o: W-CP (X,Y) be &
mepping. Consider 3: WxX-Y, given by &(w,x) =o(w){x),
and assume that 4§ is smooth.

If 32f then the set {weW: o(w) AT} is dense in W
{(in fact: its complement in W has Lebesgue meagure O).

Proof: Congider Ixf: WxAxwZ->TxY¥. Since 3 Af, ¥ xf is
trangversal to the diagomal A of Tx Y.

Let W,%,7 be wanifolds without boundary containing
W,X,Z as equal dimensional stbmanifolds with boundary,
regpectively, using 2.7. By lemma 6.3 there are countably
many submanifolds Vi of ?\fxix? without boundary whose
union contains (8xT) ' (a) e WxXxZ2cWxXx2, having the
same codimension as A, such that

w,x,2) 9 X T2y z)V T s(w,x),2(2))2 TOF

(w,%,2) €V, n(@xfj 1‘(

Denote by m V W the restriction of the projection

: WxXIxZ-W, for all i.

Clalm. If weW is a regular valus (in W) for all m; then
p(w) BRF. If this claim is true then we are done, since
we can use Sard's theorem (for manifolds without boundary):
The complement of the set of regular values of ™ in ¥ has

52



Lebesgue measure 0, so this is true in W too. The comple-
ment of the set of all wé W which are regular values of
each ufy is & countable union of sets of lebesgue measure
0 then, so is itself of Lebesgue measure O.

Thus let wE W be regular for all e IT dim V, =tk
(for all i) <dim W, then WETTi(Vi) for all i, so
o(w)(X)nf(2Z) =@, o o(w)AL.

Suppose that k=dim W. Let y€Y. If yE(w){X)n £(2),
then o(w) AL at y. So let ye€w(w)(X)Nn£(Z), choose
x€(o(w) 1 (y), 2€£77(2), so x €%, 2€2. Then (w,x,2) €V,
for some i and ™, is submersive at {(w,x,z) since w is a
regular value of ™5 . So .
ﬁi'(T(w,x,z)vi) =TW1.-I=T W. Therefore we have:
Vi+

Hw,x,2) '
T(w’x,z)Wxxe=T(w,x’z)wx x%=T

(w,x,2)
+ T(w,x,z)( fwixZxizt) +T(w,x,z)( fw,x}1 x2) =

= y,x,2)V1 F D, x,2) W X X {zt) +T(W,x,z)({(w,x); <Z).
Now apply T, x,z)(@xf) to this equation:
T(W,x,z)(@fo(T(w’x,z)(wxxxz))=

= T(w,x’z)(lxf)(T(W’x,z)vi) +

+ T(w,x,z)(q’Xf)(T(w,x,z)(iW} wXx{z}))+

¥ T(W,x,z)(ﬁxf)(T(w’x’z)({(W,x)} <Z)) ST(y )07

(Txcp(w).TxX) O +0w (Tzf.TZZ) by the cholce of Vi.
By hypothesis (#xf)&4a, s0

+

T(y,y)(yxy)=T(y,y)‘5+T(w,x,2)”Xf)(T(w,x,Z)wxsz)

and 80 T(y,y)(YxY) :T(,v,y)&"' (Txcp(w).’l_‘xx) % O+

+ 0 (D E.02) =T ya+Tiy oy(o(w) x£). Ty oy (Xx2).
But this means (@{w)xf)}AA at (y,y) and in turn

p(w) B at y. g-e.d.

6.5 Lemma: Let X,Y,Z be manifolds with corners, let
f: Z-»Y be a proper mooth mapping. Then the set
(g cc® (X,7): ga®F} is WO' open in 0% (X,Y).

Proof: Let g €¢® (X,¥), gAf. Let (4,) be a countable
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locally finite compact cover of ¥ such that the family
of open interiours (A ®y ig still a cover. Put

Bi.—f 1(A ). Then each B, is compact since £ is proper
(in fact: (B Jis a locally finite cover, but we will not
need this). The family {g~ (A %)) is an open cover of X,
Iet {¢_) be a locally finite compact refinement of the
cover (g 1(A 0)), let i(q)} denote the refinement mapping,
so g(C )cAi (a)

Row let X E Ca’ % E Bi(c.)' Then the following assertion
holds:

Bither g(x) £f(2), or gl(x) =7(z) and the linear
mapping T g+T f: T XxT Z-+T (x)Y has rank egual to dim Y.

Thisg statement remalns 'true for all x’ Ean c .

z €V, and g' €N(C_,1,¢,, )= {hec¢® (X,1): d(:j h(x'),

i g(x 1) <e,, for a.ll ' €Q }, where U_ is an open neigh-
bourhood of x in X, v is an open neighbourhood of z in
z, d, is a compatible me'tr:.c on J7 (X,Y) and x.z ig a
congtant >0. This follows since the rank of a. ma‘tr:.x is
an upper gemicontinuous function of the matrix.

Cover the compact set ch by Tiniftely many Ux’ say
UJLI sos .,an, cover the compact set Bi(c,) by Vz1 yoan ,Vzm
and put cm=min{exi’zj}.

Let N(C_,1,¢) = {n'e ¢® (X,¥): d1(j1h(x),j1g(x))<ea
for all x€ Ca}. ir g' GN(CG,1 ,ea) then g' A f over
Cax Bi(a) by construction.

Now let e: X~ JO,® [ be a continuous positive function
guch that ¢(x) <« €y for x¢ Ca for all g. SBuch a function
exigts s:.nce (C ) is locally finite. Put
B3 ={hec® (X,¥): d, (j h(x),3 g(x))ée(x) for all x}n
n {rec®(x,71): h(C ) €43,y for all a}. Then % is wo!
open and geB. We clalm that any g' €8 is transversal to
f. Let g' €8 and take x¢ X, Then xECa for some g.

If 2 §B;( ) then £{z) 4, y but g'(x) EAE(Q), 0
g (z}Ef(z). It & GBi‘u,} then g' A F over (x,z) since
g' AT over OaxBi(c.) %for g’ EN(Oa,1 ,ea) for all o).

g' Af over {x}xZ. Since x was arbitrary, g' Af. ¢.e.d.
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6.6 Lemma: Iet X,¥,Z be manifolds with corners, let
f: 25 be a smooth mapping. The set {g¢ ¢® (X,¥):
gAT over AxB} is WO' open in 0% (X,Y) if A¥ and
BecZ are compact sets.

Proof: This is contained in the proof of the lemma 6.5
above: Put A=C , B=B. and construct N(C ,1,e.) as

a i(a) AL
in the foregoing proof, ithen this is a WO open neigh-
bourheod of g consigting entirely of mappings trangversal
to T over AxB. It is even 001 open. q.e.d.

6.7 QCorollary: Let X,¥,Z7 be manifolds with corners, let
£: 2o JNE,Y) be & proper smooth mapping. Then the set
{g€c®(X,Y): Fgme} 1s WO open in ¢® (X,¥).

Proof: jk: CGD(X,Y)-»OG}(X,Jk(X,Y)) is continucus from
the W01 to the Wo! topology by 7.1 below. But then
fgec®(x,7): Fgart=(" T ({hec® (x,55x,1)): nR2})
18 worH! open by 6.5. q.e.d.

6.8 Theorem {Thom's transversslity thecrem):

Let %,Y,7 be menifolds with corners with f: Z-J5X,7) a
smooth mapping. Then the get {g € C® (X,Y): jkg;gf} ig a
residual subget of O (X,Y) for the WO and the
P-toprlogy. Hence it is dense.

Proof: We have to show that the set {g¢ ¢® (X,Y): j¥gAf)
can be represenied as a countable intersection of open
dense subsets. For that end choose the following data:
1. 4 countable cover (Ai) of ¥ by compact sets, each
A; contained in U,, where (Ui’ui’Qi) is an atlas for X.
2. A countable cover (B.) of T by compact sets, each
B, contained in V., where EV.,V ,Q:') is an atlas for Y.
%, 4 countable cover (Cn) of Z by compact subsets.
Tt suffices to show that each subset (g€ % (X,7):
jkgﬁ&f over (Air1g"1(Bj))><Cn} ig open and dense in the
two topologles considered, for their intersection is
just {g: %g R }.
So fix one of these sets and forget the indicea. For
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g €0% (X,Y) we have jkg;&f over (AN g"1(B)) %O iff

g R f over Ax (€N (we £)"1(B)); here w: JNX,¥)>Y s
the target projection, and the equivalence holds gince:
xeang (B), z€C with §7%g(x) =f(z) iff x€ 4, z€Cn

N (we £)"1(B) with j¥g(x) =2(z). But then {g: i’z B over
(ang ' (B)) %0l ={g: §5g AL over Ax (0N (w+ £) 1(B))}=

= (15 N nec® (x,75(x,1)): hAET over

Ax(on (we f)_1(B))}) is wok* open by lemma €.6 and
continuity of j%. So this set is W0®-and D-open.

Thug it remaing to prove density. Let h € ¢® (X,Y). We
will show that we can approximate h by functions in
lg: jkg(’x"]f over {Aﬂg_i(B)) xCl.

Put D=An h_1(B), a compact set in the open chart
neighbourhood U. Put U =n (V) NnU, an open neighbour-
hood of D in U, Let X: u(U')-»R+ be a non-negative smooth
function with compact support in u(U') such that A =1 on
an open neighbourhoed u{U") of u(D).

Consider the mapping h' =vo h. u—1]u(U‘): u(Ut) > w{V),
Consider the space RTx Pk(n,m) (n=dim X, m=dim ¥) of &ll
polynomial mappings R®-RT of degree =k, and let E{Q,Q')
be the subset consisting of all & €R®x P (n,m) with
o(Q) cQ'. We claim that E(Q,Q') is a gquadrant. This is
seen as follows. Choose a basis for R™ such that Q has
the form R™1x (R,)} (1= index of Q) in coordinates with
reapect %o this hasis. Likewise for R™ and Qt. If
a: RE-R™ is a polynomial mapping then o(Q) € Q' iff each
monomial of each coordinate function of o with its
coefficient maps Q into Q', so o €E(Q,Q') if certain of
its coefficients are non-negative. For o{Q) Q' iff certain
of its coordinate polyromials are non-negative on Q, and
a polynomial on R" is non-negative on Q iff each of 1ts
monomials (with coefficlent) is non-negative on Q. Now
let 7' be an open set in R™ such that v(V) =V'nQ'. Con-
gider the set W' consisting of all ¢ in Rmek(n,m) with,
(h' +)ag)}{supp A) €¥V'. Then W' is an open neighbourhoed of
0 in R®y Pk(n,m) (in the CO-topology, but this coincides
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with the usual topology). Put W=W'nE(Q,Q'), an open
gubset of a quadrant, so a manifcld with corners. Note
that O€W.

Now define the mapping $: WxX-Y by #{0,x) =
=y, (k' +xo){u(x)) for x€ U', &{o,x) =h(x) otherwise.
Then % is a smooth mapping. Write !U for the mapping
x—)&(o X), o €W. By construction the mapping {g,x) -

- J (Q J(x}, WxX= Jk(X Y), has the property that its
I‘eatriction % to WxU" is a gubmersion. So clearly

@Af and by lemma 6.4 the set {c€W: @ BT} = o €W

h] {& }AT over U™ xZ} is dense in W, hence it contains a
sequence o converging to O in W. But then the seguence
&€, o, converges to h in WOo® and D since 8, equals h
off thePcompact set u” (supp \) and g converges to h
"uniformly in all derivatives® on 'l:hls compact set
(4.4.3, 4.7.7).

By construction we have j 8y AL over T" x C. But we
need j g, A% over (4ng, 1(B))x(}

Claim: There is an N such that 4ng 1(B) cU" for all
nzN.

If this claim is true then we are done, since all &ns
nzN, are in the set {g: j*e AL over (Ang '(B))xC}] and
the &, approximate h, 3¢ this set is dense.

Now we prove the claim: we have h ' (B)NAcU" by
construction. Thig is in turn equivalent to:
AB[4)7T(B) 2T, and to (h]A)”'(T\B) 2 A\NU"; thus we
have Y\B= (h|4)(h|4) "} (X\B) = (B]4)(a\U")

Now A\U" is compsct and T\B is open, gn—)h in the
J0~topology too, so there is some N with gn(A\U") s T\B
for ail nzN. But then we have
FAN L= (gnlA)—1 gn(A\U") c (g 4)"1(T\B) which is in turn
equivalent to A\(g,|4) 1 (B)=A\U", and to g~ (B)nAcT"
for nz=N, what we wanted. q.e.d.

6.9 Corollary: (Elementary transversality theorem).
Lot X,Y,Z be manifolds with corners with £: Z-Y a
smooth mapping. Then the set lg € C® (X,¥): gRT] is a
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residual subset of ¢P (X,Y) in the WOP - and the
D-topology. If f is proper, then this set is WO1—029n
too.

Proof: We have J°(X,Y) =X« ¥ and j%: X-J°(X,Y) equals
the graph-mapping I' : X->XxY, x~»(x,g(x)). It is easily
checked that for g €C® (X,Y) we have g&Af iff

T ,T\(Idxxf), i.e. j gE](Id x T}, where Tdy xfz ExZ->XxY.
Therefore {gec®(x,1): g,T\f} ={g ¢ ¢® (X,1):

j g,’.E,(IdXxf)} and the corollary follows from 6.8 and

€.5. q.e.d.

.10 The rest of this section is deveted to a generali-
zation of transversality in jet spaces to transversality
in multi jet spaces and some applications.

Let X,Y be manifolds with corners. Define
I¥=XxXx...xX (g times) and X(S) {(x ,...,XS)GXS:
x, #x; for 1+ 5}, an open submanifold of XS Let
a JkiX Y)»X be the source projection, let
U_B‘ k(}( Y)S—)X denote the s-fold product mapping. Then

(s J‘k(X ) = (o8)7! (X(S ) is called the s-fold k-jet
bundle. A multijet bundle is some s-fold k-jet bundle.
(s) k(X Y) is a fibre bundle over K(S % Y2,

Now let f: X»7Y be 2 smooth mapping. Definme
(S)J b i X(S) (s) k(X Y) in the obv:.ous WEY, i.e.
(s)jkf(x1 sona ,xs) = (3 t(x, ) P f(xs)).

6.11 ILemma: Let X,Y,Z be manifolds with corners, let
i Z-+: ] (X,Y) be a smooth mapping. Let Acx's ), BaZ

%g compact subsets. Then ‘thg set (g€ o® (. (X,¥):
g,“z%f gver Ax B} is w -

open_in ¢% (X,Y).

Proof: Let ge ¢® (X,Y), (b)jkggf over AxB. Let
x= (x1 seresXy V€A, z€3B. Then the following holds:

Elther (s) g(x) +£(z), or (S)j g(x)=(j g(x Yyoasy
J g(x ))—(f (z),...,f (z)Y=7f(z) and each llnear mapplng
(jE i TxiXxTZZ—rTfi(z)Jk(X Y) has rarnk equal

g) +T_ f
to dim Jk(X ).
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This statement remains true for all
x' :(x1',...,xs') € (Ux Xeeox U, )DX(S)GA, z' €V, and

1 s
g' € {nec®(x,1): Ay gt (jk+1h(a),jk+1g(a)) <e for all
a € Al, where dk t is a compatible metric on '

*lx,v), 2= é-l pr; (4) =X is a compact set,
i=4
pry X(s)-éX being the i-th projection, and where

Ux1 yoan ,st are open neighbourhoods of XysenesXy in X
regpectively and VZ is an open neighbourhood of z in 2.
This follows from the upper semicontinuity of the rank
of a matrix. Now cover the compact set A by finitely many

of thess sets Ux X aoa xe » cover the compact set B by
1 8
finitely many of the Vz's and lst e be the minimum of all

the € 5 corregponding to these covers. Put

_ il 1] K+ e+
%_ihEC (X,1): dk_H(;] g(x)z 3 n(x))<e for all
z €A}, then for g' €8 we have ‘5 jkg',gf over 4xB. g.e.d.

6.12 Theorem (Multijet transversality theorem).

Let X,7,72 be smooth manifolds with corners with

Py For D Jk(X,Y) a smooth mapping, Then the set

(g€ c®(x,7): ‘7585 mr) is & residual supset of ¢% (X,Y)
in the Wo® - and the D-topology. Hence it is dense.

Proof: Again we have to ghow that the gset {g: (S)jkgg\f}
can be repregented as a countable intersection of open
dense subsets. The method of proof is the same as in 6.8.
Chocse the following data:

1. A countable cover of X s) by compact sets
{A:H X e xAis)iGN’ where each Aij is compact in X. I\T?§§
that AijﬂAik=¢ if 1 £ j<k<s by the definition of X‘*/,
Suppose furthermore that each Ai. ig contained in some
open set U . in X, where again Uij f Uik=¢ for jEk, and
where (Uij’u‘ij’qij) igs an atlas for X.

2. 4 countable cover (Bi’l X oaae XBis)iEU\I of Y2 by
compact sets, each Bi contained in some vij where

(vij’vij’qij) is an atlas for Y.
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3. 4 countable cover (Ci) N of 7 by compact subsetis.

It suffices to show 'that each get {ge % (X Y):

)J 2B T over ((A_,L,i ng (B ))x... x(AiSng (]Etj ))XC }
(for any 1,j,n€N) is open and dense in the itweo topolo-
1es, Por their intersection is the set of all g such that

g,&.f over U ((.& ng (B Y x een x

x ((a;,ng 1(Bjsﬁ xC "K(S) xZ.

S0 fix one of ‘chese sets and forget the firgt idndices,
for convenience's sake, so A: —A1 X oesa xA ig compaet in
X(S), B:=B, x...xB_ is compact in ¥®, C is compact in Z.

For ge P (X,1) w: have (8 )j g AT over (AN (gs)-1(B))X0
12t (9) Ko mp over Ax (Cn (w®.£)”1(B)); here g°: X% 71°
is the s—fold product mepping, w®: S)r(x,¥)> I5(X,1)% ¥
is the s-fold target projlection. This follows from the
argument used in the proof of 6.8. But then the set
fe: (33 me over (an (%) () x0) = {g: ‘¥ At over
Ax(on (. £)71(B))] 1s woX _open in ¢® (X,Y) by
lemma 6.1%.

So 1t remains to prove density. Let he 0% (X,Y). We
will show that we can spproximate h by functions in
{g: (s)jkggf over (4N (gs)"1(B)) xC}. Fow, for 1<3j=<g,
put D, =4, N1~ (B,), a compact set in U,. Put
U, =h7"(¥.)nU,, an open neighbourhood’ of Dy in U;. Tet
Rj: uy (Uj) <R be a non-negative smooth funection with
vompact support in the set u (Uj") which ig open in Qj <R
(n=aim X}, such that A, =1 on an open neighbourhood
u (Uj") of u;](Dj) in ujiU J.

Consider the mapping by =Vyo hou, 1|u. (U '):

u (U‘_] Jov (vﬂa)

Conaider R ka(n m) (n dim X, m=dim Y) of all
polynomial mappings RESRE of degrees <k and let B(Q,,Q,')
be the subset of all o ERZx PX(n,m) such that c(Q,) e Q,".
Then E(stQj') is a guadrant, by the argument In 6.8. Let
W.' be the set of all ¢ ¢R%x P*(n,m) such that
(h +h.0){supp 1) cV,', where ?j‘ ig an open subset of
R™ with vy (V )} = V N Q '. Then Wj' is an open neighbour-

n
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hood of 0 in R™x P%(n,m). Tet W, =W,' nE(Q.,Q,'), &
submani fold with ecorners of Rmek(n,m) containing O. Put
‘W:W1 xwzx... xWS and define ¢: WxX-Y by

4oy ,eey0,,x) =vj_1 e (By +2j0, Mn(x)) 1 x €Uy,
i(c,x)=§(c1 ,...,crs,x) =h(x} otherwise. % is a smooth
mepping since the cpen sets U,,...,U, of X are pairwise
disjoint. Write L for the mapping X- Y, - 3{o,x) =

= 6(01 ’fé"ﬁs’x) for cekw. By construc;ccion the mapping
(o) 2 (90354,)(2) = (5580 (), 0350 ),

Wxx 8o (S)Jk(X,Y), is smooth and has the property that
its restriction 3 to Wx U™ =Wx (U‘l LRV XUs") ia a sub-
mersion (on these sets all the A,'s equal 1). So clearly
§8f and by lemma 6.4 again the set

{c=(01 ,...,cs): 'EGAfl = {o € W: (S)jk(%)ﬂf over U" x 2]
is demse in W, hence it contains a seguence o B

= (01(11)““’03(11)) converging tc O €W. But then the
sequence g : =@U(n) in ¢® (x,7) converges to h in the

wo® ~-topology and in the D-topology since &y, equals h off

(=) -

the compact set [ uy 1(supp )Lj) and g converges o h
J=1

"oniformly in all derivatives" on this compact set. By

construction we have (s)jkgn,’.&f over U"xZ, so over

U" 0. But agalin we need (s jkgn,‘ﬂf over

(40 (g,*)"1(8)) xC. That this is true for n sufficiently
large follows from the argument used at the end of the
proof of 6.8. g.e.d.

6.13 Corollary: Iet X,Y be manifolds with cornerg. Then
the set Imm(¥,Y) of immersiong is open and dense ln

¢® (%,Y) for the WO -topology and for the ©-topology if
dim Y=2 dim X.

Proof: Imm(X,Y¥) is always open by 5.1. It remains to show
that 1t i3 denge. Tet n=d4dim X, m=dim Y. Let
Bszk(X,Y):J1(K,Y) be the subsets of 1-jets of rank k.
Locally, in J1(u(U),v(¥)) =u(U) x v(V) x L(R®,R™)
((U,u,Q),(V,v,Q') being charts of X,Y resp.) we have

R (u(0),v(V)) =3 (™!, w)(R, 0 T(U, 7)) = u(0) x v (V) x Ly (n,m),
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where Lk(n,m) is the space of linear mappings of rank k
from R® to R™, a submenifold of L(R™,R™) of dimension
k{n+m) k2 {see below); so Rk(X,Y) iz a sub fibre bundle
of J(X,Y), & submanifold of dimemsion k{n+m) —kS+n+m.
£e0® (X,Y) ic an immersion iff j'f misses
Ro’R‘i"”’Rn—1 . Let us suppose that £ is transversal to
each Hk’ O<k=n-1. Then f misses these sets if dim Hk"'
+ dim X<dim 31 (X,Y) for O<k=n-1, i.e. if dim R, +
+ din X =dim R__, +dim X<din 7' (X,¥), i.e. [(n-1)(mn) -
- (n—1 )2]+n<n+m+nm or m=2n. g.e.d.
Lt remaing to show the
Sublemma : Lk(n,m) is & submanifold of L{n,m) of dimension
k(n+m) - k2.
Proof: Let E ELk(n,m} be given. Choose b%sesofor Rn,Rm
such that the matrix of E has the form ((X ) where I
ig the kxk unit maitrix. Choose an element near B in
L(R™R™) with matriz (g 3), near enough such that
det AkO. Then

rasi (4 B e (T 0 )43 -

I A"1
0 -C4& "B+D

k

'B. So the dimension of

So rank (§ D)=k iff D=ca”
Lk(n,m) is just the number of free entries in 4,B,C,

dim I (n,m) =k° +k(n-k) +k(n-k) =k(a+n)-k°.  g.e.d.

6.14 Corollary: Let X,Y be manifolds with corners guch
that dim Y=2 dim X +1. Then the get of inijective
immergions X - Y is demse in % (X,Y) in the W0® - and the
E~topology.

Proof: Since the set of lmmersions is open and dense it

remaing to show that the set of injective mappings is
resianal. 205%x%,1) =x(?) 4 ¥2 ana £€0® (X,Y) is in-
jective 17r (2)30g; x(2), é)J"(X,Y) does not meet

X Bys By being the diagonal in Tx Y. Now codim

X(g)xayzcodim Ay =dim Y. So (2)3%,’2\}:(2&% implies £
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im (%) =2 ain x.
injective if dim Y>4im X'/ =

qg.e.d.
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7 Continuity of certain canonical
mappings

We will use only o®@ -mappings and only the ®- and
(F®)-topology in the next chapters. Therefore we will
prove continuity of composition etc. only for thesge
topologies. The proofs for the wok—'topologies are often
earier and can be found in the literature: MATHER (1969),
GOLUBITSEY-GUILIEMIN (1973) X,Y,2 designate manifolds with
corners, if not stated explicitly otherwise.

71 Propos:.ta.on For any k¥ =0 the mapping j o® (x,1) -
5 ¢®(X,75(X,Y)) is continuous for the ®— and the (FD)-
topology (on both spaces).

Remark: T: C% (X,Y) - ¢® (TX,TY) is not continuowm: We
use 4.2.3. Let t->f be a continnous curve in ¢®(x,1),
t€[0,17, then f‘h’ft' differ only on a compact get KeX,
but Tf't’Tft' differ on whole fibres of TX, =0 t—bet ig
no continuous curve anymore.

Proof: For any 1€N we consider the mapping

% lkﬂ.]_'k"'l(X,Y)-»Jl(X,Jk(X,Y)) defined as follows: for
UEJ (%X,Y} witk o{o) =x choose a representant

£¢c6® (T,¥), T an oven neighbourhood of x in = manifold
without boundsry containing X as a submanifold with cormers
of the same dimension, ¥ an open neighbourhood of w(g)
:.nallke manifeld containing Y. Then put o 1 (o) =

=j (j f)(x) In lcecal charts J”k+1(u(U),v(V)) =

= w(U) xv(¥) x P (n,m) (n=din X, m=aim ¥),

T (u(©), 35 (1), 7(7))) =u(U) x (a(U) x ¥{(¥) x P(n,m)) x

w Pr(n,m( (%) ~ 1)) (aim P(n,m) =n((%*) -1)); this
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mayping looke as follows:
(x,3,9) = (x,(x,7,355(0) = m£™15), 11(556)(0)) (oz. 2.1,
2.12).

It is clear that this gives =z smooth well defined
mapping, in fact, an embedding.

Let now M'(L,U) be one of the open basic sets for ®
from 4 7.2. in 0% (X, Jk(X Y)}, i.e. U= {U’) U, open in
JHX, 3 (K yI)), T=(L_) a locally finite closed famlly in
X and M'(L,U) = {£ € ¢® (X,d5(X,T)): j “e(L ) <U_}. Put
L'—ﬁ:mrn Oyeverk=1, Ly ,." =Ly, 1= 01,“., —Uﬁﬁ,
put U)' =8, n=0,...,k-1, Uypq! '"(ak l) (U Vs
1=0, 1 2,...,(Un‘) =TU', Then M' (L' U') is a ba.sic opsn
set in (% (X,Y),D) and clearly (i5)71(w(1,m)) =
= W (L',U"). So §%: (¢®(X,¥),9)~ (¢® (X,55(X,¥)),D) is
continuous. For (FD) the result follows: since f ~g iff
jkfrujkg. q.e.d.

T.2 Continuity of a certain restriction of the compe-

sition is our next alm. But firat some preparations.
Let A,B,P be topoleogical Hausdorff spaces, let

my? A=P, Myt B-P be continuous mappings. Let

AxpB= {(a,b) € AxB, ﬂA(a)=ﬂB(b)} be the topological

pullback, with the topoleogy induced from A x B:

or,

Ax B —=— B

pr1l ” l“B
A L) P

A Felley topological space 8 is a2 Hausdorff topological
space bearing the inductive limit topology with respect
to a1l the embeddings of its compacta. So a subzet W in
8 is closed {(open} iff WNK is closed (open) in K for
each compact set K in 3,

Metric gpaces are Kelley spaces, as ars locally compact
gpaces. (losed subsets of Kelley spaces are again Kelley
spaces, as are topologleal inductive limits of EKelley
spaces. D(0) (O an open subset of some R®), the space of
smooth functions with compact support on 1, is not a
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Kelley space (if n=z1), see VALDIVIA {1974).
Lemma: Let A,B,P be Hausdorff topological spaces, ¥ a
paracompact Kelley space. let m,: A-P and Tyt B=P be
continuous mappings. et K< A, LcB be subsets such that
m|E and mplL are proper (5.2). Let U be an open neigh-
bourhocod of KxPL in AxPB. Then thers are open neigh-
bourhoods V of K in A and W of L in B guch that
KXPLEVXPWQUQAXPB-

This lemma (with P locally compact and paracompact)
is due to MATHER (1969). For the next theorem we need
this lemma only in the resiricted form. For the proof we

need a

Sublemma: Let T be a Haugdorff space, let R be a Kelley
space. If £: T-» R ig continuous and proper, then f is a
closed mapping (i.e. closed sets have closed imege). IfF
furthermore R is locally compact than T ig, too.

Proof of the sublemma: Let ST be a closed subset. Letd
EchR be a compact subset. Then f_1 (¥) is compact in T
gince f i proper. So 5n f—1(K) is compact, so P(8)nK=
= #(5n£7'(E)) is compact in R. Since this holds for any
compact K« R, £(38) is closed in R.

Now if R is lecally compact, then the inverge image of
a compact neighbourhood of f£(x) is a compact neighbour—
hood of x in T, so T iz loecally compact. q.e.d.

Proof of the lemma: AxpB=(m, xmy) ' (diagonal in PxB),
80 AxPB is closed in Ax B. So E: =£L><B\A><PB is open

1n 4x3B. For pEP let X i =Kn (n) " o), Lyt =Ln (m5) " (D).
Then prI.P=Kp><PLp ngPLg U. By hypothesis X_and L

are compact. UUE is open in 4x B (U alone is not Operj].
We claim that there are open neighbourhoods V_ of KP in

A and WP of Lp in B such that V_xW_cUUE.,

This iz seen ag follows: For any (k,1) €¢K_xL_ choose
open neighbourhoods VF'L of k in 4 and w1 o2 1 in B
such that V'L ¥l c U UL (by definition of the product
topology). For any fized k the family (W'1) . is en

open cover of I.p, g0 there is a finite subcover

&6



,1 k,1 k,1 X,1
(w N, W Ry, Pat V=Y la...ny @ ogng
Sy 1

=W U.ese UW E,l k,l

m
Then TEuW¥e U V  dxW  JcUUE, and Wal

3= >
is an open cover of K , so there iz a finite

-
( )kGKp K P’y X

k
subcover (V ',...,Vv 2). Put W, =W Tao..nw 2 ana
k

1 n
V. =V hen W_2L_, V. cK_ and V_xVW
P~y u . Uv &, then p: 0’ ps; o px P;

€UV 2xW :cUUE., Now we proceed with the proof of the

ler:t-ima. WA’K: ﬂBlL are closgsed mappings by the sublemna,

therefore -rrA(K\V ) and ﬁB(L\W ) are closed in P, =o

Py =P\(-nB(I.\WP) UTTA(K\UP)) i= open, pEPP. So (Pp)pEP

is an open cover of F. Since P is paracompact, there

exiats = loecally finlte refinement of this cover, whioch

we call (P ). For o let p(a) € P such that 5 P5(0)

(refining mepping). Put V =V, / yU (nA)—jl(P\Pa)
wa=wp(c.) U(ﬂB) (P\Pcr,)'

and V:g VCL, W:Q WU-.

We c¢laim, that: KcV, LcW, V, W open in 4, B resp.,
VxPWcU.

(1) KcV: It suffices to show that KoV for all o,
i.e.: if k€KX then kevaa) or k € (nA)'1(P\Pa). If
kévp(a), then m, (k) €w, K\vp(u.))’ so , (k) th(a) by
construction.

(2) LcW: the same argument.

(3) V is open: Let veV. (Pu) is locally finite, so
there is an open neighbourhood N of nﬂ(v) in P such that
¥n Pa=p :1f:‘or all ¢ but GyresesCpy SBY. Put
N = (-nrA)" (W) n Vo.1 Neou er; thig is an open neighbour-

hood of v1. 1t af {a1,...,o.r},1then NHPG=Q, 80
' - = | -
N'n ('rrA) (Pa)—ﬂ, so N' s, (P\Pc.)gva'
So X! ;Va for all g, so N' ¢V, Thus V is open.
{(4) W is open: the same argument.
{5) VxpWeU: Let (v,w)FVwa, p:-rrA(v)=1TB(W). There

ig an q' with pEPa,. Then vE€ V= VaCVG,, but
o
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- -1
vt ("ﬁ_) 1(P\Pa|)r 80 VEVai\(ﬁA) (P\Pg_') EVP(G-'
same way it follows that we Wp(u,). Therefore
(v,w) € vp(a' ) xwp(a, } <UUE, but {v,w) ¢E, so (v,w) €T.

Thua VxPWsU. q.e.d.

y- In the

7.3 Thecrem: Let X,Y,Z be smooth manifolds with corners.
Then compogition Comp: C® (¥,2) x CZ P(X ) -¢®(x,2) isg
continuous in the - and the (FD)- topologx

For the ‘L'Dk-topologies this theorem ig due to
MATHER (1969).
Proof: Iet (g,2) €% (¥,2) x . (X,¥), let M'(L,U) be a
basic oper neighbourhood of go f in (¢®(X,2),9), as
described in 4.7.2., i.e. I = (L ) is a locally finite
closed family in X, U= (Un) wi ‘.h U, open in J™Mx, Y),
go TEM (L,U) ={hec®(X,2): Jn.I:l(L ) s U, for all nl.
we have i™g. f)(L );U For any n>O consider the
topological pullback as described in 7.2:

THY,2) x TN, T) 22, ox,y)
Pr«x w
JMY,2) a » Y

The mappings v, Jn(Y,Z)xYJn(X,Y)—an(K,Z),

Yn(c,'r) =g, T (cf. 1.4) are well defined (zince «lo) =

= w{r)) and smocth. We have:

A S(Y)XYJ f(L =y, ({(3 Ba(£(x)), i (x)): x€L}) =
{jn(g-f)(X)° xEI- }"J Mgo £)(L) e U .

Thig means
i%g(T) x vJ De(L, )_Yn 1(U ) for all n. ol] ng(Y) is proper,

since 11: is a dlffeomorphlsm, inverse to j& g1 Yo j7g(Y).
w| j f(L ) is proper: if C‘:Y is compact, then

(w] 37£(T, Do) = 3™ 2(L n£71(¢)) = 3% (compact) =

= compact, since ¥ is proper. So all hypotheses of

lemma 7.2 are fulfilled, therefore we may find open neigh-

bourhoods V, of j Ag(Y) in J™MY,Z) and W' oof j f(L ) in

JZ,Y) such thatjg(Y)xYJ f(L); W Yoy, (U)

*Y'n
Since f is proper and Y is locally compact and (Ln) is
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locally finite, the family (i‘(Ln)) is again closed
(sublemma 7.2) and locally finite. There is a closed
locally finite family (K ) in Y with £(L ) <K ® (open
interiour). So w (§P£(I.)) =£(% ) <K° and R, B i open,
20 w1 (E,®) is open in x,Y). Tet W= Wy Chw e °),
then W is open and j f(L ):W furthermore
3 g (X) x g3 (T,) =V, x ¥, v wa ey, (T
Put K = (1 Y, H(v ), W= (W ) Then gGM'(K V) since
1 g(x, )cjn () cv and feM'(L W) since j B(1,) W,
C‘laim' Comp(M' (K, V), MY{L,W})cM'(L,U). Let &' GI'I (K v},
£' €M (L,W), then for any n and X €L, we have:
Frix) =w %2 {x) cw 32 (L) cu(W, )cK <K, 80
(Mg (£1(x)), 1" (x)) eV wa cvn (U )y a0
e o £)(x) =y, (356" (21 (x)) 3% (x)) €T, s
g' s £ eN'(L,U).

So Comp is continuous for the D-topologies. Now if
f~f', g~g', tThen £’ is proper too and thus g f~g' . L',

g.e.d,

7.4 Eroposition:

1. Iet £: X' X be a proper smcoth mapping, then
7 =C% (£,7): ¢®(X,7)>0® (X',Y), £*(g) =g £, is
continuous in the 9- and (F®)-topology.

2, Let h: Y- Y be_a smooth mapping. Then
h, = 0% (X,n): ¢® (X,¥)>c® (X,¥') is continuous for the
D- and (B‘E)-topolegz.
Proof: 1. follows from 7.3.
2. 7.3 shows, that hy: C;)rop(X,Y)—»Gm (X,¥') is oon-
tinuous, but we want more. Let M'(L,U) be a basic cpen
set in (C® (X,Y'),®), as in 4.7.2: L=(L,) is & locally
finite closed family, U={(U ), U, open in J By, Y.
THE,h): TN, Y) - T, YY) is smooth (2.14 reap. 1.10).

Pat V= (I(X, n)Nuy), v =(V,). Then (h,)~ Ywe(,u) =
= M (L V) e 0®(X,Y). For the (FD)-topology one remarks
thet £~T' implies ho f~he £,  q.e.d.

7.5 Let X be a manifold with corners For any k=1 we
consider the open sub fibre bundle J (I{ X) of the
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fibre bundle J5(X,X) over X xX, consisting of all
"irvertible k-jets". In local coordinates (U,w),(V,v) on

X we have Jk(u(U),V(V)) =u(U) xv(V) x P(n,n) =

= w(U) x (V) xL fRTR™) e kay (R%,R™), and
Env(u(U),v(V)) conSLSt of all (x,y,o)-—(x,y,c1,a2,,,,,gk)
such that ¢ iz invertible with respect to the trunecated
composition, i.e. such that o, €G6L{n,R).

Lemma: The mapping inv: Jk (X x)-»Jffnv(X X), given by
inv(c)::c_1, is a smooth fibre respecting mapping over

(X,.Y)—’(y,x), Ixi-XxX,

Proof In leecal coordinates we have:

invs: (u(U) v(V))—»anv(v(V) uw(U}) is given by
lnv(x,y, )— (7.x, 1nvko), where invkc; ig the inverse power
series for the polynomial g, truncated at order k. Since
the coefficients of invko are rational functions of the

coefficlents of o, inv is a smcoth mapping. q.e.d.

7.6 Theorem: The mapping Inv: Diff(X)- Diff(X), giv
by Tnv(£) =7, is continuous for the ®- and the (Fo)-
topology.

Proof: Tet M'(L,U) be a basic open neighbourhood of £

in 6% (X,X), where f € Diff{X), where L= (Ln) is a locally
finite closed family in X, U= (U ), U, open in JHE, %),
We may assume that U, is opem in Jlnv(X X), and that each
X\Ln0 is compact (thls is possible, sese 4.7.3 and 4.7.3).
We want to consiruct a D-open neighbourhood B of £ in
¢® (X,X) such that Inv(m n Diff(X)) e M'(L,U). Since
f_1EEM‘(L,U} we have (jn(f_1))_1(Un);an for each n. Let
) be a locally Ffinite sequence of closed set in X,

euch that (Jn(f_1))-1(U') 2L ° oL'O;eL for all n. Since
X\L' GX\L we have X\L' compact too for each n. Put
K, e 1"L '), X _f‘1(L )y K ={K'), K=(K). KK are
again locally flnlte closed families in X and K ;IP

Let d be a matric on X, compatible with the topology,
let &: X-@R+ be a sirictly positive continuouws function
on ¥ such that O<maxie(x): xG?X\KnO}‘:distance between
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the compact X\Lﬁ? and the disjoint closed set Ln’ for

each n. This exists since (K ) is locally finite, K,
is compact and (L ) is locally finite. Put Vn==inv(Un)
(*f.4), an open set in Jlnv(X X}, V-L(Vh). Consider the
basic P-open set M'(K',V). We claim that it contains f:

For n€N and xEKn' we have 30 (x) —1nv(;]n(f-1)(f(x))),
f(x)Ef(K Y= L', s0j (f )(f(x))eU by the choice of
L,'. Thus j f(x) Elnv(U )} =V Lr 50O fGM'(K' , V). NHow let
N(f 0,e) = {gec®(X,X): d(f(x),g(x))<e(x) for all x €X]
and put 8 =M'(K',V)n{£,0,e). Then B is open, T €3.

We finally claim that Tnv(B n Diff(X)) e M'(L,U)}: Let
g €8 0 Diff(X).

Then g(K,') s L for sach n, since d(£(x),g(x)) <e(x)
and for x EX\Kn we have £({x) €X\L ' ;X\L‘O and e(x) <
< distance between X\Lz‘l0 and L ; s0 g (x) kLn, g(x) €D, .

Therefore g(X\Kn' ) sN\L, i.e. g(Kn') <L as asserted,
by g € Dife(X}.

Now for x€ L, we have Mg 1)(x)“~1nv(3 2le (x))) <
c inv(Vv. ) = UnsnmegGM%K'V)mﬁg (L);K',so
Pale™ (x)) < 3"e(, ) sV,

This says that g | € M'(L,U). We have proved that Inv
ig continuous for the D-topology. To obtain the same
result for the (FD}-topology just note that £~f' iff
£ et g.e.8.

]

7.7 Corollary: Diff(X) is a topological group in the
WOk—toEologx, k=1, in the D-topclogy and in the (F®)-
topology. Denote by Diff (X)={f € Diff(X): f ~Tdy} the
get of all diffeomorphisms with compact suppori. Then
Diffc(X) ig a closed normasl subgroup in (Diff(X),WOk,
¥=1,9) and ig an open subgroup in (Diff(X),(FD)).
Remark : (Diffc(X),SD) has been studied by several authors:
EPSTEIN (1970), MATHER (1974,1975), BANYAGA (1978),
CALABL {1970).

Mather has shown that the subgroup of Diffc(X) COn-
siating of all diffeomorphisms diffectopic to Id}{ (i.e.
homotopic in Diffc(X)) is perfect, i.e. coincides with its
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commatator group. We will see later that this is exactily
the comnected component of Id, in (Diﬂ'c(X),‘.B).

BANYAGA proved the same for gymplectic diffeomorphisms,
CALABI gave an srroneous prool of this.
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8 Differential calculus on locally
convex spaces

Ordinary differential calculus as beginning students
of mathematics learn in the introductory courses on
Anpalysis generalizes rather wonderfully up to Bahach
spaces (only partitions of unity are lost in the process).
By this I mean that there is essentially one "good" de~
finttion of Okwmappings and that lmportant theorems of
cglenlus continue %o hold on Banach spaces 1n essentially
the same form as they do on Rn, including the implicit
function theorem. Therefore there 1s nearly no difficulty
in generaling manifold theory to Banach spaces (see
S. LANG, 1972, for a wonderful account} and one even gets
the "bhest" formulations for finite dimensional differential
geonmetry Ly writing it down for Banach spaces in some
cases.

There is a definite end %o this bezutiful theory at
Banach spaces. This is mainly due to the fact that the
Usual norm topology on L{E,F) for normed spaces E,F does
not have a canonical extension to the wider category of
locally convex spaces; what i1s worse: if E is not
normahble, then there does not exist a compatible topology
on L(E,F) such that for example the evaluation map
ev: E»xL{E,F) > F would be continuous. So if omns wants %o
have a theery of differentiation such that the chain rule
helds, one hag to leave the realms of topology and uss
convergence structures instead. A whole hort of mutually
inequivalent definitions of differentiability therefore
appears in the literature. But however, as H.H. KELLER
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(1974) nas shown, many of these notions coincide, if one
looks at % mappings, and more so, if one restricts
the spaces. We will use the simplest of the good notions
of KELLER, the motion C7 =C7

Recently U. SEIP (1979) has shown that the compactly
gencrated analogue of U% , restricted to a carefully
chosen category of compactly generated linear spaces
{(those which come from seguentially complete locally
convex vector spaces) gives a cartesion closed category
of smooth meppings (i.e. ¢%® (B,0% (F,6)) =c® (EnP,q)
holds generally),a so called "convenient setting" for
differential caleuvlus. By generalizing the notion of
manifold considerably (they need not have charts homeo~
morphic to open subsets of vector spaces; they are just
required to have something like a fibre linear tangent
bundle} he is even able to get a cartesian closed category
of smooth mappings and "manifolds" (U. SEIP. preprint).

We will stick to the traditional notion of manifold
a8 having an atlas consisting of charts in this book,
since we are essentially interesgted in getting ag much
"differential geometry" on marifolds of mappings as
posslble.

In the following we dencte by E,F,G,... complsate
loecally convex vector spaces.

8.1 Definition: Let UgE be an opsn subset. 4 mapping
f: U~>F is said to be cl, on U iff the following two
conditions hold:

1. 1im % (£{x+ry) - £{x)) =Df(x).y in F where
30
Df(x): E-F is a linear map, for x in U, y€E, X €R.

2. The map {x,y)»Df{x)y is jointly continuous,
TUxE-=F.
Remark: Condition 1 says that all directional derivatives
of f should exigt, condition 2 says that these f£it
together continuously. Condition 2 cannot be expressed in
the following manner: Df: U->L(E,F) is continucus, where
L{®E,F) has some carefully chosen topology (cf. KBLLER
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1974). This is pogsible however in the compactly generated
setting of SEIP 1979.

It can eagily be shown that any Ol mapplng is con-
finuous.

Tet us dsuote the set of all ¢} mappings from U to F
by ) (U ) Clearly o (U F) is a llnea:c‘ space and
01(U'R) is an algebra and ¢! (U F) is a module over this
algebra

8.2 Lemma: Let UcE, V<F be open, let fGC‘ (U,F},
1

g€q, (V,6), £{U) cv. Then go Tec, (U,8) and we have

Diz. f)(x)y De(f(x)).Df(x).y for any X€U and ycE.

Proof: The limit comdition 8.1.1 can be computed as in
any analysis course. D(g. T)(x})y is jointly continuous
in x and y ag can be seen from the right hand side of
the above equation.

8.3 Lemma (partial derivatives): Let £: ExF~0C be a
mapping. Then fECl(E x F,G) iff the following conditions
are gatigfied: x, —»f(x1 ,x2), xg-bf(x1,x2) are of class
Cl for fixed Ko Xy respectively with derivatives
D1f(x1,x2)y1 and sz(xj,x2)y2 vhich are jointly continuous
in all appearing variables.

The derivative of £ is then given by D:I’:‘(:e:1 ,xz)(y1 ,yz) =
= I}?f(:ac1 ,x2)y1 +D2f(x1 ,xz)yz.

Clearly the same result holds if f is only defined in
an open subset of Ex Y.
Proof: Necessity:
D f(x,! WX )y.] »ilg 1 (f(x + 2y, ,xz) --:t‘(x1 ,x2) =

= lim & = (£((x,,%5) +A(y,,0)) =T(xy,%,)) = DE(x, ,%,) (7,0,
kaO
g0 D1f is jointly continuwous in all appearing variables.
Similarly for sz .
Sufficiency: ]Z)1f(::1 ,x2)y1 +D2f(3c1 ,xg)y2 =
= 1_3;1(:}1 D f‘(;:s'.1 Xy + ly2)y1 +J32f(:c1 VX5 )y, =
= Tim lim + f(x +uy, +AY,) - F(X, 3%, + A7, )] 4
30 o0 M [ F2 T A 178 TAYR)
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1
+ lim 0 = [.’f.’(x1 Xy +uy2) -f(x1,x2)] =

s
111101 L [f(x TS PR -I-uyg) - f(Jt:1 » Xy +uy2)] +
>

1in & [f(x1 ’Xy +;_1y2} - f(x ,xz)] =

+

ﬂm [:E'(x Y, 0%y +uy2) -f(x1 ,Xz)]w

It

Df(x1 ’x2)(y1 ’Yg)-

S0 the jeint continuity of Df in a1l variables is
eguivalent to the joint continuity of D1f, D2f in all
variables, g.e.d.

8.4 We do not prove a mean-value-lemma, since ws will
always take recourse to the following simple fact in
situations traditionally mastered with the mean value
lemms.,

Lemma: Let f: U-F be C\, x,y€ U and [x,y] (i.e. the
segment from x to y: {tx+(1—t)y. 0=<t=1}) ¢ U, where
Ug® is open. Then f{y) - f(x) -f Df(x +‘t(y—x))(y-x)d‘b

where the Integral is the ordlnary Bochner Integral (even
Riemann-sums converge in F).

Proof: The integral counverges in F gince the function is
continuoug in t. The formula follows by considering the
function g(+t) =f£(x +t(y-x}), R+ F; we may even anssume
that g has values in R by using the Hahn-Banach thecrem
and the chaln rule. g.e.d.

Bemark: Clearly f£(y) - f(x) is contained in closed convex
set containing all Df(x+t(y—=x))(y—=x), t€[0,1]; this is
normally alluded to be the mean value theoren.

8.5 Definition: f: UgE-=+F ia called Ci

Df: UxE=F ig again 010.
Te define sz we compute as follows, using B.3:

D(DL)(x, 5,0 (3, ,¥5) =

=D, (D:E')(x ,x2)y1 +D (Df)(xi,x )y2

1—113 1 [(Df(x +2y, )x - Df{x )x2'[+
+ &1%1 1 [Df(x )(x +uy2) - Df(x )x2'1 =

it £ is cl and
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%ig 7[ [Df(x Ay, dx, = DEf(x, )x, ) +
+ lim l DE(x, ) (uyy)
-¥

1
=: D f(x1 )(5’1 ,X2) +Df(x1 )Y2
wizlere we defined
. = 14m L -
D°f(x, )y, ,¥,): —iig 5 [DE(=, +hy,)y, - D2(x,)y,] =
=D1 (Df)(x1 $y2)y1 =
=D(Df)(x1 93’2)(?1 |0) =
=D(bf)(x,,y,)(y,,2) -Df(x,)}.z.
Clearly sz: UxExBE~-F ig jointly continuous.
We use this recursively to define:
Definijion: f: USE-TF is called cP iff
DPlf: Ux(Ex...xE)>F is cl
~. -
p«-
We define recursively
Dpf(x) (y1 !"-yyp): =D1 (DP_1f)(x9y2’--°93’p)'y1 =

= D(Dp"1f){x,y2,...,yp)(y1 20,00.,0)=
-1

= D(Df} f)(ny2;---,yp)(Y1,22,---,2:9)-

- ¥ f(x)(zg,...,zp).

DPf: Ux(Ex...xE)>F is jointly continuous by recursion,
and p-linear. It is even symmetric in the p-factors.
This can easily be seen by restricting DPf(x) to the
p—-dimensional linear subspace of B containing Vqysee- ,yp;
this is then the ordinary p-th derivative at x of £
regtricted to the p-dimensional affine subapace through
x parallel to the ons just chogen and symmetry followus.
Definition: Let CN(U,F) denote the space of all C5-

mappings UcE~F. Let cg“(U,F) N cp(u F).
p=l
Remark: We refrain from putting a topology on the space

Cg’ (U,F). If U<E and E is infinite-dimensional then all
topologles considered in § 4 with the exception of the
c-.orn}:ract--ccID -topology become zero-dimensional. 4.4.4 showus
that there are no noncongtant continuous curves in
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Ug)(U,F), since there are of course no smooth mappings
with compact support. The problem of putting a topology
on Cg) {(U,F) has been successfully solved by U. SEIP.

8.6 Theorem: Let E-X be a finite dimensional vector
bundle over a gecond countable smooth manifold with
corners X. Then the space T, (E) of all smooth sections of
B, bearing the ®-topology (cf. 4.8) admitsg C partitions
of unity. In particular it is paracompact.

The last assertion has already been proved in 4.8. We
repeat the proof of this. We begin with a sublemms.
Sublemms: rc(E) is a Lindelsf space, i.e. each open cover
of PC(E) has a countable subcover.

Proof of the sublemmsz: Tet (Kﬁ) be a sequence of compact
subgets in X such that KnCKnHO and X=lf1J Kn. Denote by

Ty (E) the subspace {s¢T (E): supp s<X_|. Then T, (E)
Kn c n Kn

with the D-topology is a separable nuclear Fréchet space;
we will use separable Fréchet here. So each I'y (E) is a
Lindeldf space. Let U= (U;); g be K? of T (B).
Then U covers the closed linear subspace T (E) too, so

an open cov

there is a countable subfamily u, of U covering TKn(E).

Then | 1, covers U T (E)==TC(E) and U U, is countable.

n o a g.e.d,
Progf of the theorem: The congtructions to come follow
clogely the method of BOURBAKI, General topology, IX, § 5,
bat we will carry along more information in the proof.

It is well known that I‘C(E) is a nuclear space
{GROTHENDIECE, 1955). We will give an explicit proof of
this fact in the next wvolume.

3¢ we may assume that there is a system of semincrms
on I‘C(E), P= {pixiEI’ generating the topolegy of I‘C(E),
such that for any twoe seminorms pi’Pj € P there iz a third
one P with pkzzp s Pk:’Pj and such that the completion

T (E)/p; " (0) of each factor space T (B)/p,71(0) 1n the
norm topology p derived from the seminorm Py is a
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Hilbert space. Let us denote by qy: I‘C(E) —»I‘C{E)/pi"1(0)
the projection.

It is well known that the square of the norm in a
Hilbert space is a C -function (by bllinearity), there~
fore for each i €I the mapping p = (p ) «q; is a

Co © _function on T, (E) (by the cha:.n rule, since q; is
linear and cont:.nuous)

So we have the following data: P= {pi}iﬂ
of seminorms on I‘C(E), generating the P-topology, complete
(=0 p;sPs <y for all 1, for some k=k{i,j)) and such
that p “ is 0® on T_(R).

Now let LI_ (U )aEA be an arbitrary open cover of
T, (E). For each x €U choose p;, €F and >0 such tha‘b
vxc —{yer(E) p(x-—y)«ce}gv e;U.Then (v, s
xEU » o€ A i3 an open cover of I‘ (E) refining u. By the
sublemma there is a countable subcover (vn)nenﬂ of (Vx’a),
then (V ):aEN is & countable open cover of I‘C(E) refining
U, and each Vn ig of the form
vn={yerc(E): 14 (y—xn)<en} for suitable anl“c(E),

n
€, > 0, pin £P.
From row on we adapt the proof for Hilhert spaces of

S. LANG (1972), p. 35 2.
Define a cover (Wn)

1z a gystem

nen ©F I‘C(E) refining (vn)neN
recursively as follows: Tet Wo =vo.
Having defined W let

n-1°*

- 1 = 1
To,n =€ "n’e =€h "’ let 4
:_;j(y X )>rjn} for 0<j<n, and let

W=V, nA on e N Ay g g

Claim: (wn) is an open cover of TC(E) and W <V .

Open, W, cV, is clear. Let yeI‘c(E). I=t n be the smallest
index such that FEV,- If y were not in W, then
yEeT (BN, = (T, ENV I UT ENA Ju... u{T (BNL 1
go there is some ] <n with

yEI‘c(E)\Ajnz iz Erc(E): pij(y-xj) :;rjnl ;Vj since
<ej.

yn= iy EI‘C(E):

)

I‘jn
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Thig contradicts the minimality of n for y EVJ. There-
fore y € wn.
Claim: (w_n) is locally finite. Let er‘c(E). Then x €V,
for some n, i.e. P, (x—-xn) <e . Let

n
0<n ‘-15 (e, -pin(x —xn)). Let B={y €T (E): Pin(y*x) <ni.
Now B :I‘c(E)\&n x for k sufficiently large since
L
— 1
L(ENE, = {y: pin(y -Zy) <7y =€, -l and
p; (x-x ) +n<e, - for k large. But this means that

Bﬁl w_k=¢ for k large enough, So we have found a neighbour-
hood B of x meeting only finitely many Wn's.
Claim: For each W, there a function g '€ c°° (T,(E).R)
such that o ‘(x)>0 if x €V, and o, '(x) 0 it xetw .

Let al(t), 8(t) be ¢® —-fu.nc‘bions on R such that
a{t)>0 if |t| <1 and a{t) =0 1f |t| =1, 8(+) >0 1if |t} > 1
and 8(t) =0 if |t} =<1.

Then xw af cn“z.pinz(x-—xn)) is a Cg’ —-Punction on
I‘c(E), >0 if x€V,, =0 if x§EV , and
x:—rﬁ(rj nﬂz.pij (x—xj)) is a CJ -function on I‘C(E), >0
]
if x €A , =0 if x EA (if r =<0 adjust the deflnition
1.0 Jjn i,n
sultably).

Then o '(x) =a -2

2_ 2 2
- I . -x,)
Py (x-x,)). Blzyy “-pyy (x=x4))

€n
1=]=n

hag the required properties.
So ¢, 20, {supp cpn') = (W_) is locally finite and for

each X there 1s an n with cpn‘(x)>0 So x—»): ®, (%) is

well defined and Cm on T (E) and >0 everywhere there-
fore Py, ' (x)

o (x) =.'2—t.oj_'(f)-

is the required partition of unity subordinated to (W_)
BOtO(V)&nd(U) q.e.d.

8.7 Theorenm ((1-lemma}: Let (Ei,pi,X,Fi), i=1,2, be
finite dimensional smooth vector bundleg over a manifold
with corners X, Let Ug E1 be an open nelghbourhood of the
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image of a section s €T, (E ), let a: U~E, be a smooth
fibre respecting mapp:.ng such that oo 8 has compact
gupport.

Thon the mapping ay: VeT (B, )-T (E)), ax(s) =a.s,
is a C -mapping, where V= isél"c(E ) s(X) < U} ig open
i_nT‘c(E ).

We have D(q*)==(dFa)*, where dpa: UxE, »E, is the
fibre derivative of a (cf. 1.16), i.e. dpaln,) =
= d(ql (E1 )x n U)(Tlx) forn €E NU, x€X.

Bemark: We will need this thecrem in a glightly more
gereral form; Ei will be TX or a pull back of this bundle,
and U will be open in j‘TX only. Then V is no more open in
T,(E;), only open in a "quadrant of infinite index".
Proof: It suffices to show that D(a4)(s)(s') =

= (chx)*{s a') =dpoe (s, s'), since then o, is of class

0F already: (dpadet VxT,(E,) T, (B,) is continuous by
7.4.2, 50 gy is of class 01 But D(c.*) = (dpa)y:

T (B, 6E ) »T _(E;) is of 'the game form as gy, 50 oy 18
C!g By recursion oy 18 G . So we have to show that for
s,8' EI‘C(E )} (we ignore V from now on) the following

holds: ( ‘ (
(1) g 22N 7elO) o ee) 1
O
(T (E ),®), for »€R. We will use 4.7.6, 4.7.7.
Fnr xEX we have
(2) T Tax(s+218") = (8) 1x) =1 [als(x) +28'(x)) -
- a{s(x))]

(3) [(dga)e(s,8')(x) = dpals(x)).s" (x).

If x i3 not in the compact support of s', then (2)
and {(3) are both mero, so (1) holds there.

It suffices to show, that on the compact support of
g' "all partial derivatives" of (2) with reaspect to x
converge uniformly to those of (3} for x- 0. For that it
guffices to show that for any x, this 1s true on a neigh-
bourhood of x_ . So we may restrict to a chart W centered

0
at X, and trivializing for both bundles, to get the
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following situation:

o
me ——ee—y W B

F
’/
s,;$\\ -
-~
-

xOGWgQQRE

Then we have s(x) =(x,%{x)), s'(x)=(x,t"'(x)),

alz,5) ={x,p,(y)) = (x,8(z,y)) for x€W, t,t'¢ c® (W,F,)
and @€ o™ (WxF ,F,), and we have to show, that each
derivative with respect to x of

Blx,t(x) +23'(x)) - B(x,t(x)}
(4) X X +l X x X

converges to the corresponding derivative with respect

to x of
(5) alg, ){(#(x)}.s' (x) =dB(x,t(x)).t"(x),

uniformly on a neighbourhood of x . By Taylor's theorenm
B R0 + 35T (3)) - B, (4(x))

B x)+rt'(x))-B X

= T £ =1 a(B ) ($(x))(nt' (x)) +

+ 4 s (1-u)d®(8,) (6(x) + it () ) (A" (x) 08" () Jp.

S0 it remaing to show that each derivative with respect

to x of

(6) 1 51 (1=2)a%(8,) (£(x) +udt ' (2)) (37 (%), 5" (x))du
converges to O uniformly on a neighbourhood of X, Tor
2-20. For |2| <1 e.g. the integrand is bounded on a
compact neighbourhood of X, s SO converges to O uniformly
with 3= 0. iny derivative i with respect to x commutes
with the integral in (6); after that the argument may be
repeated. g.e.d.
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9 Manifolds modelled on locally
convex spaces

Here we present the main concepts in a form and
notation suitable for our purposes. The second part is
devoted to a gilmple example.

9.1 Definition: By a Og)—manifold we mean the following
data:

1. A Hausdorff topological vector space M, together
with a family (Ui’ui’Ei)iéI’ where (Ui) as an open cover
of M, u, U:L"ui(Ui) r;Ei is & homeomorphism ontoc an open
subset ui(Ui) of a complste locally convex vecotor space
Ei for each i.

2. I U, . =0, nU L @ then the mapping

1J
Uy =y e j“1: uj(Uij)-éUij-;ui(Uij)
n
Ej Ei

13 required to be a cff —mapping. It follows that it is a
o® diffeomorphiam and that Ei is linearly isomorphic

j°

Bach (U, ,u,,B;) is called a chart for the ¢® -manifold
M, the collsction (Ui'ui’Ei):LEM is called the defining
atlag. Any famlly as in 1. satisfying 2. is called an
atlag, twe atlasses are called egquivalent, if their union
is an atlas too (i.e. satisfies 2.).

By a Cg:' wmanifold we will always mean a manifold defined
as sbove, a ¢® ~ganifold or smooth manifold will always
be finite-dimensional (it is = 0:3 ~manifold too then).

to B
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(}? -mappings hbetween cg’ ~manifolds will be mappings
that are Og:' when composed with chart mappings.

9.2 Let M be a cg’ -manifold, let NeM be a subset. N is
called & splitting c‘;" ~gubmanifold of M, if for each

x € N there is a chart (U,u,E) of M with x¢ U, u(x)=0¢E
and a closed direct summand FcE (i.e. F is a closed
linear subspace having a closed topclogical complemtary
gubgpace in E) such that u(Un¥) =u(U)n F. The collection
of all {Un N, w|UnN,F), (U,q,BE) as above, is an atlas
for W, making it to a cg’ ~mandfold itgelf.

If one drops the requirement that F hag to be a direct
summand {so F is only required to be a closed linear sub-
space), then the subset I is called a non gplitting
0% ~submanifold (short for: pot necessarily splitting
Cc —submanifold). We will have the chance to meet specimens
of both kinds later on.

9.3 ITangent bundle, Tet M be a Cg) -manifold with an
atlas (Ui’ui’Ei)ieI defining it. A tangent vector at

X €M ghould be 2 natural way to define “"diresctlional
derivatives of functions at x". So if f£: MR is cf'f , one
may try D(f. ui_1)(ui(x)).v, where v€EB, is arbitrary.

30 we chooge the following definition:

A tangent vector on the Cj -manifold M is an equiva-
lence class of 5-~tuples (v,U ,u,i,Ei,x), vhere (Ui’u‘i’Ei)
is a {compatible) chart on M, vGEi, and x € U,; two such
tuples (v,Ui,u.i,Ei,x) and (w,U,,u,,E.,y) are equivalent
iff x=y and D(uio uj_1)(u.(y);.w=v. The unlque point x
in each 5-tuple of a class is called is Ffool point of the
tangent vector; TxM ls the apace of all tangent veciors
with foot point x, and TM denotes the space of all tangent
vectors on M. Let =Ty T ~M the mapping associating
its foot point to sach tangent vector. Choose a chart
(U;,u;,8;) of M. Then one gets a chart ('ﬁi,Ei,Eiin)
of TM zs follows:
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Uy =my (0y),
Ei(g) = (ui(x),v) if (V’U ’ui’Ei’x) € E.

It is easily checked that the chart change W . b,
given by (y,v)-»(uju 1(y) blu, - u, )(y).v), which ig a
Ca} mapping nearly by definition. wa induce the (unique}
topology on ™M which mekes each E& to a homecomorphism. It
ig clear that ™ is continuous for this topology. It
remains to show that this topology 1s Hausdorff:
Let £,m€TM, € $n. IT nM(g) =‘TTM(T'1), then for any canonical
chart (ﬁi’aﬁ’Ei’<Ei) we have Ei(g):z(y,v), Ei(n)==(y,w);
separate v,w in Ei by disjoint open geta V,W, vEV, weW,
then 31_1‘ (By x V), E -1 (B, xW) separate g,n. I
vM(g) #1ﬁﬂ(n) then separate these images by disjoint open
set V,W in M, so wy 1(V), Ty 1(W) geparate g,n

Thug we have proved that TM 1s again a 0 -manifold

with the atlas (Ui,ui, iXE:.)’ which we call the canoni-

1 is

cal atlaa.

9.6 Definition: By a c?_f’ -vector bundle we mean the
following data:

1. A triple (E,p,M), where & and M are G -manifolds
and m: 8- M is a C -mapplng.

2. A family (U ,¢% LB, )iGI where (U‘) is an open cover
of M, @;: Uy xF, »p (o ) i a 0 -diffeomorphism and,
Fi ig a complete locally convex vector space. @ is re-
quired to be "fibre-respecting®, i.e. p q:oi(x,y) =x for
eri, yEFi, or

0y
U, xPy —_— ., D (U’i)—: &/T.T:L

x\\\\\‘ ‘(,/5
commutes.

Fur‘bhermore for each x EUi nUint the mapping
Py 4 (x) =04 .q: l{x ij: Fj—»F is required to be a
lin.ea:c i.aomorphism. More exactly: cpi cpj(x v) =
= (I,cpij(x) .y), this defines Py 4 Fj—»Fi which is required
to be linear (imomorphism follows).
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A family (U 93 JF, )1€I as in 2. is called a vector
bundle atlas, each (Ul,cpl,Fl) iz called a vector bundle
chart. Two vector bundle atlasses are called equivalent
if their union is again a vector bundle atlas, So more
gxactly a Cg) vector bundle is given by an equivalence
class of vector bundle atlasses on (€,p,M).

Given an atlas (U s 0 5By ). jer of @ CCD -manifold M,
consider the canomcal atlas (U ,u 2By xE ) of TM. Then
(U ,u . (u ><IdE },E, )ieI is a vector bundle atlag for
(TM s M)

We did not require that the "fibre type" of the vector
bundle is congtant over the whole base manifold M, since
this will not be the case for CP (X,Y).

We will meet Ogj ~fibre bundles with structure groups
later on too; these are defined in the obvious way along
the lines explained so far. We will use these notions
and all other well known notions from finite dimensionsal
differential geometry without further notice in the
"ng -gomplete-locally-convex"—setting if the generalization
is obvious and without problems.

8.5 Our next aim is to investigate the (simple) example
J® (X,¥), where X,Y are smooth manifolds without boundary,
in order 4o get some feeling for the theory. We begin
with some preparations.

1. Remember JP (U,V) where U is open in R™, V ig open

in R™ from 3.1. We had J® (U,V) =UxVx I Lgym(ﬁn,ﬁm)

=UxVxPP (n,m}
=% Jk(U,V).

2. Formal composition comp: PP (n,n) x P® (k,n) » P® (k,n)
is jointly continuoug:
Tet ;&:(Aj)j21 €?® (n,m) = I Lgym
B = (B ) 521 P‘I’ (k,n). ]

Then (A B) ig a finite linear combination with
universal constants (depending only on j,k,n,m) of ex-

(R™,RT), let
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1 i1 ir
pressions like A +(B',...,B ), 1 liseea,insy, r<j.
Since each A- AT is continuous (linear) ths result
follows.

3. Let E be a complete locally convex space, let
X : n
£ E-»Pm(n n) be a napping, £=(£3) . 13 E-}Lgym(R LR
Then £ is C iff £7 is Cc for each J.
_pd
Proof: + (f(x +ay) - £(x)) “(f {x+)\_{) £ (K))jap
converges to (df (z).v) in each coordinate, thus in
P (n,m). (x,y) —)(clfn(:vcjl y)j is jointly continuous in
x and y. So £ is 01 and Df = (df ) jq+ By recuraion f is
Gg’ . The other 1mpl:|.catlon follows from the chain rule.
4. Let £€0®(U,V), U open in R", V open in R®. Then
5 £ U»J"’(U V) is c
Proof: 3° £= (Idy,t, d1f a%r,a%%,...): U 3% (U, ) =

this

1 2
mUxVx LsmeI‘sym ...y, and each coordinate mepplng is
c* ., Now uge 3.

5. Formal composition comp: PP (n,m) x P® (k,n) - 2® (k,m)
ig (jointly) ¢® :
Proof: Repeat the proof of 2.; since each A- Al is con-
tinuous linear, (4,B)-> (4. ]3)1 is CCCD for each 1. Now
use 3.

6. If g: U'>U is a diffeomorphism between apen subsets
of R™, then for any open VsR® the mapping
I° (g,v): 3% (U,v) 3% (U',V), given by I° (g,V)}(JT £)(x) =
= 3% (f.8)(g ' (x)), ig e ¢P -diffeomorphism.
Proocf: The inverse is of the same form, so it suffices
to show that this mayping i1s smooth. Now this mapping
has the followlng form:
Ux¥ xB® (n,m) > U xVx2® (n,m), {.,7,4)» (g 1 (x),7,
be (I®g. a7 (x))).

Wow ugs 4., 9. and the chain rule.

7. If h: V->V' is a smooth mapping between open gets
V<R, V' cR¥ resp., then IO (U,R): 3% (U, V) - 3P (U, V")
is 0
Proof: This mapping has the following form:
UV xP® (n,m)» UxV' xB® (n,k), (x,7,4)- (x,h{x),
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jajh(x)o 4). Use again 4., 5. and the chain rule,

8. Let X,Y be smooth manifolds without boundary.
Then J% (X,7) is a T -manifold. (% (X,1),n3, Xxv,
PP (n,m)) is a cg’ ~fibre bundle (even with structure
group, but we won't prove this).

Proof: Let (Ui’ui) be an atlas of X, let (Vj,vj) be an
atlas of Y. Use (3% (U,,7.), 3% (v, ,v)),
RP*«R%:x P® (n,m)) as = Co -compatible (by 6. and 7.) atlag
of 7® (X,Y). This atlas even gives a fibre bundle atlag
(g:‘_L xV,, &° (7 -1 . (uixvj x Idpm ), P® (n,m)) of

I¥ (%,Y) (compare 1.10).

9. PP (n,m) is metrizable. If d° is a metric on it
then x-»d“)(o,x) ig continuous, and does not factor over
any projection n;"’ : PP {(n,m) —rPk(n,m) {truncation).

But: Iet f: p® (n,m)>R be a Gl—function. Then for any
A¢P® (n,m) there is an open neighbourhood U of 4 in
P® (n,m) and a k such that f£|U: U-»R factors over

Py U Lm}:
e | P (n,m) .

lu
U > R

@\ s

n® (U) s P*(n,n)

Proof: D£: P® xP®s R is continuous, so (D£)717-1,1( is
open and contains (4,0). By the definition of the product
topology there are openh neighbourhoods U of A and V of

@® 5 J & b
0in P of the form Ux jE-k Lsym and Vs T Lsym

where U is an open convex neighbourhood of nfca (4) in PE
and V is an open neighbourhood of O in Pk'

Tet BeU, CeP® with e {C) =0, then t.CE€V for all
t€R, so |t.DE(B}.C] = |DE(B)(t.C)| <1 for all t€R, so
DF(B).C=0.

Now let B€U. Denote by B the element (nfl B,0) € P x

.
Since U is convex we have by 8.4:

£(B) - 2(B) = /! DE(B+10).C dt, where C=B-T satisfies
R

resp.
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wP0=0 and a1l B+1C, 0<t =1, lie in U. So the integrand
is 0, so £(B) = £(E). This says that f|U factors over

o0
TTk . q-e.a.-
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10 Manifolds of mappings

10.1 TLet X be a ¢® —manifold with corners {finite di-
mensional).
Def@nition: 4 loeal addition v on X is a smooth mapping
T: TIX» X satisfying
(A1) (myg,7)s X > X xX is a diffeomorphism onto an open
neighbourhood ¢f the diagonsl in X xX.
(42) —r(ox) =x for all x in X.

17X is no longer = manifold with corners (see 2.6),
but it is so nice that one can still talk of differentiable
mappings on it.

Fro;p the conditions above it follows immedlately that
Ty = TflTxX: lTxX—b)( is a diffeomorphism of a guadrant
iTxX {see 2.6) onto an open neighbourhood of x in X.
Lemma: Any C® -manifold with corners admits a local

addition.

EFroof: Let exp: DX be an exponential mapping on X, where
L is an open neighbourhcod of the zerc section in oy as
we constructed in 2.10, Chooge a fibre respecting
diffeomorphism h: TX >V onto an open_neighbqurhood of the
zero section in TX, h(Ox) =0,, such that h(*TX) 0. In
the next 1emm§. we w:_'Lll congtruect such a diffeomorphisnm.
Then exp. (h|™MX): *TX-X is a local addition. q.e.d.

10.2 Lemma: Let X be a G -manifold with cormers, let
(E,p,X,F) be_a vector bundle over X, let V be an gpen
negighbourhood of the zero section in E. Then there is a
diffeomorphism h: E-h{E)eV with h(Ox) =0, Peh=p,

X
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h(*1x) e v % and n(TedX) e v 123X for a11 3.

Proof: Let g be a2 (Riemsnnian} metric on E. Then there

is a smooth function 8¢ ¢ (X,70,w [} such that

U={n€E: glpln))in,m) <a(p(n))2} ¢V. This can be proved

ag in lemms 3.2. Now let h: E-U be defined by

h(n) = 5(p(n)) n/mm. Then poh=p, h(0,}=0_ and
(u) —U/Jf’(P(u)) —g{u,u). The last claims hold since

h "zontracts along rays entering from OX" g.e.d.

10.3 QRemark: Construet the local addition as in lemma
10.1 but suppose furthermore, that the exponential
napping used comes from a tangential spray £ (i.e.
(Tbjx) ¢ T3 for each j of. 2.8), then by 2.10 we have
ex 1(3)‘]}() t:T ij for x€ bJX for all j; conversely we
only have exp_ (sm T, »X) e U »™. But for the local

m>j
zddition T =exp. (n] 1TX) we have too
o (o3%) =1 % ir x€ a9, for each j. A local addition
w:r.th this proper‘by will be called boundary respecting.

10.4 Theorem: Let X,Y be ¢® -manifolds, ¥ with corners,
Y without boundary. Then (C% (X,Y),(FD)) is canonlcally
a Cg) ~manifold, modelled on nuclear and dually nuclear
locally convex vector spaces (of the form Fc(f“’TY)).

Proof: Let t: TY->Y be a local addition on Y; existence
of such was asserted in 10.1.
Let T ¢C® (X,Y).
Put Up= gec® (X,1): g~7F, g(x) ETf(x)(Tf(x)Y) for
for all x ¢ X}
= (g€ ¢® (X, 1)z g~7, (£,8)(X) = (my, 7T},
U, is open in (0% (X,7),(FD)).

Put D, (X,T7) = {s € ¢® (X,TY): Mye8=%, s=0 off some
compact in X, i.e. SNOYu f}1, the space of all "vector
fields along £ with compact support".

Then (Sf(X,TY),(FED)) ig topological vector space,
topologically and linearly isomorphic to I‘c(f*"TY), where
T¥Y ig the pullback onto X of the wector bundle TY
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{ef. 1.17. 1.18). PFurthermore put
0pi Up»B(X, TY)wrc(f*TY), cpf(g)—(mr,r) (f,g}, or
(pp(g) ) (x) =Tp(x) Tg(x), and Yot Dp(X,T7) > U, given by
q:f(s) =T S: Qp and t¢ are con‘l::l.nuous by 7 4 2, and Pp
and §, are inverse to each other:
wfnpf(g) =10 {1y, 1) (£,8) = pr, 0 (1) o ()T o (£,8) =
=PTp (f,g) =g
Opig(s) = (ryoe) 7o (€270 8) = (ryu 1) (rye 8070 8) =
=(n ,'r) ° (TTY,T) s S=8.
We call (Uﬁ;cpf, o (X,TY)) = (Uf,tpf,l"c(f*TY)) +he canonical
chart of C% (X,Y), centered at f, induced by . The famlily
(Uf’cﬁf T (f*TY))fEOm (X,Y) is called the canonical atlas
of ¢ (X Y) induced by t. It only remains to check that
the chart change is C . For this purpose we define for
£ec®(x,7):

Tpt LY — IxY
\ A‘i
X

by Te= (f*Tl’Y,T): PETY > w ¥, Tf(x,bf(x)) = (x,'rf(x)nf(x)).
Remember that fATY=Xx, ¥= {(x,M): £(x) =my(n)t e X x TY.
Then Te ig a fibre respecting diffeomorphism onte an
opven subset of X x Y, which is an open neighbeourhood of
the graph Tp of £ in XxY
Now choose £,2 € C® (X,Y) such that Up nU kg, let
8 Ecpf(U nNU JeT (f*TY) Then we may compute as follows:
o lIlf(S) —%‘I’TY,T) o (8y1e8)=
_(TLI’T) « {gxt)e (Id,s) =
”“'I'g o Tpo 8=
= (Tg ° Tf)*(s)-
Here 11, Tgi THLY = X x ¥ ——— g*TY

£
is & fibre respecting o® -mapping.
By the (O~lemma 8.7 @ ..epf1 (1- o'rf)* iz a
¢T -mapping. So ¢ (x, 3 is a Y -manifold.
For comple‘teness sake we prove too:

-1
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Let 7,7' be local additions, let f£¢eC® (X,¥), let
tpr, cpr' be the canonical chart mu?pings induced by T
and 7' respectively. Then cpr o (cpr )1 e Cg’ on its
domain. For oo (o7 )7 (s) = (mp,7) 7. (£,7) e 8) =

= (WY,‘I‘)_1 o (£x7') o (Id,s) =
=‘T‘f—1_1o Too 8=
={1p o T3)x{s).

So by the (~lemma again we are done. This shows that
the ng ~manifold structure on C® (X,Y) does not depend
on the choice of the local additon «+. q.e.d.

10.5 Eroposition: Let X,Y,Z be C® ~manifolds, Y,Z with-
out boundary. Then the ecanonical identification

P (X, Tx%)=0% (X,Y) % C® (X,Z) of 4.7.9 is_of class

O? and even compatible with a suitable choice of canoni-
cal charts.

Proof: Let (f,g) € C%® (X,Y) xC® (X,2). We write again (f,g)
for the corresponding element of c® {£,T%2), which is
given by (f£,g)(x) ={f{x),2(x)). Let t: TY-Y and p: TZ-Z
be local additlions. Then txe: T¥xTZ2-+>¥%x7%2 is a local
addition on YT xZ. Now we have:

T, ((£,8)*2(Tx 2)) =T (£¥IY @ g*12) =T (£*I7) 6T (g*12),
U(f,g} anng for the canonical charts, and

Ui, gy —— T £ ((2,8)*2(¥x2))

“ thXCD
Y *
Uy U, T _(£4TY) x T _(*12). q.e.d.

10.6 Por the next result we need some preparations.
Definition: Tet X,Y be 0® _manifolds without boundary,
let 7: TY» T be a local addition. Suppose that X is a
submanifold of Y. X is called additively closed with
respect to T in Y if 7(T¥) <X, i.e. T induces a local

additicen on X.
{(This notion is comparable to "geodesically cloged"
of Riemannisn geometry).
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Lemwa: Let (E,p,B,F) be & vector bundle over s manifold
without boundary B. Then there exists a loeal addition
73 TE-E with the following properties:

1. B, identified with the zero section in E, is

additively closed in E with respect to 7.

2. Any vector subspace of each Ffibre B =p"(v), bEB,
is additively closed in B with respect to T.

Moreover T induces on each fibre Eb the local addition

coming from the affine structure of Eb: 'rn(m) =p +m,
p,w €8, mE Tn(Eb) :V(E)n:

Proof: Let (E',p',B,F') be a second vecltor bundle such
That BE42E' is trivial. Such & vector bundle exists, see
HIRSCH (1976), p. 100. Then E®E' is iscmorphic o
erRn for scme u. Let Ty be a local addition on B, let
To be the affine loecal addition on [Rn: Tz(v Y=x+v_,
a - X x
vxeTxFR =R", Then T

KTy is a local additiom on erRn,
satisfying 1. and 2. Now transport Ty XTo back to EGE'
via the isomoerphism, then Ty X To induces a local addlition
on the sub bundle E of E®RE"™ by 2. q.e.d.

10.7 Definition: Let X be a submanifold of a manifeld ¥,
beth of them without boundary. & tubular neighbourhood of

¥ in ¥ is an cpen neighbourhocd U of ¥ in Y togzther with
a surjective submersion p: U-+X such that:

1. (U,p,%,...) is a vector bundle

2. ¥- U is the zero section of this bundle.

Temma: Let ¥ be a submanifold of a manifold X, both of
them without boundary. Then there exists a ftubular neigh-
bourhood of Y in X.

This is a standard result of differential tovology.
A proof of 1t is contained in the proof of lemms 10.9
below.

10.8 Proposition: Let X,Y,Z be C% -manifolds, Y,Z with-
cut boundary. Let i: Y- 7 be_an embedding. Then ¢® (x,¥)
is a splitting 0% -submanifold of ¢% (X,2) via
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iy C®(X,Y) - ¢® (X,2).

Proof: Tiet YeUcZ where U ig a tubular neighbourheood of
Y in Z, so (U,p,Y) is a vector bundlc. By 10.6 there is
32 local addition r on U, v: TU-» U, such that ¥ and all
p_1(y), FTEY are additively closed in T.

Now tet ge 0% (%,7) e ¢® (x,0).

Let (U_,op ,I‘C(g*TU)) be the canonical chart of
¢® (X,U) centered at g which is induced by r.

For any f €U_ we have: f{¥)c¥, i.e. £ec® (X,7), iff
qog(f) = (ﬁU,T)_1%g,f) € i“g(X,TY) =1"c(g*TY), since
T (v)eY iff ve Tg(x)i- This says that
Ugn 0 (X,Y) =@ -1 (I‘ng*‘l‘Y)), where I‘C(g*TY) is a linear
subspace of I‘c(g*TU) =I‘c(g*TZ), even & direct summand,
since T (g*TU) =T (g#(TU|Y)) =T, (e*(TY & V() |¥)) =

=I‘c(g*TY€Bg*V(U) (Y} =
=T (g*Y) T _(g*V(V)),

where V(U) is the vertical bundle of (U,p,Y¥).
TU|T =TT ® (V(U)|Y) can be seen by looking at the canonical
chart change in 1.14. So C® (X,Y) is a splitting
cgo —submanifold of C® (X,U) which again is open in
cg’ (X,2). q.e.d.

10.9 Let X,Y be manifelds without boundary. Q(X,Y) has
been defined to be the set of all surjective submersions
X-Y (5.6). Q(X,¥) iz open in 0% (X,¥).
Definition: For g€ Q{X,Y) let S_(Y,X) denote the aspace of
211 sections of g, i.e. S (Y,8) ={gec® (¥,X): q. g=Td.}.
Note that any g€ Sq(Y,X) is an embedding.
Lemmg: If q is as above, let g€ S (Y,X). Then there exists
a_tubular neighbourhood p,: W, ~& ¥) of g(Y¥) in X whose
rrojection p_ c¢oinecides with the restriction to wg of the
mapping &. q: ¥-g(¥).
Proof: Firstly let i: L->R™ be an embedding of X into
come RY. Then g(Y) is a submanifold of R™ too via ilelY).
Por y € g(Y) «R™ 1at P_: ar-»Ti( y(&(Y)) be the orthogonal
(yﬁg(Y)). y=P, defines a ¢% wmapping
»
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g(¥)-» LR®,R™) (this can be seen using the Gram—Schmidt-
Orthonormalization process )

. pll _
Id -—Py. R -—Tl(y)R (Tl(y

orthonormal projection onto the crthonormal complement.
y-+(Id a-F ) is again a C® -mapping g(Y)- LRD R™).
Extendt 'bhlS mapping to a ¢® -mapping h: X-»L(Rn,ﬂ?n) {this
1s possible gince g(¥)} is a submanifold)}. Now let

f: X-»>R™ be defined by £(x) =h{g . q{x)){(i(x) -igg{x)) +

+ 1ga(e). men 207 (7)) sy, (Y +ie(y), v €T,

and | g(Y) =1]|a(¥), so there is an open neighbourhood V
of g(Y) in X such that f|V 7R 1is still an embedding.
a|V: V=Y is still a surjective submersion, since V is
open in X and Vag(Y).

We will prove now that g{¥) has a tubular neighbourhood
in ¥, whoge projection coincides with g. g. This proves
the lemma then.

For that let W be an open neighbourhecod of £(V} in R™
and let r: W= £(V) be 2 normal tubular neighhourhood of
£(V) (d.e. 71 (x) =Wn (T £(V)L +x), x&£(V)).

Proof, that this exists: Consider TF(V)* in

MRY £{V); this is a vector bundle over T(V). Let
1: T£(V)* -»RE be defined by l(v Y=x +V,., X€ £{v),
v, ET f(V)" cr™. Then T. 1 is the 1den‘t1ty on T f(V),

)S(Y))* is the associated

Oy

where (V) <« T£(V)! via the zerc section, and T, 1 is the

Q
identity on Txf(v)l, 50 To 1 is en isomorphism.xSo 1ljzero
section is an embedding, Tl|zero section is fibre-wise an
igomorphism, so there is an open neighbourhood of the
zero section in TF(V)' such that 1 is a diffecmorphiamm
on it. Draw this diffeomorphism over the whole of TF{V)*
using 10.2 and get the looked for tubular neighbourhood
W of £(V) in R™ with normal projection.

Neow equip (V) with the Riemannian metric induced from
RY znd let (E,p,fg(V) =ig(V)) denote the normal bundle
TPg(Y)+ < TF(X)| £g(Y)}. Further let

U ={v_€E : y+u_eWl, yefg(¥) and put U= |J U..
yO ¥V ¥ y ! yéta(1) ¥
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Then U is open in E (U is the inverse imsge of W under
the mapping »_-y +v_, E~»RY) and contains the zero
section. Since r: W- f(V) is a normal projection and

U gTyf(V) for any y¢ fg(¥) (i.e. U_ is tangential to
£(V) at y)}, the mapping p: U->f(V), p(vy);-r(y +v_), is
a diffeomerphism, at least in a neighbourhood of the

zoro section of U. Draw thls neighbourhoed over the whole
of E using 10.2 again, and get the tubular neighbourhood
b: Worg{Y) of fg(Y) in €(V), whose fibres are orthogonsl
to fg(¥) in R®, Transport back to ¥V via 71 ana get the
looked for tubular neighbourhood, whose projection coin-
cides with g. g by the construction of f. g.e.d.
Remark: To prove lemma 8.8 it suffices to choose any A Aat
embedding f: X+RY, YeX cR™ and work in £(X) instead of
(V).

10.10 Proposition: Iet q€ Q(X,Y) be a surjective sub-
mergion hetween manifolds without boundary. Then the
space Sq(Y,X) of all sections of g is a splitting

Cy ~gubmanifold of C® (¥,X).

Proof: Let g€ Sq(Y,X). Then g: Y- X is an embedding and
by 10.9 there exists a tubular neighbourhood p_: Wg—) g(¥)
of g{¥} in X such that py= & q!Wg. thg is s%il11 a sur-
jective submersion since g{Y)cW , W_ open. Let

T3 TWg—»Ws be a local addition satisfying 10.6, i.e.
g%Y) W _and each fibre (Wg) is additively closed with
regpect to 1. Let (Ug,cpg,l‘c%gﬂ‘wg)) be 2 canoniecal chart
of ¢ (Y,Wg) centered at g and induced by Ta

For £€U_ we have, by construction of ﬂrg:
fes?(*f,wg), i.e. gof2=Idy, iff
q:»%(:f (:\fr) eTg(y)((\TJ‘g)g(y)) a-v(wg)g{y)a(_wg)g(y), where
V(W ) is the vertical bundle of W_. This says that
Sq(Y,w INU =g, (rc(g*v(wg))), and T (g*V(W,)) is a
direct summand: T (g*V(W )) @T _(g*1(g(Y))) =
= T (g (V(¥ ) | &(V) 2 2a(T)) =T {a*(T¥, | &(1)) =T (g*TV,).
So sq(v,wg) =Sq(Y,X) no® (Y,Wg) is a splitting cg’ ~g R

97



manifold of ¢% {Y,wg) and ¢® (Y,Wg) is open in
Om (YsX)- q.e.d.

1011 Our next aim is to identify the tangent bundle of
o® (X,7). dgain some Preparations.

Let 1: TY> 7Y be a local addition on ¥, let
RSyt T2Y-> T2Y be the canonic¢al conjugation on Y, given
locally by: nY(x,y;g,n) =(x,E;y,n) {ef. 1.19).
Lemma: In the situation above, Trao syt T ¥>TY is a
loegl addition on TY.

Y:

Proof: We have to check 10.1 (A1) and (42).
('ITY,T): TY+>¥x Y is a diffeomorphism onto an open heigh~
bourhood ¥V of the diazgonal in ¥ x Y, so T(ﬂy,"r): TQY-*
> (Y Y} V=(TYxTY}|V is a diffeomorphism too. So
(Mg IT o #y) = (T 0 %y, BT 0 %y) (1.19)
= (T‘:‘I‘Y,TT) o }{,Y=T(‘!TY,T) s #y is a diffeomorphis too, and
the image (TYxTY)[V is open in TY xTY .nd contains the
diagonal. S0 (A1} holds.

To show (42) we compute locally. Write
7 (x,y) > rx,y), 7(x,0)=x.

Then T7(x,y;%,n) = (v(x,y),d,7(x,y). g +d,1(x,y).n),
1o w(x,y38,m) = {r{x,8),d 7(x,8).y +dy(x,8).n).
Tq o n{x,y:;0,0) = (T(K,O),d1'r(x,0).y +0) ={x,y), since
7(x,0)=x, so d1rr(x,0) =Id. g.e.d.
Bemark 1: Note that the image of (Tr. x)v =TT o %] T, TY

¥ ¥
containg the whole fibre T Y in TY.

Thig follows from the proof of (A1) above or directly
locally so:
Tro #{x,y;0,n) = {r(x,0) ,d1T(x,O).y +d2'r(x,0).n), and
dzT(I,O) is invertible.
Bemark 2: If E is a2 spray on Y and exp £ lts exponential
map, then it can be proved that £=Tuye Apyo T8 o ny?
T2Y—> TSY is again a spray and its exponential map is just
exp £=T 8Xp 2, #y (compare with 1.20).
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10.12 The space B(X,TT¥}:

Let X,Y be o® -manifolds, ¥ withk corners, Y without
boundary. Let v: TY~»Y be a local addition. Denote by
T=Tr, Ryt T2Y—rTY the local addition investigated in
10.11. Let OY: Y+ TY dencte the zero section.

1. Definition: Let ®(X,TY) denote the space of all smocth
mappings s: X -+ TY such that 3 =0 off some compact in X,
i.e. the gpace of all mappings X - TY "with compact support"
With s the whole equivalence class of s is in ®{X,TY},

so D(X,TY) is a (FB)-open subset of ¢P (X,TY) and inherits
the canonical CZD —-manifold stiructure.

We will use the canonical atlas induced by the local
addition T: T°Y- Y.

Remark 1 of 10.11 ghows that the charts
(on c 20 S0t T, ((0y £)*1(17))) for £¢€ ¢® (3,7)

already cover the whele of ®(X,TY). We want to investigate
this charts a little. Let
(Uy g 0, . £ T ((0y« £)*1(TY)))} be such a chart,

centered at OY o £ €B(X,TY) for some f€C® (X,Y).

2. Claim: Uy o= ta € ®(X,TY): mye 8 €Ugl, where

O
T
(UprppsT,(E¥1Y)) is the canonical chart of ¢® (x,Y),
centered at £, induced by T.

For by 10.4 we have UO
Y
= Im(rrTy,ﬂrl and 8 ~Oy e fi.
But Im(nTY,'r) =Im({Tm,,T1) KY) =TIm T(-rrY,'r) =

= (TYXTY)/IIT!(T‘I’Y,'T), as we saw already in the proof of
10.11. Now for % €X we have

(Of(x),s(x)) € (TYxTY)/Im(ﬂY,T) iff
(annY)(Of(x),s(x))€Im(nY,'r), i.e.

(f,7, 0 8)(x) EIm(-rrY,'r), and this is the case iff

Y

2 8€U,, since for s €D(X,TY¥) clearly s ~0Oyo T 1iff

L, p= (8€D(L,TY): (Op. £,8)(X) <

Ty

Ty o g~F.

Now identify Fc( (OYu £3*T{TY))} with ‘-90 . f(K,T(TY)),
then clearly D f(X,T(TY)) =D, f(X,TgY/Y), where
T° Y°
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12¥{T = T°Y| zero section of TY.

But T2Y|¥ eplits canonically as T2Y|Y=TY@®TY, given
locally by (y,03b,e) & ({y,b},(y,c)) {ef. 1.15 = 1.19).
So this aplitting is described by the homomorphism of
vector bundles over Y

Yoy *y 2
Y & 1Y —=—— V(TY) ———— T°Y|Y, where V is the
vertical 1ift 1.15.3; its inverse is glven by

-1
T

Y py = {(TpysCny)

x®
22Y]Y —L— V(TY) TY ®TY, where
Coyt V(TY)> TY is the vertical projection of 1.15.4,

3. 830 by 1.18 we get an induced isomorphism of vector-
bundles

2 - 2
£x (1,04 f,ﬁTY)T Y] e (0, . £)¥(T°Y/Y)
5 (IdX><KY) f*(RY)
Oy ) T £2(V(1Y))
> (IdXvaTY_1) f*(VTYn1)
A%y, ¢ y(TY @ TY) = P*(TY & TY)

»Tpy @Y "

T (y,2,n )70 x g x (v g o )TV) = (£907) & (£5TT),

where we write f*(nY) by some abuse of notation.
But then clearly we have an izomorphism of topological
vector spaces:
-1 2
4o (£¥(Tp ™) o £%00p) Dt T (05« £)2(T2Y|Y)) -
- I‘c(f*TY@f*TY) =I‘c(f*TY)€BI‘C(f*TY).

10.13 Theorem: Let X,Y be o® -~manifolds, Y withoutu
boundary. Then TC® (X,Y) =D(X,TY) canonically ag

@ o . ®
C. ~manifolds and m,m (X,Y)_(ﬁl,)*. (X,TY)» ¢ (X,Y).

Proof: Tet r: TY-+Y be a local addition;consider the
canonicel atlas (Up,@p,T (£%TT)) e o@ (y 3y of e® (x,Y},
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irduced by 7. Remember the definition and the canonical
atlas (U,,%,,T,(£%17) xT_(£*77)) of 1¢® (X,¥), explained
in 9.3.
Now congider the canonical atlas of 9(X,TY),
2
3+
(UOYn f’moYo f,Tc((OYo F)#1 Y/Y))feca)(X,Y)’ induced by

T=TT7. Aoy ’l‘ Y- TY. We claim that the isomorphisms
T ((O s f)*T Y/Y)-*T (f*TY)><T (£¥*TY) of 10.12.4 induce
a natural :Lden'tlf:.ca‘tlon of SJ(X TY) with T¢® (X,Y).

In more detail: Let f,g¢€ ¢® (X,7) with U N Ug @, We
claim that the following diagram commutes:

(1)

- = \~1
_— ™ o {©,) _
T.nT £ L T.nT
®e(Up \g\) / Py (Up N T, )
9 (Vg 1 V) T, (£47) g (UpN Ug) x Ty (@4TT)
/ Il {f
IT (£%07) T _(£*TY) T (g*7Y) x T _(g*TY)
;_; [ " C o] “ & “
4 \t
! I‘c(f*TYef*"TY) I‘c(g*TYeag*TY) Y
] \
i S ‘|
;‘i (f*(?tY)of*(vTY)* 1 (g*(KY)Og*(vTY)}*“‘
! 2 Y
[ T oy £)+1°7/7) T {(0yog)*121/7) .

|
9. £(Up b://f NUy o) 2 . %ﬁ (U5 g0 Up e
Y Oy 8 * T0gt8 Uyt Vi

tpo ,g° (tIJO cf)_1
Y b4

If this is true, then we have an identification
D(X,TY) =T¢® (X,Y) as canonical as we can hope for.

First we check that (£*(iy) o £*(Vyy)), induces a
bljection between the indicated subsets.
(2} Claim: Let (r,s) El"c(f*TY) XI‘C(:I:"*TY). Then

» .
*(uy) o £#(Vyy) o (T,8) ecﬂOYof(UOYofn onﬂg) iff
# o T# .
chpf(Ufﬂ Ug)' £ (KY) T (VTY) {r,s) GmOYof(UOYofnUOYog)
* ° + ° i + A N

iff ‘poyof(f (;{Y) f (VTY) (r,g)) ¢ Oyeg gince it is

clearly in UOY'f for all (r,s).
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This is the case, by 10.12.2, iff

Ty ° tpOYof"1 (£*(ny) o £*(Vpgy) » (2,8)) €U, Now
Ty g ug (BHlng) o 2H(Tpp) ¢ (2,3)) =

= fiyo T o f*(nY) o f*(VTY) o (r,8) =

= Tyo Tr Ry o Ky o Vnyo (r,s) =

T s TTTY [ VTY

= Ta :t:'chf'-1 (z).

o (r,8) =

So the claim is proved. Clearly the same assertion holds
for g.
Now we prove that the diagram commutes. et
(r,s) € wf(UfﬂUg) x T, (f*T¥). Then, by 9.3,
- = =1 _ -1 -1 _
®y 0 (wp)” (ry8) = (o e 0™ (r), Dy o wp )r).0) =
= (1, ergor, Gglr,Tlars) o (x,8)) by 10.4,
- -1
= (Tg 1°Tfor, gg*TY" T(‘Tg an) an*TYa (I‘,s) by 1-16,
-1
= (TTg*TY;gg*TY) °1T(Tg on) L] vf-]!-TY L] (I‘,S)
= vg"*TY o T('rg u"I'f) o Vospy o (r,s).

(3) 80 (8%0ny) » &*(Vyy))u(B, o @) (x,8)) =

H

-1 =1
S*KYO Vg*TYo Vg*TY o T("I'g o‘Tf) a Vf_n,TY o (I‘,S) =

il

g*HY" T(Tg_1 °Tf) a vf%TYa (r,s).
-1 o ~
CPOYog ° (cpoYof) o (f ('}LY) o f*(VTY))*(r,s) =

TOY"S o TOY°f L] f*(?ty) o f‘h(VTy) @ (T,S) -
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FHIY B TY ) == X x (TY &TY)
(4) § (L, Tyery)
5 -—
l 2% (Vpy) =Vouny Tdy X Viry
L
+ ———
fS(V(TY)) Xx (Y,f,TTY*’ TTTY)V(TY]
l £ (ny) N Iayxny
(Oye £)%(T2Y/7) M 2y/
o = Xx T°Y/Y
Y R (TSY, Ogo £ 1)
" -
hiy (?LY) | Tdy Xy IdXﬁ”
—_ L3 —
Toges VTN ==X (o) VD) Ty x (Treny)
/(TT)O . f IdXXTT
4 Y
Tx Ty == X xT7
4 (Tfr)oYclg Tdy x T1
TOY“S
M _ -
g¥(V(TY)) = Xx (Y,g’nYnﬁTy)V{T(Y)) IdX"x-r
f/ g* (%Y) IdX > KY IdXX(TTo KY)
2 2
(Och)*(T Y/Y) XX(TY,O nf’nTY)T Y/Y

So we may continue:

= g%(KY) ° (TT)OY08_1 2 (TT)0Y°f°f*("Y)°f*("y)"f*(v'ry)“(r’s)
o &
It remaing to show that

(TT)OYagq 0 (TT)OY°f=T(T;1 o 'rf)lf*V(TY).

* -1
= g (RY) o (TT)OY a (TT)OY‘)fe Vf*TY‘, (I‘,S)-

Tf T
PHTY by X x ¥ B g#TY

) i i IdX)(T | Idxx'r . i
KX(st:TT )1Y > XxY x(Y,g,TTY

TY
¥ )
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T(r,.) T{r_)
(5) 2(£*1Y) ———L 1 (X xY) ———Es (g#TY)
T
T(X x (Y,f,ﬂY)TY) (X x (Y,g,m yTT)
Td, XD Id,xTr |
2. “4px TX 2
Tory, o,y ) T T, B TE T Ty, g, 1 )T Y
9
TOX « Incl. Oyt | Oy Oy x Incl.
X V(T X V(1Y
X(TY,Oy.f,TwY) (TY) X(TY,Oy.,g,T'rrY) (77)
X (1Y X v(TY
x (Y’f,ﬂYOWTY) ( ) X (Y!gQTTY"TTTY) ( )
IdXXTT IdXXTT
X % TY
£H(V(TY)) g* (v(TY))
(TT)OY°f (TT)Oyog

The above diggramm, which is clearly commutative, shows,
that this is indeed the case.

So the theorem is proved (the second assertion is
easily checked looking at diagram (4)). g.e.d.

10.14 QCorollary: Let X,Y,2 be manifolds, without buundary,
if necesgary. Then the following helds:

1. If £: Y-»7% is a C® -mepping, then
Lo ¢® (x,7) - ¢ (X,2) is C? and its tangent mapping
T(£,): TP (X,¥)»2¢® (X,2) is given by
D(X,Tf): D(X,TY) > 9(X,TZ).

2. if g: Z-+X is a proper c® -~-mapping, then
g*: C® (X,Y)-¢%(2,Y) is CT and its tangent mapping
T(g*): TP (X,7)»T¢® (Z,¥) is given by g* =D(g,T7):
B(X,TY)->D(2,TY).

Proof: T, is cg’ by using the O~lemma 8.7 for the local
representative of £, in canonical charts. g% is cg} gince
it induces continuous linear mappings between canonical
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charts (compare 10.4).

The form of T(f,) and T(g*) can be seen by looking at
the canoniecal charts of (X,TY) and at the proof of 10.13;
or, much easier, by applying the following lemma: gee
below. q.e.d.

10.15 Lemma: Tet X,Y be C® —manifolds, Y without boundary.
Let ot R- 6% (X,Y) be a c? -curve. Then c(0) =a% C(t)‘t—L):O
- ey} _ . a P -

for 21l x € X. In other words: T,e=0 1ff To(evxo ¢} =0 for

all x€X, where ev, ¢® (X,Y) > Y is evaluation at =x.

Proof: ev, = (2)*: 0@ (X,¥)>0% (#,Y) =Y, where X: #-X
is the mapping from the one-point-manifold * fo X with
image x€X. 3o evy is 023 by 10.14. (It is easily sesn
that ev_ is continuous and linear in each chart.)
Not let (U P s {(c{0)¥TY)) be a canonical chart
® c(0)'®a(0) 0 o
of O (X,Y), centered at ¢(0) €0~ (X,Y), induced from a
lccal addition t: TY- Y. Then we have: é% c(t)ltm0:=0 in

Tocoy OF (X,¥) 122 & o 00y (e(8))]_o=0 in T (c(0)*TT).

P00y ()} = (my,m) ™ 4 (2(0),e(%)). So

(e()) -9, (0y(c(0))
Fe(0) TTF)) " Po(0) 1(:;):

£ 2,00y (et yox) = [ﬁ%

= [{;}»g 1% q:cio)(c(t))](x) since :pc(o)(c(o)) is the gero

section.
= 1im & o (e($)){(z), since evaluation at x is linear
o toref0)

and continuous on I‘c(c(O)*TY).
= 1im % (ﬂy,fr)"1 (c{0,x),e(t,x))
-0
= atTi.E (‘ITY;T)“T(C(O’x)yc(tsx))ltzo'
Since (ny,rr] is a diffeomorphism, this is 0 iff

ag't- c{t,x)=0 in TT. 3.e.d.

Application: We compute the form of the tangent mapping of
£, c® (x,7)>Cc®(X,2), i.e. we prove the rest of 10.14.1.
Let c: R»CP (X,Y) be a Cg’ ~curve, repregsenting the
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tangent vector ¢{(0) EEC(O)(X,TY):=Tc(O)GGJ(X,Y} (each
tangent vector may be represented in that form).
Then T(£,).&(0) =ad¥ £oc(t)], o

[2(£,).e(0)1(x) = {5 £+ o()] 4 01(=) =

= a@E £(e(%,%))| ,_o by the lemma

= e . & olt,x)],

T£ . 8(0,x) = [Tf . ¢{0)(x)

So T(f,).c(0) = (T£),(2(0)). q.e.d.
Now.we prove 10.14.2:

(g*).c(0) =& g(c(0))] =2 ¢(0) el o-

[T(g*).é(O)](x):=[é% c{0) . g]t=01(x}

T c(O,g(x))\t=o by the lemma

c(0,g(x)) = [c(0) « g7(x)

[g*(c(0)) ().

So T{g*).c{0) =g*(c(0)) =®{g,TY).2{0). q.e.d.
This methed will be used a lot.

[

il

i

10.16 Up to now we have investigated the canonical mani-
fold structure of ¢P (X,Y), if Y is a manifold wil out
boundary.

1. Now let us suppose that Y is a manifold with corners
toc. Let T: TY- Y be a boundary respecting (10.3) local
addition on Y.

Let £€C® (X,Y). Define again U,= {g€¢® (X,1):
(f,g)(X) ;(ﬂy,T)( TY),f ~g}. This is again open in

¢® (X,Y). Define Ppt U£~9Tc(f*TY) by
mf(g)-(ﬂY,T)—1o (f,g)::vf_1o T . This is again = con-
tinuous mapping, dut rpf(Uf) does not coincide with the
whole of T, (£#*7Y). In fact,

9, (U, )= {ser (£#TY): s(x)cf*( 1ry)

isefs (X,Tr): s(X)ec “T7}.

It can be proved, that this set is closed in T‘c(f*TY).
Thig 18 even a sort of guadrant in rc(f*TY), but its
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boundary consists of "plane" pieces of infinite codi-
mengion, if f meets Y in infinitely many points on X. We
may call the chart change OCD {compare with 10. 4) and we
may say cum grano salis, that ¢® (X,Y) is a “O -mani-
fold with corners'.

2. We will not enter inte this in full generality. But
some further detalls are very interesting. Note first
that the set Pp (U ) contalns a closed maximal llnear
subspace, °D (x TY) =D, (X, TY)-{sefo(X TY): s(X)c® TY},
where we put try = U ToIT g TY. (207 = \a¥ ).

Let s €D,(X,T7). Tﬁijl s€ S)f(X,TY) 122 s(£  (p91)) e Taly
for each j.
So tEf(X,TY)=O{?g 0o {8 €D,(X,27): 8(x)€Tp(,077]
= x€f (2%Y)
is indeed closed, since s- s{x) is =2 continuous linear
funetional.
How do the spaces ) (X TY) behave under chart change?
PRy e P (S)—(ﬂY,T) 1(g,T=S)
Slnce T is boundary respecting (10.3), the subspaces
f(X TY) and T (X,TY) map into each other under
chart change, if we suppcse that f 1(0 T)=g 1(b3Y) for
all j. Define C¢L _(X,Y) to be the set of mappings
£60® (X,Y) with 0-1 (37 = 59X for each i
4 . .
T is boundary respecting, i.e. Ty'1(bJY):=TbeY for
all ye »'Y, for all j. So if f is nice, then
(U, N OF (X,7)) =Y. (x,17).
S0 we have proved:
Thecrem: Let X,Y be manifolds with corners. Then the
closed subget cf&ce(x,y) of ¢®(X,Y) is a 02"" ~manifold
{without boundary), modelled on topological vector spaces
of the form “®,(X,TY). Since Diff(X) is open in €3 .(X,X),
Diff(X) is a €. -manifold (without boundary) too.
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11 Differentiability of certain
mappings

11.% ZFPropesition: Let X,Y be ¢® —manifolds without

boundary. Then for any k=0 the mapping
% ¢® (X,1) »¢® (%,55(X,T)) is of class ¢®.

Proof: Let v: TY>7Y and p: TOE(X,T) » 35(X,¥) be local
additions, let £ec® (X,Y). et (Upsop, T, (£*TY)) be the
canonical chart of C® (X,Y) centered at f and induced
by 7; and let (U, , o ,I‘c((jkf)*TJk(X,Y))) be the

i kil
canonical chart of ¢® 1X,05(X,7)) centored at j¢ and
induced by p.
We have to check wether the mapping

P e jk, cpf_1: I‘c(f*TY) —>I‘c((jkf)*TJk(X,Y)) (or rather

e
a restriction to an open subset of it) is ¢ . For
g €T _(f*1Y) we have = ) = = (Tdy,d%(1a8))

o ijkfo J o pr = pjkf « dX’ a

=Pk (c:.,Jl”C(-‘fC,pr2 e Tg)) o€ F*(s)

by the following diagram:

(3%e)*ak(x,Y)

jk(To S)

p
e

(%, pr1Y) » X x I5(X, Y)

Hera ¢ 19 the natural embedding of 1.12.2 and
Tt Pro Kk
PETY = XY —==—> Y induces J (X,pr2o-rf):
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I¥(x, 2#07) 5 75(X, ). Now I¥: T (£%TY) > T_(75(2£*TY)) is
continuous and linear (= linear partial differential
operator) and o Kk _1=(a,Jk(X,pr2e Tf))o €: Jk(f*TY)~+

i
> (jkf)*TJk(X,Yg is a smooth fibre respecting (over X)
mapping, so by the chain rule and by the (-lemma 8.7 the
mapping o | ejkemf'1 is ¢® . g.6.d.
N4 ¢
11.2 In order to compute T(jk) we heed:
. s " k
Lemma: TJ(X,Y) —TXX(K’TTX’G)J {(X,7Y).

Proof: If U,V are open in Rn,Rm rasp. then
E(T,7) = 20 x ¥ x 2(n,m)) = (Ux ¥ x B{n,m)) x (R xRD x P(n,m) )
(UxR™) x (v xR™) x 2(n,2m)
(U xR™) Xl Ux (¥ xR™) x P(n,2m))
0 U, T7), _
since 1] (R%;R™) ngym(ar;Rm) =1 (R R® xR™) naturally.
Since the above computation is natural (with respect o
meppings as in 1.5, 1.6) the result holds globally too.

_ g.e.d.
11.3 Proposition: Let 3¥: ¢% (X,¥) - 35(%,d5(X,¥)). Then
its tangent mapping T(jk): TCG)(X,Y)—;TCGJ(K,Jk(X,Y)) ig
given by the Tellowlng seguence:

W ¥

i

¢® (X,Y) « I 0® (X,Y) = B(X,TY)
I
Ix, Y
(X, JE(X,TY))
X I
Ix,v T3y, v/ ! (Oye 0, T8)
D(X, TX x 5 75X, TT))
] I

L Y
c® (x,35(x,1)) «T— 20® (x,55(x,¥)) =9(%,155(%, 7))

Proof: There ig gome zbuse of notation in the disgram,
E(X,JE(X,TY)) is not defined properly. It is clear what
is meant by it.

To prove it one could follow up the proof of 11.1 and
could sse T(j§'Y) in chart-representative. We will compute
expllecitly using 10.15.
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Let ¢: R~>0% (X,Y) be a C? -curve. Then

[Tc(O)(j§,Y}’&(o)](x) = [aQ_E jg,Yc(t)ltﬂ}ux) -

= & 3F et M@ o= I py(E o6, D) o=
= (35, (0} ](x).

We may commute jk and Ed‘? since thesge are partial

differential operators with respect to different variables.
The rest is a2 question of natural embeddings. q.e.d.

11.4 Theorem: Let X be a o® -manifold with corners, let
Y,%Z be ¢° -manifolds without boundary. Then the mapping
Comp: €% (¥,2)x¢® _(X,Y)-¢®(X,2), glven by

prop' !
Comp(g,f) =g« T, is a C_ -mapping.

Proof: Let r: T¥-=7T and p: T2->2 be local additions. Let
g€ 0®(¥,2), fec) (X,Y) and let (U ,o ,T,(g"T2)) and
(gjf,cpf,rc(f*w)) be the canonical charts of C¢® (Y,2) and
¢~ (X,Y}, centered at g and £, induced by 7 and p
regpectively. Further let (Ugaf’wgof’rc((g"f)*ﬂjz)) ke the
canonical chart of CP (X,Z) centered at g.f, induced by
p. Let ug assume that U_ and U’f are so small that
Comp(ngUf) gUguf (this is possible by 7.3). Hote that
automatically U gcg’rop(x,y) if £ is proper (h~f, f
proper implies h proper).

Congider the mapping
(1) c=0, po Compo (o, xcpf"1)= T (g"02) xT (£¥*17) -
- I‘c((gt #TZ) {which 1s not globally defined — but we
want to save notation).
Then

(2) c(t,8) =w, ¢l (1) 0.7 ()

= pgo f_1 (Idx!ptTS) ]
where p : (gFf)*TZ+ X %2 is the fibre respecting diffeo-
gof N Cpry
morphism into, given by Pgaf ™ (Idy x pI X % (Z,gf,ﬂZ)TZ:

1

(gf)*TZ~»XxZ, Firat we investigate the partial mapping
(3) t-cl(t,s), serc(f*TY) fixed, 'tEl"c(g""TZ). Since
Te8 is proper too. 3o the mapping

11C



(1)%: T (g*02) »T ({g78)*T2), (r8)*(%) =teres, is con-
tinuous and linear. Now consider the fibre respecting
smooth diffeomorphism (not everywhere defined):

o
{grs )z ATS > X% ¢ Paf (gf)®12
X 77 XI e sald X " 77
—®
“(Z,878,m,) 0 Tdpe 57 * (Z,8t,75)

\iXXTZ
N

*PgrglulTe)*t =pgf—1o (Idy,ptre} = clt,a);

X

-1
Then (pgf

By the chain rule and by the (1-lemma 8.7 the mapping
t2>c{t,9) is of class GCD and its derivative is given by

(4) D10(1: s).t' =D((p Julred®){(s) .t =
D((p 5 o0 o) )((Ts)*t)(%'rs)*t =

= dF(pgf ° g,rs)n('tq's,t"rs) by 8.7

- -1 |
= C(gp)enz° Tlrgr o F’g..-s) ° Vigrs)apy ¢ (Brs,t're) by. 1.16

-1
= C(gf)*TZ a T(pgf ) o T(Idxxp) L3 (OX,VTZ © (Poth,potlTs))

by 1.18, where p: (gTs)*TZszZTzeTZ is the restriction
of the second projec‘tion,

g(gf)*TZ o T(pgf Y. (OX’TD o Vg o (ptTs,pt'Ts)). The
last expression shows that D, c(t,s).t' is jointly con~
tinuous in %,t',s (use 7.3, 7 4 and the fact that s s,

* ® ; ;

I‘c(i’ TY)—»CPI_OP(X,Y) is continuous).

Now we look at the mapping
(5) s> c(%,s), tél‘c(g*TZ) Pixed, sGI‘c(f*TY). For fixed
% we define the mapping
(8) a{t): £#TY > (gf)I*TZ by

16"
I*TY o(t) - (gf)*7Z
\ e Id, x st Pef
Tdyser AXY L%z Idxxp“

X.
//’/’? \&R\R\“Hﬁm ‘(’//,,/”ﬂ ‘“\\\\ "
(e ,mp) "l 2¥ (2,88, my) "

T XY e
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Then o(t)y(s) =pgf"1o(1dx><pt) cToe®

=p f_1e(1d s0ETS),
and olt) is a smooth fibre respecting mapping (not every-
where defined).
S0 by the O-lemma 8.7 the mapping (5} is of c¢lass
and we have
{(7) D2c(t,s).s‘=:D(a(t}*)(s).s‘ =dF(a(t))o {(s,s'). But
we are far from being done: % -»oa(t) is not continuous in

CCO

t (since T does net have a closed image, so is not
rroper, and since t-aIdX><pt is continuous iff X is com-
pact). We will rewrite expression {7) in Fform wheres it is
obvioua that it is jointly continuous in t,s,s’.

First we compute as follows:
(8) Dyelt,s).s’ =aplalt)) . (s,s") =

- g(gf)*TZ° P(a(t)) - Vewpy (s,8') by 1. 16
= Q(gf)*Tzu T(pgf"1)o T(IdX><pt). T(-rf)° Voupy o (s,8')
= g(gf)%TZ‘ T(Dgf_1)o (OX,T(DtT)o Voy o {pa,ps'))

where again p: f*TY==X><YTY-*TY is the restriction of
the second projection.
So it remazins to show that
(9) (t,s,s')-»T(pt«r)vTY(ps,ps') is jointly continuous.
For that we look at the manifold
Mi =TY X (qy TrTY,cL)J (TT,7) x (g, )J (1,72) X (5 . ).ﬂ(mz,z)

Let v: M~ TZ be the o —mapping, given by
y(v,c1,u2,c3)==c3o g e 01(?) (v is just matrix malti-
plication loecally). Then we have

(10) T(p‘s'r)VTY(ps,ps )=

= vo (Voylpe,ps'), j "(r) o ps,3'(t) o o8, 31(0) . trs)
and this expression is jointly continuous in (t,s,s")
(1ps =ra as we have writien before, 7: f*IY-7Y, 78 is
alway proper).

So we have seen that the partial derivatives
D1c(t,s).t‘ and D2c(t,s).s' exist and are jointly con-
tinuous in (t.s,t',a8'). So by 8.3 the mapping (t,s) + c(t,8)
is a Ol—mapping, and Dc(t,s)(t',s‘)::Bic(t,s)s'. By (4)
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and (8), (10) the expressions D,c(t,s)t' and D, c(t g)s’
have a form similar to e(t,s) 1tSe1f the part i (t) of
{(10) is Cg) by 11-1. So by recursicn ¢ is Ci and Cc .
g.e.d.
11.5% Hemark: The gquestion arises wether thig regult
11.4 remgins valid if we admit cormers in all manifolds.
Remember 10.16 where we noted that CP p(X,Y) and
C¢® (¥,2) are not quite C -menifolds since they have
"eorners of infinite 1ndex“. The technical details of the
proof offer no difficulty, since the 1-lemma neceds just
convexity. We put:
Theorem: Let X,Y,Z be menifolds with corners. Then the
mapping Comp omce(i' zZ) chrop nice (s Y)-»O celXs%) 18
of class C

Proof: Just note that g.f is nice if g and f are nice.
The proof ig the sane.

11.6 Corollary: Let X be a manifold wiih corners, let
Y,2 be manifolds without boundary. Consider the C
mapping Comp: C% (¥,Z) xcp op' %o 1) »0® (X,2); its
tangent mapping TComp: B(X,TZ) merop(x TY)»9(X,T7Z) is
given by
T( g, 2)00mp.(£,8) = (Tg) () + £(t) =ilg. s+t. 1.

&y
Proof: The finite dimensional proof for Lie-groups works
here: Consider the mappings
Jp: O “"‘(Y 2)- ¢% (¥, z)xc (x,Y),
K : p(x Y) »¢® (1,2) xcgﬁp o(X:T), given by
Jf(h) (h £), Kg(h)#(g,h) respectively. Then clearly

3
Comp o Jp=1 : °°(Y 2} 0% (%,2)
Comp « K, = gu: O (X, Y) - c®(x,2).
Therefore
. = .t + - =
T(g’f)Comp (t,s) T(g’f)COmp(Tg(Jf) t Tf(Kg) g)

= T(g’f)COmp.Tg(Jf).t-+T(g,f)00mp.Tf(Kg).s=

PTOP

= Tg(f*).t-FTf(g*).a:=f*(t)-+{Tg)*(s) by 10.14. q.e.d.

Of course the seme result iz true in the setting of
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11.5, as are all the following ones with the appropriate
changes.

11.7 Corollary: Let ¥ be without boundary. Then
evaluation Bv: Xx C® (X,1)~ T, given by Bv{x,f) =f(x),
. (i) \
ig g CC -mapping.
Proof: X =0® (#,X) = prop(*’i)’ where * denotes the
one-point-manifeld. Thus

@ . w©
Ev =Comp: ¢ (X, Y)xcpmp(*,x)»c (#,¥) =Y is C, by
11.4. q.e.d.

.8 Corollary: The canonical mapping
". c® (x,0® (1,2)) - (20)% = 2% o kes values in
(XxY Z).

Proof: If fecy (X,¢% (Y 2)), then £(x,y) =£(x)(y), so
F=Bv. (Id xf) is a C -mapping X x¥~+2Z, i.e. a

c® —mapping g.e.d.

Remark: £-Idyxf is pot continuous in general.

11.9 Corollary: Let X,Y,2 be manifolds without bhoundary.
Then via the canonical mapping of 11.8 we have always

¢® (x,0% (¥,2)) < 0% (Xx¥,2); equality holds iff Y is
compact or dim Z=0.

Proof: If dim Z =0 then ¢%® (Y,2) =27 gince any mapping
into % is smooth, and C® (Y,Z) is zerc dimensional too
{discrete). So let us assume that dim Z2>0. ¢ was proved
in 11.8.

Consider the mapping e: X~ 0P (¥, ¥ x%), e(x){y)={(y,x)
(the insertion mapping). If Y ips not compact, then € is
not continuous by 4.7.8. But E:IdYXXEOCD (YxX,¥TxX),
80 we have ¥.

Let us assume how that e: X0 (y, YXX) ig a C
mapping. For any f €¢% (YxX Z) we have F=T, . €:
¥-0® (Y, ), which is a Lc —mapping then. Seo we have

euquality for all Z.
It remains to show that ¢ is a cg’ ~-mapping, if ¥ is
compact. We compute locally, of course: Let X, €% be
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fized, let 7: TX-X, p: T¥>7Y be local zdditions, let
(Ue(x )’Cpe(x yrTe {c{x P*I{Y%X})) be the canonical chart

of 0% (Y Y><X), centered at e(x ), induced by pxT. Let
(V7 "1: Ve x) be the chart at x, of X. Sinee
e(x )(.V)-—(y,x ) we have e(x (Y %) =T¥xI X=

%o
= EEYEB(YXTx X) as vector bundle over Y, 8o

(e
+ _ —_
rc(e(xo) T(Y xX)) —I‘O(TY) xI‘c(YxTxOX) =r (2Y) xSE)(Y,TxOX).
For x€V and y €Y we have then

(Pe(xy) = €N = (07 g(x ()7 ¢m) ) =

_ -1 -1 -1 ~1
= Gx)y ey e = 6,7 ), 7 T = (0 ).
Therefore (V) :Ue(x ) and

e(x yo €o Ty =(0,Ia): ¢ X-T (TY)xT x»r (TY) x
0 0
X ﬂD(Y T )= T, (e(x)*P{¥Tx X)), here B(Y, T X) denctes the
O

%o
gpace of all smooth mappings with compact support

Y-F, X, and T X-B(Y, T, X) is a continuous linear em-
*o
bedding iff ¥ is compact (otherm.se this mapping does neot

even faken values in TB(Y,Tx ¥) since the latter space does
not contain constant mappin@s). q.e.d.

Remark: This result puts = definite end %o all dreams of
cartesian closedness in our setting. See GUIENECHT (1977)
for a slight extension of this result (Z may be a Cg{—
manifolds too).

11.10 Corollary: Let X.1 ,X2, Y‘:’Yg be P ~manifolds

Y Y2 without boundary.

1. If X2 is compact, then for any fixed £ ec® (X2,Y2)

the mapping g-+&x?, €% (X,,7,)->C% (X xX,,¥, x¥,) ig
0

Cc .
2. If X1 and X2 are compack, then the mapping

o) @®

T (X, .Y, ) x¢C (X&, 2)_,0 (X, xXy, T xY,), glven by

(g,f)—»gxf is C,

1!

Proof: If X, is compact, then the projection

2
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1298 X.J x{.(?-ﬂ% ig smooth and proper, SO
(pr,)*s ¢®(x,,7,) » 0P (X, xX,,Y,) 1is Y by 11.4, 10.14.
So gxf=(Idy xf)e ((pr,)*(g),pry)

1 .
= (Tdy x)u((pr,)*(g),pr,) is OF in g, by 10.5
i

and 10.14.

If X, and X, are compact, bhen gxf= ({pr, )*(g),
(prg}*(f)) is c°° in (g,f) by 11.4 or 10.14 and 10.5.

q.e.d.

11.11 Theorem: Let X be a C® -menifold (with or with-
out corners). Then the inversion Inv: DifF(X) - Diff(X)
is a C -mapping. So Diff(X) is 2 Lie-group in the
cga ~gehss.

Proof: Tet X have corners (for a change). It suffices tfo
show, that Inv is Cgo on arn open neighbourhcod U of IdX.
Por if f € Diff{X} is arbitrary and g is near f then

Vo, g)'1 L [(f—1)*n InviTU. (f“T)*](g), so Inv
is c? t00 on a neighbourhood of £ by 11.4 (11.5).

Now let 1: TX»X be a local addlition which is boundary
reapecting (10.3), i.e, 1(bjx)—T »x 1f x ¢ ij for
all j. Let (U= Urqr ©= q’Id' I‘ (TX)) be the canonical
chart of Cmce(X X}, centered at Iay end induced by 7. We
suppose that U so small as to be contained in Diff{X).
Here tl"c(TX)r- (s er_(12): a(9X) « To'X for all 5} is the
closed subspace of all vector fields with compact support
which are tangent to each boundary component on.

Put

(1) i=w. Invocp-1: I‘ (TX)—> - (TX)

(2) c=w. Compe (0" x5 ) *r, {12) x ®r (%) » Fr ()

(¢ is not everywhere defined 1n general)

Then c(s,i{s)} =¢{Id} =0 for all s§. Suppose that i is
and differentiate formally with respect to s:
D1c(s,i(s))+D2c(s,i(s)).Di(s) =0;

So we get the following ansatz:

(3) Di(a) =—D20(s,:?.(s))_1 . D1c(s,i(s)): tI‘c(TX)—»tI‘c(TX).
From 11.4 (6) and (7) we know that c(s,t) = a(s)(t) and

CCD

116



Dyo{s, t)-D(c.(s) (t)—(d a{s)),(+), where
a(s)—'rId o (Idx'rs)o Trgt X+ ExX>TH=

= (miy 7)1 (1a x 78) (1, 7).
TS = 1(5) € DIfFP(X), so (IdxTs) is a diffeomorphism
{when properly restricted), sc ufs) is aninvertible fibre
respecting mapping (when properly restricted) and
al(s)! = ('rTX,'r)_1 o (Tax (e (=) (mes7) =

= (m, ™)™ e (Tax (07 (80)) ) o (mgs) =
= ()™ o (Tdxroils)) e (m,m) =

=a(i(s)).
So afs), is (locall‘y) invertible and (als)y )_ =a(ila))s-
Thus e{s,.): r (1X)» ’r_(1X) is & (Loocal) diffsomor-
phigm and
(8) e(s,.)™ " = (ale))"! =a(i(e))y =c(i(s),.). By the
chain rule:
Dye(s, )71 = [D(els,.)) (£) 77" =Dlels, . )" M els, 1)) =

= D(c(i(s),.))(c(s,t)) =Dyelils),els,t)).
8o (3) becomes the ansate
(5) Di(s)s! =-D2c=(t=.t,i(s))'1 o Dyels,i{s)).s'

= —ch(i(s),c(s,i(s))) o D1 cl(a,1(g)).a’
=-D2c(i(s),ox) a D1c(s,i(s)}.s'.

From 11.4 we conclude that Di(s)s' is jointly continuous
in g and 8' {1 is continucus by 7.6) if it is of the
form (5). It remains tc show that

(6) 1lim i B+Xs; —ils =-D, els, i(s))_"I o D c{a,i(s)).s"
=0
holds in ' (TX) We will prove this in the following

lemma.

Suppose that (6) holds. Then i is of class cl. Look
again at {(5): Di is smoothly expresged in terms of i
so Di is Cl, s0 1 is Cc; by recursion i is Gg) - g.e.d.

11.12 Lemms: In the setting of 11.11 we have for any
8,8' € T _(1X), A €R:
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1ig Heths ) =3(s) - p o(s,1(s))7" e b, o(s,4(s)) 5"
w0,

: /
in ‘r (7x).

Procf: By 11.11. (2} we have
cls+rs’, i(s+rs')) =0, cls,i(s)) =0, Using lemma 8.4 we
compute as follows: Let A+ 0, ) near zero.

=-;; le(s+as',i(g+2r8")) —c(s,i(s))]=

=j): )'1 a@- e{s +urs’,i(s) +p(i(s +rs') -i(s)))du =

o, ¥ .

=1 [1 De(s+prst,ile) +ultls +2s') -i(s).
«(xs',i(s+ag') -i{e))du =

=% £1 Dic(s+urs',i(s) +ulils +re’} -1(s)}). (A8 )au +
+1i cj;‘ ch(s +pret,ifs) +pli(s+as' = i(a))).(i(s+2ag") -
~i(s})du.

For 3»-0 the first summand conwverges visibly to
(};1 D1c(s,i(s)).s‘dp=D1c(s,i(s)).s'. Therefore we have
(1) i.i{:on £1 Dyols +uns’,i(s) +u(ils +2rs") ~i(s))).
=
. i—(s'”‘s;\) ~i(s) du=-D,e(s,1(s)).s’ in tI‘c(TX).

Suppese that we know already that the set
: ; ;
M=={IS+R§ —238/; 0<[1] =1, % €R} is bounded in

“r (TX). Then M is relatively compact, since I (TX) is e
Montel space (as a closed subspace of the Montel space
T (TX)). M=M, UM_, where M+={i(5”3;\)“i§§), o<x<il,
M is defined similarly by -1 <i<0. Then M+ and ¥ are
continuous curves in tI‘C(TX) with "one end open" each
(for »>0). So there are cluster points of M not lying
in M.

Iet T be a cluster point of M, not lying in M. Then
there is a net (Moore-Smith-sequence)

i(s+)\as')—i(s ) _ %

ta=( N ) in M such that lim ta=t in I‘c(TX)
and 1im ka=0.aBy the joint continuity gf ch in all

o
variables we gee that
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Lim J’ Dye(s +urs',ils) +u(i(s+1 s') -i(s)).t dp =

a O
= D2c(s,i(s)).1:.

But this limit equals -D,c(s,i(s)).s' by (1), so
t=-D2c(s,i(s))"1.D1c(s,i(s)).s' (Dye(s,1(s)) is invertible
by 11.11. {4)). Since this holds for any clugter point of
M for - 0 we get the desired resuli
1ip st )‘Si) 'i(gl=—D20(s,i(s))-1 .D,e(s,i(e)).a.

A0
It remaing to show that M is bounded. This will be proved

using (1) again. Since 'T (TX) is closed in T {TX) 1t
guffices to show that M iz bounded in T {TX).
I‘c(TX) =%§ I‘K(TX) where T‘K(TX) ={g €T(TX): supp s sk},

and where K runs through all compact sets in X (ef. 4.8).
In order to show that M is bounded we have 1o show that
the following twe comditions are fulfilled:
(2} There is a compact set K<X such that
supp ij§+k§i_)—i(s) cK for all 0<|)| 1.
(3} Por any k>0 the mapping (l,x)-—bﬁk (i(s+ls;) "i(ﬂ)(x)
is "uniformly bounded" in (»,x) € ([-1,0) U(0,1]) xE
{with respect to any metrie on the bundle Jk(TX)).

It is eagy tc show that (2) holds:
{i(g+xrs') -i(g): -1 =2 <1} is a compact plece of a
continuous curve in 1"'I‘c(tlTX), 50 it is bounded, so there
ig some compact set XcX such that supp(i{s+ie') -i{s)) <K
for =211 », -1 <% <1, Then c¢learly

' ;
SuPp L(:3—-''—)L-§~)\—)—:2“—(i)-=sn.lpp(i(.-s;i-)\s‘) -i(g)) €K for
o<l =1.

It remains to show that for each k the expression
(4) T* (w—ﬁ‘l)(x) is uniformly bounded for
(x,2) eEx ([-1,1\{0})}. Since K is compact it suffices to
show that for any x €K expression (4) is vniformly bounded

for (x,n) € U_ X (T-1,1\{C}), where U, is a neighbour-
o o
hood of X, in X,

Choose the neighbourhood U=U_ so small that TX{U 1s
trivial, ﬂan. So we sgsume tha® we are in an cpen set
in Rn: We use the same notation for the local represen~
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tatives in R, So s,s': U-RD, a=als): UxRT»R", i(s),
i(s+xs'): U-»R2. Now (1) takes the following form:

(1) i é’ a,[als +yrs') Wz, 1(8) (x) +u[ils + s’ ) (x) =

- 1(s)(x)7). ils+2s" )(i) -i{a)(x) dpz-[D1c(s,i(s)).s‘](x)

The limit is uvniform with respect to x €U and any deri-
vative with respect to x converges %too. Now
dg[c.(s+p1\s')](...): R?» R is invertible for all x €T,
wefo,17, re~1,17]. So there is an ¢>0 such that
[d,lals +urs )} (... ).v] Ze.|v| for all those x,u,\, by
compactness. So we get: If I:._(s-l-)\s')(:{) _1(3){}{51 »m,
then the norm of the integral convergss to ® %o, &
contradiction to (1').

Repeat thig argument for each derivative with respsct
to x of (1') and get the desired result: (3) is trus.

g.e.d.

11.13 Proposition: Let X be a €% -manifold with or
without corners. Then the fangent mapping
T Inv: %Diff(x)(x,mx)-»tsaDiff(X)(x,Tx), is given by
T (Imv).s = =027 a0 £7 = (271 )45 = -1y,
Proof: Again the vsual finite~dimengional proof is
applicaeble. By 11.6 we have T g,f)Comp(t,s)=Tg.s+to f.
Since Comp(fF,Inv(f)) =Id we have {by the chain rule):
0=Tf’Inv(f)Gomp.(s,Tf Inv.s) =Tf. (TfImr.s) +8. Inv(f} =
= P2, (T,Tov ) +s. 21,

So T Inv.s = T LI ol g.e.d.
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12 Some tangent mappings

From now on all manifelds are supposed to be without
boundary.

12.1 Local topological affine gpaces: Let {E,p,X) be a
vector bundle. Consider the space T'{E) of all smooth
ssctiong of the vector bundle E, equipped with the (FB)-
topology (4.7). We used to call two sections 8498y
equivalent, S,
in X, i.e. if s, -, has compact support, s,-s, GTE(E).
Each equivalence class in T(E) iz a topological affine

~ 8oy if they coincide off gsome compect set

space whose model vector space is the topological vechor
gpace TC(E). S0 T(E} is the disjoint union of topological
affine spaces, whose model gpace is FC(E). So we call

T(E) & local topological affine space with model Tc(E).
Consequently the manifold structure of (T'(E),(FD)) is very
simple: TT(B) =T(E) xl"c(E). Any mapping £ from T(E) into
some topological vector space can be differentiated as if

T(E) was a topological wector space too:
- = kS - s
T, (f).sz.-Df(s1).s2~—%ig X (f(s1+t52) f(s1)) for any

8, eT(E), 32GI‘C(E), 1 €R.

12.2 1. Let u:EF(i T*Y) be a k-times covariant tensor-
field on Y. Let Po: C® (X,Y)->T{(® T*X) be the mapping
given by (Pw)(f) =f*w=(w. £)(Tf®...®Tf}). The chain rule
and the results of § 11 imply that Pw is a c°° -mapping. So
it has & tangent mappling:

T(Pw): TC® (X,¥) =9(X,TY) - Ir{e ™X) _r(s T*X) x T, (® T+X ).
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2. Definition: Let s €D.(X,TT) =T,0% (X,Y) be 2 vector-
fisld along f with compact support. For any w € T(@ T*Y)
we define 2 o: =Tf(]?w).s, we call 8 w the Lie-derivative
of w along s.

k k k
3. Since TT(® T*) =T(® T#*X) xrc(m ™X) is trivial, we
may compute st as follows: et 1:->ft be any smooth curve
in ¢® (X,Y) through f (i.e. £, =7) such that
d =
fo=s Ei)t(X,TY), then ﬁsw=Tf(Pw).s=a-_E- (Pm)(f,ant=0 =

=di,c (£,*0) 4o (2. 10.15).

4. Now if £=Id, and w€T(® T*X), then s €T (TX) is 2
vectorfield with compact support, so it has a global
flow t-’f't’ We may use this global flow to compute ﬁsw
and we see that in this case we got the ususl Lie-deri-—
vative of w along the vectorfield with compact support s.
Hence the name ILie-derivative.

=
bt

5. It is not pogsible to give more detailed expression
for Bsw in general: interpret w: @ TY-R as a g® -mepping.
= 4 .
Then clearly $ w=prye Twe (dt TfL ®... @Tft|t=o).

k k
® TE-» T{® TY)>TR =R xR+R, and the first mapping does not
take values in the vertical bundle.

6. Lemma: For mer(g T*Y), ﬂ:EI‘(é T*Y) we have for any
seﬁf(K,TY): ﬁs( ®¢)=ﬁsm®r*q; +f*m®ﬁsq;. So
8,: T(® T*Y)»T(® T*X) is a derivation over the algebra
homomorphism £#*: T(® T#Y)- I'(® T*X).

Proof: 8, is clearly linear. Now *(w@¢) =*w g f*y, so
Pw i:(.s.) o {Pw,Py): CP (X,Y)»T(® T*X) x T(® T*X) -

- T( ® T¥X) and the last mapping is "bilinear" on the
product of the loeml topological affine spaces, sc we use
the remark at the end of 12.1 for the tangent mapping of
Plwoy)., qg-e-d.

T. Let us finally compute a local formula for Bsw.

Let (T,u} be a chart on X, (V,v) be a chart on ¥ such
that £{U) €V. We use the same letters for the locel re—
presentatives of all objects. S¢ we assume that w(y) is a
k~linear mapping on (RZYE (where m=dim Y, n=dim X} for

122



each y € v(V) €R®, we denote the action by

{w(y); Wy X oo xwk). Then locally we have for vy eR™:
C(RB0)E)ED5 ¥y X - e x W) =

= (w(f(x));df(x).v1 x...xdf(x).vk). Now let t~f, be a
smooth curve through f with 3% 2,1, ,=s. Then £, (T) v
for amall t. So we have to compute:

& Cole, (x))5 a2 (x).v, x+ow xA2(x)V _o=

= {dw{f{x)).s(x); df(x).v1 X oo. xa&F(x), k)+

+ {w(L(x)); ds(x).v1 xdf{x).v2 Koo xdf(x).vk) +
+ ouee
+ (w{P(x)); df(x).v1 e xdf(x}.vk_1 X ds(x).vk>,

since % _dft(x).vjl_b=o =d(d%:- ft)(x).vj | +=0 =ds(x).vj.

12.3 Definition: If s GC? (X,TY) i3 a vector field along
f (not necessarily with compact support) and

w €T (@ T*Y), let the contraction of w along s be defined
by 84w, where

(sdw)(x)(g,s.00s8, 4=

= m(f(x)L):(s(x),Txf.g yeserd B8 ). It is clear that

84 .: T(® T*Y)—rl‘(ké T#X} is a linear (affine) mapping
which ig F®-continuous iff f is proper.

12.4 Lemma: Let w € OP(Y) be a differential form on Y
and let semf(X,TY) be a vector field along f. Then we
have:
= % * q
1. Qa(umq;) S WA P¥y+¥w A 8y for any v €0N(Y).
2. st=6(st)+s_J(6m) (where & is exteriour
differentiation on X,Y).

Remark: If s does not heve compact support we may use 2.
to define Ssm in general. This can also be done by the
formuls ﬁsu.\:d% ft*w[ +=0°

Proof: 1. is c¢lear from 12.2.6. To prove 2. let

§1 s+++,E _ be vector fields on X. Let us assume as ln
12.2.7, that (U,u), (V,v) are local charts on X,Y reasp.
with £(U) ¢ V. We denote again local representatives by
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the same letters. Then &w has the following local
expregsion [see LANG, 1972).

{tuwly)s LIS xwp)z

E i
= izo (-1 <dwlylowgs w
8.1 5w has the following expression:

A
x...xwix...xwp)

s dw)(x); Yy Xean xvp}:
{ow(f(x)); alx) x df(x). v, % ... xdf(x).vp):
(dw(£(x)).s(x); df(x}.v, x... de(x).vp)+

I

Ié (—1 )i (dw(f(x)).df(x).vi; a(x) xdf(x).v1 X en-
i=1

+

.. .xdf(x).vi Koewn xdf(x).vp).
5{s dw) has the following expression:
{8{adw)(x); Ty Xaee xvp> =

I

B3] i1 -
i£1 (~1) (d(s.Jw)(x).vi; Ty X e X5 X ue xvp)=

T 0Nl £)(axdE x . ee xA2) J(X) .5 Ty X e

N

=1 ...xvix.--xvp>
- i‘_§1 (-1 N du(£(x)) . a2(x) 7,5 8(x) X AE(x).7, x « .
h cee X GE(R) .V, X . xAE(X)L])
P i-1 P
+ i§1 (-1) {w(f{x)); ds(x).vixd.f(x).v1 % oaea
ve . X df(x).vi X oeae xdf(x).vp)
+ % by (-1)1'1<m(f(x)); a(x) xdf(x).v1 K ouus
121 <1

ce X @P2(x) (v, vy ) X X AE(R). vy x o x EE(X) )

g T (—1)1_1<m(f(x)); a(x) xd.:t’(:r).v1 X oeus xdf(x).vix..
i=1 j=>i

R dzf(x). (vj,“fi) Woaae xdf(x)-vp>-

+

The last two sums cancel since dzf(x).(vj,v‘i) is
gymmetric in i,j, and if we transport this element to the
first place we get & sign (-1 yI143-Y for the first sum
and & sign (-1):1'"‘“-:]_2

The firat sum cancels with the second sum of g tw

for the second gunm.
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above. Bo we get the following expression:
([satw+s(saw}](x), vyx... XV =
= {aw{f(x)).s{x); df(x).v1x... xdf(x).vp)+

+ % (—1)1"1<w(f(x)); ds(x).vixdf(x).v1x...
i=1

xdf(x).vi Xoaws xdf(x).vp).
Trangpert ds(x).vi to the i'-th place, then the gign in

the last sum disappears and the local formuls of 12.2.7
remains, g.e.d.

12.5  Lemma: Let s €D,(X,T7), g €C® (¥,%) and
wE€T(® T#2), then we have:
1. s{g*w} = (Tgl,sdw, where (Tg)l,a=Tg. 8.
2, 9 #y) =8 .
E(g w) (TS)*Bw

Proof: 1. 13 a trivial computation. 2., can be seen as
folliows:
Tf((PUJ) a g*).s=Tgf(Pw) a Tf(g*).s =

= Tgf(Pw) ° (TS)*.S=9(T8)*Sw. Bat

{(Pw) o 8 (£) = (Pw)(go £) =(go £)*u=
= £%, g*w=P(g*w){f), so Qs(g*w) =Tf(P(g*w)).a=
Tf((Pw) o By)e8 =Q{Tg)*aw' g.e.d.

it

Remark: 1, ia obviously true if s does not have compact
gupport. and 2. can be shown to be true in this case too
with scme care:

12.6 Application: The lemma of Poincaré (J. Moser,
A. Weinsgtein). Iet (B,p,X) be a vector bundle. We want a
homotopy operator I: a2(E) »> P (E}.

Let M-l: denote the muitiplication ¢operator with t €R,
r-‘[t: E-E.

be the vectorfield along M, for each

=&
et py =gg Mgl b

g=t
tO

Let B € QP(E) be a differentisl form. By the general
principle of computing tangents we have by 12.2:
A oyo= - - -
I MS Bls:t“TMt(PB)'“t mﬁuts {note that the second ex
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pregsion ig not well defined, since My does not have
compact support in general: the first expression however
equals the last one by the computation in 12.2.7, where
compact support was nmever used). So

= u =9, 8= 8(uyAB) +11, A58 by 12.4. Now

M1:=IdE, MO: E-E is the projection onto the Zerc section
of E, s0 M0= E° P? E-X-E.

Thus we have

BN %8 =8-p*(05*8) = [ [6(u,IB) +p, Jo8Tat.

(We can evaluate this “integral pointwise on X). Put
1(8) =£1(ut_| B)at.

Then B-MO*B=I(68)+6(IB) .

Remark: If § is closed, $8=0, and OE*S is exact, then
B=-bp*p+ 6I(g)}. If X={*} is a point, then Og*B =0 since
T¥ =0, 80 P closed implies § = 8I{8) on a vector space.
This is the lemma of Poilncaré.

12.7 YLet X be a manifold without boundary. Let
(Vol(X),p,X) denote the line bundle of all densities on
X, the volume bundle, which is defired by the transition
mappings 434 U xR—»UixR,
b 4(x,0) = (x,] 8% alu, uj“1)(uj(x))y .a), where (U,,u,)
is any atlas on X.

This bundle is always trivial, but not canonically so.
Jf X is orientable, then AnT*X is isomorphic to Vol(X)
{two isomorphisms, one for each choice of orientation).
Any element ¢ E‘i"'ol(}()x can be visualized as a "non-
oriented" volume function on TxX, asgigning to each
n—tuple (§1 ,...,gn) of vectors in IX (n=dim X) a number
cr(§1 ,...,gn) which is pogitively homogensous and sub-
additive in each variable (sort of absolute value of a
determinant function).

See DIEUDONNé, Vol. 7, 23.4.1-3 for further infor-
mation.
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12.8 Let I‘(SzT*X)+ denote the gpace of all Rismannian

metrics on X (positive definite sections of the bundle

SzT*X of symmetric 2-tensors om X), an open "convex™

subget of the local fopological affihe space I‘(S‘?T*X).
For a Riemannian metric g¢ I‘(S‘?T*X)+ denote by vol(g)

the density on X determined by g as follgows: For

S0 e18y € IX Lot vol(g) (€, ,--+,E,) =Jdet(gx(§i,gj)i’j).

Sinee g is positive definite, the determinant is always

> 0 for a.n n—frame (g ). So we get a mapping

vol: I‘(S T*X) T Vcl(X), which is 003 gince it is the

composition of the following mapplngs.

T(3°1%K) , > T PP(F_(TX), XxRY"),, the space of sections

of the bundle of fibre respscting fibrewise guadratic

mappings from the n-gramewbundle Fn(TX) of T into the

trivial bggtli.le X xlgn , taking positive definite values

only, ———— T PN(F TX, X xRT) —%» T Vol(X). The first

mapping ia G? gince it 1s only fibrewise vector opsr-

ationsg with g, 80 one may use the (Q-lemma. The rest Is
¢lear.

S0 there is a tangent mapping
© vol: I(5°T#K), xT_(S°T*K) — T Vol(X) x T Vol(X). e
want to compute this mapping. We do this locally. Let
(U, x1,...,x ) be a local coordinate system on X such that
g{x) = gijdx 1gaxd. Then ax' A ...Ardx™ is a smooth Lebes-—
gue measure (a density) on U and we have
vol(g)(x) =m[_ﬂ'. ax' A ... ndx" on U.

We nged the derivative of the determinant funetion
det: RE »R. If X= (X;’) Ean, let C{X) denote the trans-
posed matrix of the signed algebraic complements of X,
go that X.0(X) =det{X).Id. With this notation we have:
d(det}(X).T =trace {C{X).¥). If X is invertible, then
17 =t 0(x), so a(det)(X).T=det(X).trace (X7 . 7).

Now let g be a Riemannian metric, let k€ T I‘(SzT*X)
=T, (s T*X) Choose a smooth curve t-g, in I‘(S T*X)

through g with at g_t|_b___o—k By 10.15 we have
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[T (vol)k](x) = voll{g )(x)|, ~. If x is in U, then we
g at &y, +=0
can continue:
L vo1(g, ) (x|, =L T =7 ax' A ax®|, o=
at 8y £=0 T at JUCTIEg/ N E cee AAX Ty =
1
n

2W . d(det)(g(xn-(-&% gt.(x))t=0ax1 Ao Adx

det(gij(x)) trace(g(x) o X(x)).

JAet & (%) Ax A L. Aa =

1
2
= % trace(g(x)"1o k(x)).voilg)(x).
In the last expression the trace is indeed invariantly
defined:

T X glx) , Tx*x is invertible, so g(x)-1° k({x):

TXX-»TX*X-»TXX. We have denoted the mappings assoclated

to g with the same letter (34#,kb is sometimes usual).
We have shown:

12.9 Theoren: The mepping vol: r(s®T*x) > T Vol(X) is
a C mapping and its tangent mapping

T vol T(s° T*K), xT, (S°T#X) > T Vol(X) xT, Vol(X) is
given by Tg vol. k-ﬁ 1 trace (g 1, k). vol(g), where the

trace ig taken from the fibre linear mapping
£ X kix

¥, ——— T X — T_*X.
X X x

12.10 Remark: Nearly all constructions from differential
geometry have somewhere & mapping bhetween manifolds of
mappings at their base. The tangent mappings of these
mappinga are very interesting objects to study; many of
then are already well known from varlational calculus.
The main example is of course the following: The space
of all (linear) connections of a vector bundle is a loeal
topological affine space with model vector space
(E*@T*X @E). If B=TX, thern the mapping
V T(S T*X) - apace of connections, which assoclates to
each g its Lev1 Civita connection v _, is clearly 0 It
is strailghtforward to compute locally its tangent mapping
{(ag in 12.8), but the resultinrg formulas are very
compliecated and admit no obvious global interpretation.
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13 The principal bundie of
embeddings

13.1 Let X and Y be Oaj—manifolds, X pogsibly with
corners, Y without boundary. Let us suppose furthermore
that dim X <dim 7.

Tet E{X,Y) be the space of all C¥ embeddings,
Eprop(X’Y) be the space of all proper embeddings, i.e.
cloged embeddinga. These two spaces are open in
(0® (%,7),(FD)) (cf. 5.3, 5. 4), go they are c ~manifolds.

Congider the following C -mappings:

e: Diff(X) xE(X,Y)~E(X,Y), D(g,i)zio g-

ps DAff{X) xEP (%, Y)—)EPI_OP(X,Y); i.e. p denctes the
right action of the Cm =Lis—group on E(X, Y), E rop(X,Y)
respectively. Any gGlef(X) induces a C‘ -diffecnorphism
p(g,.) of E(X,Y) and Eprop(x ), whose inverse is

p(g—1 ,.). Since each element of E{X,Y) is injective, the
action of Diff(X} on E(X,Y) 1s free: 1. g1=j.°g2 for
some 1€E(X,Y) implies g =&, in Difr(X).

Therefore pl(.,1): DifP(X)~»E{X,Y) is a bijection onto
the orbit 1. Diff{X) of i. If i is proper, then the whole
orbit is contained in Eprop(X,Y). (We will see later that
p(.,1) is even a diffeomorphism onto the orblt).

13,2 Definition: Let U(X,Y) =B(X,Y)/Diff(X} denote the
orbit space, equipped with the guotient topology; let
u: E(X,T)->U(X,Y) denote the quotient mapping.

U(X,Y) 1s, heuristically speaking, the space of all
"gubmenifolds of type X in ™.
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13.3 Lemma: Let 1 € B(X,Y). Write L=1(X), a_submanifold
of Y. Then the following hold: '

1. The orbit i. Diff(X) coincides with Diff(X,IL) as
gsibset of E(X,Y).

2, The inclusion Diff(X,L)-E(X,Y) is 2 splitting
¢y -submanifold.

3. The mapping p(.,i): Diff(¥)-1i. Diff(X) =Diff(X,L)
is a c°c° -diffeomorphism,

4. It i is proper and ¥ is without boundary, then the

orbit of i is ¢loged in Eprop(X,Y).

5. If ¥ is_without boundary and has oniy finitely many

connected components, then Diff(X,L):Eprop(X,L).

Proof: 1. is clear. 2. follows from 10.8 and 5.7.
3. Tollows from 11.4. 4. Let (gu) be a net in DIiFF(X)
guch that i. ga=p(gq,i) converges to f€ Eprop(X’Y)'
Then i. ga(X}==i(X):=L for all g, and since L 1s closed
in ¥ (i is proper) we have f£{¥X) cL.

Let X. be a connected component of X, then Xj is open

and closed in X, so £(X.) is open (since ¥ is an
immpersion and X is without boundary) and closed (since
f is proper) in L, so f(Xj) is a commected component of
L.

Now let Lk be any connected component of L, then for
some o and some component X, of X we have i. ga(Xj)==Ik
for all aza,. Therefore f(Xj) =Ly, so f is surjective,
feDife(X,L).

5. Let X1""’Xk be the connected components of X, let
fen rop(X,L). From the proof of 4. we see that
f(X1§,...,f(Xk) are different connected componenta of I.
Since L=1i(X) has as many comnected components as X the
agsertion follows. g.e.d.

13.4 Now let X,Y be both without boundery, fix i€ B(X,Y)
and i(X) =L. Let (WL,pL,L) be a tubuwlar neighbourhood
of L in Y (10.7).
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Lemma: Let j € ¢ (X, ) guch that pLo j € B(X,¥}. Then j
is an embedding with 1nverse (pL j) le;j(X)) 1§ (X)X,
Furthermore for any x € ¥ we have

-1 . — _ .
(2 3)(1,.X) &)Tj(x)(pL {pgd(x) D) _Tj(x)wL_Tj(x)Y’ i.e.
J is transversal to the fibres of Py, WL-»L

ilg injective, with

Eroof: Pre J is 1n;|ec-tive, so j: X-Wp
inverse (pL j)_ (pLij(X)) Thig inverse is continuous,
ac j is a topelogical embedding. For x in X we have:
(Tj(X)pL)(ij)(Txx) =TX(pL° J)(TXX) =TPLJ(X)L -

= (Tj(x)pL)(Tj(x)wL), thus dim T, j(T,X) =dim TPLj(x)L=

= dim IX, so j is an immersion, so jEE(X ).
F
urthermore the kernel of T (x)P (x)w %TpLj(x)I'

“ig Just Tj( )(pL (pLJ(x))), the tangent space to the
fibre of p; through J(x), so the second assertion follows.
gq.e.d.
13.5 Let the data of 13.4 be given. Then we define:
={3ec®(x,W): ppod=1, jril=
=(pp)e (20N {33 3ol
By 13.4 we have Qi;E(X,WL).
Lemma: 1. For the guotient mapping u: B(X,Y)}- U(X,Y) we
have: u/’Qi: Qi-rU(X,Y) ig injective.

2, Tet VeDiff(X) be open. Then Q .V is open in
B(X,Y). '

Proof: 1. Let J,J' €Q;, u(j)=ulj*), i.e. j=j'-g for
some g €Diff(X). Then i=ppej=2pe(j'eg) =(ppei') . g=1.8a,
80 g:Id}c and j=3'.
2. Iet us suppose first that Ve (g€ Diff(X):

& ~IdX} » the open subgroup of diffeomorphiasms with compact
support.
(pL) : B(X, W, ) »0® (X,1) is continuous, 1. Diff(X) =

= Pife(X,L) is open in €% (X,L), p(.,i): Diff(X)-»Diff(X,L)
is a diffeomorphism, so (pL)*"1(p(.,i)(V)) ig open in
E(X,W ) and in BE(X,Y).
Claim (p)s (0., 1)(V)) 0 {J €B(X,¥): j~il=Q, o V. This
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proves the lemms in the special case.

It j F(pL)* 1(p( ,i)(V)) and j ~i, then pLoJ €i,V, so
P1° J-log for some g€V, g~Idy. Then jo g EE(X,W ),
Pro(Jog” )=1agg1~1, jog™ ~i, 80 JogTle €Q, and
3= (eg™")e gEQ; V.

Let conversely b EQ y EE€V. Then Pro i=1, j~1i, so
pro(jeg) =deg€n(. ;i) (V) and jeg~i, 80 de g€ (p)s
{p(.,1){(M))n {j: 7 ~1i}, and the claim follows.

How let V be an arbitrary open subset in Diff{X).
Decompose V into the disjoint union of all non empty
intersections of ¥ with open equivalence classes
{g €Diff(X): g~Tf] for all £eDiff(X). Call these non
empty i:;ltersections Vu. For any o choose gaévu, then
Vao g, 1s an open subset of {g € DiffF(X), & ~Idy i, so

(V < 8, 1) is open in E(X,Y) by the first part of the
proof But then Q . Va-—p(ga,.)(al (Vao g, 1)) is open

too and Qi o V= 1) Qi » Va also. q.c.d.
o

13.6 Corollary: u(Qi) ig open in U(X,Y) =E(X,¥)/Diff(X)
in the quotient topology.

Propf: By 13.5.2 the full inverse image Qie Diff(X) of
u(Qi) under u is c¢pen in E(X,Y), so u.(Qi) is open in the
quotient topology.

13.7 Tet again X,Y be 0% -manifolds without boundary,
i €RB(X,Y}, L=i(X), (WL,pL,L) a tubunlar neighbourhood of
L in ¥. Puarthermore let T,F TWL»WL be 2 local addition
for the vector bundle Wy as consgtructed in lemma 10.6,
i.e. the zero section Lg WL and each vector subgpace of
cach fibre is additively closged in w with respect to Ty
Decompose TW lL TLGBV(W NI as 1n 10.12. Write
VL=V(WL}1L (we do net J.den‘blfy V(W HI with Wy itself to
got more clarity).
The wapping Tl (Vs (Vg Ty(pL'1(y))-v(w )y =
= (y) ia a dlffeomorplusm onto by the construction of
in lemma 10.6, for each y € L.
Therefore TL\VL: VL-er ig a fibre resppecting diffeo-

L
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morphiam (onto).

13.8 lemma: In the getting of 13.7 the sget Q from 13.5
iz a gplitting C ~gubmanifold or E{(X,¥).

Proof: We will show that Q; is a splitting cg’ ~gumani -
fold of the open subset E(W,W;) of E(X,Y).

Let (U;,9,,T (1*TW;}) be the canonical chart of B(X, Wy )
centered at i, induced by the local addition I, from
13.7, i.e.

Ui = {j € E(X’WL): (1}3)(}{) & (TTW’TL)(TWL)’ J "‘i}“
Q ={j€B(X, W) prod=1i, j~i) €U, since m|Vy: V=¥
is 2 fibre respecting diffeomorphism onte (by 13.7).

JeQ i'ff Pred=1i and J~i, i.e. j(x)€ (pL)_1(i(x))
Since (PL) (1(x)) is addltlvely cleosed with respect to
Ty, We see that J(x) epL (1(x)) 1ff
(TL)l(I) (3(x))e (v )i(x) So for j€U; we have:

Jeqq 122 0, (3) = (), ™o (Ta,,3) €T _(1%7,). So

¢1|Qi: Qi->Tc(i*Vi) is 2 bijection and rc(i*vr) ig a

direct summand in rc(i*TWL) aince Fc(i*TWL)==FO(i*TWLlL)=

_ +* a + 5 —

= T (i*(TLev,)) =T (1*TL ® 1%V ) =T (L*IL) erc(i*vL).
g.e.d.

13.9 Lemma: Let X,Y be both without boundayy. Then

U(X,Y) =B(X,Y)/Diff(X) is & Hausdorff space in the

quotient topoloy.

Proof: Let i,j € B(X,Y) with u(i) fu(j). Then i(X) $ j(X)
in ¥ for ctherwise put i(X) =j(X) =1, a submanifold of
T; i—1nj= X+L-X ig a diffeomorphism of X and
j=1.(i"".4) €1, DLEF(X), mo u{i) =u(j), contrary o the
assumption.
How we distinguish two cases:

Cage 1: We mey find a point y € 1.(X)\J(X), say, whichis
not a cluster point of j(X). Choose an open neighbourkood
V of Yo in ¥ and an open neighbourhhod W of j{(X) in ¥
such that VNW=@. Let B={keB(X,Y): k(X)nVEP) and

= {k€E(X,Y): k(X) cW}. Then ™ is vielbly WO—open and %
ig 0C%-open (if k€D choose x € X with k(x) € V. Then

133



f1eB{X,T): 1(x) €V} is a 0O%-open neighbourhood of k
in 8). Furthermore B and ® are Diff(X)-saturated, 1 €8,
JEB, and Bn® =@, So u(B) and u(B®) separate w{i) and
u(j) in U(Z,1).

Cage 2: i(X) e J(XJ, J(X) ei(X). Let y € 1(X) for instance.
Let (V,v) be a chart of ¥ centered at y which maps

1{(X) NV into a linear subspace, v{i(X)n V) cRPNv{(V) eR®
(n=dim X, m=dim Y). Since j(X) «1{X) we conclude that
v((L(X) U3 @) NV) cR®Nw{(V) too. So we mee that

i(X) uj(X) is = submanifold of Y of the same dimension
ag X.

Put M: =i{X) v J{X). Let (WM,pM,M) be a tubular neigh-
bourhood of M in ¥. Then WM| i(X) is a tubular nelghbour-
hood of i(X) in Y, WMij(X) is one of 3(X). Let Qs Qj be
defined as in 13.5, using these tubular neighbourhocods
of i(X), j(X). There is some yOESi(X)\j(X), gay. By
13.5.2 Q; o Diff(X) and Q. . Diff(X) are open and Diff(X)
saturated in B(X,Y), confalning i and j resp., and
Q- Diff(X)nQ, - Diff(X) =@ since for any k¢ Q; - Diff(X)
the set k(X) moets py  (y,), and for all k€ Q, o DAff(X)
it does not. So u(Qi)rwu(Q ) =¢ in U(X,Y), they are open
neighbourhoods separating u(i) and u(j). g.e.d.

13,10 Corollary: Each orbit i. Diff{X) is closed in
B(X,Y). (This is better than 13.3.4).

13.11 We make now a first agssaunlt on the fibre hundle
structure of E(X,Y). Tet X,Y be ¢% -manifolds without
voundary, i €E(X,Y), L=1(X). Write 1:=u(1) € U(X,¥).
Then Q, * —U.(Q ) ig an open neighbourhood of i in U(x,¥).
We will ahow ‘that E(X Y)\Qi is trivial.

1. Define s;: Q - E(X,Y} by 83 -(ulQ ) 5; is well
defined, since ul Ql is injective (13 5. 1) So s; is a
local section of u.

2. Then fibres of u: E(X,¥)~»U{X,Y) (i.e. the
Diff{X)-orbits) over Q; meet Q; in exactly one point each
{13.5.1). Since the action p of Diff(X) on E(X,Y) is free,
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the mapping o|Diff(X) x Qg1 Diff(X) ><oi->ur1 (51.) ig pi-
jective, so there ig an inverse me.ppa.ng
(p1D322(0) %0, ) ™" = (8 ). ; 1(Q,) » Dire(X) x Q5 so
e u” (Q )-»D:.ff(X), byt (Q )—»Q and we have

L (j) Yl(j) Q(Yl(j) by (3))-—j for each j€En 1(Q ),

8 (j)~i, Ppby (:l)—l-

3. Claim: vy,: u (Q )2 Dife(X) is a G -mapping. We
have 1. y;{J) =Dy« b, (3) v;(3) =pg 0 J (50 P o J is
defined), so 2} {(j}= p( ,;L} 0 (pL)*(J) or
vy =p(., 1) (p )*. w” (Q )*lef(X) vhich is ¢

4. Claim: 6y: u” (Q )-'Q 1sc . We have
8;(3) = v;(3) -3, so 8 (J)——Ju Ylfj) , 80O
6—po(In'VoY,Id) (Q )—)Q,whlchisc

8. Therefore p: D:Lff(X)xQ -u (Q } is a OcD -diffeo~
morphism. This mapping will serve as terlallslng mapping.

6. Claim: sy ¢ ai"Qi {(from 1.} is continuous (so a
homeomorphism)

Tor yEQ we have §s (y)} =5 (u-1(y)) by oonstructione
let VcQ be open, then by (V) is open in u” (Q ) by 4.
1(Q } ie open in B(X, Y), 80 U 1(s _1(V)) —u."1(u(v)) =
= i (V) is open in E(X,Y). By deflnltion of the quotient

topolegy si'1(v) is open in U{X,Y).

We have proved the following:
Theorem: Let X,Y be €% -manifolds without boundary,
dim X<dim ¥. Eggg'(E(X,Y), u, U(X,7), Diff(X)) is a
topologieal prineipal fibre bundle, trivial over the cpen
neighbourhoods Q; of i in U(X,Y) for each i€ E(X,Y); a
‘brivigliz}ng m__app:}ng ig_g:}ven by:
Dize(X) %@ » 0" (), (&,3)+5,(F) ¢ &

13.12 Theorem: In the setting of 13.7, U(X,Y) is s
cg’ ~manifold.

Proof: For any 1€ B{X,Y) the open neighbourhood Q of ;.
in U{X,Y) is homeomorphic to the splitting GCD —subm.anl—
fold Q; of E(£,Y) {cf. 13.8, 13.11.6); so 1t remains to
chack whether these submanifolds fit together nicely.
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In other words: We use the mappings
(9;1Q) o 54 ai»rc(i*vL) (in the notation of 13.7, 13.8)
as charts for U{X,¥}. U(X,¥) is a Hausdorff space by
13.9. So it remains to check 1t;:re'tl'lgr the chart change is
cg". Let 1,k €B(X,Y) so that Q; nQ .

Suppose first that i and k lie on the same
Diff{X)—orbit in E(X,Y), i.e. there is some g € Diff(X)
with i=k. g.

Then L=1i{X) =k{(X) in Y and

Qj_: {3 EE(X,WL): Pr, - j=1i, j~il=

= {3 €E(L,W): ppoJ=ko g, jk.gl=

Z{j“ g: JEE(X,W )9 pL" j=k, ij}:

=Q - g=p(g,.(Q).

So Qi and Q are Diff(X)-translates of each other,

Q; =G, and we have ((;y1Q) o s) 0 ((0y]Q) e 807" =

= (cpkilqk) L Skf' (U.I Qi) L (‘:Di’Qi)_l1=

(Coquk) @ (P(g'-)lQi) o (CﬁiIQi) .

The last mapping is a Cg:’ ~diffeomerphism by 13.1 and
13.7. . .

Now congider i,k € B{X,Y) with QN Qk=]=§3, but not lying

on the same orbit. Let L=i(X), K=k{X}. Then L{K
~ A A -1,

(13-9)-_\1'196have 8, (Q; N Q) =5, (Q ) nu""(g;) =

= Q. Nu (Qi) by consitruction.

For ;]EQk we have PKej=k and j ~k, so j=-rK.1:= .
= q;.k_1(1:) for some t EI‘c(k*VK). If furthermore j Eu_1(Qi),
then J=8;(3) .« v;(3) for 8;(j)€Q; and v,{j) € Di£f(X),
by 13.11. If t¢€ (cpk[Qk) . sk(?in qk) :rc(k*vK), then
((0;19;) + 8,) « (g [9) » 8)7T(8) =
= (t‘pllQi) o Si: Sk_ @ (Cplek)_1(t) = (@ilql) ° si @ U.(j) =
= (cpilcai)(si(j))=(mi1qu)(ai(3)) (cf. 13.11.86)
= (milqi) 4 éiﬂ (tDk!Qk)'— (t)én

The last expression is Cc by 13.8 and 13.11.4. q.e.d.

fl

13.13 Lemma: In the setting of 13.7, the mapping
wr B{X,¥)->U(X,¥) is a submersion, i.e. for each i€ E(X,Y)
the mapping T, u: TiE(X,Y)a@i(X,TY)-» iy U(X,Y)arc(i*vL)
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ig surjective and moreover a topological linear guotient
mapping with splitting kernel.

Proof: The kernel of T.u is T, (1. Diff(X))szc(i*TL),
and this is a splitting subspace of Tc(i*TY) as we already
proved in 13.8.

The rest follows from the construction of the canonical
charte for U(X,Y). g.e.d.

13.14 Theorem: Let X,Y be Ca’-ggnifolds without boundary,
dim ¥ <dim ¥, Then (B(X,Y),u,U(X,Y), Diff(X)) is a

cg’ principal Pibre bundle.

Proof: 8,1 ai-aqi is a Cg)—diffeomorphism by construction
of the charts for U(X,Y). Then the mappings

Diff{X) x ai" u"’(éi), (g,§)—> si(g}) . g are c;" ditfeomor-
phisms defining ths local product gtructure of the prin-
cipal bundle. g.e.d.

1%3.15 Let Ubrop(X,Y)==u(EPrOP(X,Y)) denote the space of
all proper orbits (i.e. to say the "space of all closed
submanifolds of type X in ).

. ) o _
Corollary: (Eprop(X,Y),u,UPrOP(X,Y), Diff(X)) iz a ¢,
prineipal fibre bundle too, in fact Eprop(X,Y) =
= B(X,T)/U ro (X,Y), the restriction of the principal
fibre bundle BE(X,Y) to the open subset U (X,Y) of

prop
u(x,Y).

13.16 Remark: 1. If X has corners, then Qiu Diff(d) is
no longer open in E(X,Y), so 13.5.2 does not hold: one
may stretch or shrink i(X) in ¥ by moving the cornars of
i(X) tangentially to i(X) outwardly or inwardly. This is
a continuous curve in E(X,Y) which cannot be absorbed
into a local product structure.

2. If X does not have corners and dim X=dim ¥, then
each orbit Diff{X,L)=1i. Diff{X), i(X}=1, is open in
E(X,Y), so U(X,Y) is discrete. Thus (B(X,¥),u,U(X,Y),
Diff(X}) is a Cg) principal Ffibre bundle too, but
trivially so.
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14 Lie groups of symplectic
diffeomorphisms

Thig section is based on ideas of A. WEINSTEIN (1971).

14.1 Iet X be a smooth ¢ -manifold without boundary
and let N be a symplectic structure on X (i.e. a non
degenerate clogsed 2-Fform on X). We say, that (X,0) is a
symplectic manifeld.

The dimension of X is necessgarily even,

Plrst we need to state some wellkncown facts:
An igotropic submanifold YcX is a submanifold Y such
that |TY=0; it follows that dim Y <} dim X. &
Lagrangian gubmanifeld is a maximal isctopic submanifold;
each isotropic submanifold is contained in a Legrangian
one, and an isotropic submenifold ¥ is Lagrangian iff

dim ng— dim X.

14.2 If (X,0) is a symplectic manifold, let 7: T#X-~X be
a "local addition” (these are defined only for TX-X,
but carry such one to T#X viaz an identification
¥ =T, induced by a Riemannian metric on X or by the
symplectic form). Then r: T*X X has the following pro-
perties:
(41) (ﬂx*,f)i T#{ > X wX is a diffeomorphism onto an open
neighbourhocd of the diagonsl by in XX
{42) T(Ox) =x for all x€X.

Now consider the symplectic structure

* :xxx»x,p%:xxx»x

2 =pr, *0 — pr2*0 on ¥ »x X, where pr,

are the first and second projection reap.
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Ve consider two symplectic structures on T*X: the
first one is Q: = (WX*,T)*QI-

The second one is the canonical symplectic structure
w on T¥Y,

For completeness sake we repeat its construction:
Denote by o the cancnical 1-form on T#X, which is
characterized by the following property: If s € T(T*X) is
any 1-form on X, then s¥a=g. ¢ can be defined directly

as follows: Iet & € T_(T#*X) for n € T#X, then (E,aln)) =
= (Tn(ﬂx*).g,n), where m,*: T*{-X is the canmonical pro-
jection.

If s €T(M*X), ¢ €T X, then (¢,s%alx)) =
= (6, (T @) *als(x))) = (2,8.C,als(x))) = (T, (). T 8.,
s(x)) =
(Tx(TTX* 0 8).¢,8{x)) =(¢,a(x)); therefore g*g==.
Having constructed the 1-form o on T#X we define
w=-He.

Now let us denote the zero section of T*X by ZX' Then
al T2y =0, s0 w]TZy =0. Furthermore 0| Tay =
= (pr1*n—pr2*n)[TaXzO and (T‘I‘X*,T): Zog > by, 80
G, TZy = ((mg*, 7 )*0%)| T2y = ((my ¥, 7)| 2y )* (0| oy ) = 0.

Let us summarize this discussion in the following

lemma.

Lemma: Let (X,0) be a symplectic manifold, let

T: T*X>X be a local addition. Put OF =pr,*Q-pr,*a: this
is a sxmplectn.c gtructure on X xX, and let Q—(rr * )X,
Then 0 g A symplectic structure on T*X and a TZ =0. We
have UJ|TZ =0 too for the canonical gymplectic s‘bruc'ture
on T*X,

14.% Now we will construct a local diffeomorphism
f: T™X - T*X with f[Z =Id such that f*u=0. So

t (T*X, (1) -+ {T*X w) will be a symplectomorphism,
fl ZX = Idzx.

Firast we solve the problem in T(T*X)]ZX. ZX is &
Lagrangian submanifold for each of the two symplectic
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structures, LIJ,E, on T#X. By linear algebra of symplectic
linear spaces there is a vector bundle isomorphism

ve T(’I‘*X)!Z aT(T*X)[Z over the identity on Z, mapping
the symplec‘tlc structure 0 {on each fibre) to the sym—
plectic structure w and leaving TZX pointwise fixed (on
TZy both structures vanish).

There is a diffeomorrphism h: U-»V between open neigh-
bourhoods U,V of ZX in T™*X such that Tcr.h=Y for aEZX
(so even hj ZX=Id). This implies h*(wlZX) =0fZX. Such a
diffeomorphism may be constructed using a tubular neigh-
bourhood of Z,* in TE. Put = (k7 )*(RU). This is a
symplectic structure on V such that 02y = wlZy.

Now we solve the problem in a neighbourhcod of ZX'
Put w=0-w on V.
mt=(1-t)w+t6=m+t55, t€R. w_ is a 2-form for all t€R.
bwt=(1—t)6w +180 =0, wt[zxwizxz'ﬁl Zy for all %, so w,
is non degenerate in the fibres over ZX‘ S50 all Wy for
t € [0,1] are non degenerate in the fibres over an open
fibrewise convex neighbourhood We 'V of ZX in %X, so
wt#' T (T*X)-) T *(T#X)} iz invertible for all g €W and
te[o 1], where (g,w " (¢)) =w,{(8,0), €, CeT, {(T*X). Let
I: ¢ (W)-?Q (W) be the homo‘topy operator constructed in
12.6, put cp*I(w)GQ (W).

Since w|Zy =0 (even w|T2, =0 would suffice) we have
w=T(%w) +61(m) =0+ &p by 12.6. Put §t=—(m %:) 1.cp, then
€y is a2 time dependent vectodr field on W. Let &4 dencte
the local_flow of Eys i.e. T% B4 =54 ¢ 8-

Since wlZX=0 (here we need it!) we have gtfzxzo
{see 12.6), so there is a neighbourhood W, of Zy in W
such that g, exists for t€(0,1] in W,.

Yow we compute:

4 -4 4 -
ds (Es‘*ws)! s=t  ds=s (gsa%wt}1 s=t " as {gt*ms) 1 g=t

d

L —

Vg ou, % TE" (35 Ugdlamt

by 12.2 {(note that E, o & does not have compact gupport).
gt* commites with % since gt* acts linearly and con—
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tinuously on 02(W1).
= 8(Epogpdiy) +E 0@, by by 12.4.2

+ gt*a

It

gt*é(gt_' w't) +0 +gt*6m
st*ﬁ(wt#(gt)) + gy * o
g.t*ﬁ('q?"‘cﬂ) =0

fl

Therefore g *ws ie constant in &, so
31 =g, n g *w =w. S0 if we put = =h ' gy we get
FHQ = g1*(h 0 = g1 #Q=y in an open neighbourbood of Zy
in T*X. We summarize:
Lemma: In the setting of 14.2 there exisis a diffecmor-
phism £: U=V between open neighbourhoods of ZX in T¥#X
such that f*G=w and £|Z, =14

Zy "
14.4 Theorem: Let (X,0) be a symplectic manifold. Then

the group Diff (X} of all symplectic dﬁfeomor@.gmsgg

Xlgs g (gplitting 1i X is compect) C ~gubmanifold of
Diff(X). So it is a C ~lie-group itgelf.

Warning: It is not clear whether ’I‘Idn Diff(X) coilncildes
with the space of vector-fields with compact support on
X guch that Qg0=0. We only know that these lie in the
Lie-algebra.

Proof: Let v: T*I-»X be a local addition &s in 14.2,
construct 0° on XxX, a and w on T*X as in 14.2. Let £
be the diffeomorph:.sm of a neighbeurhocod of Z in T*X
onto another with f*0=u, f}ZX =Ide.

Iet p= (TrX*,'r) o f1 Ue™E->X%xX, a diffeomorphism of
an open naighbourhood U of ZX in T™*X onto an open neigh-
bourhood V of Ay in X xX. Then p(z Y = Ay by construction
and o*0% -f*(*rr #or)RF =0 =q.

Now let U, ;Di:ff(X) be the open neighbourhpod of Id}{
given by all g € Diff(X) such the graph Tg of g lies in
V in XxX and g ~Idy. Since V is open, U0 is open in the
(FD)~topology.
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Claim 1: Let g€U,. Then g€ 0 Diff(X) (i.e. g*a=n) iff
T is a Iegrangian submanifold of (X xX,a%).
Proof: x- (x,g(x)) is the natur:l embedding of X onto I‘g.
Therefore TIT =I‘Tg§TXxTX, so Tr‘g:I‘Tg:

= {(g,Tg.e), e€ T} c T x TX. How dim T =4aim X =

= & dim (XxX), so T, is Tagrangisn in XxX if2 | Ir, =0,
This is the case iff pr,*Q-pr *nlr =0 or
(pr,*q - pry*n) ((g,Tg.8), (n,Ts. n)) 0 for all g,n€T.X,
xGX, i.e. nx(g,n) =ng(Tg.§,Tg.n) for all g,n€ T,X,
x €X., But this means (Q=g"*\. So the claim is proved.

Now, since p*Qx=w, a submanifold McVcXxX of
dim M=4im X is 2 Lagrangian gubmanifold of (XxX,ﬂx) 1+
o1 () is a Tegranglan submanifold of (T*X,w).

Hote that a submanifold Ng T*X ig the lmage of a
1-form iff n-XﬂN N-X is a diffeomorphism.

Mlaim 2: Let p& T{T*X) be a 1-form on X. Then

o{X) « (I*X,n) is Tegrangian iff & =0.

Froof: Remember the canonical 1-form ¢ from 14.2: for any
1-form o € T(T*X)} we have gw*o =w. Now ©(X) is Tagranglan
1P (w=-8a)| T{ep(X)) =0, i.e. -~op*be=0. But

p*ba = do*a = bp. So (X} 1s Lagrangian 1iff &p=0.

Now let U, cDiff(X) be so emall that for each g€ U,
the submanifold p 1(1“ ) :|.s the image of a 1-form (with
compact support). Since p~ (l“Id) =p 1(,f.\.x) =Zy this is
8till a (F9)-neighbourhood of Tdy. Then for g €U  we have:
g €0 Diff(X) iff T, is Tagrangian in (X xX,0%) 1ff the
one form s whose image is p_1 (T ) is closed. So let
u: T =T, (T¥X) be the mapping assigning to each g the
i-form s with s(X) =p 1 (T.).

Claim 3: p: U =T _(T*X) is C

Proof: If gGU ;D:Lff(X), then

u(g): x-» (I,gJI)'*p (x,gx)—»rrx*p Y(x,g%) is a diffeomor-
phism: i% is clearly smooth, i% 18 immersive since
1'rx|p-1(I' ) is a diffeomorphism, and it is bijective since
p~ T ) =nu(g)(X). (There is no obvious relation betwesn
a(g) and g.) By construction, a: U, -Diff(X) is CT by
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the (-lemma and the chain rule.

Iet 8{g) be the mapping: x- (x,gx)-*p'1 (x,8x),

(g): X->T*X. Then 8: U -+ 0% (X,T#X) is c by the
(~lemms and the chain rule. We have o{g) = (11 " (8(g)).
Clearly n(g) =8(g) « alg)™ =

=g(g) « Imr(a(g)) =

= Comp(B(g), Inw(alg))).
Since compogition and Inversion ars O y the mapping u
is C and the claim ig proved.
la.lm 4: u w(u)) =2 ¥ T (T*K) - Diff(X) is cg" t00.
Eroof: For s GV congider the mapping
v(s): x~ s(g)—»p(s(x))-»pr o Po s(x). Then v: v, - Diff(Xx)
is o C —mepping by the Q—lemma

I.e-t: vi ¥, - Dif£(X) be given by
via): x-» s(x)«rp(a(:ac))-->pr2 pa a(x). Then v is Oc to0.

It is clear that n ey =vls) o v(s)™" = Comply(s),
Inv(y(s))}); so p_1 is Cccn and p: Uo—vvosl"c(']?*}{) is a Cg)
diffeomorphiam.

Now 2 (T (T%X)) =kernel(s: T (1#X) T (A°TX)), the
space of all closed 1~forms with compact support, ig a
c¢logsed linear subapace of I‘C(T*X) gince the exteriour
derivative 1ls a contlnuous linear differentisl operator
on I‘C(T*X). If the manifold X iz compact them the theorem
of Hodge says that the space of smooth cloged 1-forms is
g direct summand in the space of all 1-forma.

So we get: g €U NDiff (X) iff s{u(g)) =0, or
n(g) €V, Nkernel §. Thus U N Diff, (X) is a c ~submani-
fold of Diff(X) it is spli't‘tlng 1f T is compac‘t: Since
D:'Lfo(X) iz a group one mey tranaport around the open set
Uo and finish the proof of ‘the theorem. qg.e.d
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I=(x,7) k~jet bundle 1
a: Jk(X,Y)-ex gource mapping 1
w: Jk(X,Y)-bY target mapping 1
TE(n,n) = 7E(RD,RD) 2
Pk(n,m) polynomial mappings RT-+R™ of

degree =k without constant

term 2
1 m(Rn,Rm) symmetric j-linear mappings 2
o Jk(X,Y)—)Jk'(X,Y) projection 5
(&) space of smooth sections 7
T.(B) space of sections with compact

support 7
JE(B) k-jet bundle of a vector burdle B
V(E} vertical bundle 10
Ve E®E-»V(E) vertical 1lift 11
Gyt V(E)->B vertical projection 11
chp fibre derivative of o 12
L*E pullback of a vector bundle 12
Ayt T2X-> T2X canonical flip mapping 13
axp exponential mapping 16
§ 2
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iTX space of inner tangent vectors 20
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szX space of inner second tangent
vectors 22
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c(X,1) space of continuous mappings 26
(H compact open topology 26
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w(U) 26
wo wholly open topology 26
wo® graph tcpolo ¥y 26
M(U) 26
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LO locally finite open topology 29
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f~g equivalent mappings, f and g
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§ 5
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1gotropic submanifold

jet
jet hundle
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Lie-derivative
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target mapping 1
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trangversal 50
truncated composition 2
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vertical bundle 10,11
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vertical projection 11
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