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1. Introduction

By a Lie group G one means a group which is also given the structure
of a smooth (= C*) manifold. The group structure and the smoothness
structure are tied together by the requirement that the product
operation

G142 P G- G2

must be a smooth map from G x G to G, and also that the inverse map
¢ g~ " must be a smooth map from G to itself.

In order to make sense of this definition in the infinite-dimensional
case, we need to have a theory of infinite-dimensional smooth manifolds.
As a first step in this direction, there is a well known and extremely
useful theory of manifolds modeled on Banach spaces. (See for example
Choquet-Bruhat et al. 1982.) The corresponding Banach Lie groups, first
studied by G. Birkhoff (1938), are important and quite convenient to
work with.

But many groups which arise in mathematics and in physics cannot be
given a local Banach structure. For this reason, following Marsden and
Abraham (1970), we introduce a more general class of Lie groups which
are modeled on complete, locally convex topological vector spaces.
Precise definitions will be given in sections 2-5. For the moment let us
simply look at a few examples, in order to get a rough idea of the flavor
of the subject. '

Example 1.1, The unitary group U = U{#), consisting of all linear
isometries from a complex Hilbert space # to itself, is extremely
important in mathematics and physics. This is an example of a Lie
group modeled on a Banach space. As is true for any Lie group, the
appropriate model space is just the associated Lie algebra. Define this
Lie algebra #(U) to be the vector space consisting of all continuous
linear transformations f : % — % which are skew-self-adjoint,

e, yo+Lx, fyy = 0.

Define the bracket product of two such transformations by the usual
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Infinite-dimensional Lie groups 1011

formula [f,¢] = f=g¢g—g-f, and use the norm topology for both U and
#(U). That is, define the distance from fto g as ||f — gl|, where

LA = sup [l (1/1)x]I.
xEQ

There is a canonical* local coordinate system about the identity element
of this group U, given by the exponential map

EXP: #(U)— U,
where EXP(f) =1 +f+f-f/2'+.--. This exponential map has the

characteristic property of carrying straight lines through the origin in
the Lie algebra onte one-parameter subgroups of the Lie group. That is

EXP(Af+uf) = EXP(Af)e EXP(yf)

for any real numbers 4 and u. As is the case with any Banach Lie group,
this exponential map carries some neighborhood N of zero
diffecmorphically onto a neighborhood N' of %, so that the inverse
transformation

LOG:N - N

is well defined and smooth near 1. In fact, for the unitary group, we
have the explicit formula

LOG(A+f) = f—foff2+ —--

Before proceeding to other examples, let me insert a cautionary note.

Warning 1.2, The theory of unitary representations of a Lie group G is
concerned with homomorphisms

p G -U().

One would naively expect such homomorphisms te be smooth. But most
interesting examples of representations are not smooth, and in fact are not
cren continuous as maps to the unitary group with the norm topology.

Here is an explicit example. Let G be the additive circle group consisting
of real numbers & modulo 2x, and let J# = LG, C) be the Hilbert space
of square integrable functions f : ¢ — C. Then # has an orthonormal

*Here and elsewhere the word “canonical” means uniquely preferred and natural. It has
nothing to de with Hamiltonian mechanics.
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basis consisting of the functions

e (0) = e'""/\/ﬁ,

The “right regular representation™ p : G — U{s#) is described by the
formula p(@)f : 8 — flp +6); and hence

plele, = ej,wen'
It is not difficult to check that

llote)—p(O)l| = suple®—1| -2

as ¢ — 0, ¢ # 0. Therefore p is not a continucus map.
The correct requivement, which one should impose on a unitary
representation p 1 G — U(#), is rather that the associated map

(g.x) = plg)x

from Gx ¥ to X should be continuous. The interested reader should
check that this weaker condition is indeed satisfied for the right regular
representation described above.

Example 1.3. Let G be any ([inite- or infinite-dimensional) Lie group, and
let M be a compact manifold, possibly with boundary. Then the space
C™(M, G) of all smooth maps f :M — G is a well behaved Lie group,
using the pointwise product operation

(fi - f2)(x) =f|(x)'fz(x)-

As an example, if M is the closed unit interval, then C*(M, G) can be
described as the group of all smooth paths in G. (The subgroup of paths
with both endpoints at the identity is of particular interest.)

The appropriate model space for this infinite-dimensional manifold is
the Lie algebra

Z(C*(M, G)) = C*(M, £(G))

consisting of all smooth maps from M to #(G). We give both C*(M, G)
and C™(M, £(G)) the C*-topolagy, which can be described intuitively
as follows. A sequence of functions f, on M is said to converge to f in
this topology if not only f,(x) converges uniformly to f(x), but also
every iterated derivative of [ (x) converges uniformly to the
corresponding derivative of f{x). The precise definition in terms of
neighborhoods and coordinate charts will be deferred until example 2.3.
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Exercise. Using this preliminary form of the definition, show that the sequence of elements
£, = ¢*™/n in the complex vector space C®(S', C) converges to zero in the C*-topology,
even though the kth derivative {2ife*"/n tends to infinity as k — co. Show on the other
hand that the sequence of functions g,(0) = e"®/n'°® does not converge in the C=-topology
although lg,(8) is much smaller than |f,{6) for large ».

The topological vector space C®™(M, #(G)) is complete and locally
convex, but is not Banach. Just as in example 1.1, there is a canonical
choice of coordinate system near the identity element of our group given
by the exponential map

EXP:C* (M, £(G)) - C*(M, &),

which carries straight lines through the origin to one-parameter
subgroups. This map, given by the formula

(EXP{/)){x) = EXPg(f(x))
for feC*(M, £(G) and x e M, clearly has a local inverse
LOG: C*®(M, N') = C™(M, N),

where N'< G and N < #£(() are appropriate open sets, given by
(LOG(/N(x) = LOGg(f(x)).

Using this canonical local coordinate system near the identity element
of C*(M,G), one can see that this group can be given a real analytic
structure {(or a complex analytic structure if G is a complex Lie group
like GL(n, C)). Note that M need only be a C*-manifold. The analytic
structure comes completely from G.

Whenever one has such an analytic Lie group, with canonical local
coordinate system given by the exponential map, the product
operation near 1 is given by the Campbell-Buker—Hausdorff formuia

EXP(v): EXP(w) = EXP(v + w—l—%[p, w]
+3=([o, [0, w]] = [w, [0, W]+ )

This can be proved much as in the finite-dimensional case. (See for
example Hausner and Schwartz 1968.) In particular, the local group
structure near 1 is completely determined by the Lie algebra. We will
refer to such groups as Campbell-Baker—Hausdorff Lie groups. As an
example, any Banach Lie group has this Campbell-Baker—Hausdotff
property. In particular, any finite-dimensional Lie group certainly does.
However, C*(M, () provides one example of a non-Banach group with
the same property.

[n place of maps from M tp G, cne can alse lock at sections of a
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bundle of Lie groups over M. One important example is the gauge
transformation group of Yang-Mills theory. In this case one starts with a
principal G-bundle

F.—-P
l=
M.

By definition, the group G must act on the right of the total space P by
an action (p,g) p-g which is simply transitive on each fiber
F, =n"%(x). That is, given two points p, and p, in the same fiber F,
there must be a unigue group element g with p; - ¢ = p,. If this principal
bundle is non-trivial then it has no continuous sections at all. However,
associated to P there is a bundle of groups

G, — A

la
M

with many sections. This can be defined technically as the associated
bundle in which the structural group G acts on the fiber G by
conjugation. By definition, each fiber G, =a™'(x) is the isomorphic
copy of the group G consisting of all automorphisms a : F, — F, of the
fiber F,, with a{p- g} = a(p)- g for all g. Thus G, is itself a group, with
an identity element %, So the projection & : 4 — M has at least the
trivial section x =%, The group C™(a) = Aut(P) consisting of all
stnooth sections x b a, is the required gauge transformation group. It is
a Campbell-Baker-Hausdorff group whose Lie algebra is the space
LAut(P)) = C=(«') of all smooth sections of an associated bundle

LGy A
Lo
M
of Lie algebras; where each fiber #(G,) is just the space of “infinitesimal
automorphisms”™ of the corresponding fiber F,.
[For readers who are not familiar with this construction, here is a

slightly more explicit example of it. Suppose that we start with an »-
dimensional vector bundle

V.=~ E
|
M!

say over the complex numbers. Then each fiber I, is an n-dimensional
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complex vector space. The set F, of all bases (e,,...,¢,) for this vector
space (alse called the “Stiefel manifold” of n-frames) forms the typical
fiber of a principal G-bundle
F.—»P

l

M,
where the group G = GL{n,C) of all non-singular »#xn matrices
a = [a;;] acts on the right of P by setting

(e, nly) @ = (e),....€0),

where ¢; = Y e,a;. Similarly, the group G, of all linear automorphisms of
V, operates on the left of F, by setting

g lesnen), = (gder) - gule))s

This group G, is isomorphic but not canonically isomorphic to
G = GL(n, C). Note that the left action of G, on F, and the right action
of ¢ commute with each other:

(gx' (els”'sen)x) = .'gx' ((els BT en}x ) ﬁ).

Elements of the corresponding complex analytic gauge transformation
group C™(a) = Aut(P) can be described as diffeomorphisms of the
vector bundle E which carry each fiber V, linearly into itself.]

Example 1.4. Diffeomorphism Groups. Our final examples of infinite-
dimensicnal Lie groups are not analytic and do not have a canonical
coordinate chart about the identity element. Let M be any smooth
compact manifold and let Diff (M) be the group consisting of all C®
diffeomorphisms of M, with the C*-topology.

For any (finite- or infinite-dimensional) Lie group G, the Lie algebra
2(G) will be identified with the tangent space TG at the identity
element, which can in turn be identified with the set of all velocity
vectors of smooth curves f :R — G at time ¢ = 0, where f(0) = 1, In the
case G = DIff(M), such a curve can be identified with a smooth function

[ RxM—>M

with f{(0,x) = x, where the correspondence x b f(t,, x) is required to be
a diffeomorphism for each choice of ¢4, The velocity of such an f at time
¢ = 0 must be identified with the smooth vector field

a
r{x) = n—f-.i'{wc)r=n
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on the manifeld M. Accordingly, we define the Lie algebra ¥ (Difl(M)) to
be the topelogical vector space vectiM) of all* smooth vector fields
x b o(x)e T, M, with the C*-topology. We will see in section 6 that the
appropriate bracket product operation in this Lie algebra is just the
usual bracket product of vector fields on M, up to a sign.

Among all smooth curves § : R — G one must distinguish those which
are one-parameter subgroups:

fley+1) = fley) = flty)

In the special case G = Diff(M), these are called one-parameter groups of
diffeomorphisms. It is well known that such a one-parameter group of
diffeomorphisms is uniquely determined by its “infinitesimal generator”

Iz
v(x) = Ef {t.x)
=¢

In fact, for each fixed x,, the curve t b f(t, xo) in M is just the solution
of the differential equation

%%c = p{x)e T M,
with initial condition x(0) = x,. We denote the one-parameter group of
diffeomorphisms which is constructed in this way as

t » EXP(tv) e Diff(M).
In other words

EXP: vect(M) — Difl(M)

is defined to be the unique map which carries each line t v tv, through the
origin in vect{(M) to the one-parameter group of diffeomorphisms which
satisfies the differential equation

dx

— = v,(x),  with x(0) = x,,

de
where x(t) = EXP(tvy)(x,).

Warning 1.5. This construction does not work on a non-compact
manifold, since the differential equation dx/dt = v(x) may not have

*If M has a boundary, then the appropriate Lie algebra is the space vect(M,&M) of all
vector fields which are tangent to the boundary éM.
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solutions which are defined for all time. One could try to avoid thus
problem by considering only those vector fields #(x) for which the
solution does exist for all r. But this does not work, since the sum
v{x)+uv,(x) of two such “complete” vector fields need not be complete.

Exercise. On the real line, M = &, show that the diflerential equations

dx dx !
— = x*¢cos*x, — = x%sin’x
dr dr

both have solutions x = x(r} which are defined for all ¢, but the sum dx/dr = x* does not.

One can construct a well behaved Lie algebra and Lie group by
considering only those vector fields which vanish outside of a compact
set, corresponding to diffeomorphisms which are the identity outside of a
compact set. But this is too restrictive for most purposes.

Warning 1.6, With the previous examples in mind, one might expect that
every diffeomorphism close to the identity in Diff(M) belongs to such a
one-parameter subgroup, but this is far from true*, (See Freifeld 1968.)
Here is a simple example. Let M = 8! be the circle of real numbers 8
modulo 2z. Given a large integer » and a number 0 < & < 1/n, consider
the diffeomorphism

f(0) = 8+a/n+esin® (nd).

We can choose [ to be arbitrarily close to the identity in the C™-
topology, simply by choosing » large and ¢ very very small

It is not difficult to check that f has just one periodic orbit, the period
being 2a. In fact, if we start at § = 0 and apply the map f over and over,
so that

Opbame2a/nb3nne...

then we will come back to the starting point (modulo 2x) after exactly
2n repetitions, On the other hand, if we start at a point in the interval

*Even in a finite-dimensional connected Lie growp, one may have some group elements,
for example the element

-]
in SLi2, R),
0-}

which do not belong to any one-parameter subgroup. But in the {inite-dimensional case
such elements are necessarily far from the identity element,
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0 < 8, < n/n, then the image f(#,) = 0, will satisfy
8,+n/n < 8, < 2nfn

Similarly the successive images f(8,) = 0,, f(#,) = 6,,..., will satisfy
8, < 8,—mm <8, 2a/n<...<nan

Hence no 8; will be congruent to 8, (modulo 2=r).

It follows that f cannot belong to any one-parameter subgroup of
Diff(S'). In fact we can make the sharper statement that { cannot be
written as g o g for any function g :8' — S'. (If f were equal to EXP(y),
then of course [ could be written as g - g with ¢ = EXP(2/2).)

Proof. Let us compare the periodic orbits of ¢ with those of gog. (The
argument does not make use of any properties of the circle, but works
equally well for higher-dimensional manifolds.) Note that a periodic
orbit of g of odd period is also a periodic orbit of g - g, with the same
odd period. But a periodic orbit of g of even period 2m splits up into
two distinct orbits of period m for gog. Inspection of a few pictures
should convince one of these statements:

2.-& . /E‘Q ./“{.
Se g * fg

, tg \ /9 3* .
* —t .l 3.—-.| \./ l

It follows that the number of periodic orbits of even period m = 2n for any
map of the form g o g must be even, Since f has just one orbit of period
2n, it cannot be equal to g« g for any g.

Thus we cannot prescribe the smooth manifold structure of Diff{A)
by using the exponential map to construct a canonical coordinate
system. Instead we must seek a different construction which will be
described in section 6. '

Remark 1.7. The following was pointed out to me by D. McDuff. For
any compact M, any element in the identity component G, of G = DifiiM)
can at least be written as a finite composition

f = EXP(v;)---o EXP(y,)

Jor appropriate vector fields v,...,v, e vect(M). For the set of all such
compositions clearly forms a normal subgroup of G,; but a theorem of
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Epstein, Herman and Thurston asserts that G, is a simple group. That is,
it has no normal subgroups other than {1} and G, itself. A similar
argument applies even in the non-compact case, providing that M can
be described as the interior of some compact manifold with boundary.
Compare McDufl (1978).

Before proceeding, let us look at some precise definitions. {(Many
details will be omitted. The author hopes to prepare a more detailed
version of this material for future publication.)

2. Locally convex vector spaces

A real {or complex) tepolagical vector space X is a vector space over the
real numbers B (or the complex numbers C) with a topology which is
Hausdorff, and is such that the addition cperation

(x,y) »x+y
and the scalar multiplication operation
(A, x) b ix

are continuous as functions of two variables.
In order to have a reasonable theory of differential and integral
calculus on X, one needs the following condition.

Definition. A topological vector space X is locally convex if every
neighborhood U of zerc contains a neighborhood U’ of zero which is
convex. In other words, given any two points x and y of U, the entire
straight line segment, consisting of all points tx+(1—¢)y with 0 < ¢ < 1,
must belong to U’. (See fig. 1.)

One important consequence of local convexity is the existence of
many continuous linear maps from X to the real (or complex) numbers:

Fig. 1.
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Habn-Banach theorem. If X is locally convex, then given any two vectors
x # y there exists a continuous R-linear map | : X — R with l(x) # I(y).

This is proved, for example, in Rudin (1973). In the complex case, it
follows that there exists a complex-linear map [: X — € with [(x) # {(y).
One simply takes f(x) equal to J(x)—il{ix).

Fortunately, the topological vector spaces which one encounters in
real life are nearly always locally convex.

Example 2.1. Let I be the closed unit interval, and let L? = L*{I, R) be
the space of all measurable functions f :1 — R for which

1 1p
Al = (L If(t)l"dt)

is finite, modulo those for which ||f]] = 0. If the constant p satisfies
1€ p< oo, then it is well known that this is a Banach space. In
particular,

IS +gll < IA+1gll

and
AL = 14- 1A for AeR.

It follows immediately that the basic neighborhood N, of zero,
consisting of all § with ||f]] < &, is convex. Hence this space L? is locally
convex. More generally, any Banach space is locally convex.

Example 2.2. Here is a nasty example, just to show that one has to be a
little bit careful. If we take p = 4 in the above construction, so that L'/?
is the space of f with

1 2
WAl = (J vV lf(t)ldf) < o0,

then the neighborhood N, consisting of f with (|f]| < & is not convex. In
fact, no matter how small the number & > 0 is chosen, we can express
the function f(x) = 1 as an average

f=U1+-+L)n
of funétions f;e N,. Simply choose n > ¢!, and set
n fori—lyn<t<iln
0 otherwise,

5= {
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so that ||fi]l = 1/n < & Yet the average [ clearly satisfies || f]] = 1.

With a little more work* one can check that L'? is not locally
convex, and in fact that the only continuous linear map from L'? to R
is the zero map. Thus L'? is a very badly behaved topological vector
space. Fortunately, such pathological examples don’t seem to arise
naturally.

One other important property which we will need is completeness, or
at least sequential completeness.

Definition. A topological vector space X is sequentially complete if every
Cauchy sequence in X converges to some point of X. Here a sequence of
points x;, x;, X3,...,in X is said to be a Cauchy sequence if, for every
neighborhood N of zero, the difference x,—x; belongs to N provided
that both § and j are sufficiently large.

The space X is complete if every “Cauchy net” converges. (See for
example Kothe 1969.) This condition is completely equivalent to
sequential completeness if X is metrizable, but is a somewhat sharper
requirement in general. In practice, completeness is a rather innocuous
condition since it is not difficult to show that any topological vector
space X can be embedded in a complete space X.

Here is one application of this condition.

Assertion. If X is both sequentially complete and locally convex, then
every continuous path f -1 - X has a Riemann integral {§ f(z)dt in X.

Just as in the case of a real valued function, this statement means that
if we choose a fine subdivision 0 = ¢, <, <--- <1, =1, and choose
representative points ¢;,_; < t; < t, then the weighted average

(=) )+ +{t,—t,_)fE)e X

will converge towards a well defined limit vector in X as the mesh of the
subdivision,

Supltl—tl— ll)
i ?

tends to zero. The proof of this statement will be left as an exercise.

*Compare Day (1940).
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If each point f(t) belongs to a convex set U, note that each
approximating sum also belongs to U. Hence the vector [} f(r)dt must at
least belong to the closure of U. In particular, if U is a small
neighborhood of zero, then the integral will also belong to a small
neighborhood U of zero. In this way, we see that the vector [§ fit)d:
depends continuously on f, in an appropriate sense.

We will be particularly interested in the following examples of
complete locally convex spaces.

Example 2.3. Let C*(I;R®) be the space of all C* maps f from the
closed unit interval I to R To topologize this space, we specify a
collection of basic neighborhoods N, , of zero as follows. Given an
integer #» = 0 and a number ¢ > 0, let N, consist of all f for which

d*f(z)
dftk < &

for all 0 €t <1 and all 0 € &k < n. This collection of neighborhoods

(for all £ and all n) determines the required topology. Compare example
1.3

This construction can be generalized in several ways. We can replace
the interval I by any finite-dimensional smooth manifold M. Similarly, we
can replace the target space B by any (real or complex) complete, locally
convex vector space V. The concept of a C*-map from M to V can be
defined in a straightforward way, Let C*(M, V) be the (real or complex)
vector space consisting of all such C*-maps.

Te topologize this space, we specify a collection of basic
neighborhoods of the zero map as follows. Choose a small neighberhoed
& of the origin in ¥, and censider some coordinate neighborhood
U c M with real coordinates x,,...x,, together with a compact set
K = U and a choice of n as above. These determine a neighborhood
N = N(U, {x;}, K, n, &) consisting of all C* maps f :M — V with

& f(x)jox, - dx, €&

for all xe K, all 0 € k < n, and all choices of i|,...,i,. One also has to
include intersections N,;, n---n N, of finitely many neighborhoods of
this form, in order to obtain a basis for neighborhoods of zero in the
required topology.

It is not difficult to see that the resulting topological vector space
C*=(M, V) is always complete and locally convex, even if the manifold M
is non-compact. However, in the non-compact case this topology may be
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very awkward to work with for the following reason. In specifying that f
belong to such a basic neighborhood N, n-- n N, we are only
imposing restrictions on § and its derivatives on sothe compact subset
Ky, w UK, of M. Thus even an extremely “small” element of
C=(M, V) is completely unrestricted outside of some large compact set.
But if M is compact, then we can restrict the behavior of f everywhere,
s0 that this topology is quite useful in the compact case.

Here is a slightly different generalization. Given a smooth finite-
dimensional real or complex vector bundle

. E-M,

with typical fiber F, ==n"'(x) @ R* or C?, we can form the real or
complex vector space C™(n) of all smooth sections. For example if E is
the tangent bundle of a finite-dimensional manifold M, then C™(x}) is the
space of all smooth vector fields on M. Again this space has a complete
locally convex topology, which is particularly useful when M is compact.
Details of the construction are quite similar to those described above,
and will be omitted.

3. Differential calculus

This will be a brief outline of basic definitions and properties for the
derivatives of maps between locally convex topological vector spaces.
{For a more detailed introduction to this subject and much more, see
Hamilton 1982. For further information on the analytic case, see
Bochnak and Siciak 1971).

Let X and Y be locally convex topological vector spaces, at lirst over
the real numbers, and let f:X,— ¥, be a continucus map from an
open set X, = X into an open set ¥, = Y. Given any point x in X, and
any vector v in X, define the directional derivative (= Gateaux
derivative) of f at x in the direction » to be the vector

i) = fi0) = limw,

10
il this limit exists.

Definition. The map f is C' (= smooth of class C') if this limit f'(x;r)
always exists and is continuous as a function of two variables.

Thus f is C'-smooth if and only if /* is deflined and continuous as a
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map from X, x X to Y. The three basic properties of such derivatives are
the following.

Assertion 3.1, If f is C'-smooth, then for each fixed x, the correspondence
v f(xg;0) is a linear map from X to Y.
This linear map f; - X — Y is called the derivative of { at the point x,.

Assertion 3.2, The derivative f'(x,v) is identically zero if and only if [ is
constant on e¢ach connected component of X,

Assertion 3.3 (chain rule). If / and g are C' maps with
X5 ¥y 5 Z,

then the composition go f is a C' map from X, to Z,. Its derivative at a
point xe X4 is equal to the composition of the two linear maps
ha .

where y = f(x).

In fact. assertions 3.1 and 3.2 can be proved quite easily by using
standard finite-dimensional calculus together with the Hahn-Banach
theorem. For example, if f'(x;v) is identically zero, then forming the
composition
15X, LV, 4R

where p is an arbitrary linear map from the unit interval to X, and ! is
an arbitrary continuous linear map from ¥ to R, we obtain a map I - R
with derivative identically zero. Thus this composition is certainly

constant, and it follows easily that f is locally constant. The proof of 3.3
is only slightly more difficult. Details will be omitted. J§

Warning 3.4, It is essentially here to use locally convex vector spaces. (It
is not difficult to construct a non-constant map I — L/ with derivative
identically zero. Compare example 2.2.)

Warning 3.5. In the special case where X and Y are Banach spaces, it is
customary to use a much sharper definition, due to Fréchet, which
requires that the correspondence x i f; should be a continuous function
from X, to the vector space Hom(X, Y) with the norm topology. This
stronger condition definitely does not follow from C'-smoothness in our
sense, However, this is not a serious problem in practice, since C*-
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smoothness in the sense defined below implies C'-smoothness in the
Fréchet sense. Note that the Fréchet definition would not make any
sense for maps between general locally convex vector spaces, since
Hom{X, ¥) does not have any good topology, in general.

Warning 3.6. In passing from Banach spaces to more general locally
convex spaces, one loses many familiar theorems. For example, in the
Banach case one has a straightforward Inverse Function theorem and
good Existence and Uniqueness theorems for ordinary differential
equations. (See for example Choquet-Bruhat et al. 1982.) These break
down completely in more general spaces, so that one has to work very
hard to prove such statements in special cases. One important example
where the Inverse Function thecrem fails completely is for the map

EXP:vect(M) — Diff(M)

at the origin (warning 1.6). In fact this failure demonstrates graphically
that Diff(M) cannot be made into a Banach_Lie group.

Exereise, For the locally convex space F = C®{I,R) of smooth real valued functions
f = f(x) on the unit interval, if L :F — F is the first derivative operator L{f) = df/dx,
show that the differential equation

dfid: = L{f}

(or in other words the equation &f{r, x)/ér = @f1t, x)/éx) has many diflerent solutions with
the same values f(0, x) at = 0. On the other hand, for the space C=(S!, k) of smooth
functions { = f(#) on the circle, if L = d/dé is the corresponding first derivative operator,
show using Fourier analysis that the hear equation

dffdt = L{L{f N

with prescribed values at t = 0 has unique solutions for ¢ = 0, but that these usually
do not extend to negative values of 1.

Next let us introduce higher derivatives of maps between locally
CcONvVEX spaces.

Definition. A map f: X, - Y, will be called C2-smooth, if it is smooth of
class C!, and if for each fixed vector v, € X the map
X Hf'(x;f)l}

from X, to Y is also C'-smooth; with directional derivatives

lig ! Gtz ) = xio)

=0 t
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which depend continuously on x, v, and v,.

This limit will be called the second directional derivative of f at x in
the directions #, and v, and will be denoted by f“(x;», v,), or by
Sfo(e,,v5). Similarly, keeping v, and v, lixed, we can form the third
directional derivative

Frlx+toyso,v.)—f"(x50,,0,)
MNivep p pr Y= li

XU, 1, ) = lim

f ( 14 2:%3 0 t

If f» is continuous as a function of four variables, from X, x X x X x X
to Y, then f is called a C*-map; and so on. If f is of class C for every
finite r, then it is called a C™-map or briefly a smooth map.

The two basic properties of these higher derivatives are the following.

Assertion 3.7. If f is smooth of class C, then for each fixed x, the function
TN R A P 7SS LI |

is symmetric and r-linear as a mapping from X x---x X to Y.

Assertion 3.8, Any composition of C" maps is itself a C'-map.

The preoof of assertion 3.7 is very easy, using the Hahn-Banach
theorem, while assertion 3.8 requires just a little bit of work. Wl

Next ket us assume that the open set X, is star shaped about a base
point x. By definition, this means that the straight line segment joining
any point of X, to x lies completely within X,. If : Xy — Y, is C"*'.
smooth, then an iterated integration by parts proves the following.

Taylor's theorem. (3.9) f(x+v) is equal to
JO)+ L)+ ooy 2i 4+ [P, 0)/n!
plus a remainder term of
L
.[ (1) f55 v, . o)de/n!.
0
In particular, if the {(n+ 1)-st derivative is identically zero, then the
remainder term vanishes, In this case, f is called a polynomial function of

degree n.
In the case of a C*-function, we can form the infinite Taylor series

T [, o)nl,
n=0
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but of course there is no guarantee that this series will actually converge.
Just as in finite-dimensional calculus, the situation becomes much better
if we work over the complex numbers.

Definition. A map [ :X,— ¥, between open subsets of locally convex
complex vector spaces is called complex analytic if it is C'-smooth, and if
the derivative

fiX =Y

at each point x is actually a complex linear map.

Assertion 3.10. A complex analytic map is necessarily smooth of class C™,
Furthermore, any point x of X, has a neighborhood so that f(x+v) is
equal to the sum of its Taylor series  f"(v,....v)n! for all x+v in the
neighborhood.

Here is a very rough sketch of the proof. First consider a ¥-valued
function g(z) of one complex variable, defined and analytic for |z| < c.
Using the Hahn-Banach theorem to reduce to the classical case, one
sees that

1 g(z)dz
glzo) = —(ﬁ '
g(zo e d

2ni Vz—2z,

for [zol < ¢. Expanding 1/(z—z,) as a power series, and estimating
remainder terms, one finds that g(zo) = Y a,2," with

1 g(z)d:z

DT PTL

In particular, if g(z) = f{x+zv), this yields the formula

flx:;v) = L § w
Izl =¢

27 z

for the first directional derivative. Similarly, the (n+1)-st directional
derivative can be expressed as an integral of the nth. It follows
imductively that f is C™-smooth, and locally equal to the sum of its
Taylor series. W

In order to define the concept of a “real analytic function”, we simply
make use of the complex analytic theory. Note that any real topological
vector space X can be canonically embedded into a complex topological
vector space X @iX.
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Definition. A map f X, — Y, is called real analytic if it can be extended
to a complex analytic map, defined on some open subset of X @ iX with
values in Y @iY.

It follows from this definition that any real analytic function, in a small
neighborhood of any point x,, is equal to the sum of its Taylor series
about x,.

Although there is no general existence and uniqueness theorem for C*
differential equations, in the context of locally convex vector spaces,
there is a uniqueness theorem for analytic solutions. For example in the
linear case we have the following statement.

Assertion 3.11. Let L:X — X be a continuous linear map. Then the
differential equation

dx/dt = L(x)

with initial condition x({0) = x, has at most one analytic solution, given
by
an

x(t) = exptL)xy = Y "I%(xq)/n!
n=0

Jor small values of t.

Proof. If x(¢) = > a," then differentiating both sides over and over, one
easily finds the required expression for the coeflicients a,. Wi

Of course there is no guarantee that this power series will actually
converge.

Exercise. If X is the vector space C™(S',R) and L is the first derivative operator
d/dé, show that the equation
dxfdt = L(x)

always has a unique solution x{f. &) with given initial values x{0,6). But if this given
map & — x(0, #) is not analytic, note that the series

x o6"

will not actually converge to x{r, ).

x{0, #)/n!
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4. Smooth manifolds and vector fields

Once we have a reasonable theory of smooth functions between open
subsets of topological vector spaces, we can easily generalize a number
of standard constructions.

Definition 4.1. A smooth manifold, modeled on a locally convex vector
space V¥, will mean a regular* topological space M together with a
collection of homeomorphisms

@, Ve M,
with the following properties. The ¥, must be open subsets of the model
space ¥, and the M, must be open subsets of M whose union is the
entire space M., Furthermore, whenever two of these coordinate

neighborhoods M, and M, intersect each other, the resulting change of
coordinate function

@p o, o "M, M) — o (M, 0 My)

between open subsets of I must be a smooth map (fig. 2). We will refer

onother ¢opy of V

Fig. 2.

*The condition of topological fegularity means that M is Hausdorfl and that for any
neighberhood ©7 of a point of M there exists a neighborhood UY whose closure is
vomtained in U. This last condition is automatically satvisfied if M is locally compact {for
example u finite-dimensional manifold), or i M is u topological growp.
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to the ¢, as local coordinate systems which specily the smoothness
structure on M. (The maps @ ! are called coordinate charts.)

Remark. Sometimes it is convenient to allow a more general situation in
which there are different model spaces for different regions of M ; but for
our purposes a single model space will suffice.

If we are given two such smooth manifolds M and M, modeled on
locally convex spaces V and ¥ respectively, then a continuous function
f:M — M is called smooth if the composition

Lofag, 0. (M, nf_l{ﬂ,ﬂ)}_’ p,s

is smooth whenever the image jf(M,) intersects the coordinate
neighborhood Mp. The map f is called a diffeomorphism if it is one-to-
one and onto, and il both f and f ~! are smooth,

Real (or complex) analytic manifolds and real (or complex) analytic
maps are defined in a completely analogous way.

A tangent vector at a point x, of M can be defined as an equivalence
class of parametrized paths through x,, as follows. Let @, :V, > M, be a
local coordinate system with x, e M, and let p, and p, be smooth maps
from open subsets of R to M, with p,(0) = x,. We will say that p, and p,
are “equivalent”, or have the same “velocity vector” at t = 0 if the two
smooth maps

t o, ple)

with values in V' have the same [irst derivative at ¢ = 0.

The set of all such equivalence classes of paths through x, is called the
tangent space T, M. Note that ¢, induces a one-to-one correspondence
between the model space V' and this tangent space T, M. In fact, if
@.(05) = X, then each vector e V corresponds to the equivalence class
of the path

t =g+ tn)

through the point x, in M. Using this one-to-one correspondence, we
can evidently give T, M the structure of a topological vector space,
isomorphic to V.

Similarly the disjoint union of the tangent spaces T, M. as x varies
over M, can be made into a new smooth manifold TM, which is called
the tangent manifold of M. This new manifold is modeled on the locally
convex vector space V' x F, It is provided with local coordinate systems

W, V,x V> TM, = TM,
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where (1, v) is defined to be the equivalence class of the smooth path
t = lu+to)

through the point ¢,(«) in M. Thus ¢, maps each u x V isomorphically
onto the tangent space T, M.

Note that any smooth map f ; M, — M, induces a continuous linear
map from the tangent vector space T, M, to T, M, This linear map is
called the derivative of f at x and is denoted by f.. Putting all of these
maps f, together, we obtain a smooth map

f* :TMI_’TMz

which carries each vector space T M, linearly into T, M ,. With this
notation, the chain rule for the derivative of a composition of smooth
maps

M, LM, 5 M,
takes the simple form (go f), = g, /..

Here is an example. Let ¢ ~ f(t) be a parametrized path in the
manifold M. Note that the tangent vector space T,R is canonically
isomorphic to R, with a preferred basis vector which is sometimes
denoted by d/dt. (Compare example 4.2, below.) Hence, in order to
specily the linear map

O TR-T,,M

we need only specily the image f/(d/dz) in the tangent space T,,M. This
image is called the velocity vector of f at t, and will be denoted by
df/dt = Df(z).

By definition, a smooth vector field on M is a smooth map

v:M->TM

which carries each point x to a vector v(x) in the associated tangent
space T M. Just as in the [inite-dimensional case, the collection of all
smooth vector fields is itsell a vector space, which we may denote by
veet(M), However, in the infinite-dimensional case, we will not try to put
any topology on this vector space.

Such a vector field v on M acts as a linear differential operator on the
vector space C(M, R) of smooth real valued functions on M. In fact,
more generally, for any locally convex vector space Y, it operates on
C (M. Y). The definition lollows. Given a smooth map f :M — ¥, for
cach point x € M we can evaluate the derivative map

SOTM=T,,Y
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at the vector v(x)e T M. Since the tangent space Ty, Y is canonically
isomorphic to the topological vector space Y, we can think of fi{v(x)) as
an element of Y. The customary notation for this element is »{f)(x).
However we will rather use the nonstandard notation

D.f(x)

for f;(v(x)) considered as an element of Y, in order to avoid ambiguities,
and to emphasize that » is acting as a differential operator on f. Thus
o(f) = D_f, the derivative of f in the direction v, is itself a smooth map
Jrom M to Y. Note that D(f, + ;) =D, f,+D, /5.

Example 4.2. If M is the Euclidean space R" with typical point
x = (x',..., x"), then the n standard basis vectors ¢,.... e, for T, R" = R"
are often denoted by ¢, = @/dx}, since they correspond to the differential
operators

f =D, f = ofjox
from the vector space C*(R", R) to itsell.

Given two vector fields v and w on M, we can form a new vector field
[v.w] which is characterized by the property that

D[t,’, w]) j= Dv{Dmf)_ D“{DJ) (43)

for any smooth real valued (or vector space valued) function f on M, or
on an open subset of M. It is necessary to allow open subsets of M here,
since there is no guarantee that the space C*(M,R) has any functions
other than constants, in general. The Hahn-Banach theorem assures us
that C*(M,, R) does contain many non-constant functions. This bracket
product operation satisfies the usual Jacobi identity

(o [0z, 03]+ 22 [05, 0 )] + [05, [v00 02]] = O

Example 4.4. Suppose that the smooth manifold X, is an open subset of
a locally convex vector space X. Then each tangent space T X, is
canonically isomorphic to X. Hence a smooth vector field

x —=oix)e T X,
on X, can be -thought of simply as a smooth map
v:iXy— X.

If we let such a vector field » act as a differential operator on the
inclusion map i : X, = X then it is easy to check that D,i = ». Hence
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the bracket product
D wji = D,D,i—D,D,i
is given by the simple formula
[v,w] = D,w—D_u.

Using this computation, it is quite easy to prove the uniqueness of the
bracket product operation. The existence proof is also not difficult.

Now suppose that we are given two smooth manifolds, say M and N,
and a smooth map f :M — N. Note that [ does not induce any linear
mapping between the space vect{M) of vector fields on M and the space
vect(M) of vector fields on N, in general. Nevertheless, it may happen
that some particular vector field v on M corresponds to a vector field w
on N, in the sense that

flo(x) = wif(x))

for every x. In other words, we say that v corresponds to w if the
diagram

™ TV
Te Tw
M—'rv N

is commutative. The naturality property of the bracket product can now
be expressed as follows.

Assertion 4.6. If the vector field v corresponds to w, under a smooth map
{. and if v, corresponds to w,, then the bracket product [v,,v,] necessarily
corresponds to [w,, w,].

The proof is easily supplied. |l

5. Lie groups

We have now completed the necessary preliminaries so that the
definition which was indicated at the beginning of section 1, will make
sense:

A Lie group is a group which is also a C™ manifold modeled on a
complete, locally convex vector space, such that the group operations
g.h g hand g v g~ "' are C® maps.

We can proceed to study such Lie groups, exactly as in the finite-
dimensional case. The first thing to note about a Lie group G is that its
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tangent manifold TG, consisting of all tangent vectors at all points of G,
is itself a Lie group. In fact the product map p from G x G to G, defined by
plg, h) = g h, induces a smooth associative map

Py TG xTG = TG,

which makes this tangent manifold into a Lie group. (Compare Bourbaki
1972.) Here we identify the tangent manifold of the cartesian product
G % G with the product TG x TG,

I v, is a tangent vector to G at the point g and w; is a tangent vector
at h, note that the product p, (¢, w,), which we write briefly as ¢ - w,, is
a tangent vector at the point g-h. In order to obtain some intuitive
picture (see fig. 3) of this product operation, think of two smooth paths

xR -G, B R-G,

passing through the points x(0) = g and $(0) = h, with velocity vectors
Da(0) = v, D) = w,

respectively. Then the pointwise product path
y(t) = alt) - B(¢)

will pass through the point y{0) = g h with velocity vector Dy(0) equal
to the product v, - w;,

ldentity elament
o
Tongent space

Ty6 = £16) Lie group G

Fig. 3.
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Evidently the projection map n : TG — G, which carries each tangent
space T,G to its base point g, is a smooth homomorphism from the
group TG onto the group &. It is not difficult to check that the kernel
7~ 1(¥) of this homomorphism can be identified with the additive group
of the tangent vector space T, at the identity element. In other words
there is a short exact sequence

0-TG>TGHG 1

of smooth group homomorphisms.

This sequence splits in a canonical way. In fact, il we define z(g) to be
the zero vector in the tangent vector space T,G, then z:G — TG is a
smooth group homomorphism, and the composition

GATGAG

is the identity map of G. This means that the group TG can be expressed
as a semi-direct product

TG 2T6® G,

with the additive group of T{G embedded as a normal subgroup, and
with G = z(G) embedded as a complementary subgroup.

In order to understand the structure of this semi-direct product, we
must know the adjoint action of G on the vector space T4G. By
definition, this is the natural action of G = z(G) on the normal subgroup
T,G. For each fixed group element g,, this action, which is denoted by

v »Ad{go)v = go 0 g5 %,
can be described as the first derivative of the smooth map
hegoh-go!

from G to itself at the identity element h = 1.
Now suppose that we fix a tangent vector w, in TG and consider the
smooth map

g~ Ad(gwg —w,

from G to T,G. Its first derivative at ¢ = 1 is a linear map [rom the
vector space TqG to the tangent space of T,G at the origin which is
canonically isomorphic to T,G itself. We will use the notation

= ad(e)w,

for this linear map TG — T4G associated to w,. By definition, ad(v) is
the adjoint action of the tangent vector v on T4G. Evidently the adjoint
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action is a measure of non-commutativity of the group G. For if G were
commutative, then Ad{(gw,—w, would be identically zero, hence
ad(»)w, would also be zero.

To better understand this adjoint action, let us choose a local
coordinate system

o X, - G,

where X, is an open subset of the locally convex model space X, and G,
is some open neighborhood of the identity element % in G. We may
assume that ¢{0) = 4. Then the product operation in G lifts back to a
smooth product operation

xxy =9 Holx) @)
which is defined for x and y sufficiently close to the origin in X. The
Taylor series of this transplanted product operation has the form

Xx* ¥y = (x+y)+blx,y)+ (5.1

where b(x, y) is some continuous X -valued bilinear function of x and y, and
where the dots stand for terms of degree three or more. For the identity

xx0=0%xx=1x

easily implies that the constant term of this Taylor series is zero, that the
linear term reduces to x +y, and that the quadratic term is bilinear in x
and y. If we define x~! by the equation x«x~! = x~! xx = 0, then it
follows easily that

x'_l = —x+b(x,x)'+"',
and that
xxyax~l=y+dx y)-by, x))+ -

Note that the model vector space X is canonically isomorphic to the
tangent vector space of G at the identity. For the first derivative of the
coordinate diffeomorphism ¢ at 0 maps ToX = X isomorphically onto
T,G. If we identify these two vector spaces by this isomorphism, then it
Jollows immediately that the adjoint action of TqG on itself is given by

ad(p)w = b(v, w) —b(w, v). (5.2)

In other words, this adjoint action is just the skew-symmetric part of the
bilinear function b.
By definition the Lie algebra #(() is the topological vector space
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T4G provided with the product operation
[v,w] = ad(v)w. (5.3)

It follows from the discussion above that this product is continuous,
bilinear and skew-symmetric. We will see presently that it satisfies the
Jacobi identity

[, [o, w11+ [, [w, a1+ [w, [, 5]] = O,

or in other words

ad(u)-ad(v) —ad(v) - ad(u) = ad{[u, v]).

Example 5.4. Let X = Hom(B, B) be the algebra of all continuous linear
maps ! [rom a Banach space B to itself, with the norm topology, and let
G = GL(B) be the general linear group consisting of all linear
homeomorphisms of B. Then G is an open subset of X, and we can set

) =1 +!
for I close to zero, so that {«!' = [+ +[o1, and

LIINSIENENS
It follows that the bracket product in the Lie algebra F(G) = X is given
by [L1]=1ck=Vol

For any Lie group G, the bracket product in £ (G) is related to the
bracket product of vector fields on G as described in section 4, as
follows. For any group element g, let £, : G — G be the left translation
map /7 (h) = g-h. A vector field g + v(g) is said to be left invariant if it
satisfies

/o 0h) = v{g- h)

for every g and h. (In the notation used above, /, v(h) can be written
simply as g- o(h).) It is not difficult to check that any vector g, in the
tungent space T{ G = Z(G) extends uniquely to a left invariant vector
ficld

vlg) = g- vy,

which is necessarily smooth.

Assertion 5.5. Let u,. v, w, be three vectors in the Lie algebra
#(G) = TqG such thar the bracket product [ug, vy] = ad(ug)v, is equal to
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wy. If we extend to left-invariant vector fields on G,
wlg) =g o, UG =g e W@ =g W

then the bracket product [u, v] as defined in equation (4.3) is equal to w.
Thus #(G) is isomorphic to the Lie algebra consisting of all left-
invariant vector fields on G. Since the bracket product of vector fields

satisfies the Jacobi identity, it follows that the bracket product in #(G)
does also.

Sometimes it is more convenient to work with right-invariant vector
fields. These work just as well, except that the sign comes out wrong:

Assertion 5.6. With [u,, v5] = ad(uy)o, = wy us above, if we extend to
right invariant vector fields

Hg)=uo g, Og)=0v5-9.  Wg)=Wo- g
then the bracket product [4, 8] of equation (4.3) equals —w.

Proof of assertion 5.5. As in equation (5.1), let us choose a local
coordinate system with @(0) = ¥, so that

xxy =@ Nox)- @) = (x+y)+blx, y)+---.

Given a tangent vector u, at the origin of the model space X, it is
convenient to consider the curve

t = Uyt

whose velocity vector at ¢t = 0 is equal to uy. Then for any fixed x, the
product curve

t X (ot) = Xttt +b(x, ugt)+- -
has velocity vector

d

—(x * (ugyt)) = ug+bix,uy)+ -

dt i=0
at ¢ = 0. (Here the dots stand for terms which are linear in wu, and at
least quadratic in x.) This shows that a left-invariant vector field, with
respect to this #-product, has Taylor series of the form

u(x) = ug+b(x, 1)+ --.

If v{x) is another such left-invariant vector field then, as in example 4.4,
we can let u act as a differential operator on the vector valued function
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v:X,— X to obtain a new vector valued function

Dpx) = ;—t pix + tu(x))

=0

Evaluating at x = 0, so that x +#u(x) = tu,, this yields

d
Do) = Qi (vg + bltug, vy)+-- -)‘
=0

= bluy, vy).
Hence the bracket product
[t 0](x) = D a(x)— D ulx)
at x = 0 reduces to
blug, vg)—blvg, 1tg) = wy,

as required. @

In order to prove the cortesponding assertion for right-invariant
vector fields, we need only note that the inversion map i(g) = ¢~ ! from
G to itself induces a corresponding inversion map i, from TG to itself.
Evidently i, carries each left-invariant vector field g +g- u, to a right-
invariant vector field g~' — —u,- g~ !, That is, the following diagram
commutes

TG - TG
Tu 1-4&
G 4.

Hence, by assertion 4.6, the equation [w,0]=w implies that
[ - —6] = —W, as required. W

6. Diffeomorphism groups

Before proceeding with the discussion of general Lie groups, let us
describe one important example, namely the group of diffeomorphisms
of a smooth compact manifold. First consider diffeomorphisms of a
sphere.

Let S” be the unit sphere in the Euclidean space R**1, and let Diff($")
be the group of all C® diffeomorphisms of S$". This group is to be
topologized as an open subset of the space C*(S",5") consisting of all
smooth maps from S" to itself, with the C* topology. (This larger space,
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in turn, can be considered as a closed subset of the locally convex
topological vector space C*(S", R**!). Compare example 2.3.)

The prool that Diff{S") is open in C%(8" 8") can be sketched as
follows. For any smooth map f :8" — 5" let #(/) be the infimum of

LA = £ =

over all pairs x # y in 8", using the Euclidean norm. Then one can
check that 5(f) depends continuously on f, using first derivatives to
control behavior as x tends to y. Since 5(f) > 0 if and only if f is a
diffeomorphism, it follows that the diffeomorphism group is. an open
subset.

In order to make Diff(S") into a smooth manifold, we start with the
locally convex model space ¥ = vect(S") consisting of all smooth vector
fields x > v(x). Let ¥, be the open subset consisting of vector fields
which satisfy [[o(x)|| <= for all x. Then each vector field v in ¥,
determines a map

@) :8" - §°

as follows. Let ¢(v) map x to the endpoint of the unique great circle arc
of length [lo(x)|| which starts at x with initial velocity vector o(x).
Evidently ¢ maps V, homeomorphically onto the open set
U, = C*(8",8") consisting of maps f which are close enough to the
identity so that f(x) # —x for all x. For each such pair x and f(x) are
joined by a unique great circle arc of length less than =, which depends
smoothly on its endpoints.

Those maps g in U, which happen to be diffeomorphisms of the
sphere form an open subset U, = U, Let V, = ¢ Y(U,) be the
corresponding open subset of our model space vect(S"). Then
@ -V, = U, is the required local coordinate system about the identity
element of Diff(S").

As is the case in any Lie group, we can construct a corresponding
local coordinate system

9, V1= g Uy

about any group element g simply by setting ¢ (h) = g- (k). In order
to prove that we obtain a smooth manifold in this way, it is necessary to
check that each composition ¢, '- ¢, is a smooth map between open
subsets of V. Details will be omitted.

More generally, for any smooth compact M the Lie group structure
on Diff(M) can be defined in a completely analogous way. In place of
great circle arcs of length less than n one chooses some Riemannian
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metric on M and uses geodesic segments of length less than & Here the
constant ¢ must be small enough so that any such geodesic segment is
smoothly determined by its endpoints.

The model space lor this Lie group G = Diff(M) is the space of all
smooth vector fields on M. Hence the Lie algebra £ (G) is equal to this
locally convex wvector space vect(M), under a suitable bracket product
operation.

In fact the appropriate bracket product is just the negative of the
usual bracket product of vector flields, as defined in equation (4.3). To
see this, we proceed as follows. Let

a:0xM- M

be the natural action a(g, x) = g(x) of the diffeomorphism group G on
the manifold M. Note that the tangent manifold TG acts on the tangent
manifold TM by the map a, : TG x TM — TM. Every vector field

voevect{M) = TG

extends uniquely to a smooth right-invariant vector field v(g) = v, g on
the manifold G. Then it is easy to check that the product vector field vx0
on the manifold G x M corresponds to the vector field v, on M under this
smooth map a. That is, the diagram

TG x TM —*—+TM
fox0 Teo
G M R —. ¥,

commutes, or in other words

a,(ve- 8 0,) = volg(x))

If w(g) = w,- g is another right-invariant vector field on G, it follows
that [z, w] corresponds to [v,, w,] by assertion 4.6. Since the bracket
product of right-invariant vector fields has the wrong sign by assertion
5.6, the conclusion lollows. Il

The group Diff(AM) has many important subgroups, For example, if we
are given a preferred volume form on M, then we can look at the
subgroup SDIlf(M) of volume preserving diffeomorphisms. (Compare
Arnol'd 1966, Ebin and Marsden 1970, Hamilion 1982) The
corresponding Lie algebra is the space of vector fields with divergence
identically zero. It is surprisingly difficult to construct local coordinate
systems for this Lie group.

If M is a compact symplectic manifold, then we can also look at the
Lic group G = Diff (M) of all symplectic diffeomorphisms
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= canonical transformations). Its Lie algebra #(G) is the space of
locally Hamiltonian vector fields on M. This is related to the Lie algebra
of real valued C® functions under the Poisson bracket, and to the de
Rham cohomology groups of M, by an exact sequence
0- HYM:R) - C*(M.R)— LDl (M) - H'(M R) - 0.

For further information, see Weinstein (1971), Isham (1984), and Schmid
(1978).

7. The exponential map and product integrals

Note that every smooth homomorphism f:G — H between Lie groups
gives rise to a continuous homomorphism f3 : TyG —> T, H between the
agsociated Lie algebras. We will use the notation

Z(f) : LGy > Z(H)
for this induced homomorphism.

Lemma 7.1. If G is connected, then there is at most one smooth
homomorphism f:G—~ M which induces any given Lie algebra
homomorphism £(G)— F(H).

It is not asserted that every continuous Lie algebra homomorphism
L(G) — FL(H) comes from a Lie group homomorphism £, but only that
[ is uniquely determined if it exists. (Compare theorem 8.1.)

One case of particular interest occurs when G is the additive group of
real numbers R. A smooth homomorphism f:R — H is called a one-
parameter subgroup of H. The lemma asserts that a one-parameter
subgroup f is uniquely determined by the linear map

ZLif): Z(R) = R - L(H),
or equivalently by the initial velocity vector
df(r)
de | _o

in the Lie algebra #(H).

Definition. If f is a one-parameter subgroup of H with initial velocity
vector » = Df(0), then we will write

f{t) = EXP(w)
and call f(1) the exponential of ».

b= Df(O) =
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In all known Lie groups, the exponential of ¢ is defined for all v in the
Lie algebra, and the resulting map

EXP: #(G)—~ G

is smooth. However, as far as one knows, there may exist badly behaved
Lie groups for which this map is not everywhere defined or not smooth.
The proof of lemma 7.1 will depend on the following considerations, If

p:1=G
is a smooth path, then the velocity vector
Dp(t) = dp(t)/de

is a well-defined tangent vector to G at the point p(t). Using the semi-
direct product stucture

TG = £ (G)® G,
we can left translate this velocity vector by p(t)~ ! to obtain a vector
ey =p()"' - Dpfe)

in the Lie algebra #(G) which will be called the left logarithmic
derirative of p at ¢, Thus the left logarithmic derivative of a path in G is
4 path in #(G). Note that this vector ¢(t) e #(G) can also be defined by
the equation

Dpte) = pli)- o(t). (7.2)

Remark. Sometimes it is convenient to consider the right logarithmic
derirative, defined by the equation

w(t) = Ad(p(e))(t) = Dp{t)- p(t)™ ",
or by Dp(t) = w(t)- p(t). In this connection, note the easily verified
ilentity

Dp(t) ™" = — () p(t) ", (1.3)

Thus, il #(t) is the left logarithmic derivative of p(t), then —¢(t) is the
right logarithimic derivative of p(t)~".

l.emma 74. Two smooth paths p .1 - G and g :1 — G have the same left
fogarithimic derivative,

plt) 1 -Dplt) = gt} ' Dyls)
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Sor all t, if and only if one is a left translate of the other

qlt) = go- ple)
Jor some constant group element g,

Assuming this statement for the moment, we can prove lemma 7.1 as
follows. Let

fufp G H

be two smooth homomeorphisms with £(f,) = #(f;). Since G is
connected, we can choose a smooth path p from the identity element
pl0)=1 to an arbitrary group element p(l)=g  Let
v{t) = p(t)” ' - Dp(z) be the left logarithmic derivative of this path. Usmg
the commutative diagram

i
lp

ZG) s TG G
LZ() 1 f L
FL(H) — TH H

for i = 1, 2, we see hat the left logarithmic derivative of the composite
path ¢ — f(p(t)) is equal to 2 (f;}v(t)). Since E‘{fl) = 2(f;). lemma 7.4
implies that

filp(t)) = he- f2(p()

for some constant group element #h, Substituting ¢ =0, since
Silp() = f£,(p(0)) is the identity element of H, we see that h, = 1. Now
substituting t = 1, we see that f,{g) = fi(g) for an arbitrary group
element g, as required. [l

Proof of lemma 7.4. Given two paths p and g in G with

Dp(t) = p(e)-v(t)  Dglt) = q{t)- vlt),
consider the associated path

t e qle)-pe)”
Using identity 7.3, we see that its velocity vector D(g(z)- p(z)~") is equal
to

Dygfe) - p(e)” ' +q(t)-D{p()™ ")

= q(t)- v(t)- ()" =q(®) - (t) - p)~ ' =

Hence g(¢)- p(t)~?
required. il

is a constant group element g, by assertion 3.2, as
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Definition 7.5. If u(t) = p(z)” ' - Dp(t) is the left logarithmic derivative of
pit), then we will say that p(t) is a left indefinite product integral of v(t).

Thus lemma 7.4 says that a left indefinite product integral p :1 — G, il
it exists, is uniquely determined up to left translation by a constant
group element. In particular, il we fix two numbers a < b in the interval
[, then it follows that the definite product integral p(a)™'-p(b) is a
uniquely defined group element, whenever some indefinite product
integral p exists.

Here is an example. Let v(t) = v, be a constant path in the Lie
algebra, and suppose that EXP(y,) is defined. It is easy to check that the
one-parameter subgroup

¢ v p(t) = EXP(to,)

satisfies the differential equation Dp(t) = p(t)- 2o, Hence the definite
product integral p(0)~ 1. p(1) of the constant path v(t) = vy for 0 <t € 1
is simply equal to EXP(r,).

Intuitively, the definite product integral can be thought of as an
infinite product of group elements which are infinitesimally close to the
identity element. The product integral of »(t) from ¢ to b may be
denoted by the symbolic notation

p@)™ ' pb) = [a <. <s EXPlo(t)de).

In order to justify this notation, at least on an intuitive level, suppose
that we choose some fine subdivision ¢ = t; <, <--- < ¢, = b of the
interval from aq to b, and choose representative points t,_, < ¢; < ¢,
Then

play~'-pib) = ﬂn gignP(ti—l)_l - plt;).

If the subdivision is fine enough so that the function wufr) is
approximately equal to the constant value v(;) throughout each interval
from r,_, to t, then we can hope that p(¢) is approximately equal to
some left translate of EXP(tv(t;)) throughout this interval, so that

plt o)1 - pley) = EXP((g—t;_ olE)).

Hence p(e)~'-p(b) = ng,gnEXP((ri—ti_l)v{a)), and the limit of the
right-hand side as the subdivision becomes finer can plausibly be
denoted by [, < ( < JEXPoit)dz).

Omori et al. (1982) define a Lie group to be regular if such
approximations always converge as the mesh of the subdivision tends to
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zero, and if the resulting product integral is suitably well-behaved. We
will make use of the following weaker form of their requirements.

Definition 7.6, G will be called a regular Lie group if every smooth path
v 1 — ¥(G) has a left product integral p : 1 — &, that is, a solution to
the differential equation Dp(t) = p{t)- (), and il furthermore the
correspondence

v = p(0)~ - p(1)
defines a smooth map from the locally convex vector space C*(I, #(G))
to the Lie group G.

Evidently regularity is just a strengthened form of the requirement
that the exponential map should be defined and smooth. All known Lie
groups are regular.

As an example, for any smooth compact manifold M let us show that
the Lie group Diff(M) is regular. Let

w1 - Z(Diff(M)) = vect(M)

be a smooth path in the Lie algebra. Then each ¢ €1 determines a vector
field wit) on M, whose value at x will be denoted by

wit, x)e T M.
Consider the differential equation
dx/dt = w(t, x)

with initial condition x{0) = x,. Since M is compact, there is a unique
solution t +~ x(t) for tel. Let p(z) be the diffeomorphism of M which
maps any point x, = x(0) to the corresponding x(t). Then e

p 1 - Dilf(M)
is a smooth path with p(0) = 1, and it is not difficult to check that
Dp(t) = w(e)- p(e)

Thus w(t) is the right logarithmic derivative of p(t). In order to pass from
right to left, we simply use identity 7.3. Thus an arbitrary smooth path

t —» —wit)

in the Lie algebra vect(M) has a left product integral ¢ + p(t)~' in the
Lie group Diff(M). Since the definite product integral p(1)~' depends
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smoothly on the path —w, this shows that Diff(Af) is a regular Lie
group.

8. From Lie algebra to Lie group

Following Omori et al. (1982), we will prove the following. (Compare
lemma 7.1.)

Theorem 8.1. If G is connected and simply-connected, and if H is a regular
Lie group (def. 7.6), then every continuous Lie algebra homomorphism
FG)Y > L(H) comes from a (necessarily unique) Lie group
homomorphism G —» H.

The following is an immediate consequence.

Corollary 8.2. 4 Lie group which is connected, simply-connected and
regular is uniquely determined by its Lie algebra.

As an example, if G satisfies these hypotheses, and if the bracket
product [v,w] in £(G) is identically zero, then it follows that G is
commutative, isomorphic to the additive group of £(G). Here the
conditions of connectivity and simple-connectivity are certainly essential.
{Compare the Lie groups O(2), 8O(2), and R.) It is not known whether
regularity is essential, since there is no known example of a non-regular
Lie group.

Warning 8.3. It is not asserted that every Lie algebra comes [rom some
Lie group. This is true in the finite-dimensional case but, even in the
Banach case, van Est and Korthagen (1964) have given examples of Lie
algebras which do not correspond to any Lie group. Compare warning
.3, below, as well as Douady and Lazard (1966).

As another application of theorem 8.1, let us give a partial proof of a
well-known result of Lie. Let M be a smooth compact manifold. If G is a
finite-dimensional Lie group which acts smoothly on the manifold M,
then evidently G maps to Diff{M), hence the Lie algebra #(G) maps
onto a (inite-dimensional Lie subalgebra of Z(Diff{(M)) = vect(M).

Assertion 8.4, Every finite-dimensional Lie algebra of smooth vector fields
on M arises in this way from a Lie group G which acts smoothly on M.
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Proof. We will assume the statement that every finite-dimensional Lie
algebra « is isomorphic to #(G) for some Lie group G, which we may
take to be connected and simply-connected. (See for example Bourbaki
1972, Varadarajan 1974, or Hochschild 1965.) Now by theorem 8.1 any
inclusion map « = £(G) = L(Diff(M)) = vect(M) comes f[rom a
smooth homomorphism G — Diff(M), which yields the required smooth
actionof Gon M. B

Waming 8.5. The condition of finite dimensionality is essential. The
following example was communicated to the author by Omori. Let M be
the two-dimensional torus, with coordinates x and y module 1, and let
a <= ¥ (Diff(M)) be the closed Lie subalgebra consisting of all vector
fields

&

a
o(x, y) = flx, y)g +gi(x, y)

)
1

=

such that g(x,y) is identically zero throughout the vertical strip
0 < x € % Then a is not the Lie algebra of any Lie group G. For if such
a group G existed, then there would exist a homomorphism from its
universal covering group G to Dilf(M) inducing the given inclusion
£(G) = o = £(Diff(M)). Furthermore the adjoint action of G on «
would correspond to the adjoint action of Diff (M) on £ (Diff(M)). This
yields a contradiction as follows. Choose a path p(t) in G with
p(0) = Tand with velocity vector Dp{0) equal to the vector field ¢/dx 4.
Then, for ¢ > 0 sufficiently small, the image of p(t) in Dilf(M) would
move every point of M to the right, that is, it would increase the x-
coordinate slightly. In particular, it would move the vertical strip
0 < x < 1 to a slightly different strip. Hence the adjoint action of p(t) on
£(Diff(M)) would move the subalgebra o = #(G) to a slightly different
subalgebra; which is impossible. i

The proof of theorem 8.1 will be given in outline only. It is based on
the following considerations. Let p :1 — G be a path with p{0) = 1, and
with right logarithmic derivative o(t) = Dp(z)- p(¢)~ '

Lemma 8.6. (Omori et al. 1982). The linear differential equation
dw/de = [o(e), wit)],

with initial condition w(0) = w, € £(G), has one and only one solution
w(t) = Ad(p(t))w,.
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Proof. If we define w(¢) by this last equation, then for any fixed ¢, we
can set

g(h) = plto+h)- p(ty) ™!
so that
Dg(0) = vlt,)
and
wito+h) = Ad{g(h))w(t,).
Differentiating with respect to & at h = 0, we obtain
Dw(to) = ad(v(to))wlte) = [v(ty) wit)]

as required. Conversely, if w(t) satisfies Dw = [o,w] then a similar
computation shows that the path

t = Ad(p(2))” 'w(z)

has derivative identically zero, and hence is constant. [l

Next consider the unit square I x I with coordinates x, y. Any smooth
map f :Ix I — G has left logarithmic partial derivatives

5
v(x,y) = flx,¥)" " ;a_x{
é
wix, y) = fix, y)! 5{ (8.7)

with values in the Lie algebra £ (G). Conversely, given two smooth
maps
vow I x1 - F{G)
we can ask whether or not there exists a map f(x, y) satisfying these
differential equations 8.7,
Lemma 8.8, Suppose that G is a reqular Lie group. Then these equations
have a common solution f if and only if the integrability condition
dofdy—dwidx = [v,w] 8.9)
is satisfied. (Here [v, w] refers to the bracket product in £ (G).)
Proof. If f is given, consider the family of smooth embeddings

Fy:lxl=1x1xG
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given by
Fole, ) = G, . b f(x, y))

where h is some constant group element. Note that the vector fields §/0x
and &/dy on I x1 correspond under F; to the vector fields

X, 5. 9) “af; +g-vlx,y), (59 Hﬁ—a} +g-wix,y)
respectively. Since the union of the images F,(IxI)is all of I xIx G, it
follows from assertion 4,6 that the bracket product of these two vector
fields is identically zero.

In order to compute this bracket product, we apply assertion 4.6 to
the inclusion g  (x,, vy, g), together with assertion 5.5, to conclude that
the vector field bracket product [g-v(x,y), g- wix, y)] is equal to the
Z(G) bracket product g- [v(x, y), w(x, y)]. Hence

ﬁ+ 6+ ow -,v+[ 1=0,
X TIB HTIWIT O T oY

and equation (8.9) follows.

Conversely, if equation (8.9) is satisfied, then first product integrating
vlx,y) with respect to x along the edge y =0 and then product
integrating w(x, y) with respect to y along x = constant, we obtain a
map f :Ix1 — G satisfying

Afftx = f-0,  Offty=f-w,

where §(x, 0) = #(x,0). Subtracting the integrability condition for f from
equation (8. 9) we obtain

o —8)/dy = [v—5,w).

with y—6 =0 when y=0. Hence lemma 8.6 implies that »—§ is
identically zero. @

Proof of theorem 8.1. Given a Lie algebra homomorphism
o FL(G) — £L(H), choose a path p (rom the identity element of G to an
arbitrary group element g. Let o(t) = p(¢)~ ' Dp(t) be its logarithmic
derivative, and let g : I — H be a logarithmic integral of the path «-F in
£(H) with g(0) = 1. Then we define f(g) = g(1) to be the image of the
given point g under the required homomorphism f: G - H.

To show that f{g) is well defined we use the fact that G is simply
connected. Hence any two paths from 1 to g must be joined by a one-
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parameter family of paths. These yield a map I x1 —» G with the edge
I x 0 mapping to 1 and I x 1 mapping to g. Taking logarithmic partial
derivatives, composing with &, and then applying lemma 8.8 we obtain a
corresponding map IxI — H. Since Ix 1 maps to a constant group
element, this proves that f(g) is uniquely defined. It is now not difficult
to check that f is a smooth homomorphism. |l

9. Non-analyticity of Diff (M)

In the classical finite-dimensional Lie theory every ideal « in the Lie
algebra #(G) of a connected Lie group corresponds to a normal
subgroup N < G. In particular, the adjoint action of G carries « into
itself. This last statement remains true in the infinite-dimensional case,
provided that G is analytic.

Lemma 9.1, Let G be a connected real or complex analytic Lie group. If
a < F(G) Is a closed ideal, then for every ge G the linear map Ad(g) from
L) to itself carries a onto itself.

By way of contrast, let G be the component of the identity in the
diffeomorphism group of a smooth compact manifold M. Fixing some
base point x, let

a, = L(G) = vect(M)

be the set of vector fields which vanish, together with their derivatives of
all orders, at the base point x. Then evidently «, is a closed ideal. That is,
it is a linear subspace of #(G), closed in the given (C*) topology, and

[0 £(G)] = a,

But if g G is a diffeomorphism with
gix) =y # x,

then
Ad(g)ay = ay F an

Thus we obtain the following

Corollary 9.2. Thie Lie group Dilf(M) cannot be given a real analytic
sfructure,

Remark. The subalgebra «, @ Z(G) = £(Dilf{M)) does correspond to a
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well-behaved Lie subgroup G, < G, consisting of all diffeomorphisms in
G which are infinitely tangent to the identity map at x. However G, is
not a normal subgroup (since

g'Gx'g_l =Gg(.~:]:f&Gx

whenever g(x) £ x) even though its Lie algebra #(G.) = «, is an ideal
in #£(G).

Proof of lemma 9.1. First note that any element of the connected
analytic group G can be joined to the identity by a real analytic path,
For the set of all such elements ¢ forms a subgroup, which contains a
neighborhood of ¥, and hence is the entire group G.

Given an analytic path p from 1 to g, and a point w, in the closed
ideal &, consider the analytic path

w(t) = Ad(p(t))w,

in £(G). We must prove that the endpoint w(l) = Ad(g)w, also belongs
10 a.

By lemma 8.6 we have dw/dt = [v, w], where v(t) is the analytic path
Dp(t)- p(t)” . For ¢ sufficiently small we can expand as

o(t) = Y v,t" wit) = Y w,t",
and the differential equation takes the form
wy+2wat o = [, Wol+ ([0, wo ]+ 0o, wy )t 4.

Since w, belongs to the ideal = it follows inductively that all of the
coeflicients w, belong to . Hence w(t)ee for small ¢. :

Similarly, expanding in a Taylor series about any ¢, in the interval I,
we see that the set of + with w(t)ea is an open set. Since it is clearly
closed, this completes the proof that w(l)ez. H

10. Some homotopy groups of Lie groups

This last section will be a rough outline, without proof, stating known
results about the algebraic topology of some important Lie groups. Let
us start with the wnitary group U(H#) of example 1.1, Here there is a
very simple answer.

Theorem of Kuiper (1965). If the Hilbert space 3 is infinite-dimensional,
then the unitary group U(3#) Is contractible. In particular, all of the
homotopy groups n, (U(¥)) are zero,
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By way of contrast, for a (finite-dimensional unitary group
U, = U(C"), Bott (1959) showed that

m U, = Z for k odd,
=0 for k even;

provided that we are in the stable range k < 2n. It is often convenient to
pass to the limit as # — 20, There are natural inclusions

U cU,eU, -

where each U,_, = U(C"!) is embedded as the subgroup of U(C")
which fixes the nth basis vector, The union U_ of this sequence of
groups, with an appropriately defined (non-metrizable) direct limit
topology, is a well-behaved Lie group with

n U, = Z for k odd,
=0 for k even.

The contrast between these two different infinite unitary groups U and
U(.#") should be duly neted.

Next let us consider the diffeomorphism group Difl(8%) of a unit »-
sphere. There is a natural inclusion from the orthogonal group
O,,, = O(R"*1) into Diff(S"). Smale (1959) proved that this inclusion

0,..< Diff(s")

is a homotopy equivalence for n = 1, 2, and conjectured that the same is
true for n = 3. This Smale conjecture has recently been proved by
Hatcher (1983). In particular,

x, Diff(8%) = 7,(0,)

for all k. Hatcher proves analogous results for several other three-
manifolds.

By way of contrast, for n = 5 the inclusion O, ., = Difl(8") is definitely
not a homotopy equivalence. (As far as I know, the case » = 4 remains
open.)

To understand this statement, let us first look at the Oth homotopy
group m, Diff"(57), where the plus means that we consider only
orientation-preserving  diffeomorphisms. Any orientation-preserving
diffeomorphism f of $" determines a smooth oriented manifold M7,
homeomorphic to 8""', which is obtained from two (n+1)-
dimensional unit balls by glueing their boundary n-spheres together
under [
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Theorem of Smale (1959). If n = 4 then every smooth compact (n+1)-
manifold which has the homotopy type of S*t! can be obtained by this
construction.

Theorem of Cerf (1970). If n 2 5. then two such manifolds M}*' are
oriented-diffeomorphic if and only if the corresponding diffeomorphisms f
belong to the same component of Dilf*(8").

Thus for n z 5 the group =, Diff " (87) can be identified with the set of
all oriented-diffeomorphism classes of smooth (#+ 1)-manifolds which
have the homotopy type of S"*!, or equivalently are homeomorphic to
$#*1, Kervaire and Milnor (1963) showed that these groups are finite
Abelian, and that their orders can be tabulated as follows for small
values of n = 5:

n 5 6 7 8 9 0w 11 12 13 4 15 16 17

order my, Diff* 8 1 28 2 & 6 992 1 3 2 16256 2 16 16

(Further information about exotic spheres may be found, for example, in
Eells and Kuiper 1963, Milnor 1964, Bredon 1967, Gromoll and Meyer
1974.)

Cerl (1970) showed also that the group =, Diff*(S") maps onto
no DIff*(S"*1) for n 2 5. This homomorphism, which annihilates the
image of n,8O(n+1), can be described as follows. Embed §" as the
equator of S"*1, and let (4 u)e[—n/2,n/2] xS" be the latllude and
longitude of a point of $**!. Given a loop

f:[—n/2,7/2] — Diff*(S"),

where a neighborhood of the endpoints goes to the identity, we can
construct an associated diffeomorphism of $"*! by the correspondence

(A w) = (4 f(Au),

which maps each parallel n-sphere, given by the equation 1 = constant,
diffeomorphically onto itself.

Combining this result of Cerl (1970) with the table above, we see at
least that the inclusion SO,,, — Diff*($") is not a homotopy
equivalence for 5 < n € 17. In order to take care of larger values of n,
we simply refer to the following, much sharper statement,

Theorem of Antonelli, Burghelea and Kahn (1972).  If n> 7, then the
manifold Diff *(S") does not have the homotopy type of any finite complex.
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Their proof is based on estimates for the low-dimensional homotopy
groups of Difl *(§8").

Further information on the homotopy groups of dilfeomorphism
groups may be found in Balcerak and Hajduk (1981).
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