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Abstract

Morse–Bott theory relates the geometry of closed geodesics on a Riemannian mani-
fold to the topology of its free loop space. The Dirichlet energy functional, playing the
role of a Morse function, filters this space by subspaces of loops with bounded energy.
For a closed manifold, their homotopy type can change only at critical energy levels,
whose critical points are constant-speed closed geodesics, including the constant loops
at energy zero.

When the critical points form smooth manifolds and the energy Hessian is nonde-
generate in the transverse directions, Morse–Bott theory describes these changes by
attaching disk bundles determined by the energy-decreasing directions. It thereby pro-
vides a way to build the topology of the free loop space from its closed geodesics and,
conversely, to use topology to deduce the existence of geodesics. These notes develop
the definitions, analytic foundations, and attachment constructions in detail, with ex-
plicit computations for round spheres and projective spaces, and comparisons of how
maps between manifolds act on the resulting filtrations.
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1 Idea

1 Idea
In general Morse theory reconstructs a space by increasing the allowed value of a real-valued
function on it. Under suitable compactness hypotheses, the sublevel sets

X≤a := {x ∈ X | f(x) ≤ a}
have unchanged homotopy type as a varies through an interval without critical values. The
changes occur at critical points. For a nondegenerate isolated critical point of index λ, the
change is, up to homotopy, the attachment of a λ-dimensional disk along its boundary. Thus
differential information about a function gives a geometric construction of the topology of
its domain.

Symmetries often force critical points to occur in families. Morse–Bott theory allows a
critical submanifold K, requiring that the Hessian be nondegenerate only in the directions
normal to K: its kernel at x ∈ K is exactly TxK. The descending directions then assemble
into a vector bundle ν−K → K. Crossing its critical value attaches the disk bundle Dν−K
along the sphere bundle Sν−K; the corresponding homotopy cofiber is the Thom space

Th(ν−K) = Dν−K/Sν−K.

This statement replaces the attachment of a single cell. It retains the topology of the
critical manifold and of its negative bundle. The attaching map is further information:
critical values, indices, and bundles alone do not determine the entire filtered homotopy
type. Precise hypotheses and the treatment of rank-zero bundles are given below.

For a closed Riemannian manifold M , the function of interest is the energy on its free loop
space,

E(γ) = 1
2

∫ 1

0
|γ̇(t)|2 dt.

Its critical points are the constant loops and the parametrized closed geodesics. The circle
acts by changing the starting parameter, so every nonconstant critical loop already belongs
to an orbit of critical loops. On round spheres and projective spaces, larger families arise
by varying the initial point and direction of a geodesic. These examples are Morse–Bott,
although the energy of a general Riemannian metric need not be. The Sobolev loop space
supplies the Hilbert-manifold setting, and the Palais–Smale condition supplies the compact-
ness needed for the deformation and attachment arguments.

This text keeps the actual energy sublevels in view. They distinguish loops below the first
closed-geodesic threshold from those at that threshold, and they make comparisons between
different Riemannian targets precise. An isometric inclusion preserves energy; a Riemannian
submersion can decrease it. Both can induce maps between corresponding filtration stages,
but only additional geometric conditions ensure that critical loops map to critical loops. The
projective inclusions and twistor projections below illustrate this distinction. Since all these
maps commute with loop rotation, the same sublevel comparisons descend to the homotopy
quotient by the circle, called cyclification here.

Sources and reading guide. The variational origins are developed in Morse’s The Calcu-
lus of Variations in the Large [Mor34]. Bott’s Nondegenerate Critical Manifolds [Bot54] is
the original source for the critical-manifold generalization; his work on iteration of closed
geodesics [Bot56] connects the variational indices of iterates with the closed-geodesic prob-
lem. Milnor’s Morse Theory [Mil63] remains a concise entry point to the finite-dimensional
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attachment picture and its applications to path spaces. For the analytic passage to Hilbert
manifolds, see Palais [Pal63]; for the systematic closed-geodesic theory, see Klingenberg
[Kli78]. Ziller [Zil77] treats the free loop spaces of compact globally symmetric spaces and
is a principal reference for the sphere and projective-space examples.

For later survey literature, Oancea [Oan15] gives a modern account organized around
Morse theory, free loop spaces, and the existence of closed geodesics. Hurtubise [Hur12] sur-
veys three approaches to finite-dimensional Morse–Bott homology: perturbation to a Morse
function, cascades, and a Morse–Bott multicomplex. These are complementary viewpoints:
the present account concentrates on energy sublevels, critical manifolds, and their geometric
attachments, rather than constructing a chain-level Morse–Bott complex. For the geometry
of the filtration-respecting maps, the submersion formulas originate with O’Neill [ONe66];
the homogeneous projective examples also belong to the setting studied by Escobales [Esc75].
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2 Definitions

2 Definitions
We first give the general Morse–Bott definitions and then specialize to the Dirichlet energy
on a free loop space. The deformation and attachment theorems are developed in § 3.

2.1 Morse–Bott theory
For a smooth function f : X → R, Morse theory studies how the subspaces X≤a := {x ∈
X : f(x) ≤ a} change as a increases. In finite dimensions, a Morse function has isolated
critical points with nondegenerate Hessians. Morse–Bott theory allows critical points to
occur in smooth families: the Hessian is required to be nondegenerate transverse to each
critical submanifold. Under suitable compactness hypotheses, passing a critical level attaches
the disk bundle of the negative Hessian directions along its sphere bundle. An isolated critical
point gives the familiar attachment of a cell of dimension equal to its index; a critical manifold
replaces that cell by a bundle over the manifold [Mil63; Bot54].

We use the version for smooth functions on Hilbert manifolds, with finite-dimensional
critical manifolds and finite Morse indices. In this setting the Fredholm and compactness
conditions must be specified explicitly. The definitions also apply in finite dimensions.

Critical points and the Morse–Bott condition. The Hessian records the quadratic behav-
ior at a critical point. Its negative directions determine the index, while its kernel detects
degeneracy.

Definition 2.1 (Hessian, index, and nullity). Let f be a smooth function on a Hilbert
manifold X, and let x ∈ X be critical, meaning dfx = 0. The second derivative at x is
a coordinate-independent continuous symmetric bilinear form Hessx f on TxX. A strong
Hilbert inner product represents it by a bounded self-adjoint operator Ax:

Hessx f(v, w) = 〈Axv, w〉.
The index indx f is the maximal dimension of a subspace on which this form is negative
definite. Its nullity is nulx f = dim ker Ax. These quantities do not depend on the cho-
sen equivalent Hilbert inner product. A critical point is nondegenerate if Ax is boundedly
invertible. A function all of whose critical points are nondegenerate is a Morse function.

Definition 2.2 (Morse–Bott condition of finite index). A critical submanifold K ⊂ X is
Morse–Bott of finite index if it is a finite-dimensional embedded submanifold and, for every
x ∈ K, the Hessian operator is Fredholm, has finite index, and satisfies

ker Hessx f = TxK. (1)
Locally K is required to be the whole critical set. A function is Morse–Bott if its critical
set is a disjoint union of such submanifolds, locally separated from one another. For the
passage-through-a-level results below we additionally require the critical manifolds in that
level to be compact.

Remark 2.3 (Why Fredholm is part of the definition). In a finite-dimensional normal space,
absence of a kernel implies invertibility. In a Hilbert space an injective Hessian can have non-
closed range. The Fredholm hypothesis makes the restriction to the orthogonal complement
of the kernel boundedly invertible, which is the hypothesis needed for the Morse lemma.
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Negative bundles and Thom spaces. The negative Hessian directions assemble into the
bundles that enter the attachment construction.

Definition 2.4 (Negative bundle and Thom space). Along a compact connected Morse–Bott
critical manifold K, the negative spectral subspaces of Ax form a finite-rank vector bundle
ν−K → K, of rank λ = indK f . The positive spectral subspaces form a Hilbert bundle
ν+K. The rank is locally constant, hence constant on K. For a finite-rank vector bundle ξ,
let Dξ and Sξ be its unit disk and sphere bundles. Its Thom space is the pointed quotient

Th(ξ) = Dξ/Sξ.

For a rank-zero bundle this is understood as K+, obtained by adjoining a disjoint basepoint.

Justification of the bundle assertion. An invertible self-adjoint Fredholm operator on the
normal space has a gap around zero in its spectrum. Compactness of K gives locally uniform
gaps. Spectral projection onto the negative spectrum varies smoothly with the operator and
has constant finite rank locally. Its images therefore define a smooth finite-rank subbundle.
The positive bundle is obtained in the same way. Different choices of the strong inner product
give isomorphic negative bundles, for instance by interpolating the metrics and projecting
along the resulting family.

The Palais–Smale condition. In infinite dimensions a bounded sublevel need not be com-
pact. The following condition supplies the compactness needed for the deformation argu-
ments in Thms. 3.8 and 3.10.

Definition 2.5 (Palais–Smale condition). Fix a strong Riemannian metric on X. The func-
tion f satisfies the Palais–Smale condition if every sequence xj such that f(xj) is bounded
and ‖dfxj

‖ → 0 has a convergent subsequence in X. The norm here is the dual Hilbert norm.
In the deformation arguments one uses a complete strong metric, or a complete bounded
pseudo-gradient with the corresponding compactness and descent estimates.

2.2 Free loop spaces and the Dirichlet functional
We now specialize the preceding framework to X = L∞M and f = Eg, the Dirichlet energy
of a loop. Throughout this application, (M, g) is a closed Riemannian manifold, meaning
compact and without boundary; its metric and finite-dimensional manifold structure are
smooth. Loops are parametrized by t ∈ S1 = R/Z, and our energy convention includes
a factor 1/2. The letter R > 0 denotes a sphere radius, whereas R denotes the curvature
tensor. We work with parametrized loops, not unparametrized geodesics, and nullity counts
the whole Hessian kernel, including the loop-rotation direction.

The analytic setting is the Hilbert manifold of Sobolev H1 loops. The basic tools as-
sumed from analysis are the Sobolev embedding and compactness theorems on an interval,
the inverse function theorem on Hilbert spaces, and existence and uniqueness for ordinary
differential equations. We give proofs of the variation formulas, the compactness argument
needed here, the local Morse–Bott normal form, and the explicit examples. The global
handle-attachment theorem is stated with its hypotheses and its local-to-global construc-
tion; for a fully developed treatment of that machinery see [Pal63; Kli78]. The overview
[Oan15] provides a guide to the wider closed-geodesic literature.
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The free loop space and its Hilbert model. The Sobolev model gives the loop space a
smooth Hilbert manifold structure on which the energy is defined.
Definition 2.6 (Sobolev free loop space). Let (M, g) be a closed Riemannian manifold. Its
Sobolev free loop space is

L∞M = H1(S1, M).
Using a smooth embedding M ↪→ RN , this is the space of absolutely continuous periodic
maps into M whose weak derivative is square integrable, with the induced H1 topology.
The definition is independent of the embedding. For any space X, write LX := C0(S1, X)
for the unrestricted free loop space with its compact-open topology. We write C∞(S1, M)
for smooth loops with their usual smooth topology. The comparison in Lem. 2.8 identifies
L∞M and LM at the level of homotopy groups. The subscript ∞ indicates the absence of
an energy cutoff; the Sobolev regularity is specified by the displayed definition.
Proposition 2.7 (Loop-space charts). The space L∞M is a smooth Hilbert manifold, with

TγL∞M = H1(S1, γ∗TM).
Near a smooth loop γ, choose an open neighborhood Uγ of zero in H1(S1, γ∗TM) on which
sections are sufficiently small in the uniform norm. The pointwise exponential map is a
chart parametrization:

Uγ L∞M

V 7−→
(
t 7−→ expγ(t) V (t)

)
.

Proof. In dimension one, H1 embeds continuously into C0 and is a Banach algebra under
multiplication. Smooth maps between finite-dimensional manifolds therefore induce smooth
composition maps on H1 on sets whose images lie in compact coordinate neighborhoods.
Choose a uniform normal radius along γ. The exponential map and its inverse give mutually
inverse charts by this composition property. Their derivatives at the zero section identify tan-
gent vectors with H1 vector fields along the loop. Smooth loops are dense by Lem. 2.8; their
chart neighborhoods cover L∞M . Coordinate changes are smooth by the same composition
argument. Changes of the auxiliary embedding are also smooth composition maps.
Lemma 2.8 (Comparison with continuous and smooth loops). Smooth loops are dense in
L∞M . The inclusions

C∞(S1, M) −→ L∞M −→ LM

induce isomorphisms on all homotopy groups, with any chosen smooth base loop.

Proof. Embed M in Euclidean space and choose a smooth tubular retraction r : U → M .
For a periodic loop γ, convolve its Euclidean coordinates with a periodic smooth approximate
identity ηε. For sufficiently small ε,

Sεγ = r(ηε ∗ γ)
is defined and smooth. It converges to γ in H1 for an H1 loop, and uniformly for a continuous
loop. Retraction of the straight-line interpolation supplies a homotopy between the loop
and its smoothing. For a compact family of loops the same ε works uniformly, and these
constructions are continuous in the relevant topology. For fixed positive ε, dependence on the
original loop is continuous into the smooth topology. Apply this to a family parametrized by
a sphere for surjectivity on homotopy groups, and by a disk for injectivity. On a boundary
already consisting of smooth loops, the interpolation stays smooth; its collar supplies the
relative adjustment. The base loop can be kept fixed by this same relative construction.
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Energy, length, and reparametrization. The functional used in the variational theory is
the Dirichlet energy. Its relation to length depends on the parametrization.

Definition 2.9 (Dirichlet energy and length). For γ ∈ L∞M , its Dirichlet energy and
length are

Eg(γ) = 1
2

∫ 1

0
|γ̇(t)|2g dt, `g(γ) =

∫ 1

0
|γ̇(t)|g dt. (2)

For a ≥ 0, write
L≤a

∞ M = {γ : Eg(γ) ≤ a}, L<a
∞ M = {γ : Eg(γ) < a}. L0

∞M = {Eg = 0}.
Thus L0

∞M is canonically the submanifold M of constant loops.

Remark 2.10 (Which topology is being filtered). Energy is smooth on the H1 model. A
general continuous loop need not have a square-integrable weak derivative, so its energy
need not be finite or defined by the displayed integral. If dim M > 0, even on smooth loops
energy is not continuous for the uniform topology: in a unit-speed geodesic coordinate, for
large n the loops t 7→ n−1 sin(2πn2t) converge uniformly to a constant while their energies
are π2n2. Our sublevels always use the H1 topology. The unfiltered smoothing statement
does not assert preservation of an exact energy bound.

Lemma 2.11 (Elementary normalization identities). For c > 0, a positive integer q, and
γ(q)(t) = γ(qt), one has

`g(γ)2 ≤ 2Eg(γ), Ec2g(γ) = c2Eg(γ), Eg(γ(q)) = q2Eg(γ). (3)
Equality in the first relation holds exactly when the speed is constant almost everywhere.

Proof. The first claim is Cauchy–Schwarz applied to |γ̇| and the constant function 1 on an
interval of length 1; its equality condition is the stated one. The second follows by scaling
the integrand in (2). For the third, the chain rule supplies a factor q2 and periodicity gives∫ 1

0 |γ̇(qt)|2 dt =
∫ 1

0 |γ̇(t)|2 dt.

Remark 2.12. Length is invariant under smooth reparametrizations of the circle. Energy is
invariant under the circle isometries t 7→ ±t + θ, but need not be invariant under other
reparametrizations. A nonconstant critical loop has constant speed, hence energy `2/2.

The critical points of Eg are the constant-speed closed geodesics, as proved in Thm. 3.1.
Rotating a nonconstant closed geodesic gives a family of critical loops; the constant loops also
form a critical manifold isomorphic to M . These families explain why Morse–Bott theory
is the appropriate framework. The energy is not automatically Morse–Bott for an arbitrary
Riemannian metric: the transverse nondegeneracy condition must be checked. We verify it
explicitly for the standard spheres and projective spaces in § 4.

The critical-energy filtration. Energy sublevels are defined for every bound. When the
critical values form a discrete sequence, one can also index the filtration by its successive
critical levels.

Definition 2.13 (Critical-energy filtration). Suppose the distinct critical values of Eg are a
discrete sequence

0 = c0 < c1 < c2 < · · · , cm −→ ∞.
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The critical-energy stages are the actual subspaces
LmM := L≤cm

∞ M. (4)
Since every Sobolev loop has finite energy and cm → ∞,

L0M ⊂ L1M ⊂ L2M ⊂ · · · ⊂ L∞M,
⋃

m≥0
LmM = L∞M.

The unrestricted stage L∞M retains its H1 topology. Thus L0M = M and the first positive
critical stage L1M includes the first positive critical level. Sublevels below that level may
already contain nonconstant loops. For the standard spheres and projective spaces, Prop. 4.2
will show that L1M is exactly the first stage with a homotopy type different from that of
the constant loops. For handle arguments one can instead choose regular values cm < am <
cm+1 and use L≤am

∞ M . The comparison of these two choices is addressed in Thm. 3.10. Stage
number is not Morse index.

Loop rotation and cyclification. Loop rotation preserves the energy filtration. Its homo-
topy quotient retains both the loops and the symmetry of their parametrization.

Definition 2.14 (Rotation and filtered cyclification). The circle acts on loops by (θ ·γ)(t) =
γ(t + θ). Its homotopy quotient is

Cyc M := ES1 ×S1 L∞M, Cycm M := ES1 ×S1 LmM.

Here ES1 is a contractible free S1-space and BS1 = ES1/S1. The projection to the first
factor gives Cyc M → BS1, and similarly for every stage. The inclusions of stages give a
filtration over BS1.

Remark 2.15 (Two technical distinctions). Rotation preserves energy by change of variable.
It acts continuously on H1 loops, and each fixed rotation acts smoothly. The joint action
is generally not differentiable on H1, since differentiating in the rotation parameter loses a
derivative. No smooth joint action is needed to form the homotopy quotient.

The homotopy quotient is also not the orbit space. Constants have stabilizer S1, and an
m-fold primitive closed geodesic has stabilizer Z/m. In particular, Cyc0 M = M×BS1, not
just M .
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3 Properties
We first analyze the Dirichlet functional of Def. 2.9, then explain how its critical mani-
folds govern the topology of its sublevels. Finally, we establish criteria for maps between
Riemannian manifolds to induce maps between the resulting filtered loop spaces.

3.1 Analysis of the Dirichlet functional

We investigate the Dirichlet functional Eg of Def. 2.9: we identify its critical loops, describe
its Hessian, and establish the compactness condition needed for the deformation arguments
below.

Critical loops and the first variation. The first variation identifies the critical loops with
closed geodesics, including the constant loops.

Theorem 3.1 (Critical points of the energy). The Dirichlet functional Eg is a smooth
function on L∞M . Its differential is

dEγ(V ) =
∫ 1

0
〈DtV, γ̇〉 dt. (5)

A loop is critical if and only if it is a smooth periodic geodesic, including the constant
geodesics. Its velocity is periodic and its speed is constant.

Proof. In a coordinate chart the energy density is 1
2gij(x)ẋiẋj. The H1 composition and

multiplication properties used in Prop. 2.7 show that its integral depends smoothly on x.
For a smooth variation F (s, t), torsion-freeness gives Ds∂tF = Dt∂sF , hence

d
ds

E(F (s,−))
∣∣∣∣∣
s=0

=
∫ 1

0
〈DtV, γ̇〉 dt.

Density extends the identity to H1 loops and fields. For a smooth periodic loop, integration
by parts yields dEγ(V ) = −

∫ 1
0 〈V, Dtγ̇〉 dt, with no boundary term.

Conversely, a weak critical loop satisfies, on coordinate intervals,
d
dt

(gij(x)ẋj) = 1
2

∂igjk(x)ẋjẋk

in the distributional sense. The right side is in L1. Thus the momentum gij(x)ẋj is locally
W 1,1 and continuous; consequently ẋ is continuous. The equation then gives x ∈ C2, and
bootstrapping gives smoothness. The weak equation across the seam 0 = 1 makes the
momentum, hence the velocity, periodic. The equation is precisely Dtγ̇ = 0. Finally,
d
dt
|γ̇|2 = 2〈Dtγ̇, γ̇〉 = 0.

The Hessian and periodic Jacobi fields. At a critical loop, the second variation determines
the negative and null directions. We fix a curvature convention before writing this Hessian
as the index form.

Notation 3.2 (Curvature convention). We use
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
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On the sphere of radius R this convention gives
R(V, T )T = R−2

(
|T |2V − 〈V, T 〉T

)
.

Theorem 3.3 (Index form and periodic Jacobi fields). At a closed geodesic γ, the Hessian
of the Dirichlet functional Eg is

Hessγ Eg(V, W ) = Iγ(V, W )

=
∫ 1

0
(〈DtV, DtW 〉 − 〈R(V, γ̇)γ̇, W 〉) dt.

(6)

Its kernel consists of the smooth solutions of
D2

t V + R(V, γ̇)γ̇ = 0, V (1) = V (0), DtV (1) = DtV (0). (7)
The endpoint equalities are in the common tangent space at γ(0) = γ(1).

Proof. Differentiate the first-variation formula at a geodesic and use the commutator identity
for covariant derivatives along a two-parameter variation. Terms multiplying Dtγ̇ vanish.
The curvature symmetries and integration by parts give (6). This also shows its symmetry.

If Iγ(V, W ) = 0 for all periodic W , testing with fields supported inside an interval gives the
Jacobi equation weakly. It is a linear second-order ordinary differential equation with smooth
coefficients, so its weak solutions are smooth. After integration by parts the remaining
boundary term is 〈DtV (1) − DtV (0), W (0)〉; arbitrary W (0) forces the second periodicity
condition. The converse follows by substitution and the same integration by parts.

Proposition 3.4 (Finite index and nullity). The Hessian of the Dirichlet functional Eg

at every closed geodesic is a self-adjoint Fredholm form with finite index and nullity. In
particular, a smooth finite-dimensional critical manifold is Morse–Bott once its tangent space
is shown to exhaust the periodic Jacobi fields.

Proof. On fields along γ use the Hilbert inner product

〈V, W 〉1 =
∫ 1

0

(
〈DtV, DtW 〉+ 〈V, W 〉

)
dt.

Relative to it, (6) is represented by A = 1−K. Indeed, the difference from this inner product
is a bounded zeroth-order bilinear form, and the embedding H1(γ∗TM) ↪→ L2(γ∗TM) is
compact. The corresponding self-adjoint operator K is therefore compact. The spectral
theorem for compact self-adjoint operators implies that 1−K has finite-dimensional kernel
and only finitely many negative eigenvalues, with closed range. If the kernel is exactly
tangent to a critical submanifold, the Hessian is invertible in its normal directions. The
implicit function theorem applied to the normal component of the gradient then shows that
this submanifold is locally the whole critical set, as required by Def. 2.2.

Remark 3.5 (A variation of geodesics produces a Jacobi field). Differentiating a smooth
family of closed geodesics gives an element of (7). Thus TK ⊆ ker I is automatic for a
critical manifold K. The substantive Morse–Bott calculation is the reverse inclusion. Our
nullity includes the field γ̇ when γ is nonconstant.
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Palais–Smale compactness for the Dirichlet functional. To use these local calculations
in global deformation arguments, we need convergence of sequences with bounded energy and
vanishing differential. Compactness of the underlying manifold supplies this Palais–Smale
property.

Proposition 3.6 (Palais–Smale compactness for loop energy). For a closed Riemannian
manifold, the energy on L∞M satisfies the Palais–Smale condition for the usual strong H1

metric.

Proof. Let E(γj) be bounded and ‖dEγj
‖ → 0. Embed M in Euclidean space. Compactness

of M and equivalence of the metrics on its tangent bundle make γj bounded in the Euclidean
H1 norm. After passage to a subsequence, γj converges weakly in H1 and strongly in C0 to
an H1 loop γ with values in M .

Choose a smooth reference loop uniformly close to γ and use an exponential chart about
it. Write the loops as uj and u in a fixed H1 bundle of coordinate fields. They remain
bounded in H1, converge uniformly, and converge weakly in H1. In bundle trivializations
the energy density has the form

1
2

a(t, u)(u̇, u̇) + b(t, u)u̇ + c(t, u),

where a is uniformly positive definite on the compact coordinate region. The Palais–Smale
assumption, tested against the bounded field uj − u, gives dE(uj)(uj − u) → 0. The terms
involving a derivative of a in the u direction are bounded by O(‖uj − u‖C0‖u̇j‖2

L2) and tend
to zero. The b, c terms tend to zero by uniform convergence and weak convergence of the
derivatives. Consequently ∫ 1

0
a(t, uj)(u̇j, u̇j − u̇) dt −→ 0.

Replace a(t, uj) by a(t, u) using uniform convergence. The cross term with u̇ vanishes by
weak convergence, so uniform positivity gives ‖u̇j − u̇‖L2 → 0. This proves strong H1

convergence.
The argument is unchanged under the coordinate changes and partitions needed to triv-

ialize the bundle: all additional terms are of the displayed lower order. The intrinsic and
coordinate H1 norms are uniformly equivalent on these bounded sets, so the tested differen-
tials do tend to zero.

Remark 3.7 (A complete metric for the deformation arguments). A smooth embedding ι :
M ↪→ RN realizes H1(S1, M) as a closed Hilbert submanifold of H1(S1,RN). The induced
strong metric is complete: a Cauchy sequence for its path distance is Cauchy in the ambient
Hilbert norm; its limit lies in the submanifold, and a chart gives convergence also in path
distance.

This embedding need not be isometric for g. For W = dιγV , the comparison of derivatives
is

Ẇ = dιγ(Dg
t V ) + Bγ(γ̇, V ), B := ∇dι,

where B uses the given Levi-Civita connection and the Euclidean connection. Compactness
of M bounds B, dι, and the inverse of dι on its image. The one-dimensional Sobolev estimate
controls ‖V ‖C0 by its intrinsic H1 norm, and ‖W‖C0 by its ambient H1 norm. Applying the
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displayed identity in both directions therefore gives, on each fixed energy sublevel,
C−1‖V ‖H1,g ≤ ‖dιγV ‖H1,RN ≤ C‖V ‖H1,g.

The dual norms are equivalent there as well. Hence Prop. 3.6 also holds for this complete
strong metric, which may be used in the following deformation arguments.

3.2 The topology of energy sublevels

We now explain how critical manifolds determine changes in the homotopy type of sublevels.
We state the deformation and attachment results for a general smooth function f . For
f = Eg on the loop space of a closed Riemannian manifold, § 3.1 supplies the analytic
hypotheses; the Morse–Bott condition at the critical level under consideration remains to be
checked in each application.

Intervals without critical values. On a band containing no critical points, the descending
flow identifies the homotopy types of the sublevels at its two ends.

Theorem 3.8 (A band without critical points). Let f : X → R be smooth and satisfy
Palais–Smale on a complete strong Hilbert manifold. If the compact interval [a, b] contains
no critical value, then X≤a ↪→ X≤b is a homotopy equivalence, in fact a deformation retract.

Proof. There is a δ > 0 with ‖∇f‖ ≥ δ on f−1[a, b]. Otherwise a sequence violating this
bound has a convergent subsequence by Palais–Smale, whose limit would be a critical point
in the band. The same compactness argument excludes critical values sufficiently close to
[a, b]. On a slightly larger closed band the gradient is again bounded away from zero. There
use

Z = − ∇f

‖∇f‖2 .

A cutoff outside the larger band makes Z a bounded smooth vector field on the complete
manifold. Its flow exists for the required finite times, and df(Z) = −1 on [a, b]. For x ∈ X≤b

flow for time s max{f(x)−a, 0}, 0 ≤ s ≤ 1. The result is continuous, remains in X≤b, fixes
X≤a, and ends in it.

Local form near a critical manifold. Near a Morse–Bott critical manifold, normal coordi-
nates reduce the function to a quadratic form. Its negative directions will supply the bundle
attached when the critical level is crossed.

Theorem 3.9 (Morse–Bott normal form). Let K be a compact Morse–Bott critical manifold
of a smooth function f , with f |K = c. In a neighborhood of its zero section, there are
normal-bundle coordinates in which

f(x, u, v) = c− ‖u‖2 + ‖v‖2, u ∈ ν−
x K, v ∈ ν+

x K. (8)
The coordinate map restricts to the identity on K.

Proof. Use a tubular neighborhood of K and the orthogonal normal bundle. The Hessian
is invertible on each normal fiber. Its spectral splitting and its absolute value reduce it, by
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a smooth fiberwise linear change, to the involution J = −1 on the negative summand and
+1 on the positive summand. All inverse bounds can be chosen locally uniformly on K.

Here is the remaining nonlinear step, including its dependence on the parameter x. Taylor’s
formula on a normal fiber gives

f(x, w)− c = 1
2
〈B(x, w)w, w〉, B(x, w) = 2

∫ 1

0
(1− s)D2

wf(x, sw) ds,

with B(x, 0) = J . The operators B are bounded, self-adjoint, and smooth in (x, w). On
bounded self-adjoint operators C consider

C 7−→ (1 + JC)∗J(1 + JC) = J + 2C + CJC.

Its derivative at 0 is C 7→ 2C, an isomorphism. The inverse function theorem therefore
provides a smooth C = C(x, w), vanishing at w = 0, for which B = (1 + JC)∗J(1 + JC).
The change w 7→ z = (1 + JC(x, w))w is a local diffeomorphism with identity derivative at
zero, and makes the function c + 1

2〈Jz, z〉. Rescale z to absorb 1/2.
These constructions are fiberwise and natural under isometric trivializations of the split

normal bundle. The local solutions from the inverse function theorem agree on overlaps by
uniqueness. Shrinking the neighborhood along the compact zero section yields the asserted
bundle normal form.

Crossing a critical level. Combining this local normal form with descent away from the
critical manifold describes the new sublevel by attaching its negative disk bundle.

Theorem 3.10 (Passage through a Morse–Bott level). Let f be a smooth function satisfying
Palais–Smale on a complete strong Hilbert manifold. Suppose that the only critical points
in f−1[c − ε0, c + ε0] form a compact Morse–Bott manifold K ⊂ f−1(c). For sufficiently
small ε > 0, put X− = X≤c−ε and X+ = X≤c+ε. Then there is an attaching map α :
S(ν−K) → X− and a homotopy equivalence of pairs

(X+, X−) '
(
X− ∪α D(ν−K), X−

)
. (9)

In particular,
hocofib(X− ↪→ X+) ' Th(ν−K). (10)

The inclusion X≤c ↪→ X+ is also a homotopy equivalence. The same assertions apply to a
finite disjoint union of critical manifolds at c, with one negative bundle for each component.

Construction of the attachment. In the coordinates of Thm. 3.9, the function is c− ‖u‖2 +
‖v‖2. Shrinking v to zero decreases the function and preserves the negative coordinate. The
new part left at this level is therefore the negative disk bundle. At v = 0, its sphere of
radius

√
ε lies at c− ε; this is the local attaching locus. Rescaling the fibers identifies it with

the unit sphere bundle in the statement.
Choose nested normal neighborhoods of K. On the complement of the smaller one in

the energy band, Palais–Smale gives a uniform lower bound for the gradient: a sequence
with gradient tending to zero there would converge to a critical point outside that neigh-
borhood. The descending flow therefore pushes this complement to X− or into the normal
neighborhood. In the neighborhood use the quadratic descending field (u,−v), with a cutoff
on its collar. A partition of unity combines it with the outside descending field; the strict
inequality df(Z) < 0 is preserved on the overlap. Choose the local disk radii with collars so
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that the outgoing boundary is in the negative direction. Flow along that boundary to X−

defines α. Contract the positive fibers and then the collars. These operations give the pair
homotopy equivalence (9). This is the Hilbert-manifold handle construction: the contracted
positive fibers may be infinite dimensional, whereas the retained negative bundle has finite
rank.

For the last assertion there is an additional local deformation, fixing the sublevel at c:
whenever ‖v‖ > ‖u‖, shrink v to (‖u‖/‖v‖)v, and otherwise leave it fixed. The linear
interpolation decreases f , is continuous also at (0, 0), and takes the local sublevel at c + ε
into that at c. Combine this with descent outside the critical neighborhood, using the same
collars. This proves the comparison with the exact critical sublevel. Finally, taking the
homotopy cofiber of the attached pair collapses the sphere bundle and gives (10). Full collar
and flow constructions in the Hilbert setting are developed in [Pal63; Kli78].

Relative homology and attaching maps. The Thom isomorphism computes the relative
homology of this attachment. Recovering the homotopy type of the new sublevel, however,
also requires the attaching map.

Corollary 3.11 (Relative homology with its orientation system). In Thm. 3.10, if K is
connected and its index is λ, then

Hj(X+, X−;Z) ∼= Hj−λ(K; oν−),
where oν− is the orientation local system of the negative bundle. With coefficients in F2 the
orientation twist disappears. It also disappears over Z after an orientation of ν− is chosen.

Proof. Apply the relative Thom isomorphism to (Dν−, Sν−) and use (9).

Remark 3.12 (What the indices do not determine). The critical manifolds, their indices, and
even their negative bundles do not specify the attaching maps α. Thus this theorem does
not by itself split the homology of the entire loop space into critical-manifold summands.
Any perfection or splitting assertion requires an additional argument. We do not assume
one here.

3.3 Maps between filtered loop spaces
We next compare the filtrations under maps of Riemannian manifolds. A bound on the
differential controls numerical energy sublevels. To compare the numbered critical stages of
Def. 2.13, one must additionally compare the ordered critical values in source and target;
the examples below make this distinction explicit.

Energy comparison under composition. The chain rule translates a pointwise bound on
the differential into an energy bound for the induced map of loop spaces.

Proposition 3.13 (Maps with a differential bound). Let F : (N, h) → (M, g) be smooth
and suppose |dFx(v)|g ≤ A|v|h for all tangent vectors, with A ≥ 0. Composition defines a
continuous map of loop spaces with

Eg(F ◦ γ) ≤ A2Eh(γ).
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If F is an isometric immersion, the energies are equal; consequently, for every a ≥ 0,
(L∞F )−1(L≤a

∞ M) = L≤a
∞ N. (11)

More generally, if the critical spectra are discrete and A2cm(N, h) ≤ cj(M, g), then compo-
sition induces LmN → LjM and Cycm N → Cycj M over BS1.

Proof. The Sobolev chain rule gives (F ◦γ)′ = dFγ(γ̇) almost everywhere. Square the differ-
ential bound and integrate. For an isometric immersion the integrands are equal. Continuity
of composition follows from the H1 composition property in local charts. The threshold in-
equality gives the stated stage map. Composition commutes with rotation, so the same map
passes to the Borel constructions.

Riemannian submersions. For a Riemannian submersion, projection removes precisely
the vertical contribution to the energy. This gives both an energy inequality and an explicit
condition for equality.

Definition 3.14 (Riemannian submersion). A smooth surjective submersion p : (N, h) →
(M, g) is Riemannian if dp restricts to an isometry from Hx = (ker dpx)⊥ onto Tp(x)M . The
subbundles V = ker dp and H are called vertical and horizontal. Write V = V H + V V for
their orthogonal decomposition.

Proposition 3.15 (Energy and geodesics under submersion). For a Riemannian submersion
p : (N, h) → (M, g) and any H1 loop γ in N ,

Eg(pγ) = Eh(γ)− 1
2

∫ 1

0
|γ̇V(t)|2h dt. (12)

In particular L∞p preserves every numerical energy sublevel. Equality of energies holds
exactly when γ̇ is horizontal almost everywhere. These maps commute with rotation and
give maps of the corresponding Borel sublevels over BS1. If source and target have the same
ordered critical values cm, they give maps LmN → LmM and Cycm N → Cycm M .

A geodesic initially tangent to H remains horizontal and projects to a geodesic with the
same speed. In particular a closed horizontal geodesic projects to a closed geodesic with the
same energy.

Proof. Since dp kills V and is an isometry on H,
|(pγ)′|2g = |γ̇H|2h = |γ̇|2h − |γ̇V|2h

almost everywhere. Integration proves (12), including its equality condition. Composition
is continuous by Prop. 3.13 and commutes with rotation.

For the geodesic assertion, recall the horizontal connection identity: for horizontal lifts
X, Y of vector fields X, Y on the base, (∇N

XY )H is the lift of ∇M
X

Y . This follows from the
Koszul formula, since the inner products of such fields are pulled back from the base. The
same formula gives (∇N

XX)V = 0: for a vertical field V , both V (h(X, X)) and h([X, V ], X)
vanish. Consequently the local horizontal lift of a base geodesic is a geodesic. Uniqueness of
the geodesic equation proves the assertion for every initially horizontal geodesic, continued
over its interval of definition. These are the basic submersion identities of [ONe66].
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Remark 3.16 (Sublevels versus critical loci). A Riemannian submersion need not send a
general closed geodesic to a closed geodesic. Even when the critical-value spectra agree, a
critical loop can move to a lower energy or to a noncritical loop. Also, the horizontal lift
of a closed base geodesic need not itself be closed. The proposition asserts maps of filtered
spaces, without asserting fibrations of individual stages or maps of their Morse–Bott negative
bundles.

Totally geodesic inclusions and fixed loci. An isometric inclusion preserves energy. If it is
also totally geodesic, it preserves critical loops and identifies their Hessians on the included
tangent directions.

Definition 3.17 (Totally geodesic inclusion). For an isometric immersion F : N → M ,
the second fundamental form is the normal-valued symmetric bilinear form

II(V, W ) = ∇M
dF (V )dF (W )− dF (∇N

V W ).
The immersion is totally geodesic if II = 0.

Proposition 3.18 (Critical loops and Hessians under inclusion). A totally geodesic isometric
immersion sends closed geodesics to closed geodesics with the same parametrization and
energy. At a closed geodesic of N ,

IN
γ (V, W ) = IM

F γ(dF (V ), dF (W )), indN(γ) ≤ indM(Fγ).
If the two manifolds have the same ordered critical values cm, it induces LmN → LmM for
every m. It also induces Cycm N → Cycm M over BS1.

Proof. The acceleration formula is
DM

t (Fγ)′ = dF (DN
t γ̇) + II(γ̇, γ̇).

This proves the assertion about geodesics. Differentiate EM ◦ L∞F = EN twice at the
critical loop. The term involving the first derivative of EM vanishes, so the Hessians agree
on the included tangent space. Every negative subspace for the source is therefore negative
in the target. The stage assertion follows from Prop. 3.13. Finally composition commutes
with rotation, hence gives the asserted maps of Borel constructions.

Remark 3.19. Isometry alone already preserves every numerical energy sublevel. Total
geodesy is needed to preserve the critical loops. Identifying the ordinal stages addition-
ally requires comparing the two critical-value spectra. An increase of Morse index in the
target does not change the critical energy.

Fixed loci of isometric group actions provide a useful source of totally geodesic inclusions,
and their loop spaces can be identified directly inside the ambient filtered loop space.

Proposition 3.20 (Fixed loci and filtered loops). Let a compact group G act isometrically
on M . Every connected component of the fixed locus MG is a totally geodesic submanifold
with its induced metric. For the pointwise action on loops,

(L≤a
∞ M)G = L≤a

∞ (MG).
This is an equality of subspaces; it concerns ordinary fixed points, not homotopy fixed points.
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Proof. At a fixed point, the exponential map is equivariant and identifies the fixed tangent
vectors with the nearby fixed locus. A geodesic with fixed initial point and fixed initial
velocity is fixed for all time by uniqueness of the geodesic equation. This proves total
geodesy. A loop is fixed by the pointwise action exactly when every value is fixed, and the
energy then equals its energy in the induced metric.
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4 Examples
The central comparison question in these examples is whether a map f : X → Y preserves
the first stage beyond constant loops:

(L∞f)(L1X) ⊆ L1Y ? (13)
For the standard spheres and projective spaces below, L1M = {EM ≤ c1(M)} is exactly
the first stage whose homotopy type differs from that of the constant loops M . We call it
the small-loop stage; for spheres this is the stage used in the small-cyclification construction
of [GSS26]. The question concerns the induced composition map on these subspaces, and is
independent of the units used for energy.

Stage numbers and metric scale. In stage-comparison statements we write Sn and FP n,
suppressing scale parameters on both sides. These spaces always carry their standard round
or projective metrics, up to positive constant rescaling. This does not allow an arbitrary
change of metric. The notation Sn

R is reserved for a sphere explicitly realized with radius R
in Euclidean space, and gF,R = 4R2gF,quot records the projective metric when a quantitative
calculation needs it (Def. 4.73). Radial homotheties identify all the sphere models. The
following lemma justifies suppressing these scales when comparing stages.

Lemma 4.1 (Constant rescaling leaves the stages unchanged). Suppose that (M, g) has the
discrete critical values cm(g) of Def. 2.13, and let g′ = λ2g, λ > 0. Under the identity on
the underlying loop space,

Eg′ = λ2Eg, cm(g′) = λ2cm(g), Lm(M, g′) = Lm(M, g). (14)
The last equality is an equality of subspaces with their inclusion maps, not merely an equality
of homotopy types. The critical manifolds, Morse indices, and nullities are unchanged. The
same holds for the cyclified filtration. Consequently, for a fixed smooth map between two such
manifolds, its correspondence between numbered stages is unchanged by independent constant
rescalings of the source and target metrics.

Proof. The energy identity follows from its definition. Its first and second derivatives are
multiplied by the same positive constant, preserving the critical loci and Hessian signs.
Multiplication by λ2 preserves the order of the critical values. Thus

{Eg′ ≤ cm(g′)} = {λ2Eg ≤ λ2cm(g)} = {Eg ≤ cm(g)}.
The two Sobolev topologies agree, and rotation acts in the same way on these identical
subspaces. This proves the assertions for the filtered spaces and their Borel constructions.
Applying the result separately on source and target proves the last claim.

For the spaces below the critical energies satisfy cm(M) = m2c1(M). Thus the dimen-
sionless energy

εM(γ) := EM(γ)
c1(M)

, LmM = {γ : εM(γ) ≤ m2}, (15)

is a scale-independent way to specify the same subspaces. In particular the small-loop
condition is εM ≤ 1, whatever the numerical value of c1(M).
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Proposition 4.2 (The first stage is the first homotopy change). Let M be a round SN ,
N ≥ 1, or a standard FP n, n ≥ 1, with F ∈ {R,C,H}. For every 0 < a < c1(M), the
inclusion of constant loops M ↪→ {EM ≤ a} is a homotopy equivalence. In contrast, L1M
is not homotopy equivalent to M . Consequently the stage numbered 1 is the first nontrivial
stage in this homotopy-theoretic sense.

Proof. The constant loops are Morse–Bott minima, and there are no further critical points
below c1(M). Apply Thm. 3.10 at energy zero, where the negative bundle has rank zero
and the lower sublevel is empty. This gives the homotopy equivalence from the constants
to a small positive sublevel. Then Thm. 3.8 extends it to every a < c1(M). The critical-
manifold and index computations in Thms. 4.4, 4.5 and 4.84 show that the first positive
critical manifold is K1 ∼= STM , the unit tangent bundle, with index

λ =


N − 1, M = SN ,

0, M = RP n,

1, M = CP n,

3, M = HP n.

For S1 the same computation has no normal directions: the two orientations of a once-
traversed circle give K1 ∼= STS1 with index zero. The Morse–Bott attachment and the
Thom isomorphism, Thm. 3.10 and Cor. 3.11, give

Hj(L1M, M ;F2) ∼= Hj−λ(K1;F2). (16)
Here passage from a sublevel just below c1 to M uses the first assertion, and coefficients
modulo two remove every orientation twist. Evaluation at 0,

L1M M

γ 7−→ γ(0),

e0

retracts the inclusion of constant loops. That inclusion is therefore injective on homology in
every degree. The long exact sequence of the pair splits into short exact sequences, so (16)
implies

dimF2 Hλ(L1M ;F2) = dimF2 Hλ(M ;F2) + dimF2 H0(K1;F2) > dimF2 Hλ(M ;F2).
These dimensions are finite, and K1 is nonempty. Thus even the abstract homotopy types
differ.

Sublevels below c1 already contain nonconstant loops; their homotopy type, rather than
the presence of such loops, is what distinguishes the first nontrivial stage. We use the whole
free loop space throughout. In particular, for RP n the first change includes noncontractible
loops; restricting to the contractible component and renumbering its stages would ask a
different question (Rem. 4.85).

First-stage comparisons. The results proved below give the following guide. Here F ⊆ K
are chosen from R ⊂ C ⊂ H, r = dimF K, and d = dimR F; projective dimensions are
positive. In the quotient row the field inclusion is proper. In the Veronese row, q > 1 is the
polynomial degree and Nq =

(
n+q

q

)
− 1.
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Map Stage correspondence Preserves L1?
Sp ↪→ Sq (equatorial) m 7→ m yes
FP k ↪→ KP n (k ≤ n) m 7→ m yes
FP r(n+1)−1 → KP n m 7→ m yes
Sd(n+1)−1 → FP n (Hopf) m 7→ 2m (sharp) no
CP n ↪→ CP Nq (Veronese) m 7→ dm√qe (sharp) no

The proofs are Prop. 4.80 and Thms. 4.86, 4.90, 4.97 and 4.107. All these maps commute
with loop rotation, giving the same stage correspondences after cyclification over BS1. In
particular the first three rows preserve small cyclification. The Hopf row requires the second
target stage, while a degree-q Veronese embedding requires stage d√qe.

4.1 Round spheres

Notation 4.3. For n ≥ 1, let Sn
R := {x ∈ Rn+1 : |x| = R} with the induced metric. Let

V2(Rn+1) denote the manifold of ordered orthonormal pairs (u, v). The unit tangent bundle
of a Riemannian manifold is denoted STM = {(x, w) : |w| = 1}.

Theorem 4.4 (Closed geodesics of a round sphere). The critical manifolds of E : L∞Sn
R →

R are the constants K0 = Sn
R, at energy zero, and, for m ≥ 1,

Km =
{
γu,v,m(t) = R

(
cos(2πmt)u + sin(2πmt)v

)
: (u, v) ∈ V2(Rn+1)

}
. (17)

There are diffeomorphisms Km
∼= V2(Rn+1) ∼= STSn

R, and
cm = E(Km) = 2π2R2m2, `(Km) = 2πRm. (18)

The dimension of Km is 2n− 1.

Proof. For a geodesic on the sphere, its Euclidean acceleration is normal to the sphere. Twice
differentiating |γ|2 = R2 gives

γ̈ = −|γ̇|
2

R2 γ.

Its speed is constant. A nonconstant solution therefore has the form R(cos(ωt)u + sin(ωt)v)
with an orthonormal pair (u, v) and ω > 0. Periodicity of the position and velocity is
equivalent to ω = 2πm for a positive integer m. The speed is 2πmR, giving (18). The
frame is recovered by continuous linear Fourier coefficients:

u = 2
R

∫ 1

0
γ(t) cos(2πmt) dt, v = 2

R

∫ 1

0
γ(t) sin(2πmt) dt.

These formulas exhibit the finite-dimensional family as a smooth embedded submanifold
of the Sobolev loop space. Sending (u, v) to (Ru, v) identifies it with STSn

R, of dimension
2n− 1. For n = 1, it has two components, one for each orientation.

Theorem 4.5 (Sphere index, nullity, and negative bundle). The energy on L∞Sn
R is Morse–

Bott. At its critical manifolds,
ind(K0) = 0, nul(K0) = n,

ind(Km) = (2m− 1)(n− 1), nul(Km) = 2n− 1 (m ≥ 1).
(19)

21



4 Examples

Let ξ → V2(Rn+1) be the rank-(n− 1) bundle with fiber ξ(u,v) = 〈u, v〉⊥. As an ordinary real
vector bundle, the negative bundle is

ν−Km
∼= ξ⊕(2m−1). (20)

Proof. Fix the loop (17). Its unit tangent e0(t) = γ̇(t)/(2πmR) is parallel. Any fixed
Euclidean vector in 〈u, v〉⊥ is a parallel tangent field along γ. Choose an orthonormal
basis e1, . . . , en−1 of this orthogonal complement and write a periodic field as V = f0e0 +∑n−1

α=1 fαeα. The curvature formula and (6) give

Iγ(V, V ) =
∫ 1

0

(
|ḟ0|2 +

n−1∑
α=1

(
|ḟα|2 − (2πm)2|fα|2

))
dt. (21)

For the real periodic Fourier basis 1, cos(2πkt), sin(2πkt), k ≥ 1, the tangential operator
−d2/dt2 has no negative mode and one zero mode. For each normal direction the operator
is −d2/dt2 − (2πm)2. Its negative modes are the constant mode and the two modes for
each 1 ≤ k < m, giving 1 + 2(m − 1) = 2m − 1. Its zero modes are the two modes at
k = m. This proves the index and nullity for m ≥ 1. These are spectral values of the
Jacobi operator on L2; the representing operator on H1 has the same signs and kernel, as
required for the Morse–Bott condition.

Variation of (u, v) gives tangent vectors to Km in the kernel. The dimension just computed
is exactly dim Km, so the kernel has no further directions. At a constant loop the form is∫ 1

0 |DtV |2 dt in a fixed tangent space; its kernel consists of the constant fields. This proves
the assertion also at K0. Fredholmness follows from Prop. 3.4.

Finally a negative field is uniquely a trigonometric polynomial of frequencies 0, . . . , m− 1
with coefficients in 〈u, v〉⊥:

V (t) = w0 +
m−1∑
k=1

(
wc

k cos(2πkt) + ws
k sin(2πkt)

)
.

There are 2m− 1 such coefficients, proving the bundle identification (20).

Remark 4.6 (Comparison with the literature). The sphere computation is classical; see [Kli78;
Zil77] and the index formulas recalled in [Şir24, Thm. 3.1]. The Fourier proof above fixes
the parametrization, the factor 1/2 in energy, and the convention that nullity includes loop
rotation. The bundle isomorphism (20) does not declare the rotation action on its summands
trivial: rotation changes the frame and mixes Fourier modes.

Corollary 4.7 (The sphere filtration). The stages are
Sn

R = L0S
n
R ↪−→ L1S

n
R ↪−→ L2S

n
R ↪−→ · · · ,

LmSn
R = {E ≤ 2π2R2m2}.

(22)

For m ≥ 1, their successive homotopy cofibers are
hocofib(Lm−1S

n
R → LmSn

R) ' Th
(
ξ⊕(2m−1)

)
. (23)

Every positive sublevel strictly below c1 is homotopy equivalent to the constant loops.

Proof. The critical values and manifolds are given by Thms. 4.4 and 4.5, and the Palais–
Smale condition by Prop. 3.6. Choose regular values immediately before and after cm. Apply
Thm. 3.10 at cm, and Thm. 3.8 in the adjoining gaps. The exact-critical-sublevel comparison
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identifies the preceding regular sublevel with Lm−1S
n
R and the following one with LmSn

R.
This gives (23). At energy zero, Thm. 3.10 attaches the rank-zero bundle of the constants to
the empty sublevel. The regular-band theorem extends this equivalence through the entire
interval below c1.

Remark 4.8 (At the threshold and below it). The first stage in (22) contains the entire first
critical manifold and its negative attachment. The open sublevel {E < c1} also has the
homotopy type of the constants. For example, fix 0 < a < c1 and use the normalized
descending field −∇E/‖∇E‖2 on a ≤ E < c1. A loop of energy E(γ) > a reaches level a
in time E(γ)− a. Each such trajectory stays in a closed regular band, where Palais–Smale
ensures existence for that time. The time depends continuously on the loop; stopping at level
a gives a deformation onto {E ≤ a} ' Sn

R. Consequently replacing E ≤ c1 by E < c1
changes the problem. The first-stage attaching map and a finite-dimensional homotopy
model are computed below.

Proposition 4.9 (Rotation on the sphere critical manifolds). On Km
∼= V2(Rn+1), rota-

tion of the loop parameter rotates the ordered frame through angle 2πmθ. Its stabilizer is
Z/m, and its orbit space is the oriented Grassmannian Gr+

2 (Rn+1). The map from the Borel
construction to this orbit space has homotopy fiber B(Z/m):

B(Z/m) −→ (Km)hS1 −→ Gr+
2 (Rn+1).

For m = 1, the fiber is contractible.

Proof. Expand γ(t + θ) in the sine and cosine basis. The new frame is u′ = cos(2πmθ)u +
sin(2πmθ)v, v′ = − sin(2πmθ)u+cos(2πmθ)v. This proves the action and stabilizer claims.
An oriented plane is exactly a frame modulo this rotation. Over a local trivialization of the
frame bundle, the Borel construction has fiber ES1 ×S1 (S1/(Z/m)) ' B(Z/m).

The first-stage homotopy pushout. The negative bundle in Thm. 4.5 specifies what is
attached at the first positive critical value. For a round sphere one can also identify the
attaching map explicitly. The following homotopy-pushout description makes explicit the at-
taching geometry of Klingenberg’s round-circle model and Morse–Bott decomposition [Kli78,
§§ 2.3–2.5, especially Thm. 2.4.10, Cor. 2.4.11, and Prop. 2.5.3]. Its cyclified form for the
four-sphere is stated in [GSS26, Lem. 3.4]; here we spell out the construction for arbitrary
round spheres of dimension n ≥ 2. We give the parametrized-loop version first, then pass
to the homotopy quotient.

Notation 4.10 (Frames, poles, and the first negative bundle). Continue to use ξ(u,v) =
〈u, v〉⊥ over V2(Rn+1). Its unit sphere bundle is Sξ = V3(Rn+1), the space of ordered or-
thonormal triples. Write

V3(Rn+1) V2(Rn+1)
(u, v, w) 7−→ (u, v)

pn
V3(Rn+1) Sn

R

(u, v, w) 7−→ Rw.

αn

(24)

Here (u, v) parametrizes an oriented great circle, and Rw, perpendicular to its plane, is a
chosen pole. The pole is extra data: for a given great circle its choices form an Sn−2.
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Lemma 4.11 (An explicit descending disk). For (u, v, z) ∈ Dξ, define

Dξ L1S
n
R

(u, v, z) 7−→ Φu,v,z

ΦR

Φu,v,z(t) = R
(

z +
√

1− |z|2
(
cos(2πt)u + sin(2πt)v

))
.

(25)

This is continuous in the H1 topology, is smooth near the zero section, and satisfies
E(Φu,v,z) = c1(1− |z|2), c1 = 2π2R2. (26)

It maps the zero section to the first critical manifold and the sphere bundle to constant
loops by αn. Its derivative in the disk direction at z = 0 is the constant normal field Rz,
identifying the disk tangent with the negative space. In particular, for a unit w ⊥ u, v, the
loops

Hθ(u, v, w)(t) = R
(
cos θ

(
cos(2πt)u + sin(2πt)v

)
+ sin θ w

)
, 0 ≤ θ ≤ π

2
, (27)

give a homotopy from the great circle to the pole, with energy c1 cos2 θ.

Proof. Orthogonality gives |Φu,v,z(t)|2 = R2. Its velocity has constant norm 2πR
√

1− |z|2,
proving the energy identity. Both its values and its t-derivatives depend continuously on
(u, v, z) even at |z| = 1; this proves H1 continuity. The square root is smooth near z = 0,
where differentiating gives Rz. By Thm. 4.5 these constant normal fields are exactly the
first negative space. Finally put z = sin θ w to obtain (27).

Theorem 4.12 (The first-stage homotopy pushout for round spheres). For every n ≥ 2,
the following square, with the homotopy (27), is a homotopy pushout:

V3(Rn+1) V2(Rn+1)

Sn
R L1S

n
R .

pn

αn great circles

constant loops

(28)

Equivalently, with the maps of (24),
L1S

n
R ' hocolim

(
V2(Rn+1) pn←−− V3(Rn+1) αn−−→ Sn

R

)
. (29)

More concretely, ΦR and the constant loops induce a homotopy equivalence of pairs
(Sn

R ∪αn Dξ, Sn
R) −→ (L1S

n
R, Sn

R) . (30)
The union here glues Sξ ⊂ Dξ to Sn

R by αn.

Proof. The first critical manifold is K1 = V2(Rn+1) with negative bundle ξ. By Cor. 4.7
and Thm. 3.10, the first stage is obtained, up to homotopy, by attaching Dξ to a sublevel
Xa := {E ≤ a} with 0 < a < c1. The constant-loop inclusion Sn

R → Xa is a homo-
topy equivalence. We identify the attachment after this equivalence and verify the specific
comparison map (30).

First take a sufficiently small radius ε > 0 in the disk of Lem. 4.11. This disk supplies
the local negative handle germ. Here is why its explicit form can be used in the Morse–Bott
attachment theorem. In a normal-form chart write E = c1−‖v−‖2+‖v+‖2. Projection of ΦR

onto the critical-manifold coordinate and the negative coordinate has invertible derivative
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along the zero section. After shrinking the disk, the inverse function theorem therefore
writes its image as a graph v+ = h(x, v−) over the negative bundle. Here h(x, 0) = 0
and its derivative in the negative direction vanishes at zero. Compactness of K1 permits a
uniform radius. Replacing h by (1 − s)h, 0 ≤ s ≤ 1, decreases energy and fixes the zero
section. Thus this disk germ is homotopic through descending disk germs to the standard
negative disk of the Morse–Bott normal form.

On the boundary of the small disk, the attachment is represented by Φu,v,εw, at energy
aε = c1(1 − ε2) < c1. For ε ≤ r ≤ 1, the path Φu,v,rw stays in Xaε and ends at the
constant loop Rw. Evaluation at 0 is a homotopy inverse to the constant-loop inclusion
Sn

R → Xaε . Applying it to this path identifies the attaching map, up to homotopy, with αn.
The radius interval [ε, 1] provides the attaching homotopy itself. Consequently the handle-
attachment construction, using the disk germ just verified and this homotopy, gives precisely
the comparison map induced by ΦR in (30). It is a homotopy equivalence of pairs.

The inclusion Sξ ↪→ Dξ is a cofibration, so its pushout along αn is a homotopy pushout.
Radial contraction Dξ ' V2(Rn+1) replaces the sphere-bundle inclusion by its projection pn.
Homotopy invariance of the pushout now gives (29). In its double mapping-cylinder model
the comparison homotopy is exactly (27). This is the first sphere attachment in the Morse
theory of [Kli78, §§ 2.3–2.5], with its attaching map displayed explicitly.

Proposition 4.13 (A model by parametrized round circles). Let An
R ⊂ L1S

n
R consist of the

constant loops and the loops traversing a round circle once at constant speed, with a chosen
initial point and orientation (cf. Fig. 1). Here a round circle is the intersection of Sn

R with
an affine two-plane, and the one-point intersections are included as constant loops. Then
ΦR induces a homeomorphism

Sn
R ∪αn Dξ ∼= An

R,

and the actual inclusion
An

R L1S
n
R

∼ (31)
is a homotopy equivalence relative to the constant loops. It is S1-equivariant for loop rotation.

Proof. For |z| < 1, the loop Φu,v,z traverses the circle centered at Rz in the affine plane
Rz + 〈u, v〉, with radius R

√
1− |z|2. Conversely, a nonconstant parametrized round circle

uniquely determines its center Rz, its radius ρ > 0, and the frame

u = γ(0)−Rz

ρ
, v = γ̇(0)

2πρ
.

Thus ΦR is one-to-one on the open disk bundle, and its only identifications on the boundary
are the constant-loop identifications prescribed by αn. The resulting continuous bijection
from the compact pushout to the Hausdorff space An

R is a homeomorphism. Its inclusion in
the first stage is the underlying homotopy equivalence established in Thm. 4.12.

Rotation acts on (u, v) by the frame rotation of Prop. 4.9 with m = 1, and leaves z fixed.
This makes ΦR equivariant. In particular, its underlying homotopy equivalence induces a
weak equivalence of Borel constructions. This last conclusion needs only the continuous
circle action, not a jointly smooth action on the Sobolev loop space; compare Rem. 2.15.

Corollary 4.14 (The cyclified homotopy pushout). Let
Gn = Gr+

2 (Rn+1), Fn = {(P, w) : P ∈ Gn, |w| = 1, w ⊥ P}.
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Thus Gn parametrizes oriented great circles, and Fn parametrizes an oriented great cir-
cle together with a pole. Let cn : Gn → BS1 classify the principal circle bundle of rigid
parametrizations V2(Rn+1) → Gn. Define

Fn Gn

(P, w) 7−→ P

qn Fn Sn
R ×BS1

(P, w) 7−→ (Rw, cn(P )).

an

(32)

There is a homotopy pushout
Fn Gn

Sn
R ×BS1 Cyc1 Sn

R.

qn

an (33)

This is also a homotopy pushout over BS1, using cnqn, cn, and the projection on the three
input corners.

Proof. The disk-bundle model and its attaching map are S1-equivariant. Its boundary in-
clusion has an invariant radial collar, so it is an equivariant cofibration. Taking the Borel
construction preserves the resulting homotopy pushout. By Prop. 4.13 its output is equiva-
lent to Cyc1 Sn

R.
The action on V2(Rn+1) is free, with quotient Gn. On V3(Rn+1) it rotates (u, v) while

fixing w; this action is free too, with quotient Fn. Their homotopy quotients are therefore
equivalent to these ordinary quotients. Moreover the principal circle bundle V3(Rn+1) → Fn

is the pullback along qn of V2(Rn+1) → Gn: choosing a frame of P together with w is exactly
choosing the triple (u, v, w). Its classifying map is consequently cnqn. Since rotation fixes
all constant loops, their homotopy quotient is Sn

R ×BS1, and the attaching map into it has
components Rw and cn(P ), as stated. All the Borel maps retain their projections to BS1,
which proves the sliced assertion.

Remark 4.15 (The four-sphere and the classifying component). At n = 4 the two presenta-
tions read

L1S
4
R ' hocolim

(
V2(R5) ←− V3(R5) −→ S4

R

)
,

Cyc1 S4
R ' hocolim

(
SO(5)

SO(2)× SO(3)
←− SO(5)

SO(2)× SO(2)
−→ S4

R ×BS1
)

.

The second description is the precise form of [GSS26, Lem. 3.4]: the left map forgets the
pole, while the right map remembers both the pole and the bundle of parametrizations. The
BS1-component is essential; replacing it by a constant map specifies a different diagram. In
particular, the ordinary orbit space of round circles has points for degenerate circles, whereas
cyclification retains a copy of BS1 at every such point.

Remark 4.16 (Naturality, the cofiber, and the one-sphere). The construction is natural under
linear isometric inclusions Rp+1 ↪→ Rq+1: the frame inclusions commute with pn, αn, and
with the explicit descending disks. Thus these models also represent the maps of first stages
induced by equatorial inclusions. Collapsing the constant-loop corner recovers hocofib(Sn

R →
L1S

n
R) ' Th(ξ), in agreement with (23).
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For n = 1 the same formula is interpreted with V3(R2) = ∅ and a rank-zero negative
bundle. One obtains

L1S
1
R ' S1 t S1 t S1, Cyc1 S1

R ' (S1 ×BS1) t ∗ t ∗.
Indeed the energy bound permits precisely winding numbers 0, 1,−1. In winding ±1, the
energy–length inequality forces constant speed at the bound, giving the two freely rotating
families of great circles. In winding zero, linear contraction of a periodic real lift to its mean
decreases energy and retracts onto the constant loops.

4.1.1 The 2-sphere

We discuss the first Morse-Bott stage of the free loop space of the 2-sphere.
L1S

2
R = {γ ∈ H1(S1, S2

R) |E(γ) ≤ 2π2R2} , (34)
the small loop space of the 2-sphere.

Fundamental Group of the Small Loop Space of the 2-Sphere. For the round two-
sphere, the first negative bundle is a trivial line bundle. Its two boundary components are
attached to the same sphere of constant loops. We now use this description to compute
the fundamental group, keeping track of a geometric generator. Throughout, cx denotes
the constant loop with value x ∈ S2

R. The computation then proceeds in three steps:
determine the second homotopy group and the action of this generator; apply the outer
evaluation fibration to obtain the fundamental groups of LL1S

2
R; and compare them with the

unrestricted torus mapping groups. We then relate both calculations to Samelson products
and determine the modular action in the unrestricted space and the surviving shear action
in the bounded space.

Theorem 4.17 (Fundamental group of the small loop space of the 2-sphere). For every
R > 0, the first critical-energy stage L1S

2
R (34) is path-connected and has infinite cyclic

fundamental group. For a constant base loop cx0, a presentation is
π1(L1S

2
R, cx0) ∼= Z . (35)

A representative sweeps a family of round latitude circles from one pole to the opposite pole,
then returns through constant loops, as specified in (40).

Proof. The two boundary components. Fix the standard orientation of R3 and put K =
V2(R3). The cross product gives a global unit section of the first negative line bundle:

ξ(u,v) = R(u× v).
Thus Dξ ∼= K×[−1, 1] and Sξ ∼= KtK, with the two copies corresponding to z = −(u×v)
and z = u× v. There are identifications

K SO(3)
(u, v) 7−→ (u, v, u× v),

∼=
V3(R3) = O(3) ∼= K tK.

Under these identifications, the projection p2 restricts to the identity on each copy of K.
The two attaching maps are

K S2
R

(u, v) 7−→ ±R(u× v).

q±

(36)
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Consequently Thm. 4.12 becomes the homotopy pushout

K tK K

S2
R L1S

2
R.

fold

q−tq+ (37)

Its disk-bundle model is the space
PR =

(
S2

R t (K × [−1, 1])
)/(

(k,−1) ∼ q−(k), (k, 1) ∼ q+(k)
)
. (38)

The explicit map of (25) gives a homotopy equivalence PR → L1S
2
R fixing the constant

loops. Since S2
R and K are path-connected and both ends of the cylinder meet S2

R, the
model is path-connected.

The one- and two-dimensional attachments. We apply van Kampen through the relative
cell structure of PR; the cell-attachment form of the theorem is recalled in [Hat02, Prop. 1.26].
Conjugation on imaginary quaternions identifies SO(3) with the quotient of the unit quater-
nions S3 by {1,−1}, hence with RP 3. The filtration RP 0 ⊂ RP 1 ⊂ RP 2 ⊂ RP 3 gives K
one cell ej in each dimension j = 0, 1, 2, 3: each RP j is obtained from a closed hemisphere
by identifying antipodal boundary points, with its interior as the new cell [Hat02, Ex. 0.4].
Choose its zero-cell to be k0 = (u, v).

Relative to S2
R, the model (38) therefore has one cell in each dimension 1, 2, 3, 4. Indeed, a

characteristic disk Dj for ej contributes Dj × [−1, 1], a (j + 1)-cell: its side boundary maps
to the earlier cylinder cells, while its two end faces map to S2

R by q− and q+. Let P
[r]
R denote

the subspace after the relative cells of dimension at most r have been attached. The first
step is

P
[1]
R = S2

R ∪
(
{k0} × [−1, 1]

)
,

with the interval joining the distinct points q−(k0) and q+(k0). Attaching one interval to
a path-connected space adds one free generator to its fundamental group. Here the initial
space is simply connected, so van Kampen gives π1(P [1]

R ) ∼= Z. The generator traverses the
new interval from q+(k0) to q−(k0) and returns along any path in S2

R. All such return paths
are homotopic relative to their endpoints.

It remains to check whether the two-cell imposes a relation. Let χ : [0, 1] → K be the
characteristic path of the one-cell of K, with χ(0) = χ(1) = k0. The attaching boundary
of the rectangle [0, 1] × [−1, 1] consists of the two loops q−χ and q+χ in S2

R, together with
two oppositely oriented traversals of the interval {k0} × [−1, 1]. The first two loops are
nullhomotopic in S2

R. After these contractions, the attaching loop goes down the interval
and immediately back up it. Its word in the generator is ww−1 = 1. Thus the two-cell
imposes no relation, and

π1(P [2]
R ) ∼= 〈w〉 .

The remaining cells have dimensions 3 and 4 and cannot change the fundamental group.
This proves (35).

A representative within the energy bound. Write n = u × v and take x0 = Rn. For
s, t ∈ [0, 1], set

Γs(t) = R
(
cos(πs)n + sin(πs)

(
cos(2πt)u + sin(2πt)v

))
. (39)

This is a continuous path of H1 loops from cRn to c−Rn, with
E(Γs) = 2π2R2 sin2(πs) ≤ 2π2R2.
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It passes through a once-traversed great circle at s = 1/2. Let σ(s) = R(− cos(πs)n +
sin(πs)u), a path from −Rn to Rn on the sphere. Then

β = Γ ∗
(
s 7−→ cσ(s)

)
, w = [β] ∈ π1(L1S

2
R, cRn), (40)

where ∗ means path concatenation in the displayed order. The return path consists of zero-
energy loops. In (38), the first path is exactly the interval {k0}× [−1, 1], traversed from 1 to
−1 by r = cos(πs). Thus β represents the generator obtained in the cell calculation, rather
than a nontrivial multiple of it. Choose n = x0/R to obtain any prescribed basepoint.

Remark 4.18 (Why the disconnected boundary matters). The critical manifold alone has
π1(K) = π1(SO(3)) ∼= Z/2. It is not the whole first stage. Moreover the upper-left corner
of (37) has two connected components. Replacing that diagram by a pushout of groups based
in just one component would lose the generator w. Geometrically, w enters the cylinder at
one boundary component and leaves it at the other. The relative cell calculation above
accounts for both components and shows why the result is infinite cyclic, with no residual
element of order two.

Corollary 4.19 (Comparison with the unrestricted free loop space). Inclusion of the first
stage induces an isomorphism

π1(L1S
2
R, cx0)

∼=−−→ π1(L∞S2
R, cx0) ∼= Z. (41)

In particular, the loop β of (40) also generates the unrestricted fundamental group.

Proof. For m ≥ 2, the negative bundle of Km
∼= SO(3) has rank 2m−1 ≥ 3, by Thm. 4.5.

It is trivial because ξ is trivial. The corresponding Morse–Bott attachment has relative cells
of dimensions 2m− 1, 2m, 2m + 1, 2m + 2, all at least 3. These are cells in the attachment
model of the pair, rather than a claim that the Sobolev sublevel is itself a CW complex.
By van Kampen and Thm. 3.10, each inclusion Lm−1S

2
R ↪→ LmS2

R therefore induces an
isomorphism on π1.

Finally, energy is continuous in the H1 topology. Every based loop in L∞S2
R, and every

homotopy of such loops, has compact parameter space and hence bounded energy. It there-
fore lies in some finite stage. Thus passage to the whole free loop space introduces neither
new generators nor new relations, proving the assertion.

2nd Homotopy Group of the Small Loop Space of the 2-Sphere. To compute the
fundamental groups after applying the free-loop functor once more, we also need π2(L1S

2
R)

and the action on it of the generator w. An alternative description of the round-circle
model makes both of these accessible to integral homology calculations. This continues the
first-stage attachment calculation of Thm. 4.17: we use the actual round-circle inclusion of
Prop. 4.13, so that the generators remain compatible with inclusion into the unrestricted
loop space.

Lemma 4.20 (An evaluation-coordinate model). Let S2 in the second factor below have
radius one, and put

QR := (S2
R × S2)

/
((x, x/R) ∼ (x,−x/R)) . (42)

29



4 Examples

Thus the diagonal section D+ = {(x, x/R)} is identified pointwise with the antipodal section
D− = {(x,−x/R)}. Only the indicated pairs of section points are identified; neither section
is collapsed to a point. The formula

S2
R × S2 L1S

2
R

(x, n) 7−→ γx,n

γx,n(t) = 〈x, n〉n + cos(2πt)
(
x− 〈x, n〉n

)
+ sin(2πt)(n× x)

(43)

induces a homeomorphism from QR onto the round-circle model A2
R of Prop. 4.13. Conse-

quently QR ' L1S
2
R (cf. Fig. 1). Evaluation at t = 0 corresponds to projection onto x; the

identified sections correspond to the constant loops.

Figure 1: The space L1S2 ⊂ LS2 (22) of small loops in the
sphere is homotopy equivalent (by Prop. 4.13) to its further
subspace of loops that trace out round circles on S2, once at
constant rate.
These in turn are equivalently determined (Lem. 4.20) by
their base point b ∈ S2 and by the oriented rotation axis p ∈
S2 ⊂ R3 that they are encircling clockwise. Here constant
loops are included, regarded as circles of vanishing radius
that as such may be regarded as oriented either by the axis
p = b or p = −b.

Proof. The vectors x − 〈x, n〉n and n × x are orthogonal and have the same squared norm
R2−〈x, n〉2. They are perpendicular to 〈x, n〉n. It follows that |γx,n(t)| = R, that γx,n(0) =
x, and that

E(γx,n) = 2π2
(
R2 − 〈x, n〉2

)
≤ 2π2R2.

For n 6= ±x/R this is a once-traversed round circle whose oriented unit normal is n and
whose initial point is x. These data determine each nonconstant round circle uniquely.
For n = ±x/R the formula is the constant loop cx, and these are its only degeneracies.
The formula and its t-derivative depend continuously on (x, n), so it defines a continuous
map into the H1 loop space. The induced bijection from the compact quotient QR to the
Hausdorff space A2

R is a homeomorphism. The last assertions follow from evaluation and
Prop. 4.13.

Proposition 4.21 (The second homotopy group as a module). Put Y = L1S
2
R, based at a

constant loop, and let τ denote the action of the generator w ∈ π1(Y ) chosen in (40). As
an abelian group,

M := π2(Y ) ∼= Zα ⊕
⊕
i∈Z

Zzi. (44)

Here α is the class of the constant-loop sphere. The class zi is the negative of the usual
second-factor sphere class in the ith sheet of the universal cover described below. With this
orientation convention, the action is

τ(α) = α + 2z0, τ(zi) = zi+1. (45)
Equivalently, with t acting by τ , this is the Z[t, t−1]-module

M ∼=
Z[t, t−1]{α, z0}〈
(t− 1)α− 2z0

〉 . (46)
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The first-factor sphere and the constant-loop sphere retain their usual orientations. Only the
chosen generators zi reverse the second-factor orientation in (42); the maps themselves are
unchanged. This convention will give [Wa, Wb] = ζ2

0 when a labels the inner circle and b the
outer circle.

Proof. The universal cover. For each i ∈ Z, take a copy Ei = S2
R×S2, with its two sections

D+,i and D−,i. Form a chain by making the identifications

Q̃R =

∐
i∈Z

Ei

/((x,−x/R)i ∼ (x, x/R)i+1
)
. (47)

Each copy maps to QR by its quotient map. Away from the sections this is a disjoint union of
copies of the identity. Near their image, a neighborhood in QR is obtained by identifying the
zero sections of disjoint tubular neighborhoods of D+ and D−. Each lift of that neighborhood
joins D−,i to D+,i+1 in exactly the same way. These neighborhoods verify the covering-space
condition. The shift Ei → Ei+1 is a deck transformation.

Every finite subchain is simply connected: its pieces Ei are simply connected and adjacent
pieces meet in a simply connected sphere. Apply van Kampen using tubular neighborhoods
of the attaching sections. To pass to the whole chain, note that the formulas

hi(x, n) = i + 1− 〈x/R, n〉
2

agree on the identified sections. They define a continuous height function whose bounded
inverse images lie in finite subchains. Hence any loop has image in a finite subchain and is
nullhomotopic there. The connected covering (47) is therefore the universal cover.

The representative β starts on D+,0, traverses E0 to D−,0 = D+,1, and returns through
the constant section. Its lift ends in the next sheet. Thus the deck shift represents the
action τ of the specified generator, with the convention that conjugation uses w(−)w−1. To
view this as an action on based π2, join the two lifted basepoints by the lifted path. Such
basepoint changes are unambiguous in the simply connected cover.

Integral homology of the chain. In H2(Ei;Z) write bi for the usual first-factor class and zi

for the negative of the usual second-factor class. Projection to the two factors shows that
the section classes are

[D+,i] = bi − zi, [D−,i] = bi + zi. (48)
The diagonal has second-factor degree +1, hence coefficient −1 in the chosen zi basis; the
antipodal section has degree −1, hence coefficient +1. For each finite subchain, Mayer–
Vietoris presents H2 as the direct sum of the H2(Ei) modulo the identifications of these
section classes: there is no further term because H1(S2) = 0. Passing to the union gives

H2(Q̃R;Z) =
(⊕

i

(Zbi ⊕ Zzi)
)/〈

bi + zi = bi+1 − zi+1 : i ∈ Z
〉
.

Put αi = bi − zi, the class of D+,i. The relations become
αi+1 = αi + 2zi (i ∈ Z). (49)

They eliminate every αi except α0, without imposing any relation on α0 or the zi. Thus
the resulting abelian group is precisely the direct sum in (44), with α = α0. Explicitly, the
eliminations are

αi =

α + 2∑i−1
j=0 zj, i > 0,

α− 2∑−1
j=i zj, i < 0.
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Substitution into the section relations gives an inverse to the homomorphism from the free
abelian group on α and the zi, verifying that no relations are lost. All sums here have finite
support.

Since the universal cover is simply connected, the Hurewicz map in degree two is an
isomorphism. Covering-space invariance and Lem. 4.20 identify this homology group with
π2(Y ). The deck shift sends αi to αi+1 and zi to zi+1. Equation (49) therefore proves
the action and the module presentation. For later use, inner evaluation ε : Y → S2

R,
ε(δ) = δ(0), sends these classes to

ε∗(α) = [idS2
R
], ε∗(zi) = 0. (50)

Indeed, by Lem. 4.20, evaluation is first-factor projection. The class α is represented by the
diagonal section of constant loops, while zi is represented in the cover by the second-factor
sphere in Ei with its orientation reversed, and a path from the chosen basepoint to that
sheet. In particular, z0 is the negative of the based class of n 7→ γx0,n from (43), based at
n = x0/R. An actual based representative is obtained by precomposing this map with a
reflection of S2 fixing x0/R.

The fundamental groups of the iterated free loop space. We now consider the ordinary
free loop space LY = C0(S1, Y ), with the compact-open topology, of the small loop space
Y = L1S

2
R, hence we consider the subspace

LL1S
2 ⊂ LLS2 ' Map(T 2, S2) (51)

We label the inner (small) circle by a and the outer (ordinary) circle by b. The order of
loop iteration is consequently outer b, inner a. Its path components correspond to conjugacy
classes in π1(Y ) = 〈w〉 ∼= Z, hence are indexed by an integer C. Write (LY )C for the
component of

γC(t) = β(Ct), (52)
where β is regarded as a period-one loop in Y . This convention also covers C = 0 and
negative C.

The integer C is the degree of the adjoint torus map (s, t) 7→ γ(s)(t) to S2
R, with the outer

parameter first in the orientation. In the coordinate labels just fixed this is the orientation
of S1

b × S1
a, or (ky, kx) in the band-theory interpretation. It is the negative of the (kx, ky)

orientation; the component label C is kept in the outer-first convention throughout. Indeed,
for γ = β the latitude sweep (39) covers the sphere once with positive orientation, and
its constant-loop return has zero area. More explicitly, for normalized area form ω with∫

S2
R

ω = 1, ∫
[0,1]2

Γ∗ω =
∫ 1

0

∫ 1

0

π

2
sin(πs) dt ds = 1.

Concatenation adds degrees, and degree is invariant under free homotopy. This identifies
the component label with the usual degree label for torus maps.

The generator notation in the following theorem records these two directions. Evaluation
at the outer loop’s basepoint is

(LL1S
2
R)C L1S

2
R

γ 7−→ γ(0).

ev0

The generator Wa maps to w ∈ π1(L1S
2
R), hence corresponds to the inner, bounded-energy

loop direction. The generator Wb comes from the constant-loop sphere α ∈ π2(L1S
2
R) of
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Prop. 4.21, via the based-loop adjunction and translation to the component of γC . It lies in
the kernel of (ev0)∗ and corresponds to the outer, unrestricted loop direction. In particular,

Wa ←→ a = x = inner L1, Wb ←→ b = y = outer L.

Here “direction” refers to the torus coordinate on which the associated family of sphere
maps varies. For instance, at C = 0, Wb is represented by a family independent of the
inner coordinate, whereas the representative B0(s)(t) = β(s) of Wa is independent of the
outer coordinate t. Here s parametrizes the loop representing an element of the fundamental
group.
Theorem 4.22 (Fundamental groups of LL1S

2
R). The space LL1S

2 (51) has
(i) connected components C ∈ Z:

π0(LL1S
2) ' Z , (53)

(ii) fundamental groups
(a) for C = 0:

π1(LL1S
2, 0) ∼= 〈 Wa,

Wb,
{ζi}i∈Z | [Wa, Wb] = ζ2

0 ,

[Wa, ζi] = ζi+1ζ
−1
i ,

[Wb, ζi] = 1,

[ζi, ζj] = 1

for
i,j∈Z〉 , (54)

(b) for C 6= 0:

π1(LL1S
2, C) ∼= 〈 Wa,

Wb,

ζ0 ,
... ,

ζ|C|−1

| [Wa, Wb] = ζ2
0 ,

[Wa, ζi] = ζi+1ζ
−1
i ,

[Wb, ζi] = 1,

[ζi, ζj] = 1,

ζ2
0 ζ2

1 · · · ζ2
|C|−1 = 1

for
i,j∈Z/C〉 . (55)

More succinctly, these are semidirect products

π1(LL1S
2, C) ∼= AC ⋊τ Z〈Wa〉, AC =


Zα⊕

⊕N−1
i=0 Zzi

〈2∑N−1
i=0 zi〉

, if C 6= 0,

Zα⊕
⊕
i∈Z

Zzi, if C = 0,
(56)

where Wb and ζi are the multiplicative forms of α and zi, and τ(α) = α + 2z0, τ(zi) = zi+1.

Proof. 1 The evaluation fibration. By Lem. 4.20, Y has the homotopy type of the finite
gluing model QR; in particular, the usual based and free-loop homotopy calculations apply.
Write y0 = cx0 , and let PY = C0([0, 1], Y ). The endpoint map PY → Y ×Y is a fibration,
and its pullback along the diagonal is

LY PY

Y Y × Y.

ev0 (ev0,ev1)

∆

1A formalization of the proof of Thm. 4.22 in Lean 4 is available at ncat-
lab.org/nlab/show/Materials#MorseBottOfLoopSpaces. The equivalence Q1 ' L1S2 (Lem. 4.20)
assumed in this proof is currently not covered by this formalization.
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Thus evaluation gives the free-loop fibration
ΩY −→ LY

ev0−−→ Y.

Here ΩY consists of loops based at y0. The chosen loop γC represents wC , by (40) and (52).
Transport around a loop representing wk conjugates the component label to wkwCw−k. Since
Thm. 4.17 identifies π1(Y ) with Z, this label does not change. Consequently the restriction
to (LY )C has the connected fiber ΩCY , and evaluation is surjective on fundamental groups.
Its homotopy exact sequence has the segment

M
1−τC

−−−→ M −→ GC
(ev0)∗−−−→ Z −→ 0, M = π2(Y ). (57)

The module M and the action τ are precisely those of Prop. 4.21. The second copy of M is
π1(ΩCY, γC), identified with π2(Y ) by translation to the identity component of the based loop
space, specified in (59) below. To identify the first arrow, first consider the endpoint fibration
based at the path γC . A pair of spheres at its endpoints represents (m0, m1) ∈ M ⊕M .
Its boundary compares the two spheres after transporting the second along γC . With right
translation by γC and the boundary orientation chosen here, this is

∂end(m0, m1) = m0 − τCm1.

The diagonal sends a sphere of basepoints m to (m, m). Naturality of the boundary under
the displayed pullback therefore gives ∂(m) = m−τCm. Changing the sign of this boundary
convention does not change its image. These are the evaluation-fibration calculations under-
lying the general centralizer description of free-loop fundamental groups; compare [Bro10,
Thm. 1.5]. The same boundary is described by component Samelson products in Prop. 4.28
below.

In particular, it is the quotient by the differences m − τCm that enters π1((LY )C), not
the subgroup of elements fixed by τC . Thus (57) gives the short exact sequence

1 −→ M/(τC − 1)M −→ GC −→ Z −→ 1. (58)
For precision, denote the map from the second copy of M in (57) by ιC : M → GC . It is
the composite

π2(Y, y0) ∼= π1(Ω0Y, cy0) (TC)∗−−−→ π1(ΩCY, γC) −→ π1((LY )C , γC),

Ω0Y ΩCY
ω 7−→ ω ∗ γC .

TC
(59)

The standard unit reparametrization identifies cy0 ∗γC with γC . The inverse translation uses
the reversed loop γ−1

C , so TC is a homotopy equivalence. The generators in the abelian kernel
are, by definition,

Wb = ιC(α), ζi = ιC(zi).
Thus Wb comes from the constant-loop sphere and the ζi from the orientation-reversed
second-factor spheres in the universal cover, as described in (50).

Splitting and conjugation. The extension (58) splits as an extension of groups: a lift of
the generator of Z is the loop in (LY )C given explicitly by

BC(s)(t) = β(s + Ct), Wa = [BC ]. (60)
Indeed, BC(0) = BC(1) = γC and BC(s)(0) = β(s). Sending an integer k to W k

a is a section
of the surjection on fundamental groups. This does not assert a section of the evaluation
fibration over every point of Y in the component C. Conjugation by Wa on the kernel is
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transport around w, with the conjugation convention used in Prop. 4.21. More explicitly,
Wa ιC(m) W −1

a = ιC(τm).
This follows by moving the basepoint of the representing sphere along ev0BC = β in (59).
The action is independent of the lift of w, since two lifts differ by an element of the abelian
kernel. This proves

GC
∼=
(
M/(τC − 1)M

)
⋊τ Z.

Computing the quotient integrally. For C = 0, the endomorphism τC − 1 is zero, so the
kernel is the whole group in (44). For C 6= 0, the images of τC −1 and τN −1 are the same,
where N = |C|: for C = −N use τ−N − 1 = −τ−N(τN − 1) and invariance of the latter
image under τ . On the displayed generators of M ,

(τN − 1)zi = zi+N − zi, (τN − 1)α = 2
N−1∑
i=0

zi. (61)

Because α and the zi freely generate M as an abelian group, these generate the entire image of
τN−1. They impose exactly periodicity of the zi and the single relation 2∑i zi = 0. This is
AC in (56). The action descends: shifting the sum leaves it fixed, and τN(α) = α+2∑i zi =
α in this quotient. This calculation takes place over Z: the relation 2∑i zi = 0 does not
permit cancellation of the factor 2.

The group presentation. The kernel AC is abelian, so Wb commutes with all ζi, and the ζi

commute with one another. The action of Wa gives
WaWbW

−1
a = Wbζ

2
0 , WaζiW

−1
a = ζi+1.

The first identity is equivalent to [Wa, Wb] = ζ2
0 with the stated convention. For C 6= 0, the

remaining additive relation becomes (∏i ζi)2 = 1. Conversely, these relations move every
Wa to the right of a word, yielding a pair (u, k) with u ∈ AC and k ∈ Z. The multiplication
is

(u, k)(v, l) = (u + τ kv, k + l).
The semidirect product with this multiplication satisfies all the relations and receives the
displayed generators. The resulting homomorphisms in both directions fix every generator
and are therefore mutually inverse. Hence there are no further defining relations.

Proposition 4.23 (Inclusion into the unrestricted torus mapping space). Let j : L1S
2
R ↪→

LS2
R be the inclusion, using the continuous loop space of Def. 2.6, and let

LL1S
2
R LLS2

R
∼= Map(T 2, S2

R)
γ 7−→ j ◦ γ.

J :=Lj

(62)

Write γ̄C = J(γC) and HC = π1((LLS2
R)C , γ̄C). The map J preserves the degree C and

induces a bijection on path components. For each C ∈ Z, write Wa, Wb also for the images
in HC of the corresponding generators of GC. Together with the Hopf generator ζ, they give
the presentation

HC
∼=
〈
Wa, Wb, ζ

∣∣∣ [Wa, ζ] = [Wb, ζ] = 1, [Wa, Wb] = ζ2, ζ2C = 1
〉

. (63)
For C = 0, the last relation is vacuous and ζ has infinite order; for C 6= 0, its order is
exactly 2|C|. The induced homomorphism is surjective and is specified on the generators of
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Thm. 4.22 by
GC HC

Wa 7−→ Wa

Wb 7−→ Wb

ζi 7−→ ζ.

J∗

(64)

Thus all the ζi have the same image, a central generator originating in π3(S2). More pre-
cisely, the kernel is the normal subgroup generated by ζiζ

−1
0 and, as an abstract group, is

ker J∗ ∼=


Z|C|−1, C 6= 0,⊕
i∈Z−{0}

Z, C = 0. (65)

In particular, J∗ is an isomorphism exactly for C = 1 and C = −1.

Proof. The unrestricted inner loop space. Put Y = L1S
2
R and X = LS2

R, with the same
constant base loop. The map j factors as

Y ↪→ L∞S2
R −→ X.

By Lem. 2.8 and Cor. 4.19, it induces an isomorphism on π1, taking w to w̄ = [jβ]. Free-
loop components are conjugacy classes, so this proves the assertion about components. It
also preserves their degree label, since the adjoint torus map itself is unchanged.

Evaluation on the inner loop space has the constant-loop section:
ΩS2

R −→ X
ε−→ S2

R, s(x) = cx, εs = id.

The section makes the connecting homomorphisms in the homotopy exact sequence zero.
Hence

π1(X) ∼= π2(S2
R) ∼= Z, M ′ := π2(X) ∼= Zα′ ⊕ Zη, (66)

where α′ = s∗[idS2
R
] and the second summand is the image of π2(ΩS2

R) = π3(S2
R). The Hopf

fibration S1 → S3 → S2 identifies this last group with π3(S3) = Z, generated by the Hopf
map; see [Hat02, Ex. 4.51]. We fix the sign of η below.

The map on π2 and the primitive Hopf class. The homomorphism j∗ : M → M ′ is
surjective. Indeed, the proof of Cor. 4.19 uses Thms. 3.10 and 4.5 to build every later stage
by relative cells of dimension at least three. Cellular approximation therefore makes each
map on π2 surjective: in the attachment model of the pair, a two-dimensional sphere can be
moved into the earlier stage, since every new cell has dimension at least three. Such cells
may nevertheless impose relations on π2, so injectivity is not being asserted. Every compact
family of Sobolev loops has bounded energy, by continuity of (2), and so lies in a finite stage
of Def. 2.13. The assertion follows for L∞S2

R, and then for X by Lem. 2.8.
Let τ ′ be the action of w̄ on M ′. It is trivial on the fiber summand Zη. To see this, note

that π1(ΩS2
R) → π1(X) is an isomorphism, again by the section and the exact sequence. The

path-connected loop space ΩS2
R is an H-space, and its fundamental group acts trivially on

its higher homotopy groups. Explicitly, multiplication of a sphere by a loop in this H-space
gives a homotopy whose basepoint traces that loop and whose initial and final spheres agree.
Naturality transfers this trivial action to the fiber summand in M ′.

The constant-loop sections agree under j, so j∗(α) = α′. By (50), every j∗(zi) lies in the
fiber summand. Naturality of the fundamental-group action and (45) now give

j∗(zi) = j∗(τ iz0) = (τ ′)ij∗(z0) = j∗(z0).
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Initially write their common value as dη for an arbitrary Hopf generator. Since α, zi generate
M and j∗ is surjective onto Zα′ ⊕ Zη, one must have d = 1 or d = −1. Choose the Hopf
generator’s sign so that j∗(z0) = η. This proves, without an undetermined integer multiple,

j∗(α) = α′, j∗(zi) = η (i ∈ Z), τ ′(α′) = α′ + 2η, τ ′(η) = η. (67)
The formula for τ ′(α′) follows by applying j∗ to (45). Thus the sign convention is inherited
from the geometric generators already chosen, rather than imposed separately.

Naturality of the outer evaluation calculation. Apply the evaluation-fibration argument in
the proof of Thm. 4.22 to X and β̄ = jβ. It gives

HC
∼= A′

C ⋊τ ′ Z, A′
C = M ′

((τ ′)C − 1)M ′
∼= Zα′ ⊕

(
Zη/〈2Cη〉

)
. (68)

Here (τ ′)C(α′) = α′ +2Cη for every integer C, including negative C. The generators Wb and
ζ are the images of α′ and η under the analogue of (59). The generator Wa is represented
by B̄C(s)(t) = β̄(s + Ct), the image of (60). The action in (67) therefore gives exactly (63),
including the asserted order of ζ.

All maps just used commute with j, so there is a commutative diagram of split short exact
sequences 1 AC GC Z 1

1 A′
C HC Z 1.

j̄∗ J∗ (69)

On the left, j̄∗ is induced by (67); the splittings are also preserved since J ◦BC = B̄C . This
proves the three generator formulas and surjectivity.

The kernel. By the diagram, ker J∗ = ker j̄∗. For C 6= 0, let N = |C| and put s =∑N−1
i=0 zi. The coefficient of α is preserved, and on the remaining summand the map is

ZN/〈2s〉 Z/(2N)
[∑i qizi] 7−→

∑
i qi (mod 2N).

Every element of its kernel has a unique representative whose coefficients sum to zero: sub-
tract the appropriate multiple of 2s, whose coefficient sum is 2N . The subgroup of such
representatives is freely generated by zi − z0 for 1 ≤ i < N . For C = 0, the same argu-
ment uses finite-support integer sequences and their ordinary sum, with no quotient relation;
the basis is zi − z0 for i 6= 0. In multiplicative notation these bases are ζiζ

−1
0 . Their sub-

groups are invariant under the shift action of Wa, hence are already normal in GC . This
proves (65) and the final assertion.

In degree zero, (63) is the integral Heisenberg-type presentation with commutator
[Wa, Wb] = ζ2. The Samelson-product proof of this unrestricted presentation in [KSS26,
Thms. 3.3 and 3.5] is related to the present generators in Rem. 4.27 and Prop. 4.28. The
nonzero-degree groups are its central quotients by ζ2C = 1. Thus inclusion identifies the
indexed Hopf generators with a single central generator; it preserves the two loop-direction
generators.
Corollary 4.24 (Torsion, cyclic action, and the smallest sectors). For C 6= 0 and N = |C|,
the abelian kernel is AC

∼= ZN ⊕ Z/2. The element

κ =
N−1∏
i=0

ζi
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is central and has order exactly two. Under Prop. 4.23, its image is J∗(κ) = ζN , also of
order exactly two. The action of Wa on AC has order N , and W N

a is central. The subgroup
generated by AC and W N

a is abelian of index N . For C = 1 or C = −1,
GC
∼= Z2 ⊕ Z/2.

For |C| ≥ 2, and also for C = 0, the group is nonabelian.

Proof. The vector ∑i zi is primitive in ZN , so quotienting by twice that vector gives ZN−1⊕
Z/2. Adding Zα proves the assertion about AC , and shows that κ has exact order two. The
inclusion formula follows from (64), and its image has order two since ζ has order 2N . The
cyclic shift fixes this sum, hence κ is central. Equation (61) shows that τN = 1 on AC . If
0 < k < N , the vector zk − z0 is not a multiple of 2∑i zi, so τ k 6= 1; the order is exactly
N . The claims about W N

a and the subgroup index now follow from the semidirect product.
For N = 1 the relation is ζ2

0 = 1, and the action is trivial, giving the stated abelian
group. For N ≥ 2, 2z0 is nonzero modulo 〈2∑i zi〉, so [Wa, Wb] = ζ2

0 6= 1. For C = 0, the
same commutator is nontrivial because z0 has infinite order in the free abelian kernel.

Samelson products and the unrestricted comparison. The preceding computation has a
complementary description by Samelson products. Kallel–Sati–Schreiber use these to com-
pute the unrestricted torus mapping groups [KSS26, §§ 2.2–3.2]. Here and in the following
pinpoints we use their revised manuscript dated August 13, 2026. We first recall the source of
the factor two, then identify the additional Samelson products that retain the bounded-stage
information in Thm. 4.22.

Definition 4.25 (Samelson products and components). Let Z be a pointed connected space
of CW homotopy type. The based-loop space ΩZ is an H-group under concatenation. Its
commutator, with convention uvu−1v−1, induces up to homotopy a map

ΩZ ∧ ΩZ ΩZ

u ∧ v 7−→ uvu−1v−1.

[−,−]Sam

One may use a topological-group model of ΩZ to make the unit cancellations and passage to
the smash product literal. Composing with representatives on Sp and Sq gives the Samelson
product

[−,−]Sam : πp(ΩZ)× πq(ΩZ) −→ πp+q(ΩZ).
For p, q ≥ 1 it is the usual bilinear product. The same commutator construction also
applies when one index is zero, using S0 to represent a component. In that case it records
conjugation by that component; bilinearity in the component variable is not asserted.

Under suspension–loop adjunction, the positive-degree Samelson product corresponds,
with the suspension sign convention, to the Whitehead product. The latter is defined using
the attaching map of the top cell of Sp+1 × Sq+1 to Sp+1 ∨ Sq+1. See [KSS26, Defs. 2.5–2.6
and Prop. 2.7].

Lemma 4.26 (The two-sphere square). Let ι = [idS2 ] and let h ∈ π3(S2) be the Hopf
generator of Hopf invariant one. With compatible Whitehead and adjunction orientations,

[ι, ι]Wh = 2h, [e, e]Sam = 2h̃, e = ι̃ ∈ π1(ΩS2), h̃ ∈ π2(ΩS2). (70)
In particular, the coefficient is integral and is exactly two.
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Proof. The Hopf fibration and its homotopy exact sequence identify π3(S2) with Zh, as
recalled in the proof of Prop. 4.23. The Hopf invariant is a homomorphism on this group
and sends h to one. We compute it on the Whitehead square.

Write C[ι,ι] for its mapping cone. The fold map S2 ∨ S2 → S2 extends over the top cell
to a map F : S2× S2 → C[ι,ι] of degree one on that cell. If x and y are the degree-two and
degree-four generators of the cone’s integral cohomology, and u, v are the two factor classes
of the product, then

F ∗x = u + v, F ∗y = uv, (u + v)2 = 2uv.

Thus x2 = 2y, which is the definition of Hopf invariant two. Since h generates π3(S2), this
proves the first identity. The adjunction identifies its adjoint with the displayed Samelson
square, proving the second. This is the k = 1 case of [KSS26, Prop. 2.9].

Remark 4.27 (The unrestricted commutator). Here is how Lem. 4.26 gives the commutator
in (63). Write T 2 = S1

b × S1
a, with a the inner and b the outer parameter, as fixed before

Thm. 4.22. Let
T 2 = S1

b × S1
a S1

a ∧ S1
b
∼= S2

(tb, ta) 7−→ ta ∧ tb.

qab

collapse the two coordinate circles, after ordering the coordinates as (a, b). The smash
sphere on the right has the (a, b) orientation, so qab has degree −1 relative to the outer-first
(b, a) orientation used for the component label C. In the component of the constant map,
adjunction gives an isomorphism of groups

π1 Map∗,0(T 2, S2) ∼= [T 2, ΩS2]∗. (71)
The multiplication on the right is induced by pointwise loop concatenation. Consider the
three representatives

Wa = e ◦ pra, Wb = e ◦ prb, ζ = h̃ ◦ qab.

Here e and h̃ also denote chosen based maps representing the classes in Lem. 4.26. We
use these same symbols for the representatives and their homotopy classes. Their first
commutator is the composite

T 2 qab−→ S1
a ∧ S1

b
e∧e−−→ ΩS2 ∧ ΩS2 [−,−]Sam−−−−−→ ΩS2, (72)

so [Wa, Wb] = ζ2. The mixed commutators with ζ factor through maps T 2 → S1∧S2 = S3,
which are nullhomotopic by cellular approximation. Thus ζ is central. This is the two-sphere
specialization of [KSS26, Thm. 3.3].

To see that these are all generators and relations, restrict to A = S1
a ∨ S1

b . The cofiber
sequence A → T 2 qab−→ S2 → ΣA gives

1 −→ π2(ΩS2)
q∗

ab−→ [T 2, ΩS2]∗ −→ π1(ΩS2)2 −→ 1.

Indeed, the connecting map S2 → ΣA is the suspension of the torus attaching commutator
and is nullhomotopic. Thus q∗

ab is injective; restriction is surjective because the classes Wa, Wb

lift the two standard generators. The image of the generator under q∗
ab is ζ, so every element

has a unique expression W p
a W q

b ζr, with p, q, r ∈ Z. Together with the commutators this
proves the complete presentation. Equivalently, ΣT 2 ' S2 ∨ S2 ∨ S3 supplies three integer
coordinates, but this is not a splitting of suspension cogroups and hence does not make the
group abelian.
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Forgetting the based condition induces an isomorphism on fundamental groups in degree
zero, because evaluation has the constant-map section and S2 is simply connected. With
compatible choices of orientations and lifts, these representatives give exactly the generators
of Prop. 4.23. In particular, the Hopf generator’s sign is calibrated by the already fixed or-
dered commutator [Wa, Wb] = ζ2. The sign reversal in qab relative to the outer-first ordering
agrees with the orientation-reversed classes zi chosen in Prop. 4.21. Thus the positive Hopf
generator h in the Whitehead-square lemma is unchanged; its torus representative uses the
ordered smash (a, b) and has the sign required by ζ.

Proposition 4.28 (Samelson products recover the bounded-stage action). Put Y = L1S
2
R

and retain M = π2(Y ), w, and τ from Prop. 4.21. Let u ∈ π0(ΩY ) be the component
represented by β, so u corresponds to w ∈ π1(Y ). For m ∈ M write m[ ∈ π1(Ω0Y ) for its
loop adjoint. Then, for every r ∈ Z,

[m[, ur]Sam =
(
(1− τ r)m

)[
, [ur, m[]Sam =

(
(τ r − 1)m

)[
. (73)

In particular,
[u, α[]Sam = (2z0)[, [u, z[

i ]Sam = (zi+1 − zi)[. (74)
Under the homomorphism ιC : M → GC of (59), these become

[Wa, Wb] = ζ2
0 , [Wa, ζi] = ζi+1ζ

−1
i .

For j : Y → X := LS2
R, the naturality of these products is expressed, before taking coin-

variants, by
M M

M ′ M ′,

τr−1

j∗ j∗

(τ ′)r−1

M ′ = π2(X). (75)

For m = α and r = 1, the top output 2z0 maps to 2η; the shift differences zi+1− zi map to
zero. Here η is the image in π2(X) of the Hopf generator, as in (67).

Proof. Choose a representative loop fm : S1 → Ω0Y of m[. The commutator with a repre-
sentative of ur is the loop

t 7−→ fm(t) βr fm(t)−1 β−r.

In the abelian group π1(Ω0Y ) = M , its class is the sum of m and the negative of the
conjugated class τ rm. Reversing the order of the two commutator factors gives τ rm −m.
This proves (73). Substituting the action (45) gives (74).

To pass to GC , the splitting (60) represents u by Wa, and conjugation acts on the abelian
kernel by τ , as proved in Thm. 4.22. Thus the commutator of ιC(m) with W r

a is ιC((1−τ r)m),
and similarly in the reverse order. This gives the two claimed group commutators.

Finally Ωj preserves concatenation and inverses up to homotopy, hence preserves Samelson
products. Equivalently, j∗τ = τ ′j∗; this proves the commutative square. Its values follow
from (67). The value 2η is therefore the same Hopf coefficient detected by the ordinary
Samelson square in Rem. 4.27.

This formulation also identifies the relation imposed by the component C. For r > 0,
telescoping gives

(τ r − 1)α = 2
r−1∑
i=0

zi, j∗
(
(τ r − 1)α

)
= 2rη. (76)
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For r = −N < 0 the first expression is −2∑−1
i=−N zi, and the second remains 2rη. The

evaluation boundary in (57) is 1 − τC , the negative of the displayed operator at r = C.
These operators have the same image, so the boundary kills these component Samelson
products. For C 6= 0, it also kills (1 − τC)zi = zi − zi+C . Together these are exactly the
periodicity and product relations in (61). After applying j∗, they become the single relation
2Cη = 0 of (68).
Remark 4.29 (The pointed fiber and the second appearance of two). The revised argument
in [KSS26, Lems. 3.8–3.9 and Prop. 3.10] recovers the same relation using restriction to the
coordinate wedge A = S1

a ∨ S1
b ⊂ T 2. Choose a degree-C torus map constant on A, using

the outer-first orientation. Under the identification by qab above, its induced map from the
smash sphere has degree −C. The fiber of restriction over the constant map on A is the
pointed mapping space

Map∗,C(T 2/A, S2) ∼= Map∗,−C(S2, S2),
where the component label on T 2/A uses the orientation inherited from T 2, while S2 has the
(a, b) smash orientation. This pointed mapping space has fundamental group Zh. It is not
the unpointed sphere mapping space. Evaluation and its constant-map section give

π2 Map(A, S2) ∼= Z2︸︷︷︸
π3(S2)⊕π3(S2)

⊕ Z︸︷︷︸
π2(S2)

, π1 Map(A, S2) ∼= Z2.

The corresponding exact sequence is
Z2 ⊕ Z ∂C−−→ Zh −→ HC −→ Z2 −→ 1, ∂C(p, q, r) = −2Cr h. (77)

Here are the two ingredients in the boundary computation. For the based-circle summands,
use the pointed restriction fibration. It is modeled by the homotopy fiber of

ΩS2 × ΩS2 ΩS2

(α, β) 7−→ αβα−1β−1.

c

The map c is nullhomotopic on either factor, hence c∗ vanishes on their direct sum π2. This
gives zero boundary on the first two summands. Changing the nullhomotopy of the attaching
loop to the choice representing the torus component C does not alter this vanishing: the
resulting transport acts through π1(ΩS2), whose action on higher homotopy groups is trivial,
as explained in Prop. 4.23.

For the last summand, pull back restriction along the constant-map section S2 →
Map(A, S2). A torus map constant on A factors through T 2/A = S2, so this pullback is
the sphere evaluation fibration

Map∗,−C(S2, S2) −→ Map−C(S2, S2) −→ S2.

Its boundary on rι is [−Cι, rι]Wh = −2Crh, with the boundary orientation chosen in (77).
Geometrically, extending the corresponding family of degree-(−C) spheres with moving base-
point over a parameter two-sphere requires extending the map on S2 ∨ S2 over S2 × S2; the
top-cell obstruction is precisely this Whitehead product. This proves the displayed boundary
formula and recovers the subgroup generated by ζ, already shown to be central, as Z/(2C)
(meaning Z if C = 0). In the iterated evaluation calculation this same integer appears as
(1 − (τ ′)C)α′ = −2Cη. Reversing the boundary orientation reverses both signs, without
changing the quotient relation ζ2C = 1. Thus the Heisenberg coefficient two and the order
2|C| of its central generator when C 6= 0 are two consequences of the same Whitehead
square.
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Remark 4.30 (What the energy bound retains). The component products in (74) contain
more information than the ordinary Samelson square in ΩS2: they distinguish the indexed
classes zi. On the subgroup ⊕

i Zzi ⊂ M , inclusion is the summation map ∑
i qizi 7→

(∑i qi)η. It kills every shift difference, but does not make the entire action trivial: τ ′(α′) =
α′ + 2η survives. This explains simultaneously the centrality of the single unrestricted Hopf
generator and the surviving Heisenberg commutator.

The auxiliary H-group used here is ΩY , whose components are indexed by π1(Y ) = Z.
Conjugation by these components can act nontrivially. This is compatible with the trivial
action of the fundamental group of the connected H-space ΩS2 used in Prop. 4.23. No
closure of L1S

2 under concatenating its inner loops is assumed. The first-stage Morse–Bott
geometry is still needed to compute M and τ ; the Samelson description then interprets their
commutators and their loss of information under inclusion.

Remark 4.31 (Scope of the two-sphere formula). The corrected [KSS26, Prop. 2.9] retains
torsion terms in the higher-dimensional squares:

[ι4, ι4]Wh = 2hH − κH, [ι8, ι8]Wh = 2hO − κO.

Here the torsion generators have orders 12 and 120, respectively. Hence those integral
identities cannot be obtained from the Hopf invariant alone. For the present two-sphere
computation, π3(S2) = Z has no torsion, so (70) is an exact integral identity. In particular,
these corrections do not change Thm. 4.22 and Prop. 4.23.

The modular action. We next determine how changing the torus coordinates acts on these
groups, before imposing the small-loop condition. The degree-zero result is the torus case
of [SS26, § 3.3.1, Prop. 3.20]. For nonzero degree there are two additional points: the Hopf
generator has finite order, and a torus diffeomorphism need not fix the chosen base map.
We treat both explicitly.

As in Prop. 4.23, use the same names Wa, Wb for the corresponding generators of the
bounded and unrestricted groups. Their ambient group is specified in each statement. We
also regard γC as a basepoint in the unrestricted space via inclusion.

Use period-one coordinates x = a, y = b, retaining the outer-first orientation (y, x) for
the degree C. For an integral matrix of determinant one put

A =
(

p q
r s

)
∈ SL(2,Z), T 2 T 2

(x, y) 7−→ (px + qy, rx + sy),

fA

MapC(T 2, S2
R) MapC(T 2, S2

R)
F 7−→ F ◦ fA.

PA

(78)

Precomposition is a right action: PB ◦PA = PAB. Equivalently, A 7→ PA−1 is a left action.
We keep the right-action convention, so that the coordinate formula and its pullback can be
read directly.

The winding column of a loop of maps Fs is (m, n)T , where, writing [ω] for the integral
orientation class of the target,

F ∗[ω] = C[ dy ∧ dx] + m[ ds ∧ dx] + n[ ds ∧ dy] in H2(S1
s × T 2;Z). (79)

Here s is the parameter of the loop of maps. These windings send Wa and Wb to (1, 0)T and
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(0, 1)T , respectively, and kill ζ. Consequently precomposition acts on winding columns by
AT , not by A. This convention accounts for the transpose in the following statement.

Proposition 4.32 (Modular action on Wa, Wb, ζ in arbitrary degree). For every C ∈ Z,
use the geometric generators Wa, Wb, ζ of (63), based at γC from (52). Thus

HC = π1
(
(LLS2

R)C , γC

) ∼= 〈
Wa, Wb, ζ

∣∣∣∣∣ [Wa, Wb] = ζ2, [Wa, ζ] = [Wb, ζ] = 1,

ζ2C = 1

〉
,

where for C = 0 the last relation imposes no condition. The canonical right action of the
orientation-preserving torus mapping class group by outer automorphisms admits a lift to
automorphisms given on these generators by

ΨA(Wa) = W p
a W q

b ζ−pq+C(p−1),

ΨA(Wb) = W r
a W s

b ζ−rs+Cr,

ΨA(ζ) = ζ,

A =
(

p q
r s

)
∈ SL(2,Z). (80)

Here A acts by precomposition with fA(x, y) = (px + qy, rx + sy) as in (78). The formulas
satisfy ΨB ◦ ΨA = ΨAB. Central exponents are read modulo 2|C| when C 6= 0, and as
integers when C = 0.

For C = 0 this is the based action at the constant map. For arbitrary C, the proof specifies
basepoint transports realizing this lift on fundamental groups. This asserts the group law for
the resulting automorphisms, not coherence of the transport paths as lifts to a homotopy
quotient; see Rem. 4.51. Its restriction to An = ( 1 n

0 1 ) is the shear action obtained from the
explicit paths in Lem. 4.34. The generators in the statement are the original Wa, Wb, ζ for
every C; no change of generators is required to use the formulas.

Proof. Basepoints and the mapping class group. An orientation-preserving diffeomorphism
preserves degree, so precomposition preserves each connected component. To obtain an
automorphism of a fundamental group based at a degree-C map FC , choose a path from FC

to FC ◦ fA and transport the resulting loop back along that path. Two choices differ by an
inner automorphism. An isotopy between diffeomorphisms induces a homotopy between their
precomposition maps, again giving the same outer automorphism. This gives the canonical
outer action of π0 Diff+(T 2) ∼= SL(2,Z).

Coordinates for the given presentation. Put ZC = Z/(2C)Z, with Z0 = Z. The presen-
tation gives the alternating-cocycle coordinates

HC
∼= Z2 × ZC , v = (m, n)T ,

(v, h) = W m
a W n

b ζh−mn,

(v, h)(v′, h′) =
(
v + v′, h + h′ + ω(v, v′)

)
,

ω
(
(m, n), (m′, n′)

)
= mn′ −m′n.

(81)

Indeed, commuting W m′
a past W n

b contributes ζ−2m′n; substituting h−mn gives this cocycle.
These coordinates will also be used with an auxiliary pair of generators inside the proof.

Degree zero and the central correction. At the constant base map all precomposition
maps and all such isotopies fix the basepoint. The action is therefore already an action by
automorphisms. Precomposition acts by AT on the winding column by (79). It fixes ζ: a
representative of this Hopf class is supported in a small three-ball in the adjoint parameter
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space S1
s × T 2, and an orientation-preserving change of the torus coordinates preserves its

oriented Hopf class. An automorphism covering AT and fixing ζ must have the form
(v, h) 7−→ (AT v, h + `A(v)), `A : Z2 −→ Z additive.

Indeed, preservation of ω reduces the homomorphism condition to additivity of `A.
Choose an orientation-reversing reflection of S2

R fixing the constant basepoint. Postcom-
position with this reflection sends Wa, Wb to their inverses and fixes ζ. For Wa this follows
within the subspace of families independent of y, whose fundamental group is π1(LS2

R) = Z;
for Wb it follows from the degree of the constant-loop sphere. The Hopf class is fixed be-
cause postcomposition by a degree-d sphere map multiplies its Hopf invariant by d2. Thus
the reflection acts in these coordinates by (v, h) 7→ (−v, h). It commutes with precompo-
sition. Comparing the two orders gives 2`A(v) = 0 in Z, hence `A = 0. This proves the
degree-zero formula with the geometric generators used here. It is the reflection argument
of [SS26, Prop. 3.20], specialized to these torus generators.

A disk-supported background in arbitrary degree. Choose a closed embedded disk D ⊂ T 2

and a map FC equal to a fixed point x0 outside its interior, whose induced map D/∂D → S2
R

has degree C. Use the orientation inherited from the outer-first orientation of T 2. Let E0
be the component of the constant map in the space of maps that equal x0 on D. Replacing
this constant restriction on D by FC |D gives a homeomorphism onto the component of FC

in the fiber of
MapC(T 2, S2

R) −→ Map(D, S2
R)

over FC |D. This replacement changes the degree by C and makes no change outside D.
The restriction map is a fibration because D ↪→ T 2 is a cofibration. Its base is homotopy
equivalent to S2

R by evaluation at a point of D, and in particular is simply connected.
For C = 0, the constant-map section of evaluation supplies a homotopy section after

identifying the base with S2
R. Its boundary on π2 is zero, so the inclusion E0 ↪→ Map0(T 2, S2

R)
induces an isomorphism on π1. For arbitrary C, replacement on D followed by inclusion
therefore gives a surjective homomorphism

qC : H0 −→ HC , ker(qC) = 〈ζ2C〉. (82)
Here is the boundary calculation identifying the kernel. Represent a generator of the base
π2 by a sphere of evaluation values. Extending the family of degree-C maps over it requires
extending the corresponding map on a wedge of two spheres over their product. Its ob-
struction is the Whitehead product [Cι, ι] = 2Ch, up to the boundary orientation. A local
Hopf insertion outside D represents the generator ζ in π1(E0) = H0. Thus the image of
the boundary is exactly 2CZ in this subgroup. This is also the evaluation-boundary com-
putation of (77); the sign has no effect on its image. The long exact sequence proves (82).
Temporarily denote the images of the degree-zero generators under qC by Ua, Ub, ζ. These
auxiliary symbols refer to the disk-supported base map FC , not yet to the chosen lifts Wa, Wb

at γC . We will show that they may be transported so that Ua = WaζC and Ub = Wb.
Every orientation-preserving torus mapping class has a representative fixing D pointwise:

first move the image of a small disk back by an ambient isotopy, then straighten the diffeo-
morphism on that disk. For such a representative, precomposition commutes exactly with
replacement on D and fixes FC . Its action on HC is therefore the quotient of its degree-zero
action. In particular it fixes ζ and preserves 〈ζ2C〉. Two disk-fixing representatives of the
same torus mapping class act identically on H0, since the isotopy on the closed torus fixes
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the constant map. Surjectivity of qC then shows that they act identically on HC as well.
Thus these automorphisms factor through the closed torus mapping class group, and satisfy
its group law. An isotopy to the linear representative fA supplies the requisite basepoint
path, so their outer classes are precisely the geometric ones described at the start.

In alternating-cocycle coordinates formed with these auxiliary generators, the disk-fixed
action is (v, h) 7→ (AT v, h). Equivalently,

ΦA(Ua) = Up
a U q

b ζ−pq, ΦA(Ub) = U r
aU s

b ζ−rs, ΦA(ζ) = ζ.

The two remaining steps identify this action in the original geometric generators.
Transport back to the given generators. Transport the disk-normalized generators to the

base map γC of (52). Relative to the geometric generators fixed in the statement, there are
exponents κa, κb ∈ ZC such that

Ua = Waζκa , Ub = Wbζ
κb .

These are the only possible differences: the winding columns agree, and their kernel is the
Hopf subgroup. In this presentation the transported modular lift reads

ΦA(Wa) = W p
a W q

b ζ−pq+(p−1)κa+qκb ,

ΦA(Wb) = W r
a W s

b ζ−rs+rκa+(s−1)κb .
(83)

For C = 0, take F0 = γ0 to be the constant map and use the degree-zero action already
computed above. Suppose now that C 6= 0. We claim that a change of the transport can
make κb = 0 and κa = C in ZC . The direct shear calculation in Lem. 4.34 below uses only
the geometric generators and does not depend on the modular formula being proved here.

First put T = A1 = ( 1 1
0 1 ) and compare its automorphism with the geometric shear in

Lem. 4.34. Both represent the same canonical outer automorphism. By (83), their ratio
fixes Wb and ζ and sends Wa to Waζκb . An inner automorphism can make only even central
changes to these generators, since [Wa, Wb] = ζ2. It follows that κb is even in Z/(2C).
Changing the transport by conjugation with a power of Wa adds an arbitrary even exponent
to κb and leaves κa unchanged. We may therefore arrange κb = 0.

To determine the parity of κa, use the loops obtained by translating the domain torus.
Denote their classes at γC by Oa, Ob, for positive unit translations in x, y, respectively. These
elements are central: for any loop of maps, applying a loop of translations throughout that
loop gives a square showing that the two classes commute. Their basepoint transport is
natural, by the same square with a path of maps in place of the loop. Since γC(y + u) =
β(Cy + Cu),

Ob = W C
a .

Precomposition by fA transforms a translation vector by A−1. In particular the shear T
sends the y-translation loop to the product O−1

a Ob. Applying the formula in (86) gives
O−1

a = Θ1,C(W C
a ) W −C

a

=
(
(Wbζ)Wa

)C
W −C

a = W C
b ζC2

.

The last identity follows either from the Heisenberg commutator or from its alternating-
cocycle coordinates and is valid for negative C as well. Hence Oa = W −C

b ζ−C2 .
For S = ( 0 −1

1 0 ) we have S−1(0, 1)T = (1, 0)T , so every lift of the S outer action sends Ob

to Oa: inner ambiguities act trivially on these central elements. With κb = 0, (83) gives
ΦS(W C

a ) = W −C
b ζ−Cκa = Oa = W −C

b ζ−C2
.
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Thus Cκa = C2 modulo 2C, which is equivalent to κa ≡ C (mod 2). Conjugation by a
power of Wb changes κa by an arbitrary even exponent while preserving κb = 0. We may
therefore arrange

Ua = WaζC , Ub = Wb. (84)
This is the relation between the auxiliary disk-normalized generators and the original genera-
tors, for every C; for C = 0 they already agreed in the degree-zero calculation. Substitution
in (83) gives exactly (80); denote this transported action by ΨA. The right-action law follows
from the disk-normalized action by this single change of basepoint transport. For A = An,
the C-dependent terms vanish, giving exactly the geometric shear formulas.

Remark 4.33 (Basepoint choices and the asymmetric generator normalization). The proposi-
tion states the action on the original generators throughout. Its disk construction is needed
to identify the geometric action in nonzero degree; merely reducing a degree-zero formula
modulo 2C would only construct an abstract algebraic action. Postcomposition by a target
reflection exchanges components C and −C, so the degree-zero reflection argument alone is
not a proof in a fixed nonzero component.

In the coordinates (81), the proposition is equivalently

HC HC

(v, h) 7−→
(
AT v, h + C((p− 1)m + rn)

)
.

ΨA

(85)

The second coordinate records the original W generators, so the degree-dependent term is
retained. Changing a basepoint path changes the automorphism by an inner automorphism.
Conjugation by (u, k) in these coordinates is

(v, h) 7−→ (v, h + 2ω(u, v)).
For C 6= 0, the subgroup 〈ζ〉 has order 2|C|; it is the central Hopf subgroup, not necessarily
the whole center of HC .

The asymmetry of the auxiliary normalization in (84) is a consequence of our choices, not
an asymmetry of the abstract group HC . Indeed, replacing Wa, Wb by Waζka , Wbζ

kb , for
any central exponents ka, kb, preserves their winding columns and all the relations in the
presentation. Taking (ka, kb) = (C, 0) makes the disk-normalized pair the basic generators
and removes the degree-dependent terms from the modular formulas in those generators.
Here we instead retain the geometric generators coming from the bounded-loop space, where
the a and b directions already play different roles. The proof chooses the basepoint transport
so that the b generator agrees with its disk-normalized counterpart. Comparison of the
geometric modular actions then determines the parity of the correction to the a generator;
the remaining transport freedom sets this correction to ζC .

There is an important distinction between changing these generators and changing only
the basepoint transport. Conjugation by W m

a W n
b sends

Wa 7−→ Waζ−2n, Wb 7−→ Wbζ
2m.

Thus basepoint transport alone changes central exponents only by even elements of ZC .
For odd C, the factor ζC cannot be removed by such a change while keeping the given
geometric generators; for even C it can. In this precise sense the asymmetric normalization
is a convention available for the unrestricted group, but its central correction must still be
recorded when comparing with the specified generators from the bounded-loop calculation.
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Lemma 4.34 (The unrestricted shear with explicit basepoint transport). Write X = LS2
R

and use γC(y) = β(Cy) as a basepoint of (LX)C, now regarding β as a loop in X. Let rt

rotate its inner loops and let Snγ(y) = rnyγ(y). The path
hn,C(u)(y) = runyγC(y), 0 ≤ u, y ≤ 1,

specifies a based automorphism of HC induced by this shear. In the generators of Prop. 4.23
it is Θn,C(Wa) = (Wbζ)nWa,

Θn,C(Wb) = Wb,

Θn,C(ζ) = ζ.

(86)

Proof. The path is well defined because γC(0) = γC(1) is a constant inner loop, fixed by
every rt. The formula runyγ(y) is a homotopy on the entire based-loop component ΩCX from
the identity to the shear, with this basepoint track. It therefore fixes the image of π1(ΩCX),
which is generated by Wb and ζ.

To compare the lift BC(s)(y) = β(s + Cy) of w with its sheared version, cut the outer
circle at zero and use the cube K(s, u, y) = runyβ(s + Cy). Its u-faces are the original and
sheared lifts, and its s-faces give the basepoint transport. At y = 0 it is β(s), while at y = 1
it is runβ(s). Thus the boundary comparison inserts the rotation-trace sphere of β before
BC . This uses the right-translation convention of (59). More explicitly, join the u-ends of the
latter face, then collapse its constant boundary circles at s = 0, 1. This is a sphere oriented
by (s, u); the former face is its unrotated, one-dimensional part. The insertion is read in
π2(X)/((τ ′)C − 1), so using the other outer endpoint for the whisker makes no difference.

During the latitude part of β, rotation sweeps the first-factor sphere with the axis fixed
in (43); the constant-loop return contributes only a path. This is the image of b0 = α + z0
from (48), hence its class in π2(X) is α′ + η by (67). For n rotations the class is n(α′ + η).
Its image in the evaluation kernel is (Wbζ)n, proving the formula. This argument uses actual
families of round circles inside the unrestricted loop space; it assumes no smallness condition
on the rest of that space.

Example 4.35 (The standard modular generators). For the matrices

S =
(

0 −1
1 0

)
, T =

(
1 1
0 1

)
,

the action of Prop. 4.32 is
ΨS(Wa) = W −1

b ζ−C , ΨS(Wb) = WaζC ,

ΨT (Wa) = WaWbζ
−1, ΨT (Wb) = Wb.

(87)

Both automorphisms fix ζ. These formulas follow by direct substitution in (80). The factor
ζC is trivial when C = 0 and has order two when C 6= 0.

Remark 4.36 (What changes with the degree). The degree-dependent central factors in (80)
are detected by the natural transformation of the domain-translation loops. For odd C it can
change even the outer automorphism: omitting it from the S formula changes the images by
odd central powers, which cannot be achieved by conjugation. For even C, those corrections
can be absorbed into inner automorphisms, although the displayed lifts still differ. Thus
one cannot in general obtain the full geometric formulas in those fixed generators just by
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adding ζ2C = 1 to the degree-zero formulas. For example, when |C| = 1 the group is
HC
∼= Z2 ⊕ Z/2 and is abelian. There is then no inner-automorphism ambiguity at all; the

ζ factors in the displayed S action are already visible in the canonical action on this group.
The shear subgroup is particularly convenient: the degree-dependent corrections vanish on
it, and its explicit basepoint paths work in every component.

The shear subgroup preserving the small direction. Return to Y = L1S
2
R with x = a

the bounded inner parameter and y = b the unrestricted outer parameter. Here Wa, Wb are
the generators of GC ; when the unrestricted group HC appears in the comparison, the same
names denote their images under inclusion. Write

Y Y

δ 7−→
(
x 7−→ δ(x + u)

)ru

(u ∈ R/Z)

for inner loop rotation. It preserves Dirichlet energy and fixes every constant loop.

Proposition 4.37 (The subgroup preserving the small direction). For every integer n, the
shear

fn(x, y) = (x + ny, y), An =
(

1 n
0 1

)
,

LL1S
2
R LL1S

2
R

γ 7−→
(
y 7−→ rny(γ(y))

)Sn (88)

is a homeomorphism, with inverse S−n. It preserves each degree component and each inner
energy sublevel. Among the standard linear torus automorphisms, those preserving the small-
loop subspace are exactly {(

ε n
0 ε

)
: ε ∈ {1,−1}, n ∈ Z

}
. (89)

Requiring the oriented small cycle a to be fixed selects the shear subgroup {An}n∈Z ∼= Z.
If only its unoriented direction is specified, simultaneous reversal of both coordinates is an
additional symmetry.

Proof. For each fixed y, the transformed inner loop is merely rotated, so

Ex(F ◦ fn)(y) = 1
2

∫ 1

0
|∂xF (x + ny, y)|2 dx = Ex(F )(y).

Rotations depend continuously on the rotation parameter and the H1 loop; this gives conti-
nuity in the topology C0(S1

y , H1(S1
x, S2

R)) used here. The inverse is the negative shear, and
degree is preserved because the determinant is one. The same argument allows reversal of
the inner parameter.

Conversely, let A have lower-left entry r 6= 0. Choose a great circle c on the sphere and
set FN(x, y) = c(Ny) for positive integers N . Every inner loop of FN is constant, whereas
FN ◦ fA(x, y) = c(N(rx + sy)) has inner energy 2π2R2N2r2. For N large this exceeds the
first critical energy. Thus fA does not preserve the subspace. If r = 0, determinant one
forces p = s = ε = ±1, which gives exactly (89). This is a statement about preservation
by the geometric precomposition maps; it does not rule out other abstract automorphisms
of their fundamental groups.
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Lemma 4.38 (The rotation trace of the latitude generator). Let β be the latitude-and-return
generator in (40), based at the constant loop y0 = cx0. Its rotation trace

(s, u) 7−→ ru(β(s)) ((s, u) ∈ [0, 1]× S1)
descends to a sphere after collapsing each boundary circle separately, since ru(y0) = y0.
Orient the sphere by the coordinate order (s, u) and base it at the s = 0 pole. Its class is

d(β) = b0 = α + z0 ∈ π2(Y ) = M. (90)
Using rnu in place of ru multiplies this class by n, for every n ∈ Z.

Proof. The round-circle inclusion QR → Y in Lem. 4.20 is equivariant for rotation. In its
coordinates the rotation is

QR QR

[x, n] 7−→ [γx,n(u), n].

ru

This action lifts to each sheet Ei = S2
R×S2 of the universal cover and fixes its diagonal and

antidiagonal sections pointwise. Lift β starting on D+,0 as in Prop. 4.21. During the latitude
sweep its second coordinate is the fixed axis n = x0/R. Rotating its first coordinate sweeps
the first-factor sphere of E0 once with positive orientation: its parametrization is precisely
(39), with u in place of t. The return path consists of constant loops and contributes
only a one-dimensional image. Thus the lifted trace has homology class b0. The Hurewicz
identification used in Prop. 4.21, together with α = b0 − z0, proves (90). Finally the map
on the trace sphere induced by u 7→ nu has degree n, proving the last assertion.

Proposition 4.39 (Shear action on the bounded-stage generators). For every C, n ∈ Z,
the shear Sn induces an automorphism Θn,C of GC = π1((LL1S

2
R)C , γC) as follows. Use the

basepoint path
hn,C(u)(y) = runy

(
γC(y)

)
, 0 ≤ u, y ≤ 1, (91)

from γC to SnγC. For a loop ` based at γC, set Θn,C [`] = [hn,C ∗ (Sn`) ∗ h−1
n,C ]. With exactly

the generators of Thm. 4.22, the result is
Θn,C(Wa) = (Wbζ0)nWa = Wa(Wbζ

−1
−1 )n,

Θn,C(Wb) = Wb,

Θn,C(ζi) = ζi.

(92)

For C 6= 0 the indices are read modulo |C|; for C = 0 they range over all integers. These
automorphisms satisfy Θn,CΘm,C = Θn+m,C.

Proof. The basepoint path and the kernel. Formula (91) defines an outer based loop for
every u: at y = 0, 1 the inner loop is y0, which all rotations fix. Every inner energy remains
unchanged. Thus this is an actual path in ΩCY , not merely a path in the unrestricted
mapping space. More generally

Hu,n(γ)(y) = runy(γ(y)) (γ ∈ ΩCY )
is a homotopy from the identity to the restriction of Sn to ΩCY , with basepoint track hn,C . It
follows that the induced automorphism, with this basepoint transport, is the identity on the
image of π1(ΩCY ) in GC . By (58), that image is the abelian subgroup AC = M/(τC−1)M ,
generated multiplicatively by Wb and the ζi. This proves the last two formulas.

The correction to the lift of w. Evaluation at y = 0 commutes with the shear and is
unchanged along hn,C . Thus Θn,C(Wa) still projects to w and differs from Wa by an element
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of AC . To identify that element, use the representative
BC(s)(y) = β(s + Cy)

of (60). Cut the outer circle at y = 0 and consider the cube
K(s, u, y) = runy

(
β(s + Cy)

)
, (s, u, y) ∈ [0, 1]3. (93)

Its u = 0 and u = 1 faces are BC and SnBC . The s = 0 and s = 1 faces are both the
basepoint path hn,C , accounting for the two transports in the definition of Θn,C . The y = 0
face is the unrotated path β(s), whereas the y = 1 face is run(β(s)), because C is an integer.
Consequently the only discrepancy in gluing the two outer ends is the rotation trace of β.

For precision, first join the two equal ends of the u-interval on this last face. At s = 0, 1
they are constant loops, so collapsing the two resulting boundary circles gives exactly the
trace sphere in Lem. 4.38. With right translation by γC in (59), this sphere is inserted before
the lift BC . The boundary comparison therefore gives

Θn,C(Wa) W −1
a = ιC

(
n d(β)

)
. (94)

The orientation is (s, u), as in the trace lemma. Whiskering from the other outer endpoint
instead changes the representative in M by τC ; its image in AC is the same. Thus the
calculation also applies to negative and zero C. Substituting d(β) = α + z0 gives the left-
hand expression in (92).

Order of factors and the group law. The action in (45) gives τ−1(α+z0) = α−z−1. Moving
the abelian factor to the right of Wa therefore gives the second expression for Θn,C(Wa). In
particular ζ0 must not be treated as central in making this move. An algebraic check is
immediate from GC = AC ⋊τ Z: fixing AC and sending Wa to ιC(nb0)Wa preserves its
conjugation action on AC , and has the inverse with n replaced by −n. It preserves every
periodicity and product relation of Thm. 4.22. Since all these automorphisms fix ιC(b0),
they satisfy the asserted additive group law. Geometrically, hn,C ∗ (Snhm,C) and hn+m,C are
homotopic relative endpoints by straightening the two successive rotation parameters.

Remark 4.40 (Why fixing the small circle does not fix Wa). The small circle is a cycle in
the domain, whereas Wa is a loop in a space of maps. For fn(x, y) = (x + ny, y), the circle
y = 0 is fixed pointwise, and on domain homology

(fn)∗(a) = a, (fn)∗(b) = b + na.

On the dual cohomology classes, however, pullback gives
f ∗

n(a∗) = a∗ + nb∗, f ∗
n(b∗) = b∗.

The winding labels of Wa, Wb are these cohomological labels, as made explicit in (79). Hence
they transform by the transpose matrix: (m, n′)T 7→ (m, n′ + nm)T . There is no contradic-
tion between fixing the domain cycle a and changing the mapping-space generator Wa.

Equivalently, ev0◦Sn = ev0. The shear therefore fixes the projected generator w ∈ π1(Y ),
while Wa is a chosen lift of w through the extension (58). The lift changes by an element
of the evaluation kernel: Θn,C(Wa)W −1

a = (Wbζ0)n. This is precisely where the nontrivial
action is located.

In degree zero this can be seen before passing to homotopy groups. A representative of Wa

is Fs(x, y) = β(s)(x), independent of y. Its pullback is β(s)(x + ny), which now also varies
with y. A representative of Wb is independent of x, so its pullback is unchanged. For other
components the same distinction is expressed by the winding formula and the basepoint
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transport in (91). The additional factor ζ0 is the information beyond these winding labels:
it comes from the first-factor sphere b0 = α + z0 swept out by rotating the latitude family,
not from an interchange of the two domain circles.

Proposition 4.41 (Compatibility of shear actions under inclusion). Let JC : GC → HC

be the inclusion homomorphism of Prop. 4.23. For every C, n ∈ Z there is a commutative
diagram

GC GC

HC HC ,

Θn,C

JC JC

Θn,C

(95)

where the bottom automorphism is the unrestricted geometric shear, using the image of the
same basepoint path. On the generators of HC it is

Θn,C(Wa) = (Wbζ)nWa = WaW n
b ζ−n,

Θn,C(Wb) = Wb,

Θn,C(ζ) = ζ.

(96)

Its canonical outer class is the restriction to An of the full modular action in Prop. 4.32.

Proof. Inclusion of the small loop space commutes with inner loop rotation, hence with Sn

and with the path hn,C . This gives the commutative square on based fundamental groups.
By Prop. 4.23,

JC(Wa) = Wa, JC(Wb) = Wb, JC(ζi) = ζ.

Applying JC to (92) gives the left-hand expression for the image of Wa and the two fixed-
generator formulas. Since [Wa, Wb] = ζ2 and ζ is central,

W n
b ζnWa = WaW n

b ζ−n,

which proves the other expression, also when n < 0.
In Weyl coordinates formed from the generators of HC as in (81), this particular based

lift is
((m, n′)T , h) 7−→ ((m, n′ + nm)T , h).

It is exactly the standard Heisenberg shear formula for AT
n . The specific basepoint paths

above establish it on the existing generators of HC in every component; no unspecified
basepoint identification is being used. The degree-dependent terms in the full modular
lift of Prop. 4.32 vanish on An, so its restriction is exactly Θn,C . The square is therefore
equivariant for this genuine lift of the unrestricted modular action restricted to the shear
subgroup, as well as for its canonical outer action.

Proposition 4.42 (Fundamental group of the shear homotopy quotient). For C ∈ Z, put
MC = (LL1S

2
R)C , GC = π1(MC , γC),

with the basepoint of (52). Let Sh = 〈T 〉 ∼= Z be the discrete oriented shear subgroup, acting
on MC by T n · γ = Snγ as in Prop. 4.37. Its homotopy quotient is the Borel construction

MC//Sh := ESh×Sh MC .

Here ESh is a contractible space with a free Sh action and BSh = ESh/Sh. Choose a point
of ESh and use its image together with γC as the basepoint of the homotopy quotient. The
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paths hn,C of (91) determine an isomorphism
π1(MC//Sh) ∼= GC ⋊Θ Z, (g, n)(g′, n′) =

(
g Θn,C(g′), n + n′

)
. (97)

In particular, its presentation is obtained from that of GC in Thm. 4.22 by adjoining one
generator t and the relations

tWat−1 = (Wbζ0)Wa = WaWbζ
−1
−1 ,

tWbt
−1 = Wb,

tζit
−1 = ζi.

(98)

For C 6= 0, the indices are read modulo |C|; for C = 0, they range over Z. The element t
projects to the chosen positive generator of π1(BSh) ∼= Z and has infinite order. No further
relation is imposed on it. The identification is relative to the stated basepoint transport; a
shear-fixed basepoint is not required.

Proof. The extension. The shears preserve degree by Prop. 4.37, so they act on each con-
nected component MC . The homotopy-quotient fibration is

MC −→ MC//Sh −→ BSh ' S1.

Since π2(S1) = 0 and MC is path connected, its homotopy exact sequence gives a short
exact sequence

1 −→ GC
i∗−−→ π1(MC//Sh) p∗−−→ Z −→ 1. (99)

Any such extension splits after choosing an element t with p∗(t) = 1: the homomorphism
n 7→ tn is a section, since p∗(tn) = n. This observation does not require a fixed point of
the action on MC . It remains to choose the lift and identify its conjugation action, rather
than merely the abstract extension.

The lift and its conjugation action. Use the following path convention for the homotopy
quotient. A based loop is represented by a pair (h, n), where h is a path in MC from γC to
SnγC , considered up to homotopy relative endpoints. Its projection has winding number n,
and multiplication is

[(h, n)] [(h′, n′)] = [(h ∗ (Snh′), n + n′)].
This is the path description of the action groupoid: the end of h is identified with the starting
point by the indicated shear. Equivalently, lift a representative loop to the pullback over the
universal cover R → BSh ' S1; its integer endpoint displacement records n, and its fiber
path records h. The convention fixes the sign of the generator of π1(BSh).

Take t = [(h1,C , 1)]. The path h1,C lies entirely in MC , by Prop. 4.39. For a loop ` based
at γC , the pair formula gives

t i∗[`] t−1 = i∗
[
h1,C ∗ (S1`) ∗ h1,C

]
= i∗

(
Θ1,C [`]

)
.

Here the bar denotes reversal of the path. This is exactly the transport convention in
Prop. 4.39. The same proposition proves that the paths hn,C ∗ (Snhm,C) and hn+m,C are
homotopic relative endpoints. Thus tn is represented by (hn,C , n), and conjugation by tn is
Θn,C for every integer n.

The semidirect product and the presentation. Every element of the middle group in (99)
has a unique expression i∗(g)tn: its projection determines n, and injectivity of i∗ determines
g. The conjugation calculation therefore shows that

GC ⋊Θ Z π1(MC//Sh)
(g, n) 7−→ i∗(g)tn
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is an isomorphism with the multiplication in (97). Substituting the generator formulas of
(92) yields (98). The normal form also shows that these are all the additional relations.

Finally, a different lift of 1 has the form t′ = i∗(k)t for k ∈ GC . Its conjugation action
on GC is Adk ◦Θ1,C . Hence the extension is intrinsic, while the displayed splitting and its
action by automorphisms depend on the specified transport. The resulting outer action is
independent of that choice.

Continuous torus symmetries and their homotopy quotients. The discrete shear quo-
tient just computed does not identify loops obtained by continuously translating the domain
torus. We now include those symmetries. This changes the fundamental groups, and the
unrestricted modular quotient has a further degree-dependent relation. Throughout this
discussion,

XC = (LLS2
R)C , MC = (LL1S

2
R)C , HC = π1(XC), GC = π1(MC),

with the basepoints and generators already specified in Thm. 4.22 and Prop. 4.23. All diffeo-
morphism groups carry their smooth topology. For a left action of a domain diffeomorphism
group we use g · F = F ◦ g−1. Consequently a lift implementing precomposition by fA

projects to A−1 in the ordinary mapping class group. This convention keeps the previously
computed conjugation formulas unchanged.

Lemma 4.43 (The orbit-loop term in a homotopy quotient). Let a topological group D

act on a path-connected space X, and choose x ∈ X. Under the usual homotopy quotient
construction there is an exact sequence

π1(D) ∂−→ π1(X, x) −→ π1(X//D) −→ π0(D) −→ 1. (100)
The image of ∂ is the subgroup of orbit loops s 7→ gs·x, for loops gs in D based at the identity.
This subgroup is central in π1(X, x). In particular the kernel over π0(D) is π1(X, x)/ im(∂).
If x is fixed by all of D, then ∂ = 0 and the extension splits.

Proof. Apply the homotopy exact sequence to X → X//D → BD, using π2(BD) = π1(D)
and π1(BD) = π0(D). Lifting a sphere in BD over its two hemispheres identifies the
boundary with the orbit of its clutching loop, up to the boundary orientation. This gives
the stated image independently of that sign. For a based loop `(t) in X, the square (s, t) 7→
gs · `(t) has boundary the commutator of its orbit loop with `. This proves centrality. A
fixed point supplies a section BD → X//D and makes every orbit loop constant. Compare
[Noo08, §§ 9–10].

Definition 4.44 (Symmetries preserving the oriented small direction). Let Dsm be the
subgroup of Diff+(T 2) consisting of the maps

T 2 T 2

(x, y) 7−→ (x + u(y), v(y)),

fu,v u ∈ C∞(S1, S1),
v ∈ Diff+(S1).

(101)

Here both coordinates have period one. The group preserves the oriented small-circle folia-
tion and acts on each of its fibers by an isometry of the parameter circle. We use this specific
group; no assertion about a maximal symmetry group is needed.
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Lemma 4.45 (Topology and action of the bound-preserving group). The group Dsm pre-
serves each uniform inner energy sublevel, and hence acts on MC. Its affine subgroup{

(x, y) 7−→ (x + ny + a, y + b) : (a, b) ∈ T 2, n ∈ Z
} ∼= T 2 ⋊ Z (102)

includes by a homotopy equivalence of underlying spaces. In particular,
π1(Dsm) ∼= Z2, π0(Dsm) ∼= Z.

The two generators of π1 are unit translations in x and y. The component group is the ori-
ented shear group. Choosing its positive generator to implement S1 on maps means choosing
the component of f−1(x, y) = (x−y, y) under our left-action convention. The affine subgroup
induces an equivalence on the corresponding homotopy quotients.

Proof. For direct precomposition the inner energy satisfies
Ex(F ◦ fu,v)(y) = Ex(F )(v(y));

rotation changes only the starting point of the inner loop. The same applies to the inverse
diffeomorphism, proving preservation of a uniform bound. As a space, Dsm is the product of
C∞(S1, S1) with Diff+(S1). In the degree-n component of the first factor write u(y) = ny +
a + q(y), where q is real, periodic, and q(0) = 0. Scaling q to zero retracts that component
onto its affine circle. For the second factor choose a lift v(y) = b + y + r(y), with r(0) = 0
and r periodic. The straight-line interpolation to b + y has derivative (1− t)v′(y) + t > 0,
so remains a diffeomorphism. These give the asserted homotopy equivalence; they need not
be group homomorphisms. The inclusion is itself a homomorphism and induces equivalences
on classifying spaces. Comparing the associated fibrations with common fiber MC gives the
assertion about homotopy quotients.

Remark 4.46 (Why the full torus group does not act on the bounded space). The notation
MC// Diff+(T 2) does not define the intended precomposition quotient: the full group does
not preserve the specified bound. Already a linear change mixing the unrestricted direction
into the small one fails, by Prop. 4.37. Even a nonuniform reparametrization of the small
circle need not preserve its Dirichlet energy. The quotient MC//Dsm retains the chosen
oriented small direction and its parameter metric. It includes continuous translations as well
as the discrete shears. The unrestricted space XC does carry the action of the full torus
diffeomorphism group.

Proposition 4.47 (Translation orbit classes). Write Ox, Oy for the loops of maps obtained
by positive unit translations of the domain in x, y, using direct precomposition. For C 6= 0,
put N = |C| and

RN = W N
b

N−1∏
i=0

ζ 2N−2i−1
i in GC . (103)

Then
Oy Ox

GC W C
a R

− sgn(C)
N

HC W C
a W −C

b ζ−C2
.

(104)

Both classes are central. For C = 0 both are trivial. The image of RN under inclusion is
W N

b ζN2.

Proof. The base loop is γC(y) = β(Cy), so translation in y gives β(Cy + Cs) = BC(Cs)
and hence Oy = W C

a , by (60). Centrality follows from the square argument in Lem. 4.43.
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That argument also shows that orbit classes are natural under basepoint transport, so there
is no conjugation ambiguity below.

For f1(x, y) = (x+y, y), precomposition transforms domain translation vectors by ( 1 −1
0 1 ).

Consequently
Θ1,C(Oy) = O−1

x Oy. (105)
Set D = Wbζ0 for this calculation. The action of Wa on the abelian kernel is τ , with

τ j(D) = Wb

j−1∏
k=0

ζ2
k

 ζj (j ≥ 0).

Using (92) therefore gives

Θ1,C(W N
a )W −N

a = (DWa)NW −N
a =

N−1∏
j=0

τ j(D) = RN . (106)

Each ζi occurs once in its own factor and twice in each of the N−1−i later factors, explaining
the exponent 2N − 2i − 1. Both W N

a and RN are central: τN = 1 on the coinvariant
kernel, and τ(RN)R−1

N = (∏i ζi)2 = 1. For C = −N , the corresponding expression is R−1
N .

Equation (105) proves the first row of (104).
Under inclusion every ζi maps to ζ, and ∑N−1

i=0 (2N − 2i− 1) = N2. This gives the second
row for positive C. For negative C use ζ2N = 1, which identifies ζN2 with ζ−N2 , to obtain
the same displayed formula. For C = 0, the base map is constant and all translations fix it,
proving the final assertion.

Proposition 4.48 (The bounded quotient including continuous translations). For C 6= 0
put N = |C| and let RN be (103). There is an isomorphism

Γsm
C := π1(MC//Dsm) ∼=

(
GC/〈W N

a , RN〉
)
⋊Θ Z. (107)

Explicitly, take the generators Wa, Wb, ζi of GC and one additional generator t. A complete
list of relations is

[Wa, Wb] = ζ2
0 , WaζiW

−1
a = ζi+1,

[Wb, ζi] = [ζi, ζj] = 1,

(
N−1∏
i=0

ζi

)2

= 1,

tWat−1 = (Wbζ0)Wa, tWbt
−1 = Wb,

tζit
−1 = ζi,

W N
a = 1, W N

b

N−1∏
i=0

ζ 2N−2i−1
i = 1.

(108)

Here i, j are read modulo N , and t has infinite order. Thus the last line is exactly what must
be added to the discrete-shear presentation of Prop. 4.42. This holds for both parities of C.
For C = 0 use i, j ∈ Z, omit the product relation and the last line, and obtain G0 ⋊ Z.

Proof. By Lem. 4.45, the orbit-loop term is generated by the two translations. By Prop. 4.47,
its image is the central subgroup 〈W N

a , RN〉. The exact sequence (100) becomes
1 −→ GC/〈W N

a , RN〉 −→ Γsm
C −→ Z −→ 1.

The lift t from the discrete-shear quotient maps to a lift of the generator here, so it splits
this extension. Its conjugation on the kernel is the descended shear. The descent is explicit:

Θ1,C(W N
a ) = RNW N

a , Θ1,C(RN) = RN . (109)
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The first identity is (106); the second holds because the shear fixes Wb and all ζi. The
inverse shear also preserves the indicated subgroup. The semidirect-product normal form,
as in Prop. 4.42, now proves that the displayed presentation has no missing relations. For
C = 0 the orbit-loop term is zero, and the same argument applies without the last two
relations. There can be no extra relation from the component group: it is infinite cyclic, and
every extension by it splits after choosing a lift of its generator.

Example 4.49 (The two translation relations at |C| = 2). In the bounded case, the addi-
tional relations are

W 2
a = 1, W 2

b ζ3
0 ζ1 = 1. (110)

The Hopf factor in the second relation is not generally trivial. Only after mapping both
ζ0, ζ1 to the unrestricted generator ζ does it become ζ4 = 1, leaving W 2

b = 1.

Proposition 4.50 (The full diffeomorphism quotient in arbitrary degree). Put
ΓC = π1

(
XC// Diff+(T 2)

)
.

There are choices of lifts s, t of the modular operations for which a complete presentation
has generators Wa, Wb, ζ, s, t and the following relations:

[Wa, Wb] = ζ2, [Wa, ζ] = [Wb, ζ] = 1, ζ2C = 1; (111)

W C
a = 1, W C

b ζC2 = 1; (112)

sWas−1 = W −1
b ζ−C , sWbs

−1 = WaζC , sζs−1 = ζ,

tWat−1 = WaWbζ
−1, tWbt

−1 = Wb, tζt−1 = ζ;
(113)

s2 = (st)3, s4 = ζC2
. (114)

The images of s, t in the ordinary mapping class group are S−1, T −1, with S, T from Ex. 4.35;
hence their conjugations give the same precomposition formulas as that example. The lift t
may be chosen to be the image of the explicit shear lift in Prop. 4.42. All zero powers impose
no condition when C = 0.

Writing
KC = HC/〈W C

a , W C
b ζC2〉, (115)

there is an exact sequence
1 −→ KC −→ ΓC −→ SL(2,Z) −→ 1. (116)

For even C, including zero, this sequence splits with the displayed lifts. For odd C it does
not split. For C 6= 0, the finite kernel KC has order 2|C|3.

Proof. First fix a disk. Choose an embedded closed disk D ⊂ T 2 and a degree-C map FC

constant outside its interior, as in the proof of Prop. 4.32. Let DD consist of the orientation-
preserving diffeomorphisms fixing D pointwise. It fixes FC . By Lem. 4.43,

π1(XC//DD) ∼= HC ⋊ π0(DD).
The latter component group is the mapping class group of the one-holed torus. It has the
presentation

π0(DD) ∼= B3 = 〈s, t | s2 = (st)3〉. (117)
With s, t projecting to S−1, T −1, the element s4 is the boundary Dehn twist, up to inversion.
For example, for the usual two intersecting Dehn twists A, B with ABA = BAB, take
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s = ABA and t = A−1. Then st = AB, s2 = (AB)3, and s4 = (AB)6 is the boundary
twist. This is the one-holed torus presentation and its capping relation; see [MV21, § 7].

The disk-fixed action on HC is the one constructed in Prop. 4.32. After the basepoint
transport specified there its conjugations are exactly (113). In particular this is an actual
action of B3 fixing FC , before we impose any relation on the boundary twist in the total
homotopy quotient.

Compatibility with the explicit shear lift. This normalization can retain the previously
chosen t. Represent its disk-fixed diffeomorphism by (x, y) 7→ (x − v(y), y), where a lift of
v rises from 0 to 1 and is constant near the endpoints. Choose D in a horizontal strip where
that lift is zero. On the based outer-loop space the homotopy γ(y) 7→ ruv(y)γ(y) is well
defined; its endpoint rotations at y = 0, 1 act on constant loops. It fixes FC throughout.
Interpolating v(y) with y connects the cut-off twist to the linear shear and gives precisely
the basepoint path (91). A path from γC to FC in that based-loop component transports
the disk-fixed lift to this t.

For completeness, in the proof of Prop. 4.32 let the two transported disk generators initially
differ from Wa, Wb by central exponents κa, κb. Equality with the explicit shear conjugation
forces κb = 0 in Z/(2C), by (83). The translation calculation there forces κa ≡ C (mod 2).
Conjugating the transport by a power of Wb arranges κa = C and leaves t unchanged, since
t commutes with Wb. This gives the stated modular formulas and the required compatibility
simultaneously. In degree zero use the constant map throughout.

Forget the disk and its framing. Isotopy extension identifies Diff+(T 2)/DD with the space
of orientation-preserving parametrized embedded disks. This embedding space has the weak
homotopy type of the oriented frame bundle of T 2, hence of T 2 × S1. One may see this
parametrically: shrink each embedded disk toward its center, use a coordinate chart to
linearize it near the center, and retain its positive derivative. For a compact family the
shrinking can be chosen uniformly. Positive derivatives form GL+(2,R) ' S1; the flat torus
trivializes the frame bundle.

There is consequently a homotopy fiber sequence
Emb+(D, T 2) −→ XC//DD −→ XC// Diff+(T 2).

The fiber is connected and its fundamental group is Z3. Thus the desired group is obtained
from HC ⋊ B3 by imposing exactly the images of its two translation loops and one framing-
rotation loop. The translation loops lift to loops of global torus translations. Their images
are the orbit classes of Prop. 4.47, giving (112).

The framing-rotation relation. A positive turn of the disk framing lifts to an ambient
isotopy ending in a boundary twist. During the isotopy the disk-supported map undergoes
a 2π rotation of its domain. The resulting loop in the mapping space is ζC2 . Here is a
normalization check of this Hopf exponent. The inclusion of the rotation fibration SO(2) →
SO(3) → S2 into the evaluation fibration of Map1(S2, S2) sends the base by the identity.
Both connecting maps on π2(S2) are multiplication by two: for the former this is the Euler
number of TS2, and for the latter it is [ι, ι] = 2h, as in Lem. 4.26. It follows that a positive
loop of based rotations represents the Hopf generator in π1(Map∗(S2, S2)1). Postcomposition
with a degree-C map multiplies h by C2, since its Hopf invariant is multiplied by the square
of the degree. Collapsing the complement of D carries this local Hopf class to ζ in HC .
Hence the framing loop imposes s4 = ζC2 . Reversing the boundary-twist convention has no
effect: ζ2C = 1 implies ζ2C2 = 1. This establishes all the relations and their completeness.
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The kernel and its size. The restriction fibration DD → Diff+(T 2) → Emb+(D, T 2) also
identifies the image of π1(Diff+(T 2)) in the embedding space with the two translation factors.
Indeed the boundary map from its framing factor sends 1 to the infinite-order boundary twist
in B3; the two translations lift to closed loops. Loops in DD have trivial orbit at FC . Thus
the orbit-loop image in HC consists exactly of the two classes already computed. Applying
Lem. 4.43 proves (116) with kernel (115). For N = |C| > 0, each element of KC has a
unique normal form

W m
a W n

b ζq, 0 ≤ m, n < N, 0 ≤ q < 2N.

To check uniqueness, the two central relations change the winding pair by independent
multiples of N ; no nonzero product of them has zero winding pair in HC . They therefore
impose no additional relation on its Hopf subgroup. This proves |KC | = 2N3.

Splitting and parity. For even C, ζC2 = 1, so the displayed s, t satisfy the ordinary
presentation of SL(2,Z). They give a section and the induced action on KC is the descended
modular action (with the inverse convention stated above). For C = 1 the kernel is generated
by ζ of order two, and the presentation reduces to

〈ζ, s, t | ζ2 = 1, [ζ, s] = [ζ, t] = 1, s2 = (st)3, s4 = ζ〉. (118)
Every lift of S−1 is s or ζs and has fourth power ζ 6= 1, so a section is impossible. For
any odd C there is a homomorphism from the displayed presentation to the degree-one
presentation, covering the identity on the modular group, given by

Wa 7−→ 1, Wb 7−→ ζ, ζ 7−→ ζ, s 7−→ s, t 7−→ t.

Every relation is preserved because C and C2 are odd. A section in odd degree would
therefore induce a section in degree one, a contradiction.

Remark 4.51 (Automorphism actions versus quotient extensions). The automorphisms of
Prop. 4.32 satisfy the modular group law in every degree. This fact does not imply that
the fundamental group of a geometric homotopy quotient is a semidirect product. First,
the connected diffeomorphisms kill the two translation orbit classes. Second, lifts of the
modular operations can satisfy a relation only up to a central element, which is invisible to
conjugation. Here that element is s4 = ζC2 .

For even C, the unrestricted answer is exactly the previously considered modular semidi-
rect product subjected to (112):

ΓC
∼= KC ⋊ SL(2,Z).

For odd C one must instead replace s4 = 1 by s4 = ζC . Adding the new equality alongside
s4 = 1 would incorrectly kill ζC . At |C| = 2 the unrestricted additional relations are simply
W 2

a = W 2
b = 1.

In the bounded case the component group is only Z. Its lift has no finite-order or modular
relator, and its extension always splits. Therefore the two translation relations in the last
line of (108) are the only additions to the discrete-shear semidirect product, for odd as well
as even C.

58



4 Examples

Proposition 4.52 (Comparison of the continuous-symmetry quotients). The inclusion
MC ↪→ XC together with Dsm ↪→ Diff+(T 2) induces a homomorphism

Γsm
C ΓC

Wa 7−→ Wa

Wb 7−→ Wb

ζi 7−→ ζ

t 7−→ t.

Jcov
C

(119)

Its image is the inverse image of the shear subgroup under ΓC → SL(2,Z). For N = |C| >
0 its kernel is still the free abelian group of rank N − 1 generated by ζiζ

−1
0 , 1 ≤ i < N . In

degree zero its kernel is the direct sum with the same generators indexed by i ∈ Z− {0}.

Proof. The map is induced by an equivariant inclusion, and the shear lifts were chosen
compatibly. Relations (108) map to the unrestricted ones: in particular

JC(RN) = W N
b ζN2

,

which is precisely the second translation relation. For C < 0 the equivalent inverse relation
is used. The original homomorphism GC → HC is surjective by Prop. 4.23; hence the map
of translation quotients is also surjective. Together with the common lift t this proves the
claim about the image.

For N > 0, the central subgroup 〈W N
a , RN〉 ⊂ GC maps isomorphically onto

〈W N
a , W N

b ζN2〉 ⊂ HC . Both are free abelian on the two displayed generators: their
winding vectors are (N, 0) and (0, N). In particular this subgroup meets ker JC trivially.
If a class in the quotient of GC maps to the identity, its representative maps into the
target translation subgroup. Subtract the unique corresponding product of source trans-
lations; the remaining representative lies in ker JC . Thus passage to translation quotients
preserves the original kernel, which is the free abelian group computed in Prop. 4.23. The
component-group map Z → SL(2,Z), n 7→ T −n, is injective, so adding t does not enlarge
this kernel. For C = 0 the translation subgroups are trivial, and the same argument applies
directly.

4.1.2 The 4-Sphere

We discuss the first Morse-Bott stage of the free loop space of the 4-sphere:
L1S

4 ⊂ LS4 , (120)
called the small loop space of the 4-sphere in [GSS26, §3.2].

The minimal Sullivan model. For the four-sphere the first stage is simply connected, so
Sullivan models provide a direct description of its rational homotopy groups. We compute
the model through generators of degree ten in Thm. 4.57 below. Its small-cyclification coun-
terpart is stated and proved in Cor. 4.60. We use the generator names and normalizations of
[GSS26, Prop. 3.10 and Rem. 3.11]: H3, H7 and F2, F4, F6, F8, F10, with subscripts indicating
degrees. In particular, the quadratic term in dH7 has coefficient 1

2 . The proof uses the first-
stage attachment to compute cohomology, then the later attachments to compare with the
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full loop space. That comparison supplies information not determined by the cohomology
groups alone.

For the following model calculations put Y = L1S
4
R and X = LS4

R, and work over Q.
The subsequent lifting discussion returns to integral coefficients. Constant rescaling does
not change the answer, by Lem. 4.1.

We recall the algebraic conventions before doing the calculation; see [FH17, §§ 2–4] for
the general theory.

Definition 4.53 (Minimal Sullivan models and their generator stages). For a positively
graded rational vector space V , write Q[V ] for the free graded-commutative algebra: even
generators commute and admit arbitrary powers, while odd generators anticommute and
have square zero. A differential d has degree +1 and obeys

d(ab) = (da)b + (−1)|a|a db.

A minimal Sullivan algebra is such an algebra with an ordering of its generators for which
each differential is a sum of products of at least two earlier generators. For simply connected
spaces the generators may be ordered by degree and all have degree at least two.

A minimal Sullivan model of a simply connected space Z of finite rational type is a quasi-
isomorphism

M(Z) = (Q[V ], d) −→ APL(Z),
where APL denotes rational piecewise-polynomial forms on singular simplices, with its usual
face compatibility, and H∗(APL(Z)) ∼= H∗(Z;Q). A quasi-isomorphism is a map inducing
isomorphisms on cohomology. Such a minimal model exists and is unique up to isomorphism.
Its subalgebra generated by V ≤n is denoted M≤n(Z). The bound here is on generator degrees,
not on total degrees of monomials: in particular, the differentials of degree-n generators still
take values in degree n + 1.

Lemma 4.54 (Recognizing a generator stage). Let A be a minimal Sullivan algebra with
generators of degrees 2, . . . , n, and let f : A → APL(Z) induce isomorphisms in cohomology
through degree n and an injection in degree n + 1. Then A extends to a minimal model of
Z by adjoining only generators of degree at least n + 1. Consequently it is the full generator
stage M≤n(Z) for a choice of minimal model.

Proof. This is the degree-by-degree construction of a minimal model. Here are the steps
needed to check the stated cutoff. At the next degree r = n + 1, first adjoin closed gen-
erators whose images represent a basis of the cokernel of Hr(f). The map on Hr is then
an isomorphism. Next choose cocycles representing a basis of the kernel in degree r + 1,
and adjoin degree-r generators whose differentials are those cocycles. Their images can be
chosen as primitives, because the cocycles map to exact forms on Z. There are no degree-one
elements, so these new generators cannot enter a product of degree r + 1. The independent
kernel classes therefore introduce no additional degree-r cohomology and remove precisely
that kernel in degree r +1. Every prescribed differential is decomposable: at this point there
is no generator of degree r + 1. The resulting map is an isomorphism through degree r and
injective in degree r + 1. Repeat with r + 1, r + 2, . . . and take the union. The resulting
minimal algebra maps by a quasi-isomorphism to APL(Z), and no generator of degree at
most n has been added or changed.
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The cohomological input from Morse–Bott theory. The attachment computation gives
all the rational cohomology of Y , not just a range of degrees.

Proposition 4.55 (Cohomology and the comparison in degree ten). The space Y = L1S
4
R

is 2-connected and has the homotopy type of a finite CW complex of dimension at most ten.
Its rational cohomology is

Hk(Y ;Q) ∼=

Q, k = 0, 3, 4, 10,

0, otherwise.
(121)

Every product of two positive-degree cohomology classes is zero. For the inclusion j : Y ↪→
X = LS4

R,
j∗ : H10(X;Q)

∼=−−→ H10(Y ;Q). (122)
More generally, the relative rational homology and cohomology of the pair are one-
dimensional in degree 9 and vanish in all other degrees at most 13.

Proof. The critical manifold and its negative bundle. By Thm. 4.5, the first critical manifold
is K = V2(R5) = STS4

R, and its negative bundle is the oriented rank-three bundle ξ.
Its orientation is induced by that of R5 and the ordered frame spanning its orthogonal
complement. The first-stage model of Thm. 4.12 attaches its disk bundle to S4

R. A finite
CW structure on the seven-dimensional manifold K gives relative cells of dimensions 3 + j,
0 ≤ j ≤ 7. Thus the resulting model is finite and at most ten-dimensional. No relative cell
has dimension below three. Since S4 is 2-connected, cellular approximation shows that the
result is still 2-connected.

The sphere bundle S3 → STS4
R → S4

R has Euler class e(TS4) = 2ι4, where ι4 is an
orientation class: its evaluation on the fundamental class is χ(S4) = 2. In its rational Gysin
sequence, multiplication by this Euler class is an isomorphism from H0(S4;Q) to H4(S4;Q).
It removes the possible classes in degrees three and four of the total space, since the relevant
segment is

0 −→ H3(K;Q) −→ Q ×2−−→ Q −→ H4(K;Q) −→ 0.

The unit and the top class remain, so

Hk(K;Q) ∼=

Q, k = 0, 7,

0, otherwise.
(123)

The first attachment. The Thom isomorphism for the oriented rank-three negative bundle,
using (30) and Cor. 3.11, gives

Hk(Y, S4
R;Q) ∼= Hk−3(K;Q).

Here and below a negative cohomological degree means zero. Evaluation ε : Y → S4
R

retracts the constant-loop inclusion s : S4
R → Y . Thus s∗ is surjective in every degree, and

the long exact sequence of the pair splits into short exact sequences
0 −→ Hk−3(K;Q) −→ Hk(Y ;Q) s∗

−→ Hk(S4
R;Q) −→ 0.

This proves (121). The assertion about products follows because no sum of two positive
degrees in {3, 4, 10} supports cohomology.

The later attachments. The next two Morse indices are 9 and 15. All these negative
bundles are oriented, by (20) and the orientation of ξ. The second attachment therefore has
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relative rational cohomology
Hk(L2S

4
R, L1S

4
R;Q) ∼= Hk−9(K;Q),

which is concentrated in degrees 9 and 16. Over Q the same calculation holds in homology.
Every subsequent relative cell has dimension at least 15. The exact sequence of the triple
consequently identifies this relative homology with that of (L∞S4

R, L1S
4
R) through degree

13. Passage to all finite stages is legitimate because compact families of Sobolev loops have
bounded energy: each singular chain, and each chain witnessing a boundary, occurs in some
finite stage. The smoothing comparison Lem. 2.8 then identifies these groups with those for
(X, Y ). The corresponding cohomology statement follows over Q by universal coefficients.
In particular, the groups adjacent to j∗ in

H10(X, Y ;Q) −→ H10(X;Q) j∗
−→ H10(Y ;Q) −→ H11(X, Y ;Q)

both vanish. This proves (122).

A model of the unrestricted loop space. We will extend the following algebra to model
the first stage. We include the path-space calculation, which also fixes the normalizations of
H7 and F6.

Lemma 4.56 (The free-loop model of the four-sphere). A minimal model of X = LS4
R is

B =
(
Q[H3, F4, F6, H7], d

)
,

dH3 = 0,

dH7 = 1
2F4 ∧ F4,

dF4 = 0,

dF6 = H3 ∧ F4.

(124)

Through degree eleven, its nonzero cohomology groups have representatives
k 0 3 4 9 10

Hk(B) Q · [1] Q · [H3] Q · [F4] Q · [H3 ∧ F6] Q · [z10]

z10 = F4 ∧ F6 + 2H3 ∧H7.

(125)

All other groups in this range vanish.

Proof. In the normalization of [GSS26, § 2.2], the four-sphere has minimal model
A =

(
Q[G4, G7], d

)
,

dG4 = 0,

dG7 = 1
2G4 ∧G4.

Its cohomology is Q[G4]/(G2
4), with the orientation class represented by G4. One constructs

a model map by choosing an orientation cocycle in APL(S4) and a primitive for half its
square, which is exact since H8(S4;Q) = 0.

The free-loop space is the homotopy pullback of the endpoint path fibration along the
diagonal, as in the proof of Thm. 4.22. The Sullivan model for this pullback is the classical
free-loop construction of Vigué-Poirrier–Sullivan [VS76]; see also [FH17, Thm. 14.1]. For this
sphere it can be computed explicitly as follows. Write G4,i, G7,i, i = 0, 1, for the endpoint
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generators of A⊗ A. A relative Sullivan resolution of its multiplication map is
P = (A⊗ A)⊗Q[Ḡ3, Ḡ6],

dG4,i = 0,

dG7,i = 1
2G4,i ∧G4,i,

dḠ3 = G4,1 −G4,0,

dḠ6 = G7,1 −G7,0 − 1
2(G4,0 + G4,1) ∧ Ḡ3.

In particular,
d2Ḡ6 = 1

2(G2
4,1 −G2

4,0)− 1
2(G4,0 + G4,1)(G4,1 −G4,0) = 0.

To check that this is a resolution, change variables to
a4 = G4,1 −G4,0,

b7 = G7,1 −G7,0 − 1
2(G4,0 + G4,1) ∧ Ḡ3.

The extra factors become the contractible pairs dḠ3 = a4 and dḠ6 = b7. Thus the map
P → A sending both endpoints to G4, G7 and Ḡ3, Ḡ6 to zero is a quasi-isomorphism. It
models the endpoint fibration, whose total path space is equivalent to S4.

Pullback along the diagonal identifies the two endpoints. Set F4 = G4, H7 = G7,
H3 = Ḡ3 and F6 = −Ḡ6. The differential then becomes (124). It is minimal because
all differentials are decomposable in earlier generators, ordered by degree.

For the cohomology calculation, the monomials in degrees 6, 7, 8 are, respectively, F6;
H7, H3 ∧ F4; and F 2

4 . Their differentials show that those cohomology groups vanish. The
only degree-nine monomial is H3 ∧ F6; it is closed because H2

3 = 0, and no degree-eight
element has that differential. In degree ten,

d(F4 ∧ F6) = H3 ∧ F 2
4 ,

d(H3 ∧H7) = −1
2H3 ∧ F 2

4 .

Thus the closed subspace is spanned by z10, and there are no nonzero boundaries in that
degree. Finally the degree-eleven monomials are F4∧H7 and H3∧F 2

4 . The first has differential
1
2F 3

4 ; the second is the boundary d(F4∧F6). Together with the unit and the classes of H3, F4,
this proves (125).

The minimal model through generator degree ten. The inclusion j : Y → X gives a
map B → APL(Y ) by composing a model map for X with j∗. By Prop. 4.55, this map
preserves the nonzero degree-ten class while sending the degree-nine class to zero. We now
extend it to a model of Y .

Theorem 4.57 (The minimal Sullivan model of L1S
4
R through degree ten). There is a

minimal Sullivan model of Y = L1S
4
R whose generators of degree at most ten are exactly

H3, F4, F6, H7, F8, F10.

In particular there are no generators in degrees 1, 2, 5, 9, and one in each of degrees
3, 4, 6, 7, 8, 10. The full subalgebra generated by these elements is

M≤10(Y ) =
(
Q[H3, F4, F6, H7, F8, F10], d

)
, (126)
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with differential
dH3 = 0,

dH7 = 1
2F4 ∧ F4,

dF4 = 0,

dF6 = H3 ∧ F4,

dF8 = H3 ∧ F6,

dF10 = H3 ∧ F8.

(127)

The model map can be chosen to induce cohomology isomorphisms through degree eleven. In
degree ten, H10(Y ;Q) is generated by the image of [z10] = [F4 ∧ F6 + 2H3 ∧H7]. Moreover
j is modeled, in this range, by the inclusion of the subalgebra B of (124).

Proof. The initial algebra and its map. Write f : B → APL(Y ) for the map just described.
By the relative cohomology calculation in Prop. 4.55, j∗ is an isomorphism through degree
seven. In degree eight both source and target cohomology vanish. It is also an isomorphism
in degree ten by (122). Hence f is an isomorphism in these degrees, and

f∗[z10] 6= 0.

This last fact will exclude a further generator in degree nine.
Adjoining the degree-eight generator. The class [H3 ∧ F6] spans H9(B), whereas

H9(Y ;Q) = 0. Choose ω8 ∈ A8
PL(Y ) with dω8 = f(H3 ∧ F6). Adjoin a generator

F8 by dF8 = H3 ∧ F6 and extend f by f(F8) = ω8. Call this intermediate algebra
B8 = B ⊗Q[F8]. The differential is consistent, since

d(H3 ∧ F6) = −H3 ∧ dF6 = −H2
3 ∧ F4 = 0.

It kills exactly the degree-nine cohomology class and creates no new class in degree eight:
the only new degree-eight element is F8, whose differential is nonzero.

The degree-ten monomials of B8 are still just F4 ∧F6, H3 ∧H7. Thus H10(B8) = Q · [z10],
and its map to H10(Y ;Q) is an isomorphism. There is consequently neither a missing degree-
nine class to represent nor a degree-ten kernel to kill. No generator of degree nine is required.

The new obstruction in degree eleven. The degree-eleven monomials of B8 are precisely
H3 ∧ F8, F4 ∧H7, H3 ∧ F 2

4 .

Their differentials are 0, 1
2F 3

4 , 0, respectively. The degree-ten differentials span only Q{H3 ∧
F 2

4 }. It follows that
H11(B8) = Q · [H3 ∧ F8]. (128)

Since H11(Y ;Q) = 0, choose a primitive ω10 of f(H3 ∧ F8) in APL(Y ). Adjoin F10 with
dF10 = H3∧F8, and set f(F10) = ω10. Again d2 = 0, because d(H3∧F8) = −H2

3∧F6 = 0.
This generator does not introduce a closed degree-ten element: in that degree the possible

differentials are H3 ∧ F8 and H3 ∧ F 2
4 , which are linearly independent monomials. Thus the

closed subspace remains exactly Q{z10}. In degree eleven both closed monomials are now
boundaries, namely dF10 = H3∧F8 and d(F4∧F6) = H3∧F 2

4 . All lower cohomology groups
are unchanged. Consequently the resulting map from the algebra in (126) is an isomorphism
on cohomology through degree eleven, including the zero group in degree eleven.

Completeness and minimality. All six differentials in (127) are decomposable in generators
of smaller degree. The algebra is therefore minimal, not merely a differential algebra with
d2 = 0. By Lem. 4.54, the map just constructed extends to a full minimal model using
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only generators of degree at least eleven. This proves that the list contains every generator
through degree ten. Since the construction extends the original map on B, the inclusion
B ↪→ M(Y ) models j.

Corollary 4.58 (Rational homotopy groups and the inclusion). For 2 ≤ k ≤ 10,

πk(L1S
4
R)⊗Q ∼=

Q, k = 3, 4, 6, 7, 8, 10,

0, k = 2, 5, 9.
(129)

The inclusion into LS4
R is an isomorphism on rational homotopy in degrees 3, 4, 6, 7 and

sends the additional classes in degrees 8, 10 to zero.

Proof. For a simply connected space of finite rational type, V k in its minimal Sullivan model
is naturally dual to πk ⊗ Q [FH17, Thm. 4.1]. Apply this to the two models above. The
map B ↪→ M(Y ) includes exactly the generators in degrees 3, 4, 6, 7; dualizing its map on
indecomposables gives the stated homotopy homomorphism.

Remark 4.59 (The degree-ten class and the first omitted generator). The generator F10 is
not a cohomology class: its differential is nonzero. The surviving degree-ten cohomology
class is instead the decomposable cocycle z10 = F4 ∧ F6 + 2H3 ∧H7. Its nonvanishing uses
the comparison with LS4; it would not follow just by counting the cohomology groups of Y .
Algebraically it is precisely what allows the construction to pass degree nine without a new
generator.

The displayed algebra is also not the entire minimal model. It already has an unwanted
degree-twelve class

[F 2
6 − 2F4 ∧ F8], d(F 2

6 − 2F4 ∧ F8) = 0,

since the two terms have the same differential 2H3 ∧ F4 ∧ F6. It is not a boundary: degree-
eleven differentials span only Q{F 3

4 }. The degree-twelve monomials are F 2
6 , F4∧F8, F 3

4 , so this
class spans all of H12(M≤10(Y )). Since H12(Y ;Q) = 0, the next step requires exactly one
degree-eleven generator, which may be chosen with differential F 2

6 −2F4∧F8. This illustrates
why a cutoff on generator degrees must not discard their differentials or be mistaken for a
complete model of the space.

The small-cyclification model. We now retain the circle action instead of forgetting it.
The resulting degree-two generator records the map to BS1; its appearance changes two
of the preceding differential relations. This recovers the model in [GSS26, Prop. 3.10 and
Rem. 3.11].

Corollary 4.60 (The minimal Sullivan model of Cyc1 S4
R through degree ten). For the

rotation action of Def. 2.14, put Z = Cyc1 S4
R = ES1 ×S1 L1S

4
R. There is a minimal

Sullivan model whose full generator stage through degree ten is
M≤10(Z) =

(
Q[F2, H3, F4, F6, H7, F8, F10], d

)
, (130)
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with differential
dH3 = 0,

dH7 = 1
2F4 ∧ F4 − F2 ∧ F6,

dF2 = 0,

dF4 = H3 ∧ F2,

dF6 = H3 ∧ F4,

dF8 = H3 ∧ F6,

dF10 = H3 ∧ F8.

(131)

There are no other generators of degree at most ten. The projection Z → BS1 is modeled
by the inclusion of Q[F2], with F2 the degree-two generator of H∗(BS1;Q), oriented as in
the proof. The fibre inclusion L1S

4
R → Z is modeled by setting F2 = 0, recovering (127).

The inclusion Z → Cyc S4
R is modeled, in this range, by inclusion of the subalgebra on

F2, H3, F4, F6, H7.

Proof. The relative model and its generator degrees. By Def. 2.14, we have the Borel fibration
L1S

4
R −→ Z −→ BS1.

Its base is simply connected, and its fibre is 2-connected and of finite rational type by
Prop. 4.55. The Sullivan model of a fibration [FH17, § 12, especially Thm. 12.1] therefore
gives a relative model over Q[F2] whose underlying algebra is Q[F2] ⊗ M(Y ) and whose
differential reduces modulo (F2) to that of M(Y ). This total algebra is minimal: its reduction
is minimal, and every additional differential term is divisible by F2 and has degree at least
four, so cannot be a linear generator. All factors in such a term have smaller degree than
the generator being differentiated. Thus, through degree ten, the only generators are the six
of Thm. 4.57 together with F2. It remains to determine the differential terms involving F2;
the fibre model by itself does not determine them.

The rotation action on the full loop space. The equivariant free-loop model of Vigué-
Poirrier–Burghelea [VB85, Thm. A and (1.3)] adjoins F2 to the free-loop model with differ-
ential dB + F2s, where s is the degree-(−1) derivation coming from loop rotation. Choose
the sign of F2 so that

sF4 = H3,

sH7 = −F6,

sH3 = 0,

sF6 = 0.

These formulas follow from the suspended sphere generators: F4 = G4, H7 = G7, H3 =
sG4, F6 = −sG7. They satisfy s2 = 0 and dBs + sdB = 0; for example, on H7 the two
terms are −H3 ∧ F4 and H3 ∧ F4. The cited theorem identifies this algebra with the Borel
construction, including the projection and fibre inclusion. Consequently a minimal model of
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Cyc S4
R is

C =
(
Q[F2, H3, F4, F6, H7], d

)
,

dH3 = 0,

dH7 = 1
2F4 ∧ F4 − F2 ∧ F6,

dF2 = 0,

dF4 = H3 ∧ F2,

dF6 = H3 ∧ F4.

(132)

The later handles in the proof of Prop. 4.55 attach cells of dimension at least nine. Hence
Y → X is 8-connected. The map Z → Cyc S4

R lies over the identity of BS1; comparison of
the homotopy exact sequences of the two Borel fibrations shows that it too is 8-connected.
It therefore induces an isomorphism on minimal generators through degree seven. Taking
the images of the generators of C as the generators of those names in M(Z) makes all five
relations in (132) hold exactly. This choice is a valid change of generators because their
linear parts are invertible and their other terms are decomposable in smaller degrees.

Removing possible corrections in the remaining degrees. We spell out why the next two
relations need no additional terms. If A′ is a differential subalgebra free over Q[F2], then
multiplication by F2 identifies its ideal (F2) with A′ shifted upward by two degrees. Since
dF2 = 0, this gives

Hn+1((F2)A′) ∼= Hn−1(A′). (133)
Suppose a degree-n generator v has prescribed differential modulo (F2) and a proposed
closed lift θ ∈ A′n+1. Then dv− θ is a cocycle in (F2)A′. If the group in (133) vanishes, this
difference is dη for an η ∈ (F2)A′n. Replacing v by v− η gives dv = θ without changing its
reduction to the fibre.

For F8 take A′ = C, n = 8 and θ = H3 ∧ F6, which is closed. Degree seven of C has
basis

H7, H3 ∧ F4, H3 ∧ F 2
2 .

Only the last two can occur in a cocycle: the differential of H7 is nonzero, while their
differentials vanish. They are respectively the boundaries of F6 and F2∧F4. Thus H7(C) = 0
and we can choose

dF8 = H3 ∧ F6.

For F10 take A′ = C8 = C ⊗Q[F8], n = 10 and θ = H3 ∧F8, again closed. Degree nine of
C8 has basis

H3 ∧ F 3
2 , H3 ∧ F6, H3 ∧ F2 ∧ F4, F2 ∧H7.

The last element has nonzero differential and the other three are closed. Those three are the
boundaries of F 2

2 ∧ F4, F8, and F2 ∧ F6, respectively. Hence H9(C8) = 0 and we can choose
dF10 = H3 ∧ F8.

Both changes are by decomposable elements of lower generators. They preserve the model
of the projection and reduce to the identity on the fibre. Together with the generator count
already obtained from the relative model, this proves the complete stage (130) and all the
assertions about its maps.

Lifting through the small cyclification. The differential dF8 = H3 ∧ F6 suggests an ob-
struction to lifting a map through Cyc1 S4 → Cyc S4. We now prove the integral statement
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and classify the choices of lift in dimension nine, expanding the obstruction and twist com-
putations of [GSS26, Thm. 3.8]. Existence requires only the first nonzero relative homotopy
group; classification also sees the next group, Z/2. We first isolate the existence obstruction,
then explain the twisted stable cohomotopy group acting on the lifts.

In this discussion X denotes the source of a map, and we suppress the radius of the round
four-sphere. All cohomology is ordinary cohomology, without compact-support or boundary
conditions, unless stated otherwise.

Notation 4.61 (Maps to be lifted and their homotopies). Write
C1 = Cyc1 S4, C = Cyc S4, i : C1 −→ C.

For a map c : X → C, let b : X → BS1 be its projection. If L → BS1 is the universal
complex line, put Lc = b∗L and f2 = c1(Lc) ∈ H2(X;Z). A homotopy lift of c consists of
a map c̃ : X → C1 and a specified homotopy ic̃ ' c:

C1

X C

BS1.

i
c̃

c

b

(134)

The homotopy is part of the data. More precisely, set
Lift(c) = π0 hofibc

(
Map(X,C1) −→ Map(X,C)

)
. (135)

Equivalently, replace i by a fibration and take homotopy classes of sections of its pullback
along c, with homotopies through sections. These constructions may be performed in the
homotopy slice over BS1, keeping the circle bundle b fixed. Forgetting the specified homotopy
gives a different classification problem, to which the torsor statement below does not directly
apply.

Lemma 4.62 (The first two relative homotopy groups). Let Q = hocofib(L1S
4 → LS4).

Its bottom cell induces an 11-connected map S9 → Q. The map i is 8-connected, and its
homotopy fibre F satisfies

πkF = 0 (k ≤ 7), π8F ∼= Z, π9F ∼= Z/2. (136)
The local coefficient system on C with fibre π8F is constant.

Proof. By Thm. 4.5 and Cor. 4.7, the first attachment after L1S
4 has negative rank nine over

K2 = V2(R5) = STS4; the next has negative rank fifteen. Consequently Q is obtained from
Th(ν−K2) by cells of dimension at least fifteen. The sphere bundle S3 → STS4 → S4 has a
CW model with one cell in each of dimensions 0, 3, 4, 7: start with the fibre over the zero-cell
of S4, then trivialize over its open four-cell and attach the product cells using the clutching
map. The Thom construction shifts these dimensions by nine. Thus its non-basepoint cells
have dimensions 9, 12, 13, 16, proving the assertion about S9 → Q.

The pair (LS4, L1S
4) is 8-connected, and L1S

4 is 2-connected, by the same cell descrip-
tion and Prop. 4.55. Homotopy excision [Hat02, Prop. 4.28] therefore identifies its relative
homotopy groups with πkQ for k ≤ 10 and gives a surjection for k = 11. In particular the
groups in degrees nine and ten are π9S

9 = Z and π10S
9 = Z/2, the latter being the first

stable stem, generated by the suspension of the Hopf map.
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The map i is a map of Borel fibrations over the identity of BS1. Its homotopy fibre is
therefore equivalent to that of L1S

4 → LS4. The relative homotopy groups just computed
shift downward by one to give (136). Finally LS4 is simply connected by its evaluation
fibration, and so is C by its Borel fibration. Thus there is no π1(C)-action twisting the
coefficient group π8F .

Theorem 4.63 (The integral obstruction in dimension nine). After choosing an orientation
of π8F ∼= Z, there is a universal class

o ∈ H9(C;Z) (137)
such that for every CW complex X of dimension at most nine,

Lift(c) 6= ∅ ⇐⇒ c∗o = 0 in H9(X;Z). (138)
This is the only obstruction to existence in these dimensions. In the Sullivan normalization
above,

oQ = µ[H3 ∧ F6] for some µ ∈ Q×. (139)
Here oQ is the image under change of coefficients. The nonzero scalar records the comparison
of integral and rational generator normalizations; its value is not needed for the vanishing
criterion on oriented nine-manifolds.

Proof. Cellular construction of the obstruction. Replace i by a fibration with fibre F and
pull it back along c. A section extends over the eight-skeleton: the obstruction on a k-cell
belongs to πk−1F , which vanishes for k ≤ 8. For an oriented nine-cell, trivialize the pullback
over its characteristic disk. The existing boundary section gives a map S8 → F , and hence
an integer in π8F . These integers form the obstruction cochain. The cellular extension
argument shows that it is a cocycle and that changing the section on eight-cells changes it
by a coboundary. Its cohomology class is therefore the primary obstruction. If it vanishes,
alter the section on eight-cells to make every nine-cell obstruction zero and extend over all
nine-cells. There are no higher cells to test. This also explains why π9F does not provide
another existence obstruction: that would lie in degree ten.

For universality, the first nontrivial Moore–Postnikov stage of i is a principal K(Z, 8)-
fibration over C, classified by a map o : C → K(Z, 9) [Hat02, Thm. 4.71]. Its class is (137),
and naturality of the cellular construction makes the obstruction for c exactly c∗o.

Its rational representative. In the full-cyclification model (132), the degree-nine monomials
are

H3 ∧ F6, H3 ∧ F2 ∧ F4, H3 ∧ F 3
2 , F2 ∧H7.

The first three are closed, the last is not, and
d(1

2F4 ∧ F4) = H3 ∧ F2 ∧ F4,

d(F4 ∧ F 2
2 ) = H3 ∧ F 3

2 .

The degree-eight monomials are F 4
2 , F 2

2 ∧ F4, F2 ∧ F6, F 2
4 ; their differentials span precisely

the two displayed boundaries. Thus
H9(C;Q) = Q · [H3 ∧ F6].

For C1, the generator F8 makes the remaining class exact, so H9(C1;Q) = 0 by Cor. 4.60.
To see that oQ is nonzero, use the rational Serre spectral sequence of F → C1 → C. Since

F is 7-connected, H8(F ;Q) = Q, and the only possible differential into bidegree (9, 0) is
the transgression

d9 : H8(F ;Q) −→ H9(C;Q).
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It takes the oriented fibre generator to oQ, up to the corresponding sign convention. The
target class cannot survive, since the total space has zero degree-nine cohomology. Thus d9
is nonzero, proving (139).

Corollary 4.64 (The de Rham criterion for oriented nine-manifolds). Let X9 be a connected
oriented smooth nine-manifold. A map c : X9 → C lifts if and only if

c∗[H3 ∧ F6] = 0 in H9
dR(X9). (140)

This is the D0-brane tadpole criterion of [GSS26, Thm. 3.8(i)]. For closed X9 it is equiva-
lently the vanishing of the integral of the representative nine-form over X9. If X9 is noncom-
pact or has nonempty boundary, a lift always exists, without imposed conditions at infinity
or on the boundary.

Proof. If X9 is closed, orientation and Poincaré duality give H9(X9;Z) = Z, which injects
into real cohomology. If it is noncompact or has nonempty boundary, it admits a CW
model of dimension at most eight, and its ordinary degree-nine cohomology vanishes with
any constant coefficients. Thus in both cases c∗o = 0 is equivalent to the vanishing of
its real image. Apply (139) and the de Rham theorem. On a closed connected oriented
manifold, integration identifies top-degree real cohomology with R, giving the stated integral
criterion.

Remark 4.65 (What the rational model does and does not detect). For a smooth source,
the symbols in (140) denote representatives obtained from a differential-form realization
of the rationalized map c. In particular F6 need not be closed; H3 ∧ F6 is closed because
dF6 = H3∧F4 and H3∧H3 = 0. A lift supplies a primitive F8 through dF8 = H3∧F6. The
integral theorem is what makes this necessary condition sufficient on oriented nine-manifolds.
For a general nine-complex one must retain c∗o with integral coefficients: its rational image
can vanish while an integral obstruction remains. Likewise, prescribing boundary values or
behaviour at infinity changes the lifting problem and generally replaces ordinary cohomology
by relative or supported groups.

The twist carried by the second Morse–Bott attachment. To classify lifts we must
retain π9F = Z/2. The circle action determines how this stable Hopf class fits together
with π8F = Z over the parameter space BS1. This is a degree-two twist of a spectrum; the
ordinary integral coefficient system remains constant.

Lemma 4.66 (The equivariant negative bundle and its characteristic class). On K2 =
V2(R5) let ξ(u,v) = 〈u, v〉⊥, as in Thm. 4.5, and let C1 be the one-dimensional complex
representation of S1 of weight one. The rank-nine negative bundle is equivariantly

ν−K2 ∼= ξ ⊕ (ξ ⊗R C1). (141)
For its Borel bundle ν̄ → (K2)hS1,

w1(ν̄) = 0, w2(ν̄) = ρ2t, t = c1(L), (142)
where classes from BS1 are pulled back to (K2)hS1, and ρ2 denotes reduction modulo two.

Proof. The Fourier calculation in (21) has negative normal frequencies zero and one at
m = 2. The constant field is a copy of ξ. For the other fields write a cos(2πs) + b sin(2πs)
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with a, b ∈ ξ. Replacing s by s + θ sends a − ib to e2πiθ(a − ib), giving the weight-one
summand in (141).

The tautological oriented plane P = 〈u, v〉 and ξ are complementary equivariant subbun-
dles of the trivial ambient R5-bundle. By Prop. 4.9, its frame rotates with weight two on K2.
Thus its Borel bundle satisfies w1(P̄ ) = 0 and w2(P̄ ) = ρ2(2t) = 0. The Whitney product
formula gives w1(ξ̄) = w2(ξ̄) = 0.

The other summand of ν̄ is the underlying real bundle of the complex rank-three bundle
(ξ̄⊗R C)⊗L. The complexification of an oriented real bundle has trivial determinant, so its
first Chern class is zero. Tensoring by L gives first Chern class 3t. For an underlying real
complex bundle w2 is the reduction of c1, hence this summand contributes ρ2t. The Whitney
formula now gives (142); see [MS74, §§ 4, 14] for these characteristic class identities.

Notation 4.67 (Fibrewise cofibres and twisted stable cohomotopy). The fibrewise homotopy
cofibre

Q = hocofib/BS1(i)
is the homotopy pushout of C ← C1 → BS1. It is pointed over BS1 by a zero section, has
fibre Q from Lem. 4.62, and receives the collapse map q : C → Q. In particular, it collapses
the small loops in each fibre; it is not the ordinary cofibre that collapses all of C1 to one
point.

Write S for the sphere spectrum, and
SL = Σ∞

BS1SL

for the fibrewise suspension spectrum of the one-point compactification of the real rank-two
bundle underlying L. Its fibre is Σ2S. Here Σ∞

BS1 , Ω∞
BS1 , and τ≤n mean stabilization, infinite-

loop space, and Postnikov truncation in each fibre; see [MS06] for parametrized spectra. For
the pulled-back line Lc → X define

πr+Lc
s (X) := π0ΓX

(
Ω∞

X ΣrSLc

)
, (143)

using the derived space of sections, with its zero section. This is an abelian group. If
Lc is trivial it is ordinary stable cohomotopy πr+2

s (X). Thus π6+Lc
s (X) is twisted stable

eight-cohomotopy; the complex line contributes two real suspension degrees.

Proposition 4.68 (The first two stable layers of the cofibre). There is an equivalence of
parametrized spectra

τ≤10Σ∞
BS1Q ' τ≤10Σ7SL. (144)

It identifies the bottom integral generators after a common orientation is chosen. The ori-
ented family of these two-stage spectra is classified by ρ2t.

Proof. The fibre and the classification of its families. By Lem. 4.62, the bottom sphere
S9 → Q is 11-connected. Hence every fibre on the left of (144) is Σ9P , where P = τ≤1S
has π0P = Z, π1P = Z/2, and no other homotopy groups. We must identify the family,
not just these groups fibre by fibre.

Precomposition with S → P identifies the derived mapping spaces
MapSp(P, P ) ' MapSp(S, P ) ' Ω∞P.

Indeed, the fibre of the truncation map is 2-connective; maps from it, or its positive sus-
pensions, to the 1-truncated spectrum P vanish. The self-equivalences therefore form the
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components +1 and −1, each with fundamental group Z/2 and no higher homotopy. The
simply connected cover of their classifying space is K(Z/2, 2). Thus oriented families with
fibre Σ9P over the simply connected base BS1 are classified by H2(BS1;Z/2) = Z/2.

Detecting which family occurs. The second equivariant Morse–Bott attachment identifies
the relative cohomology of (Q, BS1) in degrees nine and eleven with that of the Thom space
of ν̄. Later attachments have rank at least fifteen and do not affect these degrees. Let
U be the mod-two reduction of the oriented Thom class, and write Sq2 : Hk(−;Z/2) →
Hk+2(−;Z/2) for the second Steenrod square. The Thom identity [MS74, § 8] gives

Sq2 U = w2(ν̄) ∪ U = ρ2t ∪ U. (145)
The pullback from H2(BS1;Z/2) to H2((K2)hS1 ;Z/2) is an isomorphism, because K2 is
2-connected. The Thom isomorphism therefore shows that the right-hand side is nonzero.

For the trivial family the bottom Thom class has square zero in this degree. The family
Σ7SL has square ρ2t ∪ U by the same Thom identity for L, and so represents the nontrivial
class. There are only these two oriented families. Equation (145) identifies the family of
Q with the latter, proving the equivalence. In particular no global choice of an equivariant
bottom sphere in Q has been assumed.

The classification of lifts. The following fibrewise obstruction map packages both exis-
tence and the choices of lift. The connectivity estimate in its proof explains why degree
ten, rather than just degree nine, must be retained to classify maps from a nine-dimensional
space.

Theorem 4.69 (Lifts form a torsor for twisted stable cohomotopy). Let X be a CW complex
of dimension at most nine and c : X → C a map. If c∗o = 0, then Lift(c) is a torsor for

π6+Lc
s (X). (146)

Here a torsor is a nonempty set with a free and transitive action of the indicated group;
choosing one lift identifies all other lifts with group elements, without giving a preferred
choice of zero beforehand.

More precisely, set P = Ω∞
BS1τ≤10Σ7SL. The collapse, stabilization, truncation, and (144)

define a map over BS1

otw : C
q−→ Q −→ Ω∞

BS1τ≤10Σ∞
BS1Q

'−−→ P. (147)
The set Lift(c) is identified with the homotopy classes, relative to their endpoints, of paths
from the section otwc to the zero section in ΓX(b∗P). Under the natural identification

π7+Lc
s (X) ∼= H9(X;Z), (148)

the component of this obstruction section is c∗o.

Proof. Comparison with a homotopy fibre. The collapse has a canonical null-homotopy on
C1. It induces a map to the fibrewise homotopy fibre over the zero section,

C1 −→ hofib/BS1(otw). (149)
This map is 10-connected on every fibre over BS1. To prove this, work first before taking
the Borel construction. Homotopy excision, with connectivities eight for (LS4, L1S

4) and
two for L1S

4, compares relative homotopy with the cofibre through degree ten, surjectively
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in degree eleven. Comparing the homotopy exact sequences therefore makes
L1S

4 −→ hofib(LS4 → Q)
10-connected. The space Q is 8-connected, so Freudenthal makes its stable unit Q →
Ω∞Σ∞Q 17-connected. Postnikov truncation to degree ten is 11-connected. Their composite
is thus 11-connected, and passage to homotopy fibres of maps from LS4 lowers that estimate
by one. This proves the asserted 10-connectivity of (149). All these comparisons are fibrewise
over the fixed BS1; the 2-connected space used in excision is L1S

4, not the total Borel space.
Why this estimate classifies lifts. After pulling back along c, a section of the right-hand

side is precisely a null-homotopy of otwc. The homotopy fibre of the comparison map is
9-connected. Consequently any such section lifts over X by cellular obstruction theory. Two
resulting sections are homotopic through sections whenever their images are: lift the given
homotopy over X × I relative to its two ends. This relative CW complex has dimension at
most ten, and the possible cell obstructions lie in the vanishing groups πk of the comparison
fibre for k ≤ 9. Thus (149) induces a bijection on the sets of homotopy classes of lifts.

The space ΓX(b∗P) is an infinite loop space. Paths from a fixed point to zero exist exactly
when that point has zero component. Once a path is chosen, concatenation by loops at zero
acts freely and transitively on the homotopy classes of such paths. The acting group is

π1ΓX(b∗P) ∼= π6+Lc
s (X).

Indeed, looping the section spectrum lowers the shift from 7 + Lc to 6 + Lc. Removing the
truncation changes neither these path components nor this fundamental group: the discarded
fibre layers begin in degree eleven, and the source dimensions for points and paths are at
most nine and ten, respectively.

Only the bottom integral layer in degree nine contributes to the components of sections
of Σ7SLc over X. Its orientation makes the coefficient system constant, which proves (148).
Finally the bottom Postnikov projection of the collapse evaluates on a nine-cell by the degree
of its attaching sphere in the bottom Thom cell. This is exactly the cellular obstruction
cochain in the proof of Thm. 4.63, with the same chosen orientation. Hence its class is
c∗o.

Proposition 4.70 (The ordinary-cohomology description of the ambiguity group). Put τ =
ρ2f2 and define

H7(X;Z) H9(X;Z/2)

a 7−→ Sq2 ρ2a + τ ∪ ρ2a.

δτ

(150)

For dim X ≤ 9 there is a natural short exact sequence
0 −→ coker δτ −→ π6+Lc

s (X) −→ H8(X;Z) −→ 0. (151)
No splitting is asserted. In this dimension the group depends, up to isomorphism, only on
the twisting class τ , and is isomorphic to ordinary π8

s(X) when τ = 0.

Proof. The first two homotopy groups of Σ6SLc are Z in degree eight and Z/2 in degree nine.
The first stable Postnikov invariant of the sphere is Sq2 ρ2; it records the stable Hopf element
in π1S. For an oriented spherical family, the Thom identity adds the operation w2∪ρ2. In the
present case this is τ ∪ ρ2 by Lem. 4.66. Equivalently, after the integral Thom identification
the Cartan formula reads

Sq2(ρ2a ∪ U) =
(
Sq2 ρ2a + τ ∪ ρ2a

)
∪ U ;
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the middle term vanishes since the family is oriented. This proves the asserted twist of the
usual stable Postnikov operation, as used in [GSS26, proof of Thm. 3.8, (48)–(50)].

Consequently the fibrewise nine-truncation is the homotopy fibre of the following map of
parametrized Eilenberg–MacLane spectra:

τ≤9Σ6SLc −→ Σ8(HZ)X
(Sq2 +τ∪(−))ρ2−−−−−−−−−−→ Σ10(HZ/2)X . (152)

Here HA represents ordinary cohomology with coefficients A, and the subscript X denotes
the constant family. Taking derived sections and their homotopy exact sequence gives

H7(X;Z) δτ−→ H9(X;Z/2) −→ π6+Lc
s (X) −→ H8(X;Z) −→ H10(X;Z/2) = 0.

The zero on the right is exactly where the dimension bound enters, and gives (151). Higher
fibre layers do not affect components of sections on a nine-complex. The oriented family
of the retained two-stage spectrum is classified by τ , by the self-equivalence calculation in
Prop. 4.68. This proves the last assertion as well.

Corollary 4.71 (Noncompact manifolds and manifolds with boundary). If every component
of a smooth nine-manifold X is noncompact or has nonempty boundary, then a lift exists for
every c : X → C, and Lift(c) is a torsor for H8(X;Z). This statement concerns unrestricted
ordinary lifts.

Proof. Such a manifold has a CW model of dimension at most eight. Hence both H9(X;Z)
and H9(X;Z/2) vanish. Apply Thm. 4.63 and (151).

Example 4.72 (A choice invisible to the Sullivan model). For a constant map c : S9 → C,
the circle bundle is trivial and the obstruction vanishes. Nevertheless there are two homotopy
classes of lifts:

Lift(c) is a torsor for π8
s(S9) = Z/2.

Indeed H7(S9;Z) = H8(S9;Z) = 0, whereas H9(S9;Z/2) = Z/2, so this follows from
(151). It also follows directly from π9F = Z/2. Thus one existence obstruction in degree
nine does not mean that all choices of lift are classified by ordinary degree-eight cohomology.
The additional stable Hopf choice is torsion and is invisible after rationalization.

4.2 Complex projective spaces
We first fix a metric convention that also applies to the real and quaternionic projective
spaces used later. It makes the projective lines over C and H round spheres of the same
radius.

Definition 4.73 (Compatible projective metric scale). Let F be one of the associative real
normed division algebras R,C,H, and put d = dimR F. Homogeneous coordinates on FP n

are taken modulo common right multiplication by a nonzero scalar. Write gF,quot for the
quotient metric of the unit sphere by the right action of GF = {a ∈ F : |a| = 1}. For
F = R, this is the metric of the antipodal quotient. We use

gF,R = 4R2gF,quot, gR = gC,R = 4R2gFS. (153)
Equivalently, take the quotient of the round sphere S

d(n+1)−1
2R without further rescaling. Here

gFS has holomorphic sectional curvature 4. These choices make CP 1 and HP 1 round spheres
of radius R, as proved next. They make RP n the antipodal quotient of Sn

2R; the factor 2 in
this last sphere radius is essential for the common critical-energy scale.
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Lemma 4.74 (Hopf coordinates and round metrics). The map

ΦR([q1 : q2]) = R

|q1|2 + |q2|2
(
2q1q2, |q1|2 − |q2|2

)
(154)

identifies (HP 1, gH,R) isometrically with S4
R ⊂ H⊕R. Its restriction to complex homogeneous

coordinates identifies (CP 1, gR) with the equatorial S2
R ⊂ C⊕ R.

Proof. Quaternionic homogeneous coordinates are taken modulo common right multiplica-
tion by a nonzero quaternion. Under this multiplication both numerator and denominator
in (154) scale by its squared norm, so the formula is well defined. The identity

4|q1|2|q2|2 + (|q1|2 − |q2|2)2 = (|q1|2 + |q2|2)2

places the image on S4
R. In the affine chart [w : 1], it is inverse stereographic projection:

w 7−→ R

1 + |w|2
(
2w, |w|2 − 1

)
.

The omitted point is [1 : 0], so the map is a diffeomorphism.
For completeness, the quotient norm of a tangent vector v at [w : 1] is obtained by taking

the horizontal part of the derivative of (w, 1)/
√

1 + |w|2. Subtracting its component tangent
to the quaternionic fiber gives

|v|2quot = (1 + |w|2)|v|2 − |wv|2

(1 + |w|2)2 = |v|2

(1 + |w|2)2 .

The stereographic pullback of the round metric is 4R2|v|2/(1 + |w|2)2, exactly the rescaled
quotient metric. The same computation over C proves the assertion for CP 1. In that case
the first coordinate of (154) is complex, which identifies the image as the stated equator.

We now specialize to F = C. Linear projective subspaces provide the geodesics needed
for the critical-point and index calculations.

Lemma 4.75 (Fubini–Study restriction to a linear subspace). The standard inclusion
CP k ↪→ CP n induced by Ck+1 ↪→ Cn+1 is isometric and totally geodesic for gR.

Proof. In an affine chart with coordinate w ∈ Cn, the Fubini–Study norm is

(gFS)w(v, v) = (1 + |w|2)|v|2 − |〈w, v〉C|2

(1 + |w|2)2 . (155)

Setting the last n − k coordinates of both w and v to zero gives exactly the corresponding
expression on CP k; multiplying both metrics by 4R2 gives the asserted restriction for gR.
For total geodesy, the projectivization of the unitary involution with eigenvalues +1 on Ck+1

and −1 on its orthogonal complement is an isometry. One component of its fixed locus is
precisely this CP k. Apply Prop. 3.20.

Theorem 4.76 (Critical levels of complex projective space). For n ≥ 1, the critical man-
ifolds of the energy on (L∞CP n, gR) are K0 = CP n and Km

∼= STCP n, m ≥ 1. Their
energies and lengths are

E(Km) = 2π2R2m2, `(Km) = 2πRm. (156)
Every nonconstant closed geodesic is an iterate of a primitive geodesic in a projective line.
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Proof. Represent a point by a unit vector u ∈ Cn+1. A tangent direction is represented by
a unit vector v Hermitian-orthogonal to u. The projective line PC〈u, v〉 is totally geodesic
by Lem. 4.75 and is a round S2

R by Lem. 4.74. The curve
γu,v,m(t) = [cos(πmt)u + sin(πmt)v] (157)

is its m-fold great circle, of speed 2πRm. Uniqueness for the geodesic equation shows that
every geodesic through the chosen point and direction lies in this line. A general positive-
speed solution closes exactly when its trigonometric angle over [0, 1] is an integer multiple
of π: the endpoint vector may be the negative of its initial vector, since the coordinates
are projective. This proves the complete list of energies. For fixed m, smooth dependence
on initial data gives a smooth map STCP n → L∞CP n. It is injective, and its differential
is injective: a variation with zero Jacobi field has zero initial point and velocity variations.
Compactness of the unit tangent bundle then makes it an embedding, with image Km of
dimension 4n− 1.

We proceed to discuss the projective Morse indices, highlighting that the normal holonomy
matters.

Lemma 4.77 (Curvature and parallel normal fields). Let J be the complex structure and let
T be tangent to (CP n, gR). Then

R(V, T )T = 1
4R2

(
|T |2V − 〈V, T 〉T + 3〈V, JT 〉JT

)
. (158)

Along the closed geodesic (157), the fields T = γ̇ and JT are parallel and periodic. Parallel
transport on the orthogonal complement of their span has holonomy (−1)m.

Proof. We recall the coordinate calculation to fix the scale. For gFS, the Hermitian metric
matrix in (155) has expansion at w = 0

gab̄(w) = δab − δab|w|2 − wawb + O(|w|4).
Its first derivatives vanish. Inserting its second derivatives into the curvature formula, and
using the real metric associated to this Hermitian norm, gives

R(V, T )T = |T |2V − 〈V, T 〉T + 3〈V, JT 〉JT

for gFS. Unitary invariance extends the identity from [1 : 0 : · · · : 0] to every point.
Rescaling the metric by 4R2 gives (158). The connection preserves J , so T and JT are
parallel.

For the holonomy assertion lift the geodesic horizontally to z(t) = cos(πmt)u+sin(πmt)v
in the unit sphere. A fixed complex vector w ⊥C 〈u, v〉 is horizontal along z and has zero
covariant derivative there. Its projected field is consequently parallel. At t = 1, the lift
satisfies z(1) = (−1)mz(0). Under the identification T[z]CP n = HomC(Cz, z⊥), the vector
w represents the map z 7→ w. Changing z by (−1)m therefore changes the represented
tangent vector by (−1)m. This is the normal holonomy. In the two real tangent directions
to the geodesic’s projective line, the horizontal representatives themselves also acquire this
sign, so the projected fields T, JT are periodic.

Theorem 4.78 (Morse–Bott index on complex projective space). The energy on L∞CP n is
Morse–Bott, with

ind(K0) = 0, nul(K0) = 2n,

ind(Km) = 2n(m− 1) + 1, nul(Km) = 4n− 1 (m ≥ 1).
(159)
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In particular the first negative bundle is a trivial real line bundle on STCP n.

Proof. Use parallel frames along (157), whose speed is 2πRm. In the T direction the index
form is the nonnegative form

∫
|ḟ |2 on periodic functions, with one zero mode. In the JT

direction, the curvature is 1/R2. The scalar operator is −d2/dt2 − (2πm)2 on periodic
functions. As in Thm. 4.5, it supplies 2m− 1 negative modes and two zero modes.

The other 2n − 2 real directions have curvature 1/(4R2), so their scalar operators are
−d2/dt2−(πm)2. Because the parallel frames have holonomy (−1)m, the coefficient functions
satisfy

f(1) = (−1)mf(0), ḟ(1) = (−1)mḟ(0).
Their frequencies are πk with k ∈ Z and k ≡ m (mod 2). The negative frequencies satisfy
|k| < m. Counting real dimensions gives exactly m − 1: for even m there is the constant
mode and the positive even frequencies below m, each with its sine and cosine; for odd m
there are the positive odd frequencies below m, each with its sine and cosine. At |k| = m
there are two real zero modes. It follows that

ind(Km) = (2m− 1) + (2n− 2)(m− 1) = 2n(m− 1) + 1,

and nul(Km) = 1 + 2 + 2(2n− 2) = 4n− 1. This equals the dimension of STCP n, so the
periodic Jacobi fields exhaust its tangent space. Constants are handled exactly as in the
sphere case. Fredholmness then establishes the Morse–Bott condition.

At m = 1 the only negative mode is the constant coefficient in the JT direction. The
vector field Jγ̇ is defined and nonzero for every γ ∈ K1, so it gives a global trivialization of
the negative line bundle.

Remark 4.79. This index formula agrees with the compact rank-one-symmetric-space cal-
culation of [Zil77] and the formula recalled in [Şir24, Thm. 3.2]. Treating every parallel
normal frame as periodic would give an incorrect index for odd iterates. The sign holonomy
in Lem. 4.77 is the reason no extra negative normal modes occur at the first level.

4.3 Filtration-respecting maps

Every family in this subsection carries the first nontrivial loop stage into the first nontrivial
target stage. In fact, these maps preserve every numbered stage. The inclusions below
preserve energy and critical geodesics. The quotient projections in the final subsubsection
preserve sublevels by decreasing energy, and need not preserve critical geodesics.

4.3.1 Equatorial inclusions

Proposition 4.80 (Equatorial spheres preserve every stage). For 1 ≤ p < q, the equatorial
inclusion ι : Sp

R ↪→ Sq
R is totally geodesic and isometric. It induces, for every m ≥ 0,
LmSp ↪→ LmSq, (L∞ι)−1(LmSq) = LmSp. (160)

For m ≥ 1, it sends Km(Sp
R) into Km(Sq

R) by the inclusion of Stiefel manifolds, with index
difference

indSq(Km)− indSp(Km) = (q − p)(2m− 1), m ≥ 1.

At the constant-loop stage both indices are zero.
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Proof. The inclusion is induced by a linear isometric inclusion of Euclidean spaces. A great
circle in the smaller sphere is still a great circle in the larger one. The formulas for the
metric and for the geodesics therefore prove isometry and total geodesy. The critical energy
2π2R2m2 is independent of the dimension, and Prop. 3.13 proves the filtration claim. The
index difference follows from (19).

Theorem 4.81 (The inclusion of the complex into the quaternionic line). The inclusion

CP 1 HP 1

[z1 : z2]C 7−→ [z1 : z2]H,

ιH

with the metric scale of Def. 4.73, preserves every critical-energy stage. In particular,
L1S

2 ↪→ L1S
4, Cyc1 S2 −→ Cyc1 S4 over BS1. (161)

For the isometry τ(x, y) = (x,−y) on S4
R ⊂ R3 ⊕ R2, the equality of filtered fixed loci is

(LmS4)τ = LmS2.

Proof. By Lem. 4.74, the displayed map is the equatorial inclusion of equal-radius round
spheres. Apply Props. 3.18 and 4.80. The fixed-locus assertion follows from Prop. 3.20 and
the common critical values.

Remark 4.82 (An equality of indices is not a shift of stages). For this inclusion,
ind(K2(S2)) = 3 = ind(K1(S4)), c2 = 8π2R2 6= 2π2R2 = c1.

A twice-traversed great circle stays twice-traversed. It is not carried into the first energy
stage of LS4. The first stage maps to the first stage even though its index increases from 1
to 3.

4.3.2 Projective subspaces

The complex-linear inclusions extend both to subspaces over each of R,C,H and to inclusions
obtained by extending the ground division algebra. We first establish a common critical-value
scale, including the real and quaternionic cases.

Lemma 4.83 (Horizontal representatives of projective tangents). For a unit vector u ∈
Fn+1, identify T[u]FP n with

u⊥F = {v : 〈u, v〉F = 0}, 〈u, v〉F :=
∑

α

uαvα.

Under this identification the squared metric norm is 4R2|v|2. A change of representative
u 7→ ua, a ∈ GF, changes the representative of the same tangent vector by v 7→ va. In an
affine chart the metric is

(gF,R)w(v, v) = 4R2 (1 + |w|2)|v|2 − |〈w, v〉F|2

(1 + |w|2)2 . (162)

Proof. At u the vertical tangent space of the unit-sphere quotient is u ImF. Orthogonality
to it, together with tangency to the sphere, is equivalent to 〈u, v〉F = 0. For F = R
the vertical tangent space is zero, and this is the usual tangent space of the sphere. The
quotient metric and (153) give the norm and the equivariance statement. Finally differentiate
(w, 1)/(1 + |w|2)1/2 and subtract its vertical component. Its squared horizontal norm is the
fraction in (162).
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Theorem 4.84 (Critical levels over the three division algebras). Let n ≥ 1 and d = dimR F.
The energy on (L∞FP n, gF,R) is Morse–Bott. Its critical manifolds are K0 = FP n and, for
m ≥ 1, Km

∼= STFP n, with
cm = 2π2R2m2, `(Km) = 2πRm,

ind(Km) = (d− 1)(2m− 1) + d(n− 1)(m− 1), nul(Km) = 2dn− 1.
(163)

At the constants the index is zero and the nullity is dn. Thus the critical-energy stages are
LmFP n = {E ≤ 2π2R2m2}, with the same thresholds for all three ground algebras and all
positive projective dimensions.

Proof. Take unit vectors u, v with 〈u, v〉F = 0. The great circle z(s) = cos(s)u + sin(s)v in
the unit sphere is horizontal at every point, since 〈z, z′〉F = 0. By Prop. 3.15 its projection
is a geodesic. These curves realize every initial point and tangent direction. Moreover
[z(s)] = [u] holds exactly when sin(s) = 0: independence of u, v over F excludes any other
possibility. Hence every nonconstant closed geodesic is

γu,v,m(t) = [cos(πmt)u + sin(πmt)v]F. (164)
Its speed is 2πRm, proving the length and energy assertions. For fixed m, the initial-data
map from STFP n is a smooth injective immersion, by the Jacobi-field argument in Thm. 4.76.
Compactness makes its image an embedded critical manifold, proving Km

∼= STFP n.
We spell out the curvature and holonomy needed for the index count. At a point with

a chosen unit representative, the tangent maps induced by right multiplication by an or-
thonormal basis a1, . . . , ad−1 of ImF are denoted Iα. For d = 1 this is an empty family. For
orthonormal real tangent vectors T, V the quotient-curvature formula is

sec(T, V ) = 1
4R2

(
1 + 3

d−1∑
α=1
〈V, IαT 〉2

)
.

Indeed the unit-sphere curvature is 1, and the vertical component of the derivative of a
horizontal field has coefficients 〈V, IαT 〉 in the fiber directions. The submersion curvature
identity adds three times the squared norm of this component; rescaling gives the displayed
formula (see [ONe66]). Polarization shows that the Jacobi operator has curvature eigenvalue
1/R2 in the d − 1 directions IαT , and 1/(4R2) in the d(n − 1) directions perpendicular to
the geodesic’s F-projective line. There is also its one-dimensional tangential kernel.

Along (164), put w(t) = − sin(πmt)u+cos(πmt)v. The horizontal representatives w(t)aα

project to parallel fields: their derivatives −πmz(t)aα are vertical. At t = 1 both z and
w have acquired (−1)m, so the projected parallel fields are periodic. The unit tangent is
parallel and periodic as well. By contrast, fixed vectors in 〈u, v〉⊥F are horizontal parallel
representatives whose projected holonomy is (−1)m. These assertions also follow directly by
taking horizontal parts of covariant derivatives on the sphere.

The tangential scalar Hessian is −d2/dt2, with one zero mode and no negative modes. In
each of the d − 1 periodic high-curvature directions it is −d2/dt2 − (2πm)2, with 2m − 1
negative modes and two zero modes. In each of the d(n − 1) remaining directions it is
−d2/dt2 − (πm)2 with boundary condition f(1) = (−1)mf(0) (and the same condition on
ḟ). These are exactly the scalar periodic and sign-twisted problems counted in Thm. 4.78:
each low-curvature direction contributes m−1 negative modes and two zero modes. Summing
their contributions gives the displayed index and

nul(Km) = 1 + 2(d− 1) + 2d(n− 1) = 2dn− 1.
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This equals dim STFP n. Variations of initial data already give that many Jacobi fields, so
the Hessian kernel is exactly tangent to Km. Together with Prop. 3.4, and the analogous
constant-loop computation, this proves the Morse–Bott condition. Compare the symmetric-
space treatment in [Zil77].

Remark 4.85 (The real case and its loop components). For RP n the index is (n− 1)(m− 1);
in particular the first nonconstant critical manifold has index zero. When n ≥ 2, odd m
belong to the noncontractible free-loop component, and even m belong to the contractible
one: the lift to Sn

2R closes exactly for even m. Thus the common list cm refers to the whole
free loop space, not to a reindexing within one component. For RP 1 the two components of
each STRP 1 give winding numbers m and −m.

Theorem 4.86 (Projective inclusions preserve every stage). Let F ⊆ K be an inclusion
among R,C,H, allowing equality, and let 1 ≤ k ≤ n. The map

FP k KP n

[x0 : · · · : xk]F 7−→ [x0 : · · · : xk : 0 : · · · : 0]K,

j

with the compatible metrics of Def. 4.73, is an isometric totally geodesic embedding. It
induces, for every m ≥ 0,

LmFP k ↪→ LmKP n, (L∞j)−1(LmKP n) = LmFP k,

and Cycm FP k → Cycm KP n over BS1. On nonconstant critical manifolds it is the unit-
tangent inclusion and preserves the traversal number m. For F = K the index difference at
level m ≥ 1 is d(n− k)(m− 1), where d = dimR F.

Proof. The map is well defined. If two nonzero vectors x, y ∈ Fk+1 satisfy y = xa with
a ∈ K×, any nonzero coordinate of x gives a = x−1

α yα ∈ F. Thus the map is injective.
For vectors with entries in F, the K-Hermitian product equals their F-Hermitian product. A
horizontal tangent representative stays horizontal and keeps its norm, so Lem. 4.83 proves
that the inclusion is an isometric immersion. Compactness makes it an embedding. Formula
(164) is unchanged by the inclusion, proving total geodesy. The common critical values in
Thm. 4.84 and Props. 3.13 and 3.18 give all filtration assertions. Subtracting the index
formulas proves the last statement.

Remark 4.87 (Subspaces and extension of scalars). For equal ground algebras this includes
RP k ↪→ RP n, CP k ↪→ CP n, and HP k ↪→ HP n. For proper extensions it includes RP k ↪→
CP n, RP k ↪→ HP n, and CP k ↪→ HP n. At the first critical level their indices are re-
spectively 0, 1, and 3 according to the target ground algebra, independently of projective
dimension. The inclusion CP 1 ↪→ HP 1 of Thm. 4.81 is consequently also a case of the
general projective theorem. These statements concern the standard metrics up to constant
rescaling. Independent rescalings of source and target can change the numerical energy
comparison, but preserve the stage correspondence m 7→ m; see Lem. 4.1.

Corollary 4.88 (The two-sphere in complex projective three-space). The map

CP 1 CP 3

[z1 : z2] 7−→ [z1 : z2 : 0 : 0]

j
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identifies S2
R isometrically with a totally geodesic projective line, and in particular gives

L1S
2 ↪→ L1CP 3, Cyc1 S2 −→ Cyc1 CP 3 over BS1. (165)

Both first critical manifolds have index 1; their dimensions are respectively 3 and 11.

Proof. Take k = 1, n = 3 in Thm. 4.86 and use the round identification Lem. 4.74. The
dimensions and indices are those of Thms. 4.76 and 4.78.

Remark 4.89 (Stage numbers, normalized energy, and indices). Stage numbers do not count
negative Hessian directions. The following comparison is independent of metric scale:

m cm/c1 ind(S2) ind(S4) ind(CP 3)
1 1 1 3 1
2 4 3 9 7
3 9 5 15 13

Both S2 ↪→ S4 and S2 = CP 1 ↪→ CP 3 preserve the first nontrivial stage. The differ-
ent indices describe different attachments at that stage, and do not shift its number. For
numerical calculations a common scale R makes cm = 2π2R2m2 on all three spaces. The
quotient convention is R = 1/2, while R = 1 makes the projective lines unit round spheres.
Changing these scales independently leaves every stated stage correspondence unchanged by
Lem. 4.1.

4.3.3 Projective quotients

There is a second natural family of projective maps. Instead of including vectors from a
smaller coordinate space, regard a fixed K-vector space as an F-vector space and send each
F-line to its K-span. This yields quotient fibrations whose loop maps preserve the small-loop
stage, and indeed every stage. At a common metric scale this follows from energy decrease
and equality of the source and target critical thresholds.

Theorem 4.90 (Projective quotient fibrations respect every stage). Let F ⊊ K be among
R ⊂ C ⊂ H, put r = dimF K, and let n ≥ 1. Identify the right F-vector space Kn+1

isometrically with Fr(n+1). Then

FP r(n+1)−1 KP n

[v]F 7−→ [v]K

pF,K

(166)

is a Riemannian submersion for the common scale R, with totally geodesic fiber FP r−1 in
its standard metric. For every m ≥ 0 it induces maps

LmFP r(n+1)−1 −→ LmKP n,

Cycm FP r(n+1)−1 −→ Cycm KP n over BS1.
(167)

The energy difference is exactly the vertical energy in (12). In particular the three families
are

projection fiber
RP 2n+1 CP n RP 1

RP 4n+3 HP n RP 3

CP 2n+1 HP n CP 1.
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The last is the standard twistor fibration.

Proof. Let GF ⊂ GK be the groups of unit scalars. Both projective metrics are quotients of
the same round sphere:

S
(dimR K)(n+1)−1
2R /GF −→ S

(dimR K)(n+1)−1
2R /GK.

The actions are free, and local trivializations of the GK-bundle identify the fiber with
GK/GF ∼= FP r−1. The horizontal space for the GK-quotient is contained in the horizon-
tal space for the GF-quotient. On that common horizontal space both quotient differentials
preserve the sphere metric. This proves that (166) is a Riemannian submersion. No normal-
ity of GF in GK is required; the fiber is the displayed homogeneous space, not in general a
quotient group.

For a fixed right K-line vK, its F-projectivization is a linear FP r−1 inside the source. The
metric and total-geodesy assertions therefore follow from Thm. 4.86. By Thm. 4.84, source
and target have the common critical values cm = 2π2R2m2. Apply Prop. 3.15. The twistor
interpretation of the final family uses the description of a point of CP 2n+1 as a complex line
inside a quaternionic line; see also [Esc75].

Corollary 4.91 (The twistor map to the round four-sphere). The twistor projection with
the metric scale of Def. 4.73 induces

L1CP 3 −→ L1S
4, Cyc1 CP 3 −→ Cyc1 S4 over BS1, (168)

and similarly at every stage. For a loop in CP 3, equality of its energy with the energy of its
image holds exactly when it is horizontal almost everywhere.

Proof. Take F = C, K = H, n = 1 in Thm. 4.90 and use Lem. 4.74.

Proposition 4.92 (A filtered triangle and two kinds of projective line). Fix C = 〈1, i〉 ⊂ H
and write quaternionic coordinates using the right-C-linear isometry

C4 H2

(z1, z2, z3, z4) 7−→ (z1 + jz3, z2 + jz4) .

In these coordinates the following diagram commutes:

CP 1 CP 3

HP 1,

j0

ιH
p j0[z1 : z2] = [z1 : z2 : 0 : 0]. (169)

The image of j0 is horizontal for p, and p restricts there to the equatorial isometric inclusion
S2

R ↪→ S4
R. In contrast, the projective line {[z1 : 0 : z3 : 0]} is a twistor fiber over [1 : 0]H.

Consequently, for every m ≥ 0, the induced maps fit into commuting diagrams

LmS2 LmCP 3

LmS4

Lmj0

LmιH
Lmp

Cycm S2 Cycm CP 3

Cycm S4 ,

Cycm j0

Cycm ιH
Cycm p (170)

where we identify CP 1 ∼= S2 and HP 1 ∼= S4 with the compatible round metrics, and the
cyclified diagram is over BS1. In particular, taking m = 1 exhibits the factorization of the
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small-loop inclusion through the small-loop space of CP 3: all three maps preserve the first
nontrivial filtration stage.

Proof. The composite is [z1 : z2]C 7→ [z1 : z2]H. The identifications of the two included
metrics are those of Thm. 4.86. Since both j0 and pj0 preserve tangent norms, the submersion
norm identity forces every tangent of j0(CP 1) to be horizontal. The other projective line
consists of all complex lines in (1, 0)H, so is exactly the fiber over [1 : 0]H. The stage maps
follow from Thms. 4.86 and 4.90. Composition on loops preserves the commutativity of
(169) and commutes with loop rotation; taking Borel constructions gives the second triangle
in (170) over BS1.

Example 4.93 (A critical twistor loop can project to a noncritical loop). Use the preceding
quaternionic description of CP 3 and let 0 < α < π/2. Put a = cos α, b = sin α, and
consider

γα(t) = [(cos(πt) + ja sin(πt), b sin(πt))]C. (171)
The vectors u = (1, 0) and v = (ja, b) are orthonormal over C, since the complex component
of 〈u, v〉H = ja is zero. Thus γα is a primitive closed geodesic of CP 3, with energy c1 =
2π2R2. For its unit-sphere lift z(t), direct calculation gives

|z′(t)|2 = π2, 〈z(t), z′(t)〉H = πja.

Subtracting the quaternionic vertical component therefore gives
EHP 1(pγα) = 2π2R2(1− a2) = c1 sin2 α ∈ (0, c1). (172)

The projected loop is nonconstant, but cannot be critical, since c1 is the smallest positive
critical energy on HP 1. At α = 0 the geodesic lies in a twistor fiber and projects to a
constant loop; at α = π/2 it is horizontal and projects to a primitive great circle. This
proves explicitly that preservation of the filtration does not imply preservation of its critical
manifolds.

Remark 4.94 (Generality and limits of the submersion argument). Every Riemannian sub-
mersion respects numerical energy sublevels, regardless of whether its fibers are totally
geodesic. Identifying ordinal stages additionally requires comparing the critical spectra.
The Hopf quotients of spheres illustrate the distinction: they require the sharp reindexing
m 7→ 2m, as proved in Thm. 4.97 below. This is independent of constant metric rescalings.
There is no stage shift for the projective quotient fibrations of Thm. 4.90.
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4.4 Filtration-violating maps

The Hopf projections provide natural maps that fail to preserve the number of a critical-
energy stage. Their loop maps do satisfy a sharp bound, but with reindexing m 7→ 2m.
The reason is geometric: a horizontal great circle upstairs traverses a primitive geodesic
downstairs twice. In particular these maps do not preserve the small-loop stage. By Lem. 4.1,
changing metric scales cannot remove this failure.

4.4.1 Hopf fibrations

Definition 4.95 (The Hopf projections). Let F ∈ {R,C,H}, d = dimR F, and n ≥ 1. On
unit representatives the projection is

Sd(n+1)−1 FP n

x 7−→ [x]F .

pF,n

(173)

Both spaces have their standard metrics up to scale, as specified at the start of § 4. The fiber
is the orbit xGF of the unit scalars, a great sphere Sd−1 in the unit representative model.
For F = R this is the antipodal double covering, with fiber S0. The three families are

F projection fiber
R Sn RP n S0

C S2n+1 CP n S1

H S4n+3 HP n S3.

Metric scales will enter only the energy calculation below; the stage correspondence in
Thm. 4.97 has no scale parameter. The classical complex example is due to Hopf [Hop31];
for the Riemannian-submersion framework see [ONe66; Esc75].

Lemma 4.96 (Exact energy loss in the vertical directions). For this calculation, realize the
source as a round sphere Sd(n+1)−1

ρ of radius ρ > 0 and equip the target with gF,R, R > 0.
The symbols ρ and R are independent metric scales; they do not index filtration stages. The
differential of pF,n multiplies horizontal lengths by 2R/ρ, so this is a Riemannian submersion
exactly when ρ = 2R. Write γ(t) = ρz(t), |z(t)| = 1, and set

aγ(t) = 〈z(t), ż(t)〉F ∈ ImF for almost every t.

Its vertical energy and the energy of its projection are

EV(γ) := ρ2

2

∫ 1

0
|aγ(t)|2 dt,

EFP n(pF,nγ) = 4R2

ρ2

(
ESρ(γ)− EV(γ)

)
.

(174)

In particular equality in EFP n(pγ) ≤ (4R2/ρ2)ESρ(γ) holds exactly for loops horizontal al-
most everywhere. For F = R, the vertical energy is zero for every loop.

Proof. Differentiation of |z|2 = 1 shows that the real part of 〈z, ż〉F vanishes. The vertical
and horizontal parts of ż are

żV = zaγ, żH = ż − zaγ.

84



4 Examples

Indeed 〈z, ż − zaγ〉F = 0, and multiplication by the unit vector z is isometric on the scalar
fiber. Consequently |żH|2 = |ż|2 − |aγ|2. By Lem. 4.83, the squared speed of the projected
loop is 4R2(|ż|2−|aγ|2). Integration proves (174). The equality criterion follows because the
subtracted integrand is nonnegative. For the real algebra ImR = 0. These computations
hold for H1 loops by the almost-everywhere chain rule.

Theorem 4.97 (Sharp doubling of the Hopf stage number). For each of the three Hopf
families in Def. 4.95, and every m ≥ 0, composition induces

LmSd(n+1)−1 −→ L2mFP n,

Cycm Sd(n+1)−1 −→ Cyc2m FP n over BS1.
(175)

For every m ≥ 1, the target stage 2m is the smallest numbered stage containing the image
of the entire source stage m. More precisely, every horizontal m-fold great circle projects to
a 2m-fold primitive projective geodesic. In particular, the image of L1S

d(n+1)−1 is contained
in L2FP n but not in L1FP n: the small-loop stage is not preserved. All these assertions
are independent of the source and target metric scales, which have been suppressed in the
notation.

Proof. The first source and target thresholds are cS
1 = 2π2ρ2 and cP

1 = 2π2R2. Dividing
(174) by cP

1 gives
εFP n(pγ) = 4

ESρ(γ)− EV(γ)
cS

1
≤ 4εSρ(γ).

Thus the source bound ε ≤ m2 implies the target bound ε ≤ (2m)2. This proves the
loop-stage map; rotation equivariance gives the cyclified map over BS1.

To prove sharpness, choose F-orthonormal unit vectors u, v ∈ Fn+1 and put
γm(t) = ρ

(
cos(2πmt)u + sin(2πmt)v

)
. (176)

This is an m-fold great circle and is horizontal: the F-Hermitian product of its normalized
position and velocity vanishes. Conversely, for a great circle given by a real orthonormal
pair (u, v), horizontality at t = 0 forces 〈u, v〉F = 0. Thus this describes every horizontal
great circle. Its projection is

pγm(t) = [cos(2πmt)u + sin(2πmt)v]F. (177)
The least positive angle closing this projective geodesic is π, as proved in Thm. 4.84. Thus
(177) is precisely the 2m-fold primitive geodesic, of energy cP

2m. It belongs to no stage
j < 2m. The same witness gives points of the Borel image outside every earlier target Borel
sublevel. This proves the minimality assertion.

The formulas prove the result for arbitrary positive ρ, R. Equivalently, its independence
of metric scale follows from Lem. 4.1.

Remark 4.98 (Why energy decrease does not imply stage preservation). In the Riemannian-
submersion scale ρ = 2R, the Hopf projection decreases energy and preserves every numer-
ical sublevel. Nevertheless, a primitive horizontal geodesic upstairs has length 4πR, while a
primitive geodesic downstairs has length 2πR. Their first critical energies therefore differ by
a factor of four. The normalized inequality is

EFP n(pγ)
cP

1
≤ 4

ESρ(γ)
cS

1
, (178)
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with equality on horizontal loops, in every scale. Thus the doubling of stage number reflects
the double traversal, not a choice of energy units. It also does not mean that every loop in
stage m lands in the stratum L2mFP n−L2m−1FP n: constants remain constant, and vertical
loops project to constants.
Remark 4.99 (The real covering and the choice of components). For F = R every great circle
is horizontal. If n ≥ 2, the projected loop of any closed loop in Sn lies in the contractible
component of L∞RP n, since it has a closed lift to the universal cover. The positive critical
levels in that component have even traversal numbers. Renumbering only that component
would change the meaning of the first stage; the theorem uses the filtration of the whole free
loop space, as in Rem. 4.85. For n = 1, the covering multiplies the winding number by two,
after compatible orientation choices.

Corollary 4.100 (The Hopf maps to round spheres). With the auxiliary radii ρ, R of
Lem. 4.96, for F = C,H and d = 2, 4, the projective-line identification of Lem. 4.74 turns
pF,1 into

S2d−1
ρ Sd

R ⊂ F⊕ R

(q1, q2) 7−→
R

ρ2

(
2q1q2, |q1|2 − |q2|2

)
.

hρ,R

(179)

For d = 4 this is the quaternionic Hopf fibration, with fiber S3. It induces the sharp stage
maps

LmS7 −→ L2mS4, Cycm S7 −→ Cyc2m S4 over BS1. (180)
The analogous complex stage maps have source LmS3 and target L2mS2, and likewise after
cyclification.

Proof. Compose the Hopf projection with the isometry (154); since |q1|2 + |q2|2 = ρ2, its
formula is (179). Apply Thm. 4.97. The sharpness witness can be seen without coordinates
on projective space:

γm(t) = ρ(cos(2πmt), sin(2πmt)),
hρ,Rγm(t) = R(sin(4πmt), cos(4πmt)).

(181)

The real first coordinate on the second line is regarded as an element of F. The image is a
2m-fold great circle of Sd

R.

Example 4.101 (A first critical loop may project below, at, or above the first threshold).
In (179), choose a unit imaginary scalar I ∈ F, and let 0 ≤ a ≤ 1, b =

√
1− a2. The loop

γa(t) = ρ
(
cos(2πt) + Ia sin(2πt), b sin(2πt)

)
is a primitive great circle in the source for every a: its defining real two-frame is u = (1, 0),
v = (Ia, b). Its normalized vertical coefficient is 〈z, ż〉F = 2πIa. Consequently

E(γa) = cS
1 , E(hρ,Rγa) = 4b2cP

1 . (182)
More explicitly, putting s = 2πt,

1
R

hρ,Rγa(t) = C + A cos(2s) + B sin(2s),


C = (Iab, a2),
A = (−Iab, b2),
B = (b, 0).

The vectors C, A, B are pairwise real-orthogonal, with |C| = a and |A| = |B| = b. Thus
for 0 < a < 1 the image is a twice-traversed round circle of Euclidean radius Rb with
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nonzero center RC. Its plane does not pass through the origin, so it is not a geodesic of the
round target. It lies in the first target stage exactly when b ≤ 1/2. At b = 1/2 its energy
equals the first critical value, although the loop itself is not critical. At a = 0 it is the
twice-traversed great circle from the sharpness proof; at a = 1 it is constant. Embedding
these two coordinates in Fn+1 gives the same examples inside a totally geodesic projective
line of FP n.

Proposition 4.102 (Factoring through projective quotients). Let F ⊊ K be among R ⊂
C ⊂ H, and put r = dimF K and D = (dimR K)(n + 1)− 1. Using the coordinate identifi-
cation from Thm. 4.90, the Hopf projection factors as

SD FP r(n+1)−1

KP n.

pF,r(n+1)−1

pK,n
pF,K (183)

On loop stages this gives a commuting triangle
LmSD L2mFP r(n+1)−1

L2mKP n,

and likewise for cyclification over BS1. In particular the factorization S7 → CP 3 →
HP 1 ∼= S4 consists of a Hopf projection requiring m 7→ 2m followed by a twistor projection
preserving the stage number.

Proof. The composite sends a nonzero vector x first to its F-line and then to its K-span,
which is exactly [x]K. Apply Thm. 4.97 to the sphere projections and Thm. 4.90 to the
projective projection. Rotation equivariance gives the Borel assertion.

Example 4.103 (The ordinary Hopf fibrations on the first stage). For the Hopf fibrations
over projective lines (n = 1), Prop. 4.102 specializes at m = 1 as follows. All spheres and
projective spaces below have their standard metrics up to independent constant rescaling.

For the quaternionic Hopf fibration S7 → HP 1 ∼= S4, the factorization through the
twistor space gives

L1S
7 L2CP 3 L2HP 1 L2S

4.
L∞pC,3 L∞pC,H ∼= (184)

The first arrow requires stage 2; the twistor arrow preserves stage number. It also restricts
to L1CP 3 → L1S

4, but the image of the preceding sphere map is not contained in that
smaller domain. Nor does the composite land in L1S

4. One may refine the factorization to
L1S

7 −→ L2RP 7 −→ L2CP 3 −→ L2S
4;

again only the initial sphere projection requires the shift.
For the complex Hopf fibration S3 → CP 1 ∼= S2, the analogous factorization is

L1S
3 L2RP 3 L2CP 1 L2S

2.
L∞pR,3 L∞pR,C ∼= (185)

Here the first map is induced by the antipodal double covering and the second by the
projective circle fibration. The second map preserves stage number, while the composite
requires target stage 2.
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For the real Hopf fibration, the double covering of circles, one obtains

L1S
1 L2RP 1 L2S

1.
L∞pR,1 ∼= (186)

Identify RP 1 with a circle by
RP 1 S1

[cos θ : sin θ] 7−→ e2iθ.

∼=

With the standard projective metric this is a round-circle identification up to scale. The
covering doubles the winding number. A once-traversed source circle therefore reaches wind-
ing number 2, outside the first target stage. There is no further intermediate quotient by a
smaller algebra in {R,C,H}.

For the complex and quaternionic maps the witness, on unit source and target spheres, is
γ(t) = (cos(2πt), sin(2πt)), hγ(t) = (sin(4πt), cos(4πt)).

The image is a twice-traversed great circle, as in (181). This proves the stated failure of
first-stage preservation for each composite. All three displays also hold with Lj replaced by
Cycj, over BS1.

Remark 4.104 (Scope of the filtration failure). The sharpness statements concern the compo-
sition map on the specified energy subspaces. They do not assert an obstruction to replacing
that map by a homotopic map factoring through an earlier stage. Such an obstruction would
be a further question about the attaching maps and the homotopy class of the induced loop
map.

4.4.2 Veronese embeddings

The preceding Hopf maps are quotient projections. A second natural source of filtration
failure is provided by the complex Veronese embeddings. Their degree determines an exact
dilation of the normalized loop energy, hence a sharp change of stage number. Unlike a
Hopf projection, a Veronese embedding is injective: the failure here does not come from
identifying points of a source geodesic.

Definition 4.105 (Normalized Veronese embedding). Let n ≥ 1 and d ≥ 1 be integers,
where d now denotes the polynomial degree, and put

Nd =
(

n + d

d

)
− 1.

For a multi-index α = (α0, . . . , αn) of nonnegative integers, write |α| = ∑
j αj, α! = ∏

j αj!,
and zα = ∏

j z
αj

j . Set

Vd(z) =

√ d!
α!

zα


|α|=d

∈ CNd+1.

The degree-d Veronese map is
CP n CP Nd

[z] 7−→ [Vd(z)] .

νd

(187)

The square-root multinomial coefficients are part of the metric normalization. We equip
the target coordinates with their standard Hermitian inner product. Equivalently, Vd(z) is
the symmetric tensor z⊗d, expressed in an orthonormal basis of Symd Cn+1, with the metric
inherited from (Cn+1)⊗d.
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4 Examples

Proposition 4.106 (Embedding and metric pullback). The map (187) is a holomorphic
embedding. For the Fubini–Study metrics in the quotient normalization,

ν∗
dg

(Nd)
FS = d g

(n)
FS . (188)

Here the superscript specifies the projective dimension. The same identity holds for the
common scale g

(k)
R := 4R2g

(k)
FS of Def. 4.73. Thus lengths of tangent vectors are multiplied

by
√

d. This is the standard metric property of the Veronese map; see, for example, [Ter,
Ex. 92].

Proof. The multinomial theorem gives the polarized identity
〈Vd(z), Vd(w)〉 = 〈z, w〉d, |Vd(z)|2 = |z|2d. (189)

In particular Vd(z) 6= 0 for z 6= 0. Since Vd(az) = adVd(z), its projectivization is well de-
fined and holomorphic. For unit vectors z, w, collinearity of Vd(z), Vd(w) implies |〈z, w〉|d =
1. Equality in Cauchy–Schwarz then makes z, w collinear. Thus the projective map is
injective.

To compute its metric, take |z| = 1 and a horizontal tangent representative v with 〈z, v〉 =
0. In the tensor description,

DVd(z)v =
d∑

a=1
z⊗(a−1) ⊗ v ⊗ z⊗(d−a).

Every summand is orthogonal to z⊗d; distinct summands are mutually orthogonal, and each
has squared norm |v|2. It follows that

〈Vd(z), DVd(z)v〉 = 0, |DVd(z)v|2 = d|v|2.
Thus DVd(z)v is horizontal at the unit vector Vd(z). The quotient metric on projective space
measures exactly these horizontal norms, proving (188); real polarization gives the bilinear
identity. Its positive-definiteness proves that νd is an immersion. Together with injectivity
and compactness of CP n, this makes it a holomorphic embedding. Multiplication of both
metrics by 4R2 proves the statement for gR.

Theorem 4.107 (Sharp stage bound for Veronese embeddings). For the standard projective
metrics up to independent constant rescalings, the normalized energy of (15) satisfies

εCP Nd (νd ◦ γ) = d εCP n(γ). (190)
Consequently, for every integer m ≥ 0, composition induces

LmCP n −→ Ldm
√

deCP Nd ,

Cycm CP n −→ Cycdm
√

de CP Nd over BS1.
(191)

For m ≥ 1, the target index dm
√

de is the smallest numbered stage containing the entire
image of the source stage. In particular, if d > 1, the first nontrivial stage is not preserved:
its image requires target stage d

√
de ≥ 2.

Proof. First choose a common metric scale R. The metric pullback in Prop. 4.106 and the
Sobolev chain rule give the exact identity

ECP Nd (νd ◦ γ) = d ECP n(γ).
The first critical energy is c1 = 2π2R2 on both spaces, by Thm. 4.84. Division by c1 proves
(190) at this scale. Both normalized energies are invariant under constant metric rescalings,
proving the identity in general.
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Since stage m is the sublevel ε ≤ m2, its image has normalized energy at most dm2. The
least nonnegative integer j with j2 ≥ dm2 is j = dm

√
de. For sharpness, take the m-fold

projective geodesic
γm(t) = [cos(πmt) : sin(πmt) : 0 : · · · : 0].

Its normalized energy is m2, so its image has normalized energy exactly dm2 and belongs to
no earlier target stage. More precisely, for every j ≥ 0,

(L∞νd)−1(LjCP Nd) = {γ : εCP n(γ) ≤ j2/d}. (192)
Composition commutes with loop rotation. The maps and the sharpness assertion therefore
pass to the Borel constructions over BS1.

Proposition 4.108 (Nonconstant critical loops do not remain critical). For d > 1, the
image under νd of any nonconstant critical loop of CP n is not a critical loop of CP Nd. If
d = s2 is a square, an m-fold source geodesic has image energy equal to the target critical
value csm, but its image is still not critical.

Proof. Choose the common scale R. An m-fold primitive projective geodesic has least pos-
itive period 1/m and energy m2c1. Because νd is injective, its image has exactly the same
least period: equality of image values is equivalent to equality of source values. If the image
were a closed geodesic, the classification in Thm. 4.84 would therefore make it an m-fold
primitive geodesic, with energy m2c1. Its actual energy is dm2c1 by Thm. 4.107, a contra-
diction when d > 1. For d = s2, this same energy is csm; equality with a critical value does
not make the loop a critical point. Criticality and the argument are unaffected by constant
metric rescalings.

Example 4.109 (The quadratic two-sphere in CP 2). For n = 1, d = 2, the normalized
embedding is

CP 1 CP 2

[z0 : z1] 7−→ [z2
0 :
√

2 z0z1 : z2
1 ] .

ν2

(193)

Identifying the source with the round S2, it gives
L1S

2 −→ L2CP 2, Cyc1 S2 −→ Cyc2 CP 2 over BS1.

Neither image is contained in the first target stage. Indeed the primitive source geodesic
γ(t) = [cos(πt) : sin(πt)] has image

ν2γ(t) = [cos2(πt) :
√

2 cos(πt) sin(πt) : sin2(πt)]
of normalized energy 2. This is strictly between the first two target critical values, 1 and
4, so the image is noncritical. It passes beyond the small-loop bound without reaching the
second critical energy.

Example 4.110 (Linear and cubic two-spheres in CP 3). The cubic Veronese embedding is
CP 1 CP 3

[z0 : z1] 7−→ [z3
0 :
√

3 z2
0z1 :

√
3 z0z

2
1 : z3

1 ] .

ν3

(194)

The linear inclusion j of Cor. 4.88 and this cubic embedding have the same source and target,
but different first-stage behavior:

L1S
2 L1CP 3,

L∞j
L1S

2 L2CP 3.
L∞ν3 (195)
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The cubic image of a primitive source geodesic has normalized energy 3, so the second map
does not land in L1CP 3. For degree 1 the Veronese map is linear and preserves all stages;
for degrees 2, 3, and 4 the smallest target stage for the first source stage is 2; for degrees 5
through 9 it is 3. These assertions also hold after cyclification.

Remark 4.111 (Making the embedding isometric does not remove the shift). Equipping the
source with d g

(n)
R makes νd an isometric embedding into (CP Nd , g

(Nd)
R ). Its source critical

energies then become d cm, while the target critical energies remain cm. The source’s first
stage is the same subspace as before, by Lem. 4.1; its image still requires target stage
d
√

de. Thus an isometric embedding can fail to preserve numbered stages, even though
it preserves numerical energy sublevels. As in Rem. 4.104, the statements here concern
the actual composition maps on the specified subspaces; no obstruction to a homotopic
factorization through an earlier stage is asserted.

Remark 4.112 (Content established at this stage). The examples determine critical manifolds
and indices, the sphere negative bundles, and the first complex-projective negative bundle.
For round spheres, Thm. 4.12 also identifies the first attaching map and gives an explicit
homotopy model, before and after cyclification. The comparison maps between different
targets act on the actual energy subspaces: the inclusions and projective quotients preserve
stage number. The Hopf projections require the sharp reindexing m 7→ 2m, and degree-d
Veronese embeddings require m 7→ dm

√
de. These maps are not asserted to be homotopy

equivalences or fibrations of stages. Attaching maps at later sphere stages, corresponding
projective-space models, and induced maps on homotopy groups remain for subsequent work.
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