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INTRODUCTION

THis BOOK 18 based on a series of lectures deljv
of 1067-68 at the Tata Institute of Fundament
loctures were subsequently written

ered in the winterp

al Research. Thesge

| | up, and improved
ways, by C. P. Ramanujam. The present text ig the re

joint effort.

In many
sult of a

To write a thorough treatise on abelian varieties would h
e a

formidable job. This book covers roughly half of the material that

I think should be 1n a reasonably complete treatment We hav
covered: )

(i) the basic material developed in the books of Weil [W1]
and Lang [L],

(i) the techniques from the theory of schemes, developed by
Cartier and Grothendieck, which have given us a clear
picture of the situation in characteristic p,

(1) the basic analytic theory developed in the book of
Conforto [Co].

Unfortunately, my treatment of these topics is not as elementary
as 1t could be, and quite possibly a student will find the subject
more accessible if he reads the earlier treatments of the subject
instead of or as well as mine. However, I have attempted to keep
the discussion as simple as was compatible with the amount of
material to be covered. In particular, I recommend Chapter 2
(which is independent of Chapter 1) as the easiest. Many of the
techniques which are generalized in Chapter 3 to subtler scheme
situations are treated here in a more transparent classical setting.
Were the book to continue, the topics which I would have liked to

treat would be :
1. Jacobians,
II. Abelian schemes: deformation theory and moduli,

ITI. The ring of modular forms and the global structure of the

moduli space,
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“fine”’ characteristic P

IV. The Dieudonné theory of the

structure,
V. Arithmetic theory: abelian schemes over local, global
fields.

I don’t believe the word “Jacobian’ is ever used in this book.
Rather stubbornly I wanted to prove that the theory of abelian
varieties could be developed without the crutch of “ reduction to
Jacobians ”’. One of the main reasons this is possible is that I have
used systematically the higher cohomology groups: I am espe-
cially fond of the proof of the main theorem of §8, which replaces
Theorem 4, p. 99 of Lang [L]. But I have to admit that some
people might feel Lang’s argument 18 more geometric. For a treat-
ment of Jacobians, the reader should look at Weil’s and Lang's
books: especially the very important Theorem 31, p. 117 of Weil,
which Lang strangely omits. For abelian schemes, some of the
basic facts can be found in my book, Geometric Invariant Theory,
Ch. 6, [M1]. This area has been greatly clarified by recent work of
Raynaud which should appear soon. The connection of modular
forms with moduli spaces of abelian varieties can be found in
Baily [B] and Shimura [Sh], as well as in their talks at the Boulder
Summer Institute [B-M]. A purely algebro-geometric treatment of
the “theta-null werte”’, which are special modular forms, 18 In My
paper [M2]. It is interesting to ask whether further ties between
the analytic and algebraic theories exist: e.g. an algebraic definition
of the Eisenstein series as a section of a line bundle on the moduli
space. For the Dieudonné theory, see Manin [Ma], Oort [O], the
Séminaire Heidelberg-Strasbourg [D-G], Tate [T1], and the papers
of Barsotti [Bt]. Among the vast literature on the arithmetic
theory, let me only mention the Néron model [N] and the stable
reduction theorem for this [G1], Kodaira [K], the Mordell-Weil
theorem [L-N], the report of Cassels’ [C], and Tate [T2].

Some of the material in this book is new and has not been pub-
lished elsewhere. This includes the results of §16 on the index ot a
nondegenerate line bundle, and the results of §23 on the theta-groups
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INTRODUCTION
vii
@ (L) in tho case where ¢, is not separable Simplificati
: R
and §16, the very elegant appendix to §4 clmractﬁr?n'ﬂ o
varieties as complete varieties X with asbitzary 1zing

,§13
H-beliﬂ.n

» Y r > " i Cﬂm UE*t‘
phisimns X < X »X admitting a 2-sided identity, and Ehaltzntmnr-
: atment,

in §21 of the local invariants of division algebras with invelut;

of the second kind are all due to C. P, Baitnamulam l;wn utions
thank C. P. Ramanujam for all his efforts and to tha:nk t:m’; .
Institute for the very pleasant and stimulating E'.-nutrir-::uﬂn:nvantE l:'ta.
encouraged these lectures. It is a pleasure to acknowledgs th:'hlclh
of the very able staff of the Tata Institute, of the hlbriehz
foundation, of Mrs. Laura Schlesinger, and of the National Sciaica
Foundation.
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ANALYTIC THEORY

1. Complex Tori. We shallinvestigate in this chapter a compact
connected complex Lie group X of dimension g, 1.e. a compact
connected complex manifold of dimension g with a group structure
on the underlying set such that the maps Xx X+ X, X> X defined
by (z,y)—> 2.y and 2+ 271 are holomorphic. Let V be the
tangent space to X at the identity point ee X. ¥V is a complex
vector space. Recall that for every complex Lie group X, with
tangent space V at e, for every v € V there is a unique holomorphic
homomorphism

¢, : C——> X

such that d¢, takes the unit tangent vector to Cat 0tov e V. (Cf.
Hochschild, Structure of Lie Groups, p. 79 and p. 195). Moreover
the function ¢,(¢) in ¢ and v is a holomorphic map C X V—+X. The
exponential map exp: V - X is defined by exp(v) =4¢,(1). Because
of the uniqueness property characterizing ¢, ¢,,(t) = ¢,(st),
hence ¢,(t) = exp(tv). Therefore, if we identify as usual the tangent
space to V at 0 with V itself, the differential of exp at 0 is the
dentity map of V onto V. Returning to a compact connected X
now, we first prove:

(1) X 18 a commutative group.

Proor. In fact, for 2 in X, define C, to be the conjugation map
X —>X,C, (y) = xyx—1. The differential (dC,), is an automorphism of
V and z+—s (dC,),18 a holomorphic map of X into Aut(V)c End(V).
Since End( V) is a finite-dimensional complex vector space and the
only holomorphic functions on a compact connected complex
manifold are constants, we deduce that (dC,), is iﬂdﬁPe“dant" of
re X, hence dC,), = (dC,), =1,. Now for any homomorphism
T:X,-> X, of complex Lie groups,

T'(expy,y) = expy, ((4T).y)-
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This follows from the uniqueness property characterizing the

homomorphisms { —> expy,(tv) from C to X,. It is easy to prove

from this that
C,(expy) = exp((dCz)ey)-

Since (dC,), = 1y, this shows that C_(expy) :e}:p‘y, so exp(V) 1s
. the center of X. Since d(exp) is the identity, it follows from the
implicit function theorem that exp defines a lmnmunmrplllism nf.u.
neighborhood of 0 € V with a neighborhood of ¢ in X. Since X 18
connected, this implies that exp(V) generates X as a group, and
it follows that X is commutative.

(2) The exponential map exp: V > X 1s a surjective homomor-
phism of complex Lie groups with kernel a lattice’ U in V, and induces

an isomorphism V|US X, 1.e. X is a complex torus.

Let 2,y € V. Since X 1s commutative, the map C - X defined by
t—> (exptx). (expty) is a holomorphic homomorphism, and the image

of (_a%) by the tangent map is easily seen to be x +y. Now for any
0

ze V, the map t - exp({z) is characterized as the unique holomorphie

. d
homomorphism, whose tangent map takes (—éE) to z e V. Hence
0

(exp tz).(exp ty) =exp t(x + y) and putting ¢ = 1, we find that exp
is a homomorphism. It is surjective since on the one hand X 1is
connected, while on the other hand exp(V) contains a neighborhood
of e and hence an open and closed subgroup of X. The kernel U is a
discrete subgroup of V, since there is a neighborhood N of 0 in ¥
such that exp|y:N — X is injective. The induced homomorphism
V|U - X is holomorphic by definition of structure of complex
manifold on V/U, and is an algebraic isomorphism of groups. The
tangent map at the identity of this map is an isomorphism, and
hence by the inverse function theorem, the inverse is holomorphic
at e and hence holomorphic everywhere on X (translations being
holomorphic isomorphisms on both V/U and X). Therefore X is
isomorphic to ¥/U. Since lattices are the only discrete subgroups
of vector spaces with compact quotient, ¥ must be a lattice.

TBy definition, a lattice in a real vector space V is the subgroup generated by
a basis of V,

e M LA
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From now on, we use additive notation for the group operation
.y, We will fix the notation 7: ¥V —> X forthe exponential homo-
11l £

morphism for the rest of this chapter.

(3) As an abstract group, X 1is divisible (i.e. nX = X for ne Z,
n#0)d nd of jor he Z, n#0, X, 18 the subgroup ﬂf elements anni-
hilated by n, X, = (Z[nZ)*.

proor. By (2), we see that as a real Lie group, X is iso-
morphic to (R/Z)* = (51)¥, where St is the circle group. Hence

we have (3).

(4) We have canonical isomorphisms

- _ [ group of alternating r-forms
w2 = | U7 2

Proor. (V,)is clearly the universal covering space of X, hence

U=n~1(0)1s exactly 7,(X,0). Since for any good topological space X
H'(X,Z) ~ Hom(m(X), Z),

the assertion is correct for » = 1. Then to prove it for all r, 1t will
suffice to show that cup product induces an 1Isomorphism

AT(H\(X, Z)) > H'(X, Z), all r., &

But note that if (*) is correct for spaces X, and X, with finitely

g;nara;—ed cohomologies, then by the Kiinneth formula, (*) holds for
1 X 9 -

A (HY (X, X X,, Z)) ——> H"(X, X X,, Z)

I

NTHNX,, Z) @ H\(X,, Z)] z

k

B, WH X, 2) @ MIE, 2T S I, Z)0RYX, 2)

P+g=r




4 ABELIAN VARIETIES

(Note here that (*) for X,, X, implies H(X;, Z) is torsion-free,
hence the tor term in Kiinneth disappears.) But our torus X is a
product of §'’s, for which (*) is trivially valid.

(5) Computation of the groups HYX, QF), where QF = sheaf of
holomorphic p-forms on X.

The cohomology groups HY(X, Q7) are one of the most significant
invariants of any compact complex manifold X, and their computa-
tion for a torus will take up the rest of this section.

Let V = T,y be the tangent space to X at 0 (regarded as a
complex vector space), and let 7' = Hom¢(V, C) be the complex co-
tangent space to X at 0. By translation with respect to the group
law on X, every complex p-covector « € APT" extends to a trans-
lation invariant holomorphic p-form w, on X. In fact, let 7: X > X
be the map 7.(y) = x+y. Then define (w,), = T («). Moreover,
the map « —» w, defines a homomorphism of sheaves:

0, ®c AT —> QP (*

which is easily checked to be an isomorphism. In other words, {7
is a globally free sheaf of @y-modules. Since the only globalsections
of @ are constants, the global sections of 7 are exactly the trans-
lation-invariant p-forms w,. In fact, because of the isomorphism

(*) we get:
HY(X, Q) ~ HI(X, Oy @ A’T) = H'(X, Ox) ® AT
The main result that we want 1s

TarEOREM. If T = Homc, e Vs C), then there are natural
1somorphisms
HY(X, Oy)= AT
for all q, hence
HY(X, QP) = A?T @ AT,
Our proof of this (due to C. P. Ramanujam and related to that
of Weil [W2]) depends on the well-known Dolbeault resolution:

d
0 @x ) %‘-”ﬂ.ﬂ P %‘?ull —_— %’ﬂ'ﬂ — e u e

e e W B
|-'—|.‘_-_-

i g SR | S, —r—y
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where @791s the sheaf of €' complex-valued differential forms of
type-(p, ) on X, and 2 isthe component of the exterior derivative d
mapping €7 to ¢77"1,  Tor background on this, see Gunning-
Rossi, Ch. 6. The 7% are fine sheaves, hence the above resolution
defines isomorphisms

{-closed (0, ¢)-forms on X}
9{space of (0, ¢ — 1)-forms on X} '
Morcover, if € = €°° is the sheaf of O'® complex-valued functions
on X, then just as with holomorphic forms, there is an 1Isomorphism

H' (X, Oy) =

b, € QJANT @ NT] =y @re

taking 2f; @ o; to Zfjw,; where w, is the translation invariant

(p, ¢)-form with value « € AT ® A?T at 0. Note that these

translation-invariant forms w, are all closed. In fact, since Wepp ==

wy /\ wy, 1618 suflicient to check this for « of degree (1, 0) or (0, 1).
Since m: V' — X is a local isomorphism, it is sufficient to check that

d(m*(w,)) = 0. But considering « itself (which is in Td f’) as a
function on V, 7*(w,) = da. Therefore d(m*w,) = d*a = 0.

Now let A® =@ AT be the exterior algebra on 7. Let q =
q

I'(X,€). Then via b0, We get an isomorphism

a ®cA! 5 I'(X, €%9).

Ef we define a differential 9 on the set of spaces on the left by

o(f® &) = f A «, then (because the w, are closed), the complexes
0@ ®cA’and F(X, €%°) are 1Isomorphic. Therefore

HY(X,0.)= Hi(q @cA’).

Our aim is now to show that the inclusion ¢: A* - q ®c A® defines

an isomorphism of cohomology, i.e. A":H“(ﬁ RQc A°). We will

do this by Fourier series. Let i be the measure on X induced by
the Euclidean measure on
w(X) of X is 1.

p(f

V, and so normalized that the volume
) We define a C-linear map u: @ - C by putting
= £ fu. For any vector space W over C, we denote by uy the
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map p@ly: QW —»W: in particular, we get a map pa:Q® c A”
| -

_» A® which is A’-lincar and such that paot = Ida.

L] 10 T~ - ]
Lemma 1. Forw € aQ A, we have p(0w) = 0.

it suffices to prove that ;,Lﬁ(tgf}
., w, of 7 we can expand 9f e
re all of the form D(f), where
Therefore the lemma follows

Proor. Since i, is A’-lincar,
— 0 for f€ a. Choosing a hasis wy. ..
Q¢ Tas Zh.@ w;. The coefficients A; a
D is some invariant vector ficld on X.

from the elementary fact that if f is a C*-function on V, periodie

with respect to the lattice U, and D18 a translation-invariant vector

field on V, then

D(f)dx =0
ViU
(dz =some Euclidean volume element).
Let U* = Hom(U, Z). If Ae U*, then A extends to an R-linear
map A: ¥ - R and we can then form the function z —¢*"*® on

V This function is invariant under the action of U, hence 1t equals
e,om, where ¢, is a C”-function on X. Now define a C-linear

map Q,: a - C by Q,(f) = ple_,f) =J e_,.f.p. More generally, for
4

any vector space W, define Q,: a®@cW = W by @, (f& w)= ple_ J)w.

The Q,(f) are the Fourier coefficients of f: for every fea®@cW

we get the expansion
f=2 a®Ql)
AcU*®
The Q, are compatible with C-linear maps W — W' just as p is
in particular, Q,: a®¢ A"~ A" is a A’-linear map.
For the remainder of this proof, we choose a Hermitian norm
| |l on the complex vector space V. As usual, this induces a norm

on 7, hence on the whole exterior algebra A’,

Moreover, define the mapping C: U* — T as follows:

U* —» Homg(V, R) c Homg(V, C) = [T @ T > .
projection

ANALYTIC THEORY
1

This makes U* into a lattice in ‘_'F, hence

1]}1‘ I‘E " .
% stricti
11Ol H “ on U* too. On we get a

. 9 e f |
LOIMREA - (5 A g J =¥ {Qa(f)}:uu. 18 an  isomorphi
of @ onto the vector space of all maps Q: U* - C i

faster than || A|7", @l n, 2.e.
Q)= O(IX[™), all n.
(2) For all w €q R\

decreasing at o

Q\(dw) = (— 1)2m[Q,(w) A C(A)].

Proor. (1) isstandard Fourier analysis, To prove (2), note that
= g | L

7 (de_,) = (e~ ¥%) = — 2mie~ 2 g\ = p[— 2mie_, @ C(M)],
hence de_, = — Ewaﬂ‘*l@(—f.(?ﬁ). Therefore, by Lemma 1, for all
weq® AP,

0= Pn(g(“’ﬁ—ﬂ)
= pale_y . 0w) + (— )P~ 2mi py (we_, A C(N)
— Q. (D) 4 {— 1P~ 2ri 0, ew) 1 CN).

The following is well known.

Lemma 3. Let W obe a complex vector space, D € Home(W, C).
Then D extends to @ map D_|: APW = AP~'W for all p, called

interior multiplication by D, such that

(1)
p .
B (35 o A K :Z (— 1)*~% D(X}). X, A vee A Tp Ao A Xy

k=1

(2) in particular, if DX,=1, for all weA’W,

D_|(wAX)+D_]w)hX=0

We are now all set to prove that ¢: A’ >a®cA" is a homotopy
equivalence for d-cohomology. For every A € U* A #0 define an
element A* g Hgmc(;ﬁ,C) using the Hermitian inner product <,
on 7'
L&, CA)

2ari || C (A) "2

A* ()
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Then 2 A*(E(?t]) — 1. and |A¥] << (27)” LA~ Forallweq® AP

we define k(w) €0C¢ A= by means ol 1ts Fourier expansion 08

follows :

Q,(k(w)) = (— DP-1A* @, (w), 1t A# 0
Qu (‘?‘(f-ﬂ)) = ().

It is easy to check by Lemma 2 and some easy estimates that one
and only one such k(w) exists. Then we assert:
ok - kd = 1 .. — Iop,. (*)
In fact, for any weq @ AP, we can check that both sides have the
same Fourier coefficients. If A 50,
Q,(Fkw + kdw) = 27i. Qy(kw) N CA 4 A* Q,(0w)
= 2mi[(A* JQ, ) A CX + A* 1 (@y(w) A CX)]

= Qh(w)
and Q,(i(p w)) = 0. If A =0, then Qu(};ém) — 0, and Q,(dhw) = 0,
while Q,(w) = Q(i(pyw)). This proves (*).

It follows immediately from (*) that g commutes with 9 and that
tou is homotopic to the identity. Thus 1: A" - a&cA" induces
1somorphisms in d-cohomology as claimed.

ReEMARK 1. In the above isomorphism of HY(X, 0,) with AT,
the cup product pairing

Hn(X, 0y) X H*(X, Oy) —> HW DX, Oy)

corresponds to the exterior product

AGCT % AT — 5 Ahta]

This follows from general sheaf theory, since we resolved the sheat

Oy of C-algebras by a differential graded algebra (€%9, 3). In such

a case, cup product can be computed by multiplication in the

resolving sheaf (Godement, §6.6).
COROLLARY 1. The natural map induced by cup product

A'(Hl(x,d?x)) —>HY(X,0y)

T——

ANALYTIC THEORY

i & (L .i.mnmrphi.ﬂn.

REMARK 2. The same method used
enables one to compute the cohomology ¢

¢ = @ €7 bethesheaf of ¢»

in the proof of the theorem
of the de Rham complex. Let
complex-valyed n-forms. Then

| d d
0 —> C— ¢ _ y @1 ‘

is o fine resolution ot the constant sheaf C, hence as usyal

H"X,C) = {‘-'E'Ulﬂf?ﬂd n-forms}

—

d{(n — l)-furmﬂi *

Just as with (0, ¢)-forms, we obtain the result: for all d-closed

n-forms w. there is a unique translation-invariant n-form w
. a’
o« € A"Homg(V, C), such that

w — w, = dn, some (n — 1)-form 7.

Therefore H™"X, C)= A"[Homg(V, C)].

phisms take cup product on the left hand side to exterior produet

Once again, these isomor-

on the right. Also, since

Homg(V,C)=T® 7,
this shows that
H'X,C)= A"T@® T)
~ @ (MT® AT

prg=n

~ @ HYX, Q7).

p+q=n
This is the famous Hodge decomposition.

i : - 8
REMARK 3. A closer look at what we have done so far reveal

- vl ' . three
that the situation is a little complicated. Consider the hr

sheaves on X, embedded in one another as follows :

ZcCc Uy
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(Z and C being the constant sheaves). Looking at their Hvy -

have found three independent evaluations ol Lhese groups:

via the isomorphism

H\(X,Z)~Hom(U,Z)— U*%,

12{::. HACY , 2)s Hom(m, Y, Z),
o all spaces Y.
T‘ .
HY(X,C)=Homg(V,C) =TT, via the exact sequence
llm.'mui | {f
1501011 - {’ C fd 0
€ g —> 0

ﬁ clused

and '@ /- HAY Y

closed

Y -
HYX, O, =T via the exact sequence
y — } )
third r P
Isom. P ((Iq"_ ! "Eﬁ’”-“

€ —> 0

d-closed

~and T —y HY G ),

d-closed

It is only natural to assume that the vertical arrows connecting the
cohomology groups correspond, under these evaluations to the

canonical maps (a) Hom(U, Z)—-» Hom(U, Z.) ®, C = Homg(V, C),

and (b) projection of 77@® 7' onto 7. Let us check that this does
occur.

p

Poinr 1. The map H'(X, C) —> HYX, Oy). This can be com-
puted by comparing the two resolutions. Let C,: €'=¢""@® ¢*

- €' be the projection. (), takes d-closed forms to d-closed
forms, hence we get a diagram:

d
 mmeeds C e € ey ?’ctlf-nlmed —> 0

Cﬂ' 1

Y

0,0 0,1

— 0.

R e

]

-"'"‘-I-.[l"

_"-_._,I""_"

bl’ﬁ_-". TS, S — _q_
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This gives us a commutative diagram -

T® T ——u H(X, ¢ i
@ II ("Y’ Jé-rlum*d) —y III(X: C)
projection Co.1 p
4 Y Y
T e HY(X, €0 i

ﬂ*tl[ﬁ!}'d) T— HI(X, @I)
Thus B is the expected map.

COROLLARY 2. B s surjective.

.
Porxrt 2. The map HYX,Z) — HYX,C). Let a € H'(X. 7).

How does such an @ determine a homomorphism a from =, (X)to Z?
[t ¢: 8" — Xis aloopin X corresponding to an element [¢) € m,(X),

Pl

then a([¢]) is found by considering ¢*(a) € H'(S?, Z) and using the
canonical isomorphism e: HY(S!, Z) — Z:

al[$]) = e ($*(a)).
Im particular, for allw € U, let ¢,: S* - X be the loop

¢,(t) = w(lu) (where §! 1s pammetrized byt e R,

considered mod Z).

Then a determines a € U* by the rule

a(u) = e(¢%(a))-

Now suppose we push a into the sheaf C: we get a(a) € H'(X, C).

According to our second evaluation, there is a unique b ebT? 0
such that if w, is the invariant l-form on X with value 0 at U,

then we get
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8
HO(X, € ciogea) > H(X, C)
w w
wy | > a(a).

Pulling back to S, we find:

o
HG(SII ( é]{med) > Ifl(Slr C)
w W
Pul @) > du(a(a))

I
x(Pph(a)).

But now it 1s an elementary matter to check that if n is a 1-form
on 8! (any such 7 is closed), if &(n) is its image in H(S1, C)
and if €(d(n)) is the image of 8(n) via the canonical isomorphism

e: H(S!, C) —> C, then
(3 = |

Therefore

So a is just the restriction of the function bon V to U.

Using compatibility of our evaluations with cup products, W€
have even proven now that we have the following compatibilities
between the evaluations of the n*® cohomology groups:

ot

I!..."I—-——- e T — | — g —
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X, Z) ~_ A" U¥*)

firat

A" of (inclusion U* TT)

Y S
HYX, C) =~ MT@T)= @ ANT® nNT
second phgemi
projection onto P=0,qg=n factor
Y Y

M

HYX, O%) “Tied A"(’T)-

2. Line bundles on a complex torus. We recall the well-known

TaeoreM.  For all wnlegers p > 0, H(C¥, 0) = (0).

For a proof, cf. Gunning-Rossi, p. 28 and p. 184.

CoroLrary. HP(C¥, 0*) = (1), all p> 0. In particular, all holo-
morphic Line bundles on C¥ are trivial,

Proor. Use the exact sequence

EE::*I'[}
O —>Z —> 0 —> O0* —> 0

and the fact that H?(C¥, Z) = (0), all p > 0.

We wish to give a direct geometric description of every
(holomorphie) line bundle L on a complex torusX . By the corollary,
the line bundle #*(L) on V is trivial. If we choose an isomorphism

X: m*(L) ——)-N CxV

the canonical action of U on 7*(L) (i.e. the action such that the
quotient of #*(L) by U is just the original bundle L) carries over by
means of y into a linear action of U on the trivial bundle
covering the action of U on the base V by translations. Let us
denote by H* the multiplicative group HY(V,0y) of nowhere
vanishing holomorphic functions on V. Since the only holomorphic
automorphisms of a line bundle fixing the base are given by multi-
plicition by non-vanishing holomorphic functions, we see that the

action of U on C x V is given by
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(«, z) —> (@, 2) = (e (z).a, 24 u), allu e U (A)
Vriti n the condition that
where ¢, € H*. Writing down
b, (D (2,2)) = Puyur | x,z), we see that wr—— ¢, 18 o l-cocycle for y
ul\ru’

with coefficients In i
e ..Az) =€z + u').e.(z).

Further, if the trivialization yx is altered by multiplication by 4
nowhere vanishing holomorphic function f on V, {e,} is replaced

by the cohomologous cocycle :

e.(z) = e,(2z) f(z + u) f(z)~1.

Therefore we have defined a map from HY X, 0F) to HY(U, H*),
But we can go in the other direction too. If we start with a 1-cocycle
{e,} with coefficients in H*, then define a line bundle L on X as the
quotient of C x V by the action of U given by («,2) —> (e,(z). «,
z +u). Therefore we have found an isomorphism

~

é: H(U, H*) —» H(X, O%).

More generally, for any sheaf % on X, there is a natural map
¢: H(U,I'(U, 7*&)) - H (X, F). The definition and properties of
¢ are reealled in an appendix to this section. Since H(V, 0%) = (1),
all + > 1, the ¢ defined in the appendix is also an isomorphism.
Let us check that the isomorphism just obtained and that of the

appendix are the same. In fact, choose an open covering {V,}of X
by small enough connected open sets V,. Then

(a) #~1(V;) =disjoint union of connected open sets u -+ W;,
all w e U.

(b) If m; = restriction of 7 to W;, m: W,— =5 V. is a homeo-

i
morphism.

() If Vin V% @, then J u;; € V such that
ﬂj—l(V‘_ N ]‘,rj) — '?Trl(Vi M TFJ) + 'ut-}-.

T— i r—
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- b of the appendix by definition takes g group 1 cocyel
_ iy e

fe,} to the Cech 1-cocyele {f}, fi e (V, n V,, 0%) defined by
f{j(Z) — Eu;j(w;l(z)).

But {fi;} defines the line bundle L which is the union of trivial
line bundles C X V¢, modulo the patching

C x lrl- C X V
. U
C < (Vin¥)) - >C X (Ve V)
(o, ) t > (« f;(@), ).

But =, is an isomorphism of C X W; with C x V,, so L can also
be described as the union of trivial line bundles C x W., modulo

the patching

C x W, Cx W,
U U
R
Cx =7 (V;nV)) > CxX w7 (Vin V))
(e, ) | > (o fi(m(2), & +u )= d,, ().

Now the disjoint union of C x W, is just the line bundle C X V
pulled back to U I¥,, and the set of above identifications is just
the equivalence relation on this pull-back bundle induced by the
equivalence relation on C x V given by the action of the group U.

Therefore, L is exactly C X ¥V modulo U.

On any complex analytic space X the exact sequence

2mi( )
€
) —> Z > 6}‘1' = @I ~—r )

uld take the action of U
then, if eu gatisfies the
and conversely. Thus,

T According to the conventions of the appendix, we sho
on H* as given by (u h) (z) = h(z —u),ue U,z ¢ V. But
condition above, f; = e—y is & 1-cocycle for this action,

such associated 1- cocyele is given by fije T(Vin Vj, 6 r)>

fis(z) = fmug (7 12)) = ewgg(m @)

which is the formula we have above.
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ary &: H\(X, O%) — HYX, Z). If aline bundlg
‘ dlass A € HY(X, 0%), then §()) is
called the first Chern class of L. In our case, suppose L is defineq
as above by a 1-cocyele {e,} wit h values in H*. We wal-ntr!{-) calculate
the first dmrn class of the corresponding line 1-::}1:1{11{3. First notice
that since Hi(V, Z)=(0) for ;> 0, it follows from l-]]lﬂ appendix
that the maps ¢: H'(U, 7) = H'(U, H(V, 7)) > HNX, Z) are

If H isthe ring of holomorphic functions on V, we

defines a co-bound

® T
L corresponds to & cohomology

isomorphisms.

have an exact sequence
Eﬂni{ )

0 HO(V, 7*(Z))—> H(V, 7*(0x)) > HO(V, n*( 0%)) —> 0
| | [
Z H H*

(since ¥ is simply connected), so that by the compatibility of ¢

with § (see Appendix) we get the diagram

o
H\U, H*) > H*(U, 1)
2 l 2 l
d
HY(X, 0%) > HY(X,Z).

Hence identifying H*(U, Z) and H*( X, Z) by the above homomor-
phism, the Chern class of L is simply §(cl {e,}). Write ¢, (z) = ¢*>"/u®
with f, holomorphic in V. Then by definition, 8(cl{e,}) € H*(U, Z) 18
given by the 2-cocycle F(u,, u,) on U with coefficients in Z given by

'F'('u'lJ u:!) =frr‘(z T ul) '_—fu]+ul(z) _E_ful(z) s Z (*)

Now we use the following standard fact.

LeMMaA. The map which associates to any map F: U x U — Z the
map AF: U X U — Z defined by AF(uy, uy) = F(uy, w,) — F(uy, %)
ﬂ:mm the group ﬂf 2-cocycles Z‘?'(U, 1) into the space q:nf alternating
binear maps U X U - Z, and induces an wsomorphism

A: H¥U, Z) Hom (A2U, Z)= A* Hom (U, Z).
Further, for ¢,7 e Hom(U, Z) — HYU, Z), we have A(fun) =ENN

o T E— ——

jL

5

e

- '\-—'—'-'-"H-lh-l-ﬁ
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proor. First we check that if F e Z*U,Z)
We have

Flug, %) — Fuy + uy, u3) + Flu,, u, + Uy) — Fu,, U,) = () w e U

" & (i)

[n this equation, instead of u,;, u, and U4, Substitute Uy, %, and u.

! |

(re:::peﬂt-i‘*’(‘-l)" w,, Uy and u,) and call the equation so obtained
(ii) (resp. (iii)). Then (1) + (11) — (iii) gives us that

E(ug, wy + up) = Bug, u)) + E(u,, Usy).

B =AF is bilinear,

Since B(u, u) =0 and E(u, v) = — E(v, u), it follows that E is
alternating bilinear. Now suppose F' = §G is a coboundary. Then

AF(uy, uy) = (6G)(uy, uy) — (0G)(uy, u,)
= [G(uy) — Guy + u,) + Gu,)] —
— [G(w,) — G(u, + u,) + G(u,)] = 0.

Hence A induces a homomorphism H*(U,Z) - Hom(A2U,Z) =
A*Hom(U, Z).

Now, since we have an isomorphism ¢ of H*(U, Z) onto H*(X, Z)
where X is a torus, taking cup products to cup products (see
Appendix), and we know that H*(X, Z) is the exterior algebra on
HYX, Z), it follows that H*(U, Z) is also the exterior algebra on
HY U, Z) = Hom(U, Z). Thus, to prove that 4 is an isomorphism,
it suffices to prove the last statement of the lemma. But now, if
{(resp. m) is given by the homomorphism f(resp. g) of Uinto Z,Eu
Is given by the 2-cocycle (see Appendix) c(s, t) = f(s).g(t), so that
A(¢u ) is given by the map: A(£un)(s,t) = f(8)g(t) — ft)g(s) =
(FAg)(s, t).

REMARK. We have thus an isomorphism HX, Z) «—

A = .
H*(U, Z) — A*Hom(U, Z). This coincides with the 1S0mor
phism H2(X, Z) > A*Hom(U, Z) defined in §1, using cup product in

i~ t'
H*(X, Z) and the isomorphism H}(X, Z) —> Hom(U, Z). In iﬂhit
¢ commutes with cup products and A has the property e
it maps cup product into exterior product, by the lemma, an
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$: H(U, L) = Hom(U, Z) - HYX. Z) is easily checked to coinejdg
with the inverse of the isomorphism of §1 using the naturality of
¢. Thus, in future, we can unambiguously identify HY X, 7)) with

AtHom(U, Z).

Returning to the line bundle L arising from an {e,} € ZY(U, H*

we state formally our conclusions as a

ProposiTION. The Chern class of the line bundle corresponding
to {e,} € Z'(U, H*) s the alternating o —form on U with values in Z,
given by
E(ﬂfl, 1;.2) :fu!(z - *ut) +- f"x(:) _-f‘ﬁ(z -+ 'Z!»ﬂ) —-f”z(ﬂ), (z arbit-rary n V)

(%)
where |
e (z) = e"Vul®),

CorOLLARY. If we extend E R-linearly to a map VX V >R, E

satisfics the identity E(ix, 1y) = E(x,y) forx,yeV.

Proor. In fact, since E represents an element of H3*X,Z)
in the image of HY(X, 0%) - H*X, Z), its image by H*X, Z) -
H%(X, 0,) must be zero (and conversely). Now, this last map

1

factorises as H*X, Z) — - H¥X, C) -i—)- HYX, Oy). If we
put Homg(V, C) = Homc(V, C) @ Home :ulV, C) =1"@ T, we
have established isomorphisms H2X,C)=z A*(T® = (A2T)®
(T'@ 1)@ (A*T), and HY(X, Oy) = AT, and j goes over into the
projection A*(7'® T)—}AEIT. Further, 7(¥) is nothing but the real
linear extension of B (cf. Remark 3, §1), which again we denote by L.
Write B = E, + E, + E,, where K, e AT, iy e A7, and E,e T® i3
The reality of E implies that B, = B so that j(&) = 0 if and only
if £ = I, and this holds if and only if E(z,y) = E(ix,wy).

Our next aim is to give as explicitly as possible all line bundles
on the complex torus X, or equivalenﬁly, to find the simplest kind
of representing cocycles {¢ } for all cohomology classes in HYU, H*)-

This is in turn equivalent to finding a system of functions {fubust
holomorphic in ¥V and satisfying (*).

= T
o 'J '_‘H—;,--_..

= o — T g

g

___"\__r"""

—————
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Thus we assume given to us an alternating form E: Uy -l

HET — (2 { o Yee 3 . . )

with Jo(et, ) = l(x, y) and we seek to find W) satistying (*) ang

(**). Lel us look for solutions f, which are linear in z (not neces.
garily vanishing at 0).

We use the following elementary result.

Levma. Let 'V be a complex veclor space. There is a 1-1 corres-
pondence between the Hermitian forms H on V and the real skew-
qun.-,m.m‘rfﬂ forms K on V satisfywng the identity E(iz, iy) = E(x,y),
which s guoen by

E(zx,y) =1Im H(x,y)
H(z,y) = E(iz,y) + 1 B(z, y).
The proof is left to the reader.

Let H correspond to the given E; then one checks immediately
that the functions
. 1
ju(z) — ';i H(?J,‘H) T ﬁu
satisfy (**) for any constants B,, and the reader can also check if
he likes that these are the only linear solutions of (**), holomorphie

in z modulo coboundaries. Substituting in (*), we get a further

condition:
YH(u,, u,) + iﬁul N 'E’ﬁu, — iﬁul-{-u,EiZ
for all u,, u,c€U. Writing 18, = v, T 1H (u, u), this reduces to

Yu, T Yu, — Y4 + & tB(ty, Uo) € il

Now it is still permissible to modify if, by the coboundary of &
C-linear form L on V, or what is the same, we may replace y, by
vo — L(u) with L: V - C being C-linear. The above equation shows
that Rey, is additive in U, and hence extends to an R-linear map
A:V R, and there is a unique C-linear form L on V W.ith ReL =h_3
(viz., the form defined by L(v) = A(v) — IA(10)). Modi‘fylng y by ;.::
L, we may assume that y is pure imaginary. Writing «(4)=

we see that o has to satisfy the conditions

| a(w)] =1
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(%) = Uy) __ inE(uguy),

. 1 i . . e s
We can check that given E. there always L.\I.hlh such an o, g,
equivalently, that there always exists a map &: U = R such that

§(1, + uy) — 8(uy) — §(1,) = 3 B(uy, us) (mod 1) for all u), u, e,
This is left as an exercise to the reader.

We have thus proved the

Lemma. Let H be a hermitian form on V such that 1f I —= Im H,
E(UxU)cZ. Leta: U~ C*={zeC*||z] =1} be a map with
a1, + uy) = e EY ou Ja(uy), u; € U.

Such maps o exist for any gioen H as above. If we put
nH(z,u)+ §rH{u,u)

e (z) = a(u)e

then u— €, 18 a 1-cocycle on U with coefficients in H(V, O%) = H*,
the Chern class of the associated line bundle being & € H WX, Z).

-

DermNirion.  L(H o) is the quotient of Cx V jor the action of U
given by ‘i{’u()‘r o) a== ({I(u)_ﬂﬂﬂ{z.u}ﬁ'iwﬂ'{u,u} A,z 4 u).

Note that the map (H, «) —> {e,} satisfies the condition that i
{9} corresponds to (H,, «;), {eV.e('} corresponds to (H,+H,, oy Og).
Therefore we have an isomorphism of line bundles

L(H,, o) @ L(H,, op) = L(H, + Hy, ¢;2).

The main theorem of this section 1s

——

TaeoREM OF APPELL-HUMBERT. Any line bundle L on the |
complex: torus X is isomorphic to an L(H, «) for a uniquely determined |
(H, ) satisfying the conditions of the above lemma. We have isomorphit \

exact sequences f
0 —> Hom(U, C?) — {Group of data (H, a)} —»> [ Group of hermitian — 0 !
H:VxV —> C with
(Im H)(U x U)cZ *
¢l A : AR 1
a |V r
*'_ Y C’
0 —> Pid'X > Pic X > Kor{iN(X, Z) —» HYX, 05))—* |
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where P1¢ X is the growp of line bundles on X, PicoX the subgro
' ) ‘ up
1hose which are topologically trivial and the last vertical map 1s gt‘t: :f
H — Im H (with the wsual identification of H2(X L) with uf!rruu:' :
" ‘rnatin
Sforms on ). g

integral 2

proor. We have already shown that an ;th.ernﬂting Integral
o form £ on U, considered as an element in H*(X, Z). maps inti- 0
in HAX, 0,) if and only it K(iz, 1y)= E(x. y) when E is extended
R-linearly to ¥V x V; thatis, ifand only if it is Im H for H Hermitjan
Thus v is an isomorphism. By definitions and the ahove 1{3111{11;]:
stating existence of a for given H,the first row is exact. Since the
topological triviality ot a line bundle L is equivalent to the vanishing
of its Chern class, and since v 18 an isomorphism, the second row

1s also exact.
To prove the theorem, it suflices to show that A is an isomorphism.
If S I'Ifﬂﬂ(U,, CT) V&“it]’l ){(D",) — l& we can ﬁn[] g EH* oy Hﬂ{ V, @;)

with

9(z + u)

= o(u).
g(2)
[f K is o compact set in V with K + U =V, it follows that for any
eV, |g(z)| << Supglg(z)], since |a| =1. Hence g can only be a

constant, so « = 1, which shows that X is injective. Consider the

commutative diagram

e'ﬂrri{ )
HY(U,C) —s HY(U, H) > Ker[HY(U, H*) — H}(U, Z)]
3 2 .
b g Y Eﬂrrl'{ ) k. §
HY(X,C) — HY(X,0,) > Ker [H(X, 0F) — HYX, Z)] =

—— PiGD.X

and the maps denoted by
X, C)—?HI(I, 6}1)

where the vertical maps are isomorphisms
2mi( ) , _ :
e*"0) are surjective. But we proved in §1 that H(

. o ‘ B
'8 surjective. It follows therefore that every line bundle L € Pic%(X)
18 presentable in the form C x V modulo an action of U of hi:ﬂl'm

ism.

Pu(d, 2) = (A\.a(u), z + u), where a: U~ C* is a homomorp
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r r an automorphis
But as we saw on p.20, by an omorphism of Cx v W
can always normalize such actions so that Image(a) c C*. Therg

fore A is surjective.
APPENDIX TO §2

We want to study cohomology of sheaves in the situation:
Y = X/@, where ( is a discrete group, acting freely and discop.
tinuously on a good topological space X (l.e. Y x € X, x has g
neighborhood U, such that U,no(U,) =0, all 0 €@, o #e¢)

Let m: X — Y be the projection.

First recall the definitions of the cohomology of abstract groups,
Let M be a G-module and let

C?(G, M) = {group of functions f: G? —— M};

§: (P —— C?*1! the map

p—1
Sf(ﬂﬂ!“' ) Up) - HU(f(U]!“' :ﬂp)) _I_ Z ( o 1)i+lf(ﬂﬂr'“r Ui‘ﬂi-i-lr'“:ﬂ'p)

{=0
F (— 1) f(ggse e UP'll;
Z*(G, M) = Ker(d); B?(G, M) = Im(0);

H?(G, M) = Z?(G, M)|B*(G, M)
— derived functors of M +—— H°(G, M), where
HY(G, M) ={me M|o(m)=m, all c €@} (also written M¢).

Given a G-linear pairing M X N —* 5 P of @-modules, get
v : H?(G, M) x HY(G, N) —— H?*Y(G, P) via
FUGo, ;0,0 =F(01,000,0,)%(010 000 05)G(Tp 10005 Optq)
all feC?(@, M), g eCYQ, N).

We want the result:

V/ sheaves # on Y, there is a natural map
¢: HY(G,T(X, 7*F)) ——> H? (Y, F).

It has the properties:

u --.-.n—...{_._‘— :

4

e e

ey

Y e

VR e

B

1§ exi

gequence of H?((,+) to that of H?(Y,.).

ANALYTIC THEORY 93

() U |
0—>rF —> F —F" —3 0

| exact sequence of sheaves on Y, and
{J._-——-}"P(JY:TT*‘@") "__)'P(XIW*?)“_)’P(.X,TT*?")——-}-O

ot. then we get a homomorphism from the cohomology

(b) The natural maps ¢ are compatible with cup product.
(¢) It
H(X, n*%) =(0), 1 > 1,

then
¢: H?(Q, T X, n*F )) ——> H?(Y ,F)
ig an isomorphism.

To define ¢, choose a covering {Vi}“:&lr of Y such that for each i,

(1) = 1(Vy)= U o(U;), U; c X open such that res = : U; Bhios V.,

o€/

(2) \1,J, there exists at most one ¢ e G such that U;n oU; #Q;
call 1t oy 1f 1t exists.
Define a map from group co-chains to Cech co-chains:
é, : CP(G, I'(m*F)) —> CP({ V) &)
by
(35 iyt = T8 O(T*) 7 [ (003000 Tigy, ip)]

where (r*);7 1 T(X, n*F ) —> 'V, &) 18 the map

~
D(X, n*F) —— 5 D(U,, m*F) «—7p (Ve F).

o

It is easy to check that 39{;? — ¢p+18, hence the ¢, induce a map
$: H(@, T(X, w*F)) -+ H(Y, F). Properties (a) and (b) folo¥
iﬂllﬂﬁdi&tely by computation. To prove (c), we uE-Q mduf:tfon ‘on
P:for p =0, it is obvious. In general, embed F In an injective
Op- sheaf #' and let F” —=%'|% . Then we find
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0 —> P(X, 7*F) —> (X, n® F() —> (X, n* F*)— H'(X, n* F) = (g

hence
HY= (G, N(r* F)) —> H' Y@, [(#* F ")) —> HA(Q, ['(n*F)) —> H(Q, Dns 557,

bk

H»~ (Y, 5) > HP-1(Y, 57 » HP(Y, F) - HY(Y, 5

It suffices to prove that I'#*.%') is an injective G-module and
: ¥
that H'(X,#n*#') = (0), ¢+ > 1, because then it follows that
L8
1 Té:ﬁ:"—-” ~CEEe Y T .1 b i L] . Y ¥ =
H\(X, = ) = (0), + > 1, hence ¢,, ¢, are 1ISomorphisms by the
induction hypothesis, hence &, 1s an isomorphism. We need

B B o B X } =
Lemma. If 5 1s an mgective Oy-sheaf, then #*F {s q flasque
O -sheaf and I'(7*F) an wnjective G-module.

Proor. For all G-modules M, let M be the constant sheaf on X
with value M. There 1s an obvious action of @ on M compatible
with its action on X. Then G acts also on 7, (M), so we can form
7. (M), It is easy to check that

Hom (M, I'(n*%F)) = Hmn@r(-rr*(M)G, F).
So if M, c M,, then n (M,)¢ cmr, (M,)? hence
Hamgr(w* (M9, F) > H[}H]@F(';T* (M), F)

18 surjective, hence Homy(M,, I'(z* F)) — Homg(M,, I'(=* F)) 18
surjective. This shows that I'(7* &) is injective. Secondly, & in-
Jective implies & flasque, and since 7 is a local homeomorphism,
then »* % is flasque too. (Cf. Grothendieck, Sur quelques points
d’algebre homologique, Tohoku Math. J. (1957), esp. Ch. V, p. 195.)

3. Algebraizability of tori. We have seen that any line bundle
L on the complex torus X — V|U is isomorphic to a unique line
bundle of the form L(H, «) where H: V x V — C is hermitian with
E =Im H integralon U x U, and « is a map U - C¥, satisfying
(% -+ u,) =Bi"£{""""ﬂt(u1).u(u2). L(H, «) is the quotient of Cx V for

the action of U given by

-

e

o e . — T
* i - —— e

3 T e—
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b (A 2) =(e,(2).A, 24 u)

() = a(w) e e +inHuw

We now investigate the sections of L(H, «). These sections are
.y a natural one-one correspondence with sections 0 of the trivial

bundle C X IV over V (i.o. hulum::u'pllir: functions # on V) which are
Cvariant under the above action of U, that 18, which satisfy the

functional equation
0(z + u) = ,(2) 0(z) = a(u).eHEWHirHuW g5\ eV 0 e

Such a function is called a theta-function for the hermitian form H
and the multiplicator e.

First consider the case when H is degenerate. Since E = Im H
and H(x, y) = Lz, y) + 1H(z, y), we have

N={xeV|H(y)=0,yyeV}={zeV|Ex y)=0yye V)

It follows from the first expression for N that N is a complex
subspace of V. Andsince ¥ is integral on U x U, it follows from the
second expression for N that N n U is a lattice in N. If 8 is an

assoclated theta-function, we must have

0(z + u) = o(u)0(z), yueNn U.
Thus, if K is a compact subset of N with N=K +(N n U), we must
have

| 0(zy 4+ 2') | < Sup | 8 (2o + L) | = ¢(2),

{K
for all 2’ € N. Therefore, by the maximum principle for holomorphic
functions, 0(z, 4+ 2') = 0(z,) for z’ € N and 6 is constant on cosets
mod N. [t follows from the earlier equality that if 870, then a(u) =1
for w e Nn U. Thus, if n: V- V[N is the natural map, we see
that any theta-function for (H, ) is of the form fon, where 0 isj
theta-function on ¥V /N for the lattice n(U), the hermitian form H

induced by H, and the multiplicator obtained from « by passage

to quotient from U to U/Nn /7. Now ]_f 18 11011—dEgenﬂmte on
1% is reduced

V=V|N. Thus the study of the theta-functions for (H, ) - o
to the study of theta-functions for (H, &) on the quotient V= A,
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and we may restrict ourselves to the case when H is 11{}11-dﬁgenumta
In particular, we see that if H is degenerate with null space N, if g

vanishes at ze V, it vanishes on the coset 2+, so that any Section
o of L(H, «) which vanishes at an x € X =V /U also vanishes gy the
coset z+X' where X' is the subtorus N/UnN cX. In particulgy
we see that if the sections of L(H, «) define a morphism of X intc:
projective space at all, this morphism has to factor through thg
quotient torus X/X', X' = N/Un N. Thus L(H, ) cannot be

ample if H is degenerate.

Next, suppose there is a complex subspace W c V of positive
dimension such that H(w,w) <0 for w € W,w+# 0. Let K be g
compact subset of V with V' = U+ K. Let z,e V and we W, and
write w =d+4u, de K,ue U. We have

18(z, +w) | = |0(zp + 2+ u)| =| B8(zy - d) | eBeH st i) Fia )
and since

ReH (zy+d,u)

1H (u,u) =ReH (zy+d,w)— ReH (z,4d,d)-+3H (w,w)+
1H(d,d) — ReH(w,d)
—= 3 H(w, w)+Re H(zy, w) + ¢(d, z).

Of the terms on the right, for fixed z,, the first is a real negative
definite quadratic form in w, the second linear in w and the third
is bounded (since d stays in a compactset K), so that the expression
tends to — o0 as w-—>o0 in W, and applying the maximum principle
to 6(z, +w) as a function of w, we conclude that 0z, +w) =0,
hence 0 = 0. Thus L(H, «) has no non-zero sections in this case.

Therefore, if H is not positive definite, L(H, «) cannot be ample.

From now on, we work under the assumption that H is positive
definite (and E = Im H integral on U x U, as always). We shall

prove the following

ProrosiTioN. When H 1is positive definite and E=1Im H ¥

expressed as a matriz using a basis of U over Z, we have

dim HX, L(H, o)) = dim [space of theta-functions with respect 10

(H, )]
= -++/det K.

=
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PROOT. The idea of the proof is as follows.
in the u:{punenliul linearly, ¢
p by &9 whete @ 1s a sultable quadratic function gne will b
{0 obtain 1-1U1'i'-”“‘~?il'}' for the new function with res AN

¢ § I]Eﬂtr to a b'
sublattice [/' of U. We can then expand this periodic ig

Fourier series, and the behavior of 8 with respect tq i:trl-?iﬂnista
not in U’ can be expressed in terms of the Fourier Cf}efﬁzie;t:l
This enables one to compute the number of linearly illdﬂpﬂnde[ﬂ;
gsolutions.

AH(, "
Let then e, (z) = o.(%).€ i LG Y usual, and let 6 be a

holomorphic function on V satisfying 0(z 4+ u) = ¢,(2)0(z). If
B VXV —> C is any complex symmetric bilinear form, and if

we put 0%(z) = e 4mBED () 0*(z) satisfies the modified equation
0%(z + u) = o(u) e"H—BNE0+iH—B)uw) g¥(,)

for all w € U. Now, we can choose a sublattice U’ of U of rank ¢
(= dim V) such that (1) E(U" x U’') = 0, and (2) if W =R.U’,
W~ U= U'.Then Wn W is a complex subspace of V on which E
and hence H isidentically 0. Since H 1s non-degenerate, W n 1 W =(0),
andso V=W iW=zC®,U =CQgW. Since BE(W x W)=0,H

has a real symmetric restriction to W, and by the above, there 1s a

unique symmetric complex bilinear 55 on V such that B| W x W =
H| W x W. By C-linearity in the first variable, H(z, w) = Blz, w)
forweW.zeV. Sincc B|U' XU =0,a|U:U"~ C¥} is a homo-
morphisni, and we can find a C-linear form A on V with Arealon W
and o(u) = €2 for 4 € U'. The functional equation for 0% shows
then that e 27 *(z) is periodic with respect to the lattice U'.

: . il ' 2 'n
Let us write U = Homg(U’, Z) ¢ Home(V, C), and expanding
e~ 2@ _(%(z) in a Fourier series, we obtain the expression

25t . 1
0*(3) - Z 'ﬂ'x- o2 A x(2) 4 A(:)J_ ( )

o

xe€U’

(H — B) (u', u) = H(t, u') — Blw, )
and if % € U’ is defined by (#) =
o that (H— B)(@ u)

Now, foranyu e U and v’ € U,

= — 2 Im H(u, w') = 2 E(uw', %)
E(w', u) and extended C-linearly to V we deduc
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= % ;(z). Substituting the Fourier series (1) in the functiong)

equation we get for any u € U,

T g e, gaeiaeh el = el S . €@ X0 4y

-~
o IEU
yell’

and comparing coeflicients,

() = 2l + MW | o A

C, = m(ﬂ). € x—" (2)

Thus, if M is the image of U under the homomorphism U - [

Pt

given by w— u, we sce that the ¢, are uniquely determined once
they are specified for y running through a system of representatives

of 5’/11[. (Note that if u;, u, € U with ?E = uy, then B(U',u, — u,) =
080 u, — u, € U’ and one checks that the relations (2) obtained with
u, and u, for w are the same.) We shall check conversely that
given any system {c,}..i- of constants satislying (2), there exists a
corresponding function, i.e. the series (1) 1s the Fourier series of a
holomorphic function. It suffices to check the uniform absolute con-

vergence of (1) on compact subsets of V. Fixing a y, € U’ it suffices
to prove this for the solution ¢, such that ¢, =01f y — y, ¢ M and

, = 1. Writing x = y, +u for x € x, + M, when z lies in a compact
set X c V,the series (1) is majorized in absolute value by

Ox

)
7 E-T."
const, Z O I (@)

ueM

hence by

const. z erImu(u) + 4 |[u]

F
ue M

where ||«|| denotes a suitable norm on M, and 4 a positive constant
determined by y,, K, « and H. Since the sum V=W® W is direct,
we can find R-linear maps ¢,4i: V — W such that z = ¢(z) + i(z):

Since u is real on W and E(W x W)= 0, we get

Im ;(u) == Im[';(qﬁ(u)) + 'i;(l,ﬁ(ﬂ))]

|

|

¥

l
t

i
{
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= K(p(u), u)

— E(f(w), ¢p(u) 4 i(un))
= H(p(u), if(u))

— — H(p(u), Pp(u)).

Further, y(w)= 0 <= u=a¢(u) <=> ueW <= u=0, so that Im ;(u)

'g a negative definite quadratic form on M. Thus, the above series
{

converges very l‘ﬂpldly,

We deduce that the dimension of the space of theta-functions
for (H, «) is the index &'/M

Thus we have only to show that if U is a free abelian group of
order 29, E a skew symmetric bilinear form on U into Z non-dege-
perate over Q, U’ a direct summand of U of rank g on which

E = 0 and n the order of the cokernel of the map U — Homy( U, Z)
defined by u+—» E(+, u), then |det E | =n2 This follows from the

diagram
0 0 0
0 > U’ > U > U|U" — 0
| |8 I
7N A ﬁr
0 > (U|U') > U > U —>0

with exact rows and columns, the definitions of «, B, and y being
via I, using the fact that « and y are transposes of each otherup to
sign, hence have cokernels of same orders, and the fact that B has a

cokernel of order |det K |.

We can now prove the main theorem of this section.

THEOREM or Lerscmerz. Let X be a complex torus ViU A%
hermitian form on V such that B =1Im H 18 integral on U X Ui %4
map U - CT: with m(’ul o uﬂ) 2 “(“1) cx(uﬂ)ﬁi"g{““"') and L = L(H, G)
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ihe associated line bundle on X. Then the following statemeng, i
e

equivalent.
(1) Gwen any complex subtorus Y of X, there 1s an integer N >0

a section o of L®F and two poinis Ty, Tg € X, @y — 23 €Y such (hy,

a(z,) = 0, o{xs) 7 0.

(2) The Lermitian form H 15 positive definute.

(3) The space of holomorphic sections of L®" give an £mbedd£ﬂg of i
X as a closed complex submanifold in a projective space, for eachn > 3

We have already shown earlier that (1) = (2), ang
It remains to assume (2), and deduce (3).

Proor.
(3) = (1) is clear.

We use the expressions “theta-functions for (H, «)” and “section
of L(H,a)” interchangeably, making the identifications indicated
earlier. We shall prove (3) for n = 3 (the cases n> 3 being proved
quite similarly).

Firstly, if 0 is a section of L(H, «) and a,b €V, then 6(z — a).
B(z — b).0(z +a + b is a section of L(3H, «®). In fact, on making
the substitution z + « for z in this function, it acquires a factor

ow(u)dexp {mH(z — a,u) + nH(z — b, u) -+ 7H(z 4+ a + b, u)

m3H(z, u)+ §=3H (u,u)

L

.

il

.

which proves the assertion. Hence, if z, € V, there is a sectlon
¢ of L3 not vanishing at z,. In fact, one has only to take a non-zero
section 0 of L(H, «), which exists by the Proposition, and then to |
choose a, b €V such that 0(z, —a) # 0, 0(zy —b)# 0 and 0(z, +a +0)
#0, and put ¢ to be the product 0(z — a).0(z —0).0(z + @ +b).
Thus, if 8,,..., 0, is a basis of the sections of L3, we get a well- |

defined holomorphic map

0: X —> P
given, in terms of homogeneous coordinates, by
O(m(2)) = (04(2), 0,(2), ..., 04(2)) € pé zeV.

Next, we prove that © is an injective map. If not, t
2, 23 €V, 2, — 2, ¢ U, and a non-zero constant y € C* suc

——

here exist
h that fof

vy ——— ﬂ r-r-h'-"ﬂ-.h.“_
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411 theta-functions ¢ for (3H, o3), we have b(z,) = yd(z,). In parti-

cular, forany a, b € JV and any theta-function 8 for (H, «) we have

Bz, — @)0(z; — b)0(z, +a + b)= y0(z, — a)0(z;— 0)0(z, +- @ + b).

We now consider both sides as functions of a (fixing b), and take
logarithmic derivatives, so as to eliminate y. Writing w for the

S . . db : .
(meromorphic) differential 5 we obtain the relation

— w(zy —a) + w(z, +a 0) & —m(zz—ﬂ)+w(z:+ﬂ+b),ﬂbEV

which means that the differential w(z, +2) — w(z, + z) is translation
invariant in z, hence of the form dl(z), where | is a C-linear form
0(z + 22)

on V. But then, this is also the differential of log - ., so that
0(z + 2,)

we obtain an identity
0z 4 z,) = A, .¢®.0(z + z;)

for some 4, € C*. Writing o = z, — z;, this may also be written as

B(z + o) = ADB(z)

with a fixed 4 € C*. Muking the substitution z —» z + u (u € U),
using the functional equation for 6 and comparing the multiplicators

on both sides, we get that
eﬁH[ﬂ',u} — ““}, T = U
or wH (o, u) — l(u) € 2miZ, u € U.

This implies that wH(o, u) — l(u) = wH(u, o) — l(u) + w(H(o, u) —
H(u, o)) = wH(u, o) — l(u) + 2miE(o, u) takes only pure imaginary
values for all % € V, hence the same holds for 7H(u, o) — l(u), and this
being complex linear in u, we must have xH(u, o) = l(u) for all
w e V. But then it follows that 2mi.E(c, u) € 2miZ for w € U, hence
ceUt={xeV|EBxu el YueU}, which 1s a lattice in V
containing U as a sublattice of finite index. Since o ¢ U by
assumption, U + Zo 2, U, and the equation

0z + o) = A. @ f(z) = A’'. erH@ im0 §(z)

Tllﬂw? Fhat 0 is actually a 6-function for the lattice U + o Z, the
lermitian form H and a suitable multiplicator «’ on U + Zo extend-
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ing «. Now, this must hold for any section 6 of L(H,«), ang the

dimension of the space of such 0's is 4/(dety ), the root of the
determinant of E for the lattice U. On the other hand, if g _

U +Zo3 U,the dimension of the space of theta-functions foy the

lattice U’ and H and any multiplicator o’ is V (det . E), the
root of the determinant of £ on the lattice U’'. But since we

have evidently
det, £ > det . E,

and since there are only finitely many possible «"’s e:{tendiug «,
it follows that almost all theta-functions for H, « and U are pot

theta-functions for I, «’, and U’ for any «'. This is a contradiction,
Hence ©: X —P* is injective.

To complete the proof of the theorem, we have only to establish

that ® induces an injective map of tangent spaces at all points of

d

g
X. If not, thereis a z, € V and a tangent vector 2 «; .— at z; with

1 02,

not all «; =0 mapped into the 0 vector at ©(m(z))) In P4, There

is then an «, € C such that for all ¢ eI'(X, L(3H, ),

L, a4
oty P(2o) + ; mi‘a—z*; (29) = 0,
ie. D(log ¢)(z,) = — o
S
for all ¢ as above, where D = Z o, — . Take
: 0z,

$(z) = 0(z — a)0(z — b)0(z + a + b) as before, with a, b € V and

0 e I'L(H,a)). If weput f(z) = D(log 6)(z), we obtain
f(zo — @) + f(z — b) + flzo + @ + b) = — %

for alla, b € V. One concludes easily that f is a linear (not neces-
sarily homogeneous) function of z. Integrating the equation f(z) =
D(log 0)(z), we obtain that thereis an « € V, « % 0 such that for

all A € C, we have

e Tttt el e L., P
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0(z 4 Aa) = e + M@ 6(z)

for some constant c. One concludes as in the earlji.er step (by
writing down the t ransformation formulae for both sides, for the
qubstitution z—+2z + %, U € U) that for all A€ C, Az belongs to the
lattice Ut ={z eV | E (u,z) € Z, % w € U}. Thisis a contradiction.

We next recall some definitions.

Let X be an algebraic variety over C. There is a canonically
associated analytic space structure on the underlying set of X. We
denote this analytic space by X, and its structure sheaf by Oy yq-
Often. we will not be so explicit, and talk of holomorphic functions
on X, holomorphic maps from or into X, ete. Also, we shall say
that an analytic space X is algebraic or algebraisable if thereis an
Note further that an
algebraic variety X is complete if and only ® X, , 18 compact.

algebraic variety Y such that Y, = X.

(This is an easy consequence of Chow’s lemma.)

We now recall the

TaeoreEM or Cnow. Let X be a complete algebraic variety and Y a
closed analytic subset of X, . Then Y 1s Zariski closed in X.

Chow proved the theorem for X =P¥, but the above version
follows immediately from this and Chow’s lemma.

An easy consequence is that if X and Y are complete algebraic
varieties and f: X, - ¥, is a holomorphic map, then f considered
as & map from X to Y is an algebraic morphism. To prove this, let
I'in X, X Yy = (X X Y, be the graph of f; it is a closed analytic
subset, hence a closed algebraic subset of X x ¥. For every (x, f(x))
Ell“, th{.g projection I' - X induces a local homomorphism of the

at @, ] n 1somorphism. First, use the fact

that the projection I' - X is proper and bijective: by Zariski’s

Main Theorem, this means that 0, is a finite @,-module. Let 5, =

@ ol
: a' o L] L] L] L]
@f@)rhot and Oy = @, v, .. Since I' > X is an analytic isomor-

Phism, we get a diagram:
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0, > U,
| '
. S ~
0, > (,.

In particular, 0,— O is injective. If m; = maximal idea] i 0
1"

then dividing by m;, we get
0, |m; > O,/m3
4 2
i Y

o

g L
> Oy/m; O,

Pt

0, ms 0,

hence m,=m, 0, +m;. Therefore the @,-module m,/m, @, becomes

(0) after @, O,/m,: hence by Nakayama’s lemma, m, =m0,
Therefore the (@,-module @,/0, becomes (0) after Dg, Or/my:

hence by Nakayama’s lemma, @, =(@,. This shows that I"' > X is

an algebraic isomorphism, hence that f is an algebraic morphism.

In particular, we see that a compact, complex space has at most

one algebrarc structure.! One further fact that we will need is that

if X'is a complete algebraic variety, every meromorphic function f

t For non-compact complex spaces, this is quite false. For instance, Serre [S1]

p. 108, has given the following example: for every l-dimensional abelian variety

X over C, there is a unique algebraic group & which is a non-trivial extension
(as alg. group):

0—>C—> ¢ ——> X —> 0.

It is e‘a.sily checked that if G’]G isits (algebraic) structure sheaf, then I'( @gj: C
But taking the universal covering of G, one checks that analytically,

G = V|U,
V=a 2.dimensional complex vector space, U

& C-basis of V., If G,, denotes the 1-dimensional effine algebraic group, given 2]

€~ {U}'u“d‘“ multiplication, it follows easily that G and G X Gm are two different
algebraizations of the same analytic group!

= {nyw;+4nywynijeZ) where w;,ws are

- __I. mu—m‘—"‘q e
' > -n—.-g_k.\_.:._‘"'_ :

“‘_

o
4

- wy

Vf

'f
¥
|

|
1
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X, I8 a rational function on X, i.e. in the function field C(X);
N Ano **° . | y €

fhiq {:1:1,11 be proved similarly by considering the “graph’ of f, and
applying (‘how’s theorem.

Getting back to complex tori, we have

Let X=V|U be a g-dimensional complex torus. The

('OROLLARY .
following are equivalent.

(1) X 1s the complex space associated to a projective algebraic
variety,

(2) X 1s the complex space associated to any algebraic variety,

(3) there exist g algebraically independent meromorphic functions
on X,

(4) there is a positive definite hermitian form H on V such that

Im (H) ts sntegral on U X U.

Proo¥. (1) = (2) = (3) are obvious, (4)=>(1) has been proved
in the theorem. It remains to prove (3)= (4). Let fi,..., J;
be the independent meromorphic functions. Let D; be the polar
divisor of f;,, D = ZD,, and L the line bundle associated to D.
Then L admits g + 1 sections oy,..., g, such that whenever f; is
regular, o; = f; 0,. By the theorem of Appell-Humbert, L = L(H, «)
for some hermitian form H on V with Im H(U x U) c Z, some «.
Since L has sections at all, by the discussion preceding the theorem,
we know that H is positive semi-definite. Let V, be its degenerate
subspace, and X, =V /V,n U the corresponding subtorus of X.

Then the quotient torus X/X, equals (V/V,)/image(U), and H is

induced by a positive definite H on V|V, such that Im(H) is integral

on the lattice U/U n V,. Therefore, by the theorem, X /X, 1s a pro-

jective algebraic variety. But also, by the discussion earlier, we

know that if o is any section of L, the zeroes of ¢ are unions of
v

cosets of X,. Applying this to the sections 2} «,0;, it follows that
i=1

all the analytic sets f; = constant are unions of cosets of ¥, hence

each f; is induced by a meromorphic function f; on X/X,. Let

C(X/X,) be the function field of X/X,; then
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g = tr. degc C(z----r.}:) < tr. dege C(X /X)) =dim(X /X)) < dimX:__-hg

Therefore dim X, = 0, and H is non-degenerate.

As an example, notice that we get immediately the ﬂlgﬁbrﬂi?jﬂl]ilit}' ,
of 1-dimensional tori: in fact, if X = C/{n+4+mw/n,m € Z), with

Im o> 0, then let

] —
H(z, w) = T (@) z.0. |
One checks immediately that ImH = I has values E(l,l) _ 1
Elw, w) =0, Elw, 1) = — E(1, w) =1, hence H satisfies s
hypotheses of the theorem. Moreover, several projective
embeddings of X are very well-known in the classical theory
(cf. Hurwitz-Courant): for example, if '

] 1 :
pz) = P T Z [ (z —n—mw)* (04 '”““)2]

(n,m) #(0,0)
is the Weierstrass p-function, then p is a meromorphic function,

periodic with respect to 1, w, with double poles at the points

n + mw. The map:
zi— (1, p(z). p'(2))
C — P
induces an isomorphism of X with a plane cubic curve of the form
X, X2 =4X3 + aX;X, + bX} (for suitable a, b depending on w).
On the other hand, in dimensions > 2, it is easy to see that almost
all tori are non-algebraic. In fact, we can check that on almost all
tori X, Pic(X)= Pic’(X) or equivalently (by the theorem of
Appell-Humbert) that there is no skew-symmetric & = VxV —>R
which is (a) integral on U x U, and (b) satisfies E(iz, 1y) = E(®, ¥)-
Let X = V/U, and put T = Hom¢(V, C), 7" = Homequl ¥ C)
as before. Consider the map

A Hom(U, Z)) «————— A%Hom,(U, C)
|
AEHOIHR( V, C)
| 3
AYT@®T)=(ALT)® (TR T) ® (AET):

(projective coordinates)
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We want to show that for almost all lattices U c V no element ?f
Az(Hom(U, 7)) has image entirely in the middle factor 5[;@ j
on the right. It will suffice to show that Az (Hom (U, Z)) - AT 18
injective. But Hom(U, Z) projects into a lattice In T, and for
auitable choice of the lattice Uin V, Im(Hom(U,Z)) is an arbitrary

luttice in 1", So the conclusions follow from

Luyya. Let V be a g-dimensional complex vector space. Then
for almost all lattices U C V, the map AU - A&V = C 1s injective
(hence all the maps ASU — A&V are injective, k< g).

Ifcoordinates z,,...,z, are introduced in V, and U is described by
giving a basis (w;y, ..., wy), 1 <1< 29, then almost all can be inter-
preted to mean all g X 2g-tuples (w;;) not lying on a countable
anion of (g(2g) — 1)-dimensional analytic subsets. We leave the

proof of this lemma to the reader.



