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ALGEBRAIC THEORY VIA VARIETIES

4. Definition of abelian varieties. We now turn to the study of
abelian varieties over an arbitrary algebraically closed field k.

DEFINITION. An abelian variety X is a complete algebraic variety'
over k with a group law m: X X X - X such that m and the inverse
map are both morphisms of varieties.

Note that if & = C, then the underlying complex analytic space
of an abelian variety is a compact complex analytic group, hence by
the results of §1, it is a complex torus. When £ # C, the first aim
of the theory of abelian varieties is to show that an abelian variety
has properties analogous to those enjoyed by a complex torus. Of
course, when char &k = 0, many of these results can be proven by
reduction to the case k= C (Lefschetz’s principle), but when

char & # 0, this is by no means possible. We shall want to answer
the following basic questions.

QuesTioN 1. Structure of X as an abstract group.

We will show that X is a commutative and divisible group. We
will also show that if n, denotes multiplication by n (n an integer
~ 0) on X, the kernel X, of ny, or what is the same, the group of
elements z € X such that nz = 0, has the following structure :

X, = (Z/nZ)% if char k { n,
X m = (ZjpmZ)' if p = char k, m > 0,
where 1 can take every value in the range 0 < 1 < g =dim X.

This integer 7 will be called the p-rank of X.

QuestioNy 2. Calculate the cohomology group HY(X, QF)
(7 being the sheaf of p-forms on X).

As in the classical cases we have canonical isomorphisms

p

HYX, QF) ~ A [HYX,QY] ®; R[HI(X , O],

TThis means, in particular, that it is irreducible.
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and

dim HN(X, 0,) =dim H°(X, Q') =g¢.

We also show that = (X) (in the algebraic sense, i.e. the bro- l

jective limit of finite groups of unramified Galois coverings) i

iﬂﬂn]ﬂrll}lic Lﬂ ]_—[(,II'ZJ.::)"‘_%:"I ill L‘llil[‘ ﬂ H.-Ild t[’ I_I(ZI)EF X Z';:l lI'l Uhur '}J
i £ p =

f

More precisely, we shall show that if ¥ —— X is any morphigy,

such that a finite group G acts freely on Y in such a way that
X becomes the quotient of ¥ for this action, there is an integer

n~> 0and a commutative diagram

Y

n Y

X - > X.

Purther, Y carries a structure of abelian variety such that f and g

are homomorphisms.

QuestioN 3. The structure of Pic X.

We will show that there 18 an exact sequence
0 —> Pic’X —» Pic X — NS(X) —> 0
where Pic®X has a natural structure of an abelian variety, and

NS(X) is a finitely generated free abelian group, whose rank pis
called the base number of X.

We will also try to find analogues of the classical description of
NS(X) by Riemann forms K.

Related questions are: (a) for a pair of abelian varieties X, ¥
show that Hom(X, Y) is a free abelian group on a finite number of
generators, (here Hom means the set of maps which are both mor-
phisms of varieties and homomorphisms of groups), and (b) give &
matricial representation of this group of homomorphisms (in the

)
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clugsical case, we have the representation induced in Hom(H,(X),
H,(Y))).

QuesrioN 4. Characterize ample line bundles. More generally,
compute the cohomology groups of arbitrary line bundles, and in
particular the dimension of the space of sections-this is the

Riemann-Roch problem.

(i) We start with the observation that an abelian variety 1s
everywhere non-singular. In fact, there has to exist a non-singular
point x, € X, and for z € X, the translation morphism T, , -1
X — X, given by T, —1(y) = z.25 "y, is an automorphism of X
carrying x, to z, so that z is again a non-singular point of X.

(i)

and the second a little later. The first proof generalizes the proof we

As a group, X 1s commutative. We give two proofs, one here

gave in the classical case. We consider not only the adjoint repre-
sentation of X in the tangent space at the identity e, or in the space
of differentials at e, but in each of the spaces (O /MY ) where Oy,
is the local ring of X at e and MMy, its maximal ideal. For z € X, let
C.: X — X be defined by C,(y) =xyx~!, so that C,(e) =e. Then C,
induces an automorphism CF | of the vector space Oy /MY ,, deduced
by passage to quotient from the automorphism CF: Oy ,— Oy , of the
local ring. This induces a set theoretic map y: X — Aut(0y /M%),
x— CF, and if we put on the latter group the natural structure
of an algebraic variety (viz. that induced from the inclusion
Aut(Oy /MY ) c End(Oy ,[MN%,), the last being a finite-dimensional
vector space over k), one checks easily that this is a morphism of
varieties. Since the latter is an affine variety and X is complete and
connected, y must be a constant map! Since y(e) 18 the identity,
we see that C¥, is the identity for all z € X and 2> 0. But since

N MY , = (0) this means that CF: Oy, - Oy, 18 the identity, so that

C. reduces to the identity in a neighbourhood of e in X. Since X 18
irreducible, €', is the identity on X for every z, that is, X is
commutative.

From now on, we write the group law in X additively. Moreover,
we will use the following notations: for r € X, we denote by
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s 57 X »>X the ¢ranslation morphism T, (y) =2 +¥; and the
map z+—>n.2 will be denoted by ny.

(i1i) If T = Tyo is the tangent space at 0 t.'.ﬂ X, .QD'-;';.; the dual SPace
o2 differentials, then there 15 a natural isomorphism

Q, @, 0y —> Qk,

where QL is the sheaf of reqular 1-forms on X. One defines this mapp.
ing as follows. To each 0 € Q,, consider the 1-form w, on X defined
by (w;); = 7* (0), that s, the unique translation imvariant 1-form
on X whose value at 01s 0. Tt is checked easily that wy 18 a regular
1-form on X. Thus, we have a natural homomorphism as above,
Since at any point z, T ; induces an isomorphism of the space of
differentials at x onto the space Q,, it follows that the above homo-
morphisms of sheaves induces an isomorphism of fibers at x reduced
modulo the maximal ideal My, at . It follows by Nakayama’s

lemma that it is an isomorphism of sheaves.

Since X is complete and connected and HYX, Oy) =k, it follows
from the above isomorphism that the everywhere regular forms on

X are precisely the invariant forms.

(iv) For every n not divisible by the characteristic p of k, the endo-

morphism ny 18 surjective,

For the proof, we make the following observation. The tangent
space Ty, y (0 0 1O XxX at (0, 0) splits canonically into a
direct sum T, @ T, where 7', (resp. T,) 1s the isomorphic image of
Tyo under the immersion X — X X X given by ;;-;:-ﬂ—r (2, 0)
(resp. z I—H—b- (0, 2) ). Identifying 7T, with Ty, =T by these
isomorphisms, we note that the differential d(m): 7' ® 7 - T of
the addition map m: X x X > X, m(z,y)=2 1+, is nothing
but addition of components: d(m) (¢, ;) =t; + ls- In fact, it 18
gufficient to check this (by linearity) on the two summands T of
T'@® T, and for these, it follows from the fact that the composites

L m .
X2y XX —3 X and X —5 X x X —> X are the identity:

— e

‘.m._m-—-——rr—"ﬂ-‘ ——

i

! < 3% f = 't. — # .
igomorphism. [f ny were not surjective, by the dim
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[t follows by induction on n that for an
any n > 0 (and h
ence also

*"' - | 1 J} "r t dJHr 1
y g 18 ﬂn

ension theo

| e | re

dim, nxg'(0) > 0, and we can therefore find a nony t m,
ero te T

tangent 10O ”‘I’l({]) at 0. But then, we would have dn (¢
(since ny'(0) is mapped into the single point 0 by ny) 1;::hi) :‘0
X/, Wiich 18

n cont radiction.

The following lemma, besides havi : |
| + 5 , aving other important applica-
tions, gives a sccond proof of the commutativity of X

Ricipiry LEmMMA.  (Form L) Let X be a complete variety, Y and Z
any varieties, and f: X X Y >7Z a morphism such that for some

i, €Y, f(X X {10}) 1s a single point z, of Z. Then there is a morphism
g: Y — Z such that if po: X X Y — Y is the projection, f = gop,.

Proor. Choose any point z, € X, and define g: Y - Z by
qg(y) = fxg, y). Since X X Y is a variety, to show that f = gep,,
it is sufficient to show that these morphisms coincide on some open
subset of X x Y. Let U be an affine open neighbourhood of z; in Z,
W —7 — U, and G = p, (f~1(F)); then @ is closed in Y since X is
complete and hence p, 18 & closed map. Further y, ¢ G since
f(X x{yo}) = {2o}. Theretore Y — G = V is a non-empty open subset
of Y. Tor each y € V, the complete variety X X {y} gets mapped
by finto the affine variety U, and hence to a single point of U. But
this means that foranyx e X,y eV, f(x,y) = (@, y) = goPal®, Y),

and this proves our assertion.

CoroLLARY 1. If X and Y are abelian varieties and f: X »>Y
is any morphism, f(x) = h(x) + @ where h is a homomorphsm of X
mto Y and ae Y.

Proor. Replacing f by f — f(0), we may assume f(0) ‘
have to show under this assumption that f1s a homomorphism.

— (0 and we

Consider the morphism X X ¥ — Y defined by ¢(x, ¥) = f(x + )

= it follows
— f(y) — f(x). Then $(X X {0}) = $({0} X X) =0, r:l{} El{:ttlhﬂuﬂamﬂ
by the above lemma that ¢ = 0 on X X X, or what?

that f is a homomorphism.
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Note that in the proof of the above corollary, despite the additiye

notation used, no use of the commutativity of X was made. T!nm,
¥

we may use it to give a second proof of the commutativity of X

COoROLLARY 2. X 1s a commutative group.

In fact, the morphism of X into itself mapping each element

1 ' ‘or . -1 ix '
onto its inverse 18 & homomorphism by Corollary 1. Hence, forp

—1 __a—1y—1 — gy~ 1z=1 and X is commutative,.
g ye X, (ay) =gy "=y "% 80 4

CoROLLARY 3. Let X be an abelian variety (with base point 0),

Then on the cateqory of complele parieties with base point, the functor
S —>s Hom (S, X) (where Hom denotes morphisms preserving base

point) is linear; that is, for S, T in this category, the natural map
Hom (8, X) x Hom (7', X) —> Hom (S x 7', X)
given by (f, g) —> h, h(s,t) — f(s) + g(t) is a bijection.
Proor. That this map is injective follows by fixing & and ¢ in
turn to be the base points s, and ty of S and 7', respectively, in the

equation A(s, t) = f(s) + g(t). Next, take any 2 € Hom (S x 7', X),

and put f(s) = A(s, &), g(t) = h(sy 1), k(s, t) = his, t) — f(s) — g(t).
Then k(S X {t,}) = k({so} x T) =0, and it follows from the rigidity
lemma that k£ = 0.

APPENDIX TO §4
We want to prove the following result.

Turorem. Let X be a complete variety, e € X a point, and

m: X X X > X

a morphism such that m(z,e) =m(e,2) =« for all e X. Then X 18
an abelian variety with group law m and dentity e.

Proor. We shall denote m(z, y) simply by xy. Introduce the
morphism

b XXX —> X x X
g (z,y) = (2y, y)-

Wﬁ'“ﬂﬁm

Y is an isomorphism. The inverse of s is given by
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— b=t(e, €) = {(e, e)}, 8o that by the dimengi
Jim (Image ) = dim _(—K X X). Since X x X ig complete
Tt ,/; i Hul,ju;-:tivt.‘:. In [}El[‘ii(_:l.ﬂ{tl‘, HiVGII X e _XI there
with 2’2 = €. Thus, it I" ={(z,y) e X x X |y
.« the 3" projection of X X X, p,(I') =

on theorem,

y t-hlﬁ lmpliEE

N =ej, and p(i =1 2)
- Choose an irredyci

A —— ucible

{-{}Ill}mll{_‘:lll- [' of I with ?JE(F) z== X, NUtG that dim P:;ﬁ dim X

o i3 Y t=—fpsN = Jilp T S .
If pi=pi 1 L P (€) , l(L'E.)}’ 50 that again by the dimension
heorem, dim (Image py) =dim X. Since I' is complete, this implies
(hat p) is surjective.

Lot s IV X X < X be defined by ¢((z', 2), y) =z'(xy). Then
H(I x {€}) ={e}, so by therigidity lemma, ¢((z',z), y) =d((e, e), ¥)) =y,

that 1s, |
z'(zy) =y, VY (@, 2)el’, yeX.
In pﬂl‘[if_‘:lliﬂl’, 1t ('.E,,:l:) & 11, then '.I:’(I.I,) — 2'. Choose an
., «') € I', and multiply the last equation on the left by 2,
to obtain

’

g (@ {Es’)) =2'%,

But =’z =e, and by (1), z"(x'(zx’))==ax’. Theretore if (2',2) €T,

then not only is @’z = e, but also xz’ =e.

Let y:I'x X x X - X be the map y((z',2), y,2) = z((". y)2).
Since y(I' x {e} X {e}) =, by the rigidity lemma,
x((x" y)z) = e((ey)z) = yz.
Multiplying on the left by 2" and using (1), we get
(x'y) z = &' (x((2"y)?)) = = (¥2)
Since z' is arbitrary in X (p, being surjective), this shows that

_ : : -
multiplication 1s associative. Thus X 1s a group with group law

' - , ati is an automor-
In particular, for any z, € X, the translation 2 +—> 2%

; o o
phism of X as a variety, and we deduce that X 1s non singula

' . of
This also shows that ¢ is bijective. But also the tﬂ.ngen§ f‘l;;pm)
4 at (e, e) is an isomorphism since (2, ¢)= (x, ¢) and (e, 2)= T

: 130 in Theorem,
Thus ¢ cannot be inseparable, so that by Zariskl's Main T e?_l
(@y) — (YY)

hence X 18 8D

so this shows that y — y~! is also a morphism,

abelian variety.
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At this point, we have to digregg

5. Cohomology and basc change.

to prove a theorem of Cirothendieck on { he behavior of {:nhnmulugv

groups of a family of vector bundles 1,
X, parametrized by points y € ¥ where X
flat family of varieties. An important consequence of this result
of the dimensions of the cohomology groups

on a family of varieties

s assumed to bhe 4

is the semicontinuity

of the k.

We assume the following basic result.

TagroreMm. Iff: X— Y is @ proper morphism of locally noetherian

preschemes and F a coherent sheaf of @ -mod wles on X, for all p =0
the direct image sheaves R [ (F ) are coherent sheaves of Oy.-modules,

We recall the following definition. If f: X—Y is a morphism of
preschemes and F# a quasicoherent sheaf on X, 7 issuaid to be flat
over Y or f-flat it for each z € X, F (for its natural structure of
Oy yn-module) 13 0 y qo-flat. 1t 18 casily shown that this condition
is equivalent to requiring that for UcX, VcY with Uand ¥V afline
open, and f(U) c V, F(U) 1s a flat Oy (V)-module.

The main result of this section is the following

TueoreM. Let f: X = Y be a proper morphism of noetherian
schemes with Y = Spec A affine, and F a coherent sheaf on X, flat
over Y. There is a finite complex K*: 0 - K° > Kt > ... = K" —>0
of finitely gemerated projective A-modules and an isomorphism of

Junctors
H?(X %Xy Speec B, F @, B) = HH(K' @, B), (p>0)
on the category of A-algebras B.

Proor. Choose a finite affine covering A = {U};; of X by affine

open subsets. Then the Cech complex C* = C*(A, F) =@ C” (A, F)

of alternating Cech cochains on 9 with coefficients in F is a finite
complex of A-flat modules, whose cohomologies are isomorphic to
the cohomology groups H?(X, &).

47

Morco Vel for ull A-algebras B, {U; %y Spec B} is an affine cover
DN JEoN SO " : 4
ing of X w4 Spec (), and C*Q(AU, F) @4 B is the module of Cech

cochains of F o, B for this covering. Therefore

HY(X xy Spee B, F 5, B)= H'((" @, B)

p-

for all B. and, in fact, functorially in B.

we need the following basic lemma

[LEMMA L. Let €7 be a complex of A-modules (A any noetherian
ring) such that the HYC") are finitely generated A-modules and such
gt O # (0) only if 0 < p <<n. Then there exists a complex K* of
ﬁ“m:f” gf*numff'rl A-modules such that K? #=(0) only if 0K p< n
and K? is free if 1< p<n and a homomorphism of complexes
b: K’ (" such that ¢ induces isomor phisms Hi{(K") —» HYC"), alli.
Moreover if the CP are A Alat, then K will be A-flat too.

wWe define, by descending induction on m, diagrams:

am am+ 1
> ],’:m—lrl

PROOE.

K 3 K™t2 . ...

‘ﬁmr.b p S

¢m+1

Y
Cm+1
am > am+1

Put K7 — 0 for p >n. Suppose we have defined (K?, ¢,, ) for

~ m 4 1 such that the following conditions hold:

(i) 0%, =d¢,10%, (p>M + 1).
(ii) a?*lod? =0, (p >m + 1).

‘fJ L]

b i

Y iy
5 (M —

; (‘Irm—l 3 CTHI

i~
sms in cohomology HY(K') —

(ili) The ¢? induces isomorphi a1 5 (7).

H(C") for g=>m + 2, and a surjection ker
enerated, (p = M + 1).

(iv) The KP? are A-free and finitely g
-(iii) with m +1

We then construct K™, o™ and @, 80 a8 to satisfy (1)

S . 0.
uppose first that m > Since B™ i8 finitely generated

morphism ker o™*! > H™+(C).
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1 i - 0 1 . = n+1 s
over A (A being noetherian), we canl find a finitely generated free ' en 0 = KO = I —» L > I?—...— L — 0 18 exact and the
f - f 4 Py | . . . | - 3 . e oA N— 0: i
module K™ and a surjection 0 . k'™ —» Bmt1. Further, since H™(C") i dules I are flat for i > 1, hence K’ is A-flat.
- * 1" |
. » F i . L] 1 a ST Uﬂtif "m
. S nerated 4-module, w¢ call fine SUT] n K | e o - , | )
is a finitely gene Applying (he lemma to our case, we have a complex K°, and a
_——}A H”‘(C"}with]ﬂ”’“ finitely genemtml and free. Let p: K™ —>Z™(C") ! hmn{_mmrpllia-;m K —-C such that

be any lift of A, and ¢, K™ — C" the composite of p with the | H'(K') H?(C") =~ H?(X, %), all p.

: r L r'm *Hm , :
inelusion Z™(C°) ~> o™, We then put Km = K'™® K™, and define
o zero on K™ and equal to ¢’ \

Note thab K9 is A-projective, since it is A-flat and finitely generated

over i noetheris

B H' (K & B) — H?({C"® ,B) 18 an isomorphism too. Thisis a

am. Km _» K™+1 by putting it equal t ‘ " anc | Tt remains to check that for all A-algebrag
on K'™. Since q{,,n+lna’(f{""‘) c 90™. we can find ¢, K™ —>C™ such
. Y s 3’ We then define ¢,: K™ —» C™ as being equal
tllclt aﬂ‘ﬁm ’ ‘aﬁm-{_lﬂ " rem T : qg,'l.' I s : 1‘? q U[}Ilﬁﬂflllellﬂﬁ Uf
to ¢, on K™ and by ONL BT The conditions (1)-(iii) are evidently
fulfilled with m instead of m —+ 1. ' 1EMMa 2. Let O, K* be any finite complexes of flat A-modules,

ond let C° — K be a homomorphism of complexes inducing 180mor-

_ 1, that is, that {K?, ¢,, 0"} have been ,_...
phisms HP(C") —r HP(K") for all p. Then for every A-algebra B,

Suppose then that m =
defined for p > 0 satisfying (i)-(111). We then replace K° by 7

K°/ker 2° n Ker ¢y, and we take ¢o: K°—C® and 0% o ‘ the maps HP(C" @ 4 B) s H?(K'® , B) are tsomorphisms.
i

be the induced mappings. Putting K? = 0 for p <0, we get a
Proor. Construct the ‘mapping cylinder’ L' exactly as in the

proof of Lemma 1. As before, we see that L' is an exact finite
complex of flat A-modules. Then it is easy to see that all the

complex

U&K”—}Kl—a-ffﬂ-%-ffﬂ—}.“ > K*"—~> 0

oF

and a homomorphism ¢: K' — C" which by construction induces
modules Z? = Ker(L? — L?*?!) are flat too, hence

isomorphisms in cohomology. We have only to check that KO is
A-flat when all the C? are A-flat. Consider the ‘mapping cylinder’
complex L defined by L? = K* @ C?~" forp € 7. and 9: L? - L**!
defined by 9z, 0) = (9z, ¢(x)), 9(0, y) = (0, — dy). If C" is the
complex obtained from C* by shifting degrees by one (and making | 0 —3 Z7Q,; B—> [PQ, B —> 71, B—0
a sign change in 9), C'? = C?~!, we have an exact sequence of

0 —> 27— LP —> A p—|

is a short exact sequence of flat A-modules. Therefore

is exact, from which it follows that L' ®, B 18 exact. But now
L'® . B is the mapping cylinder of the map KQ®,B~>C®4 B.

complexes 0 > C" - L' - K* - 0, and hence an exact cohomology

sequence :
So using the cohomology sequence In reverse, it follows that
H?(C") H?*+{((C7) HY(K'® , B) - H?(C" ® , B) are isomorphisms.
H “ FOI‘ any mgrphimn f; _X = Y and Y = Y, we denote by’ .X', thE ﬁbﬁl‘

| over y of f (i. e., the fiber product X Xy Spec k(y), considered as
~ ascheme over k(y)), and for # quasi-coherent on X, we denote by

| F , the sheaf # @, k(y) on X,.
Y

H?(K')—> H?+1 (0" )—> HP+(L') —> HP+1(K") —> H?+2(C")

_ and one sees from the definition that the cohomology maps
Bj_’(ﬂ ) - H**1(C"") = H?(C") are the ones induced by ¢: K* = .
Since these are all isomorphisms, H?(L') = (0) for all p € Z. Bus We have then the following important corollary:

S
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CoroLLARY. Let X, Y, f and F be as in the theorem (except that y
need not be affine). Then we have:

(a) Foreachp > 0, the function ¥ — Z defined by

g dimy,,, HY(X ) is upper senmicontinuous on Y,

(b) The function ¥ — Z defined by

i

y >3 F,) = Z (— 1) dimy,, H*(X,, F,)

7= U

is locally constant on Y.

Proor. The problem being local on Y, we may assume Y affine,
Let K* be a complex as in the proposition; by further localization,
Denote by d?P: K? — KP+1

we may assume K" to be a free com plex.
the coboundary of K. We then have

dim,,, H?(X,, F,) = dim,,[ker (d” @ 4 k(y))]—
— dimy,[Im(d?~' @ 4 k(y))]
= dimy, [KP@K(y)] — dimy, [ In(d”®@ £(y))] —
— dim,, [Tm(d? 7' @ k(y))]. (*)

The first term being constant on Y, (b) follows on taking alternating
sum of (*) over all p. We assert that for any p > 0, the function
pp (y) =dimy,, [Im(d?&@ l:(y))] is lower semi-continuous on Y. In
fact, if » is any integer > 0, and d?: A"K? — ATKP*! is the map
induced by d?,

(yeY|ply) <r}={ye¥|&® kly) =0},

and this set is closed since d? is a homomorphism of free finitely
generated modules, and hence is described by a matrix in A, and
the above set is the set of common zeros of all entries of the matrix.
This proves (a).

Moreover, the theorem gives the following criterion for putting

together the cohomology groups of & along the fibres of finto
vector bundle on Y.

CoroLLARY 2. Let X, Y, f and F be as above. Assume Y 18
reduced and connected. Then for all p the following are equivalent:

B
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) u p L &rr= . g
() =2 dimy,y HP (X, ) 15 a constant Junction

i Rf (F) is a locally free sheaf & on Y, and Jor all yey
YE T, the

palwral map

& @'@]_k{?}') > HP{XE. _ﬂj’:-"'y)

15 AN isomorphism.

If these conditions arc fulfilled, we have further that

R [ (F) @ ky)

7p-1 .
> Y(X,, &)
is an tsomor phisny for all ye Y.

PROOF.
(ii) = (1) 18 obvious. To prove (1) = (1), we need two lemmas.

Acain assume Y affine, K as in the proposition

Lemyma 1. If Y is reduced and F a coherent sheaf on Y such that
dimy, [F @wyk(y)] =7, all ye Y, then & 18 locally free of rank

ron Y.

Proor. For any y e Y, let oy,...,0, €F, lift generators of
F,Q kly). Since ay,..., O, 4re extendable to sections in a neighbor-
hood of 7, we have a homomorphism o: Oy |y - F |y defined n &
neighborhood V of y. Then o is surjective on the stalks at y, by

Nakayama’s lemma, so coker(o) is zero at y and hence in a neighbor-

hood of y. Thus, we may assume o to be surjective. Then by

assumption, for every y €V, the map
0 @ Ky): k'Y ~Fy ®g MY

Thus, if O 18 the kernel of o, We have

18 an isomorphism.
educed, this means that

D, cM, O, foreach y' € V. Since Y isr
0 = (0). Thus ¢ is an isomorphism.

We apply this in the following

: let
Lemma 2. Let Y be a reduced, noetherian affine scheme, and

ij&ar-D
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coherent locally free O, -sheayeg

be a homomorphism of
dimy,[Im(4 & J:(y))] 1s locally constant, then there are splittings:
v

ﬁ:ﬁ_1@fz
D=z, @ D,

(0), Im(¢) cD,, and ¢: F, > D) 18 an isomoy.

If

e —
==

1

such that ¢ | z

phism, s.e.

;

0 180M.

56_'00

Proor. By Lemma 1, O/¢(F) 18 locally free. If ¥ = Spec (4),
M=I(Y, %) N=I(Y, D), then this means that N /(M) is A-pro-
jective. Therefore N splits into the direct sum of ¢(A) and a second
submodule isomorphic to N/¢(M). Or, in sheaves, L =0,@ O,, where
0, = Im(¢). Moreover, this shows that (M) 1s A-projective, too,
so M splits into the direct sum ot Ker(¢) and a second submodule

e

isomorphic to ¢(AH). Or, in sheaves, ¥ =~ & ; ® & ,, where ¢(F,)

(0), ¢: F, —> D,

|

ﬁ—h-—m—'—_‘“ ~y

Now assume (i) holds. Let K" be the complex given by the
theorem. As in the proof of Corollary 1, dim[Im(d?~' & A(y))] and
dim[Im(d®? ® k(y))] are locally constant. By Lemma 2, appled
first to d,: K» - K?*!, and second to d,_,: K"7' — Ker(d,),
we get splittings into projective modules:

!

p+1

Z, . ®K,_, BBOH,®K, B, ®
| | |

K — .K-p > Kp+1

p—1

where Z, , = Ker(d,_,), dy_1: If;_l - B, is an isomorphism,
B, ® H, = Ker(d,), and d,: K, -~ B,,, is an isomorphism. It
follows immediately that

HK'®,B)~H,®, B~ H*(K")®, B,all B

and H'"\(K* ® , B) = 7, , ®, BlIm(d,_,® B) = H*~'(K') ® B
all B, This proves (ii).

E

:
|
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CoRaLLARY 1 Let X, Y, fand F be g above (unlike (r
5 Y need not be reduced).  Assume for some P that He(
dye¥ Then the natural map

orollary
XII” ﬁ-y) — (D),

) — 1 C : ° =
EP™" [ (F) D¢, kly) > HP "X, F)
i an isomorphism for ally € Y.

Proor. Again assume Y = Spec(4), K

as in the th
wor all v € Y, we know that eorem,
Ifor atl iy = , il 4 {

P! P
j{p—-l @ }n'(y) —> K7 @ L(y) —_— KPtl ® k{y)

is exact. Split the vector space K* @ k(y) into W, @ ., where
W, = Image of K*7'@®k(y), and W, is mapped injectively to
K?*1@ k(y). To prove the corollary at y, we can replace 4 by any
localization ;’I‘,, (fed, fly) # 0). 1f we do this for a suitable f, we
may assume that K? itself splits into a direct sum of free modules
W, @® W, such that (a) W, = W,® k(y), and (b) W, c 1m(d"1)_
To do this, just lift a basis of W, to any elements in the image of
d*=1 and lift a basis of W, arbitrarily. But then since W,® k()
> KP*1@ I(y) is injective, it follows that W, - K**! is also
injective if A4 is replaced again by a suitable localization 4, But
then Im(d?~1) ~n W, = (0), hence W, = Im(d*~?). Since W,is a
projective module the surjection K?~! — W, -0 splits, and
K?~1 = Ker(d? )@ W,. It follows that we have exact sequences

Kr—3 > Ker(d?~1) 5> Y X, F)— 0

KF_E @ k(y) —e Kﬂr(d‘lpﬂl) @ k[y) —_— }IP‘I(XF:?F) sy 0.

Therefore H-YX. F)= H- Y X, F)® k(y) as required.

COROLLARY 4. Let X, Y, and F be as above. If B (F)=0)

for k> ky, then HY(X,, F,) = (0) for all y € ¥, and Jor £2 ko

g induction on ko

:fﬂﬁﬂﬂat

Use Corollary 3 and decreasin

CoroLLARY 5. Let X, Y, fand F be as above. Then
4-algebra,

Proor.
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HP(X Xy Spec B, F @,4B) = "X, F) @4 B.

Proor. This follows immediately, from the fact that for B fla

r#
over A, and any complex A,

HY(K'® ,B)= H"(K") @ 4B.

CorOLLARY 6. (Seesaw Theorem —provisional form). Let X pe q

complete variety, T any variety and L a lhine bundle on X X T'. Thepy

the set

T, ={teT|L|xyqyistrivialon X X {t}}

is closed in T, and if on X X Ty, py: X X Ty =Ty 15 the projection,
then L | xp =DM for some line bundle M on T.

Proor. We first make the remark that a line bundle M on a
complete variety X is trivial if and only if dim H%X, M) >0 and
dim HY(X, M~*) >0 where M denotes the sheaf of sections of
M. In fact, the necessity of these conditions is clear. Suppose
conversely that they hold. The first implies the existence of a

g
non-zero homomorphism @,—— M, and the second implies a

non-zero homomorphism @, M~ hence on dualizing, a non-zero

.
homomorphism M — 0. Hence 7(c(1)) 18 a non-zero section |

of 0y, and since X is complete and connected, 7(o(1)) 18 & non-zero
scalar. This implies that roc¢ is an isomorphism, hence o and 7
are isomorphisms.

It follows that 7', is the set of points tof 7' such that dim H%X X {th
L| X x{t}) > 0 and dim HY(X x {t}, L~'| X x {t}) > 0, and 1t follows
from Corollary 1 that 7, is closed. Replacing 7' by 7', (so 7' 1s now
merely a reduced scheme of finite type over k) and L by its restriction
to XX T';, we may assume that L | X x {t} is trivial for eacht €T
Hence dim HYX x {t}, L|X x {f}) = 1 for all t € 7T, so that bY
Corollary 2, p,, (L) = M is an invertible sheaf on 7" and

M @, (k) HYX x (i}, L1 X X {t)

g an

0.
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. omorphism. It clearly follows from the trivialit f
Y 0

| £ at the natural map p* . ;
L1 X x {8 tha P Po(M) - L is an 1ISomorphism.

gince M 18 the sheaf ot sections of M, then p*M ~ [,

The theorem of the cube : 1

TisorEM. Let X, Y be complete varieties, Z any variely and x, y
, ' r 3 , 3 . - 0 J0
and =, buse pornls on X, Y, and Z, respectively. If Lis any line bundle

XX T X 7 whose restrictions to each of {x3X Y x Z, X % (ol X Z
and X X Y % {z,} are travial, L s trivial.

REMARK.
complete varieties into the category Ab of abelian groups. Let
X, ..., X, be any system of complete varieties, 27 a base point of

X, and let m: X XXX, XX XX X0 oo X X (X; indicating
the omission of the i-th factor X;) be the projection map, and

Let 1" be a contravariant functor on the category of

g0 XogX.eoeX i‘- % ... XX, > Xy X...xX, the ‘inclusion’ defined by

i

: : FUR), (IR 0
Ui(l.ru,]li ] :1‘_1] :1"_}_.1,-:- ] :l‘n) b (:Lu-|--l ] T{_l, -:1-'1" l:r‘i_i_.l!.---}x").

(‘onsider the lmmmnorphisms

i | | T X oo X X X ... X X)) > T(Xg X oo X X3,

12 ()

ne DKy X e X X)) > | [ T X ooe X Xy X X X

1=1]

defined by
iy, ) = D ), Bin) = (o) o3 on )

0
: - . Jave a natural
One then proves by an easy induction on n that we I

splitting 7'(X, % ... x X,) = Im a ® Ker B. The fun..ct.m.' T IE-Bm:-l t:
be of order n (linear if n=1, quadratic if n=2, ete.) if & fE;EHrJE: .lvi;
or equivalently B is injective. (Note that the definition o1 &
independent of base points.) |

also assumed complete)

Thus . hen Z 18 :
hus, the above theorem (W stor Pic X is 8 quadratic

may be paraphrased as saying that the fuL:l
functor on the category of complete varieties.
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ot : -~ 7 are contravariant functors on ec
Now, if 7 (1< i< 3) are cont completq
f)
i 7 i i
varieties into Ab and T, —> 7% and Ty —> Ty are natury)

{/
W N ‘ _er 'r ] : r 1 y i % L P
transformations such that T, — T, —> Ty is an exact sequ.

' A = BRI § q - - 1
ence, and if 7', and 7'y are of order n, so is 7%, as follows from the

exactness of
0=Kor B, (Xyr - X,) > Ker By (Koo, X,) = TKer B (X X )0

Thus we get a proof of the theorem of the cube when the base fie]g
is C by observing that we have an exact sequence

H\(X, 0)~ H\(X, 0%~ H¥X, Z),

functorial in X, and H!(X, 0) is linear (hence quadratic) and
HE(X’ ZJ 18 quﬂ[][‘ﬂt.ig 1n X, ]_l}" I{.ulil]ﬂ{_-h fﬂl'lﬂlllﬂs.

Proor or THE THEOREM (following Weil and Murre). By the
‘Seesaw theorem’, it is sufficient to prove that forevery (z,2)e X x Z,
the restriction of L to {z} X Y X {z} is trivial, since 1t is already
given that L restricted to X X {y,} X Z is trivial. The following
enables us to reduce the proof of the thecorem to the case when X is
a complete non-singular curve.

LemMma. Let X be any variety and v, x, € X. Then there 1

an irreducible curve C on X contarnming v, and x,.

Proor. We assume that dim X > 1. By the lemma of Chow, we
may assume X projective. Moreover, by induction on dim X, it 18
sufficient to find a subvariety ¥ of codimension one in X containing

S

z, and ;. We can find an X' —— X birational, with X’ projective

and dim f~!(x;) > 1. (In fact, if A is any meromorphic function
on X with indeterminacies at 2, and z,, X’ can be taken to be the
closure of the graph of 4 in X x P1). If X' ¢ P¥ is an imbedding,
there is a hyperplane H of P¥ such that H ~ X’'=Y" is irreducible,
by a theorem of Bertini, and H n f~!(z;) # @ since dim )

> 1. Then Y = f(Y’) is irreducible in X and contains z, and %p
and the lemma is proved.

i

- I
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memin;_{ the ]”-nuf' of the theorem, we can find for any 2 € X an
‘hle complete curve C, in X joining z,to z. Let #: 0 - C,
he the normalization of C;and 71O XY X Z— X XY X Ztheinduced
;Imih ‘he hypotheses of the Lll'EGI‘GIH arc clearly fulfilled for the
indle S L)yonC X Y X Z (1..1-'1{;,!1 X rr:‘:p-lacml by €' and z, by any
N lying over x,), and it 1s sufficient to prove the triviality
:,t' (his bundle, gince it would then follow that L restricted to
() ¥ X fz} 18t rivial for any x € X and 2z € Z.

{a

il'l‘l"ll e

Thus, we assume X to be a complete non-singular curve, and it is
even sufficient Lo show the existence of a non-void open subset
é* of 7 such that L restricted to XX Y XZ" 18 trivial, since we
would then have proved the triviality of L | XX Y x{z}forz e Z,

wnd it would follow by continuity that this holds for all z e Z.

Let Q! be the sheaf of regular 1-forms on X and let g =
dim HO(X, Q') be the genus of X. We can clearly find g points

g
Pyauyd'y 01 X such that if D =X P;, dim HY(X, Q'& 0.(— D))=0.
1

Denoting by p, the first projection X X ¥ X Z — X, let L' be the
line bundle L' =L @ p*(Ly(D)) (where Ly(D) is the line bundle
associated to O¢(D))on X X Y X 4, and for any (y, 2) € ¥ X Z, let
. be the restriction of L' to X X {y} x {z}. Since L'y e =Lx(D);
we have dim HY(X, L', ,,) = dim HOX, Q! @ Ox(— D)) = 0 by
Riemann-Roch so that the closed set F={(y,2)€ Y x Z|
dim HY(X, L', ,)) = 1} of Y X Z does not encounter I"'X'{zﬂ}- But Ilf
being complete, we can find Z’ open 1n Z and containing znrsum
that ¥ x 2’ n F =@, so that by restricting ourselves to Z', we

his means
may assume H(X, éﬁtu.zh) — O for all (y,2) € Y x Z. But this
that for all (y,2) e ¥ x Z,
dimH X, L ) =x(L',0) =x(L (o2 =X (O0x(D))

—1—g+degD=1.

In view of Corollary 2 to the proposition if Pos

18 the projection, pgg,(L') 18 an invertible shea & M
one and for any (y,z), the natural map Pasx \=

Z
0 g . -  open subset of ¥ X
H°(X L', ) is an isomorphism. Let U . LI::)) — T(pz'(0).L)"

on which p,,, (L) is trivial, and og e'(U,Paas
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generating section. Let Dy be the divisor of zeros of oy In PR, |
x Z, Og and oy differon Un U’ by
Ya

Qince for U, U’ open in Y

; ; V. = r-.,—-' —:x N T
nowhere vanishing function, we have Dygn D U U = Du. .

p (U nU’), 80 that we have an effective divisor Don X X Y % 7
P~ _. i O -l - Fig r - - ‘
such that D[P sl = Dy . For eal h (y2) €Y X Z, the restrictigy

is the divisor of zeros of a non-zero section of

of D to X x{y}x{z}
cular. D restricted to A x{y} X {zo} and X x {Uu] I.

HOYL' ) In parti
. ¢ 7 must coincide with D = X P.. Hence, if

x {z} for any ¥ € ) e
PeX, P# Pili =1 q), the restriction of D to {P} X Y X Z has
{P} x ¥ X {zo} or {P} X {yo} X Z. The

a support S not meeting
projection 7' of $ on Z is therefore a proper closed subset of Z
1

and since S is pure of codimension one in {P} XY xXZ, S must be

m

of the form U {P} x Y xT; T; closed and of codimension 1 1in Z,

1= ]

But since 8 n {P} X {yo} X 2=, it follows that 8= @, that is, the
support of D does not meet {P}xY xZ for P € X, P % P,

. )
Hence D must be of the form Zn,({ P} X Y x 7Z), and restricting |
1

l

- g
to X x{y,} X {z}, we see that D= ({P;}x Y xZ). Hence for any
]

(y2) € Yx Z, Lj,, is the line bundle L,(D), and therefore L

restricted to X x{y}x{z} is trivial. |

COROLLARY 1. With X, Y, and Z as in the proposition, any
line bundle on X x Y x Z is isomorphic to plo(L) @ pis(M)® Pas(P)

where py; 18 the projection of X X Y % Z onto the product of the all

and j* factors, and L ,M,P are line bundles on X x Y, X % 7, and
Y xZ, respectively.

Proor. This is a consequence of the remark preceding the proof

of the theorem.

CorOLLARY 2. Let X be any variety, ¥ an abelian variety, aM
f,g:h: X - Y morphisms. Then for all L € Pic(Y), we have
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f*L_'l @ g#L—'l @ h*qul

” r
proor. Lot Py YXY XY Y be the projection onto the jth

Cenr put mg = Py T Pj YxYXY->Y
delm: I’“r :ﬂ}r Py 1 I -+ Y and m=p, +p, + pa:
yxYxt =>4

(onsider the line bundle

M L@ m LTt @ misLT @ myu LT @ PIL@pLLQ piL
s T XX Y. Ifq: Y xY > Y XY XYisthe map q_{y,y"] = (0,9.4')
we have
M =n* L@ (AL 1@ (R LT @n L@ LR (1Le 03 L
n: Y xY —Y are the 0 map, the projections, and
addition. Therefore ¢*M 1s trivial. By symmetry, M is trivial on

Y x(0) XY and Y x Y % (0) too. By the theorem, M must be trivial
s TR Xy Pulling back M by the map (f,g.h): X >Y XY X ¥,

where 0, 41,92

the result follows.

('OROLLARY 3. If X 15 an abelian variety, and n € Z, then for all

line bundles L,

(ﬂ ﬂ—-ﬂ)

(e
n¥ L= L ® (— 1x)*L
1)1.] g::]'I and h :('_ 1);‘:

Proor. By Corollary 2 with f = (n
it follows that the “second difference’’,

n+2*L® (n+1) ¥L @ nxl = 1%(L)® (—10)*Ds

hence for some line bundles M, M,, we must have

n(n—1)
2

nyL=[L®& (—1g)*L]
at M, 18 trivial, and P

Q M@ M.
| " —1 shows
Putting n = 0 shows th utting #

M. = L.
ine bundles L

aquare.) For all

CoroLLARY 4. (Theorem of the

z,yeX,
r*,, L@ L=T:L® Ty L.
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Therefore if ¢ (x) = 180m. class of TFL& L~1 in Pie(X) b 1
) L 'I_‘!

a homomorphism from X to Pic(X).

Proor. Apply Corollary 2 with X =Y, f and g constant
with images x, Y respectively, and & = identity:. P8

TIn terms of divisors, Corollary 4 asserts that for any divisor p
on X, and z,y € X,
7 .D+D=TD + 17D
(where = means linear equivalence).

In the rest of this book, we will always keep the notation ¢, for
this very important map. Note that

(a) ¢re1, = by, + ¢r, (+ standing for the group law induced
by ® in Pic(X)),

(b)  brp = ¢r:
DerinitioN. K(L) = Ker(¢,) = {ze X | T5L = L}.
ProrosiTioN. K(L)is a Zariski-closed subgroup of X.

Proor. Apply the Seesaw Theorem to the line bundle
m*L® p*L~1on X x X (m: X xX - X being addition). It follows
that the set of z € X such that m*L @ p¥L~1 is trivial on {z}x X
is Zariski closed. But m*L® p¥L=1 |, x = T2 L L™%, s0 this
set 18 K(L).

AppLIOATION 1. Let D be an effective divisor on an abelian

variety X and L = L(D) the associated line bundle. The following
conditions are equivalent.

(i) The subgroup H = {zeX|T¥ (D) = D} ofr,X is finite (equality
of divisors, not divisor classes).

(ii) K(L) is finite.

(iii) The linear system |2D | has no base points, and defines
a finite morphism X —P¥.

(iv) Lisampleon X.
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.+ Theimplication (i11) =(iv) i
. PRrOOY. . L‘h; ] [%ﬂltﬁfll (7”1):"(1‘-’) 18 & E?ﬂnarall fact (EGA Ch. 11T,
2.6.1) or (4:4:2)). Wo show mext that (iv) = (i), If K(L) ig
inite, lot Y be the connected component of 0 of K(L) 50 that ;ﬂft’
an abelian variety of positive dimension, and the restriction [, 1r=~f
[to Y18 ample on Y. Further, T5(Ly)= Ly for ally e Y.Henc:l?
(he Seesaw theorem if‘;”“ Y X Y- Y is the addition andp,: Y;-:;r’
, Y tho projections, the line bundle m*(L Fidlines. wne
i trivial on ¥ X Y. Pulling back by the(ml;)riij;:-g; i@?iL;l;
> (y, — V) gives us that Ly®( — 1y)*(Ly) is trivial on Y. But i’r
is ample, and so 18 ( — 1y)*(Ly) since — 1y 18 an automorphism of
v so that Ly® (— 1¢)*(Ly) is again ample. This is a contradiction
gince dim Y > 0, which proves that (iv) = (ii). The implication
(i) = (1) 18 trivial, since K(L)> H.

We now show that (1) = (ii1). The linear system | 2D | contains
the divisors T* (D) + T%.(D), by Corollary 4. For any u € X, we
can find an x € X such that u £z ¢ Supp D, and this means that ué
Supp (T%(D) + T*.(D)). Thus, the linear system | 2D | has no base
points, and defines a morphism ¢: X >P¥ If ¢ is not a finite
morphism, we can find an irreducible curve Csuch that ¢(C) =one
point. It follows that for all E € |2D|, either & contains C or 18
disjoint from €. In particular, for almost all ze X, C and T%(D) +

T* (D) are disjoint. Now note the general fact.

E 1s an srreducible divisor on X

Lemma. IfC s a curve on X and
such that C n E= Q@ , then E 18 invariant under translation by T, — T

all z, € C.

Proor. If L = L(E), then L 18 trivial on e
a
disjoint. Therefore, Tz L, restricted to C, has degree 0 10T

ze X. But then T,(C) and B can Lever intersect 10 8 nun-enfltliiiz
finite set of points, since this would imply that T:QL) el pgslc E
degree: ise. for all z, either T,(0) and E are disjoint, 0F %}iaiﬂfur;
Let z,,2, € C,y € B. Then TP:‘(O) and E meet athy.l e
Tu—:,(c) c E. hence y — %3 + % € E. This proves the le
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If D=23nD, D irreducible, then by the lemma, cach p is
L] 3 ‘ .
invariant under translation by all pomts z; — xy, x; € €. Tlhijg con

tradicts (i), hence we have proved that (1) = (1),

This enables us to show trivially that an abelhian vn.riety X'

projective. In fact, let U be any affine open subset of X, D, ... p
"

:
the components of X — U and D the divisor D = 2 D, We i)
1

show that D verifies (i) above. We may assume after a translatioy
that 0 € U. Then H = {xe X |T}(D) =D} is a closed subgrouy
and for z € H, U is stable for 7',. Since 0€ U, it follows that Hcy,
and H being complete and U afline, H 1s finite.

AppLICATION 2. An abelian variety X is a divisible group, and

foralln > 1, X, 1s finite.

Considering the homomorphism ny: X — X, 1t 1s clear that
dim (ker ny) > 0 if and only 1t dim (Im(ny)) < dim X. Hence to
prove ny surjective, it suffices to check that X, = ker(ny) is
finite. But let L be an ample line bundle on X. Then

nin+1) n(n—1)
2 o

R(— 1x)*L

Since (— 1) is an automorphism of X, (— 1yx)*L is also ample,
and since 3n(n +1)> 0, 1n(n — 1) > 0, we see that ny/L is also
ample. But then n} L cannot be trivial on any positive dimensional
subvariety. Since 7y Ll 18 trivial, ker(ny) must be finite.

?LI- Lz L

AppricaTioN 3. We can go even further and compute the order
of X,, when the characteristic p of & does not divide n. We first
recall some general facts. Let X and Y be complete varieties both
of dimension n, and let f: X — Y be a surjective morphism. Then
via f*, k(X) is a finite algebraic extension of &(Y), and we define
the degree d (resp. separable degree, inseparable degree) ot f to be
the degree [k(X): k(Y)] of this extension (resp. [k(.X):k(Y )Jes
[B(X): k(Y)],). If fis separable, i.e. k(X) is separable over k()
then d is the cardinality of f~!(y) for almost all yeY. If f 18

inseparable, the separable degree of k(X) over k(Y) instead 18 the

T e T -

e #_:K-_-——'
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of f~My) for almost all y. Moreover, a basic fact is
., D, are Cartier divisors on Y, then we get the relation
rsection numbers:

inte
(f*Dl- ‘f*Dn)_Y '—_-f?(.Dl .....

Now Suppose X and Y are abelian varieties. A homomorphism
i Y Yis called an 1s0geny 1f 1t is surjective, with finite kernel.
Wn Lave just seen that ny: X— X 18 &r} is?gcny. Then every
sogeny fhas & degree d, and since the cardinality of the kernel of f,
" [l.curf]v < the cardinality of f~'(y) for ally € ¥, we see that

# [ker f] = separable degree (f). (*)

Now take the case f ="y Let D be an ample, symmetric divisor

.e. (—1x)* D =D) on X: we
and then D + (— L) ¥ )8 both ample and symmetric. Then by

G . . .
Corollary 3, nyD 18 linearly equivalent to nD. Therefore, if

— dim X,

have seen that ample D’s exist,

hence degree (ny) =n*. .
When is 7, separable? 1t p X n, then by the result ubutl:,zl]/{;l Etg]:::
(ny) 80 ny must be separable. On the other hand, 1T P17

: : o T to Txoi8 0.
we saw in § 4 that the differential d(ny) mappng £x,0

# =
. E 11.1,.({:.!) 18
- . _ : ; ‘. . ential form on A, &
efor anyv invariant differ
I'herefore, if w 18 any 1MV 2 0 in the cotangent

(a) still translation invariant, and (b) _ .cooentials O
space to X at 0, hence it 18 zero. Since t

X generate the sheaf Qy
of I(X)/k-differentials. Therefore we
ny on rational differentials Qi ek

the induced map on k(X) maps k(X)
is at least P’

n. Thi
8 | and hence the

into k(X)’:
inseparable degree of Py

o
It follows that if pfn, g (Xg) =0
group killed by n such that for all m | %,
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elements of order dividing m. It 1s elementary group theory thyy
the only such group is (Z/nZ)¥. On the other hand, X, is annihilateg
by p and is of order equal to the ﬁepumbleidcgi*ua of py, whiel
is p*forsomes with 0 < i < g, 50 X, = (Z[p Z)". Since X is divisible
it follows by induction on m that for any m > 1, X m = (Z/pmZy

Summarizing, we have proved

ProposITION. (1) degree (ny) = n-?

(2) ny separable <= p A 7.

(3) Ifpfn X,= (Z/nZ)>.
(4) Thereisan integer 1 with 0 < 1 < g such that forallm > 1,
X = (Z[p7 7).

APPENDIX TO §6

We give an alternative proof of the fact that deg ny = n* for
n > 1, avoiding intersection theory.
For an invertible sheaf L on a complete variety X of dimension g,

and any coherent sheaf &# on X, PEF (n) =x(F @ L") is a polynomial

in 7 of degree < g. We shall denote the coefficient of % in this

polynomial by d (¥ )/g!, so that d (F) is an integer > 0. We call

d;(0y) the degree of L, and denote it by deg L. The basic result is
the following

ProrosiTioN. (1) Let X be a complete variety with an invertible
sheaf L. For any coherent sheaf F on X, let rank (F) be the dimension
over the function field of X of the generic stalk of &, or equivalently,
of the space of rational sections of F . Then we have

d; (&) =rank (¥). deg L.

(2) Let f:Y - X be a surjective morphism of complete varieties of
the same dimension g, and L an invertible sheaf on X. Then
deg f*(L) = (deg f).(deg L).

Proor. (1) It is a standard fact that we can find a non-ef
- coherent sheaf of ideals # and an exact sequence

0
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* rank

f = F —r F —>T — 0

4 torsion aheaf. Since Z has support of dimension
7 @ L") is a polynomial of degree < dim X, and the
g that

wit b g
o dim X, x(
ndnlitivit}- of gives u

i, (F) =d, (™7 ) = (rank F). d,(S),
and using the exact sequence 0 >S5 — Oy > 0y)|F -0, we see

| that d(F) = {f&(@) = deg _L__

have a canonical isomorphism

(2) For each p > 0, we
Ref, (f*(L™) — R*f, (0y) ® L". Taking alternating sums in the
| Loray spectral sequence HP(X, RYfy(f*(L))= HY(Y, [*(L7). we
obtain that

Y(HEIM) = > (=P x(Rfo(Or) ® L)

void open subset U of X such that
flf YUY fSHU)->U s a finite morphism, R?f,(Oy) have suppﬂrfis
of X for p > 0. Further, Rf,(0Oy) 18
rank = deg f. The assertion now
on both sides.

Now let X be an abelian variety, n a positive integer;gLet. let‘; f;l
ample symmetric line bundle on X ; for any ample L, LO(—1x

* I, is 1S0-
is both ample and symmetric. Then by

Corollary 3, 1y
i : the above
morphic to L". Therefore, if g = dim X, we get by
proposition that

. Since there 18 a non

in a proper closed subset
clearly a coherent sheaf of

. . g
follows on comparing coefficients of n

' = %, de L,
deg Ny. deg _{; ] deg ﬂ;(__[_;) — dEg_I_J" n g___

. md
¢ and since deg L > 0, we get that deg ny =n"-

ps- Let f: X+ ¥ be & novs

[ 7. Dividing varieties by finite grou b
. i losed fie
i- phism of algebraic varieties (over an algabrmcally c

f 18 said to be étale if
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; . _ ,
(i) fis flat, [ (in its entirety) to be valid when X is affine. For any z€X, let U
(ii) for all 2€X, ¥y = f(x) € Y, if m; and m, are the Maximg be an afline open subset of X containing Gz. Then U = rLQ’U 1S an

. .
deals 1 a . then X (m,) 0. =m,. o | .
ideals in 0, and G, J* ) s : n subset of X contalning < and stable for G. Thus X 18

aflfine ope

This is equivalent to assuming that fis a “formal isomorphijgy,» covered by G-stable afline open sots U. Then each w(U) is open in ¥,
wnd 7= (m(U)) = U, so by the affine case of the theorem #(U), with

.« an affine variety. But the open subsets

_—I

in the sense:
. the restriction of Oy,

XV F o -~ — ‘i : \ r . »
(i) for all zeX,y=/f(x) €Y, if O, O, arc the completions =(U) cover Y, so the theorem would follow for X.

of 0, 0O, then the natural map
o, We may therefore assume X = Spec(4). Let 4 = k[xy, ..., 2.1

f*: 0,0, . Then @ acts on A by the law g(f)(x) = flg™'x), g € G, fed zelX.

Lot v = order of G. Yor fe 4 wnd 1 < k< v, denote by o.(f) the

clementary symmetric function of degree k in {g(f)}sce and put

B’ = ko)) < i< SO that B’ is a finitely generated k-algebra, con-
<

t
< )5

tained in the algebra B = A% of @ invariants of A. But the z; are

is an isomorphism.

(Cf. Mumford, Intro. Alg. Geom., p.353). When k=0C, it is also

equivalent to assuming that fis a local isomorphism of analytic

spaces. Our main result 1s
integral over B since they satisfy the equation

TaroreM. Let X be an algebraic variety, a d G a finite ;

‘ ; q Y, an : ﬁmta'grﬂup of X Ul(:t.j):\_u—l to 4 (= 1o, (@) =0,
automorphisms of X. Suppose that for any x € X, the orbit G, of x
is contained in an affine open subset of X. Then there 18 a pair
(Y, ), where Y is a variety and m: X — Y a morphism, satisfying the

following conditions:

so A is a finite B'-module. Since B ¢ BcA and B’ is noetherian, B
o finite B'-module too and hence a finitely senerated k-algebra,
and A isa finite B-module. If Y = Spec B, then Y isa variety and
we get a morphism 7 X — Y corresponding to the inclusion B¢ 4,

(i) asatopological space, (Y, m)1s the quotient of X for the G-action, and this morphism is finite and surjective. Next if R isthe quotient
(ii) if 7, (0y)¢ denotes the subsheaf of G-invariants of my(0Oy) field of 4. the action of & on 4 extends uniquely to an action on R.
for the action of G on m,(0y) deduced from (i), the natural | Ifa/b e R a,be A, b 0, then
homomorphism Oy — 7, (0x)" 18 an 1somorphism. | a
The pair (Y, ) is determined up to an isomorphism by these b~ 1;1 9(0) { L_GI 9(0)
., . , " . . . . . T 4
;}Ti::;?;-; :;E?’:'-:’?ph”?” m 18 finite, surjective and separable. 118 hence a. g]l g(b) € A%, so that R is the quotient field of A¢ = B.

This proves that R is a Galois extension.of the quotient field
t-]f B. In particular, = is separable. Next, note that T Ox)°
is a coherent sheaf on Y since it is the intersection of kernels of

If further G acts freely on X (that 1is, if gx # for any ceX and
any g € G with g+e), m is an étale morphism.

Proor. Since the conditi ' 1] ine the topology _
nditions (i) and (if) determine B1¢ DLy by 1l Ox) > my(Ox), () =0f, f.9 €G-
and structure sheaf of Y, the uniqueness assertion 1s trivial. 5 The natur: :
he .qu.::.-ti*taﬂb ’ atural homomorphism @y — 7. (0x)¢ induces an 1somor-

the problem of existence reduces to proving thatif Yist hi
I g phism of global sections, so it is an isomorphism. Nextif z, 2’ € X

X |@ as a topological space, and is given the structure sheaf Oy = have distinet orbits G f -
e (0x)%, it is an algebraic variety. Suppose we knew the theore® rbits Gz # G2’ under @, we can find an f € 4 with
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= 0 forallge @, and if ¢ = ] (/)

geElf
¢ € B and P(m(x)) = 1, d(m(x’)) = 0. This shows that =(x) £ ('),
a set, Y is the quotient of X by (. But m: X - Y is a finjt,

f(ﬂq') — 1 for all (] € Gr:- f(g‘.ﬂf)

Thus as
. Bo— ; N ¥4 . g _
and hence a closed and continuous map, SO Y has the quotient

topology too.
Only the last assertion remains to be checked. Let v € X, 4 = f(x).
and M the maximal ideal of y In 5. Considering 4 as a B-moduy]g

of finite type, let E’ and E be the completions of Band 4 respectively
for the M-adic topology. Then, the natural homomorphism ’§®BA

i~
—~ A is an isomorphism. Moreover, B is also the completion 51,_” of
0, , with respect 1o its maximal ideal. On the other hand, since
the only prime ideals of 4 containing M. A are the maximal ideals
of the points g(x), g € &, we have by the Chinese remainder theorem
a natural isomorphism

~~ ~ Pas
A — ‘ ] Ox g

gels

ra
where Oy . is the completion of Oy .

1ideal. The group G acts on 4, and hence on the two other rings

with respect to its maximal

occurring above. On E@;JA, the action is given by A(bQa)
=b@h(a)forheld, be B,a e d. The fact that B is the ring of
G-invariants in 4 can be expressed by the exactness of the
sequence of B-modules

O—a»B-——a-A—:-»l_[A

he(?

avr—> (..., 0a) —a,...).

Since Bis a flat B-module, it follows that
0 — B —» ﬁ@BA —_— l—[ (E@EA)
he@

b@ a—> (..., b® (h(a) — a),..)

18 Bmt, hEnce B iB t'hﬁ Eubring of G-invari&nta in g ®BA' ':A'
On the other hand, the action of & e @ induces an isomorphisim

——

B S e ‘-—--——-
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~ ot h. . g » " £ ~
., and 1f we identify 2
ﬂ/],f,.r N @’_1 Ao H.lf}‘ I;[.;IG @-I,HI W lth I]{,? @.T,I by means ﬂf
gt

these isomorphisms, the action of @ on thig ring may be described

py simply permuting the factors, i.e. ?i({c:g})ﬁﬂ:{um_lg, seg» for any

. “h r ] .
e @ and {or,g}gm el Oy .- Thus the invariants for this action can
geld

N

F
be identified with @.1',::1 for its diagonal immersion in [ Or. We

geld
o ~
thus deduce that the natural homomorphism 0y  — O, is an iso-
morphism, i.e. fis étale at z.

Remark. The condition that any G-orbit in X be contained in an

affine open subset is always verified when X is quasi-projective.
In fact, if X is a locally closed subset of P¥ and if X is its closure
in P¥ and x,(1 < ¢ < n)isany finite set of points of X, we can always
find a hypersurface S in P¥ containing X — X but not any of the
z.. Then X — (X n8) =X — (X nA) is affine and open in X and

i

contains all the z;.

When X and @ are as above and (Y, ) is the pair given by the
theorem, Y is called the quotient of X by @, and is denoted by X/G.

Now let & act on X and let (¥, ) be the quotient, and let &
be a coherent sheafon Y. Since for any g € @, we have the commuta-

tive triangle

X : > X

Y

we deduce that there is a natural automorphism g b ﬂ*gf)—}ﬂ;(i:
over the action of ¢ on X. Thus, ¢ acts on i mﬂ X
compatible with its action on X. By & oohigrens G-shfﬂf:‘ wa-yt
we shall mean a coherent (@y-module on which @ acts In

compatible with its action on X.
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proposiTiON 2. Let G ac freely on X, and Y= XIG. Then the

functor T —r a¥(F ) 1s an rfj,r.uimrfpncp between Lthe category of cohereyt

0 -modules and that of coherent (1-sheaves on X, whose 1nverse
given by § = T« (q)”. Locally free sheaves correspond to locally free

sheaves of the same rank.

Proor. There are natural homomorphisms

S(F):. F — my (T*F ) F a sheaf on Y;

T(q): ¥ (s (g)f-') > Q. QA G-sheaf on X.
We will show that S and 7T are isomorphisms. Wecan agaln assume
X and Y are affine. Let X = Spec 4, Y = Spec B, where B = 49
We must show that

S(M): M~ (M @Jﬂfi]g,
T(N): (NY) Qz4d—> N,

the natural maps

M a B-module,
N a G-A-module

But for all B-modules M the composition

Y]ti1'f @:H.A)
> M @y A

are isomorphisms.

SHM)® 1,
> (MRzA4)°Q 4

is the identity. Since 4 1s faithfully flat over B, S(M) @ 1, is an
isomorphism if and only if S(M) is an isomorphism; therefore 1t

M@yA

will suffice to prove that all the T"s are isomorphisms.

Now in the case in which A is isomorphic as a ring to Bx.:XB
and in which @ acts on B X...x B by a simply transitive group of
is an isomorphism
for every G-A-module N. On the other hand, we can reduce the
proposition to this case by taking completions. Let x € X, ¥ = f(2),

permutations, it is quite obvious that 7'(N)

and B = 0, . To show that T(N)is an isomorphism, 1t will suffice
to show that

(N9 @, 4] @y B ol ik

D

>» N @y B

i i e . * n
8 an isomorphism for every y € Y. But since B is flat over B, the

module of G-invariants in N@BE equals (N¢) @BE (cf. proof of
theorem), hence we get a diagram

X
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. B T(NY@ 13
[ﬂr”(_'_;}nflicﬁﬂjj 2 ;_N@ B
B
Al |
(N B @5 (A® D) \\
LI
i 2 T(N @ 4B
(1\’@;;3){;?@’}}(4‘1@11-8) 2?) > NQB.

qimce A @HB is isomorphic to TL O y0.x hence to B X... X B,
gc

T(N@pB) 18 an isomorphism.

study 1In more detail the case when X 1s a complete

e

variety and G acts freely on X. We shall denote by G the group
Hom(G, £*) of k*-valued characters of G.

We want to

PrOPOSITION 3. In the above case, for all characters o: G — k*, let

L, ={ac m.(Oy) | g(a) = a(g).a, all g € G}.

S

Then Ly, 1s an inverlible sheaf on Y, and the multiplication in e (Oy)

induces an isomcrphism L .® L; ~> Ly s The assignment o+—> L,

defines an isomorphism

4~y Ker [Pic ¥ - Pic X].

Proor. By Proposition 2, Ker [Pic Y —Pic X] can be identified
as a set with actions of G on the trivial sheaf Oy covering the action
of G on X. Given any such action, the image of the unit section by
g € G is a nowhere vanishing section of 0, and since X 18 ﬂnmplrﬂta,
a non-zero scalar o= }{g) L™ clearly a: G ~>k¥1sa humunmrphlta'm.
momorphism, we canl define an action
of G on O, covering the action on the base by g(/f) f—ﬂl"l(ﬂ)-(fﬂﬂﬂl)-
e a biject-iﬂn é =5 Ker[Pic Y - Pic X]. It
morphism.

Conversely, given any such ho

Thus, as a set, we hav
is easy to see that thisis a group homo
a character &, if we

Given an action o of G on Ux corresponding to fog!
denote the natural action of G on 7y (Ox) by (g’f)h_—’g(_{: ;byg :
e

the action of Gon 7, (Oy) induced by the action o is descrl
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o(g)(f) =~ Xg)-9(/):

Since the corresponding - vertible sheaf L, is the set of invariangg

of m, (0O) for this action, we get that
L, ~{a emy(Oy) | g(a) = a(g).a}.

C'onsidered as subsheaves of m, (Ox), we have evidently ém.éﬂ,,rLE_i_ '
On the other hand, since & nowhere zero section on an ”I*ﬂi H;t
of a line bundle on ¥ induces & nowhere zero section of the induced
bundle on the inverse image of this open set, we see that any genera-
ting section [ € L,(U) c ['(#'(U), Oy) admits an inverse f~!in
e (O3 )(U), which clearly proves that L, & L, L, is surjective,

Since both sides are hvertible sheaves, this i1s an isomorphism,

REMARKS. (1) Suppose G is of order prime to the charac-
teristic. Since the representations of @ in all the k-vector spaces
me (Ox)(V) are completely reducible for every open Vin Y, it is
easy to check that

1T#=((gjf) = (:) ;Zéi (:) &

T

ae (s

where the representation of ¢ in all the vector spaces & (V) con-

tains no 1-dimensional subrepresentation. If 7 is also commutative,
then we have simply

e (Ox) = @ L,.
acls

Since mm*F = F Qg m Oy for all 0,-modules F, this
proves also

CorOLLARY. If G has order prime to the characteristic, then for all
coherent Oy-modules F, F is a direct summand of 7, (n*F).

Let us apply our results to abelian varieties. The main

consequence 18 something like the fundamental theorem of
Galois theory.

Tagorem 4. Let X be an abelian variety. Then there is a 1-1

~correspondence between the two sets of objects:
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(1) finate subgroups K ¢ X,

() separable isx:::gcm'es JiX ._} Y, where two isogenies f,: X — Y,,
X~ y. are considered equal if there is an isomorphism h: Y, > Y
20 T ; : ; med 2
cuch that f, = hofy, which 18 set up by K =ker(f), and Y = X|K.

PROOE. Tirst start with a finite subgroup K c X. Then K acts
(reely on X by translations, so we can form the quotient (X/K,f),
and [ 1s an étale surjective finite morphism X — X/K. On the
other hand, X/K as a set is the quotient of the abstract group X
by the subgroup K. hence it has a group structure. The group law
1a 1 fact a morphism. This follows by considering the diagram:

™m
X x X > X

[ xS f

Y
X|K x X|K > XK

n

where m is the group law of X (a morphism) and n is the group
law of X/K (so far, just a map). But it is easy to clfeck thmi
X/K x X|K =X X X/K x K, and since the' morphism fﬂﬂ;
X % X - X/K collapses the sotion of K x K, 1t factors throug

X w X/K x K ie. n is also & morphi
checked that the inverse map on X/K
X/K is an algebraic group- Finally, X/
complete variety and therefore 18 unmpletel.

abelian variety, and f: X - X|Kisa separable 150

kernel of f is K.

is a morphism.
K is the image of a
Thus X/K is an

geny. Clearly the

Second, start with a separable 180
kernel, and as above form & new sepd
A morphism % in the diagram:
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X
g J
X/K > Y
h

exists, since f collapses the action of K, hence it factors through

the quotient X/K. But A Is obviously bijective, and the separa. |

bility of f implies the separability of A. Therefore A is birationg]
too. Therefore by Zariski’s Main Theorem, A 18 an 1somorphism,

COoROLLARY 1. A separable isogeny f: X — Y 15 an étale morphism,

COROLLARY 2. Let f: X — Y be an isogeny of order prune to p, |
)

Then the kernel of f and the kernel of f*: Pic(Y) — Pic (X) are dudl
finate abelian groups. |

Proor. Apply Proposition 3 and Theorem 4.

8. The dual abelian variety : char 0. We will use the hypo-

thesis of char 0 only towards the end of this section.

DEFINITION. Pic? (X) s the subgroup of Pic(X) consisting of hne
bundles L such that the homomorphism ¢y, is identically zero.

By the theorem of the square, the image of each ¢, 18 contained |
in Pic?(X), so we get an exact sequence:

0 — Pic?(X) —> Pic(X) —> Hom(X, Pic?(X)).
L—> 56,5' {’ ‘

The main purpose of this section is to show (in char 0) that Pic® (X)

18 naturally isomorphic to another abelian variety X, called the |
of X. We make some general observations about Pic? (X).

(i) LePic®(X) <> T*¥LeL,allzeX
<=>m*Lxp* L® pf Lon X X X.

T e e -

r

dual ‘
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J

]"m_;-ul-:. By i’-hﬂl _%ULE',_H;LW_ t.;lmurcrn, m* L@ pf L1 Q@ p* L1 ig
(privial if and only it it 1s trivial on X X {u} and on {0} XH;{_ But
it always 18 trivial on {0} X X and its restriction to X X {a} is
is{llllﬁll'[llliu to TIﬁL*E) L~

iy If lve Pic?(X), then for all schemes S and all ot kian
f,q:85—> X, (f+9)*L=f*L@g*L.

pProor. Consider the last isomorphism in (i) and pull it back to S

hl‘f (f:r ) S =>X X X

qii) If L € Pic®(X), ny L = L.
Proor. Apply induction to (ii).
(iv) Torall L € Pie(X), nxL = L™ @ (something in Pic®(X)).

Proor. In fact, by §6, ny L = L" Q[L®(— 1,)* L~1m=")2 g0
it suffices to prove that LR(— 1y)* L~! e Pic’(X). By translating
by x, we get
THLR(— Lp)* L) = TFL® (— L)* TZ.L™

~ T*LQ (— 1p)¥ L@ T%, L7 (— Ly)* L™
in Piﬂ':'](X)
= T*LQ L 1Q® T, L&(— 1,)*L~%, by (iii)
~ L®(— 1)*L™!
by theorem of the square.

(v) If L e Pic(X) has finite order, then L € Pic’(
—= ¢, (nx), all x € X.

b4

Proor. If L"is trivial, 0= ¢Lﬂ($) = ney (%)

Since X is divisible, this shows that ¢, = 0.

(vi) For all varieties S, and all line bundles L on X X &8, if

L, = L| xy  then L, ® L, € Pico(X), (5, 81 €9):

. to a covering of
a.6i bv open sets belonging .

is trivial, and we must
shall show thab

Proor.
S, we can assume that L|gxs 18 trivid
L@ pf(L;'), we can assumo that L,
then prove that L, e Pic® (X), all s €8. We
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a line bundle M on XY XXS
M = ,u*Lr@ j}]’;L"I & ?lﬂgLﬁ 1
u(x,y,8) =@ +y,95)

!

it

m*(L,) @ pT(Lfl)@'j?;(Lf]} is trivial for all s. In fact, COnSt ry }
'l

P, Y, 8) = (2, 8)
Pﬂﬁ(xryi‘?) == (y!S)'

Then M is trivial on X x {0} x5, (0} x X X8 and X X X x (5,)
Therefore by the theorem of the cube, M is trivial. But M, restric.

ted to X X X x {s}ism*(L,)®@p1(L,~ ") & P*(L,~1). {
(vii) If LePicX) and Lis not trivial, then HY(X, L)=(0), all ;.

e ——

Proor. If H°(L) # 0, then L= O +(D) for some non-negative
divisor D. Then L™ 1=(—14)*L = Oy((—1x)*D), hence Oy = LR L1 t
=~ Oy(D + (— 14)*D). Therefore D + (— l¢)*D =0, hence D=9 |
and L= 0, which contradicts our assumption. This proves that l
H°(L) = (0). Let k be the smallest integer such that H*(L)# (0). ;
Let s;: XX x X be the map s;(2) = (x, 0). Using the fact that F
m*L = p*L® p*L and the Kunneth formula, we get the diagram:

— —m _— N —_— -

HY(X, L) < H*(X x X,m*L) < H¥(X, L)
dl
dl
> HY{X,L)® H(X, L)
t4j=k

Since mos, = 1, the dotted arrow is the identity. But if$+47% |

l

I

E

|

|

HYX x X,p1L® p3L) ;
k> 1, then either i <k or j < k, hence in all cases '
b
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HY(X, L)® H/(X, L) = (0).

Therefore, the identity from H*(X, _f:;) to H*(X, L) factors through
a (0)-group. So H¥(X. L) = (0) too. B ;
We now come to the _l*eﬂ,lly key point in the theory of Pic.

Tanrorem 1. Let L be ample and M € Pic®(X). Then for some
4 vl = X:

M 2P L& L,

je. the map tﬁL: _X —_> l}iUD(X} 18 S’l&?’jEGtiﬂE.

Proor. The whole idea is to look at the cohomologyon X x X
of the line bundle

K=m*L® p¥L 1@ ps (L~ Q@ M~%).

This cohomology is the abutment of two Leray spectral sequences
associated to the two projections of X x X onto X:

(1) HYX, B*p, 4(K)) = H(X x X, K),
(2) HYX, R*p, 4(K)) = B X % X, K).
Notice that on the fibres {} x X of p; and X X {x} of p,, K restricts
to the line bundles
Klgxxs T7LO L M,
Klyxms T2LO® L%
Therefore, if M# T*L @ L~* for any Z, it follows that K |z« x 18

a2 non-trivial line bundle in Pic® for every z. But by (vii), this

means that all the cohomology groups of K |z« x ar€ (0); Therefore
Ry, (K) =(0) for all k by Corollary 2, §5. Therefore HY¢(X x X, K)

— (0) by spectral sequence (1).

Now use the other spectral sequence. Since 1% L® L~ is non-
trivial and in Pic? if z ¢ K(L), 1t follows that
supp (REPg 4 (K)) ¢ K(L):

Since K(L) is a finite set, speutral sequence

@ Ripyu(K):= H*(X x X, £)

ze (]l )

(2) degenerates to
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But H*(X ,X,E) — (0), 80 }fkjjzr* (K) = (0) too. ﬂ”lﬂl‘tfum
HHX, Ky ) = (0) for all z, by Cor. 4,§5. Bub K|y is the

T ) L
trivial line bundle, hence has a non-zero H! Thus we have

contradiction, so that the theorem must bhe true.

For a second proof ot a slight weakening of the theorem, geq
Lang, p. 99. This important theorem shows that as an abstrget
- " » " . " il i - . . = r " ""':_

group, Pic?(X) is isomorphic to the abelian variety X/K(L). If X

is an abelian variety isomorphic as abstract group to Pic®(X),

what properties would we expect, which would characterize this
“oxtra structure” on Pic?(X)?

(a) We want a linc bundle Pon X ,f, the Poincaré bundle such
that for all « € X, the restriction P, of P to X x {a} represents the
element of Pic?(X) given by a under the isomorphism Pic? (X) - X.

Moreover, we require that P, .3 18 trivial. (These properties
characterize P by the See-saw theorem.)

(b) For every normal variety §, and every line bundle K on
X xS such that (i) K,=K|y,, is in Pic’(X), for one and hence all

s €8, and (i1) K|, s 18 trivial, the unique set-theoretic map

f:S-—:-i'

such that K, ~ P, ,is to be a morphism, and K is to be isomorphic
to (1 X f)*P.

It is easy to check that (a) and (b) uniquely characterize both X
and P up to canonical isomorphisms. The problem is to construct

such an X and P. So fix an ample L on X, and as suggested by the
theorem, take X to be the quotient X/K(L), constructed in §7.

Let 7: X -» X be the given morphism. To construct P, we shall
use Prop. 2, §7. We want (1 x X@)*P to be the line bundle
K=m*L® pfL™' @ pf L' on X x X. [This clearly should be the
case: apply (b) with S =X, K =m*L®p*L-1@p*L~1. Thenf ="
- 80 K should be isomorphic to (1y X7)*P]. According to Prop. 2, We
b must lift the translation action of Ker (1, x =) = (0) x K(L) on

4
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v {0 an Lction of the same group on the line bundle K. But
X« X, '

for any @ € K (1)

§ * ‘ * e o* i * ""1 I %k ‘ * ___1
T{:u)h = T{u.ulm L j(u.a)]ﬁ L' ® j(ﬂ.u] P L

. = * -~
~m** L& pT L' @p; T3 L™

~compute the pull-back T{:H)K;

TS i . * s
~m*L & FT L= '@ p; L %

e @ € K(D). Therefore, there is an automorphism ¢,: K - K
H .

covering the automorphism T, X X X -+ X X X on the base
- 3 .

gpace However, each ¢, could be changed by a scalar, so there
2 s ! . | ,

o no reason why ¢ od, = Dyst should hold if the ¢,’s are chosen
arbitrarily. However, if L71(0) 1s the fibre of the line bundle

[-1 over 0, then notice that there is a canonical isomorphism:

K

e~ ¥ sl #"‘-lr* e |
m}::::f-’”*L|{n}:a:_t@?J1L 1{0}x.x@ﬁ'21’ |0} x X

trivial bundle o
Sk ( L=10) xX )®L

~ L~ 1(0) x X.
Suppose we require that the automorphism ¢, of K should restrict
on {0} x X to the product automorphism:
(A, @) —> (A, -} a)
L™1(0)x X - L~1(0) X X.

Clearly, there is a unique ¢, which has this restriction to {0} X X.
Since the restrictions then obey é,0 ¢, = Pappr SO do the ¢,’s
themselves. With this action of Ker(ly X #) on K, we construct

a Pon Xx X such that (13 X m)*Pa K.
Notice first that for all « € X, if @ = m(x), then

Pa:':'P'.IX{u}

def
= 7% P) |xx

=T*LQ® L1

%.e. P, represents the element ¢,(z) € Pic?(X)- Therefore, if X 18
Identified with Pic? (X) so as to make the diagram
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Pic?( .X)

L
X / L
T %

v

commute, the first part of (a) holds. Moreover, P | . % is the
quotient of K|y bY Ker(n), i.e. of L71(0) X X by the product

action of K(L). Therefore, P [xx = L=1(0) % JL a trivial bundle,

Thus the second part of (a) holds.

To check that (b) holds, given S and A, consider the line bundle

E=pXK)®p5P ') on X X8 X X. Then E | ey B0 PoL
and the subset of § X X:

['={(8,&) | B | xxpeutrivial } *

is Zariski-closed in § x X. But since ¥ |y, o 1s trivial if and only if

" =~ P_, I is nothing but the graph of the set-theoretic map f.
In particular, the projection I' - S is a bijection. Now since the
characteristic is 0f, this shows that I' and S are birationally
equivalent varieties, and since S is normal, I' - S is an isomorphism
of varieties by Zariski’s Main Theorem. Therefore I' is the graph of
a morphism, i.e. fis a morphism. The last assertion in (b) follows

from the See-saw theorem.

REMARES. (1) For every line bundle L on X, the map

¢y, X - X is a morphism. This comes out of applying the universal

mapping property (b)to the line bundle m*(L) @pf(L"U@P’;(LFI)
on X X X.

f

(2) fX——> Yisa homomorphism of abelian varieties, the in-
duced map Pic Y - Pic X maps Pic’Y into Pic’X, and thus we get

anaturalmap f: Y- X, and this is a morphism. In fact, if Q18 the

ThTT;mmtha only place where we use char. = 0! However, it is quite cacanbiall
6 A we have constructed would definitely be “‘wrong'’ in char p.

'-d-r

-
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Poincaré l:.un(llt:* on Y X Y (/X 1)*(@) is a line bundle on X « ¥
such that for 1 J c?, (fx19) *anim represents f*(y) € Pic°X, and
by {he univer sal mapping property, f Y - X 1S & morphism.

(3) 16 f: X — Y is an Isogeny, so is f Y—}-X, and there is a
canonical duality (of finite abelian groups) between Ker fand Kerf_
We have Hﬁfil'l in §7that Ker(f) and Ker(f*: Pic (Y)
Ify € Pic(Y) is such that f*(gj

Proor.
L Pie(X)) are d ual. ) = 0, then this

shows that y has finite order, hence ye Pic(Y).

Therefore,
Ker(f*: Pic Y- Pic X)= Kerf Finally, since dim X = dim P
dim Y = dim Y it follows that f 1S an isogeny too.

The final point we want to make 1s that the relationship between

X and X is in reality symmetric like the relationship between two
vector spaces set up by a bilinear pairing. We can see this as
follows.

DrriNiTioN. Let X and Y be abelian varieties. A divisorial
correspondence between X and Y 1s a line bundle Q on X X Y whose
restrictions to {0} x Y and X x {0} are trimal.

PrOPOSITION 2. Let X and Y be two abehan varieties of the same
dimension, and Q a divisorial correspondence between Xand Y. The

following are equivalent
(1) If @lgyxy is trivial, then x = 0,
(2) If Qlyyy, 1S trwial, then y = 0.
If these hold, then X = Y with Q isomorphic to the

Pyof Y,and Y = X with Q isomorphic to the Poincarébundle Px of X.

By symmetry, it suffices to deduce (2) frim (1). If (1)

¥ such that

Poincaré bundle

Proor.

holds, there is an injective morphism ¢X+
ndle on Y x Y. Since

= (¢ X1y) P}., Py being the Poincaré bu 3

- t
dim X = dim Y and ¢ is injective, ¢ i also surjective; SIiEe f
phism, 1.€. X=X,

characteristic is 0, this implies that ¢ 1s an 10O
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» f:' - o L T ] 1 " ) .
> X be the morphism such that if P, g .

Now, let : 1
5
Poincaré bundle on X xX

to show that Jis injective

Uy Xy) ¥Px = Q. To prove (2), we have

~ Ifnot, we cin find a finite Hul;gmup K
I/ T/

kery, K # (0), and factorizes as Y —> Y/K——> X where » is the

Thus, if L is the line bundle (1 XI,E)*P,[

natural homomorphism.
b Vo ::: IT r = .
(1 x7)*(L). Now, L induces a homg.

on X x YK, we have that Oz

AN .
morphism a: X — (Y/K), and the isomorphism @ =~ (1y X7)*(L)

o A\ N A

osite X —> (Y/K) ——> Y is the

Thus this composite is an isomor-
. . @ " ) x e . A

phism. Thus ¢ 18 injective, and since dim X =dim (Y/K), « and

means precisely that the comp
homomorphism defined by Q.

Cl i
y are both isomorphisms. But we know that n has a non-trivial

kernel. viz. the dual abelian group of K. This 1s a contradiction,

proving that ¢ is injective.

9. The case k =C. We want to link up the methods of Chapters
1 and 2in this section. Therefore we assume that the ground field
k = C, and that X = V/U (V a complex vector space, U a lattice) 1s
an abelian variety over C. Recall that every line bundle on X 1s
isomorphic to L(H, ) for a unique Hermitian form H on V such
that E = Im H is integral on U x U, and a unique map «: U - C]
satisfying

(% + Up)
(%))« (uy)

L(H,«) is, by definition, the quotient (C x V)/U for the action

— " Eun ), gy, u, € U.

1;6“(;\,3) = (A_ n:('u,)_ B'H{t'u}-l_gﬂtu'“}, " u)-

We .El.lall do two things: (A) compute T*,[L(H, «)], (*€ V),
5’[’]1“.“3'13’ ffﬂ:ﬂ lrllenca interpret ¢y, in the analytic case. (B)
Describe divisorial correspondences as L(H, «)’s and hence comput®

- the dual X analytically.

"-l—ﬁ,. S o e ———

| ——
-
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To keep the picture clear, it is convenient to generalize a
little. Let a diserete group U act freely and discretely on V,and V

ad Tt eV, > Vg be a U-morphism. Let X; = V /U, and lei
s X b0 induced by T'. Suppose U acts linearly on C x V, by

(A)

?}": X,
b (A, 2) = (A.e,(z), u(z)), zeV,, AeC, uel,

r & 1S 1 if_'n:. - WOy =\
vhere e,(z) 18 8 multiplicative co-cycle

S
P

Cy, (Ug(2)). €, (2).

Suppose we now want to describe the

Eu1+u,(:)

Lot L = (C X V2)|U.
T*(L,). Then

line bundle L, =

L1 — Xl x.‘f, LE
[V X (C X Vg)]fU, where U acts on both factors.

- V.
Therefore, L; = (€ X V,)/U with the action
b\ z) = (X.¢,(T2), u(z), z € Vy, A€ C,ucl.

{e,} might be normalized to have a special form

Now the co-cycle
Then we might use an automorphism

2 mn : : o
which {eo 7'} might not have.

of C x ¥y
1 > (A.g(z), 2)

and carrying
as (C x V,)/U with action

b, (A, 2) = (Ae, (T 2).g(w(z)).9(2) 7" ul2)-

X, T, translation

Apply all this to the case V= Vo=V,X; =X,=
H. «). It follows

bya eV, T T translation by w(a), and L, = L(

that 17, L(H, «) 18 (Cx W)U with action
d, (A, z2) = (R.m(u).e“m‘*‘“"‘”*"H‘"l“}, z +u)

— (Afoc(u).

E"H{E'"}]- EﬂH{I,H}‘i’iHH{“:“]’ z + “),

hic
To simplify this co-cycle, take g(z) to be the non-zero holomorp

function e—"H@a), We get the new action

'#’::(}H E) = (A.m(ﬂ,) .é‘f[ﬂfﬂ.u}—'ﬂfu,n}]-EwH{:,u}+

and since H(a, u) — H(u, a) = 2iE(a, v)

I‘IH{"}“]’ z + “)

. we conclude:
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ProposirioN. T*.(L(H, «)]= L(H, a.y,) where y,(u) = e*rifay
We get immediately lots of nice consequences. :
(i) . (7(@)) is the point of Pic® (X) represented by L(o, v).

(i) In pm‘ti{:ulur, since y, Yo, = Ya,+ay’ it follows that (fbfaiﬂ.u}
is a homomorphism; this is the theorem of the square, |
(iii) We find !
K(L(H,a))=U*[U c PIU = X, |
where UL = {u|E(a, u) € Z,allu e Uj.
(iv) Therefore L(H, ) is in Pic"(X), as defined algebraically,
= K(LH, a))=X <= Ut=V <= =0 |
e H=0,i.e. L(H, a)isinPic°(X), as defined analytically,
(v) Moreover,
K(L(H, «)) is finite <= UL/U is finite
<= UL is a lattice l

<= F 1s non-degenerate

«~= I is non-degenerate.

(vi) Notice that if H is non-degenerate, e.g. if L(H, «) is ample,
then every homomorphism U~ R is given by u — E(a, u), |
for some a € V. Therefore every homomorphism «: U - C}
is given by

U —> EEniE{a,u} |

for some a € V. Thus every element of Pic®(X) is equal to

L(0, v,), some a € V; this proves the main theorem of §8 |
when k = C.

(B) Let X;=V,/U;,1=1, 2, be two abelian varieties. Then Q.ﬂ |
L(H,«) on X, x X, is a divisorial correspondence if Q 1s trntlﬁl E
on {0} x X, and on X, x {0}. This means that (a) the Hermitian

form H is 0 on {0} x V, and on V,; x {0}, and (b) « = 1 on (0} x Us

and on U, x{0}. Define

ALGEBRAIC THEORY VIA VARIETIRg

B(xy, vy) = H((x), 0), (0, 2,))

Then B is an R-bilincar formon V %V

Let Im (B) = B.

2> complex linear op Vi, and

C linenr O11 Ifn_ 'Thﬂ s
anti-linear o - n fis inte rral
gral on leUm

and we get
H((ey, 73)s e 02) = H, 0), @y, 0) + H((a,, 0), (0, 50
+ H{(0, 2,), (yy, 0)) ++ H((0, ), 0, 9,))
= DB(x,, ¥,) + B(y,, o).

a((2ty, Wa)) = ({2, 0)).a((0, w,)) . 7 EC1,0),00,uy)

— Eniﬂ{!t:,lf:]

Thus the divisorial correspondence  is determined entirely by B.

In order to find the map from X, to §1 induced by Q, we next
calculate the restriction of @ to X, X {my(a,)}, a, € V,. Let Q' =
(CxVyxVu)U;. It 1l Xme: X; XV, >X, XX, is the natural
map, then Q' =~ (1 Xm)*Q, and Q' | x, %2y = @ | X, xny@y- The action
of Uyon C x V; X V, is given by

B (A, 2y, 2,) = (A B0, 2y +uy, 3,).

Restricting to ¥, x{a,}, it follows that @’|y x, equals (Cx V})/Uy
with action

b (N z) = (N B0, 2, + ).

Modifying this group action by the automorphism of C % ¥,
scalar multiplication by e~ 78w we get the action

I (A: 'Tl) it (A-E—Eni ﬂ{upﬂi}: ;1-1 + ﬂ'l)'

Uy
LY

r
I'hus we have

—2mt ya)
~ [, (0, Su ) where 3ﬂ=(’i’£1) — . i Auyta) |

ACY) 2 |
In particular, we see that in order that Q on X, X X, satisfy
the equivalent conditions of Proposition 2, §8, it is necessary mf:d
sufficient that dim X, = dim X, and that for all E.l-*g,
¥e € Uy <= Blu,,x,) € Z, all u, € U This implies that B is a
non-degenerate pairing of ¥, and V,. Hence, *

Prorosirion. Q| X, x{n
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CoROLLARY. Via @, X, =X, and Xy & X, of and only if

(i) B1s non-degenerate;

(11)

U, ={x, €V, B(1y, %5) €L, all uy € U,} and vice versa.

| : 1l lattices, 1.e.
under B, U, and U, arc dal :

Explicitly, therefore, if X = V/U, then the dual abelian Variety

i’ can be constructed as follows. Let
T = Homc gpeinear{ ¥ C),
U ={le Y_’_IIHI () € L, allu € U}_

e

Then X=7"/U'. The form B: VX T C is simply

and the Poincaré bundle Py on X xX is simply L(H,x) with

H{(z,, 1)), @, L)) = L) + [j(x)

g

ﬂ'.((‘Hq ”) — e~ 1 Im J'{u}‘

Moreover the line bundle on X corresponding to a point

7(l) € X (I € TT) is then just L(0, o)) where

‘II('”) e EEniIm i{u}’ TR = U

There arises a small question of compatibility : we just con-

structed X = T|U’ and showed that X = Pic® (X). But in §2, via
the exact sequence

0 —>Z—> Op—> 0F —> 0,

we constructed an isomorphism

Pic)(X)= H\(X, 0, )/H\X,Z)

and in §1, we found an isomorphism HY(X,0,) = T'. We would like |

to be sure that we have really found essentially the same description

of Pic’(X) twice. As we have just seen, our second description of :

Pic’(X) rests on the map

T > Pico(X)

I’ — L(U, ﬂ[;).

B(.T, Z) =£(I)’ K

, — —

——

ALGEBRAIC THEORY VIA VARIETIES
& ET

— 2wy
: y " gy B e
Lot S8 m;nlli’“ml*h” composite map 7" —— }fl(@x] Pic( |

Chich gave us the first description. This map 18 given by

E?Hi

T T® 7 -—fﬁ-i}- H(X,C) —> III{X,@I) — Pic(X).
Using group cohomology of U, we get a diagram
- by def.
of dp.
Homi(l7, C) 2% HY{U,/C) e > H\(U, H*)
s
L
Homg(V, C) ) )
2 l Y Y
TecTe T —— HY(X, C) —— Pic(X)
g

where H*=multiplicative group of non-zero holomorphic functions

on V, and where the square on the left commutes according to the
compactibilities verified in §1. Therefore,ifl e T, the first descrip-

tion associates to [ the U-co-cycle u—> e,

But

P2t} 9(3 ‘l‘:f_) pimiBali(u)]
g(2)

where g(z) = e~ 2" is holomorphic in z. In other words, the first

description rests on the map

T. y> Pic?(X)
L > L(0, o)
E‘i?(u) = ElriEt[I(u]]'

So the two maps differ only by multiplication by 2+ (experl-

mental error!).



