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(0. The theorem of the Cube (II). In this chapter, we ghall

Jways mean by a scheme a scheme of finite type over a
n

“]Huln‘ﬂii‘-””}’ closed field &, and a point will always mean a closed

point of the scheme.
We begin with the following seemingly innocuous generalization
of Corollary 6 to the semicontinuity theorem.

prorositioN. Let X be a complete variety, ¥ any scheme and I
o line bundle on X X Y. Then there exits a unique closed subscheme

Y, © « Y having the following properties:

(2) if Ly 18 the restriction of L to X x Y, there 18 a line bundle

M, on Y, and an isomorphism p3 M, = Ly on X X Y ;

by if f:Z~> Y 1s any morphism such that there exists a line
bundle K on Z and an isomorphism py (K) = (1 X f)*(L) on X X Z,
f can be factored us Z — Y, c . Y.

Proor. The uniqueness is immediate, since if ¥, ¢ . Y

and Y, © . Y are two closed subschemes of Y satisfying
(@) and (b), each of these closed immersions can be factored
through the other, and they must coincide.

Note next that if p¥M, = L;, then M, = Day(Ly) (by the
Kiinneth formula), hence to show that there is a line bundle M,
such that p¥M, = L,, it is equivalent to showing that py 4 (L) =1,
is an invertible sheaf and the natural homomorphism pa () > Iy

Is an isomorphism.

In view of this, we are reduced to proving that there 1s an open
covering {V;} of ¥ such that the proposition holds for X x V;=> V;
and the restriction of L to X X V. In fact, if we have done this, we
obtain a closed subscheme W, ¢ + V, such that (a) and (b) are
valid with Y replaced by V;. Then clearly Win (Vin V;) and
Wia (Vin V) are two closed subschemes of Vin V; such that
(a) and (b) hold with Y replaced by ¥;n V;, hence they are equal:
Thus we obtain a closed subscheme ¥ of ¥ such that ¥, n Vi=Wo
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and (a) (becausc of our local reformulation) 18 clearly valid. Ag fo,

(b), the local version of (b) implies that for each 1, f[TY V) y
{

- through W, hence f~ (V) > Y factorizes through Y. ang

s0 Z —-'f-}- Y factorizes through ¥;.

— Spee 4, and it suffices to find an open

Thus we may assume 4
which the proposition is valid

od of each point of Y In
if necessary, we may assume that we have g

neighborho
By shrinking Y
Afo —> A — .. giving the direct images of

free complex 0 —
Lot M be the cokernel of the trans.

I, universally, as in §9
:

¢
pose ‘¢ of ¢: A" —> A > M — 0. Then for any A-algebra B

B’:___'.H.;..Bﬁ > M® B — 0 is exact,

¢
Homz( M ® 4B, B) —a-B"ﬂ-—-—E)— Bn.This shows that for all f: Spec B

—~»Spec 4 = ) S T ({1, x f)*(L)) ~ Hom (M, B). Now let F be
the set of points y € ¥ such that the restriction L, = L|X X {y}
rivial, so that F is a closed subset of Y by our earlier result
(applied to Y4 and the castriction of Tto X X Ya)- M T =
Y — F, the empty subscheme ¥, =@ of Y’ satisfies (a) and (b)
with respect to ¥Y'. Hence, 1t suffices to show that for any ye F, y
has an open neighborhood in which the proposition holds. 1{ eF,

and hence so 18 0 —

s t

50

1 =dim HY(X x {y}, L,) = dim Hom (M, AM,) = dim, M
v

that by Nakayama’s lemma, there is an element of M which gene-
rates M in an open neighborhood ot y. Restricting ourselves to this
neighborhood we may assume that M = AU, where U 1s an ideal of
A. Let Y be the closed subscheme defined by 9, L; the restriction
of Lto X x Y, and L the associated sheaf. Then D, (L) i8 the
sheaf associated to Hom ,(A4/¥%, 4/¥) ~ A/ on Y, and ‘ia EEI]GE free
of rank one. Consider the natural homomorphism pg(Py «(Ly))

~— L) on X X Y[. Since both sides are locally free of rank one,

this is an isomorphism, at a point z€X x Y, if and only if the

induced homomorphism of ‘fibers’

|
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[ (Dol L) @p, k> L] @, k

. rjeetive: Now, -‘"'*i“':-‘-*f‘* Hom ,(A4/%U, 4/U) - Hom ,(A4]A, A/M.)
: JIO(X % {y}, LIX x{y}) 18 surjective and LIX X {y} is trivial, A 1;3
0 iwm“r'l}lliﬁm at all points of XX {y}. On the other ’;mnd
7 of poinls on X x Y, where A 1s not an ismnmphiﬂm’
heing the anion of the supports of ker A and coker A, is ulnseé
nd does 1ot meet X X {y}. Hence its projection into Y is a
| subset not containing ¥.
hborhood of y not meeting this projection, we
may assume (hat M = A/, and that if Y, is the closed subscheme
defined by 9(, condition (a) is fulfilled on Y,. We claim that (b)
follows. [n {act, since the condition that f: Z — Y factorize

local on Z, we may assume Z = Spec B affine, and B

through ¥ 1 18
hecomes an A-algebra via f. Further, we may assume K trivialon Z,

o that (1x X f)*(_{:') = Oxyz and Pﬂ,*[lx X f}*(é) 3?723(@1;3) =0,
" is a complete variety). Hence we have an isomorphism of

(since A
B-modules B=Hom (4 A, B), 80 that A.B=0 and A~ B factors

9(. Thus f factors through Y, proving the proposition.

he sel

X xr . . .
JJosec By restricting ourselves to an

qffine open neig

through 4/
Under the assumptions of the proposition, we shall refer to the

Josed subscheme Y, of ¥ given
closed subscheme of Y over which L 18 trivial.

We get the following strengthened version an

the theorem of the cube.

by the proposition as the maximal

d direct proof of

TaroreMm. Let X and Y be complete parieties, 4 @ connected
scheme, and L a line bundle on X X Y x Z whose restrictions 1o

()X Y X Z, X X {yo} X 7 and X XY X {zo} are iripial for SOME
., €X,y, €Y, and 2 € 7. Then L 13 trivial.

subscheme of Z over

c Z'. We have to show
o show that if &

Proor. Let Z' be the maximal closed
which L is trivial, so that Z’ # @ since %

that Z'=Z, and since Z 1s connected, 1t suffices t
point belongs to 2, Z’ contains an open naighbnrhﬂﬂd
as an open subscheme of Z) of that point.
again by z,, by I the maximal ideal of Oz,

(:::nnsidered

.
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ideal defining Z’ at z,, so that I c M. We have to show that I =

— Yo My . . '
If not, since nﬂ me = (0) by Krull's Theorem, we can find g,
n2

0 such that IM" O I, ot 3 I, so that
[Mr+? -+ I/mrti] c [r/Din+]

integer n >

or space. Hence, if 9, = M "+ + I, we can finq

A,

an ideal 9, with ;> ¥z D Pertl and dimg = 1. Hence %A, =y

slo 9

is a non-zero k-vect

+ k.a for some a € 9, and ¥, > I but %A, p 1. Let Ay =M. Let .
be the closed subschemes of Z consisting of the single point e

with structure sheaf O, [3;, SO that:

Zy
Let L, (1=0,1,2) be the restriction to X X Y x Z; of the sheaf
L of sections of L. Note that L,, L, are trivial on X X Y X Z,,
X x Y x Z, respeotively, since Z;, Z,cZ', so that we have
isomorphisms L; =0y, y 7, (1=0,1). Further, since the structure

sheaves of Z,,Z, and Z, are related by the exact sequence

mult. by a restr.

>0,

0'—+ G‘}z. }' G‘]zl )‘a}zl

we also have an exact sequence of sheaves on the topological
space Z,:

mult. by a

> L, > 0.

0_"")"" :éu > Ll

Consider the section s eI'(X X Y x Z,, L) equal to A(1) under the

- » ﬁ #
isomorphism A: Oy, y,; —> L;. The necessary and sufficient
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1 that Ly be trivial is that s can be lifteq tq a
e i wn o : - sect
[n fact, if we can do this, multiplication by & jg 4 1 ion
/ : §a homo-
mn!‘[}himn N:Opxyxzy = EI which reduced modulo the maximal
» . 3 B d 1 -, vl } .
| of an) point { of X X Y X {2} is an 1Isomorphism  ~
B T :
J: hence A" 18 an isomorphism (the sheaves being locall
y

['_nll"ll“ 10

N of -L:'
il i

e

irf:i.f:’ﬂf _ ; - *
= oc) Conversely, 14 é._. 18 trivial, using the induced trivialization

¢ Do, tho map 1«.(2:) — I'(L,) becomes the map r'o,) >T(0,)

wh;rh is surjective. Now, fix an isomorphism I, :'GIEY- ';';n;

pstruction to lifting s to I'(L,) is then an element ¢ e HY(X x Y

Orvy) Since the restrictions of L to X X {y} X Z and {z} x Y % Z],
hence also to X X {yof X Z, and {xo} X Y X Z,, are trivial, the
restrictions of § to X % {yo} X Z, and {x,} X ¥ X Z, can be lifted to
LI X % {yo} ¥ Zy and L|{z} X ¥ X Z, respectively. This means
that the image of ¢ by the maps HYX x Y, 0z, y) >~ HY(X, O)
and HY(X x Y, Or.y) => HYY, Oy) induced by z+— (z, y,) and
y —> (2o, y) are zero. But by the Kiinneth formula, these maps
nduce an isomorphism H(X X Y, Op,y)=HYX, O0) HY(Y, O,).
Therefore £ = 0, and s can be lifted to X X ¥ X Z,, and Ly, is trivial.
This is a contradiction, so Z’ contains an open neighborhood of z,.

11. Basic Theory of Group Schemes. We continue to work over
a fixed algebraically closed field k, with schemes always of finite
type over k, and with closed points only. Sch will denote the

category of schemes of finite type over k

One of the most basic tools in the theory of schemes is the

concept of S-valued points: if X and S are schemes, an S-valued
point of X is a morphism from S to X. The set of all such

1s denoted
Hom, (S, X) or X(S).

If X is fixed, the map S —> X(S) 1s a contravariant functor:

> Sets.

—————

. @ Sch?

if X and Y are two schemes,

The importance of this functor is this:
from the functor

then (a) a morphism f: X - Y defines a morphism
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f68)
.X' to the functor } (i.e. a map JL{S) —> I (S) for ev ery 8 sygl

94

that for every g: 8 — 7', the diagram

X(8) < X(T)
J(S) ST
Y Y
Y(S) < X(T)

commutes), and (b) conversely, a morphism from the functor X to

the functor Y is defined by a unique morphism ot schemes f: }:{_;_
Y. (a) and (b) are really tautologies holding for any category: the
reader should prove them for himself if he has not seen them. This
remark will turn out to be an excellent tool for constructing

morphisms as we will see. Formally, (a) and (b) say that
X— X

is itself a fully faithful functor from the category Sch to the

e m—

category Fun (Sch®, Sets) of all contravariant functors from

Sch to Sets, hence Sch is equivalent to a full subcategory of
Fun (Sch®, Sets). Cf. ~ Mumford [M 3], Ch. 2.

If Alg denotes the category of k-algebras of finite type, and Re
Obj Alf,, let us put X(R) = X(Spec R). Then X defines a covariant
functor from Alg to Sets, which functor again we denote by the

same symbol X. The elements of X(R) are also referred to as K-
valued points of X. If € = Fun (Alg, Sets), it is once again an easy

matter to show that Homg,, (X, Y) =i Hﬂlllg (X, Y)is bijective,

so that Sch can be identified with a full subcategory of €.

DEFINITION. A group scheme is a scheme G together with (a) ¢
an identity povnt, 3.6

multiplication morphism m: G x @ - @, (b)
G (@,

a morphism e: Spec k — @, and (c) an inverse morphism i:
such that the following axioms hold.

of T—h—1

’
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(,-Jasrmfufim'ty)* The diagram

(1)
m X 1,
1, Xm i
Y m Y
¢ x @ R,
'S sommatative.
(2) The diagram
lg X e

G x Spec k > G %@
{ ‘ m

- Y

> @

A
z \ "

e X 1g
Spec k X G > G X @
1s commulative.
(3) The diagram
G x @
(].ﬂ-,'i) m
¢ 30
@ —— Spec k —
m

18 commutative.
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and let us interpret the conditiong f,
: nr

, ccheme to G in terms of the fupy
Ctor

Sch or on Alg). In view of our eay);
e — i I'Er

Now let G be a scheme,

giving a structurc of grouj

which it represents (either on

remarks and the fact thi
and e can be interpreted respectively as g
£ i L ]]E

—

it products n Sch correspond to prodyge
Clg

of functors, m,
Q{SJ Pt E(S:} =% E(S), E(S} Ed E(S)' and as giving a {Hﬂtinglliﬂhtd
element of E(S}, functorially in S in the obvious sense. The cong;.
tions (1)-(3) then simply say t hat Q{S} is a group for each S with
and e defining the group law, inverse and identity element

9. %,
S’ —» S of schemes,

and that for all morphisms
G(S) - G(8') 1s a group homomorphism. We thus see that to give

a group scheme structure on a scheme @ is equivalent to making
the set of S-valued points of G into a group for every S, fllﬂﬂturially
in . It would also be enough to make the set of R-valued points of

G into a group, for every F-algebra R, functorially in R.

the induced map

If r is an ordinary point of G. then the morphism

m

R:G ’”;GX{I}CG){G -

is an automorphism of G, called right-multiplication by x. More
if r: S - @G 1s an S-valued point of @, z induces an
R, of G x & over S. which we can call right-
=% 2} G ¥ S — @ and let R, =

generally,
automorphism
multiplication by z. We use mo |

(mo(lg X x), Pg) 8O &S to get a commutative diagram.
G xS % —+ G x5
2

(S), we

It is easy to check that with the group structure on G
e can

get R, =R, oR,. Interchanging the factors in G X G, W
define left-multiplication L, similarly.

the sheaf of Kiahler

Lie ALGEBRAS. Let X be ascheme, and Qy
o shall mead

differentials on X over k. By a vector field on X w

- - F——

. iy ————
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pigear Map of sheaves D: Oy — Oy such th .
3 k-line X hat the induced map

~ s o derivatic i T
D: 0(U) 0x(U) - ion over k, for every open set U
This 18 equivu.lunt. to saying that D factors: :

d f

> O ,

where fis an E?I-li:1enr homomorphism of sheaves.

ol H » FH:{\}*ILLI_ e ‘ rure 1
By & tangent vectol e X, we mean a derivation Oy, k, or

qum.u]m,t]y an element of Hom E':’I’I(Q‘r"’ k). Now, it is well known

that if M 18 the maximal ideal of @Oy, the natural nmp-

i,

UK

o _:.- Q.I,I @ @ ‘I:m
Xz

f\-—a-df@l

Thus, a tangent vector 18 uniquely determined

s an isomorphism.
Clearly, a tangent field in a

by giving a linear form on M, /M:.
«hborhood of = determines a tangent vector at (by composition

nel
and the evaluation map O, — ¥),

of the derivation Oy~ Ox.:

which we shall call the value of the vector field at z.

emes, and D a vector field on X. If p,

Let X and Y be two sch
we have a canonical

(i = 1,2) denotes the it" projection of XY,
@ p;(ﬁy)-—:-)- Qe yr 8O that there 15 @
% Y such that when factored
) with D and it is zero on

isomorphism  pf(€y)
unique vector field D®1on X

through Qy .y, D® 1 agrees on Py
p4(Q,), ie., DO 1(f@g) = Df®9:
A vector field D on G is said

Now let G be a group scheme.
nutes:

to be left invariant if the following diagram coml

D

(U > O
1
m* m*
Y
Y
@ 1@ > Ugxe
Gx G
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the vertical maps being the natural ones induced by the multip)
1
m

> (7
Fad ]

cation morphism G x &

ProposITioN. For any tangent vector t at e to G, there i3 q Unigy
| _ te
left invariant vector field on G having the value t at e.

Proor. First we interpret tangent vectors and vector fields j,
\

a slightly different way. Let A be the k-algebra k[e)/(e?) ang
n: Me]/(€)—>k the homomorphism with %(e) = 0. 1f 4 anq p
are L-algebras and B is an A-algebra, the k-derivations D of 4 i,

B are in one-one correspondence with algebra homomorphispyg

¢$: A — Lfi? ~ B®, A such that ¢a) =a.l + multiple of €. Thig
3

correspondence is given by D «- ¢, d(a) = a.1 + (Da).e. Thus

we deduce that if X is a scheme and x a point of X, a tangent

vector at z is a morphism Spec A — X such that Spec (k) © .

Spec A - X is the point z; and a vector field D on X is an |

automorphism over A:

» X x Bpec A

X x Spec A

Spec A

which restricts to the identity 1y: X - X when you look at the

+ Spec (A).

fibres over Spec (k) ©

One then sees easily that a vector field D on a group scheme @

is left invariant if and only if for the associated automorphism D,

{
the diagram
1, x D
G X G X Spec A : s @ x G x Spec A
|
mx 1 mx 1 (*) ,
Y D Y
G X Spec A > G X Spec A
:1
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18 mmmutut.ivﬁ- If D'=p,oD: G X Spec A - @, then
jued points Y of G and ! of Spec A, this di

g-vi
D'(z.y,1) = z.D'(y, ).
This clearly holds if and only if D'(z,l) = z.D'(e,l) for a]] 2 and 1

. other words, 1f t equals pyoDo(e,1): Spee A @ then we want

In terms of

|§
Dt s
given any A-valued point ¢t of @, we get a unique automorphism

7 of G x Spec (A) such that (*) commutes and plﬁﬁﬂ(ﬁj])::ﬁi_ But
exactly that D is left invariant and has value t at e

5 1o I.jght-multipliuu.tiun by the A-valued point ¢ of @. Therefore

{liis means

Thus we get a canonical isomorphism of the k-vector space of
left invariant vector fields on (@ and the tangent space at e to G.
Now, given any two vector fields D, D,on a scheme X, considering
them as endomorphisms of @y, wesee that D=[D,, D,]=D,D, —
D,D, i8 again a vector field on X, called the Poisson bracket of D,
and D,. Furthermore, if char k = p> 0, D} is again a vector field.
[f @ is a group scheme, one verifies trivially that the Poisson
bracket and p power operation take left invariant vector fields

to left mvariant vector fields.

DepsiTioN.  The Lie algebra of a group scheme is the k-vector
space of left invariant vector fields, together with the operation of
Poisson bracket defined on i, as well as the p* power operation tf

char b= p > 0.
We shall agree to denote the Lie algebra of G, H, G, ...ctc.
by g, ), q;....etc. We have then:
(1) The map gx g—=>@, (&, Y)—> [X, Y], 18 bilinear over k
and the map X +—r X? satisfies (AX)? = AP X?.

(2) For X € g, [X, X]=0.

(3) For X, Y and Z eg, we have

(4) If char k = p > 0, there 1s a certain universal non-corm-
) in two

mutative polynomial F, (depending only on P
variables such that
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ad (X?) = (ad X7,
X 4+ Yy = X7+ ¥? + F,(ad X, ad Y)Y, |

where ad X is the endomorphism of q defined by ad X(Y)= (X 1’]

For the actual expression of F,, which 1s unimportant for
purposes, Wwe refer to [J]. It is however uniqucly tlutermin:
by the condition that if A 1s an associative algebra over [ ﬂllii
we define [X, Y] =XT — YX and X? to be the p™ power in 4 4
satisfies (4). Thus, F, may be calculated by taking A4 to be g t:n;.}
associative algebra on two generators X and Y over £, and showing
that (X + Y)? can be expanded as in (4) in 4. Since we are mainly
. terested in the case when is “abelian”, that is, when [X| Y :_*[}
for X, Y eq, it suffices for us to know that ¥, has ‘no constant |

term’, that is, F,(0, 0) = 0. Thus, in the abelian case, X — X7 g

just a p-linear map (i.e. an additive homomorphism of g into itself
with (AX)? = A?X7?). In the case of the Lie algebra of an abelian |
variety, the pt" power map is called the Hasse-Witt map.

We remark that if G is commutative, that i1s, 1f the diagram

G x@ et O % 6

¢

is commutative, where o is the ‘switch map’ o= (pg, Py) thend
is abelian, that is, [X, Y] = 0 for all X, Y € q- To prove this, we
start with the following observation. Let D, =1, 2) be vector

fields on any scheme X, D, =[D,, D] and ﬁi: X x Spec A XX 1
Spec A be the associated automorphisms, where A = k[€]/(€®): Put |
A’ = ke, €']/(e?, €'?), and let o;: A - A’ be the fo-algebra homomor”
phisms defined by o,(e) = €, 0,(€) = ¢ and oy(e) = ce’. Then G
induces a morphism ¢, = Spec o;: Spec A" — Spec A (1< 1< 3);
and we get automorphisms
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X x Spec A’ M

> X x Spec A

Spec A’

'+ taking fibre products with Spec A’ over Spec A via ¢,. One
{]FIE‘-II checks easily (by taking X affine) that y, is the cmmn;ut-atnr
- vo] = X1 XEXI—I it Now suppose (7 is a group scheme, let ¢, :
Spee A > @ (i = 1, 2) tangent vectors at ¢, and let D, be corres-

ponding left invariant vector fields. Then ﬁ- 1s just right-transla-
tion with respect to t., and if tjed, = T: Spec A" — &, then x; i
right ¢ ranslation of G X Spec A’ by the point T;eG(A"). Hence
:{1}(2}(1_1 xz S right translation by [T, T',] € G(A"). Since G(A")
. o commutative group, it follows that [T, T,] =0, hence

X1 Xe XI_.l Xz—l =Xg ™ Idﬁﬂt-it}’] and [-Dl: Dg] ==,

THEOREM. Any group scheme over a field I of characteristic 0 18
smooth (and in particular reduced).

Proor. We show in fact that if X is any scheme over k of charae-
teristic zero and z a point of X such that there exist vector fields

e 2

Doy dly 10 8 neighborhood of z with 7= dim, e inducing

n X is smooth at . We can

independent tangent vectors at z, the
rm a basis modulo

choose z; (1 < 1 < n) in M, such that they fo
M2 of M, /M2 and (D; 4;)(x) = §;;. Dince clearly D;(IM) C me-t, D
t:i of 0,. Now, we have a

P

extend to derivations of the completion
A @, with

unique continuous J:--homomorphism a: K[ty -+
a(t,) = z;. On the other hand, define B: 0~ k[t - > t,]]
by putting

"~ J—— ¥ ¥ 32 B
where D’f= Dj ...Dsf, v = byl oo Vgl and & =#" t . By
one checks trivially that

Leibniz’s formula and induction on %
f local rings. Now,

B 18 again a continuous k-hﬂmﬂmﬂfphiﬂm 0
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« is surjective since its image contains a set of generatorg of
M, and £ | | J— t.]] 19 complete. On the other hand, Bl,) -
(mod (£, - t,)?) so that B(z;) generate the maximal itiun]ﬁ“f
k[[ty, -+ £.11, and B is also surjective. Henco 80 18 Boa, 80 that Bog

is an automorphism of K[[t;, .-, ta]]. Hence a 18 also injectiy,

" ¥

hence an isomorphism.
smooth at z.

In positive characteristic, we will soon have plenty gfﬂmnlpleﬂ

of non-reduced group schemes.

SuyBGROUP SCHEMES, KERNELS, QUOTIENTS.

Let G be a group scheme, and H a closed subschemo. We gy

that H is a subgroup Scheme if, denoting by 1: H¢ & 0 the
closed immersion, mo(t X 1): H X H — @ factors through H:

mefy X 1)
- (]

HxH

N\
\\

W4

This is equivalent to saying that for every S € Obj Sch, H(S) isa

subgroup of @(S). Clearly H then becomes a group scheme in its |

own right, and i: H - G a homomorphism of group schemes

(defined in an obvious way).

To any group scheme G over k of characteristic p > 0, one cal
associate in a natural way an increasing sequence G, of closed
subschemes (n>> 0), all having support at the identity element
of @, as follows. Let @ = @, be the local ring at the identity to (i
I its maximal ideal, and M®™ the ideal generated by {% 7" |z € M
Put @, = Spec [@/M®™], so that G, is a closed subscheme of G with
support at e. Let 0'=0,,,, g« ¢ be the local ring of (e,e) on G X @80
that @' is the localization of ®®, @ with respect to
ideal M® 0 + 0@ M. The multiplication map m induces &

homomorphism of rings m*: @ - @', so that for f€ m, m*(f)= glh

..!i

Hence @, and 0O, are regular, and X ’

the maximé |
local

¢ ALGEBRAIC THEORY VIA SCHEMES
103

+ 0@ M, haunit in 07 hence m*(f*") e (MO @ g 4
™1, @', This  proves that tl : .
@ I ] 1€ composite GH X G, -

m _ :
axG— ¢ factorizes through the subscheme G, proving that

g is B subgroup scheme. One has evidently Lie(@.) = Lie @

for 2

nxamprLus. (1) .In un};chm*n:::t-m'mtm, define G,, the additive
group over k, as Spec k[T'] = A7, the group law G,x G, > G
- a

heing defined by addition, or equivalently, by the homomorphism
m*: K1) = T @ k[T, m¥(T)=T@1+1&® T. The group of
g-valued points QH(S} is just the group I'(S, Og).

If char k = p > 0, we also write o for the subgroup scheme

" 1], We have Lie (G,) = Lie (a) =

—

(G,),, that i = Spec [(TF’H)
E2/aT, n> 1, and an(S) = (fel(S, Og) /7" = 0}

(2) In any characteristic, define G,, to be the multiplicative
group over k, coinciding as a scheme with A! — {0}, the group law
being multiplication. Writing G,, = Spec & [T, 1/7'], the homomor-
phism m* : &[7', 1/T'] - KT, 1/T] @ k[T, 1T] is given by m*(T') =
T® T. The group of S-valued points of Gy, 18 the group of units
(S, 0%

If characteristic £k = p > 0 we shall put ppn = (G,,), = Spec
KT, T-1((T — 1)P") = Spec K[T(T?" — 1), We have Lie G, =
Lie pyn = k.T 927 (n 3> 1), and pyn(5) = (feT(S, O 7 =1}
f 1G5 H a homomor-
s XH{EH} over the
‘< the identity element of H is a closed
subscheme K of G. By definition, for any S-valued pomnt of G,

¢:8 +(@, ¢ factorizes through K if and only if fod fﬂﬂt“rimi_
. through e, : Spec k—H, or in other words, K(5) 18 the kerne: ©

G(S)»H(S). Therefore K 1s & subgroup scheme of G.

the homomorphism G,

. Now, let @ and H be group schemes and
The fiber f~'(én)

phism of group schemes.
closed point ey of H which

As an example, consider
l by Xi—» X", The kernel is denoted by jig FOT (n, P)=

\
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a discrete group (i.c. reduced and finite group) iHHIIIHI‘I]Iliu to
16

On the other hand, it follows from

‘ har Sey 1-%
nth roots of unity in £*. defip;.

tions that p  is the same group defined earlier,
»

Next, suppose @ and H are group schemes, and ¢: 5 _, q,
homomorphism. A pair (G//1.7), where G/H is o schep, ang
n:@—>CGH 18 a morphism, is said to be n quotient of by
H, if it is universal for all pairs (5.f) where S is a scheme, ang
f:@ -8 a morphism such that the following diagram COmmut eg.

mo(hx 1)

H x (¢ >
1

Y f Y

7 > N,

It can be shown that quotients exist, that f is always flat aypg
surjective, and further that when I is a normal subgroup schemeg
in @(i.e. H(S) is a normal subgroup of G(S) for all §), G/H
inherits a unique structure of group scheme such that » : G- G/H
is & homomorphism and has kernel precisely H. We will not
need the result in this generality, but only in the special case
when H 1s a finite group scheme. We will consider this in §12.

LEFT-INVARIANT DIFFERENTIAL OPERATORS.

We want to study the algebra of maps @, - @, generated by
left-invariant derivations. We first introduce the hyperalgebra

Hof G:

H, = Hom,,( @z,{?! k)
H—oH,
Tels

where Hom,,, means the maps L: @, -k which are continuous

in the sense that LMY+ = (0) for some N. Alternately,
H == lim I-‘(@z)*
S—
0-dim-subschemes

Zcl
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g+ menns the A-veetor space dual to a vector space W, If
‘r(:lt lies in the H’cth[}u(:‘l_‘:l '1’{@3]*, we will say that I ig
) ]-,}:-I‘“-'l] by Z. This definition makes it clear that H is an
su[] if.“”””“l“'i“ analog of the space of distributions on a Lie

if "'h[.”. -
alie ted on a finite set. H has a lot of strueture.

p suppor

We gut.

Er““

(1

Iyrmll”'l

an assoclative and  distributive convolution

**H®H —-H

by defining

(§) L * Ly(f) =L, @ Ly(m*f).

More precisely, if L, 18 supported by Z;, v = 1,2, and if Z; c @ is
subscheme such that the group law m factors :

‘)

Hl

a finite

e -+ Z,
N N
m
G xU — O

then L, * L, is to be supported by Zg and the equation (§) is
to be interpreted with f e (0, ) and with m as the restriction

of mto Z; X Z,.

sint z € @ is a continuous linear map
he point z with

volution:

(2) Evaluation at any p
8,: O, - I hence an element o, e H supported by t

reduced structure. 4, 1s a t wo-sided identity for con

3'* L=L* 8'=L-

jon 1 eI'(0g)
Moreover, evaluation of elements L € H at the function (Og

induces an augmentation

¢ : H—>r k.

, a basis of H
o, 5 are

i
S i . . d ﬂﬂd, t-hﬁ
Note that if @ is finite and redu he group algebra

| overk, and since §, % 8, = 8, H is nothing but t
k(@] of G.
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(3) The ordinary product of functions 0, ® 0, - @_ ;
. 2 lnthmﬂs

a co-product
!, 4 I'l —_— H ®k H

This satisfies

many identities, which we will consider lat
_ . er in
for finite commutative group schemes @. § 14

The interesting thing is that the elements L e H ey
uniquely to left-invariant operators Dy : 05 = Og such that, I'm; rf{ld
(D, f) (e) = L(J) These operators Dy are combinations of :liﬁ'f;rl )
tial operators (which for every open set U c G, map @G(U}E?-
@G(U]] and translation operators [ — ', fi(x) = f(xa) (wl-n
map Oy4(U) to 0,(U.a"")). Weneed some definitions. e

DeriniTioN. A differential operator D on a scheme X {s q }.
linear endomorphism of the structure sheaf O, such that there s
an integer N > 0 having the properly that if f € MY some
z e X, then Df(z) = 0. The least such N 18 called the order of D.

For example, the differential operators of order 0 are multipli-
cations by functions, and those of order 1 are the sums of deriva-

tions plus multiplications by f’s. Now say L € H is supported by
n

7Z = U Spec (0, [M5:).
1 ' i

We then define an operator D, : 0y - Oy which consists of a set

of maps
whenever V.a, c U, 1 < 1 < n, compatible with restrictions. We
define D, to be the composition :

O¢

It is easy to see that D, is a sum of operators Dy which are givel

L}

|

l

E.

I
i

by differential operators of order < d;, followed by right translation |

by ;. In particular, if L € H,, then Dy 1s a differential operator
Moreover, D, is left-invariant, 1.e. the diagram

e TR T e

L
becomes the o

The left-square commutes by associativity o
while the right square obviously commutes.

and a, e U, 1 < i< m, then D, f is define
The correspondence L —> Dy generalizes the

{ left-invariant derivations} used 1n
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04 > 0,
m'™ m*
¥ 1@ D, Y

mmutes. In fact, substituting the definition of Dy, this diagram
ater rectangle of

m* 1® L
ﬂ]{r' > @Gﬁz > @ﬂ
m* m*@Q 1, m*
Y 1 ,@ m* ¥ 1R 1® L Y
@{Jxﬂ > @GHGKZ > @G:-:G*

f the group law m,

It follows immediately from the definition that if f € 04(U),
d at e and Dy f(e)= L(f).

isomorphism Ty g=
defining the Lie algebra of G

In fact, the tangent space 1, g can be naturally ‘dentified with 2

subspace of H:

T = {L: 0,q-> kIL(1)=0 Lome) = (0} ¢ H,

e, =
e left—iuvariunt derivation

and if L e T, then D, is the uniqu ¢ I's
with value L at e. An important fact

goes over to composition of operators:

(*) — DL; o DL"

The proof is straightforward and is left to th
cular, (*) shows that the Poisson bracket of le
tions can be interpreted by mutator with re
volution product in H and that the p® power 08

is that cﬂnvﬂlutiun 0

Dy er, |
e reader. In partl-

ft-invariant der
speﬂt to con-

left-invariant
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derivations can be interpreted as p™" power in H. Note thyy i
G

is commutative, then m*: 0g = Ogx e 18 co-commutative, j
y 1,0,

@G:G

“switch factors”

Y
@GEE

commutes, and therefore convolution product in H will
¢

commutative too.

This gives us a second proof that if G 1s commutative, the
, then

the bracket on its Lie algebra 1s zero.
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ﬂWhlmﬂ
o v coml yosite
[I) {he i . 11 )
e Spec (k) X X > ( ¥ X > X
iHLhuidGnﬁLy;
(if) the diagraln
m X ly
:
1y X m
i i " Y
' Qd x X > X
1S commutative.
(Here, a3 qsual, e is the identity and m is multiplication.) This
is equivalent to saying that G(S) acts on gf_ (S) for every scheme S

(or even every fiine ), functorially in 5. It is also equivalent to

|

To illustrate hyperalgebras, look at the simplest ¢ saying that for every S-valued point x € G(S), we are given &%
G =, and G =a, Writing e | sutomorphism over 5
P P |
}L=SGELX(XP“—'1 T:r
p =P [N, ) X x 8 > X %S
a, = Spec KX]/(X?), |
then in the first case all left-invariant differential operators P
are given by | e E
df d \»* S
f—r af +a, X e Fune T Wy (X E) S such that
snd i the second case by (i) fx,ye€ _G_(S), then T, T, = Ty 1
f—s ay f +a df by {E:’_}_lf. | (i) if f: S, =S, 18 any morphism, .mi S -¢ i inian Sy-value
dX =S dX? point, so zo f: ) = G is an S,-valued point, then
Thus H = k{D]/(D? — D) or = k . _x 4
[D]/( ) or = k[D]/(D?), where D X X or X %8, - Tys > X X8,
d
dX 1I )"if 11' Xf
‘ Y
12. Quotients by Finite Group Schemes. An action of a grovp x :: q > X X3
gscheme @ on a scheme X is a morphism: o T,
p: G X X <X commutes.
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the T,’s are induced by p vian the formula 7
{ (S

Explicitly,
where o: X X G -G X X is the

(pooo(ly X x), Ps) SWitch
morphism; and conversely, if we let S =G and take 2 to he the

@-valued point 15: G — G of @, then pyo Tp 1 X X G — X is just m

(except for the factors being reversed).

A morphism f: X - Y is said to be G-invariant it the diagran

2

G xX > X
Pe f
Y f Y
X > Y

is commutative, i.e. in terms of S-valued points g and z of @ and
X, f(u(g, z)) = f(x). In particular, taking ¥ = A', we get the
notion of a G-invariant function. We say that the action of  on
X is free if the morphism

(, Po): @ X X ——> X X X
18 a closed immersion.

The a:ct-ion of a group @ on a scheme X has a differential-
geometric as well as a set-theoretic aspect. Let H, be the part of

the hyperalgebra of @ with supports at e, and let L € H,. Then L
defines a differential operator D, on X via #

p L1
Oy —> Og, 3

> @{c}xx ~ @x-

‘dItt'l: easy to check that (a) DLx'L: =D GDLla (b) D, is the

1de é 3 ¢

. I;;ty, if!:nd (c) If. Le T,,cH, then D, is a differential

tll:ﬁ L‘Gr of order 1, Le.a derivation from @y to @. In particular,
e Lie algebra of @ is represented by derivations of Oy.

Let
& be a coherent sheaf on X. A lift of the action u to F is by

dﬂeim;u;n ]:.n isnmnrp}lism A: p¥(F) Pt 4*(F) of sheaves oD
: uch that the diagram of sheaves on @ x @ x X,

*__'—- | —
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(P9,03)"(A)

P > ()
(m X\
7 (F)

),m = po(m X lx) =po(lg X p), and p;
w @ x X, i1s commutative.

(lg X u)*(A)

where E=p° (P2 Ps
: the ith projection of G
able way of defining a lift of an action p to & is
S-valued point f of G, an automorphismA, of
X w S covering the automorphism prof Xx 8

A more munipul
to require, for every
the sheaf & @ G)S On

A
> F Q04

> X XS

F @ Og
X xS -

o

such that (1) the A/'s are functorial in f, and (2) Ny =N° A,

ons, let us generalize the principal

quotients by finite
proved analogously
ourselves with

Having stated these definiti
results of §7 on quotients by finite groups to

The following theorem 18

group schemes.
that we content

to the first proposition of §7, 8O
stating the necessary modifications.

Let G be a finite group scheme acting on @
ontained 1 an affine

where Y 18 @ scheme
ndilions:

for the

TaeoreEMm 1. (A)
seheme X such that the orbit of any point 18 C
open subset of X. Then there is a pair (¥, m)s
and 7: X - Y a morphism, satisfying the following €0

(i) as a topological space, (¥, w) is the quotient of X

action of the underlying finite growp;
- £ 7 00)°
invariant, and if mel%x

riant functions, the natural
orphism.

(ii) the morphism m: X > Y is G
denotes the subsheaf of my(Ux) of G-inva
hmmorphism Oy — (O I)ﬂ is an 1som



112 ABELIAN VARIETIES

The pair ( Y, )18 uniquely determined wup lo isomorphism by these
conditions. The morphism = 1s finite and surjective. Y will be denpge d
X/G, and it has the functorial property: Y G-invariant Mmorphisme
f: X - Z, 3 a unique morphism q: Y — Z such that f = go s,

(B) Suppose further that the action of G s free and G = Spec(R),
n = dim R. Then = 15 a flat morphism of degree n, 1.e. T (Oy) is
a locally free Op-module of rank n, and the subscheme of X wx x
defined by the closed immersion

(JI,L, ;”E) .'G X ..X-'——:}' .:Y X X

is equal to the subscheme X xy X C X X X. Funally, if F is q
coherent Oy-module, n*F has a naturally defined G-action lifting
that on X, and

F p— RS

is an equivalence of the category of coherent Oy-modules (resp. locally
free Oy-modules of finite rank) and the category of coherent O y-modules

with G-action (resp. locally free O -modules of finite rank with
G-action).

Proor or (A). As before we are reduced to the case when X =
Spec A 1s affine. Let R be the ring of G, e: B - k the evaluation
map at e,m*: R— R@, Rand p*: 4 - R®, A the homomorphisms
of k-algebrasinduced by m and pu. Let B= A%={a € A|*(a)= 1Qa}
be the algebra of G-invariantsin 4. Let Nm,: R®,4 — A be the
norm mapping (defined since @, 4 is free of finite rank over A),
80 that N is a homogeneous polynomial function over 4 of degree
n = dim,(R) which is multiplicative. Define N: 4 — A by putting
N(a) = Nm(p*(a)), so that N is again multiplicative and k-homo-
geneous of degree n. We assert that N(4) c B.

To prove this, we have to show that for any o € 4,
p¥*N(2) =1 ® Na. For any k-algebra B, denote by Nmg
the norm mapping R @i B - B. Define ¢:4 - R ®,4 and
f: R @R Qpd - R @R @A by setting

$(@) = 1@ a,

@@ a) = m*H) @ N1 @1 ® a).
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i:, o {In /) — [ o Nmy. We thus have
¥ o N=np*oNmyo o>
— Nmpg,a © (1x @ p*) o p*
— Nmpg, 4 © (M* @D 14) o p*
= Nmpg, 4 ° po(lp®@ d)op*
Now, if we consider R @, @A as an I%@;EA algebra via
the homomorphism R4 > R@, R@A given by 7 Q® ar—

1 @17 ® & is an automorphism of the R @,4 algebra

p*o N = Nmpg, 4 © 1z ® ¢) o p*
= ¢o Nm, opu*
= ¢ © N.

This proves our assertion.

Now. @ also acts on X X Al, (by acting trivially on A?), so that
N: A[T]—A[T] is also defined. For any ac A, put x,(T)=N (?—ﬂ)-
Then y (7)) = 1™+ 8 T"" " + ... + 38, is G-invariant, and is the

' - le
characteristic polynomial of the endomorphismof the free A-modu

R@®, A defined by the element *(a). Since ¢ @ 1: R@; 4> 4 2
surjective and (e® 1)(u*(@))=a, u*a)—a defines the zero Iiap E:;.-,)
the quotient A of R®; A(via €® 1), nenca de}e(ﬁ*(ﬂ)“ﬂ)d_f:gn
=0. The equation y,(a)=0shows that a is integrally delzlen :; -
B. Thus A is integral over B. Since 4 is finitely genera‘;eBﬂ; hus: 3
1s also integral over a finitely generatﬂd subalgebra 0 d B is8
and hence B is a finite module over this subﬂlgebrﬁilﬂz ? ﬂX-—J- } 4
also finitely generated over k. Let ¥om Bt 4 &nd. eti:e' Using
be the induced morphism. Then 7 is finite and Sllrl_‘:c s .thﬂ,t (i)
the map N, one sees as before that = separates i Bln inclusion
holds. Further 7is clearly G-invariant, SO that we hﬂv:i:llﬂ'. On the
Oy c m,(04)? inducing isomorphism of glhe ;Z?n the kernel
other h&nd, ,n_*(mz)ﬂ 1S & uoherent d?,.--mudul_e“ g
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of the @y-homomorphism A (Oy) > m (Oy)®, R, X(f)
p*(f)—f® 1, and this shows that Oy = m, (0)Y. This proves (i;

Proor oF (B). Ior the construction of the G-action on m*(F)

| {J |
the basic fact is the following. If X' —> Y —— Z are morphisg

and F a sheaf of {E’E-mudulﬂs, there 18 a natural im)murphiﬁn
1

M F): (g0 ) (F) =5 [*g*(F)), satistying the following cop.

q h
dition: if X __i;.. Y —— Z —— T are morphisms, the square
f*(A, )
[ ¥ (F) - > [ *(hog)*(F)
A (h¥(F)) A
‘I"’=1I= s ’)‘u«f-h i3
(gof )*¥W*(F) < (hogof)*F)

i8 commutative.

Returning to our special case, the equality of the two composites

P i
G x X —% X — Yenables us (by means of A) to define an iso-
P

morphism A: p3(g)— p*(g), ¢ = 7*(F), and one checks that this is
an action, using the above remark.

On the other hand, let g be a sheaf on X with a G-action cover-
ing the action on X. A section o € q(X) is said to be G-invariant
if A(p5(0)) = p*(o). Localizing, we have the notion of the subsheaf
m(q)¢ of G-invariants of m,(g). This is clearly an Oy-module
which is coherent, being the subsheaf of 7, (q) where two 0y-homo-
morphisms =, (q) —3 (g ®; R) coincide. As before, we have
evident natural transformations S(F):F — m, (#*(F))¢ and
7(g): w*(m, (q)%) - q, and it is again sufficient to show that (when
FhB action is free) = is flat, G x X _~, X X, X, and 7(g) 18 an
isomorphism for every G-sheaf g on X (as in the proof of
Proposition 2, §7). In view of these remarks, since all the defini-
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we miy assume X = Spec A4 affine. Recall that the

8 locallZC; _ |
s of the acltion means that the morphism
i E R
1[-L1{_‘|]L'
(w, Pa): G X X —> X X X
M . - 1 i & " ;
" closed Jn Mmersion. Since 7 18 G-invariant, (i, pq) factors
5 & "

closed immersion of ¢ X X into X Xy X. On the ring

thm“i.ﬂ' &

| ths means that the humumurl}},iﬁm

Jeve

A A ®”_A L R@k.ﬂ
Ma, @ ay) = p*(a,)(1 @ a,)

o. We have to show (a) that A is flat over B= A% and A
(b)if g is a G-sheaf on X with q(X)= M, AQ M > M
if M is projective over A, M¢is B-pro-
(¢) is an immediate consequence of (a)

s surject1v
s injective,
isomorphism, and (c)

s an
o. Note however that

juutiv
and (b). In fact, it suflices to show that M@ is B-flat, i.e. the
functor N —> N® ¢ MU is exact on the category of A%-modules,

is faithfully flat over A¢ it suffices to show

o M) =

and since A

ihat N —> (N® 0 M)Q ¢ Az (N® 0 4) ®,4
(NQ,c4) @4 M is exact, and this holds in view of (a).

ring of quotients of A and B

To prove (a), we may pass to the
aximal ideal of B, so

with respect to § = B — M, where I 1s a m

that we may assume B local and A semilocal.

A-modules through their
orphism, so that R®, 4
*(A) generates
t there are

If we consider A @z 4 and R®, A as
second factors, A is a surjective A-homom
is generated by p*(4). Since A 18 semilocal and p
the free module R®, 4, one shows easily tha
{a} (1 <1< n=dim, R) such that p*(q;) form a basis of R @4

over A. Now suppose @, Ay, .., A EA. I claim:

[ p*(a)= i (1@ A+ p*(@) ]

1=1

(*)

e —— [ﬂ,:'..z Aiﬂ-‘- ﬂ-nd AI,---:AQEB]'
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The implication <= is obvious by applying p* and using the fa

bhak OGN = (F@ A if X & B. To proveis:, use The fagh Lhﬂit;
_ . ) P 9

(]®P*J(F*ﬂ} - (?H*@ 1)[;”'*”) n R@;}l }”\'::}L' .."1., hence HllIJHLiLULinE

the expansion of p* a, we deduce that

Z (1& u*) - (19 p*) (*a) = Z (1@ 1@ A)+ (m* @ 1)(u*a

S 10100 10w

Since the up*(a;) are linearly independent over 4 in R®, 4
(1Qu*)(u*a;) are linearly independent over R@. Amm R, R ®; Ai
the latter being considered as an algebra over the former via th[:_
last two factors. Hence the above equation yields that 1@ u*). <
1R 1A 1.e. ;'.iEA” — B. Applying the homomorphism E@l‘tﬂ
the equation p*(a) = Z(1® A).p¥(4;), we get that @ = 2 ¢;, as
required. This proves (*). But (*) says that 4 is a free B-module
with basis ay, ..., @, and that the homomorphism A: Az 4 »
R®, A, regarded as a map of free A-modules via the second factor,

takes the basis ¢,® 1 of the module on the left to the basis p*(a;) of
L}

the module on the right. Therefore A is an isomorphism.

We now prove (b). If M = g(X) is the A-module corresponding
to q, we first interpret the action of G on g in terms of M.
Firstly, M@, A and A®,zM will be considered as AQpy4-
modules, where the first and second factors in 4 @ 5 4 act on the
first and second factors of the modules. It is easy to see that these
are the two A® ,A4-modules obtained from the 4-module M by
tensor product with respect to the two homomorphisms A—
ARy A,a —> a®1 and ¢ +— 1®a. In view of this, and the
fact that R®, A is naturally isomorphic to A®y4, it 18 easily
checked th{at an action of ¢ on g amounts to an isomorphism of
A® », A-modules :

T:A®3M ——i—ﬂf@BA

such that

L]

(a)

1.

—_
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“.A. A®EM®BA‘ A®HA®HM denote the

\ _ﬂf EII ;i @
if o’ AHCEDH 4Dy A-modules, then the diagram:
s

AQARM
’/@ r on the ﬁIEt, third
| factors

| I , on the second factor

MRARA

o to be proven 18 that if N is the sub-B-module of M:

N={meM|r(1& m) =m® 1},
A -» M is an isomorphism. We may
and say that N isthe kernel of the

What

natural map N@ p
definition of N,

sm of B-modules :
b: M —> M Qp A
p(m) =mQ 1 — (1@ m).
r B, it follows that N®yzA is the kernel of the

then the
rephrase the

homomorphi

Since A is flat ove
homomorphism

J: M@ g4 —r MR ;AR p4
Jm@a)=mR 1O @ —r(1Qm)@a.

In other words,

N@pd = {Zm‘-® a; € MQ pA

But the associative law («), applied to th |
e AQA® M, says exactly that 7(1®m) € M®gzA has the
this equation. Therefore regarding N®p4d
A, we find NRgd > r(1QH).
abring 1®4 C AQ pA:

Zmi@l 1®Q a;= Z-r(l@ m;)d u.i] .

e olement 1®1 @m

property described in
and 7(1Q M) as two subsets of M@z

Now both of them are modules over the s ;
Moreover, N® ,4 is generated over this ring by the elements 7& 1,

neN, and since (1®n)=n®], these elements are in 7(1Q M)
Therefore N@zA — r(1@M). But finally the maps
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M 1M —> (1Q M)
m —> 1m
are isomorphisms, since A4 1s faithfully flat over B, hence we obtaiy,
an isomorphism N ®yA =M. This is clearly the canonical may,
too, so (b) 1s proven.
DeriNitioN. A homomorphism f: X — Y of group schemes -—
epimorphism if f 1s surjective and f* : Oy — [« Ox 18 injective.
COROLLARY 1. Suppose X itself 1s a group scheme and @ iy .
finite normalt subgroup scheme, acting on X by right-translatioy,
Then X|G is again a group scheme, = : X — X/( 1s an epimorphigy,
and G = ker (7). Conversely, if f: X — Y is an epimorphism of grw-};
schemes, and if G = ker(f) 1s fiute, then Y = X/G.

In other words, for every group scheme X we get a Galois-type
correspondence between (a) normal finite subgroup schemes G,
and (b) finite epimorphisms = : X — Y. In fact, if the word “finite”
is dropped from (a) and (b), the correspondence is still correct,
but we will not prove this.

Proor. First,say X isa group scheme and G ¢ X a finite normal
subgroup. Let m: X x X — X be the group law and consider the
solid arrows in the diagram:

Mm
X x X » X

mw X T T
Y Y

X/G % X|G wmmm ~—— X|Q.

Then X|G x X/@ is the quotient of X x X by @ x @, and 1
claim that mwom is a @ X Q-invariant morphism. In fact, if
1, X3, Y1, J3 are S-valued points of X and @ respectively, then
mM(T 1) X Z90,)) =7(210,°905) =m(T,240,) =m(2,2,) =n(Mm(Z, X Zg))
where g, = (3-'2_191%}-9', EQ(S). It is easy to check that the dotted

t Normal means G(S) is a normal subgroup of X(S) for every S.
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ALGE

» group law m’ on X/G in terms of which = is a
Now since G x X=X Xy X, it follows that if
)=m(x,) if and only if z, =x,.9, some g € G(S).

W tI{‘ﬁ”“H
- l-ljhiram-
" i8), then 7
=

;’1-;1.{;111“[.1 if K = kernel (),

WL

t e, € K(5) == m(x,) = m(e) <=z, =g, some g € G(S).
Thus G = kernel (7).

the corollary is harder. Let =: X - X |G be

The second half of _ '
| In view of the G-invariance of f, there is a

mnuni{*ul map.
Y such that

X

the f
anique g- X|G

> Y

X|G —

)
«ommutes. By the first half of the corollary, X /G is a group scheme,
and one checks easily that gisa homomorphism. In fact, gis also an
ial kernel and we are reduced to proving the

special case that an epimorphism f: X - Y with trivial kernel is an
isomorphism. We recall that if g: 5 — T is any morphism such that
g~1(t) is a finite set for every L€ T. then there 1s an open danﬁse
set Ty c T such that if Sy = g Ty 9ls,: S0 > T, is a finite
morphism. In our case, say fly X, > Y18 finite. Then for every

z € X, if R, is right translation by X, we get a diagram:

epimorphism with triv

R
Xﬂ : —) Xﬂ « X
R~
res f res f
Y R,. Y
Y, : > Yo f(2)

- . n
50 fis a finite morphism from X2 to ¥o-f(x) too- o t];B upin
sets ¥y« f(x) cover Y, f itself is a finite morphism. Thm: ﬂlfﬂ;nn
show that f is an isomorphism, it suffices to prove that the ho
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morphism f*: Oy = [+Ox 15 aNn isomorphism. But we know [*
1§

'@ q 'O ' *
injective, and by Nakayama's lemma, f* is surjective if for "
a

y € Y, the map
i ke 0, /M, —> [xOx @mr(d?yji)_]}")

is surjective. DBut Spec(f Ox @ O,[AN,) is the fibre f~1(y), and g}
the fibres of fare isomorphic by translation to the kerne] (f /

This kernel is trivial, so we deduce that for all ye Y, [ Yy)

an isomorphism.

COROLLARY 2.
coherent sheaf on X acted on by G. T'hen there s a natural 1SOmorphism

'n'*(’rr*g) =(Q Q, B.
Proor. Given the situation:

, g

X > X

a f

Y Y

Y’ > Y
q

and asheaf g on X, the natural homomorphism f*(f, (q)) >q induces
g**(f«(g))—~g'*(q), that is, f'*¢*(f, (g)) >g"*(q),or what is the same,
g*(fx(g)) >/f4(g"*(q)). If fis an affine morphism and X' =Y’ xy X,
this is an isomorphism. In fact, the problem being local on ¥ and
Y’, we may assume both (and hence all four of X, ¥, X', ") affine,
and the assertion is then obvious. Apply this remark with X = Y,
Jf=g=m, to deduce that i € (g))_—.pz*p"l‘(g)where Py X X Y_X—-}X
he the projections. Denoting the i*® projection of @ x X by ¢;, and
using the isomorphism (y, g,): G x X — X X y X and the G-action

on g: we gﬁt tllﬂt 11**(11' (g)) o~ q P* ~ * — R WhICh
proves the corollary. : 2 h(Q) = 92492 (8) =0

I8 Ole
; 8 — . * I K :
point with reduced structure. Theretore f7 18 surjective, ang [ is

Let Y = X/G as in the theorem. Let q be any
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;i o prove a theorem ) -
Wo now ant to prove eorem on the Euler characteristic of

: s ant 8 :
mages of coherent sheaves for a class of morphisms. For

¢ ‘f{_‘]‘ﬁ{} -
stroduce some definitions.

111

- 0
this, W¢

[et G be finite group scheme acting freely on a scheme X such
-y quotient X/ EKIHLH.I Let F bf-a a finite scheme on which @
ots. Then ¢ acts on X X F inan obvious way. It is easy to check
tion is again free, that the quotient U = (X x F)/@

w
oxists, and that we have a natural morphism U — V = X|G.

The morphism 7 obtained in this way will be called the fibration
with fiber F associated to the principal G-bundle X -~ X|G. = is
finite and flat, 80 that (@) is locally free over 0 of constant
rank. We shall call this rank the degree of .

TugorEM 2. Let w: U -V be a fibration with finite fibers
siated to a principal G-bundle over V, where G s a fine

that this ac

asso
group scheme. For any coherent sheaf & on V, we have

x(m*(F)) = (deg m) + x(F).

proor. It suffices to prove the theorem when G acts freely on
U and V = U/@ since in the general case, we have X X F—
X x F|/G - X /G and the theorem would be true for the composite
and for the first morphism, so that it 1s also true for the second.

Thus we assume V = U/@ for a free action of G on U. For a
coherent sheaf & on V, let S be the sheaf of ideals annihilating &,
and call the closed subschemes of V defined by J the support of &.

Then & is a coherent sheaf on this subscheme. If the theorem

. _ | | .
is not true, since V is a noetherian space, we call find an & with

support V' c V for which the theorem is not valid, whereas .fnr any
coherent q with Supp g & Supp &, the theorem 18 valid. Set‘
U' = »=1(V’). Then, using (B) of the proposition, nnehaees,that U,
is a principal G-space over V'. Replacing U and ¥ by U’ and I.’d
respectively, we see that we may assume the theorem tﬂ'h‘ﬁ ‘Vﬂil

whenever Supp F u V, that is, whenever Ann Z # (0)- it ;r
clear that if in a short exact sequence of coherent sheaves nn‘ .
the theorem holds for two of the sheaves, it holds for the third

(remember = is flat).
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Now, if V were reducible, we can find a short exact g
Xact sequence

0>q;>F >0 0 with g; having proper support SV, and 4]
A — 1 ¥ y @l t]

theorem woild hold for & . Hence we may suppose V' ir e
reduﬂlhle.

If # is the subsheaf of nilpotent elements of Vand 4 s 0 we |
. 14y
>F >F|F.F — 0and both F . & inj

the exact sequence 0—> rd
osed subschemes of V., Thus we p
1ay

F [S.F have supports proper cl
assume V reduced and irreducible. Let r be the rank of the generie
fber of Z. Then there is a sheaf of ideals S on V and an injec-
tive homomorphism S — % with cokernel having proper support
Thus, the theorem holds for & if and only if it holds for g7 ﬂ_n{i
again by the exact sequence U +>F >0y —+0y]|F =0, we see that the
theorem holds for  if and only if it holds for O0,. We see therefore
that it suffices to prove the theorem for one coherent sheaf on V of

non-zero rank. But then, 7, (0p) is such a sheaf, since by Corollary
2 to the proposition,
(7 (7 (O))) =X(Oy @y B) = (deg ) x(Oy)
=(deg 7) x(7 (Op)).

ReMARK. The reason we have insisted on an associated fiber
space, rather than confine ourselves to a space on which G aets
freely is the following. Let f: U— V be a finite étale morphism
everywhere of degree n. Then f can always be realized as the asso-
ciated fiber space with finite fibers of a principal 2(n)-space, where
¥(n) is the symmetric group of order n. In fact, in the n-fold fiber
product U X U X ... Xy U, consider the set P of points (z;, w03 T)
such that z; #«; for 7 #j. Then P is both open and closed 1n
U x yU X y... X U and is stable for the natural action of Z(n).
Further, P is étale over V, and V is the set-theoretic quotient of
2 b_y X(n). It clearly follows that V is the scheme-theoretic
quotient of P by X(n) and P is a principal fiber space with
atr?utum group Z(n)over V. Let F be the reduced scheme with »
points [1, 2, ..., »] on which X(n) acts naturally. Define a map
P x F—V by ((x,, ..., x,),i)—> z;. This map is invariant for the

| a?‘bmn of Z(n) on P x F and V is the set-theoretic quotient-
| Since P X F —» V is again étale, V is the scheme quotien? of
P X F by Z(n).

vy

S
be the automorphism of X
. terms of T-valued points Z, 8 of X.8). o
big space, the condition
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Thus, the theorem is applicable to any finite étale morphism of

constant degree 7.

al Abechan Variety in any characteristic. For a line
ariety X, we had earlier defined a

13. The Du

[, on an abelian Vv
L) of X as consisting of the points x € X for which

*(L) = L, and we had shown that it is a subgroup. We shall now
: cture of subscheme on K(L). Namely, consider the
bundle M= m*(L) & PT(L}_I & 'IJE(L‘}_I on X X X,

e maximal subscheme of X such that

pundle

closed subset K(

define a stru
Stand;n‘tl line
| define K(L) to be th
(L) x X 18 irivial. (See § 10).

alued points of K (L) roughly as the
X such that L is invariant under

— \ % S, and let TJ:
Tf

alld
MK
We can interpret the S-v

fi 8=

set of S-valued points
by f. Namely, Xg

tI‘sluElai on

-+ X

A

f (i.e. Tz, s)=(z+ f(8), 8)

¢ induced by -
Let Lg be the induced

. i
line bundle p¥ L on Xg. Now when S 18 a

T* et 1 T .
II(LS) ~ Lg 1s too strong,
isomorphic on the sets X x U, for

T}"(Ls) can be

Lg and
er of 8, without

(U,} an open OV
dition to look at 18:

for example,

being isomorphic. The correct con
&
ndle on S. (*)

N a line bu
S-valued poin®

T7(Lg) = Lg @ py N,
Then I claim that (*) holds if and only if f1s an
of K(L).
o S L.
Proor. Note that the composite X XB—" X X

M x so T7(Ls)®

is just the composite X X

(1, % f)*m* L. Thus Lgloyxs is trivial,



o ¥ Ml b .-t,q
.'iB]LIJIIiN ‘! 3111111 I 1],.u_
|24

Now whenever ( ,
restricting both sides to (0) X S

f*(L) = T;(L,S} ’[ﬂjxs - LS 93 J”:T N '“}}x g = N

Thus (*) holds if and only if
(1y X f)*m* L =pf L@ ps([*L).

But (ly Xf)*”l*L(-_:D ;L-,:HL—IQ p.j(f*L)“‘ ~ (1 X f)*M, s0 (*) holds
(1, x f)* is trivial, which means, by definitiop

if and only if
that f factors through K(L).

An immediate consequence is that K(L) (S) 1s a subgroup of X(S),

hence K(L) is a subgroup scheme of X.

Our next aim is to construect the dual abelian variety of X,
imitating the procedure in characteristic 0. Choose an hL which is
ample. Then K(L) 1s a finite group scheme. We dfﬁne X to be the
quotient abelian variety X/K(L). Let = X -+ X be the natural
homomorphism. As before, we wish to define the Poincaré line

bundle P on X x X by defining it as the quotient of the line bundle
M on X x X by a suitable action of K(L) x {0} lifting the transla-
tion action on X x X (it is easily checked that the natural homo-

morphism X x X/K(L) x {0} s X/K(L) x X is an isomorphism).
Recall that an action of a subgroup H ¢ X on any eoherent sheaf
& on X can be described as the giving, for each S € Obj Sch, an

action of the (abstract) group H(S) on F, = F @, O, lifting the

action on X, this action varying functorially in S in an obvious
sense.

Let us agree to denote all objects obtained by base extension
to 8 by a subscript §. Now, K(L)(S) consists of the subgroup

of z € X(8) such that if T,: Xg— X denotes translation by 2,

*) holds, the N which occurs can be identifieq by
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w1 isomorphism of these line bundles on the

This is because any two isomorphisms, either
v oron Xg Xs0s differ by multiplication by a unit, and
Xore .
ns S[‘ global units on these schemes, HO((X X X)g, 0% xxx)g)
of glob:

(he groups * ), are both isomorphic to HO(S, 0%),
and HO(Xg Xg0sr Yxgxsosh

™ . O
restriction map HO((X x X)g, O* xx 08 — H%X g X 50,
Next, let ¥V be the 1-dimensional

-
 suffices to gIVE
i 2

r . _[} 5
subscherne Ag RTS8

oll -:5-3

henee the |
) is an isomorphism.

dual to the fiber L/M,L of Lat 0on X, and leit
.1 line bundle over Xg with fibre V. Then, if

is the closed immersion,

(ﬂ.':i':,gx,sﬂs

vector spacce

v x X be the trivl

i X, =Xg X505 > XyxXgXs

| —1 o 2 k¥ —1. ~1 ~

i*(M \=i*m*(Lg) @i*pi(Ls) l@i*py (Ls) ™ = sQLg™'@ V= VxXg,
) are canonical. Therefore, we can choose

where all the isomorphisms e
' ‘ r that

o unique lifting of the translation 7y to Mg by requiring
becomes the map 1, X T,

this lifting when restricted to Xg Xg O .
x Xg. It is then easy to check that the action of K(L)(S)

on V o
on M defined like this is a group action, as required.

We conclude that there is a unique line bundle P on X X X =

X/K(L) x X such that its pull back is isomorpbhic, as a line bundle
acted on by K(L), to M on X x X. The restrictions of P to {0} x X

and X X {0} are trivial. Further, since $,: X — Pic’X 1s sur].ectlvi
with kernel K(L) we see that there is an induced isomorphism o

abstract groups X =5 Pic®X, and if « € X, the restriction of

P to {u} x X, considered as a line bundle on X, 1s nothing but the

. ” : Y a
element of Pic®X corresponding to «. Thus, to check that X 18

v to
dual variety and P a Poincaré bundle on X x X, we have

prove the following

TueoreM. Let S be any scheme, and L a line bundle on S X X

such that L | S x {0} is trivial and L | {s} X X € Pic®X for every s €5.

T:(L.g)’-:' Le® L,, where Ly, is the lift to X, of a line bundle on S. | A : )*(P)
Then there is a unique morphism ¢: 8 - X such that L= (X lx '

00 Xy Xo Xy = (X x X)g, Mgz m¥( L) ® p(Lg)~' @ pi(Ls)™ 9 |
that‘Tiz.le(Ms) =msT3(Lg)@ p¥T¥ L)' @ p¥(Ls)~ = Mg® mi(L) |
®p1 (Lﬂ )-:'MS' Thuﬂ: T{,:.D}(MS) = MS? and to define a ]-ift Df

Tiooyto M § Or equivalently an 1somorphism of TE o(Mg) with Mg

* (7)1
Proor. Consider the line bundle M = Pa(£) ® pis(L)”" on

5 % i X X, and let I'g be the maximal subscheme of § X X
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& ' . 2 O -r. 'r'l r * ¥ 1 = "

over which this line bundle is trivial. The main point is to g
| L : S > Show
hat if 7: Tg = S is the restriction to Is of the projection S x X 5 g
' " " & w M ¥ " --}.jl
a7 1S an isomorphism. For this, it 1s clearly sufficient to show () ;f
_ 1

o . - - Y 7 y r - , # .
for any closed subscheme S, of S having support at one point of g
- ¥ - p— h 1 % 'S b i - ’
(S, % g T's) =8 18 an isomorphism. On the other hand, by definitjy,
of Ty, if ' denotes the corresponding closed subscheme of S « ¥
formed with respect to the line bundle L[S, x X on S, x X, we Finvice
S, xsTs=Ts,: Thus for the proof of the main point, we may assume
- . ¥ e W L i | p 7 -' ] § LR L ¥ v

§=Spec B, where Bis a finite-dimensional local k-algebra. Further,
if s is the unique point of S, one sees easily that the statement to

be pmvei re:l;uns unaltered if we replace L by L@ p3 (L|{s} x X)-!,
" -~ h

(since 3 x € X such that L|{s}xX=P]| {;1:} X X) so that we may

further assume that L |{s} X X is trivial. H

T - - - ® £
Now, for all pmntf (s,2) € 8 x X, the restriction of M to {s} x X x
{x} belongs to Pic®X (since this is so for (s, 0)); and there are at

mus.t finitely many points (s, 2) such that M restricted to {s} X X X
{x} is trivial, since there are at most finitely many @ € X such that
1]1* L . * ""]. "™ * —1 : ) v' - .
" (tl )‘8:1?1 (L)'@pX (L)Y X x {x}=T*(L)Q L~ is trivial. Hence,
ne et 1mages |
Irect images R”p,;, (M) on S x X have discrete support,

j;ﬂ ‘tgh“*t by the Leray spectral sequence, H?(S x X X M=
RP( A {*#ﬁf}m.*(ﬂﬂ)f On the other hand, RPp,3.(HM)=

Pia (P53 (P))@ L1, so that we | »his ; |
1ave isomorphisms of B-modules

H (S x X f)~ v v
Sx XXX, M)= H?(S x X x X, pky(P)) = B®, H*(X x X, P),p>0.

Therefor X
da ]mrzthesr_. cf}hmnﬂlug}’ groups are free B-modules. On the
and, consider the direct images RPp, (M), Since

M|{s} % {z} x X e Pic - A
18} X {x} x X € Pic °X for all 7 and is trivial only for =0, all

these sheaves g»
Doy (M) are concentrated at the point (5, 0)

modul ini
es of finite type over the local ring 4 = By Oo 2 ok

(‘310) S X E '
given by the base change theorem for direct images

Then HY{(K,) ~ [ pi
and henc )1- % pla'*(ﬂf)]{'rﬂi are modules of finite length ovel A
©aiso over 0 2. Now we have the
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reqular local ring of dimension g, and

LEMMA Let O be @ |
i - K, = o K, =* 0 be a complex of finitely generated free
T B - .
{ 1ges over 0 If the HY(K.) are artinian modules, we have
modules OVET T

llf-: 1. _._‘_‘.--": gi

gince there is nothing to prove for ¢ =0, we may
and that ihe result holds In smaller dimensions.

ial ideal M of @ but not in M2, so that
nsion g — 1. Putting B e 5®ﬂ K., we

Xz —
f complexes 0 —> K. —> K.—— K.

PPROOE.

qssume ¢ = 0
Choose an ¥ in the maxin

7= 0/0xis regular of dime

e exact sequence O
, we get the exact sequence

have
— 50y from whicl

L s X ‘
19(K.) — HP(K.) —> HP(K.) —> [P+ (K) —> HPFY(KL).

This shows that the HP(K.) areartinian. By induction hypothesis,

HY(K.) = 0 forp <g—1, 80 HPH(K.) ——L HP+1(K.) is injective
for p < ¢ — 1. Bul since HP+1(K.) is artinian, 2" kills H?T!(K.)
for some n, and hence HPT!(K.)=0, p <§— 1. The lemma
1s proved.

Applying the lemma to our complex of A {free (and hence
0, 3-free) modules above, we deduce that Ripe (M) =0 for
0< 1 <g, and that 0 - K, oy Ky > won = KF~+N - 0 1s an
exact sequence of A-modules, where N = BP0 4 (M)0 =
HY(S x X x X, M), which we saw aboveis B-free. Now, the derived
""‘—Eu_"’ 0, where I?ir—

A Fa
modules of the complex 0 — K. = Keooq s
lication of

Hom (K, A), are again artinian, SO that by another app

P
the above lemma, we get an exact sequence 0> K, > ..
K — 0, where K is an artinian A-module. Since we have the exact

sequence

~
—> Ky

k
U

0 — H{s} x {0} X X, Plyxoxx) — K, @k —> K, @4k

ension one

we get that the cokernel of E’l RQk—~> E’n ® k is of dim
Therefore,

over k, that is, K ® J=K [N 4 K is ane-dimenaiﬂnal.
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A-module, for an ideal 9 of A, and the free complex

K= A[U as an
Ut;i) resolves A /3.

are also annihilated by
(0), that is, B—> A/ is injective. For any

f V(D) is the closed subscheme defined by

This implies that the homologies of its dyy)

r E.] “.-t .: ? / =t 1' .
complex (/) [, that 1s, AN =0, Sinee

N is B-free, An BO 1 =
IN-primary ideal b in 4, 1
b in S X X we have

H(V (D) X X, M |y x) =~ Ker[Ky/D K, K, J0K,;]=Hom (A4/, A[D),

. " P4 ' 35 % i -9 . 1
from which it follows that V(9[) contains the maximal subscheme

[yiof 8 w X over w
ﬂf{l’{ﬂ]hﬂ: - HUIIIA

line bundles
Ovayxx & 4/ HO(V(A) x X, M h'("ﬂ}:-:.f) - M | vean x x

e, since reduced modulo the maximal ideal, the induced

hich A is trivial. On the other hand, H(V(A)xX,
(A, A/A) = A/, and the natural map of

is surjectiv
map on sections

Hom ,(4/%, A/A) Hom , (A, A/M ,)

U i
HO(V(A) X X, M|y x)—> HO{s} X {0} X X, M iy x (0)xx)

is surjective, and the line bundle M |, o« x 18 trivial. Hence,
M |y 5 x 18 trivial, which shows that I = V(). In particular,
B - HY's, Or,) = A/ is injective. On the other hand, = *(s)
is a closed subscheme of I'gn {s} x X such that the restriction of
{s} x P to = '(s) x X is trivial. Since {0} is the maximal subscheme

of X over which P is trivial (practically by construction of X)
7~1(s) becomes the reduced point (s, 0). This means that
AN +Myd =k, so that B — 4/ is also surjective, hence an
isomorphism. Thus, #: I'g - 8 is an isomorphism.

Now, for any scheme S and line bundle L on S XX satisfying the

Fat

¢,; S-—a-x,

hypothesis of the theorem, and any morphism

denoting by I';:8 — S x X the graph morphism, we have the

K.) givep by
(K,) 8 ¢ (K

; Hﬂlt;‘i. In fact, for every a ¢ %, show that the endomorphism of
i plication by a is null-homotopic; hence so is the same ondomorphism ©

T

™ i— o ———

S ——— - S———
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rﬁx ]I)*(IJ) ~ L <= P* factors thmugh PS‘ So the
ly follows from the fact that T'g is already the graph

P

s . . \
ique morphism from S to X.

4 100
ﬂquwuluu (

(heoren olear

4
{;jnnm,hmw 1. We have

HX xX,P)={ . .
k if 1=g¢.

proor. Using the notations of the proof of the theorem, with

B=Fk L (rivial, we have ostablished that K ~ k| 1.e.
0—> K, —> K g sipe—tF K,—>k—0

i< o free resolution of k. On the other hand, any two free resolutions

are homotopically equivalent, and the residue

of one module
field & of any regular local ring such as 0y 3 has a well-known
x, € Mg

standard resolution, the Koszul complex. Namely, let 24, ...,
lift a basis {,} of Mo/ M2, Let L, be the free {I?uj:-nmdule with

the formal symbols ¢; A ... A e (1< iy K oe 1, < g)asa

basis. Then

dy

d d d, Lu-———-)-fﬁ-—-—'?‘o

| o
0 —> L, —> L, _; —> -

- om W E @

k
dk(eil /"\ S Aglk} a— Z(—‘l)z.’ruﬁh A Sk AE” A va AEI}
le=1]

Then the dual complex

) 5 0
0 Ky,—> K;—> -~ s Yy |
which it 1s €asy

is homotopic to the dual of the Koszul complex, . This
to see is still isomorphic to the original Koszul complex

gives Corollary 1 by calculating cohomologies.

s the Koszul complex.

) ; smension ¢
CoroLLARY 2. For an abelian pariely X of din

g
dim, H?(X,0) = (p) :
th eohomology

Proor. In fact, H?(X, @) 18 isomorphic to the P

ﬂf thE CcO mplex
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6?-———}'_!{“@ o —> ]{16; e a4 I{E @ k e 01

I{L:-H?:lll {mmp]{_e:{ tensored ".'-‘ii.h .{ N{JW
¥

which is homotopic to the
f the Koszul complex tensored wity, I

the differential operators 0

are trivial, so that we have dil"k””(-l‘ @) = rank of module of
1

{
p-cochains of Koszul complex = (}”) .

CoROLLARY 3. There 1s a canonical isomorphism of the tangey

space to (0) on X and H\(X, Oy).

Let S = Spec ”'[s} . so that the tangent space to .f at 0

PROOF. 2
is canonically isomorphic to Hom (S, X), where Hom denotes the
set of morphisms of § into X mapping the unique point s, of §
onto 0. On the other hand, we have by the theorem,

Hom,(S, X) = {Line bundles on 5 X X trivial on {sg} x X}

= ker{HY(S x X, O%,x) —> H'({s,} x X, 0%)).
But now, we have an exact sequence of multiplicative sheaves

l —> 14 €0y —> Ogux —> Oy —> 1,

and as sheaves of abelian groups, 1 + €0, ~ 0, . Therefore the
cohomology sequence gives

0 —> HYO,) —> H'Y(S x X, 0%, y) —> HYX, OF)

and this gives a natural isomorphism of the tangent space to 0 at X
with (X, 0,), at least as abelian groups. It can be checked that
this is actually an isomorphism of L-vector spaces.

Now, let f: X — Y be an isogeny of abelian varieties. By the
theorem, we get a unique homomorphism f: Y - X of abelian

varieties such that if Py, P, are the Poincaré bundles on X x X

and Y x Y respectively, we have

(1% [)*(Py) = (f x 1)*(Py).

HG.IIGB, if we denote this line bundle by @, on applying the prop’
litmn of 512; we gﬂt that

i
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(@) =deg f . x(Py)=deg f. x(P,),
(Pey=x{P¢) = (= 1)? by Corollary 1, we get

i

i r y
1. For an isogeny [: X — Y of abelian varieties
]

deg f=deg f

I'or every line bundle L on X, the set-theoretic

((OROLLARY

('OROLLARY .
- : Bl Wsw ¥ 8 . _
,F;.mummm'ﬁhstr;m. ¢y, X — Pic® X ~ X 1s a morphism, and K(L), with

ity scheme structure as above, 18 ils kernel.

. . . N ~
proor. In fact, ¢, is the unique morphism from X to X

such that

(b, X 13x)¥P =m*LQ p*L-1Q prL~1.

Now by definition K(L) is the largest subscheme S of X such that
the bundle on the right 1s trivial on S x X; and in view of the
Universal Mapping Property of X, ker(é) is the largest subscheme

S of X such that the bundle on the left is trivial on S x X.

™
SYMMETRIC DEFINITION OF X

A
We wish to set up the relations between X and X in an obviously
symmetric way. Define a d ivisorial correspondence between two
abelian varieties X, Y of the same dimension to be a line bundle
on X X Y whose restrictions to {0} X ¥ and XX {0} are trivial.

ProrosirioN. For a divisorial correspondence @ between X and
Y, the following are equivalent,

(a) There is no subscheme Z of X different from
restriction of Q to Z x Y 1is trivial.

(b)  There is no subscheme Z' of ¥ different from
restricted to X x Z' is trivial.

(0) such that the

0) such that Q

(¢c) The absolute value of x(Q) s 1.

- ' al
When these conditions hold, Y s canonically isomorphic to the du
of X, and X is canonically isomorphic to the dual of Y-

g Nﬂ‘wr
Proor. By symmetry, it suffices to show that (b)<== ()

< ==Ll Nﬂwrf
we get a morphism f : ¥ —> X such that (1x X f)¥(P)=¢
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1ce f(0) = 0. Clearly, (b)is cquivalent

has to be a homomorphism SiI
[fthis holds, then since dim ¥ __

to saying that f has trivial kernel.

~ . . . s o *
dim X = dim X, fi1san isogeny, hence by Corollary 1, §12, fis an
Thus we have 10 show that f 1s an iﬂ"ﬂn“rphism

isomorphism. | ‘ _
| =1. By Theorem 2 of §12, if f is an 1S0geny
(|

if and only if | x(@)
|x(Q) | = (deg f)- | x(£) | = deg f

On the other hand, if f has positive dimep.
oose a finite subgroup K c ker (f) of

and the result follows.
sional kernel we can ch

arbitrarily large order d. The map 1y X f1 X X ¥ ——> X x X

factors as )
YxwY —> XX Y/F— XXX,

so that Q is the pull-back of a line bundle on X X Y/F. Therefore
d|| x(@)| by Theorem 2, §12, and since this holds for arbitrarily

large d, x(@) = 0.

CoroLLARY. (The duality hypothesis.) For any abelian variety

X, the canonical morphism i: X — X defined by the Poincaré bundle

PonXx X (regarded as a family of line bundles on X parametrized
by X) is an 1somorphism.

Proor. In fact, the divisorial correspondence £ on X xX
fulfils (b) (or (¢)), hence also (a).

14. Duality Theory of Finite Commutative Group Schemcs. Throu-
ghout this section, the ground field & is assumed algebraically
closed, of positive characteristic p > 0.

Let G be a finite commutative group scheme, 80 that G is affin®;
hence G = Spec (R), where R is a finite-dimensional J-algebra.
The group law gives us a map pu: B - B ®,; R, the inverse e
us a map ¢ : R - R, and evaluation at the identity e gives U5 g
augmentation 6: B — k. In the present case, the h‘ypemlgewﬂ i
of @ is simply the dual vector space R* of R, and we WSS
the notation R* instead of H. As in §11, the group law ¢ daes
to an associative multiplication

P —— -
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u*: R*@, R* —> R*.

qince (G is unnnnututivc, 1 ‘i.‘s. r:u.-cmmn}utative and 50 p* is commu-
tive i-e. R* is also a finite-dimensional commutative k-algebra.
Asin §11, the linear functional & 1s ’fhe identity element of R*., On
the other hand, if m: B @y R — R 18 t,'helmultiplicntiﬂn of R, then
% R* > R*®, R* will be a co-assoclative, co-commutative map.
Together with the dual #%: RB* —}f* of ¢, we get a group law and

aq) iNVerse making the scheme G = Spec R* into a second finite

Fa
commutative group scheme. The identity point of G corresponds to
the homomorphism R* — k gotten by evaluating linear functionals
.t 1eR. Thus, to every finite commutative group scheme ¢ we have

associated 1n a canonical fashion another finite commutative group

scheme 5 which we shall call the dual of (. This construction 18

due to Cartier. We shall now give a more ‘geometric’ definition (cf.
Qort [O]).

For group schemes G and H and any scheme S, let Homy(G, H)
denote the set of morphisms f:8 X G S x H such that the

diagrams

ms.a
Sx@ > S x H (8 x @) x5 (8% G) +EXH
[ Xsf /
S Y
Y ?H'Stﬂ .H
(S x H)xg(SxH) s

are commutative, where mg g and mg g 31¢ the mult-iplicattmns n:d 413;
and H lifted to S x @ and S >< H raspecbively. Such morphlsn}s f s
be called S-homomorphisms from G to H. One oheoks Baﬂll}; tive
if H is commutative, Homg(@, H) can be made into & ccfmml} i S
group by defining f + g = Mg, z°( f, ). Given & morphism i H;
we have an aséaciated hﬂmﬂmlorphiﬂm H3m3(9= H) g v
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given by f+—> [ Xs 7, so that for given G, I, we get a functg,

qch — Sets given by S —> Homg(G, H), and this is in fueg

commutative group-valued functor when H 1s commutative,

— Spec A is a finite commutative group schep,

Now suppose 7
G,,. We then assert that th,

and H the multiplicative group scheme
i

functor Sch = Ab, § +—> Homg(@, G,,) is represented by @, that is

there is for each S an isomorphism

G(S) ~ Homg(G, G,,),

which is functorial in &S. Now, if we restrict § to vary in the
open subsets of a fixed scheme, it is clear that both sides define
sheaves on this scheme. Hence by standard arguments, 1t suffices to
establish the above isomorphism as.S varies through affine schemes,
S =Spec RB. Let us denote as usual the objects, morphisms, ete.,
obtained after base extension to R by a subscript £. Then the coor-
dinate rings of G, and G, become bi-algebras over R, that is,
they are algebras with 1 over R, with co-multiplication maps 4, -
Ap @p Ap, etc., satisfying the usual identities, and co-identity
maps A, - R, ete. The notion of homomorphism of bialgebras is

then clear. We then have

G(R)=Hom (Spec R, G) = Hom,, (4%, R) = Homy_,,,(R®, 4%, B)

= Homp,,((dg)* &),
where (4y)* is the R-algebra Hom (4 ,, R). Further,
v
Homg(@, G,,) = Homy, ... (R[T, T-1], Ay) © > Ap,

where ¢ is the inclusion defined by i(¢) = $(7"). Clearly, an element
““'5 Ap is in the image of 7 if and only if (i) « is a unit in g, and
() pp(e) =« ® . But in the presence of assumption (i), (1) IS
equivalent to (i)’ eg(«)=1, where e,: A, — R is the homomorphisi
given by the identity. In fact, (i) implies that ep(«) is a unit, and
£ tze other hand (e, ® ez)( () = ep(x), that is, eg(@)? = €r(®)
80 that ez(a) =1; on the other hand, if (i)’ and (i) hold &

'K, : o3
; %z Ap 'AR 18 got from the inverse, we have commutﬂ.tn'lt}’
of the diagram

ﬁ.‘.‘m:w“
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f s 1

aking the pull-back of the function « by these maps, we find

and t
wi*(x) = 1, so that a is a unit. Now, since A, is R-free of finite
ank we have a natural isomorphism

Ap > Hompg((4p)*, B)

and under this isomorphism, elements o satisfying (i) and (1) go
over into element f € Homp((dg)*, R) such that f(1)=1 and

fIXY) = f(X).f(Y) for X, Y € (Ag)* (since X} = pR(X ® X))

Thus we have set up a set-theoretic bijection between G(R) and

Homy(@, G,,) natural in R. We leave it to the reader to check

that this is an isomorphism of groups.

In particular, taking S = G in the above isomorphism, we geii a
entity of G(G),

morphism G x @ - G,, corresponding to the id

defined by the homomorphism of k-algebras A i e A*@ 4,
I'— 8, 8§ = the ‘diagonal element’ of A*®, A(which corresponds
A*®, A o

to1,€e Hom, (4, 4) under the natural isomorphism

Homy(4, 4)). One checks easily from this that this ‘universal

character’ G x @ > G, is in fact a bilinear map of group schemes

m the obvious sense.

a discrete (1.e- reduced) ﬁtlibe
geometric points
f order 7.

Exampres, (1) Suppose G is
&toup of order » prime to p. By the above, the

of @ form a group isomorphic to Hom(@G, b*), which is
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On the other hand, if A is the ring of functionsof G, dim A =dim 4
_ n. which shows that @ is again I

discrete group to Hom(@G, k*).

(2) Next suppose
reduced G let k[G] be
g €@ with the linear form Ak

I ) * o
morphism of vector spaces kK[G]—> A*, whichis trivially geep

educed, and 13 isomorphic g4
L H

(7 13 reduced and isomorphic to Z/p"Z. For any
the group algebra of (. 1f we identify any
which is evaluation at g, we gy

an 180
) P
isomorphism of algebras. Hence @ has coordinate ring 4+

isomorphic to the group algebra of Z/p"Z, i.c. A® = k(X)X — 1)
where X corresponds to evaluation at the generator 1 e 792,
On the other hand, for f,g € 4, 1L )= (fg) (1) :f(T)-y(T)

(T@i)(f@g), which shows that the co-multiplication on A4A* ig

given by X —» X ® X. Thus we have an isomorphism.

to be an

T
Ty

7%
(Z[p"L) = pyn

A\
(,upﬂ) =~ Z/p" L.

hence also

Now, let @ be any finite commutative group scheme. We shall
say that @ is of type I(local) or r(reduced) 1if the underlying space
of @ is a single point or if @ is reduced respectively. We shall say
that @ is of type (I, 1) (resp. (I, r), (r, 1), (r, 7)) if G is of type | and

@ is of type I(resp. G of type [, @ of type r; etc.). We shall show
that any group admits a unique decomposition as a product

G = Gr.r X Gf.l X Gt,r X Gi.!

of groups of the indicated types. In fact, if G0 is the connected
component of identity in @, considered as an open and closed
subscheme, and if @,,, is the reduced group, the closed immersions
@° ‘:—————* @ and @, ————— @ induce a homomorphism @OX Graa
-.+Gwhwh _iﬂ clearly an isomorphism. Further, this decomposi-
t;ﬁn of G into the product of a reduced and a local group 18
::dﬂ:gdumque. T.hus, it suffices to show that each local (8P
s ) group is uniquely expressible as a product Gy X.Gu

8p. @, X@,). Now, if @ is reduced, @ is uniquely expmambla

— [

¥
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£ G X Gy where @, is of order prime to p and @, is a
2

e
El ¥ %
» above, G, is again reduced and @, is local, which
2

]!’;[-””I], [5}" tll
roves the agsertion for reduced groups. When G is local, split G
i”t” g l{}ufll avid I.Ddllﬂft[l pﬁ-l"i;ﬁ. DLIE’L“Zil]g l]ﬁﬂk, this 1mpheq a

p{_mibiﬂn of a local G into groups of type (I, r)

jue decom
otively. This proves the assertion for local groups

i
and (¢, 1) respoe
our discussion that the only groups of type (r, )

1t follows from
s of orders prime to p, hence direct products

are those reduced group
ower groups, the primes being distinct from p; that

of cyclic prime p
of type (r, l) are p-groups, hence direct products of

the only groups
Zip"L’s; and that the only groups of type

ect products of ,upn{'s.

(I, r) are duals of
p-groups, hence dir
amples of local-local groups. For instance,
k[X]
X7

the tangent space being one-dimensional),
Since a,, is & quotient

There are plenty of ex
cannot be

the groups a,n are local-local. In fact, since Spec

decomposed as a product (
< cuffices to see that it is not isomorphic to jipn.

of amn, it even suflices to see that o, 18 not isomorphic to p,. But

now, if £ is the linear form on 4 =k[X |/(X?) defined by

[ 0ifi #p — 1
tliff'::P"l

in A¥,

£(2')

we have E“(I‘):(f@f)((l@X—]—X@l)‘) —=0ift<p—h

which shows that 4* has nilpotent elements.

So far we have developed the circle of ideas involving homomor-
phisms from @ to G,,. Next we turn to homomorphisms from

G to G, and related results. We fix the notations G = Spec R,

roman letters , ¥, .. be elements
Let s and s* be
We recall that in
In our

G = Spec R* as above and we let
of R; greck letters «, B, ... be elements of R*.
the co-multiplications in R and R* rBEPEGti"ﬁlY'
311, we saw how R* operated naturally on the sheaf Og-
affine case, this means that there is @ natural inclusion
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R* ¢ ~ Hom, (R, R).
Explicitly, if @: B >k 15 an clement of B¥, we get g Mmay
D:R —~ B Dby (e composition
ﬂ S 1P«
B —> RQR—> &

1 3" R i - .
(1) = 0, x(M2) = (0), then D_ is {lurwutinn
rators D, are all translation-invariant in
. i - - . . %
the transposed maps D%: R* _y py

In particular, if o
of R over k. The ope
the usual sense. Moreover

are just the compositions

B o +——i fB

mult.

_}?hk

R* < RB*&y v

i e. the maps B —> a.f, multiplication by a.

Y
As an application, we can interpret Hom(@, G,) in a new way:

Hﬂlll{;p_sch_(a: G, = Hﬂlnhi—ﬂlguhrﬂ.(k[x ], ££%)
z{eeR*|s*a=a@ 1+ 1Qa}
(since a homomorphism ¢ from k[X] to B* is determined by the
image & = $(X), and ¢ 1s compatible with co-multiplication if and
onlyif s*a =2 @ 1 + 1@ «). Such o’s are called primitive elements
of R*. If we associate to any « € R* the map D, which is the
transpose of multiplication by «, we see that primitive elements

correspond precisely to invariant derivations of R:

D an invariant derivabion}

3*ﬂ=ﬁ®1+1®m]=‘[D:R-—~>—R
=~ Lie(@).

{mER*

The conclusion is that
Hom((i G,) = Lie(G).

Moreover, the p™ power operation in Lie(@) is obtained by taking
rz

D to Do,..oD, which corresponds to raising « to its p" power,

which corresponds to composing a map d¢: 5‘ - G, with the

Frobenius F: G, ~ G, (since F*(X) = X?).
Now look at the following type of group.

—r:‘m____,____ "

)

e
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A group scheme (i is of height one if it consists of a

AN [TTON.
11N 'l i . .
and if a? = 0, for all = eWM,. (@ need not be

e,

D

singl
rufﬁ-i.ﬂ!’f”-""-"")

. };;inff

i _
Lo soe that, s schemes, such groups G are isomorphic

L XX X?)). In fact, choosing X, ..., X
qoh induce @ hasis of WL, and letting R =T1'(0), we
(s noquotien of L[Xq,...,X,]/(X%, ..., X}). On the other
(lie fact that R admits derivations D B — R
mod M), then it is easy to see that there

[{ i CILD)
o Speel A

n

LW |

(ind { 11
Lhand, i we use
queh that D(X;) = 0y ( |
relation of  linear dependence over Lk among the

can he no

llltrllnlﬂml:-‘n
"

1 Xii, 0 < a; < p.
'|-:-=_.'1
We have already seen in §11 that any group scheme G has a

1 subgroup scheme Q® ¢ @ of height one, having the same

NI
the

Lic aleebra as @. Then the analog in characteristic p > 0 of

classical equivalence of categories between Lie algebras and germs

of Lic groups is the following
TuporeM. T'he functor G— Lic G sets wp an equivalence of the

cuteqories of finite growp schemes of height one and ﬁmft@-rhrnmmmuul
with

p-Lic algebrus over k (v.e. a ﬁmftci-di-nmn.ss'r;uu:l veclor space

braclet and p* power map, as in §11).

We shall prove this only for commutative @, which correspond

to p-Lie algebras with trivial bracket.
(p)

Proor. For any k-vector space ¢ with a p-linear map & —> %=
let U(q) be the k-algebra S(q)/L, where I is the ideal generated
of the form P —

in the symmetric algebra S(g) of g by elements

n
«”, % €q. Note that if a,, ..., &, are a basis of g, then _nlfl'{i: 0<n <P

are a basis of U(g) Define a cg-;uultipliﬂ&tii}llﬁi U(g)—-ir U(g)®kU{Q)
by putting for aneEq, sa=1Q a + «® 1 (check that this g?ea
down ta U(q)). It is easily verified that U(g) is & Cﬂmmut'ﬂhw
finite-dimensional bialgebra, and 1s & covariant functor 11 g
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Put R

gcheme.

We shall prove

(@) = Ulg)* and G(q) = SpeclU(q)*, considered as q grouy

that the two functors
Gl—-——i" ]Jiﬁ G
q+— G(g)

are inverses of cach other.

We prove first that for any vector space (q with a p-linear map
]

G(q) is of height one and there is a natural isomorphism g .
Lie (). Now, we have a natural inclusion ¢ -U(g)of qintothe
primitiveelement sof U(q),which civesaninjectionq© - Lie G(q).
To show that G(g) 1s of height one, it suffices to show that for 2 ¢
R(q) belonging to the maximal ideal of 0 in G(q), a? = 0. If we
identify U(g) with a subalgebra of End, E(q) via D, 1t will suffice
to show that if @ € U(q), D,(x") = 0. Since U(qg) 18 generated by q,
it even suffices to show that lor o« €(, D_(2?) =0, which is
clear since D, is a derivation. It only remains to show that q »
Lie G(q) is surjective. But if n = dimg(q), m = dim; Lie G(q), then
by our remarks on a basis of U(g), »" = dim, U(q), and by our
remarks on the structure of T(@g,), p™ = dim R(q). Thus n =m, so

g —> Lie G(g).

Secondly, let G be a commutative group scheme of height one
with coordinate ring R. Let ¢: Lie(G) — I* be the usual inclusion
map. We have seen in §11 that ¢p(a®) = $(«)?, so ¢ extends to a

homomorphism

el

¢: U(Lie G) —> R*.

Since for « € Lie (@), « and ¢(«) are primitive with respect to the

il

co-multiplication in U(Lie G) and R* resp., ¢ is a homomorphism

of bi-algebras. The transpose of ;]-E: is again a homomorphism of
bi-algebras

$*: R —> R(Lie G)

and passing to the Spec’s, we obtain a homomorphism of group
schemes:
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¢’ G(lie G)—r G.

proof, Lie (7 is the Lie algebra of G(Lie @)
Ilows from our construction that the differential of ¢’
yrphism from the Lie algebra of G(Lie &) to that
N;ﬂ{u}famm’ﬁ lemma, any morphism f: X - Y of
oint each, whose differential i1s injective, is a

* L t‘ Ll]u
BY t'h[J

and 1! {

induces an 180N

f @ Now by
o[,

y one p
. This applies to ¢ in other words, ¢* is surjec-

elosed Lmmersi _ . ‘
But if n = dim Lic ¢, then p" = dim, R = dim, R(Lie G).

gchemes witl

tive.
1 o . | .i _ .[-.; . '
Therefore ¢* and ¢’ are both isomorplisms
COROLLARY . If Gisa commutative group scheme of height one,

the homomorphsm Pg (mult. by p i G) 18 zero.

Proor. In fact, multiplication by p kills Lie @, so the result

follows from the Theorem.

[f @ = Spec R is a group scheme of height one, then not only

is its structure as a group determined by its p-Lie algebra but

also to give an action of G on a scheme X is equivalent to giving

an action of Lie @ on X, i.e. a k-linear map «+— D, from

Lic @ to derivations D, : Oy — Oy such that
(1) [Dg'_l -Dﬂ] — 0, all oL, B & Lie G,
({1 D y=(D,)", alla€ Lie G.

We can see this in several steps.

(I) To give a map o +—> D, as above is equivalent to giving a

homomorphism of algebras:

D: U(Lie @) —> Diff(0x),

where Diff(0y) is the algebra of differential operators on

Oy, such that D carries Lie @ into derivations.

(II)  Interpreting D as a map

ol

D: U(Lie @) @, O0x —> Oy
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- s = . { TR UL ;_' 4 !‘If l 18 -1 e 1 e
and using the fact that the coordimde ring R i " ot ””m”l (7, , nro v of height one.  Since Gf.r is killed
; . : i : B e ;
dual of U(Lic @), we sce that to give 1) s cauivaleny v
’ 0 iy o ' P
giving a transposed map ' {‘fi‘.r = Hp
w*: 0y —> RO Oy. e We have seen (it Liie (p,) s one-dimensional with a
of ' (M —¢ Now v lec *\
. | _ . o Al v —¢. Now the decomposition mduces
The condition that D(1) =1 and D 4= D, o D, trangly coperator € such tha [ (*) @
‘ — dalig f - b e
easily into the conditions that | Jecomposition
) % Y " ™ Vs 1 =
R Oy 1 (%) Lic ¢ = Lic G, ® L (=01 © Qe
' v o§ i ' 13 ¥ F 4 1 ' J[IJ} —— =
[ follows that gy has o basis e, ..., e, such that ¢”’ =e¢;. On the
o a ther hined, smee (/,, is again local, and @, is contained in the
oLt : t - : :
| yaximal ideal of I(Og,,): 1t follows that for all « € g, P = ( for n
.l ‘ : ! — l e 3 1 P
ETILL . e (2 3 Ce i OO LELTY - Ll
0, - N, larre. In view of the theorem, we deduce a co Hlary m “p-line )
‘1:-
alpebri:
. CoronLLARY. IV isany vector space with ap-linear mup x—s P,
here Is ( wnique decomposit o, tnvariant wnder xv— ALY
| I s I'(_B II'”,
such that 'V, has a busts @y, ..., Jor which P = x;, and such that
v = P g a nilpotent map on V.
! 7 are calle emi-simple wnd nilpotent subspaces of 'V
Vol V, are called the semi-sempie @ud nibpotent S% pac
" respectively, wnd in the case of Lie G, we have:
(I,ti{_f G)‘ = LIB Gi,r
R@:0Ox (Lic @), = Lie Gy.
commute. It can als heclk at 1 i at B 3 —— i « g
e can also be checked that the condition that ! 15. Applications to Abclian Varietics.
ake Lie ¢ to derivations, i.e ; es  with : . pe
o Lo ns, i.e. D Lmnnmlvt | ——— [ X - Y be an isogeny of abelian varieties,
co-multiplication, means that p* is a homomorphism of _ R P | .
algebras. with Lernel K. Let f: Y — X be the dual map, with kernel K'. Then
there is a ¢ cal 1 ' ' wi [ E K
: : . . - canonical isomorphis ) the duu of 1.
(ILI) To give a homomorphism p* is the same as giving & vcal isomorphism of K' will f )
morphism u: @ X X - X and the two commutative diagrams Proor. If Lis any line bundle on Y and @ € X, then ¢y () eX
1 * p . . . r MR : . : ot il
with . * say exactly that p is an action of ¢ on X. tepresents the line bundle 7% (f* L) @ f*L~', and since
i - b ik . ; _
Finally, let us look at the decomposition into pieces of a com= TYf*L)® (f*L)" = 15l ® L]
mutal ' ; ' _
utative finite group scheme G of height one. We get | iollows that
* ~
% ¢=6, %0, byos (@) =gl S @)
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]

T purticillm‘. i ‘?{’I'L is the zero map. then ¢, must hg the i
Lt

map too; i.e. [*L € Pic0 ¥ = L e Pic® X. It follows then thy f
or

any scheme S we have natural 1somorphisms:

K'(S) = Ker [Hom (8, ¥)-» Hom (Bt ]
(1 g 1 :
line bundles on line bundles on |
~Ker { |8 x ¥, trivial on § 4 X, _trivial gp ||
, EE SO m——
[ 8 % (0) | e
e [( line bundles on ) ( line bundles oy
- SxY 5 XX )] f

The last isomorphism 1s correct beceause 1f a line bundle on §x y
becomes trivial on S X X, then it must also be trivial on § ¥ (0).
But now Sx Y is the quutiunt of S x X for the free action of K
to §12, there 1s

the results In

—

Now an action of K on S x X x Al is defined by a morphism

d

Thus according natura|

isomorphism:

- Liftings of the)
action of K on
Sx X to actions

| on SX XXA!

P
=

line }JlIIl[llU:-i)

line bundles
Ker[(ﬂﬂSX ¥ )_‘

on S x X

-

fitting into a diagram:
L
Ex Sx X x Al : S % X X Al
]
P13 e
Y k i
KxSx X s s Sx X

; . |
where y, is the translation action of K on X, with S thrown in.

If A=pyopu is the induced morphism from K x S X X X Al to A%

then in terms of 7-valued points, the lifted action can be
described as

k: (s, z, &) —> (8, x+k, Ak, 8, %, &),
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T S(T), T € X1, « € A(T). Since the action should be
pe K 1= )

jinear O

Ak, 8, 2, o) = o A(k, 8, %, 1).

v N1 B complete variety, for any scheme W, (O, x)=T(0g),
B=h ems W XX —> Al factor through W. In particular,

11‘1[11‘1]11 . _ )
X. Thus the action is given by

tlel}uml on the factor @ n

I (s, @, a) —> (8, @ + k, A(k, 8, 0, 1). ).

hEHLT “.“
wa ot
) does 1O

To be an action, we need
}"”':l _i_ L'E-" 1"'}._. 0, ].

}\(U, S: {]'l 1) == ]"'
A is given by an S-homomorphism x: K x 8—>G,,.

) = A(ky, 8, 0, 1). A(ky, 8, 0, 1)

[y other words,
(onversely, any such y defines an action p Vid

u(k,s,z,0) = (s, + k, x(k, 8). a).

|

Therefore,

Homg(K, G,,)

i

[ Liftings of the action ot KonS x X

to netiongson 8 X X X Al R
K(S).

il

o

Putting all this together, K' = K.
varieties s said

Derisitios. An isogeny f: X > Y of abelian _
(X) the respective

to be of height one if, denoting by E(Y) and ke
function fields, we have E(X)PC k(Y).

We shall show that fis of height one if and only if ker f 18 &
group scheme of height one. In fact, assume fi8 of height one. Oy
is the integral closure of Oy ,in k(X) and Oy 18 integrally closed.
Therefore Opo =0xy N KY)o {/? | feOy o}, hence My o O (f*|fe
Myop Since ker f :: Spec (@I,GIE}RF.{]'@I.G)! this shows t‘hut ker f
is of height one. Conversely, suppose K = ker f is of height one,
and let R* he the bialgebra of K. Let U be any non-void E’ﬁiniﬂ
open subset of X with coordinate ring 4. The action of K on U.m
given by a homomorphism of R* into the algebra of differential
operators on A, such that a set of generators of R* gets mapped
into vector fields on U. The elements of A i variant under the
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sation. of & therefore consist preciscely ol those clement « of

; ; : . 4
d by these derivations; m particular they

which are kille Y conty,

A® = [f? jft—.‘-.;-l}. This proves that &(X)? c k(X).

S ]y P e ".‘ 4 e 1
TaporeM 2. For all abelian varietics X, there s a one-gyp s

respondence between isogeaics [+ X = Y of height one (up to ¢
phism) and sub p-Lie algebras o f Lic X.

SOMgy.

Proor. In fact, isorenies ol heicht one are uniquel}r defep.
mined up to an isomorphism by -t.lwu' kernels, which are Ellhgt'uu;},
schemes of height one, or whit 15 the same, subgroup-sehiemes of
the maximal height onc subgroup-scheme ,;"{'” — Sl“‘“(@x,n/ﬂJn‘f;’; )
But by an earlier theorem, subgroup-schemes of Iﬂ are i 11:‘111111‘511

one-one correspondence with p-Lie subalzebras of Lic X;: = LiaX

Exaampre. The above theorem enables us to give an example
of an abelian variety X admitting an infinity of distinet isogenies

X — Y of height one.

In fact, for every prime p > 0, there is an elliptic cwrve E,
unique up to isogeny, such that the p" power map in Lie X is 0
(Deuring; cf. §21).

any l-dimensional subspace of Lie X is stable for the p* power

But if £ 18 such a curve, and X = K X E,

map, and hence defines an isogeny ol height one.

THE p-RANK.

Let X be an abelian variety of dimension ¢ in characteristic
p >0, and n = plem an integer > 0,7 > 0, m> 1, (p, m)=1
We want to analyze the structure of the finite group scheme

X, = ker ny. Now, X and X , are subgroup schemes ot X, and
]'J

we have a homomorphism X, X Xﬂr — X,. This 1s, in fact, an
isomorphism since X is the (r, r)-part of X, and Xﬁris the product
of the (r,1), (I,7) and (I, 1)-parts of X,. As we saw in §0, X, 188
discrete reduced group isomorphic to (Z/mZ)*. Thus, 1t guffices
to study the structure of X J Suppose

p’

now that (G,),q = (Z/pZ). Since X is divisible, for any #7 '

p
______}_Gn’red-?'ﬂr

which we rename G,.

we ha ¢ /
ve an exact sequence 0 =G g > Gy rea

e —
R —"  ~  ~——
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yduction that for any n > L (G)rea = (Z]p LY

.
{ this scction, G, is the kernel of (p™)3, so

- r
e deduces L

. "Pheorem | O
L W = i g7
: { hot (here 1s i

+ follows o0 . : . :
it Thus, the decomposition of G, into its pieces

integer s such that for any = > 0,

Ly A n
¢ = (Z|p" L) X (L[p"L) x Gy
— (Z[p" LY X phn % Gy

s " 3
QO is local-local.  Since @, is of order p*, we deduce that
9 i

-hel'e 3
Wi tever ¢ > 0 such that r + s + ¢t = 2g, and G} is of
g

there 1s an 1
{
order p".

We shall show that the integers r = ry, § = 8y and { = t, are the

for isogenous abelinn varieties. It suflices to prove this for r
2g. Further, since Sy =y, it even suffices to
. Y bo an isogeny, with kernel of order k.
is at most

same
and ¢, sinee r-+8+1=
verify thisforr. Let f1 X
Siuu::. flX_ ) C an, we have that the order of {X;.u)md

PH '
I times that of (Y?"),eq, that 1s, MY < kp"Y for all'm, hence

re < ry. Now, ker f1s a finite group scheme, hence is annihilated

g Bl r |

by an N > 0, which shows that ker Ny o ker f. Therefore, Ny
) g . ;

factorizes as X —j+ y s X. Thus, Y —> X 1s an 1s0geny,

. _ o 180¢ invariant. In
and ry < ry. This proves that r, s and ¢ are 1sogeny Inve

] ‘ - ' : isogenous
particular, since for any abelian variety X, X and X are 150§ )

we deduce that r, =rp = 8y Thus, we have that

G. = (Z[p"L)" X (ppn)r % G

n
t =2¢. In particular, we see

with G? local-local of order M, 2 + ‘
p-rank of X, and 1s an

that » < ¢g. The integer r is called the
isogeny invariant.

0-map on Lie algebras, We see (;fa:t
= Lie (p,) @ Lie@. Since Gy 138
nilpotent, whereas
We thus see

Now, since p, induces the
Lie X = Lie (ker p,) = Lie @,
local-local, the p" power map on Lie Gy 18
Lie(u,)" admits a basis e,, ..., € such that ef = &:
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that the p-rank of X equals the dimension of the semi-simplg bt

) t L The s
of Lie X with respect to the p'* power map. The same resuly holdg

e -
for Lie X, since A and
" r i Vol s . 'H -~ "’:. i
we have established a canonical IH“}“H” phism Lie X ~ 1y x 0.)
3 / y + P 3 I | I AL o
Let F: 0y — Oy be the Fn:nbumuq1 ujnu mo phlu-.m Flo) = o, 4y
map H'(X,Oy) > HYX, O ) again hy p

or the isomorphism Lie X ~ Iy x o }
e ‘ .r I

o~
T have the same p-rank. On the othey hang
[ ]

denote the induced p-linear

We shall establish that und
the p power map in Lie X goos over into F. Tt follows that

prank of X is also the dimension of the semi-simple part of
HY(X,0,) with respect 0 the Frobenius map F. Thus, wo nee(
to prove

TraeoreM 3. Under the natural tsomorphism Lie X~ HYX 0,)

the p* power operalion in Lie X goes over into the Frobenius map
iﬂ- HI{X: 'G]_I)

Proor. First we give a description of the p*™ power operation
on vector fields on a scheme X, using the functor _Ji_' analogous to
the one given for the Poisson bracket in §l11. Let D be a vector
field, interpreted now as an automorphism of X x Spec A over

Spec A, where A = E{“..[;:—} ~which is the identity on the closed fibre
€
Xc - X x Spec A.

Let M = kle;, ..., &)/(e}, ..., ), and let =,: A — M be the

k-algebra homomorphisms defined by 7€) = ¢ and let ¢ =
Spec n;: Spec M — Spec A. By base change using ¢;, D induces an
automorphism D; of X x Spec M over Spec M, and hence
D' = D,oDyo...0 D, is an automorphism of X X Spec M over

Spec M. Let s, (1<i<p) be the elementary symmetric functions

One checks trivially that §5=

in M of degree ¢ in ¢,..., ¢,.
ated

(4 4+ 1)8;,, (1 < i< p —1), s0 that the subring M" in M gener
by 8;,..., 8, is k[s;, 8,]. Let s: Spec M - Spec M’ be the Ilﬂ-tlllml
morphism. We then assert that there is a unique automorphism

ase

D" of X x Spec M’ over Spec M’ which induces D" on b‘
extension to Spec M. Further, the only relations between 81, 5

=
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p -0 ¢ =0, so that we have a homomor-

o f:[q‘fl- .qpl Inwro o) rp 1 ‘
M LA > A, n(s,) = 0, 7(8,) = € Let ¢ = Spec n: Spec A

r We have defined the maps

_y DpeC M
T}
A ._.EI—}- Mo M — A
r!’i : ,ﬁ y ! [ﬁ
S[]Ul' A — &I]UU M — Elpﬂﬂ M «—— Sl_}ﬁﬂ A.

Then vie ¢, D° . duces an automorphism D" of X X Spec A over

A which on the closed fibre X ¢ + X % Spec A is the

Spee
identity. DO D" may be thought of as a vector field on X. We

qesert thal D" = D",

To verify these assertions, we may assume X = Spec A. Then
D, is obtained by the automorphism of M-algebras AR, M —+A QM
determined by @ —> a + (Da)-¢, and D’ by the automorphism of

A®, M over M determined by
i —> {1—[ (1 -+ EiD}} (= (1 _}_311) _|_3’I}i T -i*SP.Dp]ﬂ.

i
Our assertions can be read off from this.

Now suppose @ is a group scheme and D a left invariant vector
field, whose value at the identity is the tangent vector t € G(A).
Then the corresponding automorphism of G X Spec A is jJust
translation by ¢, and D, is translation of G x Spec M by the image

G (7.
Eln) » G(M). Hence D' is

of ¢ under the morphism G(A)

_ p
translation by t' = ] (_;(-q‘-) (t) € G(M). Now, t"1s the image of an
jom1

Elﬁlnﬁﬂt 1 = Q(M’] b}r thl} mﬂ_p G(_M") —>» g(_M) TI].B thDmDrphiEm

L GM): QM) G(A) maps t” to t®,

t 4 t’ AL
m m m m

GA) —> G(M) «— GM') — G(A).
Apply these remarks to the situation where X is an abelian

Eﬂ.riet;,r and X its dual, with @ — X. Then for any k-algebra R,
..(R) 18 thﬂ grﬂup of all line bundlﬂﬂ L on X’ 4 SPEG.R triw.ria.l on
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{0} x Spec R such that for any point PeSpec R, L|X x (P} bl

TS - Hon
to Pic®X. One sees by definition that 1if the l-coeyele {f ) f 58
a e . ) -~ ¥ - 3 ! . ) : |,J or )
covering A of X with coefhelents in the sheal @ represent g L‘Hhul
mology class £ In HYX,0,), the corresponding tangent yeg |
Fa P rl [}I!

. o F r :F - ¥ %y LT %

telic A C X(A) = HYX, OF . speca) 18 Tepresented by the L-coeyel
; ey cle
{1 +e€f;} for the same covering. Hence, the element of f( M)

o

c HY(X, O% « specyr) WO obtain is represented by the l-cocyels
A = ] ‘P & *
II(1+efy)=0+f;s + f58s F oS5 It
re=1

1 p
e N
1 € Lie X C X(A) is represented by the l-coeycle {1 -+ 2}, and
o ' - §y t

. : ]
hence comes from the 1-cocycle {ffi} for O y.

follows that

Our first aim in this section

16. Cohomology of Line Bundles.

is to prove the two following theorems.

THE RIEMANN-ROCH THEOREDM.
L= 0(D), we have

For all line bundles I on X, if

_ ()
g!

x(L)* = deg ¢,

where (D7) is the g-fold self-intersection number of D.

x(L)

THE VANISHING THEOREM. If for a line bundle L on X,
K(L) 1s finite, there is a unique integer 1 = (L), 0 < (L) <
such that H?(X, L) = (0) for p # i and HY(X, L) # (0). Further,
(L7 =g —i(L).

Proors. (1) If L, and L, are two line bundles on X such that
Ly® Li' € Pic°X, then x(L,) = y(L,). In fact consider the line

bundle pY(L,)® P on X x X. Then the Euler characteristic of

its restriction I, to X x {y}, (y € X ), is independent of y. But Iy
and Lz. are both isomorphic to one of the L,’s, so x (L) = x(Ls)
Next, if L is symmetric, n¥(L™) = L™, so

X(I™') = y(n? LM) = dog nyg.x(L®) = n%.5(@™-
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L oan he writte

[l ‘[Jl {a LE W}IEI'G Ll i[-j. ﬁymlnetrlc
any _
holds for any lhine bundle L.

o0 X, (%) Since y(L*)
Ll 1) Lk y ‘ ‘ |
din &, (*) shows that x(}}“) (for any L) is a homo-

Let

Since

mul J]r*'::

a polynomy
omial of degree g.

X(JJL) = «(L))

15

reneous poly!
D g

lEil

a{hs) and we have only to establish that a(L)= (1?)

pe—=—r. ¥

co that x(L) = -y
¢ [ = 0(D). Assume this for the moment when L is very ample,
ad let L (1= 1, 2) be very ample. Then

Py, ng) = ¢! x(I © L)

mial in n, and n,. Since (I @ Lim)=k* . x(L* @ L),

is a polyno
If D, is the divisor corresponding to

P is homogeneous of degree g.

L;, since L+ @ L3 1s very ample for n,, n, > 1, we sce that
E ¥ B [ " &

Py, ng) = ((ny Dy + sDa)) = & (f) wy ng (DY DY) if 7y, ng
(=0

> 1, and it follows that the same equality holds for all ny, nqe € A

in particular for n, =1, n,=— 1. But now any line bundle L on X
¥ i . n‘ - . ] '_1 r‘ b
can be written as L, @ Ly ' with I; very ample.

Thus, it only remains to show that a(L) = (1) for L very ample.
o of L on X such that (1) g

g
have no common zero, and (ii) the divisor of zeros of ay,...,

intersect transversally at (D7) distincet points. Because of condition

¢

(i), we get a morphism X ——> P? defined by & +— (og(x), -1 UE(RT))-
and by (i), the 0-cycle ¢=1((1, 0, ..., 0)) is of degree (D7), hence ¢ is
ft:lfdegl‘ee (D). Hence, by the proposition in the appendix to §6, a(L)
1s (D) times the leading coefficient of ¢! x(0y, (%)), i.e. a(L) = (7).

We can then choose sections gy, ...

}#Next, we have to show that y(L)* =deg ¢,. Suppose first that
t{L) is finite. Then, by definition of ¢,, we have

(1y X d)*Pem*L@pFL '@ ps L1
0 - ,
:L'Xlx X. Arguing as in §8 and §13, we sce that m*L &
T T .
Py @psL~1 has higher direct 1mages on the first factor
C . :
oncentrated on the finite set K(L). Thercfore,
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Ripy o (m*L@PILTO ptL=1) = Bip W (m* L@ p%L-1) g |-,
= 'py W (M L@ ph L1,
It follows that

v
(L@ pLT @Y = Z; (— DX (Rip, o (M* L@ p* -1
® Pl
v

Z (— D'x(Rpy 4 (m*L @ prL-1y)

t=u

|

= y(m*L @ piL~1).

Since (m,pa): X X X - X x X is an 1somorphism, and
(m,pQ*{pTL@p’;L" ]z m*L @ ps L1, we find

y(m*LpXL=?) = x(P{ L@ p3L™1)
= y(L) . x(L™1)
= (—1)7. x(L)*

Since X x X is the quotient of X X X by the free action of
K(L), we deduce that

(—1). deg ¢, = deg ¢.x(P)
= x((1x X ¢,)*P)
= x(m*L @ pi L~ '@ prL™7)
= (—=1)".x(L)*
Finally suppose K (L) is not finite. We can choose a finite sub-

group F c K(L) of arbitrarily large order f. The map ly X oy

XxX-—>XxX therefore factors as X x X > X x X/F S 68
80 that m*L@piL-1 being the inverse image by ly x ¢y, of
P@pf L, has Euler characteristic divisible by f. Since this holds
for arbitrarily large f, m*L® p3L~1 has Euler characteristic 0.
But as before x(m*L®p;L—l) = (— l)pxtL)I_ So x(L) =0 and
deg ¢, = 0.

= u_—F

e ———

=

l:
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ann-Roch theorem.

r_].1I]|"’ |
(2) o have the Cartesian diagram
Pa )
A A > X
| X ¢y gbL
¥ £ }}; +.-ﬁ~.
,}: K .): vz }_ X

(i.c. the left top corner identifies itself to the fibre product of the
lower loft and upper right corners), and m*L@ P L@ py Lt
=~ (1 X ¢ ) (P). Since ¢, is flat, we have by Corollary 5, §5, that

$¥(Ripy o (P)) = B gy (1X ) *(P))
= R, (m*LQ p1L™ 1@ ppLi 7).
But we have seen in §13 that R7p, ,(P)=(0)if ¢ # ¢ and R?p, . (P)
is the residue field £(0) at 0 € ¥ Hence, we deduce that

(0)if g # ¢ *

. (*)
Since K(L) is finite, by arguments which we used in (1), we may
replace m*L®@ p* L~ '@ pXL~1by m*L@piL~' in (¥). Taking

cohomologies, we get that

Rip, . (m*L@ pY L l'@piL~1) = {

0if ¢ #9
deg ¢, if ¢ =4.

In this formula, we may as in (1) replace T?L*L@P‘{L'l by
Pt;L@;U"{L" l 8o using the Kiinneth formula, we see that if
W(L) = dimHY(X,L),

dimH"(X x X, m*LQ ptL~1) = {

q .

> W(L) i L1) = { Self 9#9

i=0 | g ¢, 1 9=7.

Sinee all these A’s are non-negative, it is easy to see that this
- G,nly hold if only one of the h*(L)’s is positive and only one of
— W(L=1Ys is positive, and that the sum of these two &'s 18 .
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C. X = V/|U where V iy 4
i 3 i ' r .
U o lattice in V. Let

(‘onsider the case Js =

REMARKS.
spiace and

g-dimenﬁimml
[, = L(H, «) be &
skew symmetric re

consider V as an OT]

complex veclor
L -' - o - *
line bundle on X and £ = Im H so that B is 4

- r 1 ’ ~
] bilinear form on V and (U X U) c Z. We
ented vector space by means of the complex
. Thos 3 FiN W > 1 ;
w. is a basis of U, we call det(F(u;, u)) the

structure. I gy, ..or 2y ' . 1
determinant of E: this 18 indtpmu_lﬂnt- of choice of basis for U and

is ﬂlwﬂyﬂ []f}ﬂitivu- lrl]_l't'hul" waoe hil\,-‘{_‘} SOl {}Hl-*t- jl(L) 19 ﬁ“ltﬂ }f

and only if E 18 non-degenerate, and that

deg ¢y, = Order K(L) = order (U+/U),

where Ut={xeV|E(x,v)E 7.\ uwe U} Now, the elements A
defined by A;(x) — B(x,u;) form a basis of the dual, Hom(U*, Z),

of UL, so that we have

order (UL|U) = det (A;(n;)) = det (B (2;, u;)).

Hence we obtain that |x(L)| = + v/ det (B (w;, uy)). Now, given any
skew symmetric matrix A of degree 2g, it 18 well known that
there is a uniquely determined polynomial function pf(4), the
Pfafian of A, in the entries of 4. such that pf(4)* = det A and

pf((B,y)) = 1 where I, is the matrix

0 -1
] 0| 0
O 0 “'”'uhl

Now, if X runs through SL(2g, C), pf(X'AX)s = det X'4% =
det 4 = pf(4)* and since SL(2g,C) is connected, we deduce
pf(X'AX) = pf(4) if X e SL(2g, C). Now, two different ba,sv:aﬁ
Uy, ors , Uy, OF U such that uy A ... A uy, is positive differ by & matrX

* . t_
in SL(2¢,R), so that for such u,, ..., %y, pf(E (u;, u;)) 18 mdepafldﬂn

i

| e - — —
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and the orientation of V induced by the complex structure on ¥
| 0V
We then assert that we have actually

X(L) — P!‘(E(”i: “j))* (*)

gince both sides extend to functions on Q@,Pic X which on any
fnite-dimensional subspace is a polynomial function, we see that
sither y(L) = pl(E(w;, w)) for all L or x(L) = — pf(E(u;, u,))
forall L. 1f we show that for L ample, pf(£(w,, u.))i 1t

it would follow that only the first altefmatiie(c;r:ilzﬁi).IEBI;T:::Z’
I, = L(H, «) with H positive definite hermitian., Thus, we lmv;
only to show that if H is positive definite hermitian on a complex
vector space V and uy, %,,.
positive, pf(Im H (u;, %)) > 0. By our earlier remark, if this holds

.., %y, 18 any real basis with u; A ... A\ uy,

for one such basis, it holds for any other such. Thus we may use &
R-basis uy, 1%y, Ug, Vg, --+ 1, where H(u;, u;) = O;;- But now, the
matrix of ImH with respect to this basis equals E, and the

Pfaflian of this matrix 18 1.

This proves the assertion.

THE INDEX OF LINE BUNDLES,

The purpose of the rest of this section is to prove that i(L)

can be computed as follows.

TueoreMm. Let L be an ample line hundle on an abehan variety
X, and M a non-degenerate line pundlet. Let P(t) be the polynomial
defined by P(n) = x(L"® M). Then P has all its g roots real ”‘".d
the index of M equals the number of positive ro0Ls, counted with multi-
phcity, of P(t).

We make heavy

The proof will be given in a geries of steps.
let us introduce

use of the next lemma. Before stating the lemma, k
k - ﬂr — E |[:'I'l |l
€ Z ' we wrlte l I i1 '

some notations. For a = (@4, -++» )
¢ bllIldlﬂ

and if L, ..., L, are k-line bundles, we denote the lin
LTI®L§“® ...@ Lik b}r Lﬂ_

t By definition, this means K (M) is finite.



:LIAN VARIETIES
156 ABELIAD

X be a projective variety of dimension » and

Lemma. Let |
Then there 18 a constant c ffﬂ?iﬂﬂ-ding

Ly, ..o Ly line bundles on X.

only on the I such that
dim H'(L%) < c(l -+ |a )

for 1> 0 and a € ZF.

We can easily reduce ourselves to the case when the

Proor.
L, are all very ample. In fact, choose a x.rery ample L, . such
that L.®L.,, are very ample for 1 < @<k and put I =
L ® L. LLH = L1 Then there is a linear automorphism 7
of ZE+1 such that for @ = (dq, - @y, ) €L, LD® .. Q LA =

(L;JT.: and o~ a| < | Ta| < ala | for a suitable « > 0.

Thus we assume all L; (1 << k) very ample. We proceed
by induction on the integer v = dim X + k. When v=0, the

assertion is trivial. Thus we may assume v > 0 and that the

assertion holds for smaller values of ». If now k =0, the assertion
is again clear. Thus suppose & > 0, and let L' be the system of
line bundles {Ly, ..., L,_,} and for a = (&, ..., a,) € ZF, set @’ =
(ay, ..., a,_;) € Z¥"1. Then the existence of a constant ¢ for all

aeZt with a, =0 follows by induction hypothesis. For any

p€eZ, we have an exact sequence
0—> L'Q It —> L' Q@ Ii*' —> L@ L™ |z —> 0

where H is a hyperplane section for the projective imbedding of X
given by L,. Suppose now that a, > 0. We have the exact sequence

H(L"™ @ L) —> BY(L" @ Li+") —> HY(H, L' ® L™ lu)
from which we have
dim H{(L' @ L4+') — dim HY(L'" @ L) < dim H'(H, L' ® L+ g
& ellal" +1)

for 0 < p < and a suitable constant ¢, by induction hypot
Summing over all i with 0 < p < a,, we obtain

dim HYL'* @ Lr) < C.| a, | (|a [~ + 1) + dim H'(Z*)

hesis.

< C'(la]” 4 1).

_-':
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< 0, the exactness of

s HY{(X,L'* @ 1) —3-HH X, L'* @ Ik

Similurly, if @

i, L@ I )

- N
the inequalities

0> ¢~ %
dim BN @ It < dim HY(H, L@ Ly |g)

<O +lal™)

dim (L@ L)

.nd summing Over with 0 > p > @, we get as before the

required inequality.

gprpe A.  Let L be any non-degenerate line bundle on an abelian
variety X nd H a very ample line bundle on X, and let P be
the polynomial in two variables defined by P(m, n) = x(L™®@ H").
[fP(L,t) #0foro<t< 1, then 1(L) = 1(L@ H).

proor. The following remark is essential to what follows.
If f: X Y is an 1sogeny of abelian varieties of degree
prime to p and L a line bundle on Y with x(L) # 0, i(f*(L)) = i(L).
In fact. we know by Cor. to Prop. 3, §7 that Lis a direct summand
of f, (f*(L)), and HY (X, f*(L)) = HYY, f(f*(L))), so that H*(L) +# (0)
= H(f, (f*L)) # (0) = H(f*(L)) # (0). Also if L, € Pic®X, then
i(L) =4(L® L,). In fact, for some z € X, L@ Ly = T*L, hence
H(L) # (0) = HY(T*L) # (0) = HY(L® L,) # (0). In particular,
since n¥(L) = I"® L, with L, € Pic0X, we see that (L") =i(L)
for any n > 0, with p /]/ n.

| Suppose then that N is a large square prime to p. If +(L) #
T(L@)H)’ then i( L) = i(L¥ @ HY), so there is a least integer &
;tri <a< N with i) = i(IN® H%) # i(LN @ H*~*) = i(L7). (Note
I}:@zt% P(1,t) has no rational zeroes, 0 < ¢t < 1, all the bundles

are non-degenerate so (LY ® H®) is well defined.) The
exact sequence 0 —» [¥@ Ho~1 > IN@H* —» IN@H|y > 0,

w] -
Hler.c V'is a hyperplane section of X for the imbedding given by
) glVﬂﬁ us t'hﬂ!.t

0 — HY% (LN @ H*) —> HHW(L" @ H® |y)

18 exact, g that
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: il TAY Ja
s Ha(V, I¥ @ He ly) > dim HA( L7 @ )
= | x(L" & H?)|

(1
-;NF.P(I,N).

But there 1s a lower bound
P(l,t)> c> O it 0t 1,

and since this holds for arbitrarily large N, while V is of dimensiop

g—1, we get a contradiction to the lemma.

Srep B. If L, and L, are two line bundles on an abelian variety

and F(s, t) 18 the homogeneous pnlynomiﬂl defined by F(m, n) =
(L™ ® L3) and if F(t, 1 —t) #0lor 0 <t < 1, then (L) =1i(L,).
1 a /s

Proor. Choose a very ample Lgsuch that L, & L,® L;! is also
very ample. Set f(a, b, ¢) = y(Li® Ly ® Lj), so th.a.t. _.f(a, b, 0) =
F(a,b). Since F(t, 1 —1t) 50 for 0 < t< 1, by continuity, we can
choose a square N, prime to p, 80 large that for 0 < r < N — 1,

0< < 1,
r r
N =17, t)=N"f(1 _ﬁ,_ﬂ_ﬁ) £0,

r+1—tr+1-—1 t)#ﬂ.

N o P!
f(N—r-—1+t,r+1—t,¢)_Mf(1 Rl S

The first equation coupled with Step A gives us that for 0<r<
N — 1, r an integer,

i(L¥-r@ Ly) = i(LF '@ Ly ® L)
and the second gives us that
(A~Q Ly @ Ly) = i(L¥—"'@ Ly*)

or
for 0 < r < N —1, r aninteger. Taken together, we get that f
r in the same range,

i(Lf_r® LE) - i(L{f—r—l ® LE+1),
so that we obtain

i(Ly) = i(LY) = i(LY) = i(Ly)-

m“.‘lw_—.—— L ——
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If Lis non-degenerate and n any integer > 0,
i(L) = (L")

L and L, ® L, are non-degenerate,

(L, @ Ly) < i(Ly) + i(Lg).
¢ 1 X x X —-X be the morphism (z, y)+—Z— Y,
(L,)® p3 (Lg)- Then v—1(0) is the diagﬂ-nal of X ,-< X,
ify it with X, L|v~'(0) becomes isomorphic to
L@ Ly, which shows that L] - 18 non—deger?erate‘ for any :c.e X
and has index 1 = i(L,® L,). Hence, the direct images R v(L)
vanish for j <1, and by the Leray spectral sequence, H?(X x X, L)
— 0 for p < . But now,

i+t (X x X,p* (L) @pF (L) = H (X, L)@ H'"(X, L,)#0,
so that #(L,) + t(Lg) > 1 = (L, & Lg).

gppp C. 1f Ly,

proor. Le

+
and set I =P
and 1f we 1dent

Srgp D. Let L, and L, be non-degenerate line bundles on an
abelian variety X such that L,® Lz’ 1s ample. If f(m,n)=
w(Im@ L7), suppose f(t, 1 —t) has a unique zero 7 in [0, 1] of
multiplicity A. Then

0< i(Lg) — (L) < A
By Step C, we have
i(Ly) =i(L,® L7 ® Ly) < i(L, @ Lg') + i(Lg) =i(La)

which proves the first inequality.

Proor.

Since f is homogeneous and i(L") = #(L) for n > 0, we may
replace L, and L, by suitable powers to suppose L, ® Lz ' very ample.
Let us denote by H, HZ, ..., respectively a hyperplane section

?fi a hyperplane section of this section, etc. for the projective
lmbedding give]_l by L1® Lz_l.

d Let N be any large integer, which we suppose coprime to the
ctominator of  if ~ is rational. Then there is a unique integer

r'Wit'h 0 {:T.q: NBUGh thﬂtr;; 1

4 and ULy) = te.

<‘.1‘-¢:’.%. Put s =N —r, i(Ly) =
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We first propose to show by induction on a that for J GF =y

E —_ _{V — k, we hﬂ‘h’(’:
H(H*, L@ Lh) = (0)if p< iy —a — 1,

The assertion is obvious for « =0, since by Step B,

(L@ It = i@ L) = = i) =i,
Suppose then that a >0 and the above holds for «a —1 instead of ”
From the exact sequence

0~ I2"& L [ga=1—> Lf® Ls lpa—1—> i@ L i
we get the exactness of

HY (L@ L |ga—1) —> HP(L{ @ Ly lga) —> HP P LTI @ Lt |, )
and the assertion follows by induction hypothesis. But now, t}
exactness of

H(L' @ L Igam1) —> HP(L;© L Igam1) —> HY(L{ @ L
coupled with the above fact gives us that the map

HF(LI® L:'l IH{I—I) N IJP( I@ LE lﬂ':")

pra)

is injective for p < 1, — . Taking p =1, we deduce that
Hh(X, L] ® Li)—— H' (H' ™%, LT ® L |gi,—i,)

is injective. Thus we deduce that |
dim Hs(L{ @ L |giy—iy) > dim H (L] ® L})

= | x(L1® L3j) | = N°

r s
-d?ﬁ)
By the first lemma, we therefore deduce that there is a constant
¢ > 0 such that for all large N (prime to the denominator of 7 if

7 18 rational),
ro8
J ( .

N'N

N ) ’ < ¢, N7—Ga—ip)

or

r s ¢
f(ﬁ: ﬁ) | < Nii'”‘-li
Now, f(t, 1 —t) = (t — 7)*g(¢t) where g is non-vanishing at 7. Thus
for all large N as above, there is a ¢/ > 0 such that

i

b

\

|

—-—--,,t
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AL
_ A ¢’
. — T t‘f‘: - 1_:‘_ b
1 1
N N
or r i |2 ﬂ#l\;-—'ﬁ:"‘i:”l.
N L]
NV coprime to the denominator ¢ of 7, we
(r were cational and ¥ COJ "
IfrW | et
F_ g > 1 ¢or all 7, so that we must have =.—
must have N Ng
ker’s theoremon

henee 1< 1 T4 [f + were irrational, by Kronec
{A lT ]E]]{‘ :..-. E 1 ® . L & . - 2 WY L]
: lensity of fractional parts of Nt for = irrational, for a sequence
_pryr — ' " N, fr the nearest
' ' the distance of N;r 1rom U ‘
N, of Integers , i

—1
1 < 1, hence

e L] t :
‘ ) .-. [lL{lllLL ]- ¢ .-

< 1y A

This completes the proof of Step L1,

Proor OF THE THEOREM. We are given an ample L and a non-

degenerate M. Let P(n,m) = v(L"@ M™). We must prove that
all the ¢ zeroes of P(t,1) =0 are real, and that (M) is the
number of positive ones (¢ = 0 is not a zero, since M 1is non-

degenerate). Choose a positive integer g so that the real

zeroes iy, ..., 4, of P(t, 1) are divided up as follows:
1y K wen L T € L,
g — 1) <t <qg7' ;.
Let A be the multiplicity of the root t. Then by Steps B and D,
we conclude that if +(r) = #(L'® M), then
(R) = i(rk) < ‘E(Tk — 1) = ) < Uy — 1) =...
(&> )

e =) S ilry — 1) = i) < iy — 1) = i(S),
and G<n—1
But f ; .
or large r, [, @ M? is ample, hence i(r) = 0. And for large

1s ample, hence i(r) =g by the last
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r r le=1 & i X

But EA, the number of real zeroes of P(t, 1) = 0is at most, ¢ 4,
everywhere, and 1(0) = (M) is just the sum ﬂflt-ha |

the corresponding root is positive.

equality holds
A's for which

CoroLLARY. Let V bea complex vector space of dimension g gng
[J a lattice in 1t such that X = V[U 1s an abelian variety. Let J, —
L(H, a) be a non-degenerate line bundle on X, so that H 1is a non.
degenerate hermitian jorm on V. Then (L) equals the number of

negative eigenvalues o f s

of

Proor. Choose a basis ty, Ug, ..., Uz, of U over Z such that

Uy A\ Ug--e A Ugg defines the orientation of V. Let L, = L(H, )
be an ample line bundle on X, s0 that H, is positive definite
We set £ = Im H and E, =Im H,. We then have

(L} ® L) = pf(nE, + £)

C————

where E, and E are considered as skew symmetric matrices, using
the above basis of U. Now, if we use any other positively oriented
real basis of V, the Pfaffian gets multiplied by a positive scalar.
Thus, if e,,...,e, is a C-basis of V, we can utilize the basis
ey, 1€y, €, 1€4,..., &, 1€, to compute the sign of the above Pfafhian.
Choose e; such that Hg(e;, e;) = 6;; and H(E‘.,Ej)z)g‘.sﬁ, A e R*.

15 &
Then nk, 4 It has the matrix

0 —n —A i
0 0 .

n 4 A, 0 T

0 —n — Ay

0 0 |
n + A, 0 -

0 0 e,

l:
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value 11

Jwguti‘.’t‘: A;.
o be deduced from the results of Andreotti

This corollary can als

nd Grauert [A-G].

ample line bundles. The object of this section 18 to

17, Very
prove the following theorem.
TapoREM. Lor any ample line bundle L on an abelian variety X,

I is very ample, iof n> 3.
For simplicity, we shall prove L3 is very ample. If
n> 3 the same proof works. Since dim H%(X, L)=x(L)>0, we can

hoose an effective divisor [ such that 0,(D) is isomorphic to the
arther, D can be chosen so as not to have

rif k.J occursin D with B irreducible

L
fDI‘ 21‘ — D].

PROOF.

sheaf of sections of L. F
any multiple components, fo

k
and % >1, kE is linearly equivalent to 2T (B)

i=1
and for suitable choice of the 2y, the T;;(E) are all distinet and

distinet from the other components of D.

Thus we assume D without multiple components. Note that
for any 2,y € X, T¥(D) + T;“(D) +T*, . (D) €] 3D|. We have now
to establish the following statements.

(1) Given x,,2, € X with x, # 2,, there is a D' €|3D | such
that z, € Supp D', «, ¢ Supp D'.

2) (i : ,

(-;) Given any tangent vector ¢ to X at x, thereisa D' € |3D|
S . 1 ’ " . ' .
iU.Gl that g e Supp D’ and ¢ is not tangential to D' (i.e. if $=0
S a local equation of D’ at 2, {t, dep> #* 0).

Si . : ;

nce we are making these assertions for any ample L, it suffices
y amp

to ;
prove (1) and (2) for any ample L with 2, = 0, since the general

case f{; .
ollows by applying the result to a translate of L.

T .
for hus, if (1) were not true (with 2o = 0), we would have that
any D as above and any z,y € X,
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0eSupp D —z2 =2, € (Supp ) — x) U (Supp D . )
U (Supp D -

Since we may {:I{};L]‘I:-,f choose ¥y such that 'y {imu:; not hg]”“H s (he
last two members, we deduce that @ € Supp D implies 2 ¢ Supp D
— &y that is, Sul}p Jihs Sl]]}p D — i Since the divisor D has "
multiple components, this means that 7', (D) = D. In particulay,
z, € K(L), hence 2, has finite ordeoer. l..t:-'t...r] generate the linitg
group F. We then have an dtale Illupl;lllﬁln e _X/F, and
D, = =(Supp D) is a closed subset pure of codimension one iy X/F
which we may consider as a divisor with all components ¢f
multiplicity one. Since 7 18 ¢tale, #*()) i1s again a divisor wit}
all components of multiplicity one and has the same support g
D, so that D = =*(D,) and L ~ 7%(0yp(D,)). But note that

dim HY(X, L) = x(L)
= (Order F).x(Oxx(D)))
= (Order F').dim HYX/F, Oy p(D,))
> dim HY(X/F, Oy (D))

Since the set of all divisors D, such that L = #*(Oy (D))
fall into a finite set of linear equivalence classes, this proves that
all sections s € I'(L) either define multiple divisors, or lie inone
of a finite number of lower-dimensional subspaces 7*I'(Oyp(D;)).
This is a contradiction, so (1) holds.

Similarly, suppose (2) is not true for a non-zero tangent vector
tat 0, and let 7' be the invariant vector field defined by ¢. If (2)
18 false for all the divisors Ty D) + T3(D) + T ... (D), 1 follows
immediately that for all 2 € Supp D, the vector 7, is tangent

to D at 2. Since D has no multiple components, this is equivalent
to the property :

(%) V UcXopen, VY local equations ¢ = 0 for D on U,

T($) = a., some o € O (U).
In terms of the k[e]/(e?)-valued automorphism of X deﬁued. b!f f’
(*) just says that the divisor D — a subscheme of X —181

Ty by LR

|

——tl
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Phis implies that the k[e]/(e?)-valued point of X defined
' . {he subgroup K(1) of points leaving L invariant. Now
tic 0, all group schemes are reduced, so K(L) is
and this cannot hold unless t = 0. On the

ariant
in characteris

finite and discrete

haracteristic p, let I be the smallest subgroup

other hand, 1m € , | '
then H ¢ X and will be determined by its

of K(1) containing t;

Lie algebra ) which will be the span of ¢t and its p* powers. It
je alge _ _ :
rm: (o sce that D will be invariant under translations by all

(Tn fact, if H = Spec(t), the action of H gives a

1§ €
points of H. _ . ,
2* into the ring of differential operators on

homomotphism of 1
X, mapping elements of [] into the corresponding invariant
derivations. Since [) generates R*, and the sheaf of ideals
0,(— D) 18 stable under [) by (*), it is also stable under R*
hence we get a homomorphism RE* — Diff(0,), 1.e. an action of
Hon D] Let X' =X/H, D" = D/H. From the resultsof §12, we
fnd that = X — X' is flat and surjective, that D’ is a closed sub-
scheme of X’ and D = D' X+ X. Therefore if #' is the sheaf of
ideals of D',

@I( — _D) - fl@@‘rr@-r'
Since D is a divisor, @( — D) is a locally free sheaf, so by Part (B),
Theorem 1, §12, S’ is a locally free sheaf, i.e. D' is a divisor too.
Now D = 7*(D’), so we compute, as before :
dim HY(X, L) = deg =.dim HY(X/H, Oy ;y(D"))
> dim HY(X/H, Oxz(D’)).

Exactly as before, this implies that all sections s e I'(L) either

define multiple divisors, or lie in one of a finite set of proper sub-
Spaces -a contradiction.

——m.
e —



