CHAPTER 1V

Hom (X, X) AND THE I-ADIC REPRESE
NTATION

1. Ftale covermngs. The main result is the f
8 the followin
E

THEOREM (Serre-
: ) LML, .GIIU-I anir P
and [ ¥ X 15 an ; !E.) NS S B S
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variely s I t] ale covering, then Y has W & wnviely
2 j‘ snuchy U vl f f)ﬂg’;{)?nﬂﬂ a 36?Jurabk _ a Sstructure 'Df ﬂbﬂlian
2 180geny

proor. Let I’y be the gr:
XinX X X X Xmﬂfdt#? bld_ljll of the multiplication m: X
fx fx [ dince (l; i __}11131.1@ ﬂwf}rﬁe image in }” x Y ‘::nl."JL s o
is an 180MOT] his . L étale covering, (2 _ H~. ot 1, by
yorphism, (3) we have the cmnmutat{ 21?12- I' =X xX
ative diagram

F.f
—> I
P12 P
12
b 4
Y xY M

and (4 S ’
Gﬁver(iljgftjoj: mcizo Stnle: nomariE. Fis "> Y x Y is an étale
' be the connected sc a point yo € ¥ such that f(gg) =0, anc &
belongs to I" ot et containing (¥, Yo Yo) (Which
tion p: ' > ¥ X Y f(fy”) ==_0 and (0, 0, 0) € T,,). Then the restric-
degree of p equals tlo Pyp 1S again an étale covering, SO that the
to show that p is I 1? number of points of any fibre of p. We want
point of Y x Y WEE lsc{morphis_m* or equivalently that there 18 one-
Let oy, 00: ¥ > T b Sedlnverse image in I' 18 again & single point.
- i et o(y) = (or 9> Y1, 02(8) =0 Yo )
Then the restr tfmd (Yo, Yor Yo) € 0i( ¥), it follows that oi(¥) cT")
Y x {y,}. It tll10 ion of p to gy(¥) 18 & bijection O
oo(Y), or equi erefore suffices to establish that
ps: ¥ x Y f}:"ﬂlﬁﬂtly that if ¢: I' = Y is the res
component of :_1}:" q—.l(yu) — 0y(Y). Since ao(Y) 18
Now. T is nomn.s; (), it suffices to show that ¢~ o)
n-singular, being étale over y x Y and

triction to I' of
an irreducible
i8 irreducible.
hence X X X,
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also connected, 1t is irreducible. Ifurther, the

being the composite of the étale

and since it 18 Hon:

phiEIH {q: F — Y 18 S!l]n['}t]‘j, Mop.

Py

projection ¥ % ¥

> Y. Finully

phiﬁm - Y X Y and the
Now the assertion tl =
141 q (yu)

o, Y -1 is a section for ¢.

irreducible follows from the

18

Lemma. Let f: X = Y be' a proper smooth morphism of

irreducible varieties such that there is a section o0 ¥ =X, foo =1,

Then all fibres of | are irreducible.

We may assume V2 — Spﬂ(} A affine. Let B = P('X’(UT)
algebra which is a domain since X 1s irreducible

PRrOOF.

so that B is an 4-
and a finite A-module since f1is proper.

h
26 X——-?—? Spec(B) —> Y where Spec(B) is agam an irredu-

But goo 1s a section of %, and since dim(Spec B)

The morphism f factoriges

cible variety.
—dim Y, goois surjective, hence I is an isomorphism, and 4 =B.

Since f is smooth, its fibres are non-singular, and it suffices to
show that they are connected. Let O > K,—~ K, > ... bea complex
of free finitely generated A-modules giving the direct 1mages of Oy
universally, so that by the above, we have an exact sequence
0> A K,~ K,. Let y be any point of Y. 9 its maximal ideal
in 4. Since completion with respect to the M -adic topology 1s an

~ ~ ol
exact functor, we have an exact sequence 0 > A4 —> K, K, 80

K, K,
MK, MK,

that E ~ lim Ker [
s

n

] . But now,

KH
MK,

Kl
MK,

—p

Ker[ ] = Hﬂ(f-l(y), cox/mwx),

80 the natural map A Tim HO(f~Y(y), Ox/M" Ox) is a Iing
; : =
isomorphism. If f~'(y) were not connected, let f~'(y) = Zy Y Zs, %

closed, Z,nZ,=®@ and Z; # f~(y). We can fnd a unique

b, f,eH“(f-l(y)' Ox/M" Oy) which reduces to 1 on Z and 0 on Ly

e ——
_———'—#

= —M:'——_..“ -

— e —— et | e

_'____.,__.*---—I-I!‘M___- —— —

J.’

|
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an clement [ € lim HYO,/M"Oy) ~ A with e
...(._.- 3

yfines
and {/n} dofi
# L] “ L -

This is impossible since A 1s a local ring.

“_“df 4 0 or l.

The lemmd 19
o to the proof of the theorem,
—

v Y 1s an isomorphism, so that v = paopt: Y XY Y

pro ved.

Returni! we have shown that

T Y
is & morphisit.

! & ] . 1 |
that v(hYo) =Y T v(170,y). Therefore, e

in the Appendix to §4, ¥ 18 an abelian variety with composition

law v and zCro clement ¥, Since f(¥o) =0, f is a homomorphism

Since, 48 we 8aw, I'5 o,(Y) and o,(Y), it follows

of abelian varieties.

1f X is an abelian variety and f: ¥ > X 18 an
an isogeny ¢: X —Y with fog=ny for
ker f is a finite group scheme, it 18
killed by some integer 7 > 0, hence ker [ ¢ ker(ny). Since
X ~ Y/ker f, it follows that ny factorizes as ny = gof for ahomo-
Y _» V. But then fog =ny too, since for all z € X,

REMARK.
isogeny, then we can find

some n > V. In fact, since

morphism g:
r = f(y) for some y € Y, and therefore

fog(x) = flg(f(y))) = flny) = nf(y) =n.

We can interpret our results in terms of the fundamental group
m(X). Recall, that if X 1s any non-singular variety, and Zq eX
is a base point, the group 7,(X, g) 18 constructed as follows!':

consider the set of all morphisms

v

Y > X

¥y = Lo

together with a base point y, € ¥ lylng over X, such that
(1) a finite group Gy acts freely on ¥ and Xz Y/Gy and
(2) Y is connected, hence Y is again a non-singular variety.

Given two such :

TFor details, of. (G2] pp. 60-61.
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Yo Y ,
\
/ o

Yy, € X" 7

most one morphism f: ¥ — Y such that
(1)
(11)

i ' jective hom -phis
When f exists, there 1s a unique surjective homomorphism

170

—

"('- e

recall that there is at

i !
o f =,

flyo) = Yo

P: G}*-" ——}" G]_-#

such that flo-y) = p(a). fly), all o € Gy, y € Y. We order the
triples (Y, %, ) by saying (¥, 4o, 7')> (¥", 4o, @) if such an
exists. Then the set of (Y, ¥, n)’ 8 forms an inverse system, and

we define "
1m
m (X, 2y) = <« Gy
(Y.v0,7)

Now suppose X is an abelian variety and x,=0. Then all
such ¥’'s are abelian varieties, and Gy is just the kernel of =
acting on Y by translations. In particular, we see that  (X) 18
abelian. To describe it more explicitly, it is convenient to break
it up into the product of its I-primary piece for different primes l
First suppose | # p. By the remark following the theorem, the
set of étale coverings

U
X—> X
i8 cofinal in the set of all étale coverings

el
Y —> X, #(Ker #) =I™, some m,

Therefore, the l-adic component of =,(X) is the inverse Jimi
ker(ly), or X . Thisis called the l-adic Tate group of X.

DeriNrrion, 7y(X) = lim X
o

¢ of

' i
i where the wnverse system

S -
&

*'-.
N

|

— T

.~
™
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Hnm(,.‘f,ﬂf} AN

B z [,

/ r X b r
; '—__""-‘Y;n-i-l :I ';\'1" GEEE E AI'

" in ¥ . . .
limit of finite abelian -torsion groups, 7'(X) has
. module over the [-adic integers Z,. Since .Xiﬂ —
to sce that T(X) = Z7, as a Z;-module.

As an inverse

{he s{ructurce Of
(7"1”21]2“, i, 18 casy
‘ J' rSsUp yO RO f :?}_
bt’Lundl} D]

4 | SN rr
Ker(ph) = Xon 7% Xin

In this case, break up

and X'u is reduced. Then by the remark

0 i local
where Xon is loc redueed "o o
the set of ¢tale coverings =, 1 the

following the theorem,

diagrams

is cofinal in the set of all étale coverings of X whose degree 1s a

power of p. But Ker(m,) = 0,(X}n) = An, SO the p-adic component

of 7,(X) is again the p-adic discrete Tate group.

X) = lim X7n (the inverse system as before).
+—

i

DEFINITION. Lok

T,(X) is a Z -module and if = p-rank of X, then clearly 7', (X)
= (Z,). The full fundamental group is then given by

X = || 17X,

all primes [

Now suppose & =C, and X = V/U where, as usual, Vis a
complex vector space and U is a lattice. Then, in addition to the
algebraic fundamental group as just defined, we have the uﬂu?'l
topological fundamental group =,*?(X), which, as we saw in 31, 18
“anonically isomorphic to U. On the other hand, since

Xpx 3 UU cV/U =X,
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it follows that

o

n

L . Lo
with maps 75 UlU —> _{’" U/U,

1.e.

[ T(X) = lim U/I"U

.{—--

| 1

with maps U/I""'U ——- U/[I"U.

In other words, 7%(X) is the l-adic completion of U = #i°? (X)), ang

e (X) = | | TyX)
!

lim U/n!U
+—

n

= full pro-finite completion of U

N

=P (X),

19. Structure of Hom(X, X). For two abelian wvarieties X

and Y, we denote by Hom(X, Y) the group of homomorphisms
of X into Y, and by End X the ring Hom(X, X). Further
we shall put Hom%(X, ¥) = Q®,Hom(X, ¥) and End’X) =
Q®zEnd X (End® X is classically called the algebra of complex
multiplications of X).

Composition of homomorphisms extends to a unique Q-bilinear
map Hom’(X, Y) x Hom%(Y, Z) - Hom®(X, Z), so that we can
form a category whose objects are abelian varieties, and morphisms
from X to Y are elements of Hom®(X, Y), the so-called category
of “abelian varieties up to isogeny”. We have seen that given
any 1sogeny f: ¥ — X, there is another isogeny g: X =Y such
that fog =™ny, and this proves that in the new category, 180-
genies are isomorphisms. Thus in future, whenever Wwe h&?e
an isogeny f:Y > X, we shall denote by f~! its inverse M

 — e ——————

 ———————— e
.

[

—
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l[tlll'll

[t is also clear that we can give the following
lefinition of Hom?%X, Y):

Hom (X, Y) =

;[“m”(,ﬁf. Y)

g fancy ¢
more Hom(X’, Y).

lim

-
(Iﬁt}gt*nlu)
X X

g (Poincaré’s complete reducibility theorem.) If X
THEORIEM 1. _ ' |

, dbelian variety and Y an abelian subvariety there 1s an
i§ an | T g

LB cubvariety 2 such that Y n Z s finite and Y + Z = X.
(o ' :

r : ¥ PR b h
I other words, X 18 180§€N0OUS to ¥ X .2.

P P S
proor. Let t: Y —» X be the inclusion, and 7: X - Y its dual
homomorphism. Let L be ample on X, so that ¢,: X — X is

an isogeny. We take Z to be the connected component of 0 of

e

d; 1(ker 1).
4im X —dim Y. Further, by definition of ¢ and ¢,, ifz€ ¥, then

~ ~ P
We then have dim Z =dim ker 7 > dim X — dim ¥ =

2 e ¢ Y(ker ?) Y <=> T*L@ L]y is trivial

Since L|, is ample, K(L|y) and hence Z n Y is finite. This
means that the natural homomorphism Z x Y — X has finite
kernel, and since dim(Z x Y)= dim Z 4+ dim Y > dim X, 1t 1s

also surjective.

REMARK. Over the complex field, the complete reducibility
theorem is very simple to prove. In fact, let X = VU with V a
complex vector space and U a lattice, and H a positive finite
hermitian form on ¥V which is non-degenerate with B = Im H
integral on U x U. Then any abelian subvariety ¥ of X 1s of
the form Vi/U n V| where V, is a complex subspace of V with
Vin U a lattice in V,. If V,is the orthogonal complement of V
for H, then (a) V, is also the ortho gonal complement of ¥ for
E, hence the lattice U n V, is of maximal rank in Va; and
b Vinv, = (0) since H is positive definite. Thus, 1t
Z: Vol Vo U, Z is a complex subtorus of X such that ¥ n Z is
Elmite. The restriction of H to V. gives a Riemann form on ¥V,
Which shows that Z is an abelian subvariety.
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theorem shows that the

In fancy languago, the “”'tffunry

. . : g ; - L p—" sl 3

of abelian varietics up to 1sogeny 18 a o semi-simple abeliy,
M - . . 1t 1

category, all of whose objects have finite length”, Moype i
cretely, we goel the following corollaries by standarq argy

ments.
DerINIrIoN.  An abelian pariely s simple if it does not contaiy

an abelian subvariety distinet from ttself and zero.

COROLLARY 1. Any abelian variety X is 1sogenous to a product
XM X ... X X where the X, are simple and not isogenous to eqeh
other.  The isogeny type of the X, and the integers n; are uniquely
determined.

(Proof standard.)

CoROLLARY 2. For X simple, the ring End°X is a division ring.
For any abelian variety X, if X = X7+ X ... X Xpk, with X, simple
-and not isogenous, and D; = End"X;, then

End®(X) =M, (D))® ...®& M,
[Here M (R) = ring of k X k matrices over R.]

(D).

k

Proor. For X simple, any non-zero endomorphism of X
is an isogeny, hence an invertible element in End°X, which

proves the first assertion. As for the second, Hom(X, X') = (0)

k
fori#j, so End°X = @ End°(X%). And End°(X(i) is clearly
i=1

the algebra of matrices of order n; on the division algebra D;.

We shall say that a function ¢ defined on a vector Space
V is a polynomial function of degree = if restricted to any
finite-dimensional subspace, it is a polynomial function of degree
n or, equivalently, if for any wv,, v; € V, ¢p(xgy + 21%) 15 &
polynomial in z, and 2, of degree n. Thus for instance, we
have seen that y(L) extends to a homogeneous pﬂl}’"”mml

function of degree g on the vector space NS(X)®zQ-

TaeoreM 2. The function ¢ +—» deg ¢ on End X extends 10 ¢
homogeneous polynomial function of degree 2g on End°X.

(|

v X) AND JUEED [-ADIC jtICI‘HHHI'IN'I‘!&TION 17
Jlomi(-2- .

or nd X and n € Z
- . Sinee for I!} & ]a!lil { :
pProok. o
 deg ny. deg ¢ = ndeg d,

4, € End X, the function P(n)

'lhl}]‘.' (
function. If L

th'}.': H'}"

{ hat

(v iH.JI:‘]'IIUHHHI

show

: ees 10 ,
it sufhees is an ample

= ll'l;}_-'-: (“‘;’J Fi‘ ']b) lH

. we have that
line bundle, we hi

deg (nh -+ ) = —— [_L)
os to show that x((n¢ -+ J)*(L)) is polynomial

(nd + P)* (L) and applying Corollary 2 of
morphisms n¢ + 4, ¢, ¢

Therefore it suflic

i n. Putting L{"} —

the theorem of the cube to the threce

spectively we get that

Ly o @ Lty ® L@ (26)*L71@ $* L@ $*L =1,

from which it follows by induction on =z that for suitable line

Ie

bUI'I'L”DS L1| LE: ﬂ”d L:] on x:
Ly = Llnm_l”ﬂ ® Ly @ Ls.
Since y(L) is a polynomial function of L, x(L,) 1s a poly-

nomial in n.

To go further and prove

in particular, that dimgHom%X, Y)
1s finite, it seems to be essential to use some entirely new
method. If & = C,
like this.

we can compute Hom(X,Y) very quickly

Let X, = iU, g, =dim X,
XE - VE/UE, GE — dinl Xr_s_u,

Vi complex vector spaces, U, lattices.

Then \ .
every algebraic homomorphism f: X, - X, lifts to a
Egm l _'-.. ) . P -
PleX-analytic hﬂmomﬂrphism f:V, =V, Asis well known

such : :

meefr;lme Simply the complex linear maps from V,to V,.

horm umﬂrg}z:ﬂmplex linear map L: PV, - V, induces an analytic
mf: X,>X, if and only if L(U,)cU,, and by

Chow’s ¢},
EDI‘BI]_]_ cf‘ ¥ .
X, are ﬂ-lgebmiﬁ_( 31) all analytic homomorphisms from X, to
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This proves:

“
Hom ,pelian (A 1!
varietics

X,)= lL:VI — V4| L complex-linear, I(U ) ¢ U ]
10

. " | r 1 7 R . 1ot ;
In particular, L is determined by its restriction to U, so we -
an injection

T: Hom abelin (X, X,) —> Homy,(U,, U,).
Since U,; is the topological fundamental group #{(X,) (or the
homology group H,(X;)), the map 7' is just the functorial repre.
sentation of maps between spaces via maps between 7’8 (or
H,’s). If we introduce bases, we have a faithful representation
of Hom(X,, X,) by 2¢, X 2g,-integral matrices. In particular,
Hom(X,, X,) is a free abellan group on at most 4¢,9, generators,

Even when the group field £ is not C, an analog of the ahove
method works. This consists in using the free Z,module 7}(X)
instead of the free Z-module U = #\°*(X). In fact 7'(X) is just
the l-primary component of the algebraic fundamental group
7,(X), and when k = C, T(X) is nothing but the l-adic completion
of U. If X, and X, are two abelian varieties, every homomorphism
f:X, > X, restricts to maps f: (X;)» - (X,)" and hence it
induces a map

Ty(f): Ty(Xy) —> Ty(Xy)- .
The map f—— T(f) itself is a canonical homomorphism:

Tl: HDn]nheIinn(Xll XE) ~ HszI(T;(XI), TI(-XE))?

varietics

known as the l-adic representation. In fact, in terms of bases
of TIF-XJ over Z,, this represents homomorphisms f by 29, X 295
matrices with coeflicients in Z,, We now prove

THEOREM 3. For any pair of abelian varieties X and :;;
Hom(X, ¥) is « finitely generated free abelian Grouwp and
natural map

*
Z, @ Hom(X, ¥) —> Homy,(Ty(X), T4(¥) X

“-'-_——n—.—_-ﬂ..
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llmn{X-I

mn Hom(X, Y) = I'IUII];.:‘(TI(,X), T,(Y)) (I any prime #*
i

indﬂi‘-i’f[ by
char k) 18 injective:

' T r . ; ' 3 r
Note that smnce Hom(X, Y) is torsion free, we have

 Hom(X, ¥Y)C Hom® X, Y).
tor any finitely generated subgroup M of Hom(X, Y),

PRrROOY.
an inelusio!
Step 1.

QM n E
is again finitely generated.
. : 1S 106G ny r ‘m
To prove this, choose isogenies JIX™ — X and Y - 1Y
where X;, ¥; are simple abelian varieties. Then Hom(X, Y) gets
3! |
1,J

om(X, ¥Y) = (€ Hom(X, Y)|nd € M, some n # 0}

mapped iujeutively
prove this result for X and Y simple. If X and I are not
isogenous, Hom(X, ¥') = (0), so that we may assume that they
are: in this case using the injection Hom(X, Y) - End X
induced by an isogeny Y — X, we are reduced to the case
X= Y and X simple. By the earlier theorem, there is a homo-
geneous polynomial function P on End°X such that for ¢ €
EndX, P($)=degpe Z. Since any ¢ 7 0 is an Isogeny,
Pid)>1if pcEnd Xand ¢ %0. Now Q.M is a finite-dimensional
space, and | P(¢)| < 1 is a neighborhood U of 0 in this space.
Therefore U n End (X) = (0), so End X n Q.M is discrete In
Q.M and hence is finitely generated.

Step II. - For any I # p, the map (*) is injective.

In fact, it suffices to show, in view of Step I, that for any

f}nitel}r generated (hence free) submodule M of Hom(X, Y) such
1at M = QM M HGIII(_X, Y),

L,@, M — Homg, ( Ty(X), Ty(Y))

18 inject; :
injﬁ;;ctlve.. Let fy, ..., f, be a Z-base of M. If this map is not
at 1%;1:6’ since the right side is Z,-free, we can find «; € Z; with
. Ohe «; a unit such that X o f; —> 0. Hence we can find
Integerg o, g »
" (1< i< p) not all =0 (mod 1) such that 7'(2 n;f;)

1

m&pa T ;
) fnto IT(Y). By the very definition of 7(f), this
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P . | _
means that X n; J; — f maps 4A; 1nto 0. But then, f factorizeg as
!

. ! ¥ q Y, and since ¢ € Q.M n Hom(X, ¥) — M

p 2 - . .
g= 2 mf; Thus X, f; = [Xm; f;, and fy, ..., [, being a basig
1

of M, 1| n,; for all 7, a contradiction.

The theorem now follows. In fact, because of the injectivity of
(*), Hom%X, Y) 1s finite-dimensional over Q, and because of
Step 1, Hom(X, Y) 1s finitely generated, and being torsion free, it
is also free.

CoroLLARY 1. Hom(X, Y)~ Z¢ with p < 4dim X.dim Y.

Proor. In fact, the rank of Hom(X, Y) is at most that of
Hom, (T(X), '(Y)) which is 4dim X.dim Y.

COROLLARY 2. For any abelian variety X, the group NS(X)=

PicX/Pic®X is free of finite rank (called the base number of X).

Proor. In fact, the homomorphism L —— ¢, induces an
injection of NS(X) into Hom(X, X).

COROLLARY 3. End°X is a finite-dimensional semisimple algebra
over Q.

Let A be a finite-dimensional associative algebra over a field
I', which, for simplicity, we assume to be infinite. By a (trace form
on A over I', we mean a I'-linear form

g4 —3T

such that S(XY) = S(YX) for X, Y € A. A norm form on A overl
18 & non-zero polynomial function

N:A—>T

(Le. in terms of a basis of 4 over I, N(a) can be written as 8
polynomial over I' in the components of a) such that N(XY)=Z
N(X).N(Y) for X,Y € A. The following lemma is well knowt
but we include a proof for the sake of completeness.

- L ] = Tak Al S FIs ¥ 179
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ﬁ-n;‘f.rf.-fh'-;;r.an-;mEmz.ul 1ssociative simple algebra

? (m;mum*d infinite) with center A‘, separable ﬂver:rl“.]
1 norm form N° and a canonical trace form T'r

that any norm form (resp. trace form) of fi :;:rver I's
Nk with L an integer > 0 (resp. $oT'r? where
If [A:A] = 12 N©1s homogeneous

Let A be ¢

ot
Phere 18 & ¢ }

[T |I'“.»'c i
of A over A

.
is of the Lyp* (Nmppe V)
y io g D-linear form).

anonica

proor. When P=AI8 scpumbl}f closed, A can EIC taken to be
4 matrix algebra M, (I"). In this case, the elements XY — Y X span
pace of matrices of zero trace, and any norm form
s rise to a rational homomorphism of algebraic groups GL(d)
s the validity of the lemma with Tr = matrix

the veetor subs
g

; 4 oo v
>0 'his shoy ‘
trace, N = matrix determinant.

——

[n the general case, let T' be the separable closure of I', o;:
A>T (1< i< [A:T]) the various imbeddings of A in I" over I,
and T, the field T considered as a A-algebra through a;. We have

an isomorphism of I-algebras
AQrl' » A @ \(AQT') = H A® 5 Ly
3

Denote the image of « € 4AQ Pf under this isomorphism by {(x)}.
If ¥ is any norm form on 4 over I, it extends to a norm form of

| —

4@l over T, and defines a norm form N, on A® rfm by the
equati
);i“dtlﬂﬂu Ni(€) =N(1,1,...,¢1,...,1). By what we have seen,
N. — (NO\n. . =1 'l

= (V3% , where N7 is the reduced norm of A® ,I';, over I
80 t}lilt we gﬂt . (}

I\T(m) — ‘%‘[ N?(?{,i(m))ni'

We shal
1all show that the norm ¢ —yp IT NY(i(a))™ of 4 @'r_f1 over

f Comes f

| S1r0m a norm of ' . _

i all the 5, a 4 over I' by base extension if and only
1

'¢ equal. Since I is the separable closure of I', N

y if for any automorphism ¢ of T over T,
®) = o(Na), that is to say,
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[T M (@)™ = o | [ Noge.

i

Now. there is a permutation = of the integers from 1 to [

A:D
such that goo; = @, and we have the commutative dingmm ]
- ‘r;’i —
A® L > AR \T;,
1 ® o 1 ® o
¥ e ‘?5,1{,;; ¥ —_
AQ T > AR J..LI"HH}

so that (since the second vertical arrow is an isomorphism of

simple algebras over the isomorphism o of separably closed base

fields) we get me[gbnm((jl@: o)(x))] = o N¥d(a)), and on substi-
tution, we see that we must have n_,, = n,; for all 7. Now, the

nalois group of I' over I' acts transitively on the imbeddings over

Ain I, so that we must have all the n; equal.

Thus we see that we may take NO%a) = [INY¢(«)) in the

lemma, and then N(a) = NmMI,(me(m) )%. The assertion about the

trace 1s even simpler.

DermsiTION. Nm A © N will be called the reduced norm of A over

I and Tr, o Tr® will be called the reduced trace of A over T

We can now prove the following important

THEOREM 4. Let f be an endomorphism of an abelian variety, and

T\(f) the induced endomorphism of T(X) (I# characteristic).

deg f =det T'(f),
hence b ot LilJ)

deg(n.ly —f) = P(n),
where P(t)

The Ifﬂlynﬂmial P is monic of degree 2g, has rational
cocfficients, and P(f) = .

Then

i8 the characteristic polynomial, det (t — Ty(f)), of T

mn r,egral

¥ |

. illg
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The functions [ +—r deg [ and [ +—> det T(f) both
- (o norm forms N, and N, respectively of degree

(JI*ELIH{:}JI'EL Q,%4 IXnd X, where Q, is the
29 ol ”“'. (7 [f| |denotes the l-adic absolute value, we
k Bt 8 O | N | for all ¢ €Q, @, LEnd X. In fact, it
l,:-}r"hmnugmmity for . €Z,®, End X, and by

ProOL.
aniquely
. gemi-simple

qllulim ,
hat | Ny | =
suflices Lo verify this
for o ¢ l6nd A.
the power of I dividing det 7,(f). Now. the

i3

f is the order of the kernel of Xn —> Xia

assert |

o Thus we have to show that the power of
continuily

| dividing dey [ equals

power of 1dividing deg
' ' 3 4 116 ' X ‘he CO nel «¢ Q
for n large, or what is the same the order of the cokernel of this
map for n large. | o o
T hich 1s & is the power o
the cokerne! ol T'(f), which 1s l”, where v I

On passing to the limit, it is also the order of

occurring in det T,(f)

r

r ™ ] - L] l. 3 f

Now let Q,®zEnd X ~ HlAj be the decomposition o
Jl—l-
1 : i
Q,®z LEnd X into & product of simple algebras. The norms N, and
N, go over into norms on []4;, 1.e. into power products
)

. -
Ni(oy, ...r tp) = _Hl NP ()" (v = 1, 2),
JI:I
where Nf are the norm forms on A4; over Q, of lowest degree,

by the lemma. On taking o«; =1 for j #), We deduce that

¥, (e5,) 1575 =1 for all a; € 4. Since N; is homogeneous
of positive degree, we see (by multiplying a; by ) that vy = Ve,

and since this holds for all Jo» Ny = No.

This proves the first statement of the theorem. The second
follows on substituting n.1, —f for f and using Ti(n.lg—F) =
Rl — T\(f). Now P has to be monic of degree 2g and, since

Pln) s an integer for all n, its coefficients are all rational.
Further, since End X is a finite Z-module, f is integral over
L, 0 f and hence T'(f) satisfies a monic equation OvVer Z.
.Hence all the eigenvalues of the matrix Ty(f) are algebraic
mt?gem* and its characteristic pulynﬂmia.l has coefficients
Which gre algebraic integers. Since the coefficients are also
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rational integers. Honco L(f) is a well-dgf
H-defing

rational, they are
and we have finally Ty(LP(f)) = P(T A
[ == U,

element of IEnd X,
a0 that P(f) =0.

DEFINITION. The above pufyn.mmnf- P(t) (which belongs tg Z
and 1s independent of 1) s called the characteristic polynomial of f. I |
) o - : | - Als

constant term and nminws the coefficient of 1 ' are called the o
. - Norm

and lrace res;.rfchﬂﬂfy of f.

By the lemma yroved earlier, we sce that if E .
} [ | hu!]..t ],f ]_i_‘n[lﬂ_h s
Ay % con X A, where A, are simple algebras over Q, and we

e components of an J € EndoX 1 - bv

denote the comj f ind°X 1n 4; by £, and the

reduced norm of A; over Q and the reduced trace over 0

by Nm® and Tr® respectively, we have

k
Nm [ = H (Nm?Oof)",

1=

"
Trf = Z n, Trf;,

(=1
where 7, are integers > 0.

CoroLLARY. Let X be a simple abelian variety of dimension g, K
the center of the algebra End°X, [K:Q] = e, [End°X: K] =d?. Then
de divides 2g.

PBDDF: We have Nm f = (Nm?f)" for some n. But Nm 1s a
polynomial function of degree 2g, and Nm® is a polynomial
function of degree de.

| REMARK. When the characteristic of £ 1s zero, with assump
tions as in the above corollary, one can say even that d3e divides
2g. In fact, we may assume (by the Lefschetz principle) that k 18
the complex field. Let X = VU as usual. Then the division Ting
End°X admits a faithful representation in the rational vector
space U®Q, so U®Q becomes a vector space OVer End 3
Hence dimqU® Q = 2 must be divisible by dimqEnd*X =&

This is deﬁ.nitﬂly false in positive characteristic.
any characteristic p > 0, we shall see in §22 that there exists 8

T

‘_ _’.

#T-—_'m‘_ - -

cliptic o
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11“:”{,1'.!'5}
vo X with p-rank 0 and that for such a curve, End°X

qative of rank 4 Thus, in this case,

with center Q.

18 nnxl—i‘“”””l

de =

9 = =
simple abelian pariety X is of (CHM)-type if

.- Py {}:"ﬁ:. f‘i
of Lind"X over its center K, e is the

13 18 the rank
g the dimension of X.
\ow, in a Jivision algebra A of rank d? over its center K it 18
well knowl that all maximal commutal 1V
Thus, 4 simple abelian variely X is of (CM)-type if and
4 subfield of degree 29 (since in any case,

¢ subficlds have degree d

over K.
only 1t ndX admils
de < 24)

I be a prime different from the

70, Riemann forms. Lt
be the group ot I"_th roots of unity

characteristic of &, and let p,
in I:*, We have homomorphisms g, 44
ve system. Let us put M, =

> b, GiVEN by ¢ —> ¢, and

lim p,
-
Since evidently we can choose

this makes {p,q} @ projecti

M, has the structure of Z,-module.
isomorphisms pm = 7.)1"Z such that the maps ppn+1 —> pyn 8O OVl

into the natural maps Z[I*Z > Z[I"ZL the projective limit 18
(non canonically) isomorphic to the Z, itself.

Now, let n be any integer prime to the characteristic. We have

the dual of ker ny,

set up a canonical isomorphism of ker ng with
will call e;:

that is to say, we have defined a pairing which we

X, x (X), - u,, where p,is the group of n-th roots of unity 1n

k*. Recall the definition:

Take ae X, and A€ (i' ),, and let A correspond to the line bundle

* 1, is trivial too and

o . -
L. Then L is trivial, so Ny

L~A! x X | {action of X,

¢ (0,x) = (x(u).o 2 + u)

for a character X Xn — k*. Then

e, (a,A) = x(a)-
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wo take the canonical action of X, on n*
In other words, w < L5

carry it over to an action of X, on the trivial bumlle whmg it i

given by a character x. It is uselul have an alternyy
e
definition of e, using divisors instead of line bundles, et p beiia

divisor such that

Lo

Ox(D) = L.

Since L™ and n¥.L are trivial, there are rational functions f and g

on X such that

(f) = nD,
(9) = nx'(D)
Then
(nif) = naziD = (g"),

so for some constant «,
g z) = a.f(n.x),all z € X.

It follows that [g(z)/g(z +a)]* =1 for all x € X, i.e. g(x)/g(z + a)
18 a constant n-th root of unity, and we can prove

g(x)

LEMMA. .
g(z + a)

e (a,A) =

g(x)
g(z +a)

Proor. Let = n(a). Consider the diagram of maps of

sheaves:

*x

Ox(D)

> 0y (nz1D) <

mult. by ¢

It follows that for all affine open sets U c X, if V = nz(U), then
we get a diagram

Ha*

~

I(U,0,(D)) (V.01

> I'(V, O, (n31D)) <
x(nx D)) mult. by ¢

and this identifies I'(U,0,(D)) with the subspace of I(V.0x) i
functions f(z) such that

e ——

i
e

:'Il_'
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[ +w) - gla +w) =[(2).g), all w € X,

nd, if we let M be the quotient of A x X by the

by, x) = ((u).a, x +u),

b(f@), ) = (flz + w2 +u), allue X,

Lo, flx + ) —n(u).f(x), all w e X . This 18 the same condition

15 before, so M = 0x(D), 1.e., M = L. Therefore n must equal y.

We want to pass to the limit over n, by means of the

ProrosiTioN. Let m, n be two integers coprime to the charac-

teristic, v € X, .,y € (X),.. We then have

e, (mz, my) = (e, (x, y))™.

Proor. Let ¥V be a complete variety, G a finite group
acting freely on V, H a normal subgroup of &, L a line bundle
on V/G which becomes trivial when pulled back to V/H. Then
we get an associated homomorphism y of G/H into k* as above.
But now, L becomes trivial also when pulled back to V, and we
thus get a homomorphism y’ of @ into k*. Itis then clear
that " = yo7 where n: @ — G/H is the natural homomorphism.

Let us now apply this remark with ¥V =X, @ = X,,, and H = X,,.
The quotients X - X/G, X - X/H and X/H +X/G identify
themselves to the maps (mn)y: X - X, my: X > X and ny: X =X

respectively, and the natural homomorphism G — @G/H becomes
My

Xon —> X, Hence, for any line bundle L on X such that n3(L)

18 trivial, and any z € X, we have by the above that

e (mz, A) =¢_ (z, A),

:hﬂra A EE corresponds to L. Writing A = my with y € (.Z)_,.
® Proposition follows.
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1 ! o— k o - L] w1 : R
Tis pnrt'.imllﬂ—l's taking n — ¥ and m =1, we get the coOmmutatiy,

diagram
~ {,Ij-' 11
r % — e o] 0
] %1 [-th power
Y Y
{!It

1111[1 lll?llﬂﬂ' b}r pngguge Lo t-}lﬂ ]lIl]‘.lL as ;n.: —> GO, WO get. 0 Hi'lfi.llrﬂl

pairing
> 4o

e;r Th(X) X T(X)] —> M,.

One checks trivially that this pairing 18 Z,-bilinear and non-

degenerate. Further, if f: X>Yisa homomorphism of abelian

e

varieties, fits dual and 7(f) and T(f) are the homomorphisms
induced on the Tate modules, we have for ¢ € T'(X) and 7 € T()),

(TS (€), 1) = e, TT) (). (1)

This follows from a corresponding equation for e,., which follows

readily after writing out the definitions.

THE RIEMANN FORM OF A DIVISOR.

DerrxiioN.  Let L be a line bundle on an abelian variety X, and
L a prime distinct from the characleristic of k. We then define the
Riemann form E* of L to be the Z,-bilinear map EL: Ty(X) X T/ X)
- M, given by E%(x, y) = ¢,(z, T\(¢,)(Y))-

L i3

THEOREM 1. The Riemann form E* of any lLine bundle
skew-symmetric,

Rather

We will give a sheaf-theoretic proof of this in §23. g
in the

than chase through confusing diagrams, here is the proof

language of divisors.

Proor. Tt suffices to prove that e, (a, ¢ (a)) = 1, all
Let the divisor D represent L. If a e X,, and g satisfies

ﬂexl'
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rom(X . X) AND

(g) = nxg' (15D — D)

st prove that glx + @) = g(x), all z € X. Choose b such
then WU e )
W let 0 = nyt D, 8O

_ 1,
that nb =1 t

e R ———— T — =

Thﬂ” o qr—1J9
(QTEU) = g!(i a i ”bE o j W Iﬁ’

* T
variant under 1,

and BINCe I 15 10

'- NED

{==0

n—1

= | 1
= > Tgipk

v =0

— T-1E = 0.

n—1
Therefore h{x) = 1;{ g(x + 1b) is a constant, hence

J
‘ n—1
g(x + b +1b)
) | — hiz +0) zli_n gl + ﬂ)_
hz) Nl _ g(z)
! [ 1 g(x 4 10)
=0
Thus L+ E* induces a map: |
!  Alternating 2-forms
NS(X) o 1 "
| def _ T(X) X T(X) M, .
Pic(X)/Pico( X)

This is injective since B =0 = ¢, = 0 since ¢ 18 non-degenerate.
Now, if f: X - Y is o homomorphism of abelian varieties, and
Lis aline bundle on Y, then

Bz, y) = BE(T,f(@), T,f®)), 2. y € TX.
Proor. E/*L(z, ) = e, (2, dor, ¥)

— e,(x, T,fo ¢y 0 Tof ()
=¢)(T,f(2), ¢ (T,S(¥)))

N = BT, f(z), T,f(y)).
°xt, we can compute EP, when P is the Poincaré bundle on

XxXx e A ~
x4, Identlfb’lﬂg T/(X x X) with T(X) X T,(X), then

(IT)

1-_!_"'.'-4_-—-—--—__

i
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E*((=, z), (y, y)) = ez, ?j) = gy, 2);

By skew-symmetry and linearity, it suffices to show

(11

Proor. - . that
E((2,0), (3, 0)=E((0, %), (0, ¥)) = 0 and B((x, 0), (0, 9)) = ez, )
Using the functoriality property of & for the inclusion of X « (0)
in X X X and the triviality of the restriction of P to X X (0),
it follows that EP((x, 0), (y,0)) = 0; similarly ET((0, 2), (0,)) =,

To prove the last assertion note that we have an isomorphismy

N\ ~ < : : ;
(X x ¥)—> X x Y which 1s given by the map of line bundleg

L— (L] X % (0), L[(0) X Y) for L e Pic®X X Y). In particular

e : N A S ~
taking ¥ = X, we have an identification of (X x X) with X x E

Now, for any (z, §) e X X X, ¢p((z, E)) 1s given by the line bundlg
T%2 P® P~1, and this is determined by the pair of bundles

(T* ﬂP@P_IIIx(D)r T*{:;i P® P_lliﬂ}xi:) = (PIIx{?}rPHI]xE)-

(z,2)

N
i

Therefore ¢,((z, z)) = (z, i(x)), where i: X — X is the natural

homomorphism. Thus, we obtain

EP (@, 0), (0, 9)) = (=, 0), (y, 0)) = &(z, Y).
Theorem 1 has the following partial converse.

THEOREM 2. Let X be an abelian variety, and ¢: X — X a homo-
morphism. Then the bilinear form (z, y)+—» ¢z, ¢y) on Ty(X) 13
skew-symmeltric if and only if there is a line bundle L on X such that

2¢ = ¢y,

Proor. If 24 = ¢,, 2¢/(x, $(y)) = ¢z, ¢,(y)) is skew-symmetrio
P}' Theorem 1, hence so is ¢z, ¢y). Conversely suppose this form
18 skew-symmetric, and let L be the pull back of the Poincaré

bundle P by the homomorphism (1, $): X - X X f . Then we claim
ttat 2¢ = ¢y It suffices, because of the non-degeneracy of ¢, 10
show that 2¢,(z, dy)= ez, ¢,y) for any z, y € T(X). Now, WO have

W@ $uly)) = Bz, y)=B((1, $)(x), (1, $)¥))
= &%, $y) — ey, $2) = 26(z, V),

——————— "5 e | e
I — ——

by furmuluﬁ

the
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Hom{-> <

(I1) and (I11) and the skew-symmetry of ez, ¢y).

in 82 at if 24 = for some line
o shall see 1N §23 that i (‘6 ¢y me.
for another line bundle L’ Thus,

a necessary and sufficient

REMMLI{,
bumliu L, we
above theore

s r
jomomorphism d: A

must have b = by,

n would then give
s

. X to be of the form ¢,.

condition for a |

L] I 3 "l(}N_
THE JROSATIL [NVOLU

We fix an ample line

h "
. : XX is an isogeny.

hundle I on the abelian variety X, s0

that

peyiNrTioN.  The Rosati involution on the algebra End®°X with

is the involution ¢'= c;bglc}}f;ncﬁﬂ, b e End® X.
One has the following pro perties of this map.
(1) For ¢, e End°X, (ad) = ad’, a€Q
(p+4) =¢" + ¢
()" = 'd".

respect to L

These are clear.

(2) Extend the homomorphism of rings 7;: End X —
Endgz, T}(X) to a homomorphism End“X-—a-EndQI(QI Rz T,(X)) and
denote the extended map again by 7). Then for any ¢ € End®X,

Ty(¢') is the adjoint of 7Ty(¢) for the non-degenerate bilinear
form B that is, we have

I E'($x, y) = E*(z, ¢'y).
0 particular, ¢" =4, i.e., ¢—> ¢’ is an involution.

PROOF. We have

EE(x, b'y) = e, drodrto En brYy)

= €(%, po dry)
= ¢(dx, dry)

N = EX(px, y)
Ich proves the equation.
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Pic X

(3) Identify Qe NS(X) = Q Oy Pidi X with a Subspacg of

0(v V) bvt ap M r— . Then, under the i |
Hom (-:h "}:J b':__,i P8 Wap 4 (ﬁ‘“ der the lhtuuul‘[lluﬂlll
HDHID(.X_, _X') e E“dﬂ;{ gi\rﬂl’l 11}’ ,p —> rf:; 1 nlﬁ, the ub{_nru Huhﬂ}}ﬂ

v i _ ce
goes over 1nto the subspaco {¢ € End°X |’ = i} of SYMmetrj,
elements of End°X for the Rosati involution.

belongs to this subspace if and only 1t for ¢ =d¢LoY, we have
ez, dy) = — (¥, éx). But this means E(x, Jy) = — By Jz)

that is, BE(xz, Jy) = E"(fhx, y) = E*(x, $'y), forall =, y € 7y(X). ppe

result follows since E“ is non-degenerate and i —p Ty(h) s

faithful.
TuroreM 3. Let X be an abelian variety. Then there i q

generator

v E HUIHZI(AEFTI(X), M©®)
with the following property: for all divisors D,, ..., D on X,
let L, be the line bundles Ly (D) and let E, = E*% be their Riemann

forms. Then

E A ... NE,=(D,..... D)0,

Proor. Since both the left and the right depend in a poly-

nomial fashion on the images of the L, in NS(X), this formula

results by polarization from the formula with L, =..=1,
By =8 D,. Using the fact that x(L)= (D%)/g!, we are reduced to
proving

[BE]M = gly(L)ev.

Fix an isomorphism M,~7,, and choose a basis for 7(X) over Z,

%
Then A 7(X) becomes isomorphic to Z, by using this basis, and 50

that [B"]" becomes a scalar. Further, by using this basis, E*

becomes a matrix. We assert that
([£]27)2 = (det EL).(g!)2.

In fact, this equation remains invariant under chang

basis for Q,® 7T(X), and it follows by a simple computsti®’

on ﬂhooaing a basis so that EY takes the standard for®

ﬂﬂ'f
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l{ullll:-}‘:'*\r]

r(#? o)| 0 0
| 0 (_? é) 0
o[ o [T

Aoaln SINCE both sides of the equality of the theorem are poly-
e i L. we are reduced to showing that x(L)? = c. det EF,

nomials Ll
By the Riemann-Roch theorem this is

where ¢ 18 an [-adic unit.
| 0. . — x 'L r 3 1 _3 £ s T
cquivalent to: deg ¢, =c. det B*, where ¢ is an [-adic unit. Now,

Elx, y) = ¢z, d(¥)), and since ¢, is a non-degenerate pairing over
Z,, we sce that det BY —=det7,(¢,) if we define the matrix

representation of 7y(¢,) using a dual basis of T} (X)).
Choose and fix an isogeny ¢: X — X. We then have that

deg - deg ¢, = deg(ihio )
= det [T}(¢) o Ti(d)]
= det (T(y))-det (T)(¢L))-

Thus, to complete the proof of the theorem, we have only
to observe that degis/det T(yp) is an l-adic unit, and this
follows from the fact that the largest power of ! dividing
degip is the order of the kernel, or equivalently cokernel,
of | Xin: Xin - X;n for n large and this is the same as the
largest power of dividing det T',().

L]
COROLLARY. [t X be a simple abelian variety of dimension

E;‘I: and K c End°X q Q-subalgebra such that ¢ =¢' for all ¢ € K.
hen [K: Q] divides g.

P ;
of EI?OZ? Since il ="' =(Yb)’ =i for ¢, €K, K is a subfield
Mo Further, since K consists of symmetric elements,

1t : ;
> Contained in the image of Q ®, PicX/Pic°X by the map

MF—-—.’, e |
"o dy. Now x(M) depends only on the endomorphism
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$r o dag and it extends to a homogeneous polynomia] B

JI J g A q ¥ - i 1 1‘ lﬂ]l
of degree g on the space of symmetric elements of

ndoy
We assert that the restriction to A of the functioy X(M)

is a norm function on K. Now, 1t is easy to check that ( |

; : .o (M) .
it is already polynomial), 1t 1ts square ;iﬂ((L)) s multiplicatiy,
on K. then it is multiplicative too. But X0 _ deggdy
X~ (1) deg ¢,

deg ¢;'od,, which is multiplicative in ¢y odd,,. Thus we oot 4
norm function of degree ¢ on K, and K being a field of degree
[K: Q], the corollary follows.

21.

THEOREM 1.

Positivity of the Rosati involution.

Let H be an ample divisor on an abehan variety,
L = L (H) the associated line bundle and " the involution of End®X
given by L. Then for any ¢ € End X, we have

H°

where ( , ) denotes intersection numbers. In particular, qbr—-—}Tf(r#-‘#")
is a positive definite quadratic form on End®X.

Tr(dd') = (29) (Ho= 1. $*(H)

since for
> 0.

Proor. The first assertion clearly implies the second,
any effective divisor D and an ample divisor H, (H*~. D)
It suffices therefore to prove the first statement.

: 3
Choose and fix bases for 79(X) and M. Applying Theorem
§19, we get
(B0 = c. (HY),
[EL]M— 1 A E#(L) iy (_HH-* 1 ‘?E'*(H)):
for some l-adic constant ¢. Therefore,
[EL]M—I A E"(L) B (Hg—l ¢#(H)) ‘
[} (H)
Since we have E#') — Elo($ X ¢), we are reduced
equation

to PI‘GVing ‘t-hﬂ

-1_—{:_ e —— | —— e

|
|
|
|
J.
|

|
|
i
|
i
|

{om(X,X) AND THE L-ADIC REPRESENTATION 193

(BLM A (B X 4)) 1
'[ELJM o
shere ¢ i the Lranspose of ¢ with respect to E*. This is purely
f 1“’“'1’1“'”1 on linear . We may utilize a basis €1,€9) -+ 1€q
0@ TyX) such that By ex)=1 and Eley_,,6)=
El(eg;, &) = 0ify) # & I'hen the left side becomes (by
dﬂfill-itiﬂll of exterior multiplication)

z EL("MEig): ‘!’{Efp-kl))

{;,8,..,igodd 1

LS B e |

!
g: i odd

algebra,

21 or 21 — 1.

>1

t1,--fgodd

— _l [EL(E,;, ¢¢>’(Ei+1)) +EL(‘§F¢’(E;): ei+1)]

&
29 {odd

1 ;
— H r_[‘l'(f#) l},?).
<

APPLICATION 1. STRUCTURE OF End®X FOR SIMPLE X.

We have seen that for a simple abelian variety X, D= End“’X
is a division algebra of finite rank over Q with an invn¥utmn
z —» 2’ such that if z £ 0, Tr(zz’) >0 where the trace 18 the
reduced trace over Q (or any positive multiple of it).

We shall now give the classification, due to Albert, of all Pmr;
(D,’) where D is a division algebra of finite rank 7 OVer e
+— 2’ is an involution such that Tfnfﬂ(xx,) b f-nl' ; ET?
*#0. We shall consistently use the following HOEMIOHEZ ch
center of D will be denoted by K, and K, =1{z€ it ? li d?
8¢t of elements of K fixed by the involution. We put [D: K] : 2&;
[K:Q] = e and [K,:Q] =e, (sothat n= o.d? and e =€ Or ¢ =

| ithout
according as the involution is trivial on K or not). Wl ;
ot the restriction ©

to any simple subalgebra of R®q D is & positive
of the reduced trace over R of this subalgebra.
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gree 1. Now, let o, K, >R(l <1< ry) bo the sot of distinet

real imbeddings of A, and o, 4;: K, > C (1< )<ry)asot of complox

: i B0 any non-real complex imbeddi ¥ X

imbeddings such that any non-re | ‘ bodding of K, in

C is either a certain o, ;; or a complex conjugate of some o i
. . |

Thus, r, 4 2r. = €. We then have an isomorphism of R-algebrag

0: R®qhy =, R x Cn,
U(l ® .'17) — (Erl (il‘), !Url('r)' Url -i-l(;"':)’ SRt | Ur1+rl(;1;))‘
Since the involution is the identity on K,, for x € K}, wo must

have Tr 22 > 0, and the same must hold in R®qgK, also (in
fact, this quadratic form has to be positive semi-definiteon R@q K,

by continuity, and its null space, being the orthogonal comple-
ment of the whole space for this quadratic form, must be a
rational subspace. But then, Tr(z.z’) > 0 for 2 € K,, x #0, so
that it has no null space). But this implies that r, =0, as 13

trivially seen, so that K, is totally real.

If now K # K,, K = K,(v/a) for some a€ K, y/a¢ K,, and
Wa) = —va. Now, R®oK ~ R®K,)®x, K =~ Il Ry ®p, K

i1

where R;;, is R considered as a Kj-algebra via o;. Now, R;®k, £
is isomorphic as an R-algebra to either R X R or to C according a8
o,(@) > 0 or oy(x) < 0, and the restriction of the involution inter-
changes the factors in the first case and is complex conjugation n
the second case. Again from the positive definiteness of Tr(z.2)
on R@qyK, one deduces easily that R x R cannot occur as &
factor, i.e., K is totally imaginary, and o (x) < 0 for all 1. We
shall say that the involution is of the first kind if K = Ko, and
otherwise we say it is of the second kind.

Srep II. If the involution is of the first kind, the involution
defines an isomorphism of D and its opposite algebra over the centet
K, so that its class in the Brauer group Br(K) of K is of order 1 or 2
If this order is one, we must have D = K. Next assume that the
order is 2. Since by a theorem of Hasse-Brauer-Noether, the rank
?f & central division algebra over a number field is the square of
1ts order in the Brauer group, D must be of rank 4 over K (1. .

&
ﬂ'_ﬁ [ S— 1'—‘_‘-._—_—-"-_—-"'*-———‘ -—-.‘"

_.-l\-..‘(__w-._—‘ -‘q ™
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h.;[l'““”{.d (;llfltﬂ[‘”“”-l '[11‘-‘71:1””1 ILl;.‘;UhI‘:L OVEr ]{) In [hiq case tl
| + . . ' ey, 1CTe
T canonical involution @ — z* of D oyer K given 1
N ; n
o owhiara el e v y
= T — 2 where T'r? 18 the reduced trace. (To check th;
: 1118

. an involution, extend D to the algebraic closure of g 50 that
' )

o eediieed to the case of a 2-bv-2 matriv

we are redue | ) o ‘ _"'1* matrix algebra over g

ield, when this is trivial to check.) By the theorem of Skolem-
T Yoo O Eive ‘

Noether, there is an ¢ € D — {0} such that z' = ax*q=! apq this

condition that 2" =x gives us that a* = e.a with e e K*. Byt

now, ¢ = a** = (e.a)* = e*a, 8o that e = 4 1.

Now, ife =1, a* =Trpra —a=a, so that ¢ € K and ' = 2*,
We have an iHLHH{lI‘[llliHII'l

RooD ~ (RQoK)@gD— Ry, @ kD) X ... X (Ry®xD)
(*)
where R, is, as before, R considered as a K-algebra through the
-th imbedding o, and each R;,®@xD is R-isomorphic to either the
matrix aleebra M,(R) or to the standard quaternion algebra K
over R. If factors of the type M,(R) occur, we would have that
for any 4 € M,(R), A # 0, Tr((Tr4 — A).4) >0, that is, (Tr 4)*

01
10

are isomorphic to K and the

>Tr 4%, and this is false for 4 = ( ) Hence all the factors in

the above decomposition of R®qlD |
involution restricts on each factor to the canonical involution.
Since for the standard involution on K, we have Tr(z.2*%) > 0
if @0, the conditions derived (when e =1) are necessary and
suflicient.

s w== 1o 20000 decomposition (*);

Next consider the case when
or, the

let @, be the image of a in R, @D = D;, so that on this fact

T, -1 and we have
lnu:«lut-um takes the form z+— -I;.:(Trﬂg.-‘ﬂ r— :1‘:)(1‘ :

ow
alsg ¢* — (0. Suppose 1
1

; = — a;, 80 Trpym @ £
pumtwt}, a

that D, is R-isomorphic to K. Since aa; 18 ol #BK kolem-
“tisies an equation a? 4 A* =0, A €RY, and hﬂfwﬂ e Slﬂthﬂ.t
Nﬂathm‘, we can choose an isomorphism of Dy iy I*{Slml

% goes to M eK = R -+ Ri + Rj + RE. But then, i
fi +- Zy] -+ xgk, we have Tr (;r..x') i 2(1.5 g :cf g

--—----'I L1
— flﬂ‘_mu‘. — (1
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is not positive definite. Hence, each D, is iHnnu,u-phin to M-,(R]
Further, K[a] is a subfield of D stable for the involution H“ﬂhl]mi;
4’ — — a, which shows that a* ¢ K and a” is negative i OVery real
imbedding of K. Thus, cach a; satisfies a minimal equation qf _
), eRin M,(R) with A; < 0. Acain by Skolem-Noether (or tl‘i:»'iul
checking) we can choose an isomorphism R“:l QpD ~ -ME(R)

i} =
that a; goes to .“i( 1

8uch

-I— : g
0) with w; >0, u; € R. But one checks

that in this case, the involution on this factor is nothing but the
transpose (in the sense of matrices), and we certainly haye
Tr(d.t4) > 0 for A € My(R), 4 5 0. Thus the conditiong
derived are necessary and sufficient for the positive definiteness

of Tr(z.2').

Step III. We come now to the case of an involution of the
second kind. We summarize the results of class field theory con-
cerning the Brauer groups of an algebraic number field and p-adic

fields in the following theorem.

TaeoreEM. (1) The Brauer group of a p-adic field 1s canonically
isomorphic to Q|Z. If L > K are two p-adic fields with [L: K] =n,
the induced map Br(K) - Br(L) goes over by means of the above
1somorphisms into multiplication by n 1n Q/Z.

The Brauer group of R is cyclic of order two, and we identify it
with the unique cyclic subgroup of order 2 of Q|Z.

The Brauer group of C is trivial.

(2) For any central simple algebra D over an algebraic number
field K, and any finite or infinite place v of K, if K, denotes the
completion of K at v, let Inv, (K) denote the element of Q/Z cor-

responding to the class of D@y K, in Br(K,). Then we have an
exact sequence

0 — Br(K) —> | | Br(k,) —» Q/Z —> 0

where the second map 18

; gotten by forming the sum of the elements
m Q|Z.

3

|

|
|

e

—

_J._r"_'_" w.!—d:“ e — ..,._.--l'h_ﬂ‘:'—

[ ==

wh-_n{:"—-n—-"-—-h-*-# e
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Lol us now look at the involutorial division algebras of the
‘Et':}:].‘l kind over Q. Let o be the restriction of the involution to K,
& ihut +induces an automorphism of Br(K). The existence of an
.irn,;ull“i(m of the second kind implies that o(cl(D)) = — cl(D), or
uiilli‘-’“l”““y‘ using the above theorem, that for any place v of K,

Inv, (D) + Inv, (D) =0. (A)

gince we have shown that K 18 totally imaginary, this condition is
always fulfilled for infinite ». Suppose then that (A) holds, so that D
s isomorphic to the opposite algebra to the conjugate algebra D,
This means that we can find a map D — D, x — z* such that for

Ve K, (\o)* =o(A)x*, (x +y)*=2% +y* and (zy)* = y*z*. By
Skolem-Noether, any involution inducing ¢ on K must be of the
form 2’ = ax*a— ! for some a € D, a # 0. Since x —> z** is a

——

——

K-automorphism of D, we must have z** = axa™ ! for some a € D,
and since

av*a~l = (z¥)** = (2**¥)* = (axa” 1)* =a* " lz*a*, z € D,

we deduce that a*ax € K, and since (a*a)* =a*a, a*a € K,. In
order that x+— 2’ = ax*a~1 be an involution, we must have that
aa* gxa~la*a~! = for all x e D, i.e., a.a* la € K, or equival-
ently, a ™ la* = pa for some u € K. If we put ¢(x) =a~ 2* for z€ D,
then ¢ is o-linear, and the solvability of ¢(a) = ua with @ # 0
implies that

(*a)"la = a(a*e)" ! = o~ laxaa~ la*~! = a~1(a” la*)* = $*(a)
= L.OlK.Q :NHJK!'E. H-a,

50 that a*a e Nmyg, . K*. Conversely, if this holds, let (a¥a)™ 1=
Nugg A, so that for any z e D, if @ = M + $(x), we have

#(a) = o(d) d(z) + (a*a)"z = o(d) (Az + ¢(z)) = o(A).a.

Thus, under assumption (A), with * and « defined as above, the
\eeessary and sufficient condition for the existence of an involution
8 that ¢*y ¢ NmEIKu K*. Since K|/K, is a quadratic (hence cyclic)
{;Ktensiﬂn, this holds if and only if a*a is a norm in each (K,),,
ﬂ?}i}{w Y being any place of K, and K,‘ being the direct pmduc:b

© completions of K at all places of K lying over %,. If v, 18
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infinite and o;: K, >R 1s the corresponding imbedding, D@H R
- C~M,(C) and * extends t o
= D@H(K@HHR) ~ DRy Cx M;(C) o | O & map of
= ™ Ll " S i s T Y. - f
M,(C) onto itself of the form X*=AX' A7, AdeQL(d, C), Heneq
X*k—4 AL X AL AL, so that the image of a 1n J)@HHR I8 A4, 4!
i . o : i 1 Y :-l‘ F " 1 2
for some ;[ = C"F, and a¥*« has for 1Hmage [.r‘l] which is iL nNorm fl"[}IHC
Thus, it suffices to look at the Archimedean v,. Again, if therg
are two extensions of v, to K, K, 18 the direct product of two Copios

of (En)vu as a ([{u)vu-ﬂlgebra, so that the norm condition is vacuouys,

Thus, we are left with the case of a v of K such that op = o I
this case, Inv, (D)= 0 or 4 by (A). Il Inv,(D) =0, DQ, K, is a
matrix algebra over K, and 4 +— o(4) is an involution of D&, K

_ | K4,

inducing o on K, so that, by the previous reasoning applied in the
- R . 3 - 4

local case, a*a is a norm. Suppose now that Inv,(D) = ¥, so that

D, = D®, K, 1s a matrix algebra over the quaternion division

algebra ) on K,. Since o induces the identity on Br(X,) (see the

theorem above), condition (A) gives us a o-linear map @ —(Q,

~ A\ A A ~
X +— X, such that (XY)=YX. If we put X =B8X B! for

some e @) and X* =4 X' A~! for all X € D, and some 4 € D,
we see that upto a factor which is an element of the center, «

equals 4 Z‘"IB, and a*« differs from

Fa

A, (A fi}_lﬁ)f‘xt_A—l(A E—IB) ZA(gi—lAr)zt—lﬁ

—4.fA-1.p=fp
by a factor in Nmpg g (KF). Hence a*« is a norm in K, if and

only if B8 is, hence if and only if Q admits an involution inducing
o on K,. Suppose ' is such an involution. Then we have (by the
functoriality of trace) that Trz’ = o(Tr z), so that if 2 Q¢

is the canonical involution of Q, i(z') = i(x)’. Thus z+—> i(2') is aD
automorphism ¢ of order two of Q inducing o on K. If we put
Qo ={z€Q|$(z) =2}, Qo 1s a K-subalgebra of Q and K, ®g,, o~
@ is an isomorphism. But now, Q, is of rank four over Kos
hence a quaternion algebra, and since Br(X,,) — Br(X,) is, bY

-

3

‘|l‘
1.

,i
j

1

F

|
|
l
|
l

)
)
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~ans of the canonical 18omorphisms with Q/
JLaRARRRR:

”m][_iplinnliim by 2, @ = Qo @E“Ku 18 a matrix alg

which 18 @ contradiction.

Thus, if K, is a totally real field, K a purely imaginary quadratio
oxtension of K and D a central division algebra on K, the neces-
sary and sufficient condition for the existence of an involution of
p inducing the non-trivial automorphism o of K over K, is that

besides (A), we also have

Inv (D) = 0 if ov = v. (B)

grep IV. Suppose then that (A) and (B) hold and let 2 —p 2*
be an involution. We shall then show that there are positive

involutions too and we will classify them. For this, choose an

isomorphism
8y %

e,

D@qR =, Md(C)x M,(C) X ... X Md(C}‘.
Then the given involution has an extension to the right side given

h}r (X]_!XEJ see g -X )}“-+ (.AI_HX?;Al_lj ”"‘A'L'ﬂ Eiﬂ A;l) Wlth 1_4-.5 =?}"A“

i €CY, 4; € G'L(du, C). We must have |7;| = 1, and on replacing
A; by a scalar multiple, we may assume 7; = 1, so that A; = A;.
Hence, if 4 — (4, ..., Agu), we have 4* = A. The set of 4 e D@qR
with 4* = 4 is of the form V ®gR where V' is a Q-subspace of D,
so that we can find an « € V such that «® 1 is arbitrarily close to
AeD@qR. The map a+—»> &’ = o 'z*x is again an i“"‘f’]“tifm
of D whose extension to M (C) X ... X M,(C) is arbitrarily
close to (X, ..., X, ) —> (X, ___,1_{-:“). Hence for a« a gunDd
enough approximation to A, Trpq(@. z") >0 if 2 7+ 978
On My(C)x ...x M,(C), this involution is of the form

definite, Lt B; be a positive definite square root
Fhﬁ chosen isomorphism D®qR My (C) X - i
Nner automorphism given by B = (B, ves By ) WO E
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may assume that the extension of the involution to M (C)x "
M,(C) is the standard onc

=

(Xyyeens X, )= (X100, X2 ),

which is certainly positive.

Thus, when (A) and (B) hold, we have found one positive In-
volution on D and an isomorphism D@QR—:)— MAC) % X M, (C)
such that the involution goes over into the standard one written
above. Suppose * is any other positive involution, so that

2* —aqz'a"), @’ = Aa for some A€ K. Since AN :anﬂm Ar==1
0 i

we can write A = ¥ for some p € K, and when « is replaced by
H

po, the involution is unchanged whereas the new « satisfies o’ = 4.
Hence a goes over into (4y,...,4, )e My(C) x ... x M,(C) with
A, hermitian. Positivity of Tr(x z*) gives us the condition that

Tr(X A, fA;l) >0 for X € M;(C), or equivalently, for some
unitary U and any X € M,(C),

Tr(UXU- 4, UX'U-147Y) =Tr(XU-24,UX'U-2471U) > 0.

Choose U so that U~14,U is real diagonal:

U-14,U —

We must then have Tr(X DX'D-1) > 0 for all X e M;(C).
But if X = (),
d
Tr(X DX'D~1) — a
80 the condition is that D is positive definite or negative definite.

Since we may replace o by —a, this proves that all positive involu-

tions are of the form z —» 2’ =1 where the hermitian matrices
A; are positive definite.

Bumma.rizing , We have

-y

L4

|
|
|
)
|

e ———— |l--.—n.--‘.-h_'—

e B -—--i
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T EOREM 9. Let D be a division algebra of finite ran): over Q with

o involulion "such that Trpiq(22°) > 0 for z € D, o #0. Let K p
| : e
e center of D and K the subfield of elements of K fized by " . T,
D ') 18 one of the following types. "

rype L. D = K = K, 18 a totally re

al algebraic number field
1nd the involution 1s the identity.

ryre 1. K = K is a totally real algebraic number fielg and
D a quaternion division algebra over K (i.e. a central division
algebra of rank 4 on K) such that for any imbedding o: K - R

R{ﬂ}® HD = ME(R)

Lot z* =Tr x — = be the standard involution of D and a € D such
that a® € K and a? is totally negative. Then the involution is of
the form 2" = a x*a™ !, and conversely, any such map is a positive
involution. For any such involution, we can choose an isomorphism

R® o i M, (R) X ... x M,(R) (e=[K: Q] factors)
such that the involution extended to the right side by R-linearity

is given by (X4, ..., X,) - (X}, ..., X}).

Tyee III. K = K, is a totally real algebraic number field and
D a quaternion division algebra over K such that for any
imbedding o: K R,

R,®xD = K,
where K is the standard algebra of quaternions on R. In this case
the involution ’ is the standard one, #' = Trp g — %, and there is
an 1somorphism

R® oD 5y Kx..xK,

carrying the involution into the product of the standard

volutions in each factor K.

number field, K &
with conjugation ¢
r K such that (1)
(ii) for any finite

Tyeelv. K » 18 a totally real algebraic
tntahy imﬂ*giﬂﬂry quadratic extension of K,
f}ver K. Then D is a division algebra with cente
f v is a finite place fixed by o, Inv,(D) =0, and
Place ¢ of K, Inv,(D) + Inv,,(D) =0.
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3

1
In this case, there exist totally positive involutiong T~ 2’ ang )
’ n

isomorphisms
R oD —> M,(C) X ... x M,(C)
which carry the involution into the standard involution (X, X |
Bt ! A ) P
— (E’f .., X*). Given one such ', any other positive invulutinn‘*
) ! 0

of D is of the form 2* = a2’ a™! witha € D, a’ = q an( Such thgt
the image of 1® a by the above isomorphism is of t},

(4,,..., 4, ) with A; hermitian positive definite.

form

The following table gives the numerical invariants in al
four types, and also indicates the restrictions on thesge Invariantg
when D=End’X where X 1is a simple ¢g-dimensional abelian
variety. The symbols e, e,, and d have the same significance

as before, and S ={zxe D |2’ = xp and n = d_lmq S :
dimg D

Restriction in char 0 Restriction in char p

Type e d 5 when D= End°X, > 0 whenD=End°X
dimX =g dimX =g

I eg 11 elg elg
II e, 23 2e|g 2e|g
111 ey 2 } e g elg
IV 2¢, d } eot?|g eodlg

‘ Excepting the indicated restrictions, all the assertions contained
In the table have heen proved. As for the restrictions, they
are Immediate consequences of the three divisibility results
established earlier, viz. (i) in char 0, dim D|2 dim X, (ii) in char ?
>0, ed|2dim X, and (i) if L is a subfield of D whose elements
are fixed by the involution, [L: Qllg.

One might ask tq what extent the conditions derived abo¥
on the endomorphigm rings of a simple abelian variety &
complete, - that is, given a division algebra of one of b
four types and an integer g fulfilling the restrictions imposed

1= _.-rf'""_h

™
e TR l.‘.*_-__““_ —
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hove, whether there exists a simple
abo ¥+ :

. he weiven alegebra as :

{ having the give s BHdDmorphlgm algebra,

sharacteristic  zoro at l(:u.sl;,. the answer ig known anq is
Jue to Albert. The 1‘@5}111} ‘IH that there always exists such
X, excepting when D is of type III or IV and the quotient
/2 in the first casc n,r-v:l qgles d* in the second case ig 1 or 2.
[yen in these exceptional cases, it is known what further
restrictions ensure the existence of an X (cf, Shimura, [Sh], esp. §4).
On the other hand, not much seems to be known i

In

N positive
characteristics.

AppricaTiON II. THE RIEMANN HYPOTHESIS.

We first prove the

ProrosiTioN. Let X be an abelian variety,” the Rosali invo-
lution on End°X defined by some ample line bundle and o e
End X such that o’a. = a € Z. Let w,,..., w,, be the roots (in C) of
the characteristic polynomial P of o. Then the subalgebra Ql«]c
End X' generated by o is semi-simple, and

1) |w;]* =a for all i;

a . ;
— 18 a permutation of the roots w;.

Wy

(11) the map w;

Proor. Note that (ii) is an immediate consequence of (i) since

(f

~ =w; and P is an integral polynomial. Next, let Q(X) be the

Minimal polynomial over Q of « (as an element in End X). I claim
that P and Q have the same complex roots. In fact, since P has
Integral coeflicients, and P(«) =0, @|P. But also P is the characte
tistic Polynomial of T)(«) in the matrix representation

7,: End(X) — End(7,X). :
If o EQ_,: (algebraic closure of Q,) is a root of P, then w 18 Bf::
“genvalue of 7)(«), hence Q(w) is an eigenvalue _Df 73(Q)- S
11(Q(ar)) = 0, 50 Q(w) = 0, i.e. all roots of P’ in Q, are mtﬂx:Pld;
Therefuro P|Q" for some n, and P and Q have the same €O
'ootg too.
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The restriction S of the trace on End®X to Q«] is a trace
form on Q[«] satisfying S(X.X") > 0 it X € Qa], X #0. Further
since « is invertible in End°X and Q[«] is finite-dimensional, it
follows that a1 € Q[«]. Hence &' = afa € Q[a], so Qa] is stable
for the involution. If A cQl«] is any ideal in Q[«], and b is itg
orthogonal complement in Q[«] for the quadratic form S(X.X") §
is again an ideal and ¥ n b = (0), A ® b =Q[x]. Thus Q[«] is
semisimple, hence isomorphic to K, X KyX ... X K, where K, are
algebraic number fields. The involution, being an automorphism
of Q[«], permutes the factors K;. But since S(X.X")> 0 for every
X =£ 0, the involution must take each K; onto itself, and therefore
S is a trace form on each K; over Q with S(X.X") > 0 if X 0.
Hence each K; is either totally real with identity involution or is a
totally imaginary quadratic extension of a totally real subfield
with complex conjugation for involution. Now, the roots w of
the minimal polynomial of « are precisely the images of « under
the various imbeddings ¢; of the K;in C. Since ¢;(x’) = ¢;(x)
for all z € Q[«], it follows that

a =dj(a) = o) = | () |2

We shall apply this proposition to obtain a proof of the
Riemann hypothesis on abelian varieties over finite fields.
Let F =F, be a finite field with ¢ = p/ elements, and X,
a scheme of finite type over F. (We do not consider X,
as a variety whose points are geometric points with values in an
algebraically closed field, but as a scheme in Grothendieck’s
sense.) We define the Frobenius morphism on X, my: X — X,
to be the identity on the underlying space together with the
homomorphism @, 0y of structure sheaves given by f—>/
Note that this is a homomorphism of sheaves of F-algebras
since X=X for AeF, 50 =, is a morphism over Spec F. Now
let & be the algebraic closure of K., and let X be the k-scheme
X =k®p X, The morphism =: X->X obtained from mp PY
bp.se extension is called the Frobenius morphism on X, relative
*‘? F and to X,. Let us see what this looks like on the geometrio
Ak or closed) points of X. Suppose that X, = Spec 4, where

-
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Hom

9(, so that X, is embedded as a closed subscheme

A ::F[_:-‘f[, e *Xm]/

m and the closed puintﬁ of X can be considered as elements of
and the clo: |

' JA. ) ) \ - & | .
e . 1™, The morphism m, 18 defined by the homomorphism of
the seb v — = ; :
. 4 i . . i

F-algebras A — A sending Xy nto A, 80 that if (x,,...,a,) is a

TAEAy ) 8. = ) I - [ . : q q
seometric point of X, mmaps it into the point (2, ..., 21). In
o

19 fi ) - e
particular, & point (Zy,..., ) is fixed by #" 1f and only if 27" = z;,

i 0. if and on
olements. Further, the Frobenius morphism has the functorial

property that if f: X, > Y, 18 & morphism of F-schemes and 0,X,

and 7, y_are the Frobenius maps of Xy and Y, respectively, 7y y of
140 .

. Finally, it is clear that the map induced on tangent

ly if a; is a rational point over the field K with ¢

= fo o, X,
spaces by mat any point of Xis 0, since D(f?)=0 for any derivation

D of a ring A of characteristic p and f € 4.

TueoreM 3. (Lang.) Let X, be a scheme over ¥, such that
X =1®;X, is an abelian variety. Then X, has at least one pornt

rational over Fq.

Proor. If # is the Frobenius morphism, then = must have the
torm 7(x) = a4 + f(x) for some closed point z, € X and some endo-
morphism fof X. Then 1—f is an endomorphism of X. Since = and
hence f induce the zero map on the tangent space at 0, 1—f
Induces the identity on this tangent space. Therefore ker(1—f)
iﬂ O-dimensional and 1— f is surjective. Then if (1— f)(2;)= Z,,
t follows that o, — x,+ f(x,) = m(x,), hence z, is rational over K,.

Tfherefg.m} if X is an abelian variety, by choosing an appro-
Priate origin 0 € X , we can always assume that 0 is F-rational.
ﬁ; T;;Mih ™ ﬁxfﬂ 0 and is therefore an endomorphism of X.
50 it i;?l! I — 7" induces the identity on the tangent E?&GE at 0,

30 & separable endomorphism. Hence we obtain:

W ::r Number of F n-rational points of X = #(Ker(l — "))
= deg(l — 7).

if s :
“11 -, wy, are the roots of the characteristic polynomial of

™, th :
o o0 the characteristio polynomial P (¢) of =", for all =, 18

l[ Bt it .
i-..l( w?). Since deg(l — #") = P, (1), it follows that
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)
N, = T (1 — wb).
{ we'}

We now wish to show w;| = v/q: this 1s t_llﬂ Riemann l‘ylmthﬂﬂis,
: m| m { ;
Since it suffices to prove that || = VvV q™ for some m, we may
- ; oy mo
replace F,’,‘F by qu, X, by Fu'"® g X, and 7 by o™ if necessary, By
doing this, we can assume that there 1s a line bundle L, on

such that L = kQgL, is ample on X (since any line bundle oy X

is of this form for suitably large m). Denoting by ’ the Rosat;
involution with respect to L, we shall prove that

206

(i) mom =g,

so that the proposition applies. But by the definition of ’ this

means that
(ii) (¢ (7(2))) = g (x), allz e X.

But 7, acts on Oy by f— f?, so it follows that = Ly = LI. There-
fore »*L =~ L? and

(11) mX(T% L@ L) = T*r* L@ (n* L)~ !
~ (T*LRQ L—1)%,

Since the line bundle on the left represents 7 (¢, (m(x))) and the

line bundle on the right represents q.¢,(z), (ii) and hence (i) are
correct.

We summarize our conclusions in

TarorEM 4. (Weil.) Let X, be a scheme over ¥, such that X=

k@pX, is an abelian variety. Let N, = the number of points of X
rational over Fqn. Then

NFEI(w?— 1)

where w; € C and they satisfy
() ol =4/,

(i) ;= qlw, for some permutation .

R, i = . T ap———— ——————— R, < —— i " ™ e . i — e
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f ) S N ) 1.8 1 T Mg v _
(COROLLARY . For some constant C, | N, — ¢ | < C. 0= for

all .

\nother upplicutiun of the proposition is

1 ok 4 . I
[EOREM D. (Serre.) Xor any n > 3, and any L ample on an

volian variety X, the restriction homomorphism
(v NG '

something

ol @ 2B ( in Pico X ” i AR

{ o e Aut X

is injective (here X = scheme-theoretic kernel of ny).

Proo¥r. If a*L =L@ (

2 0¢, oo =d¢y. This means that for the Rosati involution defined
by L, «'e=1. Hence by the proposition the roots of the charac-
teristic polynomial of « are algebraic integers all of whose con-
jugates have absolute value 1, and hence are all roots of unity.

something
: , tl o B
in Pic®X ) , then .., ¢., hence

Suppose now that « restricts to the identity on some X, (n > 3).
Then the restriction of « —1 to X, is 0, so that (e —1)=np for some
B e End X. We deduce that if w is any characteristic root of «,
w—1 =nn where 7 is an algebraic integer. We now have the

LeMMa. If w s a root of unity such that w =1 + nn where n 18 a
rational integer > 3 and n an algebraic integer, then w = 1.

Proor. If not, by raising w to a suitable power, we may assume
that w is a primitive p-th root of unity for a prime p. Taking
norms over Q in the equation w — 1 =n7, we obtain

p—1

1_[ (1 —w') =n?"1.N, |
i=1
Where N = (— 1)»~1Nm  is a rational integer. But the left side is
-1 ! K
the derivative at X=1of X?—1 = FI'_[ (X — «'), that 1s, P.

i=0
Hence y2-1 divides p, which is impossible if n > 3.
Applying the lemma, we deduce that the characteristic roots of

« a.re' all 1, so that 1 — « is nilpotent. But by the proposition,
Q[ﬂ] 18 EE'JI:I]JL—Sizjnp[aIr so it has no njlpotent elements. Thus « = 1.
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i 1 - " . - T ﬂ o
ApprLicaTIiON III. STRUCTURE OF NSYX).

Let X be an abelian variety and let NSUX) =NS(X)® Q. Ag
in § 20, if we fix an ample L on X, then we can identify
NSO(X) —> {« € End®X | «" = a}.
p
In particular, NSO(X) has a natural structure of Jordan algebra
over Q if we define
w0 B =3~ Ap(@)p(B) -+ p(BIP(@), @, B € NSO(X),
using composition 1n Lnd"I What can we say about this Jordan

algebra? First of all, the fact that Tr(p(x)”) >0, all « € NSO(X),
« # 0, implies immediately that N 0(X) 18 formally real, 1.e.

r

i1

(cf. Braun, Koecher, [B-K] Ch. 11, §3). Now the formally real
Jordan algebras over R have been classified: cf. Braun, Koecher,
Ch. 11, §5. In our case, we do not get all possible such algebras

by forming NS°(X)® R. In fact, we have
THEOREM 6. NSYX)® R is isomorphic to a product of Jordan

algebras of the types:

H,(R) = rx r symmetric real matrices
H,(C) = rx r Hermitian complex matrices
H (K) = rxr Hermitian quaternionic matrices, 1.e.

‘X — X, where = — x 18 the standard

mvolution on K.

Proor. Decompose End®(X) @ R into a product of copies of
M,(R), M,(C) and M,(K). Then NS°(X)®R is isomorphic to the
set of fixed points here under a positive involution. But it is easy
to check that every such involution (a) fixes each of the factors

M,(K), K =R, CorK, and (b) by inner automorphism of each

factor, can be put in the standard form X —*X. [Cf. the proof of
Theorem 2, Step IV, for the case K = C; the other cases are
analogous. One checks first that every positive involution of

M,(K) is of the form X ——» A+X.A~! where ‘4 = A. One thed

!

|
|

|

i
-

¥
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chat A = U- D.U~' where D 1s diagonal with real entries
checks i

21l positive or all negative and ‘U =U"1. Finally, solve
“;L’I ¢ and use the inner automorphism defined by UEU-! to

C the {avolution 1n standard form.]
ju

" . 1 ! B i.

| [ar,R)x | [8,0C) x | [ M, k)
L

End® (X))@ R 7

p

(1)

I-[;/J’,‘.(R) < | [#£,(©) % nyfﬁa{)

What happens to the pﬂlynomiml function y: NSY(X)®@ R—R? For

amy @ eLnd”(K)@R let ¢;1(2), ¢;a(x), b;3(x) denote the com-
! ponents of ¢(x) in the above decumpamtmn Then we know that

the function '

NSO (X)@R >

‘degree’ can be written

dog(z) = Idet(d,2)™-  TT|det(d2)™ - MNm(4;2)"

where Nm: M,(K)— R is the reduced norm (the multiplicative
Now on NS(X), deg(pz) = a.x(z)* for
It follows that the a@; are even and that the
function y can be written

(III) x(x) = cnst. Hdet('rb x)%® . [1 dEt('p[’i,z x)"%e HHNﬂl(':[‘i,sm)q

allz € NSO (X)® R. Note that Y o(x) 1s Hermitian, so its complex
determinant is real. Here “HNm” is the “Haupt norm’ of Braun-
Koecher (Ch. 2. §4), a polynomial function of degree ¢ from I (K)
o R.If Ay € NSOX)QR is the point deﬁned by the ample L on
L used to set, up p, then p(A;) =1, so ¢ ;(A,) =1, so the constant

In the above formula is y(A,). Using the results of §16, it follows
finally that-

)|

polynomial of degree 2().
some constant «.

IV) If y(@) %0, then

Z (# neg. eigenvalues) n Z b, (# neg. eigenvﬂ,luea)

Of llbi:,]. X ﬂf ‘ﬁ".g X

# neg. eigenvalues
+zci(0f¢i,3$ '
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(The eigenvalues of a quaternionic Hermitian matrix H are dofineq
ix D such that H = U. p, -1

as the entries of a diagonal matr |
and ‘U = U~1.) Since ample line bundles L {L;‘ﬂ characterized by
V(L) 0, i(L) =0, it follows from GII) and (IV) that the Imagoes
of the ample line bundles in NS(X) are exactly the totally
positive elements of the formally real Jordan algebra NS X)@ R

22. Examples.
FIRST EXAMPLE: ABELIAN VARIETIES OF CM-TYPE OVER C.

Let X be a simple g-dimensional abelian variety, D = End’(X),
K — center of D, d*=[D: K] and ¢ = K: Q]. Recall that ed | 2¢
and that we have called X of O M-type if ed = 2g. We wish to
classify these when & = C. A glance at the table in §20 giving the
types of division algebras D tells us that we must have K =D K
a totally imaginary quadratic extension of a totally real field K,

of degree g over Q.

We pose the problem a little differently. Suppose we are given
a totally real number field K, of degree g over Q and a totally
imaginary quadratic extension K of K, We consider all pairs
(i, X) where X is an abelian variety over C of dimension g and i: K
- End®X is an imbedding of the field KX in the ring End°X. We
define two such pairs (7, X) and (j,Y) to be equivalent it there

is an isogeny «: X — Y such that if « : EndoX —> End®Y is the
induced isomorphism, we have o o i =j. It is easily checked that
this is an equivalence relation. Our object is to exhibit a complete
set of representatives for the equivalence classes.

Let (¢,X) be any such pair, V the tangent space of X at 0 and
U the kernel of the exponential map from V to X, so that we

have a natural isomorphism V| U -3 X. Then EndX acts
faithfully as a ring of C-endomorphisms of the vector space v,
leaving U stable. Thus, if we put ;= 1(End X) =4 c K, 4 is 8¢
order (i.e. a finitely generated subring of maximal rank) in K
and U becomes an A-module. Thus, Q.U c V becomes & vector
8pace over Q® ;4 = K, and since both K and Q.U are of dimeX

b

|
|

\ sh

" —-F‘_-‘wr.ww
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2g over Q, Q.U is a one-dimensiona) K-vector &
¢ wo choose & RRE-2ReR %31(?:1118111; Uy €U, the mg
[ﬂﬁnu{l by « ,_._+ . %y 18 11,17fl 111]ecft.ic;11 of 4 into U, such that th
e [U:fMA)J < -+ oo. Changing X by an isﬁgeny, we can fi X
ink U so that U= ¢(4), and then increase U so thyt I ____tﬁ(;st
4 = ring of integers in K. Next, the map ¢ extends to ap R-linei’-
vhich we still denote by ¢:

sion pace. Hence
}

P ¢3A~+U

mitp

b
R@QI{ =R®ZAD———)- R®ZU= V.

It follows that ¢ defines an isomorphism between the real tori-
R
(R®oK)[4y—> VU = X.

Note that if @ € 4, then this isomorphism has been set up exactly

| 5o that the endomorphism ¢(a): X - X corresponds to multiplica-
H; tion by 1& a 1n R®qgK.

Next, let @ denote the complex structure on the real vector
space R@qoK obtained by pulling back the complex structure on
V via . Since multiplication by 1® a in RQqK(ae 4,) goes
over via ¢ to a complex-linear map from ¥V to V, it follows that
in the complex structure @, multiplication by 1®a is complex-
linear too. In other words, ® actually makes the R-algebra R@qK
into a C-algebra as well as a C-vector space. We now invert this

whole construction.

DeriniTioN. If K is as above, Ay = inlegers in K, and @ 1s @
Structure of C-algebra on R®oK, then let

X(K,®) = the complex torus RQoK/[A o,

(X(K, ®),X(K, ®)) be givenby i (@) =map

and let ¢, -
‘e - AU _}Hon]cnmplﬂx

tori

duced by mult. by 1® a.

and any pair (i A
e real algebra R@oX
next aim is 10
ra I:)Il R@QK’
(i) for

We have shown that for given K as above,
there is a structure® of complex algebra on th
“ch that (i, X) is equivalent to (ig, X (£, ®)) Our
0w that (i) for any structure @ of complex sy d
4K, 0) = RRqK/1 ® 4, is an abelian variety, 8%
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different complex structures @, and @, on R@GK, (e, X(K "
and (ig., X(K, d,)) are not equivalent. 1
L

To prove (i), let us look more closely at a structure ® of complpy
algebra on R®oK. Giving such a @ 1s equivalent tq giving .
homomorphism ¢ of R-algebras, GO: C —» R@Qh, Nﬂw, it
o(l < i< g) are the distinet embeddings of K in R, we havg
]

an isomorphism of R-algebras
AQar— AP a, AR a, ..., AR a),

where Ry, is R considered as a K,-algebra through . Thus,
giving an R-algebra homomorphism ®: C - R®oK is in tur
equivalent to giving R-algebra isomorphisms @;: (' R{ﬂ@EHK
for 1 < 1< g. For each 1, there are clearly two such possible R-
isomorphisms C— R;,®x K. Thus, we see that there are exactly
29 possible ® on R ®oK, and each ® is uniquely determined
by giving the corresponding R-isomorphisms &;: C —R;,®; K
1<1<g). Let = R{£}®HuK — C be the inverse of ®;, so that
T; restricted to K~ 1@ K C R(“@EuK 1s an imbedding of K in C
extending the imbedding o; of K, in R. We can choose an element
« € K such that «®* € K, and =;(«) =18;, B; € R, B;> 0. In fact, if
K = K (/8) then 7,(+/8) =1y; with y; € R*, and we can find n € K,
such that o;(n) has the same sign as y;, and we can take a = 7v/d.
We may further assume « to be an algebraic integer. If =(x)=
if; (1 < i< g), we define a Hermitian form H on (R ®qX,?)
by putting

H (z, y) =2 Z Bi Ti(m) "W)! T, Y € R®QK

=1

This form is clearly positive definite, and we shall show that Im H
18 integral on the lattice 4,. In fact, for z, y € 4,, we have

Im H(z, y) = — 2Re > i (@) 7y)
temi]

|
|

e

—— “‘——‘LM

M#——_FMEM#W

any €0
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g
—_ 22 Re T‘(m:cy)
Ve ]
F g,
= Z (Ti(azy) + =;(azy)

= — Trgqlazy) €Z,

ore for any Y € K, y denotes its conjugate over K,. Thus, for
mplex algebra structure ® on R@oK, and the lattice A,
s itedd defined above 1s a Riemann form and X(K,®) is an abelian
proving assertion (1).

w

variety,
To prove (i1) suppose there is an equivalence of (le,, X(K, D))

and (., X(K,D,)). Then we deduce an isomorphism of C-vector

l spaces M(R@oK, D)) e (R ®qK, ®,) such that A(1® K) =
| 1@ K and Ais an isomorphism of K-modules. If (1@ 1) =1Q =,

re K*, by replacing A by (1® 27').A we may suppose further that
(1R1)=1Q 1. Since A i8 both K and R-linear, we deduce that
Na® ) =a@x, ac R, z € K, so that A is the identity. Since A is
C-linear, we must have ®, =®,, which establishes (i1).

We have therefore proved the

TueoreM. Let K, be a totally real number field of degree g over
0, and K a totally imaginary quadratic extension of K,. Consider
all pairs (X,1) where X is an abelian variely over Candi: K »>
End°X an embedding, with the equivalence relation defined above.

T'hen there are exactly 27 equivalence classes, and as © runs through
complex structures on R oK which make RQ@ oK a C'ﬂtgeb"f‘! the
pairs (X(K, D), ip) give a complete system of representatives in the
distinct equivalence classes.

REMARKS. (1) It is not true that X(K,P) is always simple. It
‘Al be shown that in order for X(K,®) to be simple, it 1s neces-
“ary and sufficient that there does not exist a proper subfield L of
£ Satisfying the following conditions:

1) L 1S & quadratic extension of L n Kﬂ'
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(ii) if O is griven by the Sf}f.} f)f imbﬁclrdingg -,-1_“_” m of K in o
and if 7, | L 0 Ky =7;| Ln K,, then 7y | L = ;| L. ;

1f such an L exists, X(K, @) is isogenous to a power of XL )
where ¥ is given by {7 | LK, )

(2) Let us specialize to the case of dimension one, that & the
case of elliptic curves over C. If X is an elliptic curve gyep c
either Bnd°X =Q or End°X = Q (v — d) for some g fm{;
d €eZ,d > 0. Moreover, given any Imaginary quadratic field
Q(/ — d), there 1s an elliptic curve X with End°X ~ QW —a)

and upto an isogeny, X = C/{n +m+/ — d[n,m € Z}.

SECOND EXAMPLE: KLLIPTIC CURVES IN CHARACTERISTIC p > ()

We begin with recalling some basic facts concerning abelian
varieties of dimension one (or elliptic curves). These facts are
immediate consequences of our general theory, as the reader may
verify for himself.

Let X be an abelian variety of dimension one. We shall denote
the divisor corresponding to a point P by[P]. Then, for any divisor
D on X, we have y(0y(D)) = deg D, and if further degD >,
x(Ox(D)) = dimH%0,(D)) and HY(O.(D)) = (0). A divisor D
belongs to Pic® X if and only if deg D=0. A divisor D= Zn[P|]
of degree 0 is linearly equivalent to zero if and only if YnP; =1
on X. Any divisor D of degree > 3 is very ample.

Suppose now that the characteristic is either 0 or greater than
2. Let 0 be the identity element of the group X and let F;, Py, 80
P 4 be the points of order two on X. Since dim H %€ (2[0]) iy
can choose a non-constant function z having a double pole at 027
regular elsewhere. Subtracting a constant from z, we may &gsu-nlﬂ
2(Py)= 0, and since the sum of the zeros with multiplicity e
and there are exactly two zeros, we deduce that P, 1s & double ZBT
of zand there are no other zeros. Thus, by dividing by & oonst
We may assume that 2(P,)= 1 and z(P4) = A € k¥, By app!
above argument to z—1, we deduce that A0, 1. Since H°(Cx
is of dimension 3, we can find a function y having a triple PO tion
and regular elsewhere. By subtracting a suitable linear combi®

ying the
(3[0))

le at {

i
|
i
f
!
|

B e ——

f
[

‘
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wx-1b from y, we may assume that y(P,) — y(P,)
aumber of zeros is 3 (taking multiplicity ; 2

of order 6 at 0 and double zeros at P, P, and p

seros or poles anywhere, so that they differ by a non-z |
. -Zero sca
factor. Replacing y by a non-zero scalar multiple, we arriy &

: ¢ at an
equutmn

Xy yf = — 1)(x — ))

2 (NV.)
for X — {0} in A”(k). Conversely, the projective curve 4% =$($"—;

(x — Af) has no singularities and is of genus 1 for ) #0orl and
hence defines an elliptic curve X, in P2(k). ,

We wish to find all possible values of )\ for which X, is of
p-rank 0, for characteristics p > 2. We know that the p-rank is 0
if and only if the Frobenius map in HY(X,0) is trivial. The
meromorphic form dx on X is regular in X — {0} and vanishes at
P, =(0,0), Py = (1, 0) and Py = (A, 0) to the first order, and no-
where else, since dx(P) =0 and »(P) =a implies that 2 — «
vanishes to the second order at P, hence 2P must be 0. Thus,
the form w = da/y is regular and nowhere vanishing in X — {0}.
It follows that w must be regular and non-vanishing at 0 also. If
we put Uy =X — {0}, U, =X — {P,}, A = (U,, U,) is an affine
covering of X. A 1-cocycle for this covering is a regular function
finUynU, = X — {0} — {P,}, and this is a coboundary if and
only if f—=g — b with ¢ regular on U, and k regular on Uj.
Consider the linear form on CY¥, O) =I'(U, n Uy, 0) defined by
fr—s RESPI (fw). Since the residue at any point of & meromorphic
lorm with a pole (of any order) at a single point of X and no other
boles is zero by the residue theorem, we see that Resp, (fw) =0
£ fis a coboundary. On the other hand, the function y/x 1s regular
mll Uy n U, and has a simple pole at Py, so thab Resp, (y/* Wiy
fSlnce dim HY(X, 0) = 1, we deduce that the above lnear form
Mduces gp isomorphism HYX, 0) s b and also that y/z
eNU, U,, 0) defines a non-zero cohomology class in H{(X, 0).

®nce, the Frobenius map on HYX,O) is trivial if and only if
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‘o o coboundary, hence if and only ;
yﬂ;’;?t:p € P(Unl"} Ul,ﬂ]) 15 * ’ ¥ i

Resp (y” {_!_I.) ==();, NOW,
)

a? y
0 {}'l‘*‘]] L
y? dx T (™) .t‘_{ii,
Resp | = .— | = besp, | =1
"\t Y : :
v * . Y a] ?
coefiicient of ¥~ 1n
= 2 (p—1) (p—1} (p—1) (p—1) [
(y2) 2 =a * (x—1) = (e—=A) =

[;r;—]}_
= 1n

coeflicient of

|

(p—1)

e ———
X
=

(p—1)

o —

(x—1) 2 (x — A)

I

|
H

= p—1\ 2
. Z (—) A =4 20(A),
£ ¥

w &= ()
where
gl
= (=12
i Z ( 7 ) N
p== () "
Now, ®(0)= coeff. of 2?2 jp 2@-1I2(5 — 1)@-D/2 and ®(1)= coeft.
of 2=V jn (z— 1)P-1= i L 1 +2 4...+ 2P~ 1, so that ®(0)
x— 1

# 0, O(1) # 0. Thus, every root of ® defines an elliptic curve

X, of p-rank 0, and these are the only elliptic curves of p-rank 0
upto 1somorphism.

Let us call an elliptic curve in characteristic p> 0 SUPEr-
singular if its p-rank is 0. We have then shown that in chard®
leristic p > 2, any supersingular curve is isomorphic to one of the X
where A is a root of O(A). If p =2, it is not hard to see thab
there is exactly one supersingular elliptic curve, namel
Y* 4+ y = 2. We omit this. Therefore, in any positive characte”

ristic, there is one and there are only finitely many Euperging‘ﬂﬂ'r
curves upto isomorphism,

‘ii-

|
|
|
|
\
|
1}
|
|
)
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We now study the algebra Endox of an

field of characteristic p > 0. Tt I be

field over which we work. We shall say t

over L is defined over a subfield k, of k if there ig g schem X,
e

OVeT /;_:D HllU%’l Flmt X = L:. D, X. We can then easily establish that
there 18 a finite algebraic extension by, of I

0» & Tational point 0
in ky @, Xo= X; and a morphism m,: X, X, Xy = X, over b, such

that on base extension, we get (upto an 1somorphism) the triplet
(X, 0, m). In future, when we speak of abelian varieties defined
over various fields, we will assume that 0 is rational and m

defined over this field. Another remark in this connection is that
if f: X — Y 18 a separable isogeny and if either X or Y is defined
over an algebraically closed subfield &, of k then f, X and Y are
all defined over k,. This is clear if we assume X defined over k,,
since Y is the quotient of X by its kernel which is a reduced finite
subgroup of X, and all points of finite order in X are kj-rational.
Suppose on the other hand that Y is defined over k,. By induc-
tion, we may assume f of prime degree [. If [ # p, then there is
a separable isogeny ¢: ¥ — X, defined over k, such that fog: ¥=>Y
is Iy, so that we are reduced to the first case. Suppose then that
l = p, and let G be the infinitesimal part of py, and Y’ = Y/G.
Then, ¢ and Y’ are defined over k,. Then there is a sepml?la
isogeny ¢: Y’ — X, defined over k, such that the composite
Y>Y>X>Yis Py, so that we are reduced to the first case

again.

elliptic curve oyer a
the algebraically closed
hat an abelian variety X

TueoreM. (Deuring.) Let X be an elliptic curve in characteris-
licp > 0. We have the following equivalences.

(a) X cannot be defined over a finite field <= End°X = Q.

(b)  Suppose X is defined over a finate field ko. Then, X is

(i) End°X ss imaginary quadratic over Q e ?N“F:.:Mm
e o # p® for suitable integers n, M, where m i the
morphicm over k,.

(i) If, however, the p-rank is 0, then En ;
Phism, unique) quaternion division algebra Ky over i
I“":K(,,} = 0 if | is finite and # p and Inv,Kep = TnvaKo
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Finally, there exists al least one and upto 1somorphisms, qt Mmost
finitely many X 1n cach characteristic for which (1) holds,

Proor. Tirst consider the following three statements.

(A)
(B)

(C) X is defined over o finite field, and if 7 18 the Frobeniys
- ’ e i Ly ,
morphism over this ficld, 7" = p¥ for some n and m > 0,

We shall establish that (A) <= (B) and (A) <= (C) in that

order.

X is of p-rank 0.

End®X is non-commutative.

Suppose then that (B) holds. A look at the table of §21 tells
us that End°(X) is a central simple quaternion algebra over Q,
hence Q,®q End®(X) is also a central simple algebra over Q,. If
the p-rank of X were one, Qp®szp(X) would be a one-dimen-
sional Q,-vector space in which Q,®qEnd’X admits a represen-
tation, which is impossible. Hence X has p-rank 0, proving (A).

Next, suppose (A) holds and suppose End X were commutative,
so that End°X = K is an algebraic number field. Since every
elliptic curve isogenous with X is again of p-rank zero, and there
are only finitely many isomorphism classes of curves of p-rank 0,
if R is the ring of integers of K, we can find an integer N > 0 such
that for every X' isogenous to X, we have N.R c End X'. Choose &
prime ! not dividing pN such that Rl is a prime ideal in Z. (It 18
known that such / exist.) Let « be a non-zero element of 7}(X) not
divisible by ! and let K, be the cyclic subgroup generated by
the image of « under the natural homomorphism 7}(X) - Xpm-
Then K, G K, ... Again by the finiteness of the number of 1s0-
morphism classes of curves of p-rank 0, we can find integers m=>"

such that K, GK, and thereis anisomorphism ¢: X/K,, ——> XKy
Thus, if 7 X/K, - XK, is the natural homomorphism induced
by the inclusion K, c K,,, we got an endomorphism « =7°5 €
End X', where X' = X|K,,, such that o has cyclic kernel of order
¥,k > 0. Since degree o and hence Nmy o« is a power of } and R/
18 & prime ideal in B, we must have o — I, % where % is & unit 10 E

|
|
|
|
|
|

i

]I{“”(‘Y,:’:} AND THI [-ADIC I{EPRESENI‘ATION 219

| ¢ = 0. S0 N =U".Nu, and Nu € End X'. Now, the degree of
1[ =1 ' . # .
I;L o N2 since % is a unit in K, so that the I-prlmary part of
! b | K . .
(I, Nu) is (ZJI"Z)*. On the other hand, the [-primary part of
ker(t.

or(Na) 18 isomorphic to kere, which 18 cyclic. This contradiction
roves (B).

| We now prove that (A) === (C). We have already shown
(hat (A) implies that X is defined over a finite field. Let = be
the Frobentus morphism over this field. Since End X is finitely
e, we can find a finite extension of degree n, say, such that

generil
overy element of ind X 1s defined over this extension. Hence #*

commutes with End X, so 7" belongs to the center of End X. Since
(A) holds, so does (B), so that Xnd°X is a quaternion algebra with
center Q. Hence, 7" is an integer, and by consideration of degree,
' =4 p™ for some m > 0, 80 " = p-™, Conversely, if #* = p¥} for

some n and m > 0, then since = is bijective, py is also bijective

and X has p-rank 0.

We have thus shown that (A) <= (B) < (C). Next if End’X
is non-commutative, it is a quaternion division algebra over
Q, and since for ! # p, Q;® oEnd°X — Endg(Q;® £, T}(X)) 18
injective and both sides have dimension 4 it is an 1somor-
phism. Therefore Inv,(End°X) = 0 if I is finite and [ # p. Since
%Iuvﬂ(]ﬂnd“}{) — 0, the sum being over the finite and infinite pla-

ces of Q, and Inv,(End°X) =0 or 4, we deduce that
Lov, (End°X) =TInv_(End°X) = 4. This establishes (b)(ii).

Next, we show that if X is defined over a finite field, End°X
7 Q. We have proved this for X of p-rank 0. Suppose then that
prank of X is 1. As before, 7 is an endomorphism of X which is
bijective and of degree a power of p, so that it cannot equal my
for any integer m. Thus, # € End X, = ¢ Z. It follows from the
table of possibilities of §21 that then End°X is an imaginary
Quadratic extension of Q. This proves (b) (1).

We have also established therefore that if End®X =Q, X

Tﬂmt be defined over a finite field. Suppose finally that X is not
¢iined over a finite field. We may assume X is the normal form
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(N,) in {}l]ﬂ,[‘ﬂﬂtﬂl‘iﬂtiﬂj‘) > 2, with A tl"illl:‘i{:ﬂIF(]GIIL!LI. (]‘:i' L - 2. the
argument still works if a somewhat different normal form is used,)
Let us call this curve X,. Since any two transcendental elemeygg
X and A over the prime field are conjugateover the prime field, we
see that if EndX, = 4, then IEnd X, ~ A for any other transcey,.
dental u over the prime field. Now, End®X must be either Q or gy
imaginary quadratic extension of Q, since the only other possibility
is that of a non-commutative division algebra, in which case, by
the implication (B) = (A) above, X, has p-rank 0 and A must
be algebraic. Suppose then that End®X is an imaginary quadratic
extension of Q. Then we can find an element « in A such that 2
— NeZ, N < 0. Hence for any transcendental u over the prime
field, there is an «, € End X, with o} = N. Suppose ! is a prime
not dividing pN and ¢ e T}(X,). Let K, be the cyclic group
generated by the image of ¢ under the map T7)(X,) - Xp,
and let p: X, > X,/K, be the natural map. By our remarks
preceding the theorem, X, /K, is also not defined over a finite field,
and is therefore of the form X, for some u transcendental over
the prime field. With «, as above, since the map End? X, —
End® X, given by a+—> p~loao p is an isomorphism, we deduce
that (p~oa,op)?= N, and since «} = Ny and End®X, 1s a
commutative field, p~'o o, op = 4 «, and o, 0p = £ Pou. Thus,
o\ (ker p)c ker p, that is, «,(K,)c K,. Since this holds for every 7,
we deduce that «,(£) = a¢ for some a € Z,. Thus, for «, acting as an
endomorphism of T\(X,), every vector is an eigenvector, so that o,
acts as a scalar on 74(X,). Since the characteristic polynomial of o,
has integer coefficients, this scalar must be rational, and its square
cannot be negative. This contradiction shows that if X is no

defined over a finite field, End® X = Q, thereby proving (a)-

‘A f&r-raaching generalization of part of this theorem to higher
dimensions has been proven by Tate and Grothendieck. Suppose
k has char P,and X is g simple abelian variety defined over k.

THEORI‘?H. X is isogenous to an X' defined over a finite ﬁdd U
and only if X is of CM-type.

_—-'-;_-_.‘_

H——
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. WIS ]}I'HV{?II hy Tate [TPE]! <

G1))

‘ was proven by Grothendieck:
Tate shows further :

" i . . TN r pr . .
morphism ovel kg, and ind (X, kg) 15 the ring of ky-rational endo-
morphisms, hen

End(X, ko) @ Q, = centralizer of Ty(n) in Han‘(T;(X), T,(X)).

03. The group ¥(L). There is a second approach to the Riemann
form of a line bundle, via a technique which is important in other
contexts such as the theory of moduli, and the closer study of
linear systems on an abelian variety. We first make a group-
theoretic digression to explain the class of group schemes that we

will need.

DerixiTioN. A theta-group will be a system of group schemes and

homomorphisms
1 T
] —G, —G—> K—>1
such that

(a) K is commutative (but G need not be);

(b) 3 an open covering {U,;} of K and sechions o of =:

&
gy ™
U, C K

() 7 is a closed immersion, making Gy, 1nto the kernel of ;

d) G, ccenter of G.

When K is a finite group scheme, there is a global section

7" K— @ for =, and then as a scheme, e K'(itﬂ-liifinﬁ
$:G, X K-> @ by ¢(a, k) = i(«).o(k)). Havingm e ﬂ::ﬁ i ll:i
the group law on @ can be carried over to & “twisted  group
MG, x K. There will be a morphism
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S KX K — G
such that the twisted group law is
(@, k). (a', &) = (0. o' f(K, &), e + 1), (*)

- n . =
mr K, k' are S-valued Points
of K, and K 1s written additively. f must be a 2-co-cycle :

Sl + ', k7). J(ky K') = f(ky K 4 k"), f(K, k")

(¥

where «, o' are S-valued points of G

and changing the section o has the effoct of nlt-ermg f by a
coboundary :

S*(k, k') = f(k, k). g(k 4+ K'). g(k)~1. g(k')~".

Conversely, given any such f, (*) makes G, x Kinto a theta-group.

In other words, the set of all theta-groups over a fixed finite K

i1s isomorphic to the cohomology group H* K, G,,), computed via
morphism cochains.

The deviation of G from commutativity is easily measured by
taking the commutator. For any two S-valued points 2, y of G,
(1) zyx~ly~1is an S-valued point of G, and (2) it depends only
on w(x), #(y) and not on z, y. Therefore there is a morphism

e: K X K—> G,
such that

ryx~ly"l=e(mz, ny), all 2,y e @), alls.

It is easily checked that e is a skew-symmetric bihomomorphism :
(@) ek + k', k") = e(k, k"). e(k’, k")
(b) ek, b’ + k") = e(k, k').e(k, k")
(c) e(k, k) = 1.

If @ admits a global section of K and so is described by a 2-00-¢Y!
f, normalised by the condition f(0, 0) = 1, then

() elk, &) = f(k, &')/f(k, k).

L] . d
In case K ig finite, the bi-homomorphism e also can be express®
asymmetrically as a homomorphism :

Yy K— K.

1y fact, 1t we regard K X K and G, x K as group-schemes over
K vin pa then (¢ pa): K XK - G, x K is a K—humomnrphism,
TR K -valued character of K, or a morphism 5 : K . B If
(> KX K — G, is the universal pairing, then in terms
of S-valued points k, k" of K, y is given by

ek, k') = (k, (k') .

prorosiTioN. [f K is finite, y: K — K as above, then for every
Spalued point x of G, [7(x) € ker y] == [ is in the center of @ i.e.
for all schemes S over S, and all S'-valued points y of @, Ty = yry.

Proor. In fact, y(m(x)) # 0 <== the character y(=(z)): K x 8
> G, x 8 is non-trivial <= for some S'-valued point k of K,
w(m(x))(k) # 1 <== for some k, {k, y(m(x))) # 1 <= for some &,
e(f:, m(x)) # 1 <==> for some S’'-valued point y of G, 2y # yz.

CoroLLARY. The following are equivalent.
(1) 9y s an 1somorphism.

(i) (G,,) is exactly the center of G, i.e. every S-valued point x of
G commuting with all S'-valued points, all S'[S, is in 1(G,,).

Such theta-groups will be called non-degenerate.

At the other extreme, we need two facts about when such (s are
trivial.

LeMva 1. (i) If K is finite and @ is commutative, then G =
G, X K as a group, i.e. in the category of commutative group
schemes, K finite = Ext}(K,G,,) = (0).

(i) If K is finite of prime order, then G 13 commutative.

Proop., (i) is a standard fact for commutative algebraic
gfoup schemes. For instance, once one sets up the long ﬂ_xﬂ-ct-
Stquence for Ext’s in this category, one takes a maximal chain of
“Wbgroups of K and reduces (i) to the special cases K =Z/[IZ,
Z/pz’ Kp, Or o, In the first two cases, one lifts a ge_narnta_r ?f‘K t~0
‘_“Point of G of the same order (using the fact that k¥ 18 divisible);
M the secong two cases, one checks by a direct computation that the
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p-Lie algebra of @ must split. For (lctni-l:‘%, (if'. Ornrt (0], or Séminuim
Heidelberg-Strasbourg. To prove (i1), if A = Z/lZ, or Z/pZ, lift o
generator of K to any point of (/ and note that it a reduce( grouy)
scheme is generated by a central subgroup and one clement, then it
is commutative. If K=p, or a,, let ( be the Lie algebra of Q-
then = k.x -+ !‘f.‘y where @ gunm‘ut.f:m Li_{! Gm and y lifts )
generator of Lie K. Since G,, is central in G, [v, z] =0, all 2 ¢ q-
Therefore ¢ is an abelian Lie algebra, which implies that ((»)
is commutative (cf. Séminaire Heidelberg-Strasbourg or [ 3.
Since, as a scheme ¢ = G,, X K, any S-valued point of @ is the
product of S-valued points of G,, and of A, hence of S-valued
points of G,, and of G. Since G,, is central and G? is commuta-

tive, this shows that G is commutative too.

The natural idea for proving (i1) would be to show that when K
has prime order there are no non-trivial skew-symmetric bi-homo-

morphisms
e: K x K—> G,,.

But this is false in char 2, if K = «,! This has fascinating con-
sequences: cf. [Br],

We now return to abelian varieties. First of all, to eliminate
any possible confusion, let me state clearly that if L is a line bundle
over X, with projection p: L -+ X, and ¢: X — X is an automor-
phism of X, then by an automorphism r: L — L covering o W€
always mean a linear automorphism fitting into a diagram :

-
L > L
p P
Y Y
X —> X
o

Mor - ; e iiag®
tover, such a + induces an isomorphism =': L —> ¢ “

an ! . : ;
g my such isomorphism +' induces an automorphism 7 of
UO?EI'II]g g.

o
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gecondly, recall that if X 18 an abelian variety, S any scheme
; _ o I'_ ¥ . : »
nd f2 8 X i an S-valued point of X, then 7', translation by f,

| , S-1s¢ phism of schemes ( \
Jenotes the S th]]lUI[Jh i schemes (pl, M © (f Y II)):S}C X wi

g« X, where m is the multiplication on X
1) )

Now here is how theta groups arise.

ruporeM 1. Let Lo be a line bundle on an abelian variety X. For
any scheme S, let H (L[/X)(S) be the group of automorphisms of
Sy I covering « translation map of S xX. Aut (L/X) is a contra-
variant group-valued functor on Sch. Then there 18 @ group scheme

i

@ (L) and an isomorphism of group functors

Aut(L|X) ~ G (L).
For any scheme S, the natural homomorphisms of groups

| S-valued points f: 8 - X
such that

TF(Sx L)y=8Sx L

induce homomorphisms of group schemes

1> HYS, O5) - Aut (L/X)(S)— -

S |

; .
l —> G,, —> 9 (L) ---)-j K(L)—>1

making (L) into a theta-group.

Proor. TLet I,* be the complement of the 0-section in IL;

tI:lf ;Sl: Pl'iﬂc‘ipal fibre bundle over X with structure group G,,.
For ane . I;Umt Py €p~1(0) n L*, and put 9(L)=p~'(K(L)) n L*.
S « Xy :'“;1 O‘mm’PhlSm « of § X L covering a translation 7} of
by 5 ;: :1613 J€X(S), we get a morphism % : 8 - L* defined
wd g .ngor.nsu, whereisﬂ 1s the map S = § X {P}e— § X L
mc:rph;m f)< L~ L is the projection. Since pox is just the

| » and fe K(L) (S), we deduce that x factors through

Aut (L/X)(8) - 9(L)(S),
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which is functorial in S. I claim that it is an jso
a, B € Aut (L] X)(S) covering T}r and 7"

a = B. We then have f= pog — pofB
automorphism of S x I, over

MOrphisy,

I'es ;
pectively, gy, such “‘mt

“QHLIl{ly-—- ow—~1 :
the base §. X -

C'*
J 0 4
composite S —> S X L, — § « J, equals s,. Now

multiplication by an element Y1 of HY(Sx X 0% . )n d

8o =¥98p Y1 IS X {P,} =1. But H%S % X, 0%« v) = Hﬂ(‘;‘@*ﬁllwﬂ
yi=1and y =1g, ;. This proves that the map o 7 i3 ip {}.;31 _
To prove that it is surjective, let b Y G (L)(S), and let f —__—]pa;:
that fe K(L)(S). Then by definition of K(L), D

TF(Sx L) =

e

(S % L)@p*ﬁf

-

for some line bundle M on S. We can cover S by open sets (U}
such that M|, is trivial. Then over U, x X, T7(S x L) and Sx L

are 1somorphic, so there exist automorphisms y; of U; x L

\

covering 17, f; = restriction of f to U,. If ¢, is the restriction of

¢ to U;, we now have two liftings of the morphism f; to ¥(L): |

G (L)

U, ——— K(L)

Ji

Since ¥ (L) is a principal fibre bundle over K b
there is a unit ¢; € ['(U;,0%) such that ¢;= & _}En) But if 41 &
automorphism, mult. by ¢, of U;x L, then XX = (xi) = hism8
Finally, since ¢, agrees with ¢; on U; n Uj, the two &utﬂ?orL 7)
Axi and Ayx; agree on (U n U)) x L (using injectivity & ", ,
80 there is an automarphlsm y of § X L extending AXi

X = ¢ 80 & —> & is a surjective map.

(L) with group Gy

This establishes an isomorphism of functors A7
AT11T fﬂﬂﬂtorl

R R o

| Broup 9 (L)

e
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coup schene. Define homomorphisms i: G, - (L) and j:%(L)
, K(D) hy the homomorphisms of functors:

G, (S) = I(S, U%) — Aut(L/X)(S) = 9(L) (S)

e —> mult. by e
Aut (LX) (S) —> K(L)(S)
| the S-valued point fof X

—
e

9 (L) (5)
oL =

.l

. such that « covers TJr

Then @ is clearly injective, 7 18 just the projection P, and Im() =
Ker(j). Since there are sections locally to p: L —+ X, there are
also sections locally to j: ¥ (L)~ K(L). Finally, if e eT'(S, %),
then the automorphism, mult. by e, clearly commutes with all

other automorphisms o € Aut (L/X)(S), s0i(G,) is in the center of

%(L). This proves that *’.?_(L—) with 2 and j is a theta-group.

DeriNitrioN. ef: K(L) x K(L) — G,, is the skew-symmetric bi-
homomorphism associated to the commutator in the theta-group 9 (L).

LDDL at the case I € Pic°X. Then K(L)= X and the morphism
! takes the complete variety X X X to the affine variety G,,.
Thmefore el =1and ¢ (L) is a commutative group scheme, which
s an extension of X by G,,. It can in fact be shown that this map:

(X, Gp)

Pic)(X) — Ext!?

comm.group
schemes

L +— %(L)

1S an i :
*! I50omorphism (Theorem of Serre and Rosenlicht).

LE";PDDBG next that the line bundle L arises from a divisor D:
k(D). We leave it to the reader to check that the discrete

k can be described as follows.

YDk = {@.f) |z e X, fe MX), Ts*D = D + ()}

(. f). (4, 9) = (@ +y, Tg.f)-

Thlg Works aive
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7-3,D—D—(TFg.f)="11(T; ' D= D)+(T;'D— D)
= TN = {])
=0T D~ D—i(9))
+(T;'D— D~ (f))=o.

The subgroup k¥ = (G,), ¢ ¥ (L), corresponds to the pairs 2 — 0,
f=a € k*; the projection ¢ (L), - K(L), corresponds to the map
(z, f)—> 2.

FUNCTORIAL PROPERTIES OF ¢”.

In the following formulas, the symbols x,7 ete. are to be
understood as R-valued points for any k-algebra R. One could
equivalently interpret the formulas as commutativity of certain
diagrams of morphisms. With this specific understanding, we shall
often omit R from the statements and proofs and speak as though

we were just dealing with ordinary points, but all the assertions
are to be understood in the stronger sense mentioned.

(1) If f: X - Y is a homomorphism of abelian varieties and
L a line bundle on Y, we have

"Dz, y) = e(f(=), [(y)), z, y € f~1(K(L)).
(2) TFor any line bundles L,, L,on X,

el1®Ly (g y) = el (z, y) . ela(a, Y), z, y € K(L,) n K(Ls).

L(3) eLFDr algebraically equivalent line bundles L,, Lz on ¢
€51 = ¢*"s,

(4) For ze K(L) and y eny'(K(L)),

e’ (z, y) = eL(z, ny).

v) For 2 X,y enz!(K(L) = ¢31(X,), (n any integer with

24 n)
E“(m’ 5'6_;(![)) = e1” (:,1:Jr y)_
Pr : . -
j: 9(1) E((;‘J)) We may assume f(z) =j(¢), f@y) =jln) VB

18 the natural homomorphism. (When 2,¥Y 5%

R- .
valued points, we can find ¢, n after localizing on Spec £.) We
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then lift ¢ and 7 to automorphisms ¢, i of f¥(L) covering T,
EIm] .ﬂ'.ru:-:'.pccix-ivuly, and then ¢ p™1 J=1 lifts € €1 »~1, which
i::liuzl:pl‘ﬂﬂiﬂd.)’ (1)

(2) Again we may assume tlmt‘there are automorphisms ¢y,
ootively of L, 1 =1, 2, euvermg‘ T, and L. The'n b, X &
| b ® fiy are automorphisms of L, @ L, covering TI., T.
and the commutator of these two automorphisms

res
a1l
respectively, _ i
tensor product of the commutators of ¢; and ; (1 =1, 2),

3 ilm
which proves (2).

(3) Write Ly = L,®L;1, sothat Lz € Pie°X and L, = L,@ L,
K(Ly,)= X. Apply (2) to the line bundles L, and Ls,.

(4) By replacing the ring R by a ring B’ > R if necessary, we
may assume @ = nz for some z e ny'(K(L)). (In fact, we have

only to take Spee R’ = Spec R X gyny' (K(L)) which is finite and

- flat over Spec R, so that it is affine and R'> R.) We then

have z, y € n3 (K (L)) = K(L"), so that by (1) applied to ny(L)
and (2) applied repeatedly, and making use of the algebraic
equivalence of #%(L) and L", we obtain

»
(L)
elnz, ny) =e€X (2, 9)

e ELH: (f-, J)

= (" (z.y))"
= e (nz, y),

which is formula (4).

(5) Asin (4), we may assume that y = nz for some 2, and the
“Quation to be proved assumes the form

-

Cn (:E, '-?!’L(y)) ; EL“ (.‘l‘:, ?LZ) = ELH‘ (:17, Z) T 6"}('5} (:‘L', Z)

Emﬂi LM is algebraically equivalent to n§(L) and z e K(L") =
Kz (L)),

The fact that 2z € K(n*(L)) means that we have an
&Utﬂnmrp §

S hism o of ny(L) covering the translation 7', (localize
PeC R if neeq be).
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I;ét ﬂ'w to denote (temporarily), for }illﬁ bundles A, y
on X, the ljna_'bundle associated to the locally free sheaf of gepyg
of homomorphiﬁmﬂ of M into N by HUH:LM , V), s0 }1”113 we have
o natural isomorphism Hom(M, N) M~*®N. Note that
ﬁhare is a natural action of X, on any pull back 'y (M) covering
translations, hence also natural actions on tensor products, Homs
and translates of pull-backs (this last, since any translation
sommutes with any other). With this understanding, we have
natural isomorphisms of the following line bundles on X com-

muting with this X, action:
W2(TEL@ L) ~ n(TH(L)@ n¥ (LY & TEnx (L)@ nix (L)
~ Hom [n% (L), T (ny (L))

But what is ¢, (s, ¢, (y))? nyx(T3 LR L~1) is isomorphic to the trivial
bundle, and €, (, ¢, (¥)) is given in the usual way by the natural
action of X, carried over to the trivial bundle. Equivalently,
n}(T;L@ L~') has a nowhere vanishing section, unique u}*:t to
scalars, and e, (+, ¢, (y)) is given by the action on X, on this section.
Now make this computation on the bundle on the right instead of
the one on the left. A nowhere vanishing section of the line bundle

on the right is just an isomorphism ng(L) —> ny (L) covering

T,, and the natural action of 2 € X,, on the right maps this sectlfilﬂ
into the section ¢': n¥(L) - n¥(L) defined by ¢ = n,ﬂﬁf’””:f r:'
where 7,: n¥(L) > n%(L) is the natural isomorphism Covm‘{ni
T,. We must therefore have n, o dons! = e, (2, ¢y (y))-¢- AP Pl}r.l nﬁj
this in particular to the automorphism o covering 7, chosen eﬂrhi :-
we get that n,0c00m=10 g1 =¢, (z, ¢,(y)). Bub this means )

definition that ¢'X®(z, 2) = e (2, d;(y)).

r Uf
As a corollary, we get a second proof of the skow-symme:
the Riemann form of L:

1

Eﬂ(z’ ‘#L(y)) — 3“(23, y) —— eL"(y, :1‘:)"1 — Bn(y, ‘?!’L(x))—— )

: the
if 2,ye X,. The formula (8), coupled with (4), show?® i

- ely’
Riemann forms can be computed from the e”’s and conver:

. p——

I

_______._-,l'"' ____'_,-l'-"ln_---llul.-.--l"‘"'“l—_-'

—
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how all the s, on points of order I*, can be computed from the
Riemann forms.

THEOREM 2. Suppose m: X Y is an isogeny of abelian varieties.
and L 18 @ line bundle on X. Then there 18 a natural one-one corres-

pondence between

(a) 1somorphism classes of line bundles M on Y such that n*M = L,

(b) homomorphisms o kerw — 9 (L) lfting the inclusion
ker m © - X.
Proor. This is just a restatement, in a special case of the

general descent theorem in §12 for coherent sheaves with respect
to quotients by finite group schemes. Use the fact that

Homy (ker 7, (L)) = | actions of ker = on L covering

its translation action on X

L

COROLLARY. Given m: X — Y and L as above. Then a line bundle

M on Y such that w*M = L exists if and only if ker(w) c K(L) and

L o
€ |kErrrH kﬂrrr:]"

Proor. Let p: ¥(L) - K(L) be the projection and let G =
p~Yker 7). Then @ is a theta-group over ker 7, and by part (1) of
the lemma at the beginning of this §, €% |iers xxers =1 <> G 18
‘Ommutative <= @ = G, X ker 7 as group-scheme <= 3 &
}mm“mf’rphism o: ker 7 - G such that pox = 1 <= M exists.

We now prove the following theorem, promised in §20.

THEOREM 3. T f L is a line bundle on an abelian variety X and
? :
‘€4, L~ yn for some line bundle M if and only if K(L)2 X

Proor. T ‘only if’ part follows from the equation b =P

linzusle conversely that K(L)> X,. To show that L ~ M" for some
Inde zndle M, it suffices to show that L* = ny(N) for some N,
°% We would then have that (LQ N—*)"e Pic°X, hence also

LR N-n _ . g
:"@I? " €PicoX, and if we choose P € Pic®X such that LQN™"
' We would obtain I ~ (NQ P)".
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mo~ ok we merely compute, for

To show that Lt = ny (), ) pute, for any R““llued

points z,y of &n,
ﬂ"‘"(:t:,y) — EL(:L‘,?E-E/) — .

The desired conclusion then follows from the corollary ¢,
Theorem 2.

Our last result concerns the non-degeneracy of ¥(L). We need
some preliminary results.

Suppose e: K x K > G,, is a skew-symmetric bi-homomorphisy,

on a finite group K. Let y: £ — K be the associated homomorphism.
Then if H c K is a subgroup, I claim that there 1s a second subgroup
H characterized by the property:

if & is an S-valued point of K,
keHL(S) <= {forall §'/S, all §"-valued points k' of H, e(k,k’) =1}.

In fact, restricting characters of K to H defines a morphism

q: K- fl, and H1 is clearly the kernel of goy: K — H. Now suppose
7: X - Y is an isogeny of abelian varieties, M is a line bundle on
Yand L = #»*M. Let H = ker(w): then as we have seen H is a

subgroup of K(L) such that e’|;, ; = 1. In other words, HcH*.
The result we require is

Lemma 2. K(M)= HL/H.

Proor. Let z:9—X be an S-valued point of X. We must show
that 2 is a point of HL if and only if mx is a point of K(M). It will
suffice to prove this when § — Spec(R), R a local ring, In which

case § carries only trivial line bundles. Then, using the descent
theorem of §12,

% € K(M)(8) <= T* (8 x M)y=8Sx M

[ J an 1somorphism 7% (S x L) = S %L

<= | commuting with the action of ker = 01! |-

these two line bundles

—

—

i

R i

i

il e

.

3 -
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O <%=
«: H—9(L) is the homomorphism giving the action

roow SUp )ORC ) .
Now stP) hich M is the quotient.

of Hon [, for W

lences:

Then we continue our

equivit

| J an S-valued point w of ¥(L) such that ﬂ

| p(w) = 2 and w commutes with «(H)
a—— {{1}‘(;1:? h) — 1, all S'-vﬂlued p(]illts h Uf H}

- ——— g ol = Iil(ls’)-

The same argument shows in fact that

centralizer of a(H) /m(H)

G(M)= { in 9(L) |

but we do not need this fact. We now apply the lemma to

TueOREM 4. Let L be a non-degenerate line bundle on an abelian
variety X. 1f H c K(L)1s a maximal subgroup such that e g ™1,

then H = H+ and order (H)* = order (K(L)).

Proor. Let H be a maximal subgroup scheme of K(L) such
that e[,y = 1. Let ¥ = X/H, and let m: X — Y be the natural
homomorphism. By the Cor. to Th. 2 there exists a line bundle M
on Y such that »*M = L. The fact that H is maximal means that

there are no further isogenies 7': ¥ — Y’ for which M = n'*(M')
except the identity.

L_Em'm 3. Let L be a non-degenerate line bundle on an abelian
variety X. If there are no 1sogenies w: X —Y of degree > 1 such that
L= a*M, some line bundie M on Y, then |y (L)| = 1. .

.PROOF. If [x(L)| > 1, then K(L) is non-trivial. Then there
“XISts a subgroup B c K(L) of prime order, i.e., B = Z[IZ, Z/pZ,
Fp OY @, Look at the inverse image E in ¢(L): this is a theta-
BI0up scheme @ gver E. By the lemma at the beginning of this

EEGtiG " | : . :
h s commutative, hence @ = G,, X E, hence there exists a
OMOmorphism:
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J
E > K(L)

Therefore by Theorem 2, L descends to X/H, contradicting ¢}
assumption. So Iy (L)| =1.

Returning to the proof of the theorem, we deduce that
K(M) = (0) and | (M) | = 1. Therefore by Lemma 2, H = H1, aq
by the results of §16,

| x(L) | = deg(m) = order (H),
x(L)? = deg(¢;,) = order (K(L));
so order (H)? = order K(L).

CorOoLLARY 1. Every abelian variety X 18 1sogenous to a princi-
pally polarized abelian variety Y, 1v.e. one which carries an ample

line bundle L with y(L) = 1.

Proor. Apply the theorem to any ample L on X, and let
Y = X/H, H maximal in K(L) with e’ |5,z = 1. Then Lz n*M)
and M is ample with y(M) = 1.

CorOLLARY 2. If L is a non-degenerate line bundle on X, then
G(L) 18 a non-degenerate theta-group.

N
Proor. Let y: K(L) - K (L) be the homomorphism associated
to ¢* and suppose D is its kernel. Choose an H c K(L) with H =

H* and order(H)? = order K(L), as in the theorem. Now since
¥(D) = (0), we find

L -
€ IB:-:E(L) = ] and E’L'E(L}x.v = ],

Therefore Dc H L, 80 D cH and also all characters y(z) annihilate
D, all z € K(L)S). Now by definition, H: is the kernel of

q

> K(L) —> H. Tt follows the!

the homomorphism K(L) —-
Im(go y) c (K D)

and that we have an exact sequence

Hom(X,X) AND THE [-ADIC REPREEENTATION
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goy A\

> H|D.

) —> I —— K(L)

Th[gr[_':fl e

order K(L) < order H. order H?D
= (order H)?/order D.

This proves that order D = 1.

The next step in the development of the theory of theta-
groups 18 to show that (1) all representations of non-degenerate
theta-groups which restrict to the identity character on the center
G, are completely reducible, (2) that there is only one irreducible
representation with this property, and (3) that when L is non-
degenerate, 1 =1(L), then ¥ (L) acts naturally on HY(X, L) and
that this is the irreducible representation in (2). For these facts
and their application, cf. [M2].

24. The case ik =C.
together the algebraic approach of this chapter with the analytic

The purpose of this last section is to tie

methods of Chapter I. In particular, I want to relate the
analytic and algebraic Riemann forms of a line bundle L,
and I want to show how the positivity of the Rosati involution
follows immediately from the positivity of the analytic Riemann
form in its guise as a Hermitian form when L is ample.

As always, let X =V/U, V a complex vector space and U
a lattice. Let I = L(H,x) be a line bundle on X, where H
s a Hermitian form on V such that F=ImH is integral
on U, and «: U - C* is a function such that

a(u; + uy) = a:(ul).m(uz).e“m“h“i’.

of CxV

C.O isider the group G of analytic automorphisms 1/
given by

lﬁﬂ.w ()l ,z) — (A‘{r.e"ﬂ{’"'ﬂ, z + w)

ceC*, wel.
Thﬁll
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'AJ,HJ < "I[’r,ﬂ =5 {ﬁp,w]- v

qall(vw)
e Lﬂ 1
P S— {Ti T' ]

0 4 is an extenslon analogous to the theta-groups of § 23

J ~ P
| —> C* — & ——> l'— 1
P
i, 0 > W
J
o —r 0,0

Pl

The data « defines a lifting ¢ of U into &:

> V
P

c = a(u) e E%H{"’"}

b

() =

I'Jlu )

so that L(H,«) is, by definition, the quotient C x V/i(U). The
commutator in &, as in the theta-groups of §23, is given by a

bi-homomorphism e¢: ¥V x ¥V — C* as follows:

-1 -1 '
G R Pl
llﬁa,w r,0 " o, 4 2% ¢e(v,10),0?

E(‘!.?,'lﬂ) —_ EEHiE(ﬂ,H") _
Therefore, if UL = {u € V|E(uu') € Z, all 4’ e U} as before, it
follows that the group g‘u = p- UL = {,, | v e Ut} is the

centralizer of i(U) in g Therefore, all the automorphisms e
ve UL, descend to automorphisms i, , of L(H,):

C X V 'lba.tl _ e > C W F
4 Y
50 e e l'f AR ——> L(H,x).
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.« us a natural homomorphism .
his gives U I 0> Y(L(H,z)). Butwe

aw in §Y that K(L(H,2)) = Ut[U, so we get in fact 1somorphie
.
oxtensions »
| — C$ —_— gu“f(U) > [].L/U - ]
& 2
Y Y

| — C*——> G(L(H, a)) —> K(L(H, a)) — 1.

it follows that the commutators in these two groups are equal,

henee we have proven

TagoreM 1. [f L = L(H,x) 1s aline bundle on X =V|U, E =
Im H, and 7 :V - X s the natural map, then for all z, y e UL

e 2 E@EY) — eL(gx, my).

Since our ground field is C, there is a canonical primitive 2™ root
Therefore the module

of 1 for all n, namely ¢, = e*™/",

<«
has a canonical basis element { too, given by the sequence
g Hir Ep,. We can now relate the Riemann forms

E:U x U—Z, where £ = Im H,

EL:T\X x T\X - M, defined in § 20.
Let m denote the natural map from U to T}X, i.e. m(u) is given by

the sequence u, = a(ufl*) € Xn, with ltg, 4, = Uy Then if u,v €U,

L -
E (mu, mv) = the sequence ém (2%, ?!’Lvn}

= the sequence BLI"(u,,, v,) (§23, property (5))

— the sequence o~ 2 E/", o™ (Theorem 1)

= the sequence ({,)” "

= — K(u, v).L.

thua! SXoept for Bign, E% is the Z,-linﬂar extension
oTX
I i

of E from U
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Applying this to the case where X is Y Y and [, g the
Poincaré bundle P, we sce that the canonteal nnn—dugﬂum.me

. A r T )
integral pairing of the lattices U and U corresponding to y

and i of the analytic theory (ef. §9, part (B)) is, up to sign, the
same as the canonical non-degenerate l-adie pairing e, of 7Y and
7Y (cf. §20).

Next, consider the Rosuati involution of End?X). :\Hﬂl}'{i{:u“},.,

we use the interpretation:

set of complex-linear endomorphisms 71 V' — }|

:E ]‘D}{ — - .
st such that 7(Q.U) c Q.U

Then the natural involution is the adjoint with respect to H:
H(T*x,y) =H(x, Ty), allx,y eV,

Since if xe Q.U, then for all ye Q.U, B(T*x, y) = Lz, Ty)eQ,
it follows that 7'%*x must be in Q.U too, i.e. T%e€ End’(X). If 7"
is the image of 7' under the algebraic Rosati involution, then
for all o, ye U,
E(T*—T"x,y) = Im H(T*x,y) + B*(1"mx, my)

=Im H(x, Ty) + E*(mz, Tmy)

= B(x, Ty) — E(x, Ty) =0
Thus T* = / L

Now for any complex-linear operator 7': V — V, if T'* is its

adjoint, then T*7 is a positive self-adjoint operator on the
Hermitian vector space V, hence all its eigenvalues are positive,
hence the complex trace, Tr(7*7), is positive. If 7'e End’(X), 80
that 7*T maps the rational vector space Q.U into itsell, 1ts

trace here is just twice its complex trace; and its l-adic trace 10

IiX=U® Z, is equal to its rational trace. Therefore for any of
these traces,

Tr(T*T) > 0, all T € End%(X), T # 0.

S

E .
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Thus the positivity {.)f the Rosati involution ig obvious from the
existence of the positive definite H with Im F — g P
wo have shown T over Ay ground field one can reverge thi;
argument: namely, using the positivity of the Rogati involation
we have realised NS%X) as a formally real Jordan :

) s algﬁbrﬁ In
which the ample L’s are the positive elements,
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