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I don’t believe it. Prove it to me and I still won’t believe it.

Ford Prefect on proof
Douglas Adams
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La géométrie est une magie qui réussit. ...toute magie, dans la mesure ou
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gegeben sind, wie es in der Wirklichkeit stets der Fall ist.

Hermann Weyl
Philosophie der Mathematik und Naturwissenschaft, 1927

Frédéric Chopin
Fantaisie Impromptu in c* minor, 1834






Abstract

Configuration spaces and homological stability

Martin Palmer
Merton College

A thesis submitted for the degree of
Doctor of Philosophy
Michaelmas 2012

In this thesis we study the homological behaviour of configuration spaces as the number
of objects in the configuration goes to infinity. For unordered configurations of distinct
points (possibly equipped with some internal parameters) in a connected, open manifold
it is a well-known result, going back to G. Segal and D. McDuff in the 1970s, that these
spaces enjoy the property of homological stability.

In Chapter 2 we prove that this property also holds for so-called oriented configuration
spaces, in which the points of a configuration are equipped with an ordering up to even
permutations. There are two important differences from the unordered setting: the rate (or
slope) of stabilisation is strictly slower, and the stabilisation maps are not in general split-
injective on homology. This can be seen by some explicit calculations of Guest-Kozlowski-
Yamaguchi in the case of surfaces. In Chapter 3 we refine their calculations to show that,
for an odd prime p, the difference between the mod-p homology of the oriented and the
unordered configuration spaces on a surface is zero in a stable range whose slope converges
tolasp— oo.

In Chapter 4 we prove that unordered configuration spaces satisfy homological stability
with respect to finite-degree twisted coefficient systems, generalising the corresponding result
of S. Betley for the symmetric groups. We deduce this from a general “twisted stability
from untwisted stability” principle, which also applies to the configuration spaces studied
in the next chapter.

In Chapter 5 we study configuration spaces of submanifolds of a background manifold
M. Roughly, these are spaces of pairwise unlinked, mutually isotopic copies of a fixed closed,
connected manifold P in M. We prove that if the dimension of P is at most 3(dim(}M) —3)
then these configuration spaces satisfy homological stability w.r.t. the number of copies of
P in the configuration. If P is a sphere this upper bound on its dimension can be increased
to dim(M) — 3.
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CHAPTER 1

Introduction




Chapter 1. Introduction

Beginning is easy; continuing, hard.

Japanese proverb

This thesis is centred around the phenomenon of homological stability for a sequence of
spaces { X, }. By this we mean that in any fixed degree * the homology H, (X)) is eventually
independent of the parameter n. When true, this property of {X,} gives a powerful link
between the topology of the individual spaces X,, and the limiting space Xoo = limy_y00 Xp.!
Often the limiting space has more structure than the individual spaces, and can be identified
in terms of more accessible spaces, making its homology more amenable to calculation. Thus
homological stability often affords a calculation of H,(X,,) in the stable range — the range

in which this is independent of n.

Many examples of interest are sequences of classifying spaces of discrete groups. One
very important example is the family of mapping class groups MCG(X}) = moDiff (X}; 9%7)
of compact, connected, orientable surfaces of genus g and with r boundary-components. In
this case the family is parametrised by two numbers, and it was proved by Harer [Har85]
that for any fixed degree x, the homology H.(MCG(XY)) is independent of both g and 7 once
g is sufficiently large. This homological stability property was used by Tillmann [Til97] to
prove that the classifying space of the stable mapping class group limg_,oc MCG(X, 1), after
applying the Quillen plus-construction, is an infinite loop space. A recent breakthrough
was an explicit identification of this infinite loop space in terms of Thom spaces of bundles
over oriented Grassmannians, which was conjectured by Madsen and Tillmann [MTO01] and
later proved by Madsen and Weiss [MWO07], whose proof also used homological stability for
mapping class groups. This identified the cohomology ring of the stable mapping class group,
in particular proving Mumford’s conjecture [Mum83], and therefore also, via homological
stability again, identified the cohomology of the mapping class groups in the stable range.
There is a recent survey [Coh09] of homological stability phenomena which discusses many

other examples, and puts this into a broader context.

In particular we will be concerned with homological stability for sequences of configura-
tion spaces. In the simplest case this means the space (suitably topologised) of cardinality-n
subsets of M, for some fixed integer n and background space M (usually a manifold). There
are more sophisticated versions of this notion, in which for example the n “particles” in M
are equipped with a parameter taking values in a fixed space, or more generally in a bundle
over M. One can also give the particles an ordering, or alternatively just a “shadow” of
an ordering by taking the quotient w.r.t. the action of a subgroup of the symmetric group.
In another direction, instead of considering configurations of points, i.e. 0-dimensional con-
nected submanifolds of M, one could instead consider configurations of higher-dimensional

connected submanifolds of M. A brief history of some homological stability results for

We assume that we also have maps X, — Xn41, and the abstract isomorphisms H., (Xn) 2 Ho(Xnt1)
for n > x are induced by these maps.
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configuration spaces is given in §2.1.1 below.

The importance of configuration spaces lies in their ubiquity: they appear in various
guises in many different settings in, for example, homotopy theory, knot theory and algebraic
geometry. In homotopy theory, for instance, configuration spaces give tractable models for
mapping spaces, and more generally section spaces of fibre bundles (see for example [B6d87]).
Another fairly direct link to configuration spaces is with the classical braid groups, whose
classifying spaces can be modelled as configuration spaces of particles on the plane R2.
Studying the homology of configuration spaces therefore includes the study of the homology
of (generalised) braid groups.

Motivated by this, the purpose of this thesis is to establish homological stability results
for configuration spaces in several different contexts (i.e. the precise meanings of the words
“homological stability” and “configuration spaces”). We will introduce and outline each
chapter in the next section, and then finish this introduction with some remarks on possible

further directions in which this work may be taken.

1.1 Qutline of the thesis

As remarked above, there are various ways of making the basic configuration spaces of
unordered points more sophisticated. We will always allow points to possess parameters with
values in a fixed parameter-space. In Chapters 2 and 3 we are concerned with configurations
which additionally have an “orientation” (or “alternating”) structure, meaning an ordering
up to even permutations. In Chapter 4 we return to unordered configuration spaces, but
consider their homology with coefficients in a “twisted coefficient system”. Finally, in
Chapter 5 we consider configurations of submanifolds.

The chapters are designed to be essentially self-contained, so there is a small amount of

repetition in their introductory sections.

Some notation

Let M be a connected manifold which is the interior of a manifold A with non-empty
boundary. Let X be a space. We then define the ordered configuration space on M with
labels in X to be

Co(M, X) = {(p1---,pn) € M™ | p; # pj for i # j} x X"

The symmetric group ¥, acts diagonally on this space, by permuting the coordinates of

both M™ and X", and we define the unordered and oriented configuration spaces to be the
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quotients

respectively. Choosing a boundary-component B of M and a basepoint o € X, there is a
map

Sn: Cn(M, X) — Cpy1(M, X)

which “pushes” a new configuration point into the manifold from B and labels it by xq
(this is defined rigorously in §2.2.2 below). Since it is equivariant with respect to the
action of ¥, it descends to maps of unordered and oriented configuration spaces (also
called s,). It is called the “stabilisation map” since it turns out to induce the isomor-
phisms H,(Cp(M,X)) = H.(Cht1(M,X)) in the statement of homological stability for
{Cn(M, X)}, and similarly for {C;F (M, X)}.

The limiting space Coo(M, X) is defined to be the (homotopy) colimit of the sequence

C L CL (M, X)) 22 Chag (M, X) 2
with respect to these maps; CL (M, X) is defined analogously.

In Chapter 5 we consider a more general notion of configuration space of submanifolds.
We alert the reader that there is also a change of notation: the ‘C” is replaced by a ‘3, by
analogy with the symmetric groups (C,,(R*°) ~ BY,, in the old notation). Let M and X be
as before, and now also choose a closed, connected manifold P and a subgroup G < Diff(P)

of its diffeomorphism group. In §5.1.2 we define rigorously the space
25 (M, X|G),

which can be thought of as the space of n unordered, mutually isotopic copies of P embedded
in M, equipped with labels in X and parametrised up to G (in other words the embedding
into M is only remembered up to the action of G). There are a few technical assumptions
to be made here, including that the copies of P must all be isotopic to an embedding into

the boundary dM, and that they are “pairwise unlinked”. See §5.1.2 for more details.

Oriented configuration spaces

Homological stability is well-known to hold for unordered configuration spaces [Seg73,
McD75,Seg79,RW11]. The main result of Chapter 2 is a quantitative homological stability
result for oriented configuration spaces: if dim(M) > 2 and X is path-connected then the
stabilisation map

(5n)e Ha(CF (M, X)) — HL(Cfy1 (M, X))
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is an isomorphism in the range * < %5 and surjective in the range * < % To prove this
result we adopt the strategy of “taking resolutions” which was introduced in [RW11].

Part of the interest of this result is that it cannot be proved by the “scanning” techniques
of McDuff [McD75]. Firstly, the scanning map used in [McD75] (which was introduced
in [Seg73] and first used under the name “scanning” in [Seg79]) can only see local data,
such as parameters attached to the configuration points, whereas an ordering up to even
permutations is an example of non-local data. So there is no natural geometric analogue of
the scanning map for C;F (M, X).? Secondly, the method of [McD75] relies on the fact that
the maps (s,)s: Hi(Cr (M, X)) — H,(Cpi1(M, X)) are always split-injective; however, this
is false for (sp)«: Ho(Cyf (M, X)) — H.(C,\ (M, X)). Counterexamples can be found by
the calculations in [GKY96], which compute the difference between H,(C; (S, pt); F,) and
H,(Cp(S, pt);Fp) for certain surfaces S and odd primes p.

A noticeable fact about our homological stability result for C;I (M, X) is that it holds in
a range with a stability slope of %, rather than the larger stability slope of % for C, (M, X).
Again looking at the calculations of [GKY96], one can find counterexamples to improving the
slope beyond % for oriented configuration spaces. On the other hand these counterexamples
only appear at the prime 3, and indeed if we take coefficients in Z[%] the calculations imply
that homological stability with a stability slope of % does hold for C;F (S, pt) — at least for
the surfaces S considered in [GKY96].

Chapter 2 has appeared, essentially as it is now (but without §2.X), as the preprint:

Martin Palmer, Homological stability for oriented configuration spaces, arXiv:1106.4540, 2011.
It is also shortly to appear in the Transactions of the American Mathematical Society.
Since this chapter was written less recently than the others, we have added an Addendum
(§2.N) which mentions some simpler models for certain maps between configuration spaces
used in the proof, and also discusses configuration spaces on closed manifolds. Homological
stability does not hold in general for unordered configuration spaces on closed manifolds,>
but it does hold for certain coefficients or dimensions, by [RW11, Theorem C] and [Chul2].
We explain how the proof of [RW11] for unordered configuration spaces on closed manifolds

works, and why it does not carry over to oriented configuration spaces.

In Chapter 3 we refine the calculations of [GKY96] to show that, for odd primes p, the
twisted homology group H, (Cn(S, pt); IE‘,(J_D) — which measures the difference between the
F,-homology of C;! (S, pt) and of C, (S, pt) — vanishes in the range

*g(p%)n—l

for any connected surface S. So looking through a mod-p filter, the rate at which C,, (.S, pt)

2See §1.2 below, however.
30ne can see from a presentation [Bir74, Theorem 1.11] of m1C,, (S?) that Hi(Cn(S?)) = Z/(2n — 2), for
example.
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and CF (S, pt) become “the same” increases from % to 1 as p — oo. From this and ho-
mological stability for unordered configuration spaces it follows that we have homological
stability

H(Cr (S, pt; Z[5]) = Ha(Crryy (S, pt); Z[3])

in the range * < ”T_l, for any connected, open surface S.
To illustrate the calculation we also give some tables of dim(H, (Cn(S, pt);IF’éﬁl))) for
small values of %, n and p, and for the surface S equal to the plane, sphere, torus and

once-punctured torus.

Twisted homological stability

In Chapter 4 we extend stability of the sequence H.(C,(M,X);Z) to stability for
H,.(C,(M,X);T,), where the sequence of ¥,,-modules T, comes from a “finite-degree coef-
ficient system”.

Similar twisted homological stability results are known for general linear groups [Dwy80],
mapping class groups of surfaces [Iva93, CM09, Bol12] and symmetric groups [Bet02]; our
method is a generalisation of that of [Bet02]. In each case one must carefully define exactly
what is meant by a “twisted coefficient system” for {Y,,}. It is not enough to simply have
a m Y,-module for each n, with no relations between them; such a sequence of modules is a
functor m ({Y,}) — Ab, where 7;({Y,}) has objects {1,2,3...}, automorphisms Aut(n) =
m1Y, and no other morphisms. A twisted coefficient system is an abelian-group-valued
functor from a certain larger category, with some non-endomorphisms added, whose precise
definition depends on the sequence {Y;,} one is considering. The degree of such a functor
is then defined in terms of these new morphisms. In our case the correct category is the
partial braid category B(M, X), which is built out of “partial braids” on M with strands
decorated by paths in X.

The precise statement of our twisted homological stability result is as follows: for
dim(M) > 2, X path-connected and T a twisted coefficient system of finite degree d,

there is an isomorphism

H, (Cn(MaX)»Tn) = H. (Cn+1(M7X);Tn+1)

n—d

in the range * < "5¢. For example we may take T}, to be the ¥,-module H,(Z"; F), for a
fixed based space Z, field F' and degree ¢, or Z[%,, /3, ] for fixed k.

As a curious consequence of (the rational version of) the latter example, one can prove
(see §4.10) that if the sequence

dim (V(\)* ®@y, H*(Cr(M, X);Q)) (1.1.1)

is non-decreasing for all * and A, then it is eventually constant for all x and A\. Here A denotes
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a stable Young diagram* and V(\) denotes the corresponding irreducible Y,,-representation.
This last statement is multiplicity stability for the cohomology of the ordered configuration
spaces én(M , X)), in the sense of representation stability (see [CF10]). We emphasise that we
only know how to deduce this from Q[%,, /3, _x]-twisted homological stability for C,, (M, X)
if we already assume that (1.1.1) is non-decreasing.

Finally, we note that homological stability for oriented configuration spaces (Chapter
2) is equivalent to homological stability for unordered configuration spaces, with twisted
coefficients in the mC,, (M, X)-module V = Z2, with the action

11Cp(M, X) = 1 Cp(M, X)/mCH (M, X) =7/2 ~ 7?

given by (x,y) — (y,z). However, this result is disjoint from the twisted homological
stability result of this chapter, since one can easily show that this sequence of m1C), (M, X)-
modules {V'} cannot be part of a twisted coefficient system for {C, (M, X)}. Alternatively,
by [GKY96] or Chapter 3 we know that homological stability with a stability slope of %
cannot hold integrally for oriented configuration spaces, so the result of this chapter cannot

apply to the sequence of coefficients {V'}.

Configuration spaces of submanifolds

In Chapter 5 we generalise homological stability for unordered configuration spaces in a
different direction: to homological stability for unordered configuration spaces of submani-
folds of M, in a suitable sense.

Recall from earlier in this section the description of the space 1 (M, X|G) of “configu-
rations of copies of P in M”. When the subgroup G of Diff(P) is the trivial group this is
denoted if (M, X), and consists of n parametrised copies of P in M, labelled by X (and
which must all be isotopic to a chosen embedding ¢: P < OM, and be “pairwise unlinked”).

In this case the main theorem of Chapter 5 can be stated as follows.

(a) If X is path-connected and dim(M) > 2dim(P) + 3 then the stabilisation map

SP(M,X) — £F (M, X)

n—2
2

(b) If P is a point or k-sphere (with the chosen embedding ¢: S*¥ < OM a standard embed-
ding), then the dimension condition above may be relaxed to dim(M) > dim(P) + 3.

is an isomorphism on homology up to degree , and a surjection up to degree 3.

More generally, we have the same result for 2 (M, X|G), subject to certain conditions on
G < Diff(P). In both cases it must be either finite or open in Diff(P), and in the extension
(b) for points and spheres it must also satisfy an extra technical condition; see §5.1 for the

full details and a discussion of the hypotheses.

1A Young diagram with any number of boxes, up to the equivalence relation generated by identifying A
with AT, which is A with one box added to the top row.
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We can also combine the ideas of Chapters 4 and 5 to obtain twisted homological stability

for configuration spaces of submanifolds: under the same conditions, there is an isomorphism
H, () (M, X|G);T) = Ho(S (M, X|G); Thar)

in the range * < ”%H, for any degree-d twisted coefficient system 7.
There seems to be no essential obstruction to combining the ideas of Chapters 2 and 5
to obtain homological stability for oriented (or, perhaps better terminology in this context,

alternating) configuration spaces of submanifolds: there is an isomorphism
H. (AN (M, X|G)) = H (AL, (M,X|G))

in the stable range x < "T_5 under the same conditions as in the main theorem, where
AP (M, X|G) denotes the alternating version of X7 (M, X|G). However, we do not claim to
have checked this explicitly.

The dimension assumption dim(M) > 2dim(P) + 3 in part (a) of the main theorem
arises due to the need for a transversality argument at a certain point in the proof (and we
need transverse to imply disjoint). The weakening of this dimension assumption for points
and spheres is possible since this step can be done “by hand” in this special case. However,
we are still left with a codimension (at least) 3 requirement, which arises since we need M
to remain connected after cutting out various embedded copies of P x [0, 1].

We conjecture that, in case (b) of the main theorem, the codimension requirement may
in fact be reduced to 2. This seems plausible as (i) homological stability does hold in
codimension 2 when P is a point, and (ii) homological stability holds for the sequence of
fundamental groups %5 (R3), where implicitly we take X = pt and G = Diff (S). This is
because ngl (R3) =2 L Aut(F),), the symmetric automorphism group of the free group Fy,,
and homological stability for the latter was proved in [HW10, Corollary 1.2]. This second
fact is just evidence by analogy though, since 2;2“ (R3) is not aspherical, so this is not a

special case of the conjecture. See §5.1.4 for more details.

1.2 Further directions

One natural next question to think about is whether there are “scanning” theorems
complementing the homological stability theorems of Chapters 2 and 5. In other words: is
it possible, up to homology, to identify the limiting space in terms of more accessible spaces,
in the setting of oriented configurations, or configurations of submanifolds? The author has
an ongoing joint project (see the section below on “scanning for oriented configurations”)
which is closely related to the first question, and intends to think about the second question
in the near future.

Another objective is to extend the result in Chapter 5 for configuration spaces of spheres

in M to the codimension-2 case, as conjectured in §5.1.4.
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One may be able to find some applications of homological stability for oriented configura-
tion spaces in proving homotopical stability results for certain other types of configuration
spaces. An application along these lines appears in an unpublished preprint of Guest,
Kozlowski and Yamaguchi [GKY], for certain spaces of “positive and negative particles”
(related to those of McDuff [McD75]). The sequence of configuration spaces in question is
just Z/2 — 7Z/2 — - -- on 71, so homotopical stability is equivalent to homological stability
of the universal cover of this sequence, and being a double cover it turns out to be sufficiently
closely related to oriented configuration spaces that homological stability carries over.

In relation to Chapter 4, it would be good to have some interesting examples of twisted
coefficient systems for configuration spaces {C, (M, X)} which are not pulled back from
a twisted coefficient system for the symmetric groups {¥,}; this may be possible by a
more geometric construction than that of the examples given in §4.5. See the end of §4.5
for a discussion of this. Finally, it would be very interesting to investigate further the
apparent link, mentioned in §4.10, between twisted homological stability for unordered
configuration spaces (for a certain twisted coefficient system) and representation stability

for the cohomology of ordered configuration spaces.

Scanning for oriented configurations

The author is currently working on a joint project, together with Jeremy Miller,” which
in particular involves “scanning” questions for oriented configuration spaces. Let M be a
connected, open manifold, and denote the unordered and oriented configuration spaces on M
by ¥,(M) and A, (M) respectively (as in Chapter 5).6 This is to avoid conflict of notation
with the Quillen plus-construction. Let T°M — M be the fibrewise one-point compactified
tangent bundle of M, and denote by I'(T°M) the compactly-supported sections of this
bundle. There is a scanning map s: Z X Yoo(M) — I'(T°M), which in [McD75, Theorem
1.2] was proved to be a homology-equivalence. The main aim of our project is to strengthen

this to the statement that the scanning map is acyclic, i.e. induces an isomorphism
H,(Z x $oo(M); s*A) = H,(T(T°M); A) (1.2.1)

for any local coefficient system A on I'(T°M).

Now, the double cover Z x Ay (M) of Z x Yoo (M) is classified by a cohomology class
in HY(Z x Yoo (M);7Z/2), so since s is an isomorphism on H'(—;Z/2) we conclude that
7 x Ao (M) is the pullback of some double cover of T'(T°M), which we denote by T4(T°M).
Acyclicity is a property of maps which lifts to covering spaces,” so (1.2.1) implies that the

®jmiller@gc.cuny.edu

SWe will just speak of unlabelled configuration spaces in this section, for simplicity.

"Since an equivalent characterisation of acyclicity for a map X — Y is that its lift to X xy Y »Yisa
homology-equivalence, where Y is the universal cover of Y.
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lifted map
Z x Aso(M) — TA(TCM)

is acyclic, and in particular a homology-equivalence. This could be thought of as the

corresponding scanning result for oriented configuration spaces.

A brief outline of our strategy is as follows. The proof proceeds in two steps, first
proving (1.2.1) for Euclidean spaces M (in fact, for any manifold of the form R? x N), and
then deducing from this the general case. We add a disclaimer that the following sketch has
not yet been written up in detail, and so should be treated with a healthy dose of either
scepticism or optimism.

When M = R? x N we have that [[,, $,,(M) and I'(T°M) are each homotopy-equivalent
to homotopy-commutative topological monoids, by a construction similar to that of C/, on

the first page of [Seg73]. Hence the plus-constructed scanning map
sT:Z x Lo (M)t = T(T°M)

is a homology-equivalence (by [McD75]) with target a simple space (m acting trivially on
7, for all n > 1). If we can show that Z x 3o (M)™ is also a simple space then s™ must be
a weak equivalence and hence s must be acyclic. Now, a general condition for BG™ to be
an H-space, and therefore simple, is given in [Wag72, Proposition 1.2], and this covers the
special cases of the infinite braid group Yo (R?)* ~ BA% and the infinite symmetric group
Yo (R>®)T ~ BY} . However, the method crucially uses properties of group homology, and
so does not suffice in general.

In the general case we need a twisted version of the group-completion theorem, implicit
in [MS76] and recently written up in detail in [RW], as follows. Let M be a homotopy-
commutative topological monoid, with 7opM = N,® and let M, be the homotopy colimit
of the sequence M — M — ... given by multiplication by a fixed element of the 1-
component; so M acts on My, and we have a map 7: EM X My — BM. Then the
canonical map My, — hofib(m) ~ QBM is acyclic. Hence MZ, is weakly equivalent to
QQBM, so in particular it is simple. Applying this to M ~ [] ¥, (M) we therefore conclude
that M1, ~ Z x Yoo (M)™ is simple, as required.

For the second step we have M any connected manifold which is the interior of a manifold

M with non-empty boundary. Choose a disc D in M which intersects OM (far away from

8This is not necessary, but makes the hypotheses simpler to state.

10
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where the stabilisation map acts). We then have a square of maps

S

S(M)

I(T°M)

m u (1.2.2)
(M, D) —— I(T°M, D)

where X(M) = [[,, ¥n(M) and the bottom map is the stabilisation map for relative con-
figuration and section spaces, which was shown to be a weak equivalence (as long as
mo(D) — mp(M) is surjective, which is true in our case) by [B6d87, Proposition 2]. Taking
the homotopy colimit of (1.2.2) under stabilisation maps for the top two spaces and the

identities on the bottom two spaces, we obtain the square

Z x Loo(M) —2— T(T°M)

oo i (1.2.3)
(M, D) —— I(T°M, D)

for which the map of (point-set) fibres is s: Z x Yoo(D) — I'(T°D), which is therefore
acyclic by the first half of the proof. Since 7’ is a fibration and 7, is a “strong homology
fibration” (explained in a moment), this implies that the map of homotopy fibres is acyclic.
But the map of base spaces is a weak equivalence, so the map of total spaces is also acyclic.

A strong homology fibration is a map f such that the inclusion of its point-set fibres
f71(b) into its homotopy fibre hofib(f) are strong homology-equivalences: they induce iso-
morphisms on homology for any abelian local coefficient system pulled back from hofib(f).
To show that 7, is a strong homology fibration one has to prove a strong homology fibra-
tion criterion (similar to the homology fibration criterion of [McD75, Proposition 5.1] and
the quasifibration criterion of [DT58]), and then verify this criterion for mo.

If we wanted to avoid strong homology fibrations we could still at least deduce the
corollary that Z x As (M) — TA(T°M) is a homology-equivalence by showing that the map
Z x Aso(M) — 3(M, D) is an (ordinary) homology fibration.

11



Chapter 1. Introduction

12



CHAPTER 2

Homological stability for oriented configuration spaces




Chapter 2. Homological stability for oriented configuration spaces

2.1 Introduction

Recall from §1.1 that for a manifold M and space X, we define the n-point unordered

configuration space to be
Cpn(M,X) = {(pl,...,pn) € M" | p; # pj for i 75]} Xy, X"

This is the space of configurations of n distinct points (or ‘particles’) in M, each carrying
a label (or ‘parameter’) in X. When the label-space X is just a point we call C,, (M, pt) =
{(p1,...,pn) € M™ | p; # p; for i # j}/3%, an unlabelled configuration space. The oriented

configuration space is defined to be the double cover
CH(M,X) = {(pl,...,pn) e M" | p; # p; for i 75]} X4, X"

of this space, so oriented configurations have an additional global parameter: an ordering
of the n points up to even permutations. If M “admits a boundary” there is a natural map
s which adds a new point to the configuration near this boundary (see §2.2.2 for precise

definitions).

Main Theorem If M is the interior of a connected manifold-with-boundary of dimension

at least 2, and X is any path-connected space, then

s: OF (M, X) — Gy (M, X)

s an isomorphism on homology up to degree "T_‘r’, and a surjection up to degree ”T_Q

Remark 2.1.1 If either M or X is not path-connected, then the number of path-components
of C;H(M, X) grows unboundedly as n — oo, so homological stability fails even in degree
zero. We also exclude the case of 1-dimensional manifolds, where homological stability also

fails in general: the space C;I' (R, X) deformation retracts onto X" LI X".

When such a statement holds for a range of degrees x < an + ¢, we say that the stability
slope is «; so in this case we have homological stability for oriented configuration spaces
with a stability slope of %

The underlying method we use for the proof is that of taking “resolutions of moduli
spaces”, as introduced and studied by Randal-Williams in [RW10]. This method involves
considering a semi-simplicial space augmented by the space of interest, where in the ‘stan-
dard’ strategy for proving homological stability one would consider a simplicial complex
acted on by the group of interest. The method was applied in [RW11] to prove the anal-
ogous theorem for unordered configuration spaces, which has a stability slope of % Our
method is a modified version of that of [RW11]; however, some important complications

arise in going from the unordered to the oriented case, which are outlined in §2.3 below.

14



§2.1. Introduction

In particular, §2.3.2 explains why the stability slope goes from % to % when we apply the
techniques of [RW11] to the oriented case.

Remark 2.1.2 We note that the stability slope of % is the best possible for oriented config-
uration spaces (for Z-coefficients), as can be seen by the calculations of [Hau78] or [GKY96]
(see also §2.8.3 and Chapter 3).

2.1.1 Background

A brief history of homology-stability theorems for unordered and oriented configuration

spaces is as follows.

Unordered configuration spaces. Two special cases which were proved early on are
homology-stability for the sequences of symmetric and braid groups, corresponding to M =
R>, R? respectively (and X = pt, i.e. unlabelled). The result for the symmetric groups is
due to Nakaoka [Nak60], and the result for the braid groups was proved later by Arnol’d
[Arn70b]. The stability slope obtained in each case was % Using more indirect methods,
Segal [Seg73] proved homology-stability for all Euclidean spaces M = R? and arbitrary
path-connected label-spaces X, but this time without an explicit range of stability (see also
[LSO1, §3]). Generalising in a different direction, in [McD75] McDuff proved homology-
stability for arbitrary manifolds M (assuming connectivity and that M admits a boundary)
but without labels (X = pt) and also without an explicit stability range. (She remarked,
however, that her methods would generalise to labelled configuration spaces.) Later, Segal
[Seg79] showed by a different method that in this case we do in fact have a stability slope
of %, as with the symmetric and braid groups.

The most general result for unordered configuration spaces is due to Randal-Williams
[RW11, Theorem A],! which allows arbitrary manifolds and label-spaces. Specifically, he
proves homology-stability for C,,(M, X), with a slope of %, under the same assumptions on
M and X as stated in the Main Theorem above.

A recent result of Church [Chul2] concerning representation stability shows, as a corol-
lary of his main theorem, that rational homology-stability holds (with slope 1) for unordered
configuration spaces on a manifold M which may be closed. In this case M does not ad-
mit a boundary, and there is no natural map s adding a point to the configuration, but
nevertheless stability still holds rationally. The isomorphism in this case is induced by a
transfer map which remowves a point from the configuration. This result is also proved di-
rectly in Theorems B and C of [RW11] (although here the increased stability slope of 1 is

only obtained when the manifold has dimension at least 3).

Oriented configuration spaces. Homology-stability for oriented configuration spaces

C;F(M, X) has been proved in two special cases. For the alternating groups (M = R>,

IThis is also recalled as Theorem 2.3.1 below.
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X = pt) it can be quickly deduced from a result of Hausmann [Hau78, page 130], with
T
compact connected Riemann surface minus a non-empty finite set of points (and X = pt),

a stability slope of 3, which can be improved to % by taking Z[%]—coefﬁcients. For M a

Guest-Kozlowsky-Yamaguchi [GKY96] proved homology-stability with a slope of %, which
again can be improved to 3 by taking Z[3]-coefficients.? The proofs of [Hau78] and [GKY96]
involve explicit calculations, using methods which are specific to their respective cases, so do
not generalise naturally to all manifolds. The main result of this chapter answers a question
in [GKY96], which asks whether their result generalises to arbitrary open manifolds.

In general, rational homology-stability for oriented configuration spaces follows from
the result of Church mentioned above. It corresponds to stability for the multiplicities of
the trivial and alternating representations of ¥, in the rational cohomology of the ordered
configuration space C,,(M, X). Representation stability for Cy,(M, X) [Chul2, Theorem 1]
includes multiplicity stability for the trivial representation, and indirectly shows that the
multiplicity of the alternating representation is eventually zero (cf. the discussion after the
statement of Theorem 1 in [Chul2]).

2.1.2 Remarks

Remark 2.1.3 The Serre spectral sequence for the fibration Zy — C;F (M, X) — C,, (M, X)
implies that
H.(CH(M,X);Z) = H.(Cp(M,X);ZDZ),

where the Z @ Z-coefficients on the right are twisted by the action of mCy, (M, X) on Z&Z
by first projecting to Zs (corresponding to the index-2 subgroup mC;" (M, X)) and then
letting the generator of Zs act by swapping the two Z-summands. So the Main Theorem
above is also twisted homological stability for unordered configuration spaces with this
sequence of m Cy, (M, X)-modules. We note that in the M = R*°, X = pt case this sequence
of ¥,-modules does not extend to a (functorial) coefficient system in the sense of [Bet02].

See Chapter 4 for more on twisted homological stability for unordered configuration spaces.

Remark 2.1.4 The orientation of a configuration in C;f (M, X) is an example of a global
parameter on configuration spaces (the labels in X are local parameters); in a sense it is
the simplest possible one. It is interesting that homological stability still holds for these
spaces, since the ‘scanning’ method of Segal and McDuff does not work in this case. In
this method one first uses a ‘transfer-type’ argument to show that, on homology of any
degree, the adding-a-point maps s are inclusions of direct summands. Then one shows that
the colimit of this sequence of maps is finitely generated (cf. the proof of Theorem 4.5 in
[McD75]). However, for oriented configuration spaces the maps s are not always injective
on homology (see §2.8.3 for counterexamples). Arguably, it is the existence of global data

in C;F (M, X) which causes this injectivity-on-homology to fail.

2Their calculations actually work for any connected, open surface; see Chapter 3.
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Remark 2.1.5 A nice orientability property of oriented configuration spaces is the fol-
lowing: if M and X are both orientable manifolds, then C;f (M, X) is again an orientable
manifold. This is simpler than in the unordered case, where C,, (M, X) is non-orientable

(exactly) if either

e dim(M) > 2 and dim(M) + dim(X) is odd, or

e M = S! and dim(X) and n are even

(cf. the remark following Proposition A.1 in [Seg79]).

2.1.3 Corollaries

The Main Theorem has corollaries for homological stability of certain sequences of

groups:

Corollary A If G is any discrete group and S is the interior of a connected surface-with-

boundary S, then the natural maps

GUABS — GUABS ., and GUA, — GUlA 4

are isomorphisms on homology up to degree ”T_s and surjections up to degree %‘2

Here (32 is the braid group on n strands on the surface S, and A,B;f is its alternating
subgroup, consisting of those braids whose induced permutation is even. Of course, these
corollaries exactly parallel those of the unordered version of the Main Theorem, which
concern G X, and G an . Homological stability for A, and for Aﬂns with S compact
and orientable were known previously by [Hau78, Proposition A] (via the relative Hurewicz
theorem) and [GKY96] respectively. The above corollaries are new (as far as the author is
aware) for G non-trivial or for S non-orientable or non-compact.

Via the Universal Coefficient Theorem and the Atiyah-Hirzebruch spectral sequence, ho-
mological stability for (trivial) Z-coefficients implies homological stability for any connective

homology theory:

Corollary B Under the hypotheses of the Main Theorem, if h. is a connective homology

theory with connectivity c, the map

s: OF (M, X) — Gy (M, X)

is an isomorphism on hy for x < %_5 + ¢ and surjective on hy for x < ”T_Q +c.

Organisation of the chapter

In §2.2 we define all the spaces, semi-simplicial spaces, and maps which will be used

later. Section 2.3 contains an outline of the proof, and explains the differences between
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the methods in the unordered and the oriented cases. The proof itself is contained in
§62.4, 2.5 and 2.6. Section 2.4 produces some spectral sequences and establishes some facts
about them, §2.5 uses excision to relate the connectivity of two different maps between
configuration spaces, and §2.6 brings this together to prove the Main Theorem. Section
2.7 establishes the corollaries stated above, and §2.8 contains a note on the (failure of)
injectivity of stabilisation maps on homology.

Some technical constructions have been deferred to the appendices, to avoid lengthy
digressions during the proof of the Main Theorem. Appendix 2.A constructs a factorisation
on homology for maps between mapping cones, under fairly general conditions, and Ap-
pendix 2.B recalls the details of the construction of various spectral sequences arising from

semi-simplicial spaces.

2.2 Definitions and set-up

First we mention two general notational conventions: A connected manifold M with
k points removed will be denoted by M, (since it is connected, its homeomorphism type
is independent of which k points are removed). The symbol — will be reserved for the

canonical inclusion of the codomain of a map into its mapping cone:

2.2.1 Configuration spaces

Definition 2.2.1 For a manifold M and space X, we define the ordered configuration space
to be

Cn(M, X) := Emb([n], M) x X",
where [n] is the n-point discrete space. This is the space of ordered, distinct points (‘parti-
cles’) in M, each carrying a label (or parameter) in X. The symmetric group acts diagonally
on this space, permuting the points along with their labels, and we define the unordered

configuration space to be the quotient

Cp(M, X) = Cn(M, X) /0.

If instead we just quotient out by the action of the alternating group, we obtain the oriented

configuration space

CHM, X) = Cp(M, X)/Ap.

Notation 2.2.2 We will denote elements of ordered, oriented, unordered configuration
spaces respectively by (51 - 2r) [Bb oo Br ] {BY ... Bn ), where p; € M and z; € X. So

square brackets denote the equivalence class under even permutations of the columns. The
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§2.2. Definitions and set-up

orientation-reversing automorphism

ESTERS A N | GRS g iy

of C:F (M, X) will be denoted by v. We will often abbreviate these spaces to Cy, (M), C;H (M),

n

and Cy, (M) when the space of labels is clear, to avoid cluttering our notation.

2.2.2 Adding a point to a configuration space

To add a point to a configuration on M, there needs to be somewhere “at infinity” from
which to push in this new configuration point. An appropriate condition is to “admit a

boundary”:

Definition 2.2.3 We say that M admits a boundary if it is the interior of some manifold-
with-boundary M. Note that we do not require M to be compact.

When M admits a boundary, there is a natural adding-a-point map, as follows:

Definition 2.2.4 Suppose that M = int(M), where M is a manifold-with-boundary, and
choose a point by € OM. Let By = 9yM be the boundary-component containing by. Also
choose a basepoint xg € X. We initially define the adding-a-point map at the level of
ordered configuration spaces to be
() = (B
This is a map Cp, (M, X) — Cpy1(M’, X), where M’ is M with an open collar attached at
Bo!
M = MUBO (BO X [0, 1))

Choosing a canonical homeomorphism ¢: M’ = M (with support contained in a small

neighbourhood of Bj), which pushes this collar back into M, we obtain a map
s: Cp(M, X) — Cpry1(M, X).

This process is illustrated in Figure 2.2.1. The map s is equivariant w.r.t. the standard

inclusion 3, < 3,41 (and hence also w.r.t. A, < A,11), so it descends to maps

s: Cp(M, X) — Cpt1(M, X)
and s: CH (M, X) — CF (M, X).

n

Notation 2.2.5 We will generally refer to the adding-a-point maps s as stabilisation maps,
since these are the maps with respect to which the unordered and oriented configuration
spaces stabilise. When it is necessary to keep track of the number of points in a config-

uration, we write s = s, for the map which adds the (n + 1)st point to a configuration.
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i:/‘\ i ij:: 2R

bO { | —_ —_ ‘\ |
i i

2 \

Figure 2.2.1: The adding-a-point map s. The original configuration is contained in the
interior of the shaded region in each picture.

In the oriented case, we define —s :== v o s (and +s := s). So —s just takes the opposite

orientation convention in its definition, sending [5! - -+ 2] to [Bt -+ Br=l bo Pr ] instead of
[Pl ... Dbn by }
1 Tn xo |°

Remark 2.2.6 Up to homotopy, the stabilisation map s depends only on the choice of
boundary-component By, and the choice of path-component of X containing xy. Later we
will only consider the case when X is path-connected, so s will only depend on which ‘end’

of the manifold the new configuration point is pushed in from.

Remark 2.2.7 Since +s only differ by an automorphism of their common codomain, they
have exactly the same properties w.r.t. injectivity- and surjectivity-on-homology, so they

are interchangeable for the purposes of homology-stability.

2.2.3 Semi-simplicial spaces

A semi-simplicial space (which in this chapter we will call a A-space) is a diagram of

the form

_ >
— 1
_

Yo

where the “face maps” d;: Yr — Yi—1 (1 < i < k + 1) satisfy the simplicial identities
d;d; = d;j_1d; whenever ¢ < j. The A-space as a whole is denoted by Y,. An augmented
A-space is a diagram of the form

N o
=y, —=2 Yy ——> Y,

where again the face maps satisfy the simplicial identities. In other words this is a A-
space together with an “augmentation map” Yy — Y_1 which equalises the two face maps
dy,ds: Y1 = Yy. A map of (augmented) A-spaces is a collection of maps, one for each level
k, which commutes with d; for each 1.

The (thick) geometric realisation of a A-space Y, is [|Ya|| = ([T} Yi X A¥)/~, where
~ is the equivalence relation generated by the face relations (d;(y), ZS ~ (y,d;(2)), where ¢;
is the inclusion of the ith face of A1, If Y, is an augmented A-space, there is a unique
composition of face maps Y, — Y_; for each k. These fit together to give an induced map

|Yel| = Y_1, where ||Ys|| is the geometric realisation of the non-augmented part of Y.

Definition 2.2.8 A A-space Y, with an augmentation to Y_; such that the induced map
||Yel| = Y_1 is n-connected is called an n-resolution of Y_; in the terminology of [RW10]
and [RW11].

20



§2.2. Definitions and set-up

2.2.3.1 A configuration A-space.

We now extend the oriented configuration space C;F (M, X) so that it is the (—1)st level

of an augmented A-space.

Definition 2.2.9 The augmented A-space C,7 (M, X)* is defined as follows: The elements
of the space of i-simplices C,F (M, X)* are configurations [5! --- 2], together with an order-
ing of i+ 1 of the pairs (%). In particular, C;¥ (M, X) ™! is just C;f (M, X), and C;F (M, X)°
consists of (oriented, labelled) configurations with one of the points marked out as ‘special’.
The face map d; is given by forgetting the jth element of the (i + 1)-ordering; in particular,
the augmentation map is the map C; (M, X)? — C;F(M, X) which forgets which point is

‘special’.

Remark 2.2.10 We will show later (see Corollary 2.4.8) that C;F(M, X)* is an (n — 1)-
resolution of C;F (M, X).

Note The definition of 45 clearly extends to each level C;f (M, X)? and commutes with the

face maps, so we have maps of augmented A-spaces:

CiH(M, x)* =5 cf

n+1(M7X).'

As before, we will often abbreviate the augmented A-space C;f (M, X)* as C;F (M)®.

2.2.4 Maps between configuration spaces

We will make use of the following maps between configuration spaces in the proof of the

Main Theorem.

2241 g, and a,.

These automatically come from the structure of the augmented A-space C, (M, X)®:

a, denotes the augmentation map
an: CH(M, X)° — CH(M, X),

which forgets which point is the ‘special’ point, and &, is the induced map
en: |y (M, X)*|| — C (M, X)

from the geometric realisation of the unaugmented part of the A-space to the augmentation.

Aside (Puncturing M) Recall from the beginning of the section that Mj, M} denote the
connected manifold M with any point, or more generally any k points, removed. Since M
is connected, the manifolds resulting from removing different choices of a set of k£ points can

all be (non-canonically) identified. So where necessary we may assume that M; means M
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with a point near By (in the sense of the definition of the stabilisation map) removed. It is
also implicitly assumed that we remember the inclusion My < M, as well as the abstract
manifold M.

2.2.4.2 p, and u,.

The maps
Co (M) =+ G (M) = Cf (M)

‘puncture’ and ‘unpuncture’ the manifold M respectively. The second map is easiest to
describe: it is just induced by the inclusion M; — M. The puncturing map p,, is defined
similarly to the stabilisation map. Let M (1) be M with an open collar attached at By, and
then punctured at by:

MW = A Up, (By x [0,1)) ~ {bo}-

Then the map p, is induced by the inclusion M < M™) and the canonical homeomorphism
Ol : MO =~ p (from the definition of the stabilisation map) which pushes the collar
back into M.

Remark 2.2.11 The composition u, o p, is homotopic to the identity, since it just pushes

the configuration away from By slightly.

2243 Tn,i and ]n,z

The projection
Tyt Cif (M) — Cipq (M)

forgets all but the (i+1)-ordered points of the configuration in C;F (M)?. Tt clearly commutes
with the stabilisation map: m,41,; 0 s, = Ty ;.

This is a fibre bundle, with fibre homeomorphic to 0;72‘71(Mi+1) when ¢ <n — 3. It is
closely analogous to the fibre bundle constructed by Fadell-Neuwirth in [FN62a, Theorem 3],
and the fact that this is a fibre bundle is proved in detail as Lemma 1.26 in [KT08, page 26],
so we refer to this for a detailed exposition. Alternatively, see Lemma 5.5.7 of Chapter 5,
where a much more general version of this is proved (although in the unordered case). To find
a trivialising neighbourhood for (5! --- £it1) € Ci+1(M) one just needs to choose pairwise
disjoint open neighbourhoods for the points p1,...,p;11 € M. The condition i < n — 3 is to
ensure that the fibre is path-connected; in the cases i = n — 2 and ¢ = n — 1, the fibre is
M, 1 x X x [2] and [2] respectively (where [2] is the two-point discrete space).

Pick a basepoint (77) -+ "ait) € @H(M) and define j,, ; to be the inclusion of the fibre

gnit Ci i (M) = CF (M~ {ma,coymipa}) = CH (M)

n n

In identifying the fibre abstractly with C’:_i_l(MiH), we have implicitly chosen a con-

vention for combining the orientation of [5! --- "7} ] € CF_, | (M;11) with the ordering
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(Za -+ ") to induce an orientation of all n points. We declare this convention to be
[T M Br . Bnmimt ] which completes the definition of j, ;.

So abstractly j,; is a map which replaces ¢ + 1 punctures with ¢ + 1 new configuration
points, which are additionally given an (i + 1)-ordering. The new points are all labelled
by z¢ € X, and the orientation of the new, larger configuration is given by the convention

stated above.

Remark 2.2.12 Due to our choice of orientation convention for j, ;, these maps commute

with stabilisation maps, and we have a map of fibre bundles

Jn+1,i

Cr_y(Mig1) ——— Cpy (M) %
s1 [ si R Ciy1(M) (2.2.1)
Coi1(Mip1) ——— CF(M)" — ™
In,i

Remark 2.2.13 The composition

CHM) 22 G (M) 2520 ¢if, (M)° 22 ¢f (M)

sends [B1 -+ Br] to [bo Pr ... Pn] where p; = ¢(p;) is p; pushed slightly away from By if it
is near By. Hence this is a factorisation of (—1)"s,,.

This factorisation will be key to the proof of the Main Theorem, and the appearance
of (—1)™ here is in a sense where the extra complication (compared to the unordered case)

comes from — and why we only obtain a stability slope of %

2.2.5 Relative configuration spaces

Definition 2.2.14 We define the relative configuration space to be the mapping cone of
the (positive) stabilisation map:
R (M, X) = hocofib(C;f (M, X) 2% C;f (M, X)).

Similarly, R," (M, X)* is defined to be the mapping cone of the stabilisation map s, between
the ith levels of the corresponding A-spaces. Since the face maps commute exactly with
the stabilisation maps, they induce relative face maps which give {R} (M, X)'};>_1 the
structure of an augmented A-space R,}(M,X)®. Again, we will usually abbreviate the
notation to R;f (M) and R, (M)® when X is understood.

2.2.6 Maps between relative configuration spaces

All our maps f: RF (M) — Rf,(M’ )" between relative configuration spaces will be

induced by maps defined on the non-relative configuration spaces
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S

Cl (M) Cryy (M) R (M)
fl Hy f lf

CHLM) —— Cf (M) —— R, (M)

Note that f (even up to homotopy) depends on the non-relative maps f, and the homotopy
H chosen to fill the square.

2.2.6.1 Jn.i, Gn, and iy,

We define relative versions of the inclusion-of-the-fibre, augmentation, and unpuncturing

maps as follows:

Definition 2.2.15 The maps j, i, a,, and u, commute exactly with stabilisation maps, so

we may define

Insit R:—i—1(Mi+1) — R:{(M)iv
@ RE(M)? — RF (M),
Up: RE(My) — R (M)

as explained above, taking the homotopy Hy to be the constant homotopy in each case.

2.2.6.2 p,, and relative stabilisation maps.

We will now define relative versions of the puncturing map p,, the stabilisation map
5: Cp(M) — Cpy1(M) and the negative iterated stabilisation map —s? = vosos: C;F (M) —
Criya(M).

Notation 2.2.16 To differentiate clearly between the unordered and oriented cases, we
will temporarily (for Definition 2.2.17 and Remark 2.2.18 below) use the following notation
when we want to emphasise which case we are dealing with: s denotes the stabilisation
map between unordered configuration spaces, and § denotes the stabilisation map between

oriented configuration spaces. So we want to define relative versions of py, §, and —§2.

Definition 2.2.17 Embed H = {(x,5) € R%y > 0} in M, in a neighbourhood of the
boundary-component By, so that by is identified with (0,0), and such that the homeomor-
phism ¢: M’ = M from the definition of the stabilisation map restricts to (z,y) — (z,y+1)
on H. So on H, the stabilisation map pushes points up by 1 and adds a new point at (0, 1).

Define the self-homotopies (12): 52 ~ 52 and (123), (132): — &% ~ —&3 to fix the original

configuration, and move the new configuration points around on H as illustrated below:

(12):% 0 (123)1§ D (132)‘§ G
— — e
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(The original configuration is contained in the interior of the shaded region in each case.)

Now, the left square below

S S
s, o2 s 2| v |- (2.2.2)
S S

admits the identity homotopy 1 and the homotopy (12). These induce relative stabilisation
maps
51, §(12) : Rn(M) — Rn+1(M)

on relative unordered configuration spaces. Similarly the right square admits 1, (123) and

(132), which induce relative double stabilisation maps
5?73?123)73?132)5 Ry (M) — Ry}, (M)

on relative oriented configuration spaces.

Remark 2.2.18 The natural self-homotopies 52 ~ 5% come from the different ways of
moving the two new configuration points around in the collar neighbourhood By x [0, 1),
so they are parametrised by w1 Ca(Bp X [0,1)). We are only considering those which are
supported in a coordinate neighbourhood near by, which are parametrised by 7;Co(R?).
This is either ¥y (d > 3) or B2 (d = 2); the homotopy (12) defined above corresponds
respectively to the only non-trivial element or a generator.

The analogous statement holds for self-homotopies —§3 ~ —33, replacing ‘Cy’ by ‘C’; .
In this case m C5 (RY) is either A3 (d > 3) or ABs (d = 2). This time the homotopies
(123), (132) defined above correspond respectively to either the only non-trivial elements

or a generating pair.

Definition 2.2.19 To define the relative puncturing map p,,: R} (M) — R (M), we need
to choose a homotopy sp,, ~ p,s. Similarly to the definition of the relative stabilisation
maps, we define this to fix the original configuration, and swap the puncture o and the new

configuration point « on H as illustrated below:

| |

| |

A

| |

- .
bo

This homotopy will be called (12),, to distinguish it from the homotopy (12) fitting in to
the left square of (2.2.2).
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Chapter 2. Homological stability for oriented configuration spaces

Remark 2.2.20 By Remark 2.2.13, and the definitions above, the composition
Un+2 © Jnt2,0 © Pl © Gngl © Jng1,0 © Pn Ry (M) — R} 5(M)

is a factorisation of 3’%, where H is the composite homotopy

We are reading this in the direction ¢, so this is (132). We note that the homotopy (123)

also factorises into two copies of (12), but pasted together differently:
12
pe (0]

The diagonal map here is the (positive) stabilisation map s: C;\ (M) — C¥,(M).

Remark 2.2.21 We note that the composition u, o p, is homotopic to the identity (cf.

Remark 2.2.11). Indeed, composing the diagrams defining @, and p,, results in

S

-,y
bo

I
: i I
I ! . !
Unopnl ”H Un+1 © Pnt1 lanoﬁn "H = : g :
‘ =
I I
1
S |
I

and a little thought shows that the maps u, o pn, Unt1 © prr1 and the homotopy H can
be simultaneously homotoped to identities, which induces a homotopy from u, o p,, to the

identity.

2.3 Sketch of the proof

The aim of this section is to explain some of the ideas in the proof of the Main Theorem,
and especially how the proof differs from the proof of the unordered version of this theorem.
The proof itself is contained in §§2.4, 2.5, and 2.6 below, and does not depend on the

contents of the present section, which is purely an overview.

2.3.1 The unordered case

We first outline the proof of the unordered version of the Main Theorem, due to Randal-
Williams:

Theorem 2.3.1 ([RW11]) If M is the interior of a connected manifold-with-boundary of

dimension at least 2, and X is any path-connected space, then the stabilisation map

Cn(M,X) 2 Cpi1(M,X)
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§2.3. Sketch of the proof

18 an isomorphism on homology up to degree "772 and a surjection up to degree 5. Equiva-

lently,
H.R,(M,X) =0 for+ <. (2.3.1)

Sketch of proof. Since M and X are path-connected and dim(M) > 2, all the configuration
and relative configuration spaces are also path-connected, so .FNIORn(M ,X) = 0 for all n.
This proves the n = 0, 1 cases of (2.3.1); the general result is proved by induction on n.

The strategy is to construct some map with target R,(M,X) = R,(M), and then
prove that it is both zero and surjective on homology up to degree 5. Two possible maps
into R, (M) are the relative stabilisation maps s; and 5(1) defined in §2.2.6.2, which are
induced by putting the homotopies 1, (12) into the left-hand square of (2.2.2). By the
unordered version of Remark 2.2.13, the vertical maps s in this square factorise into a o
j o p (corresponding to puncturing the manifold, then replacing the puncture by a new
configuration point which is marked as special, and then forgetting which point is special).
Now, the unordered versions of the maps p, 7, @ on relative configuration spaces are defined
similarly to the oriented ones: p is induced by a square containing the homotopy (12),
and 7, a are induced by squares containing the identity homotopy. Hence the homotopy
(12) respects the factorisation s = a o j op (i.e. it factorises into (), whereas the identity
homotopy 1 does not. So 5(1) has an induced factorisation s(;3) = a o jop. On the other
hand 1 trivially factorises into triangles [/] (here the diagonal map and both homotopies are
just identities), but (12) does not.

Now, by some intricate arguments (this is where the bulk of the proof lies, and is
contained in §§2.4, 2.5, 2.6 for the oriented case) the induced factorisation of 5(;9) into
aojop allows us, using the inductive hypothesis, to prove that it is surjective on homology
up to the required degree. On the other hand a factorisation into triangles [/] automatically
gives a nullhomotopy of the induced map on mapping cones; hence s1 is zero on homology
(in all degrees). But neither map factorises both ways, so this doesn’t yet finish the inductive
step. Instead, in the unordered case, the following trick suffices to complete it:

We have a map of long exact sequences

Sx
- H*Cn(M) - H*Rnfl(M) - *710n71(M) - H*flcn(M) -

J 0 l(g(m))*

> H,Crp1 (M) —— H,R,(M) —> H,_1Cy,(M) —> H,_1Cp 1 (M) >

where the indicated composition is zero since it is induced by a cofibration sequence. In the
range of degrees under consideration we know that (5(;2))« is surjective, so it is sufficient to
prove surjectivity of the map H,.Cy, (M) — H,R,_1(M). By exactness, this is equivalent
to injectivity of s.: Hy1Cp—1(M) — H,—1Cp(M). The inductive hypothesis only gives

us this in the range * < "T_l, which is not quite enough. However, in the unordered case
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Chapter 2. Homological stability for oriented configuration spaces

one can show, by a completely different argument, that s, is split-injective in every degree

(see §2.8.1), so this completes the proof.

2.3.2 The oriented case
The oriented version of this theorem is the Main Theorem of this chapter:

Main Theorem If M is the interior of a connected manifold-with-boundary of dimension
at least 2, and X is any path-connected space, then the stabilisation map

CJ(M>X) i> Cr—:_-i-l(M:X)
s an isomorphism on homology up to degree ”T_5 and a surjection up to degree %‘2 Equiv-

alently,
H.R} (M, X) =0 for x < 52, (2.3.2)

Sketch of proof. The basic strategy for the inductive step in the oriented case is the same:
find a map with target R} (M, X) = R;} (M) which is both zero and surjective on homology
up to degree "T_Q By analogy with the unordered case, the first thing one might try is the
relative stabilisation maps induced by

S

| | ! . 1 if the vertical maps have the same sign
+s l H l +s | with H= . . o .
' | (12) if the vertical maps have opposite signs

S

Similarly to before, we would like the homotopy H to factorise like (5, so we need to choose
the case where the vertical maps have opposite signs and H = (12). This gives an induced
factorisation of the relative stabilisation map into a o 7o p, which allows us to prove that it
is surjective on homology, by the same kind of arguments as in the unordered case.

However, (12) does not factorise into triangles [/], so we cannot deduce that it is also
zero on homology. So far this is just as in the unordered case, but this time the “ladder
trick” which completed the inductive step in the unordered case does not work: It depends
on knowing injectivity of s, in all degrees, in advance, by a separate argument, but in the
oriented case s, is not always injective (see §2.8).

So to solve this we will instead construct a different factorisation of the relative sta-
bilisation map on homology, and then use this factorisation (and naturality of the fac-
torisation w.r.t. stabilisation maps) to show that it factors through the zero map in the
required range of degrees. This new factorisation is actually just a general construction
for homotopy-commutative squares: the map on mapping cones induced by choosing any
particular homotopy to fill the square has a certain factorisation on homology — as long
as the square admits some homotopy which factorises into triangles [/]. However, we do
not currently have such a split homotopy. To remedy this, we can stack two copies of

our square on top of each other; this produces the right-hand square of diagram (2.2.2),
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§2.3. Sketch of the proof

filled by the homotopy (132). So we have extended our map into R, (M) further back, to
5%132): Ry 5(M) — Rf(M).

Now we also have the homotopy (123) filling the same square, and as noted in Remark
2.2.20, this factorises into triangles [/] (as does the identity homotopy, in fact). This allows
=2
S

(

us to construct the aforementioned factorisation of 132) O1 homology, which is

Ry (M)

EC:fQ(M) e ;H(M)

Ry (M),

where a dotted arrow indicates a map defined only on homology.
In this case one can also check that the middle part of the factorisation commutes with

stabilisation maps in the following way:

R;r—z(M) ECI—2(M) o> C;+1(M) R;(M)
E(fsn_;;)T @) Tsn
B0, _3(M) -~~~ - Cf (M)

Now we can show that the top row (3%132) on homology) is zero in the desired range.

The inductive hypothesis implies that ¥(—s,_3) is surjective on homology in this range,
so we can factor the top row along the bottom of the diagram like L. In particular, it
factors through C;f (M) =% C;f, (M) — R} (M), which is zero on homology since it is
induced by a cofibration sequence.

This completes the inductive step, since surjectivity-on-homology can be proved as be-
fore, using the factorisation 5?132> =aojopoaojop. However, note that we are now
using the inductive hypothesis from further back (to prove surjectivity for the ‘older’ copies
of @, Jx, px), which results in a smaller improvement in the range of stability during each

inductive step — and hence the slower rate of stabilisation in the oriented case.

Remark 2.3.2 This narrative outlines a fairly direct link from the existence of a global
parameter on configuration spaces to the reduced stability slope: Firstly it means that
injectivity of s, fails (see §2.8 for more on this), cutting off one line of attack, and secondly
it makes the other line of attack weaker: The global parameter is an obstruction to the
existence of certain self-homotopies of iterated stabilisation maps, which are needed to do
the zero-on-homology half of the proof in this line of attack. Hence we need to extend our
map into R, (M) further back to obtain such self-homotopies. This means we need to use
the inductive hypothesis from further back to prove surjectivity-on-homology for the ‘older’
parts of this map, and so this only goes through for a smaller range of degrees. Hence we
get a smaller increase in the stability range with each inductive step, and so the rate of

stabilisation is slower.
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Chapter 2. Homological stability for oriented configuration spaces

2.4 Two spectral sequences

In this section we first establish the two spectral sequences to be used in the proof of
the Main Theorem, and then show that (as mentioned in Remark 2.2.10) the augmented
A-space C;F (M, X)® is an (n — 1)-resolution, implying that one of our spectral sequences

converges to zero in a range of degrees.

2.4.1 General constructions

The first spectral sequence we will make use of is a relative version of the Serre spectral

sequence. We denote the mapping cone of a map g by Cg.
Proposition 2.4.1 Suppose f is a map of fibrations over a path-connected space B

f B

N (2.4.1)

B

Ey

Let Fy, F1 be the fibres over a point b € B, and denote the restriction of f to Fy — F1 by

fv- Then there is a first quadrant spectral sequence
B, = H(B:H(Cfy)) = H.(Cf)
in which the rth differential has bidegree (—r,r — 1). The edge homomorphism
H(Cfy) 2 E3, — E3S — Hi(Cf)

s the map on ﬁt induced by the inclusion C fy, — Cf.

This is mentioned as Remark 2 on p. 351 of [Swi75] and as Exercise 5.6 of [McC01]. (In
these two places it is assumed that f is an inclusion, but this can be ensured by replacing
(2.4.1) by a homotopy-equivalent diagram.) We will show how to derive this from the usual

(absolute) Serre spectral sequence:

Proof. Let CPEy be the fibrewise cone on Ey, i.e. Ey x [0,1] with Fy, x {1} collapsed to a
point separately for each fibre Fj, and let

o f = By Uy CTPE

(compare C'f = Ey Uy CEp). There is an induced fibration p: Cfivf — B, whose fibre is
C'fy, and which has a section s: B — CfPf taking ' € B to the tip of the cone in the
fibre over . Collapsing this section gives a map ¢: CfiPf — Cf. These maps fit into the

diagram
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§2.4. Two spectral sequences

{b} Cf Cfo
]
B—— Cfivf —— Cf
1 |
B B

where each vertical sequence is a fibration sequence and each horizontal sequence is a split
cofibration sequence.

The required spectral sequence will be a direct summand of the Serre spectral sequence
associated to the middle fibration. This can be seen as follows: The map of fibrations in the
diagram above induces a map of Serre spectral sequences, and the fact that the horizontal
sequences are split cofibrations means that we can identify this map of spectral sequences,

on each page E™ and in the limit, as an inclusion of a direct summand. In particular,

on the E* page: H,(B; Hy(pt)) — H,(B; Hy(pt)) ® Hy(B; Hi(Cfp));
in the limit: H.(B) < H.(B)& H,(Cf).

Passing to the other direct summand now gives the required spectral sequence.
The claim about edge homomorphisms follows from the analogous fact about edge ho-
momorphisms for the Serre spectral sequence associated to C'f, — C°f — B, of which

our spectral sequence is a direct summand. ]

To state the next construction of a spectral sequence, we first define the notion of a

“double mapping cone”:

Definition 2.4.2 Given a square of maps which commutes up to homotopy, and a chosen
homotopy to fill this square, one can apply the mapping cone construction either vertically
then horizontally, or horizontally then vertically. The resulting 2-by-2 grid Hi of spaces and
maps is the same up to homeomorphism whichever way around this is done. In particu-
lar, the mapping cone (taken horizontally) of the induced map-on-mapping cones (taken
vertically) is homeomorphic to the mapping cone (taken vertically) of the induced map-on-
mapping-cones (taken horizontally). We call this the double mapping cone of the original

square-with-homotopy.

The second spectral sequence we will need is constructed from a map of augmented A-
spaces. There are versions of this construction for A-spaces and for augmented A-spaces,
which can be either basepointed or non-basepointed, and maps of any of the above. The

version we will use is:

Proposition 2.4.3 Given a map of augmented A-spaces Yo — Zo, there is an induced
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square of maps

Yol — 112
l l (2.4.2)
Y 4 Z_1

Denote the double mapping cone of this square by C?(Ye — Z,), and as before denote the
mapping cone of Ys — Zs by C(Ys — Zs). Then there is a spectral sequence contained in
{s>—-1,t >0}

El, = H(C(Ys > Z))) = H.1(C*(Ye = Z4)),

where the first differential is the alternating sum of the maps on homology induced by the

relative face maps. In particular, Elu — E&t 18 I:Tt of the relative augmentation map.

Proof. The construction is given in Appendix 2.B. O

2.4.2 The spectral sequences to be used in the proof of the Main Theorem

Proposition 2.4.4 We have the following spectral sequences:

E?, 2 H(Cipr(M); Hy(R}_; 1 (Mis1))) =  H.(RH(M)) (RSSS;)

B}, = Hy(RF(M)) = H.1CE, (ASS)
for 0 <i<n—3, where C&, is as follows:

IG5 (M)* || — (ICy (M)*|| —— R (M)°]

En l l Entl l En

Cir (M) Ciiy (M) R (M) (2.4.3)
! I !
Cé‘n C€n+1 an

The edge homomorphisms on the vertical azis of (RSSS;) are the maps on fNIt induced by
Ini, and the leftmost d-differentials of (ASS) are the maps on H, induced by a,.

Proof. This follows immediately by applying Proposition 2.4.1 to the map of fibre bundles
(2.2.1), and applying Proposition 2.4.3 to the map of augmented A-spaces

so: CH (M, X)* — CF

(M, X)°. O]

32



§2.4. Two spectral sequences

243 CF(M,X)* is an (n — 1)-resolution

In the remainder of this section, we prove that the spectral sequence (ASS) converges
to zero up to total degree n — 1, which will follow from the fact that C;F (M, X)® is an

(n — 1)-resolution. First we define a certain semi-simplicial set:

Definition 2.4.5 Let inj([¢ + 1],[n]) be the discrete space of all injections [i + 1] < [n].
These combine to form a A-space inj([e + 1], [n]), with face maps induced by all strictly

increasing functions [i] — [i + 1].
This appears as the fibre of the map &,,, which we next prove is a fibre bundle.?

Lemma 2.4.6 The map e,,: ||C;H(M)®|| — C,;F (M) is a fibre bundle, with fibre homeomor-
phic to |[inj([e + 1], [n])]].

Proof. For each level i > 0, the (unique) composition of face maps f;: C;7(M)* — C;F (M) is
a finite-sheeted covering map, so in particular it is a fibre bundle. Moreover, this collection
can be simultaneously locally trivialised: each point ¢ € C;f (M) has an open neighbourhood
U, over which f; is a trivial bundle for all i. Explicitly, we may take U, to be the following.
Choose pairwise disjoint open balls around the n points of ¢, and associate to these open
balls the orientation inherited from c¢. Then let U, be all configurations in C; (M) which
have one point in each open ball, and whose orientation matches that of the open balls.

Over U,, the trivialisation itself can be described as follows. Choose an arbitrary, fixed
ordering of the n open balls: (By, ..., B,). Given a € f;'(U,.), the (i + 1)-ordering of a
induces an injection [i + 1] — {Bj, ..., By}, and hence an element ord(a) € inj([i + 1], [n]).
Define the trivialisation f; !(U.) 2 U, x inj([i + 1], [n]) to be a — (fi(a),ord(a)).

Since we have a simultaneous local trivialisation for {f;}, we get a local trivialisation
for the map [[, C;F (M)? x A* — C;F (M), which identifies the preimage of U, with U, x
(LT, inj([i+1], [n]) x A?). Under this identification, the face relations for C; (M)® correspond

exactly to the face relations for inj([e + 1], [n]), since the squares

Uexinj([i+1],[n)) = f71(U)
1><djl ldj
Ue x inj([i],[n]) = f4(U)

all commute. Hence we have an induced local trivialisation of the quotient map

ent GO0 = ([T O ) x &%)/ ~ — C1 (),

which identifies the preimage of U, with U, x ||inj([e + 1], [n])||. In particular, the fibre over
a point is identified with ||inj([e + 1], [n])|- O

3See also Lemma 5.5.5 of Chapter 5.
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The homotopy type of ||inj([e + 1], [n])|| was identified by Randal-Williams in [RW11]:*

Proposition 2.4.7 (Proposition 3.2 of [RW11]) The geometric realisation of the A-space
inj([® + 1], [n]) is a wedge of (n — 1)-spheres:

linj(fe + 1], [])]| = \/ 5",
Putting this together, we immediately get:

Corollary 2.4.8 The map e, |C;F(M)®|| — C;F(M) is (n — 1)-connected. In other words
C;H(M)® is an (n — 1)-resolution of C; (M).

By the relative Hurewicz theorem and a diagram chase in (2.4.3), this in turn immedi-

ately implies that H,CZ, =0 for x < n, and hence

Corollary 2.4.9 The spectral sequence (ASS) converges to zero in total degree < n — 1.

2.5 The connectivity of the unpuncturing map

In this section we relate the homology-connectivity of the relative unpuncturing map
Un: Ry (My) — R (M)
(which was defined in §2.2.6.1) to the homology-connectivity of the stabilisation map
Sn—1: CF (M) — C;F(M).

First, we define precisely what we mean by “homology-connectivity”:

Definition 2.5.1 For a map f: Y — Z, the homology-connectivity of f is

heonn(f) = max{* f is surjective on homology up to degree * }

f is injective on homology up to degree * — 1

Equivalently, this is the degree up to which the reduced homology of the mapping cone C'f

is zero.
Proposition 2.5.2 For n > 3, hconn(u,) > hconn(s,_1) + dim(M).

To prove this we will first construct an excisive square. Let d = dim(M), and let D C M
be an open, d-dimensional disc embedded in the interior of M, far away from the boundary-
component By of M. We identify D with the standard d-dimensional disc with its metric.
Let U, (M) C C;f (M) be the subspace of configurations which have a unique closest point

*As noted in [RW11], this fact has been proved before in the literature, where inj([e + 1], [n]) is known
as the “complex of injective words”.
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in D to 0 € D. (In particular, configurations in U,I (M) are required to have a point in D.)
The pair {U,F (M), C;F(M ~ 0)} is an open cover of C;7 (M), so the square

CHM ~ 0) — 2 ¢ (M)
G o (2.5.1)
U (M~ 0) ———— U (M)

is excisive.

Now, U,7 (M) may be decomposed as follows:
Lemma 2.5.3 Forn >3, UF(M)=C! (M ~0)xDxX.

Proof. First, choose a family of homeomorphisms ,.: M ~ B,(0) = M \ 0, with support
contained in D, depending continuously on the parameter » € [0,1). Here, B,(0) means
the closed ball in D, of radius r centred at 0 € D.
Given [B! ... Pr] € UF(M), we may assume by applying an even permutation (since
n > 3) that the unique closest point in D to 0 for this configuration is p,. Sending this to
<[¢|p?c\1(m) ¢\pn|(1’nfl)} ,pn,l‘n> €ECH(M~0)xDxX

Tn—1
defines the required homeomorphism. O

This identification restricts to U} (M ~\ 0) 2 C (M ~ 0) x (D~ 0) x X, and under

the identification,

e the inclusion at the bottom of (2.5.1) is the identity on the first and third factors,

and the inclusion D \ 0 < D on the middle factor;

(M) to UF (M) — UF

e restricting the stabilisation map s,: C;F (M) — CF el

n+1 (M)
yields

Spe1 X Ix1:CF (M N0)xDxX — CHMN0)x D x X,

and similarly for s,: C;f (M~ 0) — C,7 ;(M ~ 0). In other words the identification
commutes with stabilisation maps; this is because we embedded D far away from the
boundary-component By. (More precisely, it is ensured by embedding D sufficiently
far away from By so that the homeomorphism ¢: M’ = M from the definition of the

stabilisation map has support disjoint from D.)
Having done this set-up, we can now prove the main result of this section:

Proof of Proposition 2.5.2. Apply stabilisation maps vertically to the square (2.5.1), to get

a commuting cube of maps, and then take mapping cones horizontally and vertically, to

produce a commutative lattice of maps of the form . The back face of this can be
identified as
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R+ (M~ 0) R+ (M) Cliin
I ! I
Cn+1(M AN O) *’ C (M) Cun+1

ot N T

+1

Using Lemma 2.5.3 and the fact that the mapping cone of AXY — Yy AxZ s C(lxf) =
(A1) AN Cf, the front face can be identified as

C(sp_1x1x1) C(sp_1x1x1) CY4(sp_1x1)4

I I !

CHM N 0)x(DN0)xX ——> CHM N 0)xDx X —— 24CHM ~ 0)x X) 4

Sp_1x1x1 Sn_1X1x1 Y (sp_1x1)4

CH (M N0)Xx(DN0)xX —> CF (M~ 0)xDxX > X4CF (M 0)xX)y

Now, one way of stating the excision theorem is that the map-on-mapping-cones induced
by an excisive square is a homology-equivalence. Hence the homology of the right-hand
columns of the two diagrams above is the same; in particular, H,Ciiy, & ﬁ*CZd(sn_l x1) 4.
So:

hconn(u,) = hconn(Ed(sn,l x1)4)
= d + hconn(s,—1x1)+ by the suspension isomorphism
= d + hconn(s,—1x1)
> d + hconn(s,—1) by the Kiinneth theorem. O

2.6 Proof of the Main Theorem

We now apply the constructions and results of the previous two sections to prove the
Main Theorem. This can be rephrased in terms of relative configuration spaces (as defined
in §2.2.5):

Main Theorem If M is the interior of a connected manifold-with-boundary of dimension

at least 2, and X is a path-connected space, then

H.RY(M,X)=0 for %<7132 (2.6.1)
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2.6.1 Strategy of the proof

We defined in §2.2.6.2 the “relative double stabilisation map”
Shsa): B _o(M,X) — R} (M, X).

The proof will be by induction on n, and the idea is to show, using the inductive hypothesis,
that this map is both surjective and the zero-map on homology, up to the required degree.
5%132) for each of these. The first will allow
us to prove surjectivity-on-homology piece by piece, using different methods for the different

We will use completely different factorisations of

pieces of the factorisation, and the second (which only exists on homology) will turn out to

factor through the zero map in the required range of degrees.

Proof of the Main Theorem, by induction on n. Since M and X are path-connected and
dim(M) > 2, C;F(M, X) is path-connected for all n, and hence so is R} (M, X). So the
theorem is true for n < 4 — this is the base case.

Now assume n > 5. By Lemmas 2.6.1 and 2.6.5 below, the map
@?132))*3 H.R)_,(M,X) — H.R, (M, X)

is surjective and zero for x < “z2. Hence H.R}(M,X) =0 in this range. O

Of course the main content of the proof is contained in the proofs of Lemmas 2.6.1 and

2.6.5 below. We begin with the one asserting surjectivity of (5%132))* for * < %2

2.6.2 Surjectivity on homology

As noted in Remark 2.2.20, §%132) factorises into

R;—z(M) - R;Lr o(My) w n—1(M)
/ = (2.6.2)
Ry (M) —— R,_(My) —— R} (M)" ——— R} (M)
Pn—1 In,0 (075
which is the mapping cone construction applied to
o Pno1 Jn,0 o Gn  Pn Jn+1,0 o Gnp1
tag, 1 vt 1 tagt 1t 1] (2.6.3)
. Pn—2 . jn—l,O . an—1 . Pn—1 . jn,O . Qn .

where vertical maps are stabilisation maps. Recall that p punctures the manifold, j replaces

the puncture by a new configuration point which is marked as special, and a forgets which

37



Chapter 2. Homological stability for oriented configuration spaces

point is special. This is the factorisation we will use to show surjectivity-on-homology.

Lemma 2.6.1 Let n > 5, and assume as an inductive hypothesis that (2.6.1) holds for

smaller values of n. Then 5%132) s surjective on homology up to degree "T_Q

Proof. We will show that the six maps in (2.6.2) are each surjective on homology up to this

degree.

The relative puncturing maps p,_1 and p,_o. Recall from §2.5 that

hconn(f) == max{*

f is surjective on homology up to degree x }

f is injective on homology up to degree x — 1

In this notation the inductive hypothesis is
hconn(s,) > L%j, vn' < n.

As noted in Remark 2.2.21, %, o p, is homotopic to the identity, so ()« o (pr)s = id.
Hence (u,). is injective up to the same degree to which (p; ). is surjective, so hconn(p,) =

hconn(w,) — 1. Combining this with Proposition 2.5.2 we have
hconn(p,) > hconn(s,—1) + dim(M) — 1,
for » > 3. Using the inductive hypothesis and the fact that dim(M) > 2 we obtain
heonn(pp—1) > [251] and heonn(pn—2) > [252].
The relative inclusion-of-the-fibre maps 7,0 and j,_1 0. Recall the spectral sequence

E?, = Hy(Cima(M); Hy(R}_,_|(Mi+1))) = H.(R}(M)) (RSSS;)

n—i—1

from Proposition 2.4.4. The edge homomorphism

Hy (R

i (Mign)) = E§, — Egy < Hy(Rj (M)')
is the map on H, induced by Jn.i-

n—i—3

Now, the inductive hypothesis implies that Eit =0 for ¢ < *=—=, so the E? page is as

illustrated in Figure 2.6.1(a). Hence in degrees t < "‘T’_?’ the map 7, ; induces 0 — 0 on H,,

which is trivially surjective. Moreover in the larger range ¢ < % we can see from Figure

2.6.1(a) that the inclusion EFS < Hi(R;7(M)?) is an isomorphism, so j,; still induces a

surjection on E[t. Setting 7 = 0, this proves that 3, o is surjective on homology up to degree

2. The argument goes through identically when n is replaced by n — 1, and proves that

3
Jn—1,0 is surjective on homology up to degree ”T_l
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§2.6. Proof of the Main Theorem

The relative augmentation maps a, and a,_1. Recall the spectral sequence

El, = H(RY(M)*) = H.,C5, (ASS)

from Proposition 2.4.4. The differential Eil,t — E&t is the map on H, induced by ay,.

Now, as noted above, the spectral sequence (RSSS;) has E? page as illustrated in Figure
2.6.1(a) — hence it converges to zero in total degree up to “=i=2. The limit of (RSSS;) is the
ith column of the E'! page of (ASS), so we have a column of zeros on the E' page of (ASS)
as shown in Figure 2.6.1(b). There is a spectral sequence (RSSS;) for each 0 < i < n — 3,
so there is a triangle of zeros on the E! page of (ASS) as shown in Figure 2.6.1(c).

Now assume that t—1 < %‘4. Looking at Figure 2.6.1(c) we see that the first differential
is the only possible non-trivial differential hitting Eil’t. Also, by Corollary 2.4.9, the
spectral sequence (ASS) converges to zero in total degree < %‘4 < n —1, so we have
E> ; = 0. Hence the first differential Ell’t — E&t must be surjective.

So @, induces surjections on I;Tt fort—1< ”T_Zl, le. for t < "T_l The argument goes
through identically when n is replaced by n — 1, and proves that a,_; induces surjections
on ﬁt for t < “T_2 ]

n—i—3 n—

co
3
|
w

-— O —>
>

@
. PO

v

v

(a) (b) ()

Figure 2.6.1: The two spectral sequences from the proof of surjectivity: (a) is the E? page
of (RSSS;); (b) and (c) are the E! page of (ASS).

2.6.3 Zero on homology

The factorisation of 3%132) (on homology) we will use for this part comes from a more

general factorisation lemma, so we begin by stating this.
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Chapter 2. Homological stability for oriented configuration spaces

2.6.3.1 A general factorisation lemma.

As before, we let C'f denote the mapping cone of a map f. Suppose we have a homotopy-

commutative square of maps

A X
/| |9 (s)
B Y

Choosing any particular homotopy H: g o4 ~ j o f to fill this square induces a map

CH: Ci — Cj, and completes an exact ‘ladder’ on homology

H.X H.Ci — H. 1A
| 9- |cn, | I (2.6.4)
H.Y H.Cj— H, 1B

We say that (S) splits into triangles if there exists a map d: X — B, together with homo-
topies F1:doi~ f, Fo: g ~ jod. In other words the square can be filled in as

A N X
N e (265)
B Y

Lemma 2.6.2 (“Factorisation lemma”) If the square (S) splits into triangles, and H is
any homotopy filling this square, then C'H, factors through a map zp: H, 1A — H.Y in
diagram (2.6.4). Hence, in particular, the composition H.X — H,Cj in (2.6.4) is zero.

Moreover, zp itself factorises as follows:

H, 1A~ H,(5' x A) X H,Y,

where the first map is the inclusion of a direct summand in the Kinneth decomposition
H.(S* x A) = H, 1(A) ® H,_1(pt) & H,(A), and the second map is induced by the self-
homotopy v: S' x A — Y built out of H and the two homotopies Fy and Fy occurring in
(2.6.5).

Proof. See Appendix 2.A.

2.6.3.2 Applying the factorisation lemma.

In particular we may take (S) to be the square
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§2.6. Proof of the Main Theorem

C o (M) —— CF_ (M)
_s2 l l _s2
Cy (M) Crr (M)

(for n > 3). This is the right-hand square from (2.2.2). It splits into triangles, since we may
for example take the diagonal map to be —s: C (M) — C;F (M), and the two homotopies
to be constant. (See also Remark 2.2.20.) Taking H to be the homotopy (132), as defined

in §2.2.6.2, Lemma 2.6.2 implies the following factorisation of (5%132))*:

Corollary 2.6.3 The map (3%132))*: I;T*R:LZQ(M) — H,R (M) factorises as follows:

H.R} (M) — H_1C_y(M) = H(S*xC}_,(M)) 25 H,CF (M) — H.R; (M).

The first and last maps come from the long exact sequences for C;7_o(M) — C;*_ (M) and

CH(M) — CF

of Hi(S'xC}_,(M)), and

(M) respectively, the second map comes from the Kinneth decomposition

v St X Gy (M) = Gy (M)

is the self-homotopy (132).

Proof. This is immediate from Lemma 2.6.2, once we note that in this case we can take the
split homotopy (2.6.5) to be the constant homotopy, so that v is just H = (132). O

Rephrasing the definition of the homotopy (132) in §2.2.6.2, we may describe v, as a
map S'xC,f_,(M) — C;f, (M), concretely as follows:

o = (00,

The configuration c is pushed away from the chosen boundary-component By, and three
new points are added on a small embedded circle near By, at the positions {tl/ 3wt Wit/ 51
where w = exp(%m’). Fix an orientation of the circle: this gives the three new points a cyclic
ordering [p1,p2, p3], and we use the orientation convention [c, p1, p2, p3].

We can use this description to check that v is natural w.r.t. stabilisation maps:

Lemma 2.6.4 The following square is commutative up to homotopy:

v

St x G5 (M) Cryr (M)

1x (—S)I Is
St x G 5(M) Cyy (M)
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Chapter 2. Homological stability for oriented configuration spaces

Proof. The two ways around this square are both of the form

7x1

S x C_y(M) == Cf (RY) x CF_5(M) — Cyf 1 (M),

Cp, C — Cc
o = (e (),

Here, the configuration c¢ is pushed away from By, and the configuration ¢ is inserted into

where the second map is

a coordinate neighbourhood near By (and we use the orientation convention [c, cg)).
The map ‘?’: S' — C (RY) is either

9 3
Q1 o4 or —| .1 O2
3 4

(the numberings represent orientations of the configurations; the ‘~’ in the right diagram

indicates that the orientation should in fact be the opposite of that which is illustrated). So
it is enough to find a homotopy h: S* x I — O (R%) connecting these two maps. Such a

homotopy clearly does exist: for example define h(t,u) to be

//’>\\\
// 2 \\/\ -
/ \ /. \
I 11 1 e4)
\ h \ /
' /\_/\"/

\\\3 //

where ¢ € S! determines the positions of the 3 points on the circle, and u € I determines

how far along the arrows to move the dotted regions. O

2.6.3.3 Zero on homology.

Finally, we may apply our new factorisation of (§%132))* to deduce that it is zero in the

required range:

Lemma 2.6.5 Let n > 4, and assume as an inductive hypothesis that (2.6.1) holds for
n—2

is the zero map on (reduced) homology up to degree ™3

smaller values of n. Then 5%132)

Proof. By Corollary 2.6.3, Lemma 2.6.4 and the naturality of the Kiinneth decomposition

we have a commutative diagram

H.R}_o(M) — H.1C}_y(M) — H,C,f\ (M) — H,R} (M)

(*5)*T TS*
IA{/*—ICJ—?,(M) - ﬁ*C;(M) /
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§2.7. Corollaries

where the composition along the top row is (3%32))*. The composition on the right is zero
since it is induced by a cofibration sequence. By definition, the maps +s differ only by an
automorphism of their common codomain, so (as noted in Remark 2.2.7) they have the same
surjectivity-on-homology properties. Hence by the inductive hypothesis (—s). is surjective
for x — 1 < "T_“r’, ie. for x < ”T_2 So in this range (3?132))* factors through the zero map,

and hence is itself zero. OJ
2.7 Corollaries

2.7.1 Stability for generalised homology theories

First we will prove Corollary B (stated in §2.1.3). This follows directly from the Main

Theorem and the following lemma:

Lemma 2.7.1 If h, is a connective generalised homology theory with connectivity c (i.e. its
associated spectrum has connectivity c), and if the map f: X — Y is an isomorphism on
H.(—;7Z) up to degree k — 1 and surjective up to degree k, then f is an isomorphism on h

up to degree k — 1 + ¢ and surjective on h, up to degree k + c.

Proof. By the long exact sequence for cofibration sequences, this is equivalent to the claim
that
H(Cf;Z) =0V« <k = h(Cf)=0¥x<k+ec

If F is the spectrum associated to hy, then we have the Atiyah-Hirzebruch spectral sequence
(see [McC01, Theorem 11.16])

E}, 2 H (Cf;m(E)) = h(Cf).

Removing an H,(pt; m(E)) summand from the E? page, and correspondingly an h.(pt) =

m«(F) summand from the limit, gives the reduced version
B = Hy(Cfim(E)) = h(Cf).

By the Universal Coefficient Theorem, and since E is c-connected, the E? page is zero for
s < k or t < c. Therefore the limit is zero for total degrees x < k + c. OJ

Remark 2.7.2 Alternatively, one could consider the map of (non-reduced) Atiyah-Hirzebruch

spectral sequences induced by f, and apply the Zeeman comparison theorem [Zee57].

We now revert to talking only about ordinary homology again, but of course the corol-

laries for sequences of groups below also have similar generalised homology versions.
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Chapter 2. Homological stability for oriented configuration spaces

2.7.2 Wreath products with alternating braid groups

Let S be the interior of a connected surface-with-boundary S, and let G be any discrete
group.

Definition 2.7.3 The braid group on n strands on S is 5 = m Cy(S, pt). When S =
R? this recovers the definition of the Artin braid group 3, (by [FN62b]). A based loop
in Cp(S, pt) induces a permutation of the basepoint configuration, so there is a natural
projection 35 —» ¥,. The alternating braid group on n strands on S, ABS, is defined to
be the index-2 subgroup of braids whose induced permutation is even. A loop in C,, (S, pt)
induces an even permutation iff it lifts to a loop in C, (.S, pt), so this is equivalent to defining
ABS = m CH (S, pt).
The wreath product G ABZ is defined to be the semi-direct product

15 G" = G xABS — ABS =1 (2.7.1)

where A3 acts on G™ by permuting the n factors through its projection to A, < %,,.

The first half of Corollary A (see §2.1.3) follows directly from the Main Theorem and

the following lemma:

Lemma 2.7.4 Pick a model for the classifying space BG. Then C;F (S, BG) is a model for
the classifying space B(G U ABY).

Proof. First we show that C;7 (S, BG) is aspherical. In the case where S is compact, using
the classification of compact connected surfaces-with-boundary we can draw an explicit
deformation retraction from S onto a wedge of circles, so it is aspherical. In general, any
map of a sphere into S will have its image contained in a compact connected subsurface-
with-boundary, so S is also aspherical without the compactness assumption. Hence S is
aspherical. Moreover, S\ {finitely many points} is again the interior of a connected surface-
with-boundary, and so is also aspherical by the previous argument.

Via the fibration sequences
Sn_1 X BG — Cpn(S, BG) — Cn_1(S, BG)

and induction on n, this implies that én(S, BQ@) is aspherical for all n. This is a covering
space of C;7 (S, BG), so C;f (S, BG) is also aspherical for all n.
Now we check that m C;F (S, BG) = G ABS. Forgetting the labels gives a fibration

(BG)" = C; (8, BG) I €7 (S, po),
which admits a section. So on 71 this induces a split short exact sequence
1= G G" < ABS — ABY — 1.
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§2.7. Corollaries

It remains to show that this is the same semi-direct product as G AB2, (2.7.1). This can
be seen most easily by just thinking about what concatenation of based loops in C; (S, BG)
does under this identification: it concatenates the corresponding braids, and multiplies
the elements of GG in pairs, according to which strands have been glued together. So the
multiplication in the G™ component is twisted by the induced permutation coming from the

ABS component. O

Example 2.7.5 A special case of the first half of Corollary A, taking S = R? and G = ,
is homological stability for the alternating Artin braid groups, an index-2 subfamily of the
sequence of Artin braid groups. Another special case, taking S = R? and G = Z, is

homological stability for the sequence of alternating ribbon braid groups.

Remark 2.7.6 The elements of G2 ABS can be thought of as braids embedded in S x I,
with an element of G ‘attached’ to each strand. In this description the “natural map”
G Aﬂ;? — G Aﬂ;f 1 referred to in the statement of Corollary A is given by adding a new

strand (with the identity of G attached) near a chosen boundary-component of S.

2.7.3 Wreath products with alternating groups

We now want to take configurations in the ‘manifold’ M = R*:

Corollary 2.7.7 For any path-connected space X, the map

s: CHR™, X) — CF (R™, X)

s an isomorphism on homology up to degree "T_5 and surjective up to degree "T_Z

Proof. By the Main Theorem, the analogous statement is true for

CHRN,X) — CF (RN, X)
for all N. These fit into a commutative ladder of maps =3, where the vertical maps are
induced by the standard inclusions RY — RN and the map we are interested in is the
vertical colimit of this ladder. Injectivity- and surjectivity-on- H, properties of the horizontal

maps are preserved under taking this colimit, so the result follows. O

Remark 2.7.8 This corollary depends on having an explicit range for homological stability
which is independent of the manifold M. If we only knew qualitatively that homological
stability held for some (unknown) range, then we would not have been able to take a direct
limit and keep homological stability, as we did in the proof above. (A priori, the stability

slope could — 0 as the dimension of M — oo, for example.)

Remark 2.7.9 We note that inj([n], R*>) is contractible, and the action of A,, on it is free,

so it is a model for FA,. This means that the oriented configuration space on R* with
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Chapter 2. Homological stability for oriented configuration spaces

X-labels is a model for the homotopy quotient, or Borel construction
CH(R>®, X) = inj([n],R®) x4, X" ~ EA, x4, X" = X"JA,.
So by Corollary 2.7.7 we have homological stability for the sequence
e XAy = XA —

In the special case X = BG, we have the following:

Corollary 2.7.10 (Second half of Corollary A) For any discrete group G, the natural map

GUlA, = GUA,41 is an isomorphism on homology up to degree ”T_E’ and surjective up to

n—2
degree "5=.

Here the wreath product G A,, is the semi-direct product
1-G"—=>G"xA, »A,—1 (2.7.2)

where A, acts by permuting the n factors of G™.

Proof. By Corollary 2.7.7 we just need to show that C;F (R>, BG) is a model for the classi-
fying space B(G 1 Ay). Now, R* ~ {finitely many points} is contractible, so by considering

the fibration sequences
(R . {n — 1 points}) x BG — Cp,(R™, BG) — Cp_1(R*®, BG)

we can inductively show that C~’n(R°°, BG@), and hence also C;F (R*>°, BG), is aspherical for
all n.

To show that mC;F(R*®, BG) = G A, we first consider mC, (R*, pt). A based loop
(up to ~) in C;f (R, pt) is an n-strand braid on R*. Any braid in R can be ‘untangled’,
so it is just a permutation of the basepoint configuration, which in this case must be even
to preserve the orientation. So m C;F (R, pt) = A,,. As in the proof of Lemma 2.7.4 we
have a fibration

(BG)" < CH(R™®, BG) 1794, ot (R, p),

which admits a section, so on m; we have a split short exact sequence

1-G"—>G"xA, » A, =1

By considering what concatenation of based loops in C;7 (R*, BG) does under this identifi-
cation, we can see that the action of A, on G in this semi-direct product is just permutation
of the n factors, as in (2.7.2). Hence mC,/ (R*, BG) =2 G A,,. O
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§2.8. Failure of injectivity

2.7.4 Aside: the limiting spaces for A, and Af3,.°

When S = R? we denote the alternating braid group A@HfQ by just AgB,.

Corollary A relates the homology of the families of groups (A,) and (Af5,), in the stable
range, to the homology of the limiting spaces BAY, and BABZL, where G = lim,, G,, and
(1)t is the Quillen plus-construction. In these two cases we can identify the limiting spaces
explicitly: The ‘scanning’ argument of Segal and McDuff implies [McD75, Theorem 4.5]
that

BY L ~ Q385> = QS° and BBL ~ 025% ~ 0253 (2.7.3)

(The first of these is the Barratt-Priddy-Quillen theorem [BP72].) Plus-constructing pre-

serves double-covering maps (see for example [Ber82, Theorem 6.4]), so
BAT ~ 60\5/0 and BABL ~ 6—2\5/’3, (2.7.4)

the universal cover of QpS° and the unique connected double cover of Q253. Let Cob,
denote the category of (n—1)-dimensional manifolds and n-dimensional cobordisms between
them (embedded in R*), as defined and studied in [GMTWO09], and let Cob,,(R?) denote
the version with embeddings into R2. In this language (2.7.3) can be reinterpreted (by the

group-completion theorem) as
QBCoby ~ QS° and QBCoby(R?) ~ 0252, (2.7.5)

Now if Cobg, Cobd (R?) denote the corresponding (embedded) cobordism categories where
0-manifolds have an ordering-up-to-even-permutations (this is a non-tangential, i.e. ‘global’,

structure), then by the group-completion theorem (2.7.4) becomes
QBCob{ ~ QS0 and  QBCobg (R?) ~ 0252, (2.7.6)

where we are taking double covers componentwise.
So in a very special case, and up to delooping once, this identifies the homotopy type of

a cobordism category of manifolds with some kind of non-local structure.

2.8 Failure of injectivity

In this section we elaborate on one way in which the oriented case is harder to deal with
than the unordered case: the failure of the stabilisation maps to be injective on homology in
general. In §2.8.1 we recall how injectivity-on-homology can be proved in the unordered case,

and in §2.8.2 explain why the analogous argument breaks down in the oriented case. Then in

5See also §1.2 of the Introduction.
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Chapter 2. Homological stability for oriented configuration spaces

§2.8.3 we give some explicit examples demonstrating non-injectivity of s,: H,C;F (M, X) —
H*C:H(Mv X).
2.8.1 Injectivity in the unordered case

The stabilisation maps s are split-injective on homology in all degrees in the case of
unordered configuration spaces. This can be shown with the help of the following lemma
proved by Dold (and used earlier by Nakaoka in [Nak60)):

Lemma 2.8.1 (Lemma 2 of [Dol62]) Given a sequence of abelian groups and homomor-

phisms 0 — A1 2 Ay =2 ... if there are ‘transfer’ maps Thm: An = A (1 <k < n)
satisfying
Tpn = id and Thn = Thynt+1 © Sp mod im(sk_1),

then every s, is split-injective.

If the abelian groups are in fact Q-vector spaces, then it suffices to find transfer maps

going back just one step:
Corollary 2.8.2 Given a sequence of Q-vector spaces 0 — Ay 2 Ay 22 - if there are
‘transfer’ maps ty: Ap — An—1 (n > 1) satisfying

tny1 08y, =id + 551 0 Uy,

then every s, is split-injective.

Proof. Define 7y, ,, == ﬁ tgt10---ot, for 1 < k < n,sothat 74,4108, = Th p+5k—10Tk—1,n,

and apply Lemma 2.8.1. ]

Lemma 2.8.1 can be applied to prove injectivity of s, in the unordered case by defining
T SPCCH(M,X) — SP*CL(M,X)

to take an n-point configuration in M to the formal sum of its (Z) different k-point subsets
(cf. the proof of Theorem 4.5 in [McD75]). This uses the Dold-Thom theorem: 7, SP* = H,
for x > 1 [DT58].

2.8.2 Failure of injectivity in the oriented case

This trick doesn’t work for oriented configuration spaces, however, since there is no way
for an oriented n-point configuration to induce an orientation on a k-point subset unless
k =n —1. If we instead define 74, to take an oriented n-point configuration to the sum of
all its oriented k-point subsets — with either orientation — then 7, , = id 4+ v, so the first

hypothesis of Lemma 2.8.1 is not satisfied.
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Alternatively, we could try to just prove injectivity on rational homology using Corollary
2.8.2, since this only requires maps removing a single configuration point, and in this case

there is an induced orientation on the subconfiguration. However, defining
tn: SPXCH(M,X) — SP¥C (M, X)

to take an oriented n-point configuration to the sum of its n different (n — 1)-point subsets
(with their induced orientations) results in equations t,,4+10s, = id+vos,_j ot,, which are
not the correct equations for the hypothesis of Corollary 2.8.2 to hold (note the appearance

of the orientation-reversing automorphism v).

2.8.3 Counterexamples

As mentioned in Remark 2.1.4 in the Introduction, the calculations in [GKY96] provide
counterexamples to injectivity of the maps s, in the case of oriented configuration spaces.
The same examples also serve to show that a stability slope of % is the best possible in the
oriented case.

First, though, we mention a much simpler counterexample:

Counterexample 2.8.3 The simplest counterexample to injectivity of s, is the map
Hy(Cf (R, pt)) — Hy(CF (R, pt)), which is H1Ay — HyAs, which is Z/3 — 0. This
is the colimit of the maps s.: Hi(CJ (R¥ pt)) — Hi(CF (R¥,pt)) as k — oo, and injec-
tivity is preserved by taking such a colimit, so this provides counterexamples: s, must be

non-injective for infinitely many values of k.

The [GKY96] calculations.

For an odd prime p, there is a splitting
Hy(C;f (M, X);F,) 2 Hy(Cp(M, X); Fy) @& Hy(Cr(M, X ); FSD),

where on the right summand 7 C;H (M, X) < mC, (M, X) acts on F,, by the identity, and
its complement acts by multiplication by —1. Correspondingly, the stabilisation map s,
splits into two summands. One is the stabilisation map from the unordered case, which is
split-injective by §2.8.1 above, and the other is the map induced by the stabilisation map

(from the unordered case) on twisted homology:
Hy(Co(M, X); FSY) — Hy(Cryr (M, X); FCY). (2.8.1)

The calculations in [GKY96] use a result of Bédigheimer-Cohen-Milgram-Taylor [BCT89,
BCM93, Corollary 8.4] to write this (under some conditions) in terms of the homology of
iterated loopspaces of spheres, and then apply the Snaith splitting theorem [Sna74] and
knowledge of the structure of H,02?S? to analyse the result. See Chapter 3 for more details.
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Going through their calculations one can see that the map (2.8.1) is the map F, — 0 for

M any connected open surface, X = pt, and
(n,q) = (Ap+1,\(p—2)) forany A >1

(although they state their result in slightly less generality).

This provides an infinite family of counterexamples to injectivity at each odd prime,
and taking p = 3 also provides counterexamples to demonstrate that % is the best possi-
ble stability slope for oriented configuration spaces, as mentioned in Remark 2.1.2 in the

Introduction.

2.A Appendix: Proof of the factorisation lemma

In this appendix we prove the general factorisation lemma which is used in the proof of
the Main Theorem in §2.6.

Proof of Lemma 2.6.2 (page 40). We have a square with a given homotopy filling it

A X
fl 2t lg
B Y

and also know that there exists a split homotopy filling the same square
A )

fl F1 d

B

jos lg
Y

J

We want to find a factorisation of C'H,: I:T*Cz' — ﬁ*Cj, so we begin by factorising the map
CH: Ci— Cj itself. Schematically, CH looks like

OiZXuiCAzé ——  J\ =Yy CcB=Cj

where the top part of C'A is mapped to (all of) CB by f, levelwise, the middle section A x I
is mapped to Y by the homotopy H, and X is mapped to Y by g. We will factorise this as
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follows:

(6%
Ci— CX U; CA = — =y

collapse CX l

o }J/ " (2.A.1)

2

YA

S~

(S'x A)UCA > 5" x A

This requires some explanation: we will define a so that the map across the top is CH
(so « is an extension of CH). Then we will homotope « to a map ( which descends to
B: (S' x A)UCA — Cj when you collapse CX and then glue a small cone at the top of
YA to a small cone at the bottom.® Then we will show that B factors through the square
® as indicated (a dotted arrow denotes a map which is only defined on homology).

The composition Ci — Y A is the map in the Puppe sequence inducing the boundary
map in (2.6.4), so this will prove the first half of the lemma, with zy induced by the
composition

YA (STx A)UCA--»S'x AL Y.

First, we define o and (3 as follows: Each region is mapped to a part of Cj = Y U; CB by the
map or homotopy indicated; * means it is sent to the tip of the cone C'B; shaded regions
have target Y, whereas unshaded regions are mapped (levelwise) to CB. By temporary
abuse of notation, C'f in this diagram means the map CA — CB which is levelwise f;
similarly for C'd.

C cf
cf il 0o
_ H ~ FQO’ZZ ~ 202 .
@ o (doi)xI — ieky =8
cd

Intuitively: the left homotopy “pulls a upwards” to obtain the map pictured in the middle,
then the right homotopy gradually morphs the levelwise-(doi) part of this map into the
homotopy Fi, and then “stretches” one end of it into levelwise- f.

It is clear from its definition that 3 descends to a map 5 as described above; we define
~ to be the restriction of B to St x A.

_ </ H
B = Froi V= .FQOi
Jo I Joh

Now we need to construct the map d: This comes from the split cofibration sequence

5Here © A means the unreduced suspension.
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)

Ve Ve =

A 5 x A—— (§' x A)UCA.

We have an actual splitting A <— S' x A, which induces a splitting on homology, which
implies the existence of a splitting S* x A «-- (S* x A) UCA on homology.
Since we defined v to be the restriction of B, we have (inc)oy = Eo e. But ¢ is a splitting

on homology, so €, 0§ = id. Hence

(inc)*ov*oézg*oe*mS
25*7

so the square ® commutes on homology, as required. This completes the proof of the first
half of the lemma.

Now, the map zy was constructed as the composition
H.SA=H, A — H,((S" x A)UCA) %5 H(S" x A) 25 HY

induced by the three maps along the bottom of diagram (2.A.1). As defined above, 7 is the
composition of the homotopy H and the split homotopy (j o F7) * (F o). Hence to prove
the second half of the lemma, it just remains to show that the composition of the first two
maps is the inclusion coming from the Kiinneth decomposition for H (St x A).

This can be seen as follows. Using the homotopy equivalence (S* x A)UCA ~ LAV S,

the Kiinneth decomposition and the suspension isomorphism we identify

H. YA =H, A,
H.((S* x A)UCA) = H.1A® H,S',
H,(S'x A) = H, A& H,_,(pt) ® H,A.

Carefully analysing the map on homology induced by ¢, we see that under this iden-
tification it sends H,_ 1A to itself by the identity, H,_1(pt) isomorphically to ﬁ*Sl, and
H,A to 0. Hence its right-inverse 6 must send H,_1A to itself by the identity, and H,S!
isomorphically to H,_1(pt).

Under the identification (S x A) UCA ~ YAV S, the map ¥4 — (S x A)uCA
becomes the inclusion YA < YAV S, so on homology it induces the inclusion of the direct
summand ﬁ*,lA — I;T*,lA @ ﬁ*Sl.

Hence overall the composition ﬁ*_lA — ﬁl* ((S1 x A)U CA) — IA{T*(S1 x A) is the

inclusion of the direct summand

H*—lA — ﬁ*—lA@H*—l(pt) @ﬁ*A
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into the Kiinneth decomposition for H,(S* x A). O

2.B Appendix: Spectral sequences from semi-simplicial spaces

The aim of this appendix is to prove Proposition 2.4.3 — the construction of a spectral
sequence associated to a map of augmented A-spaces. We will work up to this gradu-
ally, starting with the spectral sequence associated to a A-space, and will use the general

construction recalled below.

2.B.1 General construction

Recall the following construction (see for example [MT68, chapter 7]): given a filtration

g=X1CXyC--- -..CX,C--- cX

of a space X such that

UXo=X and  Hi(X, Xp 1) =0for x <n, (2.B.1)
n>0

the filtered chain complex C,(X) induces a first quadrant spectral sequence

S

Ej, & Hoy(Xo, Xso1) = H(X).

The first differential in this spectral sequence is the boundary map for the pair (X, Xs_1)
composed with the quotient map for the pair (Xs_1, X5_2).

2.B.2 A-spaces

We first describe the construction of the spectral sequence associated to a A-space Y,.
Filter X = ||Y,|| by its skeleta,

Xp=|Yo|" = J] Yex A"/ ~.
n>k>0

The filtration quotients are X,,/X,,_1 = (Y,)+ A S™, and the inclusions X,,_; — X,, are

cofibrations, so

HSth(XSaX871) = Hert((Y:@)Jr/\SS)

~ (2.B.2)
= Hy((Ys)4) = He(Y5).

This is zero for ¢t < 0, so (2.B.1) is satisfied and we get the spectral sequence

By = Ho(Ys) = H(|Y]).
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The formula for the boundary map of the pair (X, Xs_1), under the identification (2.B.2),

gives the first differential as the alternating sum of H; of the face maps Yy — Y, 1.

2.B.3 Augmented A-spaces

For an augmented A-space Y,, we filter the mapping cone X = C(||Y,]| — Y_1) by
X, = C(Yl" = Y1)

for n > 1 and Xo = Y_q U {tip of cone}. The filtration quotients are now X, /X, 1 =
(Y—1)4+ A S™ for n > 1, so similarly to before we have

Hs+t(X57 Xs—l) = Ht(Yt‘;—l)a

except with an extra Z-summand when s =t = 0. Again this satisfies (2.B.1), so we have
a spectral sequence converging from this E! page to H,(C(||Ys| — Y_1)). Removing the
extra Z-summand from the E' page turns the limit into the reduced homology, so if we also

regrade s — s + 1 we obtain the spectral sequence
El, = H(Y,) = Ha(C(lYa] —Y-1),

which lives in {s > —1,¢ > 0}. Again, d' is the alternating sum of the maps on H; induced
by the face maps; in particular, the differential Eé’t — Elu is H; of the augmentation

map.

2.B.4 Basepoints

Now we will introduce basepoints. Let Y, be an augmented A-object in the category
of pointed spaces. The pointed geometric realisation ||Ye|l. is [],,~o Yn x A™ quotiented
out by ano x X A™ and then by the face relations, and again there is an induced map
[Yells — You.

Filter X = C(||[Ya|lx — Y_1) by X, = O(|| Vo2~ — Y_1) for n > 1 and Xy = Y_1. The
filtration quotients are X,,/X,,—1 2 Y,_1 AS™ for n > 1, so

Hot( X, Xoo1) = Hy(Ys),

except again with an extra Z-summand when s =t = 0. This satisfies (2.B.1), so removing

the extra Z-summand and regrading as before we get a spectral sequence
B, = Hy(Y,) = Hoa(C(|Yall — Y1)

in {s>—1,t>0}.
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2.B.5 Maps of augmented A-spaces

We can now deduce Proposition 2.4.3 from the last construction above.

Proof of Proposition 2.4.3. We are given a map of augmented A-spaces Yo — Z,. Since

homotopy colimits commute,
hocofib(||Ye|| = || Ze||) =~ ||hocofib(Ye = Zs)||x,

ie. C(||Ye]| = [ Zel]) =~ |C(Ye = Z4)||«, where the pointed realisation appears on the right
since mapping cones are naturally pointed spaces. The face and augmentation maps of Y,
and Z, give C (Y, — Z,) the structure of an augmented A-object in the category of pointed
spaces, so we may apply the construction of 2.B.4 above. This yields a spectral sequence in
{s > —1,t > 0} with

Bl, = B(C(Y: - 7)),

and converging to ﬁ*+1 of the mapping cone of
CUYell = [1Zell) >~ IC(Ye = Zo)[x — C(Yo1 = Z1),

which is the double mapping cone C%(Y, — Z,) of the square (2.4.2). The first differential

can be identified as in the other constructions above. O
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2.N Addendum

In this Addendum we mention in §2.R.1 an alternative, slightly simpler model for the
various maps between configuration spaces constructed in §2.2.4, and in §§2.8.2 and 2.8.3
we discuss the question of homological stability for closed manifolds.

Homological stability for unordered configuration spaces on closed manifolds was proved
in [RW11, §9] in the three cases (i) dim(M) is odd; (ii) taking homology with Fy coefficients;
(iii) taking homology with Q coefficients (this case also follows from the main result of
[Chul2]). We will explain how each of these three cases is deduced from homological stability
for open manifolds, to point out exactly why the methods do not carry over to the oriented
case. As such (and as a disclaimer), we emphasise that §§2.X.2 and 2.X.3 are not original;
they are just intended as an account of [RW11, §9], written in a slightly different style, in
order to explain the difficulty with the oriented case. Also, we remark that although these
methods do not carry over, case (iii) is nevertheless true in the oriented case: it simply

follows from the main result of [Chul2], as in the unordered case.

2.N.1 Maps between configuration spaces

The following alternative explicit models for the maps between configuration spaces
defined in §2.2.4 do not essentially change the proofs of this chapter, but we mention them
here as they may be more convenient to think about as more of the relevant diagrams
commute on the nose. They are also more in line with the constructions in §5.2 of Chapter
5.

Choose a coordinate neighbourhood of part of the boundary of M, and choose two
disjoint subneighbourhoods U and U’ (again homeomorphic to {(z1,...,z4) € R? | 21 > 0})

and a point in each of them, as below.

Choose a self-embedding e: M — M whose support lies inside U and whose image misses
x, and choose ¢': M < M similarly. Take M; to be M ~ {z'}.

We can then define the following maps:

p: CH(M) — CF (M) apply €’ to the configuration

j: CH(My) — C:{H(M)O add a point to the configuration at 2’, and mark it
s: CH(M) — C,TH(M) apply e to the configuration, then add a point at x
s Cf (M) = CF (M) apply €' to the configuration, then add a point at 2’

and the augmentation map a: C,;7(M)° — C;F(M) forgets the marked configuration point,
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as before. We have implicitly fixed a convention for choosing a new orientation for a
configuration when we add a point to it. Denote the orientation-reversing automorphism
by v; the two conventions then differ by post-composition by v.

We can also define versions of the ‘5’ map which fill in more than one point. Choose a
sequence 7}, of distinct points in U’ such the the image of (¢/)*: M < M misses {z,...,2}},
and let My, = M~{z},...,2}}. Thenthemapj: C;\ . [ (M;11) — C;F(M)* adds i+1 points
to the configuration at 7, ..., x; 41, With an appropriate convention for the orientation of
the new configuration, and the obvious (i 4+ 1)-ordering. This is the inclusion of a fibre for
the fibre bundle 7: C;F (M)" — Ci;1 (M), as before.

With these definitions, the diagram (2.6.3) in the proof of the Main Theorem becomes

the following (or rather two copies of it, for n and n — 1, side-by-side):

Cr (M) —2— () —Ls i (M) —s ¢ (M)
s ) SI O Ts O s (2.8.1)

C+(M)O

- n

Cy (M)

C;—1(M) Ty C:—1(M1) 0
The squares commute on the nose and the three horizontal maps compose to give v o s’
and s’ on the top and bottom respectively. The arguments of §2.6.2 can then be run on
this diagram to show that the map of mapping cones (with mapping cones taken w.r.t. the
vertical maps) is surjective on homology in the desired stable range. Gluing two copies of
(2.X.1) together side-by-side, we can factorise the outer rectangle of maps up to homotopy

as follows:

(s)? .

Co_y (M) Crpr (M)
SI N - Is (2.8.2)
Co_o(M) e Cy (M)

and then run the arguments of §2.6.3 to show that the map of mapping cones is also trivial
on homology in the desired stable range. The homotopies ~ in the triangles above are
slightly different to the ones used in §2.6.3, due to our different choice of explicit models for
the various maps between configuration spaces, but they still satisfy the property needed

for the proof: Lemma 2.6.4 is still true.

2.N.2 Closed manifolds and Fy coefficients or odd dimension

We will first describe the proof of [RW11, §9] in these cases, and then explain at the end
what goes wrong if one tries to apply the same method to oriented configuration spaces.

For simplicity we will just consider unlabelled configuration spaces, but the same argument
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works for labelled configuration spaces with essentially no more difficulty.

Let M be a closed, connected manifold and let M’ be M with a point removed. There
is an inclusion map C,(M’) < C,, (M) whose homotopy cofibre, up to homology, can be
identified with $¢C,,_1(M") . (See §2.5 for the corresponding fact for oriented configuration
spaces.) Hence, up to homology, a segment of the Puppe sequences for C,,(M') < C,,(M)
and for Cp11(M') — Cy41(M) looks as follows:

An SA,
YAC, (M), —> LC, (M) —— EC, (M) 4+ — 21O, (M), —> X2C, (M),

Y81 (*) Ysn yitlg, ‘ Y2s,

Ean(M,)+ r EC"+1(M/)+ - Z:Cn+1(]w)—i- - Zd+1cn(M/)+ m ZQCHJFI(M/)JF

n+1

We have indicated the stabilisation maps connecting the two Puppe sequences, but we do
not claim commutativity of this diagram; in fact it does not commute in general, as we
show below. Taking homology with coefficients in a field F, we get a long exact sequence

from the top row and deduce that

dim H,Cp,(M) =dim H,Cy, (M) + dim H,_4Cp,—1(M’)
—rank((Ap)s: Hi—g11Cn—1(M') = H,Cp(M")) (2.8.3)
—rank((Ap)s: Hi—gCr1(M') = Hyo1Cp(M")).

Since M’ is open we know that the first two terms of (2.X.3) are stable: they are independent
of n for n > . So it is sufficient to prove that rank(A,). is also stable. Note that if the
square (%) in the map of Puppe sequences above commutes, then (Xs,,, Edsn_l) provides
an isomorphism between the maps (A,). and (A,11)« in a stable range. So the aim is to
show that when dim(M) is odd or F = Fy, this square does in fact commute.

There is a map g: Co(S? 1 x[0,1]) X Cp_1 (M) — Cpy1(M’) given by gluing S x [0, 1]

to the puncture of M’ as a collar neighbourhood. Consider the square

r

SI=1 % Cp (891 % [0,1])

C1(S 1 x [0,1])
idx s JS (2.8.4)
Sa=1 % ¢y (891 x [0,1)) Co (891 x [0,1])

where s and r are as follows. Fix a basepoint yo € S?~!. Given a configuration ¢ on the
cylinder S%=1 x [0, 1], the stabilisation map s pushes this configuration inwards from the
0 end of the cylinder and then adds a new point to the configuration at (yo, %) Given a
configuration ¢ and a parameter y € S%~!, the map r pushes the configuration inwards from

the 0 end of the cylinder and then adds a new point to the configuration at (y, %)
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On homology the route —varound the square (x) is induced by go ((sor) xid), and the
route L, around (*) is induced by go ((ro(id x s)) xid), so it is enough to check that (2.X.4)
commutes on F-homology, and of course we just have to check this for the fundamental
class of S9! = §9=1 x Cy(S91 x [0,1]).

The image of the fundamental class under the composition ~%of (2.X.4) is represented
by the (d — 1)-cycle depicted in Figure 2.X.1(a), and its image under the composition L, of
(2.8.4) is represented by the (d—1)-cycle in Figure 2.X.1(b). Their difference is homologous
to the (d — 1)-cycle in Figure 2.X.1(c), which is the image under

RP ~ Oy (RY) — Cy (S x [0,1))

of the (d — 1)-cycle 7 in RP4~! which is the image of the fundamental class of S~ under
the quotient map S9! — §971/(z ~ —2) = RP? 1,

When d is odd, Hy_1(RP?1;Z) = 0. When d is even, this (d — 1)-cycle represents twice
a generator of Hy_1(RP?1;Z) = Z, so it represents the trivial element of Hy_ 1 (RP?~1;Fy).
Hence in these cases the square (2.X.4) (and therefore also the square (*)) commutes on

F-homology.

The oriented case. Replacing C,,(M) with C;F(M) in the above argument, we instead
end up with a (d — 1)-cycle 7 representing the fundamental class of S~1, which is of course

never zero. Hence this argument cannot work in the oriented case.
N N
/ \ / \ PN
o: : : : . [
\ , \ , N
Ny N/

Figure 2.X.1: Some (d — 1)-cycles in C2(S9~! x [0,1]) (indicated by dots and dashes).

2.X.3 Closed manifolds and Q coefficients

There are two proofs in [RW11, §9] of Q-homological stability for unordered configuration
spaces on closed manifolds. One is similar to the method above for o coefficients or odd
dimension, and the other involves a spectral sequence argument and a different resolution of
the configuration spaces. Both of them use Dold’s Lemma (stated as Lemma 2.8.1 above),
and therefore cannot work in the oriented case, since Dold’s Lemma simply does not apply
to oriented configuration spaces (see §2.8.2 for more details on this). We will explain both
methods in detail below, to show exactly where this lemma is used, but first we will say a

little more about the lemma itself.
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Dold’s Lemma. See §2.8 for the notation. Lemma 2.8.1 is proved by induction with the
inductive hypothesis that

(Tkm )izt : An — @D coker(sy, 1) (2.X.5)

k=1

is an isomorphism (where by abuse of notation we denote the composite A, SLEUN A —»

coker(sy_1) also by 71,). The inductive step is as follows. In the square

Sn

An An+1
(Tk,n)zzl (Tk,n+1)zz1
By, coker(si-1) = @D}, coker(si_1)

the left-hand arrow is an isomorphism by the inductive hypothesis, so s, has a left-inverse,

and hence there is an isomorphism

1%

Ant1 coker(sy) @ Ay,
I 12
Ant1 -~ 1t} coker(sp_1)

(Tk,n+1)k:l

Now, when we are in the category of QQ-vector spaces, and assume the hypotheses of
Corollary 2.8.2, the maps 7y, also satisfy the relations 7, 0 71 = (n + 1 — k). 7% pt1,

making the right-hand square below commute up to an automorphism of the bottom-right
group:

Sn Tn,n+1
An An+1 An
- tn—i—l

~ ~ ~

@D)._, coker(sp_1) — @Zii coker(sg_1) —> @j_; coker(si_1)

The vertical maps are (7,,)?_; and (7 n+1);1], and the left-hand square commutes on the

nose. Hence the hypotheses of Corollary 2.8.2 also imply that:
tnpa1 © Sy is an automorphism of A,,. (2.8.6)

The first method. One of the proofs of Q-homological stability for unordered configura-
tion spaces on closed manifolds in [RW11, §9] goes as follows. The square (x) of §2.X.2 does
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not commute in this case, so we instead consider the square

Edcn—l(M/)-i- - ECn(M/)—&-
A A
S, | RS (2.8.7)
Ean(M’)+ Y041 (M/)+

A’rL-|-1

involving the transfer maps mentioned in §2.8 which take a configuration ¢ in C,(M’) to the
formal sum in SP*>°C),_1(M’) of the n configurations of n — 1 points obtained by removing
one point from c¢. The dashed arrows indicate that the map is only defined on homology
(or SP>).

Since M’ is an open manifold, the map (sp)«: Hi(Cr(M'); Q) — H.(Cri1(M'); Q) is
an isomorphism in the stable range. Since we are taking rational coefficients we can apply
the discussion of Dold’s Lemma above to see that (¢,41)« o (Sn)« is an automorphism of
H,.(Cp(M');Q), and hence (tp4+1)« is also an isomorphism in the stable range. So similarly
to before, it is sufficient to show that (2.X.7) commutes on reduced homology I:LH. Now,

for the square

S4=1 % Cp_y (M) Cp (M)
r A
id x t, ! Vg (2.N.8)
SI=1 x Cp(M") Cry1 (M)

the commutator of the two maps ™ and __4 on homology is the map induced by the pro-
jection p: S¥1 x Cp(M') — Cn(M'). The left-hand side of H,(2.X.8) has a Kiinneth
decomposition, and one of these summands gives precisely fI*+1(2.N.7). But the projection

p induces the trivial map on this summand, so ﬁ*+1(2.N.7) commutes.

The second method. The second proof of Q-homological stability for unordered config-
uration spaces on closed manifolds in [RW11, §9] uses an entirely different method, and
shows that the transfer map t,,: Cp,(M) — SP>*C,_1(M), which removes a point from a
configuration in all n possible ways, is an isomorphism on Q-homology in the stable range.
It goes as follows:

We begin by defining a new resolution of the oriented configuration space C,,(M). For
i > -1, let D, (M)® be the space

{(p1,- Pnrit1) € M | pi #pjfori#j}/5,

where ¥, acts on the first n coordinates. These spaces form an augmented semi-simplicial
space Dy (M)® with D,(M)~! = C,(M) and with face maps d;: D, (M)" — D,(M)"~*
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given by forgetting the (n + j)th point.

Similarly to Lemma 2.4.6, the map || D,(M)*|| — C,(M) is a fibre bundle with fibre
homeomorphic to ||inj([e + 1], M ~\ n points)||. For any space Z the geometric realisation
|linj([® + 1], Z)|| is (card(Z) — 2)-connected (by Proposition 3.2 of [RW11] for example), so
| Dy, (M)®]| — Cn(M) is a weak equivalence.

Let Cp1(M) = {{p1,...,pn} € Cn(M),q € M | g = p; for some i} and form a similar
semi-simplicial space D,, 1(M)® with an augmentation to Cy, 1 (M) such that || D, 1(M)*|| —
Cni(M) is a weak equivalence. The spaces D,,(M)* and D, 1(M)" have fibrations to
@H(M), with fibre Cp,(M \ i + 1 points) and C, ;1 (M ~\ i+ 1 points) respectively.

The forgetful maps

Dy1 (M) — Dy (M) (2.R.9)

are maps over C~'i+1(M ) w.r.t. these fibrations, and also commute with the face maps, so we
have a map of augmented semi-simplicial spaces
Dy 1 (M)* — D1 (M)°. (2.8.10)
The other forgetful maps
Dy (M)" = Dy(M): (2.R.11)

are maps over (~)’i+1(M ) w.r.t. these fibrations and are n-sheeted covering maps, so there

are “fibrewise transfer” maps
Do(M)' 2 SPED, 1 (M) (2.X.12)

which take a point to its preimage under (2.X.11). (For a fibration £ — B with basepoint
e € I, the fibrewise infinite symmetric product SPg E is the space of finite formal sums of
points of E in the same fibre, with the relation that e = 0.) Note that the maps (2.8.12)
commute with the face maps, so we get a map of augmented semi-simplicial spaces, which

we can compose with SPgP(2.X.10) to get a map
Do(M)* 2 SPEeD, 1 (M)* — SPEED,_1(M)*, (2.8.13)

which on level —1 is precisely the transfer map ¢,,: Cp,(M) — SP*C),_1(M).
The map of augmented semi-simplicial spaces (2.X.13) and the composite maps of fibra-

tions SPEP(2.X.9) o (2.X.12) give spectral sequences

m{sgol}: ElY, = H(cone(Dp(M)* = SPXD, 1(M)*);Q) = 0

in {5;8 }: (S)E]aq = H, <Cs+1(M);ﬁq(cone(Cn(Ms+1) — SPOOCn_l(Ms+1));Q)>

= H, (cone(Dn(M)s — SPﬁoﬁan(M)s);Q)
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where M,y denotes M ~\s+1 points. The first one converges to zero since both || D, (M)®| —
Cn(M) and || Dy (M)®|| = Cp1(M) are weak equivalences. See §2.4.1 for a more detailed
discussion of the properties of these spectral sequences.
By homological stability for unordered configuration spaces for open manifolds, when
s > 0 the stabilisation map
Cn—1(Ms41) = Cp(Ms11)

is an isomorphism on integral homology up to degree ”T_l, and therefore by the discussion

of Dold’s Lemma earlier in this section, this implies that the transfer map
tn: Cn(MS—H) — SPOOCn_l(MS_H)

is an isomorphism on rational homology in the same range. Hence (S)E;q =0 for s > 0,
p>0and 0 < ¢ < ”T71, so for all s > 0 the spectral sequence (¥) E converges to zero in total
degree x < ”T_l Hence Egt =0fors>0and 0 <t < "T_l Since F converges to zero in

all degrees, we must therefore also have Eil’t =0for0<t< ”Tfl Hence

tn: Co(M) — SP®C,_1(M)

is an isomorphism on Q-homology up to degree ”ng
Note that it is always surjective on Q-homology by the discussion of Dold’s Lemma
above. Also, this stable range may be improved, since the stable range for open manifolds

is larger (it has slope 1) when taking Q coefficients.
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Chapter 3. Some calculations of the homology of oriented configuration spaces

3.1 Introduction

Definition 3.1.1 Given a background manifold M, recall that the unordered, unlabelled
configuration space Cy, (M) of n points in M is defined to be the quotient of

{(p1,...,pn) € M | pi are pairwise distinct }

by the natural action of the symmetric group X,, permuting the coordinates, and the oriented
configuration space C;F (M) is the double cover of C, (M) obtained by instead taking the
quotient by the alternating group A,.

An important property enjoyed by both the unordered and oriented configuration spaces
is that they satisfy homological stability, meaning that for any fixed (connected, open)
manifold M and degree ¢, the sequences of homology groups Hy(C,(M)) and H,(C;f (M))
are eventually independent of n, once n is sufficiently large. The first of these facts was
proved most recently and in the most generality in [RW11] (see also [Seg73,McD75,Seg79]),
and the second was proved in Chapter 2. “Sufficiently large” for unordered configuration
spaces means that n > 2¢q, whereas for oriented configuration spaces it means n > 3q + 5.
Imagining this on a plane with n as the horizontal axis and ¢ as the vertical axis, we say that
Cy (M) is homologically stable with a stability slope of %, whereas C;7 (M) has a stability
slope of %

When M is a surface S the stability slope for C;/(S) can be improved, away from the

prime 3, to:

Proposition A If S is a connected open surface, then

H, (C+(S)§ Z[%D = H, (C++1(S)§ Z[%D

n n
forn >2q+ 2.

This was essentially stated in [GKY96] (at the beginning of §2), in the case where S is
a compact Riemann surface with finitely many points removed. Their result follows from
some detailed prime-by-prime calculations—the purpose of this short chapter is to point

out that performing their calculations carefully yields the more precise Theorem B below.

Remark 3.1.2 Every element of 71(C),(M)) induces a permutation of the basepoint con-
figuration, and the subgroup of elements which induce an even permutation is exactly the
subgroup corresponding to the double cover C;F(M). Given any ring R, let Vg be the
R[m1(Cy(M))]-module R?, where the even elements of 7 (C,,(M)) act by the identity and
the odd elements act by swapping the two coordinates. When char(R) # 2 this is isomor-
phic to the direct sum R @ R where the action on R is trivial, and on RV the odd

66



§3.2. Preliminaries

elements act by multiplication by —1. So we have:

Hy (CFH(M); R) = Hy(Cn(M); V)
=~ H,(Cn(M);R) ® H,(Cpn(M); RY).

Proposition A follows from this decomposition, the universal coefficient theorem, homo-

logical stability for unordered configuration spaces, and the following two facts:

Theorem B Let S be a connected surface and g > 0. Then for p an odd prime,

Hy(Cn(S);

FSY)y =0 for n> (322)(@+1);
Hy(Cn(S);Q

P
(_1)) =0 for n>q.

Hence modulo p (for an odd prime p), and with a sign-twisting, the homological stability

slope of C},(S) is ”1.%2, which converges to 1 as p — oo.

Lemma 3.1.3 For S a connected open surface, Hy(C,F(S);F2) = Hy(C)f,((S);Fa) for
n>2q+ 2.

Proof of Lemma 3.1.5. The rank-0 spherical fibration S° — C;F(S) — C,,(S) gives a Gysin
sequence for H,(—;Fs). Thereis a map s: C,(S) = Cp4+1(5) defined by pushing the n-point
configuration away from a chosen end of S and adding a new point to the configuration in
the vacated region. This lifts to a map of spherical fibrations, and hence we get a map of
Gysin sequences. The isomorphism Hy(C,,(S)) = Hy(Cp41(S)), for n > 2¢, in the statement
of homological stability for unordered configuration spaces is induced by the map s, so the

result follows by applying the 5-lemma to the map of Gysin sequences. O

The proof of Theorem B is based on calculations due to Bédigheimer, Cohen, Milgram
and Taylor [BCT89, BCM93] which we recall in the next section, along with some other

preliminaries.

3.2 Preliminaries

Definition 3.2.1 For a manifold M and space X, the labelled (unordered) configuration
space Cy, (M, X) is defined to be the quotient of

{(p1,...,pn)|pi are pairwise disjoint} x X"

by the diagonal action of ¥,,, permuting the coordinates of both M™ and X™. The unlabelled
configuration space Cy, (M) of Definition 3.1.1 is recovered by taking X = pt. If a basepoint
xo € X is chosen, the space D, (M, X) is defined to be the quotient

Cy(M, X))/ {subspace of configurations where at least one label is 2o} .
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Proposition 3.2.2 ([BCM93, Corollary 8.4]) For a smooth d-dimensional manifold M,
where d is even, 0 < q < dn, and for any N > 0, the sign-twisted homology of the unordered
configuration space Cy (M) with coefficients in a field F is

d
Hq(Cn(M);IF(—U) o Hq+(2N+1)n(H(Qd—zsd+2N+1)bi(M);F>’
=0
where b;(M) is the ith Betti number of M.

Theorem 3.2.3 (“Snaith splitting”, [Sna74]) For any space X there is a stable splitting

OFoFX ~, \/ Di(R¥; X).
i>0

Proposition 3.2.4 ([CMMT78]) Let C;(R?,R) — C;(R?) be the rank-i vector bundle given
by forgetting the R-labelling of a configuration. Then the direct sum of two copies of this

bundle is trivial.

3.3 The calculation

With this set up, we can now prove Theorem B, following the same strategy as that of
[GKY96].

Proof of Theorem B. First assume that S is open or nonorientable closed, so that ba(.S) = 0.
Let b = b1(S). Then by Proposition 3.2.2,

Hq(Cn(S),]F(fl)) =~ Hq+(2N+l)n(st2N+3 % (Qs2N+3)b;Fp)

@ Hj ((QSZN+3)b; Fp) ® Hfj+q+(2N+1)n (92s2N+3; Fp)
j=0

1

for any N > 0.
By the Serre spectral sequence for the fibration sequence QS?N+3 — pS2N+3 _, G2N+3,

SQN+3)

the product of loopspaces (€2 ® has homology concentrated in degrees a multiple of

2N + 2, and H(2N+2)j((QSQN+3)b; Fp) has rank equal to

a(j) = number of ordered b-tuples of nonnegative integers which sum to j

= (j+§’._1) [with the conventions that (*7') =0 for z > 1 and (') =1].

(This last equality can be seen by induction on b.) By the Snaith splitting (Theorem 3.2.3),
we have
H,(02$*V45.F,) = @D H.(Dy(R?, $*N*1);F,).
i>0
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Note that in the range we'’re interested in, ¢ < n, so in particular g # n. Hence for N > 0,

2N +21q—n,
so 2N +2{q+ (2N +1)n,
s0 g+ (2N + 1)n — (2N +2)j # 0,

and so H, = H, for * = ¢ + (2N + 1)n — (2N + 2);j. Putting this all together we have:

Hy(Cn(S);FY) = @(Fg(j)®EBH—(2N+2)j+q+(2N+1)n(Di(RQa52N+1)§FP))' (3.3.1)

>0 >0

So we need to understand the spaces D;(R2, S2V+1). By their definition,

Di(R27S2N+1) ~ Th(CZ'(R27R2N+1) —)CZ<R2)>
= Th(Dan41(Ci(R%, R) — C5(R?))),

the Thom space of the bundle given by forgetting the labelling of the configuration. By
Proposition 3.2.4, denoting the rank-k trivial bundle by &”, this is

Th(e* @ (C;(R%,R) — C3(R?))) = ¥2MTh(C;(R%,R) — C;(R?))
=~ v2N'D;(R?, 5.

This simplifies (3.3.1) to

_ a(f)
Hy(Cr(S);FCY) = @(Hq+(2N+1)n—(2N+2)j—2Nz’(Di(R2aSl>;Fp)) : (3.3.2)
i,j=>0

Note that the homological degree simplifies to 2N (n —i — j)+q-+n—2j and that D;(R?, S*)
can be given the structure of a 3i-dimensional cell complex, so its homology vanishes above
degree 3:.

Recall that N may be chosen arbitrarily large compared to n and ¢, i.e., N > n,q.

Hence:

e there is no contribution to the sum if (n — i — j) is negative;

e so in particular we may assume that n > 1, j;

e so N >n,q,t,7;

e 5o since the dimension of D;(R?;S!) is much smaller than N, there is also no contri-

bution to the sum if (n — i — j) is positive.

So we may assume that j = n — 4, and simplify (3.3.2) to a finite sum:
Hy(Ca(S)FS) 2 @D Hyroimn(Di(R2, 81); ) (3.3.3)
i=0
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Now, ﬁ*(QQS?’;Fp) >~ Fylz1,22,...] ® Alyo, y1, ...] with dim(z;) = 2p? — 2 and dim(y;) =
2p7 — 1. The Snaith splitting for Q252 is

029 ~, \/ D;(R? S")

120

and induces a weight filtration on the mod-p homology of 225% given by wt(z;) = wt(y;) =
. So fI*(Di(RQ; S1);F,) is generated as an Fj-vector space by monomials in Fy[z1, 22, ...|®
Alyo, y1, ...] with dim = * and wt = 4.

The set of such monomials is in bijection with the set of double sequences of integers
ko ki ko - . kj=0or 1
o= (Pfh) witn ML (3.3.4)
such that the dot products

(12p-12p2—1-\ _ (1pp®) _
v ( 2 2p? 2. ) =% and v pp2o ) =

or equivalently such that

1111 _ o 1pp?-) _
v~( 222,,,)—22—* and v~( pr.__>—z.

So from (3.3.3) we have the combinatorial formula

dim Hy(Co(S):FGY) = 30 ("7H1 ) dim Hypoion(Di(R2, 5Y); )

p n—i
=0
n
= > ()N - o)
=0

where N, (y) is the number of double sequences of integers (3.3.4) such that

1111 f1pp*) _
v < 222,_)— and v < pp2m>—a:.

Hence in particular dim H, (Cn(S); IFZ(,_U) is given by a certain weighted sum of the values
marked ¢ in Figure 3.3.1(a). Note that

_ 1 (a=pN) _ 1 (z=prt1)
Nz(2)) = {o (x<§/\)} and = N (2A +1) = {0 (<pAt1) }

The grid of values of N,(y) therefore looks like Figure 3.3.1(b). In particular, we have
N, (y) = 0 whenever y > %x + 1, equivalently x < Z(y — 1), and therefore H, (CH(S); Fé,_l))
is zero whenever n < £(n — ¢ — 1), equivalently ¢ < (7”%2)71 — 1.

This completes the proof for F](Dfl)—coefﬁcients when b3(S) = 0. When S is orientable

and closed so by(S) = 1, a very similar calculation to the above results in the combinatorial
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formula
n n—1
dim H, (Cn(S); FSY) = Z(n—j:g—l )Ni(n —q) + Z(";iﬁf)zvi(n +1-q),
i=0 i=0

and again the fact that we know that N, (y) vanishes in a certain range implies that this is
zero for g < (%)

For Q(~-coefficients (and by(S) = 0) we do the above calculation, for any 0 < ¢ < n,
and obtain equation (3.3.2) with IFZ(,_I) replaced by Q=1 Then note that H, (6n; Q) =0,

where f3,, is the Artin braid group on n strands (this is proved in [Arn70b] for example).

n— 1.

Since 92253 ~ BBL, the Quillen plus-construction of the classifying space of By = lim,, Ay,
we also have ﬁl*(Q2S3; Q) = 0, and hence by the Snaith splitting H, (D;(R2,S1); Q) = 0 for
all i. Therefore by equation (3.3.2) for Q(~1),

Hy(Co(5);Q5) =0

for all 0 < ¢ < n.
The calculation can be modified for by(S) = 1, in the same way as for Fé_l)—coefﬁcients,
to show that H, (Cn(S); Q(_l)) =0 for 0 < ¢ < n also holds in this case. O

Y o1
o1
n—qgeee oo e o 1
2 4 o1
t xT +—t +—t X
n pA PP

Figure 3.3.1: Schematic pictures of the values of N,(y).

Remark 3.3.1 The calculations also show that % is the best possible slope for stability
of the homology of C,,(S) with coefficients in F,, with a sign-twisting. For example one can

calculate that for all A > 1, the stabilisation map

Hy(Cu(S);FSY) — Hy(Crpa (S);FSY) (3.3.5)

is F, — 0 for (n,q) = (pA+ 1, (p —2)A). So (3.3.5) fails to be an isomorphism on a line of

)
slope 2==.
pe =
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3.4 Tables

To illustrate the calculation, the tables on the following pages give the dimension of
H, (C’n(S); Fj(fl)) for p = 3,5, 7 and for the surface S equal to the plane R?, the sphere 52,
the torus 72 and the once-punctured torus 7%~ pt. The number of particles n increases from
left to right, and the homological degree ¢ increases from top to bottom. One can observe
the faster rate of homological stability for larger primes (namely %, % and % respectively

for p =3, 5 and 7), as well as some other interesting patterns.
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R? (and p = 3,5, 7 respectively).
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S? (and p = 3,5, 7 respectively).
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T? < pt (and p = 3,5, 7 respectively).
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T? (and p = 3,5, 7 respectively).
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Chapter 4. Twisted homological stability for configuration spaces

4.1 Introduction

Let M be a connected, open manifold of dimension at least 2, and let X be a path-

connected space. Recall from §1.1 that:

Definition 4.1.1 The configuration space Cy (M, X) of n unordered particles in M with
labels in X is defined by

Cpn(M,X) = {(pl, ceeyDn) € M" ‘ p; are pairwise distinct} X X”/Zn,

where the symmetric group X, acts diagonally by permuting the coordinates in M™ and
X". We will write Cy,(M) if the label-space X is just a point; this is the space of unlabelled

configurations.

The sequence Cy, (M, X)) is known to be homologically stable as n — co. In other words,

we have an isomorphism
H*(Cn(MaX)) = H*(CnJrl(MaX))

whenever n > x (in this case, the explicit range n > 2x is known to be sufficient). The most
recent proof of this is [RW11]; see [Seg73, McD75,Seg79] for earlier results using different

methods.

Twisted coefficients. Several other families of groups or spaces which are homologically
stable are also known to have homological stability for twisted coefficients. For example
general linear groups [Dwy80], mapping class groups of surfaces [Iva93, CM09, Bol12] and
the symmetric groups [Bet02] are known to satisfy this phenomenon.

In order for this not to be an empty statement one must say what one means by “twisted
coefficients” for the sequence of spaces {Y,,} one is considering. The minimum data needed
for the question of homological stability to be defined at all is a functor 7 ({Y,,}) — Ab. By
m1({Y,}) we mean the category (groupoid) where the objects are the natural numbers, all
morphisms are automorphisms, and Aut(n) = 71(Y},). In other words this is just a choice
of 71(Y,)-module for each n. But there is no chance of stability with respect to such a
general “twisted coefficient system”, since the (Y}, )-modules for various n need have no
relation to each other. So to get a notion of twisted coefficient system that has a chance
of stability one needs to add some (non-endo)morphisms to m1({Y,,}) and require that the
functor from this new category to Ab satisfy some finiteness conditions defined in terms
of the new morphisms. The correct way to do this depends on the specific context one is
working in.

In §4.2 below we will carefully define what is meant by a twisted coefficient system of
degree d for the configuration spaces {Cy, (M, X)}. To state the main result of this chapter it

is enough to note that it includes a w1 (Cy, (M, X))-module T, and a canonical map ¢,,: T, —
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T,+1 for each n. Under the assumption that M is the interior of some manifold with non-
empty boundary, there is a natural stabilisation map s,,: Cp(M, X) — Cpi1(M, X) (defined

just below). The map ¢, is equivariant w.r.t. m1(s,), so together these induce a map
(Sn;tn)s: Ho(Co(M, X);T,) — Hy(Cpg1 (M, X); Tir). (4.1.1)

Main Theorem Let M be the interior of a connected manifold with non-empty boundary
of dimension at least 2, let X be a path-connected space, and let T be any twisted coefficient
system for {C,,(M,X)} of degree d. Then the map (4.1.1) is split-injective for all values of

* and n, and surjective in the range n > 2x+d.

This is a generalisation of the result of [Bet02], where twisted homological stability is

proved for the symmetric groups {¥, }, which is the case M = R*> and X = pt.

Corollary 4.1.2 In particular we have isomorphisms

1

H, (Co(M, X); Z[E0n/(Sk X Znp)])
H.(Co(M, X); Z[Z0 /S 1))
H.(Co(M, X); Hy(Z"; F))

Hy(Copt (M, X ); Z[S041/ Sk X Sng1-1)]),
H, (Crp1(M, X); Z[Sns1/Snt1-k)) s
H,(Cp1 (M, X); Hy(Z" F))

1

1

forn > 2x+k and n > 2%+ Lh%_lj respectively, where F is a field and Z is a based space
with Hy(Z) = 0 for all i < h.

Proof. These follow from the Main Theorem and Examples 4.5.1 and 4.5.4 of twisted co-
efficient systems in §4.5. See that section for more details of these twisted coefficient sys-

tems. O]

Remark 4.1.3 In the next chapter we prove that homological stability also holds for con-
figuration spaces of submanifolds. The proof of the Main Theorem of this chapter actually
follows from a general “twisted stability from untwisted stability” principle (§4.6), which
applies equally well to the more general setting of configuration spaces of submanifolds; see
§5.8 of Chapter 5.

Remark 4.1.4 There is a sequence of m1(C, (M, X))-modules which does not fit into the
framework of this chapter (it doesn’t even form a twisted coefficient system, let alone a finite-
degree one), but which nevertheless does exhibit homological stability. Each element of
m1(Cr(M, X)) is either even or odd, depending on whether a loop representing it induces an
even or odd permutation of the basepoint configuration. Let V' be the m (Cy, (M, X))-module
72, where the even elements act by the identity and the odd elements act by swapping the
two coordinates. The double cover of C, (M, X) corresponding to the subgroup of even
elements is the space C;F(M, X) of ‘oriented’ configurations, i.e. configurations equipped

with an ordering of the n points which is only remembered up to even permutations. From
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the definition of twisted homology, or as a trivial application of the Serre spectral sequence
for the fibration Z/2 — C;F (M, X) — C,,(M, X), we have

H.(Cf (M, X);Z) = H,(Ch(M,X);V). (4.1.2)

In Chapter 2 we proved that the sequence C;7 (M, X) has homological stability as n — oo
(in the range n > 3%+ 5), so via (4.1.2) this gives us twisted homological stability for the

unordered configuration spaces Cy, (M, X) with coefficients in V.

The stabilisation map. Assume that the manifold M is the interior of M, which has non-
empty boundary. The following is one explicit model for the stabilisation map C, (M, X) —
Crs1(M, X); up to homotopy it only depends on a choice of boundary component of M
and path-component of X.

Definition 4.1.5 (Stabilisation map) Choose a boundary-component B of M, a point
b € B, and a coordinate neighbourhood U of b, identified with the half-space R‘i =
{(z1,...,24) |1 > 0} with b corresponding to 0. Also choose a basepoint zy € X. Fi-
nally, choose a self-embedding e: M <+ M which is isotopic to the identity on M, is equal
to the identity outside U, and near b =0 € Ri is given by z — = + (1,0,...,0). The map
s: Cp(M,X) — Cpy1(M, X) is then defined to be

{(plal'l)v"‘7(pn7xn)} = {(e(p1)7$1)7”'7(6(pn)7xn)a(€(b)ax0)}'

A note on terminology. To keep our terminology from becoming ambiguous, we will
always use “local coeflicient system” and “twisted coeflicient system” as follows. For a
space Y, a local coefficient system for Y will have its usual meaning as a (Y )-module,’
whereas a twisted coefficient system for a sequence of spaces {Y,, } is a local coefficient system
for each Y,,, with some extra compatibility data and conditions (see Definition 4.2.12 for

the precise definition).

Organisation of the chapter. We discuss twisted coefficient systems, for configuration
spaces {Cp, (M, X)} and more abstractly, in §§4.2-4.5. We define them precisely in §4.2,
and define the degree and height of a twisted coefficient system in §4.4. The definition of
height depends on a certain decomposition result for twisted coeflicient systems, which we
establish in §4.3. Some examples of twisted coefficient systems are given in §4.5.

In §4.6 we state our general “twisted stability from untwisted stability” principle, and
deduce from it the Main Theorem of the chapter (except the split-injectivity claim). The
principle itself is proved in §4.8, after an interlude in §4.7 on a twisted version of the Serre

spectral sequence which is needed in the proof. Finally, in §4.9 we prove the split-injectivity

! Alternatively: a functor 7(Y) — Ab from the fundamental groupoid of Y to the category of abelian
groups (see §4.7), or a bundle of abelian groups over Y.
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part of the Main Theorem and in §4.10 we briefly point out an interesting connection with

representation stability for the cohomology of ordered configuration spaces.

4.2 Twisted coefficient systems

We first (in §4.2.1) define the notion of a twisted coefficient system for configuration
spaces {C,(M,X)}. In order to formulate a general “twisted stability from untwisted
stability” principle in §4.6, we then (in §4.2.2) describe a more abstract framework in which
one can define an analogous notion of “twisted coefficient system”.

In later sections we will prove a decomposition theorem (§4.3) and define the height and
the degree of a twisted coefficient system (§4.4) in this more abstract framework, and then

give some examples of twisted coefficient systems for configuration spaces (§4.5).

4.2.1 Twisted coefficient systems for configuration spaces

Let M be the interior of a connected manifold M, with non-empty boundary and of
dimension at least 2, and let X be a path-connected space. We keep the choices of Definition

4.1.5 above, and define a sequence of points {g,} in M by
q1=e(), gn=e(gn-1) forn>2.

We also choose an isotopy from the identity to e: M <+ M, which gives a choice of path

from g, to ¢ni1-

Definition 4.2.1 The category B(M, X) has objects tuples of elements of X, in symbols
[[,,50 X", and a morphism from (z1,...,Zm) to (y1,...,yn) is a choice of k& < min{m,n}
and a path in Cy(M, X) from a k-element subset of {(q1, 1), .., (¢m,Zm)} to a k-element
subset of {(q1,¥1),- -, (qn,Yn)}, up to endpoint-preserving homotopy. Composition is given
by concatenating paths and deleting configuration points for which the path is only defined
half-way. For example (omitting the labels in X):

We call this the category of partial braids on M with labels in X. When the label-space X
is just a point we will denote this category by B(M).

Definition 4.2.2 A twisted coefficient system for {C,, (M, X)} is a functor T': B(M,X) —
Ab, where Ab denotes the category of abelian groups.

We will define the degree of such a twisted coefficient system in a more abstract setting

in §4.4; here is the definition in the case of configuration spaces:
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For every morphism ¢ of B(M, X) we have a commutative square of the form

Lz

(1, .y ) ——> (X0, X1, -+, Tip)
¢ ¢[1] (4.2.1)
W15 yn) —— (T, Y15, Yn)
Y

The morphism ¢[1] is obtained from ¢ by “pushing inwards and adding a vertical strand.”
More precisely, apply the embedding e to each particle in the path of configurations ¢,
then add a new particle at ¢; (labelled by xy) which remains stationary. The morphism
tz: (1, ... xm) = (x0,21,. .., Ty) is the path from the configuration {(q1, z1), ..., (gm, Tm)}
to the configuration {(g2,21),..., (¢m+1,%m)} induced by our choice of isotopy from the
identity to e. Putting this together we have an endofunctor —[1] on B(M, X) and a natural
transformation ¢ from the identity to —[1].

Given any twisted coefficient system T': B(M, X)) — Ab, we get a natural transformation
from T to T o (—[1]), which is a morphism in the abelian functor category AbBMX) 1t has
an obvious left-inverse, so it is split-injective. Denote its cokernel by AT: B(M, X ) — Ab.

Definition 4.2.3 The zero functor has degree —1. Otherwise, T' has degree d if AT has
degree d — 1.

Remark 4.2.4 Note that B(R*°) is isomorphic to the category with objects {1,2,3,...}
and morphisms partially-defined injections from {1,...,m} to {1,...,n} (this is called X
in §4.2.2 below). There is a functor B(M,X) — B(R*) given by only remembering the
partial injection induced by a partial braid (or equivalently by embedding M into R*°), so
any twisted coefficient system for {C,,(R*)} = { BX, } induces a twisted coefficient system
for all {C,,(M,X)} by composing with this functor.

4.2.2 A more abstract framework

We will now give a more general definition of “twisted coefficient system” which extracts

the essential properties of the previous section.

Inputs for the definition.

Definition 4.2.5 Let n denote the set {1,2,...,n}. Let ¥ be the category with objects
{n | » > 1} and morphisms partially-defined injective maps. In other words, a morphism
in ¥ from m to n is a choice of subset S of m and an injective map S < n. Let ¥’ be the
subcategory on the same objects, generated by the following two types of morphisms: (a)
in=(k+—k+1): n — n+1 for each n, and (b) morphisms which are the identity wherever
they are defined.
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Now let C be any category, and let B be another category with the same objects as X,
equipped with a functor 7: B — ¥ which is the identity on objects.

Definition 4.2.6 The wreath product category CiB has objects (cy, ..., cy) with ¢; € C and
n > 0. Its morphisms from (c1,...,¢y) to (di,...,dy) consist of a morphism o € B(m,n)

together with a morphism ¢; — dy(,)(;) of C for each i in the domain of definition of (o).
We also need two more technical definitions:

Definition 4.2.7 A partial section of the functor 7: B — X is a section of its restriction
to B =7 1(X) = ¥

There is a “stabilising” endofunctor —[1]: ¥ — ¥ which sends n to n+1 and a partial

injection j: m --» n to the partial injection j[1]: m+1 --» n+41 which sends 1 to itself and
k to j(k—1)+1 for k > 2. Furthermore, there is a natural transformation id = —[1] given
by the morphisms {i,,: n — n+1}.

Definition 4.2.8 The functor 7: B — X admits a lift of the stabilising endofunctor if
there is an endofunctor —[1]: B — B, equipped with a natural transformation id = —[1],
such that (—[1]) om = mo (—[1]). In particular this means that we have homomorphisms

Autg(n) — Autp(n+1) such that the following square commutes:

Autp(n) —— Autg(n+1)

w m (4.2.2)
X

Zn—&—l

Note that the bottom horizontal map includes ¥,, as the stabiliser of 1 (not n+1) in X,,4;.
The lift of the stabilising endofunctor is compatible with the partial section s: ¥ — B’ if
the natural transformation id = —[1] for B is the lift {s(iy)} of the natural transformation
{in}: id = —[1] for 3,,. Hence we have

5(in) 00 = o[1] 0 s(im) (4.2.3)

for every morphism o: m — n in B.
Finally, fix an object ¢y of C and denote the n-tuple (co,...,cp) € ob(C 1 B) by ¢f.

Example 4.2.9 The canonical example for this is the category B(M) for a manifold M, as
defined in §4.2.1. Forgetting everything apart from the partial injection of endpoints induced
by a partial braid gives a functor w: B — X, as discussed in Remark 4.2.4. We chose an
isotopy from id: M — M to the self-embedding e: M < M, which gives a canonical path
from ¢, to g,+1 for each n. Using these canonical paths, it is easy to construct a section of

m: B — X over the subcategory of all order-preserving morphisms of 3. In particular this

83



Chapter 4. Twisted homological stability for configuration spaces

gives a partial section of m, which for example sends a morphism of type (b) in Definition
4.2.5 to the constant partial braid which covers it. There is also a lift of the stabilising
endofunctor of ¥, which was defined in §4.2.1 and is compatible with this partial section.

If we also have a label-space X then the category B(M, X) decomposes as the wreath
product PX ¢ B(M), where PX denotes the path category of X.

Constructions. Suppose that we have (C,cp) and 7m: B — ¥ as above, where 7 has a
partial section and a compatible lift of the stabilising endomorphism of . Denote a choice
of partial section by s: ¥/ — B’. We additionally assume that 7 is a full functor; since we
are already assuming the existence of a partial section this is equivalent to asking for each

homomorphism Autg(n) — ¥, to be surjective.

Definition 4.2.10 Let G,, denote the automorphism group Aute;s(cy) = Aute(co)lAuts(n).

There is a canonical surjection
Gy — Autp(n) & Sy;

denote the inverse image of ¥,_j x X} by G pn—p. From (4.2.2) we get a homomorphism
Yn: Gn — Gpy1 which takes Gy -1 to G pny1—k-

Now let T' be any functor C ! B — Ab and abbreviate the G,,-module T'(¢j) by T5,.

Definition 4.2.11 Recall that i, is the inclusion (kK — k + 1): n — n+1. There is a

canonical split-injective morphism ¢ — ES'H

of C 1B given by s(i,) and n copies of the
identity morphism ¢y — ¢g. Denote its image under T' by ¢, : Ty — Thg1-

Note that ¢, is y,-equivariant, essentially by (4.2.3).
The definition of a twisted coefficient system. Suppose are given a sequence of spaces
Yi=>Yy—= =Y, 2 Y, — -

Definition 4.2.12 A twisted coefficient system for {Y,} consists of the following data: a
pointed category (C,cp), a full functor 7: B — X which is the identity on objects, with a
partial section and compatible lift of the stabilising endofunctor on X, a functor 7: C: B —

Ab and an identification of 71 (Y, Sny Yn41) with Gy, MUN G-

When the choice of the other data is clear, we refer to just the functors T: C! B — Ab
as “twisted coefficient systems”. The other data just sets up the correct context in which

these functors provide a “coherent” sequence of local coefficient systems for {Y;,}.

Example 4.2.13 For a sequence of configuration spaces {C, (M, X )} with a chosen base-
point zy € X, we take (C,cg) to be the path category (PX,zg) and 7: B — ¥ as explained
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in Example 4.2.9, so that C! B = B(M, X). Moreover there is a canonical identification

Gy = Autpx(zo) L Autp(n)
= 7T1(X, .’IJ()) Zﬂl(cn(M)7 {CIL .. -;Qn})
= Wl(Cn(Max)v {(qth)a SRR (QTvao)})

under which ~,, corresponds to (sy,)«. So a twisted coefficient system for {C,, (M, X )} reduces
to just a choice of functor B(M, X ) — Ab, as in Definition 4.2.2.

4.3 Decomposition of twisted coefficient systems

The following decomposition of T}, as a G,-module will be central to the proof of twisted

homological stability:

Proposition 4.3.1 For k =0,...,n there is a direct summand (as abelian groups) T,(Lk) of
T, such that the action of Gy pn—r < Gy on T, preserves it—so it is a direct summand as

a Gy p—r-module. Moreover, there is a decomposition of T,, as a Gp-module:

n

T, = kQB (ZGn DGy s T,gk>) . (4.3.1)
=0

This identification is natural in the sense that vy : Ty, — Th41 sends TT(Lk) into TT(L]j-)17 and
the map of the right-hand side induced by v, and ~yy, corresponds under (4.3.1) to v, on the
left-hand side.

This can be used to define the height of a twisted coefficient system (which will be
related to its degree in §4.4 below).

Definition 4.3.2 A twisted coefficient system T: C! B — Ab has height —1 if T}, = 0 for
all n. Otherwise, T has height A > 0 if T,gk) =0 for all n and all & > h, but Téh) # 0 for

some n. In other words, it is the height at which the decomposition (4.3.1) is truncated.

Remark 4.3.3 There is a general theory of cross-effects of a functor C — A, where C is a
pointed monoidal category and A is an abelian category, which includes a decomposition of
the form (4.3.1). This goes back to [EML54] (see in particular §9); for a modern reference
see for example [HPV12, §2]. Since our category C ! B is always pointed monoidal, the
decomposition (4.3.1) is a special case of this theory (see [HPV12, Proposition 2.4]) and
our functors C! B — Ab of height h are “polynomial functors of degree at most h” in the

language of cross-effects of functors.

However, the proof of the decomposition (4.3.1) is fairly elementary (although slightly

involved), and it will be useful to have the details of the proof available to see the relation

85



Chapter 4. Twisted homological stability for configuration spaces

between height and degree, so in the rest of this section we will carefully establish this

decomposition.? First we need to define some endomorphisms and subgroups of T,.

Definition 4.3.4 For S C n, consider the morphism og: n — n of ¥ which “forgets S”,
in other words ¢ — i for i« € n . S and undefined for ¢ € S. This is a morphism of type
(b) in Definition 4.2.5, so it has a chosen lift to a morphism s(og): n — n of B. Define
fs: ¢y — ¢y in C1B to be the morphism s(og) together with the identity morphism co — ¢
for each i € n . S = dom(og).

The induced maps T fg: T,, — T, are group homomorphisms, but not in general G,,-
module homomorphisms.

For p > 0 and {S1,...,S,} a partition of S C n, define

p
To[S1|--|Sp) = im(T fous) N () ker(Tfs,).
=1

These are subgroups, but not sub-G,-modules, of T},. Often we will write T},[S%], where S°

is understood to mean the discrete partition of S. In particular we define
™ = T,[{n—k+1,...,n}).

Aside on a pictorial notation. We briefly describe a pictorial notation for visualising

morphisms of the wreath product category C B.

Notation 4.3.5 Imagine a morphism of C1B from (cy,...,¢p) to (di,...,d,) as a diagram
of the form depicted in Fig.4.3.1(a), with sticks indicating the partial injection in ¥ (the
actual lift to a morphism of B is left implicit in this notation) and each stick decorated by
a morphism of C between the objects at its endpoints. Composition is concatenation of two
such diagrams, deleting any sticks that only make it half-way across the whole diagram,
and composing the morphisms of C when two sticks are glued together. For morphisms
from ¢ to ¢ we drop the labelling of nodes, and just indicate the m and n unless there
is no ambiguity which objects the morphism is between—see Fig.4.3.1(b). A grey box
(Fig.4.3.1(c)) is shorthand for a collection of parallel sticks, each decorated by the identity
map c¢g — ¢o. (Note that in Figures 4.3.1 (c¢) and (d) the morphism of B is unambiguous;
it is determined by the partial section s.) By abuse of notation, the image under T' of this
morphism, a map T}, — T, is denoted by the same diagram. For example ¢y, : T, — T4
is the map in Fig.4.3.1(d). We write function composition and application from left to right

for these diagrams, so © = 1, (y) is written as in Fig.4.3.1(e).

Remark 4.3.6 This pictorial notation is convenient to see for example that the map

tn: Ty — Thy1 sends T,gk) into T(k)

nt1 (as claimed in Proposition 4.3.1):

2The proof we give here was informed in part by reading [CDG11]; however, we note that the proof of
their Lemme 1.5 (which corresponds to our decomposition (4.3.4) below) contains an error.
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Figure 4.3.1: Some pictures of morphisms of C 1 B.

Suppose that z = ¢, (y) for y € Ték). Then by definition y = z - }:E for some z € T}, (the
grey box has height k). Note that the composition Ij 1:1 is the identity, so the second

map is split-surjective, and so z = w - for some w € T,+1. Hence

emw FE - o

so z € im(T fr—g+1). For any n — k42 <i <n+ 1, we have

x%l :y]jgz :y~gi—1g:0-g:0

since y € Ték), so x € ker(T'fg;;). Hence we have verified that = € Té’?l.

Lemma 4.3.7 For k < m <n, the map

by = lp—10-+- 0Ly Ty — T,

1s split-injective and sends Tﬁf ) to Ték). Moreover, the restriction to Téf ) — T,S’“) 8 a

bijection.

Proof. The first sentence follows from the remark above. Given x € Ték), we need to show

that = = ¢} (z) for some z € T7(f). First note that z =y - I:{ for some y € T,, (the grey box

has height k), and letz::y-f:IeTm. Then an(z):Z'I:I = y-}:I I:I = y-f:{

= x, so we just need to check that z € TT(,f). Firstly,

2=y =y

so z € im(T f,—k). Secondly, for any m — k + 1 < i < m, we have

Z - ZQI:I = z. I:I%H—n—m = . %z’—i—n—m _—

since x € T,,(lk). But ¢y, is split-injective, so 2 € ker(T f;1). O

Remark 4.3.8 From now on, for typographical and space reasons, we will revert to using
symbols rather than the pictorial notation. Any equations below which look a little too

dense can be converted into cartoons as above, which are somewhat more enlightening.
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Proof of the decomposition of T,.
Observation 4.3.9 Some immediate observations from Definition 4.3.4 above are

- {T'fs | S Cn}is a set of idempotents on T,.
- The composition of T'fs, and T'fs, is T fs,us,, so in particular {Tfs | S C n} pairwise

comimute.

- T[] =im(T'f,) and Ty, [n] = im(T' fz) Nker(T' f,) = ker(T'f,,), since fz = id, so:
T, =im(Tf,) @ ker(T f,) = T,,[ | ® Thn]. (4.3.2)
The decomposition (4.3.1) will follow by induction from the next lemma.
Lemma 4.3.10 For all {S1,...,Sp} partitioning S C n, with p > 2, there is a split short
exact sequence

0 = TolSi]--+|Sp] <= Tn[S1US2|--+|Sp] — Tn[S1[S3]--+|Sp] & Tn[S2---[Sp] — 0.

The first map is inclusion, and a section of the second map is given by inclusion of each of

the two factors, so in other words we have a decomposition

Tn[51|—|52|"‘|5p] = Tn[sl|"“5p] S Tn[‘s’2""|5p] @ Tn[51|53""|5p]-

Proof. One can check from the definitions that the following facts are true:?

1. T'fg, restricts to a map T,,[S1USa|- - -|Sp] = Tn[S1]S3]- - | Sp],
and similarly T'fgs, restricts to a map T),[S1US2|- - -|Sp] = T [S2]- - -[Sp)-
2. T,[S1]S55]- - -|Sp] and T, [Sa|- - | Sp] are subgroups of T;,[S1USa|- - -|.Sp).
3. For i,j = 1,2, if v € T,,[S;|S3]- - -|Sp], then T'fs.(x) is x for i # j and 0 for i = j.
These facts imply that the map (T'fs,, T fs,) restricts to the required split surjection (with

a section given by inclusion of each factor). The kernel of this is
T, [S1US2|S3]- - +|Sp] Nker(T' fs,) Nker(T'fs,)
P
= im(T fnus) N [ ) ker(T'fs,) Nker(T fs,us,) Nker(Tfs,) Nker(T fs,)

1=3
= TulS1]---[Sp),

3This can be seen using the pictorial notation above, or in symbols as follows:

1. Let x € T,,[S1US2|- - -|Sp], so in other words = T fns(y), T fs,us,(z) = 0 and T'fs, (x) = 0 for ¢ > 3.
Then T'fs,(x) = Tfs,T fas5(y) = T frn(s~s2)(¥) € IM(T fn (s<s,)), and we have T'fs,T fs,(x) =
TfSQTfsi (CIZ’) =0 (fOI‘ 7> 3) and Tf51 Tf52 (.Z‘) = Tfsl LSs (.T) = 0. Hence Tfs2 cT, [S1|S3| . |Sp]

2. Let y € T [S1]S3]- - -|Sp). Then y =T fp(s5,)(2) =T fa~s5Tfs,(2) € im(T fn<s) and T fs,us,(y) =
Tfs,Tfs,(y) =0. Hence y € T, [S1US2]- - | Sp].

3. Let « € T,[S1]Ss]---|Sp]. Then T'fs, (x) = 0 by definition. Also, © = T fu(s<55) (), 50 Tfs,(x) =
Tszng\(S\Sz)(y) = Tfﬂ\(S\Sz)(y) = .
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since ker(T'fs,) C ker(T fs,us,)- O

Proposition 4.3.11 For any @ # 5 Cn and R C n~ S there is a decomposition

TSR] = @D T.l(QUR). (4.3.3)
2#QCS

As before, Q° denotes the discrete partition of Q, so for example T,,[{1,2}|{3,4,5}°] means
T,[{1,2}|{3}/{4}|{5}]. Note that this decomposition is an equality of subgroups, not just an

abstract isomorphism of groups.

Proof. The |S| =1 case is obvious, so we assume that |S| > 2 and assume the theorem for

smaller values of |S| by induction. Pick an element s € S. Then by Lemma 4.3.10,
Ta[SIR’] = Tu[S~{s}(RU{s})’] @ Tu[S~{s}R’] ® Tn[{s}|R’].

Apply the inductive hypothesis to the right-hand side. The proposition then follows from
the observation that for @ # @ C S, exactly one of the following holds: (i) s € @ but

Q@ # {s}; (i) s ¢ Q; (iii) @ = {s}. -

Finally, we can apply a special case of this proposition to obtain the desired decompo-
sition (4.3.1) of T),.

Proof of Proposition 4.3.1. Combining (4.3.3) with R = & and S = n with (4.3.2) we

obtain:
T,.=E P 1. (4.3.4)

k=0 QCn
|Q|=k

The action of G, on T, permutes the summands via the projection G,, — 3, and the

obvious action of J,, on subsets of n. So:

T = T,[{n—k+1,...,n}] is preserved by the action of G, < G, on T),.
- The G,-action on T,, preserves the outer direct sum.

- The inner direct sum is the induced module Indgz n,kT}tk) = ZGn QGy s Ték).

This proves the decomposition of Gy-modules (4.3.1). We proved in Remark 4.3.6 above
that ¢, T, — T 41 sends T7(Lk) into quljr)l, and the naturality statement is clear. ]

4.4 Height and degree

Recall (Definition 4.3.2) that the height of a twisted coefficient system is the ‘height’
at which its decomposition (4.3.1) is truncated. We now define the degree of T as a direct

generalisation of that given in §4.2.1.
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Construction 4.4.1 The fact that 7: B — X admits a lift of the stabilising endofunctor

of ¥ means that we can also define a “stabilising endofunctor” on C1B. For each morphism

o:(c1y...,¢m) = (di,...,dy) of CB we have a commutative square
le
(c1y...yCm) ——— (CosCly -y Cm)
¢ o[1] (4.4.1)

(dl,...,dn) f (Co,dl,...,dn)
d

where (7 is given by s(iy,) and id.,,...,id.,,. If the morphism ¢ is given by o € B(m,n)
together with ¢y — dr(,) ) for each k € dom(7(c)), then ¢[1] is given by o[1] together with
these morphisms plus ide,. Commutativity of the square is due to (4.2.3), i.e. compatibility

of the lift of the stabilisation endofunctor with the partial section s.

This gives us an endofunctor —[1] on C! B and a natural transformation ¢: id = —[1].
Given any functor T': C18 — Ab, it induces a natural transformation 7' = T o (—[1]), which
is a morphism in the abelian category Ab®E. Let AT: C1B — Ab be its cokernel.

In less fancy language: apply 7" to the diagram (4.4.1), take cokernels in the horizontal

direction, and call this AT (¢): AT(¢) — AT (d). The above says that this fits together into
a new functor AT: C! B — Ab.

Definition 4.4.2 The degree of a twisted coefficient system T: C ! B — Ab is defined
inductively as follows. If T;, = T'(¢j) = 0 for all n then deg(T) = —1. Otherwise, T' has
degree d if AT has degree d — 1.

Note that this specialises to the definition of degree given in §4.2.1, since in this case
(4.4.1) = (4.2.1). The degree of T is related to its height as follows:

Lemma 4.4.3 For any twisted coefficient system T: C B — Ab,
height(7T") < deg(T).
Proof. We will use induction on d to prove the statement
deg(T") < d = height(T) <d (IHy)
for all d > —1, using the decomposition (4.3.4) above:

T, = @715 (4.4.2)

SCn

Recall that height(T) < d if and only if T,,[S?] = 0 for all |S| > d and all n.
When d = —1 the definitions of height and degree coincide. This deals with the base

case, so let d > 0 and assume that (IH4_1) holds. For all n we have a split short exact
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sequence 0 — T;, — Tj,41 — AT, — 0. Applying (4.4.2), this is

0= P TS — P TunlR] — P AT.Q°] — 0.

SCn RCnH QCn

Analysing the maps carefully we see that
(a) T,[S°] is sent isomorphically onto Ty, 11[(S 4+ 1)°] by the first map.
(b) Tni1[(QU {1})?] is sent isomorphically onto AT,[(Q — 1)°] by the second map.

Suppose that deg(T) < d. Then deg(AT') < d— 1 by the definition of degree, and so by the
inductive hypothesis (IHg_1), height(AT) < d — 1. By fact (b) above this implies that

T, 11[R°] = 0 whenever |[R| > d and 1 € R. (4.4.3)

For any fixed k, the subgroups {T,,4+1[R°] | |R| = k} are all abstractly isomorphic via the
action of Gp41 on T),11. Also note that d > 0, so that |R| > 0, i.e. R # &. Hence:

Tni1[R°] = 0 for all |R| > d. (4.4.4)

Therefore by (a), T,[S°] = 0 for all |S| > d; in other words, height(T") < d. O

Remark 4.4.4 To prove that height(7') = deg(T'), one could try to reverse the argument
above to get the other inequality. This goes wrong in one place though: Above we were
able to deduce (4.4.4) from (4.4.3) because for every |R| > d, there is an R’ of the same
cardinality which contains 1. However, for the converse we would need to deduce (4.4.4)
from:

T 11[R°] = 0 whenever |R| > d and 1 ¢ R. (4.4.5)

Now there is a subset R C n+1 for which there does not exist R' C n+1 of the same

cardinality and not containing 1; namely n+1 itself.

This is the basic asymmetry which prevented us from proving an equality between height
and degree. However, we do not know of any example for which the inequality height(T") <
deg(T) is strict.

Remark 4.4.5 The height of a twisted coefficient system is useful for the proof of the
Main Theorem, but the degree is often easier to check in examples. We will prove the Main
Theorem under the assumption that the height of T" is at most d; in light of Lemma 4.4.3

this implies that it holds whenever the degree is at most d.

Remark 4.4.6 The notion of ‘height’ in this chapter is the same as the notion of degree
in [Bet02] (for twisted coefficient systems for symmetric groups) and [Dwy80] (for general
linear groups), whereas the notion of ‘degree’ in this chapter is in the same spirit as the
notion of degree in [Iva93], [CM09] and [Bol12] (for mapping class groups of surfaces). Hence

Lemma 4.4.3 provides a link between these two notions of degree.
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Finally, we mention a couple of immediate facts about the degree of a twisted coefficient

system.

Lemma 4.4.7 For twisted coefficient systems T, T": C1 B — Ab and a fized abelian group
A,

(a) deg(T & T") = max{deg(T), deg(T")},
(b) deg(T ® A) < deg(T),

and more generally, for deg(T) and deg(T") non-negative,
(¢) deg(T @ T") < deg(T) + deg(T"),

where & and ® are defined objectwise.

Proof. Fact (a) follows by induction from the fact that A(T & T') = AT & AT’. Fact (b)
follows from the fact that A(T® A) = AT ® A, which is true because tensoring a split short
exact sequence with A preserves split-exactness. Fact (c¢) is proved by induction with base

case (b), and inductive step using the fact that

ATeT) = (TROAT ) (AT T ® (AT ® AT'). O

4.5 Examples of twisted coefficient systems

Our two main examples will be in the case where C is the trivial category (one object,
one morphism) and 7 is the identity B — B. So C!B = ¥ = B(R*) and functors ¥ — Ab
are twisted coefficient systems for {BX,,} = {C,,(R*>)}. Recall that there is a canonical
functor C ! B — % for any other choice of C and w: B — X, so functors > — Ab also give
twisted coefficient systems for {C,(M, X)} in general.

Example 4.5.1 Fix a path-connected based space (Z,*), an integer ¢ > 0 and a field F.
The functor T: ¥ — Top is defined on objects by n — Z™, and on morphisms as follows:
given a partially-defined injection j: {1,...,m} --» {1,...,n} in ¥, define Tz(j): Z™ — Z"
to be the map

(21, ey Zm) — (Zj—l(]_), ey Zj—l(n))v

where zg is taken to mean the basepoint *, for example

N

(2’1, 22, 23) — (*7 21, %, ZQ)-

The functor Tz 4 p: 3 — Ab is then the composite functor Hy(—; F') o 1.

Lemma 4.5.2 The twisted coefficient system Tz 4 p has degree at most L%HJ; where for a

path-connected space Z,
h = hconnp(Z) := max{k > 0| Hy(Z;F) =0 for all i < k} > 0.
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Proof. First note that the Kiinneth theorem gives us natural split short exact sequences

q
0— Hy(Z" F) — Hy(Z"" F) — @ Hy-s(Z"; F) @ Hi(Z; F) — 0,
i=1

which together with the fact that H;(Z; F) = 0 for 1 < i < h implies that

q
ATzqr = @ Tzq—ir @ Hi(Z; F).
i=h+1
So by Lemma 4.4.7 above, deg(Tz,4,r) < 1+ max{deg(Tz4—ir) | h+1 <i < q}. Abbrevi-

ating deg(Tz4 r) to ty, we have the recurrence inequality
tq < 1+ max{to, . ,tq,hfl}. (451)

Note that Ho(Z™; F) — Ho(Z""!; F) is the identity map F — F for all n, so ATz 5 =0,
and hence deg(7Tz0,7) = 0. Also note that for 1 < ¢ < h, hconnp(Z) > ¢ implies that
hconnp(Z™) > q for all n (by the Kiinneth theorem), so Tz 4 r(n) = Hy(Z"; F) = 0, and

hence deg(7T’z4,7) = —1 < 0. So we also have the initial conditions
to b1y oty <O0. (4.5.2)

It now remains to prove that the recurrence inequality (4.5.1) and the initial conditions
(4.5.2) imply that ¢; < |45 | for all ¢ > 0. This will be done by induction on g. The base
case is 0 < ¢ < h which is covered by the initial conditions (4.5.2). Assume that ¢ > h + 1.

Then:

tq < 1+ max{tg, c. 7tq—h—1}

—h—
<1+ th+11J

— i) O

Remark 4.5.3 See also [Han09a, Proposition 12], where it is proved (in the terminology
of this chapter) that the height of T’z ,  is at most g.

Example 4.5.4 Let I'°P be the category of finite sets and partially-defined functions. There
is a free functor Z—: I'°P — Ab taking S to ZS and taking j: S --+ R to the homomorphism
Y oscgMsS > D cgNsj(s), where j(s) means 0 € ZR if j is undefined on s. So any functor
3. — I'°P gives a twisted coefficient system for > by composing with Z—.

For example one can just take ¥ < I'°P to be the inclusion as a subcategory. More

generally, for 0 < a < b one can take the functor P, ;: ¥ — I'°? which on objects is

n — Pup(n)={SCnla<|S| <b}
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and which takes j: {1,...,m} --» {1,...,n} to

i(S) if a < |j(S) < b
S { undefined otherwise. (4.5.3)

Denote the composite functor ¥ — Ab by ZP, ;. Note that ZP,(n) = Z[En/(Zb X Zn_b)]
as Y,-modules.

From the definitions one can check that AZFPy o = 0, AZFPyy, = ZPy;—1 for b > 1, and
AZP,, = ZP,_1p—1 for a > 1. Hence by induction,

deg(ZPyyp) = b.

(With a bit more work, one can check directly that the height of ZP, is also exactly b.)

There is also an ordered version of this. The functor Iga’b: ¥ — I'°P takes n to the ordered
subsets of n with cardinality between a and b, and it is defined on morphisms as above,
where j(S) inherits its ordering from S. Again, denote the composite functor ¥ — Ab by
Z]BM. Note that Zﬁ@b(n) = Z[En/En,b] as YN,-modules.

To find the degree of Zlga,b we need to consider something slightly more general. For
0 < a < b and a finite set R disjoint from {1,2,3,...}, let ﬁfb be the functor ¥ — I'°P which
takes n to the set of subsets S C n of cardinality between a and b, equipped with an ordering
of SU R. Then one can check from the definitions that AZﬁ(fo =0, AZﬁ(fb = Zﬁ(f;_l for
b>1, and AZ]B(fb = Zﬁ£+17b_1 for a > 1, where RT™ = R {*}. Hence by induction on b,

deg(ZPL,) =b.

Remark 4.5.5 For any C and 7: B — X, denote the canonical map C!B — ¥ by p. Then
given any functor T': 3 — Ab there is a composite functor Top: C1B — Ab. The degree and
height of T" are the same as the degree and height of 7 o p,* so the preceding two examples

also give twisted coeflicient systems, of the stated degree, for any C and 7: B — 3.

An aside on Burau representations. So far we have just constructed examples of
twisted coefficient systems which factor through the canonical projection to . It would be
interesting to have some examples of twisted coefficient systems B(R?) — Ab, for example,
which are not pulled back from a twisted coefficient system ¥ — Ab in this way.

Any collection of representations of the braid groups 3, = m1C,(R?), one for each n,
gives a functor B(R?),,x — Ab, where B(R?),y; is the subcategory of all automorphisms
of B(R?). The question is then whether the representations extend to a functor on all of
B(R?), and if so whether it has finite degree.

“One can check that (AT)op = A(T op), using the fact that we assumed that (—[1]) om = mo (—[1]) in
Definition 4.2.8, and hence by induction deg(T o p) = deg(7T"). Also, from the definitions, (7 o p)flk) = T,(Lk),
so height (7" o p) = height(T").
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64.6. A “twisted stability from untwisted stability” principle

One candidate for this question is the Burau representations. These can be most quickly

defined using the presentation
By = <01, e Op—1 ‘ 004105 = 0i410i0i41, 0,05 = 0j0; for |i — j| > 2>.
The Burau representation 3, — Aut(Z[t*']") = GL,(Z[t*']) is defined on generators by
o La® (1) @ L,

where I is a k x k identity matrix. The category B(R?).y is generated by the o; €
Bn = Autggey(n) for varying i and n. The full category B(R?) has two extra types of
generators, which we can take to be “inclusion braids” ¢,: n — n+1 and “forgetful braids”

Tpt1: n+1 — n as follows:

en—+1 n+le
n . L
lnt : 41" : :
*r—0 [ 2 ®

(We are temporarily breaking with our convention of I:I being the canonical map from n
to n+1.) To extend the Burau representations to all of B(R?), we would need to define it

on these generators, and check the new relations which arise:

o’iil Oly = Lp © O'Z-il ) k id, k even
11 11 o (fori<n—1); 41 © Oy O by = = E odd
0, OTptl = Tn41°0; lp—1 0 Tp (6]

However, it is unclear from this combinatorial description whether or not this is possible.?
As mentioned in §1.2 of Chapter 1, some further work one could do is to investigate this
more geometrically. Any representation of the infinite braid group (s is equivalent to an
abelian-group-valued functor defined on the subcategory of B(R?) generated by the o; and
the ¢,,. It may be possible to find a geometric condition on such a representation such that
the corresponding functor can be extended to the “forgetful braids” m,41 too, i.e. to the
whole category B(R?).

4.6 A "twisted stability from untwisted stability” principle

The notation continues as in the previous sections. Suppose we have a sequence of
spaces {--- — Y, 2% YV, 11 — ---} and a twisted coefficient system T': C 1 B — Ab for this
sequence.

)

Note that we automatically have (Z) -sheeted covering spaces }N’n(k — Y, corresponding

to the subgroups Gy ,,— < Gy, = m1Y,. Since v (Grn—k) < Ginti—k the map s, lifts to a

5For example, one could attempt to extend the Burau representations to B(R?) by sending 7,41 to
[h1©® (cd) and sending ¢, to In—1 & ('g), for some Laurent polynomials a,b,c,d € Z[til]. But then
applying the right-hand relation above with k = 1 yields the contradiction 0 =1 —1t € Z[til].
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Chapter 4. Twisted homological stability for configuration spaces

map
5.y ® v ®)

of covering spaces, which on 7 is just the restriction of v, to G- — Gint1—k- Now,

the map ¢y, : T,Sk) — Té?l is equivariant with respect to this, and is also a bijection (Lemma

4.3.7), so the local coefficient system Ték) on 1775’“) is the pullback along the map §£lk) of the

(k
7,

The following “twisted stability from untwisted stability principle” is the main technical

local coefficient system Té’?l on

result of this chapter, and is proved in §4.8.

Theorem 4.6.1 (Twisted stability from untwisted stability) Let T' have (finite) degree d.
Suppose that for all n > 0 there is a map of fibrations

ty
EF FF
[
~ n ~(k
70 er+)1 (4.6.1)
By,

together with a local coefficient system on the base By from which both Tflk) and Tffgl are

pulled back. Then if integral (untwisted) homological stability holds for {F*} w.r.t. n for
all k, then T-twisted homological stability holds for {Y,} w.r.t. n. Quantitatively: if
(th)e: Ho(Fy5 Z) — Hu(FY 13 Z)

n

is an isomorphism in the range x < ¢(n, k) for some function ¢, then
(Sn; Ln)* : H*(Yn§ Tn) — H*(YnJrl; Tn+1)
is an isomorphism in the range * < min{¢(n, k) |0 < k < d}.

4.6.1 Deduction of twisted homological stability for configuration spaces

We now use this to prove the Main Theorem (except the split-injectivity statement,

which is proved separately in §4.9).

Proof of the Main Theorem, Part I. Let {Y,,} be the sequence of labelled configuration spaces
Cpn(M, X), with Y;, 2% Y,,,; the stabilisation map defined in §4.1. Let o be a basepoint
for the label-space X, and let T': B(M, X) — Ab be a twisted coefficient system of degree
d.

First we will describe the covering spaces }771(19) in this setup. The group G, is the

group of braids in M x [0, 1], with strands labelled by m X, going from the configuration

96



64.6. A “twisted stability from untwisted stability” principle

{(q1,0),...,(gn,0)} in M x {0} to the configuration {(gi1,1),...,(gn,1)} in M x {1}. Each
such braid induces a permutation of the set {qi,...,¢n}, and the subgroup G}, con-
sists of those braids whose induced permutation preserves the partition {qi,...,¢,—r} U
{qn—k+1,---,qn}. Hence the covering space }N/Tfk) corresponding to this subgroup can be
thought of as the space C(y, ,—x) (M, X) of configurations of n unordered, distinct points in
M, with labels in X, and with k of the points coloured red and n —k of them coloured green.
Take its basepoint to be the labelled configuration {(q1, o), ..., (¢n, o)} With q1,..., ¢n—k
coloured green and @,—g+t1,...,qn coloured red. Analogously to the stabilisation map
st Cn(M, X) — Cpi1(M, X), the map 34 : Clppgy (M, X) = Clomi1-i(M, X) adds
a new green point labelled by zg near the boundary-component B.

Now we build a map of fibrations as in (4.6.1) together with appropriate coefficients
on the base space. Take By = Y, = Ci(M, X), and define ?,Sk) = Clop—i)(M, X) —
Cx(M, X) = By to be the map that forgets the green points. This is a fibration (in fact
a fibre bundle) with fibre ¥ = C,,_j (M~ {k points}, X), and the map t&: F¥ — FF | is
exactly the stabilisation map s for the punctured manifold M ~\ {k points}.

Give B, = Y} the local coeflicient system 7T, ,gk). Now, the map klz T, — T sends
T,E’“) into Ték) and moreover restricts to a bijection TT(Lk) — T,Ek). (See Notation 4.3.5 for an
explanation of this notation; the claims follow from the duals of Remark 4.3.6 and Lemma
4.3.7.) Tt is also equivariant w.r.t. 71 of the map Cy, ,,_r)(M, X) — Ci(M, X') which forgets
the green points. Hence the coefficients T, 7(Lk) on C k) (M, X) are pulled back along this
map from the coefficients Ték) on B = Cx(M, X).

Now we can apply Theorem 4.6.1, using homological stability for configuration spaces

with untwisted coefficients as input. The map
(tF)s: Ho(Crp (M ~{k points}, X); Z) — H,(Cpy1_r(M~{k points}, X); Z)

is an isomorphism in the range x < "Tfk by [RW11] (see also [Seg73,McD75,Seg79]). Hence
Theorem 4.6.1 implies that

(Sni Ln)*: H*(Cn(MaX)§Tn) - H*(Cn+1(MaX)§Tn+1)

is an isomorphism for x < ”T_d. O

Remark 4.6.2 One can easily see from the proof of Theorem 4.6.1 in §4.8 below that if
the twisted coefficient system T': C ! B — Ab takes values in the subcategory Vectg of Ab,
then the hypothesis of Theorem 4.6.1 may be weakened to rational (untwisted) homological
stability for {F*} for each k. Now, the homological stability slope for C,,(M, X) is 1 (rather
than just %) when taking rational coefficients (as long as M is either at least 3-dimensional
[RW11, Theorem B] or orientable [Chul2, Corollary 3]). Hence, modifying the last step of
the above proof, we see that for rational twisted coefficient systems T': B(M, X) — Vectg
we have twisted homological stability for C, (M, X) in the range * < n — d.
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4.7 A twisted Serre spectral sequence

To prove the “twisted stability from untwisted stability” principle we will need a gen-
eralisation of the usual Serre spectral sequence, allowing the base space to be equipped
with a local coefficient system. It is a special case of (the homology version of) an equiv-
ariant generalisation of the Serre spectral sequence constructed by Moerdijk and Svensson
[MS93].5 We will start by describing an alternative basepoint-independent viewpoint on

(co)homology with local coefficients (in the non-equivariant setting).

Definition 4.7.1 For a space Y let A(Y') be the category whose objects are all singular
simplices in Y, and whose morphisms are simplicial operations (generated by face and
degeneracy maps). Denote the fundamental groupoid of Y by n(Y'), and the standard n-
simplex by A™. There is a canonical functor vy: A(Y) — 7(Y) which takes a singular
simplex A" — Y to the image of its barycentre b,. A morphism A* % A" — Y is taken
to the image of the straight-line path in A™ from «(bg) to by,.

A covariant (resp. contravariant) functor A(Y') — Abis a coefficient system for homology
(resp. cohomology); it is a local coefficient system if it factors up to natural isomorphism

through vy .

The functor vy : A(Y) — 7(Y') encapsulates most of the combinatorics needed to define
(co)homology with local coefficients. The definition makes sense for any (not necessarily

local) coefficient system, but it is only homotopy-invariant for local coefficient systems.

Definition 4.7.2 (Homology) Given a space Y and coefficient system M : A(Y) — Ab, the
homology H,(Y'; M) is the homology of the chain complex C,(A(Y); M):
Ont1 @ M(Uo) On @ M(To) On—1
cEN,A(Y) TEN,_1A(Y)

where N¢A(Y') denotes the nerve of the category A(Y'), and for a chain of singular simplices
o= (Ak — Akt — ... 5 AFn V) of N,,A(Y), the Oth one A% — Y is denoted by oy.
The map 0, is the alternating sum of maps 0! which are defined using the ith face map of
NJA(Y).”

Definition 4.7.3 (Cohomology) Given a space Y and coefficient system M : A(Y)°P — Ab,
the cohomology H*(Y; M) is the homology of the cochain complex C*(A(Y); M):
On—1 H M(O’o) On H M(To) On+1
O'EN7LA(Y) TENn+1A(Y)

6See [Kro10] for an extension of this, and [Hon98] for a more geometric construction under some general
topological conditions on the spaces involved.

"For o € N,A(Y), let 7 be its ith face. There is a canonical map o — 7o (which is the identity except
when i = 0) inducing a map M (00) — M(70). The direct sum of these maps is 5.
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where the map 6, is the alternating sum of maps % which are defined using the ith face
map of NoA(Y).8

This reduces to ordinary (untwisted) homology and cohomology when M is constant.
(Although it does not reduce to the usual singular (co)chain complex, one can show that it
does compute the same homology as it; cf. [MS93, Theorem 2.2].)

In [MS93] the above is generalised to the equivariant setting: they define vy : Ag(Y) —
mq(Y) for a G-space Y, and equivariant twisted cohomology H(Y; M) for any coefficient
system Ag(Y)°? — Ab. Again a coefficient system is local if it factors up to natural iso-
morphism through vy. Cohomology with respect to local coefficient systems is G-homotopy
invariant [MS93, Theorem 2.3]. Their main theorem is the existence of a twisted equivariant

Serre spectral sequence:

Theorem 4.7.4 ([MS93, Theorem 3.2]) For any G-fibration f: Y — X (i.e. Y — XH
is a fibration for all H < G) and any local coefficient system M on Y, there is a local
coefficient system H{(f; M) on X for each ¢ > 0 and a spectral sequence

B} = HE(X; HE(f; M) = H(Y; M) (4.7.1)

with the usual cohomological grading.

Remark 4.7.5 We will describe the local coefficient system H4(f; M) in the non-equivariant
case. As a functor A(X)°P — Ab it does the following. A singular simplex A* % X is
taken to the cohomology H?(o*(Y); M), where o*(Y') is the pullback of o and f, and we
denote any pullback of the coefficients M also by M. A morphism Al % AF % X induces
a map of pullbacks (o o a)*(Y) — ¢*(Y') and hence a map on cohomology.

It is a local coefficient system since it factors up to natural isomorphism through vx by
the following functor 7(X)°? — Ab. A point z € X is taken to HY(f~!(z); M). Given a
homotopy class [I NS ] of paths from x to ¥, there are induced maps of pullbacks f~!(z) —
p*(Y) <> f~1(y). These induce maps on cohomology, and since they are isomorphisms® the
first one can be inverted to get a composite map HY(f~(z); M) — HI(f~(y); M). One

can check that this map is independent of the choice of representing path p.

In [MS93] the authors point out that there is an analogous version of the spectral
sequence (4.7.1) for homology. We will only need the non-equivariant (but twisted) version,
which is:'?

8Given an element {g, € M(0o) | ¢ € N,A(Y)}, we need to choose an element of M(7o) for each
7 € Npt1A(Y). Let o be the ith face of 7, which has a canonical map 79 — oo (which is the identity except
when ¢ = 0). Apply M to get a map M(o9) — M(70) and take the image of g, under this map.

9The inclusion {0} < [0,1] is an acyclic cofibration, so its pullback along the fibration f is again an
acyclic cofibration, in particular a weak equivalence.

0This was also stated (referencing [MS93]) as Theorem 4.1 of [Han09b].
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Theorem 4.7.6 For any fibration f: Y — X and any local coefficient system M on Y,
there is a local coefficient system Hy(f; M) on X for each ¢ > 0 and a spectral sequence

E}, = Hy(X;Hy(f; M)) = H.(Y; M) (4.7.2)

with the usual homological grading.

The description of the local coefficient systems H,(f; M) is the same as above, replacing
cohomology with homology. When the local coefficient system M on Y is pulled back from
the base X, they are built out of the untwisted homology of each fibre.

We now return to the viewpoint of local coefficient systems as an action of the funda-

mental group on an abelian group.

Corollary 4.7.7 For any fibration f: Y — X with fibre F' over the basepoint xg € X, and

any 71(X)-module M, there is a spectral sequence
By = Hy(X; Hy(F; M)) = H.(Y; M) (4.7.3)

with the usual homological grading. Here the action of m1(Y) on M is pulled back from that
of m1(X) wia fi and the action of w1 (F) on M is trivial.

This is natural for maps of fibrations over a fixed base in the obvious way:

Proposition 4.7.8 Suppose we have a map of fibrations over a fixed base

Y Y’

NS

X

and a 71 (X)-module M; denote the fibres over the basepoint xg € X by F and F' respectively.

Then there is a map of spectral sequences (4.7.3) where:

e The map F — F' induces a map of m1(X)-modules Hy(F; M) — Hy(F'; M), which
therefore induces a map Hy(X; Hy(F; M)) — Hp(X; Hy(F'; M)). This is the map on
the E? pages.

e The action of m(Y) on M is the pullback of the action of w1 (Y') on M, so the map
Y — Y’ induces a map H.(Y; M) — H.(Y'; M). This is the map in the limit.

4.8 Proof the principle

We will now prove Theorem 4.6.1, using the twisted Serre spectral sequence of the
previous section and the following elementary fact, which is a covering space version of

what is usually known as Shapiro’s Lemma.
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Lemma 4.8.1 (Shapiro for covering spaces) Suppose we have a based space'! X, a subgroup
H of m1(X) and an H-module A. Let X be the (based) covering space corresponding to H.
Then

H,(X;A) 2 H,(X;Zm (X) @5 A). (4.8.1)

Given a map of the above data—namely a (based) map f: X — X' such that f.(H) C H’
(so that there is a unique based lift f: X > X’) and a map ¢: A — A’ which is equivariant

w.r.t. fo—the identification (4.8.1) is natural in the sense that

H,(X;A) H,(X'"; A
12 12 (4.8.2)
H.(X;Zm(X)®p A) —— H (X3 Zm (X)) @ A')

commutes.

Proof. Denote the singular chain complex functor by S.( ) and the universal cover of X

by X. Then we have an isomorphism of chain complexes
Su(X) @ A — Su(X) @y (x) Zm1(X) @5 A

given by 0 ® a — 0 ® [¢;] ® a, where ¢, is the constant loop at the basepoint = of X.
Taking homology gives the identification (4.8.1). Let f denote the unique (based) lift of f
to X — X'. The diagram (4.8.2) is induced by

S (X)on A S (X" @p A
=] |=

Su(X) @,y (x) Zm1(X) @1 A — Su(X") @, (x1) Zmi(X') @1 A

and one can check that both routes around the square send o ® a to j?ﬁ(a) R ey @¢(a). O
Proof of Theorem 4.6.1. We need to show that the map

Ho(Yn; To) — Hy(Yig1; Tosr) (4.8.3)
induced by s, and ¢, is an isomorphism in the stated range. By the decomposition (4.3.1)

of Proposition 4.3.1, and the fact that T has degree d, this is the same as the map

d

d
D H.(Ya; 2Gr @, T) — @ Ho(Yos15ZCns1 96, i1, Toih) (4.8.4)
k=0 k=0

induced by s, v, and ¢,. By Shapiro’s Lemma for covering spaces (Lemma 4.8.1) this is

HPpath-connected, locally path-connected and semilocally simply-connected.
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isomorphic to the map

d d
Ve o (k k
P H.EP;TE) — P HY T (4.8.5)
k=0 k=0
induced by E(nk) and . The map of fibrations (4.6.1) gives a map of twisted Serre spectral

sequences (Corollary 4.7.7 and Proposition 4.7.8):

E2, = Hy(Bp Hy(FE; A)) = g vP, 1

yn

! } (4.8.6)

B = B M Fhi ) = 1)

k:))

where A is the local coefficient system on the base B which pulls back to TT(Lk) and T 7(11_?1

Note that it is a constant coefficient system once it has been pulled back to F¥ and F¥ ;.
The map on E? pages is induced by the map tfl, and hence is an isomorphism for ¢ < ¢(n, k)
(and all p > 0) by the hypothesis of the theorem (and the universal coefficient theorem).
Hence by the Zeeman comparison theorem'? it is an isomorphism in the limit for * < ¢(n, k).
Hence in the range * < min{¢(n, k) | 0 < k < d} each summand in (4.8.5) is an isomorphism,

o0 (4.8.3) is an isomorphism, as desired. O

4.9 Split-injectivity

To prove the split-injectivity claim of the Main Theorem we will use the following lemma
which was used implicitly by Nakaoka in [Nak60] and later written down explicitly by Dold
in [Dol62]:

Lemma 4.9.1 ([Dol62, Lemma 2]) Given a sequence 0 — A LZN PN of abelian
groups and homomorphisms, the following is sufficient to imply that each of the maps ¢; is

split-injective: There exist maps T, : An — Ay for 1 <k < n with 7,, = id such that

im(Tk‘,n — Tk,n+1© ¢n) < im(¢k—1)- (4.9.1)

Let C,, (M, X) be the universal cover of the configuration space C,,(M, X). There is
a natural lift of the stabilisation map to a map 3,: Cp,(M, X) — Cpo1(M, X), which can
be described as follows. The elements of C\, (M, X) can be thought of as n-strand ‘braids’
in M x [0,1], with strands labelled by the path-space PX, starting at the configuration
{(¢1,0),...,(gn,0)} in M x {0} labelled by {zo,...,z0}, and ending at any labelled con-
figuration in M x {1}. The map 5, pushes the braid in M x [0,1] inwards, by the self-

2The required implication is contained in the proof of Theorem 1 of [Zee57], although stronger hypotheses
are stated there. An explicit statement of the comparison theorem which applies to our case is Theorem 1.2
of [Iva93]. It is also written in Remarque 1.8 of [CDG11].
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§4.9. Split-injectivity

embedding e x idjg 1), and adds a trivial strand labelled by the constant path c;, near the
boundary-component B of M.

Denote mCy, (M, X) by G, and denote the singular chain complex of a space by S, (—).
Then the map

(Sn;tn)s: Ho(Co(M, X);Ty,) — Hi(Cpg1(M, X ); Thy1). (4.9.2)
is induced by the map of chain complexes
(5n)t @ tn: Sx(Cr(M, X)) ®c, Tn — S+(Cns1(M, X)) ¢t Tt1.

Proof of the Main Theorem, Part II. We want to prove that (4.9.2) is split-injective for all

*x and n. By Dold’s Lemma 4.9.1, it is sufficient to construct chain maps
thn: S*(én(MvX)) ®c, Tn — S*(ék(MvX)) XGy, Ty
for 1 < k < n such that t,,,, = id and

thn = thnt1 © ((Bn)g @ tn) — ((Bk—1)f @ th—1) 0 tp—1,n- (4.9.3)

Let S C n. There is a unique partially-defined injection {1,...,n} --» {1,...,|S|} which
is order-preserving and is defined precisely on S. The chosen isotopy id ~ e: M — M gives
canonical paths between ¢; and g;41 for each j; using these one can lift this partial injection
to a partial braid from {(q1,%0), - - -, (qn, o)} to {(q1,70), - - -, (5], T0)}. This is a morphism
bs, in B(M,X) from T to E‘OS‘, so applying 1" gives a map g, T — Tjg).

We can also define a map pgn: Cp(M,X) = C|g(M, X) as follows. Given an n-strand
braid in C,, (M, X), forget the strands which start at (g;,0) for i € n . S, and concatenate
the resulting partial braid with the reverse of bg, to get an |S|-strand braid in C|g(M, X).

Directly from these definitions one can check that:

(a) If 1 ¢ S then mg 410ty = T(S—1);m a0d P§ i1 05n = P(5—1) 0
(b) If 1 € S then 75410 tn = ¢|5]-1 © T(5-{1}—1),n a0 PSnt1 0 5n = S|5|—1 O P(S~{1}~1),n-
(The notation (S — 1) means {s —1| s € S}.) We now define ¢ ,, to be the following chain

map:

oRT Z (psn)i(0) @ g ().
SCn, |S|=Fk

Clearly t,,, = id, so we just need to check the identity (4.9.3). The right-hand side of this
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is:

ocRr Z ((pS,n-i,-l)ﬁ o (En)ﬁ(a)) ® (7r57n+1 o Ln(l‘))
SCntl, |S|=k
< (4.9.4)
- Z (Sk=1)4° PRn)E(0)) @ (the1 © TR ().
RCn,|R|=k—1

Using (a) and (b) above, we see that the top line of this decomposition is chain-homotopic

to the following:
cOT = Z ((gkfl)ﬁ © (p(S\{l}—l),n)ﬁ(J)) ® (kal © W(S\{l}_l)yn(x))
SCntl, |S|=k, 1S

+ > (P(s-1)n)(0) @ T(5_1)n(T).
SCntl, |S|=k, 1¢S

(4.9.5)

The first line of (4.9.5) cancels with the second line of (4.9.4), leaving just the second line
of (4.9.5), which is precisely ., as required. d

Remark 4.9.2 We did not at any point use the fact that our twisted coefficient system 7T is
finite-degree, so the split-injectivity claim in the Main Theorem also holds for infinite-degree

twisted coefficient systems.

4.10 A connection with representation stability'?

In this last section we briefly describe a link between twisted homological stability for
unordered configuration spaces (for a particular twisted coefficient system) and represen-
tation stability for the cohomology of ordered configuration spaces. For simplicity we will
take X = pt in this section.

We have stability for the sequence Hy (Cp(M); Z[S,/S,—k]) in the range n > 2%+ k by
the Main Theorem and Example 4.5.4. We can equally well replace Z by Q in this example,

so we also have stability for the sequence
H, (Cn(M);Q[En/En—k])' (4'10'1)

Aside This special case of twisted homological stability can in fact be deduced from un-
twisted homological stability fairly quickly, as follows. Let ngk) (M) be the space of n disjoint
points in M, equipped with an ordering of k of them. Then there is a covering space map
CP (M) — Co(M) with fibre £,/ 1, 50 Hy(Cp(M); Q[,/S0 1)) = H.(CHF(M); Q).
There is also a fibration sequence C,_j(M ~ {k points}) — Cr(lk)(M) — Cr(M), and a
map of such fibration sequences over ék (M) given by stabilisation maps. Homological sta-

bility holds for the map of fibres, so, applying the Zeeman Comparison Theorem to the

13The observations in this section grew out of several conversations with Oscar Randal-Williams.
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corresponding map of Serre spectral sequences, it also holds for the map of total spaces.

The Kiinneth spectral sequence (for chain complexes of QX,,-modules) for the rational

singular chain complex of C,,(M) and the module Q[%,,/%,_x] concentrated in degree 0 is

B2, = Tordy (Hp(Co(M);Q),Q[Sn/Snr]) = Hu(Cn(M); Q[En/En—4])-

Moreover TorflQ7r = 0 for ¢ > 1 for finite groups m, so this spectral sequence degenerates to

an isomorphism H, (C’n(M);Q) ®sx, QX,/En—k] = H. (Cn(M);Q[Zn/Zn_k]), so we have

stability for the sequence
H, (5n(M)a Q) Xy, Q[En/znfk]- (4'10'2)

By Schur’s Lemma this has dimension
D an k(X)) ba(N)
A

where A runs over all Young diagrams with n boxes, a, 1 (A) is the number of copies of the
corresponding irreducible ¥, -representation V' (A) in Q[%,,/%,,—x] and b, () is the number
of copies of the dual irreducible ¥,,-representation V' (A)* in H, (én (M);Q). Note that the

latter is the same as the number of copies of V/()) in the cohomology H*(Cy(M); Q).
Definition 4.10.1 For a Young diagram A, denote by A" the Young diagram with one

extra box added to the top row. A stable Young diagram is a Young diagram with any

number of boxes, up to the equivalence relation generated by identifying A with A*.

From now on A (and p) will always denote a stable Young diagram, and it will be clear

from the context which representative (i.e. number of boxes) is meant.

Remark 4.10.2 Note that Q[X, /%, _x] = Indgzik (Q), so by the branching rule for induced
modules we have that a, () is the number of ordered ways of adding k boxes to the Young
diagram ITTT1T11] with n — k& boxes to obtain A. From this description we can see that the

sequence ay, x(A) is monotone non-decreasing (in n) and is constant once n > 2k.

Definition 4.10.3 Multiplicity stability for H* (én(M ); Q), in the language of representa-
tion stability (see [CF10]), is the property that each sequence by () is eventually constant

as n — oo.

Now assume that each sequence b,(\) is monotone non-decreasing. Using stability for
(4.10.2), and this assumption, we can show that multiplicity stability holds for H* (CN'n(M ); Q) ,
as follows. For any stable Young diagram p, the irreducible V' (u) appears in Q[X,, /3, k]

for sufficiently large k, by the branching rule mentioned above. Fix such a k and let n > k.
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By stability of the sequence (4.10.2) we have that for some IV,

Zanyk()\).bn(/\) is constant for n > N.
A

Since each summand a,, ;()).b, () is monotone non-decreasing and a,, ; (1) is positive, the

sequence by, () must be constant for n > N.

Remark 4.10.4 The same argument as for split-injectivity in the last section shows that

there is a split-injection
H(Ca(M);Q) @5, VN) = He(Cost (M);Q) @, VN, (4.10.3)

The dimension of the left-hand side is b,(A); call the dimension of the right-hand side
¢n+1(N). So b, (A) is the number of copies of V(\)* in H, (6’n(M);Q), whereas ¢, () is the
number of copies of V(A)* in the restricted module Resg"  H. (én(M), Q).

However, this does not help in showing that b, ()) is non-decreasing, since in general
the inequality ¢, 41(A) < byi1(A) does not hold. For example, taking M = R?, n = 3 and

* = 2 we have
Hy(Cy(R?);Q) = V() @ V(BP) @ V(H)

as a Q¥4-module (this is taken from the example on p.5 of [CF10]). Hence by the branching

rule for restricted modules,
Hy(Ca(R?);Q) = V() @ V(H)? @ V(am)

as a Q¥3-module. So for A = H- we have a counterexample c4(\) =4 £ 2 = by(\).
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Chapter 5. Homological stability for configuration spaces of submanifolds

5.1 Introduction
5.1.1 Recollections

Fix a smooth! manifold M which is the interior of a connected manifold with non-
empty boundary M of dimension at least 2. Fix a path-connected space X. Then the

n-point unordered configuration space on M with labels in X was defined in §1.1 to be

Cpn(M,X) = {(pl,...,pn) e M"™ ‘ Di # Dj fori;éj} Xy, X"

This can be thought of as the space of n particles floating in M, with internal parameters
taking values in X, topologised so that they cannot collide. The configuration spaces

{Ch(M, X))}, enjoy the property of homological stability:

Theorem 5.1.1 ([RW11], see also [Seg73,McD75,S5eg79]) In the stable range n > 2%,
H.(Cn(M,X);Z) = H(Crhy1(M,X);Z). (5.1.1)

There is an explicit map Cp, (M, X) — Cp4+1(M, X) given by pushing a new particle into
M from a chosen boundary-component of M, and the isomorphism (5.1.1) is induced by
this map. Hence in the stable range the homology of the configuration space C, (M, X)
is the same as the homology of the limiting space Coo(M,X) = colim, o0 (Cr(M, X)).
Moreover the limiting space can be identified, up to homology, with a certain section space
(see [Seg73,McD75]).

Change of notation. As mentioned in the Introduction, for the remainder of this chapter
there is a change of notation: we will denote unordered configuration spaces by ¥ (instead
of C), ordered configuration spaces by F' (instead of 5) and oriented configuration spaces
by A (instead of C'1).

5.1.2 Results

The aim of this chapter is to generalise Theorem 5.1.1 to “spaces of configurations of
submanifolds” under suitable conditions. First we need to define precisely what we mean

by a space of configurations of submanifolds.

Definition 5.1.2 Let M be the interior of a connected manifold with non-empty boundary
M of dimension d > 2, and let P be a closed, connected submanifold of the boundary OM,
contained in some coordinate neighbourhood U = R4~! of M. Denote the inclusion by
v: P OM.

We say that two embeddings P = M are unlinked if there exist two disjoint coordinate

neighbourhoods of M, one containing the image of each embedding. So in particular both

Manifolds will always be assumed to be smooth, i.e. C*°, without further comment.
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embeddings must have image contained in some coordinate neighbourhood of M. Let

EP(M) = {(U)h ... ,tbn) € Emb(]], P, M) each 1); is isotopic to t: P — M } .

the embeddings ; are pairwise unlinked

Definition 5.1.3 Fixing M and P as above, we say that an element g € Diff (P) is realisable
by isotopy if the embedding ¢ o ¢ is isotopic to ¢ through embeddings P < M. A subgroup
G < Diff(P) is realisable by isotopies if every g € G is realisable by isotopy.

Under certain codimension conditions this condition on G is automatic:

Proposition 5.1.4 (see [Sko08, Theorem 2.8]) Let dim(M) = d and dim(P) = k. Each of
the following conditions implies that any two embeddings P — R® are isotopic, so the whole

diffeomorphism group Diff (P) is realisable by isotopies for any embedding v: P < OM.

e k>2andd>2k+1,
e P is a homology sphere and d > %k + 2,
e hconn(P) > ¢ for some ¢ < %k—l and d > 2k —c+ 1,

where “hconn(P) > ¢ means that Hy(P;Z) = 0 for all i < c. The last condition subsumes
the first two.

Definition 5.1.5 Let G < Diff(P) be a subgroup which is realisable by isotopies, and let
X be a path-connected space. Then the subgroup G %, of Diff(P)1%,, = Diff(][,, P) acts
on EP(M) by precomposition, and on X™ by projecting G ¥, — ¥,, and permuting the

copies of X, so we can define
YP(M, X|G) = EY(M) xgys, X"

An element of X7 (M, X|G) is therefore a collection of n (pairwise unlinked) submanifolds
of M, each homeomorphic to P, labelled by elements of X. Each submanifold is equipped
with a parametrisation up to the action of GG, and is required to be isotopic to ¢t: P —
M. (Note that this last condition is well-defined: the submanifold is equipped with a G-
orbit of parametrisations, and since GG is realisable by isotopies, either all or none of the

parametrisations in the orbit is isotopic to ¢.) A typical element will be denoted by

{[¢1]a"'7[¢n]§x17~-a$n}7 (5.1.2)

where [t;] is the orbit of 1; € EL' (M) under the action of G and x; € X. More precisely an
element ought to be written {([¢1],21),..., ([¢j],z;)}, but (5.1.2) is slightly more readable.

We can of course define configuration spaces in which, as well as being parametrised up
to G, the n copies of P are also ordered up to the action of some fixed subgroup I'), < 3,,.
In particular for the trivial subgroup, we define

FP(M, X|G) = EF(M) xgn X™

n
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Notation 5.1.6 We will omit the X if it is just a point, and the G if it is the full
group Diff(P). So the spaces X' (M|G) consist of unlabelled configurations and the spaces
YP (M, X) consist of configurations of unparametrised submanifolds. We denote the con-
figuration spaces L' (M, X |*) of parametrised submanifolds by iﬁ (M, X), and when P is
orientable we denote the configuration spaces of oriented submanifolds XX (M, X |Diff ™ (P))
by $P(M, X).

In particular, Ffft(M ) is the classical ordered configuration space of points in M and

Eﬁt(M ) is the corresponding unordered configuration space.

Remark 5.1.7 Note that EZ (M) is clearly path-connected, and hence so is I (M, X|G).
We would not have this if we had required the weaker condition “each 1; is isotopic to
Log: P M for some g € Diff(P)” in the definition of EF (M) in Definition 5.1.2. This
would have avoided having to worry about realisability by isotopies for G < Diff(P), but
path-connectivity is crucial to get the inductive proof of homological stability going, so this

really is a necessary consideration.

There is a ‘stabilisation’ map ©F(M, X|G) — %I (M, X|G), which we will define
precisely in §5.2. Intuitively one adds a new copy of P to the configuration by pushing the
existing configuration away from the boundary of M to vacate some space for the new copy

of P.

Main Theorem Let M and P C OM be as in Definition 5.1.2, let X be a path-connected
space and G < Diff(P) be a finite or open subgroup. If dim(M) > 2dim(P) + 3, then the
stabilisation map

2P (M, X|G) — 2L (M, X|G) (5.1.3)

18 an isomorphism on homology up to degree ”7_2 and a surjection up to degree 3.

The large codimension condition is used exactly once in the proof, and for particular

manifolds P can be avoided, for example for points and spheres:

Extension 5.1.8 Let M be as above and suppose that P is either a point or a ‘standardly’
embedded sphere (1: P = SF «— RFL C RI=1 C OM). Again let X be a path-connected
space and G < Diff (P) be a finite or open subgroup. If dim(M) — dim(P) > 3 and G is
realisable by isotopies,® then the stabilisation map (5.1.3) is an isomorphism on homology

up to degree "7_2 and a surjection up to degree 5.

Applying the results of the previous chapter we obtain a twisted version of homological
stability:

2This was automatic in the Main Theorem by the dimension assumption and Proposition 5.1.4, but not
under the weaker dimension assumption in the Extension.
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Corollary 5.1.9 Under the same conditions as the Main Theorem or Extension 5.1.8, if T
is a coefficient system for {SF (M, X|G)} of degree d, the stabilisation map (5.1.3) induces
isomorphisms

HL(SE (M, X|G); To) — Ho(SE, 4 (M, X|G); o) (5.1.4)

i n—d—2
i the range * < n=g==.

See §5.8 for precisely what such coefficient systems are, and a deduction of this corollary
from the Main Theorem of this chapter and Theorem 4.6.1 of Chapter 4.

Remark 5.1.10 If M and P C OM are as in Definition 5.1.2, X is a path-connected space,
and G < Diff(P) is realisable by isotopies (so that the definition of ¥F'(M, X|G) makes
sense), then the stabilisation map (5.1.3) always induces a split-injection on homology in
every degree. This can be proved as for configurations of points (see the proof of Theorem
4.5 in [McD75]) by considering the maps XL (M, X|G) --+» SF(M, X|G), for 1 < k < n,
defined only after taking infinite symmetric products, which forget some of the copies of
P in the configuration. In §4.9 of Chapter 4 there is an extension of this argument to
twisted coefficient systems; this can equally well be extended to configuration spaces of

submanifolds, so the map (5.1.4) is also always split-injective.

Remark 5.1.11 Although we have not worked this out in detail, it seems very likely that
the methods of this chapter, modified by the ideas of Chapter 2, would prove homolog-
ical stability for ‘oriented’ (or, perhaps better terminology in this context, ‘alternating’)

configuration spaces of submanifolds. More precisely there is a stabilisation map
AP (M, X|G) — AL (M, X|G)

which induces isomorphisms on homology up to approximately® degree 5. Here AP(M, X|G)
means EP (M) xgua, X", analogously to Definition 5.1.5.

Remark 5.1.12 A natural next step is to look for a scanning result in this setting, trying
to identify the limiting space, as the number of submanifolds goes to infinity, with a more
accessible space, and from this explicitly compute the homology in the stable range. This

is something the author intends to investigate in the near future.

5.1.3 Discussion of the hypotheses of the Main Theorem and Extension
5.1.3.1 Open subgroups of Diff(P)

An obvious family of open subgroups of Diff (P) for the Main Theorem is the following.
First note that Diff(P) is locally path-connected (in fact it is locally contractible as it

is a Fréchet manifold), so its path-components are all clopen, and so the quotient space

3Give or take a small additive constant.
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moDiff(P) is discrete. Hence any subgroup H of the mapping class group moDiff (P) pulls
back along the quotient map ¢ to an open subgroup G = ¢~'(H) < Diff(P). In particular
Diffo(P) = ¢~ ({e}) is open, and when P is orientable Diff *(P) is open.

5.1.3.2 Realisability by isotopies

For Extension 5.1.8 we are interested in which subgroups of Diff(S*) are realisable by
isotopies w.r.t. the embedding ¢: S¥ — REt! C R4"1 C 9M. By Proposition 5.1.4 this
holds for the whole diffeomorphism group Diff(S*) when dim(M) > 3k + 2. Outside this

range checking realisability by isotopies is less easy.

Remark 5.1.13 Note that being realisable by isotopy is a locally constant property on
Diff(P). In other words, if g,¢’ € Diff(P) are in the same path-component, then g is
realisable by isotopy if and only if ¢’ is. Hence it is enough to check realisability by isotopy

for one representative of each element of the mapping class group mDiff (P).

Aside on mapping class groups of spheres. There is a decomposition of the diffeo-
morphism group Diff(S¥) ~ O(k + 1) x Diff(D¥; 9DF), so on 7y we have

moDiff (S%) = 7Z/2 x moDiff(D*; 9 D), (5.1.5)

where the generator of the Z/2 summand corresponds to a reflection. In dimensions k =
1,2, 3, the group mDiff (D¥; 9DF) is trivial (for k = 2 see [Sma58] and [EE67]; for k = 3 see
[Cer68] and [Hat83]). In dimension k = 4 nothing is known. In dimensions k > 5 there is a

homomorphism to the group of exotic (k + 1)-spheres
WoDiﬂ(Dk; 8Dk) — @k+1

given by extending a diffeomorphism D* — D* fixing D" to a diffeomorphism S* — S*
and using it to glue together the boundaries of two copies of D**1 to obtain a (possibly
exotic) (k + 1)-sphere. This map is surjective by the h-cobordism theorem [Sma61] and
injective by the pseudoisotopy theorem [Cer70]. The groups ©Op4q are finite abelian by
[KM63], and are known for small k (see [Lev85]). For k = 5,11 and 60, the group O is
trivial, but it is not known to be trivial for any other k > 5; for example ©15 = Z/267/8128.

It is therefore not in general easy to check realisability by isotopy for an element of each

mapping class when Proposition 5.1.4 does not hold. One simple case is the following;:

Remark 5.1.14 When P = S* embedded in R¥t! C R4~ C 9M, it is easy to see that
a reflection of S* can be realised by an isotopy. Hence the preimage under Diff(S*) —

4This is not a vacuous statement as we are thinking of moDiff (P) as the quotient space by the equivalence
relation of being in the same path-component, and as such it may a priori have a non-discrete topology. For
example moQ = Q is not discrete.
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moDiff (S¥) of the Z/2 summand in (5.1.5) is realisable by isotopies, and moreover if k =
1,2,3,5,11 or 60 then this is in fact the full diffeomorphism group Diff(S*).

5.1.4 A conjecture

Conjecture 5.1.15 The codimension assumption dim(M)—dim(P) > 3 of Extension 5.1.8
can be reduced to dim(M) —dim(P) > 2. In particular we conjecture that homological stabil-
ity (with stable range x < §) holds for the sequences of spaces {5 (R}, and {257 (R3)},,
consisting of n unlinked, unknotted circles in R? which are unoriented and oriented respec-

tively.

Some “supporting evidence” for this is as follows. Firstly, when P is a point, homological
stability does hold in codimension 2, in other words for configurations of points on a surface.’
Secondly, there are stability results for the sequences of fundamental groups {m X5 (R3)}
and {m 25" (R3)}, as follows.

The group legl (R3) is sometimes called the circle braid group, or the string motion
group, and is isomorphic to the group Y Aut(F},) of symmetric automorphisms of the free
group F;, on n letters. Homological stability for this sequence of groups was proved by
Hatcher-Wahl [HW10, Corollary 1.2] in the range x < “32.5 We note that this is not
a special case of the conjecture, since E;S;l (R3) is mot aspherical, which can be seen as
follows. In [BH10] it is proved that the inclusion of the subspace R, of Euclidean circles’
into £5"(R3) is a homotopy equivalence. Now R, is a 6n-dimensional manifold but its
fundamental group contains torsion (for example it contains a copy of the symmetric group
Yn), so it cannot be aspherical.

The group Wlﬁfl (R3) is the pure string motion group, consisting of ‘motions’ of n dis-
joint, unlinked, unknotted circles which return each circle to its original position and orien-
tation. It is isomorphic to the group PXAut(F,,) of pure symmetric automorphisms of F,,. It
was recently proved by Wilson [Willl] that for fixed * the sequence of QX,,-representations
{H*(PXAut(F,); Q)} is uniformly representation stable in the range * < %. The notion
of uniform representation stability was introduced in [CF10] and in particular implies that
the sequence of invariant subgroups { H*(PXAut(F,); Q)*} is stable (independent of n) in

this range. So by a transfer argument we have stability for

H(mES (R); Q)% = H*m®S (R*);Q)

5The methods of [RW11], while similar in many repects to the methods of this chapter, involve a more
ad hoc argument (special to the case of points) instead of the ‘second resolution’ of §5.6, which is exactly
where the codimension-3 assumption is needed.

SRational homological stability in the larger range * < %" was proved independently by Zaremsky [Zar12],
and in fact something much stronger is true rationally: the reduced homology fl*(EAut(Fn); Q) is trivial
for all * and n by [Willl, Theorem 7.1]. (Zaremsky states that this latter fact also follows from [Grill].)

"Those which are of the form {(z,y) | (x — 20)> + (y — y0)? = r?} C R? < R? for some embedding of R?
as an affine subspace of R®.
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(see for example [Bro82, Proposition II1.10.4]), so rational homological stability holds for
the sequence of fundamental groups {m Z‘;(’;l (R®)} in the range * < 2. (This was pointed out
as Corollary 8.1 of [Will1].) Again, this is not a special case of the conjecture since 35" (R3)

is not aspherical (being a 2"-sheeted covering space of £5' (R3), which is not aspherical).

5.1.5 A related result

There is a recent result of Federico Cantero and Oscar Randal-Williams [CRW] which
is related to the result of this chapter. For a manifold IV, with a choice ¢ of a collection
of b circles in its boundary (if it has one), they consider the space &,;(N,d) of oriented
submanifolds @ of N homeomorphic to the compact, connected, orientable surface X, of
genus g and with b boundary-components, and with 0QQ = 6. When b > 1 stabilisation
maps can be defined by gluing a collar neighbourhood, containing an embedded surface,
onto ON. They prove that if /V is simply-connected and at least 6-dimensional these spaces
satisfy homological stability: the homology H.(&,3(N,d)) is independent of g and b, once
g is sufficiently large (approximately g > %*) Moreover they identify the homology of the
limiting space with that of a certain section space over N.

So in a nutshell (and condensing): by [CRW] we have homological stability for spaces
of submanifolds w.r.t. the number of handles, and by the results of this chapter we have

homological stability for spaces of submanifolds w.r.t. the number of components.

Conventions

For clarity, we will always use the following notation for manifolds, depending on whether
they are assumed to be compact and/or have boundary: M denotes manifolds without
boundary, N denotes manifolds possibly with boundary, P denotes compact manifolds with-
out boundary (closed manifolds) and @ denotes compact manifolds possibly with boundary.

We will always take mapping spaces C°(Mji, Ms), Emb(P, M) etc. to be equipped with
the strong (Whitney) topology unless otherwise indicated.

Organisation of the chapter

We begin in §5.2 by collecting together some constructions, and giving a precise def-
inition of the stabilisation map. In §5.3 we recall and prove some auxiliary facts about
semi-simplicial spaces, transversality and fibre bundles: in particular we prove that certain
maps are fibre bundles. Since the spectral sequence arguments and the geometric argu-
ments are both somewhat intricate, we separate them out by proving in §5.4 a general,
axiomatic homological stability criterion, whose hypotheses we spend the next three sec-
tions checking for our specific case of configuration spaces of submanifolds. Checking the
hypotheses involves constructing two successive “resolutions” of the stabilisation map, and
then constructing factorisations up to homotopy of certain diagrams. This is done in §§5.5,

5.6 and 5.7 respectively. In the final section §5.8 we deduce twisted homological stability for
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configuration spaces of submanifolds from untwisted homological stability and the “twisted

stability from untwisted stability” principle §4.6 of Chapter 4.

5.2 Constructions

Recall that we have a connected manifold M which is the interior of a manifold M
with non-empty boundary, and we have a closed, connected submanifold P C dM. De-
note the inclusion P < OM by ¢, and choose a coordinate neighbourhood B 22 Ri =
{(z1,...,24) | z1 > 0} containing ¢(P).

We will need to make several constructions within B during the proof, and to precisely
define the stabilisation map; we collect them all here for convenience.

First, choose a smooth self-embedding f of [0,2] x [0,3] x R%~2 such that

e im(f) is disjoint from [0,1) x [1,2] x R4~2,
e [ is the identity on a neighbourhood of (([0,2] x {0,3}) U ({2} x [0,3])) x R42,
e f restricts to (z1,22...) = (321 +1,22...) on [0,1] x [1,2] x R42.

I L e (5.2.1)

0 1 2 0 1 2

O = N W

O = N W

For s € [0,1] and ¢ € R define a smooth map fs+: R4 — R by identifying [0, 2s] x [¢, ¢ +3] x
R9=2 with [0, 2] x [0, 3] x R9~2 in the obvious linear way, and then applying f on this subset
and the identity everywhere else. This gives a smooth map fs;: M — M by identifying
B Ri and extending by the identity again. By an abuse of notation we let f = fi.

t+3

(5.2.2)

0 2s

See Figure 5.2.1 for a picture of the following constructions. Let V' and W be the subneigh-
bourhoods [0, 2) x (0,3) x R~2 and [0, 2) x (—3,0) x R9~2 of B respectively, and assume that
P is contained in {0} x (1,2) x R~2 C 9B C M. We fix notation for certain embeddings
of P and P x [0, 1] by

Ls: p — p+(0,s,0,...) P — B (for s € R)
¢0: p H p_'_(o? 3707") P (% B
Yo p — p+(1,-3,0,...) P — B
eo:  (p,t) — p+(t,-3,0,...) P x0,1] — B

Note that ¢9 = ¢t—3 and g = f1,—3 © ¢g.
For a subset S C [0, 2) let Wg be the preimage of the projection onto the first coordinate,
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so for example Wy is 9W. Finally, choose a relatively compact® tubular neighbourhood T
of ¢y(P) as a submanifold of Wj.

Wio
/—H

oP) | (P)) T
14

$o(P) | vo(P)
60(P X ]) %% W
| 2 B Wo W1

Figure 5.2.1: Left: the coordinate neighbourhood B. Right: the subneighbourhood W in
close-up.

Definition 5.2.1 Given a path-connected space X with chosen basepoint zg, and a sub-
group G < Diff(P) which is realisable by isotopies (Definition 5.1.3), the stabilisation map
s: BF(M, X|G) — =L (M, X|G) is defined to be

{[wl]r"7[1/}71];‘%'17---71.71} = {[fowl]a""[fownL[foL];xla-'wx?HxO}?

where [1);] denotes the orbit of the embedding v; under the action of G.

5.3 Preliminaries
5.3.1 Semi-simplicial spaces

Definition 5.3.1 A semi-simplicial space X, is a diagram of the form

B —
— Y

Yo

where the ‘face maps’ d;: Yy — Yi—1 (1 < i < k + 1) satisfy the simplicial identities
did; = dj_1d; whenever i < j. An augmented semi-simplicial space is a diagram of the form

_ >
B —
— YT —/—3 Yy — Y

where again the face maps satisfy the simplicial identities. This is a semi-simplicial space to-
gether with an ‘augmentation map’ Yy — Y_1 which equalises the two face maps d1,ds: Y1 =
Yy. A map of (augmented) semi-simplicial spaces is a collection of maps, one for each level
k, which commutes with d; for each 1.

The (thick) geometric realisation of a A-space Y, is [|Ys|| = (ITjz0 Ye X AF)/~, where

~ is the equivalence relation generated by the face relations (d;(y),z) ~ (y,0i(2)), where

8The closure T of T in W1 must be compact.
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d; is the inclusion of the ith face of A*TL. If Y, is an augmented A-space, there is a
unique composition of face maps Yy — Y_1 for each k. These induce a well-defined map
|Yel| — Y_1, where ||Ye]| is the geometric realisation of Y, as a non-augmented semi-

simplicial space (i.e. forgetting Y_1).

Definition 5.3.2 For any space X we can define two semi-simplicial spaces Map([e+ 1], X)
and Inj([e + 1], X). The space of i-simplices is all maps from [i + 1] :== {1,...,i + 1} to X
in the first case, and is all injective maps in the second case. The face maps in both cases

are induced by the injective order-preserving maps [i] — [i + 1].
We will make use of the fact that these semi-simplicial spaces are highly-connected:

Lemma 5.3.3 The geometric realisation |Map([e+ 1], X)|| is contractible, and the geomet-
ric realisation ||Inj([e 4+ 1], X)|| is (|X| — 2)-connected.

Proof. This is well-known, and can be proved using standard techniques. First, one can
construct a semi-simplicial nullhomotopy of the identity Map([e+ 1], X)) — Map([e+1], X).
Then one can show that the inclusion |Inj([e + 1], X)| < ||Map([e + 1], X)|| is highly-
connected by mapping spheres into the smaller space, extending the map to a disc mapping
into the larger space (since it’s contractible) and then inductively deforming this extension
to land in the smaller space. See [RW11, Proposition 3.2] for an alternative method of

proof. O

We also recall here the relative Hurewicz Theorem, which we will use to deduce that

maps induce isomorphisms on homology in a range when they are highly-connected.

Fact 5.3.4 (Relative Hurewicz Theorem) If the homotopy fibre of a map f: X — Y s
k-connected, i.e. mi(hofib(f)) = 0 for all i < k, then its homotopy cofibre is (k + 1)-
homology-connected, i.e. ﬁi(hocoﬁb(f)) =0 foralli <k+1.

5.3.2 A fibre bundle criterion

There is a useful elementary criterion for checking that a map is a fibre bundle which
we will use several times. To give an example of its utility, it was used in [Pal60] to prove
that the restriction maps Emb(M’, M) — Emb(P, M) and Diff(M) — Emb(P, M) are
fibre bundles, for manifolds P C M’ C M with P compact. Since fibre bundles are Serre
fibrations, this implies the (parametrised) Isotopy Extension Theorem. It was also used by
[Lim64] to give a shorter proof of these facts, and by [Cer61] to generalise them to manifolds

with boundary (and even with corners of arbitrary codimension).

Definition 5.3.5 If G is a topological group and Y is a G-space, then we say that (the

action of G on) Y admits local sections if, for each y € Y, there is a continuous map
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vy: Uy — G from an open neighbourhood U, of y such that ~,(u) - y = u holds for each
point u € U,. In other words, the map

G2y

has a section on some neighbourhood of y. This may be described as saying that the action

is “continuously locally transitive”.

Lemma 5.3.6 (Fibre bundle criterion; Theorem A of [Pal60]) Suppose thatY is a G-space
which admits local sections, and X is any G-space. Then any G-equivariant map f: X —Y
is a fibre bundle.

Proof. For any y € Y take v,: U, — G as above. Then the map
(z,u) = yy(u) - z: f_l(y) x Uy — f_l(Uy)

is a local trivialisation of f over U,, with inverse given by

z e (3 (f(@) ™ a, fl2): FHUy) — T (y) x Uy =

We will actually need a slight extension of this.

Lemma 5.3.7 (Second fibre bundle criterion) As before, let f: X — Y be any G-equivariant
map of G-spaces, and assume that the action of G on'Y admits local sections. Suppose that
X also has an action of another group H, which commutes with the action of G and pre-

serves the fibres of f. Then for any H-space Z, there is a well-defined map
filz, 2] f(x): X xgZ—Y.

This map is also a fibre bundle.

Proof. For any y € Y we have v,: U, — G as in the definition of local sections. Since the
action of H preserves the fibres of f, we have f~1(S) = f~1(S) x g Z for any subset S C Y.

So to construct a local trivialisation we need to define a homeomorphism
(F () xu 2) x U, — fHU,) xu Z
over U,. We can define this to be
([z,2],u) = [y(u)-z, 2],

which is well-defined since the actions of G and H on X commute, and which has inverse
given by
(v (f@) 7" -2, 2], f(2) = [, 2]. O
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The main result of [Pal60] (and of [Lim64]), which implies the facts mentioned above, is
concerned with the action of Diff. o(M) on embedding spaces. Here the ‘c’ means that the
diffeomorphisms are compactly-supported, and the ‘0’ means that they are homotopic to the
identity through compactly-supported diffeomorphisms, i.e. in the same path-component of
Diff.(M) as the identity.

Proposition 5.3.8 ([Pal60, Theorem B| and [Lim64]) If P C M are smooth manifolds
without boundary, with P compact, then the action of Diff.o(M) on Emb(P, M) admits

local sections.

Remark 5.3.9 In [Cer61, §2.2.1], a similar result is proved for the action of a slightly
different group. Omne chooses an open neighbourhood U of P in M, and instead of the
action of Diff, o(M) one considers the action of PDiff (M; M ~\ U) of diffeomorphisms of M
supported in U equipped with a chosen path (through diffeomorphisms supported in U) to
the identity. The result of [Cer61, §2.2.1] is also more general in that M and P may have

corners of arbitrary codimension.

We will want a result similar to 5.3.8 for manifolds with boundary. We could use the
result of Cerf mentioned above, but it is simpler to just note that the proof of [Lim64] goes

through in the specific case that we need.

Definition 5.3.10 Recall that a neat submanifold of a manifold with boundary N is a
submanifold N’ C N such that ON' = N’ N 9N and N’ is covered by coordinate charts U
of N of the form

(U, UNN') = (R"RY), (U, UNN')=s (R?,RY)

in the interior and boundary respectively (where dim(N) = n, dim(N’) = d and R7 is
the half-space {x1 > 0} C R™). A neat embedding N’ — N is one whose image is a neat

submanifold.

Fact 5.3.11 The set of neat embeddings NEmb(N', N) is open in the space (with the strong
topology) of smooth maps C5°(N', N') which take ON' into ON.

Proposition 5.3.12 Let N be an open subset of [0,1] x R"!, and let Q be a compact man-
ifold with boundary with dim(Q) = g < n. Then the action of Diff.o(N) on NEmb(Q, N)

admits local sections.

Proof, following [Lim64]. Given e € NEmb(Q, N), choose a tubular neighbourhood T' of
e(Q) in N, with projection p: T — e(Q) onto the zero-section, of finite radius » > 0 (i.e. each
fibre p~1(y) is isometric to an open (n — g)-ball of radius ). Such a tubular neighbourhood
exists since e(Q) C N is neat, by [Hir76, Theorem 6.3] for example. By compactness of @
we may choose r sufficiently small that T C N. For € € (0,1] we denote by €T the closed
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tubular subneighbourhood of T' of radius er, in other words eT = {y € T'| |y — p(y)| < er}.
Define an open neighbourhood of e in NEmb(Q, N) by

Ui = {f € NEmb(Q,N) | |f(z) — e(z)| < 5},

and choose a smooth function A: R — [0, 1] which is 1 on [0, 7] and 0 on [5,00). We can

then define v.: U, — C°(N, N) by

Ye(f): N = N
A (7 pW))-(fe'py) —ply))  foryeiT,
Y fory e N ~ %T.
Note that v.(f) does map y into N, since outside of %T it is the identity and for y € %T,

Ve(f) (W) = pW)] < [ve(f)(y) —yl + [y — p(y)]
<|fe 'p(y) —p(y)| + 5
<5+3

by definition of U/, so v.(f)(y) € T C N. Hence 7.(f) is a compactly-supported (supported
in %T) smooth map M — M. We also want v, to be continuous for the strong topol-
ogy on CZ°(N, N). Its definition involves (i) precomposition by a fixed map, (ii) pointwise
addition and multiplication, and (iii) extending a map from a compact codimension-zero
submanifold by the identity. These are all (strongly) continuous operations between map-
ping spaces—see [GGT3, 3.6,3.8,3.9] for example. A slight subtlety is that precomposition
(unlike postcomposition) by a fixed map ¢ is only continuous in the strong topology if g is
proper. But in our case we are precomposing with e~ o p: %T — @ which is a proper map.

The subset Diff.o(N) C C°(N, N) is open and contains 7.(e) = id, so we can define
Ue == U. N~ 1(Diff.o(N)) to obtain a smaller open neighbourhood of e in NEmb(Q, N).

Restricted to Ue, the map 7. is the required local section since for f € U,,

Ye(f) o e(x) = e(x) + A0).(f(2) — e(x)) = f(x). -

5.3.3 Parametrising submanifolds

Given an unparametrised submanifold P of a manifold M, we will need to be able to
continuously extend a choice of parametrisation of P to a choice of parametrisation for all
submanifolds of type P in a neighbourhood of P. In other words we need the quotient map
Emb(P, M) — Emb(P, M) /Diff (P) which forgets the parametrisation of an embedding to
admit local sections. In fact it does more than this: it is a principal Diff(P)-bundle. This
was proved for compact P by [BF81], and the compactness assumption was removed by
[Mic80a] (see also [Mic80b, §13] and [KM97, §44] for presentations of this result).
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We will also need to find local sections in the following more general situation. We have
a mod-G-parametrised submanifold P of M (in other words it is given a parametrisation
up to the action of a specified subgroup G < Diff(P)), and we need to continuously extend
a choice of a compatible full parametrisation of P (an element of the orbit of its mod-G-
parametrisation) to a choice of a compatible full parametrisation for all mod-G-parametrised
submanifolds of type P in a neighbourhood of P. More concisely: we need the quotient
map Emb(P, M) — Emb(P, M)/G to admit local sections. We prove this directly for closed
P, following the method of [BF81], assuming that G is either an open or finite subgroup of
Diff(P).

Proposition 5.3.13 Suppose P and M are smooth manifolds without boundary, with P
closed and dim(P) < dim(M). Then for any open subgroup G < Diff(P) the quotient map

Emb(P, M) & Emb(P, M)/G

has local sections (in the sense that for every point e in the domain there is a section s. of

7 defined on an open neighbourhood of w(e) which sends 7(e) to e).

Proof, following [BF81]. Fix an element [¢] € Emb(P, M)/G with chosen representative
e: P M. Let T be a tubular neighbourhood of e(P) C M, with projection p: T'— e(P)
onto the zero-section. Note that Emb(P,T') is open in Emb(P, M). There is a continuous
map

e lopo—: Emb(P,T) — C™(P,P)

(since post-composition by a fixed map is continuous by [GG73, Proposition 3.9]); define
Emb®(P,T) to be the preimage of G C Diff(P) C C*°(P,P). Since Diff(P) is open in
C>°(P, P) and G was assumed to be open in Diff(P), Emb%(P,T) is open in Emb(P, M).

Another description of it is
Emb®(P,T) = {soeo ¢ | ¢ € G, s section of T}. (5.3.1)

Define V, := {soe | s section of T} C Emb®(P,T) and note that

(i) m|y, is injective, and

(ii) 7= Y(x(V.)) = Emb®(P,T), by the description (5.3.1).

So m(Ve) is an open neighbourhood of [e] in the quotient topology on Emb(P, M)/G and
there is a function
se = (mly.) "' 7(Ve) — Emb(P, M)

such that 7o se = id(y,). Hence it is sufficient to check that s is continuous; equivalently
that the restriction 7|y, : Ve — m(V%) is an open map. Let U C Emb(P, M) be open. We
need to show that w(U N V,) is open in Emb(P, M)/G, i.e. that 71 (7(U N V,)) is open in
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Emb(P, M). To see this consider the continuous maps

(id,e topo —): EmbG(P, T) — EmbG(P7 T) x G,
(f.9) = fog t: Emb®(P,T) x G — Emb“(P, T).

(The latter is continuous by [GGT73, Proposition 3.9] since P is compact.) The image of the
composition lies in V, € Emb® (P, T), and the preimage of UNV, is precisely 7~ (m(UNV,))
which is therefore open in Emb®(P,T). But this is open in Emb(P, M), therefore so is
7 17U NVL)). O

Remark 5.3.14 In the above proof, for 7(V.) to be an open neighbourhood of [e], it is
sufficient for G to contain a neighbourhood of the identity in Diff (P), but to check openness
of 7|y, we actually need G to be open in Diff(P).

We also note that the above proposition is also true if G is a finite subgroup of Diff (P):

Proposition 5.3.15 In the situation of Proposition 5.5.13 above, if G < Diff(P) is a finite,

rather than open, subgroup, then again the quotient map
Emb(P, M) & Emb(P, M)/G

has local sections.

Proof. Note that Emb(P, M) is Hausdorff and the action of Diff(P) is free. For any free
action of a finite group on a Hausdorff space, the associated quotient map is a covering

map, and hence has local sections. O

5.3.4 Transversality

Another input we will need is a certain transversality result. First we need to recall

some definitions.

Definition 5.3.16 Two smooth maps fi: N1 — N and fy: Nog — N are said to be trans-
verse if for all y € f1(N1) N fa(N3) and for all preimages z1 € (f1) " 1(y) and x2 € (f2) " (y),
the images of the tangent spaces df1 (7, N1) and dfs (7, N2) span the tangent space T, N. In
particular we have a notion of transversality for submanifolds by considering their inclusion
maps.

A residual subset of a space X is one which can be written as a countable intersection

of dense open subsets of X. A space X is a Baire space if every residual subset is dense.

For example C*°(Mj, M) is a Baire space for any smooth manifolds without boundary
M; and Mj,. Thom’s Transversality Theorem [Tho54] says that for any fixed submanifold
M3 C Mo, the subset

{f | f is transverse to the inclusion M3 — My} C C*°(M;, M)
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is residual, and therefore dense. We will need a similar statement, but allowing the manifolds
to have boundary. For manifolds Ny and N3, possibly with boundary, let C5°(Ny, N2) be
the subspace of C*°(Ny, Na) (with the strong topology) consisting of maps which take 9Ny
to ONs, and let C’g?pr(Nl,Ng) be the subspace of such maps which are also proper.” A
transversality theorem for manifolds with boundary was proved in [Ish98] in quite a general
setting, using the language of jet bundles; the following is the special case which we will use

(mentioning only 0-jets, which are just graphs of maps):

Proposition 5.3.17 (Theorem 1.4 of [Ish98] with s = 1,7 = 0) Suppose N1 and Na are
smooth manifolds with boundary. Choose a countable set Ay of submanifolds of N1 X No
and a countable set Apqy of submanifolds of (N1 x Na) ~ (ON1 x Ng) Then there is a
residual subset R C C’g?pr(Nl, Ny) such that for all maps f € R,

graph of f|y Ny — Ny x N
is transverse to every manifold in Ay, and
graph of flon,: ON1 — (N1 X Na) ~ (ON7 X NQ)

is transverse to every manifold in Aygy.
Moreover, just as in the case without boundary:

Proposition 5.3.18 (Lemma 2.1 of [Ish98|) For any smooth manifolds with boundary Ny
and Na, Cgf’pr(Nl, N3) is a Baire space.

The particular lemma that we will need can be quickly deduced from the above.

Lemma 5.3.19 Suppose N1 and N2 are smooth manifolds with boundary and W1,...,W;
are submanifolds of No with OW; C ONa, and dim(N2) > 1 + dim(N;) + max; dim(W;).
Then

{f | f(N1) is disjoint from each W;} C CF, (N1, Na)

1s a dense subset.

Proof. Take Ay = {p™'(W1),....,p7*(W;)} and Apay = {¢7'(W1),...,q"*(W;)}, where
p,q are the projections N1 x Ny — Ny and (N7 x N3) ~\ (ON7 X Ng) «— Ni X Ny — Ny
respectively. Let R C Cgfpr(Nl, N3) be the residual subset from Proposition 5.3.17. By the
dimension assumption, “is transverse to” is equivalent to “has disjoint image from” in the
conclusion of Proposition 5.3.17, which therefore says precisely that each f € R has image
disjoint from ngl Wi. So R is a dense (by Proposition 5.3.18) subset of C3° (N1, N2),
contained in {f | f(N1) is disjoint from each W;}. O

Note that C5%,, (N1, N2) is open in C5° (N1, N2), but C5°(N1, N2) is not (in general) open in C*°(Ny, N2).
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5.4 A criterion for homological stability
Convention All spaces mentioned in this section will be assumed to be path-connected.

In order to separate the geometric part of the proof from the somewhat technical ma-
nipulation of spectral sequences, we will axiomatise the latter in this section. The idea for
this method of proving homological stability, namely of finding ‘resolutions’ of the maps
one wishes to prove stability for, is from [RW10].

First we need to fix some terminology.

Definition 5.4.1 For a map f: X — Y, the number hconn(f) is the largest integer n
such that f.: H.(X) — H.(Y) is an isomorphism for «+ < n — 1 and surjective for * = n.
Equivalently it is the largest integer n such that the reduced homology of the mapping cone

of f is trivial up to degree n.

Definition 5.4.2 Any augmented semi-simplicial space Xo = (--- X7 = Xy — X) has
an associated map || Xo|| — X, where || X,| is the thick geometric realisation of the unaug-
mented part of X, (see Definition 5.3.1). The semi-simplicial space X, is called a c-resolution
(of X) if

heonn(|| X,|| — X) > |c].

Definition 5.4.3 If we have a map of augmented semi-simplicial spaces go: X¢ — Y,

IR

X1y
L W (5.4.1)
Xo—2 L,y
} }
x—1 .y

with Xe a (¢ — 1)-resolution and Y, a c-resolution, then we say that the map g: X — Y
has c-resolution ge: Xe — Yo. If additionally there exists for each 7 > 0 a map of fibration

sequences of the form

X} Y/
b
X, — Y (5.4.2)
NS
B;

then we say that g: X — Y has c-resolution ge: Xe — Y, approzimated by {g;: X — Y/}.
Note that we do not require that either { X/} or {Y;} admits the structure of a semi-simplicial

space.
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The strategy for proving that a map g: X — Y is an isomorphism on homology in
a range will be to construct a map whose target is the mapping cone C'g, which is both
surjective and the zero-map on homology in the required range. The first few lemmas deal

with constructing a surjective map of mapping cones.

Lemma 5.4.4 If we have a map of fibration sequences over a common base space of the
form (5.4.2), then hconn(g;) > hconn(g}) and the induced map Cg. — Cg; of mapping cones

is surjective on homology up to degree hconn(g,) + 1.

Proof. There is a first quadrant spectral sequence with second page EZ; = H,(B;; Hy(C g1))s
rth differential of bidegree (—r,r — 1), and converging to H «(Cg;). The map on homology
induced by the map of mapping cones Cg; — Cyg; can be identified with the edge homo-
morphism on the vertical axis, Hy(Cg]) = E§, — E§G = H(Cg;). The existence of this
spectral sequence is mentioned in Remark 2 on page 351 of [Swi75] and also as Exercise 5.6
of [McCO01]; a construction of it, starting from the usual Serre spectral sequence, is given in
Proposition 2.4.1 of Chapter 2.

For ¢ < hconn(g,) the entries E‘?’t on the second page are trivial, and so the spectral
sequence converges to zero in total degree * < hconn(g;), proving the first claim. For
t < heconn(g;) + 1 there are no extension problems in total degree ¢, so Ef; — H(Cg;) is

an isomorphism. Hence the edge homomorphism is surjective in this range. O

Lemma 5.4.5 If we have a map g: X — Y with c-resolution ge: Xe — Yo, then the induced

map Cgo — Cg of mapping cones is surjective on homology up to degree
min ({c} U {hconn(gs) + s | s > 1}).

Proof. There is a spectral sequence in the range {s > —1,¢t > 0} with first page Eit =
ﬁt(C'gS), rth differential of bidegree (—r,7 — 1), and converging to ﬁ*Jrl of the iterated

mapping cone (total homotopy cofibre) of the square

llgell
[ Xell [ Yell
| |
X 7 Y

Since go is a c-resolution this is zero for * + 1 < ¢. The map on homology induced by
the map of mapping cones Cgg — Cg can be identified with the first differential in the
leftmost column, H;(Cyg) Eil’t — E&t =~ H,(Cgo). See Proposition 2.4.3 of Chapter 2.
The construction is fairly standard, and is given in detail in Appendix 2.B of Chapter 2 for
example.

For ¢ in the claimed range E27;, = 0 since ¢ < c¢. Also, for r > 2, Evl’—l,t—i-l—r =
Hi1 (Cgr_1) = 0 since t + 1 —r < hconn(g,_1). So the term El,, must be killed,
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Chapter 5. Homological stability for configuration spaces of submanifolds

but cannot be killed by the differentials on page two or later, since they have domain

El_ 41— = 0. Hence the first differential El,, « E(:)l,t must be surjective. O

Putting together Lemmas 5.4.4 and 5.4.5 we immediately obtain:

Corollary 5.4.6 If g: X — Y has a c-resolution ge: Xe — Y, approzimated by {g;: X, —
Y/}, then the induced map Cg\, — Cgo — Cg of mapping cones is surjective on homology
up to degree

min ({c, hconn(gy) + 1} U {hconn(g},) + s | s > 1}).
One can iterate this by finding a further resolution and approximation of gj:

Corollary 5.4.7 Suppose g: X — Y has c-resolution ge: Xe¢ — Yo approximated by
{¢;: X — Y!}. Let h: Z — W be the map g,: X}, — Yy, and suppose it in turn
has b-resolution h: Z, — W, approzimated by {h): Z! — W/}. Then the induced map
Ch{, — Chg — Ch = Cg, — Cgo — Cg of mapping cones is surjective on homology up to

degree
min ({c, b, hconn(gy) + 1, hconn(h() + 1} U {hconn(g,) + s, hconn(hl,) + s | s > 1}).

Now that we have a method for constructing maps ? — Cg which are surjective on
homology, in a range that we can determine, we need a criterion for such a map to be the
zero-map on homology in a range.

Suppose we have a square of maps, commuting up to a chosen homotopy:

ALt p—ch
| " | (5.4.3)
XT’Y**CQ

Note that the map Ck — Cg depends on the choice of homotopy H; we will call it CH
to reflect this. If there is a diagonal map B — X and homotopies filling both triangles
which compose to give H then this determines a nullhomotopy of C'H, which is therefore
the zero-map on (reduced) homology in all degrees. However, it is often the case that the
above is true, except that the homotopies filling the two triangles do not compose to give
the desired homotopy H. It is therefore useful to have a criterion which in this situation
ensures that C'H is at least the zero-map on homology in a range of degrees. First we show

that there is a natural decomposition of this map on homology.

Lemma 5.4.8 Suppose the diagram (5.4.3) admits a diagonal map B — X and homotopies
filling the two triangles which compose to give another homotopy H' filling the same square
as H. Then the map H,(Ck) — H,(Cg) induced by H factorises as

H,(Ck) = H,_1(A) — H,(S* x A) —» H,(Y) — H,(Cyg).
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§5.4. A criterion for homological stability

The first and last maps are from the long exact sequences for k and g respectively, the second
map s from the Kinneth decomposition for ﬁ*(Sl x A) and the third map is induced by the
map HUH': S'x A —'Y given by gluing together the two homotopies H, H': [0,1]x A — Y.

Proof. See Lemma 2.6.2 (the “factorisation lemma”) of Chapter 2. O]

This decomposition can be used to prove the following sufficient condition for CH to be

zero on homology.

Lemma 5.4.9 Suppose additionally that the space A admits a map £: Z — A such that the

diagram
idx/
Slxz Sl x A
: | HUH' (5.4.4)
X g Y

can be completed by some map --+ to a homotopy-commutative square. Then C'H 1is the

zero-map on reduced homology up to degree hconn(f) + 1.

Proof. Consider the commutative diagram

H, 1(2) & H,_1(A) H,(Ck)
! }
H,(S8' x Z) — H,(S' x A)
! }
H,(X) H.(Y) H.(Cg)

The right-hand side is the decomposition of Lemma 5.4.8, the bottom left square is induced
by (5.4.4), and the top-left square commutes by the naturality of the Kiinneth decompo-
sition. The composition along the bottom row is the zero map, since the two maps are
consecutive maps in the long exact sequence for g. For x < hconn(¢) + 1, the map /. in
the diagram is surjective. Hence by a diagram chase the right-hand vertical map, which is
CH,, is zero. O

Putting together Corollary 5.4.7 with Lemmas 5.4.8 and 5.4.9, one can prove the fol-

lowing general criterion for homological stability:

Proposition 5.4.10 (Homological stability criterion)

Suppose we are given a set X of maps between path-connected topological spaces, graded
by a ‘weight’ function w: X — N. Denote by X(n) the subset w=1({n}) of maps of weight
n, and by X7 the subset w=({k,...,n}) of maps with weight between k and n.
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Chapter 5. Homological stability for configuration spaces of submanifolds

Assume that for n > 2 each element g: X — Y of X(n) can be given the structure
assumed in Corollary 5.4.7 above (a twice iterated resolution and approximation), so that

the resulting square

ho
% W
R A
X ——Y

(I denotes the identity homotopy) admits the structure assumed in Lemmas 5.4.8 and 5.4.9

above (a diagonal factorisation and a map ). If this structure can be chosen so that

n—1

& gé, B,K S xn_Q,
o gl b, e X"l foralls>1, and

n—2s
n
< b,C Z 27

then hconn(g) > | 5] for all g € X(n).

Proof. By induction on n. For n = 0,1 the claim is just that ¢ induces a surjection on Hy
for all g € X(n). This follows from path-connectivity of the spaces under discussion, so the
base case is done. For n > 2 we have the structure assumed above. Apply Corollary 5.4.7
and the inductive hypothesis to see that the map Ch{ — Cg is surjective on homology up
to degree %, and apply Lemmas 5.4.8 and 5.4.9 and the inductive hypothesis to see that it

is the zero-map on reduced homology up to degree 3. O

Remark 5.4.11 There are obviously exactly analogous criteria for homological stability
which involve taking resolutions more (and less) than twice, but this is the version of the
criterion most convenient for our application to configuration spaces of submanifolds. It is
closely related to the notion of ‘2-triviality’ in [RW10].

Remark 5.4.12 The middle ¢ criterion above needs some explanation: it requires that ¢/,
and h/, have weight at least n—2s (and at most n—1), but we have not yet said what maps of
weight n are for negative n. In the proof, the only way in which the property “f € X(k)” is
ever used is to deduce, when the inductive hypothesis allows it, that hconn(f) > Lg] So we
may define X(n), for negative n, to be the class of all maps f between path-connected spaces
such that hconn(f) > [ %], in other words H.(Cf) =0 for * < 5. So X(—1) = X(—2) is the
class of all maps f between path-connected spaces with H_;(C'f) = 0, which is equivalent
to domain(f) # @. The condition becomes vacuous for smaller n, so for n < —3, X(n) is
just the class of all maps between path-connected spaces.

In our application of this criterion it will turn out that all A are in X(n—1), and ¢/ is in
X(n—s—1) for 0 < s <n—1. For the remaining ¢ the above convention comes into effect:
g\, is the empty map @ — pt (which is in %(—2) C X! since n > 2) and for s > n +1, ¢/
is the empty map @ — @ (which is in X(—4) C X""3_ since n —2s < —n — 2 < —4).
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§5.4. A criterion for homological stability

Strategy The general strategy for proving homological stability by this technique for
some particular N-graded set of maps X is as follows. For each map g: X — Y in X try
to construct a highly-connected resolution and approximation (in the sense of Definition
5.4.3), such that the approximating maps belong to X and have smaller weight. This gives

us a square of maps

X’ Y
! !
X ——Y

Then repeat this step for ¢/, and iterate until the resulting square of maps admits a factori-

sation (up to homotopy) into triangles.

X/---/ > Y/---I
v v
v v
X' Y’
! !
X P Y

Then one also has to check the coherence condition assumed in Lemma 5.4.9 for this factori-
sation into triangles, which is a certain compatibility requirement between the homotopies

filling the above triangles and the set of maps X.

Outline of the proof of the Main Theorem. The precise setup for the proof of the
Main Theorem is as follows. Fix a closed, connected manifold P, an open or finite subgroup
G < Diff(P) and a path-connected space X. Also fix an integer d > 2dim(P) + 3. Then
define

X(n) = {SF (M, X|G) > 27 (M, X|G)},, (5.4.5)

where M runs over all d-dimensional connected manifolds which are the interior of a
manifold-with-boundary M, equipped with an embedding ¢ of P into a coordinate neigh-
bourhood of the boundary 9M.

For Extension 5.1.8 of the Main Theorem, the precise setup is slightly different. Let P
be a point or S¥ for k > 1. Fix an open or finite subgroup G' < Diff(P), a path-connected
space X and an integer d > dim(P) + 3. Then X(n) is defined to be (5.4.5), where M
runs over all d-dimensional connected manifolds which are the interior of a manifold-with-
boundary M, equipped with an embedding ¢ of P into a coordinate neighbourhood of the
boundary M. The embedding ¢ is required to be ‘standard’’® when P = S*, and G must

be realisable by isotopies with respect to it.

00f the form S* — R*Tt C R4 C M.
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Chapter 5. Homological stability for configuration spaces of submanifolds

It is immediate from Definitions 5.1.2 and 5.1.5 that the spaces Y (M, X|G) are always
path-connected. We wish to apply the ‘homological stability criterion’ (Proposition 5.4.10)
to this X. To do the inductive step, we will need to construct, for each such map s,
two resolutions and approximations, and then find a factorisation-up-to-homotopy of the
resulting square of maps. The first resolution and approximation is constructed in §5.5
(where we also explain why the resulting square does not yet factorise into triangles) and
the second resolution and approximation is constructed in §5.6. Then in §5.7 we show
that the square obtained after the second resolution factorises (coherently) into triangles to

complete the proof.

5.5 First resolution

The aim of this section is to prove that for X = (5.4.5) the first part of the hypothesis
of Proposition 5.4.10 holds:

Proposition 5.5.1 (Step I of the proof of the Main Theorem) For n > 2 each g =
s: SP(M, X|G) — ©F (M, X|G) in X(n) admits an n-resolution ge and approzimation
{g.}, in the sense of Definition 5.4.3, with g} € X(n—i—1) fori<n-—1, g, € X(—2) and
gl € X(—4) fori>n+1.

Remark 5.5.2 More concretely, we will have shown (assuming the Main Theorem for

smaller values of n by induction) that the square

(M, X|G) — »P(M', X|G) —— mapping cone

l l (5.5.1)

»P (M, X|G) — P4 (M, X|G) —— mapping cone
induces a homology-surjection up to degree § on mapping cones. Here M’ = M ~ 1)o(P)
and the vertical maps add the copy 1g(P) of P (labelled by the basepoint xy € X) to the

configuration; precisely:

{[wl]a ey [wn_l];xl, e ,Iljn_l} —> {['lbl], ey [d}n_l], [”Lﬂo];[l}l, e ,l’n_l,xo}.

5.5.1 Why this is not yet enough

Before proving 5.5.1 we briefly explain why the square (5.5.1) does not factorise into
triangles, and so a further resolution and approximation (§5.6) is required in order to find
such a factorisation (§5.7).

There is of course an obvious diagonal map XZ(M’, X|G) — ¥F(M, X|G) in (5.5.1),
given by the inclusion M’ < M. Call this map d and the vertical maps v,_1 and v,. Then
the problem is that dos % v,,_1 (and sod 2 v,). Schematically (imagine the case M = R?
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P = pt for concreteness) the first two maps are:

Key

starting configuration

vnilI * configuration point (5.5 2)

o puncture in M

A homotopy d o s ~» v,_1 would have to move the new configuration point ¢ through the
existing configuration (grey) to where the puncture used to be—but there is no continuous
choice for how to do this.

The idea of the second resolution and approximation (§5.6) is to end up with a square
as in (5.5.1), but with M” = M \ eg(P x I) instead of M’ = M ~ ¢o(P). Now one can find
a homotopy do s ~» v,_1, essentially by sliding the new copy of P along eo(P x I) to reach
Yo(P). See §5.7 for a precise description of this homotopy.

5.5.2 Construction of the first resolution and approximation

For the following definition it is clearer to use the notation {([¢1],x1),..., ([¥n], Zn)}
(rather than {[11], ..., [tn];1,...,2,}) for an element of XX (M, X|G).

Definition 5.5.3 Let X1 (M, X|G)’ be the space of configurations {([¢1],71), ..., ([¢n], 7))}
in X2(M, X|G) each equipped with an injection u: {1,...,5} < {([v1],21), ..., ([¢n], 7n)}.
In other words there is a given (ordered) choice of j of the copies of P in ¢. Note that this
is the empty space if j > n.

Varying j these form an augmented semi-simplicial space X2 (M, X|G)**! with face
maps, induced by the injective order-preserving maps {1,...,j5} — {1,...,j + 1}, which
correspond to forgetting one of the marked copies of P. The stabilisation map clearly

extends to a map of augmented semi-simplicial spaces:

. 8.+1 .
25 (M, X|G)** Sh (M, X|G)*

l (5.5.3)
S (M, X|G)

25 (M, X|G)
Lemma 5.5.4 The map of augmented semi-simplicial spaces (5.5.3) is an n-resolution of
s in the sense of Definition 5.4.5.

Proof. We claim that the homotopy fibre of the map ¢: | XF (M, X|G)*+ || — ©F(M, X|G)
is ||Inj([® 4 1], [n])|| (see Definition 5.3.2). By Lemma 5.3.3 this is (n — 2)-connected, and
so by the relative Hurewicz Theorem (Fact 5.3.4) we deduce that hconn(e) > n — 1.
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So it is enough to prove that ¢ has the homotopy fibre claimed. Now, each of the
(unique) compositions of face maps ¥F (M, X|G)™+ — B (M, X|G) is a covering space, so
its homotopy fibre is its point-set fibre, which is Inj([i + 1], [n]). However, we cannot deduce
directly from this that the homotopy fibre of ¢ is ||Inj([® + 1], [n])||, since the operations
hofib(—) and ||—|| are a homotopy limit and homotopy colimit respectively, which certainly
do not commute in general. What we can say is that the point-set fibre of € is ||Inj([e +
1], [n])||, since taking point-set fibres does commute with ||—||. Hence by Lemma 5.5.5 below

we are done. O
Lemma 5.5.5 The map ¢: |25 (M, X|G)* Y| — SE(M, X|G) is a fibre bundle.

Proof. Given a point ¢ = {([¢1],21),- .., ([¥n], 2n)} in the base (M, X|G), choose pair-

wise disjoint open sets V; containing v;(P). Then

Ue = {{(IWi],21), -, (0], 20)} | w5(P) € Vj}

is an open neighbourhood of ¢. We will construct a local trivialisation for € over U.. Fix a

bijection {Vi,...,V,} — [n], and denote by f; the unique composition of face maps
Xy (M, X|G)™ = 5)(M, X|G).

Note that any element of f; '(U.) determines an injection [i 4+ 1] = [n] in a canonical way,
using the chosen bijection {V4,...,V,,} — [n] and the fact that each ¢’(P) is contained in

a unique Vj. This defines a map
inj: f; ' (Ue) = Wj([i + 1], [n]).
We can then easily define a local trivialisation for f; by

tiz fi7 ' (Ue) — Ue x Inj([i + 1], [n])
a — (fi(a),inj(a)).
This is clearly a homeomorphism and commutes with the projections (i.e. pryot; = f;). Of

course this is not yet particularly interesting as the f; are covering space maps and therefore

obviously locally trivial. We have a commutative triangle

Hi(Ai X ZE(M,X|G)1‘+1) f=11;(fiopry) PO XIG)
ql / (5.5.4)
IS (M, X|G)*+| Ifell = &

where ¢ is the map which quotients out by the face relations. The ¢; fit together to give a
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local trivialisation for f:

t

Ue x [1;(A" x lllnj([i +1],[n]))
[T, (A* x U x Inj([i + 1], [n]))

FH(Ue)

5.5.5
[T;(A" x fz'_l(Uc)) ( )

The equivalence relation on the left of (5.5.5) given by the face relations for ¥’ (M, X |G)*+!
is taken by t to precisely the equivalence relation on the right of (5.5.5) given by the face

relations for Inj([e + 1], [n]). Hence ¢ descends to a local trivialisation
e (Ue) — Ue x |[Inj(fe + 1], [n])|

for € over U,. O

Next we need to construct a map of fibrations for each level of the map of augmented

semi-simplicial spaces (5.5.3).

Definition 5.5.6 For 0 <i <n—1, let m: ©F'(M, X|G)"™"! — FL (M, X|G) be the map

(] zn)s o ([nls ) bop) = (1), p(i+ 1))
which forgets the unmarked copies of P in a configuration.
Lemma 5.5.7 The map 7: X5 (M, X|G)" — FL (M, X|G) is a fibre bundle.

Proof. This is the same as the map

n—i—1 7

fxid: (EF(M|G) xx XN x X — FEL(M|G) x X

where f is induced by the forgetful map
[ F(M|G) — FlL(M|G).

We will apply the second fibre bundle criterion (Lemma 5.3.7) to show that f is a fibre
bundle. We take the group called G' in Lemma 5.3.7 to be the group Diff.o(M).!! Note
that this has a well-defined action on FI'(M|G) and F, (M|G) since G < Diff(P) acts on
embeddings of P into M by pre-composition and Diff.o(M) acts by post-composition, so
the actions commute. The forgetful map f is clearly Diff. o(M)-equivariant. We take the
group H of Lemma 5.3.7 to be ¥,,_;_1 (whose action on FY'(M|G) commutes with that
of Diff. o(M)) and the X,,_;_1-space Z to be X"~ The action of ¥,,_;_1 preserves the
fibres of the forgetful map f: FY'(M|G) — F,(M|G) since it permutes the copies of P

"Henceforth we only ever call it Diff. o(M), to avoid confusion.
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which are forgotten by f. So by Lemma 5.3.7 it suffices to show that the action
Diff.o(M) ~ FL,(M|G)

admits local sections. Let ¢ = ([1], ..., [¢i41]) € FL;(M|G) and choose representatives t;
of [1;]. Choose pairwise disjoint open neighbourhoods V; of 1;(P) in M. By Proposition
5.3.8 ([Pal60, Theorem BJ), the action

Diffo(V;) ~ Emb(4;(P),V;)

admits local sections, so there is an open subset U; C Emb(P, V}) containing 1; and a map
v;: Uj — Diff (V) satisfying

(') orp; =4 for all ¢ € Uj. (5.5.6)

Note that Emb(P,V}) is an open subset of Emb(P, M), so we can regard the U; as open
subsets of Emb(P, M). Recall that by definition we have

Emb(P, M)™! 2 B[, (M) % F{,(M|G),

where E[ | (M) is a certain G*"!-invariant subspace (G < Diff(P)) of Emb(P, M)™!, and
q is the quotient map onto the orbit space of the action of G**' on EZ-PH(M ). On the left
we have the open subset Uy x - -+ x Ui 41, s0 U := q((Uy x - - x Ui11) N EX (M) is an open
subset of Fﬁl(M |G) since the quotient map for a continuous group action is always open.

Another description of U, is

Ue={([1], ... [Wi1]) € FE(M|G) | ¥} € U; for some representative v of [1)}]}.

So we have an open neighbourhood U, of ¢ and must now construct a section of Diff . o (M) —_—

FE(M|G) over U, or a smaller neighbourhood. By Proposition 5.3.13 or 5.3.15 (since G
is either open in Diff(P) or finite), the quotient map p: Emb(P, M) — Emb(P, M)/G has

local sections, so for some open neighbourhood W of [¢);] in Emb(P, M) /G there is a section
sj: Wj — Emb(P, M)
taking [1;] to 1;. There is an inclusion
FEL(M|G) < (Emb(P,M)/G)"™

and Hj 5;1(Uj) is an open subset of the right-hand side, so we may define U/ to be U. N
; sj_l(Uj) to obtain a smaller open neighbourhood of ¢ in FF; (M|G). We can now define
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a section s, of Diff.o(M) —= EE,(M|G) over U, by

U s, 11 1, [ Diffeo(V;) = Diffeo(] [ Vj) — Diffeo(M),
J J

J

where the last map is extension over M ~\ [] ; Vi by the identity. This description makes it
clear that the map is continuous; more concretely it can be written as

sl i) = { G

Finally, one can easily see that this is indeed a section of Diff.o(M) —S FE L (M|G) by
noting that

[ (s ([50)) © 5] = [s;([W5])] = 5],
using (5.5.6) and the fact that s; is a section of p. O

Let M;+1 denote M with i + 1 (unlinked, isotopic to ¢(P)) copies of P removed. Then
the fibre over any point in the base F{ (M, X|G) is ©F_, (M1, X|G). Hence for any
0 <i <n—1 we have a map of fibrations over a fixed base space:

Si+1

EP

n—i—1

(Mis1, X|G)

| |

SP (M, X|G)H — SP (M, X |G (5.5.7)

o

Fi]j—l(MvX’G)

P (Miy1, X|G)

i+1

5.5.3 Proof of Step |

We now have all the ingredients to complete Step I of the proof of the Main Theorem.

Proof of Proposition 5.5.1. For each g = s: ¥F'(M, X|G — XL (M, X|G)) in X(n) we
have constructed an n-resolution g, = s*tl. For 0 < i < n — 1 we have constructed
an approximation g, = s;4; of the ith level st of the resolution. Note that My is a
connected manifold since dim(M) — dim(P) > 2, so g} = si+1 € X(n —i—1). For i = n,
the map g, = s"*! is the empty map @ — 25+I(M,X|G)"+1. The fibre bundle 7 from
S (M, X|G)" o F
map @ — FI +1(M, X|G) is a fibration (in common with all empty maps) with empty fibre.

(M, X|G) is a homeomorphism, with fibre a point, and the empty
So the analogue of (5.5.7) in this case has @ — pt as its map of fibres s,41 = ¢/,. This

has nonempty codomain, so g/, € X(—2) (see Remark 5.4.12). Finally, for i > n + 1, the
map ¢; = s't! is the empty map @ — @, so we may take g to be & — & also, which is
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vacuously in X(—4). O

Verification of Remark 5.5.2. The square of maps resulting from our resolution and approx-
imation has vertical maps equal to the composition of the inclusion of the fibre in (5.5.7)
when ¢ = 0 followed by the augmentation map of (5.5.3). If we choose the basepoint of
FF(M, X|G) to be ([1o]; 7o) then this is exactly the description of the vertical maps in the
square (5.5.1) of Remark 5.5.2. This square therefore induces a homology-surjection up to
degree 5 on mapping cones by applying Corollary 5.4.6 and assuming the Main Theorem

for smaller values of n by induction. O

5.6 Second resolution

In this section the aim is to complete Step II of the proof of the Main Theorem, that
for X = (5.4.5) the second resolution and approximation required by Proposition 5.4.10 can
be constructed. Recall that M’ denotes M ~\ ¢)o(P).

Proposition 5.6.1 (Step II of the proof of the Main Theorem) For n > 2, and any
M,P, X, G as in (5.4.5), the map

P (M X|G) 5 SF (M, X|G) (5.6.1)

admits an oco-resolution he and approximation {h}}, in the sense of Definition 5.4.3, with
R € X(n —1) for alli > 0.
Remark 5.6.2 More concretely, we will have shown (assuming the Main Theorem for
smaller values of n by induction) that the square

»P L (M", X|G) s »P(M", X|G) —— mapping cone

J J (5.6.2)
S (M, X|G)

e SP(M', X|G) —— mapping cone

induces a homology-surjection up to degree & on mapping cones, where M"” = M~ eg(P x )

and the vertical maps are induced by the inclusion M"” — M’.

5.6.1 Construction of the second resolution and approximation

See §5.2 for the notation used in the following construction (and Figure 5.2.1 for a

picture).

Construction 5.6.3 Let Embg(P x I, W[Ql}) denote the space of embeddings which take
boundary to boundary, and let NEmby, r(P x I, Wy ;) be the open subset of neat em-
beddings (see Definition 5.3.10 and Fact 5.3.11) which take P x {0} to Wy and P x {1} to
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§5.6. Second resolution

T. See Figure 5.6.1 for a schematic picture. Let ET*!(M) denote the path-component of
NEmbyy, r(Px I, W ) containing e, which is again an open subset,'? and let E]PXI(M) be
the open subset of (ET*I(M))’ of tuples of embeddings whose images are pairwise disjoint.

Finally, we define
£P (M, X|G)D € SP(MNT,X|@) x EP* (M)
to be the subspace of elements

([l [bnls 1, -y ), (e1, - €5))

such that every ey (P x I) is disjoint from every v;(P) (here T denotes the closure of the
tubular neighbourhood T in M). The collection {EF (M, X|G)*+D};5 | forms an aug-
mented semi-simplicial space with face maps given by forgetting one of the embeddings
ex. The (—1)st space is XF(M, X|G)©) = SP(M\T,X|G) = P (M, X|G). Clearly the

stabilisation map extends to a map of augmented semi-simplicial spaces

(e+1)
2P (M, X|G)HD) 2 5P (M, X |G+

l l (5.6.3)
P L (MN\T, X|G) SP(MN\T, X|G)

S

Wi,
/—/%
T —> 1st coordinate

J T T other d — 1

e(PxI) — coordinates
w
1 t
Wo Wh

Figure 5.6.1: An element e of EX*!(M).

We will use the following criteria for an augmented semi-simplicial space to be an oo-

resolution.

Proposition 5.6.4 (Theorem 6.2 of [GRW12], rewritten slightly) For any augmented semi-
simplicial space Zo, the following conditions imply that it is an oo-resolution, i.e. that the

map ||Ze|| = Z-1 is a weak equivalence:

28ince NEmbw, (P x I, Wjg1j) is locally path-connected. This is because it is an open subset of
C5° (P x I,Wjg1]), which is in fact locally contractible as it can be given the structure of an infinite-
dimensional manifold in a suitable sense (q.v. [KM97]).
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Chapter 5. Homological stability for configuration spaces of submanifolds

(a) The canonical map Z, — Zy Xz_, -+ Xz_, Zoy taking a simplex to its vertices is a
homeomorphism onto an open subspace.

(b) Under this identification, a set of vertices (vo,...,vn) € Zo Xz_y -+ Xz_, Zo 1S in Iy,
whenever each pair (vi,vj) € Zyg xz_, Xo is in Z1.

(¢c) The map e: Zy — Z_1 is surjective, and for every v € Zy there is a section U — Z
on a neighbourhood U of €(v) taking £(v) to v.

(d) For any non-empty finite set {v1,...,v;} in a fibre of € there is another v in the same
fibre such that (v,v;) € Zy for all i.

o+1)

Lemma 5.6.5 The augmented semi-simplicial space X (M, X|G)( s an oco-resolution.

We first prove this in the setup of the Main Theorem, where we assume that dim(M) >
2dim(P) + 3. In §5.6.3 we explain how to modify the proof for Extension 5.1.8 of the Main
Theorem, where P is a point or a sphere and we only assume that dim(M) > dim(P) + 3.

Proof of Lemma 5.6.5 in the setup of the Main Theorem. We prove this using the above
criteria, with Z, = XF(M, X|G)*+Y. In this case, by definition, Z, is the subset of
Zo Xgz_, -+ Xgz_, Zo consisting of elements which satisfy the condition that the images
of the embeddings e; are pairwise disjoint. This condition is open and pairwise, so (a)
and (b) are satisfied. To see that ¢ is surjective, note that since the v;(P) are embed-
ded in such a way that they can be enclosed in a coordinate neighbourhood in M, they
cannot link with 7" and obstruct the existence of an embedding of P x I between T and
Wy which is disjoint from them. For the second half of (c¢), suppose we have an element
v={[1],---s[Ynl;z1,.. ., 20}, €1) € Zp. Choose pairwise disjoint open balls B; around
1;(P) which are all disjoint from e;(P x I). Then we can take the open neighbourhood
U of e(v) to be all {[¢]],...,[¥}];21, ..., 2} such that ¢/(P) C B;, over which ¢ has an

obvious section:

{[Wi) - Wnli 2,2l = (] Wk 2t 2 e).

For criterion (d) we have a configuration {[¢1], ..., [¥n];21,...,2,} in SE(M T, X|G)
together with embeddings e1,...,e; in EP*I(M) which are disjoint from each ;(P) but
not necessarily from each other, and we need to find a new embedding e € E*!(M) which
is disjoint from each v;(P) and from each ey (P x I). This requires slightly more work:

Recall that EP*I(M) is an open subset of Embg(P x I, Wio,1)), which is itself open in
C5°(P x 1, W[0,1]) since being an embedding is an open property. Hence we have an open

subset
EPXI(M) N Cg (P x I, Wi ~ U?:l’(/Ji(P)) c o (P X I, W1 ~ U?lei(P)) (5.6.4)

The subset in (5.6.4) is also non-empty, because the ‘standard’ embedding ey of P x I is
in EX*I(M) and, since the v;(P) are contained in coordinate neighbourhoods of M, this
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embedding can easily be modified to avoid them.

We now apply Lemma 5.3.19 with Ny = P x I, Ny = Wy 1) \ Ui, ¥i(P) and W), =
ex(P x I) for 1 <k < j. The dimension assumption of the lemma is satisfied since we are
assuming that dim(M) > 2dim(P) + 3. It tells us that we have a dense subset

{f | f(P x I) is disjoint from each ex(P x I)} C C§° (P X I, Wig1) ™ U?zﬂ/%(P))- (5.6.5)

The intersection of the subsets in (5.6.4) and (5.6.5) is non-empty, and we may take any
element of the intersection to be the required e € EP*I(M). O

Now we will construct a map of fibrations for each level of the map of augmented semi-

simplicial spaces (5.6.3).

Definition 5.6.6 Let m: XL(M, X|G)*D — Eﬁ_Xll(M) be the map which forgets the

configuration of Ps and just remembers the embedded P x Is. Formally, it is

(([1/)1], ceey [¢n};1‘1, e ,ZL’n), (61, .. .,61'_5_1)) —> (61, e ,€i+1).

Remark 5.6.7 The point-set fibre of this map is Ef(M(i+1),X|G), where M;; 1) denotes
M with T and i + 1 (pairwise disjoint, embedded by an element of EX*!(M)) copies of

P x I removed.
Lemma 5.6.8 The map m: L (M, X|G)0+1) — EferlI(M) is a fibre bundle.

Proof. First we define a continuous map Y: Diff.o(Wjg 1)) — Diff. o(M) which extends a
diffeomorphism on Wiy q) to all of M. Denote the projection Wiy 9) — Wi which sets the
first coordinate to 1 by p and the projection W 5y — [1,2) onto the first coordinate by g.
Also choose a smooth function A: [1,2) — [0,1] which is 1 on [1, 2] and 0 on [%,2). We can
then define, for ¢ € Diff.o(Wo 1)),

Y(p): M — M
o(y) if y € Wi
y—= < y+Ma)- () —p(y))  ifye Wy
Y ifye M~ W.

Let Diff.o(Wo,1; Wo, T') be the open (in the strong topology) subgroup of Diff.o(W]g 1)) of

diffeomorphisms which preserve each of Wy, Wi ~ T and T setwise.'> There is an action

3The condition of sending Wy to itself is open in the weak topology, since it is equivalent to requiring
that a particular point of Wy is sent into Wy. The condition of sending T to itself is not open in the weak
topology, but it i¢s open in the strong topology. In the weak topology, the condition K ~+ U is an open
condition whenever U is open and K is compact, whereas in the strong topology for this to be an open
condition it is sufficient that K admits a locally finite open covering V' together with a compact subset
Ky C V for each V € V such that {Kv}vey also covers K. This condition on K clearly holds for any
tubular neighbourhood of a compact submanifold. Similarly, it is not hard to construct a locally finite
covering of Wy \. T by compact sets, so the condition of sending this to itself is also open in the strong
topology.
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Chapter 5. Homological stability for configuration spaces of submanifolds

of Diffco(Wio,1); Wo,T') on »P (M, X|G)D (via T) and on Eﬁ_Xll(M), and the map 7 is

equivariant with respect to these actions. Hence by Lemma 5.3.6 we just need to show that

the action
Diffe,o(Wio1; Wo, T) ~ EL; (M)
admits local sections. Let ¢ = (e1,...,e41) € Eﬁxl](M) and choose pairwise disjoint open

V; C€ W)p 1) containing e;(P x I). By Proposition 5.3.12 the action
Diff.o(V;) ~ NEmb(P x I,V})

admits local sections, so there is an open neighbourhood U; of e; € NEmb(P x I,V}) and
continuous map ~;: U; — Diff. (V) such that

vj(€)oe;=¢€ forall € € Uj. (5.6.6)

Moreover from the construction of the local section v; in the proof of Proposition 5.3.12 we
see that v;(e;) = id. Now NEmb(Px I, V;) is open in NEmb(P x I, W[g 1)), so we can consider
Uj to be an open subset of NEmb(P x I, Wy ;). There is a continuous map Diff.o(V;) —
Diffco(Wjp,1)) extending a diffeomorphism by the identity; let Diffo(Vj; Wo,T) be the
preimage of Diff. o(Wo 1); Wo, T'). There is an inclusion Eﬁ_XII(M) — NEmb(Px1I, Wy 1)",
and we define
U = ELAT (M) N ][ ;" (Diffeo(Vy; Wo, T)),
j

which is an open neighbourhood of ¢ in E{j_xl] (M). We define a local section over U, by

U, [T HDiffc,o(Vj;WOaT) — DifEC,O(W[Oyl];Wo,T%

J

where the second map extends by the identity. Note that by (5.6.6) this is indeed a local

section of the map Diff.o(Wig1); Wo, T) SN Eﬁrxll(M), as required. O

5.6.2 Proof of Step Il

We can now put this all together to complete Step II of the proof of the Main Theorem.

Proof of Proposition 5.6.1. First note that the map (5.6.1) can be identified with the map
P (MNT,X|G) — 2P (M T, X|G)

since M N\ T = M’ = M ~ 1o(P). By Lemma 5.6.5 we have an co-resolution he = s(**1) of

this map. By Remark 5.6.7 and Lemma 5.6.8 we have a fibration sequence

SF (M), X|G) = =F (M, X|G)H) Ty EPXT (M)
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for all 4 > 0. Note that the map s(*Y satisfies o st = 7, since adding a copy of P and
then forgetting them all is the same as just forgetting them, so we have a map of fibration
sequences

S(i+1)

P (M), X|G)

| f

sE (M, X|G)HD SP(M, X|G)+ (5.6.7)

T~

B[ (M)

S (Mis1), X|G)

S(i+1)

This gives an approximation {h}} = {s(;11)} of the co-resolution he = s(**1) in the sense of
Definition 5.4.3. Finally, note that M) is still a path-connected manifold, since we have
cut out submanifolds of codimension dim(M)—dim(P)—1 > 2. Hence h} = s;41) € X(n—1)
for all 7 > 0, as required. ]

Verification of Remark 5.6.2. The square of maps resulting from the second resolution and
approximation has vertical maps equal to the composition of the inclusion of the fibre in
(5.6.7) when ¢ = 0 followed by the augmentation map of (5.6.3). If we choose the basepoint
of EF*I(M) to be (ep) and take a suitable identification M ~ T = M’ = M ~ to(P),
then this is precisely the square of maps (5.6.2). Therefore (5.6.2) induces a homology-
surjection up to degree § on mapping cones by applying Corollary 5.4.6 and assuming the

Main Theorem for n — 1 by induction. O

5.6.3 Modification for points and spheres

When we are in the setup of Extension 5.1.8 of the Main Theorem, we only assume that
dim(M) > dim(P) + 3, so we cannot use a transversality argument (via Lemma 5.3.19) to
verify criterion (d) of Proposition 5.6.4 to show that X2 (M, X|G)(**Y is an co-resolution.

Instead we can check criterion (d) concretely.

Proof of Lemma 5.6.5 in the setup of Extension 5.1.8 of the Main Theorem. The first three
criteria can be checked as before, so we need only consider criterion (d). For this we have
a configuration {[v1],..., [¥Yn];21,...,2,} in P(M < T, X|G) together with embeddings
e1,...,e; in EPXI(M) which are disjoint from each v;(P) but not necessarily from each
other, and we need to find a new embedding e € EP>*!(M) which is disjoint from each
1;(P) and from each e;(P x I).

We will assume that P = S* with k& > 1 since the case when P is a point is the same

idea but easier. We are working entirely in W ;; = R41 x [0, 1], and since ¢ was assumed
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Chapter 5. Homological stability for configuration spaces of submanifolds

to be a ‘standard’ embedding of S*, we may assume that 1y: S*¥ < W is simply
Sk N Rk+1 g Rd*l X {1},

where the first map is the inclusion of the standard unit sphere in R¥*!. Hence we can
take the tubular neighbourhood T of v(S¥) in W; to be a standard ‘cylindrical’ tubular
neighbourhood:

1
T:={(z1,...,24-1,1) | (x%+---+xi+1)§6(%,2) and @j2,...,2q-1 € (—1,1)} C W7,

See Figure 5.6.2 for a picture of T when P = S! and d = dim(M) = 4. By compactness of
Sk % [0,1], there exists a function 7: [0,1] — [1, 00), which we may take to be smooth, such
that (1) < 2 and for all £ € [0,1] and each 1 <1 < j,

el(S* x [0,1) N W, C By (1),
where for » > 1 and t € [0, 1],
Bp(t) = {(z1,...2q-1,t) | (a1 +---+ xiﬂ)% <r} C W
Hence we may define e: S x [0,1] — Wjg 1) = R x [0, 1] by:
(1, .y Ty, t) = (r(O)x1, ..., 7(H)2g41,0,...,0,8).

Note that e € EP*I(M) and its image is disjoint from each e;(S* x I) by construction. It
can now easily be modified by an isotopy to also be disjoint from each v;(S*), since these

are pairwise unlinked (and so in particular each contained in a coordinate neighbourhood
of M). O

Figure 5.6.2: A cylindrical tubular neighbourhood T for vo(S') when dim(M) = 4. The
thick circle is 1o(S').

142



§5.6. Second resolution

5.6.4 Why a more naive resolution doesn’t work

A simpler and more naive resolution of X' (M \ T, X|G) could be obtained by defining

it as in Construction 5.6.3, but removing either of the following two conditions:

(i) The embeddings of P x I must have pairwise disjoint images;
(ii) The embeddings of P x I must take P x {1} into the tubular neighbourhood T'.

Removing either of these conditions still gives a perfectly good oo-resolution of X (M ~
T, X|G); one can verify the criteria (a)—(d) of 5.6.4 in much the same way, and in fact
criterion (d) becomes much easier if condition (i) is removed, since there is no need for a
transversality argument and therefore no need for any dimension assumption on M and
P. The same is also true for removing condition (ii): in this case finding an embedding
e € EP*I(M) which is disjoint from a given collection ey, ...,e; € EF*I(M) is easily
achieved by embedding it “far away” from them. So again there would be no need for any
dimension assumption on M and P if condition (ii) were removed.

The problem is that the map m: XF(M, X|G)0+D — E’fjrxll(M) is no longer a fibre

bundle (or a fibration or even a homology-fibration) if either of these conditions is removed.

Counterexamples. This can be easily seen in the case M = R? P = pt. Suppose we
remove condition (i). Then the following are two points of the base space, which is now

just (EP*I(M))/, which are in the same path-component but nevertheless have completely

different fibres:

In each case the fibre is the space of unordered configurations of n points in M with T and
the two indicated arcs removed. But on the left this is the disjoint union of 2 copies of R?
and on the right it is the disjoint union of 3 copies of R2.

If instead condition (ii) is removed we can construct a similar simple counterexample:

ST

This time the fibre on the left is $5/(R?) and the fibre on the right is $5/(S* x R?).

Where conditions (i) and (ii) are used in showing that = is a fibre bundle. It
may be illuminating to point out exactly what goes wrong in the proof of Lemma 5.6.8
when either (i) or (ii) is removed. The method of proof involves showing that the action
of a certain group of diffeomorphisms Diff.o(Wg 1j; Wo,T) on the base space Ei]jrxll (M)

has local sections, or is ‘continuously locally transitive’. In particular it must be locally
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transitive, meaning that each point has a neighbourhood which is contained in a single
orbit of the action.

If condition (i) is removed, consider a configuration (ey,...,e;+1) in Ei]jrxll (M) in which
two of the eg (P x I) intersect, but ‘only just’, so that any open neighbourhood of it contains
a configuration (ef, ..., ej ) in which the e (P xI) are pairwise disjoint. No diffeomorphism
of Wjp,1) can change whether two of the copies of P x I intersect or not, so the action fails
to be locally transitive at the point (e, ..., e;+1).

If condition (ii) is removed, consider a configuration (ej,...,e;+1) such that every
ex(P x {1}) is contained in T, and at least one intersects the boundary OT. Then any
neighbourhood of it contains a configuration (e7,...,ej ;) in which every ey (P x {1}) is
contained in T'. But the diffeomorphisms in Diff. o(W/g 1); Wo, T') are required to send W T
to itself, and so by continuity cannot take any point of T into T. Hence the action fails
to be locally transitive at the point (e, ..., e;+1).

One could try to instead consider the action of the larger group Diff.o(W)y 1), whose
diffeomorphisms are not required to take Wj ~\. T to itself. But this group does not act
on the domain XF (M, X|G)*Y of 7, which it would have to for the method of proof to
work (using Lemma 5.3.6). This is because an element of X (M, X|G)*Y in particular
consists of a configuration of copies of P contained in M ~\. T, and a general diffeomorphism
in Diff.o(Wjo 1)) (extended to M by T) might not send M \ T to itself.

5.6.5 A red herring —=">

This section is not relevant to the proof of the Main Theorem; it is just a brief aside
on a tempting weakening of the hypotheses of the Main Theorem which unfortunately does
not work. Rather than assume that dim(M) > 2dim(P) + 3 in order to be able to use a
transversality argument to ensure that certain disjoint embeddings can be found, one could
instead try assuming that P admits a non-vanishing normal vector field (i.e. the normal

bundle () — P of the embedding ¢: P < R?~! C 9M admits a non-vanishing section).*

5.6.5.1 Conditions ensuring existence of non-vanishing normal vector fields

This would somewhat improve the Main Theorem (and Extension 5.1.8), since there are
several general conditions which imply the existence of a non-vanishing normal vector field.
One obvious one is if ¢ (is isotopic to an embedding which) factors through the inclusion

R42 s R4-1 Some more subtle ones are as follows.

Proposition 5.6.9 Let P be closed, connected and k-dimensional. Then each of the follow-
ing conditions is sufficient for any embedding P — RI~! to have a non-vanishing section

of its normal bundle:

4One now also has to assume that the subgroup G' < Diff(P) is realisable by isotopies, since this is no
longer guaranteed by a dimension assumption. The weaker dimension assumption dim(M) > dim(P) + 3 is
still necessary to ensure that M(; 1) (see Remark 5.6.7) is connected.
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P is a homology sphere,

o d—1>2k+1,

o d—1=2k and P is orientable,

e d—1=2k—1, P is orientable, k > 5 and we(P) Uwg_o(P) =0,

where w; € H(P;7/2) is the ith dual Stiefel-Whitney class of P (which is the same as the
ith Stiefel-Whitney class of v(t) by the Whitney Duality Theorem). In particular this last

condition is satisfied when

e k is not of the form 25(2t +1) for s,t >0, or
e kis of the form 2(2t + 1) fort > 1 or 25.3 for s > 0.

Proof. The first condition is Theorem IV of [Mas61] (see also [Mas59] and [Ker59]). For the
second condition we may assume that k& > 2 since the case P = S' has been taken care of
by the first. There exists an embedding tg: P < R?~2 C R?"! by the Whitney Embedding
Theorem [Whi36], and any two embeddings P < RY~! are isotopic (see for example [SkoO08,
Theorem 2.5]), so ¢ is isotopic to ¢g. There is an obvious non-vanishing section of the normal
bundle of ¢yp. But + and ¢ are isotopic (in particular regularly homotopic) so their normal
bundles are the same. The third condition is due to [Whi41] (see also [Hir76, Theorem
5.2.11]), and the fourth is Theorem II of [Mas61]. The last fact is observed by Massey in
the same paper, and follows from Corollary 2 of [Mas60]. O

Remark 5.6.10 In fact by Theorem II of [Mas61], when d = 2k, P is orientable and k > 5,
the characteristic class condition in Proposition 5.6.9 is also necessary for the embedding
to admit a non-vanishing normal vector field. This is part of a more general necessary

condition for the existence of non-vanishing normal vector fields, which is Theorem I of
[Mas61].

Example 5.6.11 As an illustration that orientability of P is necessary for the third condi-
tion of Proposition 5.6.9, the embedding RP? < R* does not admit a non-vanishing normal
vector field. Some further explicit examples and non-examples of embeddings which admit
non-vanishing normal vector fields are as follows (all taken from [Mas61]). The existence of

these embeddings is due to [Jamb9)].

With non-vanishing normal vector field: Without non-vanishing normal vector field:
RP" — R27~1 (n >3 o0dd) CP" — R4n—1 (n=2%n>4)
CP™ — R*¥=1 (n #£ 29) HP? — R13, HP* — R?», OP? — R?

5.6.5.2 Why this isn't enough

Assuming the non-vanishing normal vector field hypothesis, one could try to argue as
follows to prove that criterion (d) of Proposition 5.6.4 holds for £ (M, X|G)(¢+1D.
Recall from the proof of Lemma 5.6.5 that essentially what is needed to check this

criterion is: given a collection of embeddings ey, ..., e; in EP*I (M), we need to find another

145



Chapter 5. Homological stability for configuration spaces of submanifolds

e € EP*I(M) which is disjoint from all of them. Since e; is assumed isotopic to e, and e was
constructed in a very simple way from ¢, we know that e; admits a non-vanishing normal
vector field. We can use this to ‘push it off itself’ (choosing a tubular neighbourhood T} of
e1) to obtain a new embedding e which is therefore disjoint from e;. The problem with this
approach is very simple: the original collection of embeddings ey, ..., e; was not assumed
to already be pairwise disjoint, so we cannot assume that T7, and therefore e, is disjoint

from any of the e, ..., e;.

5.6.6 Difficulties with codimension 2 =0

This is another ‘red herring’ section, pointing out why a naive ‘fix’ of the proof—to
extend the result for points and spheres to the codimension-2 case—doesn’t work.

The problem with codimension 2 is that the manifold M;, 1) is in general disconnected,
since it is obtained from M by cutting out some codimension-1 submanifolds, so the map
S(i+1) of §5.6.7 is not necessarily in X(n —1). An idea to possibly solve this problem is to
pass to a sub-semi-simplicial space of X2 (M, X |G)('+1) in order to end up with a connected

manifold.

Definition 5.6.12 Given (([¢1],...,[Un];Z1,...,20), (€1,...,¢€;)) € P (M, X|G)9), let
Miapge be the (“large”) path-component of M) = M ~ (T U ngl ei(P x I)) which con-
tains M ~ W. Define ¥ (M, X|G)V! to be the subspace of configurations satisfying the
additional condition that ;(P) C Migrge for all i. (Note that this condition is vacuous if
dim(M) — dim(P) > 3, since then M) is connected.) The face maps of »P(M, X|G)e+D)
restrict to the subspaces Eff (M, X ]G)[Hl], so they form a augmented semi-simplicial space
SP(M, X|G)*+1). As before, the stabilisation map extends to a map of augmented semi-

simplicial spaces as in (5.6.3).

The advantage of this semi-simplicial space is that the top horizontal map of (5.6.7)
becomes the stabilisation map Eﬁfl(Mlarge,X|G) — Zﬁ(MlaTge7X|G), and Mjgrge is of
course connected by definition.

Most of the arguments of §§5.6.1 and 5.6.2 go through as before. For example the
action of Diffo(Wyg 1); Wo, T) on XF (M, X|G)+D) preserves the subspace ©F (M, X|G)l+1]
setwise, since the diffeomorphisms are all diffeotopic to the identity, so the proof that = is
a fibre bundle works as before.

The place where the proof breaks down is again in checking criterion (d) of Proposition
5.6.4 for ©F (M, X|G)l**+1. For example take P to be a point and dim(M) = 2. Then given
any collection of arcs and points as in Figure 5.6.3 (arcs disjoint from the points but not
necessarily from each other), we need to find a new arc which is disjoint from all of them,
and such that no point is “cut off” by the new arc together with any one of the old arcs.
In other words, if we cut out the new arc, any old arc and T, then every point should be

in the “large” component of M. This final condition is clearly not possible, however: If the
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collection of arcs is ey, es in Figure 5.6.3 and 1 is one of the points, then wherever the new

arc (dashed) is put, together with either e; or e it will cut off ;.

€1

€2

Figure 5.6.3: The point v is doomed to be cut off by the new (dashed) arc and one of the
old (solid) arcs.

5.7 Final step of the proof

In this section we complete Step III of the proof of the Main Theorem by completing
the verification of the hypotheses of the homological stability criterion (Proposition 5.4.10)
for X = (5.4.5). In §§5.5,5.6 above we constructed a twice-iterated resolution and approxi-
mation for each map XX (M, X|G) — =L,
is the vertical composition of the squares (5.5.1) and (5.6.2), which is

(M, X|G) in X(n). The resulting square of maps

2P (M7 X|G) s »P(M", X|G) —— mapping cone

| E -
»P(M, X|G) — 2P (M, X|G) —— mapping cone

where the vertical maps v are given by adding [¢y] (labelled by xg) to the configuration.
To finish verifying the hypotheses of Proposition 5.4.10 for X = (5.4.5), and therefore the

proof of the Main Theorem, we will prove that:

Proposition 5.7.1 (Step III of the proof of the Main Theorem) The square (5.7.1) satisfies
the assumptions of Lemmas 5.4.8 and 5.4.9, with the map £ in X(n — 2).

Discussion 5.7.2 More concretely, what we will prove is the following. Firstly, there is a
factorisation of the square (5.7.1) into two triangles
S (MY, X|G) > £F(M", X|G)

vl Hn g, lv (5.7.2)
SE (M, X|G) —— 27 (M, X|G)

which commute up to certain homotopies H,, and .J, (the diagonal map is induced by the

inclusion M"” < M). This verifies the assumptions of Lemma 5.4.8. The outer square
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actually commutes on the nose, but the composition of H,, and J,, will not be (homotopic

to) the identity homotopy. It is a self-homotopy of the map sov = v o s, so it is a map
K,: S'x =P (M" X|G) — =P (M, X|G).
The second thing that we prove is that the following square commutes up to homotopy:
1 P " id x s 1 P "
St x ) (M X|G) — S' x X, _(M", X|G)
Kns l lKn (5.7.3)
$P (M, X|G) P (M, X|G)

This verifies the assumptions of Lemma 5.4.9, with the map £ equal to the stabilisation map
¥ (M", X|G) — 2P [ (M", X|G), which is in X(n — 2).

Hence by Lemmas 5.4.8 and 5.4.9, and assuming the Main Theorem for n — 2 by induc-
tion, this shows that the map on mapping cones induced by the square (5.7.1) is trivial on

homology up to degree 7.

Proof of Proposition 5.7.1, first half. We prove the first assertion of Discussion 5.7.2, that
there is a factorisation up to homotopy of (5.7.2) into triangles. Denote the diagonal map
(which is induced by the inclusion M” < M) by d. We need to construct a homotopy H,

between the two maps

»P (M, X|G) — 2P(M, X|G)
dos: {...[]...} = {.. . [frooy] ... [froo}
v {o ] d e [y [Wol

See §5.2 and Figure 5.2.1 for notation and a schematic picture. We omit the labels in X
from the notation as they play no role. We construct the homotopy H,: do s ~» v in two

steps:

—

Step 1: { .. [¢]] . } — { .. [fl,—ﬁt e} w]] ey [fl,—Gt e} L—Gt]} te [0, 5]
step 2: { .. ["gb]] .. } — { .. [f2—2t,—3 o %] ceey [f17_3 o [,_3]} te [Q? ]

—
—_

(recall that 1o = fi,—3 0 t_3 and ¢ = ¢g).

In words: Step 1 moves the region which the new copy of P is pushed into downwards
from V to W. Step 2 keeps the new copy of P fixed while pulling the original configuration
of Ps back to where they were before being pushed inwards. This can be done without
any of them hitting the new copy of P since the original configuration was contained in
M" =M \ ey(P x I).
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In pictures:

« (5.7.4)

A\

step 1 step 2 part-way through step 2 end of step 2

The construction of the other homotopy J, is exactly the same. O

Composing the homotopies H,, and J,, constructed as in (5.7.4) above we get the fol-

lowing self-homotopy of s ov = v o s (called K, in Discussion 5.7.2):

y B

i (5.7.5)

s0v sodos vos

S'Hn Jns

Proof of Proposition 5.7.1, second half. We now prove that the square (5.7.3) commutes up
to homotopy. First note that (5.7.5), as a map S* x £ | (M", X|G) — ZP (M, X|G), is
homotopic to the map depicted in Figure 5.7.1(a). Hence the two ways around the square
in (5.7.5) are as depicted in Figure 5.7.1(b) and (c). We just need to construct a homotopy

between these two maps; this is given by the following picture:

(5.7.6)

coK,_1 K, o (id x s)

What this means: the desired homotopy is a map
[07 1] X Sl X EE—Q(MHa X|G) — Zﬁ—l—l(Mv X|G)a
and the diagram above depicts the image of the element (s, ¢, ¢) under this map. The original
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configuration c¢ lives in the shaded region, which is deformed as indicated, and three new
copies of P are added where the rectangular blobs in the diagram are. The parameter
t € S' determines how far along the lighter arrows the unshaded regions have moved, and
the parameter s € [0, 1] determines how far along the thick arrows they have moved.

For completeness, here is the formal definition of the homotopy pictured in (5.7.6):

0,1] x S* x = ,(M", X|G) — =F (M, X|G)
(s, t,{. .. [y]...}) =

{---[feso foo f-etotj] ..., [fes o fooiet,[fes o o] [es]} sel0,3],te0,3]

{--[fes o fot—6 © fooubs] ..., [fes © for—6 © to)s [fos © tet—6], [t6s)} sel0,3],t€3,1]

{--[foo f-eto fo—es 0] .. ,[foo f-6t 0 te—6s], [fo© tst)s [to]} se (3,1, te(0,3]

{.. [fet—6 © fo o fo—es 0 W] ..., [f1,6t0=6 © fo © t6—6s], [for—6 © to], [ter—6]} s € [,1],t € [5,1]

We again omit the labels in X from the notation, use the shorthand f,, = f1 ., and identify

S =10,1]/(0 ~ 1). 0
(a) (b) (c)

Figure 5.7.1: (a) The map K,. (b) The composite ~vin (5.7.3). (c) The composite L, in
(5.7.3).

5.8 Twisted homological stability

In this final section we briefly explain how to deduce twisted homological stability for
configuration spaces of submanifolds, in other words homological stability w.r.t. a sequence
T, of m X (M, X|G)-modules which forms a “finite-degree twisted coefficient system”. We
begin by describing exactly what a “twisted coefficient system” for configuration spaces of

submanifolds is.

Definition 5.8.1 Let M and P C OM be as in Definition 5.1.2, let X be path-connected
and let G < Diff(P) be a group of diffeomorphisms of P which is realisable by isotopies
(see Definition 5.1.3). There is a “standard” sequence of embeddings of P in M given by
f™ o (see §5.2), which we denote by gy,.

A twisted coefficient system for {SF(M, X|G)} is a functor BY (M, X|G) — Ab, where
BP (M, X|G) is the following category. It has objects [1,50X™ and a morphism from
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(T1,---,Tm) to (Y1,...,yn) is a choice of k < min{m,n} and a path in X7 (M, X|G) from
a k-element subconfiguration of {[q1], ..., [gm]; %1, ..., Zm} to a k-element subconfiguration
of {[a1],-- - [an];y1,---,yn}, up to endpoint-preserving homotopy. This may be called the

category of partial braids on M with cross-section P and labels in X.

This is a special case of the general definition of a twisted coefficient system in Chapter 4
(see Definition 4.2.12), so we get a notion of the degree §4.4 of a twisted coefficient system
for configuration spaces of submanifolds which is a natural generalisation of the notion for
configuration spaces of points §4.2.1.

Now let M, P C OM, X and G < Diff(P) be as in the Main Theorem or Extension 5.1.8,
and let T': BY (M, X|G) — Ab be a twisted coefficient system of degree d. Then we stated
in Corollary 5.1.9 that H.(SF (M, X|G);T,,) is independent of n in the range * < =22,

with isomorphisms given by the stabilisation maps. This can be proved, using the “twisted

stability from untwisted stability principle” (Theorem 4.6.1), exactly as for configuration
spaces of points in §4.6.1. The inputs needed to apply this principle, and prove twisted

homological stability for configuration spaces of submanifolds, are that the map
St (M, X|G) — 7 (M, X|G) (5.8.1)

is a fibre bundle and that the homology of its fibre, H*(Ef_k(M\Hle qi(P), X|G)), is
independent of n in the range * < ”%H Here Eﬁ,’n_k)(M , X|G) means a configuration
space of k red and n — k green copies of P, and the map (5.8.1) forgets the green ones. The
first fact can be proved in the same way as Lemma 5.5.7, and the second fact is true by the
Main Theorem or Extension 5.1.8, since M \]_[le qi(P) is still connected.

We note that, by Remark 5.1.10, the stabilisation maps I (M, X|G) — £ | (M, X|G)
are always split-injective on homology, so the range in which H.(XF (M, X|G)) is inde-
pendent of n is in fact * < 5. This improvement goes through the deduction of twisted
homological stability, so the range in which H,(XF (M, X|G);T;,) is independent of n is in

fact x < %l.
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