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Mathematics colloquium?

| recommend you to keep asking the following question.

Question
Why is it that the mathematics the speaker is discussing good
mathematics?

T in this talk: Not self-contained, too advanced, or will not be
explained with care.
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Einleitung
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Categories
Definition
A category C is a datum consisting of the following data:
(1) C the totality of objects

(2) For any x, y € C the totality of morphisms (or “arrows")
Home(x, y)

satisfying

e There is a composition between morphisms:

Home(x, y) x Home(y, z) < Home(x, 2)
(f.g)—~gof
e The composition is associative:

(hog)of =ho(gof) forall composable triples (f, g, h).

e There is an identity morphism 1, for every x € C satisfying
foly,=f=1,0f, forall f € Hom¢(x,y).



Categories

A Gdgery

Exercise
What is Hom¢(x, z)? What about Hom¢(z, z)?

Remark

T Objects C and morphisms Hom¢(x, y) do not have to form a set.
If both are sets, we say the category C is small. If C is enriched
over the category Sets, it is said to be locally small.



Examples of categories

(1) Any set is a category.

Example

We verify n = {1,2,--- , n} is a category.
Objects: n itself.
Morphisms: Hom(i,j) = ¢ for all i # j € n and
Hom(i, i) = 1; for all i € n.

(2) Sets the category of all sets
Objects: All sets
Morphisms: Hom(A, B) = all functions from A to B, for
any sets A and B.



Interlude: Some algebraic structures

Definition
A commutative monoid is a set M endowed with an addition +
which is commutative, associative, and has the identity 0 € M

Example

(NU {0}, +) the set of all nonnegative integers.

Definition

An abelian group is a commutative monoid (M, +) satisfying
that, for every x € M there is —x € M so that x + (—x) = 0 holds.
Example

(Z,+) the set of all integers with addition.

Definition

A morphism of commutative monoids from (M, +;) to (N, +y)
is a function f : M — N satisfying that

f(my +p ma) = f(my) +n f(my)  for all my, my € M.



Examples of categories (continued)

(3) CMon the category of all commutative monoids
Objects: All commutative monoids
Morphisms: Hom(M, N) = all momorphisms of

commutative monoids from M to N, for any
M, N € CMon.

(4) Ab the category of all abelian groups
Objects: All abelian groups

Morphisms: Hom(A, B) = all morphisms of abelian group
from A to B, for any A, B € Ab.



Interlude: Real vector spaces
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Interlude: Complex vector spaces
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Interlude: Topological spaces
A metric space is a set endowed with the notion of “distance”.
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Interlude: Topological spaces

A topological space is a set endowed with the notion of “nearness”.
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Definition of a vector bundle

Definition
A toplogical real (resp. complex) vector bundle of rank n over a
space X is a space E and a map p: E — X satisfying that

e For each x € X, the inverse image p~1(x) is a n-dimensional
real (resp. complex) vector space.

e For every x € X, there is an open neighborhood U of x such
that the map from U x R" (resp. U x C") to p~1(U) is a
homeomorphism and fiberwise linear isomorphism.

Y

trivialization

trivialization of a line bundle on a torus



Examples of vector bundles

§ b ]
| " f )
cylinder Mobius band

© 2006 Encyelopsedia Britannica, Inc. Tangent bundle on a 2-sphere

r




Definition of a bundle map

Definition

Let pe: E — X and pr : F — X be vector bundles over X. A
bundle map is a continuous map ¢ : E — F which is fiberwise
isomorphism and making the following diagram commutative.

N

X




Examples of categories (continued)

(6) Spaces the category of all “spaces”
Objects: All spaces (1 compact Hausdorff topological
spaces)
Morphisms: Hom(X, Y) = all continuous functions from
X to Y, for any X, Y € Spaces.

(7) Bunc(X) the category of all complex vector bundles over X
Objects: All complex vector bundles over X.
Morphisms: Hom(E, F) = all bundle maps from E to F,
for any E, F € Bunc(X).



Functors: Motivation
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Functors: Motivation
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Definition of a functor

Definition
Let C and D be categories. A functor F from C to D is an
assignment that
o takes an object to an object; C 3 x F(x) e D.
e takes a morphism to a morphism;
Home(x,y) 3 f 5 F(f) € Homp(F(x), F(y)).
satisfying that
(1) F(1x) = 15y for all x € C.
(2) F(gof)= F(g)o F(f) for any composable pair
(f,g) € Home(x,y) x Home(y, 2).



Definition of a contravariant functor

Definition
Let C and D be categories. A contravariant functor F from C to
D is an assignment that
o takes an object to an object; C 3 x F(x) e D.
e takes a morphism to a morphism;
Home(x,y) 3 f 5 F(f) € Homp(F(y), F(x)).
satisfying that
(1) F(1x) = 1p(y) for all x € C.
(2) F(gof)= F(f)o F(g) for any composable pair
(f,g) € Home(x,y) x Home(y, 2).



Examples of functors

(1) f Taking isomorphism classes

isom: “Cat” — Sets
C — isom(C)

(2) Group completion / Inclusion

Group compl.

K : CMon Ab : Incl

inclusion

Construction For any (M, +) € CMon,
K(M,+)= (M x M)/AM, where AM = {(m,m) : m € M}.



Examples of functors

(3) Topological K-theory

K° : Spaces®® —; Ab
X — K%(X)

Construction K°(X) = K (isom(Bunc(X)),®)
@: the direct sum of vector bundles.

(4) T Homotopy classes of maps into a space F

[—, F] : Spaces®® — Sets
X = [X, F] := moMap(X, F)



Interude: Some operator theory f

Let H be the infinite dimensional separable complex Hilbert space.
B(H) denotes the space of bounded operators on H.

Definition
Fred(H) :={T € B(H) : dim(ker T) < oo and dim(cokerT) < oo}
Proposition

Fred(#)norm has a homotopy commutative and homotopy
associative H-space structure.

Corollary
moMap(X, Fred(H)) € Ab.



Natural transformations

Definition

Let F, G : C — D be functors. A natural transformation

n: F = G is an assignment nx : F(X) — G(X) for all X € C
making the following diagram commutative.

X F(X) 25 G(X)
if iF(f) iG(f)
Y F(Y) -2~ G(Y)

A natural transformation 7 is called a natural isomorphism if 7x
is invertible for every X € C.



The Atiyah-Janich theorem

Theorem (Atiyah (1964), Janich (1964))

There is a natural isomorphism
Index : K°(—) = [, Fred(H)]
of functors from Spaces®® — Ab.

Remark
It establishes a bridge between topology and analysis.



Sketch of Atiyah's construction
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Fredholm section definition of twisted K-theory f

Definition
Let P € Bunpy(3)(X), and p the representation of PU(H) on
Fred(#). The P-twisted K-theory is

KO(X; P) := moSection(X, P x , Fred(#))



Twisted vector bundles |

Definition (Karoubi, Bouwknegt et al (BCMMS), Waldorf, ...)
U = {U;}ic; be an open cover of X
A: a U(1)-valued completely normalized Cech 2-cocycle.

A \-twisted vector bundle E over X:
A family of product bundles {U; x C" : U; € U}ien

Transition maps
gji - Uj — U(n)

satisfying

gi=1, gi=g" B&k&i= 8k



Twisted K-group T

Definition (Karoubi, Bouwknegt et al (BCMMS), ...)

The twisted K-theory of X defined on an open cover I/ with a
U(1)-gerbe twisting \.

K°(U, \) := K(isom(Bun(U, )\), ®)).
By taking colimit along refinements of open cover,

K°(X, colim)) := colimK°(U, \).



Twisted Atiyah-Janich theorem (In progress) t

Let P € Bunpy(y)(X) and the Diximier-Douady class DD(P)
represents a torsion class in H3(X;Z). There is a natural
isomorphism

Index : K°(—; P)fred = K°(—: Ap)sw.v.b.

of functors from Spaces®® — Ab.



Vielen Dank!
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