A spatiotemporal extemsion of
MSE\“ marrices and time- re.versd
S%mmd-ru) of measvrements

ACYhue P&fzjjno\"’ (MIT')
bage &

o 3"’""* wock Wil Tamas  Fullwood (Hamaw Universf"{])

2206.0360 *x12,08088 Aa406S.1355¢6 FYoZ. [l A3

Center for OQuantum and ToPo(oachvQ SySWS at NYU Aby Dhaby
Aoy -11-[]




ﬂ&.ln 1dLe e ros'\hve, sewmidefinite $>0 ond -brff]=l

e A d.wsi’fj mabaX p  Produws  expectaton valves Sor o\osexvmbljes A
by L forawln <A =telp AT A=A Germibon/sef Zndjoint)

o A ctade over e (o b dofimad) is & matrix E#-j) invo\viv\j oan
imikad  donsihy  matrix poond o quoatos chamd €1 A-— B
dhat 8wes e J‘oin{' wPec_{-aBon velwes  of mo.uswimQ
on  obServable A fotlewed ‘»3 B ofter avduikon b;j I

. Ho{-}vo\\-‘mj fzucsh‘@r\ T When dees e  exist o chawel F: 88— 4
sudn  that F*Elp) iju; Ha d‘oiv\{- expectation valves of
mao«suf'\V\g B Hllowed 19.3 A, e, when are e muguements
fime - reversall S%/w\w.‘«(c.?



Static expectation Valves in quamtum

Nohken A B  dowle mobix  alacbms

Example A=M, is a2 Complere  Wodvice$ (d}c‘om of a 705"*'3

Defn et PeA be a aULnsH-j matrix. Let A€k be an
doservable, The expectadion valwe of A with regpect do p s

e readl wuwler <A>P = Tr{f Al.

Evample p= (\/g .,33 disimbes a stale n whidh a alu\ofl- has

% 3 (U2) cdhavwe  of "‘@"ﬁ SpW vp (down) OJM\%%. Hene,
& <0';,7f= Tr [(? :;-MIO :ﬂ = -1z i e axpeced  valve
x 3o£ Hae, gPiv\ in the = direcken. Mew\while,,
<0‘x7f,‘—‘T«- [(ug 33)(? Lﬂ =0 is expeokt vodve of
the gpn in  Ha x  direchen.




’_y\mm _Q(?QC“"OJ\'I Values in (lum’rum
Dedn  Let PG'A be a MS% matriX  amd Lt ETA—8 ke a
quontum channel., ie., acemplduj positive tmcz,-rrtsuv(vg (CPTP) wap.
Let Ak, BEB e doservalles with spectad  Aacompositions
A'-'Z,')\- P- B- Z/u" (')\;//4 eR % P eA CZ~€.B [;ro’ed-us)
The huo fime emedmdwon vabue. of A and B with rQSpecHo the
vair (p E) i the real mwber <A, B>(f5\ —27\/‘44 T"[E(ij%
Remadt The shabe  after A'U’-asu(mj A ond a.d'lw\ﬂ ot Lome A

S Lﬂ— dve 4o Ha Slade- U{;da{{ rle .

'Tr[ P-I
_X_w.?_e' suppose p= zpl-h(x, w/ vt od’kw\u(lvwL basis { Pmb.\\o t\ikies,

oevwbh o La‘oc()
P Ou; l‘ﬁ(‘bl E(h)(dl\ Z ‘gr“S |\Q<K‘ 3 LP’: ) h%/{ a
7h(’M, <A B)q,a Z A: /Aa ” Pb ( i'f' ;P% 1S S*Mda(o\ AO\V\\' ?m\o&\ol\\\;))




A V\o—ao Heorem for Serue—ni-ial Measvrements

Nofofion PE;A OULM{H metnx & E-A— B d/\fu\wﬁﬁ)(?, €) prowss
Defu A prowss (r,i\ is reprefeatable iff there exsks a
wmadviy X e del sdi. <A,B7(P,£) =Tr[)( A@B]
for ol observaldes Aed , Bel.
Theeewt If A, B are mobiy Qaglors  of  Aimtasion 2 3, tm
there  exists a  prowss (p€) that s mot representable.
Examle E=idy, oad p any dinsily wabix NOT equal 4 Ln.
In  hadl  folloews, we  will b('jpoﬁs tuis w-go thosrem
\.a (-'ocuscinj on o Stbset of obserwbles thal ace

neverineless c(u(k owust.



The observables
g;&«_\ An  observable A e A s Lﬂéﬁ_-lmgga = T SpeUhrum
is  evdr §—7~,9~3 for sewu 2>0 of {Af foc comu A€ER,
Exomgle. A=M; Pak wehs 4w, 0 A U Light fuch.
Ao, ¥ eSS ‘3“1‘3 Hun W0 = 0 + Ny T, + g 0 35, o0
Theorem et (f, £) be o prowss . Than Hhare  exists o Jnigve
wokbrix X e A8 sudn tat (A, 8>( E) " TrrY A@B]
for ol ZAZ}A\' doocdh  Syservables A e¢A a-N\ ol obtevables Be 5
Exam Fle when A=My , X i callod o VSeuo!/o AM\SH—7 mamx”
omd it con ke expresced as CRJ [Fit simone — Tones-Veardl
Z<<r o) 0T = l{pw,,(\o\m o) (susp)]

1000
% ﬂ_,ﬁ""o-x 0-;_./0-",0— GE 50‘/'01 A\o"‘\om ‘J’[E-) IQQWA? go”';c\o,




e Stoke over fime for _seguentiod Measv rements
More g,wwalba, a,lvem o prowss (r,‘é,\, the watix X eAeR
si. <A,B>(PE')= T(['Y A@B] -Fef all ,Qfalr\' -"D'Jd/\ AQA.

ob L\es BeS -
ond. se vob\e & s given laj e  formwla

X= ;ipol, (A@EVNSwAR]  whece  SwAR= 2, 15| @ 1<l
This MadX is an wmr(c of a sStde over Hma.
M A Staxe over Hme funchon 4 1S o ‘FUVchM (For cach A,B\

States (A) % Channds (A, R) =, Ae B
J“;V'E(f) semwg (pie) 4o Exp st P dwo
marginels  of EXp ace p ond Elp).
2xp s llod a shle over fime.
Nolt = Daspilt 4erisinology, Wa do wot domend Exp 4o \a o slale ¥




Q_Pux\-‘vev\o& ond @aaesign ivverses

DetW A ﬁo\aesim iverse of (f,i\ {s L ‘C/lf)— B
oo drameld F:B—A si &(\ (/?
Edp = S (¥ #Z(p), A A
wheee S(BRA)Y= A®B s ?:_f, = S("?%E(,;)\
1l Swap isomerphism, e 488 cRBA

Dedn An operational inverse of ClD,E) is a chamnel F:-R—U4
st A BYL 5y = B AV i) For ol Kight +avin
observables AeA, BeR.

Theorem  Givew (p,2), a Bagﬂ.ﬁm inverse  oxists if and av\’ji{
am opecahenol inverse exists. Mofeover, the dwo toincidg.

Consequonca Solve For F via Salveskr equahon '{j[l_a@ f;/";t[z*]}:{ ARL ,?B“ﬂ




Mﬂgs with um‘hr’ %namigs ond lassical dquic-s
Theotemn TF (p,B) is a pocess with E= Adq, whee Uis
o Um{'\'ar\s ér&(a.\’vf/ Hhan 'B'\e, Baul’e_SULw inverfe 1S o?"Ao\'Mi'
re,aa\(l\ess of the inmhal shale jo

Remarkk when A 2 are Fnte dim'd ommutative algebeas, this

definihen re_‘>ro¢bauzs 64.;326' ru\e ('P(\J\x\ (P(X)SIP(xl»j\lP(y).
A\-\'Mﬂw\-‘wdﬂ, we can Shate A i e Meww\j Way .

Theotew, T p=L.p >l wf/ PO} orthonoamel basis, 1pif prbasilites,
E(1y¢jl) = Z%S“WK\ where T5ici T dafme condibional prababiities,
thon the Baa,&s.m inverse OF satisbes “F l"7<l|) —Zg K g 117441,
where {jtﬁ o M Condibenal rro\m\ol\h€§ s‘ahcﬁy%

P

(dassicA) ‘Envzs rvle SKI P; = 3”‘1" V'.,, WL Y ‘lk-



Example  with MP\\‘\VM-dmpmq danviel T
Toke E=AdgrAly,  (Aly (A = VAV of 5= (4 25), 5= (2 T)

0 0
000.51‘0 00051.0 A 1.)%\“- 0(’-45!"’7 W\O\"'TIX S
1[_)10 ' 1(—)10 s .f Hna ‘FN' (l-l' 2 X-U#)
0.5 0.5 ,",{ . X-I-‘l -2
0.0 0.0 [\ : 'v_/v l’*"“\4'\ “(y)J’ %) “ = l MA -
_1.:)0 »3_‘_:;i_::7;/,/' _1?0 *:—‘;:';;,;/" ’\MHGQ_S W.\W (7§ Pom* iv\
ol ~ 05 6\0(}/\ ‘oﬁu . _'_M imo\% O'F
‘6’-;- 0.~ X-‘— 0.6

e Bloow ball is sheowm i blue for {wo valves of ‘(e)[o,n],
|+2 ©

Now oke mpd\‘ Shute f" "(H-% \_o-{,) =2 E(f) = "( o 1-%'))
wheve 2/=2+¥(1-2),
Fact Wit  +hese pacawmtiecs 2 e(-,1), Yelo,)), a Bmd,cs.'a,, nverse

exighs it and GwJAj o2z XzE;L




EXAW\P\Q with mr\v\-uau.-dm,,mq chanvel T

Fact (tonbinved) The (Smrsm.,\ ‘vw;rseJﬁ IS 3‘”"“ Wplnal'bj ltj

0005 D VJ: AAF‘ + AAF‘ + AAF' WKC(L

w o F - 0 o) . o) o
% 0s : |~ / l: .
10 1.0 Y-z (‘i+%‘
or?aiml € w) Y=0¢ BOﬂe.sian wese F wl ¥=0.,2-0.2 N 1 +2 0 0 1+

This is a loi\---ﬂiwe& o—mr\i’rvo[ﬂ.’ ola.mr'\v\j chavvel ot aLo.?\r\as\'na,

b ¢ T T, &£ Two-Hime wPac’f yalves o ¢ G T
ol |l o6 o ¥ o, 0p) wl Paoll G iw @ | 0 0 (2
- 0 0 + row Measurtd  Hrst - 0 0
al o v 045;\ Hen (aftec €) Pauli T | o
ol 0 o0 = O n Left cdomn Mlosured Seend. 93| O o0 4y O
a ~¥(\- Samg. but time- revesed  —7 o | (4 ~%(\-
3| E 8 0 1-%(-%) {0,032 using Bayesian . ¥ 3| (® ¢ 0 1-¥i-2)



Example  with mr\i‘\vdﬂndm?iajﬁd\a.wwd 1T

05
0.0
-0.5

M m ﬁo‘aﬂ—sl‘aﬂ N\V&(SQ_ ﬁ: 'S NDT- 21\;0.1 1'(-)1‘0

bt P eavey mep REAlp rAkg, = (0
_[1¥E o [0 o S
The Pety rque«‘\) map 05 dapicied here—7 o

Remoric T§ 2 <7, no opsmbionah inverse
excists ¥ A\'\‘{M'Ug'/\ “F % unfyvely dofved , it i

ot Cﬁ'mpld-eﬂj PnSi-\-‘N& (o QKMP,Q.Q when
2205, ¥=0,15 & shewn 64 Gght).




Sumwmory & K‘j—fm

e Just e w{)e_d—q{-;e-n valwes of  doservables at- a fixed +Hma
e enwded W oC 0\94\39*3 mabix ) two-twl  expectation values
ot SQwa{:\oj\ measurednts oF ﬁf/\{—f+wd\ ovservables ace
embeded v o Sstabe over fime.

. L'.3N dwda  OeServalles o2 (}'us'\ as st as pojechens in fhat thoir
axpelintion valwes  deferming donsihy madnees and  stades over Fume .

* Oor H\emj of cluw\\-um de,qs‘\aw wverses has operational LAncequends
for  Hime - reversaf ;de\me*ﬁc mulb-time expectation valves.

* Tvmense P\e:\"f\om of open c(uCS“io'r\S and. f.mu—hund-,'n] it¥
63. et stade over bme s  characirized bva oo -+Hime e,xPe.c:l-\l-:h\
volwes of Gell-wmann wmabices?  Great problems for gmA Studonts ¥



Thank youy

0 “on guonivm Shoks
ybigc g
B L;‘; p PASeS A no- 9o Yreorom
@) Bl Horsmean e o, provin
2206.03607F existeae of a stule evec

fing that sakisfes mm1 condibon s

A\l mt  wock
with :Yﬁ:m Ful| wbo

o?m&w represeatnhion of
spuho{-e.wpmol 2!/01\'1‘\!#\
Correfafions”

MN&oA A Sh’d’? oves HML
AHOS I?SSB ond extend$ Pswolo ~ dansihes

@

‘Fmvv\ —lﬁw\orevusal SywWmwWe
4o 41Uo'n\-um Bo«aﬁ les’

A modern ~fereni on C*HCS
ove( Mo and hew the '

fise f o go oabomt. avion m\ dxl2, 08088‘
of 601313 e

“Time -

Symwatic Coviebabiens
foc o')zr‘ queku Sas\fm\s &)

What fms dold was

Mosk- ‘ouc.d N O |
(praichion, vy RN 9407 (1] R3

l?_wdns (V\(



