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Course Outline .

leb G: semisimple algebracc group over ¢
BecG. a Borel
Pa8:. a paméa/r‘c
Keg: maximal c&:ﬁpacf
T=K~8.: maximeal Torus .r}z. K
W= Ne(T/T : W.«.:y!' 3rauf>
Then ~ Gp = K/t B
and W acls on the ok Rham cohomology space H'(%7r).
Moreover, sinc K/r  maps o the. c/ass.-}fy;‘nﬂg space Br,
we have a mor?::ﬁsm H* 8r) — H*(xp) af aﬁeéra:,
The 'mdf Glg — 6/p: 38 —gpP J;‘ms Tneludion
| HMCP) «— H(ah) = H(rr).

G/p 13 a smooth /or{jecfr‘ve va'rﬁei?',
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The. ol Rham Coﬁoma(oc?g H(6p) can be used o

answer the ﬁ{/am‘néz guestion . Suppose that three sabvaribes

Xi, Xs ¥ Xy of &fp are in Jenemﬂ posiren, and Fhat
5l dim Xx = dim Gp.  what /s the number of pounts

in the infersecion X,a X~ X, ?

The 3.aam‘um aof:amab&:f ;;;‘[G/p) answers & ‘more
general guestion : what 5 the number of Aa/oma?k‘c
maps ¢. Po6p wih a f‘xea( déjree such Fhat

?fﬂ}f X:
Fn ¢ x,
Pl)ex, 2

Some  features ?f pH () .
+ There 13 no nafural ﬁamomor/oﬁ;.‘sm SHTGp) = Fr'6s)
. If PcllcecG s a ﬁ‘/fmhbﬂ, 3 sth, .IS;}mYarfp

I R = W) ® w(op)
W does not act on fi'(Gp)

So take epuivariant caﬁomolo(y 4 HTIGR) where

-

Then

acts on C/p from -fhe (aff- 'f'f (a/t rans lations

an olfine ~ T- egucvariant guantum cohomolsgy  eilCh

« W oads on er(G‘/pJI.

" The affine Weyl group Woj acts on §H'(E g

( the paramefer F inverted}.

o Huve creation oand annchilation cy)emfurx

Mave Schuber! bas:s for FHT(6/p)

« Have "stabl” Gruhat order ga &I/af ;

Ermu(ﬂ f;r ma(ﬁ)ﬂ/:‘mf)'dn é(?' H

Sfec;‘af Ffor _ymmefn): spaces c_:f the ]Erm G/p.
Borel /uresem‘ah‘an/-

- Pien ﬁrmu fa
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Geometrical models — he variety Y.
For each Paméoﬂ‘c , have $eY and

Yfi i= fgey. !;”;J'zé?f
Y = LY erc
and
(}(Y;) Z PH (S/p) over &

O(']F) = H; (J?.(Knp))
where  JUK~P) 7% ﬂ:ejrou/o of'(:aatp; M KaP,

Yf’- =" for some 1, and

Toreover,
Y= % = Y
YOG — GG e T) — o)
-

3
§(elyy,

H (1K)
Wil express The Schubert bass elements as matm'x enfries
7( come refresenhzﬁms- The U’d!’fﬂl’&( Y les in & /8.

where (Y 3 the .’.anjfaud duad ?fo",

Encf % Lechire L



lecture 2 Febu"m):y ", 1997

Kac- Mooafj root datum

.Defm ot . A 5enemh‘zed lartan matnx 75 a matrix
A = ( aq..‘j),; Jex A)J#l: iha‘gjer entries _767‘ Some qu}k

set I such that

Qe = 2 Vv ieT
) a:) €0 v Xy

) af} =0 = g =0

A Kac-Moof\’] root datum consishs 757
a 3enem[rzeaf Carfan matrix A 5(4‘3‘),:)“
v G0 ﬁ'm}'efy \generan'eaf ﬁce Z - moolules /1: and hy end

with a peg@ot P“"”'? < > bethocen +hem

'i‘woma/bs I — hs . (= oh
I — hs: $— o}:
such dhat
(«2, o(.: > = Q‘d (50544‘.341'5&)



A I
« Can ﬁrm divect sums jc root datz
* Lan j;)rm e "dual” reot data :
S .
(‘fq;, /12 ; ﬁz) _ [Ar. ﬁz, ﬁz)
‘ o o(;/
«S‘:‘mflt reok : T = Toef jex = /l:v
S"'mf&‘ coroofs: T = foi {50, <
Ne:'jln" lathice - ;J;
oow:‘fil- lattree: iz
roof [atbie . 6?' = %} 2o;
coroot lattir: Q"= @ &
’E [V
Q — ha fsom. &> of adomt fype
av —_— /;3 Dom & # J‘f}nﬁlj conﬂe;;lfea{ &fe
R In the classical case, roof datum comes Fom connected reducive

ﬁeﬁrart jrot?p_s ower &.

ZDﬂmffrnﬁ: e sacr;( that A ;('(E-,-)‘:‘J.H 7 ﬁmmefm‘é& ,’}P
A=( o-’:r\«jpna.l) .(fymme{ric.)

Assumefron ;W assume 1hat. A i3 f}fmmeﬁ:‘zérﬁft .

The numbers U _'Daﬁne . e ixf. ayel

a f ayg0=o0

m'j = 3 ’f aj. %_‘- = f
* T ayai = 2
° } o =3
(]

J 4 >4

l;';“. L_ggf{ qroup _I{\_J 7 the grexp orth jenera-/ars i,

with  refabons
= (¢L

ml“ -
(TG) J:l I‘.J\GI, 1‘4‘_)
The 175 e cafled the .sm/)& r?%cébns _

6L



4

* The W achons on ﬁ; anaf On Aa /Dwenre —M_p/mm%

afton lea{?bﬂ:
W=T: 1n-—1 red] means tha +hix 1> an * The W achioms on &R ad 0w a)V Q’EJGN%}Q/
rgducec! gxfrg;:,mn} ,e. , 7 s Fhe minimum number ' . B
W ads on S}'S{A;) /ﬁgﬂmm‘n\: al mgflga Lv

Such thed w 3 a )oma/uch f n sm;o{a rﬁf/ECﬁLw.

Abo  orite n=Ai). the adion on b3 ). W ack ééc arfebr am’oma?ﬁdms

. :ﬁ( W & fimife, we o H denvte the fafjea‘f element . The action ‘i']c W oon 8 will se oencled %}‘

S 0 ) WS

* From mnow on, write }Jr:/ = A; . m’yf < -
f .y
s of W oon i, he, G Q% S<Shi)

W ads on hs %{
i =A< & > o)

wid) € Q.
W ads on Az by
L= h-<8i, h>od
wi(g") c @Y

\
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ﬁ/— Hecke 2@ .d

wbor . The M- Hecke ring A associated b fha root daken

‘.(A=m‘j‘)éfr-.r, A;, ha. {ot:lsen, fu;f'f,\c,,) ’s the
assocrated ?-irg oith 1 with jenemfm

K. A A€hs, el
" and relations .
A+ R = Kou
Sp =4k A p6 hy

Ack = Fx A verdis] dehs, iel

A Ai =0 e T
/-]-'z?}‘ A; - =A!‘A£/:ij ff'-‘f}‘, tZJ‘GI )

J ™y _
The jraczrsg on A 3 a(y?heof 4o de
X =
A=

Aef
&

For we A/ am{)gr any

W= nn r;‘l ""ﬁ, fl’\!ﬂu -
st - |
ﬁ:’ = At‘. A 'At‘n
(A:‘d = l)

Then it 3 clear that

© Auw ¥ 7374{7(1010&?:1'} y‘ The rmé:-cmp Ea?’rEJ'J;f'd’n-

& Auu
AvAs =}

o otheruse |

t‘f Lev) v+ Py =Lvw)

Cfeari!y ScA as a subal .subn‘:bf.-

Ero position . { Ao

( Joes thiz need a precf 2 D

uGWf s an ,f-éasa]@?ﬁ

-



&
position
itiap - The ma/o
ZW—A. i i A = Acay - N

o(gfhes an 7}1‘/'ec16‘re n‘r:j Aomoma;?&}m.

L Or:)'] neecd fo check Yi'=l iel and (I?If)n"‘j—-:f £ ).
Injer.'r‘lwz‘y 3 clear (?)

wsikon

898, - The ﬁﬂaw‘rj a’g(z'ned an A - module structhoee on S,
s'-s = ss
A5 = ;(ff {(s~ 1)
fl; The mduced 1 oachon on S 3 £ -5, o8 the 1ausll ona .
V4
m:u’k

R Suppose we need fo check cerfucin .s;oeaﬁecf oferaﬁvn ]C..
$¢S ond A on seme s/-;;:wz M Y an adim | We

First mm‘kﬁn i~ A= Ao =t . Then 1hi 2 /;pu v adh .
Jf ths gives a W - achon, e are olore .

sifien . Fr Se §, delI and we W
WS = (Wws) w

Ars = 1s) A+ AS

M A AS = SA +ADYN

Pma_"_f: Just Gbeaje ecl céec/{ Hat
G A= A~

The anfi -automorphsm x on A
— 7 — ———

7

() =8
« Ay = A

To check that Ths 53 an anﬁ‘—aa#vmo?iam, neecl b check of cm\{y

A= A T+ <A o Achy , e
This o casy . Moo Stz
i = 1-Z A=A -l
Le jef A A“T;.:-AI\
* = Tk A= 1T A= A
Canse?uen#y ) o~
*»ov = (<) w!
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kon 2o
5 ;f A on Me&N and Ham(./M,N) 21.9173
AisS = (?TS) A+ A48 Yr = ,‘-o?:- A
Assuma that M omd N are A -modele and are thus ns =(5s) n Gde S i A
ocleles . form
we qget
M@ N = M@’N/{smepn—?n@mj J
Ai-{smen-mesn) =(IFs) Ai-m®n +§.s) mon
Hpms(M'N)z {JC.- M—')N; f{:m): Jﬁm)f | )
_ HES)R MO AN ~A-measn
want 4o olfne A -module Structumes on MPgN and Hom (M K] - om @55y Acn -K'M@H-S_)’i
M N
S-(men) = smeon =(rs) Emo4n -prm@ B ANn -
A - (megn) = AmeEN +rme A-n 1‘(3‘0?;' ;4,"5) A-men —4-mesn
= mee An + A;.m ) n.ﬂ_ “‘(A;"S) men - (-m"f:\r’: A."’I) o (A;-S)/i

check thet thix s an action, UEfo' need Ho shod thet e = (IFs) im@A4n ~TmoRs) 4n -

ove operafors are wef(-—defnea{ . The 5- operafor i3 dea{t’yott , tSAmen - Amesn
-~ se€ jel, we have | 5 o(y?m%vn | - (rA,-S) GA-men - A;—me:'m-s)n)
Yi-(smon-mosn) =(§is)-men +(rs)-m@A4in _ tT{Ai's) mon - Mo (Ais)N
-44;"7?1@5!?.-7:""? 67’(54:-5')”- e < S"m@ﬂ—'mws*ﬂ L man G M,N >
%ﬁ(\’?r , Hente A 13 well —dnged .
AS=NNE
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of, Ssine N =il-Ai, we hae
MmON+ M ewh4-n |
ZAhimeOn + MOAN -8 Am @A N

24 MmON — Mm@ B AN+ MOAN

1]

Arrmernr n + meqin

mwAd-n + A;-meRn.

b gives The 2nd  erpression for Ais(men) .
w fur se S and 161, we need +o show
Ai-(s-tmeny) =(7s). (A:-tmony) +(A,--s)-[m@n)
hsS. = (AS)men +([Iis) m® 4n
h.s. = () A-men +7s) H-m@A-n + & s) men
= (Ars) - men +(Fs) Mm@ 4 n
= Lhf
m 1hs, we see Thet 1 =i-% A=A -l ach “J

Ti (men) = MEN- A mOn -8 irmedn
= rYmen- Fme& A -n

= himenn

2

This dear)g( induces an action of Won MON. Thu we
have proved that we mdeed have an acton o A on
MesN.
Q'rl Homg (M N, 0/94?142
(S-f)(m) = sfim)
(An"f) ('ﬁ'l) = f{Al”‘) +Al‘ fﬂf?ﬂ)
= A ftr) =17 of(4im)
Neeed 4o check that +ha i3 sncleed an acbon. C/a;:ré, S o
Fl‘n‘f‘, Limee, TF = - o’(\, A,
ond  Since f xS Imear, we have
flhim)+ A flrim) = ftAim) + Ai - (fim) - o ftAi-m)
= Ai- fim) + f1A:m) - (Aid ) fAm )
= Ai-ftm) = 1 f(Ai-m)
This shows thet The oo expressions 7@ A £ are ezwa/ .

New we shoo thet



Ly

f)(:nﬁ) = Slaisf) (m).
FOOS)-m ) + fi - fllrs)m)

SFCAm) +SA - f(r;-m)
FCS&-m) + 84 1ts) + 455 ) ftrem)

FCs4r-m) & 4 F T m) £ F (G5 yriom)

. 5.

!}

g.

hs= 767
Ais =SAT A4S T
L LS. =k ..

Al- f é HOMJ (M; N) .

see That

shows that

> need 4o check
Ai-(s-f)= (0 (A f) +(4-s) f
m > SflArm) + Ris - f(Bm)
™ > (75 )f1di-m) + (05D A fazm) +(3;5) fem )
={10) flAcm) + A0S - ftim) - f(@s) 1F-m) + FlA-S)m)

F A =(IS5)Ai+ Ai-S and  SA:= A4S ~(AS)I;

See Ph.s. = r.hg

L.-{r
Finally, Sfor ¥i= I-GAi= Acde -], we see fhet
= f(fm) -k A fliim)

5 fr5m)

fl

G)n:efam{?;
(@-fitm) = w-flotm)

Thz 7s Cerfmh\l.{j an achon 7" W oon Hag(M,N). Henee
hoe om achon of A on Hom(r, N).
V4

All hese any& seem fo  be (oyer Than necessary

But anyway, we hove shownedd that

S-(men) =Smaen
A (men) = Aimon+ Fmedi = ML+ A4-mel

[ (mepn) = LWemeHed-n

($-£2 tm) = sfm)
(Bf) Om) = FA-m) + A fiLm) = A fim)- 1 f o

(Of) (m) =w- flolm)
A —modles ogain .

me bt Mesn w Homg (r1,N)
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2

fon . Grven A modales M, N and P (ﬁfj onR f/sem]g.'e abo Exanplz. : R%aard 4 as an A modik 9 {9? mq/;?:%rasznj‘
J- Tno&{u{&(); .f'he JG”O(J[‘I?&, canom\:&/ &‘M&ﬂ/ﬂ&')ﬂ‘f!‘ Qo 71!811 our Pr@lff‘m wn:h‘cs! C{ﬁu Clr\_d-moﬂzﬂﬂ&
alo A - moduk Tnaps Struchue on Ay 4 . St
. Homg (s, M) = M, S ™M =M= Meds S 3‘579“ 4: A — A er 4
a MOsN =N&M Ball
aa = a-(1e@i
1 MO (NesP) = (Mesi )& P )
+. Home (M &N, PJ = Hom, (M, Hom, (W.P2) Thus AW = W OW
5. M5 Homs(N, p) 5 Home (Hom. (M,N), P) ' 85 = S ®| = |5
6. Homg (M, N) &5 P = Hom (M, N & P) A = A@] + N4 = QA +ARN
fton a
o1 : For a:::j froo modlules M and N, snr we have
n A~ du{e
For an A ~mo P, et - (men) = Quym & G N
A_ o e
P -fP-G(P: A p =0 V(I( JC” acs o a=A;, el, where AX= G & Uity
osihen
fon A A ~moclules M and N, We have
A-{meon) = Ly ™ & Gy N 7 ae4d

Homy (1, ) = ( Homs (14, ) " | 7




inen . In the frnife case,

2
¥

2-1p

8 An, Z Ariw ® w4,

wHEW

er-W Aw @ "’-’Amw

B/ easy fo show é}( Faduckon on 0t) fhet 76r any o EW
SAc = Avew + T 4,00,
forsome Qv €A, S
4A,, = Z, Avea,
W Qo = o . Moo for any 06 T,
A.‘A_w =0
=2 0 = &4 4 (Bw)
= 0 = (Aot FOA) Z., A 0ds
= ‘E‘d@;/}u ©a0s t Y Ao @A}‘dq)

= 2 (Aid© Qo+ (-8 A)A0® Aot )

Wi

= AA O A 4

s flacs L’ﬁfL‘ b foy "'l:"'v'

= ut.zm ArAo ®rda, = |3g:;.._| /4'-! @4 B

N'ﬂ-" Whs = T Ar;-u @n‘du

Furw
=> an‘u - -Al\{‘o ¥ n(‘_‘)<"‘>

= Aoso = Us Ao . !

Z

& €




Lecture 3 Feboyary 12, 1997

Recall fhat a Kac- Moody root datum  consists of
' d

- (?cum&iea( Carlan. matrix ‘/4:(4?‘)":)“‘-‘1 '

< &oo fm‘fe{j 3enerd¥ea( free 2-moddes hi=fhs and f ol

o ;aadé.:t )pm)-ngt ¢ > letoeen Hhom S
twe meps " .
7 4 1 — }u : [+ o

1 jl‘?: l‘!—-zo(.v

t

Such thet

The uea}h{' lakice 15 A ;
the coweipht lattice 5 hy
the reof lathee 3 Q; 2 ® r &

fi8s
fhe to-root (attee i3 @ &f L{/)Zﬂf'v
]

1G1
SOJ Fhe Aatem N1 ff the af/ﬂm‘nf f:rﬂ»: ‘,f’ = f;;: ol b ot W ar 20O
Sy v Symply comechdd fpe @by it 3 on dorm



}/2.

For S8i2,¢), we e, f b or tha standard jenrrm‘un st

[h,el=2e
fh:f.] =—2f
fe.f1 =h

Tiven a Kac-Moo«:{j roof aénlum' (,4,1’ g;l Aa, < » ); Set
_;l_ = ¢ @2 Iu

ane rs(fﬂm( it a8 a commutadve Lo ahebra . St b=t

Theorem (See Kae ) . For any K- Moaeéh roof datum, dhow ewivi: a

Lie aigebra G over € (of Kac-Moody #ype) and Lie ahebra

/wmwﬁﬂm
b b — 3
$. Shi) — 9 v el
such +hat
© $(h) = Ph)

(¢(n), Ple)] = <oti, b > G fed he 4
[#(h), $:(H)] = ~Lody, h> &)
f%":&’}. ‘BH}J =0 (f‘*J)

feI

© Freach i€I, I as an SLE) medie vix (émg iz af! 1ap)
s a olvect sum 7{ Sinite - dimensional 54, () ~moclale

® 9,4 v aw another such .?:a’pm,. fhea 3 & wnigus
T sk oped and $layed;
ﬂm (3 ¢ & . 1) 9.} st

gﬁm‘h‘on v @ An SLGE)-madile V oo & 3 fHeFrq!;é ﬂ" 43

a direet sum af Fiade ~clem. mochifes

O A b ~modals V owver & 2 :‘n%zr:é{a 7)”

Vv = @ |/
pehy
here
%:{U‘Gv: Av=/a(u)v frr-a!f A(—_éf

® A 9% —modelh V' over & n in_z_%emé_(g_ jl" #* 3 S
1‘nffjr££& (vic ¢ ,*;?{1) anel ,,‘n,tym},& ViR ﬂ’q‘g

Jo The Ia\aj‘m‘nf‘ ufraem'ﬂﬂ‘nn 3’ g omq B fh{‘e?mé& .

3



fion. 3+

* ¢ h—o9 B izﬂedrue , 5o call -5‘:9 the _(_}ﬁﬁ.%{éj{
o b SAE)m] B :‘rjeda‘w Jr cach i€, Set

e = gte)

I =etf

hi= i (h) =

© Z2(), The cender f g, B contained m R4 .

+ Eﬁ” Sef'
My = L2y,

n‘ = <f¢' 2eer

d="M+h +n

= Lo Sulfﬁeimdenem‘fvp AC? fe. rel]

T;IE’V\

_— —h':‘argufar' o‘zcom/oo.ffﬁ‘on

apn-k.r'n?ﬁ‘ 'lk'kﬁ fm R v e B3 O,

cuery tesl o 3

h+—l|+!l+ = 4

E-ﬁjJrrz_

{ Borel .s:.!.é;dnx )

Fact 4 B e b diebra aer € with generahrs
he b e., 4 iel
With  rejations
(h, h1=o
Ch, el = <, hpr

Chofs) =-coi hsds
Cerfid = &y hi

(“"9;)’ -aj'ﬁ' =0

g (T4 )
dr ~a, =
(adfe)™e )

warm j

I'] g Cert"*‘f-{r&er t‘{ j M _"&

7112, A - grad:

- fe@, 'r‘&'e rovt lattice , set

%= Ixe

[hal=cthdo  Vheh(

Then )
? (:r-{;z cg('

and [Iai‘«, %] < deree

N



pad

e Fhed
o= h ‘3.-; =&e ?_,... = (I'-{:' N e 8

2+={O,l, 1)---j
(Q:@Z{dt C?

Jex

Lved, say tzd :)P v e &y,

Sud -St’m:r:j‘muf

Qﬁ(,& cg[’

A= {((-(?: ‘atio (#of -_— .S‘ef-‘jfron-ig
He = D O
= fore 161]  set o simpk roots

Sek :f )oos.o‘ﬁye rozts

1 Av‘:“"d‘t
! A VA, = A
Dy oA ..‘.‘(P

Me = Q(@di fg(’

The principl 2-21’&%‘»2 of 1.
let f'e Q7 be e qﬂ—é”e/emem" such Hed
| leti, P> = vV 6T
fr ted , th fﬂ@er

M-'((') = ‘fc, >
ﬁCﬂffE;d +he flegj-‘"j P. Fr REZ , sef

I % G
Wtjpj=n

Thn )& a Z*\?moﬁhoa ﬁr_‘&‘

The sef ff real roots

Meed 4 w’rfne Tha l«)ecﬂdrou{p prgf_ 7o #m e a')s_,:'j/,/
need Gé'){"l-?- X k&c*Mﬂﬂég Jfaaf.

Compact involcton of 9.
T 3 Me cm‘zju(fm‘ran-— finear am‘omar,aﬂ;)m o{ 2 s

e« -9 e
h < -} hCh-—IR@g&Cj



Kﬂ&'Moa‘/y group
TEEES

@. Froued, ok teq’, sef

e, )

yoo < (! °) ¢ SL(c).

_Jt o
hiv = ( ) t")
| finife - dhimensional representativn, ﬁ( Slade) »n Sef # be

ational if s makAX entries dre r?m/ar- unchams on SL(T),

refare.smfn:ﬂ‘nn f Shec) on a vechr Sfa(.e V ower @ 3 Said

e e dﬁ erem‘fﬁéé. f it R oa oﬁ}ecf- S 7{) Jf}m-;fej rman g 34':.,-,&2
limensional  ratonal u/re.semhﬁbnr.

it Inbgrable l?re.':em'zifz‘ons g $4.(g) > AFrentedts 2p. £ stie)
(Ths B decawe S 3 an g&e&mmdmu/g),

comple

Defne

IR
;
H

H

H= Hom (hz, €*) .
Fr héha and te”, a:’séu they éy
t;'()s)-: f“"" J\G;';
Phus, for each such he ba. The mep
C— H ot

& a f-omommyhms. Moreover

fhi-h' - fh‘ft.‘ ‘

A refresenfnﬁon ff H on Vi sad # e cf}fé{enﬁhéfa
b" it B a drect sum 9’ I-dim  rabened zp/ore.remkjbnx 57 H.

Jad:  Diffrentiabls ze}ore:em‘dw 3’ H &= :ngd& az/omem’ﬁ?ﬁkwg 4 .

Nest:  The Kac - HODi{jJ”’“/P G aonosfmm%L do He Kic fNaaC?

root detem e Norfad oM, of Hhe J.:.p _Le,mm;g, _



PAL

Meody groep &
wen Fha Koc-?ﬂoecﬁ roof clatum, dheve x4 Group G it
homomorphisms

$. H— G
& . slite) - ¢ icr

$:(htn) = p(¢~)

) Bl nt) Pieh) = o, (xl € "05)

HE) L) $le) s G [y (p7<h> )

Fo (x10)) bl givs) = G (5D Fetxiny) 4

3 reprsentatm  Ad F & on G such that wnder & and
@ rer. The Carr&?aﬁ-a’:y r6prescrvéeons _‘7" H and §lute)
on 4 oifferentite Jo Tha represcnbio 4] b and Shra)
on g defned 6(7 ad.

of (Gl & and ¢7) B another d&vsv‘em L chove Freperhea,

Jhen 2 4 w"}“-& Y GG ot
Porped 2 yog,

G » jenerm‘ed .‘g e Jmages f ¢ ad G v
A G-wmodde n sad 4 do dﬁrg”ﬁ‘né& j" a it 3
o'ﬁﬂeren#mb& as H and J[eﬁ‘) ?noa’n/og unafe;— ?Q Quof

e &', rer . Thes
Afferantedl G — pochl e dntesreble @ — mockik .
I fatful  dfferertel G- modls { profably net Ad ).
$: H=( 5 ineche . So we el He the Certen sebgrosp .

Have.

Z(G) s ker Ad c H

kerdg: ¢ Z(sl(g)

The %{( group W
[

o ec?c[- 161, s&h, ued, sef
Ailu) = ¢ofxw) = 4’(‘,’ ,”) A
= dilgw) =9:(;7) eq
moo= By xenden) = ¢ (0 7)) €6
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T /v'u—-f, M—'lL._

?71)?}”! -‘-7’?J‘?’h‘{?}"‘
¢ for W= HT D), bt

?L, = ﬂ.‘. ﬂr‘. "nl;.

1

'nw ) H(’ = gqe
£ /n jénentf

Ne Hq-l % 1\0’.

N = & n', H >|\(-I < C

the. suéjrouip 7(' G jenemfea’ éj in., rexf and H.

en N = W
M — 1

hrm‘rg._ can  have He ZlH)

The rea{ roofs
— —

Nole that
W-a=a

Se W }Jermm‘es +he root {f&fem.

Set
A= U W

eI

and call elements in O the real roofs.

K obmwwe € & o some 061, dhen
Do = mo Yu

5o O

and d Frp = e Am] >t

A ’so . c@qu&

r‘,zwﬁu" & W

Then i, r-”‘t = w, r[‘ v, ?C., ar? Wi
A e A€ hy
hoh =h-<0 h> Y he ha.
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' _fedure. 4 F&&ﬁp_*‘a.ré( 14, 1997

I am pwvfn(?, the part on tha Fruhat a’emm,ou.u?mn of §/p o
dhe cnd g lechr 3. The meun }twn‘- gf-fh.x fectior 13 on

Fuivariant Cobomo{ogz, - { due o Borel )

. let L be a fofofocfl‘ca.( jrou')o, ([-—-K or-T iy our _

Rppﬁtﬂﬁ‘ans)_ A Pn‘na“/)«‘{ L~bundle 75 a ‘ﬁ’f-v{a&t‘rfy{

Sfaca E ejm]:pep? itk < wm‘rnamj/ \mvt.f achna "de L
ExL — [ Free

and o prjection €8 ot lcall &= 8L Shew -/

Laa‘s on B'7L fj fb;f}""g"l (b, 2L 8‘-}:&“3 .

p=Ef wréh  fhe M‘en'f‘ ‘rfnfof? o

Have

* The untversal prmeipal L=bundle L is a /on'na/bd L

st L 3 contractibly . Sed B = E%_ ‘ I+ Ccfl‘a,

tha  Cessifying  space f L.




1 ll e
;;P B_,;: = @PM e

Er = Ex . _(because T<K)

‘;1:'1‘|‘0rl o o
kon_ . An L-spacz 7% a.§ Jo/oof?:\:d Space X andvced with

a conttnuows l_:fi- L-ackon,

Lxx — X (0, =) — t.x o Ax.

tnifton -
}I‘Lﬂ.: Given an L-Sfa&! X, JG!"M +he -ipaf-l

Eoxtx = (Exx)/|
Lshees (e, %)-R =(eg’, £x) .5 a free bft L-achn.
The L—e.ﬁwimn‘am‘ caﬁomolagg of X s .é?. dAefraitron
the singutn homolegy of  ELx'X.
H(x) = K*&>"x)

Structures on HY(x) -

L It is a er:/u( rﬁbq , tohere tha jmcﬂ'na. T naﬂmj dut
the jr“"bfa on ¥ (ff.-t.'l'«‘() A And .S‘t; s the n?y—sff‘fd“

2. The fs‘émﬁ‘m
'r.')g_ ﬁomomay}mm

H*(8) — H*(&*"X)

e H'Cpt) — H*(X)

Thua H'(x) has a natural H"{fr) - module structure

F.mcfonhd'ﬁt :
Given an - map 7{ L - spaces

fo x=y
ﬁm the fmaf
ExtX — g oxty
te, x) —— fe, fro] .
T=twvde. Have commutupre  oiwgram

EL*LX — E“A =8 Jn«e.s & Icr?, 3mc{e¢



N | I 1

N . T C R

Ann’. le g ‘jmoieﬂ( ?‘J‘na_ ;(ompma?}u.]m
Fo W0 <— Hy)
th & ale a HY(B) -“‘HL(/’H ~ modulz 'ma/o .

. Sfeu‘:J cahe j )’:ff‘- it
Jt H X — fl“.
L L
Trk.-_ EI..J'X —3 E.a ff' '=BL,

$* HL(p‘) — ffx)

Just the one consifered &35.«-: _

]{- egm’var}‘a nt hom o@; 2y

Thy s The s/mcx

Ly, L
HomHL(f” (H', H (ff))_ ~

Than pny L-Sface mép
Jc ;X - )

Tnolaces

- L L &
Fa: Hom - (1, Wig) — Hom ~W(M o). Kt )

ﬁi restrntfron Aamomo;pjr}m { or the eua/umﬁbn f e),
This is the Ma/p
wix) . H) — HYx)

snduced bdq. The map

E.x X

> Eox"X |

Tha & a E\-\n‘ly_,\/lh\ ﬁmdeof 2 —n'r(r), Aomom?ﬂ.«sm.



r ang L—.rfmz map f.- X—=Y, have commutatve o/:?fmm

Ko 2295 goex)

£l T

By 2% oy

ples

2
3

I:-E{'

L ack freejj on X. Then
H"(J'O — H’{X/J-J

M: Have The ﬁffwam‘;- fl“u- bundla, with contrachbl fhz £ .

E«'x «— L

X/
T HYX) = KB = HY*/A .

), L acdk ﬁn‘w‘i@ on X, Then
KO = Hgph © HY(x)

Tof: HQVL’. ELK'-X - BL N ‘x

2

g

Progas;‘-ﬁ'on : Hove  K°(E) = J‘[A; J.

M: For )\G*A:, cﬂﬁne

. T =¥, Pler)=e™M | heha
jf C s a ’or:‘na/'oa.f T —bundle , 0(0}‘ ]Grm the comffch-/lm
Sundle .f‘fE A EJ

(et.c) = [e euye) “CT. eck, cel
Ther meap,
A G( Ex,C) , The fm" Chern cluss

\ji‘voi & /mmoma?idm
Slhs) — K (&4

In )parh\cm’wr, take E = Er =Ex. Then get
SChE) — H(Ef) =17

One can then shoo #heat ths B an Jkomo?zl:.sm cf

gmdeo{ n‘rgd jp ..I\C—A: 3 J‘t"ﬂ!ﬂ 6{?- = 2

&



gecond - moduls structure on  HT{(7/r)

St Fu = Er = Ex. The maf

Ew x7 (Kfr) —> Eufr: [e,kT] — ekT

s another n‘?. Aorﬁamorf}urm ’ which we il denote 1& 7R

reasons that wif be clear mext vime:
T : \5‘ E— HT(K/CTJ.

K3

(-~ Tw , NG tha ‘fvje'ﬂ)?*‘ Oith Tha ’Ma/J
Tn. . \5 - Hr(KA')

Molueet lg KT —pt,  will e the Sourw and -Afgd‘

maps j;r #hx Ho/vf aérérom( Structure Hthet e Wil

on H(x,
oz cess next lecture . X )

'\SeK E.f\; f\r~ ey

2,

Jet
S Ea wfu = Tee,ercexe. ax-axf
C Lu x Eu
IF 5 a (KxK)-inv. subset of Lux&. Sha Kads o
Ew ﬁse{y, we have the r‘denﬁﬁ(m‘:bn
| = ExK. (e,e) (e k) ifa:za
-mfia’er' thiz f\s(em(afraﬁ'ﬂh, ‘e TxT achon on Eﬂ} &com
the achon
' TN <
(ea h) L {e.f—., + }2!“-)
f:f T2T on Lux K. (eag o check fhu:
i, k) 4
fe, k) v (ei, k) — (at, ahb) — fet etttk i)
— (eof‘a, trke)
Thas we have
ELfrxr = Eux'KA
Tha, mep EurT (k7)) DB/ Te.krl— ekT  now

7 J\“H the fﬂjer.'h‘m ~frons E.f"/[rxr fo the 2nd ~facte &u,

Thiv ot b 2sedd 7n Fhe  nex} leclune .

VZ



tf-to

osihon . .o
Hen » Jor a:_:y T-—syaa Y, we have

HKTY) = KUK & 1Y)
where the S-module structure on HTRA) 13 viw The second
h\g }lomomorphﬁm

s S — UKD |

(The =i S - module structure on H(y) = 7he wawal one )

Gonsicler the ﬁ”oﬂ:‘?« commutative ?uare.-

il P -
STy) > Lux®({KaTy) = BaTy | [e,tk.wr’-—» {e .tk 3l — ek, y)

j, . g[ [ .

K<Tpt) —ﬁ:‘» Lo x (KT pt) (e, Ih.‘v”]r‘éfe.“, P,

1 i Is

"(5A) Eu/r e, k] [ek] = len.pr)

.’

nofte Hhat BX: S—HTy) 5 the wiued homo. (incluadd fo yopt)

p ‘blf = Mk S.._;.HT(J%-) 8 the secondl Aarﬂom;a?m‘dm .

Now since The Spueaz T commatedre, Je. epr=§p.

MEch' a r:‘nc? f,omomo?ﬂnm

HTIRA) ®5 H(Y) — HT( KxTy) |

(:.uunmJ cvwn £l

XOF s P Ry)

To show thet tha p an :‘30ma?fu)m, e f,,,+ nobe  Hod ke
Jbrebo P her fbe K4 ohed B 4 Clu-corples i only
even dimonsi . Thes (-:rﬂg——HrmL- lera(j—Hfmﬁ Heorem
dells ws that  HT(k<Y) is a free mocdel over #7v) ok
besns Coming Sfrom  HURA) . BW The specexl case of ) pt
sags that FUKfr) B 4 free § = HTpt) - moclelr oL
basy coming fiom  H(Kf). Uing. & basn o H'(Kf),
e see Hot The msp

HT{%%) ®s HT(Y) —> HUK <TY)
3 an lli’D'?Td}?JAJEI'T'I.

Va



o The map St .,;;l;;},;;n
E: W) — 8
snduced !3 TA s ' K/t"

15 cafled +the _Cﬂ—unﬁ"“ 'onae

n For arg K—.Sfaot X, the map

By HUXD) —— HT%4) @5 HTx)

tnduced !6‘ The “(——maf)

M KxTX —— X [k, %] —kx
te. »

L&, HTIKTX) —= KA Tlx)

s called the co-module rncp

AL ’."./9’ HT(x)

st'Hon

on . Erand{ K—.}uaaz X, e have

(E & [‘0{) - &x = i\d { HTx)
l'l'l-&l
(ﬁ'?‘r @M) Ay = ('\‘7{ 904) °ADyx ;

H) —> WT85) @s W) @ HT(X) |

wir

Iqbﬁ‘m‘fron ; _{[ L’groupatq scheme (%.8) const _7[ froo
.S‘d)em&s ‘g’ anad ‘f and JGrc mo:)ozyjmj

R, %. “56"_93

R |
gy
T{'j must .s*a'f-?ﬁ:

[ SR gt fibre proce
— Xy n.'ﬁ':: fo P, ond
x — errs  Fr)

7?‘-"4? = "Yj—f,( = Pﬂ. -P
FL"I.‘ T Pa ;Dx‘i-'"'PL
Pof = por Peopin Rovp

MLy, £op ) =y

Ao lhep., dy) =iy

Melidy, c) = 0opn el ily)= PP
A (g s pi) = poo (o xidly )

s These mmply (0 = Mey

" If_ﬁ;.?;ez)( and d’-‘—‘?ecs‘} “the n
GG = s (Rx R )

. end 7[ Lechine
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e D Rederson___ Lecture 5., Fab. 25, 1971, Taesday
|
!

Rl the concept of a gropoid.

_ f zmq_:o:}:( s.a small cateqory with ever mos phuzem rmverd bl

_..M-mﬁ%ﬁﬁ_é@.,ﬁ‘!:-jf."_”/!._-'_’l?!'f‘(‘y‘k9{'.__.‘3, space. X Then we can
L fum a growpoid (G, 8D, where £2X. . _
G ix g p. xgex. aspyf
. mufﬁ{‘ofa‘cafﬁ'am s grven lbu _
(x,8. 9 (X.G.u) = (%, g4 if &
Source mep L
G-, =89 ~— ¥
'ﬂ:ge} map.
5‘57—:,5: (x, 3.5y = x
Javerce nap -
G =% (g /() 3 x)

Units :
S-—'*gf.- X — (%, e, )

An_action ¢ . Lx X —x of ajm?vazf scheme (,5) on a scheme X
S with strachne mor/w‘mm Re: XS 93 ome such thet
@O el k)= Poldby r )
@ TPep =P P here P f}»)c -—ng‘f, Goa) v
O ¢ '((e'?d* rdy) =idy



e Lqraugo:b( Scheme @_ﬁ = §pec HTIKA)

let B be tha priveipel K fand thes als 7) ~bundle

_r mzi,

et .

m_ tmes

e

K"=Kx--k}{ n pimes
T = T e

L

- .‘.I

E =T re,neyen | ax

§ -rakfea

B

As a subset of &4, the st £ % shvariact under fhe K ~dGetim

fo B % a precipal K% - bundi,

G S ..
8" = P 7"

Then it i3 30'57 ‘;'D- Cﬁer&ﬂmf .8[” h a‘jmu'for\c{ over
BY = E/7 =8, Witk .t J’S//ow? Structoe TIaps s

( Tfn) 8 a ',;Jf.qm"renf j’ 7‘/;:_ coarse Jmfoxkff E =L over E)._

n -};‘mm

__ Sowse_ancl fﬂg‘iﬂﬂff__ .

- e, el — el

P: 8= E/r — EA' __'f _

P BRE LA o s lew ) 2 a)

_..c iden

d ohbgonal) . 8%ef —5 g™ . [e) s [e,e]

t (; ’ﬁ"nnyo:rﬁ‘m) ; 8"’ — E"J . le, a)]—fe., t’-j

. ?nw&?h‘cd‘an :

il t 3
U 82« 8% = g% —s

s

F]’S 1+ »olira Fhat

)y

E, = Lu~K

%
{e.e) — (e, k) f .= ek

B’M: (re., &}, ra, el ) —le.,

Uk now pul back all The abone struciune méps on cvomp/{-EW .



5=t

Under tha ;‘afem‘:)"rcaﬁbn, the T achon on E) beomes j o .S‘o _we /-:a,wz 'ﬁm_ ;cfen*flﬁma‘wns _# _*___h___‘__—_
{ S R N L
(e k) == (e, k) — (&, Gkts) o g E“xTNA-
— (e b, et tikt) S B o ___@_"l = FuxT fk «Tkg) _
— (e, bR t) N anu SN RS
| M_._uae. Jen‘_an__mduaﬁf_aﬂ'{ dlerbifieatbon. H 8"") :‘7“ HTLKA) 3
BT = meTkA T TR = kg -
b QU O] T (€0, RTT af Q@R ‘ = glR) ey Wiy . (e et e
Similarly, we. have L where e [ut Menbfechin % che b o genercl fuct o
] — k, '
g = E- kK nK . (e, ak, ﬁﬂk-)"'"(“-’u ki, ke) ))ron:d fast e  Thed ﬁ Gr‘? K - Space b4
N aﬂd B, - A--—._......_-..“-_ - e m m e . . xr - , . )
(ob Gk, ERt) == (et ot itk b, e b TR G) | T (kxTy) = Klsp)os H).
‘ el . . . wz a{.so }'mm
— (e, ikt t1ht)
. ) H(8") = K (&%) =

Eﬂ) o= &x’\}(\fm (E“.x Kx)()%}

. : W,Mﬁ.&, Tha /DL(//—bRC&S on w/;mof'%fa. g(' all The Strachees )):?DJ’
where ths T’ action on EuxKxK S .

‘ ‘j:ar ‘ffujrmf m;‘ﬂ E? per 87 ne fhe jroa o:}:;\a Shreefiie
['El,. k k ) (h. ﬁ fl) = (e: 'y t'-’k; £, 41 k' 1!_‘) f j /;»
on Y = spec HKT), Dok

:ﬁtf‘ (Ecrkxk)/fpP = E«"t(ﬂ(""K/f—)
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imma

e St B HHXAD,
_ﬁen..,.;fmm.a _—
- pi BV BB . fe.e] o el

PM_B{ D = B2 Je,, e,)_r— [e.]
A s Rﬂ] — Rﬂ\ - {)

— Jo, g}

e e b B gM - fe, &) foe)

A gm — g . le, &, 6) r—le, 8] .

et e e e
J P. Y S8R

Mec=pt SR
E =d‘: R—=S
=t RPR ...

A'—:/Q‘.‘_-',,.,,..R — R&R

heorem . 7719_ aLoye. 'maf: T, ??;;, E c ana" A maée
("EC-J?ecR, A -S/aec S) mb aer/oazf scheme .
Mow over,. _af X i .arg; .K.-—.?:acz The ma/a
= | keTx = x: arJHkx f o HUx) = W6k )i )

i 7‘he cami-os:fwn ff an af:fwn gf ('@( ) on S/‘pe.: Hix)
(asmmu Hat  HUX) even)

|

|
S = W) = g =0 |
|

1 s/

N Characterishc ogrm‘ors ,
(Bt A characlerish. cperator for (K.TD 5 cx rule thet
... asshns b each K-spaw X an H'0) - linear

_endmorpham -y, Wio —HR)_such Hat f
Fo XY 05 & K-map, then Frod = & F"

Remark . when K=T, ancy HT(x) ~ lmear eﬂa_f?@q?w{dm 7f i)
must be a mu&flsraﬁbn t}perm‘vr éz‘ characlers .
AR B .mizj +ha mame characlerzhe c}aerm‘ar:_

Faect - The sef ﬁ ?f all characterishe c;aeral‘m 3 an

-c\l‘/?eém..

Defimition e say that a characheriste operm’ar A 7‘ cmpicct

support 3[ thewe exidfs a com/Dat'f‘ Subsel Ko < K
whrch 1 T- stable such that given any K ~spac X,
a T-xtadle subset Xo g[)t’ and on eflement 2EHTR)

vamzh;‘? im H{XGX,), Tha element jﬁ,(zo) must vansn
i HT(Xe)

FRemack . In fhxfm‘!e se, can +ehe Ko =K anel ev(’g characherici

ofoemﬁrr i OOm}paq“ :
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_a-'f)"‘@f'_:_NDfHﬁbn N
4=

f (75 compaa‘ Suﬁporf-.
FP@WWM : Flrwg. characlerisihc qum:‘vr Q@__and m? ‘ :

e Kzspace X, _we have .
- BV E () s T H ) — W) e HTk) | -

¥

e have

-

Corolla rif -(_ For a0 charactnsbe a/perm‘vr a
Q=0 (=> @=o0 on HIXF)
S E2q 0. & Hom ( HUNE), S )

. leaso s ATH) S, Then dr any K-spaz X,
(eoudyvoiia ~ (lewsn (cesthact
( by Propesibon )

a IONIHHT(KJ .
(g@ )« (awid)os,
(& ‘a_ﬂpf‘o“) ° Ay
=0 .

]

i orollary 2

#He S nsu@eém o ) VCWI*"SJEE&GB}E Toperators [T

]

t

A _has no S-Aorsion._____._ ..

Pre _*jfsc S and “ac A e such Fhat
sa=o.  and _aio

then for omy  ze HTIng)

0= (425561)‘(5) .='E(5(a‘é.’) T
| =98 &faz)
Gut sice @ (0 , we hnpw g( Coraf?a? [ thsr Eoad

E@)%0€l  Snee § X a

S0 I Z%0 st
,TAM S0

}:ojnommf fﬁ"'ém/ At hes no  S-Horgen

Tha showss that ___F-i has no &~ forsion

,Com!!aryi { acldeo 9 me ) (ﬁf &"mﬂafj /),
The acton af ac ﬁ on H(x) s e;;ores;eaf z:.ma
Ax:  H(x) — HTkT) &5 Hx)

and  1he map  EeQ: HUKF) S ?f
a o H00 = (ga0id) a

.Remmg.- Showld think {J/ A or the dual ?t‘ Wit ) é’t
A £ B~ Hom ( HIBF), S,
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Intfegraton_over_ The_fibre

Assume 4hat P: E—8 3 a j;‘&mﬁ'm over a Paﬁémze
wnnecfeLﬁasLﬁ __aith. _bo€ B lat- F = pPfhe)._

Bo_acb_:frmmg. on_...lf.(FJ..__Jmf.a_é’_ﬁ joaﬁiw::e conne.cfeJ;___._.__
_,L{ba._ueaﬁ..homm‘op} @Pﬂ-ff E_i _ma‘fs/oendeat_g" 1he_chore, oo |

Then  ve have . ,_.a.rmmifg MU F) =0, for ron.

Hom, (H"(F) 2?.) — Hom
_ﬂCngkd‘ iy

obtaimed o4 anﬁ'ou:. [g w.-‘zg; the Jerre .s;pem‘ra/ .re?uenr.?;

His)

N a)

ey g

LR s ) e
Remark 0 7hs jurf“ the, . ftém‘:":/y
2 It . Jcndm‘a/ over /owﬁéaa(’.r
NoR. preaereed cortair) MLa)-er' Viatory .rgé‘dence.!

4) Can dlo thix ﬁr,..refaf:‘ve a:v/:omo[w ar el

map When 5—-/0*

Assume Hot__

(H"'(E) HTB)) of a’gme -n ) T

£

]
]
i

H“ﬂ-—zr} iu_r_u pr:he_pal X- Jmmﬂe £

If E s a ’pnnc{f)ai 7~ .&und(u then we },a.,p a ,,.,9

e 4 -achon o

./wmmwf’r%m
ch. § — H""“’"(sm . Ju—-» c (a"x—l:'-*rtf‘e-a)c HY(E

“We call it the  characternbe homomorphim “’"’J the
L

‘ characteri3fe /:omomo?fu‘.rm, -:.Je je‘[‘ an $-modulz Strurch

j on H(EA).

8 Z = hfs) »

Now assume that E i alo a /on'nc«;oa(’ K*bﬂno{f&,-’:

thus alse a T-bundl.  Then we ocan wse tha  K—acbs

o dfy@ne 7he ﬁ.’.’wm& W~ achen on HT(EF) - _‘){w‘ € fir,
' Ww-z = 1*a
_ 1where J: E/‘r — B wel = ewT, fecawse.

' if tha ﬂ!owtj besie ‘,Dro/Jeri‘:‘g j the characlenihe nrap,
w" cn(v(.\) = 0 (‘-J*af-}-) =C|(‘(~'J-A) =

. e W chin) = chtain)

ake Aavg,frranj weh) ad Se§

ANy =ﬁ.:-:) L
O (y:ernﬁn b H'(F/r)_ ner‘g@n’ e have an  ackm
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__ﬂ the Smashed 'pracfuot" eﬁe‘rﬁ TwWe=S on H'{E/r)“_‘_m -

wﬂfdn hos fibre Kij |
orentehon__ T ¢ Hom, (i H.(__vﬂ,.-é_)__nam\eﬁ e Jﬁm&m:enﬁo{_ oyl .

Now _-for each 1¢1, Con::‘o(e?-_m:lre dundty
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let A be the wil- }fecke ring o/g‘?aex{ {v:g W

Lb“ d‘f ind - "t .t e an qu
Then e fove e cmﬁeda’ng
d . A?‘ Sr— g .
A e A4; rel (ide)

Recali +hat rf ¢= w«';MwwHk P T, Fthen e a@‘m
| A‘;v = 0 Ay, w7 = A
o= ¢ Agv
(IF 75 not obrioczs hes 4o wrife Ay mierm ‘5—’ T, '4"")'
Defne 2 ring Aomomor‘pju‘.sm

ev: "{'I‘f — 4. ev {s E"\‘l Lihens ,&,{’ powin.
ev (A(“;);‘ /4‘(i‘v E: of
ey (Wén) = w

Tha A ue}l—o&)‘;-w?.
Tha 'émbeaﬂ:ﬂrg. A — Ay s a sechon g- ev




JOCJ 1‘&&}1{!‘)%
\RK 'ﬁ’ aqf /Pg

e see that 9NK 4 4 Kac—Moan G/P, so we haw all
ge Slicussed !xﬂcu, m-me((};
Set W;.{ = Mf
- hr each x ¢ W;,F, lmve J’cﬂuéerf Van'e@ Xxﬂauv{

‘aclusion - N

Iy : X, —JK
v have Schubert beshs

Ox' € Higoo (AK)

G e HH rak)
Gy € Homs (HT(AX),S)

oY e greax)

" /'"59 ]C" Xe W&f-; }]ﬁl’t 7{_‘:1 @HDMJ (HT{J?K),S) éf
prssible fhet  YE =4S Loxay )

* Have Aaf - modide, shuchires on HAK) and  Home (HTK), .
In e Schubert basis

&
-
Ac- Oy = f -3

@ Dtheri €

_sf x4 & h};f Afxl) =0%)004)

39{'11.2- H,.(JZK)\: \Hokﬁ‘k"(wk*y = ‘S‘-.y)an d&l {O‘:f xe

S Homy [ HAK). S )

In our sfecch( tese ot banaf. not ané &> e ,(me a“_,_)%.ﬁf_-_,;‘,}

ba.Lt..fm; JAK o G‘q{/g‘f Thaas AM-&

hiak) — b Ay

Next ime, carife he TIPN {’7, ‘,Q}':} , 7& »C N‘; oo _/ﬂ'ﬂ:;

underthe chove cmﬁedaﬁg; and Pledfy  Hytax) o
o subalsebrs 4 A .

- oA Leethnc 4~
0n Ld,v}, n“f_P,sz f e 1C 4



2=t
Aéout_ﬂ and Wag /W |

il Hhat Wa} = M;:o s the set jl" minimaf re/ore:en-:'aﬁ'ves

+ha coset ‘WQ Wﬁf/w'pa = ch/w . (Wfd=w)

XEWey =X <xXE el (r+e)

& Xw; 7o V fET.

te x= Wity Then,
XKosdy 204, w0
=w. (w +<h,w>8 )
O 4 VAR Y
XeWaf & weortch wnd >0 Ve T
& <hw> 20 and when b, u>=p
| must have wol >0

& hes afom:‘nanf and 1Shen Ch, =0

Mt have w<ewn

Now j;»r h domiant. set
W, = t sa#jroufa of Wjenem’fed %(

<Y;': (L,d,‘?:_ﬁ?
= fUEN: wh.:hf

fet Po= BWsB o8 pma&&‘c_

Then  Wh = Wp,. G@ﬁﬁ A !@Gk, let
Wh = WP" dbe Fhe sed ﬂf—mfnfma»{ W)D*GFG"M@
% e coset spak W/ W, , .

e w" & W <y v re Wh

§o' W ¢ Wl‘ = For each { o, <h, x> =0 fave

< ry .

Ths we have Prwe.d

Wa} = {u{;_h : h dominant (re. <h > z0 W
— and we wh f

= f‘df‘—l\ : h dominaut and 9? <Lﬂ.'f"-§lgﬁ-

167 st hae wop >0 ]?
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he map ;
Wﬁf — W«f /W

Wt —y Wiy /LU
s j" course o .bje(.‘ﬁbn.
Jou) anvther ?mufe/‘ﬁ)- w‘f/hj Iy P;— (QV..
th — -t-h/w
1 offer words, Jﬁa each coset Wc.f/w hes @ umf«i

anslabon  element  +o o St nqmeé,

w"-‘-h/W = wi--ho"/w = f—u-l\/w

{7795 "

® each coset Wi/ W has a unigus minimdd 2epresenpoe .

& %A cosert ir-ml’\/i/m/ hes ikm}kﬂ @J/ﬁ‘zm d_{eme-.ﬁ'
B QA representrine

M, —

@ Lt xelUg. Then x if the pminimed re/wwm/mﬁve

v the cosed x| We knod Kot KWfA"‘j{%ﬁm

=I-O|!'-l-\ there A ;3 Jomc‘hgwf— 3 W [/L)Jl. 7he ’![fan/ﬂ;b'?
emant n e cosel X towl, s wton St

© When h 2 dominant and regz(/ar, we have
wit-n € Wy
ﬁrqﬂ el J‘o_ﬂv‘ a/ﬁmnf L;:QU(; W, Fhe 7(:9 !%'it

elements  w, £y, v Wt e i oo dferent
coset & m w..f/w, |

® A &}pecm,f cse 3 hen  Q
xE Wq}- njf’
The 2 the. cade W e ontmimal h?ol-slsnzedvﬁ o
xW ﬂameé X ':'fw’g , comeas i Fhe Franshdimod
elemot  zepresontidin q xW. White %—*@f‘
xewba, where K A dommant ¥ wel
Then  x= bt @ WEL s feon @ =)
.

h},‘; i =-]( t3 - L\ hy ﬁfomlnawff
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ldd now caleulde -+ Zergfﬁ Lty ) when h n chminaut.

{ecall Heb «+nT >0 (=> erfher N0 or nse oo,

oy we need & See wlvj& ot d>o | Ohen caw

Ao we have

tn- (=+nd) <D
Ja t-nc (0T ) = o 4 @1+ (}.,u/))tg\

( V-2 ) p #901 {_‘..(ﬂ(‘.nz)co JC' ﬂ:o,i‘.-'-(h,n’)‘"'

[ nro o =g +.4 (ndzopkso
n>o of>0 T-h=4nJ) >0
N =g [ ‘i‘-h(“‘f’\a) N

+he oncf? cun Ohen <wmdro and ton-(wrnd)c 0
Ghen  oL=~Gco (s fsa)
N=0, 1,--- <h, 0> -}

'numéerg Suth efement & <h > =¢ h, ZJD)

e,

Q)= ¢ h, 2p> = P{;O‘),(’f"
|:- h CEDM:‘F\ADJF

-4
lefs nofre that
Fhe  sum «{w all  fanfae, £ (omri)ca/
_ %; (-¢ -G BA P 2S) 4 r (e hfon) £)

PZ;((J:,DQ + + <h p> ((J,,Q:z-)) 8)

@ ana, *i] xX=wity g Wq_f, taf-;,. GF.“WQE;\P

we  have Xtan = Ob_(hyy, G-bt)f.f and

AXE) = gy + 84) ;

@ Can prowe vl fr xsotge Wy .
jC.E.Tf o tnd>0 Je st XlettnF) = ot 4 {ﬂfcln,w:)j\ca
(‘-‘n)' €rther L2 oL - [SUEgE P anof n=s l'(__‘, - e (cy_.h) -1

W <o W ¢ o and n- La, ..

TLWES i 1PN D‘H'ner‘t.pord_g

‘E“"?ﬂxn :owiy '(“"*”r)"'}}

v = <ﬂ|’,,".)

frbnd: (o e o e
Uf’-['-i-n]‘_- C’o "9(:'-1':; n:l,l,'“([‘.h-‘

lomseguen
nseguetl Heota) = <phs - o)



Lecture §  March 12 . 1937 Wec(mo/@

Kecall the _:‘J.:’; ~actron on  Hom (HTINK). 5) :

. ‘ ) .
a Tixy) 'f < M{ Ay ro(y) = Prxy )
A:‘ O}:) = :
o . otheroike
wWe e =
* ‘L £ tite] we W
- = 4
3@&1&
Hy l('ﬂ-K) = J S ﬂ?fj
X

oy e &-\?an _/_‘J‘f - Submoclels j‘ Hcm;(grm&),sj .yaane:{mr-ﬁ ?

{0 xe W«} I Pr  xe W,.;, set

Fx = J‘etw;f JOj;‘J
Yo
Then
ir: X, —aK
IveA
g Homy (HTZ2) s) 5 F,

Hom: (Fx, 8) = prygay
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@ {10%. tep, tsxwe| 1 a free $-basis for hadse; F

where  Frac (s) = the frackonal el 3
AefL (0 the moncnsd "ﬂ ;«; Ay Qﬁ.aﬁ. o fﬂ}(*:::j‘d‘.n-f-p in:fl:\.‘.'.{eaﬂ""i.

@ JSet -
L =[a W‘f = {f-x‘: J’IG__A‘, a.’am}r.al:t/
sze gnd § legjuns P o s ST T
_— § f =
Zf s K- stable , S0 e 5 an A ~sudmodid { HelAK)
< O € (H@KIIS e Gy B A - saveriant
BRoe

To show Hhat X: B K-shbh_ it g enag£ o Show
Pl RER < B o tas &P,

But Sor any o €4y
tu-ol = a+<h,xoY € A(F‘i/bcf) ("t-{»oaf-lflﬁn)
)h'b'ﬂu..k =) -i"‘ﬂ-ff'?. =D X‘t-? B K-skbbh = P d-h.’umod.fﬂ—f-ﬂﬁ)

}TL Next, need + shoo HA Woerl Aa"o:;l =0 ¥
a8 Y bty gy

But A,-.ﬁ:‘ =0 unlevs Tite W‘; . So Jd_sg. y,ﬂ:d ¥ cho A

r*&";—‘*}ﬂ_i’g Tha 1 net f\:.ﬂj& R &ffﬂf(’. Y:‘['é' W?: &s’“"‘
Then T wewad sedafy 7 <l-.=-3'>=o -ﬁ- Sevwt d‘f-J. = naj-.».,"
Smw - Viapco , musd hanve (‘bdf' <h,olp> >0,

[ Rnk) =264, # tcnt o tict’s =2 oo
OBt oty =l oly = ot =¢h,etind , S <hedo0 =D theeto<o

Conteodipton . Heaw A7 U;;j‘ o V&-J‘ -
74

Hoet EH&&‘Q shructure on  Hr(RK)

‘Pmﬂaau‘ﬁ‘m . Hrlak} .5 a Hopf aﬁeirq over §  commutadive ane

tocommutative.

Praof (outine) and struchere maps.
» The T- egdu'vunhlbf ?ﬂw&fﬁm‘m :qu
dn: JIKR x 2K —> K
fndates the ea ;prodhu‘ mep _‘.
o He(AK) @ HAAK) —> HriAk)

Sin

m(X, ~X.) e X;
We au.l‘ud%(, hawve
‘)ﬂ: Fx®Fc — Fas
v The o&hﬁanm{ fméu&’mg
VK — K = K
tholuces +he ¢o -fmdaa‘:
Lo HlAK) —> HrlAK) ® HlAK)

Cl'wrfg :
8Fx © I®OF

, w*wmmwag( D clean . Asﬁ’ oommwaé JZ/‘(,
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one can J;‘vf- a couf& j reasons. Ome reasen # #hat over fracls)

Fo hase basis T10W. tep tsxw,| and Sl =thth <Her.

Anclher reaso % becavie Nk B a doubd (470 3/&4& Jo i

{ at lexst omﬂ‘na:g) /romafaja 3 fommudininre .

s punit: Lhd
onbipods «  CLFe) = Fuyey  Where @ 65 the elrapram
adomerpham  dfaed by

a)oly = — M) & 4o eo{o) =0

(= wiw)= weww, jn- we W and  wilta) = tow,, )

Inderms of the Y, the Hopf alsebrs Stk i easer % ocpress.

Elte) =1
Cltey = s
By, <Y O,
Y ‘ft' = 'ILH'
Yod =1

v -ﬂn‘ﬁﬁw:‘nc?, we descrite a model )Cr Hefax) .

j: Hr( K) _—"'4“}‘

Ist, we have -Hmjenem( ‘ﬁm{ Hhat f A 3 a T-spave and
# s MK x X "_' X )
a5 a T-eguivarfant map ( ok Taa’ug on AK f?-, caz,igeém

pnd on AKX X l;} e, d;t&jondf ackon)  then eadh

e Hidk) © Homs (HTUIK).S)  claogner tha follocnng- compusitm  mss

ci
—_——

L 4
HT) —— HRKI®; 1) SO Hix) = H7x).

{f ‘i{’ a@;my an  gcfion q{.m( o X, Thay fhese Mfﬂﬂ’f'ﬁﬂ‘l m:?or
dhfre  an  Helan) - modub. Shuctss o W),

New assume Jhat X o & qu‘-ffm %’ restrredm & T au
wk, 3¢ 15 both a T- spa@ and an Rk-spagz and the achv

”“ﬂf
¢: LR.K x X =2 X
v T—egubanhu.f. Thas ecch o€ H, (AK) besomes defines o

ofem:fw- m  Hx). Thy B funcdmd & X, 50 we get- 4
charaderpht. t??e’rmlm' In other words, we hue a map

jo Helak) — ﬁqf



A calealafion chows Hak 3'(5‘.} =t.  Thus Jjlo tmyud{g_
supporfed My w /o FAQf It i obvises Fhet o

a rt‘ﬂot homamor/o)mm‘ Sinea ﬂrm)() R ommubidne ano{

sme 4 B an §- maf,(?) we  howe
JlHaK)) &, (8). conbaserof s i 4y
(¢ Wy “dy m»-..&. vS )
- Set
Ay = Z, ()
- A

W

It 3 a commuteine S - aﬁéém. Thes we base an
‘s'wc‘z_!jdm_ fxamoma?}njm

d': Helotk) — Ay = zd‘f {s)

Will shaw Hhat i ) Jhﬁwf an Eomo?}::}m

. -4 .
Conngeton, beposen 4 Hak) ér:f dn K= Gylay o ki kRBy.
Move. commudatne. clivgram

é
-He (LK) - d‘F ?
9 l Egy=cocy),
Hom, (4max), 5) 'T);—* HOM: { H"(d‘f/dq,r),sj

- Before we fnd cj(oﬁ,), we coffect some Jack bt Jhe achon
‘_’f HRK) on HTG) Ao a Kaf - Space X

lemma ) Fr o€ Hiax),

{idee)a .Jfr) = o) @) 7
?rad . Tha B rouij olus. 4o tha ﬁcf'- Thet
JIK e K‘*f k — (R, 1) .

a

Now 367 arg ﬂ‘f—modo& M armf d-—mpdﬂ.& N sef
H.*SN = Mo 6i*".FN , & an _/jcf—moJa&_ Then
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% lemma 2,
Joh (meon) = ;@m ®n
4”1‘; thi3 fo the acfim map

F: Hr(RK) @ H(X) —> HTx)

roposifon +  The above achon map 7 an ,d?e. -modiule map
Poof o Br oc Htak) amd 2enTay, we hnoo bsth\adoe
obdcads i Fhat | foeNRrEX
Flor®z2) = Jo)8 7
""J{”\w‘\f S0 gc.. we W
w-Flo@e) = W j@) -2

Jn Par’lll'mldr
W F{?{-,@e)' = Witz = vt W 2T ©-¢)(w-2)

On the pther heand 4
F(w- (o) = F(W%H O 2) = Flo-(h o)

Ab. + F{"h- @é) = ¢ 2 = F(Y;-f—@?) :Fh‘,-(‘ﬁ-@?a
4

TFrepositron . The mm:ﬁ]»/:‘caﬁm maf

Helnx) Q;H..mx) — MelRK)
% an tgaf - mdf
M : ﬂl/} 3 becawcar

go' = d‘(r)-a-' .
e

Warejenem[{j, ﬂrang _&‘f - modiely M, e map
¢ HetAK) O M — M
e m — d'{c)»m

s a(ur.ds an A‘f - modib. map.

™

H’l"(ﬁ»() - Aﬁf }

Helotky = Hom, { ev*M, M)

What 0 Ha 7

[ Puges f-7 « §-2 need 4o he reconton ;—rfa@qm'aul.')
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now loak af J(oﬁl)r

Introcluce. the ideal I < d“f . (bfF Meal )
Pe Ly Ay Ae
wiM

C s The fdealj anabhelodors of 1€ Hyink) oo the achn
ﬁj' o H,-(.ﬂx)“.

psitton |
e

£

e
of :
2

——

Fr e Wy

HES) = A, mod 1

JHO3) -1 = Gt = Oy = A< Gy = Ax-l

= Joty) ~Ax 6 I

D

Ohow &b =longast- W/

NS ) As, ={Ax "’a)Aua = Ax Ao = Ax.. {ac1)

{ M+ R0p)= Pl %) holds z
-f.\ el % W':f.

Axv, = J(U::;) A‘-'u

Fr any e We . ¢/
WA,
Tra Tity = Oy

Fx Fr = Fxe¢

CFaoseg parckyte P
v ox et e W
£x) =21 £(y)

Thi 5 dee b W -Fﬂm:l M-{G‘F

ﬂmf‘_ Sinca O € [ Hrtaxs18  have

“ )
Oy Oty = J(W: )‘0;;?
a
[N
= Ax Uy (a5 =)
. i
2 Txn

) d.ﬁ.l‘l.ﬁ'o"lu?(':‘afgr J_
{ We aw sag!fy, kY 4 00F) = Rine)d ? )

Heiik) & A — 4‘;‘ . Téa d?dﬂ'

?magsf‘#m :
| 75 an -d‘f' - modul ?Bomo-r-ffu:lm. where ﬁ‘/t acfs on

A vin  ev. A"f -~ A

..\\
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2 J: Htak) = Aa % an 730ma?;£:3m,
g

b we hive a orect sum decono/ao:ﬁ!-‘on

Agg = Ba t+ 1

s an _d,.-. ~ modulz .

Structures on A,
——————— ——

+ Fst, 13 :‘denﬁf;fng,

Ad_ = Atf /I
We get an .di—modu& Structure on Ao, re, fo-ar A‘f and
a'f“du. a'arc‘ﬁ.ﬂ 12 the 3"”?“ efement -jf An
a-a' -aa'er

& dfmiben . 2(8y) = Ba = 24,00, and the achon &
ﬁ-.!, on A, B E(A‘f) - lmear

Cheoemch xe Wg. §lol) v the unigus element i A o

gsuch thed .
) & Ay + I

In other worn?;, (?'(U;:T): Ay -l 74;,%_? acton g d‘f Ay

- We can celewfafe +he action ﬁ%’ _fj,_f o Aa ot Slkos

’H—oeasfﬁon i hr S€S5, acda, weld terl am(ﬂédm
L0 = Sa =a4as

wt-a = weéan?
(F: dfﬂs‘
T=x )

i}

A‘\"a A?ua—]f(;a.A—[,v

H

Ararn +afs.
( Au.‘"a: = _5 )

The. Procj(‘ of 4his propesition i3 not Arvial . Meecd ca/cu/aﬁ

Introduce Hopf Q{Eeﬁ'ﬂ. (over S$) structure on A

m(s) =5

Ele) = .
ity = ¢7

Alt) = +EE

'Iﬁeorem. . The maf

L1

d: Hr{ﬂK)"'—) ..641

3 on f‘wmar/:/mm o{ both -ﬁ*f ~modules anof Mopf a!;eém

End of Lees



lecture [0 March 19, 1997  Led
_J_l..- :hkzm.bfe d‘f - modules .

We it recall the defmitron of Mmigrable 4 - modeles

where A ﬁ‘}f or ﬁﬁm?e' . That foas j:‘ven al he end
cf lecture 6.

An Tnteqrab A -module s an 4 -modete. ohuctere
oh Ofx), where X 15 an affine Scheme over h =peeS
with  structure Aomomm;o/]em T s & —> Ofx) SUch That

0 Sp= TRis)p

4]

vseS pe Oh)

Me: $=—2(8x) 55 an A -model ™ap
i m. Oi) ®5 (Pie) — Ox) % an A —moduls m.

@ Fr each Peltd. Ay-p =0 Sor all buf Ofm:‘fe‘fy
many  we W .

—

'n.r‘l-Hef—ke Tl‘f?a? ﬁ:r‘ e ﬁm‘k Weyl Gredp W. Then cond
({) s not meeded.

Now back +o our notation where A denotes +he &



i1
Defomition s An ;Mf?mb& ‘Aff ~module 53 éj cefmiton  mn
an  affine scheme X ower 4 =spec §, pth Shuckar

hommarfo}nsm Te: $>0), and  an __,g‘f ~moduly

structire  on  Pix)  such Hat

W X 45 an 1}:4.37:'&6& A ~ modula égg mdntﬁ:é‘
the achim o by b 4 ;

Ay oma () de (}fx) —_— (}f-’(‘)
{partd 1 Ut £ 0 R & @ oy well)

7S an A,‘f-—m?a.

Queston:  Is ay weaker than aka& m : Oi) O Fex) — Jix)
beiha¢ an ﬁff ~map ! Th3 Seems fo de just a
different reg,u:’rement‘. So the notron o J2- Mga&&
A‘)‘ ~medule seems olifferent fom thet 7? an
nteqrable Ao ~ moduls .

et Q= Spec HRK).  Then QA 75 an nfegribls
A ~modls . % We know from Llechure ¢ (page 9-1)

dhat- M MR KW s HRK) —> HefaK) s an dqf-

module ™M&p, So @ 45 an ,.Q-m{?rr:ﬁk dgf—moqfu(g_

[0

Proposition:  /a Jl-mhjrd[v. ﬁy-moa’a& Structure on (9¢x)

1% eguivalent to v
& an ""*Si"“é‘*" A ~module, Srachire Otx) ; and
@) an A - moduk map  F: Helnx) = Olx)
More m‘#ﬁ, grven an ALI- mocluls, st . on 0‘(;:)’ 53

resinicfon, 4o A W Jet" an Tm‘gmé& _ﬁ—maa:’u& 5fr.
24} (?fx); and the 7?14}9

§: HrlAK) — Ox) . gl = gfe) |
Q:nuersefg, \j’r\t‘n o) an;P ) , The A“f -?noa/«fa_ St on L
% olafmed iy
(0"(0‘)61) P = Jlo) [ap)
Prv_gf: Asume that tha dj'- mackid. sty. on 19,29, ,}J,'ypn_ We
need o G}IO(\) Yhat fhae ?ﬂﬂf & T mn _& __maf' ré-,
For acA and o € Hrlak), need 4 show

3(&-0“) = &- §lo)
Neo  g{a0) = g(ac) |
a-§lo) = a-J@-1 = (ayw)-|



Thus we need o show
(flao) = ajw) J | =0 ¢ pi)

But we Rnow that he action of 4 on Hetak) i
charestersed !5( The ofact that

itao) - agie) e 1=z A A
wd i
Sine ﬁr arg re l,

Acl = Ao Tt =

TelA-D=0 & ¥x)
we see Hhad

b-1=0 - any be I, Thus
(d‘(a-o‘J -ad'(a-))-{ =0

or 3.- HelAK) — M%) & an A_ma/o,

amvenz‘(j, assume that e ase given an ;-nisju.bﬂr A ~modils,
shruchar, o0 Dix) and an A—rnaf &: Heirk) — O(x) &7‘;"&.
Fr o€ Hotax) and ac 4 pe P

(g a). p = Jo)(ap)

1=

Need fo Shod Het +h) Jves an :'nfgmbtz ,/f?? -mod. tfr, en (;,q.)-

fo~G

Fst meed 4o sho vhat th o5 tdead an aches ‘f _d?.‘

This must Follows ﬁm The ‘Jc(cf- 7‘-‘1@1‘_

Hr(IK) *s 4 —, d*f Twa — jma

'fS an _d,_f - 'moa{a:& ?ﬂaf‘ f’) . dn or‘a’er' Jo
S‘Imu.)

| Mm: Ot ¥ B0 — (Hix)

ﬁ an A? "9‘"00!-,!‘(2 9714‘70. 0’\75? needd fo .SAM)
m ﬁ(Oj {p ®p.) = J(Uj (ppe)

But e} pp) = J@ pp

and { Kemark cffer Lemms, 2 o Pap 3-7)
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_ L
de(? Ay = ~2) 2(3) ® e
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Jﬁﬁw)n. Ac.r oG;f/ - ey, /u,;_ G/rl ))
( Axw, = J.(OT::) A...), -‘-f,\u.. lechs

L‘s‘

= - i i .,
£ ((}(D_(.ld)ﬂ ( k}\(lquav)ﬂ b Jf"’ﬂ )(f /-]., R BV
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B v:‘?:w £ [ ﬂoﬂ)a' o_d‘c.f/’a‘f ) &“J

Pl V"J"P_CUJHINJ fwy

. =0ue
ey ) i,
- E ( d(o_;zj)x ) G‘f/n‘f_ ) B
\ (d <ewr)
= < gl
- \HR(W)-!
x

7
The jaa" Hot dha i Thew 65‘4"{ SO fhw p
i almogh 13( o&fw'i-'w :f e b Shuled b ¥ 51 feu

PM'h-—a < > .

17
1)

) elettocacdsy))

,‘uv‘) _ ‘;)
&(a{’(‘l&u‘v'.._ 0 eyg J)- Y0 )

4
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whew , reeall , @{w)=wewu, ol )} = touy =
AISo Ixa,lre
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(wte)

fo-

Ta Oy = 2. €6 3 07

Gw‘f
e g
Z{a) 140 <)

Ideals tm Hetak) and _Aqf

T}awh‘ﬁ'ﬂn '5[ M s an _&‘f~5d£mac£l& 7(‘ HefnnK),

i ) M 3 an idleal 7‘? Hetax) wheeh s shh
under 4

2 N A =Agm) x oa o —sivleof iefeal -
A

‘Pm;f Assume thet M s an 4_44,: -submoclule f Hrink)

Then & 3 auloma A —stable ff g HelllKK) én
meM , we har
gm = (,'(o-')-m

Sthe M 13 .&-j«—-séub&, =) fo)me My Domcl”



Hene  Mc KA K) 75 an jdeal.  Now St and

meEM
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Today we .sfud# curves P — G/p

A

Fact. Since G is projective and thus proper, e have
Mor (P, G/p) = Mor { '\ faf'mi@ setf. 645' )
In Part:‘m!ar

Mor (. 6/p) = Mo (¢*, S ) (cf*w'\fn,w!)

[_emma let G" b¢e a Lnear aﬁe&mk group - Than eﬁve?"{ Pnhc;,ba/ & “bend b
over A'sg s trivial, so i adnts o sectron

f:’"_fl_ W.L.0 G., assume that a s connected.
{et G'——nf he @ Pn‘nc;'fdf & -bundle .
&f
let B'e g’ de a Boref s«éjmnf ff G, Then have
bundie EA;’ it jf‘sre Gfgr  which afua‘/qs ackmits
A
o rational seckon. Sinuw Gfar 5 proper. we adung,, have
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Consider the normal series 9" 8
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A = (d_-" muﬂf)&hﬂﬁ’lﬁ)
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X
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= Mor (€% X)
ana'
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A, et woweW and b hoe@”

{{ ae 3:4}‘ wioth, (8o ~ qu wh tn, (B).

e b= T (3) € MortiF G)
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Fu [IP') = TWylhy-hi)
¢'[°O) 15 8_ Uf’B
Pl & Bw-B

& We have fwo diym'nf- knlons,

G= Ll By x(8) = 1l By (5)..
‘X(—W"f JGW‘f

Here, recall
311' = f 3¢ Mo (J'P‘\!‘oj’ &). gtode 3}
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$lt)= J©-8 = hit)w,-8 teg”
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J: G/B — !P(V{-\J),. J'B p——»@g,w
and NE& H(6B) 5 the pueltback by T of he standard

Jenerator of HPVRY . Thus
CUOPY. A > = the degree of Jo¢. P — plvay),

Usin :
¢ 3&) = beym ¢ a ) te C*
we have Ak
A m >
gm-b:f = t a.'\ Autt) rz..-ld' teg”

S0 in arH( chosen AomUene.aa,,g cpam{'xzm‘u. We san e
. Vte)d
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where  each Yt e gfe, 1]
~<A b > and P aé.free. <A, hy > ocars. .S}m'/ar/cl}t,
using thes fact that

tn(B),

30 8‘.‘} W
We See that the minimal degree of the L;rf)i ¥ ~CA by >

Thus
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‘mm.a@ - min. c(%e

dedn.‘-& 1?{ Joﬁ‘
':-’\; }la —!’lp--'«"

Nence
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=

&Pl = h-h
Tﬁﬂj‘m'-sfr% The Fro?f cf ).
’ rgc_rf oi (B)_ Firsk assume e have the wnions, e ‘
= 11 Bex®@), = 1 g, 4(3) &
x(—l\]‘f ..'j’:"d‘f f

We prove the aﬁ:\-}m‘nf'nm. So  assume
a'f- (84} X (E)e) ” (3‘}/ X; {E)O)

Then  abo ge B‘f p (5).
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Then %7 (A),  Fhe curwe Ti§) = Ja{fsﬁea
ha- b = b4

®lip) =
= h=4". Also 96{.:.3) EB-U-B B w'a
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Now we need to shaw

T ) 5.
A dcu, B 7 J(8)
Siner I‘Una;‘ e ch.[ denem#e E, i+ .:aﬁres H Shows Hhet

e B d By & shably under the bft mathpleaton by

Je I'U"(f
Uiw, v ré .T‘)t, Ckadj oK 3‘;7 (. CB;}‘, 0::'] need
4o show

(Ver \ 11 .)y;”,.ﬁ?' y(8)., c J{ﬁf B §(B)e.

NIN-O ke kﬂﬂ-’:
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Mep, . = The variely of ali ¢ € Mor (Pl 6/p) st

L) =C
ftec) € 8. p
P(0) € g w.-p

DN a smooth jrreducidly Van‘el‘y :_:/‘ dimersion =

WA, W ' :
olim Moy o = Q)20 + <z, ¢ (TGE) »

Cg?iﬁc_‘,:_ff‘a_n_ 3( ﬁ-:f;;:‘ -fv. ‘.F‘cﬁgéen‘ cells ,-_a G;f- /Ba}f :
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an -‘-'{ x& Waf @‘:AT,

'X-(‘c:o => :t.F:-o

So Wd} s as ._‘:g(we the minimal coset refare:enfuﬁma
of Wa,i /wW. I i easy fo  See thaf
- +
W:Jt W, < qu

where  Wo ¢ W/ 13 the {ofjﬂ‘a!?" eleme i f W .



i ‘/'J-.f'/.a)

So 3 hef w. bocl),
Fit) xt) = 5le) xdt) f" bolt)
oYX 6 b th (G |

or

Ex € Bag x () o B s %),
5 1he a’:r:?jwhf'ﬂas jc Tha mnien

G =.U8cf x (8),
Xl’-l\],,}
must have +n=id o bye(B),  Hena G Gh =" &

Thiz shows Thot §a 3 J‘!jedr‘ve. { Te fhn .’.‘i?dmeu'f‘ YOI
enoush ?_J
Ik, bt -

Now .saprase ?&e N% Talbahi) - et [?(- G b mg; element
Such thed _ﬁ;w') - ¢ - Then {‘,{. Theorem (B), There
mast expt x/ewty and xlownth € Wf e

Je Bpx BN NBy xS Xa).

Je Ba %/ (&) ~ By ()
[ﬂ" 3: 3’{-;‘_‘”/
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1n-le.t
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o ; f-pr X = Wi € w.c; . AGVC

rave lll"l

e 12 Lix) = 2 _fr)
where  Bix), the stabk fendr#; 7‘ x, 13 a(eﬁhf’a{ﬁ be
A (wht) = Pty 4 <ap fh >

wrem 3 Let %, = wita, e Kasliban fe tn Waf-{ Then it
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L iz
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By %8y By % - By % M
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= oim M™™
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Thus we have a’g';hea( A map , for ang K=t , xs=wil CU

W, Wy
G/‘r ."..B !hl.-l‘l )

—my,

H Ba’-: % (B)y » Bg_f X2 (B), —> M
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> Ex-B-8y.8 ¢ & X<y,

Reeall last (ecfw:e. : and in his case , B.x-8 53(1 ‘B B oa mn-.s::réfufar Trredhci:
' me.  varel dimensron = L) R
The facé Qﬁ; j \7L :
G = L 8o x(B), = LL 8y 4(B), " & In onbr 4o prove Theorem 3 stafed af e E’M(f lost
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{1 BGJ( n 5 8,,} x C(E)O
an = = x;LI.IJ:f B‘f x Vv :3’-35;—._{ Bafg v (27 X By X7« Baf e x(6), x

(9 Bop % g‘if e B?cx {B)o
Tiwo o(ecom)uaafﬁ‘ans- ﬁ omy Kac- Moaafl{ group:

v xe W (of the K-M group i guestion) 2 J

0) U-=(U.ﬂ(’f\"8f9()) (U- --(‘X"B-ot))
) (Usn x8.47) »(Bx-8) <> XB6.-B

(") (B~ x1Bgx < Buy
(') X (B)e X7 o qu S Bnr x-
(3 BZJ' x[B), c Sa'f X Beg

M The esm'wknm between (0) v@) 1 clear because

a) (Uq.ﬂkﬂ-ﬁ') ’((S.K-B)n BJ‘B)L"—;XB.'S ~BY-8B (2) S@s Jhat ¥"J( Gea gnd xf<o Shen B 20 .




2

It & ako clear fhat (1) e?:a'wr/enf‘ fo/2) Jecause x o xtz2)
Now assume (1)  we wamt fo prove 13). 1t & enocgé #

h
ohot ﬁaf ‘xgtf < Bc..f -4 (E)q.

lﬂ' KLC-% ng_ LJH"E 6 =L| 53, mjlerz
be Bﬁf"‘ “*Baf x , he Baf ‘\K-lﬂq} x
T’leﬂ Xb= Q(L-Iu=('xb.x") x by
Hey 'Kbnx"GB.,j. and b ¢ (B), EJ 9, Henee 71‘56&1( X(E)a_

This shows ot @:J @J)l) ((=J u)) =3 . New asume 3). e

wont o prove ).

fr

Fmgosfh‘on 2. proxome I/qu » Fhe fwo maps

i Bog X.* Bag —> B‘a} X (8l . 6% a8, (5),
¢5= 3#‘9(,-(5), —_— F‘f""ﬂff-‘ 5 A (EJD"'—*" 6+.‘I;'&):

are both well-defined. Moreover, thecr rustrichons 4o the
ﬁﬂoaarhj Infersechons give ﬁomorfﬁs ms that are mutrally

fnverses 5( each other

Ba}k‘.'Bf}rnB,:fm-Bff &fﬂﬂ*(ﬁ)."&yr_ﬁ'a'(ﬁ)a

&

'Pﬂ!i . s weff—o(g‘?ned becatise 8;.} ~ X Bag A7 < x (B, %' (1 1aF

¢ is well ~ckfined lecause Bap ~ Xi (BJo 27 € X, By () in't
Since o Ks Bag © By Ko (Bo " (3) 7o Fhop. 1), we have
¢ (8«} %, '&'f ~ By X 'Ba{) c 8y x,+(B), n Baf X, -(8)o

In more details, suppose that

m.=$’*:-8¢f 267K Bep € Bof K- B ~ Bop X~ Bep
Lhere -'r-c'é’.i,r . 876 By Then 2 be by 31

§x, = ptmb
Write b=b by where b € Eaf A X."Bey X, hf"ﬁﬁ;"’)\’ﬁ 8;; X
We bnow dhat b X EE

Then &%= NS Y x7) X b
Tha

"E'j dcfhf‘h‘an ’fb' ond hat bee(BJs £j ry of Frop.i.



fe-§

Fom) = 5 (B, (6 xubyx?) 20+ (F), € B Ko (B
Mearsover, f,'l he. a(g(mmn ?f Ba, 208 fare
P (B 0mn) = (8% b) K7) X, + Baf
= bt X2 by - Baf
= bty - 8 (smee b e Bzy )
= m,
This shows that ¢ R jechve and G 1 onto {wher restrried
to the lersectons) . Similarly we can show that
D ( Bef % (B o By %, (8o ) = baf 7 ° Baf " Bt % - Baf
and  h {(Hhiima) = ma for € Bg % +(B), * Bey K (8, . Leds
write. out fhe obtads again. suppose that
M= b (8o o 6% -(8)s € 8 % (8. ~ g0 -(Be
where ke By and bie by, Then 3 bo €(B), st.

B x. = bx0 b, .

wﬂ‘)(e be = bibs 1ohere b€ (g)o ” 9‘;" 34; x, and .6.6@9 “2':184)!3‘: .

Then  bBtx =5 (% bi%7) 20 ba . Nwy % by € B 50’947..*»”
and bye B by (1) of Pop. . Hence  Itx. ¢ Bep . By , or
¢{m) = b*x--gj: € Go %o By . o ofher words |

b (Bep % v By "By tir By) = By % (T 2By -(F),

(2~(

Morgover, ff Fhe. a@fmmn of ¢, we have
Gi(htm) = b (b x1) %, - (B)o
= 4" % b, - (F),
=L % - (B ( o b e(B).)
= my
This hows that iwhen rastricied 4o the infersechons , doth o « &
are ﬁomorp}vnzms omel thed- —any are e mverses 3( each oth

7
ble. can naw prope Theorem 3 Stated i Locture iU e Ll restole

Thearern 3+ fef xi = uth, and xe Wete, bo W,}. Then

we have mu.t‘urai[j Fnrerse ‘.?'SDMD?'DABMJ

W, Ly

By %+ Bag ~ L
PR By R By o M s
djrm.ed éj
T(3-8p) =T la) Iy € By sr. 18y el
W@ =3 By 3¢ Byr st T e gus.

Pobj : The 1 Juf 'T‘Forwri'rbn 2 and Fhe rﬂ-pfo o fi-fo g ¢

Comifneoq, e,
W, b

BBy ~ By By = Boyn @ “ By X8, = My o

7’
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The Stable Bruhat order ii

%
n *=

the shable length 4
Saj he@” is %t{'enfgl fl’omu‘nan'l" i)f

;Qzﬁnfﬁtﬁ '

) For x, g€ W, wrie Tx &y and say " x B < g
under the stable Bruhat order” o xtn < Ydn for
.S‘Mﬁblbn‘{'[j dominant h .

<fr h>»o JQ each 1e1

) e X=wh GM}t, a’g{»e the <tadl Z'e:ép‘ﬂ of X Fo be
| L) = L) + <2p o>

=wiy

fats vy For any weW and h obminadt , have 'xcch}‘;

» for any given x¢ Wr.f, have xtn e (AA’," Ffor .su,gﬂbbm?
C(Orm'ndn{- h.

_M C{eai{j z) ﬁf/w:f-am A 0:1/} prove 1) _yo(r:o
15 & root f:r the finite 7 Then for any m 0.
x-(x+nF)= wot+ (n-<h,ox>) 8
Since, <hiots €0, have n-<h,o> 2n >0 . Thas

a""f‘j’ hay - {+nd) >0. T3 Shoos ~Thet §f-(5-= wand>g

% such Hot Xl<co muat have oro. Thu :rr—a,a,‘;

74

Wy, W

Progsfﬁ‘on. W.I;f';.. £ W tay ‘ = M‘iﬁ Tathahi) * ‘#

i
X x

&= Bﬂ}lxl '(E}o - qu e -@J, *

?rooﬁ : We have )brovea" in lecture 1l that

i

Wi, s — _ - )
&/, st_ﬁr‘n) B‘f X .(B)ﬂ " Eﬂf Xav (E)o
Now Suppose  x, Ex.. Then = .Saﬁ'rtr‘enﬁ clominent h
3. x, t_h . X £t & W{F ﬂﬂ&f Xith X ‘3(:.1."{1

71\ 1.9 !}HID!IM

B %Kiy Bap ~ Bop xeti - By
But fn} Theorem 2, st Xtn, %t € W—; we hay

w,, Ly
M% , g (hg=ht) = B‘;‘ %eth - ‘8‘f n .B*f- Yofr, Bg_f :l:q

Wy, hte

G)nwrs% f M% Ty lhabys ) *?5 then 7‘1— 4 su :m-nff
dominant 5o thet  xtn, mtn e Zfl/’,.f_, e have

- x’ . " N . - o, i ]
By X By o By Xu By Mot mhny 2
Tlﬂ(é xli‘l\g 'K{‘“.. H("ICQ Llh"{"'ll ff w"‘!"lx_
4
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Fropositron  For € UL hae X Sm e %o

Prodf Suppose %1, ?(:L’-M;. Then

=, f‘: X &=> M W, W

T, Tl ) = :5’75\':-8.}: n 54/ X '&f #4’
& XL X

7
'Progvsﬁ‘f‘oﬂ s fr oW e W ohae w,dy, e W €

'Prooﬁ /. Sinen le.w,

h, Mtoy . B8 - BB
e hawe
iy
W, s w, <> 8-‘-’;'3“81-1:-8‘#(}
C‘_—'-> U;S"J.E

e

Proof 2 We ﬁ;r proe thad W e Wc.} .

Suf)'oare (X: arny >0 3 54, w-leco, Then ve meut

hae o >0 . For ;j(‘o((o . Then Mmoo, and Thus
W= o+ nf o

Contrachon . Menct o¢s0.  Henw We Wc?

&

|2

auﬂsﬁon: G’I‘lVen WGW’ ﬁr w’,kﬁl 4 GW‘f Q{J we AGVQ
W 2‘9( and ve‘{x) £ .{gﬂ-")-}{ =_ﬂ'q) + g .

fnswers  Hf x h-oc one of the. Sfolloorns two forms.
either X=wl where & A, { poshre ook fo-
ond _txy= _projyry The %"_’*’ ?)
o - X =wWhte =winy  whee &4, and

and  R1oR) = proy-<p s 4y

’P"DUIC: Lm(ér- .

T—ma

N@Jd‘ Hime . MG/P'Z- (WP )1f MP)QJL

Eno(?( Lahere 12

Fact, ¥ wine Wef = h €@V i cominant.
.'H-afi,. ?rnb'ﬁ 5 conhaa/:i:ﬁbn.- cs:l)ﬂf)osq h 3 net o/nm:‘nqn'f.

Then 3 [ ¢4

CM'}hJ‘ X0 . Wt haw L h>g -2

et C=-ot;t8e AT Then Xef = - 4 (f4<ar, b))

Bd (=-omico Con?ﬂrtaghiaj f oxe LJ)? =)} domi
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Lecture (3. April 9. 1397 ednesday

We first collect some _fan‘s about B and 5. Then 4alk ad
(WP)A)C and {WP)&f

ﬁ'o!oosfﬁ‘ort k. The fulfam‘ry are frue about b,

) L5 1) = w

VFowe i

3, ..P;{X{‘h}'—‘,&():)-!'(zﬁ]\) V x& w‘jr , AGG?V

g Js (xwo) = Ptean) = brrx) Vxe Wet, U.;:fonjesf' m b
4 —f} 5 fitx) € _fexd vV %€ Waf
Hixy = Py & xe w‘}‘
Loy = <Py & xe W"‘-l
&y [for any x, §¢ m.[
fxgy = Aay) + e‘i‘f Y0 (¥6)
‘X'ﬂ'(o
where { ! lf Ve by
sgn o = _
- a}' oL ¢~ Ay
| Recalf

A, = The Sefvfrooﬁ ﬁf'f}w_ mide ?



Proof - 11 and ) are clear from fhe a’yﬂn{ﬁbn.

3-2

3 IJJH‘(\! &= wfh . _ﬂleﬂ
.,gf'XUd);' Liodn ) = flwer {'u,h 3

Do) + <2p Woh >

t

4]

Loy —fw) —<2f, h >

= L) - (%)
4 We break The proof of 43 tnfo a fw parfs. e First
prove that Sy = 000 Afor xe u/a} . Asume x=0d, éw,.} .
Then by the definiion of Uhf , if ottnd0 3 £
X-(xtnS)=wx +(n-cd, h>)3 <0
We must have o330 . Thu | be—bre—iti bt birr—t)

5( Welco, Tthen M can o:ﬁ Yake Vafm% o1, <oe, h >

and :jf we >0 , then n  can oifﬁv Jake valies 0.1, - <th> .
P AL o W CPRE

Thay the sed % vtes ¢ tn 70
= f ota¥o0: X-(rindy<of Gusg ke s Mot 2
¥ =ity kl.‘f LWt Inasd
% condatned tn Hhe set bt Chot > 5
Gl it

B = Jot4n¥ ¢ oo Wuco -,-,;p,;}..‘cw,;,,f
U;«-rnS: o0 s n=0,!,--<«,l.>~!f

C/emfy BeA. Ty A=8 . Heng

Poy=#8 = L (Coh>4 ) + L ot h >
of2p of 3o
Liecp tolag

L <et,h> + X -
ol >y o'x -
L

= <$,°, h> + 060)
= oo,
Thiy shows |
S 0 = _fry for xe W:-j_
We have proved (lechuse £) Fhat
| Koo = Doy For xe LJ,} '

To prove that
Lo g Lo fn— all %x¢ Wﬁf

we need Fhe fo#our':j lemma .
and rt\’yu&xr

_lemma_: Suppose that h &Y 3 dom:‘nan'f/\  Then for alf

X ¢ IﬂJ.f, we have
HLxtn Y i) + <2f, b >

We wrli prove the lemma lader. let: assame +he len
Ao mows. Lt X € wqf de arﬁh‘-m‘j_ Let b b soffri
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dominant so thet xtn, ¢ W;}, Then | we have

Ss(x) = Lelxtn) - <2p, b, >

Lxtun) —<cap, b, >

n

Ay 4+ <c2p, hyo ~Cap b2 fLe,,,,.M)
= fix).
This shoes that Mt £ fm) forall xe Wog
Now rf Lix)y = by = Leoys<af ho for z=ca1‘h6h}¢f,
then  since fhe sef
Bz {aln¥: w0, weo nzp,y, - @'h,f 9,

focrnd: o>a woco mzo, 1 -..C‘,_“_,r

(:} < h> <0 ,then +he ffhf' set in dhe union n Hebento

e (t? . Sl‘m:'far‘f] SJor Hw 2nd set ) e 05#:'0::[7 Combf)rm{
m the set

A =‘-f W4nd >0, X CosnT) <o {

Bt # B = QY +2phy > =) 8=A4 . S ﬁremry
@Gé;f c A have F?o . Tha Sﬁm#’d X t’dﬁ;

Gl‘rm'!a\rlj we can Show 0O 2 -y Y RE Wy and -

..p; = - Pixy (=5 Xt W"-‘f ﬂs J/a!nulo: e /rp7{ ‘f @ J
(%CQ})'{" —JCV 'HW. [QW\-HA&] . [SL‘“‘lt‘-.llntl_ v b r.‘jl.'r few )

{3~

: We noo {prow. 6): VvV ’06" w*j P net Freusf

—_— 1 pree !
Bixp = Biyy+ 2 sn 4, '
5 ) o g Y16 )
. X (o

Wnte X= Wcthn , ‘J: Wt Then

Hyexyy = b5 (10000 Fiip o )

= Anih) + 2P, Wh +he >

Se .
Lty - Bld) = Do) - proy + <20, b, >

S0 need fo show

Prody =Py + QU > = (‘%"- sgn (dd_(;)

X<t
Nobee, The Sf)ecm’{ (esR : X =W, §=oh . We e Jaying

e -ped) = T syl )
5. 9@)0
w‘{.(co

© Thiy i a stafement adout the fm}‘e kl‘aj."Jrouf ana’ a5 )

de froueal {;j Saduchon  om Ly, ]{rr exmufﬁ. e atume

_.'"-u‘:. Thes neepp + 6’104

- gn(§R) - L syn (i)
apufh> = 2 sgnl s I -Z <
9;,[1(9 et < p



let
A= {$= <+ Ny >0 ; x.gco!

= fl=wsnfro; wet+ (n-<e b2 )8 <of
for G=G+HF(~A, have
I ¢ = wiv+(nscwivp, )

So —

Jhe = wly
Break A as a a(djam'l‘ union
A= AI‘UAJ. v As v Ae

Uhere
A= f 0z winTse, oo Lol >0 f_;,wﬁ._(.,,g',)&d
A= f - i obp  Whoiea }
“f T T leo Wl (
=) I AT I R [
Se
A ~'=ﬂ’=ormf>o: wo thdda, =0, -~(d,1.,>-}f
Alzf [‘:ﬂnf:w,- oo Ua<o 70,1, --(-f,l.,:»f
As =]‘G=w+nf>o.~ &g Ladro , p=d, - .-, <«',A.>-Jf
Ao 5[0 s ettng>o: oteo ehvto Mol -, <ot hy> {

136

l.wm S

Note that
1T ) = - 2(f-anp) = 20if

U'.nsoo q*_g,

Z Sgn (0f) =

‘S?‘mr'far!j,
-(3-_- S'"(J"(‘) = 2 -Sﬁﬂ(.?‘-_(’_)
(;r . Cediudrnth oy
So _
I swnfghp p)-zﬂ.s note) < T sianlye)
(':'&E:O ‘0, it 3 ) (“A ,amé,

- <2"""f, }1, >
not vty he can
Tha shaas ) . (Thi 73 net aﬂ .proof Mfﬂ:{ ){:Gmm’ bacy
Thy prowes 4 Propsthion except fu Ha Lewin .

uppose Fhat J»\.GC\?" R ofom:‘nan-} and ritfq:(ar. Then

{or all Xe Wc.f , We hﬂ'& sShorter ,)r::’(-:

_,Ptxﬁ.) $ Sy + <2 by 2> Ay o frap b -

=f(\}“ ~

RDO SE"’
z='=f A*“ \{ G(A" 4 Q\:\Q&AE\\N) g JX‘Q‘(OI {;""“--‘ .

f\\uez_«»\ X 4, «\O[

= { W= oo h - ru,mS)fvf
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A‘z{gmﬁ‘po: Xty - for+ad) cof

= feradso . x-(ws (n-cho>)8)<o f
Write A4, as
A= B v B
vikere :
B= An Jotant . o+ (n-cuh>)8 >0 f
B.= A n {wan}, Of+("n—<v,k,>)5\<a!

8B —A: oL+ Ny — of+ (n—@uhﬂ)g\ .

15 inje.cﬁbe . Indeed, ,}(
SEYE I THRS ) VN SUP NI P

= oz and Nl b= n-culh?

=) =«', p=n’, Heme # 8, sH#A = f{x)
Defme &~ ?uuf? +he rnelusion mép

B, — C = fatn¥r0 : ot+nl- <ot h>¥ <of

= farn¥>0: oo ,m=0, 1, <'°’/"*>"{
H o5 odearly #ht  He = T < hi>=c<2f >
= 3 8. < HC=p,h,>

13
Hence
Lextn)= HA = # 8.+ HB8 < #A +HC = M)t <af, h>

I the next Protpou‘ﬁ‘on, we. colfeet some jacﬁ albout- & .

- 3
Propos:ﬁon £

) fr %, Y€ b\/a]c, we have

[7a%4]

XY &= xtusytn for sufficiently dominant 4
& Ytaoexty - " -
.<__:;3 ’d;p% ¥4, Sfor ali h
E2 Yo, t axv. where ws =the !ove;f- n
@) pr 26 Wa} . we have
(2a) X2 =D X T F

(zb 2Ty = 2 sy
) For Z € Wa}, we Aave

Gay xSz = 2 &X

@ YEk2 = 2y

L) Fr XL Y€ Wg-; , X%J & x <y

for x,jc—hh.?, x5y & Y sx




(B -lw

_Prv . On\fy neeel 4o prove that
X TY & Yha ¢ xt, For :uﬂ;'c:‘enffzj dbomimant h

3
> _ywa £ X

lemmay K #%,9¢ Wof , then xSy & awe € Yoo

lemmaz, x ¥y &= wfcnx

Proof of lemnw2. If ¢ M;; “:r;fn.*.n Haw o, dfirad by
fee): = )-8

e W,

¢ £ upX
M C/o ) Talhha) . Tho shoas Xef € 1] ’

N in

- I can not prove. o).

Bropesition 1 - Suppose that he R*. Then
hel= I 2ot = id uby
= ty i‘ wa T

& X % o £y,

ﬁ;ogo.s:‘ﬁ‘on 2. phr Q€ AT and xe b\lqu

Gx < x = Algx) < oo

= x1¢ <o
Yy
X < rgx =

X < x & fxp) < fewo

& X0 <o

A

X< XY & L) < hilxn)

= Xt > o0

Psix) < ﬂs(l@ x)

{3

v we A
v owe

v x(—_l.d,,f

Proposition 3. For (€ A% and Fro , and xe Wap
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ngaift:‘on 4, X<Y = fw < bty

Proposition & : lj( XY, then there exishs a Seguence y o form

E 4
X= Ko € X € He € --- ¢ xa =Y

with nzo  and  Ltxp)= Lo+ k for osken.

'ngos;‘éf‘om 6: The foﬁou:hj are egm‘vafem‘ : hr wel and xe g

) wex and fbing= Prw )
thy X 5 one :f the ﬁﬂom'{lj 2 ceses,
D x=wr ., «ca, and L= 00+
O % =wletar =W faur s where &4, and
Rexy = L) ~<2p, 8 5 w1

Thix & relafed to masphuﬁm g,j 4. m He Saam‘um
Mﬁomo&@j A

13

We now furn o (WP)af and (wp)af :

Fix a standard parabolic ;Suéfroup P-of G. let
AP = [otede . Jue Pl
@ = I ‘zo*
D(C-d;-f"’)

(Wplag = fwin, weW, , he@y |

This is the Weyl growp of lukfste Iy, of where
Lr s the lew —fadvr‘.qf P.

Eeampls: 1 p=g . wp=id (W) =M
21 'P::G WP:W (WP)Rf = lch.f
n P=p, Wp= <L >,

(Wplgp = < o T3, 2

In jenem{, (W’)a)" is a Coxeter Jrovp i Jt 7
a Saé?rou[) of wﬁf, but not a (oxefer suéj"”‘?",

s seen in the examyo(q of P=fr.




R Fad
i by Lr'u‘f i

IS {4

The length function 4,(4).

As a (oxeter grodp. (Wply has a &Jg#- Functron
.QP[.‘]) = 3 fP)O: ﬁve @; . J'P(O}

':ng."e ( WP)A]( H

[Wp)ﬂf = {xé Wai : (L’D @VEQF =) og.c ng
?rogosfh‘on :
Wat = (WPhay (Wp )y
Te. each ZE b‘\}af can be 2{?}!?({8{9’ Writfen a4
product 2= xy

x& (WP)GJ'- .

where

J & (Wp)af
Define »

Trp : Mf - (Wp)a{ s T %

The next proposition Jives varfeus meevﬁbs of ﬁP .

° SN 71:{-3»4». cells Fl, Gl )

A 12

b Tpiw) = wh e (W) < (Way )F
where (Weg ¥ s the set of mindmal representatives
For Wap /W,

Y ﬁr(W:j) < Wo;

LY T?j;fe)sa jlor alf ze¢ qu

4 }branj zZ,2' ¢ M.bf ., heRY, have
(2t = T Gt)

: _ﬂ(f‘.'},(zhd} = _;?,(?T;(u) * <G, b >

tohere

(tqaf = {Mjrtf PP
oteq,

'-Javr -4 &)

G=frupf= 2 o

!

A L A,
z = Trf',{e)sq,(e)

fan

C R
* T’i}(rpaj <7?P(e) & glp ea(%) (c—Z,«)
" (a2l = fr;,raJ ® 2 ¢ a);

- ﬁ;,(rpi‘.) >1"\%[e) & ;r—f G-——A(?/(q) (c E,,
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B‘t’g!‘ﬂfm : Pr Ye (Wp)af '
Sepl9) = L (y)
where Lo i3 the stablz length Functron for (Wh)af

Progosih‘on : for ‘X(-(Wp)af , e (Wp)a]‘ .
A=Y} = bt + _b(Y)
L) + By) < LixY) ?

Proposition , Any given xe¢ (WP can put
xtn € \Wa? . xtw & Wag
Sor sufficiently olominant he(@Y P, ve.
<Peoh> »o j:r all o I Such fhat |7 4 W/s.

_Nafﬂf!'on :

(Pl, = he :'afe_nH\fy camfonem'- af P
mP = E/(PJo
*P = (F)o 6 mp
ﬁP ; ‘Tns — mP : J.a-, Hg-xf.‘
Have action d‘ I on 77?’, .
7‘)%0 x 7 --Jmf_. (&-xf,)-t .-_—3,{-.9?,
- This achion g5 frivial i té ftae he gyl
- Set, J(or Z w&fJ
’mfie = 8&} AN *p
Proposition . For z¢ Wy and tef
_ ) ,
’mp,e = 'm,,,@m
+
((mP*i)'t = m;zf .
ancf jﬂf Xi, % C‘(wp)a)[ ’

m];:x' "‘m;‘x‘ #fi) = X, \S<. Ke

/3~
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The modulc space Me = Me,p.

M : Given a scheme U/ and a mor;aé:}m
f: V' — G6p,
we say that £ 15 of type T . for TE Ha(Gpp),
if Jor any - valwed point v of V, the map
Fvi IP' G defined by
P = e P 2y s Gp

atisfles
S (Rl P =1

The universal -Pjroloer-fy of (M, ev) :

Boposition + Fix Teth(6p). Thew exits a patr (Mh. ev)
where Me 5 a reduced scheme 9" Finde jfe over &
and ev: M xe fp' - Gp ¥ a mophdm over € st

of voev B oof hpe 7
D ¥ v ok oany reduced scheme of finie Fpe

over £ and f.- Vo [P —s 6,49 P moyvb}m oterd -

Jhen 3! mo'?lmm f v—77, over ¢ .1

F= eve(fxid)

7
Thus (Mc, ev) & wn‘gue up 2 um?wz ?30»1050;:3:'-
Moreover, My fs & guasi-projechive , ond - 3 either
emply or else smocth and of dim
oim M = ofa‘m-a/f: + <, T%) r >
Here we outline a Pro?“ of +he fad that The ZarnRi

hfjenf- spoce fo M at ?56‘—777,_ a{mf hat +Fhe
above. olimension . Supfo;e

F. P —6p
Bt QI =T Then
TeM. = Pl ¢ Tap)
Now a3 sheaves over G, we have
o —=0t — b —/™ Tzp —o0

tohere 4G can be faken as the feiwal sheaf of
sections of the rivinl  vechr Sundle aéjmecf by 7.

anel D¢ i3 Fhe kernel ‘sﬁeaf . ?u{/;iy back t o’
‘i—j ¢ , we have



13-20
o — ¢ — $'b — ¢*Tep 2o
Thus we have The (anoq exact seguence
o= Hol P 0] —> HoC P! #%6) — H(iPL @' Tep) —
— WP, FR) — HPLF6) — H P STy )0
Simee. b & triviel a5 a veclor Sundfh . have
WL @) =o

=) H'CiP. o Tep) =0

= dm P, ¢ Tap)

i HY(IP', ¢*Tep )
/')'(‘?5"72/,,)

L&;y %ejeneraf ﬁxc:‘ that J(.,,— any veckr Sundle £ over i)

i |

yie)= oim & + < Ci(E), TP >
LJe Jef |
dim r(P P Tep) = dmbp + <Cl¥Tep), [1p1) >

= dmGp + < G(Tp). (P']>

= ol G + CClTap). F L1010

= dmbp + <C(Tp). T >
/4

[3 ~2!
Now Jfor e Hs (G/p) , M wé WP. set

W w
M = Bv-P xg, M <, 89°F

1\3}4 a Theorem ef Klerman, we have

Proeo:l’ﬁ‘aﬂ :
T Mwy
4y My — open and dense /M,

L) fm;"“" i3 g,ua.s:‘-—f)r?jlea‘?‘ve . and

dm m;"" = <ClTep). t> = Lev) + X)),

Kleimans Theorem:. Suppuse. X B « /wmfj;eneous

:G-space and
Oy: Y ™X
CGe: &2 — X

are Smooth maps . Then for genent F1, 32 ¢ G .
the sef

g7 g2 = ftﬂ,z): I = o;,mf

Na rec?u{ar— reduced Uarfeﬁ ?f dim = din Yhdiinz -din X

End 'f [echure 13
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Lechure 14, Tuesday  Apif 15, 1997

Teclay 10 inbrechice o rings for each parabole P .

/. kf’, = g Hrf%)lj y :+ T-euaveriont faanﬁ:m Cd‘omo&%‘?
#’ G/p Lith he 310‘47#7’2(»1 parimeter
6! yn verted

2. Ry = fHT(a/p) o T -eguiariant guanum Cohomalog y
f &/p.

7eif'm‘h‘m; Rf," is a‘ﬁu:. S medale on -fym.i’vofs O};{*J , K¢ (W’ af

wrth - fjﬂf’fﬂ;f

=)
:(.:?(.SCJ‘; )= d?f: + 2.4 ()}

r
mod.ng Stedcrire on f?f

Te  Aa
— ﬁm s — r—
e L - medule, Ssteacfure on RPJ exdends o an A4j—moa/¢t&

Srycture  ont Rf: 53

O_jn-x) ——— (2

x - i o, .

) O = r R /e)
(] otherwie

where 2 s Hhe aubmnypﬁam ‘fﬁ‘)‘ defined ot the end of
lechore O (pye fo~13 ).

{4

'&g map ﬁ Hrink) '—"R; :

H s the S- maa{ufg map dcf‘mx&( ty
% (0m) = {Oﬁ"" foxe(Whar

fs] otherwise

for affl x¢ W,{r

I should Je eaﬁ 4o check that

¥

Vo gple) = glo) 0;"“’ € Ry v o€ HrlK)

n W ois an ﬁﬁf - map .

Theorem . There exists a z(m;eue commutative ‘r"fﬁdm Struct:

on R{; such Fhat

Y Or;(lv) =1
1) ,{}“ s an J?,-;'m‘ffmé[n d‘f —~module. with 7hs

i)
Structure Aomomcr‘ofvam s —= @,’ R .S'UF cinol

the 57 - modely JStructure #‘neﬂf above |
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The dgﬁhfﬁt:’n ff an J2- ?hl‘ifmédz "d'f - moclule 2 J.r'a»en in
lechere [0.  Recoll that a proposition sn lecturs Jo says
hat an .Jl-—r'm‘-f;mé(ﬂ A,f—-)noafd& B efmim/e#r"z‘v an
aﬁ‘ne Scheme X ower b =.§oe55' with a Shuclure
morfJa:}m . $— Ox) and

Y an A - modula struchere on Ofx)

1) an S—maf £ Hrlax) — Orx)
Such that

D8P = T@p v se § pe Otx)
) T N an A -modide ma)o
“f MmO O Orx) — Orx) S an A -maduk map

9 f: HaK) = Ox) D an A -modils map
Recall #hat we have wsed the notution

g = spec HT(k5)

QL = Spec Ho(ak),
Londibons 1) -4) J\ty Hhat X :.7)5;: k) s a ?(-J)MCR,
where Y 15 @ er)ﬂc)(‘o( y andl condbon 5) {‘7‘ Mt
apecf.- X —-a& N oa @(—J/wrcg moy.’:.&m.

I4-G -
The qeometrical models

The j;h‘aa.)h:j s Fom Dalet lecture of Kack Semingr on

Aﬁ:‘f i, 1997

+ B = Spec HT(KA).

G 9, b= e ) e

br each ic1, up f*c ()" de such #at <f” {-"»

and wiH uejﬁf o, et
E= R4 ey
Set

3

GL= § (erh u)efErh )s U2, w'-ferh) J09

Nt that U can be idenbfied exth the folloving subset of

(Eth)U. x(E+h) .
GZL: f(E""ll A’ E*’h): u"'(E-J-h,): £+ fh/

I thus has « drou/m‘af Shruckire os a saéjrma?mv( zf
the. olirect ’proc/ucf Jrau/co;h’ [E+b ) (f x(E+H ) .



1#-G-2
¢ = Spee Hetax) = 87 EH.

={ % b)eErh)xp”
* Ackon y 9 on RrE*R .

bolevh) = g+l

U xy BYED — grivh
(Eth , u, eth) [Eth, b) =[e+}, uby)
¢ The van'e,g( ')"”!' .

YE?.‘: = { (E"'h, J,Bv) C_{E.{._)l)x G/"éu d‘r‘f.fff/)}i[.{zrx 5:}}

Have
BvEr_!) —_— YH_&_

(E+h, &) —> (e+4, be,ep”)
G acts on YEH' .
Un Y — Yo o
(ush, u, Eth') -(£+h’ 28*) = (Eth, ufb")
7171. ;‘ndu.u‘on B,.Efb — Y‘E"b
B oa ?,{-eﬁm‘mnhw(.
‘ﬁ/&ﬁ iz S}?EC RF:': 'rPfF*_j' nYa“ Efj = T'E”l /W-Iag.t&f).

ﬂa_e.suin‘ng /l; c R&’: 14 -4
Fr h€Q" so Wby € H(5h), seb |

"Q’F(“ - O,.,(rg.ff..)) c pf, )

N =2 fem : her'] = Znlep)]

. A; = R; 3 a Saén)?. eyt
f‘_ bo = e

dey fo = 2 <CTgp, >
x) ('x T, (tn)
grr,rs) : 0; = pl€n) O__(?T(xﬁ))
¢ The -A‘f ~ module. struchure on }?‘,’ ! /IF’—/mear_

Exam j)h { TTH'U 3 not necﬁ:«r{/j translatronsd ] :
$P . orth extended .%Ja:‘n c:(r!jram t/__\2 ‘ Lt Wi,:q
a“A {' = fo = r:? - rr'\ V:.

(W’)df Mf’)af
D k)RR d
P [ 2N
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b fa‘l;": we W rsa,lw:}gf@,' over-J'*/lf}

f

vposibion. . Formulas _76;- mu&r}v}:mﬁ‘om%n ’?f" and ‘A‘f on ,(?, .

A; - (807) = (Ais)o +(17:5) [Ai-o)

! 0 Ofheraosse

(Af'ﬂ')*ﬂJ = A [owinoh) o (4-0)

operakr Ay
Assume that G B3 .s:‘mf&. o =0 -0 H',,r =T ool
A = V()= —we ds s

Dhere Wht W 3 tha Zo?jasf- element .

asrfon

A (59)= (Ao S )0 # (15-5) (A7)
Al .0{-"") = [“E‘r‘;{qtpq Oﬁﬁﬁ(&v,) rf wise ﬂ/ﬁé)

o oHervile

(A)o) 20 = Al (6 505 6] -0 [Ape-o”)

146

THeor;m: 'I-f'. : H;(JIK)-’RF’ 3 a }Iomr.tmo?pfn)m .f S —éﬂﬁm,

anof 4]‘,(0_) !"GJ =- d\{a‘). o_:
qur‘ o H-r[-r“() al'!d O—’G Rf’

roof s Thy T a direct conseguence ff z‘c}' Jer‘lon’z J?.—z}r@méé.

E

The structure constants Tz, % 9.2 ¢(Why

Fr x, 4,2 C-(LUP)QTI define Shructure. constants Tides

aZ

) {y) _ xy f2)
Ol_’( *G =L Jp: 0p
acrw",hr

EY
&

() c/?J:_'j = 2(,&&”_&(3}-.3&1)

x" o 2;3
ay J,’)i ] Jﬂ, 2
x Tlt), 3 file') %3
P, M) TV

e g
C) Fr o mude (Why wih xe W
X3 }G(x::‘)j:ﬁ :‘f Hye D1 61 =403)

Jp2
0 o fhervde
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Mudtipheatron %& B in f____a' :
Theorem: o (€1 and we W

3 {
O{P)*OEN Z_ <f'o() ur )

LA,
LUta)= 1oyt

{or,)
. L 4 ‘?
* ul".:z, Nt Eﬂh(ﬂf") s

LIBG)= Peay el - Cap o¥>
= f P ) o
emark ;.  One way _"f éaoé%f af the above ]Grmmé\ 3
-}
+ L) = A ] v
%"+ fr = (P)n+ ez, T Py Ax
-l"'(ra):(zﬁ.c")-'-y

where the lft hand. side 75 a mu(t‘:/cﬂra’('ﬁba sperator on K
ond e right hand sede 1 an element- i ‘A‘f conselered
rgl& hand side

commuting famil of elements /n _/if.;f

as an epersfor on R

A dact with ne da:sr‘az( anaby .

/

‘if @A- AB = Encf RG

{Rg)w
LY — ¢
[RBJ = Em(ﬁ? F’Aa‘/‘t; Ra
End

don; Rs £ Ao o4,

]118 ?’fﬂ% Rp
fne = X s
‘Dy RP XG(WUaf P
X 3 rd

(RQMH that Xzt 2 id e ﬁ@@'v) _

14-&

whew Ay = hzu" & f.'
l‘\ d’f“lﬂ 1

It 3 clear fmm

the way A acts thet R’p 5 a0 A -stadle submodid jf A;a'

F"h‘i—-‘ FD?‘ ¢ WQf,
x)

Xe (w"’)af P

Xa

5 an '{"o - Stbmodi _7(- @,’



Then ,

and “ 0;..;1: we WP i an SO Ap —basis of Rp.

The aagumem‘aé:‘an. /iomama?:ﬁﬁm 5 difned 4 Je
£ N=2:  Ef) =6,

act The map
Rp @AP é — H'(¢/p)
OF(-.;]@{ —_ OF(-J)

5 an ﬁomo?a}fnm a8 A —modules and S-fj"eﬁf?ﬁ‘

Thus i€ S reasonable 4o caf Aja Hhe T*éjua‘waﬁkmz‘
jwa?:tum ::oﬁ.omoboeat y‘ Ch. K ?effbﬁ‘ae: o tha

T- eﬁ'—m':/ar{'anf co/wmoﬂoog- 7( C"J/p Ohen e flﬂmﬂ'm
parameter " P 0.

7

( wmf)m i Mu-d,uawim. (Gse 1‘\«'4«-?
P f.ecﬁm E’ )

Poineare uality
===
x:agg‘ne the SOAp ~linear. map

[ & — Soa,

ﬁr we WP

, .
3, j O;Q) = Sw, “ Wy
J&" « (u-g*) =4,

Corv{éar? Have on ﬂ'amo?;vf-ulm

PD QP = Hamswdf

nl‘,’dofem »

[RP_ S@/\f)

cletimed b .
el 4 PR(P)(P) = [ peg

or wncrez‘cl&
: fNaW‘\}f)

w(%") = Wor Tp



'I_Tl_c_ Euler Class Yop

T = P try, /oo, )

Where
R fseny € Hom

75 c(gghed eé?,

tr

In other words .

T rpfson, () = J Pt

3@/!’, [RF, S@/lf)

Write o O—-‘
'y " ) - ¥ VL u)
F P ufwrl’“ 0;(
Then
wisomy (57) = Z,
= 3
wew?

v
[
‘fo_(b", o_f-,))
P * P *-(%

141

oy (9) = trce owr 501y o (4, $iupep)

1%+
Facts
- 1) ‘F’l‘ 3'64, =0 & (F i3 n:.!fo"iﬂt

& wLﬂ 1‘3 +le ')

2) 7['4? anm‘ﬁﬂ_a‘fe! JZRP/"@A(‘

pr sez) ard pzg.
ENERS )

Exam}){a: ?"/B 1t verbbla @

3 itnverhble |

End { Lecture 14



19/

lecture 15 l_b’icf- Aeri/ 6, (997

Hore facts on Ry -

o

c

-

!; EN’ we W,
L, R ag g

Wyvew
“y=iw Cred)

|

I 05"’0* G[U)OE!N):&“

%, Ve W
uy=w [red)

hold for KT7x/r). They can noud be consrlered o
a comlﬁazg( jf ths fact here adout FHTCKF ) Does
+ha Follow froem any  Hopf a‘_(j’eémr‘af Shruchae m jH0%)?

Rf”"‘{ Recalf ﬁam lecture T that similar idenbbes

,'-‘_I'_C_fﬁ: FJ!‘ (a3 RG,

o= I (As(onn5""))] % gl

ot does thy mean?  Thz 23 not mf}mﬁg, O in Jhe basy

DT wewW| 4 Ry @ an SOA, ~modula -

foct 3, Rp & 2 fee [ﬁa)d-maafufz soith basi (OE"")‘. uéw

Fact 4. (Ra)‘l‘ 5 oa /:afjnamhif n‘{zja on The ﬁf&mfs and
he O efe for eI |

=F=ad|=i: (ﬁﬂ)d — 2& Ka 15 onfo over () )

719_ :S'-.Sulwfﬁeivm RP- of R}of.-

| J‘gﬁne ._Rf_ S Il - T SO;“’
')CS(I.\]P,H, ) W;r

Then ,

| Re < H(ak)
Jut in jenemf

| Hr(RK) = Ry
We have :

_ . Rp- - ﬁ‘]‘ . O;,('u)

. E"e'&‘ A'f - submodluls, ?P Af,,'. X an A;,'-.ru.énmr'ué :{




152
Ry @p- Ap = R/
P AP TR

where A= o A7 p- -
h 3 domincut

emark . warhiaj with the case when G 13 .mn/a(a, connected

dut not nece&!ar{:fy .S'J'Mffy conneded So QK 2 p Zb::jer
connected. e Jet Hhe Oélfaaf? Fact. Assame that Qo=l

for o L in =T Qi Lot PP s Wa=<F2, gy

[t w=wowp . ot  te a Standard paradole. Ten
Te, ) " 2 v
R (G = f e gl fater))

Jc“’ all  ve- . C‘an:?uem‘? o“{ﬁ? ) X Inverbbl

n Ra, ( el ! wh oo 2 Q l-dd-ecp o T’:'P(,- ‘)

E-“N"ff&: G = ‘Stj (‘} Wf =r G/P = {P‘ 0_1}-\- 6“; 6"”.:3 1 (?) -

J{-

A Filfration ,
Br he@, aﬂj‘fhe an A -submodule f Ro {Jefem
only on b mod Q) by “

::: A 5 R - 2: )
bn= R }r?mf Xf{w")‘,f«w; SO,?[ |

I
*3 ﬁ;.rm)

(o fone sum) - Then
For * Fov € B

Remark. In he Jeometne medels fo .!ed:wn laler. elemer
"j B convs/)onaf +o -f-n‘w‘e.ﬁ‘zu?. cerictn hre dund

on the (Peterson ) uan‘.—.:‘:{ )’ [a.fy)

Fact . When heR n dominant.

E’o; = I'Pf (F{:-wm)
where Te oy B The Bruhal -Filbrabm oh HellK) in
lechare § and wih) = -Ws-h 3 The digrom e«fwﬂ.

MHave - - -
- ﬁ’zh * FP/“" - Fr; hfhf *

5 B © By & TER 0



More on Gfg and Gpp.

Fx parcbole P and @ s+, $oPo>2@ . Reanll afclessieal )
fact on N (4. the ﬁérab’aﬂ

Pa — G

{
G/P

lives nse b a Sflfration on H(GR) Such thet
Gri*(elR) = K{P/R) ® H*6p)

n analadau stafement 3 4rue for guantam cohomology .

onsicler the $- aﬁe&a

rQ
R = L sog?
xr{w”);f
af'fwa)q
" ;:‘4 '

I (x3)
M= Z S0
R ol a
3“(%)4{
x 3 M
FANIXL

FAH

Fa‘Ct" P’& qu
= R's"‘ RSn < R\f'min
J’fﬁm
i = ol d = ola
R (?rR N nEi R"-
tshere =p@ _ ghd
. R n £n Rf‘:ﬁd}
Fact ’RP ! =P aQ
- Ren G2 & Ry ) = R
Defne Y= &= sog¥ £-T so
. :XGMP)‘[ g S
x5 ‘6315"
J"'(wd)sf "(wp)_‘]
Fai_:f: //PP

3!’ R'.m = Ra/r ® [In (H, JLKAP ) Zé:'—fﬁ’a;)]

Coralary  if 26, Rpsa and 2 6 Ry 4 redced,
then 2@ Rip B reduced

Fact * for C=5lin€) ey Rip =Rp B reduced

v Ofher Cases HJ}JQFE el/&g RP Iz rgd’ucgqoﬁﬁ'; 5;, &,
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Remark | fmm ﬂg@rma( lecture sn The common reem

c‘zf’er he. {ecture )
look af the case (G oP>8. The fat

grRf® = Rp © lnfeNtkp)—aosrs) @
hos e ,ﬁ//ocar‘g meanmo-, in ferms of Fhe Cf@me,a‘n}_
models . Recall e [Peterson ) uan'eﬂ(y. Y e 65"
Je contecns 9% - T~ sfoxed ponts [y« p-parbola [,
Label them by dp. <ot

L }'.-\ By
T =Y 8 w8 (8r=8")
The -
! Ro = ()

Hx {Lno (Kn]’)) = U( Tr’)

Can Hhink of 9r RP" as Hhe subring of O(Ys 2 Ys')

fhat are regufar af ,}’f (ot guide sure. this j¥ Fraz)

So (® Sqau H-d near g‘,, Fha Varrbg )’ foazs Fhe \f"ﬂ;
4

The gquantum. cohomology 24" (4p)

What we Pre_sem" here 3 azfai:f(aa‘r j@r 6'/;9 Sut
15 not dhe most jenemf case .

for n:3, consicler -ﬂ:e open Subscheme V(“’7f {Q,)
Vole)= [(a, e (B)" aredy ief

T =200 Ho s
Fr TERSH) | bt
Me = {¢: P'=6p. %lP)=1f
Mnv = N x V, (€)

$a Ofl‘m Mn‘z = <C./7Z/P),Z)+d;m% -+ n'j

Set -
evs M ~ (Gh):

EV(‘ib, LTTRRE- T I ['ﬂﬁ'), #'(i".. T Q"’{Q.))

Rol-glré .Sfeak;‘?, 77?»,; at(m:'h a wmfacﬁf‘(cfbn —75*1—!
whith admi & fundamendad elvs (). ( Monin-Koutrentd,



fi‘—/"

Now Jor ﬁ@'“@ﬁ & H'({C/f')v = H{J/fo-) @0’
have.

| et(go-ot)c & (we)

.

Th 2
&SMJ Potncane afm&%, can m&aw{ aboie as J;‘m\?
a & - finear map

dr: @ HEP) — i ()

caf a%(ree = -2 [<C;(T&/FJJ I> + ('n-_t)f . Jn other
words, for any n sabvariety X, -, x. of G/ ot
Zﬂ 00me X = 2 C{I"ﬂc Mn,-r.
r=1

we have

< Tt (77X ) @ OB xwa] ), [Xn] >

= ( Moo (32024 X))
(4" %)) @)

j&r all (3, “ide} in A dense open Subset ‘7[/6(&))'\
These numbers are #z Gromov - Whiten invarienss ..

, "
E, For ¢ 6K (6p) and n 24 |

Jﬂ,'l'- (é® "'®¢n-l,@¢) = (95', Z>J’H‘g [‘?&;@“6‘#“‘).

Now et D= @€l oth inceferminant € . Civen _.
VEE(H(6) B; D), can make W(6py®, D yub
& commutative as:acd;-ﬁ'ae D- fﬁe&n otk undt 0.);‘1"
With 3«0)11‘;:»: Pma’aof’ X, ?

n3
-
Owo 0" = L Fon(000'®

izt )
where P . p@--ep [(n-s)-ﬁma).
In f?arhtufdr, for b€ H(op), ﬂfy{"e

!

Trpo’ = Z o (0007 euff.qﬁ,r:r

The. ‘}mnﬁu Sfanchon fe 3, " satefy WDVY -guativn.

7_713 small 5.uarm‘um ooﬁamalocy&t :

. Make H“[@ﬁ)q/\F info a ./\F v.clrﬁeém fH (ep.

by




Txog' = T

LA fe Joe(reo)

Theorem

n * 3 ossoudive
<, (WGA) é«’-—c?mdea/.

$r B feI, we W

Plor,)= 200+

]
+ A
u%& o> by'rr;rw Og
L0 )= proyr] - < ZC.}‘)

The /orajf 3( > X clte b variows Ioca/o[z :
The. proof of s N & not tfwo hard geometre
aggument like. e om gien ?, Dele 1, (/odmm_’r

Semindr.

4=

151
Relation beboeen §H(G/H) + FHG/B) .

let T & H(4p). Then fhere ensls a mput heq” st
Tplh) =L
and < ¢ h> <o for call wé -a(L/h).

3999\"& a Standard parabolc p < P b4 |
a(R%) = fuecalBh): <o ho =0f

There  have biratiomal Mm}pﬁnmf
mrra(h). p ? mrpm,c/p. X Crp, 6B

qﬂrr,q{m,a/p, = M sp

Thi gives o commutafive a’:%wzw :

o

0™ H6B)

L Tn, Myth)

@MH'(‘!?’) ﬂ_" @"1H'{£/Pn)

13:1,1. l T, Wy, (0]
nfesreion

H*(%p) éﬁ_f,—m HY(Gp) <2 H*(688)
P,

Thi3 ol be wsed m Lechan [§ o prove 26,5 = JHGE).

Eu of Lechoe &
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lechre 6 Apnf 22, 197

Recall last Hime .
Dened §HGD) Fom
Joz s @™ () — HY(6p)
* TN o Tas |
© Gawe formda for Jx i PGS
© Comparnon of  £4(66) and §u* (6/p)

'?'oofaac: fom/nre. R"p and  §u*(G/p).

Theorem [ We bave an :Eamw;oﬁ;}m
Z & Rf = fH(6p)
f@}tcr?;" — &0

Boof it he cse of G/6: The map (8305~ fe0y” & jeche
 Sina Joth Sides one generaded H and dhew 12 no Frsiom
remauns + check j}ma&r )Cr mu‘“ﬁ)}fhrﬁm: 9 W oon ead sive
le crofe Zhese jgrmué:s down in lechres 1§ ~ 47
hr any P, we the commolehie olpham Grom oA s,
end ?f lechue 157

y
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em?2  We bhave an Jkamar/’oﬁ:km
Rp @ 2 5 HT(Gp)

P —
—_—

GO - so

I

fr Gp, dake 7z0 and h=
at +he end 5(' lesture 15.

e have Ha gommuicre digeram
Kp
3°l/p) Hep)

AV
Hep)

now? on, will &knote
Ro = §47(5p)
@; = RHT(4p )"I'J

{v)
F

Por G/6 , drectly fram e mutbphocton frrmecks 4 #,

o0 in The dommakdve cluprms

<

( 3,:_1am‘um coﬁomofooé 4 o,
he jzt/anﬁrm rpdrﬁme:‘er i verfed )

167

Phe. flomomorpﬂam _-’{_-'P :

¥

H-(K)

I

He (1K) --"L ;-H(d/})q)

FHY 64)4 )

When P=8, ¥, is an somorphom g" we abo invert e Franslafone]
clement In M ARK).  Usng Py, we et suchre anstants
Por Helak) o Gromov- blifen  Invariands | whech , Since 1’}-57 Gre.

numbers ff cerfain curves , A non—nffu?ve miegers .

Results of Bott.
Br certain Lfﬁ' Construct K/ ‘—ﬂ' 2K JU“-
b (R)E 1 e
— 3 h s+t Im By (H.(f/r)) Jenem‘ez.: H(RK)
= Can fnd T [ Prim H'0AKI] i H (k4D
— related o HTIKE) € HldK) — H,[K)
s s}wc H’TF/,—) X4 .%vec'ﬂ;-ﬂ?lr) e S/‘pec Hel2K)
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ometrical  Models

Will construct dcameﬁ‘l‘cd moclefs JQr
. fﬁejmu{oorb( Scheme U = Spec H(6/6) (fwi‘e 4J

. SC!TGHII‘.’- OZ(G/P - SPQC Hr{é‘/ﬁ,) G’-Jf'ﬂi adrat-?ﬂf‘ﬂ(
U -achon ;

A

Qa = SPeC Hrlak) [6{0 hot assume

. group Schemes .
an ‘”"f,j’f{ <omnecied )

A = spec He (N K)

* BU = spec fHap)
Al eao,;m/':»/)ecf ot

§ Ussp = spec gur(afp)
Jraa/oa/b( Qf ~ actbns

(§ ”Z/a/f)g_ = spec 3'HT{'GA9)(J )

* The Varfe'g’ y [u.m{-k Se denoted %}‘l Y)
- Wy a Fry'ecﬁve Scheine over h "ufﬂr Pr‘ea% 5‘3‘2(@4, i
—~ J¢ has an " open prece” ‘f%p where the £ aﬁa'ﬁrbc«a}wd’
Ine bundles sicw ase hase r0n mnm’u\}y sectms () fwill c;akm e )
— Haus 2 ?ownfs % eTUE) ﬁr— eacl, parais/ic i
¢ — Gim =spec 2 [est7] acts on alf anJJf%Jm‘A’gfd
* Have }mimomv7}m-. g —q as grep schemes

l§-5
* Cl, as Q\_?raufar‘d scheme , acts on 9, and arn
entfy & the Q-orbit Hrough % with Yy, |

* Have mataral morphams

C Uep — (U (comepedy b JHTGR T3 HT5)
MUy — Y

§; ?{%)(g ) ™ Yy

3‘62(5'/‘;. -“f@(c/f,- =$‘ ")‘D ?API

J}nﬁea%?s

but
FUp » Q =(3@(5/;,}3_)

(In. the Peteron (o, -M.n f.uam‘um coﬁomo%fsﬁ oo nof
see each other, but -;‘)957 all see Fha Aomofﬁg -% Nk").

Nowo we Hhum o ’J'T‘u.fm} :moa/e/ jﬂ. @{ :
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¢ fist_mode] U Df S H7(5/8):

let €= L &

- & V‘
mma :  Jor any he A 'f&ﬂf‘xea’,pwhz&?f-ﬁz vea()rfe,é/a;'.
C/B  olefned Jdr( et+h afl e m the %.Ce# 8

et+h

li

spec HT(Gh) = (G/6)
fleth, 0)efers)e G4 . Ve (=0

feth, 1-8). ulferh) e b |
Y Adot achnn

gorem
U

{!

Wt smee U. stabalzes €+h_, when U7 lerh)e b, we have

ui-(ethy e b afe+h) = e+ 4

YU = f(efh, HeB): UT-lerh) e e+ f

=] (eth, 1, e+h ). ulfeh) < €+A'f.

-

The Jmufor‘a( Struchire on U :
S . Ly
: =, . A 1) — 2t
U= h (eH’,'”'M')'—pea»a’
(eth, u..eeh’) -ferh’ u', ee)”) =fem, i

[ dentiez)

v %{xhdu_‘@(:

- h— 9. h +— (eth, |, e+h)

- fvene: QY — @Y.

(eth, s ed’) —>le1’ ul, e+h

As a model fmf J?ec H6B), e must have doo W- achons
on 9 UA:‘CAJQVE' W, & O opn HW’G/E;) e xeso

}‘dem‘rb these Hoo achons, in Hhe  mexd lechere

End af fectyre i
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The ﬁﬂowhy works for e Janemi Kac - Moodly . case:

Set

e = éc"c‘ﬁi-

o™

J‘;{n}____ £ E' Ufﬂ.)

nt

Then

- &y
Utz = < Zrel, nzo

and wing. e ackon j 2p¥ we can Cf:'ve ula), a 3_(?”«/;
with  deg f; =-2.

Jhﬁae

((u.) = .Han:z (U(-{?-)z, 2) ((?mc/(-‘c{ a’:m'f)

and we we U. v denote Hie Jrouf.v(n’eme, afr/he-'af 5& G-}

[a'a;wma_: For ana; we W Hhere enist a ccheme mo;?fnhn
A
Uw: b — U-

S:t. Ualh) - {€+ h) = e+w-h

We. have

U (h) = UWotw-h) Ualh)
and




-
Ui(h) = ewp (<teh> i) = Fifews, h>)
where, recall, ¢ sipne — g and b weg (772)
O
#(L

X ()

g;(u)

The fm‘ﬁ: case

In this case, a theorem ?f Kostant says Hat The element
Uuth) ¢ U. B unf?u ]Gr any Oq;'van wel) andd f\&’f.

anmf&: Fr §=SM3),  h=dus (% %, 2), have

| v o i 4] [
th(h) = (k.-x, I o } Ur, (;,):/0 ) o }
o -] 1 v saxy
| 0 4] ! o 4]
U (h) = {zrx; i e ) um-”l)‘( Bk ! 0 )
e X%y ) X)(xXs), %X |

! 0 O
uhr;", {11) = Kl')‘) ] o

(X ) (X)) | XXy

f-j—‘i ‘ Uoo[6f7) = expltf} |, teq, whese fe f 2p% 0 & TD5.

&

The. affine case .

In Hpis case , o(aﬁ,( Llh) = Y (cec.hs) o ¢ Ly and  use

U ()= tho(04) ts(h)
P exdend b any . T & well-defined eceuse y’ fha bravd
Yelabons: assume. Hat 2emicts v <g 51 fa r#4 - Theu

¢ gef O h>
mj:a: Wic = Uer(B5h) yj./;;:-;,) Ur-(h) R b, >

= 4ilb) §rlan) 4 (a)
iy = §(0) itat) 4;08)

me=g. Wi = S Y lard) Glarzs) Y 3%
Ui = S16)5; (ar24) % G03) 3y ()

= Jila)y (saed )y (2048) I (3 sd) et lb)

= i (ard)yy 34128) 4 s Y[ 364D I fs)

Wiyiys

Uiy

The ]raq‘ hat vM%; an eganj’ i olue 4o Kostanti Fheowem (Hof
B unigas ) These one called tniversal en/)onen{:\!! Solibons +
Fhe )@l’g -Basdder Z-j/{m‘r‘om fc'; Domin ¥ Krilby iv +hety }Jf-fer
sn o Lett Matl. ?)H-J- (956) 7304 .

WJJML ﬂﬁ_oc# MJ= w0 7 Thy i whet B neea’e&F i e

offme ase ?
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lemark: I e é?%’e cade. The element Uoth) €U- B not
necgssan'{?, unigue for 2 Jhen (o, k). pr e-w'ﬂffa,
when t-h=h, have  thih) e Zrerh) 2 ).

_— —_— = == = —_—— = ==

Suppase. that - acts on @ scheme Z. Then W ads on
h)xd by
w- ( teth, z)) = (e+ trh, u..,{h)-e)
fssume #hat 2 i affine, Then W ach on Ulieth ) x2) = SOpR)

(Wep)(eshot}= p (wi-feth,z)) p=s@pe SOOR).

lemma:  Fr Sop e SOOE),

- ne(sep) = I (5-47) @ £

20
P""f-‘ 8&( dgfm:‘:‘ron,
ﬁ'(SG’f’) (eth,2) = (sop) ( N}-ferh,2))
= (sop) (e+n-h, Un'(h)_‘&)

= S(5-h) pluntn)-2)

= (F5)0) (elhy*-p)1e)

= (175 {h) (e/uf)(- i oy > PR
N = ay, H n
=) (2 = 4" .p ) ()
= L(Ea m)) 17p) )

= I () (FMp) e

n:g

D nelep s I fles)) e s

&nﬁfnen-}g() e cfef an :‘nfffrat;& A ~ modale streckire  en

<o) bg
% (1-1) (s0p)

|

Ai - (sep)

(A; -¢) op + Z Le(4"s) ® f’_m_ P

;fm-ead\ peof 3 B a fm‘v‘&. Stim .




Tg\—gror{po&( scheme YU'=(e+h) x U- .
e

Posb A= eth. (erh, uy o ik
and P : o}{)"’" E+h . (6-‘-},, H) = )Dr%t: 7‘ ul.feth)
fo e+h  1n

eth ey » 1

These are he source and -;‘aﬁuﬁ maps JG—'MJL J""‘f"’”’{ Shuchise
on . Other Stuchire maps

!
flenfibies . C+h e Q':  erh = ferh, 1)

ultpliacton Jt: W' v, o' = 2L

(erh, W) -Certt, ut) = (e+h, uu')
;jf’ P (erh,u) =e+rl =p {eih', v’}

U — 9.

Tnyekse: 1 :

{€th, u) Fo( & (etht), '],

The Meq now A embled G as « méjmjao;bf scheme :'f "Z(!.

Here. he Jm?oa\—,f:cﬂemz Sk on Y § He onz a(g(wf P
lecture 5. To this end, we hok wse Hhe iriesrabb Am}noa&;[c stoou U

The groupoiel mm:gé:}m U — U,

lonsider the Wi action on (e+h)« ..
Wo(eth k) = feroh, dofa)u)

It satispes '

RR P N P PR

&y The clefinkien f Uo. -}kL discussion on Pagei?4, we have

an nfegrabk A, -mo;!u& Struehire on (') . Th ofher vord
we hae a jmufmkf q‘cﬁ'an

b Yxy U — 2
PK'P:L JPR
eth —Z. e+
Alio have

Woxa
@L"b %{}xb Wf “"“—"/i’ 9 ol %!

¢ | | 4

62/(.,"1, ‘ZL’ /u’

H}Iﬁre /a': ‘-”Z{{*a ‘2{"-—! U B e mutﬁlplv‘mﬁvn may)z{dm ja <



These fmeg Hhat Hhe J‘Sﬂom’ay com,oa.rﬁ’r‘on B a mor?‘;}m af

Jrou};ot‘c{ Schemes over 4,
YW = ey b D g, o) —Lon’
where : b Y 3 He /‘d’enﬁ# morphdm A Y.

The grospoted - momerpham W= U xeiy (e44)

j?c'ﬂé- PR" : oz{’ —s @t+h. . (Cerh, u) i uferh) ¢O+ 4

ﬁrm ' . by
?{ xe@“{eﬂ.) r= 02(

ssing P’ and e+ 4 c» eth. [(the inelsion ) . We
Hink of  U'xes. (eth )"‘";4 a sdset of U

T (erh u):  ul (ern) ¢ e+ h [
We claim hat Hhe mw}p}-d)n. U — U foctors throly U
To prove 3, we look «f

HU) — C(U) = H1%).
for each we W recadl Hat L have W, o KHU4h) > S

The metp

HU) — U = H(ip) e g
aon-e‘sfwm{_s 4o the Scheme maylw)m
h— s b (eh, dotn))

Sinee. _
(Uriny)? - (ethy = Unlh)-leth) = €1 h

We see +hat

(eth, worn) ¢ Y

Sinee )-!P‘J;»J(—h}{ 3 a bdan ]{ﬁ— Koms C HTIHE),S),, we

conclude fhat he Morf:fmm YU Y’ ﬁcfms -;’ngé 9"
: ) Jt‘\r& gl — "
Theorem o ="
as gr M/M!‘E( Schemes over b

Ena{ cf fet:ﬁﬂ‘c-
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| gpcc. HT( l</'—;-)
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\\:) /”

e +hy U] X (e:h) ="
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ijm )ZJ'N J FJ
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