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Preface

This is a revised edition of a booklet originally published with the title “On
the geometry of grassmannians and the symplectic group: the Maslov index and
its applications”. The original text was used as a textbook for a short course given
by the authors at the XI School of Differential Geometry, held at the Universidade
Federal Fluminense, Niteroi, Rio de Janeiro, Brazil, in 2000. This new edition
was written between November 2007 and September 2008 at the University of Sdo
Paulo.

Several changes and additions have been made to the original text. The first two
chapters have basically remained in their original form, while in Chapter 3 a section
on the Seifert—van Kampen theorem for the fundamental groupoid of a topological
space has been added. Former Chapter 4 has been divided in two parts that have
become Chapters 4 and 5 in the present edition. This is where most of the changes
appear. In Chapter 4 we have added material on the notion of partial signatures at
a singularity of a smooth path of symmetric bilinear forms. The partial signatures
are used to compute the jump of the index for a path of real analytic forms in terms
of higher order derivatives. In Chapter 5, we have added a new and more general
definition of Maslov index for continuous curves with arbitrary endpoints in the
Lagrangian Grassmannian of a finite dimensional symplectic space. In the original
edition, we discussed only the homological definition, which applies only to curves
with “nondegenerate” endpoints. The presentation of this new definition employs
the Seifert—van Kampen theorem for the fundamental groupoid of a topological
space that was added to Chapter 3. We also discuss the notion of Maslov index for
pairs of Lagrangian paths, and related topics, like the notion of Conley—Zehnder
index for symplectic paths.

Given an isotropic subspace of a symplectic space, there is a natural construc-
tion of a new symplectic space called an isotropic reduction of the symplectic space
(see Example 1.4.17). In this new edition of the book we have also added a section
in Chapter 5 containing some material concerning the computation of the Maslov
index of a continuous path of Lagrangians that contain a fixed isotropic subspace.
This is reduced to the computation of the Maslov index in an isotropic reduction of
the symplectic space.

Finally, two appendices have been added. Appendix A contains a detailed
proof of the celebrated Kato’s selection theorem, in the finite dimensional case.
Kato’s theorem gives the existence of a real analytic path of orthonormal bases of
eigenvectors for a given real analytic path of symmetric operators. The proof of
Kato’s theorem presented in Appendix A is accessible to students with some back-
ground in Differential Geometry, including basic notions of covering spaces and
analytic functions of one complex variable. Kato’s theorem is needed for the proof
of the formula giving the Maslov index of a real analytic path of Lagrangians in
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terms of partial signatures. Appendix B contains an algebraic theory of general-
ized Jordan chains. Generalized Jordan chains are related to the notion of partial
signature discussed in Chapter 4.

Former Chapter 5, which contained material on some recent applications of
the notion of Maslov index in the context of linear Hamiltonian systems, has been
removed from the present version.

Incidentally, this book will be published 150 years after the publication of C. R.
Darwin’s On the origin of species, in 1859. Both authors are convinced evolution-
ists, and they wish to give a tribute to Darwin’s scientific work with two quotations
of the scientist at the beginning and at the end of the book. The authors grate-
fully acknowledge the partial financial support provided by Conselho Nacional de
Desenvolvimento Cientifico e Tecnoldogico (CNPq), Brazil, and by Fundagdo de
Amparo a Pesquisa do Estado de Sdo Paulo (Fapesp), Sao Paulo, Brazil.

Dedication. This book is dedicated to Prof. Elon Lages Lima and to Prof. Man-
fredo Perdigdo do Carmo on occasion of their 80th anniversary. Elon and Manfredo
are both authors of great math books from which the authors have learned and still
learn a lot.

Sao Paulo, October 2008



Introduction

The goal of this book is to describe the algebraic, the topological and the geo-
metrical issues that are related to the notion of Maslov index. The authors’ inten-
tion was to provide a self-contained text accessible to students with a reasonable
background in Linear Algebra, Topology and some basic Calculus on differential
manifolds. The new title of the book reflects this objective.

The notion of symplectic forms appears naturally in the context of Hamiltonian
mechanics (see [1]). Unlike inner products, symplectic forms are anti-symmetric
and may vanish when restricted to a subspace. The subspaces on which the sym-
plectic form vanishes are called isotropic and the maximal isotropic subspaces are
called Lagrangian. Hamiltonian systems naturally give rise to curves of symplecto-
morphisms, i.e., linear isomorphisms that preserve a symplectic form. In such con-
text, subspaces of the space where the symplectic form is defined may be thought
of as spaces of initial conditions for the Hamiltonian system. Lagrangian initial
conditions appear in many situations such as the problem of conjugate points in
Riemannian and semi-Riemannian geometry. Lagrangian initial conditions give
rise, by the curve of symplectomorphisms, to curves of Lagrangian subspaces. The
Maslov index is a (semi-)integer invariant associated to such curves. In many ap-
plications it has an interesting geometric meaning; for instance, in Riemannian
geometry the Maslov index of the curve of Lagrangians associated to a geodesic is
(up to an additive constant) equal to the sum of the multiplicities of conjugate (or
focal) points along the geodesic (see [6, 12]). Applications of Malsov index (and
other related indexes) can be found, for instance, in [2, 3, 4, 5, 10, 14, 15, 16, 18].

Chapter 1 deals with the linear algebraic part of the theory. We introduce the
basic notion of symplectic space, the morphisms of such spaces and the notion of
isotropic and Lagrangian subspaces of a symplectic space. Symplectic structures
are intimately related to inner products and complex structures, which are also
discussed in the chapter. The last part of the chapter deals with the notion of index
of a symmetric bilinear form and its main properties.

Chapter 2 deals with the geometrical framework of the theory. We describe
the differential structure of Grassmannians, that are compact manifolds whose el-
ements are subspaces of a given vector space. These manifolds are endowed with
differentiable transitive actions of Lie groups of isomorphisms of the vector space
turning them into homogenous spaces. A short account of the basics of the the-
ory of Lie groups and their actions on differential manifolds is given. The central
interest is in the differential structure of the Grassmannian of all Lagrangian sub-
spaces of a symplectic space. The local charts in a Grassmannian are obtained by
looking at subspaces of a vector space as graphs of linear maps. In the case of the
Lagrangian Grassmannian, such linear maps are symmetric.

Chapter 3 presents some topics in Algebraic Topology. We discuss the no-
tions of fundamental group and fundamental groupoid of a topological space. We

vii
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present a version of the Seifert—Van Kampen theorem for the fundamental groupoid
which allows us to give a simple definition of Maslov index for arbitrary continu-
ous curves in the Lagrangian Grassmannian. We give a self-contained presentation
of the homotopy long exact sequence of a pair and of a fibration. This is used in
the calculations of the fundamental group of Lie groups and homogeneous spaces.
We then give a short account of the definition and the basic properties of the groups
of relative and absolute singular homology, and we prove the long homology exact
sequence of a pair of topological spaces. We also present the Hurewicz theorem
that relates the fundamental group to the first singular homology group of a topo-
logical space. The techniques developed in the chapter are used to compute the first
homology and the first relative homology groups of the Lagrangian Grassmannian.

In Chapter 4 we study curves of symmetric bilinear forms, and the evolution
of their index. We give a first criterion for computing the jump of the index at a
nondegenerate singularity instant, and then we discuss a higher order method that
gives a formula for the jumps of the index of a real-analytic path in terms of some
invariants called the partial signatures.

In Chapter 5 we introduce the notion of Maslov index for curves in the La-
grangian Grassmannian. We first discuss the classical definition of Ly-Maslov
index, for paths whose endpoints are transverse to L, given in terms of relative ho-
mology. We then give a more general definition using the fundamental groupoid of
the Lagrangian Grassmannian, which produces a half-integer associated to curves
with arbitrary endpoints. We discuss the notion of Maslov index for a pair of
curves in the Lagrangian Grassmannian, and the notion of Conley—Zehnder index
for curves in the symplectic group.

Appendix A contains a detailed proof of the celebrated Kato’s selection the-
orem in the finite dimensional case. The theorem gives the existence of a real-
analytic family of orthonormal eigenvectors for a real-analytic path of symmetric
operators on a vector space endowed with an inner product. Kato’s theorem is
employed in the computation of the Maslov index of real-analytic paths using the
partial signatures.

In Appendix B we discuss an algebraic theory of generalized Jordan chains
associated to a sequence of symmetric bilinear forms on a finite dimensional vector
space. Generalized Jordan chains are used to define the notion of partial signatures
at a degeneracy instant of a smooth path of symmetric bilinear forms.

At the end of each chapter we have given a list of exercises whose solution is
based on the material presented in the chapter. These exercises are meant either to
fill the details of some argument used in the text, or to give some extra information
related to the topic discussed in the chapter. The reader should be able to solve the
problems as he/she goes along; the solution, or a hint for the solution, of (almost)
all the exercises is given in Appendix C.



To kill an error is as good a service
as, and sometimes even better than, the
establishing of a new truth or fact.

Charles Darwin






CHAPTER 1
Symplectic Spaces

1.1. A short review of Linear Algebra

In this section we will briefly review some well known facts concerning the
identification of bilinear forms with linear maps on vector spaces. These identifi-
cations will be used repeatedly during the exposition of the material, and, to avoid
confusion, the reader is encouraged to take a few minutes to go through the pain of
reading this section.

The results presented are valid for vector spaces over an arbitrary field K,
however we will mainly be interested in the case that X' = R or K = C. Moreover,
we emphasize that even though a few results presented are also valid in the case of
infinite dimensional vector spaces, in this chapter we will always assume that the
vector spaces involved are finite dimensional.

Let V and W be vector spaces. We denote by Lin(V, W) and by B(V, W) re-
spectively the vector spaces of all the linear maps T : V' — W and of bilinear
maps, called also bilinear forms, B : V x W — K; by V* we mean the dual space
Lin(V, K) of V. Shortly, we set Lin(V') = Lin(V, V) and B(V) = B(V, V).

There is a natural isomorphism:

(1.1.1) Lin(V,W*) — B(V, W),
which is obtained by associating to each linear map 7" : V' — W* the bilinear form

Br € B(V,W) given by Br(v,w) =T (v)(w).

1.1.1. REMARK. Given vector spaces V, W, V;, Wy and a pair (L, M) of linear
maps, with L € Lin(V;, V) and M € Lin(W, W), one defines another linear map:

(1.1.2) Lin(L, M) : Lin(V, W) — Lin(Vy, W7)
by:
(1.1.3) Lin(L,M)-T=MoTo L.

In this way, Lin(-,-) becomes a functor, contravariant in the first variable and
covariant in the second, from the category of pairs of vector spaces to the cate-
gory of vector spaces. Similarly, given linear maps L € Lin(V;,V) and M €
Lin(W;, W), we can define a linear map B(L, M) : B(V,W) — B(V;, W)
by setting B(L, M) - B = B(L-, M-). In this way, B(-,-) turns into a functor,
contravariant in both variables, from the category of pairs of vector spaces to the
category of vector spaces. This abstract formalism will infact be useful later (see
Section 2.3).

The naturality of the isomorphism (1.1.1) may be meant in the technical sense
of natural isomorphism between the functors Lin(-, -) and B(+, -) (see Exercise 1.1).

To avoid confusion, in this Section we will distinguish between the symbols
of a bilinear form B and of the associated linear map Tz, or between a linear

1



2 1. SYMPLECTIC SPACES

map 7' and the associated bilinear form Br. However, in the rest of the book we
will implicitly assume the isomorphism (1.1.1), and we will not continue with this
distinction.

Given a pair of vector spaces V; and W; and linear maps L; € Lin(V3,V),
Ly € Lin(Wq, W), the bilinear forms By (Ls-,-) and Bp(-, La-) correspond via
(1.1.1) to the linear maps 7' o L; and L3 o T respectively. Here, L : W* — W
denotes the transpose linear map of Lo given by:

Li(a) =ao Ly, Vae W™

We will identify every vector space V' with its bidual V** and every linear map
T with its bitranspose T**. Given T' € Lin(V, W*) we will therefore look at 7™
as an element in Lin(W, V*); if By is the bilinear form associated to 7, then the
bilinear form By associated to T is the transpose bilinear form B}, € B(W, V)
defined by B}.(w,v) = Br(v,w).

Given B € B(V), we say that B is symmetric if B(v,w) = B(w,v) for
all v,w € V; we say that B is anti-symmetric if B(v,w) = —B(w,v) for all
v,w € V (see Exercise 1.3). The sets of symmetric bilinear forms and of anti-
symmetric bilinear forms are subspaces of B(1'), denoted respectively by Bgym (V')
and B,_gym (V). Itis easy to see that B is symmetric (resp., anti-symmetric) if and
only if T = Tg (resp., T} = —T'B), using the standard identification between V'
and the bidual V**.

The reader is warned that, unfortunately, the identification (1.1.1) does not
behave well in terms of matrices, with the usual convention for the matrix repre-
sentations of linear and bilinear maps.

If (v;)?_, and (w;)™ , are bases of V and W respectively, we denote by (v})?_;
and (w})", the corresponding dual bases of V* and W*. For T' € Lin(V, W*),
the matrix representation (7;;) of T satisfies:

m
T(vj) = Tijw}.
=1

On the other hand, if B € B(V, W), the matrix representation (5;;) of B is defined
by:
Bij = B(vi, wy);
hence, for all 7' € Lin(V, W*) we have:
Tij = T(vj)(wi) = Br(vj, wi) = [Brlji-

Thus, the matrix of a linear map is the franspose of the matrix of the corresponding
bilinear form; in some cases we will be considering symmetric linear maps, and
there will be no risk of confusion. However, when we deal with symplectic forms
(see Section 1.4) one must be careful not to make sign errors.

1.1.2. DEFINITION. GivenT' € Lin(V, W), we define the pull-back associated
to 7" to be map:
T# : B(W) — B(V)
given by T#(B) = B(T-,T-). When T is an isomorphism, we can also define the
push-forward associated to T, which is the map:
Ty :B(V) — B(W)
defined by T (B) = B(T~1., T71.).



1.1. A SHORT REVIEW OF LINEAR ALGEBRA 3

1.1.3. EXAMPLE. Using (1.1.1) to identify linear and bilinear maps, we have
the following formulas for the pull-back and the push-forward:
(1.1.4) T#(B)=T*oTgoT, Ty(B)=(T"")*oTgoT "

The identities (1.1.4) can be interpreted as equalities involving the matrix repre-
sentations, in which case one must use the matrices that represent B, 7% (B) and
Ty (B) as linear maps.

For B € B(V), the kernel of B is the subspace of V' defined by:
(1.1.5) Ker(B) = {u €V :Bv,w)=0, Vwe V}.

The kernel of B coincides with the kernel of the associated linear map 7" : V' —
V*. The bilinear form B is said to be nondegenerate if Ker(B) = {0}; this is
equivalent to requiring that its associated linear map 7’ is injective, or equivalently,
an isomorphism.

1.1.4. EXAMPLE. If B € B(V) is nondegenerate, then B defines an isomor-
phism 7'g between V' and V* and therefore we can define a bilinear form [15]4(B)
in V* by taking the push-forward of B by Ts. By (1.1.4), such bilinear form is as-
sociated to the linear map (T'51)*; if B is symmetric, then [T;5]4(B) is the bilinear
form associated to the linear map 75"

1.1.5. DEFINITION. Let B € Bgym (V') be a symmetric bilinear form in V. We
say that a linear map T : V' — V is B-symmetric (respectively, B-anti-symmetric)
if the bilinear form B(T'-,-) is symmetric (respectively, anti-symmetric). We say
that T'is B-orthogonal if T#[B] = B, i.e., if B(T-,T-) = B.

1.1.6. EXAMPLE. Given B € By, and T' € Lin(V'), the B-symmetry of 7" is
equivalent to:
(1.1.6) TgoT = (Tg o T)*;
clearly, the B-anti-symmetry is equivalentto Tg o T = —(Tp o T)*.

When B is nondegenerate, we can also define the transpose of T' relatively to
B, which is the linear map 7' € Lin(V') such that B(Tv,w) = B(v,Tw) for all
v, w € V. Explicitly, we have
(1.1.7) T=Tg ' oT*oTg.

Then, T' is B-symmetric (resp., B-anti-symmetric) iff T=T (resp., iff T=-T),
and it is B-orthogonal iff 7' = T~ 1,
We also say that T" is B-normal if T' commutes with 7'

Given a subspace S C V and a bilinear form B € B(V), the orthogonal
complement S+ of S with respect to B is defined by:

(1.1.8) SJ‘:{UEV:B(U,w)zo, vwes}.

In particular, Ker(B) = V. The annihilator S° of S (in V) is the subspace of V*
defined by:

Soz{aeV*:a(w):O, VwGS}.
Observe that S* = T (S?).
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1.1.7. EXAMPLE. Assume that B € By (V') is nondegenerate and let 7' €
Lin(V); denote by 7' the B-transpose of T. If § C V' is an invariant subspace for
T,ie., if T(S) C S, then the B-orthogonal complement S+ of S is invariant for

T This follows from (1.1.7) and from the identity S+ = T’ 51(S°), observing that
the annihilator S° of S is invariant for 7.

1.1.8. PROPOSITION. If B € B(V) is nondegenerate and S C V is a sub-
space, then dim(V) = dim(S) + dim(S™).

PROOF. Simply note that dim (V') = dim(S) 4 dim(S°) and that dim(S+) =
dim(S°), and S* = T5'(S°), with T an isomorphism, because B is nondegen-
erate. (]

If B is either symmetric or anti-symmetric, then it is easy to see that S C
(S+)+; the equality does not hold in general, but only if B is nondegenerate.

1.1.9. COROLLARY. Suppose that B € B(V) is either symmetric or anti-
symmetric; if B is nondegenerate, then S = (S+)*.

PROOF. Itis S C (S*)*; by Proposition 1.1.8 dim(S) = dim((S+)+). O

If B € B(V) is nondegenerate and S C V' is a subspace, then the restriction
of B to .S x S may be degenerate. We have the following:

1.1.10. PROPOSITION. The restriction B|sxg is nondegenerate if and only if
V=Sast

PROOF. The kernel of the restriction B|gx g is SN SL: hence, if V =S & S+,
it follows that B is nondegenerate on S. Conversely, if B is nondegenerate on .5,
then S N S+ = {0}. It remains to show that V' = S + S=. For, observe that the
map:

(1.1.9) S>xz+— B(z,)|s €S*
is an isomorphism. Hence, given v € V, there exists z € S such that B(x, -) and
B(v, ) coincide in S, thus x — v € S*. This concludes the proof. O

1.1.11. COROLLARY. Suppose that B € B(V') is either symmetric or anti-
symmetric; if B is nondegenerate, then the following are equivalent:

e B is nondegenerate on S;
e B is nondegenerate on S=.

PROOF. Assume that B is nondegenerate on S. By Proposition 1.1.10 it is
V = S@S*; by Corollary 1.1.9 we have V = S+ @ (S+)+, from which it follows
that B is nondegenerate on S+ by Proposition 1.1.10. The converse is analogous,
since (S+)+ = S. O

1.1.12. EXAMPLE. Proposition 1.1.10 actually does not hold if V' is not finite
dimensional. For instance, if V' is the space of square summable sequences x =
(zi)iew of real numbers, i.e., Y., .y 22 < +o0, B is the standard Hilbert product
in V given by B(x,y) = >, iy and S C V is the subspace consisting of
all almost null sequences, i.e., x; # 0 only for a finite number of indices i € N,
then it is easy to see that S+ = {0}. What happens here is that the map (1.1.9) is
injective, but not surjective.
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1.1.13. REMARK. Observe that Proposition 1.1.10 is indeed true if we assume
only that S is finite dimensional; for, in the proof presented, only the finiteness of
dim(S) was used to conclude that the map (1.1.9) is an isomorphism.

As an application of Proposition 1.1.10 we can now prove that every symmetric
bilinear form is diagonalizable. We say that a basis (v;)!"_; of V' diagonalizes the
bilinear form B if B(v;,vj) = 0 foralli # j, i.e., if B is represented by a diagonal
matrix in the basis (v;)7_;.

1.1.14. THEOREM. Suppose that K is a field of characteristic different from 2.
Given B € Bgym(V), there exists a basis (v;)]—, of V that diagonalizes B.

PROOF. We prove the result by induction on dim(V'). If dim(V) = 1 the
result is trivial; assume dim (V') = n and that the result holds true for every vector
space of dimension less than n. If B(v,v) = 0 for all v € V, then B = 0. For,

0=B({v+w,v+w)=2B(v,w),

and the filed K has characteristic different from 2. Since the result in the case that
B = 0 is trivial, we can assume the existence of v; € V such that B(vy,v1) # 0. It
follows that B is nondegenerate on the one-dimensional subspace K vy generated
by v1; by Proposition 1.1.10 we get:

V:Km@(Kvl)l.

By the induction hypothesis, there exists a basis (v;)"_, of (K v1)* that diagonal-
izes the restriction of B; it is then easy to check that the basis (v;)!"_, diagonalizes
B. U

1.2. Complex structures

In this section we will study the procedure of changing the scalar field of a real
vector space, making it into a complex vector space. Of course, given a complex
vector space, one can always reduce the scalars to the real field: such operation
will be called reduction of the scalars.

Passing from the real to the complex field requires the introduction of an ad-
ditional structure, that will be called a complex structure. Many of the proofs in
this section are elementary, so they will be omitted and left as an exercise for the
reader.

For clarity, in this section we will refer to linear maps as R-linear or C-linear,
and similarly we will talk about IR-bases or C-bases, real or complex dimension,
etc.

Let V be a complex vector space; we will denote by VR the real vector space
obtained by restriction of the multiplication by scalars C x V — Vto R x V —
V. Observe that the underlying set of vectors, as well as the operation of sum,
coincides in V and V. We say that VR is a realification of V, or that VR is obtained
by a reduction of scalars from V.

The endomorphism v +— v of V given by the multiplication by the imaginary
unit i = y/—1 is C-linear, hence also R-linear. The square of this endomorphism
is given by minus the identity of V. This suggests the following definition:

1.2.1. DEFINITION. Let V' be a real vector space. A complex structure in V' is
alinear map J : V — V such that J2 = J o J = —Id.
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Clearly, a complex structure .J is an isomorphism, since J ! = —.J.

Given a complex structure J on V it is easy to see that there exists a unique
way of extending the multiplication by scalars R x V' — V of V' to a multiplication
by scalar C x V' — V in such a way that J(v) = iv. Explicitly, we define:

(1.2.1) (a+bi)v=av+bJ(v), abeR, veV.

Conversely, as we had already observed, every complex extension of multiplication
by scalars for V' defines a complex structure on V' by J(v) = iv.

We will henceforth identify every pair (V, J), where V' is a real vector space
and J is a complex structure of V', with the complex vector space ) obtained from
(V,J) by (1.2.1). Observe that V' is the realification Vi of V.

1.2.2. EXAMPLE. For every n € IN, the space R?" has a canonical complex
structure defined by J(z,y) = (—y, z), for 7,y € R™. We can identify (R?",.J)
with the complex vector space C" by (z,y) — x + iy. In terms of matrix repre-
sentations, we have:

0 —I
(1.2.2) Jz(l O)’

where 0 and I denote respectively the 0 and the identity n x n matrices.
We have the following simple Lemma:

1.2.3. LEMMA. Let (V1,J1) and (Va, J2) be real vector spaces endowed with
complex structures. A R-linearmap T : Vi — Vs is C-linear if and only if To J; =
Jo o T. In particular, the C-linear endomorphisms of a vector space with complex
structure (V, J) are the R-linear endomorphisms of V that commute with J.

PROOF. Left to the reader in Exercise 1.5. O

1.2.4. REMARK. Observe thatif J is a complex structure on V, then also —J is
a complex structure, that will be called the conjugate complex structure. For A € C
and v € V, the product of \ and v in the complex space (V, —J) is given by the
product of A and v in the complex space (V,.J), where ) is the complex conjugate
of A. The set of complex bases of (V,J) and (V, —J) coincide; observe however
that the components of a vector in a fixed basis are conjugated when replacing J
by —J.

A C-linear map T between complex spaces is still C-linear when replacing the
complex structures by their conjugates in both the domain and the counterdomain.
The representations of 1" with respect to fixed bases in the complex structures and
the same bases in the conjugate complex structures are given by conjugate matrices.

1.2.5. DEFINITION. A map 7' between complex vector spaces is said to be
anti-linear, or conjugate linear, if it is additive and if T'(Av) = AT'(v) for all
A € C and all v in the domain of 7.

An anti-linear map is always R-linear when we see it as a map between the
realifications of the domain and the counterdomain. Moreover, a map is anti-linear
if and only if it is C-linear when the complex structure of its domain (or of its
counter domain) is replaced by the complex conjugate. In particular, the anti-linear
endomorphisms of (V, .J) are the R-linear endomorphisms of V' that anti-commute
with J.

We have the following relation between the bases of (V,.J) and of V:
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1.2.6. PROPOSITION. Let V' be a (possibly infinite dimensional) real vector
space and J a complex structure on V. If (bj)jc 7 is a C-basis of (V, J), then the

union of (b;)j € J and (‘](bj))jej is an R-basis of V.

PROOF. Left to the reader in Exercise 1.6. |

1.2.7. COROLLARY. The real dimension of V is twice the complex dimension
of (V, J); in particular, a (finite dimensional) vector space admits a complex struc-
ture if and only if its dimension is an even number.

PROOF. We only need to show that every real vector space of even dimension
admits a complex structure. This is easily established by choosing an isomorphism
with R?" and using the canonical complex structure given in Example 1.2.2. O

1.2.8. EXAMPLE. If (V,J) is a real vector space with complex structure, then
the dual complex space of (V,.J) is given by the set of R-linear maps o : V' — C
such that:

(1.2.3) aoJ(w)=ia(v), veV.

It is easy to see that (1.2.8) determines the imaginary part of o when it is known
its real part; hence we have an R-linear isomorphism:

(1.2.4) (V,)*>ar— Roaec V",

where ® : C — R denotes the real part map. The isomorphism (1.2.4) therefore
induces a unique complex structure of V* that makes (1.2.4) into a C-linear iso-
morphism. Such complex structure is called the dual complex structure, and it is
easy to see that it is given simply by the transpose map J*.

We conclude this section with a relation between the matrix representations of
vectors and linear maps in real and complex bases. Let (V, J) be a 2n-dimensional
vector space with complex structure; a basis of V' adapted to J , shortly a J-basis,
is a basis of the form

(1.2.5) (b1, b, J(b1), ..., J(bn));

in this case, (bj)7_; is a complex basis of (V, J). For instance, the canonical basis
of R?", endowed with the canonical complex structure, is a .J-basis corresponding
to the canonical basis of C™. In other words, the J-bases of a vector space are
precisely those with respect to which the matrix representations of J is that given
by (1.2.2). The existence of J-bases is given by Proposition 1.2.6.

Let a J-basis of V' be fixed, corresponding to a complex basis B = (bj);»’:1
of (V,J). Given v € V with coordinates (z1,...,z2,) in the basis B, then its
coordinates in the (real) J-basis of V are:

v~ (xla"'vxnvyla"wyn)a

where z; = x; +1yj, zj,y; € R. If T is a C-linear map represented in the
complex basis by the matrix Z = A + i B (A and B real), then its representation
in the corresponding J-basis is:

A -B
(1.2.6) T~<B ) )
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1.2.9. REMARK. Formula (1.2.6) tells us that the map

Z:A+Bz’»—><g _f)

is an injective homomorphism of the algebra of complex n X n matrices into the
algebra of real 2n x 2n matrices.

1.3. Complexification and real forms

In this section we show that any real vector space can be “extended” in a canon-
ical way to a complex vector space, by mimicking the relation between R™ and C";
such an extension will be called a complexification of the space. We also show that,
given a complex space, it can be seen as the complexification of several of its real
subspaces, that will be called the real forms of the complex space. We will only
consider the case of finite dimensional spaces, even though many of the results
presented will hold in the case of infinite dimensional spaces, up to minor modifi-
cations. Some of the proofs are elementary, and they will be omitted and left to the
reader as Exercises.

1.3.1. DEFINITION. Let V be a complex vector space; a real formin V is a real
subspace 1y of V (or, more precisely, a subspace of the realification Vi of V) such
that:

Vr = Vo D1 ).

In other words, a real form V) in V is a real subspace such that every v € V
can be written uniquely in the form v = vy + i v9, with vy, v2 € V).
To a real form V) we associate maps:

(1.3.1) R:V—Vy, S:V—Vy, ¢:V—V,

given by %(Ul + ivg) = vy, %(Ul + ’L"UQ) = vy and C(Ul + iUQ) = vy — 1y, for
all v1, v € V. We call R, & and ¢ respectively the real part, imaginary part, and
conjugation maps associated to the real form V. All these maps are R-linear; the
map c is also anti-linear. For v € V, we also say that ¢(v) is the conjugate of v
relatively to the real form V), and we also write:

¢(v) = .

1.3.2. DEFINITION. Let V be a real vector space. A complexification of V is a
pair (V', 1), where V® is a complex vector space and + : V' — VC is an injective
R-linear map such that ¢(V) is a real form in V©.

The result of the following Proposition is usually known as the universal prop-
erty of the complexification:

1.3.3. PROPOSITION. LetV be a real vector space, (VC, L) a complexification
of V and W a complex vector space. Then, given an R-linear map f : V — Wg,
there exists a unique C-linear map f : V€ — W such that the following diagram
commutes:

(1.3.2) Ve
aQ
V—W
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PROOF. Left to the reader in Exercise 1.7. O

As corollary, we obtain the uniqueness of a complexification, up to isomor-
phisms:

1.3.4. COROLLARY. Suppose that (VE, 1) and (V,€, 12) are complexifications
of V. Then, there exists a unique C-linear isomorphism ¢ : VlC — VQC such that
the following diagram commutes:

ye—2 e
174

PROOF. Left to the reader in Exercise 1.8. O

If V is a real vector space, we can make the direct sum V' & V into a complex
space by taking the complex structure J (v, w) = (—w,v). Setting ¢(v) = (v,0),
it is easy to see that (V' @ V,¢) is a complexification of V, that will be called the
canonical complexification of the real vector space V.

By Corollary 1.3.4, we do not need to distinguish between complexifications
of a vector space; so, from now on, we will denote by V€ the canonical complexi-
fication of V/, or, depending on the context, we may use the symbol V® to denote
some other complexification of V', which is necessarily isomorphic to the canonical
one.

The original space V' will then be identified with ¢(V'), so that we will always
think of an inclusion V' C V'C; since +(V) is a real form in V', then V'C is a direct
sumof V and ¢ V:

VE=VeaiV.

1.3.5. EXAMPLE. The subspace R”™ C C" is a real form in C", hence C" is a
complexification of R".

1.3.6. EXAMPLE. The space M, (IR) of real n x n matrices is a real form in
the space M,,(C) of complex n x n matrices.

A less trivial example of a real form in M, (C) is given by u(n), which is the
space of anti-Hermitian matrices, i.e., matrices A such that A* = — A, where A*
denotes the conjugate transpose matrix of A. In this example, i u(n) is the space
of Hermitian matrices, i.e., the space of those matrices A such that A* = A. Tt is
easy to see that M, (C) = u(n) @iu(n), and so u(n) is a real form in M,,(C) and
M,,(C) is a complexification of u(n).

1.3.7. EXAMPLE. If V is a complex vector space and if (b;)’_; is a complex
basis of V, then the real subspace V) of VR given by:

n
Vo= {3 Nt N e R, V]
j=1
is a real form in V.

Actually, every real form of V can be obtained in this way; for, if Vy C V
is a real form, then an R-basis (b;)7_; of Vy is also a C-basis of V. It follows
in particular that the real dimension of a real form ) is equal to the complex
dimension of V.
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Example 1.3.7 tells us that every complex space admits infinitely many real
forms; in the following proposition we give a characterization of the real forms in
a complex space. We recall that a bijection ¢ of a set is said to be an involution if

¢ =¢op=1d

1.3.8. PROPOSITION. Let V be a complex space. Then there exists a bijection
between the set of real forms in YV and the set of the anti-linear involutive automor-
phisms of V. Such bijection is obtained by:

e associating to each real form Vy C V its conjugation map c (see (1.3.1));
e associating to each anti-linear involutive automorphism ¢ of V the set of
its fixed points Vo = {v € V : ¢(v) = v}. O

The above result suggests an interesting comparison between the operation of
realification of a complex space and the operation of complexification of a real
space. In Section 1.2 we saw that, roughly speaking, the operations of realification
and of addition of a complex structure are mutually inverse; the realification is a
canonical procedure, while the addition of a complex structure employs an addi-
tional information, which is an automorphism .J with .J2 = —Id. In this section we
have the opposite situation. The complexification is a canonical operation, while
its “inverse” operation, which is the passage to a real form, involves an additional
information, which is an anti-linear involutive automorphism.

Let us look now at the complexification as a functorial construction. Let V;
and V3 be real spaces; from the universal property of the complexification (Propo-
sition 1.3.3) it follows that each linear map 7" : V; — V5 admits a unique C-linear
extension 7C : V¥ — V.. We have the following commutative diagram:

TC
Ve =V

Wi — Va

The linear map T'C is called the complexification of T; more concretely, we have
that 7'C is given by:

TC(w +iw) =Tw) +iT(w), v,we V.
It is immediate that:
(1.3.3) (TyoTy)® =T o7, 1d° =1d,
and, when 7' is invertible
(1.3.4) (1%~ = (1~ HC.

The identities (1.3.3) imply that the complexification V' — V¢, T — TC is a

functor from the category of real vector spaces with morphisms the R-linear maps

to the category of complex vector spaces with morphisms the C-linear maps.
Given a linear map 7' : V), — V4, it is easy to see that:

(1.3.5) Ker(T%) = (Ker(T))%, Im(T%) = Im(T)%;

in the context of categories, the identities (1.3.5) say that the complexification is an
exact functor, i.e., it takes short exact sequences into short exact sequences.
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If U C V is a subspace, it is easy to see that the complexification i€ of the
inclusion i : U — V is injective, and it therefore gives an identification of U € with
a subspace of V'C. More concretely, the subspace U® of VC is the direct sum of
the two real subspaces U and i U of V'©; equivalently, U is the complex subspace
of VC generated by the set U C V€. However, not every subspace of V® is the
complexification of some subspace of V. We have the following characterization:

1.3.9. LEMMA. Let V be a real vector space and let Z C V' be a complex
subspace of its complexification. Then, there exists a real subspace U C V with
Z = UC ifand only if Z is invariant by conjugation, i.e.,

«(2)C Z,

where ¢ is the conjugation relative to the real form V. C V. If Z = U, then such
U is uniquely determined, and it is given explicitly by U = ZN V.

PROOF. Left to the reader in Exercise 1.9. O

Given real vector spaces V] and V5, observe that the map:
(1.3.6) Lin(Vi, V3) 3 T — TC € Lin(V,T, Vi)
is R-linear; we actually have the following:

1.3.10. LEMMA. The map (1.3.6) takes Lin(V1, Vi) isomorphically onto a real
form in Lin(V,E, V), i.e., the pair formed by the space Lin(V,C, V,¥) and the map
(1.3.6) is a complexification of Lin(V7, V3).

PROOF. Since (VQC)R = V5 @1 Vs, itis easy to see that:
(1.3.7) Lin (Vl, (VQ‘U)R) = Lin(V4, V5) @ iLin(V4, Va).

From the universal property of the complexification, it follows that the restriction
map

(1.3.8) Lin(V,V5) 5.8 == Sly; € Lin(Vi, (Vi) )

is an isomorphism. From (1.3.7) and (1.3.8) it follows:

(1.3.9) Lin(V;%, Vy°) = Lin(V4, V5) @ Lin(V4, Va),

where the two summands on the right of (1.3.9) are identified respectively with the
image of (1.3.6) and with the same image multiplied by <. U

From Lemma 1.3.8 it follows in particular that the dual V* = Lin(V, R) can be
identified with a real form of the dual of the complexification (V€)* = Lin(V®, C)
(compare with Example 1.2.8).

Along the same lines of Lemma 1.3.9, in the next lemma we characterize the
image of (1.3.6):

1.3.11. LEMMA. Let V1, Vs be real vector spaces. Given a C-linear map S :
Vlc — VQC, the following statements are equivalent:

e there exists an R-linearmap T : Vi — Vo suchthat S =T C,

e S preserves real forms, i.e., S(V1) C Va;

e S commutes with conjugation, i.e., co S = S o ¢, where ¢ denotes the
conjugation maps in Vl(D and VQC with respect to the real forms Vi and V5
respectively.
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When one (hence all) of the above conditions is satisfied, there exists a unique
T € Lin(Vy, V) such that S = T, which is given by the restriction of S. O

1.3.12. EXAMPLE. Let V1, V5 be real vector spaces; choosing bases for V;
and V3, the same will be bases for the complexifications V;¥ and ViU (see Ex-
ample 1.3.7). With respect to these bases, the matrix representation of a linear
map T' : Vi — Vi is equal to the matrix representation of its complexification
T7C : Vi€ — V¥ (compare with the result of Section 1.2, and more in particular
with formula (1.2.6)). In terms of matrix representations, the map (1.3.6) is simply
the inclusion of the real matrices into the complex matrices.

1.3.13. EXAMPLE. The real form in Lin(V,¥, V,¥) defined in the statement
of Lemma 1.3.10 corresponds to a conjugation map in Lin(Vl‘D, VQC); given S €

Lin(V,®, Vi¥), we denote by S its conjugate linear map. Explicitly, S is given by:
S=coSoc.

For, using Proposition 1.3.8 and Lemma 1.3.11, it suffices to observe that S +—
¢ 0 S o ¢ defines an anti-linear involutive automorphism of Lin(V,®, V;¥) whose
fixed point set is the image of (1.3.6). Observe that we have the identity:

S(w)=8®), veVE.

In terms of bases, the matrix representation of S is the complex conjugate of the
matrix representation of S.

The theory presented in this section can be easily generalized to the case of
multi-linear maps, anti-linear maps and maps with “mixed” multi-linearity, like
sesquilinear maps. The latter case has special importance:

1.3.14. DEFINITION. Given complex vector spaces Vi, Vs, and V, we say that
amap B : Vi X Vo — V is sesquilinear if for all v; € V) the map B(vy, ) is
anti-linear and for all vo € V5 the map B(-, v2) is C-linear.

If V| = V), and if a real form is fixed in V, we say that a sesquilinear map B
is Hermitian (respectively, anti-Hermitian) if B(v1,v2) = B(ve, v1) (respectively,
B(vy,v2) = —B(vg, v1)) for all v, vy € V.

A Hermitian form in a complex space V is a sesquilinear Hermitian map B :
V x V — C; if B is positive definite, i.e., B(v,v) > 0 for all v # 0, we also say
that B is a positive Hermitian product, or simply an Hermitian product, in V.

In the same way that we define the complexification 7°C for an R-linear map,
we can define the complexification B of an R-multilinear map B : Vi x --- x
V,, — V as its unique extension to a C-multi-linear map B® : V€ x - .. x V;)C —
VC. Similarly, we can associate to an R-linear map its unique extension 7€ :
V€ — Vi€ to an anti-linear map, and to an R-bilinear map B : V; x Vo — V its
unique sesquilinear extension B : V€ x V¥ — VC,

In Exercise 1.10 the reader is asked to generalize the results of this section,
in particular Proposition 1.3.3, Lemma 1.3.10 and Lemma 1.3.11, to the case of
multi-linear, conjugate linear or sesquilinear maps.

1.3.15. EXAMPLE. If V is a real vector space and B € Bgyy(V) is a sym-
metric bilinear form on V/, then the bilinear extension B® of B to V' is sym-
metric; on the other hand, the sesquilinear extension B® of B is a Hermitian
form on V. Similarly, the bilinear extension of an anti-symmetric bilinear form
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is anti-symmetric, while the sesquilinear extension of an anti-symmetric form is
anti-Hermitian.

The notions of kernel (see (1.1.5)), nondegeneracy and orthogonal complement
(see (1.1.8)) for symmetric and anti-symmetric bilinear forms generalize in an ob-
vious way to sesquilinear Hermitian and anti-Hermitian forms. If B is symmetric
(or anti-symmetric), it is easy to see that the condition of nondegeneracy of B is
equivalent to the nondegeneracy of either B€ or B®. Moreover, if B € Bsym (V)
is positive definite, i.e., B(v,v) > 0 for all v # 0, then its sesquilinear extension
B is also positive definite. Observe that the C-bilinear extension BC will be
nondegenerate, but it is not positive definite (see Exercise 1.11).

For instance, the canonical inner product of R™ is given by:

n
j=1

Its sesquilinear extension defines the canonical Hermitian product in C", given by
n
(1.3.10) (z,w)C = szwj,
j=1

while its C-bilinear extension is given by:
n

(z,w)% = Z ZjW;.

j=1

1.3.16. REMARK. In the spirit of Definition 1.1.5, given a complex space V
and a Hermitian form B in V, we say that a C-linear map 7 € Lin(V) is B-
Hermitian (respectively, B-anti-Hermitian) if B(7 -, -) is a Hermitian (respectively,
anti-Hermitian) form. We also say that 7 is B-unitary if B(7-,7T-) = B.

Given a real vector space V, B € Bgyn(V) and if T € Lin(V) is a B-
symmetric (respectively, B-anti-symmetric) map, then its complexification 7' in
Lin(V®) is a B®-Hermitian (respectively, B®-anti-Hermitian) map.

If T is B-orthogonal, then 7' is B -unitary.

1.3.1. Complex structures and complexifications. The aim of this subsec-
tion is to show that there exists a natural correspondence between the complex
structures of a real space V' and certain direct sum decompositions of its complex-
ification VC.

Let V be areal vector space and let J : V' — V be a complex structure in V'; we
have that JC is a C-linear automorphism of the complexification V' that satisfies
(J®)? = —Id. It is then easy to see that V¢ decomposes as the direct sum of
the two eigenspaces of JC corresponding to the eigenvalues i and —i respectively;
more explicitly, we define:

Vi ={veV®: J%Ww) =iv},
Ve={veVv?: J%0) = —iv}.
Then, VY and V¢ are complex subspaces of V¢, and VC = VY @ V9, the projec-
tions onto the subspaces VY and V® are given by:
_ v —iJ%(v) (0) = v+ 1iJC (V)

Ve,
9 , 5 , VE

(1.3.11) m(v)
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We call the spaces V' and V@ respectively the holomorphic and the anti-holomor-
phic subspaces of V€. Next proposition justifies the names of these spaces (see
also Example 1.3.18 below):

1.3.17. PROPOSITION. Let V' be a real vector space and J a complex struc-
ture in V. Then, the projections 7 and ©® given in (1.3.11) restricted to V define
respectively a C-linear isomorphism of (V,J) onto VY and a C-anti-linear iso-
morphism of (V, J) onto V°. O

Proposition 1.3.17 tells us that, if we complexify a space V' that already pos-
sesses a complex structure .J, we obtain a complex space V'C that contains a copy
of the original space (V,.J) (the holomorphic subspace) and a copy of (V, —J)
(the anti-holomorphic subspace). Observe also that the holomorphic and the anti-
holomorphic subspaces of V€ are mutually conjugate:

Ve=c(VY), Vh=c(V),

where ¢ denotes the conjugation of V' relative to the real form V.

In our next example we make a short digression to show how the theory of this
subsection appears naturally in the context of calculus with functions of several
complex variables.

1.3.18. EXAMPLE. The construction of the holomorphic and the anti-holomor-
phic subspaces appears naturally when one studies calculus of several complex
variables, or, more generally, when one studies the geometry of complex manifolds.

In this example we consider the space C", that will be thought as the real space
R?" endowed with the canonical complex structure. The real canonical basis of
C™ ~ (R?", J) will be denoted by:

0 o 0 0\
(83:1""’851:”’ 8y1""’8y”>’
this is a basis of R?" adapted to .J, and the corresponding complex basis of C" is
given by:
0 0
(8331""’8:::”)‘

We now consider another complex space, given by the complexification (IRzn)‘E ~
C?". We denote by J the multiplication by the scalar i in C", while in C?" such
multiplication will be denoted in the usual way v — iv. Let JC : C** — C?" be
the complexification of .J, which defines the holomorphic and the anti-holomorphic
subspaces of C27.

By Proposition 1.3.17, the projections 77 and 7® defined in (1.3.11) map the
canonical complex basis of C™ respectively into a basis of the holomorphic sub-
space and a basis of the anti-holomorphic subspace of C2". These bases are usually

denoted by (%)?:1 and (%)?:1; using (1.3.11) we compute explicitly:

9 _1(o 0N 9 170 0
0z 2\0xd Oyl )’ 0z  2\0x8 Oy )’
o)

Observe that the vector 5= is conjugate to the vector %.
z Z:

The notation %, aiyi for the canonical basis of R?" is justified by the identifi-

cation of vectors in R?" with the partial derivative maps on differentiable functions

f : R®™ — R. The complexification of R?" is therefore identified with the space
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of partial derivative maps acting on complex differentiable functions f : R?" — C;
in this notation, the Cauchy—Riemann equations, that characterize the holomorphic
functions, are given by setting equal to O the derivatives in the directions of the
anti-holomorphic subspace:

0 .
Observe that f satisfies (1.3.12) if and only if its differential at each point is a
C-linear map from C" ~ (R?*", J) to C.

We now show that the decomposition into holomorphic and anti-holomorphic
subspace determines the complex structure:

1.3.19. PROPOSITION. Let V be a real vector space and consider a direct sum
of the complexification VC = Z, ® Z,, where Z, and Z, are mutually conjugate
subspaces of VC. Then, there exists a unique complex structure J on'V such that
Z1 = VY: moreover, for such J, it is also Zo = V'°.

PROOF. The uniqueness follows from the fact that V' is the graph of —.J when
we use the isomorphism V€ ~ V @ V. For the existence, consider the unique
C-linear map in V'C that has Z; and 25 as eigenspaces corresponding to the eigen-
values ¢ and —¢ respectively. Clearly, such map commutes with the conjugation
and its square equals —Id. From Lemma 1.3.11 it follows that it is of the form .J©
for some complex structure J : V. — V. (]

Let now 7T be a C-linear endomorphism of (V,.J), i.e., an R-linear endomor-
phism of V such that To.J = JoT; let T'C be its complexification. It is easy to see
that the the holomorphic and the anti-holomorphic subspaces of V'C are invariant
by 7°C; moreover, we have the following commutative diagrams:

(1.3.13) | v vV—Lsv
7rh|vi~ Nlﬂhv WGIVlN N\LW”V
Vh —>Tc Vh V“Wv“

It follows from Proposition 1.3.17 that the vertical arrows in the diagram on the left
are C-linear isomorphisms of (V, J) with VY and the vertical arrows in the diagram
on the right are C-linear isomorphisms of (V, —.J) in V%

Let now (b;)7_; be a complex basis of (V,J) and let (b;, J(b;))7_; be the
corresponding real basis of V' adapted to J. The latter is also a complex basis for
V® (see Example 1.3.7). By Proposition 1.3.17, the vectors u;, uj defined by:

by —iJ(bj) y - bj+iJ(by)

2 eV’ u;= —
form a complex basis of (V,J). If T is represented by the matrix Z = A + B,
with A, B real matrices, in the basis (bj);?:1 of V' (hence it is represented by the
matrix (1.2.6) with respect to the real basis of V'), then it follows from (1.3.13)

that the matrix representation of 7'C with respect to the basis (uj, aj)’]?zl of VCis
given by:

c Z 0
(1.3.15) T ~<0 Z).

(13.14)  u; = eve, j=1,...,n
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On the other hand, the matrix representation of 7'C with respect to the basis
(bj, J(bj))7—1 is again (1.2.6) (see Example 1.3.12). This shows in particular that
the matrices in (1.2.6) and in (1.3.15) are equivalent (or conjugate, i.e., represent-
ing the same linear map in different bases).

We summarize the above observations into the following:

1.3.20. PROPOSITION. Let V be a real vector space and J a complex structure
in V. If T is a C-linear endomorphism of (V, J), then:
e the trace of T' as a linear map on V' is twice the real part of the trace of
T as a linear map on (V, J);
o the determinant of T as a linear map on V' is equal to the square of the
absolute value of the determinant of T' as a linear map on (V, J).
More explicitly, if A, B and real n X n matrices, Z = A+ Bi and C is the matrix
given in (1.2.6), then we have the following identities:

tr(C) = 2R(tr(2)), det(C) = |det(2)[?,

where tr(U), det(U) denote respectively the trace and the determinant of the ma-
trix U, and R(\), |\| denote respectively the real part and the absolute value of the
complex number \. U

1.3.21. REMARK. Suppose that V' is endowed with an inner product g, i.e., a
symmetric, positive definite bilinear form, and that J : V' — V' is a complex struc-
ture which is g-anti-symmetric. Then, we have J#g = ¢, i.e., J is g-orthogonal.
The map J® on V' will then be anti-Hermitian (and unitary) with respect to the
Hermitian product ¢© in V' (see Remark 1.3.16). It is easy to see that the holo-
morphic and the anti-holomorphic subspaces of J are orthogonal with respect to
gCs:

gCS(v,w) =0, veVh weve
Using g and J, we can also define a Hermitian product g5 in V' by setting:
gs(v,w) = g(v,w) +ig(v, Jw), v,weV.

Actually, this is the unique Hermitian form in (V, J) that has g as its real part.
We have the following relations:

, gs\v, w , gs\U, w

o (@), 70w) = L g (ro), o)) = B0y e v,

they imply, in particular, that if (b;)’"_; is an orthonormal complex basis of (V, J)
with respect to g, then the vectors \/§uj, ﬂﬂj, 7=1,...,n,(see (1.3.14)) form
an orthonormal real basis of V'C with respect to g*. Also the vectors b; and J(b),
7 =1,...,n, form an orthonormal real basis of V' with respect to g, and therefore
they form a complex orthonormal basis of V'€ with respect to g*. We conclude
then that if Z = A+ B i (A, B real matrices), then the matrices in formulas (1.2.6)
and (1.3.15) are unitarily equivalent, i.e., they represent the same complex linear

map in different orthonormal bases.

1.4. Symplectic forms

In this section we will study the symplectic vector spaces. We define the notion
of symplectomorphism, which is the equivalence in the category of symplectic
vector spaces, and we show that symplectic vector spaces of the same dimension
are equivalent.
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1.4.1. DEFINITION. Let V be a real vector space; a symplectic form on V is an
anti-symmetric nondegenerate bilinear form w : V' x V' — R. We say that (V,w)
is a symplectic vector space.

1.42. REMARK. If w € B,_¢ym(V) is a possibly degenerate anti-symmetric
bilinear form on V, then w defines an anti-symmetric bilinear form @ on the quo-
tient V/Ker(w); it is easy to see that @ is nondegenerate, hence (V/Ker(w),) is
a symplectic space.

We start by giving a canonical form for the anti-symmetric bilinear forms; the
proof is similar to the proof of Theorem 1.1.14.

1.4.3. THEOREM. LetV be a p-dimensional vector space and w € B,_gym (V)
an anti-symmetric bilinear form on V. Then, there exists a basis of V with respect
to which the matrix of w (as a bilinear form) is given by:

On I, Onxcr
(1.4.1) w ~ -1, On Onxr )

Orxn Orxn 0y

where r = dim(Ker(w)), p = 2n + 1, and Oqx 3, 0o and 1, denote respectively
the zero o X B matrix, the zero square matrix o X o and the identity o X o matrix.

PROOF. In first place, it is clear that, if a basis as in the thesis is found, then
the last r vectors of this basis will be a basis for Ker(w), from which we get r =
dim(Ker(w)) and p = 2n + r.

For the proof, we need to exhibit a basis (b;)t_; of V' such that:

(1.4.2) w(bi,bnﬂ-) = —W(bn+i,bi> = 1, 1= 1, RN N

and w(b;, b;) = 0 otherwise. We use induction on p; if p < 1 then necessarily
w = 0 and the result is trivial.

Let’s assume p > 1 and that the result is true for all vector spaces of dimension
less than p. If w = 0 the result is trivial; let’s assume then that v, w € V are chosen
in such a way that w(v,w) # 0, for instance w(v,w) = 1. Then, it is easy to see
that w is nondegenerate when restricted to the two-dimensional plane generated by
v and w; from Proposition 1.1.10 it follows that:

V = (Rv + Rw) ® (Rv 4+ Rw)*.
We now use the induction hypothesis to the restriction of w to the (p — 2)-dimen-
sional vector space (Rv + Rw)*, and we obtain a basis (b, ..., bn, buio, ..., by)
of (Rv 4+ Raw)* in which w takes the canonical form. This means that equality

(1.4.2) holds for i = 2,...,n, and w(b;, b;) = 0 otherwise. The desired basis for
V' is then obtained by setting by = v and b,4+; = w. (]

1.4.4. COROLLARY. If (V,w) is a symplectic space, then V is even dimen-
sional, and there exists a basis (bi)fgl of V' with respect to which the matrix of w
as a bilinear form is given by:

0 1
(1.4.3) W ~ (—1 0 > :

where 0 and 1 denote respectively the zero and the identity n X n matrices.

1.4.5. DEFINITION. We say that (b;)?", is a symplectic basis of (V,w) if the
matrix of w as a bilinear form in this basis is given by (1.4.3).
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Observe that the matrix of the linear map w : V' — V* is given by the transpose
of (1.4.3), i.e., it coincides with the matrix given in (1.2.2).

Corollary 1.4.4 tells us that every symplectic space admits a symplectic basis.
We now define sub-objects and morphisms in the category of symplectic spaces.

1.4.6. DEFINITION. Let (V,w) be a symplectic space; We say that S is a sym-
plectic subspace if S C V' is a subspace and the restriction w|gx s is nondegenerate.
Hence, (S, w|sxs) is a symplectic space.

Let (V1,w1) and (Va,ws) be symplectic spaces; a linear map 7" : V7 — Vais a
symplectic map if T#(wg) = wy, 1.e., if

wo(T(v), T(w)) =wi(v,w), Yv,wée V.

We say that T is a symplectomorphism if T' is an isomorphism and a symplectic
map.

A symplectomorphism takes symplectic bases in symplectic bases; conversely,
if T : V3 — V5 is a linear map that takes some symplectic basis of V] into some
symplectic basis of V5, then 7' is a symplectomorphism.

In terms of the linear maps wy € Lin(V7, Vj*) and wy € Lin(V2, V), a map
T € Lin(V4, Va) is symplectic if and only if:

(1.4.4) T*owgoT = wj.

1.4.7. REMARK. Observe that the right hand side of equality (1.4.4) is an iso-
morphism, from which it follows that every symplectomorphism T is an injective
map. In particular, the image 7'(V}) is always a symplectic subspace of V5.

1.4.8. EXAMPLE. We define a symplectic form in R?" by setting:

(14.5) w((v1, w1), (v2,w2)) = (v1,wa) — (wy,va),

for vy, ve, w1, wy € R", where (-,-) denotes the canonical inner product of R".
We say that (1.4.5) is the canonical symplectic form of R?"; the canonical basis
of R?" is a symplectic basis for w, hence the matrix of w (as a bilinear map) with
respect to the canonical basis of R?" is (1.4.3).

The existence of a symplectic basis for a symplectic space (Corollary 1.4.4)
implies that every symplectic space admits a symplectomorphism with (R?",w),
hence the proof of every theorem concerning symplectic spaces can be reduced to
the case of (R?", w).

We can also define a canonical symplectic form in R™ @& R™* by setting:

w((v1, 1), (v2, 2)) = az(v1) — ay(va),

where v1,v2 € R™ and a1, ap € R™ . Again, the canonical basis of R™ @& R"* is
a symplectic basis for the canonical symplectic form of R ¢ R"*.

1.4.9. REMARK. Denoting by (dqi,...,dg,,dpi,...,dp,) the canonical ba-
sis of R?™* (dual of the canonical basis of R?"), the canonical symplectic form of
R?" is given by:

n
w = Z dg; A dp;.
i=1
It follows easily:

n(n—1)

W'=wA.. Aw=(=1)"2 dg A...ANdgy, Adp1 A ... Adpn.
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Hence, w" is a volume form in R?"; for all symplectomorphism 7" of (R?",w) we
therefore have:

T#(W") = w" = det(T) W™,
from which it follows det(7)) = 1. In general, not every linear map 7" with
det(T) = 1 is a symplectomorphism of (R?",w); when n = 1 the symplectic form
w is a volume form, hence 7" is a symplectomorphism if and only if det(7") = 1.

The symplectomorphisms of a symplectic space (V,w) form a group by com-
position.

1.4.10. DEFINITION. Let (V,w) be a symplectic space; the symplectic group
of (V,w) is the group of all symplectomorphisms of (V,w), denoted by Sp(V,w).
We denote by Sp(2n, R) the symplectic group of R?" endowed with the canonical
symplectic form.

Using a symplectic basis of (V,w), amap 7' € Lin(V) is a symplectomor-
phism if and only if the matrix M that represents 7" in such basis satisfies:
(1.4.6) M*wM = w,

where w is the matrix given in (1.4.3). Writing

A B
(1.4.7) T ~ ( c D),

then (1.4.6) is equivalent to the following relations:
(1.4.8) D*A— B*C =1, A*C and B*D are symmetric,

where A, B, C, D are n X n matrices, I is the n x n identity matrix, and * means
transpose (see Exercise 1.16). A matrix of the form (1.4.7) satisfying (1.4.8) will
be called a symplectic matrix.

We define direct sum of symplectic spaces.

1.4.11. DEFINITION. Given symplectic spaces (V7,w1) and (Va, ws), we de-
fine a symplectic form w = w; & w9 on V; & V5 by setting:

w((v1,v2), (w1, w2)) = wi(v1,w1) + wa(ve, ws), vi,ws € Vi, va, we € Va.

The space (V; @ Va,w1 @ ws) is called the direct sum of the symplectic spaces
(V1,w1), (Va,wo).

If (V,w) is a symplectic space, two subspaces S1,S2 C V are said to be w-
orthogonal if w(vy,vy) = 0forallv; € S;,i =1,2. If V =51 & Sy with S; and
So w-orthogonal, then it is easy to see that both S; and S5 are symplectic subspaces
of (V,w); in this case we say that V' is the symplectic direct sum of the subspaces
S1 and SQ.

Observe that the notion of direct sum for symplectic spaces is not meant as a
sum in a categorical sense, i.e., it is not true that a symplectic map on a direct sum
V1 @ V5 is determined by its restriction to V; and V5 (see Exercise 1.21).

1.4.12. EXAMPLE. If T; : V; — V/, i = 1,2, are symplectic maps, then the
mapT =T, & Ty : Vi & Vo — V{ @ V] defined by:

T(vi,v2) = (T1(v1), Ta(v2)), v €V, i=1,2,

is also symplectic. If both 77 and 75 are symplectomorphisms, then also 7T is a
symplectomorphism.
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One needs to be careful with the notion of direct sum of symplectic spaces
when working with symplectic bases; more explicitly, the concatenation of a sym-
plectic basis (b;)#"; of V; and a symplectic basis (b})?fl of V5 is not a symplectic
basis of V; & V5. In order to obtain a symplectic basis of V; & V2 we need to
rearrange the vectors as follows:

(b1yeee by By U bty o bl bhy).
Similar problems are encountered when dealing with symplectic matrices: the sim-
ple juxtaposition of along the diagonal of an element of Sp(2n, R) and an element
of Sp(2m, R) does not produce an element of Sp(2(n + m), R); in order to obtain
a symplectic matrix it is necessary to perform a suitable permutation of the rows
and the columns of such juxtaposition.

1.4.1. Isotropic and Lagrangian subspaces. In this subsection we consider
a fixed symplectic space (V,w), with dim(V') = 2n.

1.4.13. DEFINITION. A subspace S C V is said to be isotropic if w|sxs = 0.

Observe that S is isotropic if and only if it is contained in its orthogonal S+
with respect to w; from Proposition 1.1.8 we have:

(1.4.9) dim(S) + dim(S+t) = 2n,

from which it follows that the dimension of an isotropic subspace is at most n.
Observe that the notion of isotropic subspace is, roughly speaking, opposite to
the notion of symplectic subspace; for, by Proposition 1.1.10, S is a symplectic
subspace iff S N .S+ = {0}.

We have the following:

1.4.14. LEMMA. Let L. C V be a subspace; the following statements are
equivalent:

e [ is maximal isotropic, i.e., L is isotropic and it is not properly contained
in any other isotropic subspace of V ;
o [, = LJ_,.
e L is isotropic and dim(L) = n.
PROOF. If L is maximal isotropic, then L C L+ and for v € L the subspace
L + R is isotropic and it contains L. It follows that L = L + Rv, hence v € L
and L = L+. If L = L%, then L is isotropic, and from (1.4.9) it follows that
dim(L) = n. Finally, if L is isotropic and dim(L) = n, then L is maximal
isotropic, because the dimension of an isotropic subspace is at most n. U

1.4.15. DEFINITION. A subspace L C V is said to be Lagrangian subspace if
it satisfies one (hence all) of the statements in Lemma 1.4.14.

1.4.16. EXAMPLE. The subspaces {0} & R™ and R™ & {0} are Lagrangian
subspaces of R?" endowed with the canonical symplectic structure. Given a linear
map T' € Lin(R"), then its graph Graph(T) = {v+ T(v) : v € R"} is a
Lagrangian subspace of R?" endowed with the canonical symplectic structure if
and only if 7" is symmetric with respect to the canonical inner product of R".

1.4.17. EXAMPLE. If S C V is an isotropic subspace, then the kernel of the
restriction of w to S+ is the subspace (S+)+ N S+ = S (see Corollary 1.1.9). It
follows that w defines by passing to the quotient a symplectic form @ in S+/.S
(Remark 1.4.2).
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In the following definition we relate symplectic forms and complex structures
onV:

1.4.18. DEFINITION. A complex structure J : V' — V is said to be compatible
with the symplectic form w if w(-, J-) is an inner product. More explicitly, J is
compatible with w if:

—w(Jv,w) =w(v, Jw), Vov,welV,
and if w(v, Jv) > 0 for all v # 0.

1.4.19. EXAMPLE. The canonical complex structure of R?" (Example 1.2.2)
is compatible with the canonical symplectic structure of R?". The inner product
w(-,J-) is simply the canonical inner product of R?". It follows that every sym-
plectic space admits a complex structure compatible with the symplectic form: it
is enough to define J by the matrix (1.2.2) with respect to any fixed symplectic ba-
sis. Such basis will then be an orthonormal basis with respect to the inner product
w(s, J).

Let’s assume that J is a given complex structure on V' which is compatible
with w, and let’s denote by ¢ the inner product w(-, J-); J is a symplectomorphism
of (V,w) (see Exercise 1.22) and the following identity holds:

g(J- ) = w.
A compatible complex structure .JJ can be used to construct a Lagrangian which

is complementary to a given Lagrangian:

1.4.20. LEMMA. If L. C V is a Lagrangian subspace and J is a complex
structure compatible with w, then V. = L & J(L).

PROOF. It suffices to observe that L and J(L) are orthogonal subspaces with
respect to the inner product g. (]

1.4.21. COROLLARY. Every Lagrangian subspace admits a complementary
Lagrangian subspace.

PROOF. It follows from Lemma 1.4.20, observing that J(L) is Lagrangian,
since .J is a symplectomorphism (Exercise 1.22). U

We can define a complex valued sesquilinear form gg (see Definition 1.3.14) in
the complex space (V, J) by setting:

(1.4.10) 9s(v,w) = g(v,w) —iw(v,w).

It is easy to see that gs is a positive Hermitian product in (V, .J).

Recall from Remark 1.3.16 that a C-linear endomorphism is gs-unitary when
9s(T-,T-) = gs; in this situation we also say that T preserves gs. We have the
following:

1.4.22. PROPOSITION. Let T € Lin(V') be an R-linear map; the following
statements are equivalent:

e T is C-linear in (V, J) and gs-unitary;
e T is orthogonal with respect to g and T € Sp(V,w).
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PROOF. If T is C-linear and gs-unitary, then 7" preserves gs, hence it preserves
separately its real part, which is g, and its imaginary part, which is —w. Hence T'
is an orthogonal symplectomorphism.

Conversely, if T" is an orthogonal symplectomorphism, then the following iden-
tities hold:

T ogoT =g, TrowoT=w, w=gol,
considering g and w as linear maps in Lin(V, V*) (see Example 1.1.3)). It follows
easily that J o T'= T o J, i.e., T is C-linear. Since T preserves both the real and
the imaginary part of g5, we conclude that 7" is gs-unitary. O

1.4.23. EXAMPLE. The canonical complex structure J of R?" (see Exam-
ple 1.4.8) is compatible with its canonical symplectic structure (Example 1.2.2),
and the inner product g corresponds to the canonical inner product of R?". If we
identify (R?",.J) with C* (Example 1.2.2), the Hermitian product g coincides
with the canonical Hermitian product of C” given in (1.3.10).

1.4.24. REMARK. Observe that if (V,J) is a complex space endowed with a
Hermitian product g, then the real part of g5 is a positive inner product g on V' and
the imaginary part of gs is a symplectic form on V'; moreover, defining w as minus
the imaginary part of g, it follows that J is compatible with w and g = w(-, J-).

1.4.25. REMARK. If V is a real vector space, g is a positive inner product
on V and J is a complex structure which is g-anti-symmetric (or, equivalently,
g-orthogonal), then we get a symplectic form on V' by setting w = g(J-,-). The
complex structure J will then be compatible with w, and g = w(-, J-). Again, we
also get a Hermitian product g in (V, J) defined by (1.4.10).

We have the following relation between Lagrangian subspaces and the Hermit-
ian product gs:

1.4.26. LEMMA. A subspace L C V is Lagrangian if and only if it is a real
form which is preserved by g, i.e., V.= L @® J(L) and gs(L x L) C R.

PROOF. It follows from Lemma 1.4.20 and the observation that the imaginary
part of g5 equals —w. U

As a corollary, we now prove that the group of gs-unitary isomorphisms of
(V, J) acts transitively on the set of Lagrangian subspaces of (V,w):

1.4.27. COROLLARY. Given any pair of Lagrangian subspaces Ly, Lo of V,
there exists a C-linear isomorphism T of (V, J) which is gs-unitary and such that
T(Ly) = Lo.

PROOF. Let (b;)/_; be an orthonormal basis of L1 with respect to the inner
product g; since L; is a real form of (V,J), it follows that (b;)7_; is a complex
basis of (V,.J) (see Example 1.3.7). Moreover, since gs is real on L1, it follows
that (b;)}7_; is an orthonormal basis of (V,J) with respect to gs. Similarly, we
consider a basis (b;)?zl of Ly which is orthonormal with respect to g, and we
obtain that (b})’_; is a gs-orthonormal basis of (V, .J). It follows that the C-linear
isomorphism 7" defined by 7'(b;) = bg-, forall j = 1,...,n, is unitary and satisfies
T(L1) = Lo. O

It follows that also the symplectic group acts transitively on the set of La-
grangian subspaces:
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1.4.28. COROLLARY. Given any pair L1, Ly of Lagrangian subspaces of the

symplectic space (V,w), there exists a symplectomorphism T' € Sp(V,w) such that
T(Ly) = Lo.

PROOF. It follows from Corollary 1.4.27, observing that every gs-unitary map
is a symplectomorphism (Proposition 1.4.22). U

1.4.29. REMARK. For later use, we will mention a mild refinement of the
result of Corollary 1.4.27. Given Lagrangian subspaces L1, Ly C V and chosen
orientations O1 and O, respectively on the spaces L1 and Lo, it is possible to find
a C-linear and gs-unitary endomorphism 7" of (V, .J) such that T'(L1) = Lo and
such that T'|1,, : L1 — Lo is positively oriented. To see this, it suffices to choose
in the proof of Corollary 1.4.27 the g-orthonormal bases (b;)?_; and (b})}_; of Ly
and Lo respectively in such a way that they are positively oriented.

1.4.30. REMARK. Given a Lagrangian subspace Ly C V, then it is always
possible to find a basis (bj)32‘7:L1 of V' which is at the same time symplectic, adapted
to J, and such that (b;)7_; is a basis of Lo. For, if (b;)7_; is a g-orthonormal
basis of L, then the basis defined in (1.2.5) satisfies the required properties; more-
over, such basis is g-orthonormal and the complex basis (b;)7_; of (V,J) is gs-
orthonormal. We therefore obtain a basis that puts simultaneously all the objects

(V,w, J, g, gs, Lo) in their canonical forms.

In the spirit of Remark 1.4.24 and Remark 1.4.25, one can ask himself whether
given areal space V endowed with a symplectic form w and a positive inner product
g, itis possible to construct a complex structure J and a Hermitian product g; which
are naturally associated to g and w. If one requires the condition w = g(J-,"),
then this is clearly impossible in general, because there exists a unique map H &
Lin(V) such that w = g(H-, -), and such H does not in general satisfy H? = —Id.

We conclude the subsection with a result in this direction:

1.4.31. PROPOSITION. Let (V,w) be a symplectic space and g a positive inner
product in V. Then there exists a unique complex structure J in V which is g-anti-
symmetric (or, equivalently, g-orthogonal) and compatible with w.

PROOF. The uniqueness is the hard part of the thesis, which we now prove.
Suppose that .J is a given g-anti-symmetric complex structure in V' which is com-
patible with w, and let H € Lin(V) be the unique linear map such that w =
g(H-,-). Then, H is a g-anti-symmetric isomorphism of V.

The compatibility of J with w is equivalent to the condition that g(H J-, -) be a
symmetric bilinear form on V' which is negative definite. By the usual identification
of linear and bilinear maps, we see that the g-anti-symmetry property of H and J,
together with the g-symmetry of H.J are expressed by the following relations:

goJ=—-J0g, goH=—-H"og, goHoJ=J"0H"og,

from which it follows easily that H o J = J o H.

We now consider the complexifications J¢, H® € Lin(V®) and the unique
sesquilinear extension g© of g to V'C; clearly, ¢© is a positive Hermitian product
in VC, with respect to which H® and J® are anti-Hermitian maps (see Exam-
ple 1.3.15 and Remark 1.3.16); moreover, H® 0 J€ = J€ o H® and (J©)? = —1d.

Since HC is ¢Cs-anti-Hermitian, then H can be diagonalized in a ¢Cs-ortho-
normal basis of VC (see Exercise 1.24); its eigenvalues are pure imaginary (non
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zero, because HC is invertible), and since H® commutes with the conjugation, it
follows that eigenspaces of H® corresponding to two conjugate eigenvalues are
mutually conjugate (see Lemma 1.3.11). We can then write a ¢Cs-orthogonal de-

composition:
T T
C
ve=Pzi, e P2
j=1 j=1

where \; > 0 for all j, Z; \ the eigenspace of H € corresponding to the eigenvalue
1A; also, Z_;) is the conjugate of Z;).

Since JC commutes with HC, it follows that the eigenspaces of H® are in-
variant by J €. The restriction of J€ to each Z; A is an anti-Hermitian map whose
square is —Id, from which it follows that such restriction is diagonalizable, and its
possible eigenvalues are i and —i. The restriction of ¢&(JC o HC -, ) to Z; A;» that
coincides with the restriction of i)\; ¢%(JC-,-)) must be Hermitian and negative
definite, from which it follows that the unique eigenvalue of the restriction of .J©
to Z; A; must be equal to <.

We conclude that the restriction of JC to Z; A; is the map of multiplication
by i, and the restriction of J° to Z_; A; 1s the map of multiplication by —i; such
conditions determine .J©, which shows the uniqueness of .J.

For the existence, simply consider the unique complex structure J on V' whose
holomorphic space coincides with P j Z; by (see Proposition 1.3.19). O

1.4.2. Lagrangian decompositions of a symplectic space. In this subsection
we study the properties of Lagrangian decompositions of a symplectic space, that
will be fundamental in the study of the Lagrangian Grassmannian in Section 2.5.
Throughout this subsection we will fix a symplectic space (V,w), with dim(V') =
2n. We start with a definition:

1.4.32. DEFINITION. A Lagrangian decomposition of (V,w) is a pair (Lo, L1)
of Lagrangian subspaces of V with V' = Lo & L.

1.4.33. EXAMPLE. The pair (R™ @ {0}, {0} ® R") is a Lagrangian decom-
position of R?" endowed with the canonical symplectic structure. More generally,
if L C V is a Lagrangian subspace and J is a complex structure on V' compatible
with w, then (L, J(L)) is a Lagrangian decomposition of (V,w) (see Lemma 1.4.20
and the proof of Corollary 1.4.21).

Given a Lagrangian decomposition (Lg, L) of (V,w), we define a a map:
PLo.Ly - L1 — Ly
by setting
(1.4.11) pLo.y (v) = w(v, ) L
for all v € Lq; itis easy to see that pr,, 1, is an isomorphism (see Exercise 1.25).

1.4.34. REMARK. The isomorphism pr, 1, gives us an identification of L
with the dual space L, but the reader should be careful when using this identifi-
cation for the following reason. The isomorphism py, 1, induces an isomorphism
(Pro.r,)* + Ly ~ Lo — L7; however, (pr, 1,)* does not coincide with pr,, 1,
but with its opposite:

(1.4.12) (PLo,L1)" = —PLy,Lo-
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If L C V is a Lagrangian subspace, we also define an isomorphism:
pr:V/L — L%,

by setting pr,(v+ L) = w(v,-)|r.
Given a Lagrangian decomposition (Lg, L1) of (V,w), we have the following
commutative diagram of isomorphisms:

(1.4.13) 14
le
q Lj
PLg
V/Lo

where ¢ is the restriction to L; of the quotient map V' — V/Ly.
An application of the isomorphism pr, 1, is given in the following:

1.4.35. LEMMA. If Ly C V is a Lagrangian subspace, then every basis (b;)?'_,
of Lg extends to a symplectic basis (bi)z‘z21 of V; moreover, given any Lagrangian
L1 which is complementary to Ly, one can choose the basis (bi)%zl in such a way
that (b;)?™, 1 is a basis of L.

=
PROOF. Observe first that the Lagrangian Ly admits a complementary La-
grangian L; (see Corollary 1.4.21); given one such Lagrangian L1, we define:

bpti = —pZ(iLl(b;k), i=1,...,n,
where (b7)?_, is the basis of L which is dual to (b;)7"_,. O

1.4.36. COROLLARY. Given (Lo, L1) and (L{,, L}) Lagrangian decomposi-
tions of (V,w) and (V',u') respectively, then every isomorphism from Ly to Ly,
extends to a symplectomorphism T: V' — V' such that T(L,) = L.

PROOF. Let (b;)?_; be a basis of Ly and let (b,)"_; be the basis of L{, which
corresponds to (b;)"_; by the given isomorphism. Using Lemma 1.4.35 we can find
symplectic bases (b;)7"; and (b;)2", of V and V"’ in such a way that (b;)?*, ., and

)2n , are bases of L an respectively; to conclude the proof one sim
b)2n, .| are bases of Ly and L respectively lude the proof one simply
chooses T" such that T'(b;) = b, i = 1,...,2n. O

1.4.37. COROLLARY. If Ly C V is a Lagrangian subspace, then every iso-
morphism of Lg extends to a symplectomorphism of V.

PROOF. Choose a Lagrangian L; complementary to Lq (see Corollary 1.4.21)
and apply Corollary 1.4.36. U

1.4.38. LEMMA. Let S be an isotropic subspace of V' and consider the quotient
map q : S+ — S+/S onto the symplectic space (S*/S,@) (see Example 1.4.17).
(a) If L is a Lagrangian subspace of V then q(L N S*) is a Lagrangian
subspace of S*/S. In particular, if L is a Lagrangian subspace of V
containing S then L/S is a Lagrangian subspace of S*/S.
(b) If (Lo, L1) is a Lagrangian decomposition of V then the following two
conditions are equivalent:
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e Li NS = {0} and (q(Lo N S*),q(L1 N S1)) is a Lagrangian
decomposition of S*/S;
e (LonSH) +(LinSH))NS=LyNS.

PROOF. For part (a) it is immediate that ¢(L N SL) is isotropic. To compute
the dimension of (L N S*), observe that g(L N S*) is the image of the restriction
of g to LN S+ and that the kernel of such restriction is LN S+NS = LN S. Thus:

(1.4.14) dim(L N S*) = dim(L N S) + dim(q(L N S+)).
But L NS+ = (L + S)* and therefore:
(1.4.15) dim(L N S*) = 2n — dim(L + S).

Combining (1.4.14) and (1.4.15) and using that dim(L + S) + dim(L N S) =
n+dim(S) we get dim(g(LNS*)) = n—dim(S) = 3 dim(S*+/S). This proves
part (a). Part (b) follows from the result of Exercise 1.4 by setting W = S+,
Zy=LoNS*, Zy=LyiNS* O

1.4.39. LEMMA. If Ly C V is a Lagrangian subspace and S C V is an

isotropic subspace then there exists a Lagrangian subspace L C 'V containing S
with LoNnL = LgN S.

PROOF. It suffices to show that if S is not Lagrangian then there exists an
isotropic subspace SofV containing properly S with Ly N S = LoNS. If we can
find v € S+ with v & Lo + S, then the isotropic subspace S can be obtained by
setting S = S+Ru. Thus, we have to show that S~ is not contained in Lo+ 5. But
S+ C Lo+ Simplies (Lo + S)* C (STt = S,ie, Ly NSt =LynS+tcCS.
Then Ly NS+ C Ly N S. This is impossible, since part (a) of Lemma 1.4.38 says
that the quotient map ¢ : S — S/ sends Lo N S to a Lagrangian subspace of
the (non zero) symplectic space S /S, while ¢(LoNS*) C q(LoNS) = {0}. O

1.4.40. COROLLARY. If R, S are isotropic subspaces of V then there exists a
Lagrangian L containing S with RN L= RNS.

PROOF. Let Ly be an arbitrary Lagrangian containing R. Choose L as in
Lemma 1.4.39. Clearly:

RNL=RNLopNL=RNLyNS=RNS. ]

The technique of extending bases of Lagrangians to symplectic bases of the
symplectic space may be used to give an alternative proof of Corollary 1.4.28.
Roughly speaking, Corollary 1.4.28 tells us that Lagrangian subspaces are “indis-
tinguishable” from the viewpoint of the symplectic structure; our next Proposition
tells us that the only invariant of a pair (Lg, L1) of Lagrangian subspaces is the
dimension of their intersection Ly N Lq:

1.4.41. PROPOSITION. Given three Lagrangian subspaces Lo, L, L' C V with
dim(Lo N L) = dim(Lo N L"), there exists a symplectomorphism T of (V,w) such
that T(Lo) = Lo and T(L) = L.

PROOE. By Corollary 1.4.37, there exists a symplectomorphism of (V,w) that
takes Lg into itself and Lo N L onto Ly N L’; we can therefore assume without loss
of generality that Lo N L = Lo N L'.
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Set S = LoNL = LynN L'; clearly S is isotropic and Lo, L, L' ¢ S*+. We
have a symplectic form @ in S+ /S obtained from w by passing to the quotient (see
Example 1.4.17).

Denote by ¢ : St — S*/S the quotient map; ¢(Lg), q(L) and q(L') are
Lagrangian subspaces of (S*/S,@), by part (a) of Lemma 1.4.38. Moreover,
(¢(Lo),q(L)) and (q(Lo),q(L')) are both Lagrangian decompositions of S+ /S
and hence there exists a symplectomorphism 7T of (S+/S,w) such that (see Corol-
lary 1.4.28):

T(q(Lo)) = q(Lo), T(a(L)) = q(L).
The required symplectomorphism 7' € Sp(V,w) is obtained from the following
Lemma. O

1.4.42. LEMMA. Let Ly C V be a Lagrangian subspace and let S C Ly
be any subspace. Consider the quotient symplectic form @ on S+ /S; then, given
any symplectomorphism T of (S*/S,w) with T(q(Lo)) = q(Lo), there exists a
symplectomorphism T of (V,w) such that T(S) = S (hence also T(S+) = S+),
T(Lgy) = Lo, and such that the following diagram commutes

T
(1.4.16) gL st | gl

J

§+/8 —=5*/$

where q : S* — S+ /S denotes the quotient map.

PROOF. Write Lo = S @ R; hence L = S° @ R°, where S° and R° are the
annihilators of S and R respectively. Let L; be any complementary Lagrangian to
Ly in V (Corollary 1.4.21). We have:

L= 'Ozol,Ll(So) @ pzollzl (R).
We obtain a direct sum decomposition V' = V; & V; into w-orthogonal subspaces
given by:
Vi=Sepl, (R, Va=Reapp (S,
from which it follows that V' is direct sum of the symplectic spaces V; and V5.
Observe that S+ = 15 @ S, hence the quotient map ¢ restricts to a symplec-

tomorphism of V5 into S+ /.S therefore, we have a unique symplectomorphism 77
of V5 such that the diagram:

TI

Va Va
Q|v2i iQVQ
SL/S? St/s

commutes. Since T preserves q(Lg) it follows that 7" preserves R; we then define
T by setting T'|y, = Id and T'|y, = T" (see Example 1.4.12). O

1.4.43. REMARK. We claim that one can actually choose the symplectomor-
phism 7" in the thesis of Proposition 1.4.41 in such a way that T’ restricts to a posi-
tively oriented isomorphism of Lg; namely, if dim(Lo N L) = dim(Ly N L") =0
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then this claim follows directly from Corollary 1.4.36. For the general case, we
observe that in the last part of the proof of Lemma 1.4.42 one can define T'|y, to
be any symplectomorphism of V; which preserves S (while T'|y, = T" is kept un-
changed); since S is Lagrangian in V, using Corollary 1.4.37, we get that 7’| g can
be choosen to be any isomorphism A of .S given a priori (and T'| p does not depend
on A). Since dim(S) > 1, this freedom in the choice of A can be used to adjust
the orientation of T'| .

1.5. Index of a symmetric bilinear form

In this section we will define the index and the co-index of a symmetric bilinear
form; in finite dimension, these numbers are respectively the number of negative
and of positive entries of a symmetric matrix when it is diagonalized as in the
Sylvester Inertia Theorem (Theorem 1.5.10). We will show some properties of
these numbers.

In this Section, V' will always denote a real vector space, not necessarily finite
dimensional. Recall that Bey, (V') denotes the space of symmetric bilinear forms
B :V xV — R. We start with a definition:

1.5.1. DEFINITION. Let B € By (V); we say that B is:
e positive definite if B(v,v) > 0forallv € V, v # 0;
e positive semi-definite if B(v,v) > 0 forallv € V;
e negative definite if B(v,v) < 0forallv € V, v # 0;
e negative semi-definite if B(v,v) < 0forallv € V.
We say that a subspace W C V is positive with respect to B, or B-positive, if
Blw xw is positive definite; similarly, we say that W is negative with respect to B,
or B-negative, if Bl xw is negative definite.
The index of B, denoted by n_(B), is defined by:

(1.5.1) n_(B) = sup {dim(W) : W is a B-negative subspace of V' }.

The index of B can be a non negative integer, or +-00. The co-index of B, denoted
by n4(B), is defined as the index of —B:

ny(B) =n_(—B).

Obviously, the co-index of B can be defined as the supremum of the dimensions
of all B-positive subspaces of V. When at least one of the numbers n_(B) and
n4(B) is finite, we define the signature of B by:

sgn(B) =n4(B) —n_(B).
If B € Beym(V) and W C V is a subspace, then clearly:
(1.5.2) n_(Blwxw) <n_(B), ni(Blwxw) <ni(B).

The reader should now recall the definitions of kernel of a symmetric bilinear form
B, denoted by Ker(B), and of orthogonal complement of a subspace S C V with
respect to B, denoted by S+. Recall also that B is said to be nondegenerate if
Ker(B) = {0}.

Observe that in Section 1.1 we have considered only finite dimensional vector
spaces, but obviously the definitions of kernel, orthogonal complement and nonde-
generacy make sense for symmetric bilinear forms defined on an arbitrary vector
space V. However, many results proven in Section 1.1 make an essential use of
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the finiteness of the vector space (see Example 1.1.12). For instance, observe that
a bilinear form is nondegenerate if and only if its associated linear map

(1.5.3) V3v+— B(v,-)eV”*
is injective; if dim(V') = 400, this does not imply that (1.5.3) is an isomorphism.

1.5.2. DEFINITION. Given B € Bgym(V), the degeneracy of B, denoted by
dgn(B) is the possibly infinite dimension of Ker(B). We say that a subspace
W C V is nondegenerate with respect to B, or also that W is B-nondegenerate, if
B|w xw is nondegenerate.

1.5.3. ExAMPLE. Unlike the case of the index and the co-index (see (1.5.2)),
the degeneracy of a symmetric bilinear form B is not monotonic with respect to the
inclusion of subspaces. For instance, if V' = R? and B is the symmetric bilinear
form:

(1.5.4) B((z1,11), (z2,y2)) = 122 — Y132
then dgn(B) = 0; however, if W is the subspace generated by the vector (1, 1),
we have:
dgn(Blwxw) = 1> 0= dgn(B).
On the other hand, if B is defined by

B((xhyl), (22, yz)) = T1x2
and if W is the subspaces generated by (1, 0), then
dgn(Blixw) = 0 < 1 = dgn(B).

1.5.4. EXAMPLE. If T' : Vi — V5 is an isomorphism and if B € Bgym (V1),
then we can consider the push-forward of B, T (B) € Beym(V2). Clearly, T' maps
B-positive subspaces of V; into T4 (B)-positive subspaces of V5, and B-negative
subspaces of V; into T (B)-negative subspaces of V5; moreover, Ker(T%(B)) =
T'(Ker(B)). Hence we have:

ny(Ty(B)) =ny(B), n_(Ty(B)) =n_(B), dgn(Ty(B)) = dgn(B).

1.5.5. REMARK. It follows from Proposition 1.1.10 and from remark 1.1.13
that if W C V is a finite dimensional B-nondegenerate subspace, then V = W &
W+, even in the case that dim(V") = +oo.

Recall that if W C V is a subspace, then the codimension of W in V' is defined

by:
codimy (W) = dim(V/W);

this number may be finite even when dim(W) = dim(V') = +o0o. The codimen-
sion of W in V' coincides with the dimension of any complementary subspace of
WinV.

The following Lemma and its Corollary are the basic tool for the computation
of indices of bilinear forms:

1.5.6. LEMMA. Let B € By (V); if Z C V is a subspace of V on which B
is positive semi-definite, then:

n_(B) < codimy (Z).
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PROOE. If B is negative definite on a subspace W, then W N Z = {0}, and so
the quotient map ¢ : V' — V/Z takes W isomorphically onto a subspace of V/Z.
Hence, dim(W) < codimy (Z). O

1.5.7. COROLLARY. Suppose that V = Z & W with B positive semi-definite
on Z and negative definite on W, then n_(B) = dim(W).

PROOF. Clearly, n_(B) > dim(W).
From Lemma 1.5.6 it follows that n_(B) < codimy (Z) = dim(W). O

1.5.8. REMARK. Note that every result concerning the index of symmetric
bilinear forms, like for instance Lemma 1.5.6 and Corollary 1.5.7, admits a cor-
responding version for the co-index of forms. For shortness, we will only state
these results in the version for the index, and we will understand the version for the
co-index. Similarly, results concerning negative (semi-)definite symmetric bilinear
forms B can be translated into results for positive (semi-)definite symmetric forms
by replacing B with —B.

1.5.9. PROPOSITION. If B € Byym (V) and V. = Z & W with B positive
definite in Z and negative definite in W, then B is nondegenerate.

PROOF. Let v € Ker(B); write v = vy + v_ withvy € Z and v_ € W.
Then:

(1.5.5) B(v,v4+) = B(vy,v4) + B(v_,vy) =0,
(1.5.6) B(v,v_) = B(vy,v-) + B(v_,v_) = 0;

from (1.5.5) we get that B(vy,v_) < 0, and from (1.5.6) we get B(v4,v_) > 0,
from which it follows B(vy,v_) = 0. Then, (1.5.5) implies v4 = 0 and (1.5.6)
implies v_ = 0. O

1.5.10. THEOREM (Sylvester’s Inertia Theorem). Suppose dim(V) = n <
+o0 and let B € Bsym(V); then, there exists a basis of V' with respect to which
the matrix form of B is given by:

Iy Opxq Opxr
(1.5.7) B~ OqXp _Iq 0q><7“ )
07”><p O7”><q 07"
where 0% 3, 0o and 1, denote respectively the zero o X 3 matrix, the zero o X «
matrix and the o X « identity matrix.

The numbers p, q and r are uniquely determined by the bilinear form B; we

have:

(1.5.8) ni(B)=p, n_(B)=gq, dgn(B)=r.

PROOF. The existence of a basis (b;)"_; with respect to which B has the
canonical form (1.5.7) follows from Theorem 1.1.14, after suitable rescaling of the
vectors of the basis. To prove that p, ¢ and r are uniquely determined by B, i.e., that
they do not depend on the choice of the basis, it is actually enough to prove (1.5.8).
To this aim, let Z be the subspace generated by the vectors {b;};_; U {bi}i

and W the subspace generated by {b;}\~ +§ 1 then Vo= Z & W, B is positive
semi-definite in Z and negative definite in W. It follows from Corollary 1.5.7
that n_(B) = dim(W) = ¢. Similarly, we get n4(B) = p. It is easy to
see that Ker(B) is generated by the vectors {b;};", ., and we conclude that

dgn(B) =r. O
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1.5.11. COROLLARY. Let B € By (V'), with dim(V') < +oc. If g is an inner
product in'V and if T € Lin(V') is such that B = g(T",-), then the index (resp.,
the co-index) of B is equal to the sum of the multiplicities of the negative (resp.,
the positive) eigenvalues of 'T'; the degeneracy of B is equal to the multiplicity of
the zero eigenvalue of T

PROOF. Since T' is g-symmetric, there exists a g-orthonormal basis that diag-
onalizes 7', and this diagonal matrix has in its diagonal entries the eigenvalues of T’
repeated with multiplicity. In such basis, the bilinear form B is represented by the
same matrix. After suitable rescaling of the vectors of the basis, B will be given in
the canonical form (1.5.7); this operation does not change the signs of the elements
in the diagonal of the matrix that represents B. The conclusion now follows from
Theorem 1.5.10 (]

1.5.12. EXAMPLE. The conclusion of Corollary 1.5.11 holds in the more gen-
eral case of a matrix 7' that represents B in any basis; indeed, observe that any basis
is orthonormal with respect to some inner product of V. Recall that the determi-
nant and the trace of a matrix are equal respectively to the product and the sum of
its eigenvalues (repeated with multiplicity); in the case dim(V') = 2 it follows that
the determinant and the trace of a matrix that represents B in any basis determine
uniquely the numbers n_(B), n4(B) and dgn(B).

1.5.13. LEMMA. Suppose that B € By, (V) is positive semi-definite; then
Ker(B) ={v €V : B(v,v) = 0}.

PROOF. Let v € V with B(v,v) = 0 and let w € V be arbitrary; we need to
show that B(v,w) = 0. If v and w are linearly dependent, the conclusion is trivial;
otherwise, v and w form the basis of a two-dimensional subspace of V' in which
the restriction of B is represented by the matrix:

(159) (B pwe ).
It follows from Corollary 1.5.11 (see Example 1.5.12) that the determinant of
(1.5.9) is non negative, that is:
B(v,w)? < B(v,v)B(w,w) = 0,
which concludes the proof. U

1.5.14. COROLLARY. If B € Bgym (V) is positive semi-definite and nondegen-
erate, then B is positive definite. O

We now prove a generalized version of the Cauchy-Schwarz inequality for
symmetric bilinear forms:

1.5.15. PROPOSITION. Let B € Bgym (V') and vectors v,w € V be given. We
have:

e if v, w are linearly dependent or if v, w generate a B-degenerate two-
dimensional subspace, then
B(v,w)? = B(v,v)B(w,w);

e if v, w generate a B-positive or B-negative two-dimensional subspace,
then
B(v,w)* < B(v,v)B(w, w);
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e if v, w generate a two-dimensional subspace where B has index equal to
1, then
B(v,w)? > B(v,v)B(w,w);

the above possibilities are exhaustive and mutually exclusive.

PROOF. The case that v and w are linearly dependent is trivial; all the others
follow directly from Corollary 1.5.11 (see also Example 1.5.12), keeping in mind
that the matrix that represents the restriction of B to the subspace generated by v
and w is given by (1.5.9). O

1.5.16. DEFINITION. Given B € By, (V'), we say that two subspaces V7 and
Vo of V' are orthogonal with respect to B, or B-orthogonal, if B(vy,vy) = 0 for all
v1 € Vq and all vp € Vo; adirect sum V = V; @ V, with V; and Vo B-orthogonal
will be called a B-orthogonal decomposition of V.

1.5.17. LEMMA. Let B € By (V); if V. = Vi @ V3 is a B-orthogonal de-
composition of V and if B is negative definite (resp., negative semi-definite) in V;
and in Vy, then B is negative definite (resp., negative semi-definite) in V.

PROOF. It is obtained from the following simple computation:
B(vy + va,v1 +v2) = B(v1,v1) + B(vg,v2), vy € V1, vy € V. O

1.5.18. DEFINITION. Given B € Bgym(V'), we say that a subspace W C V
is maximal negative with respect to B if W is B-negative and if it is not properly
contained in any other B-negative subspace of V. Similarly, we say that W C V
is maximal positive with respect to B if W is B-positive and if it is not properly
contained in any other B-positive subspace of V.

1.5.19. COROLLARY. Let B € By, (V) and W C V' be a maximal negative
subspace with respect to B. Then, if Z C V is a subspace which is B-orthogonal
to W, it follows that B is positive semi-definite in Z.

PROOF. By Lemma 1.5.17, the sum of any non zero B-negative subspace of
Z with W would be a B-negative subspace of V' that contains properly W. The
conclusion follows. U

Observe that Corollary 1.5.19 can be applied when n_(B) < +oc and W is a
B-negative subspace with dim(W) = n_(B).

1.5.20. COROLLARY. Given B € Bgy(V), then
dim(V') = ny(B) +n_(B) + dgn(B).

PROOF. If either one of the numbers n (B) or n_(B) is infinite, the result
is trivial. Suppose then that both numbers are finite; let W C V be a B-negative
subspace with dim(W) = n_(B) and let Z C V be a B-positive subspace with
dim(Z) = ny(B). By Proposition 1.5.9 we have that B is nondegenerate in
Z & W, and it follows from Remark 1.5.5 that

V=ZoWao(ZoW):.

By Corollary 1.5.19, we have that B is positive semi-definite and also negative
semi-definite in (Z @ W)+, hence B vanishes in (Z @ W)*. It follows now that
Ker(B) = (Z @ W)L, which concludes the proof. O
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1.5.21. COROLLARY. If W C V is a maximal negative subspace with respect
to B € Byym(V), then n_(B) = dim(W).

PROOF. If dim(W) = o0 the result is trivial; for the general case, it follows
from Remark 1.5.5 that V = W @ W+, By Corollary 1.5.19, B is positive semi-
definite in W+, and then the conclusion follows from Corollary 1.5.7. (]

1.5.22. REMARK. We can now conclude that the “supremum” that appears in
the definition of index in (1.5.1) is in facts a maximum, i.e., there always exists a
B-negative subspace W C V with n_(B) = dim(W). If n_(B) is finite, this
statement is trivial. If n_(B) = +o0, it follows from Corollary 1.5.21 that no
finite-dimensional subspace of V' is maximal B-negative. If there were no infinite-
dimensional B-negative subspace of V, we could construct a strictly increasing
sequence Wy C Wy C --- of B-negative subspaces; then W = (J, -, W), would
be an infinite-dimensional B-negative subspace, in contradiction with the hypoth-
esis.

As a matter of facts, it follows from Zorn’s Lemma that every symmetric bilin-
ear form admits a maximal negative subspace (see Exercise 1.27).

1.5.23. PROPOSITION. Let B € By (V); if V.= Vi @ Vs is a B-orthogonal
decomposition, then:

(1510) n+(B) :n+(B\V1Xv1) —l—n_,_(B]VQsz),
(1.5.11) n_(B) =n_(Blv,xv1) + n—(Blv,x1s),
(1.5.12) dgn(B) = dgn(B|v,xv; ) + dgn(B|vsxvs ).

PROOF. The identity (1.5.12) follows from
Ker(B) = Ker(B|V1Xv1) &) Ker(B|V2Xv2).

Let us prove (1.5.11). If B has infinite index in V; or in V5 the result is trivial;
suppose then that these indices are finite. Let W; C V; be a B-negative subspace
with n_(Bly;xv;) = dim(W;), i = 1,2. By Remark 1.5.5 we can find a B-
orthogonal decomposition V; = Z; & W;; it follows from Corollary 1.5.19 that B
must be positive semi-definite in Z;. Then:

V=WiaWs)®(Z1® Z2),

where, by Lemma 1.5.17, B is negative definite in W7 & W5 and positive semi-
definite in Z; & Zs. The identity (1.5.11) now follows from Corollary 1.5.7; the
identity (1.5.10) follows by replacing B with — B. U

1.5.24. COROLLARY. Let B € By (V) and let N C Ker(B); if W C V is
any complementary subspace to N then the following identities hold:

ny(B) =ny(Blwxw), n—(B)=n_(Blwxw),
dgn(B) = dgn(B|wxw) + dim(N);
if N = Ker(B) then B is nondegenerate in W.

PROOF. The identities (1.5.13) follow immediately from Proposition 1.5.23,
because V.= W @ N is a B-orthogonal decomposition. If N = Ker(B), the
nondegeneracy of B in W is obvious. (]

1.5.25. COROLLARY. Let B € By (V). If Vi, Va are B-orthogonal sub-
spaces of V with V.=V, + V; then (1.5.10) and (1.5.11) hold.

(1.5.13)
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PROOF. Write Vo = (Vi NV,) @ VJ, sothat V. = V4 @ VJ and Vi, V3 are
B-orthogonal. Observe that V; N V5 is contained in the kernel of B (and hence in
the kernel of B|y,x13), so that, by Corollary 1.5.24:

Ny (Blvaxvs) = n+(B|V2/><V2/)a n—(Blvyxv,) = n*(B’VQ’XVQ’)-

The conclusion follows from Proposition 1.5.23 applied to the B-orthogonal direct
sum decomposition V = V; @ V5. O

1.5.26. REMARK. If N is a subspace of Ker(B) then we can define by passing
to the quotient a symmetric bilinear form B € Bgyr, (V/N):

E(Ul—i-N,’UQ—l-N):B(Ul,UQ), v1,v2 € V.
If W C V is any subspace complementary to /N, we have an isomorphism ¢ :
W — V/N obtained by restriction of the quotient map; moreover, B is the push-
forward of B|w xw by ¢. It follows from Corollary 1.5.24 (see also Example 1.5.4)
that

ny(B) =ny(B), n_(B)=n_(B), dgn(B)=dgn(B)+dim(N);
if N = Ker(B) then it follows also that B is nondegenerate.

1.5.27. EXAMPLE. Lemma 1.5.17 does not hold if the subspaces V; and V5
are not B-orthogonal. For instance, if V' = R? and if we consider the symmetric
bilinear form B given in (1.5.4), then n_(B) = n4(B) = 1, but we can write
R? as the direct sum of the subspaces generated respectively by v; = (0, 1) and
vy = (1, 2), that are both B-negative.

1.5.28. REMARK. If T : V; — V5 is a surjective linear map and B € By, (V5)
then:

ny (T#(B)) =ny(B), n_(T#(B))=n_(B).
Namely, the map 7" induces an isomorphism T : Vi /Ker(T) — V3 and, by Exam-
ple 1.5.4, setting B = T#(B):

n+(B) = ny(B), n_(B)=n_(B).

Setting N = Ker(T') then B is obtained from 7% (B) by passing to the quotient,
as in Remark 1.5.26; thus:

n+(T#(B)) =ny(B), n_ (T#(B)) =n_(B).

In the next proposition we generalize the result of Lemma 1.5.17 by showing
that if V' = V; @ V5, where V; and V» are B-negative subspaces such that the
product of elements of V; with elements of V5 is “relatively small with respect to
their lengths”, then V' is B-negative.

1.5.29. PROPOSITION. Let B € By (V') and assume that V' is written as the
direct sum of B-negative subspaces V =V, & Vo, if for all vy € V1 and vy € Vs,
with vy, v # 0, it is

(1.5.14) B(v1,v2)? < B(v1,v1)B(va, v2)

then B is negative definite in V.
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PROOF. Let v € V be non zero and write v = vy + v, with v; € V] and
vg € V. We need to show that B(v,v) < 0, and clearly it suffices to consider the
case that both v; and vy are non zero. In this case, the hypothesis (1.5.14) together
with Proposition 1.5.15 imply that the two-dimensional subspace generated by v;
and vy is B-negative, which concludes the proof. U

1.5.30. REMARK. It can also be shown a version of Proposition 1.5.29 assum-
ing only that B is negative semi-definite in ; and in V5, and that

(1.5.15) B(Ul,vg)2 S B(vl,vl)B(Ug,Ug),
for all v; € Vi, vo € Va. In this case, the conclusion is that B is negative semi-
definite in V' (see Exercise 1.28).

Exercises for Chapter 1

EXERCISE 1.1. Show that the isomorphism between the spaces Lin(V, W*)
and B(V, W) given in (1.1.1) is natural in the sense that it gives a natural iso-
morphism of the functors Lin(-, -) and B(+, -) from the category of pairs of vector
spaces to the category of vector spaces.

EXERCISE 1.2. Let V', W be vector spaces and T : V' — W be a linear map.
Show that:

Ker(T*) =Im(T)° c W*, Im(T*) = Ker(T)° C V*.
EXERCISE 1.3. Prove that B(V') = Bsym (V) @ Ba_sym (V).

EXERCISE 1.4. Let W be a vector space, S, Z; and Z, be subspaces of W
with Z; N Zy = {0} and Z, NS = {0}. Denote by ¢ : W — /S the quotient
map. Show that ¢(Z;) N ¢(Z2) = {0} if and only if:

(Z1+Zg)ﬂS=ZlﬂS.

EXERCISE 1.5. Prove Lemma 1.2.3.

EXERCISE 1.6. Prove Proposition 1.2.6.
EXERCISE 1.7. Prove Proposition 1.3.3.
EXERCISE 1.8. Prove Corollary 1.3.4.
EXERCISE 1.9. Prove Lemma 1.3.9.

EXERCISE 1.10. Generalize the results of Section 1.3, in particular Proposi-
tion 1.3.3, Lemma 1.3.10 and Lemma 1.3.11, to the case of anti-linear, multi-linear
and sesquilinear maps.

EXERCISE 1.11. Prove that if V is a non trivial complex vector space, then
there exists no C-bilinear form on ) which is positive definite.

EXERCISE 1.12. Let (Vi,w1), (Va,w2) be symplectic spaces and set V' =
V1 @ V5. Show that the bilinear form w = wy & w9 on V defined by:

w((v1,v2), (wr, w2)) = wi (v, wr) + wa(va, wa),

is a symplectic form on V. We call (V,w) the direct sum of the symplectic spaces
(V1,w1) and (Va,w2). Show that if L, is Lagrangian subspaces of V; and Ly is a
Lagrangian subspaces of V5 then L; ¢ Lo is a Lagrangian subspace of V.
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EXERCISE 1.13. Let (V,w) be a symplectic spaces and V; be a subspace of V'
such that w1 = wly; xv; is nondegenerate. We call (V1,w1) a symplectic subspace
of (V,w). Set Vo = V- and wa = wly;, x15. Show that (Vz,ws) is a symplectic sub-
space of (V,w) and that (V,w) is symplectomorphic to the direct sum of (V,w;)
with (Va, ws).

EXERCISE 1.14. Let (V,w) be a symplectic space. Two isotropic subspaces .S
and R of V are called complementary if V =S & R*.

(a) Given isotropic subspaces R, S of V, show that V' = S @ R if and only
ifV=RoS"
(b) Given complementary isotropic subspaces R, S of V, show that:

dim(R) = dim(S).

(c) Given complementary isotropic subspaces R, S of V, show that R & S
(and also (R @ S)* = R+ N S1) is a symplectic subspace of V.

(d) Given complementary isotropic subspaces R, S of V' complementary
isotropic subspaces R/, S’ of a symplectic space V' with dim(V) =
dim(V’), dim(R) = dim(R’), show that there exists a symplectomor-
phism 7T : V — V' with T(R) = R' and T'(S) = 5".

EXERCISE 1.15. Let (V,w), (V’,w') be symplectic spaces, L C V, L' C
V' be Lagrangian subspaces and S C V, S C V' be isotropic subspaces with
dim(V) = dim(V’), dim(S) = dim(S’) and dim(L N S) = dim(L' N S’). Show
that there exists a symplectomorphim 7" : V' — V' with T(L) = L' and T'(S) =
S’

EXERCISE 1.16. Prove that ' € Lin(V) is a symplectomorphism of (V,w)
if and only if its matrix representation with respect to a symplectic basis of (V,w)
satisfies the relations (1.4.8).

EXERCISE 1.17. Consider the symplectic space R"™ & R™* endowed with its
canonical symplectic structure. Prove that to each Lagrangian subspace L there
corresponds a unique pair (P, S), where P C R"™isasubspaceand S : PxP — R
is a symmetric bilinear form on P, such that:

L={(v,a) e R"®R"™ :v e P, a|p+S(v,-) =0}.

More generally, if (Lo, L) is a Lagrangian decomposition of the symplectic space
(V,w), there exists a bijection between the Lagrangian subspaces L C V' and the
pairs (P, .S), where P C L; is any subspace and S € By, (P) is a symmetric
bilinear form on P, so that (recall formula (1.4.11)):

(1.5.16) L={v+w:veP we Ly, pr,1,(w)|p+ S(v,-) =0}.

EXERCISE 1.18. Let T = é g be an element in Sp(2n, R) (recall for-
mula (1.4.8)) and let Ly = {0} & R™*. Prove that the following two statements are
equivalent:

(a) T(Lg) is transverse to Lo;

(b) B isinvertible.
Prove also that, in this case, the n x n matrices DB~, B"*AandC — DB~ 1A —
B! are symmetric.
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EXERCISE 1.19. Prove that the transpose of a symplectic matrix in Sp(2n, R)
is again symplectic.

EXERCISE 1.20. Every invertible matrix M can be written in polar form:
M =PO, P=(MM"2, O=P'M,

where P is symmetric and positive definite and O is orthogonal. Such decomposi-
tion is unique and it depends continuously on M.
Prove that M € Sp(2n, R) if and only if both P and O are in Sp(2n, R).

EXERCISE 1.21. Prove that the direct sum of symplectic spaces is not categor-
ical, i.e., it is not true in general that if a linear map 7" : V; @ Vo — W is such that
its restrictions 7’|y, and T'|y, are symplectic, then 7" is symplectic.

EXERCISE 1.22. Prove that a complex structure on a symplectic space which
is compatible with the symplectic form is a symplectomorphism.

EXERCISE 1.23. Let V be a real vector space and g a positive inner product.
Prove that a complex structure J in V' is g-anti-symmetric iff it is g-orthogonal.

EXERCISE 1.24. Let V be a complex space, gs a positive Hermitian product
inVand 7 € Lin(V) a gs-normal linear map. Show that 7 is diagonalizable in a
gs-orthonormal basis of V.

EXERCISE 1.25. Given a Lagrangian decomposition (L, L1) of a symplectic
space (V,w), prove that the map pr, 1, : L1 — L defined in (1.4.11) page 24 is
an isomorphism.

EXERCISE 1.26. Let (V,w) be a symplectic space, S C V an isotropic sub-
space, and consider the quotient symplectic space (S+/S,@) defined in Exam-
ple 1.4.17. Prove that if L C V is a Lagrangian subspace of (V,w), then 7(L) is
Lagrangian in (S+ /S, @), where 7 : S+ — S+ /S is the projection.

EXERCISE 1.27. Prove that every symmetric bilinear form B € Bgym (V)
admits a maximal negative subspace.

EXERCISE 1.28. Suppose that B € Bgy(V), with V. = Vi @ V5 and B
is negative semi-definite in V; and in V5. If the inequality (1.5.15) holds for all
v1 € V1 and v9 € Vs, then B is negative semi-definite in V.

EXERCISE 1.29. Let V' be an n-dimensional real vector space, B € Bgym (V)
a symmetric bilinear form and assume that the matrix representation of B in some
basis {v1,...,v,} of V is given by:

X Z
zZ* YY)’

where X is a k x k symmetric matrix and Y is a (n — k) x (n — k) symmetric
matrix. Prove that, if X is invertible, then:

n_(B)=n_(X)+n_(Y - Z*X12), dgn(B)=dgn(Y — Z*X"'2),
and ny(B)=n (X)+n, (Y —Z2*X"'2).
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EXERCISE 1.30. Let V be a finite dimensional vector space, W C V a sub-
space and B € Bgym (V') a nondegenerate symmetric bilinear form. Denote by
W+ the B-orthogonal complement of 1. Prove the following equalities:

(1.5.17) n_(B) =n_(Blw) +n_(Bly.) + dim(W n W),
(1.5.18) n4+(B) = ny (Blw) + ny (Bly1) + dim(W N W),
EXERCISE 1.31. Let V be a finite dimensional real vector space and let U, Z €

Bsym (V') be nondegenerate symmetric bilinear forms on V' such that U — Z is also
nondegenerate. Prove that U ~! — Z~! is nondegenerate and that:

n(Z2)—n_(U)=n_(Z'-UY—n_(U-2).



CHAPTER 2

The Geometry of Grassmannians

2.1. Differentiable manifolds and Lie groups

In this section we give the basic definitions and we fix some notations concern-
ing calculus on manifolds. In this text, the term “manifold” will always mean a real,
finite dimensional differentiable manifold whose topology satisfies the Hausdorff
property and the second countability axiom, i.e., it admits a countable basis of
open sets. The term “differentiable” will always mean “of class C*°”; we will de-
scribe below the terminology used in the construction of a differentiable manifold
structure.

Let M be a set; a chart in M is a bijection:
¢:U — ﬁ,

where U C M is any subset and U is an open set in some Euclidean space R"; in
some situation, with a slight abuse of terminology, we will allow that U be an open
subset of some arbitrary real finite dimensional vector space.

We say that two charts ¢ : U — U and vV - V in M are compatible if
UNV =0orif (U NV)and (U N V) are both open sets and the transition
function:

Yot g(UNV) — p(UNV)

is a differentiable diffeomorphism. A differentiable atlas A in M is a set of charts
in M that are pairwise compatible and whose domains form a covering of M. A
chart is said to be compatible with a differentiable atlas if it is compatible with all
the charts of the atlas; it is easy to see that two charts that are compatible with an
atlas are compatible with each other. Hence, every differentiable atlas A is con-
tained in a unique maximal differentiable atlas which is obtained as the collection
of all the charts in M that are compatible with A.

A differentiable atlas .4 induces on M a unique topology 7 such that each chart
of A is a homeomorphism defined in an open subset of (M, 7); such topology T is
defined as the set of parts A C M such that ¢(A N U) is an open subset of U for
every chart ¢ : U — U in A.

A (differentiable) manifold is then defined as a pair (M, A), where M is a set
and A is a maximal differentiable atlas in M whose corresponding topology T is
Hausdorff and second countable; a chart, or a coordinate system, in a differentiable
manifold (M, A) is a chart that belongs to .A.

2.1.1. REMARK. Observe that some authors replace the assumption of second
countability for a differentiable manifold with the assumption of paracompactness.
In Exercise 2.1 the reader is asked to show that such assumption is “weaker”, but
indeed “not so much weaker”.

39
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_ Let M be a manifold and N C M be a subset; we say that a chart ¢ : U —
U C R"™ is a submanifold chart for N if ¢(U N N) is equal to the intersection of
U with a vector subspace S of R"™. We then say that:

dlunn :UNN —UNS

is the chart in N induced by ¢. The subset N is said to be an embedded subman-
ifold of M if for all € N there exists a submanifold chart for N whose domain
contains x. The inclusion i : N — M will then be an embedding of N in M, i.e., a
differentiable immersion which is a homeomorphism onto its image endowed with
the relative topology.

An immersed submanifold N in M is a manifold N such that IV is a subset of
M and such that the inclusion i : N — M is a differentiable immersion. Observe
that a subset N C M may admit several differentiable structures that make it into
an immersed submanifold; however, if we fix a topology in NV, then there exists
at most one differentiable structure in /N compatible with such topology and for
which N is an immersed submanifold of M (see Exercise 2.3).

In general, if N and M are any two manifolds, and if f : N — M is an injec-
tive differentiable immersion, then there exists a unique differentiable structure on
f(N) that makes f into a differentiable diffeomorphism onto f(N); hence, f(N)
is an immersed submanifold of M. If f is an embedding, then it follows from the
local form of immersions that f(/N) is an embedded submanifold of M.

From now on, unless otherwise stated, by “submanifold” we will always mean
“embedded submanifold”.

2.1.2. REMARK. If P and M are two manifolds, N C M is an embedded
submanifold and f : P — M is a differentiable map such that f(P) C N, then
there exists a unique map fy : P — N such that the following diagram commutes:

(2.1.1) M

a

1

P T‘ N
where i denotes the inclusion. We say that fj is obtained from f by change of
counterdomain, and we will often use the same symbol f for fy; the map fop is
differentiable. The same results does not hold in general if V is only an immersed
submanifold; it holds under the assumption of continuity for f, (see Exercise 2.2).
Immersed submanifolds N C M for which the differentiability of f in (2.1.1)
implies the differentiability of fy are known as almost embedded submanifolds of
M ; examples of such submanifolds are integral submanifolds of involutive distri-

butions, or immersed submanifolds that are subgroups of Lie groups.

2.1.3. REMARK. If f : M — N is a differentiable submersion, then it follows
from the local form of the submersions that for all y € Im(f) and for all z €
f~1(y) C M there exists a local differentiable section of f that takes y into z, i.e.,
there exists a differentiable map s : U — M defined in an open neighborhood U
of y in N such that s(y) = x and such that f(s(z)) = z forall z € U.

The existence of local differentiable sections allows to prove that differentiable
submersions that are surjective have the quotient property; this means that if f :
M — N is a surjective submersion and g : M — P is a differentiable map, and if
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there exists a map g : N — P such that the following diagram commutes:

JIN

N——P
g

then also g is differentiable.

In particular, if M is a manifold and f : M — N is a surjective map, then there
exists at most one differentiable structure on /N that makes f into a differentiable
submersion; such structure is called a quotient differentiable structure induced by

f.

2.1.1. Classical Lie groups and Lie algebras. In this subsection we give a
short description and we introduce the notations for the classical Lie groups and
Lie algebras that will be used in the text.

A Lie group is a group G endowed with a differentiable structure such that the
map G x G > (z,y) — xy ' € G is differentiable; the unit of G will be denoted
by 1l eG.

A Lie group homomorphism will always means a group homomorphism which
is also continuous; then, it will be automatically differentiable (see for instance
[19, Theorem 2.11.2] and [20, Theorem 3.39]).

For g € G, we denote by [, and r, respectively the diffeomorphisms of G
given by the left-translation l,(x) = gx and by the right-translation ry(z) = xg;
byZ, =140 rg_l we denote the inner automorphism of GG associatedto g. If g € G
and v € T, G is a tangent vector to (G, we write:

gv =dly(z)-v, wvg=drg(z)-v;
for all X € T1G we define vector fields X* and X in G by setting:
(2.1.2) XHg) =9X, X"(g) =Xy,

forall g € G. We say that X © (respectively, X %) is the left-invariant (respectively,
the right-invariant ) vector field in X associated to X € T1G.

The Lie algebra corresponding to GG, denoted by g, is defined as the tangent
space at 1 of the manifold G: g = T1G; the Lie bracket, or commutator, in g
is obtained as the restriction of the Lie brackets of vector fields in G where we
identify each X € g with the left-invariant vector field X .

We denote by exp : g — G the exponential map of GG, defined in such a way
that, for each X € g, the map:

(2.1.3) Rotr—exp(tX)eG

is a Lie group homomorphism whose derivative at £ = 0 is equal to X. Then, the
curve (2.1.3) is an integral curve of the vector fields X L and X%, that is:

(2.1.4) %exp(tX) = Xl (exp(tX)) = XP(exp(tX)),

for all £ € R (see [20, Theorem 3.31]).

A Lie subgroup of GG is an immersed submanifold which is also a subgroup
of G; then, H is also a Lie group with the group and the differentiable structure
inherited from those of G (see Remark 2.1.2). A Lie subgroup H C G will be an
embedded submanifold if and only if H is closed in G (see [19, Theorem 2.5.4]



42 2. GRASSMANNIANS

and [20, Theorem 3.21]); moreover, every closed subgroup of a Lie group is a Lie
subgroup of G (see [19, Theorem 2.12.6] and [20, Theorem 3.42]).

If H C G is a Lie subgroup, then the differential of the inclusion map allows
to identify the Lie algebra h of H with a Lie subalgebra of g (see [20, Proposi-
tion 3.33]); explicitly, we have:

(2.1.5) h={X eg:exp(tX) € H, Vt € R}.

Observe that every discrete subgroup H C (' is an embedded (and closed) Lie
subgroup of G with dim(H) = 0; in this case h = {0}.

If G° denotes the connected component of GG containing the identity (which
is also an arc-connected component), then it is easy to see that G° is a normal
subgroup of G which is closed and open. Actually, every open subgroup of GG
is also closed, as its complementary is union of cosets of this subgroup, that are
open. It follows that every open subgroup of GG is the union of some connected
components of GG, and the Lie algebra of an open subgroup of G is identified with
the Lie algebra of G.

2.1.4. REMARK. If G'is a Lie group and b is a subspace of g, then there exists a
unique left-invariant distribution D and a unique right-invariant distribution DY
in G such that DX (1) = DF(1) = h. We have that DL, or DE, is involutive if and
only if f is a Lie subalgebra of g. In this case, the maximal connected integral sub-
manifold of DX, or of DF, passing through 1 € G is a (connected) Lie subgroup
of G whose Lie algebra is h; moreover, if H C G is any Lie subgroup whose Lie
algebra is b, then H? is the maximal connected integral submanifold of D%, or of
DF passing through 1 € G. The other maximal connected integral submanifolds
of DL (respectively, of D) are the left cosets gH (respectively, the right cosets
Hyg) of H. A proof of these facts can be found in [19, Theorem 2.5.2] and [20,
Corollary (b), Theorem 3.19]; for the basic notions of involutive distributions, in-
tegral submanifolds and the Frobenius Theorem the reader may use, for instance,
[19, Section 1.3] or [20, pages 41-49].

From the above observations we obtain that a curve t — ~(t) € G of class C"*
has image contained in some left coset of H if and only if

V(67 (t) €1,

for all ¢; similarly, it has image in some right coset of H if and only if:

Y (t)y(t) "t b,
for all ¢.

We will now present a short list of the classical Lie groups that will be en-
countered in this text, and we will describe their Lie algebras. All these groups
and algebras are formed by real or complex matrices, or by linear maps on real or
complex vector spaces. The group multiplication will always be the multiplication
of matrices, or the map composition, and the Lie bracket will always be given by:

[(X,Y] =XY -YX;
finally, the exponential map will always be:

o0 Xn’
n=0
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Typically, we will use capital letters to denote Lie groups and the corresponding
small letters to denote their Lie algebras; all the vector spaces below will be meant
to be finite dimensional.

o The general linear group. Let V be a real or a complex vector space; we
denote by GL(V) the group of all linear automorphisms of V'; its Lie algebra
gl(V') coincides with the space of all linear endomorphisms Lin(V') of V. We
call GL(V') the general linear group of V.

We write GL(R") = GL(n, R), gl(R") = gl(n,R), GL(C™) = GL(n,C)
and gl(C") = gl(n, C); obviously, we can identify GL(n,R) (respectively,
GL(n, C)) with the group of invertible real (respectively, complex) n x n ma-
trices, and gl(n, R) (resp., gl(n, C)) with the algebra of all real (resp., com-
plex) n X n matrices.

Observe that if V' is a real space and J is a complex structure on V, so
that (V, J) is identified with a complex space, then GL(V, J) (resp., gl(V, J))
can be seen as the subgroup (resp., the subalgebra) of GL(V) (resp., of gl(V'))
consisting of those maps that commute with J (see Lemma 1.2.3).

In this way we obtain an inclusion of GL(n, C) into GL(2n,R) and of
gl(n, C) into gl(2n, R) (see Example 1.2.2 and Remark 1.2.9).

o The special linear group.

If V' is a real or complex vector space, we denote by SL(V') the special
linear group of V', given by the closed subgroup of GL(V') consisting of those
endomorphisms with determinant equal to 1. Its Lie algebra sl(V') is given
by the set of endomorphisms of V' with null trace. We also write SL(R"™) =
SL(n,R), SL(C™) = SL(n, C), sl(R") = sl(n,R) and sl(C") = sl(n,C).
We identify SL(n, R) (resp., SL(n, C)) with the group of real (resp., complex)
n X n matrices with determinant equal to 1, and sl(n, R) (resp., sl(n, C)) with
the algebra of real (resp., complex) n X n matrices with null trace.

As in the case of the general linear group, we have inclusions: SL(n, C) C
SL(2n,R) and sl(n, C) C sl(2n, R).

e The orthogonal and the special orthogonal groups.

If V is a real vector space endowed with a positive inner product g, we de-
note by O(V, g) the orthogonal group of (V, g), which is the closed subgroup
of GL(V) consisting of the g-orthogonal linear maps. The special orthogonal
group of (V, g) is defined by:

SO(V,g) = O(V,g) N SL(V).

The Lie algebras of O(V,g) and of SO(V,g) coincide, and they are both
denoted by so(V, g); this is the subalgebra of gl(V') consisting of g-anti-
symmetric linear maps.

If V' = R™ and g is the canonical inner product, then we write Q(R", g) =
O(n), SO(R™, g) = SO(n) and so(R™, g) = so(n); O(n) is identified with
the group of n X n orthogonal matrices (a matrix is orthogonal if its transpose
coincides with its inverse), SO(n) is the subgroup of O(n) consisting of those
matrices with determinant equal to 1, and so(n) is the Lie algebra of real n x n
anti-symmetric matrices.
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The unitary and the special unitary groups. Let ) be a complex vector space
endowed with a positive Hermitian product gs. The unitary group of (V, gs),
denoted by U(V, gs), is the closed subgroup of GL(V) consisting of the gs-
unitary linear maps on V; the special unitary group of (V, gs) is defined by:

SUV, gs) = U(V, gs) NSL(V).

The Lie algebra u(V, gs) of U(V, gs) is the subalgebra of gl()) consisting of
the gs-anti-Hermitian linear maps, and the Lie algebra su(V, gs) of SU(V, g5)
is the subalgebra of u(V, gs) consisting of linear maps with null trace.

If V is a real space and J is a complex structure in V' in such a way
that (V, J) is identified with a complex vector space V, then given a Hermit-
ian product gs in (V, J) we also write U(V,gs) = U(V, J,gs), SU(V, gs) =
SU(V, J,gs), u(V,gs) = u(V, J, gs) and su(V, gs) = su(V, J, gs).

If V = C" and g is the canonical Hermitian product in C”, then we
write U(C", gs) = U(n), SU(C",gs) = SU(n), u(C", gs) = u(n) and
su(C™, gs) = su(n); then U(n) is the group of complex n x n unitary ma-
trices (a matrix is unitary if its conjugate transpose is equal to its inverse),
SU(n) is the subgroup of U(n) consisting of matrices with determinant equal
to 1, u(n) is the Lie algebra of all complex n x n anti-Hermitian matrices
(a matrix is anti-Hermitian if its conjugate transpose equals its opposite), and
su(n) is the subalgebra of u(n) consisting of matrices with null trace.

The symplectic group.

Let (V,w) be a symplectic space; in Definition 1.4.10 we have introduced
the symplectic group Sp(V, w). We have that Sp(V, w) is a closed subgroup of
GL(V); its Lie algebra consists of those linear endomorphisms X of V' such
that w(X-, ) is a symmetric bilinear form, that is:

(2.1.6) w(XW),w) =w(X(w),v), v,welV.

In terms of the linear map w: V' — V*, formula (2.1.6) is equivalent to the
identity:

(2.1.7) woX =—-X"ow.

If w is the canonical symplectic form of R?", then we write Sp(R?",w) =
Sp(2n, R) and sp(R?",w) = sp(2n,R). The matrix representations of ele-
ments of Sp(V, w) with respect to a symplectic basis are described in formulas
(1.4.7) and (1.4.8). Using (2.1.7) it is easy to see that the matrix representation
of elements of sp(V, w) in a symplectic basis is of the form:

A B .
< O _A* ) , B, C symmetric,

where A* denotes the transpose of A.

2.1.2. Actions of Lie groups and homogeneous manifolds. In this subsec-

tion we state some results concerning actions of Lie groups on manifolds and we
study the homogeneous manifolds, that are manifolds obtained as quotients of Lie
groups.

If G is a group and M is a set, a (left) action of G on M is a map:

(2.1.8) Gx M5 (gm)— g-meM
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such that g1 - (g2 - m) = (g192) -mand 1 - m = m for all g1, go € G and for all
m € M, where 1 is the unit of G. Given an action of G on M, we get a map

(2.1.9) Om:G— M
given by (3,,(g) = g - m, and for all g € G we get a bijection:
Yg: M — M

of M given by v4(m) = g - m; the map g — ~, is a group homomorphism from G
to the group of bijections of M.
For all m € M, we define the orbit of m relative to the action of GG by:

Gim)={g-m:g€G};
the orbits of the action of G form a partition of M; we also define the isotropy
group of the element m € M by:
Gmn={9€G:g-m=m}.

It is easy to see that GG, is a subgroup of G.

We say that the action of G on M is transitive if G(m) = M for some, hence
for all, m € M; we say that the action is free, or without fixed points, if G,,, = {1}
for all m € M. The action is effective if the homomorphism g — <, is injective,

ie.,if (,,cpr Gm = {1}
If H is a subgroup of G, we will denote by GG/ H the set of left cosets of H in
G:
G/H = {gH : g € G},
where gH = {gh : h € H} is the left coset of g € G. We have a natural action of
G on G/ H given by:
(2.1.10) G x G/H 3 (g1,92H) — (9192)H € G/H;

this action is called action by left translation of G in the left cosets of H. The
action (2.1.10) is always transitive.

If G acts on M and G, is the isotropy group of the element m € M, then the
map G, of (2.1.9) passes to the quotient and defines a bijection:

(2.1.11) Bm : G/Gry — G(m)

given by 3,,,(9Grn) = g - m. We therefore have the following commutative dia-

gram:
| N
q

G)Gp —— M
Bm

where ¢: G — G/G,, denotes the quotient map.

2.1.5. DEFINITION. Given actions of the group G on sets M and N, we say
thatamap ¢ : M — N is G-equivariant if the following identity holds:

¢(g-m)=g-p(m),

forall g € G and all m € M. If ¢ is an equivariant bijection, we say that ¢ is an
equivariant isomorphism; in this case ¢! is automatically equivariant.
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The bijection (2.1.11) is an equivariant isomorphism when we consider the
action of G on G /G, by left translation and the action of G on G(m) obtained by
the restriction of the action of G on M.

2.1.6. REMARK. It is possible to define also a right action of a group G on a
set M as a map:

(2.1.12) MxG>3(m,g)—m-ge M

that satisfies (m - g1) - g2 = m - (g1g2) and m - 1 = m for all g1, g2 € G and all
m € M. A theory totally analogous to the theory of left actions can be developed
for right actions; as a matter of facts, every right action (2.1.12) defines a left action
by (g, m) — m - g~!. Observe that in the theory of right actions, in order to define
properly the bijection 3,,, in formula (2.1.11), the symbol G'/ H has to be meant as
the set of right cosets of H.

Let’s assume now that G is a Lie group and that M is a manifold; in this context
we will always assume that the map (2.1.8) is differentiable, and we will say that
G acts differentiably on M. If H is a closed subgroup of G, then there exists a
unique differentiable structure in the set G/H such that the quotient map:

q:G— G/H

is a differentiable submersion (see Remark 2.1.3). The kernel of the differential
dq(1) is precisely the Lie algebra h of H, so that the tangent space to G/ H at the
point 1H may be identified with the quotient space g/h. Observe that, since g is
open and surjective, it follows that G/H has the quotient topology induced by ¢
from the topology of G.

By continuity, for all m € M, the isotropy group G,, is a closed subgroup of
G, hence we get a differentiable structure on G /G,y,; it can be shown that the map
9Gp, — g - mis a differentiable immersion, from which we obtain the following:

2.1.7. PROPOSITION. If G is a Lie group that acts differentiably on the mani-
fold M, then for all m € M the orbit G(m) has a unique differentiable structure
that makes (2.1.11) into a differentiable diffeomorphism; with such structure G(m)
is an immersed submanifold of M, and the tangent space T,,G(m) coincides with
the image of the map:

dgm(1): g — T, M,
where (B, is the map defined in (2.1.9). O

2.1.8. REMARK. If we choose a different point m’ € G(m), so that G(m') =
G(m), then it is easy to see that the differentiable structure induced on G(m) by
By coincides with that induced by 5,,,.

We also have the following:

2.1.9. COROLLARY. If G acts transitively on M, then for all m € M the map
(2.1.11) is a differentiable diffeomorphism of G /G, onto M; in particular, the
map B, of (2.1.9) is a surjective submersion. O

In the case of transitive actions, when we identify G/G,,, with M by the dif-
feomorphism (2.1.11), we will say that m is the base point for such identification;
we then say that M (or G/Gy,) is a homogeneous manifold.
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2.1.10. COROLLARY. Let M, N be manifolds and let G be a Lie group that
acts differentiably on both M and N. If the action of G on M is transitive, then
every equivariant map ¢ : M — N is differentiable.

PROOF. Choose m € M ; the equivariance property of ¢ gives us the following
commutative diagram:

G

Bsim
ﬁmly’:)

MTN

and the conclusion follows from Corollary 2.1.9 and Remark 2.1.3. (]

In some situations we will need to know if a given orbit of the action of a Lie
group is an embedded submanifold. Let us give the following definition:

2.1.11. DEFINITION. Let X be a topological space; a subset S C X is said to
be locally closed if S is given by the intersection of an open and a closed subset of
X. Equivalently, S is locally closed when it is open in the relative topology of its
closure S.

Exercise 2.4 is dedicated to the notion of locally closed subsets.
We have the following:

2.1.12. THEOREM. Let G be a Lie group acting differentiably on the manifold
M. Given m € M, the orbit G(m) is an embedded submanifold of M if and only
if G(m) is locally closed in M.

PROOF. See [19, Theorem 2.9.7]. U

We conclude the subsection with a result that relates the notions of fibration
and homogeneous manifold.

2.1.13. DEFINITION. Given manifolds F', F and B and a differentiable map
p: E — B, we say that p is a differentiable fibration with typical fiber F' if for all
b € B there exists a diffeomorphism:
a:p I (U)—UxF

such that 7 o v = P’pfl(U), where U C B is an open neighborhood of b in B and
w1 : U x F' — U is the projection onto the first factor. In this case, we say that «
is a local trivialization of p around b.

2.1.14. THEOREM. Let G be a Lie group and H, K closed subgroups of G
with K C H; then the map:

p:G/K — G/H
defined by p(gK') = gH is a differentiable fibration with typical fiber H/ K.

PROOF. It follows from Remark 2.1.3 that p is differentiable. Given gH €
G/H,lets : U — G be a local section of the submersion ¢ : G — G/H defined
in an open neighborhood U C G/ H of gH; it follows that g o s is the inclusion of
U in G/H. We define a local trivialization of p:

a:p Y (U)—UxH/K
by setting a(xK) = (zH, s(xH)~! 2K). The conclusion follows. O
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2.1.15. COROLLARY. Under the assumptions of Corollary 2.1.9, the map B,
given in (2.1.9) is a differentiable fibration with typical fiber G p,. U

2.1.16. COROLLARY. Let f: G — G’ be a Lie group homomorphism and let
H C G, H C G’ be closed subgroups such that f(H) C H'; consider the map:

f:G/H — G'/H'
induced from f by passage to the quotient, i.e., f(gH) = f(g)H' forall g € G. If
f is surjective, then f is a differentiable fibration with typical fiber f~1(H')/H.
PROOEF. Consider the action of G on G’/ H' given by
GxG'/H > (9.9'H') — (f(9)9)H € G'/H".
The orbit of the element 1H’ € G'/H’ is the image of f, and its isotropy group
is f~1(H"); since f is surjective, it follows from Corollary 2.1.9 that the map

f G/fY(H') — G'/H' induced from f by passage to the quotient is a diffeo-
morphism. We have the following commutative diagram:

G/f~H(H) F G'/H

where p is induced from the identity of GG by passage to the quotient; it follows from
Theorem 2.1.14 that p is a differentiable fibration with typical fiber f~1(H’)/H.
This concludes the proof. (]

A differentiable covering is a differentiable fibering whose fiber is a discrete
manifold (i.e., zero dimensional). We have the following:

2.1.17. COROLLARY. Under the assumptions of Corollary 2.1.16, if H and
f~Y(H') have the same dimension, then f is a differentiable covering. U

2.1.18. REMARK. Given a differentiable fibration p : £ — B with typical
fiber F, then every curve 7 : [a,b] — B of class C*, 0 < k < +o0, admits a lift
7 : [a,b] — E (i.e., p o5 = ) which is of class C*:

E

R
5 .

[a, b]r — B

The proof of this fact is left to the reader in Exercise 2.13.

2.1.3. Linearization of the action of a Lie group on a manifold. In this
subsection we will consider a Lie group G with a differentiable (left) action on the
manifold M; we show that such action defines a anti-homomorphism of the Lie
algebra g of G to the Lie algebra of the differentiable vector fields on M.

Given X € g, we define a differentiable vector field X™* on M by setting:

X*(m) =dBn(1)- X, me M,
where (3, is the map defined in (2.1.9).
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Recall that if f : N — N» is a differentiable map, the vector fields Y7 and Y5
on Nj and N» respectively are said to be f-related if:

Ya(f(n)) = dfa(Yi(n)), Vne Ny
2.1.19. REMARK. If Yj, Z; are differentiable vector fields on the manifold /Ny

that are f-related respectively with the fields Y5, Zo on the manifold Vs, then the
Lie bracket [Y7, Z1] is f-related to the Lie bracket [Ys, Z5].

Observe that, for all ¢ € G and all m € M, we have

ﬁgm = ﬁm OTg,

hence
(2.1.13) dBgm (1) = dBm(g) o drg(1).

If X denotes the right invariant vector field on G corresponding to the element
X € g, then, using (2.1.13), we have:

(2.1.14) X*(g-m)=dBm(g) - XT(g9), VYm e M.

The identity (2.1.14) tells us that, for all m € M, the field X™* in M is [3,,-related
with the field X in G.

2.1.20. REMARK. Let us denote by X’ the left invariant vector field on G
corresponding to X € g; if G acts on the left on M, then in general it is not
possible to construct a vector field in M which is 3,,-related to X L Observe also
that, in general, the field X ™ is not invariant by the action of G in M actually, it
is not possible in general to construct a vector field on M which is invariant by the
action of G’ and whose value at a given point is given.

As a corollary of (2.1.14) we get the following:
2.1.21. PROPOSITION. Given X,Y € g, then we have:
(X, YT = —[X" Y7,

where the bracket on the left of the equality is the Lie product in g and the bracket
on the right denotes the Lie bracket of vector fields in M.

PROOF. Choose m € M; since the vector fields X* and Y* are (3,,-related
respectively to the right invariant vector fields X® and Y%, it follows from Re-
mark 2.1.19 that [ X*, Y*] is 3,,-related to [X®, Y'T]. To conclude the proof, we
will show that:

(2.1.15) (XE VR =[x, Y)E,

observe now that from (2.1.15) it will follow that both [X*, Y*] and —[X, Y]* are
Bm-related to [X | Y], hence they must coincide on Im(3,,) = G(m). Since m
is arbitrary, the proof of Proposition 2.1.21 will follow.

In order to show (2.1.15), consider the inversion map inv : G — G given by
inv(g) = ¢g~'; we have that d(inv)(1) = —Id. Then, it is easy to see that X
is inv-related to the left invariant field — X%, and, by Remark 2.1.19, [ X7 Y®] is
inv-related to [X©, Y'¥] = [X, Y]¥; also, —[X, Y]® is inv-related to [ X, Y]*. The
conclusion now follows from the fact that inv is surjective. O

The map X — X ™ is called the linearization of the action of G in M ; Proposi-

tion 2.1.21 tells us that this map is a anti-homomorphism of the Lie algebra g into
the Lie algebra of differentiable vector fields on M.
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2.1.22. REMARK. From (2.1.14) it follows easily that, for all m € M, the map
t — exp(tX) - m is an integral curve of X*.

More generally, given any map I > t — X (t) € g defined in an interval
I C R, we obtain a time-dependent right invariant vector field in G given by:

(2.1.16) IxG>(tg) — X (g) = X(t)g € T,G;
we also have a time-dependent vector field in M by setting:
(2.1.17) IxM> (t,m)— X(t)"(m) € T,,M.

From (2.1.14) it follows also that, for any m € M, the map (3,, takes integral
curves of (2.1.16) into integral curves of (2.1.17); more explicitly, if t — ~v(t) € G
satisfies

for all ¢ then:
d

(@) -m) = X0 ((t) - m).

2.2. Grassmannians and their differentiable structure

In this section we will study the geometry of the set of all k-dimensional sub-
spaces of a Euclidean space.

Let n, k be fixed integers, with n > 0 and 0 < k < n; we will denote by
Gr(n) the set of all k-dimensional vector subspaces of R™; G(n) is called the
Grassmannian of k-dimensional subspaces of R™.

Our goal is to describe a differentiable atlas for G(n), and the main idea is to
view the points of G (n) as graphs of linear maps defined on a fixed k-dimensional
subspace of R"™ and taking values in another fixed (n — k)-dimensional subspace
of R"™, where these two fixed subspaces are transversal.

To this aim, we consider a direct sum decomposition R = Wy & Wy, where
dim(Wp) = k (and obviously dim(W;) = n— k). For every linear map 7" : Wy —
W1, the graph of T given by:

Gr(T)={v+T(v):ve Wy}
is an element in G (n). Moreover, an element W € Gy (n) is of the form Gr(7T')
if and only if it is transversal to W7, i.e., iff it belongs to the set:
GR(n, W) = {W € Gy(n) : WN Wy = {0} } C Gy(n).
In this situation, the linear map 7 is uniquely determined by W. We can therefore
define a bijection:
(2.2.1) dwow, : G(n, W1) — Lin(Wo, W1),

by setting ¢y, w, (W) =T when W = Gr(T).

More concretely, if 7wy and 71 denote respectively the projections onto Wy and
W1 in the decomposition R™ = W, @ W1, then the linear map 7' = ¢, w, (W)
is given by:

T = (mi|w) o (molw) "

Observe that the condition that W be transversal to W7 is equivalent to the condi-
tion that the restriction 7|y be an isomorphism onto W.

We will now show that the collection of the charts ¢y, w,, when (Wq, W)
run over the set of all direct sum decomposition of R™ with dim(Wy) = k, is a
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differentiable atlas for G (n). To this aim, we need to study the transition functions
between these charts. Let us give the following:

2.2.1. DEFINITION. Given subspaces Wy, W) C R™ and given a common
complementary subspace W7 C R" of theirs, i.e., R* = Wy & W) = Wé @ W,
then we have an isomorphism:

4% . !

obtained by the restriction to W of the projection onto W} relative to the decom-

position R = W{j & W;. We say that 173% W is the isomorphism of Wy and W
»Wo

determined by the common complementary subspace W.

Wi
Wo, W}
diagram of isomorphisms:

\4%%

The inverse of n is simply 7,/ Wy We have the following commutative
0

R" /W,

q'yw

Wo W

Wy

nWO,W(’)

where ¢ : R" — R™ /W is the quotient map.

Let us consider charts ¢wy,,w, and ¢y w, in Gi(n), with k = dim(Wp) =
dim(Wj)); observe that they have the same domain. In this case it is easy to obtain
the following formula for the transition function:

2.2.2) Sy © (Dwo,wy) (1) = (whlwo +T) 0 gt 4y

where 7] denotes the projection onto W relative to the decomposition R" = W/ ®
Wi.

Let us now consider decompositions R" = Wy & Wy = Wy @ W/, with
dim(Wp) = k, and let us look at the transition function ¢y, y/ © (dwo.wy) L
First, we observe that its domain consists of those linear maps 7' € Lin(Wy, W)
such that Gr(T) € G9(n, WY); it is easy to see that this condition is equivalent to
the invertibility of the map:

Id + (7’['6‘{/[/1) oT,

where 7(, denotes the projection onto Wy, relative to the decomposition R = Wy®
W{ and Id is the identity map on W),. We have the following formula for qSWO’W{ )

(d)Wo,Wl)_l:

— -1
223) w0 (dwowy) H(T) = nVng’Wl, oT o (Id + (nflw,) o T) .

We have therefore proven the following:

2.2.2. PROPOSITION. The set of all charts ¢w, w, in Gi(n), where the pair
(Wo, W1) run over the set of all direct sum decompositions of R™ with dim(Wp) =
k, is a differentiable atlas for G (n).
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PROOF. Since every subspace of R" admits one complementary subspace, it
follows that the domains of the charts ¢y, w, cover Gi(n). The transition func-
tions (2.2.2) and (2.2.3) are differentiable maps defined in open subsets of the vec-
tor space Lin(Wy, W7). The general case of compatibility between charts ¢y, w,
and ¢y vy follows from transitivity. O

2.2.3. REMARK. As to the argument of transitivity mentioned in the proof of
Proposition 2.2.2, we observe that in general the property of the compatibility of
charts is not transitive. However, the following weaker transitivity property holds,
and that applies to the case of Proposition 2.2.2: if vy, ¥ and 9 are charts on a
set such that 1)y is compatible with 1, 1/ is compatible with 1 and the domain
of 1 coincides with the domain of 11, then vy is compatible with 5.

2.2.4. REMARK. Formulas (2.2.2) and (2.2.3) show indeed that the charts
dw,,w, form a real analytic atlas for Gi(n).

2.2.5. REMARK. Given a finite collection V7, ..., V, of k-dimensional sub-
spaces of R™, it is possible to find a subspace W which is complementary to all
of the V;’s. For, if k& < n, we can choose a vector v; € R"™ \ | J;_; V;. Let us
now consider the subspaces V/ = V; @ R vy of dimension k + 1; by repeating the
construction to the Vi’ ’s, we determine inductively vectors vy, . . ., v,_ that form
a basis for a common complementary to the V;’s. This argument shows that every
finite subset of G'i,(n) belongs to the domain of some chart ¢y, w, . In Exercise 2.8
the reader is asked to show that the same holds for countable subsets of G (n).

We finally prove that G (n) is a manifold:

2.2.6. THEOREM. The differentiable atlas in Proposition 2.2.2 makes G (n)
into a differentiable manifold of dimension k(n — k).

PROOF. If dim(Wy) = k and dim(W1) = n — k, then dim(Lin(Wy, W1)) =
k(n — k). It remains to prove that the topology defined by the atlas is Hausdorff
and second countable. The Hausdorff property follows from the fact that every
pair of points of G (n) belongs to the domain of a chart. The second countability
property follows from the fact that, if we consider the finite set of chart ¢w, w,,
where both W and W; are generated by elements of the canonical basis of R", we
obtain a finite differentiable atlas for G (n). O

2.2.7. REMARK. It follows immediately from the definition of topology in-
duced by a differentiable atlas that the subsets Go(n, Wi) C Gy(n) are open;
moreover, since the charts ¢w, w, are surjective, it follows that G9(n, Wy) is
homeomorphic (and diffeomorphic) to the vector space Lin(Wy, W7).

2.2.8. EXAMPLE. The Grassmannian G1(n) of all the lines through the ori-
gin in R™ is also known as the real projective space RP™~!. By taking Wy =
{0} @ R and W; = R"! @ {0}, the chart ¢y, w, gives us what is usually
known in projective geometry as the homogeneous coordinates. The space RP" 1
can also be described as the quotient of the sphere S~ ! obtained by identifying
the antipodal points.

The real projective line RP? is diffeomorphic to the circle S'; in fact, con-
sidering S' C C, the map z — 22 is a two-fold covering of S' over itself that
identifies antipodal points.
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2.2.9. REMARK. The theory of this section can be repeated verbatim to define
a manifold structure in the Grassmannian of all k-dimensional complex subspaces
of C™. Formulas (2.2.2) and (2.2.3) are holomorphic, which says that such Grass-
mannian is a complex manifold, whose complex dimension is k(n — k).

2.3. The tangent space to a Grassmannian

In this section we give a concrete description of the tangent space Ty G(n)
for W € Gi(n), by showing that it can be naturally identified with the space
Lin(W,R"™/W). This identification will allow to compute in a simple way the
derivative of a curve in Gg(n).

We start with an informal approach. Suppose that we are given a differentiable
curve t — W (t) in Gi(n), i.e., for all instants ¢ we have k-dimensional subspace
W (t) of R™. How can we think of the derivative W'(¢y) in an intuitive way?
Consider a curve of vectors ¢ — w(t) € R", with v(t) € W (t) for all ¢; in some
sense, the derivative v(ty) must encode part of the information contained in the
derivative W'(to). We now try to formalize these ideas.

For all ¢, write W (t) = Ker(A(t)), where A(t) € Lin(R", R"*); differenti-
ating the identity A(t)w(t) = 0int = to we get:

Al(to)w(to) + Alto)w'(tp) = 0.

This identity shows that the value of w’(t() is totally determined by w(to) up to
elements of W (to). More precisely, to all wy € W (tp), we can associate a class
wp + Wtg) € R™/W (o) by setting w(, = w'(to), where ¢t — w(t) is any differ-
entiable curve in R™ with w(t) € W (t) for all ¢ and w(0) = wy. Using the above
identity it is easy to see that such map is well defined, i.e., it does not depend on the
choice of the curve w(t). The map wq — w(, + W (to) is a linear map from W (to)
to R™/W (to), and we can look at it as the derivative of the curve of subspaces
W (t) int = to.

We can now prove the existence of a canonical isomorphism of the tangent
space Ty G (n) with Lin(W, R™/W); in the following proposition we will use the
abstract formalism concerning the functor Lin(-, -) introduced in Remark 1.1.1.

2.3.1. PROPOSITION. Let W € Gy(n) and Wy be a complementary subspace
of W in R™. Denote by q1 : W1 — R™ /W the restriction of the quotient map onto
R"/W. We have an isomorphism:

(2.3.1) Lin(Id, ¢1) o dpw,w, (W) : T G (n) — Lin(W,R" /W),
where
(23.2) Lin(Id, ¢1): Lin(W, W1) — Lin(W, R"/W)

is the map of composition on the left T — q o T (recall formulas (1.1.2) and
(1.1.3)).

The isomorphism (2.3.1) does not depend on the choice of the complementary
subspace W1.

PROOF. Since ¢ is an isomorphism and ¢y 1y, is a chart around W, obvi-
ously (2.3.1) is an isomorphism. The only non trivial fact in the statement is
the independence of (2.3.1) from the choice of the subspace W;. To prove this
fact, consider a different complementary subspace W7 of W in R™; observe that
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oww, (W) = ¢ww; (W) = 0. By differentiating the transition function (2.2.3) in
T = 0 we see that the following diagram commutes:

TwGr(n
d¢WV wl
Lin(W, W) Lin(W, W7).

Lin (Id,nw Wi
The conclusion now follows easily from the observation that also the diagram

77W1 w]

S A

R" /W

(2.3.3)

is commutative, where ¢; denotes the restriction to W/ of the quotient map onto
R™/W. g

2.3.2. REMARK. Observe that, from a functorial point of view, the conclu-
sion of Proposition 2.3.1 follows by applying the functor Lin(WV, -) to the diagram
(2.3.3).

Keeping in mind Proposition 2.3.1, we will henceforth identify the spaces
TwGr(n) and Lin(W,R™/W). Our next proposition will provide a justification
for the informal reasons of such identification given at the beginning of the section:

2.3.3. PROPOSITION. Let W : I — Gg(n) and w : I — R"™ be curves

defined in an interval I containing tg, both differentiable at t = ty. Suppose that
w(t) € W(t) forallt € I. Then, the following identity holds:

W/(t()) . w(to) = w/(to) + W(to) S Rn/W(to),
where we identify W'(to) with an element in Lin(W,R"/W (to)) using the iso-
morphism (2.3.1).

PROOF. Set W, = W (ty) and choose a complementary subspace Wi of W
in R". SetT'" = ¢w,w, o W, so that, for all ¢ € I sufficiently close to ¢y, we
have W (t) = Gr(7T'(t)). Denoting by 7 the projection onto W, relative to the
decomposition R = Wy @ W7, we set u = 79 o w.

Since w(t) € W (t), we have:

(2.3.4) w(t) =u(t) +T(t) -u(t), tel.
Using the isomorphism (2.3.1) we see that W’ (ty) € Tw, Gk (n) is identified with:

Lin(Id, ql) o) (1(251/1/071/[/1 (W()) . W/(to) = ({1 © T/(t()) € Lin(W(), Rn/Wo),
where ¢; and Lin(Id, ¢;) are defined as in the statement of Proposition 2.3.1.

Hence, it remains to show that:

g1 © T/(to) . ’w(to) = w,(to) + Wy e Rn/Wo.

Differentiating (2.3.4) in t = to and observing that T'(tg) = 0, u(tg) = w(tp), we
obtain:

w'(to) = u'(to) + T (to) - w(to),
where u/(tg) € Wy. The conclusion follows. O
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2.3.4. REMARK. Given a curve W : I — Gi(n), to € I and a vector
wy € Wy = W(tp), we can always find a curve ¢t — w(t) € R"™ defined in
a neighborhood of ¢y in I, with w(t) € W(t) for all ¢, with w(ty) = wp and
such that w has the same regularity as W. Indeed, for ¢ near ty, we write W
in the form W (t) = Gr(T'(t)) using a local chart ¢y, w,; then we can define
w(t) = wo + T'(t) - wo.

This implies that Proposition 2.3.3 can always be used to compute differentials
of functions defined on, or taking values in, Grassmannian manifolds. Indeed, the
computation of differentials may always be reduced to the computation of tangent
vectors to curves, and to this aim we can always use Proposition 2.3.3 (see for
instance the proofs of Lemma 2.3.5, Proposition 2.4.11 and Proposition 2.4.12).

We now compute the differential of a chart ¢y, 1w, at a point W of its domain
using the identification Ty Gy (n) ~ Lin(W, R™/W):

2.3.5. LEMMA. Consider a direct sum decomposition R" = Wy & W1, with
dim(Wy) = k, and let W € G9(n, W1); then the differential of the chart v, w,
at W is the map:

Lin(nyy y»qp ") : Lin(W, R" /W) — Lin(Wo, W1),
that is:
dbwow, (W) - Z = a0 Zomy . Z € Lin(W.R"/W) 2 Ty G (n),

where q1 denotes the restriction to Wy of the quotient map onto R™ /W and n%é W

is the isomorphism of Wy onto W determined by the common complementary Wy
(cf. Definition 2.2.1).

PROOF. It is a direct application of the technique described in Remark 2.3.4.

Let ¢t — 20(t) be a differentiable curve in G (n) with 20(0) = W, 20'(0) =
Z; write T'(t) = ¢w,,w, (20(¢)), so that 20(t) = Gr(T'(t)) for all ¢; observe that
T/(O) - d¢W07W1(W) 2.

Let w € W;since W = Gr(7T(0)), we can write w = wg + T'(0) - wo with
wp € Wp. Then, t — w(t) = wo + T'(t) - wp is a curve in R™ with w(t) € 2(¢t)
for all ¢ and w(0) = w. By Proposition 2.3.3 we have:

W) w=Z w=w0)+W=T(0) wy+W € R"/W.
Observing that wy = nVV&WO (w), we conclude that
Z =q oT'(0) o myly,-

The conclusion follows. O

2.4. The Grassmannian as a homogeneous space

In this section we will show that the natural action of the general linear group
of R" on G(n) is differentiable. This action is transitive, even when restricted to
the special orthogonal group; it will follow that the Grassmannian is a quotient of
this group, and therefore it is a compact and connected manifold.

Each linear isomorphism A € GL(n,R) defines a bijection of Gy (n) that
associates to each W € Gy (n) its image A(WW); with a slight abuse of notation,
this bijection will be denoted by the same symbol A. We therefore have a (left)
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action of GL(n,R) on Gk (n), that will be called the natural action of GL(n,R)
on Gg(n) .
We start by proving the differentiability of this action:

2.4.1. PROPOSITION. The natural action GL(n,R) x Gr(n) — Gg(n) is
differentiable.

PROOF. We simply compute the representation of this action in local charts.
Let A € GL(n,R) and Wy € Gi(n) be fixed. Let W] be a common comple-
mentary for Wy and A(W)); hence, ¢w, w, is a chart whose domain contains both
Wy and A(Wy). We compute ¢y, w, (B(W)) for B in a neighborhood of A and
W in a neighborhood of Wy; writing T' = ¢w, w, (W) we have:
(2.4.1) dwo.wy (B(W)) = (Bio+ Bi1 o T) o (Boo + Bor o T) 7,

where B;; denotes the component ; o (B|yw;) of B and 7;, i = 0,1, denotes the
projection onto W; relative to the decomposition R" = Wy @ Wji. Obviously,
(2.4.1) is a differentiable function of the pair (B, T). O

The action of GL(n, R) on G (n) is transitive; actually, we have the following
stronger result:

2.4.2. PROPOSITION. The natural action of SO(n) in Gi(n), obtained by re-
striction of the natural action of GL(n,R), is transitive.

PROOF. Let W, W’ € G(n) be fixed; we can find orthonormal bases (b;)7_;
and (b)""_; of R" such that (bj);?:1 is a basis of W and (b;);?:l is a basis of W'.
By possibly replacing b; with —b;, we can assume that the two bases define the
same orientation of R™. We can therefore find A € SO(n) such that A(b;) = V]

forall j = 1,...,n, hence in particular A(W) = W". O
2.4.3. COROLLARY. The Grassmannian Gy(n) is diffeomorphic to the quo-
tients:
O(n) SO(n)
and
O(k) x O(n — k) S(O(k) x O(n — k))
where S(O(k) x O(n — k)) denotes the intersection:

SO(n) N (O(k) x O(n — k)).

It follows in particular that Gi(n) is a compact and connected manifold.

PROOF. The isotropy of the point R* @ {0} by the action of O(n) is given
by the group of orthogonal linear maps that leave the subspaces R* @ {0}"~* and
{0}* @ R™* invariant; this group is clearly isomorphic to O(k) x O(n — k).
A similar argument applies to the case of the action of SO(n). The conclusion
follows from Corollary 2.1.9 and Proposition 2.4.2. U

2.4.4. REMARK. Obviously, we could have added to the statement of Corol-
lary 2.4.3 a representation of G (n) as a quotient of GL(n, R). Observe that in this
case the isotropy of R¥ @ {0}"~* is not GL(k) x GL(n — k) (see Exercise 2.9).

2.4.5. REMARK. As a matter of facts, formula (2.4.1) shows that the natural
action of GL(n,R) on G(n) is real analytic. In the case of a complex Grass-
mannian, the natural action of the linear group GL(n,C) on C" is holomorphic.
An obvious generalization of Proposition 2.4.2 shows that the action of the special
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unitary group SU(n) on the complex Grassmannian is transitive. Analogously to
the result of Corollary 2.4.3, we conclude that the complex Grassmannian is com-
pact, connected and isomorphic to the quotients U(n)/(U(k) x U(n — k)) and
SU(n)/S(U(k) x U(n — k)), where S(U(k) x U(n — k)) denotes the intersection
SU(n) N (U(k) x U(n — k).

We have two more interesting corollaries of the representation of G (n) as the
quotient of a Lie group.

2.4.6. PROPOSITION. In an open neighborhood U of any point of G(n) we
can define a differentiable map A : U — GL(n, R) such that
AW)(RF & {0} ™) =W
forall W e U.

PROOF. It follows from Propositions 2.4.1, 2.4.2 and from Corollary 2.1.9 that
the map:

GL(n,R) 3 B+— B(R* @ {0}"") € Gx(n)
is a submersion; the required map is simply a local differentiable section of this
submersion (see Remark 2.1.3). ]

2.4.7. COROLLARY. In an open neighborhood U of any point of Gy (n) there
exist differentiable maps:

Zier: U — Lin(R™", R" %) and Zp,: U — Lin(R*, R")
such that W = Ker (Zyer(W)) = Im(Zim (W) for all W € U.
PROOF. Define A as in Proposition 2.4.6 and take Zy, = m o A(W)~! and

Zim = A(W) oi, where i : R¥ — R™ is the inclusion in the first k-coordinates
and 7 : R® — R™ ¥ is the projection onto the last n — k coordinates. U

2.4.8. COROLLARY. Let S C R"™ be any subspace and let r € Z be a non
negative integer; then, the set of subspaces W € Gy (n) such that dim(WnS) <r
is open in Gi(n).

PROOF. Let Wy € Gg(n) be fixed and let Zy., be a map as in the statement
of Corollary 2.4.7 defined in an open neighborhood U of Wy in G (n). For all
W € U we have:

W NS =Ker(Ziee(W)ls),

from which we get that dim(WNS) < rif and only if the linear map Zy,(W)|s €
Lin(S, R"~*) has rank greater or equal to dim(S) — r; this condition defines an
open subset of Lin(S, R"~*), and the conclusion follows. O

We now consider the action of the product of Lie groups GL(n, R) x GL(m, R)
on the vector space Lin(R™, R™) given by:

(2.4.2) (A,B,T)— BoT oAl

for A € GL(n,R), B € GL(m,R) and T' € Lin(R", R™). An elementary linear
algebra argument shows that the orbits of the action (2.3.4) are the sets:

Lin"(R",R™) = {T € Lin(R",R™) : T is a matrix of rank r},
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where r = 1,...,min{n, m}. It is also easy to see that the sets:
JLin(R",R™) and | JLin‘(R",R™)
P> i<r

are respectively an open and a closed subset of Lin(R™, R™); it follows that each
Lin"(R™, R™) is locally closed in Lin(R™, R™).
Thus, we have the following:

2.49. LEMMA. Foreachr = 1,...,min{n, m}, the set Lin"(R",R™) is an
embedded submanifold of Lin(R"™, R™).

PROOF. It follows from Theorem 2.1.12. (]

We also obtain directly the following:

2.4.10. PROPOSITION. Given non negative integers m,n and r, with r <
min{n, m}, then the maps:

(2.4.3) Lin"(R",R™) 5 T +— Im(T) € G,(m)
(2.4.4) Lin"(R",R™) 2 T +—— Ker(T) € Gp—r(n)
are differentiable.

PROOF. The group product GL(n,R) x GL(m,R) acts transitively on the
orbit Lin"(R™, R™), and it also acts transitively on G,(m), by considering the
action for which GL(n,R) acts trivially and GL(m, R) acts on G,(m) with its
natural action. The map (2.4.3) is equivariant, hence its differentiability follows

from Corollary 2.1.10 and Proposition 2.4.1.
The differentiability of (2.4.4) follows similarly. (]

In the next two propositions we compute the differential of the natural action
of GL(n,R) on Gg(n).

2.4.11. PROPOSITION. For A € GL(n,R), let us consider the diffeomorphism
of Gi(n), also denoted by A, given by W +— A(W). For W € G (n), the differ-
ential dA(W) of A at the point W is the linear map:

Lin((Alw)™', A): Lin(W, R"/W) — Lin(A(W),R"/A(W))
givenby Z +— Ao Z o (Alw)~1, where
A:R"/W — R"JA(W)
is induced from A by passing to the quotient.

PROOF. It is a direct application of the technique described in Remark 2.3.4.

Let ¢t — W (t) a differentiable curve in G (n) with W (0) = W and W'(0) =
Z; let t — w(t) be a differentiable curve in R™ with w(t) € W(t) for all ¢. It

follows that t — A(w(t)) is a differentiable curve in R™ with A(w(t)) € A(W (t))
for all ¢; by Proposition 2.3.3 we have:

(2.4.5) (Ao W) (0) - A(w(0)) = A(w'(0)) + A(W) € R"/A(W).
Using again Proposition 2.3.3, we get:
(2.4.6) W' (0) - w(0) = w'(0) + W € R™/W.

The conclusion follows from (2.4.5) and (2.4.6). O
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2.4.12. PROPOSITION. For W € Gg(n), the differential of the map:
Bw : GL(n,R) — G(n)
given by By (A) = A(W) is:
dpw(A)- X =qoXo AilfA(W),
forall A € GL(n,R), X € Lin(R"), where q: R™ — R"/A(W) is the quotient

map.

PROOF. We use again the technique described in Remark 2.3.4.

Let t — A(t) be a differentiable curve in GL(n,R) with A(0) = A and
A'(0) = X; fix wg € W. It follows that ¢ — A(t)(wy) is a differentiable curve in
R"™ with A(t)(wo) € Bw (A(t)) for all t. Using Proposition 2.3.3 we get:

(Bw 0 A)'(0) - A(wo) = X (wo) + A(W) € R"/A(W).

The conclusion follows.

2.5. The Lagrangian Grassmannian

In this section we will show that the set A of all Lagrangian subspaces of a
2n-dimensional symplectic space (V,w) is a submanifold of the Grassmannian of
all n-dimensional subspaces of V. We will call A the Lagrangian Grassmannian of
(V,w). We will study in detail the charts of A, its tangent space and the action of the
symplectic group Sp(V,w) on A; we will show that, like the total Grassmannian,
the Lagrangian Grassmannian is a homogeneous manifold.

We will make systematic use of the results concerning the Grassmannian man-
ifolds presented in Sections 2.2, 2.3 and 2.4, as well as the results concerning the
symplectic spaces presented in Section 1.4, and especially in Subsection 1.4.2.

We start with the observation that the theory of Grassmannians of subspaces of
R™ developed in Sections 2.2, 2.3 and 2.4 can be generalized in an obvious way if
we replace R™ with any other arbitrary finite dimensional real vector space V; let
us briefly mention the changes in the notation that will be used in order to consider
Grassmannians of subspaces of an arbitrary space V.

We will denote by G (V') the set of all k-dimensional subspaces of V', with 0 <
k < dim(V); this set has a differentiable structure of dimension k(dim (V) — k),
with charts described in Section 2.2. If W; C V is a subspace of codimension £,
we will denote by G2 (V, W7) (or more simply by G% (W) when the space V' will
be clear from the context) the subset of G (V') consisting of those subspaces that
are transversal to TW/7:

GOV, W) = GO(Wy) = {W cu(V):V=Wa Wl}.

If Wy € G (W), then GY (W) is the domain of the chart ¢y, w, -
For W € G (V), we will always consider the following identification of the
tangent space Ty G (V):
Ty Gi(V) = Lin(W, V/W),
that is constructed precisely as in Section 2.3. In Section 2.4 we must replace the
general linear group GL(n,R) of R™ by the general linear group GL(V') of V;

in Proposition 2.4.2 and in Corollary 2.4.3 the orthogonal and the special orthog-
onal group O(n) and SO(n) of R™ must be replaced by the corresponding group
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O(V, g) and SO(V, g) associated to an arbitrary choice of an inner product g in V.

Let now be fixed for the rest of this section a symplectic space (V,w) with
dim(V) = 2n. We denote by A(V,w), or more simply by A, the set of all La-
grangian subspaces of (V,w):

AV,w)=A= {L € Gp(V): Lis Lagrangian}.

We say that A is the Lagrangian Grassmannian of the symplectic space (V,w).
We start with a description of submanifold charts for A:

2.5.1. LEMMA. Let (Lo, L1) be a Lagrangian decomposition of V; then a
subspace L € G (Ly) is Lagrangian if and only if the bilinear form:

(2.5.1) pLo.Ly © 610, (L) € Lin(Lo, L) ~ B(Lo)
is symmetric.
PROOF. Since dim(L) = n, then L is Lagrangian if and only if it is isotropic.
LetT = ¢r,1,(L), sothat T € Lin(Lg, L) and L = Gr(7"); we have:
w(v+TW),w+T(w)) =w(T(),w) —wT(w),v).
The conclusion follows by observing that the bilinear form (2.5.1) coincides with

w(T"')|L0><L0' |

If L1 C V is a Lagrangian subspace, we denote by A°(L;) the set of all
Lagrangian subspaces of V' that are transversal to L:

(2.5.2) A%(Ly) = ANGY(Ly).

It follows from Lemma 2.5.1 that, associated to each Lagrangian decomposition
(Lo, L1) of V' we have a bijection:

(2.5.3) @ro,L, : A°(L1) — Bgym(Lo)
given by 1,1, (L) = pro,1, © OLo,L, (L). We therefore have the following:

2.5.2. COROLLARY. The Grassmannian Lagrangian A is an embedded sub-
manifold of G, (V') with dimension dim(A) = in(n + 1); the charts pr, 1, de-
fined in (2.5.3) form a differentiable atlas for A as (Lg, L) runs over the set of all
Lagrangian decompositions of V.

PROOF. Given a Lagrangian decomposition (Lg, L) of V, it follows from
Lemma 2.5.1 that the chart:

(254) G%L1) > W v pry.1, 0 bro.0, (W) € Lin(Lo, L) =~ B(Lo)

of G, (V) is a submanifold chart for A, that induces the chart (2.5.3) of A. More-
over, dim(Bgym(Lo)) = 4n(n + 1). The conclusion follows from the fact that,
since every Lagrangian admits a complementary Lagrangian (Corollary 1.4.21),
the domains of the charts (2.4.5) cover A as (Lo, L) runs over the set of all La-
grangian decompositions of V. U

2.5.3. REMARK. It follows from formula (2.5.2) and Remark 2.2.7 that the
subset A°(L;) is open in A; moreover, since the chart (2.5.3) is surjective, we
have that AO(Ll) is homeomorphic (and diffeomorphic) to the Euclidean space

Bsym (Lo).
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It is sometimes useful to have an explicit formula for the transition functions
between the charts (2.5.3) of the Lagrangian Grassmannian; we have the following:

2.5.4. LEMMA. Given Lagrangian decompositions (Lo, L1) and (L{,, L1) of
V then:

25.5) ¢y 1, © (0re,11) " (B) = ¢y 1, (Lo) + (ﬁfé,Lo)#(B) € Boym (L),

for every B € Bgym(Lo), where ni} denotes the isomorphism of L onto Ly
0

Lo
determined by the common complementary Ly (recall Definitions 1.1.2 and2.2.1);
if (Lo, LY) is also a Lagrangian decomposition of V' then the following identity
holds:

_ _ —1
(2.5.6)  @ro1 0 (0L,L,) " (B) = Bo (Id+ (m|z,) o pp) 1, 0 B) ™,

forall B € or, 1,(A°(L})) C Bsym(Lo), where ), denotes the projection onto
Ly relative to the decomposition V.= Ly & L.
Observe that the following identity holds:

2.5.7) (mol21) © i1, = (PLoiy)# (011,10 (L))
PROOF. Using (2.2.2) it is easy to see that:
- - L
(2.5.8) (:OL{),Ll © (@Lo,lq) I(B) = pL67L1 © (71-/1|L0 + pLol,Ll o B) © 77L§7L0a

where 7 denotes the projection onto L; relative to the decomposition V' = L{; &
Ly; it is also easy to prove that:

—1 L * *
Py © Prony = (1) 1,) " Lo — Lo
and substituting in (2.5.8) we obtain (see also (1.1.4)):
259) P11, 0 (910)  (B) = pry s o (nhlie) o 1 + (1 1) P (B).
Setting B = 0 in (2.5.9) we conclude that
YLy,L1 (LO) = PL,,L, ° (77“130) © 77557%,

which completes the proof of (2.5.5).
Now, using (2.2.3) it is easy to see that:

Pro11 © (PLoLy) (B) =
PLo,L © ”i?,L’l o pZOl7L1 o Bo (Id + (mj|r,) o pzol’Ll o B)—1;
and it is also easy to prove that:
PLo,L, © Uff,yl 0 Py, = 1d: L — L,
and this concludes the proof. U

In our next Lemma we show an interesting formula that involves the charts
(2.5.3).

2.5.5. LEMMA. Let Lo, Ly and L be Lagrangian subspaces of V that are
pairwise complementary; the following identities hold:

(2.5.10) ©Lo,11 (L) = —¢r,,L(L1),
2.5.11) 010,01 (L) = —(pry.10)* (011,00(L) 1)
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PROOF. Let T' = ¢, 1, (L); then T' € Lin(Lg, L1) and L = Gr(T). Observe
that Ker(T') = Lo N L = {0} and so T is invertible; hence:

Li={v+(—v—T()):v € Ly}
and therefore:
¢L0,L(L1)3 Lydv+— —v— T(U) e L.
For all v, w € Ly, we now compute, :
¢rLo,L(L1) - (v,w) =w(—v =T (v),w) = —w(T'(v),w) = =Ly, (L) - (v, W),
which completes the proof of (2.5.10). To show (2.5.11) observe that ¢r,, 1,,(L) =
T then:
¥L1,Lo (L) = PL,Lo © T717 $Lo,L1 (L) = PLy,L; © T,

from which we get:

$Lo,L1 (L) = PLo,L1 © PLy,Lo (L)_l O PLy,Lo-
The conclusion follows from (1.4.12) and (1.1.4). U

We will now study the tangent space 77 A of the Lagrangian Grassmannian.
2.5.6. PROPOSITION. Let L € A be fixed; then the isomorphism:
(2.5.12) Lin(Id, pz) : Lin(L,V/L) — Lin(L, L*) ~ B(L)

given by Z — pp, o Z takes Ty, A C T1, Gy (V) ~ Lin(L, V/L) onto the subspace
Bsym (L) C B(L).

PROOF. Let L; be a Lagrangian complementary to L. As in the proof of Corol-
lary 2.5.2, the chart:

(2.5.13) GY(L1) 3 W — prp, 0 ¢rr, (W) € B(L)

of G,,(V') is a submanifold chart for A that induces the chart ¢, 1, of A; hence,
the differential of (2.5.13) at the point L is an isomorphism that takes 77 A onto
Beym(L). By Lemma 2.3.5, the differential of ¢, 1, at the point L is Lin(Id, ¢; *),
where ¢; denotes the restriction to L; of the quotient map onto V/L; it follows
from the diagram (1.4.13) that the differential of (2.5.13) at L coincides with the
isomorphism (2.5.12). O

Using the result of Proposition 2.5.6, we will henceforth identify the tangent
space T1, A with Bsym(L). We will now prove versions of Lemma 2.3.5 and Propo-
sitions 2.4.11 and 2.4.12 for the Lagrangian Grassmannian; in these proofs we must
keep in mind the isomorphism (2.5.12) that identifies 77, A and Bgym (L).

2.5.7. LEMMA. Consider a Lagrangian decomposition (Lo, L1) of V and let
L € A°(Ly) be fixed; then, the differential of the chart Lo,L, at the point L is the
push-forward map:

(nf,lLo)# : BSym(L) - Bsym(LO),

where 17£1L0 denotes the isomorphism of L onto Ly determined by the common
complementary Ly (see Definition 2.2.1).
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PROOF. By differentiating the equality:

¥YLo,L1 = Lin(Id, pLo,L1) 0 PrLo,Ly
at the point L and keeping in mind the identification 77, A ~ By, (L), we obtain:

dprg,z, (L) = Lin(ng? 1, pro,r, © 41" © 1) [Baym(r) : Beym(L) — Beym(Lo),
where ¢; denotes the restriction to L; of the quotient map onto V//L. On the other
hand, it is easy to see that:
-1 _ -1 L \*
PLo,L1 ° 41 °PL = (nLé,L) :
This concludes the proof. U
Clearly, the natural action of GL(V') on the Grassmannian G,, (V) restricts to

an action of the symplectic group Sp(V,w) on the Lagrangian Grassmannian A;
we have the following:

2.5.8. PROPOSITION. The natural action of Sp(V,w) on A is differentiable.
PROOF. It follows directly from Proposition 2.4.1. U
Let us now compute the differential of the action of Sp(V,w) on A:

2.5.9. PROPOSITION. For A € Sp(V,w), consider the diffeomorphism, also
denoted by A, of A given by L — A(L). For L € A, the differential dA(L) is the
push-forward map:

(AlL)# : Beym(L) — Byym(A(L))-

PROOF. Using Proposition 2.4.11 and keeping in mind the identifications of
the tangent spaces T, A ~ By (L) and Ty(yA =~ Bgym(A(L)), we see that the
differential dA(L) is obtained by the restriction to Beym (L) of the map ¢ defined
by the following commutative diagram:

(]

B(L) B(A(L))
Lin(Id,pL)T TLin(Id,pA(L))
Lin(L,V/L) — Lin(A(L), V/A(L))

Lin((A|z)~1,4)
where A : V/L — V/A(L) is induced from A by passing to the quotient, hence:
P = Lin((A|L)_1, PA(L) © Ao pzl).
It is easy to see that:

pay o Aoprt = (Al)
This concludes the proof. U

2.5.10. PROPOSITION. For L € A, the differential of the map:
Or: Sp(V,w) — A
given by Br.(A) = A(L) is:
dBr(A) - X =w(X 0o A" ) amyxaw),
forall A € Sp(V,w), X € TaSp(V,w) = sp(V,w) - A.
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PROOF. It follows easily from Proposition 2.4.11, keeping in mind the iden-
tification Ty(z)A >~ Bgym(A(L)) obtained by the restriction of the isomorphism
Lin(Id,pA(L)). U

We will now show that the Lagrangian Grassmannian can be obtained as a quo-
tient of the unitary group. Let J be a complex structure in V' which is compatible
with the symplectic form w; consider the corresponding inner product g = w(-, J-)
on V and the Hermitian product gs in (V, J) defined in (1.4.10). Using the notation
introduced in Subsection 2.1.1, Proposition 1.4.22 tells us that

UV, J,gs) = 0O(V,g9) N Sp(V,w).

Let us now fix a Lagrangian Ly C V; by Lemma 1.4.26, L is a real form in
(V,J) where g is real. It follows that g5 is the unique sesquilinear extension
of the inner product g|r,xr, in Lo. Since Ly is a real form in (V,J), we have
that (V, J) is a complexification of Ly, from which it follows that every R-linear
endomorphism 7' € Lin(Lg) extends uniquely to a C-linear endomorphism of
(V,J). From Remark 1.3.16 it follows that 7' € Lin(Lg) is g-orthogonal if and
only if TC is gs-unitary; we therefore have an injective homomorphism of Lie
groups:

(2.5.14) O(Lo, glioxro) 3T — TC € UV, ], g5)

whose image consists precisely of the elements in U(V, J, g5) that leave L invari-
ant (see Lemma 1.3.11). Corollary 1.4.27 tells us that the subgroup U(V, J, gs)

of Sp(V,w) acts transitively on A; from Corollary 2.1.9 we therefore obtain the
following:

2.5.11. PROPOSITION. Fix Ly € A and a complex structure J on V which is
compatible with w; the map:

UV, J,9s) 2 Ar— A(Lg) € A
induces a diffeomorphism

U(V7 J7 gs)/O(L()?g‘LOXLO) = A’

where Q(Ly, QfLoxLo) is identified with a closed subgroup of U(V, J, gs) through
(2.5.14). O

Obviously, the choice of a symplectic basis in V' induces an isomorphism be-
tween the Lagrangian Grassmannian of (V,w) and the Lagrangian Grassmannian
of R?" endowed with the canonical symplectic structure. Hence we have the fol-
lowing:

2.5.12. COROLLARY. The Lagrangian Grassmannian A is isomorphic to the
quotient U(n)/O(n); in particular, A is a compact and connect manifold.

2.5.1. The submanifolds A*¥(Lg). In this subsection we will consider a fixed
symplectic space (V,w), with dim (V') = 2n, and a Lagrangian subspace Lo C V.
For k = 0, ..., n we define the following subsets of A:

A (Lo) = {L € A : dim(L N Lo) = k}.

Observe that, for k& = 0, the above definition is compatible with the definition of
A%(Lg) given in (2.5.2). Our goal is to show that each A*(Lg) is a submanifold of
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A and to compute its tangent space; we will also show that A'(Lg) has codimension
11in A, and that it admits a canonical transverse orientation in A.

Let us denote by Sp(V,w, Ly) the closed subgroup of Sp(V, w) consisting of
those symplectomorphisms that preserve Lg:

(2.5.15) Sp(V,w, L) = {A € Sp(V,w) : A(Lg) = Lo}.

It is easy to see that the Lie algebra sp(V,w, Lg) of Sp(V,w, Lg) is given by (see
formula (2.1.5)):

sp(V,w, Lo) = {X € sp(V,w) : X(Lg) C Lo}
In the next Lemma we compute more explicitly this algebra:
2.5.13. LEMMA. The Lie algebra sp(V,w, L) consists of those linear endo-

morphisms X € Lin(V') such that w(X -, -) is a symmetric bilinear form that van-
ishes on L.

PROOF. It follows from the characterization of the algebra sp(V,w) given in
Subsection 2.1.1, observing that w(X-,-)|r,xL, = 0 if and only if X (Lg) is con-
tained in the w-orthogonal complement Lé of Lg. But Ly is Lagrangian, hence
Lg = Lo. i

It is clear that the action of Sp(V, w) on A leaves each subset A¥(Lg) invariant;
moreover, by Proposition 1.4.41, it follows that A*(Lg) is an orbit of the action of
Sp(V,w, Lo). The strategy then is to use Theorem 2.1.12 to conclude that A¥(Lg)
is an embedded submanifold of A; to this aim, we need to show that A*(Lg) is
locally closed in A.

Foreach k = 0,...,n we define:

n k
AM(Lo) = [ AU(Lo), A™F(Lo) = | A (L)
i=k =0

We have the following:

2.5.14. LEMMA. Forall k = 0,...,n, the subset A<*(Ly) is open and the
subset A=F(Ly) is closed in A.

PROOF. It follows from Corollary 2.4.8 that the set of spaces W € G, (V)
such that dim(W N Ly) < kis open in G,,(V); since A has the topology induced
by that of G,,(V), it follows that A<*(Lg) is open in A. Since AZ¥(Lg) is the
complementary of A<¥~1(Lg), the conclusion follows. O

2.5.15. COROLLARY. Forallk =0, ..., n, the subset N*(Lg) is locally closed
in A.

PROOF. Simply observe that A¥(Lg) = AZ¥(Lg) N ASF(Lg). O
As a corollary, we obtain the main result of the subsection:

2.5.16. THEOREM. Foreachk =0, ... ,n, A*(Lg) is an embedded submani-
fold of A with codimension %k(k + 1), its tangent space is given by:

(2.5.16) TrA*(Lo) = {B € Baym(L) : Bl(Lonzyx(Lonr) = 0},
forall L € A*(Ly).
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PROOF. It follows from Proposition 1.4.41 that A¥(Lg) is an orbit of the action
of Sp(V,w, Ly) on A. From Theorem 2.1.12 and Corollary 2.5.15 it follows that
A¥(Lg) is an embedded submanifold of A. It remains to prove the identity in
(2.5.16), because then it will follow that

(2.5.17) TrA = Bsym(L) > Br— B|(LOOL)><(LOOL) € Bsym(LO N L)

is a surjective linear map whose kernel is 77, A*(Lg), which implies the claim on
the codimension of A*(Ly).
Using Propositions 2.1.7, 2.5.10 and Lemma 2.5.13, we have that:

TLA*(Lo) = { Bl : B € Boym(V), Blryxr, =0},

for all L € A¥(Ly). It remains to prove that every symmetric bilinear form B €
Bgym (L) that vanishes on vectors in LN Lg can be extended to a symmetric bilinear
form on V' that vanishes on L. This fact is left to the reader in Exercise 2.12. [

2.5.17. REMARK. One can actually prove that the manifolds A¥(L) are con-
nected; namely, Remark 1.4.43 implies that the group Sp_ (V, w, Lg) of symplec-
tomorphisms of V' which restrict to a positive isomorphism of L acts transitively
on A¥(Lg). The connectedness of A*(Lg) then follows from the conectedness of
Sp.y (V,w, Lg) (see Example 3.2.39).

2.5.18. REMARK. It follows from Theorem 2.5.16 that A°(Lg) is a dense open
subset of A; indeed, its complement A=!(Lg) is a finite union of positive codimen-
sion submanifolds, all of which have therefore null measure. It follows that given
any sequence (L;);en of Lagrangian subspaces of V, then the set

(N A%(L:) ={LeA:LnL; ={0}, foralli € N}
i€N
is dense in A, because its complement is a countable union of sets of null measure.

The same conclusion can be obtained by using Baire’s Lemma instead of the “null
measure argument”.

We are now able to define a transverse orientation for A'(Lg) in A. Recall
that if NV is a submanifold of M, then a transverse orientation for N in M is an
orientation for the normal bundle i*(TM)/TN, where i : N — M denotes the
inclusion; more explicitly, a transverse orientation for NV in M is a choice of an
orientation for the quotient space 7,,M /T,, N that depends continuously onn € IN.
The continuous dependence of the choice of an orientation has to be meant in the
following sense: given any ng € [NV there exists an open neighborhood U C N
of ng and there exist continuous functions X; : U — TM,+ = 1,...,r, such
that (X;(n) + T,,N)!_, is a positively oriented basis of T,,M /T,,N for alln € U.
It follows that, if such continuous maps X; exist, then we can replace them with
differentiable maps X; that satisfy the same condition.

Observe that, for each I € A¥(Lg), the map (2.5.17) passes to the quotient
and defines an isomorphism:

(2.5.18) TrA/TrAF(Lo) —— Bgym(Lo N L).

2.5.19. DEFINITION. For each L € A'(Lg) we define an orientation in the
quotient Ty, A /T, A'(Lo) in the following way:
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e we give an orientation to the unidimensional space Bgym (Lo N L) by
requiring that an element B € Bgym(Lo N L) is a positively oriented
basis if B(v,v) > 0 for some (hence for all) v € Lo N L with v # 0;

e we consider the unique orientation in T, A /T, A'(Lg) that makes the iso-
morphism (2.5.18) positively oriented.

2.5.20. PROPOSITION. The orientation chosen in Definition 2.5.19 for the
space T, A /Ty A (Lg) makes A'(Lg) into a transversally oriented submanifold

of A; this transverse orientation is invariant by the action of Sp(V,w, Ly), i.e., for
all A € Sp(V,w, Lo) and for all L € A'(Ly) the isomorphism.

TpA/TpA (Lo) — TaryA/Tacy A (Lo)
induced from dA(L) by passage to the quotient is positively oriented.

PROOF. It follows from Proposition 2.5.9 that the differential d A(L) coincides
with the push-forward A ; hence we have the following commutative diagram:

dA(L
(2.5.19) TrA @ Tar)A

| |

Bgym (L N Lo) Bgym (A(L) N Lo)

(AlLﬁLo)#

where the vertical arrows are the maps of restriction of bilinear forms. Then, the
orientation given in Definition 2.5.19 is Sp(V, w, Lg)-invariant.

The continuous dependence on L of such orientation now follows from the fact
that the action of Sp(V,w, Lg) on A!(Lg) is transitive.' O

2.521. REMARK. If A : (V,w) — (V',u) is a symplectomorphism with
A(Ly) = Lj, then, as in the proof of Proposition 2.5.20, it follows that the isomor-
phism:

T A(V,w)/TLA (Lo) — TapyA(V',w')/Tacr) A (Lp)

induced by the differential dA(L) by passage to the quotient is positively oriented
for all L € A'(Lg). To see this, simply replace diagram (2.5.19) with:

dA(L)

(2.5.20) TLA(V,w) TapyA(V', ")

| |

/
Boym(L 01 Lo) ~ = Boym(A(L) N L)

IThe required transverse orientation can be seen as a section O of the (Zz-principal) fiber bun-
dle over A'(Lo) whose fiber at the point L € A'(Lo) is the set consisting of the two possible
orientations of Ty, A/T1A'(Lo). Under this viewpoint, the Sp(V,w, Lo)-invariance of this trans-
verse orientation means that the map O is Sp(V,w, Lo)-equivariant, and the differentiability of O
follows then from Corollary 2.1.10.
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Exercises for Chapter 2

EXERCISE 2.1. Let X be a locally compact Hausdorff topological space. Show
that if X is second countable then X is paracompact; conversely, show that if X is
paracompact, connected and locally second countable then X is second countable.

EXERCISE 2.2. Suppose that P, M are manifolds, N C M is an immersed
submanifold and f : P — M is a differentiable map. Suppose that f(P) C N;
prove that if fo : P — N is continuous (fy is defined by the diagram (2.1.1))
when N is endowed with the topology induced by its differentiable atlas, then
fo : P — N is differentiable.

EXERCISE 2.3. Let M be a manifold, N C M a subset and 7 a topology for
N. Prove that there exists at most one differentiable structure on /N that induces
the topology 7 and that makes /N an immersed submanifold of M.

EXERCISE 2.4. Prove that every locally compact subspace of a Hausdorff
space is locally closed and, conversely, that in a locally compact Hausdorff space
every locally closed subset is locally compact in the induced topology.

EXERCISE 2.5. Let M, N be differentiable manifolds and f : M — N be a
differentiable immersion. Assuming that the map f : M — f(M) is open (i.e.,
it takes open subsets of M to subsets of f(M) that are open with respect to the
topology induced by V) then f(M) is an embedded submanifold of N and the
map f : M — f(M) is alocal diffeomorphism.

EXERCISE 2.6. Let M, N be differentiable manifolds and f : M — N be
a map. Assume that for all y € f(M) there exists a local charts ¢ : U — U

in M and a local chart ¢p : V — Vin N such thaty € V, U = f~1(V) and

o fopt: U — V is a differentiable embedding. Show that f is a differentiable
embedding.

EXERCISE 2.7. Let G be a Lie group acting differentiably on the manifold
M; let X € gand let X* be the vector field given by (2.1.14). Prove that X* is
complete in M, i.e., its maximal integral lines are defined over the whole real line.

EXERCISE 2.8. Show that, given any countable family {V;}°, of k-dimen-
sional subspaces of R"™, with k < n, then there exist a (n — k)-dimensional sub-
space W C R™ which is complementary to all the V;’s.

EXERCISE 2.9. Determine the isotropy of the element R* & {0}"~* € G} (n)
with respect to the natural action of GL(n, R) on Gk (n).

EXERCISE 2.10. Let V' be an n-dimensional vector space and & be an integer
with 0 < k < n. Consider the set:
Ey(V)={(W,v) € Gx(V) x V:v e W}.
(a) Let ¢pwywy @ GY(W1) — Lin(Wo, Wh) be a local chart of G(V') and

denote by my : V' — W) the projection corresponding to the decomposi-
tion V = Wy @ Wi. Show that the map:

(2.5.21) GRW1)xV 3 (W,v) — (W,v—dwyw, (W) -mo(v)) € GRL(W1)xV

is a diffeomorphism that carries Ej, (V)N (GR(W1)x V') to G (W7) x Wo.
(b) Show that Ej (V') is a closed subset of G (V) x V.
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(c) Given v € V, show that the set:
(2.5.22) {(WeGkV):veWw}
is closed in G (V).

Part (a) shows that Ey (V) is a vector subbundle (over G (V)) of the trivial vector
bundle G (V') x V. This is called the tautological vector bundle of G, (V).

EXERCISE 2.11. Let (V1,w1), (Va,w2) be symplectic spaces and (V,w) be
their direct sum (see Exercise 1.12). Show that the map:

s: A(V1) x A(Va) 3 (L1, Le) — L1 ® Ly € A(V)
is a differentiable embedding.

EXERCISE 2.12. Let (V,w) be a (finite dimensional) symplectic space and
L, Ly be Lagrangian subspaces of V. Suppose that B € Bgy, (L) is a symmetric
bilinear form on L that vanishes in L N Ly. Prove that B extends to a symmetric
bilinear form on V' that vanishes in V.

EXERCISE 2.13. Prove that if P : E — B is a differentiable fibration, then
every curve of class C¥, v : [a,b] — B, admits a lift ¥ : [a,b] — B of class C¥,
0 < k < +0o0 (see Remark 2.1.18).

EXERCISE 2.14. Show that the map
Lin(R",R™) > T —— Gr(T) € Gn(n+m)
is a diffeomorphism onto an open set and compute its differential.

EXERCISE 2.15. Prove that a map D : [a,b] — Gj(n) is of class C? if and
only if there exist maps Y1, ..., Y% : [a,b] — R™ of class CP such that (Y;(¢))%_,
is a basis of D(t) for all ¢.

EXERCISE 2.16. The Grassmannian of oriented k-dimensional subspaces of
R™ is the set G} (n) of all pairs (W, O) where W C R™ is a k-dimensional sub-
space and O is an orientation in . Define an action of GL(n, R) in G} (n) and
show that its restriction to SO(n) is transitive if & < n. Conclude that, if & < n,
Gz(n) has a natural structure of homogeneous manifold which is compact and
connected.

EXERCISE 2.17. Given a Lagrangian Lg of a symplectic space (V,w), denote
by Fixr, the subgroup of Sp(V,w) consisting of those symplectomorphisms 7’
such that 7’|z, = Id, i.e., such that T'(v) = v for all v € Ly. Prove that Fixp,
is a Lie subgroup of Sp(V,w), and that it acts freely and transitively on AY(Ly).
Conclude that Fixy,, is diffeomorphic to A%(Ly).

EXERCISE 2.18. In the notations of Exercise 2.17, prove that Fixy,, is isomor-
phic as a Lie group to the additive group of n X n real symmetric matrices.

EXERCISE 2.19. Given Lo, L € A with L N Ly = {0} and B € Bgym(Lo) a
nondegenerate symmetric bilinear form on L, prove that there exists L.; € A with
LN Ly = {0} and such that ¢, 1, (L) = B.

EXERCISE 2.20. Let A : (V,w) — (V',u') be a symplectomorphism and
(Lo, L1) be a Lagrangian decomposition of V. Identifying A with a map from
A(V,w) to A(V', ') and setting L, = A(Ly), L} = A(L1), show that:

A(A(Ly)) = A%(LY)
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and that:
YLy, (A(L)) = Ay (<PL0,L1(L))7
forall L € A°(Ly).

EXERCISE 2.21. Let (V,w) be a symplectic space and consider the symplectic
formw in V @ V defined by:

@ ((v1,v2), (w1, w2)) = w(vr, wr) — w(vy, wy),

for all vy, ve, w1, we € V. Given symplectomorphisms 77,75 € Sp(V,w), show
that the map:

Tiely,: VeV s (U1,U2) — (Tl(vl),Tg(vg)) evVeV

is a symplectomorphism.



CHAPTER 3

Topics of Algebraic Topology

3.1. The fundamental groupoid and the fundamental group

In this section we will give a short summary of the definition and of the main
properties of the fundamental groupoid and group of a topological space X. We
will denote by I the unit closed interval [0, 1] and by CY(Y, Z) the set of continuous
maps f : Y — Z between any two topological spaces Y and Z.

Let us begin with a general definition:

3.1.1. DEFINITION. If Y and Z are topological spaces, we say that two maps
f,g € C°(Y, Z) are homotopic when there exists a continuous function:

H:IxY —Z

such that H(0,y) = f(y) and H(1,y) = g(y) for every y € Y. We then say that
H is a homotopy between f and g and we write H: f = g. For s € I, we denote
by Hs : Y — Z the map Hy(y) = H(s,y).

Intuitively, a homotopy H: f = g is a one-parameter family (H)ser in
CO(Y, Z) that deforms continuously Hy = f into Hy = g.
In our context, the following notion of homotopy is more interesting:

3.1.2. DEFINITION. Let~,u : [a,b] — X be continuous curves in a topolog-
ical space X; we say that «y is homotopic to p with fixed endpoints if there exists
a homotopy H: 7 = pu such that H(s,a) = vy(a) = p(a) and H(s,b) = v(b) =
w(b) forevery s € I. In this case, we say that H is a homotopy with fixed endpoints
between v and p.

Clearly, two curves v, i : [a,b] — X can only be homotopic with fixed end-
points if they have the same endpoints, i.e., if v(a) = u(a) and v(b) = u(b);
given a homotopy with fixed endpoints H the stages H are curves with the same
endpoints as y and p.

It is easy to see that the “homotopy” and the “homotopy with fixed endpoints”
are equivalence relations in C°(Y, Z) and in C°([a, b], X ) respectively.

For this section we will fix a topological space X and we will denote by Q(X)
the set of all continuous curves vy : I — X:

QX)) =CI, X).

For v € (X)), we denote by [7] the equivalence class of all curves homotopic
to v with fixed endpoints; we call it the homotopy class of . We also denote by
Q(X) the set of such classes:

2(x) = {hl: v e X))}

71
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If v, € Q(X) are such that y(1) = 1(0), we define the concatenation of -y and
to be the curve 7y - 1 in Q(X) defined by:

y2t),  te0, ),
p(2t —1), te[3,1].

(v m)(t) :{

In this way, the map (v, u) +— - u defines a partial binary operation in the set
Q(X). Fory € Q(X), we define v~ € Q(X) by setting:
vty =~ —1t), tel.
For each point € X we denote by 0, € (X)) the constant curve equal to z:
0x(t) =z, tel.
It is not hard to prove that, if v(1) = ©(0), [y] = [71] and [u] = [p1], then:

ol =M-mls =0t
These identities show that the operations (v, 1) +— 7 - and v — ! pass to the

quotient and they define operations in the set {2(X); we then define:

Pl =0-ul DIt =1
The homotopy class [] of a curve ~ is invariant by reparameterizations:

3.1.3. LEMMA. Let vy € Q(X) be a continuous curve and consider a reparam-
eterization 7y o o of vy, where o : I — I is a continuous map. If 0(0) = 0 and
(1) =1, then [y]| = [y o o], if 0(0) = (1), then v o ¢ is homotopic with fixed
endpoints to a constant curve, i.e., [y 0 o] = [0(5(0))]-

PROOF. Define H(s,t) = ~v((1—s)t+so(t)) to prove the first statement and
H(s,t) =~((1 = s)o(t) + so(0)) to prove the second statement. O

3.1.4. REMARK. In some cases we may need to consider homotopy classes
of curves v : [a,b] — X defined on an arbitrary closed interval [a,b]; in this
case we will denote by [] the homotopy class with fixed endpoints of the affine
reparameterization of v on I defined by:

(3.1.1) Ist—y((b—a)t+a) € X;

it follows from Lemma 3.1.3 that (3.1.1) is homotopic with fixed endpoints to every
reparameterization yoo of 7y, where o : I — [a, b] is a continuous map with o(0) =
a and o(1) = b. More generally, in some situations we will identify a continuous
curve v : [a,b] — X with its affine reparameterization (3.1.1). In particular, the
concatenation of curves defined on arbitrary closed intervals should be understood
as the concatenation of their affine reparameterizations on the interval I.

3.1.5. COROLLARY. Given v, u,k € QX) with v(1) = p(0) and p(1) =
k(0), then:

(3.1.2) (1 []) - [6] =[] - ([u] - [])-
Moreover, for v € Q(X) we have:

(3.1.3) M- losl =01 loyol - =[]
and also:

(3.1.4) -0 =loyel, D7 1] = loym)-
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PROOF. The identity (3.1.2) follows from the observation that (- ) - k is a
reparameterization of v - (i - k) by a continuous map o : [ — I with ¢(0) = 0
and o(1) = 1. Similarly, the identities in (3.1.3) are obtained by observing that
7Y - 04(1) and o0 (g) -y are reparameterizations of - by a map o with o(0) = 0 and
o(1) = 1. The first identity in (3.1.4) follows from the fact that v - v~} = yo &
where o : I — I satisfies 0(0) = o(1) = 0; the second identity in (3.1.4) is
obtained similarly. (]

The identity (3.1.2) tells us that the concatenation is associative in Q(X) when
all the products involved are defined; the identities in (3.1.3), roughly speaking,
say that the classes [0], z € X, act like neutral elements for the operation of
concatenation, and the identities in (3.1.4) tell us that the class [y~!] acts like the
inverse of the class [y] with respect to the concatenation.

If we fix a point 9 € X, we denote by §2,,(X) the set of loops in X with
basepoint x:

iy (X) = {7 € Q(X) : 7(0) = 7(1) = o}

We also consider the image of ., (X) in the quotient (X)), that will be denoted
by:

7T1(X7$0) = {[’7] OIS QIO(X)}'

The (partially defined) binary operation of concatenation in (X)) restricts to a
(totally defined) binary operation in 71 (X, o ); from Corollary 3.1.5 we obtain the
following:

3.1.6. THEOREM. The set w1 (X, xq) endowed with the concatenation opera-
tion is a group. U

This is the main definition of the section:

3.1.7. DEFINITION. The set (X ) endowed with the (partially defined) oper-
ation of concatenation is called the fundamental groupoid of the topological space
X. For all zp € X, the group 71 (X, o) (with respect to the concatenation opera-
tion) is called the fundamental group of X with basepoint x.

3.1.8. REMARK. A groupoid is usually defined as a small category, i.e., a cat-
egory whose objects form a set, whose morphisms are all isomorphisms. In this
context it will not be important to study this abstract notion of groupoid, never-
theless it is important to observe that Corollary 3.1.5 shows that the fundamental
groupoid of a topological space is indeed a groupoid in this abstract sense.

3.1.9. REMARK. If Xy C X is the arc-connected component of zq in X, then
m1 (X, o) = m1(Xo, o), since every loop in X with basepoint in z( has image
contained in Xy, as well as every homotopy between such loops has image in X.

In the following lemma we describe the functoriality properties of the funda-
mental groupoid and group:

3.1.10. LEMMA. Let f : X — Y be a continuous map; for v € Q(X), the
homotopy class [f o | depends only on the homotopy class [7y] of ~; hence, we
have a well defined map

For QX)) — Q(Y)
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given by fu([7]) = [f on]. For~y,p € Q(X) with (1) = 1(0) and for every
xg € X the following identities hold:

L0 - 1)) = (0D - fe(D), f(D7Y) = £ Fell0mo]) = [04(z0)]-

In particular, if f(xg) = yo then f, restricts to a map
form(X,20) — (Y, m0)
which is a group homomorphism. O
Clearly, given f € CY(X,Y) and g € C*(Y, Z) then:

(gof)«=gx0 fa,

and that, if Id denotes the identity of X, then Id, is the identity of Q(X ); it follows
that, if f : X — Y is a homeomorphism, then f, is a bijection, and it induces an
isomorphism of 71 (X, x¢) onto 71 (Y, f(x0)). The map f. is said to be induced by
f in the fundamental groupoid or in the fundamental group.

The following proposition relates the fundamental groups relative to different
basepoints:

3.1.11. PROPOSITION. Given xg,x1 € X and a continuous curve A : I — X
with \(0) = xg and \(1) = x1, we have an isomorphism:

)\#: 7T1(X,1'0) — 7T1(X,1‘1)
defined by A (1)) = N7 - [7] - [A), for every y € Q4 (X). 0

3.1.12. COROLLARY. If xg and x1 belong to the same arc-connected compo-
nent of X, then the groups m (X, xo) and 71(X, x1) are isomorphic. U

The following commutative diagram relates the homomorphisms f, and Ay:

f
T (X, x0) — m1(Y, yo)
(X, 21) A T (Y, y1)

where f € C%(X,Y), 20,71 € X, yo = f(w0), y1 = f(x1) and A € Q(X) isa
curve from g to xy.

3.1.13. REMARK. In spite of the fact that 71 (X, z¢) and 71 (X, 1) are isomor-
phic if zg and x; are in the same arc-connected component of X, such isomorphism
is not canonical; more explicitly, if Ao, A1 € Q(X) are curves from xg to x1, then:

(A)%' o (Mg = T,

where A = A1 - Ay Land 7} denotes the map of conjugation by the element [\] in
m1(X, 20). If m1 (X, o) is abelian it follows that (A\g)x = (A1), and therefore the
fundamental groups with basepoints in the same arc-connected components can be
canonically identified (compare with Remark 3.3.34).

3.1.14. DEFINITION. We say that a topological space X is simply connected if
it is arc-connected and if 7 (X, zg) is the trivial group {o,,} for some (hence for
all) zg € X.
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Observe that, if X is simply connected, then [y] = [u] for all continuous curves
v, 1 I — X suchthaty(0) = u(0) and (1) = p(1); for, in this case, [y]-[u] =t =
[02,]-

3.1.15. EXAMPLE. A subset X C R" is said to be star-shaped around the
point xg € X if for every x € X the segment:

[zo, ] = {(1 = t)zo+tx:t €I}

is contained in X; we say that X is convex if it is star-shaped at each one of its
points. If X is star-shaped at xg, then X is simply connected; indeed, X is clearly
arc-connected, and, given a loop v € Q,,(X), we can define a homotopy:

IxI>(s,t)— (1=s)y(t)+sxge X
between « and o,,,.

3.1.16. REMARK. Two loops v € Q,,(X) and p € Q, (X) are said to be
[freely homotopic if there exists a homotopy H : v = u such that, for every s € I,
the curve Hy is a loop in X, i.e., H(s,0) = H(s, 1) for every s. In this situation,
if we set A(s) = H(s,0), we have the following identity:

(3.1.5) A () = [u].

The identity (3.1.5) follows from the fact that, since the square I x I is convex,
the homotopy class in Q(I x I) of the loop that is obtained by considering the
boundary of I x I run counterclockwise is trivial, hence so is its image by H..
Such image is precisely the difference of the terms on the two sides of the equality
in (3.1.5). In Exercise 3.3 the reader is asked to show that, conversely, any loop
is always freely homotopic to A=! - ~ - \, for any curve A with A(0) = ~(0).

In particular, if -y, 4 € Q,,(X) are freely homotopic, then the classes [y] and
[1] are conjugate in w1 (X, x¢); it follows that v € Qg (X) is such that [y] = [04,]
if and only if 7y is freely homotopic to a constant loop. With this argument we have
shown that an arc-connected topological space X is simply connected if and only
if every loop in X is freely homotopic to a constant loop.

3.1.17. EXAMPLE. A topological space X is said to be contractible if the
identity map of X is homotopic to a constant map, i.e., if there exists a continuous
map H : I x X — X and 29 € X such that H(0,2) = z and H(1,z) = x for
every x € X. For instance, if X C RR" is star-shaped at g, then X is contractible:
the required homotopy H is given by H(s,z) = (1 — s)x + sx¢. It is easy to see
that every contractible space is arc-connected (see Exercise 3.1). Moreover, if X is
contractible then X is simply connected; indeed, if H : Id = x( is a homotopy and
v € Q(X) is aloop, then the map (s,t) — H(s,~(t)) is a free homotopy between
v and the constant loop o,, (see Remark 3.1.16).

3.1.1. The Seifert—-van Kampen theorem for the fundamental groupoid.
The classical Seifert—van Kampen theorem relates the fundamental group of a topo-
logical space covered by a family of open sets to the fundamental group of each
open set of the cover'. The full statement and proof of the classical Seifert—van
Kampen theorem can be found for instance in [11]. In this subsection we will give
a version of the Seifert—van Kampen theorem for fundamental groupoids that will
allow us to give a simple construction for the Maslov index (see Section 5.2).

IThe family of open sets should be closed under finite intersections and all open sets must be
arc-connected.
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3.1.18. DEFINITION. If G is a set, a map ¢ : Q(X) — G is said to be homo-
topy invariant if 1(~y) = () whenever ~y, . € (X) are homotopic with fixed
endpoints.

Clearly, a map 1 : (X)) — G is homotopy invariant if and only if there exists
amap ¢ : Q(X) — G such that (7) = ¢([]), for all v € Q(X).

3.1.19. DEFINITION. If G is a group, a map ¢ : Q(X) — G is said to be
compatible with concatenations if:

(3.1.6) Py ) = ()P (),

for all v, u € Q(X) with y(1) = u(0). If ¥ is compatible with concatenations and
homotopy invariant we say that i is a groupoid homomorphism.

We observe that if 1) is compatible with concatenations then:

Y(oz) =1,
for all x € X, where 1 € G denotes the neutral element; namely, this follows by
applying ¢ to both sides of equality 0, = 0,-0,. If ¢ is a groupoid homomorphism
then:
vy ) =)

for all v € Q(X). Namely, v - y~! is homotopic with fixed endpoints to 0.(0)-

3.1.20. EXAMPLE. Given a group GG and amap g : X — G we define a map
g : (X)) — G by setting:
he(7) = g(7(0)) "g(r(1)),
for all v € Q(X). Clearly v is a groupoid homomorphism. In Exercise 3.12

we ask the reader to prove a result that characterizes which G-valued groupoid
homomorphisms on Q(X) arise from G-valued maps on X.

3.1.21. THEOREM. Let G be a group and let X = |J,c 4 Uqs be an open
cover of X. Assume that for each o € A we are given a groupoid homomorphism
Yo + QUs) — G and that for every o, 3 € A and every v € Q(Uy N Up) we
have:

(3.1.7) Ya(7) = ¥p(7)-
Then there exists a unique groupoid homomorphism 1 : Q(X) — G such that
P(y) = Ya(7), for every a € A and every v € Q(U,,).

PROOF. We regard the sets (U, ) as subsets of (X ). Our hypothesis (3.1.7)
says that, for o, f € A, 1, and ¢ agree on Q(U,) N QUs) = QUy N Up).
Therefore, setting Q4 = (J,c 4 2(Ua), we get a unique map 1) : Q4 — G that
agrees with 1, in Q(U,,), for all « € A (the set 24 may be thought of as the set
of curves that are “small”, in the sense that their image is contained in some open
set U,).

Given a partition P = {to,t1,...,tx}, 0 =1y <t < --- <ty =1of I, we
set:

Q.A,P = {7 € Q(X) : ’7|[tr,tr+1] €Qy, r=0,1,...,k— 1}7
where, as explained in Remark 3.1.4, we are identifying curves defined on arbitrary
intervals with their affine reparameterizations on /. We define ¢p : 04 p — G by
setting:

(V) = ¥ (Vo)) - L (W ites el
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for all v € Q4 p. Obviously, if P = {0,1} is the trivial partition of I then
Qap = Qqand Yp = 1. We claim that if P and () are arbitrary partitions of
I then v p and v agree on 24 p N €24 . Namely, when () is finer than P (i.e.,
@ D P), this is a simple exercise and is left to the reader (Exercise 3.15). The
general case follows from the observation that any two partitions P, () admit a
simultaneous refinement (namely, P U Q).

By the result of Exercise 3.14, (X)) = (Jp Q4. p (the union being taken over
all partitions P of I), so that all the maps ¢p extend to a G-valued map on Q(X)
that will be denoted by . The map v is compatible with concatenations; namely,
given v, u € Q(X) with y(1) = u(0), it is easy to check (3.1.6) by choosing
a partition P of I with v, € Q4 p and % € P. It remains to show that ¥ is
homotopy invariant. This is left to the reader in Exercise 3.16. U

3.1.22. COROLLARY. Let G be a group and let X = |J,c 4 Ua be an open
cover of X. Assume that for each o € A we are given a map g, : Uy, — G and
that for every o, 3 € A, the map U, NUg 3 x — go(z)gs(x) "' € G is constant
in each arc-connected component of U, N Ug. Then there exists a unique groupoid
homomorphism 1 : Q(X) — G such that 1} (y) = g, (7)., for every o € A and
every v € Q(U,) (see Example 3.1.20).

PROOF. Given o, f € Aand vy € Q(U, NUpg) then v(0), v(1) are in the same
arc-connected component of U, N Ug and thus:

90 (7(0)) g5 (7(0)) ™! = ga (7(1) g5 (7 (1))

It follows that 9/, () = g,(7). The conclusion follows from Theorem 3.1.21.
(]

-1

We give a simple application of Corollary 3.1.22 that relates the fundamental
group and the first de Rham-cohomology space of a differentiable manifold.

3.1.23. EXAMPLE. Let M be a simply connected differentiable manifold and
let 6 be a differentiable closed 1-form on M. We will show that 6§ is exact. We
assume the result that differentiable closed 1-forms on convex open subsets of
R"™ are exact (and, therefore, a differentiable closed 1-form on a differentiable
manifold which is diffeomorphic to a convex open subset of R" is exact). Let
M = |Juyec4 Uaq be an open covering of M, where each U, is diffeomorphic to a
convex open subset of R™. For each o € A, the restriction of 6 to U, is exact,
i.e., it is the differential of a differentiable map g, : U, — R. Set G = R (as an
additive group). For each o, 3 € A, the map U, N U 3 = — go(x) — gp(z) € R
has null differential and thus it is constant on each arc-connected component of
U, N Ug. Corollary 3.1.22 gives us a groupoid homomorphism ¢ : Q(M) — R
such that () = 14, (7), for every a € A and every v € Q(U,). Since M is
simply-connected, we have ¥ () = 1 (u), whenever (0) = p(0) and (1) = (1)
(notice that two curves with the same endpoints are always homotopic). By the re-
sult of Exercise 3.12, there exists amap g : M — R such that ¢ = 1),. Given
a € A, since 1, and 1), agree on (U, ) and U, is arc-connected, it follows that
glu,, and g, differ by a constant (see Exercise 3.11). Hence ¢ is differentiable and
its differential is equal to 6.

3.1.2. Stability of the homotopy class of a curve. In this subsection we show
that, under reasonable assumptions on the topology of the space X, two continuous
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curves in X that are sufficiently close belong to the same homotopy class. We begin
with a definition of “proximity” for continuous maps:

3.1.24. DEFINITION. Let Y, Z be topological spaces; for K C Y compact and
U C Z open, we define:

V(K;U)={feCY,Z): f(K)CU}.

The compact-open topology in C°(Y, Z) is the topology generated by the sets
V(K;U) with K C Y compact and U C Z open; more explicitly, an open set
in the compact-open topology is union of intersections of the form:

V(Ki;Up) N NV (K Uy)
with each K; C Y compact and each U; C Z open,i =1,...,n.

3.1.25. REMARK. When the topology of the counterdomain Z is metrizable,
i.e., it is induced by a metric d, the compact-open topology in C°(Y, Z) is also
called the fopology of the uniform convergence on compact sets; in this case it
is not too hard to prove that, for f € C°(Y, Z), a fundamental systems of open
neighborhood of f is obtained by considering the sets:

V(i K e) = {9 € O°Y, 2) : sup d(f (w). o)) <<},
ye
where K C Y is an arbitrary compact set and € > 0. In this topology, a sequence
(or a net) f,, converges to f if and only if f,, converges uniformly to f on each
compact subset of Y.

In the context of differential topology, if Y and Z are manifolds (possibly
with boundary), the compact-open topology in C°(Y, Z) is also known as the C°-
topology or as the CV-weak Whitney topology.

3.1.26. REMARK. To each map f : X x Y — Z which is continuous in the
second variable there corresponds a map:

f: X —CY, 2).

An interesting property of the compact-open topology in CO(Y, Z) is that, if Y is
Hausdorff, the continuity of fis equivalent to the continuity of f|x g for every
compact K C Y (see [8, Proposicdo 21, §8, Capitulo 9]). In particular, if YV is
Hausdorff and locally compact, the continuity of f and the continuity of f are
equivalent.

We will now introduce suitable conditions on the topological space X that will
allow to prove the stability of the homotopy class of curves.

3.1.27. DEFINITION. We say that the topological space X is locally arc-con-
nected if every point of X has a fundamental system of open neighborhoods con-
sisting of arc-connected subsets, i.e., if for every z € X and every neighborhood
V of x in X there exists an open arc-connected subset U C X withz € U C V.

We say that X is semi-locally simply connected if every x € X has a neighbor-
hood V' such that every loop on V' is contractible in X, i.e., given v € (X)) with
7(0) = ~(1) and Im(y) C V, then ~ is homotopic (in X) with fixed endpoints to
a constant curve.



3.1. THE FUNDAMENTAL GROUPOID AND THE FUNDAMENTAL GROUP 79

3.1.28. EXAMPLE. If every point of X has a simply connected neighborhood,
then X is semi-locally simply connected; in particular, every differentiable (or even
topological) manifold is locally arc-connected and semi-locally simply connected.

This is the main result of the subsection:

3.1.29. THEOREM. Let X be a locally arc-connected and semi-locally simply
connected topological space; given a curve y € QU(X), there exists a neighborhood
U of v in the space C°(I, X) endowed with the compact-open topology such that

Jor every p € U, if 11(0) = ~(0) and (1) = (1) then [u] = [].

PROOF. Write X = UaGA Ua, where each U, C X is open and such that
every lace in U,, is contractible in X . By the result of Exercise 3.14, there exists a
partition 0 = tg < t; < --- <ty = 1 of I suchthatforallr =0,...,k — 1, there
exists o, € Awithy([ty, t;41]) C U,,. For each r, the point (¢ ) € Uy, ,NU,,
has an open arc-connected neighborhood V;. contained in the intersection U,,._, N
U.,; define the neighborhood ¢/ of v in CO(I, X ) by:

k—1

U= ﬂv [t tria]; ﬂV{t}V

Clearly, v € U. Let now p € U be such that u(O) = ~v(0) and p(1) = y(1); we
need to show that [y] = [u].

Foreachr =1,...,k — 1 choose a curve A\, € Q(V;.) with A\.(0) = ~(¢,) and
Ar(1) = p(tr); set Ag = 0.(gy and Ay = 0(1). Forr =0,...,k — 1, we have (see
Remark 3.1.4):

(3.1.8) [l o)) = AT i tgl] - et

because the curve on the right hand side of (3.1.8) concatenated with the inverse
of the curve on the left hand side of (3.1.8) is the homotopy class of a loop in U, ,
hence trivial in ©(X). Moreover, by the result of Exercise 3.13:

[/’L] - [/"L‘[to,h]] ..... [M’[tk—htk}]’
(3.1.9)

[’Y] = [’Y|[t0,t1]] """ ["Y|[tk,1,tk]]-
The conclusion now follows from (3.1.9) by concatenating the curves on both sides
of the identities (3.1.8) forr =0,...,k — 1. O

3.1.30. EXAMPLE. Let S™ C R"™*! be the unit n-dimensional sphere. From
the proof of Theorem 3.1.29 it follows that every curve v : I — S™ is homotopic
with fixed endpoints to a curve which is piecewise C'. If n > 2, such curve cannot
be surjective onto the sphere, because its image must have null measure in S™.
Hence, if n > 2 and v : I — S™ is a piecewise C'' loop, there exists € S™ such
that Im(y) € S™ \ {z}. Using the stereographic projection, we see that S™ \ {z}
is homeomorphic to R", therefore it is simply connected. From this argument it
follows that the sphere S™ is simply connected for n > 2; the circle S' is not
simply connected (see Example 3.2.27).

We will need also a version of Theorem 3.1.29 for the case of homotopies with
free endpoints in a given set.

3.1.31. DEFINITION. Let A C X be asubsetandlet-y, u1 : [a,b] — X be given
curves with y(a), u(a),y(b), u(b) € A; we say that v and p are homotopic with
endpoints free in A if there exists a homotopy H : v = u such that Hy(a), Hs(b) €



80 3. ALGEBRAIC TOPOLOGY

A for every s € I; in this case we say that H is a homotopy with free endpoints in
A between ~y and .

The relation of “homotopy with free endpoints in A” is an equivalence relation
in the set of curves v € C%([a, b], X) such that v(a),y(b) € A; obviously, if two
curves with endpoints in A are homotopic with fixed endpoints then they will be
homotopic with free endpoints in A.

3.1.32. REMARK. Ify € Q(X) is a curve with endpoints in A and A € Q(A)
is such that v(1) = A(0), then the concatenation « - A is homotopic to v with
free endpoints in A. Indeed, for each s € I, denote by A\; € Q(A) the curve
As(t) = A((1 = s)t). Then, Hy, = ~ - A defines a homotopy with free endpoints
in A between 7y - A and v - 0)(q); the conclusion follows from the fact that v and
7 - 0)(0) are homotopic with fixed endpoints.

Similarly, one shows that if A € €2(A) is such that A(1) = v(0), then A - y is
homotopic to «y with free endpoints in A.

We have the following version of Theorem 3.1.29 for homotopies with free
endpoints in a set:

3.1.33. THEOREM. Let X be a locally arc-connected and semi-locally simply
connected topological space; let A C X be a locally arc-connected subspace of
X. Givena curve vy : I — X with endpoints in A, then there exists a neighborhood
U of v in CO(I, X) endowed with the compact-open topology such that, for every
u € U with endpoints in A, the curves v and p are homotopic with free endpoints
in A.

PROOF. We will only show how to adapt the proof of Theorem 3.1.29 to this
case. Once the open sets U, and V, are constructed, we also choose open neigh-
borhood V{y and V}; of v(¢o) and (1) respectively in such a way that Vj N A and
Vi N A are arc-connected and contained respectively in Uy, and in Uy, ,. Then,
we define U by setting:

k-1 k
U= [Vl )i Ua,) 0 )Vt V).
r=0 r=0

Let ;1 € U be a curve with endpoints in A; we must show that ~ and p are homo-
topic with free endpoints in A. The curves A\g and A are now chosen in such a
way that A\.(0) = v(¢,), Ar(1) = p(t,) and Im(A,) C V., N A forr = 0, k. The
identity (3.1.8) still holds for » = 0, ...,k — 1. Using the same argument of that
proof, we now obtain:

(1] = Dol ™" 7] - [Awls

and the conclusion follows from Remark 3.1.32. O

3.2. The homotopy exact sequence of a fibration

In this section we will give a short exposition of the definition and the basic
properties of the (absolute and relative) homotopy groups of a topological space;
we will describe the exact sequence in homotopy of a pair (X, A4), and as a corol-
lary we will obtain the homotopy exact sequence of a fibration p : £ — B.
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As in Section 3.1, we will denote by I the closed unit interval [0, 1] and by
C(Y, Z) the set of continuous maps from Y to Z. We will denote by I"™ the unit
n-dimensional cube, and by 91" its boundary, that is:

oI" ={teI":t; € {0,1} forsomei =1,...,n}.

If n = 0, we define I° = {0} and OI° = ().

Let R* denote the space of all sequences (;);>1 of real numbers; we identify
I™ with the subset of R°°:

I"=A{(ty,...,ty,0,0,...):0<¢t; <1,i=1,...,n} CR™®
in such a way that, for n > 1, the cube I™~! will be identified with the face of I":
mltelter t, =0} cIm
we will call this face the initial face of I". We denote by J"~! the union of the
other faces of I™:
Jr = {tel":t,=1ort; € {0,1} forsomei=1,...,n—1}.
We will henceforth fix a topological space X; for every xp € X we denote by
Q7 (X) the set:
(X)) ={oeC’(I",X): ¢(0I") C {xo} }.

If n = 0, we identify a map ¢ : I — X with the point ¢(0) € X, so that Q9 (X))
is identified with the set X (observe that ng (X') does not actually depend on z).
The set Q:}JO (X) is the loop space with basepoint x( introduced in Section 3.1.

We say that (X, A) is a pair of topological spaces if X is a topological space
and A C X is a subspace. If (X, A) is a pair of topological spaces, zo € A and
n > 1 we denote by 2} (X, A) the set:

2, (X, A) = {0 e COU" X): o(I"™) C A, ¢(J"7") C {0} }.
Observe that, for ¢ € O} (X, A), we have ¢(9I"™) C A; also:
(3.2.1) Qy (X) =97 (X, {z0}), n>1

If n = 1, the cube I™ is the interval I, the initial face 1™~ is the point {0} and
Jn1 = {1}; the set QL (X, A) therefore is simply the set of continuous curves
v: I — X with(0) € Aand v(1) = xo.

3.2.1. DEFINITION. If X is a topological space, g € X and n > 0, we
say that ¢, € Qp (X) are homotopic in Q7 (X) if there exists a homotopy
H: ¢ = 1) such that Hy € Qf (X) for every s € I; the “homotopy in 2} (X)” is
an equivalence relation, and for every ¢ € 2} (X') we denote by [¢] its equivalence
class. The quotient set is denoted by:

(X, 0) = {[¢] : ¢ € 2, (X)}.

We say that [¢] is the homotopy class defined by ¢ in 7, (X, zg).

Similarly, if (X, A) is a pair of topological spaces, g € A and n > 1, we say
that ¢, € Q} (X, A) are homotopic in Q7 (X, A) when there exists a homotopy
H: ¢ =psuchthat H, € QF (X, A)forevery s € I; then we have an equivalence
relation in 2} (X, A) and we also denote the equivalence classes by [¢]. The
quotient set is denoted by:

(X, A, 20) = {[0] : ¢ € O (X, A)}.
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We say that [¢] is the homotopy class defined by ¢ in 7, (X, A, zg).

Observe that the set o(X, z9) does not depend on the point z, and it is iden-
tified with the set of arc-connected components of X; for every x € X, [z] will
denote then the arc-connected component of X that contains z.

From (3.2.1) it follows that:

(3.2.2) (X, {z0}, o) = mn(X,20), n>1.

Given ¢, € Q7 (X) withn > 1, or given ¢, ¢ € QF (X, A) withn > 2, we
define the concatenation of ¢ with ¢ as the map ¢ - ¢ : I — X given by:

¢(2t1,t2,...,tn), t € [0, %],
1/)(2t1 —1,%9,.. .,tn), t1 € [%,1],

for every t = (t1,...,t,) € I"™. Observe that the definition (3.2.3) does not make
sense in general for ¢, 1 € QY (X)) or for ¢, ¢ € QL (X, A).

The concatenation is a binary operation in 2} (X) forn > 1 and in 2} (X, A)
for n > 2; it is easy to see that this binary operation passes to the quotient and it
defines operations in the sets 7, (X, zg) and 7, (X, A, z¢) of the homotopy classes,
given by:

(23 (990 = {

[0] - [¢] = [& - ¥].

We generalize Theorem 3.1.6 as follows:

3.2.2. THEOREM. Forn > 1, the set 7, (X, x¢) is a group (with respect to the
concatenation operation) and for n > 2 also the set w,(X, A, x¢) is a group; in
both cases, the neutral element is the class 04, of the constant map 0, : I — X:

(3.2.4) 0z (t) =29, teEI,

and the inverse of [¢] is the homotopy class [¢~1] of the map ¢~ : I — X given
by:
¢Ht) = p(1 —t1,ta, .. tyn), teET™
U

3.2.3. DEFINITION. A pointed set is a pair (C,co) where C' is an arbitrary
set and ¢y € C'is an element of C. We say that cq is the distinguished element
of (C,co). A map of pointed sets [ : (C,cp) — (C’',¢[) is an arbitrary map
f:C — C'such that f(co) = c{; in this case we define the kernel of f by:

(3.2.5) Ker(f) = f~(cp),

If Ker(f) = C we say that f is the null map of (C,cp) in (C’, c)). A pointed set
(C, o) with C' = {co} will be called the null pointed set. Both the null pointed set
and the null map of pointed sets will be denoted by 0 when there is no danger of
confusion.

Given a group G, we will always think of G as the pointed set (G, 1), where 1
is the identity of GG; with this convention, the group homomorphisms are maps of
pointed sets, and the definition of kernel (3.2.5) coincides with the usual definition
of kernel of a homomorphism.

3.2.4. DEFINITION. For n > 1, the group 7, (X, zo) is called the n-th (ab-
solute) homotopy group of the space X with basepoint xq; for n > 2, the group
(X, A, x0) is called the n-th relative homotopy group of the pair (X, A) with
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basepoint o € A. We call 7o(X, z¢) and 1 (X, A, zo) respectively the zero-th
set of homotopy of X with basepoint zg € X and the first set of homotopy of the
pair (X, A) with basepoint o € A; all the sets and groups of homotopy (absolute
or relative) will be seen as pointed sets, being the class [04,] their distinguished
element.

3.2.5. REMARK. Arguing as in Example 3.1.9, one concludes that if X is the
arc-connected component of X containing x¢, then m, (X, zg) = m,(Xo, xo) for
every n > 1;if zp € A C X, then also m, (X, A, xo) = m,(Xo, A, x¢) for every
n > 1. Ifxg € A C X and if Ay denotes the arc-connected component of A
containing xg, then 7, (X, A, x¢) = 7,(Xo, Ao, To) for every n > 2.

3.2.6. EXAMPLE. If X C RY is star-shaped around the point zq € X, then
Tn(X,20) = 0 for every n > 0; for, given ¢ € Q) (X) we define a homotopy
H: ¢ = oy, by setting:

H(s,t) =(1—9)¢(t)+sxzo, sel, tel".

3.2.7. EXAMPLE. Forn > 1,if ¢ € Qf (X, A) is such that Im(¢) C A, then
[#] = [04,]) in T, (X, A, 30); for, a homotopy H: ¢ = 04, in Q) (X, A) can be
defined by:

H(s,t) =¢(t1,....th—1,1 — (1 =s)(1 —t,)), tel", sel.
In particular, we have 7, (X, X, zg) = 0.
3.2.8. DEFINITION. Let X,Y be topological spaces and let xp € X, yg € Y

be given. If f : X — Y is a continuous map such that f(xg) = yo, we say that f
preserves basepoints, and we write

[+ (X, m0) — (Y, 90).
Then, for n > 0, f induces a map of pointed sets:
(3.2.6) for (X, 20) — T (Y, 40)
defined by f«([¢]) = [f o ¢].

Given pairs (X, A) and (Y, B) of topological spaces, then a map of pairs

f: (X, A) — (Y,B)
is a continuous map f : X — Y such that f(A) C B. If a choice of basepoints
xg € A and yg € B is done, we say that f preserves basepoints if f(xy) = yo, in
which case we write:

fi (X, A xg) — (Y, B, yo).

For n > 1, such a map induces a map f, of pointed sets:
(3.2.7) for T (X, A, x0) — mo (Y, B, yo)

defined by f.([¢]) = [f © g].

It is easy to see that the maps f, are well defined, i.e., they do not depend on
the choice of representatives in the homotopy classes. Given maps:
f:(XaAuxO)—><Y7B7yU)7 91(Y737y0>—>(Z>C;2'0)
then (g o f)x = gx« o fx; if Id denotes the identity of (X, A, ), then Id, is the
identity of 7, (X, A, z¢). It follows that if f : (X, A, z9) — (Y, B, yo) is a home-
omorphism of triples, i.e., f : X — Y is a homeomorphism, f(A) = B and
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f(zo) = yo, then f, is a bijection. Similar observations can be made for the abso-
lute homotopy groups 7, (X, zo). We also have the following:

3.2.9. PROPOSITION. Given f : (X, z0) — (Y, yo), then, for n > 1, the map
f« given in (3.2.6) is a group homomorphism, moreover, if

VE (Xv A7x0) - (}/a B,yo),
then for n > 2 the map f, given in (3.2.7) is a group homomorphism. O

3.2.10. EXAMPLE. If X = X; X Xg, and pr; : X — X, pry : X —
X denote the projections, then a continuous map ¢ : I — X is completely
determined by its coordinates:

pryo¢=d1: I" — X' prood=go: I" — X2,
from which it is easy to see that, given x = (x1,22) € X and n > 0, we have a
bijection:

T (X, ) m T (X1, 1) X 70 (X2, 72)

which is also a group homomorphism if n > 1. More generally, given A; C X7,
Ao C Xo,x € A= Ay X Ao, then for n > 1 we have a bijection:

(A ) L) ) (X, Ay )

which is also a group homomorphism if n > 2. Similar observations can be made
for products of an arbitrary number (possibly infinite) of topological spaces.

Give a pair (X, A) and g € A, we have the following maps:
i (Avx()) - (Xa'rO)v q: (Xa {xO}a-rO) - (X7A7330)7

induced respectively by the inclusion of A into X and by the identity of X. Keep-
ing in mind (3.2.2) and Definition 3.2.8, we therefore obtain maps of pointed sets:

(32.8) i (A zg) — (X, o),  qu: T(X, z0) — T (X, A, x0);

explicitly, we have i.([¢]) = [¢] and q.([¢]) = [¢]. For n > 1 we define the
connection map relative to the triple (X, A, x¢):

(3.2.9) Or: (X, A, x0) — mn—1(A, z0)

by setting O, ([¢]) = [@|n—1]; it is easy to see that O, is well defined, i.e., it does
not depend on the choice of a representative of the homotopy class. Moreover, 0.
is always a map of pointed sets, and it is a group homomorphism if n > 2.

3.2.11. DEFINITION. A sequence of pointed sets and maps of pointed sets of
the form:

fi fi s fi—
2 (Cirrsci1) 2 (Chy ) LN (Ci1,cimq) ——— -

is said to be exact at (Cj, ¢;) if Ker(f;) = Im(f;41); the sequence is said to be
exact if it is exact at each (Cj, ¢;) for every .

We can now prove one of the main results of this section:



3.2. THE HOMOTOPY EXACT SEQUENCE OF A FIBRATION 85

3.2.12. THEOREM. If (X, A) is a pair of topological spaces and xy € A, then
the sequence:

(3.2.10)

. a—*>7rn(A, xo) LI (X, o) LN (X, A, x0) BN Tn—1(4, o) SN

- (X, A, o) LI m0(A, 7o) — m0(X, o)

is exact, where for each n the pointed set maps i, 4. and O, are given in formulas

(3.2.8) and (3.2.9)

PROOF. The proof is done by considering several cases in which the homo-
topies are explicitly exhibited.

e Exactness at w, (X, xo). The fact that Im(i,) C Ker(q,) follows from Exam-
ple 3.2.7. Let ¢ € Q} (X) be such that there exists a homotopy H: ¢ = o0y,
in Q) (X, A). Define K: I x I" — X by setting:

HQtn(t17"'7tn—17O)7 0§2tn§57
s\ULy---ytn-1,"95 "¢ |» § <2, < )

It is easy to see that ) = K7 € ) (A) and that K : ¢ = ¢ is a homotopy in
Q7 (X). It follows [¢] = 1. ([¢]).

e Exactness at m,(X, A, x).
The inclusion Im(q,) C Ker(d,) is trivial. Let ¢ € Q7-1(X, A) be
such that there exists a homotopy H : ¢|n-1 = 04 in Q) (A). Define K :
I x I — X by the following formula:

HS—Qtn(tla"'atn—1)7 OS?tn<S,

qb(tl;-"atn*lazénfis)a 5S2tn§2,

s

Ky(t) = K(s,t) = {

It is easy to see that ¢y = K € Q (X) and that K': ¢ = ¢ is a homotopy in
Q5 (X, A). It follows that [¢] = q.([¢/]).

e Exactness at m,(A, xg).
We first show that Im(8,) C Ker(i,). To this aim, let ¢ € QFH(X, A).
Define H: I x I — X by setting:

Hy(t) = H(s,t) = o¢(t,s), sel, tel
It is easy to see that [ : ¢[rn = 04, is a homotopy in €2} (X), so that
(L 0 0:)([9]) = [ox,].

Let now ¢ € Q7 (A) be such that there exists a homotopy K: ¢ = oy,
in Q7 (X). Then, define:

¢(t):Ktn+1(t1,--.,tn), tEIn'H;
it follows that ¢ € Q271 (X, A) and 0. ([¢]) = [¢].

This concludes the proof. U

The exact sequence (3.2.10) is known as the the long exact homotopy sequence
of the pair (X, A) relative to the basepoint xy. The exactness property of (3.2.10)
at m1 (X, A, z) can be refined a bit as follows:



86 3. ALGEBRAIC TOPOLOGY

3.2.13. PROPOSITION. The map
(3.211)  m(X, A xo) x (X, x0) 3 ([7], [1]) — [y - 4] € m(X, A, zo)

defines a right action of the group m1 (X, xo) on the set m1(X, A, xo); the orbit of
the distinguished element [0,,] € m1(X, A, ) is the kernel of the connection map

Or: m (X, A, x0) — m0(A, 0),
and the isotropy group of [04,] is the image of the homomorphism:
Lo m(A, z9) — m1(X, mo);
in particular, the map
(3.2.12) qs: T (X, 20) — (X, A, x0)

induces, by passage to the quotient, a bijection between the set of right cosets
m1(X, o) /Im(is) and the set Ker(0y).

PROOF. It is easy to see that (3.2.11) does indeed define a right action (see
Corollary 3.1.5). The other statements follow from the long exact sequence of
the pair (X, A) and from the elementary theory of actions of groups on sets, by
observing that the map of “action on the element o0,,,”:

Blony): (X, 20) — (X, A, 20)
given by B, 1([1]) = [0, - p1] coincides with (3.2.12). O
We now proceed with the study of fibrations.

3.2.14. DEFINITION. Let F, E, B be topological spaces; a continuous map
p: /. — B is said to be a locally trivial fibration with typical fiber F' if for every
b € B there exists an open neighborhood U of b in B and a homeomorphism:

(3.2.13) a:p HU) —UxF

such that pr; o a = p| p—1(u)» Where pry denotes the first projection of the product
U x F'; we then say that « is a local trivialization of p around b, and we also say
that the fibration p is trivial on the open set U C B. We call E the fotal space and
B the base of the fibration p; for every b € B the subset £}, = p~1(b) C E will be
called the fiber over b.

Clearly, any local trivialization of p around b induces a homeomorphism of the
fiber Ej onto the typical fiber F'.
We have the following:

3.2.15. LEMMA. Let p : E — B a locally trivial fibration, with typical fiber
F'; then, given ey € E, by € B with p(eg) = by, the map:

(3.2.14) Ds: Tn(E, By, €0) — mn(B,{bo}, bo) = mn (B, bo)
is a bijection for every n > 1.
The proof of Lemma 3.2.15 is based on the following technical Lemma:

3.2.16. LEMMA. Letp : E — B be a locally trivial fibration with typical fiber
F; then, for n > 1, given continuous maps ¢ : I — B and 1) : J"~' — E with
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p o = @|yn-1, there exists a continuous map ¢: I"™ — E such that ¢| -1 =
and such that the following diagram commutes:

E

o 7

[T)B

PROOF. The proof is split into several steps.

(1) There exists a retractionr : I — J" 1 e, ris continuous and | -1 =
Id.
Fix t = (%, cee %, —1) € R™; for each t € I™ define r(t) as the unique
point of J"~! that belongs to the straight line through £ and ¢.

(2) The Lemma holds if there exists a trivialization (3.2.13) of p with Im(¢) C
U.
Let ¢o: J"~' — F be such that

a(y(t)) = (¢(t), o), te T

then, we consider:
3(t) = a~ (o(t), Yo(r(1)), telm

(3) The Lemma holds if n = 1.

Let0 = wup < u; < ... < ug = 1be a partition of [ such that, for : =
0,...,k—1, ¢([ui,u;y1]) is contained in an open subset of B over which the
fibration p is trivial (see the idea of the proof of Theorem 3.1.29); using step
(2), define ¢ on the interval [u;, u;+1] starting with ¢ = k£ — 1 and proceeding
inductively up to ¢ = 0.

(4) The Lemma holds in general.
We prove the general case by induction on n; the base of induction is step
(3). Suppose then that the Lemma holds for cubes of dimensions less than n.
Consider a partition:

(3.2.15) O=uwy<u <...<u,=1
of the interval I; leta = (ay,...,a,_1) be such that foreachi = 1,...,n—1,
the set a; is equal to one of the intervals [uj, uj11], j = 0,...,k — 1 of the

partition (3.2.15), or else a; is equal to one of the points {u;},j =1,...,k—1;
define:

Io=a; X -~ X @, CI"L
If r € {0,...,n — 1} is the number of indices 7 such that a; is an interval
(containing more than one point), we will say that I, is a block of dimension
r. The partition (3.2.15) could have been chosen in such a way that each
¢(I a X [uj, ujH]) is contained in an open subset of B over which the fibration
is trivial (see the idea of the proof of Theorem 3.1.29).

Using the induction hypotheses (or step (3)) we define the map a on the
subsets I, x I where I is a block of dimension one. We then proceed in-
ductively until when 5 is defined on each I; x [ such that I, is a block of
dimension r < n — 2.

87
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Fix now a in such a way that I is a block of dimension n — 1; using step
(2) we define ¢ on I X [uj,u;41] starting with j = k — 1 and continuing
inductively until 7 = 0. This concludes the proof.

O
The map gE in the statement of Lemma 3.2.16 is called a lifting of ¢ relatively to p.

PROOF OF LEMMA 3.2.15. Given [¢] € (B, bo), by Lemma 3.2.16 there
exists a lifting <;5 I — FE of ¢ relatively to p, such that gzb is constant equal to
ep on J"~1; then [gz~5] € m(E, By, ep) and py ( [gb]) = [¢]. This shows that p, is
surjective; we now show that p, is injective.

Let [11], [Y2] € mn(E, Eb,, €o) be such that p.([¢1]) = p«([¢2]); then, there
exists a homotopy

H:IxI"=I""' B
such that Hy = po;, H] =pog and H, € Q}}O(B) for every s € I. Observe
that:
J" = (I X J"_l) U0} x I")U ({1} x I™);
we can therefore define a continuous map
v: J" — FE

by setting (0, t) = 11 (t), ¥ (1,t) = o(t) fort € I, and ¢ (s,t) = eg for s € I,
t € J" 1 It follows from Lemma 3.2.16 that there exists a continuous map:

H:Ix["=1"" _LF

such that po H = H e ﬁ\Jn = q); it is then easy to see that H: ) = by is
a homotopy in Qf (E, Ey,) and therefore [¢1] = [¢2] € m,(E, Ey,y,e0). This
concludes the proof. O

The idea now is to “replace” m,(E, Ep,, e0) by m,(B,bp) in the long exact
homotopy sequence of the pair (E, Ey, ), obtaining a new exact sequence. Towards
this goal, we consider a locally trivial fibration p: E — B with typical fiber F;
choose by € B, fo € F, ahomeomorphism b: E, — F and let eg € E}, be such
that h(eg) = fo. We then define maps ¢, e J, in such a way that the following
diagrams commute:

(3.2.16) n(Ebo» €0)
w(F, fo) n(E, eo)
O«
(3.2.17) Tn(E, Eby, €0) —= Tn—1(Ep,, €0)
p*i: :lb*
7Tn<B7b0) ﬂ'n—l(Fa fO)

where i, is induced by inclusion, and J, is the connection map corresponding to
the triple (E, Ey,, €0).
We then obtain the following:
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3.2.17. COROLLARY. Let p: E — B be a locally trivial fibration with typical
fiber F'; choosing by € B, fo € F, a homeomorphism by: Ey, — F and taking
eo € Ey, such that h(eg) = fo we obtain an exact sequence

(3.2.18)

6* * * 6*
: ’Wn(Fa fo) o Wn(Ea eO) B Wn(Bv bo) > Tn—1(F), fO) >
* 5* * *
- (B, by) — mo(F, fo) — mo(E, e0) ——— mo(B, bo)

where 1y e 0, are defined respectively by the commutative diagrams (3.2.16) and
(3.2.17).

PROOF. Everything except for the exactness at my(E, e¢g) follows directly from
the long exact sequence of the pair (F, Ej,) and from the definitions of ¢, and J,.
The exactness at mo(F, eg) is obtained easily from Lemma 3.2.16 withn = 1. O

The exact sequence (3.2.18) is known as the long exact homotopy sequence of
the fibration p.

3.2.18. DEFINITION. A locally trivial fibration whose typical fiber is a discrete
topological space is said to be a covering map.

In Exercise 3.18 the reader is asked to show the equivalence between Defini-
tion 3.2.18 and the more standard definition of covering map.
We have the following:

3.2.19. COROLLARY. Ifp : E — B is a covering, then, given ey € F and
by € B with p(eg) = bo, the map:

Dx: Wn(Ea 60) - Wn(By bO)
is an isomorphism for every n > 2.

PROOF. It follows directly from the long exact homotopy sequence of the
fibration p, observing that, since F' is discrete, it is m,(F, fo) = 0 for every
n>1. O

3.2.20. LEMMA. Letp: E — B be a covering map, by € B, ey € pil(bo) C
E. Then:

(@) ify : I — B is a continuous curve with vy(0) = by, there exists a unique
continuous curve 5 : I — E with5(0) = eg andp o = ~;

(b) if H : I x I — B is a continuous map with H(0,0) = by, there exists a
unique continuous map H : IxI — Bwith H(0,0) = eg and poH = H.

PROOF. In both (a) and (b), the uniqueness follows directly from the result of
Exercise 3.19. To prove the existence in part (a), use Lemma 3.2.16 withn = 1 and
the curve v~ ! (notice that J = {1}). To prove the existence in part (b), first use
part (a) three times to construct a continuous map v : J! — E withpo = H|n
and 1(0,0) = e (notice that J* is the union of three sides of the square 91?).
Now, use Lemma 3.2.16 with n = 2. O

The following is a classical result concerning liftings of continuous maps with
respect to covering maps.
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3.2.21. PROPOSITION. Let p : EE — B be a covering map, X be an arc-
connected and locally arc-connected topological space, f : X — B a continuous
map, o € X and eg € E with p(eg) = f(xo). Assume that:

(3.2.19) fe(m1(X, 20)) C pu(m1(E, €0)).

Then there exists a unique continuous map f : X — FE with f (z9) = eg and
pof=/

PROOF. The uniqueness part follows directly from the result of Exercise 3.19.
To prove existence, we construct f as follows. Given x € X, lety : I — X
be a continuous curve with v(0) = zp and y(1) = z and let ¥ : I — FE be the
lifting of f o~ : I — B such that 7(0) = eo (Lemma 3.2.20). Set f(z) = 7(1).
Our hypothesis (3.2.19) implies that f (z) is well-defined, i.e., does not depend on
the choice of v (see Exercise 3.8). Clearly, f (z9) = eg (take 7y to be the constant
curve equal to xg) and p o f = f. Let us prove that f is continuous. Let x € X be
fixed and U be an open neighborhood of f () in E; we will show that there exists a
neighborhood V' of z in X with f (V) C U. Since p is a local homeomorphism, we
may assume without loss of generality that p maps U homeomorphically onto an
open neighborhood p(U) of f(x) in B. Let V' be an arc-connected neighborhood of
a contained in f ' (p(U)). Lety : I — X be a continuous curve with v(0) = z
and v(1) = z and 5 : I — F be a lifting of f o~ with 4(0) = e, so that
%(1) = f(x). Given y € V, choose a continuous curve 1 : I — X with 1(0) = z,
p(1) = yand p(I) C V. Then (f o p)(I) C p(U). Set i = (plr)~" o (f o p).
Then iz : I — E is alifting of f o pu, 1(0) = f(z) = (1) and a(I) C U. The
curve 7 - i is a lifting of ~y - u starting at eg and therefore, by the construction of f ,
f(y) = (1) € U. Hence f(V) C U and we are done. O

3.2.22. COROLLARY. Let p : E — B be a covering map, X be an arc-
connected and locally arc-connected topological space, f : X — B a continuous
map, xo € X and ey € E with p(eo) f(xo). If X is simply connected then there
exists a unique continuous map f X — E with f(xo) =epandpo f f. o

3.2.23. REMARK. Letp : EE — B be a locally trivial fibration with typical
fiber F'; choose by € B and a homeomorphism § : £, — F'. Let us take a closer
look at the map 4, defined by diagram (3.2.17), in the case n = 1.

For each f € F, we denote by 63: the map defined by diagram (3.2.17) taking

= 1 and replacing fo by f and eq by h~1(f) in this diagram. We have the
following explicit formula:

(3.2.20) (1)) = [8(3(0)] € mo(F, f), ~ € Q4 (B),

where 7 : I — E is any lifting of v (i.e., p o 7 = ~) with 7(1) = h~!(f). The
existence of the lifting v follows from Lemma 3.2.16 with n = 1.

Using (3.2.20), it is easy to see that s only depends on the arc-connected
component [f] of F' containing f; for, if f1, fo € F'and A : I — F is a continuous
curve with A(0) = f1 and A\(1) = fo, then, given a lifting 5 of v with 5(1) =
h=1(f1), it follows that i = 7 - (h=* o \) is a lifting of 1 = 7y o 0y, with fi(1) =
h~1(f2), and so

511 ([(v]) = [b(5(0))] = [0(E(0))] = 6£2([u]) = 62 ([1)).
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Denoting by 7y(F') the set of arc-connected components of F' (disregarding the
distinguished point) we obtain a map

(3.2.21) m1(B, bo) x mo(F) — mo(F)

given by ([v], [f]) — 62 ([y]). It follows easily from (3.2.20) that (3.2.21) defines
a left action of the group 71 (B, by) on the set mo(F).

Let us now fix fo € F and let us set eg = h~!(fy); using the long exact
sequence of the fibration p it follows that the sequence

. 5.=610 .
m1(E, e0) == m1(B, by) ——— mo(F, fo) == mo(E, €0)

is exact. This means that the orbit of the point [ fy] € mo(F’) relatively to the action
(3.2.21) is equal to the kernel of ¢, and that the isotropy group of [fo] is equal to
the image of p,; hence the map §, induces by passing to the quotient a bijection
between the set of left cosets 1 (B, bp) /Im(p,) and the set Ker(sy).

3.2.24. EXAMPLE. Letp : E — B be a locally trivial fibration with discrete
typical fiber F, i.e., p is a covering. Choose by € B, ey € Ej, and a homeomor-
phism b : Ey, — F' (actually, in the case of discrete fiber, every bijection b will be
a homeomorphism); set fy = h(ep).

Since 71 (F, fo) = 0, it follows from the long exact sequence of the fibration
that the map

p«: m(E, e0) — m1(B, bo)
is injective; we can therefore identify 7 (F, eg) with the image of p,. Observe that
the set o (F, fo) may be identified with F'.

Under the assumption that E is arc-connected, we have mo(E, eg) = 0, and it

follows from Remark 3.2.23 that the map &, induces a bijection:

(3.2.22) 71(B,by) /71 (E,eq) — F.

Unfortunately, since F' has no group structure, the bijection (3.2.22) does not give
any information about the group structures of w1 (F, eg) and 71 (B, bp).

Let us now assume that the fiber F' has a group structure and that there exists a
continuous right action:

(3.2.23) ExF>(e,f)—cofeE

of F on FE (since F'is discrete, continuity of (3.2.23) in this context means conti-
nuity in the second variable); let us also assume that the action (3.2.23) is free, i.e.,
without fixed points, and that its orbits are the fibers of p. If fo = 1 is the unit of
F' and the homeomorphism b : Ep,, — F is the inverse of the bijection:

660: F9f’—’€0°f€Ebo,
we will show that the map
(3224) (5*: ’R’l(B, bo) I 7T0(F, fo) = F

is a group homomorphism; it will then follow that Im(p,.) ~ 71 (F, eg) is a normal
subgroup of 71 (B, by) and that the bijection (3.2.22) is an isomorphism of groups.

Let us show that (3.2.24) is a homomorphism. To this aim, let v, u € Q;O (B)
andlet 7, i : I — E be lifts of v and p respectively, with (1) = fi(1) = eg; using
(3.2.20) and identifying o (F, fo) with I’ we obtain:

0.:([7])) = 0(3(0)),  dx([u]) = b (7(0)).
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Define 4: I — FE by setting:

A(t) =4(t) e b(a(0)), tel;

then & = 4 - [ is a lifting of Kk = - u with £(1) = ep and, using again (3.2.20) we
obtain:

0x([7] - [1]) = (R(0)) =H(5(0)) = H(5(0)) b(7(0)) = 0+ ([V])u([u]).

which concludes the argument.

3.2.25. REMARK. The groups 71 (X, z¢) and w2 (X, A, x¢) may not be abelian,
in general; however, it can be shown that 7, (X, ) is always abelian for > 2 and
(X, A, xo) is always abelian for n > 3 (see for instance [7, Proposition 2.1,
Proposition 3.1, Chapter 4]).

3.2.26. REMARK. Generalizing the result of Proposition 3.1.11, given n > 1
it is possible to associate to each curve A : I — X with A(0) = zp and \(1) = z;
an isomorphism:

)\#: 7rn(X, :Uo) — 7Tn(Xa xl);

in particular, if xy e x; belong to the same arc-connected component of X then
(X, xo) is isomorphic to 7, (X, x1). The isomorphism Ay is defined by setting:

A ([9]) = [¥],

where 9 is constructed using a homotopy H : ¢ = 1 such that H,(t) = A(t) for
every t € 0I™ and all s € I (for the details, see [7, Theorem 14.1, Chapter 4]).
Then, as in Example 3.1.17, it is possible to show that if X is contractible, then
(X, 2o) = 0 for every n > 0.

If Im(\) C A C X then, givenn > 1, we can also define a bijection of pointed
sets:

A (X, A, x9) — T (X, A, 21),

which is a group isomorphism for n > 2 (see [7, Exercises of Chapter 4]).

3.2.1. Applications to the theory of classical Lie groups. In this subsection
we will use the long exact homotopy sequence of a fibration to compute the funda-
mental group and the connected components of the classical Lie groups introduced
in Subsection 2.1.1. All the spaces considered in this section are differentiable
manifolds, hence the notions of connectedness and of arc-connectedness will al-
ways be equivalent (see Exercise 3.2).

We will assume familiarity with the concepts and the notions introduced in
Subsections 2.1.1 and 2.1.2; in particular, without explicit mention, we will make
systematic use of the results of Theorem 2.1.14 and of Corollaries 2.1.9, 2.1.15,
2.1.16 and 2.1.17.

The relative homotopy groups will not be used in this Section; from Section 3.2
the reader is required to keep in mind the Examples 3.2.6, 3.2.10 and 3.2.24, and,
obviously, Corollary 3.2.17.

In order to simplify the notation, we will henceforth omit the specification of
the basepoint xy when we refer to a homotopy group, or set, 7, (X, o), provided
that the choice of such basepoint is not relevant in the context (see Corollary 3.1.12
and Remark 3.2.26); therefore, we will write 7, (X).

We start with an easy example:
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3.2.27. EXAMPLE. Denote by S! C C the unit circle; then, the map p : R —
S1 given by p(t) = e*™ is a surjective group homomorphism whose kernel is
Ker(p) = Z. Tt follows that p is a covering map. Moreover, the action of Z on R by
translation is free, and its orbits are the fibers of p; it follows from Example 3.2.24
that we have an isomorphism:

S m(SH1) — Z

given by . ([7]) = ¥(0), where 7 : I — R is a lifting of -y such that (1) = 0. In
particular, the homotopy class of the loop v : I — S* given by:

(3.2.25) y(t) =™, tel,
is a generator of 71 (S1,1) ~ Z.

3.2.28. EXAMPLE. Let us show that the special unitary group SU(n) is (con-
nected and) simply connected. First, observe that the canonical action of the group
SU(n + 1) on C"*! restricts to an action of SU(n + 1) on the unit sphere S2"+1;
it is easy to see that this action is transitive, and that the isotropy group of the point
ent1 = (0,...,0,1) € C*! is identified with SU(n). It follows that the quo-
tient SU(n + 1)/SU(n) is diffeomorphic to the sphere S?"*1; we therefore have a
fibration:

p:SUMn+1) — S

with typical fiber SU(n). Since the sphere S2"*! is simply connected (see Exam-
ple 3.1.30), the long exact homotopy sequence of the fibration p gives us:

(3.2.26) m(SU(n)) — m(SU(Mn+1)) — 0

(3.2.27) m1(SU(n)) — m(SU(n+ 1)) — 0.

Since SU(1) = {1} is clearly simply connected, from the exactness of (3.2.26) it
follows by induction on n that SU(n) is connected. Moreover, from the exactness
of (3.2.27) it follows by induction on n that SU(n) is simply connected.

3.2.29. EXAMPLE. Let us show now that the unitary group U(n) is connected,
and that 7, (U(n)) ~ Z for every n > 1. Consider the determinant map:

det: U(n) — S

we have that det is a surjective homomorphism of Lie groups, and therefore it is
a fibration with typical fiber Ker(det) = SU(n). Keeping in mind that SU(n)
is simply connected (see Example 3.2.28), from the fibration det we obtain the
following exact sequence:

(3.2.28) 0 — mo(U(n)) — 0
(3.2.29) 0 — m(Un),1) -2 1(S1,1) — 0

From (3.2.28) we conclude that U(n) is connected, and from (3.2.29) we obtain
that the map

(3.2.30) det,: m1(U(n),1) — m(S1,1) = Z

is an isomorphism.
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3.2.30. EXAMPLE. We will now show that the special orthogonal group SO(n)
is connected for n > 1. The canonical action of SO(n + 1) on R™*! restricts to
an action of SO(n + 1) on the unit sphere S”; it is easy to see that this action is
transitive, and that the isotropy group of the point e,11 = (0,...,0,1) € R"*!
is identified with SO(n). It follows that the quotient SO(n + 1)/SO(n) is diffeo-
morphic to the sphere S™, and we obtain a fibration:

(3.2.31) p: SO(n+1) — 5",
with typical fiber SO(n); then, we have an exact sequence:
m0(SO(n)) — m(SO(n+1)) — 0

from which it follows, by induction on n, that SO(n) is connected for every n
(clearly, SO(1) = {1} is connected). The determinant map induces an isomor-
phism between the quotient O(n)/SO(n) and the group {1,—1} ~ Z,, from
which it follows that O(n) has precisely two connected components: SO(n) and
its complementary.

3.2.31. EXAMPLE. We now show that the group GL (n,R) is connected. If
we choose any basis (b;)!_; of R", it is easy to see that there exists a unique
orthonormal basis (u;);~; of R"™ such that, for every k = 1,...,n, the vectors
(b;)k_, and (u;)¥_, are a basis of the same k-dimensional subspace of R™ and
define the same orientation of this subspace. The vectors (u;);_; can be written
explicitly in terms of the (b;)!"_;; such formula is known as the Gram—Schmidt
orthogonalization process.

Given any invertible matrix A € GL(n,R), we denote by r(A) the matrix
obtained from A by an application of the Gram-Schmidt orthogonalization process
on its columns; the map r from GL(n, R) onto O(n) is differentiable (but it is not
a homomorphism). Observe that if A € O(n), then r(A) = A; for this we say
that r is a retraction. Denote by T’y the subgroup of GL(n, R) consisting of upper
triangular matrices with positive entries on the diagonal, i.e.,

T+ = {(aij)nxn S GL(TL,R) tai = 0ifi > j, Qi > 0, ’i,j = 1, . ,n}.
Then, it is easy to see that we obtain a diffeomorphism:
(3.2.32) GL(n,R) 3 A— (r(A4),r(A)'A) € O(n) x Ts.

We have that (3.2.32) restricts to a diffeomorphism of GL (n,R) onto SO(n) x
T,. 1t follows from Example 3.2.30 that GL(n,R) is connected, and that the
general linear group GL(n,R) has two connected components: GL(n,R) and
its complementary.

3.2.32. REMARK. Actually, it is possible to show that GL (n, R) is connected
by an elementary argument, using the fact that every invertible matrix can be writ-
ten as the product of matrices corresponding to elementary row operations. Then,
the map  : GL(n,R) — O(n) defined as in Example 3.2.31 gives us an alternative
proof of the connectedness of SO(n).

3.2.33. EXAMPLE. We will now show that the group GL(n, C) is connected
and that:

m1(GL(n, C)) = Z.
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We use the same idea as in Example 3.2.31; observe that it is possible to define a
Gram-Schmidt orthonormalization process also for bases of C". Then, we obtain
a diffeomorphism:

GL(n,C) > A+— (T‘(A),T(A)_IA) € U(n) x T4(C),

where 7'y (C) denotes the subgroup of GL(n, C) consisting of those upper triangu-
lar matrices having positive real entries on the diagonal:

T4(C) = {(aij)nxn € GL(n,C) : agj = 0if i > j,
a; € Rand a;; > 0, i,j:1,...,n}.

It follows from Example 3.2.29 that GL(n, C) is connected and that 71 (GL(n, C))
is isomorphic to Z for n. > 1; more explicitly, we have that the inclusioni: U(n) —
GL(n, C) induces an isomorphism:

i,: 1 (U(n),1) — m(GL(n, C),1).

3.2.34. REMARK. Also the connectedness of GL(n, C) can be proven by a
simpler method, using elementary row reduction of matrices. Then, the Gram-
Schmidt orthonormalization process gives us an alternative proof of the connect-
edness of U(n) (see Remark 3.2.32).

3.2.35. EXAMPLE. We will now consider the groups SL(n, R) and SL(n, C).
We have a Lie group isomorphism:

SL(n,R) x RT > (T,¢) = ¢T € GL,(n,R),

where RT = ]0,+oo[ is seen as a multiplicative group; it follows from Ex-
ample 3.2.31 that SL(n,R) is connected, and that the inclusion i: SL(n,R) —
GL4 (n, R) induces an isomorphism:

i,: 1 (SL(n,R),1) — 71(GL4 (n,R), 1).

The group 71 (GL4(n, R)) will be computed in Example 3.2.38 ahead.
Let us look now at the complex case: for z € C \ {0} we define the diagonal
matrix:

1 0
o(z) = . € GL(n, C);

1
we then obtain a diffeomorphism (which is not an isomorphism):
SL(n,C) x RT x §' 5 (T, ¢, 2) — o(cz)T € GL(n,C).
Then, it follows from Example 3.2.33 that SL(n, C) is connected and that:
m1(GL(n,C)) =2 Z = Z x m(SL(n, C)),
from which we get that SL(n, C) is simply connected.

In order to compute the fundamental group of the special orthogonal group
SO(n) we need the following result:

3.2.36. LEMMA. If S™ C R™"! denotes the unit sphere, then, for every xo €
S™, we have i, (S™, xg) = 0 for 0 < k < n.
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PROOF. Let ¢ € QF (S™). If ¢ is not surjective, then there exists x € S™ with
Im(¢) € S™\ {z}; but S™\ {x} is homeomorphic to R™ by the stereographic pro-
jection, hence [¢] = [04,]. It remains to show that any ¢ € QF (S™) is homotopic
in QF (S™) to a map which is not surjective.

Let e > 0 be fixed; it is known that there exists a differentiable? map ¢ : I¥ —
R™*! such that ||¢(t) — o (t)|| < e for every t € I* (see [9, Teorema 10, §5,
Capitulo 7]). Let {: R — [0, 1] be a differentiable map such that £(s) = 0 for
|s| < eand&(s) = 1 for |s| > 2¢. Define p: R"*1 — R"*! by setting

p(x) = &(llz — wol)(z — 20) + 20, =€ R"

then, p is differentiable in R" 1, p(z) = z for ||z —z0|| < e and ||p(z) — || < 2¢
for every x € R™*!L. It follows that p o ¢»: I¥ — R™*! is a differentiable map
(po)(OIF) C {xo} and ||(p o ¥)(t) — ¢(t)|| < 3¢ for every t € I*. Choosing
e > 0 with 3¢ < 1, then we can define a homotopy H: ¢ = 6 in Q¥ (S™) by

setting:
_ (A =5)¢(t) + s(poy)(t)
Hy(t) = ,
(1 = s)o(t) + s(pov) (D)
where 0(t) = (po)(t)/||(pov)(t)|, t € I*, is a differentiable map; since k < n,
it follows that 6 cannot be surjective, because its image has null measure in S™ (see
[9, §2, Capitulo 6]). This concludes the proof. U

telk sel,

3.2.37. EXAMPLE. The group SO(1) is trivial, therefore it is simply con-
nected; the group SO(2) is isomorphic to the unit circle S! (see Example 3.2.30,
hence:

m1(SO(2)) ¥ Z.
Forn > 3, Lemma 3.2.36 tells us that m2(S™) = 0, and so the long exact homotopy
sequence of the fibration (3.2.31) becomes:

0 — m1(SO(n), 1) = 71 (SO(n +1),1) — 0

where i, is induced by the inclusion i: SO(n) — SO(n + 1); it follows that
71 (SO(n)) is isomorphic to 71 (SO(n + 1)). We will show next that 71 (SO(3)) =
Z.5, from which it will then follow that
Wl(SO(n)) gZQ, TLZB.
Consider the inner product g in the Lie algebra su(2) defined by
g(X,)Y) =tr(XY"), X,Y €su(2),
where Y* denotes here the conjugate transpose of the matrix Y and tr(U) denotes
the trace of the matrix U; consider the adjoint representation of SU(2):
(3.2.33) Ad: SU(2) — SO(su(2), g9)

given by Ad(A) - X = AXA~! for A € SU(2), X € su(2); it is easy to see
that the linear endomorphism Ad(A) of su(2) is actually g-orthogonal for every
A € SU(2) and that (3.2.33) is a Lie group homomorphism. Clearly, SO(su(2), g)
is isomorphic to SO(3).

An explicit calculation shows that Ker(Ad) = {Id, —Id}, and since the do-
main and the counterdomain of (3.2.33) have the same dimension, it follows that

2The differentiability of a map 1) defined in a non necessarily open subset of R¥ means that the
map 7 admits a differentiable extension to some open subset containing its domain.
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the image of (3.2.33) is an open subgroup of SO(su(2), g); since SO(su(2), g) is
connected (Example 3.2.30), we conclude that (3.2.33) is surjective, and so it is
a covering map. Since SU(2) is simply connected (Example 3.2.28), it follows
from Example 3.2.24 that 71 (SO(3)) = Zs, keeping in mind the action of Zy =
{Id, —Id} on SU(2) by translation. The non trivial element of 71 (SO(3), 1) coin-
cides with the homotopy class of any loop of the form Ado~, where y: I — SU(2)
is a curve joining Id and —Id.

3.2.38. EXAMPLE. The diffeomorphism (3.2.32) shows that the inclusion i of
SO(n) into GL4 (n,R) induces an isomorphism:

(3.2.34) i,: m(SO(n), 1) — m1(GLy (n,R), 1).

It follows from Example 3.2.37 that 71 (GLy(n,R)) is trivial for n = 1, it is
isomorphic to Z for n = 2, and it is isomorphic to Zs for n > 3.

3.2.39. EXAMPLE. We will now look at the symplectic group Sp(2n, R) and
we will show that it is connected for every n > 1. Let w be the canonical symplec-
tic form of R?" and let A be the Grassmannian of oriented Lagrangians of the
symplectic space (R?",w), that is:

Ay = {(L, O) : L ¢ R?" is Lagrangian, and O is an orientation of L}.

We have an action of the symplectic group Sp(2n,RR) on the set A, given by
To(L,O)=(T(L),0"), where O is the unique orientation of 7'(L) that makes
T|r : L — T(L) positively oriented.

By Remark 1.4.29, we have that the restriction of this action to the unitary
group U(n) is transitive. Consider the Lagrangian Lo = R™ & {0} and let O be
the orientation of L corresponding to the canonical basis of R"; then, the isotropy
group of (Lo, O) relative to the action of U(n) is SO(n). The isotropy group of
(Lo, O) relative to the action of Sp(2n,R) will be denoted by Sp, (2n, R, Lg).
In formulas (1.4.7) and (1.4.8) we have given an explicit description of the matrix
representations of the elements of Sp(2n, R); using these formulas it is easy to see
that Sp (2n, R, Ly) consists of matrices of the form:

A AS

(3.2.35) T—( 0 A

> , A€ GLy(n,R), Sn x nsymmetric matrix,

where A* denotes the transpose of A. It follows that we have a diffeomorphism:
(3.2.36) Sp, (2n,R, Lg) > T+ (A, S) € GLy(n,R) X Beym(R™)

where A and S are defined by (3.2.35). We have the following commutative dia-
grams of bijections:

U(n)/SO(n) ! Sp(2n, R)/Sp., (21, R, Lo)
Ay

where the maps (31 and (3, are induced respectively by the actions of U(n) and
of Sp(2n,R) on A and i is induced by the inclusion i: U(n) — Sp(2n,R) by
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passage to the quotient; we have that i is a diffeomorphism. Hence, we have a
fibration:

(3.2.37) p: Sp(2n,R) — Sp(2n,R)/Sp(2n, R, Lo) = U(n)/SO(n)

whose typical fiber is Sp, (2n, R, Ly) = GLy(n,R) X Bgym(R™). By Exam-
ple 3.2.31 this typical fiber is connected, and by Example 3.2.29 the base manifold
U(n)/SO(n) is connected. It follows now easily from the long exact homotopy se-
quence of the fibration (3.2.37) that the symplectic group Sp(2n, R) is connected.

3.2.40. EXAMPLE. We will now show that the fundamental group of the sym-
plectic group Sp(2n, R) is isomorphic to Z. Using the exact sequence of the fibra-
tion (3.2.37) and the diffeomorphism (3.2.36), we obtain an exact sequence:

(3.2.38) m(GLy(n,R)) — m1(Sp(2n, R)) = 71 (U(n)/SO(n)) — 0
where ¢, is induced by the map ¢: GL4 (n,R) — Sp(2n,R) given by:

0 A*!

We will show first that the map ¢, is the null map; we have the following commu-
tative diagram (see (3.2.30) and (3.2.34)):

/O
(3.2.39) m1(SO(n)) m1(U(n)) — 2 i (8

|

m1(GL4(n,R)) —— m1(Sp(2n, R))

L(A)Z(A 0 ) AcGL,(nR).

where the unlabeled arrows are induced by inclusion.® A simple analysis of the
diagram (3.2.39) shows that ¢, = 0.

Now, the exactness of the sequence (3.2.38) implies that p, is an isomorphism
of m1(Sp(2n,R)) onto the group m (U(n)/SO(n)); let us compute this group.
Consider the quotient map:

q: U(n) — U(n)/SO0(n);

we have that ¢ is a fibration. We obtain a commutative diagram:

(3.2.40) m1(SO(n)) — m1(U(n)) ——> 1 (U(1)/SO(n)) —= 0

\ N\Ldet*
0

m1(S1)

The upper horizontal line in (3.2.40) is a portion of the homotopy exact sequence
of the fibration g; it follows that g, is an isomorphism. Finally, denoting by i the
inclusion of U(n) in Sp(2n,R) we obtain a commutative diagram:

m1(Sp(2n, R))

/ P

m1(U(n)) >

qx

71 (U(n)/SO(n))

3The inclusion of U(n) into Sp(2n, R) depends on the identification of n X n complex matrices
with 2n x 2n real matrices; see Remark 1.2.9.
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from which it follows that i, is an isomorphism:

Z =~ w1 (U(n), 1) ? m1(Sp(2n, R), 1).

3.3. Singular homology groups

In this section we will give a brief exposition of the definition and the basic
properties of the group of (relative and absolute) singular homology of a topologi-
cal space X; we will describe the homology exact sequence of a pair of topological
spaces.

For all p > 0, we will denote by (e;)Y_; the canonical basis of R and by e
the zero vector of R?; by R? we will mean the trivial space {0}. Observe that, with
this notations, we will have a small ambiguity due to the fact that, if ¢ > p > 1,
the symbol e; will denote at the same time a vector of RP and also a vector of RY;
however, this ambiguity will be of a harmless sort and, if necessary, the reader may
consider identifications R ¢ R! ¢ R? C --- C R®.

Given p > 0, the p-th standard simplex is defined as the convex hull A, of the
set {e; }7_, in RP; more explicitly:

p p '
Ap: {Zizotiei : Zi:oti =1,%t >0, ZZO,...,p}‘

Observe that Ay is simply the point {0} and A; is the unit interval I = [0, 1]. Let
us fix some terminology concerning the concepts related to free abelian groups:

3.3.1. DEFINITION. If G is an abelian group, then a basis* of G is a family
(ba)aea such that every g € G is written uniquely in the form g = > 4 naba.,
where each n,, is in Z and n,, = 0 except for a finite number of indices o € A.
If G’ is another abelian group, then a homomorphism f : G — G’ is uniquely
determined when we specify its values on the elements of some basis of G. An
abelian group that admits a basis is said to be free.

If A is any set, the free abelian group G 4 generated by A is the group of all
“almost zero” maps N : A — Z, i.e., N(«) = 0 except for a finite number of
indices o € A; the sum in G 4 is defined in the obvious way: (N7 + Na)(a) =
Ni(a) + Na(a). We then identify each o € A with the function N, € G 4 defined
by No(a) = 1 and N, () = 0 for every 3 # a. Then, G, is indeed a free abelian
group, and A C G 4 is a basis of G 4.

3.3.2. DEFINITION. For p > 0, a singular p-simplex is an arbitrary continuous
map:
T: A, — X.

We denote by S,(X) the free abelian group generated by the set of all singular
p-simplexes in X; the elements in S,(X) are called singular p-chains.

If p = 0, we identify the singular p-simplexes in X with the points of X, and
GSo(X) is the free abelian group generated by X. If p < 0, our convention will be
that S,,(X) = {0}.

4An abelian group is a Z-module, and our definition of basis for an abelian group coincides
with the usual definition of basis for a module over a ring.
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Each singular p-chain can be written as:

c= Z ny - T,

T singular
p-simplex
where nr € Z and n7 = 0 except for a finite number of singular p-simplexes; the
coefficients n are uniquely determined by c.
Given a finite dimensional vector space V' and given v, ...,v, € V, we will
denote by ¢(vo, . .., vp) the singular p-simplex in V' defined by:

(3.3.1) E(UOw--vUp)(iti@i) = itﬂ)i,
=0 =0

where each ¢; > 0 and Zf:o t; = 1; observe that £(vy, . . ., vp) is the unique affine
function that takes e; into v; for everyt1 =10,...,p.
For each p € Z, we will now define a homomorphism:

Op: 6p(X) — Gp_1(X).

If p < 0wesetd, = 0. Forp > 0, since S,,(X) is free, it suffices to define 9, on
a basis of &,(X); we then define 0,(7") when T is a singular p-simplex in X by
setting:

P
Op(T) = (1) Tolleq,....E, ... ep),
i=0
where €; means that the term e; is omitted in the sequence. For eachi = 0, ..., p,
the image of the singular (p — 1)-simplex £(eo, ..., é€;,...,e,) can be visualized

as the face of the standard simplex A, which is opposite to the vertex e;.

If ¢ € 6,(X) is a singular p-chain, we say that 0,(c) is its boundary; observe
thatif 7" : [0, 1] — X is a singular 1-simplex, then 0;(T") = T'(1) — T°(0).

We have thus obtained a sequence of abelian groups and homomorphisms

aerl 1o) apf 1
—_—

(33.2) S,(X) 2 &, (X) 21

The sequence (3.3.2) has the property that the composition of two consecutive
arrows vanishes:

3.3.3. LEMMA. Forall p € 7, we have 0,,—1 o 0, = 0.

PROOF. If p < 1 the result is trivial; for the case p > 2 it suffices to show that
0p—1(0,(T)) = 0 for every singular p-simplex T". Observing that

l(vg,...,vq) 0 l(€p, ... €, ... eq) =L(vy,...,Vi...,0q)
we compute as follows:
Op-1(0p(T)) =D (1T Tolleq,....E,....6,. .. ep)
J<t
+Z(—1)j+i_1To€(eo,...,eAi,...,é},...,ep):0. O
J>t

Let us give the following general definition:
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3.3.4. DEFINITION. A chain complex is a family € = (&, 0,)) pcz Where each
¢, is an abelian group, and each J,: €, — &,_1 is a homomorphism such that
dp—1 © 0p = 0 for every p € Z. For each p € Z we define:

Zp(€) = Ker(dp),  Bp(€) = Im(p+1),

and we say that Z,(¢), B,(€) are respectively the group of p-cycles and the group
of p-boundaries of the complex €. Clearly, B, (&) C Z,(€), and we can therefore
define:

Hy,(€) = Z,(€)/ Bp(Q);
we say that H) (<) is the p-th homology group of the complex €.

If c € Z,(€) is a p-cycle, we denote by ¢ + B, (<) its equivalence class in
H,(€); we say that ¢ + B, (C) is the homology class determined by c. If ¢1, ¢z €
Zp(€) determine the same homology class (that is, if ¢; — co € B,,(€)) we say that
c1 and ¢y are homologous cycles.

Lemma 3.3.3 tells us that §(X) = (6,(X),0p)pez is a chain complex; we
say that G(X) is the singular complex of the topological space X. We write:

Zp(6(X)) = Zp(X), Bp(6(X)) = Bp(X), Hp(6(X)) = Hp(X);

and we call Z,(X), B,(X) and H,(X) respectively the group of singular p-cycles,
the group of singular p-boundaries and the p-th singular homology group of the
topological space X.

Clearly, H,(X) =0 for p < 0 and Hyo(X) = S¢(X)/Bo(X).

We define a homomorphism

(3.3.3) £: 6o(X) — Z

by setting (x) = 1 for every singular 0-simplex = € X. It is easy to see that
€ 0 01 = 0; for, it suffices to see that €(09; (1)) = 0 for every singular 1-simplex T’
in X. We therefore obtain a chain complex:

6,(X) 2 e, (x) 2L,

8erl
(3.3.4) 5
Gy X) = Z—0— -

3.3.5. DEFINITION. The homomorphism (3.3.3) is called the augmentation
map of the singular complex &(X); the chain complex in (3.3.4), denoted by
(6(X),e) is called the augmented singular complex of the space X . The groups of
p-cycles, of p-boundaries and the p-th homology group of (&(X), ) are denoted
by Z,(X), B,(X) and H,(X) respectively; we say that H,(X) is the p-th reduced
singular homology group of X.

Clearly, for p > 1 we have:
ZP(X) = Zp(X), Bp(X) = Bp(X), gp(X) = Hp(X).
From now on we will no longer specify the index p in the map J,, and we will

write more concisely:
Op=0, peZ.

3.3.6. EXAMPLE. If X = () is the empty set, then obviously &,(X) = 0 for
every p € Z, hence H,(X) = 0 for every p, and H,(X) = 0 for every p # —1;
on the other hand, we have H_;(X) = Z.
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If X is non empty, then any singular O-simplex xoy € X is such that (z¢) =
1, and so ¢ is surjective; it follows that H —1(X) = 0. Concerning the relation
between Ho(X) and Hy(X), it is easy to see that we can identify Hy(X) with a
subgroup of Hy(X), and that

Hy(X) = Ho(X) ®Z - (wo + Bo(X)) = Ho(X)  Z,
where Z- (xo+ Bo(X)) is the subgroup (infinite cyclic) generated by the homology
class of zg in Hy(X).

3.3.7. EXAMPLE. If X is arc-connected and not empty , then any two singular
0-simplexes g, 1 € X are homologous; indeed, if 7" : [0, 1] — X is a continuous
curve from xg to x1, then T is a singular 1-simplex and 0T = x1 — xg € By(X).
It follows that the homology class of any zp € X generates Hy(X), and since
e(xo) = 1, it follows that no non zero multiple of x( is a boundary; therefore:

Ho(X) =7, HyX)=0.

3.3.8. EXAMPLE. If X is not arc-connected, we can write X = UaeA Xa,
where each X, is an arc-connected component of X . Then, every singular simplex
in X has image contained in some X, and therefore:

SP(X) = @ 6P(X04)3
acA
from which it follows that:
Hy(X) = P Hy(Xa).
acA
In particular, it follows from Example 3.3.7 that:
Hy(X) =Pz
acA
The reader should compare this fact with Remark 3.2.5.
3.3.9. EXAMPLE. Suppose that X C R" is a star-shaped subset around the

point w € X. For each singular p-simplex 7" in X we define a singular (p + 1)-
simplex [T, w] in X in such a way that the following diagram commutes:

IxA,

Api —>[T7w] X

where o and 7 are defined by:
o(s,t)=(1—=s)t+sepr1, 7(s,8)=(1—95)T(t)+sw, teAy secl;

geometrically, the singular (p 4+ 1)-simplex [T, w] coincides with T" on the face
A, C Apy1, it takes the vertex e,41 on w and it is affine on the segment that joins
t with e, 1 forevery t € A,,.

The map 7" +— [T, w] extends to a homomorphism:

Sp(X) 3 c— [c,w] € Gpa(X).
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It is easy to see that for each singular p-chain ¢ € &,(X) we have:

Ale, w] = {[86, w]+ (=1)P*e, p>1

(3.3.5) (o - o

for, it suffices to consider the case that ¢ = T is a singular p-simplex, in which
case (3.3.5) follows from an elementary analysis of the definition of [T, w] and of
the definition of the boundary map. In particular, we have 9[c, w] = (—1)P*c for
every ¢ € Z,(X) and therefore ¢ € B,(X); we conclude that, if X is star shaped,
then

Hy(X)=0, pecZ.

3.3.10. DEFINITION. Let € = (&,,d,), ¢ = (&, ;) be chain complexes; a
chain map ¢: € — €' is a sequence of homomorphisms ¢,: €, — Q;, pEZ,
such that for every p the diagram

commutes; in general, we will write ¢ rather than ¢,. It is easy to see that if ¢ is
a chain map, then ¢(Z,(€)) C Z,(€’) and ¢(Bp(€)) C B,(€’), so that ¢ induces
by passage to quotients a homomorphism

Gu: Hp(€) — Hy(T');
we say that ¢, is the map induced in homology by the chain map ¢.

Clearly, if ¢: € — € and ¢: € — €” are chain maps, then also their com-
position ) o ¢ is a chain map; moreover, (1) o ¢), = 1, o ¢,, and if Id is the
identity of the complex €, i.e., 1d,, is the identity of €, for every p, then Id, is the
identity of H,(C) for every p. It follows that if ¢ is a chain isomorphism, i.e., ¢,
is an isomorphism for every p, then ¢, is an isomorphism between the homology
groups, and ('), = (¢.) .

If X,Y are topological spaces and f : X — Y is a continuous map, then for
each p we define a homomorphism:

fa: 6p(X) — G,p(Y)

by setting fx(T') = f o T for every singular p-simplex 7" in X. It is easy to see
that f is a chain map; we say that fy is the chain map induced by f. It is clear
that, given continuous maps f: X — Y, g: Y — Zthen (go f)y = g4 o fx, and
that if Id is the identity map of X, then Id is the identity of &(X); in particular,
if f is a homeomorphism, then f is a chain isomorphism, and (f 1)z = (f4) ..
We have that the chain map f induces a homomorphism

Ja HP(X) - HP(Y)

between the groups of singular homology of X and Y, that will be denoted simply
by f..



104 3. ALGEBRAIC TOPOLOGY

3.3.11. REMARK. If A is a subspace of X, then we can identify the set of
singular p-simplexes in A with a subset of the set of singular p-simplexes in X;
then &,(A) is identified with a subgroup of &,(X). If i: A — X denotes the
inclusion, then iy is simply the inclusion of &, (A) into &,(X ). However, observe
that the induced map in homology i, is in general not injective, and there exists no
identification of H,(A) with a subgroup of H,(X).

Recall that (X, A) is called a pair of topological spaces when X is a topological
space and A C X is a subspace. We define the singular complex &(X, A) of the
pair (X, A) by setting:

Sp(X, A) = 6,(X)/6,(A);

the boundary map of &(X, A) is defined using the boundary map of S(X) by
passage to the quotient. Clearly, S(X, A) is a chain complex; we write

HP(G(X7 A)) = Hp(Xa A).
We call H,(X, A) the p-th group of relative homology of the pair (X, A).
If f: (X,A) — (Y, B) is a map of pairs (Definition 3.2.8) then the chain map
f passes to the quotient and it defines a chain map
f4#:6(X,A) — &(Y, B)

that will also be denoted by fx; then fu induces a homomorphism between the
groups of relative homology, that will be denoted by f,. Clearly, if f: (X, A) —
(Y,B) and g: (Y, B) — (Z,C) are maps of pairs, then (g o f)x = g4 o fx and
that if Id is the identity map of X, then Idy is the identity of &(X, A); also, if
f: (X, A) — (Y, B) is a homeomorphism of pairs, i.e., f is a homeomorphism of
X onto Y with f(A) = B, then fy is a chain isomorphism.

3.3.12. REMARK. An intuitive way of thinking of the groups of relative ho-
mology H,(X, A) is to consider them as the reduced homology groups H,,(X/A)
of the space X /A which is obtained from X by collapsing all the points of A to
a single point. This idea is indeed a theorem that holds in the case that A C X is
closed and it is a deformation retract of some open subset of X. The proof of this
theorem requires further development of the theory, and it will be omitted in these
notes (see [13, Exercise 2, §39, Chapter 4]).

3.3.13. EXAMPLE. If A is the empty set, then (X, A) = &(X), and there-
fore H,(X, A) = H,(X) for every p € Z; for this reason, we will not distinguish
between the space X and the pair (X, ().

3.3.14. EXAMPLE. The identity map of X induces a map of pairs:

(3.3.6) q: (X,0) — (X, A);

then q4: 6(X) — &(X, A) is simply the quotient map. We define

we call Z,(X, A) and B, (X, A) respectively the group of relative p-cycles and the

group of relative p-boundaries of the pair (X, A). More explicitly, we have
Zy(X, 4) = {c € §,(X) : O € &,1(A)} = 071 (&,1(A)),
By(X,A)={0c+d:ceSp(X), deSp(A)} = By(X) + S,(A);
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Observe that

Z,(8(X, 4)) = Z,(X, A)/S,(A), B,(S(X, A)) = B,(X, 4)/6,(A);
it follows from elementary theory of quotient of groups that:
(37 Hy(X,A) = Hy(S(X, A) = Z,(X, A)/B,(X, A).

Given ¢ € Z,(X, A), the equivalence class ¢ + B,(X, A) € Hy(X, A) is called
the homology class determined by c in Hy(X, A); if ¢1,¢0 € Z (X , A) determine
the same homology class in Hy(X, A), i.e.,if c; —c2 € By(X A), we say that c;
and co are homologous in S(X, A).

3.3.15. EXAMPLE. If X is arc-connected and A # (), then arguing as in Exam-
ple 3.3.7 we conclude that any two 0-simplexes in X are homologous in &(X, A);
however, in this case every point of A is a singular 0-simplex which is homologous
to 0 in &(X, A), hence:
Hy(X,A)=0.
If X is not arc-connected, then we write X = [ aed Xa» Where each X, is an
arc-connected component of X; writing A, = A N X,, as in Example 3.3.8 we

obtain:
= P 6,(Xa, Aa)
acA

and it follows directly that:

A) = P Hy(Xq, Aa).
acA
In the case p = 0, we obtain in particular that:
-Dz
acA’
where A’ is the subset of indices o € A such that A, = 0.

Our goal now is to build an exact sequence that relates the homology groups
H,(X) and Hy(A) with the relative homology groups H, (X, A).

3.3.16. DEFINITION. Given chain complexes €, ©, £, we say that

(3.3.8) 0—e2p Y e 10

is a short exact sequence of chain complexes if ¢ and 1) are chain maps and if for
every p € Z the sequence of abelian groups and homomorphisms

¢ Y

0—¢C€, — 9, —& —0
is exact.
We have the following result of Homological Algebra:

3.3.17. LEMMA (The Zig-Zag Lemma). Given a short exact sequence of chain
complexes (3.3.8), there exists an exact sequence of abelian groups and homomor-
phisms:

s P P s

(3.3.9) L H (@) —2 Hy (D) 2 HY(€) 2 Hyp 1 (€) 2 -
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where ¢, and . are induced by ¢ and ) respectively, and the homomorphism &,
is defined by:

(3.3.10) Si(e+ Bp(€)) = c+ Bp-1(€), e€ Z,(E),

where ¢ € €,_1 is chosen in such a way that ¢(c) = dd and d € Dy, is chosen in
such a way that 1 (d) = e; the definition (3.3.10) does not depend on the arbitrary
choices involved.

PROOF. The proof, based on an exhaustive analysis of all the cases, is elemen-
tary and it will be omitted. The details can be found in [13, §24, Chapter 3]. U

The exact sequence (3.3.9) is known as the long exact homology sequence
corresponding to the short exact sequence of chain complexes (3.3.8)

Coming back to the topological considerations, if (X, A) is a pair of topologi-
cal spaces, we have a short exact sequence of chain complexes:

(3.3.11) 0 — &(4) - 8(X) - (X, A) — 0

where iy is induced by the inclusion i: A — X and g is induced by (3.3.6).
Then, it follows directly from the Zig-Zag Lemma the following:

3.3.18. PROPOSITION. Given a pair of topological spaces (X, A) then there
exists an exact sequence
(3.3.12)
. 8—*>Hp(A) o Hy(X) =2 Hy(X, A) BN bo1(A) 2

where i, is induced by the inclusion i: A — X, qy is induced by (3.3.6) and the
homomorphism 0, is defined by:

O (c+ Bp(X, A)) =dc+ Bp_1(A), c€ Zy(X, A);

such definition does not depend on the choices involved. If A # () we also have an
exact sequence
(3.3.13)

O

C0 s L (A) s H(X) 2 Hy (X, A) -2 Hy oy (A) s

whose arrows are obtained by restriction of the corresponding arrows in the se-
quence (3.3.12).

PROOF. The sequence (3.3.12) is obtained by applying the Zig-Zag Lemma to
the short exact sequence (3.3.11). If A # (), we replace G(A) and G(X) by the
corresponding augmented complexes; we then apply the Zig-Zag Lemma and we
obtain the sequence (3.3.13). O

The exact sequence (3.3.12) is known as the long exact homology sequence of
the pair (X, A); the sequence (3.3.13) is called the long exact reduced homology
sequence of the pair (X, A).

3.3.19. EXAMPLE. If A # () is homeomorphic to a star-shaped subset of R",
then Hy,(A) = 0 for every p € Z (see Example 3.3.9); hence, the long exact
reduced homology sequence of the pair (X, A) implies that the map:

qe: Hp(X) — Hy(X, A)

is an isomorphism for every p € Z.
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Now, we want to show the homotopical invariance of the singular homology;
more precisely, we want to show that two homotopic continuous maps induce the
same homomorphisms of the homology groups. We begin with an algebraic defi-
nition.

3.3.20. DEFINITION. Let € = (&, d,) and &’ = (&}, §,,) be chain complexes.
Given a chain map ¢,1: € — € then a chain homotopy between ¢ and 1 is a
sequence (Dp)pez of homomorphisms D,: €, — & . such that

(3.3.14) $p — Py = 641 0 Dy + Dy_y 06y,

for every p € Z; in this case we write D: ¢ = 1) and we say that ¢ and 1) are
chain-homotopic.

The following Lemma is a trivial consequence of formula (3.3.14)

3.3.21. LEMMA. If two chain maps ¢ and v are chain-homotopic, then ¢ and
1 induce the same homomorphisms in homology, i.e., ¢y, = 1. O

Our next goal is to prove that if f and g are two homotopic continuous maps,
then the chain maps f. and g are chain-homotopic. To this aim, we consider the
maps:

(3.3.15) ix: X 5 IxX, jx: X —=IxX
defined by ix(x) = (0, ) and jx(x) = (1, ) for every z € X, where I = [0, 1].
We will show first that the chain maps (ix )4 and (jx )4 are chain-homotopic:

3.3.22. LEMMA. For all topological space X there exists a chain homotopy
Dx: (ix)# = (jx )4 where ix and jx are given in (3.3.15); moreover, the asso-
ciation X — Dx may be chosen in a natural way, i.e., in such a way that, given a
continuous map f: X — Y, then the diagram

(Dx)p

(3.3.16) &,(X) Gpir(I x X)
(f#)pi l((ldxf)#)p

G,(Y S IxY

o(¥) ——— ST xY)

commutes for every p € Z, where Id x f is given by (t,z) — (¢, f(x)).

PROOF. For each topological space X and each p € Z we must define a ho-
momorphism

(Dx)p: Gp(X) — Spr1(I x X);

for p < 0 we obviously set (Dx), = 0. For p > 0 we denote by Id,, the iden-
tity map of the space A,; then Id, is a singular p-simplex in A,, and therefore
Id, € 6,(Ap). The construction of Dy must be such that the diagram (3.3.16)
commutes, and this suggests the following definition:

(3.3.17) (Dx)p(T) = ((Id x T))p o (Da,)p(Idp),

for every singular p-simplex 7': A, — X (observe that T4 (Id,) = T'); hence, we
need to find the correct definition of

(3.3.18) (Da,)p(Idp) = a € Spya (I x Ay),
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for each p > 0. Keeping in mind the definition of chain homotopy (see (3.3.14)),
our definition of a;, will have to be given in such a way that the identity

(3.3.19) dap = (in,)#(Idp) = (ja,)#(Idp) — (Da, )p-1 © 9(1dy)

be satisfied for every p > 0 (we will omit some index to simplify the notation);
observe that (3.3.19) is equivalent to:

(3.3.20) day =in, — ja, — (Da,)p—100(1dy).
Let us begin by finding ag € &1(I x Ay) that satisfies (3.3.20), that is, ap must
satisfy dag = ia, — ja,; We compute as follows:
e(ing — ja,) = 0.

Since ﬁo(I x Ap) = 0 (see Example 3.3.9) we see that it is indeed possible to
determine ag with the required property.

We now argue by induction; fix » > 1. Suppose that a,, € &,11(I x Ap) has
been found for p = 0, ..., — 1 in such a way that condition (3.3.20) be satisfied,
where (Dx),, is defined in (3.3.17) for every topological space X ; it is then easy to
see that the diagram (3.3.16) commutes. An easy computation that uses (3.3.16),
(3.3.18) and (3.3.20) shows that:

(3.3.21) ((ix)g), = ((Ux)g), =90 (Dx)p + (Dx)p-100,

forp=0,...,7r— 1.
Now, we need to determine a, that satisfies (3.3.20) (with p = r). It follows
from (3.3.21), where we set X = A, and p = r — 1, that:

(3.3.22)
9o (Da,)r—100(1d,)
= (ia,)# 0 0(Idy) = (ja,)# 0 9(1d;) — (Da, )r—2 0 9 0 0(1d,)
= 0(in, — ja,);
using (3.3.22) we see directly that
(33.23) in, — ja, — (Da,)r-100(1d,) € Z:(I x A,).

Since H,(I x A,) = 0 (see Example 3.3.9) it follows that (3.3.23) is an -
boundary; hence it is possible to choose a, satisfying (3.3.20) (with p = 7).
This concludes the proof. U

It is now easy to prove the homotopical invariance of the singular homology.

3.3.23. PROPOSITION. Iftwo continuous maps f,g : X — Y are homotopic,
then the chain maps fu and g4 are homotopic.

PROOF. Let H: f = g be a homotopy between f e g; by Lemma 3.3.22
there exists a chain homotopy Dx: ix = jx. Then, it is easy to see that we
obtain a chain homotopy between f4 and g4 by considering, for each p € Z, the
homomorphism

(Hy)p+1 0 (Dx)p: Gp(X) — Spya(Y). g
3.3.24. COROLLARY. If f,g: X — Y are homotopic, then f, = g.

PROOF. It follows from Proposition 3.3.23 and from Lemma 3.3.21. O
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3.3.1. The Hurewicz’s homomorphism. In this subsection we will show that
the first singular homology group H;(X) of a topological space X can be com-
puted from its fundamental group; more precisely, if X is arc-connected, we will
show that H; (X)) is the abelianized group of w1 (X).

In the entire subsection we will assume familiarity with the notations and the
concepts introduced in Section 3.1; we will consider a fixed topological space X .

Observing that the unit interval I = [0, 1] coincides with the first standard
simplex A1, we see that every curve v € (X)) is a singular 1-simplex in X; then,
v € G&1(X). We will say that two singular 1-chains ¢, d € &1 (X) are homologous
when ¢ — d € B;(X); this terminology will be used also in the case that ¢ and d
are not necessarily cycles.’

We begin with some Lemmas:

3.3.25. LEMMA. Let vy € Q(X) and let o : I — I be a continuous map. If
0(0) =0and o(1) = 1, then ~y o o is homologous to y; if 0(0) = 1 and o (1) = 0,
then ~y o o is homologous to —.

PROOF. We suppose first that 0(0) = 0 and o(1) = 1. Consider the singular
1-simplexes o and £(0, 1) in I (recall the definition of £ in (3.3.1)). Clearly, 8(0 —
0(0,1)) = 0, ie., 0 — £(0,1) € Z(I); since Hi(I) = 0 (see Example 3.3.9) it
follows that o — £(0,1) € By (). Consider the chain map

T 6(I) — 6(X);
we have that v, (o — £(0,1)) € B1(X). But

7#(0—6(0, 1)) =~o0—7€ Bi(X),

from which it follows that v is homologous to v o 0. The case 0(0) = 1, 0(1) =0
is proven analogously, observing that o 4 £(0,1) € Z; (). O

3.3.26. REMARK. In some situations we will consider singular 1-chains given
by curves y: [a, b] — X that are defined on an arbitrary closed interval [a, b] (rather
than on the unit interval I); in this case, with a slight abuse, we will denote by v €
S1(X) the singular 1-simplex v o £(a,b): I — X it follows from Lemma 3.3.25
that y o £(a, b) is homologous to any reparameterization y o o of v, where o: I —
[a, b] is a continuous map such that 0(0) = a and (1) = b (see also Remark 3.1.4).

3.3.27. LEMMA. If v, pu € QX) are such that v(1) = p(0), then ~y - p is ho-
mologous to  + j1; moreover, for every vy € Q(X) we have that v~ is homologous
to —v and for every xo € X, 0y, is homologous to zero.

PROOF. We will basically use the same idea that was used in the proof of
Lemma 3.3.25. We have that £(0,3) + £(3,1) — £(0,1) € Z1(I) = Bi(I);
considering the chain map (y - t)4 we obtain:

(v- )4 (000, 5) + £(3,1) = £(0,1)) =7+ p =7 - p € Bi(X),
1

from which it follows that v - p is homologous to v + p. The fact that v~ is
homologous to —v follows from Lemma 3.3.25; finally, if 7: Ay — X denotes
the constant map with value o, we obtain 01" = 04, € B1(X). O

SObserve that a singular 1-chain ¢ defines a homology class in H1(X) only if ¢ € Z; (X).
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3.3.28. LEMMA. Let K : I x I — X be a continuous map; considering the
curves:

71 =K 0£((0,0),(1,0)), ~2=Ko£((1,0),(1,1)),
¥3 =K 0l((1,1),(0,1)), ys=Ko£((0,1),(0,0)),
we have that the singular 1-chain y1 + 2 + 3 + 74 is homologous to zero.

PROOF. We have that H; (I x I) = 0 (see Example 3.3.9); moreover

£((0,0),(1,0)) + £((1,0),(1,1)) +£((1,1),(0,1))

(3.3.24)
+£((0,1),(0,0)) € Z1(I x I) = By (I x I).

The conclusion follows by applying K4 to (3.3.24). O

We now relate the homotopy class and the homology class of a curve v €
Q(X).

3.3.29. COROLLARY. If 7, o € Q(X) are homotopic with fixed endpoints, then
v is homologous to L.

PROOF. It suffices to apply Lemma 3.3.28 to a homotopy with fixed endpoints
K: v = p, keeping in mind Lemma 3.3.27. (]

3.3.30. REMARK. Let A C X be a subset; if v : I — X is a continuous
curve with endpoints in A4, i.e., 7(0),v(1) € A, then 9y € Sy(A), and therefore
v € Z1(X,A) defines a homology class v + B1(X, A) in H;(X, A). It follows
from Lemma 3.3.28 (keeping in mind also Lemma 3.3.27) that if v and p are
homotopic with free endpoints in A (recall Definition 3.1.31) then -y and p define
the same homology class in H; (X, A).

3.3.31. REMARK. If v, u are freely homotopic loops in X (see Remark 3.1.16)
then it follows easily from Lemma 3.3.28 (keeping in mind also Lemma 3.3.27)
that ~y is homologous to .

We define a map:
(3.3.25) 0: Q(X) — 61(X)/B1(X)

by setting O([y]) = v + Bi(X) for every v € Q(X); it follows from Corol-
lary 3.3.29 that © is well defined, i.e., it does not depend on the choice of the
representative of the homotopy class [y] € Q(X). Then, Lemma 3.3.27 tells us
that:

(3.3.26)

O - () =) +6(u), o) ==, ©(owl) =0,
)

for every v, u € Q(X) with v(1) = 1(0) and for every zp € X. If y € Q(X) is
a loop, then v € Z1(X); if we fix g € X, we see that © restricts to a map (also
denoted by O):

(3327) CF 7T1(X, .7,‘0) — HI(X)

It follows from (3.3.26) that (3.3.27) is a group homomorphism; this homomor-
phism is known as the Hurewicz’s homomorphism. The Hurewicz’s homomor-
phism is natural in the sense that, given a continuous map f: X — Y with
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f(zo) = yo, the following diagram commutes:

T (X, z0) —2—> Hy(X)

| |

m1(Y,40) —5—= H1(Y)

If \: I — X is a continuous curve joining xg and x1, then the Hurewicz’s ho-
momorphism fits well together with the isomorphism A between the fundamental
groups 71 (X, o) and 71 (X, x1) (see Proposition 3.1.11); more precisely, it fol-
lows from (3.3.26) that we have a commutative diagram:

(3.3.28) (X, x0)

.

Ay Hy(X)

e

(X, x1).

We are now ready to prove the main result of this subsection. We will first
recall some definitions in group theory.

3.3.32. DEFINITION. If G is a group, the commutator subgroup of G, denoted
by G, is the subgroup of G generated by all the elements of the form ghg~'h~!,
with g,h € G. The commutator subgroup G’ is always a normal subgroup® of
G, and therefore the quotient G /G’ is always a group. We say that G/G’ is the
abelianized group of G.

The group G /G’ is always abelian; as a matter of facts, if H is a normal sub-
group of G, then the quotient group G/ H is abelian if and only if H D G'.

3.3.33. THEOREM. Let X be an arc-connected topological space. Then, for
every xg € X, the Hurewicz’s homomorphism (3.3.27) is surjective, and its kernel
is the commutator subgroup of 71 (X, zo); in particular, the first singular homology
group H1(X) is isomorphic to the abelianized group of m (X, xo).

PROOF. Since the quotient 7 (X, z¢)/Ker(0) = Im(0) is abelian, it follows
that Ker(©) contains the commutator subgroup 71 (X, x)’, and therefore © de-
fines a homomorphism by passage to the quotient:

0: (X, z0)/m1(X, 20) — H1(X);

our strategy will be to show that © is an isomorphism.
For each z € X, choose a curve 1, € Q(X) such that 7,(0) = z¢ and
1. (1) = x; we are now going to define a homomorphism
U: G1(X) — m(X,z0)/m (X, 20);

since 1 (X, xg)/m1 (X, z0)" is abelian and the singular 1-simplexes of X form a
basis of G1(X) as a free abelian group, ¥ is well defined if we set

() = q([ny)) - ] Iy)] ™), v € QX),

6actua11y, the commutator subgroup G’ of G is invariant by every automorphism of G.
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where ¢ denotes the quotient map
q: 7['1(X, :L'()) — 7T1(X, .I'())/ﬂ'l(X, 1‘0),.

We are now going to show that B; (X)) is contained in the kernel of W; to this aim,
it suffices to show that ¢ (0T) is the neutral element of 71 (X, z¢) /71 (X, )’ for
every singular 2-simplex T in X. We write:

(3.3.29) OT =0 — 1 + 72,

where 79 = T o l(e1,e2), 71 = T o l(ep,e2) and v2 = T o £(eg, e1). Applying ¥
to both sides of (3.3.29) we obtain:

T(OT) = V()W () " T(72)
= q(Inr(en] - ol - 1]~ - vl - e ™)-

Writing [p] = [((e1,e2)] - [{(e2,e0)] - [(eo,e1)] € Q(Az) then (3.3.30) implies
that:

(3.3.30)

V(OT) = q([nren)] - Tel[p]) - Irren] ™)
since [p] € m1(Ag, e1), we have that [p] = [0, ] (see Example 3.1.15), from which
it follows U (9T') = q([04,])-
Then, we conclude that By (X) C Ker(¥), from which we deduce that ¥
passes to the quotient and defines a homomorphism

@: Gl(X)/Bl(X) — 7T1(X, xo)/ﬂ'l(X,l’o)/.

The strategy will now be to show that the restriction | Hy(x) 1s an inverse for 0.
Let us compute © o U; for v € Q(X) we have:

(© 0 ¥)(7) = O([ny(0)]) + O(Y]) — O([ny1)))
= N(0) + 7 = (1) + Bi(X).
Define a homomorphism ¢: So(X) — &1(X) by setting ¢p(x) = 0, for every
singular O-simplex « € X; then (3.3.31) implies that:
3.3.32) QoW =po(Id—¢od),

where p: 61(X) — &1(X)/B1(X) denotes the quotient map and Id denotes the
identity map of &1 (X). If we restricts both sides of (3.3.32) to Z; (X ) and passing
to the quotient we obtain:

(3.3.31)

Let us now compute ¥ o ©; for every loop v € Q,,(X) we have:

(T00)(a() = ¥() = allnzoDa(WDa([m=0) ™" = a(lr]);
observing that 71 (X, zg)/m1 (X, 2o)’ is abelian. It follows that:

(@’Hl(x)) ¢} @ = Id,
which concludes the proof. U

3.3.34. REMARK. If X is arc-connected and 71 (X ) is abelian, it follows from
Theorem 3.3.33 that the Hurewicz’s homomorphism is an isomorphism of 71 (X, z¢ )|}
onto H1(X); this fact “explains” why the fundamental groups with different base-
points 71 (X, z¢) and 71 (X, z1) can be canonically identified when the fundamen-
tal group of the space is abelian. The reader should compare this observation with
Remark 3.1.13 and with the diagram (3.3.28).
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Exercises for Chapter 3

EXERCISE 3.1. Prove that every contractible space is arc-connected.

EXERCISE 3.2. Prove that a topological space X which is connected and lo-
cally arc-connected is arc-connected. Deduce that a connected (topological) mani-
fold is arc-connected.

EXERCISE 3.3. Let v € Q(X) be a loop and let A\ € ©(X) be such that
A(0) = (0); show that the loops v and A~! - - \ are freely homotopic.

EXERCISE 3.4. Let f,g: X — Y be homotopic maps andlet H : f = gbe a
homotopy from f to g; fix o € X and set A(s) = Hg(xg), s € I. Show that the
following diagram commutes:

! (Y7 f(l'()))

m (Y, g(x0))

EXERCISE 3.5. A continuous map f: X — Y is said to be a homotopy equiv-
alence if there exists a continuous map g: Y — X such that g o f is homotopic to
the identity map of X and f o g is homotopic to the identity map of Y’; in this case
we say that g is a homotopy inverse for f. Show that if f is a homotopy equivalence
then f, : m1(X,zo) — m(Y, f(20)) is an isomorphism for every zp € X.

EXERCISE 3.6. Show that X is contractible if and only if the map f : X —
{zo} is a homotopy equivalence.

EXERCISE 3.7. Letp : E — B be a covering map, ey € E, by = p(eg) and
v € Qy,(B). Show that the homotopy class [v] is in p (71 (F, eg)) if and only if
the lifting 74 : I — E of v with (0) = ey satisfies 7(1) = eo.

EXERCISE 3.8. Letp : EF — B be a covering map, X be a topological space,
f+ X — Bbe acontinuous map, ey € E, z¢o € X with f(z9) = p(ep). Assume
(3.2.19). Given continuous curves 1 : [ — X,y : [ — X withy1(0) = 12(0) =
20, 71(1) = 72(1), if 4; : I — E denotes the lifting of f o ~; with 3;(0) = e,
i = 1,2, show that 41 (1) = A2(1).

EXERCISE 3.9. Prove that a homotopy equivalence induces an isomorphism
in singular homology. Conclude that, if X is contractible, then Hy(X) = Z and

H,(X) =0 forevery p > 1.

EXERCISE 3.10. If Y C X, a continuous map  : X — Y is said to be a
retraction if r restricts to the identity map of Y'; in this case we say that Y is a
retract of X. Show that if r is a retraction then r, : w1 (X, z9) — (Y, z0) is
surjective for every xg € Y. Show also thatif Y is a retract of X then the inclusion
map i : Y — X induces an injective homomorphism i, : 71 (Y, zg) — m1 (X, z0)
forevery g € Y.
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EXERCISE 3.11. Let X be a topological space, G be a group and g : X — G,
h : X — G be maps. If ¢, = 1}, (see Example 3.1.20), show that the map
X > 2+ g(z)h(z)~! € G is constant on each arc-connected component of X.

EXERCISE 3.12. Let X be a topological space, G be a group and ¢ : Q(X) —
G be a map that is compatible with concatenations and such that (v) = ¥(u)
whenever v(0) = 1(0) and (1) = p(1). Prove that there existsamap g : X — G
such that 1) = 1), (see Example 3.1.20).

EXERCISE 3.13. Let X be a topological space, v : [a,b] — X be a continuous
curve and ¢ € ]a, b[. Show that (see Remark 3.1.4):

[’V] = [’Y|[a,c]] ’ [’7

Conclude that if a = t9 < t; < --- < t, = b is an arbitrary partition of [a, b] then:

[c,b]} .

V= Dot -+ - Dol ]

EXERCISE 3.14. Let X be a topological space, K be a compact metric space,
X = Upea Uaq be an open cover of X and f : K — X be a continuous map.
Show that there exists § > 0 such that for every subset S of K with diameter less
then 0, the set f(,S) is contained in some U,,.

EXERCISE 3.15. In the proof of Theorem 3.1.21, check that if P, () are parti-
tions of / and @ is finer than P then Q4 p C Q4 and ¢¥p(y) = ¢q(y), for all

v € Qa,p.

EXERCISE 3.16. Let X be a topological space, X = J,c4 Ua be an open
cover of X. Call a homotopy H : I x I — X small if its image is contained in
some U,. Let G be a group and ¢ : (X ) — G be a map that is compatible with
concatenations and invariant by small homotopies, i.e., 1)(y) = 1 (u) whenever
v, 1 € (X)) are homotopic by a small homotopy with fixed endpoints. Prove that
1) is homotopy invariant.

EXERCISE 3.17. Let G, G2 be groups and f : G; — G2 a homomorphism.

Prove that the sequence 0 — G 7, G2 — 0 1is exact if and only if f is an
isomorphism.

EXERCISE 3.18. Let E, B be topological spaces and p : £ — B be a continu-
ous map. Assume that the sets p~1(b), b € B, have all the same cardinality and let
I be a discrete topological space having such cardinality. Show that the following
conditions are equivalent:

(i) pisalocally trivial fibration with typical fiber F' (i.e., p is a covering map
in the sense of Definition 3.2.18);

(ii) every b € B has an open neighborhood U which is fundamental for p,
ie., p~1(U) is a disjoint union |, V; of open subsets V; of E such that
plv, : Vi = U is a homeomorphism, for all i € I.

EXERCISE 3.19. Let p : E — B be a locally injective continuous map with
FE Hausdorff and let f : X — B be a continuous map defined in a connected
topologlcal space X. Given zg € X, ey € E, show that there exists at most one
map f X — Ewithpo f f and f(a:o) = eg. Show that if p is a covering map
then the hypothesis that £ is Hausdorff can be dropped.
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EXERCISE 3.20. Let E, B be topological spaces with F Hausdorff. Let
p : ' — B be alocal homeomorphism (i.e., every point of £ has an open neigh-
borhood which p maps homeomorphically onto an open subset of B). Assume that
p is closed (i.e., takes closed subsets of E to closed subsets of B) and that there
exists a natural number n such that p~1(b) has exactly n elements, for all b € B.
Show that p is a covering map.

EXERCISE 3.21. Let X C R? be defined by:
X = {(z,sin(1/2)) 1 2> 0} U ({0} x [-1, 1]).

Show that X is connected but not arc-connected; compute the singular homology
groups of X.

EXERCISE 3.22. Prove the Zig-Zag Lemma (Lemma 3.3.17).

EXERCISE 3.23. Let G be a group and let G act on a topological space X by
homeomorphisms. We say that such action is properly discontinuous if for every
x € X there exists a neighborhood U of x such that gU N U = () for every g # 1,
where gU = {g-y : y € U}. Let be given a properly discontinuous action of G in
X and denote by X /G the set of orbits of G endowed with the quotient topology.

e Show that the quotient map p : X — X/G is a covering map with typical
fiber G.

e Show that, if X is arc-connected, there exists an exact sequence of groups
and group homomorphisms:

0 — m(X) 2> m(X/G) — G — 0.
o If X is simply connected conclude that 71 (X/G) is isomorphic to G.

EXERCISE 3.24. Let X = RR? be the Euclidean plane; for each m,n € Z let
9m,n be the homeomorphism of X given by:

gmn(z,y) = ((=1)"z+m,y+n).
Set G = {gm.n : m,n € Z}. Show that:

e (5 is a subgroup of the group of all homeomorphisms of X;

e show that X/G is homeomorphic to the Klein bottle;

e show that the natural action of G in X is properly discontinuous; con-
clude that the fundamental group of the Klein bottle is isomorphic to G;

e show that G is the semi-direct product’ of two copies of Z;

e compute the commutator subgroup of GG and conclude that the first sin-
gular homology group of the Klein bottle is isomorphic to Z & (Z/27Z.).

EXERCISE 3.25. Prove that if X and Y are arc-connected, then H;(X xY') =
Hi(X)® H(Y).

EXERCISE 3.26. Compute the relative homology group Ho (D, 0D), where D
is the unit disk {(z,y) € R?: 22 + y? < 1} and 0D is its boundary.

"Recall that a group G is the (inner) semi-direct product of two subgroups H and K if G = HK
with H N K = {1} and K normal in G.



CHAPTER 4

Curves of Symmetric Bilinear Forms

We make the convention that, in this chapter, V' will always denote a finite
dimensional real vector space:

dim(V) < 4o0.

We choose an arbitrary norm in V' denoted by || -
bilinear form B € B(V) by setting:

|B|| = sup [B(v,w)|.

vl <1
wl<1

; we then define the norm of a

Observe that, since V and B(V') are finite dimensional, then all the norms in these
spaces induce the same topology.

4.1. A few preliminary results

We will first show that the condition n_(B) > k (for some fixed k) is an open
condition in Beym (V).

4.1.1. LEMMA. Let k > 0 be fixed. The set of symmetric bilinear forms B €
Bsym (V') such that ny (B) > k is open in Bgym (V).

PROOF. Let B € Bgy (V) with ny(B) > k; then, there exists a k-dimen-
sional B-positive subspace W C V. Since the unit sphere of W is compact, we
have:

inf B(v,v) =c¢>0;

veW

lo]l=1
it now follows directly that if A € Bgy(V) and [|[A — B|| < |c|/2 then A is
positive definite in W, and therefore ny (A) > k. O

Obviously, since n_(B) = ni(—B), it follows from Lemma 4.1.1 that also
the set of symmetric bilinear forms B € Bgym (V) with n_(B) > k is open in
Bgym (V).

4.1.2. COROLLARY. Let k > 0, r > 0 be fixed. The set of symmetric bilinear
forms B € Bgym (V') such that ny (B) = k and dgn(B) = r is open in the set:

(4.1.1) {B € Bgym(V) : dgn(B) > r}.
PROOF. Observe that:
{B € Bsym(V) : ny(B) =k, dgn(B) =r}
is equal to the intersection of (4.1.1) with:
(4.1.2) {B € Bym(V) : ny(B) > k}N{B € Bym(V) : n_(B) > n—r—k},
where n = dim(V'). By Lemma 4.1.1, the set (4.1.2) is open in Bgym (V). O

116
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4.1.3. COROLLARY. Let k > 0 be fixed. The set of nondegenerate symmetric
bilinear forms B € Bgym (V') such that n(B) = k is open in Bgym (V).

PROOF. Follows from Corollary 4.1.2 with r = 0. U

4.2. Evolution of the index: a simple case

In this section we will study the following problem: given a continuous one
parameter family ¢ — B(t) of symmetric bilinear forms in a finite dimensional
vector space, how do the numbers ny (B(t)), n— (B(t)) change with t? We will
show that changes can occur only when ¢ passes through an instant ¢g at which
B(tp) is degenerate. We will consider first a benign case of degeneracy where the
derivative B’'(tp) is nondegenerate on the kernel of B(tp). A more general case
will be studied in Section 4.3.

4.2.1. LEMMA. Let B : I — Bgy (V') be a continuous curve defined in some
interval I C R. If the degeneracy of B(t) is independent of t € I then n_ (B(t))
and n (B(t)) are also independent of t.

PROOF. By Corollary 4.1.2, given k > 0, the set:
{tel:ny(B(t) =k}

is open in /. It follows from the connectedness of I that, for some k£ > 0, this set
is equal to 1. O

4.2.2. COROLLARY. Let B : I — Bgym (V') be a continuous curve defined in
some interval I C R. If B(t) is nondegenerate for all t € I, then n_(B(t)) and
n4(B(t)) are independent of t. O

Corollary 4.2.2 tells us that the index n_(B(t)) and the co-index n (B(t))
can only change when B(t) becomes degenerate; in the next Theorem we show
how to compute this change when ¢ +— B(t) is of class C'*:

4.2.3. THEOREM. Let B: [to,t1][ — Beym(V') be a curve of class C; write
N = Ker(B(to)). Suppose that the bilinear form B'(to)|nxn is nondegenerate;
then there exists € > 0 such that for t € lto,to + €| the bilinear form B(t) is
nondegenerate, and the following identities hold:

ny(B(t)) = ny(B(to)) + ng (B'(to) | nxn),
n_— (B(t)) = N_ (B(t(])) +n_ (B/(to) ‘NXN) .
The proof of Theorem 4.2.3 will follow easily from the following:

4.2.4. LEMMA. Let B: [to,t1] — Bsym (V') be a curve of class C; write N =
Ker(B(to)). If B(to) is positive semi-definite and B'(to)|nx N is positive definite,
then there exists € > 0 such that B(t) is positive definite for t € |to,to + €.

PROOF. Let W C V be a subspace complementary to N; it follows from
Corollary 1.5.24 that B(to) is nondegenerate in 1/, and from Corollary 1.5.14 that
B(tp) is positive definite in 1¥. Choose any norm in V; since the unit sphere of W
is compact, we have:

4.2.1) inf B(to)(w,w) = cy > 0;

weW
flwl|=1
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similarly, since B’(to) is positive definite in N we have:
(4.2.2) inf B'(tg)(n,n) =c; > 0.
neN
lIn]|=1
Since B is continuous, there exists € > 0 such that
c
|B(#) = B(to)| < 5, t€ lto.to+el,
and it follows from (4.2.1) that:
4.2.3) inf B(t)(w,w) > L >0, te [ty,to+e[.
i1 ’

Since B is differentiable at ¢ty we can write:

424)  B(t) = B(to) + (t — to) B'(to) +r(t), with lim tr(ti =0

and then, by possibly choosing a smaller € > 0, we get:

C
4.2.5) Ir@)|| < El(t —to), tE [to,to+el;
from (4.2.2), (4.2.4) and (4.2.5) it follows:
(4.2.6) inf B(t)(n,n) > 2(t —to), t€lto,to+el.
=1 :

From (4.2.3) and (4.2.6) it follows that B(t) is positive definite in W and in N for
t € Jto, to + €; taking c3 = || B(to)|| + G we obtain from (4.2.4) and (4.2.5) that:

4.2.7) |B(t)(w,n)| < (t —to)es, t € [to, o+ €],

provided that w € W, n € N and ||w| = ||n|| = 1. By possibly taking a smaller

€ > 0, putting together (4.2.3), (4.2.6) and (4.2.7) we obtain:
B(t)(w,n)? < (t —to)2c2 < (¢ — ¢
uns (B)w,n)? < (¢~ to)’} < U2t~ 1)
< B(t)(w,w) B(t)(v,v), tE€lto,to+¢[,

forall w € W, n € N with ||w| = ||n]| = 1; but (4.2.8) implies:
B(t)(w,n)® < B(t)(w,w) B(t)(n,n), t € Jto,to+],
forall w € W, n € N non zero. The conclusion follows now from Proposi-

tion 1.5.29. O

PROOF OF THEOREM 4.2.3. By Theorem 1.5.10 there exists a decomposition
V =V, ®V_® N where V; and V_ are respectively a B(ty)-positive and a
B(ty)-negative subspace; similarly, we can write N = N @& N_ where N, is a
B'(tp)-positive and N_ is a B(tg)-negative subspace. Obviously:

n4(B(to) = dim(Vy), n_(B(to)) = dim(V_),

ny (B'(to)lvxn) = dim(N3), n_(B'(to)|nxn) = dim(N_);
applying Lemma 4.2.4 to the restriction of B to V. & N and to the restriction of
—B to V_ & N_ we conclude that there exists ¢ > 0 such that B(¢) is positive

definite in V; @ N, and negative definite in V_ & N_ for ¢ € |tg,to + ¢ [;the
conclusion now follows from Corollary 1.5.7 and from Proposition 1.5.9. O
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4.2.5. COROLLARY. Ift — B(t) € Bsym (V) is a curve of class C! defined in
a neighborhood of the instant ty € R and if B'(to)|Nxn is nondegenerate, where
N = Ker (B (to)), then for € > 0 sufficiently small we have:

ny (B(to+ ) — ny (B(to — €)) = sgn (B’ (to) v xn)-

PROOF. It follows from Theorem 4.2.3 that for ¢ > 0 sufficiently small we
have:

(4.2.9) ny(B(to +¢€)) = ny(B(to)) + ny (B (to)|nxn);

applying Theorem 4.2.3 to the curve t — B(—t) we obtain:

(4.2.10) ny (Blto — £)) = ny. (Bto)) +n (B (o) v).

The conclusion follows by taking the difference of (4.2.9) and (4.2.10). O

We will need a uniform version of Theorem 4.2.3 for technical reasons:

4.2.6. PROPOSITION. Let X be a topological space and let be given a contin-
uous map

X X [to,tl[ 3> (A t) — By(t) = B(A\,t) € Bsym(V)

differentiable in t, such that %—lf is also continuous in X X [to,t1].

Write Ny = Ker(Bx(to)); assume that dim(Ny) does not depend on \ €
X and that B;\O (tg) = %(Ao,to) is nondegenerate in Ny, for some \g € X.
Then, there exists € > 0 and a neighborhood Y of Ao in X such that B (o) is
nondegenerate on Ny and such that B)(t) is nondegenerate on 'V for every A € $1
and for every t € |to, to + €|.

PROOF. We will show first that the general case can be reduced to the case
that N does not depend on A € X. To this aim, let & = dim(NN)), that by
hypothesis does not depend on \. Since the kernel of a bilinear form coincides
with the kernel of its associated linear map, it follows from Proposition 2.4.10 that
the map A — N, € Gi(V) is continuous in X’; now, using Proposition 2.4.6 we
find a continuous map A: { — GL(V') defined in a neighborhood &l of Ao in X
such that for all A € 4, the isomorphism A(\) takes V), onto N,. Define:

Bi(t) = AN (Ba(t)) = Ba(t) (AN AN -),

forall A € Y and all t € [to,¢1]. Then, Ker(By(tg)) = Ny, forall A € 4; more-

over, the map B defined in & x [to, t1[ satisfies the hypotheses of the Proposition,

and the validity of the thesis for B will imply the validity of the thesis also for B.
The above argument shows that there is no loss of generality in assuming that:

Ker(B/\(to)) = N,
for all A € X. We split the remaining of the proof into two steps.

(1) Suppose that By, (to) is positive semi-definite and that Bf\o (to) is positive
definite in N.

Let W be a subspace complementary to N in V; then B) (o) is positive
definite in W. It follows that By (o) is positive definite in W and that B} (to)
is positive definite in N for all A in a neighborhood 4( of )y in X. Observe
that, by hypothesis, Ker(B)(tp)) = N for all A € . Then, for all A €
i, Lemma 4.2.4 gives us the existence of a positive number () such that
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B\ (t) is positive definite for all ¢ € |tg,to + (\)[; we only need to look
more closely at the estimates done in the proof of Lemma 4.2.4 to see that it
is possible to choose € > 0 independently of A, when A runs in a sufficiently
small neighborhood of )\g in X.

The only estimate that is delicate appears in (4.2.5). Formula (4.2.4) de-
fines now a function r) (¢); for each A € i, we apply the mean value inequality
to the function ¢ — o (t) = B (t) — tB)(to) and we obtain:

lo(t) = a(to)ll = l[ra(®)]l < (£ = to) P lo” ()]

= (t—to) sup [By(s) — Bi(to)l-
sE[to,t]

With the above estimate it is now easy to get the desired conclusion.

(2) Let us prove the general case.

Keeping in mind that Ker(B,(tp)) = N does not depend on A € X,
we repeat the proof of Theorem 4.2.3 replacing B(tg) by Bx(to), B'(to) by
B)(to) and B(t) by B\(t); we use step (1) above instead of Lemma 4.2.4
and the proof is completed.

O

4.2.7. EXAMPLE. Theorem 4.2.3 and its Corollary 4.2.5 do not hold without
the hypothesis that B’(¢y) be nondegenerate in N = Ker(B(ty)); counterexam-
ples are easy to produce by considering diagonal matrices B(t) € Bgym(R"). A
naive analysis of the case in which the bilinear forms B(¢) are simultaneously
diagonalizable would suggest the conjecture that when B’(t() is degenerate in
Ker(B(to)) then it would be possible to determine the variation of the co-index
of B(t) when t passes through t( by using higher order terms on the Taylor ex-
pansion of B(t)|nxn around ¢ = ty. The following example show that this is not
possible.

Consider the curves By, B: R — Bgym(R?) given by:

B=(1 5) B0 )

we have B1(0) = By(0) and N = Ker(B1(0)) = Ker(B(0)) = {0} & R.
Observe that By (t)|nxn = Ba(t)|nxn forall £ € R, so that the Taylor expansion
of B; coincides with that of By in IV; on the other hand, for ¢ > 0 sufficiently
small, we have:

n+(Bi(e)) — ny(Bi(—e) =1 -1 =0,
n(Ba(e)) —ny(Ba(—e) =2~ 1 = L.

4.3. Partial signatures and another “evolution of the index” theorem

As in Section 4.2, our goal is to study the evolution of the numbers n (B(t)),
n_(B(t)), where t — B(t) is a differentiable one parameter family of symmetric
bilinear forms on a finite dimensional vector space.

Throughout the section, V' will always denote an n-dimensional real vector
space and B : I — Bgym (V') will denote a differentiable map defined in an interval
I
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Recall that if f is a differentiable function defined in an interval [ taking values
in some real finite dimensional vector space and if ¢y € I is a zero of f (i.e.,
f(to) = 0) then the order of such zero is the smallest positive integer k£ such that
the k-th derivative f(¥)(t) is not zero; if all the derivatives of f at to vanish, we
say that ¢( is a zero of infinite order. In some cases, it may be convenient to say
that ¢ is a zero of order zero when f(tg) # 0.

4.3.1. DEFINITION. A root function for B at tg € [ is a differentiable map
w : I — V such that u(tp) is in Ker (B(to)). The order (at tg) of a root function
u of B, denoted by ord(B, u, tp), is the (possibly infinite) order of the zero of the
map I 3t — B(t)(u(t)) € V* att = t,.

In some cases, it may be convenient to say that a differentiable mapu : I — V'
is a root function of order zero of B at £y when u is actually not a root function
of B at ty. When B and ¢ are given from the context, we write ord(u) instead of
ord(B,u, ty).

Given a nonnegative integer k, the set of all differentiable maps u : I — V
which are root functions of B at ¢y or order greater than or equal to k is clearly a
subspace of the space of all V'-valued differentiable maps on I; thus:

Wi (B, to) = {u(to) : wis a root function of B at to with ord(u) > k},

is a subspace of V. We call Wy (B, tg) the k-th degeneracy space of B at ty.
Again, when B and t( are given from the context, we write W}, instead of
Wi (B, tg). Clearly:

Wie1 CWi, k=0,1,2,..., Wy =V, Wi = Ker(B(to)).
4.3.2. REMARK. If an interval J is a neighborhood of ¢( in I then:
Wk:(Bv tO) = Wk(B|J7 tO)

Namely, if u : J — V is a root function of B|; : J — Bgym (V') with ord(u) > &,
letw : I — V be any differentiable map that agrees with u in a neighborhood of
to in J; then @ is a root function of B with ord(@) = ord(u) and u(tg) = a(ty) €
Wk (B7 tO) .

4.3.3. LEMMA. Let k be a nonnegative integer. If u: 1 — V,v: 1 — V are
root functions of B at to with ord(u) > k, ord(v) > k then:
d* da*
S BO (). v(t)| = T BO) (ulto). (1)

PROOF. Setting a(t) = B(t)(u(t)) € V* and using the result of Exercise 4.2,
we get:

t=tg

k k
(43.1) S BO@O,00)|_, = 55 BOWO, o) _,
similarly:

dk a*

4 BOCOu0)|_, = 35 BO@O.uw)]| _,

The conclusion follows from the symmetry of B(t). O
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4.3.4. COROLLARY. Let k be a nonnegative integer and vg € Wy. If up : I —
V, ug : I — V are root functions of B at to with ord(uy) > k, ord(ug2) > k and
ul (to) = UQ(to) then:

dk d*
i BO((t).v)| = 5 B(0)(ua(t), vo)

PROOF. Since vy € Wy, there exists a root function v : I — V of B with
ord(v) > k and v(tg) = vo. The conclusion follows by applying Lemma 4.3.3
with u = w1 and with © = us. O

’ t=to ‘ t=to

4.3.5. DEFINITION. Given a nonnegative integer k, the k-th degeneracy form
of B at tg is the map By (to) : Wi x Wy, — R defined by:
dk:
4.3.2) Bi(to) (o, v0) = iz B() (u(d), v(to))‘

)
t=to

for all ug,vg € Wy, where u : I — V is any root function of B with ord(u) > k
and u(to) = Uup.

Notice that Corollary 4.3.4 says that By(to) is indeed well-defined, i.e., the
righthand side of (4.3.2) does not depend on the choice of u. It is immediate
that By (o) is bilinear and it follows from Lemma 4.3.3 that By (t() is symmetric.
When t is clear from the context, we write simply By, instead of By (to).

4.3.6. REMARK. In (4.3.2) one can take u to be a root function of a restriction
B|j, where J is a neighborhood of ¢( in I; this can be seen by using an argument
analogous to the one appearing in Remark 4.3.2.

4.3.7. REMARK. By (4.3.1), we have:

By, (ug,v0) =

S5 BOu(®), v(0))|

where u, v are root functions for B having order greater than or equal to k£ and
’u,(t()) = Uup, v(to) = 9.

3
t=to

The signatures of the degeneracy forms By, are collectively called the partial
signatures of the curve B at .

4.3.8. REMARK. If B denotes the k-th coefficient in the Taylor series of B at
to € I, 1ie., BF = %B(’“) (to), then it is possible to define the degeneracy spaces
W, and the degeneracy forms Bj by purely algebraic methods using the sequence
of symmetric bilinear forms (Bk)kzo. This is done using the theory of generalized
Jordan chains which is explained in Appendix B (see also Exercise B.3).

4.3.9. PROPOSITION. Let (-,-) be an inner product in V and, for eacht € I,
let T(t) : V. — V denote the symmetric linear map such that (T (t)-,-) = B(t).
Let tg € I be fixed and assume that there exists an interval J C I, which is a
neighborhood of tg in I, and differentiable maps e : J — V, a =1,...,n, such
that (ea(t))zz1 is an orthonormal basis of V consisting of eigenvectors of T'(t),
forallt € J. Fora =1,...,n,t € J, let Ay(t) denote the eigenvalue of T'(t)
corresponding to the eigenvector ey (t), so that A, : J — R is a differentiable
map. Then:
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(a) for each nonnegative integer k, the set:
(4.3.3) {ea(to) : A has a zero at tg of order greater than or equal to k:}

is a basis of the space Wy;
(b) for each nonnegative integer k, the matrix that represents By, with respect

to the basis (4.3.3) is diagonal and By, (ea(to), €a<t0)) = A&k) (to), for
ealto) in (4.3.3).

Moreover, if every nonconstant A, has a zero of finite order (possibly zero) at
t = to, then:

(¢c) ifto is an interior point of I and € > 0 is sufficiently small then:

ny (B(to + E)) — N4 (B(to)) = Zn+(3k)7

E>1
ny (B(to)) — ns (B(to—€)) = = Y _ (n—(Bar—1) + ny(Bx)),
E>1
ni(B(to+¢)) —ny (B(to—€)) =Y sgn(Bop_1).
k>1

PROOF. First we show that the set (4.3.3) is contained in Wy. If A, has a
zero at ty of order greater than or equal to k then e, is a root function of B|;
with ord(eq) > k (see Remark 4.3.2). Namely', T'(t)(eq(t)) = Aa(t)ea(t), for
all t € J; it follows from the result of Exercise 4.4 that A, and the map ¢ —
Ao (t)eq(t) have the same order of zero at ¢y by considering the injective linear
map P(t) : R — V given by multiplication by e, (t). Now letu : I — V be a
root function of B at ¢y with ord(u) > k and let us show that u(¢¢) is in the space
spanned by (4.3.3). Write:

u(t) =Y an(t)ea(t),
a=1
forall t € J, so that:
T(t) (u(t)) =Y aa(t)Aa(t)ea(t).
a=1

The order of zero of t — T(t)(u(t)) at ¢ is equal to the order of zero of ¢t —
(aa(t)Aa (t))Z:1 € R™ at tp; namely, this follows from the result of Exercise 4.4
by letting P(t) : V' — R™ be the isomorphism that associates to each vector its
coordinates in the basis (eq (t))zzl. Since ord(u) > k,the map ¢t — a,(t)Aq(t) €
R has a zero at t( of order greater than or equal to k, foralla = 1,...,n. If «
is such that the order of zero of A, at tg is less than k, this easily implies that
aq(to) = 0. Thus u(tp) is in the span of (4.3.3). This concludes the proof of part
(a). To prove part (b), let o, 5 € {1,...,n} be such that A, and Ag have zeros
of order greater than or equal to k at tp; then e, is a root function of B|; (see

1Clearly, if u: I — V is a differentiable map, then ord(B, u, to) is equal to the order of zero
of the map ¢ — T'(t) (u(t)) at to.
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Remark 4.3.6) with ord(e,) > k and therefore:

k
B (ealto), es(to)) = o BO)(ealt), calto))|

dk dk
= qF (T(t)(ealt)). es(to)) = 3k Aa(t){ealt), es(to)) e

= AP (to){ealto), e(to)),
where the last equality depends on the fact that A, has a zero of order at least k at
to. This proves part (b). Part (c) follows easily from the observations below:
e n. (B(t)) is equal to the number of indexes « such that A, (t) > 0;
o if Ay (to) # 0 then A, () has the same sign as A, (to) for ¢ near ¢¢;
e if A, has a zero of order £ > 1 at t( then A, (t) has the same sign as
AK) (to), for t > to near t;
e if A, has a zero of order £ > 1 at o then A, (t) has the same sign as
(=1)FA®) (1y), for t < tg near to;
e n (By) (resp., n—(By)) is equal to the number of indexes « such that A,

t=to

‘t:to

has a zero of order at least k at ¢y and Ag{) (to) is positive (resp., negative).
Notice that the last observation above follows from parts (a) and (b). O

The hypotheses of Proposition 4.3.9 are in general hard to check. Fortunately,
there is one special case when they always hold:

4.3.10. COROLLARY. If the map B : I — Bgym (V) is real analytic then
statements (a), (b) and (c) in Proposition 4.3.9 hold.

PROOF. This follows at once from Proposition 4.3.9 and from the so called
Kato selection theorem that gives the existence of a real analytic one parameter
family of orthonormal bases of eigenvectors for a real analytic one parameter fam-
ily of symmetric linear maps. The hypothesis that the nonconstant maps A,, have
a zero of finite order at ¢y follows from the observation that each A, is real ana-
lytic. (]

Kato selection theorem is not easy. In Appendix A (see Theorem A.1) we
give a detailed proof which involves theory of (vector space valued, one variable)
holomorphic functions and of covering maps.

4.3.11. REMARK. It follows from Corollary 4.3.10 that, for all £k > 0, the
kernel of the symmetric bilinear form By : Wy x Wi — R is equal to Wy, 1.
Namely, if B is real analytic then (a) and (b) in the thesis of Proposition 4.3.9
hold and the equality Ker(By) = Wi is immediate. In the general case, we
can replace B by its Taylor polynomial B(t) = Zf:o 4B @) (tg)(t — to)* of order
k centered at ty, which is obviously real analytic (see Exercise 4.5). The proof
of the equality Ker(By) = Wjy1 can also be done directly by purely algebraic
considerations (see Appendix B).

4.3.12. DEFINITION. The ground degeneracy of the curve B is defined by:
gdg(B) = 1%11}1 dgn(B(t)).
€
An instant ¢ € I with dgn(B(t)) > gdg(B) will be called exceptional.

Definition 4.3.12 is interesting only in the case in which B is real analytic.
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4.3.13. LEMMA. If B is real analytic then, for all ty € I:
gdg(B) = min dim (W (B, to)).

PROOF. Let J, Ay, e, be as in the statement of Proposition 4.3.9. Clearly
gdg(B] ;) is the number of indexes « such that A, is identically zero and, by (a)
of Proposition 4.3.9, this coincides with miny>o dim (W} (B, to)). To conclusion
follows from the equality gdg(B) = gdg(B|s) (see Exercise 4.6). O

4.3.14. PROPOSITION. If B : I — Bgym (V) is real analytic then the excep-
tional instants of B are isolated. Moreover, ty € I is not exceptional if and only if
By(to) =0, forall k > 1.

PROOF. Let A, be as in the statement of Proposition 4.3.9 (by the result of
Exercise 4.6 we can consider a restriction of B so that the maps A, are globally
defined). Then gdg(B) is equal to the number of indexes « such that A, is iden-
tically zero; thus, an instant tq is exceptional if and only if there exists a non zero
A, with A, (tg) = 0. Since the maps A,, are real analytic, it follows that the ex-
ceptional instants are isolated. The second part of the statement of the proposition
follows directly from item (b) in Proposition 4.3.9. U

4.3.15. PROPOSITION. If B is real analytic then, for all a,b € I with a < b:

bsen(B) ~ $smn(B(@) = 53 sen(Bi(@)
k>1

(4.3.4) + 30 sgn(Ba-1(1))

t€la,b[ k>1
+3 ) [sen(Ba1(b)) — sen(Ba(0))]
k>1

Notice that, by Proposition 4.3.14, the second sum on the righthand side of
(4.3.4) has only a finite number of nonzero terms.
To prove Proposition 4.3.15 we need the following:

4.3.16. LEMMA. If B is real analytic then, for all ty € I:
dgn(B(to)) = gdg(B) + Y _ (n4(Bk) +n_(B)).
E>1

PROOF. The sum n4 (By) + n_(By) is equal to the codimension of Ker(By,)
in Wy, i.e., dim(Wy) — dim(Wj1) (see Remark 4.3.11). Thus:

> (n4(Br) + n_(By)) = dim(Wy) — min dim(W).
E>1 =

The conclusion follows from Lemma 4.3.13 and from the fact that Ker (B(to)) =
Wi. O

PROOF OF PROPOSITION 4.3.15. We have:
san(B(1) = ns (B(D) = n_(B(D)) = 204 (B()) — dim(V) + dan(B(1)),
and therefore:
$sgn(B(b)) — 2 sgn(B(a)) = ny (B(b)) — ny(B(a))
[dgn(B(b)) — dgn(B(a))].

D=



126 4. CURVES OF BILINEAR FORMS

It follows easily from (c) of Proposition 4.3.9 that:

ny(B(b)) —ny (B Zn+ By(a Z ngn Boj—1(

k>1 t€lab[ k>1

—Z —(Bak-1(b)) + ny (Bar(b))].

k>1

By Lemma 4.3.16 we have:

dgn(B(b)) — dgn(B(a)) =Y [n4(Bx(b)) +n—(By(b))]

k>1
_ Z [ny(Bi(a)) + n_(Bxk(a))].
E>1
The conclusion follows by elementary arithmetical considerations. U

We now prove some invariance results for the degeneracy spaces and degener-
acy forms.

43.17. LEMMA. Let T : I — Lin(V, V) be a differentiable curve such that

T(t) : V — V is a linear isomorphism, for allt € I; let B : I — Bsym(f/) be

defined by B(t) = T(t)#( (), forallt € 1. If Wy, denotes the k-th degeneracy
space of Bat to € I and Bk denotes the k-th degeneracy form of Bat to then:

T(to)(Wi) = Wi, By = T(to)*(By).

PROOF. Let @ : I — V be a differentiable map and set u(t) = T(t)(a(t)),

for all ¢ € I. We claim that @ is a root function of B of order k if and only if u is a
root function of B of order k; namely:

B(t)(a(t)) = (T(t)* o B(t) o T(t)) (a(t)) = T(t)*[B(t)(u(t))],

for all ¢ € I. By the result of Exercise 4.4 and equalities above, the maps ¢t —
B(t)(u(t)) and t — B(t t)(a(t)) have the same order of zero at to. This proves
the claim. It follows 1mmed1ately that T'(to) (Wk) Wy, for all k. To prove the
relation between Bj and Bk, let ug, g € Wk be given. Choose a root functions
i1, © for B of order greater than or equal to k& with @(tg) = g, 0(to) = vo and set
u(t) = T(t)(a(t)), v(t) = T(t)(0(t)), t € I, up = T(to) (), vo = T'(to)(%o).
Then ug, vg € Wy, u, v are root functions for B of order greater than or equal to k
and u(tp) = wo, v(to) = vo; therefore (see Remark 4.3.7):

dk -

— = B(6)(a(t), (1))

dk
’t:to dt

By (ug,vo) = T B(t) (u(t),v(t))

‘t:to

= By(ig, 7). O

4.3.18. LEMMA. Let T : I — GL(V') be a differentiable curve and B:1—
B(V) = Lin(V, V*) be defined by B( ) = B(t) oT(t), forall t € I. Assume that
E(t) is symmetrlc forallt € 1. If Wk denotes the k-th degeneracy space of B at
to € I and Bk denotes the k-th degeneracy form of B at to then:

Wi = Wi, = T(to)(Wi), By = By o T(to)|w, -
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PROOF. From B(t) = B(t) o T(t) it follows immediately that @ : I — V isa

root function of order k for B if and only if u : I 5 ¢ — T'(t)(a(t)) € V is aroot
function of order k for B; thus:

T(to)(Wy) = Wi.
Since B(t) is symmetric, we have also:
B(t) = T(t)" o B(t),

forall t € I. We claim that a differentiable map w : I — V' is a root function for
B of order k if and only if it is a root function of order k£ for B. Namely, by the
result of Exercise 4.4, the maps:

I>t—T@)*[BE)(u®)] €V, I>3t— B(t)(u(t)) €V,

have a zero of the same order at 3. Thus Wk = Wj,. Finally, let ug,vg € Wy, be
given, choose a root function & : I — V for B of order greater than or equal to &
and 4(to) = 1o; then u(t) = T'(t)(u(t)) is a root function for B of order greater
than or equal to k. Hence:

dk: k

By (iig, vo) = dtk B(#)(a(t), vo) ’t:to T dtk B(t)(u(t)’vo)’t=to

= By (T(to)(d0),v0). O

Exercises for Chapter 4

EXERCISE 4.1. Let V be areal finite dimensional vector space and let k,r > 0
be fixed. Show that the set:

{B € Bsym(V) : ny(B) =k, dgn(B) =r}
is arc-connected.

EXERCISE 4.2. Let V be a real finite dimensional vector space, o : I — V¥,
v : I — V be differentiable maps, k be a positive integer and assume that « has a
zero of order greater than or equal to k£ at some point ¢y € I. Show that:
dk dk
re) o) = o®) (1) - v(t) = r o) olto)|

t=to t=to

where (%) denotes the k-th derivative of the map a.

EXERCISE 4.3. Let V be a real finite dimensional vector space, v : [ — V
be a differentiable map and k be a nonnegative integer. Show that v has a zero or
order k at ty € I if and only if the limit:

t
CION

t—to (t — to)k
exists (in V') and is nonzero.

EXERCISE 4.4. Let V, W be real finite dimensional vector spaces, P : I —
Lin(V,W), v : I — V be differentiable maps and assume that P(¢) is injective,
forall t € I. Show that v and I 5 t — P(t)(v(t)) € W have the same order of
zero at a point ¢y € 1.
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EXERCISE 4.5. Let V' be a real finite dimensional vector space, B : [ —
Bsym(V'), B : I — Bgym (V) be differentiable maps having the same derivatives up
to order k at a point ¢y € I. Prove that W; (B, ty) = W;(B,tg) fori =0,...,k+1
and Bi(to) = Bi(to), fori = 0, ey k.

EXERCISE 4.6. Show that, if B : I — Bgym (V) is real analytic then:

gdg(B) = gdg(Bls),

for every interval J C I.



CHAPTER 5

The Maslov Index

5.1. A definition of Maslov index using relative homology

In this section we will introduce the Maslov index (relative to a fixed La-
grangian subspace L) of a curve in the Lagrangian Grassmannian of a symplectic
space (V,w); this index is an integer number that corresponds to a sort of algebraic
count of the intersections of this curve with the subset A=1(Lg).

The definition of Maslov index will be given in terms of relative homology, and
we will therefore assume familiarity with the machinery introduced in Section 3.3.
We will use several properties of the Lagrangian Grassmannian A that were dis-
cussed in Section 2.5 (especially from Subsection 2.5.1). It will be needed to com-
pute the fundamental group of A, and to this aim we will use the homotopy long
exact sequence of a fibration, studied in Section 3.2. This computation follows the
same line of the examples that appear in Subsection 3.2.1; following the notations
of that subsection, we will omit for simplicity the specification of the basepoint of
the fundamental groups studied. As a matter of facts, all the fundamental groups
that will appear are abelian, so that the fundamental groups corresponding to dif-
ferent choices of basepoint can be canonically identified (see Corollary 3.1.12 and
Remarks 3.1.13 and 3.3.34). Finally, in order to relate the fundamental group of A
with its first singular homology group we will use the Hurewicz’s homomorphism,
presented in Subsection 3.3.1.

Throughout this section we will consider a fixed symplectic space (V,w), with
dim(V') = 2n; we will denote by A the Lagrangian Grassmannian of this sym-
plectic space. All the curves considered will be tacitly meant to be “continuous
curves”; moreover, we will often use the fact that any two Lagrangian subspaces
admit a common complementary Lagrangian subspace (see Remark 2.5.18).

We know that the Lagrangian Grassmannian A is diffeomorphic to the quotient
U(n)/O(n) (see Corollary 2.5.12). Consider the homomorphism:

d = det*: U(n) — S,

where S C C denotes the unit circle; if A € O(n) then clearly det(A4) = +1,
hence O(n) C Ker(d). It follows that d induces, by passing to the quotient, a map:

(5.1.1) d: U(n)/O(n) — S,
given by d(A - O(n)) = det?(A). We have the following:

5.1.1. PROPOSITION. The fundamental group of the Lagrangian Grassman-
nian A = U(n)/O(n) is infinite cyclic; more explicitly, the map (5.1.1) induces an
isomorphism:

di: m(U(n)/O(n)) — m(SY) =2 Z.

PROOF. It follows from Corollary 2.1.16 that d is a fibration with typical fiber

Ker(d)/O(n). It is easy to see that the action of SU(n) on Ker(d)/O(n) by left

129
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translation is transitive, and that the isotropy group of the class 1 - O(n) of the
neutral element is SU(n) N O(n) = SO(n); it follows from Corollary 2.1.9 that
we have a diffeomorphism

SU(n)/SO(n) = Ker(d)/O(n)

induced by the inclusion of SU(n) in Ker(d). Since SU(n) is simply connected
and SO(n) is connected, it follows easily from the homotopy long exact sequence
of the fibration SU(n) — SU(n)/SO(n) that SU(n)/SO(n) is simply connected.
Then, Ker(d)/O(n) is also simply connected, and the homotopy exact sequence
of the fibration d becomes:

0—m (U(n)/O(n)) dT*> m1(SY) — 0
This concludes the proof. U

5.1.2. COROLLARY. The first singular homology group Hy(A) of A is infinite
cyclic.

PROOF. Since A is arc-connected and 71 (A) is abelian, it follows from Theo-
rem 3.3.33 that the Hurewicz’s homomorphism is an isomorphism:

(5.1.2) O: m(A) — Hi(A) O
5.1.3. COROLLARY. For a fixed Lagrangian Lo € A, the inclusion
q: (A,0) — (A, A°(Lo))
induces an isomorphism:
(5.1.3) et Hi(A) —— Hy(A, A%(L));
in particular, Hi (A, A°(Lg)) is infinite cyclic.
PROOF. It follows from Remark 2.5.3 and from Example 3.3.19. ]
Let ¢ : [a,b] — A be a curve with endpoints in A°(Ly), i.e., £(a),£(b) €
A°(Ly); then, ¢ defines a relative homology class in Hi(A,A%(Lg)) (see Re-
marks 3.3.30 and 3.3.26). Our goal is now to show that the transverse orientation
of A'(Ly) given in Definition 2.5.19 induces a canonical choice of a generator of

the infinite cyclic group Hy (A, A°(Lg)). Once this choice is made, we will be able
to associate an integer number to each curve in A with endpoints in A°(Lg).

5.1.4. EXAMPLE. If we analyze the steps that lead us to the conclusion that
Hy(A, A°(Ly)) is isomorphic to Z we can compute explicitly a generator for this
group. In first place, the curve

1
B¥lst—an=| . |euw
]
projects onto a closed curve A(t) = A(t) - O(n) in U(n)/O(n); moreover,
(5.1.4) [2,37] 5t — det® (A(t)) = (—1)" 'e**
is a generator of the fundamental group of the unit circle S LIt follows from Propo-
sition 5.1.1 that A defines a generator of the fundamental group of U(n)/O(n).
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Denoting by A(RR?") the Lagrangian Grassmannian of the symplectic space R>"
endowed with the canonical symplectic form, it follows from Proposition 2.5.11
that a diffeomorphism U(n)/0(n) = A(R?") is given explicitly by:

U(n)/O(n) 3 A-0O(n) — A(R™ @ {0}") € A(R™).
The Lagrangian A(t) (R"™ @& {0}") is generated by the vectors!
{e1cos(t) + eny1 sin(t), enta,. .., e},
where (ej)?i denotes the canonical basis of R?".
The choice of a symplectic basis (bj)jzzl of V induces a diffeomorphism of A
onto A(IR?") in an obvious way. Consider the Lagrangian £(¢) given by:

2n
(5.1.5) 0(t) = R (b1 cos(t) + by sin(t)) + > Rby;
Jj=n+2
then, the curve
(5.1.6) (2,35 5t—L(t) €A

is a generator of 71 (A). By the definition of the Hurewicz’s homomorphism (see
(3.3.25)) we have that the same curve (5.1.6) defines a generator of H;(A); since
the isomorphism (5.1.3) is induced by inclusion, we have that the curve (5.1.6) is
also a generator of Hy(A, A°(Ly)).

5.1.5. LEMMA. Let A € Sp(V,w) be a symplectomorphism of (V,w) and
consider the diffeomorphism (also denoted by A) of A induced by the action of A;
then the induced homomorphism in homology:

Ay Hy(R) — Hy(A)
is the identity map for all p € Z.
PROOE. Since Sp(V,w) is arc-connected, there exists a curve
[0,1] 5 s — A(s) € Sp(V,w)
such that A(0) = A and A(1) = Id. Define
[0,1] x A> (s,L) — Hs(L) = A(s) - L € A;
then H: A 2 Id is ahomotopy. The conclusion follows from Corollary 3.3.24. [

5.1.6. COROLLARY. Let Ly € A be a Lagrangian subspace of (V,w) and let
A € Sp(V,w, Ly) (recall (2.5.15)); then the homomorphism

A,: H (A A (Lg)) — Hy(A,A%(Lp))
is the identity map.
PROOF. It follows from Lemma 5.1.5 and from the following commutative

diagram:

—1d
Hi(A)

_—
q*lm mlq*

Hy(A, A%(Lo)) — = Hi(A, A%(Lg))

IThe complex matrix A(t) must be seen as a linear endomorphism of R2™; therefore, we need
the identification of n X m complex matrices with 2n X 2n real matrices (see Remark 1.2.9).
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where ¢ is given in (5.1.3). U

5.1.7. EXAMPLE. Consider a Lagrangian decomposition (Lg, L1) of V and let
L be an element in the domain of the chart ¢, 1., i.e., L € AO(Ll). It follows
directly from the definition of ¢y, 1, (see (2.5.3)) that the kernel of the symmetric
bilinear form ¢, 1., (L) € Beym(Lo) is Lo N L, that is:

(5.1.7) Ker(¢ro,, (L)) = Lo N L.

Then, we obtain that for each & = 0, ..., n the Lagrangian L belongs to A¥(Lg) if
and only if the kernel of ¢, 1, (L) has dimension k, that is:

@ro,1, (AY(L1) N A*(Lg)) = {B € Boym(Lo) : dgn(B) = k}.
In particular, we have L € A°(Lg) if and only if ¢r, 1, (L) is nondegenerate.

5.1.8. EXAMPLE. Let ¢ — £(t) be a curve in A differentiable at ¢t = ¢( and let
(Lo, L1) be a Lagrangian decomposition of V' with £(ty) € A°(L;). Then, for ¢
in a neighborhood of ¢y we also have /(t) € AY(L;) and we can therefore define
B(t) = ¢ro,L,(€(t)) € Beym(Lo). Let us determine the relation between ('(t¢)
and ¢'(t(); by Lemma 2.5.7 we have:

B'(t) = dpre,, (E(t0)) - £'(t0) = (nghy) 1), - ¢ (to)-

Since WL(},Q) 1, fixes the points of Lo N (to), we obtain in particular that the sym-
metric bilinear forms §'(tg) € Bgsym(Lo) and ¢'(t9) € Bsym(¢(to)) coincide on

LonN E(to).
5.1.9. LEMMA. Let Ly € A be a fixed Lagrangian; assume given two curves
51,62: [a, b} — A

with endpoints in A°(Lq). Suppose that there exists a Lagrangian subspace L1 € A
complementary to Lq such that A°(Ly) contains the images of both curves {1, {3;
if we have

(5.1.8) ny (@Lo,Ll (gl (t))) =Ny (¢L07L1 (62 (t)))v
fort =aandt = b, then the curves {1, {3 are homologous in Hy(A, A°(Lg)).

PROOF. It follows from (5.1.8) and from the result of Exercise 4.1 that one can
find curves:
o1,02: [0,1] — Bgym(Lo)

such that o1 (t) and o2(¢) are nondegenerate for all ¢ € [0, 1] and also:

91(0) = ¢ro,1, (€1(a), 01(1) = ¢ro,L: (£2(a),
2(0) = @rLo,L, (11(D)), 02(1) = ¢ro,L, (€2(D))-

Define m; = gpzol L, © i, © = 1,2; it follows from Example 5.1.7 that m; and

mo have image in the set A°(Lg) and therefore they are homologous to zero in
Hi (A, A°(Ly)). Consider the concatenation ¢ = mj " - £1 - my; it follows from
Lemma 3.3.27 that ¢; and ¢ are homologous in H1(A, A°(Lg)). We have that /
and /o are curves in A(L1) with the same endpoints, and since A°(L;) is homeo-
morphic to the vector space Bgym (Lo) it follows that £ and ¢, are homotopic with
fixed endpoints. By Corollary 3.3.29 we have that ¢ and ¢5 are homologous, which
concludes the proof. O
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5.1.10. DEFINITION. Let / : [a,b] — A be a curve of class C'. We say that
{ intercepts transversally the set A=1(Ly) at the instant t = tq if £(ty) € A'(Lo)
and /' (tog) ¢ Tg(tO)AI(LO); we say that such transverse intersection is positive
(resp., negative) if the class of '(to) in the quotient Ty A /Ty A (Lo) defines
a positively oriented (resp., a negatively oriented) basis (recall Definition 2.5.19).

From Theorem 2.5.16 it follows that ¢ intercepts A=!(Lg) transversally at the
instant ¢t = t¢ if and only if £(tg) € A'(Lg) and the symmetric bilinear form
¢'(to) is non zero in the space Lo N £(to); such intersection will be positive (resp.,
negative) if ¢'(¢() is positive definite (resp., negative definite) in Lo N £(¢).

5.1.11. LEMMA. Let Ly € A be a Lagrangian subspace and let
fl,ggl [a, b} — A

be curves of class C with endpoints in A°(Lg) that intercept A=' (L) only once;
suppose that such intersection is transverse and positive. Then, we have that (1
and {3 are homologous in Hy(A, A°(Ly)), and either one of these curves defines a
generator of Hi (A, A°(Lg)) = Z.

PROOF. Thanks to Lemma 3.3.25, we can assume that /1, {5 intercept Al (Lo)
at the same instant ty € ]a,b[. By Proposition 1.4.41 there exists a symplecto-
morphism A € Sp(V,w, Lo) such that A(¢1(to)) = ¢2(to). It follows from Corol-
lary 5.1.6 that Ao/, and ¢, are homologous in Hy (A, A°(Ly)); note that also Aoy
intercepts A=!(Lg) only at the instant ¢, and that such intersection is transverse and
positive (see Proposition 2.5.20).

The above argument shows that there is no loss of generality in assuming
l1(tg) = l2(tp). By Lemma 3.3.27, it is enough to show that the restriction
1{tg—e to+<] is homologous to la|;, ¢ 4] for some ¢ > 0. Let L1 € A bea
common complementary Lagrangian to ¢ (¢y) and Lo; for ¢ in a neighborhood of
to we can write 3;(t) = ¢r,,1, © 4i(t), i = 1,2. By Example 5.1.8 we have that
Bi(to) and €(to) coincide in Lo N 4;(ty) = Ker(ﬂi(to)) (see (5.1.7)); since by
hypothesis /(o) is positive definite in the unidimensional space Lo N ¢;(tp), it
follows from Theorem 4.2.3 (see also (4.2.10)) that for € > 0 sufficiently small we
have

(5.1.9) n4 (,Bz'(to + 6)) = N4 (,Bz(to)) + 1, n4 (ﬂi(to — 6)) =Ny (ﬂz(to))
Since (31 (to) = B2(to), it follows from (5.1.9) that

ny(Bi(to+e€)) =ny(B2(to +¢)), ng(Bi(to—¢)) =ny(Ba(to —¢)),
for ¢ > 0 sufficiently small. Now, it follows from Lemma 5.1.9 that the curve
01| [ty—e to+e] is homologous to the curve lo|y, 1o+ in Hy(A, A°(Lp)). This
concludes the proof of the first statement of the thesis.

To prove the second statement it suffices to exhibit a curve ¢ that has a unique
intersection with A=! (L), being such intersection transverse and positive, so that
¢ defines a generator of Hy(A,A(Lg)). Let (bj)gil be a symplectic basis of V'
such that (bj);-l:1 is a basis of Ly (see Lemma 1.4.35); consider the generator ¢ of
Hy(A, A°(Lyg)) described in (5.1.5) and (5.1.6). It is easy to see that £ intercepts
A=Y(Lg) only at the instant ¢ = 7 and Lo N ¢(7) is the unidimensional space
generated by by ; moreover, an easy calculation shows that:

(5.1.10) () (b1, 01) = w(bpt1,b1) = —1;
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it follows that £~ ! has a unique intersection with A=1(Lg) and that this intersection
is transverse and positive. By Lemma 3.3.27, the curve £~ ! is also a generator of
Hy(A, A°(Ly)), which concludes the proof. O

5.1.12. DEFINITION. Let Ly € A be a fixed Lagrangian and let ¢ : [a,b] — A
be a curve of class C'* with endpoints in A°(Lg) that intercept A= (L) only once;
suppose that such intersection is transverse and positive. We call (the homology
class of) £ a positive generator of Hq (A, AV (Lg)) (see Lemma 5.1.11). We define
an isomorphism

(5.1.11) pry: Hi(A A% (L)) — Z

by requiring that any positive generator of Hy (A, A°(Ly)) is taken to 1 € Z.

Suppose now that ¢ : [a,b] — A is an arbitrary curve with endpoints in
A°(Ly), then we denote by pr,(¢) € Z the integer number that corresponds to
the homology class of £ by the isomorphism (5.1.11); the number 11, (¢) is called
the Maslov index of the curve ¢ relative to the Lagrangian L.

In the following Lemma we list some of the properties of the Maslov index:

5.1.13. LEMMA. Let {: [a,b] — A be a curve with endpoints in A°(Ly); then
we have:

(1) ifo: [d,b] — [a,b] is a continuous map with o(a') = a, o(b') = b then
HLo (ﬁ 00) = Lo (6)’

(2) if m: [a’,b'] — A is a curve with endpoints in A°(Lg) such that {(b) =
m(a/)’ then jur,, (E ’ m) = HLo (@ + Lo (m)’

(3) o (€71) = —pr, (0);

@) ifTm(0) C A°(Lo) then pur,(£) = 0;

(5) if m: [a,b] — A is homotopic to { with free endpoints in A°(Lyg) (see
Definition 3.1.31) then jur,,(¢) = pr,(m);

(6) there exists a neighborhood U of £ in C°([a, b], A) endowed with the com-
pact-open topology such that, if m € U has endpoints in A°(Ly), then
pirg (€) = pure(m);

(7 if A (V,w) — (V' W) is a symplectomorphism, Ly € A(V,w) and
Ly = A(Lo) then pr, (€) = pry (Ao £), where we identify A with a map
Sfrom A(V,w) to A(V', ).

PROOF. Property (1) follows from Lemma 3.3.25; Properties (2) and (3) fol-
low from Lemma 3.3.27. Property (4) follows immediately from the definition of
the group Hy(A, A°(Lo)) (see (3.3.7)). Property (5) follows from Remark 3.3.30
and Property (6) follows from Theorem 3.1.33 and from Property (5). Property (7)
follows from the fact that A, takes a positive generator of Hy (A(V,w), A°(Ly)) to
a positive generator of Hy (A(V',w’), A%(L{))) (see Remark 2.5.21). O

5.1.14. EXAMPLE. The Maslov index pr,(¢) can be seen as the intersec-
tion number of the curve ¢ with the subset A=1(Lg) C A; indeed, it follows
from Lemma 5.1.13 (more specifically, from Properties (2), (3) and (4)) that if
¢: [a,b] — A is a curve of class C* with endpoints in A°(Lg) that has only trans-
verse intersections with A=1(Lg) then the Maslov index pz,(¢) is the number of
positive intersections of ¢ with AZ!(Lg) minus the number of negative intersec-
tions of £ with A=1(Lg). As a matter of facts, these numbers are finite (see Exam-
ple 5.1.17 below). In Corollary 5.1.18 we will give a generalization of this result.
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We will now establish an explicit formula for the Maslov index (i, in terms
of a chart ¢r, , of A:

5.1.15. THEOREM. Let Ly € A be a Lagrangian subspace and let { : [a,b] —
A be a given curve with endpoints in A°(Lg). If there exists a Lagrangian Ly € A
complementary to Lo such that the image of { is contained in A°(Ly), then the
Maslov index ., (£) of £ is given by:

KL (E) =N+ (QDLO,L1 (K(b))) — Ny (SOLO,Ll (f(a)))

PROOF. By Lemma 5.1.9, it suffices to determine for each 7,5 = 0,1,...,na
curve 3 ;: [0,1] — Bgym(Lo) such that:
(5.1.12) ny(Bi;(0)) =14, dgn(;,;(0)) =0,
(5.1.13) ny (Bi3(1) = 4, dgn(f;,i(1)) =0

and such that the curve ¢; ; = @Z(}’Ll o (B ; satisfies pr,(¢; ;) = j —i. If i = j,
we simply take 3; ; to be any constant curve such that 3; ;(0) is nondegenerate and
such that ny (3;,:(0)) = 4.

Property (3) in the statement of Lemma 5.1.13 implies that there is no loss of
generality in assuming ¢ < j. Let us start with the case 7 = 7 4 1; choose any basis
of Ly and define (3; ;11 (t) as the bilinear form whose matrix representation in this
basis is given by:

Biit1(t) ~diag(1,1,...,1,t — 1, —1,-1,...,-1), te€[0,1],
—— —
% times n—i—1 times
where diag(ay, . .., ay,) denotes the diagonal matrix with entries o, . . ., ay,.
Then, we have:

nt (Bii+1(0)) =4, dgn(Bi+1(0)) = 0,

ny (Bii(1) =i+1, dgn(Biiy1(1)) = 0;
moreover [3; ;41(t) is degenerate only at t = % and the derivative 51/1 Jrl(%) is

positive definite in the unidimensional space Ker (/611+1(%)) It follows from Ex-
amples 5.1.7 and 5.1.8 that ¢; ;1 intercepts A=!(Lg) only at ¢ = 1, and that such
intersection is transverse and positive. By definition of Maslov index, we have:

pro(liiv1) = 1;
and this completes the construction of the curve (3; ; in the case j = ¢ + 1.

Let us look now at the case j > ¢ 4+ 1. Foreachi = 0,...,n, let B; €
Bsym(Lo) be a nondegenerate symmetric bilinear form with n (B;) = 4; choose
any curve Bi,i+1: [0, 1] — Bsym(LO) with Bi,iJrl(O) = Bz and ,61'71'+1(1) = Bi+1
fori =0,...,n — 1. It follows from Lemma 5.1.9 and from the first part of the
proof that £; ;1 = 80201 1, © Biit satisfies pur,, (Cii41) = 1; for j > i + 1 define:

Bij = Biji+1 - Bitt,it2 - Bi-1,-

Then, the curve f3; ; satisfies (5.1.12), (5.1.13) and from Property (2) in the state-
ment of Lemma 5.1.13 it follows that i, (¢; ;) = j — 1.
This concludes the proof. U
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In Exercise 5.7 we ask the reader to prove that the property in the statement
of Theorem 5.1.15, additivity by concatenations and homotopy invariance (i.e., (2)
and (5) in the statement of Lemma 5.1.13) characterize the Maslov index.

5.1.16. DEFINITION. Given a curve t + £(t) € A of class C'! we say that
¢ has a nondegenerate intersection with A=!(Lg) at the instant t = tq if £(ty) €
A=1(Lp) and ¢'(t) is nondegenerate in Ly N £(t).

5.1.17. EXAMPLE. If a curve £ in A has a nondegenerate intersection with
AZ1(Lg) at the instant ¢ = tg, then this intersection is isolated, i.e., £(t) € A°(Lg)
for t # tg sufficiently close to tg. To see this, choose a common complementary
Lagrangian Ly € A to Ly and ¢(ty) and apply Theorem 4.2.3 to the curve =
©Lo,L, © ¥, keeping in mind Examples 5.1.7 and 5.1.8.

Since A=1(Ly) is closed in A, it follows that if a curve £ : [a,b] — A has only
nondegenerate intersections with A=!(Lg), then £(t) € A=1(Lg) only at a finite
number of instants ¢ € [a, b].

We have the following corollary to Theorem 5.1.15:

5.1.18. COROLLARY. Let Ly € A be a Lagrangian subspace and let be given a
curve 0: [a,b] — A of class C with endpoints in A°(Ly) that has only nondegen-
erate intersections with A=1(Lg). Then, ((t) € A=1(Lo) only at a finite number of
instants t € [a, b] and the following identity holds:

pro(0) = > sen ()] Lone)x (Lone))) -

te(a,b]

PROOF. It follows from Example 5.1.17 that £(t) € A=!(L) only at a finite
number of instants ¢ € [a, b]. Letty € ]a, b be such that £(¢y) € A=1(Ly); keeping
in mind Property (2) and (4) in the statement of Lemma 5.1.13, it suffices to prove
that:

1120 (Cito—etore)) = 520 (€ (t0)] (Lonttto)) x (Lone(to)))
for ¢ > 0 sufficiently small. Choose a common complementary L; € A of Lg
and {(tp); for ¢ in a neighborhood of ¢y we can write 3(t) = ¢r, 1, (¢(t)). The
conclusion now follows from Theorem 5.1.15 and from Corollary 4.2.5, keeping
in mind Examples 5.1.7 and 5.1.8. (]

In Example 5.1.17 we have seen that a nondegenerate intersection of a curve ¢
of class C! with A=1(Ly) at an instant ¢ is isolated, i.e., there exists € > 0 such
that £(t) &€ A=Y(Lg) for t € [to — &,to[ U Jto, to + ]. We will prove next that the
choice of such € > 0 can be made uniformly with respect to a parameter.

5.1.19. LEMMA. Let X be a topological space and suppose that it is given a
continuous map:

X X [to,tl[ = ()\,t) — g)\(t) = g()\,t) eA

which is differentiable in the variable t and such that % : X X [to, t1[— TA is
also continuous. Fix a Lagrangian Ly € A; suppose that dim(¢()\, to) N Lo) is
independent of X\ € X and that the curve (), = {(\o,-) has a nondegenerate
intersection with AEI(LO) att = tg for some \g € X. Then, there exists € > 0
and a neighborhood 3\ of \y in X such that, for all A\ € i, £y has a nondegenerate
intersection with A= (Lg) at to and such that £(\,t) € A°(Ly) for all \ € U and
all t €]to, to + €.
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PROOF. Choose a common complementary Lagrangian Ly of Ly and ¢( g, to)
and define B(\, t) = ¢r,,1, (¢(A, t)) for ¢ in a neighborhood of ¢y and A in a neigh-
borhood of Ay in X'. Then, 3 is continuous, it is differentiable in ¢, and the deriv-
ative % is continuous. The conclusion follows now applying Proposition 4.2.6 to
the map (3, keeping in mind Examples 5.1.7 and 5.1.8. U

5.1.20. REMARK. A more careful analysis of the definition of the transverse
orientation of AI(LO) in A (Definition 2.5.19) shows that the choice of the sign
made for the isomorphism i, is actually determined by the choice of a sign in
the symplectic form w. More explicitly, if we replace w by —w, which does not
affect the definition of the set A, then we obtain a change of sign for the isomor-
phisms pr, 1, and p;, (defined in formulas (1.4.11) and (1.4.13)). Consequently,
this change of sign induces a change of sign in the charts ¢, 1, (defined in formula
(2.5.3)) and in the isomorphism (2.5.12) that identifies 77, A with Bgym (L).

The conclusion is that changing the sign of w causes an inversion of the trans-
verse orientation of A'(Lg) in A, which inverts the sign of the isomorphism .

5.1.21. REMARK. The choice of a Lagrangian subspace Lo € A defines an
isomorphism:
(5.1.14) KL, © qs: Hi(A) =7,

where q. is given in (5.1.3). We claim that this isomorphism does not indeed
depend on the choice of Lo; for, let L, € A be another Lagrangian subspace.
By Corollary 1.4.28, there exists a symplectomorphism A € Sp(V,w) such that
A(Lg) = L{;; we have the following commutative diagram (see Lemma 5.1.5):

A.=Id

Hi(A) Hy(A)
y -
Hi(A, A%(L)) —— > Hy (A, A°(L}))

fito A
Z

where the commutativity of the lower triangle follows from Remark 2.5.21. This
proves the claim. Observe that if ¢: [a,b] — A is a loop, i.e., £(a) = £(b), then,
since /¢ defines a homology class in H;(A), we obtain the equality:

KLo (E) = KLy (E)a
for any pair of Lagrangian subspaces Lo, L{, € A.

5.1.22. REMARK. Let J be a complex structure in V' compatible with w; con-
sider the inner product g = w(+, J-) and the Hermitian product g5 in (V, J) defined
in (1.4.10). Let ¢y € A be a Lagrangian subspace; Proposition 2.5.11 tells us that
the map
(5.1.15) U(V, J, gs)/o(£07g|fo><fo) >A- O(£ng|fo><fo) i A(EO) €A

is a diffeomorphism. As in (5.1.1), we can define a map
CZ: U(V7 J7 gs)/o(gohg‘fox%) - Sl

obtained from
d=det?: UV, J, gs) — S*
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by passage to the quotient; then the map d induces an isomorphism d, of the fun-
damental groups. Indeed, by Remark 1.4.30 we can find a basis of V' that puts
all the objects (V,w, J, g, gs, {p) simultaneously in their canonical forms, and then
everything works as in Proposition 5.1.1. The isomorphism d, together with the
diffeomorphism (5.1.15) and the choice of (3.2.25) (or, equivalently, of (5.1.4)) as
a generator of 1 (S1) = H1(S') produce an isomorphism (see also (5.1.2)):

U=1ujy- Hl(A) =5 Z;

this isomorphism does not indeed depend on the choice of J and of /y. To see
this, choose another complex structure J' in V' compatible with w and another
Lagrangian subspace ¢, € A; we then obtain an isomorphism u’ = u - From
Remark 1.4.30 it follows that there exists a symplectomorphism A € Sp(V,w) that
takes ¢ onto £{, and that is C-linear from (V, J) into (V, J'); then, it is easy to see
that the following diagram commutes:

Hy(A

Hy(

By Lemma 5.1.5 we have that A, = Id and the conclusion follows.

As a matter of facts, formula (5.1.10) shows that the isomorphism u has the
opposite sign of the isomorphism (5.1.14) obtained by using the transverse orien-
tation of A'(Lg) in A.

)
\Z
)/

A

5.2. A definition of Maslov index using the fundamental groupoid

In this section we present a definition of Maslov index for arbitrary continu-
ous curves in the Lagrangian Grassmannian using the theory developed in Sub-
section 3.1.1. As far as we know, the first time that this notion of Maslov index
appeared was in [17]. The technique used in [17] is very different from ours.

Throughout this section we will consider a fixed symplectic space (V,w), with
dim(V') = 2n and a Lagrangian subspace L of V'; we denote by A the Lagrangian
Grassmannian of (V,w).

5.2.1. LEMMA. Let Z be a real finite-dimensional vector space and let B €
Bym(Z) = Lin(Z,Z*), C € Bgym(Z*) = Lin(Z*,Z) be symmetric bilinear
forms. If the linear map 1d + C o B € Lin(Z) is an isomorphism then:

ny(B) —ny(B+BoCoB)=n(C+CoBolC)—ny(C).

PROOF. Consider the symmetric bilinear form R on the space Z ¢ Z* defined
by:

R((v,q), (w,8)) = B(v,w) + C(a, B),

forallv,w € Z, o, § € Z*. Consider the injective linear maps:

T:ZB’U'—>(’U,B(U))€Z@Z*, S:Z*Ba%(—C(a),a)EZEBZ*.
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Clearly:

R(T(v), S(a)) = —B(U,C(a)) + C’(B(U),a)
= —(CoB)(v,a)+ (CoB)(v,a) =0,
forallv € Z, o € Z*, so that T'(Z) and S(Z*) are R-orthogonal. We claim that:
ZoZ*=T(Z)® S(Z).

Namely, given (v, o) € Z @ Z*, we have to check that there exists a unique w € Z
and a unique 8 € Z* such that:

(5.2.1) (v,0) = T(w) + S(B);
a simple computation shows that equality (5.2.1) is equivalent to:
f=a-Bw), (Id+CoB)(w)=v+C(a)

The proof of the claim is completed by observing that Id4 C'o B is an isomorphism
of Z.

In order to complete the proof of the lemma, we compute n (R) in two dif-
ferent manners. Clearly, since the direct summands Z and Z* in Z & Z* are
R-orthogonal, we have (see Proposition 1.5.23):

n+(R) = ny(B) +ni(C).

Similarly, since T'(Z) & S(Z*) is an R-orthogonal direct sum decomposition, we
have:

ny(R) = ny (Rlrz)xr(z)) + 1+ (Clszoyxsz+))-
But 7" is an isomorphism onto 7'(Z) and S is an isomorphism onto S(Z*) and
therefore:

ni (Rlpz)xr(z)) = ne (T*(R)), 14 (Clszxs(z+)) = n+(S7(R)).
Let us compute 7% (R) and S¥ (R):
(T#(R))(v,w) ( (v), T'(w )) = B(v,w) + C(B(v), B(w))
= (B+ BoCoB)(v,w),
(5%(R)) (e, B) = R(S(2), 5(8)) = B(C(a), C(B)) + C( B)
=(C+CoBoC)a,p).
forallv,w € Z, o, 3 € Z*. Hence:
ny(R)=ny(B+BoCoB)+n, (C+CoBo(). O
5.2.2. LEMMA. Given Lagrangian subspaces L1, L} € A°(Ly), then the map:
(522)  A%(L1)NAYLY) 3 L— ny (¢ro.L, (L) = ny (@rop, (L) €Z
is constant on each arc-connected component of A°(L1) N A°(LY).
PROOF. Set:
C = (pro,11)#(#11,00(L1)) € Bsym(Lp)-

Given L € A°(Ly) N A%(L}), we write B = ¢r, 1, (L) € Bsym(Lo) and then, by
(2.5.6) and (2.5.7):

¢ry14(L)=Bo(ld+CoB)™
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To prove the lemma, we will show that the map:
(5.2.3) Br—ny(B)—ny(Bo(Id+CoB) ') eZ

is constant on each arc-connected component of the open subset of Beym (Lg) con-
sisting of those symmetric bilinear forms B in Lg such that Id + C o B is an
isomorphism of Lg. The pull-back of B o (Id + C o B)~! by the isomorphism
Id + C o Bisequal to (Id + B o C') o B and therefore:

n+(Bo(Id—|—CoB)_1) =ny((Id+ BoC)oB) =n,(B+BoCoB).
Using Lemma 5.2.1 we get that the map (5.2.3) is equal to the map:
B+—ni(C+CoBoC)—ny(0).

To complete the proof, we show that if ¢ — B(t) € Bsym(Lo) is a continuous
curve defined in an interval I and if Id + C o B(t) is an isomorphism for all ¢ € I
then n (C' + C o B(t) o C) is independent of ¢. This follows from Lemma 4.2.1
and from the observation that:

Ker(C + C o B(t) o C) = Ker[(Id + C o B(t)) o C] = Ker(C),
forallt € I. U

5.2.3. COROLLARY. Given Lagrangian subspaces Ly, L} € A°(Ly), then the
map:

(5.2.4) A°(L1)NA(LY) 3 L— §sgn(pre.r, (L)) — 5 sen(pr,1, (L)) € 37
is constant on each arc-connected component of A°(L1) N A°(LY).

PROOF. Since dgn(¢r,,, (L)) = dgn(goLO’Lfl (L)) = dim(LoNL), it follows
from the result of Exercise 5.8 that the map (5.2.4) is equal to the map (5.2.2). [J

5.2.4. COROLLARY. There exists a unique groupoid homomorphism [, :
A— %Z such that:

(5.2.5) firo(€) = g sgn[ero,r, (€(1))] — 3s8n[ery,r, (€00))],
for every € € Q(A°(Ly)) and every Ly € A°(Ly).

PROOF. It follows directly from Corollary 5.2.3 and Corollary 3.1.22, by set-
ting G = %Z, A= AO(LO), Ur, = AO(Ll) and g7, (L) = %sgn(chO’Ll(L)), for
allL1€A,L0€UL1. O

It follows directly from the results of Exercises 5.7 and 5.8 that the groupoid
homomorphism pr, : A — %Z extends to arbitrary continuous curves in A the

map ur, that in Definition 5.1.12 was defined only for curves with endpoints in
A°(Ly).

5.2.5. DEFINITION. Given an arbitrary continuous curve ¢ : [a,b] — A and
a Lagrangian Ly € A, we call the semi-integer ur,(¢) the Maslov index of ¢ with
respect to L.

Let us now prove a few properties of this new notion of Maslov index.

5.2.6. PROPOSITION. If A : (V,w) — (V' W) is a symplectomorphism, Ly €
A(V,w), Ly = A(Lg) and ¢ : [a,b] — A(V,w) is a continuous curve then:

KL (é) = KLy (A © 6)7
where we identify A with a map from A(V,w) to A(V',w'").
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PROOF. We show that £ — p, (A o {) is a groupoid homomorphism having
the property that characterizes fip,,, i.e.:

(5.2.6) pry (Aol) = §senlwr, n, (€(1)] — 5 senler,.z, (€(0))],

for every ¢ € Q(A"(Ly)) and every Ly € A°(Ly). Setting L} = A(L1), we have,
by the definition of u Ly

(527 pry(Aol) = gsgnfpr 1 (A-0(1))] — gsenfer 1, (A €(0))].
It follows from the result of Exercise 2.20 that the righthand side of (5.2.6) is equal
to the righthand side of (5.2.7). The conclusion follows. O

5.2.7. REMARK. In the statement of Proposition 5.2.6, if we assume that A is
an anti-symplectomorphism, i.e., that A : (V,w) — (V’, —w') is a symplectomor-
phism, we obtain that:

pro(0) = —ppy (Ao l).
This follows easily from Proposition 5.2.6 and from the result of Exercise 5.9.

5.2.8. PROPOSITION. If ¢ : [a,b] — A is a continuous curve with image con-
tained in some Ay (Lo) then pur,,(¢) = 0.

PROOF. Since p,, is additive by concatenation, we can assume without loss
of generality that the image of / is contained in the domain of a local chart ¢y, 1, .
In this case, the Maslov index of £ is given by (5.2.5). The condition that the image
of £ is contained in Ay (L) means that dgn[¢r, 1, (¢(t))] = k, forall ¢ € [a,b].
It follows from Lemma 4.2.1 that sgn[¢r,,1, (£(t))] is independent of ¢. O

5.2.9. PROPOSITION. Given a continuous map H : [c,d] X [a,b] — A and
setting:
0y :]a,b] >t~ H(c,t), ¥{y:[a,b]>t— H(d,1)
l3:]c,d] > s+ H(s,b), {ly:[c,d]>s+— H(s,6a),
then pury(€1) + pro(€3) = piy(l2) + pro (Ca).

PROOF. Since [a,b] x [c, d] is convex, it follows that ¢; - ¢3 is homotopic with
fixed endpoints to ¢4 - £5. The conclusion follows from homotopy invariance and
concatenation additivity of pr,. U

5.2.10. COROLLARY. Given continuous curves £1,0s : [a,b] — A, if there
exists a homotopy H : {1 = Uy such that the maps [0,1] > s — dim(H (s, a)N L),
[0,1] 5 s+ dim(H (s, b) N Lo) are constant then jur,({1) = pir,(£2).

PROOF. It follows from Proposition 5.2.9 keeping in mind that, by Proposi-
tion 5.2.8, KL (63) = L, (f4) =0. O

5.3. Isotropic reduction and Maslov index

In this section we consider a fixed 2n-dimensional symplectic space (V,w) and
an isotropic subspace S of V. Recall (see Example 1.4.17) that one has a natural
symplectic form @ on the quotient S+ /S.

5.3.1. LEMMA. If Lg is a Lagrangian subspace of V then there exists a La-
grangian subspace Ly of V with Lo N Ly = {0} and:

(5.3.1) (LonSH) +(LinSH))NnS=LonS.
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PROOF. Observe that the righthand side of (5.3.1) is a subspace of the lefthand
side of (5.3.1), for any choice of L. Let S’ be a subspace of S with:

S=(LynS) & S.

Since S’ is an isotropic subspace with LoN.S” = {0}, by Lemma 1.4.39, there exists
a Lagrangian subspace L of V containing S” with Lo N L = {0}. Let L1 € A°(Lo)
be such that the symmetric bilinear form ¢y, 1,,(L1) in L is positive definite. To
prove (5.3.1), let v € Lo N S+, w € L1 N S+ be fixed with v + w € S. Write
v+ w = up + ug with u; € LogN S and us € S’. The proof will be concluded
if we show that up = 0. Denote by T' = ¢, 1,,(L1) the linear map 7" : L — Ly
whose graphin L & Lg is L;. We have:

Ly Bw:ug—l—(ul—v),
with ug € S’ C L and u3 — v € Lo, so that u; — v = T'(uz). Thus:
o110 (L1)(ug, u2) = w(T(u2), u2) = w(uy —v,uz) =0,

up € Sc St ve Standuy, € S. But @11, (L1) is positive definite and
therefore us = 0. O

5.3.2. LEMMA. The set:
(5.3.2) {LeA:LNS={0}}
is open in A and the map (recall part (b) of Lemma 1.4.38):
(5.3.3) {LeA:LNS={0}}>L+—q(LNSH) eASH/S)
is differentiable.

PROOF. The set (5.3.2) is open in A because, by Lemma 1.4.39, it is equal to

the union:
U A%

e
DS

Let G be the closed (Lie) subgroup of Sp(V, w) consisting of those symplectomor-
phisms 7' : V' — V such that 7'(S) = S. The canonical action of Sp(V,w) on
A restricts to a differentiable action of G on (5.3.2). We also have a differentiable
action of G on A(S+/S) given by:

G x A(5+/S) > (T, L) — T(L) € A(S*/9),

where T is the symplectomorphism induced by 7 on S~ /S (see (1.4.16)). The map
(5.3.3) is obviously equivariant. The conclusion will follow from Corollary 2.1.10
once we show that the action of GG on (5.3.2) is transitive. To this aim, let L, Lo be
in (5.3.2). By Lemma 1.4.39 there exist Lagrangians L}, L/, containing S such that
Ly N Ly ={0} and Ly N L, = {0}. Now choose an arbitrary isomorphism from
L/ to L, that preserves S and use Corollary 1.4.36 to obtain a symplectomorphism
T of V that extends such isomorphism and such that 7'(L;) = Lo. O

5.3.3. COROLLARY. Given Lagrangian subspaces Lo, £ of V with S C { there
exists a Lagrangian subspace L1 of V with Lon Ly = {0}, N Ly = {0} and such
that (5.3.1) holds.
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PROOF. By Lemma 5.3.2 the set:
(5.3.4) {LeA:LNnS={0}andq(LNST)Ng(LoNS+)={0}}

is open, being the inverse image by the continuous map (5.3.3) of the open sub-
set A° (q(Lo ns L)) of the Lagrangian Grassmannian of S+/S. By part (b) of
Lemma 1.4.38 the Lagrangian I.; whose existence is granted by Lemma 5.3.1 is in
(5.3.4). Using the fact that the set of Lagrangians transverse to a given Lagrangian
is open and dense (see Remark 2.5.18), it follows that the intersection of (5.3.4)
with A%(Lg) N A°(¢) is nonempty. The desired Lagrangian L can be taken to be a
member of such intersection. (]

5.3.4. LEMMA. The set:

(5.3.5) {LeAV):L>S}
is a closed submanifold of A(V') and the map:
(5.3.6) {LeA(V):L>S} 3L+ L/S€eASH/S)

is differentiable.

PROOF. Let GG be as in the proof of Lemma 5.3.2. Clearly the action of G
on A(V) preserves (5.3.5). We claim that the action of G on (5.3.5) is transitive.
Namely, given Lj, Lo in (5.3.5) then pick any isomorphism from L; to Lo that
preserves S and use Corollary 1.4.36 to extend it to a symplectomorphism of V.
Clearly, (1.4.36) is equal to the intersection:

(N {LeAlV):L>v}

veS
and therefore it is closed, by the result of part (c) of Exercise 2.10. By Theo-
rem 2.1.12, (5.3.5) is a submanifold of A(V'). If we consider the action of G on
A(S*/8) defined in the proof of Lemma 5.3.2 then clearly the map (5.3.6) is equi-
variant and therefore, by Corollary 2.1.10, it is differentiable. O

5.3.5. LEMMA. Let (Lo, L1) be a Lagrangian decomposition of V' such that
(5.3.1) holds, so that Ly N S = {0} and (Lo, L1) = (q(Lo N SY), q(L1 N SL)) is
a Lagrangian decomposition of S+ /S (recall part (b) of Lemma 1.4.38). Given a
Lagrangian subspace L of V' containing S then:

(a) LN Ly = {0} ifand only if g(L) N Ly = {0}.
Assuming that a given Lagrangian L containing S is transverse to L then:
(b) The pull-back by the map q|r,ns. = Lo N St - L of 03, i, (q(L)) is

equal to the restriction of o1, 1, (L) to Ly N S+

(¢) If 7 : V. — Lg denotes the projection with respect to the decomposition
V =Lo® Ly then Ly = W(S) + (Lo N SL).

(d) If 7 is as in part (c) then the spaces 7(S), Lo N St are orthogonal with
respect to the symmetric bilinear form or,, r, (L).

(e) The restriction of the symmetric bilinear form ¢r,, 1, (L) to w(S) x w(S)
is independent of L.

PROOF. Since L contains S and L; NS = {0} it follows that (L) N L; =
q(L) N q(Ly N S+) = {0} if and only if L N (L1 N S*) = {0}. Item (a) then
follows by observing that L is contained in S*. Let T' = ¢y, 1., (L) : Ly — L1 be
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the linear map whose graph in Ly & L1 is equal to L and let T = P01 (q(L)) :
Lo — L1 be the linear map whose graph in Lo & L1 is equal to q(L). Letv €
Lo N St be fixed. We have v + T'(v) € L C S* and thus T'(v) € L; N S*.
Therefore q(v) € Lo, q(T(v)) € Ly and g(v) + q(T(v)) € g(L). This implies
that ¢(T'(v)) = T(g(v)). Now, given w € Lo N S~ we have:

Lo.Ly (L) (v,w) = w(T'(v),w) =@ (a(T(v)), q(w))
=w(T(q(v)),q(w)) = ¢z, 7, (a(L)) (a(v), g(w)),
proving (b). To prove (c), we will show that dim (71'(5 )+ (Lo N Sl)) =n. We
have:
(5.3.7) dim(7(S) + (Lo N SH)) = dim((S)) + dim(Lo N S*)
— dim(7(S) N (Lo N SH)).
Since SN L; = {0}, we have:
(5.3.8) dim(7(S)) = dim(9).
Moreover:
(53.9)  dim(LoNS*) = dim((Lo + S)*) = 2n — dim(Lo + S)
=n —dim(S) + dim(Lo N S).
Let us now prove that:
(5.3.10) m(S)N(LoNSt) =LoNnSs.
Notice that combining (5.3.7), (5.3.8), (5.3.9) and (5.3.10) we will conclude the
proof of part (c). Clearly Lo NS = w(LoNS) C w(S) and thus Lo NS C
7(S) N (Lo N S*). Now let v € S be such that 7(v) € Ly N S+ and let us show
that 7(v) € S. We have v — 7(v) € L1, v € S C S+, 7(v) € S, so that
v —m(v) € L1 N S*; then:
v=7(v)+ (v—7()) € (LoNSH) + (L1 NSH),

and it follows from (5.3.1) that v € Ly N S. Thus 7(v) = v € S. This proves
(5.3.10) and concludes the proof of part (c). To prove part (d), pick v € S, w €
Lo N S+ and let us show that @1, 1, (L) (7(v),w) = 0. Since v € L we can write
v =u+T(u), with u € Lo; then 7(v) = u. Now:

(meLl(L)(ﬂ(?}), w) = w(T(u),w) = w(u + T(u),w) —w(u,w) =0,

since u + T(u) =v € S, w € S* and u,w € Lg. To prove (e), let L, L' € A be
Lagrangians transverse to Ly containing S. Set T' = ¢ 1, (L), T' = ¢r.1, (L').
The proof will be concluded if we show that 7" and 7" agree on 7(S). Givenv € S,
write v = vg + vy, with vy = 7(v) € w(S) C Lg and v; € Ly. Since v € L and
v € L' we have T'(w(v)) = vy and T"(m(v)) = v1. This concludes the proof. [

5.3.6. PROPOSITION (isotropic reduction). Let S be an isotropic subspace of
V., Lo be a Lagrangian subspace of V and { : [a,b] — A(V) be a continuous
curve with S C ((t), for all t € [a,b]. Define ¢ : [a,b] — A(S*/S) by setting

((t) = £(t)/S, forall t € [a,b]. Then, by Lemma 5.3.4, { is continuous. Moreover:

pro (6) = pg (0,
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where Lo = q(Lo N S+) and q : S+ — S+ /S denotes the quotient map.

PROOF. Since the Maslov index is additive by concatenation, it suffices to
show that every ty € [a, b] has a neighborhood V' in [a, b] such that:

ML0(£|[a’,b’]) = Mio(a[a’,b’])v
for every interval [a/,b'] contained in V. Now, let ty € [a,b] be fixed and let
L; € A(V') be a Lagrangian such that Lo N Ly = {0}, £(tp) N Ly = {0} and such
that (5.3.1) holds (Corollary 5.3.3). Set V = ¢~*(A%(Ly)) and let [a/,b'] C V be
fixed. Setting Ly = q(L1 N SL) then, by Lemma 5.3.5, (Lo, L) is a Lagrangian
decomposition of S*-/S and ¢ ([a’,¥]) is contained in the domain of Proi, Ve
have:

KL (ﬂ[a’,b’]) = % [Sgn(@Lo,Ll (é(b,))) - Sgn(<pL07L1 (E(a,)))] s

nz, (U en) = 3 [sen (e, z, (€01)) = sen(eg, g, (a)))]-
By parts (c) and (d) of Lemma 5.3.5 and by Corollary 1.5.25, we have:

Sgn(wLOle (E(t))) = Sgn(SOLOM (E(t)) |7T(S)><7r(5))

+ 520 (0Lo.L; (€(1) [(LonsL)x(Lonst))
where m : V' — Lo denotes the projection with respect to the decomposition
V = Lo & L. By part (b) of Lemma 5.3.5, recalling Remark 1.5.28, we have:

sen (pro,z; () (Lonstyx(zonst)) = sen (e, 7, (€1))),
so that:

(5.3.11) sgn(@re,z, (U(1)) = sen(prg.z, (€))x(s)xn(s))
+sgu(pz, 7, (1))

Now, by part (e) of Lemma 5.3.5, the first term in the righthand side of (5.3.11)
does not depend on t. Setting ¢ = o' and ¢t = a’ in (5.3.11) and subtracting such
equalities the conclusion is obtained. (]

5.4. Maslov index for pairs of Lagrangian curves

Throughout this section we will consider a fixed symplectic space (V,w) with
dim(V') = 2n and we will denote by A the Lagrangian Grassmannian of (V,w).
We will introduce a notion of Maslov index for pairs (¢1,¢2) : [a,b] — A x A of
continuous curves of Lagrangian subspaces of V. This is a semi-integer number
which “measures” the set of instants ¢ € [a, b] at which ¢, (t) N ¢2(t) # {0}. When
lo(t) = Lo for all ¢, the Maslov index of (¢1,¢2) will coincide with the Maslov
index pur,(41).

Consider the direct sum V' @ V endowed with the symplectic form & defined
by:

(5.4.1) @ ((v1,v2), (w1, w2)) = w(vr, wr) — w(vy, wy),

for all vq, v2, w1, wa € V. This is simply the direct sum of the symplectic spaces
(V,w) and (V, —w) (see Exercise 1.12). We set:

(5.4.2) A=AV aV,0).
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Given Lagrangian subspaces Lo, L1 of V, then Ly & L; is a Lagrangian subspace
of V & V; moreover, the map:

s:AxA> (Lo, L) — Lo® Ly € A

is a differentiable embedding (see Exercise 2.11). We will use the map s to identify
A x A with a subset of A. Clearly, the diagonal:

(54.3) A={(v,v):veV}
is a Lagrangian subspace of V & V.

5.4.1. DEFINITION. Given continuous curves {1, %2 : [a,b] — A, the Maslov
index of the pair (¢1, {3) is defined by:

(b, la) = pa(ly, l2).
We proof some simple properties of the Maslov index of pairs of curves.

5.4.2. PROPOSITION.

(a) The map p is a groupoid homomorphism from Q (A x A) to %Z.
(b) Given continuous curves {1, ls : [a,b] — A then (€1, 02) = —p(la, £1).

PROOF. Item (a) is a trivial consequence of the fact that ua is a groupoid ho-

momorphism from Q(INX) to %Z. Item (b) follows from Remark 5.2.7 by observing
that the map:

VeV s (v,v)r— () eVaV
is an anti-symplectomorphism. U
Given maps @ : [a,b] — Sp(V,w), £ : [a,b] — A, we set:
(@ - 0)(t) = 2(t) (1)),
forall t € [a, b].

5.4.3. PROPOSITION. Let ({1,42) : [a,b] — A x A, ® : [a,b] — Sp(V,w) be
continuous curves. Then:

/L((I) . fl, P - 62) = /L(fl,ég).
PROOEF. Consider the homotopy H : [0,1] X [a,b] — A x A defined by:
H(s,t) = (®((1 = s)t +sa) - £1(t), ®((1 — s)t + sa) - Lo(t)),

forall s € [0,1], t € [a,b]. We have that H is a homotopy from (® - ¢1, P - {3) to
(®(a) ® ®(a)) - (€1, £2). We will show that:

(5.4.4) (@ £y, ® - Ly) = u((®(a) & ®(a)) - (1, £2))
using Corollary 5.2.10. To this aim, we have to show that, for ¢ € {a, b}, the map:
0,1] 5 s+— dim(ANH(s,t)) €N
is constant. But this follows from the equalities:
dim(ANH(s,t)) = dim[(@((1—s)t+sa)-L1(t)) N (P((1—s)t+sa)-la(t))]
= dim (41 (t) N €a(t)).

The conclusion now follows from (5.4.4) and from Proposition 5.2.6, keeping in
mind that ®(a) & ®(a) is a symplectomorphism of V' & V' that preserves A. [
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5.4.4.LEMMA. Let (Lg, L1) be a Lagrangian decomposition of V, £ € A°(Ly)

and A :' V. — V be a symplectomorphism such that A(Lg) = L1, A(L1) = Lo

and pry.1, © Alr, : Lo — Lj is a (positive definite) inner product in Lo. Then

(A, Gr(A)) is a Lagrangian decomposition of V&V, L@ Lo € A°(Gr(A)) and:
sgn (@A, ar(a) (L @ Lo)) = sgn(er,0, (£)) + 3 dim(V).

PROOF. Let us first consider the case where V' = R?" (endowed with the
canonical symplectic form (1.4.5)), Lo = {0}&R",L; = R"@&{0} and A = —J,
where J is the canonical complex structure of R?" (see Example 1.2.2). We have:

L= {(T(v),v),v € IR”},
where T : R™ — R" is a symmetric linear map and:

¥Lo,L1 (E)((()?U)? (O,U))) = <T<U>7w>7

for all v,w € R™. It is clear that both A and ¢ are complementary to Gr(A).
Moreover, it is easily checked that £ @ Ly is the graph of the linear map:

A5 ((@y). (2.9)) — ((a,—2), Ala, ) € Gr(4),
where a = T'(y — =) — x. Consider the linear isomorphism:
¢ :R*™ > (z,w) — ((z,2 +w), (2,2 + w)) € A;
a straightforward computation gives:
e (L8 Lo) (6(z w), 6(2/,w) = (T(w), w) +2(z, 2),
for all (z,w), (', w') € R?". Hence:
i (0 ar(a) (L ® Lo)) = 4. (010,0,(0)) + 1,
n—(pa,Gr(a) (L ® Lo)) = n—(pro,1, ().

This completes the proof in the special case considered so far.
For the general case, choose a basis (b;)7_; of Ly which is orthonormal rela-
tively to the inner product g = pr, 1, © A|r,. We claim that:

(5.4.5) (A(b1), ..., A(by), b1, ..., by),

is a symplectic basis of V. Namely, since Lo and L; are Lagrangian, we have
w(A(b;), A(bj)) =0, w(b;,bj) =0, foralli,j =1,...,n; moreover:

w(A(b:), bj) = pro,i (A(bi)) - bj = g(bi, by),

so that w(A(bi), bj) is equal to zero for ¢ # j and it is equal to 1 for ¢ = j. Let us
also show that:

(5.4.6) A%(b)) = =b;, i=1,...,n.
Forall j =1,...,n, we have:
9(bj, A2(0:)) = pro,1, (A(b))) - A(bi) = w(A(b)), A*(bi)) = w(bj, A(b:))

= —g(b;,b;),

which proves (5.4.6). Now let o : V' — R?" be the symplectomorphism that takes
(5.4.5) to the canonical basis of R?". Then:

a(Lo) = {0} @ R", a(L1) = R" & {0}.
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Moreover, a ® « is a symplectomorphism from V @ V to R?" @ R?" that sends
the diagonal of V @ V to the diagonal of R*” & R?" and the graphof A: V — V
to the graph of a0 Ao ™! : R?" — R2". It follows easily from (5.4.6) that
aoAoa~t =—J. Then:

sgn (A Gra) (L & Lo)) = sgn(@a cr(—.)((f) & a(Lo)))
= 580 (Pa(Lo),a(r1) (@) +n =sgn(pre,L, (£)) + 3 dim(V).
This concludes the proof. (]

5.4.5. PROPOSITION. Given a continuous curve { : [a,b] — A and a fixed
Lagrangian Ly € A then:

M(€7 LO) = UKLy (6)7
where Ly is identified with a constant curve in A.

PROOF. The map ¢ — pu(¢, Ly) is a groupoid homomorphism, so that we just
have to prove that, if L; € A°(Lg) and ¢ takes values in AY(L;) then:

ﬂ(£> LO) = % sgn [@Lo,Ll (E(b))] - % sgn [¢L07L1 (f(a))] .

Let A : V — V be a symplectomorphism as in the statement of Lemma 5.4.4.
Such A can be constructed as follows. Choose an inner product g : Ly — L in
Lo, and let Ay : Ly — L1 be given by pE; 1, ©9- By Corollary 1.4.36, A extends
to a symplectomorphism A of V satisfying A(L1) = Lo. Now (A, Gr(A)) is a
Lagrangian decomposition of V &V and (¢, L) takes values in A°(Gr(A)); thus:

11(€, Lo) = % sgn[pa cra) (£() © Lo)| — 3 sgn[@a cr(a) (¢(a) ® Lo)].
The conclusion follows from Lemma 5.4.4. (]

5.4.6. COROLLARY. Let ¢y : [a,b] — A, @ : [a,b] — Sp(V,w) be continuous
maps, Lo € A and set ly = Br,, o ®. Then:

p(lr, b2) = pry (@71 - ),

where ®~1 is defined by ®~1(t) = ®(t)~1, forall t € a,b).

PROOF. Follows directly from Propositions 5.4.3 and 5.4.5. U

5.4.7. LEMMA. Let {1,035 : [a,b] — A be a pair of continuous curves. The
following equality holds:
(5.4.7) tey (@) (€2) = ttoy 5y (2) = trgy 5y (£1) — Hpy(a) (€1)-

PROOF. Consider the continuous map:

H :[a,b] x [a,b] 3 (s,t) — l1(s) @ La(t) € A.

By Proposition 5.2.9, we have:

pa(€1(a) ® le) + pa (0 @ L2(b)) = pa (€1 (b) ® Le) + pa (1 ® L2(a)).

The conclusion follows from Proposition 5.4.5 and part (b) of Proposition 5.4.2.
(]

5.4.8. COROLLARY. If ¢ : [a,b] — A is a continuous loop then the value of
L, () does not depend on the choice of Lg in A.

PROOF. Choose Lo, L1 € A and a continuous curve {3 : [a,b] — A with
ly(a) = Lo and ¢2(b) = Lq. Set £1 = ¢ and apply Lemma 5.4.7 observing that,
since ¢1(a) = ¢1(b), the left hand side of (5.4.7) vanishes. O
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5.5. Computation of the Maslov index via partial signatures

Throughout this section we will consider a fixed symplectic space (V,w), with
dim(V') = 2n, a Lagrangian subspace L of V and a differentiable curve £ : I — A
in the Lagrangian Grassmannian A of (V,w), where I C R is an interval.

5.5.1. DEFINITION. An Lg-root function for £ at an instant ty € [ is a differ-
entiable map v : I — V such that v(t) € £(¢), for all t € I and v(ty) € Lo. The
order of an Ly-root function v at t(, denoted by ord(v, Lo, to), is the smallest pos-
itive integer k such that the k-th derivative v(*) (o) is not in L. If v*)(¢9) € Lo
for every nonnegative integer k, we set ord(v, Lg, tg) = +00.

If v : I — V is a differentiable map such that v(¢) € ¢(t) for all ¢ € I and if
q : V — V/Lg denotes the quotient map, then ord (v, Lo, to) is precisely the order
of zero of the map g o v at ¢g.

Given a positive integer k, the set of all Ly-root functions v : I — V with
ord(v, Lo, to) > k is clearly a subspace of the space of all V-valued differentiable
maps on [; thus:

Wi (€, Lo, tg) = {v(to) : v is an Lg-root function of ¢ with ord (v, Lo, tg) > k:},

is a subspace of Ly N £(tg). We call Wy (¢, Lo, to) the k-th degeneracy space of £
with respect to Lg at tg. When ¢, Lg and ¢ty are given from the context, we write
Wi, instead of Wi.(¢, Lo, to).

5.5.2. REMARK. If an interval J is a neighborhood of ¢y in I then:
Wi(€, Lo, to) = Wi(¢] s, Lo, to)-

Namely, if v : J — V is a root function for £| 7, there exists a root function v :
I — V for £ that coincides with v in a neighborhood of % in J (see Exercise 5.16).
Clearly ord(v, Lo, tg) = ord(v, Lo, to).

Clearly:
W1 CWy, k=1,2,..., W1 = Lo N L(ty).

5.5.3. LEMMA. Let k be a positive integer, v : I — V, w : I — V be Ly-root
functions for ¢ with ord(v, Lo, to) > k, ord(w, Lo, tg) > k. Then:

w(v®(to), w(to)) = w(w® (to), v(tn)).
PROOF. Since v(t), w(t) € £(t), we have:
w(v(t), w(t)) =0,
for all ¢ € I. Differentiating k times at t = ¢y, we get:

k
Y Bw (@ (k) w?(t)) = 0.

1=0

If0 < i < k, v*9(ty) and w® (ty) are both in Ly and thus the i-th term in the
summation above vanishes; hence:

w(v(k) (to), w(to)) + w(v(to), w®) (to)) = 0. O
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5.5.4. COROLLARY. Let k be a positive integer, v1 : I — V,vo: I — V Ly-
root functions for  with ord(vy, Lo, tg) > k, ord(va, Lo, to) > k, vi(to) = va(to)
and wyg € Wy. Then:

w(vik) (to), wo) = w(vék) (to), wo).

PROOE. Choose an Ly-root function w : I — V for ¢ with ord(w, Ly, to) > k;
applying Lemma 5.5.3 we get:

w (0 (t0), wo) = w(w® (o), vi(to)) = w(w® (to), valte)) = w (S (t0), wo).
[

5.5.5. DEFINITION. Given a positive integer k, the k-th degeneracy form of ¢
with respect to Lo at to, £x(Lo, to) : Wi x Wi, — R, is defined by:

fk(Lo, to)(vo, w[)) = w(v(k) (to), ’wo),

for all vg, wg € Wy, where v : I — V is an arbitrary Lg-root function for ¢ with
ord(v, L(), to) > k and U(to) = 0.

It follows from Corollary 5.5.4 that the map ¢ (Lo, to) is well-defined. Clearly
0k (Lo, to) is bilinear and it follows from Lemma 5.5.3 that £, ( Lo, to) is symmetric.
Again, when tg and L are clear from the context, we write simply ¢, instead of

Ci(Lo, to).

5.5.6. REMARK. The degeneracy forms at ¢y are not changed when one re-
stricts £ to an interval J which is a neighborhood of ¢y in I (see Remark 5.5.2).

5.5.7. PROPOSITION. Letty € I be fixed and Ly be a Lagrangian subspace of
V which is complementary to Lo. Assume that {(I) is contained” in the domain of
the chart o, 1, : A(Ly) — Bsym(Lo). Set B = ¢y, 04 : I — Bgym(Lo). For
any positive integer k, the k-th degeneracy space Wy, (¢, Ly, to) is equal to the k-th
degeneracy space Wi (B, ty) and the k-th degeneracy form (i(Lg,to) is equal to
the k-th degeneracy form By (to).

PROOF. SetT = ¢, 1, o€ : 1 — Lin(Lg, L), so that £(t) C V = Lo & Ly
is the graph of the linear map 7'(t) : Lo — L1 and B(t) = pr,,1, © T'(t), for all
t € I. Every differentiable map v : I — V satisfying v(t) € £(t), forallt € I, is
of the form:

(5.5.1) o(t) = u(t) +T(t)(ut)), tel,
?I,,: el

where u : I — Ly is a differentiable map. Since B(t) (u(t)) = pro,, [T(t) (u(t))]
and pr,, r, 1s an isomorphism, it follows that the order of zero at ¢y of the maps
t — B(t)(u(t)) and ¢t — T(t)(u(t)) coincide. Notice that v is an Lg-root func-
tion for ¢ at ¢ if and only if u is a root function for B at t(; namely, by (5.5.1),
v(to) € Lo if and only if T'(to) (u(to)) = 0. In what follows, we assume that v is
an Lg-root function for ¢ at t.

Notice that if Ly is any Lagrangian subspace of V' complementary to Lo and to £(¢o) then the
condition £(.J) C A°(L1) holds for a sufficiently small neighborhood .J of ¢g in I. Restricting £ to
J does not change the degeneracy spaces and degeneracy forms at ¢ (see Remarks 5.5.2 and 5.5.6).
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For each positive integer k, we differentiate (5.5.1) k times obtaining:

k
o) (t0) = w9 (10) + L2 (1) (u(t)|

€Lg

)
t=to

€Ly
therefore, the smallest positive integer k with v(¥) (t5) & L is equal to the smallest
positive integer k£ with %B(t) (u(t)) ‘t:to #0,1ie.
ord(v, Lo, ty) = ord(u, tg).
Since T'(to) (u(to)) = 0, we have v(tg) = u(ty) and thus:
Wi (¢, Lo, to) = Wi(B, tp),

for every positive integer k. Now, if v : I — V is an Lg-root function for ¢ at
to with ord(v, Lo, tg) > k, setting vg = v(tg) and fixing wg € Wy (¢, Lo, tg) =
Wi(B,ty), we compute:

— k _ k dk

ek(UO, wO) - O.)('U( )(t0)7 'UJ()) =w ( u( )(t()) +ﬁT(t) (u<t)) ‘t:to’ wo )

€Lg ST

k k

= (L) () |,y w0) = proia (ST (®)],_,, ) - w0

k
= e B(®) (u(t))],_y, - wo = Bi(ulto), wo) = By(vo, wo).
This concludes the proof. U
The following definition is analogous to Definition 4.3.12:

5.5.8. DEFINITION. The ground degeneracy of the curve ¢ with respect to Ly
is defined by:

gdgy, (0) = min dim (4(t) N Ly).
€

Aninstant ¢ € I with dim (¢(t) N Lo) > gdgy,, (¢) will be called exceptional with
respect to L.

Obviously, gdgy, (¢) > 0if and only if the image of £ is contained in A>1(Lo).

If 7 is real analytic, it follows easily from the result of Exercise 5.10, Propo-
sition 5.5.7, Lemma 4.3.13 and Proposition 4.3.14 that the exceptional instants of
¢ are isolated, that ty € I is not exceptional if and only if ¢ (Lg,to) = 0 for all
k > 1 and that for any ¢o € I:

gdgr, (£) = r]?>11£1 dim(Wk(ﬁ, Ly, to)).

5.5.9. THEOREM. If{ is real analytic then, for all a,b € I with a < b:

Lo (Clan) =3 Z sgn (¢l (Lo, a))
k>1

(5.5.2) + > > seu(lar-1(Lo.t))

t€la,bl k>1

+ % Z [Sgn(€2k71([z0, b)) - Sgn(fzk([/(), b))] .
k>1
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Notice that the second sum on the righthand side of (5.5.2) has only a finite
number of nonzero terms, namely, in that sum we can consider only the instants
t € ]a, b| that are exceptional with respect to L.

PROOF OF THEOREM 5.5.9. Denoting by R(a, b) the righthand side of equal-
ity (5.5.2), it is easy to see that R(a,c) + R(c,b) = R(a,b), for ¢ € |a,b[; since
It1,, 1s additive by concatenation, it suffices to prove equality (5.5.2) when ¢ ([a, b])
is contained in the domain of a coordinate chart ¢, 1, . In this case, such equality
follows directly from Propositions 5.5.7 and 4.3.15 (recall (5.2.5)). O

The theory of partial signatures can be used to compute the Maslov index of a
pair ({1, {2) of real analytic curves. See Exercise 5.18 for details.

5.6. The Conley-Zehnder index

In this section we define a notion of Maslov index for continuous curves ¢ :
[a,b] — Sp(V,w) in the symplectic group of a given symplectic space (V,w). The
key observation is that the graph of a symplectomorphism of V' is a Lagrangian
subspace of (V@ V,®) (see (5.4.1)). Observe that the dimension of the intersection
of the graph of a symplectomorphism with A (see (5.4.3)) is equal to the geometric
multiplicity of the eigenvalue 1.

5.6.1. DEFINITION. Let ® : [a,b] — Sp(V,w) be a continuous curve. The
Conley—Zehnder index of ® is defined by:

icz(®) = pa (Gr(@[))),
where Gr(®)(t) = Gr(®(t)) € A.

In what follows we want to establish a relation between the Conley—Zehnder
index of a curve ® and the Maslov index of a curve:

,Bgooq):q)'go

in the Lagrangian Grassmannian. To this aim, we will introduce the Hormander
index of a four-tuple of Lagrangians, which is a map:

q:AxAXAXA— 17,
defined as follows. Given four Lagrangians Lo, L1, L{), L] € A, we set:

(5.6.1) q(Lo, L1; Ly, L) = pur, () — pupy (£),

where ¢ : [a,b] — A is a continuous curve with ¢(a) = L{ and ¢(b) = L.
We claim that the righthand side of (5.6.1) does not depend on the choice of /.
Namely, given continuous curves 1,02 : [a,b] — A with ¢1(a) = l3(a) = Lj
and /1 (b) = £2(b) = L, then the concatenation ¢; - 5 ' is a loop and therefore, by
Corollary 5.4.8, we have:

piro(Cr - 03Y) = pr, (6 6571);
hence:

KLo (61) — HLo (£2) = KL, (51) — KL, (52),
proving the claim.
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5.6.2. LEMMA. Let ® : [a,b] — Sp(V,w) be a continuous curve and let
Lo, L1, L} € A(V,w) be fixed. Then:

pro (B, © ®) — pre (Bry 0 ®) = q(L1, Ly; @(a) " (Lo), ®(b) " (Lo))-

PROOF. Using Proposition 5.4.5, Proposition 5.4.3 and part (b) of Proposi-
tion 5.4.2 we compute as follows:

piry(Br, 0 ®) = pu(®- L1, Lo) = pu(L1, @ - Lo) = —p(@ "+ Lo, Ly)
= —pr, (P Lo).
Similarly,
pro(Bry 0 ®) = —pg (@71 - Lo).
The conclusion follows from the definition of q. (]

5.6.3. PROPOSITION. Let ® : [a,b] — Sp(V,w) be a continuous curve and
Lo,y € A(V,w) be fixed. Then:

icz(®) + pry (B © @) = q(A, Lo @ £o; Gr(@(a) ™), Gr(@(b)1)).
In particular, if ® is a loop, then icz(®) = —pr, (B, © ®).
PROOF. We have Gr(®(t)) = (Id @ ®(t))(A) and therefore, using Proposi-
tion 5.4.5, part (b) of Proposition 5.4.2 and Proposition 5.4.3:
(5.62) icz(®) = pa(Gr(®)) =pa(Id®®)-A) =p(Ide @) - A, A)
=p(A,(Ide @ ") A) = —p(Gr(@71),A) = —ua (Gr(@7h)),
where (Id @ ®)(t) = Id ® ®(¢). Moreover:
(5.6.3)
1L, (Bey 0 ®) = (B, 0@, Lo) = —p(Lo, B, 0®) = —pa ((Id@®) - (Lo ® 4o))
= —u((Id® @) - (Lo ® £y), A) = —pu(Lo @ by, Id ® @7 1) - A)
= p(Gr(® 1), Lo @ £o) = prgee, (Gr(@71)).

The conclusion follows from the definition of q by adding (5.6.2) with (5.6.3) and
using Lemma 5.6.2. U

Exercises for Chapter 5

EXERCISE 5.1. Consider the space R?*" endowed with its canonical symplec-
tic form w; define an isomorphism O : R?® — R?" by O(z,y) = (z, —y), for all
x,y € R™ Show that O (w) = —w and conclude that O induces a diffeomor-
phism of the Lagrangian Grassmannian A to itself. Show that the homomorphism:

O, : Hi(A) — Hyi(A)
is equal to minus the identity map (compare with Remark 5.1.20).
EXERCISE 5.2. Let Ly € A be a Lagrangian in the symplectic space (V,w)
and let A : [a,b] — Sp(V,w, Lg), ¢ : [a,b] — A be continuous curves such that

(a), £(b) € A°(Lg). Prove that the curve / = Ao/ : [a,b] — A is homologous to
¢in Hy(A, A°(Ly)).

EXERCISE 5.3. Let Lo be a Lagrangian subspace of (V,w) and let L1,¢ :
[a, b] — A be curves such that:
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e [(t) is transverse to Lg and to £(t) for all ¢ € [a, b];
e /(a) and £(b) are transverse to L.

Show that the Maslov index sz, (¢) of the curve ¢ is equal to:

1120 (€) = 14 (010,15 (£(0))) = 114 (010,11 (a) (€(a)))-

EXERCISE 5.4. Let Lo, L1, L2, L3 € A be four Lagrangian subspaces of the
symplectic space (V,w), with Lo N Ly = LoN Ly = Loy N Ly = Lo N Ly = {0}.
Recall the definition of the map pr,, 1, : L1 — L given in (1.4.11), the definition
of pull-back of a bilinear form given in Definition 1.1.2 and the definition of the
chart ¢r, 1, of A given in (2.5.3). Prove that the following identity holds:

¥Lo,L1 (L3) — ¥L1,Lo (LZ) = (pLo,Ll )# (SDL07L3 (LQ)_I) .
EXERCISE 5.5. As in Exercise 5.4, prove that the following identity holds:
1 (@ro,0s(L2)) = 14 (011,00 (L3) — 914,10 (L2)).-

EXERCISE 5.6. Let (Lg, L) be a Lagrangian decomposition of the symplectic
space (V,w) and let £ : [a, b] — A be a continuous curve with endpoints in A°(Ly).
Suppose that there exists a Lagrangian L, € A such that Im(¢) C AY(L,). Prove
that the Maslov index puz,, (¢) is given by the following formula:

p1o(0) = 1 (011,10 (€(1)) = L1106 (L)) = n— (911,00 (@) — @L1,10(Lx))-

EXERCISE 5.7. Let Ly € A be a Lagrangian subspace and p a map that as-
sociates an integer number p(¢) to each continuous curve ¢ : [a,b] — A with
¢(a),£(b) € A°(Lg). Assume that y satisfies the properties (2) and (5) in the
statement of Lemma 5.1.13 and such that:

,u(f) = N4 (90L07L1 (E(b))) —ny (‘PL07L1 (ﬁ(a))),

for all Ly € A°(Lg) and every continuous curve £ : [a,b] — AY(L;) with
(a),€(b) € A°(Lg). Show that pu = pur,,.

EXERCISE 5.8. Let V be a real finite dimensional vector space and B, B’ €
Bgym (V') be symmetric bilinear forms. Show that:

+sgn(B) — §sgn(B’) = ny(B) — ny(B') + 5 dgn(B) — 1 dgn(B).

EXERCISE 5.9. Show that the Maslov index defined in Section 5.2 changes
sign when the symplectic form changes sign.

EXERCISE 5.10. Show that, if £ : I — A is real analytic and Lo € A then:

gdgr, (¢) = gdgp, (¢]s),

for every interval J C I.

EXERCISE 5.11. Define the following symplectic form @ in R*":

w((v1,w1), (v2, w2)) = w(vr,v2) — w(wy, wa), V1, wr,v2,we € R*™.

where w is the canonical symplectic form of R?". Prove that A € Lin(RR?", R*")
is a symplectomorphism of (R?", w) if and only if its graph Gr(A) is a Lagrangian
subspace of (R*",w). Show that the map Sp(2n,R) > A — Gr(A) € A(R*", @)
is a diffeomorphism onto an open subset.

EXERCISE 5.12. Prove that the set {T" € Sp(2n,R) : T(Lo) N Lo = {0}} is
an open dense subset of Sp(2n, R) with two connected components.
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EXERCISE 5.13. Define:
Iy = {7 €Sp(2n. R) : det(T — 1d) > 0};
r_— {T € Sp(2n, R) : det(T — 1d) < o}.

Prove that I'; and I'"_ are open and connected subsets of Sp(2n,R) (see Exer-
cise 5.15 for more properties of the sets I'y and I'_).

EXERCISE 5.14. Consider the set:
E= {T € Sp(2n, R) : det(T — Id) # 0, T(Lo) N Lo = {o}}.

Prove that E is a dense open subset of Sp(2n, R) having 2(n + 1) connected com-

. A B
ponents. Prove that each connected component contains an element " = D

with A = 0 and B in diagonal form.

EXERCISE 5.15. Recall from Exercise 5.13 the definition of the sets 'y , ' C
Sp(2n,R). Prove that A € I'y U T'_ if and only if Gr(A) is a Lagrangian in
A%(A) € A(RY™,w), where A is the diagonal of R*™ = R?*" @ R?". Conclude
that any loop in I' ;. UT'_ is homotopic to a constant in Sp(2n, R).

EXERCISE 5.16. Let (V,w) be a symplectic space, L be a Lagrangian sub-
space of V and £ : I — A be a differentiable curve defined in an interval I C R.
If tg € I, an interval J is a neighborhood of ¢y in [ and v : J — V is an Lgy-root
function for £| ;, show that there exists an Lg-root function v : I — V for £ that
coincides with v in a neighborhood of ¢y in J.

EXERCISE 5.17. Let (V1,w1), (Va,ws) be symplectic spaces and let (V,w) be
their direct sum (see Exercise 1.12). Let
s: A(Vy) x A(Vo) — A(V)

be the map defined in Exercise 2.11. Given L' € A(Vi,w1), L? € A(Va,ws) and
continuous curves /1 : [a,b] — A(Vi,w1), l2 : [a,b] — A(Va,ws), show that:

priere (50 (4, 02)) = i (1) + pg2(f2).

EXERCISE 5.18. Let (V,w) be a symplectic space and let ¢1,¢5 : I — A be

differentiable curves; consider the corresponding curve v = (¢1,¢2) in A (recall
(5.4.2)). Let ty € I be fixed. Given a differentiable map (vi,v2) : I — V@V,
show that:

(a) (v1,v2) is a A-root function for ~ if and only if v1(t) € ¢1(¢), va(t) €
l5(t), forall t € I and vy (tp) = va(to);
(b) the order of a A-root function (v1, v2) is the least positive integer k& such

that v\" (o) # v{¥ (to):
(c) we have:
Wi(v, A, to) = {(v,v) : v € Wi(7,to)},

where:

Wi(v,t0) = {vi(to) : (v1,v2) a A-root function for v with ord(vy, ve) > k};



156 5. THE MASLOV INDEX

(d) the k-th degeneracy form 7 (A, tp) of v with respect to A at ¢ is given
by:

k k
(A, t0) (o, vo), (wo, wo)) = w(vy™ (to) — 0™ (t0), wo),
for all vy, wo € Wi(,to), where (v1,v2) is a A-root function of v at ¢
with ord (v, v2) > k and v1(ty) = v2(tg) = vo.
EXERCISE 5.19. Prove the following identities for the Hormander index:
(@) q(Lo, L1; Lo, L) = —q(L, Lo; L, Ly):
(b) a(Lo, L1; Ly, Ly) = —a(Lo, L1; Ly, Lp);
(©) q(Lo, L1 Ly, L) + q(Lo, L1; L, L) = q(Lo, L1; L, LY);
(d) q(Lo, L1; Ly, L) = —a(Lg, LY; Lo, L).
EXERCISE 5.20. Given a symplectic space (V,w), the Kashiwara index:
G:AXAXA—1Z
is defined by:
q(Lo, L1, L2) = q(Lo, L1; L2, Lo),
forall Ly, L1, Lo € A. Show that:
(a) Cl(L07 Ll; L67 Lll) = a(L07 L17 L6) - a(L()a L17 Lll)’
(b) g is antisymmetric;
() q(L2, L3, La) —q(L1, Ls, La) +q(L1, L2, Ls) — G(L1, L2, L3) = 0.
The identity in (c) says that q is a 2-cocycle in A relatively to Alexander—Spanier
cohomology theory.



APPENDIX A

Kato selection theorem

The purpose of this appendix is to show an important result known as Kato
selection theorem which says that one can find a real analytic orthonormal basis
of eigenvectors for a real analytic one parameter family of symmetric linear maps.
We recall that, given a real finite-dimensional vector space V,amap f : [ — V
defined in an open interval I C R is said to be real analytic if for each g € I there
exists a sequence (a,)n>o in V' such that:

+oo
FO) = an(t—to)",
n=0

for all £ in an open neighborhood of ¢ in 1. The convergence of the power series
above is meant relatively to an arbitrarily chosen norm in V' (recall that all norms
in a finite-dimensional vector space are equivalent).

A.1. THEOREM (Kato selection theorem). Let V be a real n dimensional vec-
tor space endowed with an inner product (-,-) and T : I — Lin(V') be a real
analytic map defined in an open interval I C R. Assume that the linear map T (t)
is symmetric, for all t € I. Then, for each tg € I, there exist real analytic maps
eq:Jto—e,to+e[ =V, Ay i Jto—e,to+e] = R, a« = 1,...,n, defined in an
open neighborhood of tg in I such that (ea (t))zzl is an orthonormal basis of V
and T'(t)eq(t) = Aa(t)ea(t), a =1,...,n, forallt € tg — e, ty + .

For the proof of Kato selection theorem we need to consider a holomorphic
extension of 7' to a neighborhood of ¢y in the complex plane and we will apply
techniques of basic complex analysis and of covering maps.

In the remainder of the appendix, all vector spaces are assumed to be finite-
dimensional and complex unless a different assumption is explicitly stated. When
dealing with complex numbers, we will denote by i the imaginary unit (observe
that the symbol “7”” will be used for other purposes, such as indexing summations).

A.l. Algebraic preliminaries

Given a vector space V, the set F(V, C) of all complex-valued maps on V is
a complex algebra endowed with the operations of pointwise addition and mul-
tiplication. The set Lin(V, C) of linear functionals on V is a vector subspace of
F(V,C), but not a subalgebra.

A.1.1. DEFINITION. The subalgebra P (V) of F(V, C) spanned by Lin(V, C)
is called the algebra of polynomials on V. Amap p : V — C is called a polynomial
if it belongs to P (V).

If we choose a basis and identify V with C™ then P()V) is identified with the
standard algebra of polynomials in n variables with complex coefficients (see Ex-
ercise A.1).

157
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A.1.2. DEFINITION. Given vector spaces V, W, amapp:V — Wiscalled a
polynomial if for every linear functional o : WW — C the map aop is a polynomial.
The set of all polynomials from V' to W is denoted by P(V, W).

If we choose a basis and identify VW with C™ then a map p : VV — W is poly-
nomial if and only if its m coordinate maps are polynomials (see Exercise A.2).
Given a nonzero polynomial p € P(C) then, by the result of Exercise A.1,

there exists a natural number n and complex numbers cg, .. ., ¢, € C, with ¢, # 0
and:

n
(A.1.1) p(z) =Y e,

i=0

for all z € C. Such numbers (the coefficients of p) are uniquely determined by p
and the natural number n is called the degree of p and is denoted by Op. We take as
convention that the degree of the zero polynomial is —oo. The number ¢, is called
the leading coefficient of p; a polynomial whose leading coefficient is equal to 1 is
called monic. For any integer n, set:

Pn(C) = {p € P(C) : Op < n};

if n > —1, P,(C) is an (n + 1)-dimensional vector subspace of P(C). Clearly
d(pq) = Op + g, for all p, g € P(C).

By the fundamental theorem of algebra, a polynomial p of degree n > 0 can
be written as:

(A.1.2) p(z)=clz—a1)t - (z—ag)™, 2z€C,
where oy, ..., ap € C are pairwise distinct complex numbers, ¢ is a nonzero com-
plex number and r1, ..., r; are positive integers with r; + - -- + r, = n. Clearly

p~10) = {ai,...,ar}. The elements of p~—1(0) are called the roots of p; the
positive integer 7; is the multiplicity of the root ov;. We set #p = k, i.e., #p is the
number of (distinct) roots of p.

We are interested in determining algebraic relations among the coefficients of
a polynomial p € P(C) that enable the computation of #p. More specifically, we
will prove the following:

A.1.3. PROPOSITION. Given natural numbers' n, k, there exists a polynomial:
Q : P (C) — ¢
with the property that, for every p € P(C) with Op = n, we have:
#p <k <= Q(p) = 0.

To prove Proposition A.1.3 we need the notion of derivative of a complex poly-
nomial and of greatest common divisor (gcd) of two polynomials. The derivative
p’ of a polynomial p € P(C) is defined in such a way that P(C) > p — p’ € P(C)
is the unique linear map that sends the polynomial z — 2" to the polynomial
z +— nz"~1, for every natural number n. Clearly, if p is given by (A.1.1) then:

n
p(z) = Zicizi_l,
i=1

m
n

Y“Natural number” means “nonnegative integer number”. Binomial coefficients ( ) are under-

stood to be zero when n > m or when n < 0.
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for all z € C. Given polynomials p, g € P(C), the Leibniz rule:
(rg)' =p'a+pd,

holds. Using the Leibniz rule it is easily seen that if & € C is a root of a nonzero
polynomial p whose multiplicity is 7 > 1 then « is a root of p’ whose multiplicity
if r — 1 (where it should be understood that “« is a root of multiplicity zero” means
that «v is not a root).

Given p,q € P(C) we say that p divides q and write p | ¢ when there exists
r € P(C) such that ¢ = pr. The algebra P(C) is well-known to be a unique
factorization domain so that given p,q € P(C) there exists a polynomial d such
that d | p, d | ¢ and given any other f € P(C) with f | p and f | ¢ then
f | d. If p# 0orq # 0 then there exists a unique monic polynomial d with such
property and we denote it by ged(p, ¢). When ged(p, ¢) = 1 we say that p and ¢
are relatively prime. If p = pg ged(p, q) and ¢ = qo ged(p, q) then pg and ¢ are
relatively prime. Moreover, if p divides g1 g2 and ged(p, g1) = 1 then p divides go.

A.1.4. LEMMA. Ifp € P(C) is a nonzero polynomial then:
#p = 0p — Oged(p, p').
PROOF. If pis given by (A.1.2) then p’ is given by:
P(z)=(z—a)" (2 —ap)* e(2), 2 €C,
where q(a;) # 0,7 =1,..., k. Clearly:
ged(p.p)(2) = (z —a)" e (2 —ap) T z€C,
and the conclusion follows. U

A.1.5. LEMMA. Let p,q € P(C) be nonzero polynomials, | be an integer
number and set n = Op, m = 0q. Consider the linear map:
Tp.g) : Pnai(C) @ Pyt (C) 3 (p1,q1) — p1q¢ — pq1 € Prym—i(C).

We have:
dgcd(p, q) > | <= Ty q) is not injective.

PROOF. If 0gcd(p, q) > 1, we write p = p1 ged(p, q), ¢ = q1 ged(p, ¢) with
Op1 <n—1land dg1 < m — [. Then (p1,q1) is a nonzero element in the kernel
of T(p7q). Conversely, let (p1,q1) be a nonzero element in the kernel of T(p,q)’
so that pjg = pqi; observe that py # 0 and ¢1 # 0. Write p = po ged(p, q),
q = qo ged(p, q), so that py and qq are relatively prime. We have:

p1qo ged(p, ) = poq1 ged(p, q)

and therefore p1qy = poq1. Then py divides p;qy and thus it also divides p;. This
implies:

n —dged(p,q) = Opo < Ip1 < n — L.
The conclusion follows. (]

A.1.6. LEMMA. Let V, W be vector spaces with dim(V) = m, dim(W) = n.
There exists a polynomial:

M : Lin(V, W) — C(n)
such that, for all T € Lin(V, W), M (T) # 0 if and only T is injective.
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PROOF. Choose bases for V and WV and denote by [T] the n x m complex
matrix that represents a linear map 7" : VV — W with respect to such bases. Given
a subset s of {1,...,n} having m elements, denote by M4(T") the determinant of
the m x m matrix obtained from [7'] by collecting the columns whose number is
in 5. Clearly, M, : Lin(V,W) — C is a polynomial and 7 is injective if and only
if there exists s with M4(T') # 0. The map M is obtained by putting together all
the (") maps M. O

A.1.7. COROLLARY. Given natural numbers m, n and an integer number 1,
there exists a polynomial:
( n+m—I1+1 )
R :P,(C) & Pp(C) — Clutm-2i+2
such that for all p, q € P(C) with Op = n and dq = m, we have:
dged(p,q) > 1 <= R(p,q) = 0.

PROOF. Set V = P,_(C) ® Q,,,—1(C), W = Pp1m—1(C) and consider the

polynomial:
n+m—I+1 )

M : Lin(V, W) — Clatn als
given by Lemma A.1.6. The map:
T :Pn(C) ®Pin(C) > (p,q) = Tip,q € Lin(V, W)
defined in Lemma A.1.5 is linear. The desired polynomial R is given by M oT'. [J

PROOF OF PROPOSITION A.1.3. The case n = 0 is trivial, so assume n > 1.
Setm = n — 1,1 = n — k. Consider the polynomial R defined given by Corol-
lary A.1.7. Keeping in mind Lemma A.1.4, we see that the desired polynomial )
is given by the composition of R with the linear map:

Pn(C) 3 p+— (p,p') € Pu(C) ® Py—1(C). O

A.2. Polynomials, roots and covering maps

It is convenient to introduce the following notation: let Z : C — C denote the
identity map. Then, the polynomial given in (A.1.1)isequal to Y ;" , ¢;Z i

Let k, n be natural numbers and r = (ry,...,r;) be a k-tuple of positive
integers with Zle r; = n. We consider the map:

k
o (fo S (..., o) — H(Z — ;)" € Pp(C),
=1

where:
Cck = {(al,...,ak) e CF: q # fori;éj}

is the open subset of C* consist of k-tuples of pairwise distinct complex numbers.

We introduce some basic terminology from the theory of holomorphic func-
tions of several variables. If V is a complex vector space then a subset .S of V
is called a complex submanifold if it is an embedded submanifold (in the sense
defined in Section 2.1) of the realification of V (see Section 1.2) and if T,,S is a
complex subspace of V, for all x € S. If V, V' are complex vector spaces and
S c V, S c V' are complex submanifolds then amap f : S — S’ is said to be
holomorphic if it is differentiable (in the sense of Section 2.1) and if the R-linear
map dfy : TS — T (y)S" is C-linear.
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If A is an open subset of C and f : A — V is a holomorphic function we set:

fl(z) =df(2)- 1€V,

forall z € A and we call f'(z) the derivative of f at z. Clearly, df(z)-h = f'(2)h,
forall z € A, h € C.

The composition of holomorphic maps is holomorphic and the inverse of a
holomorphic diffeomorphism is also holomorphic. It is also easy to see that if V),
W are complex vector spaces then every polynomial p : YV — W is holomorphic.

Our goal is to prove the following:

A.2.1. PROPOSITION. The subset ¢,(C¥) is a complex submanifold of P, (C)
and ¢, : C¥ — ¢.(CY) is a holomorphic local diffeomorphism and a covering
map.

Towards this goal, we prove some lemmas.
A.2.2. LEMMA. The map ¢, is a holomorphic immersion.

PROOF. The map ¢, is the restriction to C* of a polynomial and it is therefore
holomorphic. We will compute the differential of ¢, using the following trick:
given z € C, the map eval, : P(C) > p +— p(z) € C is linear and therefore:

d(eval, o ¢,)(a) = eval, o d¢, (),

for all o € CF. The differential of eval, o ¢, is easily computed as:

d(eval, o ¢,) () - B = Z (H z — ;) )7”7,(2 — )" B,

=1 j#i

for all o € C¥, 3 € C*. Thus:

o) 5= (T12 - ) 3 [t T2 - )

=1 1=1 Ve

for all & € CF, 3 € CF. In order to show that ¢, is an immersion, let o« € C¥ be
fixed and assume that 3 € CF is in the kernel of d¢,.(v). Then (since P(C) has no
divisors of zero!):

i[w(g ~a)] =0.

By evaluating the polynomial above at o, ..., ai we get 31 = 0, ..., O = 0.
This concludes the proof. (]

Define a norm on P,,(C) by setting:

n
(A2.1) Ipll =" ladl,
1=0

where p(z) = Y1 a;2!

A2.3.LEMMA. If ¢ € C is a root of a complex monic polynomial p € P, (C)
of degree n then:

¢l < lpll-
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PROOF. Write p(z) = 2" 4+ Z?:_ol a;2". Let ¢ be root of p. Since ||p|| > 1, we

may assume that |¢| > 1. We have:

a;
1+ i = 0
i=0
Thus:
n—1 n—1 a
(2
0 i=0
This concludes the proof. (]

Given topological spaces X, Y andamap f : X — Y, we say that f is proper
if f is continuous and f~!(K) is a compact subspace of X, for every compact
subspace K of Y.

A.2.4. COROLLARY. The inverse image by ¢, of a bounded subset of P, (C)
is bounded. Moreover, the map ¢, : C¥ — ¢,.(CF) is proper.

PROOF. The first part of the statement follows directly from Lemma A.2.3 by
observing that the image of ¢, contains only monic polynomials. Now let K be
a compact subspace of ¢,.(C¥). Then ¢, !(K) is bounded. Moreover, ¢ ' (K) is
obviously closed in C¥, but to ensure compactness we need to show that ¢, (K)
is closed in C*. To this aim, let ®, : C¥ — P, (C) denote the extension of ¢,
to C* which is given by the same expression that defines ¢,.. Given a, 3 € CF
with ®,.(a) = ®,.(8) and a € C¥ then clearly 3 is also in C¥. This implies that
¢ (K) = &1 (K) and obviously ®;~!(K) is closed in CF. O

Under reasonable assumptions for the topological spaces X and Y, every
proper map f : X — Y is closed (i.e., carries closed subsets of X to closed
subsets of Y). See Exercise A.12 for details.

A.2.5. COROLLARY. The map ¢, : C¥ — ¢,(CF) is closed. O

Let Sy, denote the group of all bijections of {1,...,k}. Given o0 € &) we
consider the complex linear isomorphism o, : C¥ — CF defined by:

ox(ar, .. ak) = (Qg1), -5 Qo (k) )s

for all (ay,...,a) € CF. Clearly 0. maps C¥ onto C¥ and (0 0 7). = T, 0 04,
forall o, 7 € &y. Let:

G = {O‘EGk:TJ(i) =7y, izl,...,k},
so that G is a subgroup? of &y,. The following result is very simple:

A.2.6. LEMMA. Forall o € G, ¢, 0 0y = ¢. Moreover, if o, € CF and
or(a) = ¢ () then there exists o € G with o/ = o.(«). O

A.2.7. COROLLARY. If U is a subset of CF then:

¢ (6n(U)) = | 0. (). O

ceG

2The map o — o is an effective right (linear) action of the group G on the vector space C*
and G is the isotropy subgroup of 7.
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A.2.8. LEMMA. The map ¢, : Ck — ¢,.(CF) is open, i.e., if U is open in C*
then ¢, (U) is open in ¢,.(CF).

PROOF. Let U be an open subset of C*. By Corollary A.2.5 and the result of
Exercise A.13, the set ¢, (U) is open in ¢, (C¥) if and only if ¢, ! (¢,(U)) is open
in C*. But this follows directly from Corollary A.2.7. U

A.2.9. COROLLARY. The set ¢.(CF) is a complex submanifold of P,,(C) and
the map ¢, : C* — ¢,.(CF) is a holomorphic local diffeomorphism.

PROOF. It follows directly from Lemmas A.2.2 and A.2.8, and from the result
of Exercise 2.5. (|

We are finally ready for:

PROOF OF PROPOSITION A.2.1. Because of Corollary A.2.9, it only remains
to show that ¢, is a covering map. Since, for all p € ¢,.(CF), the number of
elements of ¢, !(p) is equal to the cardinality of the group G, this follows from
Corollary A.2.5 and from the result of Exercise 3.20. O

A.3. Multiplicity of roots as line integrals

We will need a version of Cauchy integral formula from elementary complex
analysis. In the following, if D denotes the closed disk of center ¢ € C and radius
r > 0 then line integrals over @D should be understood as line integrals over
[0,27] St + a + ret € C. We have the following:

A.3.1. THEOREM (Cauchy integral formula). Let A be an open subset of C, V
be a complex vector space and f : A — V be a holomorphic function. If D is a
closed disk contained in A then the line integral:

z
G o
oD 2 —a
is equal to 2mif (a) if a is in the interior of D and it is equal to zero if a is not in
D.

PROOF. When V = C this is a classical theorem from elementary complex
analysis. The general case can be reduced to the case V = C by choosing a basis
for V and computing the line integral coordinatewise (see Exercises A.14 and A.15
for details on line integration of vector valued maps). U

A.3.2. COROLLARY (Cauchy integral theorem). Let A be an open subset of C,
V be a complex vector space and f : A — V be a holomorphic function. If D is a
closed disk contained in A then fa pf=0.

PROOF. Let a be a point in the interior of D and apply Theorem A.3.1 to the
map z — f(2)(z — a). O

A.3.3. COROLLARY. Let p : C — C be a nonzero polynomial and let D be a
closed disk on the complex plane such that p has no roots on the boundary of D.
Then:

1 P’
2mi Jop P
is equal to the sum of the multiplicities of the roots of p that are in the interior of
D.
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PROOF. Write p(z) = ¢(z —aq)™ -+ - (2 — ag)"*, where r1, ... 7y are positive
integers, ag, ..., oy are distinct complex numbers and c¢ is a nonzero complex
number. Then:

P'(z) r Tk

p(z) Z—0 2 —

By Theorem A.3.1 (with f = 1), the integral fa D Z%al dz is equal to 27i if oy
is in the interior of D and is equal to zero if «; is not in D. This concludes the
proof. O

We denote by P, ) the set of monic polynomials p € P(C) having degree n
and exactly £ distinct roots:

Pingy = {p € P(C) : pis monic, dp = n and #p = k}.

Obviously:
(A3.1) Pl = | 6 (CH),
T
where 7 runs over the set of all k-tuples of positive integers ri, ..., rp with
Zle r; =nand r; < ... < . The union above is clearly disjoint. Our goal in

this section is to prove the following:

A.3.4. PROPOSITION. Ifr = (11, ...,7k) is a k-tuple of positive integers with
Ele r; = n then ¢.(CF) is open in Pnk)-

In order to prove Proposition A.3.4, we need a couple of preparatory lemmas.
Let us recall that a finite-dimensional (real or complex) vector space has a canonical

topology which is induced by an arbitrary norm. In what follows, the spaces P,,(C)
are assumed to be endowed with such topology.

A.3.5.LEMMA. Ifa sequence (p;)i>1 in Pn(C) converges to p € P, (C) then,
for every compact subset K of C, the sequence of maps (pz\ K)i>1 converges uni-
Sformly to p|k. -

PROOF. Consider P, (C) endowed with the norm:

n

lall =" lail,

=0
where ¢(z) = Y. ja;2'. If M > 11is such that || < M forall z € K then it is
easily seen that:

sup |q(z)| < M"|lq],
zeK
for all ¢ € P,,(C) and, in particular, setting ¢ = p; — p, we get:
sup pi(z) — p(2)| < M"|[p; —pl,
zeK
for all + > 1. This concludes the proof. U

A.3.6. COROLLARY. If a sequence (p;);>1 in Pp(C) converges to p € P, (C)
and if K is a compact subset of C on which p has no roots then p; has no root in
K for i sufficiently large and:

p; uniformly p'
i) wwjormty (P |
DilK plK
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PROOF. It follows from Lemma A.3.5 and the result of Exercise A.19, keeping
in mind that the linear map P,,(C) > ¢ — ¢’ € P,_1(C) is continuous. O

PROOF OF PROPOSITION A.3.4. It suffices to show that if a sequence (p;)i>1
in P, ;) converges to some p € #,(CF) then p; is in ¢, (CF), for i sufficiently
large. Write:

p(z) =(z—a) - (z—ag)™*, z€C,
where o, ..., oy are distinct complex numbers. Let Dy, ..., Dy be disjoint closed
disks centered at aq, ..., ag, respectively. By Corollary A.3.6 and the result of
Exercise A.17, p; has no roots in dD; for 4 sufficiently large and:

i L j{ p;_f P’
lim — 2= =,
i—oo 2mi Jop, Pi Jop, P

It then follows from Corollary A.3.3 that, for ¢ sufficiently large:

1 P}
— N
27 Jop, Di
forall j = 1,...,k, i.e., the sum of the multiplicities of the roots of p; in the
interior of D; is equal to r;. In particular, since r; > 1, p; has at least one root
in Dy, forall j = 1,...,k; but p; has exactly % distinct roots and therefore, for
each j = 1,...,k, p; has exactly one root in D; having multiplicity r;. Hence
p;i € ¢,.(CF), for i sufficiently large. O

A.4. Eigenprojections and line integrals

We start by recalling some terminology and some elementary result of linear
algebra.
If V is a vector space, T : V — V is a linear map, we denote by:

spe(T) = {A € C: det(\ld = T) =0}

the spectrum of T. Given an eigenvalue A € spc(T) of T, we define the general-
ized eigenspace of T' with respect to A by setting:

oo
KA(T) = | Ker(T — Ad)'.
i=1
The subspace K (7' is invariant under 7" and its dimension is equal to the alge-
braic multiplicity mul(\) of the eigenvalue \. The restriction of 7" to K (7T') is
equal the sum of AId with a nilpotent linear map:

(AId — T g, (7)) ™M = 0;

therefore, A is the only eigenvalue of such restriction. Moreover, since C is alge-
braically closed:
V= € K\D).
Xespe(T)

Given A € spc(T'), we denote by P\(T) : V — V the projection onto K (7T)
relative to the direct sum decomposition above. We call Py(T') the eigenprojection
of T" with respect to \.

Eigenprojections can be written in terms of complex line integrals and shown
in the following:
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A.4.1. PROPOSITION. Let T : V — V be a linear map on a vector space V
and X be an eigenvalue of T. If D is a closed disk in C containing X in its interior
and containing no other eigenvalue of T then:

1

P\(T) = o b

(21d — T) "t dz.

A.4.2. REMARK. If a linear map-valued curve A : [a, b] — Lin(V) is Riemann
integrable and if W is a subspace of V which is A(¢)-invariant for all ¢ € [a, b] then

W is also invariant by the linear map f; A. Moreover:

/abA(t)|W dt = (/:A(t) dt) ]W € Lin(W).

This follows from the result of Exercise A.14 (parts (iii) and (iv)) by observing
that:
Liny (V) = {T € Lin(V) : T(W) C W}

is a subspace of Lin(V) and that the map Linyy(V) > T — Ty € Lin(W) is
linear. These observations carry over to the case of line integrals.

PROOF OF PROPOSITION A.4.1. Set:

1
I=— ¢ (21d-T)'dz
2mi aD
and let u € spc(T’). Since the generalized eigenspace K, (T') is invariant under
the map (21d —7)~1, for all z € 9D, it follows from Remark A.4.2 that K ,(T) is
also invariant under I and that:

1 _
(A4.1) I|KH(T) = mng(ZId_T“) ldz,

where T}, denotes the restriction of 7" to K ,(T). A proof of the thesis is obtained
by showing that I{x, () = 0if u # A and that I|, (1) is the identity. Since p is
the only eigenvalue of T}, the map (see Exercise A.4):

C\{u} 3z (2Id — T),) " € Lin(K,(T))

is holomorphic. For p # A, D is contained in C \ {x} and therefore the integral
on the righthand side of (A.4.1) vanishes by the Cauchy integral theorem (Corol-
lary A.3.2). Now let us compute the righthand side of (A.4.1) in the case y = .
Write T\ = Ald + N, where N € Lin(K (7)) is nilpotent, say N = 0. For any
z # )\, we have:

(2ld=Ty) "' = ((z—=AId—N) ' = ! <Id -

N -
z—)\) 1

m—1 i
B zi)\(ld—i_ ; (z]f)\)z>

Then:

m—1

dz : dz
d—Ty)"tdz=1d N? -
jgp(z \Tdz ép oA Z éD (z = Ayt

i=1
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7{ dz ) 2w, ife=0,
op (z—=A)FL 0, ifi>1,

the thesis is obtained. O

Recalling that:

As a consequence of Proposition A.4.1 we have an estimate on the norm of the
projection P, that will be used later.

A.4.3. COROLLARY. Let V be an n-dimensional vector space. Choose a basis
forV and consider the norm on Lin(V) defined by:

1T =
(2

max |ajjl,
,]:1,...,71

for all T € Lin(V), where (a;j)nxn denotes the matrix that represents T with
respect to the chosen basis. Given T € Lin(V) and an eigenvalue \ of T, then:

(n—1)!
Rn—1

IPA(T)]| < (1A + R+ 7)Y,

where:
R=1imin{|u— A :pespe(T)\ {A\}}.
PROOF. Let D denote the closed disk centered at A with radius R. Using
Proposition A.4.1 and the result of Exercises A.16 and A.20, we get:

| 2Id — T||" 1
P(T)| < —1)! A -0
1PN = Bl =10 2 Taerna — 1)

Observe that, for all z € 9D, |z| < |\| + R and thus:
[21d = T'|| < |z[ + [|T]| < [A[ + R+ [[T].
To conclude the proof, it suffices to show that:
|det(z1d — T')| > R™.
To this aim, note that:
det(zId = T) = H (z — po) ™ol
pespe(T)

where mul(u) denotes the algebraic multiplicity of p. Now, if x is an eigenvalue
of T, we have:

|2 —ul = R,
for all z € 9D. The conclusion follows. O

A.5. One-parameter holomorphic families of linear maps
Let V be an n-dimensional vector space and consider the map:
char : Lin(V) — P,(C)
that associates to each linear map 7" € Lin(V) its characteristic polynomial:
char(T')(z) = det(zId — T).

It is easy to see that the map char is itself a polynomial and, in particular, it is
holomorphic.
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Throughout the rest of the section, 7' : A — Lin()) will denote a holomorphic
map defined in an open subset A of C. Obviously, the map charoT : A — P, (C)
is holomorphic.

A.5.1. LEMMA. Assume that A is non empty and connected; set:
(A.5.1) k= r&ajl{ #char(T'(¢)).
Then the set:
(A5.2) {¢ € A: #char(T(C)) < k}
is discrete and closed in A (or, equivalently, it has no limit points in A).
PROOF. By Proposition A.1.3, there exists a polynomial @) such that:

#p<k-1<=Q(p) =0,

for every p € P, (C) with Op = n. The set (A.5.2) is therefore the set of zeroes
of the nonzero holomorphic function @) o char o T'. The conclusion follows (see

Exercise A.7). U
A.5.2. LEMMA. If A is connected and #char(T(C)) = kforall { € A then
there exists a k-tuple of positive integers r = (11, . .., ry) such that:

char(T'(4)) C b (CF).

PROOFE. We have char(T'(A)) C P, and therefore we have a disjoint union
(recall (A.3.1)):

A= U (char o T)~* (Qbr(cl:))’

where r runs over all k-tuples of positive integers (71, ..., 7x) with Zle i =mn
and r; < --- < ri. By Proposition A.3.4, each term in the disjoint union above is
open in A. The conclusion follows from the connectedness of A. (]

A.5.3. LEMMA. Assume that there exists a positive integer k and a holomor-
phicmap X\ = (A1, ..., \) : A — CF such that:

(A5.3) spe(T(€)) = {M(Q),- - Me(Q)}
forall € A. Then, foralli =1, ..., k, the map:

P;: A3 ¢ Py, (T(¢)) € Lin(V)
is holomorphic.

PROOF. Let () € A be fixed and choose R > 0 such that the closed disk D
of center \;((o) and radius R intercepts spc(7T'((p)) only at A\;(¢o). By continuity,
for ¢ in a neighborhood of ¢y, we have that \;(() is in the interior of D and that:

spe(T(¢)) N D = {\(0)}-
Thus, by Proposition A.4.1:
1 _
PO =57 (1-T(0) " d,

for all ¢ in a neighborhood of (y. The conclusion follows from the fact that the
integrand above is continuous in (z, ¢) and holomorphic in ¢ (see Exercise A.18).
O
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We will need the following elementary result from the theory of holomorphic
functions of one variable:

A.5.4. LEMMA (removable singularity). Let (o € Aand f : A\ {¢(o} — V
be a holomorphic function. If f is bounded near (y then f admits a holomorphic
extension to A.

PROOF. When V = C this is a classical theorem from elementary complex
analysis. The general case can be reduced to the case }V = C by choosing a basis
for V and applying the classical theorem to each coordinate of f. (]

A.5.5. LEMMA. Assume that there exists a positive integer k, a point {y € A
and a holomorphic map \ : A\ {Co} — CF such that (A.5.3) holds, for all { €
A\{(o}. Fori=1,... k, consider the holomorphic map P; : A\{(o} — Lin(V)
defined in Lemma A.5.3. Then:

(a) the map )\ is bounded near (y (and, therefore, by Lemma A.5.4, it admits

a holomorphic CF-valued extension to A )

(b) foralli = 1,...,k, there exists a positive integer m such that the map
¢ Pi(¢)(¢ — Co)™ is bounded"® near .

PROOF. Lemma A.2.3 gives us the inequality:

IN(Q)] < ||ebar (T())]],

foralli = 1,...,kand all { € A\ {(o}, where the norm considered in P,,(C)
is defined in (A.2.1). Part (a) follows. By Lemma A.5.4, the map A\ admits a
holomorphic extension to A which will still be denoted by .

To prove part (b), we use Corollary A.4.3. Leti = 1,..., k be fixed and set:

R(Q)=3imin {|N(Q) = N(Q)]:d=1,... .k, j#i}.
For ¢ € A\ {(o}, we have:
(n -

0= DL 001+ RO + 1T

IO < s

Obviously the map:
¢ — (MO +BQ) + 7"

is bounded near (. For j # i, since the map A; — A; is holomorphic on A and does
not vanish on A \ {{p}, there exists (see Exercise A.5) a natural number m; and a
positive constant c; such that:

[Ai(€) = Aj(O] = ¢51¢ = Gl ™,

for ¢ near (. Settingm = (n — 1)max{m; : j = 1,...,k, j # i}, we get that
the map:

(€ —¢)™
U RO

is bounded near (y. The conclusion follows. O

3Using the standard terminology from the elementary theory of singularities of holomorphic
functions, this means that the singularity of P; at (o is either removable or a pole.
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A.5.6. COROLLARY. Under the hypothesis of Lemma A.5.5, fori = 1,... k,
either P; is bounded near (o (and thus, by Lemma A.5.4, admits a holomorphic
extension to A) or:

lim || B; = —+00.
lim [P
PROOF. Use part (b) of Lemma A.5.5 and the result of Exercise A.6. O

A.6. Regular and singular points

In this section, V will denote an n-dimensional vector space and T' : A —
Lin(V) will denote a holomorphic map defined in a connected open subset A of
C. Let k be the maximum of the number of (distinct) eigenvalues of T'(¢), ( € A
(see (A.5.1)). A point ¢ € A such that 7'(¢) has k (distinct) eigenvalues will be
called regular; the other points of A (where the number of eigenvalues is less than
k) will be called singular. By Lemma A.5.1, the set of singular points is discrete
and closed in A (i.e., it has no limit points in A).

A.6.1. PROPOSITION. If {y € A is a regular point then there exists an open
disk D C A centered at {y containing only regular points. Moreover, there exists a
holomorphic map X : D — CF and a k-tuple of positive integers r such that:

k
(A.6.1) char(T(¢)) =[] (Z — x(Q)",
i=1
forall ( € D. In particular, by Lemma A.5.3, the map:
P;: D3¢ Py (T(¢)) € Lin(V)
is holomorphic, fori =1,... k.

PROOF. The existence of D follows from the fact that the set of singular points
in closed in A. Since D is connected, Lemma A.5.2 gives us a k-tuple r of positive
integers with char(T'(D)) C ¢,(C¥). Since ¢, : C¥ — ¢,(CF) is a covering map
(Proposition A.2.1) and D is simply connected (Example 3.1.17), the holomorphic
map

char o T|p : D — ¢,(CF)

admits a continuous lifting A\ : D — CF, ie., ¢, o A\ = char o T|p (Corol-

lary 3.2.22). Since ¢, is a holomorphic local diffeomorphism, the map A is holo-
morphic (see Exercise A.8). The conclusion follows. U

The existence of the holomorphic map A as in Proposition A.6.1 in a neighbor-
hood of a singular point is a much more involved matter. We have the following:

A.6.2. PROPOSITION. Let {y € A be a singular point and D C A be an
open disk centered at (y containing no other singular points (the existence of D
follows from the discreteness of the set of singular points). Assume that there exists
a sequence ((;)i>1 in A\ {Co} converging to (o such that the eigenprojections of
the maps T'((;), © > 1, are uniformly bounded, i.e.:

(A.6.2) sup {|| Pu(T(G))|| : p € spe(T(G)), i > 1} < +oo.
Then:

(a) there exists a holomorphic map \ : D — CF and a k-tuple of positive
integers r such that \(D \ {¢o}) C CF and (A.6.1) holds for all ¢ € D;
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(b) setting P;(¢) = Py (0) (T(C)),for( € D\ {¢}, i=1,...,k, the maps
P; . D\ {¢(} — Lin(V) (are holomorphic and) admit holomorphic
extensions to D.

A.6.3. REMARK. Notice that hypothesis (A.6.2) holds if there exists a Her-
mitian product in V relatively to which all the maps 7'((;) are normal. Namely,
the eigenprojections of a normal linear maps are orthogonal projections and the
operator norm* of a nonzero orthogonal projection is equal to 1.

PROOF OF PROPOSITION A.6.2. Since D \ {(p} is connected, Lemma A.5.2
gives us a k-tuple r of positive integers with char(T'(D)) C ¢,(C¥). Let R > 0
denote the radius of D, r € ]0, R[ and ¢ : [0,1] — D denote the circle of center
(o and radius r (see (A.6.9)). Lety : [0,1] — (D’j denote a continuous lifting of
the curve char o T" o ¢ with respect to the covering map ¢, (Proposition A.2.1), i.e.,
¢r 0y = char o T o ¢ (Lemma 3.2.20):

v @E
/ J{m
[0,1] ——= D\ {¢o} amr ¢r(CF)

Since ¢, (7(0)) = ¢ (v(1)), Lemma A.2.6 gives us 0 € G withy(1) = 0. (7(0)).
We are going to show that o must be the neutral element of G. Let s > 1 denote
the order of ¢ in G, i.e., the smallest positive integer such that ¢ is the neutral
element of G. Let D’ denote the open disk of radius R'/* centered at the origin
and consider the holomorphic map:

p:D 3w+ (y+w®eD.

If ¢ : 0,1 >t — rl/%e?™ ¢ D’ denotes the circle centered at the origin of
radius /% then poc = ¢ is the s-th iterate of the circle ¢ (see (A.6.10)) and the
continuous lifting of the curve char o T' o ¢® = char o T o p o ¢ with respect to the
covering ¢, starting at (0) is the map 7* : [0,1] — C¥ defined in (A.6.11) (with
g = 04):

(Dk

|

0,1] == D'\ {0} —> D\ {Go} —————= ¢,(CH)

We have:

4Given a norm on V we define the operator norm in Lin(V) as usual by setting ||L|| =
SUpP|y =1 L)
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therefore, by the result of Exercise A.22, there exists a continuous lifting A of
char o T' o p| pr\ {0y With (/) = 4(0) € Ck:

X C:
|

D\ {0} —= D\ {0} ————— 6,(CY)

The map s holomorphic by the result of Exercise A.8. For¢ = 1,...,k, w €
D"\ {0}, we set:

é(w) = Pj\i(w)((T ° p)(w)).

By Lemma A.5.3, the maps P; : D'\ {0} — Lin(V) are holomorphic. Part (a)
of Lemma A.5.5 says that A has a (C*-valued) holomorphic extension to D’. By
Corollary A.5.6, either P; has a holomorphic extension to D’ or:

lim || 2,(w))| = +oc.

w—0
But the latter case is excluded by our hypothesis (A.6.2) and therefore ]3Z has a
holomorphic extension to D’. In what follows, \ and P; will also be used to denote

their holomorphic extensions to D’.
We claim that:

(A.6.3) AeFV5w) = o, (W),

forallw € D'\ {0}. Our strategy to prove (A.6.3) is to show that the maps:
D'\ {0} 3 w— A(?™5w) e CF,
D'\ {0} 2 wr— o, (Aw)) € C

are both (continuous) liftings with respect to ¢,. of the same map and that they are
equal at the point w = r'/¢. Equality (A.6.3) will then follow from uniqueness of
liftings (see Exercise 3.19). We have:

Or (:\(e%i/sw)) = (charoT) (p(ezm/sw)) = (char o T)(p(w)),
and:
(¢ 0 a*)(j\(w)) = ¢ (S\(w)) = (char o T') (p(w)).

Now observe that X o ¢’ is a lifting with respect to ¢, of the curve char o T" o ¢*
starting at v(0) and therefore A o ¢’ = v°. Thus:

Mty =3[ (1] = 7 (2) = 0. (1(0) = 0. (/7).

This proves the claim (A.6.3).
From (A.6.3) we get:

(A.6.4) Bi(e*™5w) = Py i) (w),
foralli=1,...,k,w € D'\ {0}; namely:

E(e2wi/sw) = P5, (¢2ri/su) (T o p)(e%i/sw)) = P5, (e2ri/50) (Top)(w))

(A63) ~
= PS\U(Z-)(W) ((T °© P)(W)) = Py(iy(w)-
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Now assume by contradiction that o is not the neutral element of G. Then, for
some i = 1,...,k, 0(i) # i and P;(w) o P,(;(w) = 0, forallw € D"\ {0}; by
(A.6.4), we get:
Pi(w) o Py(e*™/5w) = 0,
forallw € D'\ {0}. By continuity, the equality above also holds with w = 0:
P;(0) o P,(0) = 0.
But P;(w) o P;(w) = P;(w) for w # 0 and, again by continuity:
P;(0) = 0.
But the operator norm of a nonzero projection operator is greater than or equal to
1 and thus || P;(w)]|| > 1, for w # 0, contradicting P;(0) = 0. This contradiction
proves that o is the neutral element of G and that 4(0) = ~(1). The result of
Exercise A.22 now gives us the existence of a continuous lifting A : D\ {0} — C*
of the map char o 7| D\{¢o} With respect to ¢,; the map A is holomorphic by the
result of Exercise A.8 and it admits a holomorphic extension to D, by part (a)
of Lemma A.5.5. Since ¢, o A equals char o T in D \ {(p}, equality (A.6.1)
holds for ¢ € D \ {{o}; by continuity, it also holds in { = (y. The maps P; are
holomorphic (in D \ {(p}) by Lemma A.5.3 and using Corollary A.5.6 and our

hypothesis (A.6.2), we see that the maps P; admit holomorphic extensions to D.
This concludes the proof. U

In Proposition A.6.2 we have seen that (under the boundedness hypothesis
(A.6.2)) the eigenprojection maps P; are holomorphic in D \ {(p} and admit holo-
morphic extensions to D; what are the maps F;({p)? Notice that the fact that
equality (A.6.1) holds for ¢ = (y implies that:

(A.6.5) spe(T(¢o)) = { A1 (o), - - (o)}

although the complex numbers \;((p), i = 1, ..., k cannot be distinct, since (j is
a singular point, i.e., #char(T'((p)) < k-

A.6.4. LEMMA. Under the assumptions of Proposition A.6.2, the maps P;((p),
i =1,...,k are the projections with respect to a direct sum decomposition of V in
T'(Co)-invariant subspaces. The image of P;(p) is an r;-dimensional subspace of
the generalized eigenspace Ky, ¢, (T(CO)).

PROOF. For ¢ # (y, we have:
k
Y P(¢Q)=1d, Pi(Q)oPi(¢)=0, i+#j;
i=1

namely, this is the same as the statement that the maps P;(¢) are the projections
relatively to a direct sum decomposition of V. By continuity, such equalities also
hold at { = (.

Notice that the lower semi-continuity of the rank of a linear map implies that
the dimension of the image of P;({p) is at most r;; on the other hand, the sum of
such dimensions is equal to n and therefore the rank of P;({y) must be ;.

The fact that the image of P;(() is T'({)-invariant is equivalent to:

T(¢) o Pi(¢) = Pi(¢) o T();
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by continuity, such equality holds at ( = (. Finally, the fact that the image of
P;i(C) is a subspace of the generalized eigenspace K, (¢ (T'(¢)) is equivalent to:

(X(O1d = T(€))" o Pi(¢) = 0.
Again, by continuity, such equality also holds at { = (p. U

In fact, it is not hard to show that the eigenprojections of 7'((p) are equal to
appropriate sums of the projection operators P;((y) (see Exercise A.24).

We can now use the holomorphy of the eigenprojections P; to construct holo-
morphic basis of generalized eigenvectors:

A.6.5. LEMMA. Let {y € A be fixed and assume that either (o is regular or
that (y is singular but there exists a sequence ((;);>1in A\ {(o} converging to (g
such that (A.6.2) holds. Then, there exists an open disk D C A centered at (o and
holomorphic maps A : D — C", e : D — V, a =1,...,n, such that:

(a) char(T(C)) =11 (Z — Aa((’)),for all ¢ € D;

(b) (ea(C))r_, is a basis of V, for all ¢ € D;

(¢) ea(Q) is in the generalized eigenspace K ) (T(C)), fora=1,...,n,
¢ e D.

PROOF. Let D C A be an open disk centered at ¢y, A : D — CF be a holo-
morphic map and r be a k-tuple of positive integers such that (A.6.1) holds, for all
¢ € D; those are obtained from Proposition A.6.1 (if (p is regular) or from Propo-
sition A.6.2 (if (p is singular). Define i : {1,...,n} — {1,..., k} by setting:

i(1),...,t(n)) =(1,...,1,... k..., k).
(i(1), - i(n)) = ( )

~—

1 times T times

Now define A : D — C™ as:

ACM(C) = )‘i(oc) (C)a

foralla = 1,...,n,( € D. Clearly, the condition in part (a) of the statement of
the lemma holds. Set:

(A.6.6) P;(C) = Py, o) (T(Q)),

fori =1,...,k, ¢ € D\{(o}. If (o is regular, we also use formula (A.6.6) to define
P;(¢) at ¢ = (p; if (o is singular, we consider the holomorphic extension of P; to
D. In any case, we get holomorphic maps P; : D — Lin()) that satisfy (A.6.6)
for ¢ € D\ {{p} and such that the maps P;({p) are projections with respect to a
direct sum decomposition of V into 7'((p)-invariant subspaces of the corresponding
generalized eigenspaces (see Propositions A.6.1 and A.6.2 and Lemma A.6.4). Let
(€2)2_, be abasis of V such that €2, is in the image of P;(,)(¢o), fora =1,...,n
(the basis (€2)"_; is obtained by putting together arbitrary bases of the images of
the projections P;((y), i =1,..., k). Set:

ea(g) = Pi(oc) (63),

fora = 1,...,n, ( € D. Clearly, the map e, : D — V is holomorphic and
the vector e, (€) is in the generalized eigenspace K, (¢ (T(C)), fora=1,...,n,
¢ € D. By continuity, (ea (¢ ))Zzl is a basis of V, for ( in an open disk centered at

(o contained in D. O



EXERCISES FOR APPENDIX A 175

A.6.6. REMARK. Assume that in Lemma A.6.4 we are given a real form V
of V, that T'({y) preserves the real form V and that the eigenvalues of 7'((p) are
all real. In this case, the maps e, : D — V can be chosen with the following
property: if ¢ € D is such that 7'(¢) preserves the real form V and 7'(¢) has only
real eigenvalues, then e, () € V, fora = 1,. .., n. In order to obtain the maps e,
with such property, in the proof of Lemma A.6.4, one chooses the basis (€2)"_; of

V consisting only of vectors of V. Observe that if 7'(¢) preserves V' and has only
real eigenvalues then the corresponding eigenprojections P;(() preserve V.

PROOF OF THEOREM A.1. Let V = V® denote the complexification of V
and let VV be endowed with the Hermitean product which is the unique sesquilinear
extension of (-, -) to V (see Example 1.3.15). Since Lin(}) is a complexification
of Lin(V') (see Lemma 1.3.10), by the result of Exercise A.25, there exists a holo-
morphic map 7C : D — Lin(V) defined in an open disk D C C centered at t,
such that T€(t) = T(t)%, for all t € D N I. Recalling Remark 1.3.16, the linear
map T (t) is Hermitian, for all ¢ € D N I. In particular, if (¢;);>1 is any sequence
in (DNI)\{to} converging to to, (A.6.2) holds (see Remark A.6.3). By possibly
replacing D with a smaller disk, we can find holomorphic maps A : D — C”,
ea : D — V, a = 1,...,n, such that (a), (b) and (c) in the statement of
Lemma A.6.5 hold. Since, for t € D N I, the linear map TC(t) preserves the
real form V' of V and has only real eigenvalues, recalling Remark A.6.6, we can
choose the maps e, in such a way that (e, (t))zzl isabasisof V, forallt € DNI.

Let B : V xV — C denote the bilinear extension of (-,-) to V. By the
result of Exercise A.10, the basis (ea (to))zzl of V is nondegenerate with respect
to B; therefore, by the result of Exercise A.11, possibly reducing the size of the
disk D, we can find holomorphic maps ¢/, : D — V, « = 1,...,n, such that,
for all ¢ € D, the basis (e’a(g‘))zzl is obtained from the basis (ea(C))Zzl by the
bilinear Gram—Schmidt process explained in Exercise A.9. Fort € DN 1, since the
map 7°C(t) is Hermitian, its generalized eigenspaces coincide with its (standard)
eigenspaces, so that e, (t) € V is an eigenvector of 7'(t) corresponding to the (real)
eigenvalue A, (t), « = 1,...,n. Since the eigenspaces of a symmetric linear map
are pairwise orthogonal, e/ (t) € V is also an eigenvector of T'(¢) corresponding to
the eigenvalue A, (¢). Clearly, the restriction of the holomorphic maps e, : D — V
to D N I are (V-valued) real analytic maps. This concludes the proof. U

Exercises for Appendix A

EXERCISE A.1. Let V be a vector space and (v;);_; be a basis of V. Show
that p : V — C is a polynomial if and only if there exists a natural number k£ and
complex numbers ¢y, q, € C, a1,...,a, € {0,...,k} such that:

k
(A.6.7) p(z) = Z Caran?yt o 20",

Qq,...,an=>0
for all z € V, where (z;)"_; denote the coordinates of z in the basis (v;)" ;.

EXERCISE A.2. Let V, W be vector spaces and let (a;)"; be a basis of the
dual space WW*. Show that a map p : ¥V — W is a polynomial if and only if o; o p
is a polynomial, for all ¢ = 1,...,m. Observe that this means that if (w;)", is a
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basis of W, p; : V — C, i =1,...,m are maps then:

V3zr— Zp,-(z)wi ew
i=1

is a polynomial if and only if py, ..., py, are polynomials.

EXERCISE A.3. Show that the sum and the composition of polynomials are
polynomials.

EXERCISE A.4. Let V be a complex vector space. Show that the map:
GL(V)> T +— Tt € Lin(V)
is holomorphic. Conclude that, for any 7" € Lin(V), the resolvent map:
2+ (2Id — T)~! € Lin(V)

is a holomorphic map defined on the complement in C of the set of eigenvalues of
T.

EXERCISE A.5. Let V be a complex vector space and f : A — ) be an
holomorphic function defined in an open subset A of C. Assume that f is not
identically zero in some neighborhood of zy € A. Show that there exists a natural
number m and a holomorphic function g : A — V such that g(z9p) # 0 and
f(z) = (z—20)™g(2), forall z € A. Conclude that there exists a positive constant
csuch that | f(z)| > ¢|z — zo|™, for z in a neighborhood of z.

EXERCISE A.6. Let V be a complex vector space, A be an open subset of C,
zo0 € Aand f : A\ {20} — V be a holomorphic map. Assume that there exists a
natural number m > 0 such that the map z — f(z)(z — 29)™ is bounded near z.
Show that either f admits a holomorphic extension to A or:

lim | f(z)[| = 400,
z—20
where || - || is an arbitrarily fixed norm in V.

EXERCISE A.7. Let V be a complex vector space, A be a connected open
subset of C and let f : A — V be a nonzero holomorphic function. Show that
f71(0) is discrete and closed in A.

EXERCISE A.8. LetNM, N, N be complex manifolds, f : M — N be a
continuous map and ¢ : N — N be a holomorphic local diffeomorphism. If g o f
is holomorphic, show that f is holomorphic.

EXERCISE A.9 (bilinear Gram—Schmidt process). Let }V be a complex n-
dimensional vector space endowed with a nondegenerate symmetric bilinear form
B:VxV — C. Abasis (¢;)!"_, of V is said to be nondegenerate (with respect
to B) if forall ¢ = 1,...,n, the restriction of 5 to the subspace of V spanned by

{e1,...,e;} is nondegenerate. If (e;) ; is a nondegenerate basis of V, show that:
1—1 ~
. _ B(ei, &) . .
A.6.8 = L =e; — I g =2, ...
( ) €1 €1, €; €; Z B(é]‘, é]) €j, 1 ) , 1,
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defines a basis (€;);~; of V such that B(é;,¢é;) = 0, forall4,j = 1,...,n,1 # j,
and B(é;,¢;) # 0, fori = 1,...,n. Choosing a square root B(é;, éi)% of B(é;, é;)
forallt = 1,...,n, and setting:

1

/ ~ .
e;=——¢;, t=1,...,n,

i ~ o1
B(éi,é;)?
we get an orthonormal basis (e})_; of V with respect to B.

EXERCISE A.10. Let V be a real n-dimensional vector space endowed with an
inner product (-, -), let V = V< be a complexification of V andlet B: V x V — C
denote the bilinear extension of (-, -) to V (see Example 1.3.15). Show that every
basis of V' (which is automatically a basis of V) is nondegenerate with respect to 5
(see Exercise A.9).

EXERCISE A.11 (holomorphic Gram—Schmidt process). Let } be a complex
n-dimensional vector space endowed with a nondegenerate symmetric bilinear
form B : V x V — C and let 2 be the subset of V" consisting of all nondegenerate
bases of V. Show that:

(a) Q2 is openin V";
(b) the map 2 > (e1,...,e,) — (€1,...,6,) € V" (see Exercise A.9) is

holomorphic;

(c) in a sufficiently small neighborhood of any point of €2, there exists a holo-
morphic map (eq,...,e,) — (€],...,€,) € V" such that €} is parallel
to ¢ and B(e}, ef) = 1,fori=1,...,n.

EXERCISE A.12. Let X, Y be topological spaces and f : X — Y be a proper
map. Show that f is closed under any one of the following assumptions:

(i) X and Y are metrizable;
(i1) Y is Hausdorff and it is first countable, i.e., every point of Y has a count-
able fundamental system of neighborhoods;
(iii) Y is locally compact and Hausdorff.

EXERCISE A.13. Let X, Y be topological spaces and f : X — Y be a con-
tinuous, closed and surjective map. Show that f is a quotient map, i.e., a subset A
of Y is open if and only if f~'(A) is open in X.

EXERCISE A.14. Let V be a real (or complex) vector space and let f : [a,b] —
V be a map. We say that a vector v € V is a Riemann integral of f if for every
linear functional &« € V* the map a o f is Riemann integrable and its integral is
equal to a(v). Show that:

(i) if f : [a,b] — V has a Riemann integral (in this case we call f Riemann
integrable) then it is unique. We denote the Riemann integral of f by
b
Jo T
a
(i) If (v;)!, is a basis for V and f = > | f;v; then f is Riemann inte-
grable if and only if each f; is Riemann integrable; moreover, fab f=
b
Z?:l (fa fz)vz
(iii) If f : [a,b] — V has a Riemann integral and the image of f is contained
in a subspace W of V then the Riemann integral of f is in W (and it is
equal to the Riemann integral of the map f : [a,b] — W).



178 A. KATO SELECTION THEOREM

(iv) If V, W are vector spaces, L : V — W is a linear map and f : [a,b] — V
is Riemann integrable then L o f is Riemann integrable and fab Lof=
b
L( fa f)
EXERCISE A.15. Let V be a complex vector space, f : A — ) be a map

defined in a subset A of C and « : [a, b] — C be a curve of class C' whose image
is contained in A. We define the line integral f7 f by setting:

/7 f= / ) e v,

whenever the integral on the righthand side exists (this is the case, for instance, if
f is continuous). Generalize items (ii) and (iii) of Exercise A.14 to the context of
line integrals.

EXERCISE A.16. Let V be a complex vector space endowed with a norm || - ||.
Let f : A — V be a map defined in a subset A of C, 7 : [a,b] — C be a curve of
class C'! with image contained in A. If the line integral f7 f exists, prove that:

H/fH sup | f(z)| length(y).

z€Im(y)

EXERCISE A.17. Let V be a complex vector space, A be a subset of C, ~ :
[a,b] — C be a curve of class C'! whose image is contained in A and ( fi)i>1 bea
sequence of continuous maps f; : A — C converging uniformly to a (necessarily
continuous) map f : A — C. Show that:

im [ = [ 1
1—00
EXERCISE A.18. Let V bea complex vector space, A be an open subset of C
and f : [a,b] x A — V be a continuous map such that:
(i) forall t € [a, b], the map f(¢,-) : A — V is holomorphic;
(ii) if D2 f (¢, z) € V denotes the derivative of f(¢,-) at z then the map Oaf :
[a,b] x A — V is continuous’.
Show that the map:

b
Aazb—>/ f(t,z)dt eV

is holomorphic and that its derivative at z € A is equal to:

/b Oof(t,2)dt

Generalize the result you have proven to the context of line integrals.

EXERCISE A.19. Let X be a set.
(i) If f : X — Cis amap with inf,cx |f(z)] > 0 and if (f;)i>1 is a
sequence of maps f; : X — C that converges uniformly to f, show that
fi 1( ) = () for 4 sufficiently large and that ( ) converges uniformly

7 i>1

to f‘

5Actually, the continuity of f implies the continuity of 0, f. This can be seen by writing 0 f as
a line integral, using Cauchy integral formula.
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(i) If (fi)i>1, (gi)i>1 are sequences of maps f; : X — C,g; : X — C
converging uniformly to bounded maps f : X — C, g : X — C, respec-
tively, shot that (f;g;)i;>1 converges uniformly to fg.

EXERCISE A.20. Let V be a vector space and consider a norm on Lin())
defined as in the statement of Corollary A.4.3. If T € Lin()V) is invertible, prove
that: ( Y

n—1)!
T < —=| 7" .
17 < ST
EXERCISE A.21. Let (s € C, R > 0 and consider the open disk:

D={(eC:|¢-{| <R}
Given r € )0, R, show that the fundamental group 71 (D \ {0}, o + ) is infinite
cyclic and that the homotopy class of the curve:
(A.6.9) ¢:[0,1] >t (o +re*™ e D
is a generator.

EXERCISE A.22. Let (g, R, D, r, ¢ be as in Exercise A.21,letp : E — B be
a covering map, f : D\ {(p} — B be a continuous map and ey € E be such that
p(eo) = f(Co+ ). If v : [0,1] — E denotes the continuous lifting of f o ¢ with
7(0) = ep, assume that y(1) = ep. Show that there exists a unique continuous map

f:D\{CO} %Ewithpof:fandf(g“o—f—r) = eg.

EXERCISE A.23. Let(y, R, D,r,¢c,p: E — B, f: D\ {(o} — B, eg, y be
as in Exercise A.22. Assume that there exists a continuous map g : £ — FE such
that p o g = p and g(’y(O)) = v(1). Let s > 1 be a positive integer and consider
the curve:

(A.6.10) ¢ :[0,1] 3t — (o + ™t € D.
Show that the continuous lifting v* : [0, 1] — E of f o ¢® with v*(0) = e is given
by:

(A.6.11) V()= gD (y(st —4)), tel[iH], i=0,1,...,5—1,

s? s

where ¢ : E — E denotes the i-th iterate of ¢ (¢(?) is the identity map of E).

EXERCISE A.24. Under the assumptions of Proposition A.6.2, show that:
P(T() = Y. Pild),
Ai(Co)=p
for all i € spc (T(Co))-

EXERCISE A.25. Let V be a real vector space and (a,),>0 a sequence in V’
such that the power series:
[o.¢]
Z an(t —to)"
n=0

converges in V' for all ¢ in an open interval |to — 7, to + 7[ centered at ¢y € R. If
(VC, 1) is a complexification of V, show that the power series:
[e.o]

> uan)(z — to)"

n=0



180 A. KATO SELECTION THEOREM

converges in V® for all z € C with |z — tg| < r. Conclude that if f : I — V is
a real analytic function defined in an open interval I C R then for every tg € I,
there exists a holomorphic function f€ : D — V€ defined in an open disk D C C

centered at to such that f€(¢) = ¢(f(t)), forallt € DN I.



APPENDIX B

Generalized Jordan Chains

In what follows we consider fixed a finite-dimensional vector space V' and a
sequence (B"),>0 of symmetric bilinear forms B" € Bgym (V). As usual (see
Section 1.1), a bilinear form in a vector space is identified with a linear map from
the vector space to its dual.

For each non negative integer k, we define a linear map Cj, : V¥t — V* by
setting:

k
Crluo, ... up) =y B (uy),
i=0
for all ug, ..., ur € V. Observe that:
(Bl) Ck+1<07u07"'7uk) :Ck(u07"'7uk)7
for all ug,...,ux € V.
B.1. DEFINITION. Given a positive integer k, a sequence (ug, . . ., uj_1) € V¥

will be called a generalized Jordan chain (of length k) if:
Cp(ug, ..., up) =0,

forallp = 0,...,k — 1. The set of all generalized Jordan chains of length k& will
be denoted by J, C V*. We let .Jy denote the null vector space.

Clearly, Jj, is a subspace of V¥, for all k& > 0. Observe that we have a linear
injection:

(B.2) Ji 2 (g, - .-y up—1) — (0, u0, - .., up—1) € Jpt1
whose image is Ji41 N ({0} & V¥) (see Exercise B.1).

B.2. DEFINITION. For each positive integer k, we let W}, denote the subspace
of V' which is the image under the projection onto the first coordinate of the sub-
space Jj, of V*¥; more explicitly, 1, is the set of those ug € V which are the first
coordinate of a generalized Jordan chain of length k. We also set Wy = V.

Since an initial segment of a generalized Jordan chain is also a generalized
Jordan chain, it follows that W}, is a subspace of Wy, for all £ > 0. Moreover:

(B.3) Wy = J, = Ker(B°) C V.

B.3. LEMMA. Given a positive integer k, (ug, ..., ux—1), (vo,...,Vx_1) gen-
eralized Jordan chains of length k and setting uy, = 0, v, = 0, we have:

(B.4) Cr(ugy ..., up—1,0) - vg = Z Bkii*j(ui,v]’).
i+j<k

181
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PROOF. We have:

(B.5)
Z Bk_l_] (ui, Uj) = Z (Z Bk_l_J (uz)) -Uj = Z Ck,j(U(), . ,uk,j)-vj.
i+j<k j=0 =0 §=0
If j > 1, (uo, - .., ur—;) is a generalized Jordan chain and therefore:
Ck,j(’u,o, NP ,uk,j) = 0.
Hence the last sum in the equalities (B.5) is equal to C(uo, . .., ug—1,0) - vg. O
B.4. COROLLARY. Given a positive integer k and generalized Jordan chains
(ugy ... ug—1), (vo,...,vk—1) of length k then:
Cr(ug, - .., ug—1,0) - vg = Ck(vo, ..., vx_1,0) - ugp.
PROOF. Simply observe that the righthand side of (B.4) is symmetric with
respect to (ug, - . ., ug) and (vg, . . ., V). O
B.5. COROLLARY. Given a positive integer k, vg € Wy, and generalized Jor-
dan chains (ug, . .., ug—1), (ug, - .., u),_,) with ug = ug then:
Ck(u[), e ,uk_l,O) Vo) = Ck(u6, ooy uﬁc_l, 0) * V0.
PROOF. Follows directly from Corollary B.4. U

The corollary above allows us to give the following:

B.6. DEFINITION. Given a positive integer k, we define a bilinear form By, in
Wi by setting:
By (ug, vo) = Cr(uo, - - -, ux—1,0) - vo,
where (uo, ..., ug_1) is an arbitrary generalized Jordan chain starting at ug € Wy,
and vy € W},. We also set By = B°.

It follows from Corollary B.4 that By, is symmetric.
We are interested in proving that Ker(By) = Wy, for all k& > 0. This is
obvious for k£ = 0 (see (B.3)). It is also easy to check that:

(B.6) Wk+1 C Ker(Bk)
Namely, given k > 1, ug € Wg1, vg € Wi, choose a generalized Jordan chain
(ug, . .., uy) of length k + 1 starting at uy and compute as follows:
Bk(uO,Uo) = Ck(UO, ey U1, 0) - Vo
= Ci(uo, - - -, up—1, up) - vo — B (ug, v0) = 0,

because (ug, . .., up_1,ux) € Jpy1 C Ker(Cy) and vg € Wy C Wy = Ker(B?).

Given a subspace W of V, we will denote by Ry : V* — W™ the restric-
tion map defined by Ry () = alw, for all &« € V*. The kernel of Ryy is the
annihilator W°¢ C V* of W in V. If Z is a subspace of V' that contains W, we
may also consider the annihilator of W in Z; we choose the convention of denot-
ing by W° only the annihilator of W in V, so that the annihilator of W in Z is
Rz(We) C Z*.

We have the following:
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B.7. PROPOSITION. For every integer k > 0, we have:
Ker(Bk) = Wk+1, RW1 (Ck(Jk (&) {0})) = RW1 (W;?+1) C Wl*

PROOF. We use induction on k. The result is trivial for k = 0. Let &k > 1
be fixed and assume that the result holds for nonnegative integers smaller than k.
From the definition of B}, we have:

(B.7) Rw, (Cr(Ji ® {0})) = Bp(Wy) = Rw, (Ker(By)?);
the last equality follows from the result of Exercise 1.2, by observing that the linear
map By : Wy — W} is equal to its transpose (i.e., By is symmetric). Also (recall
(B.1) and (B.2)):
(B.8) R, (W) = Rw, (Cr—1(Jr—1 @ {0}))

=Rw, (C’k({O} B Jp_1 P {0})) C Rw, (Ck(Jk &5 {0})),

where the first equality follows from the induction hypothesis. From (B.8) we
know that the subspace A = Ry, (Cy(Jx @ {0})) of W7 contains the annihilator
of Wy, in W71; moreover, (B.7) implies that the image of A under the restriction
map W7 — W} is equal to the annihilator of Ker(By,) in Wj. Thus, the result
of Exercise B.2 (with Vo = Wi, Vi = Wy, Vo = Ker(By)) gives that A is the
annihilator of Ker(By) in W1, i.e.:

R, (C(J, ® {0})) = R, (Ker(By)?).

To conclude the proof it suffices to show that Ker(By) C Wi (recall (B.6)). Let
uo € Ker(By) be fixed and choose a generalized Jordan chain (ug, ..., ug—1) of
length k starting at ug. Since ug € Ker(By), we have:

(B.9) Ck(ug, ..., ux—1,0) € W¢.
We claim that the affine space:
Ci((uo, - - -, up—1,0) + {0} ® Jp—1 ® {0})
intercepts 7. Namely, to prove the claim, it suffices to check that:
(B.10) 0 € (Rw, o Ck)((uo, - .-, up—1,0) + {0} & Jp—1 ® {0}).

The statement (B.10) is obtained from the following observations: the image of
{0} ® Jr—1 ® {0} under Ry, o Cy, which is equal to Ry, (Cr—1(Je—1 ® {0})),
is the annihilator of W}, in W, by the induction hypothesis. Moreover, (Ryy, o
Ck)((uo, e U1, 0)) is in the annihilator of Wy in W1, by (B.9). This proves
the claim. Therefore, there exists:

(ug, s -y up_1,0) € (uo, ..., up—1,0) + {0} & Jp_1 ® {0} C Jp ® {0}

such that C,(ug, u}, ..., u}_q,0) is in WP, But W = Ker(B%)° = B%(V) and
therefore there exists u?c € V such that:

BO(UZ) = _Ck(u07u,11 ) u?{,‘*l? O)

Hence Cpy1(uo, ), ..., u)) = 0, (up,u), ..., u}) is a generalized Jordan chain
and ug € Wiyq. O



184 B. GENERALIZED JORDAN CHAINS

Exercises for Appendix B

EXERCISE B.1. Given a positive integer k and (ug, ..., us_1) € V¥, show
that (0, ug, ..., ug—1) is a generalized Jordan chain if and only if (ug, ..., ux_1)
is a generalized Jordan chain.

EXERCISE B.2. Let 1}y be a vector space, V5, V; be subspaces of V with V5, C
V1; denote by R = Ry, : Vi — V{* the restriction map defined by R(«) = oy,
for all o € V{j". Let A be a subspace of V(). Assume that A contains the annihilator
of V7 in Vj and that R(A) is the annihilator of V5 in V. Conclude that A is the
annihilator of V%5 in Vj.

EXERCISE B.3. Let V be a real finite dimensional vector space, B : I —
Bgym (V') be a differentiable curve in Bgyr, (V') defined in an interval I C R and let
to € I be fixed. Set B¥ = %B(k) (to), where B) denotes the k-th derivative of
B. Show that:

(a) if w : I — V is a differentiable map then w is a root function for B of
order greater than or equal to k at ¢( if and only if (uq,...,ux_1) is a
generalized Jordan chain of length &, where u; = u((t);

(b) the space W}, in Definition B.2 coincides with the k-th degeneracy space
of B at tg;

(c) the symmetric bilinear form By, in Definition B.6 is equal to % times the
k-th degeneracy form of B at .
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Answers and Hints to the exercises

C.1. From Chapter 1

Exercise 1.1. The naturality of the isomorfism (1.1.1) means that:

Lin(V, W¥) — B(V, W)
Lin(L,M*)l iB(L,M)
Lin(Vy, W}) ———— B(V1, W1)

where L € Lin(V;,V), M € Lin(W;, W) and the horizontal arrows in the dia-
gram are suitable versions of the isomorphism (1.1.1).

Exercise 1.3. Write B = B, + B,, with By(v,w) = 3 (B(v,w) + B(w,v))
and B,(v,w) = 3 (B(v,w) — B(w,v)).

Exercise 1.5. Use formula (1.2.1).

Exercise 1.6. Every v € V can be written uniquely as v = jeg #jbj, where

zj = x; +1y;, rj,y; € R; therefore v can be written uniquely as a linear combi-
nation of the b;’s and of the J(b;)’s as v = >_.c 7 x;b; + y;J(b;).

Exercise 1.7. The uniqueness follows from the fact that .(V) generates VC as
a complex vector space. For the existence define f(v) = for ' o R(v) 44 fo
1= o 3(v), where R and  are the real part and the imaginary part map relative to
the real form ¢(V') of V©.

Exercise 1.8. Use Proposition 1.3.3 to get maps ¢ : Vl‘U — VQ‘U and v : VQ‘U —
Vl‘D such that ¢ o1y = 19 and ¥ 0 15 = ¢1; the uniqueness of Proposition 1.3.3 gives
the uniqueness of the ¢. Using twice again the uniqueness in Proposition 1.3.3,
one concludes that 1) o ¢ = Id and ¢ o ¢ = Id.

Exercise 1.9. If Z = UY, then obviously ¢(Z) C Z. Conversely, if ¢(Z) C Z
then %(Z) and 3(Z) are contained in U = Z N V. It follows easily that Z = U©.

Exercise 1.10. In the case of multi-linear maps, diagram (1.3.2) becomes:
‘/1@ X oo X ‘/;)C
L1 XXl

‘/ixx‘/pTiW

The identities (1.3.5) still hold when T° is replaced by T'C; observe that the
same conclusion does not hold for the identities (1.3.3) and (1.3.4).
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Lemma 1.3.10 generalizes to the case of multi-linear maps; observe that such
generalization gives us as corollary natural isomorphisms between the complexi-
fication of the tensor, exterior and symmetric powers of V' and the corresponding
powers of VC.

Lemma 1.3.11 can be directly generalized to the case that S is an anti-linear,
multi-linear or sesquilinear map; in the anti-linear (respectively, sesquilinear) 7'C
must be replaced by T'C (respectively, by 7°C+). For a C-multilinear map S : Vl‘U X
cee X Vp(C — VO (orif p = 2 and S is sesquilinear) the condition that S preserves
real forms becomes:

SVix---xV,)CV,
while the condition of commuting with conjugation becomes:

S(ey...,cc)=coS.

Exercise 1.11. If B € B(V), then B(v,v) = —B(iv, iv).

Exercise 1.14. We give the solution of item (d). Since S C S+ and RN S+ =
{0}, we have R NS = {0}. By Corollary 1.4.40, we can find a Lagrangian
L; containing S with R N L; = {0} and, using Corollary 1.4.40 again, we get
a Lagrangian Lo containing R with Ly N L; = {0}. Similarly, we can find a
Lagrangian decomposition (L, L}) of V/ with R" C Lj and S’ C L. Since
V=RoS- V' =R ¢8§",itis easy to see that:

Lo=Ra& (StNLy), Liy=R® (S NL).
Now choose an isomorphism from Lg to Lj, that sends R to R’ and St N Lyto
S+ L{, and use Corollary 1.4.36 to extend it to a symplectomorphism 7" : V' —
V' with T(L;) = L. Now, since T carries S~ N Lo to §'= N Ly, it also carries
(StNLo)t =S+ Loto (SN L)+ = S + L)) and therefore:
T(S) = T((S + L()) N L1) = SI,
since (S + Lo) N Ly = Sand (S"+ Ly) N L = 5.

Exercise 1.15. Write S = (LN S)® Rand S' = (L'NS") @ R'. Since
RN L = {0}, Lemma 1.4.39 gives us a Lagrangian L; C V with R C L; and
V = L & L;. Similarly, we have a Lagrangian L} C V'’ with R' C L} and
V' =L@ L}. We have:

dim(S+ N L) = dim((S + L)*)
= dim(V) — dim(S) — dim(L) + dim(S N L)
= dim(V’) — dim(S") — dim(L') + dim(S" N L)
= dim(S'" N L).

Therefore there exists an isomorphism 7" : L — L' with:

T(S*NL)=8"nL, T(SNL)=S8nL;
use Corollary 1.4.36 to extend 7' to a symplectomorphism 7' : V — V' with
T(Ly) = L. Now:

T((S+L)Y) =TS *nL)=8"nL = (5 +L)",
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and therefore:
TS+L)=5+1"
Notice that:
S+L=(LNnS)+R+L=R+1L,
and, since R C Lq:

(S+L)NnLi=(R+L)NL; =R.
Thus, keeping in mind that S = R+ (L N S):
S=((S+L)NL)+(LNS).
Similarly:
S'=((S"+L)nL) +(L'NnS).
Hence T'(S) = 5.
Exercise 1.16. Use (1.4.4).

Exercise 1.17. Set 2n = dim(V') and let P C L; be a subspace and S €
Bgym (P) be given. To see that the second term in (1.5.16) defines an n-dimensional
subspace of V' choose any complementary subspace W of P in L; and observe that
the map:

Lov+wr— (v,pr,,1,(w)|g) € PEQ*, veE Ly, we Ly,

is an isomorphism. To show that L is isotropic, hence Lagrangian, one uses the
symmetry of S:

(C.1.1)

w(vitwr, vatwa) = pr, Lo (W1)V2—pr,, Lo (w2)-v1 = S(v1,v2) =S (ve,v1) =0,

for all v1,v9 € Ly, wi,wy € Lg with v1 + w1, ve + wo € L.

Conversely, let L be any Lagrangian; set P = 71 (L), where w1 : V' — Lj is
the projection relative to the direct sum decomposition V = Lo @ L;. If v € P
and wy, w9 € Lg are such that v + w1, v + wo € L, then w; —wo € L N Lg; since
P C L+ Ly, it follows that the functionals pr,, 1, (w1 ) and pr,, 1, (w2) coincide in
P. Conclude that if one chooses w € Lg such that v + w € L, then the functional
S(v) = pr,,L,(w)|p € P* does not depend on the choice of w. One obtains a
linear map S : P — P*; using the fact that L is isotropic the computation (C.1.1)
shows that S is symmetric. The uniqueness of the pair (P, S) is trivial.

Exercise 1.18. The equality 7'(0, «) = (0, 3) holds iff Ba = 0 and —A*«a =
(. If B is invertible, then clearly the only solution is o« = 0; conversely, if B is not
invertible, then there exists a non zero solution « of the equations.

Since B*D is symmetric, then so is B*~*(B*D)B~' = DB~'. Moreover,
since DB~! is symmetric, then so is A*DB~'A; substituting A*D = (Id +
B*C)*, we get that the matrix (Id+B*C)*B~'A = (Id+C*B)B~'A = B~1A+
C* A is symmetric. Since C*A is symmetric, then B~ A is symmetric. Finally,
substituting C' = B*~!(D*A — 1d) and using the fact that DB~ = B*~1D*, we
getC—DB'A-B'=B*'D*A-B*'-DB'A-B'=-B* 1B,
which is clearly symmetric.

Exercise 1.19. 7™ is symplectic iff, in the matrix representations with respect

to a symplectic basis, it is T'wT™ = w; this is easily established using the equalities
T*wT = w and w? = —1d.
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Exercise 1.20. Clearly, if P,O € Sp(2n,R) then M = PO € Sp(2n,R).
Conversely, recall from (1.4.6) that M is symplectic if and only if M = w™'M*J;
applying this formula to M = PO we get:

PO = w 'P'O*w = w ' P'w - w l0%0.

Since w is an orthogonal matrix, then w™!' P*w is again symmetric and positive
definite, while w~'O*w is orthogonal. By the uniqueness of the polar decomposi-
tion, we get P = w™ ' P*w and O = w~'O*w which, by (1.4.6), implies that both
P and O are symplectic.

Exercise 1.21. Use Remark 1.4.7: a symplecticmap 1" : V1 &V, — V must be
injective. Use a dimension argument to find a counterexample to the construction
of a symplectic map on a direct sum whose values on each summand is prescribed.

Exercise 1.22 w(Jv, Jw) = w(J?w,v) = —w(w,v) = w(v, w).

Exercise 1.23. If J is g-anti-symmetric g(Jv, Jw) = —g(v, J?w) = g(v,w).

Exercise 1.24. Use induction on dim(}) and observe that the gs-orthogonal
complement of an eigenspace of V is invariant by 7. Note that if 7 is Hermitian,
the its eigenvalues are real; if 7 is anti-Hermitian, then its eigenvalues are pure
imaginary.

Exercise 1.25. The linearity of pz,, 1, is obvious. Since dim(L;) = dim(Lg),
it suffices to show that pr,, 1, is surjective. To this aim, choose o € L and
extend « to the unique & € V™ such that &(w) = 0 for all w € L. Since w
is nondegenerate on V, there exists v € V such that & = w(v,-). Since L; is
maximal isotropic it must be v € L1, and pr,, 1., is surjective.

Exercise 1.26. Clearly, 7(L) is isotropic in (S+/S,©). Now, to compute the
dimension of 7(L) observe that:

dim(7(L N $H)) = dim(L N S*) — dim(L N S),
(LNS)t =L+ +5+=L+84,
dim(L N S) + dim((L N S)*) = dim(V),

1 1
5dim(sl /S) = dim(V) - dim(S) = dim(L) — dim(S).
The conclusion follows easily.

Exercise 1.27. It follows from Zorn’s Lemma, observing that the union of any
increasing net of B-negative subspaces is B-negative.

Exercise 1.28. The proof is analogous to that of Proposition 1.5.29, observing
that if v1, vy € V are linearly independent vectors such that B(v;,v;) < 0,7 = 1,2,
and such that (1.5.5) holds, then B is negative semi-definite in the two-dimensional
subspace generated by vy and vo (see Example 1.5.12).

Exercise 1.29. Let V] be the k-dimensional subspace of V' generated by the
vectors {vy,...,vr} and Va be the (n — k)-dimensional subspace generated by
{Vk41,...,vn}; since X is invertible, then Bly, «y; is nondegenerate, hence, by
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Propositions 1.1.10 and 1.5.23, ny(B) = ny(B|y,xv;) + ni(B\vlLleL). One
computes:

VlL = {(—X‘lng,wz) Wy € VQ},
and B |V1L Vit is represented by the matrix Y — Z* X 17,

Exercise 1.30. The subspace W + W has codimension dim(W N W) in
V, and clearly (see the proof of Proposition 1.5.23):

n_(Blywyws) =n—(Blw) +n_(Bly1).

This implies (see Lemma 1.5.6):

(C.1.2) n_(B) < n_(Blw) + n_(Bly.) + dim(W nW).
Similarly,
(C.1.3) ny(B) < ny(Blw) +ns (Bly) + dim(W N W),

The conclusion is obtained by adding both sides of the inequalities (C.1.2) and
(C.1.3).

Exercise 1.31. Set W = V @ V and define the nondegenerate symmetric
bilinear form B € Bsym(W) by B((al,bl), (ag,bg)) = Z(al,ag) — U(bl,bg).
Let A C W denote the diagonal A = {(v,v) : v € V}; identifying V' with
A by v — (v,v), one computes easily B|n = Z — U, which is nondegenerate.
Moreover, identifing V with AL by V 3 V — (v, U~ Zv) € AL, itis easily seen
that B|p1r = Z(Z~! — U~1)Z. The conclusion follows.

C.2. From Chapter 2

Exercise 2.1. Suppose that X is locally compact, Hausdorff and second count-
able. Then, one can write X as a countable union of compact sets K, n € IN, such
that &, is contained in the interior int (K, 1) of K41 for all n. Set C; = K; and
Cn = K, \ int(K,,—1) forn > 2. Let X = |J, U be an open cover of X; for
each n, cover ), with a finite number of open sets V), such that

e cach V), is contained in some Uj;
e each V), is contained in C;,_1 U Cp, U Cyq1.

Itis easily seen that X = (J,, V,, is a locally finite open refinement of {Uj} .

Now, assume that X is locally compact, Hausdorff, paracompact, connected
and locally second countable. We can find a locally finite open cover X = | J, Uy
such that each U, has compact closure. Construct inductively a sequence of com-
pact sets K,, n > 1, in the following way: K is any non empty compact set, K, 41
is the union (automatically finite) of all Uy such that Uy N K, is non empty. Since
K, C int(Kp41), it follows that | J,, K, is open; since |J,, K, is the union of a
locally finite family of closed sets, then | J,, K, is closed. Since X is connected,
X = U,, K. Each K, can be covered by a finite number of second countable
open sets, hence X is second countable.

Exercise 2.2. Let p € P be fixed; by the local form of immersions there exist
opensets U C M and V € N, with fy(p) € V C U, and a differentiable map
r: U — V such that r|,y = Id. Since fj is continuous, there exists a neighborhood
W of p in P with fo(W) C V. Then, fO‘W =ro f’W
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Exercise 2.3. Let A; and A5 be differentiable atlases for N which induce the
topology 7 and such that the inclusions i; : (N, A1) — M and iz : (N, Ay) — M
are differentiable immersions. Apply the result of Exercise 2.2 with f = i; and
with f = ig; conclude that Id : (N, .A;) — (N, As) is a diffeomorphism.

Exercise 2.4. The proof follows from the following characterization of local
closedness: S is locally closed in the topological space X if and only if every point
p € S has a neighborhood V' in X such that V' N S is closed in V.

Exercise 2.5. In order to show that f (/) is an embedded submanifold of N,
it suffices to show that every point in f (M) has an open neighborhood in /N whose
intersection with f(M) is an embedded submanifold of N. Given a point f(z) of
f(M), we can find an open neighborhood U of x in M such that f|y : U — N is
an embedding; then f(U) is an embedded submanifold of N and f|y : U — f(U)
is a diffeomorphism. Since f : M — f(M) is open, f(U) equals the intersection
with f(M) of an open subset of N. Hence f(M) is an embedded submanifold of
N and f: M — f(M) is alocal diffeomorphism.

Exercise 2.7. From (2.1.14) it follows easily that the curve:
t— exp(tX)-m
is an integral line of X*.

Exercise 2.8. Repeat the argument in Remark 2.2.5, by observing that the
union of a countable family of proper subspaces of R is a proper subset of R".
To see this use the Baire’s Lemma.

Exercise 2.9. It is the subgroup of GL(n,R) consisting of matrices whose
lower left (n — k) x k block is zero.

Exercise 2.10. To see that (2.5.21) is a diffeomorphism, observe that its in-
verse is given by:

GRW1) x V' 3 (W,v) = (W0 + by (W) - mo(v)) € GR(W1) x V.

Clearly, v — ¢w,w, (W) - mo(v) is in Wy if and only if v is in the graph of
dwo,w, (W), ie., if and only if v is in W. For part (b), observe that it follows
from part (a) that E(V) N (GL(W1) x V) is closed in G{(W;) x V. More-
over, observe that the sets of the form G9(W;) x V constitute an open cover of
Gr(V)) x V. For part (c), observe that the set (2.5.22) is the inverse image by the
map:
Gr(V)sWi— (W,v) € Gp(V) x V

of Ex(V).

Exercise 2.11. Let (L}, L1), (L%, L?) be Lagrangian decompositions of the
symplectic spaces (V1,w1) and (Va, ws), respectively, and consider the Lagrangian
decomposition (Lg, L1) of (V,w) defined by Lo = L} & L3, L1 = L} & L3. We
have a commutative diagram:

(C24{17) x A(Va) DAO(LY) x A°(L3) ° AO(Ly) C A(V)
‘PL}J,L%X‘F’L%,L%\L i‘ﬂLo’Ll

Bgym(Lg) X Bsym(L§) —2— Bsym(Lo)
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where the @ map is the direct sum of bilinear forms. This map is clearly a differ-
entiable embedding and therefore the conclusion follows by applying the criterion
given in Exercise 2.6.

Exercise 2.12. Set k = dim(L N Ly). Consider a (not necessarily symplectic)
basis (b;)?", of V such that (b;)™_, is a basis of L and (bl)?’:”‘;fkﬂ is a basis of L.
Define an extension of B by setting B(b;, b;) = 0 if either 7 or j does not belong

to{n—k+1,...,2n—k}.
Exercise 2.13. The proof can be done in three steps:

e choose a partition a = ty < t; < --- < t = b of the interval [a, b]
such that for all i = 1,...,k — 1 the portion ’Y‘[ti—l,tiqu] of v has image
contained in an open set U; C B on which the fibration is trivial (an
argument used in the proof of Theorem 3.1.29);

e observe that a trivialization «; of the fibration over the open set U; induces
a bijection between the lifts of 7, jand the maps f : [t;—1,ti11] —
F

e construct 5 : [a,b] — E inductively: assuming that a lift 7; of [jq,] is
given, define a lift 7, | of 7| [a,t;,1] In such a way that 7, ; coincides with
7, on the interval [a, t;_1 + ¢] for some € > 0 (use the local trivialization
«; and a local chart in F).

—1,ti+1

Exercise 2.14. The map is differentiable because it is the inverse of a chart.
Using the technique in Remark 2.3.4, one computes the differential of the map
T — Gr(T) as:

Lin(Rn,Rm) 35Z+—qoZo 771|Gr(T) S TGr(T)Gn(n + m),

where 7, is the first projection of the decomposition R™ & R™ and ¢ : R™ —
R™*™ /Gr(T) is given by:

q(x) = (0,2) + Gr(T).

Exercise 2.15. Use the result of Exercise 2.13 and the fact that GL(n, R) is
the total space of a fibration over G(n).

Exercise 2.16. An isomorphism A € GL(n, R) acts on the element (W, O) €
G (n) and produces the element (A(W), O’) where O’ is the unique orientation
on A(W) which makes

Alw: (W,0) — (AW),0")

a positively oriented isomorphism. The transitivity is proven using an argument
similar to the one used in the proof of Proposition 2.4.2.

Exercise 2.17. Fixy, is a closed subgroup of Sp(V, w), hence it is a Lie sub-
group. Let Ly, L} € AY(Lg) be given. Fix a basis B of Ly; this basis extends in a
unique way to a symplectic basis B; in such a way that the last n vectors of such
basis are in L; (see the proof of Lemma 1.4.35). Similarly, B extends in a unique
way to a symplectic basis ] whose last n vectors are in L. The unique symplec-
tomorphism 7" of (V,w) which fixes Lo and maps L; onto L] is determined by the
condition that 7" maps B; to B].

Exercise 2.18. Use (1.4.7) and (1.4.8) on page 19.
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Exercise 2.19. Use formulas (2.5.6) and (2.5.7) on page 61: choose L e A
with L1 N Lo = {0} and set B = ¢ (L). Now, solve for L, the equation:

B = (¢y); (B) = (B - (pLO,El)#((Qpil,Lo(Ll))>71‘

C.3. From Chapter 3

Exercise 3.1. A homotopy H between the identity of X and a constant map
f = x¢ drags any given point of X to xg.

Exercise 3.2. For each zg € X, the set {y € X : dJ acontinuous curve 7 :
[0,1] — X with y(0) = zo, 7(1) = y} is open and closed, since X is locally
arc-connected.

Exercise 3.3. Define \s(t) = A\((1 — s)t) and Hy = (A\;!- ) - \s. Observe
that H; is a reparameterization of .

Exercise 3.4. If [y] € m1 (X, zo) then H induces a free homotopy between the
loops f o~y and g o y in such a way that the base point travels through the curve A;
use Exercise 3.3.

Exercise 3.5. Using the result of Exercise 3.4, it is easily seen that g, o f, and
f« © g. are isomorphisms.

Exercise 3.6. The inclusion of {z(} in X is a homotopy inverse for f iff X is
contractible.

Exercise 3.9. If g is a homotopy inverse for f, then it follows from Corol-
lary 3.3.24 that g, o f, = Id and f, o g, = Id.

Exercise 3.10. It follows from r, o i, = Id.

Exercise 3.11. If x, y are in the same arc-connected component of X, there
exists v € Q(X) with y(0) = x and y(1) = y. Then:

g(x)""9(y) = ¥e(v) = ¥n(7) = h(z)"'Aly),
and therefore g(z)h(z)™! = g(y)h(y)~ .

Exercise 3.12. Write X = Ua cA Xa» Where the X,, denote the arc-connected
components of X. For each o € A, choose an arbitrary point z, € X,. Define
g : X — G by setting g(x) = (), for all x € X, and all « € A, where
v € Q(X) is such that v(0) = x4 and (1) = z. It is now easy to check (using
that 1) is compatible with concatenations) that ¢ = 1),.

Exercise 3.14. Recall that a Lebesgue number of an open cover | J,c 4 Vo of a
metric space M is a positive number J such that every subset of M having diameter
less than ¢ is contained in some V. It is well-known that every nonempty open
cover of a compact metric space admits a Lebesgue number (prove this!). For the
exercise, take 6 to be a Lebesgue number of the open cover K = (J,c 4 ' (Ua).

Exercise 3.15. Let P be the partition a = tg < t; < --+ < tx = b. Since
one can add one point at a time to P, there is no loss of generality in assuming
Q = PU{s}, with s € |t;,ti}1], forsomei =0,1,....k — 1. If v € Q4 p, we
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can find o« € A with y([t;,¢i41]) C Ua. Then, using the result of Exercise 3.13,
we get:

/lzz)(’)/“ti,ti_‘_l]) = /lzz)Oé (7|[ti,ti+1]) = /l/)Oé (’Y|[ti,8] : V‘[S,ti_‘_l])
= Ya (Vi8] Yo (Vistin)) = ¥ (ins) ¥ (Vs i) -

Exercise 3.17. Do you really need a hint for this Exercise?

Exercise 3.18. Assume (i). Given b € B, pick a local trivialization « :
p'(U) > UxFandset] =F,V; = a (U x {i}), forall i € I. Clearly
plv, : Vi — U is a homeomorphism, for all i € F' = I. Now assume (ii). Given
b € B, let U be a fundamental open neighborhood of b. Clearly p~!(b) intersects
each V; at precisely one point, and thus the index set I has the same cardinality
asp~'(b) 2 F. Let o : I — F be a bijection and define a local trivialization
a:p 1 (U) — U x F by setting a(z) = (p(z),0(i)), forallz € V; and all i € I.

Exercise 3.19. If fl and f2 are such that p o fl =po fg = f then the set
{z: fi(z) = fa(x)} is open (because p is locally injective) and closed (because E
is Hausdorff).

Exercise 3.20. Let b € B be fixed and write p~(b) = {e1,...,e,}. Since E
is Hausdorff and p is a local homeomorphism, we can find disjoint open sets V7,
..., Vy, such that e; € V; and p|y; is a homeomorphism onto an open subset of B,
foralli =1,...,n. Set:

o= (A onl(Uw)T

We have that U is an open neighborhood of b and p~'(U) C (I, V;, so that
p N (U) =L, V/,where V/ = p~H(U) N Vi, i = 1,...,n. Itis easy to see that
p maps each V) homeomorphically onto U.

Exercise 3.21. X is connected because it is the closure of the graph of f(x) =
sin(1/z), x > 0, which is connected. The two arc-connected components of X
are the graph of f and the segment {0} x [—1, 1]. Both connected components are
contractible, hence Hy(X) = Z & Z, and H,(X) =0 forallp > 1.

Exercise 3.22. See [13, §24, Chapter 3].

Exercise 3.23. First, if U C X is open then p(U) is open in X/G since
ptpU)) = Ugeq 9U; moreover, if U is such that gU NU = () for every g # 1
then p is a trivial fibration over the open set p(U ). This proves that p is a covering
map. The other statements follow from the long exact homotopy sequence of p and
more specifically from Example 3.2.24.

Exercise 3.24. The restriction of the quotient map p: X — X/G to the unit
square I? is still a quotient map since I? is compact and X /G is Hausdorff; this
gives the more familiar construction of the Klein bottle. To see that the action of
G on X is properly discontinuous take for every z € X = R? the open set U (see
Exercise 3.23) as an open ball of radius %

Exercise 3.25. Use Example 3.2.10 and Theorem 3.3.33.
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Exercise 3.26. Use the exact sequence 0 = Hy(D) — Hy(D,0D) —

C.4. From Chapter 4

Exercise 4.1. Use Sylvester’s Inertia Theorem (Theorem 1.5.10) to prove that
the action of GL. (V') in the set of symmetric bilinear forms with a fixed coindex
and a fixed degeneracy is transitive. Conclude the proof using the fact that GL4 (V)
is arc-connected (see Example 3.2.31).

Exercise 4.6. Consider the set:
A = {t € I : t has a neighborhood J; in I with gdg(B|;,) = gdg(B)}.

The set A is clearly open in I and nonempty. Prove that A is closed in A us-
ing the existence of locally defined real analytic maps A, as in the statement of
Proposition 4.3.9.

C.5. From Chapter 5
Exercise 5.1. Compute O, on a generator of Hy(A).

Exercise 5.2. The map [0, 1] X [a,b] > (s,t) — A((1 — s)t + sa) - £(t) €
A is a homotopy with free endpoints between ¢ and the curve A(a) o £. Using
Remark 3.3.30 one gets that £ and A(a) o ¢ are homologous in Hy (A, A°(Lg)); the
conclusion follows from Corollary 5.1.6.

Exercise 5.3. Using the result of Exercise 2.17 we find a curve A: [a,b] —
Sp(V,w) such that A(t)(Ls) = L1(t) for all ¢ and for some fixed Lo € A°(Ly);
it is easily seen that r, 1, 1) (£(t)) = @rLe,L, (A(t) 1 (£(t))). The conclusion
follows from Theorem 5.1.15 and Exercise 5.2.

Exercise 5.4. Using formula (2.5.11) one obtains:
(C5.1) ¢La.10(L2) = —(pro,Ls) " (Pro,rs(L2)™Y);
from (2.5.5) it follows that:
(C52)  @Ly,10° (PLste) " (B) = ¢r,.10(L3) + (Uff,Lg)#(B) € B(L1),
for any symmetric bilinear form B € B(L3). It is easy to see that:
(C.5.3) PLoLs O Ly = PLoLy;

and the conclusion follows by setting B = ¢, 1,(L2) in (C.5.2) and then using
(C.5.1) and (C.5.3).

Exercise 5.5. See Examples 1.5.4 and 1.1.4.
Exercise 5.6. By Theorem 5.1.15, it is
pro () = 1t (91,2, (E(0D))) — 14 (10,0. (¢(a)));

Conclude using the result of Exercise 5.5 where Ly = L,, setting Ly = ¢(a) and
then Lo = 4(b).

Exercise 5.7. Leta = tp < t; < --- < t;, = b be a partition of [a, b] such
that E([ti, ti+1]) is contained in the domain of a coordinate chart ¢ Lo.Li» for all

i1 = 0,1,...,k — 1. The result would follow easily from Theorem 5.1.15 and
the additivity by concatenation of both x and pz,, if it were the case that £(t;) €
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A%(Lp) for all i. In the general case, let z; : [0,1] — A%(L:) N A°(Li™!) be a
continuous curve with 1(0) = £(¢;) and u(1) € A%(Lg), fori = 1,...,k — 1.
Set g = £|[t0,t1] s, b = ,ui_l . g‘[tmtzdrﬂ g1, bt =1,...,k —2and {1 =
,u,;_ll . £|[tk—1atk]' Show that ¢g - ¢1 - - - £;,_1 is homotopic with fixed end points to ¢
and conclude the proof by observing that:

I
=
—

S
EN
~—

Il
=
—~

5
~—

k—1
1iro(0) = Z 1Ly (i)
=0

Exercise 5.9. Observe that ¢y, 1, (6 (t)) changes sign when the symplectic
form changes sign.

Exercise 5.10. See the suggestion for the solution of Exercise 4.6 and Propo-
sition 5.5.7.

Exercise 5.11. Use Exercise 2.14.

Exercise 5.12. Observe that the map p: Sp(R"™ & R™*,w) — A given by
p(T) = T({0} & R™) is a fibration; the set in question is the inverse image by
p of the dense subset A°(Lg) of A (see Remark 2.5.18). The reader can prove
a general result that the inverse image by the projection of a dense subset of the
basis of a fibration is dense in the total space. For the connectedness matter see the
suggested solution of Exercise 5.13 below.

Exercise 5.13 and Exercise 5.14. These are the hardest problems on the book.
The basic idea is the following; write every symplectic matrix

(2 2)

with B invertible as a product of the form:

0 B I 0
T_<—B*1 D> (U 1>>

with D = S o B and S, U symmetric n X n matrices. Observe that the set of sym-
plectic matrices 7" with B invertible is diffeomorphic to the set of triples (S, U, B)
in Bgym (R™) X Bgym(R™) x GL(n,R). Using also some density arguments (like
the result of Exercise 5.12) the reader should be able to complete the details.

Exercise 5.15. The map ® : Sp(2n,R) — A(R*") given by ®(¢) = Gr(T)
induces a map

o, : 11 (Sp(2n, R)) 2 Z — m (A(RY) 2 Z)

which is injective (it is the multiplication by 2, up to a sign). This is easily
checked by computing @, on a generator of m; (Sp(2n, IR)) (see Remarks 5.1.21
and 5.1.22). It follows that if a loop in Sp(2n, R) has image by ® which is con-
tractible in A(R*") then the original loop is contractible in Sp(2n, R). Now, use
that A°(A) is diffeomorphic to a Euclidean space.

Exercise 5.16. Let ¢ : I — V be an arbitrary differentiable map that coincides
with v in a neighborhood of #o in J and set 0(t) = Py ((t)), where Py : V —
V denotes the orthogonal projection onto ¢(t) defined with respect to an arbitrarily
chosen inner product in V.
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Exercise 5.17. By additivity under concatenations of the Maslov index, it suf-
fices to consider the case where the image of the curves ¢; and /o are contained
respectively in the domains of charts ¢ 1 /1, ¢y 12, Where L = L', L§ = L?

and (L}, L1), (L3, L?) are Lagrangian decompositions of V; and V5, respectively.
In this case the conclusion follows from the commutativity of diagram (C.2.1) and
from the fact that signature of symmetric bilinear forms is additive under direct
sum.

Exercise 5.19. Item (a) is trivial. Items (b) and (c) follow directly from the
fact that Maslov index is a groupoid homomorphism. Finally, item (d) follows
from Lemma 5.4.7.

Exercise 5.20. Item (a) follows directly from item (c) of Exercise 5.19. The
antisymmetry of ¢ in the last two variables follows by using (d) of Exercise 5.19,
followed by (a) and (b) of Exercise 5.19. The antisymmetry of q in the first two
variables is obtained using the properties of the Hormander index given in Exer-
cise 5.19 as follows:

q(L1, Lo, L2) = q(L1, Lo; La, L1) = q(L1, Lo; L2, L1) + q(L1, Lo; L1, Lo)
= q(L1, Lo; L2, Lo) = —q(Lo, L1; L2, Lo) = —q(Lo, L1, L2).
The antisymmetry of q with respect to the first and last variables follows from the

antisymmetry with respect to consecutive variables. Finally, the cocycle identity of
item (c) is proven as follows:

G(La, L3, Ly) —q(L1, L3, Ly) +q(L1, Lo, Ly) — q(L1, Lo, L3)
= q(L1, L2; Ly, L1) — q(L1, La; L3, L1) +q(L2, L3, Ly) — q(L1, L3, Ly)
= q(L1, L2; Ly, L1) + q(L1, La; L1, L) +q(L2, L3, Ly) — q(L1, L3, Ly)
= (L1, Lo; Ly, L3) +9q(Le, L3, Ly) —q(L1, L3, Lg)
= q(L1, Lo; Ly, L3) — q(L4, L3, L2) — (L1, L3, Ly)
= —q(L4, L3; L1, La) — q(Ly4, L3; Ly, Ly) — (L1, L3, Ly)
—q(Ly4, L3; L1, Ly) — q(L1, L3, L)
—q(L4, L3, L1) —q(L1, L3, Ly) = 0.

1

C.6. From Appendix A

Exercise A.1. First observe thatif p : YV — C is of the form (A.6.7) then p is
a polynomial, since it is a linear combination of products of linear functionals on
V. On the other hand, it is easy to see that the set of all maps p : V — C of the
form (A.1) constitute a subalgebra of F(V, C) containing Lin(V, C) and hence it
contains P(V).

Exercise A.2. If p : V — W is a polynomial then obviously «; o p is a

polynomlal forall i = 1,...,m. Conversely, if a; o p is a polynomial for all
i = 1,...,m then, for all a € W* « o pis a linear combination of a; o p,
i =1,...,m and therefore it is a polynomial. Hence p is a polynomial.

Exercise A.3. The fact that the sum of polynomials is a polynomial is very
simple. For the composition, it is easy to see that it suffices to consider the case of
a composition gop, where q is a complex-valued polynomial in the counter-domain
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of a polynomial p. The set of all complex-valued maps ¢ in the counter-domain of
p such that ¢ o p is a polynomial is easily seen to be an algebra that contains all
linear functionals; hence, it contains all polynomials.

Exercise A.4. As in the case of real-vector spaces, the map inv : T +— T~ ! is
differentiable and its differential is given by d(inv)(T) - H = —T 1o H o T,
Clearly, the map d(inv)(7’) is C-linear.

Exercise A.5. We can write':

f(z) = Zcz‘(z — 20",

=0

for all z in an open ball centered at zy contained in A, where ¢; = ;1, f (@) (z0). Let
m be the smallest natural number such that ¢,,, # 0. Define g : A — V by setting
g(z) = ﬁ (2), for z € A\ {20} and g(z0) = ¢m,. The map g is clearly
holomorphic in A \ {zy} and it is holomorphic in an open neighborhood of zj
because it is given by the power series:
o0
g(z) = cilz—2)"™

=m
Since g(zp) # 0, observe that |g(z)| > ¢ for z in a neighborhood of zg, for some
positive constant c.

Exercise A.6. Let m be a natural number such that the map:

9(z) = f(2)(z — 20)"
is bounded near zp. Then the limit lim,_,,, g(z) exists and we obtain an holo-
morphic function g : A — V by setting g(zp) to be equal to that limit>. Using
the result of Exercise A.5 we write g(z) = (z — 29)"h(z), where n is a natu-

ral number and A : A — V is a holomorphic function with h(zp) # 0. Then
f(z) = (2 —20)""h(z), forall z € A\ {20}. If n —m > 0 then f is bounded

near zg and if n —m < O then lim,_., || f(2)|| = +o0.
Exercise A.7. Obviously f~1(0) is closed in A. Choose a basis of V and let
fi: A— C,i=1,...,dim(V), denote the coordinate maps of f. For some i,

the map f; is not identically zero and therefore fi_l(O) is discrete. Hence the set
F710) C £71(0) is also discrete.

Exercise A.8. Given x € M, let U be an open neighborhood of f(z) in N
that is mapped diffeomorphically by ¢ onto an open subset ¢(U) of N. Since f is
continuous, f~1(U) is an open neighborhood of = in M. The restriction of f to
f71(U) is equal to the composition of the restriction of g o f to f~1(U) with the
inverse of the holomorphic diffeomorphism ¢|;; : U — ¢(U) and therefore it is
holomorphic.

You should be familiar with Taylor expansion for holomorphic functions of one complex vari-
able taking values in C. By choosing a basis in ), you can reduce the case of V-valued functions to
the case of C-valued functions.

2You should be familiar with the fact that a complex-valued holomorphic function of one vari-
able that is bounded near an isolated singularity admits a holomorphic extension that removes the
singularity. The case of V-valued functions is obtained from the complex-valued case by considering
abasisin V.
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Exercise A.9. Leti = 2,...,n be fixed and assume that €4, ..., €;_1 are well-
defined by (A.6.8) and satisfy B(é;,é;) = 0 for j # k, j,k =1,...,i—1 and
B(éj,é;) #0,forj =1,...,7 — 1. Assume also that the span of {€1,...,6;_1}
is equal to the span of {ej,...,e;—1}. Then we can define é; using (A.6.8) and
it is easy to check that 5(é;,é;) = 0 for j = 1,...,7 — 1 and that the span of
{€1,...,€;} isequal to the span of {ey,...,e;} (in particular &; # 0). To conclude
the proof, we only have to check that B(é;, €;) # 0. But if B(é;, é;) were zero then
é; # 0 would be in the kernel of the restriction of B to the span of {ej,...,e;},
contradicting the assumption that the given basis is nondegenerate.

Exercise A.10. If (e;)7"_; is a basis of V' then the restriction of B to the com-

plex subspace of V spanned by {ey,...,e;} is equal to the C-bilinear extension
of the restriction of the inner product (-, -) to the real subspace of V' spanned by
{e1,...,e;}. The conclusion follows from the observation that the C-bilinear ex-

tension of a nondegenerate R-bilinear form is nondegenerate.

Exercise A.11. An n-tuple (e;)7_; in V" is a nondegenerate basis of V if and

only if for all £ = 1,...,n, the determinant of the k& x k matrix (B(e;, e;)), ., is
not zero. Thus, € is open in V", proving (a). If, for some ¢ = 2, ..., n, the map
(e1,...,en) — (€1,...,€;—1) is holomorphic in € then it follows from formula

(A.6.8) that the map (eq,...,e,) — (€1,...,€;) is also homolorphic in €. This
proves item (b). Item (c) follows from the observation that if f is a holomorphic
function of one complex variable taking values in C \ {0} then in an open neigh-

borhood of every point in the domain of f we can find a holomorphic function f 2
whose square is equal to f.

Exercise A.12. Let I be a closed subset of X. If Y is first countable (for
instance, if Y is metrizable) then, in order to check that f(F’) is closed in Y, it
suffices to consider a sequence (2,,)n>1 in F such that (f(z,)), -, converges to
some y € Y and to prove that y is in F'. Clearly, the set: B

(C.6.1) {f(zn) :n>1}U{y}

is compact, since any any open set that contains y also contains all but finitely many
f(xy). Thus, the inverse image of (C.6.1) by f is compact and, in particular, the
sequence (zy,),>1 is in a compact subset of X. Thus, the sequence has a limit point
z € X, i.e., every neighborhood of z contains z,, for infinitely many n. Clearly,
x € F, otherwise X \ F' would be a neighborhood of x that contains no x,. We
claim that y = f(x). Otherwise, since Y is Hausdorff, there would be disjoint open
sets Uy, Us in Y withy € Uy and f(x) € Us. Then, we would have x,, € f~1(Uy)
for n sufficiently large and z,, € f~1(Us) for infinitely many n, contradicting the
fact that f~1(Uy) and f~1(Us) are disjoint. Hence y € f(F). This proves (i)
and (ii). Let us prove (iii). Again, let F' be a closed subset of X and assume that
y € Y isnotin f(F). We show that y has a neighborhood that is disjoint from
f(F). Let K be a compact neighborhood of y. For all z € f~1(K) N F, we have
f(z) # y and thus, Y being Hausdorff, there are disjoint open sets U,, V,, in Y’
with f(z) € U, and y € V,.. Since f~1(K) N F is compact, there exists a finite
subset S of f~1(K) N F such that:

FHE)NFEC ().

€S

1
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We claim that the neighborhood K N[, gV, of y is disjoint from f(F). Namely,
an element of f(F )ﬂKﬁﬂmeS V,, would be of the form f(z), with z € f~1(K)N
F. Then z would be in f~1(U,,) for some z € S and therefore f(z) would be in
U:NV, = 0.

Exercise A.13. If A is a subset of Y such that f~!(A) is open in X then
X\ fHA) =YY\ A)isclosedin X and thus Y \ A = f(f~1(Y \ A)) is
closed in Y. Hence A is openin Y.

Exercise A.16. By the Hahn—Banach theorem there exists a linear functional
a:V — Csuch that ||af| < 1 and:

([ 1) =1L
Moreover:
o([9)=[aor=]] o[ () ] < s 1) ength(y),

since |a(f(2))] < || f(2)]], forall z € A.
Exercise A.17. Use the result of Exercise A.16.
Exercise A.18. This is a standard result about derivation under the integral.

Exercise A.20. Recall that the entries of the matrix of 7! are given (up to
a sign) by ﬁ(T) times the determinant of an (n — 1) x (n — 1) submatrix of the

matrix of 7. Such determinant equals the sum of (n — 1)! terms that are (up to a
sign) equal to (n — 1)-fold products of entries of the matrix of 7.

Exercise A.21. Argue as in Example 3.2.27 considering the covering map de-
fined by:
p{r+iyeC:z<In(R)} 52+ (+e* €D
and observing that a lifting of ¢ with respect to p is given by:

[0,1] ¢ — In(r) + 2m7it.

Exercise A.22. Use Proposition 3.2.21 and the result of Exercise A.21.
Exercise A.23. The restriction of «* to each interval [; ”1} is continuous
and thus ~* is continuous. It is straightforward to check that p o v* = f o ¢®.
Exercise A.24. By Lemma A.6.4, for all ;1 € spc(T(¢o)), the sum:
Z P;i(¢o)
Ai(Go)=n
is a projection onto a subspace V,, of K,,(T({o)). By (A.6.5) we have:

k
Y Y R@=Y R -

pespe(T(Co)) Ai(o)=p

v= D = D KWW)

pespe(T(¢o)) pespe(T'(Co))
Thus V, = K, (T(¢o)), for all p € spe(T'(¢o))-

so that:
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Exercise A.25. Pick an inner product in V' and consider its sesquilinear exten-
sion to V. Using the corresponding norms, we have ||a,|| = ||¢(ay,)||, for all n and
hence both power series have the same convergence radius.

C.7. From Appendix B
Exercise B.1. Use formula (B.1).

Exercise B.2. The annihilator of V7] in V} is the kernel of R. Since A contains
the kernel of R, A = R~1 (R(A)) ; but the inverse image under R of the annihilator
of V5 in V; (i.e., R(A)) is the annihilator of V5 in Vj.

Exercise B.3. Use the Taylor polynomials of the maps B and w around ¢.
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The universe we observe
has precisely the properties we should
expect if there is, at bottom, no design,
no purpose, no evil, no good, nothing
but blind, pitiless indifference.

Charles Darwin



