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Abstract

Homotopy type theory allows for a synthetic formulation of homotopy theory, where
arguments can be checked by computer and automatically apply in many semantic settings.
Modern homotopy theory makes essential use of the category of spectra, the natural setting in
which to investigate ‘stable’ phenomena: the suspension and loop space operations become
inverses. One can define a version of spectra internally to type theory, but this definition
can be quite difficult to work with. In particular, there is not presently a convenient way to
construct and manipulate the smash product and internal hom of such spectra. This thesis
describes an extension of Martin-Lof Type Theory that is suitable for working with these
constructions synthetically.

There is an co-topos of parameterised spectra, whose objects are an index space with a
family of spectra over it, so standard homotopy type theory can be interpreted in this
setting. To isolate the spaces (as objects with the trivial family of spectra) and the spectra
(as objects with trivial indexing space), we extend type theory with a novel modality f that
is simultaneously a monad and a comonad. Intuitively, this modality keeps the base of an
object the same but replaces the spectrum over each point with a trivial one.

The system is further extended with a monoidal tensor ®, unit S and internal hom
—o, which capture abstractly the constructions on spectra mentioned above. We are lead
naturally to consider a ‘bunched’ type theory, where the contexts have a tree-like structure.
The modality is crucial for making dependency in these linear type formers work correctly:
dependency between ® ‘bunches’ is mediated by .

To demonstrate that this type theory is usable in practice, we prove some basic synthetic
results in this new system. For example, externally, any map of spaces induces a ‘six-functor
formalism” between the categories of parameterised spectra over those spaces, and this
structure can be reconstructed internal to the type theory. We additionally investigate an
axiom asserting that the internal category of spectra is semiadditive; we show that in the
presence of univalence this in fact implies that the category of spectra is stable.
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Introduction

Homotopy type theory [HoTTBook], the extension of Martin-Lof Type Theory with higher
inductive types and Voevodsky’s univalence axiom, has proven a useful tool for formalising
homotopy-theoretic arguments in a manner that can be verified by computers. Rather
than working with concrete topological spaces or simplicial sets, one works with types and
the universal constructions provided by the type formers of the theory. Working this way
sometimes requires clever new arguments for standard results, but the payoff is that the
same proof applies in any model of the theory, not just in the homotopy theory of spaces.
The basics of synthetic homotopy theory are presented in [HoTTBook, Chapter 8], and a
significant number of results have been developed and formalized since [nLaba].

It is conjectured that all of homotopy type theory (as in [HoTTBook]) can be interpreted
in any oco-topos — the interpretation of the basic Martin-Lof type theory [AW09; LW15;
AK11], Voevodsky’s univalence axiom [KL21; GK17; Shul5; Shul9a] and a class of higher
inductive types [LS20] have been worked out, though closure of the universes under higher
inductive types is in progress.

One of the main advantages of HoTT is that all constructions performed in it are
necessarily homotopy invariant. However, this is a double-edged sword, as it rules out
some of the first definitions from algebraic topology one might hope to make.

For example, a key invariant of topological spaces is their homology and cohomology
groups, which are often easier to calculate than their homotopy groups. Externally, the

ordinary homology and cohomology of a space X are defined using maps into X from
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simplices of various dimensions. But these simplices are all contractible, so internal to type
theory they are indistinguishable from the point. Instead, homology and cohomology can
be defined in type theory [Cav15; Gral8] via the spectra that represent them.

Classically, the study of spectra was motivated by the Freudenthal suspension theorem
(see [HoTTBook, Chapter 8] for a proof in type theory), which implies that, for nice spaces

X and Y, the sequence obtained by repeated suspension
(X, Y] = [ZX,ZY] — [Z2X,2%Y] — ...

eventually stabilises. Stable homotopy theory studies the phenomena that survive after ar-
bitrarily many suspensions, and it is an important tool for obtaining results in unstable
homotopy theory as well — for example, the homotopy groups of spheres in a certain
range coincide with certain stable homotopy groups. One can form a category out of the
above observation, where the objects are nice pointed spaces and the hom-sets are given
by the colimit over the above diagram, but the resulting category does not have very nice
properties. This motivates passing to a category of spectra that includes the previous as a
full subcategory, but is much better behaved categorically.

Using oo-categorical technology (by which we mean (oo, 1)-categorical), the co-category
of spectra can be defined by starting with the co-category of pointed spaces S, and inverting

the loop space functor () in a universal way:
Spec:@(--- 258,85, %S;)

In the co-category of spectra, the suspension X and loop space () functors are equivalences,

in contrast to ordinary spaces where X and () are far from being equivalences. This makes

Spec the right place to do stable homotopy theory: everything is stable under suspension.
Unwinding the above definition, a spectrum can be presented concretely as a sequence

of pointed spaces Xy, X1, Xa, .. ., together with a pointed equivalence between each space
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and the loop space of the next, Xp ~, QXj, Xj ~, QXj, .... This definition of spectra is
readily internalised in type theory, replacing “pointed spaces” with “pointed types’, and has
been formalised [SDRPS19]. However, most basic constructions on spectra are still works in
progress, as working with such spectra can be difficult. Instead of rebuilding the theory of
spectra from scratch within type theory, we could instead use a type theory that provides
some of the structure built-in.

It would therefore be nice to have a type theory that allows us to manipulate spectra in
an ergonomic way. The issue is that spectra behave much like objects from algebra, such as
modules over a ring or chain complexes, rather than like topological spaces or sets. The
category of spectra is not cartesian closed, rather it is monoidal closed for an operation on
spectra called the smash product. Because of this inherent ‘linear” nature, we cannot model
MLIT directly in the category of spectra. Instead, our strategy is to consider a model in
parameterised spectra: space-indexed families of spectra.

The co-category PSpec of parameterised spectra can be pleasantly described as fol-
lows [ABG18]: Given a space X, one can think of it as an co-groupoid and consider the
functor co-category Fun(X, Spec). The objects of this are our parameterised spectra over X.
This assignment from spaces to functor categories assembles into a functor S°° — Cate,
with Cate, the co-category of co-categories. An co-categorical version of the Grothendieck
construction yields the co-category PSpec of parameterised spectra.

These objects have both linear and nonlinear aspects: the indexing space behaves
nonlinearly and the spectra associated to each index behave linearly. The co-category of
parameterised spectra was shown to be an co-topos by Joyal and Biedermann [Joy08], and
so admits a model of MLTT with the univalence axiom. Thus, we can begin by interpreting
HoTT into this co-topos. There are important practical advantages over designing a new
type theory from scratch for just the category of spectra, not the families: we can reuse all
of the synthetic homotopy theory that has been developed for an arbitrary co-topos, and we

can reuse existing proof assistants to work in this setting.
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The ‘Underlying Space” Modality

When working in HoTT with the model in parameterised spectra in mind, it will be
necessary to have some syntactic way to say when a type denotes a single spectrum, rather
than a family of them — for example, the fact that suspension and loop space are an
equivalence holds only for individual spectra, not families thereof. Moreover, it will be
necessary to say when a type (in PSpec) denotes an ordinary space; for example, some
constructions that we will perform apply only to families of spectra over a space, not
families of spectra over a spectrum, so in certain places we will want to restrict dependency
to types that denote spaces. It turns out that we can access both the full subcategory of
spaces and the full subcategory of spectra by way of a modality [HoTTBook; RS520].

A basic operation on PSpec is the functor that, given a parameterised spectrum, extracts
its underlying space. In the other direction, we can assign to each space X the parameterised
spectrum (X, consty), where consty : X — Spec denotes the constant functor at the zero
spectrum (the spectrum with the one-point space at each level). Because 0 is both initial
and terminal in Spec, this functor is both left and right adjoint to the forgetful functor from
that extracts the index space:

o

PSpec —— S
-
0

This diagram satisfies the additional coherence of a bireflective subcategory [FOPTST99].
This means that the roundtrip on PSpec, which we write as {, has a number of special
properties: is a left-exact idempotent monad and comonad, it is adjoint to itself, and the
counit followed by the unit jE — E — {E is the identity. Then, we can isolate the spaces
within the parameterised spectra as the §-modal types, roughly the types A such that
A ~ jA —i.e, an object is a space iff it is equivalent to the object consisting of the same

base space with the 0-spectrum over every point, because that means the object has no

interesting spectra to begin with. Dually, we can isolate the spectra as the j-connected types,



the types such that § A is contractible — i.e., an object is a single spectrum iff it is a family of
spectra over the point.

Monadic modalities are well-studied in axiomatic HoTT [RSS20], but to describe non-
trivial comonadic modalities, one must modify the judgemental structure of the context.
The adjunction between S and PSpec described above is a degenerate example of axiomatic
cohesion [Law(07]. An co-topos 7T is cohesive (over S) if there is a string of adjoint functors
relating 7 to S, satisfying certain conditions. These adjunctions induce a string of adjoint
functors [ 45 - # on 7 so that [ and § are monads and b is a comonad. In our setting, we
have [ = b = f, hence the name f for our roundtrip operation.

A ‘cohesive type theory’ capturing the structure of cohesion was introduced by Shul-
man [Shul8], where the three functors also appear as unary type formers. The part of the
theory we are especially interested in is the b/ fragment, which on its own is called ‘spatial
type theory’. In spatial type theory, the context is divided into two zones following [Bar96;
PDO01]: a ‘modal” context zone, where the types of all variables are thought of as invisibly
prefixed with a b, followed by an ordinary context zone with ordinary variables. The
rules for the b and § modalities move variables between the zones to enforce the correct
relationships between the modalities and the judgemental version of b represented by the
modal context zone.

In principle one could use spatial type theory to reason about PSpec by adding axioms
asserting that the modalities are all equivalent. While we have no objection in principle to
adding axioms to type theories for synthetic homotopy theory (we extend HoTT, which
already adds univalence and higher inductive types as axioms), the ergonomics of such
axioms would be poor — the equivalence between b and f in this setting is so fundamental
that transport across these equivalences would be pervasive in every construction.

In Chapter 1 of this thesis, we describe an extension of the judgements and rules of
MLTT which give the § modality the correct properties without the need for any axioms.

Relative to existing modal dependent type theories, the primary difficulty of the § modality
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is that the bireflection induces a non-trivial roundtrip on every type!: the unit map A — §A
followed by the counit map §A — A. The syntax has a pair of novel features to handle this.
Firstly, each variable may be used in two ways: as normal, or “marked”, which is written x
and means using it via the roundtrip described above. Secondly, in contrast to spatial type
theory, there is no separation of the context into two zones, one modal and one non-modal.
The presence of both the unit and counit mean that modal and ordinary variables can be

mixed together without restriction.

Linear Operations

Parameterised spectra also inherit a monoidal closed structure extending the monoidal
closed structure on spectra, but HoTT on its own, even extended with f, is still missing is
a way to access this structure. For this we would like to add linear type-formers ® and
—o corresponding to the monoidal closure. Combining linearity and dependent types is a
difficult problem, and there have been many different attempts and strategies.

The overriding principle of this work is that the theory ought to be an extension of
ordinary dependent type theory. There is a large body of work in synthetic homotopy
theory that we do not want to have to reconstruct in an entirely new system. This rules out
all the previous work on linear dependent type theories (as far as we are aware), where
either the type theory ends up incompatible with MLTT [Vak14; IP98; FKS20], or linear
and nonlinear types inhabit different sorts [Isa21; KPB15; Lun18]. In the latter case, the
existing synthetic homotopy theory results would only apply to the nonlinear part of the
theory, and we would have to begin from scratch in the linear part. By contrast, in an
extension of ordinary dependent type theory, the usual constructions of synthetic homotopy
theory would be applicable directly to types containing linear information. For example,
the ‘suspension’ of a spectrum should be defined using the same higher-inductive type as

usual [HoTTBook, §6.5], rather as a new type-former just for linear types.

n full detail, the round-trip only applies to types that depend on a space, not a spectrum.
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To achieve this, the new linear type-formers should be to be freely added to MLTT, so
that they produce types that can be intermingled with ordinary types as one pleases. Freely
combining a nonlinear and linear type theory has been studied in the non-dependent setting
in the form of bunched implication [OP99; OHe03]. In bunched implication there are two
binary context-forming operations, an ordinary cartesian comma and a linear monoidal
product. These products can be combined in arbitrary ways, giving contexts an inherently
tree-like structure.

After introducing , we present a dependent version of bunched implication that addi-
tionally solves some of the metatheoretic issues of simply-typed bunched implication. Our
theory follows a similar idea to the simply-typed version: we will have structured contexts
that allow us to combine bunches of the context with a monoidal product, in addition to
ordinary context extension. The central question then is how dependency works between
assumptions that lie in different ‘monoidally combined” bunches. The missing ingredient
here is exactly the § modality.

Importantly, the dependency permitted when using the ordinary MLIT type-formers
is just as usual. For example, given two terms 4,4’ : A we will always be able to form the
identity type a =4 a’ : U, regardless of how A, a and a’ use the linear features of the theory.
Because of this, the new judgemental structure does not interfere with existing work in
HoTT, which can be imported essentially unchanged.

The challenge in designing this type theory is in making it usable on pen and paper in a
similar informal style to the HoTT Book and the synthetic work that follows it. The main
trick is that we separate the bunched shape of the context from the typing information of
the variables in it. A generic context @ | I' ctx has two pieces, a palette ® describing the
bunched structure of the context, and then a more typical context I' of variables with types.
Each variable is labelled with a colour from the palette, which places the data of that variable
at the corresponding node of the tree. This allows us to refer to sections of the context using

labels in the palette, rather than using variable names.
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Synthetic Stable Homotopy Theory

To demonstrate that the resulting type theory is quite ergonomic to use, even without a
proof assistant, we spend Chapter 2 developing some synthetic homotopy theory informally
in the style of [HoTTBook].

While introducing the type formers we prove various basic properties that are essentially
‘getting out what we put in’; reifying the structure of contexts in the types. The emergent
behaviour is more interesting, and some of the results are unexpected.

As mentioned above, the types that correspond to spaces can be identified as those
that are §-modal: types X for which the canonical map X — §X is an equivalence. We
can further identify the “parameterised spectra over X” as types A equipped with an
equivalence between §A and X. We show that for any internal map of spaces X — Y/, there
is an induced “six functor formalism” between the spectra over X and the spectra over Y.

Our “synthetic spectra” thus far do not have all of the properties of actual spectra. To
bring the synthetic spectra closer to actual spectra, we identify a pair of axioms. The first is
a ‘stability” axiom that forces the internal category of synthetic spectra to be stable, particular
making X - () an adjoint equivalence for these types. It turns out to be sufficient to assert
that coproducts and products of synthetic spectra coincide, an apparently weaker property
(Theorem 2.2.18).

The type theory augmented with this axiom (conjecturally) has models in parameterised
families in any stable co-category. This includes the trivial stable co category, whose families
are just ordinary spaces, so this axiom does not preclude the trivial model in spaces! To
home in on parameterised spectra, we add a second axiom which connects synthetic spectra
to “analytic’ spectra, defined concretely as sequences of pointed types with connecting maps.
We show that these axioms are strong enough to fix the homotopy groups (appropriately
defined) of the synthetic sphere spectrum to be equivalent to the stable homotopy groups

of the ordinary higher inductive spheres.
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Chapter 1

Foundations

We begin with Homotopy Type Theory as in [HoTTBook], meaning Martin-Lof Type Theory

0,1,2,1IL %, Id, ) with (higher) inductive types and the univalence axiom. In the next few

sections we extend this theory, gradually adding additional judgemental structure to the

contexts and corresponding type formers.

Section 1.1 introduces the concept of ‘marked’ variables and variable uses, which are
used to provide rules for the j modality. The basic properties of this type former are

studied in Section 1.1.3.

Section 1.2 further extends the context structure with a “palette’, in preparation for the
linear type formers. All variables are now additionally assigned a colour from this

palette.

Section 1.3 describes the ®-type former that internalises this new judgement structure
as a type. We allow ®-types to be dependent in a certain sense: dependency between

the two sides of a ® is mediated by the § modality.
Section 1.4 describes S, the monoidal unit type.

Section 1.5 describes —o-types, the dependent right adjoint to ®, and shows that it

interacts with the other type formers in various interesting ways. In Section 1.5.5,
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we find that univalence implies hom extensionality’, much as univalence implies

ordinary function extensionality.

¢ Section 1.6 shows that some of the induction principles for ®-types used in previous
sections are derivable via the —o-type. The induction principles derivable this away
are still not as strong as we might like, so we add a primitive notion of pattern

matching to fill this gap.

® Section 1.7 describes the relationship between the present work and previous work

on linear dependent type theories.

We introduce the rules of this theory piecemeal so to not overwhelm the reader. The

complete collection of rules is listed in Section A.

1.1 The Modality
This section contains joint work with Dan Licata and Eric Finster [RFL21].

We begin with our new modality, a unary type constructor fj. Unlike the monadic
modalities studied in [RSS20] which can be described by axioms, our § modality also has
some comonadic aspects. By the no-go theorem of [Shul8, Theorem 4.1] for comonadic
modalities, adding our fj modality will necessarily require changes to the judgements of
the type theory. We first describe a judgemental version of the modality that applies to
contexts and that has the desired unit and counit maps, and then give a type constructor

that internalises this judgemental operation as a type.

1.1.1 Judgemental Rules

The new pieces of syntax and admissible operations appear in Figure 1.1, which we now

discuss in more detail.



I ctx THFA:U
I'x: A ctx

CTX-EXT-MARKED

VA VAR-ROUNDTRIP

R
Ia:AT'Fx:A Ix:AT'Fx:A

VAR-MARKED 7
Ix:AT'Fx: A

‘Natural’ on contexts:

I ctx B I' ctx
CTX-MARK ——— [x:A:=

L ctx Ix:A:=

Precomposition with the counit:

I'ta:A I'ta:A 'Fa:A
MARK —— — —— - e
I'a:A I'ta=a:A I'a=a: A

I'AFa:A
I'E A tele (-)mr:E . MARK —— — — — — — — —
oo (Ax: A=A AT LA™ g™ A™T
T'HA™ tele (A,EZA)mrlE Amr,EZA
Precomposition with the unit/roundtrip:
YI,LAFa: A I'ta:A IAta:A
MARKWK —— — — — — — ROUNDTRIP —— — —— ROUNDTRIP —— — — — — — — ——
Y, T,Aba:A Tta:A I,A™ g™ A™T

Figure 1.1: New Context Structure.



Putting aside the new context extension CTX-EXT-MARKED for a moment, we first have
the ordinary VAR rule which does not interact with the new context structure at all. So
let us inspect the first new variable rule VAR-ROUNDTRIP. At a high level, the reason we
require some new judgemental structure for presenting the j modality is that it has both a
unit A — §A and a counit §A — A and the roundtrip A — §A — A gives a non-trivial map
for any type A. So to B-reduce §-INTRO followed by §-ELIM (once we have those rules), we
need a judgemental version of this roundtrip map A — A to reduce to.

To achieve this, we add post-composition with the roundtrip as a new way of using
variables in the rule VAR-ROUNDTRIP, in addition to the standard VAR rule. For a variable
x : A, we write x for the roundtrip on A applied to x, and say that the variable usage is a
marked variable usage. In our intended models, this keeps the base of x the same but replaces
the fibres of x with the default sections of A. In concrete syntax, it is best to think of the
variable usage x as a term constructor underline(x), rather than considering the underline
as part of the variable name.

For a general term a, we define an admissible rule ROUNDTRIP g that “underlines all
of the free variables in a”, and denotes precomposing with the roundtrip on the context.
There is an interaction with dependency, because applying the roundtrip to a term must
also apply it to the term’s type, so if x : A is a variable then an instance of VAR-ROUNDTRIP
gives x : A. On the left of : we have x as an indivisible piece of syntax, but on the right we
have A which is the admissible ROUNDTRIP rule applied to the type A. We admit that this
may be confusing initially, but is quite natural to use in practice.

For certain rules, we will need a judgement classifying terms whose free variables are
only used marked, which we call dull terms. This is signalled by asking for terms in context
‘T”. To make the type theory easier to use, we will make I an admissible operation (defined
by induction on syntax), rather than a derivable one (a new piece of formal syntax). The new
piece of formal syntax is instead a new context extension I', x : A (CTX-EXT-MARKED), which

should be thought of as extending the context with §A instead of A itself.



The restriction imposed by a marked context extension is that a variable that is declared
marked in the context I', x : A can only be used marked as x in a term, as indicated in
the VAR-MARKED rule. Semantically, this is using the counit fA — A, because x : A in
the context is semantically §A, but A as a type on the right is semantically just A. We
intentionally use the same raw syntax for these two distinct typing rules VAR-MARKED
and VAR-ROUNDTRIP, one of which uses a variable that is marked in the context (via the
counit), and the other uses a variable that is unmarked in the context (via the roundtrip).
This allows precomposition with the unit I' — I to be a “silent” operation that leaves the
raw syntax unchanged.

Finally, we have admissible structural rules corresponding to precomposing a judgement
with the unitI' — I’ and counit I’ — I'. We now discuss in more detail the admissible rules

in play.

‘Natural’ on Contexts Marking a context I is defined inductively by marking all of the
variables in a context. Semantically, these equations build into the theory (roughly — there
are some subtleties with dependency that we discuss below) that §1 =1, §(T.A) = tI'.§A
(which are the equations of a strict CwF morphism [Dyb96, Definition 2]) and that §(T".fA) =
aI.5A (which is reasonable because we intend for f to be idempotent). The equation states
that the I operation on contexts is idempotent—syntactically, I' has only marked variable
declarations which I leaves unchanged (and the A operation on terms discussed next is
also idempotent).

Putting together CTX-EXT-MARKED and VAR-MARKED and the definition of I, the types
of later marked variables can mention earlier unmarked ones, but can only use them marked.
For example, in a context x : A, y: B, the type B is in context x : A = x : A, so may refer to

x (but not x).

Marking: Precomposition with the Counit. As mentioned above, we will often be inter-

ested in types and terms where every use of a free variable is marked. We call such types



and terms dull. A dull term in context I is equivalently a term in the context [—because all
the variables in I are marked, any term I' I~ 4 : A necessarily uses these variables marked.
Wecanturnany I' - a: Aintoadull term I - g : A by marking all the free variable uses
in a with an underscore (MARK). (Recall that we overload the notation and write the a
operation on general terms using the same syntax as for marked /roundtripped variables.)
Semantically, a is precomposing a with the counit I' — I'. Because the type A also depends
on I, substitution by the counit will also mark all its free variables, giving A. We think of
types as elements of a universe, soI' = A : U implies I' = A : U is another instance of this
rule. This means that when a term is marked i.e. only varies over the underlying space of
the context, its type will also only vary over the underlying space of the context.

We delay a formal definition of 2 on raw syntax until we have introduced the further
extensions of this type theory in later sections. The operation is given by recursion over
the term syntax (like substitution), turning each variable usage x into x, leaving marked
variable uses unchanged, and proceeding recursively otherwise (e.g. f(a) = f(a)). In

particular, marking commutes with the type former for Id-types: (x = y) = (x = y), which
is part of what makes our modality left-exact.

One subtlety is that, because a is semantically substitution/precomposition with the
counit I' — T, it marks the free variables of a term, but leaves the bound variables the same.
For example, M = Ax. ]: x. This leads to the full form of the operation in MARK, which
marks the variables in I in the context and changes all occurrences of the I'-variables in
the term into marked ones, but does not change the occurrences of A-variables in the term.
Formally, A is a telescope (context in context), but we omit the rules for I' = A tele, with
formation rules analogous to those for contexts, and the operation of concatenating a context
and a telescope I', A. For example, with f in I and x in A we would calculate fx = fx.
However, when the variables declared in I' occur in the types in A, those occurrences must

be marked, which we notate with A™'. The telescope A™ is defined by sending x : A to

x: A™ (not x : A™I, differing from I') and x : A to x : A (since all variables are already



marked) for each variable in A. Officially, we should be annotating the underscores like ar
to indicate which variables in a are to be marked, but when we use this operation informally
we always start with I being all free variables and A empty, so we adopt a convention that
a means to mark all free variables of a.

The equations for precomposition with the counit state that if a term starts out in I, then
marking has no effect and 4 = a. Syntactically, this is because a term in context I cannot
have any unmarked free variable uses, which are the only parts of a term changed by the
marking operation. Note that this equation needs I = I to typecheck, and semantically

corresponds to the counit I — I being the identity. Consequently, marking is idempotent:

a=a.

Mark-weakening: Precomposition with the Unit. There is an analogous operation of
precomposition with the unit I' — I'. Following [GSB19], we make this a “silent” operation,
i.e. it does not change the raw syntax of the term or the type, only the typing derivation,
as stated in MARKWK. We refer to as use of the unit as “mark-weakening” a piece of the
context, because variables that are marked in the context I in the premise become unmarked
in the conclusion. The unit does not unmark the uses of the variables in a term or type —
a use x of a marked variable x : A from I (typed by VAR-MARKED, which is the counit
1A — A)becomes a use x of x : A from I' (typed by VAR-ROUNDTRIP, which is the roundtrip
A — §A — A, the counit precomposed with the unit). Thus, the unit can be silent because
we use the same syntax for the counit on marked variables as for the roundtrip on unmarked
variables.

To work up to the rule in the figure, the most basic form, where ¥ and A are empty,
says thatany I -a: AisalsoI - a : A. For the same reasons as for the counit, we will
need a tail telescope A that is not “mark-weakened” by the operation (i.e. the marks in A in
the premise are still there in the conclusion), for inductively pushing this operation under

bound variables, which are not mark-weakened (and indeed, might not even be marked



in the premise). We will also sometimes find it useful to mark-weaken a variable in the
middle of the context, without mark-weakening its prefix, e.g. going fromI',x : A+ J to
Ix: At J. Semantically, this is precomposition with the unit A — A paired with the
identity substitution on I'. It is an implicit requirement for the judgement in the conclusion

to be well-formed that ¥, I', A is a well-formed context

Precomposition with the Roundtrip. Composing MARKWK and MARK, we have a rule
ROUNDTRIP representing precomposition with the non-trivial roundtrip I' — ' — I'. (We
have not seen a use for a counit rule with a prefix ¥ as in the unit rule, so we do not include
one, and consequently restrict the roundtrip to the setting where both the unit and counit
exist, when Y is empty for the unit.) The section-retraction property of a bireflection states
that composing MARKWK and MARK in the other direction, i.e. going from I’ - a : A to
I'Fa:AtoI Fa: Ashould be the identity; because the unit is silent, this is the same as
the counit equation a = a.

Returning to the rule VAR-ROUNDTRIP, the type A in the conclusion is typed by
ROUNDTRIP, because, as for the counit, precomposing/substituting by the roundtrip on
I' substitutes into the type A as well. Because variable uses x : A and x : A (in general)
have different types, the marked-ness of a variable usage cannot be naively flipped at
will in a term. For example, if x : A then x = x may not be well-formed, as A is not in
general the same type as A. The only reason that we do not need to analogously mark
the type A in the conclusion of VAR-MARKED as A is that the marked context extension
CTX-MARKED ‘pre-marks’ the type — the type A is in context I, so must already use only

marked variables.

Well-formedness of the Conclusions. Whenever we can formaterm I' - a : A, we of
course want that I' ctxand I' = A : U. (Depending on precisely how the type theory is
set up, these are sometimes presuppositions of the term judgement; later when checking

that MARK and MARKWK are admissible in Section 3.2, we follow [Str91] in having them be



consequences of the term judgement.) There are few spots in the above rules where it is a
little subtle why these invariants are maintained. First, in VAR-MARKED, we have by CTX-
EXT-MARKED that I = A : U, but for the use of A on the right, weneed I', x : A,T' - A : U.
In addition to the usual weakening with x : A,I”, this uses MARKWK. In VAR-ROUNDTRIP,
we haveI' - A : U, so by another application of ROUNDTRIP, we also have I' = A : U, so all
that is needed is the usual weakening. In the definition of I for unmarked variables, we
begin withI' = A : U, and need I = A : U, which we have by MARK (with A empty). In
the definition for marked variables, we start with' = A : i/, and need ' = A : U/ to apply
CTX-EXT-MARKED, which holds by idempotence. In the equation a = 4, we need the same

equation on types to see that A = A, and similarly for the a = a equation.

Substitution for Marked Variables. There is a new case of standard substitution for

substituting into VAR-ROUNDTRIP, which is defined by

x[a/x]:=a

That is, when we substitute a term a : A for a marked variable usage x, the result is
the marking of a. This type checks forI',x : A - x : Aand I' - a : A because the
ROUNDTRIP rule gives I' - 2 : A. Semantically, x is the roundtrip A — jA — A, and
the substitution post-composes this roundtrip with a; but a is a pre-composed with the

roundtrip I' — " — T, and these are equal by naturality of the unit and counit.

1.1.2 Type Former

Using this judgement structure, it is now simple to describe the f§ type using the rules in
Figure 1.2.

Recall that we refer to a term/type in context I, i.e. a term/type all of whose free
variables are marked, as dull. The formation rule says that for any dull type A there is a

type jA. Formally, this formation rule is analogous to § in spatial type theory or dependent



1-FORM — g-INTRO : 1-ELIM
THEA: U Fab:gA THby: A
T'ta:A F'Eb:hA
B-BETA h-ETA
A, =a:A TFb=b:4A

Figure 1.2: Rules for f

right adjoints [BCMEPS20], in that it asks for a type under the left adjoint of §A, which in
this case is also f, represented by I'. One alternate rule that one could imagine is like b in
spatial type theory, I' - A : i implies T F §A : U. However, this rule breaks admissibility of
precomposition with the unit, because it forces variables in the conclusion’s context to be
marked.

The introduction rule says that for any dull term of a dull type a : A there is a term
a' : jA, again transposing § on the right to i on the left (roughly, iT — A implies T — §A).
This is the same as the introduction rule for ff and dependent right adjoints. Note that the
type A must be assumed to be dull for the type §A in the conclusion to be well-formed.

The elimination rule says that for any (not necessarily dull) term b : § A, there is a term
b, : A. Semantically, this is the counit §A — A precomposed with b. Note that the type A
must be assumed to be dull for §A in the premise to be well-formed — for a non-dull type
A, we have a counit A — A, but in general we do not have a map jA — A.

The computation or B-reduction rule says that a’, = a. Whenever the left-hand side is
well-typed, the right-hand side is too, because of the silent unit rule MARKWK. Note that a
is necessarily dull for the §-INTRO rule to have been applied, and all of its free variables are
still marked on the right.

The uniqueness or 77-rule says that b = th for any term b : §A. Since b is not necessarily
dull, it must be marked (precomposed with the counit) before being used in the introduction
rule —%. One must be cautious in applying this rule from right to left, as not every possible
‘unmarking’ of a term b will be well-typed.

For a non-dull type I' = A : U, note that A (given by applying MARK) and §A are very
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different. In parameterised spectra, A is A with its dependency on the fibres of the context
I' replaced by the sections of I'. On the other hand, §A also replaces the fibres of A itself
with the trivial spectrum. For example, if A is a closed type then A = A % §A. From this
point of view, our notation I for marking a context is confusing, because it semantically is
1I'; however, we use this notation to emphasise that it is implemented by “underlining all
of the variables in I'”.

We have not proved canonicity or normalisation for the j type, as our intended appli-
cations rely on many axioms, but we conjecture they are true: the equations for I' and a
are proved rather than asserted, and the § type has a 8 rule for weak head reduction and a

type-directed 7 rule.

Remark 1.1.1. When working informally, we will often assume a dull/marked variable
x : A, which has the same meaning as assuming a variable x : §A and then working with
xy : A. Using a dull variable by writing x is a bit terser than writing x,, and substitution

into x with some term a does not need to go through the p-reduction a hh =a.

Remark 1.1.2. Because § is adjoint to itself, there was a choice here about whether to
axiomatise it as left adjoint or right adjoint to the judgemental marking operation. We
choose the right adjoint, as this permits us to easily have a judgemental uniqueness rule as
well as a judgemental computation rule. It is not difficult to show that the rules for § as a

left adjoint are derivable; we do so in Proposition 1.1.23.

1.1.3 Properties of the Modality

First, we now develop the basic structure of the f type internally, proving that § behaves

like both the b and § modalities of spatial type theory [Shul8].

Definition 1.1.3 (Unit and counit for §). The introduction and elimination rules immediately

11



give, for any type A, unit and counit maps

na=Axx"): A=A

eq:=(Anmy) A - A

The fact that we only have a counit for dull types is what defeats the ‘no-go theorem’ for
comonadic modalities [Shul8, Theorem 4.1]. In general, there is no way to go from a term

of jA or A to a term of the non-marked type A.

Proposition 1.1.4. The counit and unit are a section-retraction pair, i.e. the roundtrip ns o€z :

nA — A — fA is the identity. The composite g o s : A — 1A — A is equal to Ax.x.

Proof. For n : A we have

n(e(n)) = h” Eﬂnu =n

by the definition of and the #-law. For the composite on x : A, we get

by the B-law. O

Definition 1.1.5. We can define the functorial action of §f on a map, in any ambient context:

given f : A — B we define fif : A — B by:

1f (x) = [f(x))"

yielding a map (A — B) — (1A — §B). When f is Ay.y we get

1(Ayy) (x) = [(Ayy) (x)]7 = [(Ayy) (x)]* = ()7 = x

12



When f is f, o f; we first have

But we also have

(8(f2) o b () (x) = 8(f2) (LA (x)]) = (A )] = [([A D)) = [fa(f(x)]f

So ff preserves identity and composition definitionally.

Remark 1.1.6. Note that, in contrast with b of spatial type theory, we do not need the
function f to be ‘crisp’, i.e., only use modal variables. Here, we can turn any function
f+ A — Bintoa ‘crisp’ one f : A — B by marking, allowing us to apply §-INTRO to

i(lq) : B.

The #-rule for A implies that any term of natural type is equal to the marked version of

it:

Proposition 1.1.7. For any dull type I = A : U and not necessarily dull term I' \- a : §A there is a

definitional equalityI' -a =a: §A

Proof. Suppose a term I' - a : jA. By the n-rule, we have a = gh”. But applying the
admissible rule ROUNDTRIP, we have I' - a : §A (using the fact that A = A because A is

dull). Applying the 57-rule to that givesa = g, °. Butn = n.

f

Semantically, this is because, for any f : I' — §A, the composite with the roundtrip
I' = iI' = I — A is still equal to f — first, use naturality of the unit/counit to see this is
equaltoI’ = A — A — A and then the latter two maps are inverse by idempotence of

h. 0
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Proposition 1.1.8. The unit and counit are natural, so for any f : A — B the diagrams

f

A—— B 1A —— 1B
WAJ/ l’]B SAl lSB
1A Tf> 1B A T B

commuite.

Proof. On the left:
fla)’

()"

-
—
o
BN
N—
=
Il
[+

On the right:
(f(x5)"); = f(xg) = f(xs)

We now consider types that are equivalent to their “‘underlying space’.

Definition 1.1.9. A type A is modal if the unit 74 : A — §A is an equivalence. We define
Space := Z(X:u)isEquiv(/\x.ﬂ)

for the type of modal types.

This definition is studied in detail in [HoTTBook, Definition 7.7.5],[RSS20, §1]. In the
intended model, the modal types are the spaces, embedded in PSpec as a space equipped
with the constant zero family of spectra. We will sometimes need to restrict statements
to such spaces, so it is important that we can carve out a subuniverse of spaces using the

modality.
Proposition 1.1.10. If A is modal then A is also modal.

Proof. Given a witness w : isModal(A), we have w : isModal(A), showing A ~ A
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Proposition 1.1.11. For any A, the type §A is modal.

Proof. The counit (Az.zy) : ffA — §A is an inverse to the unit (Av.gh) : A — ghA. Using

Proposition 1.1.7, for the roundtrip on §A we have

3,
Il
S
Il
Q

and for the roundtrip on A we have

N
Il
N
Il
N

O]

Note that the unit and counit are not in general an equivalence between A and A — the
use of the 77-law to prove v = v does not apply in A. Intuitively, §A is the base space of A,
while A itself only zeroes out the dependence of A on the ambient context. However, we

do have:
Proposition 1.1.12. A type A is modal iff (Ax.x) : A — A is an equivalence.

Proof. Suppose Ax.x : A — A is an equivalence, with inverse g : A — A. We show
that 174 is a quasi-equivalence, which can be improved to an equivalence. The inverse is

goeq: A — A Forx: A, wehave

glx")y] = g(x) = x

using the inverse law for g o (Ax.x).
For the other composite, let (Ax.x, g, w) : A ~ A, so that w is the witness that (Ax.x)

and g are inverses. Now observe that (Ax.x, g, w) : A ~ A and by definition of , the maps
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are Ax.x and g, so we also have g o (Ax.x) = ida. Then, for y : § A, the composite is

g)' = [8(y,))" = (Arxf) o go (Ax: Ax))(y:) = (Axax) () = (1) =y

Conversely, if A is modal then A is also modal by Proposition 1.1.10. By the p-law,
the map (Ax.x) : A — A is equal to the composite ¢4 o174 : A — A — A, which is the
composite of two equivalences. First, 174 is an equivalence because A is modal. Second,
€4 is an equivalence, because it is left-inverse to 774, which is an equivalence because A is

modal, and a left-inverse of a map that is an equivalence is its inverse. O
Corollary 1.1.13. A dull type A is modal iff x = x for any x : A.

Proof. By function extensionality, (Ax.x) = (Ax.x), and transporting the fact that the identity

function is an equivalence along this allows us to use Proposition 1.1.12. O
In the remainder of this section we show that f has all the properties of both b and

from spatial type theory.

1.1.4 Monadic Properties

We begin with the monadic properties; those shared with f.

Proposition 1.1.14 (Monadic f-induction, cf. [Shul8, Theorem 3.4]). Suppose P : §A — U is
a type family such that each P(v) is modal. Given a dependent function f : [1,.4 P(x%), there is
g : [Tpiya P(v) such that g(x?) = f(x) forall x : A.

Proof. Because each P(v) is modal, we have inverses r, : fP(v) — P(v). So it is enough to
produce a function g’ : [T,.;4 1P (v). Marking f gives a function f : J]y.4 P(x%), which we

can use to define

g'(v) := f(oy)°



and ¢'(v) has type 1P (v;%) = §P(v) as required. To get the goal function g : [To:pa P(v) we

then post-compose with r,:

g(v) := ro(f (v1)")

This has the correct computation property:

as 1, is an inverse of (Ax.x?). O

Theorem 1.1.15 (Monadic universal property, cf. [Shul8, Theorem 3.6]). Suppose B : A — U

is a type family with each B(v) modal. Then precomposition with 4 : A — §A is an equivalence

TT(o4)B(0) ~ [T(.a)B(x")

Proof. The inverse is given by monadic g-induction (Proposition 1.1.14), and the roundtrip
on f : [T(x.a) B(x%) is exactly the ¢(x?) = f(x) equation given above.

For the other composite, suppose & : [T(;::4) B(v), and y : §A, and we need to show that
h(y) is equal to the g(y), for the ¢ determined by monadic f-induction on h-precomposed-

with-14, Ax.h(ﬁ). However, by the #-law, y = (yh)h, SO

8(y) =8((y,)") = h((y,)") = h(y)

(This proof is morally doing another monadic g-induction to reduce y to something of the
form x%, but we have not yet proved that b = B(y) b’ is modal when B(y) is modal, so we
cannot use Proposition 1.1.14 directly, but instead 77-expand explicitly.)

O

Corollary 1.1.16. (AA.LA) : U — U with unit Ax.x? 1 A — tA is a monadic modality in the
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sense of [RSS20].

Proof. The precomposition equivalence

(o44)1B(2) = TT(2.a)iB(x")

of the previous proposition, where §B is modal by Proposition 1.1.11, is precisely the
definition of a ‘uniquely eliminating modality” [RSS20, Definition 1.2], one of the several

equivalent definitions of a monadic modality. O
Being a monadic modality has many formal consequences. In particular:

Lemma 1.1.17 (Properties of a modality, [RSS20]). The following all hold for §:
1. Ais modal iff (Ax.x") : A — BA admits a retraction.

2. If the input types are modal then all the following are modal:

1 A X B X=aY fibr(x) BxC A~B
3. If Aisany type and P : A — U is such that every P(x) is modal, then [ (y.4) P(x) is modal.
If additionally A is modal, then Y. 4y P(x) is modal.
4. For any types A and B, the canonical map §(A x B) — §A X B is an equivalence.
5. If A is a proposition, then so is jA.
Also like #, the § modality preserves Z-types and is left-exact.

Proposition 1.1.18 (§ preserves ). For types A : U and B : A — U, we have

f (Z(x:A)B(x)) >~ Y (upa) BB (1)
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Proof. We know that the right-hand side is modal, so to define a map from left-to-right it is
sufficient to provide f : ¥ (x.4) B(x) — Y(up4) 1B(u;) and then apply g-induction. For this
we have f(a,b) := (a*,b%).

The other way, we are provided u : §A and v : §B (gh), with which we can produce

To show the roundtrip on the left is the identity, suppose v : (E(x: 4B (x)) By b-

induction (=, is modal by Lemma 1.1.17) we assume this is of the form (a, b)u, and then the

round trip is just

(%, b%)" = (a,b)" = (a,b)"

by the B-rule for .
For the other roundtrip, starting with (u,v) : ¥(,.44) §B(13), the computation rule for

g-induction gives that the roundtrip is equal to

flug, ) = (us*,24%) = (u,0)

O]

Proposition 1.1.19 (4 is left-exact, cf. [Shul8, Theorem 3.7]). For x,y : A, there is an equivalence

(x* = y*) ~ ti(x = y) such that



commaiites

Proof. We can define maps both ways by:

c— ap(:)q(cb) ix=y) — (Eu :yt)

pr (ap),(p)F: (2 =y") = 1(x =y)

For showing the roundtrip on ¢ : §(x = y) is the identity, first, for any type A with x,y : A

and p : x =4 y, we have ap(,,,)(p) = p as paths in x =4 y (which type checks because

x = x). By path induction, it suffices to show

aP(Ax.x) (%) = ap()\x.g)(reﬂ&) = reﬂ& = %

Then we have

[ap (), (ap(_y: (e))]* = [ap (), (ap(_y:(c:))* = [ap(( )n)h(éu)]h = [ap_(c,)]* = [%]h =[g)i=c

The other direction is easier: the roundtrip on p is:

ap(_)q(ap(,)q(p)uu)

= ap(f)n(ap(—)h(i?))

=ap):(p)

apia(p)

I
I3

I
S

The last equality is by Lemma 1.1.13 and that p : (x* = y?) is a term of a dull modal type.
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The triangle commutes by path-induction:

ap(_y, (ap(_: (refly))* = ap(_y;, (refly)*

= (refly)"

= (refl,)"

Left-exactness has some additional formal consequences outlined by [RSS20].
Proposition 1.1.20. The following hold for b:
1.t preserves pullbacks, [RSS20, Theorem 3.1].

2.y preserves n-types and more generally n-truncated maps for all n, [RSS20, Corollary 3.9].

1.1.5 Comonadic Properties

Now we turn to the comonadic properties of §; the properties it shares with the b modality of
spatial type theory. First, as remarked in Section 1.1, we can derive a substitution principle

of dull terms for dull variables:

Definition 1.1.21 (Dull substitution). The dull substitution principle is

SUBST-DULL —— — — — — — — — — o
I'Fcla/x]:=cla/x]: Cla/x]

To see that this type checks, precompose with the uniton AtogetI’,x : A c: C and the
unitonT'to get ' a : A, and then a normal substitution c[a/x] has type Cla/x]| = Cla/x].
Remark 1.1.22. Definition 1.1.21 corresponds to the substitution principle for crisp variables

in spatial type theory, where a crisp variable can be substituted by a term containing only
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crisp variables. In our setting, given a term a in a general context, we can mark it and then

substitute it for a dull variable:

I'tcla/x] =cla/x]: Cla/x]

Because I' - a : A is a dull term, we can use SUBST-DULL. This is equal to the ordinary
substitution c[a/x] because all of the uses of x in ¢ and C must be marked, so a will be

marked during substitution; we can prove inductively that

T'kcla/x] =cla/x]:Cla/x]
Proposition 1.1.23 (Comonadic f-induction). A b-style eliminator is derivable for b:

[Lx:0AFC:U 'Fov:pA F,g:AI—c:C[g”/x]

“b” -ELIM

Ix:tAFC:U T'Fo:A F,g:AI—c:C[ﬁ/x]
“B" BETA —m — — — — — — — — — —

Proof. The eliminator can be derived by dull substitution:
(let u* = vinc) := clv,/u]

which has type C[v,"/x] = C[v/x] as required. The B-rule follows immediately from the
B-rule for f, using the fact thatv = v for I - v : A, as all variable uses in v are already

marked. O
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This induction principle can be rephrased as a characterisation of maps out of jA.
Theorem 1.1.24 (Comonadic universal property, cf. [Shul8, Theorem 6.16]). Forany A,B : U,
post-composition (and functoriality of §) with (=), : 4B — B induces an equivalence

h(1A — 4B) ~ (kA — B)

or more dependently, for A : U and B : §A — U, fibrewise post-composition (and functoriality of §)
with (=) : §B(v) — B(v) yields an equivalence

f <H(v:hA) hﬁ(ﬂ)) ~ | <H(U:uA)B(Q))

Proof. The counit map §B(v) — B(v) is always a section of the unit map, so the post-
composition map in the statement of the Theorem is also a section.

We just have to check that the roundtrip on f <H(U:u B (Q)) is the identity. Suppose we
havean f : f (H(v:n 4B (Q)) Unfolding the definition of post-composition and functoriality

of fj with both the unit and the counit is:

(Ax.(f,(x)%)" = (Ax.(f, (1))

where x = x : §A by Proposition 1.1.7. Note that (Ax.(f , (x)))?is well-typed, as x is not free

below the §-INTRO, so does not need to be marked. O

Because the rules for b are derivable, we could instead have repeated the proof for b

verbatim, but the above is more direct.
Remark 1.1.25. One may wonder why the applications of § are required around the two
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sides. Thinking syntactically, they are necessary to block access to ‘spectral” information
from the context. Without § on the right, one could use a b : B in the context to form constant
functions const;, : A — B which have no corresponding maps jA — B on the left.
Another way to see that they are necessary is to consider the model in families of pointed
types, looking ahead to Section 3.3. There, it is clear that the map is not an equivalence
without the f present: E(1A — §B) is equivalent to the point in every fibre, but E(fA — B)

may be non-trivial.

Corollary 1.1.26 (Dull Self-adjointness). For any A, B : U there is an equivalence

J(A — §B) ~ §(1A — B)

Proof. Combining the monadic and comonadic universal properties we get

5(A —4B) ~4(1A — 1B) ~ 4(4A — B)

O

Proposition 1.1.27 (cf. [Shul8, Theorem 3.11]). In the presence of univalence, the type Space of

modal types is modal.

Proof. Recall that Space := )4, isModal(A). We can use a simpler proof than the one
used for §. By Corollary 1.1.13, we just have to show that for any A : & and w : isModal(A),
there is an equality (A, w) = (A, w). And there is: by assumption A is modal so A ~ A,
again by Corollary 1.1.13. In the second component, isModal(A) is a proposition, so we are
done.

O

Remark 1.1.28. When working with inductive types in a theory with more structured
contexts such as ours, one has to make sure that the induction principles are strong enough.

In spatial type theory, one needs to assert or prove ‘crisp induction principles’, for when
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the motive of an elimination rule depends on a crisp variable of type being eliminated. The
crisp induction principle for a type constructor is a judgemental way of saying that the
modality preserves the type constructor. For example, crisp coproduct case analysis is a
judgemental way of saying that b(A + B) ~ bA + bB, because the crisp induction principle
gives crisp variables of type A + B the same universal property as an ordinary variable of

type bA + bB. In our setting, a dull induction principle for coproducts looks like:

I'z:A+BFC:U
I[Lx:AF p:Clinl(x)/z] I,y:BtFq:Clinr(y)/z]

DULL-+-ELIM — ————————— — — — — — — — — — — —
[ - dullcase(z.C, x.p,y.q,5) : C[s/z]

In spatial type theory, crisp induction principles are proven using the adjointness of b and ,
and because [ is self-adjoint, we could repeat the proof almost verbatim. But we can show
they are valid more directly, using the MARK and MARKWK rules.

With the above inputs, we can apply MARKWK to obtain

I''z:A+BFC:U
Ix:AF p:Clinl(x)/z]
T,y:Btq:Clinr(y)/z]

's:A+B

Now note that Clinl(x)/z] = C[inl(x)/z] and C[inr(x)/z] = C[inr(x)/z], because z is only
used marked in C, as in Remark 1.1.22. These inputs are now of the right shape to apply

the ordinary +-ELIM rule.

Using an analogous construction, we can derive dull induction principles for Id-types,

pushouts, etc.
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Proposition 1.1.29 (j preserves pushouts). Suppose f : C — Aand g : C — B are dull

functions between dull types. Then
G(A+cB) ~§A+c 1B,

the pushout of if : §C — A and g : 1C — B

Proof. Morally, this follows because we just proved that f is a left adjoint, but we can also
write out the maps explicitly as follows.

From left-to-right, we extract a term of p : A +¢ B, and then do case analysis. Ona : A,
we have inl(g”) : BA +yc §B. Similarly, on b : B we have inr(bh) : A +yc i B. To complete the
cocone we have to provide for any ¢ : C, a path inl(f(c)?) = inr(g(c)") in §A +yc §B. The

glue constructor for the A +¢ B pushout gives us a path

glue(c?) :inl(gf(c*)) = inr(4g(c"))

And this type is equal to inl(f (c)%) = inr( g(g)“) by the definition of the functorial action of
g, and the B-rule.

The right-to-left direction is similar. We begin with case analysis on z. Onn : §A and
m : §B we have inl(gn) :A+cBand inr(mu) : A +¢ B respectively. For any o : §C, we need
apathinl(ff(0);) = inr(tig(0);). Expanding the definition of functoriality and applying the

B-rule, this is a path

inl(f(oy)) = inr(g(o;))

and glue(gu) is such a path in A +¢ B. All together this produces a dull term of A +¢ B, so
applying -INTRO we are done.
Checking the roundtrips are the identity is straightforward, using comonadic f-induction

and dull pushout induction, which can be derived as in Remark 1.1.28.
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The sequential colimit (see e.g. [SDR20]) of a sequence

is given by the higher inductive type colim A, with point and path constructors

v [ TnnyA(n) — colim, A,

K Ty Meamy)t(n + 1,a(n, x)) = 1(n, x)
Proposition 1.1.30 (§ preserves sequential colimits). Suppose we have a diagram
A(0) %25 A1) 22 A@) 5
of dull types and dull functions between them. Then

g(colim, A(n)) ~ colim, §A(n)

where the sequential colimit on the right is over the diagram

Proof. The proof is analogous to that for pushouts. O

1.1.6 Discussion

Remark 1.1.31. In spatial type theory [Shul8], there is also a special context extension x :: A,
which is a judgemental version of extending the context with bA. Such variables are called

crisp. A usage of a crisp variable x in a term corresponds to a use of the counit bA — A, like
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our VAR-MARKED rule. Because there is only a counit and not also a unit, the type A of a
crisp variable x :: A is only permitted to depend on other crisp variables. A loose way to
think about this is as follows. Before we have access to any structural rules, dependency
forces us to apply modalities to an entire context at once. Given a type-in-context I' = A : U
presented as a fibration p : A — T, ordinary context extension corresponds to considering
the object A as a context. If we want to make A discrete, we have to apply b to everything,
giving bp : bA — bI'. So bA can only depend on a discrete context, and the judgemental
version x : A has the same restriction. Therefore, all crisp variables must occur before
regular ones, and the context naturally divides into two zones. In our system, however, the
presence of the unit map A — §A means that we can no longer neatly divide the context in
this way. For example, if we have a context x : A, y: B, then we can precompose with the
unit substitution just on x, giving x : A,y : B. This breaks the invariant that crisp variables

all occur before ordinary ones.

Remark 1.1.32. A substitution principle for marked variables that is typical from other

comonadic type theories following [PDO01] is

[,T"[a/x]) - bla/x] : Bla/x]

Here, the term being substituted must already have all of its variables marked, as indicated
by the premise I' - a : A of the rule, and this substitution principle is implemented
by a syntactic substitution, replacing x with a everywhere. Given the admissible rules
in Figure 1.1, we can in fact define this by first mark-weakening the variable x to get
[,x: AT F b:Band then doing an ordinary substitution b[a/x]. Since all uses of x will be
marked x in b and B, this will replace x with a everywhere—but sinceI' - a : A, we have
a = a, so we get the same result as the more specialised principle would have given.

We prefer this style of presenting substitution, where the substitution for marked
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variables is given by unmarking and then ordinary substitution, because it corresponds
more closely to what we will do when working informally in this type theory. When
performing substitutions b[a/ x| by hand, we can simply look in b for each instance of x
and x and replace them with either a or g accordingly, without having to mentally keep
track of the context through each subterm to see whether x is marked or not (variables that
are not marked become marked in the premises of some rules), as we would have to do if
substitution for a marked variable required pre-marking the term. This is another benefit of
having VAR-MARKED and VAR-ROUNDTRIP rules be identical raw syntax. In our experience
trying different systems for this setting, this choice seems critical for the usability of the

system for informal type theory.

1.2 Palettes and Contexts

Supporting ®- and —o-types will require a more radical change to the way contexts are
structured. In this section we describe this new structure. The rules of the type theory
described in the previous section will turn out all be derivable in this larger theory, and so
we refer to the theory of the previous section as the ‘g-fragment’.

We extend our theory in a manner similar to the way the aA-calculus extends the ordi-
nary A-calculus, as part of work on bunched logics [OP99; OHe03]. Bunched logics capture
semantic situations where there are two independent symmetric monoidal products on a
category. One product is typically assumed to be the ordinary cartesian product, but little is
assumed about the other monoidal product besides symmetry. The aA-calculus [OHe03;
Pym02] is a term calculus for bunched logic, with cartesian product x, monoidal product ®
and corresponding function types — and —o.

Contexts in ordinary type theory can be written as flat lists because any finite product
of objects can be reassociated in a canonical way. Once there are two monoidal products,

neither of which distributes over the other, combinations of objects using these operations
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A type I' ctx A ctx I' ctx A ctx

x: A ctx T, A ctx I'®A ctx
VAR —————————
x:AFx: A
['{A}Fa:A T{AAN}Fa: A A=A
K ; CONTR ; ;
I{AAN}Fa: A T{A} Fa[A/AN] : A[A/AN]
Ix:AFb:B 'f:A—B AFa:A
—-INTRO —-ELIM
'Axb:A—B ILAF f(a):B
I'®((x:A)Fb:B '-f:A—B Atba:A
—o-INTRO —o-ELIM
'-o0xb:A—B IT'®AtF fla):B

Figure 1.3: Selected Rules of the aA-calculus.

cannot in general be flattened to a list. We must therefore consider contexts with a tree
structure.

We present a fragment of the aA-calculus in Figure 1.3. There are two binary context
formers: the comma denotes combining two contexts in the ordinary cartesian way, and the
® combining in a linear way!. Weakening and contraction of the ordinary cartesian comma
are explicit rules used in the derivation of a term, and contexts are considered up to an
equivalence relation containing symmetry, associativity and unitality for both products. The
judgement I'{A} used in WK and CONTR indicate that the context A appears somewhere as a
subtree of the context I'. The explicit structural rules are required, because the conclusions
of the ‘splitting’ rules —-ELIM and —o-ELIM are not fully general: instead, the conclusions
are exactly the (judgemental) cartesian product or monoidal product of the contexts in the
premises. If the user wishes to use function application of either kind while building a

derivation for a term, they may have to invoke the explicit structural rules in complicated

IWe have replaced some symbols of the aA-calculus to be more consistent with MLTT and the system are
about to present. The type formers x, ®, — and —o are typically called A, x, — and — respectively. For forming
contexts, typically ; denotes cartesian combination and , linear combination.
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ways to massage the context into the correct form.

These context manipulations are not recorded in the terms, so typechecking a term can
be difficult. First, it is not always obvious when and how the contraction rule has to be
applied, and secondly, it is not always obvious how the context has to be split into two
pieces to apply —-ELIM. Besides the challenge of typechecking, the combination of the
weakening rule and the rules for the monoidal unit also breaks soundness for the intended
semantics (we discuss this in Remark 1.4.1). The various extensions of the aA-calculus that
have since appeared [BO06; CPRO0S8; SS04; Atk04] do not resolve these issues. It is also not
so clear how to add dependent types to this system and how dependency should behave
between bunches.

We have some desiderata for an extension of MLTT with such bunched contexts, if we

are aiming for a type theory that is usable by hand:
¢ Weakening and symmetry of the context should be silent on raw terms,

¢ Contraction (of the cartesian context former) should be admissible, including contrac-

tion of entire pieces of context and not just pairs of variables,

¢ Substitution should traverse the term ‘to the leaves’, in particular there should be no
stuck explicit substitutions. It should also be easily computable by hand, and as far as

possible be defined by syntactic substitution of raw terms.

¢ Determining which variables are permitted to be used should be easy at any position

in a term.

¢ Any label bound in a term should be named, so nameless techniques like de Bruijn

indices should be avoided.

¢ Typechecking should be syntax-directed, so no proof search or similar is necessary to

typecheck terms.
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These properties are all taken for granted when working in ordinary MLTT, but only some
of these are maintained in the aA-calculus. A new strategy is necessary!

In the aA-calculus, the shape of a context and the types appearing in the context are
described simultaneously. The new idea is to track the shape of the context separately from
the types using a book-keeping tool that we call a palette.

Linearity requirements are tracked by labelling each variable with a “‘colour’, and the
palette describes how these colours relate to each other. Context splits that are required
in rules like —o-ELIM can be specified just by referring to the palette, not the variables.
This separation between the context and the bunched structure has a couple of advantages.
The primary benefit is that weakening, contraction, and the various monoidal symme-
try /associativity rules can be made admissible. Like ordinary type theory, weakening and
symmetry are invisible operations on the level of raw terms. Having individual labels to
refer to large pieces of the context also makes the syntax more compact.

Before introducing the new judgemental structure and types formally, we give a few

examples of how our theory feels to use informally:
Proposition 1.2.1. Given two closed types A and B, there is a function sym,p: A® B — B® A.

(When we revisit this map in Proposition 1.3.5 we will relax the requirement that A and

B are closed types.)

Proof. Just as in ordinary type theory, we introduce an assumption p : A ® B by A-
abstraction and now have to prove B ® A. To break apart the assumption p : A ® B
into its two pieces, we use ®-induction. This produces two new assumptions x' : A and
y® : B, where x and y have been labelled with two new colours t and b. The colours t and b
give names to the sides of a tensor product v ® b. The fact that x and y are labelled by r and
b is placing them on the corresponding sides of this tensor.

These new assumptions are not immediately available to be used in a term: right now

we cannot conclude A from x or B from y. What “unlocks’ these new assumptions is a use of
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®-introduction. To form a term of B ® A, we must linearly split the palette into two disjoint
pieces, one of which we use to form an element of B and the other to form an element of A.
Now assigning b to the B side we have y : B, and assigning t to the A side we have x : A, so
we can formy ,®, x : B® A.

In all, we have described the term

symyp = Ap.(let x @,y =piny @, x): A®B - B®A

O]

In Proposition 1.3.5 we will show that this is an equivalence. Note that the arrow —
used here is the ordinary function type, and so the introduced p is an ordinary variable.
The linear type formers create ordinary types that can be used just like any other; there is
no separation between linear and ordinary types.

This ® is a positive type former, and like other positive type formers in dependent type

theory, a propositional uniqueness principle is provable from the computation rule.

Proposition 1.2.2. Suppose A and B are closed types, C : A® B — U is a type family and
f : T(p:ae8) C(p). Forany p : A®@ B we have

(let x @,y = pin f(x ®y)) = f(p)

Proof. Let P: A ® B — U denote the type family

P(p) = (let x ®,y = pin f(x ®yy)) = f(p)

e wish to find an element [],,. , SO -induction it is enough to assume
Wi ish to find 1 tH(p.A@B)PP by® ducti it i ght

p=x ,®,y wheret' ® b is a new split of our top colour. Here we choose different colour
labels to the ones we mention in the statement of the Proposition: those labels are bound in

the definition of P.
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Our new goal is

(let x @py =2 v@y Yy inf(x @py)) = f(x vy ')

In the body of the let, “f(x ®, y)”, there are two different tensors of colours in scope:
the ¢/ ® b’ from the outer induction, and the v ® b from the inner induction. These are
completely independent, and in particular are not combined with each other using a further
®.

The computation rule for ®-induction lets us reduce the left endpoint of the path by
syntactically substituting the variables x’ and y’ for x and y as normal, and also substituting

the labels v’ and b’ for v and b. This gives the goal

fX w®py') = f(x v®y )

for which we have refl f& @) O

There is no need for ‘linear identity types’: ordinary identity types are sufficient.
As a final example, we show that the syntax builds in a way to use the nonlinear

information of any variable. Recall that A is supposed to represent the nonlinear aspect of

A.

Proposition 1.2.3. Given two closed types A and B, there is a function baseap : A® B —
1A X §B.

Later a similar map appears when we show that [ is monoidal in that it sends ® to x

(Proposition 1.3.21).

Proof. As in the definition of the symmetry map, we start by introducing p : A ® B and
applying ®-induction to give x* : A and y® : B. Now, to form a term of A, we use the

assumption x in a special way, that we call a marked usage, written x : A. We can then use
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g-introduction to form x? : hA. Doing the for y lets us form

bases p := Ap.(let x ®, vy = pin (gh,zh)) :A®B — A X B

1.2.1 Rules for Palettes

We now describe the syntactic gadget used to keep track of these colour labels. On its own, a
palette ® describes a particular kind of binary tree, where each node is tagged with either a
cartesian product x or a tensor product @. Palettes have no semantic interpretation on their
own; they describe a shape that is later filled by the variables of the context. (In particular,
although they will be written as a context ‘zone’, they are not really a piece of context in the
sense of spatial type theory, or the special interval variables in cubical type theory.)

In a palette, children of a x-node are separated by a comma and children of a ®-node
by the symbol ®.

Any x-node can be given a label. We require that these labels are all distinct across the
entire tree. We call these label colours, and write ® I~ ¢ colour for the judgement picking
out a single label?. Each variable in the context will be assigned one of these labels, which
corresponds to adding that variable as a child of the corresponding x node.

A typical palette may look like as follows:
t< (a®b,c®0) palette

This corresponds to the following tree:

2A reference for the more peculiar Fraktur letters: w =, x =,y =9,z = 3.
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The < symbol is supposed to invoke something splitting into pieces, and doesn’t denote an
order on colours.

Palettes can be nested in arbitrary ways. For example, starting with the palette t <

(a ® b) palette, we might like for the a labelled x-node to itself contain a ®-node. We write
this as

t<((a<p®q)®b) palette,

which corresponds to the tree

The a labelled x-node could have a second ®-node for a child v ® s. This is written using a
comma, as it was at the top level:

t<((a<pRqr®s)RDb) palette
giving the tree

= X
\
&®
/\
a= X b= X
/\
® ®
/\ /\
P=X g=X t=X s§=X

As well as labels and the binary palette formers, there are two special unary symbols:

1, representing the terminal object, and @, representing the monoidal unit. The 1 palette
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®, palette D, palette

PAL-EMPTY ————— PAL-X
1 palette D1, O, palette
P, palette D, palette ® palette
PAL-UNIT —— PAL-® PAL-COL —————
O palette D ® P, palette ¢ < O palette

Figure 1.4: Rules for Palette Formation

® + ¢ colour

COL-HERE COL-SUB
¢ < ®F ¢ colour t < ® I ¢ colour
®; F ¢ colour ®, F ¢ colour
COL-X-LEFT COL-X-RIGHT
®q, D, - ¢ colour dq, Py F ¢ colour
®; F ¢ colour ®, F ¢ colour
COL-®-LEFT COL-®-RIGHT
D1 Q Py - ¢ colour D1 Q@ Dy - ¢ colour

Figure 1.5: Rules for Colours

will be used when ‘marking’ a term as part of the rules for f: pieces of the palette will be
replaced with 1.
The rules for constructing palettes are given in Figure 1.4. To cut down on notation, we

write v as a shorthand for v < 1, we have used this already in the preceding examples.

Colours. Asmentioned above, a colour ® - ¢ colour is a single label in the palette, formally
given by the rules of Figure 1.5. Ordinary variables in the type theory will each be labelled

by a colour.

1.2.2 Rules for Contexts and Variables

Contexts in our theory have the form @ | I ctx where ® palette. We require that the palette
associated with a term always has a label at the top level, sot < ® | I' - a : A. The rules for

context formation and variable usage are given in Figure 1.6.
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® F ¢ colour

® palette D |T°F A type
CTX-EMPTY —— CTX-EXT
t<®d |- ctx ®|T,x": A ctx
v|TF A type

CTX-EXT-MARKED -
t<®|T,x": A ctx

t < ®F ¢ colour
t<®|T,x: AT Fx: A¥S

VA VAR-ROUNDTRIP

R
t<®|T,x': AT Fx: A

VAR-MARKED
t<®|T,x: AT Fx: A®C

Figure 1.6: Rules for Context Formation and Variable Usage.

Context Extension. There are two ways to extend a context with a variable: either ‘colour-
ful’ or ‘marked’. These are analogous to the ordinary and marked context extensions of the
g-fragment. The difference is that the variables are now also labelled with a colour which

turther restricts how they can be used.

¢ Colourful Context Extension. A ‘colourful’ context extension t < @ | ', x* : A ctx
denotes an assumption whose linear data is accessible. The ® - ¢ colour label describes
where this linear data is positioned relative to the rest of the context: the data is placed

in the x-node labelled c¢.

The superscript on x° should be thought of as a part of the syntax of context extension,
not as a part of the variable name. The superscript does not appear on the variable x

when it is later used in a term. (We might write x :° A if it weren’t so ugly!)

The type A assigned to x must be well-formed in the palette (t < ®)¢, which is the
subpalette rooted at the label ¢, with the variables I' marked to match: we describe

this process below in the section on ‘filtering’.

As a special case of colourful context extension, we have ordinary context extension
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when we use the colour that is at the top of the palette, as in
t<®|T,x': A

Here, A is a type in the context t < ® | I' without any changes, as we will see that

t<®)=t<PandI*'=T.

e Marked Context Extension. A ‘marked’ context extension t < @ | I',x® : A ctx
denotes an assumption whose linear data is not accessible. It corresponds semantically
to extending I" with the underlying space of A, i.e. §A. The ¢ label here does not come
from the palette: instead it is bound in this context extension. When a variable

becomes marked, its connection to the ambient palette is completely severed.

The type A in such a context extension must be ‘dull’, i.e. all uses of variables from
I' in A must be marked uses, and nor can it use any colours form ®: the palette is

cleared to ¢, using the top colour label that the extension is annotated with.

As in the g-fragment of the theory, there are three variable rules.

¢ Ordinary Usage. We can use a colourful variable x' : A in the ordinary way via the

VAR rule if the colour t of the variable is precisely the label at the top of the palette.

¢ Roundtrip Usage. Any colourful variable x° : A can be used marked via VAR-
ROUNDTRIP, regardless of what colour that variable is labelled with. As in the
previous section, the result is a variable usage whose type has had the marking

operation applied to it.

By the form of colourful context extension, the type A is in a context that has ¢ as the
top colour, so the marked type A also has ¢ as the top colour. We a further admissible

)i(—)C

rule (— to obtain a type in the correct context t < @ | I' ctx.

¢ Marked Usage. Any marked variable x° : A can be used, regardless of what colour

the marked variable is labelled with.
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Here, A is already a marked type, so all that is necessary is to apply the same operation

(=) to obtain a typein t < ® | T ctx.

The raw syntax for VAR-ROUNDTRIP and VAR-MARKED continues to be identical, so that the
‘mark-weakening’ rule MARKWK acts invisibly on terms.
We have used various admissible rules in these context and variable rules, and we

display these rules in Figure 1.7.

Marking a Context. As in the fj fragment of the theory, there is an operation on contexts I
that turns every context extension with a marked context extension, also clearing the palette

other than the top colour. Semantically, this is still applying f to the context I'.

Filtering a Context. A new ingredient in the present system is a more refined marking
of the context that picks out all the variables whose colour lies in a particular part of the
palette. Whenever we have a colour @ - ¢ colour, we can filter the palette to that colour,
extracting the ‘subpalette” headed by that colour as a new palette ®¢ palette. For example,

using the palette from earlier we have

(t<(a<p®qrtRs5)Rb)!'=t<(a<pRqrtRs)®b
(t<(a<pR®rRs) ) '=a<pRqrOs

(t<(a<pRqrRs)b)P

p
b

(t<(a<pRqrRs)@b)°

The associated operation on contexts ®° | I'* ctx, which we also call filtering, marks all
variables (and their associated types) whose labels are not in ®°. The variables whose labels

are in ®° are left unmarked, and their types untouched.
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Marking contexts:

t< | T ctx C. . t<®|T ctx
CTX-MARK —— — — — —— Ix':A=Tx:A —_——
t] L ctx [x:A:=Tx:A L=T
Filtering contexts:
@ F ¢ colour ® F ¢ colour d° 0 colour
PAL-FILTER — ————  ——————
®° palette (®°)° = D° palette
()=
® F ¢ colour D | T ctx (F,xD:A)‘ =T2°: A ifo e ®f
CTX-FILTER — —————————— — D ANC. e D . ]
O | T¢ ctx (T,x*:A)=Tx": A ifogd
([,x°: A :=Tx": A

t<®|T ctx t < ® I ¢ colour

t<®|Tctx t=<DF ¢ colour (t < ®)°F 0 colour

Marking terms:
t<®|T'k
MARK — —————

t[L-J

Palette-weakening and mark-weakening;:

t| T ctx t<®|T ctx
PALWK — ——— — — MARKWK — — — — — —
t<®|T'+-J t<®|T'+J
Colour renaming;
t<Q|THT
RECOLOUR — — — — — — — — ——

t<d ‘ e - jt<—>t
Figure 1.7: Admissible Rules for Marking Contexts and Terms.
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For example, letting

P=t<(a<(p®qrRs)) b

=x Xyt Y, Zut UV
we can calculate

CIDt\FtEt<(a-<p®q,t®5)®b|xt:X,y“:Y,zp:Z,ut:l,l,vb:V
P IMM=a=<pRqees|x: Xy :Y,2°: Z,u U : V
O [TP=p|x: Xy :Y,2": Zu :U":V

O I'=b|x": Xy :Y2": Zu U :V

Semantically, this filtering operation should correspond to extracting the ® factor of
I' corresponding to the colour t. So, if we have t ® b | T, then it should be the case that

rrere.

Marking a Term. As in the f-fragment, an important class of terms is those where every
free variable is used via a marked variable usage, and we continue to call these ‘dull” terms.
In the present system this means that the palette is only used in a trivial way.

Adull termin t < ® | T ctx is equivalently a term in the marked context t | I' ctx. The
shape of the variable rules means that any use of the variables in I must be via a use of
VAR-MARKED, but the term also may not use any colours in the palette ®: the palette is
completely cleared other than the top colour t. This accords with dull terms as denoting
points in the base space: such points do not depend on any linear information from the
context whatsoever. Bound variables may still be used in an ordinary way: for example, the
identity function (Ax.x) is dull.

The MARK rule allows us to take any term t < @ | I' - a : A and produce a dull term

t < ® | T'F a: Aby replacing every variable usage in a with a marked variable usage, and
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replacing all colour labels from ® mentioned in a with the special symbol 1. Semantically,
this is precomposition with the counit §(® | I') — (P | I).

In the marking operation, it is not enough to pick a palette ® and mark all variables
whose colours lie in that palette. The ordinary cartesian type formers bind new variables
of the current top colour, and any uses of these new bound variables should not become
marked.

There is no equivalent of filtering for terms: this operation is all-or-nothing on the
variable uses in a term. Semantically, there is typically no morphism ®° — & to pre-

compose by.

Mark-weakening a Term. We can also take a term defined in a marked context and
perform ‘mark-weakening’, adding resources back to the context that are not used in the
term, corresponding semantically to precomposition with the unit (® | T') — §(® | I'). This
is done by the admissible MARKWK rule and, as in the g-fragment, this is a silent operation

on raw syntax.

Well-formedness of the Conclusions. We briefly argue that the conclusions of the above

rules are well-formed.

® CTX-MARK: For colourful context extensions x¢ : A, the type is well-formed in context

®° | I'* ctx. The marking operation gives ¢ | [ F A type, and

I‘C

r

Il
[ls

by combining the two equations in the figure. This makes the marked context exten-

siont| L, x°: A ctx well-formed.

For already marked context extensions x° : A, the type A is well-formed in context

¢| [ ctxand I = [ by the same equation, so t | I, x* : A ctx is well-formed.
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® CTX-FILTER: Similar to the previous. The new case is when a colourful context
extension x° : A is in the palette ®° being filtered to, and so remains unmarked in
the conclusion. This time ®° | I - A type, but the two displayed equations give
(P)° = ®° and (I'°)° = I'. These are exactly what is required for ®¢, x° : A ctx to be

well-formed.

e VAR: The type A is well-formed in context (t < ®)' | I'* ctx. By the definition of
filtering, (t < ®)' =t < ® and I'* =T, because every colour used in I is certainly in
t < ®. The conclusion of VAR then weakens this type to include the further context

extensions x': A, T".

® VAR-ROUNDTRIP: The type A is well-formed in context ®° | T ctx, which typically is

not equal to the context in the conclusion. The marking operation gives us a type

¢|I°F A type.

The equation in the figure gives that I'* = I, and applying colour renaming,

t| LAY type

Finally, MARKWK followed by ordinary weakening gives

th-®|,x : AT - AYC type

and so the conclusion is well-formed.

® VAR-MARKED: This is similar, but we instead start with

¢|LH A type

and so no marking of A is required. Applying the same mark-weakening and variable
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t<®| T+ A type
t<®|T,x': AF B type

t%CI)]FI—H(x:A)Btype

II-FORM

t<®|TF f:T]xa) B type

t<®|I[,x':A-b:B t<®|T'Fa:A
II-INTRO II-ELIM
t<® [T Axb: ] B t<®|T'F f(a): Bla/x]

{<®|TFa:A t<®|Tx:ATF
SUBST —— — —————————————— — —— — — —
t<®|T,T'a/x] - Jla/x]

Figure 1.8: Rules for Il-types

weakening as above gives

t-®|,x : AT - AYC type

1.2.3 Ordinary Type Formers

The type formers of MLTT have their rules imported almost unchanged. A generic context
I is replaced with a generic palette/context pair t < @ | T, and any variables bound in the
rules are bound with the top colour t as their label. Figure 1.8 gives the example of I1-types.

Our theory contains all of MLIT as a fragment (in any fixed palette), and so all the
results provable in ordinary HoTT will also be available to us. The only possible concern
is that the admissible weakening and substitution rules used in the ordinary MLTT rules
somehow behave differently here. In the fragment of the theory without any of the new
type formers, single variable substitution a/x' is defined on raw syntax exactly as it is
usually: we scan the term for each occurrence of the variable x and syntactically replace
it with a. This continues to hold when the judgement being substituted into includes the
new term and type formers of our theory: the structure of the rules ensures that the result is

well-formed.
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t| L A type
t<®| T+ pA type

§-FORM

- INTRO t|TkFa:A , t<®|I'Fa:pA
- -ELIM
t<®|THa:1A t<®|Tha:A

t|TkFa:A t<®|T'Fov:gA
1-BETA g-ETA

t—<CI>|FI—a“uEa:A t—<CI>|F|—vEth:bA

Figure 1.9: Rules for the Natural Modality.

Once the term 4 itself involves the new type formers, there is a caveat involving terms
that contain the top colour label. For the moment, we add the side-condition that the top

colour label t does not appear in the term a.

Remark 1.2.4. These ordinary cartesian type formers are the reason that we always need a
name for the top colour available, as at any point in a term we might go under a cartesian
variable binder. There are design trade-offs for how this top colour is handled, and this
choice touches almost every aspect of the judgemental structure. We discuss these trade-offs

in Section 3.1.2.

1.2.4 The Modality

The rules for f are given in Figure 1.9, and are essentially the same as in the §-fragment.
We may apply §-FORM to any ‘dull’ type, and similarly for §-INTRO and dull terms. Recall
however that marking a term is slightly more complicated in the present theory: beyond
marking all the free variables, all the free colours in a term must also be replaced with 1.

We import all the results of Section 1.1 into the present type theory.
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1.2.5 Working Informally

When working informally, we propose to take the palette and colour metaphor literally,
assigning an actual colour to each ‘colour” in the palette and painting each variable in that
colour. We already demonstrated this in our initial examples for the ®-type. Ignoring the

types of the variables for a moment, we might have a context

p—<t®b|xt:A,yb:B,zp:Cctx

Variables are also painted in their associated colour at each point they are used. It will be
easy to see that the colour annotation on each variable is never changed as we move up
a derivation, so different usages of the same variable will always be written in the same
colour.

In the above context, only the variable z is usable, because the top colour of the palette

is purple:

p<t®b|x Ay B :Ckz:C

When using the theory, it is important to keep track of what the current top colour is to
know which variables are usable. We think of a term in the above context as a ‘purple term”:
its immediate subterms are either also purple or produced by rules that allow combining
other colours to form purple.

Writing the variable uses in colour at their points of use has no syntactic meaning,
because whenever we can use a variable via the ordinary VAR rule, there is only one way
to do so. Using colours in this way has a couple of advantages, however. Firstly, it makes
it easier to keep track of which colour each variable is labelled with, which is important
when working informally as the current state of the context is not immediately visible in
the middle of a term.

Secondly, it allows us to tell at a glance whether a term is well-formed. Working in the
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above context, if we see a ‘colour clash’ (,z) : B x C as a subterm, then we know that
the term is not well-typed and we have made a mistake somewhere. This becomes more
interesting when typechecking an instance of ®-INTRO or —-ELIM. We will discuss how to
use these informally once the rules have been presented.

Finally, using colours is fun! It is satisfying to see the colours line up nicely when

completing a proof.

Marked Variables and Uses. Using colours works nicely with marked variables and
marked variable usages. Marked variables do not interact with the colours in the palette, so
we write them in black in the context and at all usage points. Ordinary colourful variables
are also written in black when they are used marked. Recall that these marked usages are
permitted no matter what the current top colour is, for example, we have purple terms
(x,z): AxCand (y,z): BxC.

When using some rules, like the formation rule for the modality §-FORM, the entire
context becomes marked in the premises. Working informally, this means that when we
go under §-FORM, we lose colourful access to all the variables in the context, so any use of
these variables must be marked. And so the provenance of terminology ‘dull” is revealed: a
dull term is one where all free variables have no colour.

The top colour of the context is unchanged when going under §-FORM, which is relevant
when later going under a A-binder, for example. The bound variable is still given the top
colour of the context, and so is permitted to be used immediately. For example, we import

the following version of Theorem 1.1.15, arbitrarily choosing the top colour to be purple.

Theorem 1.2.5 (Monadic universal property). Suppose B : §A — U is a type family with each

B(v) a space. Then precomposition with 17, : A — §A is an equivalence

TT(04a)B(0) = TT(2.a)B(x)
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Filtered Contexts. The informal interpretation of context filtering is that terms in a filtered
context must be “in the colour” that the context was filtered to. As we saw in the introductory

examples, a use of ®-INTRO will allow us to form the term

p<t®@b|x* Ay B2 :Ckx ®y:AQB

The annotations on ®, specify the colour that the term on each side should be, so that
the context is filtered to t on the left and to b on the right. Working informally, this means
that the term on the left must ‘be red’, with all non-red variables used marked, and the
term on the right must ‘be blue’, with all non-blue variables used marked. The result is
the “purple’ term x .®, y. The colour theory learned finger-painting as a toddler comes in
useful: Here, the top colour is purple, which can also be produced by combining red and
blue. Throughout this work we make an effort to align the colours in this way, so purple p
is created by combining red v and blue b, orange o is given by combining yellow 1 and red
t, et cetera.

When filtering the context to a colour, we are permitted to keep any ‘subcolours’.

Consider the more complicated palette

< (0 <1®t)®b palette

(taken from Proposition 1.5.1). Then when producing an orange o term, we are still permit-
ted to use yellow 1) and red v variables.

Reviewing the rule for colourful context extension, the type of a t-coloured variable in
the context is required to be a type in context ®° | I'* ctx. Another way to say this is that the
type of a red variable x* should be a red type A in ® | T ctx.

There are a couple of downsides. If the goal is to stick to additive colour mixing, then
one only has three primary colours available, and any use of three or more colours becomes

an unpleasant shade of brown. In such situations we are better off sticking to explicit
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labels. It is also sometimes unclear at the start of a proof which colours will need to be split
into subcolours, causing some retroactive “palette swapping’ once the best arrangement is

determined.

Remark 1.2.6. Colours are often used when presenting a type theory to make symbols in
different syntactic classes more visually distinct, but the labelling of variables with ‘colours’
(and literally colouring them accordingly) has also appeared previously in the Core Calculus
of Coloured Constructions [BG13]. The theory is designed to give the user control over
erasure: different parts of an expression can be assigned different colours and then erasing
a colour deletes any part of the expression ‘tainted” with that colour, the rules arranged so
that typing is preserved.

Interestingly, the filtering metaphor in their system works the opposite way to ours.
When combining two colour labels, they use additive rather than subtractive colour mixing,
so blue + red becomes magenta rather than purple. In CCCC, when erasing magenta one
thinks of looking at the term through a magenta filter: all the magenta subterms fade into
the background and so disappear, as do the red and blue subterms. In our system, we focus

instead on what happens to all the other colours: the filter makes them appear black.

1.3 Tensor

Our ®-type is a restricted version of the ordinary X-type so that to form a ®-pair, the two
components must divide the resources of the palette in a linear way. We call such a division
a split. For the first part of this section we will work with a simpler notion of split than the
one we eventually use, because we can make a surprising amount of progress with it.

For a palette ® with two colours ®  t colour and ® F b colour we use a judgement

® - tX b split to mean that ® has r tensored with b at the top level (possibly with some
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subpalettes ¥; and ¥, below them):

p<®(t<¥)®(b<¥2),d F [Krsplit

A split can therefore use a tensor verbatim: a ® b = a X b split, and also builds in
cartesian projection: a ® b, ¢ ® d = aX b split. But there is no way to use both a on the left
and ¢ on the right of a single split: a split must choose a single side of a comma to use.

Unfortunately, in general it will not be enough to refer to pieces of a palette described
by a single colour label. Already when proving associativity of ®, it will be necessary to
have a collection of colours from the palette on either side of a split. We defer the use of
these “slices” until Section 1.3.1.

The type A ® B is well-formed when the types A and B only depend on the nonlinear
resources of the context: syntactically A and B are required to be dull in the same sense
as the previous section. In fact, we generalise further and allow our tensor type to be
dependent between the two sides: the dull type B may depend on a marked variable x of
type A. We write the dependent tensor as (©)y.4) B, as a pun on the relationship between ®
and x.

The rules for ®-types are given in Figure 1.10.

¢ Formation: Whenever we have a dull type A and a dull type B depending on x : A,
we can form the type @(g: A) B. We write x : A rather than x : A in the syntax of
the type to remind us that all uses of x in B must be marked. Similarly to ordinary

Y-types, in the case that B does not depend on A we write A ® B.

¢ Introduction: If the ambient palette can be split into two colours [ and v, with [ proving

Tt

a: A% and v proving b : Bla/x]*!, then there is a term a ®, b of type @(;:A) B.

It is typically obvious which split of the resources has been used in an occurrence of

®-INTRO, just by inspecting how the variables appear marked or unmarked on both

51



t| L A type t|Lx': AF B type

®-FORM
t<P | 'k ®(1:A)B type

t< Ok [Xrtsplit
O T'Ha: A @ T Fb: Bla/x]""

®-INTRO
t-<d>]l"l—a[®tb:®@A)B

t<®| T,z : ©ea) B Ctype
t<®,I@¢c|Tx': ALy B o Clx (®, y/7]
t<<b\l"l—s:®(£:A)B

®-ELIM
t<®|TFletx ,®.y=sinc:Cls/z]

t<® | T,zt:®(§A)B F C type
t<®, @t | ALy B o Clx @, /7]
t<®F 'Kt split

. o' [T'Fa: A" @Y | TV b:Bla/x]"
-BETA

t<®|TH(letx ®y=a,,binc)=c[l/l®t/v|a/x,b/y]: Cla® b/z]

t<®FI'®t split
' T Fa: A" @Y [TV b: Bla/x]"
t<®,I@¢|Tx": ALy B T
SUBST-Q — ———————————— — — — — — — — — — —
t<®|THJN/te/v]a/x,bly]

Figure 1.10: Rules for the Tensor Type (with Simple Splits)
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sides. When working informally we will often leave these splits off, unless there is
some ambiguity in which split has been used. (Later we will come across examples

where this happens.)

In the terms a : A"**and b : Bla/x]*", the types are originally in palette t, and so
have to have their top colours renamed to the colour on the appropriate side of the
split, so [ or t respectively. The types are then silently weakened via the MARKWK rule,
giving types with palette ®' and @ respectively. It is for this reason that a : A**'and
b : Bla/x]*"* are well formed, even though the terms use linear resources from the

context and the types do not.

Marking a term that contains a use of ®-intro is a situation which will require the
more general ‘slices” of Section 1.3.1, so we will simply postpone any examples that

require this until after that section.

Elimination: Any term p of ©)(.4) B may be assumed to be of the form x ,® y, where
x and y are assigned fresh colours v and b that are tensored together as v ® b at the top

level in the ambient palette. We call this ®-induction.

Syntactically, if we have a target type C that depends on a variable z* : (©)(,.4) B and
¢: Clx ®,y/z] is a term that uses variables x and y as above, then for any p : ©)(r.4) B

we have an induced term

let x @,y =pinc:Clp/z].

Computation: If we perform ®-induction on a term that is actually already of the
form a ,®, b, then the result is the term ¢ with 2 and b substituted for x and y, and

the colours I’ and ¢’ substituted for the colours [ and t, via the admissible SUBST-®:

(let x @,y =a @y binc) =c[l' /It /v | a/x',b/y"]: Cla ,®,b/z].
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On raw syntax, the operation on is implemented by plugging in [, t, 2 and b for the

appropriate variables in the term c, just as in ordinary substitution.

Remark 1.3.1. The rule for forming a split forbids us from forming a diagonal map A —
A®A. Given an x : A, there is no split [¥t split such that x ®, x is well-formed, as any
split assigns p to exactly one side.

Similarly, our variable rule forbids us from forming projection maps A ® A — A.
Given p: A® A, the term (let x ®, y = pinx) is not well-formed, because x : A isnota

well-formed term with colour p.

Remark 1.3.2. We use the same symbol ® to form the type as to introduce a term. This
should be familiar from working with the tensor product in ordinary algebra: there is not
usually any confusion between the module M ® N and an element x ® y. There is a possible
ambiguity if we leave off the slices in the syntax of ®-INTRO: if A and B are types, then
A ® B could mean either A® B : U via ®-FORM or A ® B : U ® U via ®-INTRO. In this

thesis there are no examples of the latter meaning.

Remark 1.3.3. In an axiomatic style, our introduction rule would be:

t<d,r@b |, x": A,yb : B I axtensory y : ®(11A) B

Our actual rule is obtained from this by building in an arbitrary substitution for the ‘tele-

scope’ t®b | x*: A,y : B tele.

Remark 1.3.4. We can describe the shape of the ®-type former as a function into the
universe. The left type must be marked with respect to the ambient context, we can capture
this internally as asking for a term A : jif. The right type also must be marked with respect

to the context, and can also depend on A but only marked; this a type family A : fA, — §U.
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Given these inputs we can form the dependent tensor, so the type former itself has type

" Tlasuy (84 — 8U) — U

When positing a ®-type, it is a little cumbersome to suppose A : jlf and B : §A, — U,
and then work with the type ©)». A,) (B(x"));. Instead, we will usually assume A : ¢/ and
B : A — U, and work with ®(g: a) B (x). The type of B is not the most precise possible,
because we could instantiate B with a function that uses its argument x’ : A unmarked,
and then apply B to x when forming the ®-type anyway. We accept this trade-off, because

statement written this way are a lot neater.

With the ®-type now properly introduced, we prove some of its basic properties inter-

nally. First, we can revisit the symmetry equivalence given in Proposition 1.2.1.

Proposition 1.3.5. For any dull types A and B, there is a symmetry equivalence symy g : A®@ B —

B ® A whose inverse is symp 4.

The map in Proposition 1.2.1 was defined for A and B closed types, but exactly the same

definition can be used when they are instead only dull:
symy p = Ap.(let X' @ y° = piny @ x).

To show that this is an equivalence, we will need the uniqueness principle for ® which
we showed in Proposition 1.2.2. We also generalise this proposition to dull types, and allow

B to depend on x : A.

Proposition 1.3.6 (Uniqueness principle for ®). Suppose A and B : A — U are types. For any
type family C : © x.4) B(x) — U, section f o,

have

) C(p) and term p = ©)(x.a) B(x) we

(let x ®,y = pin f(x @, y)) = f(p)
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Proof. Let P : A® B — U denote the type family

P(p) = (let x @,y = pin f(x ®py)) = f(p)

We wish to find an element [],.acp) P(p), so by ®-induction it is enough to assume
p=x' ,®,y wheret' ® b is a new split of our top colour.

Our new goal is

(let x ®py =2 y®yy inf(x @py)) = f(x vy ')

and reducing the left-hand side gives

f(x/ r/®b’ y/) = f(x/ t’®b’ y/)

for which we have refl f& @) O

The ®-induction that provides the colours v’ ® b’ is placing the new split in a x-bunch at
the top of the palette, so the new state of the paletteis p < (v ® b,v’ ® b’). This means that, for
example, the variables x and x’ cannot interact directly, and the type x =4 x’ is not well

formed, even though x and x’ are both of type A.

Proof of Proposition 1.3.5. Using the symmetry map twice gives:

symp a(symap(p)) = <Iet Y @x" = (let X @y" = piny®@x)inx’ ®y’>

(The variables used in symp 4 have been a-renamed to line up better with the result of
sym AB )
This expression does not judgmentally reduce, but it would if p were a term constructed

by ®-INTRO. To make this so, we use the uniqueness principle, which exposes a couple of
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opportunities to apply the computation rule.

b//

symp a(symap(p)) = (let @y = pin symp 4 (symup(x" ®y"))
= (let " ®y"bu = pinsymg 4(let ** ®y° =" @ y"iny ®x))
= (let " ®@y"" = pin symp 4 (" ® 1))
= (let " ®@y"" = pin(lety® @1 =y @+ inx' @)
= (let i ®y”b// =pinx" ®@y")
=P
where we have ended by using the uniqueness principle in the other direction. O

Definition 1.3.7 (Action of ® on functions). Given dull i :A— A and g: B — B/, there is
a function

func(f,g):A®B — A'® B

defined by

func(f,g) := Ap.let x* Ry =p in f(x) (@ &(y)-

or dependently, if f : A — A and g Iz B(x) — B’(i(g)), there is

func(f,8) : ©(x:a)B(x) = © .41 B' (%)

defined by

func(f,g) := Ap.let x* QY =p in f(x) @ 8(x)(y)-

Proposition 1.3.8 (® is functorial). If f : A — A, j:/ A= A andg:B — B',¢': B — B’,
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we have

func(i f,808) = func(f,g’) o func(f,g)

func(ida, idp) = idaws

\ OQ

Proof. By function extensionality, we have to show

func(f' o f,g" 0 g)(p) = (func(f’, g') o func(f, g))(p)

for any p : A ® B. Using ®-induction, assume p = x .®, y, and then the left side reduces to

(func(f' o f,8 0 g)(x @py) = (f 0 f)(x) @5 (&' 0 8) ()

and the right side reduces to

(func(f’, &) o func(f, g)) (x ®yy) = func(f', ') (func(f,g)(x @y ¥))

50 we have reflq ;) (y)) as the required path. The path for (id4 ® idp) = idagp is

r®b§ (g

constructed similarly. O

Remark 1.3.9. There does not appear to be a useful version of functoriality where the

functions are used unmarked, although one can define a function
(A= A)xA)®((B—B)xB) = (A ®B)
by functoriality.
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For convenience, we define two maps that project the components of the base from any

tensor.

Definition 1.3.10. For any A and B : A — U, define

=

pry i OaBla) = A

Py [(p© . By B(Pry (1)

pr,(p) =letx®@y =pinx

pry(p) =letx@y = piny

These functions clearly satisfy the computation rules pr (x ® y) = x and pr,(x®@y) =y

by the computation rule for ®-induction. Put together, these give a canonical map to the

base spaces.

Definition 1.3.11.

mon : h (@(&A)B(ﬂ>> — Z(th)bB(ﬁh)

mon(p) := ((pr,p,)", (pryp,)%)

The ® type interacts with § types in a convenient way.

Proposition 1.3.12 (f types float through ®). For dull types A, B, C, there are equivalences:

IAX (B®C)~ (JAxB)®C
A®(1BxC)~(AxiB)®C

A®(BxHC) ~(A®B) xiC
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More dependently,

®(1:A)2(y:§(x)) hg(zl y) = Z(ZU:®(1A) B(x)) hQ(Elwl Ezw)

Of course, in the simply typed case, the first equivalence immediately implies the other
two by symmetry of ® and x.

The intuition here is that if A is a space, the spectrum over each point of A is trivial. So
considering the first equivalence, the spectrum over a point (g, (b,¢)) : §A x (4B x §C) on
the left is given by 1 x (Eg ® Qg), and over a point ((a,b),¢) : (1A x §B) x §C on the right is
given by (1 x B,) ® C,, and these are obviously equivalent.

The colour of the variable introduced by the X-type is different on each side of the
dependent equivalences. This is a hint that the f is necessary for the proof to go through:
terms of f§ type are always judgmentally marked via Proposition 1.1.7, and are therefore

‘colourless’.

Proof. The maps are defined in the obvious ways using ®-induction. The critical step comes
at the end when checking the round-trips: we use that all terms of j type are definitionally

marked (Proposition 1.1.7). For the first equivalence, this is

O]

This interaction of the fj and ® type formers also allows us to reconstruct the dependent

®-type from a non-dependent ®-type.
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Proposition 1.3.13. Forany A : U and B : A — U, there is an equivalence

®(x:A)B<£> . Z(n:hA)Z(p:A@JE(ﬂt))(ﬂ = prl(P)h)

This might feel strange, but there is an analogous (and not very useful) equivalence for

2-types

Y B0) = T E(eyraxpiey) (¥ = 2)

which follows quickly from singleton contractibility.

Proof. For any A, there is an equivalence

A~ Y a) D en)(n = x°)

given by singleton contractibility, and that 7 = n. The equivalence then follows by pulling

spaces out of ® (Proposition 1.3.12), because both A and (n = x) are spaces:

~ Z(n;m)(@((&g);z(ﬁ) (n—x2))B(11y) (Proposition 1.3.12)

~ Y npa) O (a) (2 = x%) x B(ny) (Proposition 1.3.12)

o~ Z(n:hA)Z(p:A@)E(ﬂn))let Y@y =rpin(n= xf) (Proposition 1.3.12)

~ Ynisa) D aen(ny) (1t = (let x®y = pinx)?)  (Proposition 1.3.6)
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Remark 1.3.14. We might hope that ®-types are ‘bilinear’, in the sense that

(x ®py) = (2. ®pY) = (X By V),

but this does not follow from our rules, even including the hom-type later, as there are
models where it does not hold. Consider some non-trivial model of the f fragment of our
theory, and then interpret ) as ordinary X: ap of first projection on (x®y) = (x ®y)
would then give x = x for any term x : A. Typically such a path does not exist. We will

later impose an axiom that does imply the above ‘bilinearity’, see Section 1.5.4.

Remark 1.3.15. The reader may be wondering why we do not instead devise a type theory
appropriate for working in any category that is both locally cartesian closed and monoidal,
and why the § modality needs to be made so tightly connected with ®. Unfortunately, a
version of this type theory without the modality is not very expressive.

Suppose we instead have rules along the lines of

' A type I’ - B type I'Fa:A I'+~b:B

reIl’ - A®B type rel'+a®b: A®B

With these rules, we cannot even posit a monoid object internally. In an ambient context I',
if we suppose A type then we can only form A ® A type in context I’ ® I, and so there is no
hope for forming the type of a multiplication operation - : A ®@ A — A.

(Of course, in an actual type theory, we would build a substitution for the context I' ® I'”
into the conclusion of these rules, but this does not solve the issue.)

The above rules without the modality do allow a different kind of dependency to the
one in our rules: the types A and B can use the variables of I and I in an unrestricted way.
But our theory can simulate this apparently stronger rule. In the above rule, I' and I have
no dependence between them and so we can consider the type I' = A type as a (closed) map

pri : Y(g:c) A(g) = G, where G represents the type I' packed into a single type (which is
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closed and therefore dull). Similarly consider B as a closed map pr; : }(o.c1) B(g') — G

The above version of A ® B can be defined from ours by first using functoriality to form
pry ® pry : (Z(g;g)A(g)) ® (Z(g/;g)ﬁ(g/)> -GG
and then calculating the fibres of this map:
fibpr,@pr, : GR G — U

1.3.1 Palette Slices

We now introduce the more general notion of split that is actually used in the type theory.
The two sides of a split will be allowed to be more general collections of colours from the
palette, rather than just a single colour. We call these collections slices, and use a judgement
® |- s slice. A split will then divide the palette into two slices, as in ® I~ s; K sy split.

As a piece of raw syntax, a slice is one of the following:
¢ t, a single colour from ®;

* t <R0n®:- - Q¢ (®1),afresh colour t followed by a list of labels from ® optionally

including the special symbol 1;

The periods in the latter option indicate that such a slice binds a fresh colour t.

Slices are typed using the rules in Figure 1.11. We have a “preslice’ judgement, repre-
senting a valid list of colours from the palette, a ‘preslice.” judgement that optionally adds
— ® 1, and finally an actual “slice” judgement, adding the fresh t. < — label if necessary.

Not all lists of labels form a valid slice: the choices must be compatible with the shape of
the palette. For example, when we reach a comma node we must choose exactly one branch
to be included in the slice. A slice also cannot contain a colour together with any colours in
the subpalette under that colour; choosing a colour already specifies that we are selecting

the entire subpalette.
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® I s preslice

® - O preslice ¢ < ®F ¢ preslice ¢ < ® s preslice
®; F s preslice ®; | s preslice
Dy, Py - 5 preslice D, D) - s preslice

Oy - sp preslice R I sg preslice
D @ Pr F s;p ® sy preslice

& - s preslice O F s preslice

D - s preslice, D s®1 preslice,
® I ¢ colour D I s preslice,
D | ¢ slice D F (t. < s) slice

Figure 1.11: Rules for Slices.

Remark 1.3.16. One way to identify valid preslices is to begin with the entire palette and

delete pieces until we are left with a list of labels tensored together. Consider the palette

t<(a<(p®qt®s))® b palette

from Section 1.2.2. If we delete the t label, we have (a < (p®q,t®5)) ®b, giving a® b
as a valid preslice. We could continue by deleting a, g, v and s giving p ® b, another valid
preslice. But starting from the same context, deleting everything but p and r leaves them

separated by a comma, and so p ® t is not a valid preslice in this palette.

Definition 1.3.17. For any slice ® - s slice, the top colour of s, written "'s ', is defined by

Me. <s:=¢

In other words, the top colour of a slice s is the fresh label that it binds, unless s is
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D | s slice P sslice @I ctx
PAL-FILTER —— — — — CTX-FILTER — —— — — — — — — — ——
d° palette P° | T° ctx

Figure 1.12: Admissible Slice Rules.

already a single, in which case the top colour is that single colour.

Definition 1.3.18. For any slice s, the underlying preslice of s, written u(s), is defined by

Filtering. The notion of filtering from Section 1.2 needs to be strengthened to work on a
general slice of a palette rather than just a single colour, as shown in Figure 1.12.

If the slice s is a single colour ¢, then filtering a palette and context works exactly as
before.

For a general slice s = t. < ¢ ® o ® - - - ® ¢y, filtering to ®° is defined by filtering to
each colour @, combining them via ®, and finally prepending t as the new top colour. For

example,

(t<(a<pRqrts)@(b<ux)) P .=¢ L (po (b <uxv))
(t<(a<p®qrRs) @b <ux)) " .=¢ 2 (a<pqr0s)® (b <u®0v))

(t<(a<pRqrtes)Q(b<u®p)) 1% .=¢ < (qou)

If the slice contains a 1, we add the palette 1 combined with ®, even if 1 does not occur in
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the original palette:
(t<(@=<pRqres) (b =<u) P =¢ < (pa (b <uxv)) 1)
In all cases, the colour " s ' becomes the top colour of the palette ®°.

Substitution into a Slice. There is a operation that substitutes one slice for a colour name
in another.
First we define what it means to substitute one preslice into another. Preslices are lists,

so we can simply define:

(s@c@s)[t/)] =s@ts

s(t/c) :=s otherwise

On actual slices, there are two cases depending on whether the target of the substitution

binds its own top colour. If it does, then this top colour is maintained:

cft/c) =t
(. < s)[(t/c) :=s. < s[u(t)/c)

1.3.2 Palette Splits

A split is specified by a judgement ® - s; Ksr split where s;, and sy are slices of ®. A split
has no associated term, it is merely a predicate on pairs of slices.

A split corresponds roughly to a morphism ® — ®°t ® ®°r, building in all the associa-
tivity and cartesian weakening necessary for this to make sense. We write X as the separator
for the two sides to distinguish it from the symbol & that may appear in the slices s; and sg.

We still have the examples we have been using where the slices are two colours that

appear at the top level of the context, but there are new possibilities:
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¢ The rules build in associativity: we will have
t<(p<a®b)@ckaR(t. <b®c) split
allowing us to use the resources b ® ¢, even though that combination does not appear

verbatim in the palette.

¢ Similarly for unitality: one of the base rules gives

al aX g split

where the preslice @ represents the unit.

The formal rules for splits are given in Figure 1.13. Like slices, these are built in
two stages. First a ‘preslice” ® I~ s; X sg presplit where s; and sg are preslices. A “split’
® - 51 Ksg split where s;, and sy are slices, is then a presplit on the underlying preslices of
s; and sg

We have compressed the rules for presplits using (— ® €) in the first few rules to

represent the possible addition of — ® 1 to the preslice, so that (¢ ® €) denotes either (¢ ® 1)
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or simply c. To be concrete, expanding all the possibilities gives

I+ TR presplit
¢ <D XD presplit

¢ < IXc presplit

I H1X D presplit

I+ X1 presplit

I F1X1 presplit

D+ 1X I presplit

b+ IX1 presplit

O F 1K1 presplit
c<PF (c®1)X S presplit
¢ <DdFcX1 presplit
c<OF (¢c®1)X1 presplit
c<PFHIXR(c®1) presplit
¢ <dF1Kc presplit

c<PH1R(c®1) presplit

The idea is that the presence of a 1 in a split allows arbitrary pieces of the palette to be
ignored via the unique map ® — 1. The presence of 1 on both sides of a split is also sound,
because 1 ® 1 ~ 1 follows from the fact that 1 is both initial and terminal in the category of

‘linear” objects.
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ep=Toreg=T
O (FRe)R (DR eR) presplit PF (TRe) X (DR eR) presplit

c <Pk (c®er) R (T ®eR) presplit c<PH (F®er)R(c®eg) presplit

® - sp Ksg presplit

¢ < dF sp Ksp presplit

®q | s1; Ksir presplit D) - sp1 Kspr presplit

D, Dy - 517, Wsig presplit D1, Dy - sp1 Wsor presplit

®q 511, Ksyg presplit
D, F sp1, Ksog presplit

D1 @ Dy - (51 ®521) W (51R ® 52R) presplit

®F u(sp)Ru(sg) presplit
D I s; Ksg split

Figure 1.13: Rules for Splits.
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t| L A type t|L,x': AF B type

®-FORM
t<®[TF @©a)B type

t < ®F s Xsg split
QLT ba: A0 @ | TR b b: Bla/x] %
t<<I>\FI—asL®st:®(E:A)B

®-INTRO

t<®| T,z : ©ea) B Ctype
t<®,I@¢c|Tx": ALy B o Clx (@, y/7]
t%q)\l"l—s:@(EA)B

®-ELIM :
t<®|TFletx,®,y=sinc:Cls/z]

t<®|T,z': ®(x:a) B - C type
t<®,[@c|,x: Ay B o Clxy ®,y/7]
t < ®F sp Xsg split
QLT ba: A0 @R TR b b Bla/x] %

®-BETA .
t<® |k (letx,®y=a,®binc)=c[sp/I®@sr/v|a/x,b/y]:Cla®b/z]

t < ®F sp Ksg split
QLT ba: A0 @R | T" b b:Bla/x] %
t<®, (@t | ALy B T

t<®|T'FJ[sL/I@sr/c|a/x,b/y]
Figure 1.14: Rules for the Tensor Type
1.3.3 Tensor Type Revisited
Figure 1.14 now builds this more general notion of splits into the rules for ®.

¢ Formation: Unchanged.

¢ Introduction: If the ambient palette can be split into two slices s K sg split, with s
proving a : A'>"st" and sg proving b : B[a/x]'*" 5%, then there is a term a 5 ®@s, b of

type ©(x.4) B-

¢ Elimination: Unchanged.
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¢ Computation: If we perform ®-induction on a term that is actually already of the
form a ; ®;, b, then the result is the term ¢ with a and b substituted for x and y, and

the slices sy and sk substituted for the colours [ and t, via the admissible SUBST-®:
(let x | ®,y =a,®, binc)=c[sp/I@sr/t| a/x,b/y"]: Cla o ®s, b/ 2]

On raw syntax, the operation on is implemented by plugging in sy, sg, a and b for the

appropriate variables in ¢, just as in ordinary substitution.

For the moment, we make a simplifying assumption about the terms and slices sy,
sr, a and b. We assume that the top colour of the slice s; does not appear in a and
the top colour of the slice sg does not appear in b. This can only happen in a term
involving the hom type or a unitor, neither of which will appear in examples until
later. If the top colour does appear then the substitution operation is very slightly
more complicated, but we defer discussion of this until it can actually affect us, see

Remark 1.4.3 and Remark 1.5.8.

Remark 1.3.19. The rules for splits still forbid us from forming a diagonal map A - A® A,
as given an x : A, there is no split s K sg split such that x ; @ x is well-formed as any split
assigns p to exactly one side.

The exact choice of the rules for splits is a parameter to the type theory: if we allow a
split p ) p split, the above term would be well-formed. It is likely that our theory would then
have semantics in ‘relevance categories’, where all objects have such diagonal morphisms.
Unfortunately, not every property of ® can be controlled this way. To devise a type theory
with semantics in semicartesian monoidal categories (where the monoidal unit is equal to
the terminal object), we would likely need a more permissive variable rule allowing us to

use variables of any colour, something that cannot be controlled via the rules for splits.

Remark 1.3.20. When functoriality is applied directly to a ®-pair, the slices are preserved:
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we can calculate:

func(f @ g)(x' 5, @5, ¥') =letx* @y° = x' | @, v'in f(x) ©, g(v)
= f(x) ®p8(y)[sL/v,sr/0 [ X' /2,y /Y]

= f(x') 5,®s, 8(¥)

We can now use the interaction between ®-INTRO and marking to show that § is

monoidal:

Proposition 1.3.21 (f is monoidal). The canonical map
mon : §(A® B) — §A x 1B
is an equivalence, and more dependently, the canonical map
mon : §© (x:4)B(x) = Lusa) 1B ()

is an equivalence.

Proof. The canonical map mon was defined in Definition 1.3.11. To define an inverse, from
Z 1 Y (xa) BB(x;) we get (priz)y : A and (pryz)y : B(pri(2)y). These terms are both marked,

so we can use the split 11 to form the ®-pair

((Pr12z)s 1®1 (Prﬁ)n)n 1® (x:0)B(x)
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We now check that the round trips are the identity. Starting with z : 1 (..; 4) 8B (x;):

((pr, ((Pr12)5 1@ (Praz))"%)", (pr, ((Pr1z)s 1@ (praz)s)*:)")

= ((pr,((pr12); 1®1 (praz)s)% (pr, ((Pr12)s 1®1 (Praz);)*)

((pr12)s", (praz)s?)

(priz, proz)

Il
I\

Il
N

For the other direction, the composite is:

((pra((pr,,)", (pryw, )*)): 1@y (pral(prywy, )%, (pryw,)%)); )
= ((prywy)*% 1@ (pryuw;)")"

= (Elwh 191 Ezwh)h
By ®-induction we may assume w; = x ® y, and then

(pr,(x®y) 1@ pr,(x @) = (x 1@ y) =x @Y =w'=w

There is a subtle point that we have managed to avoid so far. Consider the context
p<t®b|x:Ax":B.
The term x ® y with the slices suppressed is ambiguous: it could mean either of

Et’.®b/.y or £r®by
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and these are not definitionally equal.
This issue appears when we try to show that §(A ® B) ~ §A ® §B. There are obvious

maps in both directions, using ®-induction:

(£1®1y)” — xf @ Zn

@ Zn = (X 1®, z)h

The round-trip on (A ® B) is the identity, because any space is definitionally marked. But
the round-trip the other way yields x ;®, y: 1A ® B, and we need this to equal x . ®, Y.

The equality follows from the apparently simpler equivalence 1 ® 1 ~ 1:

Proposition 1.3.22. The canonical map §(A ® B) — § A ® 4B is an equivalence for every A and B
ifandonly if1®1 ~ 1.

Proof. The former clearly implies the latter, taking A = B = 1: we see
(1®1)~(Hl®l) ~1(1®1) ~ (11 xpl) ~ (1 x1) ~1.
In the other direction,

1A®EB~ (1A x1)® (B x 1)

~fAXEBXx (1®1) (Proposition 1.3.12)
~f§A x B
~ f(A®B) (Proposition 1.3.21)

O

To show that 1 ® 1 ~ 1, we need to use the monoidal unit. We discuss the monoidal
in Section 1.4, but all we need now is that there is a pointed type S and an equivalence

1®S~1.
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Proposition 1.3.23. 1®1 ~1

Proof. Functoriality of 1 ® — on the composite

id

/\

1—S5 —31

gives
id
/\
191 — 105 —— 1®1
with the middle object equivalent to 1. The composite the other way is also the identity, as
all maps (1 ®S) — (1®$S) are equal to the identity. O

As a consequence, we have the following meta-principle:

Meta-Lemma 1.3.24. For dull x : A and y: B and splits s;, K sg splitand t; Ktg split, there is an

equality

This is only a meta-principle, because we cannot quantify over slices or splits internally.

Proof. Follows because x° 5. Psp f and x° t Oty yh have the same image under the equiva-

lence 1A ® 1B — (A ® B), and so there is a path

xn SL®SR zu = Xh tL®tR zu
By functoriality we can apply §-ELIM to each factor to get the desired path, as functoriality
on a tensor-pair preserves the slices that are used (Remark 1.3.20). O

This trick only applies to dull terms, because we have to pass through the g-types.
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Remark 1.3.25. A possible improvement to our type theory would be to make the splits
proof-irrelevant, so that two terms that differ only in the choice of splits are definitionally
equal. This would be convenient, but would make the metatheory more complicated: all
constructions would need to be invariant under the choice of split.

We have seen that in some cases there is a path between terms that only differ in the
choice of split. There is then a concern that declaring the two endpoints definitionally equal
might not make that path equal to refl, investigating whether this can ever happen is left to

future work.

1.3.4 Stronger Induction Principles

Unfortunately, we have more-or-less exhausted the facts about ®-types that are provable
directly from the binary eliminator given above. The issue is that, with the rules we have
so far, we can only apply the induction principle to terms of the top colour. We run into
this limitation quickly when dealing with nested tensors. Suppose we are trying to define
an associativity map, and we have a term p : A ® (B ® C). Using ®-induction on p gives
x*: Aand y* : B® C, but now we are stuck! We would like to apply ®-induction again to v,
but we cannot. The term y on its own is not well-formed in the body of this induction on p:
it is not of colour p.

Later we will introduce hom types, the right adjoint to tensor types. It should not
surprise us that, in the presence of these hom types, more general induction principles are
derivable. For associativity, we need the ‘ternary” eliminators given in Figure 1.15, and we
will show later in Section 1.6 that these eliminators are indeed derivable using the hom
type.

Unfortunately, the presence of this hom type is still not sufficient to derive all the
induction principles that we would expect. The issue is the following: in the typical
arguments for deriving these induction principles, the right adjoint types (here I1- and

—o-types) are used to move the variables to the right of the target ‘out of the way’, by
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placing them into the motive of the induction. With a bunched structure however, this
cannot always be done. To try and derive an induction principle for A ® (B x (C ® D)),
say, we cannot move D into the motive on its own, as — ® (— x (— ® D) does not have a
right adjoint.?

Rather than define a custom eliminator for every new situation we encounter, in Sec-
tion 1.6 we will describe an inductive collection of “patterns’, and give a general rule for
matching against arbitrary pattern. We will wait until then to properly define patterns—

several new judgement forms are needed.

Remark 1.3.26. A similar issue is encountered in Spatial Type Theory [Shul8, §5], where
b-induction can only be applied when the target is an ordinary variable, not when the target
is a ‘crisp’ variable. A ‘crisp’ b-induction principle is derivable, using the fact that b has a
right adjoint. This trick works very generally: such “crisp” induction principles are derivable

in Multimodal Type Theory [GKNB20, §6.2] for any modality with a right adjoint.

We can now clear up associativity. As promised earlier, we will begin to leave the splits

off the syntax of ®-INTRO when the split used is unambiguous.

Proposition 1.3.27 (Associativity of ®). For dull types A, B and C,

A®(B®C)~(A®B)®C

More generally, if A: U, B: A — U and C: [](..a) B(x) = U,

©:4) O 1:8:) C(2) (¥) = O 00,0 Bx) et ¥ @y = 2in C(x) (y)-

Proof. We prove the simple version, the maps for the dependent version are defined the

same way. Suppose the total colour is brown, which comprises red, blue and yellow.

3Tn this particular case we can use a hom type to move A into the motive, but this forces the ambient context
to be only used marked, and so is not fully general.
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t| T w: ®(P5®<M> p(letx®y =pinC) - D type
t<(I<rod)oe| D" Ay B2 :Chd:D[(x ,®yy) @, 2z/w

t<®|Tks: ®(p:®(x'A>B)(Ietx®y =pinC)
®-ELIM-TRIPLE-LEFT — — ————— —————— — — e ——— ————
t<®|TFlet(x ,®uy) ®.z=sind: D[s/w]

<Iet (x [/®t/ y) [®tz = (ﬂ SLL® b) ®SR Cind)
=d[(sp /1< s; /U @sir/Y) @sp/v | a/x',b/y", c/ 2]

t|Lw': ©ua) Oy CF D type
t<1@<led) | LAy Bz :Ckd:Dlx ®, (y ,Qu2)/wl

t<® ’ I'ks: ®(£:A)®(y15)g
®-ELIM-TRIPLE-RIGHT — ——— — —— — —— —— ———— — e ——— —

t<®|TFletx ®, (Y y®pz)=sind: D[s/w]

SLR SL

(let x (@, (Y ¢®p 2) = a3, Dy (b g, P €) indd)
=d[s;/I® (sg/t < sgr/l @ sgrr/7) | a/xt,b/y[’,c/zt/]

t ’ L, w': (Z(x:A)Z(x’:A)x = x/) ® (Z(y:B)Z(y’:B)y = y/> = D type
< (t®@v) |Lx': A,y*: BFd: D[(x, x,refly) @, (y,y, refl,) /w]
t< o | I'kEs: <Z(x:A)Z(x’:A)x = xl> ® (Z(y:B)Z(y’:B)y = y/>

t <@ | Tk let (x,x,refly) @, (y,y,refl)) = sind : D[s/w]

(let (x, x, refly) (@, (y,y, refly) = (a,a,refly) ; @, (b,b,refl,) ind)
=d[s./l®@sp/t|a/x,b/y]

Figure 1.15: Derivable Eliminators
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The maps are defined in the expected way using the eliminators of Figure 1.15.

assocapc(Y® (y®7)) = (xQy) ©

associnvapc((x®@y)®2) =1 @ (y®2)

The proof that they are inverses uses the same eliminators. By function extensionality we

have to give a function

[T(1:a0(Bec))associnva pc(assoca pc(t)) =t

If we apply the triple-induction on  as x ® (y ® 2), then we can calculate

associnvg g c(assocypc(x @ (Y ®2))) = associnvapc((xQy)®@2) =x R (Y ® =)

so we can take refl, ) as our proof term:

(A (x® (y@2))-refligye))  Tlras(Boc))associnva pc(assoca pe(t)) =t

The other composite is similar, instead using the eliminator for (x ® y) ® =. O

Paths in X types are characterised by a pair of paths in the two components, but the same
is not true for paths in ®-types, the type of such paths is not equal to the ‘tensor of paths in
the two components’: there is no way to make sense of that statement in a way that satisfies
the linearity restrictions. Given two points p, p’ : A ® B, performing ®-induction on p gives
fresh colours and variables t @ b | x* : A,y" : B. Performing a second ®-induction on p’
gives fresh colours and variables ' ® b’ | x'* : A,y"® : B. But now we can’t form the type
x = x/, because the colours of the two terms do not match. There is therefore no hope of a
characterisation of the type p = p’ for generic p, p’ : A ® B.

We can however show that, like everything else in type theory, ®-INTRO respects equal-
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ity. This will require another specialised induction principle, also displayed in Figure 1.15,
because path-induction may only be applied to a term of the top colour. We discuss this

restriction further in Remark 1.6.10.

Proposition 1.3.28 (® respects equality). Suppose a,a’ : Awith p :a = a',and b,V : B with
q:b=1"" Then thereisapath (a @b) = (' V).

In syntax, we are inhabiting the type
[iw:ylet (a,a",p) @ (b,b',9) = win (a®@b) = (a' @ ')

where T is the type

T:= (Cea L =) @ (Sop Zomb = ).

Proof. Follows by applying the above eliminator, which reduces the goal type to (1 ® b) =
(a®Db).
f((a,a,refl,) @ (b, b, refly)) := refl,gy,

O

Proposition 1.3.29. If f : A — A’ and g§:B— B’ are equivalences, then f®g:A®B —

A’ ® B’ is an equivalence.

Proof. Suppose we have leftinversesi: A" — Aand j: B’ — B, so that there are homotopies
piriof ~idpandg:jog ~idp. Thenalsop:iof ~idgandq:jog ~idg soiandjare
also left inverses to f and g.

Given a p : A® B our goal is to prove (i ®j) o (f ® g)(p) = p. By ®-induction,
it is enough to prove (i®j) o (f ® g)(x ® y) = x ® y, and by functoriality this type is
i(f(x)) ®j(g(y)) = x ®y. We have such a path by the previous Proposition applied to the
paths i(f(x)) = xand j(g(y)) = v O
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1.4 Unit

The monoidal unit type S is, roughly, a nullary version of the ®-type. We already have a
palette constructor for a nullary monoidal product, & palette, but this is not yet reified as a
type.

We can in fact already use the unitors in one direction via the split judgement: if the
palette is p, then we can form a term a ,®, _ I/, where [ is a term in palette ¢ < &.

The natural thing to try here is a simple ‘nullary” split as we did at the beginning of

Section 1.3 for binary splits:

t < P+ unit

S-INTRO?
t<®,0,d F unit t<®|THx:S

Unfortunately this is not enough, because of the following issue. In the presence of a

cartesian weakening rule, the term

t < g F unit
S-INTRO? —mM8M ———

t<oFnx:S
PAL-WK

t<9,Fnx:S

yields a term that is ambiguous in a material way: there should be two non-equal projections

SxS§—6.

Remark 1.4.1. The aA-calculus [Pym02, §2.3] uses a rule of this kind, and so suffers from
this issue. This contradicts soundness for the aA-calculus in ‘cartesian doubly-closed
categories’ [Pym02, Proposition 3.8]. Often ® is assumed to be affine when working in the
aA-calculus [OHe03, §3.3], meaning S = 1, and then there is no issue: S is then also the unit

of the context comma and all maps into S are equal.
We therefore need some way to refer to different instances of the monoidal unit that are
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PAL-SPHERE-NAMED ——————
&; palette

Pt =t < ;i

. u(t. < g;) =9 UNIT-ZERO —————
DF (t. < @) slice ® F 0 unit
(t. < @i.)[(S/C)] =t <9;
® i unit
UNIT-HERE ——————— UNIT-SUB —
@i b1 unit (¢ < ®) iunit
®q i unit ®; i unit
UNIT-LEFT ————————— UNIT-RIGHT ————————
®q, Py F i unit ®dq, Py F i unit

Figure 1.16: Rules for Palette Units

combined with a x. We introduce a second, labelled version of the unit palette constructor

J; palette, where i is a “unit label’.

1.4.1 Palette Units

The new rules are show in Figure 1.16, also introducing a new judgement ® - i unit that
picks out a unit label or the special label 0. The latter case corresponds to the morphism
1 — S picking out the basepoint: such a map into the sphere is always available regardless
of the state of the palette.

We add a new kind of palette slice that creates this labelled unit palette. We already
had a slice ® I~ t. < O slice for any palette ®, so we add the option to name this new
judgemental unit: ® - t. < &; slice. The various operations that use slices have to be
extended to include this new case, as shown in the figure. Substitution into the slice t. < @;
has no effect, because both t and i are freshly bound names.

We do not allow an instance of ® I~ i unit to combine multiple &; together, and we do
not allow the chosen unit to appear below an instance of the ® palette former; it must

appear at the top level.
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S-FORM

t<®|THStype

t<®|T,z': S+ C type
t%@,@i’rl—C:C[Hi/Z]

t < ®dFiunit t<®d|Tks:S
S-INTRO S-ELIM -
t<®|TFx:S ® | Tt let; =sinc:Cls/z]

t<®|T,z':SF C type
t<®,0;|TFc:Clx/zZ]
t<®kFjunit

S-BETA @ | T+ (let u; = njinc) = cli/j] : Clnj/z]

Figure 1.17: Rules for the Monoidal Unit Type

1.4.2 Type Former

The rules for the monoidal unit S, shown in Figure 1.17, now internalise the judgemental

unit ;.
¢ Formation: There is a type S, well-formed in any context.

¢ Introduction: For any judgemental unit i, there is a term x;. If i = 0 then we write x,

to align with the syntax for marked variables.

¢ Elimination: Whenever we have a term s : 5, we may assume it is of the form x; for a
fresh judgemental unit label &; in the palette. We call this S-induction. Syntactically, if
a target type C depends on a variable z' : S, and ¢ : C[x;/z] is a term that uses a unit

label i, then there is an induced term

let m; = sinc: Cls/z]

* Computation: If we perform S-induction on a term that is of the form S;, then the
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result is ¢ with j substituted in accordingly:

(let m; = xjinc) = c[j/i] : C[xnj/2]

This c[j/i] operation is yet another form of substitution, that simply replaces the label

j for i everywhere that it appears.

To define maps into A ® S5, we can use the new labelled unit palette slice. If the top

colour is p, then we have the split p X 1. < &;. We call such splits unitor splits.

Definition 1.4.2. For any dull type A, define unitlinvg : A — S® A and unitrinvg : A —
A®Sby

unitlinva(a) :== x| iy ®,a

unitrinva (a) :==a ,®, L5 x

On the left side (right side resp.) of ®-INTRO, we immediately apply S-INTRO, but as

usual, we have the option of putting any term in palette 1 < @, there.

Remark 1.4.3. A use of a unitor split is the second way that the name of the top colour, in
this case p, can appear in a term. If we have to substitute the above term a4 ,®, _ =, into
a marked variable where the top colour is g, say, the result would be 2 \®, _5 x:: the top

colour p has been replaced with g.

As with normal splits, when working informally we will omit the colour labels from
a unitor split if they are not used in the term, writing simply unitlinvs(a) := =, 5 ® a, for

example.

1.4.3 Unitors

Similarly to the situation for the ®-type, the S-ELIM rule is not strong enough to derive

all the induction principles for S that we might like. In particular, we are not aware of
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t<®|T,z' 1S F C type
t<®|THc:Clxt/z
t<®|Tks:S

G-BASE-ELIM
t<®|THletg’ =sinc:C[s/z]

t<<b\F,yt:Bl—c:C[niu_<@j®ty/z]
t<®|THb:B

S-BASE-BETA -
t=< i | I+ (let X u.<®i®ty = H]' D.%@j®t b in C) = C[b/y] : C[H] U.-<®]'®’t b/Z]

t|T,x:SF Btype
t<®| T,z ©es)B - C type
t<® |,y Bl c:Cla, 5®y/7]
t%CDII"l—s:@@S)B

S-UNITOR-LEFT-ELIM _
t<®|TFletw;, 5®y=sinc:C[s/z]

t|L[,x:SF Btype
t<® |,z ©s)BF C type
t<@ |,y : Bl c:Clyy,p®y/7
t<®|I'-b:B

S-UNITOR-LEFT-BETA -
t<®[T'F (let xjy o® Y = xj 0.<2; St binc) =c[b/y] : Clx; n.<@j®tb/z]

t| L+ A type
t<®|T,z': ARSI C type
t<@|T,x':Abc: Cly ®, -y /2]
t<®|Tks:A®S
t<®|TFletx ®, p 1 =sinc:Cls/z]

S-UNITOR-RIGHT-ELIM

t| L A type
t<®|T,z': ARSI C type
t<@|T,x':Abc: Clx @, 2y /2]
t<d|Thka:A

S-UNITOR-RIGHT-BETA -
t<®|TF (letx ®, o1 =a ®yp.<g; Tjin c)=cla/x]:Cla ®y.<g; x;/z]

Figure 1.18: Induction Principles for the Monoidal Unit
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any way to derive the unitors unitly : S5® A — A and unitry : A®S — A from what we
have outlined above. We add these missing induction principles to our pattern matching

construct Section 1.6, and preview them in Figure 1.18.
Proposition 1.4.4. S ~ 1

Proof. We choose x? : §S as the centre of contraction. We define a null-homotopy [T(xps) X =

= by performing induction on x as x 7, and then supplying refl - O

This clears up the missing piece in Proposition 1.3.23.

The induction principle for the left unitor says that any term p : S ® A may be assumed
to be of the form p = x; | L, ®,a, where a : A. This new a : A is a variable of the same
colour as p, and so is immediately available to be used. Doing induction of this kind does

not bind a new unit label /: this unit label only ‘exists” on the left side of that ®.

Definition 1.4.5. For any dull type A, we can define unitly : S® A — A and unitry :
A®S — Aby:

unitla(p) :=let x| L5 ®, x = pinx

unitra(p) :=let x ,®, 5 = = pinx

Using an almost identical proof to Proposition 1.3.6, we find

Proposition 1.4.6 (Uniqueness principle for the unitor). Suppose A is a dull type and C :
S® A — U isa type family and f : T1(,s54) C(p). Forany p : S® A we have

(let x ‘<@,®px:Pinf(E .<g_®pX))=f(p)

Combining this with Proposition 1.3.6, we immediately have
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Corollary 1.4.7. Any use of ®-induction on S ® A may be replaced with a use of unitor induction:

(lets@y=pinf(s@y)) = (let n; | 1p ®,x = pinf(x;, 1o ®, x))

Lemma 1.4.8. unitly : S® A — A defined above is an equivalence.
Proof. The composite unitl4 o unitlinv,4 is definitionally the identity by the computation rule

for unitor induction.

unitl4 (unitlinvg (a)) = let x; 5 ®, a = unitlinvg(a) ina

=let ;i 5 ®, X =1 5@, ainx

xla/x] =a
For the other direction, we are looking for a term of
[T(psea)unitlinva (unitla(p)) = p
So perform induction on p as ;' &, ®,, x, again using unitor induction. We can now compute
unitlinv4 (unitla (=7 o, ®, x)) = unitrinvg (x) = w5 ®, x

This is judgementally equal (up to a-equivalence of the colour label) with ;1 5, ®, x, so we

can take refly(, \®,x as our path. O
1

1.5 Hom

The ®-type has a right adjoint: a restricted, ‘linear” version of the ordinary function type. We
call these hom types and write the non-dependent instances using the — symbol. Written

in our palette notation, we wish for this type former to be part of a bijection of judgement
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states

p<t®b|x Ay :BF(.):C

t|x*:AF(...):B—C

Before showing the formal rules, let us demonstrate how a currying map is defined.
Proposition 1.5.1 (Currying for —o). There isa map ((A® B) — C) — (A — (B — C)).

Proof. Let us write the top colour as yellow 1. The arrow in the centre of the currying map
is an ordinary cartesian arrow, so suppose we have /1" : (A® B) — C.

To form a term of type A — (B — C), we use d-abstraction. A first use adds an
assumption x* : A, where v is a fresh colour tensored with 1. It would be reasonable to call
this combination ‘orange’ 0, and the state of the palette is now 0 < 1 ® t. A second use of
0-abstraction gives an assumption y° : B, where b is similarly a fresh colour tensored with o.

We choose to call this colour combination tv, so the state of the palette is
w<(0<1Rr)Rb

We now have to use /7, x and y to form a term of C. To apply a hom to an argument,
we must split our resources in the same sense that we do for ®-INTRO, using one side to
produce the hom and the other side to produce the argument. We choose the split 1) on the
left and p. < t ® b on the right. For the hom, we use the variable /;, and for the argument
we use X ®, v, forming the ‘linear application’ //,(x & V) <cxb-

As a term, we have formed

A" x 0%y 1 (x (@ Y)p<ean : (A®B) — C) = (A —o (B — C))
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v|TF A type
p<(t<®)@¢t|I,x": Al Btype

—o-FORM
t<P ‘ r+ @(xr:A)pB type

p<(t<®)@c|T,x*:AFb:B

—o-INTRO
t<o ’ F'Eo’x*b: @(xt:A) PB

t < ®F sy Xsg split t:=Tsg”
(E< @)t [T F f: @pen)PB (E< ) [Tk a: A
t<®|TF f5 (a)s, : Bla/x][t < sL Ksg/p)

—o-ELIM

t < ®F sp Xsg split v:="sg”
p< (Pt @r) |, x":AFDb:B PR [TREqg: A

—o-BETA | TF (0"x".b)s, (a)sy = bla/x][(t < sL®sr/p) : Bla/x|[t < sL Rsr/p)

t<<I>|1“|—f:®(xt:A)pB

—o-ETA
t< @[Tk f=("x"fi(x)) : @(xea) "B

t < ®F sp Ksg split
' < L @@k | TTHEPE 7

t<®|THJ[t<s Ksg/t)
Figure 1.19: Rules for the Hom Type

1.5.1 Type Former

As with the ®-type, we will allow a dependent version of — which we call {J). The
dependencies we allow in the inputs of the hom type are exactly the dependencies implicit
in the premise ‘p < t®b | x* : A,4° : B+ (...) : C’: the domain B is required to be dull
(because there are no other b variables), but the codomain C can be any type in context
p<t®b|x":A,y":B. Our actual formation rule relaxes x* : A to an arbitrary context.

The rules for the —o-type are given in Figure 1.19.

¢ Formation: For any dull type A, and any type B using a new assumption x* : A as a

disjoint resource, there is a type (D y:.4) "B
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The linearity constraint means that ¢ is a fresh colour, and this colour is linearly
combined with the top colour t of the ambient palette. In B, we need a new label to
name this tensor combination of t and ¢, which is the second colour p that is bound
in B. In particular, this means that the top colour changes when going under a hom
binder, and so we (temporarily) lose access to all the variables labelled the previous
top colour. Access can be regained by using one of the splitting rules, either ®-INTRO

or —o-ELIM.

If B does not depend on A and the labels v and p do not appear in B, then we write

A —o B.

Chained hom types associate to the right, like ordinary function types: A —o B — C
isread as A — (B —o C). The same is true when mixing I'T- and —o-types: we read

A—B-—oCasA— (B—oC).

Introduction: If b : B is a term using x* : A as a disjoint resource from the ambient

context, then we have the 0-abstraction o°x".b : (D (yx.4) *B.

Elimination: If we can split the ambient palette into two slices s; and sg, and use s,
to produce a hom f : @(x\*: ) "B and sg to produce a : A, then we can apply f to a to
form fs, (a)s, : Bla/x][t < sp Ksg/p). The split of the palette is specified using the

same ® I sy Ksg split judgement as used in ®-INTRO.

We might hope for the type to be B[a/ x| exactly, but unfortunately the palette does
not line up: the result of the substitution is in palette p < P @ P°r rather than P,
and must be weakened ‘by hand’ using an admissible J [t < s; K sg/p) operation

which we discuss below.

As in ®-INTRO, it is typically obvious which split of the palettes has been used, just
by inspecting how the variables appear on both sides. We will elide the slices, unless

there is some ambiguity in which split has been used.
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¢ Computation: Whenever a d-abstraction is applied directly to an argument, we can

compute the result:
(0Px".b)(a) = bla/x][t < sLR®sr/p).

As with ordinary functions, this is done by substituting the argument for the variable
in the body of the function. Again we apply a ‘merge’ to the result, the same operation

that is performed on the type in the elimination rule.

* Uniqueness: Any hom / : [ (yx.4) "B is definitionally equal to ‘the hom that applies f

to its argument”:

h = o"x"h(x).

e Merging: Merging moves a judgement in palette ®°.¥k into palette ®, whenever
ging gmg judg P P

D s; Ksg split

Splits correspond roughly to morphisms ® — ®° @ ®°k, and merging corresponds to
precomposition with this morphism. The original palette ® may contain more colours

than those that appear in s; and sg, and so this is another form of weakening.

On syntax, there is only one modification that needs to be made: the judgement J
may refer to fresh top colours bound by the slices sy and sg, and these do not exist in
the palette ®. The fix is to replace the first mention of these colours with the entire

corresponding slice.

Only first occurrence of each colour as a slice is replaced, and the operation does not
recur deeper into the term. We want any further mentions of that colour to refer to
binding site that the substitution has just created, rather a fresh colour with the same

name.

The definition of this merging operation is simplified by instead defining an operation

that substitutes an individual slice in this way. The merging operation is then defined
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by doing two single-slice substitutions followed by a t <+ t recolouring. The result of
doing just one slice substitution is not well-formed, only the combination of all three

operations.

To demonstrate slice substitution, fix a split
t<a®@bc@IF (L <a®b)X(r. < c®D) split
Some single slice substitutions on terms are then

(m (@, (n 2, 0))[v. < c@V/t)] := (M @ <o (1 (D5 0))
(m a®5.<b®t (1’1 b®t 0))[(t <c® D/l‘)] = <m a®5.<b®c®b (n b®t.<c®0 0))

(m [®t (7’1 t®5.—<®l; 0))[(t <c® D/t)] = (m [®t.<c®0 (1’1 t®5.-<®,-‘ 0))

In the second example, the slice substitution into the split on the left has not bound
the colour t, and so it bound in the nested split on the right. In the third example,
the v does get bound in the left slice, and so the right slice refers to that t rather than

binding a new one.

Then, merging on the same terms is given by

(m @, (n @;0))[t < (L <a@b)R(r. < c®V)/t')] = (1 2@ <cxn (1 @3 0))
(Wl a®s.<b®t (Tl b®t 0))[(t = ([ <a® b) X (t' <® 0)/t/)] = (Wl a®5.<b®c®b (i’l b®t.-<t®D 0))

(Mm@, (1 B2z )t = (L<a@b)R (v. < c®@0)/V] 1= (M @ <0 (1 525, 0))

Only the slice annotations in a term are changed by this operation: the shape of the

term remains the same.

Remark 1.5.2. The splits used in the currying example are completely determined by the

way the variables are used, and the extra colours bound by the d-abstractions are not used
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at all. Leaving them off yields
Adx.dyli(x @ y) : ((A®B) — C) = (A — (B — C))

which is significantly more readable. Going forwards we allow ourselves to work more
informally, not mentioning splits if they are determined by the terms and not keeping

explicit track of the shape of the palette.

Remark 1.5.3. We can again describe the type former as a function into the universe. The
domain must be a dull type, stated internally, a term A : ji{. The codomain can depend on
this type in a genuine way without the modality applied to it, but only linearly: this is a
non-dull type family B : A, —o U. Given these inputs we can form the dependent hom, so

the type former itself has type

@ Moz (4, —~U) — U

So interestingly (] is a function of its domain and codomain types, not a hom.

Remark 1.5.4. The rules for —o-types produce the desired bijection of term judgements

p<(t<®P)®b |,y :BFc:C

t<®|IFadyc:B—C

via the B- and 7- rules.
The entire context I' is placed onto the left side of the tensor in the premise, and we are
forbidden from applying —-INTRO when the context is not in this form: semantically we

do not expect there to be an operation

p=<(D,c@b)|T,x" Ay :BF(...):C

p< (D) |Tx":AF(...):?2(B,C)
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Remark 1.5.5. Here we reproduce a discussion from the original work on bunched type
theories [OHe03]. We might be accustomed to thinking of linear functions as functions that
use their argument exactly once. This does not fit with the way variables in our theory
behave: instead we should think about sharing and resource access. The type A ® B describes
disjoint resources, and A — B describes functions that do not share resources with their
arguments.

It is not enough for the body of the hom to use r exactly once, it also has to use the
ambient context in a linear way. So we cannot define a closed term A ® B — B ® A, similar
tosym, g : A® B — B ® A defined using the ordinary function type. Even though the body
of the function

symup = Ap.(let x@y = piny @ x)

‘uses p exactly once’, it doesn’t use anything from the ambient context, so fails to satisfy this
notion of sharing.
Once we do have access to a resource, we can use it as many times as we like: for

example, suppose /1 : A — B. We can use this to define a hom

ax.(1(x), h{x)) : A —o (B x B)

where the argument to the hom has been used twice. We are also free to not to use the

argument at all:

dxx:A —o1

Like linear logic, we cannot convert a function A — B to a hom A — B. But a second
contrast to linear logic is that we cannot in general convert homs A — B into functions
A — B. In intuitionistic linear logic [Gir87], functions A — B are interpreted as !A — B,

and we can always go from A — B to !A — B using dereliction. In our theory, however,
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we are blocked: if # : A — B and x : A, we cannot linearly apply / to x because these terms
share the ‘red’ resource of the context.

We can conclude that bunched type systems and intuitionistic linear logic are incompa-
rable extensions of the linear A-calculus* and the ordinary A-calculus. These differences
are why the work on Bl uses * and — as the type formers, to remind us that our intuitions
from linear logic do not apply. We prefer to stick with ® and —o because the operations
are intended to be modelled by an arbitrary symmetric monoidal closed structure, and *

suggests an operation with more structure.

For several of the proofs in the following section, we will need to use hom extensionality.

For f,g : @(x.4) B(x), there is a canonical function

homapp(f,g) : (f =g) — @(X:A)f<x> = g(x)

given by path induction:

homapp(f, f)(refly) := dx.reflry

Axiom Homext. Forany f,g : @ (x.a) B{x), the function homapp(f, g) is an equivalence.

We write homext(f, ) : @ x.a)(f(x) = g(x)) — (f = g) for the inverse to homapp(f, g).

From this point on, we will assume hom extensionality holds. Univalence implies hom ex-
tensionality, but we defer the proof of this fact to Section 1.5.5 to first build more experience
working with homs.

A dependent version of the —o-type is necessary to state hom extensionality internally,

even for non-dependent —o-types.

“To be specific, the fragment of intuitionistic linear logic with only ® and —o, called Rudimentary Linear
Logic by [GS5592] and Tensor-Implication Logic by [HP93].
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1.5.2 Basic Properties of Hom

As expected, —o is right adjoint to ®. There are different ways we might phrase this property
depending on what we think of as our ‘type of morphisms’. First we give a version that

uses another hom as the mediating arrow.

Proposition 1.5.6. For dull types A, B and C, there is an “internal” adjunction
(A®B) = C) = (A — (B—C))

More dependently, let the top colour be yellow and suppose A :U,B: A — Uand C: (A® B) —
U. Then

O (p:0en B@) (P = Dt Dy (¥ @)

Proof. The map in the forward direction is defined just as it was in the example above, even

in the dependent case: we send /: to the hom

N2x2y. 11 (x ® )t @ (ea) Dype) C X @ )

For the other direction, suppose / : @(p@ (o) B(1)) (p). We wish to form a term of the
hom type @ x.a) @ (y:(x)) C (X ® ¥), 50 we assume we have x : A and y : B(x), then we can

form [ (x ®y) : C(x ® y) which has the correct colour. So in all, we have

0x.9y. [ (x @Y) : @ (x:2) D (y:B(x)) C(Xx ®Y)

In the other direction, starting with ¢ : @ (v.a) @(:8(x)) C (¥ ® y), we define a hom of
type @)(p@ () B(1)) (p) as follows. Introduce p : ©)(x.4) B(x) by 0-abstraction. We would

like to do induction on p, but it does not have the top colour. Instead, use the stronger

96



eliminator® of Section 1.3.4 on ¢ ® p to give ¢’ ® (x ® y). Then we can apply g’ to x and y

one at a time giving ¢'(x)(y) : C{(x @ y). In all:

aplet ' @ (x@y) =@ ping (X)) : O p© . B) C(P)

Checking the round-trips is straightforward. One round-trip is definitionally the identity,

using the #-rule in the last steps.

ox.0y. (dplet ¢ @ (x®@y) = @ ping (x)(y)) (x®y)
= ox.0ylet ¢ ® (x®@y) = 1 © (x®y)ing (x)(y)

= dx.9y.2(x)(y)
= dx.o(x)

In the other direction, we will have to use uniqueness for ® and hom extensionality. To be

completely explicit, let F denote the function defined by
F(f@p):=letg' © (x@y) = (0xdy./ (x@y)) @ pin g (x){y)
so that uniqueness for the triple eliminator yields a path

(let f'@ (¥ ®@y)=f@pinF(f @ (' ®y))) =F(f@p)

SHere we are cheating a little: we need to use the pattern-matching eliminator that allows the motive C to
not be dull.
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Now we can calculate

F(fle(xey)) =ltd @ (xey) = (0xdy.f(x@y)) ® (X @y')in g (x)(y)
= (ox.ay.f (x @ y))(x')(y)

=f{x @y

so that

dplet ¢ @ (x®@vy) = (9x.0y./ (x®@y)) @ pin g (x)(y)
=Jp.F(/ ®@p)
=aplet '@ (¥ @y)=@pinF(f'®(x @y))

=adplet '@ (X @y)=/@pinf{¥@y)

Another application of uniqueness in the other direction with

G(fep) = r{p)
gives that
aplet f' @ (x'®@y")=r@pinf (¥ ®y)
=oplet /@ (X @y)=@pinG(f @ (¥ ®Yy))
=dp.G(f ®p)
= dp./{p)
and we are done. O

Remark 1.5.7. The use of the triple eliminator here is a little awkward: again we are running
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into the issue of only being permitted to apply ®-induction to terms of the top colour, which
the variable bound in a d-abstraction is not. In Section 1.6 we will derive rules for hom that
allow us to immediately pattern match on the argument. Given ¢ : A — (B — C) we will

be able to write

AMx®y).o{x)(y) : A®B — C,

avoiding the need to manually ‘copy’ ¢. The round-trip on A ® B — C will still be only
propositionally equal to the identity, as we will only be able to derive a propositional

n-principle for homs with a pattern-matched argument.

Remark 1.5.8. The rules that linearly bind a variable (—o-FORM and —o-INTRO) are the first
rules we have encountered that can cause the ambient top colour to appear in a term. We
are finally forced to explain the slight complication that arises when substituting for marked
variables.

Suppose we are substituting for a marked variable usage x [a / x“]. Such a marked
variable usage can occur in any palette, including when the top colour label is no longer ¢,

so suppose the terms involved are

t<¥Y|T,x*:AFx: A

c<d|Tka:A

where A is a closed type. Typically t < ¥ is some iterated extension of the palette ¢ < ®.

As usual, we mark all the free variables in a giving

c|Tka:A,
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but then rename the top colour to the ambient top colour at the site of x:

t|CFxfa/x]:=a": A

which is then silently weakened to

t<Y|TFa“ A

To demonstrate, suppose the top colour is t, and suppose we have a term x : A. Then

we can define a hom

dy’.x @,y :B — (A® B)

(This is ‘coevaluation” for the tensor-hom adjunction.) If this term is substituted for a
marked variable z in a context with top colour 1), the free variable x is marked and the top

colour is renamed, giving

z[0y°x ®yy/2] = x @y y

We will see two examples of this in the following Lemma.

There is a second version of the tensor-hom adjunction, where the “type of morphisms’

is given by the underlying space of the ordinary function type:

Proposition 1.5.9. There is a dull “external” adjunction

1((A®B) = C)~(A—= (B—C))

or more dependently, let the top colour be purple and suppose we have dull types Aand B: A — U,
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and a dull type family C : © (y.4) B(x) — U.

200w Cx e )

: (H(P@(m) B(;))Q(P)) ~ | <H(x:

Proof. Say we have f : ]_[(p@(m) B(x)) C(p). To build a term of the type on the right, assume
we have a term x : A and a term 1/ : B(x) of a fresh colour. Then we can form f(x ® ) :

C(x ® /). As a term, we have defined the function

Ax.0y.f(x @ 1) : TTiva) @ (:p(x) C(x @ 1)

In the other direction suppose we have g : TT(,.a) @(,:5(x)) C(x ® v). To define a function
of the type on the left, use ®-induction to get x : A and y : B(x). Then we can form

g(x)(y) : C(x ®y). As a term:

Aplet x@y = ping(x)(y) : I1(p@ ., Bx)CE(P)

Checking the round-trips, first we substitute the first term in for g in the latter. Note that

the top colour at the usage of g is red, so the colour of x is changed:

Aplet x@y = pin (Axdyf(x@ 1)) (1))
= Apletx@y=pinf(x®y)
p-f(p)

A
f

Similarly, the top colour at the point f is used is the tensor combination of purple and
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yellow, and so the colour of p is changed:

Ax.9y. (Ap.let XY@y =pin g(x)<y>) (x®1)
= Axdylet x @y =x®@ying(x)(y)

= Ax.01.8(x) (V)

O]

This adjunction requires the fs guarding the two sides, and removing them makes the
claim false. The functions f and g must be marked for the function applications to be
well-formed: otherwise they would be purple terms, and the applications f(x ® /) and g(x)

are not well formed.

Remark 1.5.10. A curious consequence of this equivalence is obtained by combining it with

symmetry of ®:
74— (B—C)) =§(A®B —~C)~f(BRA—C)~4(B—(4A—0))

This is another reminder that linearity is not attached to a particular type in an expression;
the appearance that ‘B is linear” on the left side and “A is linear” on the right side is an

illusion.

Definition 1.5.11. Given two homs, we can compose them if they are provided to us with

‘complementary colours’, i.e., as a term of a ®-type.

homcomp :(B—~C)®(A—-B)—=(A—C)

homcomp(g ® f) := dr.g(f(x))
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If we have two homs of the same colour f : A — B and ¢ : B —o C, then there is no way

to compose them without using at least one of them marked.

Definition 1.5.12. For any type A define the identity hom homid : 5§ — (A — A) by

homid(s) := dx.unitlg(s®@x): A — A

Note that the term unitr4 (s ® x) does not reduce. This function is equal to the transport
of unitly : 5® A — A across the adjunction of Proposition 1.5.9, using the fact that unitl4 is

a dull function.

Remark 1.5.13. We can also define composition for dependent homs. The types involved
are somewhat restricted by the linearity requirements of the type former. To satisfy any

curiosity, here is the best we can do: it is not pretty!

[SSEERS
PN

I

: H(x:A)

les}

(x) U

Then we can define

homcomp (¢ ® f) := dx.g(x)(f(x))

homcomp : H(P:(H(xzé) O:p(x)) C() (1))@ (D2 B(x))) (Iet g&f=pin ®( :A)Q(l) (A >>)

The type former —o is functorial in both components, in the sense that we can pre- and

post-compose with ordinary functions.

Definition 1.5.14. Let the top colour be red. Given f : A — B and g: B — C, define
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postcomp(g, f) : A — Cby

postcomp(g, f) := dx.g(f(x))

More dependently, suppose A : U, B: A — U and C : @ y.4) B(x) — U. If we have a hom
f+ @ (x:a) B(x) and a dependent function g : @ (x.4) [T(y:5(x)) C(x)(y), define

postcomp(g, f) : @ (x:a)C(x) (f{x))
postcomp(g, f) := 9x.g(x)(f(x))

Similarly, we can define precomposition:

Definition 1.5.15. Given f : A — Band g : B — C, define precomp(g,]:) : A — Cby

precomp(g, f) = 0x.g(f(x))

Precomposition does not have as pleasant a dependent generalisation: unlike postcom-
position, we are forced to use various inputs marked. Let A : 4, B : A — U and
C : IIa)B(x) —o U. If we have a function f : J](.4)B(x) and a dependent hom
¢+ Mxea) @b C(x)(y), define

precomp(g, f) + @ () C(2) (f (%))
precomp(g, f) := ox.g(x)(f(x))

Like Theorem 1.1.15 for ordinary functions, homs into a space hold no more information

than functions of the base spaces.

Proposition 1.5.16. For dull types A and B

(A—tB) ~ (A —4B)
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or dependently, if A: U and B : A — U:

@ (x:a)8B(x) =~ [T(x.4)1B(x)

Proof. If f : @ (x.a) 8B(x) define Aa.f(a) : [T(v.a) 8B(x). For ¢ : A — 4B define da’.g(a’) :

A —o B
Round trips:
Aa.(9d'.g(a'))(a) = Ang(a) = Aag(a) =g
and
9a".(Aa.f(a))(a') = 0a'.f(a) = 9a'.f(a) = f
where g(a') = g(a) and f(a') = f(a') because they are both terms of type 5B. 0

We have a kind of mixed currying for spaces.

Proposition 1.5.17. If A, B and C are dull types then:

A—(1B—=C)~(Ax1B) =C

1A= (B—C)~(BAxB) —-C
Or dependently, if A:U,B: A —Uand C: ®(a:A)(h§(g) — U) then
D @) ) (2) = Q((abygia p@) () (2)
andif D:U,E: 4D - U and F : H(d:ug)(ﬁ(d) —o U) then

[e:30) O eskia F (@) (€) = O((a0)Ligan) E@) F () ()
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Proof. Straightforward, the maps are:

f9(a,b).fla)(b) : (A—o (8B — C)) = ((Ax B) — C)
g+ da.Ab.g((a,b)) : (AxgB) = C) — (A— (8B —C))
i d(a,b).h(a){b) : (1A — (B — C)) — ((1A x B) — C)

k— Aa.obk{(a,b)) : (lAx B) - C) — (1A = (B — C))

and the round-trips are definitionally the identity, because all types concerned have defini-

tional 77-rules. O

Like Lemma 1.3.24, if a hom and its argument are both dull then the split chosen when

applying the hom is irrelevant.

Meta-Lemma 1.5.18. For dull h : @(xbzé) B(x) and a : B, given two splits s; X sg split and

tr, Wtg split, there is an equality

th <E>SR = htL <ﬂ> R

Proof. Any hom-application ks, (a)s, can be rewritten in the following way, by the computa-

tion rule for ®:
hs (a)s, = (let B (@ .a' =h @ ainh'((a'),)
And now we can apply split irrelevance for dull ®-pairs (Lemma 1.3.24):

hs, (a)s, = (Iet W @4 = b, ®,, ain h/[<a/>t)

(Iet h, [®t tZ/ = h fL®iR a in h/[<a/>t)

= htL <E> tr
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1.5.3 Preservation of (Co)Limits
As a right adjoint, we would expect () to preserve ¥, and indeed it does:

Proposition 1.5.19 (—o preserves ¥). Suppose A, B,C : U. Then:
A—o(BxC)~(A—oB)x(A—C)
More dependently, suppose C : B — U, then:

A= Y5 C(Y) =~ Yo D:a)C(g(x))

Most dependently of all, suppose we have type families B : A —o U and C : (D (y.4)(B(x) — U),

then:

@(x:A)Z(y:B(x))C<x> (y> = Z(g:(@(ﬂé) B(x))@(x:é)c<x> (g<x>)

Proof. Defining round-trips, given a f : @ x.a) L(y:5(x)) C{x)(y) on the left, we can first

define a hom of type () (y.4) B(x) by 9x.pr;(f(x)). In the second component we can use

9x.pra(f(x)) : @ (x.a)C(x) (pri(f(x)))

SO

(0x.pry (f(x)), 9x.pra(f(x))) : E(g:@y.) Bx) D) C () (8x))

In the other direction, given

(& 1)+ K@ ) ) D 2:a) C(2) (g(x))
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we have

9x.(g(x), h{x)) + @(x:0)L(yen () C () ()

The round-trips are both definitionally equal to the identity, thanks to the 7-laws for ¥ and

0. 0

To define the action of homs on paths, we have to be a little careful how the data is

supplied:

Definition 1.5.20. For any /1 : A —o B, there is a hom
hap = @) ((x,p)5 ) oy =) 1(X) = 1 {y)
defined by pattern matching:
hap := d(x, x, reflx).reflh<x>

Because of the “external adjunction” of Proposition 1.5.9, we should not be too surprised

that hom commutes with colimits in the domain:

Theorem 1.5.21. Suppose A, B, S : U with ]: :S — Aandg : S — B. Then given the data

=
bS

—C

»
I~

—o

I

H: ®(S:§)precomp(h,]:)<s> = precomp(k,g) (s)
there is an induced hom

lind, (h,k,H): A+sB — C
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such that

lind4 (h, k, H)(inl(a)) = h{a)
lindy (h, k, H)(inr(b)) = k(b)

hap(lind (11, k, H))(glue(s)) = H(s)

There is a nice alignment of dullness conditions in this statement: precomp can only be

defined to use the second argument in a dull way.

Proof. Begin by using d-introduction to give t : A +5 B. Then we can use ordinary +-

induction to form a function

I() = indy (a.0(1, K, 1)1 a),
b, K, 1)K (b),

s.homext(a(/1', k', H'").H'(s)),
t)

: (200 Epec) D essyprecomp (1, £)(s) = precomp(K', ) s) ) —o C

which can then be applied to the supplied data to give I(t)(/, k, H) : C. The computation
rules for inl and inr hold by the computation rules for — and +: the argument is substituted
in for t and then ordinary ind; computes. For glue, we need a quick fact about commuting

hap with hom-application.

Suppose we have dull types A, B, C, a function i :A— B —oC,atermb: B and a path
p :a = a'. Then there is a path

hapy. f(x) () (P) = homapp(aps(p))(b)
given by pattern matching on b ® p as b ® refl,, so that both sides reduce to refl F(a)(b)-
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In our case, this gives

hap(lind+ (1, k, H))(glue(s))
= hapyy.1() ik, 1) (glue(s))
= homapp(ap;(glue(s)))(h, k, H)

= homapp(homext(a(/', k', H").['(s)))(h,k, H)

= (0(1, 1, ). H () (h, k, H)

1.5.4 Axiomatic Closedness of the Modality

In our primary models of interest, f is a closed monoidal functor: it takes (D-types to

II-types. This does not follow from the rules of the theory, so we add it as an axiom:

Axiom C. { is a closed functor, i.e. for A : U and B : A —o U, the map

distap : f (@)(M)E@) — (H(x:uA)b(B@m)

defined by
dista p(h*)(x%) := (i (x)1)"

is an equivalence.
Non-dependently this is just (A — B) ~ (1A — §B).

Remark 1.5.22. There is a map the other way

(H(x:ué)h@@uﬁ) — (@(a:A)B@)
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given by

undiStA,§<f) = (auf(ﬂh)h)b

which is always a section of dist4 p. Without the axiom, the round-trip on the —o-type is

nearly but not quite the identity:
(0a.(Ax.h1 (x,)1%) (a%);)" = (0a.k(a*)1%)* = (da.hy (a)1)*

but the #-law for homs doesn’t apply: the argument g is marked. The axiom makes this hom
equal to ", s0 a syntactic gloss on the axiom is that ‘any dull hom uses its argument dull’.
We can apply this to the hom B : A —o Uf used in the dependent type-former itself: the

map

2 (@eaBla)) = 5 (DaBla) )

is an equivalence, so we could have phrased the axiom using the type on the left without

increasing its power.

Axiom C is not provable in the bare type theory. Any proof that it is could be translated
to a similar proof for IT simply by replacing each instance of a {D-type with a IT-type, and

it is certainly not the case that f is a closed functor for IT:

Proposition 1.5.23. If the canonical map

fU”CAB : h(é - A) - (hA_) bA)

funca p(f*) (x%) = (f(2))"

is an equivalence, then the fj modality is equal to the identity modality.

Proof. funcy p already has a section, given by f ~— (Ax.f(x*);)". If the composite the other
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way
1A — A) = (JA = A) = 1(A = A)

is the identity, then applying this composite to id4” yields (Ax.x)%, soids = (Ax.x).
Therefore, for any 2 : A we have a = a by applying the two equal functions, and so
nA ~ A by Corollary 1.1.13. If this holds for any type, in particular it holds for the universe,
so for any A : U we have A = A, and so also 1A ~ A. And so the § modality is equal
to the identity, because modalities are determined by their modal types [RSS20, Theorem
1.12]. O

The axiom has a number of important consequences. We mark any result that requires

Axiom C with {C}.

Proposition {C} 1.5.24. Writing the top colour as purple, for any space X and dull type A the

maps

(x®y) > (Ly): XA — X x 1A

(x,n) = (x,@1) : XXJIA > XRA

are inverse equivalences, so in particular 1 ® A ~ hA.
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Proof. There is a typical adjointness argument:

HX®A=Y)~4(X = (A—Y))
~ (X = (A —Y))
~ (X = 4(A —Y))
~ (X = (14 — 1Y)
~ (X x §A — gY)

~ (X X 1A = Y)

But there is an arguably more direct method. The round-trip on X x §A is clearly the
identity, as both factors are spaces. For the other composite, we must show that given x : X
and y : A, there is a path (x ,®;y) = (x®y).

Note that for fixed x : X, the (red) hom

is dull. By the axiom, it is therefore equal to
d0.x (@14

and we can make the following calculation:

and finally x ®; y = x ,®; y by Lemma 1.3.24. O

Proposition 1.5.16 told us that homs into spaces are given by ordinary functions of the
base spaces. It follows from Axiom C that the same is true for homs out of spaces. This is

quite different to the ordinary function types, where §A — B is typically not a space.
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Proposition {C} 1.5.25. For A a type and X a space, the map
B (A (x)1)7 s (X — A) = 5(X = A)

is an equivalence.

Proof. There is an adjointness argument:

(B — (X — A)) ~h(B®X — A)
~ (1B x X — A)
~ (4B — (X — A))

~ (B = 4(X = A))
O

Corollary {C} 1.5.26. 1 — A ~ 1A O

This Corollary provides an alternative perspective on the self-adjointness of : together

with Proposition 1.5.9, we see
1(BA - B) ~§(A®1 — B) ~4(A — (1 — B)) ~ §(A — B)

Remark 1.5.27. Proposition 1.5.24 is reminiscent of ‘dull split irrelevance’ (Lemma 1.3.24)
which stated that if the two sides of a ®-INTRO are dull, then the choice of split used to
form the pair is irrelevant. This proposition is an upgraded version of that idea: it is enough
for one side to be dull, and then the split becomes irrelevant. If we did manage to build this
one-sided irrelevance into the type theory definitionally, then we could define A :=1 — A

thanks to the previous Corollary.
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1.5.5 Univalence Implies Hom Extensionality

Let us write the top colour as red throughout this section. Recall that for f, g : @D (y.a) B(x),

there is a canonical function

homapp(f,g) : (f =g) — @(x:A)f<x> = g{x)

given by path induction:

homapp(f, f)(reflf) := ox.refl

Axiom Homext. Forany f,g : @ (x.a) B{x), the function homapp(f, g) is an equivalence.

Univalence implies hom extensionality. We adapt the proof of ordinary function exten-
sionality given in the HoTT-Agda library [HoTTAgda, Funext], checking carefully that the
linearity constraints are satisfied. We do not require Axiom C in this section.

As in the proof of ordinary function extensionality, our argument proceeds in two steps.
First we show that univalence implies a weak form of hom extensionality, and then that

weak hom extensionality implies hom extensionality.

Lemma {UA} 1.5.28. Without assuming hom extensionality, any equivalence e : B ~ B’ induces

an equivalence (A —o B) ~ (A —o B') by postcomposition with e, in the sense of Definition 1.5.14.

Proof. The equivalence ¢ is the image of some p : B = B’ under univalence. By path
induction, assume p = reflp, so ¢ = idg. Then postcomposition with ¢ is an equivalence,
by transporting the proof that postcomposition with idp is the identity across the equality
e = idg. O

Proposition {UA} 1.5.29. ‘Naive” hom extensionality holds when the codomain is non-dependent

and dull: for any f,q : A —o B there is a map (@)(xzé)f(x) = g(x>> —(f=9).
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Proof. Given two homs f,¢: A —o B,and i : (D (x.4) f(x) = g(x), define two homs

de:A—o (Z(yrﬁ)z(y’:ﬁ)y = y’)

d := ox.(f(x), f(x), refl (1)

We can now pull the same trick used for ordinary functions. The projection
pri: Ly Ly (v =Yy) =B
is an equivalence, and so by the previous lemma there is an equivalence
postcomp(pry, —) [A —o (Z(y:B)Z(y’:B)y = y')} — [A — B]

The homs d and ¢ become equal under this postcomposition, because

postcomp(pry, d) = dx.pri(d(x)) = dx.pri(f{x), f(x), reflf<x>)5 ox.f(x)

postcomp(pry, ¢) = 9x.pry(e(x)) = ox.pry (f(x), g(x), h(x)) = ox.f(x)

Il
—

f

soin factd = e.
Now, ap of postcomp(pr,, —) on this path yield a path postcomp(pr,, d) = postcomp(pr,, ¢),

whose sides similarly compute to f and g. O
We now show that univalence implies weak hom extensionality.

Definition 1.5.30. The weak hom extensionality principle asserts that there is a function

@ (x.4)isContr(B(x)) — isContr ((ﬁ)(x:A)B(x))
for any linear family B : A — U.
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First, an easy Lemma:
Lemma 1.5.31. For any dull type A, the hom type A —o 1 is contractible.

Proof. For any hom f : A — 1 we have f = dx.f(x) = dx.x by y-expansion for — and
1. O

Proposition {UA} 1.5.32. Weak hom extensionality holds.

Proof. Suppose we have B : A —o U and w : [ (y.4) isContr(B(x)). From w and univalence
we can build a term of [@)(,.4)(B(x) = 1). Then naive hom extensionality (Proposition 1.5.29)
for the type A —o U gives a path p : B = (dx.1).

Let F(B') := @ (x.4) B'(x). Then

apr(p) : (Dpea)BR)) = (A—1)
Transporting the proof of isContr(A — 1) from the previous Lemma along this path
gives a proof of isContr (®(x:A) B<x>) as desired. O

This ap makes sense because —-FORM is a function of its inputs, not a hom, as highlighted

in Remark 1.5.3.
Theorem 1.5.33. Weak hom extensionality implies hom extensionality.

Proof. We wish to show that for all f, ¢ : [ (y.4) B{x), the map homapp(f,g) : (f = g) —
@ (x.a) f(x) = g(x) is an equivalence. Fixing an f and working fibrewise, it is enough to

show that the map

(Z(g@(xé)mx))(f = g)) — (E(g@(@B<x>)@(x:A)f<x> = g<x>)

given by A(g, p).(g, homapp(f, g)(p)) is an equivalence. The type on the left of the arrow is

117



contractible by singleton contractibility, so it just remains to show that

is also contractible. By Proposition 1.5.19, this type is equivalent to

O xa) Lo f () =y
This is a hom into a family of contractible types, so is contractible by the weak hom

extensionality principle. O

Corollary {UA} 1.5.34. Hom extensionality holds. O

1.5.6 Linear Equivalence is Ordinary Equivalence

One may ask whether the hom type grants access to any new notion of equivalence be-
tween types. One option is to ape the ordinary definition of an equivalence, with homs
replacing the functions. Let v denote the top colour. To have access to an identity hom
(Definition 1.5.12), we must have access to a term of S, and to compose two homs (Def-
inition 1.5.11), we must have them tensored together, leading to the following awkward

definition.

Definition 1.5.35. Foradullmap h : S — A —o B, a left inverse of hisa dull map k: S —
B — A such that foralls: S,

homcomp(h(s) &4 k(x)) = homid(s)

and similarly for right inverse.

Definition 1.5.36. For dull types A and B,amaph : S — A —o B is a linear equivalence if it

has a left inverse and a right inverse.
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Remark 1.5.37. This precise notion of linear equivalence was studied in [Lun18, §4.3]. In
that theory, there is a separation between ordinary and linear types, and a corresponding
separation of ordinary and linear and context zones. A linear equivalence (as defined there)
involves homs with an empty linear context. An empty linear context represents the monoidal

unit, and so this matches our definition.

Under the equivalence of Proposition 1.5.9 and using unitl4, dullmapsh :S - A — B

correspond to dull maps f : A — B, by

¢(h)(a) := h(=)z(a).

Proposition 1.5.38. A hom h : S — A —o B is a linear equivalence iff the associated map

¢(h) : A — B is an ordinary equivalence.

Proof. Supposek : S — B — A is a left-inverse, so

As.homcomp (h(x) ®, k(s)) = homid 4

Transposing across the adjunction, this is equivalent to an equality

Ap.let s ® o = pinhomcomp(h(x) ,®, k(s))(7) = unitl4

of function S ® A — A. Working on the left-hand side, inlining the definition of homcomp

gives

Aplets®@a = pinh(x) s {k(s)c (1)) e

which by the uniqueness principle for the unitor, is equal to

Aplet i ;®, 0= pinh(m)g(k(m)z(1),)
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But this is now precisely equal to

¢(h) o ¢p(k) o unitl 4

Sok:S — B — Aisaleft-inversetoh : S — A —o B iff ¢(h) is a left-inverse to ¢(k) in the
ordinary sense.

The same is true for right-inverse and we are done. O

1.6 Pattern Matching

As promised in Section 1.3.4, we can use —o to derive some stronger induction principles for
®, for example allowing us to assume a term s : (A ® B) ® C is of the forms = (x ® y) ® =.
Put simply, the idea is to use —o to shuffle pieces of the palette ‘out of the way’, so that we
can apply ®-induction at the top level. We first show that the induction principles that we
used in previous sections (Figure 1.15) are derivable in this way.

This strategy does not work for all the induction principles we hope for, so we then
describe an inductive collection of patterns [Coq92]. These will allow us to deconstruct any

nested combination of 1/X/1d/f/S/®-types simultaneously.

1.6.1 Derivable Eliminators

As an easy warm-up, let us a show that an induction principle for (A ® B) ® C is derivable,

where there is no internal dependency of A, B and C, and the motive D is a dull type.

Proposition 1.6.1 (Simple Left-Associated Elim). The rule

t| L+ D type
t<(I<lod)oc| D" Ay :Bz:Ckd:D

t<®|TFs:(A®B)®C
®-ELIM-SIMPLE-TRIPLE — — —— — — — — —— — — — — — — — — —
t<®|T'klet (x ) ®py) ®.z=sind:D
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(Iet (x [/®t/ ]/) [®t z= (ﬂ ® b) SL®SR c in d)

SLL < SLR

=d[s./V @sir/Y | a/x,b/y][c/z][(t < sp Ksg/t)

is derivable.

Proof. First, we can use d to form a dull term
(|TFAxd'y 0 d:A—=B—oC—D
To make things line up better below, let us rename t to t', and ' to t (by the RECOLOUR rule).
t|THAxY .9 - d" 0"’ A s B—-oC—D
It will suffice to produce a function
T:(A-B—-oC—oD)— (A®B)®C — D)
because we can then define the triple eliminator as
(let (x @y y) @, = = sind) := T(Ax.dy".9" = .d" W) (s)

This T can be defined by two uses of Proposition 1.5.9, but because its computational
behaviour is important for achieving the correct computation rule, let us define it directly.
Suppose we have suchan f : A + B — C — Dand a term s : (A ® B) ® C. First apply
®-induction to s giving p': A® Band z : C. We cannot do ®-induction on p immediately,
but we can use p to build a hom and then apply it to zj. To build a purple coloured hom, do

a ®@-induction on p to get x" and y*, then form
d=f () {y)(2) : € — D
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Finally, apply this hom to z. In all:

let p (@, 20 = sin ('et X @y y = pin (3" £ (x) (y)( >)) ((z0)¢, : D
Now, we can calculate

T(Ax.2'y" .0 =" d Yo (a,, @, b) o, ®., )

SLL = SLR

= let p @, 20 = (04,4, b) @, cin (let x @y y = pin ("= f(x) () () ) 1(z0)s,
=let p®,, 20 = (a5,®;,, b) 5, ®., cin (Iet X @y y = pin (3" 'dtlHt'tH[l)) 120,
= (Iet X @y =(a,,®, b)in(d" .dtlm'tm,)) s.(C)

= (0"27.d" O s /U @spr/Y | a/x,b/))s, (€

= d" YO s /U @sir/Y | a/x,b/y)[c/7][(t < sp Rsp/t)

Ed[SLL/[/®SLR/'C/|H/X,b/y”/ ][(f<5L® /t)]

O]

The definition of T here uses its argument marked, which is what restricts the branch
d : D to only use the ambient context marked.
Next, we allow internal dependency of (A ® B) ® C, and the dependency of D on the

tensor.

Proposition 1.6.2 (Left-Associated Triple Elim). The rule

t| L wt: O(p© ) let x@y = pinC) = D type
t<((<lo)oc|La" 1Ay B2 :CHd:D|(x ,®yy) &, z/w]

®-ELIM-TRIPLE-LEFT — — ——— ————— —— — — — ——
t<®|TFlet(x ®yy) ® z=sind:D[s/w]
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(Iet (x [/®t/ ]/) [®t z= (ﬂ SLL®5LR b) SL®SR c in d)

=d[s./V @sir/Y | a/x,b/y][c/z][(t < sp Ksg/t)

is derivable.

Proof. The construction is identical but the types are a little more complicated, so we work
through it again.

We are trying to define a function

. !/ , [/
T: <H(X:A)®(y:3)®( :C)Dt “tte [(X & ]/) @ /w]> — <H(TU:®(I’:®(A’:A> B)(Iet x®y=pin C))D>

Given an s : @, wn B)(let x®y = pinC) we can first apply ®-induction giving
P ©a)Band 7 : (let x @y = pin C), so the goal is now a term of type D[p @, zo/w].
We cannot do ®-induction on p, but we can use p to build a hom / and then apply it to z.

For the hom, take

h: @( :(let x®@y=pin C))Dt,(—”[p ® /w]

hi=let x @y = pin(d2".d"")
Now applying this hom to z gives a term /((zy)., of type

(D" p @, =/w])[z0/2] [t < 1Rt/ ¢
= (Dth’[p [®r0 Z()/ZU])t,Ht

= D[p ®,, z0/w]

to

which was our goal.
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Now if this is applied to (a ;,, ®;,, b) ;,®., ¢ then we can compute

SLL < SLR

Iet P [®l‘() ZO = (El SLL® b) S]_® in h[<Z()>T()

SLR

= hla L b/ pls, ()
®,  bin (3" .dth/)) s.(C)

SLL = SLR

= (Iet X Quy=a

(@ =d ") s/l @sir/e | a/x,b/y]) o (0)

(atl Aot [st/V ®@sir/Y | a/x,b/y])s, (c)

A (s /U @sir/v | a/x,b/yl[c/ 2]t < sy Rsp/¢)

Ed[SLL/[/(X)SLR/t/ | [Z/X,b/y” / ][(f%SLXSR/’L)]

O]

To derive the eliminator for the right-associated triple tensor, our strategy is to use Propo-
sition 1.3.13 to replace the dependent tensor with a non-dependent one, apply symmetry
to produce a left-associated triple tensor, and then use the above left-associated eliminator
which we already know is derivable. We inline the equivalence of Proposition 1.3.13 into

our argument because, as before, it is important that the construction computes correctly.

Proposition 1.6.3 (Right-Associated Triple Elim). The rule

t|Lw': ©ua) Oy CF D type
t<I@@<led) | LAy Bz :Ckd:Dlx ®, (y ,Quz)/wl

t<® | '+s: ®(£:A)®(yzﬁ)g
®-ELIM-TRIPLE-RIGHT —— — — — — — — — — — — — —— — —— — —

t<®|TFletx ®, (y,®yz)=sind:D[s/w]

(Iet X [®t <y [/®t/ Z) =a 5L®SR (b ® C) in d)

SRL < SRR

=d[a/x][sgr/V @srr/% | b/y,c/z][t < sR ®sL/t)
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is derivable.

Proof. Begin by applying ®-induction to s : © (x.4) ©y:p) C giving variables of type x(I)O tA
and g° : ®(zzﬁ[@/ﬁ) C[xo/x], so the goal is now D[xo | ®, q/s].

We are about to apply the left-associated to g ® xp asin g ® xo = (y3 ,®, 72) @, x3. The
problem is that the types of y3 and ~; will continue to depend on xg : A, rather than the new
variable x3. Our strategy is to smuggle a path ¢ : xop = x into the motive in the following

way: we perform left-associated induction on g ® xo with motive

exg=pr, (o)) let (Y2 ® 72) ® xa = vin D[x; ® (e, (y2) @ e.(2)) / w]

This type is dull with respect to the ambient context, as v is the only free variable used
unmarked, and so this use of the left-associated triple eliminator as given in Proposition 1.6.2
is valid.

And so we may assume g ® xo = (y3 ;®_ 72) ®, x3, and our goal is

YoumnS

H(L’:E:EZ(U))let (]/2 ® ) ®x2 =vin D[XZ ® (Q*(]/Z) ®€*( )>/w]) [(]/3 r® ) & X3/Z)]

exxo=pr,((y3® )®X3))IEt (]/2 2 ) ®x2 = <y3 r® ) R x3in D[XZ ® (Q*(]/2) ®§*( ))/ZU]

I (
H(e:xi:ﬁ)D[x3 (& (g* (]/3) r® Q*( ))/ZU]

Inhabiting this type is simple enough, after weakening 4 with x3,y3 and =5 we can form
Aedlas /x| /0 @/ | e(ya) /y,en(=2) /2] (L < IRt /4]
The result of this left-associated induction has type
T (e:xo=pr, (gemo))let (V2 ® 22) ® x2 = 7 @ xgin D[x2 ® (. (y2) ® e.(2)) /]
The endpoint of the path pr, (g ® xp) computes to xo, so we can apply this function to refly,
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yielding

let (2 ®72,) @ x2 =g ®x0inD[x2 @ (Y2 ® 20) /W]

As in Proposition 1.3.6 for the binary eliminator, the left-associated eliminator satisfies a

uniqueness principle, in general giving a path
aft/w]=let (x@y)®@2) =tina[(x@y) ® z/w]
In the present case, this gives a family of paths
U(t) : (let (12 ®20) @ x2 =tinD[x2 @ (Y2 ® 20) /w]) = D[t/ w]

Transporting along the path U(g ® x¢) gives a term of type D[ ® xo/w], which was our
original goal.

All together, we have constructed the term

let x0 ,®, 9 = sinU(q ® x0)«(let (y3® 22) ® x3 = 7 &, Xgin

Aed[xs/x][I/V @' /¢ | en(y3)/y,e.(23) /2] [t < [Re/t)]) (refly,)
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Finally, when provided an actual triple, everything computes away:

let x0 ([ ®, 9 = a Qs (b, ®., c)inl(g D, x0)« (let (y3® 23) @ x3 =7 @, xoinAe.(...)) (refly,)

= U((b 5, ®.,, 0) ,®s, @) (let (3@ 73) @ x3 = (b, ®. ) @ ainAe.(...)) (refly)

=refl_, (let (130 23) Qa3 = (b, ®. ), B, ainAe.(...)) (refly)

SRL

(130 723) @x3 = (b, ®., ), ®s, ainAe.(...)) (refly)

SRL

(let
= (Aed[a/x]|[sgr/V @sre/t | e, (b)/y,e.(c)/2][t < sg®s/t)) (refly)
=d[a/x][srr/V @spr /| (refly)«(b) /y, (refly)«(c)/2][(t < sg ®s/t)

=da/x][sre/V @ s/t | b/y,c/2)[(t < sp Rsp/t)

Proposition 1.6.4 (Colourful Path Induction). The rule

t | Lw{ : (Z(x:A)Z(x’:A)x = X/> ® (Z(y:B)Z(y’:B)y = y/) E D type
t<I®v|L,x': Ay :Bld:D[(x,xrefly) @, (y,y,refly) /w]

t<®| Tk let (x,x,refly) @, (y,y,refl,) =sind : D[s/w]

(let (x, x, refly) (@, (y,y, refly) = (a,a,refly) ; @, (b,b,refl,) ind)

=d[s./l®@sg/t|a/x,b/y]

is derivable.

Proof. We can use two hom types to expose each path in turn. Suppose (via ordinary ®-

induction) we have (x,x', p) : Yxa) Lway X = X and (v, ', q) : L) Lypy ¥ = y'- We
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first use (v, x/, p) to produce a (red) hom with the following type:
®((yz,y§,qz):2<y;3) L) y=y)DI(x, X', p) @ (y2, 42, 92) / ]
We can first apply ordinary Id-induction to assume p = refl,~, so that the goal is a hom
D (o) Ly iy y=y) DL X7 reflin) @ (y2,2,2) /]

So suppose we now have (y2,¥5,92) : ¥X(y:5) (y:8) ¥ = ¥, and we have to produce a term
of type D[(x”, x", refln) ® (y2, Y5, g2) /w]. We can pull the same trick in the other direction:

we use (12, Y5, q2) to produce a hom

@ (xy:4)D[(x3, x5, refler) @ (y2,y2,42) /W]

which we then apply to x”. For this second hom, apply ordinary ld-induction to assume
I = reflyg (which is allowed because g, is now of the top colour), so the goal becomes a

hom of type
@ (xy:4)D(x3, x5, vefler) @ (v, y3, reflyr) /w]
and for this we finally have

(0x3.d[x5 /%, y3 /y]) : @ x4y DI(x3, x5, vefler) @ (y3, 5, reflyr) /w]

As a single term, we have constructed

let (x,x', p) ® (v, y,9) = sin

(let refl,r = pind(y2, y5, 92)-(let reflyy = goin0x5.d[x5 /%, y5 /y))(x")){(v. v, 9))
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When s = (a,4a,refl,) @ (b, b, refl, ), the induction on s followed by the induction on p both

compute, and we are left with

(9(y2, Y5, 92)-(let refly = gain9x5.d[x5 /x,y5 /y])(a)){(b, b, refl,))
= (let reflyy = reflyin dx5.d[x5 /x,y5 /y])(a))
= (9x3.d[x /x,b/y])(a))

=d[a/x,b/y|

as required. O

Remark 1.6.5. The preceding few propositions are the carcass of an attempted proof that all
the induction principles we want are derivable. Unfortunately, the strategy of using (] to
‘move things out of the way’ eventually fails. Associativity of ® means that the eliminators
for ®-types are always derivable, but once () and ¥ are combined, we run into an infinite
regress.

The above arguments only go through when the ambient context is dull in the motive
of the eliminators. So consider the type (A ® B) x (C® (D ® E)). We may use I to move
C ® (D ® E) into the motive and apply binary ®-induction on A ® B. But then the derivable
eliminator for C ® (D ® E) cannot be applied without marking the linear information in A

and B.

1.6.2 Telescopes

We now turn to the general pattern-matching rule. The patterns we add here are the
‘constructor patterns’ of [LZHO08] and are reminiscent of a ‘positive focusing phase” in which
many positive types are decomposed at once, though unlike focused logics we do not
require that a type is maximally decomposed by a pattern match.

The common feature of the types that can be matched is that they each have judgemental

avatars as context structure, and pattern matching will decompose a composite of these
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types into their judgemental versions simultaneously. We do not include patterns for +-
types or the 0-type, or any other (higher) inductive type: this simplifies the rules somewhat
as every pattern match will have exactly one branch.
The first new judgement is for a ‘telescope’, which is the collection of new variables
bound by a pattern:
t<®|THY|A tele

where t < @ | T ctxand ¥ palette. Extending this context with the telescope yields

t<(P,%) |, A ctx

where the Y palette is placed under the top colour label, rather than adjacent to it. The rules
for forming telescopes, Figure 1.20, are the rules forced by the requirement that this latter

context be well-formed.

Remark 1.6.6. In ordinary MLTT, telescopes in a context coincide with all possible extensions
of that context that one can encounter in a derivation that ends with that context. This is
because the only modifications to the context that appear are extending it with additional
variables on the right.

The notion of telescope we use here is more restrictive: we can only extend the palette
t < @ with a single additional subpalette ¥, combined with a comma. This does not include
the ‘linear” context extension used in —o-types, nor does it include any filtering of the
original palette; both of these ‘context extensions” could be encountered in a derivation

ending in the palette t < ®.

Palette Substitutions. When a pattern is matched, we will need to do a simultaneous
substitution for all the variables bound in the pattern. A substitution for a telescope will
consist of two pieces. First, we have to decide how the resources of the context are used to

produce the resources of the telescope, in the form of a palette substitution ® t- x : ¥. This
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t<d|THY|Q tele
t <Y ¢ colour

t<®|Tctx ¥ palette (t<D,%)|T,0 A type
TELE-EMPTY TELE-EXT
t<d|THY|- tele t<d|THY|Q,x: A tele

t<d|THY|Q tele
¢|L,QF A type

TELE-EXT-MARKED
t<®|TFY|Q,x: A tele

t<®|THY|Q tele
CTX-EXT-TELE — — — — — — — — — ——
t<®,¥|T,Q ctx

Figure 1.20: Rules for Telescopes

is an assignment of once slice of the domain for each colour of the codomain, in a manner
complying with the linearity restrictions of both palettes.

Palette substitutions are formed by induction on the codomain, the rules are given in
Figure 1.21. Palette substitutions are formed using an auxiliary judgement ®° I~ x : ¥ where
® |- s slice, the purpose of which is to make the substitution operation easy to compute by
hand. Going up a derivation, less of the palette remains to be used, and the slice s keeps

track of the part that is accessible.
¢ There is a unique substitution into 1, as 1 represents the terminal object.

¢ A substitution into a x-bunch is given by substitutions into the components, keeping
the domain palette the same. Allowing the palette ® unchanged on both sides is what

builds in contraction for the palette ,.

¢ A substitution into a ®-bunch is given by splitting the domain and providing substi-

tutions from each piece into the two components.

¢ A substitution into a palette headed by a label is given by an individual slice rep-
resenting the whole palette, together with a substitution into the palette under the

label.

131



(I>|—K121Y1 CDI‘KzZ‘FZ
PAL-SUB-EMPTY —— PAL-SUB- X
dF-:1 Cbl_Kl,Kzl‘fl,‘fz

® - 55, Msg presplit

CDSLFKL:TL CDSRI—KR:‘PR ® - U unit
PAL-SUB-® PAL-SUB-UNIT -
OFx g : YL RYr qu‘(LI/])@]

D s slice
®+ u(s) R presplit ) kY

PAL-SUB-NAME
PF(s/c<xK):(c<Y¥)

Figure 1.21: Rules for Palette Substitutions.

Here we have used a sneaky trick: the split @ - u(s) X & presplit ensures that the slice

s chosen represents some subpalette that can be cartesian weakened to the original ®.

Telescope Substitutions. Given a palette substitution t < ® - x : ¥, a telescope substi-
tutiont < ® |T'F (x| 0) : ¥ | A is formed by providing for each variable x° : A, a term
a : Alx | 0] that uses the resources in the preimage of ¢, i.e. in the slice ¢[k] slice. The rules

for telescope substitutions are given in Figure 1.22.

1.6.3 Patterns
A pattern is represented by a judgementt < ® | T' - ¥ | A F p : A pattern, which

presupposes that

t<® | FY|Atele
t<d |T F Atype

t<®,¥Y|[,AFp: A
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t<PFHx: Y
t<®|TkH(x]):¥]-

TELE-SUB-EMPTY

t<®|TH((x|0):¥|Q
(t < @) | Tl g Al | 6
t<®| Tk (x|0,a/x):F|Qx:A

TELE-SUB-EXT

t<®|TH(x]0):¥]Q
c|CFa:Alx|0]
t<® |k (x|6,a/x): ¥ |Qx:A

TELE-SUB-EXT-MARKED

t<®[THE|[0):¥|Q t<&Y|[,OTIFT

t<® |,k | 6] F Tk | 0]

Figure 1.22: Rules for Telescope Substitutions

We think of the type A as exactly the telescope ¥ | A tele packaged into a type, with p the

term that constructs a term of the type given the telescope.

There is a second judgement that defines when a term matches a pattern: we write this

as

t<®|T'Faiplc|0]:A

presupposing that

t<®d|Tha:A
t<®|T'FY|AF p: A pattern

t<®|TF(k]|0):¥|A

It follows quickly by induction that whenever we have ® | T - a < p[x | 6] : A, also

a=plk| 6.

The rules for patterns and pattern matching are given in Figures 1.23 and 1.24. Consid-

ering the patterns one-at-a-time:
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t<d|TF A type
t<®|T-1|x': AF x: A pattern

t<®|TFY|Q1F pp: A pattern
t<®|T,x': AF B type
t<P,Y, | IOFY | O + p2: B[pl/x] pattern
t<® | I'HY,,%, | O, F (pl,pz) :Z(x:A)B pattern

t<®|TH1]|-F%:1 pattern

t<®|THFY|QF p: A pattern
t<®|TEY|QF (p,prefly) : Ca) Liy:a) X =a y pattern

t<®|THFY|QF p: A pattern
t<<b\Fl—1\Ql—Eh:bApattern

o, |[THYL| QLF pr: ACT! pattern
CR ’ I,Op+FYxr | QOr PR : B[ﬂ/X]CRHt pattern

t<d | I'k (CL < ‘PL) & (CR < ‘PR) ‘ O, Or B (pL . Ocx pR) : ®(1:A) B pattern

t<®|Tko;| Fx:S pattern

t|THYL | QpF pL: A pattern
t<®|TEYL|QpF (pL ®y<p, 1) O(xa)S pattern

t|L,x:SF Btype
t|TFYr | Qrt pr:B[x/x] pattern

t<®[THEYr|OrRF (i y<5,® PR) : O(x:5) B pattern

Figure 1.23: Rules for Patterns
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t<®|Thacix]-|a/x]: A

t-<CI>|FI—a><1p1[K1\51]:A
t<®|TFboapafka | 6] 2 Bla/x]

t<®|TF (a,b)(p1,p2)K1, k2 | 61,6] : Y(x:a) B t<®|Thkxpax[-]|]:1

t<®|T'Faxplc|d]:A
t<® | Tk (a,arefl) > (p,p,refl,)[x | d]: A

t|ChEnap[x|d]: A
t%@\Fl—nhMBh[KM]:hApattern

t < O F sp Ksg split
oL ‘ ree FﬂNpL[KL | 5L] A
PR | TR k= b1 prkr | Or] : Bla/x]

t< @[Tk (a,®b)>(pL @ pr)[(sL/cL <L) ® (SR/cR < KR) | 01, 0R] : ©(x:a) B

f-<(p|r|_t1jD<1I1iU/i|']

t<®|r|—aD<IPL[KL|5L]2A
t<D[T'F (2@, 1) (PL Py<g, i)k [ L] : A®S

t <@ [T+ b (prlx/x])[kg | 0r] : Blu/x]
t <@ [T (s, ®b) D (i 2o, @ PR)[KL | 01] 2 O x:5) B

Figure 1.24: Rules for Pattern Matching
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¢ First, we have the variable pattern, which matches any term.

* Apattern (p1,p2) : Y(x.a) B matches (a,b) : Y 1.4y B if a matches p; and b matches pa.

The telescopes bound by p; and p; are combined with a comma.

¢ The pattern % : 1 matches x : 1. (Recall that we include the #-rule for the cartesian

unit, so x = % for any x : 1.) Doing so binds no new variables.

* The pattern (p, p,refly) : Y(1.a) L(y:a) X =4 y matches the term (a, a,refl;) when p

matches a. This binds the same telescope that p does.

¢ The pattern Bh : §A matches a°. By the 5-rule for fj, this applies to any term 7 : §A,
because n = ﬂbh. This binds the telescope bound by p with every variable replaced

with a zeroed variable.

* The pattern (pr ., ®, Pr) : ©(x:a) B matches (a ,, ®,, b) if 2 matches p; and b matches
pr. This binds the telescopes of pr, and pr with their palettes combined with a ®,

using the two colour names ¢y, and cr the top colours of each subpalette.

* The pattern x; : S matches x; for any unit label j. This binds a new judgemental unit

;.
* The pattern (pr (®, <z, 1) : A ®S matches (a (®, -4 1;) if a matches pr, where the
split used must be the unitor split. This binds the same telescope as p; .
1.6.4 Matching

To use a pattern, we use the let-binding rule as shown in Figure 1.25.
A uniqueness principle holds for any pattern, along the same lines of Proposition 1.3.6

for ®. For the third and hopefully final time:
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t<®|TFY|QF p: A pattern
t<®|T,z': Ak C type
t<P,Y|I,QFc:Clp/z]
t<®|THa:A

MATCH
t<®|Tkletp=ainc:Cla/z]

t<®|T,z': AF C type
t<P,Y|I,QFc:Clp/z]
t<®|THFY|QFaraplx|6]: A pattern

MATCH-BETA
t<®|TH (letp=ainc)=clk|0]:Cla/z]

Figure 1.25: Rules for Match

Meta-Proposition 1.6.7 (Uniqueness principle for patterns). Fixing any pattern

Y| AF p: A pattern,

suppose C : A — U is a type family and f : [1(,.4) C(a). Then for any a : A we have

(let p=ainf(p)) = f(a)

1.6.5 Discussion

Remark 1.6.8. Because 1, X-types and §-types have definitional 7-rules, the 1, X- and g-
patterns on their own can never be ‘stuck’: #-expanding the target of the pattern match
will expose a term that matches the pattern. (This somewhat justifies the X-type pattern-
matching syntax used in ordinary HoTT.) Patterns matches containing these types can still

be “stuck’ if they are used within a larger pattern that contains @ or Id elsewhere, however.

Remark 1.6.9. There is the question of adding patterns for 4--types, pushouts, and other
higher inductive types. Combining pattern-matching for 4+ with pattern-matching for ®
would force ® to preserve coproducts, a property that might not hold in every model

(absent the hom right-adjoint).

137



Remark 1.6.10. Rather than adding pattern matching, one’s first instinct might be to let the
variable z' : A ® B used as the target in ®-ELIM have an arbitrary colour, not necessarily the
top colour of the palette. In the aA-calculus [OHe03], the ®-ELIM rule works in this way: the
variable eliminated by ®-ELIM may be placed anywhere in the context. This is reminiscent
of ‘deep inference’ [Gug07], a proof system which allows rewriting of formulas anywhere
in a structured context. Horsfall [Hor06] formulates the logic of bunched implication in a
system with deep inference.

In our type theory, an eliminator of this kind fails because the resulting rule would
not be closed under substitution. If z' where [ is bound in a different, outer use of ®-ELIM,
then a substitution for [ might replace [ with a general slice of the palette. Our theory
(intentionally) has no context extension with shape z° : A for s a slice.

Instead, we could make ®-ELIM a ‘Frobenius’-eliminator. Rather than extending the
context with z' : A ® B, we extend the context with an arbitrary telescope ¥ | A that contains
z¥ : A ® B so that p in an arbitrary place in ¥. The corresponding eliminator would look

something like the following;:

®-ELIM-FROB?
t<P | T I—‘F{p < ‘Y’} | A, ZP ®(£:A) B,A’ tele

t<O,¥|[,A,zZ: ®(§A) B,A' F C type
t<®¥{p <Y, t®@b} |T,AX:Ay" :B,N[x ®,y/z] Fc:Clx Q,y/Z]
£<®|TF (x| 0):¥ [ Az : Opun) B A

t<®|THlet¥{p <¥,t@b} |Ax: Ay :BAN[x ®y/z] = (x|8)inc:C[x | 6]

(let ¥{p < ¥, t®@b} | Ax": Ay":B,A[x ®yy/z] = (k| 0,a,®,,b/z0)inc)

= c[x{s./t@sr/b} | 0,a/x,b/y,0'] :Clx|0,a2b/z,0]

An eliminator for + in this style in the context of a bunched type theory is discussed in
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[Sch06, §4.3]. In ordinary dependent type theory without I1-types, the ordinary two-sided
eliminator for Id-types is strictly weaker than a Frobenius eliminator for Id-types [GG08, Re-
mark 3], and the one-sided eliminator is sufficient to derive a Frobenius |ld-eliminator [Lum18;
BK19]. In MTT [GKNB20], a Frobenius eliminator for Id-types locked behind a modality is
not derivable and must be added as a base rule [Gra21].

The practical issue with the Frobenius rule for ®-types given above is the proliferation of
new judgements and operations needed to make sense of it. These rules involve telescopes-
of-telescopes (A’), a special substitution into these telescopes-of-telescopes (A'[x ® y/z] and
C[x ® y/z]), identifying the middle of a telescope substitution (x | 0,a ; ®,, b/z,0") and
rewriting the middle of a telescope substitution to divide the ®-INTRO into its components:
(k{sL/t®@sr/b} | 6,a/x,b/y,0).

Pattern matching is much simpler, and is equivalent in power to the above Frobenius
rule. It is also more economical: if we wish to perform induction on a deeply nested
®-type, the above eliminator forces us to eliminate each instance of ® individually, possibly
duplicating large sections of the context as part of the telescope A each time. With pattern

matching we eliminate all of the ®-types at once, only extending the context once.

1.7 Related Work

We survey other work that tackles similar issues to the present type theory.

1.7.1 Modal Type Theories

The natural modality follows the work on constructive modal logics such constructive S4,
intuitionistic linear logic, and adjoint logic — especially presentations with two contexts or
different judgements for modal assumptions — and their generalisations with dependent
types [Bar96;, BW96; PD01; AMPRO01; NPP08; Ree09; PR16]. The most directly related calculi

are spatial type theory [Shul8] and the calculi for right adjoint functors/comonads [Clo18;
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BCMEPS20; GSB19]. While these previous works inform our design in Section 1.1, none
consider a bireflective modality as we do here, and there were still some interesting design
questions specific to our setting. For example, because f is both a monad and a comonad, the
previous work suggests two possible designs: [PD01; Shul8] have special context structure
corresponding to a comonad, and the counit is a “silent” operation (not marked in the proof
term), while [GSB19] has special context structure for a monad, and the unit is a silent
operation. In our setting, we have both a monad and a comonad, but the “roundtrip” of the
unit followed by the counit is not the identity, so we cannot make both the unit and counit
silent. After some experimentation, we chose to make the unit silent and the counit explicit
via “marked” variables.

The presence of both the unit and counit mean that there is no separation of the context
into two zones: the MARKWK rule can weaken any term to one where marked and unmarked
assumptions are interleaved. This is not so important for the g-fragment of the theory,
because the rules for j-types mark the entire context. It becomes crucial once ®-types are
included, because filtering the context to an arbitrary slice could mark variables anywhere
in the context.

Some additional related work develops frameworks for modal type theories in gen-
eral [LSR17; LRS22; GKNB20], but our setting is not quite an instance of these frameworks.
The first [LSR17] lacks dependent types, but can describe the simply-typed fragment of our
type theory. The in-progress extension of this work to dependent types [LRS22] should
be able to capture the same semantic situation as that captured by our theory. The mode
theories of the second [GKNB20], do not allow making the left adjoint types (“locks”) into
CwF morphisms, which corresponds in our setting to defining the natural operation on
contexts as a context of individually marked variables rather than an operation that applies
at once to the entire context.

Additionally, our contribution in Section 1.1 is an “optimised” syntax where structural

rules are combined with other rules, and as much is admissible as possible, and the step
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from these frameworks to an optimised syntax is currently one that must be undertaken for

each type theory separately in any case.

1.7.2 Bunched Type Theories

The existing work most comparable to our ) and () types is Schopp and Stark’s Bunched
Dependent Type Theory [Sch06; SS04]. Their work is motivated by similar semantic consid-
erations to ours: their goal is to find a type theory that has a natural interpretation in the
‘Schanuel topos’ [GP01], which has a useful monoidal structure. Beginning with ordinary

dependent type theory, they add a context formation rule

I' ctx A ctx

I'® A ctx

i.e., there is no dependency across bunches. The corresponding monoidal pair type therefore
requires the input types to be closed. The other critical difference to our theory is that the
monoidal product is affine, meaning that the monoidal unit is the terminal object. This
is certainly not the case in our models of interest. Affineness manifests syntactically as
a permissive variable rule: every variable in scope is usable, regardless of where in the
context it lies.

Cheney’s A'™ [Che09; Che12] is a subsystem of the previous type theory, where rather
than adding binary bunches of contexts, there is a special context extension that creates a

linear bunch:

I' ctx & name

T#Ha:a ctx

which should be thought of as the bunch I' ® a. Here name is a special syntactic class, we

are not permitted to form a bunch with an arbitrary type. Like Schopp and Stark, the
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theory is inherently affine: the variable rule permits the use of any variable from the context,
regardless of whether that variable is to the left of one of these special context extensions.
Working with a simpler system allows Cheney to show decidability of typechecking and
strong normalisation. Pitts, Matthiesen and Derikx’s FreshMLTT [PMD15] similarly uses a
special context extension for names that is treated affinely.

In his book on bunched implication, Pym [Pym02, §15.15] briefly speculates on what a
dependent bunched theory might look like. The following formation rule for bunches is

suggested:

T+ A bunch

FT ® A bunch

which appears to build in a kind of affineness: variables on the left are permitted to be used
on the right. A curious idea is considered: to allow variables of the same name and type to
appear multiple times in the context®. For example, if we have /i : (@) (x.4) B(x) — C(x) —o

D, the theory allows a term
(x:A)@(y:B(x))®@(x: A)®(z: C(x)) F h{x){y)(z) : D

It is not entirely clear how this might be interpreted categorically. In our system we sidestep
this issue by requiring the argument type of a hom to be dull.

There have been some extensions of the simple aA-calculus. Collinson, Pym and Robin-
son [CPR0O8] add polymorphism, where both the context of type variables and context of
ordinary variables are both bunched. Atkey [Atk04; Atk06] allows a more refined notion
of separation between variables: rather than only having a binary tensor that separates
two variables, an arbitrary symmetric relation describing ‘separatedness’ is allowed. An

unpublished note by Zeilberger [Zei05] uses a second context zone to extend propositional

|

®Pym even states that “the two occurrences of x may be seen as different ‘colourings’ of x
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BI with a modal operator corresponding to the [J modality of S4. Such a modality is a
comonad presented in a positive style, making it more like the b modality than . These
systems do not discuss dependent types.

A blog post by Krishnaswami [Kril1] tackles the issue of weakening and contraction
not being admissible in the (simple) aA-calculus. Each shift between linear and non-linear
bunches in the context is annotated with a label, and there is special term syntax that
adds and removes these labels from the context. This is similar to our colour labels, but ®
bunches are also given a label, not only x bunches. This makes some forms of weakening
admissible: any x bunch can silently have additional sub-bunches added.

But this does not capture all weakenings that are possible in the original aA-calculus,
specifically those that create new x bunches. Recall that in the aA-calculus, x of contexts is
represented by a semicolon and ® by a comma. The weakening rule allows us to go from
any judgement in context Aj, Az, Az to one in context ((A1,Az);T'), A3, corresponding to
substitution by the projection ((A; ® A2) X T') ® Az = A @ A ® As.

Now consider weakening a hom application in the following way:

All—f:A—OB Az,Ag,l—a:A
—o-ELIM

Al,Az,A3 F f(l : B
WK

((A1,82);T),A3 - fa: B

In the rules of the blog post, the final context is denoted r[s[A1, Az];T], Az with the labels
marking the shift between the two kinds of bunches (the names r and s chosen arbitrarily).
There is no way to push this weakening into the premises of the —o-ELIM because of the
way I' binds Aj and A, together, and the —o-ELIM rule does not build any weakening into
its conclusion. This is not easily fixed: —o-ELIM would need to build in a way to reassociate
the context, bind new labels, and weaken, which is exactly what the palette notation in our

theory allows us to do.
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1.7.3 Indexed Type Theories

Schreiber has hypothesised [Sch14, §3], [Sch17, §5.5], [nLabb] a kind of linear dependent
type theory suitable for doing synthetic stable homotopy theory. The natural semantics
for such a type theory would be in indexed monoidal (co-)categories, so a category C with
appropriate structure (typically a topos), and a functor £ : C°? — SymMonCat equipped
with base-change operations. We will see that this kind of structure can be recovered
internally to our type theory in Section 2.4.

A formal syntax for working in such an indexed setting directly is Vakar’s Intuitionistic
Linear Dependent Type Theory (ILDTT) [Vak14; Vak15]. The judgements for types and

terms have the shape

' A type IAkFa: A

Contexts have an “intuitionistic zone’ I' and a ‘linear zone” A, both ordinary lists of variables
with types. The I' zone corresponds to an object of C, and the A zone to an object of the
fibre £(T'). Assumptions in I' may depend on previous assumptions in I', but A has no
internal dependency. Types are formed only with reference to the intuitionistic zone, terms
may reference the linear zone: a term I'; A - a : A corresponds to a map a : A — A in the
category L(T').

The non-dependent ®- and —o-types, together with other linear logic type formers such
as &-types, are then defined with a fixed intuitionistic zone. These all correspond to the
fibrewise structure available in each symmetric monoidal category £(T').

All types in this system are ‘linear’, and extending the I' context with another assumption
x : A means using a comprehension operation ([V4k14, Definition 1]) to construct an object
A e C/T from A € L(T'). In a hypothetical model of ILDTT in parameterised spectra, this

operation takes a parameterised spectrum to the space with Q® applied fibrewise ”. This

"We can define this operation internally to our type theory; see Definition 2.2.30
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means that the only ‘spaces’ that can be manipulated in ILDTT are those of the form ()* A
for A : Spec, which is an extremely special class of spaces. ILDTT has a couple of other
disadvantages: the dependent type-formers X and I'l; only allow their domain types to be
used nonlinearly’, i.e., via a trip through (), and it seems unlikely that there is a notion of
universe for this system.

Recent work of Isaev on Indexed Type Theory [Isa21] also divides the context into two
pieces, but importantly divides types into two different sorts: ordinary typesI' - A type
and indexed types I' | A I B ixtype. The fragment of the theory that does not concern the
indexed context A is ordinary dependent type theory, avoiding the () issue of the previous
theory. He suggests in a recent talk [Isa20] that one could add stability axioms and possibly
type formers ® and —o to the indexed portion of the type theory to allow working with
spectra over the base space described by T'.

The downside of this approach is that, because base types and indexed types live in
different sorts, one needs to replicate a lot of constructions in both the base theory and the
indexed theory and assert axioms relating the two. For example, one needs a specialised
‘indexed” version of the suspension and loop-space operations, whereas in our theory the
ordinary operations apply even to types with linear information. Our theory also allows a
‘type of all spectra’: spectra are simply the g-null types, and so we can quantify over spectra
using ordinary X and Il-types.

A third line of work with this sort of judgemental structure is the LNL theory of
Krishnaswami, Pradic and Benton [KPB15]. The nonlinear and linear types again live in
different sorts, with adjoint operators that transport between the two. Linear types can only
depend on nonlinear types, so there is no ‘genuine linear X-type’, only a kind of pair type
where the domain is a nonlinear type. As in ILDTT and ITT above, the linear operations all
happen ‘in a fibre’, keeping the nonlinear context fixed.

LNLp includes a number of equations, such as equality reflection, that make type-

checking undecidable and a homotopical interpretation unavailable. These points are
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not the focus of their work however, and their dependent type theory is used to give a
proof-theoretic analysis of an imperative programming language; such applications are far

outside the scope of our work.

1.7.4 Quantitative Type Theories

Quantitative Type Theory, introduced by McBride [McB16] and extended by Atkey [Atk18],
is closer to our theory: there is only one notion of type, with the linearity restrictions tracked
by annotations on each variable in the context. These annotations are drawn from a fixed
semiring, and control when a variable may be used. There are many non-dependent type
theories where variables are annotated similarly [GS592; POM14; BGMZ14; Abel5; AB20;
AW18; WA20; OLE19], with the annotations controlled by some kind of ring-like algebraic
structure.

The semiring used most often with QTT is the ‘none-one-tons’ semiring {0,1,w}. A
0-use variable may not be used in a term, but can still be used to form types. These
roughly correspond to our marked variables: those variables whose ‘linear” content has
been expended, but which is still available to be used in a ‘nonlinear” way. In QTT this
is often thought of as meaning the variable is not used ‘at run-time’, or is used “non-
computationally’. A context consisting all of 1-use variables would correspond in our
theory to a context where each variable was in its own ®-bunch, and a context consisting of
all w-use variables would be one where each variable is labelled with the top colour.

A key difference to our theory is that all dependency in QTT occurs through 0-use
variables: every type formation rule requires an entirely zeroed context. In our theory, we
can certainly use non-marked variables to form types.

The bunched context structure that we use lets us describe variable use in a more refined

way than QTT. For example, our context

t®@b|x Ay B,z C
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specifies that the red and blue pieces must be used linearly, but once we have access to the
red part of the context, say, each of x and v can be used arbitrarily many times. This has no
analogue in QTT: x and y would either be 1-use or w-use, and neither option captures the
correct relationship with z.

An advantage of QTT is that it unifies X-types with the ®-types and II-types with the
hom-types, recording the difference between each pair with different usage annotations in
the type formers. QTT is also parameterised over the choice of usage semiring, with each
choice of semiring giving a different notion of substructurality.

There are many other linear dependent type theories that share the property with QTT
that variables are marked as either linear or nonlinear, and types may only depend on
nonlinear variables. Among them, [CP96; WCPWO03; IP98; IP99], and [Pym02, §15.3].

The Graded Modal Dependent Type Theory (GRTT) of Moon, Eades and Orchard [MEO21]
is a significant generalisation of QTT which allows types to depend on variables in the same
way that terms do. Each assumption in the context has an associated vector of usage values
describing how it uses all the prior variables, and the variable rule ensures that these usages
are coherent over the context. This added flexibility does not seem to capture bunched
structures.

Proto-Quipper-M of Fu, Kishida and Selinger [FKS20; FKRS20] extends QTT in a different
direction, instead carving out a subset of terms and types that behave nonlinearly: their
‘parameter’ terms and types. There is a ‘shape’ transformation on syntax that takes any
type A to a parameter type Sh(A). This Sh operation is like our § modality, but as a
transformation on syntax it builds in the various equivalences that commute f with the
other type formers (Proposition 1.1.18, Proposition 1.1.11, Axiom C). Linear types may
depend non-trivially on the shape of other linear types, and this makes the dependency
structure of their ® like ours: in a ® type, the right type may depend on the nonlinear

resources of the left.
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Chapter 2

Mathematics

Many of the results of Section 2.1, Section 2.2 and Section 2.3 concerning the §j modality
previously appeared in joint work with Dan Licata and Eric Finster [RFL21]. Axiom N

arose out of conversations with Mike Shulman.

Our type theory is put to work: we prove some basic results in stable homotopy theory

synthetically.

e In Section 2.1 we study the ‘spectra’; the types such that §A ~ 1. We will see that they
are pointed and that ordinary functions between them are automatically also pointed

functions, avoiding the need to carry around proofs of pointedness.

¢ In Section 2.2 we describe a stability axiom that forces the internal category of synthetic
spectra to be stable, in particular making > - () an adjoint equivalence for these

synthetic spectra.

The stability axiom also has effects on the other type formers. Like any type in the
theory, the universe U/ corresponds to a space-valued family of spectra. In Section 2.2.1

we use the stability axiom to determine what this family of spectra actually is.

¢ In Section 2.3 we suggest a second axiom, which connects synthetic spectra to ‘analytic’
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spectra, defined concretely as sequences of pointed types with connecting maps. This

uses some recent work on sequential colimits [SDR20] in type theory.

¢ In Section 2.4 we show that for any space X there is an internal category of parame-
terised spectra over X, and for any internal map of spaces X — Y, there is an induced

“six functor formalism” between these internal categories.

2.1 Spectra

Informally, the §-modal types A ~ A are those with no synthetic spectral information—we
think of jA as forgetting the spectra and replacing them with the trivial one, so if A is
equivalent to §A, then A had no spectral information to begin with. Dually, we can consider
types with only synthetic spectral information, which can be defined by demanding that
its underlying space is contractible. In our intended model, such a type corresponds to an
individual spectrum indexed by the point — finding the spectra among the parameterised

families of spectra as those families where the index space is trivial.

Definition 2.1.1. A type E is a spectrum if §E is contractible. We have

Spec := Y (gqy)isContr(4E)

for the type of spectra.

This is an instance of a general definition: for any monadic modality (), a ()-connected

type A is one such that ()A is contractible [RS520], so a spectrum is a f-connected type.

Remark 2.1.2. The type theory thus far admits more models than the intended model in
parameterised spectra, so we should more properly refer to f-connected types by some
other name, for example “reduced” types, by analogy with the reduced excisive functors of

Goodwille calculus.
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Remark 2.1.3. With spectra in mind, we can clarify why the syntactic property of a type
E being dull is not the same as it being modal. Thinking of our intended model, the only
spectrum that is also a space is the point. However, we can have a non-trivial spectrum that
is dull, which describes the relationship of E to the context—a dull spectrum is one that only

varies over the underlying space of the context.
These j-connected types are not difficult to come by:

Definition 2.1.4. If A is any type and x : §A is a dull point of its base, the spectrum over x is

the type
Ag =Y (x =17
When A is dull, there is a canonical point of A, given by (xy, refly) : Y .4)(x = y”).

Proposition 2.1.5. A, is a spectrum.

Proof. We calculate:

s (Z(Wx) (x = y“)) ~ Y uali(x =u")  (Proposition 1.1.18)

~ Y upa)(x = ghb) (=34 is modal by Proposition 1.1.17)

which is contractible. 0
This lets us internalise the idea that every type is a ‘space-valued family of spectra”:

Corollary 2.1.6. For any type A,

A=) (vpa)Ax

Proof. Expanding Ay on the right, and using the fact that x = x:

Z(x:hé)Z(y:A)(l = yb) = Z(x:tA)Z(y:A)(x = yb)
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Interchanging X-types we obtain a contractible pair. O
Recall the following standard definitions:

Definition 2.1.7. A pointed type is a pair (A, a) of a type A and a term a : A. A pointed map
from (A, a) to (B,b) is a function f : A — B and a path p : f(a) = b. Write U, for the type

of pointed types and

A= B:=Y raspfla) =D

for the type of pointed maps.

Note that a type or map being pointed is structure, not a property. However, it is
common to abuse notation and write A —, B rather than (A, 2) —, (B,b) when the points

of A and B can be inferred from context.

Definition 2.1.8. Any dull spectrum E has a canonical point x¢ : E given by the composite
1 — §E — E, where the first map is part of the data of §E being contractible, and the second

is EE.

Proposition 2.1.9. Any dull map f : E — E between dull spectra is a pointed map in a canonical

way.

Proof. In the diagram

the top triangle commutes by contractibility of §F, and the bottom square commutes by

naturality of the counit, so we have a path equipping f with the structure of a pointed
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map. O

We can’t show that this pointing of f : E — F is unique, but we can show that the
underlying space of ‘f is pointed’ is contractible, i.e. ‘f is pointed’ is itself a spectrum.

Hence:
Proposition 2.1.10. If E and F are dull spectra then j(E — F) ~ §(E — F).

Proof. We verify

H(E—«E) =4 (2(f:§—>£)f(*£) = *£)

~ Z(f:h(ﬁ—@)h(iu (%) = *E) (Proposition 1.1.18)
~ Z(f!h(ﬁﬁﬁ))iu (*)" =IF *Eh (Proposition 1.1.19)
~ f(E — F) (hE is contractible)

O]

Remark 2.1.11. In the pointed spaces model of Section 3.3, these internal spectra interpreted
as “synthetic pointed types”. In the notation of that section, a fj-connected type A has BA
contractible, so EA is just a single type, and its section pA is just an element of EA. Moreover,
any function f : A — B between such types is a “synthetic pointed map”—inside the type
theory, we do not need to carry around the data saying that f preserves the point, but in the
pointed spaces model it will be interpreted as a function that preserves the sections of A

and B, i.e. the points.
Spectra are closed under many operations:

Proposition 2.1.12. Spectra are closed under X-types, @-types, identity types, pullbacks, pushouts,

suspensions and loop spaces.

Proof. Closure under %, identity types and pullbacks holds for any lex modality [RSS20,

Theorem 3.1]. Closure under ® follows from Proposition 1.3.21. Closure under pushouts
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follows from Proposition 1.1.29. Suspensions and loop spaces (defined via identity types)

are special cases of pullbacks and pushouts. O
Proposition {C} 2.1.13. Spectra are closed under —o-types.

Proof. This is immediate from Axiom C: we have §(E — F) ~ (1E — {F) ~ (1 — 1) ~

1. O

For each of the type formers of our theory, we can investigate what the spectrum over

each point in the base is.

Proposition 2.1.14. For any types A and B and any fixed x : §A and y : 4B,
(A x B)(Ewyt)t ~ Ay ®By.
More dependently, given A : U and B : A — U, for fixed x : A and R 1B (x) we have

(Z(x:A)B(X)> ~ Ax @ B(x)y.

(x59,)"

In the interest of reducing clutter, we will simply write (A X B)(y, etc., implicitly using

the equivalence fj(A x B) ~ (1A x §B) of Lemma 1.1.17.

Proof. We write each type as the ‘sum of its fibres” as in Corollary 2.1.6:

A X B~ (Z(X:hé)Al) X (Z(y:hB)BZ)
(x:h (

A)Z y:4B) (Al X Bg)

~

It is clear that this map composed with the projection onto the first two factors is equal to
the canonical map A x B — §A x B, and so the fibre of this map over (x,y) is observed to

be Ay X By. O
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We expect our ®-type to behave like an external tensor product and to be calculated

‘pointwise’, and indeed it is:

Proposition 2.1.15. For any dull types A and B and any fixed x : §A and y : §B,

and so

Proof. This is very similar, but we use Proposition 1.3.12 to pull the spaces out of the ®-type:

A®B~ ( (x:5A) A ) (Z(y:uﬁ)ﬁz)
~ ¥ esn Evan) (A: © B, )

Again, the projection onto the first two factors is equal to the canonical map A ® B —

1A X §B, and so the fibre is A, ® Ez as we hoped. ]

The situation for function types is not as simple; we do not know of a general characteri-

sation of the spectra over some point ]: : §(A — B). We can however say the following;:

Proposition 2.1.16. For any A, B : U, there is an equivalence

A= B = YpsasplliaAx = By

Proof. Tt is enough to calculate the fibre of the map (A — B) — (1A — §B) over some
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function f : §A — B

~ Y(g:am) [T f (1) = (g(nﬁ)”
~ V(gasn] T f@*) = (g(a))’
= [Twn) o) f (a%) = b°

=~ Tla:n) B far)

~ T((0)Lrian) A0 Br ()

~ [T(epa)Azx = By

(Function Extensionality)
(Theorem 1.1.15)

(Univ. Property of X.)
(Definition 2.1.4)
(Corollary 2.1.6)

(Currying)

O]

This is not enough to calculate the spectrum over a function f : (A — B), because

in general Ay — Bg(y) is not a spectrum, even though the domain and codomain are

themselves spectra.

We can give a similar description of the hom type:

Proposition 2.1.17. For any A, B : U, there is an equivalence

A — B>} (rra8) ] Lxna)Ax — Byy)

Proof. Tt is enough to calculate the fibre of the map (A — B) — (1A — §B) over some
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function f : §A — B

= Z(XIA—OE)H(n:hA)Jj (n) = (g (ﬁn>)u (Function Extensionality)
~ Y(ga o) aa f(@°) = (g(a))* (Theorem 1.1.15)

~ ¥ (gaen) D f (@) = (g(a))* (Proposition 1.5.16)

= W -A)E(b:ﬁ)ﬂfh) = b’ (Proposition 1.5.19)

~ D(a)Bsar (Definition 2.1.4)

=~ O ()2 n) A0 Br(x) (Corollary 2.1.6)

>~ [(xpa)Ax = By (Proposition 1.5.17)

O]

Again, in general this does not let us calculate the spectrum (A — B) » because A, —

By (y) is not necessarily itself a spectrum. But Axiom C forces this to be so:

Proposition {C} 2.1.18. Forany A,B : U and h : §(A —o B), there is an equivalence

(A — B) = 1(x4)Ax —° By, (x)

Proof. Follows by composing the above equivalence with Axiom C, and observing that the

resulting map (A — B) — (A — B) is the canonical one. O

2.1.1 The Modality and Pointed Types
We need to record some interactions of §f with pointed types and pointed functions.
Lemma 2.1.19. If B is a space then then A —, B is a space.

Proof. By Lemma 1.1.17, spaces are closed under ¥, = and I1 where the codomain is a

space. t
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Proposition 2.1.20. For any pointed type (A, a), there are canonical points a : A and a® : 1A for

which the unit 5, : A — QA and counit €4 : fA — A are pointed maps.

Proof. Both are immediate from the definitions:

(Ax.x?)(a) = a°

(Anny) (@) =a*y =a

The following is a standard characterisation of equivalence between X-types:

Lemma 2.1.21. Suppose we have type families P : A — U and Q : B — U. If we have an

equivalence f : A ~ B and a family of equivalences g : P(x) ~ Q(f(x)) then the map

(A(x, p)-(f(x),8x(P))) * By P(¥) = L) QY)

is an equivalence.

Proof. WehaveX : (XA :U.A — U) — U, and the given data is equivalent to (A, P) =(z az/.a-u)

(B, Q) by univalence and the definitions of paths in X and IT types. O

Proposition 2.1.22. Let (A, a) and (B, b) be pointed types with B a space. Precomposition with

A —, BA induces an equivalence
(bA —. B) =~ (A —, B)
Proof. We have seen (Theorem 1.1.15) that there is an equivalence

w: (§A — B) ~ (A — B).
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So we need to show that for every f : 1A — B, there is an equivalence

(f(a°) = b) = (w(f)(a) = b)

but w is precomposition with the unit, so the type on the right is also (f(a’) = b). O

Proposition 2.1.23. For dull pointed types (A, a) and (B, b), post-composition with (—), : §B — B

induces an equivalence
0(8A =+ 1B) ~ (84 =+ B)

Proof. Because § commutes with X by Proposition 1.1.18, we can again apply Lemma 2.1.21

so it is enough to show that the map

Eratea-m)b(f, (@) = ) = E(gaeann) (8, (@) = b)

induced by post-composition is an equivalence.

First, we know by Theorem 1.1.24 that
w:4(1A — 1B) ~ (14 — B)
Explicitly, this is
w(f) = (A f, (1))
So we need to produce for every f : §(§A — §B) an equivalence

1(f, (@) = b%) = 4((w(f)):(a") = b)
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On the right we calculate

And then we have

2(f, (@) = b°)

A
—~
—
[~~~
&
—
S
.
S—
N—
=
o
‘ K o
SN—

(by the r7-rule)

g((@w(f))s (d*)* = b") (by the above calculation)

12

1((w(f)); (a%) =) (by left exactness and idempotence)

One then has to check that this equivalence is the one that is induced by composition with

the counit, but this follows from the definition of the left-exactness equivalence. O

Proposition 2.1.24 (Dull Self-adjointness for Pointed Types). For any dull pointed types A and

B, there is an equivalence
1(A —. 8B) ~ 4(hA — B)

Proof. By Proposition 2.1.22 (where 4B is a space by Proposition 1.1.11), (A —, §B) ~

(1A —, 8B). Using univalence, (AX : U.5X) preserves equivalences, so we have
1(A =, §B) ~ §(5A — 1B)

Then by Proposition 2.1.23 we have j(§A —, §B) ~ (1A —. B). O
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2.1.2 Synthetic Stabilisation

One important feature of spectra that we would like to capture synthetically is an adjunction

relating spaces and spectra:
Spec
bl I I Kol
Space,

The X% operation ‘freely stabilises” a pointed space. Once we have imposed some axioms,
we will find that the homotopy groups of the spectrum X*X correspond to the stable
homotopy groups of the space X.

Recall from the introduction that the co-category of spectra may be defined as the limit
Spec:@(--- 88 2, %3*>

and that spectra can presented concretely as a sequence of pointed spaces Xy, Xj, ... with
Xo ~ OX;, X1 >~ OXp, .... Then O sends a spectrum to the space Xy. It is named
) as we have ‘applied Q) infinitely many times’ to reach the end of the limit. The left
adjoint £* sends a space X to the spectrification of its suspension pre-spectrum (see
Section 2.3 below), i.e. we can make a sequence of pointed spaces X, XX, XXX, ... with
maps X —, OXX, XX —, QXXX ...given by the unit of the ¥ 4 () adjunction. These
maps are not equivalences, which is corrected by replacing each space by a certain colimit,
a process called spectrification.

Here, we instead define an abstract/synthetic variant of this adjunction, which can be
interpreted in this way in PSpec. In this section, we will use the notation S and X%/
because of the intended interpretation in PSpec, but these will be abstract operations that

exist in any model.
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Recall from Proposition 2.1.12 that our synthetic spectra are closed under X and Q).
These are the ordinary suspension and loop-space constructions for types, which do turn out
to correspond semantically to the correct operations of suspension and loop space on actual
spectra. This is because Spec is a full subcategory of PSpec, and the limits and colimits
defining suspension and loop space already land in Spec, so they coincide with the limits

and colimits calculated in the subcategory.

Proposition 2.1.25. For dull spectra E and F, suspension and loop space are dull adjoints, i.e.

1(XE — F) ~ §(E — QF)

In this statement we are implicitly using the canonical point xr : F to form the loop-space

QF.

Proof. By Proposition 2.1.10, it is equivalent to show
1(ZE —+« E) ~ §(E =« QF)
so this follows by functoriality of fj from the fact that suspension and loop space are adjoint

for (general) types and pointed maps [HoTTBook, Lemma 6.5.4]. ]

Using S, we define Q)* : jSpec — Space, as follows:

Definition 2.1.26. For E : Spec, define the space

QO%E :=4(S — E)

which is pointed by the constant zero map (A_xg)".

Remark 2.1.27. To gain intuition for why this is the right definition, we can consider the
pointed spaces model of Section 3.3. The analogue of S there is B, the two-point space S°

living over the point. The base of the function type B — E is equivalent to the type of all
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basepoint-preserving maps from the upstairs of B to the upstairs of E. The basepoint is
tixed, and there is one free point that can be mapped to any point of the upstairs E. So the
base space of B — E indeed corresponds to the upstairs of E.

For spectra, similar reasoning applies, using the 2% -+ (3* adjunction more explicitly,

and that the sphere spectrum is the stabilisation of the two-point space:
Mapg,..(S, E) ~ MapspeC(Z“’SO,E) ~ Mapg (S°,QE) ~ Map(1,Q¥E) ~ OE

So we take ‘MapspeC(S, E)’” as our definition of Q%E.

One application of () is defining the homotopy groups of a spectrum, in the sense that

is used in stable homotopy theory:

Definition 2.1.28. The S-shifted homotopy groups of a spectrum E are defined by
T E .= 1, (QE)

Simply calculating 77, (E) will not do the correct thing: we will see later that, after
imposing a stability axiom (Section 2.2), spectra are oco-connected 2.2.12, so 7, (E) ~ 1
always.

The left adjoint X : Space, — Spec then has a surprisingly simple formula:
Definition 2.1.29. For X a pointed space, define 2*X := X A S.

This is left adjoint roughly because maps of spectra are pointed maps, and — A A -
A —, — for any A.

First, we check that X* lands in spectra:

Proposition 2.1.30. For any space X, 2 X is a spectrum.
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Proof. The pushout diagrams defining X VS and X A S are

— X XVS —— X x5
- L
V

— XVS 1] — X=X

B =

Because  preserves pushouts by Proposition 1.1.29 and products by Proposition 1.1.18, and

S is a spectrum, so S ~ 1, we can calculate

hX X —— hX
| |
S)

1 —— (X)) ~1

— e

because the top of the second diagram is the identity, and the pushout of a map along the

identity is the same map.

Proposition 2.1.31. X% and Q) are (dull) adjoints: there is an equivalence
1(ETX = E) ~ (X =, O%E)

where X is a pointed space and E is a spectrum.
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Proof.

X = Q¥E = (X =4 4(S =+ E))
~ (X = 8(8 =+ E)) (= —«f— isaspace)
=4(5X —. (S —, E))  (Proposition 2.1.24)
~5(X =, (S —.E)  (Xisaspace)
~§(XAS =, E)
=1(Z°X =, E)

~ §(X*X — E) (Proposition 2.1.10, Proposition 2.1.30)

Here we use currying for pointed maps A —, (B —. C) =~ (A A B) —. C, which has been

proved in type theory [van18, Theorem 4.3.28]. O

Remark 2.1.32. In the pointed spaces model, for a pointed space X, X A B works out to be
BX A1 in the base (which is indeed contractible). Over this point, we are calculating the
cofibre of the map

X+1~XVvS® 5 XxS%~X+X

which is the identity on the first component X and the basepoint inclusion on the second.
So the first copy of X is crushed to a point, and identified with the basepoint of the second
copy of X.

In all, the operation takes a pointed ‘space’ X to a ‘spectrum’ XX, moving X from the
base to the unique fibre, internalising the analytic pointing as synthetic pointing.

In PSpec we have to work a little harder to justify this definition. X% is a functor from
pointed spaces to spectra, but we can precompose with the functor (—); : S — S, to geta
functor from unpointed spaces. This is typically written X : S — Spec, and is left adjoint
to the functor given by computing the pointed space ()* and forgetting the basepoint.

As a left adjoint, X preserves colimits, and because every space is the colimit of its
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points, we calculate
P (X) ~ Z%(colimy 1) = colimy £ (1) =~ colimyx £°(S%) ~ colimx S

Le., the colimit of the constant diagram on X at S. For us, such a constant diagram is
given by the parameterised spectrum X x S, placing a copy of S over every point in X. The
desired colimit can be computed as the cofibre of X — X x S which is the basepoint in the
second component, crushing the base X to a point. We can take this as our type-theoretic
definition of X5

XP(X) == cofib(X — X x S)

To get back to X*(X) for X a pointed type, we have to crush the ‘extra copy of S’
that was added over the new basepoint: this is now taking the cofibre of the composite
S = X x§ — X¥X which is the basepoint in the first component. Combining the two

cofibre diagrams, in all we have calculated the smash product X A S.

2.1.3 Commutativity of the Adjunctions

So far, we have seen that we have the three adjunctions in the following diagram (the two

vertical sides are the same):

z
Space, 3 Space,
Q
O° | |z Q® | |z
z
Spec @/ Spec
Q

We can also show that the diagram commutes.

Remark 2.1.33. In pointed spaces it is clear this should be true, as the X* - ()* adjunction
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simply moves pointed spaces into the fibre over a point and back, and the suspension/loop
space of a spectrum is calculating the suspension/loop space of the unique fibre.

For actual spectra, consider a spectrum again presented as a sequence of pointed spaces
(Eo, E1, ... ). The loop space of such an Q-spectrum can be calculated by shifting the spaces
over by one, giving Q-spectrum (QEy, Eg, E, ... ), so extracting the Oth space commutes
with calculating the loop space.

The suspension of an ()-spectrum can be calculated by shifting the spaces the other way,
giving (E1, Ey, ... ). Leaving aside spectrification briefly, 2*X is given by the prespectrum
(X,ZX,%2X,...),50 Z¥LX = (XX, 22X, ...) is exactly X shifted by one.

Proposition 2.1.34. () commutes with the ordinary loop space operation C:

OOE ~, OOE

naturally in E.

Note that the left-hand side is the loop space on spectra (and therefore pointed) types,
while the right-hand side is the loop space on pointed spaces, but both are implemented by
the usual loop space on types.

This is easy, after the following basic fact about loop spaces.

Lemma 2.1.35. For any pointed types A and B,

(A —, QOB) ~, O(A —, B)

naturally in B.
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Proof.

(A =, QB) ~, (A —, (S =, B))
~, (8 =, (A =, B))

~, Q(A —, B)

The first equivalence is essentially the universal property of the higher inductive circle S?,

while the second follows from exchange for function types. O

Proof of Proposition.
OOQE =4(S —, QE) >, §(Q(S =, E)) >~ Qf(S =+ E) = QOYE

For any pointed type, 1Q (A, a) ~, Q(14, g”) follows from Proposition 1.1.19. O
In the other direction, we have:

Proposition 2.1.36. X*° commutes with X:
TYECX ~ X¥¥EX

naturally in X.

Proof. First, some properties of the suspension and smash higher inductive types in ordinary
homotopy type theory are that £X ~ S! A X [Brul6, Proposition 4.2.1] and smash is

associative [van18, Definition 4.3.33]. Thus, we can calculate

YYPX =L(XAS) ~SIA(XAS) ~ (SPAX)AS ~ E¥EX
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2.2 Stability

Classically, the category of spectra has a number of special properties, including a zero
object, biproducts (products and coproducts that are isomorphic), any pushout square is a
pullback square and vice versa, and suspension and loop space are inverse (not only adjoint).
Thus far, our definition of synthetic spectra has a zero object: 1 is initial as well as terminal
because (1 — E) ~ §E ~ 1. To establish the other properties, it turns out to suffice to add
an apparently weaker axiom asserting that products and coproducts in Spec coincide—we
will show that this implies stability in the sense of pullback and pushout squares coinciding,
which in turn implies that suspension and loop space are an equivalence.

Externalised, the argument in this section amounts to a proof of the following;:
Theorem 2.2.1. If an oo-locus is semiadditive then it is stable.

Spectra are pointed, so the coproduct in the category of spectra is the wedge V, in the

following sense:

Proposition 2.2.2. For any dull spectra E, F and G, there is an equivalence
HEVE—G) ~4(E— G) x4(E = G)

induced by the inclusions of E and F into EV F.
Proof. We have
G(EVE— G) ~4(EVE —,G)
~[((E =+ G) x (E =+ G))

~4(E =+ G) X §(E =+ G)

~f{(E = G) x §(E = G)
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by using Proposition 2.1.10 to add and remove the pointing of the maps. ]
For any pointed types A and B there is a canonical wedge inclusion4 5 : AVB — A X B.
Axiom S. For any dull spectra E and F, the wedge inclusion tgr : EV F — E X F is an equivalence.

This is asserting the existence of a term

axg : H(E:uSpec)H(F:hSpec) iSEqUiV([Et,Fu )

Remark 2.2.3. Some care must be taken when devising an internal version of the external
fact that the subcategory Spec < PSpec is stable. The obvious thing to try is an axiom that
applies to any E : Spec. The issue is that when asserting the existence of a closed term, like
the axiom above, the term can be weakened to any ambient context.

Semantically, the question is whether the axiom holds in all slice categories PSpec/T,
and it does not. A ‘spectrum’ (in the sense of a j-connected type) in PSpec/I consists of
a family of spectra E over the base space of I', together with spectrum maps between the
tibres of E and the corresponding fibres of I'. This category is not stable in general, as it
lacks a zero object (among other things). If the context I' itself consists of a single spectrum
F, then the existence of a zero object would imply that any map E — F splits.

The axiom does hold in PSpec/X when X is a space, as f-connected types in PSpec/ X
are exactly the families of spectra over X, comprising a stable category. Syntactically this
requirement corresponds to having a dull context, hence the restriction to types in jSpec in
Axiom S.

We can weaken our axs to an arbitrary context I and still be safe, as the spectra E; and

F, will continue to only depend on the underlying space of I'.

Remark 2.2.4. This axiom rules out the pointed spaces model, as the wedge and product of
‘spectra’ in that model correspond to the ordinary wedge and product of the pointed types

in the unique fibre. But it does not rule out the trivial model where { is the identity functor.
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There, the only ‘spectrum’ is the point, and the wedge inclusion 1V 1 — 1 x 1 is certainly

an equivalence.

Proposition {S} 2.2.5. For two dull spectra E and F, the smash product E A\ F and the join E x F

are both contractible.

Proof. Recall that the smash product E A F is the cofibre of the wedge inclusion, i.e. the

pushout
X

EVF ——
I
11— EA

Axiom S asserts that the top map is an equivalence, so the bottom-right corner is equivalent

|
lap

|t
s

to the bottom-left. For the join, we have E « F ~ % (E A F) by [Cav15, Theorem 4.19], and

the suspension of a contractible type is contractible. O

Here, E A F is the smash product of types, and is not related to the ® type.
Next, we show that Axiom S indeed makes pullbacks and pushouts in Spec coincide,

mainly as a consequence of the Little Blakers-Massey Theorem [ABFJ20]. As a first step:

Lemma 2.2.6. For any pointed type A, there is a pullback square
YOA —— AV A

l L

AT>A><A

where the map on the left is the counit of the X 4 Q) adjunction.

This will follow quickly from the following consequence of descent for pushouts:
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Theorem 2.2.7 ([Rij18, Theorem 2.2.12]). Consider a commuting cube of types
S/
Al S B
K N
A

X' B

N1

and suppose the vertical squares are pullback squares. Then the commuting square

<

A'Ug B —— X

! !

A|_|5/B — X

is a pullback square.

Proof of Lemma 2.2.6. Consider the commutative cube

QA

IUN

X/

where the vertical map A — A x A is the diagonal, and the maps A — A x A on the left

and right are the identity on one component and constant at the point on the other. All of

the vertical squares are pullbacks.

Now note that the pushout of the top span is 2()A, and the pushout of the bottom

span is AV A, so by the above theorem we have the desired pullback square (reflected
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diagonally). O
Corollary {S} 2.2.8. For any dull spectrum, the canonical map XQE — E is an equivalence.

Proof. By Lemma 2.2.6, this map is the pullback of the wedge inclusion  along A. By
Axiom S, ¢ is an equivalence, and the pullback of an equivalence along any map is an

equivalence. O

Definition 2.2.9. Recall [HoTTBook, Definition 7.5.1] that a type A is n-connected if its
n-truncation is contractible, and a map is n-connected if its fibre is an n-connected type for

all base points. A type or function is co-connected if it is n-connected for every n.
We will use the following Lemmas about n-connected types:

Lemma 2.2.10. Suppose that a type A is O-connected and P : A — Prop is a family of propositions
(—1-types). Then if P(a) holds for some a : A, then P(a") holds for all a’.

Proof. Assume an a such that P(a) and another point a’. Since A is 0-connected, its 0-
truncation is contractible, and therefore its O-truncation is a proposition [HoTTBook, Theo-
rem 7.1.10], so we get a path |a'| =| 4 [a. Commuting the truncation with the loop space
gives ||a" = a||_; [HoTTBook, Theorem 7.3.12]. That is, 2’ is merely equal to 2. But P(a’) is a
proposition by assumption, so to prove it, we can assume 2’ = 4, and then transport the

assumed proof of P(a). O
Lemma 2.2.11. ¢ If A and B are O-connected then so is A x B

* If A, B are 0-connected and C is 1-connected, then for any maps f : A — Cand g: B — C,

the pullback A X ¢ B is O-connected.

Proof. For the first part, truncation preserves products [HoTTBook, Theorem 7.3.8], so to
show ||A x B||, is contractible, we can equivalently show that || A||, x ||B||, is contractible.

But ||A||, and || B||, are contractible by assumption, and 1 x 1 ~ 1.
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For the second, the pullback is given by the type }((y,,).ax5) f(x) =c g(y). By [HoTT-
Book, Theorem 7.3.9, Theorem 7.3.12], we have

|Zaeaxmf ) =c s,

= | S raxe1F() =c g,
~ || S @ =y, W],
~ |A x B,

~1

The second-to-last step is because ||C||; is contractible by assumption, so any identity type

in it is as well, and the last step is by the previous part, since A and B are 0-connected. [
Corollary {S} 2.2.12. Dull spectra and dull maps between them are co-connected.

Proof. For types, we prove by induction on n that every dull spectrum E is n-connected.
Every type is (—2)-connected, since the (—2)-truncation is contractible by definition. For the
inductive step, suppose E is a spectrum, and we want to show that it is (n + 1)-connected.
Then Q)E is also a spectrum by Proposition 2.1.12 and dull, so by the inductive hypothesis
(which applies to all dull spectra, so in particular QE) it is n-connected. Suspension
increases connectivity by 1 [HoTTBook, Theorem 8.2.1], so XQE is (1 4 1)-connected. But
by Corollary 2.2.8, E ~ XQE, so E is (n + 1)-connected as well.

Now for maps, fix an n. The fibre of a dull map f : E — F over the basepoint is the
type fibs(xp) := ¥(x.p) f(x) = *p, which is a dull spectrum and thus is an co-connected
type by above, and therefore n-connected. We now show that this implies that all fibres are
n-connected using Lemma 2.2.10. First, F is a dull spectrum, and thus by the previous part
it is in particular O0-connected. For any type A, the type “A is n-connected” is a proposition,
because it unfolds to “the n-truncation of A is contractible”, and being contractible (like

all h-levels) is a proposition [HoTTBook, Theorem 7.1.7]. Thus, fib¢ (%) being n-connected
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implies the same for fibs (x) for any x : F, so f is an n-connected map. ]

We will now make use of the Little Blakers-Massey Theorem and its dual, which is the
specialisation of the Generalised Blakers-Massey Theorem [ABF]J20] to the identity modality.
The Generalised Theorem has been formalised in The HoTT Library [Shul9b]. First, some

notation:
Definition 2.2.13. For f : A — B, let Af denote the canonical map A — A xp A.

Definition 2.2.14. For f : A — Band g : C — D, the pushout product f O g is defined to be

the canonical gap map

AxXxC —— AXxD

L

BxC ——P

“e. fog

)

B x D

where P := (A X D) Ugxc (B x C).

Lemma 2.2.15. The fibres of Af are given by

fibar(a,a',p) = ((a, p) =fiv,(r(ar)) (@ reflf(a))),

and in particular,

fibar(a,a,refl,) = Q, e fibr (f(a)).
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Proof. Direct calculation:

fibar(a,a’, p) = L) (x, %, refls)) = (a,a’, p)
2 Y (e A) Dlix=a) L(rx=a) 1aPF (1) - aps(r) = p
>~ Y (ra=ay@ps(r) = p
~ Y (ra=a)'apy(r) - p = refly(
~ Y ra=a T+ (P) = reflya

=~ (a,p) = (a', refl ()

Proposition 2.2.16. The pushout product is the ‘external fibrewise join’, in the sense that for b : B
and d : D,
fibrog (b, d) ~ fibs(b) * fibg (d)

Proof. This is another application of descent. Consider the cube

fiby(b) x fibg (d)
fiby(b) AxC fibg ()
/ \
| = /\ |
A x D 1 BxC

BxD

The back vertical map extracts the A and C from the fibres, the side vertical maps extract
the A or C and pair with b or d in the other component, and the front vertical map is (b, d).

By singleton contractibility and paths in products being component-wise, all the vertical
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sides are pullback squares. The corresponding square

fibs (D) * fibg(d) —— 1

| |

P— s BxD
fog

is a pullback by Theorem 2.2.7, so fibs(b) * fiby(d) is equivalent to the fibre of f O g at
(b,d). O
We now quote the Theorem that actually does the work:

Theorem 2.2.17 (Little Blakers-Massey Theorem, [ABFJ20, Corollary 4.1.4, Theorem 3.5.1]).

Consider the following square.

7z 3,y
f| i
W

1

o If the square is a pushout and Af O Ag is an equivalence, then the square is also a pullback.

o If the square is a pullback and h O k is an equivalence, then the square is also a pushout.

Theorem {S} 2.2.18. A dull commutative square in spectra is a pullback square iff it is a pushout

square.

Proof. Suppose a dull commutative square in spectra

}Q

[VpPAoS
== 1D

—
k

By Definition 2.1.8 and Proposition 2.1.9, we have base points xg, xf, *c, xg, and the maps
are all pointed. Thus, the fibres all have dull points— e.g. fib¢(xp) := }..p) f(z) = xp has a

point given by xg and the path showing f is pointed.
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To use Theorem 2.2.17, we just need to show that A i OA g and h O k are equivalences,
which we will do using the “contractible fibres” definition of equivalence.

The fibre of Af O Ag over the basepoint pg := ((*g, *g, reflg(.,)), (%, *E, reflg(,,))) is
O(fibg (x)) * Q(fibg(*c)) by Lemma 2.2.15 (where f(xg) = *r and g(xg) = g because
the maps are pointed) and Proposition 2.2.16. Again by Proposition 2.2.16, the fibre of
hOkover qo := (xp,*n) is fiby (xp) * fibg(xpr). To show that these are both contractible,
by Proposition 2.2.5, it suffices to show that the pieces of the join are dull spectra. By
Proposition 2.1.12, spectra are closed under fibres and loop spaces, and for the basepoints
these types are dull because the basepoints are. This shows that fib foag (po) and fibyoi(q0)
are contractible.

Since the fibres over po and go are contractible, to show that general fibres fibssp, Ag( p)
and fib,,(q) over any p and g are contractible, by Lemma 2.2.10 it suffices to show that
p: (EXpE)x (EXgE)and q : H x H are elements of 0-connected types, since being
contractible is a proposition. For g, by Corollary 2.2.12, H is co-connected and in particular
0-connected, so H x H is 0-connected by Lemma 2.2.11. For p, again using closure under
products, we need to show that (E x¢ E) and (E X E) are 0-connected. By Corollary 2.2.12,
E is 0-connected and F, G are 1-connected, so the pullbacks are O-connected as well by
Lemma 2.2.11. This use of 0-connectedness is necessary because the fibre of a map between
dull spectra is only dull when the point over which we are taking the fibre is, so the

argument in the previous paragraph can be applied directly to p and g. O

We showed that the counit XQQE — E is an equivalence in Corollary 2.2.8, and we can

now show that the unit is as well:

Corollary {S} 2.2.19. For any E : Spec, the unit map E — QX.E is an equivalence.
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Proof. The pushout square defining the suspension is

— — |

— 1
!
S
-
— XE
By Theorem 2.2.18, this is also a pullback square. However, we also have a pullback square

Nn=ygS —— 1
I
r
1 —— XE
so uniqueness of pullbacks gives an equivalence E ~ (n = s). If we consider the suspension
to be pointed by n, then Q(XE) is the type n = n. But since E is pointed, we have a path
mer(*g) : s = n, and composition with this path gives an equivalence (n =s) ~ (n = n), so
E=0O(XE).
The unit of the adjunction £ + () sends e : E to the path mer(e)-!mer(xg), so the

composite equivalence is indeed the unit. O

2.21 The Universe and Function Types as Families

Like any type, the universe can be decomposed as a family of spectra over a space via Corol-
lary 2.1.6. The stability axiom lets us describe this decomposition surprisingly explicitly: in

this section we will show that

U~ Z(X:Space)Z(E:X—H]Spec)n(x:X)Z<E<£> )h

So, a term of the universe consists of a parameterised spectrum specified by a space X :
Space and a family of dull spectra E : X — §Spec, together with an element of the spectrum
[T(x:x) Z(E(x))y- This latter spectrum can be thought of as the ‘twisted cohomology” of the

parameterised spectrum (X, E), fibrewise shifted one dimension.
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There is a description of function types as a family that looks perhaps even more peculiar.

If E and F are dull spectra, then
(E—F) ~4(E—F) xF

and so the spectral information of E — F is completely determined by the spectral informa-
tion of the codomain.

We begin with a fact that holds for any lex modality:

Proposition 2.2.20.

U Z(X:Space)X — Spec

Proof. Consider the unit map §(—) : & — Space. We can write U/ as the sum of fibres of this

map, by [HoTTBook, Lemma 4.8.2].

U~ Z(X:Space)Z(B:L{)(hB = X)
Using univalence, this is
U~ Z(X:Space)Z(B:u)(hB = X)

So it remains to show that (X — Spec) >~ Y (344) (1B =~ X). For this, first use the fact that

Spec classifies §-connected maps, by [RSS20, Corollary 1.42]:

(X — Spec) =~ Y)Y (f:5-x) is-G-connected(f)

Now we need that Y ;.5 x) is-f-connected(f) is equivalent to (§B ~ X). We are in the

special case that X is modal, so by the monadic universal property of §,

Y (f:B—x) is-f-connected(f) ~ ¥ (o5 x) is-f-connected(g o 75)
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Because [ is lex, the 2-out-of-3 property holds for f-connected functions [RSS20, Theorem
3.1.xi]. The unit #p is always g-connected [RSS20, Theorem 1.32], so g o #p is §-connected
iff ¢ is. Finally, any function between modal types is modal, and any function that is both

modal and connected is an equivalence, so
is-f-connected(g o 175) ~ is-f-connected(g) ~ isEquiv(g)

and we are done. ]

Proposition 2.2.21. The above equivalence is implemented by A — (§A, Ax.Ay) in the forward

direction and (X, E) — Y (y.x) E(x) in the backwards direction.

Maybe confusingly, the equivalence of Proposition 2.2.20 does not exhibit U/ itself as
a space (X : Space) equipped with a family of spectra over each point (X — Spec). The
problem is that Spec is not itself a spectrum, and so neither is X — Spec.

The type g/ also contains data from the X — Spec component:

Proposition 2.2.22. There is an equivalence
bu = Z(X:Space)X - bSpec
Proof. From the equivalence earlier we know

i ~f <Z(X:SpaCE)X - SpeC)

= Z(X:hSpaCe)h (Ku — Spec) (§ preserves X)
= Z(X:Space)u (X — SPGC) (Space is modal)
= Z(X:Space)x - hSPeC (X is modal)
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We can use this to decompose the universe more explicitly into a space with a family of

spectra over it.

Proposition 2.2.23.

U~ Z(X:Space) Z(E:X—mSpec)H(x:X) SpeCE(l)

where Specg, . is the spectrum over the point E(x) : §Spec.

Proof. Fixa pair (X, E) : ¥ (x:space) X — ISpec, thinking of the pair as an element of gi/. We

have a ‘unit’ map

(Z(X:Space)x - SPeC) - (Z(X:SPaCE)X - hSpec)

given by transporting the unit 7, : U — U along the equivalences of Proposition 2.2.20
and Proposition 2.2.22, and we want to calculate the fibre of this map over (X, E). This map

is just postcomposition with the unit 77spec : Spec — fSpec, and so this fibre is given by

U(X/E) = flbﬂo_(ﬁ) = H(X:X)ﬁbUSpec (E(E)) = H(X:X)Specﬁ(z)

using an easy Lemma on the fibre of the postcomposition map. O

Lemma 2.2.24. Let A,B,C:U,and g: B — C. Thenforh: A — C,

fibgo— (1) = [T(a:)fibg ((a))

Proof.



The above equivalence is about as far as we can go without assuming any axioms.

Our goal now is to show that the stability axiom implies that Specy ~ XE; for any dull
spectrum E. The stability axiom implies that X is an equivalence, so it will suffice to show
that E g = Spec, E for any E: our original claim will follow when this is instantiated at ZE,

transporting Specy; along the OXE — E equivalence.

Lemma 2.2.25. There is a pullback square

1 ” Z(F:Specﬂﬁ) F

1k

E—— SpecQE

Proof. Define the map E — Spec; by sending e : E to (e = xg) : Spec. This type does
lie over QF via the equivalence (e = *g)? ~ (xg = *)? given by composing with the
canonical map g = e.

Now the pullback can be calculated as

using singleton elimination twice. O

To define the map the other way, we need to use stability.
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Lemma {S} 2.2.26. There is a pullback square

Z(F:Specaﬁ) F > 1

SO

SpecQE —— = E

Proof. Note that both Spec and ) F:Specy;) F are spectra. The first because it ‘the spectrum
over a point in a type’ and these are always spectra by Proposition 2.1.5, and the second
because fj preserves X-types and both components are spectra.

The basepoint point of Specq is given by QE, so the fibre of the left map is the type (OE

and by stability we have a fibre sequence

QF — (z(FzspeC%)P) — Specqy = E

Looking at the right side of that sequence gives the pullback square we wanted. O

Lemma {S} 2.2.27. The maps E — Specqp and Specqp — E in the above pullback squares are

inverse.

Proof. Pasting the pullback squares together one way, we have that

|

[ <—
[an I —

is a pullback. By stability it is also a pushout, and because the top and left maps are
necessarily the canonical inclusion of the basepoint, the map along the bottom must be

equal to the identity.
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Pasting the other way around, we have a pullback square

Z(F:Specﬂﬁ) F— Z(F:Specﬂﬁ) F

P"1l lp"l

Spece —s Specqp

But we can also calculate the pullback of the same two maps in the ‘ordinary” way:

(E.f)=(8(F).f)

Z(F:Specnﬁ) g(F) E(F:Specnﬁ) F
pr1l iprl
Specqp ; Specqp

By the uniqueness of pullbacks, there is an equivalence

Z(F:Specoﬁ) g(F) Z(P:Specoﬁ) F

pri pri
Specqp

Therefore there is a fibrewise equivalence [ (r.spec,,) § (F) ~ F, which by univalence gives a

homotopy [1r.spec,,,) §(F) = I, s0 § is equal to the identity. O
Combining the above equivalence with Proposition 2.2.23, we have our result:

Theorem {S} 2.2.28.

U~ Z(X:Space)Z(E:X—mSpec)H(x:X)Z<E<£> )h

O]

The above has a couple of curious consequences. We know from the above that

Y (FSpec,) I 1s contractible for any spectrum E, so:
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Proposition {S} 2.2.29. The map Y (g.spec) E — Spec classifying §-connected maps is equal to

the counit jSpec — Spec.

Proof. First, as with any type, Spec = }_(n.;5pec) Specy- Then

L(Esspec) E = L((NF)-E vsspec) Specy) E
= Z(N:hSpec)Z(F:Specﬁ)F
~ fSpec

and we can check that the map gSpec — Y (r.gpec) E is given by N — (N, *n). O

The stability axiom implies that suspension and loop-space are automorphisms >, () :
1Spec — fSpec. We can extend these to automorphisms of §if via Proposition 2.2.20,

computing > and () fibrewise.

Definition 2.2.30. Define

M
>

= Z(XIHA) XA,

Z(MA) OA,

@]
>
Il

Our decomposition of the universe can be equivalently described using this % operation:

Lemma {S} 2.2.31.

U Z(Aiuu)n(x:hé) (ié)x

These fibrewise operations do not extend to automorphisms of ¢/, but we do have the

following;:

Proposition {S} 2.2.32. The fibrewise shifts extend to equivalences & : U ~ QU and Q : U ~ XU
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Proof. Using Theorem 2.2.28, we can calculate QU to be

QZ/{ = Z(A:hZ/{)QuA
~ Lau) M (repa) 2Ax
~ YA Lxpa)QEA,

= Z(A:hu)n(x:té)él

And now we can define an equivalence

(e Tsa E4)s) = (SoamnTan As)

(A H) — (£A,H)
Pre- and post-composing the above equivalence with the equivalences to U and OU gives
the result. O

So U is also equivalent to

Y asn Tepa) (" A)x

for any n € Z, by repeatedly applying the above equivalence or its inverse. The choice
n = 1 used in Theorem 2.2.28 is distinguished from the others however: only whenn = 1is
the map from U given by the ‘obvious thing” A — A ¥ in the first component.

Turning to function types, we can show that functions between dull types contain less

information than one might expect.
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Proposition {S} 2.2.33. For dull spectra E and F,

(E—E) ~Ex{(E—F)

Proof. We have the following Yoneda-style argument. For any dull type X,

49X — (E—E))

~ ((Z(mg)&) — (E— E)) (Corollary 2.1.6)
>~ ] T(apx) Xy = (E = E) (Currying)

~ [ T(xex)Xs X E— E (Uncurrying)

~ 0 T(wpx)Xx VE = E (Axiom S)

>~ B[ T(xx) (Xy — E) X (E — E) (Proposition 2.2.2)

~ (H(x:h&)zg - E) X (l_[(x;ug) (E — E))
~ (X — F) x4(4X = (E = I))
~ (X —F)xy(X—tE—F)) (Corollary 1.1.26)

~ (X = (Ex4(E = F)))

Now applying this equivalence to the dull map id(g_,r) yields the equivalence we were

looking for. O

This can be extended to functions between any dull types without too much trouble, by

decomposing the function type until the previous fact can be applied.

Theorem {S} 2.2.34. For any dull types A and B

(A—B) =~ (Df:h(bﬁ))ﬂ(x:umﬁzh )
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Proof. Decomposing both A and B using Corollary 2.1.6 and rearranging:

A—Bx~ ( (x:54) 4, ) — (Z(y:uﬁ)%)
~ Y hya-B) I(xna)Ax = Bpy)
~ Ynesa-18) Lxna) 8(Ax = Bi(x)) X By

~ (H(x:hé)h(éx - Eh(lﬂ) X <H(’“M)Eﬁ(1)>

And then

Y (n:nA—1B) T(x:na) 8(Ax = Byx)) =~ (A — B)

by Proposition 2.1.16. O

2.3 Relating Synthetic and Analytic Spectra

In the previous section, we showed that Axiom S gives synthetic spectra many of the
properties that we expect spectra to have. In this section, we investigate an additional
axiom, which relates the synthetic spectra to the concrete/analytic spectra that can be
defined in pure homotopy type theory. This allows results proved using the synthetic
spectra to be transferred to analytic spectra, and vice versa.

One can define (“()-")spectra internally in type theory [van18; Cav15] as sequences of

types and connecting maps.

Definition 2.3.1. A sequential prespectrum | is a sequence of pointed modal types | : N —
Space, together with pointed mapsa,, : ]| —« Q] ;. A sequential spectrum is a prespectrum
such that the «,, are pointed equivalences. The types of such objects are denoted SeqPreSpec

and SeqSpec respectively.

Definition 2.3.2. A morphism of sequential (pre)spectra f : Mor(L, ]) is a sequence of
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pointed maps ]:n : I, —. ] that commute with the a,,.

Remark 2.3.3. We need to restrict the types in the sequence to be modal so that semantically
they correspond to sequences of spaces. Otherwise we would be describing a spectrum

object in PSpec,, an object more complicated than an ordinary spectrum.

Our goal is to relate our spectra with these sequential spectra. We do this by describing

a series of (dull) adjoints:

susp spec L

Space, 1  SeqPreSpec 1  SeqSpec 1  Spec

\_/\_/1\/

Oth L R

The left two adjunctions take place almost entirely in pure homotopy type theory: susp
takes a space X to the suspension prespectrum (X, 2X,X¥X,...),and spec is spectrification,
inverting the connecting maps to equivalences. Their composite spec o susp is thus an
analytic analogue of the X stabilisation functor we defined in Section 2.1, taking a modal
type to its suspension analytic spectrum. The right adjoint ¢ is forgetful /an inclusion, while
Oth selects the Oth term of a pre-spectrum, and the composite 0th o ¢ is an analytic analogue
of ()®. All that takes us out of ordinary HoTT is the requirement that the types involved
are modal types. The new construction in this section is the rightmost adjunction relating
analytic and synthetic spectra, and an axiom stating that it is an adjoint equivalence, making

the two notions of spectra coincide.

Definition 2.3.4. For any pointed modal type X, we have the suspension sequential pre-
spectrum suspX where (suspX), := X"X, and the structure maps are the unit maps

wy XX — QXX
Note that all the 2" X are modal, by Proposition 1.1.29.

Proposition 2.3.5. susp is left adjoint to taking the zeroth type of a sequential prespectrum.
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Proof. Suppose we have a map X — ] . We need a map XX —, ], such that

X — OXX

L

I, — QJ,

commutes, equivalently, one such that
12X —— 32X
Xy —

commutes. Then X —, 11 is forced to be the composite of XX — X l 0 11. This
argument iterates to produce a map Mor(suspX, ] ), showing the data of such a morphism

is equivalent to that of a map X —, ] . ]

Definition 2.3.6. For a sequential prespectrum J, the spectrification of | is given by

(spec]), := colimy len+k

Each (spec]), is modal by Proposition 1.1.30 and Lemma 1.1.17. That these types
actually assemble into a sequential spectrum has not yet been proven in type theory, so
we leave it as an unjustified assertion — note that this assertion is a statement in pure
homotopy type theory, and is not dependent on the modal extension we use here, a proof

of the assertion would certainly apply when the types concerned happen to be modal.

Assertion 1. This formula defines a sequential spectrum, and the operation is left adjoint to the

inclusion of sequential spectra into sequential prespectra.

Now we turn to the L 4 R adjunction relating these sequential spectra to our synthetic

spectra. First, we can extract a sequential prespectrum from any spectrum E.
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Definition 2.3.7. For E : Spec, define RE : SeqPreSpec by
(RE), := Q¥T"E
with connecting maps
(RE), = Q®Z"E —, Q®QXY"E ~, QOCYXYE ~, OO®Y"E = Q(RE) 41

The first map is given by functoriality of () on the unit X —, QXX for X = X"E. The sec-
ond is derived from Proposition 2.1.34 and the third is essentially by definition, depending

on how iterated suspension is defined.
Proposition {S} 2.3.8. RE is a sequential spectrum.

Proof. By Proposition 2.1.12, spectra are closed under suspensions, so an induction shows
that X"E is a spectrum. Therefore the unit map >"E —, Q¥X¥"E is an equivalence by

Corollary 2.2.19, so the connecting map defined above is a composite of equivalences. []

Conversely, suppose we have a sequential prespectrum | : SeqPreSpec. We can produce

a spectrum L] : Spec.
Definition 2.3.9. For | : SeqPreSpec let L] : Spec be
= i S 00 2500
L] := colim(X¥] ) — QX%] — Q] — ...)
where the maps 2] — QX*] ., are given by
7], = QEE®] ~ Q¥%¥] — QX¥XQJ ., — OX%]

Z In In In+1

where the maps are the unit of £ - (), Proposition 2.1.36, functoriality on the connecting

map | — QJ , of the prespectrum, and then the counit of ¥ - Q.
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To see that this type is a spectrum, by Proposition 1.1.30, {L] is equivalent to the colimit
of the §Q)"E*]., and spectra are closed under loop spaces by Proposition 2.1.12, and X%
of any type is a spectrum by Proposition 2.1.30, so each of the terms of that colimit is

contractible, so the colimit is as well.

Remark 2.3.10. Let S : SeqPreSpec denote the sphere (analytic) prespectrum, i.e. the sus-

pension prespectrum of S°. Then LS ~ S, because at each level of the colimit we have
Q"Ees" = 0"(S"AS) ~ OV'N(E"S) ~ S

The first equivalence is " A ~ ST A (STA ... (STAA)) =~ (SLASL..ASHAA ~ S A A,
using associativity of smash and XA =~ S A A [Brule, Proposition 4.2.1], [van18, Definition
4.3.33]. The second is given by iterating (OX.E ~ E for a dull spectrum E (Corollary 2.2.19),
noting that the suspension of a dull spectrum is a spectrum by Proposition 2.1.12, and S is

itself a spectrum.

Proposition {S} 2.3.11. The operations L and R are dull adjoints:
1(L] =« E) ~ Mor(], RE)

Proof. Suppose we have a dull map k : L] —, E. We can forget the fact that k is pointed
using Proposition 2.1.10. The data of k (using the universal property for maps out of a
colimit) is equivalent to a sequence of dull maps k,, : O"E*] — E so that the squares

=S} +1y 00
Oy ln%(}” z ln—H

knl lkwrl

E:E

commute.

We can transpose the k across the adjunctions to get maps k;, : I, =+ QFX"E. This type
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on the right is exactly (RE),, so we just have to show that this collection of maps forms a
morphism of sequential prespectra. This mostly involves unwinding the definition of the
map V"X — Q”“Z""LZH
Precompose the upper left corner with the equivalence

QIZRE] ~ Q'OETY] ~ O'OZEF] ~ Q')

=n =n

to yield
+lyoo o ira, +lyco
QIEeR] Qiyey
1 Jies
E E

Since X - (), and for dull spectra X and () are inverses, we also have an adjunction () 4 X
on dull spectra. Transposing across this and X% - () vertically, such squares are equivalent

to squares

Zln L ln—i—l
il [f
(Rﬁ)n—&-l —_— (RE)n—H

Now transposing ‘diagonally” along 2. 4 ), we get

ln = an—H
1 [t
QO (RE)n+l —_ Q(RE)VH-l

Finally, precompose the lower left corner with the equivalence B, : (RE),; ~ Q(RE);+1 to
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get

All we have left is to check is that the vertical map on the left is equal to k. Tracing
through what we have done, it is equal to

J,— Q%] — QQ“’Z”“Q““Z‘”ZLI — QQ@yHQyyes

L =-n

— QOEIOE®] - OOCZE - Q¥OX"ME — Q¥Y'E

In the above sequence, the map QQ‘”Z”“Q”Z“’I” — QOCY"HE is given by QQ*¥2" 1k, ,
so by naturality, we can move this use of k,, to the end. The above chain is then equal to the
composite

J, = Q%] — QQ‘”Z:"“Q”“Z”Z[” — QOxyMIOrHyyeT

Z =n
— QOYIONE®] - OOZTOME] - Q¥EIQ"E] - Q¥E'E
For this to be the transpose of k,,, what we need is for the composite LI — QFENO"E*] 7
leaving off the last map, is equal to the unit. And it is, by liberal use of the triangle
inequalities, as every map in the string is either unit/counit or an equality of composites in
a system of commuting adjunctions.

O

Having established this adjunction, we introduce the following axiom, which identifies

the synthetic and analytic spectra:

Axiom N. The adjunction between Spec and SeqSpec is a dull adjoint equivalence, i.e. the map

LRE —, E is an equivalence and Mor (], RL]) is a level-wise equivalence.
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As an application, we show that this axiom fixes the stable homotopy groups of 5, in the

sense of Definition 2.1.28, to be the actual stable homotopy groups of the ordinary spheres.

Remark 2.3.12. The composite right adjoint Spec — SeqSpec — SeqPreSpec — Space, in
the diagram at the beginning of this section is (RE)y = Q)*E. So the composite adjunction

must be equal to the adjunction

ZOO
T
Space, Spec

‘\_/
O®

that we already have from Proposition 2.1.31.
Definition 2.3.13. Let QX := Q®X®X.

Lemma {S, N} 2.3.14.

QX ~ colim; QOFTFX

Proof. By Remark 2.3.12, we have QX = Q®X*X ~ 0th(¢(R(L(spec(susp(X)))))). Axiom
N allows us to chop the L 4 R adjunction off this roundtrip on Space,, and ! is just
forgetful, so we get Oth(spec(susp(X))). Then colim; QFX X is exactly the Oth type of the

spectrification of the suspension prespectrum of X. O

Proposition {S, N} 2.3.15.

775(8) ~ colimy 71, 1 (S¥)

Proof. We will make use of some properties of sequential colimits proven in [SDR20].

Specifically, sequential colimits commute with taking loop spaces [SDR20, Corollary 7.4]
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and truncations [SDR20, Corollary 7.6], and thus calculating homotopy groups.

5 (8) = m,(Q%S) (by definition)
~ 71, (Q*L*S5%) (by Remark 2.3.10)
~ 71, (colimy QFx*S0) (by the Lemma 2.3.14)
~ colimy 71, (Qka SO) (sequential colimit commutes with 7t;,)
~ colimy 71,,., - (£¥S?) (definition of 71)
~ colimy, 71, 4 (S¥) (definition of §™)

2.4 An Internal Six Functor Formalism

7

We show that any function i : X — Y between spaces induces a ‘Wirthmiiller context
between the types over each base. This is a special case of Grothendieck’s six functor
formalism, surveyed in [FHMO03]. We will see that for any space X there is a closed
monoidal category Fam(X) of types over that base, and that any function i X =Y
induces an adjoint triple

fi

€
Fam(X) +— f*—— Fam(Y)
1

f

such that f* is a monoidal closed functor.

Because we have such a context for every function of spaces, we expect the map f§(—) :
U — Space to define an internal, weak, ‘closed monoidal *-bifibration’, in the sense of
[Shu08, §3, Definitions 12.1 and 13.3]. In [Sch14, §3], there is speculation on a notion of

‘linear homotopy-type theory” which would have semantics in such bifibrations, with the
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adjoint operations given by specialised type constructors. Our theory is more general: we
can construct these adjoints internally using the type formers so far described.

There are two equivalent ways to define the categories involved. For a space X, our pre-
ferred way is to use the category with type of objects given by Fam(X) := X — Spec. This
behaves quite nicely type-theoretically, in particular, the “‘pullback” functors will compose
strictly: ¢* o f* = (go f)*.

The other way to define the spectra over X is to think of every type A as living intrinsi-
cally over the base fjA, and defining Fib, (X) to be all types equipped with an equivalence
between their intrinsic base and X. Some operations will be more natural to construct
using one description than the other. We will define both versions and show that they are
equivalent.

We write the top colour as purple throughout this section.

2.4.1 Families of Spectra
Definition 2.4.1. For X a space, define Fam(X) := X — Spec.

Definition 2.4.2. For A : Fam(X) and B : Fam(Y), a map over f: X — Yisamap

h(x) : A(x) — B(f(x)) forevery x : X. Let Mapf(A, B) denote the type of such maps:

Map((A, B) =[xy Ax) = B(f(x))

and write Mapy (A, B) as a shorthand for Map,y (A4, B).

Definition 2.4.3. For m : Mapf(A,B) and n : Mapg(B,C), there is nom : Mapgof(A,C)
defined by

(nom)(x) = n(f(x)) o m(x)
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2.4.2 Pullback and Pushforwards

Definition 2.4.4. For a family B : Fam(Y), the family f*B : Fam(X) is given by composition:

Proposition 2.4.5.
Mapi(A,B) = Mapy (A, f*B)

Proof. Immediate from the definitions:

[Tx)Ax) = B(f(x)) = ITx)Ax) = (fB)(x)

Proposition 2.4.6. Pullback is functorial definitionally, in that f*¢*B = (go f)*B
Proof. Immediate by associativity of function composition. O
The functor f* has both left and right adjoint. First the right adjoint:

Definition 2.4.7. For A : Fam(X), define f A : Fam(Y) by

£ AW) = T pystiv () A )

Lemma 2.4.8. This defines a family of spectraon Y.

Proof. fib(y) is a space, so by Theorem 1.1.24,

y (H((x,p):fibi(y))é(£)> 2 T ()t (y)) BA(2)
= T ((xp)sfibs()) L

~1
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d
Remark 2.4.9. If 7 : X — 1 denotes the unique map, then for any A : Fibb(g), we can

compute

(N*A)(*) = H((x,p):fibn(*))A(E) = H(X:K)A(E)
This is the ‘spectrum of sections” of A, the twisted cohomology of the space X with coeffi-
cients in A.

Theorem 2.4.10. There is an adjunction
Mapy (f*B, A) ~ MapX(B,i*A)
Proof.

Mapy (f*B, A) =[x B(f(x)) = A(x)

=~ I (op) fibi(y))B(y) — A(x) ([HoTTBook, Lemma 4.8.2])
> My pyivy ) By) = A(x)  (Currying)
~ Iy (B (y) — H((x,p):fibi(y))A(£)> (Symmetry)

= MapX(B,]:*A)

Now the left-adjoint to f*. The reader might expect a definition like

?
fAy) = 2((x,p):fibi(y))A(1)

but the right side is not a spectrum unless fib¢(y) happens to be contractible. We have to

make a correction:
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Definition 2.4.11. For A : Fam(X), define

zeros () : fibg () = X, p)stiby (1) A%)

zerosé(g)(x, P) = (x, P, *A(z))

And then for each y : Y, define f A(y) as the cofibre

zerosa ()

fibg(y) ————— L((up)fivsly) AR)

| -
1 fA®Y)

This definition can only be made for dull A, so that we have access to a canonical point

*A(x) - A(x) for each x.
Lemma 2.4.12. This pushout defines a spectrum for each y.

Proof. § commutes with pushouts (Proposition 1.1.29) and Z-types (Proposition 1.1.18). The

map zeros 4 (y) becomes an equivalence under the action of § because A(x) is a spectrum,

and then the pushout of an equivalence is an equivalence giving 1 >~ ff A(y). O

Remark 2.4.13. Note that if X is a space and 77 : X — 1 is the unique map, then 7m77%(S) ~

zeX.
Proposition 2.4.14. hMapX(LA, B) ~ hMapf (A, B)

Proof. Fix y : Y. Then by the universal property of pushouts, we have that functions

f,A(y) — B(y) are equivalent to triples
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and so dull functions §(f A(y) — B(y)) correspond to dull triples

Now j is a dull point of a spectrum, and H is a dull family of paths in a spectrum, so in fact

i and H contain no data at all, and

Then

12
—
<
¥
=
L.}]
S
B
—
=
I~
<
[
—
=
~—
e~
~~
NS
~—
N——

~ t (M A(x) = B(f(x)))

= hMaPi(Ar B)

Corollary 2.4.15. fMapy(f A, B) =~ fMapy (A4, f*B)

Corollary 2.4.16. Spec is ‘externally’ a reflective subcategory of U, in that, for any A : U and
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E : Spec,
f(mA — E) ~4(A—E)

where 7t : §A — 1 denotes the unique map.

Proof. §(mA — E) = iMap, (mA, E) ~ tMap, (A E) ~ 5(A — E) =

24.3 Tensor and Hom
First, there is an ‘internal’” tensor product and hom on each Fam(X).
Definition 2.4.17. For A : Fam(X) and A" : Fam(X), define A ®x A" : Fam(X) by applying
the actual ®-type former pointwise:
(Aox A')(x) = A(x) ® A'(x)

which defines a family of spectra by Proposition 1.3.21. The unit of this operation Sx is
given by Sx(x) :=S.

The internal hom on Fam(X) is similarly calculated pointwise:

Definition {C} 2.4.18. For A : Fam(X) and A’ : Fam(X), define

(A —ox A')(x) = A(x) — A'(x)

which is a family of spectra by Axiom C.

Proposition {C} 2.4.19. There is an adjunction
tMapy (A @x A, A") ~ hMaPX(A,A’ —ox A")

Proof. Follows quickly from Proposition 1.5.9. O
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Proposition 2.4.20. The f* operation is strong closed monoidal with respect to the internal tensor

and hom.

Proof. Because the constructions are done pointwise, they commute definitionally with
f. O

There is also an ‘external” tensor, which is more like how our ®-type former behaves

intrinsically:

Definition 2.4.21. For A : Fam(X) and B : Fam(Y), define A ® B : Fam(X x Y) by
(A®B)(xy) := A(x) ® B(y)

Proposition 2.4.22. Given maps f : X — Y and g : X' — Y between spaces, and types
B : Fam(Y) and B’ : Fam(Y') respectively,

Proof.

O

We can also wonder whether this external tensor product has a right adjoint, an operation
with the following shape: for B : Fam(Y) and C : Fam(X x Y) there should be B> C :

Fam(X). This is also easy to construct:
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Definition {C} 2.4.23. For dull B : Fam(Y) and C : Fam(X X Y), define B > C : Fam(X) by

(B > Q) (1) = H(yz)ﬁ(y> - Q<L y)

Again, we need to assume Axiom C for each fibre to be a spectrum.

Proposition {C} 2.4.24. There is a dull adjunction

bMapzxx(A X E/Q) = hMapX(A/B > Q)

=
=
s
<
X
la
B
~~
b
=)
~~
s
0
—~
®
NS
~—
N——
—~
)_]
=
(6%
o
=
[¢]
=
—_
=
N
>~
QO
aQ
2.
=]
~



where x : X — land Ax : X =+ X x X.
Proof. The first two follow immediately from expanding definitions, and the third by

uniqueness of adjoints, seeing that

IMapy (A @x A', A") = {Mapy (Ax"(A® A), A”)

2.4.4 Types with Fixed Base

Rather than considering functions X — Spec, instead we can use the fact that every type A

is intrinsically a family of spectra over the space §A via Corollary 2.1.6.

Definition 2.4.26. Let X be a dull space. A type with base X is a type A with an equivalence
v : §A ~ X. The type of types with base X is written Fiby (X).

The type (1A ~ X) is a space because it is the type of equivalence between two spaces,
and so we may assume the provided equivalence v is dull.

Any type A can be paired with the identity equivalence §A ~ §A to give (A,idy4) :
Fib, (1A).

Definition 2.4.27. For any (A, w) : Fib;(X) there are functions bases : A — X and zeroy :

X — A given by

bases () := w(a’)

Il
—~
[S

L
—~
=
~
SN—

-

zeroa (x) :

Note that the codomain of zero is only A, not the original A.
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Proposition 2.4.28. There is an equivalence ¢ : Fam(X) — Fiby(X) via the forward and reverse

assignments

9(E) = (L E(), M(2.0)")-2)

¢—1 (A, Q) = )\X.Ay—l(l)

Proof. This equivalence was constructed in the process of proving Proposition 2.2.20. [
Definition 2.4.29. Given (A, v) : Fiby(X) and (B, w) : Fiby(Y), a map over f : X — Yisa

map h : A — B together with a witness H that

1A —" 4B

| |e

commutes, where g} is defined by Definition 1.1.5. The type of such pairs (1, H) is denoted
Mapf(A, B), so

The case of f = idy is written Mapy (A, B).

There is now a dictionary translating between the operations on Fam(X) and the same

operations in terms of Fib; (X).
Definition 2.4.30. For B : Fiby(Y), the type f*B : Fib,(X) is defined to be the pullback
—
|

basep

—

j:B
|
X —

=
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To see that this is a type over X, note that the map on the right becomes an equivalence
under the functorial action of §. Because § preserves pullbacks, the induced map §(f*B) —

nX is an equivalence.

Definition 2.4.31. For a type A : Fib; (X), the type f A : Fiby(Y) is defined by
£ A= Ry H(p)tivg () Ax

Definition 2.4.32. For a dull type A : Fib; (X)), the type f A is the pushout

f

Zero

\>&\><

lA

Because [ preserves pushouts and the map on the left becomes an equivalence under
the action of §, applying § to the map Y — f A also yields an equivalence. We use this map

as our witness that f A is a type over Y.

Definition 2.4.33. Given A : Fib,(X) and B : Fib,(Y) define A ® B : Fiby(X x Y) via the
equivalence §(A ® B) ~ A x §B ~ X x Y of Proposition 1.3.21.

This time, the type A ® B really is just the ®-type former applied directly to the inputs.

Definition {C} 2.4.34. For dull B : Fiby(Y) and C : Fib,(X x Y), define B > C : Fib,(X) by

B> C = Yx) (B — C) (ay.(x9))

Definition {C} 2.4.35. For dull A : Fib;(X) and A’ : Fib,(X"), define A —ox A : Fib;(X)

by

A —OX A, = Z(Y X)A —0 A,
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Theorem {C} 2.4.36. Each of f*, f., fi, ®(_y, —o(_y on Fam((—)) and Fib,((—)) commutes with

the equivalences ¢_y : Fam(—) — Fiby(—).
For most of the operations this is immediate. The most interesting is fi:

Proposition 2.4.37.

Proof. Starting with a type A over X, we have to calculate the fibre of i A — Y over a point

y : Y. Consider the diagram

)

I'<

N\

ﬁbfobase(

Va3
N X/

where all the vertical squares are pullbacks: the front-left and back-right by the definition

of fib, and the back-left by the pasting Lemma applied to

ﬁb[ObaseOZero(y> — ﬁbiObase(y) B—

T

Zero

fobase

noting that f o base o zero = f. Now by descent for pushouts (Theorem 2.2.7) applied to the
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cube, the diagram

cofib(fib(y) — fibfobase (y)) ——

|

fA

<

is a pullback. And

ﬁb10base (z) = Z((x,p):fibi(g))éf

so the fibre over y may be calculated as the cofibre of the map

cofib (flbz(%) — Z((er)iﬁbi(g))éi>
as required. O

2.4.5 Working Fibrationally

We can rephrase some of the above definitions to be more yet more type-theoretically
pleasant. A family of spectra can be described ‘fibrationally’, interpreting a term A : §Spec
in context I' as a parameterised spectrum over ‘4I”. From this perspective, a map of spaces
X — "gI" is specified by a term X : Space in context I'.

The downside of this approach is that we can no longer get a handle on the base space: it
is always the base space of the ambient context. Internally, A : §Spec looks like a single (dull)
spectrum, and it is only after interpretation into the semantics that its parameterisation over
the context becomes visible. In particular, it is impossible to express the external operations
® and > in this style (Definitions 2.4.21 and 2.4.23), because that would require as inputs
types A : §Spec and B : §Spec lying in ‘disjoint contexts’, something we have no ability to
specify internally.

Weakening the ambient context will change base space without any visible difference
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in the term. Such a weakening with X : Space is exactly the operation that corresponds to
X*, where X denotes the projection (§I', X) — fI'. In the case that X is a closed type, this is

pullback along the projection X x yI" — §I', which aligns with the usual trick of conflating
an object X with the map X — 1.

The upside of this approach is that the adjoints to this weakening are now exceptionally

simple to describe. Let us write X, and X, for the adjoints to weakening with X.

X, : (X — Spec) — iSpec
X,(A) := cofib (g - 2@)A(z)n)h
X, : (X — tSpec) — tSpec

b
X.(4) = (MaxAR):)
and the linear operation use the type formers directly: if A, B : §Spec, then

® : hSpec x §Spec — fSpec
A®B:= (An ®Et)n
—o : jSpec x fSpec — §Spec

A B:= (Ab —Oﬁb)h
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Chapter 3

Metatheory

We now turn to metatheoretic aspects of our type theory.

¢ Section 3.1 justifies some of the choices we have made in how the type theory is

designed, and discusses some possible improvements.

* Section 3.2 describes the proof that the various operations we have used in the theory
are admissible. The overall structure of the proof is typical — a giant mutual induction
on derivations — but some of the tricks used to work with the palettes changing

through a derivation are novel.

Further details are given in Appendix B

¢ In Section 3.3 we describe a toy model of our type theory which is simple enough to
be described internally: type-indexed families of pointed types.
3.1 On the Design of the Type Theory

The author readily admits that the rules for palettes and splits are a little odd. In this
section I will try to justify some of the design choices, and explain why some ‘obvious’

simplifications fail.
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3.1.1 Palettes and Slices.

Comma, Tensor, and Colour Labels. In the palettes that appear in the derivations of
terms, there is an asymmetry between the comma palette constructor and the ® palette
constructor: the children of a (possibly iterated) ® palette all begin with a colour label, but
the children of comma palette never do. For example, we never encounter a palette with
the shape (I < @), (v < Pr). We can get away with this because both weakening and
contraction for comma mean we never have to refer to the two sides separately. Thinking
semantically, any construction that only uses one side of the comma can be weakened to
the palette containing both by precomposing with the projection, and any construction that
uses ‘functoriality” of comma does not need to divide the palette between the two sides: one
can instead apply functoriality and precompose with the diagonal map. This is no different
to how contexts and variables work in ordinary (cartesian) type theory: the context never
shrinks as you move up a derivation, and at the leaves you may project a variable from
anywhere in the context.

For the same reason, we do not have a rule that constructs a slice ®, ®' I s, s’ slice where
® s slice and @' I s slice. Without loss of generality one can instead use the colour label
immediately above the ®, ®’.

On the other hand, we should not arrange the rules for palettes such so that the two sides
of a ® always have a label immediately as the first child on either side, because associativity

of ® would not preserve this property. For example, reassociating

(p<t®@b)®y

to

t® (b®y)

leaves the right side of the outermost ® without a label.
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This would affect the syntax for slices. Anywhere that a slice implies such a reassociation
of the palette, that slice would need to bind a new colour label. This would complicate the
syntax for slices considerably. Additionally, whenever one replaces a spot in a palette with
some other subpalette, one would need to make sure that this does not break the invariant:
whether a replacement is valid will depend on the surrounding context of the spot in an

irritating way.

Silent Weakening. For this type theory to be usable informally, it is crucial that cartesian
weakening of the palette is invisible on the raw syntax of terms. This kind of weakening
occurs whenever we use pattern matching: in a term let p = sinc : C[s/z], the type of the
term ¢ : C[p/z] has been weakened to include the new palette bound by the pattern p. It
would be extremely confusing if this weakening were explicit throughout the type C, even

places that have no relation to the variable z.

Non-Democratic Contexts. Our rules for palettes allow us to form palettes that can’t
possibly appear in the derivation of a closed term, for example, v ® (b, b’). Similarly,
because of our slick context extension rule it is possible to form contexts that do not occur
in the derivation of a closed term, even when the palette on its own is an ‘ordinary” one.

For example, nothing prevents us from sandwiching colours in the following sense:

p%t@b]xt:A,yh:B,zr:Cctx

There is no binder that can produce that final context extension with z, nor can it be arrived
at by filtering to a slice: the context before the filtering would also have to be sandwiched
in this way.

This fact causes another departure from what we are used to from MLTT: in ordinary
dependent type theory, any context or context extension can be packed into an iterated

Y-type. The same is not true here: the above sandwiched colours prevent any sensible
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packing of y and z into a type together.

We note that the entire context can be described (up to equivalence) as a type. The main
obstacle is the possible dependence of C on y, which prevents us from using symmetry to
resolve the sandwiched colours. We can use Proposition 1.3.13 to break this dependency
and then apply symmetry.

Contexts that may be packed into a type are sometimes called democratic [CD14], so to
summarise, not all contexts are democratic in our theory, but all contexts appearing in the
derivation of a closed term are democratic. Any telescope formed by using a pattern match

is also democratic over the context.

3.1.2 The Top Colour

We always need some method of referring to the entire ambient context, so that variables
bound by the ordinary type formers have a colour to be labelled by. In our theory we
maintain the invariant that the palette of any term has a label at the top. The downside of
this approach is that we need to know the name of the top colour to determine whether
even a closed term is well-typed; this top colour name is not stored in the syntax of a term.

There is another option: we could use a distinguished symbol to refer to the “top colour’,
say, €. This would solve the above issue, and have some other pleasant effects: we no
longer need the ‘recolouring’ operation in ®-INTRO and —o-ELIM, for example. But there

are some unexpected knock-on effects which made us not pursue this.

¢ When going under a hom-binder, the previously-unnamed top colour ¥ is assigned
a name c¢. This does not only affect the type of the consequent, but also all types in
the context where T was previously mentioned. Worse, when later restricting to the
slice ¢ (say in a use of ®-INTRO), every such occurrence of ¢ has to be restored to an

occurrence of T.

e There is no reason that this new name has to be consistent between different hom-
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binders, leading to an unpleasant situation where variables that have access to the

same colours are labelled with different colours themselves.

The combination of the unitors and the 1 slice can cause complications in niche
situations. For example, we are able to form the term a -®,, (b ;®; c). If later (due to

pattern matching on this term) we have to perform the substitution

(% on®e Y)[T/L1/m,1/5 | a/2,b/y]

then we are in trouble: the slice on the left should be ¥ ® 1, and now we have to
determine the meaning of restricting to this slice. We cannot continue to use ¥ as the
label, because that location in the palette is no longer at the top. And so any unitor
slice would have to bind a new colour label to use in place of ¥ in just this case, and
restricting a context to a slice would also need to handle this case specially. The reader
can imagine that there is a resulting explosion of special cases to consider in all the

definitions and proofs of the admissible rules.

3.1.3 The Unit

Our rules for splits allow the following split to be formed:

p<t®bF (t®b) R presplit

This might seem redundant: why not force a unitor split to use the top colour label, as in

p X &? The problem arises when defining substitution on raw syntax. If a substitution is

built using the unitor split, then applying that substitution to a slice may yield a slice of the

form v ® b. On raw syntax, there is no way to know that this slice should be replaced with p

on its own.

The induction principle for S on its own is not so useful. The only way to use it is in
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S-INTRO, in which case one may as well 77-contract and use the term of S that you started
with. We include this induction principle so as to not break the analogy with ®-types.
The judgemental unit itself is necessary even if the theory did not have this induction
principle. Without the judgemental unit, the unitor splits would have to bind an ordinary
variable. This mixes the syntax of palettes and contexts in an uncomfortable way and would
complicate the metatheory.
It may be possible to extend the type theory to make judgemental units more useful. For

example, it would be convenient when working in a palette such as

(t < @;) ® (b < @j) palette,

to be able to write 1;; : 5. As it stands one has to asymmetrically use the left or right unitor
map (defined via pattern match).

A further extension would be a new term former JY whenever there is a split s; X
sr split such that sy proves J and sr contains a unit. The hope would be that this term
former could be made to commute with commute judgementally with the other term
formers, which would make arguments that manipulate S more convenient. This term
former would be stuck on variables, which is unproblematic, but we run into an issue
when trying to commute it with ®-INTRO: there is no way to know which side U should
be pushed into, and it cannot be pushed into both. The split judgement would need the
ability to ‘consume’ units of this form. This may be possible but again leads to an explosion

of special cases.

3.2 Admissible Rules

The rules for the type theory given in this thesis can be applied to various precise formula-
tions of type theory. For example, if the starting Martin-Lof type theory is thought of alge-

braically as an essentially algebraic theory or quotient inductive-inductive type [ACDKN18],
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then we could make §I" a new context former, a a new term former, the unit a new explicit
substitution, and the rules defining these operations new judgemental equalities. The
bunched structure is more interesting, but could be presented using a telescope judgement

as in the following:

' A type
- ctx ' A tele
T ctx I'E Q tele
ol ctx ol F hQ) tele
T'FQ tele T'FQ tele ILOFQ tele
I, ctx TFQ,Q tele
aT - Q) tele iTEQtele {7, Q) F QO tele
I'® Q) ctx T HFQ® QO tele

One would then add a plethora of equations asserting the correct relationships between
these context constructors.

However, this kind of algebraic formulation does not immediately capture some impor-
tant aspects of our syntax. The first is that the §I' and a are definable in terms of marked
context extension and marked variables — this would need to be recovered as part of a
canonicity proof. The second is that the unit is “silent,” i.e. it does not change the raw proof
term — in the algebraic style, it would be made explicit analogously to weakening. But
perhaps the most inconvenient aspect is that the palette and slice syntax is lost entirely.
When applying ®-INTRO or —o-ELIM, one would need to apply a possibly complicated
stuck substitution to the context to massage it into the desired split I' ® () ctx.

The simplest way to make these observations formal is to adopt a more traditional
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syntax, where the subjects of a judgement ® | I' - a : A are a raw syntax context ® | T, a
raw syntax term g, and a raw syntax type A. These weak invariants “break the loop” so
that the typing rules can be defined prior to the admissible rules — otherwise, one requires
the admissible rules to know that the presuppositions of the judgements are satisfied. For
example, a premise of t < @, I, x : A ctxist | F A type, but I ctx only follows from an

admissible rule.

3.2.1 Official Rules

When making rules in this style precise, there are some somewhat arbitrary choices about

the presuppositions of a judgement. For example, a derivation of t < ® | I' - a : A might

1. presuppose that t < ® | T is well-formed, i.e. the subject is really a raw context

t < @ | T rawctx such that there is a derivation t < ® | I ctx.
2. require t < @ | I ctx at each step of the derivation of a : A.

3. neither of the above, i.e. formally one can make derivationsof t < ® |T' - a: A for
an ill-formed context I', but we generally will only be interested in derivations when

t<®|T ctx

The first has the same problem as the algebraic syntax — it requires the admissible rules to
be mutual with the basic ones — and the second is a bit far from an implementation, which
inductively maintains the invariant that the context is well-formed without repeatedly
re-checking it, so we follow the third option for contexts in all judgements. However, for
terms, the rules will ensure that the type is well-formed, and for equality rules, the rules

will ensure that the terms are well-typed: we can prove Lemmas of the form
o flctxand'Fa: AthenT - A type.

e fTctxandTFa=a": AthenT Fa: AandTH 4’ : A.
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This is because, following [Str91; Hof97]’s approach to categorical semantics and initiality,
we officially adopt a fully annotated term syntax, where every inference rule has a direct
typing premise for each term/type metavariable appearing in the rule. (Of course, this is
also a bit far from an implementation.) Together with the admissible rules, these premises
will be enough to ensure that the types in a typing judgement and terms in an equality
judgement are well-formed. De Boer, Brunerie, Lumsdaine and Mértberg (see [Boe20]) have
given a fully mechanised initiality proof for roughly this style of presentation, though we
treat variable binding informally rather than using de Bruijn indices.

For the judgements for well-formed contexts, terms and types, we do presuppose that
the palette is well formed: the operations on palettes, slices and splits may be defined prior
to any contact with contexts, terms and types. The structure of palettes is sufficiently simple
that there is no need to “break the loop” here; and palettes do not appear in terms or types,

only the raw syntax of slices.

3.2.2 Operations on Raw Syntax

The admissible operations on contexts and terms are defined on raw syntax (prior to typing).
This accords with the way we use these operations when working informally: we do not
want to have to think about the exact structure of a derivation as we apply these operations
to terms.

We use the following judgements for raw terms:

* ¢ denotes a palette scope, which is an unstructured list of colour names and unit

names.

* ¢ - s rawpreslice denotes a raw preslice in scope ¢, so list with entries either a colour

from the scope ¢ or the symbol 1.

® ¢ I s rawslice denotes a raw slice in the scope ¢, which is a raw preslice that may bind

a top colour.

219



* ¢ | v I a rawterm denotes a raw term in the palette scope ¢ and scope y. We think of
raw syntax as being intrinsically scoped, so a raw term a is judged relative to a scope

7 consisting of variable names only, with no associated types or marks.

We do not distinguish between ordinary and marked variables in scopes -y, nor do we

record a colour label for each variable.

e ¢ | T rawctx denotes a raw context consisting of a list of variables with a raw term
as a “type’ of each. Each variable is unmarked or marked. Unmarked variables are
annotated with a colour name from the scope ¢. Marked variables bind a fresh colour

name that they use as their ‘top colour’.

® ¢ | v | A rawext similarly denotes a raw context extension in the scope ¢ | ¥ with
marks and colours on the variables. This extension A is also permitted to use the new
colours in the scope 1. This judgement serves double duty: both well-typed context
extensions and context telescopes have underlying raw extensions of this type. (We

touched on the difference between these notions in Remark 1.6.6.)

* ¢ I «x : ¢ denotes a palette substitution, as raw syntax this is a derivation of a palette

substitution where the slices that appear do not need to be well-formed.

e p| vk (x|0):¢ | wdenotes a telescope substitution, so 6 is a list of raw terms in

scope ¢ | 7.

The complete list of operations on raw syntax that we need are as follows:
¢ Extracting the top colour from a slice "s .

* Extracting the underlying preslice u(s).

e Recolouring J“? of slices, contexts, telescopes, terms and types.

* Marking J™? of slices.
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Marking J™®T of contexts, telescopes, terms and types.

Marking I of contexts.

Filtering I'* of contexts and telescopes.

Substitution J [«] of slices.

Substitution J [« | 6] of telescopes, terms and types.
e Tensor merging J[(t < s Ksg/t') of slices, telescopes, terms and types.

The shapes of these operations on raw syntax are given in Figure 3.1. We use ; to stand
in for one of a raw telescope or a raw term.

When we apply these operations to well-typed telescopes and terms, we will just write,
for example, A™ and a™T, letting I represent its underlying list of variables.

The actual definitions are given in Section A.4; the only definition that is not entirely
obvious is slice substitution, which stops when we reach the first occurrence of the colour
as its own slice.

Many of the equations relating these operations now hold on the level of raw syntax.

For example,
Lemma 3.2.1. Marking is idempotent on the level of raw syntax.
* Ift,¢ | T rawctx thenT =, T

o Ift,¢ | T rawctxand t, ¢ | v - ¥ | A rawext then T, A =, T, A™1

° If('b, (P’, 4)" | v, ,),/ |— ¢ | A rawext then (Am¢|"/)m(¢’¢ v =4 Am(‘P/‘P/h/)’/) =, (Am(¢/¢/‘7/7/))m¢ v

o Ifp, 9,y I s rawpreslice then (sm"’)m("]’lp) =, am(¢¥) =, (am(""l/’))mqb
o Ifp, ¥,y I s rawpreslice or ¢, 1, P’ - s rawslice then (sm¢)m(¢’¢) =, ™Y =, (Sm(¢,¢))m¢

o Ifp, ¥,y | v,6 b a rawterm then (am‘l’”)m(q)’lp'w) =, am@¥l10) = (am("’"/"%&))m(l)h
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Slice operations:

D palette ¢ = s rawslice ¢ = s rawslice
@ rrscoowr ¢+ u(s) rawpreslice
Marking:
t,¢ | T rawctx t,¢|vE Y| A rawext
T rawetx U yh A rawed
¢, ¢’ I s rawslice 0, ¢, | 7,7 F A rawext v, ¢, | 7,7+ arawterm
¢ s rawslice gy |1 F AT awext g,y [ 7,7 a™7 rawterm
Tinting:
D palette ¢ F s rawslice ¢ | T rawctx
 plTawex
Recolouring:
g ¢ v

0,9 |y 1°F

Telescope substitution:

ptx:p ¢, P,¢ s rawpreslice pEx:p ¢, ¢ s rawslice

¢, ¢’ I s[x] rawpreslice ¢, ¢’ = s[x] rawslice

ploy-x|0):plw tepp¢ S |vwFs
¢, ¢" | v, sl | 6]
Slice substitution:

¢ F t rawslice ¢, | v 7

¢, ¢ | v L[t/c) rawslice

Figure 3.1: Operations on Raw Syntax
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Proof. Induction on the structure of the judgement.

For preslices, s™ is calculated by replacing any colour in ¢ with 1, doing so twice has
no additional effect. For slices, the bound colour is not affected by the marking operation
and so equality follows by the equation for preslices.

For terms, variable cases are clear, as marked variables always remain marked, and
unmarked variable become marked iff they are in 7, 9. The remaining cases are immediate

by induction. O

3.2.3 Proof Ideas

We give a general overview of the strategy used to prove the operations well-typed, with

the complete details in Section B.

Palette Spots. When moving through a derivation, the palette changes in various ways.
To have sufficiently general inductive hypotheses in the proofs, we need the rules to be
general enough to apply under any change that happens to the palette when moving from

the conclusion to a premise. For us, there are five possible changes:

¢ An ordinary binding of a single variable of the top colour (X-FORM, II-FORM, I1-

INTRO),

A binding of a telescope (MATCH),

A linear binding of a single variable (—o-FORM, —-INTRO),

Marking of the entire context (3-FORM, §-INTRO, ®-FORM, —o-FORM),

Restriction of the context to a slice (®-INTRO, —o-ELIM).

To describe rules that are general enough, we introduce some additional judgements

that represent a particular ‘spot” in the palette. These are similar to the ‘context holes” one
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sees in other work on bunched implication; locations in a context that can be filled with

another context.

E{D} spot

E{E} spot (¢ < E){P} spot
E{P} spot E{P} spot E{P} spot E{P} spot
(8,E"){®} spot (E',2){®} spot (E®E"){D} spot (Z' @ E){®} spot

We also introduce a related second (and third) kind of spot Z{®, ... } and E{t < (®,...)},
that keeps track of the enclosing label of a comma bunch: We will need this because the

pattern matching rule places a new comma bunch below the top colour: we move from

t<dtot < (P,P).

E{D,...} spot E{D,...} spot

E{E,...} spot (E,E){®,...} spot (t<E){t<D,...} spot

E{t<®,...} spot

(¢ <E){t<,...} spot

E{t<P,...} spot E{t<®,...} spot
(Z,2){t<D,...} spot (E,E){t<®,...} spot
E{t<P,...} spot E{t<D,...} spot
(E@E){t<d,...} spot (E@E){t<d,...} spot

This new palette is associated ‘the wrong way”: in a palette spot E{t < ®, ...} spot, the

label t becomes distant to ® in the underlying palette (but still ultimately with only comma
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bunches in between.)
The most important operation on spots is replacing the contents of a spot with some

other palette:

E{P} spot ¥ palette E{P} spot ¥ palette

E{]Y} palette (E2{l¥}){¥} spot

The second rule somewhat awkwardly states that, after replacing a spot in a palette, the
replacement palette is again a spot in the result.

Throughout the proofs we will use a more convenient notation for spots, writing the
spot inline at the location in the palette it appears. So, if (E,E){®} spot is derived from

E{®} spot, we will simply write 2{®P}, Z’ spot, and so on.
ply

Useful Invariants. The rules of the theory are also carefully arranged so that all typing
rules monotonically add marks as one moves from the conclusion to the premises. Addi-
tionally, the colour label on any variable in the context is never changed by any of the rules
when moving up a derivation.

The marking operation on contexts applies the marking operation to the types, but that
is the only change to types in the context that occurs. This marking operation is identical on
raw syntax regardless of what the current top colour of the palette is. There is therefore no
repeated changing of the raw syntax of types in the context as you move up a derivation;

the type is marked at most one time.

The ‘Dispatching’ Rules. The operations on raw syntax are defined such that the data
used in the operation is left as undisturbed as possible as we traverse the term. This means
that the context in which the operation is typed can gradually drift away from the context
in which the target is typed.

For example, when applying a substitutiont < ® | '+ (k| 6) : ¥ | Q) to a term
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t<®,Y|T,QF a: A, induction into the premises of ®-INTRO causes the palette and
context in the term to be restricted to some slice t < ®, Y I s slice, and this no longer aligns
with the context of (x | 6).

This issue is resolved by having multiple typing rules for the same operation on raw
syntax, for the various situations that can occur. In proof that each typing rule is admissible,
the inductive cases may refer to some other typing rule for the same operation, as the
situation requires.

For example, the "headline’ substitution result is the following.

t<®|THK[0):¥Y|Q t<&,¥|[LQFT

t<®|TH Tk 6]

This is the rule as it is actually needed in the pattern-matching rules, as well as the ordinary
single-variable substitutions present in the rules for > and I1. The first step is, as usual,
to allow the judgement being substituted into to use an extension I of the context with
additional variables. For this to make sense we need the colour labels in I to not be from ¥,
because x substitutes these colours for an arbitrary slice of @, and our theory has no notion
of ‘variables labelled with a slice’. Cartesian extensions are fine as they bind variables of

colour t, which is notin ¥.

t<®|THx|0):Y]|Q t<&,¥|[LOTHJT

t<® |,k |0|F Tk | 6]

The next step is to allow substitution into a judgement where the palette has also been
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extended. For this we use a palette spot, like so:

s <E{t<®d,Y¥,...} spot
t<®|TH(k|0):¥|Q s<E{t<®Y,.. .} |[OTHJ

s<E{Lt<d,.. .} |TT[Kk|6]F Tk |67

This covers all the possible changes to the palette except one: the restriction to a slice that
occurs in ®-INTRO and —o-ELIM. Here the substitution rule branches into four alternatives.
The different versions correspond to the mutually exclusive ways an arbitrary slice s < & -

s slice might relate to the spot E{t < ®, ¥, ... } spot:

¢ s contains t, and so all of the spot. Then there is a spot E{t<d,Y¥,...} spot, and we

can apply the substitution rule given above.

¢ s has a nontrivial intersection v with ¥. Then the result of the substitution in the

conclusion should use the colours in s[k], which has a nontrivial intersection with ®.

¢ s has a nontrivial intersection w with ®. Then the rules for slices ensure that s uses no
colours from ¥, and so s[x] = s. This continues to have a non-trivial intersection with

® in the conclusion.

* s does not intersect the spot whatsoever. Then the judgement under the slice must

already be dull with respect to I

The rules corresponding to each of these possibilities are as follows.

Y - v preslice, s < E{¥"} spot

t<®|THx[0):¥]Q s<E{¥}|L[Q,T'+FT
SUBST/COD — —————————————— — — — — — — — — — — — — ——
s < B{L(t < @)Y | %W [k | 0] - Tk | 6]
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P+ w preslice, s < E{P"} spot
t<®|TH(x|0):¥Y]Q s<E{®Y}|IY,QT'+T

SUBST/DOM — ——————— — — — — — — — — — — — — — — — — — — — ——
s < E{®Y} | TV I'[x | 0] - T[x | 0]**

t<®|TH(x[0):Y|Q s<E|LQIHT
SUBST/MARKED —— — —— — —— — — — — — — — — — — — — — — — —
s<E|LT[k|0)F J[k| 6]
The final ingredient is a “dispatch’ rule, that given a slice s < Z I- s slice in any of the

above situations, chooses the appropriate rule to use to perform the substitution under that

slice. Specifically, we prove the following.

Lemma 3.2.2. Let s < Z{(t < ®,¥)’} | [, Q, T ctx denote one of the above four situations, so

one of

s<E{t<DY,...} |[,QT ctx

s < 2{Y’} | T, Q00T ctxwhere ¥ - v preslice
5 < E{®"} | T, Q, T/ ctx where ® F w preslice
s <& DO cix

and s < E{}(t < ®)’M} | T,T[x | 0] ctx the corresponding conclusion contexts

s<E{lt<®,...} |T,TV[x|6] ctx
s < E{J(t< q))U[K}} | FU[K],F/[K | 6] ctx where ¥ F v preslice
s < B{P"} | T, T'[x | 0] ctx where ® F w preslice

s< & IDT[k|6] ctx
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respectively. In each case we can substitute ‘under a slice’:

s < E{(t < ®,¥)’}F s slice
t<®|THx[0):¥|Q (G<EL{t=<o,V)'}) | T Qr)PFT

SUBST/DISPATCH — ————————————————————— —— —— — — — — — — — — —
(5 < E{L(t < @)W} [ (T, T[ic | 0])° 1= T e | 6]

Dispatching rules of a similar form are also used for the other operations, and this
significantly streamlines the cases for ®-INTRO and —o-ELIM.

The central results we have proved are the following.

Theorem 3.2.3. Substitution is admissible.

t<®|THx|[0):¥Y]|Q t<&,¥|[LOTHJT

t< @ |T,TKk| 6] F Tk | 0]

O
Theorem 3.2.4. Marking of contexts is admissible.
t<®|T ctx
MARK-CTX —— — —— ——
t| L ctx
O
Theorem 3.2.5. Filtering of contexts is admissible.
dtrsslice @|T ctx
FILTER ———————————
P° | T® ctx
t
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Theorem 3.2.6. Marking is admissible.

t<®|T'k
MARK — — ————
t|I-J

Theorem 3.2.7. Recolouring is admissible.

RECOLOUR —/——————— — ——
t<@| I | gt

Theorem 3.2.8. Tensor merging is admissible.

t<dF t; Xtg split
< @ @R[ TLER T

t<® | THJt<t Rtg/t)

3.3 A Toy Model in Parameterised Pointed Types

We present a concrete interpretation of the type formers of our theory in parameterised
pointed types, which has a similar structure to parameterised spectra but is much simpler
to describe. The co-topos of parameterised pointed spaces is defined similarly to PSpec, but
with the co-category of pointed spaces S, taking the place of Spec, so an object consists
of a space B and a family E : Fun(B, S,) of pointed spaces. In intensional type theory,

we can define a weak version of this model, where many equations that should be strict
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equalities (such as the - and 75-rules for the type formers) hold only up to paths. Indeed,
in this internal presentation, function types in the theory are interpreted as functions that
preserve the point only up to a path whereas we conjecture that there is an external model
in parameterised pointed spaces where functions are pointed up to equality.

This model has been considered independently in some related work. Some aspects,
including the interpretation of the universe, were described in a talk by Buchholtz [Buc19],
which discussed simple, internally definable models of cohesion. Parameterised pointed
spaces can be seen as the category of homotopy coherent diagrams over the walking
section/retraction. An co-presheaf 'on{s:1— 0,7:0 — 1| ros = idy} consists of a space
I'(0) and a space I'(1) with a projection I'(1) — I'(0) and a section I'(0) — I'(1). Taking the
fibre of the projection, we can think of I'(1) as a dependent type on I'(0), with each type in
the fibre equipped with a distinguished point determined by the section s.

A paper of Kraus and Sattler [KS17] discusses how, for certain “Reedy” diagrams, the
data of a coherent diagram can be given a finite internal description, without needing to
specify infinitely many coherences. Kraus and Sattler’s construction applies to this index
category, and their construction yields a description equivalent to the one presented here.
Coquand, Ruch, and Sattler [CRS20] also consider constructive sheaf models of univalent

type theory on the walking section-retraction.

3.3.1 Contexts and Substitutions

In this (weak) model, each context ‘T ctx’ is interpreted as an element of a record type

Definition 3.3.1 (Contexts in Pointed Spaces).

Ctx:={B: U,
E:B—U,

p:I1m)E(Q)}
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consisting of a type B, a family of types over it E, and a section p. Equivalently, we
could package E and p together into a family of pointed types. This corresponds to the

section/retraction pair

Z(g:BF) ET (g)

(g,pg)D pry

BI'

With this in mind, we refer to BT as the base or index space, each ET (—) as a fibre, and p as the
point (though this is a little imprecise, since really it is a family of points, one for each fibre).
A substitution ‘T - 6 : A" between I', A : Ctx is then a map of the base and a map of the

fibres that commute with the section, represented by the record type

Definition 3.3.2 (Substitutions in Pointed Spaces).

{B: BT — BA,
E: igan ET(g) — EA(B(g)),

p: H(g:BF)E(g/ pl(g)) =EA(B()) pA(B(g))}
This amounts to a commutative diagram

Y(g:8r) ET(8) —— Y(a:8a) EA(d)

<Bll“ CBlA

Definition 3.3.3 (Empty Context in Pointed Spaces). The empty context ‘@ ctx’ is given by
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the unit type over the unit type.

B(@) =1
E(@)(x):=1
p(2)(x) :=*

Note that we use “copattern” notation [APTS13] to describe elements of records/functions,
i.e. this is shorthand for the record @ := {B:=1,E := Ag.1,p := Ag.x}.
For a context I' : Ctx, the context iI" : Ctx is defined by keeping the base the same but

replacing the fibre with the point:

Definition 3.3.4 (Natural Context in Pointed Spaces).

B(tT) := BT
E(4T) () = 1
p(E0)(g) ==«

The unit substitution I - 7 : oI is given by

Bi(g) =g
En(g g') =~
pr(g) := refl,

i.e. it is the identity in the base, and sends everything in EI to the point, which in particular

sends the sections of I to the point. Because the fibres are pointed, there is also a counit
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fCke:T

Ee(g,%) :=pI'(g)

pe(g, ) := reflyr(g)

i.e. it is again the identity on the base, and sends the point in the fibre to the chosen point in
each fibre.

For a context I' (thought of as a closed type), the context fI" is contractible in this model
when BT is a contractible type. A f-connected context is up to equivalence {BI := 1,ET :
1 — U, pl' : ET'(%)} and thus is exactly a pointed type. Moreover, the substitutions between
them are exactly pointed maps, with preservation of the point given by the third component.

Supposing that I' as a context contains a single type A, we are used to thinking of
substitutions @ - 0 : A as corresponding to ‘elements of A’. In our setting, however, if
A is a f-connected type then the type of such substitutions is contractible — there is a
unique pointed map from 1 to A that sends the point in the fibre to the point of A. Thus,
substitutions from & do not capture the elements of the fibre of A. To access the elements of
the fibre, we can instead consider substitutions from B + 6 : A, where B is the booleans

over the unit type:

Definition 3.3.5.

BB:=1
EB(%) := 2
pB (%) := true

Substitutions B I~ 6 : A correspond to pointed maps from the booleans into EA. Such a

pointed map sends true to the point, but has one remaining degree of freedom — where
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it sends false. Thus, the substitutions from B into a §-connected type A are equivalent to
EA(%). We use an analogue of B in Section 2.1.

The fact that substitutions @ ~ 6 : A ‘miss’ data from A does not contradict the
equivalence of types A >~ (1 — A): we will see that the interpretation of function types

does capture the fibre of A in the fibre of the function type.

3.3.2 Types and Terms

Once we have the definition of a substitution, one can determine what the data of a ‘type in
context” should be: the data of an arbitrary substitution into that context A I~ pr : I'. In the

present case a type ‘T = A type’ unwinds an element of the record type

Definition 3.3.6 (Dependent Type in the Pointed Spaces Model).

(B:Bl - U,
E:Tlger)B(g) = EL(g) = U,

p: IT(ger I lws()E(g 4 PI(g))}

The base of a type A depends only on the base of the context, while the fibre depends on
both the base and the fibre of the context, and the base of the type. Interestingly, not every
tibre of the EA family has a specified point, only the fibres that additionally lie over the
basepoint of EI'.

The data of a type in context can arranged into the following diagram.

Y_(¢:BT) L(a:BA(g)) (e:ET(g)) EA(g,a,e) — )_(¢:BT) ET'(g)
BT

Y (g:8r) BA(8)

where the upwards maps are sections definable from pI" and pA.

This section/retraction on the left of the diagram is exactly the interpretation of context
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extension ‘T A ctx’, and the horizontal maps describe the projection substitution I"' A I pr 4 :

r

Definition 3.3.7 (Context Extension in Pointed Spaces). The context extension ‘T.A ctx” is

defined by

B(I.A) := )_(¢:BT) BA(g)
E(F‘A) (g/a) = Z(e:EF(g))EA(g/ a, 6)
p(I.A)(g a) := (pI'(g), PA(g,a))

A “term in context” must be the data of a section of the projection substitution T.A — I"
shown in the diagram above — this is now a section in the horizontal direction. Building the

section coherence in via dependency gives

Definition 3.3.8 (Terms in Pointed Spaces). A term ‘T -t : A’ is an element of the record

type

{b: H(g:BF)BA(g)
e I1(ger)I Leer(e)EA(g b(g), €)

P IT(g:er)e(8 PI(8)) =EA(gb(g)pr(g) PA(S b(g))}

For fI' - A type, we can define the natural type I' - §A type by replacing the fibres with
the unit type:

Definition 3.3.9 (Natural Type in Pointed Spaces).

B(§A)(g) := BA(g)
E(1A)(g,a,¢) :
E(5A)(g,a) :

1

*
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Note that this definition only uses g : BI' and not the fibre or the section of I', so the

definition is independent of whether we ask for an A that depends on I' or on {I".

3.3.3 Ordinary Type Constructors

This internal model supports both dependent sums and dependent products satisfying
the expected equations propositionally. Our goal here is to demonstrate how these type
formers vary over the data of the context, so we instead describe non-dependent x-types
and —-types, but the analogous definitions replacing x with ¥ and — with ITI give the
dependent versions.

Product types are easy: we form the product both downstairs and upstairs. The pairing

and projection terms are defined using the pairing and projection of the underlying x-types.

Definition 3.3.10 (Product Types in Pointed Spaces). For two types ‘T - A type” and
‘T I~ B type’ define ‘T = A x B type’ by

B(A x B)(g) := BA(g) x BB(g)
E(A x B)(g,(a,b),e) :=EA(g,a,e) x EB(g,b,e)

p(A x B)(g, (a,D)) := (pA(8,4),pB(8,D))

Function types are more interesting. The base of A — B is not the type of functions
BA — BB, but rather the entire type of substitutions I''A to I'.B over I'. For a fixed g : BT,
the data of such a substitution unwinds to triples

Arr(A,B)(g:BT) :={b:BA(g) — BB(g)
e: [T(aba(g)EA(g a4, PT(g)) — EB(g,b(a), P (g))

p: [l(aa(g)e(a, PA(g,a)) = pB(g,bla))}
Definition 3.3.11 (Function Types in Pointed Spaces). For two types ‘T' = A type” and
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‘T I~ B type’ define T = A — B type’ by

B(A — B)(g) := Arr(A,B)(g)
E(A - B)(g, (bf/ ef/ pf),e) = H(a:BA(g))EA(g/ a/e) - EB(g/ bf(a)/e)

p(A — B)(g (bf,ef, pf)) :=ef

This definition makes it clear that the j modality does not preserve Il-types: the base of
1(A — B) is Arr(A, B), while the base of (§A — B) is essentially BA — BB (because the
fibres of B are 1, the rest of the data of Arr(§A, iB) is determined).

We can also define identity types and the universe. Similar to X-types, Id-types are given
component-wise. The type ‘a = a’" has as its base paths in the base of “A’, with the family

over a path p : B(a = B(d’ iven by dependent paths in EA(g, —, e) that lie over it.
path p 8 8) 8 y aep p 8

Definition 3.3.12 (Identity Types in Pointed Spaces). For T a: A’and T F a4’ : A’, define
TF (a=d) type’ by

E(a=d)(g pe) = (E(a)(g e) =Peas-aP) E(a)(g,¢))

p(a=a')(g p) = p(a)(8) *apdpa(gmB(-)(g)) (P) * P(a')(8)™"

The types of the paths used to define the basepoint of each family above are

p(a)(g) : E(a)(g pPI(g)) = pA(g, B(a)(g))
apd,a(g8(_)(e) (P)  PA(8,B(a)(g)) ="Peais—2 ) pA(g, B(a')(g))

p(a')(8)™" : pA(g,B(a')(8)) = E(a') (8, pT())

Finally, the universe has as its base the entire type of pointed families, and as its fibres,

the type of unpointed families over the same base.
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Definition 3.3.13 (The Universe in Pointed Spaces). The universe ‘@ - U/ type’is given by

B(U) () := Xy L(e:8-u) [ Lp:8)E(D)

3.3.4 Linear Type Formers

The linear type formers finally use the monoidal structure of pointed types. Recall that
pointed types are monoidal for the smash product: the cofibre of the wedge inclusion
(A,a0) A (B, by) := (A,a9) V (B,bp) — A x B. We write (a,b) : A A B implicitly including

the pair into the cofibre. The smash product A A B is pointed by (aq, bo).

Definition 3.3.14 (Tensor Types in Pointed Spaces). For two types ‘4T" - A type” and
‘tT - B type’ define ‘tT - A ® B type’ by

B(A® B)(g) := BA(g) x BB(g)
E(A® B)(g, (a,b),*) := (EA(g,a,%),pA(g,a)) A (EB(g,b,%),pB(g, b))

p(A® B)(g, (a,b)) := (pA(8,4),PB(8,D))

This definition can only be made because the fibres of I are trivial. If instead we have
arbitrary e : ET, then we are stuck: in general we do not have points ? : EA(g,4,¢e) and
? : EB(g, b, e) to use to form the smash product.

It is not difficult to see how the dependent tensor (with dependency still mediated by
1) may be implemented. The formulation is slightly awkward, because of the need to also

apply  to the type A in the context.

Definition 3.3.15 (Dependent Tensor Types in Pointed Spaces). For two types ‘4I' - A type’
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and ‘g(4T).A F B type’ define ‘4T - A ® B type’ by

B(A®B)(g):

Y (a:BA(g))BB(8,4)
E(A®B)(g,(a,b),x) :=EA(g,a,%) NEB((g,a),b,*)

P(A®B)(g (a,b)) := ((pA)(g,a), (PB)((g,a),b))

The (non-dependent) —o-type then simply uses the type of pointed functions for each

tibre, following the format of Proposition 2.1.17:

Definition 3.3.16 (Hom Types in Pointed Spaces). For two types ‘4" = A type” and “fI" -
B type’, define T - A —o B type’ by

B(A — B)(g) :=[(aBa(g)BB(g)
E(A — B)(g, f,€) :=IT(a:Ba(g) EA(g a4, %) —« EB(g, f(a),*)

p(A— B)(g, f) = )\a.const*EB(g,f(a),ﬂ

so that the specified point is the hom that is constantly the base point of each EB.
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Chapter 4

Outlook

4.1 Type Theory

The type theory presented in this thesis is the first example of a type theory that successfully
combines four incompatible seeming elements: dependency, linearity, informal internal
reasoning, and a homotopical interpretation. We hope it will not be the last!

We anticipate that the fibrational framework [LSR17; LRS22] (once appropriately ex-
tended to dependent types), will be able to capture the rules of our theory, if not useful strict
equalities on raw syntax. Our ®-type can be seen as an example of a ‘binary” modality that
reifies the structure of contexts; exactly the kind of situation that the fibrational framework
is designed to capture.

This particular syntactic presentation, however, feels to the author like somewhat of
a dead-end from an extensibility standpoint. The syntax, all though it feels very nice to
use informally, is quite brittle: As we try to make clear in Section 3.1, there are quite a lot
of innocent changes or simplifications to the theory that have wide-ranging consequences.
The only ‘major” extensions to this type theory that the author is comfortable to claim are
possible, are additional monoidal products (with no structural rules, like ®). This is not

likely to be very useful!
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Unpointed Linear Types. Our syntax builds the fact that the linear types have a zero
object into its foundations, in particular, this is the reason that marked variable usage is
available. This matches nicely with our intended models and makes the rules for modality §
very pleasant. Knowing that there is a zero object allows us to formulate § as a negative type
former, adjoint to itself, and furnishes us with the map §A — A that would not otherwise
exist.

However, this assumption does restrict the potential models of the theory. One can form
the category of parameterised objects for any category C, and in favourable cases the result
is an co-topos. In general, the self-adjointness coincidence of § disappears and the category

PC admits an adjoint quadruple

PC

— o —
—s—
———
——

Set

where I' denotes the global sections functor, U denotes the underlying set functor, and
0 and 1 represent the constant family functors on the initial and terminal objects of C
respectively. Unfortunately this does not line up with the adjoint quadruple that defines
cohesive toposes setup [Law07; Shul8]: the global sections functor here is the rightmost
adjoint. A hypothetical type theory that captures this situation therefore have [ := 10 U and
b := 10T, but no modality corresponding to #. The [ modality would mediate dependency,
like the § mediates dependency in the present theory.

Such a type theory would have a wealth of models by taking C to be Psh(M) for any
symmetric monoidal category M. The presheaf topos Psh(M) is always a symmetric
monoidal closed category, with Day convolution as the monoidal product [Day70]. The
model is then in set-indexed families of these presheaves P(Psh(M)), which admits a fully

faithful monoidal inclusion M < P(Psh(M)). This two-step construction would admit a
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more expressive type theory than working in directly in the monoidal category Psh(M), as
we explain in Remark 1.3.15. A hope is that we could use the type theory to reason about
arbitrary symmetric monoidal categories, even if the original M has no other structure,
perhaps as an alternative to [Shu21]. This family of models is the similar to the one targeted
by the Proto-Quipper-M [FKS20] variant of Quantitative Type Theory.

In an unpointed version, some aspects of the type theory simplify: for example, there is
no need for marked variable uses or the related admissible operations on terms. But some
aspects become more complicated: we can no longer assume that 1 ® 1 ~ 1, and so the
syntax of palettes and slices will at the very least need to count how many instances of 1
have accumulated!

The rules for [, as a left-adjoint monadic modality, would involve a kind of ‘locking” of
variables in the context, in the style of [Clo18, §5]. It remains to be seen how this would

interact with the colour labels:.

4.2 Synthetic Homotopy Theory

There is far more synthetic stable homotopy theory that may be internalisable in this type

theory. The most obvious next step is to investigate synthetic homology and cohomology:

Definition 4.2.1. For a dull pointed space X and reduced type E, the nth homology and
cohomology of X with coefficients in E are defined by

E

Zn

(X) == m(2¥(X) ® E)

E"(X) = m5(E°(X) — E)

Using Axiom S, we expect these groups to form a ‘(co)homology theory’, in the sense
of the Eilenberg-Steenrod axioms (see [Cav15, §3] for a type-theoretic description) for any
reduced type E. To recover ordinary cohomology, we need to define a reduced type "HZ’

that satisfies 77 (HZ) = Z and 75, (HZ) = 0 for n # 0. Axiom N implies that 7155 = Z, so
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we expect to form such an HZ by stably truncating S to remove the stable homotopy groups
above dimension 0. We distinguish this from ordinary type-theoretic truncation, which
removes the ordinary homotopy groups of a type. This stable truncation operation would
be specified by a higher inductive type: nullification at 2S. It may also be possible to define
HZ /2 internally, and work with the Steenrod operations as maps HZ/2 — HZ/2. We

leave this promising line for future work.
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Appendix A

Complete Rules of the Theory

Judgements for palettes:

e O palette

d + ¢ colour

® + s preslice

D |- s preslice,

D F s slice

D 51, Ksg presplit

®d F sp Wsg split

e O iunit

PrFx:¥Y

Judgements for contexts, types and terms:
e & T ctx
e O | T+ A type
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e O|T'ka:A
e &|THA=Btype
e ®d|Tta=d:A
Judgements related to pattern matching:
e O |THY|Q tele
e O|TH(x|0):¥|Q
e &|ITHY|AF p: A pattern

e & |T'Faxiplk|6]: A pattern

A.1 Palettes
Palettes:

P, palette D, palette

PAL-EMPTY ———— PAL-X
1 palette D1, P, palette
PAL-SPHERE ———— PAL-SPHERE-NAMED
& palette J; palette
D palette D, palette D palette
PAL-® PAL-COL
D1 ® O, palette ¢ < O palette
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Colours:

® + ¢ colour
COL-HERE COL-SUB
¢ < ®F ¢ colour t < ® I ¢ colour
®; F ¢ colour ®, ¢ colour
COL- X -LEFT COL- X -RIGHT
Dy, Dy F ¢ colour Dy, Py F ¢ colour
®; F ¢ colour ®, ¢ colour
COL-®-LEFT COL-®-RIGHT
P ® Py F ¢ colour D1 ® P, - ¢ colour
Slices:
® I s preslice
® - O preslice ¢ < ® k¢ preslice ¢ < ® s preslice
®; F s preslice ®; | s preslice
D, D, F s preslice Dy, D, - s preslice

®; F sy preslice O sk preslice

D; ® Dr F s; @ sk preslice

A preslice is then a pair of a pure preslice ® - s preslice and a flag € representing the
presence or absense of 1. We write preslices as s ® €, and use the shorthand s whene = L
and s @ 1 whens = T.

A slice is then formed by

® |- ¢ colour ® | s preslice,

P F ¢ slice D (t. < s) slice P (t. < @) slice
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For any slice s, let u(s) be the underlying preslice, defined by

c
—~
-~
A
v,)
~—
Il
v5)

Palette Splits: A presplit ® I~ s; Wsr presplit presupposes that ® is a palette s; and sy are

each a preslice.

ep=Toreg=T

O (FRe)R (DR eR) presplit PH (IRe) X (TR eR) presplit

<Pk (¢®er) X (T ®eg) presplit c<OF (I®er) X (c®eg) presplit

® F s; Wsg presplit

¢ < @ sp Xsg presplit

®; s Ksyg presplit @D, - spp K spr presplit
D, D, 517 Msyg presplit D, Dy F sy; sy presplit

®q 51, Ksyg presplit

D, F sp1, Ksog presplit

D1 @ Oy - (517 ®521) W (51R ® 52R) presplit
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A split @ |- sp Ksg split is then

®F u(sp)Ru(sg) presplit

D I s; Ksg split

Palette Units
® i unit
UNIT-ZERO —————— UNIT-HERE ————— UNIT-SUB
® F 0 unit @i F i unit (¢ < ®) i unit
®q i unit D, i unit
UNIT-LEFT ————————— UNIT-RIGHT ————————
®q, Py F i unit Dy, Dy F i unit

Palette Substitutions

q)FKli‘Pl qD"Kz:‘Fz
PAL-SUB-EMPTY —— PAL-SUB-X

dF-:1 DFxy,x0: ¥, Y2

® - 55, Msg presplit

CDSLFKLZ‘YL CDSRI_KR:‘PR ® - U unit
PAL-SUB-® PAL-SUB-UNIT

OxQxg: YL QYR @F(U/ﬁ@]

D F s slice

O Fu(s)R D presplit ~ ®Y) k¥
PAL-SUB-NAME

P (s/c<x):(c<Y¥)
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A11 Admissible Operations

Filtering

D F s slice
PAL-FILTER — — — ——

D° palette

Composing Slices

® - s slice ®° -t slice

D F ¢ slice

Recolouring

t < ®F sslice
RECOLOUR-SLICE —— — — — — — ——

t < D F s Ksg split
t < ®F st slice

RECOLOUR-SPLIT

Weakening

®d |- s slice 1+ s slice
WK-SLICE —— — — — —— WK-SLICE-ONE — — — —
D, ¥+ s slice

D F s slice

Marking

t < ® I sslice t < ®F s Xsg split
MARK-SLICE — — — — — —— MARK-SPLIT
t F s™® slice
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Substitution

t<®PFHx: ¥ t<®,YF ccolour
SUBST — — — — — — — — — — .

t < D F k] slice

t<dFHx: ¥ t<®,¥YF sslice
SUBST — — —— — — — — — —— __

t < @+ s[k] slice

t<dFx:¥Y t<D,¥YF sp Ksg split
SUBST — — ——— — — ———— — ———— — — —
t < @ F sp[x] Ksg[k] split

Tensor Merge

t< Pt sy Xsp Sp|it

t < P°L @ PR - ¢ slice

t<PH [t < s, Rsg/t)

266



A.2 Contexts

Contexts:
® | ¢ colour
® palette D¢ | T°F A type
CTX-EMPTY ———————— CTX-EXT
t<® |- ctx P |T,x": A ctx
v|TF A type
CTX-EXT-MARKED
t<®|T,x": A ctx
VAR VAR-ROUNDTRIP
t<®|Tx:AT'Fx: A t<®|Tx: AT Fx: A

VAR-MARKED
t<®|[,x: AT Fx: A

A.21 Telescopes and Substitutions

Telescopes
t<®|THY|Qtele
t <Y ¢ colour
t<®|Tctx Y palette (t<D,9%) | T,QF A type
TELE-EMPTY TELE-EXT
t<O|THY|- tele t<O|THFY|Qx: A tele

t<®|THY|Q tele

¢|T,QF A type
TELE-EXT-MARKED

t<P|TFY|Q,x: A tele

267



We can extend a context with a telescope:

t<®|THY|Q tele
CTX-EXT-TELE — — — — — — — ——
t<d,9%|T,Q ctx

Substitutions

t<®PFHx: Y

TELE-SUB-EMPTY
(< ®|TF(k|): ¥

t<®|TH(K|0):¥|OQ

(t < @) | Tl g s Al | 6
TELE-SUB-EXT

t<®|TH (k|60,a/x):¥|Qx":A

t<O|THx|[0):¥]|Q
c|LCtka:Alx|6]

TELE-SUB-EXT-MARKED
t<®|Tk(k|6,a/x):F|Qx:A

A.2.2 Admissible Operations

In all of the following admissible rules, [J stands in for the context, a context extension,

type or term.

Filtering

dtFsslice @|T ctx t<®|T ctx
CTX-FILTER — ————————— — CTX-MARK —— — — — ——
P° | T° ctx t| L ctx

The latter is defined from the former by filtering at the slice t. < 1.
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Recolouring We sometimes need to change the name of the top colour in a term:

RECOLOUR ————— —— — ——
t< @[T | gt

Weakening Variable weakening;:

o|IT'FT o |LLT'-T
WK ————————— WK-MARKED — ————————
O|T,x: AT FT O|T,x:ATFT
Marking
t<®|TH
MARK — —————
t|II'-J

Mark-weakening

t<®|T ctx

t|ILET
MARK-WK — — —————
t<®|THJ

Substitution

t<d|THx|0):Y]|Q t<&,¥|[LOTHJT

t<®|T,T'x| 6] Tk | 0]
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Tensor Merging

t < ®F sp Ksg split
< L@@k | TP 7

t<®|TF J[t<s Rsg/t)

A3 Types
Natural Modality
t| L A type
§-FORM
t<®| T+ pA type
t|[TFa:A t<®|T'Fa:gA
B-INTRO E-ELIM
t<®|THa:pA t<®[Tha:A
t|TFa: A t<d|T'Fov:fA
§-BETA §-ETA
t%dﬂﬂ—a%za:A t<®\F|—vEyuh:hA
Tensor

t| L A type t|Lx': AF B type
®-FORM

t<®[TF @©wa) B type

t < ®F sp Xsg split

(t< @)L T Fa: ASLOY (£ < @)% TR b Bla* o1 /x!] 50

®-INTRO
t%@‘rl—ﬂsL@stZ@(LA)B
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Monoidal Unit

S-FORM

t<®|THStype

t <P iunit
S-INTRO

t<®|Tkx:S

A.3.1 Pattern Matching

Match

t<®|THFY|QF p: A pattern
t<®|T,z': Ak C type
t<P,Y|I,QFc:Clp/z]

t<®|T'Fa:A
MATCH

t<®|TFletp=ainc:Cla/z]

t<®|THFY|QF p: A pattern
t<®|T,z': AF C type
t<P,Y|I,QFc:Clp/z]

t<®|THFY|QFsxip[k|0]: A pattern
MATCH-BETA

t<®|T'F (letp=sinc)=c[x|0]:Clk| 0]
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Patterns

t<d|TF A type

t<®|T-1|x': AF x: A pattern

t<®|T'FY|QF pp: A pattern
t<®|T,x': AF B type
t<®,%Y |, Y2 | O F po: Blp1/x] pattern

t<o | T l—‘Yl,‘Yz | Ql,ﬂz - (pl,pz) :Z(x:A) B pattern

t<®d|TH1]-F%:1 pattern

t<O|THFY|QF p: A pattern

t<®|TEY|QF (pprefly) : L) Liy:a) X =a y pattern

t<®|T'FY|QF p: A pattern

t%CD\Fl—l\QI—Bh:bApattern

o, |[THYL|QpF pr: ACT! pattern
CR | L& F Yk | Qg F PR : B[thHCL /&]CRHJ‘ pattern

t<o | I+ (CL < ‘PL) & (CR < ‘YR) ‘ Qp,Or F (pL . Oer pR) : ®(1:A) B pattern

t<®|TF2;| Fx:S pattern

t\EI—‘I’L\QLI—pL:Apattern

t<o | 'Y, | O + (pL Ry <o, IKZ‘) : ®(£:A) S pattern

t|L[,x:SF Btype

t|TFYr | Qrt pr: B[x/x] pattern
7

R
No =

t<®[THFYr|OrF (i y<5,0 Pr) : O(x:5) B pattern



t<®|TFapax[-|a/x]: A

t<q)|r|_£ll><pl[K1‘51]:A
t<® | TFbpafka | 6] : Bla/x]

t<o ’ r+ (a,b) > (plsz)[KlzKZ ‘ 51,52] :Z(x:A)B t<o ’ FI—*M*[- ‘ ] 01

t<®|Thaxplk|d:A

t<® [T F (a,a,refl,) >a (p,p,refly)[x | 5] : A

t|TFnpaplx|d]: A

t<CI>\FI-nh><Bh[K\(S]:hApattern

t < O F sp Ksg split
oM ‘ | FQNPL[KL | 5L] T A
PR | T°R b b <t prkr | Or] : Bla/x]

t<®|TF (a,®b)<(pL @, PR)(SL/cL < K1) ® (SR/ R < KR) | O, 0R] : ©(x:0) B

£<®|TFmoamlj/i] ]

t—<<I>]FI—aD<pL[KL|§L]:A

t<®|TF (a®, g 1) X (pL Py <g, Hi)[kL | L] : ARS

t<® | T b (prla/x])[kr | Or] : B[n/x]

t <@ TF (5 y2p,® ) D (1 2, @ PR)[KL | L] : O x5) B
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A3.2 Hom

v|TF A type

p<(t<®)®¢|T,x*: AF B type
—0-FORM

t< @[T F @(.a) "B type

p<(t<®)@¢|[x*:AFb:B
—o-INTRO

t< @[T+ Px"b: @ pen) "B

t < P F sp Ksg split t:="sR"

(k< @)L [Tt f: @ea)?B  (t<®)F|RFa: A
—o-ELIM

t <@ | Tk fs (a)s, : Bla/x][(t < s Ksg/p)

t < ®Fsp Xsg split t:="sg”

p< (Pt @) |I°,x":AFDb:B PR [TREqg: A

—o-BETA
t<® | T F (9"x".b)s, (a)s, = bla/x][t < s ®sr/p) : Bla/x][t < sp Ksr/p)

t<d>|l"|—f:®(xt:A)pB

t<@| Tk f=("x"fu(x)) : @(xea) "B

—o-ETA
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A.4 Definitions of Admissible Rules

A.4.1 Recolouring

On contexts, we recolour each type and change the label on the variable if necessary:

(‘)M—)c =
(F, xc . A)D(—)c = 1—~0<—>c/ xb . ADHC
. A)D(—)c = r0<—>c, xc’ . A

/

:A)DHC = FOHC,EC - A

On slices, replace ¢ with ® whenever it appears..
On types and terms, induct on the syntax to the leaves, applying the rule to any slices

encountered.

A.4.2 Marking

On preslices:

1m?=1

o™ =g
(s@)™:=s"Px1 ifce ®
(s@)™:=s"P®¢ otherwise

(s@1)™®:=s" 1
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On slices:

md

mo |,

t
Il

(t. < 5)™®:

(t. < @i)md) :

On telescopes:

(.)m<1>\1":

. A)md>\l" = Qm<1>|1",xt

. A)md)\l" = de>|l",£t
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. Am<l>|r
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On types and terms:

(st

(au)mé\r

(a)™ "

<®(1:A) B) e :

(El SL® b)m@\l"

SR

(let x @,y = sinc)™®IT

m®|T
(@(xr:A) pB)
(0" x* b))l

(fou{a)s) ™"

qu)\r .

. .m®[T .

Il
®

Il
&=

= (amQD\l", bm(I>|1")
= pry (p™°IT)

= Prz(qu>|r)

= T (g pmoiry B™IF
= (Ap.b™®IT)

= fm@\r(amq)|r)

= hA”@‘r

= (amqm")u

= (amq)‘r)u

®(£:Am®\r) Bgme|T

am(l>|l"

. bmd>|F

sLm<P®SRmQ>

m®|I: = md|T

=letx ®.y=s inc

= @(x‘:Am‘D\r) medD\l"

= P xt. (b™PI)

= fm<I>I"SL;(;;amd)1">SRm<I>

Il
w

I
1

ifxerl

otherwise

. cd



A.4.3 Filtering

Filtering a palette, defined on a well-formed slice.

® F s preslice D |- s preslice,
@° palette d° palette
defined by
(¢ <P)°:=P°

(c<P)i=c<P

(@,@')° := @°

(@) := o
(@® @) = ¢*
(@ ® )7 = @*

(@ @)% = @ "

P =P 1

P =t < D

LG =t < g
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Filtering a context:

(.)s =
(T,x*: AP :=T°x: A
(T,x: AP :=T°,x: A
(T,x*: AP :=T%x: A

Define marking by filtering at the slice t. < 1.

A.4.4 Telescope Substitution

On colours:

cl..,s/¢,...]:=s
On pure preslices, preslices and slices:
(1@ @) [K] = u(alx]) @

(s@1)[k] :=s[k]®1

(5. < s)[K] :=t. < s[«]

(5. < @))[x] =t < &

On context extensions:
(x| 0] :=

(I',x": A)[x | 6] :=T"[x | ], x*
(I, x" : A)[k | 6] :=T"[x | 0],x°
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On types and terms:

x[x | 6,a/x", 0] :
x[x | 0,a/x5,0']
x[k | 6,a/x, 0" :

yle | 6] :

Z[K | G]att .

<Z(x:A) B) [K | g]att
(a,b)[xc | 0]
pri(p) [ | 0]

pra(p) [ | 0]

(M) B) [ | 0
(Apb)lx | 6]

fla)le | 6]

(aA)[x | O]
(a*)[ic | 62

(az) [ | 0]

(©wa) B) [ | 01
(a

(let x @,y = sinc)[x | 62"

(@eea)"B) [ 6
(9Px".b)[x | ]

(fs, (a)sp) [ | O]

SL®SR b) [K | g]att :

= Z(x:A[K|9]a“) B[K | O]aﬁ
= (a[x | 0], bl | 0™)

att)

= pry(ple | 6]

att)

= pra(plr | 6]
= [T(x.alcjop Blx | 6]

= (Ap.b[x | 0]*)

= flic | ™ alx | 6"

= 1 A[x |
= (alic | 0

= (afx | 0]);

= ®(£:A[K‘9]att) B[K | g]att

alx | Q]atrsf

D bl | 02K

5L

= let x ®,y = s[x | 0] inc[x | 6]2"

=20 s g P B | 0]
= o"x".(b[x | 0]")

= flie | 075t (afx | 62 R ),



A.4.5 Single Slice Substitution

On preslices:

(s@c@s )|t/ =s@r@s

(s@c@st. <t/ =s@t®s
(s@c@s)[t. <2/ =55
st/¢] :=s otherwise

On actual slices, where we may be binding a new top colour, this bound top colour is

maintained:

c[t/c] =t
(s. <8)[t/c] ==t <s[t/c]

(5. < @i)[t/c] =t <Y

On terms, we need to be more intelligent: after we have substituted ¢ for ¢ once, we do
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not want use t in the subterm, rather, just the top colour of .

x[(t/c) :

() B) (476 = Eueagesep) BIE/<)

(a,b)[#/¢) = (allt/c), b(t/<))
pri(p)[t/¢) = pra(p[t/¢))
pra(p)[t/¢) = pra(p[t/¢))

(M) B) (8761 = Misaagesen) BUE/C)
(Ap.b)[t/c) := (Ap.b[t/c))
f@)t/e) = F(t/e)alt/e))

s Dt/ c] = a7/ ] @5, b
(a5, D)[t/c] :=a,®b("t/c]
(@5, @5, D)t/ ] = al(t/ )] 5, @, bt/ ¢)
(let x @,y =sinc)[t/c)] :=letx @,y = s[(t/c)inc[t/c)

(@) "B) [£/6) = O seapssey "BIE/ )

(BPx=b)[(t/c) = P (b[t/c))
(Fela)s) (t/) 2R/ )i a)s,

(fo @)/) = fo (al "4/ )
(Fo (@)s)(£/€) = It/ ), (alt/))sy



A.4.6 Tensor Merging

Tt <sp®sp /)] = T[/) s/ s [(sr/ sk ™)
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Appendix B

Proofs of Admissibilty

B.1 Equations on Raw Syntax

The only cases which are less than entirely obvious are equations involving slices, so we

check them explicitly.

B.1.1 Marking

Lemma B.1.1. Marking is idempotent on the level of raw syntax.

Ift,¢ | T rawctx then =T

Ift,¢ | T rawctxand t,¢ | y = ¢ | A rawext then T, A = r,A™lY

Ifo,¢',¢" | 7,7 = ¢ | A rawext then (Amfl’h)m(q"“” ) — Am(gIny) = (A @ 1r2)y™ i

¢

Ifp, ¥, ¥’ = s rawpreslice or ¢, ¥, ' = s rawslice then (sm$)"P¥) = gm(gy) = (sm(ey))™

Ifp, 9, 9" | v,6 - a rawterm then (am‘l"”y)m((/)’lpl%é) = gm@¥170) = (am(¢,¢|%5))m¢|7
In words, zeroing a larger piece of the context subsumes zeroing a smaller piece.

Proof. Induction on the structure of the judgement.
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For preslices, s™? is calculated by replacing any colour in ¢ with 1, doing so twice has
no additional effect. For slices, the bound colour is not affected by the marking operation
and so equality follows by the equation for preslices.

For terms, variable cases are clear, as marked variables always remain marked, and
unmarked variable become marked iff they are are in ,’. The remaining cases are

immediate by induction. O

B.1.2 Cartesian Substitution

Lemma B.1.2. Telescope substitution is associative:

]att[ ]att[ Hatt

i1 | 1] ez | 62]°" = S [i2 | 0] [rea [1c2] | B1[ic2 | 62

Proof. By induction on 7, as usual.
For preslices, this follows by considering the case of a single colour. If ¢ occurs in the

first substitution [k1,s/¢, k{], say, then

clk1, s/ ¢, k1] [K2] = s[Ka] = c[x1[K2], s[Kk2] /¢, k1 [K2]] = ¢[Ko][K1[K2], s[K2] /¢, ] [12]]

If it occurs in the second, then

clr1][x2,8/ ¢, xk5] = c[ka, 8/ ¢, k5] = c[Ka, s/ ¢, 5] [K1]

because the colours occurring in s cannot be substituted for by «;.
For slices, the bound top colour is unaffected by substitutions. O

Lemma B.1.3. Substitution and weakening commute: 7 [k | 0]*" = 7 if x and 0 are fresh for 7.

Proof. By induction. No colours or variables substituted for by « or 6 occur in 7, and so at

the leaves the substitution has no effect. O
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Lemma B.1.4. Substitution and marking commute:
o [y F(k|0): ¢ wandp, ¢, 9" [ 7,7, w,v"F 7 then
(x| 012 el = ymlr[eme | gmelatt

s Ifp |y (x|0):¢|wandd, ¥, ¢ |v,w, 7' F 1 then

([ | g]att)mw’\w/ = J~m¢,¢/¢’|%wﬂ’ [« | g]att

Note that in the second, the substitution does not need to be marked on the right-hand

side.

Proof. By induction. For the second, any variable in w is marked in _™#4'17©"’ and so all
terms in 6 have the marking operation applied to them at the leaves of 7, by the definition

of substitution for marked variables. O

Lemma B.1.5. Substitution and recolouring commute: if t,¢ | v = (x | 6) : ¢ | w and

L9, 9" [ v, w0 b L, then
7 | 6 = (Al | 1)
Proof. On slices, this follows for individual colours by
k] = ck] = ¢ = 7 = ]

and this is easily extended to the other judgements. O

Lemma B.1.6. Telescope and slice substitution commute: if t,¢ | v = (x | 6) : ¢ | w and
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¢, 0, ¢’ F 7 and ¢, ,¢' + s slice with ¢ & p, then
Zt7e)[k | 0] = 7lx | 0] [t[x] /<)
Proof. Similar to Lemma B.1.2. On the colour ¢ (in a preslice) we see
c[t/c)[x] = tlx] = c[t[x] /)] = c[x][(t[x]/c]

where ¢ = c[x] because ¢ is not in .
On terms, the interesting cases are the splitting terms where this slice substitution is

handed specially. For these:

(a ®s, b)(E/c) x| 01 = (a @4, b)[x | 6]
=alx | 6" 1 Psg ] bl | ]

= (alic | 01" ®q, g blic | O1)[(E[x] /]
using the assumption that ¢ is not in ¢. The case of a ;, ® b is symmetric, and the other
cases are standard. O

Lemma B.1.7. Substitution and merging commute: 7t < sy Ksg/¢)[x | 0] = 7 [k | 6] [t <

sp[x] @ sg[x]/¢)

Proof. By expanding the definition of [t < s; K sg/t') and applying Lemma B.1.5 and
Lemma B.1.6. ]

B.1.3 Recolouring

Lemma B.1.8. (/%7¢)*70 = e
Proof. On slices this is clear because (¢°¢¢)*7? = 9% = ¢ = ¢*¢, then on all other
judgements by induction. O
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Lemma B.1.9. (/2¢)™¢l7 = (/mPlr)2ocif ¢ ¢ ¢,

Proof. By induction. On the colour

(CDHc)mth —mlr = 5 = Q¢ = (cm¢\’7)a<—>c

because neither ¢ or 9 are in ¢. Ul
Lemma B.1.10. Weakening and recolouring commute: z7°7° = 7 if ¢ is fresh for 7.

Proof. By induction. O

B.1.4 Slice Substitution and Merging

Lemma B.1.11. /{(s/s)[t/t] = /[(t/t)][s[t/t)/s)

Proof. By induction. 0
Lemma B.1.12. /{(s/c)| = / if cis fresh for s

Proof. By induction. O
Lemma B.1.13. (/™®")[s/7s7) = /™®ITift < ® F s slice.

Proof. If "s' € @ then this is Lemma B.1.12, because "s ' does not occur in J'"“D‘r. The

remaining case is s = t, in which case we are calculating (™®I")[(t/t)] = /m®I. O

Lemma B.1.14. (/[(s/¢)])°7¢ = (/°7)[s°7¢/¢)
Proof. By induction. O
Lemma B.1.15. (/°7%)[(s/c)] = (/[(s/c])°**

Proof. By induction. O
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Lemma B.1.16.

az'[(ﬁ < SL &SR/E/)][(f < tr @tR/f/)]

=/t <t ®tg/)[s < st < tL Rtg/¥ ) Rsp[t <ty X tR/t/)]/s/th/)]

Proof. By Lemma B.1.11, Lemma B.1.15 and Lemma B.1.8. O

Lemma B.1.17. (/™®N)[t < sy Ksg/t) = (/MM if¢ < @ F sy sliceand ¢ < ® F

SR slice.

Proof. Apply Lemma B.1.13 twice. O
Lemma B.1.18. ( /[t < sy ®sg/t))°7 = (/[ < s 27 ®sg?7/¢))

Proof. Apply Lemma B.1.14 twice. O

Lemma B.1.19. (/°7)[t < s ®sg/t)] = ([t <L XSR/t’)])DM,‘_"M/) ift < ®F s slice

and t' < ® + sy slice.

Proof. By Lemma B.1.15 and Lemma B.1.8. O

Lemma B.1.20. /[t < s Rsg/t) = /[t < s  Wsg/t)

Proof. By Lemma B.1.13 and Lemma B.1.9. O

B.1.5 Context Filtering
Lemma B.1.2L. If ¢ | v o | I’ rawext and Z{®} I s slice then (I'S)™¢l7 = (T/m@l7)s™

Proof. This can be checked one variable at a time. Marked variables are left the same by

both operations. For an unmarked variable x : A,
¢ Ifc ¢ ®and ¢ € s then x is not marked by any operations on either side.

e Ifc ¢ ®and ¢ € s thenalso ¢ € s™, and so x is marked by —° on the left and marked

by —"" on the right
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e If ¢ € ® then x is marked by —™?|7 on both sides.

Lemma B.1.22. Ift,¢ | I rawctxand t < ® s slicethen I°* =T and I =T.

Proof. This can be checked one variable at a time. In all cases, all variables in I are marked

on both sides. 0

Lemma B.1.23. Substitution and context filtering commute on context extensions: for t,¢ | v
(k]10):¢|wand ¢, ¢ | v,wt & | I’ rawext and E{P, ¥} s slice such that T’ does not use
colours from ¢ or 1,

[k | 6] = (I'[xc | 6])°1"

Proof. Can be checked one variable at at time. Marked variables in I are always marked
on both sides, with the types unchanged. For an unmarked variable x* : A with ¢ € s, also
¢ € s[x] by the assumption that ¢ ¢ ¢, and so x becomes marked on both sides. If ¢ ¢ s, then

¢ ¢ s[x| for the same reason, and then x remains unmarked on both sides. O

Lemma B.1.24. Merging and context filtering commute on context extensions:

F’t[(t < s X SR/’(/)] = (r'[(t <5 &SR/t/>])t[t<sL®sR/t/]

Proof. Can similarly be checked one variable at at time. O

B.2 Palettes

Lemma B.2.1. If E{®} spotand E - s slice, then exactly one of the following holds:
* Case 1: s contains all of ®, so ES{P} spot

e Case 2: s intersects ®, and there is ® - s N ® preslice so that Z°{P'®} spot.
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e Case 3: s and ® are disjoint, and Z{}¥Y} I s slice for any palette ¥.

Proof. Induction on the spot.

Lemma B.2.2. If E{®} spotand E |- s slice contains ®. Then (E{{¥})* = E5{| ¥}

Proof. By induction on the spot, and the definition of the spot Z°{®} spot given in Lemma B.2.1.

O]

Lemma B.2.3. If E{®, ¥} spot and E I s slice intersects ®. Then (E{P,¥})’ = (E{{D})*

Proof. By induction on the spot. Once we reach ®, ¥ I- s slice we must have ® - s preslice,,

and then (®,Y)* = ®°.

O

Lemma B.2.4. Symmetry and associativity of the palette are admissible.

E{P1, Py} spot
E{D, 0} T

E{l®P, &1} - T

[1]

{(q)l, @2),@3} spot
E{(P1,D,), P3} - T

E{l®, (P, P3)} - T

E{(PrL @ Prr) ® Pr} spot
E{( QP @ Pr) @Pr} F T

E{lOn @ (Prr@Pr)} T

E{P, ® Pr} spot
E{O, D} T

E{\LCI)R & @L} =J

E{q)ll (q)ZI @3)} spot

E{l(P1,Dy), O3} - T

E{PrL ® (Prr @ Dr)} spot
E{O. ® (Prr@PR)} T

E{l(PrL @ Prr) @ Pr} T

Proof. For each, induction on the spot followed by induction on 7 when the spot is reached.
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Lemma B.2.5. Slices can be palette-weakened.

® |- s preslice  E{P} spot ® |- s preslice,  E{P} spot
E{®} F s preslice E{®} I s preslice,

Pt sslice E{P} spot

E{®} F s slice

Proof. Induction on the spot.

Lemma B.2.6. Preslices in a tensor palette can be decomposed.

®d; F 57 slice Py F sy slice

(®p @ DR)L“k - ¢t preslice,

D, °L F s, preslice,  DRR F ts, preslice, t=tls, ®ts,

Proof. We do this in a few stages, first proving the simpler rules

®; - sp preslice R F sy preslice

(P ® DR)LUR I t preslice

P % |- ts, preslice DR F t|s, preslice t=ts, @ sy

&) sy preslice, Or | sg preslice,

(P @ PR)LE R I t preslice,

DL+ t]s, preslice, DR°R |- t|s, preslice

before the one given in the statement.

e Pure preslices: If neither of s; and sg are equal to &, then (& @ Pg)Lr = 5L @

®g°k. And so t itself must be of the form ¢} ® tg, so we define t|;, := t; and t|s, := tr
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If sg = &, then (P ® PR)*L¥r = P; 5, in which case we can take t|;, := t and

t|s; := . The other case follows by symmetry.

* Preslices: If s, is of the form s} ® 1 and sk does not contain 1, then by definition
(@ @ D)%% = (P @ PR)*L¥*k ® 1. Because the 1 subpalette contains no colour
names, we must have (&) ® ®g)L®® I t preslice,, and we can apply the previous
version of the rule for pure preslices. The remaining cases where 1 occurs in sg, or in

both s; and sy, are similar.
¢ Slices: The only difference is that s; and sg may bind new top colours and t may
mention these top colours.

If it does not mention either then we have (&) ® ®g)5LR | t preslice, and we can

apply the previous version.

If t is of the form "s; ' @ tg for ®g°k I tg preslice,, then certainly also CIDSLL F sy preslice,.

The other cases are similar.

Lemma B.2.7. Presplits in a tensor palette can be decomposed.

®; - sp preslice O I sg preslice

((I)L & (DR)SL®SR F t; X tg presplit

D% b tr|s, KitRls, presplit DR b tr s, M ER|s, presplit

) F sp preslice, Dp - sg preslice,

(CI)L X CDR)SL®SR F t; Xtg presplit

D%k tp)s, KiERls, presplit PR F tr s, M ER|s, presplit

Proof. First, for s; and sg pure preplits, we check the same cases as the previous lemma.

If neither of s; and sg are &, then (®p ® Og)L¥* = P51 ® Pg°k, and we must have
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tr =t ®trr and tg = g ® trr With

QL -t Ritrg presplit

OR°R | tg Rigg presplit

But by definition of the decomposition in this case, ¢, | s, = tr1, and similarly for the others,
so we have the required presplit.

If sg = &, then (&) ® Og)*L¥* = P, and by definition t|s, = trls, = @ and
trls, = tr and tr|s, = tg. By assumption @ |-t K tg presplit, which is the required split
on the left. For the split on the right, each of f.|s, and tr|s, are either @ or 1, and any
combination of such is a valid presplit in palette & palette.

If s; or sg contain 1, let s} and s% denote the underlying pure presplits. We can apply
Lemma B.2.12 to see (&) @ ®g)*19%k I t; Kt presplit, and then apply the version for pure

presplits, weakening with 1 afterwards if necessary. ]

Lemma B.2.8. Slices compose:

® I s preslice ° I t preslice d F s preslice, D° - ¢ slice

® -t preslice O F ¢ slice

Proof. For the rule on the left, induction on s:
* & preslice: The only pure preslice is t = &, which is well-formed in the conclusion.
* ¢ < D c preslice: Because (¢ < @) = (¢ < ®), the conclusion is well-formed.

® ¢ < ® s preslice where @ |- s preslice: We have (¢ < @)% = ®°, and so ®° - t preslice.

By induction then, ® I t preslice and so also ¢ < ® |-t preslice.

* @y, O, k- s preslice where @ I s preslice: Then (®1, ®,)° = P4, and so P;° - ¢ preslice.

By induction @4 I t preslice, and so ®1, P, - t preslice
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¢ O, P, I 5 preslice where ®; |- s preslice: Follows by symmetry.
¢ O QP - sp @sg preslice where @ - sy, presliceand ®r - sg preslice: By Lemma B.2.6

there are

D)L+ s, preslice

DR F g, preslice

and so inductively

Py - t|s, preslice

D F t|s, preslice
from which we can form ®; @ g F |5, @ t|s, preslice, and finally t|s, ® t|s, = t so
we are done.

For the rule on the right, the presence of 1 in s has no effect on the possibilities for ¢, so

we just have to check the new possibilities for ¢:
e t = ¢: Then the colour ¢ must occur in ®, so also ® + ¢ slice.

e t=t <t'®efor ®° F t' ®e preslice.: Then we can apply the rule for pure preslices

to t' giving ® I t' preslice, and then re-form @ F t. < t' ® € slice.
e t =t < J;: Thenalso ® I- t. < &; because this slice can be formed in any palette.
U
Lemma B.2.9. Slices ‘compose’: (®°)! = @' for @ - s preslice, and ®° - ¢ slice.

Proof. On pure preslices, this follows by inspecting each case of Lemma B.2.8. The only in-
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teresting case is @1, ® Pr - s; ® sg preslice. Suppose neither of s; and s; are @. Inductively,

(@)l = @yl

(@r*) i = D'l
and so

((CDL & CI)R)SL®SR)t = ((CDL ® q)R)sL®sR)t\sL®t|sR
= (CI)LSL ® CI)RSR)t\SLQ?t\SR
= (@LsL)tlsL ® ((DRSR)HSR
= q)LtISL & q)Rt|sR
= (‘I)L X (DR)HSL@HSR

= (CI)L X (DR)t

For slices, again we check the possibilities for ¢:

e t = ¢: We have (®°)° = P, because restricting to the preslice s does not change the

subpalette with top colour c.
e t=t. <t'®efor ®° ' ® e preslice.: Follows from the version for pure preslices.

e t = t. < J;: Follows because restricting to the slice t. < &; discards the palette

entirely.

Lemma B.2.10. Splits are symmetric:

® F s; Ksg presplit O F s; sy split

® F sg Ksy presplit O F sgXsy split
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Proof. By induction. O

Lemma B.2.11. Splits may be weakened with 1:

& - sp Wsg presplit

P (sp®1)Rsg presplit

Proof. Easy induction. The € flag only has an effect in the ® - (O ® e1) K (& ® €r) presplit

case, and the rule can be reapplied regardless of what e was in the premise. O

Lemma B.2.12. A slice or split in a palette containing 1 can be strengthened:

D ®1F s preslice, PR 1F sp Xsg presplit

D |- s preslice, O F sp Ksg presplit

Proof. The preslice is formed as s = s;, ® sg with two preslices

® I sy, preslice,

1F sg preslice,

The only preslices in palette 1 are @ and 1, and so either s = sy, or s = s;, ® 1. In either case
we have @ - sy preslice, or @ - s, preslice,.

The presplit is formed from the two presplits

® F spp Wspg presplit

1+ sgp Wsgr presplit

Again each of sg;, and sgg are either @ or 1. In any case, we also have ® - (sp; ® sgp) X

(sLr ® sgr) presplit by applying Lemma B.2.11 if necessary. O
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Lemma B.2.13. Splits can be ‘interchanged’:

® F s; Wsg presplit

O°L -t Kitpg presplit O°R | tr REgr presplit

Ok (tp, ®tre) W (tr @ trr) presplit

Proof. Induction on the outer presplit.

* O (U®er)X (D Xer): Each t; must have & as the underlying pure presplit because

P¥eL js equal to @ or 1, and so we have

O (ORe ®ery) X (D@ err @ €rr) presplit

as required.

e P (U®er) X (D ®er)wither = T or eg = T: Again each t, must have @ as the

underlying pure presplit, so the the same rule applies.

e (<P (c®ep) K (D ®eR) presplit: On the left side we have

(C < q))c®eL Ftpp Xtpr presplit

and so using Lemma B.2.12 if necessary, also

¢ <Dt Kipg presplit

The preslices tgr and tgrr must have underlying presplit @, and so we use Lemma B.2.11
to see (¢ < @)Lk (t;, @try) W (fLr @ trr) presplit as required.
o ¢ < O s; Ksg presplit where ® - s; K sy presplit: Because (¢ < @)t = ®° and

(¢ < ®)**r = P°r in this case, induction gives ® F (1, ® frr) X (tLr ® trr) presplit
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which can be weakened to ¢ < ®.

* O, Py - sy Wsig presplit where &1 = s K sjg presplit: Similar to the previous,
(D1, Py)"1t = Py and (P, y)°k = P1°18, so induction gives $; F (t1p ® trp) K

(tLr ® trr) presplit which can be weakened to @1, ;.

e O RD, (SlL & SZL) X (SlR X SZR) presplit where ®1 F s1; s presplit and &, F

o1, X spr presplit: Then the other inputs are

(q)l X q)z)le@SZL F tpp Xtpr presplit

(q)l X @2)51R®52R F trp X tRR presplit
which by Lemma B.2.7 decompose into

<I>1S“ - tLL|s1L X tLR|s1L presplit
(I)zSZL ~ tLLlszL X tLR’szL presplit
D1%1R = tRp s, B ERR s, Presplit

D,%2R |- tRL’SZR X tRR’SZR presplit

Now by induction

D1 b= (trrls;, @ trLlsig) ® (ELrlsy, @ tRR]six) Presplit

Dy b= (trLlsy, @ tRLIsy) B (ELR|sy @ ERRspe) Presplit

And so reapplying the tensor constructor for splits:

D1 @ Dy = ((trrlsy, @ tRLlsix) @ (FrLlsy @ tRL|sx))

X ((tLR|52L ® tRR|52R) ® (tLR|51L ® tRR|51R)) presplit
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These are the correct slices, by rearranging the tensors and reconstructing the input

preslices.

Lemma B.2.14. Slices can be conatenated:

® F sp Wsg presplit

@°L -t preslice QR | tr preslice

D - t; ® tr preslice

Proof. By induction on the presplit. The €1 and ey flags have no effect on the available pure

preslices, so are omitted when describing the cases below.

¢ < ®F IKR I presplit: Then the only possibility is t;, = tg = & and & is also preslice

inc < o.

* ¢ <Dk ¢XI presplit: Only two possibilities. If t; = tg = & then ¢ < ® = & preslice

in the conclusion. And if t; = cand tg = &, then ¢ < ® F ¢ preslice in the conclusion.

* ¢ < ® I s; Ksg presplit where @ F sp Ksg presplit: Then by induction ® - t; ®

tr preslice, and so also ¢ < @ F t; ® tg preslice.

o O, P, - 511 Ksygr presplit where @1 | s1; Ksig presplit: Then inductively &1 -t ®

tr preslice, and so also @1, P, F t; ® tg preslice.

e ;R D, - (SlL & SZL) X (SlR & SQR) presplit where ®1 F s1; M s presplit and &, F

sor Wsor presplit: Then the input slices are

(D ® Dp)"1L¥%2L |- ¢t preslice

(D1 @ Py ) IRE92R |- tp preslice
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whose palettes are equal to ®1°1L @ ®,%2 and P;°1k @ ®,°R by definition. Now use

Lemma B.2.6 to find preslices

D% b=ty | @1 preslice
D2 |-ty |y preslice
DR = tr|p ik preslice

DR b= fr|@,2r preslice

Inductively

Dy F fr o @ tR|psr preslice

D, -t |, @ tR| @,z preslice

and so

D @ Py = (tL’Su ® tR|51R> ® (tL’SZL ® tR|52R) preslice

Finally, by symmetry and the equation of Lemma B.2.6, this preslice is equal to | ® tg.
The remaining rules follow by symmetry from one of the above. O
Lemma B.2.15. Slices under another slice can be concatenated:
® - sp Wsg presplit

®°L |- vy preslice, DR - vg preslice,

(®°L)°L =t preslice (D°R)PR |- tg preslice

PULER |-t @ tr preslice

This is the “under a slice” version of the ordinary tensor constructor for slices.
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Proof. By induction on the split and s; and sg, using Lemma B.2.6 on v and vy in the case

that @ is a tensor palette. O
Lemma B.2.16.

® I s preslice ® s preslice,

d° |- s preslice D3¢ |- 5 preslice,

Proof. For pure preslices, induction on s:
* & preslice: The preslice @ is well-formed in any context.

e ¢ preslice: Then ®° has the form ¢ < ¥ for some ¥, and ¢ < ¥ | ¢ preslice.

¢ < ® F s preslice where ® | s preslice: By induction, because in this case (¢ < ®)° =

D,

®y, P, |- s preslice where @4 F s preslice: By induction, because in this case (®1, $;)*

;5.

P ® Pr - 51, @ sg preslice where @, - 51, preslice and ®g - s preslice: By induction

®;°L - sp, preslice

DRk - sg preslice

There are cases depending on whether s; and sy are equal to &.

— If neither are, then

P @ DRR - 5, ® sg preslice

and (&) ® ®g)°L¥* = Pt @ Ok by definition.
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- If s; = & then (& ® Og)*¥R = OrR and and s; ® sg = sg, so Pr°F

sr preslice is the required preslice.

- If s;, = sg = @ then the result is @ which is well-formed in any context.

The remaining cases follow by symmetry.

For preslices, by definition ®“! = (®° ® 1). The previous shows that ® |- s preslice,

and so also ®° ® 1 + s preslice, and then ®°* ® 1 F s ® 1 preslice. O
Lemma B.2.17.

& F s preslice D - s preslice,
®° - s X I presplit O° - X s presplit ®° F s X presplit P° - I X s presplit

Proof. Induction on s, as in Lemma B.2.16:

e & preslice: Then ®? = &, and @ - @ X & presplit.

¢ preslice: Then ®° has the form ¢ < ¥ for some ¥, and so ¢ X & presplit.

¢ < ® I s preslice where ® | s preslice: By induction, because in this case (¢ < ®)° =

s,

P, P, |- s preslice where @4 F s preslice: By induction, because in this case (®1, ;)*

D0,

P @ Pr - 51 @ sg preslice where @y - 51 preslice and ®g - s preslice: By induction

Ol s RO presplit

ORI sg B presplit

There are cases depending on whether s;, and sy are equal to &.
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— If neither are, then

D% @ ORR I (sp @ sp) K (F @ ) presplit

and (@ @ Pg)*L¥r = @5 @ Pg°F and & ® & = & by definition.
- If s; = @ then (& ® Og)*L¥* = Pk and and s; ® sg = sg, s0 PRk F sp K
@ presplit is the required presplit.

- Ifs; = sg = @ then we have @ - X @ presplit.

The remaining cases follow by symmetry.
For s a preslice, by definition ®®! = (®° ® 1). The previous shows that ®° - s

@ presplit, and combining this with the split 1 = 1 X & presplit gives

P°R1F (s®1)X D presplit

as required. O

B.2.1 Marking
Theorem B.2.18. Marking on slices is admissible.

(s < E){®} I s preslice (s < E){®} I s preslice,

(s < E){/1} F s™® preslice, (s < 2){I1} F s™® preslice,

(s < E){®} I s slice

(s < E){I1} F s™® slice

Proof. Induction on the spot.

o ®{®} spot: Then s™® = 1 because all colours in s are marked, and we have 1

1 preslice,.
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e ¢ < E{®} spot: Two subcases:

— E{®} I s preslice: Then inductively Z{]1} - s™® preslice, which we can weaken

with ¢.
- s = ¢: Then s™® = cand indeed ¢ < E{|1} | ¢ preslice,.

E{d},E spot: Two subcases:

E{®} F s preslice: Then inductively Z{|1} - s™® preslice. which we can weaken

with &’
m® and

&' F s preslice: Then s does not contain any colours from ® and so s = s

we can weaken with E{|1}.
E{®} ® E": Then preslice is of the form s ® s’. Inductively, {1} - s™® preslice., and

. .
s0 E{J1} ® E' I s™® @’ preslice., and s™® @ s’ = (s @ s')™® because colours in ® do

not occur in s’.
]

Lemma B.2.19. If E{®} spot and E - s slice with ® contained in s, then

(s < By {1} = (s < E){J1}"

Proof. Note that we have implicitly used Lemma B.2.1 to know that (s < Z)*{®} spot.

Induction on the spot and the slice. The crucial case is when we reach the slice ¢ so that

m® = ¢ and indeed

=¢ contains ®. Then ¢

(s <E){1} = (s < E){J1}°
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B.2.2 Mark-Weakening

Theorem B.2.20. Mark-weakening is admissible on slices and splits.

(s < E){1} spot (s < E){1} spot
(s < E){1} I s slice (s < E){1} - sy ®sg presplit
MARKWK — — ——————— — MARKWK —— ——————— — —— — — —
(s < E){{P} I s slice (s < E){lP} F sy Ksg presplit

B.2.3 Cartesian Substitution

Theorem B.2.21. Substitution on slices is admissible.

OFx:¥ Y F t preslice OFx:¥ Y F ¢ colour

D + t[k] slice

Note that substitution into a pure preslice can result in a preslice, because each individual

colour may be replaced by a preslice containing 1.

Proof. When t is a pure preslice we proceed by induction on the structure of ¥. It is enough

to show that the underlying pure preslice of k| is well-formed, because the 1 bit has no

effect on typing.

* @ and @;: The only pure preslices of these palettes are &, and &[«] = @ is well-formed

in any context.

¢ ¥, ¥,: Then the substitution is of the form «y, k. Without loss of generality, ¥; -

t preslice, and by induction @ - t[k;] preslice,.. This is equal to t[k1, k| because vari-

ables in x; do not occur in ¢.

306



e ¥; ® Yg: Then the substitution is of the form x; ® kg for

O F sp Ksg presplit
PL K1, :‘FL

PR |- KR : ‘FR
and the slice is of the form t; ® tg for

Y1 -t preslice,

YR - tr preslice,
Inductively,

DL+t [k ] preslice,

DR |- tr[kr] preslice,

and by Lemma B.2.14, ® |- 1 [k ] ® tr[kr] preslice.. This is equal to (f; ® tg)[xr & Kkg]

because variables in kg do not occur in f; and vice versa.

® ¢ < ¥: Then the substitution is of the form (s/¢ < ) for ® I s slice. There are two
subcases:
— t = ¢ Then ¢[s/¢ < x| = u(s), which we know is well-formed.

— ¥ ¢ preslice: Then by induction, ®“(*) |- t[«] preslice.. Applying Lemma B.2.14
together with @ F & preslice gives ®  t[k] preslice., and t[x] = t[s/c < k]

because t # c.
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Theorem B.2.22. Substitution on slices under another slice is admissible.

Y - v preslice Y - v preslice
OFk:Y Y7 k- t preslice OFk:¥ Y7 I ¢ slice
SUBST/COD —— ————— ——— — — — —— SUBST/COD —— — — — — — — — — — ——
®° - ¢[x] preslice, O 1 k] slice

Proof. Similar to the previous, induction on ¥ and v.

e @ and @;: The only possible v is v = &, and then ¥¥ = & and again the only possible

tis @.

¢ ¥y, ¥,: Then the substitution is of the form «;, k. Without loss of generality, ¥; -

v preslice, so ¥1° F t preslice. Inductively ®°[1! - t[i;] preslice,, and t[i;] = t[ky, o).

e ¥; ® Ygr: Then the substitution is of the form x; ® kg for

O F sp Mg presplit
OXS Kl Z‘YL

PR |- KR IYR
and v is of the form v; ® vg with

Y. v preslice

Y F vg preslice

There are subcases, depending on whether vy, and vy are @.
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— With v; and vi both non-trivial, then ¢t is of the form t; ® tg with

Y.L+t preslice

YRR |- tg preslice
Inductively

(q)SL)vL[KL] Ftp[xr] preslice,

(@%R)PRI%R] 1 prlicr] preslice,
and by Lemma B.2.15,
oorlet]ovrlrr] |- 4 [k1] ® tr[xRr] preslice,

Finally, vp[x] @ vr[kr] = (vL ® vr)[x] = v[k] and f.[kr] @ tr[kr] = (fL ®
tr)[x] = t[x].

- If only vy, is non-trivial, then
WYL bt preslice
and inductively
(D)Ll b ] preslice,

For the palette, (®°1)?tl] = Uil by Lemma B.2.9. And vy [x;] = v x| ® @ =

vr[kr] ® vr[kr] = v[k], and t[k;| = t[x] because t contains no colours in sg.
— If only vg is non-trivial, apply the symmetric argument.

— If bothv;, = vg = Fthenalsot = @.
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e ¢ < ¥: Then the substitution is of the form (s/¢ < ) for ® I s slice and ®'¢) |- x : ¥.

There are two subcases:

— v=cThenc <Y I t preslice, and so we can apply ordinary substitution to get
®U6) - t[k] preslice,, and ¢[s/¢ < x] = u(s) by definition.

- ¥ F v preslice: Then ¥ |- ¢ preslice, and by induction, (®"())?l< |- ¢[k] preslice,.
Applying Lemma B.2.15 together with & - & preslice gives "] I t[x] preslice..

Finally v[x] = v[s/¢ < ] and t[x] = t[s/¢ < k| because v # cand t # c.

O
Lemma B.2.23. Substitution is admissible on unit labels.
OFHx: ¥ Y ki unit
Y+ i[x] unit
Proof. By induction on Y. O

Theorem B.2.24. Substitution on splits is admissible.

® | sy [x] Msr[k] presplit P - sy [k] K sr[x] split

Proof. For presplits, induction on the derivation of the presplit:
* JF (I ®er) X (T ®eg) presplit: There are no substitutions into &.

e Y (o®eL )X (T Reg) presplit withey = T oreg = T: Thenalso® - (T ®ep) X

(T ®eR) presplit.

e ¢ <Y (¢®er) X (D ®er) presplit: Then the substitution has the form (s/¢ < «) for

® | s slice, and such that ® - u(s) X & presplit.
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By definition, (¢ ® €)[s/c < x] = (u(s) ® €L). Lemma B.2.11 twice then gives
D (u(s) ®er) X (@ ®@er) presplit as required.

e ¢ < ¥ I sy Xsg presplit where ¥ I sp X sy presplit: Then the substitution has the
form (s/¢ < x) for @) |- x : ¥, and inductively ®') - s; [x] KM sg[x] presplit. Finally
® - sp[x] K sg[x] presplit by applying interchange (Lemma B.2.13) on this split and

I+ ORI presplit.

e ¥, ¥, b sy Msig presplit where ¥1  sip R s1g presplit: The substitution is of the
form x1, 1 with @ - xq : . Inductively @ F sy k1] K s1r[x1] presplit, and sip (k1] =

s1L[x1, %2] and s1g (k1] = s1r[K1, k2] because ¥1 does not occur in either of the slices.

e Y% F (SlL & SZL) X (SlR & SZR) presplit where ¥1 F s1; X s presplit and ¥, F

Sor M sor presplit: Then the substitution is of the form x; ® kg for

® - 57 Msg presplit
OMAS KL :IFL

DR |- KR : ‘FR
Inductively

QL SlL[KL] X SlR[KL] presplit

DR | spp [kRr| K sor[KR] presplit

Applying Lemma B.2.13 gives

D+ (S1L[KL] X S, [KR]) X (SlR[KL] & SoR [KR]) presplit

Now s, does not contain variables from kg, and similarly for the others, so these
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slices are equal to

D+ (s1 ®sor) [Kr @ kR] K (1R @ S2r) [KL @ KR] presplit

as required.

Theorem B.2.25. Substitution on slices at a spot is admissible.

E{t<d,Y¥,...} spot
t<OFx:¥Y E{t<dY¥,...}F sslice

SUBST/SPOT — — ———————— — — — — — — — — — —
E{Jt<®,...} I s[k] slice
¥ I v preslice  E{¥} spot
t<®PFx:¥Y  E{Y°}F s slice
sUBsST/COD —— ——— — — — — — — — — — — ——
E{L(t < @)Y F s[x] slice
® F w preslice E{DP¥} spot
t<®Fx:¥Y  E{P“}F sslice
SUBST/DOM — — — — — — — — —— — ——
E{PY} F s[k] slice
t<dFx:¥Y E s slice
SUBST/MARKED — — — — — — — — — — — — ——

[1]

F s[x] slice

Proof. The idea is: we do induction until we reach the spot and then apply the previous

substitution rule. First SUBST/SPOT, induction on the spot:

e (t<®,¥Y){t <D, ¥} spot: Two subcases:

- Y I s slice: Then the actual substitution rule (Theorem B.2.21) gives t < ® -

s[k] slice.
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- t < @ | s slice: Then s = s[k] is already the desired slice.
e (t<E & ){t<d,...} spot where E{®P,... },E' spot: Two subcases:

- t < E F s slice: Then inductively (t < E){/t < ®} F s[«] slice, which can be

weakened to (t < E){/t < @}, E' F s[«] slice

— &' F s slice: Then s = s[k] is already the desired slice.

e ¢ < E{t < ®,...} spot: Then inductively E{|t < ®,...} - s[k] slice, which can be

weakened to ¢ < E{[t < D, ...} I s[«] slice.

e B{t < ®,...}, & spot: Then inductively E{|t < ®,...} I s[«x] slice, which can be

weakened to E{[t < ®,... },E I s[k] slice.
e E{t < ®P,...} ® &' spot: Then the slice has an underlying preslice of the form s; ® sg

for

E{t<®,Y,...} s presplit

&' I sk presplit
Inductively E{|t < ®,... } I sy [«] presplit, and (s; ® sg)[x] = sp[x] @ sg because sg
does not contain colours in ¥.

The rule SUBST/COD is similar, in the base case we have ¥Y” I- s slice and so apply
Theorem B.2.22 instead of Theorem B.2.21.

The final two rules hold because in both cases s contains no colours in Y. O
Theorem B.2.26. Substitution on splits is admissible, with rules analogous to Theorem B.2.25.
Proof. By induction with the same structure as Theorem B.2.25. O

Lemma B.2.27. Suppose @ -« : ¥ and E{¥'} spot. IfE |- s slice intersects ¥, then (s N'Y) k]

(s[x] N D).
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Proof. Induction on the spot and the slice s. ]

B.2.4 Slice Intersection

Definition B.2.28. The intersection of two pure preslices

O | s preslice O ¢ preslice

® F sNt preslice

defined by induction on ®:

1 palette, @ palette and @; palette: The only pure preslice is & preslice and define

dNY = .

D, D, palette: If & F s preslice and d; + ¢ preslice, then induct and weaken. If
D1 F s preslice and ®; - t preslice, then define s Nt := &. The other cases are similar

by symmetry.

®; ® O, palette: Define (sp @ sg) N (L @ tr) := (sp NtL) @ (Sg N ER).

¢ < ® palette: Define

SN =9
dNs: =0
SMNc:=s
cNs:=s
cNec:=c¢

This definition requires the preslices to be well-formed, as the raw syntax of preslices

does not give enough information to know what is in the palette under a particular colour
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label. For example, in palette p < v ® b palette, the raw syntax does not tell us thatp Nt = ¢

rather than p.

Lemma B.2.29. If ® |- s preslice and ®° |- t preslice then s Nt = t, where t has been weakened to

® using Lemma B.2.8.
Proof. By induction on s and the definition of slice intersection. O

Lemma B.2.30. For ® I~ s preslice and ® I ¢ preslice,

ccsNtiffccsandcct

for any ® = ¢ colour.
Proof. Induction on the palette ®. ]

Lemma B.2.31. For

t<dFx:Y
Y s preslice

Y F t preslice
we have
¢ € (sNt)[x] iff ¢ € s[x] and ¢ € t[x]
forany t < ® = ¢ colour.
Proof. By induction on ¥. O

It is not true that (s N t)[x] = (s[x] N t[«]) because it is possible for s N f to lie in different

cartesian bunches that are contracted together by the substitution.

Lemma B.2.32. If 2{®"} spot and s intersects ®?, then E5{P"*} spot.
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Proof. By induction on the spot and the pure preslice s. ]

Lemma B.2.33. If ® - x : Y and E F s slice and Z{¥°} spot, then Z5{| DK} =
(=@

Proof. Induction on the spot and the slice s. Once we reach ¥? | s slice, we know ®° -

s[k] preslice by SUBST/COD, and then (®?[)sl = @sl¥ = M9)I pecausevNs=s. O

Lemma B.2.34. If &L @ ®°R |- v preslice and Ot @ Ok = w preslice, then
c€ (vNuw)ft<s Xsg/t)iffc € vt <s Wsg/t ) and ¢ € wt < sy Ksg/t')

forany t < ® F ¢ colour.

Proof. If ¢ is the top colour of s;, then v and w must be of the form ¢ ® ' and ¢ ® w’, and
then certainly ¢ € v Nw. If ¢ is contained in ®° then we use Lemma B.2.30. The other cases

are similar. n

Lemma B.2.35. If ® I s; Ksg split and & - t slice and E{ (Pt @ ®°R)?} spot, then

Et{\l/q)(vﬂt)[’HsLleR/t’]} = (E{i/q)v[HsL@sR/t’]})t[HsL@sR/t’]

Proof. Induction on the spot and the slice t. Once we reach (L ® ®°R)? | t slice, we
consider cases on the pure preslice v. For example, if v = "sy ', then we have two subcases.
When t = "s; ', we have v Nt = "s; ' also, and the result follows by Lemma B.2.16.
Otherwise, we have v Nt = t and the result follows by Lemma B.2.8. The other cases are

similar. O

B.2.5 Other

Lemma B.2.36. If E{t < D, ...} spotand t < ® F ¢ colour, then E is a cartesian weakening of

P°.
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Proof. By induction on the spot, until we reach the cartesian bunch containing t < @, ....
Then either ¢ is equal to t, in which case (t < @,...) =t < ®,... is certainly a cartesian

weakening of t < ®, or ¢ € @, in which case (t < ®,... )" = O exactly. O

Lemma B.2.37.

DL @ DR - w preslice,

t < ®F sp Xsg presplit

and ¢ € w then ¢ € w[t < sy Ksg/t').

Proof. By induction on the presplit until we reach a colour label containing the colour ¢. [I

Lemma B.2.38. Ifs < Z{t' < ¥} spot then the top colour of s < B{}t < ®} spot is s*""
P

Proof. If the spot is immediately at the top of the palette, then s = t, and then s'° = ¢,
which is the top colour of t < ®. Otherwise, the top colour of the resulting palette is

unchanged, and indeed 5" = s O

B.3 Contexts

B.3.1 Palette Weakening

Lemma B.3.1. Palette weakening of contexts is admissible.

d | T ctx
WK-PAL-CTX —— — — — ——

E{P} | T ctx

Proof. Considering one variable at a time, for ordinary labelled variables x‘ : A we have
(E{®})¢ = P, and so the type A remains well-formed. For marked variables x° : A, the
type ¢ | I F A type used in the premise is exactly what is required to extend the context

with x¢ : A in the conclusion. O
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Lemma B.3.2. Cartesian palette weakening for all judgements is admissible.

E{®} I THT
WK-PAL-CART —— — — — — — ——
E{o, Y} | THT

Proof. For slices, splits and terms, induction on the derivation. For contexts and context

extensions, we may consider one variable at a time, applying the rule to the type. O

B.3.2 Context Weakening

Lemma B.3.3. Weakening a term by a single variable is admissible.

oI, I'HT oI, I'HT
WK ———————— — WK-MARKED — ——————— —
O|T,x:AT+T @|T,x: AT FT

Proof. Induction on derivations. For WK, encountering a splitting rule may require a use of
WK-MARKED, if the variable to be added is not contained in the slice used in the premise of

the splitting rule. O

Lemma B.3.4. Weakening a term by a context extension is admissible.

@ |T,T'+T
WK-EXT — — — — — — ——
oI, I"+T

Proof. Repeated application of WK and WK-MARKED. O
B.3.3 Recolouring

RECOLOUR ————— — — — ——
t=< @ |0 | et
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Or more generally

E{{ <@} |THJT
RECOLOUR T
E{t < @} | TV | gt

Theorem B.3.5. Recolouring is admissible on terms.

Proof. Straightforward induction on derivations. In the cases for VAR-ROUNDTRIP and
VAR-MARKED, we use Lemma B.1.8 to show that the result has the correct type, and in the
splitting rules we us Lemma B.1.10 when the chosen slice does not contain the colour being

replaced. O

Lemma B.3.6. The colour label on a marked variable can be changed, and this is silent in the

judgement.

Proof. By induction on J. The important case is VAR-ZERO. If

¢ |TF A type

t<®|,x" : AT Fx: A

then also
c ’ Ik Ach’ type
t<d ’ F,&c . Ac<—>c’/1—~/ » X (Ach’)tHc
and (A9 = A% by Lemma B.1.8. O
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B.3.4 Filtering

Theorem B.3.7. Filtering of contexts, telescopes and context extensions is admissible.

Dt sslice @|T ctx Y sopreslice t<®|THY|Q tele

FILTER ———————————— FILTER

((s < E){®})* | I5T" ext

Proof. Each of these may be proved one variable at a time. For contexts,

* x‘: Aisunmarked: Then the context was formed by

D | T+ A type

DT, x": A ctx

There are two subcases:

- ¢ € s: Then ¢ = (¥°)° by Lemma B.2.8 and I'* = (I"*)¢ by Lemma B.3.9, so we

have (®°)¢ | (T®)° F A type and can re-form the context extension.

- ¢ ¢ s: Then marking A gives ¢ | I - A type, and I' = I'* by idempotence, so we

can re-form the context extension ®° | I'¥, x* : A ctx.

* x°: Ais marked: Then the context was formed by

¢|CF A type

D |T,x°: A ctx

but I = I" by idempotence, so ¢ | I* - A type and we can re-form the context

P | T5,x°: A ctx.
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Telescopes and context extensions are similar. O
Lemma B.3.8. () = [N

Proof. By Lemma B.2.30 operating one variable at a time. O
Corollary B.3.9. (I'®)! =T when ®° + t preslice

Proof. Combining Lemma B.3.8 with Lemma B.2.29. O]
Lemma B.3.10. (It = TNl

Proof. By Lemma B.2.31 operating one variable at a time. O
Lemma B.3.11. (ru[HsL&sR/t’])v[HsL&sR/t’] = T(unv)[t<s Xsg/t')

Proof. By Lemma B.2.34 operating one variable at a time. O
Lemma B.3.12. If® I T ctx is weakened to E2{®} I T ctxand Z | s slice, then [* = T*"®.
Proof. All colour labels in I are in ®, so for all such labels ¢ € siff c € s N . O
Lemma B.3.13. I® =T if s is fresh for T

Proof. Checking one variable at a time, every unmarked x° : A becomes marked by I,

because ¢ ¢ s. O
Lemma B.3.14. If (s < E){®} | [T’ ext and ¢ does not contain ® then T'* = (I'™®)e,

Proof. Marked variables in I remain marked on both sides. For each unmarked variable

x?: AinT’, either

® D € ¢, in which case x remains unmarked on both sides. We know (s < Z)? also does

not contain ® and so A = A™®I' by Lemma B.3.17.

* 0 ¢ ¢, in which case x is marked on both sides.
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B.3.5 Marking

t<®|T'k
MARK — —————
t|I-J

The generalised form:
t<®|Tctx (s <E){P} | T ext

(s <E){®} |, T'+T

(5 =< E){\Ll} ‘ ermcb\r = ij\T
Lemma B.3.15. We can mark ‘under a slice’:
(s < E){D} I s slice

(s <E{®} | (LI T
MARK/DISPATCH — — ——— —— — — — — — — — — — — — ——

Proof. We distinguish two cases:

* sintersects ®: Then (s < E)*{®*'®} spotand (T,T')* = I*"'®, T, and applying MARK

gives
(5 = E)S{J,l} | 1—~sr7<§[>’ (r/s)md)\l’ = ijD\I’

For the palette, we know (s < £)*{}1} = (s < 2){/1}*"" by Lemma B.2.19, and for
the context [$1®, (I"$)m®Il = (T, ['m®IT)s™ by jdempotence on T and Lemma B.1.21

onTI’. So
(5 < E){\l/l}sm(b ‘ <£,r/m<1>|l“)s"‘q> - jmcb\l“

as required.
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e s does not intersect ®: Then s = s™® s0 (s < Z){P}° = (s < Z){{1}*"". The input
J is already marked with respect to ®, so J = J™®/I by Lemma B.3.17. Similarly,

I' = 'l and so already

(5 < E){il}smq’ | (E,r/m<b|r)s"‘q’ - ijD\I’

Theorem B.3.16. Marking is admissible on terms.

t<®|I'Fa:A
MARK —— — — — — — ——
t|Tka:A

Proof.

e VAR: Two cases:

- x°: A € T: Because x° € T, it must be the case thats € (t < ®). The derivation

is then

(s < E){®} |1 F A type

(s <E){®} | T, x*: AT, I"Fx: A
By induction,
(s < 2){11} | Iy - AT type
and so also

(s < Z){}1} [T - A™®" type
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by Lemma B.1.1.

By definition, I';, x* : A, T, =Ty, x°: Amq>|r1,&‘ Applying VAR-MARKED gives
(5 < B){I1} | Ty, x%: A, Tp, T/MOMASAL |y gm®IDy

Finally, AM®I't = Am®Tx*AT: pecause x and T, do not occur in A.

— x%: A € I”: Then the derivation is

(s < E){®} | I,T] F A type

(s < E){®}|T,T},x: AThrx: A
By induction also
(s < 2){41} | LTI - Am®IT type

and because (T}, x° : A, T5)m®I = /M@ xs . Am®I /ML we can reapply
VAR.

® VAR-ROUNDTRIP: Again, two cases:

— x°: A € T': Then the derivation is

(s < E){@})" | T1°F A type

(5 < E){CD} ‘ rl/xc . A, rZ/ r/ l_ K: (Amq)|r1)5<—>c

Then in the conclusion, x¢ : A™®T1 e Iy, x*: A, T by the definition of marking

on contexts. Applying VAR-MARKED gives

(5 < E){\Ll} ’ M, F/mq)‘rl,xf:A,rz '_ X <Am<l>|r1)5<%c
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because ¢ | 1 - A™®1 type by Lemma B.1.1. This is of the required type,

because
(Amd>|l"1)s<—>c = ((Amd>\1"1 )5<—>c)m¢\1"1,x,1”2

by Lemma B.1.1 and Lemma B.1.9.

- x°: A € T": By assumption, ¢ ¢ ®, so x° : AM®IT in the context L, (T, x° -

AT /2)m<1>\r is unmarked in the conclusion. There are now two subcases:

+ @ C ¢: Then (s < E)*{P} spot and the derivation is

(s < E){®} |[,T"F A type

(5 < E){®} |, T}, x: A THF x: AC
Inductively,
5 < =) 11T, I’ m®|l - Am<§[>|l" type
1

And by Lemma B.1.23, this context extension is equal to (Fllmq)‘r)‘ and by
Lemma B.2.2, the palette is ((s < Z){/1})*, so

(s < B) {41} | (@ T"T) - A type
and we can reapply VAR-ROUNDTRIP to conclude
(s < E){I1} | L, (I, x° 0 A, T) I | x o (Am®IT)see

Finally, (A™®T)s¢¢ = (As<)m@IT because ¢ is not in ®.

+ @ ¢ ¢: Then (s < ) does not contain ® at all, and I'* = I by Lemma B.3.13,
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so the derivation is

(s <E)|L[TYF A type

s < BPY |, T, x: A THF x: ASCC
( )it 2 X
And so also

(s < E{J1})° | L (T"*T)c 1= AT type

because I = (I"™*") by Lemma B.3.14 and A = A™®I by Lemma B.3.17.

Reapplying VAR-ROUNDTRIP gives
s < E{I1} | L, (T, x°: A,TH)™ - x o (AmPIT)soe

Finally, again (A™®IN)s<¢ = (As<)m®Il by Temma B.1.9 because ¢ is not in

o.

e VAR-MARKED: We have x° : A € I,T” and so also x°¢ : A € [, T"™®I in the conclusion.

Two cases:

— x°: A € I': Then the derivation is

¢| I F A type

(5 = E){CI)} | Iy, x: A,FZ,F, Fx: AT
Also ¢ | T'1 - A type by Lemma B.1.1 so we can reapply the rule, giving
(5 = E){il} ’ &;Kc . A,&,r/m@Fl,x‘:A,Fz Foxc: A

Finally A%7¢ = (A%¢)m®IN412 by T emma B.3.17 because A% is well-typed in
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a completely marked context.

- x*: A eI’ Suppose I" =T, x° : A, T. Then the derivation is

¢|[,T) F A type

(s < B){®} | I,T},x°: A ThHF x: A%

and again T, F’l =T, r;mcp\r by Lemma B.1.1 so we can reapply the rule, giving

(s < E){I1} | L, (I, x5 : A, TH)™PI |- x : Asoe

Finally A%7¢ = (A*©)™®Il by Lemma B.3.17 because A%"¢ is well-typed in a

completely marked context.

¢ JI-FORM: Given inputs

(s < E){®} |, I"F A type

(s < E){®} |, T, x°: A+ B type
inductively

(s < 2){J1} | L, TP - AT type

(s < B){J1} | L, "™, xo . AmPIT |- pmPIL 4y 56

where for B we have added x° : A to the extension I’ used in the inductive case.

Reapplying the rule then gives

(s < E){41} | LT - [Ty, gmoiry BT type
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e [-FORM: The instance of the rule is

o s|T,T" + A type
-FORM

(s < E){®} | [,T' - {A type
By idempotence, also
s|T, '™l A type

and A = A™®II because A is well-typed in a marked context. Reapplying the rule

gives
(s < E){1} | LTIk gAm el

as required.

* ®-INTRO: The inputs are

(s < E){P} I sy sy split
(s < E){@F" | (T,T)t ba: A5t

(5 < E){(D}SR ‘ (T, r/)sR b B[Qtﬁrsﬂ/xt]rsfet
Marking the split and applying MARK/DISPATCH to the terms, gives

(s < E){41} s, ™® ®sg™ split
(s < E){il}sLn1<I> | (T, F’m‘b\F)SL'"‘D - am@IT (A5 otymelr

(5 = E){il}squ} ‘ <Lr/m<1>|l“)sRm‘I’ = bm@\l‘ . (B[Qtersﬂ/gt]rsfet>m©|r
To reapply the rule, we need that the type of b™®IT is is the right form to be paired
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with a™®/'. Lemma B.1.9 gives

Tsp t\ym®|I m®|T\ s, 4>t
O

tesp ! t17sgr >t m<I>\I“ — tesp ! t m<I>\I“ Tsp >t
(Bla™ * /x]** ) (Bla™* /x]™0)

and then

(B[atﬁrsf‘/xt]mtbﬂ")rsﬂﬁt = (Bm<1>\l"[am<1>\l"t<_>rsﬂ/xt])rsR7<—>t

by Lemma B.1.4 and Lemma B.1.1. And these types are finally of the form to reapply

the rule:

(5 =< E){\l,l} ’ £/ Iw/m<1>\1“ - am<I>|1" sLmCI>®SRm<I> meI)|r . ®(1:Am®‘r)Bm¢|r

mo|

r
with ®(£:Am<b\f) Bmell = (@(E:A) B) by definition.

—o-FORM: The input types are

v| [T+ A type

p<(s<E){P}@¢|T,I",x": A+ B type

Now A is already marked with respect to ® and T, so A = A™®I. And by idempo-

tence,

1—', I-'/ = Ll—'/m@\r
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so together,

Inductively
p<(s <) {1} @c| LTIl . Am®IT | pmeIT 456

where we have extended (s < E){®} spotto p < (s < E){P} @ t spot and the

context extension I to I, x* : A. Reapplying the rule gives
(s < E) {1} | LT = @ e pmor) BT

as required.

Lemma B.3.17. Terms in marked context are already dull.

t<®|T ctx

s<E|LT'HJT

\7 = jm<1>\1“

For this, we do need that J is well-typed so that variables from I' are used in the ‘correct’
way: a well-typed J can only use variables from I' via VAR-ZERO, but raw terms might

incorrectly use them unmarked.

Proof. On slices, this immediate because none of the colour in ® occur in s.
On terms, all typing rules monotonically add marks as one moves from the conclusion

to the premises, and so all variable uses happen in a context beginning with I'. The only
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well-typed such variable uses are already marked, and —™®" has no effect on already

marked variables uses. O

B.3.6 Mark-Weakening

t|I-J
MARKWK — — —————

t<®|T'FJ

Lemma B.3.18. We can mark-weaken ‘under a slice’:

(s <E){t<1,...} Fsslice
t<®|Tetx s<E{t<1,...} | LT ext

(s<E{t<1...} | LI)y+T
MARKWK/DISPATCH — ——— —————— — —— — — — — — — — — ——

(s < BVt <d,... )| (TP T

where s has itself been mark-weakened in the conclusion by Theorem B.2.20.

Proof. We distinguish two cases:

e s contains the spot {t < 1,...}: Then (s < E)°{t < 1,...} spotand ([,I")* = L[, T”,

and applying MARKWK gives
(s <E){It<d,...}|[[T°"FT

And (s < E){Jt<®,...} = (s < E){Jt < D,... }° by Lemma B.2.2.

* s does not contain {t < 1,...}: Thenalready (s < E){t < 1,...}° = (s < E){Jt <
®,...}and (I,T")* =T,T", s0

(s <EYU<®,. . Y |LT°FT
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Theorem B.3.19. Mark-weakening is admissible on terms.

t<®|Tetx s<E{t<1,...} | LT ext

s<E|LTFT
MARKWK ————(—(—(— — — — — — — — —
s<E{lt<®,.. . }|IT'FT

Proof. Induction on derivations. The raw term is unchanged. The only interesting cases
are the variable rules, where an instance of VAR-MARKED may become an instance of

VAR-ROUNDTRIP if an variable is marked in the premise but not the conclusion.

e VAR: The only case to consider is x° : A € I’; we cannot have x° : A € [ because all
variables in I are marked by definition. Because we have used the ordinary VAR rule,

the colour of x must be the top colour s. So the derivation to consider is

s <E{t<1,...} |[,T] - A type

s<E{t<1,.. .} | T, x:AT)-x:A

By induction also

s<E{t<®,...} |T,T]F A type

and so we can reapply VAR, giving

s<E{lt<®,. ..} |TT,x:AT)Fx: A

® VAR-ROUNDTRIP: Again, x cannot be in I', so the derivation to consider is

(s <E{t<1,... )| (LT} F A type

s <E{t<1,...}|L,T),x:AThFx: A"
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This time the colour of x may not be the top colour. First,I'* = I' by Lemma B.1.22.

We now distinguish two cases.

— If the spot is contained in the slice ¢ then
(s <E){t=<1,...} |[LT{F A type
and inductively
(s <E){{t<D,...} | T T F A type

allowing us to re-apply the VAR-ROUNDTRIP rule giving s < E{[t < ®,... } |
T, x AT b x: AT
— If the spot is not contained in the slice ¢ then already (s < E{t < 1,...})" = (s <

E{lt<d,...})and [ =TI by Lemma B.3.13. And so already
(s < E{Jt<D,...})" | T F A type

and we can reapply VAR-ROUNDTRIP.

* VAR-MARKED: Now it is possible that x° is either in I or I". In the former case we
must distinguish two further possibilities; whether x is already marked in the context

I.

- x* € 'and x¢ € T: Here we will keep more careful track of which variables are

being marked in the type. The derivation to consider is

c| 1+ AMPIN type

s<E{t=<1,...} [T, 1 ATy T Fx: (Ao

Because the context t < @ | ', x¢ : A, T, ctx is assumed to be well-formed, we
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know
(t<P)|T1°F A type

Because ¢ € (t < ®), we also know (s < E{J/t < P,...}) is a cartesian

weakening of (t < @) by Lemma B.2.36, and so we can weaken A to
(s <E{Jt<D,...})" | T1°F A type
and apply VAR-ROUNDTRIP giving
s < E{Jt<®,...} |T,x": ATy T Fx: (AMETT)see

And (AmEIM)soe = (Am®IT1)se¢ hecause A only contains colours from (t < ).

— x* € ' and x° € T': Here the derivation to consider is

¢| 1+ A type

s <E{t<1,...}|Ty,x : AT I"Fx: A%
By idempotence of marking (Lemma B.1.1), also ¢ | I'; = A type, and so
s<E{{t<D,...}|T,x AT, T Fx: A

is well formed.

— x° € T”: The derivation is

¢|L[,T) F A type

s <E{t<1,...}|LT),x:AThFx: A"
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and by idempotence, I, T} =TI, I; and so ¢ | I,T} - A type. Reapplying VAR-

MARKED gives

s<E{t<®,...} | T],x: ATHE x: ASF

as required.

¢ II-FORM: The inputs are

(s <E){t=<1,...} |LLT'F A type

(s <E){t<1,...} |[LT,x*: A+ B type

and inductively

(s <E{{t<D,...} |, A type

(s <E){It<®,...} |T,T",x*: A B type

and we can re-apply II-FORM.

e §-FORM: The input type is
s|L,T'F A type

and by idempotence, I, I” = I, I”, so we can reapply §-FORM.

® ®-INTRO: The inputs are

(s <E){t<1,...} F s Rsg split
(s <E{t=<1,... 1 [(OLT)tba: A0

(s <E){t<1,...}5 | ([,T')R b b: B[a*" st /x"] sr 't
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Applying Theorem B.2.20 to the split gives (s < E){lt < ®,...} I s; K s split, and

applying MARKWK/DISPATCH to the terms gives

(s <E){It<@, .. P | (TT)t ba: AS9

(s < E){It<@,... 1" | ([,I')*" b Ba* st /xY] sn ot

and so we can reapply the rule.

¢ —o-FORM: The input types are

v| LT+ A type

p<(s<E){t<1,...}®c|L[ T, x": A+ B type

As in the case for §-FORM, idempotence gives

-
=
Il

r, 1

andsot | I,I" - A type. Induction on B gives

p<(s<E{It=<D,...} @¢|T,T',x*: A B type

and so we can reapply the rule.

B.3.7 Cartesian Substitution
t<®|THx|[0):¥Y]|Q t<&,¥|[LOTHJT

t<@ |,k | 6] F Tk | 6]
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There are several generalised versions, all of which operate the same way on raw syntax:

s <E{t<®D,Y¥,...} spot

t<®|TH(x[0):¥Y]|Q s<E{t<dY,.. .} |LOTFT

SUBST — — —— — — — — — — — — — —
s<E{t<®,...} |, Tk]|0)FTk|0P"
Y v preslice s < E{Y"} spot
t<®|TH(x]0):¥]|Q s <E{Y} | QT +J
SUBST/COD — ———————————— — — — — — — — — — — — — — — ——
s < E{L(t < @)W} | TW 'k | 6] F T [ | 6]
® - w preslice s < E{P"} spot
t<®|TH(x|0):¥]|Q s < B{®"} | TV, QT T
SUBST/DOM ————————————— — — — — — — — — — — — — — — ——
s < B{O"} | TV 'k | 6] - T[x | 6]
t<®|TH(x]0):¥]Q s<E|LQTHJ
SUBST/MARKED — — —— — —— — — — — — — — — — — — — — — — — ——

In the SUBST/COD case, the top colour of the conclusion might not be the same as the
top colour of 7, in particular, 7 [« | 6]** does not necessarily have top colour s.
To fractionally save on space, we will write J[x | 6] for what should really be

J[x | 625", letting the slice stand in for its top colour.

Lemma B.3.20. Let s < E{(t < ®,¥)’} | [, O, " ctx denote one of the above four situations, so

one of

s<E{t<D,Y,...} |[,QTI" ctx

s < E{Y"} | T,Q°% T ctxwhere ¥ F v preslice
5 < E{®"} | T, Q, T’ ctx where ® F w preslice
s<E | T, QT ctx
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and 5 < E{|(t < @)’} | T, T[x | 0] ctx the corresponding conclusion contexts

s<E{Jt<®,...} | ["[xk|6] ctx
s < E{}(t < @)} | 1?0 T7[ic | 0] ctx where ¥ + v preslice
s < E{d"} | T, T'[x | 0] ctx where ® F w preslice

s <& | LT[k |60] ctx

respectively. In each case we can substitute ‘under a slice’:

s <E{(t < ®,¥)’}F s slice

t<@|TH®x|0):Y]|Q (s<Z{(t<d¥)})° | TQI)PHT
SUBST/DISPATCH — ———— —— — — — — — — — — — — — — — — — — — — — — — — — — — — —
(s < B{Lt < @)} [ (T, 1"k | 6) - Tl | 6]

Proof.

e SUBST: There are four cases:

— scontainsalloft < ®,¥,...: Then
(s <E{t<dY,...} |[LQT"FHT
Then applying SUBST gives
(s <E){It<®,...} |, Tk | 0] - Tk | 6]
By Lemma B.2.2,

(s <EP{lt<D,...} = (s <E{Jt<D,...})
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In this case s = s[«], and by Lemma B.1.23,
i | 0] =17[k | 0]
SO
(s < B{lt<D,...})° | (I,T[x | 0] + T [k | 0]

as required.

s intersects ¥: Then ¥ - s N'Y slice and Z{¥*"*} spot. The input judgement is
(s <E2P{¥"} | LT T
and applying SUBST/COD,
(s < Z){L(t < @)Y | M s | 0] - T [ | 6]2F
This is the correct palette by Lemma B.2.27. Also
rNY)[K = pslx]
by Lemma B.3.12 and
[k | 6] = I'[x |
by Lemma B.1.23. And so we have
(s < (L < @)} | (L7 | 07 - Tl | 6]

as required.
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— sintersects ®: Then ® I s N @ slice and Z°{®*"'®} spot. The input judgement is
(s < E){®"®} | I®, Q" - T
and applying SUBST/DOM,
(s = E)*{®®} | T, %[k | 0] - T[x | 6]

This palette is equal to (s < E{J/t < ®,...})* by Lemma B.2.1. Because s does

not intersect ¥, s[x] = s. Then Lemma B.3.12 gives
r5N® = s = sl
because ¥ does not occur in I', and
Ik | 6] = T'[x | 0]
by Lemma B.1.23. So
(s <2{t<@,... } )| (1, 1] | 6] + Tk | O]

as required.

— s does not intersect t < ®, ¥, ...: Then the input is
(s <E)f | QT T
and applying SUBST/MARKED gives

(s <E)" |LT"[x | 6] - T[x | 6]
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and Lemma B.1.23 gives that [, T"*[x | 8] = (I, I"[x | 6])°!"] as required.
® SUBST/COD: There are two cases:

- sintersects Y?: Then ¥ F s N v preslice, and the input is
P
(5 < E)S{\Fsﬂv} ‘ E/ Qsﬂv’ rls l_ j

where (s < E)*{Y%”} spot by Lemma B.2.32 and (I')* = I by Lemma B.1.22.

Then we can reapply SUBST/COD, giving

(s = B)*{L(t < @)Y | TEM) T8 | 0] - T [« | 6]
This is the correct palette by Lemma B.2.33. Also

1M = (pold)si
by Lemma B.3.10 and
Ik | 0] = T'[x | 6]

by Lemma B.1.23. And so we have

(s <24t < Q)P | (T, T ) - Tl o]

as required.

- s is disjoint from ¥?: Then the input is

(s <2 |LOT T
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to which we can apply SUBST/MARKED, giving
(s < &) LT[k | 6] J[x | 6]

Because s does not intersect the spot, we know (s < E)° = (s < E{[(t <
®)?I1)3, 50 this is already the correct palette. Again, I [« | 6]°] = I"*[« | 6] by
Lemma B.1.23.

i SUBST/DOMZ There are two cases:

- s intersects ®“: Then ® - s Nw preslice., and the input is
(s < 2){&} | T QT - T
Then applying SUBST/DOM gives
(s < E)*{¥s} | 57, %[k | 0] - Tk | 0]

And "%, T%[x | 6] = (T, T'[x | 0])° by Lemma B.3.8 and Lemma B.1.23.

- s is disjoint from ®%: Then the input is
(s<E)Y | QT FJ
to which we can apply SUBST/MARKED, giving
(s <E)° | LTk |0 - Tk | 0]

This is already the correct palette, and I [x | 8]*) = I"*[« | 8] by Lemma B.1.23.
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® SUBST/MARKED: The input is equal to

(s<E)Y|L[LQT+J

and so we can apply SUBST/MARKED giving

(s <E)f LTk | 0]+ T[x| 6]

By Lemma B.1.23, this is the correct context, and s[x] = s because s is fresh for x.

Theorem B.3.21. Substitution on terms is admissible.
t<®|Tk(x]0):¥]Q t<CI>,‘If]T,Q,1"’I—a:A

t<® |, Tx|0)Falx|6]:Alx|0]

Proof. As usual, each variable rule has cases for the position of the variable in the context.

Variables:
® VAR:

- x*: A€ TI:Thenalso x* : A € I in the conclusion, and so we can reapply VAR.

- x* : A € (): Then we must have s = {, and the palette is a cartesian extension

t < P,Y¥, P of t < ®. The substitution has the form

t<®|TF (x]0,a/x5,0): Y| Q,x":AQ

where

t<®|Thka:Alx|oP"
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and so by weakening, also
t<®,® |T,T[k|0,a/x°,0" Fa: Alx | 0"
and finally, because x and ()’ do not occur in A,
t<®,® |T,Tk|0,a/x,0 " -a:Alx|0,a/x%,0'"

- x*: AeT":Thenx®: Alx | 6]°" € I"[« | 0], and so we can reapply VAR.
* VAR/COD:

— x°%: A € I': Cannot occur, as all variables in I" are marked.

- x*: A € OO We must have v = 5. The substitution has the form
t<®|TF(k|6,a/x°0"):¥|Q,x°:AQ
where
(t < @) | 1ol 1= g2 Al | 9] 1K)
Again, by weakening and that x and the variables in ()’ do not occur in A, also
(t < @) | 150 Tk | 6,a/x%,0'12%0 -0 Alx | 0,a/x°, 0]

- x*: AeT":Thenx®: Alx | 6]°" € I"[« | 0], and so we can reapply VAR.
* VAR/DOM:
- x*: A eTI% Wemust have w = s. Then also x°* : A € I'” in the conclusion, and

we can reapply VAR.
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- x°: A € (): Cannot occur, as all variables in () are marked.

- x*: AeT":Thenx®: Alx | 6]°" € I[x | 0], and so we can reapply VAR.
® VAR/MARKED:

— x%: A € I': Cannot occur, as all variables in I' are marked.
- x*: A € : Cannot occur, as all variables in ) are marked.

- x*: AeT":Thenx®: Alx | 6]°" € I'[« | 0], and so we can reapply VAR.
¢ VAR-ROUNDTRIP:

- x‘: A €TI: Then also x* : A € I in the conclusion, and so we can reapply

VAR-ROUNDTRIP.

— x°: A € (): The substitution has the form
t<® [Tk (k]6,a/x5,0):¥]Q,x:A0Q
where
(t < @) | T g2 Afie | 9]2lx]
Marking followed by relabelling gives

]5<—>c[K]

This can be mark-weakened to

]5<—>c[1<}

s <E{t<D,...}|TFa*l: Al | g]tel
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and then weakened to

s¢>c[K]

s<E{t<®,...} |k |0 gl Al | g2t

Finally, the type is

s¢relk] _

A[K | Q]atc[K] = (A[K | G]atc[K]>5<—>c[K] = AEHC[K ‘ e]ats

by Lemma B.1.4 followed by Lemma B.1.5.

- x*:AeTl”:Thenx‘: Alx | 6] € I'[ | 0] and so
s<E{t<®,...}|[,T[k| 0" x: (Al | 6]2%)¢
Again,
(Al [ 0]7)*7 = (Al [ 0]7)*7 = A [ic | 0]

by Lemma B.1.4 followed by Lemma B.1.5, because ¢ is not substituted for by «.
* VAR-ROUNDTRIP/COD:

— x°: A € I': Cannot occur, as all variables in I are marked.

- x*: A € (3% Similar to the case for VAR-ROUNDTRIP, instead mark-weakening I'
to [?Ix]

- x*: A €T Then x° : Alx | 6] € I"[x | 0], and so we can reapply VAR-
ROUNDTRIP.

¢ VAR-ROUNDTRIP/DOM:

-x: A ¢cTI% Then x* : A € I'Y, in the conclusion and so we can reapply

VAR-ROUNDTRIP.
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- x°: A € O: Cannot occur, as all variables in () are marked.

- x*: A €T Then x° : Alx | 6]*" € I"[x | 0], and so we can reapply VAR-

ROUNDTRIP.
¢ VAR-ROUNDTRIP/MARKED:

- x°: A € I': Cannot occur, as all variables in I' are marked.
- x°: A € O: Cannot occur, as all variables in () are marked.

- x*: A €T Then x° : A[x | 6] € I"[x | 0], and so we can reapply VAR-

ROUNDTRIP.
® VAR-MARKED:

- x*: A €TI: Thenalso x* : A € T in the conclusion, so we can reapply VAR-

MARKED.

- x°: A € O): Then the substitution contains

¢c|Cha:Alx]| 6]

and this can be re-labelled and mark-weakened to

s<E{Lt<®,.. .} |TFa: (Al | 9Jatc)sor

Finally, (A[x | 6]7%)"¢ = (A[x | 6]°¢)* by Lemma B.1.5, using that s[x| = s

and c[x] = ¢ in this case.

- x*: AeTl’: Thenx‘: Alx | 6]2* € I"[k | 0], so we can reapply the rule.
® VAR-MARKED/COD:

- x°: A € I': There are two further cases, depending on whether x is marked in

the conclusion. This is determined by whether ¢ is contained in the slice v[x].
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+ ¢ € v[k]: Then there is x* : A’ € T?ll, where A’ is a type such that A’ = A.

And so we may use VAR-ROUNDTRIP to form
s < E{L(t < @) | T Tk | 0] - x5 A

whose typeis A’ = A = A[x | 6]*", because A is fresh for 6.

+ ¢ ¢ v[x]: Then there is x* : A € T?I", and we can reapply VAR-MARKED.

- x°: A € O3 There are two further cases, depending on whether x is marked in

the original telescope ).

+ x°: A € (): The substitution has the form
t<®|TF (x]6,a/x,0):%|Q,x:AQ
where
(t < )| T g 2 Ak | g]2tel]
Marking this term gives
Telk] | T g Ak | )2

By Lemma B.1.22 and Lemma B.1.4 on the context and type respectively, this

is
"ok LFa: Alx | 6]
which can be recoloured and then silently mark-weakened and weakened to
s < 2{L(t < @)Y | T Tk | 0] F g% I (Al | 9]l ys o el
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Finally (A[x | ]2t yse ™ = (A5 " [ic | 9]2ts as required.

* x°: A € O): The substitution has the form
t<®|TF (x]6,a/x5,0):%|Q,x:AQ
where
¢c|Crka:Alx| 6]

As in the last case, this term can be recoloured and then silently mark-

weakened and weakened to
s < B{L(t = @)W} | T°W, [k | 0] b a7 : (Al | 0])

And (A[k | 6]3%)*¢ = A9 ¢[x | 0]°* as required.
- x*: AeTl’: Thenx‘: Alx | 6]°* € I"[k | 6], so we can reapply the rule.

® VAR-MARKED/DOM:

- x*: A e€T"% Thenalso x° : A € T'" in the conclusion, and so we can reapply

VAR-MARKED.

- x°: A € (): Essentially the same as in VAR-MARKED /COD, with cases depending

on whether x is marked in Q).
- x*: AeTl’: Thenx‘: Alx | 6]°* € I"[k | 0], so we can reapply the rule.
® VAR-MARKED/MARKED: Same as previous, but with no mark-weakening of I needed.

Ordinary type formers: Immmediate by induction, in every case.

o-type:
® §-FORM: Immediate by SUBST/MARKED and reapplying the rule.
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® §-INTRO: Immediate by SUBST/MARKED and reapplying the rule.

e §-ELIM: Immediate by induction (with the same instance of SUBST/?) and reapplying

the rule.
®-type:

* ®-FORM: The premises of the rule are in completely marked contexts, so in all cases

apply SUBST/MARKED to give

s| LT[k | 0] - Alx | 0] type

s| Tk |0],x': Alx | 0]*" - Bl | 6]°* type
By Lemma B.1.4, these contexts are

s |, [k | 0] - Alx | 6]** type

s|T,T[x|6],x°: Alx | 6]* I B[x | 6]** type
and so we may reapply the rule, giving
s <E|T,T[x | 0] - ©waxoes)x | 6]2* type
* ®-INTRO: Suppose we have inputs

s < E{(t< P, ¥)"} I s, Ksp split
(s < E{(t < ®,¥)"})* | (T,O,T) Fa: A

(s < E{(t = &, ¥)’})* | (T,QT')k - b: B[a""" st /x!] 507
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Applying SUBST /DISPATCH to each,

s < E{}(t < @)’} - s [k] Msg[k] split
(s < 2Lt < @)1l | (1,1 | 0]) - afi | 012 A7 [ | g

(s < B{L(t < @)W}l | (5,1 | 0))80 1 bl | 6755 - Bla®s /2] %[ | 6]
and so we just have to check that those types are correct. For A,

A | 6 = (Al | 6)7) s el
by Lemma B.1.5. For B,

B[aersLj/lﬁ]rstﬁs [K | e]atsR

= (B[a®""t "/ x%][ic | 0)3t) sklK] sl (Lemma B.1.5)
= (B[ic | 0] [a®" 5t [ic | 0]2t /x°]) SrIK] sl (Lemma B.1.2)
= (B[x | 6] [(a[x | 0)2t51) 2l sl /o)) "okl TS (Lemma B.1.5)

And so a[k | 6]*5L and bk | ]2k have the correct types to re-apply ®-INTRO:
s < E{U(t < )"} [T, [ 0] - alic [ 61 | @, bl | 017 - @ (wapejne) Bl | 6]

Pattern matching: The desired rule is:

s <E{t<®D,Y¥,...} spot
t<®[TH(x[0):Y|Q s<E{t<DY,...}|[LQI'FY,|Q,F p: A pattern

s<E{{t<D,... }]| F,F/[K | 0] F‘Yp ‘ QP[K | 0] Fp: Alx | e]ats pattern
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so that, in particular, the raw syntax of the pattern p is not changed.

On patterns, almost every case is immediate by induction. The interesting cases:

e [-PAT: We start with
s<E{(t<®,¥)"} |[LQI'FY¥|Q,F p: A pattern
and inductively
s <E{L(t <)M} | T, Tk 0] F ¥, | Qulx | 6] - p: Alx | 6]** pattern
Reapplying the rule gives

s < E{L(t< @)™} | T, T | 0] - 1| Qplx | 6] - p* : bA[x | 6]™* pattern

By Lemma B.1.4, the telescope and type here are equal to Q,[x | 6] and A[x | 6]

respectively, as was required.

* ®-PAT: The inputs are

o LT YL | QE pL: AT pattern

R | LT, QLY | Qr b pr: Blpr™7%/x]*7* pattern

Applying SUBST/MARKED to each gives

o, |[L[x|0)F¥L| Qx| 0] F pr: AC7%[k | 6] pattern

g | LT | 6],Qulic| 0] F ¥r | Qrlic | 6] F pr : B[pr* 7 /x]® %[k | 6] pattern
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The same calculation as in ®-INTRO shows that

ACLES [K ’ e]atcL = (A[K ’ 0]ats)"cL[K]W—fﬁ[K]1

B[QEHCL /gﬁ]cRHE[K | g]atCR = (B[K ‘ g]ats[(pL[K ’ Q]atcL)rs[K]THrcL[K]j/Es])rcR[KPHrs[KP
The terms pr, ¢, and cg are fresh for x and 0, so these types are in turn equal to

AcL<—>s[K | Q]atcL = (A[K ‘ Q]ats)cLH"s[K}"

B[QM_}CL/XE]CRHE[K ’ e]atcR = (B[K ’ e]atﬁ[ﬁ"s[K]‘M—}cL/Eﬁ])CRH‘—s[K]‘\

which are of the correct form to reapply ®-PAT.

The match rule itself follows by induction, and that substitutions commute (Lemma B.1.2).

—o-types:

¢ —o-FORM: The inputs are

| QT A type

p<(s<E{(t<d,¥)}) @t |, QI ,x:AF B type
then by SUBST/MARKED on A and the same case on B,

e | LT[k | 0] F Alx | 0 type

p<(s<E{lt<@ MY @ | T,k |6],x": Alx | 6% - Blx | 6]*% type

After rewriting I'[x | 6] = I"[« | 6] using Lemma B.1.4, these are of the right shape to

reapply —o-FORM:

s < E{L(t < @)™} [ T,T[x | 0] - @ (xr.afxloje) Blx | 02 type
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* —o-INTRO: Essentially identical to the previous.

® —o-ELIM: The inputs are

s <E{(t< DY)’} s Rsg split
(s <E{(t<®,¥)'})* | (L,OT) F f: @ea)’B

(s <E{(t<®,F¥)})R | (T, TR Fa: A
then applying SUBST/DISPATCH,

5 < 2{L(t < @)’} 51 [x] ®sg[x] split
(s < B{L(E< @M} | (0, 0) - fli | 0% ¢ (@ e B) [ | 0]

(s < 2Lt < @)1 | (T, T | 6])* - alx | 0 : Al | 0]
(recall that v := "sg '). By definition,
(@we:)"B) i | 617t = @ assapapen)* Bl | 61
so reapplying the rule gives

s < E{L(t < @)™} | T,T[ic | 6] b= flic | 6], o (alx | 6]°)

sr[x]

Bl | 01" [alic | 6] /x*][(s < si[x] @k []/p)
This type is equal to

Blic [ 0" [a[xc | 0] /x|[(s < sp.[x] ®sg[x]/p]
= Bla/x"][x | 0]*™[(s < sp[x] ®sr[x]/p) (Lemma B.1.2)

= Bla/x"|[s < sy Ksg/p)[x | 6]** (Lemma B.1.7)
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as required.

B.3.8 Merging

t < PF t; Xty split
< Pt @ @F | [LE% | 7

t<®|THJ[t<t Ktg/t)

This is very similar to mark-weakening: marked variables in the premise become
unmarked in the conclusion.

And the generalised rules:

t<®|[Tctx (s<E){t <OL@D®,...} | L9 T ext

(s <E){{ <DL @®®,...} | TR T/ |- F
MERGE —————————————— —— — — — — — — — — — — — — — — — —
(s <E){It<D,...} | T'[t <ty Rt/ Tt <t Rtg/t)

®'t @ PR - w preslice
t<®|Tctx (s < E){(P'" @ DR} | (TL¥R)Y; T ext
(s < 2){(P" @ PR)V} | (I8 ' |- 7

MERGE/PARTIAL — — ——— —————— T T
(5 = E){\Lqu[Hthtk/f]} | l—vw[t—<tL&tR/tj,r/[(t =< tLXfR/f/)] - j[(f ~ tletR/t/)]

The following equation will come up a few times:

Lemma B.3.22. If A is well-typed in a marked context, then A7t < t; Rtg/t) = AT et

355



Proof.

AEHC[(f <t X tR/f/)]

!/ /
5{<—>{ (_)CU—H

= (A[t <t Rxtg/t)) (Lemma B.1.19)

= (At < tpRig /L))" e (Lemma B.3.17)
= (Ath,)s‘HUHCH/ (Lemma B.1.17)
= (At eeo! (Lemma B.3.17)
= A et (t' fresh for A)

O]

Recall that on the raw syntax of a term, this merging operation only affects the slice
annotations on the each instance of the splitting rules; the underlying term is unchanged.

This includes the marks on variable uses, which are also unchanged.

Lemma B.3.23. Let (s < E){(t < @'t @ ®'r)’} | TR, T’ ctx denote one of the above two

situations, so one of

(s <E){t <DL @®®,. .} | T ctx

(s < E){ (D" @ P'*)¥} | (TL95R)2 T ctx
and s < B{|(t < ©) =B/ | T T/[(¢ <t R tg /¢ ctx the respective conclusion contexts

(s <E){It<d,...} |LT[t<t Rtg/t) ctx

(s < E) {\Lq)w[t«i@tlg/t/]} | I—-w[t<tL®tR/t/j’1"/[(t <ty Rtg/t) ctx
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In both cases we can merge ‘under a slice’:

MERGE / DISPATCH
(s < E){({ < DT @D'R,... )’} I s slice
t<®|[Tctx (s <E){({ <PLdR,... )"} | LT ext
(s <E){({ <@Lk, )} | (TR T

(s < B{L(t < q))?[HtLIXtR/t’]})s[t<tL|XtR/t’j | (T,T[t <t = tR/t/)])s[HtL&tR/t’] F It <t Rtg/t)

Proof. * MERGE: There are a few cases:

— The slice s contains the entire spot: Then
(s <E){t <DL @@, } | TR [ g
and we can apply SUBST to get
(s <E){It<®,...} | [Tt <t Rtg/t ) Tt <t Rtg/t)
By Lemma B.2.2 we know
(s<E){t=<D,...}=(s<E){{t<D,... })
In this case s = s[(t < t; K tg/t'), and Lemma B.1.24 gives
[t <t Ritg /) =Tt <t Rtg/t)°
SO
(6 <E{It=<D,...})° | (Tt <ty ¥t /¥))° F Tt <t Rtg/t)

as required.
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— If the slice s intersects @'t ® ®r: Then ®'t @ Ok - 5N (DL @ PIR) preslice and
(5 < E)s{(CDtL ® thR)sﬂ(<I>tL®<I>fR} spot
We can apply MERGE /PARTIAL to get

(5 = E)s{iq)(sﬁ(dﬁL®<I>tR))[t—<tL®tR/t’]} ‘ l—v(sﬂ(<l>tL®¢tR))[t—<tL@tR/t’],r/[(t <t K tR/t/)]

FTt <t Rig/t)
Now we just need that
(5 < E)s{\ch(sﬁ(qﬂL®<I>tR))[t<tL|ztR/t/1} _ (5 < E){Mt < (I)"‘.>}5Kt<tL®tR/t,1

but this is Lemma B.2.35, and

r(sﬂ(LDtL@thR))[t—<tL&tR/t’j — l—vs[’HtLlXtR/t/]

but this is Lemma B.3.12.

— The slice s does not intersect the spot: Then
(s<E)P|LTFT

and already
J =Tt <t Rig/t)

by Lemma B.1.12, and

(s<E)f=6E<E{t<D,...})
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by Lemma B.2.1, so

(s <E){It<D,...})° | (LT[t < s Wsp/t)))° F Tt < tr ®tr/t)

as required.
® MERGE/PARTIAL: There are two cases:

- sintersects (Ot @ ®'r)?: then Ot @ Bk - w Ns preslice, and the input is
(5 =< E)S{(CDtL ® thR)wﬁs} ’ (I-SL®5R)wﬂs’r/s [ ,_7
Then we can reapply MERGE /PARTIAL, giving
(5 =< E)S{iq)(wﬂs)[t%tﬂxm/t’]} | r(wﬂs)[HtL@tR/t’]/r/s[(t < tLXtR/f/)] - j[(f = tL@tR/f/)]
Again this is the correct palette by Lemma B.2.35, and the context is equal to
(rw[t-dLEtR/t’j,r/ [(’L <t K tR/t/)])s[t—dL&tR/t']

by Lemma B.3.11 for I' and Lemma B.1.24 for I.

- s does not intersect the spot: Similar to the case for MERGE, because also

(rw[HtL&tR/t’j)s[HtL&tR/t’j =T

in the conclusion.
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Theorem B.3.24. Merging on terms is admissible.

t < DF t; Xtg split
< PL @R | TR |-q: A

t<®|Thalt<t Rig/t): At <t Ktg/t)

Proof. Many of the cases rely on Lemma B.2.38 to know that the top colour of the conclusion

. ’
is gtt,

As usual, each variable rule has cases for the position of the variable in the context.

Variables:
® VAR:

- x*: A € Th®R: Cannot occur, because s does not occur in t; ® tg (even in the

case that s = t/, i.e., the spot used is the trivial spot).

— x%: A € I”: Then the derivation is

s <E{ < "Lk, . }|TL¥R T]F A type

s<E{{ <DLk, ) |Th®r T, x*: AThFx: A

In the conclusion we have x**"" : At < tp Rig/¥) e T'[t < L Ktg/t) and

st <t KR/t is the top colour, so we can reapply VAR, giving
s <E{lt <D, }|T,(T,x°: ATyt <ty Rig/t ) Fx: At <ty Kitg/t)

® VAR/PARTIAL:

-x*: A € (I®®) Then s € w, and so also s € w[t < t, Ktg/t) by
Lemma B.2.37. So x° : A € T%l=tXx/t] jn the conclusion, and we can reapply

VAR.
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- x*: A€l Thenx®: At < ty Rtg/t)] € I'[t < t Ktg/t) and so we can

reapply VAR.
® VAR-ROUNDTRIP:

— x°: A € Tit®iR: The derivation is

Also x° : A € T in the conclusion, and so we can reuse VAR-ROUNDTRIP to form
5= E{\Lt = (D" : } ‘ rl/xc : A/FZ/F/[(t <t &tR/t/)] - X ASN_” e

and this type is Ao by Lemma B.3.22.

— x°: A € T': The derivation is

(s < E{t < "L @®'*,.. . })°| (T"'®R,T1)° - A type

s<E{t <Pt @®K, .} TR T x ATy b x: AT

By the definition of merging on contexts, Al <t Rtg/t) € T'[t <
y ging

tp K tg /) in the conclusion, and so we can use VAR-ROUNDTRIP to form

s<E{L=<®,. .} LT[t <t Rig/t), " Aflt < b Rig/¥), T4t < L R R /1)

! !
sﬂ—)t HCLHL

I—g:A[(t< tL&tR/t/)]

and this type is

!/ /
5t<—>t HCth

Alt <t Rtg/t) = (At <t Rt/ €))7 O = AT <t R R /Y

by Lemma B.1.20 followed by Lemma B.1.19.
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® VAR-ROUNDTRIP/PARTIAL:

- x°: A € (T"t®R)¥; The derivation is

(s < E{(®" @ @) )¢ | (Ty110)°)° - A type

5 < E{(q)tL ® (I)tR)u;} | (I-ltL®tR)w’ x° - A, (r2tL®tR)w’1~/ Frx:A

Then ¢ € w, and so also ¢ € w[t < t; Ktg/t') by Lemma B.2.37. Therefore
the conclusion context T?lt=1B=/] 3150 contains x¢ : A. And so reapplying

VAR-ROUNDTRIP gives

5 < E{\l/chKt<tLgtR/i’j} ’ r]w[t<tL|ztR/t/j,xc . A, I"ZZUKt<tL|Z|tK/t/j’1-/[(t <t &tl{/t,)]

E o AE&H&’Hc

This type is equal to A*7°[t < t; Ktg/t') by Lemma B.3.22.

- x°: A € I': The same reasoning as in the ordinary VAR-ROUNDTRIP case applies,

because the action of this rule on I is the same.

® VAR-MARKED: As in mark-weakening, we must distinguish additional cases, for

whether x°¢ is marked in the conclusion.

— x° € T®R and x unmarked in I': The derivation to consider is

¢ | T1"1¥R |- A type

s < E{t <DL PR, ..} T ¥R x: A TLOR T | x 0 AT

Because the context t < ® | I';, x¢ : A, T, ctx is assumed to be well-formed, we

know

P | T1°F A type
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Because ¢ € (t < ®), we also know (s < E{[t < P,...})¢ is a cartesian

weakening of ®° by Lemma B.2.36, and so we can weaken A to
(s <E{It<D,...})" | I1°F A type
and apply VAR-ROUNDTRIP giving
s <E{lt<®D,...} | T, x AT, Tt <ty Rig/t) F x: (A= )see

And (AMEM)so¢ = (AmPIT)59¢ hecause A only contains colours from ®.

- x° € TR and x marked in I': Here the derivation to consider is

¢ | T11%R |- A type

5 < E{t/ < @tL ® @tR, .. .} | (rlrﬁc . A, I‘z)tL@tR’r/ l_ x: Ach
By Lemma B.1.22, also ¢ | I'; - A type, and so
5= E{i,t < CD;. . } ‘ F1,1° : A,rz,r/[(t < tL &t[{/t,)] - X Asu—n’Hc

is well formed. This type is equal to A*¢[(t < t; Ktg/t') by Lemma B.3.22, and
thatc £ t'.

— x° € IT": The derivation is

¢ | TR T - A type

s < E{f <L @D, ..} | ThO T, xt: AT b x: A
and by Lemma B.1.22, T"t®®® =T and so
¢| T, T} F A type
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Applying Lemma B.3.25,

o| [Tt <t Rtg/¥) F A type

So VAR-MARKED gives
s < E|TTH[t <t Rig/t), x5 A Th[t < tL Rig/t) F x: A% ©F

This type is equal to A*7¢[(t < t; K tr/t') again by Lemma B.3.22.

® VAR-MARKED/PARTIAL:
- x°: A e (I'®®) and x unmarked in [*[=18t=/]; The derivation to consider

is

¢ | ([11%%)" = A type

5 < E{(PL @ ®R)V} | ([1PR)?, x¢ 2 A, (TL¥R) 0 T/ |- x : A%OC

By the definition of context filtering, x must also be unmarked in I'. And so in as
in the VAR-MARKED case, the context t < ® | I';, x*: A, T, ctx is assumed to be

well-formed, so
d° | T1°F A type

For x to be unmarked in T*t=iXiR/Y] it must be the case that ¢ € w[(t <
tr Ktg /). By Lemma B.2.36 we know (s < E{|®@lt=Br/CI1)¢ js 3 cartesian

weakening of (®(=1BR/U]) which is itself equal to ¢ by Lemma B.2.9. Also

T = (rlw[HtL&tR/t’j )c
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because ¢ is in w|(t < t; Ktr/t'), so we have
(5 ~ E{¢®w[t<tL|KtR/t’]})c ‘ (rlw[t<tL|ZtR/t’]>c - A type
Applying VAR-ROUNDTRIP gives
5 < E{\Lq)w[t<tL|XtR/t’]} | rlw[t<tL|ZtR/t’],xc A, FZw[HtL&tR/t’]’r/[(t <t K tR/t’)] Fox o ASOC

the type of which is equal to A*7[[t < t, K tg/t] by Lemma B.3.22, and that
s £t

- x°: A e (Th®®)® and x marked in T?(t=<18IR/]: The derivation to consider is

¢ | (["97R) = A type

5 < E{(CDtL ® thR)w} | (FltL®tR)w;lc DA, (I-ZtL®tR)w’ '+ x: AT
We know

(l—vltL®tR)w = rltL®tR =T, = rlw[HtLXtR/t’]

by applying Lemma B.1.22 thrice, so
c | rlw[HtL&tR/t/] F A type
and so applying VAR-MARKED,

5 < E{iq)w[HtLXtR/t’]} ’ rlzu[HtL&tR/t’]/xc DA, l—vzw[t<tL®tR/t’jll—v/[(t <t K tR/t/)]

Fax: A5
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— x°: A € I": The derivation is

¢ (FtL@tR)w, [ F A type

s < E{t <P @K, .} TR T, ATy x: AT
As in the previous case,

(I-tL®tR)w = rw[HtL&tR/t/]

via Lemma B.1.22, so

¢ | ert<tL|X|tR/t,j/r/l l_ A type

Applying Lemma B.3.25, also

o | Tel=tbUR/E) Tl < ®tg /) F A type

So VAR-MARKED gives

5 < B{j@ul=nbie/tly | pelt=<tbe/C] T <t Rig /), x¢ 0 A Th(t <ty Ritg/t)

Fx: AT
¢ II-FORM: The inputs are

(s <E){t <DL @R, }|TLYR T |- A type

(s <E){{ <PL@®*®,...}|[,T,x°: AF B type
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and inductively

(s <E{Jt<d,...}) | T'[t <t ¥t /1)

HA[t <t Rtg/t) type

vy

(s < E{lt<®@,...}) |T,I'[t < tL®tr/t), 2" At < tLRtg/Y)

F B[t <t Xtg/t) type

and we can re-apply I1-FORM.

e §-FORM: The input type is
s | TR T | A type

and A[t < t; Rtg/t) = A by Lemma B.1.17.

Idempotence gives that I = ['1®* and by Lemma B.1.20,

It<t Rt/ =T [t <ty ®tg/t)

Therefore

sSOU T Tt <t Rtg /U] F At <t Ritg/t] type

and we can reapply the rule.

* ®-INTRO: First suppose we are not in the special case where one of the slices sy, or sg
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used in the term is exactly the top colour of 1, or tg. Then we have inputs

s < E{({ < PL@PR,... )"} F s Ksg split
(s < B{({ < DL @®'*, . )7}t | (IO, T)% b g ATSL 08

(s < E{({ <@L @®™®,. ) })® | (TL¥R T)R | b B[g* oL /x°] 5r 00
Applying MERGE / DISPATCH to each,

§ < E{i(t < CD)?K,KtLIZtR/t,]} F SL[(’( <t X tR/t/)] X SR[(f <t X tR/t/)] split
(s < 2{L(t < @)?[HtL&tR/yj})sL[t<tL®tR/t/]
| (T,T[(t<t X tR/t’)])SLKHtL&fR/f'E
Falt <t KR/t At <t Rtg /)
(s < E{L(t =< (I))?Kf<fL@tR/t’]})SR[t<tL|XtR/t’j
| (0T < b @/ )=tk ]

Fbf(t < tp Ritg/t) : Bla® st /x%] ROt <ty Ritg /)
and so we just have to check that those types are correct. For A,

AU (e <t Ritg /)]
rsL1¢<—>l/ Hs“"t,

= (At <t ®tg/t))

= (At< 1R i’R/t/)])rsLKt<tL®tR/f/jjHrs[t<tL|ZtR/t’]7
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by Lemma B.1.19. For B, and letting [(... )| stand in for [t < t; K tr/t'),

B[QgﬁrsLj/gﬁ]rstﬁﬁ[(‘ 3 )]
= (B[QEHFSL—l/ls] [( 3 )])FSR[...THFSK‘..]"'
(Lemma B.1.5)
= (B[ Jla ] ek DT
(Lemma B.1.2)
= (B J((all.. )y el T sl 1 o]y sale ool T

(Lemma B.1.5)

And so af(t < t; Rig/t) and b[(t < t; Ktr/t') have the correct types to re-apply

®-INTRO:

5 < E{\L(t =< q))?[t—<tL&tR/t’j}
| LT[t <t Rtg/t)
Fallt <t R/ fsr Rig /) Psp i, Kig 0] VLt < LR R/

: O (wap=<uReg ey Bt <t R ER /)]
Now consider the special case thats;, ="t .

s < E{({ <Dt @®*,... )}t Rsg split
<5 < E{(t, < (I)tL ®<DtR,. B )?})WLL"I ’ (I-fL®tR’I"I)|’tLT Fg- ArtLjHS

(5 = E{(t/ = q)tL ® q)tR,. » )?})SR | (I"tL®tR’1"’)5R Fpb- B[gﬁHrtL"l/Xg]l’sR"lﬁs
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But now
QL T, T Fa: ATlLOS

because (5 < Z{(! < &'t @ P'%,...)’}) " = d',and I’ does not use colours from
@. This term is already of the required form to re-apply the ® rule together with

b[(t <ty Xtr/t), because
P = (5 < B4t < )71/ Ty Tt e ]

and

I =T/t <t Ritg /¢ ))lt<bte/t]

There are three other cases: t; = "sg ', tg = sy 'and tg = "sg |, but they are all

similar.

* —o-FORM: The inputs are

t| LT A type

p=<(s<E({ <Pt @d")} @t |9 I, 5" : Ak B type
By Lemma B.3.22 on A and induction on B,

v | LT[t <t Rig/t) F At <t KR/t type

p =< (s < B{L(t < @) =PRIy @ o | T Tt <t Rtg/E), x": At < t, Rtg/t)

F B[t <t Xtg/t) type

and these are of the right shape to reapply the rule.

* —o-ELIM: As in the case for ®-INTRO, first suppose we are not in the special case
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where one of the slices s, or sg used in the term is exactly the top colour of t; or tg.

Then we have inputs

s <E{({ <@t @®'*,...)"} s Ksg split
(s < B{({ < DL @®'™,...)" 1) | (TR )L b f @ @ ()" B

(s < E{({ < DL @®',. )"}k | (Tt¥R /)R |-q: A
Then applying MERGE / DISPATCH,

s < B{L(t < @)I=BRANY g [ <t Rtg/¢) Rsg[t <t Btg/t) split

(5 < E{L(t < (I))?[’HtLlXtR/t’j})sL[HtL@tR/t’} | (F, F’[(t <t gtR/t/)])sL[’MtLtR/t’]

F f[(f <t X tR/f/)] : (@(x::A)pB) [(f <t X tR/f/)]
(5 < E{i,(f < (I))?KHtLXtR/t’}})sRKHtL@tR/t’j ’ (r’ F/[(f <t gtR/t/)])sRKHtL&tR/t’]

Faft <t Rtg/t) : At <ty Rtg/t)
By definition,
(@eea)’B) (6 < bR tR /] = O eeaise, e e BIE < b R bR/ )
and so reapplying the rule gives:

5 <E{¢(t< qD)?[HtL&tR/t’]}
[T, Tt <ty Rtg/t)
At <t Rtg/t){a[t < tLRtr/t))

B[t <ty Ritg/t)[at <ty Rtr/t)/x][s <sL[t <t Rtg/t ) Rsp[t <t Ktr/t)/p)

This type is correct, by Lemma B.1.7 and Lemma B.1.16.
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Lemma B.3.25.

D ’ F,F/[(t < SLXSR/f/)] FJ

@|LIFT

Proof. Repeated application of Lemma B.3.6, together with Lemma B.1.20.
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