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Introduction, motivation

Algebraic topology is the study of topological spaces by using algebraic invariants, such
as (co-)homology, the fundamental group or more generally homotopy groups. This lead
to a powerful machinery, which also became extremely useful to other fields of mathe-
matics. For example group cohomology (in this setting more often called Galois cohomol-
ogy) became an important tool in algebraic number theory. Modern algebraic geometry
is unimaginable without the study of the various forms of cohomology (Zarisiki, étale,
synthomic, fppf, fpqc, ...).

Originally the cohomology of a group G was introduced as the (singular) cohomology of
its classifying space | BG|, which is a connected space with fundamental group m|BG| = G
and vanishing higher homotopy groups. In algebraic number theory this group G is most
likely the Galois group of a field extension. So we are assigning to an algebraic object G
a topological space |BG|, which we are taking an algebraic invariant of.

topological space

algebraic object — — > “construction plan” — — > algebraic object

This looks like a long way round and one might ask, if it is possible to define group
cohomology without taking the detour over topological spaces. The idea is to use an
abstract “construction plan” BG for the topological space |BG|.

The aim of this lecture is the study of these “construction plans”, which in our case
are given by simplicial sets. So mainly we will do algebraic topology without topology.
Apart from the given example above, simplicial sets have many applications in different
fields of mathematics. The first few lectures will be about (abstract) simplicial complexes.
Compared to simplicial sets, their geometry is much easier to understand. We point out
the difficulties that arise when trying to do homotopy theory in the context of simplicial
complexes. Their disadvantages motivate the introduction of simplicial sets, which the
main part of these lecture is about.

The theory of simplicial sets is a theory of functors, so there is no way around some
techniques provided by category theory. As category theory still enjoys the reputation of
being “abstract nonsense”, which may discourage some readers, we present the necessary
tools along the way of studying simplicial sets. We intersperse short sections of the abstract
theory, which will be applied subsequently in the context of simplicial sets. Although
using the abstract language of category theory, we try to motivate every construction
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by its topological analog. Guided by the geometric realization, we develope the basic
constructions like homotopies and mapping cones in the context of simplicial sets.

After this topologically motivated introduction we begin to point out the main advan-
tages. Instead of working with simplicial sets, one can similarly define simplicial objects
in any other category. This is a very powerful feature that allows us to use simplicial tech-
niques in any field of mathematics. Probably the most important example is the category
of simplicial modules, which turns out to be equivalent to the category of chain complexes
via the Dold-Kan correspondence. Coming back to our example of above, when learning
group homology, one will most likely end up with studying homological algebra first.
Compared to simplicial modules, chain complexes seem much easier to handle. However
every tool in homological algebra has its analog in the simplicial context. There are even
simplicial constructions, that are not possible in the context of homological algebra (e.g.
deriving non-additive functors).

If time allows we will turn to the deeper homotopy theoretic relationship of simpli-
cial sets and topological spaces given by the Quillen equivalence. This involves abstract
homotopy theory using model categories. Like in homological algebra, one can define de-
rived functors, a technique which becomes more and more popular also in other fields of
mathematics.



1 (Abstract) Simplicial complexes

Recall that an n-simplex is the convex hull of a set of n + 1 points in the R™, for some
m > 0. A face of the simplex is the convex hull of a subset of these points. Moreover
a (geometric) simplicial complex is a set of simplices in some R™, such that the
intersection of two simplices is a face of each simplex or empty. We can stretch a simplex
without changing its homeomorphic type. So topologically the exact coordinates in the
ambient space R™ are redundant, as long as we keep in mind how the simplices intersect.
As a preparation for simplicial sets we now introduce (abstract) simplicial complexes,
which can be thought of as “construction plans” for (geometric) simplicial complexes.
Compared to simplicial sets, they are more easily to understand geometrically. However
they have their disadvantages, which motivate the introduction of the more flexible notion
of simplicial sets.

Definition 1.1 (i) An (abstract) simplicial compledf| is a set X, together with a
set S(X) of subsets of X with

a) 0<ts<oo, foralseSX)P
b) {z} € S(X), foralxelX.
c) D#£tCseS(X) = teSX).

The elements of X are called vertices, the elements of S(X) simplices.

(ii)) A stmplicial map between simplicial complexes is a map X v with

f(s)e S(Y), forallse S(X).

Remark 1.2
Let X be a set.

(i) We define a simplicial complex D(X) by setting
D(X) =X, SD(X) :={{z};z € X}.

It is the smallest simplicial complex with vertices X .

We call it the discrete simplicial complex with vertices X .

LAs we will only deal with abstract simplicial complexes, we will just write “simplicial complex” for
short.

2Most commonly the cardinality of a set S is denoted by |S|. However to avoid confusion with a later
definition, throughout this text the cardinality will be denoted by #5.
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(ii) We define another simplicial complex 1(X) by setting
I(X):=X, SI(X):={sC X;0<fs< o0}
It is the biggest simplicial complex with vertices X .

We call it the indiscrete simplicial complex with vertices X.

Example 1.3
Let n > 0.

(i) The standard combinatorial n-simplex is defined as the simplicial complex
I(n), where n :={0,...,n}. For n =2 the space we have in mind looks like

where the triangle in the middle 1s a 2-simplex.
(ii) The boundary of I(n) is given by
dI(n) :=n, SoI(n) :={s Cn; 0<ts<n}.
Forn =2, we can draw the same picture as in (i) without the connecting 2-simplex.

Remark 1.4
Every simplicial complex is the um’mﬁ of its finite simplicial subcomplexes.
Indeed every simplex is finite and so lies in some finite simplicial subcomplez.

1.1 Geometric realization

In this section we describe the topological space, that an (abstract) simplicial complex
stands for. We do this by assigning a topological space to an abstract simplicial complex
in a natural way. Explicitly, given an (abstract) simplicial complex X, we define

|X]::{a:Zax~a:€€BR-a:; a; >0, Zale, {r e X; ax%O}ES(X)},

reX zeX

R -z denotes the real vector space of formal linear combinations over the

where @, .
elements r € X.

Example 1.5
Let n > 0.

3meaning that a subset of the union is a simplex, if it is a simplex in some subcomplex.



1.1. Geometric realization

(i) The set |I(n)| coincides with the standard (geometric) n-simplex

|A"| = {(ag, ..., a,) € [0,1]"; ag + ... +a, = 1}.

(ii) The set |01(n)| is its boundary.

(iii) More generally, for every subcompler X < I(n), we see that |X| < |I(n)| is the
union of all geometric simplices in |I(n)| corresponding to simplices in X .

Up to now |X]| is only a set, that we still need to put a topology on. Every simplicial
complex X with n = X < oo can be considered as a simplicial subcomplex X < I(n — 1),
so it seems natural to consider |X| C |[A""!| € R™ = R as a subspace of the product

space. However for infinite X, we will need a finer topology than the subspace topology
|X| C R¥.

Definition 1.6
Given a family of maps F; LN X, whose domains F; carry a topology.

The final topology on X is the topology, for which a subset U C X is open, whenever
f71(U) C F; is open, for all i.

7

Remark 1.7
Suppose X carries the final topology with respect to a family of maps F; Sy x
Then the following holds.

(i) fi is continuous, for all i.

(ii) A map X 5 ¥ into a topological space Y is continuous, if and only if f o f; is
continuous, for all i.

Remark 1.8
FEvery simplicial map X 5V induces a map

Definition 1.9
The geometric realization of a simplicial complex X is defined as the set | X| together
with the following topology.

e For X < oo we give | X| C @R cr = H R = R¥ the subspace topology of the
zeX zeX
product topology.
o For $X = oo we give |X| the final topology with respect to all maps |F)| <ﬂ> | X,

where F <+ X is the inclusion of a finite subcomplex. That is U C |X| is open, iff
UN|F| is open, for all finite FF C X.
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Proposition 1.10

For every simplicial map X 7, Y, the map |f]| is continuous.
Proof.

1) For £X < oo the map |f| is the restriction of a linear map RY — RY which is
continuous.

2) For X = oo, let F' C X be a finite subcomplex. Then in the commutative square
|F|—— | X]|
jfl
|f(F)| =Y

the lower horizontal map is continuous by Definition of the final topology on |Y|
and Remark (1), because the image f(F') C Y is a finite subcomplex. Moreover

the left vertical map is the realization of the restriction F IR f(F), which is
continuous by 1). Hence their composition is continuous, which coincides with the
other composition. By definition of the final topology on |X| and again by Remark
[1.7) (ii) also the map |f| must be continuous.

1.2 Simplicial approximation

Remark 1.11
Let X, Y be simplicial complexes.

Then there are far more continuous maps | X| — |Y'| than those coming from a sim-
plicial map X — Y.

The circle can be modeled by the simplicial complex 01(2).

We can construct an explicit homeomorphism

h:|01(2) = S*:= ezl =1 _ (al—a0)+(a2—a0)z"
01(2)] — S ={z €C; [z| =1}, a=(ao,a1,a2) —> (a1 — ag) + (az — ag)il

There is an isomorphism Z — (S, 1), sending n € Z to the homotopy class of the
selfmap
pp: St — Stz — 2"



1.2.  Simplicial approximation

However we can only find simplicial maps 01(2) I o1 (2), whose realizations | f,,| preserve
the base point h~*(1) = (0,1,0) € |0I(2)|, which are homotopic to p,, for n = —1,0, 1.
These are given by
f—l(k)ZQ_k7 fO(k):la fl(k):ka OSkSQ

However, given n > 0 we can choose another simplicial complex X,, modeling S*, given
by

X, =7Z/3n, S(X,)={{z}; € Z/3n}U{{z,x+1}; v €Z/3n},
and chosing the base point e; = (0, 1,0, ...,0) € |X,,| C R®" we see that the map of degree
n > 0 can be modeled by the simplicial map given by the canonical quotient map

X, =Z/3n — Z)3 = X, 2 91(2), [k] — [K].

2] —[3] [1]
VRN / \
1] [4] —
NS
[0] ——[5] 0] ———[2]
Question 1.12

Given two simplicial complezes XY and a continuous map | X| SN lY|. Can we always
find a simplicial complez X' and a homeomorphism | X'| — | X|, whose composition with
f is homotopic to the realization of a simplicial map?

In case the source X is a finite complex, the answer is yes. The solution lies in sub-
dividing the complex X, as we implicitly did for the circle in the example above. There
are many ways of subdividing a simplicial complex. A canonical way of doing this is the
barycentric subdivsion.

Definition 1.13
The barycentric subdivision of a simplicial complex is defined as the simplicial complex
sdp X, giwen by

sdpX = S(X), S(sdpX) :={{s0 € ... € sp}; m >0}.
Example 1.14
The barycentric subdivision of 1(2) is given by

{1}

N
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with each appearing triangle being a 2-simplez.

Lemma 1.15
For every finite simplicial complex | X| is a compact Hausdor[f space.

Proof. For every simplex s € S(X) we let As be the preimage of 1 under the map

0,1 — R, a+— Z%.

As this map is continuous and {1} C R is a closed subset, A, is a closed subset of [0, 1]¥. Tt
is precisely the set of elements a € | X| with a, = 0, for all x € X'\ s. Hence by construction
| X| = Uses(x) As is a finite union of closed subsets. So also |X| C [0, 1]% is closed and

therefore compact, as [0, 1]% is compact. With [0, 1]% also | X| is Hausdorff.
O

Lemma 1.16
Let X L5V be a continuous bijection from a compact space X to a Hausdorff space Y .
Then f is a homeomorphism.

Proof. Let U C X be an open subset and = € U. For every y € Y\ f(U) there are open
subsets y € U, C Y and f(z) € V, C Y with U, NV, = 0, because Y is Hausdorff. As X
is compact, the open covering X = U U Uer /71U, has a finite subcovering correspondig
to elements yi,...,y, € Y. So X\U C f~'U,, U...U f~'U,, or equivalently Y\ f(U) C
Uy, U..UU,,. Setting V :=V, N..NV, , we get

Vny\fu)cvnU,u..ul,)=VnU,)J..uVnuU,,) =0.

In other words x € V' C f(U) is an open environment of = in f(U). So f(U) C Y is open,

which proves that f~! is continuous and hence f is a homeomorphism.
(]

Theorem 1.17
There is a natural homeomomorphism

hyclsdpX| 5 (XY ases Y g—sx

s€S(X) s€S(X),
xres

Proof. For a € |sdpX| we have as > 0, for all s € S(X). Hence
Y 0, zex
is
zeseS(X)
It follows that hx(a) € | X|, because we also have

Z %: Z jjs-%: Z as = 1.

seS(X), seS(X) seS(X)
z€s



1.2.  Simplicial approximation

By construction h is a natural map, i.e. for every simplicial map X T v we get a
commutative square

sdpX] > | X]|
|SdBfl L|f
|SdBY| Y.

We prove that hx is continuous by reduction on finite subcomplexes.

e For X < oo, the map hx is the restriction of a linear map between finite-dimensional
real vector spaces, hence continuous.

e For fX = oo, let F' C sdpX be a finite subcomplex. Considering F" := J .5 s

as a finite subcomplex of X, we see that F C sdpF’, so the canonical inclusion

factors as F < sdgF’ <—(> sdpX with F’ c—> X. Using that h is natural we get

hx o|sdg(j')| o |j| = |j'| o he o |j| and the latter is continuous by what we have just
proven. Hence hy is continuous by definition of the final topology on [sdgX]|.

Next we prove that hy is bijective by constructing an inverse map. Defining XU :=
Y owev L@, for U C X, every a € | X| can uniquely be written as

a=ag 380+ .+ U XS, O F S0,y sm CX, siNs; =0, 0<ag<..<ay. (1.1)
We define a map | X| LEN |sdpX| by setting

kx(a):= (so+... +tSm)-ao- (SoU...Usp)+ Z (Bsi+ ... F8sm) - (@, —ai—1) - (s;U...USp,).

1<i<m

Every coefficient is greater than zero by assumption on a;. Moreover a € |X| implies
SoU...U S8, € S(X) and hence {s,, T (Sm_1USm) S ... T (soU...Us,,)} € S(sdpX) by

g

definition of sdpX. Again using a € | X| we see that

(Bso + ... + fSm) - ao + Z (8s; + ... +8m) - (@; —a;_1) = ag - 8so + ... + @y - 88, = 1.

1<i<m

This shows that kx(a) € [sdgX]|, so kx is well-defined. We compute

hxkx(a) =ag-2(soU...USp) + Z (a; —a;—1) - X(s; U...Uspy,)

1<i<m

= Qg XS0+ ... + Ay, * 23Sy,

Similarly for b = by - to + ... + by -ty € |sdpX| with ¢, =0 C ¢, © ... Tt € S(X)
and b; > 0, we have

B bo b bo b
hx(b) = kx (ﬁto St + .. +t1t_ Et) > <ﬁ70+ +ut)~2(ti\ti+1),

0<i<m
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which is an element in |X| of the form (1.1)). So applying kx, we get

kxhx(b) =ty - to+ »_ fti- o t;=0b.

We have shown that Ax is a bijection with h)}l =kx.
It remains to check that also kx = hy' is continuous, which again can be reduced to
the finite case.

e For X < oo, we also have fsdpX < oo. Hence |[sdpX| and |X| are compact and
Hausdorff by Lemma [1.15, which using Lemma [1.16| implies that hx is a homeo-
morphism.

e For X = oo and every finite simplicial subcomplex F <25 X we have |7] o hp =
hx olsdpj|, hence hy'o|j| = [sdpj|ohz' is continuous, as we have just proven. Since
X is the union of its finite simplicial subcomplexes and carries the final topology
for all these inclusions |F| -2+ |X|, Remark (ii) implies that also hy' = ky is
continuous.

O

Lemma 1.18 (Lebesgue)
Let X be a compact metric space and X = J;,, U be an open cover.
Then there is a number, called the Lebesgue number § > 0, such that:

Vee X 3JU,cU: B_s(x) C U,.

Proof. For every x € X there is an U, € U, such that x € U,. As U, is open, we find a
6z > 0, such that Bs, /2(v) C U,. Hence X = |J,.y B<s,(x) is an open cover, which by
compactness of X has a finite subcover corresponding to elements x1,...,x, € X. Then
0 := min{d,,, ..., 04, } is the desired number. For if z € X, there is a 1 < j < n with
x € B, (x;). Moreover, for every y € Bs(x) we have

d(yvxj) < d(y,l’) + d(l’,l‘j) <o+ 5%‘ < 2590]'?

which implies that y € B<251j (z;), which by the choice of §,, is contained in U,,.
O

Before we can prove the simplicial approximation Theorem we will need the following
key lemma. Roughly speaking it says that by iterated subdivision we can make simplices
arbitrarily small.

Lemma 1.19
Let X be a finite simplicial complez, N > 0 and a,b € |sd§ X|, such that

{r €sd¥X; a, >0 orb, >0} € S(sdy X).
Then ||h¥(a) — A (b)]1 < 2- (1 — ﬁLX)N, where ||-||1 is the 1-norm on | X| C RX, given by

g -1 4+ oo + 05 - 1 = o1 + -+ o], U1, Uy ER) 2, € XL

10



1.2.  Simplicial approximation

Proof. As X is finite, we can define ny := max{fs; s € S(X)}. On the one hand, for
every chain of X-simplices s; C ... € s,, we have nx > ts,, > n, which proves nx > ng,x.
On the other hand, for every s = {x1,...,z,} € S(X) with n = nx we have

nx =n=t{{x1} T{r1, 22} T ... CT{21,...,z0n}} < Nsapx.

So all in all nx = nea,x-

By definition the map hx is the restriction of a linear map @SESdBX R-s B—X> D.cx
Let v € P ey, x R+ s with {s € sdpX; vs > 0} € S(sdpX). Then v is of the form

v=uv-{x1} vy {x1, 2} + ooy {21, 20T U1,y Uy € Ry {2, € S(X).

Assuming vy + .... + v, = 0, we get

Ihx (v)l: =

() Up, Vg Up, Un,
= ‘<01+—+...+—>-x1+<—+...+—>-x2+...+—-a:n
2 2 n

=U1+ ++ —l—+
2 n

1 1 1 1 1
= 1—— "Ul—l— - — — "U2—|—...+ —_ — *Un—1
n 2 n n—l n

2+ +

V2 Un,
v1-x1+5~(x1—|—x2)+...+g-(ml—i—...—i—xn) X

1

77,

1 11 1
1__.’1)1’4_———-‘1}2‘4—...—1————"%—1‘
n n n—1 n

IN

2

1 1 1
+ = oo+ = |+ — U
2 n n

1 1 1 1
(1= ) ol (1= =) ol = (1= =) ol < (1= —) o],
n n n nx

where we used vy + ... + v, =0 for the fourth equality and n < nx for the last inequality.
Now by assumption v := b ‘(a —b) = h{*(a) — hY *(b) € Dcoay(x) R - s is of the

stated form, because
> (as—b)=1-1=0.

sEsng
Hence using nx = ngapx = ... = NgaX x, We can prove by induction that
_ 1 _
@)~ 10, = e =), < (1= ) - [ a -,

1 N
<. < (1 - —) “la =1
nx

Since a,b € [sd¥X| c [0,1]"5%, we have |ja — b||; < 2. Moreover ny < #X, which
concludes the proof.
O

11
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Theorem 1.20 (Simplicial Approximation)
Let X and Y be simplicial complexes and suppose X is finite. Given a continuous map
between their geometric realizations | X | SN Y.

Then there is an N > 0 and a simplicial map sdy X 2 Y, such that f o hY and |g]|
are homotopic.

Proof. The idea is to subdivide X sufficiently many times, such that the value of f alters
inside the realization of a simplex in Y, when moving between adjacent vertices in X.
Every y € Y considered as an element 1 -y € |Y| has a canonically defined environment
U, :={a €|Y]; a, > 0}. It is an open subset of |Y|, because U, N |F| C R¥ is open, for
all finite F' C Y. Geometrically every element of U, lies in the realization of a simplex
containing y. By Lemma the space | X| is compact, as X is finite. Its topology comes
from the metric induced by the 1-norm on R¥. So by Lemma there is a Lebesgue
number § > 0 for the open cover | X| = |J,y f~'U,. Let N > 0, such that 2-(1—%}()]\[ < 0.

For every z € sdjy X Lebesgue’s lemma provides an element g(z) € Y such that
B<5(h%(x)) C f_lUg(x).

We claim that this defines a simplicial map sdjy X -2+ Y. Let s € S(sdgX) and choose
x € s. For every o’ € s we have [[h¥(z) — % (2/)[1 < 2- (1 - 3x)" < ¢ by Lemma m
Hence h (z) € Bos(h¥ (")) C f'Uyey. In other words (fh¥(z))gun > 0 or

g(@) e {y eY; fh¥(x), > 0} =: s,,

which is a simplex in Y, because fh¥(z) € |Y|. As 2’/ € s was arbitrary, we have proven
that g(s) C s, € S(Y), s0 g(s) € S(Y).

Similarly, for every a € |sd} X| we let s := {z € sd} X; a, > 0} € S(sd}X). Then the
same argument for a instead of x shows that g(s) C {y € Y; fh¥(a), >0} =: s, € S(Y),
which proves that |g|(a) and fh¥(a) lie in the geometric realization of the same simplex
s,. It follows that

H:[0,1] x [sdg X[ — [Y], (1—1)- fh¥(a) +1t-|gl(a)

constitutes a well-defined homotopy from fhY to |g|.

1.3 Products

In our abstraction process of avoiding topology, we would like to have the notion of a
homotopy between two simplicial maps.

1) We need a model for the interval. This may be given by the simplicial complex
I(1), whose geometric realization is |I(1)] = |A!|. The Simplicial Approximation
Theorem [1.20] suggests that we may also need to consider its iterated subdivisions.

12



1.3. Products

2) We need the notion of a product of two simplicial complexes, which should be
compatible with geometric realization, i.e. the canonical map | X xY| (mx ) | X |x|Y|

should be a homeomorphism.

There is a natural product construction.

Remark 1.21
The (categorial) product X x'Y of two simplicial complexes X and Y is the simplicial
complex, whose set of vertices is the cartesian product X XY and whose simplices are

S(XxY)={0#pCsxt; seSX), teSY)}

The projections X <~ X xY 25Y are simplicial and are universal with this property.
This means that given two simplicial maps f and g there is a unique simplicial map (f, g)
fitting in the commutative diagram

Z
|
/ \LHN
X XxY Y.
X Ty

Remark 1.22
For two simplicial complexres X and Y the two projections induce a natural map

X x Y] Y x )y,

which is continuous by definition of the product topology.

Unfortunately this product does not have the desired properties as the following exam-
ple demonstrates.

Example 1.23
We have I(1) x I(1) = I(1 x 1), because 1 x 1 € SI(1 x 1).

(i) This means we have siz 1-simplices, four 2-simplices

S1,1 = {(07 0)7 (07 1)a (1’ 0)}7 S1,0 = {(Oa 0)7 (07 1)7 (17 1)}a
50,1 = {(07 0)7 (17 0)7 (17 1)}7 50,0 -= {(Ov 1)7 (17 0)7 (17 1)}7

and moreover one 3-simplex.

(0,1) —(1,1)
| >
(0,0) —(1,0)

The geometric realization |I(1) x I(1)| is homeomorphic to the standard 3-simplex
|A3|, which is not homeomorphic to the product |I(1)| x [I(1)] = |Al| x |Al].

13



Chapter 1. (Abstract) Simplicial complexes

(ii) However there is a simplicial subcomplex P C I(1) x I(1) with same vertices, such
that the composition |P| — [I(1) x I[(1)] — |I(1)| x [I(1)] is a homeomorphism.
Its top dimensional simplices are sy and so1, which are precisely those simplices of
I(1) x I(1) being totally ordered by the product order.

(0,1) —(1,1)

| 7]

(0,0) —(1,0)

We can generalize this product construction by giving simplicial complexes an orienta-
tion in form of a partial order.

Definition 1.24
An ordered simplicial complex X is a simplicial compler X together with a partial
order on its set of vertices, restricting to a total order on each of its simplices.

An ordered simplicial map between two ordered simplicial complexes X and 'Y is a
simplicial map X — Y preserving the order.

Proposition 1.25

The (categorial) product X x Y of two ordered simplicial complezes X and Y is the
subcomplex of their product of simplicial complexes, whose simplices are those being totally
ordered by the product order.

Then | X x Y| (ImxligvD | X| x |Y] is a continuous bijection.
In particular it is a homeomorphism, if X and Y are finite.

Proof. By construction the decscribed categorial product is universal for ordered simplicial
maps. To see that the map (|mx/|,|7y|) is bijective, we need another description for the
set | X|.

Given two ordered simplicial complexes A, B we let Simp.(A, B) denote the set of
ordered simplicial maps A i) b, which are cocontinuous. This means that f preserves
suprema, i.e. sup f(U) = f(sup U), for all subsets U C A. Now suppose B is finite and let
A = 1(]0,1]), that is the ordered simplicial complex, whose vertices are elements of the
half-open unit interval ]0, 1] with the canonical partial order. We define a natural bijection

OB : ‘B’ — Simpc([(]()? 1])7B>

as follows. The image of an element a = a;y - 21 + ... + a,, - x, € |B| with z; < ... < x,, and
ai,...,a, > 0 is the map

ngB(a) Z]O, 1] — B, ]Cll +...+a;—1,a1 + ... + (IZ'] SV &;.

Vice versa, for f € Simp.(1(]0,1]), B) there are elements ay,...,a, €]0,1], such that
£70,1) ={f(a1) < ... < f(as + ... + a,)} € S(B). As f preserves suprema, we can find
maximal aq, ..., a, €]0,1] with this property. Since f(1) = f(a; + ... + a,), this implies
a;+...+a, =1, and hence a; - f(a1) + ...+ a, - f(a; + ... +a,) € | B| is a unique preimage
for f under ¢p.

14



1.4. Collapsing subspaces

Now for finite X and Y we obtain a commutative square

(Imxlslmy ()

| X x Y|

¢X><Yll

Simp,(1(]0,1]), X xY)

| X[ < [Y]
¢X><¢>Yl?
Simp,(1(]0,1]), X) x Simp,(1(]0,1]),Y).

((mxo-),(myo-))

As the product of ordered simplicial complexes is universal for cocontinuous simplicial
maps, the lower horizontal map and hence also the upper horizontal map is a bijection.
Again finiteness of X, Y and hence X x Y implies that | X x Y| and | X| X |Y'| are compact
Hausdorff spaces by Lemma so (|mx|, |ry|) is a homeomorphism by Lemma [1.16]

As before infinite X and Y may be written as the union of its finite subcomplexes and
the commutative square

|X X Y| (|7TX|:‘7TY|) |X| X |Y|
U IFx6l—= U 171 x |G|
ZCX7 ZCX7

Y, Y,
ﬁrite ﬁrite

shows that (|mx|, |my]|) is a continuous bijection. In general the right equality only holds

as sets, because the topology of the union is finer than the product topology.
O

Remark 1.26
Fvery simplicial complex X can be ordered by choosing an arbitrary total order on its
underlying set of vertices.

(i) This does not lead to a functorial construction.

(ii) But given a simplicial map X AN Y, by the order-extension principle we can
choose compatible total orders on X and Y, such that f becomes an oriented sim-
plictal map.

Remark 1.27
For every simplicial complex X, its barycentric subdivision sdgX is an ordered simplicial
complex via the inclusion order.

FEvery simplicial map induces an ordered simplicial map between the barycentric subdi-
VISTONS.

1.4 Collapsing subspaces
Apart from the bad bevavior of products, simplicial complexes have another flaw. Namely

geometric realization does not commute with collapsing subspaces. We will demonstrate
this with an example.

15



Chapter 1. (Abstract) Simplicial complexes

Example 1.28
Consider the bounday subcomplex 01(1) C I(1), whose only simplices are the subsets of

cardinality 1.

(i) We have a homeomorphism |1(1)|/|01(1)] = S*. So if |-| would commute with quo-
tients I1(1)/01(1) would be a very simple model of the circle.

(ii) But the quotient simplicial complex 1(1)/01(1) consists of a single point, so it does
not model the circle.

(iii) Obviously the problem cannot be fized by introducing orientations.

As a consequence, also the constructions of mapping cylinders and cones are getting

more complicated.

16



2 Simplicial sets

2.1 Semi-simplicial sets

We introduced the notion of an abstract simplicial complex as a “construction plan” for
a geometric simplicial complex. It was easy to imagine the geometric realization, that a
simplicial complex is standing for. But we also saw that the notion behaves badly when
it comes to forming products and collapsing subspaces.

Instead of modeling simplicial complexes, we now try to model CW-complexes. We will
do this in a “simplicial way”, meaning that we will build up the CW-complex by glueing
simplices.

Remark 2.1
Let n > 0.

(i) Then there is a homeomorphism

0I(n)| = O|A"| =5 HNS" = S™ bt — H T

where b= —= - (1,...,1) € [[(n)| = |A"| is the barycenter of the standard n-simplex
and H C R™"" is the hyperplane of elements a € R™*! with ag + ... + a,, = 0.

(ii) It extends to a homeomorphism

[I(n)] = |A"| = HN D"t = D", b+t:cl—>— 0<t<1.

[/
In particular the inclusion |0I(n)| — |I(n)| is homeomorphic to S"~' — D".

Using this identification a CW-complex is the union of spaces C' = J,,~o Cn, where Cj
is a discrete set of points and C, is obtained by glueing a set of standard n-simplices
along their boundary to C),_1, for each n > 0. More precisely suppose X,, is an index-set
of m-simplices we want to glue, for each n > 0. We consider X,, as a discrete space. We
have a homeomorphism jy : X x |1(0)] — Cy. Moreover we get C,, by glueing Xpx|I(n)|
to C,,_; and identifying the boundaries along a certain map X,, x [0I(n)| 2= C,_;. This

17



Chapter 2. Simplicial sets

results in a commutative square

Xy x [0I(n)| — (2.1)

X, x |I(n)| —2~C,

Now instead of working with arbitrary continuous maps g¢,, we want this map to be
“simplicial” in a certain sense. Let us take a closer look at the boundary 0I(n).

Definition 2.2 (i) Forn > 0 and 0 < i < n the i-th coface map is the unique
monotone injection n — 1 — n with i ¢ d'(n — 1), i.e

k, 0<k<i,

din—l—mn, kH%{k+Li§k§n—L

(ii) For 0 < i < n the i-th codegeneracy map is the unique monotone surjection

n+1—»n withs'(i)=s(G+1),ie

k, 0<Fk<i

sintle—n, kHﬁ{k—Li<k§n+L

These unorthodox names will become clear later.

Remark 2.3
Under the homeomorphism |I(n)| = |A"™| we have the following geometric description of
d' and s', where 0 < i < n.

(i) [I(d)| : [I(n=1)] — |I(n)| corresponds to the inclusion of the i-th face of the
standard n-simplez.

(i) |Z(s")| : [I(n+1)] — |[I(n)| corresponds to the surjection identifiying the dimen-
sions i and © + 1 of the n-simplex.

In particular we also get the description

U d'I (n—1)

0<i<n

|01(n = U 12101 (n=2)).

0<i<n

Using this description of |01(n)| we see that every map X, x |0I(n)] 2= C, is the
union of the maps g, o (id x |d’|), where 0 < i < n. To make g, “simplicial”, we may use

the maps X,,_1 x [I(n —1)| 2% ¢,_1 and suppose the following diagram commutes

X, x [I(n=1)] —2~ X, 4 x [I(n—1)]

id><|di|l l]nl

X, x [0I(n)] In Chi,

18



2.1. Semi-simplicial sets

with certain maps X, L> X,_1, for 0 <7 < n. In other words we assume that the map
gn 1s the union of the maps j,_1 o (d; x id). Under this assumption an induction on n > 0
shows

co= ]I ka|1<@>|/<di<x>,a>~<a>,|di|<a>>, reX, aec|l(k=1), 0<i<k

0<k<n

So far we did not care, wheather the maps j, 1 o (d; X id) are compatible to define the
map ¢,. For every 0 < i < 7 < n we have a commutative diagram

n—2i>n—1

o] jdj
di

n—1—-n,

and d’d'(n — 2) = d'"d’~'(n — 2) = d'(n — 1) Nd’(n — 1). In the explicit description of C,,
the map j, is the inclusion followed by the quotient map and we see that we need the
corresponding condition

Definition 2.4
A semi-simplicial set or A-set is a collection of sets X = (X, )n>0, together with
so-called face maps

d; .
Xn—>Xn—17 OSZSR,

satisfying (2.2)).

A homomorphism of semi-simplicial sets X 5 ¥ is a collection of maps

X, v, n>o,

such that d; o f, = fn_10d;, for all0 <1 <mn.

Semi-simplicial sets were first introduced 1950 by Eilenberg-Zilber [? |, who immediately
realized that they still have a flaw. Namely, we are only able to glue an n-simplex by
identifying its boundary with a union of (n — 1)-simplices in C,,_;. But often we also
want to identify it with lower dimensional simplices (e.g. the simplest CW-model for the
n-sphere is given by glueing an n-simplex to a single point). We can come around this
problem by adding degenerate simplices to X,,, which are formal n-simplices that in fact
stand for lower dimensional simplices. This means that some dimensions in their geometric
realizations coincide. Such degenerate simplices can be realized by also factoring out
along maps corresponding to the already introduced codegeneracy maps (cf. our explicit
description of C),). So similarly to the face maps we are postulating the existence of
degeneracy maps

X, 2% Xp, 0<i<n.
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Chapter 2. Simplicial sets

Geometrically a simplex x € X,,.1 lies in the image of the map s;, if and only if the
dimensions ¢ and ¢ + 1 in its realization coincide. Of course the presence of degeneracy
maps involves a lot more relations similar to and finally leads to the notion of
simplicial sets. Working with all these identities is a mess, but luckily there is a much
more compact definition in the language of category theory.

The careful reader may have noticed that, for each map d* from dimension n — 1 to
dimension n, we required a map d; in the opposite direction from dimension n to n — 1.
The same correspondence holds for s* and s;. The necessary relations for d; were deduced
from the relations that hold for d° and s’. The reader familiar to category theory will
conclude that a simplicial set must be a contravariant Set-valued functor on a certain
category, whose objects are the standard n-simplices.

2.2 Categories

Definition 2.5
A ecategory C consists of the following data.

o A clasf of objects Obj(C) (also denoted by C) and for two objects A, B € C a set
of (homo-)morphisms C(A, B) (sometimes also denoted by Home(A, B)), whose

elements will also be denoted by arrows A Ny

e For each object A € C, there is a homomorphism ids € C(A) := C(A, A), called the
tdentity on A.

e Moreover there are composition maps
C(B,C)xC(A,B) —C(A,C), (g,f)—>gof,
satisfying the relations
ho(gof)=(hog)of,  foidy=f=idgof, A-B-SC-5D
A functor C L5 D between two categories C and D s given by the following data.
o A “map’ between the classes of objects Obj(C) N Obj(D).
e For each pair of objects A, B € C, there is a map
C(A,B) — D(F(A),F(B)), fr— F(f).
e [t preserves the structure, 1.e.

F(ids) =idpy,  Flgof)=F(f)oF(g). AL B-%C

IClasses extend the notion of sets. We need this term to be able to talk about the class of all sets, which
cannot be a set itself. Further details about this problem can be found in any book about category
theory.

2A map between classes is defined in the same way as maps between sets.
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2.2. Categories

A natural transformation F 15 G between two functors C S Disa family of
morphisms (F(A) BZN G(A))acc inducing a commutative square

F(A) 4~ G(A)
F(f) Lam
F(B) -2~ G(B),

for all XY € C and f € C(A, B).

Example 2.6
The following are categories.

(i) The category Set has the class of sets as objects and for two sets X,Y € Set, the
homomorphisms Set(X,Y") are the maps from X toY. Composition and identities
are defined in the usual sense.

(ii) Similarly we have Top the category of topological spaces with continuous maps as

homomorphisms. There is a functor Top BN Set, which assigns to a space its
underlying set. It is called a forgetful functor, because it “forgets” the topology.

(iii) Similarly we have the category Grp of groups, Ring of rings, ... All these “algebraic”
categories have an obvious forgetful functor U to the category Set.

(iv) The category Simp of simplicial complezes, whose morphisms are simplicial maps.

Next to the forgetful functor Simp Y Set we already constructed the geometric
realization functor Simp i> T op.

(v) We will also write CAT for the collection of categories and CAT(C, D) for the class
of functors from C to D, which are composed in the canonical manner.

However some attention is required here: Similarly as the collection of sets is not a
set, the collection of categories is not a class. In particular CAT is not a category
in the sense we just defined it.

Definition 2.7
A category is called small, if the class of objects is actually a set.
We call Cat the category of small categories with functors as morphisms.

Remark 2.8
Let I and C be categories and suppose I is small.

Then the class of functors CAT(I,C) becomes a category, whose morphisms are natural
transformations.

Definition 2.9
For a category C its opposite category C° is the category with the same objects and
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Chapter 2. Simplicial sets

morphisms
C®(A,B) :=C(B, A), A, B € C.

The composition is induced by the composition in C:
C®(B,C) x CP(A,B) — CP(A,C), (g9,f) —>gof:=focyg.
A functor C°P L D is also called a contravariant functor from C to D.

The most important example of contravariant functors are the Hom-functors. An ex-
ample appears in linear algebra, when assigning to a vector space its dual.

Proposition 2.10
Every C € C € CAT induces a functor

C(-,C):C® — Set, B+—C(B,C), C(B,B)>f+—C(f,C):=(-0f).
The construction is natural in C', meaning that (for small C) it induces a functor
C — CAT(C?,Set), C+—C(-,C), C(C,C")>fr—C(~f):=(fo-).
Proof. Let C € C.
e For every B € C we have C(-,C)(idg) = id¢(p,c), because

C(-, O)idp)(f) = foidp = [ =idewoy(f), [ eC(B,C).

e Moreover for morphisms B s B %5 B we have by associativity
C(-,C)gof)=(-o(gof))=(-og)of)=C(C)g)oC(-C)f)

This proves that C(-,C) is a functor.
For the second statement let f € C(C,C"). We need to check that f defines a natural
transformation

C(“? f) = (_ © f) : C(_v C) — C(“? C/)
This holds, because for every g € C(B, B’) the diagram below commutes

C(B'.f)=(fo-)

C(B,C) C(B',C")
C(ng)(-og)l l(-og)=c(g70’)
c(B,c) LDV _op on,

because again composition is associative.
O

Probably the most important Lemma in category theory is the following one by Yoneda.
It also appears in every (modern) algebraic geometry lecture.
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2.2. Categories

Lemma 2.11 (Yoneda)
For every C € C € CAT and F € CAT(C?, Set), there is a bijection

d: CAT(C?, Set)(C(-,C), F) — F(C), t+— to(ide).
It is natural in F' and C.
Proof. Every x € F(C') induces a natural transformation e(x) by setting
e(x)p: C(B,C) — F(B), [r— F(f)(x).

It remains to check that e(z) is a natural transformation, that e and d are inverse to each
other and that d is natural in F' and C. Although we will provide a full proof here, we
advise the reader to do this on his own as an exercise.

Using that F is a functor, for g € C(B, B’) and f € C(B',C) we get

e(x)poClg,C)(f) = e(x)s(f o g) = F(fog)(x) = F(g) o F(f)(x) = F(g) o e(x)p(f),

which proves that e(x)p o C(g,C) = F(g) o e(x)p:, so e(x) is in fact natural. Both con-
structions are inverse to each other:

e (doe)(x) =e(x)c(ide) = F(ide)(x) = z, for all z € F(C),

o (ecod)(t) =t, for all t € CAT(C?,Set)(C(-,C), F), because for all f € C(B,C)
naturality of ¢ implies

(eod)(t)p(f) = e(d(t))s(f) = eltc(ide))s(f) = F(f)(te(ide)) = (F(f) o tc)(ide)
= (tp o C(f,C))(idc) = t5(C(f,C)(idc)) = tr(idc o f) = tr(f).
Next we prove that d is natural in F' and C.

e The right term is a functor in F
CAT(C®, Set) — Set, F+— F(C),

sending a natural transformation F — F’ to F (C) hey '(C). Moreover the left
term is a functor in F' by Proposition [2.10, To check that d is natural in F', we need

to prove, that
dp o CAT(C?,Set)(C(-,C),h) = hc o dc.

But this holds, because for every t € CAT(C, Set)(C(-,C), F'), we have
dp o CAT(C®, Set)(C(-,C), h)(t) = dp(hot) = (hot)c(ide) = (he o te)(ide)
= ho(te(ide)) = he(de(t)) = he o de(t).

e The right term is a functor in C, because F' is a functor. Moreover the left term
is a functor in C' by Proposition applied to C' € C and then to C(-,C) €
CAT(C, Set)°P. To check that d is natural in C', we need to prove, that

dc o CAT(C, Set)(C(-,g), F) = F(g)ote, g€ C(C,C.
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Chapter 2. Simplicial sets

But for ¢t € CAT(C®P, Set)(C(-,C), F'), we have
do o CAT(C™, Set)(C(-, g), F)(t) = do(CAT(C™, Set)(C(-, 9), F)(1)) = dc(t o C(-, )
= (75 OC(- 9))c(ide) = (ter 0 C(-, g)c)(ide)
C,g)(idc)) = ter(g 0ide) = ter(g)
Q,C)Odc')) (ter 0 Cg, C))(ide)
oto)(ider) = (F(g) o do)(t)-

|

~

H Q

/\
\—//\/\

2.3 Simplicial sets

Definition 2.12
The simplex category A is defined as the category of the finite totally ordered sets
n={0<1<..<n}, forn >0, whose morphisms are the monotone maps.

Remark 2.13
FEvery f € A(m,n) can be factored as

f=d?o..od"os"o..o0sh,

where {iy < ... <idp}:=n\f(m) and {ji <..<j} :={jem f(j)=fG+1D}
In partzcular A is generated by the maps dl and s7. It can be shown that A is completely

determined by d*, s’ and the following cosimplicial identities
(i) dd' = did’!, 1< 7,
dis’=t i< g,
(i) s’di = { id, i=j, 41,
=17, i> 41,
(iii) s/s" = s'sit 1<
Definition 2.14
The category of simplicial sets is defined as the functor category sSet := CAT(A°P, Set).

Remark 2.15
For a simplicial set X we will write

X, = X(n), d; == X(d"), s; = X(s), 0<i<n.
For a map f € A(m,n) we will also write f* := X(f).

(i) Remark: shows that a simplicial set is completely determined by this data satis-
fying the simplicial identities, dual to the cosimplicial identities of Remark[2.15,

(ii) Similarly the category of semi-simplicial sets is the functor category CAT(A7Y;, Set),
where Ny,; < A is the subcategory with same objects but only the injective maps in

A as morphisms.
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2.4. Geometric realization

2.4 Geometric realization

Definition 2.16
The geometric realization of a simplicial set X is defined as the topological space

X = [T %0 x Il(ﬂ)l/(X(f)(l’),a) ~ (2, [I((a), =€ Xn, a€llm)], feAlm,n),

n>0

carrying the final topology with respect to the maps (X, x |I(n)] — | X|)n>o0-

Remark 2.17
Every f € sSet(X,Y) induces a continuous map |f| € Top(|X|,|Y]).

In particular we get a functor sSet i> T op.

Definition 2.18
Let X € sSet and n > 0.

n—1

(i) A simplex x € X, is called nondegenerate, if v ¢ 0.X,, :=J;_, si(Xn_1).

(ii) We denote by X, = X,\o X, the set of nondegenerate n-simplices.

Lemma 2.19 (Eilenberg-Zilber)
Let X € sSet.
Then for every x € X,, there is a unique nondegenerate y € X,, and a unique monotone

surjection n —» m, such that & = s*(y).

Proof. For every x € X,, we consider the set of pairs y € X,, and n . m with s*(y) = .
This set is non-empty, as it contains (y, s) := (z,id,). The set of appearing dimensions
m is bounded below by 0, so we can find a pair (y,s) with minimal m. Then y must be
nondegenerate, because otherwise we would find a pair of lower dimension.

Now suppose (¢, s') is another pair of minimal dimension m. We take a section d for s
(i.e. a A-morphism d with sd = id) and compute

y = (sd)"(y) = d’s*(y) = d"(x) = d"(s")" (/) = ()" (¢/).

Because y is nondegenerate s'd € A(m,m) is injective, hence s'd = id. For every k € n
we find a section d such that ds(k) = k. As observed above d is also a section for s’ and
so §'(k) = §'ds(k) = s(k) implying s = ¢'.

O

Proposition 2.20
For every X € sSet the canonical inclusion induces a continuous bijection (not a homeo-
morphism!)

Bx : [ X x (H@)N\oI(0)]) = |X].

n>0
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d
Proof. For (x,a) € X,, x |[I(n)| we let m — n be the unique monotone injection with
image

d(m) = {i € n; a; # 0}.

Then the tuple of nonzero a-coordinates defines an element b € |I(m)| with |I(d)|(b) = a.
Moreover by Eilenberg-Zilber’s Lemma there is a unique nondegenerate y € X, and

a unique m —» ¢, such that d*(x) = s*(y). In the geometric realization | X| we have

(2, a) = (z, [[(d)[(b)) ~ (d"(x),b) = (s*(y),b) ~ (y,[L(s)|(])).

By definition of |I(s)|, the coordinates of |I(s)|(b) are sums of coordinates of b. So b; > 0,
for all « € m, implies that also |I(s)|(b); > 0, for all i € £. Equivalently |I(s)|(b) ¢ |0I({)].
This shows that fx is surjective and uniqueness of d,y and s implies that (z,a) —

(y, |1(s)|(b)) defines an inverse map for fSy.
O

This shows that the n-cells in the geometric realization | X| bijectively correspond to
the nondegenerate n-simplices X,.

2.5 Adjunctions

Adjunctions play an important role, whenever one wants to compare two different cate-
gories. In this section we will give the definition and some basic facts.

Definition 2.21
An adjunction consists of two functors G : C Z— D : F and a bijection

C(F(X),Y)=D(X,G(Y)),
which is natural in X and Y.

(i) The functor F is called the left adjoint to G.

(ii) The functor G is called the right adjoint to F'.

Proposition 2.22
For an adjunction C(F(X),Y) =D(X,G(Y)), we define

o nx € D(X,GF (X)) as the element corresponding to idp(x) € C(F(X)).
o ¢y € C(FG(Y),Y) as the element corresponding to idgyy € D(G(Y)).
Then n and € are natural transformations and the adjunction bijection is given by
C(F(X).Y) &= D(X,G(Y)),

fr— G(f)onx,
ey o F(g) «—g.
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Proof. We denote the natural bijection of the adjunction by ¢, i.e.
¢xy 1 C(F(X),Y) — DX, G(Y)), [fr—o(f)
Naturality of ¢ can be expressed as follows:
(i) For all f € C(Y,Y’) and g € C(F(X),Y), we have
¢xy(fog) = (dxy o C(X, [))(g) = (DX, G(f)) 0 dxy)(9) = G(f) © ¢xv(9).
(ii) For all f € C(F(X'),Y) and g € D(X, X’), we have
¢xy(foF(g) = (dxy o C(F(9),Y))(f) = (D(g, G(Y)) 0 b y)(f) = dxry(f) o g
For all ¢ € D(X, X’) this implies
GF(g) onx = GF(g) o ox,rx)(idr(x)) = dx,rx) (F(g) 0 idp(x))
= ¢xr,px)(idpxy 0 F(9)) = dxr pxn(idpxny) 0 g =nxr 0 g.
So 7 is natural. For all f € C(F(X),Y’) we have by (i)
oxy(f) = G(f) o ox.rx)(idrx)) = G(f) o nx.

In the same way one proves that ¢ is natural and that ¢ = ey o F(-).

Proposition 2.23
Given two functors G : C = D : F and natural transformations idp s GF and
FG — ide, such that

(i) erpx) o F(nx) = idpx), for all X € D,
(ii) G(ey) o na) = idayy, for all Y € C.
Then n and € form an adjunction
C(F(X),Y) &= D(X,G(Y)),
fr—G(f)onx,
ey o F(g) «— g.
Proof. For every f € C(F(X),Y) naturality of ¢ and (i) implies
ey o F(G(f)onx) =ey o FG(f) o F(nx) = foerw)o Flnx) = f.
Similarly for every g € D(X, G(Y)) naturality of n and (ii) implies
Gley o F(g)) o nawx) = Gley) o GF(g) o nawx) = Gley) omy o g = g.
For all f € C(Y,Y’) and g € C(F(X),Y), we have
G(fog)onx =G(f) o G(g) onx,

which by (i) of the proof of Proposition [2.22] (i) is the same as saying that the map
G(-) o nx is natural. Similarly one checks that ey o F(-) is natural. As the two maps are

inverse to each other, both are natural in X and Y. .
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Definition 2.24
Given an adjunction C(F(X),Y) =D(X,G(Y)).

(i) The natural transformation n is called the unit of the adjunction.
(ii) The natural transformation € is called the counit of the adjunction.

(iii) If n and e are both natural isomorphisms, then the adjunction is called an equiva-
lence (adjunction) between the categories C and D.

(iv) Two categories are called equivalent, if there is an equivalence adjunction between
them.

Example 2.25
Forgetful functors usually have a left adjoint:

(i) R-Mod(,cxR-z,Y) = Set(X,U(Y)).

(i) Top(D(X),Y) = Set(X,U(Y)),
where D(X) is the set X with the discrete topology (every subset is open).
In this setting U also has a right adjoint, i.e.

Set(U(X),Y) = Top(X, I(Y)),

where 1(X) is the set X with the indiscrete topology (0 and X are the only open
subsets).

(iil) Similarly we have ajunctions (cf. Remark[1.9)
Simp(D(X),Y) = Set(X,U(Y)), Set(U(X),Y) =Simp(X,I(Y)).
(iv) Similarly we have an adjunction
Cat(D(X),Y) = Set(X,U(Y)),
where U assigns to each small category its set of objects and D(X) is the discrete
category with objects Obj(D(X)) = X and only the identities as morphisms.
2.6 The singular nerve

It turns out that the geometric realization functor sSet ﬁ Top has a right adjoint,

which appears in every lecture on algebraic topology.

Definition 2.26
Let X be a topological space.
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The singular nerve of X is defined as the composite functor

S(X): AP 5 Set* Iy Simp® 1, Top™® TR Set

By construction it is a simplicial set, whose n-simplices are the singular n-simplices
Sn(X) =Top(|I(n)|, X) = Top(|A"|, X), n > 0.
Remark 2.27
The singular nerve is used to define singular homology.
(i) Recall that the singular n-chains are defined as the abelian group

@ Z-o.

O'ESn(X)

It becomes a chain complex by defining a differential C,(X,Z) N Cn1(X,Z) via

d( Y ag-0)= Y (1) a-(oo|I(d))).

0€Sn(X) 0<i<n (o=

(ii) The n-th singular homology group of X is defined as the n-th homology group
of the singular chain complex C.(X, A), i.e

Ho(X,Z) = ker(Co(X,Z) ~%5 C (X, 2))/d(Crir (X, Z)), 1> 0.

Proposition 2.28

The singular nerve induces a functor Top 5 sSet. T ogether with the geometric realiza-
tion an adjunction Top(|X|,Y) = sSet(X,S(Y)).

Proof. Recall that the geometric realization was defined as
X = [] X < 11 |/ ~ (5 [1(H)I(@)), 7€ Xn, ae|I(m)], feAmn).
n>0
For every g € Top(|X|],Y) and every n > 0, we get a map
Oxy(9)n : Xop — Top([I(n)],Y), 2+ g(z,-).

By construction of the geometric realization this defines a homomorphism of simplicial
sets, because for every f € A(m,n) and x € X,, we have

oxy o f(x) = g(f"(2),-) = g(z, [L()|(-)) = g(@,-) o [I(f)| = [" o dxv ().
Vice versa every t € sSet(X,S(Y)) glues to a map
Uxy(f) X[ — Y, Xo x|I(n)] 3 (z,a) — ta(2)(a),
because for every f € A(m,n) we have
t(f*(@))(a) = (tn o f)(@)(a) = (f* o tm)(@)(a) = (tm(x) o [L(f)])(a) = tm(x)([L(f)|(a))-

By construction ¢y and ¥ xy are inverse to each other and natural in X and Y.
O
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Chapter 2. Simplicial sets

Remark 2.29
The definition of H, can be extended to arbitrary simplicial sets X € sSet.

o The relation between simplicial sets and chain complexes will be studied in greater
detail later on.

o One might further study the map H,(X,Z) — H.(|X|,Z) induced by the adjunction
unit X 255 S(|X1). It can be proven, that it is a natural isomorphism. We will deduce
this from the Quillen equivalence between the model categories T op and sSet.

2.7 Isomorphisms, monomorphisms and
epimorphisms

Definition 2.30
Let C be a category and f € C(B,C) a morphism.

(i) f is called a retraction, if there is a morphism g € C(C, B) with fg = id¢.
(ii) f is called a section, if there is a morphism g € C(C, B) with gf = idp.

(iii) f is called an isomorphism, if there is a morphism g € C(C,B) with gf = idp
and fg=1idy4.

(iv) f is called an epi(-morphism), if gf = hf implies g = h, for all g,h € C(C, D).
Epimorphisms are denoted by arrows B —f» C.
(v) f is called a mono(-morphism), if fg = fh implies g = h, for all g,h € C(A, B).

Monomorphisms are denoted by arrows B <i> C.

Example 2.31 (i) In the categories Set, Top, Grp, Simp the monomorphisms are pre-
cisely the injective homomorphisms.

(ii) In the category Set and Grp the epimorphisms are precisely the surjective homo-
morphisms.

(iii) Ewvery surjective continuous map is a an epimorphism in the category of Hausdorff
spaces.
The converse is false, e.q. the inclusion of the subspace Q — R is a non-surjective
epimorphism.

(iv) FEwvery surjective ring homomorphism is an epimorphism in the category Ring of
TINgs.

Again the converse is false, e.qg. the homomorphism Z — Q is a non-surjective
epimorphism.
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Remark 2.32
Let C be a category.

(i) Ewvery retraction is an epimorphism.
(ii) FEwvery section is a monomorphism.
(iii) Every monomorphic retraction is an isomorphism.

(iv) Ewvery epimorphic section is an isomorphism.

Remark 2.33
Let C be a category and f € C(B,C) a morphism.

(i) IfC(-, B) e C(-,C) is a natural bijection, then f is a monomorphic retraction.

(i) IfC(C,-) iy C(B,-) is a natural bijection, then f is an epimorphic section.

In particular in both cases f is an isomorphism by Remark[2.33.

2.8 Simplicial standard simplices

Definition 2.34
For m > 0 the simplicial standard m-simplex is defined as the simplicial set

A™ = A(-,m) € sSet.

Proposition 2.35
There is a natural homeomorphism

em : |A™] = [I(m)], x[(n)] > (f,a) — [I(f)l(a),  meA.

Proof. Instead of working directly with the geometric realization we will prove this by
using category theory. Let Y € Top and consider the compostion ¢

Top (em,Y
)

Top(|I(m)],Y ' Top(|A™],¥) 25 sSet(A™, S(V)) ~5 S,(Y) = Top(|1(m)], Y),

where the map in the middle is the adjunction bijection of Proposition [2.28 and the map
on the right is Yoneda’s isomorphism of Lemma [2.11] For every g € Top(|I(m)|,Y") we
have by definition of the three maps

(do damy o Top(em,Y))(g) = (do damy)(goemn) = dpamy (g0 em)m(idm)
= (90 em)(idm,-) = go |I(idn)| = g-
This proves that ¢ equals the identity. Since ¢pam y and d are bijections, also Top(en,Y)

is a bijection. Remark implies that e, is an isomorphism in 7 op, which is a homeo-

morphism. By the usual arguments e is natural in m € A.
O
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2.9 Limits and colimits

Definition 2.36
Let T 25 C be a functor.

(i) A cone on X is a family of morphisms (C — X (i))icr, such that
X(f)oc =c¢y, for all f € I(i,j).
(ii) A limit for X is a universal cone (im X —= X (i))ie;. That is, for every other
cone (C - X (i))ier there is a unique morphism C' — lim X, such that
T 0 C = ¢4, foralli e I.

Another common notation for the limit object is l&lX(z) = 11151 X (i) :=lim X.
i€l '€

(iii) Dually a cocone on X is a family of morphisms (X (i) —= C)ics, such that
c;o X(f)=c, for all f € I(i, 7).

(iv) A colimit for X is a universal cocone (X (i) —= colim X ),c;. That is, for every
other cocone (X (i) — C)ier there is a unique morphism colim X —— C, such that

coL = ¢, foralli e 1.
Another common notation for the colimit object is CQIi}n X(i) = chi}n X(i) :=
S 1€
colim X.
Remark 2.37

Let I =5 C bea functor.

(i) In general X may not have a limit or colimit.
(ii) If a limit/colimit of X exists, it is unique up to unique isomorphism.

(iii) Considering X as a functor I°P 2 CoP we see that every limit/cone for X°P can
be considered as a colimt/cocone for X.

There is a canonical construction for limits and colimits of Set-valued functors.

Proposition 2.38
For X € CAT(I,Set) with small I € Cat, the following holds.
(i) A limit of X is given by
lim X := {x e [[xG): X(f)(@:) =25, Vf € 1@',;’)} .

The map lim X = X (i) is the projection onto the factor X (i), for each i € I.
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(ii) A colimit of X is given by
colim X := HX(i)/x ~X(f)z), zeX(), fel(ij).
il

The map X (i) 5 colim X is the map induced by the inclusion of the disjoint
summand X (1), for each i € 1.

Proof.

(i) By construction (lim X — X(i)),c; is a limit cone for X. Given another cone
(C =5 X(i))ier we can define

c:C—lmX, x+—— (¢(x))er.
Then m; o ¢ = ¢;, for all ¢ € I, which also implies the uniqueness of c.

(ii) Again by construction (X (i) — colim X );c; is a colimit cone. Given another cocone
(X (1) = C)ier the map

c:colim X — C, X(i) 2 x> ¢(x),

is well-defined. Again uniqueness of ¢ follows from the condition ¢; = ¢ o ;, for all
1€ 1.

Corollary 2.39
For X € CAT(I,Top) with small I € Cat, the following holds.

(i) A limit im X s given as the Set-limit together with the initial topology, which in
this case is the subspace topology of the product topology.

(ii) A colimit colim X is given as the Set-limit together with the final topology with
respect to the inclusions.

Definition 2.40
Let C € CAT and S € Set. Like in Ezample a family of objects (X,)ses € C*

corresponds to a functor
X € CAT(D(S),C) = Set(S, Obj(C)) = C°.
(i) [lies Xs :=1lim X is called a product over the set S.

(ii) Jl,eqXs := colim X is called a coproduct over the set S.

Consider the empty functor D(() .

(i) *:=lim X is called a terminal or final object in C.
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(i) 0 := colim X is called an initial or cofinal object in C.

Remark 2.41
From the explicit construction of limits and colimits in Set, we see that the notion of
product, coproduct, * and () has the usual meaning.

Remark 2.42
Let I € Cat and t € CAT(I,C)(X,Y).

(i) Given limits lim X and im Y, the universal property of imY applied to the cone
(lim X =% X (i) =5 Y (4))ses yields a unique limt € C(lim X, lim Y') with molimt =
tiom;, forallv e I.

Note that the uniqueness implies:

CI,) limidy = idlimX; fO?“ all X € CAT(I,X)

b) lim(s ot) =limsolimt, for natural transformations X Sy =2 7.

(ii) Suppose every functor I X5 C has a constructible limitlim X. That is a canonical
construction of the limit for each functor X (like e.g. we have for the category Setﬂ.

Then the universal property for limits can be expressed as an adjunction
CAT(1,C)(const X,Y) =C(X,limY),

where

e const is the functor, sending an object X to the constant functor

const X : I —C, i+— X, I(i,j) > f+——idx.

e lim is the functor (by (1)), sending a functor Y € CAT(I,C) to its (canonical)
limt.

The subsequent Proposition shows that limits and colimits of functors targetting at
functor categories can be constructed objectwise. Together with Proposition this
provides a general construction for limits and colimits of sSet-valued functors.

Proposition 2.43

Let I,J € Cat be small categories and C be an arbitrary category. Let I = CAT(J,C)
and consider the functors

X;: I —C, ir— X(1)(), jeJ

Then the following holds.

30ften it is assumed that every limit/colimit is constructible, which is implied by the axiom of choice
for classes. If you feel uncomfortable with that, note that in most cases the existence of limits/colimits
in a given category is verified by giving an explicit construction. So existence of limits is obtained by
proving the existence of constructible limits
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(i) If X; has a limit lim X, for each j € J, then X has a limit in CAT(J,C), given by
L:J—C, j—1limX;, J(j,j) > fr— lmf.
(i) If X; has a colimit colim X, for each j € J, then X has a colimit in CAT(J,C),
given by
L:J—¢C, j+—colim X;,  J(j,5') 2 f > colim f.
Proof.

(i) By Remark L is a functor and (L —% X(i));c; is a cone of functors J —
C. Given another cone of functors (C' =% X(4))ie;, we get unique morphisms

(lim X; N C(7))jes being compatible with the projections (L —= X (4));c;. Unique-
ness implies that (d;);es defines a natural transformation d € CAT(J,C)(L,C) and
that it is unique with the property m; o d = ¢;, for all i« € I. We conclude that
(L =% X (i))ser is a limit cone for X.

(ii) This is dual to (i), i.e. by (i) we can construct a limit for
X : [ —5 CAT(J,C)° = CAT(J°,C°P),

which then will be a colimit for X.

2.10 Preservation of (co-)limits

Definition 2.44
Let F € CAT(C, D) be a functor.

(i) We say F preserves limits, if for each functor I Xc having a limit lim X, the
cone (F(lim X) iy F(X(4)))ier is a limit cone for F o X.

(ii) We say F preserves colimits, if for each functor I X ¢ having a colimit

colim X, the cocone (F(X (7)) ) F(colim X));er is a colimit cocone for F o X.

Remark 2.45
Given two functors 1 XL

(i) If there are limits for X and F o X, then the universal property for lim(F o X)
applied to the cone (F(lim X) iy F(X(4)))ier induces a unique map

F(lim X) — lim(F o X).

It is an isomorphism, if and only if F' preserves limits.
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(ii) If there are colimits for X and F o X, then the universal property for colim (F o X)

applied to the cocone (F(X (1)) ) F(colim X));es induces a unique map

colim (F o X') — F(colim X).
It 1s an isomorphism, if and only if F' preserves colimits.

Proposition 2.46
For a functor X € CAT(1,C) the following holds.

(1) An arbitrary cone (L 2% X(i))ies for X is a limit cone for X, if and only if
<C(C, L) cr) C(C,X(z’))) is a limit cone, for all C' € C.

il

(ii) An arbitrary cocone (X (i) N L)ier for X is a colimit cocone for X, if and only if
(C(X(z'), C) Ry C(L, C’)) is a colimit cocone, for all C' € C.

iel
In particular hom-functors preserve (co-)limits.
Proof.

(i) Consider the canonical map

¢c : C(C, L) — limC(C, X) = {C e [[e@ x@@); X(f)oei=c;, Vfe I(i,j)},
iel
¢+ (cop;ier,
where the equality on the right follows from the construction of the Set-limit in

Proposition [2.38] By definition of a cone the elements of the right object are cones
with source C'. Hence by definition of a limit cone the following are equivalent:

o (L 2% X (i))ies is a limit cone.
e The map ¢¢ is bijective, for all C' € C.
o (C(C, L) cer) C(C,X(i))) is a limit cone, for all C' € C.

el

(ii) This follows from (i) applied to I°P X% ¢op using Remark [2.37]

Corollary 2.47
For an adjunction C(F(X),Y) = D(X,G(Y)) the following holds.

(i) G preserves limits]

4Preservation of limits is a strong criterion for a functor being a right adjoint. Freyd’s adjoint functor
Theorem states that almost every functor preserving limits has a left adjoint. As we will not need it
here, for a precise formulation the reader again is advised to books about category theory.
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(ii) F preserves colimits.
Proof.
(i) Given a limit cone (limY —% Y (i));c;, Proposition implies that

C(F (X))

(ctP(x) limy) C(P(X), Y (i)

iel

is a limit cone, for all X € D. Using the adjunction bijection, it is isomorphic to the
cone

(P, Gliimy)) "=H DX, G ()

el

which is therefore also a limit cone, for all X € D. Equivalently (G(limY) ¢y

G(Y (4)))ies is a limit cone by Proposition again.
(ii) This is dual to (i).

O

Given a functor J — CAT(1,C), where I, J € Cat and C has constructible limits. Then

by Remark [2.42] the limit induces a right adjoint functor CAT(1,C) e ¢ and using that
limits in functor categories are computed degreewise by Proposition [2.43| we get a natural
isomorphism

limlim X (5)(i) = lim(lim X (j)) — lim(lim X)(5) = lim lim X (5) (7).

icl jeJ I jeJ jeJ I jeJ i€l

Dually also colimits preserve colimits. One might wonder, if also the natural transforma-
tion

colim lim X (5)(¢) = colim (lim X)(j) — lim(colim X (j)) = lim colim X (j)(4)

jeJ el jedJ I 1 jedJ el jeJ

is an isomorphism. In general this is false for the most categories. However under certain
conditions on I and J this is true in the category Set.

Proposition 2.48
Given two small categories I, J € Cat, such that

(i) I is finite, i.e. has finitely many objects and morphisms.

(i) J is filtered, i.e.
a) For alli,j € J there are morphisms i — k <— j, for some object k € J.
b) For all morphisms f,g € J(i,j) there is a morphism h € J(j, k) with hf = hg.
Then for every functor J N CAT(I,Set) the natural map below is bijective
colim lim X (5)(¢) — lim colim X (5)().

jeJ €l i€l jeJ
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Proof. First we claim that for every functor J -5 Set we have

Li(s) =p(s) = Elji>k<ij': S(f)(s)=S(f)(s), VseS(), s eSy).

Using the explicit construction for the colimit given in Proposition [2.38

colim X := HS@/S ~S(f)(s), seS@E), feJ(ij),
icJ
it follows that the given condition on s,s” implies that s ~ s’ and hence ¢;(s) = ¢;:(5').

Moreover the condition holds for s = S(f)(s) with j SR J' by setting f = id;. So
it remains to prove that the condition defines an equivalence relation. By definition the
defined relation is reflexive and symmetric. For transitivity, suppose we are given maps

RNy LA T Ay i

and s € S(j), &' € S(), 5" € S(j") with S()(s) = S(f)(s') and S(g)(s') = S(g")(s").
Using that J is filtered there are morphisms

J
|
J Lk
|
g'l Ja |
1" \{/
j" Iy
\\ de
AN
AN
N
n?

such that c¢(af’) = ¢(bg’) and hence

S(caf)(s) = S(ca)S(f)(s) = S(ca)S(f)(s) = S(caf)(s')
= S(cbg")(s") = S(cb)S(g')(s) = S(cb)S(g")(s") = S(cbg")(s"),

which proves transivity.
Now we return to our problem of question.

e For surjectivity of the map let x € lim;e; colim je; X (7)(¢). Then using the explicit
description of limits in colimits in Set, we can consider x as a tuple

x = (x;)ier € Hcohm X(y

eJ
el I

with x; = ¢;,(vy;), for some y; € X(j;)(¢), for each ¢ € I. Using that J is filtered,

by induction on #/ < oo we find an object 7 € J and morphisms j; LN 7, for each
i € I. So replacing each y; by its image (fi)«(y;) we may assume that y; € X (5)(4),
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2.11. Comma categories

for each i € I. Now for every g € I(i,i") we have g.(z;) = zy and by our explicit
description of the colimits over J, there are J-morphisms f, f' € J(j, k), such that

fe9: (i) = filyw).

Using that J is filtered, there is a J-morphism h € J(k, ), such that hf = hf’ and
hence

So by replacing every y; by its image (hf).(y;), we may assume that g.(y;) = yu.
Doing this for all ¢ € Mor(i,7’) one after another, we may assume that (y;) €
lim;e; X (7)(7) and since

x = ()i = (4¥i)i
the tuple ¢(y;); € colim je s lim;e; X (5)(¢) defines a preimage for z.

For injectivity let x, 2" € colim je; lim;e; X (j)(2) being mapped to the same element.
Then z and 2’ are represented by elements y = (y;); € lim;e; X(5)(¢) and ¢ =
(yh); € lim;e; X(57)(i) respectively. As before we may assume that j = j'. As x
and 2’ are mapped to the same element ¢;(y;) = ¢;(y;), for all i € I. So by our
explicit description of J-colimits, there are J-morphisms f;, f/ € J(j, k;), such that
(fi)«(y:) = (fD«(y}), for all @ € I. Using that I is finite and J is filtered, there
is an object ¢ € J and morphisms ¢; € J(k;, £). Moreover we may assume that
all the maps g¢;f; and g;f! coincide. In other words there are maps h,h’ € J(j,{),
such that h.(y;) = (h').(y:), for all i € I. Equivalently h.(y) = (h').(y") and hence
xz =1;(y) = ¢;(y') = 2’ by our description of .J-colimits.

2.11 Comma categories

Definition 2.49
Given a two functors C e & D, the comma category F' | G s the following
category.

e Its objects are tuples (C, D, «), where C € C,D € D and a € E(F(C),G(D)).

e [ts morphisms are defined as

F\LG((Cv D,Oé),(C,,D/,O/)) = {(fvg) S C(O7 O,) XD(DvD/>; G(g)OOé = O/OF(f)}

and composition is induced by that of C and D.

If = L & is the functor sending the only object x to E, we write E/G = F | G
and X for the object (x, X, E 5 G(X)).

If moreover G is the identity functor on € = C, we write £/E := F/E and call it
the slice or under-category of £-objects under E.
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(ii) Dually if * G5 & is the functor sending x to E, we write F/E := F | G and X for
the object (X, *, F(X) =5 E).

If moreover F' is the identity functor on € = C, we write £/E = F/E and call it
the coslice or over-category of £-objects over E.

Remark 2.50
Giwen F' € CAT(C,E), every f € E(E, E') induces a functor

f..F/JE— F/E, X=(FX)5E)— f.X=FX) 5E-L R

In particular for small C we get a functor € F—/_> Cat.
Moreover there is a functor

F/E —C, (F(X)=%E)— X.

Lemma 2.51 (co-Yoneda Lemma)
For I € Cat, we will denote the Yoneda functor of Proposition[2.10 by the same letter

I:1— CAT(I®,Set), i+ I(-1).
Then for X € CAT(I°, Set) the the following holds.
(i) The category I/X can be described as follows:

Obj(I/X) =[] X (D), I/X(z,y)={f€l(i,j); ["(y) =a}, =€ X(i), yeX(j)

el

(ii) The maps I(-,4) —= X induce a natural isomorphism colim &; : colim I(-,7) — X.
i€l /X iel/X

In this case ‘natural’ means every f € CAT(I°P,Set)(X,Y) induces a commutative

diagram
colim ; g;
colim I(-,1) X
el/X
colim i Lf* (4) L f
colim ; g;
colim I(-,1) Y.
i€l]Y

Proof.
(i) Using Yoneda'’s isomorphism
CAT(I, Set)(I(-,i), X) = X (i), i€l

an object i = (I(-,i) —= X) € I/C corresponds to an element x; € X (i), for some
i € 1. Moreover for f € I(i,j) we have

fE]/X(Z,]) < EjOfZEi <~ f*(l‘]):l‘l
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(ii) Using the description of I/X from (i), for every Y € CAT(I°P, Set) we get

CAT(I, Set)(colim I(-,4),Y) = lim CAT(I®,Set)(I(-,i),Y) <> lim Y (i)

iel/X iel/X iel/X
={ye [ YO f(arir) = Yoi =y Vf € I/X((20), (', 7))}
zeX (1),
iel
—{t € [[Set(X(i),Y(0)); fot;=tiof*, Vfel(ij)}
i€l

—CAT(I?, Set) (X, Y).

The first isomorphism is the canonical one induced by composition with the inclusion
maps (cf. Remark [2.45)), using that hom-functors preserve limits by Proposition
Next we have Yoneda’s isomorphism of Lemma[2.11] The explicit description of
limits in Set given in Proposition [2.38| gives the next equality. Rewriting the product
gives the next description, which by definition is the set of natural transformations.

We claim that composition of the upper isomorphism with the map given by compo-
sition with colim ; ; : colim ey x I(-,i) — X is the identity. Given f € CAT(I°?, Set)(X,Y)
the map foe; corresponding to x € X (i) sends g € I(j,) to f;0g*(z). As Yoneda’s
isomorphism is given by evaluation at g = id;, we get f; o id*(z) = fi(z). This
proves the claim, which implies that also composition by colim; ¢; is bijective, for

all Y € CAT(I°P, Set). So colim ; ¢; is an isomorphism by Remark [2.33]

2.12 Internal homomorphisms

Remark 2.52
There is a bijection

Set(X xY,Z) = Set(X,Set(Y, 7)), fr— [x— flx,-)],

which is natural in X,Y, Z € Set.
In particular the functor (- x Y') is left adjoint to the functor Set(Y,-).

We want to construct a similar natural bijection for the category of simplicial sets.

Definition 2.53
The simplicial set of internal homomorphisms between XY € sSet is defined as

sSet(X,Y) := sSet(A* x X,Y) : A® — Set, nr— sSet(A" x X,Y).

Proposition 2.54
There is a bijection

sSet(X x Y, Z) = sSet(X,sSet(Y, 7)),
which is natural in X,Y, Z € sSet.
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Proof. By Lemma there is a natural isomorphism ¢ : colim p,ea/x A™ =5 X. The
natural map
§: colim (A™ x Y) — (colim A™) x Y, Y € sSet
men/X meA/X
is an isomorphism. Indeed by Proposition [2.43| colimits in functor categories are computed
dimensionwise and evaluated at n € A the corresponding map ¢, is a bijection. Indeed

by Remark [2.52] (- x ;) is a left adjoint and thus preserves colimits by Corollary [2.47]
Now the desired isomorphism is given as the composition of isomorphisms

sSet(X xY,7) sSet(X, sSet(Y, Z))
e* | H
sSet((colim A™) xY,Z) sSet(X, sSet(A* x Y, 7))
meA/X
6* e* |t

sSet(colim (A™ x Y), Z) sSet(colim A™ sSet(A* x Y, 7))
meA/X meA/X

l l

lim sSet(A™ xY,Z)<=— lim sSet(A™, sSet(A* xY,Z)).
meA/X meA/X

Here the lower vertical maps are the natural maps, which are isomorphisms as hom-
functors preserve limits. The lower horizontal isomorphism is the Yoneda isomorphism of

Lemma [2.11] By construction all isomorphisms are natural in X,Y and Z.
O

2.13 Ordered simplicial complexes as simplicial sets

Definition 2.55
Let X € Simp, be an ordered simplicial complex.
The nerve of X is defined as the composite functor

Simp,(-,X)

BX : A® L5 Simp, Set,  nr—s B,X.

Remark 2.56 (i) The nerve induces a functor Simp, Ly sSet.
As hom-functors preserve limits by Proposition[2.46], so does B by Proposition|2.43.

(ii) The Yoneda embedding A — sSet coincides with the composition
AL Simp, Ly sSet.

Definition 2.57
A simplicial set X € sSet is called finite, if the set of nondgenerate simplices is finite.
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Remark 2.58 (i) Every simplicial set is the union of its finite simplicial subsets.
(ii) The geometric realization |X| of a finite simplicial set X is compact, since Proposi-
tion yields a surjection
[T % < 1) — IX],

n>0

and the left space is compact being a finite disjoint union of compact spaces.

Proposition 2.59
For every ordered simplicial complex X € Simp, there is a natural homeomorphism

ex | BX| = [Simp,(I1(-), X)| — |X|,  Simp,(I(n), X) x [I(n)| > (f,a) — |fl(a).

Proof. Unfortunately this is not as easy as the proof for the simplicial standard simplex
given in Proposition [2.35] There are bijections

imx : BoX = {f € Simp,(I(n), X); f injective} = {s € S(X); s =n+1}, n >0,
[ f(n).
inducing the upper bijection in the commutative diagram of sets belowﬂ.

[1B:X x ()N oI(w)) =2 T {s € S(): #s = n+ 1} x (T()]\[9I(n)

n>0 n>0

o |

|BX]| = | X].

Moreover the left vertical map is the continuous bijection of Proposition [2.20/and it follows
that the lower horizontal map must be a bijectiowo.

Now for every finite F' € Simp,, the set [[, -, B.F' = S(F) is finite and hence BF is a
finite simplicial set, so | BF| is compact and e is a homeomorphism by Lemma[l.16] For
general X € Stmp, we consider the usual commutative square

colim |BF| M rer _ colim |F|
FCX, FCX,
F finite F finite
I I
|BX| = | X].

As the colimit here is a union of sets containing each othetH, it is preserved by Simp, N

sSet (this is false for arbitrary colimits!). Moreover sSet i> T op preserves arbitrary col-
imits, as it is a left adjoint. This proves that the left vertical map is a homeomorphism. By
definition of the final topology on | X| and the description of colimits in Top of Corollary
2.39, also the right vertical map is a homeomorphism. The colimit of homeomorphism is
a homeomorphism (its inverse is the colimit of the inverse maps), so the upper horizontal
map is a homeomorphism. Finally it follows that also the lower horizontal map is one.

5To simplify the notation we will skip the forgetful functor T op s Set.
In particular it is a filtered colimit.
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Proposition 2.60
There is a natural continuous bijection

(|mx|, |my]) « [X x Y] — | X| x Y], X,Y € sSet,
which is a homeomorphism, if X and Y are finite.

Proof. For every m,n > 0 we have a commutative diagram

[A™ x A" ———|BI(m) x BI(n)]' S22 B(I(m) x I(n))] —220 |1 (m) x I(n)]
(7T1|77T2|)j (IBm,IBml)L (|7r1|,|7r2|)ll

m n (m) X€I(n)

A™] x |A7Y |BI(m)| x |BI(n)| ™22 1(m)| x |1(n)],

where the upper horizontal map in the middle is a homeomorphism, because B preserves
products by Remark [2.84 - i). The right two horizontal maps are homeomorphisms by
Proposition [2.59[ and the rlght vertical map is a homeomorphism by Proposition [1.25] As
the diagram commutes also the vertical map in the middle and the left vertical map are
homeomorphisms.

The general statement follows from the commutative diagram of sets (not spaces!)

colim colim |[A™ x A"| ——|(colim A™) X (colim A")| ——|X x Y|
meA/X neAY meA/X neA/Y

zL L (Imx |y ])

colim colim |A™| x |A"| —= |(collm A™)| x |(colim A™)| —|X| x |Y],
meA/X neA/Y meA/X neA/Y

where the right two isomorphisms are induced by the co-Yoneda isomorphism of Lemma
and the left two horizontal maps are isomorphisms, because all appearing functors
are left adjoints (targetting to Set) and thus commute with colimits.

As in the case of simplicial complexes treated in Proposition the lower left hori-

zontal map does not need to be a homeomorphism, for infinite X and Y.
O

Remark 2.61
For a (locally) compact space Y € Top, there is an adjunction

Top(X xY,Z) = Top(X, Top(Y, Z)),

where Top(Y,Z) is the set Top(Y,Z) together with the compact open topology. A
subset U C Top(Y, Z) is open, if it is the union of finite intersections of sets

NC,U):={feTop(Y,Z); f(C)CU}, C CY compact, U C Z open.

In particular (- X Y') commutes with arbitrary colimits.
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Corollary 2.62
We can use this to extend the proof of Proposition to get a homeomorphism

(x| lmy]) : [ X x V] = [ X[ x [Y], X,Y € sSet,

iof at least one of the simplicial sets X and 'Y is finite.

Remark 2.63 (i) There is no space of internal homomorphisms in the category Top of
topological spaces generalizing the construction of Remark|2.61).

(ii) However there is a subcategory CGHaus < Top, which has this property. It can be
shown that the geometric realization of every simplicial set is infact an object in

CGHaus.

(iii) One can show that sSet Q CGHaus preserves finite products. Infact it even pre-
serves finite limits (i.e. limits over finite categories), which can be proven in the
same way as Propositions [1.25 and Proposition[2.60.

2.14 Homotopies

Definition 2.64 (i) A simplicial homotopy from f € sSet(X,Y) to g € sSet(X,Y),
written f ~ 9, is a morphism h € sSet(A' x X, Y') such that

AV x X =X —f
dlxidl \
Al x X — " Y.

doxidT /
AO x X=X g

Note that d* corresponds to the inclusion of the subset {1 —i} C 1. This is why d*
corresponds to f and d° to g.

(ii) A stmplicial homotopy equivalence is a map f € sSet(X,Y), for which we
have a g € sSet(Y, X) with idx ~ gf and idy ~ fg.

(iii) A simplicial deformation section is a section s € sSet(X,Y) having a retrac-
tion r € sSet(Y,X) and a simplicial homotopy idx o T It is called a strong

stmplicial deformation section, if h fits in a commutative diagram

Alxy oy

wl |

Al x X Mo x,

We also call X a (strong) simplicial deformation retract of Y.
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(iv) A simplicial deformation retraction is a retraction r € sSet(X,Y) having a
section s € sSet(Y, X) and a simplicial homotopy idy = ST It is called a strong

simplicial deformation retraction, if h fits in a commutative diagram

Al x X Mo x

w) |

Al x Yy =y

Remark 2.65
As Al is a finite simplicial set, by Corollary|2.64 every simplicial homotopy f =g induces

a homotopy | f] ‘%‘ lg| in the topological sense.

(i) In particular every simplicial homotopy equivalence resp. (strong) simplicial defor-
mation section/retraction induces a homotopy equivalence resp. (strong) deforma-
tion section/retraction after realization.

(ii) In contrast to homotopies between continuous maps, ‘>’ is not an equivalence rela-
tion on sSet(X,Y), for general X,Y . It is reflexive, bul need neither be transitive
nor symmetric. We will later introduce fibrant simplicial sets Y, for which ‘>~ de-
fines an equivalence relation.

Definition 2.66
Let f € sSet(X,Y).

(i) The mapping cylinder of f is defined as
M(f) = (Al x X) +x Y = colim (A x X "Z A0« x = x L5 y).

(ii) The mapping cone of f is defined as

dIXidX

C(f) = * +x M(f) = colim (x «— X = A% x X 209 AL 5 x 255 1r(f)).

Remark 2.67

We have seen that sSet i> Top by Corollary |2.64 behaves well with the appearing prod-
ucts. Moreover by Corollary[2./7 it also preserves arbitrary colimits, as it is a left adjoint
by Proposition [2.28 So we have natural homeomorphisms

() M= (AT X X) +x V] e [AT X X | 41x Y] — (AT X [X]) 4y [Y] = M| f])-
() [CU)HI =[x MO = [+ ] Hx) [MOF)] =+ 41x M f]) = C(f])-

Proposition 2.68
Every f € sSet(X,Y) has a natural factorization

FoX D Al x s g YRy,
Denoting ' := ta1xxd' and f' = (frx)Uid, the following holds.
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(i) f" is a monomorphism,

(ii) f” has a section vy and there is a homotopy h € sSet(A' x M(f), M(f)) with
idas(s) =~ ty f" inducing a commutative diagram

idXLy

Al x Y ——= Al x M(f)id;f/;A1 XY
- hl ry
Y — e M(f) — LY.
In particular " is a strong deformation retraction and vy is a strong deformation
section.
Proof.

(i) Monomorphisms in sSet are simply dimensionwise injections.
(ii) There is a homomorphism of simplicial sets
VA< AN — A AL X AL S (5,1) = V(s,t) 1 [k — max{s(k),t(k)}].
inducing a commutative diagram

idx f

Al x (Al x X)=—2  Alx X

indj le Y

Al x X i X / Y,

because

(V xid)d(f,z) = (V xid)(1, f,z) = (1,z) = d’7x(f, x), (f,r) € Al x X,,.
Taking the colimit induces a homomorphism

he A s M(f) <= M(A' x f) = (A" x A" X X) +a1x (A" X Y) — M(f).

which by construction has all the desired properties.

2.15 Connected components

Definition 2.69
The set of connected components of an X € sSet is defined as

d
moX := colim X = colim <X1 :O;XO ) .
dy

We call X connected, if mgX = x.
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Proposition 2.70 (i) A simplicial set X is connected, if and only if any two 0-simplices

(i)

x,y € Xo can be connected by a chain of 1-simplices ¢y, ...,c, € X1, i.e.
z < c1 LN di(c1) = do(c2) oy o Cn N di(cn) = y.

In this case | X| is path-connected.

For general X € sSet we get a natural bijection mo|X| — mX.

Proof.

(i)

(i)
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By definition X is connected, if and only if [z] = [y] in 7o X, for all z,y € X,. By
definition of my X, this is the case precisely if there is a chain as described.

Now given (z,a), (y,b) € [I,50 Xn X [I(n)| corresponding to two elements in |.X]|.
Supposing (z,a) € X,, x |I(n)| we define

p[o,l]—>|](ﬂ>|, t'—>t'[0]+(1_t)'aa

where [0] € |I(n)] is the element with [0]g = 1. This defines a path from (z,a) to
(z,[0]). In the same way we construct a path ¢ from (y, [0]) to (y,b). Let 0 —= n
denote the canonical inclusion. Then in |X| we have

(z,[0]) = (z,.[0]) ~ (", [0]).

By (i) there is a chain ¢y, ..., ¢, € X; linking (*z and ¢*y. It corresponds to a chain
of maps cy, ..., ¢, € sSet(A', X) — X, by using Yoneda’s isomorphism. Naturality
of Yoneda’s isomorphism implies that the realization |¢;| is a path linking the two
elements (do(c;),[0]), (di(c:), [0]) € Xo x [1(0)]. So glueing |¢;| € Top(JAY|, | X]) with
p and ¢ gives rise to a path from (z,a) to (y,b):

p(t), t€10,1],

lcoir1](20 +2 —t), t€[2i+1,2i+ 2],
0,n+2] — |X|, t+— enl(t —20) Lo 220 1),

gt —mn—1), ten+1,n+2.

This proves that | X| is path-connected, i.e. my| X| = .

Realization of the unit X =% const 19X of the colimit adjunction of Remark [2.42
induces the continuous map

| X| — | const mp X | = mp X, Xn x |I(n)] 3 (z,a) — ["z].

The right object is the discrete space my X, proving that the map is surjective. Hence
applying 7y induces a natural surjection my|X| — mX and the argument of (i)
shows that it is also injective.



2.16. Skeleton and coskeleton

Remark 2.71
For X,Y € sSet, we have by definition

sSet(X,Y ) = sSet(A' x X,Y).

Hence mysSet(X,Y) is the set of homomorphisms sSet(X,Y) modulo the equivalence
relation spanned by ‘~’.

This defines a category with same objects as sSet, that we will simply denote by mosSet.

2.16 Skeleton and coskeleton

Definition 2.72
Let X € Simp and n > 0.
The n-skeleton of X is the simplicial complex sk, X with the same vertices, but

S(sk,X) = {s € 5(X); ts <n+1}.
Remark 2.73 (i) sk, X C X is the subcomplex of all simplices of dimension < n.
(i) Simp Sy Simp is a functor.
(iii) 0I(n) = sk,—11(n).
We will later need an extension of this construction to simplicial sets.

Definition 2.74
Letn > 0.

(i) A<, <"y A s the inclusion of the full subcategory with objects 0, ..., n.
(ii) snSet:= CAT(AZ,, Set).
(iii) The n-skeleton of X € sSet is defined as

sk,X := colim A™ € sSet.
mEin/(in)* X

(iv) The n-coskeleton of X € sSet is defined as
cosk, X := sSet(sk,A*, X) : A — Set, m +— sSet(sk,A™, X).

Proposition 2.75
For every n > 0 there are adjunctions

sSet((in ) X,Y) = spSet(X, (i,)"Y), spSet((in)*Y, Z) = sSet(Y, (i,)*Z),

where

49



Chapter 2. Simplicial sets

o (iphX = coAlim/X A™ is called the left Kan extension of X along i,,
mel<ny

o (i)Y ==Y oy,
o (in)Z = s,Set((in)*A®, Z) is called the right Kan extension of X along i,.
We have sk, = (i,)1(in)* and cosk,, = (in)«(in)* and get an adjunction
sSet(sk,X,Y) = sSet(X, cosk,Y).

Moreover counit of the first and unit of the second adjunction induce natural transforma-
tions

sk X = (ip)(in)' X =5 X, YV 25 (in).(in)"Y = cosk,Y, XY € sSet.
Proof. Using that Hom-functors preserve limits by Proposition [2.46] and twice Yoneda’s

isomorphism [2.11 we get the adjunction

sSet((i,1X,Y) = sSet( colim A™Y) - lim sSet(A™Y)— lim Y,

mGAgn/X mEAgn/X mEAgn/X

=Sye [ Yis 000 =t = g, 9 € Acn(,2) p = 5,Set(X,Y).

zE€EX m,
0<m<n

Using the the isomorphism ¢ : colim ,en;x A™ — X of the co-Yoneda Lemma [2.51) we
get the other adjunction as the composition

spSet((in)*X,Y) sSet(X, (in)Y)
e* |2 e 2
snSet(gélir/r;((zn) A™Y) sSet(gélir/r;(A ,snSet((i,) A Y))
y !

mlelin/X spSet((in) A ,Y)—>mgg}X sSet(A™, s,Set((i,) A%, Y)),

where the vertical maps are isomorphisms, because hom-functors preserve (co-)limits by
Proposition and the lower horizontal map is Yoneda’s isomorphism of Lemma [2.11]
Moreover (i,)* preserves (co-)limits, as colimits in functor categories are constructed di-
mensionwise by Proposition [2.43] By definition we have sk, = (i,)i(i,)* and

cosk,Y = sSet(sk,A*)Y) = s,Set((i,) A%, (in)"Y) = (in)«(1n)"Y, Y € sSet.
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Proposition 2.76
For X € sSet there are natural cocartesian squares (meaning that the lower right object
is the colimit of the rest of the diagram)

X, x OA" — =k, | X

| |

X, x A" — =gk, X,

where OA™ = BOI(n) and the horizontal maps send (x, ) to f*x and the vertical maps
are the canonical maps.

Proof. By Proposition [2.46| we can equivalently prove that, for every Y € sSet, applying
sSet(-,Y) yields a cartesian square

sSet(sk, X, Y) — sSet(X,, x DA™, Y)
sSet(sk,_ 1 X,Y) — sSet(X, x A", Y),

which by using the adjunction bijections of Proposition [2.75[ is naturally isomorphic to
the diagram

spSet((i,)* X, (in)*Y) Set(X,,Y,)

| |

Sn-1S€t((in-1)*X, (in-1)*Y) — Set(X,, sSet(0A™,Y)).

The left vertical map sends f = (fo,..., fn) to the tuple (fo, ..., fo—1), while the upper
horizontal map sends f to the restriction of f,, to X,,. Now composition with the natural
surjection

di=[] d: J] A== [] BI(n—=1) — BoI(n) = 0A™,
0<i<n 0<i<n 0<i<n
yields an injection
d* : Set(X,,, sSet(0A™,Y)) — Set(X,, [ [ sSet(A™ ", V) = [ Set(X,Yaor).
i 0<i<n

By construction the lower horizontal map in the last diagram composed with d* sends f
to (fn_1d;);, while the composition with the right vertical map sends f to (d;f);. Using
the explicit description of Set-limits of Proposition the pullback is the set

{(fo, ceey fn—l> fn) € sn_lSet((in_l)*X, (Zn—l)*Y) X Set()?m Yn), dzfn = fn—ldi 0 S 7 S n},

whose elements uniquely glue together to a natural transformation s,Set((i,)*X, (i,)*Y).
Indeed since by definition
Xn = Xn U U Sanfla

0<i<n—1
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we can define
SNan(xL YRS SZ'XTL—17

Fule) = { fulz),  z€X,,

which is well-defined, because (fy, ..., fn—1) is a natural transformation. The glueing pro-
cess defines an inverse map to the map restriction maps induced by the upper left two
maps of the diagram. This concludes the proof.

(I

Corollary 2.77
For X € sSet and n > 0, the counit ex : sk, X — X is injective.

So sk, X C X is the simplicial subset generated by all nondegenerate simplices of di-
mension < n. Moreover:

(i) (skpX)m = X, for all0 <m < n.

(ii) 0(7)1121%11 sk, X = U sk, X = X.

n>0

(1) sk, X/sk, 1 X & (X, x (A"/0A"))/(X, x %) = \/ S".

zeX

Corollary 2.78
The geometric realization | X| of a simplicial set X € sSet is a CW-complez.

Proof. The geometric realization functor is a left adjoint. So we get cocartesian squares

X, X |0A"| — |sk,_1 X]|

X, % |A"] —— [sk, X].

In other words |sk,X| is obtained from |sk, ;X| by glueing the set of nondegenerate
simplices and

| X| = c?llzlgn sk, X| = U |sk, X|.

n>0
O

The following proposition shows, that the nerve functor behaves well with the two
skeleton constructions.

Proposition 2.79

sk, BX = Bsky, X € Simp, n>0.
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Proof. By naturality of the counit map sk, = (4, )i(in)* — idgse the inclusion sk, X N
X, induces a commutative square
sk, Bsk, X —="* . Bsk, X
sknB(Ln)L lB(Ln)
sk,BX — X . BX.

By definition of sk, X and the nerve functor Stmp, Ly 58 et, we have an isomorphism
(in)*Bsk, X = Simp,(I(n), sk, X) — Simp,(I(n), X) = (i,)* BX.

Applying the functor (i,), yields the left vertical map, which is therefore an isomorphism,
too. Moreover for the nondegenerate simplices we have

—_—~—

Bpsk, X = {f € Simp,(I(m),sk,X); f injective} = 0, m > n.

So in the diagram of Proposition [2.76] the left vertical map is an isomorphism. As the
diagram is a pushout square, also the right vertical map is an isomorphism and we obtain
isomorphisms

€Bsk, x © SkpBsk, X — sk, 11 Bsk, X — ... — Bsk, X,
proving that also the upper horizontal map in the commutative square is an isomorphism.

O

Corollary 2.80
For every n > 0, the simplicial standard n-simplex A" is n-skeletal, i.e. sk,A™ — A",

Proof. Since sk, I(n) — I(n), Proposition m yields a commutative square of isomor-

phisms
€Bsknl(n)

sk, Bsk,I(n) Bsk,I(n)

| |

sk, A" = sk, BI(n) — =~ BI(n) = A"

Alternatively, we can use that the category A/A™ has a final object f := (A" = A™),
inducing an isomorphism ¢, and a factorization of the identity map

. L . n
id : A" —3 colim A™ 2% A",

meAn

Remark 2.81
Let X € sSet and n > 0.
Then using Corollary we get
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(i) (cosk,X), = sSet(sk,A™, X) = sSet(A™, X) = X, 0<m<n.

(i) X — ligé cosk, X .

The map X -5 cosk,X is not surjective in general. Defining the simplicial subset
cosk!, X = nx(X) < cosk, X, we get a tower

X —» ... —» cosk] X —» cosky X,

satisfying (i) and (i), that is closely related to the Postnikov-tower. It can be shown that
for a pointed space x € X € Top the fibre F, of the map cosk] S(X) —» cosk/, ;S(X)
satisfies

(X, %), m=n,

(|l ) =2 { 1, m # n.

Simailar properties hold for any fibrant simplicial set, that we will introduce later.

2.17 Small categories as simplicial sets

Remark 2.82
FEvery partially ordered set P can be considered as a category P with objects P and homo-

< 5 T < 3

Indeed there is only one way to define the composition maps, which are well-defined as
‘<7 s transitive. As it is reflexive, every object has an identity morphism.
This construction defines a functor A — Cat. By construction we have

Cat(ma ﬂ) = A(M7 E)v m,n € A?
which means that A is a full subcategory of Cat.

Definition 2.83
Let C € Cat be an ordered simplicial complex.
The nerve of C' is defined as the composite functor

BC: A% — Cat ““5) Set.  pn—s B, X.

Remark 2.84 (i) The nerve induces a functor Cat Ly sSet.
As hom-functors preserve limits by Proposition[2.40, so does B by Proposition[2.43,

(ii) Again the Yoneda embedding A — sSet coincides with the composition

AL Cat =N sSet.
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2.17. Small categories as simplicial sets

Remark 2.85
For C' € Cat we have by construction

o ByC = Cat(0,C) = Set(0,U(C)) = Obj(C),

e BIC =Cat(1,C) = H C(z9, 1) =: Mor(C).

zg,x1€C

o B,C = H C(zo,21) X ... x C(xp_1, ), for alln > 0.

z0,...xn€C

Moreover the face and degeneracy maps are given by

(f27"'7fn)7 1= 0,

) dz(f1,7fn) = (fb"'?fifiJrla---:fn), O<Z<n’
(frs s 1), i=n.

L Si(fh an) = (fl; -~'7fi7id7 fi+1, -.-,fn), 0 S 7 S n.

Remark 2.86

Every group G € Grp (or more generally every monoid) gives rise to a category G with a
single object * and homomorphisms G(x) = G. Composition is defined by multiplication
in G and the neutral element forms the identity morphism.

(i) By definition of categories and groups, a homomorphisms f € Grp(G, H) bijectively
corresponds to a functor

FiG—H, s+ GH) =G-L1 H=Hx).
In particular we can view Grp as a full subcategory of Cat.

(ii) In the context of group (co-)homology the nerve BG is better known as the bar
construction of G. Using the comparison of the homotopy categories of Top and
sSet we will see that

H.(G,Z) = H,(BG,Z) =+ H.(|BG|,Z),

where the first equality is by definition and the second isomorphism will be induced
by the unit map BG 2% S|BG).

Proposition 2.87

The nerve functor Cat Ly sSet is fully faithful, meaning that for all C, D € Cat it
induces a bijection

B : Cat(C,D) — sSet(BC,BD), F +—— B(F).
Proof. We define the maps

t:1—n, 0—i—1, 1+—>1, 1<i<n,
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Chapter 2. Simplicial sets

and let t; := (t')* € Set(X,, X;) denote the corresponding map, for X € sSet. Then for
all C' € Cat using Remark we get

ti(fla“'afn):fi) (fla--'afn) GBnC

In particular, for all X € sSet and g € sSet(X, BC) we get

gn(z) = (t1Gny s tngn) () = (g1t1, ..y g1tn) () = (1t1(x), ..., g1tn(T)), reX,, n>1L

So g is completely determined by gy and g;. Moreover it follows that every g € sSet(BC, BD)
defines a functor C' -<5 D by setting

g0 : Obi(C) —> Obi(D), g1 : Mor(C') —> Mor(D).
Indeed:
o G(fiof2) = qidi(f1, [2) = diga(f1, f2) = di(g1(f1), 91(f2)) = G(f1) o G(f2),
o G(idy) = g150(x) = s0g0(x) = idg(a), x e C.
We have proven that there is a bijection
Cat(C, D) — sSet(BC, BD),

F+—— BF,
G<+—g.

O

While in general it is often tedious to explicitly construct homotopies between two
homomorphisms of simplicial sets, there is an easy description, when the simplicial sets
are the nerves of categories. Like the categories Set and sSet also the category Cat has
an object of internal homomorphism.

Remark 2.88
There is a natural bijection

Cat(X xY,Z) =Cat(X,Cat(Y, Z)), [+ [x+— f(z,-)],

where we recall that Cat(Y, Z) is the category of functors Y — Z with natural transfor-
mations as homomorphisms.

Proposition 2.89
For Fy, Fy € Cat(C, D) the set of simplicial homotopies BF; = BEy bijectively corresponds

to the set of natural transformations Cat(C, D)(Fy, Fp).
In particular every adjunction C(F(X),Y) = D(X,G(Y)) induces a simplicial homo-
topy equivalence

BF : BD — BC': BG.

56



2.17. Small categories as simplicial sets

Proof. There is a commutative diagram

sSet(B0 x BC, BD) —> sSet(B(0 x C), BD) <=2—Cat(0 x C, D) = Cat(0, Cat(C, D))

| ’ :

sSet(B1 x BC, BD) —> sSet(B(1 x C), BD) <2—Cat(1 x C, D) = Cat(1,Cat(C, D)),

where the vertical maps are induced by the map 0 i> 1, for i« = 0,1. The left two
horizontal maps are bijections, because B preserves products by Remark [2.84] the right
two horizontal maps are the bijections of Proposition and the right two horizontal
maps are those of Remark 2.88 In particular using Bn = A™ we get a bijection

{h € sSet(A' x BD, BD); BF; = BFy} = {h € sSet(A' x BC, BD); d;(h) = F}}

= {t € Cat(1,Cat(C, D)); di(t) = F}}
= Cat(C, D)(Fy, Fy).
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3 Abstract homotopy theory

3.1 Localizations of categories

4

Given a category C € CAT and a class of morphisms in C preserving the structure “very

well”, but not as well as isomorphisms.
Example 3.1 (i) Top and homotopy equivalences.
(i) sSet and maps X SN Y, such that | X| 7, Y| is a homotopy equivalence.

(iii) Top and weak homotopy equivalences, i.e. maps X Loy with

mof @ moX — mY, o f 1 (X, ) — m (Y, f(2)), reX, n>0.

(iv) Chain complexes and quasi-isomorphisms, i.e. chain maps X Ly with

H.f:HX -~ HY.
We want to study the objects in C modulo such equivalences.

Definition 3.2
Let C € CAT and S C Mor(C) a subclass of morphisms.

Then C —— S~1C is called a localization of C at S, if the following holds.
(i) v(S) C Mor(S~1C)*, i.e. v sends S to isomorphisms.

(i) It is universal with respect to property (i). This means, that for all F € CAT(C, D)
with F(S) C Mor(D)*, there is a unique functor inducing a commutative diagram

c—r . p

7

v

'Yj .
=1y

S-ic.

Example 3.3
For a commutative monoid M € Mon and a submonoid S < M, we define a monoid

S™IM := (M x S)/ ~, (m,s) ~(m',s") <= FteS: m+s+t=m+s+t.
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Chapter 3. Abstract homotopy theory

Then S~™M is generated by the images of M x 0 and 0 x S. The identity
(s,0)+ (0,8) = (s,8) ~ (0,0), se s,

shows that S~*M is the monoid obtained from M = M x 0 by adding formal inverses
s71=1(0,s) forse€ S.

In particular the map M — S™'M, sending m to (m,0) is a localization for M
considered as a category with one object.

Remark 3.4
In general localizations are very hard to construct and may not exist, if C is not small.

Definition 3.5

A category with weak equivalences consists of a category C € CAT and a subclass of
morphisms wC C Mor(C), so-called weak equivalences (wes.) (written “— "), such
that:

(i) Mor(C)* C wC.

(ii) The 2-0f-3 axiom holds, i.e. for all A, B,C € C and every commutative triangle

A-L-B
N
af
C,
if 2 of the 3 morphisms are wes., so is the third.

Its homotopy category for C, if it exists, is defined as the localization Ho(C) = (wC)~'C.

Remark 3.6 (i) For every functor F € CAT(C, D) the pair (C, F~'Mor(D)*) is a cat-
egory with weak equivalences.
(ii) Let C € CAT and suppose S C Mor(C) admits a localization C — S~'C.
Then S := v 'Mor(S~'C)* defines a category with weak equivalences (C,S) with

Ho(C) =S5 'Cc = S~C.

3.2 Weak factorization systems

Definition 3.7
Let C € CAT and ¢ € C(A,B),r € C(C, D).

If for any commutative square

A C
/1

g 2

BZ D

there exists a diagonal d making the diagram commutative, then one says, that
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3.2. Weak factorization systems

(i) € has the left lifting property (LLP) with respect to r and

(ii) r has the right lifting property (RLP) with respect to (.
For a subclass S C Mor(C) define
(i) LLP(S) :={f € Mor(C); f has the LLP w.r.t. all s € S},

(i) RLP(S) :={f € Mor(C); f has the RLP w.r.t. all s € S}.

Definition 3.8
Let C € CAT and L, R C Mor(C).
Then (L, R) is a weak factorization system on C, if

(i) Mor(C) = Ro L,
(ii) L = LLP(R) and R = RLP(L).

Example 3.9
The pair (Epi, Mono) forms a weak factorization system on the category Set:

(i) Every map X 5 Y can be factored as X L f(X)—Y.

(ii) Ewvery lifting problem

.

A

7
ad
€ %
s

m

has a solution d sending b = e(a) to u(a). This is well-defined, because e(a) = e(a’)
implies

mu(a) = ve(a) = ve(a’) = mu(a’),
and hence u(a) = u(a’), as m is injective. By construction de = u and hence mde =
mu = ve implies also md = e, as e is surjective.

Note that in this case the diagonal d is unique. Similarly one shows that (Epi, Mono) is
also a weak factorization system on Grp or R-Mod, for R € Ring.

Remark 3.10

On every category C there are two trivial weak factorization systems (Mor(C)*, Mor(C))
and (Mor(C), Mor(C)*), where Mor(C)* is the class of isomorphisms in C:

(i) Every map f € C(X,Y) can be factored as f oidx (resp.idy o f).
(ii) Ewvery lifting problem

34,7
el 707 jr
/

.B—,U>_D7

can be solved by d := ul™*, when { is an isomorphism (resp. by d := r~ v, when r
is an isomorphism).
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Chapter 3. Abstract homotopy theory

3.3 Model categories

Definition 3.11

Let C be a finitely complete and finitely cocomplete category, i.e. there are limits and

colimits for functors I — C, where I € Cat has only finitely many objects and morphisms.
A model structure on C consists of three subclasses wC,fibC,cof C C Mor(C), such

that:

(i) (C,wC) is a category with weak equivalences.
(ii) (cof CNwC,fibC) and (cof C,wC NfibC) are weak factorization systems.

The tuple (C,wC, fibC,cof C) is also called a model category.
We fix the following notation.

e The morphisms in fibC are called fibrations and written as “—”.
e The morphisms in cof C are called cofibrations and written as “>—".

o A (co-)fibration is called trivial, if it is also a weak equivalence.

We will show, that every model category has a homotopy category. One begins by
formalizing the idea of a cylinder [0,1] x X and of homotopies [0,1] x X L ¥V in
the context of a model category. Then the proof is quite technical, but inspired by the
constructions in the category of topological spaces.

Constructing model structures is often very hard. Given a right adjoint functor C %D
mapping into a model category D, it is often possible to construct an induced model
structure on C with wC := G~ 'wD and fibC := G~ib D. Many important examples can
be constructed in this way.

However the remaining problem is to construct at least one archetypical model category
to begin with. This is the/a canonical model structure on the category of simplicial sets,
for which weak equivalences are maps becoming homotopy equivalences after geometric
realization. By the technique using right adjoint functors, we will get model structures
for Example (iii) and (iv).

We will proceed by first constructing the model structure on the category of simplicial
sets. It will take us the next few lectures to achieve this goal.

3.4 Stability of the lifting property

Before coming to the construction of weak factorization systems, we will need some stabilty
properties of the lifting property.

Definition 3.12
Let C be a category.
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3.4. Stability of the lifting property

(i) A retract of a morphism f € C(A, B) is a retract of f in the category CAT(1,C) of
morphisms in C. This means a retract of f is a morphism f' € C(A', B') inducing a

commutative diagam
id 4/

N oA

N
B'—=B——D1.
\_/
id
(ii) For C' C Mor(C) we denote by retr(C) the class of retracts of morphisms in C.
(iii) A set of morphisms C C Mor(C) is closed under retracts, if retr(C) C C.
Lemma 3.13

Let M C Mor(C) be a class of morphisms in a category C € CAT.
Then the following holds:

(i) LLP(M) contains every isomorphism of C.
(ii) LLP(M) is closed under composition.

(iii) Let Zy % Z; -2 ... be a tower of morphisms in LLP(M).
Then also Zy — colim ,,>q Z, lies in LLP(M).

(iv) LLP(M) is closed under retracts.
) LLP(M) is closed under pushouts along arbitrary morphisms in C.

(vi) LLP(M) is closed under arbitrary coproducts.
By duality we have similar properties for RLP(M).

Proof.
(i) A lifting problem
A - C
P 7
zlz H/d/ LmEM
B~ D

is solved by d := uf~!.

(ii) Let A B,C € Cand A - B % C be two morphisms in LLP(M). For any
(X = Y) € M admitting a commutative square

X
3dp /4
fl -
B /Sdg meM
|
C’ Y
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Chapter 3. Abstract homotopy theory

(iii)

64

there are morphisms dy and d, (depending on dy) preserving the commutativity of
the square, because f,g € LLP(M). Hence d, is a diagonal for the outer square and
hence go f € LLP(M).

Given such a tower (Z,),>o. For any (X -2+ Y) € M and any commutative diagram

Zy X

Lol meM

colim Z,, ——=Y
n>0

we inductively construct maps Z, N , for n > 0. Set dy = v and for any n > 0
we get a diagonal d,, .1, because ¢, € LLP(M).

dn

Ln —z

—
Hdn-}—l —-

Cn - m

—
—

Zn+1 m) C?LI;BH Zn — Y

Since by construction d,, ¢, = d,, for all n > 0, the universal property of colimits
yields a map d := colim ,,>¢ d,, satisfying the required properties.

Consider a commutative diagram

idg
/\ u
A A A X
SA TA
eL le’ e ijM
B—* .p——" B " .Y,
\_/
idp

where ¢/ € LLP(M). We want to show, that there is a diagonal d € C(B, X), making
the right square commute. Since ¢’ € LLP(M), we have a diagonal d’, such that

Y Sy P 'e
7

3¢ -
e’ — - mGM
_ ~

B~——-B—=Y
rB v
commutes. Define d = d'sg and compute
de = d'sge =de'sy =urass = u, md = md'sg = vrgsg = v,

hence d is a diagonal of the desired form.



3.4. Stability of the lifting property

(v) Let A,B,C € C and A L Candee LLP(M). Consider a commutative diagram

At o x

I e

Since e € LLP(M) there is a diagonal B % X for the outer square, i.e. d'oe = uo f
and r od' = votc. Applying the universal property of pushouts to the first identity
yields a diagonal for the right square d :=d' Uu € C(B +x C, X):

e dic = u by construction,
e mdic = mu = vic and mdig = md' = veg and hence md = v by the universal

property of pushouts again.

(vi) Let I € Set and (A; — B;) € LLP(M) for any i € I. Let e denote the coproduct
of all e;. Consider a commutative square (on the right)

Ai == ey Ai—= X

‘| | {WEM

B; Lﬂia B, —Y.

For any ¢ € [ there is a diagonal B; %y X for the outer square. Then d = [],., d;
we have d o e = u is a diagonal for the right square.

|

Corollary 3.14
Let C € CAT and L, R C Mor(C).
Then (L, R) is a weak factorization system, if and only if the following holds:

(i) Mor(C) = Ro L.
(i) L c LLP(R).
(iii) L and R are closed under retracts.

Proof. Suppose (L, R) is a weak factorization system. Then (i) and (ii) holds, because
L = LLP(R). Furthermore LLP(R) resp. RLP(L) are closed under retractions by (iii)
of the preceding Lemma resp. its dual.

Vice versa assume the above hypotheses for (L, R). We have to show, that L = LLP(R)
and R = RLP(L). Let ¢ € C(X,Y )N € LLP(R) be arbitrary. Then ¢ can be factored as

X>z e Y, where ¢ € L and r € R. Since ¢ € LLP(R) we find a diagonal

Xtz

7
L d/ l
c T
/

AN
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Chapter 3. Abstract homotopy theory

showing that ¢ is a retract of ¢. Hence LLP(R) C L C LLP(R) and so L = LLP(R).
Dually one gets R = RLP(L).
O

Using the preceding Corollary we may deduce Quillen’s original defintion of a closed
model category.

Corollary 3.15
Let C be a category together with three classes of morphisms wC,fibC, cof C C Mor(C).
Then C is a model category, if and only if the following holdd’]

(CM1) C is closed under finite limits and colimits.

(CM2) wC satisfies the 2-of-3 axiom.

(CM3) The classes wC,fibC, cof C are closed under retracts.

(CM4) cofC C LLP(fibC NwC) and cof CNwC C LLP(fibC).

(CM5) MorC = fibC o (cof C NwC) = (fibC NwC) o cof C.
Proof. Axiom (CM1) is the general hypothesis in the Definition of model categories.
(CM2) is equivalent to (C,wC) being a category with weak equivalences. By Corollary
(cof C NwC,fibC) and (cof C,wC N fibC) are weak factorization systems, if and only
if (CM3) - (CM5) hold. Indeed (CM5) and (CM3) imply that (trivial) (co-)fibrations
are closed under retracts. Vice versa if trivial fibrations and cofibrations are closed under
retracts, so are weak equivalences, since they can be factored into a trivial cofibration

followed by a trivial cofibration.
O

3.5 Construction of weak factorization systems

Part of the construction of a model category is the construction of a weak factorization
system. We will present Quillen’s small object argument, which is probably the most
powerful tool for building factorization systems.

Proposition 3.16
Let C be a category with finite coproducts.
Then there is a canonical weak factorization system (retr(I), R) on C, where

(i) I is the class of inclusions X <=5 X + Y, where X,Y € C,

(ii) R is the class of retractions.

'This is what Quillen originally called a closed model category. He skipped (CMS3) in his definition of
a model category.
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3.5.  Construction of weak factorization systems

Proof. Every morphism X L5 ¥ can be factored as

X ! Y

XAY

X+,

and fUidy is a retraction with a section given by the inclusion ¢y. Every lifting problem

a

X
[\ d//
Lx

X+Y

\
\
\
-«\E—:B
\_/
»

(ra)ub
is solved by the morphism d = a U (sb), because
dix = a, rd = (ra) U (rsb) = (ra) Ub.

By Lemma LLP(R) is closed under retracts and thus also retracts of inclusions have
the left lifting property to retractions.

Using Corollary it remains to prove, that R is closed under retracts. Suppose we
are given a commutative diagram

idA/
P Y A
l SA l TA j i >
B’S—B>\£3£;B’, B.
idB/

Define s’ = rassp € C(B’, A’). Then we have
!/ / .
rs :TTASSB:TBT'SSB:TBSBZIdB/,

showing that 7’ is a retraction with section .

Example 3.17
In the category Set we have (retr(I), R) = (Mono, Epi).

Indeed every inclusion is an injection and every injection A s Bis 1somorphic to the
inclusion A -2 A+ (B\m(A)), so I = Mono. Using that Mono = RLP(Epi) by Ezample
Lemma implies that

I = Mono = retr(Mono) = retr(/).

Moreover the axiom of choice is equivalent to R = Epi.

So we have constructed two non-trivial weak factorization systems (Epi, Mono) and
(Mono, Epi) on Set.

67



Chapter 3. Abstract homotopy theory

Definition 3.18
Let C € CAT and C' C Mor(C).

A C-cell complex relative to X € C is an object Z € C obtained by inductively
glueing C'-cells to X, i.e.

(1) Z = colim ;>0 Z,,, for some X = Zy — Z1 —> ...

(ii) Znt+1 is a pushout

o~z p—t 2z,
Hibiczl l lCiEC
HzEl Zn+1, Ei>

Remark 3.19
The notion generalizes the construction of CW-complexes. More precisely in the category
Top, form the set

C:={S"—— D"; n>0}.

Then a C-cell complex relative to X € Top is a space Z obtained by inductively glueing
cells to X.
In particular a C-cell complex relative to O is a usual CW-compler.

Theorem 3.20 (Quillen’s small object argument)
Let C € CAT and C C Mor(C), such that

(i) C is cocomplete.
(ii) C is a set.

(ili) For every (D — E) € C its domain D is w-compac] (also called small), i.e.
C(D,-) commutes with colimits over (Np, <).

Then every morphism X —=Y has a factorization

X g Y

N

where f € RLP(C) and c is a C-cell complex relative to X.

Proof. Given a morphism X -2 Y in C. For any n € Ny we inductively construct a
sequence
X =205 7215 Zy = ..

2The term w-compact refers to the smallest infinite ordinal w. One can extend the notion of compactness
to higher ordinals x to allow more objects appearing as a domain of maps in C.
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3.5.  Construction of weak factorization systems

and morphisms Z, I Y for any n > 0 commuting with the maps of this tower. This is
done by attaching “cells” coming from maps in C' to X. We will precise this idea in the
following.

Let Zy = X and fy = g. For a given Z,, let C/f, denote the set of all commutative

squares
D——17,

0961 lfn
E

I v
This is a set, because C'is a set and C(D, Z,,) and C(E,Y’) are sets, for all (D — E) € C.
Define Z,, 1 as the pushout

Using the universal property of colimits, we get a factorization

\ Kmn‘:o fon=:f

= colim Z,,.
n>0

To show, that f € RLP(C) consider a commutative diagram

D—=Z7

o]

E—"2sY.
Because D is w-compact we have a natural bijection

colim C(D,Z,) — C(D,col>i£n Z,)=C(D, Z).

This means the map u € C(D, Z) comes from a map u, € C(D,Z,) with n > 0, i.e.
U = t, o u,. Hence f,ou, = (fou,)ou, = fo(t,0u,) = fou=wvoc, meaning that
c € C/f, is in the indexing set for the construction of the pushout Z, ;. So considering

69



Chapter 3. Abstract homotopy theory

v E s I /fn E — 7,1 we obtain a commutative diagram

u

D/_\Z

Un n ln
Cn l %
¢ Zn+1 f
E Y.

(2

In particular the diagonal d := 1,10 solves the lifting problem.

Corollary 3.21
Let C € CAT and C C Mor(C) a set of morphisms admitting the small object argument.

Then
(i)
(i)

(LLP(RLP(C)),RLP(C)) is a weak factorization system in C.
LLP(RLP(C)) is precisely the class of retracts of relative C' cell complezes in C.

Proof.

(i)

(i)

70

Clearly C ¢ LLP(RLP(C)). By Lemma LLP(RLP(C)) contains every iden-
tity morphism and is closed under coproducts, pushouts and directed limits. This
implies LLP(RLP(C')) contains every relative C-cell complex. Hence the small ob-
ject argument shows, that Mor(C') = RLP(C)o LLP(RLP(C)). By definition every
¢ e LLP(RLP(C)) has the LLP for any map in RLP(C). But this is also equivalent
to the fact, that every map in RLP(C') has the RLP for any map LLP(RLP(C)).

Since ¢ ¢ LLP(RLP(C)) and LLP(RLP(C)) by Lemma is closed under
pushouts, filtered colimits and retractions, we have, that every retraction of a relative
C-cell complex lies in LLP(RLP(C)).

The other way round let (X SN Y) € LLP(RLP(C)). By the small object argu-

ment we find a factorization

where ¢ is a relative C-cell complex and r € RLP(C'). Since c € C C LLP(RLP(C))
we find a diagonal in the diagram

X_C>Y/
7

d ~ l

Z T

!
%

Y —Y,

showing that f is a retraction of the cell complex c.



3.5.  Construction of weak factorization systems

Proposition 3.22 (i) Every finite set F' is w-compact in Set.
(ii) Ewvery finite simplicial set F' € sSet is w-compact in sSet.
Proof. Note that the category 0 — 1 — ... is filtered.

(i) Given a sequence of sets
Sb — 51— ...

that we consider a sequence of constant functors D(F') — Set, by Proposition m
we get the natural isomorphism

colim S, = H colim S,
n>0 n>0
zeF zeF

colim Set(F,S,) —— Set(F,colim S,,).
n>0 n>0

(ii) Using Proposition finiteness of F' implies that there is an n > 0, such that
ep @ sk, F' =+ F. Moreover all the sets Fy, ..., F,, are finite. Then there is a chain of
isomorphisms

sSet(F,Y) — sSet(sk,F,Y) = sSet( colim A™Y)

— lim  sSet(A™Y) — lim Y,
me(in)/(in)* F me(in)/ (in)*F

where the first isomorphism is induced by the isomorphism e, the second holds by
Definition [2.74] of the skeleton, the third map is an isomorphism as hom-functors
preserve limits by Proposition [2.46 and the fourth one is Yoneda’s isomorphism. So
the object on the right is the limit of the functor

m € (in)/(in)*F — A% 5 Set

and the assertion again follows from Proposition [2.48] because the category (i,)/(i,)* F
is finite.

Remark 3.23
However a compact topological space does not need to be w-compact in T op.
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3.6 Lifting properties and adjunctions

Remark 3.24
Given an adjunction between two categories C and D

C(F(X),Y)=D(X,G(Y)).

Let £ € D(D, D) and r € C(C,C").
Then the following lifting propblems are equivalent

F(D) —*—~C D —~~G(C)
F(Z)j d.” lr Kl /d/// lG(r)
F(D)—~C'.  D'—=G(C),

where o', and d' corresponds to a,b and d under the adjunction bijection.
In particular the two axioms for structured adjunctions are equivalent.

Proposition 3.25
Let A, B and C be categories with functors

BPxC 5 A AxB-%c¢, AP xC -5 B
and natural bijections
A(A,F(B,0)) =C(A® B,C) = B(B,G(A,C)), AeA BeB, CecC.

Leta € A(A,A"),be B(B,B') and c € C(C,C").
Then the following three lifting problems are equivalent.

A uy F(B',C) (A B') +(A®B) (A ® B) LUQ/;C
a _ /a/d// -7 j(b*’c*) (a®id)u(id®b)j // /ad/ -7 )
A= /(;f;ug) F(B,C) X F(B,C") F(B,C", Ao B o - _ )
B uy . GA.C)
bl L 3 -7 - L(a*,c*)
b= /(u/lug G(4,0) Xga,cy G(A, C).
where

o i, ub, uy correspond to uy, ug, us under the first bijection and

o Y, uy, uf correspond to uy,us, uz under the second bijection.
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In other words, we have a chain of equivalences

a€ LLP(b,c.) <= (b"c.) € RLP(a)
— (a®id)U(id®b) € LLP(c) <= c€ RLP((a®id)U (id® b))
< (a%,c) € RLP(b) <= b€ LLP(a"c.)

Proof. This holds, because
e a diagonal d’ corresponds to a diagonal d under the first bijection and
e a diagonal d” corresponds to a diagonal d under the second bijection.

Equivalently every solution of one of the lifting problems induces a solution for the other

two problems.
O

Corollary 3.26
For C € CAT with arbitrary coproducts and products, there are natural bijections

Set(S,C(X,Y)) =C(°X,Y) =C(X,Y?), S e Set, X,)Y €C,

where °X :=[[,.¢ X and X® =], ¢ X.
Suppose moreover that C carries a weak factorization system (L, R).
Then for ¢ € C(A,B) N L,m € Set(S,T) N Mono and f € C(C,D) N R we have:

(i) ¢(B,¢) “5 e(4,0) xeum (B, D),
(ii) (SB4syTA " erp) e,
(i) (€T "5 05 x5 DT) € R.
Proof. The natural bijections follow from the universal property of (co-)products.

(i) For all such ¢ and f surjectivity of the map (c*, f,) is equivalent to the existence of
a diagonal d in every commutative square

A—=C

7
[
/

B——=D.
Indeed each such commutative square bijectively corresponds to an element
(u,v) € C(A,C) X¢a,p) C(B, D)
by the explicit construction of limits in the category Set. Hence (u, v) has a preimage
(¢, fx) : d— (dc, fd),

if and only if there is a solution for the lifting problem.
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(ii) Using that (Mono, Epi) is a weak factorization system on Set and (L, R) one on C,
Proposition [3.25] applied to the given natural bijection yields

(c*, f«) € Epi = RLP(Mono), forallce€ L and f € R,
< (¢*, f.) € RLP(m), forallce L,f € R and m € Mono(Set),
< (Midule) € LLP(f), forallce L, f € R and m € Mono(Set),
< (Midue) e LLP(R) =L, forallce€ L,f € R and m € Mono(Set).
This shows that (ii) is equivalent to (i).

(iii) Similarly one checks that (iii) is equivalent to (i).

3.7 Towards the standard model structure on
simplicial sets

Definition 3.27
Let f € sSet(X,Y).

(i) f is called a cofibration, if it is a monomorphism.
(i) f is called a fibration, if it has the LLP with respect to all maps

d'lc = (d' xid)U(idxc) : A°Xx B4+poxaA'xA —s A'xB,  A>— B, i=0,1.

(iii) f is called a weak equivalence, if it induces bijections

I mesSet (Y, T) — mosSet(X, T), T — *.
(iv) An anodyne extension is an element in LLP(fib sSet).

Remark 3.28
The definition of weak equivalences might seem a bit awkward. However:

(i) Every simplicial homotopy equivalence is a weak equivalence.

(ii) We will later see that f € sSet(X,Y) is a weak equivalence, if and only if its
geometric realization |f| is a homotopy equivalence.

Theorem 3.29
There are two weak factorization systems on the category sSet

(cof sSet, RLP(cof sSet)), (LLP(fib sSet), fib sSet).

Moreover the following holds.
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(i) cof sSet = LLP(RLP({A" = sk, 1A™ < A" n > 0})),

diUe

(i) fibsSet = RLP({A" x A™ +po0y9an Al x OA™ =— Al x A" n. >0, i =0,1}),

Proof. The domains of the maps

diLy

A" <S5 A" AD X A" fpogpan A x OA" EE AL AT >0, i=0,1

are finite (i.e. have only finitely many nondegenerate simplices) and hence w-compact by
Proposition [3.22] So by Corollary we get two induced weak factorization systems.
As one of the structure class of morphisms in a weak factorization system determines the
other one, the equalities (i) and (ii) imply that these are the weak factorization systems
we are looking for.

(i) Using that (Mono, Set) is a weak factorization system on Set by Example and
that colimits in sSet are constructed dimensionwise by Proposition [2.43] it follows
that cof sSet = MonosSet is closed under pushouts, sequential colimits and retracts
by Lemma [3.13] In particular cof sSet also contains all retracts of relative cof sSet-
cell complexes. Now the map 0A™ — A" is injective and thus a cofibration, for all
n > 0. This shows the inclusion

£

L:= LLP(RLP({OA"™ — A"; n > 0})) C cof sSet,

because L consists of retracts of relative cell complexes by Corollary
For the other inclusion let ¢ € sSet(A, B) N cof sSet. Note first that ¢, restricts to

an injection A, < B,. Indeed supposing ¢, (a) ¢ B,, we have ¢,(a) = s;(b), for
somebe B, ;and 0 <7 <n-—1. Then

Cn(sidia) = sdicn(a) = s;d;s;(b) = s;(b) = c,(a)
and injectivity of ¢, implies a = s;d;a ¢ A,

Next we claim that there is a cocartesian square

AN 5 oan PPOA® —— sk 1 B 4, 4 A

(Cid)U(idE)l l

B A" SknB +sknA A,

for all n > —1, where for the case n = —1 we define sk_; X := () for any simplicial
set X € sSet.

To prove the claim we consider the commutative diagram

Skn_lB<—Skn_1A A

T ! T

Bn OA" Anp AP Ay AP

.

B An An An An An
) E— )
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(i)

76

where the vertical maps are those of Proposition [2.76] the left horizontal maps are
induced by ¢, and the right horizontal maps are the canonical inclusions.

e By Proposition [2.76] taking colimits vertically yields a diagram
sk,B +— sk,A — A,

of which again we may take the colimit of.

e Similarly taking colimits horizontally yields a diagram

_ . 5 cid)u(d
BrAm e A A o oA U G B i A,

of which we may take the colimit of.

Now if I is the category 2 <— 1 — 0, then the big diagram above can be considered
as a functor in

CAT(I x I,sSet) = CAT(I,CAT(I, sSet)).

By the dual version of Remark (ii) taking the colimit is a left adjoint and
so preserves colimits by Corollary [2.47} So the construction of colimits in functor
categories given in Proposition tells us, that we end up with the same object,
no matter if we take the colimit vertically or horizontally first. This means

~ ~ ~ <, id6
colim (B”A" —— AnAn +inoan BroA™ ( CM ) sk, 1B 4k, 14 A) = sk, B4k, 44,

which is an equivalent formulation of the claim.

Now as ¢, is injective and L is part of a weak factorization system, Corollary
implies that the left vertical map in the cocartesian square is in L. Hence also the
right vertical map is in L, which by Lemma (v) is closed under pushouts. Next
using that pushouts commute with colimits by Remark (ii) again, we see that

sk_yB+g.  aA = col>ign (skpB+ec, aA) — (col>i{)n sk, B)+ )A = B4 4A,

(colim sk, A
n>0

lies in L, because L is closed under sequential colimits by Lemma [3.13] (iii). But this
map is isomorphic to ¢, which completes the proof that cof sSet C L.

Let f € sSet(C, D). Then applying Proposition to the natural bijection induced
by the internal homomorphisms given in Proposition [2.54] statement (i) implies the
equivalence

f € fibsSet

(@HADND AL By VA B, i=0,1

fERLP(AO XB—{—AOXAAl x A
(sSet(AI,C’) (@)"4-) 5Set(A°, C) X sser(n0.p) sSet(AI,D)> € RLP(cof sSet)

((d),f.) € RLP{OA" — A% n > 0}),  Vi=0,1
f € RLP({A" x A" 4+ poygan A x OA™ — A' x A" n. >0, i =0,1}).

[



3.7. Towards the standard model structure on simplicial sets

Theorem 3.30
For ¢ € sSet(A, B) and ¢ € sSet(A', B'), consider the map

cUd =(exid)U(idUc): Ax B'+axa Bx A — Bx B'.
(i) If ¢, € cof sSet, then ¢l € cof sSet.
(ii) If moreover c € LLP(fib sSet) orc € LLP(fib sSet), then also cLid € LLP(fib sSet).
Proof.

(i) As colimits and hence pushouts are computed dimensionwise in sSet, it suffices to
check that ¢, ¢ € Mono(Set) implies ¢’ € Mono(Set). This is Corollary applied

to the weak factorization system (Mono, Epi) on Set.

(ii) First note that by applying Proposition to the natural bijections
sSet(A, sSet(B,C)) = sSet(A x B,C) = sSet(B, sSet(A, C)), (3.1)

constructed in Proposition and using the Definition [3.27] of a fibration, we get
equivalences

cUd € LLP(fib sSet) V ¢ € cof sSet, ¢ € LLP(fib sSet)

cUd € LLP(f) V ¢ € cof sSet, ¢ € LLP(fibsSet), f € fibsSet
(c*, f«) € RLP(c) V ¢ € cof sSet, ¢ € LLP(fibsSet), f € fibsSet
(c*, f«) € fibsSet ¥V ¢ € cof sSet, f € fibsSet

(¢*, f«) € RLP(d"U ") Ve, " € cofsSet, fefibsSet, i =0,1
feRLP((dUC)Uc) Ve, " € cof sSet, f e fibsSet, i =0,1.

Once we have shown that (d'Uc”)Ue = d'U (" Uc), the last statement is equivalent
to

[

fe€RLP(U(Uc) Ve d €cofsSet, fe€fibsSet, i=0,1,
which is true by Definition of a fibration and since ¢’ U ¢ € cof sSet by (i).

So it remains to prove that (d'L¢”)Ue = d'LI(¢” Lc). We consider the commutative
diagram
A"X B"x B<—A"xB"x A=——=A"x B" x A

T | |

A% A" x B<—A"x A" x A——=A"x B"x A

| | |

Al x A" x B<—A'x A" x A——= A x B" x A,
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e Taking colimits vertically and using that (- x X') by Proposition as a left
adjoint preserves colimits we obtain the diagram

(AO X B/I+AOXA//A1 XA//> X B +— (AO XA//_'_AOXA”Al XAH) XA — (Al X BH) XA,
whose colimit is the domain of (d' U ¢”) U c.
e Similarly taking colimits horizontally yields the diagram

A% (B"x B) = A”x (A" x B+anyxaB" x A) — A" x (A" x B4anya B" x A),

whose colimit is the domain of d' Ul (¢ U ¢).

As in the proof of Theorem [3.29, we see that both colimits coincide and thus
(dUud)Uc=d U(d"Uc) as desired.

Corollary 3.31
For c € sSet(A, B) and f € sSet(C, D), consider the map

(c", fi) : sSet(B, C) —» sSet(A, C) Xset(a,p) sSet(B, D).

Then the following holds.
(i) If c € cof sSet and f € fib sSet, then (c*, f.) € fib sSet.
(ii) If moreoverc € LLP(fib sSet) or f € RLP(cof sSet), then (c*, f.) € RLP(cof sSet).

Proof. By Proposition [3.25] (i) applied to assertion (i) is equivalent to Theorem [3.30)
(ii). The first case of (ii) is equivalent to Theorem [3.30] (ii) and the second one to Theorem
3.30 (i).

O

Corollary 3.32

fib sSet D RLP(cof sSet), LLP(fibsSet) C cof sSet.

di
Proof. As A >— A! is injective and hence a cofibration by Definition |3.27] for every

cofibration C' >— D also the map d' Ll ¢ is a cofibration by Theorem [3.30, In other
words d’ L ¢ € cof sSet = LLP(RLP(cof sSet)) by Theorem [3.29 (i) or equivalently
fib sSet D RLP(cof sSet) or LLP(fib sSet) C cof sSet.

O

Proposition 3.33
For every g € sSet(X,Y) the following holds.

(i) g strong deformation retraction and fibration <= g € RLP(cof sSet).
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(ii) g strong deformation section = g € LLP(fibsSet).

The other implication holds, if moreover X, Y — x.
Proof.
(i) Suppose X 25 Y is a fibration and a strong deformation retraction, i.e. there is
an s € sSet(Y,X) with gs = idy and idyx ~ 59 with gh = gmx. To every lifting

problem on the left, we get a commutative square on the right

4 - X AOXB_FAOxAAlXAM;X

~ 7 -
3d I
CI - . ] lg doucl - } lg
~ _ -
B v

Y, Al x BZ Y.

VTR

Indeed the upper horizontal map is well-defined, because
gh(id x u)d’ = grx(id, u) = gu = sv.
Moreover the right square commutes, because
g(sv) =, gh(id x u) = grx(id X u) = gury = vewy = vy (id X ¢).

As ¢ is a cofibration, by Definition of a fibration, there is a diagonal A’ and
d := h'd* solves the original lifting problem:

gd = gh'd" = vryd' = v,
dc=hd'c=h'(id x ¢)d" = h(id x v)d" = hd'u = u.

Vice versa for every g € sSet(X,Y) N RLP(cof sSet) there are liftings

idU(sg)

X OA! x X X

0

] as//’l I ah///l
P g /// g

Y ——, Al x X Y,

grx

proving that gs = idy and id¢ >~ 59 with gh = gnx = my(id X g). So ¢ is a strong
deformation retraction. Moreover g € fib sSet by Theorem [3.30

(ii) Suppose X -5 Y is a strong deformation section, i.e. there is an 7 € sSet(Y, X)
with rg = idx and idy ~ gr with h(id x g) = gmy. Then in particular g is a

monomorphism by Remark and hence a cofibration by Definition [3.27, Then
like in (i), to every lifting problem on the left, we get a commutative square on the

right
u 0 1 (ur)U(urx)
X =C A° XY 4p0ux A X X —=C
gI /E/d/ P J]f dougl - lf
YD, Alxy T B,
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Then (ur) U (ury) is well-defined, because
urxd® = u = urg.
Moreover the square commutes, because
f(ur) = vgr = vhd®, fluryx) = vgrx = vh(id x g).

As g is a cofibration, by Definition of a fibration, there is a diagonal h' and
d := h'd" solves the original lifting problem:

fd= fh'd" =vhd" = v,
dg = h'd*g = 1 (id x g)d" = urxd" = w.

The other implication is completely dual to (i).

Remark 3.34
By Proposition [3.35 and Remark[3.28 we have

RLP(cof sSet) C fib sSet N wsSet.

The hardest part in the construction of the model structure is to see that this is infact an
equality. As a consequence we will also get the equality LLP(fib sSet) = cof sSet NwsSet,
which will conclude the proof that sSet is a model category.

For checking that a given map is a fibration, the following characterization is often the
most convenient one.

Proposition 3.35

fibsSet = RLP{A} := | ) d'A""' — A" 0 <k <n}.
0<i<n,
itk
Proof. First note, that A} = BA?, where A} < I(n) is the ordered simplicial subcomplex
with same vertices and simplices

S(A}) ={s € SI(n); i ¢ s for some i # k}.

Moreover given an ordered simplicial complex X € Stmp, with an ordered subcomplex
U < X, we define the ordered subcomplex

U(i) = (d'T(0) x X)U(I(1) xU) < I(1) x X, i=0,1.
Then we have

Bd' U Bc: A° x X +poxpy A x BX = BU(i) — B(I(1) x X) = A' x BX.
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3.7. Towards the standard model structure on simplicial sets

Indeed as Bd' U Be is injective by Theorem the left object is isomorphic to its image
in A!' x BX, which is exactly BU (i) by construction.

Moreover by definition of the product complex the simplices of U (i) are the nonempty
subsets

t:={(0,21),....,(0,2;), (L, zj41), ..., (Lzp) } C I(1) X X, 0<j5<m,
such that
e in the case ¢ = 0, we have mx(t) € S(X) and 7x(t) € S(U), whenever j < m.
e in the case i = 1, we have 7x(t) € S(X) and 7x(t) € S(U), whenever j > 0.

Next we define commutative diagrams of ordered simplicial complexes

e For 0 <k <n, weleti=1 and define s and r by

min{z, k}, a=0,
Y, a=1.

s(@) = (1,2), r(a,z):= {

To see that r(A}(1)) C A}, note that
— for j < m, we have r(t) C nx(t) U{k} € S(A}), since mx(t) € S(A}).
— for j = m, we have r(t) C k and hence n ¢ r(t) € S(A}).

e Similarly, for 0 < £ < n, we let + = 0 and define s and r by

x, a=0,
max{z, k}, a=1.

s(@) == (0,2), r(a,z) = {

To see that r(A}(0)) C A7, note that
— for 7 > 0, we have r(t) C wx(t) U{k} € S(A}), since mx(t) € S(A}).
— for j =0, we have r(t) C {k,...,n} and hence 0 ¢ r(t) € S(A}).

Applying the nerve of the diagram yields (A} — A™) € LLP(fib sSet), for all0 < k < n,
as the latter is closed under retracts by Lemma [3.13] Equivalently we have

RLP({A; — A"; 0 <k <n}) D RLP(fib sSet).
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For the other inclusion consider the inclusion U := 8I(n) — I(n). Then every simplex
in S(I(1) x I(n)) not contained in S(U(1)) is of the form

tr :=9(0,0),...,(0,k — 1), (1,k),...(1,n)}, t, =t U{(0,k)}, 0<k<n.
Defining 0I(n) < U(1,k) < I(1) x I(n) as the intermediate subcomplex with
SU(1,k)) :=SU)) U {ty, 8], ..., t, 1)}, 0<k<n,
we get isomorphisms of ordered simplicial complexes

(O7j)7 .7 < k?
(1,7), j=>k.

So U(1,k) is obtained by glueing I(t;) = I(n) to U(1,k — 1) along A}. In other words
there is a cocartesian square

a;j : AATT S UL E—1) N, j»—>{

Bay,

Ar 2% BU1,k —1)

.

A" —— BU(1,k).
It follows that
(d* U Be) : BU(1) = BU(1,0) — ... — BU(1,n) = B(I(1) x I(n))

is contained in LLP(RLP({A} := U d'A" ' —— A™ 0 < k < n}), which by Lemma
0<i<n,
itk
is closed under pushouts and composition.
By similar arguments we see that it also contains d° L Be, which by using (ii) proves
that

RLP({A;, — A"; 0 <k <n}) C RLP(fib sSet).

3.8 Absolute weak equivalences

For the key step in the construction of the model structure we will need another class of
morphisms, which behave very well under many operations. Infact it will turn out that
absolute weak equivalences are precisely the weak equivalences. However we will not know
this until the construction of the model structure, for which the two notions are needed
for.
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Definition 3.36
An absolute weak equivalence is an a € sSet(A, B), such that for every commutative
square as on the left, there is a diagonal in the induced right one

A—ts X A X
al J7f a’:—dl\j _ H/du/h/ - lf
~Y. M) =Bta (Al x A)— V.

In other words, there is a diagonal d € sSet(B, X) in the square

A - X
~ 7

a heooo f

j -7 3d l

B - Y,

such that the lower triangle strictly commutes and the upper triangle commutes up to a

simplicial homotopy u ~ da satisfying fh = fumy.

Proposition 3.37
FEvery absolute weak equivalence 1s a weak equivalence.

Proof. Let a € sSet(A, B) be an absolute weak equivalence and T -

e For every u € sSet(A,T), the left square below commutes. So by definition there is
a diagonal in the right square

A “ T A —T
=1 457
B > *, M (a) .

vU(fumy)

It follows that u ~ da, which proves surjectivity
a* = (-oa):msSet(B,T) — mosSet(A,T).

e For all vy, v, € sSet(B,T) with via =~ vya, We let b’ € sSet(A, sSet(A',T)) be the
map corresponding to h under the natural bijection of Proposition [2.54
sSet(A' x A, T) = sSet(A, sSet(A',T)).

Then the left square below commutes. So by definition there is a diagonal in the
right square

/

A W sSet(A!,T) A sSet(AL, T)
B T x T = sSet(9AL,T) M(a)= sSet(OAL, T).

v:i=(vo,v1) vU(fuma)

It follows that v, = 1y, where k € sSet(A! x B, T) is the map corresponding to &'.
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O

The subsequent proposition shows that the class of absolute weak equivalences satisfies
some weakened 2-of-3 property.

Proposition 3.38

For two maps of simplicial sets A = B s C the following implications hold.
(1) a,ba absolute weak equivalences = b absolute weak equivalence.
(ii) a,b absolute weak equivalences =  ba absolute weak equivalence.

Proof.

(i) For every commutative diagram as on the left, there is a diagonal in the right square,
as ba is an absolute weak equivalence by assumption.

A - B v X A v > X

X\ lb lf (ba)’l Hfuﬁ - l f
C Y. .

v M(ba) vU(fumy) Y.

In particular we have dba ~ ua. Like in the proof of Proposition|3.37|(ii) we construct

a simplicial homotopy db = u. To that aim consider the commutative square

A a sSet(Al, X)
a (e, f)

1 1
m sSet(@A , X) XM(BAHY) sSet(A s Y),
where the right vertical map is a fibration by Corollary and the map h’ corre-
sponds to the homotopy h under the natural bijection of Proposition 2.54, So using
that also a is an absolute weak equivalence we obtain a diagonal in the square

A i sSet(Al, X)
o e (e".£)
M(a) =——— SSel(OAY, X) X seronr y) sSet(ALY),

VU(fura)

and we define k£ as the simplicial homotopy corresponding to k’. By construction
d U k defines a diagonal in the square

B—% X
7
b,l duli/ J7f
Ve
M) ——Y,

which finishes the proof, that b is an absolute weak equivalence.
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(ii) For every commutative square as on the left, there are diagonals in the middle and
on the right

X u X B d X
7 T
Hd/uh - J7 ; b/t Hd/ull - J7 ;
Y M Y.
M(a) ooy (0) — G
Y

In particular we have u%la (: : d'ba and like in the proof for transitivity of the
h/(idxa

simplicial homotopy relation of Proposition |3.46| we obtain a composite simplicial
homotopy u — db'a defining a diagonal in the square

Proposition 3.39
Absolute weak equivalences are stable under pushouts along cofibrations.

Proof. Given a commutative square as on the left

A s (C—"—=X
T
B——B +4 C m Y,
where a is an absolute weak equivalence, we have to prove that also ¢¢ is an absolute weak

equivalence. So given a commutative square as on the right, we use that a is an absolute
weak equivalence to obtain a diagonal in the commutative square

A uc - X
“/l 3duh -~ f
M((I) vU(fuera) Y.

By construction of h we get a well-defined map (uc) U h rendering the diagram below
commutative

M(c) =X
dlLIcl/ /Elk/ - f
Al x C Y.

85



Chapter 3. Abstract homotopy theory

As c is a cofibration, we have d' Uc € LLP(fib sSet) by Theorem [3.30] (ii). Hence there is
a diagonal k as depicted. As the first two small squares below are cocartesian by definition

c o— ¥ AN x(C A—P Al A ALy O

A
| o |
B (tc) a’ tp+(idxc)

P . B4,4C M(1e), B M (a) 2% M(1¢),

so is their composite, which coincides with the composite of the other two squares. As
also the third small square is cocartesian, the same holds for the fourth small square. So
by construction D := (d U h) U k defines a diagonal in the diagram below

C v X

(LC)I l / lf
M

(0) e

which concludes the proof that (o is an absolute weak equivalence.
(I

From the following technically complicated Lemma we will derive more useful properties
of absolute weak equivalences.

Lemma 3.40

Given a commutative diagram
A—->DB
|k
A/ >L Bl

where a and b are absolute weak equivalences.
Then for every commutative square as on the left and every diagonal d U h, there is is
a diagonal d" U B rendering the right diagram commutative

B “ X A : B - 7 X
4 P - -
b f a dUh _ P /Hd”UhH f
/ -
B Y’ M<a) C:=c'+(idxc) M<b) vU(furp) ’

Proof. As b is an absolute weak equivalence, there is a diagonal in

B 2 - X
b,l Hd’/u}i’ -7 ;
M (b) Y.

wU(furp)
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3.8. Absolute weak equivalences

However this does not guarantee that (d' U h’) o C = d U h. The strategy is to construct
a deformation d” U R” of d' U b/ restricting to d U h along C. The construction of d” U h”
is quite technical and requires to apply the lifting property 5 more times. For ¢ = 0,1 we

define the maps
Ly ‘= 8|_|di 2 U; = 8A1 x Al F AL A0 Al x A° — Al x Al,

which for ¢ = 0 e.g. corresponds to the inclusion

0,1) (1,1) 0,1) — = (1,1)
| | . ‘ olid |
(0,0) — (1,0) (0,0) ——(1,0).

In particular ¢; maps U; isomorphically onto the simplicial subset
(d"A% x AYY U (A% x AU (A x d'AY) =2 A'UATUAL
Recall that by Theorem (i) we have ¢; € LLP(fib sSet).
1) In the commutative diagram

R (idxc))U(ucr4)

U1 x A o

0 Xidl /EE - J]f

Al x Al x A

ve'ama=fucm

the upper horizontal map is defined using the description ({3.3)). Since ¢; € LLP(fib sSet),

(3.2)

we also have ¢; x id4 € LLP(fib sSet) by Theorem applied to the cofibration

()>— A. So there is a diagonal H as depicted.

To clarify the situation we will introduce another representation for the lifting prob-
lem. Using the picture (3.2)) we may represent the left vertical map of the diagram

by the picture

A A A2 A
A A ——s 4 A A
A—A>A A A.

Moreover we may represent the upper horizontal map by the left diagram below and
the lifting property translates as there is an extension H represented by the right

diagram
k:=
da d'bc=dca da—-==s=dca
h R (idxc) - h dH K (idxc)
_ > _ >
UC ——m UC UC —— o UC,
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2) Next we use that a is an absolute weak equivalence for the commutative square

A k sSet(Al, X)
a (e",f%)
A sSet(@Al, X) X@(aAl,Y) SSGt(Al, Y)

((d,d’'c"),s0vc’)

to get a diagonal £'UK in the corresponding square (use Remark for Proposition

5.54)
OA" X M(a) +oarxa Al x A (du(d'c"))Uk . X
CLL /”]iui(”’,,,” f
1 -
A X M(a) TM (a) M(CL) (’UC/)U(fkﬂ'A) Y

Translating into our notation the left vertical map corresponds to the picture

Al A Al A A
A A — A A A

and the lifting property can be described by the existence of an extension

d dc d-- 2%~ q¢
daTrA‘ |d’c/a7rA (GG daﬂ'A‘ dK ‘d/c’awA
da—k>d’c'a da dca.

3) Using that ¢ is a cofibration and the Definition of a fibration there is a diagonal

in the commutative square

d'Uk’
A% x B +popn Al x A/ —EE o X

E”C” _ - -
dll_lc/l _ -7 lf

Al x B'— Y.

VT g/

Again the left vertical map is represented by
A A . B_5_p
and the lifting property by

d—r « - d" = kd =
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3.8. Absolute weak equivalences

4) Using that ¢ is a cofibration, so is the following map by Theorem again

B—2 .p B—2 .p
B A B O B B B
B B B B,

and thus there is an extension

s ) ap 00,
d”an‘ K ‘d’an |G d”an| JL dbr g
d'b——d'b b~~~ ~db.

Here it should be noted that the left map is well-defined, because by construction
o £(id x b)(id x ¢) = K”(id x ¢)(id x a) = K'(id x a) = K (id x d°),
o d"brp(id x ¢) = d"bemry = d'cawy = dawy = K(d* x id),

o d'brp(id x ¢) = d'berra = d'dary = K(d° x id).

5) Finally, using that c is a cofibration again, so is the following map by Theorem m

again
B—2 - B B—2 - B
A A B (G B B B
B = B B = B,

and thus there is an extension

d'b— b d"b ¢ d'b
A
|
d"b7rB H I (—> m' = ElM |h’
|
umTp ump

Again the left map is well-defined, because by construction we have
e ((id x ¢) =k = H(id x d°),
o unp(id x ¢) = H(id x d'),
o 1/(id x ¢) = J(d° x id).

By construction d” U h” has the desired property.
O

The next two properties are essential for showing that a certain natural map between
two functors targetting to sSet is an absolute weak equivalence.
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Theorem 3.41 (i) For every commutative diagram of simplicial sets
V< <Xx-2>7
R R
Y/&X/LZ/

if ©,y, z are absolute weak equivalences, then taking the colimit horizontally induces
an absolute weak equivalence

Y42 Y +xZ —Y +x Z'.

(ii) For every map of sequences of cofibrations of simplicial sets

Xo—2s X; s
X} S, X] A
if T, is an absolute weak equivalence, for all n > 0, then taking the colimit horizon-

tally induces an absolute weak equivalence

x := colim z,, : X := colim X,, — colim X, =: X".
n>0 n>0 n>0

Proof.

(i) For every commutative square as on the left, there is a diagonal Dz on the right,
since z is an absolute weak equivalence

Y +x 2 o C X J Z = z ¢
iDy .~
y+zZl lf x’j Z’L P lf
/ /
Y'+x Z vUw D’ M(x)G::g’—i-(idxg) Z) wU(furz) D.

Setting Dx := DG, we also get a diagonal for the outer square on the right. By
Lemma we also obtain a diagonal Dy in the diagram

X = Y “ 1C’
, y' ///
I BT

M(x) W) e

vU(fury )

c+(idxc) !

So by construction Dy U Dy defines a diagonal for the square

Y+X Z tUu C
(y+zz)/t y/ lf
My ++ 2) < attaamea 2

which proves that y +, z is an absolute weak equivalence.
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3.8. Absolute weak equivalences

(ii) For every commutative square as on the left, there is a diagonal Dy on the right,
since xg is an absolute weak equivalence

X u C X — ~C
N
X' v D7 M<=T0)/ D.

By induction on n > 0, Lemma provides a diagonal D,,;; in the diagram

Xn o Xn+l Hnt C
J 541 ‘/ J7

z! - f
D

—

% ~ 3D

M(In) cl,+(idxcp) M(In+1)

—

(vin+DU(futntimx, 1)

Then by construction colim ,,>¢ D,, defines a diagonal in the diagram

X = C
M(Jf) vU(furx) D’

proving that x is an absolute weak equivalence.

Proposition 3.42
The class w,sSet of absolute weak equivalences has the following properties.

(i) wysSet is closed under pushouts along cofibrations.
(i) wysSet is closed under arbitrary coproducts.
Absolute weak equivalences are stable under pushouts along cofibrations.

Proof.

(i) Given a sequence of maps C' A% B , where a is an absolute weak equivalence.
Then applying Theorem [3.41] (i) to the commutative diagram

ﬁ | ﬂl T
C<“<A—"+B

yields that also C =% B 44 C' is an absolute weak equivalence.
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(ii) Given a family of absolute weak equivalences (A; AN B;)icr indexed by some set

I € Set. Setting
a::Hai:A::HAi _>HBi =: B,
icl i i

and using that coproducts commute pushouts, we get a natural isomorphism

[[; Ai———A4
L1; aél La'
1, M(a;) —~> M(a).

So for every commutative square as on the left, there are diagonals in the middle
square, which glue to a diagonal in the right square

A u C A, o =C A - C
aj lf aéj iD/i -7 J7f aj D=L s J7f
B D -

Y M (a;) (ve)U(fuLima,) b M(a) (vei)U(futima,) b

Proposition 3.43
Let w,sSet denote the class of absolute weak equivalences. Then

LLP(fibsSet) = cof sSet N w,sSet.

Proof. Let ¢ € sSet(A, B)NLLP(fib sSet). Then for every fibration f € sSet(C, D) there
is a diagonal in the left square, providing a diagonal in the right square

A" . (© A u C
-7 dJU(um ) -7
1570 =
BZ D -
’ M(e) e D>

proving that ¢ is an absolute weak equivalence. Moreover ¢ € cof sSet by Corollary [3.32]
so we get the inclusion

LLP(fibsSet) C cof sSet N w,sSet. (3.4)

Vice versa suppose X >— Y is an absolute weak equivalence. As (LLP(fib sSet), fib sSet)

is a weak factorization system, we may factor ¢ as X <y X N Y, where ¢ €
LLP(fibsSet) and f € fibsSet. Proposition implies that f is an absolute weak

equivalence, because ¢ is one by (3.4) and f¢’ = c¢ is one by assumption. Solving the
lifting problem

X' X'
)i
o, f
Y = Y
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3.8. Absolute weak equivalences

proves that f is a strong deformation retraction and hence f € RLP(cof sSet) by Propo-
sition [3.33] So we can also find a diagonal in

X< x

T
el
/

which shows that ¢ is a retract of ¢ and hence ¢ € LLP(fib sSet), because the latter is
closed under retracts by Lemma [3.13

O

If we knew that every absolute weak equivalence was a weak equivalence Proposition
.43 would comparably easily imply that sSet is a model category with the three classes
of maps.

Corollary 3.44
For X L5V %% 7 the following implication holds.

f,gf € LLP(fibsSet), g € cof sSet = g€ LLP(fibsSet).

Proof. By Proposition the maps f and ¢gf are absolute weak equivalences, hence
g is an absolute weak equivalence by Propostion [3.38] So ¢g € cof sSet N w,sSet =
LLP(fibsSet) by using Proposition again.

O

Combined with Proposition the subsequent lemma will be used later to show
that the endofunctor of barycentric subdivision on the category sSet preserves anodyne
extensions.

Lemma 3.45
Let C, D € Cat be small categories with a terminal object. Then:

(i) The nerve of every functor Q Iy C s an anodyne extension.

(ii) The nerve of every functor C L D is an absolute weak equivalence.

Proof.

(i) Let 0 -2+ C be the functor sending 0 to the terminal object * € C. Moreover let
C — 0 be the unique functor sending every object to 0. Then rg = idy and by the
universal property of the terminal object there are unique C'-morphisms

% % = gr(x), reC.
In other words the functors » and g form an adjunction

0(r(z),y) = C(z,9(y))-
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So Proposition [2.89|implies that Bg and Br form a simplicial homotopy equivalence.
As 0 consists of a single object and morphism, it follows that Bg is infact a strong
deformation section and thus Bg € LLP(fib sSet) by Proposition [3.43] This proves
the assertion, for f = g.

If f # g we define the functor
h:1—C, 0+ f(0), 1+ x,

sending the map 0 — 1 to the unique map 7y(). Taking nerves we get a commu-
tative diagram

Since f # g, the map Bh is injective and hence a cofibration by Definition [3.27] So

Bg,d" € LLP(fibsSet) implies Bh € LLP(fibsSet) by Corollary Moreover
d', Bh € LLP(fib sSet) implies Bf € LLP(fib sSet) by Lemma

Choose an arbitrary functor 0 <+ C, e.g. the functor ¢ constructed in the proof of
(i). Then the functors g and fg satisfy the hypothesis in (i) and so Bg, Bf o Bg €
LLP(fib sSet) C w,sSet by Propostion . So the 2-of-3 property for absolute
weak equivalences proven in Proposition [3.38| implies that also Bf is an absolute
weak equivalence.

3.9 Maps with fibrant codomain

In general simplicial homotopy does not define an equivalence relation on the set of ho-
momorphisms between two simplicial sets. But it does once the target simplicial set is
fibrant, as the following proposition demonstrates.

Proposition 3.46
LetY - T and e, f,g € sSet(X,Y) with s =te =tf =tg.

i f = f

(ii)f%g, th=smx = g%f, sh! = smy,

(iii)e%f%g, sh=sk=stx = =g, sl = smx.
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3.9. Maps with fibrant codomain

In particular simplicial homotopy “~" defines an equivalence relation on sSet(X,Y), if
Y — .

Proof. (i) holds by construction, because frxd’ = f, for i = 0, 1. For the rest of the proof
we will again use the anodyne extension

Ly = €|_|di 2 U; = 8A1 x Al + AL A0 Al x A° — Al x Al
and the description
LU = (d*A” x AN U (dPA% x AN U (A x AN =2 A'UATUA!

like in the proof of Lemma [3.40]
Under the hypothesis of (ii) there is a solution for the lifting problem

(gmx)UhU(gmx)

Ui X X /7Y
A x Al x X T,

STXx

grx grx

which in the notation of Lemma corresponds to the picture
- g g
X 1H ‘h

g
97FX|
g h/Z: Y

Applying Theorem for the cofibration §>— X implies that ¢y x id € LLP(fib sSet)
and hence there is a diagonal H. By construction we get a simplicial homotopy g >~ f.

g
|h ——s g
f

Similarly for e ~ f =g there is a diagonal in the commutative square

hU(gmx )Uk
Ui x X = Y
LUXidl /Elli -7 lt
Al x Al x X T.
STTX

which in the notation of Lemma |3.40| corresponds to the picture

/
h|
€

and by construction e ~ 9.

_k f

g

gmx - h dH gmx

Q——<

€= 79

|

Transitivity and symmetric of the simplicial homotopy relation is not the only property
that holds, when the target is fibrant.

95



Chapter 3. Abstract homotopy theory

Proposition 3.47

For X N Y — x the following are equivalent.
(i) f is a weak equivalence.
(ii) f is a homotopy equivalence.
(i) f is a strong deformation retraction.
Proof. We begin by assuming (i), i.e. f is a weak equivalence.
e Since Y — *, the map mpsSet(X,Y) —» sSet(Y,Y) is surjective. So there is a

Y -4 X with idx ~gf.

e Since X — %, the map mpsSet(X, X) «— sSet(Y, X) is injective. So f > faf
implies idy ~ fg.

This proves, that f is a homotopy equivalence.
Next we assume (ii), i.e. that there is a map Y —25 X and simplicial homotopies

idx ~ g f and idy =~ fg. Using that @>— Y is a cofibration there is a solution for the

lifting problem
A°xY 2= X

E”C, /1
d°xid e !
7

Al X Y—k>Y
Setting s := k'd' we get

fs=fKd =kd' =idy, idx>~gf, sf gf.

k! (idx f)

So by Proposition [3.46| there is a simplicial homotopy idx ~ s f. Using that 0>— X is a

cofibration there is a solution for the lifting problem

RU(sfh)U(sfrx)

UO x X 7X
Loxidl /3[1/ - lf
Al x Al x X

: Y,
frx(idxh')

which in the notation of Lemma |3.40| corresponds to the picture

sf T g f Y i S
h/| |th/ (é. h/| HH ‘th/
idX Sf ldy - _h’r:_ > Sf.
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By construction we have
idy & sf, fh = fH(d x d*) = frx(id x (W'd")) = fry,

so f is a strong deformation retraction.
Finally every simplicial homotopy equivalence is a weak equivalence by Remark [3.28]
which shows that (iii) implies (i).
O

If we knew the preceding proposition for arbitrary fibrations (without assuming that
the codomain is fibrant), this would immediately give the desired model structure on
sSet. Indeed it yields the following characterization for anodyne extensions with fibrant
codomain, which we (for general codomains) could only verify (yet) for absolute weak
equivalences instead of weak equivalences in Proposition [3.33] The key idea in the veri-
fication of the model structure on sSet is to find a well-behaved method of replacing a
map by one having a fibrant codomain.

Corollary 3.48
The following implications are valid.

(i) If c € cof sSet NwsSet has a fibrant codomain, then ¢ € LLP(fib sSet).

(i) of f € fibsSet has a fibrant codomain, then f € RLP(cof sSet N wsSet).
Proof.

(i) The proof is similar to that of Proposition [3.43] Using that (LLP(fib sSet), fib sSet)

is a weak factorization system, we may factor ¢ as X s X! N Y, where ¢ €
LLP(fibsSet) and f € fibsSet. Then f € wsSet by the 2-of-3 axiom, because
fd = c € wsSet by assumption and ¢ € w,sSet C wsSet by Proposition [3.43] and
Proposition [3.37] So f is a strong deformation retraction by Proposition [3.47] and
hence f € RLP(cof sSet) by Proposition Again we can find a diagonal in

C/
. X/

X
dd /1
12
/
Y

Y,

which shows that ¢ is a retract of ¢ and hence ¢ € LLP(fib sSet), because the latter
is closed under retracts by Lemma |3.13]

(ii) Given a lifting problem

A “ X
/7
CIN H/d/ lf
B -V -
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we may factor B — x as B s B —» % with ¢ € LLP(fib sSet). So there is a
diagonal in the square

B——~

Y

l Fo’ /1J7
/

B’ *,

_

Moreover dc € cof sSet N wsSet and hence ¢ € LLP(fibsSet) by (i), because
B’ — x. So we can find a diagonal in the square

A—=X

7
3d’
c’cL v g lf

4 /
B ——=Y.
Then d := d'¢ solves the first lifting problem, because by construction

fd=fdd =vd =, dc=ddc=u.

We also need the following “fibrerd version” of the dual of Proposition

Proposition 3.49
Given a t-fibered homotopy equivalence

X = Y

N

T

meaning that there is a map Y X satisfying

ted = t, idx ~ de, tch =tery, idy =~ cd, tk=tmy.

Then c is a strong deformation section.

Proof. Ignoring the fact that in general we have T # *, the arguments of the proof are
exactly the same as the proof of the implication (ii) = (iii) in Proposition [3.47] First
there is a solution for the lifting problem

A XY 40, x A x X - X

El g
dOUcl P J7tc

Al xY T.

try
Setting r := k'd* we get
rc =Kd'c=kK(id x ¢)d' = kd" = idy, idy = cd, cr =~ cd.

ck’
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Using the hypothesis on h and k Proposition yields a homotopy

idy ;_/J Cd, th/ = tﬂ'y.

Moreover there is a diagonal H in

(R'U(K (id X (cr)))Ucrmy )U(my (idx h') (idxid X c))

U(]XY—FUOX)(A1XA1XX /’/,9-)/
LoLlCL ”/’35]’,—”” lt
Al Al xy — T

tmy

corresponding to the picture

crwx Crmy
Cr —>Cr cr cr
h’| crh/ — 1% dH crh!
idy cr idy — i T T

By construction we have
idy ~ cr, R"(id X ¢) = ermy,
h//

meaning that c is a strong deformation section.

3.10 Verifying the model structure on simplicial
sets using Kan’s functor Ex™

As mentioned before, for the key step in the construction of the model structure on sSet,
we need a well-behaved functorial fibrant replacement X — Q(X) —» *, for X € sSet.
One example of such a functor is Kan’s functor Ex>, which is closely related to barycentric
subdivision.

Definition 3.50
The barycentric subdivision sdgX of a simplicial set X € sSet is defined as

sdpX := colim Bsdgl(m),
meA/X

where Bsdgl(n) is the nerve of the barycentric subdivision of the simplicial complex I(n).

Remark 3.51
Using Yoneda’s Lemma we get an adjunction

sSet(sdpX,Y) = sSet( X, ExY),
where ExY = sSet(sdgA*,Y).
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As the following proposition shows, this extends the notion of the barycentric subdivi-
sion for simplicial complexes of Definition [1.13]

Proposition 3.52
There is a natural isomorphism

fo = mceoil/rgcBsdB(sm) :sdpBC = mcgil/rgc BsdgI(m) — B(sdgC), C € Simp,.

Proof. Suppose first, that n := §C' < oo. Then C' = s; U...U s, with s; € S(C') maximal.
We will prove that fo is an isomorphism by induction on m > 1.

e For m = 1 there is a (unique) isomorphism ¢ : I(n) — C. In particular g € A/BC
forms a final object, so

Ly : Bsdpl(n) — colim Bsdg(e,,) = sdgBC.
meA/BC -

As also foi, = Bsdp(g) is an isomorphism, it follows that fo is an isomorphism.

e For m > 1 define the ordered subcomplex C' := s; U...U s,,_1 < C. Then there is
are canonical cartesian squares of ordered simplicial complexes

C’ ﬂ[smg T sdBCjﬂ Sy —— sdB[sm
'——=C SdBC/(—> SdBC.

As the nerve functor Simp, Ly sSet preserves limits, we get induced cartesian
squares of simplicial sets

B(C'N sp)— Bfm Bsdp(C' N $,,)— Bsdps,
BC'— BC. Bsdp(C'——— BsdgC.

Using C' = C"Us,, and hence sdgC = sdg(C’Usdps,,, we get BC = BC'U Bs,, and
BsdgC = Bsdg(C’ U Bsdpgs,,. It follows that the two squares are also cocartesian.

Using that sSet B sSet is a left adjoint by Remark|3.51] it commutes with colimits
by Corollary [2.47], so also sdp applied to the left square is a pushout square. By the
induction hypothesis for ¢’ = s;U...Us,,—1 and C'N s, = (51M8)U.o.U(Sp_1N8m),
the vertical maps in the diagram

sdpBC" <——sdgB(C' N 8,,) —=sdpBsm,

fc/l/l fc’msml? fsmj2

BsdpC’ <— Bsdp(C’' N s,,) — Bsdpsi,

are isomorphisms. So taking the colimit horizontally yields the isomorphism fo :

SdBBC ;> BSdBC.
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For §C' = oo there is a comutative square

. li .
colim sdBBF&NFfi colim BsdgF
F F<C
J

BSdBC,

=Y

finite finite

|

sdpBC fe

where the vertical maps are isomorphisms, because sdp and B commute with the filtered
colimit, which is just a union in this case. As the square commutes, fo must be an

isomorphism.
O

Corollary 3.53
The natural homeomorphism of Theorem [1.1

he : |sdpC| — |C], C e Simp,
extends to a natural homeomorphism

hc

|SdBC| |O|

l

colim hy(,,
colim |Bsdpl(n)] ———=~ colim |BI(n)],
meA/C meA/C

where the isomorphism on the right is induced by the canonical one from the co-Yoneda

Lemma [2.5]]

Having developed the language of category, it is easy to see that the barycentric subdi-
vision functor on the category of simplicial complexes factors over the category of partially
ordered sets:

Remark 3.54
FEvery partially ordered set (P, <) induces an ordered simplicial complex T (P) with vertices
P and simplices

ST(P)={sC P; 0<ts<oo, “<”restricts to a total order on s}.
Then by construction, we have
(i) BP = Cat(-, P) = Simp(-,T(P)) = BT (P),
(i) sdgX =TS(X), for all X € Simp.
In particular we have

sdpX := colim Bsdpl(n) = colim BSI(n),
meA/X meA/X

where BSI(n) is the nerve of the partially ordered set of simplices in I(n).
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Using that partially ordered sets can be considered as categories, for which we can
more easily construct homotopy equivalences by using Proposition [2.89, the preceding
characterization of the subdivision functor is quite useful for actual proofs.

Proposition 3.55
The following holds.

(i) sdgcof sSet C cof sSet, Ex(RLP(cof sSet)) C RLP(cof sSet),
(i) Ex(fibsSet) C fib sSet.
Proof.

(i) There are equivalences
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sdgc € cof sSet, Y ¢ € cof sSet
<= sdpc € LLP(f), V ¢ € cof sSet, f € RLP(cof sSet)
<= Exf € RLP(c), V ¢ € cof sSet, f € RLP(cof sSet)
= Exf € RLP(OA™ < A™), VY f & RLP(cof sSet), n>0
— sdg(A" — A") € LLP(f), ¥ f & RLP(cof sSet), n>0
— sdp(OA" — A") € cof sSet, Vn >0,
where the first equivalence holds, because (cof sSet, RLP(cof sSet)) is a weak fac-
torization system by Theorem and hence cof sSet = LLP(RLP(cof sSet)). The
second equivalence follows from Remark applied to the adjunction (sdp, Ex) of
Remark [3.51] The thirs equivalence holds, because

RLP(cof sSet) = RLP{OA" N A" n >0}

by Theorem |3.29 again. The last two equivalences are similar.

For checking the last assertion, by using the commutative diagram

sdpOA" =———=5sdpBJI(n) % BsdgdI(n)
sstj sdBal BsdB(s)L
sdpA" ——— sd BI(n) — 2+ Bsdpl(n)

it suffices to verify that the right vertical map is injective. But this is true since
0I(n) — I(n) and hence sdgl(n) — sdpl(n) is injective.

By Theorem we have
fibsSet = RLP{A® X A™ +poxgan A x 9A™ L5 AL A" 1 >0, i = 0,1}
So by the same arguments as in (i), it suffices to check that
sdg(d' Ue) € LLP(fib sSet), Vn>0,i=0,1.

However this is much more difficult than the case in (i) and will be obtained in
several steps.
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a)

First we prove that sdgBI(m N n) € LLP(fibsSet), for every injection

m AN n. Using Proposition |3.52| and Remark [3.54) we have a natural isomor-
phism

sdpBI(m) — Bsdpl(m) = BTSI(m) = BSI(m), m > 0,

and the partially ordered set SI(m) considered as a category has a terminal
object m. So Lemma implies that sdgBI(j) € w,sSet. Since sdgBI(j) €
cof sSet by (i), Proposition implies that sdpBI(j) € LLP(fib sSet).

Next we prove that sdgB(/(0) x C &g I(1) x C) € LLP(fibsSet), where
t = 0,1 and C is an ordered simplicial complex with n := 4C' < oco. Then

C =s1U...Us,, with s; € S(C') maximal. We prove that d* x id is an absolute
weak equivalence by induction on m > 1.

e For m = 1 there is an isomorphism ¢ : I(n) — C, so we may assume
C' = I(n). We only prove the case i = 0 and proceed similarly as in the
proof of Proposition by constructing intermediate subcomplexes

1(0) X I(n) = Uy — Uy — ... — U, = I(1) x I(n).

More precisely we define
U1 := U Utg, tx=14(0,0),...,(0,k),(1,k),...,(1,n)}, 1<k<n.

Then Uy Nt = t;, = {(0,0),...,(0,k — 1), (1,k),...., (1,n)} = I(n) and we

get a cartesian square as on the left

I(n) Uy BI(n) BU,
dkj l dkL L::ijrl
I(n+1)— Uy,  BlI(n+1)—— BUy,,.

Hence also the right square is cartesian and by definition of Ui, also
cocartesian. The right square stays cocartesian after applying the left ad-
joint functor sdp. Since sdpd® € LLP(fib sSet) by b), Lemma [3.13]implies
that also (BU, — BU,,1) € LLP(fibsSet) and thus sdg(d' x id) =
sdpjn © ... 0osdpj; € LLP(fib sSet).

e For m > 1 we consider the ordered subcomplex C" := s; U ...Us,,_1 < C
again. Like in the proof of Proposition |3.52| we get a commutative diagram

sdpB(I(0) x C") =—=sdpB(I(0) x (C" N sy,)) == B(I(1) X sp,)
sdBB(dixid)l sdBB(dixid)L sdBB(dixid)l

sdpB(I(1) x C') <——B(I(1) x (C" 1 5,1)) == B(I(1) X 5,),

in which the vertical maps are absolute weak equivalences by the induction
hypothesis. As all the horizontal maps are cofibrations by (i), Theorem
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(i) implies that the horizontal colimit sdg B(I1(0)xC) s Bldxid B(I(1)xC)
also is an absolute weak equivalence. As it is injective and thus a cofibra-
tion, Proposition implies that is in LLP(fib sSet).

¢) Now in the commutative diagram

sd g (di xid)

sdp(A” x OA™) sdp(Al x 9A")

SdB(idX&‘)l l

SdB(AO X An) —>SdB(AO x A" +A0x AR Al x 8A”)

T~ d\ius
-
sdp (di xid) sdp(Al x A™)

every map is injective by Theorem and (i). Using the isomorphisms

SdB(idX&‘)

A" x OA"™ = B(I(m) x 0I(n)), A" x A" = B(I(m) x I(n)), m=0,1,

we have shown that the upper horizontal map and the lower curved map is

in LLP(fibsSet). As the square is cocartesian, Lemma implies that the
lower horizontal map is in LLP(fib sSet). So Corollary implies that d'Ue €

LLP(fib sSet).

For our purposes much more important than the map h is the following map a.

Proposition 3.56
The natural so-called last vertex map of partially ordered sets

V:SI(m) — m, s+ maxs, m >0

induces a natural surjective absolute weak equivalence

sdpX = X
!
. . colim ,, BV .
colim Bsdpl(n) == colim BSI(n) ————— colim B(n).
meA/X meA/X meA/X

Again the isomorphism on the right is induced by the canonical one from the co-Yoneda

Lemma [2.5]]

Proof. The map V is a retraction, an order-preserving section is given by
W:m — SI(m), k+— k.

It follows that also BV is a retraction and thus an epimorphism. As epimorphisms are
stable under colimits, it follows that ay is an epimorphism.
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It remains to prove that ax is an absolute weak equivalence, which is a lenghty induction
using our theory of absolute weak equivalence established in section [3.8 First we assume
X = BC, where C is an ordered simplicial complex with n := 4C' < oo. Then C' =
s1U...Us, with s; € S(C') maximal. We prove that agc is an absolute weak equivalence
by induction on m > 1.

e For m = 1 there is an isomorphism ¢ : I(n) — C. Using Remark we get a
commutative diagram

BSI(n) ——— Bsdpl(n) ~2 sdyBI(n) —*229, o4, BC
Bvl ABI(n) L lGBC
B(n) BI(n)— 29 . Be,

so it suffices to prove that the left vertical map is an absolute weak equivalence.
But considering the partially ordered sets SI(n) and n as categories, the objects
n € SI(n) and n € n are terminal. So Lemma m implies that BV is an anodyne
extension.

e For m > 1 we consider the ordered subcomplex C' := s;U...Us,,_1 < C again. Like
in the proof of Proposition [3.52| we get a commutative diagram

sdp BC' <—<sdpB(C' N s,,) > Bsyy,

apc! l/ AB(C'Nsm) l @Bsm l

BC' B(C'" N sp,) = Bsy,

in which the vertical maps are absolute weak equivalences by the induction hypoth-
esis. Moreover taking the colimit horizontally yields the map sdgBC “£S BC'. As
all the horizontal maps are injective and hence cofibrations, Theorem m (i) im-
plies that also apc is an absolute weak equivalence. This concludes the proof for the
induction step.

Now let X € sSet be an arbitrary simplicial set. By induction on n > 0 we will show that
sdpgsk,, X ok sk, X is an absolute weak equivalence.

e For n = 0 the simplicial set skoX is a set of points. As sdgBI(0) — BsdgI(0) =
BI(0) it follows that sdgskeX o skoX is an isomorphism.

e For n > 0, recall that by Proposition [2.76| we have cocartesian squares

XnBOI(n) = X, x OA" —= sk, 1 X

|

sk, X.

~

XnBI(n) = X, x A"
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Using that sdp is a left adjoint and therefore commutes with pushouts and coprod-
uct, taking colimits horizontally in the commutative diagram

XnsdpBI(n) <—<*~rsd g BOI (n) — sdgsk,_1 X

Xn
a’BBI(n)j askanl

Xn B (n) —— skp_1 X

*api(m) l

*nBI(n)

yields the map sdpsk, X ekn gl sk, X. Using that absolute weak equivalences are
closed under arbitrary coproducts by Proposition [3.42] the left two vertical maps
are absolute weak equivalences, because 0I(n) < I(n) are finite simplicial complexes.
It follows that also ag,x is an absolute weak equivalence by Theorem [3.41] which
proves the induction step.

Finally we apply Theorem to the map of sequences

SdBSkoX > Sle SkQX

askOXl askIXl astXl

SkoX e Sle SkQX

to see that also sdg X —% X is an absolute weak equivalence.
O

Infact we are more interested in the functor Ex right adjoint to sdg. An colimit over its
iteration will provide the desired fibrant replacement functor Ex*, which was introduced
by Daniel Kan during his foundational studies of simplicial sets.

Definition 3.57
For every X € sSet, we define

Ex*X := colim (X By B X B 2 X B ),

where X 255 ExX is the map corresponding to sdp — X under the adjunction|3.51]

Proposition 3.58
For every X € sSet, we have Ex™ X — *.

Proof. Using the description of Proposition (3.35
fibsSet = RLP{A} .= | ] d'A"™" —— A" 0 <k <n}

0<i<n,
itk
we need to prove that there is a solution for every lifting problem

A} S Ex®X
7

[\Hd/l
/

-

-

A" *.
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3.10. Verifying the model structure on simplicial sets using Kan’s functor Ex™

As A} is a finite simplicial set, Proposition implies that u factors as
AP 5 ExX"X M Ex®X,

for some m > 1. So setting Y := Ex™ X it suffices to construct a map d in every diagram

bEx
Ap —— ExY —=—=Ex’Y
{ -7 l
An == *

By applying Remark twice and using that Exx = sSet(sdgA®, %) = %, we can equiv-
alently solve one of the lifting problems below

n v’ by 2 An SdBaAg n v’
-7 37 -
_ - -~ /3(1 _ —~ // - - E/d/
- _
sdpA * stBA” *

Recall that in the proof of Proposition we introduced the ordered subcomplex A} <
I(n), which after applying the nerve functor yields the simplicial subset A} < A™. Now
by construction of a and f there is a commutative square

BSI(n) BTSI(n) ——— Bsdpl(n) <22 sdp BI(n) ——— sdg A"
Bvl Bvl aBI(n)l apn l
B(n) ——— BI(n) BI(n) ——— A",

So by naturality of a and f the map T'S1(n) N I(n) restricts to a map T'SI(A}) N A}
and there are natural isomorphisms

apn

sdpA" ———sd AT —F o A7

fI(n)l? ngLz ‘

BTSI(n)<—BTS(Ap) 2% B(AM).

So applying sdp and using f again it suffices to solve the lifting problem of simplicial
complexes (the map d need and will not be order-preserving!)

TS(Ap) -~ 47

7

7 3d

e

TSI(n).
But this is possible by setting

maxs, s¢€ S(A}),

d:TSI(n) — Ay, s+ { {k}, s¢ S(AD).
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Indeed for s := {sg C ... € s} € STSI(n), let j be maximal with s; ¢ S(A}). Then
thereis an 0 <i <mn, i # k with i ¢ s; and hence

i ¢ {max s, ...,maxs;, {k}} D d(s) € S(A}).

O
Finally by using all the good properties of the functor Ex*™ we can prove the difficult
inclusion fib sSet C RLP(cof sSet N wsSet) in the construction of the model structure.
Proposition 3.59
For every fibration f : X — Y the following holds.
(i) Ex*f € fib sSet.

(il) X (M) ExX Xgywy Y is a strong deformation section.
(iii) (X YV Bx®X xpeey Y) € LLP(fib sSet).
(iv) f € RLP(cof sSet NwsSet).
Proof.
(i) Using Theorem we need to solve every lifting problem
A% x A" 4 pogan AL x QA" - Ex™X

-7
. 3d - -~
dlusl _ - lEme

Al x A" EX"Y,

—

(2

for i = 0,1 and m = oco. As the two simplicial sets on the left are finite and hence
w-compact by Proposition [3.22] the map w and v factor over Ex™X and Ex™Y
respectively, for some m < co. So we may assume that m < co. But then there is a
solution d, because Ex™ f is a fibration by m-fold application of Proposition [3.55|

(ii) Using that the natural map a epimorphic by Proposition m it follows that
bx : X = sSet(A*, X) (eas] sSet(sdpA®, X) = ExX
is injective and hence a cofibration by Definition [3.27] It follows that also the map
c:=(bx,[): X — ExX Xpy = X'
is injective, because my (bx, f) = bx. So in the commutative diagram

sdg X ax X

o] |

SdBX/ I SdBX/ +SdBX X

~
~
axre™>
N
ax’ X',
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(iii)

the maps ¢ and sdpc are cofibrations by Definition [3.27] and Proposition [3.55] re-
spectively. As ax and ay: are absolute weak equivalences by Proposition [3.56] also
ax: U c is an absolute weak equivalence by the 2-of-3 property for absolute weak
equivalences proven in Proposition [3.38]

Now the commutative diagram on the left induces a commutative square in the
middle, for which there is a diagonal and homotopies h, k as depicted below

e Uid
X X sdp X/ +upx X —20 > X
c l(bx,f) axrUc hUk /H/d/ f
X T B X Mgy Y X Y,

where 7, v is the map corresponding to mgyx under the adjunction bijection
sSet(sdp X', X) = sSet(X', ExX)

of Remark|3.51| Defining k' € sSet(A', X', ExX) as the map similarly corresponding
to

sdp(Al x X)) AT g xRy X
we can define k" := (K, 7y) : A x X' — ExX Xy Y = X’ and get

idX % dC, fh = f7Tx, idX/ ]% Cd, fdk'// = 7Tykll = Ty.

As f is a fibration and hence also Exf by Proposition |3.55] so is also the left vertical
map in the cartesian square

ExX Xpoy Y 22X ExX

Yy — ™ L ExY.

because fib sSet is stable under pullbacks by the dual of Lemma [3.13| In particular

the map

(bx,f)

X TN X ExX gy Y e x

is a my-fibrered homotopy equivalence and hence (bx, f) € LLP(fib sSet) by Propo-
sition 3.291

For m > 0 the lower horizontal map is a fibration by m-fold appliation of Proposition

.20

Ex"X xgomy Y ——=Y

Ex™ j

Ex" X ——ExY.

As fib sSet is stable under pullbacks by the dual of Lemma it follows that also
the upper horizontal map is a fibration. So applying (ii) yields that the left vertical

TEx™ X l
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map in the commutative square below is a strong deformation retraction and hence
in LLP(fib sSet) by Proposition

bEme xid

Ex"X Xpgmy Y Ex" Y xpmiy Y

(b,7y) T(WExm—O-lXJrY)

EX(EX™X Xpeony V) Xpey Y e IO gomst o EXY) Xy Y

o As Exis aright adjoint and therefore commutes with limits, the map (Ex(mgmx ), Ex(my))
and hence the lower horizontal map is an isomorphism.

e The right vertical map is an isomorphism, because the two small squares

(Ex™M X xpomiy EXY) Xgyy YV — ExX" X xpmi1y ExXY —— Ex™ 1 X

L TExY l Exmtlf l
by bEmeO-~~ObExY m+1
Y ExY Ex"TY

are cartesian and hence also the outer square is cartesian.

It follows that the upper horizontal map is in LLP(fib sSet) and by Lemma m
the same holds for the map

(0, ) : X =% colim (X X0 ExX xpe VP25 ) 25 Ex®X xpeey Y.

Here the last map is an isomorphism, because filtered colimits commute with finite
limits and hence pullbacks by Proposition [2.48|

(iv) In the commutative diagram

Xe—=——mr—x=—=X
(w0, f)l B -~ l
Ex*X XEXooy Y Y
] i
Ex®

Ex®X ———— 3 Ex®Y —x%

the left vertical map is in LLP(fib sSet). So there is a diagonal d, which proves
that f is a retract of my. The lower left horizontal map is a fibration by (i), while
the lower right horizontal map is a fibration by Proposition [3.58 So Corollary
implies that Ex™ f € RLP(cof sSet NwSet). It follows that also 7y and its retract
fis in RLP(cof sSet N wSet), which is stable under pullbacks and retracts by the
dual of Lemma [3.13l

O

Remark 3.60
By the structure of the proof of Proposition (iv), we see that one can prove the

inclusion fib sSet C RLP(cof sSet NwsSet) by using any natural transformation X a2,
Q(X) instead of X =% Ex>X having the following properties.

110



3.10. Verifying the model structure on simplicial sets using Kan’s functor Ex™

(i) Q(X) — x*, for all X € sSet,
(i) Q(fibsSet) C fibsSet,

(i) (X "0 Q(X) %oy V) € LLP(fib sSet).

By using different techniques one can show that also the unit X -2 S| X| of the adjunction
Top(|X],Y) = sSet(X,S(Y)) has all these properties.

After having shown the difficult inclusion fib sSet C RLP(cof sSet NwsSet) in Propo-
sition m (iv), it is now comparably easy to deduce the model structure:

Theorem 3.61
The category sSet is a model category with weak equivalences, fibrations and cofibrations
defined as in Definition |3.27.

Proof. For every T'— % Remark implies that the inverse image W of Mor(Set?)*

under the functor
mosSet(-,

T
sSet — mpsSet ) SetP

satisfies the 2-of-3 axiom. Hence the same holds for the class

wsSet = ﬂ W
T—ox

Recall that by Theorem there are two weak factorization systems
(cof sSet, RLP(cof sSet)), (LLP(fibsSet), fib sSet),
and it remains to prove that
RLP(cof sSet) = fib sSet N wsSet, LLP(fibsSet) = cof sSet N wsSet.
e We begin with the second equality. By Proposition [3.59] we have
fib sSet C RLP(cof sSet N wsSet).
Combining this with Proposition [3.43] and Proposition yields

LLP(fib sSet) = cof sSet Nw,sSet C cof sSet N wsSet
C LLP(RLP(cof sSet NwsSet) C LLP(fib sSet),

so all these classes are equal.

e For the first equality note that in Remark we have already checked that
RLP(cof sSet) C fib sSet N wsSet. (3.5)

So let f € fibsSet N wsSet. As (cof sSet, RLP(cof sSet)) is a weak factoriza-
tion system, the map f can be factored as X — 7 -5 Y, where ¢ € cof sSet
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and g € RLP(cof sSet). As f = gc and g are weak equivalences by assump-
tion and respectively, also ¢ is a weak equivalence by the 2-of-3 property.
So ¢ € cof sSet NwsSet = LLP(fib sSet) by (i) and hence there is a diagonal d in
the commutative square

X X
7
79 .y

In particular f is a retract of g and thus also f € RLP(cof sSet), as this class of
maps is closed under retracts by the dual of Lemma [3.13]

O

3.11 Homotopies in model categories

The construction of the homotopy category of a model category is obtained by using the
terms of abstract homotopies and homotopy equivalences.

Definition 3.62
Let C be a model category, O an initial and * a terminal object in C.

(i) A cylinder object for X € C is an object I - X € C together with morphisms

X+ X
o ] W\(z;v
1=10U121

I-X X.

~

FEvery object has a cylinder object given by any factorization of the fold map V
provided by the model structrue on C.

(ii) Two morphisms f,g € C(X,Y) are called left homotopic via h, short fr~ g, if

there is a map h € C(I - X,Y'), for some cylinder object X + X — T X = X,
giving rise to a commutative diagram

1ug I \

11 ually a path object jor Y € C 1s an object € C together with morphisms
iii) Duall th object YeCi bject Y1 € C h th hi

Y

Y = y!

e

Y xY.

FEvery object has a path object given by any factorization of the diagonal map A
provided by the model structrue on C.
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(iv) Two morphisms f,g € C(X,Y) are called right homotopic via h, short f ~, g, if
there is a map h € C(X,YT) for some path object Y =yl Doy x Y, giving rise
to a commutative diagram

Y = y! h X
\ p
A J, (f,9)
Y xY.

Example 3.63
In the model category sSet the following holds.

(i) For every X € sSet there is a canonical cylinder object, given by

X+X=0A'"xX

idxUid x =:V
i=doud!

Al x X = X.

TX

Indeed 1 is injective and hence a cofibration, while wx is a strong deformation re-
traction and thus a weak equivalence.

(ii) For every Y € sSet with Y — % there is a canonical path object, given by

Y = sSet(A°Y) % sSet(AY)

~

x lp::(do ,dl)

sSet(OA"Y) =Y x Y.

Indeed p = (d° U d")* is a fibration by Corollary since Y — x, while sg 1s a

strong deformation section and thus a weak equivalence.

In contrast to the simplicial theory developed before, the term of homotopies is now
slightly more relaxed, meaning that the cylinder/path objects may vary. This freedom
allows the proof of the following Lemma, which we know does not hold in this generality
for the term “simplicial homotopy”.

Lemma 3.64
Let 0>— X with a cylinder object

10Uz1 rx
X+X>r—1T X —X.
Then the following holds.

(i) 4;: X Y X+ Xo— I+ X is a trivial cofibration, for j =0, 1.
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i1Utg

(i) X + X >—I-X = X is a cylinder object for X.

To distinguish it from I - X we denote it by I' - X = I - X and call it inverse
cylinder object.

1oUtg

(iii) Let X + X >— J - X 2% X be another cylinder object for X.

Then there is a composed cylinder object X + X (LOOi(Mloil) (IxJ)- X XU X
defined by the pushout square

(iv) Left homotopy is an equivalence relation on C(X,Y) for every Y € C.

Dual assertions hold for path objects and right homotopies.

Proof.
(i) We have a pushout diagram
0 X
.
X—X+X.

Because X is cofibrant and cofibrations are preserved by pushouts by Lemma [3.13]
Lo, L1 18 a cofibration. As compositions preserve cofibrations ig,7; are cofibrations,
too.

For j = 0,1 the map i, is a weak equivalence, because of the 2-of-3 axiom for weak

equivalences.
X+ X I-X

(ii) This is by symmetry of the axiom for cylinder objects.

(iii) By (i) the morphism X % J-X s a trivial cofibration. Since trivial cofibrations are
stable under pushouts, the morphism .J- X % (I%.J)-X is also a trivial cofibration.
rxUrx

It follows from the 2-of-3 axiom, that (I x J) - X = X is a weak equivalence,
because J - X =5 X is a weak equivalence.
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We have
10+171 tyUer
X+X>r— (J- X))+ -X)>— X,
where the first morphism is a cofibration, because iy and i; are cofibrations by (i)
and cofibrations are stable under coproducts. The second morphism is a cofibration,

because we have a pushout diagram

X+ X2 (1 X)+ (] X)

ioUil] jLIULJ

J(X)— (% J)- X,

where the left vertical morphism is a cofibration by definition and hence the right
vertical morphism is a cofibration, because cofibrations are stable under pushouts.

(iv) Let f € C(X,Y). Let rx : I - X — X be the canonical map. Then there is the
constant homotopy f >~ f.

X+X 107
I\’\
X /

I-X X Y.

Now let f,g € C(X,Y) with fp~g, for some h € C(I - X,Y). Then I - X with
i; = i1—;, for j = 0,1, is also a cylinder object and the same morphism h’ = h
defines an inverse homotopy ¢, >~ f with respect to its inverse cylinder object.
Finally if e, f,g € C(X,Y) with ex~ fr,~g, where h € C(I - X,Y) and k €
C(J - X,Y). Then there is a canonical composition of homotopies h x k, such
that ep.p> g with respect to the cylinder object (I % J) - X of (iii). More precisely
h % k is defined as the natural pushout morphism in the diagram

X

Note that the outer paths commute, since by hypothesis hi; = f = kio.

O

It was crucial in the construction of the model structure on simplicial sets, that we have
a “Pushout-Product” property as given Theorem It enabled us to deform homotopies
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in the desired way. Unfortunately we do not have a similar property in an arbitrary model
category. Instead deformations of homotopies and other construction of higher homotopies
are established by the interplay of cylinder and path objects. This will be demonstrated
in the following proposition.

Proposition 3.65

Let O— X 25y and Y =5 YT 2oV XY be a fized path object.
If f. g are left homotopic, then f, g are right homotopic w.r.t. Y.

Proof. Let i; : X X + X>— I - X denote the inclusions for 5 = 0,1. Since X is
cofibrant, i is a trivial cofibration. Consider the diagram

X Y S
. ) l
0 | X ”/,’ P
- X== i) X x(I-X) < Y xY.

The upper right composition is equal to Ao f, the lower left one is (f x h)o(idx X ig)o A =
(fx f)oA = Ao f. Hence the square commutes and the diagonal exists. Because hoi; = g
we obtain a right homotopy

Corollary 3.66
Let f,g € C(X,Y), where X is cofibrant and Y is fibrant. Then the following is equivalent:

(i) f, g are left homotopic,
(i

) f,q are left homotopic w.r.t. a fived cylinder I - X,
(i) f, g are right homotopic,
)

(iv) f,g are right homotopic w.r.t. a fized path object Y1,

Lemma 3.67

f
Let C be a model category and consider morphisms A —2= X :g;Y . B.

(i) fa~g = bfw~bg.
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(i) frg = fap,~ga, for some hy, if Y is fibrant or for h, = h(I - a) if we
have a map I - a rending the following diagram commutative

~

A+ A" I~|A = A

a—i—al ElA al
. \

X+X~—=I1 X=X

(i) f~g = fa~pga.
(iv) f~ng = bf ~p,bg, for some hy, if X is cofibrant or for hy = b'h if we have
a map Y! Ny rendering the following diagram commutative
Y =yl Py <y

I
b 3l | bxb
y

B—=-B'—2.BxB
Proof.

(i) By assumption there is a cylinder I - X and an h, such that f,~ g. Then bf,,~ bg

is a left homotopy:
X+ X (bf)u(bg)
idxiidxy I w‘\
SR ) — y —> - B.

X

(ii) Consider a homotopy

idyUidx=V I fug

LES S |G Y.

~

X

Then rx can be factored as on the left and we find a diagonal in the right
I-X X X - Xty
\ / CIN w7
c e y s
I-X' I-X'——x,

By construction we have f, >~ g, because X + X >3 I-X »— I-X'is another
cylinder object for X. Furthermore we find a diagonal

A+ AL X 4 X =T X

-~
la -~ ,
o ~|r
- =X
-~
—

I-A= A “ X.
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Then h, = h(I - a) is the desired homotopy

A+A—% x4 X

mW I I fug
~ Ia 14
_—

A — I-A I-X’

The last two statements are dual.

3.12 The homotopy category of a model category

As the title suggests, the goal of this section is the construction of the derived category
of an arbitrary model category. Before we do that let us record the following abstract
Whitehead Theorem, which partly has strong similarity to Proposition [3.33] in the con-
text of simplicial sets. It is an abstract version of the classical Whitehead Theorem for
topological spaces, stating that each map between CW-complexes inducing isomorphisms
on homotopy groups is infact a homotopy equivalence.

Interestingly in the abstract setting of an arbitrary model category its proof is much
easier than the other implication that every homotopy equivalence is a weak equivalence,
which in the context of topological spaces or simplicial sets is trivial. The proof of the
latter will be given in the subsequent section.

Theorem 3.68 (Abstract Whitehead Theorem)
Let C be a model category.

(i) Let f: Z =Y with Y cofibrant and I - Z is a fived cylinder object for Z.

Then f is a strong deformation retraction with respect to I - Z.
(i) Letc: X sy 7 with X fibrant and Z' is a fived cylinder object for Z.
Then c is a strong deformation section with respect to Z!.
(iii) Fvery weak equivalence between bifibrant objects is a homotopy equivalence.
Proof.

(i) Using that fibC N wC = RLP(cof C) the proof is the same as Proposition in
the context of simplicial sets. Because f is a trivial fibration and Y is cofibrant, we
can find a section s for f and an h, such that the following diagrams commute

(sf)uidz

0 Z L+ 7Z——=Z
/1 /7
I 3/5/ :lf I /HE/ zlf
lN/
Z
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3.12. The homotopy category of a model category

Hence fs = idy and sf,~idz with fh being trivial, meaning that the lower two
triangles commute. This means f is a strong deformation retraction.

(ii) This is dual to (i).

(iii) Let X,Y € C bifibrant and a : X — Y a weak equivalence. Then a has a factor-

1zation
X Z Y
Z,

where f is a trivial fibration and c is a cofibration. By the 2-of-3 axiom c is trivial,
too. Since X is cofibrant, Y fibrant and fibrations and cofibrations are closed under
composition Z is bifibrant. By (i) and (ii) we find a section s for f with sf,~idy,
for some left homotopy h, and a retraction r for ¢ with cr ~idy for some right
homotopy k. Using Lemma [3.67], we see that crs ~, s. Define b := rs. By Corollary
there is a &/, such that c¢rsp~ s and again by the preceding Lemma we get
ab = fers gy~ fs = idy. Similarly we find a A’ such that ba = rsfcp.~rc = idx.
Thus a and b define a homotopy equivalence.

O

The homotopy category of a model category will be constructed via the quotient cate-
gory of the subcategory of objects )>— X — . For this purpose we need the notion of
a bifibrant replacement of an object.

Definition 3.69
Let C be a model category and X € C.

(i) A fibrant replacement of X is an object F(X) in a factorization
X = F(X) — %

For f € C(X,Y) and a chosen fibrant replacement F(Y) of Y, we let F(X) and
F(f) be given by a factorization

)[( 1
FX) 2 p(y) —s,

(ii) A cofibrant replacement of X is an object C(X) in a factorization

P— C(X) — X.
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For c € C(X,Y) and a chosen cofibrant replacement C(X) of X, we let C(Y') and
C(c) be given by a factorization

) —=C(X)—% oY)
S,

(iii) A bifibrant replacement of X is a cofibrant replacement CF(X) of a fibrant
replacement F(X) of X.

Lemma 3.70
Let C be a model category, fo, f1 € C(X,Y) with liftings
0 C(Y) i=0,1.
[ a7 l
- ~ | qy
C(X) Zr X —— Y.

If'Y is fibrant, then fo ~ f1 implies C(fo) x>~ C(f1), for some right homotopy k.

Proof. By Lemma fo = f1 implies ¢y C(fo) = foax gy frax = qvC(f1), and thus
gy C(fo)e~ qvC(f1) by the dual of Proposition [3.65] since Y is fibrant. This homotopy
can be lifted as

_ 7
k-7
iUt =" ~|qy
-
—

[-C(X) - Y.

Theorem 3.71
Let C be a model category.
Then C has a homotopy category Ho(C), whose objects are the same as C and

Ho(C)(X,Y):=C(CF(X),CF(Y))/ ~, for all X,Y € C,
for chosen bifibrant replacements CF(X) of X and CF(Y) of Y.

Proof. For every X € C, there is a bifibrant replacement, given by factorizations
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where we chose F'(X) = X, if X is fibrant, and CF(X) = F(X), if X and hence F(X) is
cofibrant.

Let X,Y € Cand f € C(X,Y). Then the lifting property induces a morphism CF(f) €
C(CF(X),CF(Y)) between some chosen bifibrant replacements of X and Y

X Y === F(Y) 0 CF(Y)
r) - J] [ CR(f)_ -7 J,:
FX)— ¥, CF(X)—=F(X) 7 F).

We have to check that C'F(f) is well-defined up to homotopy. Suppose fo, f1 € C(F(X), F(Y))
are two liftings of f, meaning that the left squares commute. Then there exists a homotopy
h as in the right square

x—1 oy XL .v-= pry)—=—Fy)
:] ~ N] - E - - (POyPl)
F(X)—>—>f0 F(Y) FX) = F(Y) x F(Y
fi ( ) (fo,f1) ( )>< ( )

It follows that fy~ f1 and thus C(fy)r~ C(f1) by the preceding Lemma, since F(Y)
is fibrant. Similarly one proves that the lifting CF(f) of the map F(f) is unique up to
homotopy.

It follows that Ho(C) is a well-defined category with the composition induced by the
composition in C. Moreover the assignment f — C'F(f) defines a functor C — Ho(C).
Furthermore, if f € C(X,Y) is a weak equivalence, then C'F'(f) is a homotopy equivalence
by the Whitehead Theorem and so 7(f) is an isomorphism.

To check the universal property let C % Dbea functor, which sends weak equivalences
to isomorphisms. Suppose f,g € C(X,Y) with X and Y bifibrant and f,~ g, where

iUt
X+ X »=1-X 25 X is a cylinder object. Since ry is a weak equivalence G(ry) is an

isomorphism, so G(rx)G(ip) = G(idx) = G(rx)G(i1) implies G(ip) = G(i1). Hence
G(f) = G(hig) = G(h)G(io) = G(h)G(ir) = G(hir) = G(g),

proving that G factors as C — Ho(C) < p. By definition of Ho(C) the functor G’
is uniquely determined on objects. Since 7 is full on bifibrant objects, G’ is uniquely
determined on the full subcategory of Ho(C) of objects, which are bifibrant in C. But for
every other object in Ho(C) there is a formal isomorphism to an object in this category,

proving that G’ is uniquely determined on Ho(C).
O

3.13 Characterization of weak equivalences
The goal of this section is to prove that in every model category the weak equivalences are

exactly those morphisms, which become isomorphisms in the homotopy category. This is
a often very useful characterization of weak equivalences.
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Lemma 3.72
Let C be a model category and fo, f1 € C(X,Y) with fibrant Y.

Then fo =y f1 implies y(fo) = v(f1)-

Proof. By construction of the homotopy category Ho(C) we have to check that the bifi-
brant replacements of fo and f; are homotopic. As Y is fibrant, we have ¥’ v, Y =F(Y).
It follows that the maps fy and fi can be lifted to fibrant replacments fo and f; as in the

square on the left, and the homotopy h can be lifted to a homotopy A as on the right.

x—1l.y X—h oyl
= 7 _ 7
. i/ h -~
szN . l ZXI: Phd l(po P1)
F(X) —#, F(X)—=Y X Y.

Now Lemma implies that C(fy) is homotopic to C(f;) and thus

v(fo) = v(foix) = v(fo)v(ix) = v(fi)v(ix) = v(fiix) = v(f1).

Lemma 3.73

Let C be a model category. Let a,b: X — Y with ap~b, for some h € C(I-X,Y).
Then h' x hy~ aryx, where h' x h is the composed homotopy of h with its inverse h/,

obtained as the pushout morphism in the diagram

X
"'Iio
X—"7.X

The homotopy H is meant as a commutative diagram

(I'- X) () (I~ X)

y IC (h'*xh)Uar’y,
f v H

X< — X

Y,

wherer’y - I'-X — X is the canonical map and r'yUr’, = fc is an arbitrary factorization
of the given type.
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Proof. We choose a path object for Y as depicted in the left diagram and find a diagonal
in the right square

Y s;/ YI X a Y Sy 7YI
| E_ -
A=(ldy,mk)‘\ l(?oﬂ?l) ’LOI - _ - l(po’pl)
Y XY, I-X Y XY
’ (arx,h)

Let k = k' be the inverse homotopy and define a morphism
k=kUK :T-X'=1-X+xI-X—Y!

which fits in the diagram

X+X—48 Y o y!
ioUilt / l(po,pl)
I'- X Y xY.
(ar’y ,h/xh)

Now as c is a cofibration and p; a trivial fibration we get a diagonal in the square

EU(sy ar’
(I X) 4 ) (I X) —22 X)/7YI
T
c /// ~ | Po
X = X——>Y.

Then H = p; K has the desired property, because by construction

He=p1Kc=pi(kU (syary)) = (pik) U (p1syary) = (I = h) U (ar'y).

O

The subsequent proposition has strong similarity to the simplicial analog Proposition

.47

Proposition 3.74 (Quillen)

Let C be a model category and X N Y, where X,Y are bifibrant.
Then the following is equivalent.

(i) f is a weak equivalence.
(ii) f is a strong deformation retraction.

(iii) ~v(f) is an isomorphism in Ho(C).
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Proof. The implication (i) = (ii) was proven in the abstract Whitehead Theorem [3.68|

Vice versa let tf,~ idy and choose a path object Y =5 Y/ (@;) Y x Y. Next choose a

factorization
X B (X % X)yuy Y Y o
x« MJM) \
X] (XXX) XyXyYI YI
l(pmm)
Y xY.

Ixf
Since fibrations are stable under pullbacks and composition we have a fibration

)

X XX X)Xyxy Y — X x X

)

and thus X > X7 (M X x X is a path object for X. Moreover we find a diagonal

X X el

7

- ((po,p1),fF)

X = I
X ((hyrx),sy frx) (X x X) xyxy Y7,

because the square commutes, since
(f x f)(h,rx)iy = (fhiy, frxiy) = (frxiy frxin) = (f, f) = Af = (po, p1)sy frxii.
Let k = Hiy: X — X!. Then by construction
pok = poHig = hig =tf, pik =piHig=pirx = idx, 'k = fTHiy = sy frxio = sy [.

In particular tf ~ idx. Now suppose we have a lifting problem as on the left, then we
find a diagonal as on the right

A—>" X A b X!
7 _7
I L lf ] - j(po,fl)
B= v Y’ B= - X Xy YI.
(tv,syv)

It follows that d = p; D solves the left problem, because
dc =p1De = prku = u, fd:fplD:plfID:pleU =v.

Hence f has the right lifting property with respect to all cofibration, meaning that it is a
trivial fibration and thus in particular a weak equivalence.
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To see that (ii) implies (iii), it suffices to note, that for any homotopy equivalence f
with homotopy inverse ¢, the morphism v(f) is an isomorphism with inverse y(¢). The
other implication is similar to the proof of the implication (ii) = (iii) in Proposition [3.47
However the deformation of the homotopy is slightly more difficult, because we have to
work with path objects.

Supposing y(f) is an isomorphism, then f is a homotopy equivalence with homotopy
inverse g, i.e. we have a left homotopy fg,~ idy, for some h € C(I-Y,Y). By the homotopy
lifting property of f, there is a diagonal

Y—in

iOI: ho
s

[y Lsy.

Note that ig is a cofibration by Lemma (i), because Y is cofibrant. For ¢ = hi; we have
by construction ft = fhi; = hi; = idy and gj;~t. By Lemma (ii) tf is homotopic to
gf, since X is fibrant. But ¢f is homotopic to idx, so by composition we get a homotopy
idyr~tf with k € C(I” - X, X). We compose it with the homotopy tfk’, i.e.

X
N]io
X—2.7. X

illz :]Ll
tfk

X2 X2 X

N
N
N
k Y.

We get two induced diagrams, where the right one comes from the homotopy f&'xfk g~ frx
we get from the preceding Lemma.

X (" X) +x+x) (' X)
I'- X Y Y
T Tk X< = X - Y.

From the right diagram we get a diagonal K in the diagram

" Iy LFK vk ¥

//_‘< /1
(I/'X)—{—(Xer) (I/X) ~ li/ f
\c\—))z/ I Y

It follows, that h = K¢ty is the desired homotopy tf,~ idx fibred over f, because

kip = idy, j =0,

hij = Kcuty = Kety = (LfE * k)uy = { tfkip=tf, j=1
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and furthermore we have fh = fKciy = Heiy = frx by construction.
(]

Using Proposition we can deduce the following two useful corollaries characterizing
weak equivalences.

Corollary 3.75
Let C be a model category and X =Y, where X,Y are bifibrant.
Then the following is equivalent.

(i) g is a weak equivalence.
(ii) g is a homotopy equivalence.
(iii) v(g) is an isomorphism in Ho(C).

Proof. By the Whitehead Theorem (i) implies (ii). Furthermore (ii) implies (iii) by con-
struction of the homotopy category in Theorem [3.71} Finally suppose (iii) holds. We can

factor g as X s 7 N Y, where ¢ is a weak equivalence. Thus by the implications
we have shown ~(c) is an isomorphism in Ho(C). It follows that v(f) = v(g)y(c)™' is
an isomorphism and hence f is a weak equivalence by the preceding Proposition. Hence
g = fcis a weak equivalence, proving (i).

O

Corollary 3.76
Let C be a model category and X —2» Y. Then the following is equivalent.

(i) g is a weak equivalence.
(ii) v(g) is an isomorphism in Ho(C).

Proof. A bifibrant replacement of g induces a commutative diagram

X J Y
:l F(g) i}
F(X) F(Y)
NT CF(g) TN
CF(X)==LCF(Y).

Using the preceding Corollary and the 2-of-3 axiom for weak equivalences resp. for mor-
phisms in C being mapped to isomorphisms in Ho(C) by =, the following holds.

g is a weak equivalence <= F(g) is a weak equivalence
<= (F\(g) is a weak equivalence <= ~CF(g) is an isomorphism
<= ~F(g) is an isomorphism <= 7(g) is an isomorphism.
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3.14 Derived functors and the comparison of model
categories

Like in the context of chain complexes, we are able to define left and right derived functors
for functors on a model category.

Definition 3.77
Let C be a model category, D an arbitrary category and C % D.

(i) The left derived functor LG is defined as the right Kan extension of G along

C — Ho(C), it it exists. That is a functor Ho(C) L% D with a natural transforma-
tion LG oy — G, such that LG is a terminal object in the comma category

v/ G, v*:=(-07): CAT(Ho(C), D) BN CAT(C,D).

(ii) The right derived functor RG is defined as the left Kan extension of G

along C — Ho(C), if it exists. That is a functor Ho(C) E% D with a natural
transformation G —= RG o v, such that RG is an initial object in the comma
category G /~*.

A useful tool in many applications is the following Lemma by Ken Brown.

Lemma 3.78 (K. Brown)
In every model category C the following holds.

(i) Every weak equivalence w: X — Y between cofibrant X,Y € C can be factored as

meaning that 'Y s 7 oY is the tdentity on Y.

(ii) Every weak equivalence w: X — Y between fibrant X,Y € C can be factored as

~ Z’

meaning that X sy 7 —» X is the identity on X.

Proof. Since X and Y are cofibrant and cofibrations are stable under pushouts, we have
X>— X 4+Y Y. Take a factorization X +Y>— Z — Y and let X>— X +Y>»— 7
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be the composition. This is a trivial cofibration by the 2-of-3 axiom. Moreover Y>—

X +Y>— Z is a section for Z —~. Y and so is also a trivial cofibration.
Statement (ii) is dual to (i).

Theorem 3.79
Let C be a model category and G € CAT(C, D).
(i) Suppose G maps trivial cofibrations between cofibrants to isomorphisms.

Then G exists and is given by

eq: LG(X) = GC(X) — G(X), P— C(X) — X.

(ii) Suppose G maps trivial fibrations between fibrants to isomorphisms.

Then RG exists and is given by
ng : G(X) — GF(X) = RG(X), X = F(X) —» %

Proof. Let 0>— C(X) =+ X be a chosen cofibrant replacement, for every X € C, where
we set C'(X) i x , if X € C is already cofibrant. Dually to as was seen in the proof of
Theorem any two liftings fo, f1 € C(C(X),C(Y)) of a morphism f € C(X,Y) are

left homotopic via some homotopy

C(X) + C(X) ()
ioUill _ /h/ -7 - l"‘
I-C(X) = O(X) X ——= Y,

10U1 ~
where C(X) + C(X) >— I -C(X) — C(X) is a cylinder object for C'(X). Since C'(X)

is cofibrant so is >— C(X) 5 1 C(X) by Lemma [3.64] (i). By K. Brown’s Lemma G
maps weak equivalences between cofibrant objects to isomorphisms and thus G(r¢(x)) is
an isomorphism. Hence

G(roe)Glio) = Glropoin) = Glidex)) = Glreoin) = Glroe) )G (i)
implies G(ip) = G(i1) and thus
G(a) = G(hip) = G(h)G(ig) = G(h)G(i1) = G(hiy) = G(b).

In particular we get a well-defined functor ¢ <5 D. Since f € C(X,Y) is a weak
equivalence, if and only if a lifting F(f) € C(F(X),F(Y)) is one by the 2-of-3 ax-
iom, the functor GC maps weak equivalences to isomorphisms and we get a unique
factorization GC' : C — Ho(C) L% p by the universal property of the homotopy

category Ho(C). By construction px : C(X) =+ X defines a natural transformation
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eq = G(p) : v*L(G) = GC — G. We have to check the universal property of right Kan

extensions, meaning that for all natural v*G’ L G there is a natural f' rendering the
diagram below commutative

,Y*G/ f G Gll
|
()1 % e
Y ¥
v*LG LG.

For X € C consider the commutative diagram

7 G (px)

T(GNCX)) —=——="(G)(X)

fC(X)l/ fo

Y LG(X) = GO(X) —S—~G(X),

where the upper horizontal morphism is an isomorphism, since v maps weak equivalences
to isomorphisms. It follows that f = G'(fc)G’(p)~! is the unique morphism we are looking
for. Statement (ii) is dual to (i).

O

We will also introduce the notion of total derived functors between model categories,
providing the most important tool for comparing different model categories and their
homotopy categories.

Definition 3.80
Let C and D be model categories and C S p.

(i) The total left derived functor of G is defined as LG = L(7G).
(ii) The total right derived functor of G is defined as RG = R(yG).

Theorem 3.81 (Quillen’s adjoint functor theorem)
An adjunction between model categories C and D

C(E(X),Y) =D(X,G(Y)),
subject to the following (by Remark equivalent) hypotheses.
o [ preserves trivial cofibrations between cofibrants and cofibrations.
e (G preserves trivial fibrations between fibrants and fibrations.
Then the following holds.

(i) The total derived funtors of E and G ezist and induce an adjunction

Ho(C)(LE(X),Y) = Ho(D)(X,RG(Y)).

129



Chapter 3. Abstract homotopy theory

(ii) (LE,RG) form an equivalence of categories, if and only if
a) X 5 GE(X) — GFE(X) is a weak equivalence, for all cofibrant X € D,

b) ECG(Y) — EG(Y) 25 Y is a weak equivalence, for all fibrant Y € C.
Proof. The existence of LE and RG follows from Theorem |3.79 and its dual. Let F' resp.

C denote a chosen fibrant resp. cofibrant replacement in the particular model category.
Let X € D and Y € C. We have a chain of natural bijections

Ho(C)(LE(X),Y) = Ho(€)(vEC(X),Y) = C(CFEC(X), CF(Y))/ ~

= C(EC(X), F(Y))/ ~=D(C(X),GF(Y))/ ~

= D(CF(X),CFGF(Y))/ ~= Ho(D)(X,7GF(Y))/ ~= Ho(D)(X,RG(Y)),
where the first one is by definition and the second one by construction of the homotopy
category in Theorem [3.71] The third one is induced by composition with the (co-)fibrant
replacement morphisms using Corollary and Lemma [3.67} The middle one is induced
by the adjunction and the arguments for the rest are dual to those given before.

By construction of the adjunction between the homotopy categories we see that its unit

resp. counit is an isomorphism, if and only if the conditions a) and b) hold.
O

Remark 3.82
By Brown’s Lemma the hypotheses of Theorem |3.81| are satisfied, if one of the following
equivalent conditions holds:

o I preserves cofibrations and trivial cofibrations.
o (G preserves fibrations and trivial fibrations.

In applications it is often more convieniant to check these conditions.

Definition 3.83
Let C and D be model categories.

(i) A Quillen adjunction between C and D is an adjunction
C(E(X),Y) =D(X,G(Y))

subject to the following (by Remark equivalent) hypotheses.
e I preserves trivial cofibrations and cofibrations.

o (G preserves trivial fibrations and fibrations.

(ii)) A Quillen equivalence is a Quillen adjunction inducing an equivalence between
the homotopy categories.
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Example 3.84
Using the geometric realization and singular nerve adjunction of Proposition

Top(|X|,Y) = sSet(X,S(Y))

one can also construct a model structure on the category of topological spaces, induced
by the model structure on simplicial sets. More precisely for a map of topological spaces

feTop(X,Y) we define
e f is a weak equivalence, if S(f) is a weak equivalence,
e f is a fibration, if S(f) is a fibration,
e f is a cofibraiton, if f € LLP(fib TopNwTop).

Then by Theorem [3.81) and the subsequent Remark the total derived functors exist and
form an adjunction

Ho(Top)(L|X|,Y) = Ho(X,RS(Y)).

One can moreover prove that also |-| preserves fibrations, which is quite unusual for a
left adjoint in a Quillen adjunction and therefore not so easy. It follows that the Quillen
adjunction is infact a Quillen equivalence.

Moreover one can prove that a continuous map f is a weak equivalence if and only if

mof : Mo X — myY, Tof (X, ) — T, (Y, f(2)), reX, n>0.
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