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Preface

The recogration of the branch of mathematics now called homeotopy theory
took place in the few years after the introdnetion of homotopy groups by
Witol) Hurewicz In 1933, Sinee then, with numeroms advances made hy
various workers, it has been playing un imereasingly important role in the
expanding fleld of algebraic lopology. However, there exists no textbook
on the subject al any level excepl fhe exiremely condensed Cambridpe
tract of P. J. Iidion entetled “An Intredoction to Homotopy Theory.™

The present bock is designed to guide a reader, who might be a beginnng
student or a neweomer to this branch of mathematics and who has a little
knowledge of clementary algebraic topolegy, through the basic principies
of homotapy theory. The anthor has aimed to provide the reader with
sufficient detail for um to vnderstand the fundamental ideas and master
the clementary technigques so that be may be able to study the more -
vanced and more complicated results ditectly from the originul papers,

The main prolem m homotopy theory iz the extension problem as
formulated in Chapter I andd tllusirated io Clapter IT. The fiber spaces, which
are of fundamental importance, are defined and stodied in Chapier II1
Homotopy groups are constructed and axiematized in Chapter TV while
the elementary techinnguesol computaiion are given im Chapter V. Chapter VI
gives an introdoction (o the obstruction theory of continuous maps, and
Chapter VII contains an aecount of the cohomotopy groups. In the next
three chaptees, one will [nd an expesition of the spectacular results obtained
mustly by the Irench schoaol after Leray's discovery of the spectral sequence,
The lechniques developed in these chapters are applied to compute the
first {ew homotopy groups of spheres in the final chapter.

As indicated in the second paragraph above, this book is by no means
designed io be an exhaustive treatment of its subject; for exampls, the
recent eelebrated contribntion of M, M. Postotkow 1s not included. Besides,
homotopy theory s swvaneing o rapidly (et any irealment of this subject
becomes obsolete within o lew yeais.

At the end of each chapter 15 1 st of exercises, These cover material which
might well have bewn ineorporated in the texi but was omitted as not essential
to the main line of (hought., The inexpericnced reader should nat he dis-
coraged H he cannot work ont thess exerciscs. In fact, i he 35 interested
i oone of the cxercises, he s expected to read the papers indicuterd there,

The Bibliogeaphy at the end of this book has been reduced to the minimum
pssential to the text and the exercises. References to this biblicgraphy are
included for the convenience of the reader s that he can find more details

N



vi FREFACE

cancerning the material; the references are not intended to be a histencal
record of mathematical diseovery. {These references are cited in the text by
numbers enclosed in square brackets]. Frequently, expositovy articles are
preferred to the earlier original papers. Whenever no refercnce is given
concorning some subject or in some exercise, it means only that the reader
does not have to look for further details in order to understang the material
ot to work out the problem. Cress referenees are given in the form (II; 7.1),
where I stands for Chapter IT and 7.§ for the numbering of the stalement
in the chapter,

A lst of special symbols and abbreviations used in this book is given
immediately after the Table of Contents. Certain deviations from standard
set-theoretic notations have been adopted in the text; namely, 0 iz vsed to
denote the empty set and A B the set-theoretic difference usually denoted
by A-B. On the other hand, the symbel | indicates the end of a proof and
the abbreviation iff stands for the phrase “if und only if.” Finaily, for the
algebraic terminology used in this book, the reader may refer to Claude
Chevaliey’s "Fundamental Coneepts of Algebra,” published in this series,

The anthor acknowledges with great pleasure his gratitude to Professor
Norman Steenrod who has read several versions of the manuscript and whose
numerous suggestions and criticisms resulted 1o substantial improvements.
The author also wishes to express his appreciation of the friendly care with
which D, John 5. Griffin, Jr., and Professor C, T, Yang have read the final
manusciipd, of the many improvements they suggested, and of their help
in the proofreading.

It iz a pleasure to acknowledge the invaluable assistance the anthor
recelved in the form of partial financial support from the Office of Naval
Kesearch when he was at Todene Univeraidy and from the Air Force Office of
Scientific Research while at Wayne State University.

Sze-TsEx Ho

Wayne State Undvarsity, Detrodd, Michigan
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CHAPTER |
MAIN PROBLEM AND PRELIMINARY NOTIONS

1. Introduction

There is a general type of topological problem which will be called the
extension problesm, Oue of the principal objectives of the book is to show that
this problesn 1s {fundamental in topeologv. It will be shown that many
theorems of topology and mnst of its applications in other ficlds of mathe-
matics are sclutions of special ciases of the extension problem,

The objeetive of the fiest chapter is to formulate the extension praohblem
precizely, and to study the problem i its most general terrns, It will be shown
ihat various other problems are fully cquivalent to extension problems,

We shall begin with a restricted form of the extension problem, and one
of ity special cases, namely, the retraction problem. The solution 15 shown to
depend only on the homotopy class of the inap invelved, and then only on
the hiomotopy types of the spaccs. These considerations lead naturally to a
more general type of problem. The latter iz then shown to be reducible to
the simplest type of problem, namely, the retraction problem, Finally, dual
problems of deformation and lifting (fnding a cross-section) are discusscd
in an analogous ashion together with their interrelations with the extension
proftern, Thus it will appear that underlying these various questions iz one
central question, namely, the extension problem.

1, The extension problem

By a map, ot sappiag, $1X o Vofu space X into g space ¥, we mean a
single-valued comlimstons function from X to Y. The space X is called
the domain of f or theanti-image of [; and the space ¥ iscalled the rangeof [,

We shall not recall the definition and the elementary properties of con-
tinneses fonctions, since these can be found in any textbook on general
topology, [or example, [K; pp. 84--88]. On the other hand, we assume that
the reader ix familiar with the popular notions and notations concerning
maps such as given in [I2-5].

Let 1 X -+ ¥ Dbe a map and 4 a subspuace of X, Then f defines a unique
map g:d = ¥ such that gix) fix) {or each x < 4. This map g is called the
vestrichion of | to A4 or the parial smap of fon A and is denoterd by

g =714

{ will be called an sxfension of ¢ over X
L
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If h:4 < X denotes the dncfusion map defined by dial - ae X for cach
@ A, then the relation & = § | 4 15 aquivalent to the conmutativity relation
fh — i in the diagram:

L
E'\m;”fj
X

The (restricted) exfension problesm 15 concomned with whether or not a
siven roap g:4 > Y defined on a given subspace 4 of a space X bas an
extension over X. When X, 4, ¥ and g are given in snme reasonably effective
manner, thi problem is to find an eflective procedure for deciding whether g
has an extension aver &, and finding one when it exists. Az will be seen,
solllbions have been given in numerous special cases; thesc are quite varied
in talure, arud the sitpations in which they apply are very restricted. As yel
thiere is no reasonably complete theoty.

Actually it is convenient to concentrate on a hroader problern which will
be stated in &%, but several important ideas atise in connection with this
prabletu, Led us begin by considering o lew simple examples,

I. Let X be a given space and A be a subspare of X which consists of two
points &, and x . Let ¥ be o 0-sphece, say the boundary sphere of the closed
unit mletval J Consider the map p:d — Y defined by gix) = Oandgix,) - 1.
Then g has an extension over X ilf x,, z, lie in different quasi-components
of X, [E-5; p. 2547, Hervafter, the symbol “iff” will stand for if and only if'.

2. Let X Jand 4 be the houndary sphere of I, Tet ¥ be any given space,
and g:.4 =¥ i given map, Then g has an extenson over X iff gl0h, g1} lie
in a compact, connected and locally connected subspace of ¥V osatisbyine
the second countability axiom,

d. Let A be the union of two disjoint closed subspaces B, € of a norrmal
space X, kel ¥ T oand let g1 d = ¥ denote the map defined by

g8 =10, gl —1,

Then, by Uryzohn's letnmma [Ly; p. 27, 2 has an extension over X

% Let A be a closed subspuce of a normal space X, let ¥V = [, and let
g4 - Y denote any map. Then, by Tietze’s extension theoretn (1, p. 28],
£ has an ewtension aver XL See Ex. [ at the end of the chapter.

In the [ast example given above, the space ¥ = T has the property (hat
the extension problem [s always trivial regardless of ihe domain (X, A}
provided thatl X s normal and 4 1= closed. The class of spaces having this
properly ure the solid spaces. Precisely, a space Y is said to bo sofid of
every map 14 = ¥ oaf any closed sabspace 4 of an arbitrary normal space
A has an extension over X

Proposition 2.1, Awy topological prodiuct nf solid spaces £5 saléd,



3. THLE METHCGD OF ALGEEHRAIC TOFOLOGY 3

Proof. Let { ¥, | o €M } be a collection of solid spaces and ¥ = PY,
denote the fﬂpﬂlﬂgl:"ﬂ.[ product of this collection, [T.;; p. 107, We are going
to prove that ¥ is solul. :

Let A be a closed subspace of @ normal space X and g1 - ¥ any given
map. Denote by #, Y = ¥,, g M, the natural projection of ¥ onio Y,

and set gy = pogid + ¥

Shce Y, is solid, g, his an extension 7,0 X + Y, Define a map /14X « ¥
by taking pofizy - fis, lze X

Tt is ohvious that £ is an extension of g over X 1

Sinee the closed nnit interval T iz solid a3 noted above, it follows from (2.1}
that any compact paralielotope, Ly po 19], is solid; in particular, the
s-cube I+ and the Hilbert cube 7* are solid, Their homcomorphs are likewise
solid, hence the recell and the n-simplex are solud.

3. The method of algebraic topology

In the preceding section, we formulated the extension problem and gave
cxamples in which the extension cxisted. It is nataral e look for examples
where the extension does not exist. The primmary method of proving nun-
existense 15 to apphy homology theory and derive an algebraic problem from
the geometrie one and, finally, show that the algebraic problem bas ng
solutiom,

For this purpose, et us consider the triangle

E o

DV

of maps as described in the preceding section. In any homology theory
satis1ying the Kilenberg-Stecnrod axioms [E-5; pp. 10-127, the maps foe.h
induce fur each w (he homomorphisms £, g, &, indicated in ihe following
diagram:

According to Axiem 2, {E-5; p. 1], the relation fh = g implics the com-
mulativity relation B =
fwbe = 24

) ;
i the triangle of homeamorphisms given above, Hence, the existence of an
extension f1 X — ¥ of the map p:d — Y gives a solution of a derived algebraic
prablem, namely, to lnd a homomorphism

g Hem( XY —+ Sl ¥)
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such that the commmutativity rclation ¢h, — g, holds. Thus, the existence
of the homomerphism & 35 a necessary {though nol generally sofficient)
condition for the existence of an extension of the given map g over X, On
many oerasions, this necessary comdition provides us a method to show that
a particular giveo map g:4 — ¥ fails to have an extension over X.

For example, let us take X to be the unit #-cell £# of the s-dimensional
euclidean space R*, 4 — ¥ to be the boundary {#-1]-sphere St-% of E#,
and g:4d - ¥ to be the identity map on 5%, We shall prove the following

Proposition 3.1, For cach n = 1, the idemtity map g 5% > 571 jas ao

extenston over ER,

Proof. Assume that there is some extensiom f:E%2 - 521 of g We shall
deduce a contradiction as follows.

Assume # == 1 and consider the homology theory with the group £ of
integers as the coefficient group. Takem . % .. 1, then we have

HalE™ =0, HpiS*Y 2 Z.

Since g is the 1dentlity map on 581, 1t follows from Axiom ! that g, 1s the
identity antomorphism of H,(5%-1]. Since H,(8#-1) = 0, this implies that
£x 7 0. On the other hand, since ff,(&#) 0, the inclusion map k:54-1< E=
mduces &, = 0. Thos, we obtain f,k, -} and g & 0. This contradicts the
relation f Ay, = ge. In fact, the derived algelrraic problem has no solution.

It remains to dispose of the case » - 1, In this case, 5#-1 consists of two
puints and hence is disconnected. On the ather hand, E¥ is conneeted and so
5 its continnous image 7(E%). Sinee f is an extension of the identity map g,
we have f{E#} = 5#-I This is a contradiction. 1

Mote. The case # = | of {3.1) can also be proved {rom the derived algebraic
prablem provided that onme uwses the reduced homology groups, [E-5;
Pp. 18-197,

As an importarit application of {3.1), we shall give the following

Theorem 3.2, {The Brouwwer Fixed-Poinl Thevrem). Every map f. E% » E?
has a frved poind, that s o say, there exisls a point x of B2 wuch that fix) = #.

Proof. Assumec that f: E# — E® jg free of fixed paints. Then, we may define
amap 7 E% - 581 as follows. Let = & f7, Since f has no fixed points, we have
f{x} # x. Draw the line from f{z) to x and produce until it intersects Se-! at
a point #(x). Une verifics that the assignment & - #{x) defines a condfawous
function. y: £% - 521 Tf x =57-1 it 13 obvions from the construction that
#i%) = x. Hence » is an cxtension of the identity map on %%, This contra-
dicts {3.1). ¢

This application of {%,1) shows that the negative natureof a ' ‘non-existence”
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theotam may not diminish its interest. A reformulation semetimes gives it a
positive aspect,

In the derived algebraig problem formulaled abowve, one may of course
use cohomology theory instead of homology theory,

4, The retraction problem

Y = Aandp = ¢iztheidentity map on 4, then we obtain an important
special case of the extension problem which will be referved to as the retraction
frobiem. If 4 has an extension v X - A, then A 15 called a refract of X, » is
called a refraction of X onto A, and we will write

X4,

According to {3.1), the boundary (s—1)-sphere 52-1 of E® is not a retract
of £, Om the other hand, 1f X denotes the space obtained by deleting from
A® an interior point which may be assumed to be the origin 0 without inss
of generality, then 57-1is a retract of X, In fact, a retraction »: > 58-1

i= given by
r{x]—(xl i)
%17 x|

for every point % — (%;...., % of X = F=>_ 0, where | x | denctes the
distance between b and x, The same formula alsp gives 2 retraction r of
R opnto M8,

For another example of retracts, et us consider the topulogical product
X =4 = B Pick a point &, from fi. Then 4 can be considererd as a snbspace
of X by means of the homeonmorphism &4 -+ X defined by &lz) = {a, b}
for each # € 4. This having been observed, it becomes clear that the natural
projection X — 4 » B+ 4 gives a retraction of X onto 4. In partiealar,
a meridian of the torus £y, — &b » 51 i% o retract of 7.

Observe that if A 15 a retract of X then the extension problem becomes
trivial regardless of the range Y. Indeed, we have the following

mpnsitiun d1. Ade g retract of X 4F, for any space ¥, svery map A - Y
s an extension over A

Proof. If A 1z a retract of X with a retraction »: X2 A, thengr X - ¥V
is an ¢xtension of g, Converscly, assume that the condition holds and take
Y = A. Then the identity map £ on 4 should have an extension #: X —+ 4. |

The retraction problem gives rise to a derfved algefraic problem as follows,
In any homology theory or cohomology theory satisfying the Eilenberg-
Stecnrod axioms, the mclusion map ¢:4 © X induces for each ¢ the homo-

morphisms
P fo Hmld) - HplX), ¥ H®X) -~ HmlA).



F I.MAIN FROEBELEM AWD PRELIMINARY XOTTONSG

The derived algebralc problem 1s fo determine whether or not there exist

homaomorpHizims
i H @l X = M (A1, W) - HX0

such that ¢, and %y are the identitics on A, 4) and d™{A4} respectively.

The existence of the homomorphisms & and 15 a necessary condilime for
Atobeacedract of X, Infact, if . X 2 A 1= aretraction, then #1153 the identity
mapen A and honcegr = #, andw = 2* are solutions of the derived algcbhrale
nroblem. Furthermore, sinee .1, and ¢*¢* are the identities, 1t foliows that
1., #* are moncmorphosimns, that v, #* are epmorphisms, and that A, X],
Hu{ XY decom pose into the following direct sums;

HolX) = Image 4, + Kernel 7,
Hm{ X} = Kernel +* + Image #*,

[ the cosflicient group of the cahomelogy theory 1s a ting, then the cohomo-
logy greaps ™A, s =1, - constitute & ving AMA] with the cup
product az multiplication. The inclusiond: 4 = X and the retraction . X = 4
indnee the ring homomarphizims

PeLEH) o IR, ot HAAY o HEXD,

Since » the identity map on A, it (ollows that 9% s the idemtity agto-
morphism of the ring H*{A). Hence #* is a monomorphism, «* is an epi-
marphizen, and A¥( X decomposes into the direct snm

H* X = Kernel % + Image #*

whore Kernel 79 15 an ideal and [mage +* is a subring isomorphic (o H%(4)
uncer ¥#,

These necessary conditions ciun be nsed to prove thal a particular given
subspace 4 of a certain space X fails {o be a retract of X, For example, let X
deonte the complex projective =pace of complex dimenston 2 > | and A
A Jiner sabspace.of X oof complex dunension 2 with 0 <0 ¢ <0 70 Then 4 1
not 4 retract of X To prove bhis foct, Jel ws assome 1hod there (s o refractian
X o4 Then we oblan a ring monomorphisne #* A4 A4) - A*A) of the
vohomology riogs with inmtcgral cocflicients. Lel x and £ denote generators
of the free oyelie groups J2[(A) and JPAD respeelively, Speteere? 15 a mann-
morplnsm, there i3 2 non-Fero integet & such that #*(x) = &£ Since # o= 7,
we have & = 0. Sinee #* prosecves multiplication, we obtain

it — p¥igmt o )

Tlis cootradicts the et that &8 05 & generalor of Lthe free eyelic group
HER X

Finuliv, let us give an important example of retroct e the [vrm of Lhe
foliowiaig
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Propositlon 42, If (X A} s a [findlely) frianpulable padr, (L5, p. 60],
then the cfosed subsface
Lo 0 Ud o

of the product space M = X % { Is a vebract of M.

Fracf, First, et us prove the special case where X is the unit sasimplex
Agp of the euclidean (& + 1)-space, [E-5; p. 59, and 4 15 the boundary
(n lj-sphere of Ay which 5 cnpty if & == 0. Then a retraction »: = L
can be construcked geemetrically as fnllows. Sinece F = K, ot follows that M
5 g subspace of A x K. Then we define ¢ W be the coniral projection of M
onlo L from the peint {r, 21 of Ap x B, where ¢ denotes (he centrold of A,
This proves the special case. '

IFor a [nitely triangulable pair (X, 4}, we may asswme that X 15 a finite
sirnplicial polvhedron and A is a subpolybedron. Since a retract of a vetract
15 also a retract, one can cayily prove the proposilion by induction on the
nutnber of simplexes in X but not in 4 und by the aid of the special case
proved above, E

A strengthened form of (4.9 will be given in & [0, Besides, (4.2) can also
be peneralized to some non-triangulable pairs; sce Ex,0 at the end of the
chapter.

5. Combined maps

Frequently, a function is constructed by preseribing it on pieces of its
dornain. The purpese of this section is to give sufficient conditions, for the
continurty of functions 50 constrcted,

Let { X | e MY be 8 given system ol subspaces of a space X, indexed
by the clements of a set M, such that the union of all subspaces X, g e M,
is the whole space AL, Let £2,, = X, 0 X, lor each pair of indices g, » in M.

For any given map & X » ¥ of X inle a space ¥, the partial maps
g, = g i X, are well-defined and satisly the relalion g, 1D, =g, | M, for
every palr of indices g in M. Hence, our problem in this section 15 to
study the inverse of this process described as follows,

Let us assume that, for each index p e M, thercisgiven amap f, X, = ¥

such that fo D B Dy,

for cach pair of indices g and vin A Then we may define a function £ A - ¥
by taking FLX, = (uc 3, |

W are concerned with the problemn whether or not f is continuous,

Proposltlon 5.1, I7 M &5 frmife and all the subspaces X, p© M, ave closed
1n X, then bhe vombined function f1s conttnuons,

Proof. l.et £ be any closed set in Y. Then i1l follows from the contingity
of fu, g2 M, that f,UI) 65 a closed set of X, Since A, 1s closed in X, this
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implies that f 1{F} is a closed set of X, Since M is finite,

FUE) = U eu LYF)
is a clesed set of X. Hence # is continuons, |
A frequent application of this proposttion is as ioliows, Let [R50, LT S,

be two miven maps such that f{x,1) = g(£,0) for cvery % € X. Then we TIAY
defitre a function &:X » '+ ¥ by taking:

flx28, (xeX, 0t <,
gl 213, (xe X, 4 =0t = 1.
An application of (5.1} shows that & is continuons, This uniquely defined

map & will be called the sum of the maps f and g dencted by f 4 g This
operation is obvieusly not commutative,

Bzt = {

Proposition 5.1, If x &5 an dnferior poind of some subspace X, them the
combined function [ ix confrnuons af x.

Proof. Tet I7 he an open neighborhood of the point fix) = fulx} Im V.
It follows from the continuity of f, that there is an open neighborhood
Vool xin X, such that f,(V) < IF, Call

W =1 nlnt{X,).

Then W is an open neighborhood of x in X and f{H7] - (W) 17, Hence
f is continuous at x. |

Corollary 5.3. [f all the subspaces X, we M, wre open in X, then the
combiined function [ 35 comitnnous.

Fimally, as a generalization of (5.1}, we have the following

Proposition 5.4. If the system { X, | e M} jorims a locally-finite closed
covering of X, then the combined function [ {5 continsons,

Proof. Let 5 be an arbitrary point of X. It suffices to prove that f is contin-
uous at x. Sinee the systemn [ X, i g e M }is locally finite, there exists a
neighborhood Xy of £ in X which meets only a finite number of the sub-
spaces { X, [ peM L Since X is closed in X, it follows that X, n X, is
closed in X, An appitcation of (5.1) proves that the restriction f, = f| X, is
continous. So, we may enlarge the system { X, | ne M } by adjoining X,.
The new system usnally fails to be a closed covering of X, However, since x
is an interior point of X, (5.2} implies that f i« continuous at . |

5. Topological identification

Suppese that X s a space in which an equivalence relation is given, Then
the points of X are divided imto disjoint equivalence classes. Let us denote
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by £ the set of all these equivalence classes and by [¥] the cquivalence class
which contains the poial z in X, The assignment £ - [x7 defines a funciion

ﬁ:.}f -

of X onto Z called the saivral profection.

The sct Z cam be topologized ax follows: a set W in Z is called open iff
the inverse image $-4 W) iz an open set in X, This topolugy of 2 is called
the idenstfication topelogy determined by b or the guofient fopology defined
by the glven equivalence relation in X Tlaving been topologized in this way,
Z 15 said to be the guniient space obtained from X by topolosical {dewtification,

This micthoed of constructing new spaces from old is of extreme importance
in combinalory topology. Most well-known spaces can be obfained from
simpler spaces by topological identification. ¥or cxample, the #-sphere is
obtained fram the #-cell by identifying the boundary to a single point and
the real projective w-space is obtained from the s-sphere by identifying the
antipodal points,

As another example of topological identification, let us consider a piven
gromp of homeomaorphisms of a space X, The group iz defines an cquivalence
relation m X as follows: two points &, & in X are equivalent iff » = &ia) for
somte £ s, The quotient space thus obtained is called the orddt space and is
denmted by X,

More examples of {opological identification will be found in the exercises
at the end of the chapter.

Proposition 8.1, Lel 17 « Y be a given funclion of the guotient space Z
inge @ space ¥. If the composed funclion ¢ = f5:X + ¥ is continuous, then
s0 18 [,

Froof. Let 1 be any open set in ¥, It soffices to show that tie inverse
image W = f YT iz an openset in £, Since ¢ = f#, we have

g V) = pUFAE): = p().

The rontinnity of ¢ imphies that g-1V} is an open set in X Hence, by defini-
tion of the identification topology, W is apen. |
For further information about queticnt spaces, see [K; pp. $44-10407],

1. The adjunction space

As an mportant application of the process of topalegical identification,
let vz consider the constraction of the adjunction space of a diagram

where g 13 @ map defined on a closed subspuce 4 of & space X into another
space ¥
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For this purpose, consider the disjoint anion
W=XUY

of the spaces X and ¥. W is a'space with its tepology defimed as follows:
aset I es Wisopeniff ¥ X and F 0 Y arcopen sels of the spaces X and ¥
respectively, This space W oand] be called the fepological s of the spaces
Aand ¥,

I we idendify cach x e d with plx) e ¥V, W becemes a space £ which will
be called 1he adpusction space obtained by adjorsing X to ¥ by means of the
map g£:A - Y. In more detail, £ 1s the quolient space shtained from ¥ by
means of topological identification as {ollows, Two poinfs 1o X and ye ¥V
arc said to be equivalent Iff x e A and g(x) - »; two points x and " of A
are cowivalent iff gixp = g{a”y. Letting, of course, cach point be eguivalent
to itzclf, we have an equivalence refation in W, we {ake 2 to be the quotient
space of B with respect to this equivaience relation and 41 W -« £ the natural
projection.

(ine can easily werify that the natural preojection $ mups ¥ homeo-
morphicaliy onto a subspace $(¥] of £, By means of this imbedding, ¥ will
he considered ax a closed subspace of 2. Obviously, ¥ =2 if A ~ A
Furthermore, we bave the fnllowing

Proposition 7.1, ¥ i5 2 velract of 2 i e map 0 A = ¥V has an extension
vrer X,

Proof, Necessity, Letv:12 = Y bea retraction. Using the natural projection
f: W - £ wedelne a map /. A - ¥ by taking

fix) = opix), (rc X< W),

Il x = A, then we have f{x) - »bix] - #g(a) - glx), Henee fis an extension
of o over X

Sufficrency, Lel 1A =¥ be a map with /14 — 7. Define a tunction
rif =Y ay [ollows. Lel 222 Il ze ¥, we defime #(2) =z If z2¢ ¥, then
there is a unigue point x € X ™A such that Hix] = =z In this case, we define
#iz) = f[x). Let A =+#p Then b A =Ff and 21Y is the identity map,
According Lo (5.1, # 15 continuens, By {6.1), (his implies that » 35 continuons,
Since ¥ | Y is the identity map, » is a retraction. |

Thus ihe extension problem far the map g:d —= ¥ over X is equivalent
te a retraction problem which s a speclal case of the extenzion problem.

Mext, let us note another interesting proporty of the adjenction space.
The natural projection p:H =2 maps X into Z and A inlo ¥, Ileace 1t

tletines a mapr p1X. A (2, Y.

This map ¢ 15 cvidently a relative homeowor fhism, that is to say, It carries
X A horeomorphically onte 2 Y,
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For eyamples of adjunction spaces, let us take X = E* and 4 = F2-1
Consider a map g:57~1 = ¥ and the adjunction space £ obtained by ad-
joining E®to ¥ by means ol g Then the pair @2, Y) 15 called a reladive n-cell,
In particular, ¥f ¥ PR-1 15 {he real projective (p-1)-space and if g:5=-1 -
Pa 1is the map oblained by identifying antipodal points, then the adjunation
space & can be ldentified with the real projective n-space ™% Hence, the
pair if® Fm-lds o relative s-cell, Similardy, (2 CPR-1 1w oo relotive
9n-cell, wher: CFn denotes the complex projective s-space which is of real
dimension Pa.

B. Homotopy problem and classification problem

A farnily of maps A X - YV [ =24 <0 1), indexed by ile real wwmbers
£ 27 is called & komegogy it the function X = f » ¥, delined by

Hix 8 = hyix), (xeX, tel

15 continuons, iy, and &, are called the infial miap and the terminal map of
the homotopy Ae Tn the sequel, the lomotopy fe and the map 5 will be
considered esgentially as the sume thing and we shall wse whichever appears
mote convenient for Lthe parlicelar purpose at hand.

Two maps iX -+ Y and g X - ¥ are said to be hemolopic [notation:
f =g, if there exists a homotapy, b X - ¥ (0 =18 <0 1), such that &, - f
and &, — g Tn this cuse, be 15 called a Somology cownecling fand g, and is
denoted by heif e g
Intuitively, f and g oare homotopic ill each can be changed continnously
inta the other,

Given twomaps f, 204 » Y, i 15 not always true that f and g are homo-
topic. For cxample, if X = ¥ iz the #-sphere 57, § the wdentity map on 579,
and g a constanl map, then it [ollows [Tom the Homotopy Axiem of home-
logy theory that famd g are nol homotopic, [E-5, p. 1117,

On the other hand, il f, g X -+ 57 are two maps such that [or any x e X
the points fix] and glx) are never antipodal, then f and g are homotopie.
In fact, there is always defined umguely the minor arc of the great circle
juining f{x) and g(x) and we may delinefg(x) as the point dividing this are in
the ratio i:1-f, As a eonsequence, if a map ;X - 5% leaves a peint frec from
the mage f{ X1, then f s homolopic o a constant map,

The hoswinpy predlon is to determine whether or not two glven maps
£ e X - ¥oare homolopic, This prablem s actually a speeial caze of the
extension problem of §2, In fucl, consider the producl space A = 7 and

its subspace M= (X % 0y U(X % 1)
that is to sav, M consists of the bottom and the tap of X > . 1etine a map

oM~ Y Dy seUINg o 0y - fiw, pind) = gix)
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for each xc X. Then every extenslon H:X x J -+ ¥ of ¢ is 2 hometopy
connecting { and g and vice versa. Thus f and g are homotopic iff ¢ has an
cxtension over X x 1.

The homotopy axiom of the homology and cohomology theories gives
necessary conditions for twe maps to be homotopie. More precisely, if 7, g
X - Y arc homotopic maps, then they induce the same homomorphisms on
the homology groups and the cohomology groups; that is, f, — g, and
f* =gt

These necessary conditlons can be wvsed to prove that two particular
givenmaps f, g: X » ¥ {ail to be homotopic, For example, let X and ¥ be
two oriented clesed w-dimensional manifolds. In the homology theory with
integral cocfficients, let @ e H4(X) and §e H, (¥} denvte the generators
determined by the orientations of X and ¥, The degres of any given map
f1& > Y is defined to be the integer degff) such that fle) = deglf)-g.
Then two maps f, g1 X — ¥ are not homotopic if deg{f) +& deg(g).

Some special cases of hometopies are of imporiance. Let us suppose that
X 15 a subspace of ¥, Then a hemotopy A X = ¥, {0 <¢ = 1), i5 said to
be a deformalion of X en ¥ If &, is the inclusion map ¢: X < ¥, Farthermore,
if A, is a constant map, then the deformation & is called a confraction of X
tn Y. They are simply called deformations and contvactions ol X f ¥ = X.

If & contraction of X (in Y) exists, X is sald to be contraciible (in Y.
If o X and a combraction &g X — ¥, {0 <I¢ < 1), cxists such that bylx,) —
%y for cach ¢ € 7, then X is said 1o be conéractible fo fhe point x, in ¥. For
example, every proper subspace of the a-sphere 57 js contractible to a
point in 57,

Now, forany two given spaces X and Y, let us denote the totality of maps
af X into ¥ by 0 _ vE

Proposition &1, The relufion = Dolween the maps 2 45 an eguivalence
velalion.

Proof. ¥We have to show that the relation ~ is reflexive, syrmmetric, and
transitive. {1} To prove that 1t is reffexive, let us define for any fefd a
homolopy fo. X =Y [0 <04 =0 1) by taking £ - # for every fe . Then
ftif = f. (2) To prove the symmetry, let Acf = ¢ be o homotopy connesting
two given maps f e £ and p e £2. Defing a homotopy & X - ¥ (0 < £ = 1)
by taking & — i foreachse . Then dy:g = f. (5 To prove the transitivity
assme gy f o= gand gy g = A, Define a system of maps ;X = ¥ (0 < £ 1}

by takin
¥ ass g, {0 = F 4,
e, (% < f o= 1)

By (5.1}, % s o homotopy. Since ¥, = ¢, =fand X, —yp, = &, we have
e :f e fi |
As a conscduence of (B.1) the maps &2 are divided into disjeint equivalence

-
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classes, called #he kowmatody classes of these maps. Let us denote by x[ X, T
the totality of these hemotopy classes and denote by [f] the hometopy
class f £, that is to say, Lhe bomotopy class which contains the map f e &2,

If g:X - X' is a map and if the maps f.f; X - Y are homotopic, then
obviously we have fr = {7 This meaps that (X, Y) is 2 contmyvariant
functor in X, [E-5; . 111]. On the other hand, il g: ¥ — ¥ and il the maps
fo, F1:X = Y are homotopie, then gfy == gf,. This means that =[X; ¥} is a
covariant functor in Y. Consequently, m{X; ¥ 45 a funcor of lwe variables
contravarignt in X and covariant in ¥,

In a great many eascs, it is possible to enumerate the homotopy classes
m{X: ¥} whereas the sct ¥'* has the power of continuum. Given two spaces
X and ¥, the classifealion probless is to enumerate the homotopy classes
X : ¥) of the maps ¥¥ and to exhilit a representative map in each homao-
topy class,

Tor example, if X is a paracompact Hausdordf space and ¥ 15 a solid =pace,
then it i¢ easily seen that any two maps are homatopic and hence z(X) ¥
consists of a single homotopy class; in symbols,

nX ¥ =1

I'he same is truee if X is any space and ¥ a5 contractible. Some interesting
nun-trivial examples will be given in the next chapter.

2, The homotopy extension property

In the present section, we propose to relate the concept of homotopy to
the extension problem. The main result can be stated as follows: In a2 greal
smany cAses, the extension problom for a piven map ¢ - Y aver X2 4

defrends ouly on the homotopy class of g

Let 2 X ~ ¥ be a given map and 4 z given subspace of X, A homotopy
Bod = Yo (0 =t el 1Y, is called a pastial homotopy of fII f 1A = &, it will
be simply called a Aomofopy of f in cuse A = X, Restrictions and extensions
of homotopies are defined in the same manner as those for maps.

Definition 9.1. A subspace 4 of a space X is sadd fo have the hmnotopy
extension property [abbreviated HEP) in X wilh respect to a space Y, if
every partial homotopy

hetdd = ¥, (0 =0 <11,

of an arhitrary map f: X' - ¥ has an extension
g A =Y, (0%t

such that gz = . A 15 said to have the abseluée homotopy extenstion froperly
[abbrevialed AHED") in X, if it haz the IILP in X with respect to every

space Y.
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The homaotopy extension properly is basie to varions constnetions in
homolopy Lheory, Fortunately, this important property exists in ressonably
smnoath spaces; in partieular, we have the lollowmg bwo propositions.

Propositlon 9.2, 17 (X, AV 15 a {futiely) trigupulable paiy, then A has the
AHEP m X

Prool. Let f1.4 -+ ¥ be a given map and 304 = ¥V, [0 < ¢ = 1), a given
- partial homoropy of f Consider the product space M — X % T and its
closed subspace L = (X « 0) U (4 = I). Define a map H:L - Y by sciting

_ [ fla), Hxed,i=0

[
A = g, ifxed tel

According to {4.2), there Is a retraction »:M = L. Define a homotopy
s X = Y, (0 = <0 1), by taking

geix) = Me{x f), (ks cX,fe .

Then gy is obwicusly an extension of A such that g, = [ Since ¥ is arbitrary,
this proves thal A has the AHEPin X, ]

A space X is said to be Blaarmal if & 3¢ F 15 normal. Parucompact [Taus-
gorfi spaces {and hence metrizable spaces) are binormal.

Proposition 9.3. If Y iz 4 (findlely) biangulalle space, then epery closed
subspace A of any binornal space X has the HEFP tn X with respecl o V.

Proof. Withowt loss of generality, we may assume that ¥ is a snbcomplex
of the unit s-simplex A, where « depenls on Y, According to a classica)
thearem, [E-S: p. 72), there exists an open neighborhond U7 of ¥V A,
such that ¥ 35 a retract of &7 Let #:07 2 Y be w retraction,

Let A be uny closed subspace of u given hinormal space A, ;A » ¥V a
given map, and &ed =Y, (0 < f < 1), a given parlial homotopy of |
Consider the spaces M =& < Famd £ = (X = QU4 x I, aned define o
map AL =+ ¥ gsin the praof of (9.2). liy §2, Ag is solid, Since £ is closed
it the normal space M, the map If: L -» ¥ = A, has an extenzion G:M » An.

Let ¥ = G-4IN, Then ¥ is an open neighbothood of L in M. Since the
noit interval J iz compact, one can eusily prove that theee cxisis an open
neighborhood B ol 4 in X such that W x f is contained in V.

Since & is normal, it follows from Urysnhin's lemuma, L, . 27], that theee
exmsts a continuous real function 21X » 7 such that X~ W) = 0 and
Xid) = 1. Dofine a map :0 = Y by laling

Fiet) —#[C(x, pixd)], (kX il

(Yrvionsly F s an extension of H over M. Henca the partial homotopy Ay
ol { has an cxtension g X - ¥, {0 ¢ £ 1), defined by i) = Flxg) for
euch ¥ X and /e . Clearty gy = £, 1
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CGeneralizations of (9.2) and (9.5) will be given in Ex.N and Ex0 at
the end of the chapter.

Now let A be a given subspace of o space X and 224 - ¥ a given map.
If 4 has the HI'P in X with respect to V), then the restricted extension
problern in § 2 obviously depends ondyt on the homaotopy class of g, In this
casg, the resiricled cxtension problem is equivalent to a broadencd form,
narely to ask whether there 5 a map f.X - ¥V swuch that fh o 7, wheve
hid < A denofes dhe incluwston map.

This new broadened {orm 13 apparently weaker than the original restricted
form. Howewver, once we reflect upon the concept of homeotopy, we realize
ihat the original form of the problem was lormulated 1o too narrow a fashion.,
Ilereafter, whetr we reler to the exfersion froblem, we shall mean its broad -
etiedd formt uniess otherwise siated,

1. Relative homotopy

Let M be an abstract sel and X, ¥ be two given spaces. Tet { X, 11 ¥, )
be two systems of sets indexed by p e M such that X, = X and ¥V, = ¥
for cach index pe M. Tor the sake of Drevily, we shall denmte by { M }
the delailed notation { X, Vi, iz e M} whenever there is no danger of
amingniry.

Consitler the maps f2X = ¥ such that f(X) < ¥, lor cach pe M. The
totulily of these maps will be denoted by

Q=FVX[ M} =VY{X, Y. peM).

For example, if M consists of & single element g and it X, -4, ¥, - B,
then £2 s the set of all maps fi(X, 41 = {Y, H], see "E-45; p. 3] For a second
example, let M contaln two elements gand » 1F X, =4, ¥V, = H ame ay
above and X, = {1, ¥, - {v;] are singletons with x,c 4, 3, C B, then
£2 is the set of all maps 10X, 4, x) -« {¥, B, ), Tt 1z primanily these cases
that the natation s intended to cover,

T maaps f und g in £2 are said to be bostodapec reladive lo the system [ M }
1f there exists a homotopy B X~ ¥, (0 =08 =0 1), sueh that By = f, &y 2 p
andd Ay e 82 for every { ¢ /. In notation,

Foeprell MY,
In this case, 4 is called a homotofy connecting f and £in (hand 1s denoted by

hofezgrel { MG,

If X, s asingle point and ¥, — {AX ), we may identify g with X, If this
hplils for all ¢ & M, then M i identified with a subset of X In this important
caze, we shill vse the uwsual noration:

f=erel M, hf=prel A,
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In particnlar, it Af is the empty set, the notation will be stmply 7 =~ g and
Rpf e~ pasin §H

As in {B.)) one can easily prove that the relation of hamotopy relative to
I M} of the maps £2 iz an equivalence retation. Henee, 22 is divided into
disjeint classes, called the Zemotofs classes relafive fo £ M )} or the Aemes-
topy cfasses dn L. The classificadion Probles of the maps 3 is to enumerate
these classes In terms of known Lopological invanants,

Let B be a subspace of ¥ which intersects ¥, for each e . A map
fet2 is said to be deformable info B relative do { M}, i there exists o map

gi X - Fsuch that .
f o igrel { M }

where 1 denotes the inclusion map :8 < ¥, 1n particular, B may consist
of a single point 4, in the intersection ol the subspaces ¥, Let 0 denate tha
constant map GLA = %, Then 015 i0 42, & map fis said to be nuli-kemotopic
or tnessénbial velative fo { 0} af f =0 rel { A}, otherwise it 15 said to he
exventral velgfive lo { M L

Now, let us define the important notion of delormation retract. A sub-
space A of a space X is =aid to be a deformalion refract of X if there exists a
deformation & A = X, (0 =24 =5 1), such that &; s a retraction of X onto
A, If the deformation Ay satisfics a further condition that hfa) = & for each
acd and each {1 f, then 4 is =awd to he a séroug deformatinn sefract of X,
In this case, &; wall be culled a setraching deformation of X onto 4, In ExX. T
at the end of this chapter, we shall zee that, in a great many rases, these
two notions are equivalent.

If X denotes the space olained by deleting from E® an inlerior point which
may be assurned to be the orgim 0 without loss of gonerality, then 57145 5
stromg deformation retract of X, In fact, a retracting deformation B X - X,
(0 =& =1}, 15 given by

: i

for each ¥ € X and { e I, where | x| denotes the distance between 0 and .
Jn the other hand, a pomt of the #-sphere 5% 15 4 retract of 5% but not a
deformation retract of 5®,

For another example of strong deformation retract, we strengthen (4.2
by the following proposition which ean be proved by an easy modification
ef the argumnents used in the prool of {4.2),

Proposition 10,1 ff (A, 4) ix « {finitely) irianguiabls fuir, fhen the closed
stebapace L (X w O W4 = I)is a sivong deformation refract of the pro-
duct space M = X x [,

Mure examples of strong deformation retracts are given in Ex.5 at the end
of the chapter,
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11. Homotopy equivalences

Under the general notations of the preceding section, let us consitler two
glven maps FXSY, oV-X

such that f{{X,) = ¥, and g{V,) = &, for each p © M,

g5 called a left Aemotody tmverse of §f relative d0 { M} and [ i5 called a
right homotopy tnverse of g relatiwe fo { M}, if there cxists 2 homotopy
B X = X [0 <0t =0 1) such that Ay = gf, A, is the identity map on X, and
B[ X,y = X, for cach pe M and cach £ = L g is called a two-sided homotopy
tnverse of f relative o { M} if it is both left and right homotopy inverse
of f relative to { W1,

The map f:X = Y is said to be a homaoledy sguivalence velative fo { M 1,
if it has a two-sided howmotopy inverse relative to { M 3. In notation,

frX o ¥Yreld W)

The spaces X and ¥ are said to be demetopically spuivalen! relativa o { M},
il there exists a homotopy equivalence f1X ~ ¥ rel{ M }. In this case,
we also say that X and ¥ are of the same homotofy type relatfve fo [ M)
and we shall use Lthe notation

X Yrelf M

The following two special cases are of frequent occarrence in the sequed,

Fiestly, U M - D, that is to say, i there is 0o system of relativity, then
we simply omit the phrasze “relative to { 37 In the terminology given
above. For example, two spices X and Y are said to be homotopically egufva-
lend, X ~ ¥ _if there are maps /X ~ ¥ and o0 ¥ - X such that the com-
positions gf and f¢ are homotopic to the identity maps an X and ¥ respee-
tively.

Secondly, assume that M consists of 2 single element goand that'X, = 4,
Y, — BE.Thenamap f: (X, 4) - (¥, A) is said 1o be a homolody equivalence
and is denoted by firlX, 4) = (¥, B) if /X ~¥rel{A, B} The pairs
(X, A) and (¥, B) are said to be Aomotopically spuivalewt, (X, A) = [Y, B),
if there exists 4 homotopy equivalence £ (X, A) =~ {Y, H).

The notion of homotopy equivalence introduced above is justified by
the fact that the extension problem ag broadened in & 9 depends essentizlly
only on the homolopy type of the pair (X, 4) and that of the space ¥. This
result can be precisely formuluted as follows,

Aszume that (X, A) ~ (X" A" and ¥ =~ ¥" und let p:Ad = ¥ be 4 given
map. Let 4.4 = X and 514" = X' denote the inclesion maps, v definition,
there cxist mape

B[ H A (A AL AT (XA e Y Y v Y =Y
such that composcd maps &'¢, ¢4¢°, 'y und g’ are homotopie to the corre-
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sponding ideatity maps, Let X:4 ».A7 and A4+ A denote the mﬁpﬁ-
defined by the maps ¢ and ¢’ respectively, and let

5 = pektA = ¥

If the extension problem for g has a solution over X, i.e., if these exists 4
map f:X = Y soch that f& ~ g, then the axtension problem for g also has
a solution over X°. In fact, {7 = pfd": X' - ¥ satishes the relation

AT = i — oy fR e ik’ =

Conversely, if there exists a map ¢ 1 X"+ Y7 such that ¢4 = g, tien the
catension problem for g has a solution over X. In fact, £ = wed:X - ¥
satisfies the relation

it = e = 'r;.-'-e:'ﬁ’l" ' = T A

Examples of homotopy equivalences: {11 1 f1X = ¥Visa hoerleomerphism
of X onto ¥, then f-1 is obviously 2 two-sided homotopy inverse of £
Ilence homevmnotphs are of (he same homotopy type. (2} 11 X 15 a de-
[otimation tetract of ¥, then the inclusion map f:X < Y is a homotopy
equivalene.

According 1o the homolopy axiom and the algebraic axioms, & homotopy
cruuivatenee induces isomorplisms on the homology groups and the coho-
mology groups. Hence, homotepically eyuivalent spaces have isomorphic
homology groups and cobomology groups. A property of spaces is said to be
a howolopy fnvapiant if it is preserved by homotopy equivalences. Abmost
all invariants studied in algebraic topology are homotopy invariunls,

~ The tole of homolupy equivalences having been clarified, it is natural
to search for fwo-sided homotopy inverses, if any, of a given map f14 - ¥
relative to a given system §{ M ) Tor this purpose, it Is sometimes helpful
12 ohserve the {ollowing fact. 1f a given map : X + ¥ has bath left and right
hemotony inveeses relative 1o a given system { M 3, then it has a - siclerd
eme. Ta fact, if 02 ¥ = & is o lelt homotopy inverse of f relative to { M
and if £" ¥ -~ X is a right homotopy inverse of f relative o § A ), then
it s ensy to verdy that the composed mapes  gfg" ¥ - X s a twen-siced
homotopy Inverse of f relative to [ A |

12. The mapping cylinder

Let ;X ~ ¥ bez given map, By the procesz of topelugical identification,
we shall construcl a space M, which s called the mapping avfinder of £,
I'or thix purpose, let us consider the lopologicil sumn

W =i{XxDLY

of the spuves X » T and Y. If we identify (2, 112 X » T with f{x; 2 ¥ for
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cvery x £ X, we obtain a quetient space My, the mapping evlinder of f, and
o natural projection W — =« My, .

Omne can easiby verify that 4 maps ¥ homeomorphically onto a closed
subspace i ¥ ol My By means of this imbedding, ¥ will be considered as
a closed snhspuce of My On the other hand, the map

g X — My

given by z(x) = plx, O for each x ¢ X cartics X homeomaorphically anto the
rlosed subspace MX = 0) of M, By means of this topological map g, & s
imbedded as a closed subspace of My Thus 3 and ¥ are considered as
disjoint closed subspaces of M and will be called the dowain and the renge
of the mapping cylinder M.

Propasitlon t2.1. The vange ¥ of the mapping cvitnder My of @ map
f: X » ¥ is a2 stvong deformation refvact of M.

Procl. Define a system of functions i My = My, [0 < =0 1), by taking
he[plx, 8] — Pl s =1 — 5]
Aly) =¥

for every xe X, v= ¥, sl and i 2 7. By [6.1}, it i3 casily verified that &
is a homotopy. It is ohviaus that &, 13 Lhe identity map on My, Ay i3 2 1e-
iraction of My onte ¥, and & | Y 15 the identity map on ¥V for each £ [
Ilenee ¥ s a strong deformation retract of 3 |

Proposition 122, For any piven map [ X -+ Y, the maps o1 X - My and
P A = My are Romotogic,

Proof. Tut B X — My, (0 =t < 1), denote the homolopy defined by
lx) - - pix, &

for every x € X and = £ Then we have b, = gand ;, = pf. Henee g o Hf. |

Two maps f2X - ¥ und [ X - T are said to be homolopreally egreivalend
if there exist homotopy equivalences €:X =~ X* and p: ¥ = ¥’ such that
wf o fap, Lt X X oand 9tV =Y denote two-sided homotopy
inverses of ¢ end ¢ respectively, Then the three conditicns

pfex fh, [oep'Pdh pld ~F

are utually equivalent, As an immediate consequunce of (E2.1} and [12.2],
we have the following theorem which justifies the Introduction of the notion
of mapping evlinders,

Theorem 12.3. Every mad 11X = Y is komolopically equivalent In an -
elusion stah, namely, o X © M,
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Finally, the following special case of mapping cylinder is of importance.
H ¥ consists of a singie point v, then the map #:X — Y has Lo be the constant
map f{X) = In this case, the mapping eylinder Ay is called the join
of X o v or ghe cone aver X and will be denoted by 2( X, The point » is called
the varfex of &X'},

13. A generalization of the extension problem

The extension problem as roadened in § 9 suggests a generalized problem
which ecan be displayed diagrammatically by

!

M-y
A
F

where f and ¢ are given maps and & must be lound such that he ~ f. How-
aver, this generalized problem is equivalent Lo ibe extension prollerm of
the map f-X - ¥ over the inapping cylinder My X of the map g:X - &£
More precisely, we have the following

Proposition 13.1. For any fwo maps [1X + YV wnd 01X - Z, the follmoing
bwn stalements ave equivdalend:

(¢) Thereis @ map W2 > Y such thai hp =~ |,

[71) There is 2 map Fi My - ¥ such that Fg o~ }, where g. X © M, denoles
the wnclusion smap,

Proof. (i} —+ [#1). According te {121}, there is a retraction 7 M, = %
defined by Plpix, ) — gin, (xe X il
Mence the map A:Z + ¥ lus an extension 7 = ay M, = ¥, By 1122,
we have Fg = heg = hrpg - hg = /.
i) = (). Let & — F | Z. Then, by (12.2), we lave
hg = Fpg = Fg = f

The derived algebraic problem of this general problem is as follows.
In any homology theory or cohemology theory satisfying the Eflenberg-
Steenrod axions, the given maps §: X = ¥ and ¢ X -+ 7 indace the homo-
morphisins £, gy, /%, 2% indicated in the following diagrums:

ol X)= ' s Hyt ¥) HmX < S pm vy
o, / " o
La ~"al., ﬁ E\\ P.-"' y
Hepid) Haiz

Then the dedved algebraic problem is to determine whether or not there
exist homomorphisms ¢ and g such that de, = f, and g% . ¥
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The existence of the homomorphisms ¢ and g is 4 necessary conditian for
the existence of a map A X = ¥ such that kg = §. In fact, if such an &
exists, then ¢ = Ay and ¢ . &% are solutions of the derived algebraic
problem.

In many cases, this necessary condition ean be used to prove the non-
exisicnee of A For example, let us assume X = 5% .. ¥, 7 = S% with
mpe and mFEa If LA » Y 1s of dogree different from zero and if
FiA =2 is any given map, then there cxists no map A Z -» ¥ such that
Ag o f

14. The partial mapping cylinder

The objective of the present scction is 1o show that the generalized protlem
mi & 15, which 15 se far the broadest form of the extension problem, is equiva-
lent to a retraction problem, whieh is apparently the nammowest form of the
rroblem,

For this purpose, let us introduce the parfial mappeing cylinder My X of
g given map g .4 - Y defined on a subspace A of o space X. Consider the

topological sum W=XuU{dxDOUY

of the spaces X, A = Tand ¥. Foreach s e d © X, identify 2 with {2, 0} =
A w1, and (g, 1} with gle} e ¥, In this way, we oblain a quotient space
My (X)) which is called the partial mapping cylindet of g over X and a

natural projection bW — M [X).

Then otte can easily see that  maps X and ¥ hotmeomaorphically onto disjoint
closed subspaces (XY and p(¥) of My X) respectively. Thus, X and Y will
be considered 25 thisjomnt closed sabspaces of (X" and will e called the
dimain and the raage of the pattial mapping eylinder My X)),

Lemma 14.1. 7f the range ¥V of ML(X) 15 a vetract of My XY, then there exists
dwap 1 X - ¥V aehithal f | A4 =~p.

Proof. Let# - M X2 Y hea retractionand define f 1 X = ¥Yhyfp=r | X
Consider the homotopy &4 = Y, {0 < ¢ < 1), defined by /ﬁ

mlal = ripla, 8)), (aed tef).
It is obvious that &, = f | A and &, .. |

Lemma 14.2. If there exfsl a map J: X »~ Vsuchthat | | A ~ g, then e
raspe ¥ oo M XY ts g relract of Mgl X)),

Proof, Bince fid ~ g there is a homolopy ki d » ¥ [0 =06 =0 1) such
that &, — f| A andl &, = . Let #: WA > Y be defined by

7] (fz. plx)xeX,
¥zl = Ihgf:.:j [ife =iz d) ix, fled = ),
ly (ifz = plyl, y & V1.

T'hen tt is abvicus thut # 1s a retraction, |
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Now, consider two gpiven maps f: X - ¥ and g: X =2, Sinee X 35 a
subspace of the mapping cylinder My of g, the partial mapping cytinder
MAM ) of f over My is defined. Then we have the fullowing

Theorem 143, There exists o map b 7 » Y such bhaf By~ f (fF the vange
Y oof MM b is a retract of WM.

Prool. Suficiency. Assume that ¥ is a retracl of My(Mg). Tlen, by (141}
there exists @ map F:1 My » ¥ such that F X ~ £ According to (13.1),
this implies the existence of a map A2 Z » ¥ such that &g = {.

Necessity. Asswine that there iz a map A:Z = ¥ such that bz ~ £ Then,
by 13,17, there is a map F: My - ¥ such that FOX ~ {. According Lo
(14,97, this implics that ¥ is a retract of M0, |

The construction of tie partial mapping cylinder 1= clozely related to that
of the adjumction space given in § 7. In fact, for reasomalble spaces X il A,
{see Bx.P), the adjunction space obtained by udjoining X to ¥ by means o
atnap g1 A — ¥ is homotopically equivalent to 37,0570

Finally, il ¥ consists of a single point v, then the map g c A - Y has to
be the constant map g/Ad) = v Tn this case, the partiul mapping eylinder
M X} is called the parfial cone over the subspace A of the space X (-

viously, Ml X) = X kA= B

15. The deformation problem

Let us consider a given map §: X, 4} - (¥, B} and a given subspace
¥, of ¥. Acconling lo our general definition in § 10, / is said to be deformable
into ¥ if there exists a homotopy o0 (X, 4] = (Y, D0, (0 < = 1y, such
that f, = fand /(A= T,

The deformalion problem of f:(X A) =¥, Bl into ¥, 15 to delermine
whether ar not fis deformable inte ¥, Let B, = B8 T, Then this problem
can be described diagrammatically by

(X, A——s (¥, H)

N A

[ ¥a finl
where % :{¥,, By= |¥, ) denotes the inclusion mup and g (X, A -

(¥, Fptomost be fonud such that g = f.

For the important special case that 4 = 0, we may always take & O
and hence B, = C. In this case, we just emit A, f and B, from the notabicn
given above, Henee, the deformation problom is actuully the dual problen
of the exicnsion problem given in §9. The derived algebraic problem and
the neeessaty comitions of the deformability are dual to those of the
extension problem jn an obvious way, They can be formulated and apphed
similarly and hence are omitted.

Wow We are in a position to prove ihe interesting result that the broadest
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extension problem in & 13 bs equivalent o a deformation problem, Fer this
purpase, et f 0 X - Y and g0 A =2 be given maps, Let

W = M (g, ¥V = &Y,
then Y= Wand ¥ o Vo Deline o map o (W, ¥ =01, Y by taking

i, iifwe F),
dlw) = {9, (if 2 = M),
gif(x), 1 — £, (ifw =Hx 8,z X, 1ci),

where v denctes the vertex of the come B3 and - M, WX w JJ U ¥ oW
and ¢ Y x f = denote the natural projections.

Theorem t5.1, There exints @ map h X = ¥ such that by ~f iF the map
¢ (W, ¥ -~ (F, Y] is deformabie snin ¥,

Proof. Necessity., According to ([4.35) there iz o retracton ¢ W2 T
Define twi homotipies &, he {0, ¥) = (F, ¥), 0 <08 < 1), by taking

W [1f we T,
Byl = J %, (1f e Mygl,
I‘q:f;e'?{x, | — &4 sh, ] 3], (ifw == pix, 5, 0eX, 5f,
. (i w o ¥,
nlu) = h_’r[w}, I —i], (if m e Ay,
grpie s, 1l —s il —85 {ifw=plrs scX scf)

Then one can eastly verify that & =4, 5 =n, and n, = 7. Hence ¢ s
defortnable 1oto ¥

Sufficiency, There 15 a homotopy oy 2 (B, ¥ -1, V), (0 =28 < 1], such
that ¢, o and & (W2 V. Then we may define a retraction » Tt W= ¥
by taking

w, (if w e Y,
gt — ) P (if e M),
- gipix, M), (ifw = pix, f, xe X, 0 =1 =},
Po-ae f 1], (if w0 = plw, d, s X,k =i = 1,

Fenee, by (14.53), there exists a map . £ » ¥ such that by =~ { |

Om the other hand, the deformation problem is equivalent toe an extension
problem with side conditions, To see this, Jet [ (X, A1 =Y, F] De a given
map and ¥; a given subspace of ¥, Consider the subspace X = O of X x
and the map F: X x 0 - ¥ defined by Fix, 0] flx) for each x = X Then
the following proposition is obwious,

Praposition 15.2. {: (X, 4) .- (¥, B] ds deformalie nto Yy iF F has an
extension €0 X w0 & o Vosuch thal Gid xS BandGIX = 1)< ¥,
The special case of the deformmation problem where ¥V, = & is of im-

portance. In this case, wo have nice necessary conditlons as given in the
follovwing propositian the pwosf of which s immediate and hence omitted.
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Propasition 15.3. Jf a map f: (X, 2] = [V, B) s deformabile {nta B, then
i tnduces frivial Romomorphisms on hewmology and cokomology proups, fhat
15 £ say, fo o= O oand £¥ = 0.

In particular, f (X, 4} = (¥, ) andif { is the identity map, we have the
{ollowing defimtion, The pair (X, A) is said to be deformable dado A if the
identity map on {X, A) 15 delormable into A, If this 15 the case, then the
inclusion map 1. A= X is a homotopy equivalence, Forthermaore, in case
A has the HEP in X with respect to 4, then the pair (X, 4) iz deformable
imnto 4 1 A is a deformation retract of X.

16, The lifting prohlem

Comsider & given map 4 E— B
of a space E omie a space B, Let X be a piven space and {: & -+ B a given
map. Then the Liffing problest in the restricted form is to look for a map
r. X -+ E such that 7 = £ The map ris called a Lifting of [ (relative to A1),
This problem is dual to the restricted extension problem of § 2.

Imal to the hemotopy extension property of §9, we have e following
irnprtant notion of covenng homotopy property.

Definition 16.1. A map 4 F -+ B is satd to have the covering komadopy
profery [abbreviated CHPF) for a space & if, for every mapg: X — F and
every homotopy fr: X = B, {0 = [ = 1), of the map f = pg, there exists a
homotopy g & = E, (0 =< § < 1}, of g which covers fr, that 15 to say,
fgy = fi for everyée f,

The eovering homotopy praperty is basic to many sonstructions in homo-
topy theory. Fortunately, this important property holds it a preat many
of cases, namely, the various fiber spaces. See Chapter 111

Now, if #: E -+ B has the CHF for X, then the restricted lifting problem
for 11X = B obviously depends only on the homotopy class of £ In this
case, it 15 equivalent to the breadencd form, namecly to sk for & mep
ro X v K oeyeh fthaf pr = f. Hereafter, when we refoe to the fifireg problem,
we shall mean this broadened form wnless otherwise stated,

Onee the ffting problemt is hroadencd as abowve, the original condition
that # is nnte 1= no longer impertant. In fact, we have a gencralized problem
displayed diagrammatically by

— Ly

N A
Z

where f and & are given maps and g must be {ound such that 4g =« f.

This general problem is dual to the generalized extension problem of § 13,
If 2 is onto, then it is the lifting problem for §; if 215 an inclusion map, then
it is the deformation problem for 7 into the subspace £ of ¥, On the other
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hand, this general problem i3 equivalent to a deformation problem. More
precisely, we have the following

Theorem 16.2 For any Leo waps {: X =V and k17 . Y, the folfowing
tzor sfatements are eguivaleni:

(4) There exists a0 map g2 X > Z such that hg ~ |,

(it The map pf i X — My s deformable into 7, where . ¥ = My, denofes
the tneluston smap,

Proaf. (7} « (7). According te [12.2], we have ph =~ g, where 4 2 = My
denotes the inclusion map. Then, (¢) implies thal #f = phy ~ gg. Henes,
$7 15 deformable into £,

[#0) = {i]. There i a homotopy g : X - My, (0 <& < 1), such that
g = pf and g {X) = Z, Let g X 7 denote the map defined by g, By
(12,1}, there is a retraction #: Mp > Y such that # |7 = & Let fi: X = Y,
[0 ==t = 1}, denote, the homotopy given by f =« »g; for each ¢ ¢ T, Then we
have fy = rpf = faml f, = #gg = hp. Hence bg =~ §. |

17. The most general problem

In this final seclion of the chapter, we shall formalate the most gencral
problem which contains essentially all pmhlf*; described in this chapter
43 speclal cases.

Conmider three given spaces X, Y, £ together with three given systems of
subspaces § X, 1, { ¥, 1. { £, } indexed by pe M. Following our general
idcas in § 10, we are concerned with ordy those maps and homotopies
A=Y X-+2Z 7Y which are relative to { M 1'in the obvicus sense. Then
0w mosl general problem can be displayed diagrammatically by

X—F-—r ¥

g ,.-"'f{
4

where the maps are understood to be relative to { M}, f and one of g, & are
given, and the other is to be found such that Ag o f ret { M }.

Nearly everything done in this chapter for the simplest extension, de-
formation and lifting problems admits generalizations some of which wil]
be given in the exercises.

Althoogh the problem is formulated in the most general form, the only
cases considered in remainder of the book bave 0, 1 or 2 elements as the
domain M of the index g

EXERCISES

A. Elementary properties of retracts

1. Every retract of a Hausdorff space is closed.
2. Every subspace which consists of a single point is a retract of the con-
taining space.
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3. 1F A Iz a retract [deformation retrucl) of X and [ 5 i3 a cetract {de-
formnation retract! of ¥, then 4 x B iz a retract {deformation retract)
of X = Y.

4, If X is a retract [deformation retract) of ¥ and if ¥ 15 a retract [de-
formation retract] of 2, then X is a retract {deformation refract) of £.

B. More properties of solid spaces

1. A retracl of & solid space is solid.
2 Any two maps of a Mnormal space into a solid space are homoetopic.

3. A binormal solid space is contractible to a point.

. AR's and ANR's

In claseical algebraic topology, attention is confined to very well-behaved
spaces, namely polyhedra, One class of spaces whose members rolain many
of the desirable propertics of polyhedrais the absolute neighborhood relracts,

A subset A of a space X i3 said to be a #weiphborhiood refrecf of XTI 12 a
rebract of some open subspace L7 of X,

A metrizable space Y is sald to be an shsolwte vetract (abbreviated AR),
whenever o topological image of ¥ as a ciosed subsst £, of any metrizable
space £ iv necessarily a retract of £,

A metrizable space Y is said to be an ebsnluie nelghborhood rvefract (ab-
breviated ANR)Y, whenever a topologicnl imoge of ¥ as a closed subset 2y
of any metrizable space Z 15 necessarily a neighborlaod retract of 2,

I'rove that every compact AR iy solid,

D. Dugundji's extension of Tietze's theorem

Let X e u metrizable space and A be a closed subspace of X, Prove the
followimg nssettions.

|, Fxtstence of canonical coversngs. There exists of canonical covening of
X A by this we mean an open govering { £ pof X ™ A satisfying the
following conditions:

[CCL) { U7} 3s locally finite, "I po [26G ]

(202 Lvery neighbarhoard of a boundary point of A in X contains in-
firiitedy many sets of { L7},

€3] For each neighborhoed ¥ ol & 2.4 in X, there exists a neighborhood
Wof gin X, W ¥, such that e Fif e O }and L7 meets W,

2. Replacsment by polyhedra, By the aid of a canonical covering of X ™ 4,
prove that there exists a spuce T oand 4 map g0 X > ¥ owill the following
proprrties .

(RY]) The purtial map | is a homeomorphism of A oato a clased subset
priAdl ot Y.

(RP2) Y S plA) 15 an infinite simplicial polyhedron with Whitehead s
weal: topology and & S 4] YV eld).
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(RP3] Every neighborhood of a boundary point of p(d) in Y contains
infinilely many simplexes of the simplicial palvhedron ¥ w4,

3. The extended Ticlve's fhesrem. 1f ]-4 -5 is a map of 4 into a locaker—
convex linear space 5, then there exists an extension F: X +.5 of [ such
that FIX) is conluined in the cotvex hull of /{4)in 5.

Proofs are given in " Dugundji 17,

E. Kuratowski's imbedding

Let A be a given metrizable space and 4 a diztance fenction whicl makes
A ametric space. Replacing 4 by @{] + &) if necessary, we tay assime that
415 bounded, A metricspace A with o bounded distance function d is nsually
called a bowunded metric shace.

L. Let 5 denote the totalily of bounded continnous real funetions delined
on X, Prove that & forms a Bunach ulgehbea with its norm defined by

| £ = supzex | f (%)

2, For an arbilrary point a e X, consider the bounded continuons real

function fz =5 defied Ly Fol) dia. 1)
nlX1 = H|H, 1,

for ench £ e X, Prove that the corvespondence @ + fo defines an isometric
riar £:X = 5 X iz called Kurgtowske's imbedding of the beonded metrie
space X, [Kuratowski [

3. Wojdyslawshi's therem. The image 2(X) of Ruratowski's imbedding
A: X = Sisacloscd subset of the convex hull Z ol i X in &, |f.:-'f1*’- separable,
then so s 4, [Wojdyslawski 11,

F. Spaces obtainred by topulogical identification

L. M&btus strip, Take a rectangle ARCH and identify the side A8 with
theside (/) sn that 4 goesinto C und Binto I as shown in the following figure:

A £ AC
M M MNF ‘
B C BD

Fig. t. Qo tles Yefe, theee s o rectangls ABUD with M and ™ as mudd-points of two
sides. Tor figure on the right is obtained by pasting the teo sieles of Lhe soctangle
togerher 5o that A goos mto U, B aoss inte [, and M ERTIIVEN

The yuotient space X (hus obtained is called the BMabius strip, Let the con-
struction be so carried out that the mid-points A7, ¥ of A8 and £F arc
identified. As a consequence the line M N will po into a Jurdan curve J
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on the sirip X. Prove that [ is a deformation retract of X and that X i
15 pathwize conneacted.

2. Torus and Klein bottle, ['ake the l-sphere 5 represented as the com-
plex numbets £ wilh | 2| - 1 and constder the product space W = 81« 1.
If we identiiy [z, 0) and {z, 1} for each 2z 251, we obtain from W a quotient
space Iy called the forns. On the other hand, if we identify (2, 0) and {z-1, 1)
ior cach § € 51, we obtain from W a qnotient space £7, called the Klein hottle.
In each case, the line 1 »x I will go iole a Jordan curve J on the quoticnt
space. Prove that [ is a retract of the quotient space but not a deformation
retract of the quotient space,

A Closed oyientable suyfeces. Consider a plane convex region W bounded
by a 4g-sided regular polygon P. Let the sides of I be denoted by

P = ﬂ'lblﬂl{il L ﬂgbﬂﬂpl:sg

in & certain positive sense. For cach 1 =1, +- -, g, Iet us identify 4 with & -1
and & with !, where oy? denotes ¢ with reverse direction. The quoticnt
space &g thus obtained is called the closed oxienfalle suvface of genus p.
Frovwe that the Betti numbers of X, are

Rt =1 R =2 R=1

4, Closed won-orieniable swrfecas, Consider a plane convex region W
hounded by a 2u-sided regular polygon P Let the sides of 2 e denoterd by

P - I:Illi_.l]ﬂ E'IE T Hﬂ_bﬂ

in a certaln positive cense. Ldentify @p with b, for each ¢ = 1,2, ++ ¢ 2.
Thnus we ohtain a quatient space £2,, which is called the sipsed sen-orieniabie
surface of characteristic 2 — w, Prove that the Betti-numbers of {2, are

ht =1, Fl=u—1, R=0.

. An application of the cone k{X)

Let us nse the notation of § 10, Prove that a map § 244 1s nulk-homotopic
relative to { W ¥ iff there exists & map F: 2X) = ¥ of the cone (X)) into
¥ such that & | X = Fl¥) =, and FEX )< ¥, for each po M.
An impartant special case is as follows: a map /5% - ¥V is homotopic to a
constant map iff f has an extension £ ; E2-1 = Y. Using this, prove thiat tie
identify rap on 5% {3 not null-homotopic,

H. Extension properties

A subset A of a space X is sald to have the sxfension property in X with
resnect to & space ¥, if every map /1 4 - ¥ can be extended over X The
subset A is said to have the neighbarkood extension properfy In X with respect
te V, if every map f:4 -+ ¥ can be extended over some open set {7 of X
which contains A,
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Thus, a space Y is solid Jff gvery clsed subset A of any notmal space X
has Lthe exlension property in X with respect to ¥,

The subset A is said to have the absolude extenston property in X, i it has
the extension property in X with respect to every space Y. The subset A
is said to have the absolude nesphborkood extension propery in X, if it has the
neighborhood extension property in X with respect to every space Y,

Prove the following two assertions:

1. A subset 4 of 3 space X is 4 retract of X iff it has the absolute extension
propenty in A

2. Asubset A of a space X 15 a neu—;hhurhﬂuri retract of X iff it has the
abzolute neighborbood extension property in X

. Barsuk's extension theorams

By means of the results in the exercises D and E, prove the following
two extenuion theorems:

I. A metrizable spare ¥ 1s an AR iff overy closed subset A of an arhitrary
metrizable space X has the extension property in X with respect to Y.

2. A metrizable space ¥ 1s an ANKf every closed snbset 4 of an arbitrary
meirizalde space X has the neighborhood extension property in X with
respect to Y.

As a consequence of the theorem 1, show that every convrex subset of
locally convex linear space 35 an AR; in particular, every simplex is an AR
and every euclidean space % is an AR.

)- Separable & NR's and compact BANR's

Frove the following two theorems:

1. For a scparable metrizable space ¥, the following statements are
equivalent:

{#) ¥ is an ANR.

(#¥) A topological imape of ¥V as a cloged subsot £, of any separable
metrizable space Z 15 necessatily o neighborhood retract of Z.

(1] Every closed subset 4 of an arbitrary separable metrizable space X
has the neighborhow] extension property in A with respect to ¥,

2. For a compact tnetrizable space Y, the following statement: are
cquivalent:

4] ¥ iz an ANR,

) ¥ i3 hemeomorphic with a neighborhood retraet of the Hilbert
parailclotepe @

(#:) Ewvery closed sabset A of an arbitrary normal space X has the
nelghborhood extension property in X with respect to ¥.

Stalc and prove tle analogous theoremys for the AR's

It follows froem the theoremn | that, tor a separable metrizable sparce 1,
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the defintions of ATR's and ANIUs given in Ex.C are equivalent to Kura-
towska's inodificalions of Borsulk's original defiitions. In fact, the statement
(131 in theorern 1 13 used as the definition of ANR's by Koratowski as well
as by Lefschetz, (L, p. 38].

K. Operatlont onn ANMR's

Prove the following properties of ANIR’s:

1. IEvery open subspace of an AWK 15 an ANR.

2, Let ¥ be an ANR and B a closed subspace of ¥. B iz an ANR I B is
a neighborhood retract of Y,

3. Let ¥V oand Z be retrizable spaces. The prodnct space ¥ x £ 15 an
ANEK il haoth ¥ and & arc ANK's.

4, Lot ¥, oand ¥, be two closed subspaces ol o metrizable space Y with
Y o= Y 0¥ Y, ¥y ¥l ¥Vyure ANK'S, then sois V. [Borsuk 27,

2. bet a metrizable space ¥ be covered by a collection { ¥, | ne i}
of disjoint opwen snbspaces. T ¥, 15 an ANRK for every pe M, then so iz ¥.

6. Let a metrizable space ¥ be covered by a countable collection § ¥y
w12 o0 ) of open subspaces. If YV, 15 an ANR foreachw = 1,2, -+ -,
then =e is ¥, {ITanner 17,

L. Lecally finite simplicial palyhadra

By indnetion on the number of simplexes and with the aid of the pro-
perty 4 in Ex I, prove that every finite simplicial polybedron s an ANR
and hence a compact ANR. [HBorsuk 2]. Than, by means of the properties
I, 3 anik 6 in Ex K, prove that every locally fAnite stmpbivial polyhedron is
an AN, Liao 1; Hanner 17,

M. The general homotopy extension theorem

The notion of the HEF given in §8 can be localized and apparently
generalized as follows. A subspace A of a space X is sald to have the
wnatgabovhood Romoloby exfension froperfy (abbreviated NHEDP) i X wath
respect to a space Y, iF every partial homotlopy

oA -2 Y, {0 =l s 10,
of an arbitrary map f: X = ¥ hus an extension
I A R | N -
over some open nelghborhngd Fof A e X such that g, = f; V.
However, 1f 4 15 8 closed sabzpace of a normal space X, then the NHEP

iz equivalent to the HEDP, In other words, A has the JTIEP in X willy cespoct
to ¥ it 4 has the NHIEDP in X with respect to V. By Uwe wid of a CUrysohin's
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characteristic fmneton |L,: po 27], prove this generel homofopy extension
thenrem.

M. Borsuk's homotopy extenslon theorems

By means of Borsule's extension theorem in Ex.T and the general homo-
topy extension theorem In Ex M, prove the following theorems:

1. [ ¥isan AN, then every closed subspace A of an arbitrary metrizishle
space X has the HEP in X with respect to V. [H W p, 86,

2. Ii ¥ is a compact ANR, then every closed subspace 4 of an arbitrary
binormat space X has the HED in X with respect to ¥,

As an application of thesc theorems, prove that every contractible ANE
isan AL,

O, Closed ANR subspaces in an ANR

let A bean ANK, A a elosed subspace of X, aml I denote the subspacs
(X w0 Uid = f) of the producl space X ¢ 1. Prove that the following
statemeants are equivalent, |[Hu 3.

(1) A hax the AHIP in X

(0 T s o retract of X = 1.

(57 7 iz an ANE,

(41 4 1= an AN

As u well known special case, every sebpolyhedron 4 of a locally fiote
witeprlicnel polybedron X has the AHEP i X

P. Relation batween partial mapping eylinder and ad|unction space

Letp A = ¥ bea piven tap defined on a given subspace A of & space X
into a space Y. Consider the partial mapping cevlinder M%) and Lhe ad-
frnetion space & oblained by adjoiming X to ¥ by means of ¢ There is o

natural map T MiXY - F

defined by [ lel, rifu = plw), we X J Y,

T = Geta), (ifw — plail asd, te ),
where A X (A = DL Y > MgA and 9: X U Y+ Z denole the natural
projections, By means of these natueal projections, ¥ can be considered
as i subspace of both M X} and Z. Hence, 715 actually a map (Mg X, ¥)
inte (£, ¥) such that v | ¥is the dentity map on ¥,

Using the eoquivalence of (2 and (43 in the preceding exoercise, prove that

the rap T iM XY, V-2, T

15 & homotopy equevalenee if X 15 an ANK and A4 15 a closed ANR subspase
of A
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£2. Local contractibilley of ANR’s

A space X 15 sald to Dbe fecally confractibde 11, for each x € X and every
open nelghborhosd U7 of %, {here 15 an open neighborbood V= U7 of «
which s contractible to the point & in {7,

By means of Kuratowski's Imbedding, prove that every ANR iz locally
comtractible. A= 3 partial converse of this result, [Borsuk 21 proved that

every locally contractible compact metrizable space of finite dimension is
an ANE.

R. Dominating polyhedra of ANR’s

A space X issaid to be domiraied by another space £ if there are {wn maps
fiX D p:D->X

such that the compesed map gf is homotopic to the identity map on X.
In ttos case, £ 1= called a domenating spaca of X,

FProve the following assertions:

1. Every ANR has a dominating simplicial polyhedron,

2. Every sepatable ANRK has a dominating locally finite simplicial poly-
hedron,

3. Every compact ANR has a dommating finite simplicial polvhodron,

5. Sorme strong deformation retracts

Frove the follewing assertions:

L. It 4 i a strong deformation retract of a compact space X, ¥ is a Hans-
doeff cpace, and [ (X, A) = (Y, B} iz a relative homeomorphism, then B
1z a strong deformation retract of ¥, [Spanier 1; p. 208].

2. In the relative a-cell [V, B) obtained by adjoming E* to B by means
of a map g:5* » B defined on the boundary {# — 1)-sphere Su-t of £,
the subspace B of ¥ is a strong deformation retract of the space obtained
trom ¥ by deleting an interior point of £,

5. In the product space 5% w 5% the subspace 5™ /5% == (57 3 1) U
(5, » 5%}, where g, € 5™ and 4, £ 5% are given points, 15 a strong deformation
retract of the space oblained from 5% 3 5% by deleting one peint which is
not n 5% - 58,

4. Inthe product space 5% 5% ¢ 5% the subspace T = (5% x 5% w0 4] U
[S5F % 55 w0 57 Wiy, = 5% 2 57 where r,e 5%, 5,2 5™, £, 57, 15 a slrong
deformnation retvact of the space obtaimed from 51 « 5% x 5® by deleting
one pint which is not i 1.

5. In the product space (5% %/ 5% »x 52, the subspace 5/ 5%/ 5% 15
a strang deformation retract of the space obtained from (5% 5m) « SA
bry deleting a point of 5% ¢ 5% not in 5~/ 5% and a point of 5™ ¢ 57 not in
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Smoy 5%, Generalize this result o the one-point union of a finite number
of apheres.

6. If A is a closed subspace of a4 metrizahle space X and if both 4 and X
are AR's, then 4 is a strong deformation retract of &,

7. If 4 is a strong deformaftion retract of 2 metrizable space X, then

=4 x0Uid x ITUIX = 1}
is a stromg deformation retract of the product space X » F. {Hu 2],

T. Relations betwaen diferent notions of deformation retracts

Agsume that & and 4 are ANR's and that A4 15 a closed subspace of X,
Prove that the fnllowing statements are equivalent, [Fox 11:

1, The subspace A 1% a strong deformalion retract of X,

2, The subspace 4 is a deformation retract of X,

3. There exists a homotopy A0 (X, ) - (X, A4), (0 = ¢ = 1), such that
ko 15 the identity map on X and £,{4) < 4.

. Expansion of the relativity of a null homotopy

Let X, Y be given spaces, A< X, B< Y glven subspaces, and x4,
¥, € B glven points. Consider the maps

Q. Y¥{A B x,v 1

According Lo § 16, £2 consists of the totality of the maps § 1 X - Y such that
fld) = Band f{x) = v

Let fof2 and let O denote the constant map (HX) — 4. Prove that
foe Orel{ A, B Yimplics f = 01el § A, B; x,, v, } provided that the following
side conditions are satished:

(1) The subspace 4 U k(x,) of the cone &£(A) has the HET' in &(4} with

respect to 5. _
(2} The subspace X U &) of the cone (X)) haz the HEP mn &(X) with

respect £ Y.

These side conditions are satisliced, for example, if X is a finite simplicial
polvhedron and 4 is o closed subpolyhedron of X For more general cases
zee N and 0O,

¥. A general expansion theorem

Let X be a metrizable space and
NeM=zAdc X
be closed subspaces. Let ¥ he a. spuce and B a subspace of Y not necessarily

closad. Tstablish the [Gllowing
Theoremn. Let f, gt X —+ Y be foo piven »aps such thal

Jldl= B, {IM=g'M, gld)c L.
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Thent foepgreldA, B, N} implies foeprel{d, 5. M} provided that the
followany condtfions are safisfed. [Hu 4 :

U N 45 g deformalion reteact of MM

(2) The subspace " — (A x MU M x ) U4 x 1) hasthe HEP in A x [
writh respect o B,

(3) The subspace O = {4 s 0 U{A < DX < Nhasthe HEPin X o
with respect fo Y.

The conditions {2 and {3 are satisfied, for example, if X is a finite
simplicial polyhedron and 4, W are closed subpofybhedra of XL



CHAPTER Il
SOMESPECIAL CASES OF THE MAIN PROBLEMS

1. Introduction

In the first chapter, we have described the main profdems in homaotopy
theoty. However, ihe examples and their solutions given there are essentially
trivial cases. The present chapler takes up the first nontrivial cases. Answers
will be olrtrined by ustng homology and cobotnology FTOUPS.

By muuns of the clementary properties of the exponential map f 0 7 - 80
n §2, we begin with the classification problam of the maps 51 -.50in § 3.
Then, the clussification problem of the maps of S into an arbitrarily given
space X s lreated in § 4 und § 5 by slodying the fundamental group. In Lhis
comnection, the classical relation between the fundumental group and the
first homaology group is given in § 6. Dually, the classification prablem of the
maps X —+&! 15 studiced in § 7 by means of the Bruschlinsky group, Finally,
we Like up the higher dimensinmal sphere §5.'The Hopf theorems concerning
the maps 5® - 5% and K7 -~ 5% are proved in § 8. Dual to the Hopf theorem
ig the Hutewicz theorom, which is stated in §9; the proof of this importand
proposition is deferred until Chapter V, since it seems to depend in an
essential way on the eleraenlary propertics of the homotopy gronps.

2. The exponential map p:R = §'

Eepresend the T-gphere 5 as the unid cirgle in the space A of all comples
nurebers, that is to say S1={ezek | 2| =1

Therefore, S1is a compact abelian topological granp with the nsual rultipli-
vition of complex numbers as group operation.

Comsider the map # B - 5! defined on the space £ of real antnbers by the
[ormula f‘_;l:l.?t!] = exp [ETEE'?I:I . E:E.n:.:l:iJ I:_‘fti r H-L
where £ denotes the base of natural logarithms and ¢ the unit of Imaginary
numbers. This map p will be called the exponential map of X onto SL The
comtineity of p amd the following proprsition are ohviows,

Proposition 24, The exponentinl map p is & homomorphism, that ¥,
P+ v = pxlpiv for any xang vin R, The kernel =110 €5 the subproup 7 of
all suiegers,

Sinee px) - cos (Bax) |- € sin (2o, 1t s casy Lo see that # 15 one-1o-one on

30
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the open interval {4, §) of B. By a standand theorem in general topology, ¢
maps every closed subinterval of {- §, }) homeomorphieully and hence p &5 a
homeomorphism on the open interval itself. Sinee 15 a homomorphism, this
imphies that # s a homeopmorphism on each translate ol (- 3, 4. Therefore,
for every open interval (&, B) with & — & < 1, $ carries (a, B homeomorphi-
cally onto an open subspace of 5% This and (2.1] imply the following

Proposition 2.2. For coery proper comnected subspace {7 of 5, p vorrles
coery component of U hoseomordhically onte U

By o patk in a space X, We Tiean a4 map
gid =+ X

of the unit interval 7 into X, The points ¢[0) und &1} are called respeclively
the inifial potnt and the devminal pofut of the path ¢ They are said 1o be
comnected by o I o)) = a(1), then o is called a leop in X with a{d] = ofl) as
its basic foint, '

Proposition 2.3. (The covering path property). fror soery path o F » 51
and every pornf sy K such thal pixg = g(0), there exisic a wmigue Hath
14 = R such that o) = x, and 1 — 1.

froof, By the conlivuity of o and the compactness of T, ihere exists a
partiilon D= <t < iy g <bas |

of I such that the image of every closed subinterval Iy« T, 4, 0 < £<0m,
under g is o proper connected subspace Uy of 5%

We shall extablish the proposition by proving inductively the following
assertion Ag: There exists a unique map 5 defoed on 1he closed interval
|0, #] inte & such that

| Tl =%y, fPri=v

0, f

A, 35 ohvions, Assume O = ¢ < s, It remains to prove that 4¢ implies A,

For this purpose, let us assumae Ay By the choice of the partition,
£y = gidy) 1s & proper conmerted subspace of 51, Let ¥y denote the component
of $#-1{ 17y which-contains the puint rf), By (2.2), the partial map pa - ¢, Vi
is a homeormorphism of ¥y onte Uy and hence the inverse g1 0y -V s
defined. Define a map 10,0 [0, 4,,] = X by laling

ol — l Talt), (0 = £ty
1yt Ha i), (iEdy w08 s )

This proves the existence of 7q,,. Sinee Fyis a component. of £-47) and ;13
a homeomorplizm, it follows easily thal ry, ) is also unique. |

1f the reader is familiar with the logarithmic function and its analytic
continuations, he can casily see that the unique covering path v:7 - R
in {Z.3} is given by

]
o) =z, () = — logedit), f=1.
Pey)
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Proposition 24, (Thc coveting homotopy property). For every s
{1 X = Rof aspace X into B and every homotogns ke X 55100 =0£ <0 1Y, of the
map h = pf, theve exisls @ waigue homotopy f 0 X = B, (0 =28 < 1), of f such
st £ fy = hy for every L 1,

Pracf. For cach puint x & &, the partiul homotopy & | % gives a path in %
Define fp: X = 8, [0 =4 < 1), by taking fe | & to be the unique path in &
which starts from f{x] and rovers &y | x. Let

X i85 F: Xwiask

be defined by Hix, £) = k{x) und Fix, 1] = }of2). For the existence part of
the proof, it remains to establish the continuity of #,

For this purpose, let x, = X. By the continuity of & and the compactness
of £, there exist a neiphborhood 3 of 5 in X and a partition

D=ty <lty <l Ty <ty =1, L1 = [, tryq]

of I such that Uw image of M x J; under & i eontained in & proper cannee-
ted subspace of 51. By an inductive construction similar to thal usel in the
proof of (2.3), we can define a map &1 M » I -+ & such that

Glx, 0) - fz), pG{x, & - Hix,

for every & & M and ¢ - 1. By the uniqueness part of 12,3}, this itnplies that
fi:— F| M » I Since M is a neighborhood of xg In X, it follows that £ is
continnous at {x,, ¢) for every e 1. Since #, Is arbitrary, this completes the
prood. |

These properties of the exponential map # generalize to a very important
class of spaces, namely, the covering spaces, See Chapier 131

3. Classification of the maps 5! - §!

Let A denote the set of all maps of 5* iute itself, According Lo (1; § 8],
these maps are divided into disjoint homotopy classes and e sel of these
honotopy classes is denoted by {51, 511, In this section we will see that the
irembers of z{5? | $Y) comrespoid m a natural way o the integers. Usc will be
made ol the homology gronp A {51, hat the reader will realize that this Imay
be avoided by adopling some other definition of deyree.

Belore going further, let us fitst note that the classification problem of the
maps £ 51 - 51is equivalent to that of the mapsd : T -+ S with$(0) = &il).
In fact, lhe exponential map p:7 =5 of § 2 is an identification map,
(. §6), and hence the assigoment f + ¢ = fp gives a one-to-one correspon-
dence preserving homotopy.

Now, let us consider the homology group # (51 which s isnmerphic to the
additive group 7 of integers, According to (1; § 8Y, the degrec of a given map
- f 312 81 s the integer deglf) uniquely determined by the relation

fule) - degif)-e
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for every ¢ € H,i5Y. Obviously, degif) depends only en the homotopy class
|7 ot . Henee we may deline the degree of a homolopy class o« eax(57 ;5] by
taking degin) = deg!fl where f € &, Thus we ohtain a fonction

deg - w5 ; 51 - &

We are going to show that deg maps xS 54 onto £ 15 a one-to-one fashion.

The exponentia]l map p: & -5 maps the opon interval {0,1) homeo-
morphically onte the open subspace W = 89 1. Let g1 W - [(,1) denote
the unique homeomorphism such that fg 15 the inclosion map = 54

T prove that deg is onto, let # be any integer and let

Bu 51— S

denote the map defined byrg,(2) = z® for every 2 c &' One can easily zee that
dhy 15 also mven by the lollowing {ormula

fiaglz), (Lf 2815 1],

lI'_
Balts {1 fifs  1eSN

E

where &5 0 f = R demotes the muygr defined by S8 — st for every £ 1 The
fellowing lemrna 15 obvions and implivs that deg 15 onto.

Lemma 3.4, deg (dy] = 5
To prove that deg is une-to-one, it suffices to establish the follvaing

Lemma 1.2, Jf #he degree of & piven mad [0 50 5 s n, dhen | o g,

Proof. Pick e X sucl that #(8) = fi1'. Defiwe a hwomolopy £ 2 50 = 51,
(0 =4 = 1), by {aking

flzy — fizlipidty, (zed tEd).

Sct go== . Then we have § = g and #(1} = 1.

Let o= ph o F =5 Since o) = | = pi0), it follows from (2.3) that
there exists a unique path 7§ -+ B such that t{{t} = 0 and pz - 7 Since
priiy = aill = 1, 7il} ts an mmteger, say (1] = s efme o homotopy
M F o+ K0 =2 e 1, by taking

st = (5] + dEmlst — trish, (sl fel).

Thenyy = 7.1, = Em and 50 — 0, Kerl) - w2 {or every £5 1.
Finally, define a homotopy g, 57 -+ 51, {0 = ¢ <2 1], by taking

{ Pryegisl, [tz 5t 1),
L,

(2} = |
e [if 2 = ] £ S1.

Then gg = ¢ anil g, = gy This imphies / ~p ~dhy, Tt fodlows that deg
(7 — deg (). Sinue deg 177 = 5 and deg (fe) = #, we obtain = = # and
hence [~ dag. |

Thus we have proved the following
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Theorem 3.3, (Classification theorem). Fhe homotopy classes m(S1; §7 are
i q oRe-to-ome covvespondence with the infopers I wuder e funvtion deg:
(S, SY 2. The homotopy class of degvee nis represented by the A g 1 5L = B

To strengthen (5.5), ot us make use of the fact that S is o topological
abelian group under the usual multiplication of coraplex numbers, The maps
A dorm a ring with addition and mMiplication defined as follows: If
{805 51 are any maps, then [ - ¢ and fg ave the maps in A defined Ly

(7 + gllzy = flelgial,  (fg)lz) — flela)]
for every zc 5 Since the Thomotopy classes ©f + p] and fe? obviously
depend only on the classes [f ] and [g], this dng stroctere of A induces a
ring struclure in %{8'; 57). Now, (3.3 can be strengthened by the following

Corollary 3.4. The famclion deg 45 an ssomorplisnt of the ring =(51: 5V onlo
bhe veng £ of dndegers,

Proal. Let f, g e A Tt suflices {o prove that

deglf | g = degi/f] 1- degig), deg{fe) = deg!f1deg(e).
Let deg(f] = = and degigl = n. Then fr~dy and g = ghy. [t i ohvions
from the definitions that
'?5"!- d ':'5-'rt = ‘ﬁ’&nm: 'Sf’mﬁ'sﬂ ="?!’m'ﬂ=

This implies the corollary, |

4. The fundamental group

et X be a space and let a6 X; let 12 donote the set of all maps of S2
inle X such thal the point 1 of $* is mapped at the point %, of X.

For any map f:5" « X in 2, the composition fd:d » X of J with the
cxpungntin] map p of §2 s a loop in X with its busic point at x,. This
correspondence i3 obviously one-to-one. Hence, by [dentifying / with /g,
we anay comsider 2 ax the set of all loops in X with given basic poini Ty
In symbais, we have

2 {ff=X 110 =x=Ff1
We may define a suitipltication in £2 as follows, For any two loops f, gedd,
their peoduct f-¢ is the loop defined by
i fi20, (D =0t = 4,
L2 — 11, {ifd =t w1,

(g1 (8 =-

Intuitively speaking, - g is the loop traced by moving along the lonps fand g
111 BUCCrEsIon.

Two loops f, ge f2 are said to he sgrdvalent, (in syrabols: f~ g0, if there
exists a honsotopy Ry 7o X0 s2t 2 1), suech that Be = f. k=g and
it = %, = B1) for cvery d This relation ~ is reflexive, synunetric and
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transitive: henee the loops 4 are divided into disjoint eguivalence classes,
Let m,(X, x;) denote the set of these classes and <] denote the class con-
taining § £ 2. The loop fis suld Lo be a #epresestaleve Tor the class [f ]

Iet & denote the degenerate loop 4(11 = x,. For any loop fefd, let f-1
denote the reverse of f defined by § Yty = f{l -- & for each £, Then
clearly ({-%}-1 = [.

The Inllowing elementary properties can be easily verified:

(1Y I f~fand g~ g then f. g~ f" 2",

(2) (7-gl-h—jrig-h).

(3 frdeefodf.

(4) f-ftemdmeff

According to property (13, ihe class [f-g] depends only on the classes
[f] and [¢]. Hence we may define a multiplication in a; (X, ;) by taking

[f1(g]=T1/g.

By (2), (3 and (49, this multiplication makes & (X, x5) @ gronp which is
called the Foinceré group ot the fundamental growp of X at x, The class
& = [d] is the nentral element ol (X, 24), and 1he class [f-1) 15 the invere
element of [£].

Yor example, take X to be the 52 of § 2 and x, the point 1 of 5% Then 2
becomes a subset ol the set A of all maps of 5% into itself. ‘The inclusion
7:0 1 mduces 4 lunction

by 9ty (S 1) = m(ST 5T

By (3.2, 1, 15 onto. On the other hand, 4 is alao one-to-one. To prove this,
let f, pef2 he any two maps such thal f = g Then there 13 & homotapy
By SV 57 (0 = £ = I}, such that &, = f and &, = g, Define a homotopy
Bt B = 8F (0 =D f < 1), by taking Auis) = iz)jadl) for each re5' and
fel, Then by = f, ky = gand &(l) =1 for evary ¢ed. Hence, f 2o g el 1,
Thiz proves that 4, is oee-lo-one, Finally, it 1= not difficult to see that
b 15 equivalent to ¢y .qp. Therefore, 7[5 1) i a free cyclic group
generated by the elass [p] of dhe exponential mah o f -5\

The definition of the fundamental gronp =,(X, x;) is by no means con-
stroctive and the problemy of computing the groonp effectively is quitc
difficlt. In a finite simplicial complex, an effective rude can be glven for
writing down gencrators and telations {finite in mumber) for the group
(see Ex. A at the end of the chapter]. This reduces the problem for Nnite
simplicial complexes to solving the word problem ol group theory. For
many of the simpler complexes, this has heen done.

Now let %, be another point of X and let ¢ f - X be a path connecting
xg to x,. For cach ¢ = 0, 1, let £ denote the set of all loops In X with basic
pnt at x;, The path ¢ defines a transformation @082 - £2, as follows,
Let =82, and 7. J -» X denote the reverse of ¢ defined by ¢t} = o} — )
for each ¢ = f. Then gy=(f} 1= the loop o /- r defined by
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ai3). GE0 <2 < b
(o-f-d) 6] — | F0BE— 10 (i}t <3,
o3l - 2. fif 2 FS;S Sl B

It 15 siraightforward to verify the Iollowing three properties:

@l Hirepg thengof-t~ogg-r

(6) o-({g) v~ o f2)(og 1)

(71 T-{a-frr)-g~}.

According te (&), the class [#-f-7] depends only on the class [f]. Hence
i induces a transformation

Ty 2P (X, 2] = 7m) (X, x5

The property (6] imphes that &, 35 3 homemorphizm, Similarly, the teverse
¥ of o determines & homomorphism

T T K, %) = (X 2.

It {oilows from (7} that the composition 1.0, is the identity aulomorphizin
on 7, (X, %), Since the roles of 7 and v are interchangeable, this implies
that ¢, iz an isomorphism and v, = {g,)-% Thus we have proved the
following

Proposition 41, Every path o . T - X snduces on fsomorphismog 1m (X £,
a2 7y [oL, agh, where x, = {0 and x;, = gflh.

A space X 15 s to be petfurise connecled 1T every pair of points of X can
be connected by a path in X, If X is pathwise commected, then it follows
from [4.1) that the fundamental groups #,(X; 2, at various basic points
xp X are all icomorphic. As abstract groups, these may be considered as
ths same group which will be denoted by = (X) and called the (abstract}
fundamental gvoup of the pathwise connected space X.

Any two paths o, v1 J = X are said to be squivalent, [in symbols, ¢ ~ 1],
if a(0) — (0], o{l) = ril}, and g =- T relative to the extremities of 7. Then
one can casily verify the following

Proposition 4.2, [} fws paths 5, ©: 1 = X are equivalent, then g, — T,

If the path o ! - X is a loop with basic point x, € X, then ¢ represants an
element £ inx (X, x,). By the definition of g, one can easily soe that

Fylel = Sl

for every w in x,(X, 2,}. Hence o, is the inrer antomorphism of = (X, %)
determinecd by Lhe element & = [g].
 Finally, let ¢ : {X, ) = (¥, w) be a given map, For every lonp fin & with
¥y a5 basic point, the composition &f is a loop in ¥ with ¥, as basic point. The
Tollowing properties are obvious:
18) It f ~ g, then ¢f ~ dg.
(MIf k= f-p, then dh = bf-fp.
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(R IF Ao tnaps g, 40 0 [ X, %50 = [V, %) are homotopic, then g -~ f.
B i8), the map ¢ 2 (X, 2 = [¥, ») induces a transformation

"#"m S [, xu] -+ (Y, :l"[:-]'

The property (9 imphies that &, s 2 homomorphism which will be cotled the
tndtced homamorphism of f (on the fundamental groupst. Thus the operations
(X, xg) = m, X, %) and ¢ --¢b, form a covanant functer for the categories

Invelved, [E-5 7 p- 111

L. Simply connected spaces

A pathwise connected space X is said to be siweply connented provided Lhat
every pult of paths o, v 1 = X with o{0) = =(0) and «{l) : . T[]} are Lomo-
topic with end points beld foced.

Proposition 5.1. A pathadse connecled nonodewons space XI5 simpbly
eonnecled f m (XY = 0,

Proof, Weessehy. el x, & X el lel f @ f = X be any loop with %, a3 basic
point, By the definition of simple cunnectedness, fis equivalent to the
degenerate loop 4 at x,. This itmplies that =, (X, x,) = 0 and hencen, (X)) = (.

Sufficiency, Assumne that w (X)) =0and et o, 71 F -+ X be two paths smeh
that {0 = 2, = ¢{0) and &/ 1) = 2, = (1), Then we chtainaloop f: f » X
with basic point x, definted by f = o -1, that 1y to sy,

iz, HO e ],
(2 — o, [if ) <= 0)

fit]

Siewe s, (XY — 0, {5 equivalent fo the degencrate Ioop at 1. [ follows that
{here wxists a map £ @ 72— X such that

Fid ) = 2 FOLE -, Fit, 00 — fif, FIL 1 = 2,

for every Fe 1, Now, 11 15 not dufficult to constenct a homotopy & 7 -+ X,
(00 =54 =2 1), such that & = w, £, = 7, and &(0) = x,, &1} = z, [oF every
i I. Tor this purpose, let us first consider the following geomelric situation
in the unit square I in the cuclidean plane K2

Let g denate the point (§, 00 of £2 Fhen the line L through ¢ with angle of
mclination [ — )z meets the boundary of /* in g und another point gy if
0« -2 1, Let 4, = (0.0 and p, = (L0, Dlefine a homotepy A0 F - 7%
(0 = & =2 1), by taking Ads) to be the point which divides the scement g
in the ratio s (1 - - 8).

MNow, et & = Fh; lor each $ ¢ F. Then one verifies immediately £, = 4,
Fo=rand &) x, &1 Iy) x foe every fel. Hence ¢~~~ 1. 1

M follows immediately drom [5.1) that every contractible gpace is simply
connerled. For exampdes of aon-contractible simply connected spaces, we
hawe the following
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Preposition %.0. Ths n-sphere S0 &5 simply connecied if 0 > [,

Preof. The O-sphere 5* Is not simply connected since it ts not pathwise
connected. The T-sphere 51 is nod simply connected stnee = {5 & Z, Tt
remains to pruve that 5%, » = 1, is simply connected, For this purpose, we
shall prove that every laop f. 7 - 5% at a hasic puint », & 57 is cquivalent to
the degenerale loop & at x,. Bv the method of simplicial approximation
'E-30 p 64], f is equivalent to a loop g — 5% which is 1 simplicial map
on some triangolations of £ and 5% Since # = |, g is 2 proper subspace of
&% and hence is coulractible in S% to Lhe point %, This imphes g~ d and
hence f-— 41

A space X s sald to be locally pathadse connccted atb @ polnd g2 X if, for
cviry open neighborhood 15 of x; in &, tiere exists an opens neighborlood
V= U of 2y such that cvery pair of points in I can be connveted by a path
in U7, I X is locully pathwise connected at every point of X, then it is said 1o
he locally pathwise connected. Tor example, trinngulable spaces are tocally
pathwise connected.

An importanl property of spaces which are both simply connected and
Incally pathwise connected {5 that the restricted lilting problem with THsTEeCt
Lo the expenential map p: R - 5" in §2 has a unique selnfion, More gene-
rulty, we have the lilkwing

Proposition 5.3, (Covering map property). Let X e g connected and locally
pathuise connecled space, and lef x, be @ plven point in X, For every mafp
frX =5 and every point vy e B such that plvy)  Fx)) and fom(X, ag) =10,
there ex1sis o unigue map g1 X — R such that glx)) = v, and op = [

Proof. We shall first construct g: X — R as follows, Let » be an arbiteary
point v A, Lhen there exists a4 path m:7 = X such that =i = %, and
wll) = # Leto: I - 51 denote the path defined by o = fm. Then 5(0) = fixy)
wnd ¢{1] = fix]. Aceording to {2.3], there is a unique path ©; F — R such that
T = vy and pr g bince fm X, 1) = 1, it is easy to sce thal ditferent
cheices of the pathx in X give rise to eqeivalent puths ¢ = £z in 51 Hence,
Ty (2.4}, one can readily prove that 70t} does not depend on the choice of
and we may define g{x) -= #{}}, Clearly we have $z - f and Flapl = ¥, For
Lhe existence proof, it remains to prove that g is continuons.

Lel x| be any point in X, To show the continuity of g, it suffices to rrove
that g #s continugus at x). To this end, we shall prove that ¢ coincides with a
majr in somme neighborhood of x, in X,

Letz - fixg)and W =8z, ¢". Lot J denote the compment of &# YW
which contains v, = gix)). Then J isan open interval of length 1 and A maps J
homeomorphically onto W. Let ¢ W > J denote the homeomarphism such
that pg{z) = z for every 22 W. Let U7 = /(W) and definc a map 4: U > R
by tuking Alx} . gf(x) for every ¢ U, Obviowsly we have hiz)) = », and
g == f | U, We are going to prove that g coincides with & in an open neigh-
botheod of 2, in X
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Since X is localty pathwise connected and 715 an open neighborhood of
%, m X, there exists un open neighborlomd ¥ < {7 of 1, in A such that every
pant of F can be connected {o x, by a path in I We shall prove that
plxy - Blx) for every x = . For this purpnse, let 2 £ be piven. Then there
is a path w:J =+ 7= X such that () = =, and (1) = % Since X i
pathwise commected, therc is a path £:7 - X such that £(0) = x, and
&1y = 2. Letm — £.%: f -+ X be the path defined in the obvious way, Set
p = ffand g = fr Denote by §: I - R the anique path such that {0 - #y
and 8 = p. By {he very construction of g, we have #{1) = g(x)) = #. On
the other hand, we also have A{x,} = ;. Hence, we may define a path
t:1f -+ Kby taking a0 0 g e

2 - { (22, 10 <t = ),

hpit — 1), (if 4 =5¢ < 1),

Then (1) — A(z). On the other hand, since 6 = p = ff and phy = f. we
abtain v = ¢ Further, we also have ¥[0) = [0 = »,. Hence, it {ollows
frorn the construction of g that ={l) = gix). This proves that g(x) - Ax)
whenever x is in 7. S3ince ¥ is an open neighborhood of x, in X aml % is
continuons, it follows that g is continuons at %,. This completes the exisience
prood.

To prove the uniqueness, let ¢ and g7 be any two maps of X into & such that

pE=F=pg,  glx) =¥ 2z

We are going to prove that ¢ = ¢° Let = be an arbitrary pomt in X It
suffices to prove that g{x} = g'[#}. There s a path 3.7 X conmecting
X0 x Leto — for, v = gm and v — g'w. Then we have

. fr =0 = p7, [0} = ¥y = 0L
According to [2.3], we get ¥ — 7', In parficular,
glx) = o) =¥ (1) = g'lx) 1

&. Relation between =1{X,Xo) and Hi{X)

In the present section, we shall give a detaded cxposition of the classical
result on the telation between the fundamental group = (X, x,) of i pethwise
connected space A at any given busic poinl zg and the 1-dimensional inlegral
singular homology group H (X of X, We shall assume that the reader is
farmiliar with the singular bomology theory as given in [E-5; Chapter VIT,
and [Eilenberg 2].

First of all, let us consteuct a wabural Aomomorpiism

By iy (X, xp) - H XD
deseribed as {ollows, Let & be any element of [ X, x,0. Choose a representa-

tive loop PiS1L K, (L) x

LIRS
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[or o This map [ induces a homomorphism f, 0 By (SY » H(X). Tel
denote the generator of the free cyelic group H (57 covresponding to the
cemnter-clockwise orientation of 31 By the homotopy axiom, the element
fsia) in H(X) depends only on the class o and, therefore, we define &, by
taking k(o] = f,(¢). By an elementary property of induced homomorphisms
in bwnalogy theory, [E-5; p. 36], it is easy to see that b, is a homomorphism.

Let u= consider the wnif u-simplax Ay in the (w 4 1)-space =1 which
consists of the pointe {4, 4, ---, fa) soch that £, |- & + -« + & -1 and
b 0 for each ¢ =01, -0 ;. Let §: 7 A, dencte the homecmoegphism
defined by j(#} - {1~ -4.¢ for each ¢ Fand let 2 1A, -» 51 denote the map
defined by &y &) = pi4} for every point (£, ) of A, where p stands for
the exponential map in § 2. Then we have & = p. As a singular |-simplex
in X, T = fh:d,-+X isin the group €{X) of integral singular 1-cliains,
Sinee 7 =0, T is u singular 1cvele. Tt is not difficult to verify that 7
represents the homology class & jw),

Sinee H,(A) 15 abelian, the commutator subgroup Comm {m, (X, %) 1 of
(X, xg) must be contained in the kerncl of &,. In fact, we have the following
claszical thearcin.

Theorem &1, [f X 15 pathuise connected, then the nataral homomorphism
iy maps (X, zg) onto H (AT} with the commulaior subpvoup of =X, x)) as
ity kernel. Hence H (X)) ts 1somorphic with the group 71X, x,) made abelian.

To prove this theorem, let us first carry out o preliminary rednction.
Consider the singular complex S{X) of X, [E-S; p. 1867, and denote by
3,1 X) the subcomplex of 5(X) defincd az Iollows. A singular simplex
Fidy = A s in 5, (X) iff T sends the vertices of A, into the point z,, We
shall call 5,(X) the first Edenberg subcomplex of S{X). Since X Is puthwise
connected, it (ollows from Eilenberg's reduction theorem, “Eilenberg 2,
p. F140], that the inclusion cellular map

ASp =5 (XY - 5{X)
mdueces an isamorphisim

Ay P HlS) & HL (X))
On the other hand, let « be any clement of 7, (X, %,) and choose a TEPTEEenta-
tive loop /51 = X for %, Then the singular simplex T = fk: 4, + X is a
I-cycle in 5, and hence determines a homology class it € H (S} which
dews oot depend on the ehoioe of ¢ The operation & — pix) defines a homao-
morplism (X, 5 - BL(S)).

Obviously we huve the relation &, -- A, Hence the theorem teduces o
the following

Lemma 8.1, [hz howmomorphism g omape 3 X, x,) onto HIS)) with the
comridator subsroup of myX, %) as s Rermel.
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Proaf. To prove that uis ento, tet § be an arbitrary element of H 150
Choose a l-cyele 7 of 5 which tepresents f Since 22 0(5,], it can ke

written n the form "
2= E -511:]'_1

i1

where Ty, -, Ty are lsimplexes in 5, and a,,- - -, @ are integers, bince T,
maps the vertices of A, into x,, it is a J-cycle in S, and henee represents an
element 1 of H,{5,). Thet we have

1
ﬁ = E ﬁi,ﬁz-
I—1
£in (e other hand, the loop F I - X represents an element ag of m LA )

Aceording to the definition of g, we have juayr — fir Let

o = ot s otw Sy [N )

Since g is a homomorphism, it follows that
i) =fE atiog) = Elazﬁ: =g
=1 =

This inplies that g maps m (X, 2 onto H 150,

To study the kernel of g, Jet us finst note that, because of the commn-
talivity of A%, the kernel of g conlaing the commutator s DETOU R
Comn {#2,{X, %) } of =, [X, %), The quotient group

25X, ) = X,z fCamm { (Y, ) ]

1w commiutative and is known as e prowp (X, 2 mads ebelian, We shall
wse the additive notation inom* X, ) and consider the natural projection

y X, Ky) =7, )

Since the kernel of ge contains Comra { m,{X, %, }, p induces a unigue homo-

merphism AR GERT I AN

such thul g = %, To prove that the kernel of u i3 Comm [z, (&, x,) §, it
suffices to show that p* is a monomorphism.

indeed, we will produce a left inverse »* {or g*, Sincem * (X, %] 15 abclian
and £,05,] is the free abelian gronp generated by the 1-simplexes nf &), we
may define o homornerphism

el Oy S = H A &)
described as joliows. Let T be any 1-simplex of 5. Then the loop Tjf » X
reprezents an element [170 of my(X, £} and % is defined by Laking
T = v T

We assert that » maps B,(5,] into the zera element of m*® (X, xy). To prove
(hiz, 1ot 7 be an arbitrary 2-simplex in S, Then T is a map F1d, + X
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which sends the vertices of A, inle x,. Let 7%, TW, 7@ denote the 1-i-
mensional faces of T then wie Tave

#OT) = sf 0 T 4 T8 - k(7™ 4 TO— T)
= :{ ) L T — [T
= W [TOf1) + 9 [TO]]) e T
= p{ [Ty T TT-y 0

because of the velation {70j] = [T 1904 sinee T is defined thronghont
Ay Since B(5;) is generated by all 87 with 7" munning over the 2-simplexes
of &5,, this proves our assertion. Thus % induces a homomeorphism

2¥ L HG S X, xg)

Finally, »*u* is the identity. To prave this, lel «* be any element of
AL Bg). Choose o Cop (X #g) witlwie) — a*, Lot §: 5! = X be a represcn-
tative loop for o Then the singular simples T = f&: 4, = X represents the
class g{%) and hence we have

AR 0¥ - i elm) = i) ol [TT])
— PR = v/ - vie) = a7,

where p denotes the exponential map, This Implies that #* is a mono-
morphisim. |

An amportant consequence of (6.1} is the fact that, for any puathwise
connected space X, the fundamental group #0X) compleicly determines
the integral singular homalogy group H (X5

7. The Bruschlinsky group

Let (X, A} be an arbitrary puir consisting of a space X and a subspace
A of X which may be cmply. Let us consider the set

W= {[:(X, A) =[S, 1))

of all rnaps § of the pair (X, 4) inlo the pair (57, 1), where 5! denotes the
unit circle in the complex plane as m § 2,

Sinee ST is an abelian group under mulliplication of complex numbers,
wi may define an eddidion in W as {ollows, U f, ¢ are any maps in W, then
{ + g is the map in W defined by

o+ g (2 = flx] glx]

for every x 2 X, In this way, W becomes an abelian group.
The homotopy class (relalive to 4} of the map /|- ¢ depends only on
that of f and that of g, ITence the set LK, A of all hamotopy classes of the
-maps of W oforms an abelian group unider the addition defimed as follows;
For uey a, 3 inal{&, A1, we have

«+p=[f+pg] jfex g&j
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This abelian proup %X, 4) will be colled the Bruschliusky group of the pair
(X, A). If 4 is cmpty, then it will be denoted by ='(X) and called the
Bruschlinsky grossd of the spuce X, Ser [Bruschhnsky 1.

For exuinple, we have

wU ST} ms (51, 1) ;v (S 1) e 2L

To determine the structure of #2(X, A), let us assume throughout the
remaincder of the szction that the pair (X, 4] 1s trianpulable. Thus, we assume
that X is a finite simplicial complex, [E-§; p. 56], and that 4 is a sub-
compiex of X, Uniler these assomptions, let ns consider the inlegral co-
homology group HU(X, 4) of the pair (X, 4] and construct a natsral homo-

o iis el XN, Ay - X, A}

ac follows., Let ¢ denote the generator of the free cyclic group IPSE )
determmed by the connter-clockwise ofientation of 5% For an arbitrary

glement wemtiX, A), pick a map {1 (X, 4) =3, 1} which represents o
finduces & homomorphism

f* HYSY 1) - HYK A)

which depends only on o accerding to the homotopy axiom of cohomology
theory. Hence we may defitne k* by taking A*{a} — f*{¢). It remains to verify
that % s a homomorphism.

Let & o n'[X, A}, By means of the homotopy extension property (I &4},
omte can easily see thal x contains a map § 1 (X, A) = (5%, |} which sends all
vertices of X into the point I of $1 Such a map f determuies an integral
cochain ¢! #1 € CYX, A7 as follows, lets — ugw, be any l=simplex of X and
let A- 1 - denote the linear map which sends 0 to py and 1 to o The com-
posed map #3: F -» 81 is a loop in &' and hence the degree of f4 is a well-
defined integer deg{ fA) which deprends on f and . Then the cochain ¢(f) is

med b .
dohmec by /)] (s) = deg(F4)
I'his cochain s ) is a cocycle. To prove this assertion, let ¥ = w9, be
an arbitrary Z-simplex, Then we have
01 = 6,— 0y + Fp, Gy = V¥, ) — Ugls, Oy = gl

Tet Ay: F —=op ¢ = 01,2, denote the hnear maps as described abowe, It
fotiows that

[BeX f170e) - [eMf)1ioed = [e(filiag) — [eH(f)]iast - 16} (oal
— deg(fA,) — deg(fd;) + degifd) =0C

since f iz defined throughout ¢ This proves that e'(f] 1 a cocycle. By the
defmition of the induced homomeorphism f#, it is not difficult to see that thig
cocycle e1{f) £ 24X, A) represents the element f*{e) € HYX, 4).

Now let § be another clement of #'(X, 4) and pick a representative map
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g1 (X, Ay = (5%, 1) of # which sends all vertices of X into 1. Then the IAap
f+ grepresentsx + £ and sends all vertices of X into 1. For every [-simplex
¢ = Uy, we have

deg (if + gA) = deg{/A] + deglgh).
It follows that A{f + £ = £4f) + ¢(g) and hence

W+ B) = vla) + h(p).
This proves that 2% is a homomorphizm and completes its construction,

Theorem 7.1, The natural homomorphism k* i3 an fsomorphism of 2 X, A)
onfa HY X, A},

Procf. Let z¢ ZU A, 4) be arbitrarily given, To prove that A* is an epi-
morphism, i osoffices to construct a map f: (X, 4)— (8, 11 which sends
all vertices of X into 1 and such that &(f] = =

FYor each # = 0, 1,--+, dimm X, let £, denote the subocomplex of X which
comsists of all simplexes I A together with the simplexes in X ~ A of di-
mension not exceeding 2. We are going to construcl a sequence of B

fa:Kg—=5, =129 - dimkX,

as follows. To comstruct §, let us take for cach Isimplex g = vy in X A
a loop g0 I -» 51 =uch that

gl = 1 = g1}, deg(g) = zig).

Let A;: I -» g denote the linear mag which sends 0 to g and 1 to#,. Then we
define fy : Ky -» 57 by taking

s (if x € K,
e _{gﬁﬂ.;l':fl- af xea e K~ A

Next, let ns construct the map /41 Ky - 81 Let v = pgyrg be an arbiirary
2-simplex in XN A4 and 7, = 0%, 1) — 20y, 0, — vy Then f) |81 is
loop in 5" of degree

2yl — 2 - ziay) = #d) - (82) (1) = 0

sImee & 15 & couycle, By (3.3), £, | 8t is homotopic 1o the constant map. Henee
it follows fromn the homotopy extension property (lat §, | 81 has an extension
i . T = 5T, Then we define f, by the following formula:

hlah, itxe K,

Falz) = LR fif x e ve K, A

Now we shull complete the construction of the sequence { /2 } by in-
duction. Let m > 2 and assume that fn_, : K, + 5! has altendy been
constructed. Let § be an arbitrary mesimplex in XA, and v, be a vertex
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of 1. Since m == 2, Uhe (s — Llesphere @8 is simply connected by (5.2). Then,
acvording to (5.3}, there is a unique map jy . #f = R such that

i'lﬁl.fi’u:' -4, ?')j'[r = - |ﬁ'5'

where §: B = 5! denotes the exponential map in § 2. Since R is solid, thi
rap §y has an exiension &y 1 0 + & Then we define fm by wetfing

fa (), (if x € Koy,

Ff3) = | .
b ki, xcfe Ky~ A

This completes the construction of the sequence { fa 1.

Since fu | Hpoy = fa ;, weoblainamap /: X 5 such thal /@ Ku = fr.
In particalar, f{Ky =1 and 7| K, = {,. By the construction of £, thix
implies that &' f} = 5. Hence, &* iz an epimarphism.

To prove that &% ix a menomorphism, let x be any element of A"\ X, A
with A*[e) = 0, Pick a representative map (X, A) = (5% 1) al & which
sonds wll vertices of X to 1. Then the cocycle o¥(#) is a coboundury of X
noduls 4 and hence there is a cochain ¢ e 905, 4) such that £{f) = de*

For each s = 1.2,--+,dim X + 1, let Ju denotle the snbspace of X x i

defined by T = (X 5OV UKy o x DYULX 1)

o prove that fis homotopic to the constant map niX1 = 1 relative to A, tet
us construct @ sequence of maps

FigiJu=58 n L2,---, dim X +1

as follows. To constract F o, let s tale for each vertex o in A~ .1 a loop
£ T = 51 anch that

g0 — | = &1, deg(&) = Mul.
Then we define §7 1§, = 51 by taking

I ifredorili =0,
LOEN I [ifx =],
- Fix, L= 1.

Next, let us construct the map Fy: Jp =51 Leta - wypy, be any Lsimplex
i X “_4. Then the partial map F, d{e x {) on the boundary Ao ¥ I}
of o % ['is u loop in 5t of degrec

Sl [T ) — ngt — (86 o) — )] (o} — O
Hence F, | Do = T) has an extension #, : 6 x { -5 We defme F by the
follovwing formnla: o _
_ [‘FI.[E"I.I: r]{j"IE.lr!]:

Eo i)
T, tityes x N

Now we shall complete the construction of the sequence [ Fy } by in-
duction, Lot s == 2 and assume that Fupo 2 fm o, =85! has alrewly been
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ronstroeted, Let © be any {m - Nsimplex in A~ A, Since w = 2, the
{1 — Lj-sphere &{r » I i5 simply connected. Hence, it follows just s
before, that F_ @0t < 7] has an extension &1 = 7 — 51, Then we
defline F..@ f,, — 5 by sctting

¥ l"j.J} _ { Pk 1|.r:!r,| [ifj"E_rm—J-
&), (fvex w I

This compleles the construction of the sequence { M5 )

%i:nce Foalfa-y Fa.gp we obtain a map F: X = T =50 such that

“ifa — Fuo Inoparticulur, we have Fix, 0) = 1, Fix, 1} — fix], #{a, ) = ]
E'{:-r every € X, eed and ¢ f This iraplies that [ is homotopic to the
constant map O[X] = | relative to 4. Henee 2 = 0 and A% i a mono-
taorphizm, |

Since HHX, 4} iz effectively compntable, the theorem {7.1) solves ihe
classification problem for the maps (X, A} = (81, 11, In particular, if we take

= o, then it gives a solution of tw classification problem for the maps
A =51 On the other hand, it also solves the homotopy problem and the
extension problem in the fornm of the following coroblaries,

Corollary T2 Tuomaps f, g1 (X A} {58, 1) are homaiopic (relalive in A)
iff 7=l — g™

Thiz rorallary 15 an immediate consequence of (7.1, In particolar, let us
take 1 =n. The inclusion map j:5'< (5% 1) induces an isomworphism
AN S L) ae HYSY and x == j*5) is the generator of the free cyclic gooup
H1[5%) determinerd] by the counter-clockwize otientation of 5 Then (7.2)
gives the fellowing corallary as a special case.

Corollary T.3. Fiwo maps § ¢ X = 50 are fomalopic &F [*x) = g*lxh.

Coroliary Td, A wad 1A -5 can be culended over X 1 the element
f#[oe} of HYA) 15 contadned dn the dmage of the homomorplism % 0 HUX)
HYA) tndheped by the incluston map 10 A = X, In fack, i} o 45 an clement of
X} vack that ¥ (a) = [ M), then f has an exlensionp : X — S uwith o500 = .

Proaf. 'The necessity of the condition is obvicuns. For the sufficiency, it
suffices to establizh the second assertion. By (7.1), there exists a map
R X 250 such that (7A)* ) .- & Then'we have

(e[ - SR = ) = F*0) = R0 = (171%.
By 17.2}, this iinplies that g4y o= /f and lience &7 ~ /., According to the homo-
topy extension property, there exists an extension g: X - 5 of § such that
g = £ Then we have
rrlal  B¥x) = RV = Gh* .

Foliowing the definition of triangulable pairs in 7E 5; p.60, we Lave
assumerl above that A s u fnide simplicial commlex. Hawever, the proot of
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(7.1) is so arranged that it extends to the case that & is an énfinide simplieial
complex and 4 15 any subcomplex of X provided that Whitehead's weak
topology is wsed in X, Hence all results in this section are true for the
infinvtely tnangulable patrs (X, 4} defined in the obvious way. On the other
hand, these results can be extended to more general pairs (X, A) by nsing
various {ech cohomology theories, Some of these gencralizations will be given
as exercises at the end of the chapter,

8. The Hopf theorems

With some dimensicnal restrictions on the triangulable pair (X, 4], the
nice results of the preceding section for 51 can be generalized to higher
spheres. [or this purpese, let us first consider some preliminaes.

For every s 2= 1, let 5% denote the bhoundary n-sphere of the unit s + 1)-
simplex A = Ay, For cach s =0, 1+, & - ], let A" dencte the m-th
[#-climensional) face of A. Then S# iz the union of the g-simplexes A0, AN,
s, A The pedimensional cocycle ¢ of S* defined bve (A9} = 1 and
plAm) v 0, mo==1,r+ v, 4 ], Tepresents a generator w of the free cyclic
coliomology gronp Ha{5?),

For any map [ X -+ 57, the element f*{x} of fI#(X) depends only on the
homotopy class [ f] of f and will be calted the degrae of (he map f or of the class
[/]- In particular, if A7 = 58, then the element f{x) of AY5") determines a
unigue integer deg(f) such that f*x} .- deg(fla. In this case, it is this integer
deg(f) which is traditionally known as the degree of the map f: 8% -+ 50, If
# = 1, this definition of deg{f) is obviously equivalent to the one given in § 3.

Let v, denote the leading vettex of 5® Foreach ¢ =1}, 1,---, 5 + 1, let
I7ie} denote the union of all A with ¢ £ 9. Then the inclnsion maps

FLSRo (5% 2, e (S ) c (Sn, 1@
induce Lisnmnrphisms £, ny on the cohomalogy groups of positive dimen-
sions. Let
e = £4-x), Ag = 1™ (e).

Then ¢ and 7; are generatars of the free oyclic groups H*($#, vw,) and H=(5=,
£i@Y) respectively.

Next, let ws consider the unit ssimplex A, and its bBonndary (s— 1]-
spliere @dq. The n-cocyele y of Ay given by plAy) = | represents a gencrator
g of the free cyclic gronp A% Ay, @A) For any map 1 [Aa, 84 = (5%, 5,0,
the element /*(1) determines a unique integer degif such that f*(e) = deg(f}- x
This integer degif] will be called the dagras of the map 7.

Foreachg = O, Lo+, w4 1, let {g - (A,, Bdy) - (S8, T} denote the map
defined by the ovder-preserving onc-to-one assignment of vertices of 4, into
A, Then it is not difficalt to verify that

{8.1) e (Agh = {— L)%
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Now, let f:5" = 5% be a map which sends the (# — I}-dimensional
skeleton of 5% into w, Then, by (8.1) and a theorem n cohomology theory,
[E-5; p. 37, Theorem 14.6c], one can casily deduce the following relation

LB o

(8.2} deglf) « X {— 1} deg(#g).

g=u

Finally, let vs prove the iollowing

Lemma 8.3, For suery sutoger m, there sxisls @ map fu : (Ay, @dy) = (5%, 15}
IE-'?I.PIE- dEgILfm} =

Proof. If m = 0, then the constant map §iAdy) = v, is obviously of degree
1. Next, assume # > 0. Take a sufficiently fine simplicial subdivision X of
Ax s¢ that we may pick s motually disjoint closed #-simplexcs o;,+++, om
contained in the interior of ds. Let the vertices sy of & be ordered in such a
way that the orientation of |

H'I; = [';'Hli """5'l:'E.l1 Ty ﬂ'l:h-+|1.|

agrecs with that of A, We now define f to be the unique simplicial map of
K inte 5% which sends wey into the vertex vy of 5% for each i .= 1,- -+, n and
each f = 1,--+, s 4 ] and sends every other vertex of X into 1, Then if is
easily scen that fol@dy) = vy and deg(fm) = . Finally, let 1 denote & hinear
homeomorphizsm of A, which interchanges a pair of vertices of A, and leaves
other vertices fixed. Then deg{fmA) = —m. |

An organization of the Hopf theorems is as follows.

Theoremn M" {Ilomotopy). /f @ magp f: 5% > 5» has degree deg(f) — 0, Then
{ 5 homotopie to the constant map 0[(S%) = v,

Theorem E", (Kxtension). Lot (X, .A) be a frianguelabls paiv with dim(X ™ A)
wh 4+ | and frd - 5% be g given map. If theve exisls an eloment o c FH™{X)
such thal t*(o) -~ f¥0e), where 1 A < X, Then | admils an exlension p: X —
52 such that p*(x) = a.

Theorem " [Classification). 7f X &5 o tviangnlable space with dim X = =,
then fhe assiginment f— f*e) sels up a one-fo-one corvespondence Between the
Romotofy chasses of the maps {1 X = 5" aud fhe elements of bhe cohowmology
Fronds HR(AD,

The econwerse of E® is trivial: if [ admits an extension g : X — 8%, then
there exists an element o 2 (X)) such that i¥ix) = f*{x). In fact, we have
o = g%,

Since HYis a special case of (3.2), these thearems can be established induc-
tively by proving

HI'I = EI'IJ‘ EI'I e HI'I-|-‘|' Eﬂ - CH

for every » 3= 1. Also, it worth noting that M™ is a special case of €, Clis a
special case of {7.1), and E' is a special case of [7.4),
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Preof of H™ = E™ Lel X be a simpliciz! complex and A a subecomplex of X
We may assume Lhat f sends the {in —- 1] -dimensional skeleton of A into the
puint v of 5%, for otherwise we may replace § by a homotopic map which
satisfics this condition by applying the method of simplicial approximation
and observing that every proper subspace of 5% 1s contractible in S#,

Under these assumptions, we may define an #-cochain o#(f1 of 4 as foilows.
Let o heany n-sitmiplex of 4 and 1, : Ay - o denote the linear wmeosmotphiso
which preserves the order of vertices, Then fA; s a map of (Ag, 0-4;) into
(5%, mt and henes we may define the cochain ¢®(f) by taking

w*(f}]iat = degifidl

for every a-simplex ¢ of 4. By (8.2}, one can casily prove that o5 5 a
cocyele. By the defimition of the indreeed homaomoerphizm f*, il is not difficull
to see that o#(f) represents the cobomalogy class x| = R A4].

Assume that # 13 an element of F2(& such that ™{w) = M™{xl. Then it
follorars that there axists an n-cocyele z® of X which represents « and satisfics

ihe relalion i) = oAl

forevery asimplex g ol 4. Let i tienote the union of A and the #-dimenstonal
sheleton of X, We shall define a woap £: K -+ 5% as follows. Tt o be any
n-simplex of K which is not in 4. Wy [8.3), there is o map

fo o (A, 8} - (5%, 1]

with depifs = z8[al. Let A.idp + ¢ dencle the linesr homeomorphisim
wlnch preserves the order ol verlices, Then we define & by setting

JEE-I'I.'I-"J . Jlrl:-_‘:l;:']' Iiif.r I'_-'.-"l]l
| [J"sia" ], [if xeon K S A)

[}

Vinally, we are going to comstruct an extension g2 X — 5% of £ as follows,
Lel £ be any (x4 L-simplex of X'~ 4 and 4;: Jy.; - v the linear homeo-
morphism which preserves the order of wertices, Denote &, = A4, 5* By
(2}, we lave

B *
deg (b = % (— Uiz(atl) — gvide) = deo(z) — 0.
=D

Arvording to Theorern H", this implies that &; 15 homotopic to the constant
majr (. Then it follows freme the homotopy extension property that &, has
an cxlension g, @ dg,y = 57 Then we define g ; X .+ 5% by taking
oiz) BLED (if x e A,
k | gedemi(x), (ifxzreX N A

Since g is ohvionsly an extension of £, it remains to voriiy that g¥ix) = «.
According to the consttaction of g, it can be seen that g maps the (4 — 1)-
dimensional skeleton of X into v, and that es(p) = 2% Since c®{g) represents
p¥i) anid 27 represents @, Lhis implies g*isd = a1
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Froof of E" = H"+1, Let f: 5o~ 1. 7=V he o given map with deglf) = 0. We
are going to prove that fis homelopc o a constant map,

Ulsing the method of simplicial approzimation, we may assare that fig a
cimplicial map of a toiangulation . K of 58~ indo g triangulation f of S+l
Fuck an {» + 1)-smuplex o = (#g, ;" -, #ayy) of F sach thut the cocvele ¢
defmed by dile) = 1 and@it) = 0 for every in - 1)-simplex T of F other than
o represents the generator x of H#-L AR+,

Let M denote the subcomplex of K oconsisting ol e closed {x { 1l
simplexes of SO which are mapped into o by the simplicial map £ We may
assume that no two of these (# + |)-simplexes have a common vertex, for
othorwise we could replace A and J by their sceond bacycentric subdivisions
7 and J7, and take for ¢ an (1 + 1l-simplex of 7 none of whaose vertices i5
al=c a vertex of . Under these assumptions, we have A4M) = O for cvery
7 = 0.

Jhe simplicial map f: A — 7 induces an fn | I-cocyele @ — f#ld) of K
which represents the element

i) = deg(f) e = 0

of H*+H K. Hence there exists un w-cochain ¢ of K such that » = de,
The simplicial imclision map e We K induees the following two cochaine

of AT ‘ _ .
&y —= pFcs, ¥, = pFiy) = pHfFp = [.fi’]#f‘iﬁl-

The relaton ¢ = dc¢ In K implies that ¢, = de; in M, Next, consider the
leading s-face &i™ = [8,~ -+, #a_ ) of the (v + 1)-simplex o and ot ¢, denote
the s-cochain of § defined by dgior®) = 1 anddyv) = O for other w-simplexes
t of f. Then the simplicial map /M - J induces an #s-cochain ¢, =
= {fprdFtd b of M. Sinced is the caboundary of ¢y om the sibecomplex o of Fand
i maps A into o, it follows that w, — ey Then die; — o)) = wy —wp, =0
anid hence ¢, - ¢g is an w-cocycle of W Since F5{M) = 0, this implics that
£y — - 6y 1% & cobmmedarsy of M,

Let M® denote the s-dimensions] skeleton of the complex M. Then |
defimes a simpliciat map ¥ of 4#® inte the a-sphers 8o, By the constmction
pivern ahiove, i1 is clear thad ¢ 13 4 coeyele of MT and represents the degres of
the map X, Since ¢, — &, is a cohaundary, the degree of X is also represented
b the cocwele o) of Am

Let & — (K& W U W and consider the mclusion tnap g @ 2 AL Since
derry = gr) = U loc any (& 4+ -siplex v owlincl (s nol i 39, i {follows 1hat
tg =~ gT{e) 1= a cocyele of the complex & Sinee ¢, 15 an extension of ¢,, we
may apply Theorem E to conclude that X has an extension p: N > do.
Define a2 map g 5940 - 5842 by taking

L) [if ¥ e M),

Y=
§lxt = | bix), it x e N
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Since { maps N into the space W o= {J ™ a) I 3¢ which iz solid, the maps
f | N and p are homotopic in W modulo 3%, This implies § = g, Next, since
the image of ¢ is contained in o, it follows that g is homotopic to a constant
map. Since 5411 iz pathwise connected, this implies that f o~ g = 0. |

Praof of E7 == C" Lat X be a simplicial complex with dim X = #. Tirst, let
o be any elemnent of A{X}; weshall find a map f 1 & -+ 5% such that f*{s} a= .
Let 4 denote the (s — l)-dimensional skeleton of X and : A< X the
inclusion map. Then we have H#(d) ~ 0 and i*[=] — 0. Hence, by E", the
constant map (4] = v, has an extension f: X - 58 sach that f*{x] = a.

Next, assume that f, g 1 X — 5% are two maps such that fx) = r*{x). We
are going to prove { o~ g. For this purpoze, let us study some elementary
propertics of the product space & x . Obviously, X x [ is triangulable and
dimf{X X ANeafn+ 1 Let p X xT-Xand g1 X=X X I, 1§ =01}
denote the maps defined by

fix, ‘t} = Folxy = {x, 0], gl[x} = {.‘-'5, ]}'
Since g 1s the identity map on X, we obtain g*$%(x) = a for every
o & AP A). Next, consider the sebspaces
.x“=x:’{ﬂ, I]=X}:]. 14=X{|Uﬂk']

of X » I. Then, according to an elementary theorem [E-5; p. 33],
H#{A} 15 the direct sum of H7(X,) and H=(X|}. Hence the clements of

Ha{A) can be represented by the pairs (3, 4} of elements of H®[X), Let
1A = X » I denote the inclusion map, Then we have

rip¥la) = (o, x).
Define & map A : 4 - 58" by taking
x}, ifye X andt = ),
Mg = ([0 )
zix, (fxe X andt = 1.
Then, A%} = {e, o) € (A4}, According to E" there ewizsta an extension
H 1A x f—5%such that A *x) = p*¥ (). This proves | o= g, |
Thus we have proved the celebrated Hopf theorems H®, E®, C" for every
=12+, In particular, if we take X :. 5» in Thearem C", we obtain
the iollowmmg
Corollary 8.4, The komolopy classes nf the maps f. 5% = 5% are tr 3 one-
fo-one corvespondence with fhe infegevs. The correspondence 45 given by fhe
assignment § ox deg [ f).
Fimally, the remarcks given at the end of § 7 are also true in the pres-:nt
CITCUNIStances,
9. The Hurewicz theorem
‘The dual of the RHopt classification theorem is the Hurewicz theorem, the

statement of which is the main parpose of the present section. To this
aim, let us define the important notion of #-connected spaces.
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Let =0 be a given integer. A space X is said to be w-connected if, for
every triangulable space T of dimension < #, any two maps f,g: F =X
are homotopic. S0, X is 0-connected iff it is pathwise connected, and X
is 1-comnected i1 it is simply connected. Using the extension property, one
can easily prove that an (# — l)-connected space X 15 w-connected iff
every map f 1 5% -« X is homotopic to a constant map,

Now, let X be a given space and consider the maps

f:5% 0 X,
where 51 denctes the boundary #-sphere of the unit {2 | 1)-simplex
A = A, Since we have fully siudied the case n = 1 in §4 and §6, we
will assume that » % 2. The fundamental n-cycle
Ml
=3 [— 1)tdm
=

of 5% represents a gencrator ¢ of the free oyelic group He(5%),

For cach map f: 5% - X, the element f{:) of (X depends only on the
homotopy clase of f and will be called the degyes of f If X — &7 then one
can easily verily that foio) = deg {f)-1, where deg(f] denotes the integer
defined in § 8.

Theoram 9.1, (Hurneicz Theovem). If X 45 an (n— -connecied space
with n > 2, then the asstprment f - f,(0) sefs wp & one-fo-ome currespondence
befween the homotopy classes of the maps {57 o X and the elements of the
stnrlar kamolopy growd HelX).

As an immediate ronsequence, we have the foltowing important

Corollary 9.2, 4 siuply connccted space X o5 s-counecled iff HpiX) =0
for every s = 2o+ n,

In all existing procfs of the Hurewicz theorem, one must use the group
structure and a few elementary properties of the homotopy group, In the
sequel, we shall prowve a much more general theorem. See (V) §4) and (X §8).

EXERCISES

A. The fundamental group of 2 conpected simplicial complex

Let X be a connected simphcial coroplex, Denote the vertices of X by
Tgs 4,07, Ve A dwoben fime Joining a vertex to another is a path which
consists of a finite number of 1-simplexes, Since X is connected, we can join
ty to v by a broken bne A;. Suppose that these broken lines &, (¢ = 0,1,-- -,
#i}, have been chosen smch that 7, consists of only o single point »,. Tet 373
denote the reverse of g To each oriented 1-simplex wuy of X, consider the

log .
P fir = e (manyl - i
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which represents an element wyp en (X, 1), Prove that these elements sy
foren a system of generators of &, (X, o) with the set of relations deseribed
as follows, First, for the 1-simplex vzy, we have trivial relation

o - lagg) L

Second, for each lsimplex wy, the loop fiy is a product of the I-simplexes

were 0 X say
i 4 ,'r-a-} = Pﬁ {i'.-'gl-'.,l.].

Then we have the relatiom
i = P lozgl,

where Fy(ee} 15 the product obtained by replacing vy, with the corre-
sponding clement gy, in @ (X, vy). Third, for cach Z-simplex o = wiyog of
X, we have the relatlon
wipigpicer = 1.

This gives an effective method for computing the fundamental gronp
mp [} of X, For examples, prove the {ollowing assertions;

L The hmdamental group (X)) depends ooly on the 2-dimensional
ckeleton X% of X More precisely, the inclusion map ¢ - X < X mduces an
1sornorphism £, i (A2, ) A (X, uy).

2 The fundamental group of 4 closed orientable surface of genns g is the
nlstract grovp generated by 2y elements g, 5, (8 = 1,-++, 21, with a single

relation t oot - .
oyl e gAY = L

Ienee the tundamental group of the {2-dimensional! furus is the free abelian
group wilh two generators. If g = 1, then the fundamental group is non-
abelian.

3. The hmdamental group of a closed non-aricntable surface of genus g
15 the abstract gromp generated by ¢ elernents oy, - -, &, with a single relation

'Ilﬂ'.l'igl:ﬁﬂ' - ‘II,QJ::I:E = ].

Hence the fundamental group of the projective plane i3 the cvelic group of
order two. If ¢ = I, then the group is nug-abelinn,

4. If a connected smplicial complex X is the union of two connected
subcomnplexes 4 and 1 with connccted intersection f) = 4 N B, then
7, {AT} 1s the quatient group of the free product 7,4} O n,(B), [5 T; p, 305,
obtained by identifying, for each element §em (D], the element 08 =
syl A willy U element 5,06] e, (#), where £: D 4 andn: H < £ denote
the inclusion maps. In particular, if 7 is simply connected, then we have

A e (A Dim B,

5. I1 X is a connected -dimensional sirplicial complex, then (X7 is a
fres: group, In particolar, if X is the space which consists of two circles
intersecting at a single puint, then (X is U free group on two penerators,
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B. The bridge theorems

Assume that {11 X is a normal space, (2] ¥ i3 a connected AME, and (3
either X or ¥ is compact, Let f; X + ¥ he a given map and « he a finite
open covering of . A map gt Ny = Y

of the geometric nerve A, of « mio ¥V will be called a detdes map for § if
rofy == | for every canoncal map &, 0 X = Ny, [Ly0 po 407, I such a bridge
INAp g #x1518, o s said to be a Bridre for the given map /. Prove the following
assertions, [11u 35 '

. Every map f: X = ¥ has a bridge.

#. Tvery refincment of a bridge 15 also a bredge.

3. If @, 2 are two brdges for & given map f: X -+ ¥, whare & is compact,
and if g, 1 N, S ¥, gq. Mg - ¥ are bridge maps, then there existy a commaon
telinement 4 of o and ﬂ such that gady, oo gefeg, where Ho.0 NV, - A and
Pog IV = Ny arve arbitrary simplicial projections,

Study the analogons assertions for a map ft A -+ Y of o paracompact
Hausdorfi space A inlo o connecled ANR Y by considering the locally Gnile
apen coverings of X,

€. Maps of compact spaces into spheres

The Twidge theorems in Ex. B formish us with a2 link between a map
on a compact Hansdoet space and maps of simplicild complexes. Therefore,
if one uses the Cech cohomelogy gronps and the notion of dimenaon both
defined by means of fnite open coverings, one can extend twe resulls n
§ 7 arul & 8 lo eompact HavsdorD¥ spuces. Establish the following theorems:

1. Hopf extension theorem, Lt (A, 4) be a compact Hawsdorft pair with
ditn X =l #n | 1,2 apgeneralor of the Irec cyelic group JIMS®), and f; 4 - &%
a wiven majpn I there exists an clement ¢ £ A% A) such that i¥(x) - ¥,
where 414 < X, then there cxists an extension g A 5% such that
g¥iu) = o

2. Hopf classification theorem. If X 1s a compact Hansdorf space with
dizn X < # and if & is a gencrator of 25, then the assignment § - F %)
sets Up a onc-to-one correspondence between the homotopy classes of the
maps f : X - 5 and the elements of the Cech cohomology group IRIX),

in the case # = 1, the conditinns on the dimension of X may be removed.
Furthermore, the assignment / — #*0), in this case, 15 an wsomorphism

Bl X 0 me HUX),
Tror further generalizations to non-compact spaces, see [Daowlker ],

. The degree of a suspended maps

Consider the #-spherc 5% as the equator of an {# — |j-ephere S#H with
nporth hetmispivre K87t and south hemisphere E%+l, By Tietze's extension
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thearem, every map f: 5% + 5% hay an extension f*; $%+1 . 5241 guch that
fr#EFy o Exiloand fRE) o E2t) which is cafled a susponded map
of f. Prove

L. deg (/%) = deg [4).

2. (8.3) can be cbtained inductively by the construction of suspended
nmaps of 2 map f 1 5% — 54 of degree .



CHAPTER 11
FIBER 5PACES

1. Introduction

The concept of fiber space is crucial in homotopy theory : it usually appears
in the applization of hemotopy theory to geometric problems; it is a powerful
weapon n the computation of the hemotopy groups of various spaces: and
it plays a key rols in the axlomatizatien of hometopy theory. Thus, beiore
turning to the discussion of the homotopy groups themselves, it is appro-
priate to develop certain properties of fiber spaces in some detail.

Already we have seen one important example, namely the exponential map
# 1 & 51 of Chapter 11 in the language of the present chapter, we should
say that & iz a fiber space [mdeed a covering space) over 52 with projection g.
As to the usefulness of this pathicular cxample, recall that upon 1t was based
the classification of maps of a space X into 8 of § 7 of Chapter II,

Historically, there were a number of examples, and definitions of fiber
spaces were abstracted from these in a variety of ways: but in each case it
was possible to prove a se-called covering homotofy theorem. It remained for
J--¥. Serre in 1850 to single this theorem cut as the crucial property, and
to base on it his study of the singular homaology of fiber spaces. The influence
af this study on homotopy theory has been profound, and it now seems quite
clear that his is the proper definition; hence we adopt it and consider some of
its immediate consequences in §§ 2-3.

Un the other hand, the classical examples of fiber spaces belong to a much
more narrow class, in that all of them have 2 loesf froduct structure. This
cotcept, together with an important example, the Hopf fiberings of spheras, is
considered in §§ 4-6.

After considening certaln mappings of fiber spaces (§§ 7-8) we develop (for
later use, especially in Chapter IV) certain properties of spaces of paths
(55 2-14). Inparticular, it will appear that they are iber spaces in the sense of
Ferre mentioned above, but they do not have a loeal produet structure.

Fmally (§§ 15-17} we study the case of discrete fibers and in particular the
classical covering spaces,

1. Covering homotopy property
Throoghout the present section, we shall consider a given map
g E - B
of 4 space F called the dofal spare into a space B called the Aase space.
i}
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Lot X beapivenspace, 0 X » Bagivenmap, and fr - & -« B {0 = £ = 1],
a given homotopy of 7 A map 7 ;X = £ is sald to eover f (relalive to ) if
#f* = f Similatly, ahomotopy fF: X = B0 =02 < 1), of /% is said to cover
the hamotopy f; (relative Lo £ if Pl'r"* ww fyp for encl ¢=F) f* 15 called a
covering homatofy of fo

The map ¢: F -» B is said to have the covering homolopy property (abbre-
viated CHEP) for the space X 1f, {fur every map f* 1 X - E and every homotopy
foi X =B, 0= 2 ), ofthemap f 4% X - there exists a homotopy
frc X = E (0 st < 1), of 7% which covers the homotopy f. The map
P2 I B s saiil to have e absofute covering homaolopy property (abbreviated
ACHP) if it has the CHP for every space X, The map p: £ = 8 is said to
hawve the folyhedral covering homotipy property (abbreviated PCHEP) if it has
the CHP for every tringalable spice X

The map £ F -~ I s said to have the covering fomofody sxtension groperty
[abbrevialed CHEP) for the spree X relolive to a given subspace A of X, for
every map f* 0 X =+ F and every homolopy et X = B, (0 = ¢ =0 1], of the
mapf  ff*. X -» B everyhomotopy g*: A = E (0 <t <0 1), 0of g . A
which covers fy ' A can be extended to a homotopy ¥ 1 X = E, (0 =8 < 13,
of f* covering fi. The map ¢ 1 F - B is sald to have absolude covering homolofy
exiension property (abbreviated ACHEP) if it has the CIIER for ewvery space
A relative to every closcd subspace A of X. The map 1 E » B issanl 4o have
the fpobvhedral covertng homolufy exlension property labbreviated PCHIE]
if, for every triangulable pair (X, 43, it has the CHETP for X relative to 4,

If E is the topoelogical product B o« D oand if 40 E » 7 1s Lhe natneral
projection, then # obvieusly has the ACHP. In fact, let X be a given space,
¥ X = Eagivenmap, and f; 0 X — B, (0 =4 =7 1}, & given homotopy of the
map f = pf* Then, f has a covering homotopy fi* 0 X v E {0 =28 =01, of
i
7 dcined b it (), 0oL

for every x¢ X and ¢c f, where . E = £ denotes the other natural projection.

3. Definition of flber space

Amap p: E - Biszaid to be a fibering i it has the PCHP. In this casc, the
space K will he called a fiber space over the base spaca B wath projeciton f:
¥ -+ B Fareach point £ e B, the subspace 18 of E i called the fher cuer &

Remark. We do not assume that #(E) = 5 and hence the fdber p &) mav
be vacuous for some pomnt b of B, However, applying CHP for a peint, one
can easily prove that 4(E) iz 8 union of path-components of fi_ Therefore, if B
15 pathwise connected, we must have #E) = F unless B iteell is empty.

e

From gimne to time, it will be useful to know that, for amap - E - B, the
FPCMP s equivalent to certain other covering properties, Precisely, we have
the fullowing
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Theorem 3.1, For an grbifrary map p 1 E -+ B, the following statements are
eeppesvaderd :

(1) fr: E - B is g fibering, ie, hos the PCIIP,

(ii) For each o 50, 0 B — B has the CHF for the w-simplex Ay,

ity Fov sackh we =0, p 2 B = B has the CHEP jov the m-simplex Ay velalive
to tis Dopndary (mwe- - i-sphare Sm-1

v #0 F = B s the POHEP,

(v) £f (X, A} iy a triangulable paiy such that 4 15 g strong deformuntion vefracl
of Xanddif [ X > EBand g% A o« B are maps such that po* = F| A, then 3%
ras an cxtenssion f* 0 X = 10 such hat £ — 1,

Proof. (1] — (i} is nbvioms.

(1) = ({0}, Il » = 0, then Ay 15 a single point and its boundary sphere
Fm-1ie cmpty. [lence, the implication {il; = {iil) is obvious in this cuse.

For the general case s = 1), we construct a homeomorphism & oof Ay 2 T
onta ifself which carnes [(dp w 0) U GS%-F % 1) homesmorphically onto
Ay w2 0 Fab this purpose, let s first construct a homeomorphism &, of
[Ae 2 O] U™ 1w I} onto Ay % 0 as follows: For an arbitrary point w0 =
g s, g 6 Of (g 20 U U (S o 1)) we define ki) to be the point
i%ge "= A s O of Ay 0, where

RS _1| ) (o s A x O,
v =

[ |
10 B . C e e 1 - -1
1 (-"'1: + — 1) 3 (:r; s 1)15, fwcd % 1,

It follows that &y (%50 - -, A 1) - (&g 00, S 0) foreach [k, » 0, ap) £ 5™ 1
Similarly, wecandehne o homeomorphism &, of (A, = 10U (5% 1) onto
Am % 1 such that &) (.-, 3w 0 = (%5, 2 1) for each (x5, -,
¢ M-V Next, we define a homeomorphism &, of the boundary e = 71 of
Am # 1 onto itself by takmg
Ayt Hwed, 1.

Finally, the homeomorphizm 4, of Jidy, ¢ I may be extended to a homeo-
merphism b of Ay = 1 by radial extension fram the center {c, 31 ol A, = 1,
wlere ¢ denotes the center of Ay, Since & is an extension of &, it caries
(A = 0% UIS®-1 % 1) onto dy % 0. The following picture

L & Ei [a
l—l- — —
1| 4
. —_— :
: i
i !
L — — . k]
.’L_ . 1§ F A P0G
oy

illustrates the homeomnorphism it for the case m = 1.
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Now, let f*: Ay + Ebeamap, fo: A = B, (0 = £ = 1), a homatopy of the
map { = Hf*, and g SR o EOQ <08 = 1), a homnlopy of p* = £ | Sm-E
which covers f | 5%-1, The homotopy f; and the partial homotopy g0* give
TIsg tO THAps

FilgxI-RB G*{dpx0)U{(Sm1xDE
in the obvious way. Let
P=Fpr: A, I8 F*= G*kﬂlrdm # D= F

Then we have p%* . & | A x 0. By (1), ¥* has an extension 9% 4, X
I = Joosnch that $8* — &, Define a homotopy ¥ 1 dw = E, (0 = ¢ <Z 1}, by
tuking
fe¥lx) — DRA[x, 1), (% Edm, £ 1),
Then it is casy to verify that f0% = /% /% | 5%1 = % and $f* - f; for
every feld,

(iii] —= (iv). Let (X, A) be a triangulatle pair, f*: X' » Famap, f;: X —+ B,
(0 = f e F,ahomotopyofthemap f = pf*, and g*:d - E, (0 <2 <5 1), 2
homotopy of g* = #* | A which covers fy | 4. We are going to extend g* to a
homotapy f* 0 X = F (0 < f = 1), of P covering fy. Wemay assume that &
1% a simplicial complex and A 15 a subeomplex of XL For cach s 5+ 0, Jet A™
detote the m-limensional skeleton of X, Let Kp denote 4 U X%, By succes-
sive apphication of (iii), one can construct for each integers =0, 1,2,--- 2
homotopy At Ko — E, [0 < < 1), such that

ke — % | K, FAT = fi | K,
B A = gt B | Ky o B

Then the required homotopy fi¥ is defmed by taking

n

foreachm =10, 1,2, f* | B = By

(iv} = {v). Since A is a strong deformation retract of X, there exists a
homotopy Ay X + X, (0 =2 ¢ =7 1], such that &, is a retraction of X onto A4,
A, 15 the identity map on X, and & {9) = aforevervae d andie . Definea
map /. X =F andahomotopy f: X = B, [0 =0 ¢ = 1), by taking 4 = z7%h,
and f; = fh for cach t= 7. Then f, = pfH. Since (7)) = fla) for each ac A
and { € {, we may define a partial covering homotopy g* - A -+ E, (0 = § 1],
of 1+ by setting g% = g* for every e 7. According to {iv), g* has an exten-
sion fi* X = K, (0 < {«1], such that pi* = fe for every {1, Let
¥ = ;% Then we have f* oA ~ g¥and ¢f* = f, =, = .

v = [1}, This implication {ollows inmmediately from the fact that X = 0
15 a strong deformation retract of X < 1

As noted ot the end of §2, the product space E = B x £ is obviously a
fiber space over B relative to the natural projection $: E - B,
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4, Bundile spaces

Amap f:E .+ B is sald to have the bundle property {abbreviated BP) if
there exizts a space [ such that, for each # & B, theee is an open neighborhood
U of 8 in B together with a homeomorphism

lﬁ:[,r L {F w13 —a—ﬁ!'l{U:l
of U7 » I onta p-1(1) satisfying the condition
{DFY Pholu dy =, (well, de D).

In tis case, the space £ s called a Sundle space over the base space B relative
to the fwajection 1 E -+ B, The space I will be called a director space. The
open sets L7 and the homeomorphisms gy will be called the decomponing
neighborhonds and the decomposing functions respectively,

As an immediate consequence of the definilion, we have {E) = B exvept
in the trivial case where E iz empty.

The main idea of this definition is that a bundle spuee is a space with a
local product structure over every point of the base space. In particular,
the product space £ = B x [) is5 a bundle space over B relative to the
natural projection 1 K — B with D ax director space.

In this definition of bundle spaces, we have essentially followed that of
Fhresmann and Feldbau, [S; p. 18], For relations with comrdinate bondles
in the sense of Steenrod, sce [S; pp. 18 205, Many cxamples can be found in
[37.

Theorem 4.1, Every bundle space E over B relative Io b E = B 15 a fibey
space ovey B velafive fo .

Since CHF fs trivial for product spaces, the idea of the following proof is
to reduce the constraction to local ones where the local product structure
1% available,

Froof. Let A be a [compact] triangulable space, f*: X » E a given map,
and fp: X = B, [0 =2 < 1}, any homotopy of the map § — pf%: X - B
It suffices to construet o homotapy A% X - E, (0 = ¢ = 1), of f* which
COVETS f.

Pick a collection @ = { U/} of decomposing neighborboods ©F which
covers the basc space I and define a map F: X x 7 - B by tuking

Fix, 8] = fdxt, (xcX, dci.

The collection {F-U) | Uem ) of open sets of X % I forms an open
covering of X 3 I, Since X x I 1s compact, { F-1[T7) ! 7 =2 ) has a refine-
ment of the form { Wy x I, }, where { W} is a finite open covering of X
apd {1, 1 = {d;---, Ir }is a finite sequence of open subintervals of I which
covers I. We may assume that 7, meets only 7,_, and I, for each ¢ =
2,y — 1, Choose numbers

U-_[‘-"{i]"::'*‘{:fr=l
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s0 that £, is in the intersection 7, N .., We shail asseme, Inductively, that
the covering lomeotopy f* has already been defined for all £ <21, where
g 70 is o given integer less than » We proceed to cxtend f* over the
closed subinterval T, £, ] of 1.

Taking a sufficientty fine triangulation of X, we may assurne that X isa
simplicial cmmplex snch that every closed simplex of X i3 contained in some
W, of the fmite open covering { Wy ) constructest above. Hence, Tor each
closed simplex o, we may choose a decomposing neighborhood ;6w

such that i) e Uy, (e dy =it el

Let s U, k) -+ 1 denote the natural projection,
1ot be a vertex of X, Thet £ can be defined by taking

fi¥la) = g Lfelo), pabedt F¥oll, (e €0 f s deag
Thus f* is defined on {lw zero-dimonsional skeleton A" of X for each
£ fyy bupr - We shudl asseme that f* has alrerdy been defined on the (» — 13-
ditnensional skeleton X= 1 dor each 20 |fy, 4,0q]. where # = 0 s a given
mteger. We proceed to extend fr* over the n.dimensional skeleton X0 of X,
i.et o be any closed s-simplex of X. Then fe* has been defined on the
boundary dg for every fe (4 ] Let M =g 1 4, £y, and consider
the subspace N =lo % &) Uide 5 [y b]]
of M. According to (1, 4.2), these exists o retraction pt W= V. Let f - NI
denote the map defined by fx, £ - f*x). Then we may extend f* over o
by seiting Ji) = o %), yradus’ Opin, )
for overv ¥ e o and ¢ 4, fe_y;. This completes the construction of fi*. |
The preceding theorem is a carollary of the following general theorem
which 15 known ws dhe coversng fomotopy Yreovewm of bundle spaces,

Theorem 4.2, 7f a map p . E -+ B has the BP, then 3 has the CHP for
svery paravenstact Hansdorff space.

For a proof of (4.2), see |Huebsch 1] and alse 75, po 2.

5. Haopf fiberings of spheres

Armong the sarly examples of bindle spaces were the three fiberings of
s[heres prSem-toge oy =243

dizcovered by Hopf [2] in 1935, We shall examine the finst of these {the case
n = ¥ in detail bere, and show in § & that it may be applied to the clasofi-
caliom problem {or the maps §: X + %% where X denotes a triangulable
space of dimension not more than 5

To construoct the fibering for # .- 2, let us represent S% as the unit sphere
in the space CF of two camplex variables, that s to say, 5% consists of the
peints {3, 2o) in O snch that

27, + ZpEs — L.
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Let 5% be represented as the complex projective tine, that is fo say, as pairs
[#1, 2] ol complex numbers, not both zera, with equivalence relation
&y #p) = Agy, dzg] where 4 22 0, Then U Hopl map 4 5% =52 15 defined
by Hla, 1) = [2y, 25| lor each {2, 2,) € 5% The contimuity of # s obvions,
Since any pair iz, z,] van be normalized by dividing bv (2,5 4 z.5.0%
4 maps 5¥ onto 52,

To prove that 5% is a bumdle space over 5% relative to 4, let us represent 51
as the set of all complex wambers 2 with 11! = |, Consider the points
a= "1, 0]and b =0, 1] of 52 and the open sets

=5 a F=- 5250
Then {7 and V cover §% Every point in U7 can be represenied by a pair
[z, 1]. Hence we may define a map e of T7 x 5 into 52 by taking

- Az A
QE'U |:[3= .2 "Il'] - (VJE-F- .J:' "'qk.-".ll.a'é == I)

for each [z, 11 07 und each 4 e5% One can vasily verify that én maps
5w &1 homeomorphically ontg 407 and Qed b (e, ] — & for each
ne ) oand de D Hence i 15 & decotnposing function, Similarly, we can
construct 3 decomposing fanction oy, This completes the proof that 5435 a
hundle space owver 3% relalive to the Hopf map p.

If {z;.2;) 5% then one verifies immediately ihat the Aber g7z, 2.1
consists of all the points (Az), Az} with 12 5% Hence the fibers are jnst
great circles of 5% In this way the S-sphere is decomposed into a funily of
greal circles with the Z-sphere ax & quotient space.

The Hupt fiberings p: 57 5% and ¢ 5% =58 are constructed in an
atalogons fashion from the quaternions and the Cayley tumbars respectively;
a concise aml clear description may be found in [S; pp. 105-110]. In these
fiberings, {he fibers are 3-sphores and 7-spheres respectively,

The Hopf mapsare all essential; in fact, thisis aconsequence of the [ollawing

Proposition 5.1, {f a sphere 57 45 « fiher space over a base spuce B which
comlaens waure thaw one popnl, then the projection 1 30 = B {5 an sssential map,

Proaf. Ascufme that @ were mmessential, Then there exists a homotopy
Byt 57 - 30 =74 w0 1) such that &y = poand A {5%) b5 a single point &, of A
Let ¢ denote the identity map on 52; then we have ¢ = 4. According Lo
the CHP, there exists a hamotopy &t 5% =52 (0 < f < B}, such that by = ¢
andd pry = Ay for every § o 7. Now, &y mups 5% into the fiber p Y[, which [s
a proper subset of 5% since £ contains more than one peint. Henee, according
to (I7 & 8}, Je s inessentiul. This implies that the identity map 4 is homatopic
to a constant map. This is impossible by (I § #). 1

It iz intercsting to observe that the Hopl mups are algebratcally friviad,
that is to =ay. thewr induced homomaorphismes o the honology gronaps and
the cohomnology groups wre all trivial, Historicaily, 4lwse Hopf mups were
the first examples ol essential maps which were alpebraically trivial. The
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existence of these maps shows that induced homomorphisms are not by
themselves sufficient to classify all maps,

é. Algebraically trivial maps X + 52

In the present section, we shall show that, by the aid of the Hopf map
p 5%+ 5% one can solve the classification problem of the algebraically
trivial maps f: X -+ 5% of a 3-dimensional triangulable space X inte §%

Let X be any given triangulable space. For an arbitrary map F i X » 58,
it is obvious that the composed map { = pF:X + 5 iz algcbraically
trivial and thal the homotopy class of f depends only on that of F,

Propositlon &1. For any given figugulable space X, the assigmmont
F oo f oo pF sels up a one-fo-one corvespondence between the howmolopy classes
of the mags ¥ 1 X — 5% and those of the algebvadcally trivial maps f1 X - 5%

As an immediate consequence of (€.1) and the Hopf classification theorem
Chin (11, § &), we have the following

Theorem &2 The homolopy classes of the algebvaically trivial maps
fr & = 5% of o B-dumensional irianpulable space X dute the 2-sphers 5% are in
@ orefo-one corvespondence with the clements of the infegral cobomology group
HYX) For any o HX), the homotopy class which corvesponds o o conbuing
the map | o AF DX 5% where F o X - 5945 o map with o as s depree.

In particular, if X = 5% then every map /' X -» 5! is algebruically
trivial. Hence, we have the following

Corollary 6.3. The homodopy classes of the maps § 1 5% = 52 ave in a one-fo-
oue correspontdence with the walegors. For any integer n, the homofopy class
which corvesponds fo # 15 vepresented by the composition f = pF: 5% - 52 rf
the Hopf smap p . 5% = 52 and a map F | 5% 5% with deg (F) = =

The proof of (6.1) consists of the following twa Jemmas.

Lemma 84, If a map /. X - 52 dv alpebratcally trevial, then theve exists a
map F 1 X — 5% such thal oF = f.

Proof. Since 5% is 2 bundle space over 5* relative te the Hopf map
1 5% = 53 we may choose a eollection w = { If'} of decompusing oeighbar-
hoods U which covers 5% Taking a sufiiciently fine triangolation of X, we
may assume that & Isa simplicial complex sach that the given map f carties
every closed simplex ¢ of X into some decompesing neighborhood I & an

Let X™ dencte the se-dimensional skeleton of X, and let jn = f | X=,
Foreachm = 2,3 .-+ we shall constryct nap Iy - X® -+ 5% such that

?Fm =.|f?:'1- ‘Pm+1 | A = I,

First, let us construct Fy. Since the given map / is algebraically (tivial,
50 15 fg. According to the Hopt classification theorern €3 of (II; §8), /, is
homeotopic to a constant map which can be lifted. Henge it foliows from the
CHP that there is a map Fy1 X% - 5 such that pF, - f,.

Next, assume that # = 2 and that !y, has been constracted for EVETY
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#t =2 #. Let ¢ be an arbitrary closed s-simplex of X and choose a decom-
posing neighborhood I, €@ which contains flo). Let

Pt Ly 3 BL IR, gt U, 5L 52
denote the decompesing function and the natural projection respectively,
Define 2 map &, : do -» 57 by tal-:mg

Eol%}) = Wty (7)
lotr every x e do, By [II; § 7), -E',, has 4n extension 7, : ¢ + 5% Then we define
a map Fy | X% — 5% by taking
Fala) = 171 it z& Xv),
gl fulx), nolx4], iif x e g X0l

Obviously we have pFy = f and Fy | Xr-1 = F,_,. This com pletes the
nductive construction of the maps Fpp, w1 2+ 2, 3,+ .

Finalty, define amap ¥ : X - S by taking F | X® = F forevery m 3 2.
Then we have #F = /.

Lemma 8.5. 7/ 7, & . X 59 ave dpo maps such that pF o~ pGC, than F o 7,

Proof. Since pF == p(;, it follows from the PCHP that F is homotopic f'D
a map I such that pF = #7, Hence we may simply assume that
PF = piz
Consider §% as the group of quaternions g with §7 = 1. Then the fiber
which contains the quaternion 115 a subgroup $1 of 5% and the other fibers
arc cosets of 5110 5% In fact, in the usoal representation
g =Xy -= &gb + Xyf | xgf
=%, L xgh + {xy b xgy
= Iy =k 3y
where #, = 2, 3 x4 and 2, = ¥, + x,f, the multiplication is based on the
rules /2 = — 1 and 2§ = j& Then $1is the subgroup defined by #, — 0 and
the might cosets of 51 are the fibers of the Hopf map ¢ : 5% - 52
Define a map H: X - 5% by tuking
Hix] - Fix)-[G{z) ]
tor every x £ X. Since pF = 6, Fx) and G{z) are contained in a coset of
5' und hence H carrics X into a proper subspace St of 59, Then it follows
that there exists a hamotopy Ff;: X -» 5% (0 (¢ < 1), such that B, = H
and H{X] = 1. Define a homotopy Jp: X - 52, 0 =t < 1), by taking
Jolx] = Hylx)-Golx)
for each x e X and ¢ 2 f, Then we have J, = Fand J, = G Hence F = 6. 1
since the proof of (6.4) and (6.5) is based on special properties of 51 and 53,
there are no analogous results for the maps X — $4 and X - 55

7. Liftings and cross-sections

Let E be o fiher space over a base epace ¥ with projection #: £ » H and
et f: X' B be a map of a space X into B, By a dfting of /in £, we mean
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amap ¢ X — K such that #r = f. As a special case of (1 8 16!, the kiffing
Proflem for the given map f 15 to determine whether or net f has a lifting in £,

For example, if $:5% > 52 is the Hopf map and X is a triangulable, space,
then (f.4) and (6.5) solve lise illing problem for any map f 0 A = 5% namely,
{ fews a Iifling in 39 ill f s algebrarcaily trivial.

If #:E -+ F has the CHP {or X, then the lifting problem for a map
{1 X = Bis equivalent to a broudencd lifting problem, ndmely, toe find 4 map
r: & = Fosuch that pp = §. According to the defimlion of [bet spaces, this
15 always the case if A 1z trianguiable. By (4.2), thiz is also true if £ iz a
bundle space over B relative to p and A 15 a paracompaclt Hauwsdorff space.

If X isasubspaccof Hand [0 A — I s the inclusion map, then {he notion
ol a lifting for f reduces to that of a crass-section over X, A (ross-secfiow in
L over a subspace X of IF s a map %1 & — E such that

fulx)l = x, (xeX).
Thus, a mup »: X =+ is a cross-seelion 1 the image x0x) of an arbitrary
point € X 13 contained in the fiber over x.

It 15 casy to werify that cvery cross-section «: A = E maps X homeo-
morphically anto = XY with 4 | 2(X) as its inverse, Therefore, a cross-section
# . A = F 15 considered intwitively as lifting the sebspace A of the base
space B up info L,

If 15 a bundle space over B relative to ¢ & -+ Band 7 < His a decom.
posing neighborhood with decompozing fanction and naturad projection

droz U s D oap (I, p U x Do D,
then, for any point e m £-'(L7), there 15 a cross-section x.; U7 -+ & ;ven by

delnt) = prl, d), @ = pudue
for each sic U7, If w = pie), then se(n) = e. Thus, in bundle spaces, local
rross-sections always exist.

Hiowever, the existence of a global cross-section, ie a cross-section over
the whole base space & 15 a rather strong condition on the structure of the
{iber space. [n {ucl, 1f a global cross-section @0 H o« B oexisds, then, in any
hornoelogy theory.satis{ying the Lilenberg-Steenrod axioms, the projection
P E =B ound the crose-section ! B - EF mduee for each s the homo-

morphisms 4 : IE(E) > Hg(BY, s, ! HulB) -+ HylE).
Sitice fu is the identity on &, 43, must be the identity on Hp(B), It follows
that =, 15 2 monomorphism, thatl $, 05 av epimorpbism, amd that e &)
decomposes inlo the direet sum
Halh) = Kemel 4 - Tmage .

An immediate consequence of this necessary condition 15 that the Hopf
fiberings 10 § 3 do not have glebal crossseciions.

Dually, one can dedoce gecessary conditions for A existence of a global
cTass-scction 1In terms of cohomology:

A E) = Image p* + Kernel x*.
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These conditions {both those on the groups H, £} and those on the ETaups
Hmw(E} vesamble those lor retracts. This is no accident: if xis a cross-seotion,
thest the image of 215 2 homeomorph of 5 and is a retract of F.

Let : X — F be a gaiven eross-section. Corresponding to the extension
problem of maps in (1, § 2], we have the extension proliem of cross-sactions
tv determine if # can be cxtended uver the whole base space, thut is to say,
whether or not there exists a cross-section »* | B+ F such that x* ' X = w.
This extensiom problem of cross-scelions is a generalization of that of maps
in (I §2). Indeed, if & = B » D where I} &5 a given space, then E s a
bundle space vver I with projection ¢ F -+ 8 defined by #1841 = & Fora
ghvenmap /1 X - D on e subspace X of £, we have a crosssection <, X —=E
defined-by xi) = (%, /(1)
for pach x e X, Then it is obvious that § has an extension over B iff the cross-
zectim ¢y can be extended thronghout B.

Similar ta the elassificalion problem for maps in {I; § 8) is the dessifcation
frabless of progs-sections, Let K denote the set of all cross-sections - B = E.
Introduce an equivalence relution ~ in A as follows: For any two cross-
zections f, g C K, f o~ iif thete exists a homotopy & 0 B -« £, (D <0t = 13,
sucle sl By, — f &) = g, and he e K for every e 7. Then the classificatinn
problemn of cross-sections is (o enumerate the classes of & divided by this
equivalence relation ~ An argument =zimilar to that wsed above for the
cxlension protlem shows that this classification problem of cross-sections is
a pencralization of that of maps in (T, § &),

8. Fiber maps and induced fiber spaces
Let p:F = f and ¢": E" = B be any two fiborings. & map F. E + E is
zabd to be a fiber map if it carries fbers into fibers. Precisely, F 15 a fiber
mrap U, lor every point & in B, thete exists a point & in B such that &
carcles $-1 inte p°-1E)
Now let F: o~k be g given fiber map. Then F induces a function
i 8 = B defined by fib] = prEp-L(E)

for every & € I, Tor any arhitrary set & in B, we hawve
[ 1Ty = pF-p00).

Henee f 18 continuous af # 35 eitler open or closed. If this is the case, | is
called the fnduced med of the fiiber map F. In particolar, if E is a bumlle
space over B relative to 4, then it obsiously epen and s f 35 continuons.
Tl following rectangle 15 commntative;

E—— i
B
gLy
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Same special cases of fiber maps areimportant. First, let us take ' : K B
to be the drivial fibering ovéy B, that 1stosay, B' = B E' = B, and # 1s the
identity map. In this case, the projection p: E — B is a fiber map and its
induced tnap is the identity map on B. Second, let us take ¢ : £ — B to be
the triviul fibering over a space X, that is to say, B=X, L =X, and }is
the identity. In this case, every map F: X » E"is a fiber map with f = #F:
X =+ B’ as induced map. This suggests the following extension of the hifting
problem in § 7.

Iet p:E—+FB and ¢ : £ - B' be two fiberings. By a Hfltng of a given
map f : B - B, we mnean a fiber map F: E — E" which induces f. Hence,
a map F ! E - E'"is a lifting of {: 8+ 8" iff §'F = fp. The &ifting froblem
for f : B -~ B' iz to determine whether ornot fhasa lifting F 1 £ » E'. As we
have seen in the special case of cross-sections, the answer to this prablem
1= not always aflirmative.

However, for a given fibering ¢ ' E" > B' and agiven map /: B = B of 2
given space B into B', we can construet a fibering ¢ £ — B together with
a lifting F: E - EY of { as follows.

Let E denote the subspace of B x E' given by

E={ibe)eB x E|f(h) =pe);
and let #:E + B denote the natural projection defined by p(5, &) = 2.
Let F:E +E denote the map defined by F(, ¢ =~ 2. We are going to
prove that 4@ E - B is a fibering and that I 15 a lifting of f.

By the preceding construction, we have fp = p'F. Hence it remains to
prove that 4 : E —+ B is a fibering.

Let ¢ : X+ E be a given map of a friangulable space X into E and
he: X - B, (D = ¢ < 1), be & homotopy of the map y —p¢. Let

Eo P X o B\ k= fl X =B, (0 =t 1),
Then & is & homotopy of the map
by = fhy = fpth = pFY = p'E
Since ¢' E' -+ B is & fObering, there exists a homotopy &% X - E,
(0 =2 £ < 1}, of £wWhich covers k. Define 2 homotopy A X - K, 10 <t < 1),
by taking Re*(xh - {helx), Ae*(x))
for every x € X and { €. Thiz definition of A* is justified by the relation
ﬁ'&;* — kg = fﬁ!g. mince
ho*ix) = (holx), Kg*ixi} = (pln), Fix}) = plx)
for every z g X, A* 15 a homotopy of ¢. Since A* obvicusly covers Ay, this
completas the proof that p: E + B 13 a fibering and F is a lifting of /.

The Abering ¢ : E + B constructed above is said to be imduced &y f the
lifting F ; £ « E' of § will also be said to be induced by f. Note that, for each
be B, F maps the fiber $-1{5) homeomeorphicafly onto the fiber p°-1(d"),
where & — f(#. Finally, it is straightforward to verify that, if " 15 a
bundle space over B, then 5o is £ pver B.
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Finally, if 2’ : B' = E’ it a cross-vection, then the map #: B = F defined
by m{f) = (b, #'f(M) 15 alse a cross-section. We shall call & the indouced
cross-seciion of &' hy £

The following special case will be used in the sequel. If B is a subspace of
B and f: B+ 7 is the inclusion map, then £ can be identified with #"-1(5)
and $ with #" | B in an obvious way. In this case, the indoced fibering
. E -+ B will be called the vestriction of p° 1 E - E' on B. Henee we hava
the following

Proposition B.A. If F 15 a fibey space over a base space £ with projection
#E 8 and if A 15 any subspece of B, then 7Y A) is a fiber space over A
with g | p-HA) as frojection,

?. Mapping spaces
Let X and ¥ be arbitrarily given spaces and denate by
02 =¥

the totality of maps of X into V. There are various ways of topologizing £2,
but we will be concerned onty with the compact-open fofology, Fox 31, It is
also called the k-fopology, [Arens 2], and the tepelopy of compact convergence,
M; 11I] and [K].

For any two scts = X and Wo ¥, let MK, W) denote the subset of 2
defined by MK, W} ={jeR|fK)c W}

MK, W) will be called & subbasic set of 2 if K 1s compact and ¥ is open,
The compact-open topology of £ is defined by selecting as a subbasis for
the open sets of 2 the totahity of the subbasic sets MK, W) of 2. According
to the usual definition of o subbasis, every subbasic sct 1= open in &2 and
every open set of £2 [s the union of a collection of the finite intorsections of
subbasic sets,

Threughout the prosent book, mapping spaces are understcod to be
topologized by their compact-open topolagies, unless otherwise stated,

Lemma %.1. 7f X £s a Hausdorff space and | U7} {5 a subbasts for fhe open
sets of ¥, then the lvtakity of the sets MIK, LN, for K a compacl subsel of X
awd [T f U}, comsfiteles a subbasis for the comfact-open tofology of 82
" Jackson 21.

Proof. It suffices to show that if K ix a compact subset of X and W an
open subset of ¥, and if fe MK, W), then there cxist compact subsets
Koo Kpoof X oand members U7~ -+ IFy n U7 ) such that

FEME LN - 0 M(Kn U < MK, W,

Tet k¢ K. Since f(x) e W, there are a finite number of sets in { L'},
say L,++-, Uf,, such that

frieUfn -0 U5 < W,
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Simce fis continoons, there is a neiphbothood Gy of i X such thal
fiGn= in--- 0 Uz,

As a com pact Hansdorff space, K 1s regular, So there is an opea netghborhood
H. of £in K such ilat the closure K = H; is contained i G

The callection | Hx|x€ K } s an open covering of the compact space
K, and hence there are a finite number of poinds in K, say x,-00, Xy

cuch that B - *'Hfi. e, HJ{F.

Tn the subscripts and superscripts involved above, we shall simply replace
by fi=1"9q.
Mow the sets B ,- - -, By are compacl, Marcover,
fENE HCL S WD N UL W (=1

Henee we have el

7 .
fen [0 MK 157
=1 f—1
Suppose that ¢=§2 is contamed in the set oo the right-hand swle of the
preceding fosmula, 1f 2 = K, e x5 in some My und hence s in Kj. Therefore
playe N oo UL S W,
Thus g e M (K, W), and so
a .
fe :iﬂ MK, U] MK, W)L
il -1
“ext, there is a natural fuoetion
i fdw =1

defined by mff, x) = [z} for each fe 2 uml each x e X @ will be called the
eneluation of the mupping space £2,

Proposition 9.2, 7§ X i a Jocally eompact regufar shace, Lhen the gretluadsion
ar 0f £ 45 comtinaons,

Froof, Let {12, € X, and an open sot W oof ¥ which comtains fix} be
arbitrarily given. Since § s continuons, the inverss image f j 1% an apen
set condalning £, Since X is Tegular and Jocally compact, there exisls an open
neighborhuod 7 of x such thatl the elosure ¥ is compact and 1s contained in
FHW Then T == MV, W) s 3 subbasic open sct of £2 which contains [
£ = MV, W) implies that e maps &7 x V into B This pruves the con-
tinuily of e, |

For the necessity of the local compaciness of X in {%.2), sce Ex. J at the
enid of the chapier,

For each point v € ¥, let f{y] denote the constant map in £ which maps X
into the single point v, The assigumeit ¥ - () defnes a function

Y 2
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cadled the satural gujection of ¥ into £ Tt can be easily verified that { maps
¥ homeomaorphically onto a subspace 1Y) of {2, Furthermore, il Y 1s a Haus-
dorfl space, then (¥} is closed m f2

For any given point a g X, lel

Py 1= Y

denete the lunclion defined by $g(f; filal for each Fefd. Clearly, #5 is a
mayp ared sends the subspace Y} of 22 anto ¥. We shall call #. the grojection
of {2 onte ¥ determined by the piven point a s X

From the delinitions given ahove, we obeerve that p,7 is the identiy map
on ¥ and y#, is a retraction of £2 onto its subepace §{¥). Hence we have the
following

Propaosition 9.3, The watwral istjection | emaps Y homeomorpiically onto a
relract J[ ¥ of £,
Next, let us consider three given spaces T, X, ¥ and Uie mupping spaces

fd = ¥4, @ =Y¥T, W =07
For eacd map ¢ A x ¥ ¥ in @, define a function fi¢): T ~ 12 hy
taking BN = dix, 9, e T,xc X
{15 saidd to b wxsoeiafed with .
Proposition %.4. The associaled function By of b 2@ {5 confinstous.

Proof. Let o = Big) and let ¥ = M{X, W) be any subbasic open set in 0.
Il suttices to prove that -"(T7) is an apen set of T. Let §, he any given pnt
i i) By definition, we have

Bon = W
The continuity of ¢ implies that -1} is an open sel of X % [, Hence
[} 15 the union of o collection of open sets of the fomm G, x H,, where
(r, und H, are open sets of X amd ¥ respectively. Sinee X is compact,
K % £y 1< contained i the union of 4 finite nomber of these open sets, say
fry o My Gy w Hyroe, (ry % Hy
with i, e Ay for each s 1,%,--+, 3, Then
H :H].I-: I:Iﬂiﬂl =rr |q| ,.Hﬂ

1 an open set of T containing 4, and i contained in s YL Thersfore,

(L) 15 an open set 0t T |
As a cousequence of (9.4) the assignmeni ¢ — 8¢ defines a function

G =3

when continuous, this function will be called the asseciaiion map; that this
iz nsually the case I shown by the following

Proposition 5. 77 T 1 g Hawusdorff space, then 0@ =¥ f5 confinnons,
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Proof, Since 7' is 4 Ilausdoril space and the totality of the subbasic sets
MK, W) conslitutes a subbasis of £, il {ollows from {9.1) that the subsets

ML MK W) = {pel|pil)c MK, W)}

form a subbasis for ¥, where L runs through the compact sobsets of T, K
runs through the compact subsets of X, and ¥ muns thromgh the open
subsets of ¥. I't follows clearly from the definition of 8 that

8-14 MiL MK W)} = MK x L, W),

Simee K x Liscompact, MK x L, W)iscpenin®. Since [ WL MK W] }
15 3 subbasic of ¥ it follows that {f is continuous. F

It is obvicos from the defimition that # carries @ mto ¥ in a one-te-one
fazhion, In pencral, 8 iz not onta, However, we have the {following

Praposttion 9.6, The cvalugiinn w of &3 <5 continuons 3ff, for every space T,
the function O @ - is onto.

Proof. Necessety, Let ¥ and consider the map ¥4 x T -2« X
definied by Kix ) — {gld), x), (xec X, teT)
Letgh o ad = p. Since
D1y = fla f] e wyplx ) = wipld), 2] — [p(f]i)

for every ¢ T amnd z £ X, we have B{gy) = . Hance # 1s onto,

Sufficientey. Assume that the condition helds, In particular, select T - 4
and take we¥ to be the identity map on f) Then there is a map ¢ @
with #{$] = . Since

gz f) = [(f11{xy = fix) = wl/, =}

tor e.ver}r x e X and f =2, the eontinuity of ¢ implies that ot w. |
As an immediale consequence of (9.2) and [(9.6), we have the following

Covallapy 9.7, I} X is a locally compact regular space, thew fhe funclion
B @ o vopuds Of porio Win a one-fo-ome fashion,

Proposition 9.8, f{ X and T are Hausdor [T spaces, then the assoetation map
0 1@ -+ ¥ 1 4 Bomeomorfiiem of O onlo g subedace of W 1 Jacksan 2.

Proof, Since & is one-to-one and continuons by (9.3}, it remains to prove
that §-1 js continuous on (@ = ¥, For this purpose, i suflices to prove
that, if f 1z & compact subspace of A » T and W is an open set in ¥, then
the image #LM(f, W] is an open set of @Y.

Let e O1M{f, W] be arbitrarily piven, Choose & ¢ M([J, W) with
Gt o Let Jx and Jp denote the projections of J in X and T respectively.
For each point z = (x, £ ¢ J, choose an open neighborhood U7 of x in fx
antl an open neighborhood Ve ol 4 in fo, such that

Sl x Ve W,
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As compact Hausdorff spaces, 7y and o are regular. Hence we may shrink
[7, and F; a Little int 50 that

K L= W,

where K; denates the closure of £1; in fy and L, that of ¥ in Jo.
The eollection { (I x V) 1 J | ze J }is an open covering of the compact
space J. Hence there is a finile number of points in f, say 2,00+, 2,

such that Fo (U Vo W - U, 0 B

For the subscnpts in the notations of the various sets involved abave, we
shall simply Teplace 2, by €, £ = 1,-- -, .

Now thesets Ay and Ly, ¢ = 1,- - -, », are compact. Morcover,
[WL) (K = ke x Ly W
forcach+ = 1,---, 2. Henee

L2
pe Fd)n {{Dlﬂ’f!if-:r, MK W)L

Suppose Lhat £ ¥ is contained in the sst on the right-hand side of the
preceding formula. Since X e 0(P), there s a Fc® with ¥ = §(8. If z =
(%, %) = f. then & is rontained in some U7 » ¥y aned henee in Ky % Ly Since
Lisin ML, MiK;, Wi and since x € Ky, e L, we have

Bz} = &5, 8) = (K6 (e W,

This proves that £f) = W. Therefore, £ M{f, W) and hence ¥ = 0(&)
GLMLF, W, Thus, we obtain

O BIB) N {0 ML, MKy W)} 3 < 8IM(], Wil.

=1

This proves that 8[3 [, W) is an open set of 0idh, |
As an immediate consequence of (8.7) and {9.8), we obtain 1he lilowing

Theorem 9.9 Let X and T be H :zw:iﬂrﬁ spaces and ¥ any spuce. ff X s
tocully compact, then the assoctation map 045 a homeomorphisw of the mapping
space @ = Y377 onlo the mapping space ¥ = [¥Y5)T,

Hereafter, when the assumptions of (9.9 are satisfied, the two mapping
spaces wiil be 1dentificd by means of the homeomorphism 4, In symbeois,
we have YXRT o (YVET

Thiz will be called the exponential Iaw of mapping spaces.

Now let us go back to (9.3) and lonk for a sufficient condition that j{ 1)
ke a strong defermalion zelract of £, Sach a condition is given by the
following

Proposition 9.10. f{ X i5 a locally compact regular space and conivacifble
e g poinla e X, then j(Y) 05 o srong deformalion velract of 5.
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Proof. By (9.20 the evaluation e 82 % X -+ ¥ is continuous, Since X i3
contracitble to the pmant ae &, there exists a map

X w f X
such that Ble, =, ki, 1) =a, ixeX);
Rla, £y = a, (el
Dhefine a mnap e : X 2 8 % f =+ Y by laking
iz, F 8 wlf, Blx 8], (ze X, feld tC ).
According to (9.4, the associated function
w= Bl 102 2
iz continuous, Befine a hoanotopy X 82— 02,00 <2 ¢ < 11, by sefting
LI =wif ) el i=].
Then o 15 eamly verified that X, is 1he identrty map, £, 785 and X[/
Lorevery feflY] aml £ 1. |
Since it is vasily verified that
Ae[gtyiles g, (ye Yoo,

we hove proved the follvwing

Proposition .41, f{ X 15 @ lecadly compact reguwler space and coniraciible
tra point a e X, than, for e y 2 ¥, the selsface P3Hy) 15 comdractille fo
the poind J{v;.

10. The spaces of paths

Let ¥ dencte a given space, By & fals in ¥ we mean a map
gl =¥

e the unit inlerval f = |0, 17 into ¥, The points «0) and o{1) are called
respiclively the fdial poisd and the ferminal fond of the path o, and are
said to be connecled by the dath o.

The: eelation thal fwo points g and & can be connected by a path in ¥ s
obvicusly symmetric, reflexive and transitive; hence the points of ¥ oare
divided into disjoint elasses, called the path-components of ¥. We shall
denate by 0y the pall-component of ¥ which contains the pHnt p o ¥,
Y is said to be faifeemse conmecled 11 1t conmists of a single path-component
and hence every palr of points in ¥ cao be comnected by a path.

The totality of paths in ¥ lorms a space

@ ¥
with tlwr compact-open topology defined in the previows sectinn, This space
£2 vogether with certain of itx subspaces i= of fundamental importance in
homotopy theory as well asin the functional topology of Morse, [My and 3,0,

By a generalized triad (Y, 4, ), we mean a space ¥ tngether with two
subspacer 4 and B (Y A, B s saned to be o driad if the intersection 4 N B
1= non-empty. For a given generalized triad ¥, 4, Bl tet us denote by

(¥4, &



TI. THE SPACE OF LOGFS 44

the subspace of & which consists of the puths ¢in ¥ such that #{0) c: 4 ang
7(1) £ i1, The following partivnlar cases are of importance,

IfA - Yand B consists of a single point v £ ¥, then we shall denote the
cubspace | ¥ ¥, 47 of 2 sdmply by £, It is called the space of paths n ¥
wilft a given termingl Heind v,

Alvep in ¥ is a path ¢ I = ¥ such that o{0} = (1) The paint o0 =
i 1} will be called the basic fotnd of the lop . The set of all onps in ¥ forms
a subspace A of £ which will be called the sfece of loops in V.

H both 4 and B of a given generalimed tnad (Y ; A, B) consist of the same
single point ¥ & ¥, then we shall denote the subspace [V .y, v; of 13 simply
hy Ap. Tt is cbviously a subspace of A and will be called the space of foops
0 Y with @ given basie poimt v, Clearly we have

Ay A0S,

The projections Py, $, 182+ ¥ determined by the points 0,1 as in the
preceding section shall be calted the imitial profection and the termoemal
profection respectively. If ¥ is o Hausdorfl space, then the continnity of 4,
and #, implies that the subspaces A, Ay, 2, of 2 are all closed,

Let 4, denote the degenerate loop 8,(0 = 9. By (9.11), we have the
Iollowing

Praoposition 10.1. £3, {5 contractible tn the poinl by,

Intuitively, a cantraction of £2, to the poinl 8y Is obtaived by pushing
all paths of Ly atong themselves simuitancously to the terminal point v,

11. The space of loops

Let ¥ denote a given space and y ¢ ¥ a given point. The space A, of
loops in ¥ with v as hasic poind lus a central mole in the study of homotopy
groups; therefure, we shall study its important properties in tlw present
sectinn,

There 35 a natural muitiptication defined in Ay as follows. Tur any pair
of lougps {, £ = Ay, Al product jg e oy is the toop in Y defined by
. - =
ey — 150 Dy

gl — 10, {4 = ¢ < 1),
Intuitively speakatg, fg is the loop in ¥ which travels along the Ioop f with
deuble speed while ¢ is in the first half of 7 Uwn fp travels along the loop o
with domble specd while £ s in the second half of 7.
The correspondence [ f, g] = pif, 7] = fg defines u lunctinn

_Il!-lI :.:"-Iy }‘: .ﬂ'JIy —r .l"13|'
called the senditplication funcfion in A,

Proposition 11.0. {re natwral multiplicalion tn oy 05 contingons; by Ly
we mean that fhe mullrBlicafion funcilon w45 conlinmous.
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PFroof. Let I = M{K, W) N Ay be an arbitrary non-empty subbasic open
set of Ay. It solffices to show that the inverse image -4 TJ) is an open set of
Ay w Ay Let g, o0 I - I denote the maps defined by

Bt =3 i) = 4+ 1)
for cachit e . Let 4 = ¢ 1K) and B = ¢~ (K] then A und B are compuct
subspaces of f. Consider the subbasic open sets
F=MAWINnAy, G=>MBE WnNd,

of Ay For any pair of loops §, g .4, it is easy to see that foc MK, W) iff
feMA, W) and ge M(B, W} Hence u (U] = F x (. This proves thot
U} is open, |

Corollary 1.2, Every loop § € Ay determines dwg snabs

Lf, R;r - .{1!,.- -na-.e’fly

defined by Le(g} = fg and Relg) = gf for every gedy

Proposition 1.3 If e Ay dencies the depenerate loop (1) = v, then Ly
and Ry are deforsations of Ay, T facl, theve extsts a howmotopy By 0 Ay — A,
(02t = 1), snech that By = L, B is Fhe ddentity map, and B,(6) = & for ench
el and analogmusly for R,.

Froof. According to (*L2}, the evaluation o : Ay « T - Y 15 continuous.

Hence we may define a map
R A P T

by taking f( s ) ) (fedy.sef,u s i%}
$ls. f,8) = L+

¥, (fedy,lef,

By ('9..4‘,1, the associated function o = B(4) is continuens, It is easily seen that
wmaps Ay x I into the subspace Ay of £ and, by definition, ¢ is given by
pif0)ist =5, 1,8, (fedptel sed)

Hence we may define a homolopy ke @ Ay —Ag, [0 <8 < 1), by taking
Relf) = plf 8, (fedy 0 54 <1}

Then it 15 easy 1o verify that kb, = By, &; is the 1dentity map, and (4] = 4

for each ¢ ¢ J. This implics that R; is a deformation of Ag. Similurly, we can

prove that Ly is 2 deformation of A, 1

These propertics of Ay show that it belongs to the claus of H-spaces, which
are defined as lollows,

By a conffanons mulitplication maspace X, we meanamap p: X % A =
X. Lat g be a given continuous multiplication in X. For any pair of points
a and b of X, pla, b} is enstomarily denoted by ab and is called the prodset
of @ and 5. For any given point @ X, the correspondences x — ax and
% — xg determine respectively the maps

Ig 1 X+ X, Hg:X-+X

-;;5,;;1),
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calied the left and the vight translation of X by a. A pointac Xissaid to bea
left homolopy wnit if a is an idempotent, that is to say, a2 - - 4, and if I,
i& homatopic with the identity map relative to «. Similariy, an ulempotant
@€ X is said to e a »ighf komotopy wnit if Ry is homotopic with the identity
map relative to 2. An idempotent @ € X is cailed a Aomofopy wmit if it is both
left and right homotopy unit. By an F-space, we mean a space X with a
given continuous tultiplication g which has a homotopy unit,

According to the propositions {11.1} and {11,3), Ay és an H-space under its
npduyal mulbiplicalion wilk the degenerate loop 8 as a homolopy wnit. As another
impartant example, any topological group is obyvicusly an H-apace inder its
group multiplication with the neutral element as a homotopy unit.

An important property of Jf-spaces which will be used in the sequel is
expressed by the following

Proposition 114, JY X is an H-space with x, a5 @ homotopy wnil, then the
fundamental prowp x (X, x,) 45 abeligen,

Proof. Let o, § be any two elements of 7,(X, ) and let £ g: 7 = X be
representative loops of x, 3 respectively. Since x, is an idempotent, we may
detime a loop & 1 7 - X at x, by taking

A(t] = fifiglt)

for each {& I, This loop % represents an element -+ of = (X, ' which ob-
viously depends only ou g and §. It sufiices to prove that y = o and v = fe.

To prove y o 2ff, we may assume that the representive loops f, ¢ have been
so chosen that fif) =z, for each ¢ = § and gy = &, for each ¢ <} It

follows that v _ (1030 (60 =1 <),
L xo-gle), [if g <21,
Since x, is 2 homotopy unit of X, there exist two hamotopies ds, gy
XX (0 s < 1), such thatd (x) = x0, d fz) == X, yplal = xxg, o (x) = %

for each x € X and ¢efay) = 25 = wafx,) for each se f. So, we may define
a homatopy Ay 1 7= X, {0 =5 = 1), by taking

Refi] == [%f(-ﬂh UfD < = &),
" hogif] i3 < f < ).
Then we have &, - kand 50) = 2, = hefl) for vach s = F. Since %, satisfies
the reladi . L
T bt = : fiel, 0 < ¢ =4,
e ig <t = 1),

It obviously represents the elament «f, This implics that ¢ = af.

Similarly, we can prove y = fa by choosing f and g such that Ff) = »,
for cach £ =5 1 and g(f) - =, for each £ 3= L. 1

In the preceding proof, we have also proved the following
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Corollary 11.5, Uinder 2he hyvpeifesis of (11.4) 3 oo slesmends 2 flem) (X, x)
are represenied by theloops {80 F -+ X ad x,, bhen bhe closnent afi 5 vepresented
by the funchional product B T -+ X of §, g defined by

WD = HD gl (el
As we shall zep later, this avserlion alse helds for the higher homotopy

STOUPS.
Now let us come buck to the space Ay of loops and consider its path-

components. By (8.8, one can casily sce that the path components of
A, are exactly the equivalence classes of the loops of A, as defined in (11,
L4b, Hence we have the fellewing

Proposition 11.6. Under the notural multipliceiion of Ay, the palh-com-
ponents of Ay form a group which is essenfiatly the fundamental griup m (Y, ).

1L The path lifting property

In the present section, we are going to define, for any givenmap f £ —+ B
the fatk Lifting property (abhreviated PLP) which was recenily introduced
by Iurewicz and Cartis, and to prove that it is equivalent Lo the abaclute
eovering homotopy properly (abbreviated ACHE) defined in § 2.

Rrughly speaking, o map 41 E - B is said to have the PLT if, for each
e E and each path f: F — I with f() = ple), there exists a path g1 f v E
such that g[0] — e, ¢ — f, and that g depencls conticuously on & and [,
For a precise definition, ict Z denote the subspuce of the prodoct space
o Bldefined by 7 (e f) e E x B pla = {{0) ).

Define a map g KLy
by taking g{g} = [z(t9), pg) for cach g: 7 - E in &L Then pi E » B s said
ta have the PLI if there eaists a map

¥:Z 1

such that gr is the idenlity map on Z. In this ease, » Is clearly a homeo-
morphism of # onto a retract of E'.

Proposition 124, 4 map ¢ E > B has the PLE i i hus the ACHP,

Prool. PLIP = ACHE. Lt g: X - E be any given map of & space A into
Eoand fi: X B, {0 <d=21), o given homotopy of the map [ - g,
According to {44, the homotopy fy gives A map & A - BT defined by

A8 = flx), (v X ted).
Let k- X — Z denote the map defined by
hix) - lgizx), Al (xe X

Then the composition #& is a2 map of X into i According to (990, we may
debne a homotopy g X — &, (0 <t <0 1), by taking

glx) = [#R{x))0, (xe X, te .
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Onc can easily verify that g, = & and pg = fi for ench ££ L This implies
ACHE.

ACHP = PLT. let %:Z -+ E denote the natural projection defined by
wie, {1 — ¢ for each (e, f) £ £. Definc a homolopy T AR T LI o § N
by taking Ele. {1 = fith, (e ez te ).

Then we have &, = py. According to ACHP, there exists 2 homctopy
e £+ E, (0 =¢ 1), such that g =5 and pie - & for cach {el.
Aceording to (4.4, #; gives a map # - 2 -~ E7 defined by

R = nded, (reZtell
Then it s easily verified that g#{z) - z for cach ze 2. Hence, p 1 E - & has
the PLI |

Coroblary 2.2, If @ map p: E - B has the PLP, then E 15 a fibar space
pney B relatrve io P

13. The fibering theorem for mapping spaces

Fet X be a locally compact ANR and A he a closed subspace of X which
15 alse an ANR, On the other hand, let ¥ be an arbitrary space.
Led us consider the mapping spaces

E=Y¥Y B=Y1
b K=+ 0B
defined by #if) = f| 4 for every map f: X - Y. We are going lo prove

that £ is a fiber space over B with # as projection in fact, we have the follo-
wing stronger resnit,

Theorerm 131, The map p: F — B has the PLE,

Proof. Let us consider the subspace Z of E » B and the map ¢ B + 2
deseribed in the preceding section and try to construct o map 71 2 = Ff
sizh that g 15 the 1dentity map.

Consider the closed subspace T =X x QU jd =) of X 1 By
(I: Ex. O], Tisareloact of X w §. let p: & x F = 1 denctc a retrackion.

Consider the mupping space Y7 For each g: T -+ ¥ in ¥7, define two
maps ¢ X - ¥ and f: I - ¥ as follows:

pix) - gz, 0), (xe X))
[Fifilia) = gla, &), (o i acd).

The continuity of f follows from [9.4). Hence, the assignment g » Bzl =
{e, f} determines a function g:vE .7

There is a watural map

By the methods used in establishing the cxponential law of mapping spaces
it § 0, one can prove Uhal 8 1s a homeomeorphism of YT onto .
Using the inverse of §, we can tlefinc a map 7 : £ -+ E' by wking

{ [#(2)]i8) } ix] =- |O-tizt]pls, 6}
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for every fel and 2 € X, Since p 15 a retraction, it follows Immediately
that griz) = 2 fot cach 2 in Z. |

Mote. The condition that X iz loeally compact is inessential, In fact, the
theorem holds without this condition; for {9.7) mav be replaced by Ex. L
at the end of the chapter.

Nowlet {4, jpeMpand { ¥V, | g€ M} be given families of subspaces
of 4 and ¥ respectively, both indexed by the elements of a set M. Consider
the subspace B' of B which consists of the maps pe Bsuch that gld ) = ¥,
for each pe M. Lot B’ = p-1{B"). Then &' is the subspace of £ consisting
of the maps f: X » ¥ such that fid,) < ¥V, Jor every gz W, By [(8.1) and
(12,2], we have the following

Corollavy 13.2, The map ¢’ E' - B’ is g fibering,

Jrt (act, 1t 15 also obvions that p" : E7 - B has the PLP. So, this generalizes
(18.1).

For important examples, let ns take X to be the uait interval 1. First,
take 4 to be the single point | of 7. In this case, the spaee £ ix the space
i of all paths in ¥, and the space B can be identified with ¥ in an obvigus
way. Furthermore, the natural projection is cssentially the terminal projec-
tion #1482 - Y. Henee #0822 Y has the P1LP by (13.1). Let £ be a subspace

of ¥, then pNZy = [V Y. 20
Therelore, by {13.2}, we have the following

Corallary 13.3. For any subspace £ of a given space Y, the space [V V., 7]
is & fiber space over Z velattve fo the keminal poofection, Similarly, the space
[¥: £, w5 a fber space over £ velative lo the fnifial frojeciion,

Next, let X == f and take A to be the subspace of f which consists the
boundaty peints & and | of . Let M be an index set containing a single
clement go. Define 4, and ¥, to be the single points 1 € 4 and ¢ ¥, where
¥ 15 4 given point. In this case, the space £ in (13.2) becomes the space &2y
of all paths in ¥ with ¥ as terminal point, and the space B can be identificd
with the path-cotnponent Oy of ¥ in an obvious way. Furthermaore, the
natural projection @’ is cssentially the initial projection g, Hence, we have
the following important

Corollary 134 The space Ly &5 o fber space cver 'V orelabive Io the dnifial
frofectron. The fibey over fhe given potml v € ¥ 25 the wdace Ay of all loopsdn Y
with ¥ as basic porul, |

Let Z be a subspace of ¥, Then the following corollary is an immediate
conseqnence of (13.4) and (B.1).

Corollary 13.5, For erory subspace Z of a space Y and any given pamat v
in Y, bhe space [V 4, v1is a fiber space over Z velative o the inilial prajection.
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14, The induced maps in mapping spaces

Let X, ¥, Z be arbitrarily given spaces and @ ¥ = Z a given map. For
pach fe Y¥, the composition ¢f iz in Z%, The assignment { »¢f defines a
function Yiy¥ L ZA |
which is obviously continuons and wilt be called the sudsuced wmaf of ¢ on e
inte Z¥. Let € denote the catepory composed of ali spaces and all maps,
[E-8: p. 1107, The operation ¥ — ¥¥ and ¢ +¢*, where X is a given space,
defines u covariant functor of € inte itself, {E-5; p. L1 ].

Turthermose, if we consider the natural injection § and the projection g,
delerntined by a given point & £ X, the commutativity relations

b = ¢, Pps = paf”

abvicusly hold in the following rectangles of maps:

¥ ¢ e V- Iﬁ——} z

! I

oy I f
'j- ‘#l..-"f Jn' " Iﬁx Fa
1,-.:'(__} FE F-’f-_.:.zx

Throughout the remaindet of the present section, we are goneermed witlh
the important special case that X = T,
Consider 2 given map ¢ ¥ +Z. Let y be a given point of ¥ and dencte
7 = () € Z. As above, we shall use the following notation:
2, =YY, y], Ay = T¥imyl;
Q.=[£;: £33, A= 223
Then the induced mup ¢ obviously sends £2; into £2; and Ay into Az More
penevally, ¢/ maps |¥ 14, B] into |2 $(4), (B} for apy given subspaces
Aand Bol ¥,
According to § 11, there are natural multiplications defined both in Ay
andin Az It follows from the definition that

(14.1) #(fg) — ST Niglig)
for any =1, and ¢ € Ay Since ¢f is @ map, it sends the path-eomponents
of Ay into those of Az [lence, (B4.1) shows that &' induces a homomorphism
of the group of path-components of Ay inte that of A, which is the induced
homomorphism ¢, of 7, (Y, ¥} intom, 12, £).
Now let ¥, Z be given spaces, ACY, BC Z given subspaces, and
yvo €A, % B given points, Let
e I--F : FrTﬂ]J L= [Y ;_;ﬂl, :|"||:|]|
V="Z:/ 2] ID=I1£:8, %
and denolc byt £ and v, £ D the degenerate loops sy} = ypand 9y(f] =
z, respectively. let AU =Y, gV aZ
dencte the initial projections. We are going to cstablish a coveriug smap
thearess which will be imporiant in the next chapter.,
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Thearem 142 {f v U~ Z is g map such that w(C) = B and wiu) =z,
thew there exisls @ map v* . U=V suck thai gyp* =, 9*CY = 12, and
wHsg = %

Proof, According to {9.2), the evaluation w: & % /=Y is continnous.
Define 2 map a:f = I x UV~ ¥ by sctting

gl d ft =w(fs vt —u), {sel,tel = L.
By (5.3), the associated function 1 7 x U -» U defined by
(4. 1)]is) = @i £, 1), {tef fel sel),

is contibueus, Let & =¥ .7 % & - Z, By {3.3), the associated function
¥ U =V defined by

(1)) = &8 1), el feln,
is continuous. It remains to verify the relations gy* = w, p*(Che O and
¥ = v
From the definition of ¥, one can easily see that 20, f) = { for every
fe L. Hettee we have

gy*(7} = [W*M7L10) = (0, ) = pi/)
for every fe U, This proves that gy* = ¢, ™€) S I is an immodiate
conscquence of gu* — 4 and ()< B . To check p*(sy), == v, we first note
that X[f, a,) = 4, [or every 27, Then we have '

[l HE) — &8 ) = wiE 1) — piw) = 2,

for every ¢ £ 1. This implies y*{s) = v, |

It we removed the condition %) = », from the conclusion, then [14.2]
would be easier to prove. By (13.[), the map ¢: ¥ =2 has the PLP and
hence also the ACHP. Since {7 is contractible, an application of the CHP
tor L7 gives a lifting % & — ¥ of the map y; U7 = 2. That w*l) = I} s oh-
vious It the condition w*(x,) = v, does not necessatily hold, The lifting g
constructed in the proof of [14.2) may be called the canmsical lifting of .

15. Fiberings with discrete fibers

Motivated by the results concerning ihe exponential map p: KB +5'in
Clapter 1, we are going to establish similar results for fiber spaces with
discrele fibers, 1.e. in which all fibers are discrete, Let E be a given fiber space
over I refative to 4 | E + B with discrete fibers.

Lemma 15.1. For eack path o 1 T — B fotning by fo b, and for cach e, £ AV,
there exists ome and only oue [covering) path o I = I suclk that o™{{)) = ¢
and po* = g.

Praof. The path g may be considered as a homotopy of the partial niap
7 i l}; hence, the existence of o is an immediate consequence of the covering
lwmotopy property,

To prove the nniqueness, let o*, gtv . F = F e any two paths in F such
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that pe* = o = poF and o™ = g, = o1}, Let sl be arbitrarily
given, It remains Lo show that o*(s) — 1 (s]. Yor thiz purpose, let us define

a map ¢:f = F Dy taking
g*s — 28, (0 = = 4,

g} - [aﬁ{zss—s}, (f ) =2 ¢ = 1),

Then the map f — fg:d +F has a homeotopy fr:f =B (0 = =1,
defined by
hit) = [ als — Zsd | Zwsf), (E 0 = F =0 §,
i o275 + Bud -3 —— 2rsd), [if & =08 = 1)

Since fi0) = a8l = H) for every » < 1, it follows from (iv) of (3.1} that g
has a homolopy ge: § = E, [0 =Dy < 1), such that

PEr = fro g0V - ots), @il o T(s)

for every »c 1. Since f{f) = ofs), #g, = f, impliss that the connected set
g, 1) is contained in the [iber over ¢fs) which is diserete. Therefore, g, (1}
roust be a single point. This implies that o*(s) — o5} 1

We recall that two paths g7:F — B joining & to b are equivulent,
g ~ T, if they are homotopic with the end poinds held fixed. The paths in B
joining B, to &, are thus divided into disjoint eruivalence closses wiich are
actually the path-componnts of the space [5 ] by, by,

Lemma 15.2. The ferminal fotnt a*(1) of the covering path o* 1 + E in
(15.0) depends only om e e p b)) wnd fhe equivalence class of the palh
¢:J =~ FH

Proof. Assume that o, 717 = B are equivalent paths joining by to &, and
that o*, % :f = F ure the covering paths with common initial point
gy € pl{By). It suffices to prove that o*{l) = {1}

Since o~ ¥, there exists a homatopy ky 05— B, ({00 = ¢ <0 1}, such that
By =0, ky = 1 aned Bf0) = &, &(l) = by for each #< 1. According o 12v)
o1 [3.14, there exisls a homotopy Ae® 0 F = E, (0 <0 § = 1), such that 4% - o,
phe® = Ay, B = g and w*(1) . a®[1) for every £ . Since A, F(U) — gy
and p&,* =& = 1, it follows from the nnigueness part of (13.1) ithat
B ¥ - r* Hence we have

= k¥ - a1 |
Lemma 15.3. For each by &= B and exch g, £ 5758,), the projection p L (£, g) »
(B, Byl thduces & monomeyphism
Py tmAE, ) o m D, Byl

Proof, Assume that wem(E, &) and pgla) = 1 Let g0 7 - E Deoave-
presentative Joop of w. Since the Joop f = pg [ -+ B represenis the clement
Pl = |, there exists a homolopy fi 0 f » 8,10 < ¢ =0 1), such that fy = f,
Fld) = By and fi0) = B, - fell} for cach do T According to v of [R1),
there exists a homotopy go: 7 = E, (0 =5 ¢ a7 1], such thal g, = £, P& — ft
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and ) = g, = g{1) for each e/ Since f{f} — b, and pg, =/, the
connected set g, {f) is contained in the fiber #—1#k,) which is discrete. Hence,
£14f) must be a single point. This imples that g {f) = ¢, and 2 — 1. 1

Therefore, m,{E, &) is isomarphic to a subgronp $,[2,(E, &)1 of 5,(R, b))
which obviously depends on the cheice of £,. tn general, there are oo relations
among these subgroups g, "m0 (¥, 6] for various choices of &, € #-1(F;) unless
they can be joined by palths m E. Hence, let us assume that F is pathwise
connected. It follows, of course, that B must alse be pathwise connecied.

Now let £, be another point in # 1[d). Sinee E is patlwise connected,
there cxists a path o1 7 = E juining &, to ¢,. Aecording to (I1; 4.1}, o de-
termines an isomorphism

ay i iE, 8y mom (E, gyl

On the other band, po : F -+ B isa loop at &, and Lence represents an clement
w of 7y (8, &), 13y the definitions of £, and o, one can easily sec that

Padyln) — w Pylog w
for cach wen(E, ¢). This implies that #,[m(F, &) is the transiorm
@[ E, g w of g (E, 6)].

Conversely, let w be an arbitrary element of 5,(B, &), Pick a representative
lIoop ¢ 1 I — B jor w. By (15.1) thers exists apath o : I = E such that () =
g and pa = 1. By [15.2), the point £, = &1} in # 13, depends only on
the element w. One can also casily see that £, — g iff w is in the subgroup
Py 7y [E, ¢q1]. Hence, we have proved the following

Theorem 154, If E {5 a pativetse connected fiber space over B velative fo
£ E = B wilh discrete fibers, fhen, for each boe B, the dmnges p [m(E, e}’
af the induced moromorphisms
Pa i (E vyl o (K, B

for all ey £ 1D} consttiute @ cluss of Lfmjlﬂgﬂm stbgronds of =, (B, b)), Farther-
more, for a fixed ege p Vi), theve ds a naturel ongto- whe covrespondence
between the poinis of p=U,) and the vight cosets.of o [m (K, e in m (K, ol
with ey corvesponding (o the suwdgroup p, [ (E, 8}

This class X{E ;) of conjugate subgroups { #, (7, E, & | & € vl P
of my{&i, bt will be called the characferistic class of E at by Tach gronp in
L{E ; By} is isomorphic to the fandamental group &, (F) of E. #(E : b, will
consist of a single group i p, =L, &) 15 an invariant subgroup of (. Aot
for some and hence every gy € p-VEN U X[E, by consists of a single group,
then so dees X &, &,) for any other b, € i, In this case, we say that the
fbering (E, $, B) is regular,

Tor a fixed &, ¢ -1}, the natural one-to.one correspondence is defined
as follows: The right coset of $,[m,iF, ¢ | in @05, 4, comesponding to
gy € Ay 15 Lhe one which contains the clement w om, (B, b)) represented
by Lhe loop per o J = B, where ¢ § + F is any path joinime e to e

Mote. All the assertions as well as their proofs obviousiy hold for fiber
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spaces with totally pathwise diseonnected fibers, Here, a space is sald to be
fotally pathwise disconnected if it has no pathwise connected subspaces
except single points.

16. Covering spaces

Throughout the present section, let B be a given connected and locatly
pathwize connested space.

A connected space E is sald to be a cozering space aver B relative to a
map f: & -+ B i the following conditions ave satisfied:

(CE1) 4 maps £ onto B,

(C52) For each b = B, there is a connectsd open neighborhood ¥oof 510 B
such that each component of $-1(V) is open in £ and is mapped homeo-
motrphically ento V7 by .

As immediate consequences of {{32), the following two conditions are also
satisfied

(CS3) E is locally pathwize connected.

[(C54) 4 : E -+ B is an open map.

Examples. Aceording to (I1; 2.2), the real line R 15 a covening space gver
87 relative to the cxponential map #: K -~ 51 Next, let ns onnsider the vnit
n-spliere §% in the enchidean {x — l}-apace Ko+l If we identily the anti-
podal points of 5%, we obtuin the rcal projective s-space P9 with natural
projection ¢ 5% - Pr Tt i3 easy to verify that 5% is a covering space over
P# relative to £ and the fibers are the pairs of antipodal points m 5*,

Covering spaces ars the earliest ckamples of fiber spaces, In fact, we have
the following theorems which is an casy consetguence of [C52) and the
connectedoess of B,

Theorem 16.1. Fuvery covering space E over {1 velafive to p E » D i a
bindlc space over B relutive (o P with discrate fihers.

For pencralizations and converses of (16,1}, see Ex. P at the end of the
clapter.

Naw, let us consider the lilling problem for amap f : X - B of a connected
and locally pathwise connecied space X into the base space B of a coverning
space & relative to e projection $ 1 E - B, Pick x, € X and denote &; = flxh,
l.et &, be i puint of £ with f{e,) = &,. The lollowng theotem is a generaliza-
tion of [II; 5.3).

Thaorem 16.2. (The lifting theorem). Theve cxdsts ¢ swrigue map = X » E
such that glixgd = &, and pg = Fif the dmage of {1 X, a0 = (B, by ax
condined tu thal of £, n(E, &) —my (B, B

Preaf. The necessity of the condition 1z ebvious, In fact, i amap g @ (X, 2y)
-~ [E, gp} exists such thal pg = f, then we have fuge -~ fy and hence the
mmage of f, 15 contained in that of #,. It remaies to establish the suthelency
of the candition. The remainder of the proof is motivated by that of the
sproial case (1I; 3.3).
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To conslruct the map g, let £ be an arbitrary point in X Then there exizts
a pathm 1§ -+ X witha{l - x, and ={l} . x. The compnsed map ¢ = frr:
I+ Bisa path in B with o) = J=zg amlail) = fix). According to {131,
there exists 4 unigue path v 7 = F such that (0} = g, and $7 = 7.

We assert that the point (1) of F does not depend on the choice of the
palim:d » X To prove this, let =" I - & he another path in X joining

p1° — fa’. We are going to prove that til) = 2"}, The loop 2 =™ L
I = X represeots an element xeox, (X, 2)) and so the loop fA. f - B re-
presents the clement f (s« of x (A, &) According to our condition, this
element 1s contained in the subgroup o (R, 6. Hence there exists a loop
g d = Koat g such that fu = f4, Sinee £ m-x™') it {ollows from the
unigueness of the path in (15,1} that off) = (i) and ¢ = u(l — §) for
cach el In particolar, «flp — (3] — (1], This proves our assertion,

Because of the proceding assertion, we may define a function g0 X -« E by
setting gla) — =1} {or each » & X By the construction of the poind 701}, it
is obvicous that glx,) = &, and g = f.

By the same method as used in the proof of [I1; 5.5, one can establish the
comtinuity and the uniqueness of the function g: A - £, |

If we pmit the condition g{x) = ¢, in {16.2}, we obtain the result that
Lhere exists @ map g2 X — K with pg = f iff fo maps o1, {4, %) inte a group
vl ithe cligractenstic class y (&, &)

Now, let £ be a covering space over B relative to f0 F — B, £ a covering
space over B relative o $° K = 8", and 7. B - B a piven map. Lot
e, e B,y B, £y B and &) © I be given points such that

pley) = by, Pstl == B, flbg) = by

The maps 5, # and { induce homomeorphisms indicated in the following
dtagran:

HE ) ©or aE )

l'a':'i !J‘wa
fa ¥
L o P A

Theorem 18.3. (The fiber map theorcm). There swisfs « wnigwe mad
FoE = B snch bhat gileg = &'y and £'0 = fp U f careies the imape of H, trio
that af 27,

wince X can be considered s the trivial covering space over itself, (16.2) is
a special case of (16.3), However, (162} alse implies (16.3) hy considering the
map f4 . E - B

This fiber map theorem has guile a [ew important consequences to which
we devote the remainder of this section,

Fivst, Il ns assurne that B = 5" and that fis the ideafity map on 8. Then
wi obtuan the fullowing
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Theorem 16.4. [The covering theorem). Led ¥ awud E' be koo covering speaces
ey the same space B relatvoe do b2 K - B and ¢ 1 LY — B resfeclively, and et
be B ff e, D and &€ B ave such that

plegl By P PeimlEL g1 palm [E £l
then there exisis @ unigue mah g1 E -+ K such that

glegh = 'y, e =2
Furthermore, B {5 @ covering space over F2 relative o g,

Proof. The first assertlon s a special case of {16.3). Henee, ol remaing to
prove that £ is o covering spage over £ relutive to g,

For this parpose, let us first venudy (0511, Let e £ £, b = ple and ¢ = ple).
Chonse a conneeled open mesghborbiood ¥ oof & i B such that (C52) holds far
both covering spaces £ and E over B Let W odenote the component of
-4V containing ¢ and W' that of #~ 1) containing ¢'. Then the restrictions

I=pW. O =W
are homecmorphisms onto 7 Sinee 4’7 . £ we have g, W ¢' Y4 Henee g
maps W homeomarphically onte WY This implies that gif} is both open and
closed in the conaected space &) so ¢ maps I onto £,

Next, let us verily (C520. Lel ¢ £ B und & = ("), Chonse a connected
vpen nelgbborhood ¥ of in B such that (C52) hoids for hoth covering spaces
E and E over B, Let W denate the component of 4141 which eontuins &,
Then W is a connected open neighborhood of ¢ in EY and g-{H is the
union of a set of components of $-1F). It follows that every component of
g UH 15 apen m & and 13 mapped homeomorphically onto B Iy g, |

In particuolar, if s simply connected, then (16.4) 1mplies that £ s a4
universal covering space over B relative to £ 0 E = B, Here, a covering space
E over B relative to ¢ I' — B 15 said to be wniversal if, for every covering
space £ over Brelativetop” 1 E - B, thereexistsimapg : £ - ' such that
pr = ¢and that E is a covering space over £ relative to g,

Mext, kot us define the notion of eoguivalent covering spaces as follows,
Two covering spaces £ and £° over a same base space B relative to projec-
tirme o f -+ B oand ' - E' -+ B oare said to be epsvalend i there exists a
homeomarphism ¢ B~ & of T onto E* such that p'g = 2. By {16.2) and
(134}, the chargcteristie clusses X000 b)) and ¥(EY, &) are delined for every
b, = £5.

Theoram 16.5. [The equivalence {heorem). For any given point b e B, tao
virverthp spaces F and E* pper B velafive to projecifons p i B = Hand ' E' = B
are equivalend 1ff LR, b)) = X(E7, by,

Proaf. Wecessity, Let g £ — £ he o homesmorphisim of E onto I such that
pe polete, e Ubdande,  glegl. Then g induces an isomorphism gy of
ok, &) onto g K e On the other hand, p'e = § gives §y o= #y. This
irnpies e T 0F, ) = #'p L (ES, €700 and hence X(E, by} — X2, by
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Suffictency. Assume that X[, by = £, 3,]. Then there are points g, £

and &', £ &' such that |

Pleg) = IE-'u = fie'gl,  PelmlE, Eal]l = P e[l E", Efu]]~
According to (16.3), there exists a map ¢ E —» F' such that g{a) = ¢, and
#£'g = . Similarly, there exists a map 4: E' - E such that ki) = ¢, and
$A = p'. Now, consider the camposed map bz : E = E. Since hpls,)  ¢;and
phg — H'g = 4, it {ollows from the usiqueness part of [16.4) that Az is the
identity map on E. Similarly, gh is the identity map on E. Hence g 35 a
homeomorphiam and the covering spares E, E' are equivalent. |

In particalar, any two simply connected covering spaces over the same
base space are cquivalent,

Next, let ns consider the regular covering epaces. A covering space F over a
base space B relative to o 1 F —+ Bissald to be regalar if the Abering p E -~ B
is regular in the sense of § 15, Henee, F is a regolar covering space over B iF
for every by £ B, X(E, b,) consists of a single invariant subgroup of = (B, b,).

Now, let E be a given regular covering space over 5 relative to $: F = B
and let &, bve a given point in B. Since X(E, b)) is an invariant subgrovp of
m (5, &), the quotient group

W =m,(B, b)) | XIE, by

15 well-defined. One can casily verify that, as an abstract group, W does not
depend on the chotce of the basic point by & B, Then, we have the following

Theorem 16.6. The group W nperates on the right of the vepalar covering
space B More precisely, to each element w of the proup Woand sach point ¢ of the
space B, theve corresponds a wnique point ew of E such that

. Tew )iy = el w,)
and, for cack w & W, fhe corvespondeonce & + ow defines a Anmevmorpliisng w* of
E onlo tiself. Fuvlhermare, the operation has the following fwo properiies:
(1) plew) — fle) far every e K and we W,
(1) For a given e e E, ew = e omplies w = [,
In words, the condition (i) is equivalent o saving that W operates
freely on E.

Preof. Pick a point ¢, € p 43y, According to (15.4), there is a natural one-
to-one correspondence v W 215 of B onto -1k, with » 1) = e,

Tor an arbitrary etement me W, let £ = wiw). Since E is a regular
COVETIDE space over B, we have

Pa T, g = Py [T E, ¢4]].
Henee, just as in the prood of (16.5), thers is a unique homeomorphism w* of
E onto itself such that w¥ie) = &, and pw* - 4. By the construction of »
and w*, one can easily verify that

{1t ¥ = g%, (8, Wy = W).
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If the homeomorphism w* of E admits a fixed point ¢ < E, then it follows
from the uniqueness part of [16.3) that w* must be the identity map on £,
Thiz implies that ¢; = w¥g) = e, and hence we have & = v} = 1. |

Then, the theorem follows immediately if we set sw = w*(2) for avery
e K and we W, |

In particular, if £ i35 a simply connected covering space over a space R,
then the fundamental groap x,(B) operates freeky on E.

Tn the classical theory, the homeomorphisms w* in (16.6) are referzed to as
the covering fransformations [Deckbewegungen) of the regular covering
space I,

17, Construction of covering spaces

A space B s sald to be focally simply comnected if, for every point & e B and
every open nelghborhood 7 oof b in B, there exists an open neighborhood
' Voof bin B such that, for any two points 5, and », in U, every pair of
paths in L joining #, t0 », are homotopic in ¥ with cnd peints held fixed.
bwviously, every locally contractible space 1% locally simpiy connected and
henge sp 12 every sinplicial complex. For our purpose in the present section, a
slightly weaker condition 1s cnough: we can replace the open neighborhiooed
¥ by the space £ itself. In this case, the space K is said to be semt-focally
stmply comnected. (hserve that every locally simply counected space is sormi-
locally simply comnected and so is cvery simply connected space.

Throughout the present section, we assume that Bis 4 given space which is
cotthected, locally pathwise convected, and semi-locally stmply connected.
Let b, be o given point in A,

Theoram 17.1. {The existence theorem). For every subgrous G of e funda-
wmentel growf (B, &), there exist a coveving space K voer 1 relative {o a frojee-
o L E B and a potut oy P2y such that & v exactly the émage of the
trduced Aomomorphisem & g (E a0 m,iB, B}

Proof. Let us consider the space of paths

2= [B; 4, B].

Az in § 10, we denote by #,:13 = F the terminal projection defined by
filo] — a{l) lor each ¢ 2 2, We shall deline a new eqnivalence relation in £2
as follows. Two paths o, ¥ e I2 are sald to be epusvalend modsle G, [in symbols
g~ 7 mod (7], if i) - poiT) and the elenent of 7,(B, b represented by
the loop re3-' i3 in G, Let  denote the quotient space of £2 defined by this
equivalence relation. Then the points of E are cquivalence classes (mod &) of
the paths £2. We chall denote by [#] the class which contains the path o e £,
Define a map p:E->B

by taking £[w] - (e} for every o] € £, The continuity of ¢ follows from
[L; 12.1}). Bifiee B is patbwise connected, it follows that 4 maps E onto B.

We shall comstruct a convenient basis for the open sets of  as follovs, For
4 given e e B and a given open neighborhood U7 of ple) in B, choose a path
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g < ¢ and denote by Mie, L) the subset of E which consisls of the classes each
containing a path of the form 7 I - B such thal () = of28) for every £ =5 1
and Tif) & U for every ¢ 2 4. It is obvious that Mg, 7 does not depend en
the chotce of Lw representative path o from the class e g E. Since B is locally
patliwise connected and semi-locally simply connected, it is stratbitforaard
to prove that Nie, )15 open in £, Then it fallows casily that the collection
18 (e, Ul forall ¢ £ £ and all open neighiborbonds O of $le) in B constitutes
a basis for the open sets of £, An immediate consegaence of this result s
lhat 41 % — H is open,

To prove that E is a covering space over £ relative to $, let us establish
(C5]1]) and {CS7). Since # maps £ onte B, (CS1) is satisfied. To prove (C52),
let & b an arbitranly given point of B. Acoording to our assumption on B,
there exists a pathwize connected open neighborhood U of £ in B soch that,
for any two points ¢, and «, 10 T, every pair of paths in £ joining ¢ to &, are
hotnotopic with end points held Axed. Then it suifices to prove that $-2(80 is
tle disjoint union of the open sets { N(e, T e € 1) } in £ each of which
13 mapped homeomorphically onto IF by £,

For this purpose, we shall first prove that g maps Nie, I7) homeomorphi-
cally onte L7 for sach s im g-1A). By the delnilion of Nz, U7, it 13 obvious
that £ maps Ne, 7] inie 17 Sinee U7 is pathwize connected, there iz a path
.7 - U joining & to . Choose o path o 28 with [F] = ¢ and consider the
path ¢ = o-fl. Clearly [r. = Ne, U and p|v] = w. This proves that f maps
NMie, U) onto U7, Let us assume that ¢, and e, are any two polnts in N{e, I7)
such that #(e)) = Ples). There are two paths ryef2, [+ = 1.2, such ihat
[7:] = &, 18] = ai2d] whenever ¢ =0 1, and v4#) = & whenever £ 2= 4 Since
e = Hleyl, we have 7,017 = 7,(1). Call this common terminal point v e &7,
Denote by £ 1 F - 7 the path defined for each § = 1,3 by

. 1 F
i Eqit) — n(ﬂ' R

Then &; and &, are twe paths in U7 jeining b Lo v, According to the choice of IV,
£, and £, are homotopic in H with end points held fixed. This implies that 1,
and 7y are homotopic with end points held fixed aml hence e, —= ¢, This
proves that p maps Wie, U) in & one-to-one fashion. Since ¢ s both open and
continuouws, we conclnde that p maps Nie, U7} homeomorphically onto T

Mext, we are going 4o prove that the open scts Nie, U1}, e p-UBl, are
disjpint, Assume that Nie,, 73 and N{e,, U7 have a common point x. Choose
pathse; e f2, (¢ — |, 21, wilh {o¢| = . Then there are paths 7, = £2, such that
[t] =2, w(f) = mi2é i ¢ =L}, and (el if ¢ 4 Lot &:JF 17
[f = 1,2}, denote the path defined by (i3 Then & and £, arc two paths in
Lf jming & to f{x). By the chotce of L7 2, and &, are homatopic in B with
end points held lxed. This implies that

Tl'Tﬂ—i -l Uj - E'I - I!;Ellu‘il M ﬂ'l.ﬂiln
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Soce [Ty) = & = [Tg], T, Tyl reprosents an clement of &oand s doss
a,razl. Hence g, = e,. This proves that the opon sets Nie, U7), ee £ (),
are disjoint.

Now, we shall prowe that $-1({') is the wnion of the eoflection | Ne, 10 |
e CpNE) b Sinee p maps Ale, L) into O, &ile, () 15 contained o A-4ER,
Let x e -'(0) be arbitranily given. We have to prove that there is some
ec - such fhat Nie, I7) containg x. For this purpose, choose a path
Tl with (7] = x and let & = ${x) = £{1). Sinee {7 is pathwise connected,
there exisls a path 8 F - U jeining & tow, Ll g = v-9-land & = -8 bet
& — [rr]. Since ol) = #0) = & we have ¢ =9 d). By an easy homotopy,
one can prove that § and ¢ are hamotopic with end points hetd fixed. It
[ollows that x = [¥] = [£]= Nie, 7). Hence, $-4I0 is the unmion of the
collcction { Nie, U7 | e W8 1. This completes the proof of (052

As a continuens image of a pathwise connected space £ F 35 pathowise
connected, This completes the proof that K 15 & covering space cver B
relative to 4.

l.et 582 dennte the degenerate path at b, that is o say, §(f) = b,
Denote ey = 4] & I Then pie} - by and p induces a monomorphism

Py 1, gy —m LA Gy

Il remains to prove that the mage of p, is exactly the given subgroup fr
of i, Byl

For this purpese, let us first prove an assertion as follows, Let o2 f - B
be any path with oi0 — By, According to (13.1], ¢ has a unique covering
path g% : 7 = F with o®{} — r,. We assert that, for each (e 7, o¥(i) 15 the
class which contains the path gp: F o B odeftned by mls) = olsf) for each
5=, Thes [llows immediately Jrom the {act that the awsignment ¢ - o,
delines apathrd — L aceording to (.10 and that & is o quotient space of L3

Now, let us prove that the image of £, 1s exactly . Lel o be any clement
in oz (E, g). Choose a representative loop ¥ F = K {or ¢, then the loop
@ = Ha* represents the element A 0% of 7, (E, k). According to the foregoing
ASSertion, we have [5] = a*(1) = & = [4.

This implies that ffz) . 0. Conversely, let 7 be any element of &, Choose a
representative loop o 0§« 8 for 4. By (17310, o has a unique covering path
o 14 o B owith ¢*(0) ;. Accerding te the lereroing assertion, we have
a*(1]  [#]. Since ¢ represents # € 67, this implics that e*{1) = &, Hence 7%
represenits an clement g of w {5, ¢). This implics that § — ffa). Ulos, we
hawve proved that (7 is exactly the image of py,. |

In particular, if 7 is the trivial subgroup of =, (&, &) consisting of the
neutral element 1 of (B, &5, then E is a simply connecled covering space
over B, According to [16.4) this implies that £ is a universal covering space
over B, iy (13.9] it Jollows that every nniversil covering space of B 1s simply
connected. Finally, by (6.3 we conclude thal every pair of universal
covering spaces over M oare eguivalent, Hence, E i3 cssentially the only
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umiversal covering space over B. Hereafter, £ will be referred to as ik
wirveryal coverimg space of B.

Cotmbiming (16.5) and (17.1), we obtain the following classification of
covering spaces.

Theorem 17.3. (The classification theoremn). For amy commected, locally
pathipise connected, and semi-locally stmply comsected space B, the equivalence
classes of the coversng spaces over B are wn @ one-fo-one corvespondence with
the confugale classes of subgrowds of the fundamentad group =, H).

The icllowing simple exatnides are given to ilhistrate the preceding resalts,

[#] Cavering spaces of 5, The real ling R is the universal covering spacc
over 5% relative to the exponential map ¢ : B - 52 Since 7,(5%) is abelian,
1t follows that every covering space over 5% is regular. Since m,(51) is free
cyclie, the non-trivial subgroups of 7,(5%) are the free cyolic subgroups
(o §2 = 1, 2,- - -], where & is of index = inm,{51), The covering space which
cortesponds to (rp 15 57 itself relative to the projection px 1 5! — & defined
by #alz) = 27 for each y & 51 These are essentially all the coveriug spaces
over 5% This example reveals the fact that homeomorphic covering spaces
over the same base spuce are not necessarily equivalent.

(#] Covering spaces of ™ and 7 with % = 1. Since S% is simply connected,
eVery COVEring spact over 5® 1s equivalent to the trivial covering space by
which we mean the covering space 5% over it=elf relative to the identity map.
On the other hand, 5# is the universal covering space over Pn relative to
the natural projection f :5% — Pr. Since the fibers of this covering space
are the paws of antipadal points in 5», it follows from (15.4) Uhat =,{P#) is
the cyelic gronp of order 2. Hence, by (17.2}, the universal covering space
iz essentiully the only non-trivial covering spuce over s,

(28] Covering spaces of closed surfaces. Let 3 denote a closed surface
other than 5% and P Then, by (II; Ex. A), s, (M} is an infinite group. It
follows from {15.4) that the universal covering space E of M is not compact.
Hence, £ 15 a simply connecled infinite 2-manifold, In fact, it is a classical
theorem that £ iz homeomorphic to the cuclidean 2-space, ¥, p. 153].

As an application of the preceding results, we have the following

Theorem 17.3. Assweme that X 15 g connected Binmpulable space and F is the
universal covering space over B velative fo p L E = B. Then, for gy z,e X,
by & B and g, e p b)), the assigument ¢ = | = g sets sp o onedo-nne corse-
spondence between [The homolopy clasees of he maps g1 (X, x,) = (¥, &) and
thote of the maps 1 (X, xg) — (B, b)) with §, sending (X, z,) Tnfv fhe neutval
elesmend of m (5, by,

Preaf. Tt us use the ususl notation ¢, =0 to denote e fact that §,
sendsm, (X, %) into the nentral element af =,(&, b,).

Ii f = pg for some g (X, 2] = (F, e,), obvionsly we have f, = p.g,. = {0
Hence, the assignment g+ f = f¢ defines a function ¢ of the homolopy
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classes of the maps g: (X, x;} = {E, &) into those of the map f: (X, x,) —»
(B, &) with f, - Q.

Tet f: (X, %) »(B L) be a map with f, - 0. According to {16.2) there
exisls a nnigque map g (X, 550 + (F, 8,) snch that 4¢ = f. Hence ¢ is onto,

Let g,g":{X, 550 = (F, 8] be any two maps sach that pp =~ 2" »d =,
Then there existz a hometopy fi: (X, xy) = (B, &), 0 < ¢ = 1, such that
fo = PF and f; = pp’. According to (gv) of (3.1}, there exists a homstopy
g X ag) = (0, e, O < =1, such that g, =g and pg = iy for cvery
ted. Since gyiv) = & = glxy) and pg, = f, = $g°, it follows from the
unigueness part of {16.2) that g, = g'. Hence g == ¢’ »ef 1, This proves that
¢ is one-tg-one, |

In particular, it A4 is simply connected, then the assignment ¢ = §f = e
sefs up o ong-to-one correspondence between the homotopy classes of the
maps g (X, g} o (K &) amd those of the maps fo (X, 2} - (B, b). For
example, let B - P2 E = 5% ang let 4 :5% + P2 denote the putural pro-
jection. If X is either 5% or 5%, then it foilows that the homotepy classes of
the maps f: (X, 2,0 = (B, b,) are in a one-to-nne cortespondence with the
set £ of all integers,

Note. 1n [17.3), the condition that X is triangulable can be replaced by
the weaker condition that X is locally conmected. In fact, in the proof of
(17.3}, one may use Ex. I instead of [3.1).

EXERCISES
A. Sliced fiber spaces

Let . & — B be a given map. By a slictng sirnciurve for $, we mean a
collection .S = { w, gy } of the following entitics:

(1) asystemoee = { U} of open sets of B which covers B, called the slieing
uetghberhosds,

(2) a system of maps { ¢y | U 2w } indexed by the slicing neighborhoods,
callerl the siieing functions, where each ¢y, is defined on the subspace
U x #10) of the product space B x E with images in E in such a way
that the following twe conditions are satished:

(5F1] poulb,x) =8, (be U, xep-2 (L)

(SFZ] gulpiz), x] - = (xepH{U)).
If a slicing structure 5 - { e, ¢y } for  exists, we say that p : £ - B has the
sitcing siructnre property {abbreviated S5P,

We shall use ibe ablreviation Para CHP to stand for the covering
homotopy property for all paracompact Hausdor spaces. Prove the
following implications, ;Hu 8; ITuehsch 17:

LY = 558 = Para CHF
Hence, § . I + B 1s a fibering if it has the 55P. In this case, E is called a

shced pber space over B relative to A, and in particular, every tundle space
15 a4 shiced fibor space.
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Let E Lo a slieed fiber space owver ff relative to 7 E —+ B, Prove the
following asscriions:

1. The projection #; £ - B (s open, that 15 to 50y, it maps open zets onto
open seds,

2 If two points @ and A of A can be conneeted by a path e B, then the
fbers L) uel $-15) are homotopteally equivalent,

d. & 15 a bundle space over M relative to ¢ iff the following two conditions
are zatisticd, [Griffin 1}: '

(GCL) There exists a space I3 which 15 homeomorphic with every Ober
p-1by, e B.

(G For cach point b e B, there exist a slicing neighborhood U7 which
contains & and a slicing function ¢q @ U7 x #4170 - & such thal, for every
pair of points # and @ in I, we always have

":Jl!:'l-"l-ur ‘.]-r"'l-"[.["r Rﬁ]] = X, [:‘: = 'j":’ 'L{H":'}‘

+. If £ and B are metrizable then ¢ 0 & - B has the ACHP and hence the
PLE, [Cartis 17,

soowe assurte that £ and B arve spaces such that B x F s a paracompact
Iamsdorff space and B iz an ANR, Let §; E — B be a given map. Prove that
I is a gliced fiber space over K relative to 2 iff, foranymapg: X - Eof a
paracemgaact 1hmsdorfl space X intoe £ and any homotopy fr: X - B,
[0 = ¢ =0 1), of the map f. py, there exists a homotopy g X - F,
(0 =2 e 1), of g which covers fy and is stationary with f,, [Fox 27, For the
definition of the stationary peoperly, =ee |5 p. 507,

A sliced fiber space £ over & relative to § s said to have a wuified slicing
funciion If there exists a slicing structure § = { @, -;;!:L. y fur A K - 1 sach
that, for any two slicing neighborhoods 7 .11::_’[ F in e, we always have
$r =Py on the intersection of U x g-1(L7 and ¥ x p—'[VV). Far such a
sheing stracture $, we may dﬂiII'I.E a wnsficd slicsne funciion ¢ on the union B
ol the subspaces {5 x p-UHIL0 for all few by taking ¢ = ¢y on cach
O o4 TN The fiber spaces defined by Hurewicz and Steenrod [} oamd
Fox [2] ure those with unified slicing functions. Prove that every metrizable
sliced Aber space over an ANR has a nnified slicing fonction, [H: p. 1707].

B. Local path lifting property

Atmap 0 & - Hissaid to have the local path lfting priherty (abbreviated
LPLF] if, fur each b & B, there exists an open neighbortwod I7 of & in B such

ihat the ms
ST gowaw woopm), g W

has the PLT, Prove

l. B8P = LLIPLP = Paru CHP,

210 £ iy o paracompact Haesdoeff space, then LPLP implies PLP,
| Hurewicz 27.
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C. Relations between various notions of fiber space

Let us cangider a given map j: £ + A having one of the following pro-
periies

PCHF  CHP for polvhedra, [§23,

Para CHF = CHP for paracompact Hansdorff spaces, (Ex. Al,

ACITP = CHP for arbitrary spaces, {§ 9,

FLF -- path Lifting property, {§ 127,

LEPLE = local path lifting property, (Ex. B),

55F = slicing structure property, (Ex. A),

EP = bundle property, (§ 1),
where the abbreviation CHP stands for the covering hmnolopy property,
[§ 2}, The firzt four properiies are of global nature while 11w luse three are
apparcntly lacal properties. :

A number of implications amotg these properties are known and can be
summarized by the following diugram

BP| pura} = 55P{ para } = LTLP{ para } = PLP - ACHP
o J | It

EP ————~ SCP - — LP';__.-P — -+ Para CHP

|
PCHP

wliere the attached symbol [ para } ineans that the base space B is assumed
to be a paracompact Hansdorff space. Cheek if all of these implications have
been established inthe text and in the preceding two exearcises,

D. Homogeneous spaces

Let £ bea toprlogical proup anid tet ¥ be a closed subgroup of E. Define an
equivalence relation in £ as follows: two elements 2, b of E are said to equi-
valenl iff there is an element f o F osach that af = 5. Thus the clements of &
are divided into disjoint equivalence classes called the lgft coseds of F in E.
The left coset containing g € £ is obvionsly the closed set ek of £ According
to {1, § 12}, we obtain a quotient space &5 — K7 whose elements are left
cosets of IMin E and anatural projection p @ E — B which maps @ ¢ £ onto the
left coset af c B B = EjF is called the grottent space of E by F it will he
called simply o Aosngereois space, Trove the following asscertions:

1. B = F/I is a Hausderf space.

2. The natural propection $ 15 an open map.

3. £ operates transilively on £ under the homeomorphisms ¢ . B + B e E,
defined by gby . plep b, (e B

4, I is a bundle space over B relative to ¢ iff there 1s & docel cross-section of
B i I Dy this we mean a cross-section x 0 F — £ defined on an open neigh-
bothoosd ¥ of the point 8, — F in B.

3. If £ s a Liv group, then a local eross-section of Bin E oxisis and lienee
Koz a bundle space over B relative to g, {Che: po 1107
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E. Spheres as homogeneoys spaces

Let {J denote one of the three fields of real numbers, complex numbers, or
quaternions, Consider the right vector space % whose elements are ordered
sets ¥ =[x, , 2p) of 2 elements of & The tnser product xy of x and v [n on
is defined by Y = E ¥ 4 0 Xnd

where ¥y denotes the conjugate of 2 The topological proup Gn of all linear
transformations in g which presetve the inner product is calied the ardkogonad,
snitary Or symplectie prowp according as the sealars are real, complex or
quaterniaonic, 1t is a campact Lie group. Let § denote the wnit sphere in Oy ;
then 5 13 the sphere of dimension » — 1, 25— 1 or 4n ~=~ ] according as the
scalars are teal, complex or quaternionic, Prove the following assertions;

I. G operates transitively on 5,

2, Gy 15 u bundle space over 5 relative to the projection ¢ ; 7y + 5 defined
by £f] = {2y for every fe Gy, where x; = {1,0,---, 0 5.

3. Let (xz_, denote the subgroup of 6, leaving %, fixed. Then the fibers
-tz are the left cosels of Ga_y in &y and henee 5 can be considered as the
homeogeneous space (/7o

F. Fiberings of spheres aver projective spaces

Consider the non-zero clements of the vector space ¢f in the preceding
exercise, Define an cquivalence relation in X .. Q=™ 0 as follows: for any two
elements x and ¥ in X, x ~ y ift there is a g in {J such that x7 = v, According
te I, § 12), we obtain a quotient space M called the frofective space associatad
with (7 and a natwral projection = X - M. Let 5 denote the unit sphere in
" and p =m | 5. Prove the following assertinns:

1, & is a bundle space over M relative to .

2. The fibers $-UH), & e M, ate great sphores of dimensaon 0, 1 or 3 accor-
ding as Lhe scalars € are real, complex or quaternionic.

3. The group Gp operates transifively on M in some natural way; und
hence M can be identiied with the quotient space of &y, by its subgroup of the
elements leaving a given point of M flxed.

5. Stiefel manifolds

A f-drame, ¥, in B* 15 an ordered set of & linearly independent vectors. Let
la, & denote the set of all A-frames in B®. Let [, denote the full linear group,
and let Ly x be the subgroup of L, leaving fixed each vector of a given frame
0,5, Then we may identify Viuik = Lnf Lpi

and hence F'y ¢ becomnes a homogeneous space called the Siefel manifold of
A-frames i w-space. Let Vo p denote the subspace of F'p, ¢ consisting of the
prihoponel B-frames. Prove the following assertions:

1.The orthogenal group n operates transitively an Fg g If O p is
represented as the subgroup of 0y leaving Hxed a given orthogonal k-frame
wy¥, then one may weatily  y . — o, { Oy
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2.1t & =7 &, the rotation group &y operates transitively on Fy, g and henee
ane may identify Fa.p = Ra! By.p, &< #

3. Ve may be interpreted as the space of all orthogonal 1% — 1)-frames
Langent to 531 In particotar, Ve, , = $#-1and ¥y, , is the space of all unit
tangent vectors gn S

4. ¥, i can be identified with the space of all nrthoponal maps 3% -Linto S0,

3. Let wy® be a fixed ovthogonal #-frame in f® and let o denote the fivst &
vectors of wg®, Let Op g be the subgroup of Oy leaving v fixed. Then we oblain
a chain of Sticgel manifolds and projections

On =Vra=Vaa1 = > Fa g+ Vg =51

Eacl projectum or any compestlion of them is o bundbe map, that 15 #o say,
the projection of a bundle space ever its base space.

M. Grassmann manifalds

Jet My x denote the set of all A-dimensional Inear subspaces {k-planes
through the origin) of K. The orthogonal group (4, operates transitively on
Ma p It B¥ i3 a fived E-plane through the origin and R»-* its arthogonal
complement, the subgrowp of O, mapping &% onto itself splits up into the
direct product {4 w Oy r of two orthogonal subgrovps the first of which
leaves R®-% pointwise fxed and the secnnd leaves K% pointwise fixed. Hence
we Fnay iefestify Mok = Oa [ 0% % Oug).

Thus My & becomes a homogencods space called the Grasomann mantfold of
E-pianes in n-space. Prove the following assertions:

[. The natural projection Oy — M, 5 maps the retation group A, onto
Ma e Let Ry and Ru_x denote the rotation smbgroups of Oy, 04 - Define

xﬁn..r- = Ry [{Rex = Ry gl

Then ;ﬂ",hg 15 called the mamifold of orsenmied b-flanes in w-sbace. Elzfﬂ,g Isa
rovering space over My g relative to the natural projection with O-spheres as
hbers,
2. Va,k 15 a bundle space over My, p relative to the natural projection
indnced by the inclusion Op_g= O x On_x. Thefibers are homeomorphic to O,
3. 1< &, Vapisabundlespacc over }ﬁﬂ_‘k with fibers homeomorphic to K,
4. The correspondence betwesn any &-plane and its orthogomal (n — &)
plane sets up a homeomorphism My g« My 55
5 Mg, is eszentially the (n — 1)- dimensional real projective space Pr !t

and :ﬂfﬂ,t , the (s — Licsphere 571

I. Elementary properties of mapping sparces

Let £2 denote the mapping space Y'Y with the compact-open topology,
Frove the following assertions:

LLIT ¥ isa &, F)-, Ty, orregular space, then so is 02, Conversely, f 2 1s g
To- Ty, Ty, or vreguiar space, theo snis ¥,
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2. If X 15 alocally compact Havsdortf space and if X, ¥ are both separable
(being separable means having a countahle basis), thon so is £2. On the other
hand, if £2 1= separable, Lthen so is Y.

3. Assnme that & is a compact metnizable space and ¥ is a metrizable
space. Then £ is an AMR iff ¥ i3 such; stmilarly, £2 1% an AR i ¥ is such.

J- Admissible topologies

A preat variety of topologies may he introduced into the set £ .. ¥X
making it a spare. We shall denote by £ the space ohitained by topologizing
£ with a topology . A topology v of & is sald to be admdssille i 1w evahea-

tion milh X~V

15 a map, Thus, by (9.1}, the compact-open fopology of 12 is admissible
provided that X is a locally compact regular space. Prove the {(ollowing
assertions, [Arens |-

1. Any adnrizsible {opology of £ contains every open set in the compact-
open topology of £,

2. 01 A s 2 completely regular space ad ¥ 08 a I space containing a
nondegenerate path, then a necessary and sufficlent condition for the com-
pact open topotogy to he admissible s the local compactness of X

K. The topelagy of uniform convergence

Let ¥ be ametrizable spaee and let & be a given bounded wetric conststend
with the topotogy of ¥, Thers 15 a natural metric @ delined on £ = ¥4 by
W gl supmox @|fi), gix) ]
for each pair of map f, g2 £ The metric d* determmimes a fopology of £2 called
the d*-tepolsgy, or the dnpology of wetform convergence with rexpect i d. Prove

the Jollowing assertions:

1. The d¥*-topology of L2 13 admissible

2. It A 15 compact, then the compact-open topology of £ coincides with
the d*-topology induced by uny given hounded metric & on ¥, The word
"bBounded™ In thiz assertlon might have been omitted.

3, If X is a completely regular Hamnsdoe s and Yo metrizable space
containing A nondegenerate pall, then a necessary and sufficient condition
for the compact-open topalogy of 2 to colneides with the @*-topology induced
by @ given bounded metric § on ¥ is the compaciness of X | Jucksen B,

4. The d* topology of £ depends not only on the topologies of X and ¥
but also on the melric & chosen for ¥, Construct a few examples,

l.. Maps on topalogical products
Consider three given spaces T, X, Y and the mapping spaces:
) ‘li_,f.k"tj. _ Y TJ W v

In §9 we have defined the associalion 9:¢ =¥ Prove the following
asserlions:
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. If both X and T satisfy the firet countability axiom, then # sends
& onto W, [Fox 3]

2, Tf X and T arc Havsdor[{ spaces satisfying the Arst countability axiom,
then § is 2 homeomerphism of @ onto % and hence the exponential law
hidds 1n this case. yAAT _ (yagr

M. Borsulk's fibering theorem

Let X be a compact metrizable space, 4 a closed subspace of X, and ¥
a compact ANEK. Consider the mapping space F = ¥ and the subspace B
of the mapping space ¥4 consisting of the maps g: 4 - ¥ which can he
extended over X, Prove that £ is a sliced fiber space over B relative to the
natnral projection #: E » B defined by i) =} | A for every fe E. By
Exercises C and I, show that this [bering has 2 unified shicing function.
[H; p. 173

M. Change of the boundary sets

There are changes of the houndary sets A und B without changing the
homaotopy type of the space "X A, B] of paths. Becanse of symmetry, we
may study only the changes of the terminal set B

Lol By and By be two subspaces of X, A deformation of By dafa B, in X 15
a homotopy &t B, — &, (b < & < 1), such that Ay is the inclusion map anil
BBy By Such a deformation & indeces a map AHF: (X 4, 8]~
[X: A, By described as follows: for each fe[X A, Bl g = Attf) is

given by o{t) = f Jiﬂl:i'.!f:llI W oel )=l b,
T DAy f{ (=t

B, issaid to be a deformation homeomorfh of Bofn Xl Lhere exists a homo-
topy ket By » X, {0 <2 ¢ < 1), such that A, iz the inclazion map and &, is g
hoemeomorphism of £, onto £,

Prove (hat the spaces [X; A4, By: and [X; 4, B,, are hemotopically
equivalent if B, b5 either a strong deformation retract of B, or a deformation
homeomaorph of &, Consequently, if X is pathwise connected, then the
homotopy type ol the space |X; 2 &) 15 independent of the choice of the
points 7 and & In particular, the spages 1X; g, &7, A, and Az are homo-
topically equivalent,

0. The space of curves

In our definition of the space of paths, the domain [ is the same for all
paths. In his studies on Pookrjagin products, f. O Moore, has found that
il 15 more convenient to allow different demains for different paths. To avoid
possible ambiguity, these will be called curves,

Precisely, let ¥ be a given space. Then, a curve in Y conalsls of a real
number @ 2= 0 and a map f of the closed interval {0, 2| o ¥, The points
F10) and f{a) are called the smitial point and the ferminal point of [ respec-
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tively. A curve §: [}, ] - Y 15 zaid to he clased if f{t — Flal; o this case,
fii) 1s cailed the dasic foint of the closed curve f.

Now, let I idenote the set of all corvesin ¥, T'o topotagize I, et us consider
the subspace § of the real line & consisting of the real numbers g = O and
the space 2 . ¥4 of all paths in ¥. Define a function ¢: 7= J = 2 by
taking alf) = (a, o) for every curve f 0L g — ¥, where a0 F — ¥ 15 the
path given by apft) — f(a#) for each d£ 1. This fanction ¢ camies [ onto a
subspace M of J = 2 in 8 one-to-one foshion. We topologize I in such a
way that ¢ becomes a homeomorphism. Prove thal (7 x 21 &(F iv the
subspuce O x [£25 #Y)] whers §: Y -£2 denotes the nalural injection
Y fuf R0,

Siee I — [}, 1], every path in ¥ 15 also a curve in ¥, The topology of 17
defined above permits us to consider £2 as a subspace of I Construct a
homotopy At f' =17 (0 <5 f < 11, such that the following conditions are
satisflied:

(¢} Ry iz the tdentity map on I

(#) %, 13 a retraction of I onto Q.

[448) y(f] = floreveryfcsZand £ /.

'40) For evory f 2 F, the initial point and the terminal peint of the curve
Ralf) are the same as those of f for each FE 1,

i [0,a]+¥andg: 0,8 ~Y are two curves in ¥ such that fla} .
2[00}, then we may define 4 product f-2: [0 & + B+ ¥ by taking

o (f GE0 5t < a),
L#-8. 1 _{g{a‘—a{l. (fa it <as b

This multiplication [f, g = f-r of curves is comtinuons and associative
whenever 1f 12 defined,

Now, let ¢ be a given point in ¥ and let 8y denote the subspace of I
consisting of the closed curves with v as the hasic point. Then the homotopy
s shows that the space of loops /A, is a deformation retract of @, On the
other hand, the multiplication (f, g) - » - g is defined for every pair f, g€ &y
with the trivial corve 2 (0, 0] -+ as a two-sided unit. Hence, if ¥ 15 a
Hausdorff space, then 1, 15 a sef with & as 2 two-sided untt in the sense of
Wallace {1].

P. Generalized covering spaces

A space £ is called o gemeralized covering sface over a space B relative to
a map f o F-» B the following conditions are satished:

(051 p maps E onto B

[GCS2) For euch b= B, lhere ¢xizts an open neighborhood U5 of & in B
such that #-Y17) can be represented as a disjoint wnion of apen sets m K
each of wlivh 15 tnapped homeomorphically onto L7 by 4.

Prove thal every Lundle space E over B relative to p: E .« B with
discrete fibers is a generalized covering space over H relative to $.
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Iet E be a generalized covering space over B relative to p: K - B Prove
the following assertions:

1, E is a sliced fiber space over B relative to ¢ with discrete fibers,

2, If B i5 connected, then K i3 a2 bundle space over B relative fo $ with
discrete fibers.

3. If F iz conmected and B is locally connected, then E Is a covering
space over A relative 1o #,

£ Letg: X +» ¥Ybeagivenmapofaspace X inteaspace ¥, g A - E
1 a map and fz: ¥ = B, [0 =Zf < |}, & homotopy with fg  fg2, then
there exists & unique homotopy g X —F, (0 = ¢ 0 1), of 2 such that
fig = g for cvery £ and that g is stationary with f. In particolar,
#2  — B has the ACHI. This assertion is also tmae for sliced fiber spaces with
totally pathwize disconnected fibers, [Grifin 1]

Q. Local homeomorphisms

A map 9. E -+ B of o space E anto z space B is called a local komen
worphicm of K onto B if every pomt x of E has an open neighborhood which
1% rapped homeomorphically by 4 onto an open neighborhood of pix) in B.

Prove that, if ¢ : E = B is a local homeomorphism of a regular Hausdortf
space E onto a space B cuch that p-1(b s finite for every A= M, then I iz a
rencralized covering space over B relative ta 4.

R. The covering spaces of the torus

As an excreise to determine all equivalence classes of the covering spaces
over 4 given space B, let us study to case where & is the torus 51 0 5L

According to {11; LEx. A), the [undamental group () is & free abelian
group with twe free generators @ and & Among the subgroups of 57, {E) there
15 @ doobly indexed system

(g, (W0, =0, 2}
where (g, 5 15 the subgronp generated by am and i Hence, {5y, = 0 and
. = mul 8.

Prove the following assertions:

1, Every covering space over B is repular,

2, Comresponding to (7o 6, we have the universal covering space £ — K —
B Rover B - 5% % 5t relative to the projection e, 0 £ = B defined by
pouiz, vl . (P ), where $ R =51 denotes the exponential map of
(1, §2].

3. Corrasponding b0 (g, g, 5w = {}, we have the covering spave K = R x 51
over B 51w 51 relative to the projection #y . :F = B defined by
Po,nix, z) = ipx, ) for cach xe K and 757 bimilarly, we may get the
COVEring space corresponding to G e, #e = 1.

4, Corresponding 1o Guow w0 w2 0 we have the covenng space
E =583 8 gver B =% x % relative to the projection peyg a:E » DB
defined by fogw [8,%) - fu®® 2®) lor each (x, v) = E.
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5. Maps of the torus into the projective plane

Comsder the foras T oand the projeclive plane P Pk arbitrary hasic
points i< T and $, =7, and study the mapsf (T, &) — (£, #,)-
The fundamental group &,{T, 4, 15 a free abelan gronp with two Jree

senerators @ and b, while o, (P Ay s oo gronp of order 2 generated by o
encs, there ane fonr possible bomomeorphisms

e (T, dg! =0, Pyl
with we, # running over 0 and I, defined by
By - B, A qld) = w1,

By considering T as the wmt square with the opposite skles 1dentihed,
construcd {or vacl [m, %) & map

foroo 2 (T Byl -+ (D, fy)
such that {fm nle = fm, . Hence, the homotopy classes of the maps
o0, 8 = (P A are divided inie four disjoanl collections G w such that
,?I'E !::-m.n. i J'r.u = '&?'-'-',11!-
Mext, prove that, for each {s, »}, the homatopy classes in the collection
Cw.n AT¢ in a pne-tn-one correspondence with the homotopy classes of the
mans (5% 50 = [F, 400 andd hence with the integers.

T. Maps of a surface into a surface

Let X and Y be any two closed surface: odlwr than the sphere and the proe-
jeciive plane, 3tudy the classificalion problem of (e maps 1A - ¥ az follows,
Fick arhtutrary basic points 5, € X and v, € Y. Two homomaorphisms

a kA, g em (Y, )

are sdid 1o be pgwdealend (notatlon @k o= ) 1f there exist: an element
b Y, ¥ such that T

holds for every a2 (X, x). Thus the homomoerphisms & imfX, x) =
Tyt Y, b are divided intn disjoint equivalence classes. Let © denote the set
of these equivalengre classes

Prowve thal {he homotopy classes of the maps 7 X — ¥ are 1o one-Li-
ene correspondence with the equivalence classes € by establishing the
following assertions:

I Every map [ X =¥ s hwmolopie Lo a map g X~ Y such Lhat
Ei¥el = g

2. For any two maps f, 2 X = Y satisfving fix)] v = gixgt, f=p
implies £, o=z,

4. For any k=00, there existe a map £ X - Y quel that f(x) ==y, and f, =4,

4. 010 X = ¥ is a map with fixr) = v, and A is equivalent to f,.
then fhere exists a map ¢: X -+ Y soch that oix) = v, F=jfand 7, A

SoIF L g X - ¥ oare two maps such that [z} = v, = gz and /1, g,
then f = g,



CHAFTER iV
HOMOTOPY GROUPS

1. Introduction

‘The basic problem which ted to the discovery of “homotopy groups' was
to classify homotopically the maps of an nsphere 5% into a given spuee X
In the rase » = 1, this was facilitated by pinning down a base point to
eain a group steacture as in {IT: § 4). The same trick was found to work
in higher dimensions; in fact, if we pinch the equator of 5% to a point, we
ohiain iwa #-spheres with one point in commoen. If ® = 1, there is a rotation
of 5% which gives a homotopy interchanging Uhe two hemispheres, This
implies the striking featore that the group is abelian.

The relation between homotopy and homelogy groups amd the existence
of relative homology groups He{X, A) led quickly to the relative homotapy
groups TalX, 4, x5, glving a system highly analogons to homalogy thoory,
But i differs m several ways: my( X, x,) and z,(X, 4, ) arc not ordinarily
groups; my (X, &) andsz,{X, 4, z,) are ool wsaally abelian; and the excision
property for homology does not held for homotopy,

A wvery important fact in the minds of those involved in the developrnent
of the theory was the resnlt of Hopf in 1930 that s, S® is infinite, This showred
that the gronps express some very deep topological properties of spaces,
A stcontl impartant fact i 4l the definition of 71, 1s net effectively com-
pulabie; aned there was no deflnition available which led tnmediately te
effective computations as in the ease of homology grovps of complexes,
successful caleulations in special cases came slowly. 1t 35 only recently that
methods have been found which apply fu a reasonably broad variety of
cases, These are the subject of much current reseacch.

The ohjectives of the present chapter are ta define the groups and relaled
Dowomoerphising, to cstablish their main general properties, and to show
that certain of these propertics are claracteristic,

1. Absolute homotopy groups

Let (&, &) be a given pair consisting of a space X and a point x, in X. Lot
iyl X, xg) denole the set of all path-components of X, The path-componsnt
ol X which contains x, will be called the stentral alestent of =, (X, x5} and will
be dennted by 0. Asin (IT; § 4), we shall dlenote by x (X, x,) the fundainental
group of X af .

For each integer » == 1, the definition of the u-th {absolute) domotopy

1}
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group e[ X, x,) is strictly analogous to that of the fundamental group. We
replace the unil imterval I by the n-sube I*, Le. the {opological prodoct of
# copies of 1

Every point £ e 7% is represented by » real numbers £ = (8, - &b b 1,
(i = 1,2,---, #), called the cogrdfnates of £, The number # is called the {-th
coordinate of £, An (» — Li-face of I® is obtained by setting some coordinate
£ tobe 0 or 1, The muion of the (s — 1)-faces lorms the boundary 4I0 of )
it is topologically equivalent to the unit {n — 1j-sphere S5-4

Comsider the set Fr = Fe( X, x) of all maps

Foiim @) o (X, %),

These maps are divided into homotopy classes {relative to 877). We shall
denate by m.l{X, x,) the totality of these homotopy classes, We shall also
denote by “#] the class which contains the mayp f and by ¢ the class which
contains the unigue constant map dy{f) = x. Topologize F7 by means of
the compact-open topelogy as in {111; §9); then me(X, xp) becomes the set
of all path-pomponents of the space I's,

We may define an addftion (nsaally non-commmtative) in F# as follows.
For atiy two maps §, g in F#, their ssem f + g 1s the map defined by

2ty ), 0 < E =t
[f+gj{ﬂ— gl:.Etl_]rﬁE:i*':ﬂJ: if%&;!]d;].

for every poinit ¢ —= (¢,,- -+, &) in I Obviously, / 4 gis in F&
The homotopy class [f + g] clearly depends only on the classes [#] and
[g]. Hence we may define an addition inze, (X, %)) by taking

if] + [g] = [f + &l
Just as in (i1; § 4 lor the fundamental group, one can easily verify that
thiz addition makes me(X, x,) a group which will be called the stk homotopy
gronp of X at xz, The class O is the group-theoretic neutral element of
Al X, x,), und the inverse element of [f] is the class [f6], where 0 I® ~ 7
denotes the muyp defined by

) E{E} = i_l_r’]_r'tz.l“'_rfﬂ}

for cvery £ = (8, fo,7" 1, #p) i JB,

If the boundary 17 of I is identified to a point, we get a quotient space
which is topologically equivalent to an #-sphere $# with a given basic point
5y £ 5%, 1t follows that one might equally well define an clement of 2, (X, x;)
as a homotopy class (relative to s) of themaps /1 (8%, 5] — {X, xp). Since the
two halves of 77, defined by the conditions ¢, < § and £ = # respectively,
cotrespond to two hemispheres of 59, one can clearly see how to define the
group operation of m, (X, ;) rom this point of view. For details, see [Hu 4],
Since, when # = 1, there exists a rotation of 5% which leaves s, fixed and
interchanges the two hemispheres, this definition suggests the following
striking property of /el X, %,) which however will be proved Ina different way.
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Propositlon 2.4, For every 5 > |, gl X, 25} {5 an abelian group,

Proof. As in ({1 § 11), one can prove that =1 js an H -space with the
constant map 4, € /71 as a two-sided homotopy unit. Hence, by (II11;
9.9, we have
we have A-"J"“ — IJ"‘_I::I — [XI"'_IJI‘

Then one can casily see that me{X, x,) and #z,(F=-1, dyb are essentially the
same grour. Hencemu{X, x,) is abelizn, |
In the preceding proof, we have incidentally obtained an interesting result:

anlX, xo} =, (Fo1, 4.

Hence every homatopy group of a space can be cxpressed as the fundamental
group of sume other spuce. This relation can be used to define higher homo-
topy groups in terms of fundamental gronps; indeed, Hurewicz used this
definiticn when he introduced these groups in 1935,

Cne can say more: let # be any positive integer less than s and lst
g = #—p By (III: 9.9, we have

LA e LS L [ ;ffi’}m_
By means of this relation, it is easy to deduce the following resalt:
nl X, o) w2 Tl &P, dy}, P+ g=mn,

where d, denotes the constant map dy(7#) = #,. In particular, when ¢ = 1,
F# becomes the space W of loops in X with basic point x, and &, the de-
generate loop at 2. Thues we have proved the following proposition which
will be used in the sequel.

Proposition 2.2, (X, 2} — my (W, d)).

Finally, the following propesition is an immediate consequence of the fact
that % is pathwise connected,

Fropositlon 2.3. If X, denoter the path-component of X eontatning v, tHhen
JT-;.-;[X“, .'1-'[,.:| ="Eﬂ|:x1 .-‘-Ifn}] H - ﬂ.

Examples, 1{ X is a contractible space, ithenmy( X, x,) = 0 for EVEIV # = 0.
Next, by (I1: 7.1% we have

a5, By == 0, (5 1) a2,
mglS, 1) =0, w1,
U the other band, by mcans of {I1; § 8), one can prove that
Tem(S®, 550 =0, {ifm < n),
Tal 5%, 5) A2 £,
Finally, by (IIT; 6.3}, we deduee the result
gl 5%, 50 s 2,
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3. Relative homotopy groups

The abjective of the present section is to generalize the notion of homo-
topy groups in §2 by defining the relative homotopy groaps aa(X, 4, xy).

By a frzplef (X, A, x,), we medn a space X, 1 n0NvicI0ws subspace 4 of X,
and a point x, in 4, I x, is the only point of A, then the triplet (X, 4, %)
will be simply denoted by (X, ! and muy be considered as a par con-
sisting of a space X and 3 point x5 in X,

Let w = 0wl deiine the w-th relaiive homaolopy seimul X, A,z as follows.

Congider again the s-cube I%, The iwitéed (n — 1)-face of I# defined by
ty = 0 will be identificd with f=-} hereafrer. The union of all remaining
[# - 1)-faces of I is denoted by o=, Then we have

g — fa-t an 1 pie-1 = fa-1 Iﬂ—l-

Toy a map §: (I#, /27, 20 = (X, A4, %), we mean a continuows function
from I lo X which carries fo-1 into 4 and Ja-T into x, In particolar, it
setide A% into 4 and 8751 into z,. We denole by F8 = {7 X A, 1) the set
of all such magps, These maps are divided inlo Aometopy cdasses (relative to
the system { Fa-1 4; 21 ¢ 10 We shall denote by me(X, A, %) the
totality of these hotnotopy classes, We shall also denote by [/ the class
whicl contains the map f and by O the elass which contains the constant
map &, % - x, Topologize f* by means of the compact-open topology ;
then m,{X, A, x,} becomes the set of ull path-components of the space Fe,

If #» = 1, we may define an addition {usually non-commutative} in F*.
For any two maps §, g in #®, their s { + g e #7 s defined by the formula
given in § 2 [or the absalute ciwse. The homotopy class [f + g] depends nnly
on the classes *f7 and |g] and hence we may define an addition insg (4,4 %)

by taling 1 el = [F + e

Asin § 2, one can verify that this addition makes mg(X, A, x,) @ gronp which
will be called the wu-th vefading homolopy growp ol X modulo A at g The class 0
5 the group-theoretic neutral clement of ma[X, A, =, and the mversc
element of i7] is-the class [f&, where 81 I® . I# denoles the map defined
in § 2.

Tf 2, is the only point of 4, then we hawve

FRIX A ) = FYX, xl.

Henee, in this case, mal X, A, 2 tednces {o the absoluts hometopy group
el A, %g defined in § 2,

If J=-11s pincled 1o a point =, (I®, [2-1 f* 1) becomes a confizuratiom
topotogically wguivalent to the triplet [E% 5%—% 5] consisting af the onit
a-cell f# its boandary (s — B-splere 57201 and a reference pomt 5, 5%
It followrs that ome might equally well define an element of Mol X, A, ¥l s d
hotnotopy class {relative to the system {571, /) 5, % } ) of the maps ol
(En Se-1 500 into (X, A, x). Since, when » = 2, there axists a rotation of



3. EELATIVE HOMOTOPY GRODES I11

5 which leaves g, fixed and interchanges the two halves of £% we see that
(X, A, ) is abelian for every & > 2, This commutativity properiy is also
wn hnrnediate consequence of the next proposition. s, (X, A, z,) i5in general
non-abelian.

Next, let us introduce the notion of e derived tiplet of a given triplat
which will be frequently used in the sequel. Let

T =X, 4, %)
be a given triplet. Consider the space of patls
A =1X X x]
and the initial peojection 4 : X'+ X as defined in (ITI: & 1. let
A=A - [X; 4,5, X
and denote by x'y£ A" the degenerate loop &', 1) = 2, Thus we obtain a
toplet T XA ),
called the devived friplet of T, and a map
PUIXL AL 2 XA
called the devived projoction over (X, 4, 2.
Proposition 3.1, For gvery st == 0, we have
T X, A, my) o (A, %

Proof. If u =1, this is obvious since each side ean be considered 23 the sot
of all path-compunents of 4°. Assume # 2 L Sinee X™ = [(X7» 2 e
(IIL; 949, it follows thot

FRlX, A, xy) o Fa-l{d40 =%,

Hemeemp (X, A, o) andmy, 047, x'qt coincide setethenretically, It iz wlso clear
that the group structures are U same for any = = 1. |

Another conscquence of (3.1} is that cyvery relative homotapy gruup can
be expressed as an absolute nomotopy group and hence as a fundamental
group. _

Since §I® 15 pathwise vimnceted for # = 1, the following proposition is

abvious.

Proposition 3.2, If X, denoies the path-componsnt of X comtaining £
and Ay fhal of A, then
:-'EH':X_. :"j.,:rn] -=:|T;-1[-J{|:|..-|"in,. _':r:ﬂ.]. i I...

Tinally, the following proposition will be used in the sequei.

Froposition 3.3 ffo (X, A, x,) is repyesented v a mrad f 2 FOX AL )
swch that i) A dhen o - 0,
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Proof. Since fe FH{X 4, x) and f(I?) = 4, we may define a homotopy
feo Fr(X, A, %), 0 =08 =0 1, by taking

ji-!:{'t:]J+1 'riﬂ-lriﬁ} = .Ifl:_'flr“ "a t"J‘t—1._:|'!: + ":n-_ﬂ:-rt}-

Then we have f, - fand f,(I%) = 2, Hence s = 0. I
As an applicution of (3.3), let ns prove the following

Proposition 3.4, I{ (X, A, x) is g triplef such that (X, A) 15 a velative n-ceil,
then mal X, A, x,) = O for every m sabisfying O <2 <7 %,

Proef. By tie definition of relative a-cells in {1; § 7}, X is the adjunction
epace obtained by adjuining E7 to A by means of & map g : 57! — 4 defined
on the boundary {# — 1)-sphere Se-1 of E=. Lot g, denote an interior peint
of E®, Then, by (1; Ex. ), A4 is 2 strong deformation retract of A ™ &,

Let wemal X, A, 2g) with () < # = w and choose # represcntative map

fo(Im, o1, Fot) o (X, A, 24)
for «. Applying (I1; Ex. C), we can easily prove that we may free ¢ from the
image of { by means of « suitable homotopy of f relative te { I™-1,4 ; jm-1,
%, ! Bince 4 s a strong deformation retract of X ™ ¢, this implics that there
exists a homotopy

foo{fm, foe=1 w1 KA k), [0 =08 1),

such that f, = § and f,{f®) = 4. By {3.3), we conclude that o - 0. Henee
T X, A, %) = 0 fur every m satisfying 0 << < . |

4, The boundary operator
Let (X, A, x,) be a given triplet, Tor every » = {, we shall deftine a trans-
formation 8 ma X, 4, 2 = e ld, zh

Let x b any element of m,( X, 4, 5. Then, by definition, = 1= a homotopy
class represented by a map

o fr(m e et o (X, A, x5,

It = =1, f{f~1) is a point of A which determines a path-component
fEm,_id, x) of A, If # =1, then the restriction f|i"! is a map of
(I7—1, 37=~1} inta {4, %) and hence represents an element B emaq (A, ).
" Dbvicusly, the element § emg_j{d, x,) does not depend-on the choice of
the map 7 which represenis the given element o emal X, AL, 2} Hence we
may definc the trunsformation # by setting d{2) = 3. Hercafter, @ will be
valled the doundary operalor.
The following two properties of 4 are obvious from the definition.

Proposition 4.1, The boundary operalor O sends the mewival element of
7al X, A, 2t inlo thel of g 414, 1,

Propasition 4.2. [f # = 1, then the boundary eperator § 5 a hamomor phism.,
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5. Induced transformations

Lot (X, 4, %) and [V, B, v,) be given triplets. By a map of (X A, x,)
inte {Y. B, p), we mean a continuons function X to ¥ which carries 4
nto B and x, into y,. Consider such a map

friXod, x) (Y, B, yh.

Since f is continuous, it sends the path-components of X into those of ¥,
Hence, f determines an induced transformation

Fo 1l XL %) >y Y, 1)
which obvivnsly sends the nentral clement of Ty (X, &) inte that of my( ¥, ),

Now let # > (. For any map ¢e F*X, A, x,}, the compaosition fif is in
(Y, B, yg) and the pssignment o -+ fif defines a AT

Fip 1 FMX, A, 7] > Fo(Y, B, 9.

The continuity of fy implies that fi carries the path-compopents of
=X, A, %) into those of Fa{¥, B, ). Hence it determines an induced

transformation FuiomalX, A, xgb » Y, B, vy

which obviously sends the neutral element of Tl X, A, %, into that of
Tl Y. B ).

Ifn=14=x,8=y,0rifn> I, thenm,(X, A, «} and mal Y, B, vy
are groups. For any two maps ¢, p in FR(X, 4, x,}. one can easily see that

flo+w =i+ iy

m Y, B, v,). Henee it follows that §, is a homoranrphism. Thus we have
established the following two properiies of f,.

Proposition 5.1, Jf « =0, 4 — x, 8 = Yo 0¥ im0 .i.&m the snduced
transformation f, sends the weuiral slement of m (X, A, ol inte thal of
mal Y, B, ).

Proposition 5.2. Jf # = 1,4 =%, B = vy, orif w = 1, then the tnduced
transformalion f, is a hewmomorphism,

In the case of (5.2}, f,, will be called the fnduced homonmorphism.
Now, consider the derived triplets (X7, 4°, x%}, [V, B, v',] of the given
triplets together with the derived projections
Pl A wpl o (X, A 2, v (1, B, Yol -r (¥, B, vl

Thegivenmap f: [X, A, x,) = (Y, B, v, considered asa map from X inta ¥
induces a map #oXT Ly

acoording to {IIL; § 14). Since f(4) = B and flx, = vg, it Inllones that M
carries X' inte ¥', A" into BY, and ' into 3",. Hence 7 defines a map

Frofd A% 0 - (¥, 8, v
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which satisfies the relation 7/ * - . f# and which will be called the derived map
of f. LetF = 7§ (A" &) Then § induces

.||r* :ﬂ:ﬂ_l'::‘i"] Irn] —}ﬂﬁ_].l:-ﬂr, _’!p"lu:l.

Under the identificitions in (3,11 it is obvious that fy = f.

Finally, the boundary operator 8 in § 4 is casentially a speclal case of
induced transformations, 11 fact, for aoy triptet (X, A, x5}, consider the
pair {4°, a'y) of the derived tripiet and the restriclion g = # | (A", ='g} of
the derived projeciion . Then g induces

Gy - Ta—ild’y ¥y) =7y (A zg

Under e identification in (3,13, it is obvious that @ = 4.

4. The algebraic properties

The homotopy groups mq! X, 4, z), the boundary operator A, and the
induced transiormations definet 10 the previous sections posScss SEVE
fandamental propertics which will be given in this and the next few sections.

Ry the definition of indneed transformations, the following two properiics
arc olrvious,

Property 1. Jf j - (X, A, x)) = (X, A, xp) is fhe ddentsty map, then §, 15 Lhe
identity fransfirmation o m (X, A, 1) for every #,

Property IL I{ 1 (X, A, %)) =Y, B,y and gt (Y, B + (2, (2, 2] @F8
maps, then for mery # = 0 we have (gf)y = Safa-

Hence, for any piven #, the assignment (X, A xg) X, A, xy) anii
j -x f defines a covariant functor.

The next pruperty gives a relation between the boundary operator and, the
induced transformations. It is an obvious consequence of their defmitions.

Property KL If7: (X, 4, %) = (Y, 5, is @ map and of 7. (A, %) -»
(£, ¥, £5 the vesiriciion of [, then the comptutabivity relafion dfy - g4t Rolds
i the folloelng reclangle for cvery 5 = 1
sra (X, A, 25) v . L Y I R

|

!f.t £

% A )
V. Boyy) - T8 Yal

Note that Property LIT is also an easy consequence of Properly TL. Tosee
this, let us consider the derived map

fropx AL ay) S TYL B Y
of # us well as the derived projections
i.‘-' . I:.r”, A7, :r:',:,:l — {X? A, ?:u:I, ¥ [E‘r'] B, :‘?JU} ™ [F, M jl'ﬁjl
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Let J —f 4", =yl g = p | {4, a5 and s — r | (B, y3h After the various
identifications described in (3.1) and §5, the preceding rectangle reduces
to the following form:
LY AN SN
: f
+ . y
- BR) - T o el B 1)
Since [* satisfies the relation sf* = j§, we have sf = gg. Henee, Property 11
implics that the commuilativity relation s,f, = Fefy holds in Lthis rectangle,

Ox

7. The exactness property

Let (X, A, xy) be any given triplet. The inclnsiom weaps
A S (Xad i (Xxd S (X, A5
induce transformations i, and 7, for cach n 2 0. Uogether with the boundary
operators f, they {orm a beginningless sequence:;

e B o XA g i, ol gl o dEal X xg) o (XL AL 2 A

o de L m (X, A, xg L mglAL xg) e myi X, )
which will be cafled the kemotopy sequence of the wiplet {A, A, xb and will
he denoted by =(X, A, x,).
livery set ina{ X, A, #,) has a specified clement called its nentral clement
ared every transformation in z(X, 4, x,) carries the neatral element into the
neutral element. We define the kernel of a transformation in aiX, A, zpp to
be the inverse image of the nweulral element. Soch u segquenee 15 said to be

exact 1f the kernel of each transformation coincides exactly with the lmage
of the preceding transformation,

Property IV, The homoiofy seguence of any friplat (X, A1, xg) 45 cxact,

The proof breaks up into the proofs of the following six statements:

(1) fufy =0, 120 81, = 1), {3y 4,0 =0,

(4] If x e mel X, x,) and juz = 0, then there exists an clement f§ gl g
such that 1,/ - e

(51 1w eme! X, 4, x) anddx = 0, then there exists an element § Ems (X%
such that 7.4 - a.

(6} [f 0ot xy) and fx = O, then there exists an element p e,
(X, A, x5 such that 8 = .

In the preceding statements, the symbal O denotes either the neatral
clement of the set involved or the transformation which sends every element
it the neutral element.

Proof of (1}, For cach # 2= 0, let x=mald, &) and choose a map [P
(A, x,) which represents o Then the clement juiyie) in ma{X, A, xp) 15 re-
presented by the composition jif € Fr(X, 4, ;). Since obviously /(I3 < 4,
it followes from (3,51 that jd,0 = . Sincea isarbitrary, this implies j,d, = 0.1
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Praaf of (2. For enclhir = 0, let o Cme( X, x)) and chioose a map fo FajX, )
which tepresents . Then the clement @ s s determined Iy Oee vestriction
if Il IRl Since fiImY) =z, we have dre = 00 Ilence d7, =001

Praof of (3). lor cach # == Iot wemel X, A, x,) atd choose 2 map
fedmX, 4, ) which represents o Then the element ,0a is debormined
by the testriction g = f | -1 Dehne a homotopy g t 171 = X, 0 8 =0 ],

st ity ,
by sething gl by = b ey, £
Then g = 2, g0 =, and greFAHX v if a> ). This implies
fofe = U. Henee 4,0 = 0.1

Proof of (4). Choosc a map fe £ X, x,] which represents &, The condition
{0 = U0 implics that there exists a homotopy fe: % » A, 0 =¢ = |, such
that f, =7 [/ = s and fre FRX 4, 2} foreach e f. Define & hamo-
topy g IR = XA, 0 < f = |, by zetting

fe.'ﬂ_[ﬁ]-“ I P D:‘: if 0 e 24, = b,
Py — ¢

2 —'a'}'

Then gy - £ (1% = A, and gldf=) - x, for every f= L. Now, ¢ represents

att elernenl [T omgid, %50 and U homolopy g proves that 4,3 — o 1

Bty by as ) [

fi (31,. e ey, [if1 < D, = 20,

Proof of {5} I'irst, assame that # = 1, Choose & map f e FriX, A, x} which
represents o Then the condition 82 — 0 implies that there extsts a homaotopy
grodr-led, 001, auch that go=7|I*1, gul* Y =2, amd
glfn-1 = g for every fef. Dellne a pactinl homotopy Ay éldr =
0« # = 1|, by setting , .

| wisy — {84 beliel,

Ty, (s fo-f .

Sitwe &, = { | 417, it {ollows from the homotopy extension property that the
homolopy &y has an extension fp: /o = X, 0 =0t =1, such that f; = f.
Since [{dF") = B (0I7) = x,, f, represents an element § in sl X, ;. Since
freFMX, A, %) for ted, it Iollows that 7,3 ¢ - e For the remaining caxze
# = |, wizrepresented by a patle f 1 T — X sach that f{01 = A and £(1) — x,.
The condition dx = 0 means lhat f{0] 5 contamed In the same path-com-
ponent of A as % Henee theee existz a homotopy foo F -+ X, 0 = # =7 1,
such that fy [ /0 ed, 1) = %, anik £{( = %, Then, [/, vepresents
an element 5 m (X, 20 and the homolopy fr implics that 7,3 = e |

Froof of (6). liirst, assume that s = [ Cloose a map f & F2=2 {4 2] which
represents 20 Then the condition foa implies that thers exists a homotopy

Ferdmmd o X 0 E = § sueh that fp = F 4000 T = and fidir Y = a5
for every t o {, Define a mayp g I® - X hy taking

Bltn g tal == fo by fa gl

nt
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This map # 12 In FHX, 4, ») and represents an elament = of =a[X, 4, =z,).
Since g |1 = f, we have 4 = a. For the remaining case # =1, = 5 a
path-component of 4. The condition ¢ % = 0 means that & is contained in
the path-component of X which contains x, Pick @ point x from =. Then
there exists a path f:F -+ X such that (0} - x and f{1) - x,. This path f
represents an element § of o X, A 1), Sinee f(0) ca, we have 03 = o ]

8. The homotopy property

Consider any Lwo piven triptets (A A, x) and (Y, B, ¥,), and any two
EIVED IMaps foi (X, A, %0 = (Y, B, v

We recall that fand g arce zaid to be domotodic [relative to [ A, B [ 2, v 1)
if there exists a homotopy

fp (X AL xg) e Y By OS],
such that #, = fand &, = g.

Property V. ff j and § arc hemotopic, then thety induced fransformalions
Jar 2o (Tl X, A, 2y) Y, By
are dqunl foy tvery

Praof. Let & o ng! X, A, %), 1t suffices to prove that foo — g,

First, assume that # = {. Choose o mapd e FalX, A, x| which represents
. Then the elements foo and goo are represented by the comnposicions fd
and g respectively, The composition b of ¢ and a homotopy b f o= g
gives a homotopy connecting ff and g8, Henee foo - gy

Jt temaies to settle the case n — 0, 4 = x, and f# = w,. Tlere = i3 a path-
component of X, Pick a poinl x =@, Then foo and g are the path-compo-
nents of ¥ ocontaining the peints f{x) and gix) respectively, Let A f ~ 2.
Define a path o2 - ¥ iy taking off) = #dx) for each £ 1, Since g joins
Flad to pla), 1t follows that fue - gee 1

We recall that a wmap (X, 4, x,) = (Y, B, v 5 sa1d to be a hemolopy
eguivaience i lhere exists a map giiY, B,y = (X, A4, %) such that gf
and fg are homotopic with the dendity maps on the triplets (X, A, &) and
(¥, B,y respectovely. Az an immediate consequence of the properties
I, ITand ¥, we hove the [ollewing

Corotlary 8.1, If . (X, A, x) =Y, B. ) 13 2 homolopy equivelence, thest
the tndnced fransformation [, sends mal X, A, g0 eardo molY, B, vl fm 2 one-
fa-oue fashion,

The signilicance of {8.17 is thatse A, A, 2} depends only on the homotopy
tvpe of (X, A, x,). In particalar, if A is a strong deformation retract of X,
then ¥, sends seld, x5 onto =e{X, x,) in a one-to-one fashion for every
# =, Henee, by Praperty 1V, this implies that =, (X, 4, %) = 0 for every
#w = 0,
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9. The flbering property

Consider Lwo given friplets (X, A, 2) and (Y, B, 4, and a given map
FiiX, A, 20— [T, B, vl
We are concermed with the netion of fiberiny as defined in {TII; § 3}
Frur:tartr YE ff X =Y t5 a fibering and 4 = [ B, then the trans
formation fu 27X, 4, 2) >l ¥, B, v

sends mpl X, A, %) onto 7 (Y, B, v)) #n @ one-to-one fashion for every n = 0.

Proof. Tu prove that f, is onto, let o he an arbitrary element of 7,0V, B, 3.
By &3, & 13 represented by a map

VRPN AR R ¢ O A L

Since f#-1 s a strong deformation retract of = it follows from {v) of (II1;
3.1) that there exists a map g @ * — X such thal fyr = dand pifrl] = =,
Sinee 4 = f-UB), fy = ¢ Implies that 71 = 4 and hence we obtain

i TIaf: ! {Iﬂl j’-n-l} fn—l} . EX,A' _-xujl.

This map 4 represents an element £ ol mg X, 1, =gk Sinee fyr =&, we have
{1 = = This proves that f, is onto,

Tu prove that f, is one-to-one, let x and # be elements of (X, 4, x) such
that f.o -- f.5 Choose representative maps

gy (R Im1 RN (X4, )

for.a atd g respectively. Since fx = {4, the composed maps fé and fy
represent the same element of s, (Y, B, 441, Hence, there exists a map

Foidnw F In-V e J ol w )Y, B, v
such that £z, ) - fib{z) and Fiz 1) - . fyizy for each g C I Consuler the
closed subspaee - £ (R 0) G R 1 e % 1)

of im » Iand define amap & - T - X by selting

']'.E'[.-E'], [3EIﬂr£ = D}'
Giz ) = [:11',:” gz /5 {e D,
(2], ekt =1y

Then we have f& = F | T Since T 1s clearly a strong deformation retract of
Fuos it follvws from (v] of (TIL; 3.1} that 7 has an extension (3% : I » I =
X such that f&* = F, Since & maps In-1 w [ intn B and 4 = §-1f}, the
comelition fir® — F implies that G520« £ < A, Hence we oltain o map

Grofdn I InV s T Jrl w B (XL A 2
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with &%z, (1) — fz] and G¥z, 1} . p(z) tor each z ¢ I2 This proves that
and 4 represent the sume element of me (X, A, 2. Henee @ = § and 7, s
ome-to-otie. |

In homology theoty, the corresponding fibering property 12 false in general.
Inatead of this, we have the famous axctstor proferty which does not hold
in homotopy theory.

Az a special case, let vs consider the derived projection p: (X7, 4% 2] »
(X, 4, z;). By Properties V1 and IV, £, and @ in the ic:lluwi'ng diagrum

Tal X, A, 5g) <2 gl X A7, 200 By (A7 2

ave both one-lo-one and onlo. Furthermore, if mqi X, A, ) and my, - (47, 2750
ure identificd as in {3.1] one can easily see thul $, = . On the other hand,
the identification in {3.1) may be considered as being effected by the one-
to-one correspondence

L= 0p i mal X, A, xg) a4, 1)

which will be called the natwrad correspondence,

10. The triviality property

It X is a spare which consists of a single peint z,, then, lor cach #, the
comstant map f(f2 — x, 15 the endy map of /7 into X', Henee we have the
fotlowing

Property VI ff X iz & shace consisfing of a single pornd vy, then mlX, %) =0
for every 5 =0,

This property plavs the role simidar to thatl of 1he @mension froferiy
homotooy theory, Smce 1t apparently bas nothing to do with the cholce of
the dimension #» oo, (A, xp), we propose to call it the foviadify proforiy.

11. Homatopy systems

In the preceding sections, we construeded genmetrically the homotopy
gronps syl X, A, x,) and established seven basic propertics of these groups.
In next few sections, we shall show that they arc characteristic; in fact,
these seven properiies, staled in a corlain apparcently weaker form, together
with i X, xg} for all pairs (X, 2] determines all mo (X, A, xl Tor all triplets
(A, d, x,) up to one-to-one coreespondence.

A Romotofy system H=1{x0,}

vonsists of 1hree funclions =, & and . The first [unction o assigns to each
triplet (X, A, xgb and each integer # > 0 an abstract sct =04, 4, x,). The
seeond function f assigns to cach toiplet (X, 4, %) and each integer % = U

a transformation
) 3wl X, A, w) =g A, 2
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where, in the casc of 5 = 1, myi 4, %) denotes the sct of all path-components
of A as in §2, The third fanction | assigns i cach map [ (X, 1, z)) =
(¥, B, v,] amt each mieger 4 o= {3 a transformation
Jo imal X, A, 2 st ¥, BLowg).

Furthermaore, the system £ must satisly the following seven axioms.

Axiomn L Jf fIX A 2l = IX. A, %) o5 fhe sdeniily map, fhem f, 45 the
tdenbily fransformation v maX, A, xg for svery 1 = (O,

Axiom IL If (X A, x) = (V. B o) aad g (¥, B, v = (2,0, 250 ave
ks, then fur every w =0 oo have (28, = Fofe-

Axiom ITL If # (X, A x)) = 03, B is a mad and g (4, 20 = (B, 4l

15 the vestriction of [, then e commmtalivity velation 0f, = g 0 holds in the
followwing reclangle for cvery u 2 1)

Jei L A, ) "3.;_-:. T (L, %)
ar-:'l: £+

i , b
:"E-r:!.[}f ¥if }'n} —— :"l'-'ﬂ—l[B' j"'l:l]'

where, In the case of 2.5 1, gy cmy(A, 5g) = a(H, ) denetes the induoced
transformation in § 3.
Let (X, A, 2} be any given triplet and consider the inclusion maps

oA v e (A ), A xS (X AL a).

The transformations £, {, and ¢ form a beginningless sequence as in § 7
which wilk e cailed the homofofy seguence of the triplet (X, A, x,) in the
system M.

Axiom IV, The homolodyv seguence of any &iplef (X, A, x)) $2 weakly exael,
This means that, H 70X, 50 = 0 lor all 5 =0, then d sends = X, A, 1)
onto s, 404, %, ina one-io-one [ashion [or every w0 == O,

Axiom V. I} the wahs Lo (X, ) - (Y, y) are homolofic, then f, = 2,
fov gvary n = (L

Axiom V1. JF 400X, A o » (XA, 2y 15 the derived profection ovey
(X, A4, %), then by zemds m (K0, A ') ondy ;XL A, xp) 370 v one-fo-oate
foshion for everv u = 0.

Axiom VIL If X is g space consisitng of a single posat xg, thenmy (X, xg) =}
for gnary n = 0, .

Sinee the dervved projection £ 0 X7 -+ X s ailering by {111 13,40, 1t follows
that the axioms [ VI are weuker than the properties I-VTT respectively.
Hence, if wo neglect the group operation inm, &, 4, 2, the three functions
sz, 6, 4 as defined in §§ 3-D constitule a homotopy system. This proves the
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exisfesice of homotopy systoms, One can also easily construct a loanotopy
svstem by nduction and without using any geometrical representaliom,
jgee Cx. A at the cnd of the chapter).

12. The uniqueness theorem

Two homotopy systems H —={m, 8, .1 and H = {a"d F} are sl
to e eqanatent i there exists, for cach triplet (X, A, x)) and each » = 0,

a transformaton
a tran MATHOI b tmal X, A, x5 =m'n[ X, A, x5

satisfying the conditions:
(EL) by sends z,( X, 4, 2} onto s’y [X, A, 2,0 in 2 one-to-one {ashion,
(EZ) For each triplet [X, A4, x) and each s =0 the commutativity
relation hy_, & - J%, holds in the follvwing rectangle:

aal X, A, x5 Py A, 3

;F”_ |r£-|-|.1

|
¥ . -

2 - G TR 2 N A

where, in the case of & = 1, #; denotes the identity map.
(E3) For cach map f1 (X, A,z = (Y, B, ¥}, the commutativity relation
Bafe = Ffa holds in the following yectangle:

ik, A, wy) - T L ml YL B, )

I
fin fn

4 . |
:TI:{E'::IJ. .I:'j: a .':I.-n] E_;-. :;T:.'-:Ill: F, B, }rnl:l-

A voliection of translormations B = { By b osatisfying the conditions {1
through [E3) i: called un sgusvafence betwesn the homolopy systems H
ancd fI° and 5 denoted by

" piH = 1

Theorem 12.1. duy fwo domotopy systems are eguivalent.  Milnor 1],

Proof. Let H  {m, d, .} and H' — { =" d°, 12} be any two homotopy
systems. We are going Lo constroet an eogwivalence & 0 = 7 as follows,
Let 2 1 andt asseene Lhat we have already constructed the Lransforma-

frons .
Bl XL A, 20 = mW(XL AL 2)

for cach s <0 o aned each triplet (X, 4, %) snch that the conditions (E1)
through {E3) are salisfed, Lot us constract by, as follows.

Tet (X, A, x,) beany triplet. Consider the derived projection 0 (X, 47 %7
= AL A, kg By Axdom VI, gy, semuds mre(X7, A7, 2,0 oneo mal X A, 6] 1Inw
ome-to-one fashion and asalogously for pop. Accordmyg o JITE 1G1), X' is
contractihle to the point »f, Henece, by Axbois T, IT, ¥ and V11, we abtain
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Al 2 = b wnd (X ) =0 for every w20 By Axiom [V, @
sends mxl A, A, 2 onto e (A7, £7) in o one-tn-one fashion, and analog-
oushy for 3" By our assurmption of induction, by sends e[ 47 &7} onto
Ta—yiAd’, 2'g) In a one-to-ome fashion, Tlence we may define a transformation

;i'wﬂ_ :ﬂx{:f. .!"I, xn] —:r?fﬂ[.-!":, AJ Inl!'

}_;j,.r 1ELkJHE' B - ﬁl_l;:ﬁ"_lkm—j,a?t';]*

where, in the case of # = 1, by denotes the idenfity map.
Sinee [E1) 1= obviousky satisfhied, it remalns (o verify [ K2 and [(E3).
Tocheck (F2), letg = p ) (A7, 7). Then we have

2l = ﬂ’ﬁ#ﬂ'—‘ffq;_lﬂfﬂ;’ = -grf—rﬁ‘ﬁ’-'ﬁﬂ_ﬁﬁ:l
= G£hn -15?5;1 = ;’ﬂ-—lﬁ'u'ﬂf’:l = By

by Axiomn ITL This proves that &, satisfies (£2).
To check (E3), let (¥, I, 9 be a second triplel and §:(X, 4, %)) -
(¥, 0,y be any given map, Let

RN R A U RER B LU PR S 0 G U N IEE O G- A U

denote respectively the derived projeclion vver (¥, B, w) and the derived
map ed £ FPhe relatiom ff = #f s satisfied. Set f = 7 [ {4, #';). Then we have

fothn = fgppyl Va0 — vy f 8 R B35
e BTN ey P Y = P Mg fylip 2
= f#a"lﬁﬂ—lﬂf r:i-lf'?..l = Tﬂtﬁ-l_]kﬂ—lﬁf*lli* = haf,

by Axioims 1T and ITL This proves that fy, satisfies {£3),

Thus we have, completed the inductive construction of an equivalence
b= { ha} between i and &' which wiil be called the natiral squinalence
kLl = H. |

The natnral cquivalenee i the only possible squivalence between fT and
I as will e seent in Ex. B at the end of the chapter,

The wnigueness theorem (12,8 shows thal the homotopy systcm con-
structed pecmetrically in §8 3-5 ts eszentially the only homotopy system.,
As a comsuguence of this, 1t follows that the set of seven properties in
84 -0 05 eguivalent to the set of seven axioms in § F1 which are apparently
wealer, In fact, cone can deduce the seven properties right from the axiomes
without using any gecmetrical representilion of the sets ge{ X, 4, 250, The
details of the praof will be lefl to {he reader s an exercize, See Ex, C at the
end of the chapter.
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13. The group structures

In the last two sections, we have shown that, apart from the gronp struc-
tures in the homotopy scts ma (X, A, 250, the homotopy system constructed
in §& 3 5 is completely characterized by the seven axioins in § 11 and the
sets my( X, xgh. To complete the axiomatic approach, it remains to deleninine
all the possible proup structures that can be introduced into the cesentially
unigne homedopy sysloem H {md )

For this porpose, let us first consider the selssw (X, b in 7. Aceonding to
the uniqueness theorvem {121}, we may assume s (X, v to be the under-
hying set of the fondamental group of X at #,. The product in =, (X, 2.} as
defingd i {11 § 3} will be culled the cestemary groduct wiich is denoted by
juxtapesition. The wererse of this product, denoted by a dot, 12 defined by

we o= fo, (o, FeadX, 200

For anv map f:{X, = = (Y, »), the toansformation [, 20X, 20 —=
s ¥, vy Is a homemnorphizsn under the costomary prodoct as well 2z irs
reverse, These are the only group structures m oall & (X, x,) such that f,
15 a4 homomorphizm for every map f. In Lot we hve the Tollpwing

Lemma 131, DThere are exaclly fwo ways of tnfeaducing a grond strnclure
s dhe sels s (A, mg) i Such & way Mt [ 05 a homoseorphism fov every siap
F AKX, ) = (X, vyl These bwo provag stractures wry defined By the customary
product end s reverse respechively.

Proof. Assume that there s a new product, denoted by xo 8, in cach
0%, 2 such that, for eact: pair (X, £, = (X, %) 15 & groap under this
prodluct and that {, isa homwmerphism with respect to this product for every
map J (X, a0 Y, wh It suffices to prave that either « o § = af for
any o, ffea (X, x) of every (A, g or oo § = Ja similarly.

Let £ Do the space wlhich consists of {woe citcles, intersecling ol o siople
point z;. According to [II; Ex. Ab) s (£, z;) is a free group on two generators
a and b, For anv two clements =, 7 of m LY, x,), obviowsly e 15 a mnap

Jlr‘l 'if= zirjl * I:.}'i.k, In:'

such that fola) =« and f,(B) = 8 Since [, 15 a homoemorphism under the

e raclect, we hawve .
P folaodl —aof

I terms of the {:ustnmaf}r rronrp structure of oy (2, &0, avd s equal fo
soare wordl wie, &) of the free sroup, Since f, 18 akso a homomorphism nnder
the customary produoct, we have

fela o By — faomia, B — w fyldl falb) — wix, 3.

This implies that eocf  wix F). Touz 1t Temwins to prove that either
wiag, b = ab or wia, k] = ba.
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For this purpose, let us first prove that the word ®ia, 5 has the following
two propeties.
{17 wiag, 1Y = a, w(l,¥ =6,

(2] wha,wih o] = wwie 8, e},

wheee (2) 15 an idendity in the free group on three generators &, b, e
Ta prove (1}, note that the identily element 1 of &(#, 2} can be defined
as the image of the hamomerpliism

' _ - ' ’
iy 1oyl 2ol e w2

indnced by the inclision map ¢ (#, 30 < (£, 3,). [t follows that the new
produect must have thiz zame identity efement. Henca

#ig l)=aovl=a wlh=I1cb==%

Ta prove (2), choose X to bo the space which ennsists of thrae circles
tangent to cach other at the same point . Then, asin (I1; Ex. AR, = ( X, 2,
ts a free group on threo gencrators ¢, b, 6. Sheca o d = wia, M and bo ¢ =
wih, £], the associative Jaw for the new product implies {29,

Finally, we shall complete the proof by showing that, if a rednced word,
e, 8) in the free gronp on two generators satistics the conditions (1) and {2,
then either wia, & = aborwia, b = &g. The prond 1z a Tong but easy exercise
in ihe manipulation of reduced words sketched as follows.

Let wia, ) be a reduced word which satisfies (11 and (2. Bv (1), a(e,
b7 a™. More gencrally, it 15 impossible to have

wla, &) = afffti- - gtultagite |
with nun-zero [positive o nogative) inlegets #, #y,- - -, #g, #g, and .
To see this, let vs assume that wiz, & were of this form with & > 1. Then,

by (1}, tme can easily see that the reduced words of {wie, &)™ and (e, ¢ ™
waould be of the same form, say,

(gr{a, &) )™ = afibii- - - @fif%al, | .,
CE[B, ] )Rl —= ATipfLe - BTl fif g

with non-sero integral exponents. By (1), £ = 1 and § Z 1. Then we would

have )
wia, wib, g)] = @sibrigh .

w|mE, b, o] = g% 6 gy o
as thelr reduced words, This contradicts (2.
Similarly, wia, & 7= #* and it is impoessible to have
wia, b] = bigha- - - Fegabty 4,

with nom-zero integral exponents,
MNext, assnme that wia, b) = bt - . gty
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with non-zere integral cxponents. Tf #) =2 0, then the reduced word of
w wla, B, ¢] begins with &% while that of w’a, @ik, ¢); bopins with g%,
This contradicts {2 and hence we have m| = (. IE 2y <2 0, then the reduced
word of w[a, w(b, )] begins with e™c-# while that of wlwia, #], c] begins
with bt ‘This contrlicls (2 and so we have both o, o> 0 and #2, = 8,
Then we have wle, wib, &) = athdmipf-

w:w{a, b"'l {:"' —_ ﬂml,{}nl. . 'IIHI'.EI:Jﬂ'E" .

as their educed words, By (2), it follows that & = 1 and hence w(a, ) =
ami® Then, (1) implees that #; = 1 and &, = 1. Conseguently, we have
ifa, B) = ah.

Simidarly, we cah prove that, i

Wi, ) = Bbigie o hifbegiiy

with non-zeto integral exponents, then wis, ) = ba. This exhaunsts all
possibie cases. |

Theorem 1.2, Theve ave axactly ivo ways of srirodneing @ prowf strusiure
futa fhe sefs (X A x), v =8 and (X, x,), i such a ey thal the trans-
formations & and f, ave ooy pheons, These two growg struciwres are defised
vespectively by the customary groud vperation given dn § 3 and ity reverse.
[Miinor It

Proef, Lot us denote the eustomary group operation by juxtaposition and
assume that there 35 a new gronp apetation, dencted by % o 8, in the sets
TalX, A, %, » =2, und 7, X, %50 such that the transformations & and /,
are homomorphizsms. We have to show that z o 15 cqual to «f or fe.
By (13,11, this is trie if & and 7 are in o (X, %], To prove the theoram by
induction on #, consider the naturad one-to-one correspondence

£ =0p il &, A, 5] w47, %)
of 50, SBince ¥ 15 a homomorphism [er both group operations, we huve

oo By = Xa 0 X(B), Haf) —= X} X(F)
for any twao clements e, # in =y (X, 4, 250 By the inductive hypathesis,
Y¥iay o Xif) 1z cqual to X(e) X(7) or X(2) X{«). Henee Xix o fi} 18 equal to
Zleeff) o X[Ja). Since ¥ is one-towpne this tinplies mo § = off or Jax. |
The significance of {13.2) is that the group siructure in the essentially
utiigue homotopy svstem A = [, 6, 4 } 1% also essentially nnique.
This completes the axiomatic approach.

14. The role of the kasic point

In the notion of the homotopy groups e, xy) andag (X, 4, x,) the busic
point %, is explicity nsed in any geemetrical construction of these groups.
‘The objective of the next few sections is to study the rofe played by the basic
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point, tor compare the bomwotopy groops with various basic points, and to
free these groups from Lhe basic point wherever it Is possible.
et us consider a ghven space X wred two given points &, 1, conmected

by a given path 6 T =X, ol0) = £y ol = 2.,
By ihe definition in § 2, we have
MolXL xy) o FLXY) = ml X, 1))

as the sct of all path-components of X. Morcover, sinee x, andl &, are con-
tained in the same path-component of A the neatral element of apl X, 2
1% the same as that ol (X, x ). Let us denote by

Op A, ] =y (X, 2
the sdentity map en#gl X, 2] =mX, 1,0,

Thearem 140, For each n = 0, svery ath o 1 — X pgives in g wabural
WY AR TIMAFHRism

bl

O | Tl A, %)) AT (X, xpl, x5, = alll, 1, =all},

which depends only on the homolopy cluss of the path o (velative to od points).
If s the degenerale path o{d] = %, then oy iy the Identity automorphism,
Ij &, T ave paths with (D) = a(1}, then (atly : Guta. Finally, for eack path
g d = X and each map X = Y, we have @ commutalive rectangls

el X, 2y} °F

_|'r-1= |_|'r:|
i . )
g TR L. W

» Tl A, )

whise T < fis, vy = [{xg) snd 3, = {{x,).
As an immediate consequence of {1413, we dednce the following

Corollary 141, The fundemental growd (X, ) ecls onas(X, 2, # 3= 1,
asv & groufr of awiemorihisms,

To prove {1"1-,1.]_ let us construet oy as follows, Let o be any element of
7ZalX, %)) and choose a representative map

fo{Tm, 008 5 (X, )

for . The geometrical idea of the construction is to pull the image of 8F#
nlong the path @ back to the point x4, with the image of I* being dragged
In an arbitrary way. The mup obtained after this homotopy ceprosents an
element ¥ of 7, (X, xy) which depends anly an « and the homaotopy class of &,
Ther, we define oqg(e) = . The details are as follows.

First, let us prove that there exists a homotopy fro £ = X, (0 < f < 1),
of fsuch that fidi* = of] — £ for every i J. Tor thes purpose, define a
partial homotopy a0 0% - X, {0 <0 F = 1), ol f Iry taking dpldf®) = (| —8)
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for each d€ J. By (I; 2.2%, 2% has the AHEP in 7#. Hence the homotopy oy
has an extension fi: f% =+ X, (3 < ¢ = 1), such that {; =f We call f; a
homuiogy of | along a.

Since {, maps 817 into o)) — 2z, it represents an element § of A.{X, 2,).
That g depends only on & and the homotopy class of & 15 an obvious con-
sequence of the follewing

Lemma 14.3. If f g [I% 0I%) = (X, x,} ave smaps homolopic velafive to
ai*, g, v I — X are paths homolopic relative to end potnts, and fy, ge . 1% = X,
(0= 4 = 1), are homotopies of f along o and of g alowg © respectively, then
fi. g, are homofofie reltive fo 917

Froof. Drefine two maps F, & : 1% % f -+ X by means of the homotoples
fe. gr 25 usual, Consider the subspace A -~ [(F# s 0) U (# w T} of It ) L
By the hypothesis f == g anil ¢ =~ ¢, it follows that F |4 and & |A are
homotopic relative to 657 x 0 and 817 x 1. Since 4 bas the AHEFP m
In» by (I; 9.2), there is a homotopy Fy: I® x F - X, (b = ¢ < 1], such
that Fy = F,F | d — ¢, d, and F{idIn» » 1) = xy for every £ € 1. The map
F,eives a homotopy Aet I® = X, (0 <0t < 1), of ¢ along 7. Sinee Fy(dI* 2 1}
— x, for each # € 1, it Iollows that f; and A, are hometopic relative to @4,
It remains to prove that gy amd &, are homatopic relative to Qain,

Define a map M. 5 x § — X by taking

{E1-aq'fﬁ}, (pe™ 0 =qg=l}.
g (P, (pei™ g1l
Then, for each fedf® we have M{p, §) = M{p, 1-~qg). Thercfore we may
define & partial homotopy Ny: B + X, (0 =4 < 1}, of M on the boundary
B =d(I% x ) = (df® x I} U (I* » 3I) by taking

Mg, ¢, (hei#, gedl),

Nip,q) = { Mlp.q— 1), (pearn.o <q <H),
Nefp. 1 —q (peof™ § =g <1

Sipce B has the AHEF in I# x [, the homotopy Ny has an extension
Meiirx I X, [0 <t < 1), such that M, = M. The map M gives a
homotepy ki d® - X, {0 =< ¢ < 1}, such that &, = g,, and &, = »,. Since
EdS? = M, (8" » §) = %, this implies that g, and #, are homotopic
relative to @477, |

Now let us continue the proof of (14,13, We have constructed a trans-

formation

Mip, g =

ap Ml X, x ) =l X, wpg)

which depends anly on the homotopy class of the path ¢. Since the last two
assertions of {14.1) are obwious, it remains to prove that my is an isg-
moerphism,

Let &, # be arbitrary elements of =y(X, ) represented by the maps
fop o tn 0In (X, x) Letfy, g In = X, 10 = ¢ < 1), be homotopies along
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o of f, rrespectively; then f represents g, (2 and g, tepresents g,(3). Delina
a homotopy Ao f® - X (0 =04 = 1), by taling & = f — ¢ Then A
represents ¢ |- f, Ry tepresents aglx) & gnl3), and A i5 a homotopy along a.
Thiz implies thal Gap{a + 5) = Faia} + galf) and hence oy 15 a homo-
morphiso.

Firally, kel us prove that the homomorphism g, is an isomorphism, et ©
denote the reverse of g, that is Lo say, () = o1 —{) for every £ & £, Because
of symimetry, it suffices to show that o, [s an epimorphizm and 7, 15 2 mono-
marpblsten, For this purpose, consider the product oz, Then we have og1, =
(FT)g. Since 7 i the reverse of g, 1t Is clear that g7 is humotopic to the
degeneraie path at x, with end points fixed. It followsihat {o7), istheidentity
antomorplusm on syl X, ). By an elementary groop-theorelic argument,
it follows that og 15 an cpimeorphizm and =g 1 a monomorptusm, This comn-
pleles the proof of (14.1}.

Thus, for a pathwise connected space X, all the groups maX, x5 with
varions basic points x, = X are wsomorphic, Hence, as an abstract group,
stel Xz, docs not depend on the basic point x, and may be dencted simply
by A This abstract group g ) will be called the w-th (ahstract) homotopy
grendp of the pathwise connected space A In this terminology, we have

A =2, meiS =0, (m= 1),
miST) =0, [ < #), ma(5T) = £,
FEyl-E) = £,
Now, let ns consider Lhe spaces of loops
Wy - [Xixg ozl W,:i- Xz, 2]

as well as the degenerate loops e Wy and wy = W), Then a given path
a: f - X which connects x, Lo x, induces a map £ W, - W, defined as
follows: for each w o W, &= & W, is the loop defined by

i3, IO = b,
[Eiwi] (= ¢ wldt — &), (if ¥ =+ = £,
oi3 — B, iif § =<t = ).

Intnitively speaking, £(w] is the loop traced by Tunning first from x, to x,
along the path g, next around the loop w2 once, and then back 1o x, along Lie
reverse of . On the other hand, o also induees o plly 0 7 - W, defined
ax follows; for each s € 4, ni5 o Wy is the looj defined by

ri3st], HEO <t 2 4,
tsility — | o, (i3 <t =<5,
LG[SS ded), {(if & w0 1

Then, ohwviously we bave 50 — wy, and (1) = Siwey).
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Proposition 144, £f £ (W, wi) = (W, Slw)) and o 0 5 = W, are indaced
b bhe path g, the commtaiingdy Rolds dn the following diagram

- w :
ﬂu{;’sﬁ.] .-‘fl} il ¥ :IEI'*{XI ':J:.fl,;l

§ §
Fom -1l Wy, 18] Lﬁ-ﬁﬂ--ﬂﬂfm )1 20y gy (W, )

where mots any povitive tndeger and X demoles he natural corvespondence pruen
dy (2.2).

Proof, Let & ¢ ay[X, x,) und choose a representalive map §. (I, 040 -
(X, %) for m- Then it 13 not diffienlt to see that both apfe) and X1, £,
are represented Ly the map g (7, 300 - (X, x,) defined as follows:

£l - |n[3ﬂ{ﬁ] L [if Gleh = &),
' fi3, — 1, -, 8- - 1), (f Bl = 3,

where # — if;, *+, 1) 15 an arbitrary point of I™ and 8{f) denotes the smallest
of the 29 real numbers £, o+ gy, 1 —8, - 1 — 5. |

The pruperly {14.4) of the operations oy i= charucteristic. To [ormulate
this fact precisely, let us define the notion of a system of operations as
follows. Ty a svsfem of oferafions in a homotopy systemn H = {=,d, , 1,
we menn {or cacl path 70 F -+ X in any space X und each integer # =04
transzformation

Tn :?Eﬂ_ix, :ﬁ:fj —?-:'1'”,{."{, 't:{il]ﬂ g ¢ |'_}'|:.D-:|,_'x!l .. ﬂ-{]_]

such that g, is the 3dentity onsy( X, £} — a,{ X, x,) and that {14.4} iz satisfied.
Since [14.4) implies gy, = -1y, ;&4 the indonctive proot of the fallowing
theorem s olwvious,

Theorem 145. Tu any piven howmafody svstem H = {m &, , |, there exists
ene and only one system of operations, Furthermore, jor any fwe givgn homolopy
systems H and I, the natural equivalence b H s H' cowmmubes with the
ofperadions o I ad 3.

Analegonsly, for each path ¢ I =4, one can defme the operations oy
on the relative homotopy group and deduce similar results. Sec Ex. 1) at
the end of the chapter.

15. Local system of groups

The homeotapy groups iogether with the operations g, vonstrueted in the
preceding section motividled the notion of a local system of groups in a space
&, [Steenrod 1.

We shall say ihat we have a local system of growps | Gp 3 in a spce X
if the following condilions are satistied:

(L%01) For each paint x £ X, there 15 given a gronp .

(L5G:2) For each path i f -+ X joining x, to %, thers is given a homo-
morphism g4z 3 Gy = G-
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(L3G3) It # 15 the degenerate palh ofll = x,, ther o4 is the identity
automnorphizsm on Gy

(LS040 If two paths o, t:f = X arc cquivalent, ie, if o, v have the
same end-points and are homstopic with cod-pomnts held Lxed, then

CH = T}

(153 If two paths ¢, 70§ - X are consecutive, i, if o(l] = #(0),
then (o7)-p - @lT4:. ,

Arccording to {144}, the collection of the homotopy gronps {mal X, xp) |
x, £ X}, dor o given space X and a given integer 1 = 0, forms a local system
of gromps in X, Similarly, Lhe collection of the relative homotopy groups
a4, 50 xed ), o> 1, forms a local system of groups in the sub-
space A of X

As an casy consequence of (LaG3—-(L30G5), we dedure as in the proof of
(14.1) that every o 15 an isomorphism. Hence, if X is pathwise connected,
Lhen all Lhe groups &y, x = X, are 1somorphic.

since the elements of the fundamental group = (X, &) are hemolopy
claszes of the loops [A | %, 2] with end-points held fixed, we deduce as a
direct consequence of [LSG3—L5G3) that, for cach x,= X, 7, (&, 25 acts
as a group of operators {or antemorphisms} on £,y 0 the senee defined as
foliows.

A multiphcative group B is satd to asf as & growp of eperalors on an
additive group G, {or, simply H acly on G, 0f, for every b e B and gvery
g G, an element Ag € G 15 dehned inosnch a way that

g1+ 8ot = by S oAy A{hn) = (hRe Ip =g
where g, 8, 8,6 G, I, By, Ry e If ate arbitrary clements and 1 e & denotes
the neutral element.
Applying this to the locat system of groups {mul X, ) | 55 X ), where
# == 0, we ohtain [14.2] restated as follows,

Propesition 15.1. For egeh x, < X, the fundamenial growp m (X, x,) acks
nu the n-th komotopy growp my (X, x.) ar a group of operalors.

In the special case » = I, one can easily sce that, for any two elemunts
pand kinm (X, ), & acts on g as follows;

(15.2) higl = hoh L
Similardy, for each x, e 4, {4, x) acks oo the =-th relutive homotopy

pronp aR(X, 4, %), 7 = 1, us a group of operators,
As o eonseqguence of Lhese operations, et s consiler two given homotopic

maps flgi A=Y,

Let iy : X = ¥, (0 =5¢ < 1N, be a homotopy such that A, = fand A, —= 2.
Chanse a point x4, € X and denote v, = flx,) and v, = g(x,]. Define a path

¢ { - Y by taking gify — fzg), e 1),
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then @0} == vy and #(1}) = v,. According to § 9, the maps f and ¢ induce
homomorphisms

FarrnlX 2] »mn (Y, 900 £ imad X %) = malY ¥y

sl

for each n 2 1. On {he other hand, the path o determines an isomarphism
Ol Y ov)) Y, ay).
Proposition 15.3. f, = a5p,,.

Froof. Let wemalX, x,) and choose a map ¢ (1%, 050 - (X, ) which
represents e Define a homotopy g T2+ ¥, (0 ¢ < 1], by taking
P = Rup for every Lo f, Then gy represents fy (o) and w, ropresents gy le).
Since gy = gif) lor each t o, it follows that foia) — waguls. |

Coroflary 15.4. 1 {, g X = ¥ are homotopic smape sch thot [ (xy) = v, - -
glp), dhen theve exists an efement w e (Y, v, such thed f, = g,

Az another consequence of (15,3, we have the following

Proposition 15.5. If f: X ¥ &5 & homotopy cquivalence and of flx) — 3,
Lhen : i
Do 1B [ XL &) w ol T, )
s an ssaverbhiam for enaev w0,

Proof. Since f ic a homotopy equivalence, there exists a mapg: ¥ » X
sucl that ¢f and fg are homotopic {o the identity maps. Lot 1, = piw,l,
Then ¢ induces .
¢ Be Tal ¥, W) =oa X, 1))

Lot gyl A &, (0 =0¢ =01}, be & howmotopy such that k) = 2f and &) is
the identity map on X, Define a path a7 — X by gl = Mle) for every

f I Then, by (10.3), we have ;

*fw f.rﬂr

Since gy 1s an semerphisin, this implies that £, 1s a monomorphism and g,
15 an epimorphism. Since ¢ is alse a homotepy equivalence, it [oflows that g,
ts also a menomaerphizm. Henee g, 13 an isomorphism and g0 is f, = g7 1
Similarly, if £ (X, 4) = {¥, B) s a homotopy eguivalence and if (2} = v,
1lien . .
fy X A, g = malY, B, yy)

15 an isornorphism for every « = .

16, n-Simpfe spaces

A tocal systemn of groups { (74 ) in o space X 1s sald to be simple, if the
homomarphizm oi- depends only on the initial point o(0) and the terminal
point gt} of the path a: 7 —+ X.

Let W be a gronp which acts on a group G, We shall say that Woacss stmply
on G if g — g foreverywe Wand pe G
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‘The proofs of the following Lwo propositions are straichtforward and henee
are left to the reader.

Proposltion $6.1. A [ocal svsiem of groups { Gz } in a space X s simple i,
for coery xy€ X, m (X, x)) acls simply on Gy,

Proposltion 162, A local svstem of groups { G} ix a pafhwise conneciad
space X o5 stomple 4ff there exists a point x, & X such that 7,0 X, x,) acts sineply

Corollary 16.3. A local sysiem of growps { Ga } 10 o sisediy connecied space
X 15 aleays somple.

Let w == 0 be any given integer, A space X is zaid to be a-simbde if the
local systen {madX, x,) | %,€ X} of the #-th homeotopy groops i1 X i3
simpla.

The {ollowing assertions are immediate consequences of the defimtion
and {1G.1)-(1G.3}, '

Proposition 16.4. A space X i w-simple 4, for every xpe X, 7, (X, x)
acls simhiy an mo (X, ).

Proposition 18.5. .1 palhwise connecled space X {s n-simple i there exists
@ potnt xg e X such thatm (X, x) acts simply on 2l X ag).

Corollary 16.6. A stmply conneeled space & n-somple for cvery n == 0,
Corolary 18.7. 4 dathwise connected sface X {5 w-somple ¢f mal X)) =0,

Corcllary 16.8. A pathwize connecled space X o5 L-stmple 3fFf = (X)) 13
pomslative,

Thus, the sm-sphere 5™ 1s w-simple for every w2 0 and 2 = Q.
Mow let us consider the unit a-sphere 5® and a given point 5, € 5% T'he
geometrical meaming of w-simplicity is given by the following

Theorem 16.9. A sface X s noarmple 1, jur every poinf, 2g2 & and any
Fie) maps [, S0 X veith fls) — x, — g(sg), f o2 g vmplies [ oo povel sy

Proof. Assume that X is n-simple. Then, by (6.4}, m,(X, %) acts simply
on el X, ). Since [ 2w g, there exists o hototopy B, 0 5% = X, (0 <04 < 1),
suchthiut &y — fand by = g Aceording to the remark given im the parugrapl,
which peccedes [2.1], the maps fand g rEpru--::[ll clernents & and £ of (A 2
respectively, llefine a path o0 I — X by taking aif] = &5, for each i =1
Since o0} = x, = {1}, # represents an element @ of a4, (X, zg). By § 14 and
§ 15,3 is casy to see that » iy mﬁ' Since s (X, 2] acts simply on (X, ¥,
we have % = f, Hence o = §. This proves that § o p vel 5

Next, let us assume thal the condition is satisfied. Let w e =, (X, ) and
chaose o foop o which reprosents w. Let x be any eletnent of m,( X, x5} re-
presented by a map 5% = X with f(s;) — x, Then the element we of
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Mal X, To) 15 Tepresented by a map g1 57+ X with gls)) = #, and satisfying
{ ~=g. By our condition, this implics that §f - g vel 5, Henoe we — a. Ty
(16.4), X 15 nesimple. 1

As 2 consequence of (16.9), let as prove the following

Propositian 1610, Ivery pathivise connected fr:-gbr:-ﬁugi&aﬁ growd £z u-simple
for every 5 5 O,

Praoof. Let A be a pathwise connected topological group and x, its neudral
clement. Letf, @ 5 — X beany tweo homotopic maps sueh that f (s = x, =
gi5p). Then these exists a lomotopy Ao 5% -« X [0 <0 f = 1), with &, = f
and &4, = g, Define a hamotopy &y 0 5% 2 X, (0 =2 § <2 1], by taking

Brisp = Tulse)~tlhaisil, {sebndel),

Then we have &y - f, k) =g and fisy) = x5 for cach € 7. Hence foag
ref 85 By the sufficiency proof of [16.9), &, (X, »,) operates simply on
(X, A). By (16,2} this implies that X s g-simple, |

This proposition (16.10) can Le geaeralized to the H-spaces as defined in
{111, § 11). Secc Ex. .

The useiulness of #-simplicity 1s that, for o pathwise connected #-simple
space X, the abstract homotopy groupste{X) us defined in § 14 has a natural
geormetrical meaning as follows,

Let us define mg{X) to he the set of all homotopy classes of Uhe maps of
S into X, In other words, a0 40 75 the set of all path-components of the

mapping space B o x5

Choose an arbitrary Basic point x, £ X and conswder the sabspace ¥ of ¢
which consists of the maps of (57, 5 into [X, x,0, Then the path-components
of ¥ can he considered as the clunents of a,(X, x}. Hence the inclusion
map ¥< ¢ induces a transformation

XoimelX, ag) =l X

Lemma 1641, Tf X is pathweise connected and a-simple, fhen X semds
el A, x) onfomg[X) in @ one-tn-one fashimi,

Proof. Let g eaa(A) and choose a nap f: 5% > X wlich represents o
Since X bs pathwise connected, thereis a path o0 F -+ X such that ¢ty 2 %,
and q{l) = x; -+ fis,)- By the method uscd in the constraction of o, in § 14,
one can show that there te a homotopy fi0 5% = X, (0 <24 =0 10, such Lhat
fo — 7 amd fulsgt — ol — &) for exch te S, Then §, % and represents an
elernent & of me(d, ). The homotopy fr proves that Xif) - w. Hence X
15 onto.

Muxt, let 2, §omiX, 2g) be such that X{a) = 8. Choese maps §, g
(3%, ) = (X %) Tepresenting x, § respoctively, Since Lix) = X18), we have
o= g Bince X s s-simple, it follows from (16.9% that foep #ef 5, This
inplies that & = 5 Hence ¥ is one-to-one. |
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By means of ¥, we may deline a group stoucture ing, (X)) se that ¥ becomes
att isornerphism, which will be called the cenanical isomorfhism of mal X, x,]
anto sel X}, Lo justify our geometrical construction of s X)) given above, it
remains to show that the gronp structure defined in my{X) by means of £
i5 ndependent of the choice of z, ¢ X

The gerenelrical meaning of the group operation defined inmg{ X)) by means
of ¥ is clearly as follows. Let 8% and 57 denote the hemispheres defined
by f, €20 and £y =0 tespectively, where [f,- -+, ) denotes an arbitrary
point of 5%, Then the basic peint 5, = (I, 0,---, ) 5 in the equatar

Sl ST 5T

Lot ¢ and 3 be arbitrarily given cloments of ma(X). Then there exist maps
JEw and pe f snch that FIS™ _ xy e glSR.

Define a map ;57 —+ X by taking

Thes & represents the elemenl % + 8 of e (X which docs net depend on the
choiee of f from = and g from 3. We call the attention of the reader to the
fact that, in case s = 1,5,(X] is commutative by (16,6} and hence the wddi-
tive notation s prefoered.

Now let x, ¢ X Since X is pathwise counected, there isapath o1 J =+ X
such that ¢f () = xpand ef)) &y, By a standard methed, one can show that
there exists a hototopy fe:S® =X, (0 = ¢ <0 ]), sneh that fy = F and
jeld™ — gif) for each t& 1. Similarly, there is a homolopy g1 5% » X,
(0 = ¢ s 1), sach that gg ~ g aud 2(5%) = off) for each t= {1, Define a
homotopy by 0 5% = X, {} =24 < 1), by setting

:'FE{S}? I::'LI 5E SJE] ’

M = e

for each f£ I, Then By = A& and h, =~ & Hence &) represents = 4 f. Also,
HmeE fildT = =£105 1,
thiz proves that o + § doesnot depend on the choice of the basic point x, =X

Thus, for a pathwise connected #-simple space X, we have ireed the Basie
point fram the definition of ihe #-th hemotopy group,

We have just seen that the homotopy classes of the maps of 5% inte a
pathwize connecled w-simple space X form a groupm, (A7) which is isomorphic
with mai X, x,) fur every 5, € X, 1f X 15 pathwise connecterd but not s-simple
this 1= not true: in fact, the omotopy classes of the mupes 3® - X are in a
one-lo-one corrcspondence with the eguivalence classes in (X, ) nnder
the operations of 040, %1, The proof is left to the teader,
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EXERCISES

A. Inductive construction of a hamotopy system

Construct a homotopy sysiem JT — {8, , } by induction as {ollows,

Aceording to the definition of u humotopy system in § 11, the homotoepy
set X, %) and the induced translormation f, 1a,(X, x50 =l Y, v arc
well-defined for every pair (X &) aud every map (X 39 = [V, %,
Let n =] be a given integer and assume that we have abready constructed
the homotopy sets mnlX, 4, %) for each 1 =) m =2 » and each triplet
{X, 4, x,), together with the boundary operators @ und the induced trans-
tormations f, o0 these homotopy sels, such thoet the seven axions in § LI
are satisbed.

Ter constroct the homotopy set o, (A, A, 2] of o glven triplet (X, 4, 2,
consider the derived tripler (377, A7, &7 of (X, A4, 2 and the derived
prquction 40 (X AT 20 (XL A, %), We define

o (A, AL B = meog (A %0

Next, lot ¢ —= 2| 047, &7,). Then, the boundary operator @ tnqi X, A, 2] =

g1, Ayl 18 defined by
d = gy 1o lA" 2y i, 2l

Uinally, let [ (X, A, x)) = {Y, B, v} be a given map. Then, [ indness o

derived map £ (XL 40 80 = (¥, B, vl Let = /"4, 2. Then

define Fa — Fy iy [A, X0 oma (B, v'g).

Verily the seven axions of § 1L for the systemn H — { =, &, , |} constructed
ibove. '

B. The egquivalence theorem

Conslder two given hemptopy systems
H = {n,ﬂ',* }r H = {ﬂ:r-'a‘a#}
together with iheir natural eqguivalence & = { &y W H =~ A constructed
in § 12,

By an admissible transformalion & = by )0 H + H', we mean for cach

triplet (A, A, x,) and cach inferer 2 = 0 4 transformation
R ol X, A Ky Al LA %)
zatisiying the conditions:

[ATI) For vach triplet (X, A, ) and each integer % == 0, we have the
commutativity relation S @ - @%,, where, in cese of 0 = 1, &, denotes
the ulentity map.

(AT2) ¥or each map §: (X A, %) = {¥Y, B, »,) and euch integer a == 1),
we linve the commutativity relation bgfy, = kafy

Ey (T, (E3) and {E4] of § 12, every eguivalence boetween S uand 47 is
an admissible tronsformation. Conversely, prove the following
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Equivalence Theorem. Fuery admisstble fransformation b i3 an equivalence
betieen H and B, In fact, if coincides with the natnral eqrinalence b, thal is
o sav, by = fig for every w2 0L

This shows that the natural equivelence & = { &, } 15 the only possible
equivalence Detween any two homotopy svstems, Forthermore, i order
10 eoustruct geometrically the natural cquivalence between Lwo homotopy
systems piven by geometric definitions, it suffices to establish an admissible
transformation by means of some natural geometric metwd,

L. Properties of the hamotopy system

The uniqueness theoremn (12.1) implics that the set of seven propertics
L8 B-10 i3 equivalent to the sel of seven axioms in § 11, The following 1z an
ontline of deduciy these seven basic properties togethier with other pro-
perties of the hometapy system right from the seven axiwms. Since the pro-
perties 1, I 11T, W, VIT are stated exactly the same as the corresponding
axioms, i1l temains to prove the properUes [V and VI

ILIEF X, 4, 2) = (Y, B v is o homotopy equivalence, then, for each
# =, f, sendserdX, A, 5 onto m, (¥, B ¥y) In a one-to-ome fashion.

2 If X 1s contractible to U poinl zy, then ma (X, 550 = 0 for evety s S0,

3. Tor any given triplet (X, A, x5, covsider the derived projection
oA AT 2 — (A, A, xy). Then in the dhagram

Tl X, A, %) LrmalX AN 1) a4, 2T,
bath p, and d are one-to-one and onto and hence we oblais o nefural corre-
spondeiice L =8p; il X A, xg) v (A, )
which sends m{X, 4, 1) ondo g (47 2°) 10 a ane-tp-one fashion,

4, For every triplet {X, A, x,} and every n =0, (X, A, ;) 13 non-empty.
Furthermore, one can unigquely define a westval element of my{X, A, x;) in
such a way that X, 7 and the induced translormaations send the neatrul

glement info a neutral element.
5. In the homotopy SEquEm:E

: —-—_:r - II::X .i:li .:JI::::l .ﬂ:ﬂ.r-l'q- ‘TI}] - - Tﬂ_{x Inl: —-I__,.. '_.Eﬂlr:'!'i:ﬂ .l"i .'3‘."“1 _a 1"
- _:r- :.'!.'h.}; .:"i .?:“.:| —g.- "'r:ullri[ .xu-] LY :'T,,]I:X .'-""ﬂ,}

of {X, 4, &g every set has a specific neutral element. By the feensl of o
transformation in this sequenes, we mean the inverse toage of the neutral
clement. Then prove simultanconsly the following two theorems:

The exactness theorem. The fomolapy sequence of any irspict 15 axact, that
is Lo sav, 1he kernet of every transformation in the sequence coincides with
the lmage of the preceding transloteation.

The fbering theorem. £f 1 X - Yis g fbering, A = f-UB) and x, e o),
thew bhe tmduced transforsmation f, carvies mg (X, A, x,) onio melY, B vy} tu
i oHe-to-nns fasiion fur every B 2 O,

These two theorems cover the properties IV and VI respeciively.
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D, The role of the basle paint in the relatlve homotopy groups

Consider a given space X, a given subspace 4 of X, and two given points
Xy, 2y comnected by a path

v 4, gl =2, @l .x.
For each » 7= 0, define i1 transformation
gn el X, A, 5] v aalX, 4, %)
s fallows, Let x em,(X, A, ). Choose a representative map
frifm fut o (X, A4, 2

for a. Pull the tnage of f4-1 retreabing along the path ¢ back to x, with the
inage of I* bemng dragged 1o such a way that the image of 727 is always in 4.
The map obtabited after this homotopy represents an clement 8 ofma{ X, 4, 1)
wlhich dependds only om @ and g, Then, we define oq(=x) = 8. Give the dletails
of this geametrical construction as in § 14, and prove the following assertions:

P inrevery e % 2, oy i% a homomorphism.

2. For every » = U, gq depends anly on the class of the path o

3. If ¢ is the degenerate path of) = x, in 4, then ay is the identity
transformation onae(&, A, z,) for each » = (.

4. I @, v are consccntive paths in A, Lo ofl) = {0, then (o) - gqTa
for each s = ()

G, For every 2= O, gg cartics mp/X, A, x,) onto mel X, 4, 2 in a one-te-
one fashion, Henee oy 15 an isomoephism for GVErY W o 2.

6. Each recltangle of the foliowing ladder bs commntative

b 'L} jrﬂ.l:.ﬂ"i, :I“.:I -I'!. 9 Hﬂ[}f, .'l'u:l 2—;— -ET.I.::.:*:. .t'lf_l ID:I - Ij‘ > 'Trﬂ-—]_{"alj .rl}]i_} e
v

: _

cee Bl m) Sl (X, xS oK, A ) A om, (A2

7. Var any teiplet (X, A, x), ;o X, A, x) 19 0 crossed s fd, %), 8]-madnle,
By thiz, we mean that the following two conditions are satisfied for every
winm (4, v and &, § inm, (X, A, 2,

(1 M) = widade!,

{1} {O=}f = xffx .

Henee jum,(X, %) 1s contained in the conter of my X, 4, x) and igmid, =)
mets os a group of operalocs on jar, X, &), See [Hi, pp. 59-41 .

The significance of the assertion (5 is a= follows, [T A Is patiwise connected
and # =2, then all the groups m, X, 4, x) for various basic points x, are
somorphic. Hence, as an abstract group, me{X, 4, ) docs not depend on
the basic point z; and may be denoted simply by mai X, A5 This abstract
Eroup mal A, A) will be called the w-th [ebstract) reletive bomoiopy gronp of X
nwduln 4. For example, we have

T, o7, SR oAb (me ), mg(ER S0 - 2
B S =0, (w2, & (E% 5N =2,
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Next, consider the spaces of paths
W,=[X:4.x, W, =[X:4 %]
as well as the degenerate paths =g W, and w, < W,. Then a given path
o: 1 = A which connects x, to x, induces a map £: W, - W, defined as
follows: for each we W, Elw) £ W, is the path defined by
w24, o =y,
a2 — 28, iyt
(y the nthet hand, o alsn induces a path i £ -+ W, defined as Inllows: for
each s £ [, nis) € Wy is the path defined by
e[ 5], 0 =t =,
ajZs — 25, if & =28 =5 ),
Then, sbviously we have w0 = wy and (i) = F(w ). Prove that commu-
tativity holds in the following diagram
A, A, %) _ L o TRl XL AL X

E ¥
1 R -
e S I O T L SR SO PO 2y Mot oy (W, i)

i) (8) — |

() = |

where X denotes the natural correspondences. Ilence

On - Bl fud, n= 0L

E. Refatlve n-simplicity
Letn 3= 2 be a giveninteger. A space X is said to be sestmple relative fo 2

subspace A if the loral systern of groups {mafX, d.x5) zned}in A
simple. In this case, we also say that dhe pair (X, A) 5 m-semple, FEstablish
analogues to {16.4)-(15.7}, as well as these assertions:

1, If (X, A) s Z-simple, thenr w5 X, A, 150 is abelian for every x, £ A.

2. If, for every zged, m,d X, A, ;) 15 abelian and 4, sends &4, x5} into
the neutral slement of =, (X, 2,1 then (X, A} 35 Z-simple.

3, A pair (X, A) is a-simple i, for every point x; & 4 and any tae maps

fopiifEe Sa-loeh (X, 4, x,),

foo grel {591 4 ) implies that f o gred {521 A4 5 5 % |-

A TE (X, A) is sesimple and if 4 1= pathwise connected, the elenents of the
abstruct relative homotopy proup me(X, 4} can be considered as the homo-
topy classes of the maps of (E%, 52-11 nlo (X, ).

F. The Whitehead product

Consider a given space X and a given basic point k€ X. Let m = 1 and
# 2 | he given integers. For any two given clements

x =mmlX, 2. FEmalX, %)
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we are poing to construct an clement &, B] of @n 5 X, x,) which will be
called the Whilehead product of & and 5.
For this purpose, let us choose representative maps
£, Iy (X, 2, g (17,80 = (X, %)
for m, f tespectively. Since Iri® . fmow fi we have dimin = (5 @78y U
(™ o Suy Hence we define & map & ; 674+ o X by tuking for each point
[, ] in dfmin " ittedrn

fish,
B(s, 1) =
S8 =\ww,  ifseam

Since the pomlyg == [0, -, 0 of FmIeigin Jf™ w0 @R, we have Bz, = 2,
Sinoe QF=!F s homepmorphic to $®-#2-1 4 represents an element y of

.ﬂ:m .-n_]_l::;s{r .Tu_:l.
T'rove that ¢ depends only on the clements ¢ and g0 5o, we may define

.'_-'5"” ﬁ] ="
kstablish the following properties of the Whitehead products:

ILID e (&, %) and fem (X, ). then [x, 30 is the commuotator
18 ol X, 2.

2 MgematX, xppand Jex (X, v withm = 1, then [u, #] 13 the clement
Fo — o of sl X, 2y,

3. 1f = = [, then the assignment & - "x, 8] for a given fem, X, x)
defines a homomorphism

B im0, 2] = T a1 )
4. M + w > 2, then, lor every g T mel X, ) and Jem (X, x,) we have

Boes -1l Bl
510 g:f -+ A ix a path joining x, to x,, then, for every a calX, 2]
and g (X, x), we hive
Urrr-'rﬂ—jlﬂ-ﬁ_l = i.‘-':rz-{ﬁ'-]a Uﬂ':ﬁ:'.!-
6. 10 o (X, x5 = (Y, 20w a map, then, for every e Cag(X, x,) and
! 1 r , - :
f Emal X, %y, we have Sylte, F1 = [dyial. dulf) |-
7. For any w EmnlX, %0, §emalX, 2o}, 7 €7l X, 2, the followang Facob:
tderdity holds:
(— 1™ [a, fly] — (— 1 6 vl e] + 1— 1[0y, 2, 0] = 0.
Whitehcad procducts may be also debned between relative homotopy
groups and between mplA, A, 2 and mp (A, 2], See [Ha 1] and Blakers
anit bMaszsey 27.

G, Homotopy groups of H-spaces

Let X bea given H-space as definecl in (11 § 1) and tet o, be a homnelopy
umi of X. Then the group operation in (X, 1) 5 closely related lo che
multiplication in X as follows,
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Let o, 8 be arbitrarily given clements of &5 X, x,) with # == 0. Choose
any represcniafive meaps oo (T0, 30 - (X, )

for = and B respectively. By means of the maltiplication In X, we may define
amap & (1% 85 - (X, x) by taking

R = fili-glty, e fn

T'rove that % represents the element & - § of ma(&, x,}. Furthermtore, 1f X
is a topological group and x, 15 the nestral clement of X, then we may define
amap k(7 1) = (X, 2 by taking

RUE FE- LRl Y fs N

Frove that & represents the element « — § of ma{ X, %,
Next, let a Catnlt, =gh and 2 em, X, k). Choose representative maps

FoUEm BN o (X k), g 8807 > (X, )
for o and § and define A map & @ Ieeee o X by taking
als, . fisheglfy, sedf te SR
Prove that & | §7%+8 represents [o, 3], This implies that
[x. f] = 0.

Henee, it follows irom the assertion (21 of Ex. I that every pathwise con-
nectod He-spave is w-simple for every = = 0; in particnlar, we deduee again
that s[4, %) 15 abclian,

H. Sermnl-simplicial complexes

A semi-smpdicial complex K is w colleetion of elements { o} called cells
1ngether with two functions. The first funchion assigns to cach cell o an
miteyer o o+ O called the dimension of o, m = dim (o) ; wo then say thit o
i5 an me-cell. The second funciion assigns to each me-cell o, {m = 0), of K and
each inleger 1, 00 = < m), an (s — l}-cell dyr called the s-fh face of a,
alsa dencted by a®, subject to the condition (55C)

ﬂgfj_-;r,r = dj .15{1'_1-'

for mp = ) and 0 =4 < 7 = o Wo call Jp the &6 face operaior. It may
happen that & == 7 {or some ¢ = 5. Lower dimensional faces of o may be
defined by iterating e face operators. For uny two cells ¢ and 7 of K, we
shallwrite 7« w i cither + = g or 1 = g~ - -y for some set {40, 0 }
of integers with 0 < §; <0 - = 4 =0 o Thus we obtain a proper reflexive
partial ordering relatiom - in K. [Eilenberg and Zilber £

1.4 simplicinl compler K is i set whose elements arc finite subsats of a
given sct 1, subject to the condidion that if o2 & and 7 15 a non-cmpty
subsel of a, then = r &, Prave that, i V1= partially ordered in such a way
Lhat every e e & s linealdly ordered, then K is a semi-simplicial complex.
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2. Given a simplicial complex K, construct o semi-simplicial complex
LAY as follows, The mecells, s 0, are the (e | 1)-tuples (v, -+, 2nl,
repetitions allowed, of the vertices of somesimplex of K and 0y, < -, ttm) =
(Vg,* " *a T, 0+ *, v, where the circumiflex over v ineans that v 15 omithed,

5. Prove that the singular complex 5(X) of a space X, [E 5; p. 185], is a
serni-sitnplicial complex.

4. Consimiet the homeology and the vohemalogy groups of o given semi-
simplicial comnplex K mandnle a subcomplex L over g given abelian coefficient

ZION.
I. Degeneracy oparators

By a systom of degeneracy nperators in a given sami-simphcial complex &,
we: mean a function which assigns to each se—cell o, (m =0, of & and each
iiteger ¢, (0 <l <l s, an (m + 1)-cell fye of K, salisfving the conditions:

Oebyio) = BraBaiol, [ =21
el o =iy, B0
Ol = Oiaielel, (= 0.4 <),
ibyla) = 8tho lol, m o= 0,8 = 7+ B

We call Oy the s-th degeneracy operator of the syslern. An m-cell &, (5 > 0),
of a5 said to be degenerate if & = fyfz) for some {m — D-cell 1 of K and
some s with 0 <4 < m— 1.

1. Prove that the semi-simplicial complex (&) of a simplicial complex &
admits a system of degencracy operators defined by

Ei[i"[r-' Tt i'l'i'?ljl |:?'i'[|r. "t T, T"i! I"i+1:' ", 1"'??{.:'-

2, Prove that the singnlar complex 5{X) of a space X admits a system of
degeneracy operaters defined by

'f]-iﬂ':,ff Yy ifm.-. 1:' = r.rf.!,_-,,' T f-z—l- i + i-£+_1r fh-zr' Fr §m+1f:-

3. Prove that the senu-simplicial complex obtained from a simplicial
cotnplex by a partial ordering of the vertices admits no svster of degeneracy.

A Drovee i every semi-sitnplicial complex of finite dimension adinits no
systom of depeneracy.

J. Complete sami-simplicial complexes

A semi-simpiicial complex K iv said to satisfy the extension conditing if
gavers wi-colls a0 L o, Gegy, L e 0T K such ihat

Ei'-;ur; = l’.jj_lr:r-;, 1'1‘.- £k, j" =R, 1 <7 j'l]-

Jor the case s = {}, then there exiels un (s + 1i-cell @ such that g = ay
forcach s =£ & A semi stnplicial comsplex £ s said to be complefe 1f 1t satisfies
the extension condition and admits u system of degeneracy operatots.
A complete semi-simplicial complex K with a given system ol degeneracy

operators 15 called o Kaa comples, [Kan 1],
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I'rove that the singular complex S{X) of a space X is complete and that
the semi-simplicial complex (R of a simplicial complex & may fail to be
complete, Hence, the class of Kan complexes is rather limited.

K. Homotopy groups of Kan complexes

Let K be a given Kan compiex. The O-cells and the 1-cells of K will be
called vertices and edges respectively, Twao wertices o, v, of K are =aid to ba
cgusralent, v, ~ v, if there exists an edge e K with dye = o, and 2 = vq.
By means of the extension property of &, prove that this relation ~ 15 sym-
metric, refexive ancd tramsitive, anc bence the vortices of K are divided 1nto
disjeint equivalence classes called the compoerents of K Leb /) denote the
set of all components of X,

Next, lel v be a given vertex of K. We are golng to define a derived comblex.

K' = DIK, ]

as follows. The a-cells of K are defined to be the (n + 1)-cells ¢ of /& such
that o is the only verlex < ¢ and that 8,0 = 6,2y}, where 8.% is the g-dpld
ileration of the degencracy operator 8. The face operators 0°; and the de-
generacy aperators & in K are defined by

Verify that K s a Kan complex and o' = 8,0 is a vertex of {7, Then, for
every B o 0, we deline 7o [ K, v) inductively by

Tald, 0] = mp (K ), R, ) =mgK).

Mext, let us define the group structare insy( K, ¢) for each # > (0, Beconse
of the inductive definition given above, it suffices to define a group strocture
inm, A", Let o, f§ be any two components of A7 and pick vertices x €« and
v & 1. By the defipition of X”, » and v are edges in K such that #yx = v = dyx
and 4,y = v = f;y. My the extension property of &, there exists a 2-cell o
in & such that @0 — xand g — . Then z = §| ¢ 15 4 vestex in K7, Prove
that the component y of K" which contains z depends only on eand 3. Detine
aff — . Prove that s, (K] becomes a geoup under this multiplication,

Prove the following asscrtions:

| ml K, v} 18 abelian for vach » =2,

2. If A 15 the singular complex 5(X) of a space X and » the vertex de-
termined by a given paint £, € X, thena{A, o) and g (X, x,) are isumorplac
for cach #,



CHAPTER ¥V
THE CALCULATION OF HOMOTOPY GROUPS

1. Introduction

Neither the geometrical construction nor the axiomatic approach to the
homotopy groups in the previons chapter leads to effective computation of
these groups. In the present chapter, we shall stidy a few methods which
yield sucersslul calculations of the homotopy groups in varions special cases,

In the first part of the chapter, we give the celebrated Hurewics {so-
morphism theorem, For every inleger # > 0, thete 1s a natural hormo-
mnrphhm A of mEq{ X, x5 inta the integrat singular homology group el X,
Ife 2 and if X s {n — 1)-connected, then Hurewicz's theorem states thut
A 5 unl Isomorphism. Hence the first non-zero homotopy group of a tri-
angulable spare 13 cllectively computable.

In the second part of the cliapter, we give Lhe exact homotopy sequence
of a fibering ¢ : E —+ B togeller with a fow ditect sum thearems. By conploying
the numerows known fiberings in conjumciion with "this exact sy uelLce,
many homotopy groups may be computed,

In the last part of the chapter, we intraduce Treudenthal's suspension
together with the nation of triad homotepy groups, These suspensions are
crucial in the calculation of the homolopy groups of sphercs, sotne of which
will be given in the final chapter of the book,

2. Homotopy groups of the product of two spaces
let X, Y be two given spaces and x, & X, o2 ¥ be given points, Consider
the product Z == X x ¥ and the point 2, — {x,, ¥,) In ¥, Let
Pl ) 1K x), g2 20 > [V, )

denote the natwval projections defiued by pl2) = x and ¢f - v for each
= (x, inZ, On the other band, et

i X, xy) - (2, EIND I {¥, Fu} - {'E:.l Zg,

denote the maps (called the trfections] defined by ilx) = (%, ¥;} and flv) =
(%4 ¥} Lor each w2 X aned each v= ¥, Henee $1, g7 arc identity maps and
£, ¢ are constant maps.

For cach # = {, the maps §, ¢, 1, § induce the homomorphisms

ﬁ'* :ﬂﬁ.{E. P.’ﬂ'l - .-.{'nfo xﬁ:i: g* . Eﬁ-[gl zlj] "}nﬁ[.}r’ }Iﬂ.:l'

ba Tl X, ) =l 2], fou Tl Y, Yol = mnlZ, 1),
143
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satisfyving the relations

Fate = L @yfe =1 Bafu =10 qu =10
Hence 4, 1, are monomophisms and p, g, are epimorphisms,
Lot us eonsider the direct product of the groups (X, ) and mal Y, ).
i # == 1, these proups are abelian and their direel prodoet 15 alse called the
direct sumn. We shall use the additive notation

-;"Eﬂ[:"fg -"{:u:] | ﬂﬂ':}rl}ll:lh [”:}n,]?

for the direcl product even in the cass » = 1 where the groups are not
necessarily abelian,

Thearem 2.1, For cvery 1 == [, 168 Aave
el Z, 2) = mal X, 25) 4 5alY, 20l
Proci, Iefine a hotmomorphism
kimeld gy = melX, 5y + mal ¥oo¥ i
by setting Alat = (Pyix), g,02)) for every o emglZ, £,). 1t remains lo prove
that & is an izemorphism.

For wrbitrarily given o ¢, (X, %) and £ e =Y, yp) Ity —= Lyt 4+l
Ag[£, 2). Then we have

Byl — (Pelyn + Paludr  Gafem + qufufl - (0 0]
Hence # is an epimnorphism.

On the other hand, let $=ma(Z, ' be any element such that &{& D
Then, by defmition, we have f,6 = 0 and g4 = . Ler fo (%, 4% (2, z,)
be any mup which represends &, Since b - 00 and g4 = 0, there exist
two homotopies

go i (17,007 = X ). Rt 1I% 007 = (Y 2y,
(@ 57 ¢ =2 1Y, such that g, — pf, g, (I — =g &y = gf and 4117 — . Define
A homatopy fyi /P —Z, (D=t = 1), by toking

faist « o [gelsh, Belsh), ized™ to )

Then clearly woe have f, - _.i:., Fi047 = zp and Fedit) = &y for cach ¢ L
This implies that & = 0. Hence & 1= also a monemorphism. |
The inverze of A 13 Lthe sornorphism

Bl [ X, ) Sl Y v o mal L 2y

given by Az, ] = iy(xl | F4{f)

By means of finite induction, (2.1} can be easily generalized in an obvious
wity o lopological product of more than twe fucter spaces. Tn particulat,
the homotapy groups of the s-dimensional torus Tp, te the product
T =81 % -+ % 5t of m copies of the unit cizcle 5%, are as follows oy (T
is the free abelian group with = free generalors and mg(Tw) = 0 for every

a = L,
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3. The one-point union of two spaces

Let A, ¥ be two given spaces and zp 2 X, 3, © ¥ be given points. Consider
the topoiogical sum W= X U ¥ as in {I, §7). If we identify the point
tq = A with the paint y, e ¥, we get a quotient space U of Wowith a specificd
point #y which is ihe class consisting of x; and p,. This space {7 will e
called the pre-poind wnfon of X and ¥, and sometimes denoled by XY,

Using the notations o § 2, we can imbed T as the subspace (X x pg U
(%5 % Y} of the product space Z by means of the maps

RO, W) = (2 2,
defined by Bl = [ I.:M' g.r“Eu, [%f 0= J':".l
(%, ), [if sz ¥},
Theorem 3.1. For every «n = 1, we have
st U, wip)l Ao sl XL g — Ml Y v 6 s {2, U7, 20
Proof. The inclusien maps «°, §" and the map & induce the homomorplist
Pu T, gl el ), fy i mal Y a0 > Ral U, wg)
B Tl £ ) wmalZ, 2,0,
Define: a homomorphism £ myfZ, 5 =7e{l/, 2,0 by tuking
o) = " Pylxl = Puguied, xemdZ, z).
Since abviously A — { and &' — §, it follows (hat
Budlx) = Bl yplo) 4 Pulalel] = il baled = hyf'ygala)
= fubal®) | fagalo) = AN @

for each e e mai, ). Since w = 1, all the groups are abelian, This imphies
that ¢ is & menomorphism, 4, s an epimarphism, sad 2, 0, #,: splits info
the direct sum of Lhe image of { and the kermel of £,.
Since ! i a mensmorphism, we have
Linage § s sl 2] == ma XN, 25 + 7wl ¥, 4

by {2.4). To deterrine the kernel of &,, consider the homotopy sequene
{8 w0 B e Z g a2 Uz O sl U 1) o a2 5
of the triplet (X, U7, 2). Since &, Is an spimerphism, i follows from the
exactness of the sequence that & is a monomorphism. Henee we fuwve
Kerncl by, = Image it asme, (2, U, 250, |

In fact, m,{{7, ﬂp.[,,} dEEﬂmpniF*} into the direct sum of the images of the three
menomarpiesms i, 1, amd 8,

The eondilion # = 1 i5 used only ouce, namely, to gssyre that the Kmaye
of £ 15 & notmal subgroup of m, (17, ;). In gencral, this is not true for the case
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a# — 1, However, we have anyway the weaker assertion that m ({7, #p) % an
extension of my(Z, U, #) by the direct product of m (X, %) and m{¥, %)
If X and ¥ ure polyhedra, we recall that = (L7, u,} i3 the free product of
(X, %) and (¥, v by {II, Ex. A4). This is also true if X and ¥ are
regular and locally simply connected,

As an application of {3.1), we have the following

Proposition 3.2, For every p =0, g 0 and n < p + g — |, we have
RSP AN 2w e [5P) + m (59,

Proof. Since [SP % &%, $P/5¢) is a relative (p + ¢)-cell in the sensc of

(1; £7), it {ollows from (IV; 3.4] that
Wl 97 2 S€ 5P 50) = 1]

for cvery m < p + ¢. Hence (3.2} {ollows from {3.1) immediately. §

For cxample, we have

R(SPGEY = 0, m[SWAEH = Z, myl 8BS = 2+ 2.

4. The natural homomeorphisms from homotopy
groups to homolagy groups

Let (X, 4, %,) be any given triplet and consider the homotepy set
Eﬂ{.}.{l .-I'Il..x;.]:l_. ﬂ- } I-

Yot & be an arbiirary clement of ma (X, A, %) and choose a imap

'#' . ['Eﬂl 51‘?-—11 SD] - EXI ‘4: xl:l]
which represents o, where E* denotes the unit s-cell in the cuclidean #-space
F#, §%-1 the unit (» — li-sphere in R®, and s, = (1,0, -+, 0). The naturat
coordinate system in R determines an orlentation of £# and hence a genera-
tor &, of the free cyelic homology group Hy(E®, 52-1). As a map of [E%, 58
into {X, 4), ¢ induees a homomoerphism

Py L HR[ER 501 > Ha(X, 4]

where H (X, A} denotes the singular homolagy gronp with integral coeffi-
cienls. According to the homotopy axiom of homology theory, &, depends
only on the given element & & = (X, A, 2,) Hence the assignment & — Pl )
defincs a transformastion

sn Tt A, xgh =+ Hal X, A).

Proposition 4.1, [f etther m = | or A = x,, thew wg 45 0 homomorpiism
sidich will be called the notural homomordhism of el X, A, 1) infe HalX, A).

Proof. Lel % and # be anv two clements of mg{X, 4, »). Then we may
choose representative maps ¢, (E®, 5871 5 o (X, A, x) such  that



4. THE HATURAL HOMOMORPHISMNE I47

Bty o t) = xy 1 &) =0 and il - 0wl xy if £ =20, DDefine a map
Xojke 5% a0 » (X, A4, %) by taking
fF oas ) if ! '
xﬁj-'“;#ﬂ] —_ Il"i"."flJ R {'f'{l . b,
Laalt, - tal, if ¢, =10

for an artatrary potnt {{,---, &) in £% Then & clearly represenis o + .
By a theorem i homeology theory, |1a-5) p. 36, we have

I*{.Eﬂ] - 'El'l-':l'-r.'fﬂ} . %”*{Eﬂ-]'-

This imnphies weyfe - i) cxpie) | #(f) and hence x; is & homomaorphizm, |
The {ollvwing proposition 15 abvious from the above construction of .

Proposition 4.2. For any map § 01X, 4, %) ~{V, B, w}, the follewing
vecfample 10 conmndatize:

mnl X, A, 2 Lo mal VB, )

ii"::l:l- rfﬂ
v

HalX A L H Y, B)

Forthecase 4 &, we have an lsomatrpiusi
fa s HalXy & Hal X, 1
and hence we obtain a homemorphisim
B = Jolow el A, 2] = T (X

which will be called the nefural howmomerthiom of gl X, x) indo I A,
Clearly, i, coincides with the hatmomorphism A, of {1, § 6.

Sinced 1 Hy, (B 5% o [ (5%), it follows that +, = 0f,4, 15 agenerator
of the free cyclic group Hyi 5%

If we identily the boundary 5®-1 of £7 10 a single powot s, we obtain an
r-sphere 52 amd o poinl g, Henee there s g reloitive homeomnorphism

AR PG L I S
snch that ﬁ-*_[éﬁ] : _f,’,,I:.‘r;'ﬁ':l, where
Py Hallm 50V au Hal8%, 5,0, [t HalS0) ae HalS™, 5
are the isomorphisms induced by the map ¢ and the inclusion map j; §r <
(5%, sl
Lot e mmed X, 2, and pick a map ¢ JEx S52-1 0 X, 20 which represents

¢ Then there exisbs woonigne map 0 (5%, 5 — (X, 2g0 such ihal ¢ = pp,
We may consider & as represented by g As a map of 57 o X, g indurees a

homomorpluism s HalS5%) » HalX).

Then clearly we have Aglol = wyine). This may be used as the detimtion of
the natural homemorphism Ay,
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Then, the following proposition s obvios
Proposition 4.3. Dor any Giplef (X, A, xy), the following reclangle s

coprEnElatie ; .
Tae [ X, A, ) — O mald, %)

I
lxn o

Jna X, A 7 HuA).
Wow constder 1he follewing hometopy-homology ladder:

ot L H'i'|-+'|["':hz-| .:".I_, :l::ﬂ] "E"_h' Hﬂ{-“ql xl}:l L} %[IJ Iﬂ} -II-*—:" :Fﬂl:xa 11'1' -x:ﬂ} —I:}":" e

lxﬂ Ay lkn II:uu
+

" l—a— Hﬂ-ll{xl -"1} —ﬂ—h- Hﬂ'r-"q} 1 - -'H.lﬂ-{'“rl:l j—} -'H?EI:I-' "q:I —ﬂ:" et

By (4., the reciangle on the left is commulalive. By (.21, te middle
rectangle and the one on the right are also commutative. Hence the whole
Jackiler s conunntative,

‘Vhe remainder of this sectivn is devoted to the prool of the Hurewicz
theerem for polvhedra. Generalizations will e given in the exercises at the
cnd of the chapter and also m a Jater chapter,

T {II; § 9, wo delined the notion of the s-conhocted spaces. In terms of
homotopy groups, one can easily prove that, for a given Integer = =0,
o space X is w-commected iff it is patbowise conneeted and m, (X} =0 for
EVETY B S0 1.

Theorem 4.4, [Hurewics Lheorem). If X d# an {n — 1j-comnectsd fimils
shmplicical complex with w = |, then the natwral homowiorphism Ry 15 an
LS GPROTDAISI,

Proof. T X is the a-sphere 57, then the theorem is given already by the
Hopf theorem in (IL; § 81, By {3.2), it foliows easily that the theorem holds
for the case X = 50./8% Then, by means of (3.17 and Anite induction, one
can easily prove the lheorem for the case where X 35 the one-polnt nnion
ol & finile number of #-spheres,

Next, asswme that dim X = v, T we [dentify the (n — 1}-dimensional
skeleton X%-1 af X to a single point v, we obtain & quotient space ¥ wilh a

natural projection piX, Xty L (Y.

If ¥ is different from y,, then it i3 obvionsly homemuerphic to the one-point
nmion of & fnite number of a-spheres wilh v as the common point.

Picle & vertex x,e X% 1, Since X 13 [ — lj-connected, Xm 1 st be
comtractille 1o the point &, s X. By ao application of the homotopy exten-
zsjon property, it follows that there exisis o homotopy [0 X X, (D 1,
such that j, is the idenlity map, f{[X%7) — =, and fi (%) = % fereacht o L.
13y (15 &.1], the map /, determines a map g (Y, 4) — {X, xy) such that Lhe
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composed map g = # 35 homotopic to the identity map on X relative to x,,.
Mow, consider the following diagram

ﬂnf}{; II:I] ﬂﬁ--:— H::[:{]

t
'P#J il'fa- f’*{[‘i‘ﬁ
(¥ Vg P, I Y

where fg, Jjr, denote the natural homomorphisms, ., #3: are indueed by the
natural yrojection f, and ., q3 are induced by the imap . By what we have
proved above, &, is an 1somorphizm and gy $,, ggpyp are identities. By
(4.2) we have paphs = kypy and Regy = f4phs. These imply that Ay, is an
isomocplism, Indeed, let o o (X, 250 Dz such Lhat 2qie) - 0, Then we have

Sl 2} —'ﬁﬁ-&ﬂ{lﬂ = il'_l___mjl = {1

Since ki andd pg are monomorphisms, thisimplies » - . Henee &y, I8 a mono-
morphism, On the other hand, let #¢ HaiX). Tet & = g,/ 04081, Then

we have . .
Raln) = hag g8} = gubakpuif) = gl = 5.

Henee 1= also an epimorphism. This proves the theorem for the case
dhm X < B,
Mow, assume that dim & = » 4 L. Then the natural homemorphism

Huyy - Tn 1.1{3:, X, J"fn\.' _"-Hir“{x: Xﬂj = {-’.'?1-!1[-‘:{-'

35 an cpimorphism. Indeed, Cq (X)) is the free abelian group generated by
the (v 4 lj-simplexes of XL Let s be any (# + 1-simplex of X Pick a vertex
z, of 5. Bince 5= A2 the incluston map 5= X represenis an clement g
Oof 1o (A, X% xy) Sinee X i3 pathwise connected, there exists a path
oo f = AT Joining X, to xp. Thew xe, , clearly sends the clanent gy, (&) of
g X AT Xy Into e generator s of Oy, (X0, Since s is arbitrary, this
proves that xy,, 15 an epunocplise,

By IV 3.4}, we have m,(&, X7, a) =- (L On the other hand, we have
Ha X, A =10, Then, in the homotopy-homology ladder of (X, X%, 2,
we have the following diagram

::'Iﬂﬂl:k',f'{“.xﬂ} Y mnl X xg) fnl X, 2 B0
l”rﬂ-] En i-‘-!r;

Hoo(X,Xm) O Hy(Xo) ‘e, H(X) L, 0

where wp,g 15 an epinacphism and &y 13 an izomarphizim. These imply that
Ay 15 an isomorplism. In {act, let ge Ho{X). Sinee 1, cares (X" onta
Hyp( X}, there exists an element o6 H,{A®) such that 4,0} = 5. Let = -
Pty ey X, 2,). Then, we have

Ralo] = Aol Aptly) = flnk Myl - il B
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Henee k, 15 a0 epimmorplismn,. On the other hond, lel = emp{ X, x,) B any
elernent such Ut kq{z) = 0. Choose an clement F ema (X', 2, With ¢ = «.
Since i Anlf) =l (f) = Apiw) = 0, it follows from the exactness that
there exists & v & Haof X, X8 with 804 = k(). Since xu,,; 18 an epi-
morphism, there s & §€ma (X, X, 5, with g o3 =9 Then, we have

§,0(8) = £ ST Wnd(B) = § k=105 4, (0]
= dghr 1B [p) =W R (8) = (6} — =

Hence o = 4, (8 - 0. This proves that &y is ulso a moncmorphisim,. Se,
the thenrem Is proved for the case dim & = 5~ 1. Note that the argoment
used in thus paragraph is a special case of the "ve” lemma, [E-5; p. 6],

Finally, let X beany (v — 1)-connected foite simplicial eomplex. Consider
the {# + 1)-dimensional skeloton X#+! of A and the following diagram

Tl A7, 2g) de )X, %)

.!kﬁ: My T
|

HaXntty 8 X
where the natural homomorphism &, is proved te be an isomorphism. By

1Y, 34), 1t follows that ¢, 15 an isomorphism. On the other hand, .E-h— 15 also
an somorphism. Henee, &y — #)38,0.1 15 an isornorphism. |

5. Direzt sum theorems

In the present section, we shafl derive three useful consequences of the
exactness of the homotopy sequence,

Proposition 81, ff A4 is a retvact of X and x, & A, then
(X, 2] memald, 2 — maflX, A, x,)

Jor svery 1 2 2 oand i, tae(d, 5 s mel X, 2 £ @ stowemorphism o every

e

W=,

Froof. Let #: X' 4 he a retraction. Since »#f 12 the identity map on A,
it follows that ra, 05 the identity antomorphism on sEeld, =) lor every
# = 1. This fmnplies that {; s o monomorphism and #, 15 an cpimorphism
for everv a = 1,

If # 32, then mg[X, xg: 15 abelian, Hence i follows from #,:, = ] that
mal A, x,) decompaoses into the direct sum

Fﬁnﬂx; xl =+ K, ] = Tmagc 1'*, F = Kerngl F e

Since 4, 15 4 monomarphism, we have J & ma(d, %,). Further, by the
gxactness of the homoetopy sequence of (X, A, xgb, it s easy to deduee that
Fe vin[ X, ) ~ma X, A, i is an epimorphism for every & = 2. By ex-
actness, the kernel of §, 65 fand so §, sends A isomorphically ontome (X A, %)
Henee K oae maf X, A, 2. 1 '
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Consequently, if 4 is a retract of X, then (X, A, x5 musl be abelian.
Proposition 5.2. if X s deformalie (nio 1 relative to a pofad xyc A, then
nl A, g} Rl X, %g) + 7 (X A, )

fior cvery 22 and 4, imald, xg) ==X, 2,0 45 an epimorphism for evory
fowe

Proof. According to the hypothesis, there exisis a homolopy & X - X,
() = =5 T}, such that

Bizy =2, Mixted, Miz) ==,

for cach e X and d £, Define a map & (X, 50 » {4, %) by taking kix) =
hotx) for each o XL Binee b R o Byprel x, 1t follows that 1.5, is (he
tdentily avtomorphisan on (X, ). Henoe A, 1% & monomorphizm and 1,
s an cpimorphism for cvery u 3= L

If » %2, then a(A, x) 1s abeliun, Ience 10 Jollows rom .4, 1 that
gl d, xg decomposes inte the direct sum

Ml A, 2 =F 3 K, J=TImagek,, K - Kernelz,.

Stnee By, i3 8 monemorphism, we have J = 2,0 X, ). On the vther hand,
Since 4, 1% an cpimorphism for every = = 1, it iollows from lhe exaccness
that & 1wy (A, A, 5 = (4, x3) 15 2 monomerphism. Henee

K = Kemel i, = Imaged ssmn, X A, 200, 0

For the case st = 1,or,(Ad, x,) 15 an extension of ,(A, A, x,) by 7 X, x,)
1 A 15 deformable inlo A refaiive (o x,.

Propaosition 5.3. 1§ A s condractible in X velalive v a poind xpc A, Lhen
ﬁ:-.-{x"f, A, -:':L;J e "'l'-'f'?i!-: X, -1:"1.' |- ﬂ'—ﬂ"l["qﬂ xﬂ':l

fow every = 5 and iy sends myld, xy) fndn the nesdral slemend of my (X, a0
Jor goayyp n =

Proof. By hyvpothesis, lhore exisls o homotopy Ay c A = X [0 <08 < ),
such that &, = £, i1 = 5, and kix) = x, for cach i e I, This imaplics that
e == O for overy & 3= L.

Now tet # 72, By the cxactness of the homotopy seqnence, 4, =10
mmplies that j, 15 a monomorphism and & s an epimorphism. This proves
that =, (X, 4, x,) 15 an extension of aR(X, x) by ma_ (4, 5,0

Bv means of the contraction Ay, wo define 0 homomorphism A, 2o (A, 2
—mplA,d 2y for each n =2 as follows Lol s emy_yld, 5! bo represented
by a map f:(ff 1 371 =04 x5, Define a map g: (%" L 1=
I:XJ 4, xﬂ} b}" takmg -g[f"]r' T "ﬁi"l-:' = "lzt'ii -f':'1:lr+ T !ﬂ-—lj'

Then Ay ra) s defirund to e the chement represended by oo Since g | {7 L =

it follows that Gk, Is the identily aulomorphism on (4, ). Henee &,
15 A monomorphism for every » o= 2.
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If #2238, then me[X, A, x,0 is abelian, Hence, &b, 1 implies that
wul X, A, x,) decosmposes inte the direct =um

mniX, A, %) = f+ K, JF=Imuygeh, K. Kernelf
Sinee %, 1s a monomotphism, [ =z mq_d, &) On the other hand, we have

K = Kerneld = Image §, s ma (X, )

SINCE {1, 15 & MONomas phism. 1

For the case s 2, the last argument of the proceding proof breaks since
g, X, A, %) 1% In general non-abeltan. Howewer, it can De proved that
Tl X, A, 5y 15 somorphie to the direct product of &, (X, 2] and =,{4, 2.

The assurned relativity with respect to x, in (5.2% aned (3.3) iz convenient
brat not essential; for proofs without this assumption see THu 1,

é, Homotopy groups of fiber spaces

Let £ be a fiber space over a hase space & with projection ¢ B - B,
Choose a basic peint Ay 8 such that the fber I o= $ b s not empty,
Call Fthe bagic iber and choose a basic point 2,2 I". Thus, w¢ obtain a triplet
(B, F, e,

Since pFY - by, the projection 2 (F &) - (5 b)) defines o map
g (K, F, e~ (B B) and # = gi, where 71 (E, g0 = {E, F, ) denoles the
imelusion suap. According to {IV, §9, §, sends malf, I, ) onito o, (B, byl
in a one-to-one fashion for cach 0 2 1. Let

iy = g7l ima (B bgh r o ((F egh, [0 =10
SINCE Py — Gaiy, wevan construct [rom Lhe homotopy sequence of the inplet
(X, F, ¢,) an exact seqquence
con Pe o (B b B sl T B ml B e B a7 b)) S e
s P om B B (Foed By m[E eyl
which is called the fomolopy scquance of the fbeving £ E = B bayed af &,
Proposition &1, I the baste fher F is fnfally dathmice discommecied, e
Fu mnlE, 6 mealB, B, 8 =2,
and f, 18 o monemoriitim if o= 1.

Proef. If £ iz totally pathwise disconnected, then my F, 2] = 0 for very
# 7= 1. Hence the propmsition is an iinmediate consequence of the exiaciness
of the homotopy sequence of the fbenng #: F - B, |

Proposition &.2. I{ fie fibering b E — ¥ adwetls a cross-sechion % 03 » F,
thew, for every Dy B and gy = Xhg o F . ot we have

Ml ) 2o AnlE, byl - 2ald, &)

Jor each a2 2 and g 45 an epimorphism for every n 2 L
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Proof. Siuwee g i the identity map on B, it follows that $,4, 1 the identity
aulototphisin on s, &), Hence, %, i3 4 monomorplism aml ¢, 35 an
cpimorphism for every u = 1.

If # 22, then m, (£, ey) s ahelinn. Then, #,.8, = | implics that miF, &)
decomposes tnto Uee direct sumn

Tl egl = J + K, [ — Image ¥, K — Kernel .

Since Ly is & monomorphism, we have f aemlF, ). On the other hand,
since £, I5 an cpimorplism for every & 2= 1, it follows from an exactness
argument thal 44 Is a mmonomorphism for every # 2= 1, Hence

K = Kernel gy, Tmuge £, s mq(F, g0 T

If » = |, then (6.2) is u generabization of (2.1),
As Immediate eonsequences of (3.1 (5.5}, we have the following three
propositions concermng he homotopy sequence of a fbenng 0 8 - B,

Proposition 8.3. 1§ F is o redract of E, thea
i, o) = Tl B, bl = (T, )
fov every w5 2 and $, 5 an epimovphism for grery v 3 1L
Proposition b4, [} I s deformable tmin I, then
el F, egd Aol 2] | ma 1B, By
fur cvgry nZ=2 and p, =0 jor every w2 1.
Proposition 8.5, [f F it contracithle in B, then
Tl Ol = mtal( B, o) | ma_ (17, 25
for every st = 2 and py 15 2 monomorphism for every n = 1,
As an application, let us considar the Hopd fikerings
Hosem-l g SR (=2, 4, 3.

En eucl of these Ahering, the fiber F iz an (s — 1)-sphere 5™-1 and is
conlractible in 5% -1 Henge, by (i.5), we have

(6.6 Tonl 5™ Ay o ) 4 m (5T)
for every e - 2,4, 8 and every & 5 2, When s = 2, this gives
(6.7) 2o L I S R T
When 4 01 i, wo hawve
Tpl S8 momy_ (5%, {2 w6,
Al SY) A ey (57, (2 s o= 14h
A8 A £ a5
Tyl A L 4 T

Az another applicatiou, Il us consider Lhe fibermg @40 5 = M e (I1I;
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LEx. F}, where S denotes the unit sphere m the space £ of 2 complex variables
and 0 the projective space assoclated with O, Then 5 is an (2xn — 1)-sphere
anel the fiber # 15 a l-sphere. If » . I, W consists of a single point. For the
case # == 1, it follows immediately from the exactness of the homotopy
spquence of the Obering 605 — 3 that

mid) =0, a.lM =~ £,
T M| = e[S -F) a2

7. Homotopy groups of covering spaces

As a special case of (6.1), we have the followmng

Propesition 7.1, If E i3 a covering space oier @ base space B welalive fo a
profeciion p . {E, &) + (B, by), then

Py il 8) g B B, w22,
and f, 15 & moncmorthisn fn =1,
In particular, 1f £ is the universal covering space over B, then we have
afE] =0, ag(f) a8, w =2
Therelore, by ITurewice thoorem (4.4 and Ex. C), we bave the {ellowing

Proposition 7.2, For cvery conneled, locally pabthwise connected rud sem-
focally stmbly connecled space B, the secondd homalopy grighaJBY ds dsomorphis
b e second sinpwlar homolegy growd Ho (B of ds susversal covering space E,

Applying (717 1o the universal covering $ 5% - [ of the m-sphers
onto the real projective spuce £o we have

S PRV ST TR R N

For another example, since the euclidean 2-space 15 the wniversal covering
space of any closed surface M other than 5% and 52, we luwve

aelM) =0, n =2

Now let B be a given space which is connected, locully pathwise conmected
and semi-locally simply connected. Lel & c A amd # > 1. By (IV; 15.1),
(B, b, acts on sl F1, b,y as a group of operators. Esing the isomerphizms
#, for the umversal covering #: F — 7 and the covering transformations
of £, these operniors can be interpreted nicely as follvws, Let wrem (52, &)
By (111; 16.6), = deteonines & covering transformation of E which will be
denoted by & I — & for the moment. Pick e, € £ with $ig,) = by and let
£, — Fleg). Then figy) = by By the constrnction of & anck that of the operator
moon Rl B, ), one can prove that compmtativity holds m the follewing
diagram

k .
.-TH_[E_. fﬂ:: L = ﬂli-l:'&'l 'gl}

Jt P
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since b, and p, are isomorphisms, we have

(7.3} w = Py ih

Vior example, let B denote the one-point wmon 57251 obtained by identi-
[yitg sped® with 151 where # 2 2, Let & denote the identified point
of g, and L. By (T1; Ex. A, we get

7y(B, by 7 Z

with a geperator w represented by the exponentiul map p:F -+ 5'< B of
(IE; &2). In the prodact space 57 w K of 5® and the real hine &, let us con-

sider the subspace E = (8§ x Z) U (5 x R,

whiete £ denotes the subspace of 1 consisting of all integers, Thiz space E 13
patbowise conneeled aml me(E) = 0 lor every s < w2 In particular, since
o= 1, F s shuply connected and hence w-simple, The s-th homotopy
rop sty F) as interpreted in {IV; § 1G) is a free abelian group with a
countable set { &¢, {2 } of free generators, where oy 15 represented by the
map fi 1 &% = F which is defined as follows;

fefs) =5, 8)eS* x 2T E, [se 57,

I'nr a proot of this result, see Ex. C at the end of the chapter.
Define a map g F - B by taking

[ 5 [zeb", ied),

W
55 iy, (s = 50 fE R,

where #; B » 5 denotes the exponential map of [TE; § 2. One can easily
verify that F is a covering space over B telabive Lo g Henee, mpd 5, &) = 0
for each st with T < m < 5 and m, (2 &) is a free abelian prowp with a
voundable sl { Fi1ie £} of {ree generators, where f; corresponds to ey in
the nalural wuy,

The generator @ of =B, 4 determines a covering  transiormation
o = F ogiven by &5, & = (5, — 1) for every point (s, 4] of E. It follows
that Bymp = x4 for cach ¥ and henee w2 fio) [or each v= 2. This
deterniines the operations of g (6, B on (£, &), Note that B is s
a-slmple,

8. The n-connective fiberings

The intercsting property (7.1) of the universal covering space suggests
the notion of #-connective fiber spaces as follows. A fibering 4 E - B
ovel a piven pathwise connected spece B s saul to be sg-costwective 1T E 5
s-tonnected and by Tl 2) A Al Bl Bl M

where g, = £ and g = by, and hence
Hﬂ__ ]_|:.IE\‘J E-I'ﬂ.':l e Hﬂ+1|:EJ.
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Thus, the identity map on # is a Q-conmective hbering amlb the universal
covering over B, if it exists, is & l-vonnective fibering, If 4. F = B 15 an
n-connective Abering, then F is said to be an se-connectioe Ghor space over K,
The main obpective of the present section is to construct an s-connective
fiker space over a given pathwise connected space &

Lemima 8.1, ff B {s a given space, by « given poinf in B, and n a gioen
postitve Indegey, then there exisfs a space X which satisfes the folloming thres
CondHIEng

(1) & contmins B as ¢ clused swhshace.

(11) P [N, by) = 0.

[111) Fhe dnclhesion wap 0 12 X dndoces an tsomorphism

1‘* . :'T;H_[‘H_l. '!.1]']::' _ Rm':.-.:'{-, bu']
for suery m safisfying O < m o<

Proof. Lot A be a set of elements of saiff, &) which generates me B, by}
and consider 4 as a space with discrete topology, Let £o# denode tie
{2 4+ 13-c0ll boundedt by e umil #-sphere 3% in the eockidean (# + 13-

space. Let W Exfl x4 € Sryw Ao W,

Lets, — (1,4, .-, =3 Foreacha e A, choose a map ga 0 (5%, 3, — 0, &
which represents «. Then, define a map g1 { - B by taking

gla o) = gfsy, (5,e 20,

Lel X denrote e adjunction space obiained by adjoining ¥ to B by meuns
of the partial map g: O - &, [t remains to verify the concitions () (1)

Sinee € is closed in W, (1) 15 obvions from the defimition of swljanction
space in {1, 7 To wetify (11} and [imil, let us first peowva that

Ml B i) — 0, 0 < 2w
For this purpese, let & be an arbitrary eleraent of a4, 8, &) and pick o

nag: foifm, jm-1 fm-ly (X OB A

which represents £ hince s ) &, 1t follows from the method of simplicial
approsimalicn tial, by a svitable homologey of /) we can free an interior
vaint ¢, of E®f1 g from the image of § {or every ae A, Hence there
cxists a homotopy

Jeo(Fm Je=l pse T W (X By, (0 st ol 1)
such that f, = [ and f00) < B D {TV; 3.9), this implhies that £ =100,

Hence s (4, B 5 0 for every sowith O <2 m o
From the exactness of the homotopy sequenne, we deduce immediately

that f* X ﬂme: E}.ull = %a{xs E"D:I
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is an isomorphism for s = 1,2« 2 — 1 and is an epimorphizm for
= #. This vertfies [iii},

Since g, represents o, it s clear that é{x) - & Since A generates g (3 By,
it fnllows that 2, sends every element of m( B B} into O Since ¢, 1% an epl-
morphism for mo= #, this mplies that m,{A&, &) = 0. This wverilies (1), 1

Lemma B2, If &3 o5 2 given space, Iy w proen poind an B, and w0 a groes non-
nepative tnleger, then Theve exizls @ space X which safisfies e Jollowing three
coMdtions:

(17 A contatns B as g closed subsface,

O g [ X, ) — O for every oz m.

{1 The tnclusion map 0 B X dnduces an isomordhizm

te DTl D, Byl e X By
for cvery s sefisfring U -2 m o< W,

Preal. By recurrent application of the construction given in the proof of
{8.71, we obtain A sequence of spaces X, Xy, -+, X+ - =uch that

(I X, - X,

(2] Xy eomtams Xy | as a closed subspace for every » = 1,

[ e A, by) = 1} lor every ¥ 7= (), and

(41 the inchsion roap 0 A | = Xp indoces an isomorphism (&),
Tl Aroy, Oy mom (X, D) for every sosatisfving 0 <2 m <2 s — v,

Az oaset, let X denote the unton of Xy for all ¢ 2 0. Introduce a topology
in X as follows: a set U of X s said to bo apen iff L7010 X is open in Xy for
every ¢ =), Thus, we obtain a space X, 1t remuins to verily the ronditions
(i) -[iiih.

By (9 and the definition of the topology 1n X, 1t follows that X 12 a closed
sulspact of X far every ¢ 20, In particulir, (1) is {rue goee X, = B,

Next, let ws prowve that the inclusion map feo Xee X induces an iso-
o1 phism b ol X, Bg) 5 e X B
for every sesuch that 0 =2 m <2 2 + # To prove that [ e, 15 an epimorphism,
et wem,(X, by and choose a representative map f: (I, df#) o (X, &)
tor = Since f(*™) 15 compact, there exists an lnteger ¢ = 0 such that
pirwrs Xe oo Henee 7 oakso represcits an clement § of s (X &y with
(fregle () = & According to (4], the inclwsion & X< X mduces an
somorphisn by DAz, b)) s (A, Byl ety A7HE Then (il ly) =
el afiivt At et - o Ho, (Ja, 1s an epimorphism. To prove that
ifprg 15 4 monmnorplasm, let fEmg /Xy &) be an element such that
(el w[€; = & Choose a mawp g (D=, 80 — (X 1) reprosenting £ Then
[+ (51 = 0 tmplics that there exists o homotopy g (I™ 00— DX B0,
0 = =l 1, such that gy = g awd g if™ = &, This homotopy z; defines a
map {r: /%L o X, Since G(I™1 s compact, thcre is an integer g Z=0
such Mel felfm4l = Xa 0 Hence &,08) = [, where & Xe= XA, binee k,
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iz an isomorphism by (4, this feeplies that & .. 0. So, (jel, 5 also & mono-
ruog phisme. This completes the poowl thal [y, is an lsomorphism, By means
of this, (i1) and [i1i) follow readiy froan [3) and (1), |

Theorem B3, I'vr any given pathuxse consecled space B and any now-
negatine inleger w, theve exists an w-conncctive fhering pi k> B

Proof. Let 6, 8 and choose a space X satisfying the conditions [i-(iii)
of (B9}, Thos we obtain a tripict (X, B, &) Lot (X', 85, 0, denote the
dutived triplet of (X, B, &) and g (X", 85,8, (X, B, ;) the detived
projection as defined i {1V, § 3). Then A7 is a hber space rver X and B° 18
a fiber space over B relative to ¢ Lel £ = g=i(h,). The himotopy sequences
of the fiberings are connected by the [ollowing commuiutive diagram

el B &b T B, by}

./ N

/’/ 1, &,

Amld gl \ V;r o ST Y

Tl A, By ﬁ—s- Mml A, B}
where &, £y, ju. & are indnesd by incluston maps, g, ¢, are induced by 4,
and 4, &', are the boundary operations. Now, since X' s contractible, we
have my, (X', 6} O for every m 5= 0. Therefore, &'y carnies gl X, B onto
Tm-q 7, B0 1 & awwe-to-ome fashion for everv m 2 1.
Il #: = m, then we have

ftge[F, 8°y) e Marag 1 X, B0+ 0, [P ¥ sl X, 35 = 0.

Hence, g, 15 an isomorphism for every m = 2. On the other hand, if s = =,
then &y 5 an ispmeorphism and hence d, . &4, carries mplH, &) ontn
M 418, B 10 a one-lo-one fashion. Heove, mp{B’, ) =0 for every m
satisfying 0 =2 s < o, Vinally, smee ap(F, 8] = ma,, (X, B)  ©Q, we obtain
malH B - L

Now, let ¥ denote the path-comnponent of £ containing the point ¢, = Iy
andlel g - g | E. [nother words, E denotes the path component of the space
af paths [X; B, &) which contains the degenerate palh g [f) = b, and
#: E = B denotes the Initial projection, Then, it follows from what we have
proved for g: B+ B that 4 & =0 15 o fibermg, that £ 15 #-connected,
and that ¢, :wR(E, &) s med B b for every wm > no Hence 0 E — 1 s
#-connective, | '

Coreollary B4, It 1 is an {u — -connecled space and p I E - M i an
n-conmecting frhering, then the fibar IT = $ YD over any given poind by e Dl
Ras Lhe properiy:

Ha—q 4, Eu.'] = %[Er ;-'-?n}u
Tt d, e =1, mz=xw—1,

where ¢, ix any ford of I



0. THFE BOMOTOGPY SEQUENCE OF A TRITLE TR0

This corollary is an easy consequence of the homotopy sequence of the
[ibering 4 - £ — B at the basic paint g,.

9. The homotopy sequence of a triple

By i fripde (X, A, B) we mean o space X together with iwo nonvoid sul-
spaces 4 aned I such that 4 = B, Hence a friplet 1s 4 special case of triple
whete B cotisksts of 4 single point. Prek a basic point x, £ B, In the homotopy
syslem {m, @ 4§, the inclusion maps

PlA B xg) = (X, Boxg, (X B xle (X, A 5
rive rize to the induced transformations 15* and ,1* Un the other hand, the
inclusion map hiid, 2 < (A, B, 5
has the tnduced transformations &, Debne a bowrdary oferaior
dimal X, A, 5} = (AL B, )
for cvery # = 0 by taking the composition & = &8 of
Al X, A, 2] S A ogiAs ) 2o Ste i, B, xy)
Thus we obtain a beginmingless senuence
e Pat A2 i, 2l B xy) n Tl A By RONNE 0 o Pyl SIS
- B mfA B Bl Bk U m XA
Tlus will be called (e homolopy segnence of the teifde (X, A, B) at the basic
paint x,.
Theoram %1, The homalopy seguence of a triple is exacl,
Praof. Consider the spaces of paths
X =[X:X, %], A" =Tx:4.2)], B  [X: 5 1)
with £, denoting the depencrate path :a.:’u{f | = X Then the inilial projection
10 X = X delines a hberiog
g A, B = (4, B, %)

We shall alse make use of the inclusion maps ¢ (B, £°,) < {47 25 and
AN e (A B, 2. Consider the following diagram

Mal el ') o (A7 T ) B () e S T B ) By (41
T i ' 1 %

fx 0= Ix x P i

| n w E T ' n - " )
Mgy (X5 T REylA B %) —im T X ) T (XA 1) SRR A, By gl A

As the homotopy scquence of the triplet (A°, B, &), the top row is evarct.

By {IV; §9), X and g¢,, are one-to-one and onto. One can easily verify that
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connmutativily lwolds in each of the rectangles, These imply that the battomn
is vxact. [

Since the part of the homotopy sequence of (A, 4, B] which ends with
el A, A, xg) consists of growps and homomorphizsms, the exactness of this
can also be derived froon the alpsbraie axioms and the exactness of the
hometopy scquences of triplets, See "5 p 77 and [E--5; pp. 24 2. The
proof given above 1z comslderably simplified Ty ke fibering  axiom
whirh daes not hold in homalogy theoey,

10. The homotopy groups of a triad

We recull thal o driad [X; 4, B! consists of a space X together with two
subspaces 4 and B such that the intersection £ = AN # is not empty. Mick
a basic point x, =0, We shall define the homotopy groups of the triad
(A A, B) as {olluws,

Let us consider the spaces ol paths

P X8 =l O=|40,x]
and denote by e, the degenerate path o7} = 2. Since A= X and = B,

1t follews that o, & £ <= 7 and hence we obfain a tnplet (42, ¢, 7).
According to (Y § 5%, we hive the natural comespondences

L ﬂﬂ[;{J 'Hl '.t"'l'l.ll P -Tl'-'n—”F. ".:"D]: i . :'F‘-'.'i'-!-'r'Iq 1 f_.-, xlj} = Th— Irl?: ﬂ'"j
for every # = £, Furthermoere, we defing for every g 2= 1
ﬁn[-}‘ri A, R, xu:' = Mp ].I:P.l Q; ﬂu]-

Iin =3 then mg{X; A, B x) s a group which is abelian in case » = 3.
This group 15 called the n-th bomotogpy prowd of the frrad (X 4, 8} at the hasic
poaret . Dor complelencss, we shall alse call me/X; 4, B, 5,), w 5= 2, the
a-ble homaotepy set of (X 4, H) at x,

Thus, the homotopy sequence of the toptet (£, §, a)) gives rise to the
following exact sequence

- _: - ’Tﬂ_'_l'rx .l'l:i .!;.'r .'I'“:I _'a_} ﬂﬂ(d C I-t,:” __:|. Tﬁr.}: !3 X }__}ﬂﬂll}{ .."1. B '.'TI}_-I
ceede L w XA B B, xld, O a2y o { XK x,
which will be called the firsé homatopy sequence of the frigd (X, A, B af lhe
htsdc point x,.
The humomorphisms

Ty iTnlA, L, 2] =X, B, 2, #=2

are called the excivdon homemorphrsans, E-21 p, 207], This the triad homotopy
S8 0Ty (X A, L a0, ® = 2, measure the cxtent by which theexcision axiom
faiks [ur the relative homotopy groups.

The above defimition of ma{XN; 4, B oz} » & 2, gives a grometrical re-
presentationn as fllows. An Ll:—emfnl of malX; A, B, xy) a8 represented by a
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mapy f:F® X sach that, for any paint & (4, -+, £} i the Loundary
dI7 of In, (e il by — 0, flf1e B if ¢y = 0, amd [} — x, otherwise
Precisely, the clemenls of my (X A, B, 2 are the pauth-components of (he
space of these maps, See [Blakers and Massey 17,
Consider the homeororphism 4@ £® -» [® defined by
IFE'l:_il:]_!. B L.l ;ﬂ' —%. ‘gﬂ—]_: Ir"':rl:l_:l - [ﬁ]_:-. "t ﬁﬂ T f'i'il 'I:ﬂ '1}'
Then the assignment § - f& Induees a0 somorphism
By (XA B o2y et X B A )
for every n == 2 and a onc-to-one cormespondence for n = 2, Hence the fdrst

homotopy sequence of (X B, A} at %, gives tise to the following cxact
S UEICE

" -&":'Hﬂ+][x :."'1 ,H,_:IF{,'IEF_;.:T.!:;_!_[B,C,I,}]:‘_‘ ;Eﬂ':_j{,ﬂ,x“:]ip..?rﬂl:x;HJB,K{,] f’}_} "
cHe L m XA B 2 LB x) D m XL AL x)

which will be called the second homofopy seguence of the friad (X A, B) al the

baste ot x,.

Another geometnicnl represcntation of molX A4, 12, %), » = 2, can be
deseribed as [ollows. Consider the omit s-cell 2 in the enclidean n-space Bt
and 1tz boundary {w — P-sphere S%-1, Let E7-! and E%-* denote the
hemispheres of 5% defimed by & 20 and & <00 respeclively. Lel s, —
(1,0, 00 Then the elements of z.0X ; A, B 20 ace e path-components
o1 the space of maps

foiiom. Ef’l‘_, s - (XA, B, x).
Asn an illustrative example of the driad hemeotopy groups, let ux take
(X A, B} to be the triad given by
X -5, A=F B=F%
Then we have © - 5% Take x, = (1, 0,01, Since A and B are bolh con-
tractible in themszelves, it follows from the cxactness of the homotopy
vequences of the triplets {4, © x0 and (X, &, z,) that
Eﬁ-[ﬂ.l C.l ﬁl'l::l R‘:EHE—I{{TF :]:I.I-:Il- :'Iilj,l:-".‘:r,. _!fl Il:l,:' Mﬂﬂl:x:' ‘.x:ﬂ:I.l
for every 2 = 0. On the afher hand,
E]ﬂ::‘i, ll::, R-',:,]‘ AR Ty _1l:51:I = [:l
for every & 3+ 3 This implies that j, in the st hometopy sequence of
(A7) 4, &) is an isomorphism for every # > 3. Henee
el A, B ox) fem(S%, # = 5.
Finaily, it is easy to see that in the Iollowing purl of the firit homotopy
sequchee of (X; 4, B)

00— RH-[:"T{JBT:HD]_} ﬂ-s[‘x ;""I'I rBJ“':{I-:I - HE[HJClxﬂ}i- x Ty fX,ff,I‘]':l—} HHIX ;"‘I Jii‘r"rﬂ}_} Dr
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the groupsm,(d, G, xg) andm, (X, B .} are free cyolic and 1, sends A generator
ol (A, C, x,) onlo a generator of mgi X, B, x). Henee 4 is an isomorphism.
This implies that

i3 implies tha 2y XA, B, x) =0,

gl A E, xy) remglX B, oag) o @y (5 ae £,

11. Freudenthal’s suspension

Let {X: 4, H4) be a given triad sach that both 4 and £ are contractible
it themselves. Bet O = A 08 and pick 4 Dasic point 2 & € Consider the
spaces of paths . i ]
spaces of path 7 [X: A, 7], = [
end denote by oy the degenerate path o) = x,. Since e, eV = 7, we
ohtain the following exact homotopy sequence of the triplet (O, F, o).

- "-\.-\:?:.-\;- M-l—ll:Uﬂ FI‘ 'ﬂ."l_:' ..i}-.-—lp :'I-H_[.I:"-r, ﬂ'“::l uE-—]- EH{U|U“]| i-:- ﬂ:ﬂ:{-:r, F,. E.D:'u.{?-—)- e

C (U V) BV ag) sy (U, gy

According to JI11. § 5], Lthere iz 2 homeomorphize £ C - F of © onto a

subspace §C) ol F. £ is called the natoral injection of € mto F and 15 defined

by laling &{x) to be the degenerale path at x for every x e O By (I 80340,
£(C% 15 a strong deformation retract of ¥ and hence we have

L i 3 ] -
g* L :Tﬂ_kf:_l :‘ﬂﬁ] o ﬂ];LIJr_, f}-ull', ﬂ' = G.

On the other hand, del W = TX: %, 2] Smee botlh 4 and B are cone
tractible, it follows frem (II1; HEx, N that the inclesion map . B =
has a homotopy inverse, This implies that

e st W, o) s g (1T, ], # 2L
According to ([V: § 93, we have the natural correspondences -
¥ ima_ X, n) e ap(W, o), s =1

Next, consider the space of puths 2 = [U; V, oy . By (III; 9.9), 22 can
be considered as the space of maps §1 7% » X such that

floied, il oc D, fie, Wof, fid, 11 =
for every ¢ J. Let £, denole the conslant map 8,17% = 2, Then, we have
the natnral correspondences
Ximn TNV, o)) s w82, 00, v 2200

Cn the other hand, let 2 - | AGH, 3] and § = |4, C, 2, and consider
A0 [P oy Then A ean be considered as the space of maps g: 04 -+ X
with ELDJ £l A, g{ﬁ-D]EBI gllsﬁ] =xu=§{"::]]

for every de £, Obvioualy 8,24, According to the definition tn § 10, we have

EIll--l-:I_I:-"J!.':-J -"rIJ B. -In} = :'Tﬂl:P. ';:;lr ']'u:' %Hﬂ—-]{f‘l: ﬂu}: RoaF 1.
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We are going to prove that £ and o are of the same homotopy type. Let
4t demote the boundary of I and define a map 0 ; 042 = 372 by taking for

hee f
e 28, 0}, 0 <t
(1,28 — 1}, if&*:;t'ii

$it, 0} = |

K
i
1,

G0, 8 = (0,4, $i 1 =i 11, S8 =1, 1.

O can casily see that & is homatopic to the identity map on 7 und henee
has an extension @@ 4% = J¥ For each /& 2, the composed map & is in /.
The assigminent f — f@ defines a map £ (2, 0, - (A, ). By constructing
anether but somewhat similar map 471 7% — F2, one can prove thul & las a
hometopy inverse delined by g » g% for cach = A, Hence we have

B¥ w8 ) sy (A, 8), »o> ]
Now et us consider the following composed transformations
o S e Wi X AR kgt sl 2,
= x_]']'il*!'}-*lf* :MU:'H. xull _":'I'il.l..|.1{-']{1 xﬂ}J
o A 1|:*.:EII*TI|'*I . Rﬂ_+2[x,'x{pj =Ty, g{}-{; A: 'E! Il]}

For cachi w =0, 1 w0 7= O, then all of these are homomorphisms. The homo-
topy sequetice of the triplet (I7, V, g gaves mise {0 the following exact
S0 GUETLE

v At (A B T a1 Cog) st (X K] by (XA, B 5l s
'Sy (X AL B, 2y g0, %) e (X ¥l

which will Be called the susfersion sequenee of the teiad (X A, Bl In parti-
culur, the transformations ¢ are called the swspensions. Thus, the triad
homotupy sets my (A, A, B, ;) measure the extent by which the suspensions
g, 0 = 0 fail to ke 1sornor phisms,

Propesition 11.1. Foy any tntezar s = 2, the followtne three siplements are
equivalens

W mal XA, B o =0 for every n o=l

(1) The swspension s 5[0, %) =g (X, %) 05 an dsomorphism for ecach
#o=1,,m- 2 and s an chimorphism for noocom - L

(11 The eacision 2, (Wald,C, %) =5l X, B, xy) 5 et isemorphism for
pach o = 4o we e | and is an efdmorphism for n o .

Procf. The equivalence of (i) and (i) is & consequence af the exactness of
the suspension sequence of (X, A4, B, and Uhe equivalence of (1) and ilii) 15 a
comsequence of properlies of first homotopy seqguence of (X 4, B). |

1T A 15 the ssphere with » 22 and 4 = E7, B = E7, ihenr i will s
proved m the sequel that the statement {56) is true for m = 2 — 2. See
(XL 2.0
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B the definition s = X-157%, 5, 1t is not diffienlt to ses that 2 geometrical
represeution of the suspension s apiC, 5} »Rnyy (X, 20 can be deseribed
as follows, Fot anwv e emy {0, 2,), et us choose o representative mmap fL{s® 5]+
(7, &), Since both A and £ are contrackible, /las an extension Fo (5% g1 -
(&, ) such that F{E2Y < 4 and s = B Tiwen siw) 15 the clement
of mp X, %) represented by this map I This beautitul peormetrical Tepre-
sentation of 8 is 115 oniginad definition given by Frewdenthal to the special
triad (57; B, Er).

As g peneralization of the triad [57; EZE7), let O be 4 given non-emply
space, Comsider the space X obtalned by joining € to two distinct vertices
a and b, Precisely, X is obtamined from © » [ by identifyimg the subsets
(0w Daud £ % | into single points g and & respectively. I{ 6100 w f - X
denotes the nalural projection, then © can be considered as & subspace of X
by the imbeddigg ¢ 0 = X delined by #{cy = pe, &} for each e Let

A {plo ) |eel Gwt=ldl, B={pedlccl, bt}

Then A and B are cones over C and hence are contractible in themselves.
Further, obwiomsly we have © = A 00 B, Thus we obtain a lreut (X 4, E)
which satisfies Uw conditions given at the heginning of this seclion In
particular, if € iz the {# — Iy-sphere 571, then (X A, H) {5 topologieally
guivalent to ghe triad (5 EL BT,

Finally, Iut us determine the snspension sequence of the driad 5% BT, £33
In this case, we have (0 = S1: pick a basic poinl s, & 54 Sincemy(5t, 5,0 — 0 =
ol 5], we gt the following part of the suspension sequence

0 = my[S% 55} = amg( S8 ELL K, s} Lo (51 550 (57, g5 0
where cach of e four groups is free oyclic, Weassert that £15 an e pinoyphism.
For, olherwise, Lhe image of » would be of finite order equal to the index of
[[mgi5%, 55h] In maiS%; EY, ER, sg). Sinee w57 50 i a {rec group, this is
immpossible, Hence s, ¢ are isomorphisms und » = 0. On the other hand,
since sp(tl, 50 = 0 for overy = 2 2, we have

LIrtS, s e el SN B2 MY g
[or every # = 1.

EXERCISES

A. The homotoay additlan thesram

Consider the mwnit w-simplex Ay of the euclidean (& 4+ 1)-space KR
[E-5; p. 53], For every pair (X, x,) and any integer s > 0, the elements of
ol X, %gp may be comsidereit as the wmolopy classes of the maps of (s, 82425)
into (X, &g tor detwls of this defimlion see Hu 12].

lLet o O amd denote by K7 1 the (v — 1)-dimensional skeleton of the
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bonndary #-sphere 57 of the unit (2 4 D-simplex A, in the euelidean
(3 = 2l-ipace. Consider any given map

FriSm Ke-l (X, v,

Since [ sends the leading vertex of 5% onto %, f represents an element [f]
of my (X, %), On the other hand, let

6 1l = Ay, (8 =000 0 = 1],
denote the simplicial map defined in |E-5; p, 185). Then, the composed map
fef i (A, theln) = (X, 2]

represents an element feP!oof ma[X, &) lor every £ 0, 1,00 4 L
Priwve the following
Homotopy addition theorern, For any map

FulSm KN o (X a), n 32,

we almay have 1

(7} = 51— )t | fep1,

- i=n

For the exceptional case, m (X, %) 15 it necessarily abelian. However,

for any map 70 (51 A% = (A, 2, the following relation fs abwvious:
[f] = [es' - Uati-THe 170

In e remainder of this exercise, we slall give an analog for the maps of
vubic boundaries,

Let & == 0 and denote by K% 1 the (0 — ' -dimensional skeleton of the
boundary a-sphere @001 of the (# — [-cube IR e, K21 comsists of
all points (8y,-- &y of M54 such that 601 — &) = 0 for ot least two
indices €. Consider any given map

Frigferl gn Ly o (X w,

Sinee fsomds the poine {0, -« 0 of 274 into %, it represents an element
TPlaf mpiX, %) On the other hand, for cach ¢ = 1,---, % + |, let »; and
{4 denote the homeotmorphism of 1% into 454 defined by

I"-r:|li:|ill]_|" ' 1r f'i'l-:l - {i'|:. "t i!—'||.I:I| I{rl ' .rtHJr

Ii.-’:;'ﬁ_'lrl'-r:'!ﬂ:l l:-tjlllll-ff—'l':1:£I|“.|iﬂ:':|.
Then, the composed maps fie and P& of (T%,87%) into (X, x) reproscat
elements 'in and [f8] of mal X, 2, respectively, Then, prove that

H--l-.'l.
)= 2 i L ) w2

Far the exceptional case, m(X, z,; is non-abelian in general, Howoser,
for an arbitrary map {1 (@048 K% = (X, z,), the following relation holds:

= b [fel - L) Y [fne]
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B. The relative homotopy addition theorem

For any triplet (X, 4, %} and any integer » =2, the elements of the
oo wai X, A, x) can be comsidered as the homotopy classes of the maps
of (g, 8y, vy into (X, 4, x), whete o, dencles the leading vertex of A,

Let »# 3= 2 and denote by K#- ! the (# — D-dimensional skeleton of the
boundary #-sphere 5% of Ay . Consider any map

Foise Kol oph o (X A, x,).

If we compuse [ wilh eg® 1 Ap -+ Aayy, we obtain a map fe of [Aa, dde) into
(X, A) for each ¢ =0, Lo-o,m — 1 If § 52 00, feg® maps the leading vertex
vy 01 Aq inlo x, and hence it represents an element [fe®] of ma(X, A, 2g).
Set z; -- fiv,). Then, fep* sends v, into &, and so il reproasents an element
|fe] odmnlX, 4,50, Let o £ + A denate the path joining %, to =, defined by

mif] = fil—-8,¢0,--- 00, el
By (IV; Kx, I, oindoees an isomoerphism

O Tal XL A, 2y meag XL AL A

Prowve Lhe following
Eelative homotopy addition theorem. Fer any map

foiSu Fn-l gy - (X, A, x), # =2,

we plivays have
41

)T = onlfe] + B (— 1 fen),

where [[] 15 the dement of nglX, x| vepresented by [ as @ smap of (57, vy o
(X, %) and j, 15 the komomorphion induced Ty the inchesion map 11 (X, )=
(X, A, %).

State and prove the analogous theorem for the maps of (@71, K81 )
into [A, A, 5.

C. The Hurewlcz cheorem

Lot X be pathwise connected space, 4 be a pathwise commected subspace
of X, and x, be a given basic point in 4. The pair (X, A) iy m-conmecled 1f
sl X, A, zgl = 0 dor cvery & satisfying | =0 n =0 #e By means of the relative
homolopy addition theorem in the previous exercise, prove the following

Hurewicz theorem. ff o =2 wnd (X, A) s (n — lj-eomnecled, then ike

Halural Bomomarpiism sty - 7l X, AL xg) » HalX, A)

it (4.5} f5 an epimorphism and fls hevnel ds the subpeowd generated by the
elemenis of the jorm o — wot, wherd o[ X, A, &) and wem, 4, x).

For the special case n = 2, prove that the kernel of », contains the com-
mnitator sabgroup of ma X, 4, %)
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As corollaries of the theorem given above, we have the following pro-
positions:

1 If (A, 4] is (» — D~connected and s-simple for a given # = 2, then

ip s Mal A, A, xh 2 Ha{X, A
2. % =2 and X is (w — F-connected, then
fp il xy) A H, (XD,

The last proposition generalizes (4.4). As an lustrative example, lot us

comsider the space B = (5% w Z) U (s, » R of §7. Then, ¥ is {n—1)-

comnected and hence ma(E) == H,(f), This implies that m{#) is a free
abelian gronp with a counlably infinite set of free penerators. Finally, prove

G w222 and X b5 {»-- l)~connected, then kg, 15 an epimorphism.
G W, Whitchead 1].

D. The Whitehead theorem

Let (X A, x,) be as assumed at the beginning of the previous exercise,
Ey the aidd of the Hurewics theorem and the following comamutative exact
fadder

oLttt A ) gl K gl X A ) Losmn, 41 )oK, A 2120

JHE kﬂ_ l’f" ) J.ﬁ Tl )
: , _ +

¥ ]
I AV X X Ay YAV L A,

prove the follewing assertions:

I. Let #t == 0 be a given integer, If £ 1s an lsomorphism for every # = m,
then so iz tg. If 4 is an isomorphism for every # <2 s and is an epi-
morphism for 8 = 4, Lhen so is 1),

2. Assume that boily X and 4 are simply connected and s > 0 s a given
mteger. If 1y 35 an isomorphism for every # <2 m and is an epimorplusm for
# o= m, then 50 1s 5. Furthermore, il 44 is an isomorphism alse for # = m,
then the kernel of ¢, inmgid, %) 15 conlained in that of A,

Nexl, et X and ¥ be pathwise connected spaces. Consider a given map
f0X, zgh =+ 1Y, %) and the induced homornorphisms

foimnl X 3y = malY, wy) (0 Hal X} - HalY)

Using the mapping cylinder My, and (1, 12,1 and 12.2}, prove the following
ASRCEriInms .

3. Let s = 0 be a given inleger, If £, 1= an isomorphism for cvery # <5 #,
then sois fo. It/ Is an isomnorphism for every # - s and is an epimorphism
for # = m, then sois [

4. Assnme that both X and ¥ are simply connected and w 2= 0is a given
integer. If jy. is an isotnorphiza for every s <2 w and is an epimorphism for
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# = m, then so i f,. Furthermore, if f4 05 an isomorphism also for # .o o,
then the lkernel of f, in malX, x,) is contained in that of Ay 3l 2} -
Hal X0

Nole that the condition that there exists a map 70 (X, ) (¥, ¥} such
that f, is an ispmorphism for each s = {) is much stronger than e condition
that mulX, x,) & mal ¥, ¥) for every n = 0. In fact, thers are pathwise
conmnected spaces which have isomorphic homotopy groups but some of whose
homclogy groups are ditferent [Wang ],

E. Homotopy groups of adjunction spaces
led X be a given space and x, £ X a given poinl, Consider ar indexed
famity Jo 10 5 = X, 81, e M
Giive I the discrets lopology and define a map
foSn o M X

by tuking f(s, ) = fuis) for every se5% and g M. Lot ¥ (lenote the

adjunction space oblaned by adjoining A x M to X by meuns of the
map {, (T; § 74 The inclusion mapr # induces the lwmomorphisms

Ty 1Tl Xy) ol ¥, x, ow e (h

Prove the following assertions:

i. 7, 1% an isomorphisn for every s <7 =,

o For m = 5, i, is an epimorphizm and its kernel insal X, x,) 15 the sub-
proup generated by the elements mwa,, where wem (4, x) and &, 1s the
clement of ma! X, xy) represented by the given map 7, forall e e M. [J. H. C
Whitehead 1, p. 281,

5. 10 fro =0 for every pe M, the e, 58 monomorphism for w5 - 1
aml ils image 10 stge (Y, 7)) 15 a direct smmmand. The complementary
summand s isomorphic to the melative homolupy group .Y, &, =)
which is a free abeliun group with free generators wd,, where w Cm (X, 2
amd b, emy_ (¥, X, x,} is the element represented by the map

-!-?;'l . [Eﬂ+11 Eﬂ: -'-'I:[.-] - I:.?= X! 'x:ll]

defined by g 61 pid g whote po Bl M - Y denntes the natural
projection. [J. 1. G, Whitchead [, p. 25

F. Spaces of homotopy type {r, n)

letm be a piven group and = > {0 o given integer. 11 »# = |, we assume
tliat o s abchan.

A pathwise connected space X i3 said to be of the homoiepy fvpe {m, »)

ded _
provi gl X) A, wmlX) =0 if e %

Thus, by {8.4), if p: E =B [z an s-connegtive fibering over an {n— l)-
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connected space B, then the fibee F - $-3y) over any 4y # i of the
homotopy type (m, (5, »n— [).

Construct a space X of the homatopy type (2, #) as follows. Ti s = 1, then
 can [ represenied as the gquotient groap of & free group 7 over a nermal
sulbgroup & of I Il & =~ 1, then o is abeban and can he represented as the
quotient pronp of a free abelian group F over a sabgronp & of F, Hence

w  F/R.
Lei M denoie the sel of [ree generators of F and [et &) he a space consisting
of a sinple point b, Give M the diserete topology and adjein % % M to
By by means of the map g5 LM by Lel A dennte the adjunction space
obtaimed i this way, Then prove that
Ty F mmld) =0 s <

For each re R < m,iA), choose a map @ [5%, 50 = (A, &) which represents
r. Let 13 denote the space constructed by means of the family { v |rE R}
s 1n Ex IX Then we have

wniBY s FIR =, mamlB) =0 il # << .

Then, by (8.2}, there exists a patlrwise connecled space X whicl contains
B as a closed subspace and

gl A ) Rear, FmlA) =10 afmLfoa
This completes the constrouetion.
Finally, prove that if X is a space ol the omnotopy type (7, #) witha = |,

then the space of loops ALK} at a point 2,6 X 1s a space of the homotopy
type (s, 0 — 1),

G, The realizzbility theorems

Ew means of the spaces of homotopy Lype (=, #), prove the {ollowing
Kealizability Theorem, Let

RIJEEIrT'!,ﬂn'rrT

be 4 sequence of groups, All groups exeept possibly the finst one are abelian
anel 7, operates on x, for every . = 20 Then there exis(s a pathwise connecterd
space A and a4 point x, e X such that the following ihree condilions are
satisfied, {J. H. . Whitehead 5] and "Hu 10];

(1] There exists, for each 2 == 0, an izomorphism

Ap imnl X, 2} = omg,
2y For any wem, X, x) and mex,[X, x5), = = 2, we have
Falwory = hylehhgla).

(3) For overy acmw(X, %) and SemulX, 2) m = 2,0 = 2, the White-
hrad prodoct &, g1 — O
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By eonstructing a cone over X, deduce an analegens realizability theorem
for relative homotopy groups.

kM. Topological realization of semi-simplicial complexes

For a piven seni-simplicial complexy X as defined in (IV; Ex, H}, we can
constriect a space | K | associated with K as follows, To every integer
= 0 and each sm-cell o of K, let us associate an open se-simplex | o [, cal-
led the open m-cell covresponding ta &, which is defined to be the topological

pr{rdll[‘i j.ﬂ' | = {J x I‘I‘I; |:.-"'.Iml:|, Iﬂt {"'ll]ﬂ-::l = ﬁﬂ'l

of o a5 a single point and the intermor of the unit sm-simplex Ay Then we
define the closed s-celf Cf | ¢ | to be the set

There is a patural function £, of A, onto Cf ¢ | defined linearly on cach
open simplex of the complex Ag, [Hu, 10]. Give Cf | 7| the 1dentification
topology determined by X, (I; §6), Next, lot us denote by | K} the union
of all apen cells j o |, o= K, and define a topolegy of | K ! as follows, A cet
Win | K| is called ofen ot W N Cl) o is an open set of CF | g | for every
¢ ¢ K. This topology ol | K| will be called the Whitehead fopology of | K |
it is Lhe largest topology of ' K | such that the topology of every closed cell
Cl| g} coincides with the relative topology in | X Following a usnal
ctistom in combinatory topology, we identity X with | X | and o with | & |.
Thos, we may consider any semi-simplicial complex X as a topological
space which is a anien of a collection { ¢ | of disjoint open cells, For example,
the singnlar complex 5{X) of a space X will be considered as a topologieal
space in this way,
For each cell ¢ of K| it follows immediately that the natural function
LA =+ Clac K,

where st = dim {g, 15 2 continuons map of Ay onto Cf 0 and the restriction
21 Inf (Ag) 15 a homeomorphism of Fsf (As) onto the open we-cell o0 We
shall call X, the charactorisite maes for the cell re &,

Prove the following assertions:

1.If X is a compact subspace of a semi-simplicial complex A, then X
mects at most a finite nomber of open cells of K.

2 A function f: X -+ Y of a closed or open subspace X of a semi-
simplicial complex K intc a space Y is continnous iff the restriction
§ | X N e is continuous for cvery closed cell Clo of K.

BoA family fi: X =Y, (0 <t < 1), of functions of a closed or open
subspace X of a semisimplicial complex K into a space ¥ is a homuatopy if
the family fy | X 0 Cig, (0 =0t < 1), is & homotopy for every clesed cell
Clo of K.

4, Every subcomplex L of a semi-simplicial complex £ 35 closed aml has
the AHEP in X,
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5 A mecessary and sufficient coadition for a serni-simplicial complex X
to be a simphcial complex with locally ordered wertices is that, for each
m-oell g e K, the churactenstic map X, 1s a homeomorphism of Ay, onto Ol g
and, for any two ceils ¢ and v of K, a0 O 7 iz cither empty or a closed
cell of K.

G, Far cach » =2, the sa-lh baryventric sabdivizion, defined in the
obvions way, of a semi-simplicial complex & iz a siioplicial complex with
lacally ordered vertices. Hence, every semi-stnplicial complex is triangulable,

I. The projection w: 35X} » X

For any given space X, there is a natural projection o of the singular
conplex S(AD onte X as follows. For an arbatrasy point & of the space
S5(A7%, 16t v denote the unique open cell of 57X which conlains . Then, o

1% o mingular simplex ad:dm =X, w dim ()

and the characteristic map X; sends fxf A, homceormorphically onto the
open cell o of (X} The natural projection w 5(X) — X 15 defined by taking

wlp) = oy 1), peac= S(X)

Prove the following assertions:

1. The projection w: S(X) — & 15 a map of S{X) onto X, Tor every sab-
space A of X, w carmes the subcontplex 5143 onto A,

2, The space A &5 pathwize connected 1f (&) 15 cannected.

Next, let (X, A, %) be any given triplet and let b, denote the vertex of
S{AT) such that eify) = 2. Thos we obtain a triplet (5(X], 5i4), f,), and a

mid : . :
F a (5N, SiA], fgd = (X, A, )
defined by the natural projection a. Prove the follewing important pro-
posilion, [Giever D and J. H. C Whitehead 7.
3. The induced transfotmations w, of w are cne-to-one correspondences,
namely, wy Tl SIX, S[AY, By e (X, A, %),
Wy L Tl A, fp) R me X x),
T e I I PR RS S S
The signilicunce of this i Lhal, in compoling the homotopy groups of a

cpace X, we may assume without loss of generality that X is triangulable
and hence locally contractible. [n fact, we may replace & by 5(X]).

J. Induced cellular maps

A cellular trawsforsation 1K) - K, of a semi-simplicial coroplex K,
inte another such complex &, 15 o function which ussigns to each sm-cell o
of A ansm-cell T — Tlat of K, such a fasluon tluk

it Tigihy, (1 0,1, m).

"-\.__
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lrove that a eellular transformation T : K| - K, induces a nnigue map
fo i K-> K, which carries g & K, haryeentrically an © — o} e K.

Amap f: K, = K, 5 said to be eelladay if 1t carmies K0 into K™ for
every w = 0, [,- -+, This, the map fo: K, — K indneedd by T 18 cellndar,

Consider a given map ¢ K = X of a semi-simplicial cumnplex K inw a
space X, ¢ induces a cellular transformation

Ty K-S
as follaws: For earh m-cell o ¢ K, 7 = Tylo) 15 dehmed Lo be the singular

sun plex
S plex v @y dm X

where X, denotes the characteristic map of a. Verily that 708 = Tgfal®} fur
oevery ¢ <. 0 -0, m.

This cellular transformation Ty induces a cellular map 7 @ K = S[X)
which will be called the tanduced celfufar map ol . Prove that edit —= ¢

As an application of this, let X . K and take & to be the Lleabity map.
Then ¥ maps K homeomorphically and barycentrically outo a subcomplex
of S(K). Hence, we may consider K as a subcomplex of its singular complex
S[(K). Prove that K is a deformation retract of STK) and that the cellnlar
transformation ¥y, definus a chain equivalence. The second assertion implies
that the homology and coehomelogy groups of a semi-simplicial complex K
are topogical imvariants,

Next, let X, ¥ be spaces and consider a given map f: X = Y. f induces
a cellular transformation T,:STX] = 5I¥)

defined by = THel = fa:Am =¥

for cvery singular se-simplex g€ 5.

This cellular transformation Ty indaces a cellular map fit: S{X0 -5 ¥)
which will be called the snduced celladar map of [ Ubviously, /4% 1z also the
induced map of ¢  Fo:S{X' = Y. Verify that, in the [ollowing diagram,
we always have far - ef

s -

S(X) & ST

l-!’.'] i)
-

Y S —+ iy

This tinplies that, in studying the induced homomerphisme: fy of a given
map f: X -+ ¥ on the homotopy groups, we may ahways asswne that A, Y
are simplivial complexes and that fis simplicial,

K. Admissible subcomplexes of 5{X}

Asswine that X is pathwise connected space and that a [ixed point x, of
A has heen selected s basie puoint.
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Twn singular sm-simplexes g and 7in X are said to be compaidhle if their
fares coineide, that is to swy, @l = ¢t for eweh £ = 0,0 -+, o Hence g and

T are compatitde iff _ _
g Sw-l | Sm-l Smel o,

Further, two eompati ble singular se-simplex @ and 7 are said 1o be spsdivalend
i there exists o homotopy A Ay -« X, 0 =08 = 1), sueh that &, =&,
Ry — 1, and ld) == gld) for every d € 5™ -Land cvary i L Form = 0, any
two singular O-simplexes are compatible; and, sinee X 13 assumed to be
palbwise connected, they are also eguivalent.

A singuluy simplex ¢ dg — XI5 sald to be collapsed if o{dy) = 2, The
sef of all eollapsed singrular simplexes constitute the subcomplex Six;) of
S[A associated with x; as a subspace of X,

A subcomplex £ oaf 5(X) is called an admissible subcompler of 51X if the
following conditions are satisfied:

[AS]) Slxg) = L.

(ASZ) H g isasingular simplex anch that gl o L for cachd -0,- -+, dimg),
then I contains at least one singular simplex r which is compatible and
cquivalent with o,

I, in the conditinn (A5}, we reguire that L eontains one and only one
singular simplex ¥ which is compatible and equivalent with ¢, then L s
called a sefsimal sehcomepler of 51X,

Obvionshy, 5(X) s an admissible subeomplex of itself and every minimal
subcornplex of (X7 15 admissible, Let the admissible subcomplexes of 5(X)
be partially ordered by means of inclusion. Then a minimal subromplex A
of 57X ix elearly minimal in the sense that, if any admissible subcomplex L
15 contutned in M, then £ = A, :

Prove the following assections:

1. Ewery admissible subcomplex L of 51X contains o minimald subcomplex
M oof 5{0.

2. If L is an admissible subcomplex of 5{X7, then there s a function I3,
called a deforsmation of 5(X) into L, which assigns Lo each singular se-simplex
g asingular (m — 1)-prism e} = £, [E 50 po 193], subject to the following
conditions:

[is Digl) = [Fgl®, (& - k- ).

(11} (a2 = o

L] (Foh isin L,

(ivl [f o e £, then F.d, 1) . gid) for every d e Ag and every fe [

Now let A be a pathwise connected subspace of X which eontains the basic
peint x,. An admissible subeornplex Loof S(X) s said to be relabvely ad-
misihle with respect to 5(A) if L0 5iAY is an admissible subcomplex of
SiA). 1o this caso, dhe deflormation D ocan be so chosen thal, for each
o S{AY, Pooas wosimgular prism in A,
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3. If L is an admissible subeomplex of 5(X] which iz relatively admissible
with respect to S(d4), then the inclesion cellnlar map

1L, L0 SIAY) - [S[X), Sd))

is & homotopy equivalence and defines a chain equivalence,

L. The Eilenberg subcomplexes of 5{X)

Let & be a pathwise connected space, A a pathwise connected subspace
of X, and 2, a given basic point selected from A,

For each mteger » = 0, define a subcomplex S5(A4, A) of the singular
cotnplex $[X) as follows. A singular simplex 6 AR =X i3 in SpiX, A)
iff the {ollowing conditions are satisfed:

{ES1) o sends the verlices of Ay, into 1.

(E52) @ sends ail faces of Ay of dimension less than % into A,

In particular, 1f 4 .= x, then we simply write Sp{X)  S(X, xgh Sa(X)
is called the m-dh Fdlenbery suboompler of 5{X); amd, in the general case,
Spld, A will be called the n-th ralative Edlenbery subeomplex of 5[X) watli
respect to 4. For completeness, we alzo define 50X, 4) . S(X). We thus
oliain & descending sequence of subcomplexes of 5[X]), namely,

SIAY=8,X,A) 2 SX A2 -2 5,4, 4= -2 5K, Ay = 54

Prove that, if {X A) is (% — l)-conmected for a positive integer =, then
EaflX, A) is an admissible snbeomplex of S{A) and is alse relatively ad-
mussibie with respect to Sid). In particular, Sy{X) is an admissible sub-
complex of 5{ X'} provided that X is {n — 1)-connected.
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DBSTHHCT!DH THEQGRY
1. Introduction

Having studied the homotopy proups in the previons chapters, we are
now in a better position to investigate our main problems described in the
first chapter.

Tor the sake of simplicity, we shall restriet ourselves to the study of the
maps of a imte coll complex X0, [5; p. 1007, into a pathwise connected space
¥. Therefore, we azsume throtghout the present chapter, that A 15 a hnite
cell complex, I a subcomnplex of & and ¥ a given pathwise connected space
with a given point v, € ¥. We shall denote by K% the a-dimensional sheleton of
K which consists of the cells of dimension not excesding = and use ihe

notation —
K =1L U K=
For example, let ns study the extension problern, Consider an arbitrarcily
1veDn M '
H P 7L Y.

Ax deseribed in (I § 2), 1he sxlension problem for f over A 1n the restricted
senee is to determing whelher or not / can be extended continuously
throoghout K. Bince £ has the AIIEP in X aceording to ([ 9.2), thisrestricted
extension problem is equivalent to the broadened prohlem described at the
cndl of {1, §49),

Since K is a cedl complex and L is a subcomplex of K, there is a natural
approach to atiack this problerm, known as the ebsirucfion method. We first
try 1o extend step by step the map f over the subcom plexes

Ko =012+,

We shall carry on 1his stepwise extension until we meet some obsiraction to
further extension. Then we proposc to measure this obstmgtion and try to
change the already constructed partial extension of £ so that this obstrction
might vanish and hence further extension would be possible.

2. The extension index

In order to study the extension problem, let us define the aolion of
a-oxtensibility, A map /o L - Y is said to be meexfersible over K fur a given

integer # = [ if it has an extensiom over the subromplex K oof K.
175
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Since ¥ 15 assumed 1o be pathwise connected, i following proposttion
5 olwious.

Proposition 2.1, Fuvery sap f1 L= ¥ ds lextensble over K.

For a given map f: L = ¥, the Jeast upper bound ol the set of integers a1

such that fis s-exiensible over K is called the extenseon index of fover K.
Since £ has the AIIET in K=, the following proposition is obvious,

Propasition 2.2. flomotopic maps hate the same sxlension index.

Now let ¢: Y - ¥ be auy wmap and Iet g: (K" L) - (K, L) be any
cellular map, S; p. 1617 Then the [ollowing peopasition is ohvious.

Propositian 2.3, If @ mafp {1 . =V & n-exieasible over I, Ehen the com-
posed mag |* = efg L' ¥ o5 w-exdensible over K

Tn particalar, let (K, L) be a subdivisivn of (&7, L'} and g be the wentity
map. ¥ f: L+ Y is soxtensible vver K, then f' = jg: L' =¥ is also
n-exlensibde over K7

By the classical methed of simplicial appraximation, one can easily dedice
from (2.2% and (2.3) the lollowing

Proposltion 24. ff (K, L' iv a simplicial patr, then (he exlension tadex of
wiy wmad [ L =Y i g topological dnvariant, (e, i dues nol depend on the
fricemulation of the paiv (K L.

Because of s it scems that we should prefer simplivial comnplexes in
our treatment. However, to unify the study of the extension problem with
that 1 the homotopy problem and o avold awkward repetitions, we have -
to consider cell complexes which wre not simplicial.

3. The obstruction c"*'(g)

Thronghout §§ 3-12, let # be a given positive integer. Tor the sake of
comvenience, we assume that the given pathwise connected space ¥V ois
n-simple in the sense of {1V; § 18], In this important. cuse, every map of any
orientesl #-sphere into ¥ delernines an element of the homotopy group
et ¥ Alae latter gronp is abeliun and will be wsed as the coeficient groop
ol the cohomology groups in thesc few sections. If ¥ fails to be s-mple
and 2 == 1, then one can deduce similar results by using tocal coefheients,
See Fx, A at the end of the chapter,

In the present section, lot us consider & plven map

L e .Y
I'his map g detenmings an {x -1 1)-cochain ¢é—g) of K with coefficiends in
the iomotopy sToup al ¥ as [ollews, Let o be any (s + ki-cell of £, Then
the sel-lhcoretic boundary @z of o 05 an orented r-ophere, Since do < K®,
the partial map fe = ¢ | #7 determines an elemenl g, of mp{ ¥]. Then e® g
15 delined by taking [l ey = [,] €mal ¥)

iy -

.'.-I-ll-
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tor every (x + lj-cell o of K. This {n | 1)-cochain em+tg) of K is culled
the ebstraction of the map g

Lemma 34, The obstruchion "¢ is @ velative (n |- Vcocyele of K
mdile L, o symbols, ¢ 13y) e Xnt UK Lo, (¥,

Proof. Let ws first prowve that ettlig) is in Oe+1K L= ¥1). For this
rurpose, det o be any {1 + 1)-cell of L. Since ¢ is defined on Cly = L, 2, has
an extension over Clg and hence “g.] is the zero element ofrg (¥, This prowves
that e¥=1{g} [s a cochain of K madolo £,

Next, let us prove that ¢#1g) i= a cocyele, For this purposc, lel o be atigh
{1 + Z2)-cell of K. TLsnflices to show [dem+lz) () - 0.

Let B denote the subcomplex flg of & and B the s-dimensional skeleton
of B. Then we have the homamorplisms

CneslH) S ZaiBY — Zy(BY) — Mo B0} e, (B 2 o V),
where & denotes L natural homomorphizm and &, is induced by U parteal
map & — g | B

If » = 1, thea B® is (# — 1)-connected and hence A is an isomorphism
according to the Hurewicz theorem in (V; 4.4, Jf # = 1, then 4 is an cpi-
tnotphism and the kernel of £ is contained in that of ey ZINce ol Y 15 abelian.
Hence, in either case, we obtain a well-defined homamorplusma

$ o= kyph 1 Zn(B) - malY).

Since Cpoy (B} s a free abelian group, the kemel Z,(B) of #: CoplB) -»
(8] 15 a direct swnmand of €y, Therelore, the homomorphism §
hias an extensi
LE% LA 21 Call8) > ieal Y.

For every (s + Lj-cell 7 in B, the element [e3+1{g) (7} iz represented by

e partial map & | @v. Therefore, it follows that
ey = Rk 3T) — ).
This implies that
[Be** Nel o) — 1) {de) = (78} =1,

Henve et e Z0tUE T om [F)). 4

Becunse of {300, o' is wsnally called the obstruction copvele of g The
following two lommas are obvious,

Lemma 3.2 Fhamap g B® = Y has an extension over Knol iff en-dig) = 0,

Lemma 33, ff g, o Koos Ve Eumotopie saps, Bhew evtl e . ¥ )

Now let (87, L7} be another cellular pair and ¢ (K', L} » (K, I} be &

proper celiular raap, [S; p. 161]. For i given map g: K7 -+ ¥, we obtiin 2
conposed map g’ = g K - ¥, Since § 15 proper and cellular, it induces

a wuque cochain homomorphism, [S: p. 161,
gt L O K, Loma( Y1) = CWHLE, LY ma 1),
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Lemma 3.4, c#¥3py  diffen 1{g],

‘'o prove this, one must show that the two sides have the same value on
an arbitrary (# 4+ 1)-cell v of K. For this parpese, one shonld consider the
mminimal carrier of ¢ and pick an {# 4+ D-cell {rom this mimimal corrien
then the lemma is a consequence of a Tmmber of trivial commutativity
redutions. The details of the proof are left to reader, [&; p. 164].

4, The difference cochain

In the present section, we are concerned with twn given maps
LA Krno ¥
wlich are homotopic on Kn ¥ owe shall see that {he ditference of the ob-
struction cocveles of g, and g is a cohoundary, For this purpose, consider
a hometopy b Kot Y, [0 5t

such that by . g, | £#-1and &, = ¢, Kr-4
Regard the dosed unit ingerval £ as a ecll complex composed of two
O-cells @ and 1 and the 1-cell f, where 80 = — T and 4l = . Then the

topological produck J— K%

iz also a cell complex. We shall desote by J# the n-dimensional skeleton of J
and uac the notation

Jro (L DM 8 = (Km0 U iKs-1 5 1) | [K® % 1)
Define o map £ _,T_ﬂ — I by taking

O], (xedin t =10,
Fix, i) = iz, % ,::{E;it—lple i,
g1l%l, (xeL* E - 1)

Then, acconling to §3, this map F determines an obstruction cocycle |
c* ) of the complex J modwla L ¢ f with coelficients inag(¥]. [t follows
framm the definition of F that ¢%1[F} coincides with es-tg, X 0on K x 0 '
and with er{g] x 1 on K x|,

Let M denote the subsomplex (K = MU (L x V(K = Not f =K x L
Then it {ollews that

¢®IHF} — et (gg] K 0 -— e Hi) *

is a cochain of f modulo M with coefiicients in gy (Y. Since ¢ +m x [ isa
1 — 1 correspondence between the s-ceils of KN L and the i + 1)-cells
of F ™. M, 1t defines an isomorphism

b CR{ K, Lomg (YY) me R4 T M ma{T71).
Hence there is a unique cochain @7(g,, gp Al 0 O K L a,( Y)Y such that

(1) hdpig,, g1 b)) = (— UL o F] —entlgy)l X 0 —emHig) 1
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This cochain d®ie,, #, A will be called the deformation cochain, In parficular,
if go | Ar — gy | Bm-1 and hiz) = goix) for every xo Kn-) and every ¢,
we abbreviate €%, #); 5] by d®ig, ry) and call it the difference cochars
ol g, amd g,.

The {ollswing lemma 15 an immediate conseguence of (3,20,

Lermnma 4.1, The haomotopy fg - Em-1 0 ¥ ey an exdenston b KRV
{00 < = 1Y, sech that by = gopand ¥ - g, i d%(g. gy Bl = 0.

The importance of ##igy, g5 A) 1% shown by a coboundary fermula given
in the following

Lemma 4.2, dd®(g,, g;1 Al = e"Hg) - o))

Proci, Since & = 0, it follows that .the isomorphism & eommutes with &
Hence, we have RS (g, g1t el = SRAMg, g1 R,

O the otbwr hand, since £3H[F}, e8+1(g 1, c®M(g)] are cocycles and since
80 = — fand 41 = £, we may apply § to both sides of (i) and obtam

P, 20 Bet = on 1 gg) x T —emPgy) w0 L

Henee We RAYE  hsdngy, g1 b -+ Kot igg) — vy,

Swinee 15 an isomorphisim, this implies the lemma. 1

Next, let ns consider any given map g, - A* ¥ and any given homotopy
Be: Kol ¥V 0D <2t < 1), such that £, = g, | K»-'. We shall cstablish the
following existence lemma.

Lemma 4.3. For soery ncochain ¢ tn CRK, Lima{Y)), lhere exists a map
g K® = Y such that g | K82 = By and d®(p,, g, he) —

Proof. Let ¢ be any s-cell of K. Then the bonndary
5=(ax0Uidex N (gx 1)
of m 3 I i3 an otlented #-sphere and henee there exists a map fo. 5 » ¥
which represents the element oo} of el Y. Sinee the subspace T (¢ % 0) U

(B » I} is cantractible, any pair of maps defined on T are homotopie. Henee,
by the AHEF of 1 in 5, we may aszutne that

gzl lifrea, t =0},
.r't = ) _
fol: 4 { el %), (if % £ der, £ < T},
Thus, we may define a map g, - Kn oY by taking
'. lfh[ﬂ; (if x & Hn-1),
Eil%) = o | ,
fot#, 1), (ifxco 66 K]

Then it is ohvions that d=jg, g el = ¢ |
As an immediale consequence of (4.2} and (4.3) we have the following
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Corollary 4.4, Foy cach cocyele s e 2RV Tomni YY) suck thaf 7~ c®- g
mod L, lheve exisis a map g,  Kr = ¥ sk dhatp, Ke-' hy and e®tlis ) =ux.

In particular, if the homotopy Ay is given by &, — g, | K0 for evervie 1,
then the corollary gives {he existence of w map g, K4 ¥ such that
o | Kl =g, | KL and ertlig] = 1

Next, let us consider three glven maps g, g, s KoV and twoe homo-
tomies &y, 7t K0 = V0 S8 =0 13, suc] thad

Ry = Ea) Py By =g, | An-1 = TR PR | J{n-1,
Let Be: Kn 1= ¥V, (0 = ¢ <7 1, denote Ll homotopy defined by & — A,
iff «ldand b = 5, 13 ¢ 3 % Then we lave the following addition lemma
the proet of which 1s left fo the reader, [S; p. 173 .
Lemma 4.5 d® (g, 2o ) = d@™ge. #10 Be | d®gy, @as fets

Tinatiy, let us go baclk to the maps g, £, and the homatopy & deseribed
al the beginming of the section. Let (A7, L9 be another cellular pair and
g JK' LY -+ (K, L) be o proper cellular map, Let

gy —gp K=Y, By =hg Knto Y
Since o s proper and cellwlar, it indwees 3 whinue cochain homomorphistn
bk O, L (V) ) oK, LoV
The following invariance lemina is an easy consequence of (3.4),

Eemma 46, o7(p, 87 F' — atd®ip, i

5. Eilenberg’s extension thearem

Axan § 3, let us consider | glven map
g Era Yy,
Acrording to & 3, p determines an obstruction cocwele ¢#t1(g] 1n Eﬂ‘“'ﬁf i
ol ¥ ) andl lence an alistrection cohowmology class

piliph = R o, (Y]]
represcited by emrlp),
Theorem 5.4, p2!'(p) - 0 if there exists @ map b* K1 5 Y such that
P |E-.'t 1—p | Km-1,

Praof. Suficiensy. Assume the existence of }.e-:_ anid let £ = A% | K*. By
(.27, we hawve V4, .- 0, Since g | A+ 1 = & | K+ 4, the diflerence cochain
d%ig, k)i defined. Ty {427, en 4] = 0 implics 1hat ¢913g) iz (the coboundary
of defg, k). Henve o2 300) )

Nevessefy, Assume that ¢+ [z 0 Then e#+g) ~ 0 med L. By ‘1-4-']

thers cxists a tnap A K™ -+ ¥ such that ¢ F{'i'! -1 = j | K#*-land ek -
Then, by (3.2), & has an extension A% }'{'ﬂ-“ - ¥
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Now, lel us assumne Lhal ¢ s an extension of a given map f: L -+ ¥, If the
chstruction cocyele ey is non-vanishing, then it follows from (3.2) that ¢
canmat be extended over K#! and hence our stepwise extension process
faces an obstruction. The significance of Eilenberg's extlension Lheotemn (5.1)
15 that, if e 1ph ~ () mod L, then this obstruction s remmovable by roodifying
the valnes of g on the open s-cells in K L only, '

&. The obstruction sets for extension

Letf: L - Y beagliven map, Weare goiug to define dhe (# + 1) -dimenstonsd
ahzirction sef PR e HRR K Ll V)

as follows. If fis not s-extensible over K| we define GR UL Lo e e vieaons
sef. Mow, suppose that § s #-cxtensible over K, Then there exists an extension
g K# o ¥ of i The cohomology cass v+l in HvtlE Lo (V)] s called
an (w | 1)-dimenstonal obstruchion elemend of . Then, O b5 defined as
the zet of all [# |- 1)-dimensional obstruction clements of £, The following
propostlion i obvions,

Preposition &1, Ionviopee mafs kave the same (n |- |)-dimensional
ahstruction s,

Next, let [RY, L7) be another cellular poir and &0 (R, L) « (A, L) be a
proper cellular map. This map ¢ induces a homormorphism

GFAIVE Lae( YY) - HOHAY, LY mal Y00,
Then the following proposition is an bminediate consequence of (3.4,
Proposition 8.2, [f ' - fd: L' = ¥V thay ¥ sends (L7 fgo ORI,

In partieuler, if {K, L) i3 0 subslivision of (K7, L% and if f 1= the identity
map, then ¢* is an isomorphism and sends OR300 onte o subset of Qe
in a 1-1 fashion, Furihermore, il both (K, LY and (£, L7 are simplicial, then
the identity map &1 i homotopic to a simphiciul {and hence proper cellnlar)
map. This implies that ¢* sends G onto =0 Hence, the (# L 1)-
dimensional cbstruction set iz smaller on a subdivision and s smollest if
[/, LY is & simplicial pair. Thus, we have the following

Corollary 8.3, Jf (K, L) iz a simplicial pair and §: L « Y i5 2 map, then
Oty s e fopolopical fnvanant, Lo, o does not depend on the triancnlation
of 1K, L)

Now, let (K L) be a triangulable pair withoat any given triangulation
and f: L = Y e a given map. Becunse of (6.3, it makes sense to talk about
Ootl(f], Turther, ifeh 0 (A7, L) = {K, L1 15 a map of another trinngulahte patr
O L nto (K, 2], then one cat deduce casily from (8.0} and (6.2} that 4+
sends R fonte O U where ' = f . L' = ¥,

For the remainder of the section, et us go back to the collulas pair (K, £)
and the map f: L -+ Y given at the beginning of the section. The [ollowing
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two fundamental Iemimas are easy consequences o the definition of ORH[§)
and Eilewthberg’s extension theotemn [51).

Lemma &4, The map {1 L = Y ds n-extensble gver K 4F OV 45 non-
e Eg

Lemima &5, The map [ LY is (w-| V-extensidle over K iff ORrLf)
cowtbarns the zeve elespend of JIHVUE Lm0

By recurrent application of these two lemmas, ome can easily prove the
foliowing

Proposition 8.6. If ¥ {5 y-stmple and
Hrl(E Loa(¥)) -0

for every v safispying # =07 <2 i, then the neaxfensifilily of £ L - Y oper K
eempites 405 m-exfensidility over K

In particufar, if & ™~ L 15 of ditnension not exceeding #, then the hvpo-
thesis of [6.0) implies that & map f: L - ¥ has an exdension over K ol it 15
n-extensible over K. Hence, we have the following

Corollary 6.7, I} Y 13 r-simple and
HrE Lomd Y —

for every v T | then svery srap Fo L o+ ¥ ohas an exiension over K

7. The homotopy problem

Let us study two glven maps
oKLY, pr K=Y

sgreeing on L, that is to say, such that f | L = g L. As described in [I; § 8),
the homotopy problem (relative to L) is to determine whether or nat fand g
are hormotopie relative to L, in other words, whether or not there exists a
hoernotopy b s K- Y, (0 =0t = 1), such that

hop—f, fy=g M|L=F|Licreach{e [,

The most important special case 15 that L = u. Then the problem 15 to
determine whether or not two given wmaps f, r: K - Y arc hoinctopic.

Since the hemotopy problam is a special case of the extension probtem,
the obstruction method can be applied. Let vs begin by defimag the netion
of w-homotopy as fellows, The maps § and ¢ are sawd to be w-homolopic
relative to Lif f| A and p| A7 are homotopic relative to L. If § and g are
homotopie relative to £, then they are obwiously w-honwolope relative to L,
Since ¥ ois assumed to be pathwise connected, the following proposition is
abwicus.

Propositlon 1A, Fuery pasr of mapr g K- Y with [T L =g |1 are
(-kowtolopic relalive o L.
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The least upper bound of the set of integers » such that f and g are
s-homotopic Telative to L s called fhe Aomotopy dndey of the pair [, £
relative to L. The following two propositions ean be proved as in § 2.

. Propasition 7.2 {f { = [ and g =~y relative to L, then the pair (7, 2"
has Hie same homotopy tndex relative fo I as the pair (f, 2.

Proposition 1.3, If (K, L) s a simplicial pary, then the homotofry {ndex of
ary pair of maps f, ¢ K = Y relative to L 45 a lopolopical inveriani.

8. The obstruction a#={f g7

Throughont the present section, wi are concerned with two given maps
Le K-sY, fIL=g'L

which are {# — 1)-homotopic relative to L, Let
Bl En o ¥ 00 54 o= 1,

be o given homotopy such that &, = f| Ke-U &k, — g |E# 1 and k| L —
L foreverv e £,

Since fand g are defined on K, the construction in § 4 gives a deformation
cochan d%(¢, o; k), which will be called the cdsiruefion of the homotopy A
in connection with the pair (f, g,

- Lemma B, The obstrosciéms d®{f, g k) 18 @ relative n-cocvele of K sodilo
L wr symbols, d0(f, o1 by e 20K L mp{ V).

Proof. Since f and g are defined on K2+, it {ollows that e} = 0 —
¢1ley, Henee, by [4.2) we have

Sdnif g k) e f) —enti(g) = 0.1

Lemma 8.2, The hamotapy by has an exiension b5 K% > ¥ (0 <0t =1 1),
such that By = [ | Krm and b)* . g\ Eniffdnif g b . 0.

Proof. Consider e pair (f, M), where J = K x £ and M={Kx0y
(L = fIT UK % 1), Let

JreMUfA=(Kx0UE" UK x ).
Diefine a map F; f* > ¥ by luking

i), (ke K, ¢ =0,
Fix,t) = { iz, (xe K-l el
glxl, xefl 8 — 1

Then F determines an abstruction cocycle oIV R of the complex [ modulo
M. By the formula i} of § 4, we oliain

{1} RA®f, g1 By) = (= Tjmetem 4 p,

wince the homotopy Ay has an extension A* iff the map # has an extension
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F* . f*“—’ —~ ¥, the lemma is an fmmmediate consequence of {3.2) and the
preceding formula (i) since & i3 an izomorphism. |
The cocvele d(F, g, he) ropresents an vhstruciion cohomology class
an{f, g i) e AMK, L malY]).
Analogous to [5.1), we have the following Eilenberg’s homotopy theorem.

Thecram 8.3, 62(f, ¢ k) - [} 2ff there pxssis 2 howmodopy Ry¥ K. ¥,
(0 =28 =0 1), swch thut
'hlil* T .If | Eﬂ': IF3‘-1“: = £ | .Eﬂ.
bt !fn—a Ry | EHHE, [t 7).

Proof, Consider Lhe map F defined in the proof of (8.2), Then A exists
f there is a map F*: f#41  V such that F* ffa-t F | Jo~1 and hence
iff e2-1 1) is a coboundary by {3.1). Since the isomorphism & in (1) commutes
witl the coboundary eperator, this implies the theorem. 1

9. The group R (K L:f

Let f: K =¥ be a piven map, We are golng to constmet a group
R, L; 1 as follows. Consider the space £2 of all maps of E=-1into Y.
Let W odenote the subspace of £2 comsisting of the maps g: K#-! - ¥ such
that g | f. = §| L and let wye W denote the restriction @y = f { n-1, Then

we define ReifE 10 my (W, 5.

_An arbitrary clement « of KoK, L f) is represented by & homotopy B
Kol ¥V 10 = ¢ <0 1), such thal
hy=f1En L by B[L=/[L (01

Hence we obtain an obstroction cobomology class 4%} kg s HRK, L]
7a[ Y1) which learly depends only on e, The following lemma ls an ime-
mediate consequence of [4.3).

Lemma %.4. The assignmend = = Sola) - 88N R defines a Rowso-
mor i fo RRUK L) K, Lo Y1),

Neote. [f one rermoves the hypothesis that ¥ s sp=tmple, then £y bocomes
a crossed homomorphism,

Let fot = frif, Limpi ¥ denote the image of RYE, L f) under &,
Then Jr¥ is a subgroop of H#(K, L; mel Y33, We shall denote the quetient
WOUPDY  on L K, LimalY)) = HR(K, L mal¥) 0,

Lemma 2. Fhe subgroup Jett (and keuce the guolient proud (e™) depends
ondy o# the fm— D-howmotopy class of f relafive fo L; that is fo say, if LE:
Fooo Voare {n — 1)-homotopdc veladive to L, Shen [i% = J0



I, THE OBSTRUGCTION SETS FOR HOMOGTOPY 185

Proof. Let %y: K I+ Y, {0 < £ = 1), & a homotopy such that &, —
flE# k) = K-l andly; L = f|F foreacht ¢ 1, Because of symmetry,
it suffices to prove that fe¢ < f® For an arbitrary element o of 82K, L f],
the element Sqfa) € fr® 1s represented by the cocyele dei f, 1 k) described as
above. Define a homotopy &% B2 Lo ¥ (0 <t < 10, by taking

FPREIR (e Kot 0 =0t =},
¥z} = { Ry o2, (xe K= % =08 < §l,
Fa-slsh,  (xeRe LRt 1),

Then &* = p | K» 1 = by* and k* |4 — g | L for every te 7. Henoe A
represents an clement § of B4, L; gi. O the other hand, it follows from
(4.5) that

dPfg g m*) — —dP Lok + AMEE )+ dARE g R = R Rl
This impitcs that fala) = (i} & . Hemer Jpro for f

10. The obstruction sets for homotopy

letf.g. K - Y be two given maps sucte that f | £ — g L. We are goinp
to define the u-demensional obstraction set
Onif gi= HHK, Li=a(T))

as follows. If f and ¢ are not [ — lj-hometopic redutive to L, we define
(], £) 1o be the vacuous set. Now sunpose that fand g are (- 1)-homn-

topic relative to L, Phen there exists a hemotopy & 0 A7 L= V00 <8 =0 1,
such that g — fi Ko hy =g |En3, by L =f|L [tel).
The cohomalogy class o0 f, g A dn AR L w080 ) 15 colled un s-dismen-
stonad chstrgclion dlemend of the palr [f, g, Then, O8{/, # 15 defined to be the
set of all s-dimensional obstruction clements of {7, ¢ The follewing pro-
position is obvious,

Propesition 101, ff fof" and goep' relafive fo L, then OB, 1) =
i .

MNext, ket (K7, L7 be another cellalor pair aml b (87 L7 + (K, L) be a
proper cellular map, This muap ¢ indoces a homomorphism

f¥ HE L imgi¥)) = AK L a2, 1)

Then {he follrwing proposition is an immediate consequeence of (4.6).

Proposition 10.2. 7 [° — fb gud g — pdh, dhen % semds O0F g dnlo
omif, gl

Corotlary 10.3. ff (K, L) i3 a sismplicial padr, then OR(f, @ is a topolopicnl
snvariant, 1.6, of dogs not depend on the riangddation of (K| L)

Lemma 10.4. The maps [ aed §oare (w D-hesmofopic relafive fo L 4f
Onlf gy s a cosed of the seehprond [, Lol ¥ dn fhe eohomalopy grond
I K, L mal ¥
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Prool. Since the suffiviency 1= ohvious, 1t suffices to prove the neressity of
the condition. For this purpose, assume that f and g are (» — 1)-homotopic
relative to [ Let d={f z: b)Y and ARF e A% be any two w-dimensional
ohstraction elements of {f, ). Define a homolopy & K1 =V, 0 <78 < 1),
by taking % - Ay, 1 ¢ = % and &y = A, if ¢ = & Then & represents an
element ¢ of BoiH_ L f). By (4.5), we have

Eafat] ~ HP(f, &) A — O{f, &0 A
Since Epla) o Jer, this prowes that O#(f ) is conilzined in the cosct
A R Y
Omn the other liand, ot ¢ be any clement of KK, L f). Then & 15 Te-
presented by o homolopy & and Egie] = #8(f, [ &L Deline a homaotopy
By Ke-t o ¥, (0 &l f = 1), by taking A% = &y, if ¢ 5 3 and A = Ag-, o

[ o2 % Then we have ﬁﬂ“J g B = 'En{'x]' + ﬁ“l[f,gj kt:'-
Henee every clement of the coset 8% F, g k) |- S isin Of(F, £l |

Lamyma 10.5 [The fundamental homotopy lemmal. The maps [ and g oare

n-homotopic velative fo L 3f
Urif ) = SR K, Lomal Vi)

Proof. Necessity, Suppose that f and g are s-homotopic relative to B,
Thn:_:n there cxists_ a homotopy #F K™ - ¥, (0 =t = 1), such that ﬁll.'.* —
FlAY k¥ =g | K" and k* | L — /L for everv d £ £ et by = K7 VAL
By (8.3), we have du(f, g &) - 0. This implies that 087, =) contains the zero
element of %K, L 2. V). Acrording Lo (104}, ik follows that Ondf of = J %,

Sufficiency, Suppose O#(f 0 = [ Then O#(f, g contains the zero
elernent of A K, L2, (Y] ). Hence there exists a homolopy by Krl1sF,
[0 = ¢ <510, such that &, 71 E*" & - g|B=Y k|L = /| L or cach
pe d, and 00f, A = 0 By (B.5), there exists a homotopy B* 1 K% = ¥,
(= 2 =5 1), such that &% == f | K7 by* = p | K7 and By* | Kvz—p Erv
for each = {. Hence § and g ate s-homotopic. |

11. The general homotopy theorem

The following general bomotopy theorem is an immediate consequence
of (10.4) and {10.5).

Theorem 1.6, Any fwo waps [ K =5 with f| 1L = g L which rre
[0 — 1)-homolspic velative do L deferstine 2 sriqus clesmand 808 00 of dhe grond
O K, Ll V00, 20 F, 5) = 04 [ and 7 are w-homolopic velative do L.

This clement X#{f, g} will be called the w-dimensional cheracterisic
elestent of (f, g0, By (10L3), %8{{, g is a topological invariant il (X, L} is a
simplicial pair.

By recurtent appiications of (11,1}, we obtain the vllowing
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Proposition 11.2. Laf /K - Y be o plven map and agssueme that Y s
r-simhle and QK LAY ) = O Jor everv # salisfving n = r = i IF tweo
maps fip i KoY with | L =g | L ave w-homatopic velative do L, then Lhey
@re alse -Rowiofodic relafine fao 1.,

Corallary 1.3, [/ Y 5 r-simple and HT(K Lo (Y] = O jor coery ¥
satisfwing 1 =0 v = dim (& L), then cuery tmo wmaps fp K= ¥ wnlh
i 15 =l h are homedodic velative fo L,

As an application of this general result, let us assume that & is connected
and L 1z vacuous, Take ¥ = A Then we obtain the following

Proposition 144, The followisny siatessenls are egnivalent,

{{} K is condractinle.

(28] e W) = ) for pachr 2= 1.

{16) K s r-simgple and MK, miK0) =0 for every v salisfyimg | =
i K.

(] K o8 #-sewrple and O K m(K) =0 for avery v safisfying 1 <y <
dimn K, where 12 K — K dencier the identity map.

12. The classification prablem

Let . L ~ Y bea grven map and let us study the set W oof all possible
axlensions of g over & Tn symbols,

W=[{f K=Y f|Ff=pl

The maps W are divided into disjoint hasmolapy slnsses vafafive o L, As m
(1 &1, the classiheation problem for these maps B 1s to enumerats these
homnetopy classes by means of some convenlent mvariants.

The relation of #-homotopy relative to L among the maps B divides W
inte disjoint s-homcdofy plasses refative fo L, Tor each s = |, every (s - 1)-
homotopy class relative to L containg o certain eollection of #-homaotopy
claszes relative 1o L. For the clisiicalion peoblem, we have to find a
rensonable way to count the s-homolopy dasses contained in a4 given
ist - 1)-homotopy olass by omears of some homelogy or cohomology
invarint,

Throughout the remumder of the section, et B he o ogiven (v - 1j-
honotepy class relative to L of the waps B We are gnng to enumeratc
the s-hinuotopy ciasses refative to Foof the maps W owhich are contained in &,
According to (9.2}, § determines a subgroup Fertil K, L ma 1Y) of the co-
hemelogy gronp H4 (K, L 2ai V)Y and hence the quotient proop

QiR Loma (Y] = (K, Limad Y0 0™ L e[ Y ),

Novar let us choose a map /o K — ¥ from the elass & as our reference map.

Accovding to ([1.1), every map go & detecmines o characteristic element

Xeif gn the gronp 0K, L;mat ¥110 An eletnent o« of 00K, LA, [Y))
i satd to be fadmessible U thero iz a map ped with £5/, 2 e The
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Fadmissible elements of 80K, L ma,( ¥} form a set A7, which will be
called the feadpeiasible sef in QA Ly (Y)). The [ollowiyy proposition
15 nbvioms.

Proposition 121, o any fwo maps | g0 K = Y dn dhe [ — D-homsiopy
cluss 0, Ag? o5 Lhe pmage of At wnder he transietion dietermined by their
characlevisitc clement XR(f ) fhat 45 fo sav,

At = A8 2+ A

Muow we are In a posation to cstabhsh the following general classthcation
theorenm.

Theorem 12.1. Given an (n — |i-hemolopy class B velatzve fo L of the maps
W, the n-howotofy classes velattee o L of W oswhich ave confained in U are tn
| — | covresfordence with the 2lemenis of the fradmissible sef Af® oiw
gt E, L (Y0, whare f iz an arldidvardy piven wiad a0,

Proof, According ta (11,1}, cvery v e 8 determines an element X% f, g1 in
Aen We assert that X0, ) depends only on We #-hamotapy class relative
to L which contains g. In fact, if g, h = & are w-homotopic relative to 1, then
it follows from {11.1; that

AW ) — X{f, g) = XAnig B =10,

and hence XR(f, g} = An(f &). Therefare, the correspondence g--X#if, g
defines a function ¢ of the #-homoetopy classes relative to L comtined i §#
intn the elements of 42 That £ 15 onto follows from the defimition o 4ge
It remains to prove that ¢ s one-to-une. Suppose that X80 ot = 8 (f &),

Thean we have rip By = Enif B)— X o) = .
Acrording ta {11.1), this implies that g and & are #-homotapic relative ta L,

Remark. 3ince Ag® is, in general, not effectively compuotable, the general
classilication theorem given abowe does not solve ihe problem. In each
particular case, it remaing lo compute A by specud methods,

13. The primary obstructions

Throughout §§ 13 [7, we shall assume one mote condition, namely, that
the given space ¥ 15 [n. - l}-onnnected for a given positive integer s,
Meccrding Lo (¥ § 4), this means that (¥ — Qforevery v =2 a I = 1,
then ¥ s simply cornecled and hoenee g-simple, Iff . 1, we assume that ¥
18 #-sltmple and hence the fundamental proup &, (Y is 2belian.

Let us consuler an arbitrarily given map

i b=V

According to G40, § i1 alwavs sw-extensible over K. Hence the first none
trivial obslruction 15 the (< [ -dimensional 02U A We are going to prove
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that O#'Yf consists of a single element of the cobomology group
He (K, Lim, (Y0,

Let 8L »¥ denote the constant map L) = 4, According to {11.2),
{ and & are (» — }j-homotopic and henee § is homotopic to a tap which
sends the {# — 11-dimensional skeleton £#-1 of £ into v, Smee homuotopic
maps have the same (= | 1}-dimensional obstroction set, we may assume
that f{Lr-1 = .

Sinee f |' 21 =g | Lr-1 the difference cochain ge{f ) of §4 15 defined,
By (4.2}, @2{f, ¥ 1z an w-cocycle of £, with cocflicients in . ¥, This cooyele
&7 f, ) can he eqmvalently defined as follows, Lot g be any s-cell of L. Since
flida) = v, the partial map f, /| o reprosents an element - f,] of a2l ¥,
Then dnif, 8) is given by [d®f. &) | {7) - f.].

The cocycle £3(F, B) represenls a cobnmalogy class 27 f) of L over x,( ¥,
which will be called the characterictic element of .

Proposition 13.1, Fhe (0 + 1j-dimensional obstruction sst OR71[f] eonsists
of & sturle element _ _
fa s W f) = 87nf) ¢ HYK, LY,

wkich 15 ealled the poimary abstruction fo cxtesding f over K, wheve 6% denites
the cobosmdury Rumomorphism

8% 0 FR L agl ¥ = L, Loy Yo

Proof. I'irst, let ws prove thal d*ae{f] is in O8I # Sinee fila—t 3,
f has an extension f¥%: Ko o ¥ suel that 550K S Ll =y Letg* fm o ¥
denote the constant map B*(&*) = »,. Then it follows that the difference
eochain R(/*, 4%} is the trivial extension of 42§, &, i, for any w-coll o
of &, wi hiave
|l £, E*j:lrﬂ'] _ | [‘Eni.li- &1 3o, {:if"'-"r;: Li, .
Lo, fif e A7 L)L

Hence &%® £} is represented by the cocyele
,35[31-1{..;*__ B - ot — e R = I!'.‘ﬂ""l{fd;].

This limplies that §*(f) = p# 1 f*) = On-1( ),

Next, letg bean arbitrary elemnent of Or 4 £} Then there existsan extension
g A" =+ ¥ of jsuch that 4% 1 g*t ==z By [11.2), p* und §* are in -~ 1)-
homotoplc refative to L, Hence wo may assumne that p* | Kr-1 4% 1 Kz
Liw (4.2, we hawe SHLpHL Wbl P Sanih [
Since d{g®, f*) 15 in C4K, L YY) according to § 4, Uds implies that
}..JHI[E#} — ?HH[."I*J- Tlenee g = &*?._.ﬂ[ﬂ. |

Next, let us Lurn to the homotopy problem and consider a pair of maps

fgi K=Y, jiLep|l
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Then thoir charactenstic elements x*(f) and x*(g in HRK; ma(Y)) are
unigquely defined and depend only on their homotopy classes.

Proposition 13.2. {'he n-dimensionol obstruction set O%(f, ¢} conalsts of & "

sthgle slement
SER T SLEMEENT I!J.i“”. .':f] i H"‘{H, j"_,_; :"E-:-.l.{ ‘I‘r} }

which 48 called (he primary obslruction fo homotofy relalive to L of [he paitr

7, gt More - -
if g AFLOUEY ) e 1Faan(f o,

where (% HHK Lingl YY) = H# (K my (V) dentcles the hiemumnrphism th-
duced by Lhe enclusion map j K e (K, L),

Praaf. That (W1 F p) conziste of & single clement follows frorm (13.1) and
the definition of the deformation cochaibn in § 4. For the second part of the
propesition, we may assume that

F{Er) = 5, = gEn),
Lot 7 denote the conslant map. Then we have
anif, U —arig, 0 = drf gh.
This implies that »»/f) —x®{g) — *ew™(f g). |
Corollary 13,3 For anv given mab § 1 K - YV, we bave
JetiK, Lo (¥ - 0, OpE Lol V0 - AR(K L, m [ Y

Fmally, if {%, £} is a simplicial pair, then w®=1f}, =/, wi{f, 7] are
topological tmvariants according to (6.3) and {103,

14. Primary extension theerems

liy means of the primary obstructions, we shall be able to strengthen the
general results in §6 and abtain an eficctive solution of the extension
problern Jor the suse where £ L iy of dimension not exceeding # + L.

An element of the cohomolegy group H*L ; G) 15 said to be exdensible
vrer K 1F 1t 35 contained in the image of the homomorphism

0 JIRE ) = I LG,

imduced by the inclusion mapi: Lo K.

Theorem 144, for g given map f. L - Y, the jollowing siwlesmenis are
eiusvalent

(11 745 (w0 + 1j-extensidle over K.

(2 wiif} = 0.

(3] 2 F) 13 exfensible over K.

Proof. The equivalence of {1} and {2} follows [rom (6.3} weed {1511, and
that of [2} and (3] follows from the exactness of the cohomology sequence. |

IF K~ fis of itlimension s -+ |, then we hawve the following coroflary
which includes Hopf extension theorem (I1; § 8 as a special case. See § 17,
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Corollary 142, A map §. L » Y i5 exlensibie over I off ofs chavacierisiic
elernent »® [ f1 45 extensible onar K

The following generalizution of {14.2) i3 an imroediate consequence of (§.6].

Theorem 143, Jf ¥ in rsimple and HTH{K Limi¥)) =0 for cvary r
sedtsfring no< p o< dim (K L), then @ secessory and suffictent condition
for a pivess sap f o L+ Y i have an extension ey K 45 tal the chavactoristic
edesment xtl ) 45 exlensible over K,

In particular, ithe hypothesiz of [1423) bholds if 7Y} - 0 whenever
s o< v« dim SE S L.

15. Primary homotopy theorems

The following theorem is an immediale consequence of the mndamental
hemotopy lemma {10.3) amd the covollary (13,3}

Theorem 15.1. Two maps [ o K o ¥ aith f| L — p | L are n-homotofic
vedading fu L 2ff weif, o) = 0.

If L is empty, then this cue be piven in the following form.

Corollary 15.2. For any fwo givenmaps [, ¢t K = ¥, the following sialements
are eguinalend

(1) f and g ave n-hiomolebic,

Dt g =0

[3) % (f) — wolgl.

If K s of dimension », then we have the following corotlary which in-
¢luiles the Hopf hoinotopy theorem (115 § 8) as a speecial case. See § 15,

Corallary 183, Do maps f, 50 K+ ¥ ave somotofie 1ff w8(f) = w®g).
The following generalization of [15.3% is animroedinte consequencs of (11.2].

Theorem 154, 77 ¥ is p-simeple and HT(K;, =(Y)| = O Jor each v smiisfvianyg
# o< 7 < dim K, then @ mecessary and sufficran! condition for @ given par of
maps f, g Ko+ ¥ o he Aomofodie s thal »®f} = a®(g7),

In particular, the hypothesis of (154 is satisfed if m(¥) - O wlwenever
# < ¥ = flim K,

14. Primary classification theorems

Lemma 1&4. Jf Y o weimple and UK, Lim( YN = for every #
satisfyinr - p < dim (KL, then, for sach map [i K ¥ and eack
clement o CHMEK, Limal V1), theve sxists a map g K - Y such that f | L =
g foand e, gl .

Proof. Choose a vocyele z e 20K, L, el V] whicl represents e, ﬁ.rﬁnrdmg
to [(4.3), there is a map & _E_'ﬂ-:- Y osmeh that f| Ee-t =k | Kot andl
agiif B = & By (141, we hawve

GamIf) — cn(h) « Bdnif, B) = 8 = D,
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Since f 15 defined over K = K1 we obtain ¢m1# = (. This lmplics that
IR = O and hence & has an extension A% ;. KoH & ¥, By (6.6}, one do
duces that % has an exlension g : K -+ Y. Then it is clear that f | L =g | L
and whlf gl = |

It L 15 empty, then the preceding lemma can be formulated as follows,

Lemnma 162 17 ¥ &5 r-simmpde and YK 2 (YY) = 0 for every v salisfying
# =¥ < ahim K then, for each element x i AN ng(Y)), there exists 2 map
oI = Y snch that xnif) - ow

Now let f: K-+ ¥ be a given map and let us consider the totality W of
the maps g: A = Y such that ¢ L — r| L. Since xn(Y) = 0 for every
# <. », there 1s only one (- 1)-homotopy class of the maps W relative
to L. We are going to enumenale the s-homotopy classes of the maps W
relative to L.

Theoram 16.3. Jf Y is r-stmpls and HHNE, Lind Y0 - 0 for each #
selisfying w0 =< ¥ =L din (A ™~ L], fhen fhe wm-Aomaolopy classes velaiive fo L
af the maps W oare tn a ong-fo-one corvespondence with the elements of the group
Im{K, Loma( Y. The covsespondence is piven by the asstoument o — wt(f, g).

Proaf. Hy (13.3), we have
(i, Lo V1) = HYK, L o, ¥)).
On the other kand, (161} implics that cvery element of QR H, L g Y is
f~admissible. Hence, we have
Agm - HelH Loma Y.

Then, (16.3) [ollows from (12.2%. The srcond assertion is chyvious. |
If L 1s empty, then (163} win be conveniently restatod as follows.

Corcllary 164, 7} T 5 rmple and HUExd{Y) — 0 for cach »
saftsfving w - v - ditn K, {hen the w-bomotopy classes of Shemaps fL K + Y
¥ th o one-lo-ome corvespondence with the elements of the propp HB K, mal V).
The copvespondence 18 delermuned by the assignment | - w®{f}.

Il & iz of dimension =, then we have the following corollary which in-
cludes the Hopf classibeation thecrem {11; § 8 as a special case, See § 17,

Corollary 16.53. The homotopy classes of themaps T K = Y aresn g one-fa-
wiie corresprndence with the elemends of fhe prosf HUK ma (Y0 The covve
spondence 15 defermined by e assignment { — #®{{1.

The following generalization of {16.53} is an immediate conseqnence of

f11.2] and [16.3).
Theovem 18.8 f Y s r-stmpie and
HUK, Liad ¥ =0 = Ht K, L ¥}

for every v sadisfying w0y o din (KON L), then the Romofody classes of the
wahs W oraladive to Loarve in g oie-do-one corvespondence with the clestents of
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the group MK, L wo (V). The correspondence is determined by the assignment
g - emif, gl

In parlicutar, the hypothesis of {16.6) is sartisbed if m(¥) = 0 whenover
no< v o= dim (K EJ,

17. The characteristic element of Y

Threnghaut ihis last section of the chapter, we assume that ¥ is u finite
cell complex in additton to the conditions assumed at the beginning of & I,
Tlen, according (o § 13, the identity map ¢: ¥ = ¥ determined a Witic] e
characteristic elemnent w*(r) = e, O] e HAY o ¥])

s

where 8 denctes the constunt map 0¥ — . This will be called ¢he charac-
berisiic element of Y and will be denoted by #%[ ¥,

For example, if ¥ is the ssphere, thenmy (Y] 2= 2, 1t can be easily verified
that the characteristic cloment 22 Y} is a geaerntor of the free cyelic Erounp
7 ¥) which depends on the given orientalion of ¥,

Mow, consider an arbitrary map 7: L -+ Y. This map § induces o homa-

G plalsin o HAY my (Y~ B8 (Y0

The following lemma can be proved by means of [(4£.6) and simplicial
approximation.

Lemma 1714, xe4(f) = f*en{ Y7

This lemma justifics the assertions of §& 14-16 that {1427, [19.% and
(16.5; mchide the Hopf theorems given fn (11 § 4.

EXERCISES

A. Minor genaralizaticns of the theory.

I Make use of the characteristic maps X, in [V, Ex, II) und establish the
abstruction thwory for the case where K Iz any topologically reaiized serni-
simplicial comnplex instead of a finite cell complex and L is a subeomplex of K.

2. =tudy the notion of a CWeeomplex, [J. H. C. Whitchead 4], and generalize
the: chstructon theory to the case where K 1 any CW-complex and £ iz a
subceanplex of A

3. 1y the nse of local coefficicats, construcr the ohstruction thenry for
Lhe case where Y is not aecessanly s-simple,

B. The fundamental grauwp of a semi-simplicial complex,

Let K he a given connected semi-simplicial complex and 5, 2 given vertex
ol K. 'Phen, asin (I1 Ex. A} for finite simplicial complexes, the fundamental
groupm, [A, vl mav be given in ters of generators and relations as follows.,

A Droken Hine joining 2 vertex of K to another is a path which consists of
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a finite number of edges of K. Sinee K= conuected, v, can be joined to any
vertex v of K by a broken fine §i'%), Suppose thatl these broken lines Sy} have
been chosen and that Sley) consists of only a siegle point v, To each
edge ¢ of /U, let us consider the loop

Ar = ﬁfﬁﬂu}]'ﬁ' |ﬁ{£[]3”_1
which tepresents a element gy of (K, 9,0, Prove that the set [z |ec K }
penerates g, K, w).
It remams to find {he relations among the generators § ge }. Por cach
edge o K, the loop £ consists of a fnite number of wiges of X more
teciacly, ] )
]:' :l' e = .;:-!,_ 'Egil:g. N .ﬂ;u
wheregy = == L foreachs — 1, 2.+« k. Then, deduce the relation

|

[e) fe = Loy Bel ™" " Een-
Cn the ather hand, for each Z-cell o of X, verify the following relation

Iy Gty Bapl.g) = Sam.ag-
Now prove that (K, vy) can be defined as the group with generators { ge }
anet relations § M} oamd { K L

By means of this expression of ay (K, vy}, establish the following results:

L. Condition for Z-extensibility. Let L be a connected subeomplex of K
conlaining 5, and /@ (L, v = (Y, »,) be a map into a pathwise connected
space Y. Then fand the inclusion map ¢ ; f. € K induce the homemorphisms

e N FAE WILE TEE SR TR R AR TV AR PLNE

- Prove thal the map [ 18 2-extensible over & if there exists a homomorphism
Ao (K, o =Y, v such that f, = A, and that, for any such home-
morphism &, there cxists ap extension g: K% - ¥ ol f such that g, = A

2. Congition for J-homotopy. Let us consider any two maps J, g1 (K, 5y >
(¥, wh. They induce the homomorphisms

f*,g* ::I]qﬁr?':ﬂ::l :-'Hll::y’ ..-I'?'.'::I'

Prove that § and g are -hometopic iff there exists an element emy (Y, v
such that . :
Culot = & Viyfo] &, oem (A, 4y
For an indication of the proof, see |Hu, 7).

C. Generalizing the obstruction theory by using Cech coho malagy theory

The obstruction theory studied in this chapter iz formulated for finite cell
compexes 0 as to avold the complications invelved in limiting processes,
O can extend the theory to maore general spaces by nsing Cech cohomoelogy
theory as follows.

Assume that A is a compact Hausdorff space, A a clused subspace of X,
antd ¥ a given ANK, For every finite open covering & = { d,,- -, @ p of X,
the rerve K, of o 1 a Anite simplicial complex. The non-vold sets A N @,



EXERCISES - Y55

(¢ = 1,--+, 7], form an open covering of A whose nerve L; 15 2 subcomplex
of K, With the aid of the beidge theorems in {TI: Ex. B), we can {ormulate
an abstruction theory as follows.

Amap foA = Y iszaid to be n-extensible over X it it has a bridgo = and a
Lredge map 4,0 Lo -+ ¥ which is n-extensible over K; in the sense of § 2.

Prove the following assertion which gives set-theoretic meaning to the
n-cxtensibilily defined above,

LT X Iz metrizable with dim{X ™ A4) g and if 1A =T 15 %-ex-
tensible aver X, then there exists a ¢losed subspace B of X contained in
A A withdim B < ¢ — » and such that § has an cxtension g: X R
- ¥. [Hu 5; p. 34#1].

Nexl, assome for sake of convenience that ¥ ix n-imple and let #,, =
Fal ¥ Define the (n + l-dimensional obstraction sef 0P[5 of a given map
{14+ ¥ in'the Cech cohomology group I U X, A my) as follows.

I f 1= not s-extensible over X, define O81(£] to be the vaomons set. Assume
f to he s-extensible. There exists a bridge « with a baidge map Wyt L, Y
which has an extension e .2 =¥, The ohatruction cocyele e Mg’ ol
Ho module Ly represents o element 32w of HoHUX 40 x.), called an
(7 - N}-dramensional vbsfruction eloment of f. Then, 02417 is defined to be
the set of all [» 4+ 1)-dimensienal obstraction elements of #. Homotopic
maps have the same (x — |)-dimensional obstrockinn set.

Prove the following assertion from which one can deduce further resnilis
as 1 & 6, 13 and [4,

2. A map A+ ¥ s {a | D-extensible over X 1 OO0 ) contains the
zero element of Fa+UX A m ) |Hu 3 p. 346],

Now let us turn to the homotopy problem, Twao maps f, ¢: X - Y arc
said to be g-hamatopic i there exists a bridge o for both § and g with bridge
maps gyt K - ¥ oand g, 0 K -+ ¥ orespectively such that ¢y~ K% = a, | K8,

Prove the following assertive wlucle pives set-theoretic meaning to
#-homotopy.

3. I8 A is metrizable with dim X =g and §f, g1 X = ¥ are u-lnmotopic,
then there exists o closed subspace B of X such that dim B < 7 — # anif
FlX S Bepg| X~ B (Hn b p 9]

Mext, assume that ¥ ois wsimple and let s —sea(Y). Deiine the #-
demenninnal obitrwclion set QR 21, of 0 pair of given maps f, 0. X = ¥ in
the Cech cohomology group H®(X @) wnd prove the fosllowing assertion
from which one can deduce further resulls on homotopy and classification
asin §& 10, [, 12 and 14,

4. The maps {, r: X - ¥ are s-homotopic 1/ O g} comtins the zeco
clemnent of o)X ;. THu 3; p, 3507,

D. Generalizing the pbstruction theory by using the singular complax

The generalizations of the abstruction theory by wsing Cech eohomology
as illustrated in the preceding exercise are very satisfaclory excopt that oe
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must assume cither the domain X or the range ¥ ta be reasonably smaoth,
To aveld these conditions, one can also generalize Lhe cbstiuction theory
by using the singnlar complex S5(X) of the domain X as follows, [Otum |
and Hue 7.

Consider two spaces X, ¥ and a subspace 4 of X which might not be
closed. According to (¥ ; Ex. I), we have a projection

e [S[XY, S} = (X, AL

Amap f: 4 > Y s said Lo be wewenstdle coer X i the map fe:504) Y
is n-extensible over 5{X) 1o the sensc o Ex. Al Provethat amap f1 A4 - T
15 seextensible over X ifl, for cwvery map ¢: (5 =X, Al ol a semi-
simplicial pair (&, L] into (X, 4], the map fé - L » ¥ 13 s-extensible over A
Then, prove that, if (X, A) is & semi-simplicial pair, the definition of
n-vatensibility defined here is eguivalent to that of Ex. Al

Fick zpcd and v, = flxg) «© ¥. Then the map /1 A - ¥ and the inchuon
i A< X induce the following hommoranorphisemes

Fo i ld, xy) =0Vl atmyld, x) == 0 X, 2.

Assume X, A, ¥ te be pathwise connected and prove that [ is 2-cxtensible
over X ifl there exists a homomerptusm & m, (&, 2] =Y, vl such that
fo = Aty [Hu 7 p. 1777,

Asswne ¥ to be pathwize connecled and s-simple with me = 2alY, 1)
Define for any given map 4 =Y the {n + ll-dimensional ohstriction sef
41 1) in the singular colwmology group A#HX, A ) in obvious way,
and prove that §is = - D-extensible over X ifi G0 contains the zero
element of the peoup J201{ A, 4 el Deduce further resulis on the extension
problem.

Now, let uz turn to the bomotopy probem. Two maps f, g X = ¥ are
said to be n-homolapic if the maps fw, gw : S5(X) - Y are s-homotopic in
the sense of Ex. Al. Prove that f, ¢ are s-homotoplc iff, for every map
K =X of a semisimplicial complex K into X, the mops ff g arn
#-homotopic, Then, prove that, 1f X is u serni-simplicial complex, the de-
finition of x-homatopy given here i3 equivalent to that of Ex. Al

Pick x,¢ X and y,& ¥ and asswne flx,) = ¥y = g(%,). Then, Lhe maps
fog:X -+ Y induce the followiny homomorphisms

Far ka2 7 12X, ) = (T, 3l
Assume X, ¥ to be pathwise connected and prove that fp: A =¥ are
1-homotopic 16 there exisls an element £em (Y, yy) zuch that
galay — &1 f lwi- &, zem (X, 24l

Assume ¥ to be pathwise comnectsd and m-simple with sz = mal ¥V, ¥}
Define for a given pair of maps f, g X -+ Y the a-fimensional obstrachion sel
(Mif, o) it the singular cobomclogy groap H*A =) in the obvious way,
and prove that f, g X = ¥ are a-lowmolopae 18 O#(f, g) contuns the zero
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element of H#(X| mp). Deduce further results on the homaotopy problem and
the elassification problem.

E. The cbhstruction theory of deformation

Throughout this exercise, let (Y, B) be a given pair and {K, L) a given
hinite cellular pair. A map §: (K, £ = (Y, B) is suid to be deformabls ints B
if there exists a homotopy fo 0 (K, LY = {¥, B, (0 <0 f < 1), such that f, — f
and f {K) = B, By the 2id of the AHEP, one cai casily prove that |, in this
definition, we may rogquire that filx) - fie) foreveryvze Lound #c 7.

In ortler to apply the obstruction method, tet us define the notion of
w-deforroability. Let Kn = it U L, A map §: (K, L}y =Y, B is said to be
s-deformable tnte B if the partial map 7 | (A=, L) is deformabieinto B, A map f
ts sald to s-swrmead if F{K*Y C B. Hence { is (8 — 1)-deformable into B iff
it is homaotopic (relative to L) to an g-normal map.

Hereafter, let us assume thut both ¥ and B are pathwise connected and
pick ¥y £ 5. Then it is obvicus that every map §: (K, L) — (¥, #) has to be
O-deforinulile inte B, Prove that every map (K, L) = (¥, I 15 | -deform-
able info X provided that =,{Y, B, 3,0 — 0. The latter is equivaldent to the
condition that the indoced homeomorphizm

by i g[8, 30 »m (Y, v
15 an epmorphis.

Mext, let > 1 and assume that (¥, B) is nsimple in the sense of
(IV; Ex. EL. Then the p-th relative homotopy groupm, = a,( Y, 1) 15 abelian
and may be used as coetficlent group.

For cach s-normal map f: (%, L) = (¥, B), define an s-cochain 5! §}
i & with cocflicients inm, in the obvions wav. Prove Lhe following assertinons,
[TIu 9; p. 124]:

1. em{#) 15 a cocyele of X madula £

2oy . 0 Mf there cxists a homotapy fi: K- ¥, (0 <t <2 1), such
that#, - f f{Er = B and fix) - fiz) for every x e Kv-land ¢ e T,

J.c*(f) 1% a coboundary of K modale £ ilf there exists a bomeotopy
for K =¥, (U <8 =1, such that f, =/, fi{&" < B, and fuz) = f{x) for
every x= Ko and i f,

Next, define the a-demensional obstruction set O f) in the w-dimensional
cohomology growp JIME, L:x,) in the obvious way and prove the following
asserbions:

4. The map f: [K, L] +{¥, B is (n —1j-deformable inlo F iff O8f) Qs
non-empty. '

3. The map (K, L) =¥, B} Is a-deformable into B iff 0= §) contains
the zero clement of B8, L ay,).

b, Kvery map £ (K, L] (¥, B) is deformable inte B if 7,(¥, B, ¢} =0
amd f, for each » = 1, (¥, £ is nsimple and %K, Lz, =0, where
st = argl ¥, H).
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7. Assumc that K and L are pathwise connceted and ;= L. Then, L is a
deformation retract of K il mg (K, L xg) = 0 bor every s 2 1,

Dievelop this obstruction theory of dedorimation as far as possible and then
gencralize this theory as in Exs, A, € and D. In particular, deduce a proof
of the following assertion, |Hu 9; p 2167,

8. H Y and B are ANKs and if 4 15 closed, then the following statements
are equivilent:

i7] 15 adeflormalion retract of Y.

(7} There exisls a homotopy A (Y, 85 - (¥, 8], (= ¢ = 1), such that
g 15 the identity map and 4,(¥ = B

(i) mad ¥, H.9) = 0 for cvery w 5= L

F. Maps into a space of homotopy type [r, »)

Lot ¥ bee s spsce of homeotopy type (m, 1) o defined 10 (V) Ex. F) with a
given point ¥, € ¥, and let X Dbe a fite cellolar complex wath a given sub-
complex L and o given vertex w2 I v - |, we wssume that both K
amd L are connecled. The exiension, lomatopy and clasgification problems
are completely solved lor this special case as lollows,

1. The case n = |, Let (L, ) = (Y, 3, be a given map. Then f and
the incluzslon map ¢ : L= K mduce the homomeorphisms

Fe cmld, mgb =m0V, gl ’:* o M T KL )

I'rove that f 12 extensible over £ 0T ihere exists a homomorplusm & ol )
-z, (Y, v such that f, = A, and that, for any such homomorphism b,
there exists an extension g: K -+ Y of f such that 7, = &

For the homotopy problem, let f ¢ £ — ¥ be twe given maps, Without
lnss of gencrality, we mav assume that f{w) = 3, = glv,). Then, we have
the mduced homomarphisms

Fao By o UHC, wgd =m0, ).

Prowe that [ and g are homolopie HE f, and g, are egurvalent, that is to say,
there extsts an element £ inm; Y, 44 such that

golee) - E-1-f el 5 mEm K, vyl

For the clagsitication problem, let s consider the sel /7 of all homo-
merphizms of my (8, 230 intoa, (Y, v), The equivalence relation delined above
divicles H mnte disjoint equivalence classes. Prove that the homotopy classes
of the maps & — Y are in a namrid one-le-one correspondence with the
equivalence classes of the homomorphismes ff,

2. The cate v > L. Tlhen ¥ 15 n-gimple and wi may write ¢ = mu( ¥). The
[ollowinge asserbions are special cases of (04,33, (1547 and (16.4].

Amap f L= Y 1 extensible over Kl its characteristic elemend se®i f)
15 extensible over A

Two maps §, ¢ A = ¥ ace homotopic iff 2707 =*z).
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The homotopy clusses of the maps K - ¥ are in a one-to-one corre-
spondence with e elements of the nohomology group H» (% ;) determined
by the assignment f-» wn(f},

3. Generalize the preceding results as in Ky, A and Ex, C,

G. Homology groups of [, #)

Lelt £ and L be two semi-sitnplicial complexes of the hemotopy type
{m, n] and (¥, #) respectively, Then, according to the previons exetoise, the
classmbication problem of the maps K - £ is salved as follows: the fometopy
classes of the maps K -» L are in a natural one-to-one correspondence with
the equivalence classes of the homotnorphismssz = 7. s = [, thenw and ¢
are abelian and therefore these homaolopy classes am in a natieral ene-to-one
correspondence with the homomerphisms  —+ 7 themselves, An important
direct consequence of this result is that K and £ are homnotopicall v equivalent
iff & and + are isemorphic,

It follows that, for any space X of the homotopy type (7, #) and ANy
coefficiont group 7, the singular homalogy group i X ] and the singular
cobomalogy group HW(X ;G depend only on the intepers m, #and the
groups ®, & They will be called the sk Aomology gromp and the wm-th
eokomnlogy prowp of the paic (m n) with coefficlents in 7, denoted by
Halr, n, G and Hmig, »; ¢} respectively, The integer a will be simpy
deleted from. the potation if 4 = 1. Similarly, we shall omit the geoup &
if it i the gronp Z of alt integers. In particular, if & | and & = Z, these
are denoted by Hpla) and A% and catled the s-fh Rumedigry geomd atid
Ll we-th cohomology prowp of the group =.

Finally, let 0 = 1 and lel 7 be an abelian group on which = acts as left
operators. Chosse a space X of the homotopy &, 14 Since the hindamental
group of X is gz which acts on G, the sigeular gronps Ho (X 6, B9X, G
with local coefficients in & are defined. Prove that these groups de nat
depend on the choice of the space X and heace may be denoted by Hm(re, r)
andl F (),

H. The complex K{z) of a greupx

Let & b a given abstract group written imaltiplicatively, Deline a semi-
simplicial complex f{z) as follows. |Hilenberg and Maclane 17,

l. The homogensous definition. For each # 2 0, consider the set @7 of all
ardered scts [z, -, L) of 4 4+ | elements of = called the n-sefs of 7. Two
n-sels (2,000, ) and [y, ) of moare said to be egsdnatent if there
exizts an element x of 7 such that Yy = xx; for each i = U,-- -, », The p-sets
7 of m are thus divided into disjoint equivalence classes, called Lhe w-gelfs
of . It o = 0, the +-1l Eee of the a-coll g — [ g =t g of 7, (D 51 =
15 dehned to be the Jollowing (2 — 1)-cell

'r'r{s:l - [I“I‘ Y x! 'E -'i:t:.ipjr.| ", :I"-ﬂ-J'



20 YI.OGBESTRULTIOR THEGRY

Vernfy the comdition (550 of (1V; Kx. ). Henee the #-cells ofm, (m 01,7},
constitute s scmi-simpliciat complex Kix), called the complex of 2.

2. The non-homorencous definitiosn, For each # 72 0, consider the set of all
n-loples (%, %) of elemenls xyem II 2 0, the +th lace of the
n-tuple ¢ = {£,,+- - =), O <04 = = 15 defined to he the (n .- 11-tuple aitt as
Leallovwrs :

[i[u:l —_— {le T, _T:ﬂ'], U{n:l = fﬂ;-'l,‘ Y Iﬂ""]l
o = (kg0 mey, MRy Mgt ) (D E D)

Verify the condition (S5C) and hence obtain 4 semi-simplicial complex. Prove

that this semi-simpliclal complex may be identified with Kin) by means of

the corresponrience
Pn [_.x‘“'. F"Jﬂ:ﬂ-]Hl:xﬂ_lxlrIi_lIﬂr”'::'tﬂ]‘—-j_ .:':ﬂ}.

3. The malric definilion. Yor each n 5= 0, consider the set of adl {3 | 1} =
(% + 1) matrices a = || &g ||, 7. = 0,---, 5], with dyen satislying the
condition o

doefip = dap, (LR . 0
If # = 0, the i-th face of @, O = ¢ < %, i3 defined to be the mulrix o ob-
tained from ¢ by erasing the #th row and the s-th column. Verify [S30).
Hence, these matrices o constitote a semni-simplicial complex, Prove that
this semi-simplicial complex may be identified with ) by means of the
cormespondence

LR

[Xp,t - - Ha) = L dyp 15, dy = 271 g

4. Prove that K{m) is a space of the hemotopy type (=, 1} See (V: Ex. H;.

5. Let it and 1 be two groups and £ = - v a homomerphism. Prove that
the assipnment [#,- -, 3n] -+ Alzg.- -, Alxgd] defines a cellular map
fr: Kix) = Kt} If two homomerphisms 2, k& - 1 wre equivalent, prove
that the cellular maps fp, fr ate lomotopic,

I. Contractible complexes on which & acts {freely

Let A be a contractible {finite or infinite} simplicial complex with the weak
topology, (K- %; p- 75]. Assume that a group & acts freely on K as a group
of simplicial homevinorphisms. Let X denote the orbit space K with
projection ;K -+ X See{I; §6). Then prove that K is the nruvensal covering
space aver X relative to #. Henee X is a space of the homotopy type (=, 11,

Next, prove the existence of such complexes by the following construction,
Lei % be a given group, Construct a simplicial coroplex K as fellows: its
vertices are the pairs (£, #), where £ is an element of 7 and » is 3 positive
integer; amed (£, my), + -+, (£ g are vertices of a simplex of il ag <7 - - <y,
(rive K the weak topofogy. I F s any fmite subeomplex of K and (£, #l is a
vertex ol K such that o = m for every vertex (%, #e) ol F, then the join of
Fowith {5 13 in K. By usmy this and the weak lepology, prove that
mgl K} 0 for every ¢ & (. Hence K is contrantibte. For cach £ e, define a
amyplicial map &K -» K by means of the verlex assigiument (g, ) -
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(£x, n). In this way, = acts on & as a group of left operators, IfE = 1, Pron iy
that the homeomorphism & has ne fixed point. Hence # acts freely on K

J. The Influence of the fundamental groeup

Let A be a pathwisc connected space and e X o given point as the
cornmon basic point for all homotopy groups. Study the influence of the
fundamental group s = (X)) upun the structure of homaology and co-
homedogy groups of the space X as [ollows,

According to {V; 8.2}, X can be imbedded in a space ¥ of the homotopy
type i, 11 such that the inclusion map ¢ X <= ¥ induces an isormorphism
te 1y (A e (Y}

Let 1 = | be a given integer such that m, (X = 0 whenever 1«2 s < a,
Verify the following assertions;

i. By the cxuctuess of the homotopy sequence, mpd Y, X =0 forwm <=l n
Al {y caml Y, A & mp_ (X)) for me o

2. By the relative ITurewicz theorem (V. Ex. C), HnlY, X! =Qform < n
and the matural homemorphism giq, (¥, X 0, (Y, X) is an epi-
morplism,

3. By the ewactness of the homology sequence, the mduced homo-

1 '_ -
mnt pliisrn it HlX) = Hul ¥) 5w Hopim)

15 an isomorphism for e <7 # and is an epimorphism for m = =,
1. In the followivg commutative fadder

Crmuaa YL X T ma X T | QU

i Lot
e Mo (¥, X)L Iy L HLIY e
where gl b are natoral homornorplusms, Lhe spherical sabprouwd X X) =
Tla] of Ha X} coincides with fmidg) = Kerl(i].
3. The induced homomorphism
Ha( Xy % Hn(Y) aw Hmim)
b5 an isomarphism for # <2 4 and 15 a monomerpllsem for w = u,
G, The subgroup A*X) = fm(e3F of Ji# &) consists of all elements which
annihilate 2,00
Sumaanizing these assertions, we obtain the classical theorem: If
XY e and mefX) . 0 whenewer 1 =7 =0, then
Ho (XY 2w Hyglay, HWA) as AUz, m < n,
Huf X)ZlX) ~ Hyfm), AMX]) ~ Hoig).

K. Computation of A7 " and [I™Mm; )

Lot & bea given m-prowg; that is to say, & (s an abelian proup en which
& oacts as lelt aperators. A megroup (7 18 sasd to be m-free with g, as a
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q-hasis if e clements Eg, for all Fex and g.e{ g} form a buasis of G.

A lomomerphism f: 4 — B of megops s called a me-fnmomarfiisng it
it commutes with the operators. A mproop © s said to be renjective if, for
evory s-group B and every m-subgroup A of B, every m-homomarphism
fiA -» 5 has a g-extension g @ F -G,

Yor any m-group (7, we shall denate by 7 {{7) the subgronp of & which
comsists o the elementis ge & such that &p = g for all £cm, and denate
by F(6) the quotient group of € over its subgroup L (ir) generated by the
elements & — g for all Lemand p o (v

Frove the follveing asscrtions:

1, Mo, € 2 Jol, I f) = 0.

2 I G s mefree, then Hylm ) = 4 for cach m = 0 if (7 Is m-injective,
then H#(w, () = 0 for each m = (.

3. o 1, then Halm; ) - 0 = AW, ) for each m 50, if & is 2
free (mom-abelian) group, then Hpla; G = 0 - A (m; ©) for each s 2= 2.

4, If r 1s & froe abelian group with » generators and if = operates simply

om {x, then Hoim: ) =0 — Hojs; G), form = r,
Hple: G) = Glind = Hm{n: GY, form <,

where ¢F denctes the direcl sum & 4+ - Gof §f bams ol G,

New let  be a cydic group of finite order » and (& a 7-group. Let fhe a
generator of ; aned deline a m-homomorplusm 4 7+ & by laking Al —
¢+ &g e &4 for each g G, Denote the image of 4 by M6 and
the kernel of A by N (5], Then M (2 < TG and L)< NG

5. 1w is a cyclic group of tinite order », then for ench p 2= 0 we have

Hygls G) s TGV M (G as P4, ),
L, eim: ) s NG F 060 me AT+, (),
In particniar,
Hypoolm) o s H®3%m), Hypogln) - - 0 = HP-n).
. Universal cacficient theoremn. If & operates simply on {r, then
Hupl, G = Halm) &0 60 + Tor (Huoy(m), &),
Honjm: &) s Hom (Hulm), G} + Ext (Hw odm), ]

7. Kiinneth relations. For the direct product & » v of two groups = and 1,

Wi Ve . .
Humwx vt = ¥ HymlaHdn - 5 Ter{Helm) Haltil
7lyg=m Ala—m—I
The assertions 4-7 allow lor a complete cmoputation ol the groups
Hplm €0 and Hmim: ) lor a finitely generated abelian group & which
ppeTates stmply on fr,
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L. Tha Eilenberg-MacLane complex £{m, #)

Letxm be a given abelian group written additively and » a positive Interer,
Define a serni-simiplicial complex £{x, #) as fodlows.

An #m-cell ¢ of Kia w) is an decocydde of the unit mesinplex Ay, with
coefficlents in . To define the -th face &% of o, () =17 <, consider the
cellmlar map eyt dp, = Ay as defined in [E-8: p. 185]. It induces a

1 ' .
1::m{}mﬂrph!5m I:F'Em.}'l'!' ' E“[flm,'ﬂﬂ _-"E#I.rdm—l::m]'

Define o) = (o idta Hm = 1 and § = §, verify the condition (S5C). Thus
ve obtin a semi-simplicial complex which is called the Eslenherg-MacLune
complex Kix, n), 'Rilenberg-MacLane 1.

Prove that Kim, 1) is essentially Kim) and that K (7, #) 15 o space of the
homotopy type (=, #1.

M. The Influence of ma(X)

Let v 2 2 be a given integer and X an {® — U-connected space. Stuety the
imfluence of 7 = my(X) upon the structure of homology and cohomology
groups of X ax follows.

According to (V] 8.2), X can be imbedded in a space ¥ of the homotopry
type (=) such that the inclusion map {: ¥ = ¥ indnces an iscinorphism
Tt A ) A= [ X0,

Let g = = be o given integer such that 2y, (X)) = U whenever » <2 #m < 4.
Verify the follewing assertions asin Ex. |-

Lo Y, Xy — 0 form <lg and 8, cmul ¥, X o m () for e > 4,

2 Hn¥Y. Xy Oform <0 and the natural homomorphism g1 m, (V.5
- Ho (Y, &) s an 1somoerphism.

3. The indused homomcrphism

is an isomorphism for #¢ <7 g and is an epinorphism for #e - 4.
+ In e [ollowing comimutative ldder

LTI STRETENE G G0 g RELLINE ¥ ¢ SELTTINE | R

f 4 i.ﬁ. :I.":

o Hy (VI IF, HeolY, X)L HaX) ¥ By —
where f, . &% are natural homomorphisms, the spherical subgroup b S IR
fa(a) of Hy{X) coinades with Imidy) = Kerlig).

3. The mduced hwnomorphism &k J7= (Y - @ X0 i an isomorphism
for mt = g and is a monomorhism for ;= ¢ with A9 X ws image,
Summarizing the assertions {17 (31, we obtain
Huwl X ms Hplm, 1), A2 X)) = M xm w), w < g,
Hyl MWD i X)) e Hale, w), ACTA) 2 Il(m,
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6. The composed homomaorphism
g s Hoalm, w) =g X0,

considered as an element of A9 (v, 5, 7y ( A} ), does not depend on the choice
ol ¥ and iz called fhe supariant £0HVX) of the space X, The following con-
ditions are equivalent .

(£} BN = 0.

(#8) & 1yl X)) - Hg[X) 15 2 monomorphism,

[86) 3up  HgralX) = Ty, im, #) 15 an eplmorphism.

T.I8g. w1, ibken kim X)) - Hg{X) is an epimorphism by (V2 Ex. ).
This implies that Hpyo{e w) = 0. Horthermore, EFEA) =0 iff A s an
isomorphism,



CHAPTER VI
COHOMOTOPY GRCUPS

1. Introduction

Let (X, 4) and (¥, B) be any two pairs each consisiing ol a space and a
subspace. Asin (10 § 8), we denote by the symbol

alX, A Y, A

the set of all homaotopy classes of the maps of (X, A) inte (Y, B) relative to
{A.E} As desertbed in ()] § 84, mi{X, 4, ¥, B is a [unctor contravariant
in (X, ) and covarant in (Y, B,

[T X is the ssphere 5%, A consists of u single point s, of 5% and £ consists
of a single point v, of ¥, then #(X, 4; ¥, B) is the underlving set of the
#-th homotopy group a( ¥, 1] of Chapter TV, As shown in the preceding
twa chapters, the group operation inmg (¥, vy} is very helpful in stuidying the
eXtension and classification problems especially for the maps of 57 into Y.

Cn Lhe other hand, if ¥ is the m-sphere 5™ and # consists of a single point
spof S then=({X, 1; ¥, B} will he simply denoted by mm(X, A) and called
the s-i% cohumodopy sef of (X, A). Under suitable eonditions on (X, A,
we shall see in § 5 that =™ (X A} forms an abelian group which will be called
the wm-th cohormnlopry prowp of (X, A). This group operation was frst sketehed
by Borsuk T3] and foter studied in detail by Spanier (1], It is useful in
stindying the extension and clagsification problems for {lie maps of X into 5.

Hetween the homaotopy groups and ihe cohomotopy groups, there is an
informal duality given in § 127 by means of the nsnal composition oreration.
Precusely, for every pair (s, w) such that ma{X, 4, 5, and a=(X, 4} are
abelian groups, the composition operation vields a homomeor phism

Fia( X, A, %) @AY, AY a5, s,).

In particular, f m — », then the right side can be replaced by the additive
group £ of integers.

2, The cohomotopy set ™ (X, 4}

Let 5% denote the unit sm-sphere in tie (m o+ 1)-dimensional suclidean
space and let 5; denole the pomt (1, 0, -- - 0% Then, as described in the intro-
duction, the m-th cohemotupye sel M X, AY of a pair (X, 4) i5 defined to be
the set of all homotopy classes of the maps of (X, A) into (5™, 5,) relative
to A, Ttiz a contravariant functor in (X, A1, If A is empty, then it will b
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stmply denoted by p{X} and called the m-fk eokomolopy sef of the space X,
The set am{X, A) has an exceptional element, namely, the homotopy
class of the constant map 0: & — s, This exceptional element will be
dencted by the symbol D and called the zere element of m(Y, A).
Sanee | 5, s a closed set of 5™, one can easily see that :

A X, A) = mm( X, A),

where 4 denntes the closure of A in X. Thus, we may assume that 4 is a
closed subspace of X however, we will not so assume unless exphicilly
mentioned,

Finally, "X, 4) cun be conaidered as the set of alt open and closed sub-
spraces of X nol meeting 4. If so considered, then the =ero element O of
X, A) 15 the ernply subspace of X,

3. The induced transformations

Sincem™ X, A) s a contravariant fonctor in { X, ), everymapf @ (X, 4] -
(Y, B) mduces a transformation

#* (¥, B) ™ X, Al

called the trduced fransformaliion of f on the sme-dimensional cobomaotopy sets,
For any element o in z®(Y, B), choosc a representative map & (Y, B} —
(5™, 53, then f*(w) i3 represented by the composed mapdyf @ (0, ) - (5% 5.
The ety slement of 7Y, B) 15 evidently mapped into that of a®X, 4)
by f*; in uvther words, f* preserves the zetn element 0. Furthermaore, /%
depends only on the homotopy class of f relative ta [ 4, B L

In the remainder of this section, we shall prove some important properties
of the induced transfetmations,

Let us consider a pair (X, A), where the subspace 4 of A 15 non-smpty.
Identifying 4 to a point g4, we obtain a space A4, Let

,lr : {f‘f. .:‘IJ o |'L_:'|':,.;, g',.{]

tlerwde the naturat projection. Then 7 s a map which sends X ™ A homeo-
morphically onlo X4 ¢4

Lernma 3.1, The dnduced Iransformaiion f* parries m™X 4, ga) onio
aM X A) in a ane-fu-one fashion,

Proof. [et o am(X, A) be an arbitrary clement represented by a map

g (X, A) - 157, 50 We may define a map o [(Xa, gal - (5™, 5) by
plf M, 1y eXi™ g
wiy) = 1" e
-:'Il:l_, J.i J!r —_— I?__-I.

The continuity of  follows [om that of ¢ by (1D § 6. The map yp represents
an clement 3 of m™( N 4, va). Siwce pf = ¢, it fallows that (5] = . Hence
¥ 1z onto.
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Next, let £, 5 (X4, ga) = (5™, 5} be two maps such that &f and 5f are
homotoplc relative to A, Then there exists a map

FolX ) EAx I -=15ms,)

sucli that Fle, 0} = 5ix) and Fix, 1) = gf(x) for every 2= X. Dofine
Gri{Xg 2 Fog4 X I} = (5%, 5, by laking

— 'Fl:fl{}r]!t:li if:l"lrz"jfﬂ\\'?dr
Gy 8] = {sm iy — gy

Then ¢ is continuous and gives a hoinotopy hetween & and y relative to gy,
This praves that f* 15 one-to-one. |

The signiicamce of {3.1) is thatl, in the computation of the cohomotopy
scts of a given pair (X, A), we may ussume that A consists of 4 single point
@ it A is non-empty. For the case s = I, since 5% is simply connected, one
can prove withont diffienlty that the inchision map ¢: X < (X, &) induces a
one-to-one transtormation ¢ of a%( X 4] onto A% X)) provided that a certain
homotopy extension properties are satisfied. In particular, these homatopy
extension properbies are satisfisd if X i3 a paracompact Hausdorff space
and & is any given point of X

Theorem 3.2. (The map excision theorém). If /1 (X, 4Y > (Y, B) is =
refafive homevmorphism, thad €5 o say, | maps X A homeomorphicaliv onto
Y o B, and if X is a compact space, A &s non-emply, YV is w regular Hansdorf
space and B i5 closed, then the induced dvansiormation ¥ semds Y, B)
osbar AP K, A} in e onedo-one fashion,

Proof. simce A Iz nim-einity, so is B, It follows that we may identidy A
anik ff {0 single polnts g4 and g respoectively, Lol

E:[XJA}"*[‘J{:h{?J‘l]r ﬂ:[}r:Bl|"‘{?ﬂ.EH:'

defiate the natnral projections of identification. One can easily verify that f
induces a one-lp-one map ¢ (X4 g4l > {¥n a5
of [X 4 qab onto [¥ g, gu) such that f = g& Since X is compact, sn is X 4.
since ¥ 15 a regular Ilausdorfi space and B is closed, it foliows that ¥g is
a Hausdorff space. Ilence, ¢ i a homeamorphism.

3y« property of contravarinnt functors, we have /5% — %, Since g
15 a homeomorphisor, it is obvious that g* is a one-te-one correzpondence,
On the other hand, £* and #* are one-to-one correspondences acverding to
[3.1). Therefore, i* = EYp¥p*-Lsendsa® (¥, ) onton® (X, 47 1n a one-to-one
fasluon. 1

The auxiliory conditions in (320 are essential [n fact, we have the
following counter examples,

Fyest, Lot ¥ denocte the wnit m-cell of the cuclidean m-space and B its
boundary (s — 1-splere, Let v, v, € B where 45 % v, Let X = ¥ ., ¥
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and A = B yp Then clearly there s a deformation relraction of (X, A}
into the pair {v;, %), Therefore g X, A} — O although 7= Y, B} &« Z. This
shows that the induced tronsformation & g™ ¥, 5] -2 X A} of lhe
inclnsion map 1; (X, A) < {¥, 8], which s a refative homeomorphism,
cannot be one-to-one. In 1us exsmple, X fuls (o be compact.

Kext, let ¥V denote the unit (s + 1)-cell of the euclidean (s 4+ 1)-space
wnel A Lie houndary s-sphere, Let A consist of o single point of X and let
B ¥ AU A Then am™{X, 4) ~ Z while #M{%, B) = 0. This shows
that the induced transformation % (Y, B) > x®™AX, 4] of the incln<don
map ¢ {X, )< [Y, By, which 15 a relative homeomorphisin, cannot be
onfo, In this example, B fails to be closed.

Coroilary 3.3, (The excision theorem), Let (X, A be a patr where X is a
cimpact nwssdorf space and A 15 a closed subspace of X, [V iz any open 5o
of X conlatned tnd, then the tnduced transformation of of the tnclwsinn nap

e f XN F AN e (A A)
carrics X, A erto i X SNV, A ) g one-da-one fasiion,

Proaf. Bince ¢ is a relative homenmorphism, (8.9 Jollows from (3.2, 1
ANV is non-empty, If 4 OV is empty, then d - and hence A i3 both
open and clnsed in X Theretore, every map ¢ X ™ A4 - 5% Las a unigue
extension o (X, AL -+ (5% gh This prowves that % is a one-to-one corre-
spondence. | |

Remark. The condition in (%5 that X is a compact ITausdordl space can be
removed 1f we assume that the closure of T°1x contamed in Lthe interior of A.
e verficalion is lefi to the reader.

4. The coboundary operator

In the present section, we ave going to construet a coboundary oporatos &
for eohomotopy sets which will be analogous to the coboundary operator
for cobimology groups, Unforiunately, this coboundary operator & is not
defited {or a completely arbitrary pair (X, A). Sinee, in the construction of
&, eme hus 1o use some form of Tietze's extension thearem, it is necessary
o assutne @ porality condition on the pair (X, 4).

BBy a fsormal baiv (X, A), we mean a hinormal space X, (I § 9, and a
closed subspacc A of X Then, by definition, both X and X 2 T are normal
spaces. In particular, (X A) is a binormal pair if X 15 3 sermi-simplicial
complex and A is & subromplex of X, or more generuly, 1f A is a para-
compact Havsdorff space amnd 4 ds a closed subspace of XL Throughout the
prosent section, wie wssume tbat [0, 4} ks an arbitrarily given binormal palr,

Vet 54 denote the (s 4+ 1)-sphere abtained by joiniog 5™ to two points,
the north pole and the south pole, Denete by E™ 08 and 20 the north and
the south hemispheres respectively, Tlen we have

L o — E':THI ij - 1. HﬂESm == Ei;i'.H-l gl !:."F_-l_
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Cousicder the following diagram

A 57 AL, A S s

5 |
A, AL ETTE SR B (X, Ay Smil el

where the transformations are natural, namely, o is defined by testriction
while 8 and 4 are induced by inclusions.

Since E®-1, Emtl are contractible to the point 5, and (X, A} 15 & binoermal
pair, it is straightforward to verify that both « and p are one-to-one cotre-
spondences, Thus, we obtain o transfarmation

d = F_1ﬁ1_1 e A — P A4
which is called the coborndary operaior.

{zeometrically, the colroundary operator § can be deturmined as fallows.
Let ecamidl, Chonse a map ¢ - 4 — 5% which represents e Sinee Bl g
contractible, ¢ has an extension

G (X, A) o (Em+1, Smy,
Then, ¢4 represents a-2(g), Lot
-_"‘f.; - I:-I::ﬁ"'“, Sm} . I:S“"_I, ET.+1}J 0 = f < 1,

be 1 homotopy such thal &, is the inclusion map and £ maps 5% into s,
aned 1IN Sm oonto $%410 g homeomorphically, Tt s obvions that such
a hometopy £ exists and that £, is essenitially unigue, fe., untqme up io a
homotopy relative to 5% Then the map &% (A, A] =[Sm0 represents
the elemnent d{zd = - 3x-1(e),

Obvivesly, d seidds the zero element of amid) into that of z#+1{X, 41 in
nther words, & preserves the zera element.

Now let (47, 4} and ¥, B) be two binormal pairs and /: (X, A) = (¥, B}
d given map. Let 704 + B denote the map defined by £, Since § = 31 -1
ard since =, #, 4 ohvioualy commnte witl the induced lransformations, wa
cbtain the follewing

Proposition 4.1. The commutatinddy velation f£8 = Sg* holds in the rectangle:
aidl f Rt A
.1-\.
g £

Al A, ey, B).

5. The group aperation in =% (X, A}

For convenience in using the obslruction method, we shall assume
throughout this section that (X, A) is 4 cellular patr, that s to say, X isa
fimite cell complex and A 1s a subcomplex of X, Generaliztions to more
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general pairs will be indicaled in the exercises at the end of the chapter

A celludar pair (X, A} is said to be s-coconnested if the cohomalogy group
HIX, A: G =0 for every integer g =» and every cocllicient group {=.
In particular, (X, 4) i5 #coconnected if X ™\ 4 is of dimension less than ».
However, the latler conditiom is undesirable becadse dimension s ot &
Lomotopy invariant. By the universal coefficlent theorems, it follows that
(X, A) is m-cocommected iff the integral cohomology group H2(X A] =0
for every g == #.

For any given pait (Y, 4g) consisting of a space ¥ and a pomt v, & ¥,
comsider the set (X, A, ¥, v} of all homutopy classes of the maps (X, A) »
(¥, vy). Then every map f: [V, py) = (¥, 2" induces a transtormation

Fa X, AV Y, o) » (X ALY ¥

by means of composition. In paciicalar, let us consider a triplel (Y, B, ¥,
where ¥ and B are pathwise connected, Then the inclusion map ¢ 2 (8, vy =
(Y, %, induces 4 transformalion

XA B gt sl XL ALY )

We rocall that [V, Bl iz said to be s-conmecied if mplY, 5] — [ for every
g = . Then the following lemma can be easity established by Lhe obstruction
method described in (VI Ex. E).

Lemma 5.1. 7} (X, A 5 w-voconnected and (Y, B} 45 n-connecled, then i,
sends (X, A B, v et (X, A; Y, wod dn a ons-do-one fashion.

Throvghont the remainder of this section, let m be any miven posiiive
integer and assume that (X, A) is {2m — I}-cocomnected. Uncler this as-
sutnption, we shall define a group eperation in mm{X, A3, For this purpose,
lct s consider the triplet

YV =5mow S Bo= SN RM g = (5, 5yl

Then, by (IV; 3.4), (Y, B} is [2m — 1)-connected and hence 4, is a one-to-
one cormespomdence according to (5.1,
Next, consider the map 7: (B, vy — ($7, 5, defined by jis, s) =5 =
i[85, 51 for every 3 in 57 Then § induces a transformation
fu m{ X, A By - m®AL AL
Finally, we shall define a transformation
B il X, AY o oam (A A) -l X A YL o)

as fallows. Lel {&, #) be any pair of clements in m™ (X, A}, Chovse represen-
tative maps o, w: (X, 4}« [S7, 5 for x, f# respectively. Then the map
oo (X, A] = {Y. ) represents an element of (X, A ¥,y which .
obviously depends only on the ordered pair o, #). We define Agle 1 1o
ke thig elenent.

Comuposing these three transformations, we obtain a transformation

oo wthy (X, A} x (X, ) am™X, A)
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For any pair {«, 3 of elements inmmlX A, the clement ki, 51 of zm{X, 4]
will be called (he swm of o, f and denoted by e — £

Thearem 8.2 7f (X, A4) és a {(2m — 1) -cocomnected collular pase, thew
aml X, AY forms an abelian proup with the addition o + 3 ax {5 proup operafion
and O as s group-theoretic nenlral element. 1f g epm X, AV is vepresented by
awmaph (X AY = (5 sy dhen oS negalive — o i3 refresented by the composed
wad web, wdere w0 (5™ = (57 g0 ds an avlddvary mad of degree — 1.

Proef. [a) Comemalatiedfy, Let us consider the homeosmerplism &2 (¥, 9] »
(Y, wgb defined by &is, 6 — 12, 8) for every palr of points (s, 8] i 5% Sinee
& maps B onloe ilself, il defines a homeomorphism # @ (B, wb = (B, vl.
Obwviously we have 4y = Fv and ;i = §. Therelore, the following diagrum s
commutative:

mX, AV, p) o m(X A B, ) e
: | \
< | T X, A

7 ]
4
mX, A Y, ) b mlX A B, v [

Fet o, § be any two elements of am0(X, A). 1t {follows from the definition of
B that Exiylie Bl - gl
Henee B4 a - fugthdf w1k 2 )
= Fafadn Pyl B faialheln ) w1 £
(B Assoctaftoity, Comsider the trniplet 2, C, #,), where
£ =5m o Amoyw Sm 0 = SmhSimas S pe o= s 5, Sl

Then, by {I: Lx 5Y, 1l 15 casy to vendy that (2, O s [2m — l)-conneeted
and hence, by [5.1), 1he nclusion map x: (£, &) < (£, &) induces a one-
to-one transformarici

e[ AL AT, g oK, AL, &)

Let A: [C, ) -+ 5™ gh denote 1he map defined by

Fy, (1 5g + - 5y - 850,

. . R _ . H _ _ L]
;'I'\.'E"l’ %3, 'ﬁa} = 'l 'hﬂl {lf 5.1 D SL' - Sa-'l‘
3- [if 5 = = Sm)

Then 2 induces o transfurmation
A XA, 2 am X, A).
Now, let e, 8, 4 be any three elements of A% X 4] and chonse representa-
tive maps b1, XX, A > (57, 5)

for =, 6,y respeciively. Then the map ¢ % g ® & represents an element
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pglz, &9l of m(X, 4, Z, 7z} which depends cnly on the triple [x, 3. ¥l
Thns we obtuin an element Augipgie, oyl of 200X, A} We are going to
tove thal ) . ; .
P [+ F1 + 3 = Aerglpwle, 890 = o o+ IF 5 9k
For this purpose, let po {2, ) = (¥, ») denote the map defined b
gl 5 7y = 15, 55b. Bince p sends € onto B, it defines & map & (C, 250 -
(B, vyl Then the rectangle

mX, A X ) 2 mX A, )
1

e i,

. .
H{X_, _.-*]J F-: :"'II,I:I "'_EEE.H*"-] ; HJ .'.!"IIJ'I

is commutative. Furthermeore, by the definition of g, it s clear that
Papaia, Byl o i, &)

Chome o map §1 (X, 4] = {0, 2,) representing the element 2" (o, 3, p).
Then if represents the element i, 4, 3] and jiif represents the element
a | f Letm:iZ, z) = (5%, 55 denote the map defmed by wis,, 54, 20 = 3,
Then the map of cleardy represents ¢, Since f semds & into O, i 15 casy to
see tlhat {87 = wf carmies (X, 4) into (B, v anod that fif6f 2 of) = A7
This imphies that [o < #) + 9 = 23l By

Sirnitarly, we can prove e + {§ | 40 = A, pglog 5 p). This completes
the proot of asseciativity,

(v) Existence of neutral etement. Lel o be any element of (X, ] and
choase a represchtive map oz (0, A) — (3% s of g Let &0 (X, A} = (57, 55
denote 1he constant map £(X) = 5. Then ¢ % § sends (X, 4} inte (B, vyl
and clearly figg % ) — ¢ Thisimplies thats | 0 = o for every e m#X,d].

id} Existence of negaitves. Lot g e m®i X, 4 be represented by & : (A, 4) =
(S 5] and let 7 (5™, g - (5%, 5) be any map of degree — 1. Then #é
represents an element §ea®(X, 4} which depends anly on . We are going
to prove that = + & = (.

Withut loss of generality, we may assume that # is defined by

- . Y
1i|'-Ij-':l:"[u " ‘.I x.‘ﬂ—la -.":i'ﬂ-.l I:::""[‘i:'l ' r.l ITI'I- 11 _I'i‘:'t-,nl‘

Let £7 and £™ denote the hemi-spheres of 5% defined by xp 320 and xy
« [ respectively. Then » maps A% onto E® and E# onto ER,

et he (57 8,0 — (5% gy ) =6 =7 1, be a homotopy sucls that fy 15 Lhe
identity map and & (E®) 5, Theu b ¢ represents ¢ and Aype represents £
Let M, = ¢-1ER anit My -'[E%), then we have

X =M, oM, AcCM, MM, By g) — 5g — Ryrad (M),

Hener the map Ay w0 Ay sends X uto B and the composed map ¢ =
fihyh ¥ Ayrgy ropresents the element & + 3 Furthermore, it is obvious that
Pl = hlx) e M amndlyplx) — hpeda) iy e 5 Then, deilne a hamotopy
wp i (&, AL P 5w s 0 =0 =l 1, by taking
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ppixt, (ifx =240,

Ll
wels) - | horipi), [ifxe My,

Then gy atso represents & + 8. Sinee 4, is the identity map, it follows that g,
sends & into B and hence gy 1s lomotopic {relative to A) with the constant
map £[X) — 5. This proves that &« 4 § =0, |

For Lhe special cases s = | or 8, 5™ iy 4 topological group with s, as
neutral element, Then there is a natural multiplication in the cohomotapy
set sM{X, A of any pair (A, A) defined s follows, Let w, § be any two
clements of A™(X, A) represented by o, g (X A) -+ (5%, 5] respectively,
Let X0 {X, A} -» {57, 55} demote the map defined by 4(x) = gixlp(x). Then ¥
represents an element (X| of x% (X A} which obsvionsly depends only on 2
and #. This clement [¥7 will he called the grsduct of ¢ and 5, and will be
denoted by o, Obwiosly, R X, A) forms a group with this maltiplication
as group cperation,

Proposltion 5.3. ff m — | or 3 and if (X, A) is a (Ym — H-coconnecled
cetludar pavr, then aff o - [ for any patr (2, §) of elements of (X, 40,

Proof. Let p: (¥, 4] = (5% 5) denote the map defined by pfs, 8] = st
for any 1xar {5, #) of elements in the topological group 5%, By {510, there
exisls a homotopy fr (X, A4) = {¥, »), 0 <1¢ <1, such that f, = ¢ »x
and f{X) < H, where . o are representative maps of », f respectively, Then
giy represenls wf and 7, represents x + J. Since f{X) = K, it follows that
ufy = 1f1. Ience the homotopy @i implics that ef =« — 5.1

In the remainder of the section, we shall establish that the induced
transformations and coboundary eperators are homomorplisims,

Proposition 5.4 {f (X A) and (X' A7 are fve (2w — D-coconnectisd
celfular parrs and §f F(X, A = (X, A" 45 g map, then Lhe tuduced frans-
formaiion [* AR X 47 (X, A) 65 a homomorphism,

Precf, Lel &, 5 be any two elements of £™( X7, 4" and choose representative
maps ¢, w. (X' A7) = (5™ o) for x4 respectively. By (3,10 there exisls o
hommotopy gy (X, AT (¥, y), 0=t 51 such that g, =¢ x w amd
gy )= B, Then {p, represents & |- 5 and hence gz, / represents [%a + H).

(i the other hand, since g, sf represent f*(a), £5{3) respectively and since
gof = @f x wi, it follows {hat jg,/ also represents f*(=) + (3. Hence
fHlo + £ = el + L

Propositlon 5.5. 7f {X A} is a (2 |- )-covoruected celinlar paiy such thal
A 45 (D — Q)-voconnected, then the cobonndary oferatir 8 m(A) - gmtl
(X, A 45 8 homtomorphism.

Preof, Let o, # be any two clements of #m(4) and chouse representative
maps ¢,y A = 5% respectively for =, 8 By (5.1], there exists a homotopy
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peid =5 w0 Em 0 < f 2 1, such that g, = ¢ ¥ g and g [A) = S5m0/ Sm,
Then 1y 1 A = 3% represents the element x + 5.
Since E®+1%/ EM4s contractible over itself to (3, sgh, g hus an extension
s A (X, A - (BTN BT Sm0 S

Lel j=F . M1 E®41 4 F® -1 depote the map analogons to 71 5% 5 5% &
Sm: hen jitp, ¥ iz an cxtension of jz,. Hence, £, # epresents &{x - 5.

Let fy: EW™H » FWEL o BP-1 00 = 13, denote the projection defined
by (), ¥a) — ¥ Then the map pogH 0 (X, A} - (E™H, 598 15 an extension
A1, which vbhviously represents . Similarly, p,e, 3 is an extension of f,g,
wlhich represents & Therefore, £,p,7,3 represents de) and £, pqg, 3 represents

{'jl_'ﬁ] Let W rET Il '-.,_‘}r" ET S A Sm} - [5m+1 kv Smw-1 {Sun Sl]']l]
denote the map defined by Pivy, v2) = (£0v0), & ived ). Then we have

B o By = ng]#'

Let J:Sm+th/  Smit o Smil Jenpte tle map analogous to f 1 S8 %W 5% . Sa
Then the map J¥Pe 4 represents =) — A8,
Since elearly W ¥ = &7+, &, it follows that

dlz |- 8 — el | AL

$, The cohomotopy sequence of a triple

By a knermal driple (X[ A, 1), we mean a binermal space X and tweo
closed suhspaces A and ¥ such that 4 > K. Thronghout the prezent sectom,
et (X, A, &) be a given himormad triple. Then (X, A), (X, B) and (4, B} are
bincrmal paims.

By &3, the inclusion mape £:(4, B)c (X, B) and 7. (X Hi< (X A)
induce transformmations

PFonm X, B enm AL B, i oamiX A - (A B)

defined {or every st = 0. Cn the other hand, the inclusion map £ A < {4, B)

induaces a transfprmation
. B A, B) i),

If we compose &* with the coboundary operator
din(A] - awtlX AN
we obtain a transformation
§* camid, B a1 X A)

which will he called fhe coboundary operator for the driple (X, A, B). Thus,
0% = d&*,
Therefore, we obtain the following sequence of sels arcl lransfortnations:
s X, Al UL w2 AL B P a20A B XA L AR

L XA L (XL B) B AL D) 2 am X A)
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which will be called the cohomnlnpy sepuence of #he triple (X, 4, B, In
partculur, if & = o, it is cailed the cokomolofy sequence of fhe paiv (X, A),

As usual, we define the dmeape of the transformalion &% A, B -
AMHX, A to he the set Tmid¥) - d*{mm(4, H)) and the kernel Kerid®) of 5*
ti be the inverse image 4%-110) of the zeto element & of w7 LY, A), Analo-
gously, ame may define the images and the kernels of ™ and 7*. This being
done, 1t makes sense to ask whether or not the cohomotopy sequence is
exaci i the usual sense, namely the image of mach transformation shoakd
cotncide with the kernel of the subsequent (ransformation. As usuzl o
prove its exactness, one has to prove the following six statements:

{1 Im (j%) © Ker [%),
i2) Im (1% = Ker [§%),
i) Im {§%) = Ker {j¥),
[} Im (% o Ker [1%),
{0} Im (%) O Ker [§%),
{6} Im (6% = Ker (j*).

Theorem &1, The stutements (1)-(4} hold for every binormal triple (X, 4. B),

Preof. To prove (1], let wea®{X, A) e represented by ¢ : (X, 4) =
(5%, 5ot Then, by definiticn, OF%(xh is reprosented by the partial map g | 4.
Since gl d) = 5, we get e%7%{x; = 10, This proves (1)

To prove (2}, let femm™ X, £} be represented by g (X, B) — (5™, 5.
Then the partial map & = g |4 represents %), Define an extension
@7 (A, 4) - (B4, S2 of ¢ by laking ¢ (x) = wix) for each x e X, Then,
$FX) = 57 and henee £PpH(X) ~ 5, Since ¢+ ropresents SR, we
dedoce a%*[ ) = 0. This proves (2],

To prove (3, let vex®(d, B be repnssented by X: (A4, B) » (5%, 5.,
Take an cxlension gH: (X, 4] -+ (E% §m) of ¥ Then £ 4% TEQTEsENts
the element M*(p) of mA+U X, ). Since ¥HB) . X{8) = 5, we may define
amapd (A 0 UE x DUE x 1) > Em! by

T[4, [re X, 1 =10,
Fla,t] =1 & (xg L, fc i},
S, (xeX f=1).

Sitee (X, B) is binormal and £247 15 solid, F has an extension #1720 X x [ -
EPL Define a homaotopy £ : (X, B} » {5m41 5, (0 = ¢ < 1), by taking

flxh - EFHx ), lxe X, isi.

Then fy = &4 and /{X) = s, Hence j*§={p} — 0. This proves (5]

T prove (4], let & be an dement of 22X, B! such that M) = 0. Pick
a map (X, B} - (5™, 5,0 which represents o) then ¢t = ¢ | 4 represents
(2} = 0. Hence there exists a partial homolopy ye:(d, B) — [S™, 5.
[0 =Lt = 1), of b such that wy =$ (4 and wyid] - s, Since (X, 4) s a
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binormal pair and 5% 15 a compact ANE, 1t follows from (I; Ex. N) that i
has an extension o (X, Bl - (8% 5.}, (0 s ¢ =2 1), such that oy, =&
Hence o 13 also represented by &) Sinece 4] = g,(4) = 5, ¢, Tepresents
an element § e, A and 1*(51 = e This proves (49, 1

There are examples which show that () and (6) may fail {see Ex. B at
the ond of the chapter); under additicnal hypotheses, (6) and (5) wall be
proved in § B oamd § 9 respeclively.

1. An important lemma

Lernrna 1.4, Axsasng Thal A 1y a (fimilely) Brionpuleble space whick 45 2w
cocpnwected and fthat X desnoles the core vvey A with verlex v, 1 hen the cobosendary
vherafay 4 carries (A onle gt (X A)

Proof. I'irst, let ns prove the lemma under a further condition that either
dimd < dm—1 arm=1
For this purpose, let « be any element of /M1 X, A}, then o 15 represented

hy -
y & man FLIX, A o (S s

Give 5%+ ) finite trigngulation sueh that sgis a vertex, 5™ is a snbormplex
anid the north pole « of S™-7 i5 an interior point of some B = 1-simplex
which iz not in the star of s, By the wsusl process of simplicial approxima-
tion, we may assume that f 1s a simplicial map on sorne fnite telangulation
of the pair (X 4] such that the cone K owver the {Pw — |-dimensional
skeleton B — A% L of 4 15 4 subeomplex of X Let

b (K, Bl s (SmH g

denote the restriction of f on the pair (K, Jf), Since  is a wmplicial enap and
# 35 an intenior point of an {m | D-simplex, the inverse mage & — 4]
15 of ditnension less than w1t 1s obeicass thal 7 awd C are disjoint.

Let 8: 05 »x F - K denole the identification mup which defines the cone
A over B, Then B carries B = | on the vertex v and carries the remainder
of B [ homeoomnorphically omte & v Sinee € 13 compact, disjoint from
B, and of dimension less than s, there exist a positive real numher # = |
and a clogsed subset £ of 8 with ditn £ <7 s such that every point of > w
can be expressed in the fonm #id, & with de D and v =0 f -2 L Let & denole
the set of all points 904, 8) with £ Dand » < ¢ < [ Then we have

CcFE, BENE=4, dmnFE <

The proof depends on the constroction of a few homotopies of ¢ sketched
as follows. The details are left to the reader, [ Spanier 1, p. 2291.

wince dim & < s, &35 homotopic to a2 map g [/, B} » (57 5] rela-
tive to ffsneh that ") — O and g & gl E).

Sines sz i EY, there is an open sot Wof X such that F o Wound 5, ¢ p(W),
Pusling w( F) to s wlong fine-segrments in the esaclidean space 3m-1 5, by
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the wd of a continuous real function p: K - I such that ¢ 40) = ¥ and
p L = B W, one can construct a map A (K, # - (Sm1, 50 which
is hemotopie with w relative fo # and such that -t — .

by means of a continuous reud function v : K + I such that -4 = D,
one can consiructimap M [ (K, 5] ~ (K, B which sends & into the vertex »,
carries K E homeomorphically onto £ ™, and is homstopic with the
identity map relative o B, Then » . XAF-L: Bl = (5= e is a map
homotopic with & relative to B and such that 23w = w.

mince it = x, there exists a positive real number s =< 1 such that sdix, &
15 in the narth hermisphere A%+ for every xc B and s < ¢ < 1. Let

P={fxt|xeBands <=1}
@ ={8x 8 xeBand 0 <t =5k

Then x{Pl o BV and w0 = S 5. Pushing #(¢)) along geodesic ares
irom # until § is mapped into the south hemisphere 5™+ one can casily
s thad w15 homotopic with 2 map

AL B - (S g

relative to B such that AP < E¥+land A[Q) o EW0,

Sinee oo oo X oo =2 A relative to B, it follows from the homotopy
extension property fhat the representative map [ of & can be so chosen
that 7 | & — 2 and hence we may assume that

[Pl Emv, fihc EB (PN Q) $m,

New we are going to conslruct a map g4 - 5™ as follows, Virst, define
amap u B - 5% by taking plx) . M, 5 foreveryxy e B I dim A = a1,
thean B — A and weset g = o Onthe otherhand, if s = i, then i determines
an obstruction cocycle ¢%{p) of A, Since § i= defined throughout X, 1t follows
from {11, Ex. I% that £4(x) = 0 a0d hence p 15 2-extensible aver A, Then,
by (E1; 7.4), g has an extension ¢4 — 5* This map g represents an element
f ofmmiA), We are going to prove that (8] - «.

Deline a map & (K, B] = (E%+1 5w by setting af{z, 1) = 0%, 5 +1—sf)
for overy s el amd £= . Since & B = g | B, we muy define an extension
R AMA - BB by taking Bx) = gix) i 124 and &z = hix) ifr= K
13y Tietze's cxtension theorem, £ has an extension g=F @ (&, 4} = (571 S,
Composing with the relative homeomorphism £, of § 4, we obtiin & map

HE = BT (XL A) S, g

Since g5 | A = g, (45 represenls the element 80 according to § 4.

We have fo prove tial f umd FF are homotopls relative to 4. Since
e K~k owe can easily see thal §1 K ~ £4 = fF | & relative to R
Since f(A) . sy - A4, this implies thut f K U A 4 E U A relative
te A. The comes owver the simplexes of A constitute & triangnlation of X,
Im tlus apeoial triangalation of X, we have X U A = X% J 4 Henee f and
ft= are Zm-homotopic relative to A, Since A s Zwm-cocennected and X is
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contrartible to a point, it follows that (X, 4) is {Zm <= ]j-coconnected.
Hence, by (¥1; 11.2), f and A are homotopic relative to 4.
Thus we have proved the lemma for the special case that cither dim

Al dm—Tlorm=1

Mext, Jet ns prove the lanma with the condition that # = 1 and 4 1z simply
connccted.

In this case, we shall first prove that 2 is dominated by iy (2me—1)-
dimensional skeleton B, Since 2m — 1 =3 and 4 is simply connected,
s0 is B. Hence the pair (4, K) 1s #-simple for every » = 2m. Constder the

inglusion map e (A, A5 = (A, By

and apply the ohstruction method described in (VI; Ex. E} {or deforming
¢ lato B. Since Iin(d, At-3y = HA) = 0

for every & = 2m, it follows that ¢ is deformable into & with A2 held
fixed. In particular, there is a map §: 4 -+ F such that the composition 3
with the inclusion map +: ¥ < A s homotopic to identity mup on 4. This

proves that B dominates 4.
Since X and K are the cottes over A and & respectively, the maps ¢, f

extend to maps 4 (K, B = (X, A, f(X, A (K, B

in the obvious way so that { ;r'* is homotopic to the identity map on (X, A).
This pives a comnmtative diagram

amidy (B N amd)

i 4 &
e X, A) T ami (K, B) I, am (X, A),
Given o ex™tl(X, A1, then fi:“[::t] eqstA, B, Since dun B = Zm — 1,
we Lave prove that § sends a*(F) onto a®+ (K, Bl. Hence thers sxists an
element y ea™(8) such that J(yv} zq"‘{-:r.]. Let § = i*{p) en™(4). Then we

b - H i
v A8 = di¥iy) = iyt — et = =

Thus we have proved the lemma also for the case that s == 1 and 4 i3
simply connected.

Finally, fet us prove the lemma for the general case s 2> 1. Let ' X
denote the union of A4 and the cone over its [-skeletor, Then A7 is simply
convected and 2m-cocomnected. Consider the inclusion maps &: A< 47 und

:% X AV (X, AT We obtain the commutative rectanghe

Am(A) = mA]

la ‘fr

am (X, A L gmix, A
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Since dim {4~ 4] 52 and s F 1 == 2, 1t follows that B* is an epi-
morphism. Let X' dencte the cone owver A' Then (X, A% 15 homotopieally
cquivalent to (A7, A7), Henee & =ends a™{4") onto =»tH &, A7 since Ad°
iz simply connected and Z2m-coconnected. Then it follows from the carmmn-
tativity of the rectangle that & carmes g=(4) onto x®-1 (X A), §

8. The statement (&}
A triple (X, A, f3) 15 said to be (finitely] drigngulablc if there exists a finite

trisnpgulation of X such that 4 und I are both subromplexes.

Lemma 8.1, [f (X, 4 Y 15 ¢ trigneulable triple such thad {4, ) &5 2m-
cosonnested, then the stalement [E] of § & kolds, Move explizilly in the sequence
ad, B E o an X Ay O gl X R

the smage of & conlains the kernel of 1%,
Proof. We shall be dealing with subsets of X = F and will use the following
abridged notation. If ¥ is a subset of X, we define
Yr=Yx/! Y, =Y« VY, =Y %L
Let 7:(X, 4.8 »{X; X 04, UB, X, UH;) denote the map definad by
fre] = {x, O0) for every xc X Lel
fr=1F [4. 8], fz=1F (X 4]
According to & 3 and § 4 commutativity helds in the following diagram:
mid, B) —.. O X, AL T g X, B
H #
o X
MK U Ay U By, Xy U Br) Mo X, X U AU B
Since £, 1s essentially the exclsion map obtained by excising (By ™~ Bg U X,

from X5 U Ay U By, 1 lollows from (3.3} that /* 1= one-lo-one and anto,
By the definition of homotopy, one can easily see that

I {f.%1 = Her (1",
By the commutativity relation 8f,% = /%4 *, 1t saffices to prove that the
coboundary aperator d* is onto.

Let gif X, UAr, X, VAU B = (X, A, U A, U By denote the inclosion
map. Since X, U Az is & deformation retract of X7 according to (T; 1001), it
15 easy to see that the induced transformation g% is one-to-ome and onto.
Tiv the commutativity of the triangle

(X, UA, U By, X, U B 2 ame Xy, X, U A, U By
g™ j‘;
-

X L Ay, AU AU B,
tl rernalns to prove that the coboundary operator d,* 1s anto,
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Identify B toa peinl g aad X to a point #, and let
BoiX, Udg X, UdgU B X, UBG »{ds, An VU § §)
denate the identificalion map, where if Yisasubspaeeof 4, = 4, Y denotes
the join of ¥ with the poing ¢, and Ap denotes 4, with By identified to a
point . Let
1 = k | 'Il!f.l. ;’1 U By A U Hﬂl,.ﬁg -k | I:Xi U..’i.r, Xl L) ..-4{, t Ej].
According to § 3 and § 4, the 'In:rl]nwing rectangle is commutative:

A X, U Ay U By, X, U By S X, udy, X, U A, By

]lﬁll* [I‘li*
(Al g, f) & 2"t Ap, Az §l.
Since &, and Ay are obviously reletive homeomorphisms, it follows from
{3.2] that hoth & * and Ay% are one-to-one and onto. erce, it remains to

prove that §;* is onto.
Comstder the inclusion map

Eiida dsoie Ay AU 4, &}
andlet &, = 4| {de G and &y = k| (4, dg). Then, we obtaln a commuta-
tive rectangle:
am(dg g g Bl s i(Ap Ap U g

P; l,-a;
AM(A ) — 9 mitdp, Ag).

Lel wen™(dg) be an arhittary clement tepresented by f:dp =57,
Sinve 5% 15 pathwise connected, we may asswine that :,Ll'[g,l 5y Then b has
3 unique extension qL fdg U g.g] = {Sm 5. Hence &* Is omto. Since A x is
astrong deformation ]'Etl'.J.L“. of Ag U, it follows thd.t kq* I8 one-to-ome and

onte, Since (A4, H) is 2m-coconnected, so is A p. Henee, by (7.1), &% i onto.
This implics that d.* = & -V, k¥ 1s also onto, |1

9. The statement (5)

Leenena 9.1, 7f (X, A, B) is ¢ drianpelable triple such that (X, A) o 2m-
coconnected, thew the staicment |'5‘,| of § 6 holds, More expiicitly, in the seguence
(X, B oamiA, B 2 amtl X A,

the fmape of +F conlatns the hernel of 3%

Prool. Let weatid, B be an wbittary element with %) =0, let
difd, B) - (5, 1) be w map which represents x. We are going to extend ¢
throughout X by means ol stepwise inductive construction over the a-
dimensienal skeletons X» — Xo U A4 of XL
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It is obvious Usat ¢ ean be extended over X®, Assume that » is an integer
with w <l < 2 — | and that ¢ has an extension ¢, 1 (X", B = (5%, L
{Consider the inclusion maps

(A, e, (Xn, B fu iXn, Ay, (X, 4) (X, X#)

atiel the colwmndary operators 4%, 8%, 8% given in the following diagram:

(Ko, A5 Xn, By P i g By

N, S A

an (X, Xn) 220, gmearx ).

Ttus diagram has the following properties;

(a) Mde* = &,%0.% hy § 3 and & 4.

(B dg*ia* = * by the defimution of 5% and &,*,

i) I i3y Ker (By™ by §6and § &

(A} Im {1n¥) = Kev (ix*) by § 6,

The map i, represents an eloment § of (X, B). Since ¢, 15 an extension
of ¢, we have 1% & Hence

ku*dg* 0] = %A ) = 0.
By {c], thers exists an elunent y in n’"{f“.;{j_such that &;*» — &.%3).
mince dim (X2 A) = w0 2m — | and (X, X*) 15 Zm-coconnected, it
follows that =™(X™, 4) and a*-1X, X®! are abelian proups acconding to
(3.2}, By the proof of [3.5), 4% is a homomorphism, Henee

O (i = Bg¥ia® {— ) = FMB) LI —) = FH — 8, =0
Let 4 Xn A) - (5w, ) Tepresent —-ar Consider f =y % ¢ Since

flA]l e 5 s g o Sme s gm it fallows from (5.1) that f is homotopie to a
map g relative tof such that g{ X0} < s/ 5w, Consdder the composed map

L= jp (X7 B — (5™ g,

wlere 715M 451 5 5M denotes the map in 33, Since ¢, 4 - f| 4 and
(] == &, we have Pld =g A — . H'E:EL*.:: £ 15 aleo an extension of o
over X, ¥ represents an eleoient i ol mm X, BV As in the prool of (3.9),

wi have S HE) = B4 . 52*&*[—}"]‘ = 0,

Let L* immX, X wae X9, X0 be fnduced by inclusion and dy®
am X, B) wan-{ X2+l %) the coboundary operator. Then Su% = Ip*d,*
and hence d3%(%) = 0. According to Ex. D wl the end of the chapter,
X has an extenglon g, || over Y+ This completes Uie induetive construction
of an extension ¢y, -, of ¢ over Xm-t Since (X, 4) v Ym-coconnected, it
[ullows that ¢ has an extension 1+ throughout X, Ilence & is contained in
the image of 1% |

ummarizing the results of (6.1), (.13 and {9.1! we state ihe ollowing
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Thearem .1, If (X, A, B) is & triangnlable triple such thal
HR A, By = HR X, A
for every o 2= 2, then the follpusing pavt of dhe cohomolindy ségnencs 05 exael!
AKX, A} (X, By T A B) Y X AV e x )P

Corollary 9.3, /{ (A, A} is a iancalalle fatr such thet HA) =0 =
He (X, A) for every n o= Im, thent the follmessg part of the cofomotopy sequence
15 fxact:

" it i "f' m+1 * e+l B .

A, Ay Loe K] AaRA) Tan +[.E,.-‘I:I s amt ) T

10. Higher cohomotopy groups

Theorerm 101, 77 [ X ] {5 an m-cocounected celinlar paty, e X, 41 =1

Procd. Since 5™ iz [ - |l-comnected, every two mapsd, ¢ (X, 4) -
(5™ k% are (s — Di=hiotnotopic relative o 4. Then, by (VI 113, ¢ and o
ate homuotople relative to A. ]

The sigmfeance of this theorem iz that, for a (finite) cellutar tople
(A, A, B], the cohomctopy sequence of (X, A, B) ends with o term (0

Corollary 10.2. [} X £z an m-coconnected drianpulable space, then a (X)) =1,

In particular, the corollary includes the obvinus special case: If X consists
of a single point, then &X' = 0 for every m ==, on the other hand,
A clearly consists of two elements,

11. Relations with cohomology groups

In (¥ & 4%, we constructed a nalural homomorphism &y, from the hono-
topy group melX, 4) into the homology group JI.(X, 4] over integral
cocficicnts, In the present scction, we shall define a similar operation

A g X AY < X A el A 5], mo ),

which will be 3 homomorphizm if (X, 4) i= an {2 -- 1]-coconnectad
cellular pair. '

Since fld™, 50 18 free cyclic and the 1dentity map on 5% epresents a
penerabor, ik can be identified with the proup £ of integers 1n a natural way.
Hence we may denote the cohoroology group JIPX, A (5™, 500 simply
by Hm( X, A].

In order to constract the natural homornorphism it let us denote by Xy
e claracterisiic elonent of e cobwinology group H#5% 5,0 as defined
in (VI; & 17). This characteristic elcment £, can also be defined by the natoral
homomor phisny - A @l S*, 50 - HplS™, 500 as  follows, Ly Hurewice's
theoret, (V) 540, Ay 15 an isemorphism and hence the inverse At s o well-
defined homornorphism of He[S%, 50 into myls%, 5] == 2. Therefore, A1
determines a generator of A®05™, 50 which can be easily proved to bt Zg.
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Now let us define the natural operation A as follows, Let gem®{ X A)
be an element vepresenled by o map ¢ (X, A) - (59, 5,0, ¢ induces a

nomomorphisen gt - Jim(sm, sy o H(X, ).

If we use singular cohomology, Uiin ¢% depends only on % according ta the
Lamatopy axiom. In this case, wa define

Ay k).
This completes the definition of the natural operalion 4.

Froposition 1.0, If (X 4) is g (2w — |)-coconnected cellular faiy, then
AT 55 @ Agmomordlise,

Proof. Let #1850 » Sm S 1§ = |, 2), denots the projections defined
DY Paiye vy = i let jrEm 5w L 80 denote the map delined in 4 50;
and consider the inclunsion map & 5% 5 8% 5% w 5% These maps indace
the homomorphisms

Pe¥ D MR gt HW(SH o S® (5 s,
¥ IImSE s - Hm(EmN S Sm e e
e L L T T W Y ) Ll LRV PP Y
It 1s easy to oee thar PR = R RELY 4 BFp X0
Now let o, f2a™(X, 4} be represented by, wi (X, A) » (5™, ) respecti-

vely. By (81), ¢ x ¢ iz homotopic to a map g: (X, 4} — (57 4/ §=,
(%, 5) ) relative to 4. Then we have ¢ =~ # Jer and w o fohe relative to A,

ITence Bt | AR = ) | p*i)
= RS ) + BREM BT ()
— BT ),
Un the other hand, since §g - (X, 4} = (5™, 5} represents 2 + § by definition,
e e (s + B} = (78] on) = €%l
This implies that iz + B - A%{a) + (. |
Froposition 1L2. For any map F. (X, A) = (Y, 18], the following rectangis
iy commmselalive aX, A) o F_am¥, B

| A | pr

HX, A) & Hm(Y, 8.

Proof. Let woa™(Y, B) be represented by o (¥, B) — (5%, 5, Then
F¥iul is represented by ¢f and hence

W) = (B md = 17 ) = ). )
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Propuosition 103, For any bimormal patr (X, A), the Jollowing reclangls 15

copmmloting A 8 amtl(X, 4]

ikm | g
: }
HuwiAy 0 Hw-l X A4
Froof. Cunsider the map £, of § 4. Then we have
Hreifme gy 87 Hmel ETEL ey S5 Jfeel(Smel o
By the definition of the chamactenistic elemenis £y, it can be seen that
() = 5% L) '
Now let e be any elementof [ A), Choose a representative mapsh ; A =5,
Then, by §4, o) s represended by Fap (X, 4] - (5% 5], where g
(A, A} o (ERH S 15 amy extension of ¢ ITence we have
km_l'lé":m:l = ':‘Eﬂ!"}ﬂ{xm—.l:: = W"*Eiﬂ-':xm:ﬂ]
= p*dKal = S¥( Xy = ™). |

Ax a consequence of the last two propositions, we bave the following

Proposition 11.4. [for svery binovamal (viple (A A, B, the natural operators
ko . 1,2« define o fransformadion of the cohowolofry sequence of
(X, A, B) ouke sty dndegral cokomology seguence, that 45 fo say, each reclangle
uf the followiny dadder v commudalive:

XA =+ o =g A A - aA B - aMAB e XN A e

lﬁl l&m l m |li3|_:m- 1
. }
HUX AV v oo o HlX A) —» HoX BV o A B » HaLX A - -0

Theorem 11.5. (Hopf theorem). If m 15 # posstive tadoger and (X, A} 45 am
(2 - Vj-cocownected cellular patr, then At sends (X, ) onte AN A) 0
@ ane-fo-pre fashion,

This is merely a special case of (VI; 16.6), The significance of this theorem
is that, for an [# + 1}-cocomnected celluar pair (X, A}, we have

X, AY a HRUXAY, ar(X, 4 o Ofora o om.

1}, Relations with homotopy groups

I we neglect the group openictions, (57, §5) and =27(5%, &, are identical.
If o = Zar 2, ™ (5%, ¢ has a group oporation as defimed 10 § 5, on the
other land, s, (5m, 5 Is alwavs a group, We are going to see thiat these two
proup operalions are the same.

Led 2, 8 be any two clements of =752, 5. Let B} and I denote the
north and the south hemispheres of 5%, As in (IV; §2), we can choose re-
presentatives ¢, g0 (59, 50 — (5™, 5] of &, § respectively such thar

GER) = 5, = wiET)
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Then the map g — @ %y sends X inte 577 5% and g represents the sum
of % and § ina™ (&%, 5.0, where § denotes the map defined in § 5, On the other
harnel, since ,

X, ifxs E%,

jglx) =

%), ifxc E®
fo also represents the sum of @ und § in mg(5%, 5,). Hence we obtain the
following

Proposition #21. The cohumolopy group (5% s o5 exactly the homaolopy

Forit Swoe N fhal s i
groap ma 5™, 5,) ATSH, 5y) = mu 5, g,

Now let uz consider a pairr (A4, A) and a given point x4, Let e,

(X, A4, %) and Fear(X, 4] e reprosented by the mags
¢. ' {j’-m_ Jo—t jm-l:, . A, .5'5,;,},
o (X, Al = (57 5.
The composition g is 2 anap of (F®, #4%) into (5%, 5bund therelore represents
an clement (g of me(5%, 5) which ohviouslhy depends: only on & and §.
We denote ;
ﬁ I'-u_j @ — |T.I!H:-'II}-|

and call 5 oo fhe comppostiion of w and 1. I », then 8 (O a emq 5™, 5,)
and hence 1 an integer,

The following proposition i an itmmediale conscguence of the delinition
i addition insg X, A, 5,0 and in s, S, b

Proposition 12,2, [{ o, o, cap X, A, 1) and feanmiX, A), then we hove
B +xg] = i Do) = ([ Crag),
Mow, if we asswne thal z#X, ) lorms a proup accordinge to § 5, then
we have the following
Prepesition 123, Jf e emplX A, &) gud F. Ja 0w X, ), bhen we have

P PY R - R s PR =Y IR Y g 13 B

Praof, Letd o (fR fm- gl o 0X 4,z representaand py, w, 1 (X, A) -
(54, 5, represent 3y, 4, Let g (X, 40 » (585 8%, Is. 5,00 be a normaliza-
tion of g, ® %, then g 1% 2 normalhization of

2 pald = wd g (IR 00T (5N ),

This and (12.1) imply the propesition. |

Combining {12.2) and {128}, we chtain that the composition operation
defines a homomorphism

Ml A, AL, ] WAA L A s 50, 5]

The following properties of the composition operation can be easily

verified.
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Proposition 12.4. Let f(X, A, x,) = (Y B,y be a miap and acmg !X, 4, x5,
feas(¥, BY. Then we have

l:f*.la.:l D + = ﬁ{:l {.Ilrlh'x]r

dhat 15, the induced transformations f* and [/, ave "dual'' Io each ofher.

Proposition 12.5. Lol (X, 4, B) be a Hnormal teiple with s B8. [f
% CAml X, A, ) and ferr-UA, B, then we have

(') Do = T [ O {deti ],

white B iEmoq| 9% o melSP) denctes  the  suspenston of  Frewdenthal,
WV § 1.

Thus, in case X 1s an isomorphiam, i, and &% con be dooked on as dual
aperations,

EXERCISES

A. Generalizations to compact pairs

For the sake of simplicity, most ol the operations and resulls in this
chapter are formulated and proved for triangnlable pairs. Howsver, by using
Cech cohomalogy theory, these can be gencralized ta the findie dimensional
compact pairs (X, A}, that is 1o say, X is a finite dimenzsional compact
Hansdorff sparce and A is a closed subspace of X The pair (X, A) 1= said to
be w-eocomrnecied il the integral Cech cohomalogy group H9(X, A) - O for
EVETY § = H.

Prove that, if (X, A) is a {2 — 1) -coconnected fuite-dimensional compact
pair, then it is possible to define a commutative group operation inp® (X A)
by the meihod of § 3. See |Massew 1, p. 283]. Also prove that the induced
transformations f* and the coboundary opurator 4 are homomorphisms lor
fimite-dinensional compact pairs satisfying similar conditions conecerning
cocornectivity.

MNow Tet (X, A} be a compact pair with dim X < Zm — L. Considcr any
finite open covering o = { Ty of X, Let K, denote the geometric nerve of o
anel £, the peometric nerve of the cpen covering i A —{ U A | oof A,
Then {K,, L) is a finite simplicial pair. Since dim X =2 Zm — 1, the fOnite
open coverings x of X such that dim £, =< 2 | form a cofinal suhset W
of the directed set of all finite apen coverings of X. Toreacha & M, 2, L)
{san abelian group; and hence we obtain a direct systemn of abelian groups
I K, La) |we M ) Prowve that a®( X, 4} is isemorphic to the limil group
of this direct system, |Spamer 1; p. 227]. Conscquently, the cohomoiopy
groups satisfy the conlimuty axiom, This can be veed to extend results from
fimitely {riangnlable pairs to compact pairs. For example, gencralize (9.3) to
compact puirs, '
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B. Connection with Freudenthal's suspension

Conzider Lhe inclision mapﬂ g[Sy p (SR ER-L and @ B S o
{Sm=1 E®1N, By (3.9, ¢* 15 one-to-one and onto and heoce F* ' is well-
defined. Prove the cnmmutativit:r; of the following diagram:

AN (5™ 5 a% RUSSTEALIE UL At Al SmeT gty B amygees 5]

T[—-J i

¥

: F )
Pl ST, 5b £ — T [N, 5y

where 2 denotes the suspension, Since p* is also one-lo-une and onto, this
slows that the coboundury operator §* is esseotially 1le suspension X,

Now vonsider the following part of the cohemoatopy sequence of the triple
{ET‘: i 1, _‘_:,'mJ .'i'u:l.'

RN{‘ET-I 14-';|:|.l= .i"__l_ :"I""l:f.‘;m,ﬁ',ﬂ o v TEMI i{r?ﬂ +1 'f:,m] _’_ 11‘.:+I|'Ei'ﬂ-l 1 5y }
Since N7 1s contractible, we have fol*) = 0 and Ker(i*) = gul(E™ S,
Hm - Zands = I then {6) of § 6 s false sincemy (5 = 0 whilea, 5% =~ 7.
On the other hand, if s - 5 and = =2, then (5 of §6 is false since
TS re £ while syl 5% =0 Z.

¢, Connection with cochain grovps

Let {K, L} be a finile eltular pair. Denote ™ = K= U [, Let x be any
clement of z#/ K Km-1) and pick a representalive map ¢ ; (K=, Em 4
{57, 5} for e For each simplex eg® of K, the partial map ¢y = fr| (g™, eyt
represents an elemont (@] of 7p (5%, 5, which depends only on o and e,
lence « determines an we-dimensional cochain pig) of K modnla £ with
cocflicients in ap[S%, spb Trove that mei%, a1y forms an abelinn yroap
with addition defined as in § 5 and that the correspondence o —+ yied defines

AN SomOIphism y, - a(Fm, Ko 1) no Co{E, LiamiS®, ).
Furthermors, verify that v commutes wilk: the induced homemerplisms,
Prove also that the following rectangle is commutative;
STRII-EM_. Em--l'; 5'4Eﬂl'j[f?m+l.ﬁ_'mj
1@ vt
- .l. .
CRUF, L 57, 500 ) 25 0 Om UK L, [S84L 50},
D. Connection with the obstructian
et (A, L) be a pair as in Ex, . Let x be any element of goi&E™) und
o K™ 5 Be a represenlulive map of & By (VI §1), ¢ determioes an
chslruetion cocycle em+ i) & O (K, L) maln, sl
which depends only on w. Prove that

pdia] = X ("),
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where & :a(Km) o+ Km11 K 35 the coboundary operator, ¢ denotes
the jsomorphism in Ex, €, and X is the hememorphism determined by
the suspension i the coefficient group. Hetoe, if B 15 an isomorplusm,
wilo) is essentially the obstruction cocyele er=ihi. Therefore, ¢ has an
extension over K a+H i 8(x) is the zera clement of xri3 Knil Jm),

E. The structure of n/X 1)

Let (A, A) beagiven (4n . 1) coconnected cellular pair. Drefine a seqgnoence
of subgronyes AKX, A} — DD DTS e DI o]
as follows: an clement of 220, A) i3 in O™ iff i€ can be represented by 4 map
f:(X, AV = (5%, 55 such that fLX™) — s, Asin [Hu 6] and Chen 17, define
the presenfoble subgrosgh and the regrlar subgymep of JimlX, A ;5™ 50
and consider their guotient group

oo (X, Al S®, st = PyX, A sm(5%, sy) JRG™UX, A5 Rl 5%, Sob b

Then prove ihat Pt Dm o F X Al S*, )]

for every o= w0, 20 — 4,

F. Relations between induced homomorphisms

Let (X, A) br u triangulable pair such that F4(X) = 0 = F#{d] for every
n = Pm— 1, where m i5 a given positive integer. Prove that the following
four statemenls are equivalene:

1. The induced homomorphism &% @ F5(X) > A} of the mnclusion map
itA< X is an isomorphism for cvery # > m and is an epumorphist for
Ho— M

poHRN A =0 dnr overy & = w

3.oatA AV = Q0 for every # = 8.

4, The induced homormuerphism i* w8 »7%(4d) of ihe inclision map
i1 A= X i3 an isomorphism for every # = s and s un epimorpiusm for
% — M.

Mext, let X and ¥ be any two (Zm — l)-cotonnected Lriangulable spaces
and f1.X = ¥ a map: prove that the [oflowing twa stalements are equivalent.

5, The intuced homomorphism f*: H¥¥1 » H7X) I5 an lsomorphism
for every > and is an epimorphism for = m,

6. The induced homomaorphisin M A ¥) ~» 7™ X is an ismoorphism for
every & o moand 1 an epimurpidsm for » . '



CHAPTER Vil
EXACT COUPLES AND SPECTRAL SEQUENCES

1. Introduction

Bpectrul sequences were originally devised by Leray to exhibit relations
among the Cech groups of the varions spaces of u fibering; but they hawve
proved uselul, indecd crucial, i numerous other investigations. Scrre, for
example, cstablistied the same results for the singulur groups, and, using
relations between homaotopy groups and singular proups, he was able (o
obtain important information about the hometopy groups of spheres; and
Eilenherg, Massey, and Spanier found spectral sequences to be usefnl in the
study of the homaotopy groups of a complex.

Leruy's ariginal device involved imbedding the homeology or cobornology
groups in question in a much larger systent of gronps and hoinoworphisms,
namely the spactral segrence; this sequence, afler the first term, is itzelf an
invariant of the fibering. Belng quite complicated, it is net amenabls to
siccessful computation except in special cases; but it always provides much
information, and it furnishes o pattern for decper investigation.

Massey improved Leray®s device by imbedding in o still larger but rusch
more versadile system which he called an evact cowple. The present chapter
vill I devoted to this formuludion of the machinery of spectral sequences
an cutline of Leray's divect construction appears in Ex. A. There follows in
Chapter IX Serre’s version of homology and cohomaology theory of & fibering,
togeither with several immediate applications; results from Chapter LY will
thenr be used in the computation of eertain of the groups my| 598

2. Differential groups

Let 4 be an abelian group. An endomorplusm
d:4 +A4
is said to be & diferential operator on A if
dd =0,

ve d dla)] — O for each e d. An abelian gronp 4 furnizhed with a given
differcntial eperalor d 15 called a diferentsal growp, or simply a d-group,
With the d-groups us objects and the homomerphisms which commute with
4 as mappings, we oblain o catemory % called the calepory of diforentiad
grawps. Far the definition of a category, see "E-S: o 109,

224
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If f: 4 +F s a mapping in %g such that 4 — B and fla) = & Jor cach
ac A, then A iz called o subgrowp of 1he dgroup B, Let © — Bl then we
can define a diflerential operator en ¢ so that the projection g: 8 -1
becomes a mapping in %y When furnished with this diflereatial operator,
. is called the gaatient? d-group, We abtain an exact sequence

12.4) O d_ (B 2 ¢ 0

Conversely, 1l an exact sequence {2.1) of d-groups amd mappings 15 given,
then 4 can be identified with a subgroup of the d-group B by means of the
monemorphism [ and the quetient dgronp B4 cun be identilied with €
by means of the epimorplism g

Given a d-gromp o1, we shall denote by Z{A) the kernel of € [mHe,d the
pronp of cpcles of :1} and by 4{4) the image of 4 [called the group of
hognderies of A]. The condition dd = ¢ implies that 84) = &4} and that
they are subyroups of the d-group 4 wilh 4 = 0 on each of them. Henee we
may define the quetient &-gronp

WA BB

with & = 0 which is alled the dertved growp of the d-group A.
Let f:4 B be o mapping in gz Then the commutativity df - fd
implies that § maps (A into #(B) and & 4) into BB} and hence { induces

a IMapping H (A - H (B

Ome can easily verify that the operaiine # s a covarunt lunector from Fae
to itsclf, [E-5; p. TEL].

Two mappings /, 7 4 = B in %y are said to be hemadngds (notation: f = g
if there is & homomerphism &4 - B such that

[ — db + Ed.

The homomarphizm & 35 culled a Aematedy (notation: £: f=rl. Une can
easily prove Lhal § = g implics 27 — 20g),
Let an exacl sequence (2.1) in g be given, We shall define 4 mapping

i) - A A)
as follows, Let & 2220 and chonse =< 20 which represents . There Is
some y £ B with gly] — &, Since pdly) = (' = 0, there is a x4 with
fiz) = &), Bince jdiz) = dife) 0, &z =0 and z represents a f €374}
which depends only on o Then # is defined by é@ie) = §. Since the dificrential
operators ond (C) and 274 are trivial, 7 is a mapping in %, Thres we obtain

a triangte In ¥
/ A
JF[E

#”“H
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e can verify that this triangle is avaet in the sense that the kernel of each
hemoemorphism is precizely the imuge of the preceding.,

3. Graded and bigraded groups

An abelian group 4 is said to be graded, or to have a graded strrcture, i
there b5 prescribed to cach integer », {positive, zero, ur negative), a subgroup
A of A such that A can be written as a (weak) direed sum

.e":! — E’i"{ﬂ_-
]

The elements of the subgroup A, are said {o be Aomsgencous of degres s,

Similarly, an abelian group A is said to be bigraded, or to have a bigraded
stractzore, 1f there s preseribed to each {erdered) pair (w, #) of integers a
sibgroep Ay of A4 such that 4 can be writien 2o a direct sum

.ff. - E Aﬂhﬂ'

The elements of the subgroup du. are said to he homogeneous of depree
f"'ﬂ-, ﬂ:"
When dealing with graded or bigruded groups, only a cortain imited class
of homumorphisms ure of interest, namely, the homogensous homo-
rphigrns. If .
DT LINSTILS A—Sdp, B- 5 Bron
HEH

LT

ate bigraded groups, then a homomorphism f: 4 ~ 3 is zaid to be Aowo-
encons of degreg (B, g 1t .
s LS DI il Brramneg

for every pair (m, #). With bigraded groups as objects and Liorogeneons
homomorphisms as mappings, we abtain a category % called the Category
of figraded prowps, Similatly, one can deline the caleporn Wy af rraded groads.

It f:4 - F is a mapping in % of degres (0, 0) such that A< B and
f{#) = a for cach ec A, then 4 is called a subgrond of the bigraded group
B.Let .- B/4. Then ane can verify that € is isomorphic to Hie direct sum
of the gronps By ofda,a. We agree to identify these naturally isomorphic
groups. Then € is bigraded and the projection ¢ 55 € is a mapping in
Fo of degree (0, 1), With this bigraded structure, € is called (L grratient
tagraded group. Note that both the kernel and the image of a TUPPIng in
Fp arc subgroups of the corresponding bigraded groups. Une can esily
formulate the analogous concepts for graded groups.

In algebraic topology, we have to deal with graded [or bigraded) groups
with a differential operalor which is homegensous, In this case, the derived
gronp 15 also graded for bigraded?. For example, let us consider the groap
C{XY of all singuelar chains in w space X with integral coefficients as defined
in I 5, p. 187]. €{X) has a natural graded structure

f:{ff" =X Eﬂ'i :'ﬂ'
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where Coi X1 15 the group of a-chains if # 2 0 and CplX] = D if s <2 0. The
poundary homomorphism @ (Ca{A) = Ca i X] edicnds to a dtfferential
operator . :

P d 80X = 01X

which is bomoereneons of degree - 1, Hence the kemel Z{X} of & and 1he
imape BiX) of & are subgroups of the graded d-proup C[X; with graded

strucinres ZiX] = %an_}i}, RIX) = % ol

Furthermore, the derived group X of O(X) has o graded structure
H{E} b #EH'H[R]:

where Hy(X) i5 the #-dimensional singular hamology group of X m =0

and Hu(X) = 0 form =7 0,
4, Exact couples

By an exact conple, we mean a sysicm

€ =< E. ijk">

which consists of two abelian groups B and E, and thees homormerphisTs

i:D=D, .1 E kikD
speh that the following triangle 1s exact:

D LD
N A
¥
E
There is an operation which assigns to an exact couple @ another exact

comple e
P {E?r ={IJHI}-LJJ.1r,T;rkJ-}

called ihe derived cowple of % constructed as [ollows. Define an endo-
moTRhsIn ; i E.»E
b d = j& Since &f = 0 by exaciness, it follows that dd —= FE1R = jlkrk =10
‘Fhis imyplies that d is a diffareniial operator on £, Let

D=4, E =#(E.
then £ s u subgroup of D and E' is the detived group of the d-group E.
Since D' = D, 4P < D', We may define an endomorphism

TR A I

by # - ¢ :L¥. Since one can casily verily that

Einduces a homomerphism b B2, 1",
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Let x e 4¥ and choose a y 2 I with #3) = %, Then Jiv) 15 In 20K and the
cosel of fiv] mod #E does not depend on the chaice aof v, Denote this
cosel by iz}, The assignment ¥ - §'(z) defines a hamomorphism

[0 B
This cornpletes the construction of %, The wverification that 7, 7R fnrm
an exact triangle is straightiorward and is left to the reader,

This process of derivation can be applicd to € to oblain a second derived
couple €7, and so on. In this way, we abtain a sequence of exact conples

Wh=<Dm Enigm e on=1,3,--,
defined indoctively by
wOW, o=, w1
The sequence { %" } has two important properties. Firstly, the groups
furm & decreasing sequence
D=l iy oo o Do e+l o o
with % D - 1% defined by the restriction of ¢ to % The intersection of
the groups D# s denoted by D _
Secondly, it Las been shown above that the endomorphism
ur = }-‘ukn o O N I
1% a dillerential operator on 7 and F5'1 (s the derived group of £% with
respect to & Ilence we oliain & sequence of differential groups
= FVER - fm .es
such {hat foe+? o @7 E») for ench w = 0. This will be callesd the spectral
sequence associpted with the exact couple %
In the spectral sequence { E® ) there exist natural homaomeorphismes
Ag F(Im) o« ER-1

defined by assigning to each elerment of #7E™ [ts coset madulo FER)
Thus hp 15 an cpamorphism of a subyronp of E# onto 219, We can define an
epimurphism Af of 4 subgronp of £7 onto £2+# by the formnla

'&3 = '&?lq-p—j‘i‘zil-i-j'.'l-z <o By,

Then &) - ky The precise domain 2% of dehnition of 4 man be defined
nductively as follows: ¥ = F(Ew,

Fh o as B UG o S Erp-y [ -

Let ## denote the intermsection of all subgromps FE p = [, 2,-- -, then,

for cach a & £, Af{a) is defined for all values of g, Define by En o En+t
to be the restriction of &, lo E® Then the svquence of groups { £# ! and

homomorphisms { Ay ] constitides a direct sequence of groups m lhe usual
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semse, |[H-W,; p. 132]. The limit group £™ of this direct sequence of groups
will be called the fasif sroup of (he spectral sequence | E® L

In particular, if there is an integer » 2= 1 such that 4® = Oforeach s = r,
ther YIEY — Ev, by En s B0l
and therefore E# = Kn and f, = ke for cach = ;z# This implies that
E™ qg EY,

Returning o the general casc again, wo can express the fimit group &%
in terms of the orginal exact couple % as follows. Censider the epi-
morphisme jb — gngn1. gl D Dedle D
Since it . 4 | Dt for each # = 1, €0 §s actnally the s-fold ikeration of the
homoporplism i L - D, Let

o 1] oo
e = 0 Dwo= 0 Iw|diwt], DU= U Ker e,
Ll ! n=1 =1

where Fre 0] and Ker [i] dennte the image and the kernel of 19 Tespec-
tively, Then it is ensy to verify thal

E% a b D00,

In the following chapters as well o5 in the exercises at the end of this
chapter, we shall give detailed accounts of some of the important exact
couples. For the moment, let us be content with a simple iastrative
example.

Consider a (fimitely] fltered space, Lo, a space X furnished with a finte
increasing sequence of subspaces

lml:' D::X_ICXUE XIC"'¢X"=X.
Using total singular homology groups over a given cocfficienl group G, we
define D = LHX,). E = YH{Xp X

Then the homology sequence of the pairs (Xp, Xp-q) glve vise to an cxact
couple . .
P @ulth) - <D, Ei k>

calledl the homology exact couple of the [ltered space X

5. Bigraded exact couples

To il exact couples & = <D, E:4, 4, k> which we shall iieal with in
the sequel, the groups [, f are usually higraded and the homoemorphisms
i, 1, & arc homogencous, In this case, in the suceessive derived conples #°
of %, the groups D, B are also bipradeil, Le.,

1 A L 1
fae ]%_'FDP.'T ke _EILP"I

and the homemorphisms %, i, &7, and 4% = j#&* are homogencons. The
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elements of D} and Ey, are suid to be Aomogenrans of degree (P, q). We
shail call # the fprimary degree, g the complementury degree, and # |- g the
tolal degvar,

It is casy to verify the following relations about the degree of hom ogeneity:

dog (%) = deg [d),  deg (B*) = deg [k,
deg (7)) = deg (7] — (8 — 1) “dag {1)],
Henee the degree of the differential operator de is given by the formuls
aeg (@™ = deg (f} + deg (k) — [n — 1) Tdeg i4)).

The follewing two special classes of bigraded exact couples are important.
A bigraded cxact coupls ¥ =< D E;{, 7, &> will be called a d-conple
if £ is of degree (1, — 1), 7 is of degree {0, 0) and % is of degree (—-1, 0. In
this case, the degrees of i#, /8, k%, and &% are hsted as follows!

(eth) 1% 35 of degree {1, - . 1);

(@) 1% 35 of degree (- . n 4+ 1, n— I};

(3] &® is of degree [— 1, 00;

(341 @ is of degree (— w0 — 10,

Similarly, € will be colled a d-conple if 4 is of degres (— L, 1), § is of degree
{0, 0}, and % iz of degree {1, (). Then the degrees of i®, j#, k., and 4% are listed
as follows:

(L) 4= iz of degree {— 1, 11;

(d2) = is of degree (m— 1, —=a 4+ 1);

(43 &% 15 of degree {1, 0);

(dd) d7 is of degree (s, —u + 1),

Adcouple ¥ —-<D E,i{,k>isa quite elaborate structure; it can be
fleveloped into o “lattice-lke" diagram as follows:

+ L -
a

i i i
~ i i
k f f & i
T -D;I.QH—* 'Eihﬂ+l_" —* DP-1--E+1 - Eﬂ—].qH—‘* Dp-yger =+ ven
i i i
. T
. ] 2 . . .
ke = o “ﬂ?-l 1.::?—“ ﬁ:ﬂ'-‘-ld? - D:I":-I—I* EP.E e D“.F'—I.EL’ Tt
i 3 i
i
k ! k

] § i
L DF-—E-Q""J —-r Eir:+21q—1 — H':Hi.ur—] — Ep+1.r;r- Dp,q ] Re—

? i i
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The steps from npper left to fower right are exact sequences, foz cxample,

P Dyaen —- DP.UL F:F-ﬂ"ﬁ"" JT—-']:I"--:Lni'i" Dpig-1 e
iv am exact seguence. Similarly, one can develop the derived couples €,
B 23,0, nte analopobs diagram.,

It ;s tnore or lees evident that the notions of d-couple and d-couple are
dual to ome anolher. Thus, let € = <D, E, 4.7, &> be any given bigraded
exact conple. We shall construct another bigraded cwact couple ¥* =
< D E® g% g R% e calied the eual of % by merely reindexing the groups
Dy 4 and fip, ¢ as follows:

D;!ﬂl = i':'—_!';II_E? E;HE — 'ir‘:" 'Pn—ﬁ"

Then we obtain J* .- D and K* — E; therefore, we may take §* =/,

i* == i, and &% — A Their degrees are given by
deg (1¥) — —deg (§), deg (j¥) — w—dez (f], deg (BY) = — deg [k).
Hence the deal of a #-couple is a d-couple and vies versa,

For example, the homology exact couple ¥ui®) of §4 is a d-couple
Tndeed, the groups IF and E are bigraded, namely,

Pog=HpodSnh Epg = HpaXp Apayl:

and (e homomorphisms ¢, §, & ate obwvieusly homogeneous of degree
1, — 14, (0, 0y, (— 1,0 respectively,

6, Regular couples

A fconple % — <5, E; i, k> is said to he reguler trovided:
(RO} Ep g = Gifg < 0.

(Ro1) and the exactness of

i .
g — Epy— io_yg

mply that Ep,p = 03 ¢ =2 0. Hence, for any positive integer ¥, we lhave
(RIS Er. =0 = EZ,

If # = 4, each element of £2 Is a cycle sinve d* is of degree [—o, 0 —11
If # = g + 1, nonen-sero element of £} ) canbe a boundary wnder a®, Henee

{ R Ey = bkj == LS. il = max (P, ¢ + 1),

ifp < Qorg =0

Cince each 7 is of ceerce (1, — 1), we have
(R3] !‘};,q =it 1in=t e 8 (D g gam-a)-
This and [RJL) imply
(Rl o=0=02 inp+ L.
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Consider the homomerphismi : fy,e = Dy 1 e, (R92) and the exactness of

e . i f
EzH-l-q - Hfh-r - DFH-'I E:!J F1r—I

imnply that ¢ 1s an epimorphism if ¢ <20 and an isomorphism if ¢ < 0, Thus
we phtain a sequence

ﬂ—i‘- B“..'m—z—:" b S—ZI- Dmlu—l—} Dm“l-_'l F'ij .Ir.u}m_'_ﬂ,_:z;.s - .'::;_"'.- i.}mlr,_ri:é:ﬁ e
where 42y o —+ Dy ) 5 an epimorphism. This suggests defining a graded

I
SOV #16) © ZHE), Hul®) = Dy = DL
Then L7, is a subgroup of #,,0%) and [R5 pives a homomorphism

ipg Dy + Hp €, g 20),
where My p =401t 4¢ -« {1 iz actually the (g + 1)-fold iteration ol the hormo-
motphism 10 2 - D Tlenote tle image of A, by
Hy.ol®) = ApolDp,o) = DETL L L

If -0, then 3y (%) =0 since Dy, =0. 1f 5 =0, then oy o[ €) =
o F) since Jy g Teduees to the cpimorphism <, Hence, for each 3 0,
we obtain a nile decreasing sequence:

(RO7) HulH) =30 o[ €) Do 1 [F) D D 1 E) S H _wa®) =10,

Lot w2 max {f, ¢ — 23 and consider the diagram:

-n Xt ne Eh F5): i e Rt D
EeR-lg-mey TSP R-pg-w+r — LD p-p gy — Epg o =1,

b,
T
|
Hpgui|€) - T Hp g
The frst row is exact sinee it is a part of @*, Since « maps My, s s i50-
morphically ente Dy 0.0 o, for each + = 1, we obtwin two natural iso-

morphisins o and £, p denotes the inclusion and the rectangte Is commutative.
BINce # 15 greator than wax (9, ¢ — 34, we gel

Eponcsqmee =0 ER g B DR =0
according to (Ka3), (T4}, and [RAG). Hence we have
{R8) o E Iy 041 (€F) = Fyg.
In other words, 2 4 [€) is an extension of Fp_y, 0, (%) v Fi g
similatly, a dcouple ¥ = <D, B 4,5, k> 15 said to be vegndar provided:
(R&}) Dy, =0ifg < 0;
(B2} Eq g — 0 if 4 <2 {1
Ty methods dual to those used above, one can prove the folluwing assertions,
[ R3] Epy N==Fp; i[#=<00rg=0,
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{Ré4 El g =ERLs - or o p3, ifn > maxip, g+ 1.
(RAZ) g =712 [Dpia g gaanl)
(EA6L D g =0= 3 ,ila>g L

The homomerphism ¢ Dy g = Dy a4 ix an somorphism if § = 0. Thaos
we Dhinin o seguence

3 ¥ 1 f
EI_:"'-D'FJ'!,H-__:"'DE—],]' S —?Jr.}ﬁ-;m_ D—l M+]F:E- Tt Rz D.r,m.rrf‘ﬁ e

This suppesis defining a graded group
H[E} Efm{%rjr HmlE) = Ly w= DE s

Let sy ol ) denots the subgroup D54 - of 87 (%) Then, for sach s =0,
we abtain a finite decreasing sequence:

(ROT) Honl ) = Wy | €) 2 H | g [€) 2 22 Hog o[ €)= Hopy 1y () - O
which satisfics the relations:

{ RaG} M, g€ H s, (F) = 5 g

Let us consider again the d-couple ¥5(D) of £ o (R} is obviously true
while [Re2) is false in general. However, in case A 1s @ fnite simplicial com-
plex and X, is a subcomplex of X containing the p-dimensional skeleton of
X, then {Ré2) is alzo satisfied, Hence, m fhis case, ¥ 5{@) 1s a regnlar f-couple.
If, in particular, X s the p-dimensional skelelon of X, then Fy o — O for
each ¢ 7= 0 and fip , = HulX 4 Xt is the group of f-chains of X over (=
One can verify that the differential operator d @ By, + Ep-,p 15 precisely
the bonndary operator on f-chaing, I{ence we obtain

E2, HpiX), Ei.=0ifg£0.

. ik
I 2 d% =0 since it increases the complementary degree g, Hence we

abtall HIX) = E#__K* ... E=

7, The graded groups R(%) and 53(¥)
Tet® . <IN E:¢ 1 &> e arcgular {?—cnuplﬂ. [Jefine a praded prroup
Ri¥) = T RU¥), Rl¥) = ¥0
g
Since g% 1s of degree {~ n, ® — 1], each element of B 4 15 o cycle. Thus we
obtain cpimorphismes
Ryl%) = £, flﬁ"' Epy-2s oo Hada, ELY = Enq
Fet x denote the composition. By (Ra8) of & 6, we have
Ee e 2 ol%) S IH,6).

Denote the compased menomerphisen by ¢ Then we have

(R Rglg) = 5 Efy-"r #5i%).
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Un the otler hand, define a graded group
ME) = %51:[%1:'- SplE) = E;-u-

If # = 2, no non-zero element of E;.u can be a boundary under &#, Thus we
obtain the monomorphisms

Ez .. Egjét_"p Eg.n_‘_ﬂ."}_, cee S ng"_ﬂ} E;n — 5508,
Let o denote the composition. By (ROE) of § 5, we have
B m #y o EYH [ €) = (€N Hp_1,1(F),
Let » denote the natoral eplmorphism, Sinee
HEE) = DRy, Spl¥) =E

we have J* 3 0€) + 5,01, One can vt&rif}-' commutativity in the triangle

(RA10) HolE) 1 S
AN /f
L3

Thus ;2 Is factored inte the composition of an epimorphism and a meno-
merphism.

[f ¥ iz a regular d-couple, then we define the graded gronps &(€) and 5(%)
eXactly as above, Since 4% is of degree (1, — 5 + 1}, to non-zero elsment
of £§s can be a boundary under @® and every element of ERgwith s 22
is & cycle. Hence, ane may establish the epimorphisims » and the mono-
marphisms ¢ in an analogous Wy as above with the robes of (%) and 5(%€)
1nt{ rehanged. Furthermore, sinee #,%) = Dy o and R (%) Em-:r: we have

G E = Rl Thus we get

(R Spl®) Zo EF L #00%)

and a cominutative triangle

(Ra10] He) — R
Efa

Note, Une inight define R,(%) to be o invtead of &, .. Then all the
results In this section stand as they are excepl that the f in {Rﬁi{!] should b
replaced by 12 Our choice of E, , is based on the fact that it gives a naturud
expression for Rg(#) it 4 is defined by a filteredd graded differential group.
Soe & 1E below,
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8. The fundamental exact sequence

let ¥ = <D, F:4,§, B> be a regnlar A-couple and » == (0 an integer.
Under certain conditions an the bigraded group E*, we shall obtain a useful
exact sequcnee which will be referred 1o as the fundamenial exact sequence.

Theorem 8.1, /7 % has only two rows which sight be non-frivial, more
precisely, If theve are Beo infegers a -2 b such that

E;.i' =0 tfpFaandp £h

then we obtain a fundamental exacl sequente

S Eim | __?:f"“.‘_,. Al ) LN fl‘;m_._., r"'. > f:,m-i-n _'J[’""" s A 1B
Proof. The hypothesis implies that £ o~ 0 for cach # =2 and hence

Ep =011 p 50 and p 748 Then | Hd?] aud [Rifd) of & give rise to an
EXACT Aed]uaenis VA E) P EE D0
L “ b me-b -

Since 4% iz of degree (— #, #n— [} and 2 < &, every element E7, 15 a
cyele if w5 2. Henee we obtain ﬂpim::urphiﬁmﬁ

o S 2 S AN % i M Oy

A-A T+ am-a — TF i hi-2 & i !

I Ty

FdR-3

where # moax i, m—a i 1), Similarly, if =2, no non-zere clement
of E?_, can be a boundary under 4% and we obtain monemaorphisms

o = Jratl M " (-l L “y
Eﬁ,mﬁﬁ - Eﬁ-.mqﬁ — —ham-b i L bl

where # = max (B, m— 6+ 1), Thus we obtain an exact sequence
By Pl ¥ U EL

Tg determine the kerned of ¢, we have to study that of 27, » =2, ---, 4,
The lkernel of »7 consists of those clements of E7,, which are boundaries
uniler &, There are only hm terms of £7 of total degree # + 1 whicl might
be non-trivial, namely, Ef,, ., cand Ej, - The elements of the fivst are
cycles; and @ maps the second into E;,“ iff r=—b— a. Hence gy 15 8
monomorphism i & —a = 1. Now let » = F- =2, we have an exact
SEUETICE

r r+1
ﬁm+1b—’}r¢m-:a 'E:'arr:lt

Furthermore, £7, = E: oand EJ0L = EZ o Asimilar argunient shows

i
¢ ol ) vl
that E} L1 Lot Thus we vhiain an exacl sequence

e Lmg1 e o ol &

ba418 — agme 0
where £, =0if b —a = land ¥y, =difh. & =7l
By similar methods, one can prove the E]'{E.Ctnt‘i':i of the sequence
Y
{LEF] ;ﬁ'ﬂ_} -'.l:lr:ff_"' 'F'rl:mlﬂ.

The fundamental exuct sequence is obtained by putting the vanous parts
togelher, |
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Mt was proved above that Xp,, = 0 if »—a = [. Hence we have the
following

Corollary 8.2. {F i fhe Ayvpothesds of (8.1, b —a = 1, hen, for euck m,
0 have an exdacl LEQUERee

00— B}

e " Iﬁ_ﬁ'fm{%j' 'F:'EIHH‘::IJ"_D
Hence Hp (€} is an extension of ER, by Ef
Analogonsly, ane can prove the following
Thearem &.3. /f F? has oudy fwo columns which might be nom-frinial, swore
frecesedy, of theve are oo inlevers & <= B such that
E;g =0, ¥ ¢ = aand g 7 b,
fert we obtatn a Jundamental exact sug;rumce

£ JLE’ %) ., L;ru-a' = B ‘lﬁm-l—* HFn [T = -

n-i #-1-0h
Corollary 8.4, ff. in the hypohesis of (83), b —a - 1, then, for cuch w,
e have g exact seguence
0> Bty 0, 3,06 P, B, o0
Hmcr&f" [E) 2% am extension of EX . . By E:

-3z
Although the preceding two theorems cover most of the applications, it is
sometirmes necessary to deal wilh fundumental exact sequences abtained
under weaker conditions,

The fwo-fevwm comilitéon. Let A, u, » be integers such that 4 phanil = L
We shall zay that ¥ satisties the two-term conditien { 4, p; v} if the
bigraded gronp £ has the follewing properties. For cach integer #2 such that
Asimosip By =034+ g -mand {p g is dillecent froan two given
DAy [thg, dy) AN (Cny, &), whete

i | Py =M = € + g 2T O
Mareover, we require that the following two conditions should alse be
fulfilled;
(I} i, —0ip +g=m— L ¢ <lag—»and 1 < m < p;
(2] Ey o =0ifp+g=m=21 h e | vandd <m o p

With some obvious modifications of the proof of [8.1) one can prove the

followitig theorem which includes (8.1} and {B.3) as special cases.

Theorem B.5. 7} & sufisfes the two-tevm condition { A, g, v Y, fhon we have
a Jundamental cxacl sequence
1 L] s ¥ e
Dagty => "0 Egp by = H €)= L iy 'E""Errl Lhmy T By
Corollary 8.4, faf v 2 1 and [ an |} be a sequence of snterers such dhat

B < Ao + P
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for each m = 0 Tf B = O for every pair (p, ) such that | §g =M™ and

- , Lien . ;
P 3 tm U A ) h;_m.,[,w Bog — W — &g

Frool. Ful ¢, = @ + 1 and dm = b — b Then ¥ satisfies the two-term

condition | 0, ;v } for every u == 0. >ince H,:,_,_!gm . 4 for cach m = 0,
the fundamental exucl sequence implies the conclusion of this coroflary. |

If & is a regular é-couple, then the two-tern condition is stated by precisely
the same wards. The fundamental exact sequence in (8.5} becomes

¥ ¥ T P M
"E':IF:&F e Eﬂm-bﬁi ':"‘fml:lr'f] 1 Eﬁm:ﬂ‘m{_ Eﬂ:m-l:'bm-i A ﬁl5.-‘--'5{.3

and simitardy in {8.1) and (8.3},
Regular #- and d-conples arc considered further in M. B at the el of
the chaplet.

9. Mappings of exact couples
Let € — < D, Ev e dr. Be ¥ = 1,2, be two exact couples. By a
mobhin :
prng (. p) 0 €y = Ey
we mean @ pair of homomorphisms ¢ 2 D) - Iy and g1 By - B, such that

'Ef’ill - ia‘ﬁ': Wiy - T, 'ﬁ"kl == ki"i'-"

Il dyp = fphr, then yed, = dytp and g is a mapping in the sense of §2. g induces
w homomarphisin F— .
Y S

‘ﬁ[ﬂf} = ﬁfﬂ.![ui} = iy} = "‘rﬂ':l'nzj - Dy
we may define a homamoerphism ¢ Dy = Ldy Ty @ — | Dy, It can be
readily verificd that the pair (¢ 4% of homomorphisms constitules a
mapping of the derived couples. This mapping (@', ¢ : %! ¥, v called
the devived mapping of {d, w). Thus, the set of all exact couples undd their
mappings forms a categary, and the speration of derivation is a covariant
functor.

If we jterafe this process, we obtain a sequence of sucressive degiverd

riappings (B ) P E, n 120

=iner

I particular, the homomotphisms @%@ E® = Ey®, (e = 1,2, 4, of the

spectral sequences commte with the differential operators an, and pr+! is
the induced homomeorphism of 9.

If the exact couples %, and & are bigraded, then only a limited class of
mappings are of interest, namely, the hamogeneons mappings. The mupping
(b, 1] is said to be homogeneous of degees (P, 4) If both & and y are homa-
gencous of the same degree {p, ¢ By reindexing one of the given cxact
couples, we may always assume that (f, g is of degren (0, 0); n Lhis case,
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we say that (¢, w) freserves dogree, Then each of the derived mappings
(e, ] alzo proscrves degree.

Now let &, %, be regular d-couples, and (g w) 1 %, + &, 0 mapping which
preserves degres. Then the homomorphism ¢* defines a  lomomorphism

b )Y LA A )

which carries 2 %)) into M (%,) and #, (%)) into #p (%), Forther-
mere, 1 and ¢ define homamerphisnms

Ri®) ~ B, SE S,

‘These vbviousty commute with the epimorphisms x and the monomorphisoms
eln § 7.

Proposition 9.f. (& wi™ &5 an wsomwrphism of cifher of the folfowing fwo
spatialent condifions 18 radisfed:

6 Dyt me D [ s Byt e B

Proof, It 15 obwvipus that (1} implics that {, @1* 15 an isomorphizm. That
[#) = {8) 15 an immediale comsequence of the “lve” lemma, |15-5; p. 167,
Finally, that [#] = {{) follows from an easy induction on Use primary degree
by nsing (R} and the “five” lemma. |

Noce, (3.1} remains troe i we replace the superseripts 2 In [ andl [22) by
any positive Integer s, In fact, it can be easily scen from § &, thal {1) implies
that [, ])* is an semorphism while the equivalence of (74 and [#) 15 proved
exaclly as above,

Obviously, similar results can be obtained for regiar d-couples,

Now, lel us go buck to the peneral case where %', %, are any two exact
couples and consider two mappings

ot e, T W, > €y

They are said to be hvmotopic [notation: ¢, ¢} = (&, 7] ! if there is 4 homo-
morphism &1 F, = F, such that

olx) —plx; = Rgff (=),
Tlxh — iyl — &0y + dobiy)

Ivrevery £ D) and vz £ Then ene can easily prove the ollowing obvions
but imporianti

Proposition 9.2 [f the mappings (&, y) and (0, 1) are homolopic, then the
derived weapdings (', ') and (o', T°) @ve equal,

Hence, (7, 7 = {o®, 7} {or every » 3= 2, In particular, i &, %, are
regular @-couples or regular dcouples and if {$, +), (g, 1] preserve the degres,
then (b, 41 == (=, 7) Implics that {¢, yi* = ig, T)*
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10. Filtered differential groups

Let A he a d-group. By an dncreasinge flirafion in 4, we mean an increasing
sequence of subgroups { A2} of the d-group 4, $ ranging over all integers,
with their umon equal tod; in symbels, we have

Upd® = A, APc Artl, J[AP)c AP

If an increasing filtration { AP } iz given in A, A will be called an increasing
Jultered d-prowh. :
Let A be an increasing filtered d-group. For cach a4 v A, the greatest lower
bound of the integers $ such that ¢ & AP is called the weight of g and is denoted
by wia}. The lollowing properties are obvions,

wig —b) = max Jela), wib], wida) = wia).
Conversely, if there is given a Iunction w2 defined on a dgroup 4 with
integral valoes {including — oo) which has the properties given above, we
can define an increasing filtration { A® } by taking
Av =facd |wia) < f L

Tet 4 and 13 be increasing filtercd d-groups. A homomorphism f: 4 - B
is called o mappony U it commutes with ¢ and preserves the fleralion,
that 1%, 4 = df, jlAmc Br.

The set of all increasing filtered d-gronps and their mappings constitutes a
category 5.

Subgroups and guotient groups of groups in & arc defined in a manner
analogous to that of § 2. They are ulso groups in Fy. In particular, for each
A inFy, the denived gronp #4) 2 also in 3F,. One can venify that the opera-
tion & of § 2 defines a covarlant functor {rom 5; to itself.

To each A in8y, there is an assoctated graded proup FA) of A defined by

ld) AT dy A —ariar
and cach mapping §: A4 - & induces in an obvious way a homogeneois
homoemorphism of degree

G/ frHA) - F(B).

(ine can verify that the operation # is a covariant functor from the category
F; to the category %, of § % The associated graded group of the derived
gronp# A 1 imporiand and will be denoted by

BHA] WA = BALAL
#
Since AP 1, AP, Ay are d-groups, the exact sequence

048 1., AF J"="i;.u—="III

gives rise to an exact tnangte
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HAPY L eiam

", -
#(4y)
according to § 2. Define iwo graded groups

D == .§ DT}' D:I] =-;f{:"iﬂj,
E == E Ejn}_. Eﬂ- =f|:gj-;ll-
P

Then the bhomomorphisms {,7, & of the preceding exact triangle define
POMOMOIPRISIS D i DwE ki EoD
and we obtaln un exact couple

WAy — <D, E e, 5, k>

which will be referred to as the evact conple assoriatad with 4. The EraLps
D and E are gruded and Uw homermorplisms 1, , & are homogeneons of
degres 1,0, — | respectively.

Now let f:4>MH be a map]lmg in F,. Then ," defines two mappings
fp AP — HF and ;’1,, A P Bi;. in %, {ne cain 43&311}-* verify that, by passing
to direct sums, the derived homuomorphisms

H( ) AV > IBP, ) AL - #( By

define a mappin : .
e = iy ) T B (A} > €y
in the sense of § 9. One verifies that the aperation & is a covariant functor
from & to the category of § 9,
Similarly, a deereasing fillratton in a d-group A consists of a decrensing
seeuence of subgroups { A¥ } of 4 such that

Mpd? .0, APD APH, 247\ c Av

The weight sxin) of 2 £ A Is defined ta be the least npper bound of the integCrs
frsuch that a = A7,

By an obvious analogy, one can formulate wt of the preceding conceps
for the category &y of decreasing filioved ;i-gruups aned their mappings.

By a fliered d-yriup A, we mean either an increwsing or a decreasing
filtered d-group. The assoclaled exact couple #14) constructed above amd
its associated] spectral sequence [ E® o n = [, 2.+~ 1 will be referred to as
those of {he filtered d-group 4.

1. Filtered graded differential groups

By an fucreasing {ov decreasing] fitvasion in a praded &-growd A, we mean
&0 incressing [or decreasing] filtratian { 47 1 of the d-group 4 such that
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each A% iz a suberoup of the graded group A, Such o filtration {A%} is
smid to be vepular 1f

{RI'l) 0 = wia) < dog(a)

for every nom-zers hotaogeneous clement ¢ of 4. In other words, the weight
and the degree are boil non-pegative, and the welght does not cxoaed
the degres.

The fillered d-groups with which we have Lo deal in the sequel nssdly
belong to twe Ninited classes, namely, the fltered O-complexes ard the
fittered d-complexes, A fltered d-complex is u graded d-group, where d i3 of
degree — 1, with a regular increasing filtration; a filtered S-complex 15 a
graded d-groun, where & is of degree }, with a regular deereasing filtration,

Theorem 1.1, The assoctated exact cople

Fld) =< FiLf k>

of @ regular B-complex A ds a vegalay d-rouple,

Procf. Since A7 und 4, - 4Pj42-1 are graded d-groups, the derived groups
(A% and %[ 4) arc alsn graded. So we may put

Dy¢ =#pg A%l Fpg Hp it Al

Thus the groups I and E of %A} are bigraded. Une can casly verify that
i is of degree {1, — 1], 7 is of degree [0, 0], and # 13 of clegree (—— 1,0, This
proves that %4} is a d-eouple,

For an incroasing Altration { A7 } of A4, the regularity condition (RET) i
cquivalent to the following two conditions:

(R ko) Ar o0 ifp =0
(RFI3) Ap= AP forall f.
(RFaY) implics g =0 if p < 0; (RF33] implics Fpg =0 it g <7 1,
Hence ¥14) is regulur. |

Next, let ns investigate the graded gronps #°(%), Ki%), and 5(%) ol the
regular 0-couple.¥ = #(4) associated with a given regular d-complex A.

The inchision A# = 4 induces homomorphisms

kﬁ,ﬂ' . j:}P‘E = '-;}Egﬂ-lﬂ'["q?.l - ﬁj}_ql:_r‘f:h
T3y [RF#H3), one can verify that Ay g is an epimotpism if g < 0 and an iso-
morplism if g = 0. Henee
ﬁi‘ﬂ-—.lq -1 :fmtﬁ:' A h;'fij:J':l:l,

Passing ta direcl sums, we obtain a homogeneous isnmorphism of degree O

According to § 10,7 (A) is fillered; hence.# o) 1s alsu filtered. It is clear
that the imags dp ol Dy, gl 15 the subgronp of 5, g(A] with filtration £, This
will be denoted hy #%, ,4) Then it 1s easy to show that Aw.., -, mWaps
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'y, %) isomorphically onto #y A] il m = p = ¢ Thus, the following
theorem is a4 consequence of (R@7) and (KO8) in § 6.

Theorem 1.2, The fillvation of #°,04) s glven by the fiuste soynence
(RED) #0{d) =, (1) :";f:'i'ﬂ—h {4 = I':‘ﬁmmr.‘q] =M mitd] =1
wad 15 associated graded gromp Bty (A) is vsomorphic with T oo, ET, as
gruen by Hhe relation
i KFa5) FHp gl AV Hy | gn{d) & FT.

Siee A 1 =10 by [RT@2), we have

Rol%) — Eq q = gAY
and hence B¢ —#{4%. Then one can vetily that the composition e of
(R9} in § 7 gives the derived homamorphisin

HF} LA A%) (A}

of the incluston §: A< 4, Thus #7( ) i factored into the composition of
an epimorplusm and & mongmeorphism,

Pefine & graded group 4 = £, by dp = Ep,, Sinee 4 iz of deprec
(— 1,0} on E, 4 is a snbgroup of the d-group E and

Spi¥) = E3, = (A

Heaee we huve S(%) <-4,

There is a nateral apimorphisin g@ A -4 defined as follows, Tot 5 24,
Then x 42 by (RE®), and dee Ay, © AP L This imphes that x 4 a cycle
of Ay and represents an element zlgy of Ap = Epp The assignment ¥ — pix)
defines an epimorphism g 4 - 4 which preserves the tdegres and commutes
with 4, Une can verify that the derived homomor phism

Mgy LAY A
reduces te the homomeorphizsm 20 #7%) - S0%) in (R0 of §7 after
rdentAlying S A) with #70%) and S04 with S1%0 Thus #e) is factoredinto
the composition of an epimorphism and a monsmorphism. As g consequence
of thiz, the kernel of S#%g) in #9504} s %, (A) and the imuge in #7504 =
b 15 the subgroup £,
Une can establish the foregoing results for regular d-corplexes analogonsly,

The thearems (11.1] and ([1.2) cun be stated and proved with sene obvivas
modificilions. The graded groops 2#°(%), K%}, and 5(%) are identilled to be

HUE) = H14), RI%) = w4, S(€) = (A,

where A . AMAL = Aldland A T E, . After these identifications, the
homomorphism [ #%F) -« R(%) in [RIWY of §7 reduces to the derved

homuomuorphism KUY A AU

of the natural projection f: 4 + A, There is a watoral monomorphism
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g 14 -+ A which preserves degree and commutes with & 'The derived home-
TmOTRRISM iy A~ (D

is given by the composition e in (K469 of § 7,
As an example of regular f-complexes and d-complexes, lef us consider
a liltered space

(g o—-A = X=X, X X

where X iz & [nite simplicial complex and X, 15 a subcomplex of X, Aszumeo
that X, contains all g-simnplexes of X, Then, for any given coellwient group
G, the group A = C[X) of chains form a regudar d-complex with

- AP = C[X,), Ay = CylX

{me can easily see that ®(d4) is precisely the exact couple ¥al®) ol § 4.
Hence x4 1s alse a tegular -conple in this case, Stmibarly, the group of
vichiins of X over G forms a regalar d-complex,

12. Mappings of filtered graded d-groups

Let A and B be two regnlar #-complexes. & homomorphism fo4 - B
is suddl to be a sapping if it commutes with  and preserves both degree and

hitration, 1. .
itration, 1.¢ td =df. fidw) < Bu fid?C ES.
The sct of all regular d-complexes and their mappings constitutes a category

M5 which is & subeategory of %,
Now let f: 4 = 4 be a mappiog in #5, According Lo § 10, f induces a

mAppIng €U vl €d) > i)
in the sense of §9. On the other hand, we have a dertved homaomorphism
S f1 2 HA) = AP
The fallowing .prﬂp-::u!;itinn 1= a corollary of (8.1 and its vote,

Proposition 12.4. For any mapping [14 = B in &, S} 95 an tso-
murphisen if theve exists an tndegey n x| such bhat either of the followrng fwo
equrvalent condilions 15 satisfied :

el Do}y e DelIl (69 gt ER(A) = EX(H.
Siilatly, one can define the mappimgs of regular dcomyplexes and the

culogory & of regoiar f-complexes and their mappings. The preceding
proposition is alse troe for any mapping in 2,
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EXERCISES

A. Direct constrarction of the spectral sequance of a filkered differential
qroup

Let A be a filtered d-geoupr with an increasing fliration { 49 1 Introduce
the foellowing notations:

Zp={xcd?r|dzx) =01,
£y —fxn AP [ dlxyedP-n ), {n =1,
By —d(zz,,l, in =0,
Verify the follvwing inclusions and equalities:
£p< Lpyy,
d{AF) — Bie Bie---< Bic Bolc...c 7,
Ay oo c_:g; CE;-!:...C glgcgg = A7,
g1 = L3N Ar-ic T
PR, - BRnAe lc Bp
Then define the following quotient groups:
T =y an/BE L., n 1)
E} = Z3ZE = By, (n = 03,
arl the graded groups
D = %ﬂ; foe - %E‘J’;_

‘The inclnsions Zp_, < Lo myq and H.}E'}; < L8274, define a homomorphizm
#0000 - D owlieh s bomogeneous of degree 1. The inclusions Zp_p.y =
A% gy and B o (Z271 - BR L define a Lowomorphisie 2 D En
which 35 homogeneous of degree --- (# — 1), Finally, since L5 = Lpoa,
i 231 . B, and d{BP Y =4, the differential operator 4 induces a
homomorphism &% ; E# - D% which is homogencons of degree — 1. Prove
theat Ny j[]me, Err; -i:ﬂ, lr'*.r: foit
iz un exact couple for each s = 1, 2, -+, and in faet is precizely th;za azsocinted
exart couple ¥8(4) defined m § 10, The differential eperator & also induaces
the homomorphism 45 jmEn - B En
of degree —». Thus one ebtaine: Leray's direct construction of the spectral
sequence { £7 1 of the filtered d-group 4. See fleray [
Formulate a similar construction [ur the case that the filtration { 4%}
I% decreasing.
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B. Ragular couples satisfylng two-term conditions

Let € = < f3, I£; 4, §, &> be cither s regular @-conple o a regular d-vanrple.
Prove the followny assertions, [Moora 1, p. 32712
FoLetprsDuudy > 2 I E, - Dwhenever p 220, F0,and g + ¢ <
g, then & satisfies ihe two- tcrm condition f0, ;v §wath
E{I = _i, E}n _ ]-, Eu {], I::I-F'Ilj = ':.I
= 0, Mg o=dn, o=, dmo= 0 (0 Do p)
2, Let », #5, fy, P uned gy be infogers such thal o =1 fy &= fy = by = 0,

amdd gy % 0. Then ¥ salisfies the two-term eondition {0, 9, 4 ¢, 20+ ]
il Ehe {ollowing two condilions are sasisfied:

(€} BL, =01 p < py 5 Py, a0d § 7 Py

{27! E;.t_;' = 0l g < g,

3. Lt v, pg, £, gy and g, be integers such that » & 1, #5 2 p = 0 and
g, = gy o= 0. Then ¥ satisfies the two-term condition {0, fp + ¢y - - 1w}
if the {ollowing two conditions are satished:

) By, = Gll p == fryand 5= py°

i) BL . — Qif g <2 ¢y wrel g 5= g,

.. Multiplicative structures

Let A be a regular d-complex. A multiplication in A which makes A a
ring is said to be allowabde if it satisfies the following three conditions:

(M1) I[ x € AP and v © AT, then xy e ATHE

{M2) If x = Ay and v o dg, then v = A, .

(M3) d 15 an endi-derivation, e, for x e dy and v C A, we have
dixy)  dady — {—- LPaidy).

Assume (hal an allowable multiplication has been given in 4. By using
(Mt} (M3), defint multiplicative structures in the bigraded groups £ and
fim ol the exact conples

(A =< FP dokgm pn R
[or cach % = 1,9, - Prove the following assertions, [Massey, 270
1. If & is hoanogeneons of degree (6, ) and ¥ is homogeneous of degres
(¥, 5], then xy is homogonens of degree 4 — r, g - =),
2. i s o frensducer of D%, e
inixy) = w[EniehT = a0l
3% I mpltEpdicative, 1ol PRy = 0] R0, _
4, @f = jri Is an anti-derfeation of 0® le, for xC kpp and yeB¥,

we have eyt = dnxl]y — (— LieHrx Ladniy
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5 For x e DG g and y o A7 we have
RR(R(x) -] { - NjEreae vy,
Wy pia] k)

D. The exact couples of a bundle space aver a finite simplicial complex

Iet X be a bundle space over a base space I with projection w : X -+ B
anek fiber fF as defined in (III, § 4). Assume thul B is o finite simplicial
complex with 8% denoting its p-dimensional skeleton and that & 1s an abelan
group. Defime the bigraded groups £ and E by taking 1he singalar homology

ETAUD= ﬂi’1‘i" = Hj;].|.¢|:-:!'irj;ﬁ: G:'; E;pn:,r = "EII"+Q'I:'HP' "ET-'".T.; li:r':',

where X, = w1(B?), and the homomorphisms ¢: 1 .+ 7, i1 FE, and
z &+ f3asn the example of § 3. Thus onc olitains an exact couple

O =<0 E.{{ k>

which iz called the hemology sxact cowple of the bundle spare X over B,
Consider the derived couples ¥% = < O Er:fr j=_ g® > of (0 and prove the
following assertions:

1. ¥" does not depend on the triangulation of B if n 2= 2,

2. E} o 15 nalarally isomorphie to the homology group A48, HAF, &)
of the complex I with local coeffictents in H  F; 7).

3. € 13 a regular d-couple with Dy o a Hp WX Gy ifg = 0,

similarly, one can construct the coreomology exact coseple and prove the
analogons assertions,

E. The homotopy exact coupla

Let K be a connected ceflular complex and o be 1 vertex of K. Dennte by
Am the s-dimensional skeleton of K. Then, [ ench pair (K2, K21, there i3
an exact lomotopy sequence

or Tl EPLE) o mal I o my KRR ) B amal&P0] e e
Defng two bigraded groups £2oand 8 ows follows;
_Djl? g - fHF#E{I{ﬂr E":I, if ]'|5 = 0 and f’ + = 2",
g, for other valoes of ¢ and g;
peg AP, KF-T o0, Mfp=landp + g 5235,

i
Epgq = {g'[:qPTq{I{iﬂ, w11, ifp = landp +4 =2,
0 for nther values of £ and 4.

r

The homomorplisms ¢, 7, & in the homotopy sequences of the pairs (K2, K& 1)
may be extended in & nnigque way to define homomorphisms

D=0, 1 B E RIE- D
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Prove that the following triangle 1s exact:

15 L
1\\/
E

Thns we obtain an exact couple ¥{K, v) = <0, E;d §, &> which 15 called
the homotopy exeel eonple of K at v, Prove the following assettions [Massey 17

I. The homwmorphisms €7, & in €A, v) are homogeneous of degree
(1, — 1%, (0,0, (— 1,00 respectively, Hence ®(A, #) is a J-couple in the
sense of § 5.

2 0p =01 F<2 or ptg=22; DporsmpglE,» if ¢ =0 and
i T e

5 Epg=0ifp<2orglorp— g2

4. ¥{K, v} 15 o regular d-couple in the sense of § 6.

A3.1F v, and v, are any two vertices of K, and if o: f = K 15 a palh
joming w, to vy, then £ induces a natural 15omoerplic mappng

BIEY = {obe, i) : WK, ) == E{K, o)

in the scnse of § 9, Farthermore, if two paths &% - K from », to o,
are homotopic in K with endpoints fixed, then €% . %(n). These facts can
be concisely expressed by saying that ihe set of homotopy exact conples
(K, v] for various vertices v of K constilules a Jocad syvsfem ot exact conples
in K. The sume remurks hold for the seccessive derived couples €% K, o).

6. Let K £ be connected cellular complexes, #, w be vertices of K, L
respectively, and f:{X o) = [L,w) be a ccliular map. Then f ndnces a

mapping Fif) = ey, wy) L FK, v) = FL, @),

Let 2" denote the category in which the objects are all pairs (i, ) of a cellular
comnplex A with a vertex pe K and the mappings are all cellular maps.
Let €5 denote the category of all regular §-couples and their mappings. Then
the operation (K, o) .- ¥(K, ») and -~ %[f) iz a covariant fnnctor from
H o #s

7.Lel K be a conmecied covermg complex over A with  projection
iw: K - K aml 7 be a vertex of X with i ¥} = v, Then

@l - #IK, 7] o FIK, 0),

The significance of this resalt is that thers is no eesential lack of generality if
we assume that K is simply connecled when discussing the properties of
% (H, v) and its derived couples, :

8. The derived couple 3K, v} = < Df, E®; 4% % k%> 15 an invariant of
the homotopy type of &

9.8, =0p 30 g2
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10,18 g gK vyifgOand p + g == 1.

kL, 01 < 2org -l

I2. If K is stmply connected, then £} is isomorphic to the homology
group Hp(R} of the complex & for each 2,

13. 1f K iz r-connected, then D%, 0 for ¢ <y + 1 and £3, =10
Tor # < »,

L The exact conple €*[A, 1) contawns the following exact sequence of
J. HCOWhitclwearl :

LN )7 WO 5 SR AN . RPN & S S
H i is simply connecled, then, by $0 and 12, thers are natural isomorphisms
-‘DE-'+1. - = FEFEI{J 1}.:'- Eg"ru e HE‘J[‘F{J

for eacl p & 2. Henee we obtain the following exact sequence for a sitngly
connected

e Db B (K T B K E Lt

As a consequence of this and 12, we obtain the resalt that, if # = 2 anl &
s {#— lj-connected, lhen §3;m (K, o) « H,(K) is an isomorphism for
P < n and an cplmorphism for p = # 4+ 1. This inclodes essentially tiw
Hurewicz theorem,

I3 Since & = €(K, v} Is a reguiar d-couple we may apply the resudts of
§ 6 and § 7. Thas we obtain Ut

HplE) armp K, 0], Kp[¥] — 0, Sp(¥) == Hp{K]
for cvery p = 2 and that these gronps are all trivial whenever 4 = 2. Then,
(RA10) of § 7 gives a commmlalive triungle for each p 2= 21

wpl K, v) — L+ H K

\/

This implics that £3° 35 isomorphic to thc unigge of 2p L ) 0 g A) uniler 2,
16, The inclusion K% < K induces hotnomorphisms

Ap.g el K2, v} —mp gl ).
T et us denote the image of dp g by g o K, o), Then
Hp g|F) ey g K, ) I p Z2amlp + g 22,
Hpg®) =0 fp<Zors gl
Hence {RA7) of § 6 gives a finite seguence
Al U)o (K 0 D A (LD o DA mn (B =0
for every i o+ 2. [urthermore (Rod) of § 6 implies that

p, gl KL Ui 1 en(K o) ae B



254 VIII, EXACTCOVRPLES ANTF SPECTRAL SEQUENCES

1f ¢ 4, the triangle n 15 shows that m,_,, (K, #] 15 the kernel of the
turneamorphisin 7@,

17, Generahize the foregoing results fo semi-siinplicial complexes or, maore
gencrally, ti CW-complexes,

18. Finalty, let & be a pathwise connected space and #, a given point in X,
Consider the simpular complex K S{X). Then K i5 & connected senil-
sitnplicial complex and z, determinws a vertex v o K, 9/, v} 1s 4 homotopy
invanaopl of the pair (A, x,) and will be called the hmmolofy exict terts i
ol X at x,, denoted by €1X, 1), By means of the relations

Tl K, V) s Tl X, %), I = HulX),

dedue results concerning @i X, 2¢b and HnlA) analogouns Lo those glven
above [or the pair (K, o).

The uscfolness of the homotopy exact couple and its associated spectral
sequence is limited Ty Lhe fact that we know very lidtle about the groups Eg 4.

F. The cohomotopy exact coupie

Let K be a finite cellular complex of dimension #. Let » denote the least
integer preater than s + ;. Then we have the following cxact cohomotopy
sequence of the triple (K, Kv+, Kp):

At (RLEP -3 e e (R g o (K)o o (R, FE)
A [ KB e

where ¢ and § are homomurphisms induced by the inclusions and 2 denotes
thr coboundary operator. Deline two bigraded groups D and £ as follows:

[P (K, K#, tfh | ¢ =2,
D:IJ.U = Il . Lo
d, i g
wb-e[ i Ptl KT), Hp+g =
Ep g = ! t W0 < wr A, KR, ifp +-g=r -1,
a, id+g-=7--1

The homomorphisms g, f, & in the cohometopy sequence muy be extended
in am obwivus way to define homomorphism: 3, j, & of the triangle

Dt b
N A
e
5

which are homogeneous of degrees (— [, 1), {0, 00 awd (1. 0V respectively.
Prove that the lriangle is exact, Thus we obtain a d-couple F*(A) =
<4, B4, by which s not neceessarily regular in the sense of § &, it iy called
tiw cokomolngy execd confle of K, [Masscy 1] amd _Peterson 1],
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Study €%(K) and 15 detived couples as in the previous exercise. In
particular, the exact coaple #*K) conlains the following exact sequence

i 'h ] 1 ]
SR L N ¢ N LIt SN 3T R

Prove that, for cach ¢ %= #, we have
Dy ya =d2K), Dy =2®{K), Eho =~ APK),
where I'P{K) denotes the Image of the homomaorphism ¢ 2K, K#) -
mP{K, KP-1|. Hence the preceding exact sequence hecomes
e L mp ) A HME S, P
where & denotes the natural hemomorphism defined in (VI; § 11). Prove that
I'r 0 fer all ¢ 2w, This implies that b i3 an isomorphizsm for ¢ = » and

is an epimorphism for p = # — 1. Thus we obtain the Hopf theorems as
corollaries. '

G. The Gamma functar of abelian groups

A function f: A = B of an abelian group 4 mto another £ is said to be
erascetbrtae il

flatbbel —fb4+a) —fleta) — fla | B i-fla) = flB 4 fle) =0
forallelementsa, &, cinAd. Let e : I = A - B denote the function defined by

Pl b = fle + 8 —flal - (8
for every pair of clements in A in ollwr words, oy is the deviation of § from
a homomorphism, Prove that /15 gquadratic iff dy ix bilinear. Hence every
teomomorphism s quadratic,. Also prove that compasibions of quadrabic
[metions with homomorphisms are quadratic,
A guadratic function £, 4 - H is said to be Aomogenzons if

fl—-a) = [ig]
tor every 2 £ 4. Prove that every guadratic function 15 the sum of a howmo-
miorplisn and o bomogenenus quadratic function.
Define an abelivn group £714} as follows. Let F{A) denote the free abelian
group generated by a set of generators in a | — L correspondence with the

clements a = A, Let A(A) denote the subgroup of F{A)] generated. by the

elements of the forms ) C
wid) — wi- - al,

wiatbte) —wbrol —w(edlal -wathb 4 wia) 4 =ih - wi)

for all elements 4, I, ¢ in A, where w(2) denater the generator of F{A] which
corresponds to the element s 4. Then the group F4) s defned by

Fdy  F(4)jR1A).

Fareachae A, let [a] denote the element @(z) - R[4} in F{4). Prove that
the assignment ¢ - (&) gives a homogeneous quardratic fanctiony : 4 - F{A}.
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If f:d - Bz any piven homopeneosus gquadratic fenetion, prove that there
exists a homomorphism & @ Fla) - B such that &y = £

Next, ket f1 A - B be a homomotphizm, Prove that the assignment
ig] — [{a] oives a homomorphisin

fifi F1d) = 1B

called the hotnomorphism induced by [0 Verify that the assipnments
A= A) and f - £ ) define a covariant funcler £ from the category of
abelian groups and homomorphisms into itself and hence {: 4 =~ B implies
i 4 = (B}

I'rove the following clementary properties, 7). H, €. Whitchead 7°;

1. If A is additive group of rationals, then J74) = A.

2. If every element in A is of fnite order and also divisibie by its order,
then I74) = 0. In particular, if 4 ix the grovp of rationats mod 1, then
4] — 1,

3.IF 4 15 a free abelian group with a free basis § & | indexed Ly an
ortlered sel { ¢ 1, then F{A4)] s the free abelian gronp freely generated by the
elements p(ag), gy (e, ag) with § < &,

4, If A iz a finite cyclie group of order A and if @ 15 a generator of A4, then
Fid)y e a cyclic proup of order & or 2k, according as & 12 odd ar even, and is
gencrated by pia).

5. If A 15 the direct sum X Ay of its subgroups { Ap } indexed by an
ordered st { # }, then

DAy ENA | B 4; 8 4,
r g

Yroporties (31—{5] provide a complete computation of the gronp 4} for
A an abellan group with a fimte number of generators,

6. If {15 an epimorphism, sn s 15 F).

.10 A s finttely generated, then J7[7) . (A) s FiR) implies  that
f:A = B, '

8. Hx is a group of operutors for A, then s also operates on A) according
to the rule Fpla) — p(éfa) lor Femgand e e 4.

3, Ifgr operales on A and B and if { commutes with the aperators, then so
does £7[f).

10, " commutes with the direct Iinit functer.

Finally, prowve that the growp 05, In {14} of Ex. B is isomorphic to
Ly | K, 0]).

H. Transgression and suspension

Let A be a regular d-complex. Consider the natural epimarphizsm g A - 4
detined in §11. Let A9 = A0 Ay, If p < 0, then g maps A7 into O and
hence defines a homomaorphism

ko AlAL - Ay
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If =1, then 2 conunutes wilh € and hence induces a derived homo-
morphism Ryt AL - i), (p =2
Prove that {he images of g, = #7g) and A, in.#(A) are
By FER(AY] = Eg'f;l A [#plATAY: = Eﬁ.n}'
Next, consider &, together with the boundary homomoerphism ¢:
A A odian B e, A, p =2,

Denote by } the imape of b, K the kernel of 2., £ the image of #, and M
the kernel of @,

Let x & J. Chonse v 3[4 /4% with &, (3) - =z, and consider dly). It is
an vlement of 3, . (4% which, when v varies, deseribes a coset mod di{K).
Hengs wea obtain a homomorphism

T =¥ JJAY K,
called the fransgression.

Astheimage of A, we have J  Ef , By § 7, EJ;_, is a quotient gronp
of #p (A", Denole the projection by x, Prove that the rectangle

HglA A" L A

llr** "

e .
Eﬁ.n A ﬁu’fp_l
is commutative and #(K) is the kernet of 2. Hence 2 induces an isomerphism
wty | Hp (A)IIK) &~ Kl p 0o {p 220
Atter this deatification, the tranzgression T° reduces to the dillerential
wpErator -
If'.p : hgrn —- Eg‘rﬂ 1-
For an arbitrary &-couple, we may define the frarspression to be this
differential uperator 42,
Analogous to the tranzgression, define a homomoerplisn
L+ A A M
cilled the suspension, If #p{d) — U —# 5 {4}, then 0§ becomes un iso-
morphism and the snspension reduces Lo
In this case, the transgression d¥ - T is an lsotworphism aod e ble
diagram
‘;Eﬂ’.-”—i[ﬂ“} —= 3'?11[4‘1}'
¥ .

Y d
riJ P
Eu.il-l -

w8
I‘I'ﬂ:l
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the image of X coincides with the image of the monomorphism ¢ and the
kernel of X is precisely the kemel of the epimoerphism =, Furthermore, prowve
that the following rolation holds:

o o(d¥) -l

Estublish analapous results for a regnlar d-complex A.

1. Properties of Steenrod squares

Let {X, 4) dencte any pair consisting of a space X and a subspace 4 ol X
and £, denote the gyclic group of order 2. Reproduce the definition of the
Steenrod square operations

Sgt i AWX A Zy - HeH(X A 25, 1 =),
and prove the following properties of these operations, [Steemrod 2 and
Cartan ! |:
I, gt o f* = f% 0 5 for any map {1 (4, 4] ={Y. &
2 5¢t 0 d — & 0 Sgf, where § demotes the coboundary opemtor in the
cohomulogy scquence.

S.8¢Me uf) = B Sy Sek(f).

{4 k=i

4, Sgfien — U if dim () = 1.

3. Sglie) = & o if dim (a) — 1.

6, 5yl = o

7. 5y" coincides with the coboundary operator induced by ihe exact

BRUEILCE 0 _i_zz . _.F_.._j .}32 ]

and hence we have an exact sequcnce

Hypt

o HMK A A X A Z ) S HAUX A HEX A e




CHAPFTER X
THE SPECTRAL SEQUENCE OF A FIBER SPACE

1. Introduction

We turn now to the study of the relations among the homolopy and co-
homolopy groups of the varions spaces of a fibering, As already indicated,
the poincipul tool ts the ma,l_l.m-:'r} el spectral sequences developed in the
preceding chapter.

cince we shali follow Serre, we use the singular grouns: our principsl
hypotheses wilt be that the fibeving have the covering hometopy property
and thtat the Obuer be ppithwise connected. Tt is convenient to use cubes rather
than sinpleses in defining the singulat groaps, and hence we hegin with an
ontline of this construction of the singular concplex of 4 space. The associated
exact couple of a Qbering is then introduced, and the term &2 af this exact
copde is cornputed (§§ 3-10; the main result appears in §§ 3-4).

A wariety of applications follow. Relations among he Poincaré poly-
nomuiils of the fiber space, base space, and fiber are dedeced in & 11; and
severi] exact sequences, including those of Gasin and Wang, are constructed
1t the rexl three sections,

In the final sections of this chapter (§§ 19-18), regular covering spaces
are treated: there is a difiiculty, namely that the Gber fails to be connected,
but this is avoidert by the mtrodoction of certain anxillary tibecings. A
spectral sequenoe due to H. Cartan is constructed and wsed to deduce certain
Facts about the action of finite groups on A sphere and the cefebrated resatts
on the determination of eertain homeclogy and cohomology groups in terms
of the fundamental group.

2, Cubical singular homology theory

in the traditicnal simplicial singular bomology theory, [E-5; pp 183211},
the unit #-simplex g 15 wsed as w anb-image 0 defining the w-chains of a
space. Howewer, to study the spectral sequence of 4 fiber space, it will be
more convenignt to use the cubical delinition in which the s-cube I* plays
the role of A In the present seotion, we shall give a skefeh of the cubical
theory, As Lo Uws eruivalence of the cubical theory and the simplicial theory,
a proof 15 given in  Tuilenberg and Maclane 2],

By a siwmpeeloy m-coele in s space X, we mean a map s 2= X If= .0,
then w is interpreted as o single peint in X, [ = 0, we delie the i85 fower
and wpper faces A% and ' of & to be the singular (1 —1j-cubes given by

259



200 I¥. THE SPECTRAL SEQUENCE OF & FIRER SIACE

I:_.ll:r{"u:l i.l!]_," - .| i'i‘i—J} = H[flpr " +: 3:!:—j_l- E| i{rr e 2 I!TI- 'I:I
foreveryd — 1,2,-+,m, e =01, and {4, -, th-l € I® 1 Then, for : < T,
we have - S
A '?']-j = A A

where £ and 4 may be either {§ or 1.
Define Ox( X to be the fres abelian group generated by all singular p-cubes
in X ifn =0and 2,0X) = 0if # < 0, Then the aperation

fu — L (= D AM — Au)

=1

determines 4 homomerphism
31 QuX) = Un (X

for cvery s It iz straightforward to verify thal g8 — (. This vields a chain
complex § Qa0 0}, [E-5; p. 124]. Unlike the simphcial theory, tns
chain complex { (u{X), 8 } daes not give the “correct” homology yroups af
X : far examaple, if X consists of a single point, & simple com putation reveals
that the s-th integral homaology gronp of { gu{X). d } 15 infinite cyelic tor
every » .= 0, Hence, we have to “normalize” { OniX )il
For each singmlar [# — li-oube @ in &, # 2= 0, we define a singular #-cubo
Da in X by taking
(D) [y, v, by, fad = wity s dn )

A singular #-cube v in X is said to be degenerateifv = Dufor some . In otler
words, v is degenerate iff it does not depend on the last coordinate £ of the
peint [4,« -+, ) i I% The degenerats singular wecubes in X, o 2= 0, generate
i subgronp HalX) of JufA). Since

- r _ - 'B ] ‘;:-_ £ —
it follows Lthat MWD = Dif den, D=1,
" #—]
ghu = T - LF(AdDw — 40D = N {— VPPt - Dhdw
= i=1

and hence @ carries Dy X) iuto Dy (X0 So, the degencrate singular n-cubes
for all % form o subcomplex { DyiX), # } of the chuin comples { @l X}, dl.
Fur cach integer 1, the quotient group

Col Xt = Ol XDyl X
is obviously a free abelian group and will be calied dhe gronp of woypatized
cubical singudar n-chains tn X Since § carries Dy{ X) into Dy (X, it induces
a1 homomorphism 3 Cai X = CaoyiX]
for every &, which will be called the bowndary Aomomur phism. Since g - 0,

we obtain a chain complex { Coi X, ¢} Yor an arbitratly given abelian
group G, the homelogy group He{X; &t and the cohomaology group %X, G)
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of this chain complex over 7 are callod respectively the n-dimensional cubical
singnler homology and cafiomalogy eroup of the space X over fhe soefficiend
growsp G,

Let C{X} denote the dircet sum of the groups Co(X) for all #. Then, Ci{X)
15 g graded differential group with i homogeneous differential nperator

8 C(X) = C1X)

of degree — 1 We shall call (LX) the proup of all normalized cubical singmlar
chains ¢ X,

For any subspace X, of X, the group £4(X,] can be cansidered as a sub-
group of the proup Cy[X). The quoticnt group

CalX, Xpd = Col XNOX,)

is obvieusly isomorphic to the frec abelian group generated by the non-
degenerate singnlar #-cubes in X not contained in Xy Bince d carnies Cypf X))
inte O (X)) and Ch(X,) into Ca-gi Xy, 1t induces a boundary homo-

Fe: . .
i B CalX, Xo) = CugiX, X,

since 4 =0, we nbtain a chain complex | Cof X, X w6} and hence the
relative homology goups Ha(X, X, () and the relative cobomology gronps
HA[X, Xy, ) over an arbitrarily given abelian group . Furthermore,
if & = {Gy|xe X} denotes a local system of ahelian groups in X, then
one can defme the groups H (X, X,; G) and MoX, X, &) with local
coefficients in 7 in a way similar to (hat in the traditional singular homaology
theory, See [Steenrod 1] and [Filenberg 33,

The direct surmn C[X, X} of the groaps CulX, X)) is a graded differential
group, culied the group of all wormalized cubical sinpulur chains tn X modulo
X The direct surn H{X, X,; 7] of the groups (X, X0 ) will he ealled
the tolal stagnlar homology growp of X modwio X, over G, and the direct sum
AFLAX, Ky, ) of the groups H=(X, X, ; ¢) will be cafled the faga! siurular
cohomology gronp of X modulo X, vver 7,

For the important special case that both X and X, are pathwise connected,
pick a point %, of X as basic point amd assume 2, & Xy if X, is non-empty.
Just as m the traditional singular theory, it may be proved that we May
consider only the singular cubes with all vertices at #,. Let 6 - {Ceixe X}
denote a lecal systemn of abelian groups in X. Since all vertices of the singular
cubes are at g, ihe coeflicients of the clhains and the cochains with local
coefficicnts in & are all in the group (-, on which the fundamentat graup
7, X, 5y} operates, For this particular case, the bomology groups with tocal
coefhcients can he simply defined as follows,

Let & denote an abeltan group on which a.0X, x,) acls as left operators,
Yor each w, consider the group

f:n'.rxa -X{p; ':F} = Cﬂ{-}f- Xu] = I:l'-;".
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wlere Ca{X, X,) denotes the group of normalized cubical singular a-chains
in X modnle &, {defined by the s-cubes with all vertices at xy), Define a
Loundary hamomor phism

O, X =0 X, X 6

a4 follows, Comsider a generator w® g of the group CelX, Xy & G, whers

#: I7 = X is a nondegenerate singular enhe not in X, with all vertices at

x, and g isan clement of £, Vor eachi i = T, - -, », we define a loop oge; f A

im talil . .
- e erepefdh = iy, dal

where &y = fand  £0 for every § # & The loop g represents an clement

|octe| ol my (X, x5} Then o 15 defined T

H

o p) = _El (— 1 A e [mu]s — v pl
i

It can be casily verified that ¢d — 0. Hence we obtain a chain complex
[ CalX, X,y; 61,2 3 Thes-th homeology group of this chain complex 15 defined
to be the n-dimensional homotogy growp H (X, Xy G) of X modwis X, with
focal coefficiends 4 . Analogomsly, one may define fhe n-dintensional co-
humology growp JTRIX, Xoi (7)) of X wmodulo X, with local coefficients RS

In the sequel, wo shall need a slight refinement of the notion of the cle-
generacy of i singular cube. A singular cube s /7 -« X ls sald to be of de-
gericracy g iff Uiere exists o non-degenerate singular cunbe &1 [#77 » A such
that % = D4, where 1% denotes the g-fold iteration ol the operatwm £
Hence the degoneracy of a non-degenerate cube 1= 0, and degeneracy of
g F > X 1s not less than g if

HI:Illl - I! ﬁﬂ::l = HII:]_I. ) .I tﬂ-—QJ I:II" ’ Il D}

for cvery point (8-, b} of 17

3. A filtration-in the group of singular chains in a flber space

Throughout 5§ 3-14, let e X » 13 be a given fibering as defined o (1115
% 33 In other words, X 13 a [iber space vver & base space B with o as projec-
tion. Pick a point 2, & X and let £, — mixy] € 1. The subspace

F o w1by)

ot X will be called simiply the jiber. We assume thal both B and I are path-
wise connceted. As an inmediate consequence of Lhe existenee of covering
paths, X is also pathwise cormected. Henee, swecording to a remary of §2,
we may consider only the singular cubes with all vertices at xg or By, wien
dealing with the cubical singular theory. We wssume once {or all that avery
singilar cube considered in e sequal is of this Lmited a1l
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Asingularcabe g I® » X iz zaid to be of werght (10 notation [ wln)  p
if the singular cube w18+ B s of degencracy n — P thus 4 15 of weight
B it aefdy, <~ -, &) remalns within o fixed fiber ag bpog,t By vary, but mowves
itoau fber to fber as £ varies, For eac singular eunbe & in X, the weight
#iee) satishes the condition

(3.1% 0 = wwloe) < dlim (),

It 15 also straightforward to verify the following two relations:
(3.2 wldfu) <l wle) i) = S eptande =0 1-
(3.3 widful = wiw) if wia) < { < dim i) and e =0 1.

Let By be a pathwise connected subapace of the base space B which
contains by il By is not empty. Tet X, w 1B, then Ay is alw pathwise
catente,

Let ¢ C(X, Xy denote the group of all normalized cobical singular
chaing in X modele X, Then there i3 a natural ismnorphizie between ©
and the [ree abelian group penerated by the non-degenarate singular cubes
in X nol contained te X, Tet us identify these two groups by means of this
natyral isemnorphism. Then i3 a graded differential gronp with Cg
Cal ', Xp) and with a Lumogensous differential operator # of degree — 1.
Furthermore, we miay define an increasing Rltration [ €2} by taking CF Lo
be tiw subgroup of C penerated by the non-degenerate singular cubes of
weight not exceeding $. It Is obvious Ut

Jpld == (0, Crc (vl HOW) < (1
and that €7 is a subgroup of the graded group C. In fact IC FeC vy

I we extend the weight funclion w over € hy defining wie}, ¢ €€, to be il
greatest Jower buund of the integers  such that ¢ 2P then (3.1} impligz

(3.4) 0 = wie) < dim [0
for every non-zero homogeneous element ¢ o €. Furnished with this filtration
{C*} € becomes a reguiar f-complex i Uie sense of (VI §11).

4. The associated exact couple

Lonsider Lhe regular &-complex € = (X, X)) of the previons acction.
Acearding 1o (V111; 11.1), the associared exaci couaple

T =D 1k

% a rogular -couple. We shall determine the strecture of the Ligrruded
diferential group E, Stoee

Epq =ilplCF), {2 - CPRICH-1,

we huve to analyze the graded differential group 2,
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By definition, €F = CLMC5-1 Let # be a non-degenerate singular enbein
C®, {len # tepresents an elemend [z 1n £ By (3.2 and (3.3}, it is evident
that the differential operator # on €7 sends [1] into the following element
of CF_ . -
i Aui= X 0 I [Adel- (A%}

i ot |

Maw let 2 : J® = X be a singular cube with wiu} <5 5et g —m-—95

and define two singalar culbes

Bptg  fP B, Fuu:J0F
as Tollows:
Byully, -+, t5) = wilfy, =, by 0,057, O

Fgrtldy, o oe dgb = w0, by, Rl
ot the second, since
w0, T Lo tg) = o), -, 0 — By,

we have Fpte(fy, +, b) € F. Thus, {or a given «, we can define By and Fote
for all $ such that wis) = p = dim (%), The [ollowing properties of g
and Fpw can be casily verifed:

(1) Tf @ iz in X, then Euuis in By,

(2) I (e} < p, then Hyw is degenerate.

(37 1§ & is degrenerate and ¢ = 0, then Bpu is degenerate ) i« is degenerate
and g == U, then Fpu is degencrate.

(4) 1f i = p, then Hpdifs = Bpw aml Fpdiu = 47 Jou for & - a. 1.

Let K» = Cp(B, B) & C[F); then K¥ iz a graded group with HE o=
Call, B @ Cq p[F). Define a differvatial operator de on K2 by

(4} defbe ) (—1rbedf
for each penerator b2 f of KP. Then dp is of degree — L. Delme a homo-
marphisi gy OF -+ KP by taking

] = Hyre @ Fpw

for every gencrator ¢ of €2, This definibion g justified by the properties
(1) and {8) listed ahove. According to {2), ¢ carvies C¥-7 into the zery element
of K¥ and henrce induces a homomorpbulsm

p:lr - Kp

by passing to the quetient group Cr o= CP)CP 1, By using (1) through (4],
one can verify that 4 comuutes with the diflerential operators @ in 7 and
dp in KP, Hence g is a mapping in the sensc of (VILI & 13),

Siwce Tyl 12, is dree, we have

Aoy (MFY - CplH, Byj e Hall')
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where Hy[F) denoios the g-dimensional singular hemology group of F
Hence y induces a hormoemorphism

'}:I?'l'i" . £1I:'1l? —+ CP[EJ 'EEII b H'E":F]
tor each pair of integers (£, g,

Theorem 4.1. ¥, o o5 an fsomorphiss of K, o ondo OB, B @ HylF).

To prove this theorem, it suffices to construct a mapping i KP = CP
snch that gy is the identity endomorplizn of AP and gy is humotopic to
the identity endomaorphism ol G,

Lemima A. Fov cvery fuiv of singulay oubes w I® vB and v 19 5 F, we
cal constriuct a sinpalar cube

£ M, ) [P0 X

satisfiing the conditioms

(A1) wig) < p.

IAT) Byr = wand Iy = v,

fA3) .&;ﬂz = M, ') for each i s]gand & =0, 1,

(Ady [f v is degameralte, 5o 45 2.

(A3} If &5 in By, then z 85 0 X,

The proof of this lernma will be given in § 8.

The singnlar cule z = M {w, ) represents an element M 7y, ] of 07 because
of (All If & is degencrate, then (AZ) implics (hat wiz) < p and hence 3 [,
w| = 0. H ¢ is degenerate, then so is z and hence M|w, i = 0. U 4 is In B,
then z 15 i1 A, and hence M{w, v! == 0. Therefore, we may define the homo-
morphism g by taking wfnm vl — Miw, o
tor euch generator w & v of Cu{B, By & C4),

The condition (A3) irnplies that g commutes with the differential operators,
Henee g is & mapping. The condition {A2) shows that wu is the identity on
HP. It remnains to prove that gy is homolopic to the identity of ¢

Lemuma B For every siwgudar cnbe o IPY » X ok wlw) < p, we cax
cousirnct o naprulay cyde

v = Dgwe: [ote-1 5 X
vatssfiing the comidilions;

(B ) wio) = 4.

(B2Y Fur = Bow.

(Ba} will o=, 0 8 £y ooy dy) = {0, oo 00, 2y,0 e e, £

(Bd) 22w = wand iy g0 .= M By, Frub.

{B3) Apyw = Dpdfn for each £ = pand ¢ . 0, 1.

(BE) I g = O and 4 5 depenerake, 30 15 0.

(BT If e is dn Xy, o0 85 0.,

The proof of this lernma will be given in 8 9,
Now the proof of the theorem can be completed. The correspondencs
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2t — {— 11#Don defines a homogencons endemarphism & Co o 09 of degree L.
To justify this, it suffices to note the facts: iF 21 degencrate and ¢ 2= 0,
e Dy iz degenerate by (B6); if w is degenerate and ¢ 3, then (B2)
imiplies that m(fhee - poif w0 isin X, ten 5 s also in X, by (B7]; and
if wiu) <o p, then wilpu) <2 p according o (B2, By moeans of the formula
[#] and the conditions (334) and (B3), cne can easily verify that

&) + £(dc) = ¢ — pple)

for every e 0% Hence wy is homotopic with the identity endomorphism
of 2. 1

The isamorplism Xy o0 KEp o, & Cpll, B @ HglF) mdicates the sigmifi-
cance of the varions degrees, YWe shull call the primary degree 2 the base
depree, and the secondary degree g the fiber degree. The total degree & 4 4
iz wsualy called the dismension.

5. The derived couple

In the preceding section, we studied the assoclated exact couple () —
<HHE G kF of the regular d-complex © and established an important

1somorphisim ¥: 8 me U0F, Byl ¢ HIF)

whiel 16 homogeneows of degree (O, 0. Aceording to (VIIL §4), €90 has a
derived couple EHECY _ <D BB 2

The key to all applications is the bigraded group E2, and hence we shall
determine its structure, To this end, we must analyxe the ihifferential operator
d = jk on E. If we identify £ and C{8, My} @ Hi#) by means of the iso-
marrhism X, then our problem is to determane how & operates on COB B, &
HiF],

For this purpese, let us first show that Uwe lundamental group s (B, 8}
acts on H{F) as a group of [e{t operators.

Temma C, for eack looh o F =8 wilh @l = b, = all), there sxisls «
homogeneaus komomorphism Dy i O1F) = QX)) of degree 1 which assigrs fo
cach stagular m cithe v in F g stnpudnry (0 — D-onbe Dyv 60 X salisfying the
eordiznns

(C1) A %D = o

{C2) (D (£, 8-, da) = ali).

{C3) Duife = A Do, (e =10, 1),

(CA) £} v ds depewerats, 50 15 Fh,

The proof of this lemma will be given in § 10,

Such a homemeorphism £, will be called a deformation of C1F) covering o
By [C%), 4, determines o homogeneons endomorphism fo C0F) = C{F]
ni follows. For euch singular si-cube v in F, fuv is the singular s#-cube in I

duefined by (Foi €ty e oo bl o= G0G8] 1T, 2y,e o, fh
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Py (Cdy, it follews that oo iz degenerute if v is degenerate. Ty (3], we have
fol = dfp llence [, induces an emdomorphism of H{F] which, by the
next lemma, depends only on the element [o] of 7, (B, by,

Lemma D f fwo foops g, 1 reprosent the sume cloment of m, (B, b)), then F,
wrd Jo are choin hirmatvpic.

The praot of this lemma wili he given in § 1

Thas, 1t 15 clear that =,(8, &) acts on H{F} as o gronp of left operators.
S0, we may define a differentiul operator dy on C[F, By} @ H(F} by taking
dr to he the boundary operator on chaing with local eocfficients in H{F) as
defined i § 2,

Now we can settle our problem by saying that, if we idendify the groups
£ oand OB, Bt H{F) by means of X, then the differential operator &
coitiides with dg. Precisely, this can be stated in the form of the following

Lermma 5.1. [ ar isomorphtsm X 15 a mapping, that 13 o say, dgd = Xid.
Froof. We shall prove that dp . 4% 1. Consider the memerator # @ A
of OB, Byl @ HI(F) described above. The homology class b o H{F) can be
represented by a smgular g-cycke
fr B oagvy,
=1

where the vy's are g-dimensional singular culws in & and the 44's are integers,
Consider e singular (4 + g]-chain

Ha
2= X apMiax, v
=1

in &. By the delinition of g und ¥, 5 represents the clements
puaflecs, Xluoh ey

The boundary of the chain s is given by

rop
Oy = L X [— Iag f AdMie, o — A8M [, v L

i1=1 i=l

IE¢ o= b, il folliws fronn (AS) of § 4 that
MM (s g - Miw, A, (e =0, 1),

Since fis @ eycle, the expression

P
L X [— 1}[ﬁj[.ﬂ.glt'_f — .H.g':".‘.-'ﬂ
f=1 1=
15 equal to a hinear combination of degenerate singular cubes in &, Henee,
if we neglect the degenerate torms, we can write i in the [ollowing form;

rop
dr = X X [— Dty VAW e, wp) — - AV [ne, w5) b

il =l
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According to [3.2), d= i a cycle in €21 Projecting to the guotient group
-1, Pz represents a oyele of &2 1 and hence un element v of Ep_ 4. By the
definition of 4, we have v = d¥-ln ® A).

Hence the element X{y) = £d¥-n e &) is represented by the cycle

P
X B E(— Dag{ Bp A M, vy) % Fp Ad Min, o5l —

izl =1}
Hj.‘l—[ﬂfﬂ ﬂ-‘fl{ﬂ] 1";[.,:' ﬁ' 'F'-ﬁ—jﬂiﬂ Ml:“: T‘I.'?.II }
of €y ,(B, By & C[F} nmuder dp. We have to vonsider the singular cubes

Byuyd® Min, vy) and Fp_ i M(n, v} dor 4 = p. The first is evidently 4%,
the second is defined by

“r-fl-l’.'lfu *M{Ht”}” {;111 ' -"Z?} = ﬂJ{ﬂ,I-'j} (O g Oy, Oy ';ﬂ']r

whete £ 15 at the i-th place. Obviously we have Fp_ 2°Miu, v = vy henee

r

#= X -1 Au@ g — due /],

=1
where g¢ denotes the cycle
o= X agpFo_ 20 M, v
of €[5, =l
To determnine the homology class of g, let ws construct for each g-di-

mensional sitgular cube v i F a (g + 1)-dimensional singular cube Do in X
defimed by

(I (e - by = Mim, ) [0 -0 O F Oer 0 500 By,
where ¢ is at the i-th place. Since
(eald%) (2, £y,+ L dg) = (oues) (£,

where g - [ + B denotes the path defined as in § 2, one can ecasily verify
that the assignment ¢ -+ Dy determines a deformation

D1 GiF) ~ C(X)
covering the path o, Since
(Femg) (0, 80,0 <, dgb = wyld,- L g,
(D) (L g, dg) - Fp A Mis v (.-, tl,

it follows thal g represents the element [k of Heid), Therefore, we obtuin

¥
XX b = B (— 1 { A e lowslh— 2w @ A} - duln© Al
=l
Hence we have ¥d¥-1 = dg |
As an immediate consequence of the lemma, we have the following
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Thearem 5.2. The Dsomorphism ¥ induces for each pawy (p, q) of intazers
&5 50y dhism
# Mp.g E;”i" %’HI;{B, Eﬂ,'ffq[FH

of F3.q vnto the p-dmensional singular homology prowp of B modulo By with
Incal coeffictents fn Hy K,

The isemorphisms s o revead an Important fact, namely that the bigraded
group £% is the same for all fiber spaces having the same buse space M, the
sume subspace By of £, the same fiber F, and the same operations of ., (F) on
H(F), Inparticular, if x,{B) operates simply on JI{ ¥}, the bigraded group E*
is the same as that of the product spuce B 3 F. The deviation from the

Product strocture is bonnd up in the deviation of the differential operatar
d¢ from 0.

6. Homology with arbitrary coefficients

In the precedimnge two sections, we restricted ourselves toitlegral coefficients
for the sike of simplicity, However, the results can he casily gencralized to
arbitrary coefficients as fodlows.

Let - be an abellan group and € denote the regular d-complex C1X, X,
of the previous sections. Consider the group

A=0CacG
of normalized singular chains of X mod X, with coeficients i €7, Then 4
15 & graded group with Ay = Coto

and a differential operator & of degree — [, Define an incremsing filtration
53 b rol

f A%} by taking AP —Crg (.

Thus, A becomes a vegular d-complex. We shall study the associated exact

couple GA) = <D, B}, f k>
and its derived couple

CHAY < [R ERE fe RR
Since CPis a direet swmmatd of €, it follows st
A® o Arjde | {Spg
Next, let us consider the group
Ke _ (B B CtF) @ (),
Define a differential operator €7 on K2 hy
drtb % fo g = -1y dfa;
ior every generator b@ /5 7 of K# Then
Hp gl KP) = CplB, Byj w H(F: 6,
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whte Hylf'; G} denotes the g-dimensional singular homelogy gronp of F
with coefficients in G.

The homomerphism g of § 4 defines in this case & mapping : A® -+ K?
and hence induces the homomeorphisms

Xpoq i Ep.g ~ Col B, o) & Hy(F: G
The lemmas of § 4 imply the foillowing

Thearem &.1. Xp ;15 an isomorphism of Iy, oulo C5lB, By & HelF, (3),

By the lemmas € and D in § 5.0ty (H, by} acts on HIF; &y asa group of leit
operators, Let dn denote the boundury operator n CUE, B @ H{F &) as
chaius with local coefficients in H{F; &). Then, one can easily venty that
(5.1 Is also true in this general case. Ilence we have the {ollowing

Theorem 6.2, The isomarphism ¥ snduces for sach paiv [, ¢) of dutepers an
Invrordhism )
wrp wpg | B2, & HalB, Byi HiF: )

af EL_onfo the pedimensional singuiay henmolopy prowp of B modulo By with
local coefficients dn HolF; (o).

An important special case of (5.2} is that 4 = C[X) @ G, Then Hyisemply
andl 3o 15 an isomorphism of Ej ; ante the homology group HoiB H il Gl)
with lecal coefficients in gl G-

Analogous results hold for cohomology with arbitrary coefhcients, See
Ex. & at the end of the chapter.

In most of the applications, we shall deal with the case where = WL, By
operates simply on the homoloyy and cohomology groups of e fiber £
In particular, this is the case if B is simply connecled or il X is a fiber
bundle uver B with a pathwise connected structurat group, (Serre 10 445,

Now assume ihat the cosfficient group G is either the additive group of
integers or a fickd. Then the isomorphism sg.g in (6.2} 13 actually an iso-
morplism of G-modules, If =, (B, 8,3 operates sitnply on fg(F; ], then the
group Ha(B, Be: Hpll'; G)) in {6.2) reduces to the singulat homology group
with coefhcients in Z{F; ) in the usual sense. Hence, by the Universal
Cocllicient Theorem, [E-5; p. 161], we oblain the following

Theorem &3 1,8, b)) operates stply om H 10 ), then
E%,, s HplB, Byl (Ul e Hy(F: (5 - TorglHpiB. By Gl HdF &)1

Tl lorsion preduct Forg hae the important property thal oL, ¥ =1
i L or M is a free Gemodule, JE S p. 133]. Henee we have the following

Corollary 8.4, If Hy_ (B, By ) or Hg(F () is a free (emodule, then
ES == JIyB, By, G) & Hell, &,
Note that Uie hypothesis of (G4 s always true if € 33 a field.
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T. The spectral homalogy sequence

Let us counsider the regular #-complex

A=0CaG C=0X X
of the preceding section. Asin (VIIL § 4), we denote by

{gﬂi({ajj] = < .D”', Eﬂ.: f‘il'lr }-'ﬂ-} hR
the successive derived couples of the assoclated exact conple €0 4) = €1(A4)
of A, Then, E™ i3 a bigraded differential group with d= = /&% 4= Jdiderential
operator and 15 the a-th term of the assaciated speciral sequence

{E.u. |# = 1,2+

if € = E{A4), which will be called the spectral homolopy seguence of the
fiber space X modulo X, over the coefficient group .

Sinee 4 1% 2 tegular g-complex, we may apply theresults of (VIIT; §510 P,
In perticolar, ME = A =TI, X,: ),

Then IA, Xy €] is hitered with £® as its wssoclated graded growp; more

precisely,

il X, X1 ) o [§2 3 ()2 - D, (o W 5 (€1 =0,
Hp o €1\Hy 1,501%) = E;:;-

Hercafter, we siull use the notation Hy (X, Ko (7)) = 35 9.

For further studies in this section, we have Lo specifly whether or not A7
i+ emnpty. Let us first consider the case that X, is empty.

According to [VIIT; § 11), Rg®) - ##504%. A singular cube 2 in X is of
weight wiw) =0 1f and only if the image of o is a single point. Since all
vartioes of @ are assumed at x,, this single point must be &, and hence & 1%
i J7, Therefore, 4 = C[F) @ &, Then it follows that

%) = Ml (7).

Nuxt, Spl%y = #7id) with Ay - Ep . However, by means of Xp,,, we
may idenlify £g  with Cu(B) & H |[I“ {r]. Bince Fi: pathwise connected,
HyiF ' =] may be identified with (7 on which = {8} operates trivially, Flence
A = 0B @ r and Spl%" HyiB; Gl

Then, we may apply the results of (VIIL; § 7} and obtain the following

two comnmnutative triangles

I T lir]—rH#Ef ) HoiX; 6) 2 HL(B, G)

o
\f..n" Jr."/ \Hﬁux’rﬁF

where fi,, w, are induced by the inclusion ¢:F = X and the projection
w2 X -+ B, the o's are epitnorphisms, and the s are monomorphisms. Tt is
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an immediate consequence of these triangles that Hy o[ X &) @5 bhe image
of thy and Hpoy X G) 5 the kernel of toy,

1t remains (o study the case {hat X 1s not Empl.'j,.-'. Then F o= X, One can
casity see that 4" = {und hence &7 - =10 — OGN | particalar, K% — O.
Ona the other hand, we have

Thus, we still have a non-trivial commutative triangle

H X, Xy G2+ I (B, By 6
\ ,x”
/

The kernel of wy is Hpoy [ X, Xy I}] and the image of e, i% iscmorphic

to KT
“D’
Similarly, one can study the spectral cohomology sequence. See Ex. B.

8. Proof of Lemma A

We shall prove he lemma by induction on the integer ¢,

First, azsume that ¢ = 0, Then the singalar cube » reduces to the pomt 5,
and the problemn reduces to constructing, for each singular eube w; [* - B, '
a simgular cule ¢ = M, v) - 72 - X such that wmz = %,

Tet ¥, denote the kading vertex (0,---, () of 12, Since Iy is a strong de-
formation retract of £2, wo may apply {111: 5.13and obtain a map y: 7% ~ X
such hat ey = # and ¥} = %, Let ¥, denote the various vertices of [
Sinee @, = by, und @y = #, it follows that y(Fy) is 2 pond of F. Since ¥
is pathwise connected, there exists a puth g, + F = F soch that oo0) = »(V)
and g1 = x,.

Leti} denote the subspace of /2 which consists of all vertices of I®. Define
a lomotopy fr 0 12 = B {0 < <] 1), and ahometopy g 18 —+ X, (=l ¢ < i),

by talin
¥ fo— %, gdVa) = oolt
for every £ J and every vertex 5 of 1%, Then we have

gs = ¥ | € gy = fp| ¢}

for cvé‘i}r ¢ F. Avcording ta (110; 3.1}, therv ckists 8 homotopy g% JP - X,
(@ =2t = 1), sueh that

L— e or ¥ W
for every e 1. i ¥, Beo= @i o fi

Lot z = o, ‘I'hen 2 is a singalar cobe in X with all verhices at , and such
that ma = #. This proves the lemma for ¢ = 0.

Next let g > 0 and assume that we have constructed 3w, ¢ for all «
and all o with dim () < ¢ satisfying the conditions of Lthe lemma. We are
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gomg to constroct a sugular wnbe 3 = Mw, o) for 2 given pair of singular
cubes ¥ . P - Band v Je - 7 as follows,

To constroct the singular cube 2 = Mw, o), lot us first dispose of the
speciit] case where v s degenerate, Then vdoes not depend on the lust variable
and A v} Agv), Define 2 = M{x, ») by means of the formula:

ZiEy 0, bp gl M, Aquf*' [Ere s bpig—gl-

We have to verify the conditioms (AL1-(A5) of the Jemma. The conditions
(AL, (A4 and [AJ] are obviously satisfied. The condition {A%) is verified
as Iollows;
Epaby o) fol = (), 6p, 0,2+, O
== e i3, Agh) (d.- -t 0,0, 0
= ady e b
Jr'-pz[i[. ' --I !ﬂ'::l — E{D-Iq-q ] . {'}J !11 e iql
e W, At (O, v, 0, 8,000, oy

= At ta—1l = B[é, -+ -, 'f‘q'.l

To verify the condition [A3), we consider two cases. If £ — gy, then we
have

;"Fz (Frmr e fpogadd = 2l gy &)
= ﬂ:‘fl{'ﬂﬁ, AE‘HL':' Py, 3;:.,.[;- 1]'
If ¢ =7 g, wo have

;,:_,4_.:-_.2' I:E!jr‘ ! ‘rf’FIE' l] = 'zl'tl.l T EF'HE_I.’ T tf:""i' o ‘.Igmq—]_:'
- aﬁ"f |I'1f- ..g.q-ull:-ljll [I!l-'- . i"‘i_',! |F'—]_: 'F:: :EJ+'F i .? :ﬂ_ﬂ' j:l
-H.;l 1§ H'L'H .rl:l.g' T-" 'rf]_: "y E!]Z.I-i-I;.' E}

= ﬂ-f{ﬁr .|l".-|E f:!q"u'i-".l |,|"'1| Tt ii'.‘F'+E'_2I:I'

O the other hand, since ¢ < ¢ and » s degenerate, it follows that ;% is
iwlso dlegenerate and so s M (e, A0, Therefore, we have

M, o) (b, bpyg 1) = Mo, A} [0+ y_gog, 0)

< Mg Mo, A i, tpagy)
= M, AL {00 by

SINCE A5 A 0 = Ag_i}lfu, this completes the verification of the condition (A3).
It remains to consiroct 2 = Mx, ) lar o non-degeneraie .
lot P=78¢ = I Fe and V= JOU P dfe, where TV, denwtes
the vertex (0, -+, 0) of I* and (v the set-theoretic boundary of 74 Then ¢
i contractible, because it is clearly defurmable into ¥y = F2 UV, x dF =
F, 3 f2 which is contractible, Hence, € 1s & strong deformation retract of P
il we may apply (101; 5.1) once again.
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Define maps f: P— Band g 0 = X as follows;

f{'t'l:”-r'tii': 'qll"'lﬂhf'}=T"'“'1_|"‘,ip};
g0, e, 0,8, Sg) = w{sy e ngl, oy ®T9

hl

g{flrr r -_I I‘I“‘ Ell“ L] -I SE—]: 'z-_-, 5-1:'- . -I sl:!_ "|.|
= M, A0 (f, - g, 5 Sgogp o TP T

It is strafghforward to verify that g is one-valued and hence, by {L; 3.1],
g is continuous. Besides, it is obviens that @y = f| ¢ Therefore, according
to {ILT: 8,13, there exisls a map z: F#¢ -~ X snch that wz  fandz ¢ =4

Since g = 0, ¢ contains all vertices of F#+2, This implies that & = M{%.0)
is a singular cube in X with all verlices at % The conditions (A1) through
(A%) are all obviously satisfied. This completes the induetive construction
of M iw#, n) amd proves the lemma.

9. Proofof Lemma B

The proof of this lemma is anadogous to that of Lemma A and 15 based
on & construction « — Dhyw by induction an the integer g, It will be sketched
as folloras,

lirst assume that ¢ — 0. Let

PooIvi=frd, O (Ipx UV, VPRI P

where ¥, denotes the lending wentex i}, --,0; of /2 Then ¢ s a strong
deformation retract of I* Tefine iwo maps /: #*-» Band g ¢ -+ X by taking

FCTPCE O T T UL S onl# x 1
€[31."',|"~I..,D]I= “'Lip"':ﬂp]. on 17 x (1
gl 0,8 - 2=, on Fy = F;

gity e tp L) — M{Byss, Fyu {850 &)y o7 i# L

Applying (II1; 3.1), we obtainamap o : 7+ » X such that en fund v | =g
Since () contains all vertices of £, » 3% u singular cube with all vertices x,.
el Doi = o and Lhe conditiens (131)-(B7) are obvious.

. Mext let g o= 0 and assume that we have constructed Dipw for every s
with i) = p and dimied << $ + ¢ Now let 4 be a singular cube m X
with i) = # and dimiz)  # + 4. To construct v = Dyw, let us dispose
of the speclal case when e w i chegenierate, Then s does not depend on the last

variable and A3, 4 — A .5 Define v = D by laking

T.il:ﬂl_, ety |.'!-I|+q_1} = IJT]A.#T?M [il' e, I!TJ .u::l.

By meuns of the ypotheses of indluction, one can easily verify the conditions
[Bl) [(B7).
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It remains to construct o = Dou for a non-degenerate # with wiu] = b
and dim(#) = § = g. T'or this purpose, let
P f# ow F ow [ = TP,
P=UPx0xfOUTrx] = I U, %l x 19 U2 fxdin,

where V', denotes the leading vertex of I# and 7% the set-theoretic boundary
of 74, Delne two maps f: P — Fand ¢ = X by taking

Fllgmee fp b5y ry ) — Bl dpl.
gif e, p, 8 &y, Sg) o MiEL L B, Sy, 00, Sgb,
il By 1 sy, 55l = MIiEgn, Fau) (8,7 dp, 85,077, %),
gl - 0 ks g = w0, 0 5y By = Fpttisg o 5l
Sl e dp o3y, e Ry, B, Rt e, _';q_]} s

Bﬂ;j.;llt'll' |:I|:1.."' 1'£:!‘:I_| 311?1. . -qu_I].

Sinece (15 a strong delornation retract of P and g = /| €4, there exists a
map v F - A such that corr = fand v | () = p. Since ¢ contains all vertices
of I*, v 15 & singular cube with all vertices at xp. Let ¥ = Dy and the con-
diticns (B1) through (B7) can be easily venified, This completes the proof.

10. Proof of Lemmas € and D

To prove Lemma ©, we consider o az a singular f-cobe in B, For each
singular s-cube v in F, we take

Ly Mo, 5y

eiven by Lemma 4, Then Dgis a singulur (2 — l-eube in X The assign-
ment » — v dehnes o homogeneaos ]mmnnmrphism

Dy CIF) 5 C[X)

of degree 1. The conditiens (Al)-{A4) hoply the conditiens (C1j—{C4), This
proves Lemma (.

To prove Lemma 1), Tet o, + be two loops in B representing the same
element of m,{H, £,). Then there extsts a singilar 2-cobe w0 74 .« B snch that

s 0,08 = By = wfl ), «{L,0) =aif), & 11 = 8

for each ¢ € f. Let Dy and By e deformataons of $0F) covening the paths o
and t respectively. For each singrular s-cube o om0 P, we shall corstruct a
singular (# + 21-cube O in X satizsfying the conditions:

D1} w(tis) =2,

02 Bt = wu.

(133} AL, s, dg) == oty -, ta).

(I4y A0 - Do, 4300 = Thu

{Da) QGAfr == A0, (8 = f, ;6 =1,---, m)

(1x6) I w15 degenerate, so is (e,
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The cube (v will be constructed by induction on the dimension # of v,
Firstl assutme & = 0, Then o reduces to the point x,. Consider the subspace

AT MUFxBUDxD

of 7% and define a map f: A -» & by taking
fit, 0 . Dith, fre 1) = Dwin, 08 - omy

for every (o 1. Since aff = o A and since A 15 a strong deformation retract
of f% { has an extenslon g: 2= X covering . We defime v to be the
cingular Z-cabe g The conditions {D1)-(D6) are ohviously satisfied.

Next assume tial » = 0 and that Qv has been constructed for every
singnlar cube v in I of ditnension lcss than a1, 1et o be a singular cabe m F
of dimension x; we are going to construct Q. v is degencrate, we set

Ouls, £, 4. da) - Gda®is, £ 2, )
1f v s nom-depenerate, let us consider the subspace
A=(T=x0x MUfxlxI?Ui0xFx MU xdiv

of Ia+2 = J2 5 I® and define two maps f;4d - A and ¢ [*¥ - B by
selting

dis, bt ) = s ),

Fl5,0, 8, da] = dhais, dg,- 00, 2],

Fla, 8 dal = Dauls, i, -+ 4,

L N B ] (TR 7X D

Flas oty by &b b)) = QA%(s  dy e g
Since wf = |4 anl 4 15 a strong deformation retract of 7+, f has an
extension g J#+ - X covering & We define v to be the (x — Zcube g
The verification of the condilions {(DL—(D6) is left to the reader. The m-

ductive vonsiruction of £ 15 complete.
Bow consider the endomorplisms

Jai J1 - CIF) = CiF)

defined by the deformatioms £, I respectively, Let & denote the homo-
geneous endomorphismn of CF) of degree § defined by

{I{L':I I:"!J f'll Tty ‘tﬂ-} = [Qi’] II]'.I ltr ﬁlr‘ "t iﬂ-.]
for cach singnlar cube » - 1% —~ I Then, one can easily verily that
gKv o Aiv  Jao— [fa.

Hence, 7o and 7, are chain homeotopie. Tlas completes the proof of Lemana D
Xewnark, If X is a bundle space over B with respect to the projection
iw: X — B, then the proofs of the lemmas A-D can be simplidled as follows.
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Far a given singular cube 32 {P -+ B, one considers the bundle space &7 over
F? induced by 4. By a theorem of Feldbau 'S; p. 53], U is equivalent to
the prodoct space I# % F and hence the constructions can be easily eavried
cul in & instead of X,

11. The Poincaré polynomials

Throughout this section, et € he 4 feld. We shall eonsider vector SPaces
M over & graded by the spaces My, the dimension of M i3 callsd tiw pth
Betfi mymber of M and is denoted by R M) Then M is of finite dimension
UF the Betti numbers | Ry M) 3 are ull finite and enfy a finite number of
thern are different from zera, We wssume once for all that, unless there isa
statement to the contrary, a given graded vector space M is of lmite di-
mension over & oand My =01 p <0 For such an M, we define the
Potrcavd polynomial p{M) and the Ewler characteristic X(M) by

M) = DR MR, XM) = T (— 1#R,(M).
L #

A few elementary propertics of the Poincard polynomials are listod as
follows. Proofs are left to the reader.

(1) If L is a subspace of M and N = ML, then (N — (M) - w(L).

(2) For any {wo graded vector spaces M and N, we have rl,:Jl‘:'l-f BelN) =
PM ().

{3] If M 15 a graded wvector space with a locar differential operatar
i = M of degree — 1, then wae have gl TMI1 = /M) — (1 4-£aid M),

For any two polynomials f and g, the symbol f < ¢ will mean that g —
13 a polynomial with non-negalive coeflicients.

t4) Let M be the same as in (3). If L is a snbspace of the praded vector
space MM such that L 0 J(3} =0, then N = L0 Z(M) is isomarphic to the
subspace of (M) ) represented by the cycles N and w{L) - w{N] <ZtpldiM] ).

() Let M be the same asin (3), If £ i5 a subspace ol Z{M) and ¥ denotes
the subspace of #°(M) represented by the cyeles £, then we have L] —
Wi = pldi])).

Let (Y, Yy be 2 pair of 4 space ¥ and a subspace Yo of ¥ IFFHY, ¥, G
is of finite dimension, then its Detti numbers, its Poincard pelynomial, and
its Euler cliaracteristic will be defined to be those of the pair (¥, ¥, over
denoted by Ru(Y, Yo, &), (Y, Y, &), and X{¥, ¥,; (7 respectively,

Loow let us consider the spectrat homelogy sequence af § 7. Assume that
M, Bh oprates <iply on H{F, ) and that FI{3, £, &) and H(F, () are
of fimite ditnension. Then we have the following two theorems;

Theorem 4. KX X G) < X RylB, By, (R85,

p =t
Theorem 11.2. X[ X X & = X(B, B, (A}, ),

Inowords, [11.1) states that the Betti sumbers of the fiber space X cannot
be greater than those of the product spuce 1 % 7 and (11.2) states that the
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Euler characteristic of the fiber space A 15 the same as that of the product
apace B x F.

These two theorems are immediate corcllaries of the general theorem below
an Poincaré polynomials, Sinee M8, B, ) and JI(F; {7} arc assumed to
be of fimite dimension, their Poncard pelynomials are of the form:

WwiB, By G = Bl 4 By, 5 4+ e bl [ a =0,
plF G =1 4ot +o,d? 4 -0 | g,y =0
We shall also consider the following fonr polynomials;
P o= bagg ™ | | Bt Q0 Bt oo+ Bpogfd
Lo 4 egft -+, =1 5ol +-+ g0

1f 8 is a vector spice over 7 bigraded by the snubspaces My 4, then M can
be graded by means of 1lie total degree ¢ + ¢ and its Poincars polynomial
M) 15 defined in terms of this grading. Now let

A = I gr{Ew).

#ol

Then A is a bigraded vector space over (¢ of finite ditnension, The general
theorem mentioned above can be stated as follows,

Theorem 1.3, If H{B, B, &) aud Hi(F,; ) ave of finile dimension, ten
so s HX, A Q) and its Potncard polynomiad &5 given Iy

PiX, Xoi ) = w8, Hy Clpld G) — (L fyplA).
Farthermore, the pobynomdal wid) selisfies the following inegqrealtties:
el Ay e TVPE, ) = ST
Proof. Consider the spectral hamology sequence of &7, By [6.4], we have
E* s H(B, By, G) &g HiF G).
This imphies that < is of finite dimension and so s J{X X &) According
o 8), we have YIE = 9B, By GlyiF; G}
B (3, W 0D gy i) — 1 + fpldniE).
Henee it follows that
WX, Xo3 G = 9iE™) = wik% - 11 = fld).

This proves the first part of the theorem and it remauins to establish the two
inequidities.
For each » > 2, conzider the subspace
MH=EEL‘_,,+EE“ ~ BB,
q F

a.b-lg
q
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of E*. Since 4% 15 of degree (—#, 52 - 1), cvery olerment of M9 is a cyele
and hence we have the epimorplusms

ME o M e e S M AR . A
By (5), we have (M) — (Ml o pidnf En)
for exch ® = 2 anid henes
WM (M) - pld) = p(E) + i)
+ B — {1+ el 1 yld]
= ${E — tyid).
Since clearly we have
M (4B B, G - Ho (B By G @e M F G — H(B, B, 7) sag HLF €,
it follows that (MY =@ F%) — PV, Hence we deduce
iy = U,
MNext, let us consider, for each » 52, the subspuce
Noo XEL .+ ZEE, - ZES,
of B% Mo non-zero element ';f N can E;JH 1 buu;dary unrder 42 andd hence
wi have the monomorphisms
N o e o Bl Nt VA L R
BB weRave e — i) o bplaniE)
for cach # 5 2 and hence we abiain
PN <l plET) - -pld)
as before, Om the other hand, we hawve
PINY = B — QU
Henee we obtain w(d) < QU 1
Coroltary 114, By, [X, Xy, (=} — RglB, B,; &) R,[I; &5,
Rp_yp | X, X1 &) — Rg|B, By; G Ky 4 (F; Gl | Ray[B, By, CIRMT ),

As an application of (11,3}, let us study the fiber spaces whers the Dase
space and the fiber are homelegy spheres over (. For this purpose, let us

Assumae that B G =1 + 89, wF.Gr=1 444

with 2 1 and g = 0. Leaving aszide the cdtical case ¢ = p -1, the
Poincaré polynomial of X over {r 15 completely determined by B and £

Proposition 1.5, (X, &) = [1 + ) {1 4 # if ¢ #£p—1.
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Proof. B =t%, 3 — 1, U = &, F = 1. According [11.5), we have
X G = (1 -1 {1 4 89— (1 =+ HplA)

with i) = 601 and wld} =80 Since ¢ # - 1, the latter conditions on
wiA) imply that ¢(A) = 0. 1

For ihe critival case g == #— |, the conditions on (A} imply that either
gAY = 0 or [A) = ¢#-L Hence we obtain the Tollimwing

Proposition 16.6. If 7. p— 1, then (X G) 15 efther (1 + ) (1 + -1y
or I 4 -1

A vonsequence of [11.5) and {116} is thal the enly possibility for a homo-
logy m-sphere X to be a fiber space over a simply connected homology
p-sphere Fwiih a homology g-sphere I a5 [iber is the critical case g = f-— 1
andw = 2p—1, [5; p. 145]. Examples for # = 2, 4, Bare the Hopf fiberimgs,
(II1; § 5.

12. Gysin’s exact sequences

Let G denote cither the additive group of integers or a fleld. Assume that
the fiber F is a homology r-sphere for some 7 2» 1 and that m, (B, &) operates
simply on the total twotelogy gromp H(F; () and the totul cohomology
group H*(F; G). Then we have the following

Theorem 12.4. There {5 an exacl seqtence
cos e g (B By G) e HopolB, By ) 5 Hi[X, X0 6) S
HulBBig:G) > -+

called Gysin's homology seyuwence, wheve g @5 tnduced by the projection
et X, X)) = (B, By.

Proof. Since F is a homology #-sphere, it follows ihat E® contains only
1wo columns which might be non-trivial, namely

B2 m HplB By G, V), = HylB By G) @ HelF: G e HplB By ).
Applying (VIIT; 8.3) and Lhe commutative triangle at the endl of §7, we
obiain the theoren, |

Bimilatly, sne can establish the following

Theorem 1312, There ts an cxact sequenie

.4 ym(B, By G) s IIm(X, X, 6]+ Ho-f(B, By G)
Jm( B BG) LR
called Gysin's cohomplogy sequemce, where w* 7y induced by the frojection
ar: (X, X -2 (B Byl

It By = o, then HYR; &) &~ G Lot 5 =g4%(1) s HTH{B: G). Then 1t can
be proved that v =xUs =s5Ux
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for every x e H® (B (&) and that 25 = 01f 7 s even. Sinre this resslt will
be used only in the present secbion, the prosd s omitbed. See |Serre |
P 470

As an appication of Gysin's sequences, let ws consider the fiberings of
spheres by splieres and study the stroctuce of the integral cohamology ring
of the base space. For this purpose, assnme that X itself 15 a homclogy
#-sphere for some # = ¢ and consider the cohomology ring H*E By the
exactness of Gysin’s cohomology sequence, we deduce that the home-
morphism 4% Hm + YR| - H» (B

i a monomorphism i w2 =0 or w = &, is an epimorphism if m =1 or
wo— # - 1, and ix am o dsomerphism for other wvalues of w1t follows im-
micdiately Uhat

HiB e £, m=0nudd (r i 1], 0 =m0,
HmiB) =, ma=0mod(r + 11, 0 = < n
The slmeclore of H®{E] with m =« depends on the relation between r

and . I #=Fr+ 1 +g g,

then 1t 15 casy o verify that the cohomology ring H*(B) is generated by
three elements | e I%E) me £, 5 = ¢*(1} e [T E), and ¢ = J=(E) with w*if)
a5 a generator of HR(XY & 2, More precisely, the colwomology group A% 5]
b5 free abelinn and has a free basis

(19,3] {]-3.5?.“3!. st 52 - - - }.
where Juxtapesition denates cup product. If

=gy + 1 ++
we have to consider the exact sequetice

02 gy 2 Fa Xy Y Iipesepy S el e ),

where we have ARX) = £ and PN EY » 7. Since Hw(E) 15 1somorphic
with a snhgronp of A%{(X7, it follows that cither H®(H) a2 or A%E) =
If Hr{R) ~ £, il {ollpws that p* = 0 and hence o* and ¢* are bothe is0-
munphass, In this case, A} is free abelian and has [12.3) as a free basis,
It fI={B) — 0, then it follows that A3+(E) 15 a cyelic group of finite order
& == 1. In this case, the groups H=({3), w0 2= n, are given by

Ho ) eu £y, mo—={lmaod (v -+ 1},

Huiby =0, m==0mod (v + 1.

Hence A*(8) has a system of gencrators
(12.4] s, s%-e0 3,

where 51 0s free il 5 <04 and #* s of fmite ;eder 20104 = p.
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13. Wang's exact sequences

Let 7 denote either the additive group of integers or a ficld and assume
that the base space 8 is a simply connected homolugy #-sphere over r for
womi ¥ s 2, First, let us consider the case &, o

Theorem 131, There ts an exacd seqphence

S Ho (B G 22 o F Gt Hy(X 6122 T fiF G 2o e

catled Wanp's homology sequencs, where B, {5 tnduced by the nclusion 1 F = X

Praof. Since B is a homalogy r-sphere, it follows that I contains only
two Tows which might be non-irivial, ramely

K3, m HyB; 6 66 Hy(Fi G) m HlF; Gl (p = 0,7

Applying (VIE; £.1) and one of the commutative triangles in § 7, we obtain
the theorem. |
Similarly, one can establish the foflowing

Theorern 13.2. Thers (5 a0 oxucd Sequence
. --3_‘_:._ H‘iﬂ{x ,G] T . H;rm..:F.-l G} L._;,. Hm—'l'""‘[{F-:G:I 'I'q'__} Hm-l-](}{:{';:l i‘_.—"_-.- [
calfed Wang's cohowmology seguence, whore 8% 4 dmdwced by the dnchusion
g:Fc X,

Tl homomerphisms p* define an endomorphism

¥ D HAEF G - JHME G
Avcording to Leray, this endomorphism p* is a detivation if » 15 odd and an
anti-detivation if # Js even, that 1s to say,
prix U y) = =) Uy | {— 1JFe 2 J p®iy)
for each x e H#(F; ) and v ¢ H*(F ;). The proof of this result is left to the
reader. |Serre 1, pn 471,

Nexi, consider the case f, — b, and henee X, — & 3iace B is a homaology
rsphure, (B, by, 6 s G und Hg(B, &y () = U for s £+ Lhen E2 and
E+2 contain only one row which might be non-trivial, tramely

Ef, m Hll: G, E:ﬁ = He I, ).
Hence, by {WIII: 8.1} we obtain the follewing
Theorem 13.3. For every inieger w, we have
Hal X, F: G} = Hy olF; ), HOX F, G) s Ao7(F, G
As an application of these theorems, let us consider the fiber space
X =[FHB 4
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over B with the initial projection w: X - B as defined in {ITI: § 10), Then
o v
we have F = [B: 8o, Bl

Since x{B) =0, it follows from (IV; §2) that F s pathwise commected.
Therefore, we may apply {131} to this case. Since X s contractible, we

"
ehtai HaF) = Hyy ronlF]

for every s o 1. Topether with H(F) a2, this implics the following
theorcm of Morse.

Theorem 134. I} B s a simply connected homolopy v-sphere and F =

B3 00 Dol Fhew  p EV e im0 mod (r— 1),
HulFl — 0 i pesslmed (v — [

For another application, let us consider (he sphere bundles over spheres.
Assume that the fiber I is 4 homalogy s-sphere for some 5 2= 1 and consider
the mtegral homology groups HelX)

Assume that 5 = 2, Then, by the exactness of Wang's homology sequence,
we deduce that the induced homoraorplism

Oy 0 Hul(l) = Hpl X

i an epimorphism ifm =+ —1 or ; =# — s—1, is 4 monomorphism if
m o= rora e 7 | & and s an wsomorphism far other values of s, Therefore,
it rermains to compute He{X) lor the four crtical values ¢, — L, #», ¢ +5— 1,
¥ <4 & of m.

First, let us comgpuic He (X)) Il ¥ -1 3 5, then it follows that

Ao [ X) = B[ Hy(F)] =0

sinee & 15 4 homology s-sphere, [fr — 1 = 35, we define a numerical invariant
& of this hbering as follows, Consider the hememorphism

By HFY = HiiF),

If py == 10, then *is defined to be zero, otherwise, the quotient group Hy(F)f
pu [ F)] 15 a Anite cyvadic proup and £ 18 defined to be the order of this
finite eyvelic group. Hence, il r — 1 = 5, we have

z, k0,

Hy (X} w { 7. it £0,

Next, let us compute (A}, From the exact sequence

L HulF) LT Hel X =t L LN 0,
it follows that

Z, [y == s,

Hffx} = i
£+ £, iy = 5.
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Then, let ws compute e X)) Since v = 1, we have I, ;[ =0.
ITenuce, we obtam Hoyaos (X} = 0%[Hypay(F)] = 0.
Finally, let uz compute H, (X, In the {ollowing exact sequence
Hrsl £ =2 Iy ol X) 22 v 05 22 - Hy o (F),

we have Ay L) =0 = Heeo(F) and hence
HTTE{X} ﬂE’Ha[ ﬂl—"g

For the temaining case s — !, the induced homomarphism
E}m P HapF} = gl X

i5 un epitnorphism if + = #— 1, 15 a monomorphista if » =+ + 1, and is
an lsomorplism if s <0 # — 1 or s = ¢ + 1. Therefore, it sullices to campute
the group Hy{A} for three critical values of wm, namely, m—7 —1, 7, and
# + 1. The computation iz similar to the case s = 1 and hence is left to the
reader.

Note that the same resnlts can be obtained by wiing Gysin's homology
sequence instend of Wang's homuology sequence.

14. Truncated exact sequences
[

Let & denete either the additive group of integens or o field. Assume that
X, =0 and that z,[H, b} operates simply on BF .

Theorem 4.1, [} Hy, (B G) =0 for O -2 m < f and Hgll; &) =0 for
0 = m =2 g, Hresr e lave an gxact sequence
Hy g | F Gt s o P e Hd X G H (B G H o )

D R S HF G 2 e IR G HBIG) = O

wheve B, and w, are induced by the dnclnsion 0. F = X and the projection
o X = B oand T s called fhe Iranspression,

PFroof. According to (6.3), we Lave
El, m HiB, G) @o HiF G) + TovelH; (086G, (P G)).
Thercfore, L. = 0if g 520, {320, and 4 + f &1 p -+ g - - 1. It follows that,

for each total degree s with O <2 < # + 97— 1, F¥ containg only two
ferms which might not be gero, namely,

EZ o Hoifl Gy, EX, s Half) Gl

11
According to (VIIT; 8.3), we lave a Jundamental exact sequence in which,

by the resubts m (VIIT; § 71, ene can swerily the assertions about the homo-
narphisms §,, my, aml .1
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Corollary 14.3. [f Hu(F: G — 0 for each m = 0, then wy . Hnl X G) =
Hp(B . G for cachk m =10,

Proof. Apply {14.1) with ¢ = 1 and 7 — 0. |

Corollary 14.3, [f HplD, G} =0 for each m = 0, then 8, HulF, G} =
Hol X, &) for each m 22 0.

Froof. Apply (1411 with p = w0 ancd g — 1. 1

Corcllary 144, If HolX) - 0 for cach m 2> 0 and Ha(B, G =0 for
el g o b, fhen e Buve T 00 (B G me By ((F G} for 2 <0 =] 09— 2,
Proef. Applymg (141} with g .. 1, we find that Hy(F. G =0 for
0 =2 <0 £ — 1. Then, apply (141} again withg = ¢ — 1. |
Similar results hold for cohomology groups.
)
15. The spectral sequence of a regular covering space

Let A be o puthwise connected regular covering space over a locally
pathwise connected base space & with a projection
wi A =+ B

it the sense of (I11, § U6}, Then it follows readily that A is pathwise con-
nected amd X s locally pathwise connected. Pick a basic point 2, X and
call by = may) the basic point in B, Then ihe basic fiber

F = w il
iz diserele aml @ indoces o monomaorphizm
iy T (A, Xgr (B, b))
Sinee X is a regular covering space over 8, the image
I, xg) = ooy [l X, 20
15 an invariant subgroup of =8, 4} and the quotient group
T =B, bl /HX, 2y}

acls on X as o group of right operators; see {I1I1; 16.6), Tf £ £ 1 is any
element oy, then £ 15 a homenmorphism of X onto itself without fixed point.

Let B e o contractitds (Anite or infinite) simplicial complex (with weak
topology) on which m acts freely as a gronp of simplicial homeomorphisms.
For the existence of such o cotnplex, see (VI; Ex. I). Let P denote the orhit
space Wim with projection 7. W — P, Then I is a space of the homotopy
tvpe [z, 1] and 7 is the universal covering.

Followmg a procedure intraduced by Ithresmann, we shall construct a
spaice ¥ as follows, Let w operate on the lelt of the product space W < X by

Ew, x) = (&, xf ¥, EFmuwelW,rc A
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Then Y iz defined to Le the orbit space (W x A fz. Define toe maps
P+—Wx X1 B

by tuking Hw, #) - t{w} and ¢(w, ¥ = wix). Since obviously i =7 and
r§ — v far every £ em, they induce two maps

p.t.yv_ ALy

Ome can verify that the maps 4: Y » Pand p: ¥ - B are fberings I the
sense of {111; § 39, In fact, ¥ is a bundle spuce over £ with & as fiber and 4
as projectinn, and ¥ is akse a bundle space over & with B as hiber and g
as projection. These will be called the bundle spaces assoeinted. with the regular
covering space X over B,

Let 7 be an abelian group on which @ acts as Yefl uperators, Since P is a
space ol 1he homotopy type {m, 1), it [ollows from (VI Ex. G

Halt: G) = HulP: G), Htjm, G) = H®=(P; G

with Jocad coetheients in {r.

Thronghout the remainder of the section, let & denote an abelian group
on which the group x operates simply.

Lirst, consider the associated ibering g1 ¥ = B Since the fiber B in tlus
fibering is contractible and henee acyelic, H follows from (142 that
iy - Hpl ¥ me Hylff) for eaclim > 0 and therelore
{ERE P  HnlY  G) = Hp(B G, (m =0

Nex(, consider the associnted fbering 4 ¥ -+ P owith fiber X, According
to § 6 and § 7, this fibering delermines a homolegy exact couple

€ =<D E;ij k>

and a spectrul honiology sequence { E# } which will be referred to as those
of the vegular covering space X over &,

Avcording to § 5, the lundamental group m, (P, ) ~ 7 acts on H{X; G}
ax a group of left aperators. Ilence, by (6.2, we have

115.2) EL a HplP (X, 6)) - Hplw: H X s

and, by § 7, the group M%) — H[Y: €} ~ HB: G is filtered with 2%
as 1% assoclated praded group. More precisely, we have

HulBiG) = o, o[ #) 2 Hopor, E) 200 2 Hpul®] 23 L mnl¥) =0,
A kA nerliE) == EE@'

Furthermore, we have
Rel®) - HAX;G), S55i%) - Hyjm: G)

together with two commulalive triangles
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HglX, ) 22— H B! 3] Hulfd, G -2 Hpim: (7]
N ; / | Ve
2 -\x 4 K ___.-"’ I

N o & po¥

07 10
where e, is induced by the projection w: X = B, g, = 2,072, the «'s are
epimorphisms, and the s are monomorphisms; um, will be called the
ralural humomorphism. As imnmediate consequences, #, (%) is the image
of oy, and #%_, (¥ is the kernel of g,

sitnilarly, we have the cohomolegy exact couple

7 o S DH'I; E‘IH; .1'*' i*’ k*:'}

ant 0 spectral cohnmology sequence { B2 1 ol the regalar covering space X
aver ¥, In particalar,

{15.3; EWE mp JI¥M(P, X )y = HYm IFH X G

and #{E*) = H¥ B, G) is fltered with E*™ as its associated graded proup.
Furthermore, Rl 8% = He(X: (3, Spi%% - H¥m: )

and we have ten commutative Lriangles

Hem o) s BeX,G) Helm G)-" ' HetB; 6
E

N NS

I
v
J'L"'Ih;r
with propertics analogons to those in {le homology case. If & 15 a comomu-
tative associative ring with unity element, then (153.3) is 2 ring isomorphism.

16. A theorem of P, A. Smith

In the present and the following two sections, we shall vive o lew of the
applications of the spectral scquences oblained in § 13

Theorem 18.1. Jf i discrete proup 1 acks freely on a locally condraciibls
acyclic space X of fndle dimension, then m has no elementd of fiudle ovdey other
thaw 1.

Proof. Assurue, on the contrary, that & has an elepent & of order ¢ +£ 1,
The subgroup of  gencrated by £ 1s a cyelic group of order » and acts freely
o AL Thus we may assume that & itsalf is o cyclic group of onder 7. Let
£ o= Xt denote the orbit space. Then X iz a regular covering space of B
with s as quolient group, This implies that B is locally contractible and
finite: dimensional,

Let & = Z be the additive group of integers and let x operate simply on
(r. {onsider the spectral hemology sequence of § 15 Since X is acyelic, it
follvars that Eﬁ_ﬂ s Hpim) and Ef, =0 if ¢ £ 0. Then, by {VEL; 8.3),

we ohtain Hy(BY = flmy,  (p 2= Q).
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Sinee M s bocally contractible, Hpif) = 00 p = dim B, However, (7] s~ m
if $ 15 odd. See [VT; Ex. K§). This is a conlradiction, |

17. Influence of the fundamental group on hemology
and eohoemology groups

Let B denote o pathwise commected space. Since the singular complex
5{B) has the same homotopy and hemology structure as B, [V; Ex. I, we
may assime withot loss of generality that B islocally contractible. Then the
universal covering space X of 7 s defined and the fondamental group
m = m,(B) opetates frecly on X

Theorem 17.5. fimp(Bl = O for | < ¢ < 7, then we hove Hhe walwral 50—

wtot bl smes
te A B G m Hylm, 1, wt H®m; G s HP(N ()

for each B < ¥ and pugry coeficlend prowp G on which woperates simply.

Proof. Consider the specttal homology sequence of § 15 Then the assump-
tion implies that H & 7)) — 010 <2 g =2 » By {13.2), we have
El . U, Hp+g-=Irandg 70

ol
Then it follows from (V111; &5} and one of the comruatative triangles in
g 15 that g, i5 an isemorphism whenever £ - #, By consulering the spectral
cohomology sequence, one can also show that g* i3 an Isomorphism when-

ever H <7 |

'T'hus we see that the fundamental group of B determines the homelogy
groups and the cohomology gronps of & for il dimensions less than » 1f
s BY = 0 for every posatisfving 1 <2 p <2 .

To study the proups of the eriticad dimension », let us conzder the homo-

roorphismme
g HHE L G) = Helf3 (7}, w* HRB, &) »JITALG)

indnced by the plojection w: X ~ B Denote by 2.(876G) the mmage of w,
anid by A7(E; G the kernel of o,

Theorem 170 [f stpiB) — { for b < p <, then 106 have e aXact sequences
(et HAX: 6y St HAB, 7 22 e (w6} w1,
(] HOX: Gl o - B ) < I G« D,
and REHEE pp i QUEAR: G) = Helmi 6, ATB G & Hilw G,

Proof. Consider the spectral lwomology seiquence of § 13 and in particular
the terms of 2 with total degree » — 1 and #. Let

e = 8, oy = W, Oy — P, A =0, (M r— L, 2]
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Then it is easily verificd that the two-lerm condition fr 1 #; 2} of
(VITE: § 8] 1s satished. Since £, =0 and EE.U 2 Ty f; ), we obtain
N exact sequens
) HeB 00 2= Hefnw, G =00,
According to§ 13, the kernel of pop 353 (%) and the image of w,: K,
(X0 e FRAE; G s 2 (%), Sinee £ contains only Lwo terms of tolal
degree » which might be different from zero, namely, ET, wnd F8 it follows
thal #%_(,[%} = o+ %), Hence we obtain the exact sequence (a). By
cotsidering the spectral colwmolngy sequence of § 15, one can alse establish
the exactness of the sequence (4], B

In the proof of (17.2), we did not make full use of the two-term condition
fr— 1,72} Indeed, we actually have lenger exuct sequences given in
the following

Theorem 17.3. ffay (Bl = Ofor ] = p < ¢, thew we have the exacf sequences
(W) Hr L [B1GY Myl G I G )22 Hi B G 22 Hylme €)=,
(eh HEAAB G B2 Q) <2 HIX G 2 B 6 « i (7)),

For the definition of the uperators £ and J_, see (VT; Ex. K.

Proof. Applying the {we-lerm condition {»— T, #; 2} as In the proof of
(17.2), we obtain instead of {o] a lomger exact sequence
\

1] KL =~ HyB G) 22— Helxn; G} =1,

whiere Ei, ms Hyim; HeAX G i {somorphic with [ H X )0 according
to VI, Ex. K1), I'ur further extension of this exact SeqHence, we have to
consider the terms of E* with total degree » + 1. There are only three such
terms which mght be dilferent from zero, namely

EE,;HJ E.f,r- EE, o 7w He_ (o G

let # 2+ 2. Sinee the diffcrential operator % in I'01s of degree (— &, 2 —- 1),
the clements of &4, and E}, are cyobes and o0 semts £% into Efy 1T
# .. ¥ + 1. Sinee every element of EY, is 2 cycle, we get an exact sequence

™ I||'+| .,.!.-l'_] -,._E_J_.H. - i
f'a'I‘.' E-""I‘ J,.” —_— .E-[Ilf » f—-alr —- I:I.

Since Evy ;= #1710, Ef, = EJ}', and EP, = E71% we can combine (7]
amck (17] 50 thal we obtain an exact sequence
RIEF Eiqe LI 13 HAB: &) 2 Ho: G) -0
willi by, = d+L Bince Uw kernel of 47! i3 obvicusly Elrtg .- £2° 1 and
since K2 s Hefm; ©), one of the commutative triamgles in § 15 givoes
an exact sequence
(52 He (B, G B Hoy (m G) 22 12

Combining {44) and (o), we obiain the exact scquence (d). Similavly, one
can dednce e |
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Note. 1f ( is the group of integers, then the groups Z,(8: ) and ATTE G
are essentially Wie groups Eed B) and A[B] ax defmed m {VI; Ex. ]). Sec also
[Eitenberg-MacLane 1],

18. Finite groups operating freely on §

Let 5o be a fipite group operating freely on the ssphere X == 57, Let
B = 57/n denotc the orbit space and w57 —+ B the projection. By the
[nitensss of 7, one cun casily show that 5% is the universal covering space of B
with @ as projection and that = can be comsidered as the fundamental growp
of K. To apply the vesults of § 17, let us take the additive group Z of integers
a5 the coefficient gronp and let = operate simply on £.

By (E7.1) and [17.3], we have the natural izomorphisn:

(4 wet H(BY o Hplmt, p* > HV(m) s [19(B}

for pach p < ¢ and the exact sequences

(4] D Hy_yim) 220 JAH (87 22> HilB) 2t~ Helm) - 0,
(725 O Tty 2 I (HAST) 25 HB) 5 Hrin] < 0,

since dim (B) = » and therefore Hy (#) = 0 = H(EB).

Proposition 18.1, 7/ there ds an closent £ em which changes the ortentatinm
uf S¥, then v st be even.

Proof. Since & changes the orientulion of 5%, Fis of order 2 = L. The sub-
gronp iz generated by £ s a eyclic group of order & and operates froely on
57, Therelore, we way assume that z itseli 1s the cyclic group of order 4
generated by £ Sinee £ changes the orlentation of 5, we have §x) = —x
for every cloment % of the free eyclic growp JF4{5%). [1 {ollows thal T AHr (ST =
it and the exacl scquence () reduces to

0« Hril(m) « 0« H(B) < Hriz) < L.
This implics that
fatr) < Hrtlg) =1, w0 H(m) s HA(H).
By (VI; Ex. K5, the first equality imples that 7 must b even.

Propasition M.2. !} st contains ah clement £ 7 1 which presevves the
orieniation of S*, den ¢ sust he odd,

Proof. We may assume that w is the cyelic group generated by £. 3ince £
preserves the arlentation of $7, = eperates simply on He50 [ follows thit
F LIRS — Jfpl5F) and the exact sequence [#¢) Decomes

|::','_.-:] 0 H,-H[:zj - Hf[S"J —* H-;-I:..H] — Hri_ﬂ:' -1,
This implies that He, (o) i semerphic to a subgrong of the frew group

Hyi 5 amd henee it s abso free, According to {VI, Ex. KJ), we conchade that
Hyodz) - 0 and so » must be odd. |
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Proposition 18.3. {f » tv cven qud & condains more than one clement, then
s g eyclic prong of ovder ¥ and, for each $ with | < p = 7, we have;

Holly =0, HP(B) asm, ¢ p 15 cven;
Ho(B) ssm, HIP(E) 0, if pisodd.

Proof. Let & 2 1 and i £ | be any two elements inz, then, by (18.9), both £
and i must change the orientation of 57 and hence 35~ preserves tho orienta-
tion of 57, Using (18.2) ance more, we deduce that £y-1 = |, This proves that
& 15 oyelic of order 2. For the rest of the proposilion, (7] and (sv] give all the
homatogy and cohomology groups except Zr(B). The latter can be computed
either from the relations between homology and cohomology groups ar as
follows. In the exact sequence (47}, since both Hy | (fm) and J (M5 are of
vrder 2. ¢by 1nst be an isomorplism. On the other hand, we have Hrin) - 0,
Therefere, iL follows easily from the exaclness that H.8) = 0.1

Proposition t8.4, I} # is odd awnd 05 abelian, then m mast be evelie, Hd ) =
£ s IIP(B), and for each p wdth O <7 p <2 7 we haps,

HplBy — 0, B H) mem,  $f 15 even;
HulB) e, HMB) =0, if ¢ is0dd,

Proof. According to (18.1), every element nf & preserves the orlentation of

Sr. 1L Eolivws thy :
TR e TEASTY) - HST),
and hence the exact sequence (7f) hecomes
i) 0 = Hy, (o) 25 11,050 2o HB) 22 v Hoim) =0,

Since every element of x preserves the ovientation of 5%, B is an otienighble
manifold of dunenszion » and henee we have H(B) a £ ~ H'B). Assume
that s is of order & Then, by the definition of ay,, one can easily see that we
can chonse generalors o € [S7) und # e HA(8) such that w (e) = A8, Hence
ihe exact sequence {o7) inplies that Meim) is a cyelic group of order 4,

According to {¢) and {¥E; Ex. K], il remains {o prove Uwler is cyelic, Let
us asseme that ;7 is not cyclic, Then there is a prime number # such that
containg a snbgroup of the form Zp, 4 £, where £y denotes the eyulic group
of order . We may assume that x itself is of the farm Zy + 2, then w is of
order $2 Therefore, Heim) 1s o cychic group of arder g2 Sinee 20} » 7y,
it follows from (VI Ex. K) that £y is a diree! summand of He(m), This is
impossibe, §

Note. 1. Ifmis a discrete group operating freely on the resphers St then
the compactness of 5 implics that = is finite. 2. Qoe can deduce ali the
hotmology and cohomology groups of the real projective spaces from [18.3)
and (18.4).
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EXERCISES

A. Cohomalogy with arbitrary coefficients

Let & be an abelian group and © denote the regular d-complex CLA, A
Consider e gronp A* of singular cochains of X medulo Xy with coetficients
i1 65, Then A% is a graded group with A% Homi(Cy., &) and a differentia)
pperator & of degree 1. Sinee Mom [C, &) 14 the direct provduci of the graups
Hom(Cy, G, Tsee E-3, po 1477, A% b= a subgronp of Hemil, G). Deline a
decreasing filtration { A*P } in A* by laking

A%p . [feA¥ |FiCrTy =0}

+

Then A% is a subgroup of the graded group A% with AR =A*2 0 Ak,
Define a weight function w on A* by taling wi/], jC 4%, to he the least
upper bound of the integers ¢ such thutl fe AR, Prove that 0 = w(f) =
dlitn {1 for every nen-zero homegeneous dement f e A% Therefore, with
the [ltration [ A*?}, 4% becomes a regutar d-complex.

Study Lhe associated exact courle

AN = < I, B T R
and its derived couples, as {ollows: prove that
Ef, ae HomlCol B, I3y, J4(FG]),
¥ me HY(B, By, HUT G,
where [I2(B, By; He(F; G} denotes the p-dimensional singular cohomaology
group ol B moedulo B, with tacal eoefficients in HeF, &}, and that i G 1z a

commuiative associative ring with a unity slement, then these are rng
imomorphisms,

B. The spectral cohemology sequan]n:e
Consider the regular d-complex A* of the preceding exercise, Denote by
Wnl ¥ = < DR EFRR; {3 e, ke

the sncoessive deriveed couples of the associated exact couple % = %(4%).
Then the associated speciral sequence { %@ n = 1,2+ } of ¥ will be
called the spestral cokomology seguence of X modulo X, over G

Prove that #70%) = #4% H*X, X,; G s filtered with K*% as its
associaled graded group, more explicitly,

HX Xy Gl — 3y ml®) = H - (E) = el &) 2 H e, ) =1
ﬁ?.u{?”ﬁ’mhq—l[{ﬂ = f';ff
Hlercafter, we shalt use the notation Hee(X, X, &) - g, el %],

Next, asswne X, = 1 and prove that Hel®) - HoF; &y and ST =
HeiB; . Then we obtain the following commutative triangles
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HAX: 7) Ln THiF ) HY(B: 6) X~ HoX, 6

\ . WA
Ew/ Ny

where 0%, w* arc induced by 0:F 2 X and w: X > B, the %'t are epi-
morphisms, and the s are monomorphisms, Prove that §f VLA G) 3y the
kemel of #* and H#9X; &) is the image of w*®

Now, consider the transgression, According to (VI1I[; Ex. HY there are
cttivalent definitions:

{11 The tramgression is the differential Operdtor dFm; E¥e I S

(21 In the following lomomorphisms

H®-UF; G)— [im(X, F; G) <2~ Hwi8, ), (m > 2),

let M denote the image of w* and K the kerned of w*, Then the trausgression
iz the homomorphism Tid7 M) = H(B; GIK

defined as in (VITI; Kx. Hj.
A romparison of these definitions shows that Bt 1s isumorphic Lo the
deyge of H™E &) in H»(X | F; ) under the indocoed homomorphism e,
Let € be the group of integers mod 2. Prove that the transgression f
comnmntes with the sqnare operations and the reduced powers of Steetrod.
Investigate analogously the franzgression in the spectral homology
scquence of § 7.

€. The maximal cycle theorem

In addition to the assumptions of § 5, assuwe that G is 4 feld, Then Jrove
the following

Fheorem. I Half3, By G) — 0 for each s foand HglF Q) = 0 for
vach # = 7, then we have:

Ul X, X5i G0 0, (m=p+ g0
HpglX, X0 G) = Hy(B, B G g Hy F; GV

Deduce the following assertions:

LW G20 and HoiX; G =0 {or each »e = {}, then at least one of the
following threo staterments mnst be true:

() (B G) 0 = Ik, G foe each s o O

(b} [Tal8; G} # 0 for infimitety many values of .

i) HulF &) o 0 for inlinitely many values of m.

2. If a enelidean space X - F® has a bundle strocture over 2 bose S pEce
7 with a vonnected fiber F, ther bath B and # are aevelic.

D. An isamaorphism thecrem

In addition to the assumptions of § 9, assume that X p 7 3 and hence
Hy 7 7. Prove the fallowing
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Fheorem. 11 HmlB, Bg; 1 . 0 lor cach m - p and Ha(F; &) - Q for
0 < # < 4, then we have

wy ! HulX, X €)= HalB, By &), (m < 5+ g,

r

and an cxact sequence
Hyuaa[ X, Xy G D0 Hp g (B By G - HoB, By ) e Il(F G}
s Hpu ol X, Xy G 24> Hyp B, By -+ 0.

Establish = similar theorem for the spectral eohomology sequence.
",
E. Some special cases of § 15

Prove the following asserilons:

1. If 77 15 a free cyclic group and acts simply on the homology groups
HulX 61, =0, then Hy(B:G) is an extension of Hy(X G} By Hm . [X 6.
Hence, in particular, if & is a fickd, then JIn(B;G) is the direct sum of
Hp (X G and Hy—[X G

9. Hm i3 a finite group of order & and (7 is a field of characteristic seo o
prime o &, then

HulB1G) w2 J(Hu(X:G)), HMB:G) = LH™X G)).

3. Ifzris the direct product af a free cyelic grouprand a fimte group of order
k{7 is a field of characteristic zero or prime to k, and sz acts simply on the
homology groups HulX:G), m 20, then Hplll G~ Huld G +
Hp  [X G)

F. Relations between the cohomology algebras of a space and its space
of loops

Let B be a pathwise conrected and simply commected space and by a Zivern
pointin B. Let X = {#; 8, 8,7 Then, X is a contractible fiber space aver Vi
with fiber & — A(E), the space of all loops in # with by as basic peint. Prove
the following asscrtions:

1. { K is a feld and the cohomology alpebra H*(#; K] 1s isomorphic to
an exterior algebra over K generated by an clement of odd degree », then
the cohumology algebra FI%(H; K is isomorphic to a polymomial algebra
penerated by an clement of even deyree # + 1. [Semre L; p. 201

. 11 K is a field ol claracteristic zeto and the cohometogy algebra (4 K)
is tsomorphic to a polynomial algebra generated by an element of ewven
degree #, then the cohomology algebra H (8] K] 15 isomorphic o an exterior
algebra generated by an element of odd degree n + I [Serre 17 p. A01].

9. If X is a field and the cohomolopy algebra B*(B; K 13 lsomorphic Lo a
polynominl abgebra generated by an element of even degree » = 2 then the
coliotmology algebra H¥(F; K} is isomorphic to an exterior algebra generated
by an etement of odd degree # — 1. [Serre 1, p. 4592

4.1 K is a field of characteristic zero and the cohomology algebra
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I B K is isomotphie to an exterior algebra gencraloed by an element of odd
degree #, then the colwmology algebra H*(F; K] is isamorphic to & polvno-
mial algebra gencrated by an elemnenl of odid degree s — 1. [Seree 1 p. 484

510 K oisow feld of characteristic zern and the cohomalogy alpebra
Irs{f, K| is isomarphic to an exteriol algebra genenited by an element of
even degres » I, then the cohoroclogy algebra JP¥(F: K) is tsomorphic
to the tensor product of an exterior algebra generated by an element of
degree w — | and a polynemial algebra generated by an clement of degree
D4 — 11, Serre 1) po 48Y).

G. If & s a field of characteristic p o4 O and Hw{f5; K s HR(SR: KO for
eviry s pln — 1) 4+ 1, where 1 % 3 s an edd integer, then the subspace
of the cobomolgy algebra F*(1: K| Tormed by the elements of degree not
cxcecding - 1) admits o homogencous basis which consists of the
clements £ 1, 3, 4% -, vP- 2], wheore Seree 1; p, 4847
I, degimp flu- - 10, yP =M

7. If K is a feld of characteristic ¢ 2 0 and the subspace of the cohome-
logy algebra H¥(E; K} furmed by the elements of depree not exeecding £,
where ¢ = 215 an even inleger, admits a homogeneous basis which couslasls
of the elements { [, v, 9%, y2- 2}, where

deg vl - g, deg (2} = pg, P =10,
then the subspace of A*F K) foemed by the clemenls of depree ot
cxcecding pg — 2 wlmits a homogeneons basis which consisis of the elernents
11, 8, v}, where [Serre 1) p, 495]

deg (w) - y-- 1, degin) = pg—2,

deg [v] = »

G. The cohomology algebra of {Z, m)

Lel Z be the free cvclic group. Prove that the cohomaology algebra £¥[Z)
ovet the ting of integers is 1somorphic to the exterior algebca generated by
an element of degres | and the cohomology algebra IF*Z, 2 over the ring
of integers 15 isnanori: Lo the polynonuial algebra gencrated by an clement
of degrec 2,

Next, Iet & be a field of characieristic zero. By means of €he relations |
and 210 Ex. T, prove thatl the cohomelogy algebra B*(Z, »; K) over K is
isnmorphic to an extorlar algebra generated by an element of degree e if »
is o] and 1% isemorphic to a polynomial algelea penerated by an element of
degres » 1f 1 is even.

H. Tha cohomoplogy algebra of 1 (8™)

Consider the sphere S5t of dimension s % 2 and study the cohomplogy
algehra of {he space £ — A(5®) of loops in 5* with 55 as basic point. Let
= [&% 5 5] Then T 15 a contractible fiber space over S8 with projection
0 = S0 and fiber Q7 = ). From (15.2], deduce an isomorphism

gt IR ay Hmend| (e
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for each w; p* is a derivation or an anti-derivation wceording as = 15 odd or
even. Thus, a homogeneous basis { &} ¢ =0, 1,2+« of H¥F0%) 1: glven by

pp =1, & - pr e ), 1 =1,2,--,
with dim {g) = 4iw - - 1}, Praove the following
Thearews. The multipdicalive shructure of the tntepral eohomology algebra H* [ £
is given by Hhe vule epfy = Cp gtp_g. WHEFE Op g 15 RN IRIEEEr [IER 45 folloaes:

(8] If n ox odd, Ehen i = g!
(W) If wd7 even, thew gg g O F bolh p and g ave odd | otheriise
i g2t
P

[2/2]! lg/2:t
where | x| dewotes bhe largest Tnleger und excesding %,

Then prove

1. If # is odid, then (&P = {pNep. H # 4y even, then {¢)% =1, (g% —
(P liggy, and £16qp = Eapfy — Eupay

3. n is even, then H*0%) &5 isomorphic to the {cnsor prodoet of the
algcbras H*(57-1) and F*{Fn-1),

3 Lel K be a feld of charucteristis zero. Il & 15 odd, then IF*(8=; K] is
isomotplic 1o a polynomial algebra generated by an element of degree s — 1.
Tf » is even, then [F*(6m: Kb is isgmorphic to the tensur product of an
exterior algebra generated by an element of degreew - 1 and a polynominal
alpebra generated by an clement of degree 200 — 15

4. Let £ be a ficld of characteristic o 7= 0. If 5 1s odd, then A*(0#, K} s
isomorphic to a palynamial ualgebra with infinltely many  generators
fr(f =0, 1, -], moduko the ilead generated by (4@, 3 = 0, 1,- -], fy being
of degres gtin — 10,

5. The cohomology algebra JI*(5-1 5 P-1 35 jsomerphic to the tensor
pravhict FIMER 1 g B0 1),

I. The connective fiber spaces of 5°

For each % 2 5, ket X, donote an s-connective fiber space over 53, Yerily
Lhe follenying resulls on Lhe coliomology algebra B Xy, 2.0 due to [Seme 3]

1. For the dimensions « 1t, H#*'X,:Z,) has a homogeneons Dasis
{1, a b d)wheredim ig) - 4, dis [0} = 5. & ic) -+ 8, dem [(d) - 3, aned
where b - Sg'a, ¢ = &% d = ab,

2 For the dimensions &8 8, H* X, Z,) has a homogeneous basis
£, ¢ fop b 41 where dimie) =5, dem(f) . G =dim (g, dim (k) =7,
dise () B, and wheve f S¢le, b = Sglg = Sqte, 1 = Sg¥f, S - O

5. For the dimensiors = 7. %X ., Z,) has o homogeneous basis { 1,7, & }
where i ({7 = 6, dim (&) = 7, and where &¢'] = 0, 5¢% 0.

4, JI%A L has o basis formed by a single element e with Sgim o= 0.



CHAPTER X
CLASSES OF ABELIAN GROUFPS

1. Introduction

Crur principal resnaining object is the compulation of cortain of the ETOUDS
w5y To facilitate these computations, a dipression on Serre’s oliss theory
of abelian groups is necessary. It is 4o this digression that the present chapter
is devoted; the study of the groups mm{s%) is deferred o the next fand hnal)
chapter.

In §4 2-6, we intrecduee the formal detinitions. In §§ 7 .10, cerlain im-
mediate topological consequences are obtained; the meost important of Lhese
15 1the gemeralized Hurewicz theorem, fram whicl one deduces chat the
harolopy groups of a simply connected finite polybedron are finitely
gonerated.

2. The Definition of Classes

A collection % of abeltan groups is called a sless if the following fonr con-
ditions are salesfied:

{0 1) & contains o group which consists of a single element.

(C2) If & group A s isomorplic Lo some group in#, then A is in &,

(CG3) Ha group 4 is a subgroup or a quotient group of some group in @,
then 4 is in &,

[(CG4) M an abelian gronp A s an extension of a group in % bv a group
in %, then A is in %.

Examples of ¢lusses are Hsted as follows, Verifications are left to the Teader.

[} The olazsa# of all abehan groups.

[2) The class @ of all groups consisting of a single element,

[3; The class &7y of all fimitely generated abelian groups,

14} The class & of all finite alelian groups.

(3) The class of all finite ubeliun groups with arder not divisible Ly iny
prime number of a given family of prime numbers. In particular, if the given
family consists of all prime numbers except P, this redoces to the class w75
of all hnale ubelian groups of order 7, ¢ =0, F,2,-- -,

(6} The class 57 of all forsion groups. An abelian group A iz called a
porsion prowd i every element of A s of finite order,

Qther examples of ctasses will be giver in the nexl section and in Ex, A
at the cnd of il chapter,

217
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It is an easy exercise to prove that a nom-empty collection € of abelian
aroups Is a class 1, for every exact sequence /.~ M — N of abelian groups,
the following condition is satisfied:

(CGE Le® and N ¢ imply W ¥,

Furthermere, it can also be verified that every class & has Lhe following
priogreriies:

(CGE HHAe?® mul Be¥, then A + Be¥.

(G771 If A % and B is finitely generated, then 4@ B and Tor(d, B)
are 11 %,

(CGB) If A is fini tely generated and A €%, then Haid) €% for every m.
See (VI Ex. G).

1 is, of conrse, necessary to observe that a class % cannaot be o osel: thos
the usual precaviions must be taken to avoid cunlradictions. See E-3
p. 120].

3, The Primary Components of Abelian Groups

Far any given prime number ¢, the p-primary component of an abclian
group A is defined to be the subgraup of 4 consisting of the elencnts af
crder pf ¢ - 0,1, 2,--- 1A 13 a topstnn group, then it is the direct sum of
its peprimnaty components for ali . Henee, in order to compulc a certain
torsion group A, it suffices to compnte all of its primary companents.
“ee [Kaj.

1f, for some primie nummber #, an abelian proup A reduces Lo i3 H-Primury
component, that is, if all clements of 4 have ovders which are powers ol #,
then A is said to be a p-peisary growp. A finitely generated abelian group is
p-primary iff it is of vrder $ for some ¢, Tt s evident thal, for a given prime
number p, the $-primary groups form a class &,

Let F he a given famiiy of prime numbers. Then the torsion groups with
null p-primary components for each prime number # iy the family F con-
stitute a class. If F ocontains all prime aumbers, then this chass reduces to
the class € il F consists of all primes except a given prime number g, then it
heromes the class 3 1f F 1s emply, then it is the classF

4. The ¥-Notions on Abelian Groups

For a given homemorphism f:d = B, let Bmif], Ker(f), aml Cokerf)
denote respectively the image, kernel, and cokernel of f, Lhiz latter is

defiped by _
Coker[f] — H{Im(]].

The {olkowing sequence ix obviously exact:

0o Karif] = A Lo Hox Coler{fy = 1),
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Furthermore, any pair of homomorplisms

R SR SN

gives rise to 4 nefural exact sequence 3{f, g):
0= KNerlf) — Rerigf) - Kerlg) - Onlerlf) = Coker(gf] —+ Cokerlg) - 0.

In the applications of class theory, the groups in a class % are usnally (o be
neglected o a corluin sense, Thus we are led to the lollowing terminclogy:
Let % beagiven class. A group A s said to beEwelf f A e¥. letf, 4 = B
be a homaomorphism. Then f s said to be a €-monomorphism if Kerif) 0¥,
o E-cpimorphism U Coler{fl €%, and a F-isomorplisn if it is hoth o %-
monemorplusm and a E-eptmorphism. If o @Lsomorplism f 1 A -» B exists,
then A 15 sald to be @-isomorphic to . 11 % i1s the class @ these notions
coincide with the corresponding classical notions; and it 15 mere or less
olwioms that, for an arhitrary class €, these notions have the same formal
properties as the clhassical notions, The detiided statement of these facts is
deferred to Ex. B at the end of the chapter.

Two abeliun groups 4 and # are satd {0 be F-equivalent if there exists an
abelian gronp L with two F-isomorphisimis f L4 and ¢ 2 L= B,

Proposition 4.1. Twa aficlian proups A anid B ave Wecguinalent if there exists
an alelian group A and fwo G-ssomorphisms b 1A > M and £ 0 B M,

Proof. Sufficiency. Let L denote the subgroup of the direct sum A + B
consisting of the elements {a, 3] such that E#) — &{4). Define homo-
morphisms f @ LA and g L Hby fla, ) — 2 and gla, ) — 4. Then one
can vty that f and g are €-wsomorphisms.

MNecesseby, Let 4 and B be @-equivalent. Then there exists un abelian
group L together with dwo ¥-isomorphisms f i LA and g L — B, Lel M
denote the quedicnt group of the direct sum A 4+ B over the subgroup con-
sisting of the clements {f{i]. gif)) for all X let p 1A + B— M denote
the natural projection. Define horomorptdsms & . 4 = M and 2 B
by Ala] — pla, 0) and E(B) = {0, §). Then vne can verify that & and % arc
E-isomorphisms, |

The relation of being ¥-equivalent is obviously reflexive and symmetric.
It 1% also transitive,

Tar werily this, assume that A, 3 and B, € are bolit $-equivalenl. By
dehisition and (4.13, there are two abelian groups L, M and four %-iso-
morphlsms

f:lod g LB A B-=W, k.0 =0

aince g L L - M1z a¥-isemaorphism, it follows that A and O are $-equivalent,
This proves the transitivity and the relalion of being ®-equivalent is an
equivalence relatinn,
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5. Perfectness and Completeness

The claszes of abelian groups with which we will deal in the sequel nsnalky
satisly some further conditions described as follows,

A cass F in said to be perfect if 4 ¢ implies that H,(d4) o for every
= 0, % s osadd 0 be complafe i A ¥ implies that A& Bew and
Tor(d, By e lor every B, % is suid to be weahly complae if A% and
Eew imply that 4 @ Bc% and Ter(d, P) ¥, % s said to slrongly com-
fete if every finite or inbnite direct sum of groups in % is also In &, Every
complele olass is nbvicusly weakly complete, and 1t can De verified that
every strongly complete class is complote and perfect. See Ex. C at the emd
ol the chapter.

The uscfulness of these completeness conditions can be ilhistrated by the
following

Proposition 5.4, If & is o complele class, X a pathwise connected space,
Xoasubspaceof X and 0 = { Gz 20 X ) alocal syatew of groups on X with
cach Go %, then Hy(X, X, G) s in ¥ for each m = 0.

Proof. Pick sy X s in (1X; § 23 and dencte Guy, wse by G, Then i A Xq
6] is ispmorphic with a guotient group of some saberonp of ColX Xoel
which is in @ Hence Hn(X Xy G)isin % |

As to the examnples of classes {10 (6] in § 2, one can verily that (1], (2},
(G4 are strongly complete, and that (3], {4}, (5) are prefect and weakly com-
plete bl nol complete. The classes in § 3 are all stromgly complete; in
particulur, the class &q of the p-primary groups is strongly complete. Fuor
an example of a ¢lass which is perfeet and complete bul not strongly com-
wele, see Ex, A2, at the end of the chapter,

In the sequel, we will deal with two ditferent kinds of applications. For
the first kind, it suffices to assume that the class € invalved is weakly
complete (and, somelines, perfect]. For the second kind, we have to assune
that % is complete. However, this difference is not of much practical im-
portance. Lo fact, -the homatopy and homedogy groups considered 1n the
applications are wsuaily finitely generated; and if 4 is a given class and
is the class consisting of those abelian groups all of whese finitely generated
suberoups are in %€, then % is stronely complete and

@y oy = € Ny,

6. Applications of Classes to Fiber Spaces

Let us go back to the notation of [(IX; §3) and assume that {8, &)
operales simply on the homology and eohomology groups of the fiber £7
Unless otherwise stated, the coefficient growp 7 is the growp of integers and
henece is omitted from 1w rolations,
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Let & bu uny given class of abelian groups, Let us consider the spectral
hotology sequence of [1X: § 71.

Lemma &.1. 7f, for soman o 1 Ly, F, then Ly, E%.

Praof. Since ERt! Is the quotient group of a subgroup of ER o iLisin o,
Then 1t follows by finite induction Tt Er isin®_ I

Lemma &.2. If, fur @ gloen pair (p, q;, EEE whonsver ¢ 4 f = p 4 g
and & = p o then I, X X)) e¥. In bavttenlar, df F_f;c_-‘i‘; whenever § 4 | =
b Fog then Hy (X X)EF,

Proof. The lerma follows from the fact bl Hy 0%, X0 is an extension
':'f }.I'E_hj_j[-':l!l:, xu':' h}- !i:} ﬂ]ld t].:ld.i j'{n.?ﬂl::{r X‘}} - 'FI'-I'_:::?:I.I' '

Proposition &.3. [} & is o weakly complete class and if, for some wteger
¥ o0 HgiB B €% and HplI) CF whencver O <2 < p, then we huve
HaolX, X)) e € whenevey 0 < w = 7.

Prool. According to the above lenumnas, 1L suffices to show that Eﬁl [EE
whenever @ < 4 - g < r, By {1¥; 4.3,

E;,g e Hp 8, Bol & Hy(F) - Tor(Hy (B, By, HyiF)).
gm0 g0 and 0= p 4 ¢ s2v, the weak completeness of % inplics
Lo, 6% If g —0 und 0 < & =, we have E}, == HGiB, B¢ since
I e 2
Ta verify the proposition for the cases ¢ = 0 and p == |, let ns first assume
f1, # C. Then H (8, B) = } and henee

Bl 0 8o 1 = H B Bl e My (Fle¥
whenever <2 =2+, Mext, assurme (hat B, = 0. Then HyB, By w2
ani] bence

Fiw ™ HalFLC®, Eim_, & H\(B, B) & Hu_ (¥} e®
whenever O <m0 r, |

Proposition 8.4, Jf & ix w complete class and 3, for some $uleger H =0
and § == U, HoplB, By r % whenever s Z= P and L F % whenever m T,
fhen Hnl X, Xy) CF whenener s = 9 + g,

Prool. By the completeness of €, it follows thal Ei;-E‘-’:f whenowvoer,
#4 f &P+ g Ilence the propesition is an kmmediate consequence of the
above [emmas, |

Throughont the remainder of the section, we assume that B, £ 0 and
Benee H (B By =1

Theorem &5. If € 15 a weakly complele class and if, for some fSHATer s

p o= Oandg 2 O wedave B8, B) = 0, Hnlfl, H))© @ whenener | < wg o P,
asid HsuF) € whenever 0 <2 <2 g, then the tnduced homomorphism

l'.:l.:',l-. - H?H::X_I qu]' ’HIfLI:HJ E{Il:
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s a T-isomorphism whenever w5y and 45 @ Geeplmorphism whensver
mo=r-i |, wherer Inf{fq+ 10

Proaf. The kernel of e, i3 Hp_y,, (X, X)) according bo {IX; § 7). There-
fare, in under to prove that w, s a %-mowomorphism For m = #, 1t sullices
ta show that E2, =% whenever 4 4§ slr and j 3 L. Sinee

Ei s HB, By @ Hy(Fy ~ For{He (B, Byl HiF),

i1 follows that EEM. =, Efd =0, and EifE ¥ whenever ¢ = 1,7 =1,
and i + § = # This proves that a, is 2 $-monomorphisin far = 7.

It remains to prove that o, is a ¥-epimorphism whenever w =¥ 4 1.
By (1X; §7), the image of o, is /i . Turthermore, we have

Koy — Enpt e o S ERN QIS e S By = HolB Bl
E:L.il-'rﬁ-i;e-.IEII s BT | S LA AL o LS ).

Sinee E) 4 15 of total degree m—1 <7, 1t i3 in ¥ fort Su < m This

irplics that the cokernel £ JER-1 of @, 15 in % |

Note. If p < g + 1, the conditien H,(B, By =0 may Le replaced Ty
¥ (B, By &% 1n fact, only this is used in the proof of £, &%,

Theorem &.6. /f & is a compiote class and 3f, for some inlegers p > @ etnd
g = 00, e have Hylli, By} & € whenever O <0 wm < b anid Hap I £ € whenever
0 < w =0 g, Yhen the tnduced hemowmarfhism

wy  Im{X, Xo} » HulB, Byl
s a G-rsomorphivm whenener m % r and i o E-ppimorphisis R NEVEF
wmo— 7 — |, wheve v = p 4+ ¢— L

The proot of tiis theoremn is analogons to that of (6.5].
In the remainder of U section, we are concerned with the important
special case whers the subspace B, consists of a single point 6y Then we have

Hy(B, By — 0. Hyllh, Bo) ~ HuiB), im 3 1),

Prapesition 6.7, If & ts & weakly complety olass, of HplX)c ¥ for £ach
m = 0, grd 3 HL(E) = O and H ofB) e € wheneter 1 <2 m < for some fiven
integer = 0, then Ha(F) ¥ whenever 0 << m < p— 1 awd e fomo-

MBI Hy () « 2 HplX, Fy 22 HylB, b o Holl)
define g E-cqumvalence of Hp_[F) and HylB).

Frool. We shall prove this proposition by means of induction. The case
$ — 1 is tlvial. Assume that p = § and the proposition is troe for —1.
Then, by the bypothesis of indoction, we have HaiF) e % whenever
02 < p— 2 and Hp_giy s @-eqnivalent Lo Hp (5] and hence s in &.



B, APPLICATIONS OF CLASSES TO FIBER SPAGES 303

Applying (6.5} with ¢ =4 — | and B, — &, we deduce that (X, F) is
W-isomorphic to HplB, Iy} under e_. In the cxacl sequence

s HplX) = Ho(X, £) 2 Hp [F) = Hp_ [ X) = -,

we have Hyp{X) e¥ and Hp () e % This implies that # is a @-iso-
morphisnt. |

Proposition 8.8. [} & is a comgpiete cluss, Ha[X) 6% for cach wmt == 0}, and
HanlB) € @ whenever O < s <2 P for some given Tuteger p = 0, then HplIN e €
whenevar =m0 P 1 and the hossomorphisms

Hnld) = 2 Hyppell X, F) =% Iy, (B, by 22 Hoy (B
define a E-cquinalence of Hp|F) and Hun [ B) wienever p— 1 <Jm < ap-e2.

The proot of Us theorem s analogous to that of (6.7).
A space X is sald to be $-acpolic if (X e € for each m == (1

Theorem 8.9, If & in a weakly complete cluss, B (BYy 0, and two of the
staces A, B, F are €-acyelic, then 5o 15 the thivd.

Proof. If the twao spaces are B and F, then it follows from {6.3) willir = 25
and By — 0 that X s €-acyclic.

If the twe spaces are X and B, then it follows from {6.7) with # = oo that
s E-acyclio,

I the two spaces are A and F, then we shall prove Hy{H) ¢ € by induction
on f.The case o= 1 s trivial. Assume f 2= 1 and (B e € il < m < p.
By i6.7), Hp{B) is F-cquivalent to Hy ({F) and henee H(B) % |

Ax an application of these vesults, let us consider the special case whers
A |5 E & and w: X - Bis the initial projection, In this case, 1he fiber
£ becomes the space AR = [B: 0, b, .

ol all loops in B with By as basle peint. Assume that B s simply connected
and hence A(H) is pathwise connected. Therefore, we may apply the tesults
of this section. Since [£; B, 8] is conlraclible, the fellowing theorem is an
iminediale consequence of (6.7 and [6.2).

Theorem 6,10, /i % fc g class and H o {B) = € whanever O =0 m < b, then
Hu[L[B)) 48 €-equivalent to Hy, (B for the following values of m:

(4} O = s << £ 4 ¥ 55 meadly complete,

(32} O <2 <2 2 — 2 af ¥ o compicte,

Therefure, for a weakly complete class %, A{H) ts F-acvelic iff B is
‘w-acyclic.

In particular, if B is « space of the homotopy type i, n) with & > 1,
then A{B) is a space of the homotopy type (7, # — 1), Thaos, we may apply
(8. 10) to this speelal cuse and obtain

Huloe, v — 1) = Iy yl= o), 0 m 2 2n—0,

Furthermore, we have the {ollowing abvions
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Proposition 8.1t For an abelion growp m, an indeger » = 1, aud @ weakly
complete cluss '€, the following two siatements are equivalent.

(3) Hplm) EF for cach m >

{41} flglm, #}C € for cachm 2= 0.

7. Applications to n-connective fiber spaces

Let 5 e a pathwise connected space und by a given point in B, According
i (V; §8), we may construnt inductively a sequence of spaces (B, n},
po— 01, 2+, and a sequence of maps

BoiiB,wy (B r—1, w1213,

as follows, Lel (B, B Tor cach » = O, let (f, r] be an n-crmnective
fiber space over (H,a 1) with projection . This system AR e, i }
will be reforted o as u connecitve systom of the space B, If B is Iocally path-
wise connected and semi-locally simply connected, then of comrse we may
fuke (B, 1) to be the uaiversal covering space over 2 with B, as the projection.

Now let { (B, n), f, } be any connective syster of £, Since (B, »] 15 an
n-comnective tiber space over an {m — [oonuected space (B, # - 1) with
fe a5 projectivn, it follows that the fiber of ths fibening s a space Fuuf the
homotopy type (=B}, 2 — 1), Next, Tt

g = fhiy P (Bou) v B om=112"-,

then it i3 clear that (B, ) 15 ap w-connective fiber space over I with wy as
Frojecticd,
Applving (6.9 and (6.11) to the fibering Be, wi obtain the following

Proposition 7.1, ff ¥ is a perfect and werhly complels class, = I= 1, and
sig(B) €€, then the jollowing tiwo statements ave squivalent:

{{] (B, n is ¥-aoyclic,

(55) (B, u- 1) a5 F-acvelic.

Applying (6.6) with ¢ = oo to the fibering fa, we obtain the following
Proposition ?.1..1 } ¥ ix a perfect and complete class, n 7> 1, and ma{8) € #,
then (Paly i B #) = HlB, 5 — 1)
ix w0 E-rsomorphissn for each mo o=
Tinally, it B is (# — lj-connected, then we may lake (B, m) = 8 for

every m s, 91 - | The following proposition will be ased in the ek,

Propuosition T.3. Lel & e @ perject and weakly complete class. [ f 03 in—T)-
comttacted, Ty EE, # = |, and b =on is an inkeger such that HoiB)C &
whenover w o w0 <, then the dnduced homomrphiim

(Pl HulB\ 1) = HulB)

is @ E-tsomorphism for m <0 p and is E-efimovphism for wo= P | L
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Froof. =iwe the fiher 7 = Fy oof the [bering Sy 15 of the homolupy type
(m(fl), n—1), if follows from (B.E1) that B.(F) e for every me = {1,
Lel By= B consist of a single point, then we have H (R, Blo=10 wml
Hp(B, By) 2 € for each wm < . Thus we may apply (6.5) with § = 20,
Hence the indaced homomorphism

(Faltt t HalX, F) = Hp(B B, X (B #),

15 a F-rsomorphisn whenever s < ¢ and is a @-epimorphism whenever
m o= p + L. Simee Ho (I e & for each m o= 0, it follows from the homology

seuence tlit [ HlX) - Bl X, F
A W-lsuenorphism for every m o> 0, Finadly, nzing Lhe i=omiorplisms
R Ml 2 Mo (B, I om0,

we obtain {faly = B (Fulyg. |

8. The generalized Hurewicz theorem

Theorem 8.1, Lot % be g ferfect and woakly complete class, Jf X is a stHe by
connecled space and n =2 is an infeper such that mn(X) 0§ rwhenever
1 < 33 < 2, dhent fhe neatiral Rogrogrurdiisn

B 1Em{ X)) 2 HglX)

15 @ G-isomerphism whenzver 0 < <l 0 and 15 @ G-cimorphism whenever
m =%+ Il

Proof. We are going to prove this theorem by induction on 2. 1f # = 2,
then this ts implied by the usual Hurewics theorem sineo st X1 20 and
Fey(A) = See {V, 4.4) und [V ; Ex. C).

bet = 2 be an integer and assume that the theorem is true for » $.
Let us prove the theorem for » — . By the inductive hypothesis, it follows
that Ay 13 8 F-asomorplism whenever § < a0 < P and is o €eepimorphism
for ss = p. It rewnaing to prove that gy, is a ¥.muonomorplasm and bg, g 5 u
T-epimorphisi.

Consider a connective systemn { (X, 22, 0} of the space X as defined in
§7. Simee X s simply conpected, we may assume (X, 1) = X. Then {X,
P—1jisa [p— l-conmective fiher space over A with

@ =y Bpoy (X, p— 1) n X

as projection, Thus we ohitain a coanmutative reclungle
falX, p— 1) B (X, p— 1)

jn AT
i

F.:
NP =

B ol X)
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WILIC £ihy, CUft 41T induced by oo, and gy, Ay ure the naturat hotrnomaorphisms.

By the defimition of (# - 1j-commentive fiber space, @, B an isomarphism
for # . Since (X, p — 1) is {p— D-vonnected, it follows frem the usual
Hlurewicz theorem that gp is an isomorphism and gp, ) 15 an epimorphism,
Tlence, it suffices to prove that wyg is o F-isomorphism forwe — #and a e
maorphism lor # = $ + 1.

Ginee @ = Soffg - Ppoy it suffices to prove that, for eacii s — 2,35+,
# — 1, the induced heTnenor [Rism,

[l HulX, vy = X, r - 1)

i5 a ¥-isomorphism Jor m — $ and is a -cpimorphism fof # = p < L For
(his purpose, let B = (X, # — |} Then, B 4y [y — 1j-connected anil wo Ay
{ake a conneclive system of B with (B,» — 1) — B and [/, 7] — (&, 7].
Since f7 is simply conmected and s (B) € % whenever 1 <2 m < f, 1l follows
from the imductive hiypothesis thal FHoif) c ¥ wheoever U -Zm - p
Therefore, by (7.3), ({4 is & ¥-lomorphism lor # = 2 amul i3 & E-ppi-
morphism for m — # + i1

Corollary 8.2, feof & be a perfect amd weally complele class. If X is u
simply connected space and 1 3 U {5 an dnbeger such Lhal Hy(X] € F whenevey
1 = wn <o a1, bhen g X € € whenever O <2 T,

This coreilary follows [rom {8.13 by finite induction on w. T herefore, if X
e simply connected und €-acyelic, then X is € aspherical, Le. Jig[A) £ %
for all # = |, In partieular, we have the following

Corollary 83. The homelopy growps of ey sonply countcled finitely
triangulalie space ave fintlely pruerated.

2. The relative Hurewicz thearem

Theorem 9.1, fef € b a pevfect and complete class, X o somply coanesied
space, and X, o stmply cornscfed subspace of X, [fm,lX, Xpp=0amdn =1
is an indeper suck thal mpiX, X\ € & whemever 2 <0 <D m, then the Halural

Ao mnorphisi o e XL Ko = Hal X, X

is 6 C-tsomerphizm whenever T <. m <0 and is a C-epimivpham whencver
o ow + L.

Proof. We prove this theorom by induction on a. I+ = 2, the theorem s
true since Ho (X, X1 = 0 and Ay 15 an lsomorphism by (V; Ex, C). It fllows
from the hypothesis of induction that Ay is a @-lsomorphism whenever
0 o oo w. Hence Hg(X, X, e % whenever 0 <Zen - n IU remans to
prove Ukat Ay is o F-isomarphism and e, s a - Qi LS.

Pick a point x, e X, and consider the space of paths Y =[X, X, =
Then, Y ois a fiber space over X with projeclion w: ¥ — X defined by
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w(f) = 0 for cadh £6 V. Lot ¥V, = [X; X, 5], Then ¥, is pathwise
contected and

-

Tl Y gb # Mg (X, Xl (b 2= 10,

Hence z:,[¥ ) = Oandmg( Yoh o € for2 <l m <2 5 — 1. By (8.1}, the natural
hemcimogphisi ga imad Yy = (¥l 1s a #-lsomorphism for w2 = 5 |
anil is 8 F-epimorphism orm = .

Since F = wlizg) = A(X} is pathwise connecled and Hep(X, X)e®
whenever ) =7 w < #, we may epply (6.6) with # - = and g = 1. Henee the
inslaced homomorplism mgy - Hal ¥, ¥ = HgiX, X)) s 2 €-isomorphism
ot s moand is & W-cpimorphism for me = # + 1. In the dizgram

il

femid, Xp) + Tl Y. Yl W, Tin-1l ¥l

figy fon lﬁm—l

b
HilX, Xg) e ¥, Y —F 5 fin 1Yy

we obtain by = mgpiat g 8w, Fhercfore, fy, 15 a $-isomorphism for
# . woand 15 & Y-cpimerphism fors = 2 = 1,10

Corollary %.2. I{ X wud X are simply commected, m.(%, X} =0, and
Haul X, X5) is in a perfect and complele class & whensver ¥ < g =2 w1, Lot
Tl X, Xg) 45 als i F whenever 7 - =7 n,

Remark, The theorern (9.1 dees not hold #H we merely assume that ¥ is
perfect and weakly complete, For example, 1ot X = A » Band X, -4 2 b,
where 4 and B are simply connected, £ is @-acyelic, and t e B By muking
vations choices of 4, one can sec that (9.1 s true for a given cluss % iff &
15 perfect and complote. Similarly, (B.1) is true iff % is perfect and weakly
cinHele,

103. The Whitehead theorem

Theoram 101, Lot € be 4 porfect and complate class. If X and ¥ are simply
confected spaces, {1 X =Y 15 @ map such that foom (X)) 5 mp(Y) 4 an el
murphism, and 5 2 is @ pluen wdeper, then the folloeing heo stafements are
eigrsnalent!

(0 by (X} e (Y 85 @ W-isomorphisst for mp<n oand 15 g F-ehi-
morfhiism Jor mo. n

(2) fm 0 Il X)) = Ml YD ds g Sdsomorphism for m < and 15 2 E-g-
wierdhism for mo- o ow,

Proof. Consider the mapping cylinder £y of the map §. By (1; § 12), both
Kand ¥ can be naturadly imbedded in Zrand Y is then u strong deformation
refracl of Zy. Thus the map f 15 decompised 1nlo the compuosition #4 of the
inclusion map ¢ X< 2y aml a strong dedormation relraction 702y » ¥,
Since ¢ mduces isonorphisms en homaotopy and homology groups, (1) and
[2) are cquivaleat respectively to the following two statements:
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(L iy it X) s alZy) 43 a E-dsomorphism for o < n and 1% & E-ept-
morghism for m = n.

(97 i Hal X = Huily) iv a C-isomorphism for m <2 n and 5 a B-epi-
oy phism for m o= n,

Then it fullows from the homotopy sequence and the homology sequence
of (#p, X Ehal (17 and [2') are equivalent respectively to the following Lwo
staterments.

N AmlLy, XV EE whengner 15w 0N

(2" Tl &r, X0 € € sohonerar 2 <5 m <08

BEv (2.1], we conclude that (1] and (27 are equivalent. This crtails the
equivalence of (1) and (2). ]

EXERCISES

A. Examples of Classes of Abelian Greups.

In addition Lo the classes given in § 2 and § 3. we grve the following
examples.:

1. The rlass of all abclinn groups with power not exceeding a given infinite
cardinal number w,. In particular, if %, 15 ihe power of the set of natural
numbers, ilis reduces {o the clase @, of all conntable abelian groups.
v enfy that this class iz perfect and weakly complele but not compleLe.

9. The class of all abelian groups A such that there is an integer & de-
pt:]ldmg om A willl Na — O for every g e A. Verify that this class is perfect
and complele but not strondy complete.

3. The class of all abeliun proups satistying 1he descending chain condition.
Verify that this class is perfect and weakly complete bul not complets.

B. Cﬁmpnsed Homomorphisms

By usng the natural exact seguence S(f, @ of two homomorphisis
j:d =+ Bandg: B--C, prove the following six asserlions for a given ¢ lass %'

L. If } and g are ¥-monomorphisms, then so s g

2. I f and g wre ‘G-epimorphisms, then so 1= gf.

3. If gf i= a ¥-monemoryhism, then 501s £,

4 If gf ix i E-vpimorphism, Lhen £0 is g

B.IF pf is o F-monomorphism and §ois a #- cpimorphisr, then gis a
E-monoroorphisin,

G. If ¢f 5 a ¥-epimurphisin and g i a ¥-monomorpiism, then [is 4
% epirnorphilaim.,

C. On Periectness and Completeness

Prove the [ollowing assertions.
1. For any class % ol abelian groups, the {olicwing three statements are
egivakent
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{a) € is cotnplete,

(B) A e implies 4 @ B¢ ¥ for every abeliun group B.

(c) For any 4 £ ¥, every finife o infinite direct sm of groups  1so-
morphic to d is in @ _

2. Every strongly complote class is perfect and complete,

It 35 unknown whether there is 1 class which is not perfoct or not weakly
complote,

D. The C-Generalization of the “Five' Lemma

Prave that the “five" lemma, |E 5; p. [67, remains true modulo a class %
Precisely, :f we have two cxact sequences each with five torms and fve
lwmomorphisms of the groups of the fArst seuence atlo the corresponding
groups of the second sequence with the commutativity refations being
salistd, and if the four extreme hormomorphisms ave €-isomorphisms, then
the midvtle hornomarphism is also a %-isomorphism,

E. The C-Inverse Homomorphism Theorem

Consider 4 class € und an exact sequence

3

Al_lr‘l—'—a‘ﬂg |r:| :'..-{3 .|r.'l & _g":!_,'_ ol Aﬂ]

Assume that there exist two homomeorphisms gy 1 4, A4, and A PR
sech that the endeomorphisims higr and fuey are @-lsomorphisms, Define a
homomorphism A4, | A, = A, by taking hi, +) fix) -F o). Prowe
thal £ i3 a ¥-isomorphism.

F. The Products of C-Equivalent Groups

Let @ be a complete class, Prove tlhat, if 4 and 8 are F-equivalent
respectively to A and B, then 4 & £ and ToviAd, B are ¥-equivalent
fespectively o 4" @ B and Torid’, B7.

G. C-Exact Sequences

1et & be o class and 4, B two subgroups of an abelian group . We say
that 4 and £ are &-egual if the inchision nomomorphisms A4 N B+ A and
AN K+ B are W-isomorphisms, Replacing equality by ¥-cguality, cne can
define the notion of o $-rraet seguence,

1. Lstablish the clunentary properties of #-exact SeIENCES as in -4
. 50

2. Generalize the resulls in (VIIT; & 8) o obtain vatious fundamental
"W-cxact sequetioes.

H. ©On Induced Momomorphisms

Let X, Y be simply connected spaccs, f: X =V 4 mag such that
faimalal) » 2, Y s an epimorphism. Assume that the homology provps anc
fimitely generated.
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| Let & denote the class of all finlte abrelan groups, .7 the clags of all
torsion groups, and & a feld of characieristic zero. Prove that the following
four stulemenls are equivalent:

(] f30 0 HolX) -~ HulY] 1s an F-isernarphism for - and i3 an
F-epimorphism for # = %.

(b for t HalX > Ho (¥ is a F-isomorphism for me < # and 15 a F-epi-
murphism for # = #.

[e] fyp s Mol G v Wl ¥:G) is an isonorphizm for << n and 1s an
epimorphizm for s — o, i

(dy fF Y, ) = He(X, G 6s oan jsornorphism for s 2% and is &
mononorphism for = 2.

2 Let #4denote the class of all finite abelian groups ol arder not divisible
by a given prime number #, F'p the class of all torsion groups with null
p-primary component, and & a Geld uf characteristic p. Prove that the
following four statements are equivalent:

[a) foy HoaiX) = Hal¥) 1% an FFp-lsomorphism For wt =< ® umd i5 an
& p-epimorphistn for w — 4.

by f4e o HplX) = Hal¥)is a Fp-isomorphism for <0 and is a F p-cpt-
morphism for s = 5.

() fup o Hald O = Hol ¥ &) is an isumorphism for # - # and i3 an
epimorphism for s = ».

(d) fH HRY S (7) = AR A (7 iz an isomorphism {or m -2 # and 1% i
moncmorphism for s .

The usefulness of these two proposilions 1s that, o WA QCousions, we
may Teplace the calculus mod ©° by the caleulus with coefficicnts in a field.
Secondly, sinced” and Fp are perfeet and complete, woe may apply (103}
Finally, ibe statements (b), (2], rl) are equivalend even if the homuology
groups are not finitely generated. '



CHAFTER Xl
HOMOTOPY GROUPS OF SPHERES

1. Introduction

Finally we come to the determination of certain of the homotopy groaps
af spheres. The calcubatioms are particularky based on the resalis of the
previons two chapters, and, sinee they are quoite technical, we will not
attemnpt to sumnmarize thesn here, However, in the course of the develop-
ment, several topics of Independent interest appear: Frendenthal’s suspen-
sion theorem {stated in § 2 and proved in §§ 2-53), pseudo-projective spaces
and Sticlel mamifolds (34 10-F1), and the Hopf invariani of & map f © 521
Sn(§ 140,

We have already seen that if # < @ then s, .59 is the zero proup, and,
that if # = 0 then ihis group is free cvelic; and now in §§ 13-17 we shall
settle the casesw = 1,2, 8, and 4. A boief report of the cases 5 <2 r -2 1513
given in the final sectron.

1. The suspension theorem

Let w 2= 1 and consider the w-sphere S# as the equator of the (& + 1)-
sphore 5%+ with « and o denoting respectively the north and south poles
of 58+ Pick a point 54 in 5% amd consider the space

W A{Sa)

of loops 1 5711 wilh 5, as basic point,

There 15 & patwral imbedding ¢ 53 = W desaribed as follows. For cach
% e 5 4(x) 15 the loop in 5™ jnining 5, ta %, # 1o x, ¥ to v, and v back ta s,
all by shortest geodesic arcs, That 4 is a homeomorphism of 5 inio W is
nbvious. Furthermore, the loop €5, 15 homotopic to the degenerate loop
wy, £ W owhich maps 7 into 3, by newns of a naturil bomotopy, i other
words, the points w2y, and st of ¥ are connecled by s natural path g in B,

Hereafter, we shali identify % and ¢{x) for every x € §%, Thus, 57 Lecomes
the subspace +(5% of W and ¢: 5% — W reduces to the inclusion map. For
cach s = 0, ¢ induces a homamaorphisin

Ty i Teml 5%, 85) < (W, 5],
the path o Induces an isomerphism

e . 7tml WV, 5, & mn /W 5],
-] L X 4]
EEN
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and, according Lo (IV; 2.2, we have an isomorphism
g Tt W, 2] me gl O® 'L, S50
Composing 1,, o, and 2, we obiain a homomorphism
Y o= hulyig DTl O®, Sgb e 157, 8y

far egeh m == 0, called the sespension, One can wverily that this definition E
equivalent 1o the more general one given in (¥ § 11) for tlis special case.

Theorem 2.4, {The Suspension Theotem). The suspension T 15 an iso-
morphism 3 m = Tn— | and s an efimorphism of m = 2n - 1.

Praaf. Since o, and f, ate isomorphisms, 1 saffcees to prove that 4, is an
isomorphism if m < %% — 1 and is an epimorphism 1f # = 2u — 1. Thus,
according 1o Whitehead theorcrn, (X 10.1}, it sufiices to prove that the
induced homomorphisin

b4s * Hul %) - H V)
js an isomorphism il m << 25 — 1 and Is an epimorphism if o = 22 - 1.
Since Hol Wi e Z, il m=0mod(x),
HulW) =0, if m 2= 0 medin),
by (I1X: 13.4), it remains to prove the following,
Lernma LY. ¢ : If;(5%) a Ha W

‘T'his lemma will be proved in the next three sectioms; we conclude 1his
section with one immediate consequence of the suspension theoremn. Let
IT and ¥ depote respectively the north and south hemisphoeres of %41 then,
using (¥; 11,13, we have the following

Corallary 2.3, The excision humomorphism
£y (T L, S0 gl SO,V

is an tsomorphizm whenever 2 sl <l 2w and is an chimorfingt whenevey
m = In,

The identity map on §® extends to a map f: (K2 5% - [T 5%, If we
composs this map with the eseision e @ (U7, §%) = (5711 V], we phtain i map

goo=ef L (ERR Sn o (SR T,
Gince F is contractible to the point 5, g is hemotopic in (5%, V) to & map
ko (ER, $m) 0 (SR, 5}

which represents a generator ofmg, 3f 5747, 5). For any element ol (5, 54,
choose a map ¢ 5% 5% which represenls «. The map ¢ has an cxtension

2 |:,Em'_1r Fi) . (Rt G
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Ther it can be seen that the composed map by represents the element L)
ire ;'IM+1[-.EH'_1, 'SI:I] .

3. The canonical map
Consider the space of paths X _ [5w+l; g §8-1], According to (I1I;
§ 131, X 35 a fiber space over 5717 with a projection w: X = $9+H defined
by eiix) — x(I) for every path x & X and with Aher B = - [$,].

Let &7 and 7 denote the north and the soutli hemispheres of 5%+ re-
vpoctively and let

Ne = (58], Xy =o' T, X,- o).
We are going 16 define a map
w00 s W50 e W s (X, A

which will be called the conenical map,

For each point B2 U, let 908) © X,, denote the path jning &, to « and
then # to & by geodesic arcs. The assignment b = wif] defines & cross-section
v U-» Xy Then x is defined by x(f, f} = f-3i8) lor each 52 T and [ ¢ W,
where f-y(8) denotes the product of the paths 7 and 6. As a consequence
of the constriction, we hyve

el f) =&, [(be U, fe WL
Lemma 31, The canomical map x 45 @ homotopy equivalonce,
Prool. Let 40 (X, Xt = (17 W, 5% » W) be the map defined by
Ax) = (efx), &+ palz) |72, (re X,
where |pw(s)] L deﬁutes the reverse of the path peix), Then we have
Coadlmr o e, 2 [yex) I = o [pedz)] ) pelx,
Awlfnfy = ALfwili) — (&, {fp(B)3- lpind 5.

Henee, x2 and A are both homatopie to the identity maps. |

Next, let us define & map
pist o W W

by taking wid, 71 — f-#5) for each 8=52 and = W, where 7 : 5% = ¥ de-
notes the imbedding n § 2.

Lemnma 3.1 The maf u i3 homolopic in Xy o the map v 5% 2 W X
deftred by v =5 | 57 x I,

Proof. Intuitively, a homotopy of g to » is accompdished by “unwinding"
the path #(8) to hall ils original length. More precisely, define a homaotopy
Byt 5% Xy, [0 <2 =0 1), by taking

!B (s) = i) (]—L) st s=T e l),
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Then kg = 4 and &, = p. Deline a homotopy &1 5% X W+ Xy, (0 =t < L},
by taking fulb, ) = {-Bolb}, (hESY fe W, iel).
Then ky = pand &y = |

4, Wang’s isomorphism p,
Tn the present seclion, we shall comstruct for wach integer g =0 an
1EUrnOrphsm By HoaiS%) @ Hy (W) 2 Hayg W1,

Lot s = n + g + 1. The construction of p, will be made in six steps as

follows,

Step 1. Since the south herisphere ¥ of 587115 rontractible to the point s,
an applicativn of the covering homotopy theorem proves that B is a strong
deformation retract of X [ence the inclusion map induces an 130-

mot phism £ HolX, W) = HulX, Xo),
Stefr 2. The inclusion map induees a Tpmomuorphism
¥ Al Xa, X = HalX, .
Frg = Sasts g, Iy o Sotlhg D= D0 D
Vio Dy, Yo=w Dy, ¥ Yull Yo

Let

Since ¥, and ¥, are open sets whose union 15 &, Lhe excision theorcm holds
and hence the inclusion map induess an somorphism

.Hmtjt;u, -.‘l'rl' ﬂi’Hm[x, ir!_l::'.

Since U, ¥, 5» arc strang defotmation retracts of Iy, Dy, I respectively, an
application of the covering homotopy (heorem proves that Xy, Xg X are
stropg deformation retracts of ¥y, Yo, ¥ respectively. Ilence 5 is an iso-
Ny phlsn,

Siep B, Sipce the canonical map 16 a homotopy gquivalence, it Induces an

isomorphism - gy W88 % W A Hol X Xo)-
Step 4. By the Klumeth theorem, we get an 1O OTPhIsm
£ HpoyllF 5% @ HgW) me Hnl U 2 W, 5" X W,
Seep 5. Smee X is contractible. we have an isomnarphism
O: Had X, W) = Ho (W),
Step 6. Since U s contractitle, we have an izommotphism
Hop 00, 5m) = Ha(S%
‘Faking tensor products, we obtain an isornorphism

81 Hy (U, 57 & Hgl W) = HulS™) & Hal P
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Composing hese steps, we get an [somorphism
Fa = ﬂf_lf.f-‘ﬂ*fﬁ_l F Hp{S57) @ Hq“’ﬂ s H,HE{W"},

This isomorphism gy, Is the same as the homomerphism g, in Wang's
exact sequence (1X; 13.1] for the fibering @ : X — S=+1. See also "Wang 21

5. Relation between p, and Iy,

The space W of loops has a continnoms multiplication
MW W W
defmed in (I § H} The tolal homalegy group

HW) = 3 J gl 1)

in=I0}

becomes a ring under the Postriagin mudtiplication defined as Ioliovas,
Let we Hy(W) and fe H,(W). By the Kinneth theorem, o and f de-
termine a wnique clement a < @ of Ji, (W x W) The map M induces a

hoernomarphisin Myt HnlW 3 WY Ho( W)
for every . Then the Ponfriagin froduct of = and 8 is defined to be the
element w = Mylo % ) < Hp gl W)
Proposition 5.1, For cvery w £ Ho (5% and § ¢ H W), we aheavs have
prlz® ) = f-iglx),

where i D Hal5%) — Ho(W) densles the homomorphism induced by Hhe tm-
bedeing + 1 50 = W of § 2.

Proaof. Consider 1he dingram
HulU x W58 5% W) Lo Hu( X, Xy s HalX, Xy~ Ho(X, W)
1.3 l ; :
. ¥ L}
Hupq(S% x WY =t HuofXy) -5+ Hao X <% Hp W]

where o and v are ludaced by inclusion maps and the homomorphisms & are
boundary operalors. The rectangules arve all commutative and hence

(1] di'gr, = o e,
By (3.2}, we have
{Z] Thy = .
By the Kinneth theorem, we have an lsomorphism

Ko Ho(S% & Hyl W) = Ho (5% % [
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and a commutative rectange
H oo U, S8 @ Hol W) —> HapgulU x W57 X W)
o 5

. }
Hoi5% @ HelW) - == Hy oi57 x W

Hence we obtain
(3] X .- dih L
Using (17, [?) and (5}, we dednce
py o OF tpe LBt = G-lry BT0-L — g, 008 1 — p
Then it follows {ror the definition of g that
pal2® B) = waklem B - Frigglade |

In particular, if g = O, then I W) 15 & free eyrclic groop veneruted by the
element ¢ representeed by ey as a O-cycle of B For acl o € Jpl 5%, we have

o) - oetigsle) = Palor & el
This proves Lemma 2.2,
6. The triad homotopy groups
Consider the space of paths
T . W 5% 5]
sl T) = Fag g (W, 57)

for ¢very s, Hence the homotopy sequence of the pair (W, 5% gives rise o
an exact Soquence

Ry (IV; 3.1}, we have

ot on (T RIS T o g (S]]

This ix essentially the suspension sequence of the triad {5941 U, Vi, mm (1)
Lreing essentially” the triad hornatopy  SIOUJ e gl TV See [V

88 10-11).

lecanse of this exact sequence, it is desivable to determine the triad
homolopy groups mmi T The following lemma is an immedliate cofisedoense
of the suspension theorem (2.1

Lemma &1, (T = 1 for coery m <l e — I,

‘t'r deterenine the higher humotopy groups of 17, let us study the space of
paths ¢ = |W;5n, W)
wilich 3= of the same homotopy type as 5%, Consider the projection o (F =W

defined by wlv) = ofl) for every o € (4] then ) beeomes a flber space aver W
with [her w5, - T.
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since Hg(W) =0 whenever 0 < m = » and .Hm[h'fj = (1 whenever
0= < 2w — |, we have Dy (TX: 14.1) an exact sequence

Hﬁﬂ-' E[T:'_"" e mljlr@:' : J'H-m+l1|{H"_:| *Hm'.rlr,'—l-ﬂ'm{@'} - '—}_Hl{lffj—rﬂ,

sinee s of the same homotopy type as %, we have T — 0 = Hpi)
for every w == a. This bnplies that (T a Ho i W whenever w - <
du — 2. Hence, we deduce ile dollowing

Lemma 6.2. 5, |(T) re Zand Hy([T) Owhensvern -1 <t < 85 — 32,

Choost a map 7 : 8% -t -+ ¥" which represents a generator of the free cyclic
ETOUD ym - () m Ty, T} Then [ imeduces an isumorphizm

f:ﬁ_— . Hgﬂ. ll:-saﬂ_.l] A Hﬂﬂ—t{j‘}r

Then, by (6.1) amd {6.2), it follows that Fo t Haf S JIL (T for cvery
# o<l dw - 20 An application of Whitehead's theorem proves that the
inducerd homaomaorphizm Fo T §9T) i)

is an tsomorphism o s = 3u - -3 and is an epimorphism if m = 35— 3.
Henee we have proved the following

Proposition 6.3. ;o507 s LGP ERIE 10 T[S for sverv e < Sn— B
and ey ofT) 18 dsomorphic lo @ quolient group of 7y, sl SeR=T}

1. Finiteness of higher homotopy groups
of odd-dimensional spheres

In the present seclion, we are concerned with an odd-dimensional sphere
5%, bince the homotopy groups of the L-sphere 51 ure completely computed
i (IV; § 2], we may assume that 2 = 3.

Consider an si-onnective fiber space X uver $# with a projection wi X =5
13v deRnition,
) Mol X} =10, [m < n),

Wy (N = mwm[5%), = oAl

Then it follows thal the fiber F is a space of the homotopy type (2,2 - 1),

By (X 8.3), amlS™ is a finitely generated abelian group for every s,
An application of the generalized Hurewicz theoremn proves that Ha(X) is
fnitely generated for cvery e,

Lot K be o feld of characteristic zero, Sinee # -— | is even, 1t follows from
[1X: Ex. G that the cohomalogy algebra JIf*(F; K is isomorphic to a poly-
nomial algebra over X gencrated by an element of degree n— 1, Let
o€ J=1(I K he o gencralor of JE¥F; K,

Consider Wang's cohomolegy sequence (13 15.2):

] g

e RO H(FE) Y s Hment U Y e VK R e
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where p* is a derivation sine » 35 odd, Since H®[X | K] =0 = 81X, K],
p* cends HnoUF K isomorphdeally onto FUF; K). Therefore, p*e} is a
non-zero clement of FF: K] == K. Now let ns prove that
II-_';.“‘ T.HF[""]'I:F; K mp HE-Ln-10 )

for every positive integer £, In fact, the vector space HPO-LBIF; K} over K
admits «f as a basis. Since p* is a derivation, we have

prkerl — phptio)ad 1, (ke K.
Hence p* is an isomorphism for every s 2= 0. Then an exactness angument
proves that J={X; K) = 0 for every w == (L Since Hg(X) is fimtely gener-
aled and K is of churacteristic rern, this implies that .l X @5 fmite for every

s =0, An application of the geperalized Iurewicz theorem {X; 8.1) proves
that my( X is finile for every m. Thuos, we have proved the {ollowing

Thearem 7.1. I} 50 5 an odd-dimensional sphere and m o= »n, et ] 5%

i5 frride.
8. The iterated suspension

The natural imbedding St o A5+ of § 2 induces an imbuedding
J o AERIY o AZ[SnAT)
Composing with the natural imbedding 5% —4{ 5%+, weobtain an imhedding
ko= 1t 57 - AN S0,
For each m, & induces a homomerplism
Ry Tl ST, 5] - = L AKSEL 5o
Asin § 2, we have a natural iscmorphism
Ty o ARS™2), sg] o 1o SSB4E, 53.
Proposition 8.1, [ &, is cgual fo the sleraled suspension LB
Praof, 187 § 1, theve 15 an isomorphixm
@ = Ry Tl IR, S0 A (50 Sl
Similarly, there are isomerphismes
" rl ANSTIY), 8) A A [ALSEH, s,
P 1w L (SPHE), Sg) me e - g[S®HE, sl
Then i, = 97 aml by = jufy. The proposilion 35 a consequence of the comi-
mutativity of the diagram:

Tl 5%, 5] 2 A5, 5] L2 el AZSHY, 5]

N !

ia __-
Mmoot 50 —=— m L [ATERE), 5]

EE

ﬂm+g[5n+1, ';r'[l]. I

The following proposition is an immediate consequence of (317 and (211,
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Proposition B2, The fumosierdhism b, v an ésomarphisem &f m 2 2. -]
and 15 an eprmoriitsm i m = 2n — 1.

If we study the p.primary cﬂml}ﬁnentﬂ mnstead of the whole homotopy
groups, then we can deduce more detailed indormation from the iterated
suspension 2,

Thearem B.3. Lel v =3 be an odd tndeger, D a prime number, and ¥ bhs
class of all fentte aholian prowds of order prime lo . Then the deraled suspension
T8y (SH) o gy gl SHTE)
ts @ Weisomnorhhisn of we < Pla = 1) — 3 and 15 g F-ghimorphasm if w -

pin i 1o 3.

Proef, Accarding to (8.1}, 1t suffices to prove the theorem for the hamo-
merphisms fey § Tl 5P Tl A SP )
incduced by the natural imbedding & ; 5% = A4 S%),

Let K be adicld of characteristic # Then & indices the homomarphisms

B HmA%S= 18 K o fim{Sn, K,
By Whitchead theorem (X 10.1) and (X; Ex. H?), it suffices to show that
EH iz an isomorphism for every me <2 pln |- 1) - - 5.

Ty (8.2} By is an ispmorphism if mo< 22— [ amd bs an epimorphism ik
gt Zae 1. An application of [X; 10.01) and (X: TEx. HZ) proves thal kg
15 an dwornorplesm lor s < 2o — 1 By (IX Ex. ¥o and F7), we have

Hm{ARSetd) K =0, (» =l s pin + 1} —45),
Sinee # =3, i follows that A4 iz an isomarphism for every m < pin + 11—3. 1

Corollary 8.4, /i n = 5 d5 an odd tnfeger, b a prime number and m < n |
A — 6, them the p-primary components of M 0% and ma_n,JJ5% are fo-
Ry phie.

Proof, We shall prove the corollary by induction on #. When # = 3, there
15 nothing to prove. Assume that ¢ 7 3 15 an odd integer and the corollary
15 true for cvery odd infeger w with 3 <D & - g,

ly (B3, the p-primary components of g5 and g _l59% am 1m0
morphicifs. 2 < alg. 1) 5 Sinceg > 3, wehave (p— 1) lg — 5) =0
amnil hence ¢+ 4h—-8 =l plp— 11— 3,

This bnplics m — 2 < o — ) — 3 whenever m < ¢ + 10 — 6,

By the hypothesis ol induction, the f-primary components of ma, (575
and My, g.905% arc icomorphic if s < g + 46 — 5. Hence, the corollary s
also true for & = ¢. |

9. The p=primary components of #,{5)

The corodlary (8.4) reveals the importance of Gnding the g-primary com-
ponciits of the hamotopy groups of the 3-sphere 53,
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Consider a 3-connective fiher space X over $3 with a projection w ! X + 53
and fiker # which 1s a space of homotopy type (£, 2).

Lemma 9.1. The tntearad homology groups of X are as jollows: Hp(X} 0
if e de odd; B, (X dn oy of order w0 for suery 1 2= Thus, the firsd few
Romolngy pritds are;

Z,0,0,0,2,0 2,0 2,05,
Procf. Consider Wang's cohomolopy sequence (IX; E3.27:
o HX) - Hm(E) s [y s e (X e

where p* defines a derivation of H*(£), By (IX; Ex. (), £8*{F] is isomorphic
to a polynumial algelra over the ring of integers generuded by an element
of degree 2,

Sinee (X)) — 0 lor m o= 3, we have H[X 0 for m = 3. Hence we

ohtiin P* EE o HOFY = 2,

Let o denole clement of I F) with p*{e) = 1. Then a generates the algebra
H*(F) and p*{at) = nxt-l,
T.et g — Tnowith # 2= 2, The sequence becomes

0 Hom x| - B E) o e gy e XY 5 0,

Since H2 (I is froe oyclic with o asgenerator and g*{a) = st =), it follows
that p* is a monomorphism and its cokernel @ oyolic of order ». Then the
exactness lmplies that

Ay =0, H¥HX) 2y

The lemma follows from thizs and the deality between homology and
cohomalogy. |

Theorem 9.2, If p is a frime number, fthan the p-primary component of
Tl 58) f5 O 1f e < Dp and 25 Ly if o0 — 2.

Pract. Let € dendte the cluss of all {inite abellan groups of order prhne ta .
By (9.1], we have HyulX) £ % whenever ) <2 m <2, An application of the
senerakized Turewice theotetn proves thal aq,(X) e ® whenever O =2t < D
and srp(X) is E-isomorphic to Zp. Since X is a J-counective fiber space over
5%, we have a5 & meid) for cash s> 3. This implies the {hweorem. |

Corollary #3. Jf u = 3 is an ndd tnleger and p & prime nypmber, then b
foprimary component of we(SH) 1 0 moZw + 5P — 3 and is Ly 1f wm —
i Zh— 3

Proof. Since p == 2, we have n + 2p - 3 <Im + 49 — G, Ukt it follows
(5.4) that the p-primary components of m,|5%) and T —nagloy] BUe 1so-
morplie. |
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10. Pseudo-projective spaces

If we adjmn to the a-sphere 5% an (g + 1)-cell £41% by means af a map
b2 R = S - Sn of degree basin (I; § 7), we obluin a space

P = prs!

which 15 called a psende-profective space, [A-H; p. 266]. We shall assume
Ueat & == 0 in this case, the homology groups of P are

HylFyms 2, HylP) = 2,
HaplE =0, m =0, 4 £,
Lemma 10.1. For svory s < 2n — 1, e have an exact seguence
D = m 5% @ Lo v Ml 1) = Tor{mg_ 159), Z3) -0,

Proof. The map ¢ extends to o map w : E=1L - £2in an obvicus way, We
phtain a commntative diagram:

e —F“ﬁm:_][P...':."-”":' _Ijl_:" :'I'm{sﬂ_] —"ﬁm{y] —.F.'i'.l:ml:.PJ Eﬂ'] 'a_i‘" Wi - ]l:.l;ji"!'_]' o

- _a
, ,
N, i-h n, T n

;Tm'l"lI:Eﬂl 1IS:I'J!-J d_.-. ﬂ'i'ﬂl:sﬂ} ﬁm[E”-rl_.Eﬂ} . lﬁ' » Ty II::'E;”.:I
where the top row is the homotopy sequence of the pair (i, S and
l:jl_l:l* :-.'-T;ri,l:-':.:'-u:l -+ "Tml.rsﬂ.l L -il;,l* | iR [Eﬂ.+1! SR:I —?':’[m{.f"" '5”:'

are induced by the maps ¢ and g Since & is of degree &, we have dylol - b
for cach % & mm{a®) whenever s <2 2u — t; on the other imnd, y,, is an iso-
morphistn for every s <81 — |, See Lx. A and Ex. B at the end of the
chapter. Hence we may replace the homolopy sequence of (P, 57) by the
BXACt Sequence

Tor[S8) 225 51g(5%) Tl ) =ty ($9) 22w (5]

for every s < 2n —1. Since the kernel and the colernel of ¢y mm{57) -
Ml S™) Are 1somorphic (o Tor(mg (S™), ) and a,(52) & 2y respectively, the
exactness of this sequence implics the lemma, |

Let A denote a 3-connective fiber space over $8with projection e : & = 57,
since the p-primary component of w2, (X) is eyelic of order $, there exists a
map f: 3%+ X which tepresents a gencrator (f) of this g-primary com-
ponent of &, (X,

Comsider the pseudo-projective space PP = FPiP% Then 522 < P Sinen
#L7 = 0. /ean be exlended to a map g 7 = X, Composing with o : X - 55,
we get & omapn & = wg: P+ 5 which inrhuces the homomor phisms

oy Tl F) S 5.
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Lermnma 10.2. X, 15 & monomorpfism for < 4 — | and sends my,( PY onle
the p-trimary component 0f Ty, (53 for m s 4p — |

Proof. It suffices to prove the lemma for the indueed hompmorphisms
E :M[P} '}f[m{n:]f}-

it follivers from the generalized Hurewicz theoremn {X; 8.1) that mpm{P) s a
g-prrimary gromp lor every ., Hence g, sends s, 0} into the p-primary
component ulsrg{X.

Let & denote the class of all finite abelian groups of order prime to A
It remaing to prove thal g, 15 4 ¥-isemerphism for m < 45 --1 and is a
F-cpamnorplusm for sw = 4 — |,

From the construction of g, one cun see that gy @ HoalH s H (X)),
Then, by (%0}, gy : HaiP) = HglX) is a $-isomorphism for s < 4. Ao
apphication of the Whitehead theorem (X 10.]] completes the prood. I

This lemma reveals the importance of fimling the homolopy groups of
j L .f:'f,p“.

Theorem 0.3, If  is & prisme vunher sod o <0 4p . 2, Lhem [Py — 0
tf s £5 differond from 2, 45 — 3, and 45 — 2, while,

Tan( P} o A
fEap -3\ ) /= Lp;
Typ-gl ) 2 Ly df P = B,
Proof. According to Hurewice's theorem, we have sl =0 ior each

g <o 24 und mpF) e Zp Applving (1] with & =2p 8 = 4, and m =
4-H — 3, we ollain un exact sequence

O "?Em':si:p} = .31;. —?-?Em‘P_.I —- Tﬂff:zm_lfﬂﬂﬁ}, E:I;.ll —+ [},

By the swspension thearem (2,13, we have mq, (529 a2 m, _ [SEP-1) for every
m o 4h - 3. Since 26- -1 2 3, it follows from (8.3} that the p-primary
compenent of i  15*P -V as (if e <0 49 — Jandis £y if m = 46 — 3. Henee

we obain: Rl P} =0, (2 < m < 4p—3);
Ryp-gl£} 2 L

By (10.2), the f-prirmmary component of m, (5% 95 0 whenever 24 - e =
44 — 3 and is Zp if w = 4p — 3, Then, by (8.4), we deduce that, i = 53
is odd, the p-primary component of me(5®) is 0 whenever 7 - 24 — 3 <
o<l n+ 4p—0 By [2.]], mulS) A e (59917 Ior every me = 4 — 2,
Hence, the p-primary componenl of mm 5% 13 0 whenever 4 — 3 =
w0 — 0,

I f = 2, then 4 — 2 < G — G and hence the p-primary component of
Tap-g[S%F; is 0. By (101} with » =2p, A=49, and m =4p — 2, we pet
Ry} o T, |
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Corollary 10.4. 17 £ ds a prime number, then the p-primary enpponent of
TS ds O tf 2p < < 4p— 3 and is Zpism ~ 46— 3 Y £ == 2, then
the p-primary componend of Ry o(SY iv 2,

Corollary 108, [f & =+ 3 45 an odd infeger and £ e prime tuember, then bhe
p-primary component of Tu(SP G0 n | P — 8 < meo w + 4 -6 and
LRAE Of in qp—y [S7) ¥8 0 or Zo,

11. Stitefel manifolds

Let s 2= 4 be an even integer and consider the Stiefol manifald ¥ = L
of all unit tangent vectors on 5%, {11[; Ex. (33, Then, ¥ is simply connected
and its homology gronps are as follows :

IIU':I"FJ sh:sE, Hu-j“"’r} ﬂ:"gg, Haﬂ_ _I{I"'F} A &

and all olher homology groups are zero, |Stiefel 1, 2] and [S; p. 132]

Sinee Vis the tangent bundle of 52, it 15 2 fiber space over 5% with a Pri-
jection e: F — 5% and fbers homeomorphic to 5%-1, According to (V: § 6,
this fibering gives an exacl sequence

V] Pl S7) LT C N LSRR S N

Thiz exact sequence is wally used lo deduce properties of the homotopy
group: of V. Here, on the contrary, it will be used to study the ETOUDRS
o [S7).

Let tin denote the gencrabor of s 5™) represented by the iderntity man.
Congider the following part of the sequence:

e iV e (W) F s Gy Te M- (1) =0,

by Hurewicz's theorem, ma, (V) &= Z,. Since =, is an epimorphism, the
exactiess of the sequence tmplies that the image of &, is a subgroup of
f2q -1 (5" of index 2. Tlence we deduce that 4,{u,} — || Pa, | In fact, it is
known that &y (#;) = 2w, but we shall not need this refinement.

The structnre of the homomerphism 4, with s > # 15 deseribed by #he
following

Lemwma 114, If X 45 a fiher space over S® with g pathwise connerted fber T,
then the homomorphism d,, fn the exact omolofry sequece

22l X) e lSH) o myy (F) s [X)

sends (he suspension Xia) of umy clement o €5y (571 infp the composition
Aaltia) o,

If u map & 571 - F represents &,i4,), then & induces a hormmmarphism
Ru iy (SP7Y) = 1 F) which gives Ay} = dylsea) O & for cach & in
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fign ., 05171 Henee the relation stated in the temma means that the fol-
lowing triangle is commuotative;

M- .1["5:“ 1 %Lb_ﬂ-
-1 FJ‘

Froaf, The projection w: X - 5% induces an somorphism oy | mnli, F) =
Al 57, By definition, d, is ! foflowed by the boundary homomaorphism
& 2 [ XL ) - (F),

A representative map k51 = F of d,(ug) van be constructed as follows.
Tet 4:[En §a-1) o (8% 53 be o map which represents wy,, It follows {rom
the covering homotopy theorem thal there sxists a map H . (E® 5777 =
(X, F such ibat el = & Then the resiziction & = H | 5% represents
iy [tin ). :

Lt o £ty (59770, It remains to prove d,lx) = 4,2 (o). Lel d:5m 1
8n-1 yepresent w; then kgls) s represented by Ad. Extend ¢ to a map
g (F, 5oy (e Sl By § 2 kg represents D). Sineo edip = i,
fiy represents wi' Tl and hence A = Hyp | 577 represents dy X («). |

mext, let us study the horotopy groups of the Stiefel manifald I = Vi, 4
Using the genweralized Hurewice theorem, we can dedoce that:

(1} mrgl B 15 finilely generated,

(2 mpf ) — O < n— .

(3 R F) &= £,

(4} Fmi¥) 5 & finite 2-primary group whenever # — 1 =T - 20— 1.

(5) Tan—s{F) ks isomorphic to the direet sum of Z and o fimile 2-primary
group.

Lemma 11.2. [} € denctes the class of all findle 2-pevmary proups, then there
cxists a map ¢ 1S LV osaek thal the tnduced homomaorfihism

s R I ST
i5 @ E-isnmorphisnt for cuery m,

Proaf. By (3}, there s a map g 5% =V which represents a free slement
i of fgp o0 F} such thal the free eyvelic subgrounp gencrated by o is of mdex
some power of 2. Sinee the natural homomarphism afz,, (1) into By, (K]
is a geisomorplism, it follows that the indouced homomorphisan

Gt - Hpwi3*h = MV}

it a Fisomorphism for m = 2w — 1 and henee for every s, An application
of Whitchead's theorem (X ; 10,1} proves Uw Leana,

We list the foliowing additional tesults on the homotopy groups of ¥
these are immediaie congequences of $10.2),

[6) sl F 15 Onite 1 s o= 20— 1
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(71 If ¢4 15 an add prime number, then the H-primary component ol
(V) 15 isomorphic to that of me[S%-1},

12, Finiteness of higher homotopy groups
of even-dimensional spheres

Theorem 12.1. [ 5% {5 an even-dimensional sphere and wm i an wdeger
Such that o0 oand moFE T — 1 then a5 15 findde and o ML Y
tiomorphie fo the divect saom of 2 and o flutte group.

Proof. Since mm(5% a (8% for every s 2, the theorem is true for
# = 2. Hence we may assume # = £ sl apply the resubts of § 11, Tim =
and m ¥ 2 — 1, then both Jei V) and my 057 1) are finite. Therefore, the
exactness «f the sequence me (V) = mp{S® »m, [S5-1) inplics 1wt e iS5
15 finite.

To study the eritical case m = 20 — 1, Jet % denote the class of all finite
abetian groups. 1t follows fromn the exact sequence that

fthy [gn V) gy 157

15 & ¥-isomorphist. This implies that m,,_ (5% is isommorphic to the direct
sum of £ anl a finite group. 1

13. The p-primary components of hemotopy groups
of even-dimensional spheres

In the present section, we are concerned with the F-Primtary componsnts
of the homotopy gronps s,(5%) of an even-dimensional sphere 5%, hince
TS A gt (57 for every m = 3, we may resloicl ourselies to the case
# =% and apply the resolts of § 1L,

Cousitder the following part of the exact sequence appuaring in § 11:

Ty

Tt 157 L2 T (571 ~malF] = s (57 Loy T [ 5 -7),

Lalng (he homomorplhism w, and the suspension 2, we define & homo-

moTphist T 70V + st 457 - i S

by selling Ha, B = wyin) L () for eacl: o € a1 and § ¢ -, (581,
Lemma 13.0. 1/ % denodes the class of all firdle 2-fodmary proups, then Nis a

G- isomor i

Proof. According 1o (1113, the suspension T followed by 4, is the indneed
endomorphism &y oume. (5%-1 ofa map & 50-L o508 Lof degree d = & 2,
By Lx. Al at the end of the chapter, by, §s 4 F-automorphism. Ilence the
lemnma follows s 2 consequence of (X Ex 1)1

Theavemw 1.2, 7 % donofes the dlass of all finile 2-primary croups, then the
homataty srond sl 5% of an even-dimensiongt sphere S0 0 F isomorphic o
the divect sum of Tl S5 and mp,_,(S71],
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Proof. Smee i 54 22 s 99 [or every s 2= 8, the theorem holds fora = 2,
I # ==, then (13.2) 35 a cdirect consequence of (13.1) and (11.2). 1

The importance of {12.1) and {13.2) is that the caleutation of the homotopy
groups of an even-dimensional sphere, except for their 2-primary com-
ponents, teduces (o that of the bomotopy groups of odd-dimensional
spheres. Precisely, we have the following

Corollary 13.3. Jf n iz gvenr and p an odd frime, fhen fhe peprimary cowm-
donent of Fa (57 08 womordhic fo the divect sum of those of mplSt-Y and
ﬂm- ll:_lE'-?'t_]]-

4. The Hopf invariant

In order to strangthen (132}, we propese o present Serre’s version of the
noticn of Hopd invariant.

Consider the se-cphere 57 and a given point g, & 5% Let 27 - A5#®) dennle
the space of loops in $% with s, as basic point. Consider the natural iso-
morphism

[ Ty v LA RS S AL
and the natorad homomor phisin
B gy gl 4] = Hop ol0%) & 2,
Tet f:5%-1 o 5% Iy a given map represcnting an element [f] € map (57,
The Hopf tuvarient of { iz the nteger H (/) uniquely determined by

B H[FD = Hif g

where %, denotes the generator g 2(1) of Hyp 2% determined by the
homomorphisms g, in {IX; 13.1}. For other definitions of Hopf invariant,
see Ex, C at the end ol the chapier, '

When # 1x add, Hi{f} iz always zoro, when s is even, there exists 4 map f
with Hif] = 2:i[ % — 2, 4 or B, then there exists a map f with Hif) =
namely the Hopf maps of (I11; § 3), See [Hopf 27 and |5, p. [13].

Theorem 14.1. Lat st be ah even dnfeger and 1 537« 5% o map with Hopf
tnvariad U fY == E s 0. Lat € denote the class of all ﬁ:m.ﬂs wbelign growps of
erder dividing some Sower of &S i

LORE W LRV ML R LY
t5 the howomnorphizm defined by
Xple, @) = Zlo) + foif), a€mm (507, f Eam(5%- 1),
then Xp i o E-trowmtarplizm for cvery m == 1

Praof, The theorem iy obvious if # — 2, Hence we assume n 5= 4.
The map 7 defings a map g : L% -1 = 0 in {he obvicus way and g induces
a homomarphism ¥ MR > T 1
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of the cohomelugy algebras with integral coefficicnts. According to (1X;
Ex. Hj, A*(2") wdmits a homogeneous basis | ay T with dim (&) = ¢(r— 1]
foreach ¢ = 0, [,+-- such that

gy = [, [a)® -0, [ag® = [plogp, dyiap = HEI"':'IEI == fgpm .

Similarly, H*({2-*) admits a homogeneous basis [ &3 with dim (b —
tdn —2) foreach ¢ — 0, 1,- - - such that

bo =1, (b))% = (pliby.
Since H(fp = &, it follows that g*(a,} = &b,. Then we get

(8115 (@ap} = gHag®) = AP{B)P = 4P(p!)by;

andl therelore g*u ) = APhy. Since obviously g¥(aen,,) = 0, it follows that
&% is completely determined.

Now let 4 :5%-1 - (2 denote the natoral imbedding in § 2 and comsider
the induced hamomoerphism

¥ 0 H¥(dan) 5 FIe(5a-1

By (2.2}, ¢ = i*{a)) iz a generator of An-L{§n-3),

By means of the multiplication in &% we may define a map N
(Fr-1 o e by setting diix, w) . #x)-p(w) for each x25% 1 and w e Qon-1
By {IX; Ex. II}, H*(5% 1 x £¥2- is naturally istmarphic to the Llensor
product H* 5% 1) & H#*( -1 This enables us lo determine the induced

hemomaorphism q":# L M0, o H¥SH1 5 tne)
SHugg) = 4919 by,
‘i’il"{“apﬂz' == liﬁ#fﬂquﬁ#[#@] = AP @ b,

Hence, it Hm(Qn) . HoSn 1 5 -1 45 3 monomorphism and s
cokernel s finite of order equal to a power of & for every dimension #. By
duaiity, this implies that dge: Hp(58-1 x 91 o Hoi08) i a %-iso-
morphistn for every s, An apphcation of the Whitehead theorem shows that
the induced homomorphism

By 1T STL 2 CRB-Y) sy

as [ollows:

is a4 ®-isomorphisn for every m

The group mg{S2-1 x = 1 s somorphic to the ditect sum mgiSe 1) +
(L5711 on the other hand, mp{0%) &, (5%, Then, the canstruction
of ¢ shows that ¢, reduces to the homomorphism 2, 1

Corollary 14.2. 7} H{f) = L 1, then X is an dsomorphism and hence tha
stspension iy (5] < m[ST) 45 @ sonomorphism for sery mo> L

Because ol the existence of a map f with () - 2, (14.1) implies (13.2).
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15. The groups x,,+{5") and m,_ (3")

Sinee mRlSY = 0 for each s = 1 and xS s mn(S% for cvery wm = 2,
We WAy dssume o 5,

Thearam 15.5. m, [5%) is eyvelic of ovder 2 for every 0 2 0

Proof. T.ot X denote 3 3-connective fiber space over 3%, Then, by (9.1),
we have m 59wy (X) e H X)) & Xy
By the suspension theotem (2.1), we deduce

L T - 7 PR ML L)

FTenice me [S*) au £y for evay » 20 3. |

Cme constructs the generator of 15" as follows. Let s consider the
Hopf map ¢: $¥ 5% defined in (LIT; §5). According to [V, §6), # re
presents the generalor of 7,054, Since the suspension I 0 [S5%) - »m (5% 15
an epimarphism, the suspendesd map Xa 0 §% -+ 59 represents the generator
of ;5% Then the generator of 2, (5% is represented by the (m— 2)-times
iterated suspension X9-%p of the Hopl tnap 2.

Theorem 15.2, 5, ., (5% 05 evelse of ordey 2 for every v & 3.

Praef. Applying (101} with m==4, 4 =2, #m . 5 we obtain an exact
SECIEETIEE D= Z,@ 7y -+ PY - ToriZ, Xh -+ 0

Sinee Z,@ 7, e Z, and TorlZ, 20 = 0, this implies my{P3) == £, Then,
Ly {10.2}, the 2-prmary companent of =, (5%) 15 tsomorphic ta 2, Sines the
p-primary component of m05% is 0 if $ = 2 by [82), it follows that
oY) e L,

Sinee the Hopf map 857 = 54 is of Hod invariant 1, we may apply (142}
with 7 = 4 and = = §. Hepoe, {2.1) and ((4.2) imply that X :m05% =
ma( 5 Thus, gl 59) s £y

Finallw, by (2.1, we detluce

T[S RS A ¢t mn g [ H) A e

Fenee my o S%) s 2, for every 5 = 3. |

To obtain the gemerador fof my, 4059, let ¢ 154 -+ 2] denote the imbedding
given by the definition of PL Then, by the proof of (10.1), the gencrator of
25 (£%3) s Tepresenied by the compesition of 4 and 33p 58 - 54 Composing
with the map X: FJ—+ 8% in § 10, we obiain a representative map &1 22
for the gencrulor of z,(5%. This implies thal X represents the generator of
m, (5% and hence is hemotopic 1o Ep 1 59— 53, Therefore, the generator of
FefO™ s represented by g =L Edh SF a5

where $ @ 81 .- 52 denotes the Hopf map. Then it follows that the generator
of my_gi5%) i3 represented by the (v — Si-tirmes iterated suspension &® %
nf g for every # == 3.
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Corellary 15.3. 7,(5% a0 &, 0, (5% == Z,, =, (5% = 7,

By (¥; §6), lhe generators of these eyclic groups are represented by
respectively the maps

&S5 A Ep IS 88 H(C B X 86 538

T6. The groups =, :(5")
Theorem 141, @, 5% == 7.

Froef. Applying (1011 with 2 =4, 2 =2, s - 6, we obtain an exact
SENTLIETICE . .

! 0 2y 58 Ky s nigFL) = Tor(Z . £y) = 0.
since £y 9 Ly e Ly and Fapldy L) = Z,, w3 5 isomorphic {0 an ex-
tension of £, by £, and hence has 4 efements. TNence, by {10.2}, Use 2-primary
coanpattent of mgiS? has 4 elemonts,

By (9.2), the 3-ptirmary component of mg(5% 1% isomorphic to Z, and the
A-primary component of mg05% 35 0 for cvery prime ¢ 30 It follows that
7al5%) has 12 clements and henee is isomorphic lo either 2, or Z, + Ly

suppose that w89 ~ 7, 4 % let X denote a S-connective fiber space

rer 5%, the
YL, RN Hy XY me g XY s my($% & 2, 1. Z,,
and it follows from the universal coeflicient thearem “E-5: p. 161] that
HYA Aol me Hom (Hy(X): 2y e Zg + 2y

This comtradicts to (IX: Ex. I); henee, we conciude that =, (5% = 2 |
LExamination of the Orsl puregraph of the proof reveals thid the com-

position of the maps g T, oy T

[N e~

Tepresentz an clement ofm (5% of order 2. A generalor of #.05%) is represented
by the characteristic map & 5% + 53 of the Ober bandle Sp02) over 5% with
Spily as fiber, [Borel aned Serre 1 po 442, For the delinition of the charae
teristic map, see _5; p. 7]

Corollary 1682, 7[5 & 2.,
A generator of mg(5¥) is represented by the composed map p& 0 5% - 532,

Theorem 163, m {5 e & + 2,

Proof. Let us depote by ¢ 57 =54 the Hopf map in (IEI; § 51 Since
Higl = |, we may apply (147 with o 4 s — 7, and § = ¢. Thus, we
abtain an sumorphism - . e
: -'"'-rq . Rg':_h'aj '| H-;I_-El?:' e .'-"E:-':_-\E"'_:.

Sinee ST e 4 and mg(5% & Zpp, this proves the thearem,
From the preceding proof, iU (ollows that g tepresents the generator of
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{he free component Z of x,(5% and the suspended map £ ; 57 < 54 reprovents
an «lerxent of order 12 which generates the forsion component Z,, of m,(54).

Proof. By the suspension theorem [2.1), £ maps #®{5% anto mfS5).
According 1o Ex. D at the end of the chapter, the kernel of X is the free cyclic
subproup of =o(5% generated by the Whitchead produact e, ], where ¢
denotes the generatar of 7,51 represented by the identity map on 394,

On the other hand, it follows from a theorem on charactenstic maps,

[&; p. [21], that [c.c] = 2] — ¢ T [£
where g: -|. | depends on the conventions of orientation, Hence, in
21,590, we live 2 E| — 623 [4].
This tmplies that s (5 is isomorphic to £, with £ [¢) as o generulor,
Finaliy, by the suspension theorem (2.1), we deduce
EAGL EETS. AL I SRR S L L I VR

Henee g, (85%) == £, for cvery 1 22 D |
Obvicusly, a generator of sge y[S%), # 2 3, 15 represented by the [n —4)-
limes iterated suspension Ze—dg: Se+d. . 5% of the Hopf map g: 57 - 54,

17. The groups =, 4{5")

Theorem 17,1, 7[5 = 2,

Proof, By (9.2}, Lhe pprimary compenent of m (5% i= 0 for every prime
¢ == 3. By (10.4), the 3-primary component of 7, (5% is also 0. Henee 755
15 & 2-primary group.

Nexd, consider a G-connective  fiber space X owver 53, Then m(5%) &
(X ) = H (A, and bence we have

Hom (1, 5%, 7,) & HAX, 2,0
By [IX: Ex. 14, A7 X £, » £, This implies that (5% is somorphic to

a cyelic group £y with § = 28, & = 1. If & = |, every homomerphism of
el 5% inlo £, con be factored into

58]+ Ky - L.

Then it follows [rom (he exact sequence in {VI11; Ex. I7} that Sgle = O
for every elemment x e X £, This contradicts {1X - Lx, 14). Hence b =1
und m{S% == £, |

According to |Hilten 2; p. 5497, the two maps

EI X 5T 5 D Tig 5T .50
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ate both essential. Hence they are homotopic and represent the nen-zero
clement of 5%,
Corollary 17.2. (5% e 7,

The non-zero element of o (5%} 15 represented by the homotopic maps
POIECOEY S5 pOEp(0q:5 52
Theorem 17.3. n, (5] = 7, + Z,.

Proof. As In the praof of (16.3}, we obtain an somorplism
R 502 [S¥) -] malST) o mg (54,

Sinee st (5% A L, and x,(57) s Z,, the theorem is proved. |
The group ay[ %) 15 generated by two elements a and § of order 2, o is re-
presented by the hemetopic maps

ZIECOZ% 8588, EiEpog  Shs54

and /7 is represented hy g (O X8 0 88 84

Theorem 17.4. 7,[5%) = 2,

Proof. Consider the following part of the suspension serqnence in § 6:

ol T) - ¥ (St =y (S%)  on y(T) oo {89 Zon (S5 0,

As mentioned in the proof of (16.4), the kernel of X im, (84 - », (5% is a
free cyvchic group. By (6.3), 7,0 1) ae ml8Y) a« 7. It follows from the exactness
of the sequence that ¢im(?) +7.{5% is o monomorphism and hence
X w58 sy {55 s un epimorphism,

Sincet T A mgl 5Ty ae Z,, the kernel of X84 o m 55 containg at

most two elements, On the other hand, consider the element o of w54
represented by X (8 (0 246 1 59 -« 5S4 Tn (5% we have

i) = DHENOIR[F] = (e2E[¢)) I = (e Z(g ) (2T AT =0,

Hence the kemel of X im(SY) - - 7,55 consists of exactly two clements,
natnely, 4 and g This implies that 755 = Z,. 1

The non-zeto element of my! 55 is X(#) represented by the map (g 155
5% =55 On the other hand, the Whitehéad product Te, & of the generator
¢ of ;5 5% is alse non-zero and henee [¢, &7 — Eid), [Serre 3; . 2507

Theorem 17.5.0t, (57 = 0 if 5 = 8.

Preof. By the suspension theerern (1), 2 maps 7,5 onto mlS%.
Acrording to the delicate snspension theorem in Ex. D at the end of the
chapter, & ¢, ¢! = {. Hence we obtain s, ($% = 0. Finally, by (2.1}, we
deduce 1l 8] s g (ST A < A ML (7] ar e

Henee siy,44057) = U fo1 every » G, |
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18. The groups =,,.{5"), 5 < r < 15

In this final section of the book, we will st the groups ma,[57) for the
cases =5, 6, 7, 8. For mnore detailed information, see [Serre 5, 61 H. Toda
has computed the groups ma (5% for 9 < r < 15, We will not list his
results here; the interested reader shonld refer Lo [Toda 1, 2 with recent cor-
rections given in [Toda 3],

Y =
m (S = 4
L AR N
NS s Ly 1 Ly
ol 5% e £y
Ay (3% A 2
:'Iﬂ+r{3m:| = (), {# = 7.

(5% Ly

5% A Ly

gt S mm Ly + £

Pt oS o 2y (03 5)

7(5% 2 Zs
Rl = L1
T11[ ST =¥ £

Ml 3% = Ly

7S A Ly

ya(57) 0 Ay

TS X+ Ly

Tasgl3®) 2 Ly (# = 9).

Tyl St & £y

21, [9%) A £y

DY) e £y

yy(S0) A £y

T[S e £y + 2y

Al e Ly + 2y — 2y

Tl = Zy F 2+ 4, — 2y
M%) £y T Ly + 4y

Mnagla®) /e £y + Ly (# = 10).
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EXERCISES
A. The dlstributive [aws
Lot o e mm{S®, 5} and § xa(X, x). 1f & and # are represented by the maps
Frifme St o (S0 s g 5R s+ (X, )

respectively, that the composed map gf represents an element p af anl{X, x,).
Prove:

1. The clement ¢ depends only on the elements «, # and will be called the
compositton O e of e and B

2. The right drstribabive faw. Tor a given Jeme{X, x,), the assignment
g+ B defines a homomorphism. In fact, this is the induced bomo-
morphism g,

3. The left distributive law. 18 X 1s an H-space with 5, as homotopy unit or
H = iz the suspension L6l of some clement §em,_ (571 5}, then the
assignment f§ - 3 O« defines 2 homomorphism. {5 p. 122,

I particular, lel (X, xgb . (5%, sgb. Consider a map g (5=, s)) - (5%, 5.)
of degree 4 and stody its ivduced iomoemorphism

By | TS, 551 = TS, 50
Prove:
4. pple) - du for every g€myb® ) f =137 orHm - Un. —1,
5 M =3 and s = 2, then g (x) — d% for cvery o £mei 58, 5,0 [TTapf 1],
6. II ¥ denoles the cluss of all finite abelian groups of order dividing a
pawer of d, then g, 1s a $-awlemarphism for every st > Dand # = 3.

B. On relative {n + 1)-cells

Lel (X, A] be a zelative {x | 1)-cell obtained by adjoining Er+1 to 4 by
means of a map g 5% =+ 4. Then g has an extenston f: (Er0 5% 5 (X, A}
defined by fix) = & for every ag foH Y 58 = X oA This moap f s called
the characterishic map of (X, A). If we tdentifv 4 to a single puint, we obtain
an [# 4- l-sphere %71 az guotient space with projection A X — 58tL
Cloose 5, ¢ 5% and let %, = fisy) € 4. Use s, and x, as basic peints of the
homotopy groups. Verify that the rectangle

Tl ERL S . ol X, A)
| !
’ il
5 = ¥
1[5 - » s S4)

is commutative, Le fyf, = Zd. Prove
L. If X 15 a monemorpbism, so s fo. IF X s an eplmocplilsm, so is A,.



234 XI. HOMOTOUY GROUGFPS OF SFHERES

2. If s < 2m, then f, is a monemeorplism, A, is an epimorphism, and
7ml X, A1 decomposes into the direct sumn of Tmif), and Ker(h,),

2. If A is p-oommecied for same r < ®, then [, 1s an epimorphism whenever
w oo or oee | ] H. GO Whitehead 6 p, 14] and [Hilton L) p. #6632,

As un application of these reanlts, consider the relative {p + ¢g-cell (X, A}
with X — §% % 57 and A — S2 . 5¢. By 2 and {V; 3.1), we obtain naturul
150t phisins

Tl SF 3 850,88 SO e (5TIEY 4 ekt

T 158 o S8 ar A (57) | Ty (59 + 5o (3PN - Hewlhy

for every s = 2¢ - 29— 2, Finally, by 3, Kevlh,) .. 0 il e < F + ¢ —
min (P - 2.

L. Other definitions of the Hopf invariant

1o § 14, we gave Serre’s definition of the Hopd invarianl H(f) of a given

map froim-l ,5m g =D

There are a few different but equivalent definitions given by wvarious swualhors
listed Lelow. Rach of (hese definitions has a natural generzlizalion bul the
viarious generalized Iopf invariants are not necessarily equivalant.

|. Hopf's definstion. By using & homotopy if necessaty, we may assuine
that § is a simplicial map relative to some triangulations. Choose a pair of
distinct interior points, «, v of s-simplexes of S% Then f~Yw), 1w are
disjoint {# — l-manifelds in $3-4 and H(f; is the linking number of the
(# - - 1i-cvebes F="(w; und f-1v). Seo [Hopd 27 and [S; p 113 This definition
can be generahized to manifolds,

2. Stesmrod's defindtion. Let M denote the mapping cylinder of § with
Lre M oaml 5% 1o M, The integral cohomology alecbra II¥AM, 5% 1) has
a homogenecns basis { &, &} owith dine {a) = u aml dem (8 = 25 Then,
H{f1 15 the integer defined by «® ~ H{fIb See Seenred 3; po 983 ond
[Serre2; p, 286], I'his definition can be generalized to the maps f - 52t w50
as folbows, In 1his case, FFF(M, §=-% 1 25 has a homogeneows Dasis { a, & }
with dim {a) - »noand @ (B) = w + ¢ Then, H{f) e Z; s defined by S¢fa =
HIfH

5. Whileghead's defimttion. Identifying the egquator S®- of 57 to a single
point, we obtain a quatient space 5% .. 57 with projection g: 5% — 5% ., 5=
The composed map gf represents an element [2f] of mpn (5" o 5% Theo
Hi#) is obtained by projecting [y Inlo the divect summand g, (5%1) =
A of o, (5% . 57} Since

Tl S% o 5% A (5™ — AmlS®) — wnl{S¥Y + Ker(h,)

for cvery w s 4n —4, this definition can be generalized to the maps
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fo5™ 550 for s dn — 4 inan obvious way, Seo [G. W. Whitchead 2:
and |Hilton 1]. Thus, for each s < 41 — 4 we obtain aﬂﬁfﬂhﬂmnmwﬁfxnm

i 5[ 57) m g, (B8 1}

Among the properties of this generalization of Iopf invariants, verify the
following few:
(#) If &0 myg( 5], =2 3m-. 3, and Fy e emy (X, then

':.31 = ﬁel a=0Ta 2 ﬁ'z - |ﬁ1a Jﬁs? () Hi=]

) I ot o (5% with e =l 4w - 4, then H i) = (L

fef) If # is odd and m <24 — 4, then 27e) O for cvery & S Mt ],

(i 1 wEmnl S with s = 4n- 4 and Yzt -0, then Mia) b if #
15 odd Hia) & Zm, (52 -1) 3 ¢ i3 even.

4. Hiftow's defrnition. If we idontily the subset 5% o 5* of the product
space 5% W 57 to a single point s, we obtain a Zu-sphers S8 35 qQuotient
space with projection

BoiiSn o Sn Su S L (Sie Soa e
For each m = 0, define 2 homomorphism
I i[5 g, [ S30)
Ly taking H* to be composition of the sequence

"'E'ml_..gﬂ:l —"3" .'-'Imlig '-,,,.-'Eﬂ'lII ——3'" i 1% o . '::.II:- ::I-w' Sﬂ_‘l —. Lol 7 libﬁﬂj,

where g, &y are indeced  homomorphisms and ¢ denotes the projection of
T [5% o 5%) omly s direct summand s, (5% w0 57 59 5%, Prove the
Todlowing relatiomes:

(£} i = LI whenaver s < da — 4. [Hilton 1 p. 4737 and {Hilten 3
1. 166],

(7] If o &S, § Ematsn), then

e (58) = He) O Z(H + Te(=) O3 D) O M)

(ter} If » is odd and o Smm (5%}, then ZH*(x) — 0,
[4) If + 15 even, o e my (57 15 of odd arder, und H*z) = U, then & = B
for somie & mp o, 15871,

D. The delicate suspension theorem

The suspension {heorem (2.1) is the vusy part of Irendenthal’s result and
Is usually called the crude suspension theorem, The delicate part of Freuden-
thal’s result has beoen shghtly strengthened to the following form, [G. W,
Whitehead 2 ;

L. Tiw image of L :mmi5®) =2, (5571 is the subgroup of s, [SH
consisling of the elements of Hopl invariant zero.
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2. The kernel of X imgs (3™ = mpiS%) 15 the cyclic subgronp of
Mg -1 (571 generated by the Whitehead product |e, 2, where ¢ denotes the
peneratar of 1, S5%) represented by the identity map. If % 15 even, |2 &, lins
Ilopt invariant 2 and therefore has infimite order, 10 # is odd, 2]e, ¢] =0,
and [e, &] = 0 i there iz an element of Ay, (5% with Hopf invariant 1.
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