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Background information

0.1 Homotopy groups

Pointed topological spaces. A pointed topological space is a topological
space X together with a point * € X called the basepoint of X. A map
of pointed topological spaces is required to take the basepoint in the
domain to the basepoint in the target. The pointed union X VY of a
pointed topological spaces X and Y is the space X LY/~ in which the
basepoints of X and Y are identified.

Example o.1. Let S” denote the standard unit sphere centered at ori-
gin in the Euclidean space R"*! with basis ej, ..., ;. The sphere S" be-
comes pointed if we pick its south pole, i.e., the end point of —e,, 11 to
be the basepoint of 5. The intersection of 5" with the hyperplane per-
pendicular to e; is a meridian S"~! of S". The quotient space 5" /5" !
is homeomorphic to the bouquet of spheres 5" V §".

A homotopy of a map f: X — Y to amap g: X — Y is a continuous
family of maps F;: X — Y parametrized by t € [0,1] such that Fy = f
and F; = g. When the spaces X and Y are pointed, every map F; in the
homotopy is required to be pointed as well. A space X is homotopy
equivalent to a space Y if there are maps f: X — Y and g: Y — X such
that g o f is homotopic to the identity map of X, and f o g is homotopy
equivalent to the identity map of Y.

CW complexes. Most topological spaces that we will encounter are
CW complexes. A CW complex X is constructed inductively beginning
with a discrete set X called the O-skeleton of X. The n-skeleton X"
is obtained from the (n — 1)-skeleton X"~! by attaching a collection

NN
@

Figure 1: A CW-complex is constructed
by induction beginning with a (red) dis-
crete set X°, by attaching (blue) seg-
ments, then (grey) 2-dimensional cells
and so on.
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UD} of closed discs of dimension n with respect to attaching maps
@u: 0D} — X"=1 In other words, X" consists of X"~ ! and the discs
D! with each x in the boundary 9D identified with @, (x) € X"~1.
We say that the interior of 0D} is an open cell ejj. The so-constructed
space is a CW-complex X = UX". A set U in X is declared to be open
(respectively, closed) if each intersection U N X" is open (respectively,
closed).

Homotopy groups. For n > 0, the set of homotopy classes [f] of
pointed maps f:S5" — X into a pointed topological space is denoted
by 71,X. The set 7, X is a group when n > 0 with the sum [f] + [g]
represented by the composition

st — g1/ agny gn L8 x,

where the first map is one collapsing the meridian of 5" into a point.
The set X is the set of path components of X. The group 711X is the
Sfundamental group. The homotopy groups 7, X with n > 1 are abelian. A
space X is n-connected if the groups ;X are trivial in the range i < n.
Thus, a non-empty space is —1-connected, a path connected space is
0-connected, while a simply connected space is 1-connected. A map
f:X — Y of topological spaces induces a homomorphism f,:m; X —
7;Y of homotopy groups by [g] — [f o g].

Theorem o.2 (Whitehead). Two path-connected CW-complexes X and Y
are homotopy equivalent if and only if there exists a map f: X — Y which
induces an isomorphism of homotopy groups f.: ;X — ;Y for all i > 0.

Relative homotopy groups. A pair (X, A) of pointed topological spaces
consists of a pointed topological space X and a pointed subspace A
such that the distinguished point of A is the same as the distinguished
point of X. A map of pairs (X, A) — (Y, B) is a pointed map from X
to Y which takes the subspace A to B. Similarly, a homotopy of maps
fo, f1 of pairs is a continuous family F; of maps of pairs parametrized
by t € [0,1] such that Ffy = fy and F; = f;. Let D" denote the stan-
dard disc of dimension 1, and S"~! its boundary. Then, the set of
homotopy classes of maps from the pair (D",5"~!) to a pair (X, A) is
denoted by 7, (X, A). It is a group if n > 2, and an abelian group for
n > 3. We note that when the subspace A is a point, the relative ho-
motopy groups reduce to homotopy groups: 7, (X, *) = m,X. Every
map of pairs f:(X,A) — (Y, B) induces a map f; of relative homo-
topy groups 71, (X, A) — 7.(Y, B). For any pair (X, A), there is a long
exact sequence of homotopy groups:

s = my1(X,A) i> WA Z—*> 71, X I, (X, A) = -,



where i: A — X is the inclusion, j is the inclusion (X,*) C (X, A)
of pairs, while 0 takes the class [f] of a map f: D" — X to the class
[f|oD"] of the map f|oD":S"~1 — A.

A pair (X, A) is said to be n-connected if 77;(X, A) = 0 for i < n and
any choice of a base point * € A.

Theorem o.3. Let X be a CW complex decomposed as the union of sub-
complexes A and B with nonempty connected intersection C = AU B. If
(A,C) is m-connected and (B, C) is n-connected, m,n > 0, then the map
mi(A,C) — m;(X, B) induced by inclusion is an isomorphism for i < m +n
and a surjection for i = m + n.

Theorem o.4 (Hatcher, Proposition 4.28). Ifa CW pair (X, A) is r-connected

and A is s-connected, with r,s > 0, then the map 7;(X,A) — m;(X/A)
induced by the quotient map X — X/ A is an isomorphism for i < r + s and
a surjection for i =r+s+ 1.

Let A and B be two vector spaces over a field k, or finitely gener-
ated free abelian groups (in which case we put define k to be the ring
Z). We say that a bilinear function {: A ® B — k is non-degenerate
with respect to A if for any linear function f on A there is a unique
vector b € B such that f(a) = ¢(a,b). Similarly, we say that ¢ is non-
degenerate with respect to the second factor if for any function f on B
there is a vector a € A such that f(b) = ¢(a,b).

Theorem o.5. Suppose that W is an oriented compact manifold of dimension
29 +1 > 5. Suppose that W and oW are g — 1 connected manifolds. Then
the intersection pairing

g W/ Tor ® 1t411(W,0W)/Tor — Z

is non-degenerate with respect to the first factor, while the pairing
7t541W/ Tor @ 114(W,0W)/Tor — Z

is non-degenerate with respect to the second factor.

Proof. Let us prove the non-degeneracy of the first pairing. For the
second pairing, the proof is similar.

By the Hurewicz isomorphism, the free part of 77;W is isomorphic to
the free part of H;W. Since the homology pairing is non-degenerate,
for every function f on the free part of H;W there is an element x; in
the free part of Hy1(W,9dW) such that f(y) = xs - y for all elements y

BACKGROUND INFORMATION ¢
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in the free part of H,,1(W,0W). By the Hurewicz theorem, the homo-
morphism 77,1 (W/0W) — Hyy1(W/0W) is surjective.® Therefore,
the element x/ lifts to an element in 77,1 (W/0W). Finally, x; admits
a lift with respect to the map 71, 1(W,0W) — Hyy1(W/0W) since
such a map is surjective by Theorem o0.4.

For the second pairing, we have 7, (W,dW) ~ 71,(W/0W) is isomor-
phic to Hy(W,0W). Therefore, for any function f on the part of this
group, there is a corresponding element x; in H,.1(W) which can be
lifted to an element in 77,11 W. O

0.2 Bordisms and Cobordisms

Bordisms. We say that two maps fy : My — X and f1: M; — X
of closed oriented manifolds into a topological space are bordant, if
there is a map f: W — X of a compact manifold W with boundary
OW = My U (—M) such that f|[My = fy and f|M; = f1. The set of
bordism classes of maps of manifolds of dimension m into a manifold
N forms a group 2, X with operation given by taking the disjoint
union of maps.

More generally, given a compact oriented manifold M, a continuous
map f:(M,0M) — (X, A) is bordant to zero if there is a compact ori-
ented manifold W with boundary oW = MU M’ and amap F: W — X
such that F|[M = f and F(M') C A. Two maps f;: (M;,oM;) — (X, A)
are said to be bordant if fy Ul f1: (MoU —M;j,dMyU—0M;) — (X, A) is
bordant to zero. The set of bordant maps of manifolds of dimension m
forms an abelian group Q,,(X, A). Clearly, we have O, (X, D) = Q,, X.

Every map g: (X', A’) — (X, A) of pairs induces a homomorphism
g (X, A — QO (X, A) by [f] — [go f]. Homotopic maps g, ¢’
induce the same homomorphism g, = g,. There is a boundary ho-
momorphism 9: O, (X, A) — Q,,_1A defined by associating the class
of f:(M,0M) — (X, A) with the class f[oM:90M — A. For any pair
(X, A) of spaces, there is a long exact sequence of abelian groups

S O (X A) S QA = QX — Qu(X, A) —,

where i: A — X and j: (X,®) — (X, A) are the inclusions. The re-
duced bordism group (), X is the kernel of the homomorphism e, in-
duced by the projection € of X onto a one point space. There is an iso-
morphism Oy, (X, A) ~ O, (X/A) where X/@ is the disjoint union of

*See Exercise 23 in section 4.2 of
Hatcher’s book.



X and a one point set. Suppose that U is a subset in X such that its clo-
sure is in the interior of A. Then the inclusion (X \ U, A\ U) — (X, A)
induces an isomorphism of bordism groups.

Cobordisms. We say that a proper map f: M — N of manifolds is ori-
ented if the normal bundle of a map f x i: M — N x R* for an embed-
ding i: M — RF with k > 1 is oriented. Two orientations defined by i
and i’ are equivalent, if they are compatible with an isotopy from i to
i’. We say that two proper oriented maps fo: My — N and f;: My — N
are cobordant if there is a proper oriented map f: W — N of a manifold
with boundary oW = My U M; extending fp and f; in such a way that
the orientation of f agrees with the orientations of fp and f;. The set
of cobordism classes of maps of dimension —g = dim M — dim N into
N is a group denoted by Q7N. >

Every smooth map ¢: N’ — N of manifolds defines a homomorphism
¢ O*N — Q*N' by [f] — [¢*f]. The homomorphism ¢* depend
only on the homotopy class of g. A proper oriented map g: N’ — N of
dimension d defines the so-called Gysin homomorphism g: Q" N' —

Q"IN by [f] > [gf].
Products. The external products

A:QmN(X)Qm/N/ — Qm+mr(N X N/),
AQIN® QN — QY (N x N)

are defined by [f1] A [f2] = [f1 X f2]. There are also homomorphisms

/09N x N') @ QuN' — QT (N),
\: QIN @ O (N x N') = Qi g(N).

The first homomorphism is defined by [f]/[g] = [(7r1 0 f o f*(In X §)]-
For example, suppose that both f and g are transverse embeddings.
Then f o f*(1y x g) is the inclusion into N x N’ of the intersection
of the images of f and g. The map 7y projects it to N. The second
homomorphism is defined by [f]\[g] = [z 0 g0 " (f X 1n7)].

The group OY*N is a ring with operation given by [f1] U [f2] = A*(fi A
f2) where A:N — N x N is the diagonal map. There is also the N-
product

N:QIN ® O, (N,N) — Q,4(N,dN),

defined by the composition

QN ® O (N,aN) 2225 QIN © (N x (N,3N)) -5 Qg (N, N).

BACKGROUND INFORMATION 11

*Note that oriented bordism classes
are represented by maps of oriented
closed manifolds, while oriented cobor-
dism classes are represented by oriented
proper maps of manifolds which are not
necessarily oriented or closed.
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When N is a compact orientable manifold of dimension 7, the class
[N] of the identity map of (N,0N) is called the fundamental class of
N in Q,(N,dN).

0.3 Homology and Cohomology

Let X be a CW-complex. We recall that it is constructed by induction
beginning with a discrete set X°. The n-th skeleton X" is obtained from
the (n — 1)-skeleton by attaching to X"~ closed discs DY of dimension
n by means of the attaching maps ¢,:9D! — X"~!. The interior e/ of
the attached disc D} is called an open cell.

The algebraic counterpart of a CW-complex X is its chain complex
C:X. By definition, a chain complex Cy is a sequence of abelian groups
{C,} together with homomorphisms d,,: C, — C,_1 called the differ-
entials such that d, od,1 = 0. The condition d,, o d,.y; = 0 is equiv-
alent to the requirement that the image of the homomorphism d,,
belongs to the kernel of the homomorphism d,,. Then, the so-called
homology groups H,(C,) = kerd, /imd, 1 can be defined.

The chain complex C, X of a CW-complex X consists of the free abelian
groups C, X over the generators [e]}] corresponding to the n-cells of X.
The boundary map d,,: C;, X — C,_1 X is defined by taking a generator
[e}] into the linear combination Ygk, 4 [egfl] of generators of C,_1X
where k, g is the number of times that the boundary of the cell ef
wraps around the cell eg_l. More precisely, the coefficient k, g is the

degree of the map
st =aDy L5 X"t = Xt/ (X e ) A ST

The homology groups of the chain complex CX of a CW-complex X
are simply denoted by H,,X.

The dual of a chain complex (Cs,d) is a cochain complex (C*,d,). It
consists of abelian groups C" = Hom(C,, Z), and coboundary homo-
morphisms &, : C" — C"*1. In other words, a cochain f in C" is a linear
function on chains in C,. It is convenient to write (f, x) for the value
f(x) of the function f on x. In this notation, the coboundary homomor-
phism is defined by (3, f, x) = (f,d,1x). It follows that 6,1 06, =0,
and therefore the cohomology groups H"(C,) = kerd,/imJ,_; can
be defined. The cohomology group of the chain complex C,X of a
CW-complex X are denoted by H"X.



A map of chain complexes f:C, — C, is a family of maps of abelian
groups fn:Cy — Cj, such that do f, = f,,_1 od. The requirement d o
fn = fu—10d ensures that f gives rise to homomorphisms H,(Cy) —
H,(C,) of homology groups and H"(C.) — H"(C,) of cohomology
groups.

A cellular map f: X — Y of CW-complexes is a map that takes n-cells
of X to the n-th skeleton Y". By the so-called Cellular Approxima-
tion Theorem, every continuous map of CW-complexes can be contin-
uously deformed to a cellular map.

A cellular map f defines a map C.X — C.Y of chain complexes by

f(lekd]) = Tkap [EZ] where k, g is the number of times the disc f(ey)

raps around the cell eg. More precisely, the coefficient k, g is the degree

of the map
S XM /(XM \el) Ly (Yr\ ) S

Dually, a cellular map f: X — Y of CW-complexes defines a map
C*Y — C*X of cochain complexes.

Products.

When C and C’ are chain complexes, a new chain complex C ® C’
can be defined; its n-th entry is ) ; yj=n CG® C]’-, while the boundary
homomorphism d(c®¢’') = dc® ¢’ + (—1)kc @ dc’ where k is the degree
of c. For example, when X and Y are finite CW-complex, then X X
Y is also a finite CW-complex that consists of products of cells in X
and cells in Y. The chain complex C.(X x Y) therefore is the tensor
product C,X ® C,Y of the chain complexes of X and Y. Similarly,
the cochain complex C*(X x Y) is the tensor product C*X ® C*Y of
cochain complexes.

Unfortunately, the inclusion of the diagonal X — X x X is not a
cellular map. However, it can be approximated by a cellular map
A:X — X x X. It has the property that its composition with any
of the two projections X x X — X is homotopic to the identity map.
The cellular map A defines the cup product

—:C"X®C"X — C""X

by identifying an element x ® y with an element in C"*"(X x X) and
then setting x « y = A*(x ® y). The cup product is a chain map and
therefore defines a map on cohomology groups. The slant product

/:Cu(XxY)®CFY = C,_1X

BACKGROUND INFORMATION
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is defined by first writing a chain a € C,;(X x Y) as }_a; ® a} where
a; € C,X and 4] € C.Y, and then setting a/b = }_b(a})a;. It is a chain
map and therefore it defines a map on homology and cohomology
groups. Together with the diagonal map A, the slant product defines
the cap product:

N:CpX ® CkX — C,_; X

by anNb = A.a/b. Again, it is a chain map that induces a homomor-
phism N: H,X ® H*X — H,_;X.

Example 0.6. The homology groups of a closed oriented surface X of
genus g can be identified with Z in degrees 0 and 2, and with the
group Z(ay, by, ..., ag, bg) in degree 1. Determine all product maps for
X.3

3Hint: Let [1] denote a generator of
HyX, and [X] a generator of HyX. Since
the composition of A with any of the
two projections X x X — X is homo-
topic to the identity map, we deduce
that A,[1] = [1] ® [1] and AL [X] = [1] ®
X]+ [X]®[1] + ---, where - -- stands
for terms which do not involve [1] and
[X]. Note that every cell 4; maps under
A into the diagonal in the torus whose
meridian and parallel are copies of a;.
Therefore Ai(a;)) = [1] ® a; + a; @ [1].
Similarly, A.(b;) = [1] ® b; + b; @ [1].
Since

(0; @ Bj, A [X]) = (A" (i @ B)), [X]),
we deduce that
AX] =[] @ [X]+[X] @ [1]
+Y o] © [bi] — [bi] @ [ai].

For the cap product, we have, for exam-
ple,

[X] ﬂ‘Bi = A*[X]/ﬁ, = a;.



Stable homotopy groups of spheres

A quick look at the table of homotopy groups of spheres suffices to
observe that the groups 7,,. ;S on the diagonals are the same for all
sufficiently high values of k and any fixed m. For example, each of
the groups 71;.S* is isomorphic to Z. These are the groups on the left-
most non-zero diagonal in Table 1.1. The groups 711, 4Sk on the next
diagonal to the right are isomorphic to Z; for k > 2, while the groups
75, 1S are isomorphic to Z, for k > 1. In fact, we will see that for any
m the groups nm+kSk are the same at least for k > m + 1. These are
so-called stable homotopy groups of spheres, denoted by 7t,. In today’s
lecture we will recall the historically first approach to computing 73,
due to Lev Pontryagin. Later we will use the Pontryagin construction
to prove the observed stabilization phenomenon, and compute the sta-
ble groups 713,71y, 75 and 713 following the ideas of Pontryagin and
Rokhlin.

7 7T 73 7Ty 75 Tle 77 U 7T9 7110 1
STz o o 0 o o o o o o
Sl ol zZz| z| 2z | Z, | Z» Z, Z, Z3 Zis Z,
SS o (o) Z Zz Zz le Zz Zz Zg ZlS ZZ
ST o] of o Z | 2| Z, | ZxZy | 73 73 | ZuxZ; | Zss
S 1 o o ) ) Z | 2z, 2 Zys | Z Z; Z;
1 o o ) ) o Z 2 Zy | Zos o
S o o o o o o Z Zy Zy Zys

It is worth mentioning that the Pontryagin approach admits an exten-
sive generalization—the Pontryagin-Thom construction—which plays
an indispensable role in contemporary homotopy theory.

To explain the Pontryagin construction we will need to review the
notions of a submanifold in a Euclidean space, smooth function on
a submanifold, tangent and normal vectors, frame, exponential map,

i
Figure 1.1: Lev Semenovich Pontryagin
(1908-1988)

Table 1.1: For every m, the groups
n,HkSk on the m-th diagonal stabilize as
k increases to infinity. The shaded ar-
eas corresponds to the stable range k >
m+1.
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and tubular neighborhood of a manifold in a Euclidean space. The
reader familiar with these notions may skip the following section.

1.1 Framed submanifolds in Euclidean spaces

In order to compute stable homotopy groups of spheres, Pontryagin
came up with an idea of replacing stable homotopy groups of spheres
with cobordism classes of framed smooth submanifolds in Euclidean
spaces.

Informally, a smooth submanifold M of dimension m in R™tk is a
subset that locally looks like an open subset of R, see Figure 1.2.
More precisely, a subset M C R"™ is a smooth submanifold of di-
mension m if for each point x in M there is a diffeomorphism ¥ of
a neighborhood V of the origin in R"** into a neighborhood U of
x € R"™** such that ¥~1(M N U) is the intersection of V with the m-
plane R" C R"*¥ defined in the standard coordinates (x1, ..., X, k) by
the equations x,,41 = - -+ = x4 = 0.

Rm—l—k

M

TmA1y ooy Tmtk

R7n+k

AN

L1yeey T

3

It is also common to say that M is a manifold placed in R™**, or,
simply, a manifold in R"**. A closed submanifold in R"*¥ is one
whose underlying set is compact, while an open manifold is one with
no closed components. You may see examples of submanifolds and
non-submanifolds in Figure 1.3.

Manifolds in R+ are ubiquitous. For example, almost all fibers of
any smooth map f:R"% — RF are smooth (possibly empty) man-
ifolds in R™**. Indeed, recall that a value y € R* is reqular if the

Figure 1.2: A submanifold M in R™+k,

oI

Figure 1.3: As subsets of R?, the circle A
is a closed submanifold, while the open
interval D is an open submanifold. The
curves B, C and E are not submanifolds
for their end points, double point, and
the corner respectively.
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differential of f at x is an epimorphism for every point x in the inverse
image of y. By the Sard theorem,' almost every point in the target is
a regular value of f. On the other hand, by the Rank Theorem,? the
inverse image of a regular value is a manifold in R”**.

The restriction i = ¥|V NR™ of the diffeomorphism ¥ in the defini-
tion of a submanifold is called a coordinate chart on M. A coordinate
chart i = 1(x) locally parametrizes the submanifold M by means of
m parameters X = (X1, ..., Xy, ). In particular, for any function f on M,
e.g., for f: M — R" with n > 0, the composition f o 1 is a function in
terms of (X1, ..., X, ); it is called the coordinate representation of f over the
coordinate chart 1. A function f on M is smooth if for any coordinate
chart ¢, the partial derivatives of all orders of the function f o 1 are
continuous.

Consider an arbitrary curve x = x(t) on VN R™ passing at the time
t = 0 through the origin with velocity vector x(0) = (ay, ..., a4 ). Then
the corresponding curve (x(t)) on M passes at the time ¢ = 0 through
x = (0). Its velocity vector at t = 0 is

d(pox) 9y 99 Y
————=(0) = a1=—(0 =—(0) +--- —(0). .
dt () alaX1( )+azax2( )+ +amaxm( ) (11)
Such a vector in R"*¥ is called a tangent vector of M at x. The expres-
sion (1.1) shows that the space TyM of tangent vectors at x is a vector
space spanned by the m vectors g—jﬁ_(o) in R"*k,
Exercise 1.1. Show that the vectors g—;ﬁ_ (0) are linearly independent and
form a basis for the tangent space TxM. Conclude that the dimension
of the tangent space TyM is the same as the dimension of M, i.e., m.3

A vector v in R"** at the point x of M is a perpendicular vector if it is
orthogonal to the tangent space Ty M. The set of perpendicular vectors
at x also forms a vector space, denoted by Ty M. We note that for any

*Sard Theorem. The set of non-regular
values of a smooth map has measure zero.

>Rank Theorem. Let f be a map from
an open subset U of R"* to R such
that the differential of f is surjective at a
point x in U. Then there are coordinates
(X1, oy Xyx) in a neighborhood of x and
coordinates in a neighborhood of f(x) such
that f(x1, ., Xppak) = (X1, -0 Xk).-

Figure 1.4: A curve x(t) and its image

470X(t).

Figure 1.5: The tangent and the perpen-
dicular spaces. Here, the tangent space

is spanned by the vectors v; = 57‘41(0)
b
and v, = %(0),
9

3 Hint to Exercise 1.1. The vectors a—xl(o)
are the first m column vectors in the in-
vertible Jacobi matrix of ¥ at x = 0. By
the equation 1.1, the vectors %(0) span
T M.
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point x € M, there is a canonical isomorphism TyM @ T¢-M a2 R+
of vector spaces.

Choosing a basis for T{-M is equivalent to choosing an isomorphism
7 : RF — T M of vector spaces.# Suppose that such an isomorphism
Ty is chosen for each point x. Then for each point x, the image 7y (v)
of any vector v € IR¥ is a linear combination

T (v) = aq(x)eg + aa(x)ex + -+ - + ik (X) ek

of basis vectors {ey, ..., e, 45} of R”TK. If the coefficient functions «;
are continuous (respectively, smooth) for every vector v, then we say
that the manifold M in R"*¥ is continuously (respectively, smoothly)
framed. To summarize, a continuous (respectively, smooth) frame on a
manifold M is a choice of a basis in each perpendicular vector space
T¢ M that changes continuously (respectively, smoothly) with x.

Up to continuous deformations, the set of continuous frames over M is
isomorphic to the set of smooth frames over M. For this reason we will
turn to smooth frames whenever it is necessary, and use continuous
frames otherwise.

Given a (smoothly) framed manifold M with a frame 7, there is an
exponential map exp: M x D — R™* where D, is the open disc of
radius ¢ in RF centered at the origin. The exponential map is defined
by exp(x,v) = x + 7 (v). For example, when & = oo, the open disc D,
coincides with RF and the image of x x D is actually the perpendic-
ular space Ty M C Rk, In general, perpendicular spaces T¢-M and
TyLM at different points x and y of M may have common points in
Rk, However, if M is compact, then, by the Tubular Neighborhood
Theorem,> for small € the exponential map is a diffeomorphism onto a
neighborhood of M, called a tubular neighborhood of M. In other words,
for small values of ¢, the exponential map identifies a neighborhood of
M in R"* with a tube M x D,.

1.2 Cobordisms of framed manifolds

The Pontryagin construction shows that a class in 77,,,S* defines a
(closed) framed manifold M uniquely up to a cobordism. In fact, there
is a bijective correpsondence between framed manifolds of dimension
m in R™** up to cobordisms and pointed maps S"+* — SK up to ho-
motopy, where cobordisms of m-manifolds in R”** is an equivalence
relation which we define next.

+More precisely, a basis {t,..., 7} for
T&M defines an isomorphism T, by
Tc(e;) = 7 for i = 1,..., k, where {¢;} is
the standard basis for R¥.

5 Tubular Neighborhood Theorem: If M
is compact, then for small €, the map exp is
a diffeomorphism onto a neighborhood of M.

‘ m-+k @

Figure 1.6: A tubular neighborhood of
a framed manifold M consists of e-discs
centered at points x of M and orthogonal
to Ty M.
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Definition 1.2. For a compact subset W in the slice R"** x [0,1] of the
Euclidean space R"*k+1 and for i = 0,1, let us denote the set of points
of W on the hyperplane R"+* x {i} by 9;W. We say that the space W
is a cobordism between doW and 91 W if the complement to dgW U 91 W
in W is a manifold in R"T*+1 and there is some ¢ > 0 such that

wm(Rm”‘x [0,5)) = W x[0e),
W (R (1-g1]) = W x (1-¢1].

The union dW of the two sets d;W is called the boundary of W, while
W is called a manifold with boundary. Note that the boundary oW
has a nice neighborhood in W, namely the union of dyW x [0,¢) and
91W x (1 —¢,1], called a collar neighborhood. In particular, the boundary
components dgW and 9; W are smooth manifolds.

For example, for a manifold M in R"** the manifold with boundary
W = M x [0,1] in R"™*k x [0,1] is a cobordism between two copies
of M; it is called the trivial cobordism of M. On the other hand, W =
M % [0,1/2) is not a cobordism between M and an empty set since W
is not compact.

The technical requirement that the boundary of W possesses a col-
lar neighborhood is often omitted. However, the existence of collar
neighborhoods simplifies proofs. For example, in the presence of col-
lar neighborhoods, the cobordism relation is clearly transitive.

Suppose now that the manifold W is framed, i.e., at each point (x, t) €
R"*k x [0,1] on the manifold W there is a chosen frame T(x,p)- Since the
vectors in T(, ) are perpendicular to T, ;)W, the frame 7(, ;) restricted
to oW and 9;W turns the two boundary components into framed
manifolds in R"*k. Furthermore, suppose that Tixt) = Txa) if £is &
close to 1 and 7(, ;) = T(4) if t is e-close to 0 for some ¢ > 0. Then we
say that W is a (framed) cobordism between the framed manifolds dyW
and 0 W.

The framed cobordism relation is an equivalence relation. The equiva-
lence class of a framed manifold M will be denoted by [M].

Exercise 1.3. Show that a framed manifold M is cobordant to the

framed manifold M; obtained from My by a parallel translation.®

Finally, we note that the set of all cobordism classes of closed framed
manifolds of dimension m in R"*¥ forms an abelian group. Indeed, if
My and M are two framed manifolds representing cobordism classes
[Mp] and [M], we can use a parallel translation to shift M into the left

==V

w

& aw

Figure 1.7: A manifold with bound-
ary, and the collar neighborhood of its
boundary.

S Hint to Exercise 1.3. Let f:R" —
R”** be the parallel translation that
brings My to M;. Let j:[0,1] — [0,1]
be a smooth function that equals 0 for
t < ¢, increases on the interval (¢,1 — ¢)
and equals 1 for ¢t > 1 —&. Then

Fi(x) = (1= j(£))x +j(£)f(x)

is a smooth deformation of My to M;
where t € [0,1] and x € My, while the
trace W = {(Fi(x),t)} of the deforma-
tion is a cobordism from My to M;. The
frame over W at x is constructed in two
steps. First, one applies dy(F) to the
frame of M) at x to get k vectors at F;(x),
and, second, one projects the k vectors to
TAW.
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half space L = (—o0,0) x R"* =1 of R"*¥ and M; into the right half
space R = (0,00) x R"*k~1 ‘and get a new framed manifold My LI M;
in R”*k representing the sum [My] + [M;].7 The so-defined operation
(addition) is well-defined: changing representatives in the equivalence
classes [My] and [M;] does not change the resulting class [My] + [M;].

The addition is clearly associative and commutative. The zero is rep-
resented by an empty manifold. To construct the inverse of the cobor-
dism class of a framed manifold M, place M into L and rotate L in
R7 L = RM+k x [0,00) along R”+F~1 till L turns into R. Then the
framed manifold M traces a framed cobordism W from M C L to a
framed manifold —M C R.8 In particular, [M] + [~M] = 0, and there-
fore —M represents the negative of [M], see Figure 1.8.

To summarize, we have shown that the cobordism classes of (closed)
framed manifolds of dimension m in R™** form an abelian group.

1.3 The Pontryagin construction

Pontryagin observed a beautiful relation between framed manifolds M
and homotopy groups of spheres. To see the relation, let us identify
the complement in S" to its south pole with IR” so that 0 € R" is the
north pole of S”; the south pole co will be the base point of S". Let U
denote an e-tubular neighborhood of a closed framed manifold M of
dimension m in R™**. Define f|U to be the map from U to RF c Sk
by exp(x,v) — v/(e — |v]). It takes the manifold M to the north pole
of S¥ and identifies each fiber D; of the tubular neighborhood with the
Euclidean space RF C SK. Then, define the restriction f|S"**\ U to be
the constant map to co € SK. The obtained continuous map f sends the
south pole of Stk o the south pole of Sk and, therefore, represents
an element in nm+k5k . Choosing a different value for € leads to the
same element in nm+k5k . Thus, every closed framed manifold M in
R”*k determines a homotopy class in 77, S*.

The corresondence [M] — [f] is well-defined as cobordant closed
framed manifolds My and M; define homotopic maps fy, f1: "tk —
Sk, Indeed, the Pontryagin construction applied to a cobordism W C
R x [0,1] between My and M; results in a homotopy S"** x [0,1] —
Sk between fj and f;.

Conversely, let f: gmtk _y Gk be a smooth representative of an element
in 71,,,4S*. In view of the Sard theorem, by slightly perturbing the

71f My and M; do not share common
points in R”+, then we may define the
sum [My] + [M;] to be [My U M;] with-
out taking parallel translations. How-
ever, if the intersection of My and M; is
non-empty, the subset My U M; of R"+*
may not be a submanifold.

w
L R
M Rm+k:—1 — ]\ 4
Figure 1.8: The inverse to the class of the

framed manifold M is the class of the re-
flection of M

8To be more precise, we add collar
neighborhoods to the boundary of W,
and shrink R" 51 along the (m + k +
1)-st direction so that W is a subset of
Rk % [0,1).

Figure 1.9: The Pontryagin construction
can alternatively be described as follows:
for each point x € M consider its open
e-disc neighborhood Dy in the perpen-
dicular space TM. These discs form
a neighborhood U of M. To define the
map f|U represent the sphere Sk as the
the disc D¥ in which all points of the
boundary aD¥ are identified. The map f
sends Dy isomorphically onto DF in such
a way that the frame vectors T, ..., 7 in
D, at x are send to the standard vectors
ey, ...,ex on DX at 0. Finally the map f is
extended over §”** by sending the com-
plement to U onto the south pole of S¥.
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map f, we may assume that the north pole of S is a regular value
of f. Then the inverse image of the north pole is a manifold M in
R"+k c §"+k, see Figure 1.9. Furthermore, at each point x in M
the differential dy f takes the perpendicular space T;- M isomorphically
onto the tangent space ToRF = T,S* at the origin. 9 Thus df composed
with the canonical isomorphism ToR* = R¥ defines a frame on M. In
other words M is a framed manifold. However, the framed manifold M
is not uniquely determined by the class in 77, +S¥; choosing a different
representative f of the class leads to a different framed manifold M.

To analyze the indeterminacy, let fp and f; be two different smooth
representatives of the same element in 7rm+kSk determining two framed
manifolds My and M;. Then fj is homotopic'® to f; through a smooth
homotopy f;:S"+k — Sk parametrized by t € [0,1]. Define a map
f:8"k % [0,1] — S* by f(x,t) = fi(x). We may assume that the north
pole of S¥ is a regular value of f, f; and f, and that the deformation f
is trivial when the time parameter is close to 0 and 1. Then, as above,
the map f determines a framed manifold W = f~1(0) in R”*k x [0,1]
with boundary. Furthermore, the boundary of W coincides with the
union of My and My, and the frame of W restricts to the frames of M
and Mj. Thus W is a cobordism between the framed manifolds M
and Mj.

To summarize, we have shown that the homotopy classes in 7, ;S*
are in bijective correspondence with the cobordism classes of framed
manifolds.

Futhermore, the sum of cobordism classes of framed manifolds under
the Pontryagin construction corresponds to addition in 7rm+k5k . Thus,
we proved the Pontryagin Theorem.

Theorem 1.4 (Pontryagin). The group of cobordism classes of framed man-
ifolds M™ C R™** is isomorphic to the homotopy group 77, Sk.

In the remainder of this section we will describe the stability phe-
nomenon, and state the Pontryagin theorem in the form that we dis-
cussed in the beginning of the lecture.

A framed manifold in R"*+* is naturally a framed manifold in a bigger
space R"**+1; in the bigger space the frame at a point x € M contains
the old k frame vectors in R”** and the additional new basis vector
emiks1- Furthermore, any two cobordant framed manifolds in R”*k
are also cobordant as framed manifolds in R”**+1, Consequently, in
view of the Pontryagin theorem, there is a so-called Freudenthal homo-

9Let us show that dyf|T4 M is an iso-
morphism of the perpendicular space
T#M and the tangent space ToR¥. To
begin with, the differential dy f is surjec-
tive since the north pole of S* is a reg-
ular value of f. On the other hand, the
map f takes the entire manifold M to 0,
and therefore the differential d, f is triv-
ial on TyM. Consequently, the restric-
tion dyf|T{+ M is surjective. Finally, the
dimension of the perpendicular space
T M is the same as the dimension of
ToR¥, which implies that the surjective
homomorphism d f| T¢- M is actually an
isomorphism.

*We say that a map g is homotopic to h
if there is a continuous family of maps
f+ parametrized by t € [0,1] such that

fo=gand f; =h.

Rm+k+1

RnH—k

Figure 1.10: A framed manifold M C
R™+* also belongs to R" 1. Tts frame

in Rtk can be completed by e, (41 to
a frame in R™H5+1,
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morphism nm+kSk — 7Tm+k+15k+l. We will see later that it is an isomor-
phism provided that k > m + 1 and it is an epimorphism for k > m,
see the Freudenthal Theorem 2.4. Thus there is a characterization of
stable homotopy groups of spheres in terms of framed manifolds.

Corollary 1.5 (Pontryagin). The group of cobordism classes of framed man-
ifolds M™ C R™*¥ is isomorphic to 75, provided that k > m + 1.1

1.4 Example: The stable group g

The Pontryagin construction identifies the stable homotopy group ng
with the cobordism group of (closed) framed manifolds of dimension
0 in R* for k > 1. Being compact, such a manifold consists of finitely
many points p, each of which equipped with a frame, i.e., a basis for
T,R* ~ R. As parallel translations do not change the cobordism class
of a framed manifold (see Exercise 1.3), the exact location of points p
is not essential.

A frame at any point p can be smoothly deformed'? into the standard
positive basis {ey, ..., ex} or the standard negative basis {—ey, ey, ..., e }.
In particular, every class in 75 can be represented by a union of m
positively framed points and n negatively framed points for some
m,n > 0. We claim that the homomorphism H: 7'(3 — Z given by

(m,n) — m — n is well-defined and it is an isomoprhism.

Indeed, a cobordism W between two framed manifolds dyW and 91 W
of dimension 0 is a manifold with boundary of dimension 1, i.e., a
union of finitely many circles and segments. We may discard all the
circles from W, and still have a cobordism from dyW to 0;W. Any
remaining segment in W has two boundary components p and gq. If
both p and g belong to the same boundary component of W, i.e., either
both belong to dgW or 9; W, then the signs of their frames are opposite.
On the other hand if p and g belong to the different components of W,
then the signs of their frames are the same. This implies that H is well-
defined as a map of sets. The disjoint union of two framed manifolds
(m,n) and (m’,n’) is a framed manifold (m +m’, n+n’). The equalities

Hm+m',n+n)=m+m")— (n+n") = Hm,n)+ H(m',n')

show, then, that the map H is actually a homomorphism.

The homomorphism H is an epimorphism since every positive integer
m is the image of the cobordism class of m positively framed points,

1 Recall that 775, denotes the m-th stable
homotopy group of spheres. It is iso-
morphic to the group 7, S* for any
k>m+1.

A frame T,.., T at a point p deter-
mines a homomorphism of vector spaces

Rf — Rk
e; — T;.

The group GLx(R) of homomorphisms
has two path compoments; the compo-
nent of homomorphisms f with det f >
0 and the component of homomor-
phisms f with detf < 0. Therefore,
each frame {7,..., 7} can be smoothly
deformed either to the basis {ej, ..., e}
or to the basis {—ey, ..., e }.

Figure 1.11: A cobordism of framed
points.
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while every negative integer # is the image of the cobordism class of n
negatively framed points. Finally, the cobordism class of m positively
framed points and m negatively framed points is trivial, which implies
that the homomorphism H is injective. This completes the proof that
H is an isomorphism of the stable homotopy group 715 onto Z. 13

1.5 Further reading

We only discussed manifolds of dimension m in R”**. These are usu-
ally defined in advanced calculus courses, e.g., see Advanced calculus
of several variables by C. H. Edwards, JR. In more advanced courses
manifolds are defined without referring to the ambient space R" X,
e.g., see the textbook Differential topology by M. W. Hirsch and An
introduction to differentiable manifolds and Riemannian geometry
by W. M. Boothby. Early works of L. S. Pontryagin on stable homotopy
groups of spheres include Homotopy classification of the mappings
of an (n+2)-dimensional sphere on an n-dimensional one (1950) and
Smooth manifolds and their applications in homotopy theory (1955,
1976). Pontryagin applied his construction to compute nf and 715 . The
Thom’s generalization of the Pontryagin construction can be found in
his excellent paper Quelques propriétés globales des variétés dif-
férentiables (1954), which lays the foundation of the cobordism the-
ory. The [-homomorphism was defined by G. W. Whitehead in On the
homotopy groups of spheres and rotation groups (1942).

The homotopy theoretic calculation of 71352 as well as nf can be found
in the textbook Topology and geometry by G. E. Bredon [Brgs, page
465]. It is remarkable that even before the invention of higher ho-
motopy groups by E. Cech in Hoherdimensionale Homotopiegrup-
pen [Ce32] and W. Hurewicz in Beitrdge zur Topologie der Defor-
mationen [Hu3s], Heinz Hopf proved in Uber die Abbildungen der
dreidimensionalen Sphire auf die Kugelfliche [Ho30] that there are
infinitely many mutually non-homotopic pointed maps f:S> — S2.
Hopf used the linking number of links f~!'x and f~!y for any two
regular values x,y of f to distinguish the homotopy classes of maps
f. Note that if x is the north pole of S* and y a point near x, then
f~!x and f~ly play the roles of the manifold M and its frame in the
Pontryagin construction.

3 The homomorphism H assigns, of
course, to the homotopy class of a map
Sk — Sk its degree.
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Immersion Theory

A manifold placed into R” with possible self-intersection points is
called an immersed manifold. The 50s and 60s saw a rapid develop-
ment of the study of immersed manifolds. Historically, the birth of the
Immersion Theory is commonly associated with the works of Stephen
Smale who classified immersions of spheres, and, in particular, proved
a peculiar, counterintuitive statement that the standard sphere S? in
R? can be turned inside out by a deformation through immersions.
The work of Smale was later extended by Hirsch to a classification of
immersions of arbitrary manifolds.

In this lecture we will give an exposition of a modern approach to
classical theorems of immersion theory, due to Rourke and Sander-
son. In the prerequisite section §2.1 we introduce an ambient isotopy,
which is a deformation of a manifold in R”**. In §2.2 we review the
compression technique of Rourke and Sanderson. Smale-Hirsch the-
orem is one of its applications (§99.2.2). Another application of the
Rourke-Sanderson technique is the Freudenthal suspension theorem
(§2.3) which we have discussed in chapter 1. We will conclude the
lecture with two examples: the Smale paradox (§99.2.3), and the inter-
pretation of stable homotopy groups in terms of cobordism groups of
orientable immersed manifolds of dimension m in R"*! (§99.2.4).

To put the results of the present chapter into perspective, let’s recall
that according to the Pontryagin theorem, every element of the sta-
ble homotopy group 7, S is represented by a framed manifold M
in R"+k. We would like to simplify the representing manifold M as
much as possible. In the present chapter we will use a deformation
(ambient isotopy) to bring the manifold M into R” k=1 ¢ Rk when
possible. In later chapters we will attempt to replace M with a sphere

Figure 2.1: Steve Smale (b. 1930)
https:/ /math.berkeley.edu/ smale/

an immersed manifold not an immersed manifold

Figure 2.2: Immersion vs. non-
immersion.



by performing spherical surgeries on M.

2.1 Ambient isotopy

In this section we will make precise the somewhat vague notion of
a deformation of a manifold in R”**. The correct term is actually
an ambient isotopy. When possible, we will use an ambient isotopy
to simplify a framed manifold M in R by deforming it into the
Euclidean hyperspace R+ 1,

A smooth vector field w on R”** defines a first order differential equa-
tion (t) = w(y(t)) with smooth coefficients;* its solution is a curve
7:R — R™*k whose velocity vector at the moment ¢ is precisely the
vector w at the point y(t) € R™*. Informally, if we imagine that
the space R"*¥ consists of particles, then the vector field w shows the
direction for the flow of the particles, see Fig. 2.3.

We will often assume that the vectors in the vector field w are bounded
in length, i.e., there is a positive number [ such that |w(x)| < I for all
x € M. By the Existence and Uniqueness Theorem?, if the vectors w(x)
of the vector field w are bounded in length, then there is a unique
solution (tf) = F(x,t) for any initial condition x = (0). In other
words, a vector field defines a one parametric deformation F of the
Euclidean space R"*k:

Ft . ]Rerk N ]Rerk

F:x— F(x,t),

with Fy being the identity map of R”*. It is known that the deforma-
tion (or, flow) F(x, t) associated with a smooth vector field is smooth
in x and t. In fact, for each moment of time ¢, the map F; is a a dif-
feomorphism of R"+*, i.e., a smooth homeomorphism whose inverse is
also smooth.

Note that if we do not require that the vectors w(x) in the vector field
w are bounded in length, then it may happen that the flow carries a
point x = 7(0) to infinity in finite time, and therefore, the position
7v(t) for large t may not be well-defined.

A smooth time dependent vector field w; smoothly3 associates at each
moment of time t a vector w¢(x) to each x € R”*k. Again, under the
assumption that all vectors w;(x) are bounded in length, there exists a
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"Let’s take a look at a simple exam-
ple of how a smooth vector field turns
into a differential equation. Suppose
that w(x,y) is a vector field on R2
with components (x2 +v,y3), while y(t)
is a curve on R? with components
(x(t),y(t)). Then the velocity vector of
() has components (x(t),y(t)), and
the differential equation §(t) = w(y(t))
corresponding to the vector field w(x, y)
takes the form

{x—szry
y=v

where x = x(t) and y = y(t) are func-
tions in t.

> Existence and Uniqueness Theorem
for first order differential equations.
Suppose that the function F is continu-
ous. Then the differential equation y(t) =
F(t,y(t)) with an initial value y(ty) = yo
has a unique solution on the interval [ty —
€, to + €] for some real number € < 0.

Figure 2.3: A vector field w and the trace
v(t) of isotopy.

3 In other words, a smooth vector field is
a smooth function

w:R X Rm+k N ]Rm+k
w: (t,x) — we(x).

We may think of w; as of a smooth fam-
ily of vector fields parametrized by ¢.
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flow F;: R™tk — Rk along w; in the sense that for each x the curve
t — F(x) has velocity w;(F;(x)).

The flow F of a (possibly, time dependent) vector field is an (ambient)
isotopy, i.e., it is a smooth parametric family F; of diffeomorphisms
of R"*¥ such that Fy is the identity diffeomorphism. In practice, an
ambient isotopy is viewed as a parametric deformation of M in R"*k,
as for each moment of time ¢, the set My = F,(M) is also a manifold
placed in R”*K, We even say that F; is an ambient isotopy of M.
However, as the word "ambient" suggests, the flow F actually deforms
not only M, but the entire background space R" .

A smooth (respectively, continuous) normal vector field v on a manifold
M in R"*¥ is a function that associates to each point x in M a vector
at x not in TyM such that the components of the vector v(x) change
smoothly (respectively, continuously) with the parameter x. Project-
ing each vector v(x) to the corresponding perpendicular plane T;-M
produces a vector field that is actually perpendicular to TyM. Every
perpendicular vector field is normal. Not ever normal vector field is
perpendicular, but every normal vector field can be linearly deformed
to a perpendicular one.# Exercise 2.1 shows why we prefer to work
not only with perpendicular vector fields.

Exercise 2.1. Under isotopy a manifold with a normal vector field
flows into a manifold with a normal vector field. On the other hand, a
manifold with a perpendicular vector field may not flow into a mani-
fold with a perpendicular vector field. >

Exercise 2.2. Let M be a manifold of dimension m in R, Suppose
that normal vector fields vy and v; over M are homotopic through
normal vector fields. Show that vy is isotopic to vy, i.e., there is an
ambient isotopy F; with t € [0,1] such that Fy = id, F;(x) = x for all x
in M, and dFl (Uo) = 01.

2.2 The Global Compression Theorem

We say that a vector field v along a manifold M in R"* is vertical up
if for every point x € M the vector v(x) is a positive multiple of the
last basis vector e, x; we regard R"* =1 x {0} ¢ R"** as horizontal.

Compression Theorem 2.1 (Rourke-Sanderson). Every normal vector
field v on a closed manifold M of dimension m in R™+* with k > 1 can

4Let vp be a normal vector field over
M, and v; be the vector field obtained
from v by projecting each vector vg(x) to
the perpendicular space T{-M. The lin-
ear deformation of vy to v is the fam-
ily of vector fields v; = (1 —t)vg + tvy
parametrized by ¢ € [0,1].

5 Hint for Exercise 2.1. Note that the dif-
ferential dF; of the diffeomorphism F; is
invertible. In particular, if a vector v(x)
is not in TxM, then the vector dF;(v(x))
is not in T,M;, where M; = F;(M) and
y = F(x). This implies that normal vec-
tor fields over M flow into normal vector
fields over M;. On the other hand, the
differential dF; may not preserve the an-
gles, i.e., perpendicular vector fields over
M may not flow into perpendicular vec-
tor fields over M;.



be made vertical up by an ambient isotopy of the manifold M and a smooth
deformation of the vector field v through normal vector fields.

The condition k > 1 in the Compression theorem is important. For
example, the (radial) unit perpendicular vector field v over the stan-
dard circle M = S! in IR? can not be straightened up by an ambient
isotopy of M and a deformation of v through normal vector fields.
We recommend that the reader proves this fact and finds a straighten-
ing up deformation of v in R®> O RR? before reading the proof of the
Compression theorem, see Figure 2.4.

On the other hand, in view of Exercise 2.2 we may prohibit deforma-
tions of vector fields in the Compression Theorem: Under the hypoth-
esis of the Compression Theorem, there is an ambient isotopy F; with
t € [0,1] such that Fy is the identity map of R”** and dF;(v) = e«
over F;(M).

Proof. To begin with we deform v into the vector field of unit length
perpendicular to M. Then each vector v(x) determines a point on
the unit sphere S"+k~1; namely, if we translate v(x) so that its initial
point is the origin in R”¥~1, then its terminal point specifies a point
on the unit sphere S”*~1. In other words, the vector field v defines
a so-called Gauss map M — gmtk=1, By the Sard Theorem, almost
every value in the target of the Gauss map is regular. On the other
hand, if k > 1, then regular values are precisely those with empty
inverse image. Thus, if k > 1, then by slightly rotating the manifold
M together with the vector field, we may assume that the image of the
Gauss map avoids the south pole. That is to say, the vector field v is
never vertical down.

Next we observe that since M is compact, the angle between v(x) and
the vertical direction —e,,x is at least € > 0. Choose a positive real
number p < €, and rotate each vector v(x) in the plane P spanned by
v(x) and ey, in the direction vertically up till its last component is
positive and v(x) has angle at least y with the horizontal plane. Such
a rotation of the vector field v can be chosen to be through normal
vector fields over M. Indeed, the intersection of Ty M with the plane of
rotation P is either a point or a line whose angle with the horizontal
plane is at least €; therefore we stop rotating v(x) before reaching T, M.
Let w denote the smoothing of the rotated unit vector field over M.

The vector field w can be extended over R¥" so that the angle of w
with the horizontal plane is at least # and outside a J-neighborhood
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Figure 2.4: A normal frame over M = S!
in R? can not be vertical up since at the
right most point, i.e., at the point (x,y)
in M with maximal value of y, the verti-
cal up direction is tangent to M. In R®
every vector v(x) can be rotated to the
vertical up position.

—€k+m

Figure 2.5: A rotation of v to w.

Em+k

Figure 2.6: The neighborhood U of M
consists of J-discs perpendicular to M
and centered at points x in M. Over
each of the discs we extend w so that it
changes linearly along radial lines from
w(x) at the center x of the disc to e, at
the boundary of the disc.
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U of M the vector field w is vertical up, for some small J. Indeed, the
neighborhood U consists of J-discs perpendicular to M and centered
at points x in M. Over each of the discs we extend w so that it changes
linearly along radial lines from w(x) at the center x of the disc to e, &
at the boundary of the disc. Finally, we extend w over the rest of R"**
by vertical up vector filed, smooth the resulting vector field w, and
multiply it by a bump function with (a very big) compact support.
The flow of w isotopes M to a manifold M’ outside U in finite time.®

The modified normal vector field on M’ is vertical up. O

The Compression Theorem allows us in certain cases to deform M to
the hyperplane R"+¥~1. Indeed, suppose that a compact manifold M
is equipped with a vertical up normal vector field v. Furthermore,
suppose that none of the lines in the direction v intersects M at more
than one point. Then the projection 7r: R"** — R"**~1 along e, x
places M into the hyperplane R"+ 1,

Exercise 2.3. Show that there is an ambient isotopy that moves all
points of R"** in the vertical direction and brings M to 7t(M). 7

We say that the ambient isotopy of Exercise 2.3 compresses the manifold
M to R™ =1,

The Compression Theorem admits various generalizations, which we
discuss in the chapter of additional topics. For example, the Multi-
compression theorem asserts that if a manifold M of dimension m in
R™+¥ is equipped with n < k linearly independent perpendicular vec-
tor fields vy, ..., v,,, then there is an ambient isotopy F; that straightens
the vectors vy, ..., v, up in the sense that Fy = id and dF;(v;) = ¢; for
i=1,..,n.

2.3 The Freudenthal suspension theorem

Recall that the Pontryagin construction identifies the homotopy groups
7+ 1S of spheres with the cobordism classes of framed manifolds M
of dimension m in the Euclidean space R”**. Such a manifold M also
lies in a bigger space R+ 1. Furthermore, its frame in R"** can
be augmented with an additional vector e, 1 to produce a frame
in R"Tk+1 gee Figure 2.7. In other words, each framed manifold in
R may also be considered to be a framed manifold in a bigger
space R"**+1, Furthermore, cobordant framed manifolds in R”*¥ are

¢ Note that since the manifold M is com-
pact, it lies in a ball of finite radius. On
the other hand, since the angle of w with
the horizontal hyperspace is at least y,
the flow along w lifts each point by at
least T sin y units at time T.

7Hint for Exercise 2.3. To define such
an isotopy, let f be a function on 71(M)
that assigns to a point 7(x) the last co-
ordinate x,,,; of the point x € M. As
a smooth function on M, the function f
admits an extension to a smooth func-
tion on all R"*k~1_ Now, define a vector
field w on R"* by w(x,y) = — f(x)em ik
where (x,y) € R™ =1 x R. Show that
the flow of the vector field w is along the
direction +e,,, and brings M to 71(M)
in time 1.

Rm-HH'l

R™ +k

Figure 2.7: A framed manifold M C
R™+* also belongs to R" 1. Tts frame

in R™* can be augmented by e, 1 to
form a frame in R"5+1,




still cobordant as framed manifolds in R”+¥*1 In view of the Pon-
tryagin construction, the correspondence between framed manifolds in
Rk and R"+**1 defines a so-called Freudenthal suspension homo-
morphism8 of homotopy groups of spheres 7rm+kSk — Tyl Sk+1,

Theorem 2.4. The Freudenthal homomorphism is an isomorphism for k >
m + 1 and an epimorphism for k > m.

It follows that the homotopy groups of spheres 7, Sk are the same
for a fixed m and k > m + 1. These are stable homotopy groups 7ry,.

Proof of the Freudenthal theorem. Suppose that k > m. Recall that a nor-
mal frame v1,..,7¢ 1 on a manifold M in R™+k+1 s a set of k+ 1
normal vector fields over M that project to a basis of Ty M for each
point x € M. In view of the Compression theorem, we may assume
that the (k + 1)-st normal vector field v = vy is vertical up.?

We claim that the manifold M can be rotated slightly in R"+*+1 so
that any line in the direction ¢,,, ;1 intersects M at most at one point.
Indeed, for any two distinct points x and y in M, the unit vector w(x, y)
in the direction x — y points to a point in $” ¥, Since the dimension of
pairs of distinct points is 211, and the dimension of the sphere S"** is
at least 2m + 1, the set of vectors w(x, y) is of measure zero by the Sard
theorem, see Figure 2.8. Therefore by slightly rotating M we may make
sure that e, x_1 is not among the vectors w(x,y), which precisely
means that any line in the direction e, ;1 intersects M at most at
one point. Of course, after the rotation v may not be vertically up
any more. However, since we may choose the rotation to be arbitrarily
small, the rotated v can be deformed back to the vertical up position.

Now we may use the vector field v to compress the framed manifold
M C R"™*+1 to a framed manifold in R %K, see Exercise 2.3. The
compression can be iterated consecutively using the vectors vy 1, v, ...
as long as the index of the vector v; under consideration satisfies i > m.
This proves surjectivity of the Freudenthal homomorphism.

To show that the Freudenthal homomorphism is injective,’® suppose
that a framed manifold M C R™*¥ is zero cobordant after applying
the Freudenthal suspension. In other words, after including M into
R”¥+1 and adding the vector field e, s, to its frame, the mani-
fold M becomes zero cobordant, i.e., there is a framed manifold W in
R"K+1 % [0,1] with boundary M C R"*%+1 x {0}. We know that the
last vector field v in the frame of W restricts to e,  x11 over M. In fact,
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8 Freudenthal homomorphism (classical
definition): Every map f:S§"*k — gk
defines the suspension map S+ +1 —
Sk+1 by taking the poles of S”+k+1 into
the respective poles of S¥*1 and taking
the longitude through any point x in
$"+k homeomorphically into the longi-
tude through the point f(x). Taking
suspensions of representatives, gives an-
other definition of the Freudenthal ho-
momorphism 71, S* — 71,11 5K 1.

9To show surjectivity of the Freuden-
thal homomorphism, we need to show
that the framed manifold M C R"*k+1
is cobordant to a manifold in R"** C
R™+*+1 with v being vertically up. Re-
call also that isotopies of framed mani-
folds as well as deformations of normal
vector fields imply cobordisms.

r M

Figure 2.8: The manifold of distinct pairs
(x,y) is obtained from the manifold M x
M by removing the diagonal {x = y}.

> Note that the proof of injectivity of the
Freudenthal homomorphism does not
follow immediately from the proof of
surjectivity. We begin with a framed
manifold M in R”*¥ that is zero cobor-
dant in R"™**1 by means of a framed
cobordism W. Of course, we may find a
flow F that straightens up the last vector
v of the framed cobordism W, and then
we can compress W to R+, However if
F displaces M, the resulting compressed
cobordism W is a cobordism to zero of
a displaced manifold M, not the original
manifold M.
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we may assume that it restricts to e, 11 over an e-collar neighbor-
hood U of M in W.

Now let us carefully examine the argument in the proof of the Com-
pression Theorem. We first deform v over W to a vector field so that
the last component of each vector v(x) is positive. We may assume
that during the deformation v stays vertically up over the collar neigh-
borhood U, see Figure 2.9. Next we extend v to a vector field on
R k41 % [0,1]. We can extend v as in the Compression Theorem so
that v is vertically up outside a neighborhood of W. In addition we
may assume that v is vertically up over the slices R"***1 x [0,¢) and
R™+k+1 x (1 — ¢, 1] whose union we will denote by V.** Then the flow
F along the extended vector field is well-defined as the condition that
0 = e,4541 Over V prevents the points of R"*¥+1 x [0,1] from flow-
ing out of the region of definition of F. The flow F takes W outside its
neighborhood in a finite time T and therefore straightens up the vector
field v. Note that all points in U travel the distance T in the direction
U = e;1k+1- Therefore, if we postcompose the ambient isotopy along v
with translation along —Te,,, 1, then we get a framed cobordism W’
bounding the original manifold M and such that v is vertical up.

Finally, when k > m + 1, we can use the same argument as in the
proof of surjectivity to show that W' compresses to a cobordism of M
in R"*% x [0,1]. Thus, a framed manifold M C R"** is cobordant to
zero after the Freudenthal suspension only if it is cobordant to zero
itself. O

2.4 Further reading

We borrowed the proof of the Compression Theorem from the original
paper The compression theorem I [RSo1] of C. Rourke and B. Sander-
son. The theorem has many interesting applications some of which
are explained in The compression theorem II: directed embeddings
[RSo1a] and The compression theorem III: applications [RSo3]. We
gave one more application here: the Freudenthal theorem.

The original proof of Freudenthal suspension theorem in Uber die
Klassen der Sphirenabbildungen. I. Grole Dimensionen [Fr38] was
deemed hard. The modern homotopy theoretic proof is based on the
Blackers-Massey excision theorem proved in The homotopy groups of
a triad [BM51]. Recall that in general the Freudenthal homomorphism
E is not an isomorphism below the stable range. In the paper On the

" We can extend v vertically up over the
slice R+ +1 x [0,¢) since, by the defi-
nition of a framed cobordism, the only
points of W that are in R”+k+1 x [0, ¢)
are the points of the collar neighborhood
u.

A
RTIL+k+1 % {1} /
K
W
Rm+lc
/ M / M
R Cmtk+1 Cm+tk+1
¥

Figure 2.9: The framed manifold M is
placed in R™*+* which is depicted as the
direction to the right. It is zero cobor-
dant in the horizontal space R™*H<+1,
The cobordism W itself is a manifold
with boundary in R"*%+1 x [0,1]. If we
can compress W to R”* x [0, 1] without
displacing M, then we get a cobordism
to zero of the original framed manifold
M in Rk,



Freudenthal theorem [Whs3], Whitehead fitted E into the so-called
EHP sequence’?

E H 4P
L R S ST LR S ATl AT LIS

Promptly James proved in On the iterated suspension [J54] the ex-
istence of a similar long exact sequence for an iterated Freudenthal
homomorphism E™: 77,S" — 744, S"™™. Its geometric interpretation
in terms of Pontryagin construction can be found in the paper Geo-
metric interpretations of the generalized Hopf invariant [KSyy] by
Koschorke and Sanderson.

The original proof of the Smale theorem appeared in his papers A
classification of immersions of the two-sphere and The classifica-
tion of immersions of spheres in Euclidean spaces, [Sm58, Sm59].
Smale’s theorems were generalized by Hirsch in the paper Immer-
sions of manifolds[Hi59]. It was observed later that not only immer-
sions can be replaced with their formal counterparts. A number of
remarkable discoveries culminated in the so-called homotopy princi-
ple (h-principle, for short). Besides the classical reference of Partial
differential relations [Gr86] by Gromov, we recommend the Introduc-
tion to the h-principle [EMo2] by Eliashberg and Mishachev.
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2To find the EHP exact sequence,
Whitehead observed that E is the ho-
momorphism induced by an embedding
S§" — OS"+1 and therefore E fits the ho-
motopy long exact sequence of the pair
(Q Sn+1, sgn ) .
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Spherical surgeries

Under the Pontryagin construction, every element of the homotopy
group 71,,,xSk is identified with the cobordism class of framed man-
ifolds of dimension m in R”*X. The choice of a representing framed
manifold in the cobordism class is far from being unique, and it is our
goal to find a simple representative. Our strategy is to begin with an
arbitrary (a priory complicated) representative and then use a framed
cobordism to simplify it as much as possible.

A general cobordism on a manifold Wy could be overly complex: it
is hard to describe such a cobordism and its action on the homotopy
groups 71;Wy. However, we will see that every non-trivial cobordism
breaks into a composition of elementary, so-called spherical cobordisms.
A spherical cobordism on a manifold Wy performs a spherical surgery
on Wy. A spherical surgery is relatively easy to describe in terms of
(locally flat) topological submanifolds of R"** which are almost every-
where smooth. We will discuss a general Cairns-Whitehead technique
of smoothing topological manifolds, and apply it to smooth corners
and more complicated singularities produced by an embedded spher-
ical surgery.

Next, we will learn how to efficiently encode a spherical surgery in
terms of a base of surgery. We will determine how a spherical surgery
on a manifold Wy changes its homotopy groups. As a demonstration
of the introduced surgery technique, we will calculate the homotopy
group 71352 as well as the stable homotopy groups 77 and 75.

Figure 3.1: Marston Morse (1892-1977)



3.1 Surgery and cobordisms

Trivial cobordisms

Recall that a cobordism of framed manifolds of dimension m in R"*k
is a framed closed manifold W of dimension m + 1 in R"** x [0,1]. The
projection f of W onto the last coordinate is a so-called hight function.
We say that a point x € W is regular if dyf is surjective, and critical
otherwise." Geometrically, the critical points of a height function are
those at which the tangent plane is horizontal, see Figure 3.2.

There is a simple coordinate description of regular and critical points.
Namely, by the Rank theorem, in a neighborhood of a regular point,
there are coordinates (X1, ..., Xm, X +1) on W such that f(x) = x,41.
On the other hand, after slightly perturbing W, near each critical point
there are coordinates such that

2 2 2 2
F i) = =8 = =Ry by,

see Figure 3.3. The latter statement—which we will not prove here—is
known as the Morse lemma, while the perturbed function is called a
Morse function.

The integer 7 in the coordinate representation of f near a critical point
p may be different for different critical points. It is called the index of
the critical point. The index of a critical point p does not depend on the
choice of a coordinate chart about p. Note that if p is a critical point of
f of index i, then p is also a critical point of —f of index j = m 41 —i.

For example, in the Figure below the cobordism has two Morse critical
points, the points p1 and p,. At the point p; the height function f has a
local minimum; in a neighborhood of p; in appropriate coordinates f
can be written as f(x1,x2) = x2 4 x3. The index of the critical point p;
is 0. The point p; is a saddle point. In its neighborhood in appropriate
coordinates the height function has the form f(x1,x;) = —x? + x3. In
particular, the index of p; is 1.

According to Lemma 3.1, as t changes from 0 to 1, the regular levels
W; = f~1(t), i.e., levels with no critical points of f, change by isotopy.
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*Recall, the differential dyf of the
height function linearly projects the
space TxyW C R™* % R to the last com-
ponent.

R % 1} Wi
%4
{ Rm+k x {0}
Wo ﬁ’yo "Vo -

Figure 3.2: A cobordism W between Wy
and W with two critical points. The tan-
gent planes at critical points are horizon-
tal.

Rm-Hv x {1} VVI

w

{ Rm+k x {O}

Wo Wo Wo
Figure 3.3: After slightly perturbing W
from Figure 3.2, the height function has
only Morse critical points.
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Rm+k % {1}
Wh
D2
W p1
Wo
R™* x {0}

Lemma 3.1. Suppose that f has no critical points. Then the cobordism W is
trivial, that is there is a diffeomorphism ¢: Wy x [0,1] — W that identifies
Wo x {t} with the t-th level W; of f for all t.

Sketch of the proof. Consider the vector field e, in the slice Rk x
[0,1] of a Euclidean space. Since the hight function f has no critical
points, over W the projection v of e, ;11 to W is never horizontal, i.e.,
the last component v,,, ;1 of the vector field v is never zero. If we
scalar multiply v by the smooth function 1/v,,,,,1, then we obtain
a vector field w over W with last component 1. The flow F of the
manifold Wy along the scaled vector field w carries Wy along W and
brings it to W; at the time ¢. In fact, F defines a desired diffeomorphism
¢ by taking a point (x, f) to F(x). O

Note that in the proof of Lemma 3.1 we need to scale the vector field v
in order to make sure that for any point x € dgW the last coordinate of
the curve t — F;(x) increases with speed 1 so that the flow F; indeed
brings Wy to the t-th level at the time ¢.

Exercise 3.2. Show that the map ¢ is a diffeomorphism that identifies
Wy x {t} with W;. In particular, show that ¢! is smooth.?

Spherical cobordisms

In view of Lemma 3.1 as f increases from 0 to 1 the level W; essen-
tially changes only when t passes a critical value, i.e, the value f(x) of
a critical point x. In appropriate coordinates, the gradient of f in a
neighborhood of a Morse critical point is

df(xl, veey me) = 2(—961, veiy Xy Xig 1y eens me),

R™F x {1} W,

w

Rn7+k x {0}

>

Wo
Figure 3.4: The vertically up vector field
em+k+1 and its projection v to W.

2 Hint to Exercise 3.2 We have defined the
map
¢:Wox[0,1] =W

in the proof of Lemma 3.1 by ¢(x,t) =
Fi(x). The flow F carries points along
the scaled vector field w. Since the last
component of the scaled vector field w is
1, the last component of each point in-
creases with velocity 1. Thus, in time ¢,
the map F; lifts each point of Wy to the
hight t. In other words, (W x {t}) C
W;. Since the flow F~! along the nega-
tive of the scaled vector field w is smooth
and brings W; to Wy we deduce that
@|Wo x {t} is a diffeomorphism. In par-
ticular, ¢ identifies Wy x {t} with W;.
Since ¢ is a homeomorphism and d¢ is
of full rank, it follows that ¢ is a diffeo-
morphism, e.g., see [Lee13].



which means that the set of critical points of a Morse function is dis-
crete.3 It is even finite, since W is compact. Furthermore, by slightly
perturbing W, we may always assume that each level W; contains at
most one critical point of f, see Figure 3.5.

Thus, every non-trivial cobordism is a composition of spherical cobor-
disms W whose height function has at most one critical point. Under a
spherical cobordism, the manifold dgW = W) is modified into a mani-
fold 9;W = Wj by the so-called spherical surgery.

Exercise 3.3. Let W be a non-trivial cobordism such that each level W;
contains at most one critical point of its hight function. Show that W
is diffeomorphic to a composition of spherical cobordisms.*

Let’s describe the result of a spherical surgery. The projection v of
the vertical up vector field over W to W is a smooth vector field. It is
zero only at the critical point p of the height function since only at the
critical point p the tangent space T,W is horizontal. Let F’ denote the
flow along the projected vector field v. The set of points x in W with
FP(x) — p as t — oo is called the core disc of the spherical surgery, see
Figure 3.6. Similarly, the set of points x with F/(x) — p as t — —oo
is called the belt disc of the spherical surgery.> We will see shortly that
the core and belt discs are indeed discs D' of dimension i and D/ of
dimension j = m = 1 — i respectively. The boundary 9D’ is called the
attaching sphere of the surgery, while 0D/ is called the belt sphere. The
attaching sphere S'~! is a sphere on the level Wy, while the belt sphere
S/i~1 is one on the level Wj.

All points on Wy \ S"~! are carried by the flow F?(x) to points on W \
Si~=1. The flow of the vector field —v defines the inverse map showing
that the manifold Wy \ S"~! is diffeomorphic to Wy \ S/~1. In fact, we
may choose neighborhoods &; and h; of the core and belt spheres so
that the flow defines a diffeomorphism between Wy \ h; and Wy \ h;.
Thus, we determined a geometric description of a spherical surgery:
up to isotopy the manifold Wj is obtained from Wy by replacing h;
with h;, see Figure 3.7.

To identify h; and hj, we may assume that the unique critical point
p of the hight function is on the level W;,,. Since f has no other
critical points, we already know that all levels W; for t € [0,1/2 — ¢
are mutually diffeomorphic. The same is true for levels W; with t €
[1/2+¢,1]. In fact, we may remove f~1{0,1/2 —¢) and f~1(1/2+¢,1]
from the cobordism W without changing its diffeomorphism type. To
simplify notation, we will denote the parts of the core and the cocore
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3 Note that if
fx1 X)) = =Y X7 + Y%7,
then df (x1, ..., Xp41) is
(=2x1, o0y —2%;, 2% 11 + 2Xp41),

or, in other words, df(x) = 0 only if x =
0.

R (1) W,

R 5 {0}

>

Wo I"'Vt) "Vo
Figure 3.5: By perturbing W, we may as-
sume that each level W; contains at most
one critical point of the hight function.

4 Hint for Exercise 3.3. Suppose that the
hight function on the cobordism W has
n critical points py, ..., p,. We may stretch
R™+k x [0,1] along the (m +k -+ 1)-st co-
ordinate in such a way that for the new
hight function f on W we have f(p;) €
(i —1,i). Next we may modify W near
W; by ambient isotopy so that each level
Wi near W; fori =1, ...,n — 1 is obtained
from W; by a vertical translation. Then
W is a composition of spherical cobor-
disms, and it is diffeomorphic to the
original cobordism.

5Near the critical point of index i,
in Morse coordinate neighborhood, the
core disc of a spherical surgery consists
of the points (x1,..,x;,0,..,0), while
the belt disc consists of the points
(0,4, 0, Xj 1, vves Xig1)-
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discs D' and D/ remaining in W by the same symbols, and call their
boundaries the attaching and belt spheres.

The manifolds Wy, and Wy »_. in a neighborhood of the critical
point p are depicted in Figure 3.8. The integral curves of the flow F;
are perpendicular to the level sets W;, see Figure 3.9. In particular, the
core disc D' is a disc in the plane (xy, ..., x;,0,...,0), while the cocore
disc D/ is a disc in the plane (0, ...,0, X1, ..., X;y+1), see Figure 3.8. The
neighborhood #; of the attaching sphere S'~1 in Wy /,_, is diffeomor-
phic to S"~! x DI. The rest of Wy ,_, flows under F; to the complement
in Wy, to a neighborhood #; of the belt sphere Si=1. The neighbor-
hood h; is diffeomorphic to D' x §/~1, and W, /2+¢ is obtained from
Wi 2_, by removing h;, transferring the remaining part by F; to the
level 1/2 + ¢, and, finally, attaching h j-

Example 3.4. There is a spherical surgery of index 1 on a sphere S?
that results in a torus, see Figure 3.10. A spherical surgery of index
1 removes a neighborhood h; = S° x D? of an attaching sphere S°,
and then attaches a handle h, = D! x S!, which is a cylinder. If we
turn the corresponding cobordism W upside down, then we obtain a
cobordism corresponding to a spherical surgery turning a torus into a
sphere S?, see Figure 3.11. Now the spherical surgery is of index 2. It
removes a neighborhood hy = S! x D? of an attaching sphere S!, and
then attaches a handle 1; = D? x S0,

Conversely, let Wy be a manifold of dimension m in R™+k and let D
be a disc of dimension i in R”** together with j linearly independent
perpendicular vector fields vy, ..., v; over D' such that 9D’ is a sphere
in Wy while all vector fields vy|0D" are tangent to Wp. Suppose that D'
intersects the manifold Wy only along dD. Then, we say that the disc
D' together with the j perpendicular vector fields is a base of spherical
surgery. We call D' the core disc.

In view of the exponential map, the disc D' together with the perpen-
dicular vector fields v, are often replaced with a so-called embedded
i-handle H' C R"** which is a thickening D' x D/ of the core disc D’
in R"tk see Figure 3.12. In fact, given a base of surgery (D;, v, ..., U]'),
we may choose an embedding ¢: D' x D/ — R"** of the i-handle
H' so that ¢(D' x {0}) is the core disc, the i-handle H' intersects W
along 9D’ x DJ, and ¢({0} x ¢;) = ev; for some small real number &
and every basis vector ¢; in the standard unit disc D/ C R/.

It can be shown that in the presence of a base of spherical surgery,
there exists a spherical surgery of Wy to a manifold W; such that k;

Figure 3.6: The belt disc D/ is above the
critical point (red), the core disc D' is be-
low the critical point (red). The traces of
the flow F outside the belt and core disc
(blue) run from Wy to Wj.

Figure 3.7: The handles h; and h; are in
green. The flow F carries Wy \ i; to W \

hj.

Tit1s -5 Tm+1
W1/2+£ A

W1/2+E I
Figure 3.8: The manifolds W;,,_, and

W1/2+£~



is given by dH! N W, while W is obtained from W, \ h; by taking its
union with h; = 0H' \ h; and smoothing the corners. To construct the
corresponding spherical cobordism W, we begin with a collar neigh-
borhood Wy x [0,1/2] in R"** x [0,1/2], and attach to it a copy of H'
in R™+k x {1/2}, see Figure 3.13. The interior of the obtained space
is a manifold with corners. Its boundary is a copy of a manifold with
corners Wj. Finally, we attach to the constructed space the final part
Wi x [1/2,1] in R x [1/2,1]. The resulting cobordism

W = (W x [0,1/2]) UH; U (W; x [1/2,1])

is a so-called topological manifold. We can smooth it, and turn W into
a smooth cobordism between smooth manifolds Wy and Wj.

Example 3.5. The spherical surgery in Figure 3.10 corresponds to the
base of surgery in Figure 3.14. Note that the base of surgery of index n
consists of a disc D" of dimension 7 together with dim Wy — dim dD"
perpendicular vector fields along D". The base of surgery of index 1 in
Figure 3.14 consists of the disc of dimension 1 as well as 2 perpendicu-
lar vector fields. In Figure 3.15, the surgery is of index 2. Therefore the
base of surgery consists of a disc of dimension 2 as well as 1 normal
vector field.

3.2 Framed base of surgery

In the previous section we have seen how a base of surgery defines a
spherical surgery. However, we are still to answer the question, "Given
a base of surgery on a framed manifold, does it correspond to a framed
surgery?” Recall that we are interested in framed surgeries rather than
surgeries as the Pontryagin construction identifies homotopies of maps
of spheres with framed cobordisms rather than cobordisms.

We will see that the answer to the question is negative in general: in
order to define a framed surgery, we need a base of framed surgery
rather than a base of surgery.

We will say that R"+* = R"+k x {0} is the horizontal space in R 1
while the last factor in R”+**1 will be referred to as the vertical space.
Let Wy be a manifold of dimension m in the horizontal space R"* x
{0} framed by vector fields Ty, ..., . Let D be a disc in R"** x [0,1)
which bounds a sphere dD' in W in such a way that near the boundary
dD' the disc D' is a vertical cylinder 9D’ x [0,¢) in R™+k x [0,¢). Let
Tkt1, - Teti be perpendicular vector fields over D' Suppose that the
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Figure 3.10: A surgery turning a 2-
sphere into a torus.

D2 x 5"

@

N

Figure 3.11: A surgery turning a torus
into a 2-sphere.
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vector fields Ty, ..., T, over dD' C W extend to perpendicular vector
fields Ty, ..., Ty over D'. Furthermore, suppose that the projection of the
disc D! together with vector fields 7, 1, ..., Ty ; to the horizontal space
R™+¥ is a base of surgery. Then we say that the disc D' together with
the vector fields 1y, ..., Ty is a base of framed surgery.®

Let 7r: R"+k+1 5 R™*K pe the projection. Then a base of framed
surgery D = (D',7y,..., Tiyj) is a lift of the base of surgery 7D =
(D', TTk 1, -+ TTiy ). The surgery and cobordism associated with the
base of framed surgery D is constructed as the surgery and cobordism
W associated with the base of surgery 7D, see Figure 3.13. Further-
more, the cobordism W is framed as the vector fields Ty, ..., T, over W
extend to perpendicular vector over W in, essentially, a canonical way.
Namely, we first extend T, ..., Ty over a collar of Wy in W by trans-
lation. Then we extend Ty, ..., Ty over the handle H; as prescribed by
the base of framed surgery, and finally we complete the construction
by observing that there is essentially a unique extension of the vector
fields Ty, ..., T over Wy x [1/2,1].

3.3 Reduction of homotopy groups

Recall that an element in the homotopy group 7, S is represented
by a framed manifold. Furthermore, we have seen that two framed
manifolds represent the same element in 7,,,;S* if and only if one
framed manifold can be obtained from the other one by performing
finitely many spherical surgeries. In this section we will use spherical
surgeries to simplify a given framed manifold as much as possible.

To begin with, if a given framed manifold M representing an element
x € 71, S is not path connected, we may pick points p and g on dif-
ferent components in M and then perform a framed spherical surgery
of index 1 along the attaching sphere S° = {p, q}. The resulting framed
manifold still represents the same element x, but has less path com-
ponents than the initial manifold M. After finitely many surgeries of
index 1, the framed manifold M is path connected. If it is not simply
connected, then there is a circle 7y representing a non-trivial element
in 11 M. We will see that if a surgery of index 2 along v exists, then it
reduces the fundamental group of M, see Figure 3.15. After the funda-
mental group of M is reduced to zero, we move to perform surgeries of
index 3 along spheres in M representing non-trivial elements in 77, M;
and proceed by induction.

H'= D' x DI

l Wo

Figure 3.12: A base of surgery (D% {m;}),
as well as its replacement H'.

W x [0,1/2]

Figure 3.13: Construction of the spheri-
cal cobordism W: Take a collar neighbor-
hood Wy x [0,1/2]. Attach H'. Attach
Wi x [1/2,1]. Smooth the corners.



We need to make sure that a surgery over a given representative of
1, M exists, and that an appropriate surgery indeed reduces the group
myM. Lemma 11.4 shows that a spherical surgery with attaching
sphere 0D’ representing an element x € 71, W, kills the element x and
does not create new elements in lower dimensional homotopy groups
Tt Wo.

Lemma 3.6. Let W be a spherical cobordism between Wy and Wy of index n +
1 < m/2, where m is the dimension of the manifolds Wy and Wy. Suppose
that the attaching sphere of the corresponding surgery represents an element
x € muWy. Then Wy = m;Wi for i < n, while t,W1 is a factor group of
1t Wo by a subgroup containing x.

Proof. Let Sy denote the belt sphere of the surgery; it is of dimension
m —n — 1.7 Note that the complement in W to the belt sphere can be
deformed into Wo \ h; Wy \ hj, see Figure 3.16. An element of 7;W;
with i < n can be represented by a sphere X in W; of dimension i.
Since dim X + dim S, < dim W, we may choose X so that it does not
intersect S, and, therefore, can be deformed to Wy \ h; C W, see Fig-
ure 3.17. When i < n, we may deform to Wy not only representatives
of 7;W1, but also their homotopies. Therefore, in this range there is a
well-defined homomorphism ¢ : 7r;W; — 71;Wp.

Similarly, the attaching sphere S, in Wy is of dimension n. Therefore,
every sphere representing an element in 71;Wy with i < n 41 can be
deformed into one in the complement to S;, and, then, to W;. Such
a deformation is unique up to homotopy if i < n. Thus, in the range
i < n, there is a well-defined homomorphism ¢: 7r;Wy — 7;Wj.

When i < n both homomorphisms, ¢ and ¥ are well-defined. Since
¥ = ¢!, the homomorphism ¢ is an isomorphism when i < n. When
i = n, we may still deform any representative of 7r;W; to Wy, though
(possibly) not in a unique way. Therefore, in this case, the homomor-
phism ¢ is surjective. The element x is clearly in the kernel of . [

3.4 Examples: Stable homotopy groups 17 and 15

Stable homotopy group 7rf .

In this section we will use spherical cobordisms (as well as the Com-

pression Theorem) to calculate nf . In fact, we will show that nf is
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Figure 3.14: The base of surgery in Fig-
ure 3.10.

:
—

N

Figure 3.15: The base of surgery in Fig-
ure 3.11. The curve -y represents a non-
trivial element in 71y M. However, after
the surgery, the manifold is simply con-
nected.

© We assume that the projection of a disc
D' with vector fields Tpt1s - Thtj IS @
base of surgery. To motivate this as-
sumption, suppose that Wy consists of
two round circles of radius 1 on R? cen-
tered at (—2,0) and (2,0), framed by
a vector field 7y which is outward nor-
mal over one circle and inward normal
over the second one. There is a disc D!
in R3 together with vector fields 7,
which satisfy all requirements of a base
of framed surgery except that the disc
D! together with the vector field T, do
not project to a base of surgery. In this
case the disc D! together with vector
fields 7, > only define a framed im-
mersed cobordism.

7 Note that the dimension of the cobor-
dism W is m + 1. Since the core disc D!
is of dimension 1 + 1, the belt disc D/ is
of dimension (m+1) — (n+1) =m —n.
The dimension of the belt sphere S, =
oD’ is one less than m — n.
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isomorphic to Z,.

By the Pontryagin construction, the group 77 can be identified with
the cobordism group of framed manifolds of dimension 1 in R*. By the
Compression theorem, the latter group is isomorphic to the cobordism
group of oriented immersed 1-manifolds L in R?. We define a map
p: 71} — Z, by associating with [L] the number of self-intersection
points of L mod 2. For example, the curve in Figure 3.18 has 4 self-
intersection points, and, therefore, the value of i on its cobordism class
is zero.

We claim that the homomorphism ¢ is well-defined, i.e., if Wy and
W are two cobordant oriented immersed 1-manifolds in R?, then the
values of ¢ on the cobordism classes [Wy| and [W;] are the same. In-
deed, suppose that W is an immersed cobordism in IR? x [0, 1] between
Wy and W;. We may perturb slightly the surface W so that the set 7
of its self-intersection points is a union of immersed curves. Indeed,
a generic immersed surface W in the 3-dimensional space R? x [0,1]
may have double and triple points. In a neighborhood of a double
point (respectively, a triple point), in an appropriate coordinate chart
the immersed surface W appears as an intersection of two (respectively,
three) coordinate planes, see Figure 3.19. Therefore, in both cases, the
set of self-intersection points of W in the chart consists of immersed
curves.

The coordinate plane description of double and triple points of W also
shows that the end points of the curves v lie on Wy and W;. In fact,
the set d7 is precisely the set of double points of Wy and W;. Since the
number of end points of -y is even, we conclude that the parities of the
numbers of double points of Wy and W agree.

Since taking the disjoint union of two oriented immersed curves re-
sults in adding the number of double points, the map 1 is a homomor-
phism. In view of the figure "8" immersed curve, the homomorphism
Y is surjective.

Let us show that ¥ is injective. To this end, suppose that L is an ori-
ented immersed 1-manifold in R? with even number of double points
so that [L] belongs to the kernel of the homomorphism . We claim
that L is cobordant to an empty manifold. Indeed, suppose L has n
double points. Given a double point p of L we may perform two spher-
ical surgeries in a neighborhood of p to split off a figure "8" without
increasing the total number of self intersection points, see Figure 3.20.
In such a way we may split off n figure "8" curves so that the curve

o/

Figure 3.16: A compression of Wi \ S to
Wo \ h; for the cobordism in Figure 3.11.

Figure 3.17: A sphere £ in W \ S, and
its deformation to Wy \ h;.

Figure 3.18: A curve with ¢ = 0 self-
intersection points mod 2.

Figure 3.19: The immersed surface W in
a neighborhood of a triple point.



that is left has no self-intersection points, see Figure 3.21.

It is known that a closed curve in R? with no self-intersection points
bounds a disc. Thus, we have shown that L is cobordant to the disjoint
union of n figure "8" curves. Since 1 is even and a pair of figure "8"
curves is cobordant to zero, we conclude that L is cobordant to zero,
and, therefore, the homomorphism ¢ is an isomoprhism 77{ =~ Z,.

Unstable homotopy group 7135°.

The Pontryagin construction identifies an element in 7135% with a cobor-
dism class of closed framed manifold of dimension 1 in R?, i.e., with
a framed link. By the Compression theorem, a framed link admits an
isotopy to a framed link with the second (last) normal vector field be-
ing vertically up. We note that there exists a unique orientation of the
link such that at each point of the link the orienting vector followed by
the two vectors of the frame produces a positive basis of R.

We may assume that the projection 7t of the framed link L to the hor-
izontal plane R? C R3 is an immersion with no triple point. To each
double point we assign a sign according to the sign convention of Fig-
ure 3.22. Define a map ¢: 735> — Z by associating with the framed
link the algebraic number of the double points of its projection, i.e.,
the number of double points counted with signs. We may also de-
fine ¢: 135 — 7,S? by associating with the cobordism class of L the
cobordism class of the framed manifold in R? of double points D(7tL)
of L, where a double point p of 7L is framed by the orientation
vector of the upper strand of 7L passing through p followed by the
orientation vector of the lower strand of 77L passing through p.

To begin with let us show that the map ¢ is well-defined®. Suppose
that W is a cobordism in R® x [0,1] between two framed links W
and W such that the frames of Wy in R® x {0} and W; in R® x {1}
are vertically up. Then by the (relative version of the) Compression
Theorem we may assume that the second vector field of the frame
over W coincides with e3. Then the projection of W to R? x [0, 1] along
the direction e3 is an immersion, which we still denote by 7. Again,
we may assume that the set D(tW) of points in 7W with multiple
preimages is a framed manifold of dimension 1 in R? x [0, 1]. It defines
a framed cobordism of D(7tL). Therefore ¢:m35> — m,S% is well-
defined.

The map ¢ is a homomorphism since the algebraic number of self-
intersection points of a union of two projected links is the sum of the
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y
Yy

Figure 3.20: Two spherical cobordisms of
index 1. Each cobordism of index 1 re-
moves a pair of green segments S° x D!
and then attaches a pair of green seg-
ments D! x S0

Figure 3.21: A curve obtained from the
one in Figure 3.18 after splitting off 4 fig-
ure "8" curves.

+1 —1

Figure 3.22: The sign convention.

8 We need to show that if Wy and W;
are two cobordant framed links, then the
framed manifolds of double points of
Wy and 7tW; are also cobordant
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algebraic numbers of the self-intersection points of the links. Suppose
that a framed link L represents an element in the kernel of ¢. Again, by
applying a spherical cobordism finitely many times, we may split off
from 7L a disjoint union of n positive figure "8" curves, and n negative
figure "8" curves. Therefore, L is cobordant to an empty link.

Finally, the homomorphism ¢ is clearly surjective, which completes
the proof that 71352 is isomorphic to Z.

Stable homotopy group 75

We have seen that every element of 775 can be represented by a framed
surface in R*** with k > 3. Choose a framed surface M of minimal
genus representing a given element of 7t5. We claim, then, that M is
either a sphere or projective plane.

Indeed, if the genus of the surface M is g, then it can be constructed
from a sphere by attaching ¢ handles. Let «y, ..., a; denote the belt
spheres of the handles, while B, ..., B¢ denote closed simple curves in
M that have the properties that B; intersects &; at a unique point at
which B; and «; are not tangent and B; does not intersect any other
curves f; and a;.

Choose an orientation of each curve 7 in the set {a;, 8;}. The curve
v comes with k normal vector fields inherited from the frame of M,
as well as a unique unit vector field tangent to M that at each point
x € 1 is directed to the right with respect to the orientation of . Thus
the curve v itself represents an element [y] in the group rrf ~ Zp. If
[v] = 0, then there is a framed disc D in R?>** bounded by y € R?*%.
Since dim M + dim D < dim R?>*¥, we may assume that the interior of
the disc D does not contain points of M. Then, the framed disc D is a
core of a spherical surgery on M that decreases the genus of M. Since
we assume that M is of minimal genus, each class [¢;] and [B;] should

be non-trivial in nf.

Suppose that M is of genus ¢ > 1. Choose a path from a point in
x1 to a point in ap. Let v C M be an embedded closed curve that
travels along a1, passes to &, along the chosen path, traverses a, and
then comes back to a; along a path parallel to the chosen one. We
may choose 7 to be embedded by changing, if necessary, the direction
in which v traverses ap. Since [y] = [a1] & [ap] is the zero element
in 71} ~ Z,, there is a spherical surgery on M—along the attaching
sphere y—that reduces the genus of M. Thus, we conclude that the
genus of M is at most ¢ = 1, i.e., the surface M is either a sphere or

Figure 3.23: The curves w;, B;. The curve
1 comes with k normal vector fields in-
herited from the frame of M, as well as a
unique unit vector field tangent to M di-
rected to the right with respect to a cho-
sen orientation of aj.



torus.

Suppose that M is a sphere. We may use the multicompression the-
orem to compress M to an immersed sphere in R®. The proof of the
Smale paradox shows that any two immersed spheres in M are reg-
ularly homotopic. Therefore we may assume that M is an embedded
standard sphere in R3. It clearly bounds a framed disc in R® x [0, 1]

and therefore M represents a trivial element in 7t5.

Suppose now that M is a torus. Again, by the Compression Theorem,
we may assume that M is immersed into IR>.

Let’s determine the number of different immersions of a torus into R®
up to regular homotopy. By the Smale-Hirsch theorem, immersing M
into IR? is equivalent to constructing a family of injective homomor-
phisms TyM — R3 parametrized by points x in M. In view of the
canonical basis of TyM given by the unit vectors directed along the
parallel and meridian respectively, we may canonically identify each
vector space TyM with R2. Thus, a formal immersion, is a map that
associates with each x € M an injective homomorphism ¢:RR?> — R5.
Notice that ¢ extends to an isomorphism R* — IR® by ¢(e3) = ¢(e1) x
¢(ep) where x stands for the vector product. Finally, the correspon-
dence x — ¢ defines a map F: M — GL3(R) with image in the path
component of GL3(R) of matrices with positive determinant. Fur-
thermore, by the Gram-Schmidt orthonormalizing process, we may
assume that the image of F is in subgroup SO;3 of orthogonal matrices.
However, up to homotopy, there is only one non-constant map of a
torus to SOs.

Exercise 3.7. Show that up to regular homotopy there is only one class
of immersions of a torus to R® with [a1] = [81] # 0. 9

We conclude that the group 75 is either trivial or Z,. We will see later
that the group 75 is Z.1°

3.5 Further reading

The study of critical points of a function of n variables was initiated
by Morse in Relations between the critical points of a real function
of n independent variables [Mo25]. Both, the Morse lemma clas-
sifying generic critical points and Lemma 3.1 are proved in [Mo25].
Handle decompositions of cobordisms proved to be very useful in the
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9Suppose that there are two non-
homotopic formal immersions
F,G:M — SOs. Define a map
FG™': M — SOs; by sending x to
F(x)G™!(x). Then FG~! does not
deform to the constant map. On the
other hand, the map F G~ is a constant
map over the meridian and the parallel
of the torus. Therefore it admits a
lifting with respect to a double covering
S3 — SO;. Of course, any map from
a torus to S® can be deformed to a
constant map. Thus F deforms to G. Itis
also easy to see that a formal immersion
F with [a1] = [B1] # 0 exists.

*© Alternatively, in order to prove that 75
is non-trivial, we can use the Pontryagin
invariant that associates with a framed
(not necessarily connected) manifold M
the number [a1] - [B1] + - - - + [ag] - [B¢] in
Z,.
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Smale’s proof of The generalized Poincaré conjecture in higher di-
mensions [Smé6o]. Worth mentioning is also the development of the
spherical cobordisms in the paper A procedure for killing homotopy
groups of differentiable manifolds [Mi61] by Milnor, and in the pa-
pers Modifications and cobounding manifolds [Wa6o] and A geomet-
ric method in differential topology [Wa62] by Wallace.

A highly recommended book on cobordisms is the classic Lectures on
the h-cobordism theorem by Milnor [Mi65]. The computation of 7}
and 71352 involving an isomorphism 7135 — 71,S? that we presented
here are different from how Pontryagin computed these groups. The
present computation of 7z5 follows the Pontryagin’s line of reasoning.

In presenting a smoothing technique, we followed the line of reasoning
by Cairns in Homeomorphisms between topological manifolds and
analytic manifolds [Cago] and J. H. Whitehead in Manifolds with
transverse fields in Euclidean space [Wh61], presented in elementary
terms by Pugh in Smoothing a topological manifold [Puoz2]. Given
a topological manifold M of dimension m in R"**, the smoothing
procedure relies on the existence of a tubular neighborhood U of M,
which consists of disjoint discs Dy of dimension k. Each disc Dy is
linear in the sense that it belongs to a k-dimensional affine subspace
of R"** and intersects M at a unique point x. If fact, the discs Dy are
required to be transverse to M, and, in particular, in a neighborhood
of each point the manifold M is the graph of a Lipschitz function.
For topological manifolds that are not locally Lipschitz, the field of
transverse linear discs Dy does not exist, but there still may exist a
field of non-linear discs D, whose union is a topological vector bundle
neighborhood of M. It turns out that if dimM > 5, then there is
a C-isotopy of M to a smooth submanifold in R”** if and only if
M has a topological vector bundle neighborhood. This is the Kirby-
Siebenmann smoothing theorem presented in Foundational Essays on
Topological Manifolds, Smoothings and Triangulations [KS77].



4
The Whitney trick

4.1 The Whitney weak embedding and immersion theorems

We say that a smooth map f: M — R”" is an immersion if the differential
dyf is injective at each point x. An immersion f is an embedding if the
map f is a homeomorphism onto image.

One of the first questions that arose in the Immersion Theory was
to determine for a given manifold M the minimal dimension of the
Euclidean space that admits an embedding/immersion of M. The first
results in this direction are due to Hassler Whitney.

Theorem 4.1 (The Whitney weak embedding theorem). Every closed
manifold of dimension m admits an embedding to R*"+1,

In order to prove the Whitney weak embedding theorem, we will use
the Sard theorem asserting that for any smooth map of a manifold of
dimension 7 into a sphere of dimension at least n + 1, the image of f
is of measure zero. The manifold under consideration is STM.

Exercise 4.2. Let STM denote the subset of the space R"*+k x R™+k
that consists of pars (x,v) of points x € M and unit tangent vectors
v € TyM. Show that STM is a manifold.

Proof of the Whitney weak embedding theorem. Let M be a manifold of di-
mension m in R"*% and k > m. We claim that there is a non-zero
vector v in R"** such that no line in the direction v is tangent to M.
Indeed, forgetting the first component in (x,v) defines a smooth map

Figure 4.1: Hassler Whitney, 1907-1989
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STM — §"k=1 of a manifold of dimension 2m — 1 into the manifold
of dimension at least 2m. Therefore by the Sard theorem, most of the
directions v are not tangent to M. Choosing a copy of v at each point
of M, defines a normal vector field over M. By rotating the manifold
M together with the vector field v we may assume that the vector field
v is vertical up.

If k > m+1, then as in the proof of the Freudenthal theorem, we
may slightly rotate the manifold M in R”** so that no line in the
direction v intersects M at more than one point. We may still assume
that the vector field v is normal. Projecting M along v = ¢, to the
horizontal hyperspace results in a placement of M into R"**~1. The
argument can be iterated as long as k > m + 1 and eventually produces
an embedding of M into R?"+1, O

Note that in the proof of the Whitney weak embedding theorem, when
k = m + 1 we still place M into R”** in such a way that the vector field
v = ey, is normal over M, but we may not be able to guarantee that
any vertical line in the direction of v intersects M at a unique point. In
this case, the projection of M along e, to the horizontal hyperspace
is an immersion. Therefore, we proved the Whitney weak immersion
theorem.

Theorem 4.3 (The Whitney weak immersion theorem). Every closed
manifold of dimension m admits an immersion to R¥™.

4.2 The Whitney trick

The Whitney trick allows one to simplify an immersion of a manifold
of dimension m into R?". To formulate the Whitney construction we
will need two new notions: transversality and orientation.

Two immersions f: M — RF and ¢: N — RF are said to be transverse
if for each x in M and y in N with the same image f(x) = g(y),
the sum of spaces f.TyM and g.TyN is the vector space RX.* By the
Transversality theorem, any pair of immersions can be approximated
by a C*-close pair of transverse immersions.

Similarly, an immersion f is self-transverse if for all x and y in M with
f(x) = f(y), the sum of spaces f.TxM and f,T,M is all R"**. By the
Transversality theorem (which we will not prove here), any immersion

* We will use both the notation df and f.
for the differential of f.



f admits an approximation by a close self-transverse immersion.
A self-transverse immersion is often easier to work with.

Exercise 4.4. A double point of an immersion f of a manifold M is a
pair of distinct points x and y in M with f(x) = f(y). Show that
if the manifold M is closed, then the set of double points (x,y) of a
self-transverse immersion f of M into R?" is finite.?

Any pair of embeddings can be approximated by a C*°-close pair of
transverse embeddings. Two transverse manifolds of dimensions m
and 7 respectively in R¥ meet along a manifold of dimension 1 + 1 — k.
For example two transverse manifolds of dimension m in R*" meet
along a discrete set of points.

A priori a self-transverse map f of a manifold M of dimension m into
R?" may have triple points, i.e., tuples x,y,z of distinct points in M
with the same image. However, for a small closed disc neighborhood
D about z, we may slightly modify the immersion f over the interior
of D so that it is transverse to the set of double points of f. Such
a modification eliminates the triple point. Therefore, we may always
assume that an immersion of a manifold of dimension m into R does
not have triple points.

Definition 4.5. An orientation of a manifold M of positive dimension at
a point x € M is an equivalence class of bases of T, M. Given two bases
{ei} and {g;} of TxM, we have g; = }_a;je;. The bases are equivalent if
the determinant of the matrix {a;;} is positive. Otherwise we say that
{e;} and {g;} define opposite orientations. An orientation on M is a
continuous choice of an orientation at each point of x. If M is oriented,
then a basis of Ty M is said to be positive if it agrees with the orientation
of M; otherwise it is negative.

We also adopt the convention that an orientation of a point is a sign.
Thus, there are two orientations on a point: the positive and the nega-
tive ones.

A manifold may not admit an orientation; the projective plane is such
a manifold. On the other hand, if a manifold admits an orientation,
then it admits precisely two orientations.

Definition 4.6. Suppose W C R”*k x [0,1] is an oriented manifold
with boundary. Then the orientation on W induces an orientation on
OW: a basis {ey,....e, } at x € 0;W is positive if {w, ey, ..., ey} is a pos-
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*Hint to Exercise 4.4. Suppose that
f(x) = f(y) for two distinct points x and
y. Since f is self-transverse, the affine
spaces f.TyM and f. T,y M are transverse.
Therefore there are no points x’ near x
and y’ near y with f(x’) = f(y'). Con-
sequently, the set of double points (x,y)
in M x M is discrete. Compactness of M
implies now that the set of double points
(x,y) is finite.

Figure 4.2: Not a self-transverse immer-
sion.

Figure 4.3: A self-transverse immersion.

Figure 4.4: An oriented manifold with
boundary and the orientation of its
boundary.
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itive basis at x € W with respect to the orientation on W, where w is
an outward directing vector normal to R”* x {i}.3

For example, an orientation on a segment essentially is a choice of an
initial point p and a terminal point q. The terminal point g is positive,
while the initial point is negative, see Fig. 4.4. The standard orientation
of a circle in R? is counterclockwise, see Fig. 4.5.

Let M and N be two oriented manifolds of dimensions m and n respec-
tively in R"*". At their intersection point x choose a positive basis {e; }
of TyM and a positive basis {g;} of TxN. We say that the intersection
point x of M and N is positive if {e1,...,em,§1,...,§n} is a positive basis
of R otherwise the intersection point is said to be negative. Note
that if both dimensions m and n are odd, then an intersection point x
of M and N is positive if and only if it is negative as an intersection
point of N and M. If m or n is even, then the order of M and N is not
essential.

In the presence of two intersection points p and g of opposite signs,
Whitney devised an isotopy of M eliminating the pair of intersection
points in M N N. Suppose that there is a simple curve Ly in M from
p to g and a simple curve Ly from g to p in N. Suppose that there is a
disc D in R"*" bounded by Ly; U Ly such that the interior of D is dis-
joint from M U N. Then there is an isotopy that pulls a neighborhood
of Ly in M along the disc D past Ly. It eliminates the pair p and q of
intersection points.

Theorem 4.7 (The Whitney trick). Let M and N be compact oriented
connected transversely intersecting manifolds of dimensions m,n > 2 in
R™*" Let p and q be a positive and negative intersection points. Then
there exists an ambient isotopy hy with t € [0,1] such that hy = id and
IMMNN=MNN —{p,q}.

Proof. Since the manifold M is connected, there is a curve Ly in M
from p to q. Since the dimension of the manifold M is at least 3, we
may assume that Lp; is an embedded curve in M. Similarly, there is
an embedded curve Ly in N from p to g, see Figure 4.6. The union of
curves Ly N Ly is an embedded closed curve in R+, which bounds
a disc D of dimension 2. We may assume that the disc D is nowhere
tangent to M and N. Choosing D so that its interior is transverse to M
and N insures that the interior of D has no points in M and N. 4

We aim to push a neighborhood U of the curve Lj; in the manifold

w

Figure 4.5: The standard orientation on
a disc induces counterclockwise orienta-
tion on the circle boundary. Note that
the induced orientation on the bound-
ary of a manifold does not depend on
the way the manifold with boundary is
placed in R"** x [0,1].

3 Note that the convention on the ori-
entation of the boundary is chosen so
that it agrees with the Stocks formula
Joww = [iydw, with the simplicial
boundary formula

dlag, ..., a,] = (=1)! Y lao, ..., di, ... ),

and with the behaviour of fundamental
classes under the boundary homomor-
phism H™+1(W,0W) — H™(aW).

Figure 4.6: The intersection points p and
q of opposite signs. There is a curve Ly
in M from p to g, and a curve Ly in N
from q to p.

4If the interior of the disc D is trans-
verse to, say, M, then the intersec-
tion set has dimension dim D + dim M —
dimR" " =2 —n < 0.



M along the disc D past Ly. We will first push the manifold M along
the disc D randomly to investigate the obstruction to the existence of a
Whitney isotopy. Then we will carefully construct the Whitney isotopy
from scratch.

The trace of the flow of U under an isotopy along D is a thickening
H of D. In order to describe H, extend the curve Ly, slightly past its
endpoints so that p and g are interior points in Ly, and then pick vec-
tor fields v1, ..., v;,—1 over extended Ly such that at each point x € Ly,
the vectors v1(x),...,v,_1(x) form an orthonormal basis of the sub-
space in TyM perpendicular to TyLys. Then extend the disc D so that
D intersects M only along its boundary and D N M = Lys. Further-
more, 0D \ Ly is a curve in the complement to M and N. Next we
extend the vector fields vy, ..., v,,—1 to perpendicular vector fields over
the disc D. There exists a thickening H = D x D! of the disc D in
R™*" prescribed by the vectors vy, ..., v,;,_1 in the sense that for each
point x € D, the coordinate vectors {0} x {¢;} in the tangent space to
{x} x D=1 coincide with the corresponding vectors v; at x, and such
that the subset Ly x D"~! of H coincides with U, see Figure 4.7 and
Lemma ??.

The boundary of the thickening H of D consists of U and 0H \ U. We
may push U relative its boundary through H to the position 0H \ U.
We can slightly change the pushing so that it is smooth and defines an
isotopy. Then the result M; of the isotopy of M is obtained from the
manifold M by replacing U with 0H \ U and smoothing the corners.
We need to make sure that M "N = M NN — {p,q}. Clearly, all
intersection points in M N N except for p and g remain in M; N N.
Furthermore, the points p and g are no more in the intersection M; N
N. Thus we only need to make sure that the new part 0H \ U has no
points in N. If the thickening H = D x D! of D is thin enough,
meaning that the radius ¢ of the disc Dg”_l is small enough, then the
only common points of 0H \ U and N could be in a neighborhood of
D NN = Ly. On the other hand, if we can choose the vector fields
V1, ...,U;—1 over D so that their restrictions to Ly are perpendicular to
N, then clearly 0H N U would have no common points with N in a
neighborhood of Ly.

Let’s construct the vector fields v; with required properties from scratch.

To begin with, we define the vector fields v; over Lj;. Next we aim to
extend them over Ly in such a way that for each point x € Ly, the vec-
tors v1(x),...v;,—1(x) form a basis for the subspace of dimension m — 1
in T,R"™*" that is perpendicular to the space TyN & Ty D of dimension
m + 1. We can easily extend vector fields vy, ..., v, by induction, but
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[

Figure 4.7: The union of curves Ly; U Ly
bounds a disc D. Its thickening is de-
noted by H.

N /

m—1

Figure 4.8: The vector field v/, ; may
agree with the vector field v,,_1.

N

/
m—1

M Ly
p%;ﬁ
1 1
Um—1 1 1
Figure 4.9: The vector field v/, , may not
agree with the vector field v,,_1. The

dark strip in the Figure is a part of the
disc D.

v
=
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when it comes to extending the last vector field v,,_1 a bit more care
is necessary. Let v/, ; denote the unique unit vector field over Ly per-
pendicular to N, to D, and to vector fields vy, ..., v,,—» and such that
vl _1(p) = vm_1(p). Then v, ,(q) = +v,,_1(q), see Figures 4.8 and
4.9. Since by the hypothesis in the theorem the signs of p and g are
'-1(q) = vyu_1(q), and therefore, we may

extend the vector field v,,_1 over Ly by v/, ;.

opposite, we deduce that v

Exercise 4.8. Show that v/, _;(q) = vy,—1(q).

Finally the vector fields vy, ...,v;,—1 can be extended to perpendicular
vector fields over D. 5 O

Exercise 4.9. Let M and N be closed oriented connected immersed
manifolds of dimensions m > 2 and n > 1 in R"*". Suppose that
M and N intersect transversally. Let p and g be intersection points in
M N N. Then there is a regular homotopy h; with t € [0,1] of M such
that hp = id and M NN = MNN — {p,q}.

4.3 Strong Whitney embedding theorem

We have seen that every closed manifold M in R"™** is isotopic to
a manifold in R>"*1. Furthermore, it admits a compression to R*"
into an immersed manifold with finitely many double points. In this
section we will show that the manifold M admits an embedding into
R?". We will begin with an immersed manifold M in R?”". Near each
of the double points of M we will construct an immersed sphere with
a unique double point. Using a surgery we will merge the spheres
with M without changing the diffeomorphism type of M. Then by
the Whitney trick, each of the original double points can be eliminated
with a double point in one of the merged spheres.

To construct an immersed sphere in R x R™, let D; and D; be the
two unit discs in R” x {0} and {0} x R™. There is a rotation h;, with

€ [0,1] of R™ x IR™ that takes each vector v x {0} into the vector
{0} x v and each vector {0} x v into the vector —v x {0}. The trace
h¢(0D1) of 0D under this rotation is a cylinder C, which together with
D; and D, forms a sphere with corners in IR?". After smoothing the
corners we obtain a desired sphere S of dimension m immersed into
R?>" with a unique double point. When m is even, the sign of the
double point is well-defined. We may obtain an immersed sphere with

5Here is a sketch of a proof that any
normal linear independent vector fields
01, ..., U1 Over 0D C R™" admit an
extension over D. To begin with we note
that if there is an isotopy that brings D
to a disc D’ and vector fields v; to vector
fields v} over 9D/, then it suffices to ex-
tend vector fields v} over D’ since we can
then use the inverse isotopy to bring the
extended vector fields back to D. Thus
we can freely change D and the vector
fields v; by isotopy. In particular, we
can apply the inductive argument in the
Freudenthal theorem. First, by general
position we can extend v; over D, use
the Compression Theorem to straighten
v; up, and compress D to R"*"~1. Then
we continue by induction to extend and
straighten all other vector fields.

D™ C

Dm
C

Figure 4.10: The sphere S of dimen-
sion m in R?" with a unique intersection
point is constructed by taking two discs
D™, connecting their boundaries with a
cylinder C, and smoothing the corners.



a unique double point of opposite sign by applying an orientation
reversing diffeomorphism ¢:R?>" — R?". Namely, the sign of the
self-intersection point of ¢(S) is opposite to that of S.

Theorem 4.10 (Strong Whitney embedding theorem). Every closed con-
nected manifold M of dimension m admits an embedding into R?".

Proof. If m < 2, then we may construct an explicit embedding of M
into R?". Suppose that m > 3 and choose a self-transverse immer-
sion of M into R?" with the least possible number of self-intersection
points. Let x be a self-intersection point of M.

In the complement to M in R"*¥ we place an immersed sphere S with
a unique self-intersection point y, see Figure 4.11. Next we choose
a path from a point on S to a point on M and perform a 1-surgery
on M US along the path. The obtained immersed manifold M’ is
diffeomorphic to M, but it has an additional self-intersection point y.

Near the points x and y the manifold M’ consists of two discs which
we order arbitrarily. Choose a path Lp on M’ which starts from x
follows along the first disc and terminates at y along the first disc.
Similarly, choose a path Lo on M’ from x which traverses the second
disc near x and terminates at y along the second disc. Let P denote
a e-neighborhood of Ly in M’ and let Q denote a e-neighborhood
of Lg in M'. The manifolds P and Q intersect at two points p and
g. We may assume that the signs of the intersection points p and g
are opposite,® and therefore there is a Whitney trick that isotope P
into P; such that P coincides with P; near 0P and P; has no common
points with Q. Then the immersed manifold (M \ P) U P; has fewer
self-intersection points than M contrary to the assumption. Thus, M
admits an embedding. O

4.4 Strong Whitney immersion theorem

The strong Whitney immersion theorem improves the least dimension
of the Euclidean space into which M admits an immersion.

Theorem 4.11 (The Whitney strong immersion theorem). Every oriented
closed manifold M of dimension m admits an immersion into R¥"~1,

Proof. Again we may assume that m > 2. By the strong Whitney
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T M

-
I

Figure 4.11: Removing a self-intersection
point

¢ If the signs of the intersection points p
and g are the same, then we may change
the sign of g by slightly modifying the
construction. Namely, if m is odd, then
we only need to reorder the two discs of
M’ near q. If m is even, then we may re-
place S with ¢(S) where ¢: R¥" — R?"
is any orientation reversing diffeomor-
phism.
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embedding theorem, we may assume that M is embedded into R*".
Choose a vector field v over M in R*" such that at each point x € M,
the vector v(x) is perpendicular to T M; we allow v(x) to be zero. The
end points of v define a copy M’ of M. By the Transversality theorem
we may assume that M’ is transverse to M.

Since the manifolds under consideration are closed, there are only
finitely many intersection points in M N M’; and since the manifolds
are oriented, each intersection point comes with a sign. We claim that
the algebraic number of intersection points—i.e., the number of in-
tersection points counted with signs—- is 0. Indeed, the immersion
f = Fy extends to a regular homotopy F;: M’ — IR?" such that F; is a
map with image in a far away ball disjoint from M. For example, we
may choose F to be the composition of a trivial isotopy for t € [0,¢),
a parallel translation of M’ to a far away ball in the period of time
[e,1—¢], and a trivial isotopy for ¢t € (1 —¢,1]. The regular homotopy
F; defines a map

F:M' x[0,1] — R*" x [0,1]

by associating (F;(x), t) with (x, t). Furthermore, slightly perturbing F,
we may assume that it is an immersion transverse to M x [0, 1]. Then
F~1(M) is an oriented manifold of dimension 1 with boundary. Since
all the boundary points are the intersection points in M N M’, their
algebraic number is zero.

By the Whitney trick, we may assume now that the immersed mani-
folds M and M’ are disjoint. In other words, we may assume that the
perpendicular vector field v over M is nowhere zero. The Compression
theorem straightens v vertically up, after which the projection of M to
the horizontal hyperplane R?"~! defines a desired immersion. O

The Whitney strong immersion theorem can be slightly improved.

Theorem 4.12. Let f: M — N be a smooth map of an oriented closed mani-
fold M of dimension m to an oriented manifold N of dimension 2m — 1. Then
M is homotopic to an immersion. If the map f is already an embedding over
an open subset U C M, then the homotopy of f to an immersion can be cho-
sen to be trivial over U, i.e., we may choose a homotopy that modifies f only
outside U.

Proof. We may first postcompose the map f with an inclusion i of N
to N x R. Then, by the Whitney strong embedding theorem, we may
modify the obtained map into an embedding M — N x R. Next, as



in the proof of Theorem 4.11, we find a nowhere zero vector field v
perpendicular to M in N x R.7 The compression theorem now allows
us to compress the embedded manifold M C N x R to an immersed
manifold in N. O

4.5 Solution to Exercises

Solution to Exercise 4.8. Recall that Ly is a slightly extended curve on
M from p to g, Ly is a slightly extended curve on N from p to g.
We have constructed vector fields v1, ..., v;;,—> over Ly U Ly as well as
vector fields v,,_1 over M and v/, ; over Ly. Let v, be the velocity
vector field of Ly;. We may assume that (v1(x), ..., v, (x)) is a positive
basis for TyM for every point x € Lys. Let #y,...,17,—1 be vector fields
over Ly perpendicular to Ly and tangent to N. Let 7, be the velocity
vector field of Ly. We may assume that (71 (x), ..., #7,(x)) is a positive
basis for TyN for all x € Ly. Finally, let d be a vector field over Ly
tangent to D orthogonal to Ly and such that d(p) = v(m). Then

d(q) = —o(m).
At each point x in Ly there is a basis for T,R"*" :

/
b= (Ul, v Om—2,0y1, d/ N1y e 177?1)

Indeed, the vector fields 7y, ..., # span the tangent space TxN, the vec-
tor fields #,, and d span T;D, while the other vector fields span the
vector space in TyR"*" perpendicular to TyN and T,D. We note that
the basis is positive. Indeed, at the point p we have v/, ,(p) = v,,_1(p)
and d(p) = vy. Thus, the basis b is composed of the positively ori-
ented basis for T, M followed by the positively oriented basis for T;N.
Since the intersection point p is positive, this implies that the basis b

is positive.

On the other hand, at the point ¢ we have d(q) = —v,,(g). Since the
intersection point g of M and N is negative this implies that v/, ,(gq) =

Um—1(9). O

4.6  Further reading

The Whitney trick theorem originally appeared in the paper The Self-
intersections of a smooth n-manifold in 2n-space (in 1944) by Whit-
ney. Theorem 4.1 was proved by Whitney [Wh35] in 1935. There is
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7To begin with we construct a generic
vector field v over M in T(N x R) per-
pendicular to M. If the manifold N x R
is in R"* x R, then the tips of the
vector field v define a manifold M’ in
R"** x R. Tt can be projected to a man-
ifold in N x R which we also denote by
M'. We note that the manifold M’ can
be translated in N x R away from M and
therefore the algebraic number of inter-
section points of M and M’ is zero. The
Whitney trick allows us to make M and
M’ disjoint. The manifold M’ now de-
fines a new nowhere zero vector field v
over M perpendicular to M in N x R.
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a nice presentation of the theorem in Lectures on the h-cobordism
theorem by ]. Milnor [Mi65].



>

The Kervaire invariant and signature

In this chapter we continue our study of homotopy classes of pointed
maps S"+k — Sk with k > m + 1. These are identified with cobor-
dism classes of framed manifolds M of dimension m in R"*¥. We
aim to simplify the representing manifolds M as much as possible by
means of framed surgeries, which, we know, correspond to framed
cobordisms.

In fact, we will see (Theorem 5.7) that a framed manifold M of di-
mension m > 5 can be simplified by induction. To begin with, if the
manifold M is not path connected, its distinct path components can
be connected by means of framed surgeries of index 1. We may pro-
ceed by induction. Namely, when the manifold M is (i — 1)-connected,
where i < m/2, each generator x of the homotopy group 7;M can be
represented by an embedded sphere S. A spherical surgery with at-
taching sphere S kills the generator x. Thus, finitely many appropriate
spherical surgeries of index i + 1 along generators of 7r;M result in a
framed i-connected manifold. The inductive process results in a man-
ifold M with trivial homotopy groups in degrees < m/2.

When m = 29 + 1 is odd, an additional step for i = g is possible to per-
form yielding a g-connected manifold M. By Poincare Duality, such a
manifold M is actually (m — 1)-connected, and, in fact, homeomorphic
to the sphere S (Theorem 5.10).

When m = 24 is even, for each generator x € 77;M we will choose a
special representing sphere S in M, called the Wall representative of x,
and count the algebraic number y(x) of self-intersection points of S. A
spherical surgery along a sphere representing x is possible if and only
if #(x) = 0 (Theorems 5.3, 5.4). Of course, as in the computation of 75,

Figure 5.1: Michel Kervaire, 1927-2007
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if the values of u on two generators a1 and ap are non-zero, we may
still attempt to perform a surgery on a sphere representing aq £ «. In
other words, in order to be able to kill all homotopy elements in 77, M
we only need that certain invariants of y are trivial rather than y = 0.
The invariants of interest are the signature and Kervaire invariant of M.
When these invariants are trivial, the framed manifold M is cobordant
to a framed homotopy sphere. *

5.1 The Wall representative and the invariant y

To construct Wall representatives we will essentially use the Multicom-
pression theorem (see Theorem 99.4), which asserts that all but one
frame vectors of a framed manifold can be straightened up by means
of an ambient isotopy.

Theorem 5.1. Suppose that the manifold M of dimension m in R™+k is

equipped with n < k linearly independent perpendicular vector fields vy, ..., vy.

Then there is an ambient isotopy Fy with t € [0, 1] that straightens the vectors
V1, ..., Uy up in the sense that Fy = id while dF, (v;) =e; fori =1, ..., n.

Now, let M be a manifold of dimension® m > 5 in R"**, with k suf-
ficiently big, equipped with a frame T, ..., T, and let x be an element
in the homotopy group 7;M in the range g < m/2. Our goal is to
determine when there is a spherical surgery along an attaching sphere
representing x. Such a surgery would reduce the homotopy group
Ty M.

In view of the k-frame T, ..., Ty over the manifold M, we may use the
exponential map to identify a tubular neighborhood of M with M X
DF. We note that under the exponential map, the vector fields T, ..., T
over M x {0} are identified with the coordinate vector fields in the
direction D*. In particular, we may extend Ty, ..., T4 over the tubular
neighborhood by the coordinate vector fields in the direction D, see
Figure 5.2.

By the Whitney embedding theorem, there is a an embedded sphere
S’ in M x D* representing the element x in 7,M =~ 71,(M x D). 3
We will identify the space R"** in which M x D is located with the
horizontal subspace R”* x {0} in R"*¥+1. Then there exists a unique
up to isotopy disc D’ in R"*+* x [0,1] of dimension g + 1 that bounds
S’, see Figure 5.2. Choose an orthonormal frame v = {v;} of D’; by
Exercise 5.2 the choice of the frame of D’ is essentially unique.4

*It is known that the signature of a
framed manifold is always zero. Thus,
we will see that a framed manifold M
of dimension 2q with g even is always
cobordant to a framed homotopy sphere,
while a framed manifold of dimension
2q with g odd is cobordant to a framed
homotopy sphere if and only if its Ker-
vaire invariant is zero.

2 We will discuss in Remark 5.5 the cases
m < 4.

]\/[/ ‘ ol o/

J =) = 4
J///////m-Hc

Ly 000y T R
Figure 5.2 The (red) disc D’ bound-
ing (black) sphere S’. The (blue) man-
ifold M is equipped with vector fields
T1,..., T, Which define a tubular neigh-
borhood (dark grey) M x D¥ of M. The
disc D’ is equipped with perpendicular
vector fields v, ..., Upy—g11-

3 We can start with a not necessarily em-
bedded sphere S’ representing x in M
and then perturb it in a tubular neigh-
borhood of M so that it is embedded.
Here we essentially use the assumption
that k is sufficiently big.

4Since the dimension of D’ is g + 1, and
it lies in R"™*k+1 the number of frame
vector fields over D’ is m — q + k.
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Exercise 5.2. Show that every orthonormal frame v’ = {0/} over D’
can be continuously deformed to the frame v = {v;} through orthonor-
mal frames. >

Next, we will attempt to modify the sphere S’ and the disc D’ as well
as its frame v so that the framed disc D’ is a base of framed surgery
and S’ is an attaching sphere in M. To this end, we need to deform S’
back to the manifold M, and we need that 7; = v; for the first k vector
fields v; of the frame of the disc D'.

Since the vector fields vy, ..., vy restricted to S’ are perpendicular and
linearly independent, the Multicompression Theorem guarantees the
existence of an ambient isotopy of S" in R"** with support in a small
neighborhood of S’ that slightly perturbs S’ and brings each vector v;
to 7; for i = 1,..., k. The ambient isotopy F; of S’ in R™*k extends to an
ambient isotopy of R"***1 and carries D’ to a disc F;D’ bounded by
the sphere F;S'.

There is a regular homotopy of the sphere Fi(S’) that compresses it
to its projection S C M along the vertical disc fibers of the tubular
neighborhood of M. We may extend the regular homotopy of F;(S’)
over the disc F;D’ and obtain a disc D € R"** x [0,1] bounded by S.°
Without loss of generality we may assume that the sphere S in M is
immersed and self-transverse. It still represents the homotopy class x
in 77, M, and has the property that the frame fields 7, ..., . of M over
S extend to normal vector fields v =174, ---, v = T over D.

We will say that the inclusion of the sphere S into M is the Wall rep-
resentative of x. the Wall representative of a given class x is defined
uniquely up to regular homotopy. Note, when S is embedded, it has a
frame v1 = 79, ..., Uk = Tg, Vg1, -y Um—g+k Which extends over D.”

When the dimension g of the sphere S is even, every self-intersection
point of S has a well-defined sign. On the other hand, when g is odd,
the sign of a self-intersection point is not well-defined and therefore
any pair of self-intersection points of S can be canceled by the Whitney
trick. Define p(x) to be the algebraic number of self-intersection points
of the Wall representative S of x. It is an integer if g is even, and an
element in Z, if g is odd.

Whether g is even or odd, the invariant y(x) may be non-trivial only if
m = 2q. Indeed, we assumed that m > 24. On the other hand, if m <
2g, then any generic immersed sphere S in M is actually embedded.

5 Hint to Exercise 5.2 At a point x in D/,
the frame ¢’ is obtained from the frame
v by a rotation ¢(x). The correspon-
dence x — ¢(x) is a continuous map
D’ — SO(n) into the group of rotations,
where 7 is the number of vectors in the
frame v. The contraction of ¢ to the con-
stant map that maps each point of D’ to
1 € SO(n) defines a deformation of v’ to
v. More precisely, if ¢;: D' — SO(n) is
a homotopy of ¢y = ¢ to the constant
map ¢; to 1 € SO(n), then {¢;v;} is the
homotopy of {v}} to {v;}.

¢ A particular choice of a disc D is
not relevant, since any immersed disc
bounded by S is regularly homotopic to
any other immersed disc bounded by S
whenever the dimension k is sufficiently
big. Furthermore, the regular homotopy
can be chosen relative to S.

7 Note that the frame of S consists of two
types of vectors: the vectors vy, .., vy that
are perpendicular not only to S, but also
to M, and the vectors gy 1, ..., Un—gik
that are perpendicular to S and tangent
to M.
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Theorem 5.3. The class y(x) is well-defined.

To prove Theorem 5.3, we will assume that there are two Wall represen-
tatives So and S; of the class x, and construct a reqular homotopy S; of
So to Sy in M.8 We will observe that throughout the regular homotopy
the self-intersection points of the surface S; appear and disappear in
pairs. Furthermore, when the signs of the self-intersection points are
well-defined the two points in each appearing and disappearing pair
are of different signs. This implies that the algebraic number p(x) of
self-intersection points of Sy is the same as that of S;.

Proof. Since p(x) = 0 unless m = 2gq, we may assume that m = 2g.
Fori=0,1, let S; be a Wall representative of x equipped with a frame
o' in R"*k. Slightly perturb each of the spheres with their framings
by isotopy in a tubular neighborhood of M so that each sphere S; is
embedded. In fact, in view of the exponential map we may identify
the tubular neighborhood of M with M x D¥ and choose the isotopy
in such a way that each point x € S; flows along the disc {x} x DF.
Choose a homotopy of Sy to S; in a tubular neighborhood of M. By
the Whitney embedding theorem, we may assume that its trace is a
manifold-with-boundary S in R”*k x [0,1] with 9;S = S;, see Fig-
ure 5.4. Let D be a disc in R"** x [1,2] bounding S;. Note that the

frame o1 0

over S; extends to a frame over D. Similarly, the frame v
over Sy extends over the union S U D. By Exercise 5.2, we may assume
that v¥ agrees with ! over D.9 Consequently, there is a frame vj over

S extending v° and o'.

Now we may use the vector fields vy, ..., vx to compress S into M X
[0,1] by means of the Multicompression Theorem. Namely, we may
extend the vector fields 1y, ..., Ty over the tubular neighborhood (M x
D¥) x [0,1] by translation, and regard the extended vector fields as the
basis vector fields in the direction D of the neighborhood. We may
assume that vy, ..., v coincide with T, ..., T over a collar neighborhood
of dS in S. By the Relative Multicompression Theorem, there exists
an ambient isotopy of S in the tubular neighborhood of M that brings
U1, ..., U to 79, ..., Ty everywhere over S. Furthermore, we may assume
that the isotopy is trivial over a collar neighborhood of 9S. Hence,
after applying the isotopy to S, we may compress S to M and obtain
an immersion S — M x [0,1] that takes its boundary to the union of
Sp and S7.

Let X denote the set of self-intersection points of the compressed man-
ifold S in M x [0,1]. Then X is a manifold-with-boundary of dimen-

8 A regular homotopy from Sy to Sq is
a smooth deformation through immer-
sions, i.e., it is a smooth family S; of im-
mersions with ¢ € [0,1].

9More explicitly, the frames v° and !
over D define a map f:D — SO(n)
which associates with x the rotation
from ©°(x) to v!(x). A deformation of
the map f to the constant map onto
1 € SO(n) defines a deformation of the
frame v to v! over D. Such a deforma-
tion extends to a deformation of v° over
all S U D with support in the union of D
and a collar neighborhood of 9;S in S.

R™F x {1}
I /(\1

|63 ;‘y
+ TR x {0

Figure 5.3: Signs of self-intersection
points.

i
So

Figure 5.4: The trace S of a homotopy
and a disc D.
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sion 1—i.e., a union of segments and circles—and X; = 9;X coincides
with the set of self-intersection points of S; in M x {i}. We claim
that X defines a framed cobordism between the manifolds of self-
intersection points of Sp and 5. Indeed, let x be any point in X. Then
it is at the intersection of two sheets of X. Let vyq,..., vk, denote
the frame vectors at x of S in M x [0,1] over one of the sheets, and
U;C 1 vfc +q be the frame vectors at x over the other sheet. Then the
Vectors Ugy1, -, Uy, Vi1r s vl’cw define a frame over X in M x [0,1].
Recall that the signs of self-intersection points of Sp and S; are defined
by means of similar frames. Therefore, the manifold X is a framed
cobordism between the self-intersection points Xy of Sg and Xj of S5,
and, in particular, the cobordism class y(x) of the framed manifolds
[So] = [S1] is well-defined. O

We note that given a spherical surgery on a manifold M, the attaching
sphere S represents an element x € 77;,M with p(x) = 0. Indeed, the
base of framed surgery consists of a framed disc bounded by S, and
therefore, the sphere S in this case is the Wall representative of x with
no self-intersection points. The converse statement is also true.

Theorem 5.4. Let x be an element of the homotopy group 714 M of a manifold
of dimension m > 5 with ¢ < m/2. If u(x) = 0, then there is a spherical
surgery along an attaching sphere S that represents x.

Proof. If u(x) = 0, then all self-intersection points of the Wall represen-
tative S of x can be cancelled by regular homotopy of S in M. Indeed,
if m > 2g, then it suffices to use a regular homotopy that places S into
a self-transverse position. If m = 2q and g is even, then p(x) = 0 im-
plies that each positive self-intersection point of S can be paired with
a negative self-intersection point; such a pair can be cancelled by the
Whitney trick. Finally, if m = 2g and g is odd, then the sign of each
self-intersection point can be changed by the change of the order of in-
tersecting sheats of S near the self-intersection point. Again p(x) =0
in Z, implies that we can pair the self-intersection points and choose
the orders of intersecting sheets of S near the self-intersection points so
that each pair can be cancelled by the Whitney trick. Thus, if u(x) =0,
then we may assume that the Wall representative S is an embedded
manifold.

Let {7y, ..., Ty} be the frame over the manifold M in R"*+k x {0}. Since
S is the Wall representative of x, there is a disc D in R™*+k x [0,1]
bounded by S and framed by vector fields vy, ..., v, 41 such that over
S each vector field v; restricts to 7; for i = 1,...,k. Then D is a base of

M

Figure 5.5: The set D x D™~17 defines a
normal spherical surgery on M.
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framed surgery over S. O

Remark 5.5. We have already considered the case m = 1 and m = 2,
see section 3.4. In the case m = 2 there is indeed an obstruction y(x)
to performing a surgery along x. We identified that obstruction with
an element in nf ~ Z,. In the case m = 3 (and g < 1), the obstruction
1 (x) is trivial, since a generic sphere of dimension ¢ in a 3-dimensional
manifold is embedded. Therefore, the conclusion of Theorem 5.4 is
also true in the case m = 3. In the case m = 4 and 4 = 1, we can
certainly perform a surgery along an attaching sphere representing
any class x € 71y M. However, if m = 4 and g = 2, the Whitney trick is
not available in general.

In the rest of the section we will show that when the dimension of the
manifold M is 2g +1 > 5, then every embedded sphere of dimension g
in M is a Wall representative. In fact, we will proof a slightly stronger
result. Namely, let M C R"** be a framed simply connected manifold
of dimension m > 5 with a frame T, ..., 7.

Theorem 5.6. Suppose that m > 2q and m > 5. Let A be an element
in 1ty(M). Suppose that u(A) = 0. Then any embedded sphere S C M
representing A is a Wall representative of A.

Proof. Since p(A) = 0, there exists an embedded Wall representative
Sy of A. Choose a homotopy S7 x [0,1] — M x [0,1] between the
inclusions of a Wall representative S) and S into M. It is a map of
a manifold of dimension q + 1 to a manifold of dimension at least
2(g+1) — 1, and it is an embedding near the boundary. Therefore,
by the Whitney strong immersion theorem, we may modify it away
from the boundary into an immersion. Let S denote the image of
this immersion in M = M x [0,1]. In R"™** x [0,1] x R there is an
immersed disc D = D9"! x [0,1] such that the disc D7*! x {0} is the
core D), of a framed surgery along S, the disc D7*! x {1} is a disc in
Rk x {1} x R, while dD9+1 x [0, 1] coincides with S, see Figure 5.6

A base of framed surgery along S, consists of the disc D, as well as
perpendicular vector fields vy, ..., vy, g4k Over D such that the vector
fields v; coincide with 7; for i < k over S;. We may extend vector
fields 7; over M = M x [0, 1] by translation in the direction [0, 1]. Since
S, is a deformation retract of S we may extend the vector fields v;|S,
to perpendicular vector fields over S in R"** x [0,1] in such a way that
v; = 7; for i < k. Since SU D, is a deformation retract of D, we may
extend the vector fields v; over D. It remains to observe that the disc

M x [0,1]

Figure 5.6: The immersed disc S in M as
well as the disc D.
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D71 x {1} together with vector fields v; over it is a base of framed
surgery along S. O

In particular, suppose that m > 5. When m = 2g + 1, a framed surgery
is possible along any embedded sphere S of dimension g in M. When
m = 2g, an immersed sphere S of dimension g in M is a Wall repre-
sentative of [S] if and only if it is regular homotopic to an embedding
and p([S]) =0. ™

5.2 Homotopy spheres

Theorem 5.7. A framed manifold M is cobordant to a (q — 1)-connected
manifold if M is of dimension 2q or 2q + 1.1

Proof. In low dimensions, the Wall representative S of x € 71; M can be
chosen embedded, and therefore the obstruction y(x) to the existence
of a spherical surgery along S is trivial. By Lemma 11.4,"* a surgery
along S kills a subgroup in 71; M containing x. Thus we may make M
(9 — 1)-connected by induction in dimension i starting with i = 1. For
each dimension we only need to perform finitely many surgeries since
for an i — 1 connected manifold M the i-th homotopy group is finitely
generated (it is isomorphic to H;M.) O

For example, when the framed manifold M is of dimension 2 or 3, The-
orem 5.7 asserts that M can be made path connected, while a manifold
M of dimension 4 or 5 can be made simply connected.

To summurize, we have shown that a framed manifold M of dimension
2q or 2q + 1 is cobordant to a framed g — 1 connected manifold. We
will show now that a g-connected manifold is necessarily a homotopy
sphere.

Definition 5.8. A closed manifold M of dimension m is said to be a
homotopy sphere if it is homotopy equivalent to the standard sphere.’3

Exercise 5.9. Show that an oriented closed manifold M of dimension
m is a homotopy sphere if and only if 77;M = 0 for i < m.™

It turns out that every homotopy sphere of dimension m is actually
homeomorphic to the standard sphere S™. This statement is a deep

®When m = 2q and q is even, then
A-A = 2u(A), and therefore a framed
surgery along an embedded sphere S ex-
ists if and only if its normal bundle is
trivial. The same is true when m = 2q
with g odd, but g # 1,3,7, eg., see
[Koo7, Proposition X.2.1].

* A manifold M is (g — 1)-connected if
miM=0foralli <g—1.

>Let W be a spherical cobordism be-
tween Wy and W; of index n+1 <
m/2, where m is the dimension of the
manifolds Wy and W;. Suppose that
the attaching sphere of the correspond-
ing surgery represents an element x €
1, Wy. Then mWy = mWy for i < n,
while 7,W; is a factor group of 7, Wy
by a subgroup containing x.

> We say that a topological space X is
homotopy equivalent to a topological
space Y if there are continuous maps
f:X — Y and g:Y — X such that
fogand go f are homotopic to identity
maps.

“Hint: By the Whitehead theorem,
two connected manifolds (or, even CW-
complexes) X and Y are homotopy
equivalent if there is a map f: X —
Y that induces an isomorphism f. of
homotopy groups in all degrees. The
map f:M — S™ collapsing the com-
plement to an open disc in M induces
an isomorphism of homology groups in
all degrees. Therefore, by the relative
Hurewicz theorem, it induces an isomor-
phism of homotopy groups in all de-
grees.
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theorem that is often referred to as the topological generalized Poincaré
conjecture. It was proved by Smale (for m > 5), Freedman (for m = 4),
and Perelman (for m = 3).

Theorem 5.10. A closed g-connected manifold of dimension m = 2q or
m = 2q + 1 is a homotopy sphere.

Sketch of a proof. Since M is g-connected, its homology groups are triv-
ial in dimensions < 4. Consequently, by the Poincare duality,"> its
cohomology groups are trivial in dimensions > m — g except for those
in dimension m. By the Universal Coefficient Theorem,® this implies
that the homology groups of M are trivial in dimensions > m — g ex-
cept for those in dimension m. There is a map of M to S™ of degree 1,
which, by the Whitehead theorem, is a homotopy equivalence. O

Thus the obstruction to the existence of a cobordism of a framed man-
ifold to a homotopy sphere may only occur when we attempt to surge
out homotopy classes in the middle dimension.

Suppose that a framed manifold M is (g — 1)-connected. We will see
promptly that if M is of odd dimension 24 + 1, then it is actually cobor-
dant to a g-connected manifold. By contrast, if M is of even dimension
2g, then it may not be cobordant to a framed g-connected manifold.*”
There are obstructions which we briefly describe next.

Let K be a field, and V denote the vector space 77, M ® K. An element
in V is a linear combination of homotopy classes x of maps S7 — M.
The self-intersection numbers (x) that we have already defined give
rise to a so-called self-intersection form y on V. It is a quadratic form
associated with the bilinear intersection form.

The mentioned obstructions are defined in terms of invariants of quad-
ratic forms, which we will review in section 5.3. Note that when g is
even, the self-intersection numbers y(x) are integers, while for g odd,
the self-intersection numbers are only defined mod 2. For this reason,
we need invariants of quadratic forms over K = R (or K = Q) as well
as over K = Z,.

> The Poincare Duality: Let M be an
oriented closed manifold of dimension
m. Then H* (M) ~ H,,_(M).

1 The Universal Coefficient Theorem:
H¥(X) ~ Torsion Hy_; (X) @ Free Hy(X).

7 Recall, for example, that any orientable
framed surface is cobordant either to a
framed torus or a framed sphere, but a
framed torus may not be cobordant to
a framed sphere. In analysis of framed
surfaces F, we worked with algebraic
numbers of intersections of circles «;, B;
representing elements in 771 F.
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5.3 Bilinear and quadratic forms

In this section we will give definitions of bilinear and quadratic forms
over a field K, and review their invariants.

A bilinear form on a vector space V is a map ¢:V x V — K such that
¢(x,y) becomes a linear function when any of the two parameters is
fixed. We will often write the value ¢(x,y) of a bilinear form on two
vectors as x - y. A bilinear form is symmetric if x -y = y - x, symplectic
if x-x = 0, and skew-symmetric if x -y = —y-x. The form is non-
degenerate if for every linear function f on V there are unique vectors
v and w such that f(y) = v -y for every vector y, and f(x) = x - w for

every vector x. '8

A quadratic form V — K is a function g that satisfies q(ax) = a2

for all vectors x and scalars &, and such that the function

q(x)

(xy) =q(x+y) —q(x) —q(y)

of two arguments is a bilinear form on V; it is necessarily symmetric.™
Every bilinear form ¢ restricts to a quadratic form g(x) = ¢(x,x).
However, the restricted quadratic form g is associated with

(x,y) =q(x+y) —q(x) —q(y) = e(x,y) + ¢y, x),

not with ¢. In particular, if we begin with a symmetric bilinear form
¢, then the bilinear form (,) associated with the restricted quadratic
form satisfies (x,x) = 2¢(x, x) = 2g(x).

When division by 2 in K is possible, the restricted quadratic form
g(x) = ¢(x,x) completely recovers the bilinear symmetric form ¢.2°
In fact, in this case every bilinear symmetric form can be obtained
from a unique quadratic form.

Quadratic forms over R or Q. Recall that with each quadratic form g
there is an associated bilinear symmetric form ¢.

Theorem 5.11 (Isomorphism types of symmetric forms). Let ¢ be a
symmetric non-degenerate bilinear form on a finite dimensional vector space
V over a field K in which 2 is invertible. Then there is an orthogonal basis
for V.21

Proof. Pick any two vectors v and w with ¢(v,w) # 0. If ¢(v,v) #
0 or ¢(w,w) # 0, then one of these vectors can be chosen to be

8In other words, a form is non-
degenerate if the homomorphisms V —
Hom(V,K) defined by x — ¢(x, —) and
x — ¢(—,x) are isomorphisms of vector
spaces over K. We note that the homo-
morphism x — ¢(x,—) is invertible if
and only if x — ¢(—, x) is.

19 QOver the field of real numbers, it is
tempting to define the associated bilin-
ear form by (x,y) = 5[q(x +y) —q(x) —
q(y)]. Then g(x) = (x,x). However, in
general, division by 2 in K may not be
available. That is why we define the as-
sociated bilinear form without the factor
1/2.

20 Indeed, if we know all the values x - x,
then the value x - y can be found by the
formula

2cy=(x+y)- (x+y)—x-x—y-vy.

21j.e., there is a basis vy, ...,v; in V such
that v; - v; = 0 for i # j.
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the first basis vector e;. Otherwise, put e; = v + w and note that
¢(v+w,v+w) = 2¢(v,w), which is non-zero provided that 2 is in-
vertible. The linear function x — ¢(eq, x) is non-zero, so its kernel is a
vector space of dimension dim V — 1 with a non-degenerate symmetric
bilinear form. Thus an orthogonal basis can be found by induction in
dim V. O

Over the field of real numbers K = R, we may further scale vectors in
an orthogonal basis of V to obtain a new basis {e;} such that ¢(e;, ¢;) =
£1. Using the new basis, the values of the form ¢ are especially easy
to compute:

(vie1 + -+ vpey) - (wre1 + - - +wpey) = Lvywy £ -+ - £ vy,

We say that n is the rank of the form ¢. The signature of the form ¢ is
the difference between the number of basis vectors e; with ¢; - ¢; = 1
and the number of basis vectors e; with ¢; - ¢; = —1. We note that the
rank and the signature of the form ¢ do not depend on the choice of
the basis {e; }.%2

Corollary 5.12. A symmetric non-degenerate space of finite dimension over
R is determined by its rank and signature. The same is true for quadratic
forms over R.

Since quadratic forms determine symmetric non-degenerate forms,
Theorem 5.11 classifies not only bilinear but also corresponding quad-
ratic forms. It is important that char K # 2 here.

Quadratic forms over Z;. We say that a basis {a;,b;} is a symplec-
tic basis for a vector space V over a field K with symplectic non-
degenerate form, if a;-b; = 1 for all i and all other products a; - 4;
and a; - bj and b; - b; are trivial.

Theorem 5.13 (Isomorphism types of symplectic forms.). For every
symplectic non-degenerate space V of finite dimension, there is a symplec-
tic basis {a;, b;} in the vector space V. Thus, a symplectic non-degenerate
form is determined by its rank.

Proof. Choose a1 to be an arbitrary vector. There exists a vector by
such that a; - by = 1.3 The space V, orthogonal to a; is of dimen-
sion dim V — 1 and contains 4;. Similarly, the space V, orthogonal to
b is of dimension dimV — 1 and contains b;. Thus the orthogonal
complement to (aq,bp) is the space V; NV, of dimension dimV — 2.
The restriction of the symplectic form to the orthogonal complement

> This fact is known as the Sylvester’s
law of inertia.

» To show the existence of by, pick any
linear function f on V with f(a;) = 1.
Since ¢ is non-degenerate, there exists a
vector by such that

¢(ar,b1) = f(m) =1
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to (aq,b1) is again a symplectic non-degenerate form. Therefore, by
induction, it has a symplectic basis ay, by, ..., a5, by,. Then ay, b, ..., an, by
is a symplectic basis for V. O

A quadratic form on a vector space V over Z, is a function q: V — Z,
such that the associated form

(x,y) = q(x) +4q(y) +9(x +y)

is bilinear. Note that over Z; we do not need to require in the defini-
tion of a quadratic form that g(ax) = a?q(x).24 The form g is called
a quadratic non-degenerate form if the associated bilinear form is a non-
degenerate form (it is necessarily symplectic).

If V3, ..., Vi are vector spaces with quadratic forms gy, ..., g respectively,
then on the vector space V) @ - - - @ V4, there is a well-defined quadratic
form g1 @ - - - @ gi given by

nEBg(x18 - Bxp) =q1(x1) + -+ q(xp).

Since q(x +y) is the sum of (x,y), g(x) and g(y), in symplectic basis
the quadratic form is determined by its values on the basis vectors.
For i,j = 0,1, let us denote by g;; the form on a symplectic space over
Z, with symplectic basis 4, b defined by g;;(a) = i and g;;(b) = j. Then
qo,0 is isomorphic to g g and g 1, and is not isomorphic to 4 1.?> Thus,
every non-degenerate quadratic form over Z; of rank 2 is isomorphic
either to go or g1 1. Also g11 @ 41,1 is isomorphic to gg0 © q0/0.26

Let now V be a vector space with a non-degenerate quadratic form g
of arbitrary rank. Choose a symplectic basis {ay,by,...,a,,b,} for V.
The number

Arf(q) = gq(a1)q(b1) + - - + q(an)q(by)

in Z; is called the Arf-invariant of the form g; it does not depend
on the choice of the symplectic basis for V. To prove the invariance
of the Arf-invariant, note that g is the orthogonal sum g1 & --- ® g4
where g; is the restriction of g to the vector subspace (a;, b;) of V. Then
each g; is a non-degenerate form; indeed, its associated bilinear form
is the symplectic form of rank 2 with symplectic basis {a;,b;}. We
have seen that each non-degenerate form of rank 2 is isomorphic to
doo or qi1,1. Thus, we deduce that g is isomorphic to mgog + ng1 1.
Clearly, the Arf-invariant of g is 0 if n is even, and 1 otherwise. It
remains to observe that if n is odd, then most of the values of the
quadratic form mqo + ngy 1 are 1, while if n is even, then most of the
values are 0. Therefore if the form mgqg + ng; 1 is isomorphic to a form
m'qoo + n'qy 1, then the parities of n and n’ are the same.

24 Indeed, if « = 1, then the condition
g(ax) = a?q(x) is clearly vacuous. On
the other hand, if « # 1, ie., if « =0,
then g(0- x) = 0- g(x) follows from

0=(0,0) = ¢(0) +¢(0) +¢(0,0).

»In the vector space Z,; ® Z, with
syplectic basis {a, b} there are only three
vectors a,b and a + b. Since (a,b) = 1,
among the three values g(a),4(b) and
g(a+ b) either there is one appearance of
1in which case the form is isomorphic to
do,0, or there are three appearances of 1
in which case the form is isomorphic to

q1,1-

26 Indeed, when we choose another basis
aﬂ =ay + a4y, ulz =a+bh+a+b

bi :b1+ﬂ2, bé :ﬂ1+b1+b2
the form q11 @ g11 becomes o P go,0-
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5.4 Main theorems

In the case m = 2q + 1 the obstruction y is zero by dimensional reason.
We will show that in this case, indeed, it is possible to surge out all the
classes in dimension 4.

Theorem 5.14. If M is a closed framed manifold of dimension m in RF+™
with odd m > 5 and k > m, then M is cobordant to a homotopy sphere.

In the case of (§ — 1)-connected manifolds M of even dimension 2q > 4
there are obstructions to the existence of a framed cobordism of M to
a homotopy sphere, which we describe next. Let K be a field. We are
mostly interested in the case where K is the field of real numbers R
(or rational numbers Q) and the case where K is the field Z,. Let V
denote the vector space 77;M ® K. For example, when K = R, the
basis of the vector space V = R" consists of generators [x] of the free
part of 77, M.

There is a bilinear form V ® V. — K on the vector space V called
the intersection form. To a pair of basis vectors [x] and [y] it puts into
correspondence the number [x] - [y] of intersection points of x and y
counted with signs. For general vectors x,y in V, the value x - y of the
bilinear form is computed by linearity. We have also encountered a
quadratic form p that assigns to a basis vector [x] the self-intersection
number of the Wall representative x.

The quadratic form y is associated with the intersection form. Indeed,
let S, and S, be Wall representatives in M of classes x and y. The
spheres Sy and S can be joined by a thin tube whose interior is disjoint
from S, and Sy; the resulting sphere Sy is the Wall representative of
x +y, see Figures 5.7 and 5.8. The set of self-intersection points of
Sx+y consists of the self-intersection poings of Sy, the self-intersection
points of Sy, and the intersection points of Sy and Sy. In other words,

p(x+y) =pux) +uly) +x-y.

Thus, indeed, the map y is a quadratic form associated with the inter-
section form.

Remark 5.15. Since the intersection form is associated with the self-
intersection form, we have 2j(x) = x - x. This equality could be ver-
ified geometrically. Indeed, the product x - x is the algebraic number
of intersection points of an immersed framed sphere S representing x
and a sphere S’ in M obtained from S by a slight isotopy in the direc-

Figure 5.7: Intersections and self-
interesections of Sy and Sy.

Figure 5.8: Self-interesctions of Sy



THE KERVAIRE INVARIANT AND SIGNATURE 67

tion of, say, the last frame vector. Each self-intersection point in p(x)
corresponds to two intersection points in x - x; hence 2y (x) = x - x, see
Figure 5.9

Suppose now that the dimension m of the framed manifold M is 2g
with g even. In this case the intersection form is well-defined over
integers, and we choose the ground filed K to be the field of rational
numbers. In other words, V = ;M ® Q. The vector space V is the
direct sum of the subspaces V_ and V. over which y is negative and
positive definite respectively. We have seen that the isomorphism type
of a quadratic non-degenerate form is determined by its rank = dim V
and the signature cg = dim V. — dim V_. The rank of the form y may
change under a normal cobordism, but the signature og does not.

Theorem 5.16. If M is a closed framed manifold of dimension m in R¥+™
with m = 4s > 4 and k > m, then M is cobordant to a homotopy sphere if
and only if og = 0. 27

Suppose now that m = 2q with g odd. Then the sign of a double point
of a sphere S7 in M is not well-defined. In other words, the quadratic
form y is only well-defined over Z;, which we choose to be our ground

field K.

The Kervaire invariant of the framed manifold M is defined to be the
Arf-invariant of the quadratic form y.

Theorem 5.17. Let M be a closed framed manifold in R of dimension
2q with q odd. Then M is cobordant to a homotopy sphere if and only if the

Kervaire invariant of M is trivial.

Exercise 5.18 (Pontryagin). Prove that 715 ~ Z,.

5.5 Further reading

The Kervaire invariant of framed surfaces was first used by Pontrjagin

in Homotopy classification of the mappings of an (n 4+ 2)-dimensional

sphere on an n-dimensional one to calculate 77,,,1,S" [Po50]. A de-
tailed geometric solution to the problem appeared in his book Smooth
manifolds and their applications in homotopy theory [Po85].

In 1960 Kervaire introduced the invariant in A manifold which does
not admit any differentiable structure [Ke6o] for 10-dimensional man-

S/

Figure 5.9: Every self-intersection point
(red) in p(x) corresponds to two inter-
section points (black) in x - x.

#1It is known that the signature of a
framed manifold is always zero.
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ifolds to detect a triangulated manifold which does not admit a smooth
structure. In order to construct the invariant Arf, Kervaire used the
loop space Q) = QS over the sphere of dimension 6. Such a space is
homotopy equivalent to a CW-complex with one cell of each dimen-
sion divisible by 5. Let ¢, denote the cohomology class generating
the 5k-th cohomology group of QS°. Since 719(Q)) is trivial, it can be
shown that for any triangulated manifold M of dimension 10, and any
class x € H°M, there is a map f: M — Q such that f*e; = x. This
allowed Kervaire to construct an operation ¢: H>(M; Z,) — Z,; given
a class x, find a function f such that f*e; is a class whose reduction
modulo 2 is x, reduce the class f*e; to a class mod 2, and then inte-
grate it over M to obtain an element in Z;. Kervaire showed that the
operation ¢ is a well-defined quadratic form associated with the inter-
section form on M. Furthermore, the Arf invariant Arf (¢) is trivial for
the quadratic form ¢ on every smooth manifold of dimension 10. On
the other hand, Kervaire presented a triangulated manifold M whose
Arf invariant is clearly 1. Kervaire concluded that M does not admit a
smooth structure.

In Groups of Homotopy spheres I [KM63] Kervaire and Milnor inter-
preted the Kervaire invariant differently. Namely, let M be a framed
g — 1 connected manifold of dimension 2q with g-odd. Every element
x in 71;M ® Z; can be represented by an embedded sphere. There is
a function ¢: 1;M ® Zy — Z; that detects a twisting of the normal
bundle in M of the embedded sphere representing x, i.e., {(x) = 0 if
and only if the normal bundle of a sphere representing x is trivial. The
function ¢ is a quadratic form associated with the intersection form on
M. Kervaire and Milnor defined the Kervaire invariant of the manifold
M to be the Arf invariant of the quadratic form .

We adopted a slightly different approach. Instead of representing x
by an embedded sphere and detecting a twisting of its normal bundle,
we choose a Wall representative of x and count the number of self-
intersection points of the Wall representative. With such a definition
the relation of the quadratic form to the intersection form is clear.

Spherical modifications of framed manifolds below the middle dimen-
sion were studied by Milnor in an unpublished note Differentiable
manifolds which are homotopy spheres [Mi5g]. In a published form
the technique appeared in A procedure for killing homotopy groups
of differentiable manifolds [Mi61]. At the same time a non-framed
version of spherical modifications below the middle dimension ap-
peared in Modifications and cobounding manifolds [Wa6o] by Wal-
lace. The main theorem for odd dimensional manifolds (asserting that
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a framed closed manifold of dimension 2g +1 > 5 is cobordant to a
homotopy sphere) was independently proved by Wall in Killing the
middle homotopy groups of odd dimensional manifolds [Wall62],
and by Kervaire and Milnor in Groups of Homotopy spheres I [KM63].
In the same paper, Kervaire and Milnor established the main theorems
for manifolds of dimension 2g both when g is odd and even. The
expected paper Groups of Homotopy spheres II never appeared.

It turned out that in most of the dimensions there are no framed
manifolds with non-trivial Kervaire invariant. In fact, Browder [Bra69]
showed that only manifolds of dimension 2f — 2 may have non-trivial
Kervaire invariant. Recently Hill, Hopkins and Ravenel [HHR16] showed
that in high dimensions (2 — 2 > 126) manifolds with Kervaire invari-
ant one do not exist. It is still not known if such a manifold exists in
dimension 126; in lower dimensions 2F — 2 such manifolds have been
constructed.



6

Surgery on framed manifolds

We have seen that it is easy to surge out homotopy classes of a closed
framed manifold M of dimension m = 2q or 27 4+ 1 in dimensions
below g. In particular, every closed framed manifold is cobordant to
a framed (g — 1)-connected manifold M. Furthermore, if the manifold
M is actually g-connected, then it is homeomorphic to a sphere, in
which case we say that M is a homotopy sphere.

When m = 2q is even, the manifold M may not be cobordant to a
homotopy sphere. In §6.1 we will show that when g is even, the signa-
ture o(M) of a manifold M is a well-defined invariant, while when g
is odd, the Kervaire invariant Arf(M) is a well-defined invariant of a
cobordism. In particular, if c(M) # 0 when g is even, or Arf(M) # 0
when g is odd, then M is not cobordant to a homotopy sphere.

On the other hand, we will show that when g is even, the invariants
o(M) and Arf(M) are the only obstructions to the existence of a cobor-
dism of M to a homotopy sphere. In fact, since the manifold M is
(9 — 1)-connected its g-th homotopy group is free. If the obstructing
invariants are trivial, then we may always find a generator A of ;M
with an embedded Wall representative S,. Then a surgery along S,
results in a framed (g — 1)-connected manifold M’ with a reduced ho-
motopy group myM' ~ Ty M/ (A).

The case m = 2g + 1 turns out to be more complicated. In this case any
embedded sphere S representing a class A € 77;M is a Wall representa-
tive of A. When A is a generator of a free summand of 77, M a surgery
along S reduces the homotopy group of 77;M, as in the case of m = 2g.
By performing surgery along embedded Wall representatives of gen-
erators of free summands of 77, M, we may assume that 77, M is finite.
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A surgery along a generator A of finite order results in a manifold M’
with a class A’ in 7r; M’ such that r,M/(A) = ;M' /(). If g is even,
the order of the generator A’ is infinite, and therefore we may always
first perform a surgery along S, to "replace” A with A’ and then reduce
AU If g is odd, and the class A is of finite order s, then the class A’ may
be of some finite order ¢. In this case we need to consider several cases
to insure that the order of 77;M can always be reduces by a sequence
of appropriate surgeries. As a result, it follows that when m is odd,
the manifold M is always cobordant to a homotopy sphere.

6.1 Invariance of signature and Kervaire invariant

In this section we will show that the signature and Kervaire invariant
of a manifold M do not change under cobordism. The proof relies
on the existence of a nice basis for the homotopy group ;M of a
bounding manifold M.

Let M be a closed framed g — 1 connected manifold of dimension 24
bounding a q — 1-connected. In particular, the group 77;M is a free
abelian group. Suppose that M bounds a compact framed manifold
W. Leti: M — W denote the inclusion of the boundary, and K C ;M
the kernel of the induced homomorphism i, in homotopy groups.

Lemma 6.1. We have x -y = 0 for any elements x,y in K.

Proof. The classes x and y are represented by embedded transverse
spheres Sy and Sy in M, see Figure 6.1. The number x -y is the alge-
braic number of intersection points of Sy and S;. Since x and y belong
to the kernel of the homomorphism iy, the spheres Sy and S, bound
discs Dy and Dy in W. We may assume that Dy is transverse to Dy.
Then the curve D, N Dy defines an oriented cobordism to zero of the
intersection manifold Sy N'Sy. Thus, x -y = 0. O

Lemma 6.2. We have rank K = % rank 77, M.

Proof. Choose a basis e, ...,e; for K. By Lemma 6.1, the intersection
product of vectors in K is trivial. On the other hand, since the in-
tersection form over 77, M is non-degenerate, by induction there are
elements e, ..., e;; in 77y M such that e (¢;) = ¢;; and e} - e]’f =0 forall i
and j, where 51‘]‘ is the Kronecker symbol.” The vectors ey, ..., e}, are lin-
early independent.> Furthermore, we claim that {e; e} is a basis for

Sy

Sz

Figure 6.1: The (grey) horizontal mani-
fold M bounds a manifold W (upper half
space). Spheres Sy and Sy, in M intersect
along a (red) manifold. The discs Dy
and Dy in W bound Sy and S, respec-
tively. Their (blue) intersection bounds
the (red) intersection between Sy and S,,.

* Suppose that e7, ..., e;_; have been con-
structed. Consider a linear function
f:mgM — Z such that f(e;) = 1 and
f is trivial on all vectors v with v - e, =
0. Then there is a vector ¢; such that
f(w) =w- e for all w.

21f Y aje; + ,B,'E;'k = 0, then taking the
product with ¢; gives f; = 0, and taking
the product with ¢f gives a; = 0.
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myM. Indeed, if not, then there is a vector e # 0 perpendicular to each
e; and e]*.3 Since e is not in the kernel K, the element i.e is non-trivial
in t;W. Since the intersection form

gW/ Tor @ 1t441(W, M)/ Tor — Z

is non-degenerate with respect to the first factor, we deduce that there
is an element g in 7, 1(W, M) such that ixe- ¢ = 1. Then e-dg = 1.
Since dg is in K, this contradicts our assumption that e is perpendicular
to K. Thus, indeed, the vectors {e;, e} span 7, M. O

Theorem 6.3. The signature and Kervaire invariant do not change under
cobordism.

Proof. It suffices to show that if a § — 1 connected closed framed man-
ifold M is a boundary, then its mentioned invariants are trivial. 4 On
the other hand, if M is bounded by a framed manifold W, we may
assume that W is g — 1 connected as there is no obstruction to framed
surgery of indices below the middle range.

If dimM = 2g with g even, then by Lemma 6.2, the vector space
M ® R contains a subspace K ® R of half rank over which the non-
degenerate intersection form vanishes. Thus, the signature of M is
Zero.

Let M be a manifold of dimension 2q with g odd in RF bounded by
a framed manifold W c Rk x [0,1]); we will denote the frame over
W by 11,..., k. We may choose a symplectic basis {a;,b;} of ;M ®
Z; such that {a;} is a basis for K ® Z,5. We claim p(a) = 0 for all
a € K®Z,. Indeed, by the Whitney embedding theorem, we may
choose an embedded sphere S representing a. Since i.(a) = 0, there
is an immersed disc D in W bounded by S. At each point x € D, the
perpendicular space T{-D of D is a direct sum Uy @ Vy of orthogonal
subspaces, where Uy is the orthogonal complement to T,D in T,W,
and V, is the perpendicular space Ty W. The vector spaces V are
framed by T, ..., Tx. Choose an arbitrary frame for Uy continuously
depending on x for all x € D.>° We may slightly perturb D in Rt
together with its frame 7, ..., Ty ; so that it becomes a base for framed
surgery. The existence of D, then, implies that S is an embedded Wall
representative of a, and therefore y(a) = 0. Finally, since p(a;) = 0,
the Kervaire invariant }_ y(a;)p(b;) is trivial. O

We note that a priori the signature and Kervaire invariants are only
defined for (g — 1)-connected manifolds of dimension m = 24. The-

3 There is a non-zero function f: r,M —
Z which is trivial on all ¢; and e;.
Since the intersection pairing is non-
degenerate, there is a vector e such that
f(w) =e-w for all w.

4For example, suppose that we have
proven that the signature of a bound-
ing manifold is trivial. Let us show that
o(Mp) = o(M;) whenever My is cobor-
dant to M. Since Mj is cobordant to
M, the disjoint union of My and a copy
—M; of M; with reverse orientation is a
bounding manifold. Therefore

0=0c(MoU (—M)) = d(My) — o (M).

>Note that since ;M is a free abelian
group, it is isomorphic to a direct sum
of copies of Z. We have constructed its
basis ey, ...,e;;. The group m,M ® Z; is
obtained from ;M by replacing each
summand Z with a copy of Z,. There
is a mod 2 reduction homomorphism
M — mgM ® Zs. 1t takes the basis
{e;, e} } to a symplectic basis {a;, b; }.

®Every plane field over a disc can be
framed.
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orem 6.3 implies, however, that the definition of these invariants can
be extended over arbitrary closed framed manifolds. Indeed, given
an arbitrary closed framed manifold M), it is cobordant to a framed
(9 — 1)-connected manifold M;. We may define the invariants of My
to be the same as those of M;. To show that the invariants of My are
well-defined, suppose that My is cobordant to two different framed
(g — 1)-connected manifolds M; and M]. By Theorem 6.3, the invari-
ants of M; and M) are the same. Thus the signature and Kervaire
invariant are well-defined for arbitrary closed framed manifolds.

Furthermore, in the definition of signature ¢(M) and in the proof of
invariance of signature in Theorem 6.3 we do not use that the manifold
M, or cobordisms, are framed. In other words, the signature is well-
defined for an arbitrary oriented closed manifold of dimension m = 2g
for g even, and it is invariant under (non-framed) cobordisms.

6.2 The main theorems for even dimensional manifolds

Effect of surgery on homotopy groups

Let M be a q — 1-connected manifold of dimension 2q > 5. In par-
ticular, the group 7;M is free abelian. A framed spherical surgery
on M consists of removing a closed neighborhood h; = S7 x D1 of a
sphere S,, and then attaching to the remaining manifold My a thick-
ening htli = D7+1 x §7-1 of a sphere S,/. The resulting manifold will be
denoted by M’. We will denote the disc {*} x D7 in the neighborhood
hy by D). Let A and A’ denote the classes [S,] and [S)/] in 77;M and
myM' respectively. Suppose that A is a generator of an infinite cyclic
summand of 77, M.

Lemma 6.4. The meridian 0D, in dhy is null homotopic in M.

Proof. Since the intersection pairing on homotopy groups 77, M is non-
degenerate, there is an element p € 71;M such that - A = 1. Using
the Whitney trick, we may represent y by a sphere S, which intersects
S, transversally at a unique point. Furthermore, we may assume that
near the intersection point S, coincides with D). Then S, \ D, is a
disc in My bounding 0D, O

Exercise 6.5. The homotopy group (M, My) is trivial for k < g. For
k = g it is isomorphic to Z with a generator given by the class of D,.

73
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For k = g+ 1 it is isomorphic to Z, with a generator represented by
the map D — D, which is a cone over the Hopf map 0D — 9D,. 7
The group 7 (M’, My) is trivial for k < g, and 7151 (M, My) ~ Z. 8

Lemma 6.6. The manifold My is g — 1 connected.

Proof. Let f be an embedding representing an element 7ty My for k <
g. Since the manifold M is ¢ — 1 connected, the map f extends to
an immersion F: D — M transverse to S). If k < g —1, then F(D)
avoids the sphere S,, and therefore we may assume the image of F
is in My. Thus, the element [f] is trivial in 713 M. Suppose now that
k = q—1. Then F(D) is an immersed manifold in M intersecting S, at
finitely many points. We may assume that near each intersection point
F(D) coincides with D,. By replacing each copy of D, in F(D) with a
copy of S, \ D, constructed in the proof of Lemma 6.4 , we obtain an
immersed disc in My bounding f(S¥). 0O

Lemma 6.7. We have ty;M ~ ;Mo © Z.

Proof. Since the pairing in M is non-degenerate, in the homotopy exact
sequence

71 (M, Mo) 25 7t0Mo 25 70,M L5 5, (M, My)

the homomorphism j, is surjective onto a group isomorphic to Z. On
the other hand, the homomorphism 9 is trivial. Indeed, by Exercise 6.5,
the source of d is represented by the cone over the Hopf map 0D —
0D, . Thus, the image of d is generated by the class of the Hopf map
to dD,. Since dD, bounds a disc in My, we conclude that the image of
d is trivial. O

Lemma 6.8. We have rank t,M > 1M’

Proof. Since 71;(M’, My) = 0, there is an exact sequence
— 41 (M, My) = mtgMy — muM’ — 0.

Therefore rank 71, M = rank 71, My + 1 > rank 77, M +1. O

Remark 6.9. Though we do not need it at the moment, the effect of the
surgery can be described more explicitly. Namely, since the manifold
M is (g — 1)-connected of dimension 24, its homotopy group 7,M is
free abelian. Suppose that there is a basis {ay, ..., ax, b, c} of the group
7tgM such that b is orthogonal to all 4; and b, ¢ is orthogonal to all

7 The group 71441(M, Mp) is isomorphic
to 71y41(S7 x D9,89 x $971), while the
latter fits an exact sequence

7041 (ST % DT) s 71,41 (S7 % DT, 89 x §9°1)

— 71(87 x §T71) 15 71, (87 x D).
The homomorphism j, is trivial since the
homomorphism

TTg41(S7 x sy - ma+1(S87 x D7)

is surjective. On the other, hand, the ker-
nel of the homomorphism i, is Z, gen-
erated by the Hopf map to {*} x S71.

8The group mx(M’, My) is isomorphic
to the k-th homotopy group of the
pair (hg,0hy). We note that the ho-
momorphism j, from 7. (hg) to 7.k
is surjective with kernel isomorphic to
7.(87 x {pt}). Therefore my(hy,ohy) ~

Te-1(ST < {pt}).
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a; and c and b - c = 1. Since 29 > 6, we may choose representatives
of the basis classes such that the geometric numbers of intersection
points agrees with the algebraic number of intersection points of the
representatives. Suppose also that y(b) = 0. By Lemma 6.7, the group
myM is a free abelian group generated by {ay,...,a, b}, while by the
exact sequence in Lemma 6.8, the group 77, M’ is free abelian generated

by {a1, ..., ax}.
The case m = 2q with g even.

Theorem 6.10. An oriented closed manifold of dimension 4q > 4 is normally
cobordant to a homotopy sphere if and only if c(M) = 0.

Proof. We only need to prove that if ¢ = 0, then there is a sequence
of normal spherical surgeries killing all homotopy groups of M. We
may assume that M is ¢ — 1 connected. This implies that 77,M has no
torsion. Hence there exists a class x € my(M) such that x-x = 0.9
We can assume that x is a generator of a free factor of 77;(M). Since
2u(x) = x - x = 0, there exists a framed surgery along a sphere Sy rep-
resenting x. Since x is generator of a free factor of 77, M, by Lemma 6.8
a framed surgery along Sy reduces the rank of 7;;M. Therefore, in
finitely many steps, we obtain a homotopy sphere. O

The case m = 24 with g odd.
Now let us turn to the case of dimension m = 2g with g odd.

Theorem 6.11. Every q — 1 connected framed closed manifold M of dimen-
sion 2q > 5 with q odd is cobordant to a homotopy sphere if and only if the
Kervaire invariant of M is trivial.

Proof. We only need to prove that if the Kervaire invariant of M is
trivial, then M is cobordant to a homotopy sphere. We may assume
that in its framed cobordism class the manifold M has the minimal
number of generators of the torsion free group ;M. Choose a sym-
plectic basis {a;, b;} of 7;(M;Z,) every element in which is repre-
sented by a sphere 57 such that [S7] is a generator of an infinite cyclic
summand of ;M. If pu(a;) = 0 for some i, then we may perform a
surgery on M along the representing sphere to kill an infinite cyclic
summand of 71, M, which contradicts the choice of M. Thus, y(a;) =1
for all i, and similarly, p(b;) = 1 for all j. If 77, M is at least of rank
4, then we can replace the symplectic basis elements a;,b;,a,b; by

9Theorem If ¢ = 0, then there exists an
integral class x with x - x = 0. Diagonalize
the form over Q and find a rational class
u with u-u = 0. Its multiple x = ku is
integral for some integer k. On the other
hand, we have x - x = kK2u - u = 0.
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a; = a; +a;,b; = bi,a§ =b;— b,»,b; = a; so that p(a}) = 0.7° Again a
surgery along a/ leads to a contradiction with the choice of M. There-
fore the rank of 1M is at most 1. However, in this case the Kervaire
invariant p(a;)u(by) is 1 which contradicts the assumption that the
Kervaire invariant of M is trivial. Thus, the group on is trivial, and
therefore M is a homotopy sphere. O

6.3 The main theorems for odd dimensional manifolds

Effect of surgery on homotopy groups.

Assume the g — 1 connected manifold M is of dimension m = 2q+1,
and m > 5. In particular, we may define the homotopy classes in 77; M
to be free (not pointed) maps S’ — M up to free homotopy.

Recall that a spherical surgery in dimension g consists of removing a
handle h; = § x D7t from M, and, to the remaining manifold My,
attaching a new handle 1 = D71 x S1. The core of the handle /, is a
sphere S, of dimension g representing a homotopy class A of M. We
will denote the belt disc by D,. Similarly, the core of the handle
is a sphere S,/ of dimension g representing a class A’ of the resulting
manifold M’ of the surgery. The belt disc is denoted by D).

Exercise 6.12. The group 71;(M, M) is trivial for i < g+ 1 and it is
isomorphic to Z for i = g+ 1. The latter group is generated by the
class [D,] of the inclusion of the disc D, in &; whose boundary is the
meridian of dhy, see Figure 6.2.

We note that under the boundary homomorphism the generator [D,] =
[1] in the relative homotopy group 71, 1(M, Mg) maps to the class 9(1)
in 77, M represented by a meridian of the torus dh;. The meridian of
the torus E)hq coincides with a longitude of the torus ah;, and therefore
the homomorphism i: 7;My — m; M’ induced by the inclusion takes
the meridian class 9(1) to the class A’. Since d(1) and A’ are repre-
sented by the same meridian, it is tempting to use the same notation
for these two classes. However, for calculations below it will be im-
portant to distinguish d(1) from A’. For this reason we will keep using
a somewhat strange notation d(1) for the meridian class in My. Simi-
larly, we have i’ 0 9’(1) = A where i’ and 0" are counterparts of i and 9
for a surgery along S/.

Proposition 6.13. We have t;M/(A) =~ myM'/(A').

°We have

u(al) =a; - a; — p(a;) — p(a;) =0.

Figure 6.2: A handle hy, its meridian A/
and the parallel A.



SURGERY ON FRAMED MANIFOLDS 77

Proof. The inclusion of M) into M induces a surjective homomorphism
myMo — 1gM.*" Its kernel is generated by o(1). Similarly, the homo-
morphism 71,My — 71, M’ is surjective with kernel (9'(1)). ™ O

Corollary 6.14. By a sequence of spherical surgeries on M we may get a
(q — 1)-connected closed framed manifold M’ such that ty,M' is a torsion

group.

Proof. Let A be a generator of an infinite cyclic summand Z of 77;M,
then on’ ~ 11;M/Z. Indeed, since A is a generator of an infinite
cyclic summand, by the Poincare duality, there is a class p such that
A -u = 1. By the Whitney trick, we may represent y by a sphere S,
which intersects S, at a unique point. Without loss of generality, the
sphere S, intersects h; along D,. Consequently, the sphere S, is null-
homotopic in M’ as it is homotopic to the boundary of S, \ D). Now,
by Proposition 6.13, we have ;M ~ 1;M/(A). We may repeat the
argument to eliminate all infinite cyclic summands in 77, M. O

Exercise 6.15. Show that the above arguments holds for homology
with coefficients in Z;,. In particular, if an element A is non-trivial
in Hy(M; Z,) = ;M ® Z,, then rank 1;,M' ® Z, < rank ;M ® Z.,.3

A base of (not framed) spherical surgery consists of a disc D embed-
ded into R™*+* x [0,1] with boundary dD = S, together with g + 1
perpendicular vector fields Tyy1, ..., Tei 441 Over D that restrict to per-
pendicular vector fields over Sy in M. The base of surgery along S,
is not unique as we may choose another set 7, ..., T, g+1 of vector
fields over D. Let w: 59 — SO,H_l be the difference function; at a point
x in §7 = S,, we set w(x) to be the rotation that brings each vector
7i(x) to 7;(x). Conversely, given a difference function w:S7 — SOy 1
we may define new vector fields Ti/ = wt; over Sy and then extend
them (uniquely up to homotopy) over D.** The difference function w
can be visualized by its action on the thickening ; = S7 x D7+ of the
attaching sphere S). It acts by taking a point (x,y) to (x,w(x)), see
Figure 6.3. In particular, it takes the meridian (1) € m,(hy) to itself,
and the longitude 9'(1) to 9'(1) + ad(1).

Exercise 6.16. Suppose that (D;Tj11, ..., Triq+1) extends to a base of

framed surgery. Show that if (D;wTyy1, ..., WTiyq41) also extends to

a base of framed surgery, then « is even. Conversely, show that for

every even integer « there exists a difference function w such that

(D; Wy, -y WTiig41) €xtends to a base of framed surgery, and w(0'(1))
is /(1) + ad(1).

" There is a long exact sequence
— 7Tq+1(M,M0) — ﬂqMo —

— mgM — 115(M, My) —

where the group 7,(M, M) is trivial by
Exercise 6.12.

> More precisely, m,M ~ 71;Mo/(9(1)).
Similarly, 7, M’ ~ 71;My/(9'(1)). There-
fore, the inclusions My — M and My —
M’ induce isomorphisms 7, M/ (A) ~
mgMo/(9(1),0' (1)) ~ maM'/ (\').

3 Note that when A is a non-trivial ele-
ment in 7, ® Zy =~ Z, © --- ©Z)p, the
class A is a generator of a summand in
7y ® Zp. Therefore, the rank of m;M’' ®
Z, = myM® Zp/(A) is less than the
rank of m;M ® Z,. However, the order
of 77; M may still be the same as the order
of m;M’. Indeed, we may for example
have, 7,M = Z, ® Z, while 1,M' = Zy.

4 The extension is unique up to homo-
topy since we are extending only g +
1 vector fields in perpendicular vector
spaces of dimension >> g.

=D

(i ff

Figure 6.3: The solid torus S7 x D1+1, the
longitude [ = {(x, T4+1)} on the top, and
its twist {(x, w(x)Ty1)} on the bottom.
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The case m = 2g + 1 with g even.

We need to carefully investigate the result of a spherical surgery along
an attaching sphere representing a torsion class A. We will need a
preliminary lemma.

Lemma 6.17. If A is of finite order in 71;M, then the class A" € t;M' is of
infinite order.

Proof. Any sphere of dimension g + 1 in M algebraically intersects S,
zero times.’> Hence S,/ represents a class d(1) of infinite order in
7yMo.*® Suppose that A’ is of finite order # > 0. Then #9(1) is in
keri’ = Imd'.'7 Hence, the class x = t'd(1) 4 s'0’(1) in ok, becomes
trivial in 77, My for some integer s’. By Lemma 6.1, we have x - x = 0
in ohy, and therefore s’ = 0. *® Consequently, #/9(1) = 0. Since (1) of
infinite order, we conclude that ' = 0 which contradicts its definition.
Thus, A’ is of infinite order. O

Theorem 6.18. A closed connected framed manifold M of dimension 2q + 1
with q even is cobordant to a homotopy sphere.

Proof. We may assume that M is g — 1 connected, and 7, M is a torsion
group. Choose a Wall representative for a generator A of 77, M, and per-
form a spherical surgery to obtain M'. Then ;M/(A) ~ m,M'(\').
Next, eliminate the infinite cyclic element A’ by a spherical surgery
along a Wall sphere representing A’. As a result, we reduce the num-
ber of cyclic summands of 77; M. In finitely many steps, we eliminate
all torsion classes of 77;M. The resulting g-connected closed oriented
manifold is a homotopy sphere. O

The case m = 29 + 1 with g odd.
Now assume that q is odd. We will prove Theorem 6.19.

Theorem 6.19. Let M be a framed closed manifold of dimension m = 2q + 1
with q odd. Then M is cobordant to a homotopy sphere.

We may assume that M is (g — 1)-connected, and 7, M is finite as all
elements of infinite order can be eliminated by surgery.

Let A be a class in 77;M. If it is of finite order s, then d(1) is of infinite
order,’. Then the class sd(1) is in keri = imd, i.e., as in the proof
of Lemma 6.17, a class x = s9'(1) + t9(1) is zero in M, for some t. If

5 Indeed, suppose that A is of finite or-
ders. Then s(x,A) = (x,sA) = 0 for any
X € my1M. In particular, the homomor-
phism j.: 71 M — 01 (M, M) = Z
which takes x to (x, A) is trivial.

6 The class 9(1) is of infinite order:

A 9
g 1M = 11441(M, My) — 71 Mp.

7 There is a commutative diagram:

z
| N
Z mgMy ——= M
\l
M’

The generator of the left most group
Z is [D]. 1Its boundary is the merid-
ian class in the torus boundary of M.
When included to M’ it becomes A’. In
other words i’ 09(1) = A’. Similarly,
iod (1) = A

¥ Note that 9(1) - 9(q) and 9'(1) - 9'(1)
are 0 in m;oh,;, while /(1) -9(1) =
—9(1) - 9'(1) since q is even.

9 The argument is similar to one we had
before. Namely, the homomorphism

7Iq+1M — Tlg41 (M, M(]) ~Z

takes any class x to a multiple a[D,]
of the generator of 77,1 (M, My), where
« = x-A. Since A is finite, we have
x-A = 0. Therefore the above homo-
morphism is trivial. From the long exact
sequence

3
g1 M = 7411 (M, My) — 119Mo

we deduce that the homomorphism 0 is
injective.
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t =0, then A’ is of infinite order,?° and therefore ;M can be reduced
by, first, trading A for A’, and then cancelling A’. Suppose that ¢ # 0.

Theorem 6.20. The order of ' is £t.

Proof. The order ' > 0 of A’ divides t as the embedding of M into M’
turns the equality x = 0 into tA’ = 0. Now, interchanging the roles of
A and A we get that t'0(1) + s9'(1) = 0 for some integer s’ such that
the order s of A divides s’. In other words, we get two equations

s9'(1) + (1) =0,
s'd'(1) +t'a(1) =0,

in 77, M. If s = 0, then #'9(1) = 0, which contradicts t' > 0 since 9(1)
is of infinite order. If s # 0, then subtracting I = s'/s copies of the
first equation from the second equation, we get t' = It. Thus t = £+’
where ' is the order of A'. O

Recall that in dhy, the sphere d(1) is the meridian, and 0'(1) is the
longitude. So if one framed surgery along S, produces a relation
sd'(1) +to(1) = 0 in 7r;My, then there is a twisted framed surgery
which produces a relation s[d’(1) + ad(1)] + to(1) = 0, or equivalently
sd'(1) + (t —sa)d(1) = 0, where a is any even integer, see Exercise 6.16.
Applying the homomorphism 7, leads to a relation (t —sa)A’ = 0 in
M'. Thus, unless t is divisible by s, we may choose an even integer «
so that the order of A’ is strictly less than s. When ¢ is divisible by s,
we may choose a surgery so that the order of A’ is s. In particular, we
may perform a framed surgery along any embedded sphere in M of
dimension g in such a way that the order of 77, M does not increase.

Now let us return to the proof of Theorem 6.19. Let p be the largest
prime which divides the order of 77;,M. We may perform a series of
surgeries without increasing the order of 77;M to kill 7;M ® Z,,, see
Exercise 6.15. Then 77, M is not divisible by p anymore. Therefore such
a series of surgeries decreases the order of 77;M. We may continue
by induction to kill 77,M. When 7t;M is trivial, the manifold M is a
homotopy sphere.

6.4 Solutions to exercises

Solution to Exercise 6.12. We need to show that the group 71,41 (M, M)
is isomorphic to Z, and that it is generated by the class [D,] of the in-

2If t = 0, then s9'(1) = 0, and there-
fore keri’ = imd’ is of finite order. In
particular, keri’ is disjoint from (9(1)).
On the other hand, if s’A’ = 0, then
keri’ N (9(1)) contains s'd(1). Thus, A/
is of infinite order.
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clusion of the disc D) in h; whose boundary is the meridian of dh,.

Since M is ¢ — 1 connected, the same is true for My, and therefore, the
pair (M, My) is 4 — 1 connected. Indeed, removing a tubular neighbor-
hood of a sphere of dimension g from M results in a 4 — 1 connected
manifold Mj; generically any homotopy in M of a sphere of dimension
< g —1in My misses the removed sphere by general position. Thus,
My is g — 1 connected. By the long exact sequence, the pair (M, M) is
also g — 1 connected. In fact, 7r,(M, M) ~ 11;(M/My) fori < 2q—2.2"

Since the CW-complex M/ M)y is the same as the CW-complex h;/dhy,
we conclude that in degrees < 2g — 2, the homotopy groups of the
pairs (M, Mo) and (hg, 0h;) are the same. On the other hand, we claim
that 71, (hg, 0hy) is trivial for * < g and is isomorphic to Z for * = g+ 1.
To prove this, use the homotopy exact sequence of the pair (i, dhy):

— Tiy1(hy, 0hg) — m;(0hg) — mi(hy) — .
Note that 77;(dhy;) — 7;(hy) is surjective, and therefore
Tiy1(hg, 0hg) = m;(ST x §7) /m;(S7 x {0}).

Consequently, the group 71,(M, My) is isomorphic to Z. O

Solution I to Exericse 6.15. We will give an argument using homology
groups. Since the manifold M is (g — 1)-connected, the groups 7, M
and Hy;M are isomorphic. By the Universal Coefficient Theorem, then
the group H;(M;Z,) is also isomorphic to 77;M ® Z,. Similarly, we
there is an isomorphism Hy(M';Z,) ~ m;M' ® Z,. We will denote
the class A ® 1 simply by A, and similarly the class A’ ® 1 by A’. By the
Poincare duality theorem, the pairing

Hy(M;Zp) @ Hys1 (M; Zp) — Z,

is non-degenerate. In particular, since the class A is non-trivial, there
exists a class y such that A - 4 = 1. We may represent the class y by a
chain D, + C with coefficients in Z,, where C is a linear combination
of cells in M. Then dC is a chain representing the class A’. Therefore
A is trivial in Hy(M'; Z,). Finally, we have isomorphisms

Hy(M;Zp)/(A) =~ Hy(M';Z,,)/(A") = Hy(M'; Z,),
which completes the proof. O

Solution 1I to Exercise 6.15. The argument in terms of homology groups
is similar to one for homotopy groups. Indeed, the homology group

** The following theorem appears for ex-
ample as Proposition 4.28 in [Hao2].

Theorem 6.21. If a CW pair (X, A) is r-
connected and A is s-connected, with r,s >
0, then the map m;(X, A) — m;(X/A) in-
duced by the quotient map X — X /A is an
isomorphism for i < r+ s and a surjection
fori=r+s+1
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Hy11(M, Mo; Zy) is infinite cyclic generated by a class [D,]. Consider
the long exact sequence

A d i
The kernel of i, is generated by A’ = 9[D,]. We deduce that
Hy(M;Zp)/(A) = Hy(Mo; Zp) /(A Ay = Hy(M';Z) / (A').

If A is a generator of Hq(M;Zp), ie., if A is a non-trivial element,
then the homomorphism A- is surjective. Consequently, the map 9
is trivial. Since A’ = 9[D,] is trivial, we deduce that H;(M;Z,) ~
Hy(M;Zp)/(A). By the Universal Coefficient Formula and the Hurewicz
isomorphism, we have H,(M; Z,) = ;M ® Z,. O

Solution to Exercise 6.16. Suppose that (D; T) is a base of framed surgery
along dD = S) where 7 is the set 7y, ..., Tyy 441 of perpendicular vec-

tor fields. The base of framed surgery consists of a base of surgery

(D; Tis1 -+ Teg+1) @s well as additional perpendicular vector fields

T1,.., Tee1 Over D that agree over 0D = S, with the frame vector

fields of the manifold M in R”** x {0}. Given another base of framed

surgery (D; T, ..., T, g+1 ), we may form the difference function @w: S7 —
SOk 4+1 by letting @(x) be the rotation that brings each vector field T;

to 7/ for every point x € S7 = 5,. Note that if we let x vary over

all points x € D, then we get an extension of @ over a disc, which

implies that @ is null-homotopic. Conversely, every null-homotopic

map @:S7 — SOy, 441 can be used to construct a new base of framed

surgery out of (D; ), by defining new vector fields 7/ = @T over Sy

and then extending them over D.

Suppose now that we are given a base of framed surgery (D, T) as
well as a new base of surgery corresponding to a difference function
w: ST — SO;11. As we have seen, the new base of surgery can be
lifted to a base of framed surgery only if the composition @ of w and
the inclusion SO;4+1 — SO 441 is null-homotopic.

Exercise 6.22. Prove that [w] is in the kernel of the homomorphism
74SOq 41 5 714SO 441 induced by the inclusion if and only if it is in
the kernel of the homomorphism 77,50, 11 — 7735042 induced by the
inclusion. **

The map i in Exercise 6.22 appears in the long exact sequence

+1 9 i
754187 — SOy 1 — 7y Soq+2'

> Consider the map SO, — S” which
takes a rotation ¢ to the point ¢(e1) on
the sphere S”. The fiber of this fibration
is SOy. Therefore, there is a long exact
sequence

-1(S") = 7,2(SO;) — 7,2(SO11)

which implies, by induction, that the
homomorphism 77,50;42 — 735O0k 441
induced by the inclusion is an isomor-
phism.
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of a fibration. Let 1 denote the generator of 71,5592, Since the ker-
nel of i coincides with the image of d, we have proved the following
lemma.

Lemma 6.23. The base of surgery with difference function w can be lifted to
a base of framed surgery if and only if [w] € 71,50, 1 is a multiple of 9(1).

The boundary of the solid torus neighborhood S7 x D7+ of S, is dif-
feomorphic to the torus S7 x 59 with meridian m and longitude I, see
Figure 6.3. We will identify the longitude with the set {(x, T 1)}
where x ranges over S7, and where ;1 is a frame vector in the base
of framed surgery (D; 7).

Lemma 6.24. Suppose that [w] = 9(1). In particular w is the difference
function for two bases of surgery (D, T) and (D, ') which lifts to a difference
function for two bases of framed surgery. Then w(m) = m and w(l) =
[+2m.

Let us study the map @. Consider its restriction, denoted by the same
symbol, @: 57 x ST — 59 x S1. Let’s compute its action on homology
groups. The meridian m is clearly preserved, but the longitude [ is not.
Recall that w belongs to the kernel of the homomorphism of homotopy
groups of the inclusion

SOq_H — SOq+2 R 4 SOq+1+k.

In the sequence of inclusions, each map is the fiber map of a fibration
over S1%7. Thus all this inclusions except for the first one are g + 1-
connected. Thus, w belongs to the kernel of the inclusion 7 in the
diagram

+1 9 i

Consequently, w belongs to the image of d. Let 1 be the generator
of ;42872 = Z. Then w is a multiple of 9(1). We are interested
in seeing how SO,y acts on S9*1. There is a map p from SOy41 to
S7*1 that associates to a rotation r the vector r(e). In fact, there is a
commutative diagram: 3

d
1187 — 71,50, 11 714 SOq.+2

A

1591 7,81 714V (IRT+2)

3 There is a pair of fibrations:

SO;11 SO;+2 s+l

L

$1 > Vp(R1T2) —— §7+1
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We are interested in p,d(1), and by the commutativity of the diagram
we see that it is multiplication by 2. Thus @w(I) = [+ 2m. In other
words, ' = mand I' = [+ 2m. O



7

Characteristic classes of vector bundles

7.1 Vector bundles over topological spaces

Fix a non-negative integer n < m + k. Let f be a function on a topo-
logical subspace X in R"** that associates with each point x in X an
affine n-space Ey C R+ containing the point x. Of course, each Ey is
then a vector space with origin at x. We will assume that f is contin-
uous in the sense that over an open neighborhood U C R”*¥ of every
point x € X there are n continuous vector fields vy, ..., v, such that the
affine space Ey, is the span of the vectors v (y), ..., v, (y) for every point
yinXNu.

We may think of the function f from a fairly different perspective.
To begin with, the union E of the affine subspaces Ex is a subspace
of R"*+k x R™*k of pairs (x,v) of points x € X and vectors v € E.
Forgetting the second component in (x,v) defines a continuous map
rt: E — X, called a vector bundle. The space E is called the total space,
X the base space, and 7t the projection of the vector bundle.” The vector
spaces Ex = 7 !(x) are called the fibers, while the dimension n of
fibers E, is said to be the dimension of the vector bundle.

We have already seen some important examples of vector bundles. Say,
the tangent bundle TM of a manifold M is a vector bundle. Its total
space E = TM consists of pairs (x,v) of points in M and vectors v
tangent to M at x. Another important example of a vector bundle is
the perpendicular vector bundle T+ M. Its total space consists of pairs
(x,v) of points x in M and vectors v perpendicular to TyM at x. Given
a topological space X in the horizontal subspace R”* of R”** x R",
the space €" of pairs (x,v) of points x € X and vertical vectors v is

* It is also common to say that the triple
¢ = (E, X, m) is a vector bundle, or even
that E is a vector bundle.
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the total space of another, so-called trivial, vector bundle over X of
dimension n.

Many operations on vector spaces extend to operations on vector bun-
dles. For example, if E and F are vector bundles over a topological
space X in R™+k such that the fibers E, and Fy share no non-zero vec-
tors for each x € X, then E @ F is the vector bundle over X that consists
of the family of vector spaces Ex @ Fx.

A map f:E — F of a vector bundle over a topological space X into
a vector bundle over a topological space Y is a continuous fiberwise
preserving map? of topological spaces such that f|E, is a linear homo-
morphism Ey — E, of vector spaces for y = y(x) and each x. We say
that f is injective, surjective, or an isomorphism if each f|Ey is.

Let f: X — Y be a map of a topological space X € R™ to a topological
space Y € R". We may place X in R” x R" by sending x to (x, f(x)).
Then the map f is the projection of X to Y in the sense that it is given
by (x,y) — y. Given a vector bundle F over Y, the so-called pullback
vector bundle E = f*F is the vector bundle that consists of the family
{Ex} of spaces Ex = {x} x Fy(,) parametrized by x € X.

7.2 Characteristic classes of vector bundles

Let us recall that a CW complex X is constructed by induction by
means of its skeleta. The the 0-th skeleton X(?) of X consists of a dis-
crete set of points. When the k-th skeleton X(¥) has been constructed,
one chooses attaching maps @, : 9D ! — X, and defines X(*1) to
be the union of X and the discs DX*! subject to the identification
x = @qu(x) for each x € aDK+1. We say that X(**1) is obtained from
X(*) by attaching the discs 9DX*! along their boundaries by means of
attaching maps ¢,. The CW complex X is the union of all its skeleta.

Every smooth manifold has a structure of a CW-complex. A CW-
structure on a manifold M allows us to define cellular cohomology
of M with coefficients in R. We will be interested in the cases where
R is either Z, Z, or Q. Let us briefly review the definition. A k-th
cochain on M is a function that associates with each cell DX a value in
R. The set of cochains forms a free group C¥(M) under the operation
of taking the sum of functions. There is a so-called coboundary homo-
morphism & : CK(M) — CF+*1(M). The cochains in the group Imd;_;
are said to be coboundaries, while the cochains in the group Ker J; are

*A map f:E — F of vector bundles is
fiberwise preserving if for every point x €
X there is a point y € Y such that f sends
the fiber Ey to the fiber F,.
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cocycles. The k-th cohomology group of M is defined to be the factor
group ker d;/ im J;_1. In other words, a cohomology class is a cocycle
defined up to coboundaries.

7.2.1  The Euler class

Given an oriented vector bundle & = (E, M, 7r) of dimension n over a
manifold of dimension m, the Euler class e() is a cohomology class
in H" (M) with coefficients in Z. It is the obstruction to constructing a
unit vector field v over M such that for each x € M the vector v(x) is
in the plane Ey.

When possible, the vector field is constructed by induction over the
subsequent skeleta of M. To begin with, there is a vector field v over
the discrete set of points M’. Suppose that the vector field has been
constructed over the (k — 1)-st skeleton of M. To extend it over the
next skeleton, consider a cell DX of dimension k. Note that since the
boundary of D is in the (k — 1)-st skeleton, the vector field v has been
constructed over aDk.

We note that the vector bundle ¢ over the disc D§ is trivial, i.e., the
total space of & over D is DX x R" while the vector bundle projection
is one onto the first factor. Therefore any vector field of ¢ over DX can
be identified with a function Df — R”". Similarly, a unit vector field
is a function DX — $"~1. In particular, the unit vector field v extends
from 9Dk over the disc DX if and only if the corresponding function
oDX — §"~1 extends to a function DX — 57—,

If k < n — 1, then any map of the sphere aDX to "~ extends to a map
of the disc DZ,‘C. Therefore, there is no obstruction to constructing the
unit vector field v over the (n — 1)-st skeleton of M. When k = n, the
map 9D — S"~! extends over the disc D! if and only its degree d,
is 0. We define the obstruction cochain e € C"*(M) by associating with
each cell D} the degree d,. It follows that the obstruction cochain e
is actually a cocycle, representing a cohomology class e(¢). The coho-
mology class e(&) neither depends on the CW-structure on M, nor on
the choice of the vector field v over the (n — 1)-skeleton of M.3

Exercise 7.1. Suppose that the vector bundle ¢ is the tangent bundle
of the manifold M. Show that under an appropriate correspondence
H™(M) ~ Z the Euler class e(§) corresponds to the Euler characteris-
tics x(M) = e(&)[M] of the manifold M.4

3 For proofs of the mentioned properties
of the Euler class, see references in the
section Further Reading.

4 Hint for Exercise 7.1. Indeed, choose
a vector field v in TM that is trivial at a
unique point x. Then, by a definition of
the Euler characteristics x(M) of M, the
index of the singular point x of v is the
number x(M). On the other hand, we
may choose a CW-structure on M so that
the point x is the center of an m-cell. By
the definition of the index of a singular
point of a vector field, the cochain e asso-
ciates with all m-cells of M the value 0,
except for the m-cell containing x, with
which e associates the value x(M).
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7.2.2  Stiefel-Whitney classes

Let ¢ = (E, M, ir) be a vector bundle of dimension n over a manifold
of dimension m. We will define a cohomology class w;(¢) on M with
coefficients in Z, which is an invariant describing the vector bundle ¢.
If we put n —k = j — 1, then w;(¢) is the obstruction to the existence
of k vector fields over the j-th skeleton.

More precisely, there exist k orthonormal vector fields of ¢ over the
(n — k)-skeleton M("—%) of M. Indeed, to begin with, the vector bundle
& admits a unit vector field v; over M("~1). Let &/(v;) be the vector
bundle of dimension n — 1 over M("~1) that consists of vectors in &
orthogonal to v. The vector bundle ¢/ (v;) admits a unit vector field

(n—2)

vy over M . Continuing by induction, we construct k orthonormal

vector fields vy, vy, ..., vy of & over MU~1) 5

Let DZ,; be a cell of dimension j in M. Its boundary is in the skele-
ton M(”’k), over which there are k orthonormal vector fields. In fact,
the vector fields U1, ey Uk—1 has been constructed over M(j), and, in
particular, over D). We are to determine an obstruction to extending
over D}, the vector field vy in the vector bundle ¢/(v1, ..., vx_1). We
may identify the vector field vy over the boundary oD}, with a func-
tion fy:0D} — S/~1. By definition, the cochain w;(£) associates with
Dﬂ; the degree of f, mod 2. It can be shown that the cochain w;(¢)
is a cocycle which neither depends on the CW-structure of M nor on
the choices of vector fields. Therefore, the cochain w;(¢) represents a
cohomology class, which we also denote by w;(¢).

When ¢ is the tangent bundle of the manifold M, we simply write
w;j(M) instead of w;(TM). It is also convenient to write w(g) for the
formal linear combination 1 + wq (&) + wo (&) + - - -

Example 7.2. The class w1 (M) is the obstruction to the existence of m
linearly independent tangent vector fields over the 1-skeleton of M. In
other words, w1 (M) = 0 if and only if the manifold M is orientable.

Example 7.3. The class w;,(M) is an obstruction to constructing a
nowhere zero tangent vector field over M. It follows that w,,(M) = 0

if and only if the Euler characteristics of M is even.®

It is remarkable that Stiefel-Whitney classes can completely be de-
scribed by their four axioms:

SRecall that j —1 =n — k.

¢ Compare the definition of ¢(M) with
that of wy, (M) to see that wy, (M) is the
mod 2 reduction of the Euler class.
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Axiom I: For each vector bundle E — X, there are cohomology classes w;(E) €

H'(X;Z,) such that wy(E) = 1 and w;(E) = 0 for all i greater than
the dimension of the fiber bundle E.

Axiom II: Let E =+ X and F — Y be two vector bundles. Suppose that for a

continuous map f: X — Y there is a fiberwise isomorphism E — F
of vector bundles sending each vector space E, isomorphically to
Ff(x) Then ZU(E) = f*ZU(F)7

Axiom III: Formally, given two vector bundles E and F over a topological space

X, there is an equality w(E & F) = w(E)w(F).

Axiom IV: For the non-trivial vector bundle E of dimension 1 over the circle

S1, the class wy (E) is non-trivial.

Example 7.4. Let us recall that RP" is the quotient of the sphere S”
of unit vectors x in R"*! under the identification x = —x. Its tangent
bundle TRP" consists of equivalence classes of pairs of vectors (x,y)
where x € S" and y € R"*! is orthogonal to x, subject to the identifi-
cation of (x,y) and (—x, —y). Similarly, the canonical vector bundle v
consists of equivalence classes of pairs (x,«) where x € S” and « € R,
subject to the identification (x,a) = (—x, —a), where the vector space
vx over the point [x] in RP" consists of vectors ax at x that are iden-
tified with vectors (—a)(—x) at —x. Note that we may also represent
the trivial bundle € over RP" by the space of pairs (x,a) subject to
the identification (x,a) ~ (—x, a) where the vector space €, consists of
vectors ax at x that are identified with vectors a(—x) at —x. The trivial
vector bundle ¢ has a nowhere zero vector field x — (x,1).

The Axioms I,II and IV actually imply that for the canonical vector
bundle y over RP" the total Stiefel-Whitney class w(+y) is 1+ a, where
a is the generator of the first cohomology group of RP".8 On the
other hand, the vector bundle TRP" @ ¢ over IRP" is isomorphic to
(n+1)y =7&---®+. 9 In particular, by the Axioms I and III, the
total Stiefel-Whitney class of RP" is

T+w +wy+-- = (14+a)".

For example, since (1 + x)3 =1+ 3x+3x2+ %3, the Stiefel-Whitney

classes of RP? are w; = x and wy = x2. 1°

7In particular, the Axiom II asserts that
when f:X — Y is an inclusion, the class
w(E) is the restriction of the class w(F)
to X. Axiom II can also be stated as

W(f'F) = frw(F).

8 Indeed, by the Axiom I the class w()
is of the form 1+ Aa for some A € Z,.
By Axiom II, the class w(vy) restricts
over RP! C RP" to the total Stiefel-
Whitney class of the non-trivial line bun-
dle. Therefore, A = 1 by Axiom IV.

9 The vector bundle (n + 1)y consists of
equivalence classes of pairs (x,y) where
x € §" and y € R"! subject to the
identification (x,y) = (—x, —y). Clearly,
TRP" C (n+ 1), while the quotient of
the two bundles is the trivial line bundle
that consists of pairs (x,y) with y = Ax
for A € R subject to the identification
(x,Ax) = (—x,A(—x)).

© Note that w; # 0 means that RP? is
non-orientable, while w; # 0 means that
the Euler characteristics of RP? is odd.
In the calculation we implicitly used that
3 =1 mod 2 and that x° is a class in the
zero cohomology group H3(RP?).
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7.2.3 Chern classes

A complex structure on a vector bundle ¢ over a manifold M is a choice
of a fiberwise homomorphism F:¢ — ¢ that satisfies the condition that
F o F = —Id. The homomorphism F plays the role of a multiplication
by the complex number i so that every fiber of ¢ is isomorphic to C”
where 7 is the complex dimension of fibers of . We will occasionally
write iv for F(v).

For a complex vector bundle ¢, i.e., a vector bundle with a fixed com-
plex structure, we may define cohomology classes c;(¢) as obstructions
to extending k = m — j 4+ 1 complex linearly independent vector fields
from the (2j — 1)-st skeleton of M to its 2j-th skeleton. In contrast to
the Stiefel-Whitney classes w;, the Chern classes c;(¢) are cohomol-
ogy classes of degree 2j with coefficients in Z. Notice also that in the
definition of the Chern classes the linear independence of vectors is
considered to be over complex numbers.

Example 7.5. The class c,(¢) is the obstruction to the existence of a
nowhere zero vector field in ¢. Therefore ¢, (&) is the Euler class of the
complex vector bundle ¢.

Example 7.6. When ¢ is a complex vector bundle, the coefficient re-
duction Z — Z, reduces the total Chern class 1+ c¢; + ¢ + - - - to the
total Stiefel-Whitney class 1 +wq +wp +---. 11

As in the case of Stiefel-Whitney classes, there is an important formula
for the Chern classes of the complex projective space CP":

T+ce+op+ = (1+e)"

where e is an appropriate generator of H?(CP") ~ Z.

7.2.4 Pontryagin classes

When ¢ is a real vector bundle over M, we may use the fiberwise tensor
product with C to construct a complex vector bundle ¢ ® C over M.
By definition the k-th Pontryagin class of ¢ is the cohomology class
pe(&) = (=1)kcp(E ® C) of degree 4k with coefficients in Z.

If the vector bundle ¢ is already complex, then we may calculate both
the Chern and Pontryagin classes of ¢. There is an identity:

1_P1+P2_"':(1_51"‘52_"')(1+C1+CZ+"')-

" Note that since Chern classes are even
dimensional classes, the identity implies
that all odd dimensional Stiefel-Whitney
classes of a complex vector bundle are
trivial. To prove the statement of Ex-
ample 7.6, observe that the existence of
k linearly independent complex vector
fields vy, ..., v implies the existence of
2k linearly independent real vector fields
U1, i'(ll, vers Oky iZJk.
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This identity implies that the Pontryagin classes of CP" satisfy the
formula
l+pi+po+-- =1+

Finally, the coefficient homomorphism Z — Q turns Pontryagin classes
to rational Pontryagin classes py (&) € H¥*(M; Q).

7.3 The Thom theorem on orientable cobordism groups

The set of cobordism classes of oriented closed manifolds of dimen-
sion m forms a group (), with the disjoint union operation. Its zero
element is represented by the class of the empty manifold, while the
inverse of the class of a manifold M is the class of the manifold M
taken with the opposite orientation. Note that the class of the empty
manifold is represented by any oriented closed manifold of dimension
m bounding a manifold of dimension m 4 1.

Exercise 7.7. Show that Q); = () = 0.

In fact, the groups ), for m > 0 form a ring (). In terms of represen-
tatives, the operation is given by taking the product of manifolds. The
ring () ® Q is completely known.

Theorem 7.8. The ring Q ® Q is the polynomial ring Q[CP?,CP*,CP?, ...

For example, the group (4 ® Q is generated by the cobordism classes
of manifolds CP? x CP? and CP*, while the group (s x Q is trivial.
Furthermore, the cobordism class in Q)y,,, ® R of a manifold M is com-
pletely determined by the Pontryagin numbers of M, i.e, the numbers
Pi, - - pir[M] where p;. are Pontryagin classes with iy + - - - i = m.

Theorem 7.9 (Thom). Two closed orientable manifolds represent the same
class in QO ® Q if and only if all their Pontryagin numbers are the same.

Theorem 7.9 implies that any invariant of cobordism classes can be
expressed in terms of Pontryagin numbers. We have seen that the
signature of an oriented closed 4m-manifold does not change under
cobordisms. Hence, it is determined by the Pontryagin classes, i.e.,
c(M) = Lu(p1, ..., pm)[M] for some polynomial L. Using the mul-
tiplicative properties of L;;, and the fact that the signature o = 1 on
the generators CP"1 x - - - x CP of O, ® R, Hirzebruch computed all
polynomials L.



CHARACTERISTIC CLASSES OF VECTOR BUNDLES 91

Exercise 7.10. Prove that L1 = p;/3 and L, = (7p2 — p3)/45. 12

7.4 Example: Pontryagin classes of almost framed manifolds

In what follows we will need the following example of Kervaire-Milnor,
which the reader may skip in the first reading.

Let ¢ be a real vector bundle of dimension n over a manifold M of
dimension 4g < n. Suppose that ¢ admits n orthonormal vector fields
over the closure My of the complement to a closed disc D C M. Then
¢ can be sued by means of a clutching function fz:90D — SO, from
D x R" and My x R" by identifying (x,v) € D x R" with (x, fz(v)) €
My x R". The map fz itself represents an element [f¢] in the homotopy
group 7y, 15O, = Z.

Since there are already n independent vector fields over My, the Pon-
tryagin classes py, .., ps—1 of the vector bundle ¢ are trivial. Let us
calculate the class p,(&). We will need information about the homo-
topy groups of the unitary group Uy. To begin with, ;U = 71; (U 1)
when i < 2k.”3 In other words, the homotopy groups of Uy stabilize
as k tends to infinity. The stable groups are denoted by 7;(U). It is
known that 7t;(U) is trivial for i even, and it is Z otherwise. In the
border case i = 2k, we have ;U = Zj. The homotopy groups of
Uy /SOy also stabilize, and for j > 2 the groups 71;(U/SO) = ;2SO
depend only on the residue class of j mod 8. Namely, for the residue
classes 0, ..., 7 the homotopy groups are 0,Z,7Z,,7Z,,0,2Z,0,0.

Following the definition of p,;, we replace the real vector space ¢ with
its complex counterpart ¢ ® C, and observe that ¢ ® C is built from
D x C" and My x C" by means of a clutching function fzxc, which
represents an element [fzgc] in 71451 Uy."* In fact the clutching func-
tion fzec is the composition of the clutching function fz: $%~1 — SO,
and the inclusion SO, — Uj,. By definition, p;(&) = (—1)%c({ ® C).
Now, following the definition of C2q, We assume that n — 2g vector
fields have been constructed over M, and an additional vector field
v have been constructed over My, and, in particular, over dD. The
cochain cy; may associate a non-trivial value only with D. Over D the
value of cy; is the obstruction to extending v from dD over D. Fur-
thermore, ¢ ® C restricts over D to a trivial vector bundle D x C", and
we may assume that the (1 — 2¢) vector fields over D are the coordi-
nate vector fields in D x C"~21. Thus, we need to extend v in D x C%.

‘2 Hint for Exercise 7.10. Let p(M) = 1+
p1(M) + p2(M) + - - - be the formal sum
of Pontryagin classes of a manifold M.
Recall that p(CP") = (1 + ¢2)"*! where
e is the generator of H>CP". We have
p(CP?) = (14 ¢%)% =1+3¢2,

p(CP*) = (14 ¢%)% =1+ 5¢% + 10e.

Since there is no torsion,
p(CP* x CP?) = p(CP*)p(CP?) =
=1+ 1 +e)°
14 (3eq +3ea) + (3¢} + 9e2e3 + 3¢3).

Thus, one deduce the table of values:

CcpP>xcr* | crt
p% 186%6% 25¢%
p2 9e2e3 10e*

Evaluate L, = a1p? + app, on CP* and
CP? x CP? to find a1 and a5.

3 Indeed, there is a fibration 7r: Uy 1 —
S%+1 that associates with a unitary
transformation % the image h(e;) of the
first coordinate vector. The fiber of the
fibration is the unitary transformation
Uy of the remaining coordinate vectors.
Thus, from the exact sequence of the fi-
bration we deduce that ;U = 71;Ujq
for i < 2k.

“It is easy to relate the number [f]
with the number [fzgc] Indeed, consider
the exact sequence of the fibration U —
U/ SO with fiber SO:

7T4qU/SO — 7'[4,7,180 — 7'[4[,,1U — 7T4q71U/SO.

The first three groups are 0 =+ Z — Z,
while the last group is either 0 when g
is even, or Z; when ¢ is odd. Thus, the
homomorphism i, induced by the inclu-
sion i:SO — U takes [1] € my;_1SO to
[a4], where a; is 1 when g is even, and 4,
is 2 when ¢ is odd. Finally, since fzoc =
io fg, we deduce that [fzec] = ag(fz].
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Consequently, the obstruction is the degree of the composition

ap =S, Uy T+ §471,

where the second map 7t associates with a transformation / the image
h(ey) of the first coordinate vector. From the long exact sequence of the
fibration 77, it follows that the degree of the composition is (2q —1)!.*>
Thus, the g-th Pontryagin number of ¢ is p,(&)[M] = (29 — 1)![fzac],
where [fzpc] is an integer in 714, 1Up; = Z. Finally, let us express
pq(x) in terms of the clutching function f.%6

Theorem 7.11. Let M be a manifold of dimension 4q, and ¢ a vector bundle
of dimension n > 4q over M that admits n orthonormal vector fields over the
complement to a point. Then ps(¢)[M] = az(2g —1)! - [fz], where a; = 2
when q is odd, and ay = 1 otherwise.

> Indeed, consider the long exact se-
quence

491
Tag—1Ung — 714q 1S = 14 oUng 1 — 714 2 Uy

of the fibration 7t: Uy — 541 It trans-
lates to

Z — 7 — Z(qul)! — 0,

which proves the claim.

* We only need to use use the equality

[feec] = aqlfe]-
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Exotic spheres: discovery of exotic spheres S’

In fifties Milnor surprised mathematical community with a remark-
able discovery of exotic spheres. These are smooth manifolds that are
homeomorphic but not diffeomorphic to the standard sphere S7. In
this chapter we will go over the Milnor’s surprising discovery.

Though the geometric construction of exotic spheres is quite explicit,
we will still need to perform calculations of algebraic invariants—such
as the signature of a manifold—for which we will need new algebraic
techniques. To this end, we will introduce the notion of the vector
bundle (§7.1), characteristic classes of vector bundles (§7.2), and state
without a proof the Thom theorem on the cobordism group of ori-
entable manifolds (§7.3).

The reader familiar with characteristic classes may skip the first three
introductory sections and go directly to section 8.1 where we give geo-
metric interpretations of maps SU(2) — SO(3) and Spin(4) — SO(4).
Milnor used these two maps to construct a number of exotic spheres of
dimension 7. We cover Milnor’s construction in detail in the last two
sections of the chapter. The presented line of reasoning is the same as
in the original paper by Milnor, though the emphasis in the present ex-
position is to explicit geometric constructions rather than to algebraic
proofs.

Later we will see other constructions of exotic spheres which might be
simpler than the origin construction by Milnor.

Figure 8.1: John Milnor
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8.1  Maps of SU(2) and Spin(4) to orthogonal groups

We may represent the quaternions 1,1, j and k respectively by the ma-

A A e O P e

In particular, the quaternion a + bi + cj + dk is represented by the ma-

trix
a-+id —b+ic
b+ic a-—id

One of the nice properties of this map is that the unit sphere S® =
{a® +b? + c*> +d? = 1} in the space of quaternions becomes the unitary
group SU(2).1

8.1.1 The map SU(2) — SO(3)

To define the map SU(2) — SO(3), let us identify the space ]Ri .4 With
the space of so-called pure quaternions bi + ¢j + dk. Then a quaternion
A € SU(2) of length 1 defines a transformation of R3 by the rule
X + AXA~L. This transformation is actually a rotation.

Exercise 8.1. Show that the transformation X — AXA~! is a rotation.
Show that it preserves the vector (b, c,d), and therefore it is a rotation
in the plane perpendicular to (b, c,d). Show that the angle 6 of rotation
is determined by a = cos(%()), where the rotation is performed in the
counterclockwise direction when viewed from the tip of the vector

(b,c,d). 2

8.1.2  The map Spin(4) — SO(4)

We are interested in the group Spin(4) = SU(2) x SU(2) acting on
the space R* of 2 x 2-matrices with basis (1,i,],k). The action of an
element (A,B) on a matrix X € R* is X > AXB. Notice that an
element (A, B) is the product of pairs (A, I) and (I, B). Furthermore,
in appropriate basis with coordinates {4, b, ¢, d}, the matrix B € SU(2)
is diagonal with elements ¢ and ¢~ on the diagonal. With respect
to this basis, the action of (I, B) is easily described.3 It is a rotation
through the angle 6 in the planes (a,d) and (b, c). The action of (A, I)

is similar.4 If the basis is chosen so that A is diagonal with elements ¢'?

*To prove the claim, notice that the de-
terminant of the matrix representing the
quaternion a + bi + cj + dk is precisely
{2+ +2+d>=1}.

*We will prove in the next subsection
that even a more general transformation
is a rotation. On the other hand, for the
vector (b,c,d) = A —a we have A(A —
A)A™' = AAATT —A(—a)A"1 = A —q,
which means that the rotation defined by
A preserves the vector A — 4, and there-
fore, the transformation of X — AXA~!
is a rotation in the plane perpendicular
to (b,c,d).

3 The transformation X +— IXB is given
by
a+id
b+ic x*
a+id ] [e® 07
b4ic x| |0 e
(a+id)e?® «
(b+ic)e®  x

4 The transformation X — AXI is given
by
a+id * .
b+ic x
e 0 [at+id ]
0 e | |btic x|
(a+ id)e’? *
(b4ic)e ™  x
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and ¢~'? on the diagonal, then (A, I) rotates the plane (a,d) through
the angle ¢, and rotates the plane (b, c) through the angle —¢.

In other words, each of the two pairs (A, I) and (I, A) define rotations
in two orthogonal planes, say P; and Py, in R*. Furthermore, since the
two planes are the same for the rotation determined by any element
(Ah,Ai), in order to determine P; and P, we may assume that h =1
and i = —1. The rotation (A, A~!) rotates P; through the angle 26 and
fixes any vector in the plane P». On the other hand, when the action of
(A, A7) is restricted to R3, we have already found that it is a rotation
in the plane orthogonal to the vector (b,¢,d), where A = (a,b,¢,d).
Thus, in general the plane P; is the plane in R® orthogonal to the
imaginary part of A, while P; is its orthogonal complement.

Let us now briefly calculate the angle of rotation 6 of (I, A). In the
diagonalizing basis, the diagonal elements of A € SU(2) are ¢ and
e~ In particular, its characteristic polynomial is A% — A (e +e~) 4 1.
On the other hand, in the standard basis the characteristic polynomial
is A2 — 2aA + 1, which implies that a = cos 6.

It is worth mentioning that the map Spin(4) — SO(4) is a homomor-
phism with kernel that consists of two elements: (I,I) and (I, —I).

8.2 Milnor’s fiber bundles

Milnor introduced a family of maps f;;: SU(2) — SO,. The action of
fii(A) on the space R* is that of (A", A7). In other words, as before,
the quaternion A defines two orthogonal planes P; and P, in R*, while
the element f;;(A) rotates the plane P; through the angle (1 + )6, and
rotates the plane P, through the angle (j — h)6.

We may use the map f}; as a clutching function to sue a vector bundle
nj of dimension 4 over S*. To this end, we only need to identify
the meridional sphere S3 C S* with quaternions A of length 1. We
choose the identification that extends to the identification of the upper
hemisphere D% of S* with quaternions of length at most 1 given by
the standard projection D4 C R> — R*.

There are interesting relations between the clutching functions fj;: S —
SO(4). Notice that given two clutching functions f;; and fjy we may
take their sums as elements of the homotopy group 7350(4). The re-
sulting clutching function defines the fiberwise connected sum ;i

7
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of vector bundles over S*. On the other hand, the two clutching func-
tions can be multiplied pointwise by the product in SO(4) to produce
anew clutching function x — f;;(x) fijr (x)-

We claim that the two operations on 73S0 (4) are the same and there-
fore lead to the same fiberwise connected sum. To prove the claim,
choose a homotopy representative of the clutching function S® —
SO(4) for the vector bundle ¢j; so that it is trivial over the upper
hemisphere of S, and for ¢ j so that it is trivial over the lower hemi-
sphere of S3. Then the two operations on 71350(4) are clearly the
same.

Let Mj; denote the set of all vectors in ¢j; of length 1. It is a smooth
manifold of dimension 7. The projection of ¢j; restricts to a proper
submersion of the manifold My; to S*. The fiber of the restricted
submersion is S3 as it consists of vectors of length one in the fiber R*
of the vector bundle &j;.

Theorem 8.2. The manifold My is homeomorphic to a sphere if and only if
the Euler number of the vector bundle {y; is 1.

Proof. Let S3 denote the fiber of the projection My; — S* over the
north pole of S*. There is a long exact sequence of homotopy groups>

e a(S?) o T (M) 5 (M, $%) -2 7, 18— -

Since the projection 7w: My; — S* is a proper submersion, the group
71 (M, S°) can be identified with the homotopy group 7, (S*). The
identification associates with a map f: D" — M), that sends dD" to
the fiber S®> a new map 7o f: D" — S* that sends the boundary of D"
to the north pole of S*. Substituting 71,S* for the homotopy groups of
the pair results in a so-called long exact sequence of the fibration 7:

o (%) = (M) L 7 (SY) < 48P —

Since 71;S% = m;$* = 0 for i = 1,2, we deduce that My is at least 2-
connected. Consider now the homomorphism 9: mS* — 7353, Both,
the source and target groups are isomorphic to Z. We claim that by
choosing appropriate orientations of the spheres, we may assume that
the homomorphism 0 is given by multiplication by the Euler number
of ¢pj. Suppose for a moment that we have proven the claim. Then,
the manifold M, is homeomorphic to a sphere if and only if it is 3-
connected, which is equivalent to the requirement that 9 is an isomor-
phism. The latter is equivalent to the assertion that the Euler number
of g hj is £1.

5 All homomorphisms in the exact se-
quence have a clear geometric mean-
ing. The homomorphism i postcom-
poses a map S" — S% with the inclusion
Sl My, to produce a map S" — My;.
The homomorphism j represents a map
st M},j as a map D" — Mh] that
sends the boundary of D" to S3. Finally,
the homomorphism 9 restricts such a
map to the boundary of D" and pro-
duces a map 9D" — S5.
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Finally, let us prove the claim that the homomorphism 9: 7745* — 735>
is given by multiplication by e(};). Recall that the standard generator
in 71,5* is given by the identity map of S*. Under the identification
of the group 74S* with the group 714 (My;, S3), the generator of 74S*
corresponds to a map v: D* — M},; which sends the boundary of D*
to S3. We recall that d(idgs) is precisely the degree of the map v|dD*.
We want to relate this number with e(Zy;).

Let S* = D, U D_ denote the decomposition of the sphere into the
southern and northern hemispheres. The map v restricted to D_ C D%,
associates with each x € D_ a vector of length 1 in the fiber of ¢;,; over
the point x. In particular, the map v defines a vector field in ¢;; over
the boundary D = 9dD-. Since the fiber bundle ¢j; over D is trivial,
the vector field v over 9D can be identified with a map 9D} — S°.
On one hand side, by contracting D to the north pole of S%, we can
identify this map with v|dD*. On the other hand side, by definition,
the degree of the map 0D — S is the obstruction to constructing a
unit vector field in gy, i.e., it is the Euler number of ¢j,;. O

8.3 The quaternionic Hopf fibration

We regard the sphere S7 to be the unit sphere in the quaternion space
H2. The projective quaternionic space HP! is defined to be the space
of equivalence classes [x : y], where the pairs (x,y) and (Ax, Ay) repre-
sent the same class for any quaternion A. The quaternion Hopf fibra-
tion is the map S”7 — HP! defined by (x,y) > [x : y].

The projective quaternionic space HP! is diffeomorphic to the sphere
S*. Indeed, it is compact as the image of a compact space S” and away
from one point [1 : 0] it is covered by a chart [x : 1] diffeomorphic to
H. Thus HP! is a one point compactification of H. The fiber is S°.
Thus, the quaternionic Hopf fibration is a map S” — S* with fiber S3.

The quaternionic Hopf fibration can also be described slightly differ-
ently. Let HP? denote the projective quaternionic space of dimension 2
with coordinates [x : y : z]. Remove a unit disc |x|2 + |y|> < 1 from the
third coordinate chart [x : y : 1]. Then the fibration [x : y : z] — [x : y]
restricts on the boundary sphere {|x|? + |y|?> = 1,z = 1} to the quater-
nionic Hopf fibration. It is actually convenient to consider a slightly
larger fibration from HP?\ [0 : 0 : 1] over HP! with fiber H. We will
refer to this fibration as to the quaternionic disc fibration.

7
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Let’s describe the clutching function for the Hopf fibration. The target
sphere IHP! consists of two discs: the disc [x| < 1 in the first chart
[x : 1], and the disc |y| < 1 in the second chart [1 : y]. The transition
map identifies [x : 1] with [1 : y], where y = x~!. Over the first disc,
: z] with
|x| < 1. We may trivialize this H-fibration by a map [x : 1 : z] — z.

the quaternionic disc fibration consists of the points [x : 1

Similarly, we may trivialize the quaternionic disc fibration over the
second disc by a map [1: y : z] — z. Finally, the clutching function is
the identity

[x:l:z]=[1:xt:x 2] =[1:y:yz],

where, recall, the transition map from the boundary of the first disc to
the boundary of the second disc identifies [x : 1] with [1 : y| when
y = x~ 1. Thus, the clutching function S*> — SO(4) over a point
y € S3 is given by z +— yz. This is the Milnor’s fiber bundle & g.

8.4 Invariants of Milnor’s fibrations

To begin with let’s calculate invariants of the fiber bundle ¢19. We have
seen that the manifold Mjg of vectors in 1 of length 1 is a smooth
sphere S7, and that the fiber of the projection S7 — S*is S3. ¢ By
Theorem 8.2, the Euler number of &y is 1.

To compute the Pontryagin class p1(&1), recall that the quaternion
space H is actually a complex space, and the quaternion disc bundle
is a complex bundle. For complex bundles, there is an identity

1 pitpr—=(-cta—)(1te ot ).

In particular, we have p; = ¢? — 2c5. On one hand side, the class ¢; of
any vector bundle over 3-connected sphere S* is trivial. On the other
hand, by definition the class ¢, of a complex vector bundle of real
dimension 4 equals the Euler class. Thus, p1(&1,0) = —2e({10) = £2.

Theorem 8.3. The first Pontryagin number of G, o is +2h.

Proof. The Pontryagin numbers are additive with respect to taking the
connected sum of fiber bundles. Therefore, for any positive  we have

p1(8,0)[S*] = p1(#nC10)[S*] = £2h.

On the other hand, if / is negative then the equality

P1(Eno#e_n110)[S*] = p1(E10)[SY]

® We have seen that &9 — S? is the pro-
jection of HP2\ [0 : 0 : 1] to the projec-
tive space HP! given by [x : y : z] —
[x : y]. If we remove from HP? the
open disc D?® of points [x : y : 1] with
|x|2 + |y> < 1 then we obtain a mani-
fold with boundary dD® = S7, and the
projection S7 — HP! given by (x,y) —
[x : y]. The manifold S” is precisely M.
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implies that the claim of the theorem holds both for positive and neg-
ative h. O

Our next step is to extend Theorem 8.3 to the case of more general
Milnor fibrations ¢, ;. To this end, let us construct a new vector bundle
G0 with the property that there is a fiberwise orientation reversing iso-
morphisim ¢, 0 — & ¢ covering the identity map of the common base
space S*. To this end, let us fix an orientation reversing isomorphism
R4, say the homomorphism r: (a,b,c,d) — (—a,b,c,d). Recall that
the vector bundle (j,  is obtained by suing two trivial vector bundles
D_ x R* and D x R* over the upper and lower hemispheres D_ and
D by means of the clutching function f} :S*> — SO(4). Each quater-
nion A € §% determines two orthogonal planes P; and P, where P; is
spanned by the vectors in the quaternions a and bi 4 c¢j + dk. The trans-
formation f((A) rotates the planes P; and P, through the angles 16
and —h6 respectively, where a4 = cos 6. Similarly, the vector bundle & ¢
is obtained by means of the clutching function fh,o =rofupo0 r~1. Now
that the direction with coordinate a is reversed, the transformation f}
rotates the planes P; and P, through the angles —hf. Consequently,
the vector bundle ¢, is the same as the vector bundle &y .

The vector bundle j, is said to be obtained from ¢,y by changing
the fiber orientation. Note that the characteristic classes of ¢j, o may or
may not be different from those of {j, . For example, the Euler cochain
associates with a cell D in the base of the vector bundle the degree of a
map 0D — S3. When we change the orientation of the fiber, we change
the orientation of S and the sign of degrees of maps 9D — S3. Thus,
the Euler obstructing cochain e(}, ) is negative the cochain e(j, ). On
the other hand, when we compute the Pontryagin classes of &j,, we
first take the complexification of &jy. The orientation of fibers in &
and ¢, is the same as we changed orientation twice: in the direction
a and ia. Therefore, p;(Co 1) = pi(Cno)-

Theorem 8.4. The first Pontryagin number of {j, ; is 2(h — j). While the
Euler number of ¢y, j is h + j.

Proof. The Euler obstructing cochain changes to its negative, when the
orientation of a vector bundle is changed. Hence, we deduce that
€o,—1 = —C10- Therefore, the additivity of the Euler number with re-
spect to taking fiberwise connected sums of vector bundles implies
that the Euler number of §j ; is h + j. The calculation of the first Pon-
tryagin number is similar. O

7
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8.5 Exotic spheres of dimension 7

In view of Theorem 8.2, every manifold Xy = M, ; with k = h —j
and 1 = h + j is homeomorphic to a sphere as, in this case, the Euler
number of the vector bundle §;; is 1. The sphere bundle ¥; — sS4
bounds a disc bundle D; — S*. If ¥ is diffeomorphic to the standard
sphere, then the boundary of the total space Dy can be capped off with
a disc to produce a closed manifold N of dimension 8. There is a
simple CW-structure on the manifold N. The manifold N is obtained
by taking a O-cell, attaching a 4-cell to the O-cell, and then attaching an
8-cell to the sphere N(4). In particular, its cohomology groups are free
generated by classes u, v, w in degrees 0,4 and 8 respectively, where w
is an orienting cohomology class. Furthermore, we know that v Uv =
+w as the Euler number of §;; = +1.7 We may change the orienting
cohomology class of N so that v Uv = w. Then ¢(N) = 1.

By dimensional reasoning, the first Pontryagin class p1(N) is a mul-
tiple of v. If we restrict it to the sphere $* = N(%), then we obtain
the class p1(&j,; @ TS*) that is +2k times a generator of H*(S%)8
Consequently, we have p1(N) = £2kv, and p?(N) = 4kw.

Recall now that, by the Hirzebruch formula, we have ¢ = (7p, —
p?)[N]/45. In particular, the number 450 + p3[N| = 45 + 4k? should
be divisible by 7. However, it is not divisible by 7 whenever k? — 1 is
not divisible by 7. On the other hand, for each odd number k there are
integers h and j such that h +j = 1 and k = h — j, and therefore there
is a homotopy sphere ¥ = Mj, ;. Thus, for example, the manifold X3
is homeomorphic, but not diffeomorphic to the standard sphere S”.

8.6 Further reading

Characteristic homological classes were initially introduced by Stiefel
and Whitney. The axiomatic definition of Stiefel-Whitney as well as
Chern classes was proposed by Hirzebruch.

Example 7.4 was worked out by Milnor and Kervaire

All information that we used in the chapter (and, of course, much more
than that) on characteristic classes, Hirzebruch signature formula, as
well as orientable cobordism groups can be found in the book Char-
acteristic classes by John Milnor and James Stasheff. The elementary,

7 Equivalently, we may use the fact that
since the intersection form of N is uni-
modular, we have v Uv = tw.

8 Note that the restriction of the tangent
bundle of N to S* consists of two sum-
mands: the tangent bundle of $* and the
normal bundle of §* in N. The latter
is isomorphic to ¢;;. That is why the
class p1 (N) restricts to p1 (&, & TS*). By
the Whitney formula, the restricted class
equals

P18 ®TS* D e) = p1(&n)

since

p1(TS*) = p1(TS* @ e) = p1(£%) = 0.
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obstruction theoretic definition of characteristic classes, can be found
in the book Homotopical Topology by Anatoly Fomenko and Dmitry
Fuchs. The reader may find in the same book proofs (which we omit-
ted) of two important properties of characteristic cochains that charac-
teristic cochains are cocylces, and that their cohomology classes do not
depend on various choices in the definition of the cochains.

An excellent geometric description of the map SU(2) — SO(3) can
be found in the preprint An elementary introduction to the Hopf fi-
bration by David W. Lyons. The map Spin(4) — SO(3) is a universal
double covering. It plays an important role especially in 4-dimensional
topology. We recommend an interested reader an enjoyable book Lec-
ture Notes on Seiberg-Witten Invariants by John Moore.

Of course, the main reference for this chapter is the original paper On
manifolds homeomorphic to the 7-sphere by John Milnor.

7
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Exotic spheres

An exotic sphere of dimension # is a smooth manifold that is home-
omorphic but not diffeomorphic to the standard sphere S”. We have
seen the original construction of exotic spheres by Milnor in dimen-
sion 7. Today we will discuss a general theory of exotic spheres both
in dimension 7 and in higher dimensions.

9.1 The group of smooth structures on a sphere

To begin with let us observe that the set of diffeomorphism classes of
smooth manifolds homeomorphic to a sphere of dimension n forms
an abelian monoid with connected sum operation, i.e., if X1 and X,
are two oriented exotic spheres, then X1 4 X, is obtained by removing
a small disc from each X; and identifying the two obtained bound-
ary spheres. Of course, taking the connected sum of two topological
spheres results in a topological sphere, and therefore £; + X, is home-
omorphic to a sphere. The monoidal operation is well-defined; for ex-
ample, it does not depend on the choice of representatives of X1, X5,
on the choice of an identifying diffeomorphism of boundary spheres,
and on smoothings.

It may not be immediately clear that the monoid of smooth manifolds
homeomorphic to the sphere S” is a group. However, Smale proved
that for n # 3,4 this monoid is isomorphic to the group 6, of h-
cobordisms of homotopy spheres. We will assume today that n > 5,
unless we explicitly state otherwise.

Definition 9.1 (The group 6;). Two oriented closed manifolds M; and

Y1+ 2o



M are said to be h-cobordant if Mq U (— M5 ) bounds an oriented com-
pact manifold W such that each of the manifolds M; and M; is a
deformation retract of W. Here — M, is the manifold M, with the op-
posite orientation. The set of h-cobordism classes of homotopy spheres
forms an abelian group 6, under the connected sum operation.”

The Smale h-cobordism theorem asserts that an h-cobordism W between
closed simply connected manifolds My and M, of dimension dimM; =
dim My > 5 is trivial, i.e., the cobordism W is diffeomorphic to My % [0, 1].
In particular, the manifolds My and My are diffeomorphic. Thus, two
smooth n-manifolds homeomorphic to a sphere are h-cobordant if and
only if they are diffeomorphic provided that n > 5. In particular, the
monoid of smooth n-manifolds homeomorphic to a sphere is isomor-
phic to ;.

In this chapter we aim to study the groups 6,. Our main tool is an
observation that the groups 6, fits a so-called surgery exact sequence of
groups; the other entries of the exact sequence are N, and P*, which
we define next.

Definition 9.2. A manifold M C R"** is almost framed if it is framed in
the complement to one point. Suppose that for i = 1,2 two manifolds
M; are framed in the complement to x; and there is a cobordism W C
Rk x [0,1] between M; and M,. We say that W is an (almost framed)
cobordism if it is framed in the complement to a curve a joining x;
with xp; the framing on W \ « is required to coincide over M \ x;
and M, \ x; with the almost framings of M; and M, respectively. The
set of cobordism classes of almost framed, path connected, non-empty
manifolds of dimension # is denoted by Nj,.

We claim that the set \;, forms a group with respect to taking the
connected sum. Given two pointed manifolds (M;, x;) with i = 1,2,
framed in the complement to x;, some care should be taken to form
the almost framed connected sum of M; and M;. To begin with, we
remove an open disc D; of dimension m from each manifold M; so that
x; € 0D;. After that we form the connected sum M; M, by attaching
to M; \ D; and M, \ D, a cylinder S"~! x [0,1] in such a way that
the a curve & = {x} x [0,1] joins the points x; and xp. Since there
is only one frame over the contractible manifold S”~!\ x, there is a
unique frame over MM, in the complement to « that is compatible
with the original frames over M; \ D; and M, \ D,. Since the segment
« is contractible to its midpoint x1y, there is a well-defined framing of
M;1Mj; in the complement to the point x5, which we declare to be the
distinguished point of the connected sum.
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* The zero in the group 6, is represented
by the standard sphere. The inverse of
the class of a manifold M is the class
of —M; the complement to a small disc
in M x [0,1] is a cobordism from M LI
(—M) to the standard sphere.

W

Figure 9.1: An almost framed bordism.

W

Figure 9.2: A framed cobordism in the
definition of P" for m = 2.

Figure 9.3: A framed cobordism in the
definition of P" for m = 1.
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The trivial element of NV, is represented by the pointed standard sphere
S" with a unique frame of S" \ {pt}.

Lemma 9.3. The set Ny, forms a group with respect to taking the connected
sum. The inverse of the class of an almost framed manifold (M, x) is repre-
sented by (—M, x).

Sketch of the proof. Let D denote a small open ball in M C R"** such
that x € 9D. Without loss of generality we may assume that the man-
ifold M\ D is placed in the half space x; < 0 in such a way that the
boundary of M\ D is the standard sphere S in {0} x R” x 0! and
the collar neighborhood of (M \ D) is given by the trace of the trans-
lation of the standard sphere S in the direction of the coordinate vector
—e1. Then, the boundary of the manifold W = (M \ D) x [0, 1] consists
of three smooth pieces

(M\D)x {0}, (M\D)x{1}, and S"'x[0,1],

and after smoothing the corners becomes diffomorphic to M#(—M).
The frame over (M \ D) x {0} spreads by vertical translation to a frame
over the manifold W. We remove an open disc D from the interior of
W, and place the manifold W \ D to R"*¥ x [0,1] in such a way that it
is a cobordism between M#(—M) and dD.

To complete the proof we choose an arbitrary curve & in W\ D from a
point in the boundary 9D to the distinguished point of Mf(—M). The
manifold W\ D is a desired cobordism framed in the complement to
the curve a.? O

The final player that we need to introduce is P".

Definition 9.4. The group P™ is the group of cobordism classes of
compact framed manifolds M of dimension m bounded by homo-
topy spheres S. Two such framed manifolds M; bounding homotopy
spheres S; for i = 1,2 are called cobordant if there is a framed man-
ifold W whose boundary consists of M; U N U M, where N is an h-
cobordism between S; and S, and where the boundary of N is identi-
fied with the corresponding boundaries of M; and Mj;. The operation
on P™ is given by taking the exterior connected sum that joins S; with
S.

Note that under our dimensional assumption m > 5, the h-cobordism
N between the homotopy spheres S; and S, of dimension m —1 > 5
is trivial. Thus, by the h-cobordism theorem, two framed manifolds

!

(M\ D) x [0, 1]
Figure 9.4: The boundary of the man-
ifold W = (M \ D) x [0,1] consists of
three smooth pieces: the upper and
lower horizontal copies of M \ D and the
vertical copy of S"~! x [0,1].

21t follows that the manifold (—M) to-
gether with its frame can be obtained
from the manifold M and its frame by
placing M to the half space x; < 0 and
then transforming M and its framing by
the reflection along the hyperspace x; =
0.



M; and M, represent the same element in P" if M; and M, bound
the same homotopy sphere S and there is a framed cobordism W with
boundary M; U (S x [0,1]) U Ma.

9.2 The surgery long exact sequence for spheres

We are now in position to write down the surgery exact sequence for
spheres.

Theorem 9.5. There is a long exact sequence of groups

b
e Ny e P Ly T

Proof. To begin with let us define the homomorphisms. The homo-
morphism b is defined by taking the boundary of a manifold. Next, in
order to construct the homomorphism 7 note that the complement to a
point in a topological sphere is homeomorphic to a disc, and therefore
every homotopy sphere comes with a unique almost framing. Finally,
the map p is defined by removing a small open disc containing the
non-framed point. More precisely, if M is a manifold framed in the
complement to a point x, then p[M] is represented by the framed man-
ifold M \ D bounded the sphere 9D, where D is a small disc centered
at x.

If #(X) is in the trivial class, then, by definition, there is a cobordism
W of X to the standard sphere S, a curve « in W and an appropriate
framing over W \ a. The boundary component S can be capped off
with a disc D to produce a manifold W U D which bounding . The
framing over W \ a uniquely extends to a framing in the complement
to a in WU D. Contracting « to the distinguished point on X and then
removing a clollar neighborhood of X (together with the non-framed
point point) in W, we get an element in P""*1. Clearly 77 0 b = 0. Thus,
the sequence is exact at 6y,.

If M is a compact framed manifold which represents an element in the
kernel of b, then, by the h-cobordism theorem, the boundary of M is
diffeomorphic to the standard sphere. By capping the boundary of M
off with a disc D we obtain a manifold M U D representing an element
in N,41. On the other hand, a manifold M ¢ P"*! representing
an element in the image of p has boundary diffeomorphic to a sphere.
Therefore, the class of M belongs to the kernel of b. Thus, the sequence
is exact at P+,

EXOTIC SPHERES
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Let M be a manifold representing an element in ;. It is framed in the
complement to a point. Let D be a small open disc about that point.
Suppose that [M] is in the kernel of p. Then M \ D is cobordant to the
standard disc D" by means of a cobordism W. By the h-cobordism
theorem, assuming that m > 5, the boundary of W is diffeomorphic to
S™=1 % [0,1]. We may cup it off with D" x [0, 1] to obtain a cobordism
WU (D™ x [0,1]) of the manifold M to a manifold homeomorphic to
a sphere. Furthermore, the cobordism W is framed outside the curve
{0} x [0,1] € D™ x [0,1]. Thus the manifold M represents a class in
the image of 7. Finally, if we start with an almost framed homotopy
sphere and cut out an open disc about the distinguished point with a
frame, then we will be left with a standard sphere bounding a standard
disc (by the h-cobordism theorem, provided that m > 5). Thus, the
sequence is exact at \Vy,. O

9.3 Calculation of the group P™

In the previous chapters we considered surgery on closed manifolds.
In this section we will use the same framed surgery technique to
simplify framed compact manifolds with boundary homeomorphic to
spheres, i.e., manifolds M representing an element in P™. 3

Again, we proceed by induction. If the manifold M of dimension m
is (9 — 1)-connected, then for every element in 77, M we may choose a
Wall representative S. By general position argument, below the middle
range 4 < m/2, the obstruction u to the existence a framed surgery
along S is trivial. Thus, we may always modify the manifold M so that
itis ([ 5] — 1)-connected.

To study modifications of M near the middle range, we observe that
if M bounds a topological sphere X, we may attach to M the disc D"
of dimension m by identifying the boundary of the disc with >. The
resulting manifold M is a closed topological manifold that is smooth
and framed away from a disc (or, equivalently a point). For this reason,
the discussion of surgeries of framed manifolds can be extended to
framed manifolds M bounding a homotopy sphere. We define the
signature and the Kervaire invariant of M to be those of M. 4 Let us
recall the relevant theorems.

Theorem 9.6. Let M be a compact framed manifold of dimension m > 5
bounding a homotopy sphere %.

3Note that framed surgery on M does
not change the framed cobordism class
[M] € P™.

4To do: add corollaries about manifolds
bounding homotopy spheres in the rele-
vant chapters.
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o Ifmis odd, then M is cobordant to a framed contractible manifold.

o If m = 2q with q even, then M is cobordant to a framed contractible
manifold if and only if (M) = 0.

o If m = 2q with q odd, then M is cobordant to a framed manifold if and
only if the Kervaire invariant of M is trivial.

Thus, we may compute the group P™.

Theorem 9.7. If m is odd, then P™ = 0. Suppose that m = 2q. If q is even,
then P™ = Z. If q is odd, then P™ = Z,.

Proof. Suppose that m is odd. Then, by performing framed surgery
in the interior or M, we may assume that the manifold M bounding a
homotopy sphere X is contractible. Remove a standard disc D™ from
the interior of M to obtain an h-cobordism M \ D™ between ¥ and
S"=1. By the h-cobordism theorem, the homotopy sphere X is actually
the standard sphere S !, while the manifold M \ D™ is S"~1 x [0,1].
Therefore, M ~ D", which implies P"* = 0.

Suppose now that m = 24, and g is even. Consider the map c: P" — Z
defined by associating with M its signature. Since the signature of a
manifold is an invariant of cobordisms, the map ¢ is well-defined, i.e.,
the value of the homomorphism ¢ does not depend on the choice of
the representative of a class in P". Furthermore, since

oc(Mi#My) = 0(M1) + oc(Ma),

the map o is actually a homomorphism with respect to operations in
P™ and Z. We claim that the homomorphism ¢ is injective. Indeed, if
two manifolds M; and M, bounding homotopy spheres £; and X, are
of the same signature, then the boundary connected sum M;f(—M>)
is a compact framed manifold M of signature o(M) = 0 again bound-
ing a homotopy sphere ~ = X1#(—X;). By Theorem 9.6, the framed
manifold M is cobordant to a contractible manifold, while X is diffeo-
morphic to a standard sphere. Therefore M represents a trivial element
in P". Thus, the homomorphism ¢ is injective.

At this moment, since P™ is isomorphic to a subgroup of Z, we may
conclude that either P = 0 or P" = Z. On the other hand, the
manifold M constructed by plumbing corresponding to the matrix Eg
bounds a homotopy sphere and has signature 8. Therefore, when m is
divisible by 4, the group P™ is isomorphic to Z. 5 > Include a discussion of plumbing
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Remark 9.8. We will show later that the intersection form over Z of the
manifold M is unimodular and even. In particular, the signature of M
is divisible by 8. Therefore, the homomorphism ¢: P" — Z is given
by multiplication by 8. ©

Suppose now that m = 24 and ¢ is odd. Now we consider the homo-
morphism x: P — Z, defined by associating with a manifold M its
Kervaire invariant x(M). Again, as in the case with the signature, the
Kervaire invariant is a cobordism invariant and

K(My#Mz) = k(M) + x(Mz).

Therefore, the map « is indeed a well-defined homomorphism. By
Theorem 9.6, the homomorphism « is injective. On the other hand,
consider the manifold K(2n) constructed by plumbing corresponding

o)

Since the intersection form of K(2n) is unimodular, it bounds a homo-

to the unimodular matrix

topy sphere. On the other hand, the Kervaire invariant of the manifold
K(2n) is 1. Thus, the homomorphism « is an isomorphism. O

Remark 9.9. We may now reinterpret the part 6,, — Ny, Py pmt1 of
the surgery exact sequence. Namely, we may say that p is assocciating
with an almost framed manifold M the algebraic invariant of the in-
tersection form of M. It is a complete obstruction to the existence of a
framed cobordism of M to a homotopy sphere.

9.4 Calculation of the group Ny,.

Recall that in order to calculate the group 8, of exotic smooth struc-
tures on an m-dimensional sphere, we introduced a long exact se-
quence involving two other groups: the cobordism group P" of com-
pact framed manifolds bounding a homotopy sphere, and the cobor-
dism group N, of almost framed manifolds. We have already com-
puted the group P™. In this section, we will compute the group N,.

Theorem 9.10. There is a long exact sequence of groups

s w80 L S L N s 150 L

where the homomorphism 1 associates with a framed manifold, an almost
framed manifold by forgetting the frame at one point.

©Here is the original argument of Mil-
nor, see Differential manifolds which
are homotopy spheres, Lemma 3.2. We
would like to show that all values

xUx[M] = Sq7x[M] = v, U x[M]

are zero mod 2. Here vy is the k-th Wu
class defined by the requirement that

ve Ux[M] = ¢ (x)[M]

for all x. If x Ux[M] = 1, then the class v,
is non-trivial. We claim that this implies
that some Stiefel-Whitney class is non-
trivial. Indeed, for the total Wu class
v=1+wv+--- we have w = Sq(v),
ie, wp = Yis0Sq (vk—1). Let v be the
non-trivial Wu class of the least degree.
Then wy(M) = v, # 0 for some k < g
for the compact framed manifold with
boundary homeomorphic to a sphere.



Proof. To begin with, let us define the homomorphism <. Let M be a
manifold framed in the complement to a point x. Let D be a closed
disc in M centered at the point x. Then over the boundary of D there
are two frames: the unique frame over the disc D, and the frame that
comes from the almost framing of M. We may assume that the frames
over M and D are orthonormal. Therefore, the pointwise rotation of
the first frame to the second over the boundary S"~! = 9D is a con-
tinuous map S™~! — SO which represents an element y([M]) of the
homotopy group 7t,,,_1SO. Clearly, the so-defined map 7 does not de-
pend on the choice of the representative of the class of M and it is, in
fact, a homomorphism.

The class [M] is in the kernel of v if and only if the framing over M \ D
extends to a smooth framing over M. Thus, the sequence is exact at
N The composition | o y associates with an element [M)] the class
of the boundary dM with the frame obtained by restricting the frame
from M. However, the manifold M itself provides a framed cobordism
of 0M to an empty manifold. Therefore [ oy = 0. Conversely, if a
framing on a sphere S”~! is chosen so that the framed sphere S"~!
is null-cobordant, then the null-cobordism W represents an element of
Ny Thus, the sequence is exact at 7,,—1S0.

Finally, suppose that a framed manifold M, is cobordant to the stan-
dard sphere S"~! by a cobordism W framed away a curve a which
connects a point in M with a point in S"~!. Since the framing of W \ a
extends over M, we may shrink « to a point in $"~!, and then remove
S"~1 from W together with its open collar neighborhood U. The ob-
tained framed manifold W\ U is a cobordism between M and a framed
sphere S"~!, which means that [M] belongs to the image of J. On the
other hand, if [M] belongs to the image of ], then its complement to a
point is a disc with a unique framing. Therefore, [M] also belongs to
the kernel of 1. Thus, the sequence is exact at Nj,. O

We may thus express the group N, in terms of the J-homomorphism:

0 — Coker [, — N,y — Ker J,,_1 — 0,

where Ker J,,,_1 is isomorphic to Z if m is divisible by 4, and it is zero
otherwise.

EXOTIC SPHERES

109



110 ELEMENTS OF SURGERY THEORY

9.5 Calculation of homomorphisms in the surgery exact se-
quence

Recall that we have calculated that in the surgery long exact sequence
N, 4 m+1 b 17
oo —3 Npys1 — P — O —> Ny —> -+

the group P™ is isomorphic to Z and Z; when m respectively is of the
form 4g and 4q + 2, and it is trivial otherwise. To begin with let us
consider the homomorphism b.

We have seen that when m = 44, the isomoprhism P" — Z is es-
tablished by associating with a manifold M the number o(M)/8. In
particular, there is a compact manifold with boundary with signature
8. On the other hand, suppose that the manifold M represents an el-
ement in the kernel of b. In other words, suppose that the framed
manifold M bounds the standard sphere. Then we may cap off the
boundary to obtain an almost framed manifold M. In this case, the
restriction on signature of M (or, equivalently, on the signature of an
almost framed manifold M) is fairly strict.

Theorem 9.11. The set of signatures of almost framed closed manifolds of
dimension m = 4q > 4 forms a subgroup t,Z of Z generated by the integer

B
ty = 2221 (22171 — 1) (numerator of 4—;),

where ag = 2 if q is odd and 1 if q is even.

Proof. Let M be a manifold of dimension m = 4q > 4 framed in the
complement to a point x. Then the tangent bundle of M \ x is trivial,
and, in particular, all Pontryagin classes of M restricted to M \ x are
trivial. Thus, the only possibly non-trivial Pontryagin class of M is
pgM. In view of the Hirzebruch signature formula, the signature of M
is a multiple of p;(M). In fact, according to the Hirzebruch formula,
which we will discuss in greater detail in section 9.6,”

_ 221(224-1 — 1)B,
(29)!

where p,;[M] is the g-th Pontryagin number of the manifold M. The co-

o - pq[M],

homology class p;(M) can be computed directly from the definition of
the Pontryagin classes as obstructions to constructing multiple sections
of a vector bundle.8 It follows that p,M = +a,(2q — 1)!v([M]), where
7 is the homomorphism N, — 7,,1SO ~ Z in Theorem g.10. The

7The formula for the signature under
consideration is proved in Example 9.16.

8 For an explicit computation, see Exam-
ple 7.4, and in particular, Theorem 7.11.



values of y([M]) coincide with the values of the elements in Ker ] C Z.
Thus, the values of y([M]) are the multiples of the order of the image
of the J-homomorphism, which is the denominator of B;/44.? O

Now we are in position to calculate the homomorphism b. If m =
4q + 2, then the image of P" = Z,; is either trivial or Z;, while if m is
odd, then the group P" is trivial.

Theorem 9.12. If m = 4q > 4, then the image of the group P" = Z in
0,u—1 1s a cyclic group of order t;/8.

Proof. In view of the exact sequence

b
---—>Nmi>P’”—>9m_1—>---

the image of the homomorphism b is P"*/Im p. The signature homo-
morphism identifies P, with 8Z C Z and Im p with t;,Z. Therefore,
the order of the image of b is ;/8. O

Theorem 9.12 produces a number of exotic smooth structures on spheres.

For example, suppose that m = 4q with g = 2; the lowest value of g
allowed by Theorem 9.12. Then

/8 =1%2%(2%—1)%1/8 =28.

In particular, there are at least 28 smooth manifolds of dimension 7
homeomorphic to a sphere. In dimension 8 there are no other exotic
spheres since the J-homomorphism 717(SO) — 715 is surjective.*®

9.6  Hirzebruch genera and computation of the L-genus

9.6.1  Multiplicative series

A genus is a ring homomorphism ¢: QO ® Q — Q with ¢(1) = 1. We
aim to classify all genera of smooth manifolds.

Example 9.13. We have seen the Hirzebruch L-genus. It is the ring
homomorphism that associates with each generator CP?" in Q ® Q
the value 1. Another important genus is the A-genus. It is related to
the index of the Dirac operator. The A-genus is characterized by the
properties that it is trivial on all quaternionic projective spaces HPF,
while the genus of CP? is —1/8.
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9 To summarise,

_ 2%(2271 —1)B,

T = gy
224(229-1 —1)B
_ Wq - (Fag(29 — 1)y ([M]))

2 (g1 1)%} (2a7([M]))

2

B
= £4,2%11 (22171 — 1) (numerator 4—;)

It is known that 75 = Zjy. On
the other hand, the image of the J-
homomorphism in degree 7 is a cyclic
group of order the denominator of B; /44
for g = 2, i.e,, the order of the image is
also 240. Therefore, from the exact se-
quence

750 i 7'[; — N7 — 71650 = 0.

we deduce that N7 is a trivial group, and
67 = bPS.
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To begin with, since the only invariants of rational cobordism classes
are Pontryagin numbers, for any genus ¢, there are homogenious poly-
nomials K, = Ky, (p1, p2, ..., pn) of degree 4n such that for every man-
ifold M of dimension 4n its genus ¢(M) is the Pontryagin number
K,[M]. Thus, a genus is completely determined by a formal series
K =14 Kj+ Ky + -+ in Pontryagin classes.

To determine which formal series K are associated with a genus, let
us reformulate the multiplicative property of ¢ in terms of K. Let M
be the product M’ x M" of two manifolds with projections 7’ and 7"’
onto the two factors. Then the total rational Pontryagin class p(M)
can be expressed in terms of rational Pontryagin classes of M’ and M"
by the formula p = p’p”, where p’ and p” are pullbacks of the total
Pontryagin classes of M’ and M" with respect to the projections 7/
and 7t”. Thus, the multiplicativity of the genus ¢ can be expressed in

terms of K as the requirement that™*

K(p) = K(p")K(p"), (9.1)

where we use a notation K(p) for K(py, p, ...). We note that the equal-
ity 9.1 should be satisfied for any formal series p,p’ and p’ with p =
p'p”. For example, we may introduce formal variables xq, ..., x, and

put12
p=l4pi+p+t-Fp=0+3)1+23)---1+22). (9.2

Then'3
K(p) = K1+ x3)K(1+23) - - - K(1 +x2).

In other words, the multiplicative series K is completely determined by
the series Q(x) = K(1 + x2) of one variable. In fact, there is a bijective
correspondence between multiplicative series K and series Q(x) =1+
ayx? + agx* + - - - in which only coefficients with even indices may be
non-zero. Indeed, under the equality 9.2, the polynomials py, ..., px
form a basis in the space of symmetric polynomials in x,...,x3. In
particular, for any decomposition I = (iy, ..., ir) of the number #, there
is a polynomial s; such that
R _ 2iq 2i
si(p): = s1(p1, . pn) = le R

The series Q(x) corresponds to the multiplicative series with terms
Ku(p) = Cassi(p) where a; = a;, - - - a;,.

To summarize, the genera, i.e., the ring homomorphisms QO ® Q — Q
are in bijective correspondence with the series Q(x) in even powers of
x with the free term 1.

“More explicitly, the condition that
@(M) = ¢(M')p(M") is equivalent to

K(p)[M] = K(p)[M] - K(p) [M"].
In this expression the right hand side is
K((7')"p) UK((7")"p)[M" x M"],
or, equivalently, K(p")K(p")[M].

2 Thus, for example,

2 2
p1:x1+...xn,

2.2 2 .2
P2 = X7X5 + -+ X5 1X5.

3 Let us recall our convention that for
a series p = 1+ p; + -+, the expres-
sion K(p) means K(p1,p2,...). In par-
ticular, the expression K(1 + x?) means
K(p1,0,0,...) for p1 = x2. The geometric
interpretation of the decomposition 9.2
is known as the Splitting Principle.



Example 9.14. The two genera that we discussed in Example 9 13, the

L-genus and the A-genus, correspond to the series Q(x) = and

th(x)
Q(x) = % respectively. Let us compute explicitly the first two
Hirzebruch polynomials L and L, in the series L(p) = K(p). As, it
has been mentioned, the series Q(x) corresponding to the L-genus is
X _ 1, 14 j—lZZjBf
e T +(-1)

= Q(x1) -+~ Q(xn

2 4 2 4
x5 X x X p1 —p?
141 1) (1420 20 1 P2 P
(*3 45) (*3 45) +3+ 45’
and, in particular, the first terms in the series L are L1(p) = p1/3 and
La(p) =7p2 — pi/45. 5

Therefore, the series L(p) ) starts with the terms?4

9.6.2  Genera of manifolds M*" with trivial py, ..., pn_1.

In the rest of the section we will calculate a given genus ¢ of a mani-
fold M*" with trivial Pontryagin classes p1,- -, pn—1. We will use the
symbol ’ =’ to identify series in the quotient by the ideal of series gen-

IIE/

erated by (x*'*2), in other words the symbo suggests that in the

series we ignore terms of order > 4n + 1.
Theorem 9.15. We have K(p) = su(ay, ..., a2,)pn when the Pontryagin
classes py, ..., pn—1 are trivial 10

Proof. Up to higher order terms, we have
n

Q(x) =14 ax® + - +agx™ = J(1+ bix?),

i=1
and therefore, again, up to higher order terms, K(p) = [1Q(x;) is
=1 +bip1+ - +b]'pn).

[ITT0+b) = TITT + i)
7ot L
When the Pontryagin classes pq, - - -

K(p) = (b7 +

which is precisely the statement of the theorem. O

]

, Pn—1 are trivial, we deduce

V) pn = su(an, ay, ..., a24) Pu,

Example 9.16. Let us calculate the value s, (a) for the L-genus. We will
need the so-called Cauchy formula:

/ [e]
f 2 ]25]-x2]
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14 We recall that

2 2
plle_i,_..‘xn,

2

42,2 2
p2 = X1X3 + - X5 1 X

5 In practice, to find the values of the
genus ¢ of a series Q(x) on the cobor-
dism classes of manifolds CP%", let
f(x) =1/Q(x), and let g(y) be the for-
mal inverse of f, i.e., g(f(x)) = 1. Then

§'(y) = 1+ @(CP)y* + (CPYy* +- - .

For example, for the L-genus, the func-
tion f(x) is th(x) and f'(x) = 1 — f(x)%.
Hence,

1) 2y 2, 4
W =1/A-y) =14y +y +--,

i.e., indeed, the L-genus associates with
each CP?" the value 1. We will not use
this method in what follows, and leave
its validity without a proof.

®Let us spell out the definition of
Su(a1,...,a2,).  Since the polynomials
p1,...pn form a basis in the space
of symmetric polynomials in x2,...,x2,
there is a unique polynomial s, such that

sn(p) = 3" @ - @A

For example, s1(p) = p1, s2(p) = p% —
2p,, and s3(p) = p} —3p1p2 +3ps. Thus,

s1(ay, ..., a2,) = a,

$2(, ..., 02y) = a3 — 2ay,

and
—2_3 3
s3(az, ..., a2,) = a3 a4 + 34,

where a; is the i-th coefficient in the se-

ries Q(x).
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where f(x) = x/Q(x). ' The expression on the left hand side
as 2x/sh(2x)."® In its turn, the latter can be expressed in terms of
Bernoulli numbers by

Zx x Zx 2 B] 2 4 B2 4
T S D O i 222t
sh2x _ “thx  th2x ( )57 (207 +( )31 (2

In other words, s; = 22/(221 — 1)B;/(2j)!, and K(p) = supn. We may
reinterpret the result of this calculation by saying that for an oriented
closed manifold M of dimension 4n with trivial Pontryagin classes
P1, - Pn—1, the signature is

o(M) = K(p)[M] = 22i(2%1 — 1>(f;)!pn (M),

We used this formula for the signature in the proof of Theorem 9.11.

9.7 Example: The third stable homotopy group 735

To begin with let us show that the J-homomorphism 7350 — 75 is
surjective. To this end, let M be a framed manifold of dimension 3
in R3*¥ representing a class in 5. Every orientable manifold M of
dimension 3 bounds a compact orientable manifold W of dimension
4. We may assume that W is simply connected by applying 1-surgery
if necessary. Let F be an orientable characteristic surface embedded in
W.19 By taking the connected sum of W with CP*#(—CP?) and of F
with the characteristic sphere in CP?#(—CP?) we may create a trans-
verse sphere, and therefore we may reduce F to a sphere. By taking
connected sums of (W, F) with (CP?, CP!) we may assume that the
normal Euler number of F is 1. Thus, the boundary of a neighborhood
U of F is a sphere. Consequently, the manifold W\ U is a framed
cobordims of M to a framed sphere. Thus the J-homomorphism is
surjective.

Since 71350 = Z, the image of the [-homomorphism is a cyclic group.
Let j3 denote the order 73; it is also the order of the image of the J-
homomorphism. We have seen that for an orientable closed 4-manifold
M with w,M = 0, we have p1[M] = 2[f;.1,,], where [fr. )] belongs to
the kernel of the J-homomorphism, i.e., the number [f.,,] is divisible
by j3. Let M be a closed even 4-manifold with p1[M] = 48, e.g., we
may choose M to be the manifold K3. Then p;[M]/2 = 24 is divisible
by j3. In particular, we have that j3 < 24.

7 Let Qu(x) = 14+ apx® + - - - + a2,x%" be
the (2n)-th approximation of Q(x). Then

fn(x)

X X

- Qm (x) -
The expression xf;,/ fu = x(In f,)" is

1_ 2byx _ _ 2by x B
x  1+bx? 14+bux2)

1+ Y (—1)/2s;x%.

This expression does not depend on m.

#Indeed, since f(x) = th(x), we have

xf’(x) ch2x —sh?x / shx 2x

f(x) T chx  sh2x’

0 Its existence is proved for example in
Scorpan, page17o.

(1+b1x?) - (14 bux?)”
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9.8 Further reading



10

The h-cobordism theorem

In this chapter we will discuss various techniques of simplifying cobor-
disms of (non-framed) manifolds of dimension m in the Euclidean
space R"+k with k > m.

We have seen that a cobordism W in R"** € [0, 1] between manifolds
Wy and Wj can be represented as a composition of spherical cobor-
disms. In particular, the cobordism manifold W is diffeomorphic to
the union

Wo x [0,e] UH; U---U Hy

with smoothened corners, where H; is the i-th handle, see Figure 10.1.
Three comments are in order.

¢ A union presentation of a cobordism W determines the cobordism
W up to a diffeomorphism. For this reason we will often describe
the cobordism W by its union presentation.

¢ To simplify the discussion, we will use manifolds with corners in
our constructions whenever it is convenient. We already know that
corners can always be smoothened.

¢ The handles in a presentation of a cobordism are attached consecu-
tively in the order of their appearance in the presentation.”

In general, a presentation of a cobordism W is not unique. For ex-
ample, the cobordism W in Figure 10.1 with two handles H and H’
has at least two obvious different presentations in which the handles
H and H’ are attached in different orders. According to the Handle
Rearrangement Lemma 10.1, handles in a presentation of a cobordism
can always be rearranged in such a way that the handles are attached

Figure 10.1: A cobordism W, and a pre-
sentation of the manifold W as a union
of Wp x [0, ¢] and handles.

* For example, the handle H; is attached
before any other handle to the upper
boundary Wy x {e} of the collar neigh-
borhood of Wy, while the handle H,
is attached after H; along the upper
boundary of the cobordism Wy x [0, ¢] U
Hi, not necessarily along Wy x {e}. The
attaching sphere of the k-th handle Hj
may touch any previously attached han-
dle.



consecutively in ascending order of their indices. By the Handle Cre-
ation Lemma 10.2, whenever it is desired, two consecutive new han-
dles H and H’ of indices i and i + 1 can be added to a presentation of a
cobordism. Informally, the handle H creates a hole, while H’ caps the
hole off. Conversely, the Handle Cancellation Lemma 10.3 asserts that
whenever in a presentation there are two consecutive handles H and
H' of indices i and i + 1 such that the attaching sphere of H’ intersects
the belt sphere of H transversally at a unique point, the handles can
be cancelled. The Handle Slide Lemma 10.4 offers a modification of
handles H and H’ of the same index i < m — 1. It asserts, for example,
that if the handles H and H’ are attached to a simply connected man-
ifold along attaching spheres in homotopy classes [S,| and [Sp], then
the handle H can be replaced by a handle attached along an attaching
sphere in the homotopy class [S;] + [Sy]. Finally, the Handle Trade
Lemma 10.5 suggests a procedure of trading a handle of index i for a
handle of index i 4- 2 provided that the index i of the handle is below
the middle range, i < m/2 — 1. A handle trading is possible only if a
certain relative homotopy group is trivial.

If the described techniques of handle manipulation seems poorly mo-
tivated to a reader, the reader may want to begin with the proof of the
h-cobordism thereom and refer to sections with a detailed description
of techniques whenever is necessary.

10.1 Handle manipulation techniques

10.1.1 Handle rearrangement

In some occasions two consecutively attached handles can be rear-
ranged. For this modification of the cobordism W, we may assume that
W has only two handles, H and H’, of indices i and i’ respectively. The
handle H = D' x D/ is attached along the thickening S'~! x D/ of the
attaching sphere S,. The result of the corresponding spherical surgery
on Wy is a manifold Wy /,. It contains the thickening D! x §i=1 of the
belt sphere S;. Note that the belt sphere is of dimension j —1 = m —i.
The handle H' = D" x D/ is attached to the intermediate manifold
Wj ), along an attaching sphere S, of dimension i’ — 1.

Lemma 10.1. Suppose that i’ < i, then the cobordism W is diffeomorphic to
a cobordism Wy x [0,¢] UH' U H.
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Figure 10.2: Since S}, is disjoint from Sj,
there is a radial isotopy which brings S/,
to the complement to ;.
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Proof. Without loss of generality we may assume that the attaching
sphere S/, of the handle H' is transverse to the belt sphere S, of the
handle H in Wy ;. Since the dimension of S is i’ — 1, while the di-
mension of S, is m — i, we conclude that S,’Z is disjoint from S, if
i’ —14+m —i < m. The latter holds whenever i’/ < i. When the at-
taching sphere S/ is disjoint from the belt sphere S;, we may assume
that the thickening of S}, is disjoint from the thickening of S, in Wy,
see Figure 10.3.> and therefore we may first attach to Wy x [0, ¢] the
handle H’, and then the handle H. O

10.1.2 Handle creation

Let W be a trivial cobordism Wy x [0,1]. We will show that it has a
structure of a cobordism with two handles H; of index i and H;;q of
index i + 1. In other words, we may create two handles of consecutive
indicies on a cobordism without changing the diffeomorphism type of
the cobordism.

Recall that the i-handle H; = D’ x D/ is bounded by h; and h;j =
D! x Si71, see Figure 10.4. Furthermore, the part hj itself splits as
the union of h;“ = DI x S];l and h]._ = D! x Sj:l, where S]:l and
S’ are the upper and lower hemispheres. Similarly, the boundary of
the i + 1-handle H'*! = D! x D/~ is a union of h;,.; = S' x D/~!
and hj 1 = D1 x Si=2, The part h;yq itself can be represented as a
union of b, = S\ x D' and h;,; = S x D/"!. Since S/, is the
upper hemisphere of S' diffeomorphic to D/, and S]: Uis the upper
hemisphere diffeomorphic to D/~!, we may identify hf,; with h! to
form a disc H; U H; 1, see Figure 10.5.

Attaching the disc H; U H;;1 along the disc h; Uh; ; to Wp x [0,1]
results in a cobordism W x [0,1] U H; U H;,1. On the other hand, at-
taching the disc H; U H;;1 along the disc does not change the diffeo-
morphism type of Wy x [0,1]. Thus, we proved the following lemma.

Lemma 10.2. Let W be a trivial cobordism Wy x [0,1]. Let S' denote an
embedded disc in Wy x {1}. Then there is a handle H; with attaching sphere
0S' , and a handle H; attached to Wy x [0,1] U H; such that Wy x [0,1] U
H; U Hj.1 is a trivial cobordism.

Figure 10.3: There is a radial isotopy in
R/, along the vector field v(x) = x. It
preserves the origin 0, and in finite time
stretches a small neighborhood of 0 over
the unit disc D'. More generally, sup-
pose a spherical surgery is performed
on a manifold Wy producing a manifold
Wi, i.e., the thickening k; of an attach-
ing sphere is replaced with the thicken-
ing of hj = D' x SI=1 of a belt sphere
Sp. There is a radial vector field over h;
assigning to each point (x,s) the radial
vector v(x) = (x,0). The radial vector
field v can be extended to a vector field
over Wy, with support in a neighbor-
hood of ;. In finite time the radial iso-
topy along v stretches a small (dark grey)
neighborhood U of Sy, over all ;. In par-
ticular, it caries the complement h; \ U
outside of ;.

> We can use the radial isotopy to replace
the thickening h;/ of the attaching sphere
Si, with a thickening of a new attaching
sphere S} disjoint from ;. The spherical
cobordism along S} is diffeomorphic to
the spherical cobordism along S/

h_ﬁ J }L,J hJA
Figure 10.4: The handles H; and H;;.



10.1.3 Handle cancellation

Handle cancellation is a procedure inverse to the handle creation. We
begin with a cobordism W = Wy x [0,€] U H; U H;, 1 where H; = D' x
D/ is a handle of index i and Hj is a handle of index j, and determine
when the two handles can be cancelled. We note that the cobordism
W is a composition of a spherical cobordism from Wy to Wy, of index
i, and a spherical cobordism from W, to W; of index i + 1.

Lemma 10.3. Suppose that the attaching sphere S, of H;, 1 intersects the
belt sphere Sy, of the handle H; transversally in Wy ;, at a unique point. Then
the cobordism W is trivial.

Proof. Since S, intersects S, transversally, we may assume that near
each intersection point the sphere S, is parallel to the core disc of H;,
i.e., near the intersection point p in S, NS, the sphere agrees with
D! x {p} C H;. Let v denote the radial vector field on hi = D' x
Si=13 Tt is a smooth vector field which we may extend over W; ,
with support in a neighborhood of h;. An isotopy along the vector
field v stretches a small neighborhood of the belt sphere 0 x S/~! over
the whole solid torus ;. In particular, it brings S; to an attaching
sphere which intersects h; along discs D' x {p} parallel to the core.
Therefore we may assume that the handle H;,; is attached to W,
along hj; 1 = h:jrl Uh;,, where h;jrl coincides with h]T", while h;_
is a thickening of a disc in the closure of Wy, \ h;. Therefore, the
attaching of the handles H; and H;,; is the same as in the handle
creation procedure. Thus, the cobordism W is trivial. O

10.1.4 Handle slides

Suppose now that the cobordism W of a manifold Wy consists of
attaching two handles H and H’ of index i < m — 1, where m is
the dimension of Wy. In this case it is possible to change the ho-
motopy classes of attaching spheres without changing the diffeomor-
phism type of the cobordism W.

Suppose that H is attached along an attaching sphere S,, while H’
is attached along S;. By the Handle Rearrangement Lemma we may
assume that both handles H and H’ are attached at the same time to
Wy x e. The sphere S} has a neighborhood h; which can be identified
with S/, x DJ. Pick a point g on the boundary of D/. Then S, x {gq}
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-

Figure 10.5: The disc H; U H; 1.

3Recall that the boundary of H; con-
sists of the union h; U hj. The spheri-
cal surgery on Wy corresponding to H;
consists of replacing h; = S~ x D/ with
hj = D' x §i71,
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is a parallel displacement of S, which we will denote by S/. Let vy
be an embedded path in Wy x {¢} parametrized by [0,1] from a point
7(0) on the sphere S, to a point y(1) on a parallel displacement S//
of the sphere S. Finally, let S;” denote the connected sum of S, with
S along the path 7. More precisely, let [0,1] x D'~! denote an i-
dimensional tube about the curve v = [0,1] x {0} such that the disc
{0} x D=1 is a neighborhood of (0) in S,, and the disc {1} x Di~1
is a neighborhood of y(1) = {s} x {q} in S/, and suppose that there
is no other intersection points between the tube [0,1] x D'~! and the
two attaching spheres. The connected sum S/’ is formed by removing
{0} x §*=! from S,, removing {1} x S'~! from S/, and attaching the
remaining part [0,1] x dD'~! of the boundary of the tube.

Lemma 10.4. Let W be a cobordism Wy x [0,e] U HU H’ of a path connected
manifold Wy. Then W is diffeomorphic to a cobordism Wy x [0,¢] UH UH",
where H" is a handle of index i attached along S)!".

Proof. Let Wy, be the manifold obtained from Wy by spherical surgery
corresponding to H'. In other words, the manifold W, is obtained
from Wy by replacing the solid torus /] with the solid torus h} =Di x
Si=1. We note that the union of the tube [0,1] x Di~! along 7 together
with the disc D x {g} is a disc B in W; /. We may push the arc S, N 9dB
through the disc B to the arc 0B\ S,. This isotopy brings S, to the
sphere S!. Therefore, attaching the handle H along S, is equivalent to
attaching a handle H"” along S//'. O

Suppose now that Wy is simply connected. Then elements in 7;_1 W
are free homotopy classes of maps S'~! — Wy, and [S?'] = [S,] & [S”]
in 7t;_1 Wy, where the sign depends on whether the connected sum of
Sq and S!/ along y is orientation preserving or not. If i < m — 1, then
we may perform the connected sum along 7 so that the connected
sum sphere S}’ is in the class [S,] + [S/], and we may also perform the
connected sum so that the class [S)’] is [S,] — [S/].

10.1.5 Handle trading

We continue to study a cobordism W of a manifold Wy of dimension
m. It turns out that if the relative homotopy group 7;(W, W) is trivial,
and i is below the middle range (more precisely, i < m/2 — 1), then
every handle H; of index 7 can be traded for a handle of index i + 2.



Lemma 10.5. Let W = Wy x [0,¢] UaH] U H; U BH; 11 be a cobordism
of a manifold Wy of dimension m which consists of attaching « + 1 handles
of index i > 0, and B handles of index i + 1. Suppose that m > 2i+ 2,
and 11;(W,Wy) = 0. Then W is diffeomorphic to a cobordism of the form
WO X [O, S] U DCHII U ,BHi+1 U Hi+2-

Proof. The core D' x {pt} of the handle H; represents a trivial ele-
ment in the trivial group 7;(W, Wy). Hence there is a disc B'*! in W
bounded by 9B't! = S US' where S', is the core D' x {pt} of the
handle H;, while S' is a disc in Wy x {e}. By slightly perturbing Bi*!
we may assume that it is an embedded disc in the manifold W of di-
mension m + 1 > 2i 4 3, and it is disjoint from the cores D! and D!
of all other handles of the cobordism W. Then B'*! can be pushed to
W14 Since we may assume that Bi*t1 is an embedded disc in Wi, we
may use it to create cancelling handles H; ; and H; ., on top of W;.
The attaching sphere of Hj; is the sphere B'*! which intersects the
belt sphere of H; at a unique point. Therefore the handles H; ; and
H; can be cancelled. Thus, the handle H; is replaced with the handle
Hiio. O

10.2 The h-cobordism theorem

We say that a cobordism W between manifolds Wy and W is an h-
cobordism if the inclusions Wy C W and W; C W are homotopy equiv-
alences.

Lemma 10.6. Let W be an h-cobordism of a path connected manifold Wy.
Then W has a structure of a cobordism with no 0-handles as well as no m + 1
handles.

Proof. By the Handle Rearrangement Lemma we may assume that the
handles in the cobordism W are attached in the ascending order of
their indices. Since attaching handles of index > 2 does not change
the number of path components of the cobordism, we deduce that
the initial part Wy x [0,€] U agHp U a1 Hy of the cobordism W which
contains all handles of W of indices 0 and 1 is path connected. In
fact, we may choose & handles of index 1 and attach them before any
other handle of index 1 so that the initial part of the cobordism W that
consists of attaching all ay handles of index 0, and &y chosen handles of
index 1 is path connected. Consider one of the 0-handles Hy and one
of the chosen 1-handles H; abutting Hy. Then the attaching sphere of

THE H-COBORDISM THEOREM 121

“Note that the parts B™' N H/ and
B! N Hj, 1 can be pushed radially to h;-
and hj_y, while the rest of Bt which is

in Wy x [0, €] can be pushed upward to
WO X {S}
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Hj intersects the belt sphere of Hj at precisely one point, and therefore
the two handles Hy and H;p can be cancelled. Thus, all 0-handles of a
path connected cobordism W can be paired with some of the 1-handles
and cancelled.

We may now reverse the cobordism W and cancel all 0-handles of
the reversed cobordism from Wj to Wy. Cancelling 0-handles of the
reversed cobordism corresponds to cancelling (m + 1)-handles of the
original cobordism W. O

Lemma 10.7. Let W be an h-cobordism of a connected manifold Wy of di-
mension m > 5. Then W has a structure of an h-cobordism handles of indices
gand q+1ifm =2qand q,q+1and g+2if m =29+ 1.

Proof. By Lemma 10.6 all 0 and m + 1 handles in W can be cancelled.
Next, since the relative fundamental group 71(W, Wp) is trivial, we
may trade 1-handles for 3-handles. Similarly, since 7ty (W, W) is trivial,
we may trade 1-handles of the reversed cobordism for 3-handles (such
a trade corresponds to trading m-handles of the original cobordism W
for m — 2-handles).

In general, we may trade handles of an h-cobordism by induction in
the ascending order of indices i = 1,2, ... of handles until all handles
of indices i < m/2 —1 are traded, and then in the descending order of
indices of handles i = m, m — 1, ... until all handles of indices m + 1 —
i <m/2—1 are traded (the latter corresponds to i > m /2 + 2). O

Let W be a manifold with boundary which is obtained from a mani-
fold with boundary W’ by attaching n handles H* of the same index
i along the boundary of W’. Here the upper index « distinguishing
the i-handles runs over the set 1,...,n. Each handle Hj' is attached to
W’ along a solid torus h% and contains a core Di. We observe that
there is a continuous radial deformation of the pair (H{, ) to the
pair (D%, aD%). Tt defines a homotopy equivalence between W and the
topological space Wy obtained from W’ by attaching the cores D! of
the handles H}'.

Lemma 10.8. Let W be a manifold with boundary obtained from a simply
connected manifold with boundary W' by attaching n handles of the same
index i. Then the group 7ty (W, W') is trivial for k < i, and it is free abelian
of rank n generated by the homotopy classes [D%] of the n cores of the handles.

Proof. We have seen that W is homotopy equivalent to the union Wcyy



of W’ and the cores UD},. When k < i, the image of every generic map
f representing an element in 713 (Wcyy, W’) misses a point in each D},
and therefore the representing map f can radially be deformed off the
discs D}, to a map with image in W’. Thus, the groups 7 (W, W) with
k < i are trivial.

Since W is simply connected and the pair (W, W’) is (i — 1)-connected,
we conclude that 7t;(W, W') is isomorphic to 7;(Wew /W') = m;(VS?).
The latter group is isomorphic to Z". O

In fact, the proof of Lemma 10.8 gives another interpretation of the
group 71, (W, W) which we will record as a corollary.

Corollary 10.9. Under the hypotheses of Lemma 10.8, the group 7t;(W, W')
is isomorphic to the group 7t;(W/W"), while the space W/W' is homotopy
equivalent to the wedge of spheres D! /dDj.

Theorem 10.10. Every h-cobordism W of a simply connected manifold Wy
of dimension 2q > 5 is trivial.

Proof. We have seen that W reduces to an h-cobordism with handles
of indices g and g + 1. Let Wy /, denote the manifold obtained from Wy
by spherical surgeries corresponding to the g-handles of W. Let Wy 17
denote the initial part of the cobordism W of Wy to Wy ,. It follow that
the boundary homomorphism

0: 7151 (W, Wo1/2) — 714(Wo 1,2, Wo)

in the long exact sequence of the triple (W, Wy 1,2, Wp) is an isomor-
phism.> By Lemma 10.8, the relative homotopy group 77;(Wp 1,2, Wo)
of the initial part of the cobordism W is generated by the homotopy
classes [D]] of the core discs of the g-handles, while the relative ho-
motopy group 77,1 (W, Wo 1 /2) of the terminal part of the cobordism
W is generated by the homotopy classes of the core discs DZH of the
(g9 + 1)-handles.

As an element of the group generated by [D}], each class B[DZH] can
uniquely be written as a linear combination

A[DF ] = Y kap[DI]

with some coefficients k, 5. To determine the geometric meaning of
coefficients k, g it is convenient to postcompose the boundary homo-
morphism 0 with the isomorphism of Corollary 10.9 onto the homo-
topy group of the wedge of spheres D/ /dD]. We can identify now
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5 Note that since W is an h-cobordism all
groups 71 (W, Wp) are trivial.
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each coefficient k, g with the degree of the map

ST = aD;;+1 — Wy1/2 — V(D1/3D]) — D1/aD] (10.1)
which maps S7 to the attaching sphere in W;,, C Wy 1,2 and then
collapses first Wy 1/, to the wedge of spheres, and then all spheres
in the wedge except for D /9D] to the distinguished point. In other
words, the coefficient k, g is the algebraic number of times the attach-

ing sphere aDg+1 of the handle HZH wraps around the core disc Df
of the handle HZH. We claim that this is the same as the algebraic in-

tersection number of the attaching sphere of the handle HZH and the

belt sphere of H]. Indeed, the degree of the map (10.1) is the number
of signed preimages of the center {0} € D/. Each of the signed preim-
ages corresponds to the signed intersection of the attaching sphere and
the belt sphere, which proves the claim.

Since the homomorphism 9 is an isomorphism the matrix [ka,ﬁ] can
be diagonalized by means of elementary row and column operations.
We note that reordering rows and columns correspond to reordering
g and q + 1-handles. A multiplication of a row or a column by —1
corresponds to changing the orientation of a q or g4 + 1-handle. Finally,
adding or subtracting one row to another, or one column to another,
corresponds to sliding handles. Thus, without loss of generality, we
may assume that the matrix [k, g] is the identity matrix. In particular,
each handle H, of index q corresponds to a handle Hg of index g4 +1
such that the algebraic number of intersection points of the belt sphere
of Hy and the attaching sphere of Hg is 1. Since Wy 5 is of dimension
2q > 6, we may use the Whitney trick to arrange that the belt sphere of
H, and the attaching sphere of Hg has precisely one intersection point.
Then, by the Handle Cancellation Lemma, the handles H, and H, g can
be cancelled.

Since the number of handles in W can always be decreased, we may
iterate the process and obtain a structure of a cobordism with no han-
dles. In other words, W is a trivial cobordism. O

Theorem 10.11. Every h-cobordism W of simply connected manifold Wy of
dimension 2q + 1 > 5 is trivial.

Let us suppose that the cobordism W is a composition of a cobordism
Wio,1) from Wy to Wy with only handles of index g, a cobordism W 5
from Wi to W, with handles of index g + 1, and a cobordism W3
from W, to W3 with handles of index g + 2.



Lemma 10.12. We have 7. (Wig ), Wo) = 0 for * < g.

Proof. In the long exact sequence
— M1 (W, Wo) = i1 (W, Wip 1) — 70 (Wig o, Wo) — 7t (W, Wo) —

of the triple (W, Wy,, Wo), the groups 7. (W, Wp) are trivial since W
is an h-cobordism. On the other hand, the groups 7,.1(W, W[O,z}) are
trivial for * < g by Lemma 10.8. Therefore, 7. (Wi 5, Wo) are trivial
for x* <g. O

Lemma 10.13. The homomorphism 9: 7t41.1(Wig 2, Wjo,1)) — 759(Wig 17, Wo)
is surjective.

Proof. Note that the homomorphism 9 in the long exact sequence of a
triple is followed by the homomorphism to the zero relative homotopy
group 714(Wjg 2, Wo). Thus, 9 is surjective. O

Proof of Theorem 10.11. We may identify the relative homotopy group
7t54+1(Wio,2), Wio,1)) with the group 7,41( ngH / BDZH) generated by

classes represented by the core discs D% of the handles of W of index
q + 1. Similarly, we may identify the group 7r4(Wjg 1), Wo) with the g-
th homotopy group of the wedge of spheres VD /dD], generated by
classes [D}]. Then

A[DY"] = ky (DI,

for some numbers k, g. Furthermore, k, g is the algebraic intersection

number of the attaching sphere of HZH and the belt sphere of H in
W1. We can use the elementary row and column operations to simplify
the matrix [k, g] so that k;,; = 1. The elementary row and column
operations can be realized by handle moves. Therefore, we may find
a handle decomposition of W such that the belt sphere of a g-handle
algebraically intersects the attaching sphere of a (g + 1)-handle at one
point.

Suppose that 2q + 1 > 7. Then using the Whitney trick we may mod-
ify the attaching sphere of the (g + 1)-handle so that it intersects the
belt sphere of the g-handle at precisely one point. Then the two han-
dles can be cancelled. We may repeat the argument to cancel all g-
handles. Next, we may flip the cobordism W up side down to obtain
an h-cobordism with only g and g + 1-handles. Finally, we repeat the
argument to eliminate all g-handles. This eliminates the g + 1 handles
as well, since in this case the homomorphism 0 is an isomorphism.

THE H-COBORDISM THEOREM
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Suppose now that 29 +1 = 5. In this case we need to justify our
application of the Whitney trick. We note that the complement to the
belt sphere of Hj in Wi is diffeomorphic to the complement of the
attaching sphere of Hj in Wy. Since the dimension of the attaching
sphere of H] is 1, the complement to the belt sphere of H] in W is
simply connected. For this reason, we may choose the Whitney disc in
the Whitney trick disjoint from the belt sphere of H/, and the attaching
sphere of HZ+1. Thus, the Whitney trick is possible even in the case
2g+1=5. O



11

Surgery on maps of simply connected manifolds

One of the main problems of Surgery Theory is to classify smooth
closed oriented manifolds of a given dimension.

Question 11.1. Let X be a finite simply connected CW-complex. Is X
homotopy equivalent to a smooth closed oriented manifold of a given
dimension n?

The obvious obstruction is the Poincare duality. If X is a homotopy
equivalent to a closed oriented manifold of dimension #, then its co-
homology and homology groups satisfy the Poincare duality: there is
an integral homology class [X] € H,(X), called the fundamental class of
X, such that the cap product [X]N is an isomorphism of the cohomol-
ogy group H'(X) with the homology group H,_;(X). A CW-complex
with Poincare duality will be called a geometric Poincare complex of di-
mension 7.

11.1  Normal maps

In this chapter all spaces will be assumed to be simply connected. For
such a space X, every element in the homotopy group is represented
by a free (i.e., not pointed) map of a sphere to X.

To begin with let us observe that if there exists a homotopy equivalence
f:X ~ M of a finite CW-complex to a closed oriented manifold, then
there also exists a vector bundle vy = f*T+M over X that plays the
role of the normal bundle. To slightly simplify the notation, let v = vy,

Figure 11.2: William Browder, 1934-



128 ELEMENTS OF SURGERY THEORY

denote the perpendicular bundle of the manifold M in R™*k, and let
vx be a vector bundle over X of dimension k.

Definition 11.2. A normal map (f,b): (M,v) — (X,vx) consists of a
map f, and a fiberwise isomorphism b:v — vx covering f.

Our strategy will be to start with an arbitrary continuous normal map
(f,b) from a smooth closed oriented manifold of dimension m and
then try to modify it by means of normal surgery so that it is a homotopy
equivalence.

A normal cobordism between maps (fo,by) of (Mo, vp) and (f1,b1) of
(M1, 1) to (X, vx) consists of a cobordism W between M, and M; with
normal bundle v as well as a normal map (f,b): (W,v) — (X, vx) that
restricts to the normal maps (fo, bp) and (f1,b1) over the two boundary
components of W. Given a normal cobordism, we say that (f,b1) is
obtained from (fy,by) by a normal surgery. When W is a spherical
cobordism between M, and W, we say that (f,b) is a spherical normal
cobordism.

When necessary we may embed the finite CW-complex X into a high
dimensional Euclidean space, and then replace X with its e-neighbor-
hood in the Euclidean space, which is homotopy equivalent to X. In
other words, whenever it is convenient we may assume that the CW-
complex X is a high dimensional manifold. In particular, we may
assume that f: M — X is an embedding. We will denote the group
T 1(X, M) by 7t (f). In other words, an element of 7;(f) is repre-
sented by a map i: S — M as well as a map D¥*! — X extending the
map f oi. The groups 71i(f) fit a long exact sequence.

o () = (M) L (X) > ()
We aim to modify the normal map f by normal surgery to a homotopy
equivalence, i.e., we aim to kill homotopy groups of f.

Suppose not all homotopy groups of f are trivial. Suppose there is
an element A # 0 in 77;(f) where g < m/2. It is represented by an
embedding i: S7 — M as well as an extension j: D7*! — X of the map
f oi. We may assume that j is an inclusion. Denote the image of 7 by
S" and the image of j by Dx. Let us investigate under what conditions
there exists a normal surgery along A and what effect it has on 7. (f).
We will only sketch the argument as it very similar to one in Chapter 5.

As any vector bundle over a disc, the restriction of vx to the disc Dx
is trivial, i.e., there exists a frame ey, .., ¢; of the vector bundle vy over
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the disc Dx. Since the vector bundle v over S’ is fiberwise isomor-
phic to vx over dDy, the frame e, ..., ¢; defines a frame Ty, ..., T of the
perpendicular bundle of M over S’. We may extend the vector fields
T, ..., Ty to a frame of the perpendicular bundle of M near S, and then
extend it further to a neighborhood of " in R"+k. We will regard the
directions of the vector fields 1, ..., Ty as vertical up.

Let D’ be a disc in R"** x [0,1] bounded by S’ € R"* x {0} such
that the collar neighborhood of S in D is of the form S x [0, ¢). Choose
an orthonormal frame v/ = {v/} of the perpendicular bundle of D’.
By the Multicompression theorem, there is a small ambient isotopy F;
of S to a sphere F;S in R"*¥ that brings vector fields v/ over S’ to T
over F;§' for i = 1,...,k. The ambient isotopy extends to an isotopy of
R"+F x [0,1] and brings the disc D’ with vector fields {v!} to a disc D
with normal vector fields {v;}.

We then compress F;S’ to its projection S in M along the vertical up
planes (1, ..., T), and slightly perturb S so that S is immersed. We say
that S is the Wall representative of the class A. We note that the frame
T, ..., T of M over S extends to the normal vector fields vq, ..., vy over
D. Furthermore, when S is embedded, it has a frame v, ..., Um—g+k
which extends over D.

If the Wall representative S is embedded, then a normal surgery along
A is possible. Indeed, the disc D together with vy, ..., v, 4 is a base
for framed surgery. Thus there exists a spherical cobordism W ~ M U
D of the manifold M. Furthermore, the vector bundle v extends to a
vector bundle vy over W by means of vector spaces (v1, ..., vk). Finally,
there is a map (W, vyy) — (X, vx) which restricts to the map (f, b) over
(M,v), takes D isomorphically to its copy Dx in X and sends vy over
D to vx over Dx by v; — ¢;.

In general the Wall representative S’ may not be embedded. Let y(A)
denote the algebraic number of self-intersection points of S'. If g <
m/2, then u(A) is trivial. Otherwise, it is an integer when ¢ is even, and
an element in Z; when g is odd.* As in the case of framed cobordisms,
we can show that the invariant u(A) is well-defined. On the other
hand, if m > 5, then a normal surgery along A is possible if and only
if u(A) =0, as in the case y(A) = 0 we may assume by the Whitney
trick that the Wall representative S of A is embedded.

When a normal surgery along A is performed the class A is killed,
while the homotopy groups 7;(f) are preserved for i < .2

*In literature, the invariant u(A) is of-
ten defined differently, as a homotopy
obstruction O(A).

Theorem 11.3. The obstruction to the ex-
istence of a spherical surgery along S is an
element O(A) € 1y Vi (R"F=1),

Proof. As in the case of surgery on man-
ifolds, we observe that the normal bun-
dle of D in R"™** x [0,1] is trivial and
admits an essentially unique trivializa-
tion vy, .., Uy yk—g- Then, for each point
x € S, the vectors T, ..., T define an ele-
ment in Vi (R"**~9). Thus we defined
an element O(A) in 7, Vi (R™FF=1). It
can be shown that O(A) is a complete
obstruction to the existence of a spheri-
cal surgery along S. O

*Indeed, recall the following lemma
where 1 = g.

Lemma 11.4. Let W be a spherical cobor-
dism between Wy and Wy of index n+1 <
m /2, where m is the dimension of the man-
ifolds Wy and Wy. Suppose that the at-
taching sphere of the corresponding surgery
represents an element x € m,Wy. Then
miWo = miWy for i < n, while t, Wy is
a factor group of 11, Wy by a subgroup con-
taining x.
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Theorem 11.5. A normal map (f,b): (M;v) — (X;vx) of a manifold of
dimension m = 2q or m = 2q + 1 with m > 5 is normally cobordant to a
g-connected normal map.

In order to make a normal map (g + 1)-connected we need to study
intersection forms on M and X. Unfortunately, there is no nice ge-
ometric interpretation for intersection forms on homotopy groups of
a CW-complex X. For this reason, we need to pass from homotopy
groups to (co)homology. In the next section we formulate and prove
some of the properties of (co)homology groups which need to study
surgery on maps.

11.2  Products in homology and cohomology

11.2.1  Tensor products

Let A and B be abelian group. Then the tensor product A ® B is the
abelian group generated by elements a ® b where s € A and b € B
subject to the relations

(a+d)@b=axb+d @b,

a@(b+b)=a@b+axb.

We note that 2 ® b is a (complicated) name for a single element in
A ® B. Not every element in A ® B is of the form a ® b. In general, an
element in A ® B is of the form a; ® by + - - - +a, Q by,.

Frequently, the tensor product of abelian groups A ® B is defined
differently, by its universal product. Namely, we say that the ten-
sor product A ® B of abelian groups A and B is an abelian group
together with a bilinear map A x B — A ® B which satisfies the
universal property that for any abelian group C, any bilinear map
A x B — C can be uniquely written as a composition of the canon-
ical map A x B - A ® B and a homomorphism A ® B — C.

Example 11.6. Let X and Y be two CW-complexes. Then the chain
complex C.(X x Y) is canonically isomorphic to the tensor product
Ci X ® C.Y of chain complexes, i.e, Cu(X X Y) = L ;X ® Cy— Y3 It
follows that the differential on C,(X x Y) is defined by d(c ® ¢’) =
dc®c' 4 (—1)48()¢c @ dc’. Similarly, we can identify C*(X x Y) with
C*X®C*Yand 6(c®c') =dc@c 4 (—1)%8)c @ ¢’

31t is tempting (but wrong) to assume
that C,(X xY) = Y C;X x C,_;Y. For
example, suppose that X consists of just
one cell D' and Y consists of one cell
D", Then C;X = C,_;Y = Z. We note
that X x Y consists of just one cell D" =
D' x D" and therefore C,(X x Y) is
isomorphicto Z = Z ® Z, not Z x Z.
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11.2.2  Naturality of the cup and cap products

Recall that the diagonal map X — X x X of a CW-complex X can
always be approximated by a cellular map A: X — X x X which sends
each cell of degree i to cells of degrees < i. The cup product [x] U [y]
of cohomology classes in X is defined to be the class [A*(x ® y)]. It
follows that the cup product is natural in the sense that for any map
f:X =Y of CW-complexes, and any cohomology classes a,b in H*Y,
we have 4

f(aub) = ffaU f*b.

The slant product H,(X x X) ® H*X — H,_;X is defined in terms of
cochains by a ®a’ /b ~ b(a’)a. Finally, the cap product H,X ® H*X —
H, X is defined again in terms of cochains by a ® b — A.a/b. The
cap product also satisfies the naturality property that for any map
f:X — Y of CW-complexes, and any classes x € H,X and y € H*Y,
we have>

fe(xN ffy) = fixNy.

The cap and cup product are related by means of the cap-cup formula
u(xNo) = (uUo)(x)

for any u € CkX,v e C" kX and x € C, X.

Exercise 11.7. Prove the naturality properties of the cup and cap prod-
uct, as well as the cap-cup formula.®

The products on homology and cohomology groups can also be de-
fined for pairs (Y, X) of CW-complexes. We recall that the chain com-
plex Cy«(Y,X) is defined to be the factor chain complex C.Y/C.X.
Hence, we may define the diagonal map

A:C.(Y,X) = C.Y ® Co(Y, X).

To this end, we observe that every chain ¢ € C,(Y, X) is represented by
a chain b € C.Y, and therefore we may define A(c) by the projection
of A.b. The map A is well defined. Indeed, if b and V' are two different
representatives of ¢, then b’ = b+ a, where a € C.X. On the other
hand, the projection of A.a is zero. The diagonal map A allows us to
define products of pairs of spaces. The cup product

U:HY ® H*(Y, X) — H*(Y, X)
is defined by a ® b — A*(a ® b). The two cap products

N:Hy(Y, X) ® H*X — H,_(Y, X),

¢ Equivalently, there is a commutative di-
agram

H*X <f— H*Y

uf*bl ubl

H*X <f— H*Y.

5 Equivalently, there is a commutative di-
agram

H'X «1 — Hy

xml f*xﬂl

H, .X — & H,_.Y.

¢For example, to prove the naturality
property for the cap product, let us de-
note representatives of homology class x
and the cohomology class y by the same
letters. Then, by definitions of products,

Lxnfy) = fldx/fy]
= fllxa®x/fy)
= Sy )l
= YAy fex
= L fexi) fexi
= Yfxuefxly
= LAfx)/y
= fixNy.
The cap-cap product is proved similarly:
u(xNo) = u(Ax/v)
= u(}_x®xi/v)
= u() o(x)x)
= YLo(x)u(x)
= Z(u@v,xiébx,{)
= (u®uv,Ax)
(A" (u®v),x)
(uUo)(x).
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N:H, (Y, X) ® HY (Y, X) — H,_Y

are defined by a® b — A(a)/b and a® b — A'(a)/b, where A is
defined similarly to A except that the target space of A" is C, (Y, X) ®
C.Y.

11.2.3 Poincaré Duality

A Poincaré complex of formal dimension m is a CW-comples X together
with a so-called funamental class [X] in H,, X such that the cap product
map

[X]N:H*X — H,,_«X

is an isomorphism for all k. For example, every closed oriented con-
nected manifold X of dimension m is a a Poincaré complex of formal
dimension m. To define its fundamental class, choose a CW-structure
on X such that the orientation of any cell e}’ of dimension m agrees
with the orientation of X. Then the fundamental class [X] is repre-
sented by the chain ) [¢}'] where the sum ranges over all cells of di-
mension m. Similarly, a pair (Y, X) of CW-complexes with a homology
class [Y] € Hy,(Y, X) is a Poincaré pair if the two cap product homo-
morphisms
[Y]N: H*(Y, X) — H,_;Y,

[Y]N: HYY — H,,_(Y, X)

are isomorphisms for all k.

Given a cohomology class U of a Poincaré complex X, we will de-
note the Poincaré dual class [X] N U by u. There is a so-called Poincaré
pairing:

HX®@H, X —Z

which is a homomorphism that takes u ® v to the integer (U U V)[X]
which we denote by u - v. The number u - v can also be computed as
U(v).”

Maps f: X — Y of Poincare duality spaces of formal dimensions m
and n respectively define the so-called Umkehr homomorphisms in ho-
mology and cohomology groups in the “wrong" direction. Namely,
there is a well-defined homomorphism

fii H.Y — H.X

defined by taking a class v € H.Y, converting it to a cohomology class
V, pulling it back to the class U = f*V in H*X, and then converting it

7Indeed, we have u-v = (UUV)[X] =
U(X]NV) =U(v).
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back to a homology class u in H,X. Similarly, the Umkehr map
flH*X — H*Y

is defined by coverting a cohomology class U € H*X to a homology
class u, sending it to class v = f.u in H.Y, and then converting it to a
class V in H*Y.

Definition 11.8. A map f:X — Y of Poincaré complexes is of degree
one if f.[X] = [Y].

Lemma 11.9. If f: X — Y is a map of degree one, then f. o fi = id and
flof*=id.

Proof. Recall that by the naturality of the cap product, we have f. ([X] N
f*V) = [Y] N V. Since the homomorphism ([Y]N) can be inverted, we
have

(MM A(XINfV) =V,

where on the left hand side we have f' o f*V. On the other hand, since
fi([Y]NV) = [X] N f*Y, the naturality property can also be written as

ff(YINV)=[Y]nV,

which completes the proof of the Lemma. O

Similarly, for maps f: (Y, X) — (Y’, X’) of pairs of Poincaré complexes,

there are Umkehr homomorphisms®

fir Ho (Y, X)) = Ho(Y,X),  f:H*(Y,X)—= H*(Y,X).
When f.[Y] = [Y], i.e.,, when f is of degree one, we have f, o f; = id
and f'o f* =id.

11.3 Degree one maps

We recall that a map f: M — X of Poincaré complexes is of degree one
if f,[M] = [X]. We have seen that if f is a map of degree one, then
f+ has a left inverse f;. In particular, the map f. is split surjective.9
Similarly, the map f* is split injective. In particular, there are canonical
isomorphisms

H.M ~ H, X ® K:M H'M~H'X®K'M

8 The homomorphism f; is defined by
converting a homology class v to a coho-
mology class V such that v = [Y'] NV,
pulling it back to U = f*V and then
converting it to a homology class u =
[Y]NU. The homomorphism f' is de-
fined similarly by converting U to a ho-
mology class u, pushing it forward to v,
and the converting it to a cohomology
class V.

9 To see that the map f is surjective, note
that every element x € H, X is the image
under f, of the element fi(x). Indeed,

fofilx) =id(x) = x.
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where H, X and H*X are identified with the images of f; and f*, while
K.M and K*M are the subgroups ker f, and ker f'.

The groups KM and K*M will be the primary objects of our study.
These groups measure the difference between the (co)homology groups
of M and X. Note that in the study of cobordisms of framed manifolds,
the main objective is to simplify a given framed manifold M by killing
all homotopy or, equivalently, (co)homology groups of M by surgery.
In the study of cobordisms of normal maps, in order to approximate
X by M, the main objective is not to kill all (co)homology classes of M,
but to kill all classes in the canonical subgroups Ky M and K*M of the
(co)homology groups of M.

We will show that the groups K. M and K* M share many properties of
homology and cohomology groups of manifolds. For example, recall
that for a closed connected oriented manifold M of dimension m = 2q
there is a non-degenerate intersection form, called the Poincaré paring,

Hy(M; k) ® Hy(M; k) — k

where k is either Q or Z,. It turns out that when f: M — X is a
degree one map to a Poincaré complex, the subspaces K;(M;k) and
Hy(X;k) are perpendicular. Indeed, if u and fiv are two homology
classes in the two subspaces respectively, then u - fiv = 0.*° In par-
ticular, the intersection form on H, (M; k) restricts to a non-degenerate
intersection form on K;(M;k). If we now restrict the cap homomor-
phism [M]N to K*M, then we obtain a map U — [M]|NU to Ky—«M.
Indeed, suppose that U is a class in K*M = ker f'. Then the class
u = [M]NU is in the kernel of f, which implies that u € K;_.M.
Similarly, the cap product [M]N sends the subgroup H*X of H*M to
the subgroup H;;—+«X of Hy—+M."" By dimensional counting now,
the map [M]N:K*M — K;;—+M is an isomorphism, which we call
the Poincaré isomorphism.™ The Universal coefficient theorem for the
groups K*M and K, M also holds true:

K*M ~ Tor K;_1 M @ Free K M.

Theorem 11.10. Let M be a simply connected closed manifold of dimension
m=2qorm=2q+1 If f: M — X is a map of degree 1 into a simply con-
nected Poincaré complex such that KiM = 0 for i < q, then f is a homotopy
equivalence.

Proof. Suppose that K, M = 0 in degrees < g. By the Poincaré duality,
the groups K*M are trivial for * > m — g. Therefore, by the Universal
Coefficient Theorem, the groups KM are trivial for * > m —gq. It

© We have
u-(MINFV) = (£V,u)

=(V, fau) =0,
since u € ker f,.

“If U = f*V, then u = [M|NU is
AIXINV).

2In fact, we have shown that there is
a commutative diagram of Poincaré iso-
morphisms:

K*M ¢+—— H'M +— H*X

l ! !

Ky-«M ——— Hy_sM —— Hy_.X.
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follows that f is a homology isomorphism. Since M and X are simply
connected, the map f is a homotopy equivalence. O

We note that a normal cobordism of a map M — X is a normal map
of pairs f: (W, M) — (Y, X) where Y = X x [0,1]. For this reason, we
will need to extend our discussion to normal maps of pairs, which is
straightforward. For example, there are canonical isomorphisms

H.(W, M) ~ H.(Y, X) ®K.(W, M), H*(W, M) ~ H*(Y, X) & K*(W, M),

where H, (Y, X) and H*(Y, X) are identified with the images of f; and
f*, while K, (W, M) and K*(W, M) are the subgroups ker f. and ker f'.
As above, we have Poincaré duality isomorphisms

K*(W,M) = Ky_«W,  K*W =~ K, (W, M).

Next, as in the case of cobordisms of framed manifolds, we will need
to define invariants of normal maps f: the signature o(f) and the Arf
invariant Arf(f).

When m = 2q with g even, we choose the coefficient field k to be Q. In
this case, since the intersection form on Hq(M; k) is the direct sum of
the intersection forms on H,(X;k) and K,;(M;k), the signature (M)
is the sum of ¢(X) as well as the signature o(f) of the intersection
form on K;(M;k). Since 0(M) and ¢(X) are invariant with respect to
cobordisms, we deduce that o(f) is an invariant of cobordisms as well.

Suppose now that m = 2g+ 1, and the map f is g-connected. By
the Relative Hurewicz Theorem,'3 the group K;(M) is isomorphic to
my(f), and therefore the function y which we previously defined on
74(f) can be regarded as a function on K;(M;Z;). As in the case
of the framed cobordisms, p is a quadratic form associated with the
intersection form on K;(M;Z;). We define the Arf-invariant Arf(f)
to be the Arf-invariant of the quadratic form y. Again, as in the case
of framed cobordisms, we can show that Arf(f) is well-defined, and,
in fact, it can be defined for arbitrary (not necessarily g-connected)
normal maps M — X of a simply connected closed manifold M to a
simply connected Poincaré complex X.

11.4 The Browder-Novikov theorem

Theorem 11.11. (Browder-Novikov) Let f: M — X be a normal map of
degree 1 of a manifold of dimension 2q > 4 to a simply connected Poincaré

3 Relative Hurewicz Theorem: Let
(X,A) be a pair of simply connected
CW-complexes. Suppose that the groups
(X, A) are trivial for * < n. Then
the groups H. (X, A) are isomorphic to
(X, A) for * < n.
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space. If q is even, then f is normally cobordant to a homotopy equivalence if
and only if the signature of f is zero. If q is odd, then f is normally cobordant
to a homotopy equivalence if and only if the Kervaire invariant is zero.

Proof. We have seen that when g is even, signature is an invariant
of normal cobordism, and when g is odd, the Kevaire invariant does
not change under normal cobordism. Thus, the existence of a normal
cobordism of f to a homotopy equivalence implies that o(f) = 0 when
g is even and Arf (f) = 0 when g is odd.

Suppose now that g is even and ¢(f) = 0. By Theorem 11.5, we may
assume that K;M = 0 for i < g. By the Poincaré duality together
with the Universal Coefficient theorem, we deduce that K;M is a free
abelian group.™ As in the case of framed cobordisms, we deduce that
there is a class A € K;M such that p(A) = 0. Without loss of generality,
we may assume that A is a free generator of K;M. Then it is also a free
generator of Hy;M, and, as in the case of framed cobordisms, a normal
surgery along A kills the factor in K;M generated by A. After finitely
many normal surgeries along generators of K;M we get a trivial group
K;M. By Theorem 11.10, then, the map f is a homotopy equivalence.

Suppose now that g is odd and Arf(f) = 0. We may assume that
KiM = 0 for i < g, and, in particular, K;M is free. By the Hurewicz
isomorphism, we may identify KqM with on. Therefore, applying
the argument as in the case of framed cobordisms, we find finitely
many surgeries which eliminate K;M. Then f is a homotopy equiva-
lence. O

Theorem 11.12. (Browder-Novikov) Every normal map f: M — X of de-
gree 1 of a simply connected manifold of dimension 2q +1 > 5 to a simply
connected Poincaré complex is normally cobordant to a homotopy equivalence.

Proof. The argument is completely the same as in the case of the framed
surgery. By Theorem 11.5, we may assume that K;M = 0 for i < g,
and K;M is finite. When g is even, a surgery along a torsion class
A € K4M, results in creating a free class A’ which may then be can-
celled, see Lemma 6.17."> Thus when g is even, pairs of surgeries
reduce M to a manifold homotopy equivalent to X. When g is odd, we
may use series of surgeries to kill K;M ® Z, without increasing the
order of K;M. This implies that until K;M is trivial, its order of K;M
can be decreased.Therefore, again, the manifold M can be modified by
surgery to a manifold homotopy equivalent to X. O

*“Indeed, the group K;M ~ KM is
isomorphic to Free K;M @ TorK; 1M,
while the group K; 1M is trivial by as-
sumption.

> Recall that HyM ~ H; X & KyM
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The surgery long exact sequence

In this section we aim to introduce and prove the long exact sequence
for simply connected finite CW-complexes X:

s = Np(X X I) — Lyyy — S(X) — N(X) — Ly,

where L, is 0,Z;,0, Z depending on the residue class of n mod 4.

In short, for the existence of homotopy equivalence M — X we need to
assume that X is a Poincare complex, and there exists a vector bundle
¢ over X that plays the role of the normal bundle. We will see that
the spherization class of ¢ is essentially unique. The set S(X) is the
set of manifolds homotopy equivalent to M. If M € S(X) exists, then
the homotopy equivalence M — X is a normal map. The normal
cobordism group of normal maps M — X is denoted by NV (X). We
have already seen that the obstruction to surging a map M — X to a
homotopy equivalence is precisely an element in L.

Let F and X are finite CW-complexes. A homotopy F-fibration Y — X
is a map whose homotopy fiber is homotopy equivalent to F. Homo-
topy fibrations f:Y — X and f": Y’ — X are said to be equivalent if
there exists a homotopy equivalence h: Y — Y’ such that f = f'h. Let
H(F) denote the monoid of homotopy self-equivalences of F equipped
with the compact-open topology. There is a simplicial construction of
the classifying space BH(F). The space BH(F) enjoys the standard
classifying property.

Theorem 12.1 (Stashef). For every finite CW-complex X there is a bijec-
tion between [X, BH(F)] and the set of equivalence classes of homotopy F-
fibrations to X.
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We will be interested in homotopy spherical fibrations. To begin with
observe that a space S is a homotopy sphere iff it is a simply connected
homology sphere.

Theorem 12.2. Let X be a simply connected finite Poincare duality space of
dimension m embedded into R"**. Let V — X is the homotopy projection of
a tubular neighborhood to X, ie., homotopy inverse to the incusion X — V.
Then the restriction map oV — X is a homotopy S*~-fibration.

Remark 12.3. A tubular neighborhood can be defined by means of a tri-
angulation. Since X is finite we may assume that it is triangulated and
its triangulation agrees with some triangulation on R"**. A tubular
neighborhood can be defined to be the star of X in the second barycen-
tric triangulation of R"**. The space X is a deformation retract of its
tubular neighborhood and V' \ X is homotopy equivalent to V.

Proof. Let F denote the homotopy fiber of the inclusion 0V — V ~ X.
By the Poincare duality H7(V/dV) ~ Hyx_,V; in particular, there is
a class U such that NU takes the fundamental class of the former space
to the fundamental class of the latter space. It follows that UU: H1V —
H¥9(V /aV) is an isomorphism. Since X is finite, a general position
argument shows that 77;(V \ X) — 7;V is an isomorphism fori < k — 1
and onto for i =k — 1. We get

ﬂi(aV) — TEi(V\X) — 7'[,‘(V)

is an isomorphism for i < k — g and onto for i = k — 1. By the Relative
Hurevicz theorem, 7m; 1(F) = mj(V/9V) = 0 fori < k—1. Also
mtx—1(F) = Hy(V /9V) = Z since in this dimension there is no torsion
(H*1(V/aV) = 0) and H*(V /dV) = Z. Thus it remains to show that
H'F = 0 for i > k. Consider the spectral sequence for a homotopy
fibration 0V — V.



THE SURGERY LONG EXACT SEQUENCE

k—ll Z x * x
x[ 0 0 00
x| 0 000
2] 0 00O
11 0 0 00
0| Z x *x x

0123

Clearly, in E; we have that the 0 line is isomorphic to the (k —1)-st
line and the isomorphism is given by taking the cup product with U.
Chasing the spectral sequence one shows that F is a homology sphere.
Therefore the map U — U is a homotopy S7~!-fibration. O

In other words, for every finite CW-complex X we obtaina map v: X —
BGy — BG classifying the spherical fibration 0V — X, where Gy is the
space of homotopy self-equivalences of the sphere S¥~! and BG the
colimit of spaces BGy. It turns out that the map v does not depend
on choices we made in the construction and is called the normal Spi-
vak fibration. We observe now that if X is homotopy equivalent to a
manifold, then its classifying map v lifts to a a map to BO. There is a
fibration

G/0O — BO — BG.

One can show that the obstruction to the existence of a lift is an element
in [X, B(G/0)] (see Madsen-Milgram, p.40) and a fixed lift identifies
the set of lifts with [X, G/O].

Now, fix a lift X — BO. Then we have considered the group of normal
cobordisms M — X. Such a group is denoted by N(X). Let S(X)
denote the set of h-cobordant equivalences M — X. In other words, an
element in S(X) is represented by a homotopy equivalence f: M — X.
Two homotopy equivalences f, f' represente the same element in S(X)
if there exists a homotopy equivalence (F, f, f'): (W,M, M) — (X x
[0,1], X x {0}, X x {1} which is an h-cobordism. Suppose M — X
is a homotopy equivalence representing a class « € S(X); choose a
homotopy inverse g: X — M. Then g¢*v is a lift of the normal Spivak
fibration where v is the normal bundle of M. Consequently « defines
an element in A (X). In other words we have a map S(X) — N (X).
An element in NV (X) lifts to S(X) if its invariant in L, is trivial. In

139
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other words we have an exact sequence
S(X) = N(X) — L.

It turns out that this exact sequence can be extended from the left hand
side; it is called the exact sequence of surgery theory.



13

(Co)homology with twisted coefficients

In this chapter we consider a more general question. Namely, let
f:M — X be a map of a closed manifold M C R"** of dimension
m into a CW-complex X. We would like to determine under what
conditions there is a surgery on f which turns f into a homotopy
equivalence.

If X is homotopy equivalent to a manifold M’ C R"**, then the homo-
topy equivalence takes the perpendicular vector bundle T+ M’ to a vec-
tor bundle v over X, which leads us to studying normal maps f: M — X,
i.e., maps f equipped with fiberwise isomorphisms T+M — v cover-
ing f. Also, if X is homotopy equivalent to a manifold, then certain
homology and cohomology groups of X should be Poincaré dual to
each other. The homology and cohomology groups here are those
with coefficients in the group ring Z[m; X].

In this section we will introduce homology and cohomology of a CW
complex X with coefficients in Z[71X]. In section 13.1 we introduce
the group ring Z[m;X], and use it to extend the Whiney trick con-
struction to the case of spheres embedded into a non-simply connected
manifold. Next, in section 13.2 we review the definition of right and
left Z[m]-modules. In particular, we note that 77,X is a left Z[m; X]-
module. In §13.3 we define (co)homology with local coefficients in a
Z[rt]-module, and in §13.4 review various products. In particular, we
review the definition of the cap product and formulate the Poincaré
duality theorem for closed (possibly non-orientable) manifolds.

A CW-complex X is said to be a Poincaré duality complex if its homol-
ogy H.X and cohomology H* X with coefficients in Z[7] are related by
means of the Poincaré duality, see §13.5. In particular, the CW-complex
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possesses a distinguished homology class [X] called the fundamental
class. A map f:M — X is a degree one map if it takes the funda-
mental class of M to the fundamental class of X. It follows that for
a degree one map H.M is isomorphic to H,X & K, M for a Z[m; X]-
module K, M. We will see in the next chapter that when m = 2g or
m = 2q + 1, there is no obstruction in modifying f by normal surgery
into a g-connected map for which K;M = 0 when i < 4. On the
other hand, if f is (g + 1)-connected, then it is a homotopy equiva-
lence. Thus it remains to study the question under what conditions
the Z[rm; X]-module K = K;M can be eliminated by normal surgery of
f. In §13.7 we show that when m = 24, the module K;M is a finitely
generated stably free Z |71 X]-module.

13.1  The Whitney trick in non-simply connected manifolds

In the case of non-simply connected manifolds M, the role of the coef-
ficient ring is played by the group ring A = Z[m; M]; it is the ring of
finite formal linear combinations n1gy + - - - + nggx where n; € Z and
gi € m M with ring operations

Y ngg+Y meg =Y (ng+mg)g, Y neg-Y myh =Y ngmygh.
Exercise 13.1. Show that Z[m;S'] consists of Laurant polynomials
ax F ot ha g x pag Fagx agxn® - agxd,
while Z[71;RP?] is the polynomial ring Z[x] quotiened by x> — 1.

We note that without the ring multiplication, A is a free abelian group
with generators corresponding to elements in 711 M.

The group ring A appears already in the Whitney trick for non-simply
connected manifolds. Indeed, let M be a connected manifold of di-
mension m = 2q > 4 oriented at a reference point s, and Sq,S; be
two oriented spheres of dimension g immersed into M with reference
points 51 and s, respectively. Suppose that the spheres S; and S, are
threaded, i.e., each sphere S; is equipped with a path w; in M from the
reference point s of M to the reference point s; on S;. For each inter-
section point x; of S1 and S, choose a path ujj on S; from s; to x;.
Then for each intersection point x = Xj, the space TyM inherits two
orientations. One orientation of T, M comes from the orientation of
T, S1 followed by the orientation of TxS,.

*In other words, we fix an equivalence
class of bases for TsM, where two bases
are equivalent if the determinant of the
linear transformation which takes the
first basis into the second one is positive.
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For the second orientation, choose a basis {¢;(t)} of the vector space
T;M for every point ¢ on the concatenation® curve uj; * w; so that
the components of the vectors e;(t) change continuously with ¢ and
so that {e;(s)} is a positive basis of T;M. The second orientation of
TxM is defined to be that of {e;(x)}.3 If the two orientations on TyM
agree, then the intersection point x is positive and we write e(x) = 1,
otherwise x is negative and we put ¢(x) = —1. The obstruction to
canceling all intersection points of the spheres S; and S; by regular
homotopy of S; and S, is the element

A(S1,S2) = Y e(x))g(x))

in A = Z[mr;M], where g(x;) is the concatenation wy * uy; * ul_jl xwy !
of the chosen paths from s to x; through s, and then from x; to s

through s;.

Exercise 13.2. Show that A(Sq,S;) is a complete obstruction to cancel-
ing all intersection points by Whitney moves. In particular, if A(S1,S;) =
0 and 57 and S, are embedded, then there is an isotopy of S; to a sub-
manifold in M disjoint from S,. If A(S1,S;) = 0, and S; and S; are
immersed, then there is a regular homotopy of S; to an immersed sur-
face in M disjoint from S,.4

Exercise 13.3. Show that if 5] and S/, are two immersed spheres ho-
motopic to Sy and Sy, then A(S1,Sy) = A(S],55).5

A similar argument works for self-intersections. Indeed, let S be a
sphere of dimension g immersed into a manifold M of dimension m =
2g. Again, choose a basepointe p in M and s in S, an orientation
of TyM, a path w from p to s, and for each self-intersection point x;
two paths uy; and uy; from s to x; in S so that u1; and uy; approch
x; along different intersecting sheets. Finally, define ;(S) to be the
linear combination Y e(x;)g(x;) in A, where g(x;) is the concatenation

W * Upj * u;jl

w1 and e(x;) is the orientation of the self-intersection
point x;. If 11(S) = 0, then all self-intersection points can be eliminated
by regular homotopy of S. If u(S) # 0, then it might be possible to

change the order of uy; and uy; so that the invariant is zero.

Exercise 13.4. Show that interchanging u; with uy; replaces g with
¢!, and e with (—1)7w(x;)e, where w(x;) = w(g(x;)) is 1 if the orien-
tation of M along ¢ = ¢(x;) is preserved and w(x;) = —1 otherwise. In
other words, eg is replaced with (—1)7¢g, where ¢ stands for w(g)g~!.°
To make p independent from the choices of orderings of u3; and uy;,
we need to put g = g if g is even, and ¢ = —g if g is odd. In other

* We follow the convention which is used
in the definition of the group operation
in 71;M. Recall that the group opera-
tion in 711 M is defined by concatenation.
Namely in terms of representatives the
product of two loops 1 and 1, is an ap-
propriately reparametrized loop 1 * 72
which is the path that first follows 7;
and then follows 7;. Thus, the curve
w1 * u1; denotes the path which first fol-
lows wy and then uy;.

3If the manifold M is oriented, then we
may use the orientation on M to define
the second orientation on Ty M.

+Hint for Exercise 13.2 If A(S1,5;) =
0, then each e(x;)g(x;) appears in pair
with e(x;)g(x;) where g(x;) = g(x;) and
€(x;) = —€(x;). The points x; and x; can
be canceled by the Whitney trick along
a disc D providing a null-homotopy of
Uy; * uZ’il * Upj * ul’jl; note that a neigb-
horhood of the disc D in M is oriented
and simply connected, and therefore we
may refer to the Whitney trick that we
discussed in the simply connected case.

5Hint for Exercise 13.3: Choose a ho-
motopy S of S; to S} and a homotopy
S’ of Sy to S5 in M x [0,1]. We may
assume that S and S’ intersect transver-
sally along a submanfold X of M x [0, 1]
of dimension 1. The endpoints of the
submanifold ¥ establish an equivalence
between A(S1, ;) and A(S],S5).

®Hint for Exercise 13.4 Note that if
e1, -, €q is the orientation at X; of the
sheet of S containing uyj and fi,..., f; is
the orientation at x; of the sheet of S con-
taining uy;, then interchanging uy; with
up;j leads to a replacement of bases:

(81,...,€q,f],...,fq) — (f],...,fq,e],...,Eq).

This is an orientation preserving change
of basis if g is even, and orientation re-
versing otherwise.
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words, consider the quotient group A, = A/(g—(—1)7g|g € A). Then
i is a well-defined element in A,.

Exercise 13.5. The immersed sphere S is regularly homotopic to an
embedding if and only if 3#(S) = 0in A,.

13.2  Right and left Modules

A left action of a group 7 on a set C is a function 7 x C — C which
associates with a pair (g,c) an element denoted by g(c). We also say
that the element g takes c to g(c). A left action is required to satisfy
two axioms. First, the identity element 1 in 7t acts trivially, i.e., 1(c) = ¢
for every element in C, and, second, the element gh takes any point ¢
to the same point as the element g takes h(c), i.e., g(h(c)) = (gh)(c).
Similarly, a right action of a group 7t on a set C is a function C x w — C
denoted by (c, g) — (c)g that satisfies the properties that (¢)1 = c and
((c)g)h = (c)(gh), for all elements ¢ € C and g, h € 7. Note that under
the right action the element gh takes c to the same point as the element
h takes (c)g, i.e., the order of actions of ¢ and & under the right action
is different from that under the left action.

When C is an abelian group, we also require that the left action ¢ —
g(c) (respectively, the right action ¢ — (c)g) of each element ¢ on C
is a homomorphism. In particular, a left action of a group 7 on an
abelian group C is a homomorphism 77 — Aut(C).

For example, for a pointed topological space X, there is a left action
of the fundamental group © = 71X on the higher homotopy groups
X for n > 1. Indeed, the homotopy group 77, X can be interpreted
as the group of homotopy classes of threaded spheres (f, ), i.e., pairs
of continuous maps f:5" — X together with a path  in X from the
base point of X to the image of the south pole of the sphere 5.7 When
there are two threaded maps (f, ) and (f/,7/), their sum is the con-
nected sum of the maps f and f along the path y % 7/. Note that the
cylinder of the connected sum passes through a small neighborhood
U of the distinguished point x. We choose the distinguished point on
the connected sum to be near x and choose an arbitrary thread which
entirely lies in U.

The interpretation of homotopy groups 7, X with n > 1 in terms of
threaded spheres may be quite helpful. For example, if 71X is triv-
ial, it follows immediately that all threads can be disregarded since

7 To related this definition of 77, X to the
standard one, let s and x denote the dis-
tinguished points of S” and X respec-
tively. We note that there is a unique up
to homotopy way to modify f in a neigh-
borhood U of s in such a way that f(U)
stretches along the thread v, and s maps
to x.
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threads are defined up to homotopy and in a simply connected space
all choices of threads are equivalent. It is also easy to define a left
action of 7t = 711X on 71, X in terms of threaded spheres. Indeed, put

g(f,7)=(f,g*7)

In other words, an element g acts on a threaded sphere (f, ) by chang-
ing its thread to the path which first traverses g and then follows 1.
We will need actually to convert the left action of 7t on 71, X into a right
action:

(f,)g=(f.8 ).

A left Z[rr]-module is an abelian group C together with a homomor-
phism 7 — Aut(C). The action of the group ring Z|[7t| on the abelian
group C is defined by (Y ngg)c — Yngeg(c). A right Z[rr]-module C is
defined similarly. It is an abelian group with a right action of 7.

For example, when 7t is the fundamental group of a manifold M, the
abelian group A.® is a right module over A = Z[r]. Under this action
an element 1 € 7 sends a point 7 € A, to the point w(h)h~1 x v x
h, where w(h) = +1 when & is an orientation preserving loop and
w(h) = —1 otherwise.9

13.3 Homology and cohomology with twisted coefficients

Let X be a pointed path-connected CW-complex with fundamental
group X = 7. The distinguished point of X will be denoted by
*. There is a cellular chain complex C. X, as well as a threaded cellu-
lar chain complex C.(X). In the threaded cellular chain complex the
group C,(X) is a free abelian group generated by threaded n-cells in
X, where a threaded cell is a cell together with a choice of a homotopy
class of a path from the distinguished point * of X to any point of the
cell. We note that the terminal point of the path is not essential since
any two points in a cell can be joined by an essentially unique path in
the (contractible) cell. In particular, the boundary of a threaded n-cell
is a linear combination of threaded (n — 1)-cells.

The threaded cellular chain complex C.(X) can be identified with the
cellular chain complex of the universal covering X of X; thus, the nota-
tion. Indeed, recall that the universal covering space X of X consists of
pairs (x,7) where x is a point in X and v is a homotopy class of paths
from the distinguished point * to x. In particular, every threaded cell

8 Recall that

Ae = A/ (g = (=1)13lg € A).

9 To show that the action is well-defined,
note that

(r=(=1)17)g
= w(g)[0 - (=1)73]
where § = g7 %y x g. In other words

the action (7)h = hi %y x h on A defines
an action on the factor group A..
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in X corresponds to a unique cell in X. Similarly, the boundary homo-
moprhism in the threaded cellular chain complex of X corresponds to
the boundary homomorphism in the cellular chain complex of X.

Out next observation is that the chain complex C,(X) is a right Z[7x]-
module. To describe the corresponding action of 7= on C,(X), let D"
be a cell in X threaded by means of a path <, and g an element of 7.
Then (D", y)g = (D",g~ " 0 9).1° Since C,(X) is a right Z[rr]-module,
for any left Z[rr]-module A, there is a well-defined chain complex
C.(X) @z A of abelian groups. Its homology group is called the
homology group of X with local coefficients in A, and it is denoted by
H.(X; A).

Example 13.6. Suppose that the module A is the abelian group Z with
a trivial action by 7. Then the chain complex C,(X; A) is isomorphic
to the chain complex C.X. On the other hand, if the module A is a
free Z[r] on one generator, then

C*(X; A) = C*(X) ®Z[7‘r] Z[Tl’] =Gy (X)/

and therefore the chain complex C,(X; A) is isomorphic to the chain
complex Cy(X).

Next, we will define the cohomology group of X with local coefficients
in a left Z[m]-module A. To begin with, we observe that the abelian
groups C.(X) have canonical structures of left Z[7]-modules, namely,
with the action ¢(D",v) = (D",g¢* ). Since each C;(X) is a left
Z[rt]-module, there are well defined abelian groups C*(X; A) of ho-
momorphisms Homgy/(C- (X), A) of left Z[rr]-modules. An element
in C*(X, A) is a function that assigns with each threaded cell (D", )
an element 2 in the abelian group A in a way compatible with the left
action by 7. Namely, the function assigns to (D", g * ) the number
g(a). The coboundary homomorphism 6,: C"(X; A) — C"1(X, A)
is defined by the standard formula (J,f,x) = (f,d,+1x). It follows
that the abelian groups C*(X; A) together with the coboundary homo-
morphisms form a cochain complex. The corresponding cohomology
groups are called the cohomology groups of X with local coefficients in A.

Example 13.7. If A is the abelian group Z with a trivial action by
7T, then C*(X, A) is isomorphic to the cochain complex C*(X). If A =
Z[rt], and X is a finite CW-complex, then H*(X; Z[r]) is isomorphic to
compactly supported cohomology group HX(X). To simplify notation,
we will write H*(X) for H¥(X; Z[n]).

" Recall that g~! o 7y is the path which
first traverses ¢! and then follows 1.
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13.4 Products in (co)homology with twisted coefficients

We have seen that the free abelian group C.(X) of threaded cellular
chains is a left Z[rr]-module, where 7 = m; X and an element g € 7
acts on C,(X) by taking a cell D" threaded by < to the same cell D"
threaded by g * . The abelian group C*(X) ® C*(X) is also a left
Z[rt]-module with the action defined by g(x ® y) = (gx ® gy) for any
generator x ® y of the tensor product of groups, and any element g in
the fundamental group 7.

Suppose now that the CW complex X is a manifold M with funda-
mental group myM = 7. Let Z,, denote the right Z[rr]-module which
consists of the abelian group Z as well as the left action by 7r given by
n-g = n if g is orientation preserving and #n - ¢ = —n otherwise. The
Z[rt]-module Z,, is called the orientation sheaf over the manifold M.
For a general CW-complex X with a homomorphism w:m — Aut(Z),
the right Z[r]-module Z,, is defined to be the abelian group Z with
the action of 7t on Z given by w, i.e., with the action n - ¢ = w(g)n.

An element in the abelian group Z, @z CnX is a linear combination
with integral coefficients of elements of the form 1 ® x, where x is a
cell D" threaded by a homotopy class  of paths subject to the iden-
tifications 1 ® gx = w(g)1 ® x. We can similarly interpret generators
of the abelian group Zy ®z(; C+X ® C.X as triples 1 ® x ® y with
identifications 1 ® gx ® gy = tw(g)1 ® x ® y.

The diagonal map X — X x X is not cellular in general, but it can
be modified by a homotopy to a cellular map A. In induces a ho-
momorphism of abelian groups C.X — C,X ® C.X, and takes any
generator x to a Z-linear combination }_x’ ® x”. In fact, it is a map of
left Z[rr]-modules as it takes gx to }_ gx’ ® gx”/, and therefore it defines
a homomorphism of abelian groups

ANe:Z ®Z[7T] C*X — Zy ®Z[7ﬂ (C*X [ C*X)

Recall that C, X also has a structure of a right-Z[7] module. There is
an isomorphism of abelian groups

which takes 1 ® x ® y to x ® y.** Thus, the homomorphism A, takes
an element 1 ® x to }_x! ® x/ where x/ is an element in the left Z[r]-
module C, X, while x/ is an element in the right Z[7]-module C.X.

We are now in position to define the cap product. Namely, let x be an
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" To show that the homomorphism is
well-defined, let ¢ be an element in 7
preserving the orientation, ie., w(g) =

+1. Then

1®(gx®gy) — gx® gy

= xg‘1 gy =xRYy.
Similarly, if g is an element in 7t revers-
ing the orientation, then

-1®(gx®gy) = —gx gy

xg legy=x0y.
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element in Cy(X; Zw) = Cn(X) ®7[z) Zew- Then there is a a map
xM: CIX — Cm,if(

defined by y — Y_y(x})x]."> Here we use the involution map on Z[rx]
defined by Y- n,g — Y ngw(g)g !
tion preserving and w(g) = —1 otherwise. The map xN in (co)chains

, where w(g) = 1 when g is orienta-

depends on the choice of the cellular diagonal map A. However, when
x is a homology class, in (co)homology the cap product is a well-
defined homomorphism

xN:H'X — H,_;X.

It turns out that if M is a closed connected manifold of dimension m,
then H,,(M;Z,) is isomorphic to Z. Let [X] be a generator of this
group. We will use the following theorem without proof.*3

Theorem 13.8 (The Poincare duality). There is a Z[rt|-isomorphism

[X]N:H'M — H,,_;M.

We note that for every finitely generated free Z[7]-module A = Z[r1]
-+ @ Z[r] we have H;(M; A) = HiM & - - - ® H;M. A similar equality
is true for cohomology groups. Thus, there is a Poincare duality iso-
morphism H'(M; A) ~
Z[m]-module A.

H,,_i(M; A) for every finitely generated free

Corollary 13.9. Suppose that for every projective Z[rt]-module P the homol-
ogy groups H;(M; P) are trivial for i < q. Then the groups H"~(M; P) are
trivial for i < q.

Proof. Indeed, since P is projective, it is a summand of a free Z[rm]-
module P & Q, while H"~/(M; P) is a summand of the trivial group

H"™(M;P) & H" ' (M; Q) = H" " (M; P& Q) = H{(M; P& Q) =0,

since the group H;(M;P & Q) is the direct sum of the trivial groups
H;(M; P) and H;(M; Q). O

13.5 Poincaré complexes

Let X be a finite CW-complex, equipped with a homomorphism w: T —

Aut(Z) on its fundamental group 7t. The homomorphism w defines

2If Y w(g)xig™! ® g(x)x! is another
representative of A, (x), then the result-
ing chain is

Y w(g)y(xjg1)gx; *Zw
_Zw
=Y w(g)w(g)g™ y(xz)gx
_Zy 1

3 Another version of the Poincaré dual-
ity theorem asserts that the homomor-
phisms

[X]ﬂ: Hi(M;Zw) — HyiM,
[X]N:H'M — H,,_;(M; Z,)

are isomorphisms.
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an action of the group ring Z[7r] on Z by g(n) = nw(g), and therefore
turns the abelian group Z into a Z[rr]-module, which we denote by
Z,. In practice, we will consider a CW-complex X with a vector bun-
dle vx. The homomorphism w is the orientation sheaf associated with
vx. Namely, w(g) is the identity homomorphism when g is a homo-
topy class of orientation preserving loops, while w(g) is given by the
multiplication by —1 when g is an orientation reversing class.

We say that X is a (finite) Poincaré complex of dimension m if there is
a class [X] € Hy(X;Z) such that the homomorphisms [X]N: H'X —
H,,_;X are isomorphisms for all i. We note that the homomorphism
w = wy as well as the homology class [X] are parts of the Poincaré
complex structure on X.

Let f: M — X be a map of Poincaré complexes. It defines a homomor-
phism f*wx: myM — Aut(Z) by taking the homotopy class 7y of a loop
to wx (f«7y). If f*wx = wy, then the map f defines homomorphisms of
(co)homology with coefficients in Z,, and Z,, . We say that the map
f is of degree one, if f.[M] = [X].

Given a normal map f of degree 1 of a connected closed manifold
M of dimension m > 5 into a Poincare complex X, we aim to deter-
mine under what conditions the map f is cobordant to a homotopy
equivalence. Suppose that the map f induces an isomorphism of fun-
damental groups of M and X.™# Furthermore, since f is of degree 1, by
definition, it pulls the twisted coefficients Z,, back to Z,,. We will
write Z,, for both. Then the map f not only defines homomorphisms

fo: HiM — H.X, f*:H*X — H*M,
but also homomorphism
f''H*M — H*'X,  fi:H.X — H.M,

where for example f' is defined by first converting a cohomology class
U to a homology class u = [M] N U, then pushing it to a class v =
f«u, and finally converting it back to a cohomology class V such that
[X] NV = v. It follows that f, o fy = id and f' o f* = id, when f is of
degree 1, see Lemma 11.9. In particular,

H.M = H. X ® K. M, H*M = H*X ® K*M,

where K. M is ker f,, and K*M = ker f !, Furthermore, in view of
Poincaré dualities on M and X, we deduce the existence of Poincaré
duality isomorphisms: [M]N: KM — K,,_;M. Similarly, for a normal
map of pairs (W,M) — (Y,X), of degree 1 there are well-defined
groups K, (W, M) and K*(W, M).

“In fact, by Theorem 14.1 below, we
may assume that the map f: M — Xis g-
connected, where m = 2q or m = 29+ 1.
In particular, we may assume that f in-
duces an isomorphism of fundamental
groups of M and X.
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13.6 Homological algebra

Let (C, d) be a chain complex of finitely generated projective A-modules
such that the modules C; are trivial for i # m,m +1,...,n, i.e., it is of
the form

d dp_ d d
O—>Cn—">Cn_1 n—1 m+2 Cm+1 m+1 Cm—>0

We say that the chain complex (C,d) is split exact if each module C; is
isomorphic to a direct sum B; @ B;_; of modules such that d; is trivial
on B; and takes B;_; by identity to the factor B;_1 in C;_;. In this case
B;_1 is the module of boundaries d;(B;_1) in C;_1.

Lemma 13.10. Suppose that the homology groups of (C,d) are trivial. Then
(C,d) is split exact.

Proof. Since B;, = C;y, is projective, there is a homomorphism Iy, : B;, —
Cpy1 left inverse to dy, 41, i.e., a homomorphism such that d,;, ;1 o I'y, =
id. Therefore, the projective module C,, 1 is the direct sum of projec-
tive modules B, 1 & By, where the summands B,,1 and By, are iden-
tified with the images of d,,1» and I'y, respectively. Furthermore, there
is an exact sequence of projective modules
dn dﬂ* d”‘l dm
0= Cy 5 Cpq - 225 Cpip 2 Biq — 0.

Therefore the argument can be repeated, and Lemma 13.10 follows by
induction. O

Remark 13.11. Note that the conclusion of Lemma 13.10 still holds even
if the module C, is not assumed to be projective. In fact, in this case
Lemma 13.10 implies that C,, = B,_; is projective.

Lemma 13.12. Suppose that for all choices of coefficients, the cohomology
groups of (C,d) are trivial. Then (C,d) is split exact.

Proof. Choosing the coefficient module to be C,;, we deduce that the
sequence

d*
0 +— Homy (Cy, Cy) < Homy (Cp_1,Cp) — -

is exact. In particular, there is a homomorphism f:C,_; — C, such
that 45 (f) = id, i.e., f od, = id. Therefore, C;,_1 =~ B,_1 ® B,_», and
there is an exact sequence 0 — B,,_» — C,_2 — C,_3 — - --. Thus, the
argument can be iterated, and Lemma 13.12 follows by induction. O
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Theorem 13.13. Suppose that H;C = 0 for i < q, and for all choices of
projective coefficients HIC = 0 for j > q. Then H,C is a finitely generated
stably free A-module, and H1C = (H,C)*.

Proof. By Remark 13.11, the module Z, 1 = B, 1 is projective. There-
fore the exact sequence 0 — Kerd; — C; — Imd; — 0 where Kerd, =
Zy and Imdy; = B 1 is split exact. Therefore, C; = Z; ® Z; 1. By
the argument in the proof of Lemma 13.12, we deduce that there is a
sequence

d
0— By —>Cq—Coq — -

whose cohomology groups are trivial for all choices of coefficients.
Consequently, by the same argument, the group C; is a direct sum of
B; and some module B;—. It follows that C; = B; & Hy & Z; 1.7 If we
remove H; from C; in the chain complex C, then we obtain an exact
sequence

=2 G2 =2 G 2 Bg®Zg 1 > Cp1 = G — -
By Lemma 13.10, this sequence is split exact. In particular, we have

Bq @ qul @ @ Cq—l—ev = @erodd
ev#0

where ev and odd range over all even and odd integers respectively. By
adding H, to both sides, we obtain

D Cyteo = Hy © P Corrouas
ev#0

which implies that Hy is a finitely generated stably free A-module.

Finally, let us show that H1C = (H,C)*. We have seen that C is split
exact at all terms except at C;:

—)Bq+1@Bq—>Bq@Hq@Bq,1—)qul@Bq_zﬁ'“

The same is true for the complex Hom(C, Z[rt]); hence the claim. [J

13.7  The kernels K;M and KTM

We will see that every normal map f: M — X of degree 1 can be
turned by surgery into a g-connected map. We will next formulate this
fact in terms of kernels K;M. We say that a module is stably free if its

direct sum with some free module is free.1®

Indeed, let f: C; — By be a left inverse
of d;, i.e., a homomorphism such that
fodg = id. Since the image of d; is in Zg,
we have f|z, ody = id, where f|z,: Z; —
By is the restriction of f. In other words,
B, is a direct summand of Z;, which im-
plies that Z; = B; © H;. To summarize,
C=2Z,®Z; 1 =B ®H;®Zy 1.

1 The following is Lemma 2.3 in Wall.
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Theorem 13.14. Let f: M — X be a g-connected degree one map from a
closed connected manifold of dimension m to a finite Poincaré complex for
g > 2. If m = 2q, then the kernels K;M are trivial for i # q, and KM =
1t541(f) is a finitely generated stably free Z[rt]-module. If m = 2q + 1, then
the kernels K;M are trivial for i # q,q+ 1, and KgM = 7151 (f).

Proof. We may assume that the map f is an embedding of a CW-
complex into a CW-complex. Let X — X be a universal covering.
Since g > 2, it restricts to a universal covering M — M over M. The
inclusion M — X is still a g-connected map.'7 Consequently, the ker-
nel K;M = H;,1(X, M) is trivial for i < g, and

KgM = Hq+1()~(r M) ~ nq+1(}~(' M) ~ T+1(X, M) = 1441 (f).

by the Relative Hurewicz Theorem. Let now C denote the chain com-
plex of Z[rr]-modules of the pair (X, M). Its homology H;(C) = K;M

are trivial for i < g. Therefore the chain complex C is of the form?8

—Cq1 > Zg®B;1 =B 1®Bj2—= B3 2®Bg3— -+

Consequently, the homology groups H;(C; P) are trivial for i < g and
any coefficient Z[rr]-module P. By the Poincaré duality, H"~(C; P)
is trivial for any projective Z[rr]-module P.*9 If m = 2q, then m — i
ranges over all j > g as i ranges over integers < g. Therefore, by The-
orem 13.13, the module K;M is a finitely generated stably free Z[r]-
module. If m = 2q, we deduce that K;M may be non-trivial only for
i=gandi=g+1 O

Thus, every normal map f: M — K of degree 1 is cobordant to a map
with trivial kernels K;M = 0 for i < g —1.>° On the other hand, the
map f is a homotopy equivalence if and only if it is (g + 1)-connected,
or, equivalently K; = 0 for i < g. Thus, we need to study when the
Z|r]-module K = K;M can be eliminated by surgery.

7Indeed, we have m;M ~ mM and

X~ mX fori> 1.

®The splitting is constructed in the
proof of Lemma 13.10 except for the
splitting of C,;. To split C; we note that
in

0 — Kerd; =+ Cj — Imdy — 0

the module Kerd, is the module Z; of
cycles, while Im dq is the module Bq,l of
boundaries. This sequence splits since
B;-1 is projective; it is a summand of a
free module C; = B; 1 ® Bj—».

1 Ind_eed, if P® Q is free, then
H™~(C; P) is a direct summand of the
zero module

Hm—i(c;p) @Hm’i(C;Q) =H;(C;P2Q).

> Without loss of generality we may as-
sume that f is an inclusion. Then a map
f is g-connected if all groups 7;(X, M)
are trivial for i < q. On the other hand,
for i > 1, we have K; = 7;(X, M).
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Surgery on non-simply connected manifolds

14.1  Surgery below the middle range

Let M C R™* be a manifold of dimension m, and X a finite CW-
complex equipped with a vector bundle v. We say that f: M — X isa
normal map if it is covered by a fiberwise isomorphism f: T*M — v. In
other words, for each point x € M, there is a chosen isomorphism of
the perpendicular space Ty M and the space Vf(x), and, furthermore,
the chosen isomorphisms change continuously as x changes in M.

Without loss of generality we may assume that M has a chosen CW-
structure, and the map f is an embedding. In fact, we may replace
the CW-complex X with the mapping cylinder of f, and therefore we
may assume that the CW-complex X is obtained from M X [0,¢] by
attaching finitely many cells.

A normal cobordism of normal maps fi: M; — X, withi = 0,1, is a
cobordism W C R"*+k x [0,1] of the manifolds My and M; together
with a normal map W — X extending the normal map f.

Theorem 14.1. Every normal map f: M — X of a closed connected man-
ifold of dimension m > 2q to a connected CW-complex is cobordant to a
g-connected normal map.

Proof. We may assume that f is an embedding. Then the CW-complex
X is obtained from the manifold M by attaching finitely many cells.
Without loss we may assume that the cells of dimension > g are at-
tached after all cells of dimension < g are attached. Let k be the num-

Figure 14.1: Dennis Sullivan (1941-)

Figure 14.2: Charles Terence Clegg Wall
(1936-)
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ber of cells in X \ M of dimension < 4.

Let X; denote the CW-complex obtained from M x [0, €] by attaching
the first s cells so that X, coincides with Wy = M x [0,¢]. The first
cell D' is attached along an attaching sphere of dimension < g — 1 to
the manifold M x {¢} of dimension > 24, and therefore, the attached
cell can be thickened to a handle D' x D/ where j = m —i+ 1. The
thickening of the cell turns X; into a cobordism W; from M to M;,
while the compression D' x D/ — D' defines a deformation retraction
W; — Xj. The second cell X, \ X; is attached along an attaching
sphere in X; C W;. We may modify it by homotopy to obtain an
attaching sphere in M; C dWj, and then thicken the second cell to a
handle, and turn X, into a cobordism W, between M and M>.

Continuing by induction, we construct a sequence of manifolds W;
with i < k together with deformation retractions W; ~ X; such that
each W; fori > 1is obtained from W;_; by attaching a single handle. In
particular, the composition of the homotopy equivalence W; — X; with
the inclusion X; C X is a normal cobordism of f to a map f;: M; — X.

Since the space X is obtained from X} by attaching cells of dimension
> g, the map Wy, = Xj — X is g-connected.> On the other hand,
the cobordism W is obtained from Mj by attaching handles of high
indices m — i + 1 where i < g. Therefore the relative homotopy groups
71;(Wg, My) are trivial for j < m — g, which means that the inclusion
Mj — W is also a g-connected map as m — g > ¢. As a composition
of g-connected maps, the map My — Wy — X is also g-connected. [

14.2  Surgery on maps of manifolds of even dimension

14.2.1  Wall representatives

Let f: M — X be a normal map of a manifold M C R"*¥ of dimension
m > 5 into a Poincaré complex X of dimension m, with a fiberwise iso-
morphism T-M — v covering the map f. Suppose that f is of degree
1. Then f is normally cobordant to a g-connected map where m = 24
or m = 2q + 1. By an appropriate version of the Poincare duality, the
map f is a homotopy equivalence if and only if it is 4 + 1 connected,
ie, K = myy1(X, M) is zero. An element in K is represented by a
threaded immersion i: S7 — M together with an extension of f oito a
map D7t — X3 In fact, by the Whitney trick we may assume that the

*We have seen before that the normal
bundle of such a sphere in M is necessar-
ily trivial. Indeed, the normal bundle of
an embedded sphere S C M of dimen-
sion i — 1 in R™** consists of the sum
of the perpendicular bundle T*M over
S and the perpendicular bundle vs of S
in M. Since the vector bundle T*M ~ v
over S extends over D/, it is trivial, i.e., it
can be identified with ¢¥. Thus we have

Sm+kﬂ'+1 =vg 69£k
which implies that vg is trivial when the

dimension of vs is strictly greater than
the dimension of S.

> There is a long exact sequence of homo-
topy groups

Xy = X — 0 = w1 X

since 71;(X, Xy) = 0 fori < g.

3 We recall that a threaded map S — M
is a map together with a curve w from
the basepoint of M to the image of the
basepoint of 59.
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threaded immersion i is a threaded embedding. We note then that near
the embedded sphere S’ = i(S), the manifold M is framed. Indeed,
since the disc D971 is contractible, the pull back of v over D7*! has a
unique up to homotopy frame. In view of the fiberwise isomorphism
TLM = v over S, the frame over dD7"! = S’ defines a distinguished
frame 7y, ..., Ty of M over S’ which can be extended to a neighborhood
of §.

We will next define a Wall representative of the homotopy class i. In
fact, the construction of a Wall representative is the same as in the
case of a framed manifold M except that in general the manifold M
is framed only near the sphere S’. Such a frame is sufficient as the
construction of the Wall representative takes place in a neighborhood
of §.

We will briefly review the construction.

The sphere S’ bounds a unique up to isotopy disc D’ in R"+k x [0,1]
where the space R"*¥ containing the manifold M > S’ is identified
with the horizontal slice R"** x {0}. Since the disc D’ is contractible,
there is a unique up to isotopy orthonormal frame v = {v;} over D’.
By the Multicompression Theorem there is an ambient isotopy F which
slightly perturbs S’ in R"** and brings the vector fields vy, ..., v) to
the vector fields Tj,..., 7x over S’. The ambient isotopy F extends to
an ambient isotopy of R"*¥ x [0,1] and modifies D’ together with its
frame appropriately. The sphere S’ may not be in M anymore, but it
is still in a tubular neighborhood of M. Therefore it can be projected
by a regular homotopy to a sphere S C M. The regular homotopy of
S’ extends to a regular homotopy of D’ and its frame, and results in a
framed disc D in R"** x [0,1] bounding S.

We note that S is a threaded sphere, representing the homotopy class
[i]. 1t is equipped with a frame v1 = T1,..., 0k = Tk, Vgp1, -+ Up—gsk N
R” K which extends to a frame {v;} over D in R"*k x [0,1]. We say
that S is a Wall representative of the homotopy class [i]. Furthermore,
we say that a representative (g,§) of x € K is a Wall representative
if ¢(S) is a Wall representative. Similarly, we say that (g,§) is an
embedded Wall representative if it is a Wall representative and g is an
embedding.

Theorem 14.2. Suppose that m > 2q and m > 5. Let x be an element in K.
If x admits an embedded Wall representative, then any embedded representa-
tive S of x is a Wall representative.

155
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Proof. The proof is similar to the proof of Theorem 5.6. Namely, choose
an embedded Wall representative Sy of x in M. Since Sy and S are
homotopic, by the Whitney strong immersion theorem there is an im-
mersion ¢: 57 x [0,1] — M to the cylinder M = M X [0,1] such that
over S7 x {t} the immersion g agrees with the inclusion of Sy and S
when t € [0,¢] and t € [1 — ¢, 1] respectively. The image of g is an
immersed cylinder S. In R"** x [0,1] x R there is an immersed disc
D = D! x [0,1] such that D7+ x {1} is the core Dy of a framed
surgery along the Wall representative Sy, the disc D7*! x {1} is an
embedded disc in R"** x {1} x R, and 9D9*! x [0,1] = S, see Fig-
ure 14.3.

As in the construction of the Wall representative, there is a perpen-
dicular frame 7y, ..., x of M over S,. Since $7 x {0} is a deformation
retract of $7 x [0,1], the frame Ty, ..., Tx can be extended over the im-
mersion g. In other words, there is a function which associates with
each u € S7 x [0,1] a frame of T M at the point g(u).4

The core D, of the surgery is equipped with perpendicular vector
fields vy, ..., v 4k Over D such that the vector fields v; coincide with
T7; for i < k over Sy. As above, we may extend the vector fields v;|Sx
along the immersion g in such a way that v; = 7; for i < k. Next, since
S U D, is a deformation retract of D, we may extend the vector fields
v; over D. It remains to observe that the disc D7*! x {1} together with
vector fields v; over it is a base of framed surgery along S. O

14.2.2  The intersection pairing A and self-intersection form p

Let f: M — X be a g-connected normal map of degree one of a man-
ifold of dimension m = 2. We may assume that that f is an inclu-
sion, in which case the group K = K;M can be identified with the
group 77,,1(X, M). In particular its elements are represented by pairs
x = (g,§) of immersions g:S7 — M and extensions §: D7*! — X of g.
We define the intersection pairing

AKX K— A

by A(x,y) = A(g(S7),h(S7)) where x = (g,¢) and y = (h,}) any two
elements in K. We note that by Exercise 13.3, the intersection pairing
A is well-defined.

Exercise 14.3. Show that A is non-degenerate, i.e., its adjoint map K —
K* is an isomorphism.

4+ We note that since g is an immersion,
there may exist points u and v in §7 x
[0,1] such that g(u) = g(v). In this case,
there are two possibly different frames
at g(u) = g(v) corresponding to u and
v. For this reason, the frame T, ..., T is
a frame not over S, but a frame along an
immersion.

M x [0,1]

Figure 14.3: The immersed disc S in M
as well as the disc D.
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Next, let us define the invariant p. Recall that on the group ring
A = Z[r], where m = mM, there is an involution ¢ + ¢ which
takes g to w(g)g~!, where w(g) = 1 if g is orientation preserving
and w(g) = —1 otherwise. Let A, denote the quotient group of A by
(¢ —(—1)7g|g € A). For an immersion S & M of a sphere we have
defined the algebraic number (S) of intersection points with coeffi-
cients in A¢. The invariant y: K — A, associates with an element [i]
the algebraic number ;(S) of intersection points with coefficients in
A¢ of the Wall representative S of i.

As in the case of framed manifolds, we deduce that the invariant y is
well-defined, and p(x) = 0 for x € K if and only if there is a surgery
along a representative of x. Furthermore, if j(x) = 0, then any embed-
ded representative of x is a Wall representative provided that m > 2g
and m > 5 by Theorem 14.2.

To begin with let us recall that an element in K = 71,,1(X, M) is repre-
sented by a threaded immersion i: S — M together with an extension
i: D7t — X. Explicitly, the addition of elements (i,7) and (i,7') can
be described as follows. The concatenation w’ * w~! obtained from
threads w and w’ of the threaded immersions i and i’ respectively is a
path from the distinguished point i(S7) of the first immersed sphere to
the distinguished point i'(S7) of the second immersed sphere. Take a
connected sum of the two immersed spheres along the path w’ * w™!,
and choose a short thread for the newly obtained immersed sphere;
note that a connected sum is obtained by attaching to the two im-
mersed spheres a cylinder passing near the distinguished point of M,
and therefore there is a short path from the distinguished point of M
to a point on the cylinder. The new threaded sphere is bounded in
X by the boundary connected sum of the discs /(D7) and 7/(D7+1)

where the connected sum is taken along w’ * w~!.

There is also an action of A on K; if S is an immersed sphere equipped
with a curve w from the basepoint of M to the basepoint of S and g a
curve representing an element in 711 M, then Sg is the same immersed
sphere but equipped with the curve ¢~! * w. By Lemma ?? the mod-
ule K is a finitely generated stably free A-module. There is also an
involution A — A defined by ¢ — w(g)g~! where w(g) = 1if g is
orientation preserving, and w(g) = —1 otherwise.

Theorem 14.4. The intersection pairing A and the self-intersection form p

satisfy

A(S1,S2) = €A(S2,S1),
A(S, 5181 + S282) = A(S,S1)81 + A(S, S2) -
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#(S1+S2) = u(S1) + u(S2) + A(51,52),

n(Sg) = gu(S)g

A, S) = u(S) +eu(S)-
where e = (—1)1.
Exercise 14.5. Prove Theorem 14.4.

In other words K = (K, A, u) is a non-degenerate e-quadratic form over
A, e = (—1)k5 see Exercise 14.3.

Definition 14.6. An e-quadratic form over A is a pairing A: K x K —
A and a map u:K — A on a projective A-module K that satisfy
the equalities of Theorem 14.4. We say that an e-quadratic form is
non-degenerate if A is non-degenerate, i.e., the associated map K —
Homy (K, A) defined by x +— A(x, —) is an isomorphism.

There is an important example of an e-quadratic form over A. Let
L be a finitely generated projective A-module, and K = L @& L* where

L* = Homp (L, A). Put u(x, f) = f(x), and A(x, f;y,8) = f(y) +eg(x).
We say that H, = (K, A, ) is a hyperbolic e-quadratic form.°

There is a semigroup structure on the set of e-quadratic forms; namely,
Ki 9K, = (Kl + Ky, A1 D )Lz,“u1 D }12).

Example 14.7. Let f: M — X be a normal g-connected map of degree
one of a closed manifold of dimension m = 2q. A surgery along a
trivial element in 77,,1(f) replaces the manifold M with a manifold
M#(S1 x S7). Consequently, the group K;M is replaced with the group
K;M @ (Zrt @ Zrr), while the e-quadratic form K is replaced with its
direct sum K & H,.

Definition 14.9. The abelian semigroup Ly;(A) is the quotient semi-
group of non-degenerate e-quadratic forms on finitely generated free
A-modules under the equivalence relation generated by K ~ K ® H..

Exercise 14.10. Show that Ly, (A) is a group.®

51In literature, given a ring A with invo-
lution, a pairing A on an A-module A is
said to be sesquilinear if the second prop-
erty of Theorem 14.4 holds, e-symmetric,
if the first property holds, and y is said
to be an e-quadratic form, if the last
three properties hold. Finally, K is non-
singular, if the map K — K* adjoint to A
is an isomorphism of A-modules.

¢ For example, let L be the free module A
with generator e. Then L* is a free mod-
ule with generator ¢* such that e*(e) =1,
where 1 is the generator of Z[n]. The
matrix of the form A is given by

0 1

e 0]
The form u is defined so that u(e) =
u(e*) = 0. This implies p(e +¢*) = 1.

Exercise 14.8. Let f:M — X be a g-
connected normal map of a manifold
of dimension m = 2q. Suppose that
f' is a normal map obtained from f
by a normal spherical surgery along a
sphere $9°1 C M. Show that K(f') =
K(f) ® H;, where H; = (A® A A, p)
is the e-quadratic form on the free A-
module with generators x and y such

that A(x,y) = 1, u(x) = u(y) = 0.

8Hint for Exercise 14.10. Show that
-K = (K,—A,—pu). More precisely,
show that the e-quadratic form

(KA ) & (K, —A, —p)

is isomorphic to the hyperbolic form
H,(K). Let us construct the map

K®&K— K@ K.

which takes (x,y) to (x —eA(y,),x +
AGy))-
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14.2.3  Effect of surgery on homotopy groups

Suppose that K is a free A-module with a basis {aj, ..., a, b, c} such that
with respect to the intersection form A, the class b is orthogonal to all
a; and b, the class c is orthogonal to all 4; and ¢, and A(b,c) = 1. Since
2q > 6, we may choose representatives of the classes a;, b and c, so that
the geometric numbers of intersections of the representatives agrees
with the algebraic numbers.9 Suppose that (b) = 0. Then there is a
normal surgery along b which results in a normal g-connected map of
a manifold M’ with kernel K’ and maps A’ and 3/’

Lemma 14.11. The group K is a free A-submodule of K’ generated by {ay, ..., ay }.

The maps A" and ' are restrictions of A and .

Proof. The manifold M’ is obtained from M by removing a torus h,
and then attaching a torus f; to My = M\ hy. As in Lemma 6.7,
consider the long exact sequence of Z[rr]-modules

Hy1 (M, Mo) 2 KoMo 25 KgM L Hy (51, K1)

The source of the homomorphism 0 is a trivial module, while the ho-
momorphism j, is a surjective homomorphism onto a module isomor-
phic to Z[r] which takes the class c to a generator. Thus K;Mj is a
free Z[ﬂ}-module generated by {ay,..., a5, b}. As in Lemma 6.8, con-
sider the long exact sequence

Hy1 (M, Kg) & ;Mg — KoM — 0.

The homomorphism 9 takes the generator of Hy1(M', My) ~ Z[n]
to b, and therefore, the module K' = KqM’ is a free Z[r]-module
generated by {ay, ..., a; }. O

14.2.4 The main theorem

Every normal map f on a manifold of dimension m = 24 is normally
cobordant to a g-connected map f’. Define K(f) = K(f').

Theorem 14.12. The invariant K(f) is well-defined, and it is an invariant of
a normal cobordism. In particular, if f is normally cobordant to a homotopy
equivalence, then K(f) = 0.

Proof. 1t suffices to show that if W — X x [0,1] is a normal cobor-
dism between g-connected maps f:M — X and f': M — X, then

9In other words, we may choose rep-
resenting spheres Sg,,...,Sa,, Sy, Sc to-
gether with extending maps D — X
such that S, and S. are embedded
spheres disjoint from S, there is a
unique intersection point in 5, N S¢, and
the path from the distinguished point
in M through the distinguished point
in Sy, the intersection point, the distin-
guished point in S; back to the distin-
guished point in M is null-homotopic.
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K(f) = K(f’). By performing surgery below the middle range, we
may assume that W is obtained from M X [0, ¢] by attaching handles of
indeces g and g + 1. The cobordism W is a composition of a cobordism
W’ on M which consists of trivially attached handles of index g, and
the inverse W’ to a cobordism on M’ which also consists of trivially
attached handles of index gq. By Example ??, the element K(f) does
not change under the corresponding surgery. O

Theorem 14.13. Let f: M — X be a normal map of degree one of a mani-
fold of dimension m = 2q. Then K(f) € Loy(A) is a well-defined complete
obstruction to the existence of a normal cobordism of f to a homotopy equiv-
alence.

Sketch. We may assume that f is g-connected. If K(f) is zero in Ly, (A),
then after performing finitely many spherical surgeries along spheres
of dimension q — 1, we may assume that K(f) = Hf; for some finite
k. A spherical surgery along a basis vector of K eliminates a factor of
H"; ; indeed, the inverse spherical surgery is perfomed along a sphere
of dimension g — 1 in g-connected manifold and therefore results in
addition of a factor of Hg. Thus, in finitely many steps, we obtain

K=0. O

14.3 Surgery on maps of manifolds of odd dimension

14.3.1 Heegaard splittings

Let f: M — X be a normal g-connected map of degree one from a
closed manifold of dimension m = 24 + 1 such that the groups K;M
are non-trivial only in degrees g and g + 1. Let U be an embedded ball
with k handles of degree g in M, and Mj the closure of the complement
to U in M. Suppose that X is obtained from a Poincaré pair (X, $*7) by
attaching a cell B = B27*! along an embedded “boundary" sphere S%7.
We say that the decompositions M = MyU U and X = XU B form a
degree one splitting if f(My) C Xo, f(U) C B and the maps

fl:ou — %,
fl:(U,0Uu) — (B**, %),
fl: (M, Mp) — (X, Xo)

are degree one maps. We note that the k spheres S, of dimension ¢ in
U corresponding to the k handles of U are send to the contractible set

 Suppose that a handle of index g is at-
tached along an attaching sphere S of di-
mension g — 1. Since the cobordism is
normal, the image of the sphere S in X
is null-homotopic. On the other hand,
since f is g-connected, it follows that S is
null-homotopic in M. Thus all handles
of index g are attached along spheres
that are null-homotopic. A bit care is
necessary. The sphere has to be null
isotopic.
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B in X, and therefore the inclusions S, C M together with extensions
D+ — B2t of f|S, represent elements x, in K;M. We say that the
degree one splitting is associated with elements {x,}. A degree one
splitting is a Heegaard splitting if {x,} is a set of generators of K;(M).

In the rest of the section we will construct Heegaard splittings.

Choose a set of generators of the Z[rr]-module K;M, and represent
each generator by an embedded sphere S, in M, and a map of a disc
D7*! — X extending f|S,. Choose a thickening S, x D7*! of each
sphere S,, and connect the chosen tori by thin tubes to obtain a copy
of aball U = #,S, x D11 with, say, k handles in M. The closure of
the complement will be denoted by M. We may modify the map f by

homotopy so that f|U is a constant map onto the center x( of the cell
B2q+1

If f| M is transverse to xg, then the inverse image of x has only finitely
many points x in My. For each x we may modify f so that f takes a
disc neighborhood of x to xp. Then we may perform a trivial surgery
of index (g + 1)-along an attaching sphere in the disc neighborhood of
x. This results in a map f" of M’ = M#S9 x S7t!, with meridian Sy of
dimension q. The sphere S, € M’ together with the constant extension
D9*1 — X of the map f|Sy represents a new generator. By performing
such a surgery for each inverse image x of xg in My, we may assume
that f takes My to X \ {xo}.

Since any two maps to B are homotopic, we may modify the map f
by homotopy in a neighborhood of U so that f|oU is a degree one
map to 0B, and f still takes U to B. We claim that f|U is also a map
(U,oU) — (B27+1,5%) of degree 1. Indeed, there is a diagram of short
exact sequence

0 —— quH(CI,aU) e quaa e quU — 0

l l | ! !

0 —— Hyg41(B,0B) —— HpdB —— HpyB —— 0.

Since the vertical homomorphism in the middle of the diagram takes
the fundamental class [0U] to [0B], and [U] and [B] are unique classes
for which o[U] = [0U] and 9[B] = [9B], we conclude that [U] maps to
[B], and therefore (U,0U) — (B, dB) is of degree one.

Since U N My = dU, by the relative Mayer-vietoris sequence,

H;(M,oU) =~ H;(My,oM,y) ® H;(U,a00).

161



162 ELEMENTS OF SURGERY THEORY

Since [U] maps to [B], we deduce that [My] maps to [Xo]:

0 —— qu_;,_lM e H2q+1(A7I,aH) E— quafl — 0

l |

|

0 —— qu_HX E— qu_H( X 52‘7) e H2q8§2‘7 — 0.
A priori, the center x in B may be in the image of the map (My, 0My) —
(X,5%). However, since the component [U] of the image of [My] is
zero, we deduce that the inverse image of xo with respect to f|My con-
sists of even number of points zy, ..., zp; of alternating signs. All points
z1, ..., 22 belong to a simply connected neighborhood of U, and there-
fore we may use the Whitney trick to further modify the map f so that
f(Mp) does not contain xy. Next we may use the radial homotopy of
f over f~1(B) N My to obtain a map which we still denote by f such
that f(Mp) contains no interior points of B.

Then the map f together with decompositions M = My U U and X =
Xo U B is a degree one splitting.

Lemma 14.14. There is a short exact sequence™®
0— Kq+1 (Mo, aMo) — Kq(aMo) — KqMO — 0,

of stably free modules. If Ky 1(Mo,0My) is free, then K71 (My,dMy) is
the dual module for Kg1(Mo,0Mo). By performing trivial surgeries in the
interior of My, we may assume that all modules in this short exact sequence
are free.

Proof. We may assume that the map f: (Mg, dMy) — (Xo,S5%) is an
inclusion of a pair of CW-complexes. Then the map of the correspond-
ing cellular chain complexes is injective, and there is a chain complex
D, such that there is a short exact sequence

0 — Ci(My,0My) — Cx(Xo,5%1) — D,_1 — 0.

and H;(D.) = K;(Mp,dMp). On the other hand, K;(My,dMy) = 0
for i # g+ 1.2 Since H;(D«) = 0 for i # q+ 1, we deduce that
D; = Bi®B;_1 fori <q+1,and Dy1 = Z;11 & By. In other words,
the complex D, has the form

— Dgi2 > Zg41®Bg = B3 & By — -+
This implies that H (D) = 0 for i < g + 1. Thus, we have

Kq+1MQ ~ Kq(Mo, aMo) = Hq(D*) =0,

" The map My — X is not a degree
one map, but we still have HMy =
H Xy ® Ky M where KM is the kernel
of the homomoprhism HyMy — HyXo,
and we still have

KMy ~ K" (Mg, d0My).

2Indeed, we have K;(My,dMy) =
K;(M, U). Note that K,U — K;M is sur-
jective, and therefore, K; (M, U) = 0.
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where the first isomorphism is the Poincaré duality isomorphism. This
shows that the sequence in the statement of Lemma 14.14 is exact.

Next, we observe that if Hy1(Dx) = 0, then the short exact sequence
Bgy1 — Zgi1 — Hgy1(Ds) splits. Hence, H71D = Homy (Hg 11D, A).

Next, let us show that K;Mj is stably free. To this end consider the
relative chain complex E, such that C,My — C.Xy — E. is a short
exact sequence of chain complexes. Then H;(E) = K;M = 0 for i < 4.

On the other hand, since the complex D, splits in degrees i < q+1,
we deduce that its homology K;(My, 0My; P) are trivial for i < q+1
for any Z[n]-module P. Therefore, by the argument in the proof of
Corollary 13.9, the Poincaré dual groups K'(My; P) are also trivial for
i > q.3 Thus, by Theorem 13.13, the module K;M)j is stably free. By
performing trivial surgeries in the interior of My, we may make K, My
free. Then the short exact sequence in the statement of Lemma 14.14
splits. Hence K, 1(Mo,dM)) is also stably free.

Let us look more closely at a trivial surgery in the interior of My. Such
a surgery replaces the manifold M with M’ = M#S7 x S9F1. We choose
the sphere 57 x {pt} as a representative of an additional generator of
K4M. Then U is replaced with U’ = U#,S7 x D7*1. Consequently, the
group K,;(dMy) is replaced with K;(dMy) © Z[rr| ® Z[r], while each
group K, 1(My,dMy) and K;M) is stabilized by a copy of Z[r]. Thus,
indeed, by performing trivial surgeries in the interior of My we may
make Ky ;1(Mo,0Mp) free. O

14.3.2 e-quadratic formations

To motivate the definition of e-quadratic formations, let M = MyU U
and X = Xy U B be a Heegaard splitting for a normal degree one map
f- Recall that the boundary dU = dMj is a sphere with k handles
#5, x S1. Let K denote its homology in degree g, but threaded in M.
Then K is a free Z[rr|-module with 2k-generators {my, ..., my, {1, ..., }
where m; and ¢; are respectively the meridian and longitude in the
i-th summand. The module K comes with forms A and u such that
(K, A, u) is a hyperbolic e-quadratic form over Z[rr]. The meridians
m; generate a Z[rt]-submodule of K denoted by F. Next, consider the
Z[r]-module G given by the image of the injective boundary homo-
morphism K, 1(Mo,oU) — K;oU."* The module F is a free Z[r]-
submodules of rank k. Without loss of generality we may also assume

BIf P® Q is free, then Ki(Mo,P) is a
di_rect summand of the trivial module
K'(Mp; P& Q).

4 The homomorphism is injective by Ex-
ercise 14.14. Note also that F is the im-
age of the injective boundary homomor-
phism K1 (U,0U) — K,U.
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that G is a free Z[rt]-submodule.’> The set K(f) = (K, A, i, F, G) is an
example of an e-quadratic formation.

Definition 14.15. Let (K, A, it) be an e-quadratic form on a free Z[r]-
module K. Given a submodule L of K, the orthogonal module L to
L consists of all elements y € K orthogonal to all elements x € L,
ie., A(x,y) = 0. We say that a submodule L in K is lagrangian if it
is a free direct summand, and L = L+, and u|L = 0. An e-quadratic
formation (K, A, u, F,G) over Z[rt| consists of a non-singular quadratic
form (K, A, i) as well as an ordered pair of lagrangians F and G.

Exercise 14.16. Show that the set K(f) is indeed an e-quadratic forma-
tion.

Proof. The submodule F is clearly a lagrangian. Let us show that G =
Ky+1(Mp,0My) is also a lagrangian in K = K;(dMp). An element
x € G, corresponds to an element dx in K; the latter is represented
by an immersed framed sphere in My = S7 x S9. In view of the short
exact sequence of the pair (M, 0M)), the sphere 0x represents a trivial
element in K;My = 7,,1(f|Mp). Therefore, it bounds an immersed
disc Dy of dimension g+ 1 in M. Given two elements x, x" in G, we
may assume that the discs D, and D,/ associated with x and x’ are
intersected transversally along arcs and circles. As in Lemma 6.1, we
deduce that A(dx,dx") = 0. To prove that u(x) = 0 for every x € G,
we consider the arcs of the self-intersection points of Dy, instead of the
arcs in Dy N D,

It remains to show that G = G'. Suppose that there is an element
x € G such that A(dx,dx’) = 0 for all x¥' € G. By the Poincaré du-
ality isomorphism the module K; M) is isomorphic to K771 (M, dMy),
which in its turn is dual to K;;1(Mo,dMy) by Lemma 14.14. Thus,
there is an element y € K, ;1(Mo, dMy) such that for x* = [Mo] N x we
have x*(y) # 0. Thus A(dx,dy) # 0 contrary to the assumption that
A(9x,9y) =0 forally € G. O

Exercise 14.17. Let (K, A, ) be an e-quadratic form on a free finitely
generated Z[rr|-module K. Show that the inclusion of any lagrangian
L — K extends to an isomorphism of e-quadratic forms H¢(L) =~
(K, A, p). In particular, only hamiltonian forms admit lagrangians.

Proof. Let py, ..., px be a basis for L. Since the form A is non-degenerate,
we may find elements y1, ...,y such that A(y;, pj) = J;;. We next use
the Gramm-Schmidt process to replace {y;} with an orthonormal tuple

> See Lemma 14.14.
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{xi}. Namely, define x; = y; — e }_ p;8;j, where the coefficients g;; are
such that

0= A(x;, x;) = Aij — eMyi, pigji) — eMp;gij vj) = Mij — €8ji — i
and
0=p(x) = plyi —e)_pigij) = n(yi) — egi

Thus, we may put g;; = eu(y;), and gj; = 0 for i > j and g;; = eA;; for
i<j.

It remains to show that {p;, x;} is a hyperbolic basis for K. To begin
with, the vectors {p;, x;} are linearly independent.’® Thus, the vectors
{pi, x;} form a basis for a free submodule K’ of K. Suppose there is a
vector z € K which is not in K’. Then the vector 2/ = z — e} x;A(p;, z)
is also in K\ K. On the other hand, clearly z’ € L+,'7 which implies
that z’ is an element in L C K/, contrary to the assumption. Thus
{pi, x;i} is indeed a basis for K. 0O

Corollary 14.18. The quadratic form (K, A, u) & (K, —A, —p) is hyperbolic.
Proof. Indeed, such a form admits a diagonal lagrangian {(x,x)}. O

Since K,U = K/F,™® the exact sequence of Z[7]-modules

0 = Kys1M — Kyyq (M, U) 2 K U — K;M = 0

implies'? that K;M = K/(F + G) and K;1 1M = FN G. For example,
when G is generated by the longitudes ¢;, we deduce that K;M = 0,
and therefore f is a homotopy equivalence.®® More generally, an &-
quadratic formation (K, A, i, F, G) is trivial if K = (K, A, ) is a hyper-
bolic e-quadratic formation (H(F), F, F*).

Given a normal degree one map f: M — X, there are many choices of
generators S, of K;M which may lead to non-isomorphic formations.
We say that formations K and K’ are stably isomorphic if K& T = K' @&
T’ for some trivial formations T and T'.

Exercise 14.19. Show that Heegaard splittings of f associated with
different choices of generators S, lead to stably isomorphic formations.

Our next step is to determine how a stable isomorphism class of for-
mations of f changes under normal cobordism of f. Let (K, A, u) be a
possibly singular (—¢)-quadratic form. Then the graph I'y of the func-
tion A: K — K* is a submodule of K @ K* which consists of elements

I Y pigi + Y xih; = 0, taking the A-
product of the left and right hand sides
with p; and x; gives h; = g; = 0.

7 For any basis element p; in L we have

Mpj,2') = Mpj, z) — eA(pj, x))A(pj, 2),

which is zero since A(p;, x;) = &.

®Indeed, K = A(m;, ¢;), F = A{m;) and
KU = A(£;).

9 Indeed, Ky (M, U) =
Kq+1 (MO, aMo) ~ G.

* Ranicki explicitly requires here that
m > 5.
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of the form (x,A(x)). We say that the formation (H¢(K),K,T,) is the
boundary formation 9(K, A, 4).2* We say that formations K and K’ are
cobordant if K& B = K’ @ B’ for some boundary formations B and B’.
It turns out that the cobordism classes of formations forms a group
under the operation given by taking the direct sum of formations.

Exercise 14.20. Show that cobordism is an equivalence relation, and
K @ K’ is cobordant to zero, where K = (K, A, 4, F,G) and K' =
(K,—A, —u,F,G).

Definition 14.21. The group Ly, 1(Z[7t]) is defined to be the cobor-
dism group of e-quadratic formations, where € = (—1)1.

We will show that for a normal, degree one, g-connected map f: M —
X of manifold of dimension 2q + 1, the formation represents an ele-
ment in Ly; 1 which is trivial if and only if f is normally cobordant to
a homotopy equivalence.

Theorem 14.22. Let f:W — X x [0,1] be a normal (g + 1)-connected
bordism between maps fo and f1 of degree 1 of manifolds Wy and Wy of
dimension 2q + 1. Then the formations K(fo) and K(f1) are cobordant.

To prove Theorem 14.22 we will associate with the cobordism f an e-
quadratic form K(f) and show that K(fyp) ¢ (—K(f1)) = 0K(f). The e-
quadratic form K(f) is the kernel (—¢)-quadratic form (K, 1 W, Aw, pw)
of the normal degree one map (W,dW) — (X x [0,1], X x 9[0,1]).
Note that the intersection form Ay is defined by

Ky 1W = Koy (W, 0W) — KITW = (K, i W)*
Explicitly, the form dK(f) is the formation on a hyperbolic quadratic
e-form He(Fy) with lagrangians Fy = K;(1W, and T = {(x, Aw(x))}.
Proof of Theorem ??. It suffices to construct an isomorphism
(He(Fw), Fw,T) — (He(Fo), Fo, Go) © (—He(F1), Fi, G1).

where the two summands on the left hand side are the formations
K(fo) and K(f;). The map Fyy — Fy @ F; is defined by

Fyw = KqulW — Kqul (W, Wl) &) Kq+1(w, Wo) ~Fy®F.
There is also a map Fj;, — Fj © F{" given by

Fjy = KTT'W — KITY(W, Wy) @ KT (W, Wy) = E; @ Fy.

> It can be shown that a e-quadratic for-
mation K with lagrangians F and G is
a boundary if and only if there is a la-
grangian L in K which is a direct com-
plement to both the lagrangians F and
G.
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These two maps define a map H¢(Fy) — H¢(Fy). By definition takes
the lagrangian Fyy to Fy @ F;. Next, let’s find the image of the la-
grangian, which is the graph of the map Aw: Fyy — Fjy.

Let f: W — X x [0,1] be a normal g + 1-connected cobordism of degree
1 between normal g-connected maps of degree 1 of manifolds Wy of Wy
of dimension m = 2q + 1. It follows that K, (1 W, and K, 1 (W, W;) are
finitely generated free Z[7t]-modules. The normal cobordism f defines
an e-quadratic formation (K, Fyy, Gy ) on f|W, by

FW = Kq+1 (W/ Wl)/ GW = Kq+1wl K= HE(FW)/

where G is included into K = Fy @ Fj; by the sum of the map Gy —
Fy induced by inclusion and the map Gy — F}y given by the compo-
sition

Gw — Ky1(W, Wo) & KITH (W, W) &~ Kpi1 (W, Wp)*.

Exercise 14.23. Show that when W is obtained by surgeries on M along
the generators of K; M in the beginning of the section, the resulting for-
mation is the same as the formation in the beginning of the section.?*

Lemma 14.24. A kernel formation of a degree 1, n-connected, normal map
f:M — X is a boundary iff f is bordant to a homotopy equivalence.

Proof. Suppose that W — X x [0,1] is a normal bordism of f to a
homotopy equivalence, we can make it (g + 1)-connected by surgery
below the middle range. It defines a formation with G = K, 1 W ~
K;11(W,Wp) = F, and the inclusion of G — F @ F* given by the
isomorphism G — F induced by the inclusion, and the composition

G = Kgs1(W, M) = (Kg1 W)™

Consider the lagrangian L = F* C K. Clearly, F ® F* = K. We also
claim that G @ F* = K, which is obvious. Thus, the formation associ-
ated with f is a boundary.

On the other hand if a kernel formation of f is a boundary, then it
is associated with a cobordism W of Exercise 14.23 to a homotopy
equivalence. O

*>We recall that W is obtained from
Wy x [0,¢] by attaching handles D7+! x
D9*1 along ST x D71, Alternatively,
we may say that W is obtained from
Wi x [1 —¢1] by attaching handles
D71 x D7*1 along D9*! x §9. In par-
ticular, K,(1(W,Wi) = qH(D‘?Jrl X
D71, D9*1 x S). Thus, indeed, we can
identify F with Fiy. On the other hand,
the lagrangian Gy = K, 1W is

K1 (W, D7 x DIy =
= Kg41(Mp x [0,1],dMp x [0,1]) = G.
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14.4 Further reading

According to S. P. Novikov, the odd dimensional groups Ly, 1(7r) were
introduced by Wall in [Wallyo] in 1968. The even dimensional groups
Lag(7t) has been introduced earlier by Novikov [No66], [No66a] and
Wall [Wall66]. The original definition of groups L. is related to the
original definition of groups K..

For a ring A with the identity element, the group Ky A is the Grothen-
dieck group of the monoid of isomorphism classes of finitely gener-
ated projective A-modules. The group KiA is the abelianization of
the general linear group GL(A)/[GL(A),GL(A)]. The definition of
the groups Ly, is similar to the definition of the groups Ko, while the
Wall’s definition of Lo,y is related to the definition of Kj.

14.5 Solutions to Exercises

Solution to Exercise 14.3. Let M be a closed manifold of dimension m,
with fundamental class [M]. Then there is a well-defined pairing
in cohomology H'M ® HIM — Z|r] which takes a pair (x,y) to
x([M] Ny). The adjoint to the cohomology pairing is the composition
HIM ~ H;M — (HIM)* of the Poincaré duality and the map that
takes z to the homomorphism x — x(z). The homology intersection
pairing

H,;M ® HyM — Z[71]
is defined by taking (u,v) to U(v) where U is Poincaré dual to u.

Suppose now that f: M — X is a g-connected degree one map. The in-
tersection form on K7M is defined by restricting the intersection form
on H1M = H7X & K7M. The adjoint to the pairing is the composition

KIM — H1X @ KM ~ H;X ® K;M — K;M — (KTM)*.

of the inclusion, the Poincaré duality, the projection, and the the homo-
morphism that takes x to the homomorphism y — y(x). The composi-
tion of the first three homomorphisms is the Poincaré duality isomor-
phism, while the last map is an isomorphism by Lemma 13.14. Thus,
the intersection pairing on KYM (or, equivalently, the intersection pair-
ing on K; M) is non-degenerate. O



SURGERY ON NON-SIMPLY CONNECTED MANIFOLDS

Solution to Exercise 14.5. To begin with let us prove the property:
A(S1,52) = (—1)7A(S2, S1),

For i = 1,2, let w; denote the thread of the i-th sphere S;, i.e.,, w; is a
chosen path from the base point in M to the basepoint in S;. Given
an intersection point x; in §1 N Sy, let uy; and u,; denote unique up to
homotopy paths from the basepoints of S; and S, to x;. Then

A(S1,52) Zssl 52 w2u2] 1] wl Z‘C’Slrszg'

A(S2,51) = Zssz,sl(xj)wluljuz_jlwz_l =) €558

The sign es, s, (x;) is positive if and only if the orientation of M given
by the orientation of S followed by the orientation of S, agrees with
the orientation of Tx; M obtained from the orientation of the plane T, M
at a distinguished point p € M by transporting it along uy;w;. The
sign es, 5, (x;) is defined similarly, except now the orientation of S,
is followed by the orientation of S;, and the orientation on T,M is
transported along uyjws. Thus, ¢s, 5, (xj) differs from ¢ Sl,Sz(xj) by the
factor (—1)7w(g). Consequently,

A(S1,52) =) es,5,(x))g = Y (—1)7es, 5, (xj)w(g)g = (—1)TA(S2, S1),

where § = w(g)g .

Next, let us turn to the distributivity property:

A(S,5181 + S282) = A(S,51)81 + A(S, S2) 8.

We clearly have the property A(S,S1 + Sz2) = A(S,S51) + A(S,S2), and
therefore, it suffices to show that A(Sy, Sph) = A(Sy, So)h. We have

-1
A(S1,S2h) =Y s, syn(xj)h ™ Mwaunju T ot =Y eg sl '

-1 -1,.-1 -1
/\(51,52)]’1 = 2851’52 (x])h wzuzjulj wl = 2851’52]’1 g
It remains to observe that es 5., = €g, 5,, since the path uj;w; along

which the orientation from T,M to Ty;M is transported is the same
both for calculation of the sign ¢, 5,5, and the sign eg, s, .

The proof of the following property is similar to one in the simply
connected case:

#(S1+ S2) = u(S1) + u(S2) + A(S1,S2),

Indeed, since A is a well-defined map on K x K, we may assume
that S; and S, are Wall representatives of their homotopy classes.
Then the self-intersection points contributing to u(S; + Sy) are the

169
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self-intersections points contributing to #(S1) and y(S;) as well as the
intersection points between S; and S;.

The next property follows immediately from the definitions:
n(Sg) = Y esg(x))g wugjuyiw g = gu(S)g,
since 5, = €5 - w(g). Finally, let us show that
MS,8) = u(S) + (=1)Ti(S) = 2u(S).

The latter equality is immediate since in A, we have ¢ = (—1)7g. Next,
since A is a well-defined map, we may assume that S is a Wall repre-
sentative of its homotopy class. In particular, its normal bundle in
M is trivial. Therefore, each self-intersection of S contributes two in-
tersection points between S and its close transverse copy S’. How-
ever, the "signs" of the two intersection points between S and S’ are
the same as one of the self-intersection point of S, which implies that
A(S,S) =2u(S). O

Solution to Exercise ??. Consider the diagram of short exact sequences:

c*(pm,s" 1) —— C*X — C* Xy
C.D™ ——— CX —— Ci(Xp, 8™ D,

where vertical maps are given by taking the cap product with [D"],
[X] and the class [X] defined from [X] by the composition

HyX — Hy(X,D™) =~ Hy(Xo, 8™ 1),

where the homology groups are with coefficients in Z,,. Similarly
consider the diagram

C*(Xp, 8" 1) —— C*X —— c*p"
C. Xo ——— CX —— Cy (D™, 5" 1,
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99.1  Topics for Chapter 1

99.1.1  Hopf fibration

There is an important map S3 — S? that even has its own name. It is
called the Hopf fibration. In this section we will apply the Pontryagin
construction to find the framed manifold M corresponding to the Hopf
fibration. This explicit example may help the reader better understand
the nuances in the general Pontryagin construction. Otherwise, the
reader may skip this subsection as we will not need its results else-
where.

The Hopf fibration is best defined in terms of complex numbers. To
begin with, the sphere S® can be identified with the subset of C x C
of complex vectors (u,v) of length 1. If we identify every point (u,v)
of % with any other point of the form (Au, Av), where A € C\ {0},
then we obtain the so-called complex projective line CP! which is also
a sphere S2. We will denote the equivalence class of a point (1,v) in
CP! by [u : v], and identify the point [1 : 0] with the north pole of S2.

By definition, the Hopf fibration f is a map S® — S? defined by the
projection (u,v) — [u : v].t

The Pontryagin theorem identifies the homotopy class in 7135% of the
Hopf fibration with the cobordism class of a framed manifold M of
dimension 1 in R3, where the manifold M is the inverse image of the
north pole [1 : 0], i.e., the manifold M is the circle {(¢??,0)} in C x C.
To find the frame of the manifold M, let’s choose a basis {e;,e2} of the
tangent space of S at the north pole. For example, we may choose
e1 and e; to be the velocity vectors of the curves [1 : t] and [1 : it]
respectively.

For each point x = (¢?,0) on the manifold M, we may use the differ-
ential d, f to pull the vectors e; and e, back to a basis {73, 72} of the
perpendicular space T; M. The easiest way to do that is by lifting the
curves [1: t] and [1 : it] to S3. For example, the curve

r(t) (e, te®), where 7= (1+)712,

is a lift of the curve [1 : t], i.e., it maps by the Hopf fibration f precisely
to the curve [1 : t]. Consequently, its velocity vector (0,¢”) at x projects
by dx f to the vector e;. Clearly, the vector (0,¢) is orthogonal to the
manifold M, and therefore it is the desired vector 71. Similarly, we find
that 1, is the vector (0,ie').

*It is remarkable that the map f is not
only smooth, but its differential is every-
where surjective. A map between closed
manifolds with such a property is a fiber
bundle, and, in particular, a fibration.

SS

Figure 99.1: The sphere S° lies in C? =
R® x R with R3 being horizontal and R
vertical. The framed manifold M is an
equatorial circle S' in S in the horizontal
plane spanned by e; and e;. The normal
equatorial direction v, is the remaining
horizontal direction e3, while the normal
vertical direction v, is the vertical direc-
tion ey.



In particular, the perpendicular space Tj-M of M in S° is spanned by
the perpendicular vectors e; and e4, and, for example, the frame vector
field 7y is written as 71 (8) = cos(6)es + sin(6)ey.

Finally, let us use the stereographic projection, see Figure 99.2, to iden-
tify S3\ {oco} with R3. To begin with, the stereographic projection takes
the equatorial sphere S? of S° into the unit sphere S? in IR3. Since M is
an equatorial circle, it remains an equatorial circle

{(¥+x3=1, x3=0}CR}

where (u,v) = (x1 +ixp, X3 + ix4), and the equatorial normal direction
e3 stays put. On the other hand, up to scaling, the normal direction
eg at x € M transforms by the stereographic projection into the vec-
tor —x. Thus, the framed manifold M C RR® of the Hopf fibration is
the standard circle in IR® equipped with frame vector fields 7;(x) and
T2(x) that twist around the circle once as x traverses the circle, see

Figure 99.3.

99.1.2  Stable homotopy group 77

In this section we will sketch an argument that the unstable homotopy
group 7352 is isomorphic to Z, while the stable homotopy group nf
is isormorphic to Z;. Later we will establish these isomorphisms by a
different argument.

The unstable group 7135

We will only sketch here a calculation of 71352, A detailed proof will
be given in section 3.4.

Let us identify S? with IR? U {0} so that 0 is the north pole and {oo} is
the south pole of S2. Let f:S*> — S? be a map representing an element
in 773(S?). The Pontryagin construction identifies the homotopy class
of f with the cobordism class of a framed manifold M = f~1(0) of
dimension 1 in IR3.

By a framed cobordism (see Figure 99.1.2) the manifold M can be mod-
ified into the standard unit circle in R?> C R® with a framing 7. As a
point x runs over the standard unit circle, the framing 7(x) makes w
full twists for some integer w. It turns out that the correspondence
[f] — w is a well-defined isomorphism 73S? ~ Z. In particular, the
Hopf fibration is a generator of 7135%. 2
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Figure 99.2: The stereographic projec-
tion: a point x in S that is not the south
pole corresponds to the point y in R3
that lies on the same line as the south
pole of % and x.

Figure 99.3: The end points of the vector
field 7y form a closed curve that winds
around the circle M. The linking num-
ber between the curve of end points of
7y and M is —1.

o

Figure 99.4: A pair of pants cobordism
splits a circle into two circles. The in-
verse cobordism merges two circles into
one.
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The stable group nf (Sketch of the Pontryagin calculation). Next,
let us turn to investigating the stable homotopy group nf . By the
Freudenthal theorem, the group nf can be identified with the group
74S%. In view of the Pontryagin construction, its elements are repre-
sented by framed closed curves M in S3. Furthermore, by the Freuden-
thal theorem, the group 71,S° is a surjective image of the cyclic group
m35% ~ Z, and therefore, the group 745 is generated by the Freuden-
thal suspension of the Hopf element [h]. It turns out that the gener-
ator [h] of 717 is non-trivial and satisfies 2[h] = 0. This implies that
Trf ~ Z;, see section 3.4. 3

99.1.3 The Pontryagin-Thom construction

After the appearance of the Pontryagin construction, Rene Thom re-
alized that its generalization can be used to compute the cobordism
groups 9(m, k) of manifolds in R"*¥. The generalization proposed by
Thom is now known as the Pontryagin-Thom construction. We will
sketch it here.

As a set the group 91(m, k) consists of the cobordism classes of mani-
folds of dimension 2 in R”**. The sum of classes [My] and [M;] rep-
resented by manifolds My and M; is defined by first translating M
so that Mj is disjoint from M;, and then taking the cobordism class
[Mp U M;] of the disjoint union of manifolds. As in the case of the
cobordism group of framed manifolds, it can be shown that 9(m, k) is
an abelian group. Its zero is the cobordism class of an empty mani-
fold. The inverse of an element [M] is the element [—M] constructed
as in the case of the cobordism group of framed manifolds, except
that now the manifolds under consideration are not framed. Note that
the manifold —M is a "mirror" reflection of M. In other words, it is
diffeomorphic to M, but it is placed in R+ differently.4

For example, the group 91(0,k) for k > 1 is isomorphic to Z,. In-
deed, let ¢:91(0,k) — Z; be the homomorphism that associates with
the class [M] of a 0-dimensional manifold M, the parity of the num-
ber of points in M. If two manifolds My and M; of dimension 0 are
cobordant, then the number of points in M has the same parity as the
number of points in M;. Thus, ¢ is well-defined. Furthermore, since
two points bound a segment, ¢ is injective. Clearly, it is also surjective.

The group 91(1, k) for k > 2 is trivial since a closed manifold of dimen-
sion 1 is a finite union of circles bounding discs. The group (2, k)

*It is worth mentioning that there is a
short homotopy theoretic calculation of
71352 by means of the homotopy long ex-
act sequence of the Hopf fibration:

0o S = S 50—

Note that the middle homomorphism is
defined by taking an element of [f] €
7353 to the homotopy class of the com-
position ko f of f with the Hopf fibra-
tion h. In particular, the generator [id] of
the group 7135° that we have computed
maps to the generator hoid = h of the
group 71352, In other words, the group
7352 is generated by the class [h] of the
Hopf fibration h.

3 To show that nf is non-trivial, Pontrya-
gin identified the stable group 7} with
the cobordism group of framed mani-
folds M of dimension 1 in R¥ for k > 3,
and introduced an invariant §. Given a
frame (f1(x),..., fr_1(x)) at a point x of
M, we may assume that it is orthonor-
mal in view of the Gram-Schmidt pro-
cess. There is a unique vector fi(x) at x
such that (f1(x), ..., fx(x)) is an orthonor-
mal basis for R*. Assigning to each
point x an orthonormal basis, defines a
map y: M — SO(k). Pontryagin defined
a homomorphism 6: 1 — Z,. When
M is connected, the invariant J equals
zero when the curve v is non-homotopic
to the constant curve and 1 otherwise.
When M consists of more than one com-
ponent, the invariant ¢ is defined to be
the sum of values of § on components
of M mod 2. It immediately follows that
the value of the homomorphism J on the
framed manifold of the Hopf fibration
is 1, which implies that the group 77 is
non-trivial.

+We will discuss later the Whitney em-
bedding theorem, which implies that if
k > m+1, then M and —M represent
the same cobordism class, and therefore
every element of 91(m, k) is of order 2 in
this case.



for k > 3 is isomorphic to Z; with an isomorphism 9(2,k) — Z, that
evaluates the parity of the Euler characteristic of a manifold.> Higher
order cobordism groups are hard to find at this point.

In order to calculate the group 9(m, k) in general, Rene Thom consid-
ered the topological space of pairs (L,v), where L is a vector subspace
of R"** of dimension k and v a vector in L.® Let MO(m, k) denote the
one point compactification of this space.

Theorem 99.1 (Thom). There is an isomorphism of the cobordism group of
manifolds of dimension m in R"* and the group 1, . MO (m, k).

Sketch. To construct the isomorphism 9(m, k) — 7, MO(m, k), let
M be a manifold of dimension m in R"*¥ representing an element in
the cobordism group. Let U denote an e-neighborhood of M; it consists
of points x + w where x ranges over points in M and w ranges over
vectors of length |w| < e in T{- M. Define a map f|U:U — MO(m, k)
by taking x + w to (L,v) = (T¢M,w/ (e — |w|)), and extend it to a
map of "k = Rk U {co} by sending the complement to U onto
the distinguished point of MO(m, k). The map f:S"+k — MO(m, k)
represents an element in 77, MO(m, k). Following the argument in
the proof of the Pontryagin theorem, it can be shown that the corre-
spondence [M] — [f] is an isomorphism of groups. 0O

As in the case of framed manifolds, a manifold in R”** can be re-
garded as a manifold in R"***1 5 R"+k. This defines a homomor-
phism 9(m, k) — MN(m,k+ 1), which is an isomorphism for k > m + 1.
In particular, we may define a cobordism group 91" of manifolds of di-
mension m as a group N(m, k) for any k > m 4 1. By the Thom theo-
rem, the group 9" is isomorphic to 71, MO(m, k) for any k > m + 1.

99.1.4 The stable J-homomorphism

The Pontryagin construction identifies the stable homotopy group 73,
of spheres with the cobordism group of framed manifolds M of dimen-
sion m. The simplest elements in the group 75, are those represented
by a framed sphere S” C R"*! ¢ R"*k, where k > m + 1.

There is a canonical frame of S™ given by the normal unit vector of
S™ in R"*! followed by the coordinate vectors ey, 2, ..., ¢4 in Rk,

Let v(x) = {v1(x),...,vx(x)} be another frame of S”. By using the
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5In general, the parity of the Euler char-
acteristic of a manifold is an invariant of
cobordism, i.e., if two manifolds M, and
M, are cobordant, then the parities of
their Euler characteristics are the same.

®The space Gr,,(R"*¥) of vector sub-
spaces L of R"™ of dimension m is
called the Grassmann manifold. It is the
quotient space O(m + k)/ O(m) x O(n)
of the orthogonal group O(m + k). The
topology on the space of pairs (L,v) is
defined to be the coarsest topology for
which the projections (L,v) — L to the
Grassmann manifold and (L,v) — v to
R”*¥ are continuous.
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Gram-Schmidt orthogonalization process, we may assume that the
frame v(x) is orthonormal at each point x in S™. Then, the frame v
defines a continuous map S™ — SOy that associates with each point
x the rotation of the canonical frame at x to the frame v(x). In other
words, there is a bijective correspondence between frames v and the
elements of the homotopy group 71,,,SOy. 7

The famous J-homomorphism is the map J: 71,,SO; — 71, ,4(S¥) that
associates with each frame v of the sphere S” the corresponding ele-
ment in nm+k5k.

When k > m + 1, the group 7,,,xS* does not depend on the actual
value of k, by the Freudenthal theorem. It is isomorphic to the stable
homotopy group 715, On the other hand, it is also well-known that
in the dimensional range k > m + 2 the group 71,,SOy is stable; it is
denoted by 7,,80.8 Thus, there is a so-called stable J-homomorphism

J: TS0 — 115,

The calculation of the J-homomorphism is a hard theorem established
by Adams and Quillen. We will state their theorem without a proof. To
begin with, by the so-called Bott periodicity, the group 7,,SO for m > 0
only depends on the value of m mod 8. More precisely, when the value
of m mod 8 is 0,1,...,7, the group 7, is isomorphic respectively to
Z,,7,,0,7,0,0,0,Z. By the Adams-Quillen theorem, when m # 4g —
1, the J-homomorphism is injective provided that m > 1.9 Suppose
now that m = 4g — 1. This is precisely the case when 7,,SO ~ Z.
Then the image of the J-homomorphism is a finite subgroup of 7;, of
order given by the denominator of B;/4q where B; is the g-th Bernoulli
number.’® For example,

1 1 1 1 5 691

Bi=-,By=-—, B3=—, By— —, Bs = —, By = ——.
1 27307 3T 4" T30 0 66’ 8T 2730

In general, the Bernoulli numbers are defined by the formula

Z :1_5_ Zﬂzﬁi
ez —1 2 = (29)! ’

or, equivalently,'* by

X _ B] 2
el TR

By
4

B3

@+ 20— (o)

We will see later that the J-homomorphism is related to exotic smooth
structures on spheres.

7 Strictly speaking, in the definition of
homotopy groups 71, X of a space X we
need to consider only based maps. How-
ever, since SOy is an H-space, free ho-
motopy classes of maps S™ — SOy are
in bijective correspondence with based
homotopy classes of based maps 5" —
SOx.

8 Consider a map SOy — S*~! that asso-
ciates with a rotation of R¥ the image of
the first coordinate vector e;. The long
exact sequence of the fibration implies
that 77,,SO,_1 ~ 7, SOy provided that
k>m+2.

9 Note that in this case 71,SO is either
trivial or Z,. Therefore, in this case the
image of the J-homomorphism is either
0 or Zz.

© Of course, if the image of J: Z — 75,

is a finite group Z; of order d, then the
kernel of | is an infinite subgroup of Z
generated by d € Z.

" To pass from one series to another one,
observe that
X 2x

the &1 1%




99.2  Topics for Chapter 2

99.2.1  The Multicompression theorem

The Global Compression Theorem admits a number of improvements,
which we will discuss in this section.

Relative Compression Theorem

Let Y be a closed subset in R"**~1, and X the part of the manifold M
in the cylinder Y x R.

Theorem 99.2 (Relative compression theorem). Let M be a compact man-
ifold of dimension m in R™+* with k > 1. Suppose that a unit perpendicular
vector field v over M is already vertical up over X. Then an isotopy and
deformation of v which straighten v up can be chosen so that the points of X
are not displaced.

Proof. As in the proof of the Compression Theorem, we may assume
that the vector field v is nowhere vertical down over the manifold M,
and rotate v so that it is at least a bit vertical up. Under the rotation the
vector field v over X stays vertical up. Next we extend v over ¥ x R
by a vertical up vector field. We may also scale the vector field v if
necessary so that at each point x of its domain the vector v(x) is of unit
length. Then the vector field v is a function MU (Y x R) — §"+k-1
which associates with each point x the vector v(x). By construction,
the image of the function v is in the upper hemisphere. Therefore the
function v can be extended over R” ¥ so that outside a neighborhood
of M the vector field v is vertical up. Let F; be the isotopy along v. Then
the desired relative isotopy G; is one'? defined by x — Fi(x) —te,, k. O

The Local Compression Theorem

We say that an isotopy of a manifold M is an e-isotopy if it displaces
each point x € M by a distance no more than e.

Theorem 99.3. [Local Compression Theorem] Given ¢ > 0, any unit per-
pendicular vector field v over a closed manifold M of dimension m in Rk,
with k > 1, can be made vertical up by an e-isotopy of M and a deformation
of the vector field v through normal vector fields.
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> For example, suppose that the vector
field v is everywhere vertical up. Then
at time t the isotopy F; lifts everything
up by t units. On the other hand, the
isotopy G; not only lifts everything up
by t units (as it has the component F(x))
but it also translates everything down by
f units (as it has the component —te, ),
ie., Gt keeps everything still.

Figure 99.5: For the standard embedded
sphere S? C R3, the horizontal set is the
horizontal big circle, while the downset
consists of the lower half hemisphere.
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Recall that we say that in R”** the plane R"**~1 x {0} is horizontal,
while the direction {0} x R is vertical. The horizontal set H is a set of
points x in M at which the perpendicular space T¢- M is horizontal. At
each point x in M not in the horizontal set, the space TXLM is slanted,
and therefore there is a downmost directed unit vector ¢(x). By defi-
nition, the downset D = D(v) consists of points x at which the vector
v(x) is downmost, i.e., it coincides with (x), see Figure 99.5.

Proof of the Local Compression Theorem. Suppose that the downset D is
empty. Then each vector v(x) can be canonically deformed along
the great circle passing through v(x) and ¥(x) to the upmost vector
—3(x). On the other hand, the upmost vector field can be canonically
deformed along great circles to the vertical up vector field. Thus, in
this case the compression theorem can be proven even without using
an e-isotopy.

When the downset D is not empty, this argument still allows us to as-
sume that v is vertical up over the complement in M to a neighborhood
of D, e.g., see Figures 99.6 and 99.7. It turns out that if we construct
now the relative isotopy G; of the global compression theorem, then by
appropriately choosing parameters in the construction of the isotopy,
we may guarantee that the relative homotopy G; is e-small."3 We will
give more detail in §99.2.5. O

The Multicompression Theorem
For applications, the multicompression theorem is most useful.

Theorem 99.4. Suppose that the manifold M of dimension m in R™*
is equipped with n < k linearly independent perpendicular vector fields
U1,...,0n. Then there is an ambient isotopy F; that straightens the vectors
U1, ..., Un up in the sense that Fy = id while dFy(v;) = ¢; fori =1, ..., n.

Proof. We will prove the multicompression theorem by induction on
the number n of vector fields. The base of induction is the Com-
pression Theorem. Suppose that the Multicompression Theorem is
true for manifolds with less than n vector fields. Let us show that
the theorem is also true when a manifold is equipped with n vector
fields. By induction, we may assume that the vectors vy, ...,v,_1 are
already vertical up. By the Gramm-Schmidt orthogonalization pro-
cess, we may also assume that each v, (x) is perpendicular to TyM and
to v;(x) for i < n. We say that the directions parallel to the plane
spanned by e, ...,e,_1 are vertical, while the directions parallel to the

3 Note that the vector field v is not verti-
cal up only in a small neighborhood of
the downset. We will show in §99.2.5
that we may assume that the downset D
and the horizontal set H are manifolds
such that 9D coincides with H. It will
follow that D (as well as H) is relatively
small, and therefore even though v is not
vertical up near D, the relative isotopy
Gy is small.

Figure 99.6: A sphere M with a perpen-
dicular vector field v in R®. The downset
D consists of one point x where v(x) is
downmost.

Figure 99.7: We may always rotate the
vector field v so that it is vertical up ev-
erywhere except a small neighborhood
of D.



plane spanned by ey, ..., e, are horizontal. Then the vector v,(x) at
each x € M is in the affine plane H, of horizontal vectors at x perpen-
dicular to T, M.

Exercise 99.5. Show that for a sufficiently small real number ¢ > 0,
open e-neighborhoods in Hy of each point x € M form a new manifold
W of dimension m + k — (n — 1) such that the vector fields ey, ...,e, 1
over W are normal.

Next we apply the construction in the local compression theorem ex-
cept that now we deform and extend the vector field v, only over
W in such a way that v, stays horizontal and tangent to W. The lo-
cal isotopy of M along v, straightens up the vector field v, over M,
and displaces each point x of M by a distance at most £.*4 Since the
manifold M stays within W, the isotopy of M is well-defined and the
vectors ey, ...,e,_1 remain normal to M. This completes the proof of
the Multicompression Theorem. O

99.2.2  The Smale-Hirsch Theorem

The Compression theorem has an important application to Immersion
Theory. An immersion of a manifold M of dimension m to R"*¥ is a
smooth map f such that for every point x € M the differential df of f
at x is of rank m."5 If an immersion is a homeomorphism onto image,
then it is an embedding. An immersion of a compact manifold is an
embedding if and only if it is injective. An immersion of M to R"** is
usually denoted by M o R™+k,

We note that the differential df of an immersion is a continuous (and
even smooth) family™® of injective linear maps dyf: TyM — R™*k. A
formal immersion of a manifold M into R”*¥ is a continuous family of
injective linear maps Fy: TyM — R™*¥ parametrized by the points x in
M. Note that though each immersion f defines a formal immersion F
with Fy = dy f, not every formal immersion F is of the form F, = df.

Example 99.6. Let S! be the standard unit circle in R2. Let v be the
unit tangent vector field v in the counterclockwise direction. Then for
each point x in S!, the vector v(x) is a basis of the tangent plane T,S'.
Define a formal immersion of S! to IR? by

F:TwS' — R?

Fiiav  —  weq, (99.2)
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4 To visualize this isotopy, we note that
near a point x € W, the projection 77 of a
small neighborhood of x € W to the hor-
izontal plane passing through the point
x is a diffeomorphism. Furthermore, the
projection of the constructed isotopy of
the manifold M near x is the isotopy
of 71(M) near 7t(x) along the horizontal
plane as prescribed by the Compression
Theorem.

> That is to say, if we write the map f
in local coordinates on M and any coor-
dinates on R"* then the matrix of the
first derivatives of f at x is of rank .

an immersed manifold not an immersed manifold

Figure 99.8: Immersion vs. non-

immersion.

® What does it mean that the family
{dxf} is smooth? Let v(x) be a vector
field on M. Then the correspondence
x — dyf(v(x)) is a function M — R™+k,
We say that df is smooth if the con-
structed function is smooth for every
smooth vector field v(x).
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where & € R. If there is an immersion f satisfying Fy = dyf for each
x, then the tangent line to the immersed circle f(S') is horizontal at
each point of f(S'), which is impossible. Thus F is a formal immersion
which is not the differential of a genuine immersion.

We are now in position to formulate and prove a version of the cele-
brated Smale-Hirsch theorem.

Theorem 99.7 (Smale-Hirsch theorem). Suppose that there is a formal
immersion F of a manifold M of dimension m into R"™** with k > 0. Then
M admits an immersion f into the Eulcidean space R".17

Proof. Suppose that M is a submanifold in R". We will place M into an
even bigger space R” ¥ x R", but with a set of 1 linearly independent
normal vector fields. The multicompression theorem then will imply
the existence of an immersion M — R"*k,

We place M with all its tangent vectors into R”** x R" by mapping
a tangent vector v at a point x € M into the pair (Fy(v), x). For each
x, there are now two copies of the plane Ty M. A vertical copy V, em-
bedded into R"** x {x} by Fy and a horizontal copy H, embedded
into {0} x R" by the inclusion of M into R”. Note that at this mo-
ment we have a manifold M embedded into R” ¥ x R" and 7 linearly
independent horizontal vector fields e;(x), ...,e,(x) over M. However,
the vector fields e1(x), ... e, (x) are not normal, so before we apply the
multicompression theorem we need to deform the vectors ¢; into the
normal ones.

There is a linear map of V, ® Hy that sends each vector v € Vy into the
corresponding vector v € Hy and each vector v € H, into the vector
—v € Vy. We may extend this linear map to a linear map 6, of R"*+k x
R" by requiring that 6 is trivial on the orthogonal complement to
Vy @ Hy.

Let ¢;(x) denote the i-th standard basis vector of {0} x R" at the point
x € {0} x M. Since ¢;(x) is orthogonal to V, and the linear map 6,
takes Vy into Hy, we conclude that 6, takes ¢;(x) to a vector perpen-
dicular to Ty M. In other words, we constructed a placement of M into
R™+k x R" with n linearly independent perpendicular vector fields
6(e;) over M. Finally, we use the Multicompression Theorem to get an
immersion of M into R, O

It is remarkable that the relative and parametric versions of the Smale-

7 Strong Smale-Hirsch theorem. A
stronger version of the Smale-Hirsch
theorem is true. Namely, there are
topological spaces Imm(M,N) of im-
mersions M — N and formal immer-
sions hImm(M, N) as well as a map

d: Imm(M, N) — hImm(M, N)

that associates with each immersion its
differential. The strong version of the
Smale-Hirsch theorem asserts that the
map d is a weak-homotopy equivalent.
In other words, the parametric and rel-
ative versions of Theorem 99.7 are also
true.

_/:ﬁ

Figure 99.9: The vertical and horizontal
copies of Ty M.




Hirsch theorem are also true. In particular, Theorem 99.8, which is
an important version of the Smale-Hirsch theorem, takes place. To
formulate Theorem 99.8, we need two new notions. A deformation of
an immersion through immersions is called a regular homotopy, while
a deformation of a formal immersion through formal immersions is
called a homotopy.

Theorem 99.8. Let fy, f1 be two immersions of a manifold M of dimension
m into R™+* with k > 0. Suppose that the formal immersions Fy = dfy and
Fy = dfy are homotopic through formal immersions Fy, with t € [0,1], of
the manifold M to R"™*k. Then fy is reqularly homotopic to fi. In fact, the
set of reqular homotopy classes of immersions M — R™* of a manifold of

dimension m is isomorphic to the set of homotopy classes of formal immersions
of M into Rk,

In the following section we will see that Theorem 99.8 considerably
simplifies the study of immersions.

99.2.3 The Smale Paradox

Let S denote the standard unit sphere in IR centered at the origin. The
inclusion fy of S to IR® is an embedding. There is another embedding
f1 of S to IR® obtained from fy by postcomposing it with the reflection
ri(x,y,z) = (—x,y,z) of R3.

Theorem 99.9 (Smale Paradox). There is a reqular homotopy f;, with t €
[0,1], of the standard embedding fy to the everted embedding f;.

The regular homotopy f;, whose existence was proved by Smale, everts
the sphere S inside out. Indeed, extend f to a regular homotopy of a
neighborhood of S. Let v be the unit outward perpendicular vector
field over S. Then df;(v) is a normal vector field over f;(S) for any ¢.
At time t = 1, the normal vector field df;(v) is inward directed over
f1(S) = 5.8 In other words, the outside directed normal vector field
transforms under f; into the inside directed normal vector field.

The existence of Smale’s homotopy is not obvious. For example, sim-
ply pushing the northern hemisphere down and the southern hemi-
sphere up does not accomplish anything. Such a deformation pro-
duces a ridge that is not allowed under a regular homotopy, see Fig-
ure 99.11.
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< >

(>
Figure 99.10: The standard sphere S with
the unit outward perpendicular vector
field v and the everted sphere f1(S)

with the unit inward perpendicular vec-
tor field df; (v).

® To prove that df; (v) as an inward di-
rected vector field, note that under reg-
ular homotopy an orientation of the reg-
ular neighborhood of S is preserved. At
the north pole the vectors (8x,8y,v) de-
fine a positive orientation. We have
df1(9x) = 9dx, and df;(dy) = 9. There-
fore, dfi(v) should be an inward di-
rected vector field.

~G O

Figure 99.11: Pushing the southern
hemisphere up and northern hemi-
sphere down creates a ridge over the
equator.
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Proof of the Smale paradox. By Theorem 99.8, the set of regular homo-
topy classes of immersions S> — IR is isomorphic to the set of ho-
motopy classes of formal immersions, which are continuous families
Fy: T:S* — R3 of injective homomorphisms parametrized by x € S2.
In view of the Gram-Schmidt orthogonalization process, we may as-
sume that each F, preserves the lengths of vectors and angles between
the vectors.

Let v denote the unit outward perpendicular vector field over the stan-
dard unit sphere S? in IR3. Given a point x € S?, note that any two
orthonormal vectors vy, v, in T S? together with the vector v(x) form a
basis of R® at x. Therefore each Fy can be uniquely extended to a linear
map F,:IR® — R? in such a way that (F,v1, Fyv,, Fyv) is the positive or-
thonormal basis for R3. It follows, that the set of homotopy classes of
formal immersions {F,} is isomorphic to the set of homotopy classes
of families {F,} of rotations of R®. By taking x to F, the latter family
defines a continuous map S — SO; to the space of rotations.

To summarise, we have shown that the set of regular homotopy classes
of immersions S?> — RR? is isomorphic to 712(SO3) = 1. Thus, any two
immersions of S? to R? are regularly homotopic. In particular, the
standard embedding fj is regularly homotopic to the everted embed-
ding fi. O

99.2.4 Cobordisms of oriented immersed manifolds

The Compression Theorem suggests yet another geometric interpre-
tation of stable homotopy groups of spheres. In this section we will
briefly describe the construction.

Let M be a manifold with a frame T, ..., Ty representing an element in
nm+k5k. By the Multicompression Theorem, we may assume that 7; =
ejfori =1,..,k—1. Let m: R™tk — Rk denote the linear projection
with kernel spanned by the vectors ey, ...,ex_1. Since at each point
x € M the kernel of d,7r is normal to the manifold M, the projection
7T restricts to an immersion of M. Furthermore, the vector field v =
drt(ey) is normal over an immersed manifold 7r(M) in R™*!. For each
x € M, by projecting the vector v(x) at 77(x) to the perpendicular space
7. (T¢ M), we may assume that the vector field v is perpendicular over
7t(M). We emphasize that the vector field v is a function M — R™ !
associating to each point x in M a vector v(x) in R"*!. In particular,
at a double point 77(x) = 7(y) on the immersed manifold 71(M) there



are vectors v(x) and v(y) which may not coincide.

In general, an immersed manifold of dimension m in R"*! together
with a perpendicular vector field is said to be an oriented immersed
manifold. The cobordism group of oriented immersed manifolds is
defined similarly to the cobordism group of framed manifolds.

Theorem 99.10. The group 1y, is isomorphic to the cobordism group of ori-
ented immersed manifolds M™ G- R™*+1,

Proof. The Pontryagin construction together with the Multicompres-

sion Theorem defines a homomorphism / of the stable homotopy group

7y, to the cobordism group of framed immersed manifolds M™ in
R™*+1. The homomorphism # is well-defined since, as we have seen,
cobordant framed embedded manifolds compress to framed immersed
manifolds.™

Let us show that the homomorphism & is surjective. Given a framed
immersed manifold M™ € R™*1 choose an integer k > m + 1, and lift
the immersed manifold M to an embedding of M into R"*+1 x RF-1,
We will denote the embedded copy of M in R”*k by M’. The normal
frame vector of the immersed manifold M in R"*! lifts to a normal
vector field v over M. Let ey, ...,e,_1 be the standard basis vectors of
the vertical (second) factor in R”*! x R*~1. Then e, ..., e;_1,v form
a frame of the embedded manifold M'. The Pontryagin construction
identifies M’ with an element « of the stable homotopy group 7;, such
that h(a) is represented by the framed immersed manifold M in R™*+1.
Thus & is surjective. The injectivity of the homomorphism / is proved
similarly. O

Thus, by Theorem 99.10, the group ng is isomorphic to the cobordism
group of signed points in R, the group nf is isomorphic to the cobor-
dism group of oriented closed immersed curves in R2, while ng is
isomorphic to the cobordism group of oriented immersed surfaces in
IR3.

99.2.5 The Local Compression Theorem

In this section we complete the proof of the Local Compression Theo-
rem. We will break the proof into three steps.

ADDITIONAL TOPICS 183

9 The Pontryagin construction identifies
a map f:S"*tk — Sk with a framed
manifold My of dimension m in R" ¥,
We then compress My to a framed im-
mersed manifold 77(My) in R"™* and
declare that h([f]) is the cobordism class
of 7t(My). A priory, it may happen that
when we choose another representative
g in the class [f] of the homotopy group
7y, the Pontrjagin construction together
with the compression theorem could re-
sult in a framed immersed manifold
7(Mg) that is not cobordant to 7r(My).
However, since g and f represent the
same element of 75, the Pontrjagin con-
struction yields cobordant framed mani-
folds Mg and M fs and, furthermore, the
cobordism between M, and My can be
compressed to a cobordism of immersed
manifolds 71(Myg) and 71(Mp). Thus, the
homomorphism h is well-defined.
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Case 1. Suppose that the downset D (as well as the horizontal set H) is
empty. We have seen that in this case we can straighten up the vector
field v by a deformation of the vector field v.

Case 2. Suppose now that the downset D is not empty, while the
horizontal set H is still empty. We will also assume that the vector
field v is generic.

Lemma 99.11. Under the above conditions, D is a closed manifold.

Proof. Let x be a point on D, and O a neighborhood of x in M. We
may use an exponential map exp: O x DF — R"+* to identify a neigh-
borhood of O in R"** with O x D. Then a perpendicular vector v(y)
at y € O is a unit vector in {y} x D* with a tip at S*"1 = 9Dk, In
other words, in view of the exponential map, essentially the vector
field v over O is a function O — S¥~1. Furthermore, by appropriately
choosing the exponential map, we may assume that the map O — S¥~1
similarly defined by ¢ is the constant map to the south pole {co}. If
v is generic in the sense that the south pole {oo} is a regular value v,
then DN O = v~1(0) is a manifold. Clearly if y € D, then y € D since
H is empty, i.e., D is a closed set in Rk, O

First, we apply the argument in Case 1 to modify the vector field v
so that it is vertical up everywhere except a small neighborhood of
D. Next, we follow the argument in the proof of the Compression
Theorem 2.1 and obtain an isotopy F;, see Figure 99.12. The desired
isotopy is the isotopy G¢(x) = F;(x) — te,, .k of the relative compression
theorem.

Lemma 99.12. By appropriately choosing all parameters in the construction,
we may guarantee that the isotopy Gy is arbitrarily CO-small.

Before turning to the proof of Lemma 99.12, let’s observe that the
straightening isotopy G; = F; — te,,, constructed by means of of the
Global Compression Theorem may move points far along the manifold
M since near the manifold M the vector field v may differ from e,
see Figure 99.13. The isotopy G; constructed by means of the Local
Compression Theorem moves points along M only for a short period
of time, as the vector field v differs from e, only in a neighborhood
of a relatively small set D; compare the isotopy on Figure 99.13 with
that on Figure 99.12. This allows us to conclude that the latter isotopy
does not displace points of M much.

RN

Figure 99.12: Only near the downset D
the vector field v is not vertical up (up-
per figure). We can rotate each vector
v(x) in the plane (v(x), €4, so that v(x)
has positive last component and its an-
gle with the horizontal plane is at least
u (middle figure). Finally we can ex-
tend v so that it is vertical up outside a
d-neighborhood U of M (lower figure).
The isotopy F; is one along the vector
field v.

N

Figure 99.13: The isotopy G; constructed
by means of the Global Compression
Theorem may move points far. For ex-
ample, consider a manifold M = R! as
well as a vector field v on a vertical plane
L C R® as on Figure 99.13. The isotopy
F; along v moves every point of L along
L. Furthermore, for x € M the trace
Fix stays below M. The point x also can
not escape a neighborhood of M since
outside a neighborhood of M the vector
field v is vertical up. Thus x is forced to
move far up along the manifold M.



Proof. Let x be a point in D. Choose local coordinates near x so that
x1 is the coordinate along the gradient flow of the hight function h
on M?°, xp1 = (x,...,xm) are coordinates on M perpendicular to xq,
Xy = (Xm41s o Xrk—1) the horizontal coordinates perpendicular to M,
and x,,,x is the vertical coordinate.

The initial vector field v on M near x is tangent to the coordinate
surfaces L = (x1,xp, Xy x) since v is perpendicular to M. The de-
formation of v(y) at the point y near x—constructed in the proof of
the Global Compression Theorem—is performed in the vector space
P = (v(y),emtk) which is in T,L. Then v is linearly extended over a
neighborhood U of M. In particular, each extended vector is a linear
combination of v and e, |, i.e., we may still assume that the extended
vector field is tangent to coordinate surfaces L. This implies that each
point y € M in a neighborhood of x flows over its coordinate surface
L. Thus, at least for a short period of time each point y stays in LNV
for a small neighborhood V of D outside of which v is vertical up.

Recall that h: M — R denotes the hight function on M. By choosing
v generic, we may assume that each flow curve of the gradient vector
field Vh intersects D at a finite number of points. Then L intersects D
at finitely many points, and therefore the path components of L NV
are of small diameter.

Now let us follow the trace of a point x € M along the vector field
v, i.e., we consider the trace of the point x under the isotopy F; rather
than the isotopy G;. Since the vector field v is everywhere at least
slightly up, the path of the point x enters and exits the neighborhood V
finitely many times. Outside V the path is vertical up. Such segments
of the path of x correspond to stationary intervals of the trace of x
under the isotopy G;. When the isotopy F; brings the point x into the
neighborhood V, the point x travels within a small path component of
LNV untill it leaves V. This part of the trace of x corresponds to a
very small displacement of x under the isotopy G;. Therefore, indeed,
the isotopy G; displaces points of M slightly. O

Case 3. Suppose now that the horizontal set H is not empty.

Exercise 99.13. Show that if H is not empty, then, without loss of gen-
erality we may assume that the horizontal set H is a closed manifold
of dimension m — k, while the downset D is a manifold of dimension
m —k + 1 with 0D = H.
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2° In other words, the xj-direction on the
manifold M is the direction of fastest
growth of h. Since M has only finitely
many critical points, without loss of gen-
erality we may assume that the gradient
vector field of / is nowhere zero near D.
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The argument in Case 3 is only slightly different from the one in Case
2. Let D denote a manifold obtained from D by attaching a thin collar
9D x [0,¢) to D inside M in such a way that D is a smooth manifold in
M C R™** containing the manifold with boundary D. The union of
open perpendicular discs of radius ¢ at points in D is a neighborhood
V of D. We may assume that the rotated and extended vector field v
in the compression theorem is vertical up outside V.

As in Case 2, in a neighborhood of every point x € M\ H near D
there are coordinates (x1, Xp1, X5, X k) In R™*k such that the isotopy
of the Compression Theorem floats x along the coordinate surface L =
(x1, Xp, Xprk). Its tangent space at x is generated by 9/dx1,0/0x; and
0/0x k. On the other hand, the vector 9/9dx; is a scalar multiple of
the projection of 9/9dx,, x to TyM. Therefore the space TyL is generated
by 9/0x; as well as T M. By continuity, the points x in H are also
floated only in the directions in (9/dx;) @ T M.

Without loss of generality we may assume that each flow curve of Vi
on M, i.e., each curve in the xj-direction, intersects H at finitely many

points.**

Furthermore, we may assume that each flow curve of Vh
on M intersects D at finitely may points. Therefore each coordinate
surface L intersects D at finitely many points, which means that each
path component of L NV has small diameter. Since each point x € D
floating along L stays in V, this implies that x floats a small distance.
By continuity, this is true for points in H as well, i.e., for all points in

M.

99.2.6  Solutions to Exercises

Solution to Exercise 2.2. To begin with, let us show that any normal vec-
tor field v over M is isotopic to a perpendicular vector field. To this
end, let w be the perpendicular vector field over M obtained from
v by projecting each vector v(x) to the perpendicular vector space
T+ M. Let ny denote the vector subspace of T¢M perpendicular to
the vector space (w(x)) spanned by w(x), and put Vy = ny @ (v(x)),
Wy = ny & (w(x)). For sufficiently small € > 0, let V denote the open
e-disc in Vi centered at 0. Then the union V¢ = UV} is a neighborhood
of M, and each point in V¢ corresponds to a uniquely defined pair
(x,u) of a point x in M and a vector « in VE. We may similarly define
a neighborhood W? of M for a small real number § > 0. Choose & and
4 so that e < 6. Then V¢ C WP, There is an isotopy F; of V¢ in W°
which takes each disc V£ into the corresponding disc W?.22 We will

> This intuitively obvious claim can be
rigorously proved by means of singu-
larity theory. In fact, the set H is the
set of singular points of the projection
p: M — R" 1 to the horizontal plane,
while the points at which Vi is tangent
to H is the set of singular points of p|H;
the latter set is discrete in general.

2This statement is known as the
Uniqueness of the Tubular Neighbor-
hood Theorem.



discuss the construction of such an isotopy in a moment, but for now
assume that F; has been constructed. Then the time dependent vector
field of the isotopy F; can be extended over all R"** and thus define a
desired ambient isotopy that preserves M and takes the vector field v
to a perpendicular one.

Now let us prove the statement of Exercise 2.2. We may now assume
that the vector fields vy and v; are perpendicular. Then the homotopy
v; of the vector field vy to v; can be realized by a continuous rotation of
each vector vy(x) to v1(x) in T M.23 We smooth the obtained isotopy
of a neighborhood of R"** and extend it over all R+, The resulting
isotopy preserves M and takes the vector field vj to the vector field v;,
which completes the proof of the statement in Exercise 2.2.

Now let us prove the existence of the isotopy F: of V¢ in W° which
takes each disc V¢ to a disc in W2. Suppose that each point (x,a) in
V¢ corresponds to a point (y(x,«), B(x,«)) in W. Then we define an
isotopy Fi of V¢ by Fi(x,a) = (y(x,ta), 1p(x,ta)) for t € (0,1] and
Fo(x,a) = limy_,0 Fi(x, ).>4 It is not immediately clear that the map F;
is a well-defined diffeomorphism onto image for all . However, since
B(x,0) = 0, by the Morse Lemma there is a function valued matrix
A(x, ) such that B(x,a) = A(x, a)a. Therefore, for t € (0,1],

Fi(x,a) = (y(x, ta), %ﬁ(x, ta)) = (y(x, ta), A(x, a)a). (99:3)

The equation (99.3) gives a new definition of F; valid for ¢ € [0,1]; the
new definition agrees with the old one. On the other hand, the map
F; defined by (99.3) is a smooth map. Since we can similarly define a
map from F;(V?) to V¢, the map F; is a diffeomorphism. 0O

Solution to Exercise 99.5. Since M is a smooth manifold in R"*¥ of di-
mension m, there is a diffeomorphism ¥ of a neighborhood V of the
origin in R"*+¥ into a neighborhood U C R"** of any prescribed point
x € M such that ¥~1(M N U) is the intersection of V and the coordi-
nate plane R™. Recall that the restriction ¢ = ¥|(V N R™) is called a
coordinate chart on M.

In order to show that W is a smooth manifold in R”*k we need to con-
struct maps ¥ that restrict to coordinate charts § on W. The domain
of ¥ will be a small neighborhood V of V N R™ in R"*¥ such that for
each point (xq, ..., Xy, 1f) in V, the point (x1, ..., X4, 0,...,0) isin V N R™.
Let Ty11, ..., Ts, with s = m + k — (n — 1) be vector fields over M N U at
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% The proof of this intuitively obvious
fact requires fibrations. Let G denote the
topological space of pairs (x,t,g) where
x ranges over points in M, ¢t € [0,1] ,and
g ranges over rotations of Ty M such
that g(vo(x)) = vi(x). then the projec-
tion (x,t,g) — (x,t) is a fibration G —
M x [0,1]. The inclusion M — M x {0}
into the base space of the fibration has an
obvious lift x — (x,0,id), and therefore,
the homotopy of inclusions M — M x
{t} lifts to a homotopy of maps M — G.
The last inclusion M — M x {1} lifts to
amap x — (x,1,gx) which produces the
desired rotations g, of the fibers T M.

2 In other words, given a vector a in V;,
first shrink it to the vector ta in V, then
find its components (y(x, ta), B(x, ta)) in
W?, and finally shrink the vector (x, ta)
to 1B(x, ta) in Wf.
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each point x € M N U spanning the plane Hy. Put

V(x1, 0 i) = P(x1, 0 Xm)
T X1 Tl + 0+ XsTs

+ Xsp1€1+ o Xsyp—1€n-1-

Then ¥~!(W) is the intersection of V and the coordinate plane R®
of points (x1,...,%s,0,...,0). The restriction ¢ of ¥ to the intersection
V NR® is a coordinate chart on W. If ¢ is sufficiently small, then the
coordinate charts ¢ constructed for all points x € M cover the set W,
and therefore the set W is a manifold.

By construction, the dimension of the manifold Wiss =m+k — (n —
1), while the vector fields ey, ...,e;,_1 over W are normal. O

Solution to Exercise 99.13. The proof of this fact relies on consideration
of Grassmann manifolds. We will only sketch the argument. The
Grassmann manifold Gry R"* is the space of vector subspaces of
dimension k in R™*K. There is an obvious inclusion Gry R"tk-1 —
Gry R" K which associates an m-plane in the horizontal space the same
plane in the total space R”*. Consdier the Gauss map &: M —
Gry R"*k defined by x + T¢M. The horizontal set H is precisely
the inverse image under & of the set Gr,, R"**~1. By the inverse func-
tion theorem, this implies that H is a closed manifold of dimension
m — k provided that M C R"*¥ is generic.

It is helpful to visualize the normal disc of Gr,, R" %=1 in Gr, R"+*.
To this end, pick a horizontal vector space H representing a point in
Gry R"*, Then any other plane #, in the normal disc is parametrized
by a vector w € H. The plane H,, is spanned by w — |wle,, . and the
subspace in ‘H perpendicular to w. In H, the downmost vector is
w — |w|ey, k. The downmost vector maps to w under the projection
along e, from H, to H.

Let x be a point in H, and let O be the perpendicular disc of H in
M at x; it is of dimension k. Since the Gauss map & is generic, it
maps the disc O isomorphically onto a normal disc of Gry R"+~1 in
Gr; R" "k, For each y in O the orthogonal projection TyLM — T¢Mis
an isomorphism. We may modify v so that under this isomorphism
v(y) maps to a positive multiple of v(x) for all y. Then near H the
set D consists of points y such that &(y) is the plane H,, where w is a
non-negative multiple of v(x). Clearly, 0D = H. O



99.3 Topics for Chapter 3

99.3.1  Example: Cobordisms

Let us describe a cobordism W from an empty manifold to an empty
manifold with W diffeomorphic to a torus. The simplest cobordism
W has four points py, ..., p3 at which the tangent plane is horizontal.
These are critical points of the height function f, see Figure 99.14.

When t < 0, the level W; of the cobordism is empty. As t passes
critical values of the height function, we observe modifications of W;.
Att = f(po) a circle is born. Then, the level W; splits into two circle,
merges into one circle, and finally turns into an empty set at t = f(p3).

More precisely, at the time f(py), the spherical surgery of index i = 0
is performed on the empty level set W_.. The surgery removes an
empty handle /; from the empty level set and attaches a new handle
hj = DY x S'. Thus, after passing the critical level ¢ = f(po), the level
set W turns into a circle. At the time f(p;), the level set is undergoing
a surgery of index i = 1. Two segments h; = S° x D! on the level set
are replaced with two segments h; = D! x S°. The level set turns into a
pair of circles. At the time f(p2), another surgery of index i = 1 takes
place. Again a pair of segments 1; on the level set is replaced with
another pair of segments %;. The resulting level set is a circle. Finally,
at the time f(p3), the level set is undergoing a surgery of index i = 2.
A handle ; = S! x DY is replaced with an empty handle h;. Thus, the
level set W; becomes empty.

Note that the spherical surgery both at the level f(p;) and at the level
f(p2) is of index 1. However, the former surgery results in increasing
the number of path components of W;, while the latter results in de-
creasing. It is also possible that the number of path components of W;
does not change when a spherical surgery of index 1 is performed, see
Figure 99.15.

99.3.2  Cairns-Whitehead technique of smoothing manifolds

Recall that a smooth submanifold M of R"+* is defined by means of
smooth local charts Y. A locally flat topological manifold M is defined
similarly, except that in its definition the local chart ¥ is only required
to be continuous, not necessarily smooth. 25
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Wt D2
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|4

Figure 99.14: The cobordism W with
four spherical surgeries.

Po

T
1>
>

Figure 99.15: Spherical surgeries of in-
dex 1 that respectively decrease, in-

crease, and does not change the number
of components of W;.

25 In other words, a subset M of R" ¥ is
said to be a locally flat topological manifold
of dimension m if for each point x € M
there is a coordinate neighborhood U of
x in R"** with continuous coordinates
(x1, -y Xpyx) on U such that UN M is the
set (x1, ..., Xm, 0, ...,0).
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In this section we will discuss a method of smoothing (locally flat)
topological manifolds, i.e., approximating topological manifolds by
their smooth counterparts. We will use standard mollifiers.

Standard mollifiers.

By definition, the standard mollifier on IR" is a smooth function # on R"
with support in the unit ball |x| < 1, defined on the unit ball by 7(x) =
cexp IX\Z%V where c is the positive constant such that f]R,l ndx =1, see
Figure 99.16. For each € > 0, there is a closely related smooth function
ne(x) = Ly7(%) with support in the e-ball |x| < e. Still Jgn Medx =1,
see Figure 99.16. Mollifiers 7, allow us to approximate any integrable
function f on R" by a smooth function, namely,

fix) = / ne(x —y) f(y)dy.

In fact, if the original function f is continuous, then the functions f*
approach f uniformly on compact subsets of R"” as ¢ — 0.

To make sense of the definition of the approximating function f¢, we
note that the function 7, (x — y) is trivial outside the set |[x — y| < ¢, see
Figure 99.18. Thus, for each point x, the integral in the definition of
f€(x) is essentially taken over the disc |x — y| < € of radius ¢ centered
at x. Furthermore, since f]R" edx = 1, the value f¢(x) is the weighted
average of the values f(y) where y ranges over points in the e-disc
centered at x.

Lipschitz functions.

Another important ingredient needed here is the Lipschitz function.
Given two open subsets U C R" and V C R", amap f:U — V is said
to be Lipschitz if |f(x) — f(y)| < C|x —y| for all x and y in U and for
some constant C that does not depend on x and y.2° In other words,
a Lipschitz function may increase distances between points, but only
by a bounded factor. In particular, every Lipschitz function is contin-
uous. In fact, by the Rademacher theorem: Every Lipschitz function
f:U — R™ from an open subset U of R" is differentiable almost ev-
erywhere in U, ie., f is differentiable in the complement to a set of
measure zero. The same is true for locally Lipschitz functions, i.e., func-
tions f that are Lipschitz in sufficiently small neighborhood of each
point x of the domain. To visualize the non-differentiable behavior of
a Lipschitz function f, let X C U denote the set of measure zero in the
complement to which the function f is differentiable. Then the graph
of the restriction of f to U \ X is a differentiable manifold in R™ x R",
and, in particular, it has a tangent plane L at each point. Let now G

>

RTL

>
>

-1 +1

Figure 99.16: The standard mollifier 7.

\
e
RTL
—€ €
Figure 99.17: The mollifier 7.
Ne (T -y )
x R"
. .

xr— € xr+e€
Figure 99.18: The function #(x —y)

2 Lipschitz functions f:IR — R are easy
to visualize. These are functions whose
rate of change |f(x) — f(y)|/|x —y| is
bounded by a constant C.



denote the graph of the function f in R™ x R"”. We have seen that in
the complement to f(X) it has a field of tangent planes L(z). It turns
out that if the plane field L(z) can be extended to a continuous plane
field over G, then f is differentiable.

Let now M be a locally flat topological manifold of dimension m in
R”*k. To smooth the manifold M near a point p, suppose that there
is an affine plane N C R"*+ of dimension k passing through the point
p such that for a small disc D of dimension m perpendicular to N
and centered at p, locally the manifold M is the graph of a Lipschitz
function f: D — N.?7 Then the graph of the mollified function f*
near the point p is a smooth manifold M, locally approximating the
manifold M. The affine plane N in the local construction is called a
transverse plane. Informally, it gives us a direction in which we may
perturb the manifold M to smooth it in a neighborhood of the point p.

We aim to turn this local construction into a global one. To this end,
suppose that at each point p of M there is chosen a transverse plane
N(p) continuously depending on p. Then we say that N is a transverse
field over M.

Theorem 99.14 (Cairns-Whitehead). Given a transverse field over a com-
pact topological manifold M in R"*X, the manifold M is Lipeomorphic to a
nearby smooth submanifold in R™**.

We note that a transverse field over a manifold M may not exist. In-
deed, Kervaire constructed a topological manifold of dimension 10,
which can be placed in R?!, and which admits no smoothing. Thus,
the Kervaire manifold admits transverse fields only locally, not glob-
ally.

On the other hand, the transverse field N determines the smoothing of
the manifold M uniquely up to a diffeomorphism. Different transverse
fields may lead to smooth manifolds that are not diffeomorphic.

We will explain the idea behind the proof of Theorem 99.14 following
the argument of Pugh.

Sketch of the proof. To begin with we extend the transverse field N over
a neighborhood of M in R”*k, and approximate the transverse field
N by a smooth one. Its restriction to M is still a transverse field. Now,
for each point p, choose a small J-neighborhood Nj(p) of p in the
affine plane N(p). If ¢ is small enough, then the discs Ns(p) do not
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* The statement that M is locally the
graph of a Lipschitz function is equiv-
alent to the following elementary as-
sumption. Suppose that there is a neigh-
borhood O of the points p in M, and
a positive number y < 71/2 such that
for any points p/,p” in the neighbor-
hood O the angle between N and the line
through the points p’, p” is at least +.

M

NP

Figure 99.19: A transverse plane N of di-
mension k at a point x € M satisfies the
defining property that near x the mani-
fold M is the graph of a Lipschitz func-
tion f:D — N on a small disc D of di-
mension m centered at x and perpendic-
ular to N.
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intersect for different p, and form a neighborhood U of M. There is a
projection 7t of U to the manifold M which projects each disc Ns(p) to
the point p. Of course, the map 7 is not smooth (unless the manifold
M is smooth), but its mollified approximation 7t°: U — U is smooth.

In a neighborhood of each point p € M, the set M is the graph of a
Lipschitz function f,: D(p) — N(p) with Lipschitz constant C(p). Let
S denote the supremum of all C(p) where p ranges over points in M.
We say then that a set Y in U is almost horizontal, if for every point
y € Y a neighborhood of y in Y is the graph of a Lipschitz function
D(p) — Nj;(p) with Lipschitz constant < S. In particular, the set M
itself is almost horizontal in U.

We will perturb the manifold M by means of a section o: M — U, ie.,
by means of a continuous map which displaces each point p within
the disc Ns(p).® Let ¥ denote the set of all sections o which pro-
duce almost horizontal displacements o(M) of the manifold M, see
Figure 99.20. It is a complete metric space with metric

d(o1,02) = sup{lor(p) — oa(p)[}-
peEM

Suppose that the approximation 7r° takes each section ¢ € X to another
section 71° 0 ¢. In other word, the map 7 defines a map 73: % — X.
Then 7} is a contraction in the sense that it decreases the distances
between sections®?, and therefore, there is a unique fixed section oy,
i.e., a section 0y that is sent to itself by 7t{. It can be shown that op(M)
is a differentiable submanifold approximating M, which completes the
proof modulo two statements which we will discuss next in more de-
tail.

First, we assumed that the approximation 7t° takes each section o € &
to another section 7° o 0. In general this is not true; some care is
necessary. Fix a point pg in M and consider a cube neighborhood
D x Nj about pg where D = D(pg) and N5 = Ns(po). Take a point
(x,y) in the cube neighborhood, where x is the coordinate on D, and y
is the coordinate on Ns with (0,0) corresponding to pg. We claim that
¢ takes (x,y) to a point (x/,y’) such that

/

Y =xto(uy), and y = f(x)+o(xy),

where f:D — Nj is a function whose graph is a neighborhood of py
is M. Indeed, since the field of planes N is smooth, all planes in the
field are almost parallel to N(pp). Therefore

(", y") = (x,y) = m(x,y) +o(x,y) = (x, f(x)) + o(x,y)-

Figure 99.20: The sections ¢ in X sat-
isfy the property that their graphs are
far from being vertical. Their graphs are
within a cone —Sx < y < Sx, where x
is the coordinate on D(p) and y is the
coordinate on N(p).

3 More precisely, a map 0: M — U is a
section if the composition :0: M — M
is the identity map.

®ie., d(my(o1), m5(02)) < ad(o1,02) for
some constant 0 < a < 1.



The formulas for x’ and y’ show that ¢ takes almost horizontal lines
to almost horizontal lines.3° Since the plane field N is smooth (and
therefore nearly vertical in a neighborhood of pg), we deduce that in-
deed 7° takes sections ¢ to graphs of other sections.3* In other words,
we define n‘t"(a) to be the section that takes M to the set ¢ o 0.

Second, we need to show that if oy is a fixed point of 7T§, then the
manifold op(M) is indeed smooth. To begin with 0y(M) is a Lipschitz
manifold, and therefore, by the Rademacher theorem it is differen-
tiable almost everywhere. In fact, there is a subset W C 0p(M) of full
measure such that W consists of points at which oy M is differentiable
and 7°|W: W — W is a homeomorphism.32 Let L(z) be the tangent
plane field to cpM over W. It remains to show that the plane field L(z)
admits a continuous extension to a plane field over oy(M).

To extend L(z) over op(M), let H denote the complete metric set of
all almost horizontal continuous plane fields over op(M). The map 7
acts on H and defines a contraction 7T§ :'H — H. Therefore, there is
a unique plane field H such that t°(H) = H. Since H coincides with
L(z) over W, it follows that H is a desired extension.

Thus the manifold oyM is differentiable. It remains to show that
every differentiable manifold M in R"** can be approximated by a
smooth manifold. To begin with, by the Whitney Smoothing Theorem,
there exists a smooth manifold M’ ¢ R"*¥ and a C!-homeomorphism
¢:M' — M.33 We may regard g as a C'-embedding into R"*k. The
mollified approximation g¢ of g is a smooth map M’ — R"*¥. The first
partial derivatives of ¢* are the corresponding mollified derivatives of
g. Since g is an immersion, this implies that g° is also an immersion.
In particular, locally, in a neighborhood of each point, g* is an embed-
ding. Therefore, if € is sufficiently small, then g° is an embedding. O
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*If we write (x},y]) = 7°(x1,y1) and
(x3,y3) = 7 (x2,42), then |y; —vj| ~
[f(x2) = f(x1)| < S|xa —x1| = S|x; —
x1)-

31t is not true that m(n®(o(x))) =
n(o(x)) for x € M as 7° may compress a
section vertically, as well as slightly shift
it horizontally.

3 We note that the restriction of 7° to
o9M is a homeomorphism, say g. Let K
denote the set of points in oy M at which
o0pM is non-differentiable. The set W is
the complement in 0p(M) to all the sets
¢'K of measure 0 for i € Z.

33 The Whitney Smoothing Theorem for
abstract manifolds (not necessarily sub-
manifolds of R™*¥) asserts that the C!-
atlas of every manifold contains a C*-
subatlas.
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99.4 Topics for Chapter 5

99.4.1  Bilinear forms on free modules

Let R be a commutative ring with 1. In our applications, we will only
consider rings Z,IR,Q and Z;. Let V be a free finitely generated R-
module with basis ey, ..., e, i.e., V consists of elements of the form

U= w161 +agey + - -+ ey,

where the coefficients «y,...,a, are from the ring R; elements of V
can be added, and scaled. Bilinear, symmetric, skew-symmetric, sym-
plectic, and non-degenerate forms, as well as quadratic forms on the
module V are defined the same way as for vector spaces.

A bilinear form ¢ on the module V is completely determined by its
values ¢;; = ¢(e;, ¢;) on the basis vectors. In particular, all properties
of the bilinear form ¢ can be reformulated in terms of the matrix B =
(gol-]-). The form ¢ is symmetric, if its matrix is symmetric, i.e., B = Bf,
where B! stands for the transpose of the matrix B. The form ¢ is skew-
symmetric if B = —Bt. Similarly, the form ¢ is symplectic, if B = —Bt,
and all terms on the diagonal of B! are trivial. Finally, the form ¢ is
non-degenerate if and only if B has an inverse.34

34 Indeed, we need to show that for ev-
ery linear function f:V — R there are
unique vectors v and w such that f(x) =
v-x = x-w for all x in V. Of course, it
suffices to require that the identities hold
only for the basis vectors ¢;. Thus, in or-
der to verify f(x) = x-w we need to find
an element w such that

(f(e1), - flen))' = (e1 - w, ... e - W)

On the left hand side we are given an
arbitrary vector F, while on the right we
have a vector Bw. The equation F = Bw
can be solved for any vector F if and only
if B has a right inverse, i.e., there is a
matrix W such that I = BW. Similarly,
an element v exists if and only if B has
a left inverse. We also note that B has a
left inverse if and only if B has a right
inverse.



99.5 Topics for Chapter 6

99.5.1 Heegaard splittings

Let P and Q be two manifolds with boundary dP and 0Q. The bound-
ary connected sum P#,Q of the manifolds P and Q is a manifold with
boundary obtained from P U Q by attaching a 1-handle H! along an
attaching sphere S° which consists of a point on P and a point on Q,
and then smoothing the corners.

We call the boundary connected sum of g copies of the solid torus
S9 x DI*1 a ball with g handles. For example, when g = 1, every surface
of genus g in R3 bounds a ball with ¢ handles.

Theorem 99.15. Let M be a (q — 1)-connected framed manifold of dimension
m = 2q + 1. Then there is a ball with g handles W such that M is diffeomor-
phic to WUy, W, where ¢ is a diffeomorphism between the boundaries of the
two copies of W.

Proof. Choose a handle decomposition of the manifold M. Since M is
(9 — 1)-connected we may choose a handle decomposition with only
0,4,9 + 1 and m-handles. Let W denote the union of handles of indices
0 and g, and W' the union of handles of indices g+1and m.

In particular, the manifold W is obtained from a disc H® by attaching
handles H? of index g along attaching spheres S7-1 C 9H". Let g
denote the number of handles of index 4. Since the dimension of the
sphere 9H" is 29, any set of ¢ attaching spheres is isotopic to any other
set of ¢ attaching spheres. For this reason we may choose any position
for the attaching spheres of handles of index q. In particular, we may
represent the disc H as the boundary connected sum of g copies of
D7 x D7*1. We may assume that the attaching sphere of the handle
H] is the sphere 9D x {0} in the i-th summand of H’. Furthermore,
we may assume that the handle H! is attached along the thickening
0D7 x D*1 of the attaching sphere.

Next we note that the manifold obtained from D9 x D9*! by attaching
the handle H? = D17 x D7+ is the total space E of a vector bundle over
S9. In fact, since M is framed, the space E is diffeomorphic to S7 x
D4+1.35 Therefore, the manifold W is a ball with ¢ handles. The same
argument shows that W’ is a ball with g’ handles. Since W coincides
with dW’ we conclude that ¢’ = g, and therefore W’ is diffeomorphic
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% Let ¢ denote a trivial vector bundle
of dimension 1 over any space X. Let
S C M denote the zero section of the vec-
tor bundle E. Then E is the total space
of the normal vector bundle v of S in M.
The isomorphism TM @ T*M = "+
restricted over S produces

TS®vd T-M = "tk

Since M is framed, we have T+ M = &k,
Also TS @ e = &1**. Finally, since v is a
vector bundle of dimension g + 1 over a
manifold of dimension g, and it is stably
trivial (ie., v @ Ttk = ¢"+k) it follows
that v is trivial.
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to W. O

99.5.2  Alternative proof of the surgery theorem for framed manifolds
of odd dimension

Let M be a closed (g — 1)-connected framed manifold of dimension
m = 29+ 1. We have seen that the manifold M is a union W U, W’
where W ~ W' is a ball with ¢ handles, and ¢ is a diffeomorphism
identifying the boundaries of W and W’'. Suppose that ¢ is minimal
in the sense that for any framed manifold M’ which is cobordant to
M, and any handle decomposition of M’, the corresponding number
¢’ for M is at least g. We will show then that M is a homotopy sphere.

To prove the claim, let us study the homomorphism ¢, of homology
groups.

The homology group Hy(dW) = H,(#,57 x S7) is a free abelian group
generated by meridian classes m; and longitude classes ¢;, where i =
1,..,g. We may choose the generators in such a way that m; - {; =
1. Similarly, the homology group H;(0W’) is a free abelian group
generated by meridian classes m! and longitude classes ¢ such that
m’ - £ = 1. Since the diffeomorphism ¢ identifies oW with dW’ we
may actually assume that {m;, ¢;} and {m}, ¢!} are two bases of the
group H,(0W). In particular, the classes m} and ¢ can be written as
linear combinations

m; = Zaijmi + Zbijéi/

4 = Zci]-mi + Zdijgi'
If we multiply the first equation by ¢;, we get m; -4; = ajj. We similarly
find that m; - m; = bj;, E} -4; = c;j and m; -Z;- = d;j. It follows that the
matrix of the differential ¢, of the map ¢:0W’ — dW is given by

tll‘]' Cij
bij dl]

We aim to simplify the matrix. Recall that since the dimension of M is
2g + 1, a framed surgery is possible along any embedded sphere in M
of dimension g. In particular, take the core S of a boundary connected
summand S7 x D7t! in W. There exists a framed surgery of M along
S. Without loss of generality we may assume that the thickening of the
attaching sphere S of the framed surgery is the connected summand
S9 x D971, if necessary, we may reparametrize the connected sum-
mand S7 x D7+ (this results in modifying the basis {m;, ¢;}). Then



the framed surgery replaces the connected summand S7 x D7+! in W
with a connected summand D7*! x S7+1. Such a surgery results in a
change of bases m; — ¢; and ¢; — £m;. In other words, the i-th row
of the matrix [¢,] is exchanged with the (g + 7)-th row of the matrix
[¢«]. We may also change the parametrization of a connected sum-
mand S7 x D971 so that it still remains a thickening of the attaching
sphere of a framed surgery. This corresponds to a homomorphism
m; — m; and £; — {; + am; where « is any even integer.

Another observation is that since ] - E;- =1,wehave Y a;;dq £byciy =
1, which we can state as the following lemma.

Lemma 99.16. The elements in the first column of the matrix [¢] are rela-
tively prime.

Theorem 99.17. The manifold M is a homotopy sphere.

Proof. To begin with we observe that the meridian classes m; are rep-
resented by the belt spheres of handles H?, while the meridian classes
m; are represented by the attaching spheres of handles H!*'. There-
fore, sliding handles, and renumbering the handles allows us to turn
the submatrix [b;j] into a diagonal one. By Lemma 99.16, the numbers
{b11,a11,a12, ..., a14 } are relatively prime.

Suppose now that |b11| < |a11|. Then we can perform a surgery along
the first summand S7 x D71 which results in switching a;; with by;.
Thus we may assume that |by1| > |a11].

If |b11] > |a;1] > 0, then we can reduce |bj1| without changing all
other numbers in the set {b11,a11,412, ..., alg}. Indeed, we can perform
a surgery on the first summand S7 x D7*! of W, which corresponds
to my — {1 and ¢1 — mj, and then choose a reparametrization which
corresponds to my — my and ¢1 — {1 = 2my, and then perform again
a surgery along the first summand. The resulting map is

mq F—>f1 F—)fl + 2m F—>ﬂ11i2f1

and {1 — {;. Therefore the only term that is modified in the first col-
umn is by1. Thus we can modify by; by +2441,3% and, consequently, we
can make |by1| < |ayr|. If byy = Fayy, then {a1q, ..., a14} are relatively
prime. Let’s perform a surgery on all summands S7 x D7+ of W.
Then {byy, ..., big} become relatively prime. Therefore by handle slides
and renumeration we can get b;; = 1. By the Handle Cancellation
Lemma, a pair of handles in the handle decomposition of M can be
cancelled, which contradicts the choice of the handle decomposition.
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3¢ We have

bll =mq - mﬁ
— (i’l’ll :t2[1) . m&
= bll + (:I:Zan).
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If a;7 = 0, then we can perform a surgery along the first summand
S7 x D1*1 which results in switching a1 with b1, and we again obtain
that {ay1,...,a14} are relatively prime. Finally, if |by| = |a11], then
{a11,..,a14} are already relatively prime. O
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99.6  Topics for Chapter 14

99.6.1  The Whitehead torsion

Let W C R x [0,1] be an h-cobordism between two manifolds M
and M;. In particular, the manifolds My, M; as well as W have the
same fundamental group 7. We may assume that the hight function
f is a Morse function, with critical points of each index ordered in
some way. Choose a distinguished point * in W, and for each critical
point p of f choose a path 7, in W from the point * to the critical
point p. If p is a critical point of index #, and g a critical point of
index n — 1, then each intersection point of the attaching sphere of the
handle H" corresponding to p with the belt sphere of the handle H" !
corresponding to q lies on a special trajectory 7y, from p to g along
the gradient vector field of f. The incidence (p,q) is an element in
Z|r] given by the linear combination } £, * 74 * 'y‘;l, where 7,4
ranges over all special trajectories, and the sign for terms in the linear
combination is taken according to the orientations.

We will next define a complex of modules over Z[rt] associated with
the h-cobordism W. To this end, let C, denote a free Z[rr]-module
whose generators [p] are in bijective correspondence with critical points
p of f of index n. The differential d,,: C;, = C,_; is a homomorphism
of Z[r]-modules. It takes [p] to Y(p,q)[q]. The Z[rr]-modules C, to-
gether with differentials d,, form a chain complex

d dy—
e C B Cyq S Cpg

We note that each C, is a free Z[rr]-module with an ordered set of
generators, there are only finitely many non-zero terms C,, and the
chain complex is acyclic, i.e., its homology groups are trivial. Handle
rearrangements correspond to the following modifications of the chain
complex:

* changing the order of generators of C, (corresponds to reordering
handles of index n),

* replacing one generator with the sum of the generator and a multi-
ple of another generator (corresponds to handle slides),

e replacing a generator [q] with +£g[g] where ¢ € 7 (corresponds to
replacing -y, with 5+ g~ 1)

e replacing d,:C;, — C,_1 with d, ®id:C, ® Z[rr] — C,_1 ® Z[7]
(corresponds to creating a pair of handles).
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We can study the cobordism W algebraically. To this end, consider
the set of all acyclic chain complexes of free Z[r]-modules C, with
ordered sets of generators and such that only finitely many terms C,
are non-zero. There is an operation on such chain complexes given
by term-wise sum operation. Furthermore, the above four modifica-
tions of chain complexes is an equivalence relation. It turns out that
the set of equivalence classes of chain complexes with term-wise sum
operation is a group Wh(), called the Whitehead group. In particular,
every h-cobordism W gives rise to an element 7(W) in the Whitehead
group of 7w = 7ty W. This element is called the Whitehead torsion of the
h-cobordism W.

99.6.2  The s-cobordism theorem

By definition, an h-cobordism W is an s-cobordism if the Whitehead
torsion (W) is trivial.

Theorem 99.18. An h-cobordism W of a manifold M of dimension m > 1 is
trivial if and only if it is an s-cobordism.

Sketch of the proof. Handle rearrangements of a handle decomposition
of W do not change the Whitehead torsion 7(W). Therefore if W is
a trivial h-cobordism, then T(W) = 0. Suppose now that W is an
s-cobordism. Let us show that W is a trivial cobordism.

To begin with since the inclusion of the manifold M into the cobordism
manifold W induces an isomorphism 77pM — 7myW, we may pair all 0-
handles of the cobordism W with some of the 1-handles that each pair
is canceling. In other words, we may assume that W has no 0-handles.
All 1-handles can be traded for 3-handles, and so on. Similarly, we may
flip the cobordism W up side down and repeat the argument. As a
result, we obtain a new handle decomposition of W with only handles
in the middle degrees q and g + 1. Under these handle rearrangements,
the chain complex turn into one with only non-trivial modules C; and
Cy+1, 1., the new chain complex is of the form

dgt1
0= Cog ——Cg 0,

where C,;1 and C; are free Z[rr] modules with ordered bases. Since
T(W) = 0, there is a sequence of further modifications of the chain
complex that turn d; 1 into the identity map. Each elementary mod-
ification of the chain complex corresponds to a handle rearrangement



of W. Therefore, there is a sequence of handle rearrangements, after
which the g and g + 1-handles of W are paired, and, hence, could be
cancelled.37 O

Exercise 99.19. Suppose that in an acyclic chain complex C, the mod-
ules C; = 0 for i < q. Show that trading g-handles for (g + 2)-handles
corresponds to replacing the chain complex

— Cq+3 — Cq+2 — Cq+1 — Cq —0

with the chain complex

dz,q+3 dz,q+2
= Cp3 — C2®C — Cpp1 > 00

where d; , 5 is the map (dg.3,0), while the map d , , is the sum of dg»
and I': C; — Cy41, where I' is a right inverse of d; 1. More generally,
let I':C — C be a chain contraction. Then there is a sequence of
rearrangements of handles in the decomposition of W which turn the
chain complex C into a chain complex of the form

d+T
e 0= Copt 55 Coven — 0= - -

where C,3y = ®Cqi with i ranging over all odd integers, while Cepern =
@®©C,4;j with j ranging over all even integers. Consequently, the group
Wh(7r) can be defined as a group of equivalence classes of matrices.
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% For details, see Proposition 8.31 and
Theorem 8.33 in the book Algebraic and
Geometric Surgery by A. Ranicki.
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