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Abstract

Vacuum instability, leading to pair creation or annihilation of charged particles,
is one of the most interesting physical quantities in particle physics. Among various
kinds of particle creation process, quark antiquark pair creation is particularly
interesting. Quarks and gluons are described by quantum chromodynamics(QCD),
which has a strong gauge coupling constant at low energy, popularly known as the
asymptotic freedom. In QCD, perturbation is not a good approximation at low
energy, thus it is essential to evaluate non-perturbative effects. To calculate QCD
vacuum decay rates, we need to calculate non-perturbative effects about the QCD
vacuum.

In 1951, Schwinger obtained a creation rate of an electron positron pair by
evaluating an imaginary part of an effective Lagrangian of electromagnetism, after
integrating out the electron positron fields. We expect that, in a similar manner,
a creation rate of a quark antiquark pair is obtained by computing an imaginary
part of an effective Lagrangian of QCD coupled to external electromagnetism. The
Lagrangian includes quark fields, gluon fields and the electromagnetic fields as the
external fields. The obstacle for the calculation for the quark case is that the
gauge coupling of QCD is so strong that we have to evaluate quark antiquark
1-loop Feynman diagrams at all orders in gluon interaction, so any diagramatic
calculations do not help at low energy. For this problem, recently developed notion
known as a gauge/gravity duality, or equivalently AdS/CFT correspondence, can
be applied, since the duality indeed enables us to calculate a strong coupling limit
of quantum field theories.

In 1997, Maldacena conjectured that A/ = 4 supersymmetric Yang-Mills theory
is equivalent to type IIB superstring theory on AdSsx S°. In particular, the large N,
limit and the strong coupling limit of the N' = 4 supersymmetric Yang-Mills theory
is conjectured to be equivalent to classical type IIB supergravity on AdSs x S®. The
limits are a large N, limit and a large 't Hooft coupling limit, A = ¢?N, > 1. Non-
perturbative quantum quantities of the large N, strongly coupled gauge theory are
derived from the classical gravity. However, how to calculate the creation rate of
the quark antiquark have not been established yet in the AdS/CFT. In this doctor
thesis, we study the vacuum instability in large N, strongly coupled gauge theories.

Recently, research on the vacuum instability in strongly coupled gauge theories
by the AdS/CFT have started. Semenoff and Zarembo derived the creation rate of

the quark antiquark pair from a classical minimal surface of an open string world-



sheet with the AdS/CFT. With a different method, Hashimoto and Oka derived
the creation rate of the quark antiquark pair from the imaginary part of a probe
D-brane action in electric fields.

In our paper [arXiv:1403.6336 [hep-th]], by using the AdS/CFT, we obtained
the creation rate of the quark antiquark pair in electromagnetic fields in the N' = 4
SU(N.) supersymmetric Yang-Mills theory with A/ = 2 hypermulitiplets in the
fundamental representation. By using the Hashimoto-Oka conjecture, we evaluated
the imaginary part of the D7-brane DBI action in not only constant electric fields
but also constant magnetic fields. We found that the creation rate of the massless
quark antiquark diverges at zero temperature, while it becomes finite if we introduce
a nonzero temperature. In the case of massive quarks, the creation rate of the quark
antiquark in the A/ = 2 SQCD was found to coincide with the creation rate of the
hypermultiplets in the N’ = 2 supersymmetric QED, in the massless limit.

In our paper [arXiv:1412.4254 [hep-th]], we worked on the decay rate in the
Sakai-Sugimoto model. We evaluated the imaginary part of the D8-brane DBI
action in the constant electromagnetic fields. We obtained the creation rate of the
massless quark antiquark is non-zero at zero temperature, and also found a critical
electric field in the confining phase of the strongly coupled large N, gauge theory.
The imaginary part of the D8-brane DBI action increases according to the increase
of a magnetic field parallel to an electric field. On the other hand, the imaginary
part decreases when we increase the magnetic field perpendicular to an electric
field. We found that a critical electric field exists to have an imaginary part for the
DBI action, and its value is identical to a QCD string tension between the quark
and antiquark.

In our paper [arXiv:1504.07836 [hep-th]], we found that the energy distribution
of the meson at highly excited modes is subject to a power law under a constant
electric field or in a nonzero temperature. In general, any energy distribution is
expected to obey a Maxwell-Boltzmann distribution. However, in our analysis
using the AdS/CFT correspondence, at a critical electric field, we found that the
energy distribution of the mesons at high excited modes is proportional to a power
of the meson mass. The power is found to be equal to —4 in the case of the gravity
dual of the D3-D5 brane system.

In this doctor thesis, we explain the contents explained above, with reviews on

related subjects.
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1 Introduction

In particle physics, creation of a particle antiparticle pair by vacuum decay is an im-
portant notion. Schwinger effect is one of the most interesting phenomena in particle
physics. The phenomenon describes a pair creation of charged particles under an exter-
nal field such as a strong electromagnetic field. Schwinger obtained the creation rate of
an electron positron pair by evaluating the imaginary part of an effective Lagrangian of
electromagnetism, after integrating out the electron positron fields [1,2]. This rate T is
derived as T' ~ exp (—7m?/eFE) whose exponent has a negative power for the gauge cou-
pling e. Thus, the Schwinger effect is a non-perturbative effect. Here, m, is the electron
mass and E is a constant electric field. A critical electric field is E., ~ m?2c3/eh, and
the strength is about 10'® [V/m]. The phenomena occurs effectively only under a strong
electromagnetic field.

Recently, we have seen advance in research on hadron physics of a strong electromag-
netic field in both theoretical and experimental aspects. At the heavy ion collision in
RHIC and LHC, it is expected that a strong magnetic field is generated by a collision of
charged particles accelerated at about the speed of light. Another related topic is neutron
stars and magnetors which carry a strong electromagnetic field. In such a strong electro-
magnetic field, it may be possible to create a pair charged particles. For example, we may

think of a quark antiquark pair creation as well as the electron positron pair. Quarks



and gluons are described by quantum chromodynamics(QCD), which has a strong gauge
coupling constant at low energy, popularly known as the asymptotic freedom. Thus, we
cannot observe a single quark because quarks have a confining force. However, we expect
that a quark antiquark pair creation occurs if a quark and an antiquark are separated
by an electromagnetic field stronger than the confining force. In QCD, perturbation is
not a good approximation at low energy, thus it is essential to evaluate non-perturbative
effects. To calculate the creation rate of the quark antiquark pair, we need to calcu-
late non-perturbative effects about the QCD vacuum. Recently developed notion known
as a gauge/gravity duality, or equivalently AdS/CFT correspondence, can be applied,
since the duality indeed enables us to calculate a strong coupling limit of quantum field
theories [8-10].

The AdS/CFT correspondence states that the AV = 4 supersymmetric Yang-Mills
theory is equivalent to type IIB superstring theory on AdSs x S°. In particular, the large
N, limit and the strong coupling limit of the N' = 4 supersymmetric Yang-Mills theory is
conjectured to be equivalent to classical type IIB supergravity on AdSs x S°. The limits
are a large N, limit and a large 't Hooft coupling limit, A = ¢?N. > 1. Non-perturbative
quantum quantities of the large N, strongly coupled gauge theory are derived from the
classical gravity. It is not understood well how to calculate the creation rate of the
quark antiquark in the AdS/CFT correspondence. In this thesis, We study the vacuum
instability in the large V. strongly coupled gauge theories.

The Schwinger effects have recently been studied by using the AdS/CFT correspon-
dence. Within the AdS/CFT framework, the creation rate of the quark antiquark
pair in the strongly coupled N' = 4 supersymmetric Yang-Mills theory was obtained
in [19,20]. Based on [19,20], the holographic Schwinger effect were calculated in various
systems [21-28]. On the other hand, K. Hashimoto and T. Oka obtained the vacuum
decay rate, which can be identified as the creation rate of quark-antiquark pairs, in
N = 2 supersymmetric QCD(SQCD) by using a different method [16] in AdS/CFT

correspondence: the imaginary part of the probe D-brane action.! The D3-D7 brane

!The method based on [19,20] is a single instanton process for the creation of a pair and is valid for
the electric field E smaller than the critical electric field, while the method in [16] is for E stronger than
or comparable to the critical electric field. Both are basically a disc partition function in string theory,
but evaluated in different regimes. The former is a semi-classical large disc, while the latter is a small

disc giving the Dirac-Born-Infeld action. The boundary of the disc corresponds to the world line of the



system corresponds to N' = 4 supersymmetric SU(N,) Yang-Mills theory accompanied
by an N/ = 2 hypermultiplet in the fundamental representation of the SU(N,) gauge
group [12]. They obtained the creation rate of the quarks and antiquarks in the N = 2
SQCD under a constant electric field by evaluating the imaginary part of the D7-brane
action. In [17], we evaluated the imaginary part of the D7-brane action including not
only a constant electric field but also a constant magnetic field and obtained the creation
rate of the quark antiquark in the N' =2 SQCD.

In [18], we study the quark antiquark pair creation in non-supersymmetric QCD at
large N, at strong coupling, and the imaginary part of a D8-brane action in a constant
electromagnetic field. The holographic models are the Sakai-Sugimoto model [14] and its
deformed version [15].

As another topic of a vacuum instability, we are interested in a phase transition
between a confining phase and a deconfining phase in strongly coupled gauge theories.
At the phase transition, the energy distribution of meson at highly excited modes was
found to obey a power-law, as studied K. Hashimoto, S. Kinoshita, K. Murata and
T. Oka in [65,67]. They named the phenomena a turbulent meson condensation. They
speculated that the origin of the turbulence would be related to an AdS instability studied
in [30]- [64]. The AdS instability was found under a perturbation in the time-depend
system of Einstein-massless scalar theory. The authors of [65,67] are interested in the
universality of the AdS instability. Within the AdS/CFT correspondence, we can study
a possible universality of the turbulent meson condensation. In [67], we explain that the
turbulence power is universal, irrespective of how the transition is driven, by numerically
calculating the power in various static brane setups at criticality. We also find that the
power depends only on the cone-dimension of the probe D-brane.

The present doctor thesis is motivated by the following.

e The understanding of the vacuum instability in the large N, strongly coupled gauge
theories with the AdS/CFT correspondence

e The analysis about the vacuum instability induced by electromagnetic fields

e The universality of the turbulent meson condensation

created quark pair. A small F means a large disc , i.e. a larger separation of the created quark pair.



Firstly, although many papers about the AdS/CFT correspondence have been pub-
lished, we haven’t established the AdS/CFT dictionary about the vacuum instability such
as the Schwinger effects. It is important to calculate the imaginary part of the effective
action to evaluate the vacuum instability. The calculation of the imaginary part of the
effective action in the gravity side gives us new idea about the vacuum instability from
the AdS/CFT correspondence.

Secondly, many interesting results of the experiments about a strong magnetic field
have recently been reported as we explained in the second paragraph. It is important to
obtain the creation rate of the quark antiquark in not only an electric field but also a
magnetic field. This is because there are some phenomena which depend on the direction
of the electric fields and magnetic fields in high energy physics and condensed matter
physics. For example, the quantum Hall effect occurs under a magnetic field which
is not parallel to but perpendicular to an electric field. In this paper, we discuss the
relationship between the vacuum instability and the directions of the electromagnetic
fields in the AdS/CFT framework.

Thirdly, according to [65,67], the meson’s energy distribution at high excited modes
obeys a turbulent power law in a D3-D7 brane system, which can be evaluated by a
displacement of the probe D7-brane by an electric field. In particular, the shape of the
D7-brane have a cusp. We are interested in the universality of the turbulent meson
condensation in some other brane systems. In particular, it is worth examining the
relation between the probe D-brane’s cusp and the value of power about a meson’s mass.

In the present doctor thesis, we summarize the electromagnetic instability and the
universal turbulent meson. The content is based on the following three papers which

have already been published.

1) K. Hashimoto, T. Oka and A. Sonoda, “Magnetic instability in AdS/CFT: Schwinger
effect and Euler-Heisenberg Lagrangian of supersymmetric QCD,” JHEP 1406, 085
(2014) [arXiv:1403.6336 [hep-th]] [17].

2) K. Hashimoto, T. Oka and A. Sonoda, “Electromagnetic instability in holographic
QCD,” JHEP 1506, 001 (2015) [arXiv:1412.4254 [hep-th]] [18].

3) K. Hashimoto, M. Nishida and A. Sonoda, “Universal Turbulence on Branes in
Holography,” JHEP 1508, 135 (2015) [arXiv:1504.07836 [hep-th]] [67].



We discussed the quark antiquark pair creation in the N = 2 large N SQCD. The creation
rate of the quark antiquark pair is derived from the DBI action with the AdS/CFT
correspondence in [17]. We derived the creation rate of the quark antiquark in a confining
phase from the imaginary part of the DBI action with a Sakai-Sugimoto model in [18].
We found that the energy distribution of the mesons at high excited modes is a turbulent
power law in the N' = 2 SQCD by using the AdS/CFT correspondence [67]. The results

of the present doctor thesis are summarized as follows.

e We obtained the creation rate of the massless quark antiquark pair in the NV = 2
large N SQCD by evaluating the imaginary part of the DBI action in constant
electromagnetic fields with the AdS/CFT correspondence. At zero temperature,
an infrared divergence appears in the creation rate of the quark antiquark. We
compared the the creation rate of the massless quark antiquark with the well-
known results of QED. The massless quark antiquark divergence is similar to the
results of the QED.

e We evaluated the creation rate of the massive quark antiquark pair in NV = 2
large N SQCD. This result is compared with the imaginary parts of the Euler-
Heisenberg Lagrangian of N' = 2 supersymmetric QED(SQED) which has 2N,
scalar fields and N, spinor fields. The creation rate of the massive quark antiquark
is found to coincide with the creation rate of the massless quark antiquark at a

finite temperature if we replace the quark mass with the temperature.

e The creation rate of the massless quark antiquark in a confining phase is obtained
by the D8-brane DBI action in the Sakai-Sugimoto model. We found that the
creation rate of the massless quark antiquark at zero temperature is finite, which
is different from the result of the NV = 2 SQCD. The imaginary part of the D8-
brane DBI action increases when we increase the magnetic field parallel to a fixed
electric field. On the other hand, the imaginary part decreases when we increase the
magnetic field perpendicular to the electric field. The critical electric field to have
a non-zero imaginary part for the DBI action coincides with a QCD string tension
between the quark and antiquark. The result was already mentioned in [23,26] in

a similar context.

e We found turbulent meson condensation in a D3-D5 brane system in the manner



similar to [65,66]. The energy distribution of the highly excited meson modes is
proportional to the power —4 of the meson mass in the D3-D5 brane system. At
a finite temperature without a constant electric field, the power again found to be
—4.

The organization of the doctor thesis is as follows. In section 2, we review the Ad-
S/CFT correspondence [74]. We discuss various coordinates of the AdS space. Next,
Maldacena’s conjecture is explained in the idea of the AdS/CFT correspondence. Gub-
ser, Klevanov, Polyakov and Witten introduced GKP-Witten prescription which is the
external field-operator correspondence. Also, we introduce flavor to D3-branes to con-
sider N' = 2 SQCD according to Karch and Katz [12]. In section 3, we consider the
main topic, the quark antiquark pair creation. First, we derive the creation rate of an
electron positron pair in external fields by evaluating the imaginary part of the Euler-
Heisenberg Lagrangian which is the effective Lagrangian in QED. We introduce 't Hooft’s
idea, planar diagram and indicate that the quark antiquark 1-loop diagram becomes a
disk amplitude in a strong coupling limit. With the Hashimoto-Oka’s conjecture, we
evaluate the imaginary part of the DBI action in constant electromagnetic fields. Also,
the creation rate of the quark antiquark pair in a confining gauge theory is obtained by
evaluating the imaginary part of the D8-brane DBI action in the Sakai-Sugimoto model.
Then, we find that the critical electric field corresponds to the QCD string tension. In
section 4, we consider the fluctuation of the probe D5-brane when we introduce a con-
stant electric field or a temperature. Then, we find that the turbulent power law is —4
in the D3-D5 brane system when the shape of the probe D5-brane has a cusp by the
external fields. This power of the turbulent power law depends only on a cone-dimension

of the probe D-brane. In the last section, we summarize the doctor thesis.

2 The review of AdS/CFT correspondence

The goal which we would like to achieve is to introduce the AdS/CFT framework in order
to obtain the creation of the quark antiquark pair in the electromagnetic fields. Since
the quarks are strongly coupled to the gluons in QCD, the perturbation is not a good
approximation. Recently, the AdS/CFT correspondence has been developed as a way

to evaluate physical quantities in the strongly coupled gauge theory can be evaluated.



Maldacena suggested that strongly coupled gauge theories are related with gravity. Ac-
cording to the Maldacena’s conjecture, GKP-Witten prescription gives us how concretely
to calculate the physical quantities with an external field-operator correspondence. Also,
we consider not only pure gauge theories but also including flavors. We need to introduce
the flavors to gauge theories in order to examine the quark antiquark pair creation. If we
add the flavor branes to the D3-branes, the A/ = 4 supersymmetric Yang-Mills theory be-
comes N = 2 supersymmetric QCD which includes gauge fields, Dirac fields and complex
scalar fields. The theory is not a conformal field theory. But the Maldacena’s conjecture
is consistent in a probe limit. In next section, we will discuss the quark antiquark pair
creation with the AdS/CFT framework.

2.1 AdS space

We review the AdS space. The (p+1)-dimensional Anti-de sitter space(AdS,i2) is de-
scribed by

p+1

Xg+X2,— Y X}=R" (2.1)
=1

The flat metric of (p+3)-dimensional space is

p+1

ds® = —dX3 — dX2,, + > dX?. (2.2)
=1

Here, R is an AdS radius. This hyperbolic space clearly has SO(2, p+ 1) symmetry. The
SO(2,p+1) symmetry becomes a strong evidence for the AdS/CFT correspondence. We

define new coordinates of the AdS space.

e Global coordinate

We take a new coordinate as
Xo = Rcoshpcos7, Xpio=Rcoshpsint, X;= RsinhpQ; , (2.3)
where i =1,--- ,p+ 1 and ), Q? = 1. Substituting (2.3) to (2.2), the metric is

ds® = R*(— cosh® pdr® + dp® + sinh® pdQ22, ). (2.4)



Here, the regions of 7,p are 0 < 7 < 27,0 < p < oo respectively. In the neighbor-

hood of p = 0, the above metric is
ds® ~ R*(—dr? + dp® + p*dQ22 ). (2.5)

The hyperbolic space is topologically S* x RP*!. This coordinate has a closed
timeline curve in order to be periodicity for 7. We should take universal cover,

—00 < T < o0 since the causality is unbroken.

Conformal coordinate
We define sinh p as tan § = sinh p. (2.3) is obtained by

R? .
ds® = m(—d# + d6* + sin® 022 ). (2.6)
The region of # is 0 < 6 < 27. 6§ = 7/2 corresponds to the AdS boundary. If
we rescale the metric, ds'? = cos? fds?/R?, then we obtain ds'? = —dr? + df* +
sin®0dQ2 ;. In 0 = 7 /2, the AdS boundary is SP*!.

Poincare coordinate

Let us introduce a Poincare coordinate. We define the light-cone coordinate as

 Xo— X,
e TR

_ Xo+Xpn
U = T.

The parameters of u,t,7 (¥ € RP) are introduced in the Poincare coordinate.
t,a* (i =1,---,p) are defined by

Also, with (2.1), we obtain
R'uwv + R*u?(t* — 72) = R

From the above expressions, we vanish the parameter v and derive the following,
Xo = %(1 + W (R + 2 — %)),

X' = Ruz', X,.o= Rut, (2.7)

1
Xrl = 2—(1 — (R — 7 +17)).
Uu



In this case, the metric becomes

2

ds* = R? (di + u?(—dt® + de)) : (2.8)

u2
u is changed to z which is defined by z = 1/u. We obtain

R? i
ds® = = (dz2 —dt* + dx2) . (2.9)
The Poincare coordinate has two different Poincare charts [75]. In z > 0, the
Poincare coordinate has the half hyperbolic surface, Xy > X,;; in the AdS space.
On the other hands, the Poincare coordinate in z < 0 has the half hyperbolic
surface, Xy < X, in the AdS space. We only cover the half AdS space with the

Poincare coordinate(we usually cheese z > 0).

In this subsection, we explained the various coordinates. Note that we treat the
Poincare coordinate because the coordinate doesn’t cover the all AdS space. But, if
we consider the Euclidean time with Wick rotation, we have no problem because the
hyperbolic surface becomes topologically the ball which has a boundary. In the next

subsection, we explain a Maldacena’s conjecture.

2.2 Maldacena’s conjecture

In [8], Maldacena conjectured that N = 4 supersymmetric Yang-Mills theory is equivalent
to type IIB superstring theory on AdSs x S°. Recently, we have calculated the physical
quantities in the strongly coupled gauge theories with the Maldacena’s conjecture. The
AdS/CFT correspondence gives us the non-perturbative effects in the strongly coupled
theories.

Let us consider the type IIB superstring theory on the 10-dimensional Minkowski
space-time. The type IIB theory has three kinds of Ramond-Ramond fields(R-R fields)
such as R-R 0-form field, 2-form field and 4-form field(Cy, Cy and Cy). These fields are
coupled to D1-branes, D3-branes and D5-branes respectively.

We prepare the N D3-branes. The D3-branes localize on the position of 2 = 2% =

.-+ =129 = 0. Then, the D3-branes solution is given by

ds® = H(r)""?dzf + H(r)"(dr®* + r*d$23). (2.10)

10



Here, d| is the direction parallel to the D3-branes. ) is defined as x) = (—t, 2", 22, z%).
dQ2 is the metric of S°. r is the radius of the unit sphere. The function H(r) is defined
by

4 gs N o'

H(r)=1+ - (2.11)
gs 1s a string coupling. o is defined as o/ = [2, where [ is string length.
The parameter u is defined by u = r/a’. We take the following limit,
u:fixed, o —0. (2.12)

This limit is called near horizon limit [8]. The metric of the D3-branes changes to the

AdS; x S® metric as

2 2
2 _ u 2 du 2
ds” = o 47rgSNdx” + \/4mgsN =t \VATgs NdQ | (2.13)

Compared with (2.8) in which we put p = 3, the first term and second term in (2.13)
become the AdSs metric. Also, the AdS radius and the S° radius are same as R? =

o/\/AmgsN.

2.2.1 The relation between a temperature and a black hole metric

A gauge theory at a temperature is concerned with the black hole in the AdS/CFT
framework. A temperature corresponds to the horizon of the black hole. We use Wick
rotation in order to consider the finite temperature gauge theory such as Matsubara

formalism. The Euclidean black hole metric is described by

dr?
f(r)

Expending the function f(r) around r = ry, we obtain

ds® = +f(r)dr? + o (2.14)

dr?
(r—r0).f'(r0)’
Here, rq is the horizon of the black hole. f(r) is satisfied with f(rg) = 0. If we define p
as p = 24/(r —ro)/f'(ro), we obtain

ds® ~ (r —1o) f'(ro)dr* + (2.15)

, 2
ds? ~ dp? + pd <f <2T0)T> . (2.16)

11



This metric is the sphere which has the radius p and the angle f’(r¢)7/2. The metric
has the periodic boundary condition, f'(rq)7/2 ~ f'(r¢)7/2 + 2m. In the Matsubara
formalism, the imaginary time has the periodicity for 3, where ( is defined by g = 1/T.
Here, we put Boltzmann constant kg = 1. T is a temperature. Thus, the relation between

the temperature and the horizon of the black hole is

T = %;0). (2.17)

For example, when we change (2.13) to the Euclidean black hole metric, we obtain

where u = r/a’/. Thus, the relation becomes T' = ry/7TR?. The zero temperature limit

coincides with vanishing the horizon, ro — 0

2.2.2 The low energy effective theory on the D3-branes

The low energy effective theory on the D3-branes is N/ = 4 supersymmetric Yang-Miils
theory. This theory has the 16 number of the supercharges and a superconformal field
theory because the 1-loop beta function is zero. In the N = 4 supersymmetric Yang-
Miils theory, the field contents are gauge field A, 6 real scalar fields ¢* (i =1,---,6), 4
positive chiral Weyl fermions M\ and 4 negative chiral Weyl fermions A\g4 (A =1,--- ,4).
These fields are derived from the Dirac-Born-Infeld action(DBI action) such as the D3-
brane effective action. For simplicity, we only consider the boson part of a D3-brane
action.

We consider the background is flat and put gan = nan and e? = g,. Here, ¢ is a

dilaton and gs is a string coupling. The D3-brane DBI action is given by

S = —TDg/d4a\/—det(Ga5[X] + 21’ Fop), (2.19)

where the D3-brane tension is Tpz = 1/(27)3I2g,. The D3-brane flat spreads to the 0123-
direction. we fix the target space coordinate X® as X* = 0® (o =0, 1,---,3) when the

D3-brane moves to the perpendicular to the D3-brane in infinitesimal. Thus, we obtain

GoplX] = Nap + 0. X'05 X", (2.20)
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where i =4,5,--- 9. Substituting the metric to (2.19), when we take a decoupling limit

o — 0, we derive

S = QL /d40 (—lﬁuqﬁi&“qﬁi - 1J@WJW) : (2.21)
Iym 2 4

from the redefinition of X* = 27ra/¢. g3, is a 4-dimensional Yang-Mills coupling. The

relation between the Yang-Mills coupling and the string coupling is

Gong = 27 gs. (2.22)

The O(I;*) term diverges in taking o’ — 0, but we neglect the term because of the con-
stant term. Similarly, we also discuss the fermionic terms in the N = 4 supersymmetric
Yang-Mills theory. In the case of the gauge theory, the gauge group is Abelian U(1)
because we consider a D3-brane. In order to enhance U(NN) non-Abelian gauge theories,
we prepare the N number of the D3-branes and should introduce Chan-Paton factors.
The n degrees of freedom for the fundamental strings coupled to the D3-branes at the
endpoints, 0 = 0 have n = 1,2,--- | N. On the other hands, The n degrees of freedom
at 0 = m have n = 1,2,--- , N. Here, we consider the oriented fundamental strings.
Thus, the fundamental strings have the N? degrees of freedom. The degrees of freedom

correspond to the degrees of freedom of U(N) gauge group.

2.2.3 The symmetries of gauge and gravity

In this part, we discuss the symmetries in the N/ = 4 supersymmetric Yang-Mills theory
and the AdSs; x S° superstring theory. We have no the proof about the Maldacena’s
conjecture yet. But, almost superstring theory physicists have believed in the conjecture
because the symmetries of the gauge theory side correspond to that of the gravity side.
It is important to coincide with the symmetries of the two theories which have a duality
such as the gauge/gravity dual, in order to regard the duality as consistent.

In the gravity side, we find that the D3-brane solution changes to the AdSs x S°
metric when we take the near horizon limit. The AdSs; metric has a SO(2,4) symmetry
from the review of the AdS space. Since S® has the symmetry of a SO(6) rotation group,
the AdSs x S® has SO(2,4) x SO(6).

On the other hands, the gauge theory has a Poincare symmetry, a scale symmetry

and a R-symmetry associated with the supersymmetry. In general, Dp-branes(p < 8)
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make the Poincare symmetry SO(1,9) broken to
SO(1,p) x SO(9 —p) C SO(1,9). (2.23)

Thus, the Poincare symmetry in the 10-dimension is SO(1,3) x SO(6) in p = 3. The
SO(6) symmetry is the rotation symmetry in the 456789-directions to which the D3-
branes is the perpendicular while the SO(1, 3) symmetry is the Lorentz symmetry in the
0123-directions. But, Polchinski mentioned that the SO(1,3) symmetry is enhanced to
a SO(2,4) symmetry by the scale invariance in the N' = 4 supersymmetric Yang-Mills
theory [11].

The gauge fields Ay, (M = 0,1,---,9) on the D9-branes are reduced to the gauge
fields A, (u = 0,1---,3) and the six real scaler fields ¢* (i = 1,2,---,6) on the D3-
branes. The scalar fields have the global symmetry of SU(4) ~ SO(6). This symmetry
is the R-symmetry. The Majorana-Weyl spinor A in the 10-dimension is reduced to the
four positive chiral Weyl fermions A\ (A =1,2,--- ,4) and the four negative chiral Weyl
fermions Ar4 on the D3-branes. These spinors are the spinor representations of SO(6).
Therefore, the N/ = 4 supersymmetric Yang-Mills theory has the SU(2,4) x SO(6)
symmetry, which corresponds to the symmetry of AdS; x S° superstring theory. We

have the strong evidence for the consistency of the AdS/CFT correspondence.

2.2.4 The region of corresponding to gauge and gravity

The Maldacena’s conjecture is mentioned to the equivalence between the N' = 4 super-
symmetric Yang-Mills theory and the AdSs x S® superstring theory. In the previous part,
we obtained the justification of the gauge/gravity dual from the symmetries. Next, we
discuss the coupling region between the gauge theory and the gravity.

It is difficult to compete the stringy and quantum effects in the superstring theory.

But we neglect the effects when we consider the following limits.
e R > I (use a supergravity and neglect the high excited modes of the string.)
e R > [, (treat a classical supergravity.)

Here, R is the AdS radius. [, and [, are a string length and Plank length respectively.
The first condition means that the stringy effects are neglected. The limit corresponds

to g2V > 1 in the gauge theory side because the string coupling g, is g2, = 27gs. We
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define 't Hooft coupling A as g2\, N = A. The second condition corresponds to a Large N

limit such as N — oo in the gauge theory side because the Planck length is [, = gs1 / s

We take N — oo, fixing the large 't Hooft coupling. These limits obtain the following

relation,
Large N strongly coupled U(N) gauge theory = AdSs; x S° classical supergravity.

The AdS/CFT correspondence means that the strongly coupled gauge theory is equiv-
alent to the classical supergravity in the limits. In the next subsection, we discuss the

quark antiquark pair creation in the strongly coupled large N gauge theory.

2.3 GKP-Witten relation

The AdS/CFT correspondence claims that N/ = 4 supersymmetric Yang-Mills theory
is equivalent to the AdSs; x S° superstring theory. There is a expression of concrete
correspondence called GKP-Witten relation [9, 10]. Maldacena didn’t give us the con-
crete relation though he claimed the correspondence between the gauge and the gravity.

Gubser, Klebanov, Polyakov and Witten gave

Zpas|@lbay = ¢o(2)] = (e~ ] &% O@WH@) b (2.24)

GKP-Witten relation is defined by Euclidean metric. In N — oo, A > 1, the left hand
side corresponds to the on-shell classical gravity action for the AdS background. ¢o(z) is
a field in the AdS boundary and corresponds to a source field in the gauge theory side.
O(x) is an operator for the source field. The source field corresponds to the operator one
to one. We can obtain the correlation functions for the operator O(z) by the generating
function about ¢q(x) when we solve the the equation of motion about ¢(z) and give the
initial condition as ¢|pay = ¢o(z) in the gravity side. For example, the relationships

between a source and an operator are given by the following.

A source An operator
gravity metric Juv | stress tensor TH
Maxwell theory | gauge field A, | current g*

In the case of the quark antiquark pair creation, we should make the vacuum instability

by an electromagnetic field. We derive the current between the quark and antiquark from
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the effective action in the gravity by using the AdS/CFT correspondence. The vacuum

instability occurs by putting the current on zero.

2.3.1 Massive scalar field case

Let us consider the example of the massive scalar field case by using the GKP-Witten
prescription. In d + 1-dimensional gravity, the massive scalar action is given by

1

I(¢) = 5 / 2 /g 9" 0,00, + m?¢?). (2.25)
2 JAdSyin

Here, g = detg,, (p,v =0,1,--- ,d+ 1). We use the Poincare coordinate of the AdS
background (2.9), where is Wick rotated as the following,
R?
ds* = ﬁ[dZQ + n""dxy,d,). (2.26)

Here, m,n = 1,2,---,d and n,,, = daig(+,---,+). Then, the equation of motion

becomes
0 - m?g(z,2) =0, (2.27)
where [J is the d’Alembertian of the metric. We set the boundary condition as,

lim 6(2, ) = do(). (2.28)

To solve the equation of motion, it is convenient to use a Green function K(z, ). The

Green function is satisfied with
O -m?K(z,z) =0, l:né K(z,x) = 0(x). (2.29)
Thus, the solution is given by
6(z,3) = / P K (2@ — 2 )bo(). (2.30)

We reduce to evaluate the Green function K(z,x).

Let us consider a Green function K (z,) in the case of the source at infinity. Since
the function K (z,x) has a translational invariance at the boundary z = 0, we describe
K(z,z) = K(2). Then, the equation of motion to which the Poincare coordinate (2.26)
is substituted is described by

(z‘”l%zld% - m2R2) K(z)=0. (2.31)
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When we put K (2) = 2 in order to solve the equation, the characteristic equation for

the differential equation is
AA—=1)+ (1 —d)A —-m*R*=0. (2.32)

If we regard two solutions as A = Ay (A > A_), we obtain

A+ V&1 4m?R?

Ay 5

(2.33)

We obtain K(z) = ¢z®+ since A = A, is satisfied with lim,_,o K'(z) = 0. From now, we
define A, as A.

The AdS metric has the inversion which is a symmetry such as,

T z
r— —=—-7:, Z—=>—-7:. 2.34
22 4 x?’ 22 + 2 (2:34)
By using this transformation, we move the source from the infinity point to the origin.

Then, the Green function K (z,x) is derived by

K(zx)=c (L)A (2.35)

22 + x?
Next, let us check this Green function by being a delta function at z — 0. In
x # 0, the Green function becomes the delta function such as lim, o K(z,2) = 0.
Also, the integral x(z) = [dixK(z, ) is x(2) = A¥"2x(\z) by the scale transformation
such as z — Az, * — Az. Thus, the Green function K(z, ) is the delta function
in  — 0 limit if we take A = 1/2. The Green function K(z,x) has the relation as
lim, .0 K(z,2) = 2972§(x) in £ — 0 limit. Therefore, the boundary condition for

¢(z,x) becomes
lim ¢(z, @) = 2" o(x). (2.36)

Substituting the solution of ¢(z,x) to I(¢), we derive the following,

cA 1

o =5 [ tad's! () n(@) (2.37)

from the total derivative term. Here, c is constant. It is determined by the normalization
between the gauge theory and gravity. From the on-shell action, A is the conformal

dimension of the operator O(z) for the gauge theory.
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2.4 Adding flavors

In this subsection, we explain the D3-D7 brane construction introduced by Karch-Katz
[12]. The N, D-branes describe N' = 4 supersymmetric Yang-Mills theory in the low
energy limit o/ — 0. When we introduce flavors, we need to add the degree of free-
dom about the flavors. Then, we introduce D7-branes to the D3-brane system. If we
add the D7-branes, the N' = 4 supersymmetric Yang-Mills theory is broken to N/ = 2
supersymmetric theory which includes the hypermultiplets such as Dirac spinor fields
and complex scalar fields. When we introduce the N; D7-branes, the oriented funda-
mental strings have the degree of freedom, (N, N¢)(N,, N;) which is coupled to the N,
D3-branes with the Ny D7-branes. These are the degree of freedom about flavor symme-
tries and gauge symmetries for the quarks and antiquarks belonging to the fundamental
representations respectively.

According to the Maldacena’s conjecture, the solution of the AdS5 x S° supergravity
is derived from the D3-branes solution which imposes the near horizon limit. Since the
AdS/CFT correspondence is important for the correspondence of the symmetries between
the AdSs x S® metric and the supersymmetries in the gauge theory. We assume that the
solution of the N, D3-branes don’t receive the backreaction of the Ny D7-branes. Then,
we impose the limit of Ny < N,. It is called a probe limit.

The D7-branes are probe branes in the D3-D7 brane construction. We consider the

following brane construction about the D3-D7 brane system,

011123456789

D3|V IVIVI]Y
DTIVIVIVIVIVIVIVIV

The check marks represent Neumann boundary conditions. The D3-branes stretch to
the 0123-directions, and the D7-branes stretch to the 01234567-directions. Also, the the
D3-branes and the D7-branes separate to the 89-directions.

We review the N' = 2 supersymmetric QCD Lagrangian about the Karch-Katz model
[68]. The model consists of the N/ = 4 supersymmetric Yang-Mills theory with the NV = 2
hypermultiplets with the fundamental representation of the SU(N.) gauge group. With
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N =1 superspace formalism, the Lagrangian is described by
L =1Im |:7' / d*o <tr(§>levq>16_v) +QleVQ" + Qie_‘/@”)]
+Im {r / 4?0 (tr(WoW,) + W) +c.c} , (2.38)
where the superpotential W becomes

W = tI‘(Z—:[JKq)[(I)J(DK) + Qr(mq + CI)g)QT. (239)

7 is the complex gauge coupling. The N = 4 vector multiplet consists of the N = 1
vector multiplet W, and the three N' = 1 chiral superfields ®;, ®5 and ®3. The N =
2 hypermultiplets can be written down in the NV = 1 chiral multiplets Q", Q, (r =
1,2,--+ N;). The component fields of the N' = 4 vector multiplet are the gauge field, the
four Weyl spinor fields and the six real scalar fields with the adjoint representation of the
SU(N.) gauge group. The component fields of the N/ = 2 hypermultiplets are the two
Weyl spinor fields and the two complex scalar fields with the fundamental representation
of the SU(N,) gauge group.

We discuss the quark antiquark pair creation about the N' = 4 supersymmetric Yang-

Mills theory with the flavors by using the Karch-Katz model in the next section.

3 Pair creations of quark-antiquark

In this section, we consider the quark antiquary pair creation in a constant electromag-
netic field by using the AdS/CFT correspondence. Firstly, we review the electron positron
pair creation by evaluating the imaginary part of the Euler-Heisenberg Lagrangian which
is the effective Lagrangian in QED. Secondly, the quark antiquark 1-loop diagram is as-
sociated with a disk amplitude by introducing 't Hooft’s idea. Thirdly, we derive the
creation rate of the quark antiquark pair from the imaginary part of the DBI action with
the AdS/CFT correspondence. Then, we obtain the creation rates in the N =2 SQCD,

the Sakai-Sugimoto model and the deformed Sakai-Sugimoto model.

3.1 The review of the electron-positron pair creations

Let us review the electron positron pair creation in quantum electrodynamics(QED).

The vacuum polarization occurs in the QED vacuum. Photon creates a virtual electron
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positron pair and the photon is created by the annihilation of the electron positron pair.
But, the vacuum instability is caused by a strong electric field as an external field. Then,
the on-shell electron positron pairs are created. The phenomena is called Schwinger
effects.

We consider the electron positron pair creation in a constant electric field as a easy
example. Since the rest mass of an electron and a positron are respectively m.c?, we
need the energy more than 2m.c? in order to create an electron positron pair. If we
introduce the strong electric field, the electron and the positron receive a Coulomb force
for the opposite direction respectively. The total potential energy is profit for the electron
positron pair to be created rather than for the electron and the positron to be separated

more than z distance. In the distance between the electron and the positron, the potential

energy by the electric field is —eEz. Thus, the total potential energy is
V(x) = 2m.c® — eEw, (3.1)

when we neglect the Coulomb potential between the electron and the positron. If the
total potential energy V (z) is zero, then the distance is x = ¢, = 2m.c?/eE. In general,
the virtual electron and positron are created and annihilated repeatedly in the vacuum.
But, the electron positron pair are created rather than being annihilated in the distance
more than z. between the electron and the positron. Then, the creation rate of the

electron positron pair is

m2ct
FWKB ~ exp (— ersz) y (32)

by using WKB approximation. Since the electric coupling constant appears in the denom-
inator of (3.2), the Schwinger effects indicate non-perturbative behaviors. The creation

rate is excluded when E < m?2¢!/eh. Then, the critical electric field becomes

2 4
_ mgc

B, = o ~ 10" [V /cm], (3.3)

where FE., is the critical electric field.
Schwinger effects are the phenomenon which the vacuum instability causes by an
external field. We consider the QED effective action without the dynamical gauge field.

The effective Lagrangian is given by

LIV (A = —% / DyYDy) exp [ / d*z(ifp — mw} : (3.4)
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where D = y#D,, = ¥(0, + ieAf*) and AS* is an external field. In order to obtain the
creation rate of the electron positron, we need to evaluate the effective action. We review
the Euler-Heisenberg Lagrangian in the appendix according as Itzykson-Zuber [76].

It is important to consider the transition amplitude of the QED vacuum since the
Schwinger effects are caused by the vacuum instability. The path integral of (3.4) in-
dicates the transition amplitude of the vacuum A. The vacuum decay rate is obtained

by

P

— =—-IP. 3.5
= -TP, (35)

where P is the vacuum to vacuum transition probability by the external field. P is
obtained by P = |A|?. T is the vacuum decay rate. The relation between the vacuum

decay rate and the effective Lagrangian is the following,
r= / d*z 2Im LIV (A). (3.6)

The vacuum decay rate is derived from the imaginary part of the effective Lagrangian.
From now, we calculate the imaginary part of the effective Lagrangian.

Let us derive the creation rate of the electron positron pair from the Euler-Heisenberg
Lagrangian which is the 1-loop electron positron effective Lagrangian. Euler, Heisenberg
and Schwinger are evaluated by the 1-loop effective Lagrangian in the spinor QED [1] [2]
as the following,

LOED _ E2_ B2 N 1 /oo @e—is(mQ—ie) 62abcf)sh(eas) c?s(ebs) 1
2 812 Jy s sinh(eas) sin(ebs)  s?

;o (37)

where a and b are defined as a?> — > = E*> — B?, ab= E - B. E and B are respectively
constant electric fields and constant magnetic fields. The s-integral is a proper time
integral for the electron. The exponential includes ie-prescription to coverage of the
integral in s — co. The effective Lagrangian is called Euler-Heisenberg Lagrangian. We
can obtain the creation rate of the electron positron pair by evaluating the imaginary
part of the Lagrangian. When we only consider the constant electric field A3(x) = —Ft

in the z-direction, the Euler-Heisenberg Lagrangian is

1 1 ©d . . 1
E(?HED _ §E2 _|_ @ S_je—ls(m2—le) |:€E COth(eES) — g . (38)
0
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We explain the convergence of the integral at s = 0. In s — 0, the integral coverages

—ism?

because Im(e ) = —sin(sm?) =~ —sm? and the order in the above bracket is O(s).
Thus, the integral has no pole at s = 0. We consider the residual internal which expends
the integral of (3.8) to complex integral. The first term of the integrand has s, = imn/eE,
where n is a natural number. The region of the integral extends from (0, c0) to (—oo, c0)
and is taken as the integral path of the below semicircle. When we consider the residual
integral at s, = imn/eE, (n =1,2,---) poles, the imaginary part of the Lagrangian is
Im L5 = @ E exp (—sz n) : (3.9)

8m? n? leF|

In the bosonic case, Weisskipf calculated the creation rate of the charged scalar fields as

the following,

B & (1)
I Escalar QED _ (6 _ 3.10
M et 1673 2 n2 P\ TleEl")” (310

in a scalar QED [3]. The factor which is common to the bosonic and fermionic cases
is exp(—mm?/|eE|). This factor indicates a non-perturbative effect. Now, we assume
that the more than 2-loop Feynman diagrams such as the internal lines of the photon are
neglected because the external electromagnetic fields are much larger than the dynamical
electromagnetic fields.

The electron positron pair creation relates to a quantum tunneling through potential
barrier in Fig.1. The electron has the bound state when the electron has a Coulomb po-
tential. If this potential is added to a Coulomb force —eFx, then the quantum tunneling
for the electron occurs by changing from the tiny lines to the fat lines in Fig.1. For the

binding energy —V, the creation rate of the electron positron is proportional to

= exp <—é\/m Y ) ; (3.11)

3 leF|

V0/|6E|
exp —2/ dzr/2m(Vy — |eE|x)
0

by using the WKP approximation. The binding energy is |Vy| = 2m,. because the mass
gap between the electron and the positron is 2m,.. Thus, the creation rate is proportional
to exp(—const. m?/|eE|). The results of the WKB approximation coincide with the case
of the instant on number n = 1 in (3.9) except overall factor.

In the QED, we obtain the Euler-Heisenberg Lagrangian which is the 1-loop effective

Lagrangian. Similarly, the creation rates of the charged particles can be derived from
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Figure 1. The potential energy is the potential of the electron in an electric field. The
dot lines means the Coulomb potential x —e/|z|. On the other hands, the linear line
means the energy of the electron which receive the Coulomb force from the electric field
as an external field. The bold line corresponds to the combination with the Coulomb

potential and the the energy of the electron by the electric field.

the 1-loop effective Lagrangian in electromagnetic fields except the QED. In QCD, we
consider the quark antiquark pair creation in electromagnetic fields. But, we must eval-
uate the gluons loop effects because the gluon’s coupling is strong. In next subsection,

we introduce 't Hooft’s idea.

3.2 Quark antiquark 1-loop Feynman diagram in large N QCD

In this subsection, we discuss the 1-loop quark antiquark diagram in quantum chromo-
dynamics instead of the electron positron pair creation. The source term as an external
field is U(1) electromagnetic fields. The difference between the electron positron pair
and the quark antiquark is for the quark antiquark to be coupled with gluons. Since the
gluon coupling is strong, we must consider the all loop orders of the gluons and cannot
use a perturbation. Then we introduce 't Hooft’s idea and consider the large N gauge
theory. The 't Hooft’s idea is related to the AdS/CFT correspondence.

The Lagrangian which adds external U(1) gauge fields to the QCD Lagrangian is
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