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534 R. Street

The opposite G°P of a 2-graph is obtained by interchanging s,t: G; — Gy. The
conjugate G°° of G is obtained by interchanging s1,%1: G2 — G). There is also G°°%,

2. Derivation schemes, sesquicategories, and 2-categories

This section reviews concepts, selected from [52] and [ES], which underpin 2-dimen-
sional categories.

A derivation scheme D consists of a 2-graph D together with a category () whose
underlying graph is s,: Dj — Djp. We shall often provide the data for a derivation
scheme D in a diagram

st Mo A

where A is the category (D} and M is the set D). There is a category DS of derivation
schemes whose arrows f: D — E, called derivation scheme morphisms, are 2-graph
morphisms for which (fo, f1): (D) — (E) is a functor.

Each 2-cell u: 4 = §: a — bin a derivation scheme 2 can be thought of as a rewrite
rule which labels the directed replacement of v by d. An application of the rule w is the
replacement of any arrow of the form a0y o by a o d o 3. We label this application
by the symbol cuf: @oyo 3 = aodo 3, and call it the whiskering of u by a, 3 as
suggested by the following diagram.

Y
/—\\
0 ol Ju =B
\_—_/(
8

It is harmless to identify u with its whiskering by identities. This gives a derivation
scheme wD with tbe same category (D) and with the whiskered 2-cells; so wD con-
tains . A derivation in D is a finite sequence of applications of rules; more precisely,
it is a path in the graph s1,%: {(wD}), — D). We obtain another derivation scheme dD
with the same category (D) and with derivations as 2-cells. We write (dD)(c, b) for the
path category of the graph (wD)(a,b). In fact, d D is more richly structured than a mere
derivation scheme, it is an example of a “sesquicategory”.
A sesquicategory S consists of a derivation scheme S and a functor

5(=, =) (8} x (5y = Cat

whose composite with the functor obj: Cat — Set is the homfunctor of the category (S},
and whose value at an object (a,b) € {S)% x {5) is a category with underlying graph
S(a, b). We now write S(a, b) for the category and not just the graph; the compaosition of
S(a, b) is called verfical composition and denoted by ». For each pair of arrows o o' —
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o f b i ou Bmctor (e, £ Sla ) = S0 b s valus st i, y2 &2 0 00
denated by

poue i xayof-racfofd o < ¥

where © between lcells 15 compogiion kv the sategory (0. Let o, denote the cal-
spory whose underlying graph i8 5,8: 52 ¢ & and whose composition is vertical
cOmpns den s,

Theee is & categary Sqe of sesquicaicgoriss; the arraws, called resguifiniciory, we
2-praph morphisms whieh preserve all the compositions and identities,

Bach svaquicategory & gives tise i a category o¥, colled the guoiiont eategory of ©
The objects are the objects of %, The set of srrows W the set of compovents of the
categery (). Composizion is indueed by that of {8} (this uses the compatibility of (1Y)
eompasition with sxistenes of Z.calls)-

A Tcaegary K [BhL, Bh2] is & sesqicategory K sach thot, forallw: v = ' a1 b,
W f== " b g the Illowing egustion holde:

(wofely ow) = ronielnad’
The Z-cell given hy cither sids of the lest equation w denoted hy
uoo yad=-2¥: a2

(i€ selled the horizontal corgusite of the 2-e2%ls w, 1)
{HC)

s §
LY, e ——— Y

Ve paw

r‘l l? y!“.s‘l

T

It follows that the mir!ls furbasrchanse low holds: that is, for cach diagram

i. " Fy \ . ﬁ “"“\
- - b - O
f
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36, harizontal compasitioa — < — £(0,2) » K 2] —= (s, ¢ s & functor. Thre i6 4
vategory %-Cat of 2zeleponics: the mmws 0w u!lsd Afunctars, gre songuifuncions,

The basic exgmple nf & Zcategory @ Cat: its abjectz ave categaries (subject 10 some
size sestrictivg, if the readcr fesls lhis is necded), aws are funcios, and Z-cells are
natural pepsformanions [GL, Appeadiz. Just 25 one considers additive cotegouies, which
are vategories whose hompels ave epriched i the monoidal category of sbelian proups,
we gan sesoribe lcsfepmies 2o casgmiiss whos bomaste are enrichec in Cat (wila
cartesian product 2s fensor product); ses [EK] fov precise definitions. Some connection
between T-cetegories ad bometopy theary cai be found in [GE). The couneetion botwean
Z-aiegories and detivetiors In rawnite ayateriy was mede iz [Bas.

Each seaquicwiegnty 5 vields a Z-calegory £5 by forchny commutativity o the
squares (TIC), Tis can be described 6y consavcting » new derivation scheme £ whish
w3 peoyide rewrite riles for emows in &, Tuke 1) = ((5Y TBke £, to Te ils svb-
sef of 5y # b coagisting of those paitz | w. v of :mv wc-wmy Leells with #ud = afud
and whese #,4 By 5 (5 teke () we the lower, apper paths around the abmm
sqeare (HC.

i - '.'.-'P.-ﬂ.' . 4
Ff&f1“——‘——-— =,

S od o LN =
Then foem the guotient category qJ E of the mum:ego:y dll«‘ The objests of qdE
are the smows of . Our Teeipory €8 s giver oy (18 5 am. (8% = @i,
There 15 & canotical sesquifupetor § -+ 03, and w'rrmmttm w:m it establishes 2
bijection betwess 2-functors £8 -0 X and sesquifimctors S —+ K, jor gl 7 cate
gorles K

For any Oerivalion sehewie 11, we can apply the construction of the dast paragraph to
the segnuicatagory & = dI) whers the 2-zelis are derivations in O and so have length,
1t &2 posaitls them 1o pesluce the devivation cchome E by the sub depivetonscasm T I
of £ whose 2-cells [, v) a0e restiicted 1o those with w, v both derivations of leagth .
We call | = the & of 10

Far any decivation schieme 1, we oivtain & L-catepory B0, Two derlvationsin D axs
valled eguivelent when oy are identified Ly the sananice] swumfumﬁtur AL «» fal:
tiia means there [ an undireeted segmence of applicatiens of the rolss o7 | D tsking one
derivztion to the oiter

3. Paeling, sonvpatads, sad free Zcategarior

Tepeated honizontal amd vertical gompasition in a 2-catepory K detsrmine a more penarzl
epuietior caled posting, Fof sxan ple. consicsr the fol avang Clagrem “n #.
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A 2-cell in a vegion mesns that fs source and target we given by the compoeites of the
indicated peths: for oxamole, we have s Aef=s Lm scuag o adr o= fzA
{Cars v vevded fn lacing the doubie arrow in sach region 5o that it is clesy wiich path
is intended to be the source and which the terget 1f the aoerow for r had pointed from
left to right instead of downward, the result would be meaniagloss) The 2-calls of the
diagrem (P can e whiskered jn such 8 way 2e toobiaiy e peth fomas o v b d2en
of jengi: 5 10 tae anderlying paph of the setegory ® (0, &) For sxample,

enfier ifmunany NG
anfiecn. —+fodnfo- — s foioA = P

B2er F ol

-~ fanorurps s fogn?,

dagniary
Anothor such path iv

: =28on < =TTy o -
aefsy —amefiogsl — “iflpleSonnl-— .

Fegyrurpial L Meewsind
Fagoke Foxs( — rfeporonof +fosal

W izave U as an seevsies for the reader 1o deeck that these palis bave the same composiie
im the category K (i, 4, Diagrams such as () are oalled paeting diagrams, aud the 2-cell

(refonjelfovayeluscoelfogoinnjsfomal) acfey

SHdubofia-ed

is called the pasting composite of the dispeans. Notee diat, il we reversed the direstion
of the 2-cell » (eav) in (), we would ne longer bave a pasting diagram since 5o path in
Ao 2 condd be made Tom: o 57 whisksring the 2-oslls,

A compusad < consigss of a gms\h a bt 27 5 Ch, denoted by CF, together with
derivation scheme i, 2. & + FCY, The elements u of C5 ean be: pictured ns disgeams
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Whiskering the five 2-cells in the derivation sclweee £ of O we obtain Z-cells

e e - J?.'dji;_!
=& fine e ez flemals a;
: FRdS Ias ] # - Ly T LS

b (o, o, 80 naud) o [0 5L 75508 inwl); they %omm 3 path i the greph
v D), 4 The connsied compenent (with yezpect w (HC) of this psih gives a 202l

- ) 3

ok 8= lnd Ve o 580 0

iz T2 This is, of comge, pone other lhay the pestiap compoeite of the diagrax (P) in
the 2-cumgory FC, Converaely, any olher repressatanve of this 2-cell in FG by a puth
i (wD)(n,d) louds us back to & plan diegrars sgquivalent to (7 So a vasiing diagomn
in & seams o poovids a gmomotricelle inveriant way " depieting & 2-cell oL FC. For &
Hoategoy K, the pasting opeondon pase: FUK — 5 assigns the pesting compasits fo
the pasting diagram.

It genoral, Dowever Winen foers aiv 2-cells which heve sburce or target putis of
fength 1 in the compuiad O, the faithful goomelric representation of 2.gells of FLU' by
wasting dieerans hrsebs dowr. The veason fn that the Sollowing three geamstisally
inequivalent pasting diagrams oll represent the same Z-cell when

1 L"'i} =& E";’I_I Rl Bt

(‘,j‘\? h ba (N ¥
1. e Y : 8 e — P .
e IS L
&I’”‘ ¥ 3 ———— —— v —— - A T —————
- 1 ' bl 1
E . .

W shall see below Wit this problem con be overcoms 5y wsing the smisg dlagrams
witich sce planer dual w pastng diagens

4. Strings, and the terviioal comypuisd

Consider Lis planse dval of the pasng disgrem (¥) &l ke seginmizg of Section 3. Byh
Zeesll vy, n, me e becouus o node labeled by the sams symbiol; escl amow & £,
becomes an =dgs, called 2 sivdng, A strine is sttached 102 node when the origing! artow
fomied part of the boundary of the region containing the 2-cell. Maseover, we require
{hat the strings progrems down the page from nodes thet wers souroe Z-celfs towaris
nodes that were target Z-oalls. Ths resilient gapn, szbedded in the plane, iy called ¢
mirdng diagram,




sS40 ¥ Sirees

The value of this sming diegram i the Zcell mo H oy =% d 06 o obtained by
brealking the diagram isto horizontal layers with sodes at different levels in different
isvers. Reading from lefi to sight, we obtain a bovzental compoaits of 2-cells from each
layer; each node contributes its Z-oell, end esch nodeless aiing contilyues tae identity
Secusll of its avvowe This gives de value of sach laver. Then the values of the fevers ars
somposed vertizally, reading down the page. Far our sxampls, we obtain:

(refenlelfovesclisivoiene(js{domey)

The reader should exjoy checking that this agress with the pasting composits of the
neiing dingremn (F) tsiog the sxiome for 8 2-category.

The sbove string disgram can be deformed i the plane (as below) so as 1o presecve
the sirlngs’ powession downward. [he value remaiss e sane (1591




ategmrical striciees 4l
The value of dus deformed strivg diagrrm ‘s
frafaoylefucAofeysifonavseifagosonsfdoms (),
whick is slso sgual io the pestivg sumgpaniis of (7).
Muracver, the siring mopressoiation deals with the problem savolving identisies de-

wenbed at the ead of Section . For suppuse we have ¢-cella «, v wald fy{ul = #y(n) =
‘s B &a Currenonding fo the pasting disgrem

wie have the siwing dingrem

) |]
! \ [
L |
' ! ' i om |
1 o oL ) . _*
- -
|
Uk 1A
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which have the values u o v and v o u, respectively. This suggests that the geometry of
the string diagram provides a faithful representation of 2-cells in free 2-categories, which
is indeed the case [JS2] as we shall explain in more detail below.

Just as it is of particular interest to consider the free category N on the terminal graph,
it is also worth considering the free 2-category M on the terminal computad. Recall that
N is a one-object category, and so is really just a monoid. Similarly, M is a one-object
2-category, and so is really just a strict monoidal category (that is, a monoid in the
category Cat of categories and functors).

The terminal computad Cy is the terminal ohject in the category Cptd. The graph C}
is the terminal graph. Se FC} = N. There must be exactly one 2-cell for each possible
source and target path; so the derivation scheme of Cy is the chaotic graph on the set
{0,1,2,...} of natural numbers. We write the 2-cells of C} as m/n: m = n.

The derivation scheme wC, has 2-cells of the form (I, m/n,r}: I4+m+r=1+n4r
ohtained by whiskering m/n on the left by 1 and on the right by r. Thus the free
2-category M on Cy is obtained by taking paths of these 2-cells and identifying subject
to condition (HC) of Section 2.

This gives the following direct description of M as a strict monoidal category. Consider
the graph W whose vertices are natural numbers and whose edges (I,m/n,r): a = b
consist of natural numbers I, m,n,r with [+m+7 = a and [+n+r = b. Then consider
the path category FW. We introduce the following “rewrite rule” on arrows of FW of
length 2:

(Lm/n,r) o {l',m'/n',r)
(T, m o —n+mjo(l -m' +n',m/n,r)

for I' +m' <,

and, to exclude the case where the top and bottom are equal, we ask that not all of [ = {',
m=mn=m =n'=0 hold. This rule is a directed form of the condition (HC) as with
the 2-cells of the lift + C,. An application of this rewrite rule is the replacement of a
path Togon’ by moron’ where o is the top path and T is the bottom path of the rule.
To obtain M, identify arrows of FW when one arrow can be obtained from the other by
a finite sequence of undirected applications of the rewrite rules. For objects ¢, d of FW,
we have functors

¢t ~,—+d: FW - FW
taking (I, m/n,r): a = bto
(e+i,minr) c+a—c+b {{,m/nr+d) e+d—b+d,

respectively. The identification of arrows in FW was introduced precisely so that these
functors would induce partial functors for a functor

MxM-—- M

which provides the tensor product for M; it is given on objects by addition of natural
numbers.
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follows from his paper [Bns]. The complication is related to the one discussed at the end
of Section 3, which reminds us to look at a string model for M.

A plane graph I is a compact topological subspace of R? with a distinguished set I
of points whose complement " — [} in I' is homeomorphic to a finite union of disjoint
open intervals. The elements of I are called vertices and the connected components of
I' — Iy are called edges. We say that (z,y) is above (', y') in R? when 3/ < y; below
means the reverse. The plane graph I' is called progressive when aboveness is a total
(linear) order on each edge. Progressive plane graphs are directed graphs: the source and
target of an edge are the vertices in the closure of the edge; the source is above the
target.

A progressive plane graph with boundary consists of a progressive plane graph [
with a distinguished set il” of vertices such that each vertex in 8" = Iy —il" is in the
closure of precisely one edge, and il" is an interval in the aboveness order on [y (that
is, if p,q,7 are vertices with p above ¢ and ¢ above 7, then p,7 € iI" implies q € iI').
Notice that 81" is the disjoint union of the subsct sI” of those vertices which are sources
and the subset tI” of those vertices which are targets. For example, in the progressive
plane graph depicted below, the white nodes provide an acceptable set if7; so the black
nodes constitute 377, the cardinality of sI” is two, and the cardinality of tI" is eight.

Of course, the size of the nodes is exaggerated for visibility. It is customary to omit the
boundary (black) nodes from the picture, leaving loose the single edge having it in the
closure.

Suppose I, I are progressive plane graphs with boundary. We say that I is a defor-
mation of I'" when there exists a homeomorphism h: R? — R? such that A(I") = I,
h(aI') = 8I", and h preserves the aboveness order on edges.
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Do ws give the georetns szl of the svict mongids] category M. The nbiscis
are naurel aumbers. Ao avow [T m -+ « i a deformatian class of propressive plane
graphs with boundary such thar tho cardinalities of s7'. &7 are m, m, respectively, We
define the composine [T]o (Al w3 p of awows 2% m- 1w [AL mo 0 p by chossing
representativen J°, A such thiat

g7 = 1A = '!l'Iii"IE‘:J-.' k=1,7, (R4

witn [ — &7 contained b the gpper half plane and A - 54 in the lower ha'f plase) the
pui

Fell <[Py 4
where (TN = (1501A ) -t and 001U AT = (1P U3A) - £ We define the tensor
preiuet

4

@i mam' a4 n

of awows [1'): m — n, [I]: ' = o by chooning the reprisentaiives 11 to be
contained m the lefl, pght half plave (eapectvely); then gt

W@ (Al = 1A
where {7 A =33 fpend 557 A = 8I'USB A There ja & graph mirpléem W-+ M

which iz the idextily on objerls and tkes the edge [ ve/n, v} in Wt the deformation
aleng GO the following aresh.

Thus graph mworphism extends to & famctor FW - M which 1o the univerzal funolor vt
af FW {dentifving the rewrite pafen for pathe in YW [782].
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ReMARKE, When totmming 1 the view of M ag a Zoamisory, us gnge chiss will be
dereted by U, and horizantal, verical corgosition will be densted bv = » 22 usnal in 2
2-category, rather than by 4.« with thesr newal meaning i 2 monoidal salzgory,

5. Leagth 2 funciors, and preseniations of L-categories

Each fres Jecategory A bas a lompth T-Sinctorf; A <+ M indiced by the unige sompuind
morphiam beiwesn the gensaling compiads: recall that the generating cowmitad of M
ie termical, We now sttempt to ceracterize fres Z-sateporisy in terms «f the lengih
2 funuor. _ _ '

Sach Z-fupctor & A« M datstusices = conputad £ (05 wiich v the scbzanrputad
of UA with the same oljects, the amows ¢ vith €70 = ° and the 2wcells u o s
with #{x] remesenied Sy the adgs (0, e /H(5).0) of W, I 4 is free and £ i its length
2-Functor then 4 L Fer on the compitad * 1! _

Lat 2y and 3; dencie the froe Z-<alegaies ow (s computads lepicteC by

i3 L s #d Q——w) ) e §

%

respectively, and it 8: Ty - ¥y be the Z-Rincior which tekes w16 @ o (uwz) ot A
2 fometer 1 A = X e sadd fo by el wher each cummutative square

N
1]
]

can be uniquely filled 6y # 2fonctor gs indicated &y the dashed amow.

& compated (o Gezivation scheme) is called tight when thers are no 2-cells w: o =
£ m = aowith e the identity of a. (From the yeenite view ol C, this s a mild ree  wment
since the possiviliy of wwoong nohing 28 wmelhing iz ssidom desirable az i leads
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to infizite derivatione) Lor M denote the free Z-crfegoy on the mib compaad of e
computed Oy consistiog of these 2cells ;s w2 nowith m = O,

frovasiTioN 51, A Jaategory A ¥ frer on o fight somputed I and onlbs if there exists
an wif Tfuncear

& AW,

To characterize genernl free’' 2 cuingorins, we teke the siing viewpoieh Tet [ deaote
& grogresaive plgae grophe with Goundary, end Tt IF bo apy compuiad. A walugiion
w: £ — IDaf i L consisis of a paly of fimetions

wpe Iy = 1y end vy LT -4 Oy
such that, for cach & « 17 ous hay
By f:n"-’_,*' W:‘&i) T iEj} B 50 a‘?{f‘.ﬁ} = l’{r{f{) o 1@;"2‘3 W= -8 %(_)’nr)

wirrs ey, ., %y are the ndges wifn tatget ¢ ordered from Jefi @ right in the plave, nnd
5o T are the edpes with souice @ zlso ordered fiom ieft 1o sight. & wring dagram
in X 32 2 paiv {57 4) consisting of & peogresave plene graph 7 with boundary and a
valpador 3= ' = 0I5 U9 I e sring dingram in D and M is & deformation of
i then there s s obviour way 1o dbtair 2 valuation o on I in this case, (", )
called a deformanion of the string diagram (L. Wes (1, ] for the deformation claey
C A

PropostvioN .2 A Z-pategors A i free on some compiiad i and only i thece oxinte

2 funcior & A~ M such thas, for each siving dingram (I, v) i the comped &' (131
there wxtets & umigue T-call u dn A with E(u) = |2,

Bupposs A in any T-category. By & valuation i~ 75 A awd & sinimg dsgreon i 4,
we maran 3 valusion and a shing Jlagram in the compuisd DA Supposs (17 2) 5 any
string dingreac in A By Propesiion 5.2, there exists 2 vnigoe 2.eell ot in WILA with
£lu) = (I, v "The vafee #(T) of die siring disgram {541 in A is the veloe o7 ¢ onder
thie Z-fumotor past KUA -+ 25 goat .

wil )= pastiu},

Now that we have some paderstanding of frer 2-catognring. we can cotamplate pre-
wniations of 2yategoies. & preseniation of & 2 eategory consste of & oot & and
a relation R e the set (K0 of Z-ceils of the fes J-catsgory FO. (Ths slements (o, 4)
wf 7 are often wiitten as sguations o = U0 One obtaing a 2criegdry A (s vp o
Tzoriorprisn By covivtraniing the univirsal 2-funcior O A which ideatifies f-related
Zepelty; thon (2, R) 15 calisd & oresemtution of . Of course, © o2n bs idontified wath 5
subootapinac of UA

e B T R R RE g R I T U S
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ExaMpiE |- Moneds. Consider the computal © with one vljes. o, ong atiow @ = o
and fwo Zecglls & Yg =0, ™t 7 07 = v, Whiile (i compuiad Is aot bght, its oon-
fugate (™° {e fight, sp M views of ¥O are evailavie. Tossider the rolafions & mven as
follows.

-
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Let Mnd dancte the Z-category with one objast o, and with homeategory Mad{s, )
szugl 10 the catagory of faite ordinals and aderarcserying funitions; horizomtal com:
position i ordinsl sum. The (¢, &) provides 8 peeseniation for the 2cetegory Mnd
vig the interprstation of ¢ as tie ordingl | and &0 0« w2 < 1 e the unigoe
fusctons. To give & 2-functor Mnd — K nw a Zoawgory & 18 10 give 2 morad
in X,
ExampLe 7 Dinribusive lows belwesn monnds and comonady. As o natire] veamyie of
z computad © which is neither tight nor bas a tight congupete, we take one osjat &
Iwo gmOwS =, G <+ o, and Fve 2gells o L = wm o ter s ok g = g
d oy = yoy,  yor=» vog it will make the (slations we ars about o consider
losk more gectmetrically appesling if. in the string Slagrams, we depict the T-cell a5 8
crags-over of sang o uvet siring v, rather than as g nods, Lat B condet of e relations
Grer oo v e oo =7 e it Bxample | the relitions wiven Ly Inverting the sining
cizgrams for v, m and replaciog = m by K, o, and the foliowing four extra misiions.

\ \ / |
\i - F
A 2 @ \ ) |,
.: 1 ? N
i | } \..‘ e \'ﬂ
/ | i
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For & Z-autgory A, the camvpoosd morphizms & — UA, which ideatify B-related 2-s2lls,
are in biection with objectz a of 4 equipped with 8 monsd +, cowmomad 5, and &
distribuive law r between them [Re, 1, BW].

6. Cubwes, and Gray'e terear woslust of 2-optegories

By way o applicstion of the auove ens, we now coasider strictires anizing Foom
sonsideration of cubes of all diwversions. What could Ue mors basic then sowiiting a
sngle given syinbel, say “minis®, by enother, say "7 We begln with a computad
which, in & semse, I8 4 combinatorial veigion of the interval, 50 we denois it by Il The
graph 1* hes one vertex (which shall remain nameless), and two edges denoted by —
and - Pethe ja tus graph ave wands o in the symibole ~ mnd - soch woads of ength 5
are in bijection with the ™ vertices of the n-zube, Thes (= ooy cne Z-usll L | which
waderats iy 2 —= —.

Ar applieation of the rsewnte rle. 6~ = — to 3 waed 2 of lengha 1 can be identified
with an adge of the n-cobs; it is & word # of jength = in the aymbols — 0, | with
precisely one O oceurring. The posiuon of the O in u is a potifion in o where there is &
symbol — and the target of w is ehuadved from o by changing this — to &+ Dvelvations
in the derivation scheme | ars pattis soovnd the edges of the oube. So the 2 oolls of the
ane abfeat sesquicatsgury dl can b regerded 25 paths sround some necnbe. Wiise ' n, -

for the subderivatio: schene of Al conssting o7 the wards & ia the svwbale af
length .
A vl gk
T | (i
e = - — s o=
3 rr
r \ 42 !
—_— -— —d
J\ i il
k l =
[
— —_— e __ 2
| > -

e 3-ouke I(5, 1

For words . & € llm, 1], write & £ [ when o, /I heve the same leagth snd o has
the symbol ~ in évery position that § does. Clearly there sxisis & derivation o 5 [ if
angd only if e =, 2, Moreoves, any two derivations with the semes soures and trget e
equivaient, It follows that the honwstegory of the free 2-catpsory fdl oa dl i a petisly
ordered sst it fe & steict monwsidal category whoss tensor produst v uktapegicion o
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vl I wa take the fulf subsategory of this hemmcatepory consieting of the words & of
lepgity n wis obisio a category Culiln, 1. salied the n-cube with commutative 2 faces.

However, we wiay not wish the 2-faces w0 commute. Jp otber worls, we may notl wish

to identify equivalent derivations. Eot us examine the desfvations in more detall. Supnose
o, A ape words of the same leagth pic thesymbols | dnd supposs o £ F Write o)
for the set of povitions wheve o hes — and F has - . A desiveton u thﬁ‘@lﬂu W
cay be identified with aliwlng 4 = wyus . . vy of the clemente of =, £ (sach gpplicstion
determinue an elewsent of o7 which is the position of the aymia) 0 and the order je that
taroed by composinitity of the avphications makiug vp the derivabion), With s uotation
it maust be nealinad ihat the souree 4nd get of wr a0 8 must be specified in axder (o
fully determine the denyetion. Put

Pl) = Ll Ui < Fapd g < g
Wetice tha, for dervagons «t o &, 00 P o= =+, thees Is & pardtlos of Vuy) 1
Vi) = Wel 4 { ik a <opp 5 ¥ivd
We shall now desevibe the lift deriveton scheme 1, The objects are words o in the

Fiabols - 1 The arows are derivations w v —+ 5 of §, The 2 cells ans oricsied Z-faces
ol fn discube which can be depioed 1o purs - 2, -+ nowlion ey

& p -

o — g . —-a—rr*-rh'c'y-—"ﬁ—ﬂ' + ﬂ ¥

@ |
@~ #0 ¥ L BNy av POy

e \

S ST T

o i posiiot of O notetion as

, “

g - ﬁ - e e B ﬁ - Y
] i

W | (s ¥ !l:

5 o |

A~ e e g 4 f by

&Y
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wheez = Hz) <& u= e AF - 1 Notioe in the (2st squars that

i

'i:‘i'ua.:r =€ 1:-."1, M; -= 'ljiil.';l;‘.;.
Wiite {'n, 2! for the sub-derivatios scheme of | [ cbtained by taking omy the objsels o
of lsugth n. _ _

The communng 3 fave velations ave the foliowing reistions on Zzells In the fres
Z-vategory B 1 & for each aljoct o of 1 | with the symibol - - in sositions % « ¥ « 1w,

i o
L] B v.. -
g YU | f

N ; ' : o= W

.;'i '!_... o PR = ‘;

b e = & i '
WM i L 1]

“ ¥

whete avu denotes the reselt of changing - 16 ¢ in position w of e

There iz a Tuaegory Cubin, 2 defined os ollows. The cljusts sre wonds & of tength =
in e symbols . For @ < f, the omcatsgory wuliin, Z'(a, /1) i the ordesed set of
Ustings = tgtz vy of the elements of o\ whew w € o if and only iF Ya C V'
Othervwise, Uubin, 2! (g, ) = &. Honzontal compodition '

Cubln, Ao, &) < Cublr, 28,47 + Cubln, Mo, v)
is concaienation of listings which ¥ order preserving (hw the formule for VW{ua )

ProPOSITION 6.1, A pressntation of she T category Cubln, %) is provided by the compitad
Wn. 2] sulijent in the commuting S-fuce relations,

Consaquently, the 2-capegary Cobln, 1 & called the s-cube with commutative 3 facey.
This Z-oalegiry was given in terms of generators and reistions by Gray [Ge2i wie
used (e posdive part of the braid proups o show ifs homoategoriss were ardoned
{stiang Brohat order of fthe wwomeirie groopsh Mo mele 2 sonnsction lere with pos-
ifive braids notice that e sog dagraas for the commeniing 3-face relations are s |
fodlows provided we deplor the noder az crosstvers. (More will be said on this iv lager
ssctions.)
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The tuhe Lcategoried arose in Uray's work in order to prove that his enmr produs
af Leatgporien wag 2 monoidal strocture on the catsgory 2-Cat (That b=, that the tensor
product i aszpeiative wy o Bomoerpisms which satisfy oorialn snioms) Thie tensor
prodoct

@ P-Cet v 2-Cat - LCat
iy riot the product in the catepory 24Cat. One way o consiiet 2% i to fisst define it on
the nobe 2-categndesy by putting

Crklny, 2] 2 Cobin, 2] = Cublm <0, 0.

Then we resd 1 dhserve:

Prorosren 6L The full seboategsr) of 2-Cat consiening af the T-onteparies Cudlh, 7,
=13, b dense (I fac, Cobl, 2] alone siffices)

This neans that every 2-cateoory A is 8 canonizal colimil
A o ol Crlrag, 2

of sube Lontegonies. Sinoe we wish the functois A & @ B 2Cat -+ 2Latto
preser s sollmns, we ane forved fo the formiia

AmB= gﬂinm;&ﬁwfn{m Ftdy 2:.

The fagt that this aporosch leads to & biclosed monoidel struchuns on 2Cgl follows
frong & grnere) result of Dy (De2, D) on Kan exending tensor producis slong dense
foncicrs. Morsoves, the 2-Cat-valued borss, which proviae right adioing fo5 4 & ~ 2no
~ & 8, are vraily deseribed ag “Puany L-functan J-ctegouieg”

Before describing Bese, it 1o worth inoking af the situntion with e calggory Cat
Any catepory W with producie beoomes & monaldal catsgory by taxing the groduct g8
the wensor product; thiz 15 sallsd the covgesian monoidal srucrwrs on ¥. Call ¥ darre
sioh cloved whed, for 8l ohjecis B, o V. there axiste an sxpopential afjece «2 L5

A S S S S W I e e S S S S S W e e e

= E e e =

- = = = ==

C
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charastenized vp (o lsomurphism by the existence of o natural hhection between arrows
Ax B 9 O and arows £~ (B0 In the gase V = Caf, of courss, [B, ] 'z the
fanctor atepory wioge objects are fonctors from A o0 B agd whoso srroovs are sating
franstoroations. Cateporics with hows enpiched i the coresian clossd category Cat e
precisely 2-nategorics. '

Wowever. for cotegories 5, (7. there is slso the finmy fimcior eategery {8, 5% whuse
mhj.&:m are fonctors 1 B — ( and whoss ariows 8 § - g are families of sows

2 FIR == g(B) in O indexed by the shjects & = B {no nerumiity rﬁium,mfmﬁ) There
13 & Ay tumsor product A @ B of c'n:rgan‘,t &, 1 zush il fucetmms v AQE -2 2
ary in mataral bliection with functors ki A = {2,0]. I fact, a satugory with homs
variched in the movoidal categery Tat with the funny lensor prodeet is more general
than & T categonys It ix presisely & spsguicategery. {ilw funny wasm product was used
recandly 431, BO2) o stvdying Feud nats)

The category 2-{.'&.1 i caricsian closed. For Jcalegories 3,0, the exporenfisl

s-categery |8, 0 hes 2-fopctots @8 objects, z..»-nahmi neasformations as srows, and
mfgfmm a8 Z-oelis, A catogory with boms sonched n 2-Uat, with the carrezian
straature, is called g 3-namgors.

For Ceategories B, O, the fungy 2-duncior i~camgary 15,17 ) bae 2-fouctors [+ 8
© as objscts, casiormations &z F = g as amows, and modifications sy -cells (Mg
wmndlogy will os fiscussed in Section 9 In the coniext of diesteguries), There 38 8
natuzal bijection between 2-functoss v 4@ B — & (whore @ 7 Grov's tensor prodict
of 2-catsgories) and 2-lumetors &3 A -+ |8, 8o [2,--} s & vigh adiolnt for — @ 5.
A right adjoint for A ® — Is oblained nsing the vanomicsl ison.Crphizm

{A = ﬂl\ﬁﬁ et BW & ‘q"to
wihick can be seen for cubse and extended by king colimits,

A categay with, boms entiched [0 2.Cat, with Ghag's traser product, we asll 2 S a‘
CEREFOry. mngaly speaking, this it 8 seadufcstegory X with sach htmcatagary Ximp)

equpped with @ Z-category structore, whose Z-eclle zre cefled J.oelly of X, such that

the sovares (HOY fave 3-cells in them, subiect to agprapriats axioms, &ay-caﬁ@gﬁﬁaa
are more genersl then 3aategarics, Tn ynpeblished work of A, Yoyl and 34 Yiemney,
suitable sigebraic models for hamotopy 2 fypes are found 1o be Cisy-categaties in which
all J-colls, Zawlls 2nd 3-celis are ipvertible. .

Eur more defeils awthe Cray fensor prvduet, the intsrested reades shoulid consult [Gy .
Gy2l; and, for “srong” Gray-zategaries, sz [(328).

7. Higher dimensioas and pacity sorpleies

Eeturning to cubes, we ronsider the case whers the 3-faces do nol commvte. We corsider
the dsrivaiion 5?@&--“%, 31 E'i“t‘ﬁl'l by

1,8 Daords B of length n in the symbals - 0,4
wil precisely Puoe G} = (P, 210
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whiere 5107} = left hend side of the sonmuting 3-fece condition. snd §{8) = vighs hand
side ef commauting 3-face condiign, for & with 0's in the positions w, v, w. Teom the
fewrits viewpeind, e words # gwve 4 directel distinetion between confluense shecks
beginning with the word cbtsiied from D by replacing the three 0% by - Rosall
that the category (FTin, 200 has the aows of Flin, 2] as oljects sod hss the 2-oslls as
arows. Wiile Film, 2) 1 a free 2-catogory and (¥, 21 is 1 toe category, fhe category
{Ftin, 21 io not free. Sa 1, ) iv nos @ compatid, ¥ I really & “F-womputed”

A decompuing B fwere we reanme praphs as “i-ompoude”, and compntads =5 "2
comgiads™) is & computad B* wgether with # derivation scheme

o dar By - (REYY:

slemeats of By are called d.celis of E. A J-compusad morphizw B — X 15 4 compupe
miorphiem BY 2% rogetion with 4 desivation scheme mosphien for wiich the funcior
{FE® —« {E™) is isduced by Z% -+ B Sach 3compuisd B determines o fime
Setepory BB, & presemtation of a 3-cmegery is & 3 compunad tagether with » sst of
seletions Detween 3-aells in WE, i

Kexe i3 an exampls of 8 Jcompitad with one Jecel called 00 0

Bach S-cell # € 1 of & 3-computicd E detormdues two 2ealls £.3). b{€} b the fos
Fraierury F2° Thass 2 cells can be regrsseniod by string diagoas in the comauiad £%
Wiites £ for the et of Zcells of E” whick label the nodes of o sting diagrem for spi6).
and woite &% for the sot of 2oefls of E¥ which Tabel the aodes of & suing diagrem
Far tidl). {Thess seiz are hidspentrar of the chipicss of sting diagesms fn the deformation
cusses.) 8o we beve two funcuone

i f =B B~ 1)

whiees P{ES) i the power set of the sot of 2 ceils of 8% In consideding anly the labels
an foder of & wring aisgraa, we are, in groersl, disrsgarding guite & ot of infonmation
shont the string diagem, Hence, it ls & perhape surpasing consegaenre of the work
of [83, AL, 1, 86, A%n, Pwi, Pw2l that we heve:

e i e e s T o S R S—

E el — - = S SR e e o o -

o 2

e e

g
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PrROPOSITION 7.1 For S-computads B arising fom many conves palyopes such ax V. 3)
arising from ;:ubu. !&eﬁm{w s By -1 (REPY are uniguely determined .53 the
Jumctions =" = L PEs

At the lowsr dimension, the mrﬁapmdmg reshit is ezsily vnderstond. Far, suppose
Ea (.;-}f:mnmm:i Toem, tor esch Pceil wic O, w heve pathe 3y (), B(u), and we can
write w , wl fy the sets of V-asls of ihe graph OF which ecowr in the respective paths.
Provided the graph CF has no cirowits, e ouly other informatnon we need to rroonstruct
the pathe from the set is the onder. Howesnr, the oxler is (ormed by knowledge of the
fagetions 5, 8 <1 -+ L So fhe 2-dituensional version of Proposition 7.0 is true. T ks
congigtent st even the lowest dimension, we con define o~ = [oh, " = [} for sach
V2ol ot m —+ Bof O

T ihis woy, sach s-compoisa B leads m E mmﬁrﬁ ek B, U < k€ o, together
with funetigos (~ 4= 8 - Tl 0 < k¥ < n Thiz s me basee stppctore
vl ved iy the ngherimensional cormbi mmn&i nption of civouit-free graph called parity
compiex (S8, BR); bowsver, 2 pority comglex i3 1o satiefy some axioms which are not uue
of s} such srochures saverlying = computads, The seicm which samewhar reficess the
sopTes-target snuEtong in a conputed s, for sl celis @ of dimensicn = 2. fap equeliy
of pets

where the urions are disiofnt, snd, for exomple, & s fe anion ot tho sets 0 , 3 € 5,
fior any & © By The main result of [$6] is the construction of the fice w-categary on
an v compiviad which is uniquely determined bv the parity carapler.

Following Aitchisen's ideas [AZ] for cubse and siiplexes, we pote thet it is pessdile
1 vse sring-like diagramg o keep treck of faciz] relstions in conpsegutive dimeasions of
& ety comyiex, Spesifically, suppose we have disicint finite sers M, X snd fupctions
(—§= =1 M PLX) sach thad, for all v 5% 0 in M,

{,,. ar o :I_!(’,r_‘,.n' .h.'t} =

Pat

M ={l-2rzeX M It erseX 2 M
Thicn theie o a grapn e, b X -2 M LU3M gives by

zEeln)™ NPT Teve M oMY, sal=(-3 Grné M
and

Hm =45y fwrzd M

Thers w ne reason why soch & geaph shovld be olans: howeyer, we 2o digw 18 ia e

pisme. with wdges diwcted down, sometinies crogsing & non nodes, with sat inner rode
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B Wapmios |1, eschyof thess sting e diagmns copessonte o Dol i the 2 saegins
I’IL* ], "Thes ~Wﬁ( 3 e relaion 16 the sooelicy betwsar: e e 2o ls The

Faormanad 4. 3] togetlus with the erernicbig 4 faoe relatio® rscvidee B smaetatas
of & % semmpery Oupd, 3,

THemr s s ;z,:.*:_#,aa Semonpiing ol the Ses Ju-Salegnty o6 A0 = :ﬁxrm&mml SER v
saftupiex fn |96, In particiday, thors B o combitaiomd mocel for Bllic, . B i
Fr poed gm — =, se doseribed aafw, ¥ do 5ot knee of 5 wabivatoal Biedsl for the
- rabe u,ub.{qa_.f:,.— with seonutiug Ton 4 1) Toone, OF ogiens, we dis bave & pressncition
of e mecatery LA (as e iy Gampad B, e and the sonamiarg v e
yesetane), ged His g Soes for meny prngoses

&, Thi Tous—Therter s Zemolodekiiogy eqmmations

Yol socties asatiie tis srarstiicn Bnlwesn putsetrise snd e sosulled] “Basdumre—
Stevgroy dsvapiex srcptiony” walch Save atjser In stotistiosl Red quahard mesckitnies,

Wi discran e oty the et gy [oang of thege = b ¢ dsrre e [A0K1]

BT whiere alier refrps-oes oo prowviiied mrl gomse oF the phyeled) slordisazae s
sl faban s [T, 0, T893, T84, TG, L%

& — | Mgz somimuliaisy

Al_r }é.g_
k2 N

' "

i — & TS SR

e ) ZamsladilEhon taRasa

4 5 Rt fighs el sy | E ke gt adtige
T R TR R T Tapiave. et sibein ke ro)gr

i hest equssong, shesrve that G Halwiyy 4n & gleea selartiol be ils saus ag e
mabnietal o the st ity shove 31, Aled, smpere=ie are ol 3 ¢ w=a &% whils
Frinines ane 21 Bs el 4 W sk o there s = sting of one letter followad bys
sizing of tis other, U8 e nfarmetion io e sindots 2an 2 weaided Whemntdaly w9
t‘ﬂﬂl. S

W 1 | e H‘,n'i 3,
&= f1Rd 0 Sta5et = 10R N » T ERLD),

q: B i'l"’-ﬂ'”w?'ﬂzﬂd": J{?"' &b 4 LT
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The symbal » indicates where the lettes change-over occure, The putisrn here i5 made
clear by moording the hracketed terme on sach side as rows of 2 matix; this gives the
formal maing identities:

[ g lﬁﬁ_hr]_. %)
aJhﬂt ]J

s o
# 1D k)
B
|
T F
B |
L
(EIE
{ —

1‘-

.
i
2
£

l Ji

o E b3

(4
=1
L

= % 13 W

L% RS T Y
B o= o &

L

Sp the Mazhangv—Stroganoy 4-simplny equation can be reconstructad from the foomal
mekrix sbeniity:

123 47 TATE 0 &7
11 « 5 & 7 S8 8 = 10
258 9|=|25+ 8 9
3@s*inj 1«5 § *
la 79 1w o * i % 3 =

Tis feact, o bailding vy these equabam dimension by dimension and for dealing with the
nonsquace matrices mmpondmg to the other eptries v Altchison's Pascal trisngio of
sting-lws diagrame, it is more convertiont o eenumber the sivings oo that the 4—9%1&*1:
edigiion, (homaliix fore, besonies:

= [ 2 4 ¥* KT 8 % 1 -r'|‘|
i 3 5 B « S 6 » i
[23*@9743{3#6{31
& 2 6 & 10 i «.3 2 3
T8 97 =2 l»12 3% 71

Tasse Sivmgl mekices are elgo related W e numesionl neltices for slich e veniiling
determinant condition [MNZ) gives the dependence of the dfd + 1)/% parmmeters in the
peramsierized version of the daimplny cguation.

Referring o the 4, 2,0,  fomm of the syuations, Tan Altchisen: chserved (1/150)
that the Penrose disgrams (in the sense of [PR]) for these tensor equations vecurred in
Zis “Pemod's wimagie” o siring ke disprame [A2] asencizted with e oriented d-cvbes
[ the d-simgiexes), Sor 4 = & this refects the well kaown connociicns derwesn the
Vang-Burter aguation, ihe Coxeter relations for the symmetic gronps, aad pths aedund
the edgen uF & anbe, Tt dhould be recalled ners that the ordering of Uis stings inte, and
ok of, nodes & ignored (as usual with padity compleaes snd with Penrose natation).
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Comparsos with te string-Lke diagrems of Seation 7 shiowe thar the d-sinplex sque-
tion is allied with the commyting (d | 1}-ube
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It is possicle 1o interpret the d-smglex equation 25 & morphism from & ealsgorical
sruciurve songtrosted from geoynelry to & catigorical strocturs of the samve kind won.
steveted feom slgsbra. [n particniar, cousider the Yang—Racisr sgustion (& 2

Qn the geomeic side, recall thet we have the derfvation schieme (fn, :-"]' which invalves
the 2-dimensional fapes of the w2y 7o) Bis gives the Hee Zostepor; Fl's, 2L

On the algebizic side, we wml@ .Iike to comsider a 2-category X'Veet, whose valy
rhjset ite field k whose araws Vo & -« k are finite dimensional vocior spaces over k
zid whase 2zells & V¥V = W k — 4 we inesr fiocticts & ¥V . However, ws
want the compasition of arrows (@ e fensor pm‘lmt of vertonr spaces which is not sidnily
essociative. This mally wurides an exrmple of & "hizsspuey" whick fe the sulsiect of the
next seciion. Hor onr present purposes, this problem can be sveided by using matrioes
instead of linsar functions. More procicsly, let TMaty, denote the 2-sategony Wikl one
oaisct & whose srows mre nsturel mnrbers and whese 2-c8lls A o = 0 & — E pre
wm, % 1 matices 4 = {a,;); the vertic) compasition is veual multiplication of mattces,
while the horizomtal cocipasite of <0 m = o, B « = 2 ie their Freascker prodoct
A® B = {dybu ) mr = ng.

Now snppese R s = mrn s 8 2.cel] iy TMate. We can extend thiz 10 8 2-functo

A" Tm, 2] + EMaiy

deterrned by the Tollowlne apsizmment.

L bz
i e (R 14 K== |73
(% ) 7 R l
A & —— - i
"y = s O T Rm———
W m

The matriz £ is called & Yang- Baxer matric when it is imvertible and the 2-fmcior 12"
identifist the comomutiog 3-%ce relatons e some (o Bents 8l » 3 30 It sheuld be
riear now how sueh 4 watdx S provides 8 solstion o the Yang-Bexier sgquetion: Thers
L an Inducsd 2-functor KM Cabls, 2] — ZMatk. '

Now consider applving the seme jdeas 1o the Zamolodshikov equsiion. On the go
gmetric side thers s no problom sinee we hive the free S.capegory l"l‘m, 4. A small
£fficls wrises on the vlzebrals side when we vy Lo -ush te category of vector speces
up anothsr dimension, Thiz time we would Tike to consider 8 3-estegory WM whiose
cnly object is 4 Beld k whoss only sorow s the identity of k whose 2 cells V are fludte-
dimensiorizl verisr spEiss ovar ik and whoss Zgells & U o B s linear Ranctiche
This time (wo of the compesitions are fo be tensor product with the third teken 1w bhe
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composiCon of linenr functions, ay before. The problem of nonstriciness of assoontivity
of tensor oroduct can Yie avcided as before by using matiizes, however, now wo elso
requice tie middiefour-ictaranange law:

TaVielWeX)="gW elrax

whinls of course doss ot snictly hwold; thers ik only a ganonical somorzhises iy slace
of il squality, This proviem cenmot be avoided. Tn fact, Z?Verk, is a7 sxample of 2
tricotepory i the sense of IGPS]. Using matrives, we obtain & Teay-cotegory X" Maty.
(R is shown in [GIS] 2ist, more genemally, every ticstogory i “eqsvaiant™ to s Jray-
calsgiry, ) &8 we mentioned af the endd of Section 6, cvery S-categry i & Gray-salsgory.
It js theredfore meaningtal to consider Gray-fonectars Srom a Togegoes (o 8 (ravisgisgnrs,
In parficvlan, sacs e’ X i wnadzix B anduses anch o Crayfuneter

BN Ffs, 5 — S‘Mm

we call R 2 Zamalodehiov wsatriz whisn it iy invenilie and A identifies the commuting
4-ncx eiatives for same (end seare all) n o 4. Such & megix & provider g sclonion o
the Zamplodehikowy wpustion,

Higher dirnensions o7 no new akiens. For tis dsiraples wongiicn, thess '« an
appropriate structure S Mty with precasely one é-cell for esch o 29, whose |2 =
1)-zelis 2ro natirel ninnbery, whoss & célls ace matrices, whose first d — | compesitions
gre Kronacker product (amonyg which the middle-faarinteusheange law holds axly vp ©
a coherent invertible d.cell), and whose remainiag composition is wsual matriy prodidt
{wiich stiictly satisfies the midcle-four intrehange law with sach =«ljes compesition s &
d-gimyiiex matrix i an invertible m™ < v matix K which induces a stuetme-preserying
mmphixm

R Cubid 1 1,4 » B "Miey.

9, et egories

Ricateauries (i voe sppropdate 3-graph with bicsgonies s¢ Dcells) were first definsd
by Beuabou [Hnl, BaZl.

A Girategory B le & 2-graph eqoippss witlhs the following extra stogctung:

(Ba) for ssch pair of objecis 4,b, # celegory wrvciure on the graph W(a b)) with
oompnsition ssiled vertivsl and denvted by = (invedtibility” for 2 cells will mean with
respest ta this somporition); '

{(Bl) for each triple of obivets o, b, ¢ a funcior

Ll R{E&} b} x Bih, o) 4 Bia, ),

celted the Rorizorial omposiion and writien betwtan the wraumsnis,
{He) for sach object o, an arow |.! 8 -+ & called the sdensizy fox o3
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(Bc) invextible 2-cells
tagy eof{8ep)=jacliow a4 +46,

calied ameoriativity ronstrainte, which are natural in & ©. = © B, b) = B(l, o)« Ble, d);
(Be) invertible 2-¢ells

b Ip ool @ —1 by, vor@moly e it~=M
called fdensity constraings, which are matual fn o = Bia, bl

subiest 1 the fallowing sormmatztvity soaditions;
(1)} pentagon for associativity consiraints

a::.ﬂau"}’aﬂ-

o (o Be D)= “fps (B o P ol

o= {0 B (ws s B
. ® e 5 s g X"’
%o |

3xaMPLy L Lot 4 b= 2 oategocy equ‘ippar' witk 2 choirs of pushout for eoch pisdr of
amwows with common source. Theee is 2 m::mgo:y Cospr 4 defined 28 foilows, The
Shieate are e objecm of 4 For 2,5 € X the cetegrey (Coear 4){a b)Y hes ns iyjecte
triples (g, ¥, ). colled 2 ns;amwfzamawb congisting of an objoct v 20 syrows gt 6 —1
s borrel Landeev ) (ot i) ¥ (e J of oosphus e an Brmow P v = ¥
in & soeh that

moé“—“ﬂa, Imﬂiz‘ =y
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Given (py, 7y ) € {Coson A){a, b) and (2y, 5,00) € (Cospn AYb, o), define
(a0, 7o i) & Loy 8.0 ) = Egn oum oy 20y )

whete the squere

2
b —r
# B

15 the sslected pmghout of g, ¢ Using the universal property of peshout, we can extend
this functarially o arrows of spans as required for (BUY. The identity cospan for 2 is
Lo = U ®, la). Given nospang

B

)

,’r:.ﬁ“ "y :.'.:" € II; :ﬁ-ﬂ"ﬁfﬁi :{}‘G, :fI?;_, ;,";;) §,0 = Cﬁ@!ﬂ A{:(Q‘ £
and
E_‘IU} iy I’T'" & f:"- .ﬁ-.ﬁ?rq A} E:"_} ﬂ'}.

wies o8 form (ie GlagTain

) |
B — T ‘
& o \
Y v ’l
£fi = . - - e ?
! v !
ﬁlj Wiy e




of pelesied pusiosts. Each of the cossmms

1 24 = e 5 bt B P ¥ L. 2 AL o lee 8
W, ST T .'_“_:;_-';ma'{?.;a{,.-,,:,fr.,,.' AP ) 0 S, B R ST

ix canonically isomerphie to {pyown ol , e, o owyow] ), and 56, 10 each olher, yisding
the assoclativity comsreints. Thors ane alse canenicel istnotphisme

1ao o, o) B r.m) 22 (P v 1o T

yielding the identity constraints. To check comynuiativicy of (B1), (B2), it suffices 0
cheok afur sompesition with the coprofections s, & (1o the approvrinte pushiovss, and
we recotnigended fus a8 an oxencise.

Brameiw 7. £ mopoidal = "asor™ oetspory ¥ (o the sense of (BED) sen be defiged
o be g bistegory B with ons obinet, Mere grscisaly, 2T ¥ 45 somenoidal eategory then
8 bacatsgeay with ouly one oljont o {5 defined by Bla, o) = V; the teosor qroduct of V

i he Soczomal camposidon = of B, Wiills, [T a it sny olj=ct of ¢ bicategory B *hen

Yila, =) besomes 8 mionoidal crisgory. For mEny purpoNes ¥ & couvendent to distingudieh
¥ from the ong-object B; the nclation SV fou B is ner bed.

EXAMPLE 3, A bieaicpury i which all the constraiis ave identities i & 2-caispary (Sec-
tion ¥). As zack eatogory 4 can be pegarded as a Z-cawgory for which each eategory
Al b} fo disciete, we can alao regand categonies as special bicatsgones.

Exammt: ¢, Thee is & bicawgory Frof which stands ta relation to the Z.category Cat
mazch as the category af sets and ralations stuads in relation to the catsgory Set of sels and
famtions. The obiests of Prof are catepuries. An armow M: 4 —+ B 15 8 profuncior {also
selled “dstribuses™ [Bn2), “Bivodule™ [L), o7 just “moduie™ [83)) that iz, @ fonstor
M: A% « B o Set. The Zeslls M = NV gee peturs] imnsfonmetions between the
functars. Compeeition of profunciors M: 4 » BL N: 4 4 B je given by the coend
Farmula ‘s (ML, MIL3] for the Risfory of “ende™)

#

(0 0 N, ) = | M, 8) % B{h,c)
Sippase B, X fre Sleategories. A ik uncior (086 called "mdsphism of bivatagoiiss")
T Ba¥

1@ 2-graph morphism whish & funciarial on vestical compesitton and iz sguippeo with
the feilowing eatra slructute:

{(LF3) for each objsct n of B, a Zcell € Ly »= T(Ls) of X5

(L3%) Devells g g Tla)a (M) = Tlre §) which are nataral in (o, #) = B{a, b) x
Fib, cf; subject w the following commauietivity coudifions:



B6G 5. Sreer

s
& e ! Mo | - -
272« N e YY) ————=HFu v f) o I'¥)
[Ty o (F(H « W& o« o
e~ T« ) ——e Tt o (B 5 R
{172

5
oy = T3 Ry T lny ——— = (9

4

i<l T 1e4 T
M) « ) =l T = ) ey o Tl g = e 1

EXAMPLE 3, Suppoze ) A - 1 & 1 2 funcior bedween categories with selecied pushonts.
Then there is 9 lax functar 1' = Coapn{ ¥}, Cospm 4 — Tosps X deseribed ag follows,
Las T ks & geveral Zoell & (v, @) 2 U dd) 6~ & im Covpn A jo the T-eall

Figh (Fip) Plrk Fle)) = [Flonh, Floh Fim )}z Flay~ FiE)

ite Cospn ¥. The -celle of {(LFa) ace identitics. The universs] property of ushovis ix
A vyislds » pancuical corparson acow from, the pshont of (), Flo) ta Plg) {is
the notation of Rramole 11, This gives the data for (LEW), The axigms 17D, (LE7) are
sagily verified

Exawpis 6. A monoidsl funster F: ¥V — W (i the ssnee of [BK]) amounts procisesy
1o a tax fanstor 7 IV — TW (w0 Bxampls 1.

Baamrie 7 For Seateporiss B, X, & lax funstor T2 B — X is called 2 posgdo juncter
el galled “Somereaphian”™ iz [Bal. BaZ]) whes all the Z-e=lis

g e Tla) o T(0) = Tlan8)
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and 4o Toog o T(L,) are invertible. When these Z-cclls @e all identities, T @ =alled
a ijimc;tur; when &, X ae hoth L-cstegories fee Exampls 3) this agress with the
teominology in Ssction 2 It e perhape of interest thal, for any catepary ) prendo
Fonatoes 0 (9F — Cat are sgvivaleny, via the “Grothendieck consiriction”, 1o fncsos
B o O owhdich sve fliranios; i particaliu, whies O s B group (segacded as e setegony
with one obieat sud ol amows Svestibled, suck 8 T v g Schreiet factar syrtent 88 ooour in
group cobermology (tor sxample. see [0dT), A Lax funcior 7% B -+ X is called normatined
wieil all tae Z-celis 4y Lpug) == 3 (m | & iZentities. Jean Jénabou [Bo2] bag showa
haw ta congtoact, from every fincior {nat [ust fibrstions!) B B -+ € 3 normslized Tax
fmstor T 2% 5 Prof (s2e Hxample 4); the Urothendisck congtryction goneralives \n
reverse thiy mgna:rugtiou.

ExAnLE 8. Lat 1 denote the vne-obisct disorete category, A fax fncter 35 1 4 B
amonnts o & monad in B (aico ses Section 7)

SxamAE 9, Lax functors can be composed in 2 faicly oovious ey (wiich we leave ©

the reager) yislding 2 caizgory Bieat whose obiecis are bicatsgories and whose srrows

ExamrLe 10, Bach objest k of a Wesegory B detenmines o puenude faneor

Hy =%k~ B-- Cat
called the: pagaclo functor represented by k. The catsgory Heow) s Bk, a) The foncior
Hylol: Bk, u} ¢ Bk, &) 15 given by eomposing o he right M;h ot w — b, For sach
wecel! U o = 9, the et trensformadion Helu): Bplo) = Hi(8) hay conrponent

Hplujg=cgew svo = a8l o€ Bk a), The neture] transformating

fo g = —2ly

iy provided by the inverse of the ideatity coasizint ¢, The natueal tansformetion
ey - Fg{&) o ngqﬂ} = 1&,‘R = ﬂ"

hes compontatt roalafd *gelnof) at s cﬁikmgxwubyﬂ)emvmqtthc

assOCaHvIY cmmm 6, Axiom (L71) 37 a pentagan sives Caf is & Zecafsgory and &
SNIVHLF mnm (BI) for B. We leava (LIZ) 38 a5 sxeacive.

Seppuss £, 7% B = X aze lox funstoes. A parsformaipn 8 5 =2 T constts of ths

ﬁ:rllem,gdm

{Th) for each ohiect o of B, an avow 9,. 51a) » Tio) af X

{To} Lonlle 0pr 8! 0@ => 05 0 P} which are satims) iz o € Bla, b
el ther the following mmutz;tiw iy panditens fad;



ey
3 |
{g;ﬂ% 3 'ﬁﬁn » EE' ""'”'E'E'l"—" ﬁﬂ 2 ﬁ) 'S 3;
oy« (R 5}« 6) 8,5 T )
A .
1A% Cam
8o« (= T S @ T
ll| - -}
(Ket) = 63 < TP ~——= (Ho Wa))= 'ms;
9@ =1

e

i‘&e;eﬁ —'——‘—B— »3 - — &g—aﬁ,- !ﬂa‘\

&lv) e ﬁl! =R W;uﬁw ﬁar' Tt.‘.#]

a1 ’
1

4 teansformetion @ & > T i celled sirong when zach of the Zaelis €50 Tiaj ody =»
B 0 7 '(2) Is invertible.

Exameip 11 Suppose st h — Kk ie an smrow of a Boategary B, Thers is a sweng

wensformation € = Ho Hp = Fy whose compeneat 8,0 Blk.a) — Bk, fs

the Tunctor given by Renposiion on the left with m and whose natua) mmorphxm.

B L\b‘ﬂjfgg % U = Hpio) Gas componsnt &8 &2 & — & given by the ssspcizlivity
int wa"fgvaa"\-'éf’wu

$u;;pm~e g r;!- F2 T, B - Xoare vansfoiations. & medificalion . #--diza

- —

() b o
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gibject o the following commtativity conditicn:
M)

s 4
3&3;& — fmul‘w

lﬂmi s |

i

&ﬂ} % T "q“‘{t@

Examiae 12 Hach 2cell e =4 k< Ao 2 Blovegoey B yiclds a modifiestion
:r! : f?_—‘ " Hg 'Hg B — Ogt

whase connponent &t o ¢ B is the natueal transformation given Iy horzontal composion
on the Inft with the Z-cll w.

Mnciiﬁrﬁﬁaﬁs m: § ¢ b om @ ¢ o can be composed to yield & modification
et ¥ 4 £ uing gy h:.’.’.’is senical composion iy X, Travsformatioes & § =0 7
@ T = I can be commposed @ yield o vansformation @ o ;. F= U by putdng

#vd
f ) 0 {8y 085} iy EL*fc!l} ofs) ol fatf {9,. crf’l'(a)) o&; \

(B, = ) :
\t6eu T o8y =L@ slim]] Tl o) clia],

this compyesiticn s mof sirndly sssociative, bud e assodarivlty ams Wenbity sonstraints r:f
K yieid nssocisnvity and identiy comsivaints heie. This desceibes 2 bieategory Lan(B, %)
whose sbjects are lx fonctors, whese arrows are boansfoomztions, and whose 2-celle
are moadifcations. Write Ped(B, X} fo he subbicatestay of Law(l, X) sopsistias of
the peeudy funetoes T2 B — ¥, the stropy tensfoomations etween theve, and the
medificadors Setween these. Wotice tha: Lax (8. X} and Ped(8, X} wre Z-categories if €
it & T-category (iitere is mo need for B o Se).

Ex=rcray Show that a Jax fonctor £+ Las(l, %) amounts to & p2ic of morads ou the
samg nhjoct of X joguiter with & distibutive lew detween the monads (see Section |

Tor each bicatsgory B, thers is 3 pesade funetor

Y: B Ped{B, Cat)™
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fhe letter Y™ Ia dor Yoneds sinpe this is 2 gensralization =f the Yoneds embadding
of categories. The valus of Y at 8 206l we k= % k 4 & in B i the displayed
raodification in Brezvise [L. The data (LPx), (L¥b) for ¥ wre supplied 5y the identity
and aszociufivity constraints of B,

Bor any mseudo fometor T: B -1 Cat, we shall desoribe o strong ansformation

¢ Ped(B. Cat)(V T) = T: B-3 Cat

For each & ¢ 8, the functor &, Ped{B, Cat}( I, T > 771 ui’akegmmoww« g &d
in the etenGry M(B ‘FJ&!}{H*,,'T} 1o the amrow Tm,fl&j 9;,;(:.&} (g} m the
caregory T(K), Por esck =2 & % in B, the netwral ismmomiism

"-5: E{; o i}‘ :" eh % ?—:(-ﬂ-}-'- M(ﬂ; &t}(th ?‘} -3 T(f&‘)
whose comrposent ot the cbiest & of Fal(F, Cat){ Hy, T°) (7 the tsomocphier
thy: Hyxlr) o6y = 8y o T(n).

PROPOSITION 9.| (Bicategosice! Yoneda Lemma (831). For ench offect & of the bucase-
guey B und sach preuds functor T B — Cak, the Aeecior

ex: Pod(B, Cet)(H,, T + Tk}
i% an squivalinee OF caligoREs,

An arow oo @ — b i & bicategory B is called an sguivalence when there exist an
arrow = b — o and sovertible Zoells e 80y o, L= Pex write s 2 - & For
exaiple, u-:m;r the axiom of chgice, one can see G2t an syow - A B in Cat iz an
eanivalénce if and only i the Rncior 12 A ¢ B s Full, faithful and each obiesl i of B
is issmaorphis to an object of the formi fla) for some ¢ ¢ A As another examaple an
arrow 4 ic Jed(R, X} i an equiviisccs if and only 1T cach amow §s is an squivalence
n X.

Hence, the bicalegaricsl Yoneds lemyna states that e 1 an squivaloece in the bicai-
exory Psd(B, Ciat), Notice that V7 and heoce Ped(B, Cal)(V, T') 2xe 2-Sungtoes if B s
£ Pcalepury, so we obtain the following resull whick (= an exeaiole of & "coberence
thecrem”,

COROLLARY 92 I B is & Rvategory then &yery preuds fanctar T+ B Cat is eouive-
g, i the S-caregary Ped(8, Tat), t2 g L-fwnnior

A e foncter T: B X lscalled o Slaguivaionse whon itis a geoudo funetrr, each of
the fusctors /' B{a,B) - + X(L(a), 1(8) s an nanivalence, and, for each sbject = of X,
eve exisee aw obiaet 6 of B and an squivallence T o0 z i X Jdivg the axiom o
whaics, we cop see that 7: B« X is a bchmmw it amd only if there exisiz 2 lax
functar §: X -1 B znd equivalentes T'o 8 3 Ip, 1y -t Ao T in the bicategories
Lax{B, B), Lax(X, X}, vspectively.
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The tnllowing proct is dus 0 E. Gocdon and ALY Power and was made purblic at the
1691 Summer Categary Theory Confotence in Montréal.

PROPOSITION 9.3 [MP), For evnry Bicatrgery B, there exisiz & 2-coregory K with a
Binguivuiorce B < Ko

Spoor T foilows from the Dicategosicl Yoneds lemnna that the funpiens
2 Blo bl - Ped(B, Cak)™ (17, Ih)

are squivalences. So we can take K 1o be the soh-2catepory of Psd(¥, Cat)™ cheained
by resiciating to fhose ohisets of e foews 5. Then ¥V gives the desires Seqrivalenne,
C

A direct proof, base) oo the above sseall Example ), that svery monoidsl cale-
gory s monoidally equivalest to a atrict monoidal cetegory, cae be found in [JS5),
“he reseit [BF8] For the nzxt dimension is fhee every Pricalizgory W “teguovglent” i
& Gray calegary (not in genscsl 10 5 J-calegaiy) Thess references alsn sxplgin how to
gxtact from this result the coberence theoremme in the more familiar form “all dizgrams
O,

10. Nepves

“I'he purpose of forming the nerve of a categotical structure is to create an oljsci wihick
eontains 2l the information of the stmcture and vet is in & fonn more able o be sompared
with familiar goomelric svucreres. Thers §8 & notion of subles] aeve, but we shall dsal
with the more usual simplicial nerve, In pesparation for this, we need (o madily our
discusgion of cubes W estract shmpleses, Par eech fisturel nempber . etnsider the wosd
i O tenpth o in the symdols - o+ wikdch beging with = minuses and ends with 7 =~
isse.

i PR ORGSR US| SREPU
frim S _.fy;-:g_;*‘l
s

Lt Smipln, ) denote the sub-ma-camgory of Cublv, ! obtained by taking only the
Rt o1y ThE m-casgory Swals ) e the realoprles with commpsng =+ 1
Juces, (There is sn avaloge of Proposition 4.1.) In panioular, Sop(a, £ iz a Tiosady
ardeced et with « — | clements; it i wore ysugl (o vse the ardered sel

) = £0,1, .,n)

Als0, wie have the 2-catvgneiss (Using “position” aolation):




2 A, Streat

Swpis, 2]
8mp (12 - - =

smip 2, 2] ?l

Sk e o -

Fecall that (Car) denotes the catepory of (suell) calegories and fanctoes. The catngary
A af finite nonsiiony ordivels and ooder-presesving lumctions ix the Rl mibcmiegory &
of {Cat) consisting of the categovies In]. A simplicial set it 5 fmetor 5@ A% & Sef;
its valoe ab () is demote oy &, The merve V(A uf 4 category A i the simplicial set
oreined by resticting the rspresentable functor
(Cat)  £5: (s = Bet 10 AT,

50
N Y - (Cuth (], A).

This consbretion is phvicwly functodal iz A4 = {Da8). 20 we ohisin nerve a8 & finctor
Nz {Catj — [A, Sel,

Ima the categary | &A™ Set] of simplicial sets. It i essily seen thet this funetor is full,
faathidl, and kas 8 left adjoist which preserves finite produsts, The simplicisl sels &
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which s isomorphic o nerves of categories can be charscterized as those functoes
3 A Set which preserve pullhacks: but they ean also Yo chamacierized s thoswe &
for which sach admisnble horm has & vnique filler {sa; [S4, 55, £7] for this maninalogy).

There is a canonical 2 fonctey Smpln, 2) —» Doplw, 1] wi-ne:... Is the ilentity fuaction on
obijecty and idenrifies fie 2-c27ls. Bach funstor f: Smp's, I« Emrpla’, 11 bas & Hitng
0 & 2fonctor 7~ Smpln, 2 1 Smply’, 2] uniguely detomzined by the condition that
ench ammow 17(r: G = @) iz given by the nstiml ordering of 7100008 {02 10]
This gives a fancloy

- A o (3Cat), Inj=t Smoln, 2], fos P

The nerve W A of a Zeelsgory B 3 the cmplisii st obtained by sougusing the
fanater J¥ A% < (208 with the mspresertalie fanctor

(BCat)(- KL (2-Col)™ — Set,

Sv, an elesment of NUX'Y of dimsnsion n is a I funcior o Sropin, 21 - K we think of
ihiz as an -vimpiex 0 & with commuting 3-tsces, We chtain 2 nerve foncior

&: (2Cat) -+ [A%F, Set]

with 3 tefi adioing) bot thie time. the fimetor 7s not full. We need 10 take acconnt of more
strugture on the simplicial set N(X ) ramely, those eluments of dimeagion 2 which are
comenntative tnenglss, Tt iz possible [54] lo chevachorizs (up o 'Snovphinmg nerves
o Degat=gorise s sienplicial ssts, with some divinecivied slaments fealled "hollow™ or
“thin™y, sutistying some awioms the mair gne of which siztes et sach admiseible hom
should have a upsque thin filler,

There is 2iso 4 noticn of neeve for 8 bicawpory [S] which has aot reesived muoch
dlizntion. el Mtk J8000e the calisory Witse .Jruv.s ars bleat goviss and whase
wrows ave nomuslized lax fonctore. At svery categors is & bicatzpory, we can regaed A
as a subicategory of Blewtym, ¥or sach biesicgory B, ths tomporite of the inclusion of
AR in Bleatar{—, B) with the repressntable

& defined 10 be the nerve N(B) of B; so0
N(R)., = Bentynes 1], 1),
Fxmnomy, For a lestegory X, the acivs of i as g Z-calepony 18 Isaminpnis 1 the nsrve
of & a5 9 blestegosy.
ENBRCOISE. Bieguivalon! bmw;,m kave homampicsily aguivalent nerves. (Sue (BF]
for Somotopy for simphcial sz0)

The neave of an mecasgory was rmode preciss in (S50, sud othey sppiroaches spjeer
An [AL YW, ASul Haptfally zash poooesds 3y ebove afley glving s pomfes desprodiun

= e— CemmE— —m— ———— e

—— e e o e
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of Stapla, il Verity [V] has shown that this nerve fmctor, defined on (m-Cnt) 20d
viewed as ianding in the calsgory of simplicial sow with cistinguished “nollow” o
“than™) ciemests. is Mully fithiul. A good deal &f progrese hes besn made by Michael
Zaks and Dominic Verty on the charscterization (up to isomerphizm] of these nerves:
Dut &t Gie Crss of wiiting (Novarher 1992, the sdijectuze of Jolia Boberts (sec [35])
TeTREing ymproverd,

Tinally, we remark thut categaricn) structures can be congidered inside categories whaose
ohiszés qre mare ceomenic tien sety, Nerves then g dimpliolal geamerss objedts whos
“geommetic realizationg” are “classitying spaves” [Sg).
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