
4

THE THEOREM OF R I  EMANN-ROCH

eÜrureR TAMME

fntroduct ion.

Let k be a f ixed f ie ld,  and V be the category of  guasi-projec-

t ive schemes over k.  For every object X of  V, there are def ined

the groups Kp (X) , contravariant for arbitrary morphisms, and

the groups K;(x) ,  covar iant for proper morphisms in v.  The

Riemann-Roch problem is to compute the map

f* : xi (x) -, Ki (Y)

for a proper morphisrn f : X -+ Y; in case p = e this means to

compute the Euler-poj-ncarä characteristic

f *  :  x i ( x )  .+  Kä(y )

tF l  , '  E  ( - 1 )q  t  R9  f *  (F )  I  .

r f  both schemes x and y are smooth, their  K'-groups can be

identif ied with the K-groups, and the push-forward can be read

as a homomorphism f * : Kn (X) -+ Kp (Y) . The classical Grothen-

dieck Riemann-Roch theorem tBSl is concerned with
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f *  :  K o ( X )  - +  K o ( Y )

and computes the Chern character of  f*  (x)  for a given x '  i .  e.

computes the image f*  (x)  modulo torsion. We recal l r  üsing the

terminology of  SGA 6:

For a smooth X, let  Gr 'Ko(X) denote the associated graded r ing

of the Grothendieck f , i l t rat ion on Ko(X),  def ined by the augirnent-

ed t r - r ing s t ruc ture  o f  Ko (X)  over  Ho (  x ,Z)  .  Let

ch :  Ko(X)  - '  Gr 'Ko(X)  OQ be the Chern character ,  and

Td(x )  e  Gr 'Ko (x )  OQ be  the  Todd  c lass  o f  X ,  bo th  de f i ned  by

means of the universal  Chern classes. Then the theorem asserts:

i) f* induces a graded homomorphism

f *  :  G r ' K o ( x )  o Q  - +  G r ' K o ( Y )  @ Q  ,

the Gysin homomorphism.

ii ) The diagrarn

commut€s r i .  e

ch  ( f  *  (x )  )  =  Td  (y )  1  t *  ( ra  (x )  ch  (x )  )

f o r  X  €  K o ( X ) .

The starting point for solving the general- Riemann-Roch problem

is given by two basic resul ts,  due to Qui l len and, due to Soulä

( t s l ,  a n d  s e e  5 1  f o r  m o r e  d e t a i l s ) :
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10. Let M be a smooth scheme, and X c '  M be an arbi t rary c losed

subscheme. Then there is a canonical  isomorphism

Ki(x) :  xf  tul  ,

where x| tu) denotes the K-groups of M with supports in x
P J

(Purity theorem) .

zo .  Le t

xx (r*l) = O xl tu) .
P:O r/

Then xx (t*l) carries the structure of an augmented. l-algebra over

the b inomial  l - r ing H!  tu ,z)  .  Let

ch :  Kx (M) -  cr 'Kx (M) o e

denote the associated Chern character.

These resul ts haye two aspectq. The f i rst  one is the fol lowing:

Let

X +4-t t ' I

l l -
I  l f
I J
Y c.-) N

' be a commutative diagram in V , where the horizontal arror^/s are

closed, immersions into smooth schemes, and where f : M + N is

proper. Then the push-forward for the Kr-groups of X and Y

induces vj-a purj-ty an additive homomorphism

f *  ,  r x (u )  - +  xY (u ) .

I

For this homomorphism f*, we prove as a main result and as a

direct general izat ion of  the classical  Riemann-Roch the fol low-
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ing Riemann-Roch theorem:

i) f* induces a GYsin homomorPhism

*

)  o QNG r ' K YTd (N)  ch

*l
Y (u )

f *  :  G r ' x X ( t r l )  E Q ' +  G r ' x Y ( N )  o Q  -

i i )  The d iagram

Kx (D'I) rd (M) ch Gr'xX (i*,t) O e

commutes.

The proof of  th is theorem is given in s3. The main step con-

cerns the case in which f  :  M -+ N is a c losed immersion. rn

this case, the theorem follows mainly from the Riemann-Roch

theorem without denominators,  proved in 52. I t  descr ibes the

effect  of  f*  r  xX(u) '  xY(t t )  on the Adams operat ions, and'

more generally on arbitrary natural operations of augmenta-

t i o n  0 .

The second aspect of  the basic resul ts above is the fol lowing

( [ B r M ] ,  [ G ] ,  I s ] ) :

Given a scheme X. We choose a cloSed immersion X c+ M of X into

a smooth scheme M of pure dimension ' säY 'd ' Af ter identifying

v

K'  (X)  =  O K;  (X)  w i th  K^ (M)  v ia  pur i ty ,  one def ines a  lower

f i l t ra t ion on K '  (x )  oQ bY set t ing

, rK ' ( x )  sQ  =  nd -nxx ( l ' t )  oQ

and a morphism



r  :  K r  ( X )  - +  G r  K '  ( X )  O Q

into the associated graded group by the commutativi ty of

G r .  K '  ( X )  I  Q

il

rd (M) ch G r ' r X ( M )  o e  .

As more or less a corollary of the Riemann-Roch theorem

above r hr€ prove in 54 that the f i l tration on K' (X) O Q and the

map r  :  K '  (x )  +  Gr 'K '  (x )  o  Q are  wel l  def  ined ,  and set  up a

singular Riemann-Roch theorem in the sense of Baum-Fulton-

MacPherson, thus solv ing the or iginal  stated Riemann-Roch

probtrem.

From the singular Riemann-Roch theorem we deduce in 55 that

the absolute cohomology. and homology on V , defined by

H P 1 x r j )  =  G r l K . , * _ - ( x . )  b 0z J - p '

H ^ ( x , j )  =  " r j K ; _ 4 ( x )  s e
v

satisfy the axioms of a twisted cohomology-homology theory

with Poincarä duarity in the sense of Bloch-ogus I no1 .

Needless to say that the main reference for th is art ic le is

the beaut j-ful paper I S ] .

K '  ( X )

t l

xx (t'l )
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5 1 The ).-r inq structure and the Chern character for K-theor

with suPports

In this paragraph we review the definit ion of algebraic K-theory

wi th suppor ts ,  i ts  ) . - r ing s t ructure,  chern c lasses and chern

character .  We only  g ive ind icat ions of  proofs ,  i f  a t  a l l  '  We

work wi th the category of  quasi -pro ject ive schemes over  a

f ixed f ie ld  k ;  so a l }  schemes under  considerat ion are quasi -

pro j  ect ive k- schemes and aII morphisms of schemes are k-morphi-sms .

1 . Definit ion and'functori 'al '  behaviour of K-theorY with suPPorts

Let  X be a scheme. Let P (X) denote the

f in i te  rank.  For

exact categorY of local lY

p : O the P-th K-grouPfree

o f X

0x

i s

-modules of

defined by

Kp (x)  =  tp+ l  (B g  P (x)  )

where g O p (X) is the classif ,ying space of the Quil len category

Q P (X) associated to the exact category P (x) and the homotopy

group is formed. with respect to the zeto object of P(X) as

b a s e  p o i n t  ( t 0 1 ,  5 7 )  .

Let y a'  X be a closed subscheme of X. Then the restr ict ion

p (X) -+ P (X-y) is an exact functor and induces a continuous map

B O P ( X )  +  B Q P ( X - Y )  o f  p o i n t e d  t o p o l o g i c a l  s p a c e s .

D e f i n j - t i o n  1 . 1 .  F o r  P

= rp+,  (Homotopy- f  ibre of  BQP (X)  - r  BQP (X-Y)  over  O)xf rxl
F

is ca l led the p-th K-group of X with supports in Y '



As the exact homotopy sequence of B Q P(X) -+ B Q P(X-y) we get

the long exact sequence

( 1  . 2 )

Let

c-)

t ,

be a cartesian diagram of schemes,

arrows are closed immersions. Then

diagram

) ------+

of exact functors and, hence a

( X r Y )  t o  t h e  o n e  f o r  ( X '  , y ' )  :

( 1 . 3 ) Jr. Jr.

L e t Z < - ) Y c l X b e

- '  x| tx) -+ Kp (x) -+ Kp (x-y) a K;-  1 
(x)

x t

Jr
X

y r

I
Y

? (x-Y)

I
I
J

P  ( x ' - Y '  )

_P (x)

I
l r .
I

P  ( x '

where the hor izontal

one gets the commutative

map from the exact sequence of

Jr.
. . . € .

functors

(x )

fr-
x ' )

-+ rf tx) ---- Kp (x) --+ Kp (x-y) ä , *l-.,

-+ x f , '  tx ' l  -+  Kp (x t  )  .+  Kp (x ' -y , )  -L  x l i . ,  t

P (x)  -+

closed subschemes. Then the exact

.P (x-z) -+ P (x-Y)

induce as the exact homotopy sequence of a composition of maps



B
the long exact sequence

-' xf tx) -+ x| rxl o( 1 . 4 )

A morphism

o f  ( X  , Y  , 7 , \

o f  ( X r X r Y )

( x ,  Y )  .

.+ - ; -z  $-z) xf_., rxl

f  :  X' -) X induces a map

t o  t h e  o n e  f o r  ( X ' , f - 1  ( v )

co inc ides wi th the exact

exact sequence

. The exact sequence

f or the pai-r

from the

, f  
'  ( Z )  )

sequence

2. The purity theorem

For a scheme X we denote

rent  0"-modules.  For  p :

by

by M(x)  the abel ian category of  cohe-

O the p- th K '  -group of  X j -s  def  ined

x i  ( x )  =  np+ l  (B  Q  M(x )  )
l

where again the homotopy group is formed with respect to the

zero ob ject  o f  M(x)  as base point  (  t  Ol  ,  57 )  .

Let Y <+ X be a closed subscheme of X. The restr ict i-on

M (x) -+ M (X-y) is an exact functor, and we consider the homo-

topy  g roup  tp+1  o f  the  homotopy  f i b re  o f  BQM(X)  -+  BQM(X-Y)

:over  O.

As welL known, the restr ict ion M (x) + M (x-y) ind,uces an equi-

valence of the category l l  (x-Y) with the quotient category of

j t{  (x) by the Serre subcategory S consist ing of coherent 0x-

modules wi th suppor t  in  Y.  Hence by Qui l len 's  local izat ion

theorem ( tQ l ,  55 ,  Th .  5 ) ,  the  cons id .e red  homotopy  g roup  j -den-

t i f i es  w i th  np+ l  (B  Q S)  .  The  dev issage  theorem (  tQ l  ,  55 ,  Th  .  4 )

implies that the direct j-mage ,t f  (y) -) s induces a homotopy

equivalence B Q.r t {  (Y)  -  B Q S.  So we get  a canonical  ident i f j -cat j -on
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( 2 . 1 ) K; (Y) = np+., (Homotopy f ibre of  BQM (X) *  BQM (X-Y) over O) .

Now the commutative diagram

P (x )

I
J
(x)

P (x-Y)

I
J
(x-Y)

of exact functors induces a map of exact sequences

(Y)  '+

Y 4+ X one gets a

the exact  KI-sequence

arrows are closed

Then the diagram

I
J

i-r
7' q.

to

+ K; (Y) -+ Kü (x) + K; (x-Y) -+ K

X r

I'
x

Y I

f  ' l
Y

'.ä1,
* ; (

hor

Ki (Y)

( x '  )
I
I
I
Y ' )

izonta l

+ x l tx l  - '  Kp(x)  + Kp(x-y)  +  K;_1 (x)  -+

( 2  . 2 )

More general ly,  for c losed subschemes

map f rom the exact  sequence o f  (XrY,Z)

f o r  ( Y , Z )  .

Let

C-----------+

be a Cartesian diagram, where the hor izontal

immersions and the vertical arro\^rs are 'f lat.

1 *  , r Y '
p

f r *

commutes, where the lower map is induced by the



e x a c t  i n v e r s e  i m a g e  f u n c t o r  f r *  :  l l ( Y )  +  M ( Y ' ) .

For smooth schemes X the homomorophism Kp(X) + Ki(X) is an

i somorph i sm ( t 01  ,  $7 ) ,  and  i t .  f o l l ows  f r om (2 .2 ) z

Theorem 2.4  (Pur i ty  for  smooth schemes) .

If x is a smooth scheme and Y c+ x a closed subscheme, then the

canonical map

xf tx) -+ K; (Y)

is an isomorphism.

From this purity theorem we get push-forward homomorphisms for

the K-theory with supports as fol lows:

Given a commutative diagram

Yr c--"---------+ Xl

r'l ltI J
Y <-----'-----+ X

of schentes, where the horizontal arrows are closed imnersions,

and .vthere f : x' 't x is a proPer rnorphlsm. of smooth schemes '

Then we have a homomorphism

(2 .s )  e *  :  x I ' t x )  -  x l t x ){ p P

uniquely aletermined by the conunutativity of the diagran

4 0
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K Y 'p

of exacL functors

' )  f *  ,

* ; (

(x

J=
Y I

rj rxl

J=
Ki (Y)) f i ,

where the homomorphism f ;  between the K'-groups is induced

b y  t h e  p r o p e r  m o r p h i s m  f '  :  y r  - +  y  ( s e e  [ e ] ,  5 7 ,  2 . 7 ) .

Let V* denote the category of  pairs (Xry) wi th x a smooth

scheme and Y c, x a closed subscheme, in which a morphism

f  :  (X ' rY ' )  -+  (X ry )  i s  a  commuta t i ve  d iag ram

c--t

<--

with a proper morphism f  :  X'  + X. I t  is c lear that the assign-

ment f rr f * , i= a covari-ant functor on V,* . The smooth Riemann-

Roch for K-theory with supports wil l  be concerned with the

push- forwards fa .

3 . The .1, -ring structure on KY (X )

Let x be a scherne, and Y q X be a closed subscheme, Given E

in P (X) , lire have the conunutative d.iagram

x l

I t
J
X

Y I

I
Y

P (X)  P (X-Y)

l l-aE l  
l -@E/x -y

J J
P (X )  P  (X -Y)

( -oE)

C o r .

rI  tx) +: K

which induces a homomorphism

x l t x ) .  By  t he  add i r i on  f o rmu la  ( l a l  ,  53 ,p . 4*

1 )

p

rnte obtain a product



Ko (xl - x| txl '+ xf txl ,

and via xj txl - '  Ko (x) hence a Product

rj txl ' x| txl -+ xf txl

In the fol lowing tve

rY1x1  -  o
P>O- :

and \nre defj-ne on xY(x) the structure of

(without id.enti ty in general ) by l inear

products

x| rx) -r xf txl

x{txl -} o for pq + o

the structure of an aug'mented

Ker (Ho (x,  z)  + Ho (x-v ,  V) )  ;  here

xj tx) and, xj tx ) --+ H! tx, z1 are

H! tx, zl  is a binomial r ing (without identi ty) ,  and as such i t

carr ies a canonical )-r lng structure, d.ef ined by the binomial

c o e f f i c i e n t s  ) . n ( x )  =  (  
x  )  f o r  n  z  1  ( [ s G A  6 ] ,  v ,  2 . 6 ) .  T a k i n g

the opportunity r l r /€ recal l  :  A l ,  -r ing ( sometimes cal led a special

Ä-r j-ng) is a commutative r ing K, together with a family

r '  o r  ^ f  maps  Ln  :  K  +  K ,  such  tha t  11  ( * )  =  x  and  t t re  un i -( ^  ) n € l N  o l

42,

put

x$ rxr ,

The ring homomorphis4s

I t*r I"(*)

give xY (x )

n! tx, z) =

! tx, z1 -,

dent map Ho (xrz') -) Ko(x) and, the rank map

a commutative ring

extension of  the

algebra over the r ing

the maps

induced by the . evi-

Ko  (x )  -+  Ho  (x  , z )  .

t  
x i rx l  '

L xf rxl x

t  
n ! t x , z l  - x ä t x l  * K Y " ( x )

t  e :  x Y ( x )  - +  x j t x )  +  n l t x , z l
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versal  formulas

) , n1x+y )  -  t r t ( * )  +  t r t - 1  ( * ) r 1  ( y )  *  . . .  +  t r n ( y )

l n ( x y )  =  p r r ( 1 1  ( * )  r . . .  r l o ( x ) ; 1 1  ( y )  r . . .  r l t ( v )  )

l * ( l n  ( x )  )  =  n * r ,  ( r 1  ( x ) ,  -  -  - , l , m n  ( x )  )

ho ld  ( see  [ se1  1  .

Let nor,rr X be a smooth scheme, and Y c+ X be a cJ.osed subscheme.

Then Soulä  ( ts l ,  54)  has def ined a  t r -s t ruc ture  on the r ing

v
K- (X) by global iz ing the defLni t ion of  the l - r ing structure

in  the  a f f i ne  case ,  d i scussed  i n  [Se ] .

The crucial point is a new interpretation of the groups Xl txl
t/

in terms of generalized sheaf cohomology in the sense of Brown

[B]:  For any commutat ive r ing A with 1 one can def ine a point-

ed. simplicial set BGL (A) + j-n a functorial \^ray, and one then

def ines a pointed simpl ic j .a l  sheaf BGL+ on X as the associated

sheaf  o f  the s impl ic ia l  p resheaf  U D BGL( f  (u ,Ox))+  .  I f  z  OBGL+

denotes the product of the constant sheaf Z and BGL+, then one

has a canonical isomorphism

x| tx) 
:  ,  " ;n (x,z o BGL+)

( s e e  [ G ] ,  P r o p .  2 . 1 5 . ,  [ e e ] ,  T h .  5 ) .  U s i n g  t h i s  c o h o m o l o g i c a l

d.escription of xI (X) , Soulä constructs a canonical mapp '

J i * .  Rz(GLr . l )  -+  Map tx |  f x ) , * ;  ( x )  ) ,

where RZ (GLN) means the Grothendieck ring of representations

of the group scheme GLx over z, and where the projective l imit

is formed with respect to the stand,ard inclusions GLW '+ GLN+1 '
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as trans it ion maps . The exterior po\^/ers def ine a ).-ring struc-

ture on each RZ(GLtr1),  compat ible with the transi t ion maps.

Then for every n : 1 one defines the map

ln '  x| txl -+ xf txl

as the image of Ji$.(In (idN-N) ) under the canonical map above.

Theorem 3 .1  .

i )  f f  X is a smooth. scheme and Y.+X a closed subscheme, then

the f  amity (  rn) n€lN of maps ) ,n ,  rY (x) -+ xY (x) def ines on xY (x)

the structure of an augmented l-algebra over the binomial

) , -r ing n!  tX ,Z) ,  whose associated Grothendieck f  i l t rat ion

n \ /
(F"K- (X) ) nZO is IocaIIy ni lpotent.

i i )  r f
Y t  c +  X l

r l
l l '
Y c - )  X

is a Cartesian diagram, whefe the horizontal arro\^Is are closed

immersions into Smooth Schemes, then the induced map

f *  :  K Y ( X )  -  K Y ' 1 1  ' ;

is a morphism of augrmented tr-algebras.

i i i) f t 7r 4, Y <, X are closed subschemes of the smooth scheme X'

then the arrows in the long exact sequence

xz (x) -+ xY(x) -+ KY-z $-z) -L Kz (x)

are morphisms of augmented tr-algebras.
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Remarks.

1)  The proper t ies  i )  ,  i i )  ,  and i i i )  fo r  the map xz  (x )  +  xY (x)

suffice to prove the smooth Riemann-Roch theorem for K-theory

w i th  suppor t s  ( see  SS2 ,3 )  .

2) Reca1l that the Grothendj-eck f  i l t rat ion on xY (x )  is def ined

as fol lows , rnrY (x ) is the H! tx, z) -submod,ule of xY (x) generat-

ed by the elements

v t 1  ( * l )  . . .  y t t ( * r )  w j - t h  { * '. t 1 * . . . + n r Z n  .

The Iocal ly ni lpotence of the f i l t rat ion means: For every

x  €  F l xY(x )  :  Ke r (e ) ,  t he re  ex l s t s  an  N  €  lN  ,  such  tha t
n 1

y " ' ( * )  . . .  y t r ( * )  = o w h e n e v e r r l * . . . * D r : N  ( s e e  [ s e ] ) .

4. The Chern character and lhe To9.d homomorp'hism

Let more generally K be an augmented ),-algebra over a binomj-al

t r-r ing R (not necessar i ly wi th 1) ,  let  e :  K -+ R denote i ts

augrmentat ion. Let ( fnX)nr '  be the .associated Grothendieck
:

fi l tration on K, and,

Gr 'K  =  O Fnx / rn* lx
nzo

be the associated graded object, The property Fnx.FilK c Ft+mK

induces on Gr 'K the structure of  a graded algebra over R.

For n Z. 1 the n-th Chern class on K is defined to be the map

e n :  K - t G r n K

x  ' '  yn  (x -e  (x )  )  mod  F t+1x  .
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Let  Nn(x  1 , . . .  rXr1)  d .enote  the n- th  Newton po lynomia l ,  def ined by

N r r ( X t  r . . . r X n )  
-  " ?  *  . . .  * " 1 ,  w h e r e  X i  d , e n o t e s  t h e  i - t h  e l e m e n -

tary symmetr ic funct ion in the indetermj-nates Y1 r  . . .  rYn.

Nn(X  1 r . . .  rXn )  i s  i soba r  o f  we igh t  I I .  Fo r  eve ry  x  €  K  i t ,

fol lows that

Nr ,  ( c ,  ( x )  ,  .  . .  , cn  ( x )  )  €  GrnK

and hence

1

*  
N r r ( c . ,  ( x )  r . . .  r c n ( x )  )  e  G r n x  @ Q  ,

where the tensor product is formed over z. We put

c h ( x )  =  e ( x )  +  I  f: )  + 
"1, ,  nT Nr,  (c ' t  (x) ,  '  '  '  ,cn (x) )

reading this as an element in the completion TT GrnX E Q of
nzo

G r ' K  O Q .  T h e  m a p

ch :  K  +  TT Grn t<Oe
nzo

is called the Chern character on K, and as a f j-rst property

one has

Lemma 4 .1 .

The Chern character'

ch  :  K  +  TT  Grnx8e
neo

j-s a homomorphism of R-algebras.

We assume no\^r that the Grothendieck f i ltration (rnX) 
nrO on K

:

is  local ly ni- lpotent.  Then the Chern character takes i ts

va lues in  Gr 'K OQt  so $re  have
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c h  :  K - - ' t  G r ' K E Q  ,

and we look at the induced homomorphism

c h  :  K @ Q  +  G r ' K @ Q  .

In doing so let  us f i rst  recal l  the fundamental  propert ies of

the Adams toperat ions q,k on K I  Q (see [Se11 ,

T h e o r e m  4 . 2 .

In case of a Iocal ly ni lpotent Grothend. ieck f  i l t rat ion

(rnx) 
rrzo on K one has:

i )  Fo r  eve ry  j  t he  t c j -e igenspace  (KoO)  ( j )  
o f  { r k  on  KoQ i s

i n d e p e n d e n t  o f  k > 1 .

i i )  For every n

r n x o g =  O  ( r o 0 ) ( j )  .  -
j z n

Especially we have

K o e =  @  ( x o o ) ( j )  ,
j:o

and this decomposit ion into.  eigenspaces def ines on K 6l  Q the

structure of  a graded R O Q-algebra, whose natural  f i l t rat ion

coincides with the Grothendieck f i l tration (.f 'nx O Q) nZO. With

respect to this graded structure on K E Q $re have ,ro* an*

following

T h e o r e m  4 . 3 .

I f  the Grothendieck f i l t rat ion (Fnx) ^ on K is Iocal ly ni l -| \- .., nzo
potent, then the Chern character
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c h  :  K S Q ' +  G r  K O Q

is an isomorphism of grad.ed R E Q-algebras; on the n-th homo-

geneous component (K OQ) 
(*)  

of  K @Q, the Chern character is

given by

c h ( x )  =  x  m o d  F n + t ^ U Q  .

This theorem follows from the preced.ing theorem in connection

with the well known formula

n -1  
x  mod  F t+1Kc r r  ( x )  =  ( -  1  ) ' ^  

'  ( n - 1  )  !

for the n-th Chern class of  elements x € FnK, and the formula

n - 1

N r r ( O 7 . . . r O r X r )  =  ( - 1 ) "  ' n  X '  o

lrle wil l  now briefly recall the definit ion of the Todd homomor-

phism. We assume the considered augmented ),-aIgebra K over R

to have an identity element.

Fol lowing Hirzebruch, to every por^ter ser ies f  ( t )  e t  + tQ[ tn

one associates a map

t d -  :
I

-+  1  +  TT  c rnxoQ
n>1

I ^  " ; . r r ( " 1  ( * ) r . . . r c n ( x ) )  ,
n > o  

L ' L L  '
:

where the so calIed Hj-rzebruch polynomials

K

x

, f  
, r ,  

( X  
1 r .  

. .  , X r )  €  Q [ X 1  ,  -  -  -  t X r r ]

are def ined in the fol lowing way: Let

be indeterminates over Q, and X1 r  .  .  .  ;X

symmetric functions; then one Puts

n ,  a n d  l e t  Y 1  r . . . r Y g

e their elementarY

c[. :

bq
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ct
, f  

, r ,  
(X 

1  ,  .  . .  ,x r )  =  coef  f  j -c ient  o f  tn  in  T f  f  (Y i  t )  .
i = l  

r

EspecJ-a1ly for l ine elements x € K one has td,  (x)  = f  (c1 (x) )  .

Lemma 4 .4 .

The map

tdt  :  K  -+  1  +  TT GTnKEQ
n:.1

is a homomorphism of abelian groups.

lVe no\^/ take the power series

( 4 . 5 )  f  ( t )  =  B ( t ) . e t  ,

where B ( t )  denotes the Bernou l l i  ser ies ,  i .  € .

B ( r )  = + =  I  *  r n  .
eL-1 , r !o  r r r

The associated homomorphism tdt is called the Todd homomorphism,

and i t  wi l l  be denoted. short ly by td.  f f  the Grothendieck f i l -

tration on K is 1ocalIy nilpotent, then the Todd homomorphism

has i ts  va lues in  Gr 'K E Q .

5.  Let again X be a smooth scheme, and Y + X be a closed

subscheme. By Theorern 3 . 1 the ring

xY (x) = o xI txl
p>o v

carries the structure of an auglmented ], 'algebra over the bi-

nomial  1-r ing H! tx ,2) ,  whose associated Grothendieck f i l t ra-

t ion ( rnxY(x) )  
n>o is  loca l ly  n i lpotent .  Hence by Theorem 4.3

:
the Chern character ch on rY (x) induces an isomorphisrn
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\ / = . Y
c h  :  x ' ( x )  E Q ; G r - K ^ ( x )  E Q

of graded H!tx,e)-a lgebras,  where the graduat ion on xY(x)  oQ

is given by the decomPositj-on

K Y ( x )  o o  =  O  ( K Y ( x )  s e ,  
( n )

nzo

of KY(x) @e j-nto the kn-eigenspaces of the Adams operat ions {rk.

Denoting the Grothendieck f i l t rat ion of KY (x) st ' i l I  by

( r txY(x)  )n>o,  fo r  a l l  r l rP  z  o  we Put
:

rnxY (x) : rnxY (x) n xI txl .- - p ' - -  p

rt is not hard to see that we have the direct sum decompositi-on

( 5 . 1 )  F t X Y ( X )  =  o  r n X l t x )  .
P>O Y
- :

Denot i -ng the associated graded object  of  the f i l t ra t ion

t rn r f (x ) )n .o  by  cr ' r | (X) ,  f rom (5 .1)  we fe t  fo r  every  n :

crnxY (x) : o crnxl tx) .
p>o Y

According to this decomposit ion the Chern class cn on KY(X)

decomposes into a sum

c -  =  I  c - ^  on 
Pio P 'n

The components "pr,  ,  XY(X) + CrnXf; tXl  are also cal led Chern

classes; they l ive on *;  (X) ,  and are addit ive for p Z 1 '

In the same \^ray the Chern character ch on KY(x) decomposes

into a sum
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, r
c h =  )  c h _  .

P>o  P
D :

The components .hp ,  xY(x)  -+ cr 'x | (x)  @e l ive on xf  tx l  ,  and for

p Z 1 one has the simple formula

F  t - r  t n - 1
C h  =  !  . , ' r , =  c" P  

" i r  ( n - 1 ) !  - p , t  '

Ivloreover it fol lows from the above that each of the Chern

characters .hp on xf txl  induces an isomorphism

ch*  :  KI  (x)  'o  q  ä  cr 'KY (x)  o  e
Pp  p '

which maps the kn-eigenspace txf tx) Ee) 
(t)  

or the r l ,k onto

crnx l (x )  oe  .p -

52 . Riemann-Roch without denominators

1. Let be given a closed j rnmersion

i  z  ( Y , z )  - +  ( x , z ' )

in  the category V* (S1,  2. )  ,  i .e .  ä commutat ive d iagram

Z < +  Y
f l
l r ,
I Ir-

Z t 4 X

of schemes, where the hor izontal  arro$rs are closed immersions

into smooth schemes, and where i : Y -) X is a closed immersion

t o o .  B y  5 1 ,  2 . 5 ,  f o r  i  z  ( Y , Z )  - +  ( X , Z ' )  t h e r e  i s  d e f i n e d  t h e

pu sh-f orward homomorphi sm



2t

i *  ,  x z ( y )  - +  K Z ' ( x )  .

Let further be given a natural operation U on the category

of  ) . - r ing  wi th  augmentat ion O,  i .e .  U(O)  =  O.  The Riemann-Roch

theorem wj- thout denominators descr ibes the ef fect  of  i*  on the

operat ion H r  act ing on both of  the ) . -r ings xz (y) and KZ 
'  

(x)  .

we consider t,he conormal sheaf ^l of i : y -+ x, def i-ned by
.)

N = I  / I ' ,  where I  is the coherent ideal  of  0x d.ef  in ing i  :  Y-+X .

The sheaf N is a locaI ly f ree 0"-module of  f in i te rank, and

hence def j -nes an element t  Nl  € Ko (y) of  f  in i te ) . -degree. we

form the element

r - r  (  t  N l  )  :  
J "  

( -1  )  P lP t , v l  €  Ko  (Y )  .

The given natural  operat ion U has a unique representat j -on

u  =  f  ( I 1  , \ 2  , . . . )  a s  a  p o r y n o m i a l  i n  t h e  t r 1 ,  \ . 2  , . . .  w i t h  i - n t e g e r

coeff  j -c ients and vanishing constant coeff  j -c ient.  Using this

wel l  known fact,  one obtains as an easy generalLzat ion of

(  [  SGA6 ]  '  V ,  5.3 )  the fol lowing resul t  about the act ion of  u

on products  f_ t (  [  N]  )  .  y  w i th  y  €  Kz (y)  :

Lemma 1 .1  .

For  eve ry  y  €Kz  ( y ) ,  t he re  ex i s t s  an  e lemen t  u  ( t i l l  r y )  e  x ' $ )

which is a universal polynomial in the f p 
t N I and the ).'f, with

integer coeff j -c j-ents, depending only on i l  r  such that
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r - t

are

I N

r - t

( Y )

i *

the following hre write

( t N l )  a n d  u ( t N l , y ) .  w e

commutes, i .  e.  :  For every y €

i-nstead. of

state the theorem:

( N )  a n d  u  ( N , y )

nor/tt ready tO

Theorem 1 .2 (Riemann-Roch without denominators) .

U  , K

The di-agram

xz (y )

I
i *  |

I
x Z '  ( x )

K Z

I
z l (x )

Kz(Y) ,  one has

u ( i * ( v ) )  :  i * ( u ( N ' y ) )

Bef ore proving the theorem lre derive a corollary. We consid.er
L V

the Adams operat ions ü^ for k :  1.  Then the elements ü^( l \ l  ,y1
t7

for  y € K" (Y) can be computed as fol lows.

For k 2 1 ,  the Botts '  cannibal ist ic c lasses of  N are def ined,

to be the elements

ok  ( t l )  - =  , t , k  (N ,  1  )

l-n

one obtains the formula

Ko(Y) .  Then from the ident i ty

, l , k  ( r - r  (N )  y )  =  r _ r  (N )  ük  (N , y )

r l , k  tN , y )  =  gk  (N )  q ru  ( y )  .



2+
Corollary 1 .3 (Adams-Riemann-Roch without d,enominators) .

The diagram

rz  (y ,  ok  ( t t ) ,1 ,k  ,  xz  (y )

r l'.1 I 
i*

xz 
I  

(x) üo ,  x i '  (x)

commut€s r  i .  e.  :  For every y € Kz (Y) ,

, l ,k  t i *  (y)  )  = i *  (ek ( ,v)  uk tv)  I

one has

' 2 .

We

Proof of the theorem

begin with the following

Remark  2 .7  .

The g iven c losed immers ion i  :  (YrZ)  +  (X 'Z ' )  in  t / *  j -s  the

composi t ion o f  the c losed immers ions (Y ,Z)  - )  (X,Z)  and

(X ,Z )  -+  (X ,Z '  )  .  As  the  push - fo rward

xz (x)  +  Kz (x)

f o r  ( X , Z )  - +  ( X , Z ' )  c o m m u t e s  w i t h  t h e  l - o p e r a t i o n s  ( S 1 '  3 - 1 )

it suffices to prove the theorem for the closed j-mmersion

i  z  ( Y , Z )  +  ( X , Z ) .

Nevertheless, the more general formuJ.ation of the theorem wil l

be essent ial  in the last  step of  the proof.

As the fj-rst step $re recall an appropriate intersection formula

for excbss dimension O. Let
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Y r  
i t  ,

Ij ' l
J

Y A ,

x l

1,
x

be a Cartesian diagram with closed immersions of smooth schemes.

Let ^l  and N I denote the conormal sheaf of Y - l* x and Y' g Y',

respect ive ly .  Then we have a canonical  sur ject ion j  ' *N '+  J \ l  '  .

I ts cernel is cal led the excess conormal sheaf, and the rank

of the excess conormal sheaf is cal l-ed the excess dimension of

the diagram.

Lemma 2.2 ( In tersect ion formula for  excess d imension O) .

Assume that the above d.iagram has the excess dirnension O. Let

z  b e  a  c l o s e d ,  s u b s c h e m e  o f  Y ,  a n d  z t  :  j ' - 1  ( z ) .  T h e  f o l l o w i n g

diagram commutes:

{

( Y

I

l :.
x z ( x )  .

Proof .

By a  wel l  known resu l t  ( [SCa01 ,  VI I  ,  2 .5)  ,  one has

0',r 0.t
rornÄ (o y,ox ,  )  = 19 Tor. '  ̂  ( r" ,  ox ,  )

for al l  g, and,

g l - ( o Y ' o x , )  =  K e r ( j ' *  N  - +  N ' ) -

our assumptj-on implies

r'l- Y
T o r n " ( 0 y r 0 x ' )  =  o  f o r  q > o  ,

K z ' 1 y , 1  i ;  ,  K z ' 1 ) 4 , ;

j '

KZ ) i * ,

So
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i .e.  the schemes Y and Xr are Tor independent over X. Now the

i -n tersect ion f  o rmula  f  o l lows f  rom I  Q]  ,  57 ,  2 .11 .

R e m a r k  2 . 3 .

Under the assumptions of  Lemma 2.2 Iet  us assume for a moment

that

j ' *  ,  x z ( y )  - +  K z ' 1 y ' 1

is an isomorphism. As the push-forwards i*  and i i  are isomor-

phisms, i t  fo l lows from the intersect ion formula that
t 7  q l

j *  :  x ' (x )  -+  K"  (x ' )  i s  an isomorph ism too.  Remember ing that

j ' *  and  j *  a re  ) , -morph isms  (S1  ,  3 .1 )  ,  t he  i n te rsec t i on  fo rmu la
17 l

impl  j -es  for  e lements  y  e  xz  1v)  and y '  =  j  ' *  (y )  e  Ka (Y '  )  t .he

equivalence of the formulas

u ( i * ( y ) )  =  i * ( u ( N , y ) )  ,

u ( i i ( Y ' ) )  -  i i ( u ( l ' J ' , Y ' ) )  .

That means: If the Riemann-Roch theorem holds for one of the

closed immersions

i  :  ( Y , Z )  - '  ( X , Z )

i '  :  ( Y '  , Z ' )  - +  ( X '  , Z '  )  ,

then i t  holds for both of  them.

Using the intersection formula and the homotopy property of

K-theory, in our next steps \re reduce the proof of the theorem

for the given closed immersion

i  z  ( y , z )  +  ( x , z )
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to that for the zero sect ion

i '  :  ( Y , Z )  - '  ( P ( N  O  0 y ) , 2 )

def ined by the project ion N e 0y -+ 0y. This happens with the

famous "deformation of  i  :  Y -+ X into the zeyo sect ion

i r  :  Y  - '  r P ( N  O  0 Y ) " .

!{e start with the closed immersion i : Y -' X with conormal

^lW - t

sheaf N. The extension i  t  ^1 -+ Al is a closed immersion with

conormal sheaf p*N, where p t  ^1 -+ Y is the structure morphism.
1

Let O :  Y -+ A*:  denote the zero sect ion.
I

We consider the blowing up

1 n 1 i 1
of ^-  along the closed immersion y 5{ *^* .  The conormal

sheaf of  th is immersion is N e 0".  Hence the except ional  div isor

of the blowing üp, i .  e.  the inverse image of the center Y a) -  1--x

und.er  W -  
4 ,  co inc ides wi th  the y-scheme p(  N O 0" ) .  Let

P ( N e 0 y )  +  w

denote the canoni.cal i-mmersion.

o f 4 a r o n s " g 4 . A s v 9 a 1Y

is an ef f  ect ive Cart ier d, iv isor,  th is blowing up ident i f  ies

canonically with 4. Hence the immersion ^1 t"el ind.uces a
Y

1
closed A.;-immersion

.?t

^l + W ,

and. the diagram
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Y

I( 2 . 4 '  O  
I

rP (N

I
I

I
w

e  0Y)

a]

of c losed immersj-ons is Cartesian. The conormal sheaf of  ql  -*

j -s  p*N O 0 n (y)  = p*N,  and the conormal  sheaf  of  the zero sect ion
-  

a l
i r  

- - Y

Y r -  ,  n>  (  N  d  0 " )  i s  N .  Hence  the  Car tes  j -an  d iag ram (2 .4 )  i s  o f

excess d i -mension O.

Next hle consider the one section 1

1
W -+ Ai is an isomorphisrn over the complement of its center '

the section 7 : X -+ Al l i f ts uniquely to a closed immersion
Ä

x - '  w, and the diagram

( 2 . s )

1
:  X -  

{ .  As the b lowing uP

Y

I
4,

is  Car tes ian of  excess d imension O.

Now we }ook at the closed subscheme

1  - 1  1 .
s :  Y -  

4r  w€ have s-  t  {A) )  :  Z .  Us ing 51,  1 .3  and.  the homotopy

p roper t y  ( tQ l ,  57  ,  4 .7 ) ,  i t  f o l l ows  tha t  t he  map

^ l

=* , t '  t4l  + xz (v)

is an j-somorphism . Thus both diagrams (2 . 4) and (2 .5 ) satisf y

the addit ional ass.umption of the remark (2 .3) above . From this

i t  fol lows that the Riemann-Roch theorem is true for both of

the immersions

,  i  :  ( Y , Z )  +  ( X , Z )

i '  :  ( Y , Z )  +  ( I P ( N e  0 y ) , 2 )  ,

x

w

a) of o1.For every section
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i f  i t ,  is  t rue for one of them.

fn the last step $te prove the theorem for the zero section

i r  z  ( y , z )  - +  ( e ( N e 0 y ) , 2 ) .

! {e  put  Xr  =  P(  N eOy) .  Let  p  :  Xr  - r  Y be the s t ruc ture  morph ism

!{e consid,er the closed subscheme 'zt  = p-]  Q) of  x t  .  Then the

homomorphism

x Z ( x ' )  - +  K z ' 1 1  ' y

i n d u c e d .  b y  ( X '  , z )  +  ( X '  , Z '  )  i s  i n  j e c t i v e .  I n  f  a c t ,  b y  S i  ,  2  . 2

the diagram

xz (x'  )  --4 xz 
'  
(x)

l _ l _
l= J=

K ' ( Z )  - - - . - )  K ' ( Z ' )

comnutes. But,  s ince the inclusion Z + rzt  is a sect ion of  the

morph ism Zt  - '  Z  in , i luced.  by  p  :  X '  +  Y,  the map K '  (Z)  +  K '  (Z ' )

i s  i n jec t i ve .  As  xZ  ( x ' )  +  xz '  11  '  1  i s  a  l - homomorph ism (S1  ,  3 .1 ) ,

it then suffices to prove the theorem for the zero section

i  z  ( Y r z )  - +  ( x ' r z ' )  .

We consider the universal exact sequence

O  - )  H  - +  p * N  0 0 X ,  -  0 X ,  ( 1 )  - +  O

on Xr.  The induced homomorphism H + 0x, maps the universal

hyperplane sheaf H onto the ideal  I '  of  0y,  ,  def in ing the

zero sect ion j - '  :  Y -)  X t  ,  and the associated Koszul complex

yields a f in i te local ly f ree resolut ion
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o -+ ndg + . . .  - r  fy1 U -+ 0* -+ i i f lv  -+ O

of the sheaf i i0 '  on X. After tensor ing the exact sequence

+ tv2t t  -+  n1g - )  r t  -+  e  by  0x ,  / r ' ,  one gets  as  conormar  sheaf

of i '  :  Y -+ X'  the sheaf Lt*H, and from the universal  exact

sequence one obtains

( 2 . 6 )  i ' * H  =  N .

The Koszul resolution implies for the image of 1 € Ko (Y) und,er

i i  :  Ko (Y) -+ Ko (X'  )  the formula

( 2 . 7 )  i i ( 1 )  =  I ^  ( - 1 ) P t n P H l = t r _ 1  ( H )  .
pzo

Taking the closed subscheme zt :  p-1 (z) of  X'  ,  the morphisms

i '  z  ( Y  r Z )  ' +  ( X '  , Z ' )

P :  ( X ' , 2 ' )  - ( Y , Z )

are both Cartesian, and hze have the pulI-back homomorphism

( s 1 ,  1 . 3 )

i , *  z  K z ' ( * , )  +  x z ( y )

p *  :  x z ( y )  K z ' 1 x ' ;  .

By functoriality r \ü€ have i t * . p* - id, and, hence the map

i , *  ,  K Z  
'  

( * ,  )  - +  x z  ( y )

i s  su r j ec t i ve .

Moreov€r ,  fo r  i '  z  (Y ,Z)  -+  (X '  ,z t  )  be ing Car tes ian r  w€ have

the project ion formula, i .e.  the commutat ive diagram
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Ko (Y )

Us ing these fac t ,  the

i r  z  ( Y r Z )  - +  ( X ' r Z ' ) ,

i t *

x  t < z ' 1 1 g ' 1 r  Kzt

Riemann-Roch theorem for

i - .  e.  the formula

1,'.
K o  ( x '  )

KZ(Y), K Z

I
( Y )

I
l '*
( x '  )

u  ( i i  (Y )  )  =  i i  ( u  (N ,Y )  )  f o r  Y  e  r z  ( v )

now comes out by the following computation:

To  a  g i ven  y  e  xz  ( v )  choose  an  e lemen t  x  eKz  
'  

( * ' )  w i th  i ' *  ( x )  =  y .

Then:

u ( i i  (v)  )  
= ; : ; l  : ; ; : {x)  

)  )

u  ( I - ,  ( H ) x )

:  I _ t  ( H )  u  ( f f  , x )

i i  ( 1 )  u  ( f f  , x )
-  :  i , i ,  ( i ' * u  ( H  r x )  )

i i ( u ( i ' * H , L " t ' 1 x ) ) )

:  i i  ( u ( N , y ) )  .
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s 3 .

'l . we work with the category tl* introducecl in $1 , 2. Tt con-

sists of pairs (XrY) with x a smooth scheme and Y .-' x a closed

subscheme, in which a rnorphism f :  (X' ,Y') + (X,Y) is a cornrnu- . .

tative diagram

Y r  X

t l
I  l f
J J
Y >

with a proper morphism f  :  Xr -r  X.

F o r  e v e r y  m o r p h i s m  f  :  ( X t r Y ' )  +  ( x r Y )  i n  V * ,  t h e r e  i s  d e f i n e d

the push-forward homomorphi.sm (S1 ,  2.5)

f *  =  K Y ' ( * ' )  - + x Y ( x )  .

For any object (XrY) in V*,  the aug'mented l -r ing structure on
v

K* (x )  y ields the Chern character (  S 1 ,  4)

ch ,  xY (x)  +  cr 'xY (x)  o  e  .

I t  induces an j -somorph ism (S1,  5)

c h  :  x Y ( x )  8 Q  3  G r  x Y ( x )  o Q  -

Concerning the Riemann-Roch problem for the push-forward f*

above,  th is  impl ies :  I f  x  is  an e lement  o f  KY'  1x '  1  ,  then to

compute ch (f * (x) ) means to compute the image f 1 (x) modulo

tors  ion.
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For a smooth scheme x, the tangent sheaf ,*/n = (Qi/k)" is a

localIy free O*-module of f inite rank. One defines the Todd

c lass o f  X to  be

Td (x )  : =  t d ( tT * / vD  €Gr .  Ko (x )  Ee

where td  denotes the Todd homomorph ism on Ko(X)  ,  see SJ.4 .

Td(X)  is  a  un i t  in  Gr 'Ko(X)  EQ wi th  component  1  in  degree

ze ra .

I f  f  :  X r  - r  X  i s  a  morph ism o f  schemes ,  t hen  fo r  a  po in t  x ' €X '

the integer

d x ,  ( f )  =  d i m * ,  ( x ' )  -  d i m ,  
1 x , 1 ( x )

is ca1Ied. the vir tual  relat ive dimension of f  in x '  .  The func-

t ion x '  r - l  dx ,  ( f  )  i s  loca l1y  constant  on Xr  .

In what follows, it is convenient to have the Grothend.j-eck

f i l t rat ion def ined for al l  integers r  so we let  Fi lK :  K for

n  5  0 .

Now we state the theorem:

Theorem 1 . J (Grothend,j-eck-Riemann-Roch) .

Le t  f  :  (X ' rY ' )  +  ( x rY )  be  a  morph ism in  V*  o f  cons tan t  v i r t ua l

dirnens ion d . Then one has .

i )  The  homomorph ism f *  ,  KY ' ( * ' )  +  xY(x )  has  deg ree  -d ,  i . e .

f  *  {rnx" '  (* '  )  s e) c ,n-d*Y (x) o e

for all integers n, and hence f* induces a graded homomorphism

f * :  G r x Y ' 1 ) q ' 1 s e  +  G r ' r Y ( x ) E e

of degree -d, the Gysin homomorphism.
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i i )  The diagram

xY'  1 lg  '  1 (x

I'
X )

,-1
xY (x)

Td  (x '  )  ch
G r ' K Y  

t
' )  8 Q

*

E Q

c o m m u t e s ,  i . e . :  F o r  e v e r y  x € K Y t ( * ' ) ,  o n e  h a s

ch  ( f  *  ( x )  )  =  Td  ( x )  
- 1 t *  

(Td  ( x ,  )  ch  ( x )  )  .

Remark 1  .2 .

Because of the covar iance of f* ,  the theorem holds for a

composi t ion g" f  in  V* ,L f  i t .  ho lds  for  g  and f .

A  g i ven  morph ism f  :  (X '  ,Y ' )  - r  (X ry )  has  a  fac to r i za t i on

( X ' r Y ' (*1,*1)

Td (x)  ch
G r ' K Y  (

into a closed i-mmersion i and a

space. I t  suf f ices to prove the

-P- (x,  Y)

project ion p from

theorem for i and

\ f -
) +

a

p .

proj  ect ive

2 .

IlIe

Proof of Riemann-'Roch for closed immersjlon

consid.er a closed immers i-on

i  :  ( Y , Z )  *  ( X , Z ' )

of  constant codimension d "  i .  e.

-d,. Let N be the conormal sheaf

free O,,-rnodule of rank d .
I

constant virtual dimension

1

Y  * )  X .  N  i s  a  l o c a I I y

the Riemann-Roch theorem

o p e r a t j . o n  ü k  ( s e e  5 2 ,  1 . 3 ) :

o f

o f

The crucial  point  of  the proof is

without d,enominators for the Adams

For every k :
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x z ( xz  (v )

I
l'.

K z '  ( x )  ,

Y )

I
(x)

sk ( l t)  ük

J - *

KZ, ü o ,

commutes,

In addit,iorr r r^re use the f ollorrring fundamental formula, combin-

ing Adams, Bott ,  Chernrand Todd on Ko(Y).  Remember that the

Chern character

c h  t  K o  ( Y )  E Q  +  G r  K o  ( Y )  E Q

i s  a n  i s o m o r p h i s m  ( S 1 ,  4 . 3 ) .

Lemma 2 .1  .

Let ^J be a Iocal Iy f ree module of  rank d on Y. Then in Ko(Y) OQ

one has

ok ( ru)  ük (ch- ]  ( .a  tü l  I  )  -  kd ch- l  ( .a  tü l  I

Proo f .

Since the

by kt, the

induced action

diagram

of { ,k on Grnxo tv) is mult ip l icat ion

E Q

E Q

commut€s r where gk is

is mult ip l icat ion by

formula is equivalent

ch Gr 6 Q

k

o QGr

graded algebra homomorphism which

crnro (Y) o Q. Hence the stated

the formula

Ko  (Y )

I
I

l*
' Ko  

(Y )

Ko  (Y )

I
{,k I

I
Ko (Y ) ch

the

, T I
K O n

with
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ch (ok (ru) )  .pk (rd (ü) )  :  kd rd (^ i)

Let p :  D(N) - '  Y be the f lag scheme of N over Y. In

the class of  p*N decomposes into a sum of c lasses of

ible mod.ules. Since the ind.uced. map Gr Ko (Y) -+ Gr'Ko

i n j e c t i v e  ( [ S C a  6 J ,  V I ,  5 . 5 ) ,  i t  o b v i o u s l y  s u f f i c e s

the formula for an invert ib le sheaf N.

Le t  a  -  c ,  (N )  €  Gr 'Ko  (Y )  be  the  f  i r s t  Chern  c lass  o f

we have

K o  ( D  ( N )  )

invert-

( D  ( N )  )  i s

to prove

N.  Then

ch  (ok  ( t ' l )  )

r d  (N )

,pk (td (^T) ) =

c h ( l + [ N ] * . .

l + g a * . . . * e

- a  - a
e =

e-a -  1

-ka
,

1  -eKa

L - 1
.  +  [ N ] ' -  

' )

( k - 1 )  a  
,

- a

1  - e a

and hence:

ch (ek (ru )) ,pk (td (rt i)) :

=

( 1 + e a  *  . . ,

-o"*ä

k rd (l\I)

* " ( k - 1 ) a ,  . ; F

Ide consider

i *

no\^l the push-forward homomorphism

:  K z ( Y ) 6 e - + x z ' ( x ) o o

induced by the given closed i rnntersion i  z (Y ,Z) + (X rZ')  .  As

in  51 ,  4 ,  r ^ re  deno te  by  ( r z  ( y )  o0 )  
( j )  

t he  t c j -e igenspace  o f
1, ql

the Adams operat ions ,r^ on K" (Y) OQ.
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From the Riemann-Roch theorem without denominators and the

f ormula above vte deduce no\^r as the essential f act:

L e m m a  2 . 2 .

By

y ' '  i*  (ch-t ( tu t ,rr l l  vl

the e igenspace (xz  (y )  og l  
(J )  

is  mapped in to  the e igenspace

( x z  ( x ' )  o  o )  1 i + d )  .

P r o o f '  
/ - r \

rn fact , for an element y € (xz (y) o O) 
(l ) \^re have

,1,k t i*  (ch-t  ( .a tül l  y)  = i*  (ek (rv) { , ,k (ch-t  ( .u t l i l l l  , l ,k tv l l

=  i *  (kdcrr -1  ( rd(ü l l  r . jv l

=  t  
j *d i *  (ch- t  (au tü l l  y )  ,

and  hence  i *  ( ch - t  (au  t ru l l  v l  €  ( rz '  ( x )  o  e )  13+d)  .

From this lemma vre shall now deriive the Riernann-Roch theorem

f o r  i  z  ( Y  , Z )  - +  ( X , Z '  )  .  W e  u s e  t h e  r e s u l t s  5 1  ,  4 . 2  a n d  4 . 3  ,

especially the behavlor of the Chern character on the eigen-

spaces of the Adams operations.

Lemma 2.3  .

i )  The hornomorphism i*  has degree d, i .e.

i *  ( rnx'  (")  o o) s Fn+dKz 
'  

(*)  o e

f o r  a l l  D .

i i )  The d iagram



rz  (y )  Td  (Y)  ch  '  Gr '  Kz  (y )  o  e',,.1
vthere the vertical map on the right is the Gysin homomorphism,

induced by  i ) .

Proof .

l { e  l e t  u  -  c h ' ( a a f ü l l ;  u  i s  a  u n i t  i n  K o ( Y )  E e  w i t h  a u g r n e n t a -

t ion 1  .

i )  Let  y  €  rnx ' ( " )  OQ be g iven.  V i te  wr i te  y  =  uy '  w i th  y '  :=

u -1y  €  rnx ' ( " )  EQ.  w i th  respec t  t o  t he  decompos i t i on  (S l  ,  4 .3 )

F n K Y ( z )  o Q  = , o  ( x z ( v )  o o )  
( j )

l:u

hre decompose

y '  :  . l  y i
l:n 

J

wi th  y :  €  (xz  (v )  oe)  
( j )  

.  Then i t ,  fo l lows
J

i *  ( y )  =  i *  (uy '  )  =  I  i *  (uv j  )
jzu J

By Lemma 2 .2r  v r€  have i *  (uy j )  e  (xz '  (x )  oe)  
( j+d)  

fo r  a l l  j  z  n ,

and hence

17 l

i *  ( y )  €  @ ( rz '  ( x )  oQ)  
(  j+a )  =  tn+d '  xz '  ( x )  I  Q  .

j :n

i i) We first prove the commutativity of the following diagram

x z  ( v )  t d  ( N )  ' c h  
'  c r ' K z  ( Y )  I  Q

3A

1,,.
xz '  ( x ,  Td  (X)  ch  ,  c r 'Kz  

'  
( * )  o  e
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17

Let  y  €  K"  (Y)  be g iven.  We wr i te  aga in  y  =  uy '  w i th  y '  =

- 1  q

u 
'y € K' (Y) O 0. l i le have to prove

c h  ( i *  ( u y '  )  )  =  i *  ( t d  ( ü l  
- 1  

c h  ( u y '  )  )  .

Now

r  - ' l

i *  ( t d  ( f i ) - 1 c h  ( u y ' )  )  =  i *  ( t d  ( r u 1 - 1 c h  ( u )  c h  ( y ' )  )

:  i *  ( r d  $ l l  
- 1 t a  

( ü )  c r r  ( y '  )  )

i * ( c h ( y ' ) )  ,

and so we have to show: For every y e xz (v) oQ one has

ch  ( i *  (uV)  )  =  i *  ( ch  ( y )  )  .

In v iew of the decomposit ion of  xz (y) @ Q into the eigenspaces

(xz  (v )  oe)  
( t )  

,  \ ^ re  may assume y  €  (xz  (v )  oo)  
( t t )  

.  Then by 51 ,

4 .3 r  vJ€  have

ch(y )  =  y  mod tn+1 Kz  (Y)  oe  ,

and hence

( * )  i *  ( c h ( y )  )  :  i *  ( y )  m o d  , d + n + 1  x z  
' ( * )  

o Q  .

on the other  hand, ,  by Lemma 2.2 we have i*  (uy)  € (Kz ' (x)  oa)  
(d+n)

and hence again by $1 ,  4.3

( * * )  c h ( i * ( u y ) ) =  i * ( u y )  m o d  u d + n + 1  x Z ' ( x ) @ o  .

But now, since rr = ch-'  (aut,ül I  € Ko(y) I  Q is a unit  with augrmen-

tat ion 1,  we have

uy = y mod Fn+1 xz (y) g e

and therefore
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So from

and the

Now the

and hence

t iv i ty of

t ivity of

Td (Y)  ch

i *  (uy)  = i *  (y)  mod ,d+n+1 * '  
'  

( * )  o e .

( * )  a n d  ( * * )  $ t e  g e t

c h  ( i *  ( u y )  )  =  i * ( c h  ( y )  )  ,

the diagram above is proved.

G r ' K z )  E Q

*

KZ

commuta

commuta

rz  (v )

I'. 1
x Z '  ( x )

( v

T d ( X ) c h ,  
" , ( x )  8 Q

comes out as fol lows: For the closed immersion i  :  tp '+ X, we

have the exact sequence

O  +  N  +  i * O ' * r U  - +  A 1  v / y  
+  O

and therefore

i *  ( rd  (x )  )  =  Td  (Y)  rd  (N)

q,

Then f  or y e x" (Y) we have:

c h  ( i *  ( y )  )  =  i *  ( t d  ( ü l  
- 1  

c h  ( v )  )

=  i *  ( i *Td  ( x )  
- 1  

ra  ( y )  ch  ( y )

=  T d ( x ) - 1  i * ( T d ( y )  c h ( y ) )

rd  (x )  ch  (  i *  (v )  )  =  i *  ( rd  (Y)  ch  (y )  )
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3 . Proof of Riernann-Roch for ( IPL-g]
: r - 4

)  +  ( X , Y )

The project ion

p :  ( n [ , r P ; ) - +  ( x , Y )

is  of  constant

FX instea'd of

Lemma 3. 1 .

i )  The homomorphism p* ,  KFY (Px )  -+ KY(x) has degree -r ,  more

precisely one has

p* (rnxPY (Px )  s r t -rxY(x)

(Px )
Td ( lPx) ch

Gr' K]PY )  o Q

rd (x)  ch
Gr 'KY- (x

commutes.

vir tual  dimension r .  In the fol lowing we wri te

r
IPx , etc. We prove

(Px

I
ln.
I
)  o o

am

( l

)

fo r  a l l  11.

i i )  The d iagr

KlPY

P *  |

J
xY (x

Proo f .

Let lP

l e t q :

( 3 . 2 )

denote

TP -+- x

v
K -  ( X )

the project ive space

IP be the pro j ection .

e K o ( P ) . - - +  K ] P Y  ( P x )

x o y  F +  P * ( x ) e * ( y )

of dimension r over k and

Then the canonical map

is an isomorphism. In fact ,  s ince p is f lat ,  w€ have the

commutat ive  d iagram (S1 ,  2 .3)



v 6 *
K ' ( x )  '  '

l l
r r *

K t  ( Y )  ' L /  )

K]PY ( pX )

t l

K '  (  * y )

in which the lower map p* between the

bY P t  Fy * Y, and now i t  is a resul t

4.  3 )  that the canonical  map

K ' ( Y )  O r o ( P )  - - +  K ' ( P y )

x O y  r . . . - . . '  p * ( x ) q * ( y )

is an isomorphism.

Using the isomorph ism (3  .2)  ,

the cornmutativity of the diag

xY (x) ( rPx)

P *

)xY (x)

in which on the left-hand side p

morphism IP -+ Spec (k) .

K | -groups is induced

of  Qui l len  (  t  0 l  ,  57 ,

project ion formula impl ies

denotes also the structure

Ko

d (

z -

@

I'
@

( P ) : ,

E p *

the

ram

rFY

I
I
I
I

xY (x

It is well knor.rn that t '+, t 0* (-1 ) I induces a ring isomorphism

zl '- l  /  g-r) t* l  :  K^ (a>) .o '

I f  r a le  l e t  y  =  1  -  tOp  ( -1 )  l ,  t hen  the  e lemen ts  y i  e  t t *o (P )  ,

i  =  O7 . .  .  r t  r  f o rm a  bas i s  o f  Ko  ( lP )  ,  w i th  the  re la t i on  y t *1  =  O .

As an easy genera L izat ion o f  SGA6,  Vf ,  5 .3 ,  and wi th  the same

method. of  proof,  one obtains for the Grothendieck f i l t rat ion

on K]PY ( px ) trre result :

I
( 3 . 2 )  o  F n - t x t  ( x )  @

i=O
sEyi r  :F*KPY ( rPx)
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From this and the projection formula vre get

?

p* (rnxPv (pv)) s i  Fn- i  KY (x)
r r  

i=O

= Fn- r  rY(x )

This  proves '

Furthermore,

r
@

i=O

Now the

the asser t ion i )  .

i t  f o l l ows  f rom (3 .3 )  t ha t

crn- i  xY (x) o cr iKo (p) 
= 

'  GTnKFY (Ipx)

and the projectj-on formula shows that the Gysin homomorphism

p* , GTnKFY ( P x )  @ Q  . " crn-rKY (") @ e

i s induced by the corresponding

p*  :  Gr t *o  (P)  @e -+  c r i - rKo (k )  Eo =  
{  :t o

on  i i ) ,  i . e .  t he  commuta t i v i t y  o f

f o r i : r

otherwise

the diagram

1,.
Gr .  KY  (X )

ri

( l

)

K o (

I
P * l

I
z

( P ) s o

P1

P )
o

consequence of the

commutativity of

T d ( l p )  c h  ,  G r . K

classical  Riemann-Roch for

0

asser

KIPY

IP * 1

xY (x

( p x )  r d ( r P "  ) c h ,  c r ' K I P Y  ( p x )  I  a

Td (X) ch
8 Q

is an immediate

P / k ,  i . e .  t h e

i-nc1
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r n  f a c t r  u s i n g  ( 3 . 2 ) ,  t h e  p r o j e c t i o n  f o r m u l a ,  a n d  T d ( P x )  =

p*  (Td (x)  )  q*  ( ra  (P) )  ,  i t  fo l lows for  x  €  rY(x)  and y  €  Ko (P)  :

P* (Td (Px)  ch  (P*  (x )  q*  (V)  )  =

=  p*  (p*  ( rd  (x )  ch  (x )  )  q*  ( rd  ( rP)  ch  (y )  )

=  Td (x )  ch  (x )  p*  (Td  ( rP)  ch  (y )  )

=  Td (x )  ch  (x )  p*  (y )

=  Td (x )  ch  (p*  (p*  (x )  q*  (y )  )  .

54. The singular Riemann-Roch

Througout this paragraphr $I€ work with the category V, so

al l  schemes under considerat ion are quasi-project ive schemes

over the f ie ld k,  and al l  morphisms of schemes are k-morphisms.

F o r  a  s c h e m e  X ,  l r e  p u t  K ' ( X )  -  O  K : ( x ) .
pzo Y

The singular Riemann-Roch is conCerned with the push-forwards

f *  :  K ' ( X )  ' +  K ' ( Y )

for proper morphisms f  :  X '+ Y. I t  is the col lect ion of  four

theorerrs r which wil l  be stated and proved seperately in the

subsequent four sect io l ls.

1 . rhe ascending f J.Ltration on K I (X) @ Q and the homomorphism t

Let X be a scheme. W-e choose a closed innmef sion X c+ M of X into

a smooth\scheme M of pure dimension, SaY d: By the purity

theorem (S1 ,  2 .4)  ,  X  c+ M induces an ident i f  i ca t ion

K' (x) = xx ( t , t )

We then def ine an ascending f i l t ra t ion (Fr rK ' (X)  OQ) n€Z on



45

K '  ( x )  o Q  b y

Fr rK ' ( x )  oQ  =  r d -nxx (u )  @e

and,  i f  Gr .K '  (X)  OQ d.enotes the assoc ia ted graded.  group,  a

homomorphism

r  :  K '  ( X )  - '  G r  K '  ( X )  O Q

by the commutativity of

K '  ( X )  r  ,  G r  K '  ( X )  O 0

i l i l

xx (u) Td (ML ch , Gr rx (u) o o

The f i rst  theorem asserts that the f  lLtrat lon (FrrK'  (x)  o e) n€z

and the homomorphisrn r : K' (X) -+ Gr. K' (X) O e are independ,ent

of the immersion X ar M. Thj-s is mainly a consequence of the

Riemann-Roch theorem for K-theory with supports (S3, 1 . I ) . For

the proof hre wiII need. a f initeness property of the Grothen-

rnxf trul .

f o r  a l l  n

dieck f  i l t rat ion on xx (u) .  Recal l  the d,ecomposit ion (S1 ,  5 .  1 )

rnxX (t',t) : @
p>O

Propos i t ion  1  .1  .

For  every  p  2  O,  there  ex is ts  an n(p) ,  such that

"$ ru l  oe  :  o

For  an  even  more  p rec i se  resu l t ,  see  [ s ] ,  $4 ,  p rop .  5 .
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Theorem 1 .2 (Singu1ar Riemann-Roch) .

The f i l tration (FrrK' (x) EQ) nez and the homomorphism

r :  K'  (X) -  Gr K'  (X) 8Q are independent of  the closed, immersion

X c+ M.

Proo f .

Let y' NII

, r /
A (

\ r t r

be two closed irmnersions of X into smooth schemes M and M' of

pure dimension d and d' . lr le have to show that both imrnersions

def ine the same f  i l t rat ion on K'  (x)  E Q on the same map

r  :  K '  ( X )  - +  G r .  K '  ( X )  @  Q .

The obvious commutative diagram

X -----------) M xMr

\ l n ' '
M

shows that \^/e may assume the existence of a morphism f : M' -r M,

such that

\t -"/ 

Nt'

x' 
-,. It

commutes.

f  :  Iv l r  + M being quasi-project ive, i t  can be factored into an

immersion Mt - ' M" and a proper morphism l1[" + Jvt, with M" smooth

of pure dimension. Hence i t  obviously suff ices to prove the

assertions in the two cases, where f is an open immersion r and



where f  is proper.

Let  f  :  Mr  - )  M be an open immers ion,  then d '  :  d , .  By 51 ,  2 .3 ,

we have the commutative diagram

x x ( u )  f *  '  x x ( u ' )

t  l l  l l r

X '  ( X )  i d  ,  K '  ( X )

in which f*  is a ) , -morphism, respect ing the augmentat ion (S1,

3 . 1 ) .  H e n c e  $ t e  h a v e

g* l r rx*  (* )  )  -  Fnr<X (M')

for al l  11, and the d, iagram

xX (lt, ' rd (YI) c'h ' ' ' Gr'xx (u) o Q

r* I J'.
xX ( l , l '  )  

rd (M'  )  ch ,  Gr 'Kx ( t t '  )  @ e

commutes , note Td (M' ) = f * Td (M) . This proves the assertions in

case of an open immersion f : IvI r -+ Iv[.

Let  now f  :  Mr  -+  M be proper .  Then by def  in i t ion  ($1 ,  2 .5)  ,

the diagram

xX( l , t ' )  f *  ,  xx (u )

I  i l  l l l

K '  ( X )  i d  ,  K '  ( X )

commutes. The morphism f i s of the constant virtual dimension

d.' - d,. Then by the Riemann-Roch theorem we have:

i )  f * t F n x x ( M ' ) o e )  s t n + r i l - d ' * x 1 u ) E e  f o r  a l . l n ,  a n d

4r

i i )  the diagram
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x x ( u ' )  o e Td (M '  )  ch Gr xx (l,t' ) E e

f * 1 J'.
( M )  6 Qr x t u l  @ e G r ' K XTd (M) ch

cornmutes.

In this diagram, the horizontal arrows are isornorphisms (see I.'

51, 5, and note that the Todd classes are units), and the

left vertical arrow too. Hence the Gysin homomorphism on the

right is an isomorphism, that is for all n, the map

f *  :  c r n K * ( * ' )  a e  +  " r n * d - d ' x x ( u )  @ Q

is an j -somorphism.

This remains true for the p-components on both sides. Then

using the finiteness property above (Lemma I . I ) , i t  fol lows

from i)  that

f  *  (rn# (M' )  I  e) = ,n+d'-d 'xx (ot)  a e

for  al l  n.  This proves the assert ions in case of a proper mor-

phism f : M r -r M, and we are done .

'Remark 1 .3 .

I f  fo r  every  p  :  O,  v re  def ine the f i l t ra t ion (FnKi (x)  OQ)nez

on Ki (x) O Q and the homomorphism .p : xi (x) -) Gr. Ki (x) E Q in

the same way via Ki(X) = xltul r  w€ have the decomposit ions

F r r K ' ( x )  o  Q  =  o ^  F n K ; ( x )  E Q  ,
p z o  " v

Gr.  K'  (x)  EQ = 
,% 

Gr.  Ki  (x)  o Q ,

T =  
I  rY \  o

pzo v

\t

Thi"'fol lows from the correspondi-ng d,ecompositions for xx (l ' t)
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a n d  t h e  C h e r n  c h a r a c t e r  ( S j ,  5 . ) ,

D e f i n i t i o n  1  . 4 .

For a scheme X, the twisted absolute homology is def ined to be

" n ( X , j )  : =  " r j K ; _ 2 j | . x )  o e  .

Using th is ,  the morph ism rp  may be wr i t ten as

rp :  x i  (x) + 
I  

, r j+n (x,  J )
J i__r/

- 3  H 2 * * p ( X r * )  .

2. The Gysin-homomorphiqm_ and, the coy.ariance of r.

We wil l  nor^/ prove again as a corollary of Riemann-Roch for

K-theory with supports the essent ial  part  of  the singular

Riemann-Roch, namely:

Theorem 2.7 (Singu1ar Riemann-Roch) .

Let f  :  X -)  Y be a proper morphism. Then one has:

i )  The push- forward f *  :  K '  (X)  - '  K '  (Y)  has degree O wi th

respec t  t o  t he  f i l t r a t i on  Fn ,  i . e .

f  *  (FnK '  ( x )  @ Q)  S  F r rK '  (Y )  I  Q

for all n, and hence it induces a homomorphism

f *  :  G r . K ' ( X )  E Q  - '  G r . K ' ( Y )  8 Q

of grad.ed groups, the Gysin homomorphism.
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i i )  The d iagram

K '  ( X )  t  '  G r  K '  ( X )  E Q

l lr*  I  J t*
K ' ( Y )  4  G r . K ' ( Y )  @ Q

is commutative.

P r o o f .

To the given proper morphism f : X -+ y , there exists a conmu-

tat ive diagram

X +  M '

t l
f  I  l f

J T
Y + M

in which the hor izontal  f i laps are closed immersions into smooth

schemes of pure dimension, and in whl,ch f  :  M'  -  M is proper.

Such a di-agram can be found by means of a factor izat ion

r
f  :  X ' '+  IP;  - )  Y .

I

B y  d e f i n i t j - o n  ( S 1 ,  2 . 5 ) ,  t h e  d i a g r a m

xX (it't' ) --lä-- rY (u)

l l l  l l l

K '  ( x )  - . - l l - *  K '  ( Y )

commutes. Let d '  and d be the dimension of M' and. M, respec-

t i v e l y .  T h e n ,  b y  t h e  R i e m a n n - R o c h  t h e o r e m  f o r f : ( M t r X ) * ( l " i r Y ) ,

be ing o f  the v i r tua l  d imens ion d '  -  d ,  we have:
Y

i )  f *  :  K X ( M ' )  +  x Y ( t t t )  h a s  d e g r e e  d - d ' ,  a n d  h e n c e

f *  ( F d ' - t * * ( M ' )  o o )  s  t u - n * Y  { u )  o Q

i i  )  The diagram
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#(r ' r ' ) Td. (l,t ' ) ch G r ' K X ( M ' )  E e

Td (M) ch ,  Gr

commutes.

fn v iew of the def in i t ions of  Fn and r  '  th is proves the

theorem.

3. Behaviour and, r with res ct to open immersions

I f f : X ' + Y

phism

f l a t morphism, then the pull-back homomor-

f  i <  :  K '  (Y )  _+  x '  ( x )

is defined. It is of interest to study the behaviour of the

f i l tratj.on F' and of the transformation r und'er f* .

Concerning the case of an open immersion r we Prove the follow-

ing trivial f act, which \^re nevertheless state as a theorem

f * l
xY (t',t)

J'.
xY (r.l) o e

o f F

l-s a

Theorem 3 .1

L e t f : X - '

(Singular Riemann-Roch) .

Y be an open immersion. Then one has

f  *  (FnK '  (Y)  s  a )  =  Fr rK '  (x )  6  Q

f or all n, and the d j-agram

K ,

f 'F

K '

r  ,  G r  K t o.Q

a
G r  K '

a
@ Q

( Y )

f'-
(x )

( Y )

I
(x)

with the induced map on the right, colnmutes-
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Proof .

Obviously,  there exists a cartesj-an diagram

x >

l l
f l  l f
I I
Y >

where the horizontal maps are c l.osed irmners ions into smooth

schemes of pure dimension and. Where f z M' + M is an open

immersion. Then the diagram

xY (trt) f 
* 

, xX (t'l' )

r l l  l l t

K '  ( y )  f *  ,  K ,  ( X )

commutes (51 ,  2 .3)  .  The upper  f  *  is  a  l -morph ismr  r€spect ing

the  aug [nen ta t i on  (S1 ,  3 .1 ) .  Hence  v te  have

g* lrnKY (r,t) ) s FnKx (M' )

for  al l  n,  and,

ry (rrr)

I
f * J

the d,iagram

rd (M) ch Gtr 'xY ( l ' t )  o Q

I
It*

xX (u' ) Td (M '  )  ch G r ' K x ( M ' )  o e

commutes. From this the theorem fol lows.

Remark.

As a much more interesting result the following genera l ization

s h o u l d  b e  t r u e  ( s e e  [ s ] ,  T h .  8 ,  i i i )  ) :
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T h e o r e m  3 . 2 .

For an etale morphism f  :  x + y,  the assert ions of  the pre-

ced ing Theorem 3.1  remain  va l - id .

We only wil l  say some few words concerning the fi l tration:

The morphism f : X + Y admits a factorization of the form

f :  X - I -  U j '  
rP: F,  Yr with i  a c lesed inunersion, j  an-  - Y  -  s  v Ä Y L

oPen j-mmersion and p the pro ject ion. Since f  is eta1e, the

immersion i  j -s regurar of  the pure codimension r .

i  is  of  f in i te Tor dimension, and so there is a pul l -back

h o m o m o r p h i s m i * :  K ' ( u )  + t ( ' ( x ) ,  s e e  t o l  ,  S 7 r  2 . s .  T h e m o r -

ph isms j  and p  are  f1at ,  and f  *  3  K '  (y )  +  K '  (X)  has the fac to-

r Lzat ion

f *  =  i * j *  ' p *

I t  i s  easy to  see that

rPi

I '
M

]P

I
Y

i )  p* (FnK' (y) o O) _c Frr+rK'  t :ef  l  o O .

rn fact ,  th is comes out wi th the cartesian diagram

x --)
Y

p l

( -

obtained by choosing a closed immersion

scheme M of pure d.imension.

It has been shown already that

i i )  j *  (F r rK '  (n f  l  o  0 )  s  F r rK '  (u )  oe  .

I t  is  the crucial  point  to prove

i i i )  i *  (FnK '  (u )  E  e )  S  F r r_ rK '  ( x )  @ e  .

The proof is c lear ,  Lf  i  :  X -+ U can be

s j-an diagram

o f Y i n t o a s r n o o t h

imbedd.ed into a carte-
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bf tY r W

x <--r M

l lr - t  Il . r
U L + M t

where X q M and U c+ M' are "fo"aa imnersions into smooth

schemes of  the pure d . imens ion d  and d t  =  d+r .  Us ing a  lemma

of  Fu l ton (see next  sect j -on) ,  such a  d iagram can eas i ly  be

obta ined in  the case in  which i  i s  the zero sect ion o f  P(Ne 0y)  ,

N a local ly f ree sheaf of  rank r  on Y. The general  proof may be

ach ieved by an in te l l igent  deformat ion argument  (see loc .c i t .  )  .

4. Chern, Riemann-Roch and, the cap product

Before statj-ng the theorem hre first have to prove a result

concerning the def ini t ion of  a ) , -structure on the r ing

( s 1 ,  3 .  )

K ( X )  -  o  K ^ ( X )  ,
p20 'L'�

x being an arbitrary scheme of our category V. For smooth

s c h e m e s ,  t h i s  i s  d o n e  ( S 1 ,  3 . 1 ) .

Lemma 4 .7  .

For every scheme X, the r ing K(X) carr ies a Ä-structure, unigue-

ly d.etermined by the following two properties:

i )  The tr-structure is functor ial  in x with respect to pul l -

backs .

i i )  For smooth X, the Ä-structure coincides with the given one

( s l  ,  3 . 1 )  .

Wi th  respec t  t o  t he  canon ica l  maps  (S1 .3 )



uo (x ,  z )  +  K  (x )

K (x )  - - - - - +  Ho (x ,Z ) ,

K (x) is an augmented ) .-algebra over t to (x ,7) ,  whose assocj-ated

Grothend. ieck f  i l t rat ion ( fnx (X) )  n€,.  
is local ly ni lpotent.

Remark.

For every scheme X, we now have the two homomorphisms

c h  :  K  ( X )  - r  G r ' K  ( X )  @  Q

r  :  K ' ( X )  -  G r  K '  ( x )  O Q  .

They wil l  be connected by the cap product

K ( x )  '  K '  ( x )  g  K '  ( x )  .

For  the  p roo f  o f  Lemma 4 .1 ,  l e t  X  be  a  scheme,  and  I  =  I (X )

be the category whose objects are morphisms X + 14 of X into

smooth schemes M and whose arrovrs are commutative d.iagrams

-  - T
. t \ ; ,

The dual category Io is f j-Itering . lüe cons ider the f unctor

(x -) M) ' '  K (M) from ro into the category of commutative rings.

L e m m a  4 . 2 .

The canonical map

U g K ( M )  +  K ( x )

is an isomorphism.



f
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Since the category of  ) , - r ings admits f  i l tered j -nd.uct ive l imits,

this lemma impl ies the r .emma 4 .1 .  The last  assert ion fol lows

f r o m  5 1 ,  3 . 1 .

To prove Lemma 4.2,  i t  suf f  ices by [e]  ,  51 ,  prop.  3 to show

that the functor

1g QP (M) ' '  QP (x)

is an isomorphism. Io being f i l ter€d, i t ,  suf f ices to prove

this f or the ob j ects and the arrows of the consid.ered catego-

r ies .  In  v iew of  the def in i t ion  o f  the Qui l len  category  ,  the

wanted isomorphism follows from the following lemma, due to

F u 1 t o n  ( t f 1  , 3 . 2 . ) .

L e m m a  4 . 3 .

i )  r f  E'  is a short  exact sequence in P (x) ,  then there exist

an ob jec t  f  :  X  -+  M in  I  and a  shor t  exact  sequence F ' in

P  (M)  ,  such  tha t  f *F '  =  E  .

i i )  I f  f :  X  +  M  i s  a n  o b j e c t  i n  I ,  a n d ,  i f  f ;  a n d  f ;  a r e  s h o r t

exact  sequences in  P(M)  wi th  f *F ;  =  f f f  ;  ,  then there ex is ts

a morphism

./ I', / f
X ---=- ) l,I

i n  T ,  such  tha t  g *F ;  ;  g * f ;  .

M r



For later use r w€ wil l  add the following f acts concerni-ng the

canonical isomorphism lig K (l ' I) = K (X) .

R e m a r k s  4 . 4 .

i )  Let J be the fuI l  subcategory of  f  = I  (X) consist ing of  al l

closed immersions X -' M into smooth schemes of pure dimension.

Let f  :  X -+ M be any object of  I .  Then from a factor izat ion

f : X - Pil -+ M $re get a commutative triangle

where i  :  X -+ Mr is a c losed. immersion into a smooth M'.  Sub-

stituting the connected components M; of smaller dimension by

aff ine spaces of sui table dimension over Mq, we arr ive at  a

smooth scheme M" of pure dimension. The zero sections give a

closed immersion j : X + M", and the projections a conunutative

diagram

This shows that the dual Jo is a f inal subcategory of Io, and

hence f rom Lemma 4 .2 $/e obtai-n

l i m , K ( M )  :  K ( x )

where no\^r the ind.uctive limit is formed on the category Jo.

i i  ) S ince the ind,ex categories are f i l tering , the isomorphisms

l im-K(M)  :  K (X )  i nduce  i somorph isms

M r
I

J
l{x

i r /

./
. / f

j r /

,/
' / i

M t t

I
I
J
M f .
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l im, rnx (u) = rnr (x)

f  o r  a l l  r r .

This last  remark and 51 ,  5.  imply

R e m a r k  4 . 5 .

Let

rnxn (x) :  rnx (x) n Kp (x) .

Then one has the decompositions

rnx (x)  = O
p>O- :

GrnK (x) = O GrnK. (X) -
pzo '

Def  in i t i -on 4  .6  .

For a scheme X, the twisted absolute cohomology is defined by

H P ( x , j )  - =  c r j * r j - p ( x ) o a  .

The p-conponent "hp :  Kn(X) .+ Gr 'Kn(X) E0 of the Chern charac-

ter may then be read as.a homomorphism

.hp :  Kn (X) + H2* 
-P 

11, *  )

w h e r e  H 2 * - P ( X , * )  -  g  H z i - P ( x , j )  .
l

rnxn (x) ,

For every scheme X, one has the cap product



K ( X )  x  K r K '  ( X )

ind,uced by the biexact functor

We no$r state the theorem.

P ( x ;  x M ( x )  - + M ( X ) rs e e  I c ] ,  5 7 .

Theorem 4.7 (Singular Riemann-Roch) .

Let X be a scheme, then:

i )  The cap prod,uct  K(X)  '  K '  (X)  - ! -  K '  (X)  induces a  composi t ion

( rnx (x)@e) x  ( r *x '  (x)oa)  + Fr_rK '  (x)  @ e

and hence a map

( G r ' K  ( x )  8 Q )  x  ( e r  K '  ( x )  8 Q )  i -  G r  K '  ( x )  @  Q ,

a lso ca l led cap product .

i i )  The diagram

K (x ) K '  ( X )

I
l r
J

G r .  K '  ( X ) @ Q(Gr (Gr. K' (x) oQ) ----0-'

commutes.

(x)  g

x  K ' ( X )

I
chx t  

I
J

K (x)  @Q) x

Proof .

B y  4 . 4 . i )  h r e  h a v e

closed immersions

s ion . E'or such an

diagram

K (x) - 
l fg K (M)

i : x -t IvI into

immersion i : X

I
i * l

I
K  ( X )

K (M) ' xX (tt) 
' 

, xx (t,t)

1=
x K r ( X ) n-t

where the limit

smooth schemes of

+ IvI, we have the

is  over  a l l

pure d.imen-

commutative

K '  ( X )
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(0

where  U denotes  the  cup produc t  fo r  the  K-groups  ( ts l  ,  4 .3 . ) .

U s i n g  t h i s  a n d  4 . 4 . i i ) , f o r  t h e  f i r s t  a s s e r t i o n ,  i t  s u f f i c e s  t o

show that the cup product K (M) r rX (u) -g- xx (t',t) induces maps

(rnx (M) oe; ' (rkK" (*) oe) g rt+kxX (t'l) I e

f o r  a l l  r r  r k .  Bu t  t h i s  i s  a  resu l t  o f  K ra tze r  (  t  K l  ,  6  . 4  . )  say -

ing that the f i l t rat ion, def ined simi lar to the Grothendieck

f i l t rat ion but wi th cup products instead of products,  coincides

with the Grothendieck f  i l t rat ion mod.ulo torsion.

For the second assert ion, i t  suf f ices to prove the formula

c h ( x U y )  =  c h ( x )  U c h ( y )

f o r  x  €  K ( M )  a n d  y  €  K X ( M ) .  I n  v i e w  o f  5 1 ,  4 . 3  t h i s  f o l l o w s  f r o m

a second resu l t  o f  Kra tzer  (  tK l  ,  5 .6 .  )  say ing that  the Ad.ams

operat ions are compat ible with the cup product,  i .  e.

ük tx u y) = , l ,k (*) u , l ,k (y)

55. Absofute cohomology and homology

lrle continue with the category V. For a scheme X, the twisted

absolute cohomology and the twisted absolute homology are de-

fined by

H P ( x ,  j )  =  e r j K " * - * ( x )  o Oz f - p  .

" p ( x ' j )  -  " t j K i - 2 j  ( x )  o o '

Recal l  that the Chern character y ields an ident i f icat ion of

Hp(x,  j )  wi th the kj-ei-genspace of the Adams operat ions pk on



,--) f"

t. tl
v , ' I

* r j _ p ( x )  @ Q  .

The absolute cohomology HP (x,  j  )  is

ing the abso lu te  homology Hp(X, ) )  ,

Theorem 5 .1  .

contravariant on V. Concern-

we wi l l  now prove:

The absolute homology Hp (X, j  )  sat isf ies the axioms of a twisted

homology theory in the sense of Bloch-Ogus (  [  BO] ,  1 .2) ,  i .  e.

i ) H- (x, j ) is covariant for proper morphisms .
"t/

i i  ) H^ (X , j  ) is contravariant for open irmnersions ( and more
.b/

genera l ly ,  fo r  e ta le  morph isms) .

i i i  )  r t

g t  
,

I  , .

is  a Cartesian diagram in which the vert ical  arrows are

proper and the horizontal ones are open immersions (or

more general ly,  etale) ,  then the diagram

H p ( x , j )  n , l  *  
, H p ( x ' , i )

t lr * l  l r i
1 t

* p ( Y , i )  9 *  ,  " p ( Y ' r j )

commutes.

iv) rf i  : Y + x j-s a closed immersion and j : (x-y) -+ x the

corresponding open immersion, then there is a long exact

sequence

x

I'
Y

x r
I

f  ' l
T
Y '

+  H p ( Y , j )  i * ,  H p ( x , j )  
j * ,  

H p ( x - y , j )  g  " p - j  ( y , i ) -
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L . /
v ( -

v )  r f

Prog f .

i) is Riemann-Roch

ii ) j-s Riemann-Roch

s 4 ,  3 . 2 .

i i i )  S ince  g  :  Y '  - )  Y

j l
l--)

i

is a commutative diagram

proper and the horizontal

i f  g  :  ( x r - f  t  ( " ) )  -  ( x ' - Y '

then the diagram

commutes.

in which the vertj-cal arro\^rs are

arrows are closed immersions, and

) is the induced open immersion,

X r

I '
x

Y I

I
Y

l t
l t *  l r *g*
J I

+  H p ( X , j )  - )  H p ( X - Y , j )  - €

*

, j )  - )

(v

t ,
J
( Y

- +  H p ( x " j )  +  H p ( x ' - Y ' r j )  - '  H p - t ' ,  j )  +

Hp- t

( s 4 ,  2 . 1 ) .

(S4 ,  3 .1  )  .  Fo r  e ta le  morph isms ,  one  needs

is f lat ,  the diagram

l f ;

c o m m u t e s  ( t 0 1  ,  $ 7 , 2 . 1 1 . )

morphisms

Using the fact that the homo-

K;  (x )  e ' *  ,  K i  (x '  )

f*1

. p  :  x i ( x )  8 Q  - ,  c r . K i ( x )  @ Q



are isomorphims, i t  fo l - lows frorn Riemann-Roch (S4, 2.1 and

3. 1 )  that the diagram

r r l *
O Q  Y  )  G r

r r*
o Q -J--, Gr

commutes,  which proves i  i ) .

3 . 2 .

iv) follows in the same \^ray from

a

a-+

-+ K; (y) i t- '  K; (x) j* '  Ki (x-yl j - '  Ke-1 (y) -

using the existence and commutativity of the diagram

( x ' )  o Q

f *

( Y ' )  @ Q

f  g  i s  e t a l e , one need.s  54,

the exact local izat ion sequence

E Q

K;

I
Ki

I

cr.  x i  (x)

f * 1
c r . K i ( Y )

Y) EQ

Ki (x-Y)

I
( * )  I  t -

l p
cr. Ki (X-

which we wi l l

v) fol lows from

K;_1  (Y )

I ,p- 1
Gr .K f_ j  (Y )

prove below.

an appropriate diagram

of

S C

o f  K  I  -g roups .

a closed irmnersion X q M of X into a

dimension. Then the diagram

Proof

smooth

commutes (S 1 ,

t i o n s  ( S 1 ,  3 .

( * ) .  l r l e  choose

heme M of pure

x-Y aK ;  * ( M - Y )  -
' Y l

l :
J

(l,I )

K i ( x - Y )  o  , K i _ 1  ( Y )

*ä_ ,

I
I

2 .

1 )  ,

)  .  Since the upper

the diagram

a commutes with the ). -opera-



I 
r. (M) chn

*ä-" (M-Y)- 
f -u,*

K;-  1 
(M)a

y )  chp

The cap product def ines a Poincarö d.ual i ty theory f  or the

absolute cohomology and homology in the sense of Bloch-Oqus

( [ B O ] ,  1 . 3 ) ,  i . e .

i )  I f  f  :  Xr -r  X is an open inrnersion (or more general lyr  äD

etale morphism) , then the diagram

c r ' x f - Y ( u - v ) o o  ä  ' c r ' x f ; - 1  ( M ) o Q

c o m m u t e s . F r o m t h i s w e o b t a i n t h e r e q u i r e d c o m m u t a t i v e c I i a g r a m � � � �

( * ) .

By  R iemann-Roch  ($4  ,  4 .7 ) ,  t he  cap  p roduc t  K (X)  I  K ' (X )  l * ' ( t )

induces a cap product

H P ( x , i )  r " q ( x , j )  o ,  " q - p ( x , j - i )  .

Theo rem 5 .2 .

H P ( x , i ) ' H q ( x , j )  f l  ,  " n - n ( x , j - i )

' l l
l r .  I  r *  l t .
l l l

H P ( X ' , i ) * H q ( x ' r j )  
f l  ,  n q - p ( X ' , j - i )

commutes.

i i )  f f  f :  X  +  Y  i s  p r o p e r ,  t h e n  t h e  d i a g r a m

H P ( x , i )  * " q ( x , j )  o  ,  " n - n ( x , j - i )

, .  1  r * l  l r *
H P ( y , i )  * H q ( Y , j )  o  ,  * q - p ( Y , j - i )
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corunutes (Projection formula) .

i i i )  I f  X is smooth of pure dirnension d and i f  n* €HrU(X,d) de-

notes the fundamental cl-ass ( i .e. the class of the struc-

ture sheaf), then the map

1'trtX : HP (X , i  )  -+ "ra_p (x ,  d-i  )

is an isomorphism.

Proof .

These propert ies fol low from the corresponding propert ies of

the cap product  K(X)  x  X '  (X)  - ! - '  K '  (X)  by  means o f  the isomor-

phism

" h p  :  K n ( x )  o e  
= ,  

G r ' K n ( X )  @ e

r p  :  x i ( x )  E Q  
: ,  

c r . K i ( x )  @ e

and  R iemann-Roch  (54 ,  4 .7 )  .

From the assertions i i i) of both theorems one inunediately

g e t s :

Corol lary (Gysin sequen.s) :

Let Y c+ x be a closed immersion of srnooth schemes and assume

that Y q X is of pure codinension d.. Then there is a lonq

exact sequence

. . .  - +  H p - ' u ( " r j - d )  - +  t t P ( x , j )  - )  g P l x - v r j )  +

- )  H P + 1 - 2 d ' ( y r j - d )  +  . . .  .
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