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The effects of gauge symmetries on Lagrangian gauge theories which include the 
Chern-Simons term are studied herein. It is found that the Chern-Simons term 
appended to a five dimensional Yang-Mills theory makes nontrivial contribu- 
tions to the classical field equations in four and two dimensions depending on the 
gauge group, but makes no contribution to the field equations in three dimen- 
sions, regardless of the gauge group. In addition to the reduction of Yang-Mills- 
Chern-Simons, the pure Chem-Simons theory is reduced in five dimensions-a 
topological field theory-to two and three dimensions. The potential physical 
observability of solutions to the resulting field equations is examined by deter- 
mining if a nontrivial spontaneous symmetry breaking is permitted. 

I. INTRODUCTION 

The Chem-Simons term was discovered by mathematicians attempting to define a further 
level of conformal invariant-the secondary characteristic-in fiber bundles.’ The first results 
in physics generated by use of the Chem-Simons term came ten years later in gauge theories: 
it was shown that the quantum theory of a Yang-Mills-Chem-Simons Lagrangian in (2+ 1) 
dimensions leads to a quantized coupling constant and a mass for the gauge field,2V3 and, soon 
thereafter it was observed that the Chem-Simons term is closely related to “consistent” chiral 
anomalies in any even dimensional quantum Yang-Mills theory.4 Since then, there have been 
found classical static, solitary-wavelike solutions within both (2 + 1) Maxwell-Higgs-Chem- 
Sim~ns~*~ and (2+ 1) Higgs-Chem-Simons Lagrangian theories.7-9 Also, it has been shown 
that the nonlinear, planar Schrodinger equation with coupling to non-Abelian Chem-Simons 
gauge fields possesses static, zero-energy solutions that satisfy self-duality equations.““’ Re- 
sponding to the incentive to examine higher (odd) dimensional theories, the existence of chiral 
fermions interacting with gauge fields in four dimensions from a quantum Yang-Mills-Chem- 
Simons theory in (4+ 1) dimensions has been recently demonstrated.12 Insofar as the pure 
Chem-Simons theory is concerned, Witten has shown that by choosing a nonstandard Lie 
algebra inner product on a (2 + 1) Chem-Simons ISO( 2,1) gauge theory, the theory is equiv- 
alent to a (2+ 1) gravity theory.13 Pure Chem-Simons Lagrangians are examples of topolog- 
ical field theories and mathematicians now hope these will give new topological invariants of 
knots and three-manifolds.14*‘5 

In this article we shall study the effects of gauge symmetry to obtain a dimensional 
reduction of two five dimensional, non-Abelian gauge theories containing the Chem-Simons 
term: the Yang-Mills-Chem-Simons theory and the pure Chem-Simons theory. In the next 
section we define the Yang-Mills and Yang-Mills-Chem-Simons Lagrangians on a principal 
fiber bundle over an oriented pseudo-Riemannian five manifold E, and give the field equations. 
From the invariance of the connection (the vector potential on the bundle) under a symmetry 
we derive bundle symmetry equations. Unfortunately, coset space dimensional reduction 
(CSDR) cannot be applied directly to this Lagrangian, because the Chem-Simons term is not 
gauge invariant.‘6 This problem is avoided if our reduction takes place on the field equations, 
instead of the Lagrangian. In Sec. III we dimensionally reduce the nongauge invariant five 
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780 M. Temple-Raston: Reduction of Chern-Simons theories 

dimensional Yang-Mills-Chem-Simons theory. We present the procedure and show it to be 
locally equivalent to CSDR for the gauge invariant Yang-Mills theory (cf. Ref. 16). We give 
a geometric interpretation to the Prasad-Sommeriield (PS) lim it of the Yang-Mills-Higgs 
equations. When the reduction is applied to the Yang-Mills-Chem-Simons Lagrangian, we 
show that the Chem-Simons term contributes nontrivially to the reduced Yang-Mills field 
equations in four and two dimensions, but cancels to make no contribution in three dimensions. 
In Sec. IV we display the field equations reduced from a pure Chem-Simons theory in five 
dimensions in the “BPS lim it.” We examine the two and three dimensional field equations, and 
discuss their potential for nontrivial electromagnetic fields arising from spontaneous symmetry 
breaking. 

II. THE BUNDLE SYMMETRY EQUATIONS 

Let P:P+ E be a principal fiber bundle with a compact, semisimple structure group G, over 
a (4+ 1) dimensional manifold E, which we take to be extended space-time. We assume a 
G-invariant metric on E, and a connection o on P. In this section, we shall first define the 
Yang-Mills and Yang-Mills-Chem-Simons functionals and give their field equations. Next, 
we derive a general equation for the Lie derivative of a connection w in the direction of an 
infinitesimal automorphism generated by a group of automorphisms of P. When, in particular, 
the automorphisms are gauge symmetries, the bundle symmetry equations result. The bundle 
symmetry equations are used in the next section to set curvature components in the field 
equations equal to expressions involving particle fields. 

We denote the set of all real valued k-forms on E by Ak(E). Then, given a G-invariant 
metric on E we can define a Hodge star operator on E, *: Ak( E) + A5-k(E). By pulling back 
the metric on E with the projection T, we can similarly define a star operator *, which acts on 
Kk(P,-9 )-the Lie algebra, -59, valued k-forms on P which vanish on vertical vectors (deter- 
m ined by the connection), *:xk(P,S) +iiSek(P,L?9 ). This operator is used to define the La- 
grangian densities. The Yang-Mills action density is 

-.Ym= -i tr fi A *a. 

In Y m , the star operator * acts on the bundle curvature fI E x2 (P, 9 ) , where CR = dw + o A co. 
The Chem-Simons term, CS(w), on P is 

s 

1 
CS(w) =3 tr wAR,Af&ds, 

0 

where a,=&+ (?--s)o A w. We define the Yang-Mills-Chem-Simons action density by 

2 yMn’2f?yM+; CS(0). 

(r is the coupling constant. The action SE 2ZyMcs is gauge invariant for gauge transformations, 
g:E+G, capable of being continuously deformed to the identity. Thus, if the homotopy group 
is nontrivial the Yang-Mills-Chem-Simons action can be gauge dependent. This fact has been 
used to argue the quantization of the coupling constant.2’3 

In forming the variation of A!F’~, we find that the field equations for the Yang-Mills 
action density are 

~Dho. (2.1) 
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D is the exterior covariant derivative using the connection o. These are the Yang-Mills 
equations in coordinate free notation. r’ The variation of the Chem-Simons term is18 

~KS(w,))/,_c=3 tr(rAQAn)+exact form, 

where ~~=ti+tr, for nzx’(P,Y). For G=SU(2), there is no contribution from the Chem- 
Simons term to the field equations. Therefore assuming that the gauge group is other than 
SU( 2) and observing that r is arbitrary, the field equations for the Yang-Mills-Chem-Simons 
action density over a five dimensional extended space-time with gauge group G are found to be 

iD%-l=f “(i2An). (2.2) 

Before we examine gauge symmetries, we recall that a bundle automorphism is a ditfeo- 
morphism, fiP+ P, which commutes with the G action. Consider the following theorem about 
bundle automorphisms: 

Theorem 2.1: We are given a principal fiber bundle (PFB) r:P+ E with structure group G, 
connection w, and a group of automorphisms K, which act on P on the left. Denote X and 9 
as the Lie algebras of K and G, respectively. Then for each VEX, k generates a vector field on 
P, k, and satisfies 

Ep=Df$+Sl(Z, . >. 

R is the curvature determined by o. 4 is defined by w(L) and is equivariant. 
P m @  Let k denote the vector field generated by k&?? 

b) =$ [ (ew SkIpI Is=0 

and define a Lie algebra valued function on P, I&P+ $9, by 4 @) = wp( z) E 9. The definition of 
the Lie derivative therefore gives the following expression, for Xp~ T$ 

w4Xp) =40(k”)NXp) +dw(k”(p);yp)=~~~x,, l tdo(~(P)jyp). 
In the adjoint representation 

d~&m (PI =hm (PI -X0(Z) (p) -4 [k, Xl > (p>, 

4b, 01 (Km (PI = - bqJLw(~p) 1. 

We may add zero in the form of o A 4(X,) +$co, w] (kjy) (p) =O, to get 

.%4X,) =dW,) +wV(&,) +d~(~~~);Y,)+fb, m l(kX) (~1 =U++W~ * >>CX,,. 
That 4 is equivariant is seen from the following line: 

Ug> =w(k”(pg))=w(Rk~(p))=ad(g-‘)w(~~) =adW’V(p), 

for geG and R the right action by G. n 
A generalized gauge symmetry is a bundle automorphism which leaves the connection 

invariant-that is, preserves the horizontal and vertical tangent spaces. Gauge transformations 

J. Math. Phys., Vol. 35, No. 2, February 1994  This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  128.171.57.189 On: Thu, 25 Dec 2014 23:50:30



782 M. Temple-Raston: Reduction of Chern-Simons theories 

are a special case of this. It is easy to show that when k&T generates a symmetry, then 
~~~0~1920 and is equivalent to Forgacs and Manton’s formula for a gauge symmetry.16 
Therefore from Theorem 2.1, when k is a symmetry of the connection 

Dc$= -iI&. ). (2.3) 

These are the bundle symmetry equations. We assume that z is a Killing vector if a metric is 
given. 

Ill. THE REDUCTION 

In this section we dimensionally reduce the Yang-Mills and Yang-Mills-Chem-Simons 
(YMCS) theories on R5 equipped with a M inkowski metric. The nongauge invariance of the 
Chem-Simons term creates difficulties for coset space dimensional reduction. These difficulties 
are avoided by weakening the global requirements of coset space dimensional reduction to local 
requirements, and applying the local symmetries directly to the field equations rather than the 
Lagrangian. We assume that a generalized gauge symmetry group acting locally on the bundle 
P defines a local foliation of P by the infinitesimal action of a basis for the Lie algebra of the 
symmetry group, as defined in Theorem 2.1. We define local coordinates for the field equations 
by mapping infinitesimal actions to as many coordinate frame axes as possible. The bundle 
symmetry equations are then used. To remove any dependence on the order of the reductions, 
consistency conditions are employed. The reduced equations are defined on the local foliation. 
The algebraic considerations that break the gauge group are unchanged (see Ref. 16). 
A. Yang-Mills reduction 

We verify the reduction procedure in this section for the Yang-Mills theory in five dimen- 
sions, for which the results are well known. In addition, by using a geometric formulation we 
are able to express the Prasad-Sommertleld (PS) lim it in a geometric form. This would allow 
a similar “lim it” to be taken in the YMCS and pure Chem-Simons theories. 

We choose to express the field equations by providing a smo_oth local coordinate basis for 
th_e bundle P,a:P+E, where the local symmetry vector field kl is a member of the_ basis: 
(Xp,Xa,k,) for ~=,1,..., 4 and a=1 ,..., dim ( Y ) . The basis vectors are chqsen so that {X,) are 
all vertical, while {X,1 are all-horizontal. The Yang-Mills equations, * D*Cl = 0, are evaluated 
on the basis to give *DVI(X,) =0, and * D*Cl( kl ) =O. The Yang-Mills equations vanish 
identically on the vertical vectors, {ia>. In coordinates, (*pa)“= D,&@=O, where a, 
p= &...,5. The Einstein summation convention is enforced. Let the index a=5 correspond to 
the kl axis. From the bundle symmetry equations, ass= - Ds+, we fmd that 

D,R”+ D,(fY’) = 
DJlz”+ D5( D”#) =0, if a=v, 
-D&Y++ D5( 0’4) =0, if a=5, (3.1) 

when p, v= l,..., 4. In the first equation 

The expression d(fiti) (zi) vanishes. To see this we note that Eilo = 0 implies that Ezln 
= 0, because fi =do + w A w, and, the Lie derivative both commute with the exterior derivative 
and has th_e bibnizian property on wedge products. From the definition of the Lie derivative 
(&$a) (X,,k,) =0, d(fiti) (k,) is seen to vanish. For the second Fq. in (3.1), the curvature 
Sz is antisymmetric in the indices and so implies that - d#= R55=0. We conclude that the 
equations after reduction are 

Dp”“= ID”+, 41, D,D+o. 
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When 4 is taken to be the Higgs field, these equations are precisely the Yang-Mills-Higgs 
equations in the PS lim it on a four-manifold. They may be returned to coordinate-free notation 

(a) *D*F= [ 04, ~$1 E-J, 

(b) *D*( 04) =O. 

The curvature F is that of the foliation. To avoid complications in the notation, permit us to 
denote the Hodge star operator on the foliation again by *. The current J is conserved. 

We redlce to three-space by assuming another symmetry. The infinitesimal symmetry we 
denote by k2. The Frobenius condition 

- - - - 
Ekl, ~21=4~1+~2~2 (3.2) 

for A, ,A, both real functions on P, is required for a local foliation of P (involutive clistribution). 
The reduction here is very similar to that aJove with ~=4 corresponding to the k2 axis. Let 4 
be denoted by 4t, and a new field &zw(k,). From (a), we get 

DjFi’=[D$l, &I+ [D&Z, 921, 

Dj~h=I:W&), 911. 
(3.3) 

And (b) can be written as 
DiD$l=-D4O4+1. (3.4) 

Theorem3.1: D#~I=D~([~~, &)Nk,)+!$,, D$l&2)l. 
PRX$ Note that for the moment we do not make use of the fact that we have a local 

foliation. From the definition of the exterior covariant derivative 

W&2) =W~2) + [4~2)2), h1=4#2) + [42, &I. 

Since z2 is a symmetry we use the definition of the Lie derivative to give (E&U) ( LI) 
= zz(#t) - w([&~t]) = 0. Therefore, d#,(z2)=o([z2, &I). We substitute this into our 
expression for D& (k,) to give 

D~,(~)=w([~2,~~1)+[~2,~,1. (3.5) 

With D#2(K2) = -p=O we conclude that 

W ’h(~2))(~2) =D(4 IL29 z,l ))(z2) + [92, D$,(z2)]. n 

Using Theorem 3.1, Eq. (3.4) can be rewritten, so that the field equations become 

*D3W) =D(d 6, %I I)&,) + [ Dc$~(/~~), c#~], 

“o*W2)= W,(~d, 411. 

Alternatively, we could have reversed the order of the two reductions giving 

“o*W2) = -D(4 [h, k1 ))$,I - [ D#l(z2), &I. 
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The correct field equations should not depend on the order in which the reductions were 
performed, thereby leading us to the compatibility equations 

[%(~2L &I= -$k4 [h, &I H(k), 

D,51(~2), +a]= --@Cd &, hl H&2). 
(3.6) 

We now take into account that & and K2 define a local foliation of P. Using Pqs. (3.2)) (3.5), 
and the compatibility equations, we find that the reduced field equations are 

‘o*W2)=~2h 921+ [I#29 411, 411 

on the three dimensional local foliation Ms. If either & or & is an infinitesimal time symmetry 
so that M , is Riemannian, and viewing #1 and I$~ as Higgs fields, Eqs. (3.7) are a general form 
of the Yang-Mills-Higgs field equations on Ms. 

While Eqs. (3.7) are too difficult to solve, a certain class of solitary wavelike solutions- 
Bogomol’nyi-Prasad-Sommerfeld (BPS) magnetic monopoles-are known when the self- 
couplings of the Higgs fields are removed by the Prasad-Sommerfteld (PS) lim it. The geomet- 
ric language used in this article can attach a geometric meaning to the PS lim it in the Yang- 
M ills-Higgs theory. In the PS lim it the right hand side of the second and third Yang-Mills- 
Higgs equations in (3.7) vanish. Equations (3.2), (3.5), (3.6), and the Yang-Mills-Higgs 
equations (3.7) inform us that the PS lim it is equivalent to 

D(4 [G, L21 ))(G) =a (3.8) 

where i= 1,2. This says that w( [zi, kJ) is covariantly constant in the directions of symmetry. 
Commuting infinitesimal symmetries automatically satisfy this condition. If the symmetries do 
not commute but o( [Et, EJ) =0, then the commutator is horizontal with respect to w. This 
implies, using the local foliation (3.2), that $i and #2 are parallel or antiparallel in the Lie 
algebra. Finally, if o( [kt , kJ) # 0 then Eq. (3.2) and PS equations (3.8) imply that the Higgs 
fields are covariantly constant, D& = Dtj2=0, on each local leaf in the foliation. 

6. Yang-Mills-Chern-!Simons reduction 

The YMCS equations with gauge group G were found to be 

G%=; *(aAn). (2.2) 

The dimensional reduction of the left hand side was computed in the previ_ous_se$ion, thus our 
attention is drawn to the right hand side. We evaluate it on the basis {Xp,Xa,k,) to give 

(4 *(aAfi)(Fp), 

(b) ‘(0Afi)(&). 
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Expression (a) becomes 

& (%,vp&4Fp~ I+ 2~ 
l- 

spv&IvpD~14=- *(WAF+FA 04). 2 

Similarly, (b) yields 
1 

yjj ~srvp~FC& I= * (F A F). 

We conclude that the YMCS field equations after a reduction with a zI symmetry are 

iD’F=WhPl+; (D+AF+FAD#)=-J, 

(3.9) 

*o*( 04) =f *(FAF) 

on a four-manifold. Although the action density is not gauge invariant, J is still a conserwd 
current. 

F_or a further redlction by an infinitesimal K2 symmetry, we again use the notation $1 
=w(k,) and 42=~(k2). Performing the reduction 

“o*(Wz) = WI&), &I+; *(D& AH+HA Dcjl) 

and performed in the reversed order 

*D+= [Dh, ‘#I]+ [Wz,d21+; *@Oh A D+2-2Dt$2A Dcjl- Dr$2(&)H-~~c$2(~1)), 

“D’(D41) = - [4#2), ‘$a]-; *(D& Aff+HA D+l), 

The compatibility equations are found to be 

2[D’h(~2h &I-; “(D#2AH+HA Dc$~)= -D(o([gl, &I))&), 
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Subject to the compatibility equations and Dc$*( z2) = - Dt$,(zl), the reduced field equations 
on the three-manifold are found to reproduce the Yang-Mills-Higgs equations of (3.7). There- 
fore the addition of the Chem-Simons term to the Yang-Mills functional in five dimensions 
does not alter the reduced field equations in three dimensions. The cancellation of reduced 
Chem-Simons terms appears to continue to higher (II > 5) odd dimensional Yang-Mills- 
Chem-Simons theories on R” reduced by two infinitesimal symmetries. 

C. Further reduction to two dimensions 

In general we dimensionaJly red!ce ~ith_three$finiJes&nal sy-metries, cl, F2, &, which 
define a local foliation [k,, k2]=c?ki, [k2, k3]=@ki, [kt, kS]=S’ki, where a’, j3’, and S’ are 
real-valued functions and i= 1,2,3. We shall, however, assume that the inflnitesimal symmetries 
commute, SO that oi=fli=6i=O. This gives a PS geometry (the geometrization of the PS lim it). 
The reduced Yang-Mills field equations from five dimensions are 

“&I= [WI, &I+ ED429 &I+ Lo437 4319 

*s(D$J = [ C&s 421,421+ [[A, 431,431, 

‘o*<W,) = [[~J~,~II,Q;II + I [#29 431,931, 
(3.10) 

“o*Wd = EL439 411, &I+ [[h, 421, $21. 

Similarly, for Yang-Mills-Chem-Simons in five dimensions they reduce to 

“+(D’$3) = [ [Q;3, +I], #I]+ [ [#3,&l, &I +$c+(D#~ A Dc$~) 

in two dimensions. Equations (3.10) and (3.11) are clearly different. 

IV. THE REDUCTION OF PURE CHERN-SIMONS 

The main result in Sec. III was that the addition of the Chem-Simons term to a Yang- 
M ills theory in five dimensions is removed in the dimensional reduction to three dimensions. 
However, in regions where the Yang-Mills term is dominated by the Chem-Simons term, so 
that the theory is effectively a pure Chem-Simons theory, the compatibility equations give 
rather different results. We begin this section by stating results from the reduction of five 
dimensional non-Abelian Chem-Simons to lower dimensions. We have withheld the details of 
the computation because of its similarity with Sets. III A and III B. Next we examine the 
potential observability of solutions to the field equations. 

We shall assume, as we did in Sec. III C, that all the infinitesimal symmetries commute. As 
there is no longer a metric, we can remove the now empty requirement that the inflnitesimal 
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symmetries be Killing vectors. In the reduction to three dimensions, D& = Dd2 is seen to be a 
compatibility equation. We define ++=$1+$2, +-~r$t-#~, and Q,=(Q++cP-)/2. Then, 
the reduced equations to three dimensions can be written as 

D@AD@=O, {D+,H)=O, {[a,, a-],f?j=O. (4.1) 

While those in two dimensions are found to be 

[WI, W21 =Q {[‘$I, 62l~D#3)=~, ti.41, d219c)=O (4.2) 

which are cyclic in the Higgs fields &, +2, and #3. 
The reduced ChemSimons equations in both three and two dimensions permit observable 

electromagnetic fields in regions where the gauge group is broken down to electromagnetism 
using “spontaneous symmetry breaking.” To see this, we recall that the equations which induce 
spontaneous symmetry breaking are 

Da=0 (4.3) 

for some Higgs field a. In regions where D@ = 0 (the Higgs vacuum), we assume for simplicity 
in the expressions below that 1 Cp 1 = 1. Equations (4.3) have a general solution for the gauge 
potential A: when @  is given21*22 

(4.4) 

with i, j = 1,2,3. Ai is an arbitrary real-valued function on R3. Now we let the Higgs field in Eq. 
(4.3) denote @  in Eqs. (4.1) . In regions where DQ, = 0, Fij in Eq. (4.4) can be shown to satisfy 
Maxwell’s source-free equations. Moreover, with H of the form given by Eq. (4.4) and m  =0, 
the reduced Chem-Simons equations (4.1) are satisfied with Fij generally nontrivial. There- 
fore the pure Chem-Simons theory permits nontrivial electromagnetic fields. The third equa- 
tion in Eq. (4.4) defines a homotopy invariant, k = s B Eij/,fjk d,!?, where I: is a closed surface 
in R3. The invariant, k, measures the flux in regions where m=O. Because Fij satisfies 
Maxwell’s source-free equations, we can identify Fij with either the spatial part of the electro- 
magnetic tensor, or, the spatial part of its dual. That is, k can represent either a magnetic or an 
electric charge, depending on the interpretation given to Fij, and, in addition, the charge is 
nonzero only if Z  surrounds a region in which m  # 0. This m imics the ‘t Hooft-Polyakov 
magnetic monopole in Yang-Mills-Higgs theory. 

One m ight take for granted that nonzero electromagnetic fields exist in the Higgs vacuum. 
However it is for this reason that the dimensional reduction of the Euclidean self-duality 
equations on R4 to both R3 (the Bogomol’nyi equations for BPS magnetic monopoles) and R2 
(vortex equations) with gauge group SO( 3) or SU( 2) are nof of direct physical interest 
because quite simply the electromagnetic fields of the solutions vanish under spontaneous 
symmetry breaking, and therefore they are not conventionally observable. For example, the 
BPS magnetic monopole solutions to Bi= D$ with gauge group SO(3) or SU(2) have van- 
ishing magnetic field in regions where D@ = 0. As we saw above, BPS magnetic monopoles do 
not introduce a source term into conventional Maxwell’s equations in regions of space where 
spontaneous symmetry breaking has occurred, unlike the Dirac magnetic monopole. In order 
to detect BPS SO( 3) or SU( 2) magnetic monopoles non-Abelian field detectors are needed. 
The reduced self-duality equations on R2 are given by’1p23 

Dco~‘)cP=O, H,,= [&, &I, (4.5) 
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where Dcosl) = D, + iD2 and @ = ((pt - i+2). These equations can be derived using the reduction 
in Sec. III with [Et, kz] =O. With the gauge group SO( 3) or SU( 2), spontaneous symmetry 
breaking can be used as it was above to regain electromagnetism. We flnd that in regions where 
D@=O, H is of the form given by Eq. (4.4) in two dimensions and F12 must vanish because 
the Lie algebra components in the second equation in (4.5) cannot possibly be in the same 
direction. Therefore, there are no field configurations which can be conventionally detected. 
Another class of topological field theories is considered in Ref. 24 that contain analogs to the 
self-duality and Bogomol’nyi equations. The Bogomol’nyi equations in Ref. 24 permit non- 
vanishing Abelian fields to exist in the Higgs vacuum. In a slightly modified form the reduced 
self-duality equations are of mathematical interest.” 

t S. S. Chern and J. Siions, Proc. Natl. Acad. Sci. USA 68, 791 ( 1971). 
‘S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett. 48, 975 (1982). 
‘S. Deser, R. Jackiw, and S. Templeton, Ann. Phys. NY 140, 372 (1982). 
‘W. Bardeen and B. Zumino, Nucl. Phys. B 244, 421 (1984). 
‘S. Paul and A. Rhare, Phys. Lett. B 174, 420 (1986). 
%. Lee, K. Lee, and H. Min, Phys. Lett. B 252, 79 (1990). 
‘C. Hagen, Phys. Rev. D 3, 2135 (1985). 
sJ. Hong, Y. Rim, and P. Y. Pat, Phys. Rev. L&t. 64, 2230 (1990). 
9 R. Jackiw and E. J. Weinberg, Phys. Rev. L&t. 64, 2234 ( 1990). 

r”G. V. Dunne, R. Jackiw, S.-Y. Pi, and C. A. Trugenberger, Phys. Rev. D 43, 1332 ( 1991). 
“N. J. Hitchin, Proc. London Math. Sot. 55, 59 (1987). 
I* G. V. Dunne and C. A. Trugenburger, Ann. Phys. 204, 281 (1990). 
“E. Witten, Nucl. Phys. B 311, 46 (1989). 
“E. Witten, Commun. Math. Phys. 121, 351 (1989). 
I5 M. Atiyah, The Geometry and Physics of Knots (Cambridge University, Cambridge, 1990). 
16P. Forg&cs and N. S. Manton, Commun. Math. Phys. 72, 15 (1980). 
“D. Bleecker, Gauge Theory and Variational Principles (Addison-Wesley, Reading, MA, 1981). 
**S. S. Chem, Complex Manifolds Without Potential Theory (Springer-Verlag, New York, 1979). 
19J. Hamad, S. Shnider, and L. Vmet, J. Math. Phys. 21, 2719 (1980). 
2oA. Jafe and C. Taubes, Vortices and Monopoles (Birkhiiuser, Boston, 1980). 
2’ E. Corrigan, D. Olive, D. B. Fairlie, and J. Nuyts, Nucl. Phys. B 106, 475 (1976). 
=P. Goddard and D. 1. Olive, Rep. Prog. Phys. 41, 1357 (1978). 
23R. S. Ward, Philos. Trans. R. Sot. London, Ser. A 315,451 (1985). 
“M. Temple-Raston, Lett. Math. Phys. 23, 91 (1991). 

J. Math. Phys., Vol. 35, No. 2, February 1994 
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  128.171.57.189 On: Thu, 25 Dec 2014 23:50:30


