These notes can serve as a mathematical supplement to the standard graduate
level texts on general relativity and are suitable for selfstudy. The exposition
is detailed and includes accounts of several topics of current interest, e.q.,

Lovelock theory and Ashtekar's variables.
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Section 0: Introduction A preliminary version of these notes was

distributed to the participants in a seminar on quantum gravity which I gave
a couple of years ago. As they seemed to be rather well received, I decided
that a revised and expanded account might be useful for a wider audience.

Like the original, the focus is on the formaliam underlying general
relativity, thus there is no physics and virtually no discussion of exact
solutions. More seriously, the Cauchy problem is not considered. My only
defense for such an amission is that certain choices have to be made and to
do the matter justice would require another book.

The prerequisites are modest: Just same differential gecmetry, mach of
which is reviewed in the text anyway. As for what is covered, same of the topics
are standard, others less s0. Included among the latter is a proof of the
Lovelock uniqueness theorem, a systematic discussion of the Palatini formalism,
a complete global treatment of the Ashtekar variables, and an introduction to
the asymptotic theory.

For the most part, the expesition is detail oriented and directed toward
the beginner, not the expert. Frankly, I tire quickly of phrases like: "it
follows readily" or "one shows without difficulty" or "a short calculation gives"
or "it is easy to see that" ETC.  To be sure I have left same things for the
reader to work ocut but I have tried not to make a habit of it.

While I have yet to get around to compiling an index, the text is not too
difficult to navigate given the number of section headings.

Naturally, I would like to hear about any typos or outright errors and

coments and suggestions for improvement would be much appreciated.



Section 1: Geometric Quantities -

space and let V* be its dual.

Let V be an n—dimensional real vector

Notation: B(V) is the set of ordered bases for V.

The general linear group GL(n,R) operates to the right on B(V):
7 B(V) x GL(n,R) + B(V)
(E,g) ——— E-.g.

1 - — - = i i
In detail: IfE-{E:l,...,En} € B(V), then E-.g {Eig 1""’Eig n}"

[Note: Therefore row vector conventions are in force: E-:g is computed
by inspection of
- 1
g 1 LS g n
[El;orofEn] - E : t]
n n
9, g n

If B(V*) stands for the set of ordered bases in V*, then GL(n,R) operates

to the right on B(V*) via duality, i.e., via miltiplication by (g 1) -

Given a basis E = {E;,...,E_} ¢ B(V), its cobasis v = {al, ..., ¢ BN
st..
j

is defined by «" (E3)

Observation: Let g € GL(n,R} —— then the cobasis correspording to E-g is
m'g.

[Since

i
E-q). = E.g .
( c_:)j 193

(g ¥ =K (g-l)gk,



it follows that

(g’ (€g),) =< (&9, (0+g) o>

k, ~1.2
-rm(g )k>

. i

k i, 1.4
co(Ei)gj(g )k

f
Q
Q

(Note: From the definitions,

e’ =2 Fughh¥,
k

¢

.k, -Le _ k, -1
=7 w (g )k~w(g )k’

k
which explains the flip in the indices.]
Iet Vg stand for the vector space of tensors of type (p,q), thus an element

TEVg is a mltilinear map

P .
f ' L 1
T 3 V¥ XeeoxX V¥ x V Xeeex V>R,

hence admits an expansion



3 3
T =T P . (B ® -+ 3E ) (@ @80,

N Jq 1 lp

vhere
i..’i
Tl pj COOj
1 -q
il i
=T yeee,0 Py Bu 4ua,El ).
1 'Jq

if

T E - E-g

_ 0> od,

then the components of T satisfy the tensor transformation rule:

i'...i‘
vl P,

il 4 i j j iyeeed
1 li " (g l) pi (9) l'l Lo j 1 P feas
[Note: Any map

Pt

T:B(V) - R
that assigns to each E € B(V) an np"'q-tuple
]l.‘.Jq

which obeys the tensor transformation rule determines a unique tensor of type

(p,9). So, for instance, the Kronecker delta alj is a tensor of tvpe (1,1).]

Xev
Reality Check Let ¢ Say
| A € vE




~ % = x'E, o = i)

1
_A=%& (%=nmyh

]
Now change the basis: E -+ Beg - then X = X* (E-g)i., where

X = (g’

i'.)

i, -1
=X(ml(g ) i

@H, x@h

= gjjn A]"

LEMMA There is a canonical isomorphism

[ ]
[Given T € vgig, , put

@D @ ---ox @t ... ®1% al',... P, X vreees¥ o)

q

l ll t
=T, .00, a0 ,..., AP, LreeerXor XareeesX )

P g



and extend by linearity.]

[Note: Take p'=0, q'=0 to conclude that Vg is the dual of Vg.]

Products There is a map

- T N pl
CRACIIR 2

(r,T7'") — T2T
viz.

T
T o7 (... PP, Lreee X o)

atq

1 1 !
= T(A 'tco'.ﬁprx].;o.-’xq)T'(Ap-'- ’...'Ap-l-p ;xq_'_l’.aorxq_l_q')o

In terms of components,

i....1
rTeoTy L PP
Jl...Jq‘i'qi
i oooi '
_Tl P jT.1:>+1 ptp' 5
Jl... q Jq+1000 q*q'

Contractions Vk: 1sk=<pé&Vé:1=?%=gqg, there is a map

e q g-1 '
viz.

1

LI i - . v d q
c];(xlcza ®X,BA D B A7)

1

=A3(Xk)(Xl®---®)ck®...®xp®A ®°-°®A3®--~®ﬂq),



In terms of camponents,

(C];T)ll...lk...lp .

Jl.‘.:lﬂ'.']q

_ Tll..‘&-lah{_l.ﬂllp
Ip=erJ3p1g410 g

Definition: The Kronecker symbol of order p is the tensor of type (p,p)

defined by
i i
5 l - L 3 - 5 ll
i Jp
i C..i . *
5 l p. . - - - .
J1°°Jp : .
i i
5 p' - - L] 6 pl
J; Jp
Put
I= {ll"“'lp}
_J={jlf'°'fjp} .
Then
i....1
st P, .
Jl---Jp

vanishes if I#J but is

T 41 if T is an even permutation of J
~1 if I is an odd permutation of J.
[Note: The Kronecker symbol of order p is antisymmetric under interchange



of any two of the indices il’“"ip or under interchange of any two of the

indices jl""’jp' So, if any two of the indices il"”'ip or jl""'jp

coincide, then

6 p' b =0’
Jl.'.]p
which is autamatic if pe-n.]
0
Example: Let T GVp:
J J
T=r, ol oo %P,
Jl“' JD
Put
i Q..l
T .]=%i»51 P, LR
l...]p - jl. L 3 p l * p
Then
3 J
AltT=T[. .]m:!'.@}c-@mp
Ip---dp

belongs to APy,
Note: If T ¢ APV to begin with, then Alt T = T, hence Alte Alt = Alt.

As an element of Vg, the camponents of Alt T are given by

T

(alt T)jl...jp = Gy -dp) -]

FACT Suppose that g<p — then

6ilvlolqkq+lol-kp. -
jlo - .quq+1o - -kp



gt 10
=N Jpeeedy

In particular:

loo.p _ n!

§ R LI

il’ - . ip (n”p} ! *

Determinant Formmla ILet A = [alj] be an n-by-n matrix -- then

511 1n al P
1...n il' T
n
det A = .
l...n jl In
& : a ves
_ Jp--+ 3, 1% n
Consider
Rege P d
R =R @R .
nt \ n
R (p>0) : View the elements of R as column vectors -- then (_E_L_(n,g)

operates to the left on Bn via miltiplication by g, hence by tensoring on

b P
r ]
En - B_n R oo E‘,:n .
nd . n
R (g»0) : View the elements of R as column vectors —— then GL({n,R)
operates to the left on En via multiplication by (g_l)T, hence by tensoring on
g
nd ! n
B == Brl ® - e ® B-
. Fd
Cambine these to get a left action of GL(n,R) on R . We now claim that

nFd

the tensors of type (p,q) can be identified with the equivariant maps T:B{(V)-R



ptg
i.e., with the maps T:B(V)—*l_’{_rl such that Y9,

T(E-g) = g L-T(E).

[Note: Incorporation of g_l shifts the left action to a right action
{(bear in mind that GL(n,R) operates to the right on B{V}).]
To see this, it suffices to remark that the tensor transformation rule

is equivalent to equivariance. Thus take a tensor T of type (p,q) and put

i .‘.i j j
T(E)=T1 pj jej_@...@ei.@el@...@eq.
1.-. q 1 p
Then
g_l-T(E)
i el _ _ j j
-l P glei® @glei ®gle Lo s wgled
Jl.‘ Jq l p
i ‘..i
=l . .
Jl...]q
-1 i3 - i J Jq J I
* (g liei'®' - ® (g™ Pie,® (@ letle i n @,
171 o) 1 J
-1 1 - i j J. ij...d
=@h e @ @ e @ TR
1 p 1 q J1°+)q
37 3.
xei,ﬂ--ﬁaei,@el@n @eq
1 P
il i 51
=7l P, €51 @ .®e.,%els® ®ed
Jl ..Jq 1
=T(E'g)r

which is equivariance (the converse is also clear).



10.

There remains one point of detail, namely when p = g = 0. In this

nFtd

situation, R = R and we shall agree that GL{(n,R) operates trivially on

R:gx = X ¥ x€R. Consequently, the tensors of type (0,0) are the constant maps

T:B(V) > R, i.e., Vg

= R (the usual agreement).
Definition: Iet X:%(n,g} - Bx be a oontinuous homomorphism —— then a

tensor of type {(p,q) and weight X is a map

P
T:B(V) > R

such that ¥ g,
_ -1
T{(E-g) = X{g}) g ~-T(E).

Special Cases:

1. Tensors of type (p,q) are cbtained by taking X{g) = |det g|0;
2. Twisted tensors of type (p,g) are obtained by taking X{g) = sgn det g.
Rappel: The continuous homomorphisms X:GL(n,R) — B_x fall into two clagses:
r
I: g~ |det g|” (reR);

II: g - sgn det g-|det g|r (reR).

® A density is a map
AB{V) » R
for which 3 x€R: ¥ g,
ME-q) = |det g]* A(E).

® A twisted density is a map

MB(V) - R



11.

for which 3 r¢€R: V g,

ME-g) = sgn det g-|det g|¥ A(E).

[Note: In either case, r is called the weight of A.]
Trivially, tensors of type (0,0) are densities of weight 0.
Example: Suppose that T is a tensor of type (0,2) and weight X, where

X(g) = |det g|F. Define

ApiB(V) > R
by
7\I.(E) = det T(E)
= T, . 1.
= det { 3132]
Then

jl
det[X(g) (9]

.,(g)Jz., T. . ]
Ji I 112

n

J J
jdet g™ detl(g) Yy, (@ ]
1

.y T. .
33 "33,

;| 3

T 1 2
det g det[(g G T, . (g .y
| | H9) N 3132( ) J2]

j 3
|det g|™™ det[(q) l.. (T(E)g) 1‘.]
b5 1 J2

]
|get g|rn det[(gT) lj
1

1l

3y
(TEg) “.,]
12

et g™ det(g'T(®)g)

H



12,

= |det g|™ det gT- det T(E). det g

|det g™ (det g)? det T(®)

ro+2

|det g

KI‘ (E) -
Therefore KI‘ is a density of weight rn+2,

[Note: If T were instead a X~tensor of type (2,0) or (1,1) (X as above),

then the corresponding )”I‘ is a density of weight m-2 or rm.]
Example (The Crientation Map): In B{V), write E' ~ E iff 3 g¢GL(n,R)
(det g-0) : E' = E-g. This is an equivalence relation in B{V} and it divides

B(V) into two equivalence classes, say B(V) = Bt (V)UB™ (V). Define a map

Or:B(V) - R
by
Coret v = (41
_or(B (V) = {-1}.
Then Y g,

Or (E*g) = sgn det g-Or(E).
Therefore Or is a twisted density of weight 0.
[Note: Recall that two elements EI,E;E'B-'- (V) or EE,E;EB_ (V) are said

to have the same orientation, whereas two elements E gt (V), E €B (V) are said to have

the opposite orientation.]

Definition: A scalar density is a map

AB(V) » R



13.

for which 3 wéZ: ¥ g,

ME-g) = (det g} A(E).

[Note: We have

|det g|“"r {w even)
(det q)" =
_sgn det g- |det c_;]wr (w odd},

w being termed the weight of X.]

n-forms Since n“vcvg, an element T€A™V can be regarded as an equivariant map

n
BV) »R" (p=0,q=n).

We have

- 1 . n
_Tloconm A Am.

Therefore T also determines a map

B(V) -+ R,

T(E} = Tl. ..n’



Consider the volume form

Then ¥ g,
1 ]
(mog)l A ses A (mog)n
i, 4 1 i, _;n
N R Y
Jl Jn
_ 1l - nt J
= (g 1) . oac(g 1) a}lA - Am
Jl Jn
1 n Jpeaed
1 -1 1 n
= . - 5
g™ 3 (g ™) 3 1-..n
= {det g-l)ml A eee A,
But

v = (det g)Tl.

T{E-g) = (det g)T(E).

14.

s+



15.

Thus in this way one can attach to each Tea'™W a scalar density of weight 1.

[Note: Define

|T|:B{(V) ~ R
by
|T| (B) = |T(E}]|.
Then V g,
|T} (E-g) = |T(E-q) ]
= |(det g)T(E) |
= |det g| |T(E)|

|det g| |T|(E}.
I.e.: |T| is a density of weight 1.]

Definition: The upper Levi-Civita symbol of order n is

ard the lower Levi-Civita symbol of order n is

l-.on

. . =& . ..
SJl.o.jn Jloonjn

Determunant Forrnula Let A = [alj] be an n~by-n matrix — then

— ite--i’ ij-e-d i]'_ i

e Dgeta=st Da i---ani
1 n
jl jn
& .y det A = g, a L, **a .
- 31-++3p J177% 3 31 Jn



16.

Under a change of basis,

i]._...i;l
&
il i' i i
=detg (@) Y, -elg™H %y &P
: 1 n
and
€.y o
Jl' ‘Jn
] ]
-1 1l n
=det g "(g) Tiyccelg) L6l s
Jl Jn Jl ]n

Therefore the upper (lower) Levi-Civita symbol is a tensor of type (n,0) (type (0,n))
and weight X = det (X = det™}).

Remark: The components of the Levi-Civita symbol (upper or lower) have
the same numerical values w.r.t. all bases. They are +1, -1, or 0.

Identities We have

£ €. .
:]loto

il.-
= (n-p}! & pj ceej "
1 P

Example: Iet A = [alj] be an n-by-n matrix -- then

. - detA= . . a ERERY: | .
33 EIREE N TR



17.

jr.-.3t
£ na...”.. det A
Jl jn
-|-...' 1
_ ] I Jl In
=g Er L..4 A forta .,
Jl ]n J1 Jn
=4
ji. ‘j'
5 By .ss detA
Jl ]n
..I..-| > L4
= 531 jn aJl .;.aJn
Jl'“Jn j]“. jI.'l
=
33ee 3 3 3
detA='];""61 n- . ves al-"'.a n-' o]
n: h ]n 31 Jn
From its very definition,
i i i.++-1
mlf\...)\mn=gl nml/\.../\wn.

The interpretation of Ej eee3 is, however, less direct.
1 n

Rappel: Each X€V defines an antiderivation LX:IL*V -+ A*V of degree -1,

the interior product w.r.t. X. Explicitly: Vv TeaPy,

LXT(X ,...,Xp_l) = T(X,X ,...,Xp_l).

One has

- REY
c,x(Tl A Tz) = LXTl A T2 + (=1) Tl A LXTZ'

Properties: (1) Lyl = 0; (2)z,xoz,Y + LyOly = 0; (3) bypy = by T Lyt

{4) “rx = rcx.



18.

Example: By definition,

i i i
L = E.) =& ..
Ej(m) w ( ]) 5
LEMA Let Tafv, say
J J
p=loe. . wla..awP,
pt "3p++3,
Then
1 3, Jo
tg T = T.. ..2 @ A" Aw",
E; (p-1)! ij, jp
Example: Y TeaPy,
o A, T=pT
By
i
‘g (o™ A T) = (n-p)T.
—~ i
Put
VOJ-E=0-)1A - f\wn
and then set
VOlj=t'E. VO]_E.
J
Proceed fram here by iteration:
vol. . =14 vol.,
2 By,
VOljl'"jn =lg. Tt lg volE



19,

FACT We have

vol, . =g, s .
ch.'ojn ajloaojn

In the definition of density, twisted density, or scalar density, one can
replace the target R by any finite dimensional real vector space W.
Example (The T-Construction): Let T be a symmetric tensor of type (0,2).

Assume: T is nonsingular, hence det T(E)#0 for all E¢B(V). Define

?\!T|:B(V) +R
by
)\{T[(E) = | AL (B) |
= |det T(B)|.
Then V g,

?&ITI(E-g) = [Ap(E-9) |
= |aet g|? My B
Given E<B(V}, put
wly@® = Oy @)Y voly,

where, as before,

VO]_E=(01A Ao)n.

Accordingly,

vol:B(V) - ",

Aand VY g,
volT(E'g)

1/2

= (g BNV @t A e A g™



2Q,

(}\.ITI (E'g))l/z (det g-l)(ﬂl A oses A mn

-1 1/2
jdet g| (et @)™ (A () 72 voL

sagn det g-VOlT (E).
Therefore volT is a A"v—valued twisted density of weight 0.

[Note: It follows that the n-form volT (E) is an invariant of E€B+ (V) or
E¢B (V).]
.
Let ¢* stand for the upper Levi-Civita symbol -- then &°® :B(V) > R is a
tensor of type (n,0) and weight X = det. On the other hand,
(x T )
||
is a density of weight -1 (T as above). Therefore the product

. 1l e ®
e = 175 E
g

is a twisted tensor of type (n,0}.
[Note: Analogous considerations apply to the lower Levi~Civita symbol

£, : The product

172

e, = (liTl) 12

is a twisted tensor of type (0,n).]
Example: Consider

volT(E:) = (XITI (E})l/2 volE



1 e
) = ni
volT(E

21.



Section 2: Scalar Products Fix a pair (k,n=k), where 0 = k = n. Put

-— I]{ 0
= .
0 In-k
Then the prescription - -
x = xie.
i
<y o= gy oy
¥= y-“’ej

defines a scalar product on _13“.

Definition: The semiorthogonal group O(k,n-k) consists of those A¢GL(n,R)

such that ¥ x,yegn,

-ch,Ay>k=<:x,y>k.

[Note: This amounts to requiring that

ATnA = 7.)
In other words, if "X stands for R® equipped with the inner product
< , >, then O(k,nk) is the linear isometry group of R¥™,
FACT Y AcO(k,n-k), det A = # 1.
It is not difficult to see that

g(k:n-"k)' :: g(n_krk) .
If k=0 or k=n,

0(0,n) X 0(n,0)

is the orthogonal group O(n). It has two components



O
g
il

{A0(n) : det A = +1}

O
E)
i

{A€0(n) : det A = -1}.
Suppose that 0 < k < n — then O(k,n-k) has four components
0" (k,n-k), 9" (k,n=k), O (k,nk), O (k,nk)

indexed by the signs of det AT ard det AS‘ Here

with

Agrsgl_(krﬁ) r Aség_(n-ktg) .

Definition: The special semiorthogonal group SO(k,n-k) consists of those

AcO(k,n-k} such that det A = 1.
Therefore

so(k,n-k) = 0" (k,n=k) U 0~ ~(k,n-k)
is both open and closed in O{k,n~k). One has
so(k,nk) = o(k,n=k} = {Aégé(n,R): al= -nan}.
Remark: By construction, SO(k,n-k} is the group of orientation preserving

linear isometries _I_i_k'n—k -+ ;Rk’n”k. On the other hand,

o't x,nk) U 0" (x,n-k)

o™ (k,n-k) U0 "Vek,nk)

consist of those linear isometries R/ L gk

R’ that preserve the



~ time orientation
__space orientation,
respectively.
[Note: If 0 < k < n, then each of the groups

0" (k,n-k) UO ~"(k,nk)

0" (k,n-k) U 0" (k,n~k)

0™ (x,n%) U0 ' (k,n=k)

ig of index 2 in O(k,n-k).]

let V be an n-dimensional real vector space -~ then a scalar product on

V is a nondegenerate symmetric bilinear form
g:V x V -+ R.

N.B, Nondegeneracy amounts to saying that the map gb' :V > V* defined by

gv X(Y) = g(er)

is bijective.
[Note: The inverse to g7 is denoted by g'.]

Therefore g is a symmetric tensor of type (0,2) :g€V0. In terms of a

basis E = {E|,...,E_} €B(V) and its cobasis o = (..., BEY),

- 1y )
g-gijm @ w

where

Observation: The assigmment

g_]':V* X V* + R



characterized by the condition

-1, ¥, b

g (g X,9° Y) = g{X,Y)

is a scalar product on V*.

Therefore g-l is a symmetric tensor of type (2,0) :g-lévg. And here

@ hH =41,

where g:":J is the ijth entry of the matrix inverse to [gij] r SO

-1 _ ij
LEMMA We have
— i ...i
1
g, ’..j =_.._._._..._._._.gj i gj . 5 l n
J1°°79n  get g(E) 1M1 n'n
i, =1 i.3 i
sl n=<:’Letg(E)g]']'-“gnnas. ..
jlvonjn

[Note: In the jargon of the trade, this shows that ¢, and ¢ °® are not

obtained from one another by the operations of lowering or raising indices.]

Notation: Given E€B(V), put
gl (E) = |det g(E)].

In the T-construction, take T = g — then

x! I(E) |det g(B) | = |g]| ()

g
and, by definition,

1/2
vol (B) = (|g](E)™* voly,



an n~form that depends only on the orientation class of E. Moreover,

e = ——. .. g
1/2
lg| L/
_ 1/2
“(n,0)
these being twisted tensors of type .
_(0,n)
IPMA We have
- i OOOi
e, = det g(E)g. . +++»g. . e
S TRRLE sgn g )gjlll gjnln
i e--1 i3 i5
el n=sgndetg(E)gll...gnne. cees .
— Jl jn

Definition: B2an element E<B(V) is said to be orthonormal if

g(E) = diag(_lfo oof-lf l' .co,l) -

It is well-known that g admits such a basis.

[Note: The pair (k, n~k), where k is the number of (-1)-entries and

n-k is the mmber of (+l)-entries, is called the signature of g and

L€{0,1}: ¢ Sk mod 2 ( = (=1)" = sgn det g(E)) is called the index of g.

These entities are well-defined, i.e., independent of E. In fact, the orthonormal

elements of B(V)} per g are precisely the E-A (Ae0(k, n-k)).]

Ramark: If E€B(V) is arbitrary, then

sqn det g(E) = (-1)°.



Let M. & be the set of scalar products on V of signature (k,n-k) -- then
r

D_’Jk nk B(V)‘/(_)_(k,n-k)
or still,

M ok GL(n,R) /O (k,nK) .

X = XJ'Ei
_ J
9 (X,¥) n.ljxly

Y = YE.
y

defines a scalar product gEeﬂk n=k having E as an orthonormal basis. And
9% T 9g.a
for all A€0(k,n-k).]
Suppose that g@k,n—k and E<B(V) is orthonormal. Put

e; = g(Ei,Ei) .

-1 {1 =1 <k)

+1 (k1 = 1 = n).

LFEMMA  We have

g E. =g 0 {no sun) .

Remark: If E<B(V) is arbitrary, then

i AU R
gEi_gij (=C0i)
# 1 i3 . §
g w =9g-E, (FE7).

]



Initially, we started with a scalar product g on V and then saw how g

induces a scalar product on V¥, More is true: g induces a scalar product

g[g] on each of the Vg.

1

[Mote: Here, g[%l = g and g[?_] = g“ N

Notation: Given TEV“::‘)I, define

Tb &V
P
by
4
T (X]_'...’Xp+q)
b v
- T(g Xl'..t'g Xp'xp+l"'.'xp+q)
and define
ot Pt
by
#
T (A]-'...'Ap_'_q)
- # #
= T(Al,...,Ap,g Ap_l_l,...,g Ap+q)'
b
Components of T
k Q.Qk
1 P
T. .s ] I e e =g' et g' T 3 am o -
11 i pjl jq 11k1 lPkP i ]q
Conponents of T#:
iloooipjl"'jq jlﬂl quq il"'ip
T =g see g T &l...g .
d

Remark: pr=0,thenTI7=Tandifq=0,thenT#=T.



Exanple: Take T = g —— then

9# (g l7X,gl;’Y)

= g(g#gbxrg#ng)_

= g(X,Y)

ILEMVA The bilinear form

g[gl :VPXVP—’-E

d q

that sends (T,8) to the complete contraction

1 # 4
cl---ﬁﬂ' ®s”)

is a scalar product on vg

[Note: If g is positive definite, then so is g[g] J

Fram the definitions,

T#@sl’wf’*!ﬁ; .

Therefore
i eeei
it ostyl P
17" piq

i .coi

i £ i £
B - bt S T - P e



i ...i i ".i

=p1l PP TpHag o . .
jlnnojp Jp.'.l...jp_rq

#

To coanpute the complete contraction of TW ® Sb , one then sets il = jl"”'i =

P

] and sums the result.
Tptq
Example: Suppose that Tevg & sevg -~ then T#evg & Sb= S, so

0 1 2. %
«;;{2](’1?,.8)-01 02('1' @ 8)
ii
=(T#®S)12..
41
i e, i.e
=gt %%, , s
12 41t
ii
=72 Si 1
112
[Note: Take T = g — then
0 1,1,
gl-l{g,8) = g S. .
2 1112
_ gl2ll S
11
i
=52i .1
2
Tet EB(V) be orthonormal -- then (ml)j = alj
i i i i
L@ e D0, =81, .5,
s JREES N 3, i,

Therefore

g [3] (_volE,vo]E)



10’

i i b 3
= glg) (e4 ...i'wl@v* N R TR Sl SO g )
1 n Jl jn
i i J 3
— I, l e I 1 e n
=85 ...inﬁj eerq glgl e = @ 8w , 0 & ® w )

1 1 n

='e. .o-' &4 ....
ll ln jl jn

i i ..-k j j
(031®"'®mn)k1 n(ml@b---@mn

x

1

El L) eu L]
L% 317"

jlnoﬂjn

i ...i
I Mg gm™

1l
2
~
0
V("‘
)

)
k ..Ckn



Section 3: Interior Multiplication Let V be an n-dimensional real vector

space. Fixg(-'_gk'n_k—-ﬂlengcanl:eexterﬂedtoascalarproductontheApV

(p =0,1,...,n). While a direct approach is possible, it is more instructive
to proceed conceptually.

¢ OnAOV=§, put

gla,p) = aB.

e onalv (=vg=v*),put

gtata, g .

gla,p)

[Note: Fix E<B(V) == then

'"a=a.mi _aligjkﬂk
& . »

_B=py pl = g%,
g(a,p) = g(g#a,g#B)

= G(GjEi,BjEj)

_ iJj

= gija p

= aiBi o]

Remark: We have

#j)

g(o:l;mj) = q(g#wl.g

i 14
glg Ek,gJ E,)

g~ 9m, B,



_ ik j¢
=9 9 G,

ik 3¢
=g gJ g&k

Il
te]
o,
(N
b

let q = p — then there is a bilinear map

| e:a%r x APy 4 APy

(Bra) — v, a

_ B
which is characterized by the following properties:

bi a,BEAlV, L,B(I = g(a,B),

jo
(,B(al A a.2) = (,Bal A CL2 + (-l)pl al A LBaz (cciEA J'V,BGA]'V),

[Note: One calls ¢ the interior product on APy, 1f ﬁenov = R, then

L, is simply multiplication by B.]

B
Remark: V Xe€V,

[Indeed,

b

(g xla” ¥ = ga¥x,gv v

=g (9#9 l7X,q#q"' Y)



= g{X,Y}

g{¥,Xx)

a¥ v (®)

cx(gb Y}.]

Per E¢B(V), write

Put
Jyeee] 3¢ i ¢
1l 1’1
B q:g v g qul‘..g

LER Let aeatv, pea%y, where g = p ~- then

'i‘akeq=p—-tl'mcaisarealnmrberarﬁwe get, by definition,

B

gla®) = tga =t 8.
Consequently,



and g is a scalar product on ARy,

Remark: Due to the way that the definitions have been arranged,
0
gla,p) # g[p] (a,B) -
To see this, consider the RHS:

g[g] (@,B)

g[g}(ail"’i w @"'@&p, ﬂ. veed w B ese B

=a. .- B’ ....
SRARE SN PRb

j. i j_ i
= B . gll e gpp
1. = +] choojp
_ g1131 ) glpjp N b ,
Jq*] 1,1
1 p 1 P
i, eee}
1
=a pBl oool
Example: Iet
-a;l,...,ap
enly.
1
B, ..., 8P

g(al A ree A ap,Bl A e A BP) =det [g(ai’Bj)}'



IEMR Tet {E ,...,En} be an orthonormal basis for g — then the collection

is an orthonormal basis for the extens:i.onofgtoﬂpv (1 =p=n).

[Note: We have

g(ml, )y = g(g#m]', g# )
1 1
=g( —E,, —E.) (no sum)
e 1" ey 73
=1 4E,E) (o sm
€.6. ir ™
i
"'e;i i=3
0 i#3
Therefore
i i i i
g(ml A oo A mp, ml A see A mp) =g, veeg, = (—]_)Plr
i, :Lp

where P is the mumber of indices among {il,...,ip} for which gy = =1.]

ret aeaPy, sea%® (g < p) — then ¥ yaa P9y,

g(cBa,Y) ¥

L bnd
B
=y

a
BAY

= gla,pry).



In other words, the operations

- z,ﬁmpv » 2Py

A —:aP7 9y 5 aRy

are mutually adjoint.
Consider now

voly = 91" %0

1g-
This n-form depends only on the orientation class of E. Thus there are but two
possibilities. Pick one, call it an orientation of Vv, and freeze it for the
ensuing discussion.

N.B. We have
jl jn

vl = @A e A,

g

e, .
jlooojn

|-

Definition: The star operator is the iscmorphism

* :ApV -+ A n—pv

given by
*xd = c,avolg.
Therefore
_ 1 il' ) 'ip 1 jn-p
*a-m!a ei w A e A .

LEMMA We have

Xk = (...]_)('(_]_)P( n“P)a -



Example: 1 = vol
¢
*vDl = *x] = (-1)
g

1 1
g{vo ngD g)

i
o

-1t .

Obgervation: Let acAPv, per Py —w then

Ly Aﬁmlg

H

glanp ,volg)

LBcavolg

*(

‘8
= g{*a,B).
Example: We have
i i i i
g(*(a)l/\ ses Acop),mpﬂ';\ e A

i i

=g(ml/\..-1\mn' vol)
g
i i

= |911/2 g(wlf\ SR Gt A eee Al

i ...i
1/29(81 ncolf\ v Aa)n, ml/\

= |g|

i -1



- n
W & g(vol ,'VUlg)
i “.i
1l n L
= — -1)" .
175 ¢ (
lal

In what follows, «eAPV and Bé_{xq’v (subject to the obvious restrictions).

Rules
e (,B*a = *x{aAB).
[In fact,
LB*CC = Lgcavolg
= ccvaolg
= x(ang).l]
. *lgl = (_Dq(n—q) *aAR.
[In fact,
(,B**a = » (*aAp)

*;_,B**a = %% (%aAp)

-1 (-1)P (n~p) *(,Ba

e (o1 PR (- (eprad)



*cBa = (-1) q(n—q) *aAB., ]

® aA*p = g(a,B)volg = BAxa,
[In fact,

aARB = (_l)P(n—P)*BAG

= (nPEP) ()PP, g

= g(a,B)*l
= g(a,B)volg-]
e g(xa,#B) = (-1)° g(a,p).
[In fact,
g(*a,*B)volg = *QARB

(-1)% )PP

1l

(-1)* BAxa

(-1)* gle,p)vol .]
Example: Specialize the relation
wga = (~1) 30D 0
and take B = gl’x — then

*Lpa = (-l)n-l*a/\gb X.
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Example: Let a,BGAZV -~ then

(Write

Ly oML {*B = *(LE_GAL 3Pl
1 i E

- J i
Aijm A% (BAwy )

AL (-1 (1) (n-2) {n~(n-2))

13 *k (mjA* (|3Acoi) }

i

(1" Ay x (e lne (Brs)))
= (1* (-1)"‘3Aij* (% (% (BAD) Awd) )

= 1D D3 _x (=D e (x| (Brad)))
1) J

Oy

)" Aggrenc s (Bra™)))



11,

. .
(D" A (1)° (2D  5(Bna))

i
Aij*(cmj (Bra™))

A . i i
13*((t,mjl3)/\m + chjm )

=A.*(e Lprot 13
Alj*(z, JBAm ) + *BAijg .

w
But
ij _ _ i3 _ _ ii_ _ ij
i39 Ajig Ajig - 459
ij
ijg - 0.
Therefore
L., GAL . *B
Ei gL

A, .40 .PAot
13*(Lmjf.\/\co )

i
= & BAA, .
(Lmjﬁ 140 )

i
= = *(A, . \
(B 50 M'mJB)

Il

i
*(A..0 AL
{ 31"’ Lij)

w

* (L., arL .B).]
By E]'B



12,

[For
il i
*:_,E‘(m A ses A mp)
i

i lp

_*Lng.(m A - . Am )
i

i i

= {-l)n—l*{co Lpaeion mp)f\g"Ei

i
(-1) 2L 1) PGP E M (@

1!\ s Amlp)

i i
(-—l)p-'-lngiA*(co 1 A ere A p).]

LEMMA We have

i
Aoutﬂmp)

i
*(ml

172 i3 i3 3 J

1°1 pJp p+l n
= 14l g~ Teesg Ba L..a @ Aser AW .
n-p)! 33°*3,

[To understand the procedure, start with the simplest case:

1

*w

L ol
0)1 g

"

¢ vol
g#ml g



Now go

i
. ¥

= 191"% g

= g% g

1/

-1t 9

!
=g

(l

‘E_ 'mt
g

2 i k

2 1 k

2 1131

vol
¢ g

Ekl

1/2
EIR4

£. s W
Jlo..jn

from here by iteration:

i
* (o lA

v zlg}l/

1/2,
lg] /

ig Il/zg

1
g| /2

n-2y1 9

i
w 2) =t

Sjl

il i

W A

W

2 l 1

Lk

m2((n—1)f'sk j

1¥ 1, 2k2

=1 .t VOl
c'“‘2 1" g

1

BT ®

1

I... m
]n

1
DT gy,

2

13,

vol
9

kljzc L]

(n,z)l Ex k2j ...J

1191 l2328

g



14,

Remark: Since

1/2

= |gt™ %, .5
1y Jn

e. . =
choojn
it is tempting to write
1 no.lp lljl 1 j

el N —g ..Ig Ppe

jp+locojn chaan

But this is nonsense: Take p = n and recall that

eil“’in _ (-1)°gilj1...ginj“e. .
J1°""In
LEMA Y aeafy,
LEiaALEi*a = (.
Application: Let a,BeAPvV == then
LEiaALEi*B = -LEiBALEi*a.

[Consider

g (@ + B)ac j*{a + B).]
i E



Section 4: Tensor Analysis Let M be a connected C” manifold of dimension

n,

M) = @ 7° ()
p.g=0 9

its tensor algebra.

[Note: Here, Dg ™ =c ), vé ) = pt M), the derivations of C” (M)
(a.k.a. the vector fields on M), and Dy () = D, (), the linear forms on o
viewed as a module over C (M)).]

Remark: By definition, DE(M) is the ¢~ (M) -module of all C (M)-mltilinear
maps

P
DO x oee x D ) X D) x eee x DTOO-CTOD.

One can also interpret the elements of DcpI (M) geometrically. To this end, consider
the frame bundle

4o
M.

Thinking of Bn as merely a vector space (and not as a manifold), let Tg(n) be

the tensors of type (p,q) — then GL(n,R} operates to the left on 'I‘g(n) (cE.
Section 1). Now form the vector bundle

‘IE(M) = IM

'Ig(n) .

* aL(n,R)
Then, on general grounds, there is a one~to-one correspondence between the

sections T of Tg(M) and the equivariant maps &:IM + Tcpl(n) .



Of course, as a set

=1 B(TXM) R
xeM

hence & = {@x:xem}, where
8 :B(T M) ~ ‘I‘g(n) ]

And we have

P
DEOY TG (n, R) (mmg(n) ).

[Note: One advantage of the geometric point of view is that it can be

readily generalized, e.g., to tensors of type (p,q) and weight X.]

Details Given (x,E)€IM ( = EB(TM), define £ :R' ~ T M by
KE(ei) = Ei {i=1,...,n).

Then ¥ g¢GL(n,R), the composite B* 3 R F TMis K

T+¢>T: This is the arrow

seC('I‘g(M) ) ~+ mapg (n@(m,‘l‘g(n)) ’

where

1
& (x,E) (4 yeee AP, XpoeeerX)

1

P -1
;...,A O;E ;KE(Xl)roovrzE(Xq))-

= 1, .-
-l o g

@—»Tq): This is the arrow




MR, R) (m,Tg(n) ) > secu-g(m Y,

1 P
T@lx(ﬂ. '...fA r Xl’..cfxq)

= 205,B) (4" 0 Lpun tP o i, z;ltxl),...,zgl(xq)).

FACT These arrows are mutually inverse:

T > %, > T, =T

_? - T@ - @Té = .

In what follows, all operations will be defined globally. However, for
camputational purposes, it is important to have at hand their local expression
as well, meaning the form they take on a connected open set UM equipped with

, 1 n
coordinates X ,...,X .

Let TeDS(M) — then locally

i, veei 3 3
r=T1! I e R e v (Ax L& - ®ax B,
1 q axl axp
where
foeeei
T lp. .
jl ..Jq
i i
=T@x T,...,dx P, —-a—j— e, —aj—)ec (v)
ax 1 ax d

are the components of T.



Under a change of coordinates, the components of T satisfy the tensor

transformation rule:

Tii'°.i§" .
Jl..ojq
i i3 Sq  ieeei
> SR> 3 ax_' et ax_' T 1 P o
axll axlp ale aqu Jl"'Jq

[Note: There are maps

9,97 : UW' > GLM,R),

viz.

i i’

g0 = [ &1, g = 1 & 1]
X [X X [x

FACT Equip ’I‘g(n) with its standard basis —— then

¥ cmrapg_'_ (n,R) (LM.TS(n):) P

3

Feewy
iy
X ox

&(x,{ 1)

ox X

| lloool

@ X lecch
Remark: Suppose there is assigned to each U in a coordinate atlas for M,

functions

. €C (W)

subject to the tensor transformation rule —— then there is a unique TGDS(M)



i .CCi
whose components in U are the T . .
31 =g
[It is simply a matter of manufacturing a global section of ‘I‘g (M) by

gluing together local sections.l

Example: The Kronecker tensor is the tensor K of type (1,1) defined by

K{A,X) = A(X), thus

3y =6,
ax? J

Klj = K(dx",

FACT There is a tensor K(p) of type (p,p) with the property that in any
coordinate system,

i.esei 1. eeei
1 P I | P
K . .
(p) 3y0003 5

Notation: Given feC™ (U), write

Example: Let X,YED]' (M) -~ then locally

_X=Xl—aj—_ (Xl=~:X,dxl>)
ax

__Y=YJ—9-~ (YJ=<Y,de>)
ax

[P Ry I A 3
X,Y] = (xly'i le'i) =5

[Note: The hracket

[, 1: 0000 x D 0 - ot



is R-bilinear but not C (M)-bilinear. In fact,
[£X,gY] = fg[X,¥] + £{Xg)Y - g(¥E)X.]
Definition: A type preserving R-linear map

D: (M) - D(M)

which commites with contractions is said to be a derivation if V T DM,

11T

D(Tl ®T2) = DTl @Tz +Tl ®DT2.

[Note: To say that D is type preserving means that DDE(M)CDS(M) .]
The set of all derivations of D(M) forms a Lie algebra over R, the bracket

operation being defined by

l°D2-—D2°Dl.

[D,,D,] =D
Remark: For any f€C (M) and any T€D(M), fT = £ ® T, so D(fT) = £(DT)
+ (Df)T. In particular: D is a derivation of C (M), hence is represented on
C”(M) by a vector field.

Construction: Let

1

100 X Hom | (DN0D,0N00).

C (M)

A€D

Then YV xeM,
A:TM->-TM
XX X
is R-linear, hence can be uniquely extended to a derivation DA of the tensor

X
algebra over TXM. This said, define

DA:‘D M -+ 0M)

T -

(DAT)x = DA X
X



Then D, is a derivation of D(M) which is zero on C (M).

FACT Any derivation of P(M) which is zero on C (M) is induced by a tensor
of type (1,1}.

[Note: If D is a derivation of D(M) and if A€DT(M), then [D,D,1]C™(0) = 0,

hence [D,DA] = DB for some Beﬂi (M), Therefore Di (M) is an ideal in the Lie

algebra of derivations of D(M).]

Product Formula Let D:D(M) - D(M) be a derivation -- then ¥ Teog(m) ,

1
D[T(A,... AP, xl,...,xq)]

= om @l,....AP, x

1’00-,Xq)
p .

+ Z T(ﬂl’QOQ'DAl'o..'Ap' Xl;...,x )
i=1 4
q

+ z T(Algtoof.ﬁpfx"ooof X-,...,X).
3=1 ] d

[Note: This shows that D is known as soon as it is krmnoncw(m, Dl(M),

ard Dl (M). But for mEDl (M),

{Dw) (X) = Dlw(X)] - «(DX),
thus functions and vector fields suffice.]

FACT ILet Dl,.D2 be derivations of P(M). Assume: D, = D2 on C (M) and

1

oL (M) — then D

1 =D

2.



EXTENSION PRINCIPLE Suppose given a vector field X and an R-linear map

G:Dl(M) -+ Ul(M) such that

§(£Y) = (XE)Y + £5(¥)

for all £6CT(M), YeU- (M) ~- then there exists a unique derivation

D:D(M) > D)
such that D|C”(M = X and D{PY () = 6.
[Define D on Dl M by

(Dw) (¥) = X[e{Y)}] - «(5Y)

and extend to all of D(M) via the product formula.]

The notion of a tensor T of type (p,g) and weight X is clear, there being
two possibilities for the form that the tensor transformation rule takes.
Notation: Put
i
J = det [ ).
9x

I: PFor some reR,

i"..i.
gl P
.'....’
3fe3g
i‘ i' j j 1 .- e
_oroaxt ax P oax T axd LT
= {7 I T 1 R ooy
ax - ax P ax T ax 3 9



i' i' j j R . 1
_ r ax 1 3X P ax 1 X q il lp
-—Sg'nJo!Jl _.._]7'-—.0- i j]'. ... j'T j Ol'j -
ax ax P ax ax & 1 9

Accordingly, there are two kinds of tensors of type (p,qg) and weight X,
which we shall refer to as class I and class II. It is also convenient to single
out a particular cambination of these by an integrality condition.

Definition: A tensor of type (p,q) and weight w is a tensor T of type

(p,9) and weight X = (det)” (wz), hence

i'.-.i'
Tl
jioonjé
i‘ i‘ j J 3 .-..
Cwaxl Pyt ax 3, M
...J —-—l-—l - i j‘_ e w j' T j ...j .
axl axpaxl axq 1 q

[Note: Needless to say, the tensors of type (p,g) and weight 0 are

precisely the elements of Dg M) .]

Remark: The product of a tensor T of type (p,q) and weight w with a
tensor T' of type (p',q') and weight w' is a tensor T ® T' of type (P + p', g + ¢")
and weight w + w'.

Example: The upper Levi-Civita symbol is a tensor of type (n,0) and
weight 1 and the lower Levi-Civita symbol is a tensor of type (0,n) and weight -1.

[To discuss the upper Levi-Civita symbol, write

38 B | LI L
sll h - 611 1
it...nn!
i: i 3 3 .
= X ax " ax ,,axn 511 n
1 h 1 n' 31" In



10.

il it j J . .
l I..l
_ax T, 3 Tax v © . .
i 1 ] . jyoeed
ax © ax ™ ax ax n
J In ii 11'1 i1,°e-1
— (6 ax L 2 N ax ) ax -, 8 B a_xl— 8 l
j t.oj ' ' l 1
1 "nd ™ ax T ax 1
i! i! . .
= g J -@L}; “aw 3 " ll- ln
'.0. ’ 1 i
Leeen® g L ax *
il il . \
n l oool
- J ax 1 .- . ax 6 1 ]
il in *
AxX axX

When (p,q) = (0,0}, the foregoing considerations specialize to that of
density, twisted density, and scalar density.
. , \ . , . r
Density A density of weight r is a section of the line bundle LI (M)

whose transition functions are the

L ]
ax‘f 1

|det[
X

[Note: The sections of
r
Tg (M) ® LT
are the class I tensors of type (p,q).]

Twisted Density A twisted density of weight r is a section of the line

burdle L}PI (M) whose transition functions are the

i' |
sgn det[Z] -+ |det[X ]
ax Ax

r




ll.

[Note: The sections of
r
Tg(ba) ® Lo ()
are the class II tensors of type (p,q).]

Sealar Density A scalar density of weight w is a section of the line

bundle I.* (M) whose transition functions are the

i?
(@t -1 .
ox

[Note: The sections of

%M@ﬁm

are the tensors of type (p,q) and weight w.]
Example: The density burdle is the line bundle

Lden(M) + M

whose transition functions are the

'
ax
et (=]

X

Therefore

ol

Example: The orientation bundle is the line bundle

or(M) - M
whose transition functions are the
il

sgn det [,
ax



12,

Therefore

_ .0
Or(M) = Lo (M).

Exanple: The canonical bundle is the line bundle

L M) - M
Can

whose transition functions are the

il

det ¥ .
1
ax

L -— L & -

Remark: The canonical bundle can be identified with A™T*M, where T*M

is the cotangent bundle. Since

A" = sec(aTM),

it follows that the n-forms on M are scalar densities of weight 1.

[Note: The upper Levi-Civita symbol is a section of
ToM) ® AT
and the lower Levi-Civita symbol is a section of

Tg ™M @ (AL,



Section 5: Lie Derivatives Let M be a conmnected ¢ manifold of

dimension n.

LEMMA One may attach to each XGDJ' (M) a derivation
lj(:??(M) > D{M)

called the Lie derivative w.r.t. X. It is characterized by the properties

fo =Xt , LXY = [X,Y].

{In the notation of the Extension Principle, define 5:0%(M) — U~ (M) by

8(Y) = [X,Y].

5(fY) = [X,fY]

fIX,¥] + (Xf)Y

(X)Y + £{X,Y]

(XH)YY + £5(Y).]

I

owing to the product formula, V TGTJS(M) ,
X[T{T AP, %,...,%))
reccrllo g Bqreves q

1
= (LXT) (A "UQ’APf X]-fooo'xq)

b 1 i
p
+i£lT(A FE ] Lxﬂ. foon}ﬂ r Xl'ooofxq)

q

1l P '
E T FE RN Fi LI L J L RN -
+j=l A & X.l.' LXXJ Xq)



[Note: If mGDl(M), then

(L) (¥) = X(¥) - o({X,¥]).]

Iocally,
i ..Ii
1 P
(IXT) = -...
i Jq
e
Jlooojq'a
i, ai."*-i
-xiTz P_”_—..
’ Jq Jq
i GOOi
+x3 p P4
'Jl 332 Jq

[Note: From the definitions,

Lx‘gj“.="xai_a_a
X = oax

i i a
_%&"§¢‘J

At a given x€M, the expression

ll a:|.2---:|.

—XaT p- U - e
, 3yneedg
1)e-ed
+x. T P .4 e
kN ajy i

can be explained in terms of the canonical representation p of GL(n,R) on Tg(n)

or, more precisely, its differential dp.



To see this, fix for the moment an element TE'I‘g(n) —- then V g¢GL(n,R),

il...i
{g-T} pj -
1l “q

i i R S M A
@' @ P @hHt ghH e rt
B i : : N I

ll- lp jl Jq N JC_{
Now pass to the derived map of Lie algebras
dp:g¢ (n,R) —»ﬁ('l‘g(n)).

So, V A¢gl(n,R),

- & oo ta) -
AT = -cE(exp(tA) T) =0

and we have
i .CIl
amt P,
jl Jq
i, ai,«--i
=AlaT 2 ey Tt
i,---1
B A S U
iy ajy* "' Ig
Returm'ngtoM,usethebasis{—QT ,...,——-a—}
X" |x ax Ix

to identify T M with K", thence T};TKM with Tg(n). Put
P
AN G0 = - XS0

Then at x,



i, ai---i

- 2 P — eee
X"];I' jl...jq

i -8
1 P
+ 2. T . . 4 v
rJl an"'J
equals
i ---i
@G-y ' P,

]l. L] qu

Remark: The symbol
i .
(LT) L P,

is usually abbreviated to

il =gty s Ly =y R

Ly = Hplyl €= Loty - Lyl
Example: Iet K be the Kronecker tensor — then

LXK=0.

Indeed,

Lxl(i. st - xt st + et
j j,a” Na’ 3l i a

=0 =X, +X.
0= X3+ K;

= O.



[Note: In general, VY pzl,

LX(p) = 0.]

FACT Let D:D(M) - D{M) be a derivation — then there is a unique XGD]' (M)

and a unique AEDi(M) such that

D=LX+DA'

Consider now the exterior algebra A*M —— then LX induces a derivation of

A*M:

Lx(ana) = LXaAB + aALXf.!.

Notation: by is the interior product w.r.t. X, so

LX:A*M =+ A*M

is an antiderivation of degree ~1.

Explicitly, ¥ a€aPy,

:,Xa(xl,...,xp_l) = a(X,Xl,...,Xp_l) .

And one has

_ 1P
Lx(all\az) z,xall\a;z + (-1) ccl/\c,xaz.

{2) Lyoly t Loty = 0

LT
-~

Properties: (1) UyOly = 0

(4) Leg = ft,x.

s L = L.xod + dov

X X

. L[X'Y} = onLY - LYOLX'



Therefore

FACT V f¢C (M),

L = fLXa + dfmxa.

£x°

[For

L.,a

£xT = L et depya

fc,xda + d(f(,xa:)

"

f(,xdc: + df/\(.xa + fd(,xa

Il

f(c,xd + dLX)CL + df!\c,xa

flxa: + dfm_,xa.]

If ¢:N + M is a diffeomorphism, then

T LXCL L(P*)ip*a

x - *
¢*L a L‘P*XLP d.

If &:M + M is a map and if X is d-related to Y, then

1l

gk LXCL

LY@*CL

*® *®
_% Ly L,Yd: a.



[Note: Recall that

xevl M & Yevl {N)

are said to be ¥-related if

3’4
ds (Yy) ¥ ye€

g (y)

or, eguivalently, if

Y(fod) = XFod
for all £€C (M).]

Denote by w—Dg(M) the tensors of type (p,q) and weight w — then

w-Df'I(M) — sec(Tg(M) ® LY ()

or still,
w05 () > sec(TE (M) @ (A"ma) ).
Put
w-D(M) = & wiP.
pg=0 9

FACT One may attach to each XGD]' (M) a type preserving R-linear map
LX:w-D(M) -+ w-D(M)

called the Lie derivative w.r.t. X. ILocally, LXT has the same form as a tensor

of type (p,q) except that there is one additional term, namely

il- --1i
W T P ..
’a Jlo - ojq
[Note: 1If
Téw—Dg (M)

T'ew —DCPI. ™M),



T @ T'€(whw') -Dg:g.(m)

’ 1y = : [} '
LX(T®T) LXTQ9T +T®LXT.]

To understand how this comes about, it suffices to consider the case when

w =1, So suppose that

T=8 & w,
where
~ setP (M
q()
wea™.,
Then
LXT=LXS®m+S®le.
Bearing in mind that Lxcn is a scalar density of weight 1, write
_ 1 n
w_a)]....ndx Aoo- Adx.
Then

Lo = (b Jax" A e n o

+ a)l."nLdel A ... Aax

+ eee 4+ ml"'ndxl A ees A LT

= (Lx“’l---n)d"l A oo A XD

- 1
+ aJl-oon(Xll +oeet +f:n)dx Ae-e Ad.}(

L



Therefore
i1
trl P :
X Jl.ovjq
i, +e01
= P
= LS Jyee-3d ®leven
i oooi
1 P
+5 L (e )
iy jq ®.-'n,a ,aml n
i eeei

I
>
-
T

. . w.
* & a 1...n
3yt Iy

i, ai.---i
2

—X'as leOqua)lnoon_ .
}{a iloooip
+ 3. s . . PRI
'Jl ajzonaqulto-n
i oo.i
1 P a
+ S jlooojq(xao)loo.n'a + X'awl_avon)
1,++°d
=Pt P
( Jl-o.j a)l "I'l),a
1 ai oooi
_ v 1o 2 2] - s
X' S j .. J wlt. n
1
1 «*e]
i, st P +oeee



10.

i otoi

s+ 2.0t P .
fjl an"'J

i .QIi
+Brl P ..
'a Jl‘..Jq

Example: Let T be the upper Levi-Civita symbol (a tensor of type (n,0)

and weight 1) or the lower Levi-Civita symbol (a tensor of type (0,n) and

weight -1) — then le = 0.

[To discuss the upper Levi-Civita symbol, note that

i...i
Lee *
i.eeei
1
=Xae.
'a
i, ai, ---1i i i +-*i .a
1 n n n-1
-X e — s+ =X &
' fa
loool
1 I
+Xae.
'a
i, i ..-i 1 i e-ei
_ 1 1 n n n
"‘_Xie “"“'-xiE;
1 n



11.

i i ipeeed
= (XL - -xD 4@t D

(Note: The terms= involving three identical indices are not summed.]

Given weZ, let Py = (det) -wp and consider the derived map of Lie algebras

do, gt m,R) + gt (THm) .

Then Y A¢€g?(n,R),

dp, @) = & o (e

aE ) ’t=0

d
= Staet e Moy |

t tra)

_4d -w_ tA

= —-w tr(ad) + do(A).

Put

i L
AT () = xfj(:o

ard let TEw—DE(M) -= then at x,

1. ai.---i
—XlT 2 p. R -_— .
ac 317 3g
i.+++1
P T L A
rJl aJ?_ Jq
i esed
+wi> Tl P, .
,a 3pedg



equals

i
1
(Ax) -T)

12.

i

P. -
Jl Jq

-



Section 6: Flows Let M be a connected C manifold of dimension n.

Fix an XéD* (M) — then the image of a maximal integral curve of X is called

a trajectory of X. The trajectories of X are connected, immersed submanifolds

of M. They form a partition of M and their dimension is either 0 or 1 (the
trajectories of dimension 0 are the points of M where the vector field X vanishes).

Definition: A first integral for X is an £¢C (M) :XF=0.

In order that f be a first integral for X it is necessary and sufficient

that £ be constant on the trajectories of X.
Recall now that there exists an open subset D(X)CR x M and a differentiable
function ¢X:D(X) ~+ M such that for each x¢M, the map t -~ ¢x(t,x) is the trajectory

of X with ¢x(0,x)=x.

(1) ¥V xeM,
I (X)={teR: (t,x) €D(X)}
is an open interval containing the origin and is the domain of the trajectory
which passes through X.
(2) ¥ teR,

D, (X)={xeM: (t,x) €D(X)}
is open in M and the map
$prX > by (t,x)
is a diffeomorphism Dt (X) > D—t (X) with inverse 4’-13

(3) If (t,x) axd (s,qsx(t,x)) are elements of D(X), then (s+t,x} is an
element of D(X) and
dy (8,0, (£,%)) = ¢ (stt,x),

i.eo’

bgoby () = dg e ()



One calls ¢X'the flow of X and X its infinitesimal generator.

[Note: X is said to be complete if D(X) = R x M.]
FACT Sumsethatxx#o -- then 3 a chart U containing x such that

X|u= 9-—-1- and ¢t(xl,...,xn) = (xl-l'tpxz.o---;xn) .
ax

Let YeD' () ~— then Y is invariant under ¢, if (4,) ¥, =¥ 5, 00
for all (t,x)eD(X).

Example: X is invariant under ¢X-.

[Fix (t,,x,) €D(X) and suppose that f is a ¢” function defined in some
neighborhood of ¢,tb (xo) - then

(¢, } X YE=X_ (fop, )
toavcx0 XO t0

&t f°"’t0°¢x(t'xo) \tr-o
=L fg b, but,x)))
g “9Ox Tortx t¥e) ) =0

=4
= & £l (tgrtixy) ‘,FO

= X £.]
$,  (x.)
t0 0
FACT Y is invariant under qu iff [X,¥Y] = 0.

Push and Pull Let ¢:M > M be a diffeomorphism -- then there is a vector

bundle iscmorphism qu) :'I'g(M) - Tg(M) and a commitative diagram



oo
> (M) - 'I'g (M)
T+ o
M -+ M
0]

(a) Given TGDE(M) , put

04T = TchoTocp_l.
the pushforward of T.
[Note: Thus

1
0 T, ..., AP, e rX)

d

1 - -
= T{e*A™, ..., ¢*%, ¢*1xl,,,.,¢*lxq) N

(b) Given Tevg (M), put

Q*T = Tgcp-loTotp,
the pullback of T.

[Note: Thus

1 P
LA™, ... A, reeer
@*T ( Xy q)

= T AL, ... ,07 AP, OuyreeerpuX ) -]

Remark: Obwviously,
-1
o* = (p g
The standard fact that
[X,Y]x = [ Y

XX



quYdat(X) “ Y
= lim
t->0 t
can be generalized: ¥ TEDE(M) '
¢§T¢t(x) - Ty
11('13|X = lim .
t-+0 t

[Note: For t#0 and small, the difference quotient on the right makes

sense (both ¢ and T, are elements of the vector space TSTXM) .]

bl

t qbt(x)

50, in brief,
_d

K= qb1"5"'1|t=o ’

hence LXT = 0 iff T is constant on the trajectories of X.

Let ¢:M » M be a diffeomorphism -~ then ¢ lifts to a diffeomorphism

@:IM > IM, where ¢(x,E) is computed from

TM Etpx

gt .

Tcp (x)M

R

N.B. The pair (p,¢) is an automorphism of (IM,M;GL(n,R)), i.e., ¢ is

equivariant and the diagram

i€l

M

comates.



Observation: We have

[In fact,

— 1
¢T e (-P(xfE) (.ﬂ. ’ooo’ﬁp’ xl'oo-'xq)

1
= &,(p (%) ,9,F) (A L X)reeeiX)

1 o -1 P,
)(ﬂ- g(P*E Fres= i'A g E r g E(xl)! "lg(p*E(xq))

P -1 -1 - . .
)(A éE: dLP :---:A o Lp o do :dﬁpx(_ZE(Xl));---:dkpx(CE(Xq)))
_ 1l -1 P, 1
= ((P*T)x(ﬂ o gE reverd gE ’ ZE(xl):---rZE(Xq))

= q)(p*T(x'E) -]

Let XED]' (M) —- then by lifts to a flow E'_- on IM,
X

ILIMMA  We have

& =L

@ -
% T

LXT

[At t = 0,

L &ol,E) (A,e e rhP, X el X )

P
dt T(¢t{,x E))(A ;-..,ﬁ ’ l’ OQ’X)



-4 . 1 p
= 3 ¢’T(¢t(x) r¢t*(E))(A re-erlly Xlr---rxq)

d -1

= 1, o 41 P, o L
SE T 0N T bl o brnrbix Gg X)) rennidy, Kp(X)))

a 1,1 P -1
3t (¢.€T)X(A KE reserA” 0 KE IgE(Xl)r---rCE(Xq))

1 -1 o -1
LXT X (A7 o Z"E PRy Z_-E ICE(Xl)r--'IZ_-E(Xq))

1 p
@LX¢ (%,E) (A7, ...,A%, xl,...,xq).]



Section 7: Covariant Differentiation Let M be a comnected C manifold

of dimension n. Suppose that E -+ M is a vector hundle ~- then a connection ¢

on E is a map
v:Dl(M) - Hmh(sec(E),sec(E))
such that

(1) Vx+YS = vxs + VYS;

(2) ?X(s-l-t) = sz + th;
(3) fos = fvxs;
(4) VX(fS) = (Xf)s + fvxs.

[Note: By definition, vxs is the covariant derivative of s w.r.t. X.]

Rappel: There is a one-to-one correspondence

between the connections T on the frame bundle

GL(n,R) ~ IM
Yo
M

ard the connections v on the tangent bundle

bel

™ = IM X o R -

Let con ™ stand for the set of connections on T™.
® Let V€ con ™ — then the assignment

_Dl(M) « L) x DRy o> ()

(ﬂrXIY) + A (VXY)



is not a tensor.

® let V',V"¢ con ™ — then the assigrment
"Dl ™ x ot x oty - c” ()

is " (M) -multilinear, hence is a tensor.

*Tet V€ con ™ -- then ¥ ‘IED% (M), the assignment
Tl x otawy - 0w

(X,Y) - va + 94X, Y)

is a connection.

Scholium: con ™ is an affine space with translation group D;(M) .

[The action V-Y = ¥V + Y is free and transitive.]
Remark: Write con IM for the set of commections on IM -~ then, on general

grounds, con IM is an affine space (in the l-form description, the translation
. a1
group is A, . (IM;g€(n,R))).

Let Vv be a connection on ™., Put vxf=Xfa.rxiinthemtationofthe
Extension Principle, take § = VX (permissible, since VX(fY) = (XF)Y + vaY) —_—

then there exists a unique derivation

VX:D(M) - (M)
such that VX|C°°(M) = X and VX]D]'(M) = 8.
{Note: The difference VX - ’1{ is ¢” (M) -linear on Dl(M) :

(vx - L (YD)



i

(Xf)Y + f\?xY - (XB)Y - fle

f(VXY - LXY) R

hence Vx as a derivation of U{(M) admits the decomposition
v, = +D, ; .l
x ™t Pyt

Remark: Write v = Vr -= then T' induces a connection Vg on

TEI(M) = IM Tg(n)

* @&mn,R)

and matters are consistent: Y TEDE(M) .

Tp = oP
IE = V(KT

On general grounds, each XEDl (M) admits a unique lifting to a horizontal
vector fieldx]-'onIMsuchtlntﬂ*xh=x.

FACT We have
) =L .& .
i BT
X
Owing to the product formula, V TEDS(M),

xirt, ... 4P, x N SN
_ 1 P
- (VXT) (A ;occ'A ! Xl;-..,xq)

P

. 1 i P
+ E T(A ,-..,V 'coof.ﬂ 'x".onfx)
i=1 X 1 q
q
+ 3 r@l,... 4P, L SETEPTL . SRR S P

3=l



[Note: If mGDl (M), then

(vxm) (Y) = Xo(Y) - m(VXY) .1

Definition: ILet ¥ be a connection on ™. Suppose that (U,{xl,...,xn})

is a chart -~ then the comnection coefficients of ¥V w.r.t. the coordinates

xl, ves ,xn are the C functions I‘kij on U defined by the prescription

3 _I.k 3
V ———— — . 4 -
3 axd i 5K
ax
Observation: Y XGD]' M),
— 3 3
? —— xal"k .
Xt ai Kk
7. axt = - @rtak
R ¢ cak v
So locally,
i ---i
1 P
(9, T) . s
i ee-1
-¥rl P
Jl' qua
i bi, ***i
R B N
317" 3g



is usually abbreviated to

i - 4N i
VXT 1 L] -ew L] -
3y tig

Example: Let K be the Kronecker tensor ~~ then

VK = 0.
Indeed,
i _ i i b i
vxKJ—xas ’a+xarab6j xarbajsb
=0+ xarla. - xarlaj

il
<
L]

[Note: 1In general, ¥ p=l,

vxK(p) = 0.]

ILEMMA Let V be a connection on ™ —— then on uny',

L 2 1
1,k' axk axl axj a-2xa axk

NEN T =¥ vt OO M
137 K ot ad B adad P

[Note: This relation is called the comnection transformation rule.]

Therefore the I'kij are ot the components of a tensor.

FACT Assume that there is assigned to each U in a coordinate atlas for M,

functions
r_'kij € ()

subject to the connection transformation rule —— then there is a unique



connection v on ™ whose connection coefficients w.r.t. the ccordinates

xl,...,xp are the Fkij‘

Remark: Consider the contraction I i3 To determine its transformation

law, write

: X . .

o _ad axt axd k. o5® ol
XL ¥ B ;s L

] axc axt ax 1 axtaxd 7

axt  axd

-
ax+ axt axs

X

- » L] '
_ axl ' axJ E}x:J
- =T =T L
ax axd a1
axi 5 axi 3
= (] 6 I‘ . = — 1-' "L
axl k' 13 axt 1]

On the other hand, by determinant theory,

2.a "
a X ax:. = ai. 109'|J|-

L ~ 1
axt ax?  ax ax

[Note: Analogously,

i’ axj i 3
oL, =2t L+ 2 109l
P31 o9lal-]

Let ¥ be a connection on ™ —- then V induces a map DS(M) - q+l(M)’ viz.

1
T, ... AP, KpoeeeiXgX)

- 1 P
= (7,T) (47, ...,07, xl,...,xq).



[Note: One calls 9T the covariant derivative of T.]

Working locally, put

where

Then in view of what has been said above,

i ee~ji
vl P
Jl.o.j ,a
i LI I
=Tl pJ ..j a
1 q’
i bi s«-1i
+v o 2 P4
& JlQCCJq
i 71 P - ..
ajy Iy Ig

[Note: The components of VT are the
Jyreedgia

oy T P,

Jlo - .an



i i
=V‘I'(d.}{ l,...,dx p"_'a_j'_'-.-' _@_j_'__a__
5% L ax 4 %

i i
Vér(dx l'oco’dx p’ a' A _9_—0

i eeei
=VT1 . .
a jl.oojq
i -eed
=l P
Jlooojq?a

Example: V XED]'(M) ' VXED%_(M), so locally,

X=X . 2reax,
!J ax

where

vjxi =X = xl:| + xarija.

Remark: Let TEDS(M) — then T is said to be parallel if vT = 0, which is

the case iff 7T = 0 for all xeot o) .

k

Notation: Define vk:vg(m) > og+k(r4) by v = v and 7 = v(@ ) (1) .

LEMA Let X,YeD' (M) — then V Tevg(M) ,
veral, ... 4P, x roee X X, Y)

- 1 P
- VY(vxw)(A 'COQ'A r Xl,-..;Xﬁ)

1
- V? T(A 'oo.fﬂp; 1,...,x&).

o

[Thanks to the product formala, we have



v2ral, ... 4P, Kyseser K XY)

I

1 P
(VYVT) (A ,D..'A r Xl;...;xq,X)

1
YIVT (A, ... AP, K)renerX X))

p .

- 3 VT(Al,-..,VYAl,...,Ap, Ky o eer¥grX)
i=1 -
q 1 b

- E VT(A ’.C.’A r x ’ooofv -,...,X ,X)
j=1 1 v q

1 P
- VT(A ’...’A r le-otfxqvKx)

1 p
MU ICUPRR R Taaere o)

P 1 i
iilVXT(A rererTyh s eee AP, XpreeerX)

(zIVT(Al 2P, x v X))
j=lx Fewny F lf..tf ijf-ao;q

- 1 P
vv T(A ,...’A r X]_;...;Xq)

e

1 p
VY(VXT) (A", ..., AT, xl,...,xq)

1 P
Vv T(A y...,A%, Xl,...,Xq).]

YX

[Note: v2TeDg+2(M) and



10.

i eeedi
oDt P
Jl q
is written as
Tlll..lp .
31' 'Jq?a?b
or still,
i tool
1 P
v.v.T . -
b'a jl---jq ]

Definition: Let Vv be a comnection on TM ~- then the torsion of Vv is the map

ot en x L - DE(M)

defined by

T(XY) = VY - VX ~ [X,¥].

[Note: V¥ is said to be torsion free if T = 0.]

Exarple: Let £¢C (M) — then vzfeﬂg(m and

v2£ (X, Y)

l

VY(VXf) - VVYXf

(¥X - VYX)f

(XY - VXY + T(X,¥))f

v2E(Y,X) + T,V E..

Thus sz is symmetric whenever V is torsion free.
Obviously,

T(XrY) == T(Yr_x) .
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It is also easy to check that

T(£X,gY) = foT(X,Y) (f,geC” (M)).

Therefore the assigrment
“o, 00 x Dhen x pten ~cTow

(A,X,Y) - A(T(X,Y))

is a tensor, the torsion tensor attached to V.

Construction: Given v¢ con T™, define V'€ con ™ by

V' =V-T-

This makes sense (recall that con ™ is an affine space with translation group

D%(M)). To compute the torsion of 7', note that

7Y = VX - (X,Y]

= VYX + [X,¥Y] - VXY - [¥,X] -~ [X,Y]

VYX - VXY - [¥,X]

I

T(Y,X) = - T(XfY) .

Therefore the connection

is torsion free and
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Finally, suppose that

where V is torsion free and

s:0t ) x DY) -+ DL

subject to

S(X;Y) = - S(Y;X) .

Then the torsion of V is the torsion of ¥ plus

1 1 _
i-s(x,Y)- i-s(Y,x) = 5(X,Y).

I.e.:

T =28
oy
¥=21 1.
Working locally, write
T2 2y = 1F 2.
axt  axd I ax
Then
_ X k

[Note: Consider the decomposition

! ' 1
v-(-;_,—v+§v)+—2—T.

Then, in termws of connection coefficients,



13.

r’k =%I‘k..+r'k )+—(r' r‘k.).]

ij i3 - 31
Example: Let £f¢C (M) -— then

2,3 - 3., 2., 3

Ve 2 = v 2+ T(—Qj—_ PRI
ax ax BXJ 3 ax BXJ
=
f. . .=f ..+ Tk..f
:1i:9 ;Jsl ij .,k

or still,

AR SAES Tkijf’k i

Let Tevg (M) — then

(LXT) (xl,...,xq)
= X[Ttxl,-.-,xq)]

q
- ETX Feeeg .,...,X .

On the other hand,
(VXT)(X ,...,Xﬁ)
= X[T(Xl, o.oqu)]

q
_ETX' ..,V .;...,X .
& ( XXJ q)
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Assume: 7 is torsion free -~ then

LXXJ = [X,Xj] = ‘?XXJ - VX X.

;|
Therefore
(LXT) (xl,.- -.Xq)
= x[T(xl,...,xq)]
3 {X X))
- z T 'oto'v sfpeeapy
3 { )
+ ZTX:L'...;V X,...,X
. X.
j=1 ] 4
= (vxT) (X ,...,xq)
3 { )
+ ETX '.-va X,...,X -
. X.
=1 ] 4

[Note: If T is parallel, i.e., if VT = 0, then

(LXT) (Xl' cee ;Xq)
3 T{(X v, X X).]
= E L ] LI -
. ll’ r X- r ¥
J=l 3 g
Turning now to the exterior algebra A*M, suppose that a€éaPM — then

(vga) (X, --;Xp)
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= X[a(xlr”-rxp)]

p
- Freswg i fgeee X r
iilﬂl(xl Vxxl ' P)

P
S0 chcéf:-. M.

Observation: The following diagram

0 X
Dp (M) > DP (M)
Alt + v Alt
AP - APM
Vy

comutes., Consequently,
Vy(ahB) = Y, anB + an?,B.
Rappel: The exterior derivative

d:APm Ap+lM
is given by

da(xl, .e "Xp+1)

= z (“1)1+]7(.C£(X ,...,X.,...,X 1)
1=isp+l 1 1 pt

i+
R

(I([Xi,xj], xlfooo;xi'o..'xj

+ I (-1)
i<

"'xp+l)'
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There is a triangle

APM
d ¢+ v
P"‘lM 0
I\ + [
Alt ptl

but d#alt o ©.

LEMMA Suppose that 7 is torsion free —— then on ApM,

Y o L
At o ¥ = ) d.

[Note: Under the assumption that v is torsion free, V¥ aean, we have

dd(xl; * e ;xp_l_l)

it
DT,

a) (X ;-QQ;Xlgooo
l<izptl g 1 i

I’Xp_'_l) r

thus locally

ptl
day, ... = % (-1)‘—’“'19‘_1l
3177 il aml 1177 8" pn

BE.g., take p = 1 = then

da({X,¥) = val(Y,X) - va(X,Y),

thus Va is symmetric iff o is closed.]

FACT Let X,YeD' (M) — then
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Yy ° 'x T ey
Iet T be a connection on IM. Suppose that p is a representation of

GL(n,R) on a finite dimensional vector space W. Form the vector bundle

E=IMx g gt

Then T induces a connection on E.

Specialize and take W = 'Ig(n) P RE R, then one may attach to each

XEDl (M) a covariant derivative
vxzw-og M) - w—Dg(M) .

Locally, VT has the same form as a tensor of type (p,dq) except that there is

one additional term, namely

i]...i
-wXT T P s
ab Jieej

d
[Note: If

- Tew-Dg(M)

—T € '—Dg| (M} r
then

. 1 PP
T ® T'€(ww') qJrq.(M)

and

vx(T ® T') = vxT T + T ® VXT'.]

Remark: Given mGAnM, write

_ 1 n
m_ml...ndx A .- Adx.
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- 1 n
Vy = (chol.”n)dx A eee A QX

1 n
+m1”.nvxdx A A X

+ et ml---ndxl Ao A vxdxn

(mel_“n)dxl A eee A AD

1 1 n
0= KT = oo = XTT0 AKX A -ee A X

Lo - xarbabmlmn)dxl A eee A dR

1» - on'a

Example: Let T be the upper Levi-Civita symbol (a tensor of type (n,0)
and weight 1) or the lower Levi—Civita symbol (a tensor of type (0,n) and

weight -1) -- then 7,T = 0.

[To discuss the upper Levi-Civita sywbol, note that

i ---i
1 n
sz
iootl
_ 1 n
-t
i bi i i i«+*i .b
1 2 n n 1l n-1
+ 3T b + eee + XT ab®
i -e-i
e 1
1 i.ooi ictl
=Xarlaial n+..+xarnaiel n
1 n
i, -+01
S U
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1 i.’.i
=BC L, +.vgr, APyl m

= 0.]
[Note: The terms involving three identical indices are not summed.]

Example: Let T€1 -‘Dé (M) --— then

i i i
v.T —T1a+rab'1b-rbab'r.

L

Now contract over the indices a and i to get

VaTa=‘I"E:a+1"aabTb-l"babTa

provided Vv is torsion free.
There is no difficulty in extending the theory to densities of weight r
or twisted densities of weight r, hence to tensors T of c¢lass I or II.

[Note: Vy respects the class of T.]

locally, VXT has the same form as a tensor of type (p,q) except that
there is one additional term, namely

i OOOi

- rxarb_ T 1 7p

Jlo ..Jq

Reality Check If ¢ is a density of weight r and q: is a density of weight

-r, then ¢\{IEG°°(M) and we have

T80 = (TS + 9 (T W)
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6 L = XTI + o0y |+ T

r

95'a‘lf TV,

8, @¥) -

Example: If ¢ is a scalar density of weight 1 and ¥ is a density of

weight -1, then ¢y is a twisted density of weight 0 and

v, (%) =3, ($¥).



Section 8: Parallel Transport Let M be a comnected C manifold of

dimension n. Suppose that

G - P
¥
M

is a principal bundle with structure group G (which we shall take to be a Lie
group) and let T be a conmnection on P.

Convention: Curves are piecewise smooth.

THEOREM Let v:[0,1] - M be a curve. Fix a point poen_l(y(O)) ~= then
there is a unique curve y':[0,1] + P such that (1) v'(0) = p,, (D) wo v =¥,
i Yo, Po=r=1).

y ()

It follows from the theorem that there is a diffecmorphism

"E‘Y:‘IT-l(Y(O)) -+ n_l(Y(l)J

called parallel transport from v{0) to +v(l).

Let p be a representation of G on a finite dimensional vector space W.
Put

Then E is a vector bundle and there is a commatative diagram

pr.
PxW 7% P
pro + ¥
E > M



Here
nE([p,w]) = n(p).
Let e,¢E. Take any point (py,w,) epro_l(eo) and define
f P +E
Yo
by
fwo(p) = [p,wO].
Set
™E= (£ )T BT E.
€g o*Py S

Then TZ E is independent of the choice of (p,,W,) and is called the horizontal
0 —_—

subspace of TeoE (per the choice of T).

THEOREM Let v:[0,1] ~ M be a curve. Fix a point e ér_ (v(0)) — then
there is a unique curve Y+:[O,l] -+ E such that (i) Y+(0) = €y (ii) Mg © Y+ = v,

Gii) v e e'fh+ E(=<t=<1).
v (t)

It follows from the theorem that there is an isomorphism
-1 -
Tt (0) > ey (1))

called parallel transport from +(0) to +(1).

Derote by VP the connection on E determined by I'. Fix xeM and let Xevl M) .

Choose any curve v:[-¢,e£] > M such that v(0) = x and v(0) = X . Modify the



notation and write

Th:ﬂ];l (y(0)) - tr;l(Y(h))

for the parallel transport from y(0) to v(h).

FACT VY s€sec(E),

r qs 1l . -1
Vsl = hlﬂn;m0 g I (8(rh))) = s(v(0))].

Specialize to P =IM and W = 'I‘g(n) —- then, with the obvious choice for

p, these generalities are applicable to the sections of TS(M) , l.e., to DS(M) ; O,

replacing p by a,r o the sections of ‘I‘S(M) ® LW(M) , 1.e., to w-Dg(M).



Section 9: Curvature Let M be a connected ¢ manifold of dimension n.

Definition: Let Vv be a comnection on ™ —-- then the cwrvature of Vv is

the map
R:DT(M) x DN (M) - Homg (07 (o) , D7 ()
defined by
R(X,Y) = VXVY - VYVX - V[X,Y]'
Obviously,

R{X,Y) = = R{Y,X).

It is also easy to check that
R(fX,q¥)hz = fghR(X,Y)2 (f,g,heC (M)).
Therefore the assigrnment

—-Dl(M) % Dl(M) x Dl(M) x Dl(M) + M

(A,Z2,X,Y) » AR, Y)Z)

is a tensor, the curvature tensor attached to V.

Remark: The Lie derivative va of the comnection v is the Cw(M) -multilinear

map
—vl(M) x oL (M) +01(M)
(¥,2) - (L7 (¥,2),
where
(L) (Y,2) = L (v,2) - vaYz - Uyl 2.
Operationally,

(L () = [l W) = Ty o

= R(X,¥) + “’X - VX,VY].



[Note: A vector field X is said to be an infinitesimal affine trans-

formation if va = 0.]

Let Vv be a connection on ™ — then v is flat provided each xeM admits
a connected neighborhood U such that V¥ yéM, the parallel transport TT M > TYM
is independent of the curve joining x and y.

FACT v is flat iff its curvature tensor is identically zero.

Convention: Given a C (M)-miltilinear map

K::Dl(M) X ene X Dl(M)1+ Dl(M),
define

g
vaBl(M) X eee x DEOD) > DL (M)

(VXK) (Xl. ces ,xq) = VX(K(Xl, ven ,xq))

d
- pA KX Founy tfvavy .
z { 1 VXXJ Xq)
]
Example: Suppose that V is a torsion free comnection on ™. Let X be

a vector field —— then VXG‘D} (M) or, equivalently,

VX€Hom @ o, 0t o),

C (M)

where

yX(Y) = VYX.

Assume now that X is an infinitesimal affine transformation, thus va = 0, hence

R(X,Y)2 = [V

X - LXJVY] A



(Vy = Lvg2 = 9 (v, = L2

=V - V..V _X.
szx Yz
On the other hard,
(99X 2 = V (VX(2)) - VX(7,2)

= Vo,V ,X — ¥V, X,

Y2 VYZ
Therefore
R{X,Y)Z + (VYVX)Z = 0.
In particular:
R{Y,X)X = - R{X, )X
= (VYE'X)X = U VX = VX(VYX)

VYVXX - (VX) 2Y,.

(VX)2 being the composite VX o VX.

FACT Suppose that 7 is a torsion free connection on TM. Iet X be an

infinitesimal affine transformation —— then vakR =0 (k<1,2,...).

IFMMA (Bianchi's First Identity) We have

R{X,Y)Z + R(Y,Z)X + R(2,X)Y

= T(T{X,Y},2) + (VXT) (er)

+ T(D(Y,2), ) + (7yT) (2,%)

+ T(T(Z,X),Y) + (VZT) X, V).



[Note: Consequently, if ¢ is torsion free, then
R(X,Y)Z + R(Y,Z)X + R(2,X)Y = 0.]

Write
(VZR) (er) = [VZrR(XrY)]

the bracket standing for a commutator of operators on vector fields.
[Note: To see where this is caming from, think of R as an element of
Hom (0N en x 0 on x plon, ot o).
c M

Then, in view of the foregoing convention,

(VZR) w,X,Y) = VZ (R(X,Y)}W)
- R(VZW,X,Y) - R(w,vzx,'r) - R(W,X,VZY)
= {erR(er)} (W)

- R(W,vzx,Y) - R(W,X,VZY) .J

LEMVA (Bianchi's Secord Identity) We hawve

(7,R) (X,¥) + R(T(X,Y),2)
+ (VXR) (¥,2) + R(T(Y,2),X)
+ (VYR) (z,X) + R(T(Z,X),Y)

= 0.



[Note: Consequently, if v is torsion free, then

(V,R) (X,¥) + (1R (¥,2) + (7R)(Z,X) = 0.]

Since

R(X,Y) eHom ,  (0000,0000) ~ 0L,
c (M)

there exists a unique derivation
DR(X,Y) DM} -~ D)

which is zero on C (M) and equals R(X,Y) on Dl(M) .

LEMA (The Ricci Identity) Let Tevg(M) — then

VZT{—,X,Y) - v2‘I' {(—Y,X}

= (= Dex,yy * Yoz, m)! T

where VT(X ) is the covariant derivative at the torsion T(X,Y) of ¥v.
r

[We have

V20 (=, X,Y)

VY(VXT) -v_ T

Uy¥

_ VT (=Y, X) = Ve (9, - ?VXYT

VZT (_rXrY) = VZT ("‘rer)

= (VYVX - VXVY)T + (VV vy~ V }T

X VyX



(vax - vxvY + v[X’Y])T

+ (v ])T

VXY - VYX - [XrY
= (" Dpg,yy * Vpx,yy) T

Remark: Let TGDg(M) -= then

{ - DR(X’Y)T) (xl, vee ,xq)

g
= T ,...,RX,YX.,...,X -
jil (Xl {(X,Y} 3 q)

So, if V is torsion free, then

VZ'I‘ (Xl, LR X 'xq’x’Y) - VzT(Xl, - ,Xq,Y,X)

9
= X T(X

,...,RX,Y X-'coo'X -
2 ‘DX .

1

Working locally, write

d d 3 i D
R ( 't } - =R )
axk axz az&::j Jkt a:'il

3 a3 3,
- r Fs
axd xS axt

R(dx",

w
!

ke

3
oy}
%]

ax" (R, )
ax ax )

0

i 3
& (v, v, - ¥,¥.) —=)
k'L L'k %)



_ ol J— | i _
R A R L e a7 S

i i

Curvature Formuilas Assume that ¢ is torsion free.

Bianchi's First Identity:

i i i _
Rjk£+RkEj+R£jk_0'

Bianchi's Second Identity:

i i i B

One can also write down local expressions for the Ricei identity.

Example: Let XeD (M), say X = X) ij —~ then vzxevé(M) and
ax
i i
vbvaxl AR
— 1 - 1
- X,za,':b x:;b;a
= vox@axt, =2, ab) VX (@ax, —35, _ga_)
f5 2.4 5.4 ax ox
= - &R, 201 + A&y %)
a b K]
ax~ X T(——g. ——E)
x> ax

i .
ax oX 5> 4



2,
Jab axk

= - ax* (RS
i
+ &t A

- YRt

i
+ Tkabdx (7, %)

i 3 i
R X +Tkabx?k.

Consider R as an element of D%(M) —— then the Ricci tensor Ric is the

image of R under the contraction Cé :%(M) -+ Dg (M) of the second slot in the
covariant index.
Agreeing to write R, 2 in place of Ric (—-Qv, —22-) , it follows that
J ax)  ax

_ i

i i

=I'£..-1" +T 0 -t
J,1

i, YU T ia T T i5t ks

Example: Since covariant differentiation commutes with contraction, we have

Rig;i = ViR3e = V3 “%R’ 32
1
_.a
=R jaf;i
But
a a a _
R'jae;i * B jpiza * B jian = 0
o - _ a _ =]
Ripiza = " ®jag;i ™ B jiase



a a
Rjaise = R yaesi

In general, the Ricci tensor is not symmetric:
Ric(X,¥Y) # Ric(Y,X).

Notation: Define [Riclea®M by

[Ric] (X,¥Y) = Ric(X,Y) - Ric(Y,X).

Bearing in mind that R(X,Y) €D (M), put

tr(R(X,Y)) = CIR(X,¥) €C" 00,

where

ci:vi ™ -

is the contraction.

ILFMvA If v is torsion free, then

[Ric] (X,Y) = tr(R(X,Y)).
[In fact,

. 3 3
[Ricl (—=» —5)

ax? ax

- R

=Ryp = Rey
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Observation: We have

i
R iie

i _ i i
Tei,g ~T5i,e * T4l ja Pajir La

i i

_ _ a i _ .l
=T, T, Tl 5a”T jaraf_i
i i
=T, 7 it
i i
_ard&i _ ar ji
axj axf‘

80, if J a C" function f of the coordinates such that
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— i
: _ T pi
axtaxd ax?
i
a2f - ar ji
ax3 axf' ax’
3
i

Thus, on this chart, Ric is symmetric.
Maintaining the assumption that Vv is torsion free, let us globalize

these considerations,

LEMMA Suppose that ¢ is a strictly positive density of weight 1 such that
V¢ = 0 — then Ric is symmetric.
[In fact,

0=V =9 - l"bab¢

I‘b =—a—log¢.]
ab aI_{a

[Note: This can also be read the other way in that the relation
I‘b =)
= — log ¢
ab axa

obviously implies that V¢ = 0.]

By way of notation, put
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Then

3 3., _ _
tr(R(-—a, —b-)) = rb,a ra,b'

aX fo):4

If now ¢ is a density of weight r, then

Ve =3 -t

vaad’ = abvad’ - rl-‘bvad’ '

33,9 - rab(ra¢) - rrb(aa¢ - rra¢)

2 _
33% - r¢Pa’b -l 3¢ -rNj3é +r rbra¢.

Therefore



Section 10: Semiriemannian Manifolds ILet M be a connected ¢ manifold

of dimension n.

Definition: A semiriemannian structure on M is a symmetric tensor gevg (M)
such that V¥ x,
gx:TxM b TxM + R
is a scalar product.
[Note: A riemannian structure on M is a positive definite semiriemamnnian
structure.]

Notation: M is the set of semiriemannian structures on M, thus

we Ll

M
0<ks<n ¥k ’

where Ek n-k is the set of semiriemannian structures on M of signature (k,n-k)
L4

(sol\_donisthesetof riemamnian structures on M).
!

Let geM —- then one may attach to g its orthonormal frame bundle

o(k,nk) ~ IM(g)
+
M -

[Note: Therefore IM(g) is a reduction of IM and the set of reductions

of IM per the inclusion O(k,n-k) -+ GL(n,R) is in a one-to-one correspondence
with %c,n—k’]
Rappel: IM is either comnected or has two components.

e M is noncrientable if IM is commected.

® M is orientable if IM has two coawponents.
(Note: If M is orientable, then the conponents of IM are called orientations

and to orient M is to make a choice of one of them, in which case M is said to



be oriented. Agreeing to write

w=n ||,

it follows that there are reductions

+
@0 (H:B) - M
Yy
M.]

Remark: Let ge!k,n—k‘

e« If k = 0 or k = n, then IM(g) has at most two components. In the

presence of an orientation g, IM(g) admits a reduction

50(n) +  ulM(g)
¥ i
M
to the oriented orthonormal frame bundle.
¢ If 0 <« k « n, then IM(g) has at most four components. In the presence

of an orientation |, IM(g) admits a reduction

sok,n-k) -+ uIM(g)
o
M
to the oriented, orthonormal frame bundle and in the presence of an orientation

iu Pplus a time orientation T, IM(g) admits a reduction

80, (k,nk)  +  yIM(g)

4w
M

to the oriented, time oriented, orthonormal frame bundle,



Given geM, a connection v on ™ is said to be a g-connection if vg = 0,

i.e., if ¥ X,Y,ZEU‘I(M);

Xg(Y,2) = g(VXY,Z) + g(¥,v,2).
Among all g-connections, there is exactly one with zero torsion, the metric
connection, its defining property being the relation

g(va,Z)

- % [Xg(Y¥,2Z) + Yg(2,X) - Zg(X,Y)

4 g(IX,¥1,2) - g(I%,21,Y) - g([Y,2],X).]

FACT Every connection on IM(g) extends unigquely to a connection on IM,
these extensions being precisely the g-connections.

et cong'IM stand for the set of g-cormections on T.
Denote by Djz'(M) g the subspace of D%_(M) consisting of those Y such that

v X,Y,260"00),
gU(x,¥),2) + g(¥,4(X,2)) = 0.
e Lot v',v"econgm -- then the assigrment
T D00 x Lo x 0T~ )
(A, %,Y) » A(V}'{Y - IpY)
defines an element of D%(M)g.

[In fact,

(VRY = TpY,2) + g(¥, V42 - V)



— 1
= g(vg¥,2) + g(Y.v;{z)

- 9(‘3’;{‘{,2) - g{¥,v32)
= Xg{¥,2) - Xg(Y,Z)
= 0.]

olet vecong'IM -— then ¥ LIED"ZL(!\d)g; the assigrment

Loy x O + Y + U,y

is a g-connection.

[In fact,

g(va + Y(X,Y),2) + g(Y,sz + U{X,2))

g(vXY.Z) + g(Y,VXZ)

+ g (X,Y),2) + g(¥,4(X,2))

Xg(Y,2).]

Scholium: cong‘IM iz an affine space with translation group D;(M)g.

[The action V.U = Vv + Y is free and transitive.]
Notation: g': M) - M} is arrow ined e rule
i Vool ony » 0t an is the defined by th

gbx(Y) = g(X:Y) .

It is an isomorphism and one writes g# in place of (gb) -l.

Example: The gradient grad f of a function feC (M) is g# (af).

¥ xevl M),

#

glgrad £,X) = g(g" (df) ,X)



Pt an) @

h

af (X)

Xf.

Example: ILet Vv be the metric connection —— then v méDl(M),
1l
Vo = 5(L , g -~ dw).
2
g @

[Write

VolX,Y) = -JZL(Vm(X,Y) + YolY,X)) + %(Vm(X,Y) - Yo(Y,X)).

Then
T Va(X,Y) = YolX) - o(7X)
_ Vol4,X) = Xo(Y) - o(7Y).
Therefore
To(X,Y) - 7o(Y,X) = - do{X,Y).

#

To discuss the sum, let K = g'w — then V 2D (M),

o(2) = ¢¥gte(z)

= g%k(2) = g(K,2).
Therefore
Vo (X,Y) + Yu(Y,X)
= Xw(Y) + Yo(X) - o(V¥ + 9.X)
= Xg(K,Y) + Yg(K,X} - g(K,VxY + VYX) .
But

(LKg) (X,Y) = Kg(X,Y) - g(IK,X],Y) - g{X, [K,Y])



Kg(XrY) - g(va:Y) - g(X,VKY)

+ gITKY) + gix,TyK)

g(vxK,Y) + g(x,vYK)
= Xg(K;Y) = g(Krva) + YQ(X:K) = g(varK)
= Xg(K,Y} + Yg(K,X) - g(K,VxY + 9 X) .1

FACT Fix o¢C (M) :¢>0 and put § = ¢g. Let

be the metric connection associated with

<R
Q

+ 1 X(log @)Y + Y(log ¢)X

- g(X,Y)grad(log ¢).]

LEMMA Let V be a g-connection -- then ¥ XeDl(M), the diagram
. gb
pley - D

VX+ vy v

oL () - D, 0D

commites.
[In fact,

Py @



9(7,¥,2)

Xg(¥,2) - g(¥,7,2)

@) - ez

il

X{g

b
(vxg Y)(2).1

Notation: g-leﬂg (M) is characterized by the condition
g_l (gh{'ng) = g(X,Y) .

Therefore g_l ® geﬂg @) and the contraction Ci (g_l ® g) éﬂi M) is the

Kronecker tensor K.
1

Observation: Let V be a g-connection —- then 7g =~ = 0.
[We have
(vxg_li (g%¥,9%2)

= xg M g%, gt

- g_l(vxgl’Y,g"Z) - g 1%, Xghz)

= xg~ L (g?,qt%)

- gl abvy.gbe) - o7 gW,gPe)

Xg(¥,2) - g(vXY.Z) - g(Y,vXZ)

(vxg) (Y,2)

[l

0.]



Iocally,

= 1e g
g gijd.x ® dx

-1 _ i3
g =97 202,

- axt  ax)

where [g77] is the matrix inverse to fg;41-
Example: Given fECw(M) R
df=fidxl=ngradf=gl3'f - N

1 5%

Example: Letvbethemetricoo:mection—tlmmehessiaanofa

function £eC”(M) is V2, thus erag (M) is symmetric (the metric connection

being torsion free). ILocally,

2

3 £ l"k af
(H.).. = ———r - e rd
P13 e 13 58

[Note: Since
Xg{grad f,Y)

= g(vygrad £,Y) + glgrad £,7.Y),

it follows that

= Xg{grad £,Y} - g{grad f,va)

XYf - (?XY) £

He (X,Y}.]

FACT ILet V be the metric connection. Fix x€eM, XxeTxM, ard let t - y(t)



be the geodesic such that v(0) = x and ¢(0) = X, -— then

2
_ ATf(y(t))
Hf‘x(xx’xx) = ___..Y_2_._.

dt t=0

Let Vecon g'IM —— then v cammtes with the operations of lowering or raising
indices.

[Note: The point is that

vagij =0

13
Vg~ =

S0, e.g.,

|
ol

]
Vadix® = gi.l*:vaxlIrk

m‘d
¥
I

= g]-kVaTkj .l

LEMMA The connection coefficients of the metric connection are given by

1 ke )
=39 Gos,5 * Jp3,1 ~ 9ij,0°

Put

Igl = |d6t(gij)

Then |g| is a density of weight 2, hence |g|]’/2 is a density of weight 1.

Returning to the lenmma, contract over k and i to get

i1
553

if
g (gﬁ,j + g£j,i - gij,f)'



10.

But

g gﬂj,:i.:g g

Therefore

i _1 gi
P43 =29 %i,5

_1 -1
=5 (det 9) “(cof gﬁ)gﬁ,j

I
|
l

2

a

|
¥
a

jol? o
Example: Iet ¥ be the metric connection. Suppose

vxevi (M) and, by definition, the divergence div X of X is

divX=CiVX(=trVX).

Locally,
3 3 1 = i j i
div X xll xfi+xrij
or still,

div X = W ai(Xi]g|l/2) .

that XeP~ (M) — then

[Note: The laplacian Af of féC (M) is the divergence of its gradient:



ll.

= div{grad £f).
Locally,

i AL

or still,
_ i i i3

FACT Let feC (M) — then
1
5 Alglgrad £, grad f))

= g[g] (Hf,Hf) + g(grad £, grad Af) + Ric(grad £, grad f).

Let ¥ be a connection on ™ -- then

1/2 _ 1/2 1/2
vlal™? = 1922 - r501Y
1 2 1/2
= lgI*? -y )9l
Now take for ¥ the metric comnection:
i
I“ - r L)
] Ji
= I‘i,_ = 1 a".{llzz
1] |gil[2 ax]
_ l/2
-W 191
1/2
vslal*/? = o.
{Note: Write
1/2, -1/2
1= g2
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1/2 -1/2 1/2 -1/2)

0= w;lg[7 5 1a|™ + |g| %1l

1/2 -1/ 2)

il

|g| (vjlgl

-1/2 _

legl 0.]

Remark: It follows that the Ricci tensor associated with the metric

connection is necessarily symmetric (see the discussion at the end of the last

section), hence Y X,YGD]' M,

tr (R(X,Y)) = 0.

Put

e ——U—Igl 2'5,

where ¢® is the upper Levi-Civita symbol. Then e is a twisted tensor of type
(n,0).

[Note: Analogous considerations apply to the lower Levi-Civita symbol
gy ¢ The product

e = (9|7 "-e,

is a twisted tensor of type (0,n).]

ILEMVA Let Vv be the metric connection —— then we have

[To discuss e , simply note that



13.

= 1 .2
Vje “Vj(w £ )

—1/2'e'+ Igl-l/z‘V-E:.

= Yla j

= 0.]

Let v be a connection on TM — then the assignment

Ww,2,%,Y) ~g(R(X,Y)Z,W)

is a tensor of type (0,4).

[Note: Obviously,
g({R(X,Y)}2,W) = g(ﬁ}R(X,Y)Z)

= ng(R(X:Y)Z)-]

Locally,

- a
Rijke = Jia® jke

&l
g(ai,aa)R Ske

- 2
- g(ai:R jkeaa)

g(ai;R(ak:az) aj) .

Specialize again to the case when V is the metric connection —- then

g(R{X,Y)Z,W) = g(R(Z,WX,Y)

g(R(XrY) Z;W) - g(R(X,Y)W,Z) .



14,

Symmetries of Curvature Iet V be the metric connection:

Riske ™ ~ Ryike
Rijke = ~ Rijex

+ R.

105k = ©

Rijke * Riej
Rijke = Fieis -

[Note: Recall too that
Rigkesm * Rijemk * R0 = 0

Example: The Kretschmann curvature invariant k is, by definition,

ikl

ijke”

THEOREM ILet ¥ be the metric comnection. Fix a point xoeM and let

xl,...,xn be normal coordinates at Xy = then

— 1 — l . . k ’E LK ]
gij(x) =95 (xg) +35 [ _5(R1‘ch£'+ ij) (25) ]x% + .
Let V be a torsion free connection on T™ -—- then
(Lxg) (¥,2) = (ng) (Y,Z)
+ g(VYX,Z) + g(Y,VZX) .
In particular, when V is the metric comnection,

(Lxg) (Y,2) = g(VYX.Z) + g(Y,VZX) .
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Observation: Let ¥ be the metric connection -- then

~ Zg(X,Y) g(VZX,Y) + g(X,sz)

_ Yg(X,2)

g(v,X,2) + g(X,v,2)

“—xg) (er) = Zg(er) - g(vazY)
+ Yg(X,2) - g(X,9,2)
= 2aP%(Y) - g"x(vzy)

+ Yg¥x(2) - g% (v,2)

(v,9P% (¥) + (7,97 (2)

voPX(Y,2) + vg¥X(2,Y).

I

[Note: Locally,

L + X. . =iji+vixj.]

x9ij © Xi;j 3ii
FACT ¥ X,YeD' (M),
(va)" = ay(%- Lyg + % axb) .

Let X€0'(M) — then X is said to be an infinitesimal isometry if L g = 0.

FACT An infinitesimal isometry is necessarily an infinitesimal affine
transformation.

From the definitions,

(Lyg) (¥,2) = Xg(¥,2) - gUIX,¥1,2) - g(¥,[X,2),
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S0 X is an infinitesimal isometry iff

Xg{¥,2) = g([X,¥],2) + g(¥,[X,Z])
or still, iff

vo¥x(¥,2) + vg¥%(z,Y) = 0.
Therefore an infinitesimal isometry is divergence free:

R T I T

x, =vx

;1 i

= Vigﬂs‘ﬁc

o  a
- F
L

div X = 0.

Example: Let X be an infinitesimal isometry. Put wy, = gPX ~— then

(cnxf‘dmx) (X,¥,2) = C'Jx(x)dﬂlx(Y;z)
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+ mX(Y)de(Z'X) + mx(z)de(X’Y)
= 9(X,%) Way (2) - Zay (V) - a (1Y,2])]
+ gX,Y) Zay (X) - Xay (2) = a (12,X])

+ g(X,2) [Xa (V) - Yo, () - a ([X,¥D].

But
(Lyg) (X,Y) = Xg(X,Y) - g(X, [X,Y])
=0
Xay (Y) = @ (IX,Y]).
Analogously
Xa, (2) = ap([X,2]).
Therefore

(Cﬂx/\dmx) (XIYIZ) = g(X,X)dcux(Y,Z)

+ g(X,Y) me(x) - g(X,Z)me(X) .
Assume now that

cuxl\da)x = 0.

Let ¢ = g(X,X) (= a (X)) - then

¢day (Y,2) + g(X,Y)a(2) - g(X,z)dp(Y) = 0.

¢da)x + a)X/\dcb =0

d(mx/cb): 0.
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It thus follows fram the Poincare lemma that locally,

@, = g(X,X)at (3 f).



Section 11: The Einstein Equation Let M be a comnected C manifold of

dimension n. Fix a semiriemannian structure g on M and let veoong'I'M be the metric

connection.

since |g|"/? V2=,

is a strictly positive density of weight 1 such that 7|g|
the Ricci tensor Ric is symmetric.
[Note: To check this using indices, write

i

il

g 174

Notation: Given a symmetric tensor TEDg (M), define tr(T)€C (M) by
. B &
Example: tr{g) is the ¢ function on M of constant value n.
[In fact,
i

tr(g) = gljgji =5 i = n.]

Definition: The scalar carvature S is tr Ric, thus

or still,



Notation: Write

va - gabvb.

ILEMA (The Fundamental Identity) We have

ViRki = %Vks‘

[To begin with

= Riskeom T Rijemik ¥ Rigmkse

= vaijk,E + kaij fm + ¥ £Rij ik
Therefore
3£ mi
0 = gy
Now examine each term in succession.

(1) gjzgmlvaijk,ﬂ

_ e i
=9 gmvaijk&

R A
=9 VJRijkE

= Vigjf‘R. .

ijke

L
v gjﬂp‘k?,ij

UrRiske ¥ kRisem  TeRigme -



@ gz

- gty

= 7H((-) (B

- v,

ijfm

J)

kji

)



Combining (1), (2), and (3) then gives

Ry = TS
Notation: Given a symmetric tensor TEDg (M), define div Téﬂl (M) by
\ _ kL
(Aiv T)j =g (VT)k:w
ke
9 VpTyy

_

kj;£*
Scholium: We have

ds = 2div Ric,
[In fact,

dSk = akS = VkS.

On the other hand,

2(@iv Ric), = 2g"7Ric ik

iy
=29 JRik;j

2<;;13u'jR]._k

]

2v'R

ik

2ViRki.]

[

I

IEMMA Let feC (M) -- then

div(fg) = df.



[For

. ke

ke
g V’a(fg) 3

i

ke
v 29 {fg) ki

£k
v Efg gkj

£
Vz(fs j)

£ £
(?ﬁf)ﬁ i + f(‘?£5 j)

v.£
]

Il

= If.
a:l ]

Application: Suppose that Ric = ¢g (¢¢C (M)) -- then ¢ is a constant
if n > 2.

[To see this, note first that

div Ric = div{¢qg)

ds _
5 = dé
_3S
$=35+C
On the other hand,
tr Ric = trsg)



Therefore
(2=n)¢ = 2C.]

Definition: The Einstein tensor Ein is the combination

So, EinEDg (M) is symeetric and one has
div Ein = div Ric - 3 div(Sq)

div Ric - L as

2
= 0.
In addition,
tr Ein = tr Ric - 5 tr(Sq)
_g._n
=85 5 s
T -5s (n#2)
tr Ein =
_ 0 (n=2) .
Therefore

Ld 1 L]
= Ein + E:H (tr E:Ln)g (n#2) .
[Note: When n = 4,

Ric = Ein ~ 5 (tr Ein)g

Ein = Ric - 5 (tr Ric)g.



Thug in this case, the Einstein tensor and the Ricci tensor each has the same
formal expregsion in terms of the other.]

Remark: Using the symmetries of R, it is easy to show that Ein auto-~
matically vanishes if dim M = 2.

Assume that dim M » 2 — then M is said to be a vacuum if Ein = 0, the
equation

Ein = 0

being the vacuum field equation of general relativity.

[Note: By the above, M is a vacuum iff M is Ricci flat, i.e., iff Ric = 0.
If dimM = 3, then Ric =0 = R = 0,1}

Notation: In computations, the Einstein tensor is often denoted by G.

Definition: Suppose that n » 1 =— then M is said to be an Einstein

manifold if 3 a constant ) such that Ric = M.

[Note: Matters are trivial when n = 1: In this situation, all M
are necessarily Einstein.]
If Ric = Ag, then

tr Ric =S =5 = M.

Therefore
EJ.n-'Ric—%—Sg
_1 i
=559 -355g
i 1



Section 12: Decamposition Theory Let V be an n—dimensional real vector

space. Suppose that A:V - V is a linear transformation -—- then

A=85+T,
where
S =4~ t_r_(.& I
n
=@ o
_ n
and
tr(s) = 0, tr(T) = tr(a).
Therefore

Hom(V,V) = Ker(tr) & RI.
Notation: R is the set of multilinear maps

RiV XV XV xV->R

such that
(a) R(Xlr 2rx3rx4) == R(erxlrx3rx4)3
(b} R(xlrxzrx3rx4) == R(xlrxzrx4r 3)?

() R(xl'xz'XB'X4) + R(Xl, 3,,><4.,>c2) + R(Xl,X ,xz,x3) = 0;

{(d) R(xlrxzrx3rx4) = R(X3:x4:xlrxz) .
Example: ILet M be a commected C” manifold of dimension n. Fix geM and

let v be the metric conmnection — then at each %€M, the tensor
w,2,X,Y) » g(R(X:Y)ZrW)
induces a multilinear map
RTMXTMXxTMxTM->R
® X b4 X % -

satisfying (a) - (d).



LEMMA R is a real vector space of dimension % n2 (nz-l) .

{Note: Therefore

n=1=4aimR = 0;
n=2=dimR=1;
n=3=dimR = 6;
n=4=daim R = 20.)

Definition: Let P,Q:V x V -+ R be symmetric bilinear forms -- then the

curvature product of P,Q is the tensor P X Q of type (0,4) defined by

P x, Q(Xl' 2:X3:X4)
= P(le 3)Q(X2:X4) + P(lex4)Q(xlfx3)

Obviously,
P xc Q=0 XC P
and it is mot difficult to check that

P x_ Q€R.

Now fix geéM -- then the prescription

G(X 1%y Xq0XKy) = G(X1,KDGKKy) = 9K 1K) g Ky Xy)

defines an element of R and

r: This is the map



defined by

rR(x,Y) =

SlR(Elrerer) + e + GnR(EnrernrY)r

where E€B(V) is orthonormal.

[Note: r_ is independent of the choice of E.]

R

Notation: Given Te¢Sym Vg, put

tr(T) = g[g] (g, T).

We shall then agree to write Sp in place of tr(r_ ), thus

Sr T aer(El’El) oo 4 E’nrR(En’En) *

Remark: Let M be a connected C manifold of dimension n.

let Vv bhe the metric connection — then at each xeM,

r, = Ric
Rx X
st = 5({x).

[By definition,

where

o, if {Ej,-..,E_}

0

Ricx (2, Y)

Ricx:TxM X 'I'xM -+ R,

Ricx(X,Y) = +tr(Z - R(Z2,X)Y).
is an orthonormal basis for TxM per g, then
E;lgx(R(El,X)Y,El) + e + e.ngx(R(En,X)Y,En)

ele(E ,Y,El,X) + e + enRx(En,Y,En,X)

= ele(El,X,El,Y) + e+ enRx(En,X,En,Y)

Fix geM and



=T (XfY) .

R

. 0
S(x) = tr Ric, = g [,] (gx:rRx) .l

LEMVA LetTESymvg—them

g x T(x,Y) = (n=2)T + tr{(Tqg.
[We have
n
r (X,Y) = 2 e (g X T)( %, E LX)
gx, T =1 k c By %o By

n
ki]_' [akg(Ek;Ek)T(X,Y) + akg(X,Y)T(Ek,Ek)]

- k—El [Gkg(Ek:Y)T(X;Ek) + Ekg(x’Ek)T(Ek'Y)]

n ZT n
= 3 efT(X,Y) + g(X,Y) I &,T(E,E)
2y %k oy K By By

n n
-T™X, 2 ¢ggE,YVME) -T( I ¢ 9gXE)IE_,Y)
e She ™ By e S

= nT(X,Y) + tr(T)gX,Y) - T(X,Y) - T{X,Y)

= (n-2)T{X,Y) + tr(T)g.]

= % [(n-2)g + ng]



L [n2)g]

"

{n-1)g.]

Example: Supposethatn=2—thendim12=l,henceVR€R,EICRGE:

R=CRG

Therefore

Assume that n > 2 and let R€R —= then

s S
_ %R 1 _ SR
R= n{n-1) G+a2 [rR —ﬁgl 9 trG

where, by definition,

°r 1 °r
C“R“n(n--l) G-55 [rR_H'g] ¢ 9
or still,
s
- R 1
C=R+ o ¢ "2 R % 9

Write Sym) V3 for the kernel of
0
tr:Sym V, + R.

Exanple: V R€R,

1 - 0
nz fg ~ 7 91¢€ symy V.



Write C for the kernel of

r:R > Syrn0 Vg.
Example: YV ReR, CeC.
{In fact,
r.=r, + R r.- -t r
C” R D2 6 n2 ryx, g
°r

- g - L
TR D ey P9 T ez (ATt sg0)

= 0.]

ILEWA There is a direct sum decomposition

_ 0
R=R(g x, g) &sym, vV, x_ goC.

[Note: More is true in that the decomposition is orthogonal (per g[i] .1

Remark: If n = 3, then

. 0 _
dim(R(g X, g) @ Symg V) X, g) = 6.

oL 42,22 0
dim R = £ 3°(3°-1) = 6.

Consequently, € is trivial, thus in this case
%R R
R—ﬁgxcg+ [rR-B—g] xcg.

Definition: The elements of C are called the Weyl tensors.

Let M be a connected C manifold of dimension n. Fix géM and let V be
the metric connection — then the preceding considerations can be globalized in

the obvious way, the key new ingredient being the Weyl tensor (n > 3):



CW,2,X,Y) = g (R(X,Y)Z,W)

S
Y oD ey 9W.X)g(2,Y) - glW,Y)g(2,X))

- ﬁ'i“z‘ (Ric(W,X)g(2,Y) + Ric(Z,Y)g(W,X)
- Ric(W,Y)g(2,X) ~ Ric(z,X)gW,Y)).
Iocally,
C =R + —S (g -g )
ijke T Tijkt T D) -2y 9ikI5e T Jied5k

1
= 57 Bypdyp * Rypd4y ~ Ripdsy ~ Rypdyp)-

FACT We have

LEMRA Fix ¢€C (M:¢ > 0 and put § = 9g. Let

be the metric connection assogiated with .
v

a?

¢ = ¢C.

[Note: Therefore the Weyl tensor, when viewed as an element of D% M),

is a conformal invariant.]



Section 13: Bundle Valued Forms Iet M be a connected ¢ manifold of

dimension n. Suppose that E - M is a vector bundle — then the sections of
E ® APr*M are the p—forms on M with values in E.

Notation: Put

AP(M:E) = sec(E @ APT*M) .

[Note: When p = 0,

i

AO (M;E) = sec(E).]

Structurally,

[l

22068 o APy,

AP (4;E) .
C (M)

thus the elements of AP(M;E) are the C (M)-multilinear antisymmetric maps

p
Pr0) x eee x DEOM) » sec(E).

Remark: If E is a trivial vector bundle with fiber Vv, then AP(E) is
the space of p-forms on M with values in V and is denoted by AP M;V).
Example: Let

G =~ P
¥ 1
M

be a principal bundle with structure group G (which we shall take to be a Lie
group) . Let p be a representation of G on a real finite dimensional vector
space V —— then a p—-form

aeAP (p;v)
is said to be of type p if

(R Y*a = p(cr-l)a ¥ g€G.



Write
APev
p
for the space of p-forms on P of type p and let E be the vector bundle

PxG V.

Then there is a canonical one-to-one correspondence

ni’ (e;v) — APQGE).

Suppose that E + M is a vector bundle. ILet Vv be a comnection on E — then

v gives rise to an R-linear map

?:AO(M;E) -+ Al (M; E}

such that

7(fs) = s ® Af + fVs (feC (M), seAO(M;E)),
viz.
vs{X) = vxs.

Conversely, every R-linear map

v:0%06E) ~ AL (E)
such that

7(fs) = s ® Af + £Vs (f€C (M), sesec(E))

determines a connection on E. Thus let xevlam —— then X induces a Cmﬂn)—linear

map evx:AHM-+ c”(M), hence there is an arrow

atowe) = 2%mm) & alm
c M

+ id @ eyx

2mE e cton = 220w,
c M



call it EV,. This said, the definitions then imply that the composite

X
Pwe . alege
} By
AO(M;E)

defines an operator

Vx: sec(E} -+ sec(E)

with the properties required of a connection.
Le_tf:M'—>MbeasrroothmapandsupposethatE—»Misavectorhmdle—

then there is a pullback square

E' - E
+ + (E' = £*E)
M' > M

and arrows

20oE) + 2% En)
AlM - AlM'
which can be tensored to give an arrow
Pwe e A %miEn e sl
C (M) C (M')

or still, an arrow

111 (M:E} - Al(M' :E').

ILEMMA let V be a connection on E —- then there exists a unique connection

¥' on E' such that the diagram



v
2L2m) > alouE
v '
A%EY) - aloeEY
vi

The constructions E*, E ® F, and Hom(E,F) can be extended to constructions

on vector bundles equipped with a connection.
¥*: Let V be a connection on E -~ then Vv induces a connection v* on E*

with the property that v selo(M;E) &Y s*éAO(M;E*),

d(s,s*) = (Vs,s*} + (s,V*s*),

this being an equality of elements of ﬂlM.

[Note: Since

2o =mom . WOoeum), oy,
™o

it follows that there is a nonsingular pairing
0 0 -
{( » ) : AV(M;E) x AT(M;E*) =-C (M),

viz. evaluation., Analogously, there are nonsingular pairings

AouE) x 2A%euEr - 2l

2%0uE) x al ey - Al

VE ® VF: If VE is a connection on E and VF is a connection on F, then

VE®VF is the connection on E ® F defined by

(VE®VF)(S®1:) =VES®t+s®VFt.



[Note: The tensor products on the right are elements of Al(M;E ®F), For
example,

stose) o 2A%euE)
o

e e, atme | 2%m)
o "o

ﬁo(M;E) ® ﬂO(M:F) ® AlM
c M c M)

I

PmEe R © _  a'm
c M

Al(M:E ® F).]

v

Hom(E,F)’ Let VE be a comnection on E and let VF be a connection on F —

then the pair(VE,VF) induces a connection ¥ on Hom(E,F) with the property

Hom(E,F)

that ¥ ¢€a% (M;Hom(E,F)) & ¥ sea’ (;E),

VF(¢'rS) = (¢'VES) + (Vv S) .

Hom(E,F)®*
this being an equality of elements of Al (M;F) .
[Note: First, there is a nonsingular pairing
( )« 2%mBom(ER) x A206E) > 200uE) .

Second, there is a nonsingular pairing

¢ . ) s A%MEmE,F)) x Atose) > atosE).
Third, there is a nonsingular pairing

( , ) : Al opEm@EF)) x A%0uE) » atesE) . )

Remark: Under the identification E +— E**, we have V +—= 7*%, and under

the identification E* ® F + Hom(E,F), we have ¢ v

E*®F ~ 'Hom(E,F)"®



FACT A cconnection V¥V on E induces a connmection ¢ kE on AkE such that
A

v = ¥ and

'

_ k
vx(snt) = vxsnt + (=1) SAvXt,

where sesec(AkE) R tesec(Af'E) .
[Note: We have

secmkE) = Aksec(E) .l

let Vl,vz be connections on E — then V fGCw(M) & Y s€AO (M;E) ,

(Vl - V2) (fs) = f(Vl - Vz)s.
Therefore
v, - vehom . (O0um), atonm).
c M
On the other hard,
Hom (AO(M:E) ' Al(M;E))
C M)
= Hom _ (AO(M;E): AO(M;E) ® AlM)
c cC M

i

Hom _ (AO(M;E), 2PosE) @ - by
cm c M)

2’ MHon(E,E) ® | a'lM
C (M)

Al s Hom (8, E) ) .

So, under this identification,

v, - V2€Al (M; Hom(E,E) } .

1
Conversely, if I"GA]' {(M;Hom(E,E) ), then for any connection Vv, Vv + ' is again a

cormection.



Let con E stand for the set of comnections on E.

Scholium: con E is an affine space with translation group Al (M;Hom(E,E) ).

[The action ¥-T

Reality Check Take E = TM =-- then

Projection Principle Suppose that E = El D E2 - then there are canonical

It

]

= ¥ 4+ T is free and transitive.]l

AL (1 Hom (M, TM) )

= 2% ; Hom (M, 0 ) ®

M

c” (M)

Hom oton,otm) ® . D

c” (M)

1
Dl M @ Dl {M)

c” (M)

AonTIon)

Cc (M)

M)
C (M) !

0
A (M;Tl (M)

AO (M;Ti M @ 'I'l (M)

2% 0TS 0n)

50 .

ArrCWs

viz.

con E -+ con El

con E =+  con E2

= pry (szl)

!
|

VySy = Pry{Vys,)

@+ vh

(v - v2) ,
(s €sec(E,))

(szesec (E2) ).



let E + M, F + M be vector bundles ~- then there is a C” (M)~bilinear product
aaPonE) o a3 - 2P e 0 F)
c”

which is characterized by the cordition

(s ® a)a(t @ B) = (s ® t) ® (arp).

[Note: We have

e e = 2°mEe ) & AP
C (M)

Pmeem = 2%mm o 2O0nE).
c

Therefore s ® t is an element of A(M;E ® F). ]
Example: Take F = ¢ = M x R, the trivial line bundle -~ then
AP (M;e) = aPM,
Since

rn’ B © - APM;e) + APOGE ® ¢)
c M

and E ® ¢ = E, it follows that

sSha =S5 ®a
in AP(M;E) .
Suppose that E + M is a vector bundle. Given Vécon E, let
a":aPaiE) + AP (v;E)
be the R-linear operator defined by the rule

dv(s ® a) = s @ da + VsAa.



[Note: Recall that VSGAl (M;E). Now view aéAPM as an element of np(M;e) _—

then
vsraerAP e @ ¢) = AP ) L

Itiseasytocheckthatdv=$'whenp=0.

LEMR Let aeaPM, pea®M — then

A" ((s @ aap) =d (s ® A + (-1)P(s @ o) Adp.

[We have

A ((s ® a)AR) = d' (s ® (arB))

il

s @ d(arB) + IsA(aAp)

s ® (dang + (-1)Pandp) + (7sAa) AP

I

(s ® da + vsAd)AB + (-1)P(s ® a)Adp

a'(s ® a)ag + (-1)P(s @ a)Ads.]

i

[Note: This, of course, is an equality of elements in Am+l(rd;E) .]

Example: Take E = ¢, so ¥ p, AP(M;e) = aPm. Consider the map

) - alM

£f — df.

Then d iz a connection ¥ and dVr is the usual exterior differentiation.

FACT let E + M, F + M be vector burxlles —- then there is an R-linear map

v .&®& ¥V

af FuPumE® F) + AP E @ F)



10.

~ seaP o E)

_tadonm,

V. ®9 v v
dE%  Faat) = d Baat + (-1)Psnd Tt.

Suppose that E is a vector bundle and let ¥ be a connection on E — then

there is a sequence

v

v
0+2%mE) Laloue

oy § .,

which, in general, is not a complex since itneedmtbetruethatdv o V=20
(Likewise for &' o d').

v

Put ¥' = @' o Vv — then F'

is a map from A%(M;E) to A2(LE) and is

C (M)~-linear. TIndeed,

v

d’ o V(fs) = d' (s ® Af + £Vs)

d“'(s_@ ag) + a’ (£vs)

s ® d°F + vsAdf + AfAVs + £Ad' (Vs)

£ad’ (vs)

£@’ o V().

n

On the other hard,

Hom (P osm), a2 oum)
™o

=fom . 0'mum), Pum) 6 %
cT i c M)



11.

= Hom _ (AO(M:E); AO(M:E)) ® AZM
C (M) C (M)

1% (4;Hom(E, B)) ® 5 LY
c

= 1% (M;Hom(E,E)) .
Definition: The curvature of vV is

v

F GAZ(M:Hcm(E,E)).

let s ® aeAP(M;E) — then
d o d'(s®a) =d (s ®de + VsAq)

=g ® d2a + Vsada + dv(\?s) Aa = Vsada

dv

I

e V(s)ra

Fv {s) Aa.
Therefore

v
0-2mE) Yaloee & A2 § ..

is a complex provided F’ = 0.

LEMA We have
ar =o,
v . R .
where d° is associated with v}k:m(E,E) .

[ ¥ sea’(M;Hom(E,E)) & vV seAl(M;E),



12.

a"(6,5) = (6,78) + (@'$,5),

this being an equality of elements of A3(M:E) . Take ¢ = Fv ~— then
@e,s) =a" &, - (F,vs)

v

=4d" o (dv

o 7s) - (@ o d) o Vs

= 0.]

Given X,YeD' (M), put

R(X,Y) = VX ° VY - VY ° Vx - V[X,Y] .

R(X,Y) :Ao {M;E) ~ AO (M;E)

and ¥ £ & ¥ sea’ (E),

fR({X,¥)s = R(X,Y) (£8)

= R(fX,¥)s = R(X,f¥)s.

There is also an arrow evy Y:A2M +C (M) which can be tensored over Cm(M)

with AO(M;Han(E,E)) to give an arrow
w, 0" (Ham(E,E) ® 4% > A0 (4Hon(E,E)) ,
!
c (M)
i.e., an arrow

EVX,Y:AZ (M;Hom(E,E)) - AO (M;Hom(E,E)) .

Put

F =Ev' (F



13-

GAO(M:Mn(E.E)) = Hom _ (AO(M;E) ,AO(M;E)).

c” (M)
FACT We have
v o
FX'Y - R(XIY) -
Define v, on A" (E) (p > 0) by

Lx(s @a) =85® Ly e

[Note: Take Ly = 0 on AO(M:E) .]

LEMMA 1et X,YGDI(M) — then ¥ SGAO(M?E):
VY. _ Y V¥ g
Lchdds—LXdchs ch Lde V[X,Y]S'

2

Reality Check Take E = ¢ - then d° = 0 and V f¢C (M),

LdeYdf - e df - [X,Y1£

Lxd(Yf) - LYd(Xf) - XYy - YX)f

I

XYf - ¥YXf - X¥f + ¥Xf

= 0.

Remark: The lama is merely a restatement of the fact that

v

FX,Y = R(X,Y).

Rappel: 1In the exterior algebra A*M,

Ly=tged+de iy
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Motivated by this, given ve¢con E, put

v _ v v
Lx—r..xod + a ° Ly
thus

J;:AP(M;E) +~ AP ou;E) .

[Note: When p = 0,

v

Lys

I
-

©
o
0

i
c
<]
0

= 7s(X) = sz.]
FACT We have
Lx(s®a) =vxs®cc+s®l_xa.

Specialize now to the vector bundle
™M = 1M
q(M) X GL
Then the elements of
AR o2 )
q
are the C  (M)-multilinear antisymmetric maps

k
oL x e x D) - 2.

[Note: Bear in mind that
0,,. _
A (M,Tg(m) vg(m).l

Remark: Working locally, each cr.elk (M:‘I‘g (M)) defines a k-form



15,

namely

i i
1
=(1(X1,...,xk)(dx 'oo.'dxp'_"a"jl—'oo-; '-'@"jl"-)'
ax © ax ¢

these being the components of a.
Let ¥ be a connection on ™ -~ then ¥ induces a cormectionon‘l‘g(M), which
again will be denoted by V. Accordingly, there is an R-linear operator
a":a% (M TED) + akt (M TE 00))
with the property that

d"(ang) = a%ang + (-1)%and"s.

[Note: Here,

CTNC A A

_ 1
= —_— 3 (sgn U)a(xo(l) ""'Xo(k))

kig! UES](+£

®FP (Xo(k+1) fees 'Xc(k+£) ).

Example: Takep=g=0 — tl'lean(M) =C (M) and

Koe” o)y = Ak,
In this situation, a’ = d, hence is the same for all v.
Example: Let TEDS(M) —— then
a"reat u; Tg ™))

and v xevl M),



lé.

a'r l,... 4P, x k)

I

1
(7,,T) (A yeos AP, Xpreeer¥)

1
VT(A. f.oo;Ap; Xl,...;xq,X).

[Note: Recall that, in general, if E -+ M is a vector bundle, then for any

Vécon E, on AO(M;E), V= dv.]



Section 14: The Structural Equations Iet M be a connected ¢” manifold

of dimension n.
Assune: M is parallelizable, i.e., that the frame bundle IM is trivial.

[Note: Accordingly,
IM A~ M x GL(n,R},

thus IM has two components, hence M is orientable.]

Therefore IM admits global sections, these being the frames.

[Note: A frame E = {El,. ‘e 'En} is, by definition, é basis for Dl(M) (as a
module over C (M)). The associated coframe is the set o = {ml,...,mn}, where
i

.. So, ¥ XeD' (M), we have

the 1-forms " are characterized by coi (Ej) =35 3

i
X =« (XE;.]
Remark: The components of a tensor TEDS(M) relative to a frame arise in

exactly the same way as for a coordinate system. I.e.:

i eve]
=1t P . (B; ® -+ ®E, )
310ig iy o
J j
® (ml®---®mq),
where
1 sssi i i

vl P om0 E. ,...,E. ).
Jl"'Jq Jl Jq

Let V be a connection on ™ — then its connection l-forms colj are defined

by the requirement

= oF
VXEj = @ j(X)Ei.
Agreeing to let

_ X
eFy T T isRe



it follows that

Given xeDl M), write

X = X'E..
i
Then
X = E. ® (@ + X, ).
i k
Given aéDl (M), write
i
a = 4ad.wn .
i
Then

_ i _ k
Ya = @ (dai cr.kco i) .
Definition: Let Yeéocon T™.

(T) The torsion forms @ of V are defined by

T (XrY) = ei (X'Y)Ei.

(R} The curvature forms S?.lj of V are defined by

_ ol
R(X;Y)Ej = & j(X,Y)Ei.

THEOREM (The Structural Equations) We have

o' = dw" + r.ulj:‘\ J



[Consider the first relation. Thus

ol (L, VE; = TY - 7% - [X,¥]

j _ J _ .3
vx(m (Y)Ej) VY(m (X)Ej) ™ ([X,Y])Ej

() (¥) - Y (%) - mj([x,Y])}Ej

3 i 3 i

i i 3
= dw (X,V)E; + (o jAa)J) (X, Y)E, .

Consider the secord relation. Thus

i = - -—
2 (K DE; = VOB, - VWE, - Vi yEs

Tl (08 - Vyle’y 0B = oy (1X,YD)E;
- {Xwij W - Yo'y - mij([x,Y])}Ei
+ (ot (0S5 ) - oty 0 018
= dmij (X, VE; + (mik/\mkj) (X, V)E; .]
Remark: If V is torsion free, then

[Note: Put



Then in the presence of zero torsion,

i ..’i i ji ﬂ.'i i i ...i j
dml P=-mlj/\m 2 p—"'-mpj/\ml p—l.]

FACT Suppose that V is torsion free —— then V aeaPy,

da = mlAvE a.

i
Write
i_1.4 3,k i __ i
Then the Cljk are the objects of anholoncmity.

[Note: Their transformation behavior is nmontensorial.,)

Observation: We have
_ i

- i i i
== (d(D (Eerk) - EjOJ (Ek) + E—kf.l) (Ej))Ei

¢ There is an expansion

oalet b @, ot

i _ A i i
T}oﬂ—rkﬁ—rfk"-ckﬁ'

[Note: By definition,

i _ i
T ke~ T{w ’E'J('EJZ) .]



5.

¢ There is an expansion

i i i
Riske = Bl gy = Epl' ey

a i i a i
+ T, T —rakjrﬁa+ck£raj.

[Note: By definition,

i _ i
R jk£ - R(Cl.) 'Ej'%{'E.K) o]
Put

. i

Ric, = Y
j BT

C i k £

Ric. = c,Ei[ 5 R j}cﬁm A}

- % [lei,\?':‘;‘Z R jk:l.mk]
- % [Rijiﬂm£ + Rijjquk]
= -12— R, i£°°£ + Rij iacoil
- Ri:.| isz’,

= Rj Em'e.



The Ricj {j =1,...,n) are called the Ricci 1-forms. Obviously,

]
o

RJ.cj (Eil 34

I

Rici (Ej)

but, in general, Rji # Rij’



Transition Formalities Iet M be a comnected C manifold of

Section 15:
dimension n.
Rappel: There is a one-to-oOne correspondence
r - VF
R

between the connections T on the frame bundle

_GL_(nr_R_) e M
v+ n
M
and the connections ¥ on the tangent bundle

- It
™ = IM X (o, g -

Assume now that M is parallelizable. Fix a frame E = {El, ’“"En} and let

5:M -+ IM be the section thereby determined, thus V xeM,

s(x) = {El x"“'En|x}

ig a basis for TxM'
FACT Fix xX€M and let zX:B_n ~ .M be the nonsingular linear transformation

X

(a,-.-0a) ~ alEl‘x + ccc +aE

Suppose that X,YGD]' {M) —— then

r _ - i _
va|x = t;xmr (dsxxx)z;x]Yx + (XY (%) B; |y

The correspondence T' <+ @ - s*ep identifies con 1M with at (M;gl{n,R}).



2,

2nd each Vé€con ™ gives rise to an element cnveﬁl (M;gl (n,R)}, viz,

i
[a j].

OJV

LEMMA ¥ Tecon LM,

E
It

r S*cnl...
[By definition,

T _ 1T
VxEjIx = (wy) (Xx)Eiix.

On the other hand,

o )
T3 |k = Gor @8 X)X 1.

XX "X j|x'

Here
ALY
gx jlx ej
and
col,(dsxx ) = s*o:I. (Xx)
But
s*cnI.(Xx)ej = s*cnr(Xx) 1jei
i
sz*mf‘ (Xx) ej = S*mf‘ (Xx) jEilx
i.T _ i
(w j) (Xx) = S*m[.(xx) 5
Therefore

® - = s*a,.]
iy “r



Given vécon ™, put

%=[§§@%mﬁm@n.

Then ¥ TI'écon LM,

R L = 8*Q
VF T
In fact,
R = dap + aphep
=
S*Q

r = ds*ep + s*apAs¥or,

= dw + w . Aw
VF VI" Vr

Definition: A gauge transformation is a c” map

g:M - @_(D:E) .

Notation: GAU is the set of gauge transformations.

With respect to pointwise operations, GAU is a group and there is a right

action
~ sec IM x GAU - sec IM
] (E,9) — E-g,
where )
(B-g) = By9 ;-

LEMMA Let vécon ™ — then under a change of frame



E + E-g {(geGau},
the matrix

mveal (M;gf(n,R)}
of connection l-forms becomes

-1 -1
g "oy9 + g "dg.

[Note: The products are matrix products and dg is the entrywise exterior
derivative of g:M -+ GL(n,R).]
Remark: The transformation property of sav is simpler, viz.
2 - g‘lsa g (geGaU)
vV v — "
[Invoke the lemma and observe that

glg=1
g tdg) + (g =0

g g = - @aghg

1

g tagg™! = - dgt.]

In matrix notation, the relation
v - (X)E
xoy = @ 410E;

can be written

VE = Ecnv(x).



S0, ¥ g¢GAU,

U Eeg = E‘.-g(g_]'mv (X)g + g_ldg(x)) .
Let v be a connection on ™ and consider the R-linear operator
da*onbon) > 2 enton) .
Then Y aenk(M:Tg(M)) . one has
i)eeed iyeed

v
(d a) I_ s ee TR
3y e3g Jyeee3

In what follows, use matrix notation.

Example:
(1) Take p=1, g=0 - then

@al=ad + mij/\aj

dva = da + mvi\a.

(2) Takep=1,g=1-— then

v..i _ ., i i a _ b i
(da)j—daj+ma/\aj mj/\ab
= dai. + mi Acca. - (-l)kai Acob.
J a J b3



d"a = da + ogra - (-1)kamv.
The miGAlM are the components of an element
wen M TH ) .

Explicated: ¥ xe0+ (M),

B w:Dl(M) -+ Dl(M)

w(X) = X
o = 0 (H)
= oai X).
Analogously, the
G)i
A
Ri

3

are the components of an element

2
@veﬂ (M;'I% (M) )

2
2 €n (M:Ti(M) ).

Example: The mlj eAlM are not the conponents of an element mvenl (M;Ti(M) Y.

[Suppose that T€A1 (M;Ti (M)} — then



— ol 3
T=T.E © .

Replacing E by E+g changes le to

-1, i £
(g ™) kaKg 5
But this tensor transformation rule is not satisfied by o since
-1 -1
@y * 9 @9+ g dg.l
d'w: We have

doa=dm+cnvl\cn

d'6_: We have

d'e

n

dOV + cavNE}v

a(@ ) + mv)\dvm

d(dw + mvi\m) + .:ovl\ {dw + a)vl\co)

= dcovl\cn - mv/\dco + covl\dco + mvi\mvi\co

Aw + @ Awm Ao
dingho + ghiog

(dcnv + Aoy} Aw

QvAm.

Vo _
d OV = QvAm.



dvszv : We have

o d'g, = day + ayr2, - 9oy
= dgv + mv/\(dmv + mvr\mv)
~ (dog * aghag) heg
Ry + aghdeg ~ daphay
(@ay + wphag) + aghdaeg = deghay

dO)VAmV - mv/\dmv + a)v/\dcnV - dmv/\mv

Reamark: The symbol QV has two meanings, namely as an element of

224920, R))

or as an element of

A2 T ()

Of course, if @_ is viewed in the second sense, viz. as a map

v
20" (00 x D10 > PLaD,

then, upon taking components, sav reappears in the first sense as a matrix,

viz. ¥ X,Ye0t (M,



i i_ i
2 (X,¥) (0"/Ey) = 2,175 = 2 (X7,

Summary:
& Urwound, the relation

Vo — .
d 0\? = szvnoa
becomes
aot + ot.re? = gt awd.
] J
® Urmound, the relation
Vo =
d sav =0
beccomes
i i i k _

Let aeak(M;Tg(M)) ~— then

i

@ad'at P,
Jl Jq
i ai,*--1i
= 1 AQ 2 ] .+ .
Jl.‘.Jq
i ...l
— Rb. Aa l pb' e [ X
31 32 Jq

So, when R = 0,



Section 16: Metric Considerations Let M be a connected € manifold of

dimension n. Fix a semiriemannian structure M. ket
!
Assume: The orthonormal frame bundle IM({g) is trivial.

Therefore IM{(g) admits global sections, these being the orthonormal frames.

Example: If M is parallelizable and if E = {El,...,En} is a frame, then

the prescription

= iyd
gE(XrY) = niJXlY

= ]
Y = YE,
- J

defines a semiriemannian structure gEE.!k nk having E as an orthonormal frame.
L

And
% ~ %g-a
for all
ACC” (M;0(k,n-k) ) .
Suppose that E = {El,...,En} is an orthonormal frame. Put
Then

~1 (1 =i=k)

+1 {(k+1 = 1 = n).

[Mote: Let o= {col,...,con} be the associated coframe —— then

g= $5io)l ® ol.]
i

Example: Let XGD]' (M) ~- then ¥ V<¢con T,



civx = ejg(VEjX,Ej) .

[To see this, recall that

VX = E; ® (dxi + kaik)

or still,

X

i 3 i j
(ij JE; ® o) + & KB @@

Chox = 5t + 6l

5
Eix1+x1‘ij.

On the other hand,

ejg(VEjX,Ej) = €9 (ij (X'E,) /E3)

ajg((Ele)Ei + x"ijEi,Ej)

It

. -
sjg((Ele)Ei + X 1 BBy E)

() B + (6950, ()

T
Eixl+xrji

L] j i
Ej_xl + X017 40
Remark: To lower or raise an index i of a component of a tensor TEDS(M) ’

one has only to multiply by e E.g.: If TED%(M) , then

_ _ ei ol



Fix Vécong ™.

LEMMA We have

i +
W = - 5.5.(_03.

j 155974 (no sum) .

[In fact, ¥ XeO- (M),
= g(Vin,Ej) + g(Ei'vXEj)
= (", (X)B, ,E.) + g(B, ,a s (X)E,)
gl i E.k' 5 g 4 r @ j Ek
k k
= @ i(x)gkj + w j(X)gik
k k

i J
g0 j(X) + ejm i(X) (no sum) . ]

[Note: If E = {El,...,En} is an arbitrary frame, then

wss + .. = dg,..]

ij i i
In particular:
i _
ILFMMA  We have
i __ 3
2 3 eiejﬁa i {no sum).

[In fact,

- jo_ J j  k
e.e.sai eiej[dcoi+mk/\m j_]



- g.5.[d(~
5153[( ©418 3

i
- sisj[ - sisjdco j

k

2 i i k i
= .E . . + A L] = ‘.
(elsj) [dw g+ oA j] R 1]

In particular:

Scholium: Let E = {El, ...,En} be an orthonormal frame.

a g-connection — then

-e-mi-) + (-

k i
ejek)m jf\(- skei)m k]

i k
- sisj(m k/\m j)]

J

Suppose that ¢ is

g €A™ (M; 50k, nk))

and
2g€n” (M 30 (k,nk)) .
[This is just a restatement of the fact that
coij = - eiejmji (no stm)
and
Qij = - sisjszji (o sum) .]

Assume now that v is the metric

dml + mlj/\ J

LEMMA We have

i _1
Ty =7

£

i
(sidm (Ej ’Ek)

connection -~ then, since vV has zero torsion,

0.

3 - k
+ sjdm (E‘.k,Ei) skdm (Ei,Ej)) .



[Obvicusly,

i _ i i
dw (Ej:%{) == k(Ej) + o j(Ek)

i _ i i
e ;4w (Ej,%{) =~ &0 k(Ej) +ew j(Ek).
Next, cyclically permute i,j,k and use the relations developed above to get
J . | 3
deﬁ) (EkrEi) Bim j(Ek) + 5jm k(Ei) .
Repeating the procedure then gives

(E;).

k _ 3 _ i
akdm (Ei,Ej) = eja:- k(Ei) TN 3

Now subtract the last equation from the sum of the first two.)

[Note: It follows that the comnection l-forms colj are the unique l~-forms

satisfying
da)i + mijhcoj =0
and
W, = =g 5.0, (no sum) .}
J 113

Remark: In the RHS of this formula, the indices 1,3,k are not sumed!
let E = {El,...,En} be an arbitrary frame.
Notation: Write
_ k
9933 T 943,k°
where

953,k T P91y



_ a
95k ~ Jiak k3 t 958l ki
FACT We have
i _1 i ib 1ba
1 ib
t59 (gjb K gbk i gkj,b) .

Reality Check If

leaving
I‘j'kj =
But
_ Cikj i
Cjki =
T
Therefore
rikj =
or still,
rikj =

1 i 3 .k

the frame is orthonormal, then the second term vanishes

i
-~ C .
( .

+ekeck

1l
5 +aJaC

i
do (Ek’Ej)
dmj (Ek,Ei)

k
dm(Ej,Ei).

L @t E.,B) + e.c.dw) (B, ,E:)
2 5By T oeqe 0 (B By

k
- eke;idoo (El'Ej))

(B /Ey) .



as desired.

Remark:

®*Take i = k —— then

i1, i 3 i
_1 i i
- X
® Take 1 = j == then
i 1, i i
ki =3 ©Cha o380 1 * o®iC 44
1 i i



Section 17: Submanifolds Iet M be a comnected C manifold of dimension

n, ZCM an ambedded connected submanifold of dimension d, i:Z - M the inclusion.
Fix a semiriemannian structure g on M.
Assumption: g £ i*g is a semiriemannian structure on I.
So, ¥ x€z, gx|sz is nondegenerate and
_ L
TxM = TxZ & TxZ'. .

In the category of vector bundles, there is a pullback square

i*™ - ™

and a split short exact sequence
0> T3 —+ i*m + TZ* + 0,

where 75t is the normal bundle of I.

Definition: A vector field along £ is a section of i*mM, i.e., a smooth

map X:2 - T such that the triangle

commites.

Notation: DF(5:M) stands for the set of vector fields along I.

[Note: Dl(z:M) is a module over C (Z). Furthermore, there is an arrow



of restriction

ey > 0z

and an arrow of insertion
oLzy » ph e L]
Let
tan:0t @ - 9L(2)
ror: 0t (z:M) + D]'(ZZ}l

be the projections, so ¥ XGD]'(E:M} .

X=tan X + nor X.
[Note: Both tan and nor are C (3)-linear.]

Rappel: let V be a comnection on ™ -~ then V induces a connection i*v

on i*m™M, i.e., a map

- Dl(z) X Dl(E:M) +01(E:M)

vV, X) — i*VvX

with the usual properties.

LEMMR The assignment

otz x ot - ot

V,W) — tan i*va

defines a connection V on TS..



Definition: The function

nv:vl(z) x OF(z) » o (z)t

given by the rule

= i %
Hv (V,W) nor i va

is called the shape tensor.

“is Cm(z)-'—bilinear. To see this, observe first that i*9. W

[Note: T v

v

is ¢"(3)-linear in V, hence so is H\?' on the other hand,

i*‘?v (£W) (VE)W + fi*VVW,

HV {(V,fW) = nor i*VV(ﬂ\T)

nor (fi*VvW)

£ nor(i*VVW) = ﬂTv {v.w).]
Sumary: VY V,Wéﬂl (Z),

i*vvw = ﬁvw + 1, (V,W).

IFMA If ¥ is torsion free, then v V,WGDI(Z) .

i - iy = [V,W].

Since

i*VVW - i*VWV - [V,W]

= ﬁvw - VWV - [V,W] + nv.(v,w) - va'w ’



it follows that if v is torsion free, then V is also torsion free and I'IV is

symeetric.

LEMA Suppose that Vecong'm -- then ¥ VEDl(Z), v X,YED]'(Z::M),

Vg(X,Y) = g(i*VVX,Y) + g(X,1* Y) .

Application: We have

Vécon ™ = Veécon T3,
g g

Therefore, if v is the metric connection associated with g, then V is the

metric connection associated with g.
LEMMA The assigmment

I TR O

(V,N}) —— nor i*va

defines a cormection 7* on TZ:J‘.

Given NeD™(3)*, write

i*va = tan :'L*VVN + nor i*VvN

or still,
i*mf¢=-SﬁV4-m?L

50 () > DM (E)

SNV = = tan :'L*VVN.



5.

LEMMA Suppose that vecong'IM — then

_=*
SV =9 @IV, _))).
[V WP (),
E_;‘(SNV,W) = - g(i*vVN,w)

= - Vg(N,W) + g(N,i*7.W)

= g(N,1*7,W)

g(N,nor i*VvW)

‘:J(N,l'[v (V,W}).

Therefore, as elements of Dl (z),
gEV,_) = gLI (v, ).
Consequently,
i~ ey
SV =9 (g (SNV,___))

= gty v, ).

Remark: If v is the metric connection associated with g, then HV. is symnetric,
hence

E(st,w) = g, (V,W})

g(N;l'Iv W, V)

E;‘(SNW,V)

gV, 5 .



L.e.: S is selfadjoint.
Let vecon ™ be arbitrary —— then ¥ Vl,VZGDl(Z) & ¥ wevl(z) ’

PA. iRV W - iV A%T_ W - i*V W
Vit VY, Voo Yy V1V,

: o —
i Vvl(VVZW + Hv.(Vz,W))

- & T .
i vvz(vvlw + 10, (Vl'W”

-E w_n-([vf ]fW)
[Vl, 2] violtt2

=V, 7. W+IO(V,,V., W
vV, v,

L
SHV(VZ,W) AL R

V. V.. W~ T_(V,,7., W
v, Vg vi2rvy

1
+ V. - V.10, (V. ,W)
snv(vl,m 2”7 v, vt

-F W-1I ([V r ]fW)
[Vl,V2] vl U2

RV}, V)W - S‘nV (VZ,W)Vl + Snv (vl,w)vz

1 . 4



Write
(7 TT) (V) W)
1
1 — —
= VV Hv (V2,W) - 1'IV(VV V2,W) - Hv (V2,VV W)
1 1 1
and
(7 TT) (V3 , W)
2
J_ — —
= VV HV (Vl,W) - Hv (VV Vl’W) - 1'[v (Vl,VV W).
2 2 2
Then
(v\l, M) (VW) + T, (V, V), W)
1 1
— i - v
= Vvll'Iv (V2,W) HV (V2,VV1W)
and
J_ aw—
— - J- 9
= VV Hv (Vl,W) + HV(Vl’VV W.
2 2
Therefore

R(Vl,Vz)W
= R(V,,V.,)W - vV, + \Y
17V SI'IV(VZ,W) 1 SI'IV(Vl,W) 2

1 1

+ HV(VV1V2,W) - HV(VV2V1,W) - HV([Vl’V2] W)



or still,

R(Vl' 2)W

= R(V, ,V.)W - V. + v
1V Snv(vz,m 1 Snv(vl,m 2
+ (VR (VW - (FE L) (V. W)
vy e v, v

+ Hv (T (Vl, 2) ).
Corollaries

® Suppose that v€cong'IM -~ then ¥ Wl,WZED]'(Z) '
g(WlfR(Vl;VZ)Wz)
® Suppose that VEoong‘IM -~ then ¥ NGDl(z)l,

g(N,R(vl, 2,')W)

_ 1 1l

+ E(SN'f(vl, o) W .

Let Vvécon ™M be arbitrary —— then V Vl,Vzévl(E) & v NEDl(E)"': :

= j*y_ _ i*y N - i*yg_ i*y N - i*y N
vViT Y, Vyh [Vy:V,]
= % - 1
i VV' ( SNVZ + VV.N)

1 2



- 1% - L
i sz( SVt vVlN)

L
+ SN [Vl,V2] - V[Vl,VZ]N

= - vVlSNVZ - HV (Vl,SNV2)

1l _1

-s V, + V.. V.o N
lel VlV2
V)

+ VVZSNVl + HV (V2,SNVl)

1 _1
+s  V.-vivin
v\*,N2 Vo vy
1
+ S _[V,V.] - vt N
N''1Y2 [V]_’VZ]

— il o
=R (Vl,V2)N TSN(Vl,VZ)

+ HV (V2,SNV1) - HV (Vl’SNVZ) '
where, by definition,

VV SNVZ -V SNVl - SN [Vl ,V2] .

T, (V,,V,) =
Sy 1’2 1 9

Corollaries

® Suppose that Véoong’IM ~— then VY Nl,NZEDl(Z).l,

g (N R(V] ,V,)N,)



10.

_ L

+ g8, V,,5, Vi) = g(S, V.,5, V).
Ny 270N, 1 Ny LN, T2

e Suppose that Vecong'IM - then ¥ WeD' (2),

g (W,R(Vl,Vz) N)

- g(TSN(Vl;Vz) ;W) .



Section 18: Extrinsic Curvature Let M he a connected C manifold of

dimension n. Maintaining the assumptions and notation of the previous section,
specialize and take for Z a hypersurface (thus d = n=1) ~~ then the fibers of
Tz are 1-dimensional and there are just two possibilities:

(+) :giTEz" > 0

(-1) :g|Tz* < O.

Definition: A unit normal to Z is a section n:Z -+ TZJ' such that

(+):g(n,n)= +1

(-):g{n,n)= -1.

Assumption: 2 admits a unit normal.

[Note: n always exists locally but the Mobius strip in 33 shows that n
need not exist globally.]

Criterion If M is orientable, then I is orientable iff 2 admits a unit

normal.

Definition: Let Vécon ™ ~— then the extrinsic curvature of the pair

(z,V) is the tensor xvtz‘ﬁg(Z) given by the rule

I (V,W) = x_ (V,W)n.
[Note: g depends on n (replacing n by -n changes the sign of xv) .1

Remark: If V is torsion free, then HV is symmetric, thus so is Xge

LEMA  Suppose that VEcongm == then V\J’fl = 0, hence



1% =
i Vv.n S V.
[This is because

0 = Vgin,m = 2g(Vyn,n) .]

let Vecong'IM — then
g(IIv(V,W) M) = xv(V,W)g(Q_,g)

or still,

g(SP_V.W) = xv(vfw)g(g,g_)

%o (V,W) = g(8 V,Wginm).

To simplify, at this point we shall assume that 3 an orthonormal frame

{EO'E En—l} such that ¥V x€2, {Ellx"”' n—llx} is an orthonormal basis for

1;.-.,

_ 4
T2 and BB, | = T 37,

[Note: In what follows, n = EO]E.]
Notation: Indices a,b,c run from 1 to n-1.

Agreeing to use an overbar for pullback to Z, let VGcong']M-—then

v veot (),
T =T WE,
Ny (V,E) = &y (E,
'sEov = - 5y (VE,.
Put

‘Kab = Xv(Ea;Eb) .



X = g(SEOEa'Eb) £y
_ _ ==
= g((\) O(Ea)EC'Eb) 50

_ =-b
= = yEy® O(Ea)

~b _ -b -a
wy = O(Ea)m
- _ -a
= aoabx A5
=
-0 ~h -a

N RPN S
Remark: Suppose that v is the metric connection associated with g == then

-0 _ =0 -a _
dw = maAm = 0

X MW = WV,
Therefore

)cv Vv,W) = 5Og(SE0V,W)

- 6,3 (@ VE, & WE)

= - eoeaaao V) c_oa (W)

& (V)3 W)



5°a(m W)

- &48 aaao (W) a2 (V)

= xv w,v),

which confirms what we already know to be the case.

[Note: Similar considerations imply that the tensor

R R
(V,W) im 0 Vw O(W)

is symmetric.]
In anticipation of later developments, assume henceforth that gea,
r

andg;0(8060=—1,sa=1).

Let \?Econgm -- then

-a _ (n-1).,a -a =0
=a _ .=a -a b
oszo—dwo+mb!\o)0.

[Note: The E)ab are the commection l-forms of 7 but the §ab are not the
- . {n-1) .a
curvature forms of Vv, these being the Q b.]

Suppose now that V is the metric connection associated with g (thus 7 is
the metric comnection associated with g).

Iet G be the Einstein tensor —-- then

l.a

b
GOa 9] O(Eb,Ea).

Il



But

[The second relation is

Goo = Roo

B =

)
S°
S

+
=

ol N

trivial.

To check the first, note that

900°
S
ij
(g Rij)
('Roo + zaaa)
a
1
7 IR .
a



Therefore
0 B
- ZR = 7
b b0b b 0b0
_ .0 b
= Rgoo * iR 0b0
= Roo
1l .a
_1 1l
=3 Rpp*32 ZR.a
a
= GOO.]

Set q = g and given symmetric tensors T,Seﬂg(z) , pat
= (0 -
.81 = alyl (m,8) = T8,

In particular:

a

er @ = 1%, = q™r, = (g1

Observation: If Téﬁg(z) is symmetric, then

ct
(2,71, = ol

= 3 ().

T
a,b ab

Returning to G, in terms of the extrinsic curvature, we have

1 1 2

[Note: S(q) is the scalar curvature of q.)



To begin with,
= _l=a
Goo = 7 % pEarEy)
or still,
l -a -0
& b(Ea'Eb) t3 (o o b) (Ea'Eb) *
From the definitions,
1 (n-1).a 1
5 9 b(EarEb) - 5 S(Q) -
In addition,

-a =0 '

(@ gha’y) (B, By)
—a =0 -a .0
= © O(Ea)m b(Eb) -® 0(Eb)m b(Ea)
= Xaa"mb T “pa"ab

_ 2
= XaaMpp = )

(e bg)) = Doy
Turning to the formula for aOa' write
ﬁbo(Eb,Ea)
= AP B E,) + (o pay) (B E,)
= Alu 37 (B B+ % o (A0 ) (B E,)
= (@ 7) (B ,E.) + x4 Ao (B ,E)

_b T
+ % e (@ CAac ) (B, E,) -



8 We have

(dx 4 A& ) (B, E,)
= d, (B)a () - dx 4 (B} (B,)

= Ay (B) - Doy (E)

= B g By By - Exg (B B).
® e have

—c
chd(l) (Eb; Ea)

= %y, (Be (B)) - Ega () - & ([B,E,])

i

- %y @ (1B ,E )
= = %y B B 1°

Xp, [E, /E.1°

C
%o (E_ B [E /B ]
%y (B, /B ) [E_,E,1°
* (Eb: (E rEb]cE )
v a c

= Kv (:Eb; [Ea.rEb] )

[

7By EaEb E
=X( :E’ )_K( :G E)-
v EaEb 75 B Ca



®We have
-5 !
Xorglo o™ ) (B E)

= xR (B (B) - an B (B))

Hac® c(E'b) _Xbc"’c )

-b -b
g a;Ec)m C(Eb) ~ %y (E'-b:Ec)to c(Ea)

= ?‘v(Ea'abc(Eb)Ec) - A (Eb,abc(aamc)

xg (B, o L (E)E) = xv(Ea,E:-Cb(Eb)Ec)

= xv(Eb,ﬁE E) - " (E ,vaEb)

Therefore 9. Eb E ) equals

B ng (B, B) - xv(Eb,EEbEa) - %y (B, vaEb)
minus
g (Eb'Eb) =% (Eb, EEaEb) - % (Eb,"f’EaE‘b) .
Since g is symmetric,

nv(_Eb,EEbEa) = % (va B

) Kv(EbrVEaEb) = Kv(anEbrEb) -

But

Eb V) (E E‘b) bev(Ea,Eb) - xV(VEb o Eb) = % (E 'vaEb)

(an)(v) (EbrEb) = Eaxv (EbrF])) - Kv (anEbrEb) - xv (Eb'anEb) -



10.

=b
Therefore & O(Eb,Ea) equals

(Vbev) (Ea’Eb) - (VEaxv) (Eb;Eb)
or still,

Vbx ab " va“'bb‘

G,

oa = Vbxab - Vatrq(xv) -



Section 19: Hodge Conventions Let M be a comnected € manifold of

dimension n.

Rappel: If ¢ is a density of weight 1, i.e., if ¢ is a section of the
density line burdle Ldm(M) + M, then one can associate with ¢ a Radon
measure m, :

= £ .
I fam = J fo (e 0D)

Let geM —- then |g|l’/2 is a density of weight 1, from which m
9]
Assume now that M is orientable with orientation p —— then there is a unique

1/2°

n-form vol gen"M such that ¥ x€M and every oriented orthonormal basis for TM,

volg x(El"”'En) =1.

[Note: In a connected open set UcM equipped with coordinates xl,. o Xt

consistent with u, i.e., such that

2.
1

€u ¥V x€U,
3% X

Feeoagy

X X

we have

vol, = g1 %t A .. oa &)

FACT Y feCC(M) ’

J £dm

= [ fvol .
Mg g

1/2 M
Remark: Let I be a hypersurface ({subject to the standing assumption
that g is a semiriemannian structure on Z}. Suppose that I admits a unit normal

n -- then the pair (u,n) determines an orientation i of I and

= i%(,
VOl§ i (t’_n_volg) .



FRCT V¥ XGDl (Z_:M) '

i*(cxvolg) = g(n,n)g(X,n)vol_
g

LEMA Let X¢D' (M) ~- then
vaol = (div X)vol .
g g

[Working locally, we have

Letlal Zad A o a @™

V2 sal A oo naced) A ool na®

i

= x g% A A e

-X|g|1/2dx1 Avee A AT+ |g]

1/2 3

st A ... Ad(XJ———x) A vee A QXD
i ax’

+ |9

= (xl|g|%£2 + |g|l/%{fi)dxl Avee A"

"
{l.;
B
s
a
g
\._,N
g

{div X)vol .}
g
[Note: By contrast,
?Xvolg =0

if v is the metric connection. Proof:

V(Igl Bl A el A @



Llalhad A oa el

= (gl 2 - P

1/2 1l 1/2 1/2 1
= ofsly 'Xa‘W 912 191 Pa A ... h @

= 0.]

Application: Suppose that X has compact support — then
J div X)wvol_= 0.
M g

[In fact,

fM(dlv X)volg = fMvaolg

= IM(LX od+do :,X)volg

= [ d{¢,vol ).
M X 9

But vaol g is a compactly supported (n-1)-~form, hence

Jd{t,wol ) =0
M = 9

by Stokes* theorem.]
[Note: Let £eCo(M) —- then V XeD' (M), £X has compact support, so

0 = div(fX)vol = J (Xf + f£{div X))vol ,
M 9 m g

or, in index notation,

0= fMVi(fX]')volg = fM((vif)xl + £(7,X))vol ]

Example (Yano's Formula): Working with the metric comnection, let



let XeD' (M) — then

vbvaxl -7 aval

= x::a;b - XJ,}b;a
= Rijbaxj

Xi-a;i T Miza
= Rijia ?

S

a7l

= R .X°XT = Ric(X,X) .
al

In the relation

div{£X)

fdiv X + Xf,

take £ = div X to get

div((div XX) = (div X2 + X(div X)

(@iv X2 + d(div X) (X .

Since div X = xli, it follows that

d(div X} (X) = xaxji;a.
Therefore _
Ric(X,X) = xaxfa_i -~ d(div X) (%)



or stiil,

Ric(X,X) - (div X)2

= & | - div((div X .
rari

Write
v, (v X)) - (9,5 (0 X))
= X (X)) + X0 X - (1.0 (0 X))

=XX,.3

and then note that

Aiv(7,X) =7, (1,05

i
vi((v 07

X

a

il

i
vi((xavaam )

i
vi(xa(va X))

a
= vi(x?(xfa))
=9, 0w xM).
Therefore
Ric(X,X) - (div X)2

= div(r,®) - (7,85 (v, XY - div((@iv 0.



Ric(X,X) - (@iv %)% + (vixa) (vaxi)

= div(\?xX) - div((div X)X).
To understand the term

(7,5 (7,%),

recall that vxevi (M) or, equivalently,

vXeom _ (0T (0,00 ()

C (M)
X(Y) = VX
thus
UX o VXe€Hom _ olon ot an)
c ()
(VX o ¥VX) (Y) = g YXX
Claim:
1.2
tr(vX o ¥X) (a.k.a. Cl(VX) }
ecquals
(v (7.5
Indeed

=¥ X

s

:1i”a



=, 7.X

;i'a

=% 5

:i7:a"g

I3

tr(vX o VX) = X*.X° = (vixa) (vaxi).

1 a

So, if X has compact support, then

J [Ric(X,X) - (div x)2 + tr(vX o vx)]volg = 0.

=
"o
1l

1j Vj i + vixj
(LXG)lJ = vix* + vixd.
Therefore

0 _ ij
gyl Ugar L) = (L@ (g,

= 3 (¥ + v (WX, + V.X.)
i3 Jro )

If

s (v (v.xy + 2 %) (v.x.)
i3 It 4,3 9

+ 2 0xh w.x) + 3 ) (9.x.)
i3 ol J e

[l

23 (W) w.x) + 2 3 (wxh) v.x.).
i,3 IE i, +J

e From the definitions,

i
(VX) j-vjxl



]

1 ij
T (7,7 = (70T ()

]

jd
(70X (7,%,) .
#From the definitions,

S
(7;%) (7.%)

jkxk i
V.9 vjxl

= Vixkgjk VJXJ'

RTEES

54
(7;%,) (7 X

Jody o ol
tr (VX o VX) (vixj) wixh = @wlh (7%,
Therefore

tr(vX ¢ vX)

3 9191 (Lya,La) - gl3) (7%, 7%).

FACT We have

I

tr(vX o vX) g[i} (VX,9X) - %g[g] (dgPx,d9%x) .

[Cbserve that

(dgl’x) i v X - vixj.]



The material in Section 3 can be applied to the triple (M,g,u) pointwise,
hence need not be repeated here.

This said, consider the star operator

x:APM ~ A7 Py,

arxp = gla,B)vol

g
axa = (-1)° (_1)p(n—p) a

*f = fvol

g9

~ (o
*(fvolg) (-1)"f.

Example: Y XGD]' (M),

div X) = (di =L wvol .
*{(div X) (div X)volg xVO g

IFVMWMA Let V be the metric connection — then ¥ xeDl(M) , the diagram

* e
APy 5 APy

v v

X+ X

I N
commmtes.

[Fix BeAPM — then ¥ aeaPM,

arxp = gla,B) volg

Vy(anxp) = Vx(g(a,ﬁ)volg)
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Vx(g(a,B))volg + g(a,B)vaolg

vx(g(a,B))volg

Ty OMRE + QAT AP

g(an,B)volg + g(a,va)volg

anA*B + aA*Vxﬁ

CAV B = antv, B

VX*B = *VXB.]

Definition: The interior derivative

Szﬂsklﬁ-ﬁsth

5= (<1YEDPTL L g .

[Note: Therefore 6f = 0 (feC (M)).]
Cbhservation: & ¢ 6§ = 0.

[This is because * ¢ « = 1 and d ¢« 4 = 0.]
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Example: Take M = 51’3 —— then

O I S S P{ S D b

s0 in this case,
5a = xdra.

Remark: The exterior derivative d does mot depend on g. By contrast,
the interior derivative § depends on g (and u).

Notation: Write AEM for the space of compactly supported p-forms on
M amd put

< a,a’ 7g = fMg(a,a')volg (a,a‘EAEM).

Definition: A linear operator A:ALM - AFM is said to admit an adjoint

if 3 a linear operator A*:AEM - AEM such that ¥ a,a'EAgM,

< Ac,a’ }g = < a, A% > .

Example: Let V be the metric comnection -— then V a,a'EAEM,

Xg(a,a') = g({Vea,a’) + g(a.vxa').

On the other hand,

0 =/ (Xg(a,a') + g{a,a’)div X)vol
M g

< vxa,a' = f g(VXa,a')vol

s
9 Ty g

0l

J"M(Xg(tﬂ,a') - g(a,an' ) )volg

-f [g(a.vxa') + gla, (div X)a') Jvol
M g
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=< a, = an' - (div X){I' ?g.
Accordingly, vx admits an adjoint, namely

*

VX=—VX—dJ.vX.

LB Let aealM, pe\g*lm — then

< da,p g =< a, 58 > .

g
[We have
g(a,&[ﬂ)volg = aAx5B
= - (-l)b(-l)n(wz)aA**d*B
= - (DY DPan(-1)*(-1) PP Paup
2
= ~ (-1)P andsp
= « (~1)Pararp.
Therefore

g(darﬁ)mlg - g(G;SB)VOlg

darxp + (=1} paAd*B

Il

d{arxp) .

And, by Stokes' thecrem,

J d(aa#p) = 0,
M

from which the result.]
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Example: The Lie derivative LX:ASM - AEM admits an adjoint. Thus put
_ ¥

< an,a' >g = fMg(LXa,a')volg

= fMg(((,x ed+de cx)a,a )volg

= fMg(cxda,a')volg + fMg(dr,xa,a')volg

= 1 ]
fMg(da,sch )volg + < dcxa,a >g

= 1 t
< da,sxa )g + < an,aa >

[} 1
< a,&sxa >g + J'Mg((,xa,ﬁa )volg

L} ]
< a,&sxa >g + j‘Mg(a,exﬁa )volg

] ]
< a,Gexa >g + < a,sxsa }g

[l

]
< @, (5 o sx+exo 8)a >g

LX=6oeX+eX° 5.

[Note: Up to a sign, the composite

* — L » *
P S Ly 4 AP
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is ey» TO see this, let seAP']‘M - then

LX*B = LXLBVD]. g

vol

L gbxbﬁ g

= 1
oBAngvo g

*L 2B = )

* (¢ vol
sagbx 9

= (PP, (vol) ABAT X

(-1) ¢ (-1 PP Plgadx

= (1)t (-1)PEP) ()P lgbyag

DD gl

LEMA Let XeDT(M) —- then
div X = - ngx.
[In fact, V fECZ(M) ’
< f,ag"x }g = < df,g"'x ;.g

= [ g(af, ¥ vol
M g

= [ g(Pgtag,Fxivol
" g
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= J glgbgrad f.qb’x)volg
M

= J glgrad £,X)vol
M g

Il

S Xfvol
M g

= = [ £{div X)wol
M g

= - < f,divX>g

div X = - 83°%.]

Consequently, if aGDl (M), then locally

Thus write a

- then

"
on
By

I

|
&
<
bt

Sa

= = = - = - ai
==X =-7X =-7qg%

= - alVa,.=—g1aVC£.=—VlCL.
a 1l a

To generalize this, let aéAPM (p » 1) —— then locally

p+l
@ . . =z 0¥y q . )

317" prl a=l i, jlu'ja.“jp-l-l
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L] i .3
R k- PR

p+l l l oool ocoi
= 3 (_l)a+1 a, 1 a p+l.

a=l

So, fram the definitions, v peaP ™y,

o, T
9(de,p) = yr (@) By eeni

Pl

o

1 ptl a-l-l a l .ia°“ip+l
{(pFl) ! z (-1) By vuei
LY i, 1p+l

ptl ijveel_eeedi i

1z (). T TPHga
(p+1). 1.*++1
a=l 1 ptl
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I.e.:

g{da,B) = g(a,p)

p-!-l i i ...1 ...j_
+(Tp']4:l_)'- 3 (-1)a+lv a(cL 1 a p+1Bi i y.
° a=l 1 p+l

But:

i o seei eeei

AR S

1 P+l

is a divergerce, hence integrates to zero. Therefore E = 58,

Restated, these considerations lead to the conclusion that locally,

(6ay. .. ..; =-Va. .. .
L e R
FACT V fec (M),
§(fa) = - L’dfa + fsa.,

Recall now that

=d1vog#od.
Therefore
A=-60 gPog’ o a
=-50ed
or still,
A== [EDY-D™ M s g ekl o d

(-1)% o d o % o d.
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Definition: The laplacian

A:APM + APM

A== (do &+ 5o0d).

Properties: (1) A= A*; (2) Ao A=A o d; (3) 8o A=A o 5;
(4) * o A= A o *,
FACT Let feC (M), a€AFM -~ then
A(fa) = (Af)a + f(Aa) + zvgrad £2-
[Note: On functions,

r_\(flfz) = (.&.fl)f2 + fl(afz) + 2g(grad fl,grad fz)']

Definition: The connection laplacian

0 0
6Om.Dq(M) - Dq (M)

By = vava.

[Note: In other words,

., . =v%WT, .,
(ﬂm )Jl...Jq a choch

which makes it clear that Acon is a metric contraction of VZ'I'.]

Let feC (M) —— then

g

Af f) i3

_ A3, 2
g (v f)ij

I

Hy.vsf

973
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on AOM but, in general, A # ﬁcon on APM p=>0).

To understand this, let aGApM {p > 0) —— then

p
@a, .., = 2 D%, v?a R
17" k=1 e aiyceipeced
and
(6da), ... =-V9a, ..
1 lp ll lp
BT .
k=1 ]'kal 1k :i.p
(Ad) =~ [(@a), .. + (6d), _ . ]
17 p 17"
= vavaal ”
1 P
+ z (-1) (vav —v. va)a n
k=1 S i "k'”l

Rappel: Thanks to the Ricci identity,

(v.v N Ya.
a'b” 'b'a jl- -jp
P

= ER - = 1 oco.
¢=1 Jgb2 Jp-113p41° " Ip
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or still,

=R a. . .
& ljzcncjp

P

T

(22 3P aiprttdpqiipyg el

fm J b * ..
2 £ a:Lj2 j£
Therefore

z ~0¥e?y, - v, 7@ )a .

k=1 L, i R

= z -1 ¥rt 3

alk 111 lk' 'ip

£+kR1
+2 2 {-1) N
k<l 1£1k a11

l J_‘k'oool’ao.-lp

-
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[Note: This is the so~called Weitzenboeck formila.]

Example: Take p =1 —— then

a _pl

Since the Ricci tensor is given by

_ 3

R, = gMR

3

H

= Ra_ l.
Ja

But

i
183
0

g
3

Therefore

a i
pAa) . =V V. a. —R. a..
(8a) 4 a%y "N %

FACT On forms of degree n, & = Acon'



Section 20: Star Forrmlae ILet M be a connected C- manifold of dimension

n, which we shall take to be orientable with orientation p. Fix a semiriemannian

structure g on M.

Assume: The orthonormal frame burdle IM(g) is trivial.

Suppose that E = {El,...,En} is an oriented frame (ot necessarily ortho-

ormal), Let o= {ml,...,mn} be its associated coframe -~ then

volg = }g]l/zml Avee A
or still, .
where

e.= lglY e, .

Rappel: fThe star operator is the isomorphism
*:ApM - An-pM

given by

Therefore

1l w il q‘p 1 ) Jn—p.

* T et ¢ iyceedgyoed

Another point to bear in mind is that
i i

*(col Ao Aa D)
IR ; j
-___!(%.l_-l)_'gll‘..gppe. PR | (t)p+l/\... ﬂmnn
D) ! S FREES

[Note: If E is orthonormal, then |g| = 1 and
i

i
A eas Amp)

*(ml



J j
=_1 £, € .mp+l/\ LA w ]

IEMA Assume: P > 1 -- then

il i
(p~l)6{w ~ A ... A @ P)

~

P i i i i
= 3 (—l)kcolkl\ﬁ(ml A uee A mlk A cee Amp)

k=1

. i i
+ (-1 =) PPl Ay ooy Ak o L reP).

[We have
i i
g a(ml Aue A D)
i
i i
= (-1)“(-1)“134'“"‘1f,E @@ T A ... AwP))
i
i i
= (D EPM @ P A LA e Piaghey)

i i
(_1)0(_1)np+n+1* {A*{w 1 A ves A p) Ami)

i i
(-1) b (-1 TPHL gy P, (0, Adx (@ ln . rAwD)

i i
(=1) “ (1) PPy (o, da (0 RPN <

i i
(*l)b(-l)np+p*(-d(miA*(m Lo Ae Py

I

i i
+dr.oi/\*(m1 A wes A mp)).



But
i i
min*(m 1 A vee AW p)
i i
= D"Pre A A0 Phre,
. i i
= (—1)“"p(--l)“"lau,co wiA...A oD
i
P i i
= (0P 3 1 Y SR
k=1 i
Write w; = giama -- then
t w = g(mirmlk)
®3
= giag(marm }
o ha i
= 9ia% - 9as = 5 i’
Therefore
i i
LE 5(0) A ses A p)
i
P i, i
e (D )PP, () B (DS K L
1
k=1
i i

+ (-1)“(-1)“9"9*(dmin*(m Taore®)

P i i
dx 3 (*l)kalkim 1 A ves
k=1

(1) I (-1) n{p-1) +n+l*

i i
+ (1) (-1 *Pr (@, nx (o 1o AeP)

L
.

A

A e e Ampl

}

AW A e

A

w
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1% i i
5 (15 K 5 L

i
{0 " A Lo AW A...Amp)
k=1

i i
+ (DY DR (G Ak (o N <

Since in general

1

oA, a = (p-l)a (aerP

1

E
it thus follows that

i i
(p-1) 8{w 1 Acee Ao p)

.y

i i i i
= 3 (-l)kakAB(col A sae A mlk A eee Aw D)
k=1

i

. i
+ (=1 * (1) PP A (o (o LU SO

Remark: In principle, the lemma allows one to compute

il i
8w~ A oc. Aw D)

by iteration provided that p > 1. As for p=1,
st = 5gVE"

= - @iv BT

- div glJE.
J
= - gljdiv Ej

S

x



So, if E is orthonormal, then

6@1 = - G.E].".J..

]

|
o
g

§
«

o

H
t
®
3
3
(1)
2

E_Clo

fh

Example: Take p = 2 and suppose that £ is orthonormal — then
i, i i i i i
S(mlAm2)=—mlA&o2+m2A6ml

, i, 1
+ (1) "6 An (doo; A (0 Lhe %)

or still,
i. i i, i i, i
G(wlnm2)=C2ml-Clm2

. i, i
+ (-1) bt Ax (dcoih* {w 1Aw 2)) .

Write

i j,. k
jkm/\m.

ii
# (Ao mx (0 Lo %))

3 . i, i
1 1, k, 1 2
e;iC jk* {w rw Ax (o A 7))

N =



Therefore

[Note:

\ . i, i
-1 1 j, ok 1, "2
_7510 jk*(g(m AW g0 AW )volg)
. . i, i
= (-l)z’ % eicljkg(m]/\mk,m 1Am 2)
PR TLE r
= D7 56505
- . 1 . 1
glad,0 B gled,e )
x det
i i
g(mk,m l) g(oak,m 2)
_ v 1 i
_jil j12 _
U U
x det
k'.l'l k:|'2
" U
. ji, ki ji, ki
_ vl i 12 I,
1 j i
= (- ze.(CH e, 6. -Ch Lokl e,
21 113.2 11 i, 1211 i1y
= (-l)('e.e.-e. 'Ci. .
14 41
i.i
- [ 172
= (-1) Ci -
i i i. i i, i i.i
s o) =cZal-cly2ec L2

Define ¢ functions M by




pl( == (do & +6ad) =Miama.

Then the preceding considerations enable one to express the Mla in terms of

i i
theCjkandthijkE,MExe

i i 2

IFMVR Iet ¥V be a connection on ™ —— then
i i
d*(ml/\ e Amp)

i i
Akl T A ver A p/\ma)

ai ai i i
1

+ (0 — +dg )A*(ma/\mz Avee A ®)

ai ai il i 1
+ v+ Prdg Piaco~ A vue A0 BT Ao )

i i

[Note: The connection l-forms of V per E are given by
v = ot (X)E
xbq = @ §XE;

and one writes

mij - ggkmlk.

Recall too that

To establish this result, it will be convenient to divide the analysis



into two parts.
Suppose first that E is orthonormal == then

il i
Ax(w = A ee. A mp)

3

1 ptl

=—-—-—-—“ £s ***E. E. . ....d(&) A,
(n-p) ! "1y o i A= S S R

i i
=dPrx (@ T A ol Ao pnma)

i
(Oa - mabl\mb) Ax (w0 1 A

i
e Ampl\a))
a

a il 1
PAx(w - A ... A o)pl\ma)

i i
a.,b 1 P
bf\m Axld — A oo0 AW /\ma).

But
i i
a. b 1 P
@ b)\m Ax{w T A L. A Ama)

i i
= (--1)n"l"’_]'mab/\,«r wlA... Ao pnma) A

n-p~-1 n-1 a il i
DT T A o T A el A 6 Pas)

W

i i
(-l)pmab/\*(,wb((o T Pra) .

Agreeing to write

=)
1l

X £55° {no sum),

it then follows that

A w



i

a 1 1
=0%Ax (0 " A eee A wp/\ma)

i i

i i i i
* o, Liuct@®rao A coo A Py + -oe 4 @, Prslo L A e A o P 1r?
i i
- a)a A*(ml A ees A mp).
a
Since dgab=0arsi
ai _ i
@ = e 0 (no sum)
_ a
w, =0 (no sum),

this formula is equivalent to that of the lewma (when specialized to an oriented
orthonormal frame} .

[Note: If VGcongm, then

b _ _ a
W, = e 0 (no sum) .
Therefore
J.‘k_ a
71} = E&E E. W .
a a'i " i
_ x
ee, (—e e, Ja
a’i, a’i, a
o x
=-w,.
In addition,
aJa =0 {no sum) .



10.

S0, in this case,

il i
Axlw ~ A voe A @ p)

a il i
= Aak{w A ... Ao phah)

i i i i

1 2

1

a 1
- Ax Aoy
a (e

i
Avee AP = cee = mpa/\*(m Ao Ao PR,

Moreover, the torsion term drops out if Vv is actually the metric connection.]

To handle an arbitrary oriented frame, it suffices to consider

E = E-A,

where, as above, E = {El""'En} is orthonormal and

A:M ~ @0 (n,R)

is smooth, thus

tri>»
Il
It
-]

(E-A) 3

I
B
)
‘_’I—'
(.}
'-l

CT)J = (m°A)J

Now write

Jp j

d*(&) A s Af‘.l;p)

FEA 23
= ae(@™ limlA...A(A y P, o Py
1 .
3 4 ] i i
= a(a 1i e BH P el A A D)
1 .

A Aj2 Aj
. Ax{o"Am TOA L. AW
11

i, 43
Aljd(A l) 1l p)

1l
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i J A J

+ oeee 4 Apjd(A—l) pi @ T A o Ao PG
P
.13 1 i i
@™t L@ A re D),
1 *p

where
1
dx(w L A ... Ao P)

i

= O A% (e 1

P
A vee A ® /\mi)

i . i i i i
1

+ ooi' A*(coll\m 2 A e A mp) + -+ 4+ ®; pA*(a) 1

i1 4
Ao Ao PTAgh

i i1
-® in*(m A eea A o:op).

Rappel: Under a change of basis E » E, the connection 1-forms ocompute as

11k£ -1.i . a

Consider the torsion term:

- j - j , i i
a7l e bR, ol A ... A Pre)
ll lp 1

] . Aj
=@ T A L. A pAm.l).

From the definitions,

W, = (l.)a
i T i
,\ A~ b
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And
_ Al ,a
Therefore
=.' a"‘ AaAb
@ TMNia® T Miat b
P Ny b _ =17
(B jage° = @77 e

jO]

|

£
e,
+.

8 .
>

e

[}

a (Alaa;a)

+ [Alk$k£ (A"l)f'j + Alad (A“l)aj]A(AchGb)

i  ~a i _~a
= dA” A0 + A de
a a

i =12 3 ~k . ~b
+Ak(A )jAbmf,Am

_ ant -l.a .j .. ~b
dAa[(A ) jA b]/\m

_ 4.d1 -a i,a

—dAaAco +Aadm

i_t -~k +b i _a +b
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2.1 A i .~a i~k ~L i ~a
—dAaAm +Aadm. +Akco£f\m dAaAm

kmﬂf\co
= al, @ + & ,aah
3 £
- al g
_A -@ *
J

§ = a™hdeh

Therefore

. J
Gll\*(m 1 A vsa A ® p/\mi)

14 43 e NN
(A l)jiOlA*(cn 1 A eee A @ pf\coj)

P Aj ,.,j ~
= @]M(m 1 Aees A pAmj).

Next, consider

ii i i ii i i
x {w A*(mi/\m 2 Ao AP + e + 0 Pasle 1 A ces A mpnlf\mil)].

Since the treatment of each term is the same (up to notation), it suffices to
deal with
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ii i i

13
@hH™ s AP @ e 2 A a0 D)

or still,

or still,

We have

1.b

+ Alcd o he

a -
@ ) [ PO K

a1 a

-1.3 .1 -l.¢c
:|. a b(A )k+(A )i‘acd(A )k

Ja J 47 Le
8 (A)k+acd(A)k

e R B -1,3
-wﬂ(A )k+d(A )k'

]

(e

e
=
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12 13
a@™hI aht,
1

. ki j
-1,5 “t1,,.-1,71

33
- dg 1

33

Retaining the differential 4 T, the claim then is that

i 13 s Ad J
A l.d(A l) l. Ak (@ A 2 A vee A p)
] ll
4o+ K, 1] . Ad J
=@ hIn ta@™h T m@Gaa i a . A S D).
i, 3
But this is clear:
. ki
-1,3 1~
A R
RN W
L ki
- —1 J lf\ Ab
L] ki -
_ a=1.] 1.i . .a ~b
= AN TR AN



~b
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It ramains to consider

13
-@h
1

or still,

. A
- mlif\* {w 1

cen (A"l)

AJ
A - & Amp)'

To proceed from here, simply observe that

I

s
-~

J 4 alaa™d,
mj 3( )

1

A. 1 —1j
. - aalt, .
wjj s@&7



1?.

Remark: Let Vécong'ﬂi -— then in an arbitrary oriented frame,

i i
ko = A vee A D)

i

a 1 *
=0 Ax{w ~ A vu. A mp'!\ma)
i i i i i i
- la/\*(ma!\m 2 A e A mp) - sas = mpa!\*(co 1 A oo A mp_l/\coa).

[To see this, recall that

k L _
There are then two points:
al ai i
1 1 = _ 1
ail ai i
Proof: o 9ab = Jpa® =cub1
&
a:l.l :Lla
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a 1l ab

*w_~-59 dgab=0'
1l ab
Proof: -ig dgab

1 ab k £
==-39 [g9u% + e 4l

ab
[gbagakmkb tg gbﬁmza]

I~

1 . .b k
=-3 5oy

a £
1
=-3

Suppose that E is an oriented orthonormal frame and take for Vv the metric

connection.
LEMA Put o) = ejmlj (no sum) —— then
coij = (=1)¥» [*doall\coj - *dadAw
L en)® ze, @A) AstAR)] .
2 k k
Since
i _ i
we have

i _1 i 3j o k
w j(EK) = § Ei(ﬁidm (Ej :Ek) + de(i) (EkrEi) Skdﬁ) (Ei;Ej)) .

So, if X = za"(0E en’ (), then
k
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i 1 L i 3 _ R k

Therefore, in terms of the interior product,
i 1

1 2] S k, k
- ==¢c:{e;t,do =g, dw - Ze, {t_ t,dw e},
j 2':.1E:j 3E; Kk EjEi

k. k -
(Ao Aw™) (Ei,Ej,X)

]

mk(Ei)dmk(Ej,X) - mk(Ej)dmk(Ei,X) + dmk(Ei,Ej)mk(X)

k k
ekdm (Ei,Ej)a) {X)

=- ekmk(Ei)dmk(Ej,X) + ekmk(Ej)dcok(Ei,X) + ak(dmkf\mk) (B, By, %)

k k
}Zéskdm (Ei,Ej)m (X}

i ' k k
- &, dw (Ej,X) + sjde (E,,X) + }Zésk(da) A )(Ei,Ej,X).

From this, it follows that

i _ i _ 3j - l
W . = si(eicE_dm E-LE.d(D 5 L&yt

Zelp tg @araky) .
] 3 J i k j s

h S

Rappel: V X€p' (), ¥ aeaPy,

= (-1) n"l*ccngl’x

=]
i

*L,

(-1) L (‘-l) (p"l) (D—P'*‘l) an :

*kL Q



=

LXCI. =

[Note: Because

20-

= (-1)™ i (rang?x)

(=1) b (-1) D 0P 307l ongPy)

(2=1) (n-241) = n~-1

-1 i J
E. {-1) " (xdw Asj )

g

&,

= (—l)L*(*dmjAeimé).

it is a question of an orthonormal basis,

ngi =g ml
{no sum)
gl’Ej = sjmj.]

(3-1) {(n=3+41) = 2{n=3+1)
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Ly, (@ Ay = (=1) Y1) L a (e f@e e Ae iml).

Now put

% (% (dmk/\mk) Asiml) .

oW
I

Since B is a 2-form,

L B = (-1)%(*5;\53.0;3') .

j
However
*B = wk(x (daak/\cnk) /\Simi)
= (1) Y% (A As) Aeicui.
Thus
k k
L, L (Ao Aw)
Ej Ei

D D" B

(—1)“(-1)n’1(—1)°*(*anajmj)

I

(1) ¥ (=1) L 1) ¥ 1) Ve (o (@AY e ;0 1ne. mJ)

I

(-1)°(—1)“"1*(*(deAmF)Aai@lnsjmj).
Putting evervthing together then gives

. . _ ‘ ;
) i = ai(—l) t‘*[si(*dmll\sjm)) - sj (*deAsim }
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-1 (—l)n_l Ze *(dmknmk) Az.ml/\s .mjl .
2 k k i Jj

Therefore

wd = (-l)t'*.[*dmlf\mj - *dmj/\ml

+ 3 D™ 2o, # @) et ],
k

as asserted.



Section 21: Metric Concomitants Let M be a connected C” manifold of

dimension n.

Notation:
1
WU, {x,.... 8"

@, &,..., 5

are charts with Uﬁﬁ#ﬁ -such that

&= Fed, .. = ey

=@ L3 = 2@ ).

[Note: In this section (as well as sane others to follow), it will be

more convenient to use bars rather than primes to designate a generic coordinate

change.]
Put
1 =k
_ X sk _ ax
=T =
oxX ax
Then
T i i
a3 =
k™3 6:!
- i _ k

Assume now that M is orientable -— then the set C of coordinate systems
on subsets of M splits as a disjoint union C+UC'- such that within C+ or ¢ one
always has

g = det[Jik] 5> 0.



_}:l--okp
T 2PN
qd
K kp J ] i i
=37 . ... 3 iJl£ ...JqﬂTl P

Definition: A semitensor of type (p,q) and weight w is an entity
satisfying this condition within either ¢t or ¢, i.e., for coordinate changes

subject to J » 0.
If w—svg(m) is the set of such, then
w—Dg (M) Cw—ng (M) .
[Note: The tensor transformation rule for the sections of Tg(M) ® Ly (M)
involves |J |w, while the tensor transformation rule for the sections of
Tg(M) ® L“IWI (M) involves sgn J- [Jjw. Thus, in either case, a generic section

is a semitensor of type (p,q) and weight w. For example, if geM, then

e ~ (n,0)
are semitensors of type and weight 0 but, being twisted, are
e _(0,n)
“(n,0)
not tensors of type .}
_(0,n)

Definition: A metric concomitant of type (p,gq}, weight w, and order m

is a map
F:M > w-sDP
M w q(M)
i..-i

for which 3 real valued ¢ functions F ! pj . of real variables
1 “q



Xa.b' xab'cl Freey xab'clvooc Slldlﬂlat if (U,{x-l,...,x:_n'}) isam; tl—len.
m

the camponents of F(g) are given by
i ICIi

Fig) ' P,

j‘l'“ip
=F s GG e g ),
31 jq ab ab,cl ab,cl S

where the comma stands for partial differentiation, i.e.,

= 39y
gab,cl G gab,cl---c T ¢ cy
ax a\X oo'ax
ijocd
[Note: The functions F pj .e.q_ are not unique, thus equality of
1 q

two metric concomitants means their equality as maps from M to w—sDE;(M) .]
Remark: The index scheme is not set in concrete and depends on the
sitvation, e.g., to free up a,b,c one can use r,s,t:

g’ rs,t

l;c.-; rs,tl"'tm -

Notation: MCn(p,q,w,m) is the set of metric concomitants of tvpe

(p,q), weight w, and order m. With respect to the obvious operations, MC(p,q,w,m)
is a real vector space.

[Note: In general, M:n(p,q,w,m) is infinite dimensional but, under certain
interesting circumstances, is finite dimensional (or even trivial).]

1/2

Example: The assigment g + |g| defines an element of mn(o,o,l,o) .

(Note: If Fax (p,q,w,m), then the assigment g - :|g]W/ZE‘(g) (WGE)



defines an element of M‘.‘n (p,q,w + W,m).]

Example: Given g¢M, view the curvature tensor R(g) attached to its
metric connection as an element of 02 (M) = then the assignment g — R(g) is
a metric concomitant of type (0,4), weight 0, and order 2. Indeed,

1

Riske = 7 Yie,5x 7 Jix,5e t I3k, 10 " I5e,5%

a a
* Dot 12 7 Tagel ik

Therefore Rijk.ﬂ is linear in the second derivatives of g {(but nonlinear in the
first derivatives of g).]

[Note: Recall that

kK _1 Xk

s =39 (95,5 % 95,1 ~ 93,2
Accordingly,

_ a

Tkig = %ka’ i3

=29 Y5 giii,j g£3,1 g:l.j,f,

_1.L -

=7 % k%,5 % 95,1 %y, 0)

1/2

Remark: Entities such as |R13Rij| are not metric concamitants.

To reflect the underlying symmetries of the sitvation (stewmming from

the equality g b = gba) , one can assume without loss of generality that all



internal indices have been symmetrized.
Example: Suppose that n = 2 and let F{g) = det g, a scalar density of
weight 2, thus locally
Flg) = 91393 = 91297

Here we can take

FlXyt = F%y 1%y 90Xy 1%55)

= X11%22 T X%

or, in accordance with the foregoing convention,

X

+ x Xy + X
_ 12 21 21 12
Fx,p) = Flxyy, YR 5 Xpp) -

In the first situation

aF aF

— = - ;! —_— . = =%

a:-cl2 21 a:»:zl 12
but in the second situation,

aF 1 aF

== % {X,, + X,yq) = .
axl2 2 72 21 38Xy

Let FEM:n(p,q,w,rn) —- then the barred and unbarred components of F(g)

are related by

k]-..Ok - - - .
F coop 9409 reeer g cerg )
£1 £q ab ab,cl ab,cl %
k k . .
1 P 1] ]
=Jw3 i - -, J iJl - aa Jq£
1 P 4 a
i,+°1
x P 1 P



[Note: Differentiation of the tensor transformation rule

= JIaJsbgrs
leads to the transformation law for the derivatives of g ab* To start the
process, let
Ji ale
kﬂ _k _£ *
X K
Then we have
o = (% + I
+ JraJ b cg s,t °
Next, let
Ji = asxl
ktm 22l
Then we have
gab Od (Jr Jsb + Jr J
+ Jra dJSbc +3 3°
s .t s
+ (JracJ bJ d + JraJ + JradJ b c

b I T 2 g

b 25

as rs,tu’



And so forth... .}

Remark: Fix irdices

il""’ip

jl'.‘.'jq

and suppress them from the notation. Let

ab llaool

2% = aF(g) P ../
Jptedg @
and
ab,cq -~ i,---1
ST % 1
A = aF(g) . . ..2 /39 vevrn k=1,...,m).
oY JCI ab,cy Cy
Then, in general, the derivatives
ab a.b,cl ab,cl---cIrl

A ;A Foew 'A
are not tensorial. However, it is possible to construct tensorial entities

ab a.b,cl

ab'c e
o I ..o 1oom

from certain combinations of the A™ ' °" which turn out to be the components

of metric concomitants

DF(g)/Dgab;DF(Q)/Dgab'cl f---,DF(g)/Dgab,cl.../_c '
m

these being the so-called tensorial derivatives of F{g).

[Note: A particular case of the construction is detailed later on when

we take up the theory of lagrangians but, in brief, the procedure is this.



Given a symmetric hsvg M}, let

m ab'c .ve
PF(g,h)=11abhab+ pa 1 Ckhabc--- .
k=1 17 "%

with the understanding that covariant differentiation is per the metric

comection of g, the difference

h -h
r:\bi,cluock ab;cl---ck

involves the connection coefficients 'I" , - their derivatives, and the h b’

h (£ < k). Successive substitution of these formulas (beginning

ab,cl--°-c£

with k = m and ending with k = 1) then enables one to write
m ab'c ..

PF(g,h) =1'Iabhab+ S ckhab.c e
x=1 €%

Oﬂab: This coefficient represents an element

DF (g)/DgabEM:n(p + 2,q,w,m)

l'Iab = fxab + {...},

where ... involves the comnection coefficients I'" , their derivatives, and

ab'cl. . -c](

the A k=1,...,m.

ab'c .o
Il 1 ck: This coefficient represents an element

DF(g)/Dgab,cl--- emn(_p + k + 2,q,w,m)

Ck



ab,c,++-C ab,c -
1-.[ l k=ﬁ. l Ck+{c'.c}f

where ... involves the connection coefficients T" , their derivatives, and

ab,c

..‘C
the A 1 ¢

£ > kj.
[Note: If k =m, then

abrcloo.cm ab'cl"'c

It is not difficult to compute the tensorial derivatives whenm =1 or 2
but matters are more complicated when m = 3.)

To avoid trivialities, in what follows we shall assume that n > 1.

LEMA Iet FGM:n(0,0,0,0} -- then J a constant X\ such that F = )\,
[To begin with,
F{g,) = Flg,)
or still,

S
F(I 0 19

Il

F (gab} .

Now differentiate this relation w.r.t. Jlk:

i ] _ 0 -
1 F(JraJ bgrs) - aT> 1='(gab) =0
k k

- =0

aF  ab
¥y 3Ty



lo.

3F. ,.r Kk s .k _
= (6736 T g + T 46 16 pipg) = O
39,1

oF Kk k _
— @ aJSbgis * Jrat6 pIril =0

oF k k _

— (6 aergir + Jra6 bgri) =0

%93h

aF

k k _
——-—gri(saarb+a ) =0

=6r hence

:
9

Specialize and take X

Therefore F is a constant, as claimed.]

Application: If Fémn(_0,0,l,O) ., then 3 a constant \ such that



11.

F(g) = g2

[Consider the quotient F(g)/lgll/2

"LEMA If n is even and p + g is odd, then

M (p,q,w,0) = {0}

[Let FEM:n(p,q,.w,G) —-— then

koo _
F Lup )
Kl f.q ab
k k . . . .
1 _pr 2 ] 1 =91
=37, ... 7 iJ]'K e 3L EL P gy,
1 P 1l q Jl Jq
Since n is even, we can take xl —xi. This gives
ky+e ok
p -
F (g_,)
El...fiq ab
o p-i'qk.l..“kp
= [(-1}71" (-L)* °F £ anef (gab)
1 q
k. ++*k
1 P
= (1P F o (9.
f.l Eq ab
But
Jab JrJsbgrs
_ .T s
= (-6 ) (6 )94
__‘gab.

Therefore F = (.]
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FACT If p + g is odd and less than n, then

MC_(p,q,w,0) = {0}.

Str'lictural Considerations

®Let FGM:n(O,q,0,0) . Assume: ¢ is odd and g <« n =~ then F = 0.

®Tet FGM:n(O,n,0,0) . Assume: n is odd — then

1/2,

Flg) . . .,
(g) IRREEN

. =L
Jl...Jn Ig|

where L is a constant.

elet Fa»x:n(_o,q,o,m . Assume: g is even arnd g < n -- then

Flgy. ..« = 2 Kg . . eve g g A
3y :lq crESq o cr(]l)cr(jz) U(jq_l)cr(jq)

where the Kc are constants.
* et Femcn(o,n,o,m . Assume: n is even — then

2 K

Flg)s ...; = ,
J1°**Jn o€s 090(31)0(32) U(Jn_l)cr(Jn)

1/ 26

+ L . .
lg] 3y003

r

vmeretheKcarﬂLareoonstants.

Remark: Due to the symmetry of g and the commutativity of multiplication,

the decomposition

cﬁs:ogo(jl)o(jz) " 9oy ) oliy)
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contains redundancies, there being

.
(a/2)12Y2
distinct terms (after carbination of the constants).

Example: let F@E4(0,4,0,0) - then

Flg). =Kqg. .g. . +RKg. . qg, .
31303334 1313573334 2737357353,

1/2

Ryg: < gs 5 + L s
39s 3 9 gl ®33,353, *

313473534

where Kl’Kz' B'L are constants.

Example: Let FGM:4 (0,4,0,0). Suppose that

F(Q)s 4 s « ==F(@s 2 2+
9519,353, 95,3343,

1/2
F(Q): - o 2 =RK(Gs » e = = s 2 Ga +L C e
(g)3132]334 (9313393234 g31]4g3233 |C[| 3132:]3:]4

where K and L are constants.
Remark: The situation when q > n is more involved. To illustrate,

MC2(0,4,0,0) containg elements of the form

1/2 1/2 |g|l/2 6. .

and
lg]! 31 $5°9,

g}

93132 “3334

[Note: Using classical invariant theory, one can express an arbitrary
element of M:n(o,q,0,0) (g > n) in terms of products of the gij amd lower
Levi-Civita symbols.]

While formulated covariantly, all of the preceding results admit contra-

variant counterparts.
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Example: lLet FG].\{Cn(Z,0,0,0) (n > 2) == then
F_(g)lj = Kgl:'_, _
where K is a constant.

[Differentiate the identity

kaJ'eiFlj @ 3%, = F g )

w.r.t. Jab and then set X = x~. This gives

k b £ k
(5a6 -6i+5-6

Lz b
J 335

]
1

k £

b ¢
+ )
5]

r r C
6a‘,f’s.{’c'i""“:’SSa

oF)

i( d)grc 3.3

or still,

from which (upon multiplying by gad) ’

Lk
e T 3

*9pd
But the RHS is symmetric in b & 4, hence
gkdE‘ab + gzdek = gkaEd + gﬂbF&{.
Now multiply through by Feq then
nF£b+FbE=F£b+xg£b,

where

n =g de,
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or still,

(n—l)Ftb + Fbe = xg‘Eb.

To solve for E‘eb, note that

-1 FP + m-1F% = (n-1)xg®

22 )F® + g PFD) = (=) g™

n-2FP = (n-2)xg®

Fe'b = lng'b.

n

To see that x is a constant, substitute back into the differential ecquation, thus

Ja b, ed b 3 (ng™)
+ g ng == 2 3
bd
= £k+){_—g._._]
gbd 9%

dk bk
gﬁk + % (= g£b9 +9£dg )]

I.e.: x is a constant.]



le.

[Note: If FEI“EH(Z,O,LO} (n > 2), then 3 a constant K such that
F(g)™) = Klgll/zglj (apply the above analysis to the quotient F(g)/|9|l/2) .

. 15
A S X
g

where K and L are constants.

[From the preceding example, we have

E'Eb+]§be=xg£b,

Ffb___)_c_ £b+l &
29 T2 g2
Therefore
I bk
FE P+l _mlal )+g£d(’gqbk+%—177!5] )
g g

A kd £bh £d bk
iz (g e +g e )
2|g|

- el gﬂc-Z c (-h .Ef‘k. y 0
3%q Vg 2 |q|/?

Since the IHS of this relation is skew symmetric in k & £, it follows that
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0,

g -
9%pa

hence % is a constant. Now take k =1, £ = 2 — then

A 14 2b 2d bl
—T72_ (g £ +g )]
2|g]|

= 9 ( L
pa |g| Y2

Suppose that b = 1:

ST N S
2|g|1;2 3914

)" Y
1/27
g1

-1/2
_ 3 1, 2lgl .

91g  |g|2 %914
But
~1/2
ﬂ'iﬂ_/= .._;. ;g"3/2 algl
%914 14
1, ,=3/2, ,.1d
= -1 1™ 2qq
!
Therefore
L S S 1___» _d
2|92 %a |g)7%  2)g)Y?
o
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The same argument shows that

Conclusion: X is a constant.]

[Note: If FeMC,(2,0,1,0}, then 3 constants K and L such that
F(g) 3 - K|g|l/ 2gij + Lsij (apply the above analysis to the quotient
F(g)/lgil/z).]

Example: Let FeM:4(6,0,1,0). Suppose that

abcrst - rstabc

F(g) Flg)

abcrst _ |g|l/2 ab cr st at_bc rs

F(9) K, (97979 " +9 9 79)

r
+ K2 (gabgcsgrt + gacgbtg s)

rt
+ K3 (gacgbrgst + gasgd:sg )

as cr bt at br cs
+K,g7g g +g g 9 )

abh ct rs ac bs rt
+K59’ g g9 +K69 g g

ar bc st ar bs ct
+K79 g g "‘ng g g

ar bt cs as ct br
+Kggg g +K10g g g

at bs cr
+XK,9 9 91
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ab crst rs tabe
£ + [

+L, (g g )

ac brst + rtasabc

+Ly(g e g )

as _crbt rb tasc
+ g &

+L3(g & )

rc tab
+ L4 (gatecrsb +g c:B s)

+ L5 ( gb‘:aaurst + gstsrabc)

+ L, (gbtscrsa + gscetabr) '

whreKk k=1,...,11) a.ndLL £L=1,...,6) are constants.

ra chst
&

[Note: The quantity g has the required symmetry but there is no

contradiction since

ra chst at crsb rc tabs
€ =- (g € +g e

29 }

asacrbt + grbstasc)

- (g

_ gabsrcst + grssatbc)

ac brst rt sabc
€ + £

- (g g ).]

INDEPENDENCE THEOREM Let F@EH(P:CI;W,I) , 50 that

- L
F(g) P F le,,,jq (G Fapy, & -
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il...i
oF jl"'jq(gab'gab,c)/agab,c = 0.

Therefore the components
i esed

1
F(g) 1. as e
Jpeeed

d

do not depend on the g ab.c explicitly, thus are independent of the first partial

derivatives.

Rappel: Let géM. Fix a point xOGM and let xl,...,xn be normal coordinates
at Xy~ then there is a Taylor expansion

c, ¢ c, oL C
_ 1 172 .1 1.72.73
9ap® = I Kg) + 5T G o Ko X X T ¥ 3T Cgpp o o () XK TR T A me
172 17273
where the coefficients
G
amlooock.

possess the following symnetries:

M) G v, = G,

@ﬁn(O,Z + k,0,k)

(2 G a.bC‘ - Ck ab(c “"C‘k)'

(3) G

= 0.
a(bcl-'-ck)

[Note: By construction, e ey is a function of the curvature tensor
1

of g (viewed as an element of Dg (M)) and its repeated covariant derivatives.
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S0, e.g.,
Gabcc =_%.(Racbc +Rbcac)
172 172 172
ard
Gabcccz_%(Racbcw * Roo ey T Rac 1o, ;s
15253 1°2i¢3 PC3ic)  acgheic,
+ Rbc]_acz;c3 + Rbc2a03;01 + Rbc3acl;cz) -1

REPLACEMENT THEOREM Let FEM:n(Prq,rW,m) — then

il-- :i.P
F P C- SN reverd v )
31 Jq ab ab,cl ab,cl ®n
il"'ip
=F 2 e (g 'O;G Foaay ce )o
3 Jq ab abc102 a.bcl S
Example: If n is even and g is odd, then
Mln(O:qu;Z) = {0}-
F ... (a 'a )
£l £q ab abcl<22
J J
w_ -1 q
=JJ t-tJ Fa PRI (g IG )-
f’l £q J1 Jq ab al:u::lc2
Since n is even, wecantake§i=—xi. This gives
F “—aw (5 'E )
f:l ’Eq ab’ abc1<:2
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=1-0MY 09r, L, (9.6 )
f’.l f’q' ab abclc2

= L* Fey - FabrCabey e,
But
Iab = Yab
and
é":\bclc2 B Gabclc2

Therefore F = 0.]



Section 22: Lagrangians - Let M be a oconnected C” manifold of dimension

n, which we shall assume is orientable.

Definition: A lagrangian of order m is an element

LeMmc _(0,0,1,m).
n

In what follows, our primary concern will be with the case m = 2, thus

L35 9ab, ¢’ 9ab,ca’ = T 9apIab, e Iab,ca’ *

the basic identity.

[Note: Recall that the elements of M:n(o,o,l,m are simply the constant

1/2

multiples of |g| . As for the elements of M.':n(0,0,l,l), say

L(g) = L(gabrgab'c) '

the Independence Theorem implies that

aLs
39%ah ,C

=0'

hence L{g) depends solely on the g ab and not their first derivatives.]

Given an
L@vﬂn(0,0,l,Z),
pat
Aab= aL , ab,c= aL , ab,cd= aL .
ab %9ab, ¢ %9ab, cd
Then

3P = 4ba abc_ bac abed _ baed | jabde



Transformation Taws

(1) a0

- Eij!ke» agi.lakfe—
Fab,cd

_ <ij,kt c
= 3 JainjJ deE'
ab,c

_ piieke Figke | pigk Pigx

aga\b,c agab,c
(3) R
713kt %935 k2 . piik 934k . il 294 .
ab ¥ap ab
[Note: Therefore Aab' cd is tensorial bhut Aab' € and Aab are not tensorial.)

Derote by 3, (M) the set of symmetric elements in Dg (M) .

Definition: Let L@&Cn(o,o,l,Z) -~ then its principal form is the map

PL:M x S, () + 1-s0) ()
defined by the prescription
PL(g,h) = & L(g+sh)
9r de e=0°
Locally,

a
a5 “9%p * hapr abe t Map o Yab,ca T Pab,cd’ [e=0



— ab, ab, .
—Aabhab+A “h + A oahab,cd

ab,c

[Note: To check that PL{g,h) is an element of l—svg (M), use the foregoing

transformation laws:

ab, cx
Jﬂahh + + JA Odhabcd

ab,c

99 . .
lj,kfi ke, Pigke B
%94h, od Pab, o b, B2eC 3

= “1]rk£ [t

is 3g. . 39, .
+ﬂl:|'k[ ll'kh + ].J,kh ]

agab,c ab,c agab

_i: 29,
+ &Y = n_
39} ab

=ij, ki —:|_:| -:l.]
i 'k!;hij,ki’. + ’kh By,

Here it is necessary to keep in mind that the terms fiquring in the transformation
laws for g b and its derivatives are precisely the terms figuring in the trans-

formation laws for h b and its derivatives. For instance,

ag]. k
BE VY2, Jaikaj + J‘aiabjk.]

Remark: In reality,

d
E L(g+8h)

=0

is meaningful only if h is compactly supported, the difficulty being that, in
general, g+ehfM no matter the choice of ¢ # 0. E.g.: Take M =R, let g be

the usual metric, and consider g+ch, where h, =xg, — then at x = - 1/¢,



91/ * a(—l/s)g_l/B = 0.

Thus, strictly speaking, the introduction of

4
g Do) |og
serves merely to motivate the definition of PL(qg,h).
Let conO'IM stand for the set of torsion free connections on TM.

Rappel: If Vécon,™ and heSz(M), then

_ - - a
hiaik = Bijx Paj.khaj T 5khia

hisike = Pij, ke " raﬁchaj,z - rajkhia,ﬁ - raik,ﬂhaj - Pajk,i’.hia

C C
Tk T T T ey T e

b c c
- rijhjb,k + 105, € by + Thy )
C C
- rbkﬁhij b + k,E(r :‘.bhcj + T jbhic)'
Given veconyTH, define H;j'k by
ij.k _ i,k i aj,ke j ai,kl ij,be
Hv = A + 2r 2ol + 2r a,?_ﬂ + Ty o0

and define n? by

ij _ 1] i aj,kt
HG’ AT +T ak,i’.ﬂ

ai,kf

]
+ Tk,



i aj.kt _ j ,cike
2t i PP
.ol pd ,be,kl 3 i ,bc,kt
T el axd ool o
C] ke ',
T s - P ,T
+ 7t @k pd piack
Complete the picture and set
rIij,k,f’. - Aij,k,?._

v

IEMMA ¥ hesz(M) , we have

ﬁijh.. + Aij'kh. ) lj k(;h

13 1J,k ij, ke

= ij i3, i3,
l'[v hlj+nv kh.j +1'1 kzhljm

[That these expressions are equal is simply a computational consecquence
of the definitions.]

FACT ¥ Véoono‘m, ;j, HV k ard Hlj'k'z are tensorial.

DOL: This is the map

TMx cony™M -+ l—sﬂg (M)

(grv) —_— DOL(Q’;V)

with components r[gb



D,L: This is the map

M x oonOTM - l—ng (M)

(9,9 —— DLig,V

with components Ilgb'c.
DzL: This is the map

4
M x conO'IM - 1-500 (M)

{g,v9) — DzL(g,v)

with components Hgb'cd.

Rappel: Let géM —- then the comnection coefficients of the metric

connection Vg are

*

..=lgk£(g - P L PG IR
ij 2 £i,] 23,1 ij,L

o The tensorial derivative of L w.r.t. is the element

9ab

DL(g) /Dg,, eMC (2,0,1,2)

defined by

® The tensorial derivative of L w.r.t. b is the element
!

DL(g)/Dgab'c@‘[!n(3,0,l,2)

defined by

g -+ DlL(g,?g) .



e The tensorial derivative of L w.r.t. g b.od is the element
r

DL(9) /DYy, q€C,(4,0,1,2)
defined by

g = D,L(g, 7).

when working locally, the tensorial derivatives of L w.r.t. Iab’ Fab.c’
r

. ab _ab,c _ab,cd
gab’cdwlllbedemtedbyl'i P , 1 .

On the basis of the definitions,

nab - 1_[ba' 1_[a.b,,c - 1_[}:Ja.,c' 1.[a.b,c:d - nba,cd - 1.[ab,dc.

In addition to these elementary symmetries, there are two others which lie

deeper, viz.

qab,cd _ ed,ab

LEMMA We have

1.[&lb,.c:cl + nac,db + Had,bc = 0.

[Consider the basic identity
L(gij.gij ,k'gij,}d:) = JL(qij;qij’k,qij’ke) .
Using the transformation laws, express gij’ gij,k’ gij,k& in terms of =R
Yb.c’ Yab,cd? the result being an expression on the LHS involving Jrs, Jrst’
r ¥

J sty (the RHS is, of course, independent of these variables). Now differentiate



w.r.t. Jrstu -~ then

or still,

But

73 %3 zik i | opideke Yigke o

3 stu

*9ij,ke _

(JaikEij +Jﬂinjk£)gab'

stu stu

-ij, k€ o

stu

(Jﬂinjkagab)

4,

stu

3 .

-ij, ke
A (JaijJ'kEgab)

5,

stu
-ij, k€ o
AT 37 ixe9pa’
stu
-ij,k& 2
Iy o (ijJa 1309an)
stu

-ij, k€ >

Therefore

Kij,kﬂ

iked 39ap) = 0-



Since

Fo=d =, =d, = =

stu sut tus tsu ust uts’

it follows that

-ij, ke s .t .u s .u .t t u_s
A JbJS {67, 5k5£+515k5£+6i5k5£

t t t .S _
+ 8 5k5£+a . &° 5£+6 (838 play, = 0.
Specialize and take X = x, thus Jb J and matters reduce to
(Asb,tu n Atb,us + AUb'St)grb =0,
from which
ASbrt“ + ﬂtb,us + Aub,st -0
or still,
Abs,tu + ﬂbt,us + Abu,st = 0.
Put
b=a; S=bp t-‘C; u—d
to get
Aabcd+n db.|_ﬂ:.=:.d,bc:___0
or still,
mPsed |y acidd | adibe g
as desired.]

Application: Hab'Cd = I'IOd'ab.
[To see this, write

1.[ab,c:cfi - _ I.Iac,db _ 1.[Eufl..bc
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qca,db _ da,be

n

= Cdsba | cbead | b, ca + pdcsab

- Z_[c:d,ab + ch,ad + l_[dl:),c:a,.

But
Ha.b,cd - 1_Iba,'dc
= - 1.Ibdl,ca _ 1.[bc,eui't
= - n!'c':b,ad _ Hdb,ca_
Therefore
qabred mcd,ab - 2bred

na.b,cd - 1.[c:d,ab.1
As a preliminary to the proof of the relation

m€ = o,

differentiate the basic identity
L(gij 7955 'k:gij ,k«E) = JL (gij fgij ,k'gij ’M)

w.r.t. Jrst’ thus

Elj ﬂj_ + Kijrk agi'!rk + Kl]:k-e- agl!;k,& =0
aT o aJ'rSt aJrst
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or still,
i34 293,k | 7ig.ke Fijaee _
st aJrst
Here
594 1c
J.X _ _ 3
o o (‘]aj.k‘]bj"'Jainjk)gab
st st
and
2933, kt |
1 _ i) : :
st st
3 c
" P PP P
st

c
+Jainj£Jck+J“ainjJ kﬂ)gab,c'

Now do the math and then take X~ = x~ to get

sb, tc th,sc ab,st
24 grb,c + 2 grb,c A qa.‘t:),J:'
sb,t tbh,s _
Fix a point XM and introduce normal coordinates at Xg = then
gij,kx —Oandl"kl = 0, hemeatxo,
X
0
1_lrs.,t = ﬂrs,t'
so from the above,
sh, t th,s _
I 9eb + 1 grb 0
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or still,

sb,t th,s

I + 11 =0,

Replace b by r — then

.o

|
|
=

rs,t =

H 0.

Since 1'[]:9"'t is tensorial and X, is arbitrary, it follows that

throughout all of M.

Remark: Suppose that

L{g) = L(gab,gab'c) .

Then Aab,cd = (0, thus Hab,c = ﬂab,c. But

ab,c

r[ = 0.
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Therefore

aL
agab,.c

=0'

which, as has been noted earlier, is a particular case of the Independence Theorem.

LEMMA We have

24 50rCa ab,sd

rb,ed T Jap,rd

+ 25 L.

gb,c ab,s shb s
g 2 g1:b=6r

+ ’ +
th,c A gab,r

[Differentiate the basic identity w.r.t. J°_ and then take X = x'.]

Claim:
rs _ 1 r 2 ki,ras
i -fgsL—jﬂ R

0 in M arnd introduce normal coordinates at Xy

To see this, fix a point x
SUBLFEMMA Iinj is any quantity which is symmetric in i & j, then

ai,bj _ _ 1. ab,ij
HijA 3 Hijﬂ .

[In fact,
pA2Lbi  gab,gi | jageib _

gaisbi | jadbi_ _ ab,ii
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Therefore
ai,bj _ 1 ai,bj |, ,aj.bi
HijA =3 Hij (A + A )
__1 ab,ij
At xo,
9ab,ed = 9cd,ab’
And at xo,
Rio ) == (gup s = 9 +g - )
ijke - 2 '9ie,3k T Yix,32 T 95k,ie T 94e,ik
or still,

Rike = 9ig,5k ~ ik, e
Step 1: At Xq+

nab’Sd'Rbmd

- ,ab,sd
A (gbd,ra gba,rd)
- p8bssd _ ,ab,sd
gbd,ra gba,rd

- _1 ,as,bd _ ab,sd
=-34 %4, ra A a,rd
= . 1 ,bd,as _ ,ab,sd

2 A gbd,ra A gba,rd
- _1 ,ba,ds _ h,ab,sd

2% pa,rda Tt %a,ra
__1 absd _ .ab,sd
-4 Yab,rda ~ & Jab, rd

_ 3 ,ab,sd
74 Yab,rd"
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But

rb
Dab, ke * Fbk,ae ~ Jak,be!

n
|_|

2 4% )
ak, L = Yab,kt T Iok,al ~ Jak,be’ *

Therefore

1l rb s,kt
-39 gab]dlﬁ

1 rb as,kt 1 rb as,kl
At 29 g be
®Write

1l rb

-39 ‘3'1:>ka£A

1l rb sa, ke
-39 gbka.P_A

1 rb sk,al
=79 9k,atd

_1 rb sa, kb
=79 gba,k.t‘lA

1l rb as,kf
79 Yab,xet .

® Write

1l rb as,kt
79 Yak,pet



1o,

1l rb sa,kl
29 <.:I‘.:‘kl|']..:)£f!l

1 rb st,ak
“T9 Yk, b

1 rb Jﬁs&l,ﬂk
79 Ypx,ba

_1 b ﬁas,kﬁ
79 I%,ab

"

1 b s,kE
4ggabk£A .

Therefore

- F Aas,k(i:_%_gbgabktn skt

Interchanging r and s, we thus conclude that at Xge

rs rs _ 1 rb s,kf _ 1 sb kE
A= = 56 g 39 Gl

2 k£,ra.R

Therefore

rs _ 1rbkE, 1l sb ké,r
A = 11t° 3g SaRE” +3gA aR
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Step 4: At Xgr
sk,cd kt,sd sk _.1.s
A gk,cd_l-‘ﬂL gka‘i.,recl_l-‘ﬂL I = 7 5 L
Here
- gk,cd _ 2 Od,
A Irk,cd kR

In the first relation, replace c by £, d by k, and k by d to get

Doy oav

The net contribution is thus

T2 Ry
On the other hand,

ATg ., =e A

- . {no sum).

Therefore

rs

srA =% k.E Sdp‘krﬂd’

With this preparation, we are finally in a position to show that

ts lgrsL 2 kEraRs

Continuing to work at x

0!’
arArS - sr[l'[ %grbﬂkﬁ,saR 3 g Akﬂ raR
=&, [l'I ';L erﬁkatsaRErka + -é— ssﬁke'raRESka]



LB = ol
J&E'S"J‘}{v - sue:t'g:-[v

- ' £ _ ' £
0= SHEJ'}XV b iaes‘ng
‘uoTaoReIIqNS Aq ‘08
- z — __ -
T 1= IHES' VI saex'ng + g4l

! —
Samy osTR M ‘_ 1] = __1I SOUTS

. z_en £_en
TesP T~ SH?I'}H Jues‘gqv + ggll
‘TIT3S 10
4
qézﬁ'f = SHEI ng'_ - IHps » ts
‘TITIs 10
< _ 4 P7
TesP T HEI‘ :aaps gqv ¢ - ggl
‘TTT38 10
S o £ _ Bi5Y, £, Pr -
1 Jg T~ oy T JHHps ng sI
I032I5YT,
By _
IxHPS‘?HV B
Py =
sV =
_ BTy
Tosrp' = Festgy’
g

Jeisy i€, By 3 _
uex,wvseet+ ,wvtafs__ru"'s_

*8T
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and then, by addition,

s, 4 ki, ra_s e <
2MF + 34 aRkEa-—gSL
or still,

rs _1 rs. 2 kl,ras

Since the issue is that of an equality of tensors, this relation is valid
throughout all of M.

Summary (The Invariance Identities):

nl:]!k‘e' = nk’EllJ' 1-[ rc = 0

rs _1 rs _ 2 ki,ras
=39 FE T Ry
ig, ik

2
Vol = 3 Riske;ad



Section 23: The Buler-Lagrange Bquations Iet M be a comnected C

manifold of dimengion n, which we shall assume is orientable.

Definition: The Fuler-Lagrange derivative is the map

E:M:n(0,0,l,m) -+ MZn(Z,O,l,Zm)

given locally by the expression

ij oL
El@ = -
@ = - 5o
m P
+ 3 (-HFT T e
P=l ax T...ax P 1lsKyecky

[Note: It is clear that Eij (I) is symmetric. However, since the definition
involves nontensorial quantities, it is not campletely obvious that Eij (I) is
actually tensorial. In the case of interest, viz. when m = 2, this will be
verified below.]

One then says that L satisfies the Fuler-Lagrange equations provided

E(L) = 0.
Example: ILet L = |g|1/28 (S the scalar curvature of g) —- then (cf. infra)
eldq) = |g}l/2[RlJ _ % Sglj].
But
R - % Sgl] - o]
ew = jg|/ %",

Therefore E(L) = 0 iff the Einstein tensor of g vanishes identically.

[Note: Here, ol (L) is of the second order in the g5 and not of the

J
fourth order (as might be expected).]



Take m = 2 —- then

13y = - a10 4 i3k _ i3kt
B (L) AT+ A k A ke
where
r ax
ij, k€ _ 3 ij, ke
.ﬂ. — "j:"zﬂ -
okt X X

ij - _qid ij,k _ -ij,kt
E™ (L) - +10 -k 31 ke °

[Note: This establishes that the Ei:i (L} are the components of a symmetric
elament E(L) @En(2,0,1,4) ‘]

To prove the lemma, it suffices to show that ¥ hGS2 (M),
ij _ ol ij,k _ i3kl _
hij (B~ (L) (-0~ +1 X 3| ;k£)] = 0.
Rappel:
= 213 ij, ij,
PLGg) = A9+ a8 aa kﬁhij,kz.

To recast this, observe that

ij,.k _ ij.k _ ij,k
and
ij, ke - ij,kt _ ij,kt
By ket (hy ) A Yoo "By e



ij,ke

= (hy5 ol
Therefore
PL(g,h) = - hijE1j (L)

ij/k ij.ke _ ij,kt
Rappel:
= 1113 ij, i3,

Straightforward maniputations now lead to

PL{g,h) = - hij( -l 4 1-Iij;}]: _ Hij;}]:f;,)
+ [hijr[ij'k +hy i3 hijnij;lgﬁ] N
or still,
PL(g,h} = - hij( ~md 4 nijgt - Hij;ﬁ)
T N R W

[Mote: The terms inside the brackets are the components of an element
l—sﬂ% {M). Since the indices are contracted over Kk, the covariant derivative
equals the partial derivative.]

Fram the definitions,

ij,k ij, ke ij, ke
hijn + h'j:ﬁn i L

5 - by I

_ i,k i ,aj,kt J ,ai,ke ij,bt
hij(n + 2r aph + 2r aﬁn +I‘kb£A )



But



= ['z’beﬂij fkb
_ ij,ka
-
= ij,ka
t, i,
Therefore

13, ke _, oijke
hij” + hij £['[ hin )

lj k& ] ke
+ (hij, KA Zl ajﬂ )
.(AijJEﬁ + ori p3dikt ij,aL,
' .
= ljfk’g‘ ljrkre
h, jA + gy b - hy g

Finally, then,

(=)
I

- PL{g,h) + PL(g,h)

h, 5 (L 13,k ij,%0 _ . ijke
ij { ) [h A + h. J’£A hle '£ ]'k

h,.( -1 +1 X )

-
L

- pijsk ij, ke id, ke
+ [h gte® 4 plIeRel e
[ ij ij:e hijn 34 ],k

— by E () - g (i) ik e

1] i] : ;k'e_)



- 30y o (o pid 4 pidek i3k
—hij[El @ = o e -

I

since 137X = ¢, it follows that
gY@ = -0 - nljfﬁ
or still,
gl = -0 - Alj:ﬁ
or still,
ij - _1 ij 2 kf,ia_j L AidkE
EJ(L) =-3g L+3A E’sza i
[Note: Recall that
Ak,E,la - Ala,]dl.]

The Canonical Example ILet

1/2 2
L=|g|?s- 2jqlY?,
where A is a constant. Locally,

ac
5=979 Rahaa

3R bed 3

1
= (5 (g -9 + -9g )).
agij,k.E agij,kt 2 “Jad,be ac,bd gbc,.ad bd,ac

In accordance with our symmetrization convention, write

e L

9aa,bc ¥ 9aa,bec T 9ad,cb * %da,cd’
1
Jac,bd = F (gac,bd + 9ea,bd + Yac,db + gca,db)

‘9 1c,ad T Ib,ad T Ioc,da T Iob,da’

B gbd,ac = {gbd,ac + gdb,ac + qbd,ca * gdb,ca) *



Then
ale
—_— =1~ 1II + 111 - IV
9934,ke
with
1,33 k£ i k£ i k£ i g x £
I 8(aaadabsc+5d5a5bac+5a5d505b+5d5a5(35b),
_1 i3 kL i j kL i j k £ i j k£
II-B(6a5c6b5d+505a5b5d+5a505d6b+5c5a5dab)'
21 i3 k£ i g k.t i j k£ i j k£
III—-B-(5b506a6d+6c5b5a6d+5b5c’ddﬁa+505b6da),
21 i3 kL i gk 2 i j kL i J kL
N—§(5b5d5a50+5d6b6a5c+5b5dﬁcﬁa+5d6bﬁc5 ).
Therefore
Aij,ldl___ aL
3934,k
3R
=||l/2 acm#abid—
g g g gij,kf.
= |q|1/2 P (1 - 11 + 111 - ™).
.gacgde

ek, e ki, ik i, dk &
= L @+ P+ g9+ 9

e it g]k)

% (291kg + 29

ik 3¢ , it sk

=71[(g 9"+ g9 ).



e gacgbd I
- % (g Igkl + gJ’igldi + qugﬂk . gjigzk)
=% Mgijgkﬁ) = gljgkﬁ.
. gacgbd IIT
= -18; (gt & gFgIt 4 gHgK 4 gHTN
- st 4 2t
= @+ g,
.gacgbd v
-5 (1 + o 4 gD 4 g
= -lg‘- Mgijgka) = %- gijgke.

Cambining terms thus gives

AR o Igll/zl';iljgkIi -39 ¢ + g,
But then
ij,kl_ o Lid.kE
Mk =0 = 275 =0
Consecuently,
30y = o L gy, 2 dake



— _ % glj[]g]l/ZS _ 27\|g|1/2]

+ 2 (=g 12 1g3g*E - 1?4 gt DR,
It remains to analyze
6% - 3 ™™ + g8,
(1) giagkaRjkﬁa

= g g g bRbkﬁa
== giagjbgkenbm

1]
&
il

@ Reea * Fogak * Foaxe = °
U Rokea ¥ g ngthak +g gaag]bRtake

TG Rpga * TG g + 99 R
TS Ryga = 5T Rgep + 5T R
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55> Ry, = 0

IR s S

! !
LQF; Q
9 9

T T

gﬁ( g

E?w"

Therefore

e = - M 01e)M% - 209V

L3

. ij
- |g|1/2-§-[-al3-o-R—1

i3 i3 1/2 i3
= jgM2R - £ g™ + Ajg1 M.

S0, in this case, the Euler-Lagrange equations reduce to

(®7 - 55901 + 2™ = 0,
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the vacum field equations of general relativity (with cosmological constant A}).
[Note: In this situation, the Euler-Lagrange eguations E(L) = 0 are
second order.]

FACT ILet Fevr:n(4,0,0,0) {n - 1). Suppose that

Frikl - giikl _ piitk

and
Fij]‘:"(1 + Fi]dlj + Fi’ajk = 0.
Then
POk = gigtigt - L gt 4 gt
where K is a constant.
Example: Iet
2
L= |g}t/%?
Then
L - g%’
1/2
g
. 2
AiKE 24g)%s . a(l@l!l/
172
lg] Mij5,ke
_ e
= - 2|g[Y %16 - L gt + 5T

ij l _ 1, ik j&

jk
g- 19,7, 8.



12,

Therefore
19, o L ddp L 2 keiai  _ ijke
BV = -5 g L+ 3 A7 Ry, - AT NG
1/2 1/2
1 191" %1% + 219) Y/ %R13s

1/2 13 k€

-+

2|9 V£Vk$

1 2 :I.k j
912 ™% + g™,

1Y % 2rdd - 1 sqid)

il

+ 2]g|1/2glJVkaS - 2|9}V %Y.

[Note: In this situation, the Buler-lagrange equations E(L} = 0 are
fourth order.]

There are two other "quadratic" lagrangians that are sometimes considered
but their introduction increases the level of complexity.

®let

/23101 ric,Ric).

e
i

= {g]
Iocally,

1/2 i3
L= |g] /ZR JRj_j
. 2 ..
P = j_g_%_ gINrs - Rk'&pke]
+ |<_:;|1/2v""vaR13| - g% s + 2|g|1/2leJLRk£.

®let
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Locally,

L= g ZRijkeRijkﬁ

g @) = |g|l/2[4vavaR?3 - 2vtyds)
+ JoY212rt B 4 o J£Rk£ - 4rRI ]

1/2 i
- Jﬁ%r__.(n?bcdRabod)g ],

Observation: We have

RR_, + R

w1 (|g Y 21s? - 4 "

abod!?
Y2 0000id | anikd i _jabe _, iaj
= |g|™ “[28R 4R £Rk£ + 2R, R 4R*¥R 5]

1/2
iil___ 2 _ ,.ab ij
L 1s® - 4R+ MR, _1g
FACT Take n = 4 — then

2sR™ - jﬂRkﬂ + 2R - 4R}aRJ

=%[52—4R R +RadeR

T.e,:

e (1g|Y?(s? - 48R+ R

ab abcd]) =0,

Remark: Take n > 3 and let

1/2

L= |g|Y%5131 .0 .
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Locally,

12t

L= gl ijke

gtd1(c,0

=g - A 319 Ric, Ri 2 2
= 9[4] (R/R) =2 9[2] (RlC,RlC) + ms .

THEOREM Let LEM:n(0,0,l,m) —= then the divergence of E(L) is zero,

ioe.o'
v.ES (L) = 0.
J
While the result is valid for any m, we shall settle for a proof when
m= 2.
Fix a point XM and introduce normal coordinates at Xq = then
"covariant derivative % " = "partial derivative « ",
0 0
Therefore
ij = o i ij.k ij,.ke
.E L - - . + A . - A ] -
Vj (L) X, A 3% S kL3 X,
a13KE . pifferentiation of the relation
'm!
P el R
gives

Aij v

ik, 23 it,5k _
KL *a 0

+ A '}QEj 'kaj -
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*4 kL3 L%
e
= a0 -
Rt AR s
Aij:ﬁj X
But this implies that
Aij:ﬁj = 0.

[Note: Normal coordinates play no role in this argument.]

Conesecuently,

__ i3 o ik
A S A

i3
V.E - (L
E L) X

xo'
We shall now discuss the two terms on the RHS, beginning with

ij,k

A .
K]

Xq -
By definition,

pidek _ i3k 21..ia£Aaj,k£ + 2rja£Aai,k£ + I.l~:b£Aij,,]:~E.
But pidek o 0, hence

ijok _ i ,ajke_ 3 ,aike _ ij,bL
w9 = =2t B ) B - Tt
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al
Since is symmetric in a & £, it follows that
J
ij,k _ i ,jksal j ,ik,at _ .k ,ij,bt
Therefore
ij,k jk.,al
Ay < = @' p ) k3
j ,ik,al _ ij,be
+ @l ateh L ) ki
or still,
ij, ik, a£
W =
as
j ,ik,al _ ) ,ik,bl
Tach " Vg = Tt ) g
ij,bl
= (I.'kbﬂ‘& ),k
_ ij,bt
However Ajk'a’ﬁ = Akj'a£ = Aaﬁ'kj, so
J.J k i Laf,kj
kI3 = a.EA )

'—(Faﬁk at® x’,5

i at,kji . i .alkj ., i alkj al, ki
“Tagat T TRt L T Tanst ok T hat g
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i3,k | _ i al,kj i alkj
A k5%, T T at kgt x Va5 |k,
0 0 0
Rappel:
i 1 b _
Tt =39 Gpa,e ¥ %e,a ~ Jar,p
Thus at xo,
i al, ki
T af.,kjh
1 b _ al,kj
=29 Gpa, 015 ¥ Jo,akj = Jal,bki’d
_ b alkj _ 1 ib al, k3
=9 Ypa,ek5t 2 9 ar,pkjt
and
i abkj
Taead 35

_ ib _ at, kj
=9 G, o0 ¥ %or,ak T Yar, k0t L5 -

Claim: We have

al ,kj

gba, f’.ij = 0.
[Multiply the identity
Aa.E,.kj + Aak,j‘ﬁ + naj'zk =0

BY %, xy ~ then

ak' j£
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Therefore

= 0.]

Accordingly,

i al,ki| _ _1 ib al,kj
T ae, x5t x. =" 79 930, bk .

ib al, kj
9 I,

= il at,kj _ ib al,kj
=2 G0l 5 "9 Yarmd L5

Taking into account that G 2k is symmetric in £ & k,
!
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= - g™® Ypa &Aaj'

_ b kdisat
9 Ipk,La” 7

ib al,kj
= - AT
d gbkra‘e +J

or still, since we are working at Xqr

a,Ekj

- g gaﬂ b .
Sumary: At x,,

ij,k
Ak

1 b alkj _ . ib al ,kj
59 Yap, bist 29 Yap, 5

It remains to explicate

To begin with,
ij _1 i _ if jb,c
A =390 -9 oy A
1 ab,j _ it ab, jc
29 b, 0t 9 Wap,ce * Yo,a’t

So, in view of the fact that

ab,c ab,cd

L Yab,cj * A Iab,caj’

ab
.= A . + A
/3 Yab, 3
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at X, we have,

But at xo,

=
I
i

o

ab,c 0, Ajb,c -
Thus at xo,

ijAab,cd

e A jc _
9 Fet,ab] 9 9ep,at 5
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Claim: We have

ab,jc _
gcﬂ,abjﬂ = 0.
[Multiply the identity

Aab,Jc + Aaj,cb + Aac,bj =0

by ng.;abj -— then

aj,cb
.gc.ﬁ,abjA

= ab,cj
9ee, jbal

_ ab,jc ,
= 9c2,abjt

Therefore

&
X

Summary
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Ohwviously,

This leaves

But

I
u
g"ﬂ
i
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S ab,ct
= 9 "Yab, jeet

ij ab,cd
qg ga.b,jcdﬂ

_ A3 ab,cd
g gab,cde .

It therefore follows that

ij -
which completes the proof of the theorem.

1/2

Example: Take L = |g]™“S «- then E(L) = |g|l/2G#, hence

0= vj([gll/zcij)

1/2 12
= v, l91"%6 J+|g|/3
_ 1q11/2

gl “vs6t
divG#=0=divG=0.

Thus the vanishing of the divergence of the Einstein tensor is just a particular
case of the theorem.

[Note: Officially, div Géﬂg ™), and

div G# = g#div G.
In fact,

(gtaiv @t

ik aiv Gy

= g™gty. Ge
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V59 97 Gy
=v.cM .
FACT Vxevl(M),

iy - ij
2v, .(XiEl L)) = (Lyg);E (D).



Section 24: The Helmiwvltz Condition Let M be a connected ¢” manifold

of dimension n, which we shall assune is orientable.

Fix a chart (U,{xl,...,xn}) - then a field functionon U is a C

function of the form

F(gab'»gab,il’ vea rgab’il_ . .im) -

Notation: F(U) is the set of field functions on U.
[Note: Every field function on U is of finite order in the derivatives

of the Jab (but the order itself is not fixed).]

Example: Let FGM‘:n(p,q,w,m) — then its components
i - ..i

1 P

F jloc»jq(gab’gab;cl'...'ga-b;cl°"cm)

are field functions on U,
[Note: In general, however, field functions are definitely not tensorial.]

Given F¢F{U), abbreviate

aF
ag 1 .-U'
abydy iy
to
a-b'i ....
e | I
with the understanding that
ab,iy-eriy  ap
F — S r
9ab

arnd for each 1 = 1,...,n, define a differential operator D; on F{ by

ab,iy---i
DiF= 2 F 1 lkgabi,”-i:
k=0 117



thus D.F = F ..
i 1
[Note: Needless to say, the sum terminates at the order of F.]

Definition: The Euler-Iagrange derivative E2° is the map F(U) - F(U)

defined by the rule

m'i ...-
B = § <, F T ®
k=0 17 %
where D, ., . FP=FandD, . =D, o...D, (k=z1).
e R R S | "

[Note: V¥ FeF(U),

ab'i...- m'i.‘.‘
Mt E Pt M

B F) = B2 (F).]

LEMMA Suppose that Fl,...,Fn are elements of F(U) — then

Ea'b(DiFi) = 0.

[In fact,

) - al)i -o.'

ab i . k+]_D e R

B, = § (-1, L. FD
1 k=0 e R 3

i ab,i,eeei
+ 5 {-1)k+lni N
k=1 17 "%
= 0.]

any field function of the form

i
D:i.F



is said to be an ordinary divergence. Therefore the lemma states that the

Euler-Lagrange derivative annihilates all ordinary divergences.
[Note: In practice, when working locally, this means that one can add
a possibly nontensorial ordinary divergence to a lagrangian without affecting

the Fuler-Lagrange derivative.]
Example: Iet L = lg[l/‘?s -- then

e =lgl™ 2R - Lsgth.

Locally, there is a decomposition
_ i
L=A+B,,

where the field functions A,B' are given by

A= g2k rty - Pty

B = 1|V 2gMrt , - g

ke =9 T gl

Therefore
o =7,

[Note: Neither A nor Bl is tensorial. On the other hand,

A= Aldprap, o)

B = Bl(gab,gabfc) .

Since A is independent of g b.od’ it follows that E'- (I) contains no third or
r

fourth derivatives of g ab']



Details Working locally, write

912
- lo V%R,

= IG‘I/zgab[rcab,c - rcac,b * I'Calbrdocfl - rdacrcbdl

= (lg|V 2gab1“°ab) - (jgIY %™ L ab

- gl ) L+ JalY%™ o B ac
TR e SO R PIL *o N LA

- (gt ) o + Ul 1
+ QoY% - ol

+ a2 g - a1V A

1/ 2

*(|g| ab) ,C
= (|9\1/2 cb acb) ,a

(91" 1%0)

1/28bc |
T ac b

= - (|g|]'/2<ElhElI‘Cbc)'a

1/2 8 c
P m)'a -

®- {]g]

=~ (|g]



Combining terms thus gives

l/2abc ) (|gil/2g ,ca,c),b

(g}

= (g2, - L

2

Next

7. (| Il/2ab

=

l/2abd

M2 o = 1oV 20 - 1t AT, -

(|lg

Ua1%™) | = 19175670 - 1Y%,

1/2 ab_c d
- Jg|M%™r¢ 1%+ gl

+ |q| l/zgadfcabl‘bcd

1/2 dbc N
cd

a.b

ab_c
|g| [9’ Pabrcd grab Od]

1 2
+ |g] / abl"bcd
1/2 ab[I, d _ I..cab]:, cd]

e

1/2

* 9] o

1/2

- 1Y%
1/2 24 b

- gl ba



+ ({q|

*(|g|

l/2abc

1/2 ab

1/2 ab c

) ©
bac

)bac

I‘d

= lgl ac bd ~

- gl

1/2 ab_c
=19|/

I‘d

gI‘acbtf';

1/2 db
'!g|/g I,c a

1/2 db_c
_Igl g racrbd

- |g]

1/2 ab

9}

1/2dbc a

acr kd

1
_— /Zgabrc da

acr bd

=1

d

dl."ha

+ gl

1/ 2

1/2 abr.c

°

ac kd

acr db

ab

rd

Cd -



1/2 ab d
=-|9_l/93b_ °

Tedl ab -
Therefore

1/2 _ a
l9| =A+B .

Example: Take n =4 — then

LS S o

bij" akf

- _ ijkl a 4 ijkL.c a
(26 rbakaij+35 kﬁrbirbajrckltt.

[Note: It is clear that there is a lagrangian L@L‘4(0,0,1,2) which
is given locally by
ijkl_a
¢ binbakc ’
50, being an ordinary divergence, E'°(L) = 0. But E(L) is tengorial, hence

E(L) = 0.]

FACT Suppose that Lemn(0,0,l,m). Put

Then LeMC_(0,0,1,2m) and the order of (1) is at most 2m (not 4m).

(On general grourds,
m ab,i,---i
L L R
PI‘(glg) :_a___g + z L g ¥ P
Map Py ab, iy -l
is an element of MCn(0,0,l,m) , call it LO — then [ + LO is an ordinary divergence,

hence
Eab(L+L0) = B2 + Eab(Lo) = 0.



But the order of Eab(LO) is = 2m, thus the same holds for the order of Eab(l.) |

Remark: The notion of ordinary divergence is local and involves partial
derivatives rather than covariant derivatives. In this comnection, recall that

there is one important circumstance when the two notions coincide, viz. let

Xel~sUg () — then

vixl = xfi
provided v is torsion free.
[Note: Put
i 3 3
X 1 n-1
= d}( A - =y A dx
%~ D! o5 FERES WY
or still,
n .
a = I Wldal A v nagt A4 LL.a
i=1
Then
=0 ='dcnx = 0.]
Notation: Given FeF(U) and k = 1, put
ab,iye-- - ab,i i
et J‘k(F) -5 0@, L F L L
£=k Lty
where D, s F=F,
1" "
ab'il-oolo

[Note: Extend this to k = 0 by the agreement E @ = E2F).]
ILFEMMA We have

a.b,i PR lbl'i .
g kA gy 4 ) The _ 0.



[Note: When k = 0, the equation reads

R P 5y + EOE _ 0.]

aga tb '

While we shall make no attempt at precise characterizations, it is of
interest to at least say something about the kernel ard the range of the
ER:FU) » FU).
So, e.9., as has been shown above, all ordinary divergences are in their kernel.

Definition: Let T°°¢F(U) (a,b=l,...,n) — then the collection (T°°} is

said to satisfy the Helmholtz condition if V¥ k = 0,

ab,i,*e-1 - a'b*,i, ---i
1 J1<(Tab)+(Tab) h J'k=0.

E

Accordingly, in view of the lemma, any collection {Tab} in the range of
the Euler-Lagrange derivative must satisfy the Helmholtz condition.

Example: We have

£ gl %) = |o"%6H

Y (-2 |g|M?) = g %N,

thus the entities on the RHS satisfy the Helmholtz condition.

Example:; Take n = 3 and put
i) _ iabp) Jabpi
C- =¢ a;b+e’abRa;b'

Then the C]‘j are the components of a symmetric element of M:3(2,0,1,3) , the
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Cotton tensor. We have

ij _
gijC 0.

In addition, it can be checked by computation that the Cotton tensor satisfies

the Helmholtz condition, although it will be seen in the next section that there

does not exist a lagrangian

L€M:3(0,0,l,m)

such that
E (L) =c.
Nevertheless, there are field functions F such that E*(F) = CJ, one such being

rJ, rt b

__ .akel j i

Product Rule Iet F,G¢F{U) — then

ab'i ...-
g 1 e

(FG)

ab,i, -1
2 L R

= £ (Ib. . (ME (©)
e

ab,i,---i
+p, .y @ 1 e
¢

™
In particular:
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w'i .-.i
+p, ;@ + ¢

() .
11771

Suppose that {Tab} is a collection which satisfies the Helmholtz condition —-

Ea'b(ga Ta.bl)

lbl

ab,i,---1i

-2 17" At
= 2o Pipeeei, Garpr B ()

atpt, aPeipeeci,

+D (T JE

i eeed (g ] l)
ll 1£ atb

' . 1 ....
a'b ESRAAEY)

(1?0 v 7,

== ¥ lgu s .
g=0 2Pl

Notation: Given a field function F, let

Ft=F(tgab'tgab’il'.'.'tga_b'il"‘im) (t} 0).

We have

(t51%D)

d_
ak " Ty

aibl’i RN
=2trs + fen £ a®) t
t

£=0

Therefore
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To see this, let Eib be the Euler-lagrange derivative per t2g -- then

ab, 2 bt
Eg (¢ ga'b'T:Z )

a'b',i i
= - tE [tzgatbi il"‘it(Tﬁb) 1 £ + Tag ]
=0 ! t
=1 ,d 42ab
. T tz"

H
|=
e
i
(ns
;.QN
b
o

2t e T,
__lda ,2ab
=z (¢T 2



Section 25: Applications of Homogeneity Let M be a connected C -

manifold of dimension n, which we shall assume is orientable.

Definition: Let F¢F(U) -~ then F is said to be homogeneous of degree x

if vt 0,

F(tgab:tgabfil:---:tgébfil_,_im)

= th(gébtgab LR N I ) )y
1 Tl m

i.ae., if ¥t 0,

For the record,
Rijkﬂ is homogenecus of degree 1

Rjt is homogeneous of degree 0

g:"kg:'f‘Rijk‘i is homogeneous of degree ~1.

(Note: ]g|l/2 is homogeneous of degree n/2.)

LEMMA Let TabeF(U) be homogeneous of degree » # =1 (a,b=1,...,n).

Assume: The collection {Tab} satisfies the Helmholtz condition —— then

2 _ g2y,

1 b
L - = —_-X+l ga.b.Ta -



[In fact,
d_ 2ab
ag(t%lg
= & (PP
= 200t 2P,
But
ab a’b' __ 1.4 ,2ab
EP(tg, 0 ) = - 3+ 3 (£71%D)
t t
t2x+lEab(galb|Ta'bl) = -% - 2(K+l)t2x+1Tﬂb
B2, P D) = = o) T,

Example: Take n = 4 — then ]g]l/zGlJ is homogeneous of degree 0 and,
as can be checked by computation, the collection {|g |l/zGlJ} satisfies the

Helmihwltz condition. Therefore

1/2G:|.;| - Elj (-L),

lg]
where
L=|Mv%ﬁ&j=wﬁﬁw-(§&=—!MV%.
I.e.:
Ig[l/zGij - Eij([gll/ZS) ’



in agreement with the general theory.

Example: Take n = 3 and let
1 _ dabed jabyd
Cr=¢ a;b te Ele a:;b
Then the collection {C'J} satisfies the Helmholtz condition. Still, ¢*J is
homogeneous of degree -1, thus the foregoing construction is not applicable.

Remark: 1let A@En(Z,O,l,m} (n > 1) be homogeneous of degree =~1 -~ then
it can be shvown that m = 3 if n is odd and m = n if n is even.

Symbol Pushing In the literature, one will find the following assertion.

Suppose that {Tab} is a collection which satisfies the Helmholtz cordition ~- then

ab ab(L) ,

where
tbl
L=~ j‘é Ztga'b'TtaZ dat.

[Formally,
P = - fl (2tg .b.Ta'b'
= fo = (tz‘Tab)dt
=

However there is a tacit assumption, namely that

lim 5211“-:.12:l =
§+0 £

And this is not true in general.)



Iet Felmn(p,q,w,m) . Take X- = %x {t > 0) — then

L |
1 2 3 24m

F s (E e et g, )
3y jq ab ab,cl ab,cl n

i eeed
= TRl P

Jlt ooj (gab'gab'cl""'gab'cloooc ).

d m

Specialize to the case when g = 0, w = 0 — then if F + P ig

homogeneous of degree x, we have

~(2p) 17
¢ F o Iai,c +*** Jaby ;- o)

i ta-i

1 P m
(gab'tgab,cl' eert gab,cl- - -cm)

=F

or still, in view of the Replacament Theoreanm,

i

P
(gabtgab'clr so 'gab,cl- . .cm)

i -
e=(20p) g1

i .I.i
S | P 2 m
F (g ] 'O't G ] lc2'.ooft ] l...cm)o

Clasgification

i ..-i
o If 2x+p = 0, thenFl P js a function of Iab alone.
i eeei

® If 24p is positive, then F 1

I
o

i -.Ii
WIif 2x+p is negative and not an integer, then F 1 P=o.

1...i
-1, then F Py,

e If 2xtp

i eeedi
~2,-3,..., then F 1 P is a polynomial in the G, _

® If 2xtp

1...Ck .



Remark: If Femn(p,o,w,m) is homogeneous of degree %, then

9™ %rarc_(p,0,1,m
is homogeneous of degree x - (%)w. Therefore the structure of F can be ascertained

from the structure of |g|~¥?F.

IFMR If n> 1 is odd and if La{‘,n(o,o,l,m) is homogeneous of degree 0,

then L = 0,

Example: The preceding lemma breaks down if n is even. For instance,

when n = 4,
1/2013k€c_ )

lgl ijke

is a secord order lagrangian which is homogeneous of degree 0, as is

abed i ]
£ jabc jcd °
FACT Suppose that L@d’.‘n(o,o,l,Z) is homogeneous of degree 0 -- then

g. EY (1) = 0.

1]
[Recall that
EJ.J (L) = - Hl_j _ nlj:ﬁ .
But here

- ij _

gijn =
ij, ke _

gijl'[ 0.1

Notation: Given a field function F, let

Froy = PG, b0, + seeertig, < ...5 ) (E>0).
[t] ab ab,:l.l ab,ll i



So, if F@fn(P;qu:m): then

1/t
Example: ILet LEbr:n(0,0,l,m) —— then

= "L

L
3 Lt

2

2 8 2
L (8°9) t%u@g)

n
s

= 5L @)

LEMMA ¥ LGMCn(0,0,l,m) » We have

Bllpyp) = B 1y-

Application: Suppose that LEMCn(0,0,l,m) is homogeneous of degree 0 —

then E(L) eM(:n(2,0,1,2m) is homogeneous of degree -1.

[In fact, Lt = 1,, hence
Liyy = 7.
Therefore

E(L = E(t'L) = t"EQ@).

[t])
On the other hand,

B(L) ., = £ 2E(L) .
(t] L2



Therefore
fE@ = R )
1/t
tzE(L) =EL
1/t
E(L), = tE@) .]
. = - 1/2.2 .
Example: Take n = 4 -=- then L = |g|™ “5° is homogeneous of degree 0, hence

g (L) = \g|l/25(2le - %—gijS)

+ 2|g|1/2g13vkvks - 2|g1Y %t 3s
is homogeneous of degree -l.
IPMA Let LeM':n(0,0,l,m), where n > 1 is odd. Assuns: E(L) # 0 —— then

E(L) can not be homogenecus of degree ~1.

[If E(L) were homogeneous of degree -1, then the relation

E(L) ... = t% %E
(t] 1/t2

reduces to

E(L) [y = £EW@),
hence

t"E(L) = ELpyy) -
But

4 . d

T E(L[t}) = B( at L[t]) .
Consequently,

E(L) = E(L"),



where
L' = tfg EIF (Z_:}fl'[tl)
is homogeneous of degree 0:
L' (s%g) = Lin = (%EH Lie (5°9))
- Lim L ‘3% S"L ¢ /) (@)
- Lin = %Eﬁ Ligy 9
= L'(g).

Therefore, since n > 1 is odd,

L'=0=E(L') =0 =E(L) =0,

a contradiction.]

By way of a corollary, there does not exist a lagrangian

L€Mc3(0,0,l,m)
such that
gy = I,
Remark: Let AEM:n(z,O,l,m) ~-= then in order that A = E{(L) for some

lagrangian L, it is necessary that atd =alt s vjA]'J = 0. In addition, the

collection {A*)} rust satisfy the Helmholtz condition. But, as the Cotton



tensor shows, these requirements are not sufficient.

FACT Let AGM, (2,0,1,m). Suppose that the collection 2} satisfies
the Helmholtz condition — then

ij _
-A - 0.
v:l

[Note: It is not assumed that A'J = Ajl, thus the condition appears to
be asymmetric. Still,

ij g.pald o
VA 0 « VA =0.]



Section 26: Questions of Uniqueness Iet M be a connected ¢ manifold

of dimension n, which we shall assume is orientable.

Suppose that LEMJn(0,0,l,2) — then
9@ = et

VjEij (L) = 0

arnd, in general,

ij ij
E J (L) = E J(gabrgab'crgab'cd'gab'qir'gab,Gjrs) '

However, for certain L (e.g., L = |g|l/2 or L = |g|1/2s), E (L) is of the
. ij
second order, i.e., E- (L) depends only on o’ gab,c' and gab,cd'
Problem: Find all elements

Aemn(z. 0,1,2}

subject to

Remarkably, this problem turns out to be tractable and a complete solution
was obtained in the early 1970s by Lovelock.
Put

n/2 if n is even

{n+l) /2 if n is odd.

THEOREM Suppose that AéM:n(Z,O,l,Z) satisfies the corditions



ald - pdd

i3 _
-A -— -
VJ 0

Then 3 constants-CP p=1,...,8-1), A\ such that

Aij
N—l . 3 P
TV R ik Iy 21k 2p-1"2p 1117213
9 p’ Kk, + -k FIES e g tMalT g
2p 172 2p-172p

[Note: We shall alsoc see that

3 L@Cn(0,0,1,2)

for which
) = atd.]

Example: If n=1or n= 2, then

ald - Ag |l/2glj .

The Fundamental Consequence If dim M = 4, then a symmetric AGM‘.“I(Z,O,LZ)

of zero divergence has camponents

ij /2,045 _ 1 o A 1/2_i3
atd = clg|V2RD - L g™y« g MY,

where C and )\ are constants.
[Tt is a question of reducing
je. 2 k.k L
172 R 1 2£ . 1+ x‘gll/?_glj
172

1/2. ik
Cllgi (g8 kk]_kz

to the stated form. By definition,



j J
5. & 5
kK "k Tk
53£1£2 ) 531 a£1 5"":1
Kk, K, k ® 'k
5£2 5£2 532
k ® K
. £ 2 . }
s 512 5 5£1£2 + 57 5£1£2
kW Kk, kT oKk TRyt Kk
N k. k
. glkﬁjkﬁ 1 2k1k2R 1 2£1£2
kg oAb 4 & Kk,
= g*87, (5 k16k2 ‘5}:25 kl)R ' r
152
- ik %2 ikj 152
g Ok k,k, g ok Kok
ik Kk
=296 kR k]_kz
* & k L |
- oeld kl 2 _ o~ ij
29-R klkz 297-8.
. _ 4iksI e S
ky kk, 44,
_ gﬂ<5£1£2 I
Ke,” 44,
- ikt e
g ke~ 2.2




R R
A Y
L kS
IR o
g 8 kklR £1£2
kA M
? ket 4t
gkt e
k% 2L,
J'.k6£1£2 3
g ke 2L,
J)
1 4
6 k o) 2
= g% r3¢
2.0
1%
£2 £2
6 8
x 9 2
L b . L L.
_ o dik.1 2 32 _o ik .1 72§42
=9 5 8 R 20, "9 % 8 WK

ZRJKJ.

2RIt = 2rM,



Therefore
ix 344, kK,
g 3 k.® " pp
ke k) 162
= 2935 - 4rYJ,
But

Gl = gY - % sg:l.j

TN k .

ik 344 kK, i3

) R = - 4G -,
Kk ky £HE,

The desired reduction is thus achieved by taking C = - 4Cl.]
Scholium: If Le4C,(0,0,1,m) and if E(L)@C,(2,0,1,2), then EJ (L)
necessarily has the form

clglM2 R - -12- sgl) + n|gM %N,

where C and A are constants.
Remark: Let L@E4(O,0,l,2) . Assume: E(L) GM'.!4(2,0,1,2) -~ then it
can be shown that

L =clg/¥%s - anjgM?

+ C'sijk?’Ra Rb

bijF ake
+c(gil/2s? - arPr + R e}

where C, C', C", and A are constants. However, as we have seen earlier, the



terms multiplying C' and C" are annihilated by the Buler~Lagrange derivative,

hence per prediction, make no contribution to the Euler-Lagrange expression

1/2[R1] 1.4 1/2 ij_

clg| 5 59 Iy + g

[Note: The analysis that gives the structure of A" when dim M = 4
applies verbatim when dim M = 3. On the other hand, there is a simplification

since the only LGMC3(0,0,1,2) for which E(L) @E3(2,0,1,2) are the

1/2 1/2

C|g] - 2)7|g]

Example: If n= 5 or n = 6, then

i

1/2 1
A )

1/2 13

J = Clg| Sgl:'l + Alg]

+ D|g|]'/2[2sR1J - 4leJ£Ru,_ + mlabcRJabc - 41{15‘123&l

- % s% - ar?Pr

ij]
ab ’

*RTTR g9

where C, D, and A are oonstants.

We shall now turn to the proof of the theorem. So let

AGM‘.‘n(Z,O.l.Z)
subject to
ij _ 3i




Aij:ab,cd = ij;ba:cd = Aij:ab,dc.

Identities.
o pidsabed | pijsac,db | pijsadbe _ o
.Aij;ab,cd _ Aij;od,ab.

N.B. We have

D g
g.ald =37 Ll a3 ) pld_ 2 pld

J axj ja ja ja
ij _ ,ijs;ab,d ij;ab,c ijrab
paT A Iab,cdj T B Iab,ci T2 Yab,j
a("inj’ 1 ._it;ab,rs . .is;ab,tr , ,ir;ab,st
= _3__ (A ? F + A ¥ F + A r F ) .
aga.b,rst
Identities

o pitiab,rs | jis;ab,tr alriab,st _ o

» Ait;ab,::s = Ars;ab,it.
Therefore
Ait;ab,rs - Ait;rs,ab
_ Aab;rs,it
- Aab;it,rs
Ait;ab,rs 4 plasbt,rs Aib;ta,rs

= Aab; it,rs ia;bt,rs

+ A ib;ta,rs

+ A



- Aab:rs,:l.t + Ala:rs,bt + A.ﬂ:);,rs,,t.a

- Alt;rs,ab + Al:\t;rs,.:l.a + Ata;rs,lb

ti;rs,ab + A1:1:),',:|:S,.ia

- A ta;rs,ib

+ A

ta;rs,bi

A1:1;rs,ab + Atb;rs,:l.a + 2

=0.

Notation: For p=1,2,..., write

Aab; ijis,dgdyg.. ';l4p-314p-2'14p—1l4p
absi, — i
1 4p—-4
= 3A /agi

4p-3t4p-2'tap-1t4p

[Note: This prescription defines an element of M:n(2+4p,0,1,2) -]

Special Case Take p = 2 — then

Aa.b: 1112' 1314; 1516,1718

ab;1112,1314
=& /393 5 ,ii
576778

]

2 ab
SAT/09: o s s s s s os

Tyiarigdy “iglgrlqlg
ab; i

— i
Properties of A 1 4p

(2) It is symmetric under the interchange of ab and iZk—liZR k=1,....2p).

(3) It satisfies the cyclic identity involving any three of the four
indices (ab) (i, ,i,) (k=1,...,2p).



[Note: To illustrate (3}, take p = 2 — then, e.g.,

Aal:;,: 1,315,153, 1516 1iglg

bi,jai,, i i gi i, ,i i
s a V2rtaN 516’1718

a; b12,1

pi i ,id
+Al 374'7576 78

= 0.]
Definition: &n:indexed entity
5 s PREE PO
B 172 2¢-1-2q Q> 1)
is said to have property S if:
($;) It is symmetric in j,, ,3,, (2=1,...,9;
(32) It is symmetric wder the interchange of j]_j2 and j2£-1j?£
€ =2...,9);
(33) It satisfies the cyclic identity involving any three of the four
indices (jljZ) (323_1323) L=2,...,9.
In particular:

ab;:l.l —1i

a 4p

has property S.

IFMMA If an indexed entity has property S, then it vanishes whenever

three (or more) indices coingide.
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Recall that

T n/2 if n is even

_ (n+l)/2 if n is odd.

IEMMA If M is any integer = N and if
571727 a1 g2
is an indexed entity with property S, then
323,703 3
po172" e daw2 _
[In fact,
M+ 2=4N+ 2 > 2n,

thus at least three of the indices

jl'jz’ tee 'j4M+1'j4M+2

coincide. ]

S0, as a corollary,

ab;i, — 1

A w_ o
Conseguently,

absi, — i

Naile! 4 (N-1)

_ ;‘b? 1y — 41 ( )
Grg’ rs,t’”

Here

abiiy — 104

& @Cn(le-Z,O,l,l)
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has property S. But, thanks to the Independence Theorem,

£ T e N S TS
rs’’rs,t I
Therefore
ab;i, — i
a 1 4 (N-2)}

abii) — ijg0) . ‘
14 (-1) -3 4 (N-1) -2 14 (v-1) -114 (1)

ab
to (grs' rs,t)'

Rappel: We have

_1 _ -
Rikit =7 95,00 T 95,k ¥ %, 50 T ke, 3t Ty

where
Tieip = Tai® 5¢ = Take” ji °
Put
o i=iya
1= 3y v-1)-2
k= i)001)-1
£ = 5.4 (N-1) °
Then
ity — i

kil

).
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_3 .M T g
T2

9i5,ke

. @ab;ll — hamn
3kik

Aab’ L -2

2 ab;i

—i
_.2 1 Y41 ab
=-3°* Riig ¥V«

J

where the metric concomitant

ab;i, — 1
ab _ ab 2 1 4 (N-1)
¥ =9 + 3*1’ I'j}.e

is at most a function of I and Ips,t’ hence is a function of I.g alone,
iterate the procedure... .

Sumary: We have

N-1 ab;i, —1i )
2P -3 ce 1 ‘IP'|—|'Ri i 14 + P,
p=1 P g=l tag-2'4g-1M4g-3t4ag
Here, the Cp are constants,

abi, — i
s T 4p€1~f.‘n(2+4p,0,1,0)

has property S, amd

vPac _(2,0,1,0)

is symmetric, thus has the form
2 ab
Mgl Y%

for some constant .
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It remains to explicate the
abyi. — i
g L
LEMMA Fix p:1 = p = N=1. Denote by Sab(n,4p) the subspace of
MC (2+4p,0,1,0) consisting of those entities with property S — then

dim $%(n,4p) = 1.

Notation: Put

ik _ 1, L i3,k L kL

c+6c6b).

Maintaining the assumption that 1 = p s N=-1, define

ab;i, — 1
b+ *Pac (2+4p,0,1,0)
by
abji, — i
D 1 4p
- . W bj ..CJ
12,2 br 1 ar
=lglM%6 t ® T ® 9O
1" T2p 1" T2p
r-s e SaA.
B e R
. p 123t Di4p—3i4p-2i4p-ll4p
R Jop-132p52p-1%2p
Then
ab;i, — 1
p L TP 4p).
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Moreover,

ab;i, — i
D 1 4P#0,

as can be seen by noting that

Dab?il —i4pg g seeg
ab i,i, 14p-ll4p
S )
= nP P L
1 "2

(-1)P zwlm—_%ﬁ {L=p=N-1=nz= 2p+l).

ab:il ——14 ab:il -—i4
Accordingly, & P js a constant multiple of D P
Therefore
N-1 ab;i, — i p
2P c.p 1 4P'[_['Ri i i + A|g| /%
=1 =1 "4g-274g-174q-374q
after possible redefinition of the Cp‘
Observation:
ab;i, — 1
D 1 4p
- aj ooaj bj ocoj
1l 2p 1 2p
r.s r. s
x g l l vog 2P 2p
11121314 ) ilj.zi3j.4



15.

e X (D14P‘314P'214P—114p _ p 4p-3"4p-2"4p-14p

. . ).
J2p-112p52p-152p J2pd 2p-152p-152p

To exploit this, note that

Dl4q—314q—214q—1l4q R -
Jog-1724°29-1%2q tag-2"4g-114g-3t4q

_ _ p 4a-3'4g-2"4g-1"4q _ R '
Jog-172¢%2q-1%2q t4q-1t4q-3tag-2taq

= - { +

)

R. . R. .
Jog-1729%29-1%2q  J29-1%2g-1725%2q

(Dl4q—3l4q—2l4qe114q _ pdg-3T4g-24g-1Mg )
J2g-1725%29-1%2q J2ql2g-1529-1%29
Ry i i, i
T4g-214g-114g-3"4g
=- 3R, . .
Jog-1725%29-1%2q
Now bring in
r S r..s
2q-1°2g-1 F29°2
g 221201l 7202
and write

ngq—lSZq—lgr2q52qR _
Jogq-1329%29-1%2g

‘r2q—lr2q
J2g-112g



160

_ Rqu-erq .
J 2q—lJ 2q

-

Thus, after adjusting the constants, we conclude that

N-1 aj,+++J bj, -]
A= 1g|M? 3 5 zprr - gF s t zprr e T
p=1 P 17 " Tp 1
Fog-1F 1/2_ab
. TTR A o englMA®
a=l : 2g-1-2q
But
aajl.‘.sz gerrlr2. . ...R 2P—l 2p
TETT2p 172 Iop-132p
bjl.o.j r.r
=6 ®» FRLZ L REL®
S R 1112 Jop-192p

So, modulo obwious notational changes, the proof of the theorem is complete.

Remark: The expression

N-1 . ik Jﬁl-o £2p Rklkz k2p—lk2p
2 3 8 KK, - - -k I 2. .2
p=1 17" "%2p 1%2 2p-1"2p

is a polynomial of degree N-1 in the Rabcd. Therefore, if A is linear in the

secord derivatives of the by then Cp = 0 for p > 1, hence the A must have
the form

1/2 1]

g) + \|qg|

1 2 l
clg|¥?w3 - Ls

Rappel: Let

LEM?n(0.0.l,2) .
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THEOREM Let
L—"!gl 2'.2C5 k“kR ££0.0R £ £
p=1 P 17" "%2p 172 2p-1"2p
Then
g () = a3,
To begin with
j8bicd
_ 1/2 ¥1 £l---£2p k. k, kzp_lkzp
- Igl Z 2;‘:5 “'k R ££oo-R £ ‘E
=1 P kpeeko 3%4 2p-1"2p
k18 KoF abed
xg g D '
£1£2sr
from which
ab,cd
A
N-1 Looeel k.k
= - |g11/2 £ 2p(p-1)C.5 T ZPk .o, VR 3 4££
p=1 P 17" Kp © 3%
R kopi¥op gklsgk2rDabcd£ e
Lte Lop1t2p 1-25F

Standard manipulations involving the Bianchi identities then imply that

.

0..
e
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Matters thus reduce to consideration of

1 i3 2k£ ]
-39 LtxA 1aRkEa

or still, to consideration of

—%5 +2 k‘0"J“a‘lijl,\,m.

theclambe:.ngthatthlsexpressmnlsequalto}lj,le,to

Nl il eeef X, k k. .k
/275 cs 1 % Rlzﬁz...RZP_IZP 2 + Mgl V3t

E Koo
p=1 P Iy ek 12 Lop1top J

But

- 1 - ae k
1/2 3, Myrrly, 2p-152p
g 5 .2pC (2)6 RYZ2., ...R
|9l 2 REE NG TH Lop1ta

/2 Ngl S, (s az o Rklk2 RkZP' 12p

Fl J k l..k

= |g
5l 1" 2p 172 Lopatop

k k .
g 2P-1 2p . )+ 1.|g|1/261.

as claimed.
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Remark: Let AEM:3(2,0,1,3) be symmetric and divergence free — then
it can be shown that

Alj - Clgll/zGlj + ool 4 Mgil/zgljlr

where C, ¢, and )\ are constants. But, as we know, there does not exist a lagrangian

LeMC4(0,0,1,m)
such that EVJ (L) = ¢,
Given p = 1, put
1/2,, £y e eky, kK, Kp 1¥2p
L, = - lgi cok B g R R
ko kop 162 20-1%2p
Then
gl o125k 34y, k) Ko1K
(Ilp) ""k R f. £ «s o £ £ -
kkl 2p 12 20-1%2p
Reality Check Take p =1 — then
e, kk
1'1=‘|‘9‘|]"/2 kleZEE
1% 142
= - |g|Y%s
and
K,k
= |g1"?1g’ letzkklez 2]
X Hb
= lgll/z(— 4cH).
I.e.:

3 (19/Y %) = 1g1V%H.
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Examnple: Take p = 2 == then

1/2 ab

2

L, = - |g/%81s% - 48R + K )
and

e = lgll/zgik6j£1£2£3£4 1k gk

2 Kakokaky ™ 4Ly E4ty
Now take n = 4 — then
Gttt -0
kk ko KsKy

Therefore in this case
ij 1/2..2 abed _
9 (jg|™ “Is —4RabRI+R bogl) = 0-

FACT Suppose that n = 2p —— then locally, Lp is an ordinary divergence.

Foreshadowing considerations to follow, it will be convenient to redefine

Lpas

121 A1ty kKo kop-1%2p

Igl —p—(5 k"‘]{zR ££000R f, £ }f

2 1 p 172 2p-1"2p
so that
i
E j(Lp)
_ 12 1 iy kyky p-152p
- |gl FI (5 .k .ok R ‘E £ . 4 £ )-
I Rp 12 2p-172p
Let

i Algeeedy kiks Xop-1%2p

R.(p) =6 K.k R .p_++-R I AR
J 1°""*2p 32 2p-1"2p



where

In addition,

But

Therefore

L_veef k
S(p)=5l 2Pk...k Rklzzﬂ .RZP_IZP
1 2p 172
i = 172 1 _
Byl = 1sl"" 5 (8" 58®) 20R", 5.
ij -
Ew) =o.
- lgI™? Il,,,l 7.5 - 208 p)) = 0

or still,

[Note:

@)

We have

Vis 42}

21,

iJR (p) = S(p),

v'S(p) = 207,81 (p)

- = 9pd
= v,8(p) = 2pV Rij P .

a
giav S{p)

2pg; VRJ(p)

= zpngiaRaJ {p)

= ZijRiJ (p)
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jb
2png Riy, (p)

pgij R,y (P)

= 2pvb Rj_b(p)

= ZPVJRij (®.]

Remark: The higher order version of Ric is Ric(p):

Ric (p) iy = Rj_j (p).

Ric(p) is symmetric and

trg Ric(p) = 5(p),

the higher order version of the scalar curvature.

Therefore

i
E 5 (Ll)

Reality Check Takep=l——thenLl=|g|l/2. Moreover
. il k .k ,
R*.(1) =5 2kkR12_£ = 2”',
J 1°2 32 J

L. 2 k
s(1)=<’:"]'2 lek2££ = 28.
kiky 1%
= Igll/2 L (51jsm - mlju))
= - |g |l/21(5 528 - arL )
3
1/2, 1 1l .1
= [g} R.——z-ajs)

172 1
9%,
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[Note: The relation

|
(ds(l))i = 2¥ Rij(l)
reduces to

= opd

in agreement with the earlier theory.]



Section 27: Globalization ILet M be a connected C~ manifold of dimension

n, which we shall take to be orientable with orientation p. Fix a semiriemannian
structure g on M,

Rappel: Given xom, there exists a connected open set UM containing X

and vector fields El""'En on U such that ¥ xecU,
T Ej|x) = M5

{El[x, .o ,En]x} € .

Because of this, there is no real loss of generality in assuming outright
that the orthonormal frame bundle IM(g) is trivial.

[Note: As a matter of convenience, in what follows we shall work with
oriented orthonormal frames but all the results in this section can be formulated
in terms of an arbitrary oriented frame.]

So fix an oriented orthonormal frame E = {El,...,En}. Denoting by

® = {ml,...,mn} its associated coframe, put

1 jp+l j1'1
9- ...- = — Eoo ...‘ L3 ...o&) A... A(D -
byl EI iy gy
Then
ilnoolp
8 = ell ..sipeil A ip (no sum)
i i
=*(mll\ ree Amp).
Observation: View the @, . as the components of an element 6_ of

ll“.lp P

An_p(M;Tg(M)) . Let ¥V be the metric connection -- +hen



Example: Suppose that p = 2 — then

k X _

or, miltiplying through by ej,

j_ k 3 _ k -
dei w il\ek ejm jAeik 0.

But

k
- e LAD,
€40 M0y

k
- ejm jAekekeik
k
=] k
Therefore

ae. -

k o3, 3 ok _

LEMMA We have

[In fact,

= %— e.eR,; .kﬁ(cokl\mﬁ)l\eij



1
2 ij

1
2713

1

=Llg, .kz(mkmf) At (@A

== R, .kag(mkl\mz,mlf\mj)vol

J)

g

j k

i £
=3 Rijktg(m A, Ao )volg

g (o:oi,cuk) g(ml,mi)

_1
= '-2- Rijk,ﬁ det
g(mj,mk) g{mj,a:;flgl
_1 ik j2 if jk
=3 Rijk£(9 g -9 gj )VOlg.
On the other hand,
i _k
s = gJ£R jke
_ I K
=g gkjnijkg
= k3
-9 9 LRijk,e
and
8= giszM
ki
= gﬂg jR]ka.
= - gtgkR,

Jkﬂ'

wol



Splitting Principle Start by writing

i3

*5 = Q Aei.

J

i3
25 ae .0,
S A R &

P .

L i ik 5
(dw j + @ Ao j)nei

i 3 i jo, i
d(mj/\ei) +mjAdei + o

k ]
) jf\ei .

From the above

J_k o3, .3 0K

. .

i j_i ko 3_ i 3 ..k
o jAdGi o jAco 1M o jf\m kAei

i k 3 i k 3
w j/\m iAek w khco jf\ei .
Therefore

*S = mi./\cok.!\e 3 + d(mi Ae.j) .
31k i1

[Note: This is the analog of the decomposition

1/2

g =A+B];i,

where the field functions A, B! are given by



a= g% x, rkijrtm)

2" 3k

= gV

LEMMA We have
ij - _ i

- (dw Aa)J)A*(da) A, ) + 3 5 (@t Ao, )A*(dmjl\m ).
[First

ellre, . = 9. 0™
i3~ i3

_ K i 3
= (do)ij + (.oik/\r.o j)/\*(m Aw”)

"

k i 3
(Gogg + @ Amkj)/\*((o A?) .
But
i 3
d(mij/\*(m Aw™))

- i 3, _ i 3

= dcoij/\*(m A~ } mijAd*(co AW~ )

- i 9

= do)ij!\*(m A )

_ _ i a, i, _ 3 i a
coijA[ (.oa/\*(co Aw”) ma/\*(m Aw ) ]

"‘dmjl\*(co/\ )+2mJAm A*(m/\ )



= i 3, _ i...a, 3

- i j i a j

dcnij/\* (o Aw”) + Zma Amij/\* (w Aw”)

= dwm, A% (mi!\mj) + 20) Am Ak (m A )
ij aj

- 3 k i 3
dmle*(m A) + za)i Amka\* (o Aw”) .

Qij/\eij = d(w, JA*(co A )) - o /\colgf\*(m Aw )

1. Consider
Ay 5% (o Aw)) -

Thus, as the metric connection is torsion free,
dcol = - ml.!\coj
]
*dypy = - *(mljf\mj)

= *(mj/\col-)

e;* (coJAmij)

i R . .
W A*dcol = s.coll\((, *mj) .
1 (AT
1]
Next

J

T A*m = g(col;mj)VDlg:



where

g(mirmj) = .

Since ¢ = 0, it follows that
®ii

. -

0=, (amad) = (o ohmad = one, *a).

ij ij i3
Therefore
oAxdes = &, (¢ col) Axgy)
b A YO
1]
- i, 3
But

£,
* (w0 Aoy )Acoij

(1) © (=1) ™ L (e (% (3P ) A 3))

DY EDT e, wr(aho)))
i3

= "L )

_ -1 i, j_ i 3
= DN oA - oAl @))]

n-1 i, 3 j, 1
(-1) *[g(mij,co Yoo - g(mij,co Yo )

(1" Mg (o)) = glag; e



2(-1)" g (g 6" 40

2(=1) n"lei (o AxdeT)

2(-1) n-l(mi/\*dmi)

(-1)™"2a (# (o1A0)) oy 5

= 2(-1)"2(-1) a0 rds))

= - Zd(mi/\*dml) .

2. Consider

)

k i
@ /\mij* {w A

_ k i J
-mi/\mkjl\*(ml\cn)

= BkmkiAmij* (coi/\mj)
or still,
i 3y 3 i
ek[g(mki.m )g(cukj.co ) g(mki,m )g(“‘kj"" )]volg-

Rappel: Iet a,b=1,...,n == then

a b 1l c c
w, =&t do - ¢ do =% T ¢ t, (Ao An’).
ab = “a“B b'E Z g cLEbEa



i _
T Il ee) S i

=Lmi(ekLEdmk-a.c. &' - 2 2 eot, b, (67)

i 1B,

(du"AC))

t sl b do = da’ L
o kngi 1¢Ek c cngingk

I
-
I
-
L
g
|
m
L
-
g
|
b =

_ Iet 4t k(dcocf\mc))
w Sim eka) c eim ekm

I
|
]
o

Dok
= siekg(mll\co ,dml)

— k i
= 5iskg(co "t idm ).
®
Analogously

. K .
g(mkj;coj) = ejskg(m ,:.mjdm]).

Therefore
1 j
4.9 (@ 4, )g(mkj,m )
= eke.e_.g(cok,ﬁ, j'_dml)g(mk,lb Lo’} .

13 @ .
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Write
- ik ik
L id(.o =g (CIJ L idm ) BkCIJ
w (")
U 4 3y, £
Then

i 3
glt idm,c jdo))

w w

k i k £ j £
= g(g(w ,Lmidml) 60 g ,Lmjdmj)ezco )

k i £ ] k £
glw :Lmidml)g(co ,Lmjdmj)ekeﬁg(m P )

1l

J

w

ekg(mk,c idml)g(mk,c )
]

i J
ekg(mki,m )g{fnkj.to )

elejg(cml Lm:] )

i i, j
e.6.g{dw ,o At .dw
i jg( ' 3 )

i i3 _ i.j
eiejg(dm ,Lmjm Adw Lmj {0 Adw’))

il

sie.-g(dmiyb o Aded) - e.e-g(da)l;@ o Adaw?))
j o i3 o
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5ig(dm1,dm1) - aiejg(mjhdml,mli\dm])

e;gd’,do’) - £4649 (0" Ade? 07 Ad™) .

- g (“ﬁ(irﬂ)j)

"
——
(]

!
™
3

- eiak(g(dmk,ml!\mj) g(dut, ) «-%- 3 scg(dmcnmc,mkl\mll\mj)).
c

The term involving 2 can be simplified:
c

- —%— zZe g(dcn Aa)c,m AW Amj)
c

]
noj=

2 e 9@, 0 (@ hara)))
[ 84 w

-1 3.C k i j _ k i j, k. i i
> iecg(dco ,mem rAY - @ /\mem AT 4+ o AW Acmcm)

=- %‘ (g(d,otne) = glda®,drad) + glaw) o nal)) .

Therefore
g(a)klrmj)
= ti5 3 (A 0) - gt ahed) - glde 6’
Analogously

g (“ﬁ{j rﬂ)i)



The product

thus equals EkE1E

#1:

#23

#3:

£5:

#6:

#7:

$#8:

#9:

12.

]

ekg{mjd,mj)g(mkj;mi)

jtj.tm#l+#2+---+#9,where

"]4; g (dcok ,mlf\coj )g (dmk,mjnml) .

- %g(dmk,m Aad) gl , KAty .

- %'. g(d@k,mimj}g(dmi,mknwj) .

- % g(dmi,mkx\mj)g(dmk,mjnmi) .
g(dm s re?) g (@ ,haly |

Ky g(dml,m Amj)g(dcnl mk/\wj) .

- % g(dmj,mknmi)g(dmk,mjf\mi) .

%‘-g(dcoj,co rot) g e, rad) |

%- g (c':lc-:r:I ’ mkr\col) g (dcnl , Amj ).

8ix of the terms cancel out:

e:ke:isj ={#1L + #8) =0
ekE1€5 x{#2 + #7) = 0
~ Bkeiej x{#3 + #9) = 0.

= oyoy 5 @00y ~ g dral) - glast,red)).
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E.g.: Take #8 and write

185 %g(dm]',mk/\ml)g(dm],mk/\m )

= 64838 T g(dm o Am )g(dco wJAm )

= - ejeie T L c@s®, othed) g (@, Irady

which is - akeiej x (#1). Observe too that

RS x (#4) = k€14 x (#5).

It ramains to discuss
5keiej x (#4 + #5 + #6).

To this end, note that

eiajg (da)lAml,da)] Amj)

b =

eiajg(dmi,i, i(da)jf\mj))

w

b =

»

=1 P SR P 3y 0]
- £36:9(do ,cmidcojnmj + (Lmim )der)

N =

i . 1 , .
= - eiejg(dm ,Lwidmjl\mj) -5 sig(dml,daal)

eiejg (doal ‘g (mk, c,midmj ) ekmk/\m? )

| b=

2eg(do.a dm)



14,

= - % sksiejg(mk,c idmj)g(dml;mk’\mj)
(i)

- % e;9(da’,du’)

[N o

ik ) ik, j
= - Bksisjg(co'/\m ,‘dmj)g(dco ,co'/\mj)

- % 659 (de*,de)

i
8| =

ekeiejg (cokf\(oi ,dm] )g (dml ,mkl\mj)

- % £;9(dw,dw’)

1 .
= eyeiey X (M4 +45) - 5 sig(dcol,dml).

Therefore

Bkg {mki.r mj)g(ai{j ;ml)

= 5k5i5j x (#4 + $5) + Eksisj x {#6)

= - 3 oyoggt@inet,an’ad) + 1 e gant,aa)

+ Eksisj x (#6).

The last step is to study #6. In terms of the objects of anholonomity, there

is an expansion

g(dcol,m Aa?) = %—Clabg(mal\mb,mkl\mj)
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1

1
k3% T 2~ 3k%5%
On the other hand,
i i 1 i .2
g{dw ,dn ) = 5 akej(C kj) .

Combining these facts then gives

1 i |2
EE1% x (#6) = Y ekeisj(C kj)

= G ey) G ooy (€)%

= % ¢;9(da,da),

from which we conclude that
3 i
& I (@ ;0 )g(oakj.m )

= - % gigjg(dm]'/\ml,dm:'/\mj) + sig(dcol,daal) .

In sumary:

i j j i
ek[g(uﬁd‘:m }g(ﬁﬁ{j:m ) - g(mkir&) )g(mkjr&) }]VOlg

= [e;9(d0 ,d0) ~ 6509 (w Ade) @) nd’)
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L

1 i i, qg, 3 1 i
5 sisjg(dm A daAed) - sig(dml,'dml)]mlg

- - I S PO N Lrod asing
[ aiejg(m Mo’ o' Mda™) + 5 e 5659 (daAw Ao Aw )]volg

- i 3 j, i 1 i, i J, 3
siaj(dm A ) Ax{de A} + 5 aiaj(dm Aw ) Ak {dw A )

NS 5. N 1 i -

= - (do Aw )!\*(do:.jhmi) + 3 (o Aw,) ax (da)J/\coj).

All the terms appearing in the statement of the lemma are now accounted for.)

Put
L0=volg.
Given p 2z 1, put
i J i3
L =Szllr'\ ARPPABi ... 4 2P =En).
P 13113
Then
L_€A™M.
P

[Note: These definitions are independent of the choice of E.]

Examples:
oLl = Svolg.
— el _ apab
OLZ-— (s 4R Rab+R ) 3)V°lg'
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[In fact,

——— . E. . . .
(n=2p}t "1p3;-- Pt "y

k., 2 k £ a a
1 ln...AmpAmpAmzp*'lA Amn

lljl. - -]_pjp g
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which, upon relabling, is equivalent to the assertion.)

Remark: If M is compact and riemannian and if n = 2p, then by the
Gauss-Bonnet theorem,

1

X(M) = i
(4m) Pp1

IM Lpf
the IHS being the Euler characteristic of M.

[Note: Take n = 2 -- thenp_=landLl=Svolg. Moreover, the scalar

curvatwre 8 is twice the sectional curvature K and the Gauss-Bonnet theorem in

this case says that
XM = L J.. Kwol .]
21 ‘M g*

FACT Suppose that n = 2p. Fix i¢{l,...,n} ard let

p-1
II. = Z $ r
P k=0 akfp k,p
where
Pk
o= " =
P KPPy 1 (1.3.. . (2p-2k-1) )
and
i, i.i i1 i i
B meg .y 6@ AL ag FALIL e
P 1 2p
Then
1

d-[ LS m—— L -

[Note: Therefore Ib {(n = 2p) is exact if the orthonormal frame bundle
IM(g) is trivial, hence is locally exact in general.]
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Reality Check Taken=2amd i =1 -- thenp =1 ard

m

1

1 2 2
== gy (g8 0y Feyd

Ly
191

On the other hand,

L1=

oy
E

4n

12 21
(5129 +5219 )

Il

i

@12 - ¢

-

12

1 _ 51 1.1 1 2
Qz—dco2+ml/\m2+m21\m2
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Q12 _ g 12
_1
dl'Il = I Ll.
Put
i_ 1.,
Given p = 1, put
G)*h, = - 11 6181. .329. Rk1k2 . .szF"lkzP
P 3 P+ jlgl- k2p 2122 £2p-1£2p
Then
i _ 3
(Gp) 3 (Gp) i
and
ij -
\?j (Gp) 0
Exanples
i3 4901 14
* (6" = [2sR - lkjﬁpkz
i jabc _ ia_7j
+ R R 4R™R ol
wl a2 _ ij
s 18 - R + K bogld

SUBLEMMA The wedge product

i
W AD,

llo. uj_p
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can be written as

p .
-1)P 3 (~1Ts, o

r=1 Hhtto r—llr+l'”lp
[Recall that
i i i i
ngiA*(co 1 A ees A mp) = (—l)p‘-]'-kc,E {w 1 A eea A mp),
i
where
ngi =Q FE @ .
Therefore
i i
coi/\*(m 1 Aves A D)
P i i i, 1 i
= (-l)p+1 z (-1)]:4-]'(1,E @ r)*'(m 1 Avee Ao T ll\co r+l A eo. A mp)
r=1 i
P i i i i i
= DP 2 DG,,0 Dxe A v Ao T T A L A w B
r=1 1
P . i i i i i
= 1P 2 D gD . a0 A L AP
19
r=1
P X i i . 1 i
= -1)P z(4F$iﬁmln”.nmrhmﬁlnn.nm%
r=1 r
i
B0 AE. o.eE: B,
i i, i 11- -i
p .
- (P RS % A
(1) z (l) SiEi 0008- 8 --Si ei i

r=1 r 1 1ra trnl p 17 et
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p .
_1\P IS % £
-1)¥ z (-1)767, &, &;8

i ee+i
r=1 r°r 1l

P e s . . i
Olflr;élwhllesis.s = E.&

g, &, = .
iii i i i
i
w A8, .
iy-- 1p
p -
=P 2 nFee Ly
=1 r "1l r=1"r+l
Example: Suppose that p = 1 -~ then
0 Akes = (-l)l+l*b W
1 E.
i
= *g(coi,cnj)
= *eig(ml, J)
i i
=%x§ ., = §,vol
J I
=
i i
L AEL0. = § VOl
Eyw 33 3 j

i

o‘oi .

1

r-1"r+l q‘p
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Now define the Lovelock (n-l)-forms by

.

&), = sailjl A eee A Qipjp"eiljl---ipjpa (@ =1,...,n).
Example: Take p = 0 -~ then
20, =&
= Gj.aei
= -2(6)" 0,
= =2 (Go)iasisiei
= ~2(Gy) ;%@
Example: Take p = 1 -~ then
(1), = Saij;\eija
=3 Rijkemkl\a)z!\eaij
= %_Rijkamk,\(_l)?'[_ 5£aeij + E’ﬁieaj - E’ﬁjeai]
- %_ lemmka[aﬁaelj - ,51’319 ay + aﬁjeai] X
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° ; Rijkﬂﬁzaa)k/\eij

=3 Rijkzaﬂa[— 5kiej + 5kjei] .
o - %‘lekﬁzi“’kl\eaj

- _ % ijkLGZi[' 5kaej + akj 01.
® L Rij 5[' a)kAG

2 kL™ 3 ai

_1.ij £, Xk k
= G RI,8 5= 68 + 5760,

Collect the coefficients of Ga:

1.4 & .k _1.ij A& %
7 R840 5 — 3 R 78738508,

I
N
W

|.-J-
.
|.-J.
+
s
.
D

Collect the coefficients of 6.1:

1,435 2% _ 1
7R 8853

=dgld _1
=GR T3R50
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== (- ”R%, - rM*, e,

Collect the coefficients of ej:

1.4 £ k _1._ij & .k

=z (-r7, - ijia)e
= - Rjaej
Therefore
=(1) = Se, - R0, - Rjaej

= 85" 6, - &' o,

= (ss°, - & )e,

= —266pt e,

= -2(Gy) iasieiei
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LEMMA We have

- - _ i

Suppose that n = 4p (p = 1,2,...). Given (al,...,aZk), put

1 2k
Ry, = R A see AE
=2k a2 al
arxd set
1'_IK.=g2k A eee AEE_ZR (K = (2k1,...,2kr)),
= 1 r
where
2(2k1 4+ vas + Zkr} =n.
Then

L en™.

[Note: The 0, are called Pontryagin forms. In view of the definition,

their number is precisely P(n/4) (P the partition function).]

Examples:
en = 4:
_.a_ b
Hg) = M2 g
*n=28
- DR - TN - - BN |
g = e Mgy
PO B + c d
Observation: Lop is closed, i.e.,

de

_2k = 0.
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[(This follows from the fact that

d.‘.?l. + mlkmkj - Rl 'Acok. = 0,]

] k™13
. a b
Example: Consider Q@ bAsz a Thus
a. b _ a a c b
_-a. b a, c . b
-dcobARa+chmbA$aa

_ a . b a b a,c . b
—d(mb/\sza)+mb/\d9a+mcnmbf\sza

- a b
= d(w bAQ a)

S a b .cC b ¢
+mbA( mcnsza+9.cncoa)

a. .c b
A L ASL
a

+ o
c b

b a. b .c
Asaa)—w Acocf\sza

= d(ma b

b

a. ¢ b a . c
: A A + A .
+mbmaﬂc mcmb/\szba

But

a. ¢ b
mc/\wb/\ﬂa

_c,a. b
—maf\mb/\Qc

]



Therefore

ol d(w

3

= d[wab/\dm

a

a
d(w bl\

a a b
d[mb/\dma+co AW

C
Aw
C a]

a
dlw b/\dma + W

d [osabAdw

d [a)ab/\dm +

b

28

szb a/\b

al T O,

b
b

a b _.c
- b/\m c/\ﬂa

b a
bAw c

b

C
- a)a Aw” A(dw
C a

b

b+wa

b
a bA03 c

- dooc /\coa /\mb
a b

b aAmb
a b ¢

- du)a /\a)c /\a)b
c b a

b a
+ A
a 0)bmc

a. b, c
- do L A® _Aw
C a

b

c
Aw
a)

o]
AR
a

a b b ¢ a b  c
d{(w b/\(dooa + @ Ao a)) - a)b/\a) CASE a

C
Aw a]
+ o d/\osda)

Ao ]
a

a

- /\mb A /\a)d
c c d

b

c
Aw ]
a

a

-— /\(Db /\a)c I\O.)d
c d a

b

bch]

a

a

C
- /\u)bc/\a) /\osd

b d



\ | |
Wi wf Wl

|
wiH

Therefore

[dwab/\
[dwab/\
[de” A
[dw

a
{dw B

+ d(w

= d[cnab/\dco

a. b
bch

bAc
Ck)c(k)a

b ¢
W AW
c a

b ¢
w _Aw
C a

c
AW
a

b c
W A
C a

29.

a b ¢ a b c
oob/\da) c/\ooa+oob/\m c/\dw a]

b a . c¢ ic a. b
= dw cAm bAw a + aAco b/\co c]

a b ¢ a. c¢c. b
- dw c/\o.) a/\cob + dw c/\co b/\oo a]

a
e’y

c b b ¢
AW AW+ do.)a A Aw ]
a c¢ b ¢ a

a b ¢ a b ¢
+dmbAa>c/\cna+doab/\coc/\wa]

a b ¢
= do , A _Aw _.
c a

a . b
©p

a. b
bAmc

b

/\Sza

c 1
AW a) - = d(

a

b

=d (oaab/\dcoba)

aAb

c
3 wbwc/\wa)

a b, c . d
- b/\oo c/\o.) d/\oa a

+ 2 (coab/\o.)bc

c
3 Aw a)]

_ a/\b/\c/\oad
O PO AR G 5-

However the last term vanishes, so

a

Y, b/\SZ

b=
a

a b 2 ,a b ¢
d[wb/\dcoa+§-(cob/\mc/\w 1.

a
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[Note: To check that

a c d -0
O A AGT gAD ’
write
a b c
O P AD gAO 5
__d a b ¢
coa/\cobAchmd
—_a da b c
W gho pAe Aw
._.a b 4 ¢
mbAmdAcuc/\coa
- . a b c d]
mb!\a)c/\md/\coa-

FACT We have

S = Ioycr
where
2k=-1 . .
_ . D 2k=1 1 2i+l 2k-1-i
CZk = 2k izo (“%1) TSR tr( (a)v) A(dmv) ).

[Note: To explain the notation, recall that

_ i
is an element of Al(M;g_f_g{n,_Pg)) (here, of course, v is the metric comnection).
Accordingly,

2i+1 _ . 2i+l

'(a)v) wg A eee Aév;.
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Similar comments apply to

- oo i
Reality Check Take k = 1 ~~ then
_.a . .b

3
I

5 = 2[— tr (e, Admv) + %— tr(wvf\mv'l\mv)]

tr(cov/\dcnv) + % tr(aavnmvmv)

a b 2,a b ¢
o e, + g (07" Ae” ),

which agrees with what was said above,

Remark: The Czk are called Chern-Simons forms.

[Note: One can represent CZk as an integral:
- 1 2 2 2k~1
To see this, use the binomial theorem and expand the RHS to get

2k-1 . . s
Zeefg trlagp 3 (AL o) B @) 1 ae

i=0 v

2k-1 -
=2k I  {(“Xhtr{({«)
i=0 1 “

2i+l 2k-1-i, .1 2k 1+i

Zk-—l
2k- (2’;-1)

i=0

21+1 2k—l-1

]

tr((

AMAwg)

2k+1
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E.g.: Take k =1 and put

_ 2
Rv(t) = tdmv +t (mvl\cov) .

_1la
8, = [y g T, (B A, (£))dt

1 dQv(t)

= 2475 trlae, (t))dt
= _ 2
= zdﬂ'o tr(to e, + € agAwgAey) At

= dtr(o)vndmv + -§- (mv/\mv/\mv) ).]

Since d-Q—Zk = 0, it follows that

.. =
O = B2y, ..,z

= d(C.,, AR A ves AR )
2k1_2k2 _2kr

= d(Q.,, AC A vee Aoy )
——2k1 2k2 —2kr

= A4(Q A ve. AR AL ).
—2k1 -2kr_l 2kr

[Note: Suppose that i < j — then the difference
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- A ves AC A ses AR

Aves ACy A eee AR R

=2k

equals

ARy, A eee ACy A cen ACy, A ees ARy ),
2kl 2ki 2kj Zkr

thus is exact.]



Section 28: Functional Derivatives Let U ard V be linear spaces equipped

with a bilinear functional < , >:U x V +R.

Definition: <« , > is nondegenerate if

il
=]

<, Vv>=0VveV=u

OvVvuel=v =0,

< 0,V >

Suppose that < , > is nondegenerate — then the arrows

T U=+V* (u+ <u, > )

Vo U (v o< v )

are one-to-one (but, in general, are not onto).

(¢) Let ¢:U - R —— then the functional derivative g% of ¢ W.r.t. ueu

is the unique element of V (if it exists) such that ¥V u'ey,

d ' = v B¢
ds¢(u+5u)e=0 = <UrmT-

(¥) Let ¥:V - R — then the functional derivative % of \|r w.r.t., vev

is the unique element of U (if it exists) such that ¥V v'€v,

d SN
E\lr(v+ev‘) =0 = < Ev PAAN-

Remark: Functional derivatives give rise to maps

Dp:U -V (Dplw =22

| s
DYV - U (Dy(v) =2,



2.

Example: Ta]<eU=V=;Rnarﬁlet<,>:§nx§n—»_l_2_betheusualimxer

product: < X,¥ > = X-Y. Suppose that f:gn +-Ris a ¢” function -- then ¥ x,ijR_n,

d

Example: Let U=V = cc";(g"‘) and put

< f,g>=f_ f(x)glx)dx.
r"

Define
Ik:Cc(g‘) -+R
by the rule
L =1, Een¥ax & =1,2,...).
Then V g,
d _ d k
I Ik(f + &g) c=0 = fRn i (f(x) + eg(x)) 8=de

k-1
I k(ER)) ™ Tgxidx
B

< kfk—l,g >

il



Let M be a connected C~ manifold of dimension n, which we shall assume is

orientable.
Example: Take
U= AEM
— n_
V=4 Py
and let

< @Q,p > = fM aAB.
gg: SupposethatwAgM—-rg—-thm

8 o
ba tEAc i
is characterized by the relation

a o 56
3'54’(“+3°")'a=0 = ye'rsg -

gg-p: Suppose that w:ag'pm + R —— then
5y
56 enct

is characterized by the relation

6 '
e=0 IM_B}BK’\B :

S Ve + ep")
In practice, the following situation can arise:

1. There are linear spaces U and V lut no assumption is made regarding

a bilinear functional < , >:U XV +R.



2. There is a linear subspace UCCU and a nondegenerate bilinear
functional « , >:Uc x V>R,

3. There is a subset UOCU such that V u0€U0 & v uCEUc, u, + auCGUO
provided £ is sufficiently small.
Under these conditions, if q&:UO + R, then it makes sense to consider

S .
ﬁuo v

d _ 56 -
a;¢(uo+auc) c=p = < U E:- .

We shall now consider a realization of this setup.

Write Cg(M) for sec(Lden , a module over CM(M) —— then for any vector

bundle E - M, there is an arrow of evaluation

ev:sec(E) x sec(E* ® Lden) -+ Cd(M).

Let

" syl ™

Syn” ™M _
- ™
be the second symmetric power of -— then
T*M

s% (M) = sec(sym® ™)

I

Il

S, = sec(Sym” THY) .

Put

Sé(M) sec(Symz ™ ® Lden) .

Denote by 82 c(M) the set of coampactly supported elements of SZ(M) =w then there



is a norndegenerate bilinear functional

< s >3, 00 x SO0 + R,
viz.
< S AR > = fM X(S)dm(p .

Scholium: The preceding considerations are realized by taking

_ _ ol
U= SZ(M), V= Sd(M)

Uy =S, (M), Uy =M.

Example: Let
L@En(0,0,I,Z)
be a lagrangian of the form
L@ = [s|Y %@,

where Fa€_(0,0,0,2) (e.g. |g/%/%). Then, by definition,

PL(g,h) = gg. L{(g + ch) |8=0 (hes, ()

and we have

PL(grh) = - ev{h,E(L)) + div X(g:h) .
Here

X{g,h) €sec(M ® Lden)

is campactly supported. If M is campact, then

Lig) = IM L{g)

exists and



d

= fM PL(g,h)

= [y - ev(h,E@) = <h, - E@) >

= - E(L).

=

On the other hand, if M is not compact, then the integral fML(g) need not exist

but for any open, relatively compact subset KcM,

]

LK(g)

fK Lig)

does exist and

5
%K- E(L) |K.

Notation: Put

Acll(m = sec(T"M ® L, ).

Lden
Let Di(M) stand for the set of compactly supported elements of Dl(M) -
then there is a nondegenerate bilinear functional
Dl 1
< 4 > C(M) x Ad(M) -+ R,

viz.

. x' ® = & -

<X%a®9¢>= [y Ct(‘{)dm(p

Observation: Fix geM - then V XeD™ (M), L,g€S,(0). Indeed,



(L) (7,2) = v"X(¥,2) + vgbx(z,V),

where v is the metric connection attached to g (bear in mind that vgl’xevg(m).
[Note: Locally,

Lxgij =Xy Ky S VX4 vixj.]

LEMR Fix geM — then V XEUi(M) &V s€S, (M),

< Ly, st e |g|1/2>=—2<:x, div_s® |g|1/2>.
g
[Start with the LHS, thus
1/2
<Lxg, s#® lg| / >
= st g)vol
M x93V
= (X .+ X, .)stvol
1 G | jri g
= =2 X v. s vol .
f i’ g
By definition, divg s is a l-form:
. _ KJj _ _

Therefore

XVs glk}chs

= xkgjkvjslj



[Note:

In fact 1]

= X (div_ s).
g ~'i

ij _ i, .
fM X.v.8 vnc:lg = fM :v::l(c‘:h.v‘;r s) ivolg

1]

fy @iV 8) (R)vol_

1/2

i

< X, divg s ® |g| >.]

There is an integration by parts implicit in the passage from

ij
X. . + X, .)s™vol
fM ( 1;] J?l) g

. i3
2 IM Xivjs volg.

ij, _ ij ij

ij - - ij ij
s ng fM X.7.8 -"wol +J'M vj(xis )volg_

YR i'4 g



Claim: 3 Yev}:(m) such that
J_ oy A3
Y- = Xis .
To see this, observe that

st & ghxeo? o)
has components
# ij _ A3
(s" @ X)), = s .
Now apply the contraction

1 .2
UL > D5 (= 0N (M),

Y= c}(s# & ¢Px) Dt (M)

has components
ij
and is compactly supported. Consequently,

i3, _ I
{X.s =¥,
VJ( 5 ) 45

ij = : =
M V5 (x;s )volg = Iy (dlvg Y)Vc’lg = 0.]

Each g determines a map

2, 1l
S30D » A5 (0

A -+ div_ A.
d
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Thus write A = s' ® |g[1/2 (s€3, (M) and set

. : 1/2
=d ® .
dlvg A =divg s lg]

The lemma then implies that ¥ xevi ™,

-2 J'M divg A(X)

-2 IM (divg s) (X)volg

#
'rM s (Lxg) volg

= Jy 2(159) -
Example: Suppose that Xevé(M) . Fix geM and define

2
IX,g:Sd(M) - R

Ix,g(ﬂ) = Iy MLxg) .

d '

= 4 '
—fMaE(A+sA)(LXg) =0

Fy A (L)

< Lxg;ﬂ' g
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51
5A Lya-

Example: Suppose that Xevé (M). Fix AESCZI(M)_ and define

IX,A:E-* R
by

IX'A(Q‘) = Iy AlLyg).
Then

d
Py IX,A(g + gh)

=0

- d :
=Jn EIEA(Lxg + SLXh) £=0

= J‘MA(Lxh)

_ #
= J’M s (Lxh)volg

or still {(cf. infra),

- # # i as
=y - Ush @) + " (div, X]vol

g
=< h, —LXA>

5T

X,A

g o W

Here

2 , 1/2
L = st e |g12 + ot @ @iy, % lg]M2,
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[Note: To justify the not so cobvious step in the manipulation, recall
that Lx cammites with contractions, hence

Lt @) = L (cicd st e h)

_ Ala2 #
= ClCZLx(s ® h)

= s en+ st e ()

= shm + sfam.
Therefore

#
Iy s (Lxh)volg

il

I Lt mnvol, - gy, (Lsh ivol

|

# # .
- fM (Lys )(h)volg - fM s (h) (dlvg X)vv:)lg

I

3 ¥ as
fy = ULsH 1) + st atv xivol ]

Remark: ILet Téﬂg(M) . Suppose that T is symmetric — then V¥ XEU]' M),
LX'[' is symmetric.

(LX'I'_).' (¥,z) = XT(Y,2)

- T([x'Y]rZ) - T(Yl[XrZ]) -]
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Notation: Let gdM.

€Given séS,, ™), put

= -0 - ]
trg(s) = 9[2] (gts) =g Sij-
® Given u,ves, (M}, put
fu,vli_= [0}(11 v) =uijv
u,v g =g 2 [ ij
® Given 9632 (M), put
k
(S*S)ij = siks 3
[Note:
(1) s*sGSZ(M). Proof:
k _
_ £k
=S509 S
_ £
= [s, . f:
(2) trg(s*s) (s s]g Proo
_ A3
trg(s*S) g - (sxs) i3
= 1] k
g Siksj
- s ik
= 549 3

(= u. .v-

i

.
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Suppose given a function

®:M > C4(M) .
Then ¥ geM, the prescription

-4

defines a function
Dg@:SZ'c(M) -+ Cd(M).
[Note: If M is compact and if
dlg) = fM &(g),
&4

then in the applications, = 'esé(m exists, so

a _ = & -
a—;¢.(g+sh) G—fMDg‘i’(h) =< h, == >.]

g= &g
Examples:
(1) Put &(g) = Ig]l/2 — then
_1 1/2
DE(h) =7 tr_(h) |9}~
Therefore
Balgto g

provided M is compact.
[We have

a
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_d ij
= Edet(gij)det(l + c{g )(hij))

=0
= det(g. ) tr((g™) (h,.))
ij ij
= tr_(h)det(qg,.).
g( ) (913)
Consequently,

d 1/2 _1 1 d
g lg+eh{7 . 5=3 W x 35 * det((g;y) +ethy N g

_1 1l
=7 trg(h) Tf x t det(gij)

9
D (h) = - 3 tr ) |g] -1/2,
Therefore
1 -1/2
-39 el
provided M is compact.
[In fact,
_ a .
de |g + eh] e=0
% Ug+ A
1/2
- g+ enYAH7 g+ enVE
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1/2 -2 1 1/2

- (g 5 trgh g

1 -1/2

(3) Fix s€S,(M) and put

2 (g = [s,s] Igll/2
Then
1/2
D Ey(h) = - 2[h,s*s]g]g|1/2 7 ls,s1 tr @ |g] /
Therefore
s _ ¥ 1/2 . 1 # 1/2
53 - 2(s*s)" ® |9l + 5 [s,s]gg ® lgi

provided M is compact.
[To begin with,

D 2, (h) = %E [s/81g 4 en E;=0|g|1/2 + s8] g; lg + ehll/2 c=0"
But
4 g+ em| _ =- oI,
Accordingly,
%c—,— [S's]g + ehfe=0
d

jb
=-— (g + sh) (g + ¢h) s=OsabSij

Q..
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ik af j ia jk
=-99 gjbhkzsabsij - g%’ gbzhkﬂsabsij

_ _ ia db _ b ia
= gjsabsij h-"g sabsij

_.ai. bj.  _.bj. ai
A EC T A WAL

ai b _ .bj a
h Sabsi h Sbasj

_ _ ai )
=-h (s*s)_ai h (s*s)bj

= [h,s*s’]g - [h,s:ilrs]g
= - 2[h,s*s]g.]

{4) Fix sESZ(M) and put

1/2
¢ (q) = trg(s) lg] /2,

_ /2 1 1/2
DR ) = [h,s]g|g| + 3 tr (s)tr (h) lat™“.

Therefore

5¢ .
_ 1/2 .1 % 1/2
T =% @ gl T+ e)g" @ g

provided M is campact.

[Simply note that

d
de trg + eh(s) e=0
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=4 ij
=3 {g + ¢h) sij

=T gikgjﬁhusij

= - ntls,,

=0

[

- [hrslg-]



Section 29: Variational Principles Let M be a comnected C manifold

of dimension n, which we shall assume is orientable.
Iet

v:M -+ con ™

be the map that assigns to each geM its metric connection vJ —— then

_4d .g+c¢h
ng (h) = de v e=0

is an element of U3 (M). Viewing D7(h) as a map 2P x PP > (M), we have

=% [v,h(Y,2) + Th(X,2) - Th(X,V)].

Locally,
kL

SN

k
D V{(h ..
(g (h)) i3
which shows that ng(h) ig symmetric in its covariant indices.

[Note: Let Fkij (g + eh) be the connection coefficients of v *eh __ then

d _ k
FACT Take h = Lg (X€D_(M)) ~- then

- g
ng(lxg) = LXV .

Example: Consider the interior derivative

s} :Al.M. -+ Cm(M) '
g

so locally

S S |



Then
‘ I N
S9.n' =& 55 + aha{ e=0
_d ,_ ijg + ¢h
- c ( (g + Sh) Vj ai) 5=0 .
_ .17 _ijda ,.g9+¢h
=RV -~ 9T FH 9 %) e
g g @ -
(Va}ij = B (ai,j Fkij {g + ¢h) ka) l5=0
_ i) ij
=10+ g G G ke |s=0ak.
But
ija -
97 & Ilkij (g + ¢h) (s=00k
_ AT L ke _
And
ij . as

ij o
g thi£ = (dJ.vg h)£

ij 1 ke
g~ 59 (V;h,. +vjhi£)°k

gk 1 g

L
a (d_‘LVg h);&'



In addition,
ij _ . Aj
Tplghyg) = 97 9phy
ij 1 k&, _
= - % af'az (gljhij) .
Therefore
' (@) = gld] (h,va)
sgrh @ =9l Ve

. 1
- = , h .
+ g(a,d.wg h) 5 gla d(trg( 1))

[Note: On C (M),

Consequently,

4, :

3 8 df

g+ehfs=0=_a-e' g + ¢h e=0")

Let lem(g + ¢h) be the curvature components of v t 6h.

LFMMA We have

a_ i _ i i
a-E--R jm(g + ¢h) e=0 = _vk(ng(_h)) 32 vz(ng(h)) 3k



[Put

i _ i _

2

i
T jﬂ(

i i _d i

d i
3 B jkﬁ(g el

a i a _i
+r£'Tak+r£ija'
But
- r _.r
I'st Fts
_Trst=Trts'

g + €h)

g + ¢h)

so the equality of the two expressions is obvious.]

e=0

g=0"



Therefore

da i

-1 ia -
=29 Mg * Basek ~ Pyesad
1l ia
=29 Bagiie * Paskie T Pyksaze)
or still,
d _i
3 R grel9 + M o
1 da )
=329 (haj;,ﬁ;k haj sk:d
*hapiik T Myesark Y Byksaze T Paks sl
or still,

- %_gia( -Rb.

jictMab ~ Rbakf:hjb

h, h

al;i:k - Byeak T Pyicaze T Pakg i)

Application: We have



1 da, _ _
=359 ijj,ehab 2 ait™5p

+ haﬂ;j;i - hjﬂ;a:i + hji:a:ﬂ - hai:j;ﬁ) y

Hidden within this formula {(itself perfectly respectable) are certain

conceptual features that are not immediately apparent.

Notation:

® Given 5632 M), define

R{s) Esz(M)
by
_.ab
® Given u,v682 (M), define
u*veﬂg(M)
by
{usv) =1 kv-
ij i ki’
Then

urv + v*uesz (M) .

Definition: The Lichnerowicz laplacian is the map

AL:32 M - 32 (M)

defined by the prescription

ALs = - &cons + Ricxs + s*Ric -~ 2R(s).



[Note: Locally,
__ @b k k _ @b
(55579 Sigab TR Sy TRy Sy T B 58,,)
FACT Suppose that géM 1s an Einstein metric:
Ric(g) = 22 4,

. - - . S{g) ;.
dlvg o &L ‘3con o dlvg + = dlvg.

Given aGAlM, put

thus locally,

(rga)ij = ai;j + aj;i'

LFMA View Ric as a map

Ric:M » 32 M) .

Then
(D_Ric) (h) = S Ric(g + &h)
g de g=0
=L [Ah+T -H ]
2 B8+ Taiv n " B )’
g g
[Tt is a question of comparing components. For this purpose, start with
1 ia
79 Qa1 7 Pitsars ¥ Mysase T Pl
First

glahaf.:j;i - gmhae;i:j



ia
+ol ‘szijhab -

Rt

shen -
But

Taiv_ n'4e
g

(divg h)j;»ﬁ + (divg h)ﬁ;j

_ ., a a
- hj sark ¥ P a5

i i
glahaﬁ:i:j +g ahji;a:£

- giah aJ'_h

pasizi T 9 Myicass

i
= hy 1i:d * h:'l ja;L

_ . a a
n hfl iazl + hj ;asd’

So T divg h is accounted for. Next

= Boon 50 = - gabhjt;a;b

gahjﬁ;a;i

- - glahjf.:a;i'
which takes care of one of the terms in (ALh) e Finally

—giah =-gaj1'|

ai;j;t ai;jit

B trg(h):j=£



= ( -H Yape
trg(h) jL

thereby dispatching the hessian. What remains from (ALh)j 2 is
ab
Rj"l-.ke + Rzkhkj - 2P,
the claim being that this mist equal
ia b
g (-

3ieMab ~ Rbaiﬁhjb)

+ gia( —Rb Rb

2isPab ~ Raijhen -

]
o
:I'QJ
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ia_b
*-g°R aiﬂhjb

== Rbiizhbj
b

R £hbj
¢ s

il

= R

O-giaRb h

aij fb

- Rbiijhbz

ib

=R yihe
b

R jth
5.

The bookkeeping is therefore complete.]

FACT Take h = Lg (xev}_,(m)) — then

(DgRiC) (Lxg) = LX(Ric (g)).
'Identities We have

trg(ALh) = - agtrg(hl

t.rg (Htrg (h) } = agtrg (h)

= - 25 div_ h.
tr, (r.divg W Sgtivg b



11.

Consider now

]rd i

a je| ol
de (g + eh) | rldl +9 R rkﬁ(g + eh) e=0"*

* i (g + sh)Jr| =0 R rke
- T rthstR rkf
==9 Rirkﬁgjshst
= - Ritkzhjt
= - Riakzhja.
.gjr %&T irk,E(g + eh) |e=0
=g 1R -’ h,
+ha£;r;k rﬁak+h sazl r£)
_ %_ ( _ij]dlhi i]dhj )
1 Jr ia

{ (vvh) alrk "~ (vvh) okt (wh}r]w(l -~ {vvh) aJmz)
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_1 da .3 _ aj i
=5 (RO h7, - R b))

1 ij _ ji
+ 5 ((Wh)7p7y = (vwh)-, 7

+ (Wh) ]k. £ - (VVh) k ‘E).

+ 1 L (v i O - (vvmjf_ik

+ (Vvh)]kl£ - (vvmlkj R

Special Case
g;—_Ric(g + e:h)j =0
= g-g Rijiﬁ(g + eh) }5=0
=3 _Riaithja - & pht)

+3 (eI, - It

+ (wom 3t - w3y,

ig
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So, as a corellary,

d N « i
Y S(g + <h) =0 = dz Ric{g + ch) 5|e=0

_ 1, .ia .3J _.aj .i
—5( R .-ha Rijha)

1 ij _ j i
+ 5 ((vvh) §'i (Y¥h) ji
3 i (gumt]
[Note: Each of the terms involving vvh is a divergence. For example,
ij _ i i
where
Xt = (vvh)lj].]
Example: Given an open, relatively compact subset KoM, put

LK(g) = Jx S(g)volg.

Then an element géM is said to be critical if ¥V K & V¥ hes, (M) (spt heK),

4 _
EE_LK(g-'-Bh)‘SO_O
or still,

d 4
J‘K 3 S{g + ¢h) \a=0 wol_ + IK s(qg) -a-é—vol 0.

g g+she=0=

d
Jx S{qg) ax vol

_1
g + ehle=0 ~ 2 g S-(g)trg(h)mlg
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i

1l

1 0
7 Jx 9] gl .
On the other hand,

d
& St e[

.-hj - aj--hl + c..)’
ij" a ij  a
where each of the cmitted terms is the divergence of a vector field whose support

is campact and contained in K. But

ia . _La.d _ Laj — o191 (ns
R i a tha—R Ja—g[zl(R:Lc(g):h)
aj i _pa.i _ cai — 191 (ps
CRY N, =R R'h;, = gl,] (Ric(g) ,h).
Therefore
d

fK-a-gS(g+ eh) " Ovolg

=Jx 9'[3] ( -Ric(g) lrh)v::::lg.

Since K is arbitrary, it follows that g is critical iff
g[g]( -Ric(g) + % S{g)g,h) =0

for all heSz'c(M), i.é., g is critical iff

Ric{g) - % S{glg = 0,

the vacuum field egquation of general relativity.
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IFMMA View S as a map

S:M =+ C (M.

0 5) () =5 8(g + eh) | g

. 0 .
=-Atr (h} -8 div_h - .
Ag g( ) g3V gf,] (Ric(g) ,h)
[The third term has been identified above} so it is a question of explicating

the other two.

23 - A tr (h): We have
g g

- - o]

i

- gi] .
ALt

- g J(gabh
Jv v, (gabh

— J
=-9 ab;i;]

_ _ ij_ab
Compare this with
1. _ ji _ i
- gom3t
(vvh) 51



- ij
{(vvh) i4

I

16.
_ jiab
g- g  (vvh) ijba
_ . ij ab
g -g (vYvh) ijab

_ i3 ab
g (vvh) abij

J

ia jb
g g (Wh)aibj

ij ab
g g (Wh)jj.ba

ij ab
g -g (Wh)ijab

ij ab
g -g {(vvh) abij®

Ad - 5 div_ h: We haw
Sg vg (=3

Conpare

-%ﬁ%h=vﬁﬁ%hh
= Vigjkvkhji
- vivjhji
- vivjhij.
this with

1 if ji
3 (om0, + g

j)’
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i3
(vvh) 5i

u

ia jb

Iy g

_ Jda
-9 9 VihMay

= 73y
Ve oh

= gigd
= V0hy

ji
(vvh) ij

- Ja_ib
=g g (VVh)aibj

_ Jja ib
=g g vjvbhai

= v?v'h

ai

]

i3
voohy g

Example: Take M capact and let h = Ric(g) —— then trg(Ric(g)) = S(g)

1

divg Ric{g) =35 ds(qg)
v Ric(g) = L ( -
sgdlvg Ric(g) = 5 ( agds(g))
1
=3 ﬂgS(g).
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Therefore

(08) (Ric(g)) = - 7 4.5 - glyl (Ric(g) ,Ric(g)) .
FACT Take h = Lg (X€DL(4)) - then
(DgS) (Lxg) = ’7((5 (g)}.
Remark: For later use, note that the preceding considerations imply that

tr (h) + § div_h 1l =0,
J'M (&g g() ag vg )vog 0

Define
Ygtsz’c(MJ -~ C M)
by
. 0, .
= - h} - -
Yg(h) Agtrg( } Bgdlvg h g[2] (Ric(g) ,h)
and define
Y;:CC(M) - S2,c(M)
by
Y;(f) = - (bgf)g + Hf -~ fRic(g}.
Then
- 3
< Yg(h) L=< h,Yg(f) >
I.e.

0 o
= ' f .
u Yg(h)fvolg Ty 9[2] (h g( ))volg
Notation: Given feC (M), put

(@f Ric(g)); = (@f) jRjj_’



19.

SURLEMMA Let £eC°(M) — then
div H_. - dp £ - Af-Ric = (.,
vg £ ag (9)
[By definition,

v (1

(d:l.vg H f) i

£13

i
vy @)y
= b (AE)

oon i*

But, in view of the Weitzenboeck forrmia,

_ 3
acon(df)i = (‘c\gc'if)i + (af) jR T

darf) . - o + o .
(isg )1 ( -(d 59 5g d)df)l

(d e -(Bg ° d)f)i

(dﬁgf) il

Suppose that v*(f) = 0, thus

- (agf)g + He - fRic(g) = 0
and s0, upon application of divg,
-dpa f +div_H
Ag vg

g - Af-Ric(g) - ftil:i.vg Ric(g) = 0.
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Therefore

fdivg Ric(g) = 0
or still,

%fds () = 0.

Consequently, if f is never zero, then dS(g) = 0, which implies that S{g) is

a constant, say S(g) = \.
Exanple: Take M campact and n > 1. Fix chCE(M) :p > 0. Given g% n
1)

(the set of riemannian structures on M), put
L(p(g) = fM S(g)e.
Then g is stationary for L(p, i.e.,

d —
a"s'— L(D(g + ¢h) e=0 _ 0

1/2

for all heS,(M) iff Ric(g) = 0 and ¢ = C|g] (C a positive constant).

[Fix £ > 0 in C"(M) ¢ = £]|g|>* = then

d

d _ 1/2
dc L(p(g + ch) gm0 = Md—ﬁ-S(g + ch) =0 flg|

= IM Yg(h)fvolg
= 1o g1% (h,v%(£) )vol .
M2t2 g g

Accordingly, g is stationary for Ltp iff Y;(f) = (0. Since

Y4 = - (AH)g + H - fRic(g),
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the conditions

Ric{g) = 0

are obviously sufficient. To see that they are alsc necessary, note that

0= Y;(f)

(=]
"

*
trg(Yg(h))
= - (agf)trg(g) + trg(Hf) - ftrg(RJ.c(g))

= (1- f - £
( n)ﬁg

A = (1- £
( n)ﬂg

MM fvolg = (1~n) fM Agfvolg

= (l—n)fM f(agl)vol

g
=0.
But
= A
ﬁgf_l-nf
< 0=z 0.



22,

If »=> 0, thenJ'vaolg=0, contradicting £ > 0. Therefore A = 0, hence f is

harmmonic:

Agf=0=f=C>0.

0= Ya(C) = - CRic(9g)

= Ric(g) = 0.]

{Note: There may be o g at which L(p is stationary.]

ILEMMA View Ein as a map

Ein:M - 32 (M) .

Then
. _4a _.
(DgEJ.n) (h) = 3~ Ein(g + eh) | __4
1 = . =
== [Ah+T -+ (6 _div_ h)g]
2 Y div_h E
g
1 0, ,.. = -
+5 [9[2] {Ric(qg) ;,h)g - S{g)h].
[Note: Here
= 1
h=h- §' trg(h)g:
thus locally,
R.=h,.-1H? 1

i3 = Big ~ 7 0954
FACT Take h = L g (xev}:(m) — then

(DgEJ'_n) (Lxg) = LX(Ein(g)) .
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It is sometimes necessary to consider secord order issues, the downside
being that the computations can be involved.

Example: Put
aiv' , =L giv _
g,h  de g + chieg=0
.d2
_ dlvg,h = g;f dlvg + ghle=0

¢ Differentiate the identity

divg + ehEln(g + ¢e¢h) =0

once w.r.t. ¢ axd then set ¢ = 0 to get

divé'hEJ.n(g) + leg(DgEln) (h) = 0,
Therefore
. {0} (h) =
d:l.vg (DgEJ.n) {h) 0

if Ein(g} = 0.
® Differentiate the identity

div

g+ e;hEmI'g + eh} =0

twice w.r.t. ¢ and then set ¢ = 0 to get

aiv% | Ein(g) + 2div) | (D Ein) () + dlvg(DéEm) (h,h) = 0.

Therefore

dlvg(D;Em) th,h) =0

Ein{g) = 0 & (DgEin) (h) = 0.
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[Note: Strictly speaking, div" . should be denoted by div" .]
d,h g, (h,h)

Observation: Let X be an infinitesimal isometry per g and suppose that

sESZ(M) is divergence free (i.e., divg s = 0). Define X-s by

(x-8), = Us. ..

1]
Then
Xes = 0.
l5‘?]'
[In fact,
= _ oty
ﬁgx-s— v (X s)i
_ _ olng
= -9 (X Sij)
= - (vod - gt
(le)sij W78
= - (vhdys. L
(le)sij
But
Vin+Vin=0
v ¢+ 99 = 0
L oddve o odehe o ohdhs.
(Vj)( )sij (v7X )sij (VJX )slj ]

Application: Suppose that

Ein{(g) = 0 & (DgEin) th) = 0.

Then for any infinitesimal isometry X per g,

5 X+ (D;mn) (h,h) = 0.



25.

LEMMA Suppose that Ric{(g) = 0 =~ then VY h632 c(M)'
i (D°S) (h,h)vol
M g ' g
1 0
=-35J/y gf,l (h,ALh)volg
-1 g% @tr ) ,atr (h))vol
2V g 1 g ’ g g
0, ,.. )
+ IM g[l] (dlvg h,,d.!.vgI h)volg.

[We have

2
T M (DgS) (h,h) volg

. 4a
=In de (Dg +enS Mg mlg'
But
4 (o S) (h)vol ]
de g + eh g + egh’ |e=0
=% o s) (h) vol_ + (0.8) (h) & vol
"~ de ‘"g + ch £=0 g g de g + eh|e=0"
Therefore

2
Tu (Dgs} (h,h) volg

= Dg[fM (DgS) (h) volg] (h) - Sy (DgS) (h) (ngol) (h)

. 0 ,
Dg[fM ( -agtrg(h) - agd:!.vg h - g[,] (Ric(g) ,h)}volg] (h)

- fy O () O_vol) (h)
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0 ,
- Dg[fM g(5] (Ric(g) ,h)volg] (h)

~ Iy 08 (&) (O _vol) (h)

0 .
= Jy 9631 (hy (O Ric) () vol

= Iy agtrg ) - 5 divy h) 5 tr gl

i

1 0
7 My 903 (h,ah + I_'divg h Htrg(h))mlg

1
+ = tr (h} + 5 di htr h)vol .
The term
-1 9t th,an)vol
7 T 9tpd (e dy, g
requires no further attention, hence can be set aside. Next

gt Ty, o)
g

lj (r

g h) i3

_ ij . s . o
h ((dlvg h)l?:l (c'h:vg h):”l)

o) =

0

=-1( (@i ij
= -3 (-2 jy @iv, hy;vntvol
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— . . i
= Iy (dlvg h)i(dlvg h) volg
_ 0, 4. .
9[0] (h,H )
2 ’ trg(h)

_ i
=h (Htrg(h))ij

_ 1iJ
B 9 Mabsizy

= piJ (vitrg_(h) »

L oGy, vl
g
= LJ‘ hij(v tr_(h))
2 ‘M i~g )
- _1 i3 1
= - 3 fy W v vol + 3

Ty, ()
Iy V509 tr (h))vol

-1 ij

1l 0 .
-3 My gl]l (leg h,dtrg(h))volg.

Il

On the other hard,

1 .
7 /u (nglvg h) trg (h)vc:lg
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21 0 .
=5 fM g[ll (dlvg h.dtrg (h) )volg.

Thus these terms cancel out, leaving

1

> fM (Agtrg(h))trg(h)volg
or still,

1 1

5 Iy 90! (gradg trg(h) ,gradg t.rg(h))volg
or still,

1 0

-3 J'M g[l] (dtrg {h) ,dtrg(h) )volg,

as desired.]

Example: Take M compact and n > 2, Put

L@ =1y S(g)volg.

2 _ 2
+ 2 Jy (D_S) (h) (D _vol) (h)

2
+ J'M S{qg) (ngol) (h,h).
Suppose now that g is a critical point: Ein(g) = 0 = Ric(g) = 0 & S{g) = 0, thus

2 - 1 0

1 0, 0, ,: .
-5 Iy gly! (dtrg(h) ,dtrg(h) )volg + Sy 9Lyl (dwg h,dlvg h)volg
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» l
+ 2 : - -
fM { Agtrg(h} ) gdz.vg h) = trg (h)volg

.1 0
=-3 fM al,] (h,&Lh)volg
1l 0 0 . .
+ 5 fM' gl4] (dtrg (h) .dtrg (h) )volg + fM- gl;l (dlvg h,dlvg h) volg

0 \
- fM g[l] (dlvg h,dtrg(h))volg.

LEMMA We have

©29) thyb) = - 3 9131 (vh,7h) + 29131 (Ric(g) ,hwh)

1 .0
-5 g[ll (dtrg (h) ,,dt]’."él (h))} + vhxvh
0 0 .
+ 29[2] (h’Htrg(h)) + 2g[1] (dlvg h,dtrg(h))

0 .
+ 8 gyl (h,h) + 26 div_(hah).

[Note: Here VhaVh stands for the combination

v, ht

j k
K vihj .1

Reality Check This amounts to calculating the integral

2
T (DgS) (h,h) vv;)lg

directly from the expression for (DSS) (h,h) provided by the lemma and comparing
the result with the formula cbtained earlier (which was derived under the assumption

that Ric(g) = 0).
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[Note: If Ric(g) = 0, then

ah == b - 2R(s).

Incally,
M5 == 9 Bygam ~ ZRE’L:i.bjhab']
® By definition,
g[g] (vh,vh) = (vh) ¥ (vh) ik
= 70 e b,
Therefore

1 0
- 3 Iy 9[31 (¥h,7h)vol

-1 ij
5 fM th thijvolg

.y 1] - pid
3 Iy (70900, ) - w0 p, dvel

|

1. . ij
5 fy b Vkvkhijvolg

1 0

® Write

ST |
7 B7h5) = vh

k + iy k

J
viby kil

- pid k
IM h vkvihj volg

! M Vh*tholg
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hlj k

== M 9 kvlhjavolg
= - 4 £
- f h [vl k ja hf.’aR ji.k £ a:.klvoj'

_ 13 x
fM h vivkhj volg

ij £ k i Lk
f h R Eml th hjER ikmlg

- _ ij k.
j‘M h Vivkhj volg
_ ij_ £ k _ ij k£
fM h Rj }'h£ volg fM h hjfiR ! volg.

Both of these integrals will contribute,

_— - fM hlJV thj VD].

_ ij .
" h v, (dlvg h) jvolg

_ i3 4. o i
Iy ;0 @iv ) - vht ) @iv b lvol

- iy PP
j‘M vlh (dlvg h) jvolg
- . J;as
fM (leg h) (dlvg h} jvolg

- Q. 4. .
= /M gly] (d:l.vg h,dlvg h)volg.
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o piin £ ok
- _ ¢ wiJ _ £k
= IM h R 3 ihthOlg

- pid

— o0
= Jy 91 (R vol .

PE
—— - fy Bn £Rk£kivolg

= - gtpid
= - [y K jhhy ol

i

£3 j

Il

_ i J
{ M Rzlhﬁjh ivolg

£i
- fM R (hxh) Eivolg

==-Jy g[g] (Ric(g) ,hxh) vol ..
@ As has bheen already established,

2 [, g9 (,H ) Vol
g

=-27, g[?_] (@i h,dtr,_(h)vol ,

thereby cancelling the contribution coming from

L I
29141 (d:.vg h,dtrg(h)) .
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® Both

0
ﬂgglzl {(h,h)

28 div_(hxh)
g 4
integrate to zero.

Summary: We have

2
Jy©39) (h,hyvol

_1 0
= 5 Iy 951 (o vl

0
0 .
+ J'M- g[2] (Ric(g) ,h*h)volg

1 0
-3 IM 9[1] (dtrg(h) ,dtrg(h))volg

0 . .
+y gly] (d:.vg h,ch.vg h)volg,

which reduces to the formila established previously when Ric(g) = 0.



Section 30: Splittings Let M be a connected C manifold of dimension n.

Assume: M is compact and orientable and n > 1.

Equip DE(M) with the C” topology — then Dg(M) is a Fréchet space. In
particular: Ug(M) is a Fréchet space, as is S, M) {being a closed subspace of
2500) .

Abbreviate M) = to My — then M, is open in S, (M), hence is a Fréchet
manifold modeled on S, (M).

Given gq_do, define

1
ag:v M) - SZ(M)

by
ag(X) = Lyg
and define
a‘;:SZ(M) -+ Ul(M)
by
ak(g) = - 2 #div s.
g g
Then

< ag(x) 'S > fM g[g] (Lxg,s)volg

-2 ], gl (Fx,div  syvol,

1 $..
-2 fM g[O] X,g dlvg s)volg

< X,aa(s) >.



LEMMA Vx@d&VEéT*xM—{O},-thesymbol

2
O‘E (ag,x) ’TxM -+ Sym T;M
of ag is injective.
[Given VGTXM, we have
o la 0 (V) =z 8 v +dv et

So, if cE(ag;x)(V) =0, then ¥is&aVij,

By + ViEy = 0

. ij
Elvi Iy 13 jvi

I

= - 4]
x 21V

=~ o]
X Ejvi

i L i -



I.e.: V=0, hence Ug(ag’x) is injective.)

By elliptic theory, it then follows that there is an orthogonal decomposition

SZ(M) = Ran ccg @ Ker a‘;,

where both Ran o and Ker aa are closed subspaces of Sz(M) .

Consequently, every S€32 (M) can be split into two pieces:

s=so+Lxg.

Here divg Sq = 0 and lj(g is unique in X up to infinitesimal isometries.

Notation: Given xevl M), put

(X-Ric(g)),; = ijJi.

SUBLEMMA Let XEU]'(M) -— then

1l

(asqc_:l"x)i - (dsggh()i + 2(x-Ric(g)); .

{div ngg) i

[By definition,

3
VR X

(dlngXg) i 7] 171

= ¢J 3g.x,
P, + X

And (Weitzenboeck)
j = j
v Vin (.ﬁgg"'}()i + XjR i

Turning to vjvixj, write



J = o]
o )
J kxj:i:k
- Jk £

J Ikt
g kvivkxj + X£g kR jik

Lk
ik

8
VUK + Xy

Kkl
v, -agg"x) KR

¢
- (daggl’x)i + X,R

if
fram which the result.]
[Note: This computation does not use the assumption that M is compact

and is valid for any geM.]
Application: Suppose that Ric(g) = 0 — then

A gtrngg + chdngLxg = 0.

Congider A tr :
[ &9 ngg

— oI
trgLXg 9 (Xi:j"'xj:i)

= ZViX.
- 25 g¥X




- 24 gaggbx

égtrg Lxg

- 2agngg'='x

i
29 (agg*’m i

Consider 6 di :
er. g vglxg

Sgdivg lxg

i ..
-9 (dlngxg)i

i i
-y (f}ggl’X)i +7 .(dagg"x)i.

But

i i
v (dagg"x)i v visgg"x

Aconsgg"x

agﬁgg"x

5 gAgg"X

i
- Vw0,
Rappel: Suppose that Ric(g) = 0 — then ¥ h€32(M),

2
IM (DgS) (h,h)volg

- 0 .
= = Jy 9(5] (b, (D Ric) (h))vqlg



1

5 Iy (Ag g( } :Sg Vg h)trg(h)volg

Example: Suppose that Ric(g) = 0. Let heSZ(M) sh = h0 + Lxg (divg h

(DgRiC) (hy = (DgRiC) (hy + L)
= (DgRic) (hy) + (DgRic) (L)
= (DgRic) (ho) + Lx(Ric (g)}

= (DRic) (hy)

I
LT

(ahy + rdivg hy ~ Htrg(ho)]

i

| =

[ h - H ] -
) tr_ (hy)
Therefore

2
Iy (D35 (h/h)vol,

1
+ g Jy (agtrglhy) + s trolyg

+ sgdlvg h0 + agdlngxg) trg (h) volg

1, 0 )
= -3 Jy 9lai (heshy Htrg(ho))mlg

0

= 0) =



1 b
3 Ju (agtr (hp)ier_(vol

-+

_ 1 0
5 Iu 9[2] (h.ALho)volg

1 0y o2
7 Iy 9431 @ivy h,dtr, (hy)yvol

1 0
-3 IM g[ll (dtrg(h) ’dtrg(ho) )volg.
There are some additional simplifications that can be made. First, since Ric{g) = 0,

dlv,q @ ﬁL = - ﬁcon a dlvg

h. cKer o*
ALO ug

1 0

1 0

div_h=di
:ng vg Lxg

- ds_gbx
A gg"x Ggg

4

-(do5g+agod_)g"x-dagg"x

[}

- (Zd:sggb X + sgdg"X)



div_ h + dtr_(h
g g()

= - 2d X -5 4d + dtr (h.) + & L
as.ggL agg"x ghg) * atr (L)

- 4dagg"x - agdg"x + dex (hy) .

Therefore

1 0 .
5 fM g[ll (leg h + dtrg(h) ,dtrg(ho) )vw&:ﬂl_g

_ 1 0
=-3 fM g[ll (dtrg(ho) ,dtrg(ho))volg

+

0
2 f,, 94 (nggl’X,dtrg (hy))vol,

1, .0 b
+ 7 Iy 901 (6 857X, _(ho))vol, .

Finally

0
g 9171 (6 3¢, atx_(hy))vol

2
tJ:g (ho) )w:>1g

i

fM' g [g] (dg"X,d

= 0.

%o, in conclusion,

2
Iy (DZ5) th,hyvol



_ 1 0
=-3 IM 9[2] (ho,ﬂLhO)volg

1 0

0
+ 2 fyy gl}) @5, g"X,dtr (hg))vol .
Example: If g, is a critical point for

2 __1, 0
©20) () = = 3 fy 93] (g ayhg)vol

1l 0
+ 3 fy 9l) @tr_(hy) ,dtr_ (ho))vol .

[Note that

(DgS) (h) - ngtrg (h) - nglvg h

- 4 tr (h - - 8 di
g g( 0) ﬂgtrg g g J.vglxg

'ﬁtrh.

2 2
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Rappel:

Yg:SZ(M) -+ C (M)

_ - . _ 0 .
yg(h) = agtrg(h) Sgdlvg h - gl ] (Ric(g) ,h)

Y;:C M) - 32(M)

Y;(f) = - (Agf_)g + H ~ fRic(g).

LEMMA V X@4 & ¥ E€TAM - {0}, the symbol

2
g (vgix) :R ~ Sym™ TiM
of ya is injective.
[Given re€R, we have
o (%) (1) = (-, [} (€.B)g, + & @ D).

But the trace of the RHS is

An)g, [} &, B)r.

Therefore

GE(YS:X) (r) =0=r=0 (n>1).]

By elliptic theory, it then follows that there is an orthogonal decomposition

= *
S, (M = Ker Ty ® Ran o



il.

where hoth Ker Yy and Ran Y; are closed subspaces of SZLM).
Consequently, every hes, (M) can be written in the form

h=8+ ( -—({;gf)g + He -~ fRic(g)),
where

~ , Q0 .
+ 5 div_h + ,h) =0,
,'_\,gtrg(h) 59 i g h g[21 (Ric(g),h) = 0

Assume now that Ric(g) = Ag, thus M (or rather the pair (M,g)) is an

Einstein manifold (and X = S{g)/n (n > 1)).

Rappel: Y hESz M),

g th) = (DgS) (h) .

Therefore
14(Lg) = OF) (L)
= L (S(g))
=0
Ran agCKer Vg

= . *) & & o
SZ(M) (Ker YgﬂKer ccg) Ran ag Ran T;

So, if hESz(,M), then

h='f{0+lxg+(-(agf)g+ﬁf—7\fg);
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where

. &~ B 0 R o~ _
dlvg hy =0s bgtrg(ho) + gl,} (Ric(g) /hy) = 0.

A # 0=trg(h0) =0
A=0= trg(ho) = CO'

[Consider the relation

tr (h
bt By

- 931 (Ric(g) Ky

( -Ngl3] (g.Ky

- ltrg (hy) .

If A =90, tkEntrg(T{O) is harmonic, hence equals a constant CO‘ If X < 0, then
trg(HO) =0 (sincetheeigerwaluesofagareim. If X>0arn:iif7\l<0:i.s

the first strictly negative eigenvalue of ﬂg, then the Lichnerowicz inequality

says that
n
)\15 T ( =\ (see below).
But
n .
= ( -\ < = A,

thus trg(ﬁo) = 0.]
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[Note: To explicate C. when ug(ﬁo) is harmonic, observe that

0

[tr (‘H ) - ———3- i trg(“‘ )vol ]vol =

Therefore the difference
1
tgly) = L f )l
is orthogonal to the constants, in particular is orthogonal to itself. I.e.:

_ 1
Co = @ﬁ)— In trg(EO)VOJ'gJ

Scholium: Suppose that M is Einstein (n » 1) — then V¥ hesz(M) ‘

A# 0:th=h""+ + ( =(a £)g + H. - A\
# Ly ((ag)g g)

£

A=0th= (W' + (Cy/Ma) + Lg + —(.a‘_\,gf)g +Ho).

[(Note: Here

h (X # 0)

TT

hy - Cymg (x=0)

has zero divergence and zerc trace, a circumstance which in the literature is

referred to as being transverse traceless (cf. infra).]

FACT {The Lichnerowicz inequality) Suppose that Ric{g) = Ag (A > 0).

Let M < 0 be the first strictly negative eigenvalue of Ag — then
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N SET (N

[Fix £ # O:Agf = xlf and integrate the equality
i 4 (glgrad f,grad f))
27 g g

0 .
= H_,H) + ad_ f£,grad £} + Ri ad_ £,
gly) (H,He) + glgr  Egradg ag ) clgr 4y gradg £)
over M to get

0= fy 9131 G H)vol

+ % Jyy 9101 @E,&BvOL + ) fy 917) (af,af)vol

or still,
2
0= “Hf” - )\1 < &gf,f > = X< &gf,f >
or still,
2 2 2
0= |H - £l - — [A_£l.
litgl® = o€l - 5= bl
But
2 2
lagel? = n Mgl
Therefore
2 2 A 2
0= Jagl” - n iagl” - 3= n gl
: X
g>1-n~-=—n
M

)\l(l—n) -mz0 (7\1' < 0)
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N S (=N

Observation: ILet XGD]'(M), seSz(M) —-— then

2 .. _ Oy, _ 2 (43
<-z (dlvg X)g,s > = fM g[2]( = (cllvg X)g,s)volg

= - 2y @iv, 0gi] (g 810l

- _ 2+ ¢ai
=- 5 fM (dlvg X) trg(s)volg
=2 [ Xtr (s)vol
n'M g g
_ 2 1 #
== Iy g[0] (X,g dtrg(s))volg

2 1
= 2 Iy 9lg) K,grad | tr_(s))vol,

: 2
=« X, —grad tr (s .
< ngrg g()>

Given geM,,, define

@ g:vl(m + S, ()

_ 2 .
'Fg(X) = Lxg + =Y { —<:'L:|.vg X)g
and define

315,00 - ot M)



le.

.. 2
T* == 2g9°d + = grad tr .
.g(s) g :|.vg s gr g g(s)

< Tg(x) /8> = < X,T;(S) >

IEMMA ¥V xeM & \)'ZET;M- {0}, the symbol
o {t_;1x):T M~ Sym2 T;M
£E' g X
of ‘tg is injective provided n > 1.

[Given VeTxM, we have

2
o ltg® (V) =g @ gV + Y ® & - 5 (FZ g,

S0, ich(Tg;x)(V) = 0, then V¥ i&y jr

2 -
givj + Vi‘ij -y (Vaga) (gx) iy = 0

3y it _2 3 -

£ Vlgj_vj + gjvlvigj = (vaza)g vl(gx) 33 =0
Ly od ey wivy -2 by ) =

gy (Pey) + G (V) - § ) () =0

=y

2. 2 ) =
(1 - -ﬁ) (Vaga) + gx[l] (E.E)gx(g”vrg"\’l =0
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Iy (g"V_,g"V) =0

= gV=0=V=0 (n>1.]

By elliptic theory, it then follows that there is an orthogonal decomposition
= T *
Sz(M) Ran "_Tg & Ker 'Fg,
where both Ran o and Ker 1:5 are closed subspaces of 32 (M) .

Consequently, every s¢S,(M) can be split into three parts:

_ 0 2 .
sS=8 +Lxg+3(-d1vgx)g.
Here
I 0,62 0
- 2g'div_s + = d tr () =0
9 lg ngrag g( )
or still,
. 0,1 # 0, _
—gdlvgs +Hgdtrg(s)—0
or still,
. 0,1 0, _
—dlvgs +-I-1-dtrg(s )y =0
or still,
. 0,1 .. 0
- 4+ = =
legS 5 d:l.vg(trg(s 1g) 0
or still,

. 0 1 0 _
d:l.vg(s - n trg(s 1g) = 0.

Remark: A vector field X is said to be conformal if
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Lxg = % (clivg X)g.
Every infinitesimal isometry is conformal, the converse being false in general.
[Note: According to Yano's formula,
fy e - @, 07 + 3 9101 (g, L) - g1}) (7K, 70 Ivol_ = 0.
So, if X is conformal, then
fy Wi, - B2 @iv_ 07 - gi]1 %, 701wl = o,

a relation which places an a priori restriction on the existence of X. E.g.:
There are no nonzero conformal vector fields if the Ricci curvature is negative
definite.]

Put
TT 0

_ 1 0
s =8 -Htrg(s)g.
s=s"T 4+ Lg+2(-div. X)g + = tr_(s)g
17( n g n g )
[Note: We have used the fact that

_ 0
tr s) = tr (s).

Proof:

o 2 .
trg(s) trg(s )+ 1::::"‘-_.I Lxg + = { —leg X)trg(g)

0 .
tr (s) - 2599":{ - 2(div X)

0
tr (s)) - 269g"x - 2 —5gg"X)

trg(so) R
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Notation: 32 (M) TT stands for the subspace of 32 (M) consisting of those
s such that

di =0 & tr = 0.
Vg 8 g(s) 0
[Note: In other words, SZ(M) TT is the kemnel of the map
S, D080 xC ()
that serds s to (divg s,trg(s)) .
The preceding considerations then imply that
— TT oo
S, (M) =S,(M " & Ran Ty & C Mg,

Remark: It can be shown that S,(M)'' is infinite dimensional provided
n- 2,

Here is some terminology that can serve as a recapitulation.

Nomenclature:

(1) The splitting
s =5, + Lxg

is called the canonical decomposition of s€32 M),

{(2) The splitting

h=H8+ ( -(Agf}g + H, - fRic(g))

£

is called the BDBE decomposition of heS2 (M) .

{3) The splitting
s=s5"" + [ +g-(-div X) -i-ltr(s)
¥ ' n g 9%n g g

is called the York decarposition of se€S, (M).




1.

Section 31: Metrics on 'Metrics Let M be a comnected ¢~ manifold of

dimension n. Assuwe: M is compact and orientable and n > 1.

Rappel: M, {the set of riemannian structures on M) is open in S.?(M)Jr

hence is a Fréchet manifold modeled on S, ().

Put
- Ty =M, x S,00
2
T, = M x S300.
'Iheanely_lo,
- Tgl_d_n=32(M)
M = S2()
_ g = Sg®.
the pairing

{,:‘-:‘I‘gl\_'loxT;bilo—rB_

: # /2 _ _ #
< u,v ® |g] >= Iy v (u)volg

_ 0
- JrM 9[2] (ufv)volgo

[Note: T*!‘;io is the "L2 cotangent bundle” of ;_{0 {the fiber T‘;MU = Sé (M)

is a proper subspace of the topological dual of Tgn_go = SZ(M)).}

Given B€R, define

[, lﬁ,g:SZ(M) x SZ(M) -+ C (M)



by
= _1 _1
[u'V]B.g =[u-= trg(U)g.v = trg(.v)g]g + Btrg(u)trg(v)
and set
GB'g(u,v) = fM- [u,v]ﬁ'gvolg.
Then

Gﬁ’gzsz(ﬂ) x Sz(M) + R

is a smooth symmetric bilinear form.

[Note: Obviously,

= - L
Iu.v][mj = [u,v}g + (p n)trg(u)trg(v).
Therefore
[a,v] = [u,v]
1 g
Hrg
_ 0
Gy (u,v) = fM gI2] (u,v)volg.]
Hrg
Example: Take § = % - 1 — then G, (= G) is called the Delitt metric,
n~ 19
thos

Gg(u.V) = fM ([u.v}g - trg(u)trg(V))volg.

LEMMA ¥V B#Q, GB g is nondegenerate.

[Fix uGSZ(M) and suppose that G g(u,v) =0Y v632 (M) — then in particular

B



- ool =
GB'g(u,u an trg(u) g) = 0.

We have

n-1
M - B e gl

pr
= - Sn-1
[u.UJg an trg(u) [u,q] g

- _ fn-1 2
[u.ru]@I an trg(u) .

@ (¢ - Ptr @t - B e _wg)

Bn

L _ fn-1
(B n) trg(u) [trg(u) an trg(u) trg(g)]

(6 - Py’ - B

= mé tr {u) 2.
pn® 9
Therefore

0 = fyy (tu,ul, - ﬂ;:']% 1:::g(uo2

2

gn-1 2
+ - trg(u) )vvalg

= J‘M [u,u]gvolg

u = 0,]



Rappel: Denote by Diff'M the normal subgroup of Diff M consisting of

the orientation preserving diffecorphisms — then there are two possibilities.

o [Diff M:Diff'M] = 1, in which case M is irreversible.

o [Diff M:Diff'M]

2, in which case M is reversible,

[Note: There is then an orientation reversing diffeomorphism of M and

a short exact sequence

g

1 > Diff'M > Diff M ¥z > 1,

2

where aM(<p) = +1 if ¢ is orientation preserving and aM(cp) = -1 if ¢ is orientation
reversing.]

Remark: When equipped with the C' topology, Diff M is a topological group.
The normal subgroup Diff M is oth open and closed and contains Diff M, the

identity component of Diff M.

The group pifetm operates to the right on M, via pullback: Y @EDiff""M,

g9 = ¢*g (gM,).

FACT ViedGBasasaniriarannianstructureonl‘_flo (B # 0) = then

¥ peDiff'y,
(q:“")“"GB = GB'
[Note: In other words, Diff'M can be identified with a subgroup of the
isometry group of (r;!O,GB} .J
In what follows, it will always be assumed that 8 # 0.

b 2
Gja,g=32(M) +.S5qM) Here




Br (u) (v) "G‘3 (u,v)

- 1,
=Jyu ([u,v]g + (B - -ﬁ)trg(u)trg(v))volg.

But
@+ (- P e fw
= (uab + (B - i-)trg(u)gab)vab
= vl + (8 - Htr_(tr_(v).
g n' g g
Therefore

b _ 1 #
Gg,g(“) ) =Jy (a+ (g n)tr‘:.’,(u)g') (v}volg

=<v, w+ (- P et o197

& _ _1 # 1/2
Gp,gW = + (B - Der (g" o |g|™".
[Note: By construction,

bijective with inverse

#

2
B’g:Sd(M) - SZ(M}

G
given by

# 1/2 1 1

B g(s ® {g| s + #n (ﬁ - B)trg(s)g.

In fact,

b
8,9 B

L .
GB g 1s 1njective. More 1s true:
. _

s)) = ¢ JR{CERCR —)tr 9t e |q|

1/2



=s + (p - %)trg(S)g

Bn (— - B)tr (s + (g - -)tr (s)g)g

i

s+ (- pr (s)g

Bn (—-— B) [tr () + (P ——)nt.r {s)]g

s+ [(B ~ —) +§H(”'B)(I+Bn'l”tr {s)g

[

s+ @-ph-Bie @

= g8.]

From the definitions,
TI};‘IO = % X TSZ(M)

= (M x S;00) x (S,00 x S,00).
Therefore a vector field X on Ty can be thought of as a map

My x S, + S, (M x S, (M)

{g,8) —— {u,v).

Observation: There is a comutative diagram



My X S,0M) x (S, x S, () TH My x S, 0n

T 4 v u
My x S, """"_"* Yo
where
~ nlg,s) =g
mplg,s), (0,v) = (g,s)
_ Tullg,s), ) = (gu).

Definition: A vector field X on T, is said to be second order if

Tn0X=idm0.

[Note: Of course, n, o X = 1d,n 1 is automatic.]
=0

T

x:l.~_10 x SZ(M) -+ SZ(M) X 32 (M)

be a vector field on 'I!ﬁl0 == then X has two components: X = (Xl,xz), vhere
- Xlzb_flo X 32(M) -+ SZ(M)

XpiMy X S,00 + S, 0.

This said, it is then clear that X is second order iff
X(g,s) = (s,xz(g,S)) (Xltg,S) = s} .

Remark: If X is second order and if v(t) = (g (t)_,s(j:))% X Sz(M) is an



integral curve for X, then

dy _ dg ds
&= G @

= X{g(t),s(t))
= (.S (t) rX2 (g(t) S (t) )) r
|0
B 4 - st
g _ds_y g,
w2 a& 289 &
or, in brief,
~ §=s
g = X,(9.9).

[Note: The geodesics of X are, by definition, the projection to M, of

its integral curves.]

Definition: A spray is a second order vector field X on 'ﬂ\_do which satisfies
the following condition: V A€R,

2
X,(g,2s) = VX, {g,8).

[Note: In other words, X, is homogeneocus of degree 2 in the variable s,

Xz(g,s) = -]21 Dgxz(g,O) (s,s).] .



THEOREM F:i.xB#O—thenthereexistsauniqueSPrayxBon'DgOWMSe

second component T

8 has the property that

R h
|3 B(g s) ,h)

jal)

4
e Gﬁrg + Gh(s's) e=0  de GBrg + E.S(S'h) £=0"

N

[Note: The significance of this result will become apparent in the next

section.]

The unigueness of XB is obvious. As for its existence, let

XB(g,s) = (s,T,(g,8)),

p
where
I‘B(g,s) —s*s—%—tr (s)s+ [s s) g+%—tr (s) g
4Bn
or still,
1
I‘B(s ;8) = S¥%S = Etr (s)s + = Ifn (s, s]B o

Then

2
=\ ,8).
Tglg,2s) Ty (g,s)

[Note: Put
- 1 - -
Bl3 {g;u,v) = 5 [I‘B (g,u + v) I_'B {g,u) I_'13 (g,v).]
Then BB is bilinear and
-1 _
BB(g:u;u) =3 [FB(G:ZU) ZPB(Q;U)]

=

7 [4I‘B (g,u) - ZI_'B (g,u)}



19,

=Tylgm.l

Example: Take B = ?];-- 1 — then T, (= I is called the DeWitt spray,
1_q "
thus n

T{g,s) = s&s — %trg(s)s + ﬂlFlT (trg(s)2 - [s,s]g)g.

To verify the equality stated in the theorem, start with the LHS:

Gﬁ'g(I‘B(g,S) ) = IM [I‘B {g,s) 'h]B,gvolg
= Iy [Tgg,8) h) ol

1
+ (B =D fy tr(Tp(9r8))tr (ol

= -1

1 Bn-1 2
+ im [s,s]gtrg(h) + 4;3n2 trg(s) trg(h) }volg

1 1 2
+ (B - .ﬁ.) _]‘M {[s,s]gtrg(h) -3 trg(s) trg(h)

1__ En—l 2
+ 18 [s,s]gtr g(h) + v trg(s) trg(h) }volg

= -1
= [y {Isss/hl = 5 [s/h] tr (s)}vol

v =E4p iy ls8) tr ivol

1-Bn 2
+ ‘I;L Iy trg(s) fer (ivol .
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e "M "' g+ eh g+ ehje=0

1 l. 4 2
TR & m Ty e ent® VL

=1, _ 1
=3 Iy 2[s:~s,h]gvolg + 5 Iy [s;s]g

1
2

1
2

+3 (- D gy 26r () (=I5l Jvol

g + eh

2

1 21
+3 @ - Ly e 7 vl

e=0

tr (h)vol
g g

1
= - IM [s*s,h]gvolg + 7 J‘M [s,s]gtrg(h)volg

1
- (B - H) fM trg(s) [s‘,h:[gv::’ll.g

1 1 2
+ Z (ﬁ - H) fM trg(s) trg(h)volg.

‘- & Gﬁ,g + g5 'S/

g=0

de "rM [s’h]g + stolg + €S

&=

T I & (s)tr

g + gs g + SS(h)VDl

g + es|e=0
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= [ - _ L
= fM 2[3*11'3]9,"019 IM [s,h]gztrg(s)volg

1
B =3 Jy (-ls,sljer (hvol

1
)

=~ (B = fy trgls) (~Is,h] Jvol

9

1 1
- (B - e trg(s)trg(h) 5 trg(s)volg

=2 j‘M [s*h,s]gvolg 5 IM [s,h]gtrg(s)volg

+ (=D Ly ls,8) tr_(hvol

1
+ (B =3 fy tr (s)[s,h] vol_

1 1 2
-5 B - H) IM trg(s) trg(h)volg.
N.B. We have

2[ss|:h,.s]g - [san:s,.h]g

ij _wWij
2s (s*h)ij h (s*s)ij

= oold k _,.ij k
2s Sj_kh j h S:1S 5°
ij k
h Sj_ks 3
je, i k

=g 25ik°
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I
=

=
E‘E”
[Te]
1]

h .s. sl:J

i3

S Sik j.

Therefore

[s+h,s] g = [s*s,hl g

Z[S*h,s]g - [s*s,h]g = [s*s,h]g.

Combining terms then gives

ol

1 | _a.
2de GB,g + eh(s's) e=0 de GB,g + ss(s'h) e=0

- 1
= Iy {[5*§,h]g -3 [s,h]gtrg(s) }volg

1 l
+ (g - 5t -4-9 fM [.':".,s]gtz.'g(h)'m:mlg

e 2
+ _4%‘1 fyy trg(s) “tr ()vol

which is precisely the expression derived above for

G_ . ).
B'g(rB(g.s) h)
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[Note: There is a cancellation

1
- {p - H) IM trg(s) [s,h]gvolg

r@-Y g

. trg(s) [s,h]gvolg.]

The governing equation for the gecdesics of xB is
L = 1., "
g Ia(t_:l 9)
or, written out,

Lt

§= 4§ - 35 @F + g 5,81, 0.
Remark: This equation is an ODE and the ewvolution of a solution g(t)
depends only on
LG
_ g(0).
To be precise: Given (go,so) ; there exists a unique integral curve

y:l- e, el + My X SZ(M) for XB such that v(0) = (go,so), i.e.,

=10 9

0

_g(0) =s

0.
[Note: The geodesics can be found explicitly but the formilas are not
particularly enlightening (they do show, however, that the geodesics exist for

aslbrttirneonlyintlﬁttheyeventuallyrtmoutofr_{lo into SZ(M)).



Section 32: ‘The Symplectic Structure  Let M be a connected C manifold

of dimension n. Assume: M is compact and orientable and n > 1.

Rappel: There is an arrow of evaluation
TS, x 2 -+ Cow
25 d d
ard a nondegenerate bilinear functional

. 2
< , > :Sz(M) x Sd(M) -+ R,
viz.
< S,A > = fMA(s).

Consider T*M, = M, x S2(0) - then

T, = () x S0D) x (S,00 x S500)

_ 2
T(g'A)T*P_qo =3, x S3M).

The Canonical 1-Form § This is the map

%0 TgnT > B
defined by the prescription

ATy = '
O(g,ﬂ) (s',A') =< 8" ,A >.

The Canonical 2-Form & This is the map

®(g,0 Tig,0) Tl * T(g,nTH ~ B



defined by the prescription

R(g,ﬂ) ((sl,Al) ’ (SZ,Az)) =

or, in determinant notation,

R(grﬂ

LEMMA We have

Q - d@.

{In fact,

) ((Slfﬂl) r (szl‘ﬁz)) =

-d
T3 %g + esp,n + eay) B2

=g’§“‘" SZ,A + E:Al>

1 "1
Sy A
- 0 (s, ,A,)
e=0 de “{g + ssz,A + eAz) 1771
- Q_< S, A+ A, >
e=0 de 1’ 2 g=()

= - Q(g'n) ((Sl;ﬂl) ? (321-&2)) o]

=0

Therefore Q is exact and the pair (T*I«_go,sa.) is a symplectic manifold.

Fix § # 0 and define

3Ty ~ T,



by
4 (9,8) = (3,60 (s)).
B Brg
Then ¢B-is an isomorphism of vector bundles, hence
= ¢*¢
QB ¢BR

is nondegenerate. On the other hand,

& -
d’BQ 4;‘*3*( -de)
= - *
da;bBE),

which implies that RB is exact.

Conclusion: The pair (%,QB) is a symplectic manifold.

[Given Bi #0 (1=1,2), the bijection

1

¢B'2 ° daBl:Tl;&O =+ T,

is a canonical transformation:
_l *
' C)EQ =8, .

2 2

For the IHS equals

*-o*-lo*-=*-=
N (¢Bz) quzsz qulsa saBl.l

SUBLEMMA The tangent map

T¢B :T% - 'I'I""‘ll‘]0



ig given by

qup(g,s,u,v) = (g,G‘;g(s) ,u,DGBb'g(u) (s) + G"

[Note: Since

Gy iy + Hom(S, () ,S309) ,
it follows that

bt 2
DGg M, Hom($, (M) ,Ham(S, (M) , S5 (M),
where

2 _d b
B'g(u) =35 G

DG e B,g + eule=0"

Explicated:

- meb

B'g(u) (v) >

_a_ b

T de GB,g + eq™V) W)

e=0

£

GB (v,w)

de 7B,g + eu 6=0"

LEMMA We have
= Gp,gM1v2) 7 Gp,gloar)

¥ < upBGE () (8) > = < vy, 068 (w) (s) >.

[Thanks to the sublemma,

B

g(v)).



(¢ER) (g,S) (.(ulfvl) r (Uzrvz) )

((ul.DG (u )(s) + G

- (vl)) (uZ,DG (u2) {s) + G

B,g (vz)))

(g, B, g(s)) B,9

_ b | b

_ b '
- < 1.12.,DG‘3 g(ul) (8) » - <« uZ'GB,g(Vl) >

= GB'g(ul,vz) - GB,g(UZ'Vl)

(W) (8) > - < uz,ns"

+ < ul,DG 8,9

0 (u)) (8) >.]

Maintaining the assumption that f # 0, define KB:'H_/_IO + R by
K. (g,8) = 1G, (s,9).
B 2 8,9

N.B., Consider dKB, thus

K] (g,5) T (g, ™o * B
with
d
dKﬁ (g,5) (u,v) = a-s—KB (g + su,s + ev) l5=0
g—— Kﬁ (g + eu,s) ’ g—; I(B (9,8 + &Vv) ’5=0'
And
d
* 33 KB (g + eu,s) £=0
_da 1
B &'ZGB,g + eul®® |e=p




< S'DG;,

D =

g(u) (s) >.

d
7y KB (g,s + ev) =0

e
| -

GB:‘J(S + ev,s + ev) =0

G (s,v).

B,g

THEOREM For all vector fields X on %,

Q (XB;X} = dK, (X).

B B
[Suppose that X{g,s) = (u,v) — then

(saB) (g,s) (X[:3 (g,s) X(g,s))

= ()

I

GB g(S;v) - GB'g(urrB(gfs))

r

+ < S,DG" wis) » =< u,DGl’g(S) (s} »

B.g P
= GBfg(SIV)
14 d
- 2de GB,g +eu®® |0t T GB,g + 65 g
d d
+ de GB,g + zu(s'sl =0 de GB_,g + eS(S'u) e=0




ld
g(s,v) + 33 GB:Q’ + 6u(s,s)

= GB . g=0

_ 1 > .
= GB'g(s,v) + 5 < s,DGB'g(u) (s} »

= dKB' (g,S) (u,v).]

Interpretation: Per szB, XB is a2 hamiltonian vector field on ']1\_40 with

energy KB.
FACT (Conservation of Enerqy) Let y(t) be an integral curve for XB -

then the function t -~ KB(Y(t” is constant in t.

[Simply note that

d _ .
T K (re) = x| Green)

= (2g), () g (r(£)) 7 (8D)
= @), () Fp(r(8)) Xy (r(£)))
= 0.]

Construction Let XeD' (M) — then X induces a vector field X:Mj - S, (1)
on M, via the prescription

Put @ = qs;-, where by is the flow of X -~ then there is a commutative diagram

T
™, - ™,
¥ +
My - M.



Here
T, (9,5) = (3, (5) D3| (5))
and
d_ s | (s) = Dil 2, | (s))
dt t|g @t(g) tl|g ’
SUBLEMMAR We have
KB = KB o 'I‘i’t.

Application: At any point (g,s) €TM,,

_d
0 = ¢ K (2, (0) D, | ()| g

(o7

GB ’g(s DX

g(S)).

_1
T 2de GB,g + sLxg(S's) e=0 *

Rappel: A first integral for a vector field on ™, is a function

£: M, ~ R which is constant on integral curves.

So, e.g., KB is a first integral for XB

LEMMA Y Xévl(M) , the function

{(g,8) » GB,g(S'LXg)
is a first integral for XB.

[Let +{(t) = (g(t},s(t)) be an integral curve for X, ~- thené= s and

B



B (g;h) (rB {g rg) h)

%9

o

2 de B,g+eh '

e=0 ds B,g + ag(g'h)

G + 56 e
_1d
.13 GB:Q‘ + sh(g'g) Ia-o

or, restoring the deperdence on t,

o]

d

EEGﬁrg(t e Byglt) + e

Now replace h by Lxg(t) -~ then

d

o1l

=%——G (s(t),s(t))

de B,g(t) + eLxg(t) e=0

d
+ Gy () (S8 g La®).

But

d Law =& Rgen
= Dxig(t) &)

= 0| (58D

1
)(s(t) h) = >3 C h(S(t)'S(t)) c=0"



10.

Therefore

g—t—GBrg(t} (s(t),Lg(t)) = 0.]

[Note: We have

o gltigt)y ™ =1

-1
& -1 -1
R =-9 9% -

o (g(t) + es(t)) (g(t) +es(t)) T =1

d -1 _ -1 d -1
Ty {g + es) e=0 = (g + es) ¢=0 dc {g + ¢8) szo(g + €8} =0

-1. -1
-9 g9 .l

Write

Gg,gls x@ = Gy glLy3r®)

Iy Lharslg g0l

— 1
= Iu ([LXQ;S]g + (g - -l-{)t.r:g(l_}(g)1:.r:g(s))v'ol‘;T

_ 1
= Iy ([5(9,919 + (g - K} [L_‘,(ngIgtrg(s))volg

= - i
= Jy lg@is + (B = Prry(s)g) ol



11.

<Lges+ ¢ -2t @t e g >

-2« X,divg(s + (g - %)trg(s)g) @ |<Ef!1/2 >

-2 fydiv (s + (¢ - 5 tr,(s)g) (Xvol .

- 1
“Brg(S) =5+ (g - H)trg(s)g.

Then it follows that the function

(g,8) + fy divg('"B,g(S” (X)volg

is a first integral for XB.

Conservation Principle Suppose that y(t) = {(g(t),s(t)) is an integral

carve for X,. Abbreviating w (£, v xevl M,

8 ,g(t) (s(t)) tonw

P B

div

Ty iV ()T (£) () vol

g (t)

is a constant function of t, which implies that

. 172 .1
d:l_vg(t)ﬂﬁ(t) ® [g{t)| €y 1)

is a constant function of t. Consequently, if

Ay ()7 () = 0,

then V¥ t,

dlvg(t)ﬂg(t) = 0.



Section 33: Motion in a Potential Iet M be a connected C"n manifold of

dimension n. Assume: M is compact and orientable and n > 1.

Given NeC™ (M), put

VN(gl J‘ NS(g)vol (ger_go)
Then V..:M, + R and

N =0
_a
g(h)—d—g N
= dS(+5h) vol +f NS() vol
m N g Slg e=0 9 g + ehle=0

i _ o s 0
= Jy N[ - tr_(h) - 8, div, h - g[,] (Ric(g) ) Ivol,

1

+ Jy N8 3 trg(h)volg.

¢ IM- N{ -Agtrg(h))volg
= fM { —ﬁgN)trg(h)volg
= Ju [ —.sgN)g,h] gvolg.

. fM N{ -5gdivg h)volg

0 .
- IM g[l] (dN,d:l.vg h)volg

0
Sy 9151 (Hg,h) volg

= fyy UHyen] vol .



o fy [ Ngl, ](Rlc(g) h) + NS(g) Le (h)]volg

- - i -1
—J‘M N{[Ric(g) ,h]g 2S(g) [g,h]g)volg

_ N(RE -1
= fN- [ -N{Ric(g) 5 S{g)g) ,h]gvolg.

Therefore

dav, g(h}

_ . 1
= Iy U "flgN)g + Hy = N(Ric(g) - 5 S(9)g) ,h]gvolg

= [y (( b Mg + By = N(Ric@) - 3 5@ @vol,

- - 1 ¥ 1/2
=< h, (( —AgN)g + Hy - N(Ric(g) - 5 5(g)g))" @ {g] >

: 1 # 1/2
dVylg = (C =809 + Hy - N(Ric(g) - 5 S(g)g))" ® gl 2,

Now fix 8 # 0 and let

#
d VvV =G av
gra a'n Brg( Nlg

1. We have
1/2,

B’ ((( -A N)g+HN) ® |g]

1 1
= ( —Agng + HN + -B-ﬁ (H-" B)trg(( —ﬂgN)g + HN)g

= { -&gN)g + HN



1 .1 1l 1
+ 3 (Ff_ B) ( —&gN)g + Bn ('ﬁ" B) (ﬂgN_)g

= HN +l_—n_-;& (AgN)g.

fn
2. We have
g’ ( -N(Ric(g) - —S(g)g)# ® |g]'/?)
= - N(Ric(g} - —S(g)g) + Bn (—— B)tr ( -N(Ric(g) - —s(g)g))g
= - NRic(g) - 5 S(0)g) + 5= G - ) ( NS(g) + 5 WiS(g))g

= - NRic(g) - N(———ZE)S(g)g
2[3n

Combining 1 and 2 then gives

gradg Vi = Hy + —n@ (8, Mg

- NRic{g) - (&)S(g)g-
2[3n

Example: Take B = & - 1 == then

1 —
1—n—(ﬁ——l)n-0

1 -
2-n-2(-—n-—l)n-n

2(% - 1)n? = 2n(1-n),

thus in this case the gradient of Vj at g (denoted by gradg VN) equals

H, - MRic(g) + ﬂﬁ)— NS (g)g.



{Note: When N = 1, the hessian drops out and there remains

- Ric{g) + oIy 3;__ -8(g)g.]

Define a vector field
YB,N:% X SZ(M) - SZ(M) x SZ(M)
on 'I@_&O by
= ' ) + )
YB,N(g,S) (s FB {g,s)} (0 —gradﬁ,gVN)
= (S'PB (g,s) - gradB,gVN).
Then Y[3 N is second order and the equation determining its geodesics reads

g = Yﬁ'N(g,g) = I-'B (g,9) - gradﬁ’gVN.

Example: Take[3=%-la1ﬂN=l——then
as . . 1 .y = 1l . 2 . .
§ =9+ - 3t Q) + gy (g (@) - [9.9] )9
: 1
+ Ric(g) “m—s(g)go

THEOREM For all vector fields Y on ']}1_0,

Y) = dE

2 (¥p 5 N

where
E[S,N = I-(13 + VN‘

{Suppose that Y(g,s} = {(u,v) -- then



(S&B) (g,s) (YB_'N(g,S) Y(g,8))

(Ry)

8 (g,s)((s'rg (g,s}) + (0, .—gradB'ng),(u,v))

= (QB) (g's) ((S'I‘B (gfs)) ’ (U.;V))
+ (QB) (g,8) ({0, —gradB'gVN) , (q,v))
= dKB ’ (g,s) {u,v)

+ (R,)

B (g,S) ((0: —grad ,gVN) ¢ (IJ.,V))

= dKB| (g,s) (u,v) - Gﬁ g(u, —gradB'gVN) .

r

GB.-g(u'gradB.gVN)

_ #

_ 4
GB,Q(GB:g(dVN’g) 1)

-6’ @t

8,9 B,g(dVng)) ()

= dVN‘g(u).]

Bearing in mind that the pair ('IT_*IO,SZ ) is a symplectic manifold, it follows

B

that ¥ is a hamiltonian vector field on ':I'.!._”IO with energy E

BeN BN



[Note: BAs before, encrgy is conserved, i.e., on an integral curve

v(t) for ¥ the function t -+ £, _(y(t)) is oonstant in t.]

BN BN
TakeN=larﬂmiteVinplaceofVl, hence

Vig) = Jy S(g)volg (q@_io)

Vv=Voeod

4
0= d—EV(ét(g)) =0

= dvg(LXg) A

LEMA ¥ XeD' (M), the function
(gfs) -+ GB'g(S!LXg)
is a first integral for ¥

B = Yﬁ,l) .

[The only new point is that
Gp, gt (FHp g (1) Vr 1y E))

= avl ) (L)

= 0.)

Therefore the function

(g,s) —~ J‘M divg (ﬂﬁ’g(s)) (X)volg



is a first integral for YB. But Xévl (M) is arbitrary. So, along an integral
curve y(t) for Yﬁ'

: 1/2,,1
v oy 1o (t) ® lg () | “eny )

is necessarily a constant.
Notation: Let

ng(s) =8 - trg(s)g.

forthechoice§3=;11—-l.

LEMMA We have

- agtrg(s) - nglvg s = - ﬁgdlvg T!g(S) .
[In fact,
- ﬂgtrg(s) = - leg gradg trg(s)
A #
= dlvg g (dtrg(s))
¥
= a
6,9’ @tr_(s)
= ag(dtrg(s))
= Sgdlvg (trg(S)g) .
Therefore
- agtrg(s) - agdivg s

= i - & di s
nglvg (trg(s)g) ag 1vg



= § ai -
gdlvg (t;rg(S)g s}
== Bgdlvg rrg(s) .}

Define a function g,:T4, - C700 by

-1 1/2
2(9,8) = (5 [s,81, o+ S(@)) ® [g]™7.

Then @B is the energy density:

EB(g,s) = KB {g,s) + V(g)

= J‘M @ﬂ {g,s).

THEOREM On the integral curves for YB,

/2 _

a . . . _
I % (g.9) + ﬁgdlvg rrg(g) ® |gl 0.

[First

|Da

1 - - 1/2
=5 9,9,  ® i

el

Brg

~ e 1 . s 1/2
(9,8 + (B - Pr @tr @) @ |g]

oo s 1 S 1/2
+ (-lg.gxgly - (¢ = Ptz () l9.9]) @ [

.. tr (g}
+ (-]-2'- [g,g]B'g —%——-) ®_|gll/2

-

Now insert the explicit expression for § derived above.



. [é,ij]g is the sum of five terms:
1. [éfé*é]g-
2. - = tr_(3) 4,91
29 g
3. = tr_(§) 13,91, .
4Bn " g B.g

4. [g,RJ.c(g)]g.

5. 2‘—“‘§E‘ltr §)s(g) .
2pn g

e @¢- %)trg(é)trg(zj) is the sum of five terms:

6. | -5

n tr (g) Igrg]g-

g
1 1 +. 3
7. - 5 (B - -ﬁ-)trg(g) .

8. (B - Pt (@) Iz 19,91 -

9. (p - Dtr_(9S(@).

0. (-3 LR e @5,

There are two immediate cancellations, viz. term 1 cancels with - [é,g’;*é]g

and term 6 cancels with - (B - f];-)trg(é) [é;é’]g. Consider next term 3 and term 8

1 e e s
+r trg(.g) [g,91] 8,9°
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I.e.:
1 1 1 1 o, e el .
(_4_5_1._{ ¥ E @ -~ B—) + Z)trg(g) [g'g]ﬁ,g
2 g - 1Y |
or Still.r

l - - - 1 - 2
5 trg(g) (lg'glg + (B ~ ﬁ)trg(g) ),
which cancels with term 2 + term 7. There remains

[g9,Ric(qg) ]g

2-n-2fn 1 _ 1, 2-n-2fn .
+ (—2B—n;L+ @-p+@-p F e @s@.

But

2-n-2Bn 1 2-n-2pn
E;L-I- (B —H)(l'i-w@——)

- 2—n—-2gn + @ - %) (2§n+§;g—2[3n)
2Bn

- 2n-28n (nB-1) (2-n)

2;3112 2Bn2

= 2—n—2_§n+2n43-2-n2[3+n

Thus matters reduce to

. . 1 .
[g,Ric (g)]g -5 trg(g)s(g) .



= { -A trg(é) - 5 div_g - [Ric(g) ,e‘ng) ® |g|

However
d
dc
Therefore
d_
dt

11.

S{9) *'villgll/2

1/2
g g 9

+1 tr (@)S(g) ® 191Y/2.

d

1/2 1/2
g @ 1al7? + 559 o Igl

e

. 1 .. .
@B(g:g) 5-[9,91B

1/2

( -Agtrg(g) - agdivg 9 © |g|

: . 1/2
-5d ,
5 v, n @ ® (g

which completes the proof.}

While this

result is valid v B # 0, it is hybrid in character and points

to the significance of the DeWitt metric: The choice B =%- 1 is the parameter

value per "g' hence along an integral curve ¢(t) for ¥

’
L_1
n

. - 1/2
dlvg(t)n(t) ® [glt)| /

is a constant. Accordingly, if at t = 0,

then ¥ t,

divg(O}"(O) = 0,

divg(t)"(t) =0,
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[Note: Here w(t) stands for “g(t) {s(t)), where y(t) = (g{t),s(t)).]

Ramark: Let C be a nonzero constant. Replace V by ¢V (a.k.a. VC) and

define a function &, :TM, = C3 by

=& 1/2
@B'C(Q,S) 5 [S'S]B,g + CS(g)) ® |g|™”“.

'men,ontheintegralcurvesonBC,

1/2 _

a . X .
a—E«PB'C(g,g) + Cﬁgdlvg ﬁg(g) ® |g| 0.
Let
-1
H, =&, © e
B % " %
Then
HB:T*I‘_'}O + CqD -
LEMMA We have
1 1 1 2 1/2
HB(g,A) = (-2- [S,S]g - 2—33 g - H)trg(s) + S{g)) ® |g| /
ifa=s"o |g|l/2.
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[Since

¢B(grs) = (ngb {s)),

B.g
it follows that

-1 o i
Therefore

HB (g,S ® 'gll/z

=<1>(SG#

#
B rB (s

1/2
® 1g)¥%)

= éﬁ(g,s + = B (— - B)tr (s)q)

= (L 1l 1_ 1 1 1/2
= (Gls + Fr & B)trg(s)g,s + Bn ( B)trg(s)g]B,g +S(@) ® |g|™7“.
* > {s + B (-— B)tr (s)g,s + 7= B (—- B)tr (s)g]

=3 [sslg + 52 G- P (9)Is,8],

=l —_— e - —_— — -
Flesl + G -0 +3 an G- P 2

1l 1 1 (1 2
€5 B -3 (trg(s + an = - B)trg(s)g)}

'_l

N

B-3 (tr {s) + E_ (—— B)tr (s)tr (g))

. |
® - P rye) +3 G- prerylsn?

N~
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Sl o 1. 0101 2 2
“‘2‘(5“}1’)(1+§(H"B” trg(s)
211 _ L 2

.2.—2-—B n2 s n)trg(s) .

Thus the coefficient of trg(s)2 is

1 1 11 1 2,1 1 1
U vl Sl v we S
pn pn

or still,

1 1 1 1
EH(H—B)(1+§§(H-B) _EEH)

1 1
_--2—n-(B—"n—).]

o

Exarple:; Take5=%-1--then

S PO P |
2pn P-n 2{n-1) '
S0
1 o1 2 172
Hl__ l(grfl) = ('2-[5!'5]g z(n_l) trg(s) + S(g)) @ Igl
n

if 4 = st |g|%?, which implies that

12
H A=)
(g Cg(s))

=H (g, (s - tr O !9]1/2)
1_3 g

- disis1, - S92 + s @ Jg]2,
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Define a function H_:T*M_ -+ R by

B 0
Hﬁ (gr-ﬁ) = fM HB (grfl) .
Then
dHB| (ge8) Tig,n) T o T R
vhere

1 .._,d L}
dHB|(g,M (s,A") = 3= HB(g + es,A + g )’e=0

IQ-!

d '
Hﬁ (g + SS,A) l€=0 + a’; HB(g;.ﬂ. + 5!‘- ) |E=0

ol

£

o
o
=y

H
= < 5, g‘gﬁ7+<gﬂﬁgﬂ' ]

Definition: The hamiltonian vector field

My Sg(M) + 8,00 x 331“‘”

on T*M, corresponding to HB is given by the prescription

8H 8H
ZB(Q;M = (a‘ﬁ‘: “G—gﬁ)

To justify the terminology, let Z be any vector field on T*!_/_IO. Suppose

that Z(g,A) = (s,A") -- then

) (z2_(g,A) ,2(g,p))

52(q..n B

5H

. 8H
= __.ﬁ '
2 g (a7~ et ) (SA")
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&H &H
= -:EEE,A'>—<S, "ggb-
&H &H
=< S,gﬁ>+<zﬁﬁ,.ﬂ'>
= dHB (g.h) (s,A').
Observation: The diagram
T
™, - T,
Y. o+ + 2
B B
™y 4 ™M,
B
H
EB ¥ ¥ B
R R
commates.
Therefore

(¢B) *YB = ZB.
Moreover, if y(t) is an integral curve for YB and c(t) is an integral curve

for ZB and if %7(0) = c(0), then ¢B~r(t) = c(t), hence the projections of ~(t}

and c(t) onto Iil0 coincide.

Remark: Hamilton's equations are, by definition, the system of differential
equations defined by ZB:

gg = %

dt =~ “gle(t)”



Section 34: Constant Lapse, Zero Shift Let M be a connected C manifold

of dimension n > 2. Fix ¢ (0 < ¢ = «») and assume that

M = ]— 5'5[ X Z,.

where ¥ is compact and orientable thence dim Z =n - 1).
[Note: I is going to play the role of the M from the previous section,
so when quoting results from there, one must replace n by n - 1.]

Notation: Q is the set of riemamnian structures on %, thus now

0 = Q x S, (z)

_ m0=0x S,
Fix a nonzerco constant N (the lapse). Suppose that t -+ q(t) (= q_t)
(t€ 1= ¢,¢[) is a path in Q -~ then the prescription

g (t;X) ( (er) ’ (SrY) )

- 2
= « rsN + qx(t) (X,Y) (r,s€R & X,YéTxZ)

defines an element of Ii’l,n—l (g00 = g(ao,ao) = - NZ) .

Notation: Indices a,b,c run from1l ton ~ 1.

SUBLEMMA In adapted coordinates, the connection coefficients of g are
given by
I°, (%) = (T)° L (0
abt Tt T Mt ab

0 _ 1 .
I.‘ ab(t’x) = ;N—f (qt)ab(x)

c
T Ob(t,x)

l .. .c



0 _ 0 _C _
T 00(t,x) = I‘ Ob(t,x) =T oo(t'x) 0

ILEMMA In adapted coordinates, the camponents of Ric(g) are given by

1 .
Ryoltix) = = 5 [dtrqt(qt) (x) - (dlvqtqt) (%)]

1
Roo(t,x) =-= trqt(qt) (x) + [qt qt]qt

l -
e R, (t,x) =—= (q)_,.(x)
ab 2 9’ ay

1 . . 1l . .
- =5 (@) (%) + s trq_t (qy) &) (qy) 5 (%)

+ Ric(q_t)ab(x).

THEOREM Ric(g) = 0 iff d satisfies the differential equation

g, = T4, + N gradth

andt.heconstra:i.nts
div (. - tr (.) )—0

5 (14, Gelq ™ g @& %) - v s(gy) = o.

We shall start with the assumption that Ric(g) =



Rappel:
D) = Gy - 7 b G)d
1 . .2 . .

gradqtv = - Ric(q_t) + —2—(]1;';_-2-;- S(q)q, .

{Note: Recall that gradqtv stands for the gradient of V in the DeWitt

metric (which here amounts to choosing B = r—l__]—']—_—- 1).]

2 9’ ab
= - =5 @ud) g +“1_2"": (@) (@) 5
i kN

4N

+ Ric(qy) 4,

4, = Gl - } iy G4, - 2 Rty

0R00=0

PN TR
trqt(qt) 5 [qt,qt]qt



try () - : trqt(fj_t)z - v trg Riclq) - 7 gy
SNERIRE 1 trqt(c’;t)z - 2 s(q) = 3 [ rdely,
= 0.

([c_[t C_[,:]qt qt(qt) ) - S(qt)

Therefore

. 2 . .
———4(;_2) (trqt(qt) - [qt,qt]qt)qt+ N S(qt)qt

2

|
I

1 1 . . s 2
Rz (g @7 - Bpddy) + N s@e,

= D.
But then
v - 2
G = T(qrq a
as claimed.
[Note: Since
N? grad_ V = - ( -28° grad_ V)
% 9
=~grad V
qe -

it follows that the curve t - q(t} (t€ 1- ¢,e[} is a geodesic per



Finally

(dlvqtqt) = d{::r:qt (qt)a
(divqtqt (dlvqt qt(qt) q))

divqt(éj_t - trqt(c'lt)qt) = 0.

Thus, in summary, the stated conditions on g, are necessary. That they
are also sufficient can be established by running the argqument in reverse.

Remark: By def:i_nitlon,
‘IT(t) = : - tr (. ) -

Therefore

divqt(élt - trqt(c'lt)qt) = divqtﬂ (t).

On the other hand,

Ey a2 (qrq) = K_T ) l(qt,c‘;t) vV 20w

n-l



=f -3 ( t )r
E..__J_.__l’_m2qtqt
n-1
where
P q_,q,)
1 a2 ek
n-1
1/2
“(—([ ] ())—ZNS( )) ®
Lrdelq ~ g, e 9)) @ lag]
FACT If Ric(g) = 0 and if
2
qt—r(qtqt)+2N grad qt
subject to
1 .. - 2 B
ftqt,qt]ﬁ'qt-m S(qt)-
for some 8 # B%T-l,thenqt=qoforallta1ﬂRic(qo)=

We shall now transfer the theory from TQ to T*Q. For this purpose, it
will be simplest to first change the initial data, which is the path

_1
glo,.m) = N—z- g{a,,2,)

Given te ]1- ¢,¢e[, put I {t}xzandletl A ‘+ M be the embedding.



Working with the metric connection of g, let x tesz (Z) ‘be the extrinsic curvature,
thus
x (VW) = q ( -i¢7.n Wgln,,n)

= 9 (A0 W .

ILFMR We have

[In fact,
[at,aa] = V.3 =¥V_ 23

% Q) = qt(iitvaa (o) 3 + qt(aa"’{vab(mlt) )

= N(O) g + 06y )

N o



So, instead of the path

t - (qt:'flt) '

we can just as well work with the path

S (qt,u.t).
Put Kt = trqt(nt) — then
tr_ (q,) = 2NK, .
q_tqt t

Definition: The mocmentum of the theory is the path t » Py in S;(E)
defined by the prescription

Py

]

3
rt

&
il

where

LEMMA We have

o+
!
a
o
|
il
)
A
e
)
r‘l'VV"
i

[Simply observe that

=
+

]

x
+

t

=
i

b
ne =T KT

K, = trqt (nl;:) + Kttrqt (q,)



—tr @) + (n-D)K,

q 't
tr (%) = (2-n)X
qt t t
I 1
%, =¥ - qt(ni)qt N
Therefore
q = 2,
- b _ L
21\](11t tr (ﬂlt’__)qt)

Consider the relations figuring in the theorem, beginning with the constraints.

ediv_ (q, - tr_ (q)q) = 0.
a, 9 a, /9
In terms of L this reads
d:.vqt(zmt - 2NKtqt) =0
or still,
divqt(xt - Ktqt} = 0.
But di\.qutpt is, by definition,
1 2
dlvqt(x - Kaq) @ |q| /

thus our constraint becomes
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::'1ivqtpt = 0.

.. .2 2
. % ([qt,qt]qt - trqt(qt) ) - 2°s(q,) = 0.

In termg of L this reads

1 2 2 2 _
7 (@ by - (a0 - 2%s(q,) = 0

or still,
2 -
([xt,xtht - K - S(qt) =0
or still,
b 1 b b 1 b
e = 5oz g, e T T 57 By Mg,
- by =l b2 . =
(trqt("t) ) qt("t)) S(qt)
or still,
'] 2 n~-1 1
[n,rr] + (- + - ()—S()=0
t 2" o a? ma? Gt e
or still,
S TR S by2 _ =
[ i) tly, "~ 52 trqt(rrt) S(q) =0
or still,

172 _
(ngomly - mtrqt‘"t - stg) @ |a Y

where we have set

[“trﬂt]qt qt[ol (TTt:TTt) (= qt[zl (TTtrﬂ't

| g ) = q Bl trah (=g Detg).
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It remains to reformulate the differential equation

G, = T@pdy) + 20 grady v

=4y - trg, G4
= g, | G - e Ielg )%

+ 20 (- Ric(qy) + yrgy Sla,)q,)

:i.ntermsofpt.

We have
a 1/2 1/2.
Pp=ge e @ lg 7+ ®dt la, |
where
a #
gt "e “a® e~ K
_a ¥ _d .4
=& " ~ar KL
T S N S
at % - GE R - Felgg @) -
Formilas
. %E k= ) L 4N(xt*xt)#.
1'd—l( = = 2N{x, %] {(x,)
ac & ! tqt qt e
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a # #
d 1/2 1/2
o G lac It = lq |V

To isolate x,, one need only divide §,_ by 2N.
bk,
= 3= (20 A an,
= ZN(xt*xt) .
L%(%ﬂy@@

_1 _1
"fﬁ( ztrqt

(29c,) 200, )

N 2
2] (Kt - [xtnct] qt)qt.

4. Zp (= Ric(ay) + yiy SE@)Q)



130

_ . N
= - NRJ.c(q_t) + D) S(q_t)q_t.
Therefore

it=1+2+3+4.

aAnd then

tr (k) =tr. (L) +tr_ (2) + tr_ (3) + tr_ (4)
% % %

Q@ * 9

_ 2
= m[xt,nt]qt - NKt

N (n~1)
2

2
7 o Ko~ Dy

)
4
= Ns(ay) + 5Bt s(@).

Fram the above,

1/2 1/2

b = G ¥ = g 117 - aneemF e |q

172 _ 1/2

+ m[nt,xt]qtqt ® |q,| trqt(it)qt ® |q,|

+ Mtnt - |c_|_t|l/2 + NK. v, ® |q_t|

1/2
To asseamble the terms involving Ric(qt) and S(qt) , Dote that

N

- ; # N i#
= - NRic(q)" + sy SQ)q,-

However, there is alsc a contribution from - trqt(it)q_t, viz.

ms(q) -3k sendl.
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But

Thus we are left with

- N(Ric(qt) - 3'2- S(q_t)qt)#

=-mm@9f
Next

1* _ 4o ,mt)# 2N('nt*xt)#,

which leaves

% #
- NK St ———-)— (K [xt,xtht)qt

4 o2
* bl G - Alierdg 9 + N,

N (n-1)

# # #
2 -2y (K = D q_t)qt * MKy + N O -

Now collate the data and collect terms,

® The coefficient of Ktxt

#

Ktqt) .
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. 2 # .
® The coefficent of Ktqt is

‘N
2(n-2

n-1)

N (
Ny T

- N

= N - - -
—m(l n+l) =

Nz

® The coefficent of [xt,xt]qtqﬁ is

__N N (n-1)
T2y T A - W7oy

- _N - -1 =N
"Iy (mltn-b =5

To recapitulate:

1/2 1/2

: #
Py =~ Mlgwg )" ® [qt| + 2NK w. ® [q|

N _2

-7 K9 ® o Y2

5 R g @ 1

- wein(g)? & [q |2,

But we are not done yet: It is best to replace L by Mo

Observation: Since

I N

% T "t T n2 qt tq't
= n: ~ 1> 2mKa,
=ﬁt+Ktqt,



lGC

it follows that

e *ny ) o = (("l:: + Ktqt)*("il: K ))

b b c
("t + I(tq'l:) ac ("t + Ktqt) b

+

c c
(Ktqt)ac("t) b + ("l::)ac(Ktqt) b

2 c
+ (Kt) () ac(qt) b

b b 2
(D) o + 2K @D+ k)2 e
Accordingly,

¥
- 2N (xt*xt)

- _ 2 #
= ZN(nt*nt + 2Kt"t + (Kt) q-l:)'

where, by definition,

ok, = (n *11:’_.)#.

b
t t t

Therefore
#

#
- ZN(xt*nt) + ZIQKtxt

— 2 %
== Mmam, ) — ANKen, ~ N(K ) "qp

2 #
+ 2NKtnrt.+ 2N(Kt) %
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- ZN(Tft*Tlt) - ZNKtTlt

= - ZN(_“t*ﬁt - I_'l:f trqt(“t)ﬁt) L

The last item of detail is

N_2# N #
A M L LN PR o8
Write
R b
Deprelq, = e * KMy + KeTelg
I b 2
= [ %) q, ¥ Zelradg + 00 lapady
_ 2
= [ﬂt,rrt]qt + 2Kttrqt(11t) + (n-1) (Kt)
- 2
= [ﬂt,nt]qt + 2Kt(2—n)Kt + (n-1) (Kt)
= [w, ,m,] + (3—n)K2
t't q L
Then

2% N #
Ky + 7 Depoegd a. %

o2

i
N2

2 2, #
([ﬂt,ﬁt]qt + (3—n)Kt - Kt)q_t

[ N1§-A

4
(Irpmglg + (2-mK)a}

- 2=n

N
7 (nemly + =2y

I

2, #
tr ()"
Gt 9
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1 2. %
([ﬂt’ﬂt]qt - 5 trqt(ﬁt) )qt.

N
2

Summary: We have

. 1 . 1
P, = - 2N(1Tt*11t -3 trqt(ﬁt)ﬁt) @ |q_t] /2

N 1 2, 4 . 1/2
vz (g - 5o trg (P a @ la, |

1/2-

- NE:in(qt)# ® |q,|



Section 35: Variable lapse, Zero Shift Let M be a connected C manifold

of dimension n > 2. Fix ¢(0 < & = ») and assume that

M= ]_ 5;5[ X Z;I
where I is compact and orientable (hence dim Z = n -~ 1).
Let N¢C (M) be strictly positive (or strictly negative) (the lapse). Put

Nt(x) = N{t,x) (x€I}.

Suppose that t » gq(t) ( = qt) {te 1- e¢,¢[) is a path in Q — then the prescription
9 (e,x) ((x,X),(s,Y))

= - raN(x) + q (6 (X,Y) (r,S¢R & X,Y€T,2)

defines an element of gl,n—l (900 = g(ao,ao) = - NZ) .

=1 -
IEtEt—ﬁ-t_at then

Working with the metric connection of g, let xtesz (2) be the extrinsic

curvature, thus

xt(vaw) = qt( - lEVVI_}t:W)g(I_lt;IJt)

= G (LT



And, as in the case of constant N,

1
x = o L]
e~ W, %
Remark: The focus belaw will be on the camwputation of it rather than éjt.

At each t, submanifold theory is applicable to the pair (M,Z) (per

g = i{g = qt). To help keep things straight, overbars are scmetimes used to

distinguish objects on Z from the corresponding objects on M.

ILEMBA In adapted coordinates (and abbreviated notation), the connection

coefficients of g are given by

— N
c _ =C o _ 7,0
Mab = T ab oo =

N
0 =31 0 =_.!..}2
Fab*'quab,O and L
c _1 cd c  _
Db =29 9,0 _ POO_NquN,d'
[The camputation is carried out using
R _
I'kij =59 Gpi,5 ¥ 95,1~ 95,0

c _1 ot -
*T"b =29 @Gpab* Ipp,a ” Jab, o

2%, . + - g o)
29 Yoa,b " Y0b,a T Yab,0

1 od
*59 G355t Yab,a = Jab,d



®C

*T o0

toj =

N

]
NS
"
ks
+
Y
1
‘Q“!-.'

_1 00

_ 1
"“"mzqab,o
cl

9" 90,6 * Ipp,0 ~ Yob, 0’

I
[ | o

cl
9" G0, * I, 0

l cd

59 WYa0,p * 9,0

1 od
29 %p,0

0z _
9 940,0 * 9¢0,0 ~ J00,¢’

29600 0 * %0.0 = J00.0
29 Y90,0 " 00,0 ~ Y00,0

1 00



1 2
=5 {(-=)3,( -N9
2 N 0

=20
N Ld

.r0b=

N

goz(g +g -g )
£0,b * ZZb,0 0b, £

bIf =

00
9" (990, * Iob,0 ~ Yob, 0’

]

00
g (goo,b’

tof =

1 2
(-=3.(-N)
Nzab

B
N

c _1 ct _
*T00 =29 9po,0* 90,0 ~ Y00,¢

1 od
=39 (30,0 * 90,0 ~ Y0,d

lch( -g )
2 00,d

397 - a3 - )

[}

Ng™

.

NN

A’
Example: We have

~ _ i
Mab = Vpla T 0y p T Ty



- ) B |

= - Dol =~ Tl =N =55 9y,,00
Recall now our indexing conventions for the curvature tensor:
Rappel: We have

= g (W ,R(V;,V,)W,)

[Note: Here it is understood that Vv is the metric comnection of g.

Moreover, the dependence on t is implicit:

gV, W) = %, (V,Wn

il

x(V,Win = » (V,Wn,.)

Specialize and take

Wy = 8,/V7 = 3, Vy = 3q/W;y = 3.

Robed = Fabed

+ g(n(ac,ab)g,x(a (300 = g(x(ac,aa)g,x(ad,ab)g)

= Robod * *ac™ma " *adbe”



Rappel: We have

i

g(g,-(v‘*,lnv) v,M) - gn, W‘l"zn‘?) (VW)

or still,

@y 0 07y 0) = Ty 0 (V80

[Note: V¥ is the metric connection of g, hence is torsion free. Therefore
g(sr_lT(Vl'V2) M) = 0.]

Details It is a question of supplying the omitted steps in the preceding
manipulation. To begin with,
(VV %) WZ’W) =V (N-(Vzgw)) - K(VV Ver) - X(Vzp‘?v W) .
1 1 1
On the other hanrd,

L
9, (T o) (VW)

- L

-9 (Ilrnv(vvlvz rw) ) - g (r_lrnv(vzfvvlw) ).

e g(n, V‘J}iﬂvf(vzrw) )



U

B3
g({n,mor i vViHV'(VZ'W))

il

g(n,nor i*vvl (x(V,,W)n})

g(n,nor(V, (L (V,,W)n + »(V,,W) i*vv1§))

v, 6LV, Wgn,n) + x(V,,Wg(n, i*Vvlg)

= =V, 0V, W) + %V, Wagln, - ngl)
= - Vl(x(VZ,W)) .
- - - e
9o, (vzﬁvlwn = g(n,x(V ,Evlwn_u) = - x(vz,ﬁvlm.
Therefore
1 — _ - — - —
g(n, (vvlnv) (V,y W) = = V) (0 (V,,W)) x(vvlvz,W) %V Ty W

== (¥, %) (V.,,W).
Vl 2

Specialize and take

V=3V, =03,,W=2.

RD be = N(ch - Vbxac) .

It will also be necessary to compute Ran

b which, by definition, is



g(aO,R(aorab) aa) .

But 3, = Nn, thus

0
Ro:gb = g(n,R(n,3,)3_)
= g(R(n,3,)a,,n)
= g(R(aa;l'_l)Q'ab)

- g(R(g,aa)r_}, 3, «
Write

R@,3,)n = ngag B VaVDI_} - v[g,aal-‘
Then the calculation divides into three parts, viz.

L g(vnvr:xl-l’ E’b)

2. g (vavgg, 3)

3. g(v QJ ab) -

(n,3_]

l: First,

b_ b
(V7 = %",

0 _ 1 0
(V0 " = (v, (= 34))



_ .1 1 0
N

_ L _ 2 0
(N aOak N2 aO)
N - a0 NZ

21 e _Na
NN NZ

= 00

Third, v XeDt M),

c_1
(VEX) =5 (VOX)

Therefore

g (vgval;if ab)

_ i
= (vgvag) (3,05



10.

i

3
gij (ab) (ngal_l)

_ i
gib(vgvar-ﬂ
=g (vym° + g, (v.7m°
Jop n a- Ieb na-

_ c
= gbc(vgv 1)

1

0 a
= Gy T,% + o™ 17m° + xSy %

_ l ¢ c_ d
- gbc[ﬁ *a,0 o dxa]

_1 .23 _ ., c2

=& BE™b ™ *a 3F Tl * Oy,
_ 15> .., c1l

=N 3 %ab " Ma N (A + Owd
_1a _

_ﬁgfxab (x*u.)ab.

2: Analogously,

N N . N
_ sb;a _ ,b,a

Ad 3: On the one hand,
c
[I_}raa] = 0;

while on the other,



n,2,1°

0

11.

i 0 i, .0
n (aa)'i - (aa) {n) i
i, .0
- (3) (9),1
0
- (n) ,a
a N NZ
i
n aa] v.n
N a
A v.n
NZ 0=
N
-1 1
N2 vo.(N ao)
N
,a 1l 1
= I§ Yo% * 2§ 2!
N
'a

2
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R
Ob _
-—9-3-5— = - g{R{n,a,)n,3)

1 _
N ot Xab ~ UMy

N _N N N _N
P! b Tibja _ T,a ,b]
N2 N N2

%%{ %o~ Od gy - % (H) o) -

THEOREM Ric(g) = 0 iff L satisfies the differential equation

Xt = th(xt*xt) - NtI{t)tt - NtRJ.c(q_t) + H_Nt

and the constraints

- divqt(xt - Ktqt) =0

2

9
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It will be enocugh to establish the necessity of the stated conditions

{sufficiency follows by retracement). So suppose that Ric{g) = 0.

aib = 9 Maib

00
0=g Ro‘acn:"@’wR

dach
1
T2 Roaob * gcdeacb

13 1
=N b - Y § Bap

ai -
9 Ryaeh T *ackab ~ *ab*ac’

1o 1
=N %ab - U~ § Eap

+Rab+Kxab— (x*x)ab

9 = - - B 1
-éExabe(x*x)ab Kxab a.b+N(HN)ab

Zl=

a - - - —
-a—Exab-ZN(x*n)ab NKnab NRab+ (H'N)ab’
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X = ZNt(xt*xt) - Nthxt - NtRlc(qt) + HNt.

il

fe]

g'.xl
g

;

I
5
——
<3|
=
|
=

Il
E
=1\

m?ﬂ

I

<3

3

z
fu

I

=7

(divq (Kq)) a
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Therefore
divq(x - Kq) = 0.
I.e..
dlvqt(xt - Ktqt) = 0.
. R00 =0
SR agid
0=RYio =9 Ryoio

+

_ ab
=9 Roaob

_ab 2. .1 a - _1
=g (_N”ﬁa_txab (K*X)ab N(HN)ab]

- ab.l s - _1
0=g N 5T *ab Oood 40 = 7 (B ]

ab 1

i



16,

- Gy - g ) ]

gab[(w.*n)ab - Ry - _ab]

il

2
([Knt]q K™) - s(g).

2

([xt,w.t] - Kt) - scqt) = Q.

%

The necessity of the stated conditions is thereby established.

Obsexrvation:

2
[xtrxt]qt - Kt = S(q_t)

Kt = 2Nt(xt*xt) - Nthxt - NtRic(qt) + HNt

Ny

— 2 —
= M Owe ) - NKoxe + 5= (K [xt’xt]qt)qt

N
. t
T NRela) F Byt amy S

1
= w— T{(q, ,2N. %, ) + grad_ V. .
N, e Q. N,
Definition: The momentum of the theory isthepatht-»ptinsﬁ(z)i
defined by the prescription

_ 1/2
P =M ® |97



17.

where
_ #
M = (xt - Ktqt) .
The discussion in the previous section can now be repeated virtually
verbatim.
Constraint Equations These are the relations
- ‘1 1/2
([ﬁt,ﬁt]qt - = trq_t("t) S(q_t)) ® |qt|
div_p, = 0.
q t
Evolution Equations These are the relations
v
q_t M (g = =5 trqt(ﬂt)qt)
and

1 . 1/2
P = - 2N (ﬁt*ﬂt 5 trqt(nt)nt) ® \qt|

Ne 1

2, # 1/2
t3 (["t'“t]qt =) trqt("t) Jap ® |ay |

1/2

. ¥
- NEin{q, )" & |qt|

v Oy - g et o la V2.

[Note: The explanation for the appearance of the laplacian ﬁq_tNt is

the fact that tr ()'ct) figures in the formula for ﬁ)t.]

9



Section 36: Incorporation of the Shift ILet M be a connected C” manifold

of dimension n » 2. Fix e(0 < ¢ £ »} and assume that
M=]=-¢g,el x Z,
where I is compact and orientable (hence dim £ = n - 1).
Definition: A shift is a time dependent vector vield N on % {(thus
ﬁ:]— ¢,e[ - TZ has the property that ﬁt(x) = ﬁ(t,x) €T Z V X€).
Fix a lapse N ard a shift M. Suppose that t - q(t) ( = qt) (tel~ ¢,e)

is a path in Q. Then the prescription

xl‘

= - s — q (0 ® [T )

+ s, (6) (B |,) + 7, (0 @ |

+q (t) X,¥) (r,8€R & X, YT 7)

defines an element of M, _ .
r

[Note: In adapted coordinates (with N = M),

-N2+NaNa N,

Na e



[gij ]

Al

N quab - NaNb .1

Remark: We can write

b b

g=- v’ -q(ﬁ,ﬁ))dt®dt+§ odt+dt ® N+ g,

modulo, of course, the cbvious agreements.

Let n =l‘—-(9—--+) -— then
-t Nt ot t
=1 S

-ﬁ;g(at Ntraa)

= %— (g(ao,aa) - Nbg(ab,aa))

t

_1

=5 Wy - Nbc-{ab)
t
1

=— (N -N) =0.
Nt a a

n the other hand,
g(l}t:l}t)



1 - b A
1:17 (g(3g:3q) = 29(3y,N,) + g(N.,N))

t

= i‘f (9gq = g, + Na“’bqab)
t

In addition,

FACT We have

<]
o
i

b -
022 (aaN + xabNb)r_x + (Nua + vaNb)ab

- ba
Vo = (N + xchc}q 3+

LEMA Let xtES-z (Z) be the extrinsic curvature (per the metric oconnection



of g) — then
g, = 2, %+ L, q.
9 t*t tht
[For
3 Q) = qt(iivaa (Nn + N ogy)
* q1:(%':'L*";"?ab(1\71:1-‘1: + iq’t”
= mt(nt)ab + qt(vaéNt.ab) + qt(aa,vabNt)
= th("t)ab + (Lﬁ q) (aa,ab) .1
£
Application:
1/2 L2 1/2
d1q Y2 - @ivg N, + MK | /2,

The presence of the shift is not a problem: It adds one more term to the

equation of motion.,

THEOREM Ric(g) = 0 iff ty satisfies the differential equation

% = ZNt(xt*xt) - Nthxt - NtRlc(qt) + HNt + Lﬁ Ay
t
and the constraints

- divqt(xt - Ktq‘l:) =0

2
([xt,xt]qt - Kt} - S(qt) = 0.



Apart fram a few additional wrinkles, the argument runs along the by now

familiar lines,

[In fact,

0
R a0b

Nxcx uchN-V(VN+K Nc)]

= dt(VOVbaa - vbvgaa)

= dt(v (x n+T baac) - vbvoaa)

&R

=
+ VN )xbc]

1 o c -
5 ab + ae(T° ap’odc ~ V({3 N + % N)n + (M~ + 7N )a,))
L+ N+ % N - BN+ % N -
N ""ab ba'"c od E’ba ac a
l -
ﬁ[ab—Nx X " N.bCVN -V(VN+K N)]]
- c C -
R * By = %0 + 5= (B ac ~ Vean'
of
gJRiacb

c0
gaiRdacb+g ROacb



_ od= e
=d Ryap T ackab ™ “ab ac’ "2 Taach
c | o
+ ;2- [g(Nn,R(5_,3y) aa) + g(N,R(ac,ab) 3 )]
=R, + R, =% xS - Rl R
ab ab ac b N2 dacb
- _
+1 NG = T ) + Ndea o]
_ = c . N° = =
SR PRy Tt TR (vaac vcxab) -
Therefore
R. =R _ +E°

_ _ c
—R]+Kxl Z)t.cxb

1l .. ~ = C= =
+ N [x] - VaVbN N ? *ob Xbcv N - xac?bN]

=§ab+Kxab—2(x*x)ab+%[iab (B —L)t. 2l

But then R_, = 0 iff
xab=2N(x*x)ab—NKxab—NR +(HN) +L>c

N.B. Since there is no torsion,

— — -
Lﬁuab Vﬁxab + u(vaN,ab) + x(aa.,vbN)

%ﬁm+xﬂ%ﬁL%)+ﬂ%d%ﬁh



_ C= = C = . C
=N vcxab + x((VaN )ac,ab) + x(aa, (VbN }ac)

G = = C
=NVt y’bcvaNc + xacvbN

FACT We have

trq(Lﬁn) = Lﬁtrq(x) + [x,Lﬁq]q.

Remark: The evolution of Kt follaows from the evolution of X, - Indeed,

e =~ Qe ]q_t qt %)

- e, + Lﬁ Ter*e ]qt q_t %)

= - [xt; Lﬁ q_t]qt - ZNtIXt'xt]q_t + trqt(;tt)

t
=[ tr () -tr (L x») - ZN[x,x] (x,).
LACAIC IR el " T e

Notation: Let

[h, .]




Ric(n,a,)

To discuss the first constraint, write

Ny
n'R ija

ik 3
9 R

ki 3
9 88 k3a

ikeJ
nio' R kja

{see below)



Accordingly, if Ric(g) =

Therefore

i cb
- Qig q
_ klg R qcb

- 2Rt

- 9in,R(3 ,3.) ac)qu

- - cb
= Ue — Tphaid
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Conversely, under the stated conditions,

Ric(n,a)) = 0

Ric (NI_Ir aa) =0

Rix:(ao - Nbab,aa) =90

-NbRba=0
R0a=0.

Details We claim that

i 3L
BiR gyl = O

a not completely obvious point. Thus

i i L _ 0 A
DR g3a0707 = BoR 5,070
- i L
- NRﬁJaEE
And
it _ 0O
R;Ejag- gkRk,Ea-—-

_ 00 £ 3
=9 OEJann +g Rb!ija—-
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0.0 04
-g ROOOarln +g ROOda-—

+ % Rycgann’ + 5
0d

+g Rl:){JOann +g RbOda——

Ob c 0 Ob
tg 1achaI-}!-1 +tg

® Ryooa = 0 & Rypgy = 0

cd
nn

n'n



12,

* 9" Rpoaal
- gOOEchF
= - }._.. PR i . - E]..(_i- R
i, N N 0cda
——
A Focda
_n
N4 cOda
NN
=T d Rooda
But
‘?’ObRbodaf-‘o‘i‘d
_ 0b.0
P o1
= 2 "8 T 7 Boda
NN
" R
This leaves
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Roobe t Fabco * Racop ~ -

But

Ob c 0
g nn

o)

acOb

|

1
(s}
f=]
o

On the other hand,

Censequently,

But

t
l
Tal
=
=]
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Consequently,
gObgcng = 0.
Turning now to the second constraint, write

- ij ke
Slg) = Rikji’,g g

- ij ke .k ij
Rikj f’,h h 2R ik 2 (see below)
- ab_od .

(R bd T Mapted T nadxcb)qachd - 2Ric(n,n)

S(@ + K = Dud - 2Ric@m) .
Therefore

Ein{(n,n) = Ric{(n,n) +_%-S(g)

= Ric(n,n) + wm)+¥—[mﬁq-mm@@n

b -

|
M=

w@+¥-um¥.
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So, if Ric(g) = 0, then Ein{g) = 0, hence

s@)+¥—tmﬁq=o

or still,

umﬂq—f)—mm=o.

2
([xt;xt]qt - Kt) - S(qt) = 0.
Conversely, under the stated conditions,

Ein{n,n) = 0

Ric(n,n) + %S(g) =0

1 o - - 1 43, _
2R10(a0 Naaa,ao Nbab) +3549 Rij—o
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Details The claim is that

Ry zhlj ke _ o jﬁhkﬁgi_j - Rys zlzlnj ikt
equals
- 2rF ikj'-?ir—lj’
.- Rj_kj £h1j1_1k2£
= - Rldf.jhu?igj
. Rﬁkjhk&gigj.
* " Rixj '
= - Rkiejhmgigj
= - R£ ikjh 1_112 .
® - Ry 'nn'n”
=~ RjeqB I_ljl.}kl_1£
= - ijnigjg n
- ZRkj_k:-'«_lI'l:l
= @keRzikj’-?l-]
= - 20 - df9hr,, '
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_ ijk e
2R£1.kj__g_

Matters thus reduce to showing that

To this end, we shall use the fact that

Rf.ikj + Rfkji + Rﬂjik = 0.

. Rﬂkjigl'-‘j—k-£

- - ij-l-j_k_!i

_ ij-l_j_k_!i
. R!ij j_kgir_ljgk_ﬁ

== jokj_ﬂiﬂj‘} n

- _ Rﬁkj i_lBj_k_£°

Therefore
sz_kj-l—j—k—£ =0

ILEMMA We have

$(g) = S@ + Dol - K

_ 27, v.nt - niv.nd
2y, (» er_l nvyn Y.
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[As was noted above,

S(g) = S(@ + K - [l = 2Ric(n,m) -

But
. _ i i3
Ric(n,n) = (v.lng Vjvig )n
- 2Ric(n,n)
- 3 i, . J i
= 2[(v;n") (V,n } - (Wyn ) (9,07 ]
_ dg Iy Jg 1
27, (n ng ) Vj(g v.n].
Therefore
2 2
8(g) = 8(Q@ + K" - Dol + 2, - KT
_ 2. vt - nlvad
20, (07,0 Qler_l )
= s(@ + buxl, - K
q
- zvi(gjngi - I_'n_ivj{_lj) .l
Formalas
ip o3
#v. (o ;0 )
= ax (v, (Kn))

= at(7,(kp)) + & (7, (Kn))
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. 2
(q "ab) + K" - g VK

Zn—'

(qab) .xab I]\i qabxab + K2 - % Lﬁ(chx

1]
= b

o3’

1l ac. 1 2
! qodq xab tr(x)+K

1l cd cd
-'&-(Lﬁq )N- -—--q f.ﬁxod

-%qac(ZNx +Lq0d)q )x +—tr(x)+1(

1 od 1
- (Lgin = tr (L«
N T cd N g N
- - | 1 2P 1 y 2
= 2[1,K]q + 5 (Lﬁq )x] + N trq(x) + K
1 cd
-5 (La n g - Ftr (L x)
N N od N g 3

1 . 2 1
- 2[""qu + 5 trq(x) +K -5 trq(f.ﬁx) .

= dxl(vi(gjvjz_l))

i, «d. W a
= ax7 (v Igla N + x‘chb)q % " N % 2al
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, aN
= Ayl c «od
= dx (Vi[—ﬁ“q ad])

a_N aN
_ ¢ cd a ¢ cd
= At~ ¢ Vgay) + A& (7, [4—a 3gD)

o N 3 N

_ ¢ = 1 _ ¢ ¢
——-b?-q (adN+Nbxbd)+va(ﬁﬁaN) ?xaNa
=177
a
_1
—ﬁAqN'

Substituting these relations into the lemma then gives

S(g) = S(@) = 3l + K%

2 -
+ = (& - tr (L - AN},
N( q(1~:) q(ﬁx) bq)
Scholium: We have
G, =R, - i5(g
ab ~ Sab ~ 2 '35,

=0 - 3 _1l.2
_..Gab+K)(ab Z(x*x)ab+f[x,1]qqab Zan.b

1l .. .
t R Vap ~ Eg 9y

+

1
N [(qu)qab - (Hy) trq(l.ﬁ)()qab - Lﬁxab].
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Therefore

iff

oy = trq(i)qab = Lﬁxa.b - trq(l.ﬁx)qab

3 1 2
+ m(x*x)ab - NKxab - §-N[n,x]qqab + fNK 4y
- NGab -+ (HN)ab - (ﬁqN)qalf
Remark: Locally,

¢ =c@mn’ @ 0¥+ 6m,3) WP o & + &l et + 6,0 )8 ® @

The preceding result admits an interpretation in the language of lagrangian

mechanics. FPor this purpose, we shall use the following notation.

¢ q will stand for an arbitrary element of Q and v will stand for an

arbitrary element of 32 z).
® N will stand for an arbitrary element of C:O'(E)UCZO(E) .
[Note: Earlier N was a time dependent element of C:o (E)LC:O (z).1]

® i will stand for an arbitrary element of Dl (z).

[Note: Earlier N was a time dependent element of 1)1 (z).]

Given (q,v;N,E’i)  put

v-Lqg
_ N .
n = 7N
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[Note: It is clear that xESz(z) , thus it makes sense to form [u..,u.]q

ad K = trq(u.).]

Definition: The lagrangian of the theory is the function
L:TQ ~ C3(2)
defined by the rule

LU = NS@ + buxlg - K @ fait.

[Note: Accordingly, N and N are merely external variables.]
Heuristics Here is the motivation for this seeamingly off the wall definition.
Returning to the original setup, let
- - Jg o1 _ ig ol
f=-2v;(n ng_l nv.n},

Then £ is a divergence (on M}. So, ignoring boundary terms and all issues of

convergence,

= € el V3
fy Slgivol = J_~dt [y (S(g)ediy) if (e, pvoly)
=g dt f; (5@ ei)alnmg(a/etn)vol,

= 15 at g, (Stgyeiy (~LgMnn)vol

q,

= f_i dt [, N(S(g)ei)vol

9

2 .
- K + f°lt)VOl

= j‘_i at s N (S(q) + Ixt,xt]qt t a
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= ¢ L2
=J_, at Sy N (S{q) + b‘t"‘t]qt Kt)volqt
+ IM fvolg
= € 2
= f—s dt fz N (S{g) + {xt,xt]qt Kt)VOlqt
— 5 hd " +
= f_s dt fz L(qt,qt,Nt,Nt) .
[Note: Working in adapted coordinates,
vol = 9| %atnaxt A ... n @P7,
dtf\ca/atvolg
= |g|l/2dtf\c.a /atdtf\(dxl Ao A @Y
- [g[l/zdtr\dtf\t.a/at(dxl A oo A @

= l -

Vo g ]

Let

L(q,v;N,ﬁ) = Jrz L(quFNrﬁ) N
Example: Consider the simplest case: N =1, N=710 -— then

Liq,vil,B) = J; Liq,vi,0)

- v Ve v, 2
= Jp Bl@ + Lnzly - ) Yvol,

=1, - 2 - -
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= %G v ~V_;(@

=3K @y -V,@.

Notation: Write

ab
L @L™ sl - &4
5y & o
[Note: On general grounds,
GL
6q es (2} and — eS (z).]
SUBLEMMA We have
sL 1/2,
=L [( - Kgq ) ? iq
5y, & lal

+[ - 2N((K*x)ab - Kxab) +% ({x,n]q - Kz)qab

-+ - N)q 1 gV,

SURLEMMA We have

5L (xab 1/2.

- k™) @ |q|

Consider now the original situation, viz. the triple (qt,Nt,ﬁt)

{te]= e,e[) == then insertion of this data into the formulas for the functional
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derivatives leads to two functions of t:

5L 5L
a0 (t} & Eb- (t).
THEOREM Gab = 0 iff the equations of Lagrange are satisfied, i.e., iff
d 5 5L
I (t) = —— ().
dt Va1, 5%ah

It is a question of first calculating

d &L
(t)
at Gvab
and then comparing terms.
Step 1: From the definitions,
d st _d ab _ 1/2,
-d-E—B\Ta;(t)—EE(( Kq )@Iql
bd _ ab od 1 2
dt (x3(d"a ) o fq|t
* (dt L o G
=+ 6.
d _ac, bd
.xcd(ﬁq )q

. bd
= xeq( = & G T )4
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= - x -ac_bd
aqd 9 -
c.d bd
e xqd (Gr g
bu. vd
=xodqac(_q AT )
= _ ac-bd
(xqu .
( )abcd
at *ea’? 9
od. ab
=(-q xcd)q
.. ab
=_tr -
q(x)q
d abcd
- (dt )gq
- ( - aue vb)cd
cd qquvq 9
= x .ab cd
quq .
abd cd
‘-chq (E]-.Eq)
- _ _cu  wvd
_ ab.cd
- cdq d -
1/2
o P - kg Cld
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Summary: We have

L - k™ o |g?
= &P - trq(i>qab) ® |q|¥?
(qacqbd qatcé.[}:)t:'i éachd ab od) o |q|1/2
+ 3 (3P - anb)quécd o |qi'/2.

Step 2: Write

bd .bd  sabed  abecd
Q@ QT + G - -

- x g (203 + (Lﬁq)a")qbd

-y (20 * L R T

+ xcd(zmab + (L_}q)'e'b)qcd
N

cd cdab

xcd(ZNX + (L q)



Therefore

(L a)
N

(L q)
N

(L a)
N

(L)
N

- Xcﬂ(q q + q q

+ xcd(uﬁqac)qbd +(Lg

o=

|

o

(

28.

= qau(f.ﬁqw)qvc =-Ld

M qbu(Lﬁqw)qu =~ Lﬁqbd
b au(Lﬁquv)qu = - Lﬁqab
- qcu(Lﬁqw)qu = - Lﬁq"d-

- m ‘m "abCﬁ ab'Cd
ac PG - &P - P

- mxcdkacqbd - mcdxmqac

abcd-'_mx chqab

bd, ac ab, cd cd, ab
g - (L gg - (Lgg )
N ] ]

- 4N(x*x)ab + anb + ZN[XJ]qqab

ac _bd ab d
+K0d[.ﬁ(q g ~-qg q).

S S ch(mcd t Lﬁch)
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= N6 - k™)™,

1l  ab ab, od
+ '2- (% - Kq )q (NC}d + Nd:c)

= N6 - kDK + 6P - xqab)ﬁcNC.

Sumnary: We have

d ab ab 1/2
g8 (077 - kg )@Iql/)

= - trq(i)qab) B IC.[Il/2

- (4N(x*x)ab - ZNKnab - m[K:K]qqab) ® IQI]'/Z
+ chl_ﬁ(qacqbd - qachd) ¥ |Q1l/2

1/2 ab

+ 0 - kT 6 |g|?

+ N0 - k™)K ® |q

-ab

= (0 - trq(i)qab) ® !qll/z

ab

- (4N (wku.)ab - 3NKx 1/2

- zmx,xquab + 1) |q

ac bd ab od

1/2
+chLﬁ(q g -4 9 )®Iql/

ab

+ (7 - anb)%?ch ® |q|l/2.

The final point is to note that

L o - 1™

N
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=L, (x4 @™ - ™)
N

(L (qacqh':1 - qachd)
N

bd _ abca
+xcdtﬁ(qacq - g,

Since ﬁcNC = divqﬁ, it follows that

ac b4

ab
%l (@™ - ™ © lalt/?
N

+ ()ca'b - anb)ﬁch ® |q|]'/2

= L 163 - k™) ® |g]™?
N
)(qacqbd 1/2.

ab cd,
- (Lx g -q q ) ®|q]
N

Chservation:

ac bd ab
g g {Lx g = (L
N cod N

od ab _ ab
q (Lﬁxcd)q —trq(l.ﬁx)q .

Taking the preceding considerations into account, we then find that

d st 5L
= () = —— (t}
dt sv } 59 }
iff

-ab . ab _ ab _ ab
o= trq()c)q = (Lﬁx) trq(l.ﬁx)q
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+ 2N(x*x}ab - NKxab - %N[x,x]qqab + % Nquab

=ab ab ab
- NG - N ’
+ (HN) (ﬂq q

which is equivalent to the assertion of the theorem.

One can also arrive at the constraint equations by demanding that V t,

relationships which should be expected to hold on purely formal grounds (due to

the absence of the corresponding velocities in the definition of L).

[Note: Here
- % €C;(2)
5 el
o8
Ad % : We have

d . y

e=0

= d . '
=[5 3z L@ViN + N ) \5=0°
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oL N+ eNDS(Q

e=0
= N'S(g).

d '
. ar (N + &N )[K:K]q

e=0

v-lga v-Lg

_d : N &
= 3 (N + eN") [ s

] _
2(N + eN')  2(N + en*) 1650

d
de

1
[v - Lﬁq, v-1l q]q =0

4(N + eN') ]

1N
== lv-Lg, v-Lgd]
4 52 N N 9

- N' [K,K]q.

N+ eN")( - KZ)

oyl

=0

- ' 2|
=-g W+eN )trq(x) =0

v-1Lag

N 2
—_—]
2N + eN") 4

-4 '
ac N+ e g,

e=0

.4 1
de 4(N + eN')

2



33.

f =

N! 2
- lg.,v - L gl
N° N g

= N'trq(u.)2
= N'K?'.
Thus
8L 2, 1/2
W= (s - [l,x]q + K @ |q /
and so
5L _ , 2 -
N (t) =0« ([xtﬂtt]qt - Kt) - S(qt) = 0.
y:Ys| 8L : We have
sN

d '
a Lig,viN, N + eNY) ‘5%

_ d A '

=1, g Ll@viNN + NY) le=0'

v-1 q v-1L q
'Ng-—-[ f\i+eﬁ' ﬁ+5ﬁ' ]

de 2N ! 2N qie=0

=N§-5-——1—2- (- [v,tl _ ql +[Lal  4dl
(2N) EN' q ﬁ Eﬁl q
- [L qrv] + [L qu C,[] ) —
A d I i O



g1
2"

£

d
-3 DL _al_j _
de & 4 e=0

= - Ix,L
D¢, fq"q]q

1/2

[x.Lﬁ'qlq ® |q|

li

#
- <Ll g @ |q]
R

2 < ﬁ',divq x ® lqf

v—

L d
a_ [ N + eN'
ds qf 2N

d
- Al 5 Lo -

"

[q.»u]q g, x'.ﬁ"q]q

trq()‘-) [CI: Lﬁuq]q

= K[q, Lﬁ.q]q

34.

( - 2[v,L ﬁ-q]q + 2[L q,L

N

1/2

>

1/2 >

2

Iq

e=0

|
eN® ]
2N g

aﬁ'q] q) =0

e=0



and so

35.

1/2
K[q,Lﬁ.qlq ® |q]

- i:l T ] g 1
= Jy K X bt vi(ﬁ ) )vol

= J b= ' i
Sy R @D+ vi(ir* )yvol

1 1]
2 f}:. Kd:l.vq N volq

=-2/ N Kvolq

= = 2 fz dK(N")volq

= -2 f; @iv, %) (ﬁ')volq

=-2<N,div_ Kg @ a2 >.

5L . . 172
8L - 2(aiv_x - aiv_Kg @ |qf /

5N

&L =0 o : _ =
Eﬁ (t) =0 dlvqt()tt Ktqt) = 0.



Section 37: Dynamics Let M be a connected C manifold of dimension n > 2.

Fix ¢ (0 < ¢ = =) and assume that

M=]" 6'5[ XZ'.;
where § is compact and orientable (hence dim £ = n - 1).

Suppose given a triple (qt,Nt,ﬁt) {(t€l- e,¢[) (subject to the customary
stipulations).

Definition: The momentum of the theory is the path t » p, in $2(2)
defined by the prescription

pt = rrt & iq_tll/z,

where
n, = {x, = K )#
t- Ve T Nt -
[Note: The motivation lying behind the definition of « t is the fact that

5L _
v P

1/2

Here p stands for at s || with 1 = % - Kq.]

One can then reformulate the results from the last section along the
following lines.

Constraint Equations These are the relations

- 1l 2 12
(Inemelg, = 5o W (19" ~ Stap) @ lag|7% =0
div_p,_ = 0.
q.t

Evolution Equations These are the relations




2.
i 1
Ge = 2y - gy g DgY + g
t

By = = N, (n #m = 2= trg (rng) @ ja, 12

N
1 2, # 1/2
([nt,ntht n7 g (10 ) @ |a, |

- NtEin(qt)# ? |q_t|l/2
# 1/2
+ - (A _N)g)" @ |g | +L p.
HNt qttq-t 9 Ntt

THEOREM Ein(g) = 0 iff the constraint equations and the evolution equations

are satisfied by the pair (q_t,pt) .

Derivatives Given a function F:T*Q - C;(Z‘.) , define

2 w
D(q,A)F‘S2(E) X Sd(E) -+ Cd(E)
by
(D(q A)F) (v,A") = d F(q + ev,A + gi’ )’ -0
ge F(g + ev,A) 1 %E- Plg,s + eA") £=0°
Write
= _4a
DqF(q, de e=0
D, F{g,A)A" = a_ F(g
_ A de ! e=0
and put

F(qrﬂ) = IE F(qr-ﬁ) .



d - oy OF

d — | - 5]: 1
E F(q:-& + BA') le=0 = fz DAF(qrﬂ)ﬂ = < 'a'ﬁ"rﬁ p-d

provided, of course, that the relevant functional derivatives exist.
[Note: Analogous conventions are used in other situations as well, e.g.,

if instead F:T*Q - ﬁé(z) .1
Define a function H:T*Q —+ C;(Z) by

H@A) = (58] - 55 trg(0)? - s@) » ||

¥ 172

if A =s" ® |q|™/° and for any £¢C (2), put

Hf(q,n) = fz fH{q,A) .

LEMMA We have

] o1 1/2
DqH(q,Mv = 2([v,8*s]q =3 trq(s) [v,SIq) & |q!
1 1 2 1/2
- § (ssly - ip @ e ) @ fqlY
+ al% w.Ein(@)  |a}*/?
1/2

+ (Aqtrq(v) + Sqdivq v) @ |qg|

D,H(q,A)A" = 2(ev(s,a") - n—% tr (shevig,ah).



So, as a corollary,

&H

_{Sq_f = 2f(s%s = 5%2_ trq(s)s)# ® |q|l/2
- £ Usisl, - 55 e 9at @ gl
+ fein(@? » |q|Y?
- o - a ot gt
and
-Z% = 2(s - 25 tr (s)) -

Define a function I:T*Q - Acll(z) by

Each xe‘ol(z) thus gives rise to a map IX:T*Q - C;(Z‘.) , viz.

Ix(q,n) = - 2divq AX) (= eviX,I(g,A))).
Iet
I (q/h) = J; Ty(a.).
Then
- 81
g = L
81
_om e




[Note: Recall that
= st e g+ st e (@iv, X) jal™2.

Heuristics To see the origin of the preceding definitions, consider the

fibher derivative of L:

FL:TQ > T*Q
FL(q:V) = (q: ’5-[;
Then
< V, —g—é:- - L(q,v:N,ﬁ}
a 5L 8L
= « 2Nu, 6v~;~+< L_N'_q, > L(q,vNN}
But
< 2N é-[-'-;~-=.l' [2Mw,x - Kg] vol
' &V 2 ' q g

2
2 fz; N([x,x]q - K )volq

= 21“]')(; i) - L(qu?N:ﬁ)

il

2
2 IE N([Kr'h'.]q - K )VOlq

2
fz N(S{qg) + {x,xlq K )volq

- -
=Js N([x;x]q K S(q))volq



_ e L e
= fz N([n,n]q + (3-n)K K S(q))volq

— ] 2 C.)
= fz N([rr,n]q + (2-n)K S(q))volq

= N 2 _
=Js N([n.n]q =3 trq(n) S(q))vc>1q

_ b b _ 1 b2 _
= fz: N( o ]q o) trq(n ) S(q))volq

= Hola,p).

As for the term involving the Lie derivative,

&L
= >

- Lﬁq, SV

< Lo - k't o g2 >

=-2c N'.divq(n - Kp) @ |q]1/2 =

< N, -2ddip>

=

5~ Zdivq p(®h

Is _Iﬁ(q,p)

I (q,p).
i



FACT V Xéﬂl(k‘.) '

T 0B (L@ L) = L)

[Note: Keep in mind that

2 ®
D(q,A)H:S2(z) b sd(z) - Cd(Z)

2 1
D(q'A)I.SZ(Z) x Sd(z) > Ad(z).}

Tet

Hf,x(q”") = Hf(q,n) + Ix(q,A).

Then the hamiltonian vector field

2 2
Zf,X:Q X sd(z) - 32(2) x S3(2)
on T*(Q) corresponding to Hf X is characterized by the condition

2(2 —) = adH

£,X’ £,X

and can be represented in terms of functional derivatives:

E'Hf,x _ E'Hf,x\
] .

T 5q

zf'x(q,n) =

Now specialize and take f = N, X = ﬁt' Replacing (q.A) by (g,

the evolution equations state that

Qb =2 Gy
t"t



Otherwise said: The curve

t > (q_t:Pt) €‘I'*Q

is an integral curve for 2 .
NN

Definition: Let t ~ £(t) be a path in C:O'(E) (or czo-(zn and let t - X(t)

be a path in 01(2‘.) —— then a curve t + (q(t),A(t)) in T*Q is said to satisfy

the evolution eguations if

A
i=- e x
w L

[Note: Here t lies in some open interval centered at the origin.]
Example: If Ein(g) = 0, then the curve t - (qt,pt) satisfies the evolution
equations, where

f(t) = Nt
X(t) = ﬁt.

LEMMA Under the conditions of the preceding definition, along (q(t),A(t)),

we have
-~ @ 1 ,
= " T Sqp) E T@®),A0)) + Ly, EHGt),Ae)
2“11;'= (@f (£)) ® HIg(t) ,A6)) + Ly T(Q(E) ,A(ED)

or, in brief,



ag _ 1
Tl -f-ﬁ(fl)-l-LxH

dl _
ac - (Af)H + LXI

We shall first consider %HE:

) .

dg _ d
I~ cT-H(Q(t) LA (E))
= (D (q;f&)H) (qrﬁ)
5H 6H
_ f __ £
= CnP e )
51 SIX
+ 0P G "5
But
BCY |
s - 3
51
x —a
-
Therefore
&1 51
X X
(D(q;i'&)H) (gﬂ—-‘; - 'BE—)

Ly (H(q,4)) -



10.

It remains to deal with

or still,

or still,

or still,

&H &4
f £
CanP S - &/

DqH(q,A) (ﬁ—) - DAH(Q{rM (H)

5H 5H

f
(Aqtrq(m —) + qun.v (g5 =5y e |g