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§1. Introduction

For some time now, [ have felt that it would be a good idea tc assemble in one spot the
various elementary formalities governing the theory of Hecke operators. This, therefore,
is the primary purpose of the present note, the thrust of which is to prepare the way for

later work.
Let G be a reductive Lie group, I' a lattice in G, both subject to the usual conditions.

Fix an element ¢ in the commensurator of I' in G — then one may associate with ¢ a

bounded linear transformation
H(IT) : LA(G/T) — L*(G/T),

known as a Hecke operator. H(['¢T') intertwines the left G-action and the fundamental
problem of the theory is {o compute, in explicit terms,

tr(H(LcE) o L& (),

where, say, o is a K-finite function i C$°(&). Note that when ¢ € I', the fundamental
problem reduces to that of the Selberg trace formula itself.

In fact, I believe it was Selberg [16-{a}, pp. 68-70] who, following up or ideas of Hecke
[4] and others, was the first to pose the problem in just this way. Its importance was
stressed once again by him in [16-(b), pp. 188-189].

My original impression was that the calculation of

te(H(I'sT) ¢ Lgjr (o))
was somehow a more involved undertaking than the calculation of

tr(L&jr(a))-

However, I have since changed my mind and no longer think this to be the case. Of
course, various technical complications do crop up but they seem to bhe tractable and offer
no real additional difficulties. To support this contention, I have included an example in
the Appendix (viz., rank(l') = 1). While no attempt has been made at an exhaustive
discussion, nevertheless what is said there does serve to illustrate the kind of changes that
actually do occur.

Regarding the organization, in §§2-3, the various definitions and some of their simple
consequences are collected. The fundamental problem in addressed in §4. In §5, the
uniform case is considered, there being in principle at least, a posifive solution in this
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situation, while, in §6, the nonuniform case is comsidered, it being a question here of
merely setting the stage, so to speak, for a more serious investigation to be corducted

elsewhere.
As a convenient general reference, I shall use the monograph
The Theory of Eisenstein Systems, Academic Press, N.Y., 1981,

henceforth abbreviated to TES.

Acknowledgements. My thanks to Osborne for a number of penetrating remarks and
to Ringseth for a variety of helpful comments and criticisms.
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§2. The Hecke Algebra

Let & be a reductive Lie g}oup, I' alattice in &, both subject to the usual conditions
{cf. TES, p. 62) - then one may attach to the pair {G,I') its Hecke algebra ¥(G,T'), the
definition and properties of which will be reviewed below.

We shall agree that the volume of the fundamental domain of any lattice in G is to
be calculated with respect to some fixed determination of the Haar measure on G via
compatible normalization of the quotient measure and the counting measure.

Recall that two subgroups H, and H; are said to be commensurable if their intersec-
tion H; N Hy is of finite index in each: Symbolically, H; ~ Hs.

Put now

Com(T) = {¢ € G:¢I'¢71 ~ T},

the commensurator of I' in G. Com([l} is a subgroup of G containing the normalizer
of I' in G. Depending on the circumstances, it can happen that Com(T') = I' or that
G # Com(T) # T or that Com(l’') = G. Com{I') may or may not be discrete and can be

dense. Obviously,
¢ € Com(T) iff vol{G/T n¢le~t) < +oo.

This said, the Hecke ring Xz (G,T') attached to the pair (G, T') is the free abelian group
on the double cosets I'¢I'{¢ € Com(T'}) equipped with the followiag law of multiplication
{cf. Shimura [18-(a), pp. 304-305]): If | :

F;'I‘ - H g:;r
‘l
L'l = [T,
‘"
then
T¢'T+T¢"T = Y m(I¢'T, T¢I I6T)ECT,
<
where the sum is taken over all those double cosets I'¢I" contained in I'¢'I'¢"T and

m{l¢'T, T'¢"T; IT)
is the number of pairs {¢, ¢") such that
gl = ¢I'.

The multiplication is independent of the choice of representatives. It is associative but
need not be commutative; also, I'AI" serves as the identity element. That being, let

;{(G,F) = N (G, I‘) %ﬁ C.
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Then by definition, ¥(G,T) is the Hecke algebra attached to the pair (G,T).

One may also look at ¥(G,T') as a convolution algebra (cf. Iwahori {7, p. 218]). For
this purpose, let % be the set of all I-right invariant subsets of Com(I') — then A is a
o-algebra. Given A € ¥, put

u(4) = #(A[T).
Then y is a measure on ™. As such, it is clearly left invariant under Com(T'). Consider

the set
Ce(T'\Com(T')/T)

of all complex valued functions on Com(T') that are biinvariant under I' and supported by

a finite number of double cosets mod I'. The elements of
C.(I'\Com(T'}/T'}
are A-measurable and p-integrable. In addition, if
¢, ¢ € Co(T'\Com(T')/T),
then their convolution

b+ ¥(?) = f o(2¢)¥(¢ ™ )duls)

Com{I")

is again in
Co(T'\Com(T')/T).

The characteristic functions xr.r of the double cosets I'¢I" form a basis for
C.(T'\Com{I')/T')
over C. They can be used to implement an obvious identification
H(G,T) = C(I'\Com(I')/T)
which preserves the multiplication. To check this point, write

xrer * Xrevr = 9 p{T¢'T, T T T )xr,r.
5

Then ,
xre'r * xrerr(s) = w(T¢'T, T T TT)

= u(Ts'T N ¢(T¢"T)7Y),
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an integer, nonzero (hence positive) iff T'sT' is a subset of I'¢'I'¢”T’. There is a disjoint

decomposition
[¢Tne(T¢"T) ! = H ¢ ne(Te"T) L,

‘l'

so that )
u(T¢'T,L"T;TeT) = p(T¢'T N ¢(T¢"T) 1)

= E ulglT ne(Te"T) ™).
‘l'

However, ¢, is contained in ¢(I'¢"T') ™! iff there exists an ¢" such that

¢heln T =T
Accordingly,
p(TT, T¢I T5T) = Y p(ghginl 01 ¢T)
‘J'"H
= m([¢'T,T¢"T; I¢T),
as claimed.

For ¢ € Com(T'), write

indg(¢) = # of right cosets of T' in I'¢T
indg(¢) = # of left cosets of I' in I'¢T".

Then, in our situation,
iﬂdﬂ(f) = indL(g).

This is a standard remark. Its verification simply depends on the fact that vol{G/T') < +co.

./G/rngrr‘ B »/G.tr‘ -/;‘ﬂ‘ncl“s'“
»/;'/I‘n;—ll"; B v/;;/r ];{I‘no:—ll"g’

{vol(G/I‘ N¢Te~1) = vol(G/T) el : T n¢T¢—?
vol(G/Tn¢~T¢) = vol(GIT) o [T : T n¢~T¢]

Thus, we have

from which

or still {vol[G/I‘ NeTe™') = vol(G/T') eindg(¢)
vol(G/Tn¢~1T¢} = vol(G/T) eindy(¢).

“Since the volumes on the left hand side are equal, it follows that

indg(g') = indL[g].
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Calling their common value ind(¢) then determines a I'-biinvariant function
ind : Com(T') ~+ N

satisfying
ind(¢) = ind(s™").

Plainly,
ind(¢) = u(TsT)

= f xrerdp.
/ Com(T)

It should also be noted that the equality of indg and indy implies that it is always possible
to choose a common set of representatives ¢, such that

e =}l
'

F;F = Hrgh
&

an observation sometimes useful in calculations.
The Hecke algebra ¥{G,T'} admits an adjoint operation ¢ - ¢™*:

¢*(¢) = ¢(¢—1)

such that
(i) (¢ +¥) = ¢* + ¢~
(i) (co) =™
(iti) (¢ * )" = ¥* % 4%
(iv) (¢*) = o.

Otherwise said, ¥(G,T'} is a *-algebra. Norming X{G,T) by the prescription
ol = [ 16()iduts)
Com (1)
the equality of ind at ¢ and ¢~ gives

liol] = li¢™1]-

Finally,
&=l < lig]l » [i¥il.
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The construction of the Hecke algebra ¥ (G,T') is perfectly general and can be conven-
iently carried out in other contexts as well. For a case in point, let P be a I'-cuspidal split
parabolic subgroup of G — then one may form the Hecke algebra ¥{P,I' N P) even though
I'n P is not a lattice in P (if P # G). Of course,

P/TnP)eAeN o M/Ty
and I'ps is a lattice in M. Suppose that
¢ € Com(T')N P.

Then
eI NT

is a lattice in &, so
Te ' NINP=¢(CnP)~'n(CnP)

is a lattice in S. From this, we conclude that
¢ € Com(T n P},
the commensurator of I' N P in P. There is therefore an injection
I N P\Com{T')nP/T' NP — X(P,T n.P].

Because
¢ = meacn; = m, € Com(Car),

one can also define a map
I'n P\Com{l')nP/T'nP — XM, Tar)

that in general, however, fails to be injective. It is for this reason preference is given to P
rather than to M.
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§3. The Hecke Operators

Let Fuc{G/T'}) be the space of complex valued functions f on G /T ~ then one may
associate with eack ¢ € ¥(G,I') an endomorphism

H(¢) : Fuc(G/T) — Foe(G/T),

commonly referred to as a Hecke operator. Historically, Hecke {{4]) took
G = SL(2,R), I =SL{2,2Z)

and considered the special elements

b = (‘{f 1/‘3/5)'. (n=1,2...)

in the commensurator.
Thus write

¢ = Z C{Xl"c[‘-
s
Then, to define H(¢p), we need only specify the effect of I'¢T", which we do by letting

H(sT)f= Y. foRy,

TETTrel¢—1

R the right translation operator. It is clear that if

el = [[or,

then
HIT)f =) foR,.

Indeed,
I'= Hm(l" n¢L¢™1)
12

=
Lol = [l (6 = %)
it

Fne(G/T) is actually an ¥{G,T)-module, ie., Vp, ¥ € ¥{(G,T},

H{pxy) =H(g)H(v).



To see this, it will be enough to show thai
H([¢T+I¢'"T) = H(I'¢'T)H(I'¢"T).

But, in the notation of §2,

H(T¢T)H(T¢"T)f = Z (z fo Rc::,) o R;:}

‘H'

=) JoRux

Ll"ﬂ
= m(D¢'T,T¢";I6T) Y fo R,
{ i
= H{T¢T «I'¢"T) 4,

the contention.
Let us examine the terms figuring in the definition

H(IST)f =) foR,,.

Obviously,
fo R, €Fnc(G/el¢ 1)

Moreover,

T :Tnele™] < +oo.
Put

r(s) =L nalg™?).
Then still

[C:T(5)] < +oo

and

Z‘I[gl‘g“ : (¢)]

[C: T(s)]
Therefore the set of cuspidall (percuspidal) split parabolic subgroups of G is the same for
both T and T'{¢} {cf. TES, p. 37), although, of course, the number of cusps may very well
be different. In particular: I' and I'{¢) share the same Siegel domains.

Here are some examples of ¥(G,T')-submodules of Fac{G/T").

(1) Let
| { S(G/T)
R{G[T)

ind{s) =
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be the space of
. { slowly increasing functions

rapidly decreasing functions

on G/T (cf. TES, p. 77) — then each of these spaces is ¥{G,I')-stable. In fact,

{f e S(GIT)= fo R, € 5(G/eT¢ )
fER(GIT)= foR, € R(G/¢T¢ 1),
” { f € S(G/T) = H(TT)f € S(G/T(s))
f € R(G/T)= H(I¢T)f € R(G/T(¢)).
Since H(I'¢T')f is I-invariant, it follows that
{H(I‘fﬂf € S(G/T(s)) = H(I'T')f € 5(G/T)
H(TiT')f € R(G/T(¢)) = H(I'sT) f € R(G/T).

(2) Let A(G/T) be the space of automorphic forms on G/T - then

Aer) =G/, FI),
I

where, in the notation of TES (pp. 77-78), A(G/T, F, I) is the finite dimensional subspace
of A(G/T') comprised of those f such that

{YF of =f (Fck)
Ixf =0 (rc3).
We claim that A(G/T, F,I) is X{(G/T')-stable, hence that A(G/T) is too. In fact, if

f e A(G/T, 1),

then A H(T)7
I+H(IGT)f = H(DC)I+f)=0.

That the growth condition obtains is a consequence of what was said in the first example.
The Hecke algebra ¥(G,T') also operates on LZ{G/T). It is in fact easy to check that

1 € LM(G/T) = H(IST) f € L*(G/T),

the assignment
H(r¢T): L}{G/T) — LQ(G/I‘)
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being actually a bounded linear transformation. Because
H(E)fo7= [ JoR e7
G/rNgr¢—!

Gf¢Ts—1 ¢Ce—4Crygg—?

= [ semmig,
G/r

GJT

the adjoint of H(I'¢T') is H(I'¢~'T'), that is,
H(TGT)” = H((TeD)").

In other words: The action of ¥{G,T') on L*(G/T') gives rise to a *-representation of
X¥{G,T). Since
H{p) o Ler(z) = Layr(z) o H(¢) (2 €Q),

the H(¢) are intertwining operators. Consequently,

H(¢)f=f * Dy,

G/T

Dy a distribution on G/T), left invariant under T'.
The Hecke operators associated with the ¢ in the normalizer of T are unitary {¢I' = I'¢).
E.g.: If 'y is a normal subgroup of finite index in I, then V¢ € T,

H[rofro) : Lz[G/F()) hntd L2 [G/I‘g]

is unitary.
As is well-known (cf. TES, p. 23), there is an orthogonal decomposition

L*G/[T) Z@L’(G’/I‘ 0),

parameterized by the association classes €. Since Hecke operators respect Eisenstein series

(cf. §6), each of the _
L*{@G/r;C)

is invariant ander ¥(G,T'). The same’is thus true of

L3 (G/T)(= L3{(G/T;{G}) : the discrete spectrum



12

and
L (GT)(= E ®L?(G/T;C)): the continuous spectrum.
CE{G}

We can, moreover, split L3, (G/T') into an orthogonal direct sum of

L2, (G/T) (the space of cusp forms on G/T')

and
L? (G/T) (the space of residual forms on G/T),

both of which are again invariant under ¥(G,T').
The above space are modules for C3°(G) or C*(G), qua Lgr. Either action commutes
with that of ¥ (G,T') and our chief concern in the sequel is with the interplay between them;

cf. infra.
It is sometimes necessary to relativize the considerations supra from &G to P. No

problems arise in so doing since the general theory provides us with an analysis pf
L3G/(TNnP}eAeN)

and ¥{P,T' n P) operates on
Fuc(G/(T N P)eAeN)

in the obvious fashion.
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84. The Fundamental Problem

Consider the following statement.

Main Conjecture (MC). The operator LE5;(a) is trace class for every K-finite a in
Cx{G).

This conjecture is a theorem when rank(I') = 0 (cf. TES, p. 355) or when rank(I') = 1
(cf. Donnelly [2, p. 349]) and is undoubtedly true in general although this has yet to be
proved. It is implied by various natural assumptions {¢f. [L5-(e}], [15-(g)]). For a short

account, see [20-(b}].
Throughout the remainder of this article, MC will be admitted as a working hypoth-

esis. Owing to the theory of the parametrix (¢f. TES, p. 21}, it then automatically holds
for all K -finite o in C*(G).
Let now ¢ € ¥(G,T) - ther

H(p)e L?;'if‘r (a) = Lg;r(“) » H(¢)

is still a trace class operator. This being so, the fundamental problem of the theory is to

compute
tr(H () » Lgjr(a)) = te(Lgjr (o) » H(9)).

Needless to say, it is enough to work just with
$ = Xrqr-
;n the event that ¢ € I', the fundamental problem reduces to the calculation of
tr(Lg7r (a)),

which, of course, is precisely the question of the Selberg trace formula itself. As we shall
see, the elementary facts connected with the latter situation can be carried over without

essential difficalty to the general case.
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§6. The Uniform Case

Suppose that I' is uniform in G ~ then the quotient space G/T is compact and Va,
Loge(@) = [ ale)Layr ()do(a)

is an integral operator on L?(G/T) with kernel

Ko(z,y) =Y a(zyy™h).

- 7€l

Fix a ¢ € Com(I") - then
H(LT) o (Loyr(@)f)(2) = Y Layr(a)f(=e)

-x jG R ACHNOE
= j;ﬁ (Z > a(a:c,,'yy‘l)) f{y)de(y)

¢ el

o (E eten) bt

q€l¢l

This means that
H(F(F) L ] L(;/r (O!)

is an integral operator on L?{G/T) with kernel

Ku($;29) = Y a(zyy™).

vEr¢l

One may now perform the usual manipulations to conclude that
$r(H(T<T) @ Lar (o)) = /G RACEOLTC

= z vol(G /T ) -j;/G a(zyz” ' g/a., (2)-

{7}r 7
Here, the sum is taken over the I'-conjugacy classes {';(}p in I'¢I”. Moreover, as is customary,

Gy = centralizer of v in G
'y, = centralizerof v in I'.
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To interpret this conclusion, we need a simple remark (cf. Moscovici [12, p. 337}), viz.:

Let v € I'¢cT’ — then ~ is semisimple. To be complete, let us run through the argument. It

suffices to prove that the set
{zyz7' : 2 € G}

is closed in G. For this purpose, suppose that z,vz,;* — z. Write G = o, @ compact.
Let 2, = WnVn (Wn € Q70 € T} - then we can and will assume that w, — w € {, thence
zn')'z;l = wnqn'T'T;lw;l -z

= Ya17e "t = w law

= Y1y =w lzw  (n > 0).

I.e.: z is a G-conjugate of .
Accordingly,
tr(H(I‘;T) » LG[I‘ (a))

is given in terms of orbital integrals
f a(:c'yz_l)dgm_r[:c)
G/G

per the ~ € I'¢T', all of which are semisimple. The Fourier transform, in the sense of
Harish-Chandra, of an orbital integral with respect to a semisimple element of G is known,
thanks to the work of Herb [5], thus one does in fact have an explicit formula for

tr(H(T'sT) » Lgr(a)),

thereby providing a positive solution to the fundamental problem in the uniform case.

Denote by
L*G/T,U)

the isotypic component of L2(G/I') corresponding to I/ € G — then H(I(T) leaves each

such invariant. Agreeing that | o Signifies restriction to
L}a/r;v),
we can say that

tr(H(T¢T) .Lc;/r(a)] = E tr(H(I‘gI‘) |U eLegr(a) |U)
ve@
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The calculation of the local traces
tr(H(T¢T) |, oLg/rla) |y)

is a difficult problem of some importance, about which little is known. We shall give one

example,
Suppose that rank(G) = rank(K), so that the discrete series G4 for G is not empty.

Fix an integrable U € a‘d operating on a Hilbert space £, and let
ao(z) = dy, (Uo(2)ve, v0)  (vo € Ho,vo K —finite, ||vo|| = 1),
dy;, the formal degree of Uy — then (cf. Osborue {14, p. 47]), VU # U,
Ufag) =0,

implying that YU # Uy,
Lg/r(a’o) IU= 0.

Therefore
tr(H(T4T) o Lgr (o)) = tr(H(TST) |, oLayr (o) |, )-

Let m(U,,T') be the multiplicity of U in L*(G/T'). Write
S(UO'}LG,{I‘ |U£l)

for the set of all :
T: 85 — LQ(G’/I‘; Uyp)

intertwining Uy and Lgr | y, ~ then
3(Us, LG;F' |U0)

is canonically an m(Up,I'}-dimensional Hilbert space. H{I'¢') determines an endomor-

phism
H([‘(F : Uo)
of |
3o, Lgyr |y,)
via the rule

T — H(LST} |, oT.



17

Plainly,
tr(H(L¢T) |, eLayr(ao) |y, ) = te(H (DT : Uy)).

On the other hand, by the Selberg principle,
] ao(xﬁz_l)d(;/c,'q (:r:] =0
G/G+

unless v is elliptic. There are but finitely many elliptic I'-conjugacy classes {v}r in T'¢I".

It
(E) ).

{v}r

is the sum over these, then

e (H(TST : Up)) = (B) 3 vol(G/T) » f so(272~")dg ., (7).
{7}r GG~
Owing to classical theorems of Harish-Chandra and Langlands, the orbital integrals on the

right can be evaluated in closed terms. The familiar specifics need not be detailed. All
told, then, we end nup with an explicit expression for

tr(H(I‘gI‘ : Uo))

One can use if to recover certain standard results from the theory of modular correspon-
dences. This is because the duality theorem {cf. Maurin and Maurin {11-(b}} or Olshanskii
[13]) guarantees that |

3{(Uo.Layr |y,)

is isometrically isomorphic to A(U;,T'), the set of all continnous I-invariant linear func-
tionals on the space of differentiable vectors for Uy, a set that admits various concrete
realizations under specialization of the assumptions [¢f. Mackey [10] or Maurin and Mau-
rin {11-{a}]). In particular, when ¢ € T,

H{T'T : Uy) =1ID

and
tr( H{II' : Up)) = m{U,,T),

leading to the formula of Langlands {9-(a), p. 255] for the multiplicity m{U,,T’).
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§6. The Nonuniform Case

Suppose that I' is nonuniform in G — then the quotient space G/T is not compact but

has finite volume and Ve,
Lgr(e) = /; a(z}Lgr (z)d(z)

is an integral operator on L?(G/T) with kernel

Ku(z,9) = Z a(zyy™t)

Tl
but this time it is no longer necessarily true that

K, € L*(G/T x G/T).

Write
Kgis (3, y) = Kﬂ[xa y) - K;Oll[z, y)'

Then, on the basis of MC (cf. §4),

K35(z,y) € L*(G/T x GJT)

tr(L&p(a)) = /G K (e a)ia).

In this connection, recall that the kernel K" (2, y) of LG (a) is given by

?Ka(z,y: C),

where
Ka(z,y:C)——-ZKﬂ(z,y:O;C)
0
and
1 1 .
K, (=, ;O;C = — 8 — f Koz, :O,-,A; dAil,
(2205 050) = (g7 5707 * 2 Jygu pg o500 QiAo
with

Ko{z,y: 0, A)
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=Y Cpn(e: 044 $E(P|4; : e}, : A : 2)E(R[A,; - € : 4; : y).

i, n

The details are spelled out in TES (pp. 356—357).
Fix a ¢ € Com(T') — then

is an integral operator on L?(G/I') with kernel

Ku(e;2,9) = Z af{zyy™!).
qE€r¢l

In addition,
H(I(T) o L3 (a)
H(T(T) o LR (a)
are integral operators on L?(G/T') with kernels

{KS“(cz z,y)
K™ (¢;2,9).

Of course,
Kg“ (632, 4) = Kalss 2,4) — K5°($5 2, )

The description of
K¢ 2,9)

is a fairly straightforward matter, modulo a little bit of preparation to which we shall now

direct our attention.
Let ®; € £(d, 0;) — then attached to ®; is the Eisenstein series

E(P;|A;: ®;: A : z).
That being, there exists a map
Hs: PifA:: Ay): E(5,0:) — £(8,0;),
characterized by the relation
H(DT)E(F;)A; « @4 : A; 2?)(2)

= E(P‘IA, : H(g : PflA,‘ : A,‘)@i t A z).

It turns out that H{¢) is an entire function of A;, slowly increasing on Re(4;) = 0.
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We remark that for cuspidal Eisenstein series, the existence of H(¢) can be established
directly at level 1 by means of the theory of the L(z) spaces (cf. Harish-Chandra [3, p. 91}),
then at level n by induction. The general case is handled by the residue taking process.

An example may be found in the Appendix.
Because H (I'¢I') intertwines Lg/r, one should expect that H({¢) intertwines

Ind,c\':f'_. A,en,+ Indeed, on the one hand,
Ler(o) e H(IST)E(P;|A; : ®;: A7)
=Lgr(a)E(PijAi : H(s : PiA; : A;)®;: A7)
=E(P;|A: : IndSyep,an, ((0is4:)) () o H(s : PilA; : A;)®; 2 4, :7),
while, on the other hand,
H(T(T) o Lor(a)E(P:|Ai : ®;: A %)
=H(T¢T)E(Pi|A; : Ind$y, o 0,en,((0i,4:)) () ®; : A; :7) |
=E(P;|Ai : H(¢ : PijAi : &) o IndFy.0,un, ((0i,4:)) () ®; : A; :7).

So {(cf. TES, p. 313),
H[f : PllAt : Al) e Indf{.‘.A,‘!N.‘({oi’ A“])(a)

= Ind}y,e 4 en, ({0 Ai)) () e H(c : PijA; « Ay).
There is also a connection between H(¢) and the c-functions_. Thus, using the func-
tional equations, we have
E(P;JA; : (P;|A; : PilA; : wyi : Ay) o H{¢ : Pi|A; : &)
X e(P:|Ai : PilA; : wi' s wishi)®; : wyiA, 7)
=E(P;|A; : H{¢ : PijA; : A;) o e(Pi]A; : Pj|A; w;il Py A )@, A 0T)
=H(DT)E(Pi|Ai : e(PilAi : PylA; s wi' s wyshi)®;: A/07)
=H(T¢T)E(P;|A; : c(PjlA; : Pi|A: s wyi: &)
X (P|A; : Pi|A;: wit : wiehi) @5 : wyidy 07)
=H ([¢T)E(P;|A; : ®;: wid; :7)
=E(P;|A; : H{¢ : Py|A; : wysA{ )Py widy 7).
So (cf. TES, p. 313),
c(Py|A; : PilAi : wyi : Ag) e H¢ : Pi]A; 1 A))
=H{¢ : Pj|A; : wyidi) e e(Py|Aj : Pi|A; s wyc Ay).
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It is then easy to prove that

K s iz, y) = Z,Ka(‘:; z,y:C),
c

where
Ka(s;z,9:C) = ZKa(g;:c,y: 9;C)
o
and
Kale;2,9: 0;0) = *(C) ;Aem:o Ka(s;2,y: 0:,Ai)ldAs],
with

K&(;; T,y ois A:)
= Z Cohnla: 0, A)E(PJA; : H(¢ : P;|4, : A.-]e:n 1A 2)E(FPlA; s el s Ayl

m,n

Now bring in the truncation operator Q¥ (cf. {15-(b)]) — then VH € ag,

tr(QH o H(DST) o L () 0 Q1)

is equal fo
Qf{;Q(’i)Ké"“(;; z, 2)dg(z)
¢/r
or still
Z/ (23‘)‘ *(C E z

341

fo 3 Cron (1 0,A5) @ (T, 7a)ldAd),

e{A)=0 ; n

(s, 7s) being

[G . QUE(P;|A; t H{¢: PA; 1 Ai)el, - Ai: 2)QUE(PiA; 1 el : A; : 2)de(2).
This sets the stage for the calculation of
tr(H(I¢L) » LdGl}‘r (a)).

While the difficulties are considerable, it nevertheless seems to be a certainty that a positive
solution to the fundamental problem in the nonuniform case will eventually be obtainable
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by utilizing variants of the methods developed by Arthur and Osborne and Warner for
the derivation of the Selberg trace formula itself. At present, the contribution from the

continuous spectrum to
tl‘(Lg'i;r(“ ))

is known (cf. [15-(g)]). To obtain the same for
tr(H{T) o LFr (@),

it is first necessary to get an analogue of the main result from {15-(f)]. This is indeed
possible but will be dealt with elsewhere.
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Appendix

Here, by way of an exam'ple, we shall briefly consider the simplest case, viz. the
situation when rank(I') = 1. Since a treatment in extenso would be quite lengthy, thus
out of place, we shall settle for a sketch of how things go, leaving aside some of the details
and omitting altogether a pursuit of the matter to the bitter end.

Agreeing to use without comment the notation of [L5-(a)), let us assume for simplicity
that I has one cusp only. Fix a ¢ € Com(T") — then

¢P¢™! and ¢"iP¢
are both I'-percuspidal, hence I'-conjugate to P. So: Iy, € T such that
(T P¢ =4 Pyt = P =gy Py ™ = ¢y, € P

Le.: One can always multiply ¢ on the right by an element from T to force ¢ into P. In

the decomposition
'l = H oo
t

there is therefore no loss of generality in assuming that ¢, = m,a,n, € P, giving

T nP=[fa(CnP).
&

Let {¢,,} be a subset of {¢,} for which

T n P =[[(T n P, (T nP).

to

Then
(I‘nplgo[rnp)=ﬂgb[rnp)s

where the ¢, on the right have the property that
(TN P)e,(TnP)={TNnP).(TnP).

The injection
'nPA\INTNP/TNP— X(P,TNP)

produces from the ¢,, a finite sum of Hecke operators, namely

> H({I'n P, (I'n P)),

‘o
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a bounded linear transformation on
LE(G/(F NP)eAsN).

Recall now the following statement from reduction theory (cf. [15(a), p. 21}): Let C
be a compact subset of G — then there is a number e > 0 such that if

a(t)ya(—t) € C

for some v € T’ and some ¢ < logec, then necessarily ¥+ € I' N P. The replacement for
this assertion in the current setting is: Let C be a compact subset of G — then there is a

number £ > 0 such that if
a{t)¢ra(-t)eC
for some 4 € I and some ¢ < logec, then necessarily ¢4 € P. In fact, suppose first that
¢ € P —then
a(t)erva(—t) = a(t)ca{—t) e a(t)ya(-1).
Since
a(t)sa(—t) = m.a.a(t)n.a(—t)
stays bounded for { < 0, we can apply the lemma of reduction to push v into I' YV P, thence
¢y € P. In general, there is a 4, € T such that ¢+, € P. This said, write

a(t)sva(—t) = a(t)¢y, o v va(—t)

and then reason as above. In passing, note that ec ostensibly depends on ¢. We can,
however, come up with an ¢- that works simultaneously for all of the ¢,, a uniformity that

1s sufficient for the applications.
Let @ be a K-finite function in C2°(G) — then

e(H(OST) o Lo (e)) = lim_ex(Q™ o H(DST) o L& (a) 0 QF)

=i [ [ ofolKalsinadale) - [ Q@B K (62 2)de(a)].
G/r 6T

H—==00

Each of these integrals contains a singularity which must be isolated and cancelled.
We have (cf. [15-(a}, p. 15]}

{ ja/r Qg) Qg) Ka(f; x, -"»')dG(S) = IGII‘ Qﬁ)Ka(g‘; z, z)dc;(z}
Joir @)RG) Kalsiz,2)da(z) = Jor Q) Kalsi 2, 2)da(2).
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In contrast to what was done in [15-(a), p. 35| when ¢ € T, it is better to work with the
second of these relations rather than with the first. That being, let z € &, ,,, — then, by

definition,

Ka(siz,2)— | Kofs; 2, zn)dy{n) if z€ &
H K - = NyNaT e
Q(z) a(&',x! z) { Ka(;; z,2) ' 2 Sty

Because o is compactly supported, if H <« 0, then

/ Ko(¢; 2, zn)dy(n)
N/NAC

> a(zqn—lz“l))dg\r(n}

N/NAF (151" T

Lol B o

Y€ /TNN n€EPNN

=f( 3 a(zfyn‘lz_l))dy(n)

N Mqer¢r/TAN

- fN ( > a[zqnz_l))d;v(n)

JELST/TNN
=j( Z Z a(z;fﬁnz_l))dk(n)
N \yer¢r/rnP $€INP/TAN
=j( Z Z (zy6nz—! )dN(n)
N \yer¢rnp/rnp s€r y _
f(z E zgﬁnz‘l))dN[n).
i S€lps

Proceeding at this point exactly as in [15-(a), pp. 36-38), ix H, < 0. Assumiﬁg that
H < Hy, we get

/ Qi Kalsiz,2)de () ‘
f (@ - Q(z))K (2, z)de (= [ QKo lsi 7, 2)da(2)

—_—-/;Ho ( Z: a(zqz"l})dc;[m) + o(Hy)

y€r'sT
A(Ho) ( P -1 )
—_ . 5_ E a {mma,im daelm
[Ai ju;FM ¢t SETas ( o ) M[ )
__;\[H

D), [ (55 et ot

t S8€Fas
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where

af (ma) =f ax (man)dy(n).
N
As usual, o(H,) is some function of Hp such that

Hm O(Hg) = 0,

Hp~—+—00

thus is effectively ignorable. The integral over M /T ps may be viewed as the trace of a
certain Hecke operator in ¥{M,Tas).
One must now go back and look more closely at

L 09 e (s 2 2)dale)

or still {cf. §6)

Zf S Counle: 0,A) o (7, o) ldA],

Re(A)=0 p, R

(?m, 7n) being

f QYE(P|A :H(c: PlA: A)en : A:2)QUE(PlA e, 1 4: z}dg(z).
G/r

Owing to the Langlands inner product formula {but suppressing the orbit type from the
notation}, (?m, ?s) is equal to the sum of

AlH)
Al

o (H(¢: PlAd: A)ey,e,)
and
(e(PlA: 4)" = c(PIA A)e H{¢: PlA: A)enm, e,)
and
2A(HA]{2MHJMN o (H(¢: PlA: A)ey,,c(P|4: A)e,)
_...tE?A(Hx)/P\] o (H(¢: Pl[A: A)ep,, c{P{A: A)*e, )},

iy the exponential of A{H). Consequently,

3" Crnla: 0,4) ¢ (2, )

m,R

is equal to the sum of

~22E) s u(ra(s : Pla: 4) « Ia (0, 4) )
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and
tx(H(c: PJA: A) o IndS((0,4))(a) o (P4 : A)*%c(P[A  4)
and

—ﬂ_(-l-gﬁ{z;“(”ﬂ/ M ex(H(s : PJA: 4) 0 IndZ((0,4))(a) » ¢(P}4 : A)*)
—tAENM g g (H(e : PJA : A) « IndS{(0,A))(a) e e(P]A : 4)}}.

In order to treat the singular term, we shall need a formula for H(¢). Let
® ¢ £(5, 0) - then

H(IT)E(P|A: ®:A:")(z) =E(P]A:H{¢: P|[A:A)®:A:2).

To make the determination, it will be enough to confine our attention to &, ,,, assuming
that Re{A) < —p (in the obvious sense). Let C-T stand for constant term - then, with

z = ka(t)mn € Gy u, = K 0 Allo] ® wo,

we have
H(IT)E{P|A: ®: A :7)(z)
= C-T{(H{[x"T)E(P|A: & : A :7)){z)

+ (H(I‘;I‘)E(P|A :®: A7) (z) — C-T(H(T¢T)E(PJA: ®: A :?))(:c])

= (H(¢: P|A: A)(I:)[km)a[t)A—p |
He(PIA: 4) e H(s : PlA: A)@)(km)a(t) ™~ +o{t) (¢ — —o0).

Therefore

Jim a(t)’~A(H(DsT)E(P|A: ®: A:?){z)) = (H(s : P|A : A)®){km).

But also
H{IXT)E(PIA : @ : A :7)(2)
=2 2 ozt~ e B(2g7)
¢ yer/raP
= Z z a(z'hﬁ)A-p e @(37,{;)
¢ er, /NP '
if for short

I, = f&rfg—l-
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Put
$, =Dk,

Then

Y a(zns)A P e @, (27,)
v.€L /T NP .

=gl P e E(P|A:®,:A: 7).

This means that

H(INT)E(PJA: ®:4:7)(z) =D al P e E(P|A:®,:4:2),

50 too
lim a(t) (H(F;‘I‘] (PlA P:A7 z)) Za"‘ ".Q(km)

Fomt = %0

In other words, qua an endomorphism of £(4, 0),
H(s:PlA:A)® =) a*Pe®oR,,.
1

By analytic continuation, the formula retains its validity for all A and, in addition, admits

a ready interpretation:

H{¢: PlA: A)® = Y a*~? e H{{I' n P)g, (T N P))®,

‘-0
lo

a linear combination of Hecke operators vis-a-vis P. Naturally, one must observe that

(LNP),,(T'nNnP)=(TNnP)(CNnP)

= a4, = 6y,

a triviality.
To discuss
Y tr(H(s : P{A: A) « Ind$((0, A))(a)),
0
we argue as on p. 42 of [15-(a)], eliminating the sum over O by induction in stages and
then using the corresponding formula for the kernel, thereby reducing the evaluation to

that of
[Sat [

af (mm,,a&m"l)) a"A+pdA(a)] dae(m).
M}FM §ET p
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In the context at hand, the mechanism of Fourier transformation is

{f(A} = Jy f(a)a=A+0d(a)
F@) = gt o fouaymo F(A)ar~)d4].
Accordingly,

411:- ./Re(A)_o(Zt’(H(S‘ PjA: “-‘)'I“d (o, A))(a)])ldil

equals

fM/r (Z Y. of(mm,a,6m- ))dM_(m)'

t el
By inspection, the cancellation is then immediate.

The Dini analysis offers no new surprises at least if on

¢ admits an assumption on the
c-functions akin to that on p. 49 of [15-(a)].

The upshot of all this is the conclusion that mod o(Hy)

tr(H(I¢L) o Lg.lf,r (a)}

is equal to

/ﬂﬂo( Z cx[:rrz_l))d(;(zj

~€l¢l

1

e -/Re(A)zo (Z“’(H(F Pl4:4)¢IndZ((0,4))(e)ee(P|4 : A)*%c(PIA:A)))]dAf

-z -Ztr(H[; PlA: 0) e IndE((0,0))(a) e ¢(P]4 : 0)).
The third and fourth terms represent the contribution to

te(H(I¢T) » Lg;;r (@)

arising from the continnous spectrum, thus

require no additional analysis. As for the first
and second, they contain the contribution to

tr(H(T'¢T) o ngr (a))
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associated with the I'-corjugacy classes in I'¢I' and we can proceed, in essence, along the
same lines employed in {15-{a}, pp. 56-80] when ¢ € T' to cancel out the A(H,) ending
up, after substantial elaboration, with orbital integrals {weighted and unweighted) and so
forth. Of course, one must start by drawing up a classification of the elements of I'¢T".
This is not difficult {cf. [15-(a), §5]). Still, there is & fair amount of detail involved and
since it is not especially illuminating, we shall not stop to provide it, being content instead
to close with a few simple remarks.

Needless to say, we can and will assume that I'¢I’ #£ I'lT’. Moreover, we might just as

well supp ose that
L¢Cn Zg = 0.

For otherwise, if

then it is permissible to take ¢ central, giving

E af{zyy™! ZaoL (zyy™1).

YET¢T ~€T
The calculation is therefore covered by the Selberg trace formula applied to a o L, raiher
than e.

Put
{L¢T)s = {yelel': {v}rnP =8}

Then Lemma 5.5 on p. 20 of [15-(a)] remains valid if I's is replaced by (I'¢T)s. It follows
as there that the elements of {['¢I')s are semisimple. Furthermore, if v € {I¢I')s, then T,
is a uniform lattice in G,. Denote by (I'¢T')p the complement to {I'¢T')s in ['¢T" — then

_/‘;Ho( E a(zyz™ l))dc-' = (5) E vol{ G'.,/I‘.,).f a(zyz~ )dg{z)

vEr¢T {7}r GfGy

+LH0( Z a[zqz;l))dc(z),

ve(IsT)F

the symbol
(5)
{7}r
standing for a sum over the I'-conjugacy classes of thé elements of (I'sI')s. It remains to
delineate {['¢I')p. In this regard, things run pretty much as expected so long as one takes
into account the fact that I'¢T’' N A may very well be nonempty, in contrast to what is true
for I'. One must also remember that the elements of Com(I'ps) are semisimple (cf. §5).
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