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Summary

Outline

This thesis is devoted to the study of low-order perturbative quantization in Chern-Simons
theory with polarized coefficient Lie algebra (“split Chern-Simons theory”) through methods of
the BV-BFV formalism, and connections to theta invariants. The theta invariant is an invariant
of framed rational homology spheres that arises in the study of perturbative quantization of
Chern-Simons theory. The BV-BFV formalism is a tool which allows to compute the pertur-
bative quantization of a gauge theory on manifolds with boundary, in a way compatible with
cutting and gluing. The thesis is divided into six main chapters. After an introduction, in
the second chapter we recall some preliminaries. The third chapter is devoted to a particu-
lar choice of gauge on product manifolds, the azial or lightcone gauge. The fourth chapter
contains some facts about polarized Lie algebra. The fifth chapter applies the methods of
the previous two chapters to the study of the perturbative quantization of split Chern-Simons
theory on 3-manifolds, using the axial gauge. In the sixth chapter we discuss an alternative
method to evaluate Feynman diagrams which can in principle be applied arbitrary Heegaard
splittings. Several appendices are added that cover technical material, especially computations,

some background material on de Rham currents and theta functions, and conventions.

Main results

Chapter[2]is just review and contains no original material. In Chapter |3|there are several results
about the axial gauge. This gauge is not regular, in the sense that the associated propagator

defined on C9(M) = M x M — A does not extend to a smooth form on the Fulton-MacPherson-

Axelrod-Singer (FMAS) compactification of the configuration space Co(M) = CY(M). We show
that the axial gauge can be seen as a certain limit of regular gauges defined by Riemannian

metrics, and give a physical interpretation of this result. We use this approximation to de-



fine a regularization of the axial gauge, i.e. a way to define the products of the distributional
propagator. We show that this regularization reproduces some regularizations in the litera-
ture. In Chapter ] we consider polarized Lie Algebras and prove some new results concerning
contractions of structure constants. In particular, we show that certain contractions are not
independent under twists. In Chapter [b| we consider split Chern-Simons theory. We describe
the Feynman graphs and rules of theory, and give an explicit description of the Feynman graphs
of the theory on handlebodies. Using the results of chapter [3| we then present explicit com-
putations in the case of Heegard splittings of genus one, i.e. the decomposition of a lens space
into two solid tori. We show that this reproduces the result of Kuperberg-Thurston-Lescop
that the theta invariant coincides with the Casson-Walker invariant, up to a framing dependent
term. Interestingly, this depends on an assumption on the choice of polarization, which seems
to indicate that the polarization has to be compatible with the algebraic structure on the space
of fields. This follows from the results of Chapter [ Finally, we describe another approach
to compute the Feynman diagrams of the theory using the cohomology of configuration spaces
and Jacobi theta functions on the torus, that might generalize to Heegard splittings of higher

genera.
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Chapter 1

Introduction

This thesis is devoted to the study of the low-order perturbative quantization of Chern-Simons
theory through methods of the BV-BFV formalism, and connections to invariants of framed
3-manifolds.

Let us briefly attempt to explain the concepts in this sentence and their origins. We will start

with the BV-BFV formalism.

1.1 Path Integrals and BV-BFV formalism

A great challenge for mathematical physics is to explain the vast success that Feynman path
integrals have had in physics, especially quantum field theory, by attributing them a rigorous

meaning. Feynman path integrals are formal expressions of the form

Z:/ e Dg, (1.1)
Fn

for some manifold M that we think of as the d-dimensional space-time, F; a space of fields
associated to it and Sys: Fyy — R an action functional.

A subset of theories where this seems especially feasible, and which is related to many interesting
mathematical problems, is given by topological theories (in the sense of Schwarz [Sch0O0b]), i.e.
theories whose action functional does not depend on the metric of spacetime. Most known
examples of topological theories, and the ones relevant for this work, are gauge theories, i.e.
theories where there is a form of symmetryE] acting on F); that leaves Sj; invariant. There are

at least two well-known different ways to formalize expression (|1.1)):

!This symmetry should be a symmetry of Fas which is not induced by the symmetries of M, in physics

language, a local rather than a global symmetry.



e Perturbative Quantization: Using that h is very small, replace (1.1)) by the formal asymp-

totics of an oscillatory integral.

e Functorial Quantization: Axiomatize the properties that (L.1) is expected to have from
locality (especially the Fubini theorem for integrals). In the easiest formulation this yields

a (symmetric monoidal) functor
Z: Cob? — Vect (1.2)

from the d-dimensional cobordism category to the category of vector spaces.

Both these approaches are struggling with their own problems.

The problem of the first approach is that first of all it treats & as a formal parameter - rather
than a physical constant -, and that it is also notoriously plagued with infinities that have to
be made sense of - the problems of regularization and renormalization. However, it is also the
approach which is closest to praxis in physics.

The second approach is mathematically more appealing and its proposal by Atiyah |Ati88] and
Segal [Seg88| sparked a new field of mathematical research. However, if one is given a classical
theory from physics in the form a space of fields Fj; and an action functional Sy, it is quite
hard (and indirect) to extract the corresponding functor, see [FQ93| for an example.

The BV-BFV formalism, proposed by Cattaneo, Mnev and Reshetikhin in [CMR14; CMR17],
aims at closing the gap between the these two approaches by providing a perturbative quanti-
zation scheme for gauge theories on manifolds with boundary that is compatible with cutting

and gluing, i.e. which can be made functorial in a certain sense.

1.2 Chern-Simons theory and topological invariants

This thesis is concerned with a particular example of the BV-BFV formalism, namely, its
application to Chern-Simons theory. Chern-Simons theory (in its simplest form) is the 3-

dimensional gauge theory with space of fields Fy; = Q!(M, g) and action functional

1 1
Suld] = [ 5l4.d4)+ 54,14, 4)
where (g, (-,-)) is a quadratic Lie algebra, i.e a Lie algebra with a non-degenerate invariant
symmetric bilinear pairing. In this thesis we will study the case where g = V& V™ decomposes as
a sum of Lagrangian (i.e. maximally isotropic) subspaces (“split Chern-Simons theory”) which

are not necessarily Lie subalgebras. Such Lie algebras are studied more closely in Chapter



After the seminal paper on Chern-Simons theory by Witten |[Wit89] and related work by e.g. by
Jeffrey [Jef92], Freed and Gompf [FG91] there were many related constructions of topological
invariants (of 3-manifolds, or links and knots) in mathematics. A famous one is the Reshetikhin—
Turaev construction |[RT91] of a functorial quantum field theory (FQFT), which can be seen as
an answer to the Chern-Simons path integral from the second approach above. In the realm of
perturbative quantization (the first approach), the first mathematical constructions were given
by Axelrod—Singer [AS91}; |AS94| and by Kontsevich [Kon94]. It was later shown by Kuperberg,
Thurston and Lescop [KT99; [LesO4a; Les04b] that the lowest order coefficient in the perturbative
expansion - on rational homology 3-spheres - evaluates, up to correctional terms, to the Casson-
Walker invariant [Wal92|. These results, however, work only on closed manifolds, and only for
the case of rational homology 3-spheres. In this thesis, we recover these results in particular
cases, and suggest that extension to all 3-manifolds might be possible. A long-term goal of
the BV-BFV program is to compare the perturbative quantization of Chern-Simons theory on
manifolds with boundary with the asymptotics of the Reshetikhin-Turaev FQFT. In this thesis,
a first step towards this goal is taken by analyzing the behavior of split Chern-Simons theory

on manifolds with boundary.

1.3 Contents of this thesis

In this thesis, we describe the perturbative quantization of Chern-Simons theory on manifolds
with boundary. We take on a rather naive approach, whose only inputs are the Chern-Simons
action functional, which by assumption on the Lie algebra can be seen as a perturbation of the
abelian BF functional, so we can apply the results of [CMR17]. In the example of lens spaces,
we obtain results similar to the ones in the literature. Let us explain in detail how the thesis is

laid out.

e In Chapter [2, we recall some concepts that this thesis relies upon, with the goal of a min-
imal amount of self-containedness. Technical details are avoided for the sake of examples.
In Section we review the perturbative quantization of gauge theories through the BV
formalism. In Section[2.2l we sketch the methods of the BV-BFV formalism. In Section[2.3]

we recall some constructions and results regarding perturbative Chern-Simons invariants.

e In Chapter [3] we analyze a particular gauge fixing for abelian BF theory known as the

axial gauge. We recall first the “Riemann-Hodge” gauge-fixing, i.e. gauge fixing via a



Riemannian metric, on closed manifolds (Section and manifolds with boundary (Sec-
tion . We then define the axial gauge and show that it can be seen as a particular limit
of Riemann-Hodge gauge fixings (Section . Using this, we propose a regularization of
the axial gauge in Section [3.4]

e In Chapter [4, we investigate polarized Lie algebras, i.e quadratic Lie algebras endowed
with a splitting g = V @ V* into Lagrangian subspaces. We show that the quadratic
Casimir of these Lie algebras can be expressed in terms of invariants of the splitting.
We give examples that show that these invariants are not invariants of the quadratic Lie

algebra.

e Chapters 5] and [0] contain the bulk of the thesis. In Chapter [5] we analyze the split Chern-
Simons theory mainly from the axial gauge. In Sections we present the pertur-
bative quantization of split Chern-Simons theory on handlebodies, and list the Feynman
diagrams up to 2-point order. In Section [5.3] we evaluate those Feynman diagrams in the
solid torus in the axial gauge. In Sections and we explain how to compute the
effective action on lens spaces . The implications for the weights of theta graphs for lens

spaces are explained in Section |5.6)

e In Chapter [0 we pursue an alternative “cohomological” approach to the evaluation of the
Feynman diagrams, which has the advantage that it might be generalized to 3-manifolds
of higher Heegaard genus. The general idea is laid out in Again, we consider the
example of lens spaces in Section [6.2] Finally, we give some ideas as to how one might

proceed for arbitrary 3-manifolds in Section [6.3

e In Chapter [7] we review the results that were obtained, and some of the many questions

that are left open.

There are five appendices that mainly contain computations and some background material.

Namely,
e Appendix [A] contains computations for the effective action on the solid torus,
e Appendix [B] contains the computations necessary for the gluing of lens spaces,

e Appendix [C] contains some background material on Jacobi Theta functions, and compu-

tations that are used in the “cohomological” approach to the gluing of lens spaces,



e Appendix [D] contains some background material on de Rham currents,

e Appendix [E] contains a summary of conventions and notations.



Chapter 2

Preliminaries

In this chapter we review some concepts that are of central importance to this thesis. Namely,
in Section we discuss the perturbative quantization of gauge theories, i.e. how to compute
a formal power series which serves as interpretation of the Feynman path integral, for a field
theory with gauge symmetries. In Section we review the BV-BFV formalism, a method to
extend the perturbative quantization of gauge theories to manifolds with boundary in a way
that is compatible with cutting and gluing. In Section we review previous work on how the
perturbative quantization of the Chern—Simons field theory gives rise to topological invariants.
The aim of this chapter is not to provide complete and detailed reviews of these topics, but
rather to make the thesis somewhat self-contained, while providing ample references to more

detailed discussions of these subjects.

2.1 Perturbative quantization of gauge theories

In this section we specify what we mean by classical and quantum field theories, and gauge
theories, in this work. Throughout this chapter we assume for simplicity that M is a compact

oriented manifold without boundary.

2.1.1 Classical Field Theories

For the purpose of this work, we will say that a classical field theory in dimension d associates to
each d-dimensional manifold M, possibly equipped with extra structure such as a Riemannian
metric, a topological space Fi; and a function Sys: Fiy — R. We will call Fs the space of fields
and Sps the action functional. The theories that we consider will always be local. This means

that both the space of fields and the action functional should satisfy the physical concept of



locality, whose precise mathematical implementation depends on the context. For this work it
is sufficient to require that Fj; is modeled on a space of sections of a bundle over M, and Sy

is of the form
sMww=/;Mzwxw (2.1)

where L is a density-valued functional on Fjs such that £[¢](z) depends only on a finite number

of jets of ¢ at z. For a more detailed discussion of locality, see e.g. |Cosll1], [CMR11] or |[Chr99].

Example 2.1.1. A standard example is free scalar field theory, which is defined on Riemannian
manifolds (M, g) of any dimension d. Here the space of fields is Fj; = C°°(M) and the action

functional is
&M%Aﬂwwmw (2.2)

where || - || denotes the norm on °(A/) induced by g, and dvol,; the Riemannian volume form.

2.1.2 Gauge theories

We will usually think of F); as equipped with the structure of a Banach or Fréchet manifold. It
this sense, one can say that gauge theories are theories where there is a distribution X on F};
that annihilates the action Sy;. In some cases this distribution might not be globally integrable,
but we require that its restriction to the critical locus of S be integrable (i.e. that it be integrable
“on-shell”). The most well-known cases are when F) is the space of connections of a principal
G-bundle P — M, and the distribution on Fj; is given the fundamental vector fields of the

automorphism group of P.

Example 2.1.2. A famous example in both mathematics and physics is Yang-Mills theory with
gauge group G C GL(n), defined in 4-dimensional Riemannian manifolds. Here the space of

fields is the space of connections on a principal G-bundle P — M, and the action functional is

SM[A] = /M tr(FA A *FA)

where F'4 is the curvature of the connection A. This action is invariant under automorphisms

of P by cyclicity of the trace.

The importance of gauge theories for mathematics was realized in the famous work of Donaldson
[Don83| (see also |[Jos11] for a more detailed exposition). In this work we will only be concerned
with gauge theories where the distribution X has this particular form, but there are other case.
A well-known example of case where the distribution does not close is the Poisson Sigma Model

(5594, [Tke94)).



2.1.3 Topological Field Theories

In this work we focus on topological field theoriesﬂ i.e. field theories defined on manifolds
without any extra structureE| Two examples of topological field theories that will be important

in this thesis are the BF and Chern—Simons theory.

Example 2.1.3 (BF theory). BF theoryﬁ is defined for any dimension d > 1. The space of
fields is given by Q' (M, g) ® Q42(M,g*) > (A, B), where g is a Lie algebra and we think of
QOY(M,g) as the space of connections on a trivial principal G bundle, for some Lie group G
integrating g (and we set Q71(M) = {0}). The action functional is zero for d = 1, and for d > 2
is given by

1

SM[A,B]:/ <B,FA>:/M(B,dA>+2<B,[A,A]> (2.3)

M

where (-,-) denotes the canonical pairing of g* and g extended to g* and g-valued forms, and
[-,:] the extension of the Lie bracket to g-valued forms. For further discussions of BF theory,

see e.g. |[Cat+95], [Mne08] or [Ros02].

Another theory which became famous after the breakthrough paper by Witten ([Wit89]) is

Chern—Simons theory.

Example 2.1.4. Chern—Simons theoryﬂ is defined in dimension d = 3 only. Here the space
of fields is Fjy = Q'(M, g) again interpreted as the space of connections on trivial principal
bundle, and g is a Lie algebra with an invariant bilinear symmetric pairing (-,-). The action

functional is

SurlA] = /M %@4, dA) + é(A, 4, A)). (2.4)

Both examples discussed here are notably also gauge theories. In Chern—Simons theory, there
are some subtleties to that statement, especially in the case of non-trivial principal bundles. A
detailed discussion of these issues and related constructions in classical Chern—Simons theory

can be found in [Fre95} Fre02].

'In mathematics, there is a precise meaning associated with Topological Field Theory or TFT, which can be

interpreted as generalization of our “definition”.
2 Although it should be noted that our manifolds are always oriented.
3The name stems from the fact that the action functional is the integral of BF, see below.
“Its name comes from the fact that the action functional is the integral of the Chern-Simons 3-form, named

after [CS74].



2.1.4 Critical Points

Of particular importance in physics are the critical points of an action functional, usually called

the Euler-Lagrange space
ELMZ{¢EFM:5S¢:O}CFM (2.5)

Here 9 is the variational derivative, which we interpret as the de Rham differential on Fj;. The
equation

555 =0 (2.6)

is called the Euler-Lagrange equation. Elements of E' Ly, i.e. solutions to the Euler—-Lagrange
equation, give the classical configurations of the theory. This is called the principle of least
action. For example, the Euler-Lagrange space in scalar field theory (Example above) is

the space of harmonic functions on M (with respect to the Laplace-Beltrami operator).

2.1.5 Quantum Field Theory and Perturbative Quantization

There are many aspects to quantum field theory, and many mathematical formulations of various
problems related to it (see e.g. the two volumes [Del99a; [Del99b]). A particular question that
arises in quantum field theory is the computation of expectation values of observables. For
us, an observable is a functional O: Fj; — R. According to Feynman’s interpretation of the
principle of least action ([Fey42; |[Fey49; Fey50]), its expectation value (O) can be computed as

a weighted average over all fields by

0) =+ /F 453 0(6) Do (2.7)

where
Z:/ enSMDg (2.8)
Fy

is called the partition function. These integrals, as they stand, are not defined: There is no
measure D¢ on Fjy that gives sensible answers. If the field theory is one-dimensional, then one
can make sense of similar integrals using the Wiener measure [Wie27; WP34|, but in higher
dimensions these approaches have been unsuccessful, see |[GJ87| for a detailed discussion. Hence,
other approaches to define the integrals , were required. The mathematical version of
an approach that has been very successful in physics is called perturbative quantization, of which

we give a very brief recollection here. The procedure is discussed in detail in [Mnel7, Section



3], [Res10] and [Eti02]. A more leisurely exposition can be found in [Pol05]|. For integral (2.8)

it takes the following form. The idea is to start with a finite-dimensional oscillatory integral

Ih:/ e;flislu (2.9)
F

where F' is a manifold of finite dimension dim F' = n and p some density on F. We are then

interested in the 7 — 0 limit. We quote the following theorem (3.48 in Reference [MnelT]):

Theorem 2.1.1. Assume that S has finitely many non-degenerate critical points. As h — 0,

integral (2.9)) has an asymptotic expansion of the form

Ii~e S enS@0)(2mh) 5| det(S” (xo)| 2T oS )y,
xo€Crit(S)

—ih) #loops(T")
Fexp h Z |Aut(T TAw@m /T

where S"(xq) is the Hessian of S at xq, signS”(xg) denotes its signature, iz, is the value

0

(2.10)

of the density around xog (we assume we have chosen coordinates yi,...,yn such that p =
Haoldyr - - - dyp| is constant on a neighborhood of xy). The sum in the second line Tuns over
connected graphs where every vertexr has valence at least 3, and r is the weight of the graph

(briefly explained below).
The weight of a graph ¢r is constructed by a state sum, roughly as follows:
1. Label all half-edges of the graph with indices i, € {1,...,n}.

2. To every vertex v with incident half-edges i1, ... 4yq(v) (here val(v) denotes the valence of

v, i.e. the number of incident half-edges) associate the number

0 0
N, = e S| (x
(8%1 Wi o) ) (o)

3. To every edge e connecting half-edges i1, iz, associate N, := (5" (o)), }2 (here S"(xq))~*

is the matrix of the inverse of the Hessian of S in the given coordinate system)

4. For every labeling, multiply the corresponding numbers N, and N, over all vertices and

edges,
5. sum over all labelings.

A labeling is also called a state of the graph, hence the weight vr is called a state sum. Note

that if S is a polynomial, every term is S of homogeneous degree k > 3 will give rise to vertices

10



of valence k. Again, for more details we refer to the references above.

After having understood the behavior of finite-dimensional integrals of the form , we now
define the value of the integrals and by an infinite-dimensional analogue of the asymp-
totic series . All actions above can be brought to the form

Slg| = /M(<z5, Do) + higher order terms in ¢, (2.11)

where D is a differential operator on sections of a bundle over M and (-,-) some pairing on
sections of this bundle. Hence, the asymptotic series will be constructed from the determinant

of D, and the integral kernel of the inverse of D - the “propagator”, and takes the form

1 —i #loops(T")
Z = (det D)_§ exp (Z <’Azl)ut(1_‘)|?j)1") y (212)
T

where, again, the sum goes over all connected graphs where all vertices have valence greater
than 3. The graphs I' appearing in the sum are known as Feynman graphs, and the rules for the
evaluation of ¢r are known as Feynman rules. In addition, we label the vertices by points z; €
M, and integrate over all these points. Since integral kernels of inverses to differential operators
are usually distributional, some extra care is needed in the multiplication (of distributions) and
integration processes in the construction of the state sum. This is the problem of regularization
and renormalization, see e.g. Section or the discussion in [Mnel7, Section 3.11.2] and

references given there.

2.1.6 BV Formalism

Theorem has the crucial assumptions that the function in question has finitely many
critical points, and that they are non-degenerate. However, in gauge theories with non-trivial
symmetries this is never the case: for any critical point x € F)s, the orbit of x under the
distribution X consists of critical points, in particular, non of these is isolated. The perhaps
most advanced solution to this problem goes under the name of BV formalism, after Batalin and
Vilkovisky who introduced it in the early 1980’s ([BV81; BV83|, see also [HT94] for a general
review of gauge fixings from a physical perspective). It consists of two steps, the classical and

the quantum BV formalism. The classical BV formalism can be summarized as followsﬂ

e Find a —1-shifted graded symplectic manifoldlﬂ (Far,w) , such that Fpy C (Far)P.

®Detailed discussions and more pedagogical introductions can be found in [Mne08|,[Mne17],|Cos11],[Sch93].
SAll gauge fixing formalisms require the language of supergeometry, and sometimes graded manifolds. See

|CS11| for an introduction to these concepts, and the Appendix of [CMR14] for an extension to the infinite-

dimensional context.

11



e Find an action functional Sy; € O(Fys) such that SM‘FM = Suy.

Sy is subject to the condition

{Sm,Sm} =0 (2.13)

where {-,-} is the Poisson bracket induced by w. Equation (2.13) is called the Classical Master

Equation. The Quantum BV formalism can be summarized as follows:

e Find a Lagrangian £ C Fjs (called the gauge-fixing Lagrangian) such that SM| . has

isolated critical critical points.

e Define the partition function Z, as of

Zp = / ewSH (2.14)
LCFp

Under the assumption that Sjs satisfies the Quantum Master Equation

i

AerM = () (2.15)

the partition function Z, is independent of the deformation class of £. Here A denotes the

“BV operator” or “BV Laplacian”, which in Darboux coordinates (z,p) can be expressed by

0 0
A:Zi:iaxi op;’

see e.g. [Sev06] or [KhuO4]. Again, all of this makes sense in the finite-dimensional case, and
has to extended to the infinite-dimensional case with care. In particular the Quantum Master
Equation has to be regularized, and integral has to defined by formal asymp-
totic expansion similar to Theorem but extended to supermanifolds. Independence of the
gauge-fixing choices has to be proven a posteriori.

The Batalin-Vilkovisky formalism and related conceptes feature in many mathematical ap-
proaches to Quantum Field Theory, we will only name a few of them here, for example the long
line of work of Cattaneo, Felder and others on the Poisson Sigma Mode]ﬂ ([CF00; |CFO01c; |CFO1b;
CFO0la; |CFO1d; CFT02} |CF04; |CF11; [ BCM12]), the Costello-Gwilliam approach to Factoriza-
tion algebras |[CG16], its use in algebraic perturbative Quantum Field Theory by Fredenhagen
and Rejzner [Rejll; FR12]. Worth mentioning is also the recent work by Felder and Khazdan

[FK14] on the existence of BV actions given a classical action functional, and the uniqueness of

"The Poisson Sigma Model is a gauge theory where other gauge fixings fail, and one has to resort to the BV

formalism.
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the “BRST cohomology”, i.e. the cohomology of the operator Q = {S,-}. More recently it was
generalized by Cattaneo, Mnev and Reshetikhin [CMR14; CMR17] to a gauge-fixing formalism

on manifolds with boundary compatible with cutting and gluing, see the next section.

Residual fields and effective actions

In topological theories, it is often the case that it is not possible to find a gauge-fixing Lagrangian
L C Fyp, i.e. such that the action restricted to it has a unique (or at least finitely many) isolated
critical point(s). This happens e.g. when there is a continuous family of critical points of the
original action functional unrelated by gauge transformations, or when the symmetry does not
act freely. As an easy example, consider abelian BF theory, i.e. BF theory from example
with Lie algebra g = R, say, in dimension 2. The space of fields is Fy; = QY (M) @ Q°(M), the
action functional is

S[A, B] :/ BAdA
M

and its critical points are given by dA = dB = 0. A gauge transformation is given by A — A+dc,
where ¢ € Q°(M). If M is a compact surface, then the critical points up to gauge transformations
are H'(M) @ H°(M). The solution in the BV formalism is to use the formalism of effective
theories: Rather that integrating over all fields Fjs, one splits out a finite-dimensional BV
subspace V), called the space of residual fields, such that there exists a gauge-fixing Lagrangian

L in a complement Y to Vs, i.e Far = Vi X YV, and one defines the partition function to be

20 = / ) ye%SM[Cﬂ]. (2.16)
~yELC

The effective action is then defined by

exp <;s€ff[c]> — 7[q. (2.17)

The partition function now is a BV cocycle on Vyy, i.e. Ay, Z[c] =0, and only its cohomology

class is invariant under deformations of the gauge fixing Lagrangian £. See also [CMO08; [ BCM12|.

2.1.7 AKSZ construction

Usually, when given an action functional Sy, finding the correct BV extension is a long (but
straightforward) procedure. The AKSZ construction [Ale+97], named after Alexandrov, Kont-
sevich, Schwarz and Zaboronsky, can be seen as a procedure that directly outputs a BV theory,
i.e. the association of data (Fasr, Qar, Sar) to any compact oriented manifold of dimension d. It

can be summarized as follows.
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e The input is dg Hamiltonian manifold of degree d — 1, called the target, i.e.

— a graded manifold N/,

— a symplectic form w = da of degree d — 1,

— a Hamiltonian function of degree d — 1, i.e. a function © of degree d — 1 satisfying
{©,0} =0.

e The output is the BV theory which associates to a manifold M the data

— space of fields Fy; = Map(T[1]M,N)
— symplectic form Qy = [}, wapdX* A 6X°

— action functional Sy[X] = [}, aq(X*)dX® + O(X).

Here X is the component of the map X € Map(T[1]M,N) in coordinates z!,...z* on the
target V. Map(M, N) denotes the internal Hom in the category of graded manifolds (see e.g.
[CMR14, Appendix DJ]) and T[1]N the shifted tangent bundle. See |Mnel7] for a coordinate
independent formulation and further references.

In the cases of relevance to us, N will be a graded vector space, so we can identify Map(T'[1]M, ) =

Q*(M) ® N. Two examples are of particular interest:

Example 2.1.5 (BV extension of BF theory). Let N' = g[1] & g*[d — 2]. Let e’ a basis for g
with dual basis e;. Then ), de; A de’ defines a symplectic form of degree d — 1 on N, and the

function (a,b) — (b, [a,a]) is Hamiltonian of degree d. The corresponding BV theory is given
by
Fur = (M,g)[1] © Q*(M, g%)[d — 2] > (A, B)

SulA, B = ;/M(B,dA> 4 %(B, A, A])
Wy = /M<5A,5B>

Here Q°(M)[l] means that we give k forms internal degree (or “ghost” number) I — k (see also
Appendix [E.2). In particular, the fields of ghost number 0 are Fy; = QY(M, g) @ QI2(M, g*),

and the action functional evaluated on those fields is the action functional of BF theory from

example

Example 2.1.6 (BV extension of Chern-Simons Theory). Also Chern-Simons has an AKSZ

formulation. Namely, N = g[1], where (g, (-,-)) is a quadratic Lie algebra, and let ©(a) =
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(a,[a,a]). Let e’ be a basis of g, and w = %Ziﬂ(ei, e’)de; A de; defines a 2-shifted symplectic
form on N. Then the output of the AKSZ construction with target N is

Fu =Q%(M,g)[1] 5 A

1

Sulh.Bl= 5 [ (nan)+ GAAA) 2.18)

o = /M<5A,5A>
2.2 BV-BFYV formalism

The discussion above considers only the cases when the spacetime manifold M does not have a
boundary. The case when the spacetime manifold does have a boundary requires extra consid-
erations. In particular, gauge theories on manifolds with boundary are usually invariant under
gauge transformations only up to boundary terms. A common approach is to fix boundary
conditions on the fields, and in many cases this is enough to proceed with quantization.

However, from the perspective of functorial quantum field theories (FQFTs) after Atiyah-Segal
[Ati88; [Seg88], it is not desirable to fix a particular boundary condition ﬂ A formalism for the
treatment of gauge theories which is compatible both with the cutting and gluing of manifolds,
and perturbative quantization, is the BV-BFV formalism, developed by Cattaneo, Mnev and
Reshetikhin in a series of papers [CMR11; CMR15; CMR14; CMR17] (a condensed introduc-
tion can be found in [CMR16]). Here BFV is short for Batalin, Fradkin and Vilkovisky, who
developed an approach to deal with gauge theories in the Hamiltonian setting [BV77; BV83;

BE86]. Like the BV formalism, it comes in a classical and quantum version.

Remark 2.2.1. From now on we will restrict the discussion to the case when the spaces of fields
are vector spaces. This is the case for the examples that are of importance of this paper, and
simplifies the discussion somewhat, especially for perturbative quantization. Extension to the
non-linear case for the classical case can be found in [CMR14]. A version of the quantum

BV-BFV formalism for AKSZ models with nonlinear target was developed in [CMW18a].

2.2.1 Classical BV-BFYV formalism

The main reference for the classical case is [CMR14], an introduction can also be found in
[Sch15|. First, we define a BFV vector space (for background on the BFV complex see [Sta97;
Sch10]).

8The reason being that - in the formal Fubini theorem for path integrals which is encoded in the functoriality

of FQFTs - one wants to “integrate” over the space of boundary fields.
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Definition 2.2.1. A BFV vector space is a triple (F?,w?, Q9), where F? is a Z-graded vector
space, w? is a symplectic form of degree 0 on F?, and Q7 is a degree +1 vector field which is

symplectic and satisfies (Q%)% = 0.

By degree reasons QF is automatically Hamiltonian with Hamiltonian function S°.

We now also formalize the idea of a BV vector space that was implicit in the discussion above.

Definition 2.2.2. A BV vector space is a quadruple (F,w,Q,S), where F? is a Z-graded

0

vector space, w? is a symplectic form of degree —1 on F?, Q7 is a degree +1 vector field which

is Hamiltonian with Hamiltonian function S and satisfies (Q?)? = 0.

Notice that Q2 = 0 is equivalent to {S,S} = 0, i.e. the CME (2.13). In accordance with the
above, we say that a d-dimensional BV theory is an association of a BV vector space to every
closed d-dimensional manifold. We now want to extend this to manifolds with boundary. The
idea is to associate to the boundary of a manifold a BF'V vector space, and to the bulk a suitable
generalization of a BV vector space such that these data are compatible. The solution is the

notion of BV-BFV vector space as introduced in [CMR14].

Definition 2.2.3. Let F2 = (F?,w? = 6a?, Q%) be a BFV vector space with exact symplectic
form w?. A BV-BFV vector space over F? is a quintuple (F,w,Q,S,m), where F is a Z-graded
vector space, w is a degree —1 symplectic form, Q is a degree +1 vector field, S is a degree 0

function on F and 7: F — F? is a surjective submersion such that Q% = 0, omQ = Q? and
lqw = 08 + m*a?. (2.19)

Remark 2.2.2. Equation (2.19) should be thought of as a generalization of the CME (2.13)). In
fact, in the case F? = {0} the definition of BV-BFV vector space reduces to that of an ordinary

BV vector space.

We are now ready to define the notion of classical BV-BFV theory. Namely, a d-dimensional
BV-BFYV theory associates to closed d — 1-dimensional manifold ¥ an exact BFV vector space
]-"g and to a d-dimensional manifold M with boundary M a BV-BFV vector space Fj; over

the BF'V vector space ng. Let us give some remarks on this construction.

Remark 2.2.3. i) Like the linearity condition, i.e. the fact that we consider only vector spaces,
the exactness condition on w? can be dropped. See [CMR14, Remark 3.3] for a short

discussion.
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i)

iii)

We continue to require locality from BV-BFV theories. That means the vector spaces
F,F9 are given by sections of a sheaf and as such are typically infinite-dimensional (over
R or C). They can be equipped with natural Banach or Fréchet topologies depending on
the situation. S is subject to similar locality conditions as above. Again, a good reference

for further discussion is [Cosl11].

With enough care, a BV-BFV theory yields a functor from a cobordism category (perhaps
equipped with extra structure) to a category of vector spaces where composition is given by

(homotopy) fibered product. We refer to [CMR14} Section 4] for a more detailed discussion.

2.2.2 Quantum BV-BFYV formalism

In [CMR17], the Quantum BV-BFV formalism was introduced, which allows to perform per-

turbative quantization of BV-BFV theories in a way that is still compatible with cutting and

gluing. Roughly, the idea is to combine geometric quantization of (F?,w) and perturbative

quantization as discussed in Section [2.I] The main steps can be summarized as follows.

i)

i)

iii)

iv)

Polarizing: Choose a polarization P on (F?,w) with smooth leaf space B”. In our case it

will be enough to find a splitting
Fo =BT @B}, (2.20)

where both Bf and Bg) are Lagrangian subspaces of F2. One can choose either Bip as base
space or fibers of the polarization respectively. If necessary, change o by an exact term

such that it vanishes on the fibers of P. To preserve Equation (2.19) one has to change S

by a boundary term.

Extraction of boundary fields: Choose a section o of F — F? — BP, and a splitting
F = 0(BP) x Y (subject to certain requirements discussed in [CMR17]). We immediately

suppress ¢ from the notation.

Choice of residual fields: Proceed to split ) = V x ) into odd symplectic vector spaces,
such that V is finite-dimensional and there is a Lagrangian £ C )’ on which the action S
has isolated critical points. We now have a splitting F = B x V x )/, and accordingly we

write X = X+ x+ & for X € F.

Perturbative Quantization: Finally, define the state or partition function formally by

(X, x) = / o3 SIXx+e] (2.21)
EeLyCY
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where again, (2.21)) is to be computed by formally extending the superspace version of
Theorem 2.1.7] to infinite dimensions.

In the finite-dimensional case, Equation is an example of a “BV pushforward in families”
introduced in [CMR17]. In the infinite-dimensional case, definition has to be interpreted
via the Feynman graphs and rules discussed in [CMR17]| and [CMW17]. See Section for a
discussion of Feynman graphs and rules relevant in our case.
The state is a functional on both V and BP. We think of it as an element of H? =
SV* ® HP, where H” is a certain space of functionals on B” that should be thought of as
a geometric quantization of (fa,w), and S denotes the formal completion of the symmetric
algebra. The geometric quantization of the boundary action S? yields a coboundary operator
QP on HP. The precise construction of this space and the coboundary operator  are not
relevant for this work, the interested reader is again referred to [CMR17, Section 4.1]. Also V
carries a coboundary operator, the BV Laplacian Ay, and the state is a cocycle in the bicomplex
HP:

(R2A 4+ Q) =0. (2.22)

Equation is called the modified Quantum Master Equation (mQME).

An important feature of the quantum BV-BFV formalism is that the perturbative expansions
associated to manifolds with boundary can be glued together using a form of the BKSﬂ pairing
discussed in [CMR17|. We will briefly review how this works in Section 5.4 below.

2.2.3 BV-BFV quantization of abelian BF theory

As an example of BV-BFV quantization we briefly review the example of abelian BF theory
that was discussed in [CMR17|. Namely, consider a manifold M with boundary M. The space
of fields is

F=Q*(M)[1]® Q*(M)[d - 2]. (2.23)

The space of boundary fields is
FO=Q*(0M)[1] ® Q*(0M)[d — 2] 5 (A?,B?). (2.24)
The symplectic form on the boundary fields is given by

w? = SA? A B2, (2.25)
oM

9For Blattner, Kostant, Sternberg. See [BW97)
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There are two obvious polarizations of the space of boundary fields by declaring either the A?
or the B? fields to be coordinates along the base. We will denote coordinates on the quotient
by A and B respectively, and we call the first polarization the A-representation and the second
polarization the B-representation. Compatibility with cutting and gluing motivates the following
choice of polarization: Choose a decomposition OM = 1M LI do3M. Then we choose the A-

representation on 91 M and the B-representation on 9o M. This means that we have
BY = Q*(0,M)[1] @ Q* (0 M)[d — 2]. (2.26)

The next is the extraction of the boundary fields. Here we opt for a singular extension by fields

which drop to zero immediately outside the boundarym This yields
Y=Q(M,0.M)[1] & Q°*(M, 02 M). (2.27)

Here for ¢: V' < M a submanifold we denote by Q*(M,V) = {w € Q*(M),*w = 0} the
subcomplex of forms whose pullback to the boundary vanishes. In the next step, we choose the

space of residual fields
Vi = H*(M,00M)[1] ® H*(M,0:M)[d — 2] > (a,b). (2.28)

A gauge-fixing Lagrangian and the corresponding propagator n € Q1 (M x M — A M) are
constructed in [CMR17], see also section Then one can compute the state i explicitly and

it given by

Y =Ty exp (;Seff> (2.29)

where Ty is a constant related to the Reidemeister-Ray-Singer torsion of M and the effective

action is given by

Serf = (—1)4t (/ bA —/ aIB%> —/ T B n m5A. (2.30)
81M 82M 81M><82M

These three terms come from the very simple Feynman diagrams depicted in figure below.

2.3 Perturbative Chern—Simons Invariants

It was an idea of Schwarz that quantities such as the partition function, or expectation val-

ues of observables, computed for topological theories, should yield topological invariants of the

9This should be understood as a suitable limit, see [CMR17].
"Here Ay C M x M denotes the diagonal.
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Figure 2.1: Feynman graphs in abelian BF theory. The boundaries are depicted schematically.

A black vertex denotes integration.

underlying space-time. He gave a first example of this fact in [Sch78|, where he argued that
the partition function of abelian BF theory is the Ray-Singer ([RS71]) torsion of the spacetime
manifold. See also the review [Sch00b|. Applying this line of thought to perturbative quantiza-
tion, the weights of Feynman graphs (or rather, the weighted sum over Feynman graphs of the
same loop order) should yield topological invariants as well.

Let us turn to the theory which is of key interest for this work, the Chern—Simons theory.
The seminal paper by Witten [Wit89], and, shortly after, the construction of the Reshetikhin—
Turaev TQFT [RT91|, sparked a huge interest in both the mathematical and physical aspects
of this theory, see e.g. the collection [And+11], and its links to a wide variety of fields of
mathematics and physicﬂ In this work we will restrict ourselves entirely to the perturbative
formulation of Chern—Simons theory. The first investigations in that direction were probably
done by Guadagnini, Martellini and Minchev ([GMMS89]) and Bar-Natan [Bar91]. After that,
there were two slightly different approaches which explained how the weights of Feynman graphs
in Chern—Simons theory give rise to topological invariants of M, one by Axelrod and Singer
[AS91; |AS94] and the one by Kontsevich [Kon94]. In both approaches, one sees the framing
anomaly observed by Witten in [Wit89], but it arises in different ways. We will briefly review
these resultd™]

120n a personal note, the author recalls N. Berkovits calling Chern—Simons theory “almost trivial” during a

lecture series he gave at the Villa da Leyva summer school 2015, which - at least to the author’s understanding -

is exactly the intersection of “non-trivial” with “accessible” which allows for fruitful mathematical investigations.
13 An important concept that we do not mention here is the idea of graph cohomology introduced by Kontsevich

in the same paper, namely, that the perturbative invariants are indexed by cocycles in a certain graph complex,

which has led to the study of other graph complexes with rather remarkable results e.g. by T. Willwacher [Will4].
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2.3.1 Perturbative Chern—Simons Invariants after Axelrod-Singer

In a sequence of two papers (JAS91; AS94]) Axelrod and Singer constructed a perturbative

quantization of Chern—Simons theory along the following lines.

i)

ii)

iii)

iv)

vi)

Fix a flat “reference” connection Ag in a principal G-bundle whose associated local system

is acyclic, i.e. H*(M,dy,) = 0.

Because Ag is flat, one can then decompose the Chern—Simons action functional of any
connection A = Ay + a as Scs[A] = Scs[Ao] + Sgg [a], where Sé% [ is the Chern—Simons
functional twisted by Ao, i.e.

S4%[a] = /M (o daga) + é(a, [, a]). (2.31)

Gauge fix Sgg[a]. In our language, pass to the BV—extende twisted Chern—Simons
functional, given by

SA9A] = /M SAdagA) + (A [A, A (2.32)
Pick a Riemannian metric g on M and consider the adjoint d’y ~of da,. Then, a gauge-
fixing Lagrangian is given by £ = Qcper = {A € Q°(M, g), d’y A = 0}. Here the last equality
follows from vanishing of d 4,-cohomology. On L, 0 is an isolated critical point of .

Let n be the integral kernel of K' = d7 OAZ(%, here Ay, = da,d}, +d} da, is the associated
Laplacian. This is a left inverse of d4, on 2. Also, let fu. be the structure constants of g

in an orthonormal basis.

Construct the perturbative series by Feynman graphs and rules: Roughly, Feynman graphs
are connected 3-valent graphs. We label the half-edges by indices 1 < a, b, ¢ < dim g, and
vertices by a point x; € M. Then we associate % fabe to a vertex with half-edges labeled
by a,b,c and to an edge between vertices x and y we associate ?5ab77(x, y). Then multiply
all this contributions and sum over all labelings of half-edges, and integrate over all points

x; € M.

14 Axelrod and Singer use the Faddeev-Popov description, but it is equivalent to this BV formulation, see e.g.

|Mnel7, Section 4].
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They show that the integrals in question always converge, but depend on the choice of metric

g. Explicitly, the lowest order contributions have the form

1
Oy(M) = — fzzbcfabc/ 773 2.33
(M) 12; [ (233)
D, Zfaabfbcc/ n11112722 (2.34)
a,b,c MxM

coming from the Theta graphEL and the “dumbbell graph”, depicted below in figure
and below. They show that the weights of these graphs depend on the metric g, how-

(a) The theta, or sunset, graph. ) The dumbbell graph.

Figure 2.2: Lowest order graphs in Chern-Simons theory

ever, they argue that for any framing f the combination Iy(M, Ay, f) = ©(M, f) + Dy(M) —

d‘fféthngv(g, f) is independent of the metric g, where CSgrqy(g, f) is the Chern-Simons

action evaluated on the Levi-Civita connection using the framing.

Later work

In two papers some years after, Bott and Cattaneo [BC98; |BC99| described how the approach
of Axelrod and Singer could be translated to the setting of the trivial connection on a trivial
bundle, at least for homology 3-spheres. Here the “zero modes” need to be taken care of: In this
case, the problem is that the trivial connection has a nontrivial stabilizer given by the constant
function, and they discover a framing dependence similar to the one observed by Axelrod and
Singer. Later, it was explained by Cattaneo and Mnev how to generalise this construction to
arbitrary 3-manifolds (J[CMO§|) by using the language of BV effective actions, briefly mentioned
in section above.

2.3.2 Perturbative Chern—Simons Invariants after Kontsevich

Kontsevich proposed a different way of constructing the Chern—Simons perturbation series:
Namely, using a framing of the manifold M in question, define the propagator on the boundary of

Cy(M) (which is isomorphic to the sphere bundle of the tangent bundle over M) by the standard

5Which Axelrod and Singer call the “sunset” graph - a rather more poetic terminology which unfortunately

hasn’t persisted.
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volume form in S2, and then extend it to all of M. The main difference is that the gauge is fixed
from the beginning, but in a way that does not introduce Riemannian metrics. His construction
was later rephrased by Kuperberg and Thurston [KT99]. They show that that one can extract
from it an invariant of framed homology spheres Z,(M) (given, essentially, by configuration
space integrals), for any n > 1. They prove that there exists a correction d,,(M ), which is also
an invariant of framed homology spheres, such that the difference J,, (M) = Z,(M) — 6,(M)
is independent of the framing, and identify J;(M) as a multiple of the Casson invariant (see
[AMB89]) for integral homology spheres. Building upon their work, Lescop shows in |[LesO4a;
Les04b| that the same is true also for rational homology 3-spheres: Namely, the first of these
invariants, given by [, Ca (M) w3, where w is constructed using a choice of framing is the Casson-
Walker invariant, up to a framing-dependent term. However, there is a particular framing in
which the correction vanishes. In the present work, we shall find a similar statement from the

BV-BFYV formalism, in the case of lens spaces. See Section [5.6
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Chapter 3

Axial Gauge

In this chapter we review gauge-fixings in the BV formalism for abelian BF and abelian Chern—
Simons theories on closed manifolds and manifolds with boundary. We discuss two different
types of gauge fixings: The Riemann-Hodge gauge constructed by a choice of Riemannian
metric, and the axial gauge on product manifolds. The main new result is that the propagator
in the axial gauge can be seen as a limit of Riemann-Hodge propagators (Theorem
associated to degenerating metrics. Based on this, we propose a regularization of the axial

gauge, and show that it has some desirable properties (Section [3.4)).

3.1 Gauge fixing in BF and Chern—Simons Theories on closed

manifolds

In this section we review in detail the ideas of gauge fixings for abelian BF and abelian Chern—
Simons theories in the context of effective actions in the BV formalism and its relation to the

homological algebra of the complexes of forms.

3.1.1 Some facts about contracting triples

We use the following conventions for contracting triples. For more information, see e.g. [CMO8|

and references therein.

Definition 3.1.1 (Contracting triple). Let V = (V*,d) be a cochain complex with cohomology
H = H*(V). Then a contracting triple for V is a triple of linear maps (¢, p, K), where t: H — V
p: V — H are of degree 0 and K: V — V is of degree —1 satisfying
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1. For all closed elements o € V', there exists some 5 € V such that

W[o]) = a+dB (3.1)

2. (¢,p, K) satisfies the following relationsﬂ

doK+Kod=idy —top (3.3)

Koir=poK=KoKO0 (3.4)

We think of K as a partial inverse of d, after making a choice of embedding of the cohomology

and projection to the cohomology.

3.1.2 Contracting triples and Hodge decompositions

Any contracting triple (¢, p, K) on a cochain complex (V,d) defines a weak Hodge decomposition
of this complex

V=im@imd@imK. (3.5)

Maybe this merits a short proof. Indeed, implies that any v € V can be decomposed
as v = dKv + KdV + (pv. We thus have to prove that the intersections are trivial. First,
if v € im¢Nimd, then v = :[a] (for some closed form «) and (using (3.1),(3.3)) 0 = [v] =
pv = ptla] = [a], whence v = 0. If v € im K Nim¢, then v = ([a], but [o] = pifa] = pv =0
(since pK = 0), hence v = 0. Finally if v € im K Nimd we have dv = Kv = pv = 0 (since
d?, K2, pK = 0) and then v = dKv 4+ Kdv + tpv = 0. This completes the prooﬂ

the Restricted to im K, the operator d: im K — imd is invertible, with inverse K. Assume

that V' is equipped with nondegenerate symmetric pairing (-,-): V@V — R. Then the function
S: V=R
1
v = i(v, dv)

has 0 as a unique non-degenerate critical point when restricted to im K.

We can also consider the complex (V*,d*) dual to V. The contracting triple (¢, p, K) defines a

In the literature, the requirements in Equation (3.4)) are sometimes relaxed. However, any contracting triple

is homotopic to one satisfying (3.4), see [CMO§].
2Conversely, choosing a complement L of kerd in V and a complement H 2 H*(V) of imd in ker d defines a

weak Hodge depcomposition V = H @ imd @ L, one obtains a contracting triple with ¢«: H*(V) =2 H,p: V - H
and K(da) = pr(a) and K = 0 on the complement of imd.
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Hodge decomposition

V*=imp* @ im K* @ imd™. (3.6)
Consider the function

S: T*[-1]V =V & V*[-1] — R

(a,b) — (b,da)

where (-,-): V@ V* — R denotes the canonical pairing (notice that this pairing is nonzero only
on the degree 0 term). Then this function has 0 as a unique critical point when restricted to
im K @ im K* where the operator d @ d* is invertible. This is as a special case of the example
above in the case where V' = (W & W*[—1],d & d*) and pairing the natural extension of the

canonical pairing to V.

3.1.3 On closed manifolds: Gauge fixing in the BV formalism

Throughout this section we let M be a closed manifold of dimension d. The BV space of
fields of abelian BF theory is Far = Q*(M)[1] & Q*(M)[d — 2] > (A, B) which we think of as
T*[-1](2*(M)[1]) via the Poincaré pairing

(A,B) /MA/\ B. (3.7)

Here the shift acts on the total degree, meaning that the p—form component of A has ghost
number (internal degree) 1—p and the p—form component of B has ghost number d—2—p. The
superfields A and B have total degree (ghost number plus form degree) 1 and d — 2, respectively.

It is equipped with the canonical symplectic structure of ghost number —1 given by
w= / 5B AGA (3.8)
M

where we denote § the de Rham differential on the space of fields. Explictly, this means that

we consider the bilinear pairing of ghost number -1 on F); given by

w((Al, Bl>, (AQ, BQ)) = / Bi AAy —Bo A A (39)
M
The BF action is
SIA, B] :/ B AdA = (B,dA). (3.10)
M

For an operator L on differential forms, we will denote its (formal) adjoint with respect to the

Poincaré pairing by L’. The notation L* will be reserved for formal adjoints with respect to
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pairings induced by a metric.

To define the BV gauge-fixing we must find a splitting Fas = Vs x Y and a Lagrangian £ C Y
such that the action restricted to £ has a unique non-degenerate critical point. According to
the above, given any contracting triple (¢, p, K) of Q'(M)EL we can define Vy; = im¢ @ im p’
and the gauge fixing Lagrangian £ = im K @ im K’ (the fact that £ is Lagrangian follows from
K? =0).

In the case of abelian Chern-Simons theory we have dim M = 3, Fyy = Q*(M)[1] > A and
S = % Jir AN dA. In this case, a contracting triple for Q®(M) defines a BV gauge-fixing via
Vv =u(H),Lx =imK.

Propagators for abelian BF theory

We endow Q°*(M) with its natural Fréchet topology. Contracting triples for Q°®(M) introduced
above are closely related to propagators of abelian BF theory. Namely, if the maps in the
contracting triple (¢,p, K) are continuous, then they can be represented by integral kernels
which are currents on M x M (see Appendix D] for a brief summary of the theory of currents).
Denote by 1 the integral kernel of K, it is a current on M x M of degree d — 1. We will call
any such 7 an abelian BF propagator. We will say that such a propagator is regular if it can be
represented by a smooth form, also denoted 1, on M x M — diag, that extends smoothly to the
F MASE| compactification of the configuration space Ca(M).

Now let us fix some notation for the following. Namely, any ¢: H*(M) — Q°*(M) satisfying
is specified by a choice of a system of representatives R = {x1,...,xx} C Q*(M) (via
trIXi] = xi). The Poincaré pairing on H®*(M) defines an isomorphism H®*(M)* — H*(M) and
via composition with ¢ an injective map H®*(M)* — Q®(M). The images under this map of the
basis of H®*(M)* dual to [x1],...,[xx] are denoted x',...,x*, these are forms with property
that [, X'x; = (5; This defines a projection pr: Q*(M) — H*(M) by

k
pr(a) =) (—1)*dexiy; /M X A a

j=1
which satisfies pr o tgp = idy (see Appendix [E| for the choice of signs). We will now specialize
to contracting triples which are of the form (v, pgr, K). The integral kernels of such chain

contractions have special properties given in the next two Lemmata.

3Notice that a contracting triple for V is also a contracting triple for V[1].
“For Fulton-MacPherson-Axelrod-Singer [FM94; |AS94], see also Appendix
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Lemma 3.1.1. Fiz a system of representatives R = {x1,...,Xx}. Then (tr,pr, K) is a con-

tinuous contracting triple for Q*(M) if and only if the integral kernel n of K satisfies
dn = 84 + (~1)* Z 1)ddegxiy (3.11)

in the sense of currents.

Proof. As usual, we will write pushforward of currents by integrals, see appendix@ Let n(z,y)

be the kernel of a map K. Then we have

/mmAw@w:/dm@ywumwww—wd%Admw

Y Yy

=<1W(¢4m%mAww>3/meAdmw>

Y
= (-DY(dKw + Kdw).

Here we have used that the pushforward commutes with the differential of currents up to a sign
(equation (D.3)). This shows that dn is the integral kernel of (—1)%(dK + Kd). K therefore

defines a chain contraction if and only if
d — -deg x; _* %1
dn = 857 + (~1)471 Y (—1ydderxiny
which is the integral kernel of (—1)%(id — ¢ o p O

Lemma 3.1.2. Let (tgr,pr, K) a continuous contracting triple for Q*(M) such that its integral

kernel n extends smoothly to Co(M). Then the integral kernel satisfies
dnp = (=) (DT eEXin X (3.12)

7 = (-1)%! (3.13)

where 7 : OCo(M) — M is the natural projection. Conversely, any differential form satisfying

(13.12)), (3.13)) for a system of reprentatives R = {x1,...,xr} defines a continuous contracting

triple ([’Ra PR, K) .

Proof. Let n be a form on Co(M) which is the integral kernel of a map K. Then, by the fiberwise
Stokes’ theorem (Equation (E.6)) we have

/y(dn(x,y)) Aw(y) = (=1) (dx/yn(wvy)ww) +/yn(w7y)dw(y)> + (/E)n(wjy)> w(z)

= (-1 (dKw + Kdw) + (/é)n(:ﬂ,y)) w(@)

°In our conventions, 55\? is the integral kernel of (—1)? the identity, which can be verified from the local

expression, i.e. the case M = R"
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If n satisfies (3.12]), (3.13]), then K is a chain contraction. On the other hand, if K is a chain

contraction, then

/y (@t ) At) ([ ) ) o) = (1) (o) = 00 puta)
This is equivalent to
e+ (2Pt = (074 [ e wio)

Since this property holds for all w we conclude that both sides vanish independently. O

3.1.4 Riemann—-Hodge propagators

In this section we discuss a particular class of propagators used in Chern—Simons theory and
abelian BF theory, the Riemann—Hodge propagators, introduced in [AS91]. As we will explain,

they generalize the classical Lorenz gauge used in electromagnetism.

Definition

Let (M, g) be a Compactﬁ Riemannian manifold of dimension n and denote *, the Hodge star

defined by g. Define the L?-inner product on Q°(M) by

(w,n) = /M w A *g1) (3.14)

for w,m € Q*(M). Forms of different degree are orthogonal to each other with respect to this
inner product. Denote by dj the codifferential on M associated to g, i.e. the formal adjoint of

the de Rham differential d with respect to (-,-). It satisfies
(dw,n) = (w,d™n) (3.15)
for all w,n € Q*(M).

Definition 3.1.2. For any 0 < p < n, the Hodge-de Rham Laplacian on p-forms Agp) : QP (M) —
QP(M) is defined by
AP = dd; + d;d.

SCompactness is only needed so that we do not have to take care of convergence in the integrals, all concepts

in this section can be generalized to non-compact manifolds by making the right adjustments.
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The Hodge-de Rham Laplacians on p-forms assemble into an operator, also known as Hodge—de
Rham Laplacian, Ag: Q*(M) — Q*(M). The operator Ag)) is also known as Laplace-Beltrami
operator, and reduces to (minus) the ordinary Laplace operator if (M, g) is R™ with the Eu-
clidean metric. Also notice that both d and d* commute with the Laplacian.

It follows directly from that the Hodge-de Rham Laplacian on closed manifolds is sym-

metric with respect to the L?-inner product on forms, i.e. for w,n € Q*(M) we have
(Aw,n) = (1, Aw). (3.16)
Definition 3.1.3. The kernel of Agp ) is called space of harmonic p-forms and denoted

ker Aép) =: Harm? (M).

We quote two essential theorems in Hodge theory (see e.g. [Rha84]):

Theorem 3.1.3. The space of harmonic p-forms is isomorphic to degree p de Rham cohomology
of M :

Harm{ (M) = H?(M).

Theorem 3.1.4 (Hodge decomposition). Q°*(M) has a decomposition given by
Q° (M) 2 ker A, @ (ker Ay)* = Harm? (M) @ imd @ im d (3.17)
which is orthogonal with respect to the L?-inner product (3.14) on forms.

Denote tpqrm the inclusion Harm(M) — Q°(M), where Harm(M) = B, _, Harm?(M), and
Pharm the projection Q°*(M) — Harm(M) and Denote by Prarm = tharm © Pharm: Q2 (M) —
Q2*(M) the orthogonal projection onto harmonic forms. Consider the operator (Ag + Pharm)
on Q°*(M). Since the operator A, is invertible when restricted to (ker Ag)L, and Ppgpm 18 just
the identity when restricted to harmonic forms, this operator is the direct sum of two invertible

operators, and hence also invertible. We are now ready to define the Hodge chain contraction.

Definition 3.1.4. The Riemann-Hodge contraction is the operator K,: 2* — Q°*~! defined by

Ky =d} o (Ag+ Pharm) ™" (3.18)

The following are standard properties of the Riemann—Hodge contraction (see e.g. |[AS91; AS94;
CMO8]).

Proposition 3.1.5. The Riemann—Hodge contraction satisfies
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i) dKgy+ Kyd =id — Pharm,
i) Pharm © Kg =0,
iii) Kg 0 tharm =0,
iv) Kgo0 Ky, =0,

i.€. (Lharms Pharm, Kg) 15 a continuous contracting triple. In addition, the Hodge contraction is

symmetric with respect to the Poincaré pairing on forms, i.e. we have

/Mw/\K[T] :/MK[w]AT (3.19)

The Riemann-Hodge contraction specifies the gauge-fixing Lagrangian £, = im(K) = im(d*)
for BV Chern-Simons theory, or £, = im(K) @ im K’ = imd* @ imd* in BF theory.

Relation to Lorenz gauge

Let us briefly explain the relation to the Lorenz gauge fixing in electromagnetism. There we
have a 1-form electromagnetic potential A = A, dz", say, on R*, with the standard metric. The
action is S = fR4 F, F*, where F' = dA = F,,dx"dx" is the field strength. Hence the action
is invariant under the gauge symmetry A — A + df, where f is any smooth function. The
traditional Lorenz gauge fizing is given by 0*A,, = d*A = 0. This is only a partial gauge fixing
as one can still change A by a harmonic form, but e.g. imposing that we consider only gauge
transformations vanishing at infinity fixes the gauge completely. In that case d*A =0« A €

imd*, i.e. A lies in the gauge-fixing Lagrangian associated to the Riemann—Hodge contraction.

3.1.5 Integral kernel of the Riemann—Hodge contraction

The following result was proven by Axelrod and Singer (JAS91; AS94)):

Lemma 3.1.6. K, has an integral kernel n, € Q4~1(C(M)) which extends smoothly to the
compactified configuration space Co(M), and thus defines a smooth propagator for abelian BF

theory.

The integral kernel of the Riemann—Hodge contraction can be constructed from the inhomoge-

neous Green’s form, i.e. the fundamental solution of

(Ag + Pharm)w =T, (320)
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where w, 7 € Q2°(M) are inhomogeneous forms. It can be understood as the integral kernel of
the operator G (see Appendix) satisfying AgG = GAy = 1— Phorm. If @ € Q*(M x M —A)
is the Green’s form, then

me = dja (3.21)

is the integral kernel of K. Green’s functions are usually quite hard to obtain, and for Green’s
forms this is even harder. But in some special cases there are explicit formulas for the Green’s
form, most notably in the case of R (or some particular subsets) with the standard metric, or

T™. Let us briefly look at the example of the 2-torus T?.

3.1.6 Example: The 2-torus T?

On the 2-torus T? we have the usual euclidean coordinates (¢,6) € (R/Z)2. Thinking of it as
quotient of the plane, rather than a product of circles, we will often denote the coordinates also
by (z,y) € R?/Z>. Representing the 2-torus as a quotient of the complex plane by the lattice
generated by 1,7, where 7 € H = {z € C,Imz > 0} defines a complex structure on the torus,
and hence - since T? has complex dimension 1 - a conformal structure. The complex coordinate

on the torus is z = x 4+ 7y, and a particular representative of the conformal structure is
g =dz-dz = (dz + 7dy) - (dz + 7dy) = da® + 2 Rerdzdy + |72 dy>. (3.22)

In particular the metric associated to a purely imaginary 7 = i3, for 5 > 0, is a product metric.
The Green’s function for this metric is known explicitly (see e.g. [Oogl5| or [BL17]) and given
by g(z,w) = g(z — w) where

1 (Im 2)?
2 Imt

2
_Amvwﬁ (3.23)

n(7)

Here 9, is the Jacobi theta function vanishing at integer lattice points, and n(7) is the Dedekind

eta function. See Appendix [C] for the conventions on theta functions. From this Green’s
function, in this example one can find the Green’s form « by simply multiplying o = g(z, w)(dz—
dw)(dz—dw) (this is particular to the case of the torus). One can then compute (see Proposition

C.2.2)) the propagatorﬂ corresponding to the metric induced by 7 as

n (z,w) = %d arg(V1(z —w, 7)) — Im(;n:_w)d Re(z —w) (3.24)

"The notation is slightly unfortunate but unambiguous: 7(7) denotes the Dedekind eta function while n”

denotes the propagator associated to 7.
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It comes as no surprise that this propagator behaves well with respect to changing to an equiv-

alent complex structure, namely, if

m p
o= € SL(2,Z)
n q
we have (Proposition |C.2.3)
T n(TS@)-T (3.25)

where on the left hand side we interpret ¢ as acting on R?/Z? (by matrix multiplication), and
on the right hand side we denote
T q p

(p:
n m

the anti-transpose of ¢, and by (T¢).7 the standard action of SL(2,7Z) on H:

()7 = LLEP (3.26)

mr—+n

3.1.7 Expression in terms of the heat kernel

Below it will be useful to express the Riemann—Hodge propagator in terms of the heat kernel.
For us it will be convenient to use the inhomogeneous heat kernel on differential forms, and
unless explicitly stated otherwise, if we speak of the heat kernel associated to a Riemannian
metric we mean the associated heat kernel on inhomogeneous forms. Let us recall some basic

facts about heat kernels. A good reference for general heat kernel techniques is [BGV03|.

Heat kernel on differential forms

The heat kernel on differential forms was considered e.g. by Patodi ([Pat71]), but it appeared
first in the work of Conner ([Con56|). It can be seen as the fundamental solution of the heat
equation on Q°(M). Let w € Q*(M). Then u(z,t) € C*°(Rs, 2%(M)) solves the heat equation

with initial condition w if

O+ Du(z,t) =0, xe€M,teR,
(O + A)u(z,t) (3.27)

limy o u(z,t) =w(xz) x € M.

The fundamental solution p(¢,z,y) € C* (R0, Q% (M) @ Q°(M)) of the heat equation satisfies

(3.28)

limtﬁop(tvxay) = (5(3},y) T,y € M
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where the second limit is understood in the distributional sense. As a fundamental solution, it

has the property that if w € Q®(M), then

u(t, z) = / | ptm) nul) (3.29)

solves the heat equation with initial condition w.
The Hodge-de Rham Laplacian is a generalized Laplacian in the sense of [BGV03]. As estab-
lished in loc. cit., its symmetry implies that its heat kernel is self-adjoint and hence it
is essentially self-adjoint. Denoting its unique self-adjoint extension also by A, it follows that
the heat kernel p, is the kernel of the operator P, = exp(—tA). On compact manifolds, the
Laplacian has discrete spectrunﬂ and P; has an expansion in terms of eigenforms {¢;}; of the
Laplacian]

pi(z,y) =Y e Ng(x) Axey(y). (3.30)

J
It follows that
lim Piw = PhgrmWw. (3.31)
t—o00

The heat kernel can be used to construct the kernel of the inverse of the Laplace operator needed
in the definition of the Hodge contraction. Namely, the operator G defined on the orthogonal

complement of harmonic forms by

(Gw)(z) = /O " Puly)dt (3.32)

satisfies

(AGw)(z) = A, / /yeMpu:cy) w(y)dt

/yeM/ (v, y)w(y)dt

—/ lim p(t, 2, y)w(y) — lim p(t, z, y)w(y) = w(y),
yeM

i.e. G inverts the Laplace on the orthogonal complement of harmonic forms. If we define G to

vanish on harmonic forms, then we claim that (A + Pharm) ™t = G + Pharm. Indeed,
(A"i'Pharm)(G_"Pharm) = AG_‘_PharmG_‘_APharm"_P}?arm = id = Pharm + Pharm = id, (333)

since PrarmG = APyarm = 0.

8More precisely, the spectrum of its unique self-adjoint extension is discrete, and its eigenforms are smooth

by elliptic regularity.
9The appearance of the Hodge star is due to our conventions on kernels, which, in the language of de Rham

(|JRha84]), are topological rather than metric (even though that book uses different conventions for topological

kernels).
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The propagator in terms of the heat kernel

Equipped with these facts we can now express the propagator in terms of the heat kernel.

Namely, since (A + Prarm) ' = G + Pharm, We can write
K =d*o (A + Phgrm) P =d* oG, (3.34)
since d* o Prgrm = 0. Thus we can write the integral kernel of the propagator as

n(z,y) = /Ooo dyp(t, z,y). (3.35)

Expanding in terms of Eigenforms, this yields
waw) = [ ey (a) A xoly) (3.36)
J

The realization that Heat kernels can be used to give expansions of propagators goes at least
back to Feynman [Fey42]. An extensive list of references on the use of heat kernel techniques

in physics can be found in [Vas03].

Example: The propagator on the circle

The heat kernel on the circle (with respect to the standard metric) is

psi(t,01,00) = Y e GR2mRO=02) (g9, — ). (3.37)
keZ

The codifferential sends 0-forms to 0 and acts on 1-forms as d*f(0)d0 = —f'(0). Hence, the

codifferential of the heat kernel is

dj,per(t,01,00) = > (2mik)e™ k)t 2mik(01=02), (3.38)
keZ

Integrating over t, we get

> N —(2mk)2t 2mi(01—02) 74 =1 orik@,—0
/0 Z (2mik)e~ (Bmk) 7t 2mi(01=02) gy — Z ek € (01=02) (3.39)
keZ\{0} keZ\{0}

Notice that this series converges in the L? sense. We claim that this is precisely the Fourier

series of

ns1(61,62) = ©(61 — 62) — (61 — 62) — % (3.40)

where 0 < 61,605 <1 and O(z) is the Heaviside function defined by

o =1 7" (3.41)

0 x<O.
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Indeed, we can rewrite the propagator as
1
Ng1(01,02) =0 — 61 — |02 — 01| — 3= (01 — 02)), (3.42)

where (()) =x—|z| —1/2,x ¢ 7Z, is the sawtooth function (usually defined to vanish at integer
points). The Fourier coefficients of the sawtooth function are given by
k=0

1 1
o = / ((0))e~2m 0 g — / (0 — 1/2)e2mH0 g —
’ ’ sr k#0

as claimed, i.e. the series (3.39) converges to the propagator (3.42)) in the sense of distributions.

This example was considered also in |[GG14].

Example: The torus, again

The heat kernel expansion allows us to give a different representation of the propagator on the
torus, at least for the standard metric, for which the heat kernel on forms is prz2 (¢, (z1,91), (z2,y2) =
pr2(t, (1 — 22,91 — y2),0) and
pr(t (,9),0) = pra(t, (w,)) = Y o GV DI ge gy, (3.43)
k,lezZ2

The codifferential of the heat kernel is given by

d*p(t, (l’, y)) _ Z (27Tik)e—(27r)2(k2+l2)t627ri(kz+ly)dy_ (27Til)6_(2ﬂ)2(k2+l2)t62ﬂi(kx+1y)dl\ (344)

k,l€zZ2

Integrating over ¢ we obtain

1 k 3 l 3
std _ E : M 2wi(ka+ly) v 2mi(ka+ly)
T2 ((xay)v ) i e 00) k2 126 Y k2 lge x ( )

From the uniqueness of distributional kernels it follows that n%gd = 1 in the sense of distributions

on T?, where ' is defined by (3.24) for 7 = 1.

3.1.8 Regularization and renormalization

In this short section we briefly explain the view on regularization and renormalization taken in
this work.

To evaluate Feynman diagrams one wants to take products of the distributional forms intro-
duced above. If done naively this quickly leads to divergent integrals. The treatment of the

divergencies goes under the name reqularization. Usually, in quantum field theory there is also
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the problem of renormalization: How the theory and the interactions depend on the length or
energy scales that are considered. Often, these two notions interact, since a common source of
divergencies is trying to take into account all energy or length scales. One way of regularization
corresponds to cutting off the heat kernel expansion below low times e (corresponding to high
energies and so-called ultra-violet (UV) divergences). ¢ is sometimes called a regulator. One
then subtracts the divergent parts as ¢ — 0 according to a choice of renormalization scheme.
Another cut-off is introduced at long length scales to take care of “infrared” (IR) divergencies.
Renormalization in this language is analyzing how the theory depends on the cut-offs. Again,
we refer to the review articles [Vas03] and [Avr02] for further references. A write-up of renor-
malization using the heat kernel from the mathematical point of view can be found in [Cosl1].
Working on compact manifolds there is no need for a cut-off at high length scales. The only
possible problem on compact manifolds is posed by the zero-energy eigenmodes of the Laplacian,
but in the BV effective action approach, these are taken care of using the residual fields, which
can be interpreted as our choice of infrared cutoff. The UV divergences in principle persist in
topological theories. However, it is a crucial feature of Chern—Simons and BF theories that
the integrals appearing in the perturbative expansion are finite. This can be proven using the
method of compactified configuration spaces as developed by Bott and Taubes (|[BT94]) and
Axelrod-Singer (JAS91; AS94]) based on compactification as defined by Fulton and MacPherson
(JFM94]). The key result is that the metric propagator is regular, i.e. extends to the compact-
ification C2(M) of the two-point configuration space C(M) = M x M — A. This provides an
immediate proof of the fact that all integrals are finite, since they are now integrals of smooth

forms over compact manifolds.

Remark 3.1.7 (Renormalization in BV-BFV formalism). In principle, in the BV-BFV formalu-
ation of abelian BF theory, we are free to choose any finite-dimensional space of residual fields
containing the kernel of the Laplacian. One can pass between different spaces of residual fields
using BV fiber integration, see [CMO08; CMR11|. This is a shadow of renormalization group
methods in Quantum Field Theory, see also the discussion in [CMR17, Appendix F]. This is
important when cutting and gluing manifolds. The “naive” space of residual fields is usually
larger than the minimal one, and depends on choices. Only the minimal one - in case of abelian
BF theory this is the cohomology of the manifold - is canonically associated to the manifold.
Therefore if one wishes to obtain topological invariants from cutting and gluing, “renormaliz-
ing” to the minimal space of residual fields is strictly necessary. An example of this are the

results of Chapter [5]in this thesis. The weights of the Feynman graphs directly after gluing are
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not invariants of framed lens spaces. However, after reduction of the residual fields, we obtain

invariants of framed lens spaces.

3.2 Gauge fixing in BF theory on manifolds with boundary

The Riemann-Hodge propagators introduced above for closed manifolds have a generalization
to manifolds with boundary. However, the introduction of boundaries complicates the analysis
of the Hodge-de Rham Laplacian considerably. We therefore start by a brief discussion of
boundary conditions. When working with Riemannian metrics on manifolds with boundary,
we always make the assumption that the metric has product structure near the boundary, i.e.

there exists a collar U = OM x [0,¢) on which the metric takes the form g = gaas + dt?.

3.2.1 A short digression on boundary conditions

We will review parts of the material in [CMR17, Appendix A], to which we refer for proofs
of the statements. Consider a manifold M with boundary OM (possibly empty, in which case
the entire discussion below reduces to the closed case). Let t5: OM < M and denote by

Q°(M,0M) C Q*(M) the complex of forms with which vanish on the boundary, i.e.
Q*(M,0M) ={w € Q*(M), 15w = 0}.

We will also call this the space of forms satisfying vanishing Dirichlet boundary conditions, and
denote it by Q%,(M). By Qnx we denote the subspace of forms satisfying Neumann boundary
conditions:

= {a € Q°(M),(xa) = 0.} (3.46)

Note that *Q},(M) = Q% (M). Notice that Q%,(M) is not closed with respect to d*. Looking
for a subspace of Q*(M) of forms vanishing on the boundary which is closed with respect to
both d and d*, we are led to introduce the subspaces of ultra-harmonic, ultra-Dirichlet, and

ultra-Neumann boundary conditions:
Definition 3.2.1 ([CMR17]). Let o € Q*(M).

i) « is called wultra-harmonic if it is closed with respect to both d and d*. The subspace of

ultra-harmonic forms is denoted m.(M ).
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ii) « is called wltra-Dirichlet if the pullbacks to the boundary of all even normal derivatives

of o and all odd normal derivatives of *x« vanish. The subspace of ulta-Dirichlet forms is

denoted 0% (M).

iii) « is called wltra-Neumann if the pullbacks to the boundary of all even normal derivatives
of xa and all odd normal derivatives of a vanish. The subspace of ultra-Neumann forms is

denoted Qg(M).

Notice that harmonic forms are ultra-harmonic on closed manifolds, but the converse is not
true. Again we have *Q%(M) = Q;V(M) Also, Q%(M) is closed with respect to both d and
d*, and they are formally adjoint with respect to the L?inner product. It follows that the
Hodge—de Rham Laplacian is symmetric on this space. There are several ways to see that this
operator is essentially self-adjoint: One of them is to construct a self-adjoint heat kernel (see

below) as done e.g. in [Conb6; RS71].

3.2.2 Riemann—Hodge Contracting triples on manifolds with boundary

The space of fields is
Fau = Q8 (M, 0M)[1] ® Q*(M)[d — 2].

Again the propagator has a formulation in terms of a contracting triple. Now, we will be
interested in a contracting triple (¢, p, K) of Q*(M,0M) such that its dual (with respect to the
Poincaré pairing) (p/, ¢/, K') forms a contracting triple of Q% (M ). The construction of this goes
via a small detour: First, one constructs a contracting triple (tg, pr, K D ) for Q%)(M ) by letting

K be the Riemann—Hodge chain contraction given by
KP =d} o (Ag + Prarm) ™" (3.47)

and R the system of ultra-harmonic representativesF—_UI of the relative cohomology. Here (A, +
Prarm) ! is the Green’s operator for the ultra-Dirichlet problem (with vanishing boundary
condition) on M:

Ay + Prgrmw =7
(Bg + Fharm) (3.48)

* —
LHw =0

0This are representatives of the cohomology of Q%(M), a complex which is quasi-isomorphic to Q% (M) as

remarked in [CMR17].
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for w,7 € Q%(M ). The integral kernel 7, associated with this chain contraction via K D
1,479,127 (®) extends to smooth d — 1 form on the compactified configuration spaceIE Cao(M).
The chain contraction (K D ) of Q% (M) is given by the same formula, but with the Green’s form
of the Neumann problem for vanishing boundary condition on M. Its integral kernel ), satisfies
T*ng12 = (—1)‘177;’12. Here T is the extension to Ca(M) of the restriction of (z,y) — (y,z) to
M x M\ A. Therefore, 1412 satisfies ultra-Dirichlet boundary condition in the first and ultra-
Neumann boundary condition in the second argument. Now, we define the chain contraction

K:Q3(M) — Q%' (M) by the same integral kernel 7,: For a € Q% (M), we let
Ko = 71 xng,12T500 (3.49)

and the other two maps in the contracting triple are given by ¢« = tg,p = pr, where R is still
the system of ultra-harmonic representatives. This has the desired property that (p, s, K') is

a contracting triple of Q®(M).

3.2.3 Heat kernel expansion

Like the propagator on closed manifolds, the propagator on manifolds with boundary admits
a heat kernel expansion. The heat kernel on differential forms on manifolds with boundary
is constructed e.g in [Conb6| and [RS71]. It is the fundamental solution of the initial value
problem
(O + A)w(x,t) =0
limyow(x,t) =w(x) (3.50)
thw(:,t) =0
If {¢;}52, C Q°(M,0M) is a system of eigenforms for the Laplacian with vanishing Dirichlet

boundary conditions, where ¢; has eigenvalue \;, then the heat kernel p(z,y) has the expansion

e}

pi(,y) =D e Nig(x) Axd;(y). (3.51)
j=1

Note that *¢; is also an eigenform of the Laplacian of eigenvalue \; satisfyingv vanishing

Neumann boundary conditions. Similar to the case without boundary we have that
(A + Pharm)_l == G + Pharm, (352)

where G is the operator with integral kernel fooo pedt.

"This space can be identfied with a certain subspace of the usual FMAS compactified configuration space of

the double of M, see [CMR17; |(Cam+18].
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3.2.4 Example: The disk

We consider the example of the unit disk D and give two representations of the propagator
corresponding to the standard metric. First, we use the Green’s form approach. In the case
of the circle and the torus, determining the Green’s form from the Green’s function for the
Laplacian on functions was easy. The disk is a good example to see the additional complications
that come with boundaries. First, on the disk we have to specify the boundary conditions: We
can impose either Dirichlet or Neumann boundary conditions. The Green’s function on the unit

disk for Dirichlet boundary conditions is well known to be

1
gP(z,w) = 2—(log|z—w| —log|1 — zw)). (3.53)
T

The Green’s function for Neumann boundary conditions is

1 1
gV (z,w) = Py <10g|z—w|+10g|1—zw[ —2z|2> , (3.54)
™

this is the Green’s function whose radial derivative vanishes on the boundary and whose Lapla-
cian satisfies
1
ALgN (z,w) = 0(z —w) — =. (3.55)

T
To see the relation to the discussion above, let Q% (D) denote 0-forms with vanishing normal
derivative on the boundary. Here the Laplacian has a kernel given by constant functions. If L
denotes the operator on Q?V (D) with integral kernel gy (where p is a normalized volume form
on the disk), then one can check that (A + P)Lf = f for all f € Q%(D) (where Pf = [ fu is
the projection to constant functions).

We denote by GU) the part of the Green’s form G that has form degree j in the first argument,

this is the integral kernel of the Laplacian on j-forms. Note that we have

dwd
GO (z,w) = —g” (2, w) U;Z.w (3.56)
G (z,w) = —gN(z,w)dZdZ (3.57)

2i
since the Dirichlet problem on 2-forms is Hodge dual to the Neumann problem on 0-forms (the
minus sign comes from our conventions on the Laplacian: The Hodge-de Rham Laplacian of the
standard metric is minus the usual Laplacian). In two dimensions, the Green’s form on 1-forms

can be obtained from Hodge decomposition. Since we are interested in the propagator

n(z,w) = d:G = &:GY + axGg®@ (3.58)
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it is enough to invert the Laplacian on exact one-forms, since coexact one-forms are killed by
the codifferential. Since the de Rham differential commutes with the Laplace operator, and is

invertible on exact 1-forms, we can write
(@~ = KO = (@)™ o (A1 = (A1 5 (@)D (3.59)

where d@): QJ(D) — QYD) (d)9: /(D) —» Q~YD), (A)U): QI(D) — (D) are the
components of the de Rham and Laplace operators. Also notice that in this degrees there are

no harmonic forms, so the Laplacian is invertible on the nose. Equation (3.59)) implies that
GV (2, w) = A5G0 (2, w) = *pdy *0w GO (2, 0) = %uduwg® (2, w)

1w (dw(‘fw dw) (log(z — w) + log(z — w) — log(1 — zw) — log(1 — zw))
i zdw N zdw
Y4m v l—zw 1-—zw

1 ( Zdw dw zdtD)
=—— + -— = —
4 Z—w

l1-zZw ZzZ—w 1—zw

where we have used that on the disk, we have d* = — x d x1 = %dédz, xdz = —idz = dz/i

and xdz = idz = —dz/i. Also, we have

d:G(Q)(Zv ’UJ) = *,d; *, G(2) (Z7 w) = *zdng(za w)

1
= — x, (dza + dza_> (log(z — w) +log(z — w) + log(1 — zw) — log(1 — zw) — zz)

47 0z 0z
1 dz wdz _ dz wdz N
= — %, — — —Zdz + ——— — — — 2dZ
4 z—w 1—zw z—w 1-—ZzZw
1 dz wdz dz wdz B
= — — —Zdz — —— + — +2dz | .
dri\z—w 1—zw z—w 1—ZzZw

Taking the sum, we obtain

zZdz — zdZz

n(z,w) = % (darg(z — w) + darg(l — zw)) — (3.60)

47i

This is the propagator presented in [CF11], and also the one we will use in this work when
computing Feynman diagrams on the disk. On the disk one can also find an explicit set of
eigenforms given in terms of Bessel functions: Namely, the degree 0 Dirichlet eigenfunctions are
given by

POD (%) = Crn i (k) e2™™ m > 0,n > 1 (3.61)

m,n

121 general the sign of the codifferential is d* = (—1)"’“*"Jrl x d*, so it —1 for all degrees on manifolds of even

dimension.
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where J,, is the m-th Bessel function, k,;,, is its n-th zero, and C,,, is a normalizing constant.

Likewise, the degree 0 eigenfunctions Neumann eigenfunctions are given by
PN () C T (K m) 2™ ™ i > 0,n > 1 (3.62)

where k7, is the n-th zero of the derivative .J}, of the m-th Bessel function, and C/,,, is another
normalizing constant. Notice that k{; = 0, and hence qSé?i’N = 1 is the constant (the only
eigenfunction of eigenvalue 0). From these eigenfunctions it is possible to obtain a complete
system of eigenforms by applying the operators *,d, *d. It is a unique feature of two dimensions
that one can (in principle) solve the Laplace equation in all degrees from the solution in degree

0.

3.3 Axial gauge on product manifolds

We now come to the first main section of this chapter, where we introduce the axial gauge on
product manifolds and show how it (that is, the corresponding chain contraction) can be ap-
proximated arbitrarily well by Riemann—Hodge chain contraction. This involves taking a limit
where the volume of one of the two manifolds becomes arbitrarily large. The axial gauge, a
well-known tool in the physics literature (often under the name light-cone gauge) featured under
this name in [BCM12|, but it was already used for the construction of knot invariants through
quantization of Chern—Simons theory by Frohlich and King in [FK89], and later implicitly by
Kontsevich in [Kon93| and then Bar-Natan in [Bar95|. The link with contracting triples was

explained in [Mne0§].

3.3.1 Definition

The following is a standard construction on contracting triples.

Proposition 3.3.1. Let Vi = (V*,d1) and Vo = (V,d2) be two finite dimensional cochain

complexes with contracting triples (11, p1, K1) and (12, p2, K2) respectively. Then

L=11 @2
D =Dp1Qp2

K=K ®idy+t10p1 ® Ky
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is a contracting triple for V. = (V* @ Vi, di ® ida + id; ® dzﬁ
This is the chain contraction that arises from the composition of the quasi-isomorphisms
VieVy— H ® Vo — H & Ho. (3.63)

The goal of this section is to extend and study this construction for the case when the complexes
V* are the de Rham complexes of manifolds. Let M = M; x M> be the direct product of two
manifolds. On manifolds of this type we have a special choice of gauge fixing, called the axial
gauge. In this gauge the propagator no longer is a smooth form on the compactified configuration
space, but rather a form with distributional coefficients on M x M. The goal of this section
is to show how axial gauge propagators can be approximated by smooth ones. After recalling
some generalities we give the construction on closed manifolds and then extend to the case with

boundary.

3.3.2 Axial gauge construction

Now let M = M; x Ms. Suppose that we have continuous contracting triples (¢1,p1, K1) and
(12, p2, K3o) for Q*(M;) and Q°(My) respectively. Mimicking the construction of proposition
we can define two contracting triples for Q := Q°*(M;) ® Q°*(Mz), the azial one with
K% = id1 ® Ko+ K1 ®t90pso and the horizontal one with Khor = Ky ®idy+ 14 op1 ®KE These
are continuous on {2, since Q0 C Q°*(M; x M) is dense, they extend to continuous contracting

triples of Q*(Mj x My) and as such have integral kernels 7%®, n°" which are currents on M x M.

Example 3.3.1. As an example let us consider the 2-torus T? = S' x S! which we give

coordinates (t,6) € (R/Z)?. The axial gauge propagator is
05 (t1,601), (t2,02)) = g1 (01, 02)8) (1, b9) + mga (t1, t2) (db — dby). (3.64)

The horizontal propagator is
s ((t1,61), (t2, 02)) = ng1 (tr, 12)551 (01, 02) + ng1 (61, 02) (dt — diy). (3.65)

See [BCM12| for a computation using this propagator in the Poisson Sigma Model.

13We are using Koszul sign rules for tensor products of graded complexes: Explicitly, in this case id; ® da(v1 ®
v2) = (—1)‘””1}1 ® dav2, which implies that this differential squares to zero (the sign arises from exchanging the

degree 1 linear map da with v1).
Y Terminology should correspond to [CMR17].

44



3.3.3 Approximation of axial gauge propagators by Riemann—Hodge propa-

gators

Now suppose that the contracting triples used before are Hodge contracting triples coming from
Riemannian metrics g1, g2 on M; and M respectively. We will denote by d7,d5, A1, Ag, P, P>
the corresponding codifferentials, Laplacians and projections to harmonic forms. Then also M
carries a natural Riemannian metric ¢ = g1 + go2. This will give rise to a Hodge contracting

triple on M. For A > 0 we can also consider the family of Riemannian metrics
=g+ 2 g (3.66)

In the limit A — 0 the second component gets ”infinitely large”. Intuitively this should cor-
respond to the fields not propagating along that component. The next proposition makes this

intuition more precise.

Theorem 3.3.2. As A — 0, Kpa — K""o and hence also Ngr — nher in the sense of

distributions.

Before the proof, let us state some remarks on the intuitions behind this result:

Remark 3.3.3. The physical interpretation that - even when the second factor of spacetime is
“infinitely large” - the fields that are spread out infinitely far over the first factor (namely, the

fields of zero energy, a.k.a. the zero modes) still “propagate” along the second factor.

Remark 3.3.4. In the physical context, the axial gauge is often used to set the components of
the fields along the “axis” (the second component) to 0. In scale invariant theories, the theorem
shows that this can be achieved by sending the volume of the second factor to infinity, but only
if there are no zero modes in the first component, which at first is somewhat counter-intuitive,

but explained by the remark above.

Using the expression for the propagator in terms of heat kernels developed in the previous
section one can give an elegant prooﬁ of Theorem m This uses two simple properties of
the heat kernel (see e.g. |[BGV03], or |[RS71]):

Proposition 3.3.5. Let (M, g) be a Riemannian manifold (with or without boundary) with heat
kernel p(t,x,y).

i) If (M,g) = (M1 x Ma, g1 + g2), where (My,g1) and (Ma, g2) are Riemannian manifolds

with heat kernels p1,p2, then

p(t, (z1,22), (Y1, y2)) = p1(t, 21, y1) A p2(t, 22, 92). (3.67)
15However, the theorem can be proven without referring to heat kernel techniques, see Appendix
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ii) For A\ > 0, the heat kernel py associated to (M, \g) is
p)\(t,l‘,y) :p()‘_lt7x>y)' (368)

Proof of theorem[3.3.9. Let p1,p2 be the heat kernels of (Mj,g1) and (Ma,g2). Consider the
metric ¢* = g1 + A" 1ga on M; x M,. By Proposition the heat kernel py of ¢* is

oAt (z1,22), (y1,42)) = p1(t, 21, y1)p2(ME, 22, Y2), (3.69)

hence the propagator is given by

o0 oo
K = [zt p)pa O aan) = [ (s, + Aot o))
o 0 (3.70)
Z/ dtdy p1(t, v1,y1)p2(Mt, 22, y2) + Ap1(t, 21, y1)d5, p2 (AL, T2, 92)
0
We are interested in the A — 0 limit. Consider the first term of the expression above. Here we
have

o0

lim dtdy p1(t, v1,y1)p2(Mt, 22, y2) = / dtdy p1(t, v1,y1)00, (22, y2) = m1(T1, Y1), (72, Y2)-
0 0
(3.71)

Here, 67, denotes the integral kernel of the identity map on differential forms. In the second

term we do a change of variables s = tA:

o0 oo
— A—0
/ dtAdy,p1(t, x1, y1)p2( A, 72, y2) = / dspr(AN L s, 21, 91) A5, p2(8, 22, 92) "5 Pharm (1, y1)12(22, Y2).
0 0
where pparm,1 denotes the integral kernel of Ppgppm 1 and is the limit of p(t, z1,31) ast — co. O

Notice the obvious symmetry in the proof above: Instead of sending A — 0, we could have

equally well sent A — oo, implying the following corollary:

Corollary 3.3.6. Let K* be the Riemann-Hodge contraction of g* = g1 +X"1ga, then if A — 0o
we have that K* — K.

3.3.4 Example: The torus, yet again

Let us consider again the example of the torus. The convergence becomes clear if we consider

the expansion in terms of eigenforms. From the discussion above it follows that

1 k : I\ .
A - 2mi(kx+ly) . 2mi(kz+ly)
mp((2,),0) = 5= ) TR Vdy — e Vdz. (3.72)
kl€Z2\{(0,0)}
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As A — 0, the first term converges to

1 k 2mi(kz+ly) A—=0 1 1 2mi(kz+l
- mi(kz d - =+ 27i(kx y)d
=R DI e Vel A =R DR Y
k,1eZ2\{(0,0)} kezZ—{0},leZ
= S ey = (a0
2rik s
k#0 leZ

and the second term converges to 0 unless £ = 0, in which case we can cancel one A\l and we get

1 .
- g W) gy — —dzngi (y).
27l
10

This recovers the axial gauge propagator of if applied to x1 — 2 and y; — 9.

Remark 3.3.7. Indirectly, this shows that the propagator n?, the propagator associated to the
complex structure on the torus by 7 = i converges to 7" as 8 — oo and 7% as 3 — 0, in the
sense of distributions. It would be nice to have a proof of this fact starting directly from the

theta function formulation of propagators on the torus.

3.3.5 Extension to manifolds with boundary

The axial gauge propagator can be defined similarly for products of manifolds with boundary.
In this work, we will consider only manifolds of the form M = N; x Ny where N7 is closed and
Ny possibly has a boundary, so that M is a manifold with boundary. The axial and horizontal
gauges are given by the same formulae. In particular, theorem still holds: Since both the
formula for the Hodge contraction and the heat kernel expansion generalize to the case with

boundary, both proofs of theorem [3.3.2| generalize to the case with boundary.

Example 3.3.2. Let us consider the example of the solid torus M = S x D with boundary
OM = S' x S that will be of central importance in this paper. Here, the horizontal propagator
for the A-representation (i.e. Dirichlet boundary conditions in the first argument) is

W = npds + png, (3.73)

where pp is the volume form on the disk which in this case is also the integral kernel of the

projection, np is a propagator on the disk, 6(511) is the integral kernel of minus the identity on

S1 and ng1 a propagator on the circle.
3.4 Regularization

The key point of theorem [3.3.2]is that it allows us to define a regularization for the axial gauge.

For the axial gauge, the proof of finiteness via compactified configuration space is not possible,
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since the support d-dimensional delta current 55\? defined by integration over the diagonal in

M x M is the diagonal. Hence there exists no smooth form on M x M — A representing the
delta current (such a form would have to vanish everywhere, leading to a contradiction). In this
section we will propose a different regularization of the axial gauge, and show that it behaves

well in certain easy examples.

3.4.1 Definition of the regularization

Let M = Nj; x N3 be a product manifold with or without boundary with a family of metrics
¢ = g1 + A 'go. In the case with boundary, we will assume that it is endowed with a choice
of boundary conditions on each boundary component. Consider now the family of propagators
n*, converging to the horizontal gauge for A\ — 0 and to the axial gauge for A\ — oco. Recall
that to a Feynman graph I' we associate a differential form wr as a product of propagators and
residual fields. In particular, denote wf\ the product of the propagators n* and residual fields
corresponding to I'. We are now interested in taking the pushforward of this form over a subset
S C V(I') of the vertices of T":

Yr = Tgswr. (3.74)
We now have the following definition.
Definition 3.4.1. Let I' be a Feynman graph and let S C V(I'). The we say that (I',5) is
horizontal gauge reqularizable if the limit

19 = lim ¥ g = lim g (3.75)
A—0 A—0

exists (in the sense of distributions). In that case, we say that the (regularized) weight of (T, S)

in the horizontal gauge is wfm. Similarly, we say that (T',.S) is axial gauge reqularizable if

#g = lm PP g = lim mgwp (3.76)
A—00 A—00
exists, and 9% is called the (regularized) weight of (I', ) in the axial gauge.

In BV-BFV quantization, the Feynman graphs will have bulk and boundary vertices, and the
subset S will usually be the set of all bulk vertices.

Remark 3.4.1. It might be that the limit as A — 0 does not exist. In that case, there should be
a refined definition of the regularization above where one identifies the terms that are divergent
as A — 0 and subtracts them according to a certain renormalization scheme. This problem

should be addressed with more care in the future.
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3.4.2 Some special cases

At the moment, there is no general result as to what (I',.S) are axial (or horizontal) gauge
regularizable but there are some special cases where regularizability can be proven, and we have

explicit results for the regularized weight. The first case is when the graph is a tree.

Proposition 3.4.2. For any tree T the product of the axial or horizontal gauge propagators is

well-defined, i.e. (T,0) is both axial and horizontal gauge regularizable.

Proof. The key observation is that the wavefront sets of the distributions one needs to multiply
all intersect transversally, hence, the Hérmander product [Hor03] of the distributions can be
defined (we will not explain details of this here: A nice introduction can be found in [BDH14]).
The best way to see this is inductively on the number of vertices in the tree. Indeed, if the tree
has just one vertex there is nothing to prove. Suppose the result holds true for trees with n
vertices. Now let 7" be a tree with n+ 1 vertices, and write it as 7'U {v1}. Then the statement
holds for T'. Since the singular support of the delta distributions and propagators are the
diagonal, their wavefront sets are contained in {(z,z, k, k) : © € M,k € TXM —{0}} C Myx M;.
Since T” is a tree, the wavefront set of the distribution wy is nonzero only along the cotangent

direction of Mj. See also the example 19 in [BDH14]. O

An approach that is often used in the literature on the axial gauge (e.g. [BCM12] or [IM18]) is
degree counting. Notice that if M = N; x No and Nj, Ny have dimensions dj, ds respectively,
then both the axial gauge and the horizontal gauge propagator have a term of bidegree (d—1, d)
and (d,d — 1). We have the following easy consequence of the heat kernel expansion of
n*. Consider a product coordinate chart U = Uy x Uy C M. In this chart, any current T can be
written as a sum of products of distributions fr ; (currents of degree 0) and coordinate forms
del: T =3, frrdx!. We call the differential form T = ZI,fT,I#O dz! the form part of T in

this coordinate system.

Proposition 3.4.3. If the form part of a product of axial (or horizontal) gauge propagators
vanishes in some (and hence all) coordinate system then so does the regularized product of the

azial (or horizontal) gauge propagators.

Proof. The form part of the heat kernel expansion (3.70|) is the same as the form part of the

axial gauge propagators, but the coefficients are smooth, hence the product vanishes. O

While the proof of this fact is very simple, this has some very direct and useful consequences.
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Example 3.4.1. Take the horizontal gauge on a manifold S1 x M, n = nads1 (1) + Punga).
Then the product of the propagator with itself contains the square of (55911). Since this is a 1-form,
its square vanishes in the horizontal gauge regularization. Hence, any product that contains a

square of 5;11) vanishes in the regularization since its form part vanishes.

Remark 3.4.4. Essentially, this argument was used already in [BCM12|, where it was argued that
one could “smear out” the distributional coefficient to make this statement precise. The reg-
ularization through Riemann-Hodge gauges provides such a smearing, but with the important

benefit that all the “smeared out” forms are propagators as well.

Remark 3.4.5 (“Universal” regularization). Instead of trying to regularize the axial gauge by
approximating it with Riemann—Hodge gauges, for the case where one manifold is a circle factor
there is a simpler but somewhat ad hoc regularization. Denote n = nMééll) + Pyngt = n! +nfl.
Namely, any regularization compatible with degree counting should regularize n’n’ to 0. After
integrating, n'n!! yields a factor proportional to the ill-defined constant 1g1(0). One can argue
heuristically that since the circle propagator is antisymmetric away from the diagonal, the only
meaningful value one could associate to this constant is 0. These two prescriptions provide a
complete regularization of the axial gauge on manifolds with a circle factor, thus they provide
a somehow “universal” regularization of axial gauge on manifolds with a circle factor. This is
compatible with the examples studied in Section It would be interesting to understand
the relationship between this rather ad hoc regularization and the one proposed in Remark 3.4.]

above. Concerning this we have the following slightly vague conjecture.

Conjecture 3.4.6. The universal regularization of the azial gauge on manifolds with a circle
factor can be obtained by adding a single counterterm to the action which cancels the divergencies

coming from ng1(0).
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Chapter 4

Polarized Lie algebras

In this section we explore the notion of polarized Lie algebra which plays a central role in split
Chern-Simons theory. After the basic definitions we will treat in more detail the possible al-
gebraic structure of polarized Lie algebras, especially, certain contractions of tensors which are
naturally associated with this structure and that we call the eccentricity and complementary ec-
centricity. These will turn out to be important in the study of split Chern-Simons theory. Then
we will look at a couple of examples which imply that the eccentricity and the complementary

eccentricity are not invariant under twists, i.e. deformations of the splitting.

4.1 Definitions

The first important notion is that of a quadratic Lie algebmﬂ Let g be a Lie algebra over £k = R
or k=C.

Definition 4.1.1. A k-bilinear (-,-) form on g is called invariant if for all z,y, z € g we have

that
([z, 9], 2) = (z, [y, 2])- (4.1)

Definition 4.1.2. A Lie algebra g over k together with k-bilinear symmetric invariant non-

degenerate form is called quadratic.

We will usually suppress the bilinear form from the notation and just say that g is a quadratic
Lie algebra.
Notice that also in the complex case, we require the bilinear form to be symmetric, not sesquilin-

ear. However, given the considerable differences between real and complex bilinear forms, and

!Sometimes also called symmetric (|[Gom00|), symmetric self dual ([FS96]) or metrised (|Bor97)).
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between real and complex Lie algebras, it comes as no surprise that complex and real quadratic
Lie algebras differ considerably. For this reason we will distinguish between real and complex
polarized Lie algebras. Recall that, in a vector space V with a bilinear form (-,-), a vector
v € V is called isotropic if (v,v) = 0. A subspace W C V is called isotropic if it consists of
isotropic vectors, or, equivalently, if W C W. An isotropic subspace of maximal dimension is
said to be Lagrangian. If the bilinear form is non-degenerate, in the complex case the dimen-
sion of any Lagrangian subspace satisfies dim W = |dim V/2]. Over R, the maximal dimension
of an isotropic subspace is an invariant of the bilinear form known as the Witt index (of the

corresponding quadratic form).

Definition 4.1.3. A real (resp. complex) polarized Lie algebra (g, V, W) is a real (resp. com-
plex) quadratic Lie algebra together with a splitting g = V' @ W into Lagrangian subspaces.

We list some immediate consequences of this definition. A simple dimension counting shows that
a real (resp. complex) polarized Lie algebra must have even real (resp. complex) dimension.
In the complex case, even dimension together with non-degeneracy of (-,-) already implies the
existence of a splitting. In the real case, such splittings exist if and only if the bilinear form has
signature (dimpg g/2, dimg g/2), such bilinear forms are sometimes called split ([HM13, Chapter

I]). In both cases, the bilinear form induces an isomorphism W = V*.

Remark 4.1.1. Let us explain briefly why we call such Lie algebras polarized. The symmetric
bilinear form endows the shifted Lie algebra g[1] with an 2-shifted symplectic form given by
w(A, B) = (A, B). A splitting into Lagrangian subspaces is a particular choice of polarization
of this 2-symplectic vector space. Thus, we can use polarized Lie algebra as the target of an
AKSZ construction (see Section[2.1.7)) to obtain a polarized AKSZ theory (see also [CMW18b]).
Also, notice that if the bilinear form is not split, then this is an example of a symplectic vector

space not admitting polarizations (and, in fact, not even Darboux coordinates).

4.2 Algebraic structures related to polarized Lie algebras

In the definition of polarized Lie algebras, we did not make any assumption on the Lie algebraic
nature of the Lagrangian subspaces V' and W. In particular, one of them or even both of them
could be Lie subalgebras. These are cases which have been studied in the literature, and as

such have their own names.
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Definition 4.2.1. Let (g, V, W) be a polarized Lie algebra.

i) If V is a subalgebra of g, then (g,V) is called a Manin pair, and (g, V,W) is called a

quasi-Manin triple.
ii) If both V and W are subalgebras of g, then (g, V, W) is called a Manin triple.

Equivalently, one can look at the restriction of the Lie bracket of g to the subspaces V and
W, and compose the restrictions with the projection to V and W. This yields a total of four
structure maps associated to the polarized Lie algebra. To analyze them, let us introduce a

structure sometimes called the “big bracket” [Kos92; Kos95|.

4.2.1 The big bracket

Let V be a vector space and consider the graded algebra Ey = A®*(V & V*) where we define the
bidegree of an element of E®?) = APT1Y @ ATTIV* to be (p, q). Also let E®) = Dy o=t E®9)
elements o € E®) are said to have degree k and we write |o| = k. With this bidegree this
algebra is graded isomorphic to C°°(T*IIV'), where II denotes the parity shift. As such, we can
equip the algebra Ey with the natural (even) graded Poisson bracket of T*IIV, which for this
section we will denote {-,-}. This bracket can be described in terms of elements of V' and V*
as follows.

If e1,...,ey, is a basis of V and €!,...,e" the dual basis of V*, we can expand any element of

o € E(p7Q) a

1 i ipi i Jat1
m%l"-iqﬂeil N Ny @ET N AT

where the upper and lower indices are totally antisymmetric. Fixing a basis of V, we can
represent tensors by their components aﬁ: “. With this representation we can give an explicit

formula for the Poisson bracket, see Appendix

Example 4.2.1. Let us look in detail at an example. Consider an element u € A?V* ® V.
Picking a basis e; of V and the dual basis €, expand p = usz-:iej er. The p has bidegree (1,0),

so the equation {u,u} = 0 is nontrivial. In fact we claim that it is equivalent to the Jacobi

2We always use Einstein notation, meaning that repeated indices are summed over.
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identity if we think of p as a Lie bracket on V. Indeed, notice that

{p,u} = ufjufm{sisjek,elsmen}
= ufju?m (€i6j(5;€€m — oele, — (8ied — 5%5i)slemek>
= —4u§?uzm5iaj5ken.
Here we have used the graded Leibniz rule in the second equation and relabeled indices in the
last line. Now notice that
u%‘uﬁmsiajek = u’[%uz]msisjsk, (4.2)
where the square brackets denote antisymmetrization of the indices: In particular,

1
MLm= 37 (B B = H5 B+ MR — i+ 5 = M)

1
= 3 (1 i + B + 117

whose vanishing is indeed the Jacobi identity.

4.2.2 Big bracket and polarized Lie algebras

Let (g, V, W) be a polarized Lie algebra. The Lie bracket [-,:] on g induces four tensors in Ey

by restriction to V, W and composition with the projections py, py. Namely we have the maps
w:VxVvV-sv
(v1,v2) = py [V, v2]
V:VxV W
(v1,v2) = pwlv1, vo]
MWW —-W
(w1, w2) — pw(wr, we]
p:WxW =V
(w1, we) = py[wi, wa]
Identifying W = V*, this yields four ensors u € V@ A2V* 4 € A3V X € A2V @ V*, o € A3V,
which have bidegrees (0,1),(—1,2),(1,0) and (2, —1) respectively (antisymmetry follows from

the fact that the bilinear form is invariant). In particular, the element M = p + ¢ + X\ + ¢ has

total degree 1.

Definition 4.2.2. M is called a structure on V' if M satisfies {M, M} =0, i.e. M is a Maurer-

Cartan element in the graded Lie algebra Ey .
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In [WL88; LRI0) it is proven that {M, M} = 0 if and only if [, -] is a Lie bracket on g. Splitting

the condition { M, M} = 0 up into its various bidegrees gives a total of five structural equations:

Sl mh () =0 (1.12)
{. A+ {p, 0} =0 (4.4b)
SN (g =0 (4.4c)
{n. 9} =0 (4.4d)

(Ao} =0 (4.4¢)

The tuple (V,pu, A\, v, ) is called a proto-Lie-bialgebra (|[Kos92]). From the discussion above
it follows that proto-Lie-bialgebras are in 1-to-1 correspondence with polarized Lie algebras
(g,V,V*) (g is called the double of the proto-Lie-bialgebra). Again there are subcases: If
1) = 0, then equation implies by the results of Example that V is a Lie algebra. In
this case one speaks of a Lie quasi-bialgebra (or Jacobian quasi-bialgebra), and (g, V') is a Manin
pair. In ¢ = 0, then V* is a Lie algebra, and V is called a quasi-Lie bialgebra (or co-Jacobian
quasi bialgebra), and (g, V*) is a Manin pair. If ¢ = ¢ = 0, then equations - imply
that V' is a Lie bialgebra, and (g, V, V*) is a Manin triple.

4.2.3 Twists

In this paragraph, we introduce a notion of twist following [Kos11; ABM13] that generalizes
the twists of Lie bialgebras introduced by Drinfeld ([Dri90]). We follow closely the exposition
of [Kosl1].

Let o € Ey be a homogeneous element of bidegree (1, —1) or (—1,1) (i.e. 0 € A2V or o € A2V*).
Consider the right adjoint action of o, ad, = {-,0}. This is a degree 0 derivation of the algebra

By, and its exponential e %4 (

which is a finite sum for degree reasons) is a homomorphism of the
bracket, i.e. e % {7,7'} = {e~%o 7, e%o 7'} Tt follows that for an M € By with {M, M} =0,
also M’ := e~%s M satisfies {M’, M'} = 0. In the language of deformation theory, e~ is a
gauge transformation in Ey which takes Maurer-Cartan elements to Maurer-Cartan elements,

see e.g. [DMZ07, Section 5].

Definition 4.2.3. The structure e %4 M on V is said to be obtained from the structure M by

twisting via o.
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In terms of the double g, twists can be interpreted as a deformation of the splitting g=V ®@W
of g. Let M be the corresponding structure on V. Now, let e; be a basis of V with dual basis &'.
Then, the twist of M by an element s = s”/¢;e; of bidegree (1, —1) corresponds to the structure

induced by the splitting (e, (¢%)') via
e = e,
(") = &'+ sVe;.

Compare e.g. the discussion of twists in [AK00|. Similarly, a twist of M by an element t = ¢;;e'¢

of bidegree (—1,1) corresponds to transforming the splitting as

, ‘
e; =e;+ tz‘]E]

(e = €.

The composition of two twists of same bidegree is given simply by their sum. In general,
the composition of twists is defined by the Baker-Campbell-Hausdorff formula (again, see e.g.
[DMZ07]).

—ads

We can expand the twisted structure M’ = ¢ in terms of bidegrees. First, let s = s% ejej be

an element of bidegree (1, —1). Then the components of M’ are (|[Roy02; |[Kos11])

¢ =p—{Nst+{{n st st = {{{¥, s} s}, s}
N =X—A{n,st+{{v), s}, s}

W= p—{1,s}

P =1

(4.5)

and similar formulae hold in the case of twisting by an element of bidegree (—1,1).

4.3 Invariants of polarized Lie algebras

In this section we will introduce certain numbers naturally associated with polarized Lie alge-
bras, namely, the eigenvalue of the quadratic Casimir, which is an invariant of quadratic Lie
algebras, and two contractions that we call the eccentricity and complementary eccentricity of
a polarized Lie algebra. We will discuss to what extent they form invariants of polarized Lie

algebras, and invariants under twists.
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4.3.1 Some identities on the structure constants

Let (g,V,W) be a polarized Lie algebra. Then the bilinear form identifies W = V*. Let
e1,...,en € V be a basis of V and let €',...,e" € W be the dual basis of W. Then
(€1,...m,€%,...,€") is a basis of g that we denote collectively by (£1,...,&2,), ie. & = e
for 1 <i<mand§& =&, forn+1<i<2n. Let i, \,v, ¢ be the maps induced by the Lie
bracket on g introduced in above. We adopt the convention that letters from the beginning

of the alphabet a,b,c,...... run from 1 to 2n and letters i, j, k,... run from 1 to n. We have

the following sets of structure constants:

[gaa gb] = fgbgc

pleirej) = pljex

p(ei,e5) = ijre” (4.6)
ple',e’) = pThey,

NGR=! /\Zjek

Notice that the constants agree when the arguments agree, e.g. for i,j < n we have
(&, &5] = [eir €5] = ples, €5) + (e, €5) = pien + Yijre”
The mixed brackets can be expressed using p and A.

Proposition 4.3.1. We have
e, €] = )\gkek - ,ugkak.
Proof. We can write
(leire’) en) = (lens ei] &) = =il
and
(lei '), e%) = ([, €M, &) = X

from where we conclude

lei, &%) = X" ep — ) e”.
O
Using the metric By, = (£4,&) we can form the totally antisymmetric structure constants

fabc = f;lecd-
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Definition 4.3.1. The quadratic Casimir invariant of (g, B) is

c2(g, B) = fape ™" (4.7)

It is well known that the quadratic Casimir invariant does not depend on the basis and is invari-
ant under isometries of quadratic Lie algebras, hence it is an invariant of quadratic Lie algebras.
However, the quadratic Casimir does not have any particular information about polarized Lie
algebras. This leads to the definition of eccentricity and complementary eccentricity that we

give now.
Definition 4.3.2. Let (g, V, W) be a polarized Lie algebra with structure maps (u, A, 1, ).

1. We define the eccentricity E(g,V,W) of (g,V, W) to be

E(g,V,W) = E(g) = pj; Ay’ (4.8)

2. (g,V,W) is called regular if E(g,V,W) =0 and eccentric otherwise.

3. The complementary eccentricity E(g, V., W) is defined to be

E(g,V,W) = E(g) == (p, %) = 9" by (4.9)
where (-, -) is the extension of the pairing V x V* — k to Ey.

Clearly, these numbers do not depend on the basis of V. They are therefore an invariant of the

polarized Lie algebra (g, V, W). There are a few immediate consequences of this definition.

Proposition 4.3.2. i) Let (g,V,W) be a quasi-Manin triple (i.e. either V. or W is a subal-

gebra). Then the complementary eccentricity of (g,V, W) vanishes.

ii) Suppose either p or X\ is unimodular (i.e. satisfies ugk =0 resp /\Zi,C =0 for all k). Then
the eccentricity of (g, V, W) vanishes, i.e. (g,V,W) is a reqular polarized Lie algebra.

Proof. i) If V (resp. W) is a subalgebra, then 1) (resp. ) vanishes, and in particular E(g) = 0.

ii) Immediate from the definition, since E = ,u};i)\fj = ugk)\gk which clearly vanishes if V' or
W is unimodular.

O

The following proposition gives an interesting formula for the quadratic Casimir in polarized

Lie algebras.
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Proposition 4.3.3. Let (g, V, W) be a polarized Lie algebra, then we have

ca(9) = 207 bijk + 6uf AT = 2(0,9) + 6{u, \)
where (-, ) is the extension of the pairing V- x V* — k to Ey.

Proof. We can compute

n n 2n n 2n 2n
faed™ =D Farf 43D > Fiwd T3> D fnf T D> fie”
i,j k=1 ij=1 k=n+1 i=1 jk=n+1 irjk=n—+1
n n 2n
=2 > firf 6> > fipt?
6,5 k=1 ij=1 k=n+1

= 259" + GMZ')\?

In the first equality we have used total antisymmetry and in the second equality the fact that

lifting an index is just shifting it by n (modulo 2n). O

The following theorem allows us to go even further and express the quadratic Casimir of g in

terms of the eccentricity and complementary eccentricity.
Theorem 4.3.4. Let (g,V,W) be a polarized Lie algebra with invariant bilinear form B. Then
ca(g, B) = 12E(g, V, W) + 8E(g, V, W). (4.10)
The proof of the theorem follows from two Lemmas:
Lemma 4.3.5. If g is a quadratic Lie algebra, then
([z,9], [z, w]) = ([z, 2], [y, w]) = ([z, w], [y, 2])

Proof. The proof is a straightforward application of invariance and the Jacobi identity:

([z,9], [z, w]) = (2, [y, [z, w]]) = (2, [ly, 2], w] + [, [y, wl])

= <[{L‘, Z]a [vab - <[$7w]> [yv Z]>

We can express cpijkwij k¥ in terms of other structure constants:

Lemma 4.3.6. We have
(1, ) = 2E(g, V, W) + E(g, V, ).
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Proof. We compute {[e;, e;], ¢, €/]) in two different ways, once directly and once using Lemma

[4.35] First, we have
<[ei7 ej]a [5i7 5j]> = %‘jk@ijk + /-LZAZ]

On the other hand, using Lemma [4.3.5] and proposition [4.3.1], we get

<[€i7 ej]v [5i7€j]> - <[ei7€i]7 [ej7€j]> - <[ei75j]7 [ejvgib
= (\ike — piby e, )\j:kek — u§k£k> — <Ajkek — ufkek, )\ékek — uékak)

7

= 2;1%)\2] = 245N

]
The proof of the theorem is now simple.
Proof. We simply combine Lemma with Proposition to get
Fave ™ = 2ijue + 65\
= 8uhijnep™* + 120X
]

While the proof of this theorem is simple, it has several immediate corollaries which are quite

interesting.
Corollary 4.3.7. Let (g, B) be a quadratic Lie algebra.

1. The eccentricities of all quasi-Manin triples (g,V, W) are identical and satisfy

E(g,V.W) = %62(9,3). (4.11)

2. The complementary eccentricities of all reqular splittings (g,V, W) agree, and are given by

E(g,V,W) = éCz(g, B). (4.12)

3. Suppose (g, B) admits a reqular Manin triple (g,V,W). Then

c2(g) = E(g,V,W) = E(g, V,W) = (1, ) = 0. (4.13)

The last case justifies the name eccentric, since regular Manin triples are quite common (see

also the discussion below).
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One might ask whether F, E are not in fact invariants of the quadratic Lie algebra itself. The
example in Section below shows that this is not the case. Notice that for a quasi-Manin
triple, we have 2E = (u, \). Hence a good candidate for eccentric Manin triples are ones that

correspond to self-dual Lie bialgebras b (in the sense that the Lie algebra structures on b, b*

are isomorphic). We consider such examples in 4.4.2] and [4.4.3]

Let us relate this to some other discussions in the literature. In [Kosll|, a Poisson (resp. pre-
symplectic) map with respect to a structure M is defined to be an element o € E‘(} 1) (resp.
TE E‘(/_l’l) such that after twisting one has ¢’ = 0 (resp. ¢/ = 0). In this context we have the

following result.

Proposition 4.3.8. For regular structures (in the sense of Definition , the complemen-

tary eccentricity provides an obstruction to the existence of Poisson (or pre-symplectic) maps.

On another hand, in [AKO00], quasi-Manin triples (g, V, W) and their twists are considered. Here
one requires that V is a subalgebra and considers only twists of W. In this context we have the

following result.
Proposition 4.3.9. Let g be a quadratic Lie algebra which allows polarizations.
i) The eccentricity is an invariant of the Manin pair (g,V) which does not depend on the
choice of isotropic complement W. In particular, it is invariant under twists (of W ).
it) The quadratic Casimir of a quadratic Lie algebra g is an obstruction for the existence of a
unimodular Lagrangian subalgebra.

Proof. 1. The complementary eccentricity of every quasi-Manin triple (g, V, W), where V is
a Lie subalgebra, vanishes. Hence the eccentricity of this Manin pair is equal to a multiple

of the quadratic Casimir of g, and hence does not depend on W.

2. If there exists a unimodular Lagrangian subalgebra, then there exists a splitting for with
both the eccentricity and the complementary eccentricity vanish. Hence the quadratic

Casimir of the Lie algebra vanishes.

4.4 Examples

In this section we will consider various examples of polarized Lie algebras and their associated
invariants. The lowest dimension a polarized Lie algebra can have is 2, however in this case all

structure maps vanish, which follows from equations (4.4a]- [4.4€)) or simple computations.
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4.4.1 A 4-dimensional example

As an example, we can consider the Manin triple g associated to the Lie bialgebra [z, y] = x with
dual Lie bracket [z*,y*] = x*. In this case we have ul, = 1 = \{?, so ufj)\zj = 2 (since pd; =
A2l = —1). Also, pi = Oo (in particular this Lie algebra is not unimodular). We see that the
eccentricity E(g) = 1. The totally antisymmetric structure constants of g are fia3 = 1 = fi34,
implying that fap.fo¢ = 12 = 6gfjhzj = 12E(g). Notice that for any 4-dimensional split Lie
algebra, the structure maps , 1) vanish (since they are totally antisymmetric). However, these
maps can be nontrivial for a 6-dimensional Lie algebra, as we will see in the next example. This
example also shows that the eccentricity and the complementary eccentricity are not invariants

of quadratic Lie algebras, but depend on the splitting.

4.4.2 Example of a bad Lie algebra splitting

This is an example of a “bad” splitting of a Lie algebra where, starting from a splitting into
Lie subalgebras, a sequence of twists produces a splitting in which the complementary eccen-
tricity does not vanish. This shows that the complementary eccentricity is not an invariant of

quadratic Lie algebras.

The Lie bialgebra

Consider the 3-dimensional Lie algebraﬂ d(p) given by
[eo, e1] = e1, [eo, e2] = pes and [eq, ea] = 0.
Consider 6: g — A?g given by
d(eg) = 0,de1 = eg A e1,0ea = —peg A es.
The first observation is that (g(p),[,],d) is a Lie bialgebra. Indeed, the cocycle condition
I([X,Y]) = adxo(Y) — adyd(X)

is satisfied:

d([eo, e1]) = d(e1) = eg A eq,

3This is one of the two self-dual 3-dimensional Lie bialgebras discovered in [Gom00|, from where we adapt the

notation.
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while

ade,0(e1) — ade,0(eg) = ade,(eg Ae1) = e A ey,
similarly for [eg, e2], while
ade, 0(e2) — ade,d(e1) = —pade, e N ez — ade,e0 N €1

= —ple1,e0] Nez — [e2,e0] A ey

=pler Nea+ex Nep) =0=0([e1, ea]).

In fact, the Lie bracket on the dual g* induced by ¢ is the one identical to g(—p). Let us define

structure constants p and A by

(here €* is the basis dual to e;). Then we have

pin =1 uge = p, A\ = 1,097 = —p
and all other structure constants not related by symmetry vanish. The contraction of interest
P A = 2(1—p?) vanishes precisely if p = £1. Alternatively, we could compute ui; = dxo(1+p),
¥ = §10(1 — p) which implies that the eccentricity of this splitting is (1 — p?).
The Drinfeld double

Consider the double @ = d2(p) = g(p) @ g(—p) of g. We denote the bilinear form on ? induced

by the canonical pairing by B. The new brackets are given by [eq,e?] = —pub ¢ + A%, so that
le0,€%] =0, [eg,e'] ==, [eg,e?] = —pe?,
le1,e'] =e1, [e1,et] =€ —eg, [e2,e'] =0, (4.14)
[e2,€] = —pea, [e2, €] =0, [e2,€?] = p(e” +ep).

We claim that (9, B) is isometric to sla2(R) @ sla(R), where each of the two factors carries a
certain multiple of the Killing form. Let us make this isometry explicit. Define a basis of sla(R)

by

1 0 01 0 0
e = (U = (0 0) (4.15)
0 -1 00 1 0
The commutators are [h,z] = 2z,[h,y] = —2y,[z,y] = h. The Killing form is given by

K (A, B) = 4tr(AB), hence, for this basis we have K(h,h) = 8, K(z,y) = 4, and K(y,h) =
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K(xz,h) = K(z,x) = K(y,y) = 0. Define a new basis u = h/2,v = (z+y)/2,w = (x —y)/2. In
this new basis, we have [u,v] = w, [u, w] = v, [v,w] = —u, u, v, w are orthogonal with respect to
the Killing form and K (u,u) = K(v,v) =2 = —K(w, w).

Now, consider the elements e, e; of ? given by eX = e, + £ Then this is a B-orthogonal

a a

a’ra

family and B(el,ef) = +2. Now, the commutation relations (4.14) imply that
[667 eii_] = 261_7 [667 61_] = 2611—7 [61_5 eii_] = _266' (416)

So g1 = (eg,er,e;) C 0 is a Lie subalgebra and e; + 2u,e] +— 2v,ef — 2w defines an
isometry (g1,B) — (slo(R), —1K). Similarly, go = (ed,e5,e;) is a subalgebra of (g) which
is isometric to (sla(R), ﬁK). It is a straightforward check that [g1,g2] = 0. Hence, (9,B) =
(sl2(R), ﬁK) @ (sla(R), —1 K). We can also compute the structure constants f;;x = fl-ljBlk and
fiik = B”Bjmfl’;;l in the basis (u1,v1, w1, ug,v2, w2). Namely, fi;r is nonzero only if (4, j, k) is
a permutation of (1,2,3) or (4,5,6), and we have fia3 = —ﬁ, f156 = %, 123 = 4p, f455 = 4.

In particular, f;j,f9% = 12(1 — p?) = 12E(g).

Twisting to a bad splitting

We will now consider a sequence of twists: (,g(p),g(—p)) ~ (0,V,g9(—p)) ~ (0, V,W) such
that the last splitting is “bad”, i.e. has non-vanishing contraction wijkgoij k where 1): V xV —
W,p: W x W — V are the restrictions of the bracket to V' resp. W composed with projection
to W resp. V as defined in , i.e. the measure the failure of V. W to be subalgebras.

The first twist is e, — €, = e, + tabsb, where t19 = A = —t91 and all other entries 0, where
A > 0. The new structure maps can be computed using formula , but it is simpler to do it
directly. Since [e], e5] = A([e2, e2] — [e1,€']) = A((1 — p)eo — (1 + p)e°) we have

Yo12 = (€, [e1, €5]) = =A(1 + p)

and

(:u/)(1)2 = <‘€07 [6/1’ 6/2]> = )‘(1 - P)~

These are the only structure constants which change. In the second twist, we map £ — (%) =

£? 4 5% where s'2 = 1 = —s?! and all other entries 0. This results in the new bases (e},) of
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V with dual bases (¢*)’ of W given by

ey = eo, (%) =€,
r_ 2 1y _ 1

el =e1 + A&7, () =(1—=XNe" +eq,
eh = ey — Ael, (2 =1 —=Ne? — e

Then, we have
[(1=Ne! +e2, (1= N)e® —er] = (1= A)([er, ] + [e2,€7)

(1=X)((1 = p)eg + (1 + p)eY),

(1 - )\)61 + pe2

(), ()]

[CONCHY
(), (%)) = =p(1 = N)e? + ex

The following structure constants change:

(") = (") () ()] = 1= N1 = p)
(N)o* = (e, [(€"), (%)) = 1 =X (A +p)
)FE = (en (), ()] = (1= 2) + Ap
(N)3% = (e, [(), (%)) = =p(1 = A) = X
(1)1 = (1) eo, €]) = (1= A) = Ap
(1")32 = (%), leo, €h]) = p(1 = A) = X

From this we compute ("), = Sro(1 — 2A — 2pA + p) = dko(1 + p)(1 — 2X), (\)¥ = G4o(1 —
2X + 2Xp — p) = dko(1 — 2X\)(1 — p). Hence the eccentricity E(g,V, W) of this splitting is
(1 —2X)%(1 — p?). The complementary eccentricity of this splitting is

E(g,V,W) = 6tho12¢"% = 6A(1 — M) (1 — p?). (4.17)
Notice that both eccentricities are non-zero only if A # 1, p # 1. In passing, note that we have
SE(g, V,W) + 12E(g, V, W) = 48)\(1 — A)(1 — p?) + 12(1 — 4\ + 4)2)(1 — p?) = 12(1 — p?) = e2(g, B)

in agreement with Theorem [£.3.4]

4.4.3 Different invariant forms on si3(C).

In this subsection we provide an example of how the invariants defined above depend on the

invariant bilinear form. Namely, we will construct splittings of sla(C) (considered as a real Lie
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algebra) with respect to different invariant bilinear forms, such that the eccentricity (and all
other invariants) associated with the first bilinear form vanish, while they do not for the second

one, which comes from presenting sla(C) as a sum of Bianchi VI, factors (see e.g. [Gla+14]).

Imaginary part of the Killing form

Consider slp(C) with invariant bilinear form By(X,Y) = Im2tr(XY). This is a multiple of
the imaginary part of the Killing form on slo(C). The matrices h,x,y introduced above span
sl2(C) over C. From the fact that 2tr(h?) = 4,2tr(zy) = 2 and all other traces vanish, we see
that the splitting (g, V, W) given by V = (h,z,y)r, W = (ih,iy,iz) is a splitting of slo(C) as
regular quasi-Manin triple, since V' 2 slo(R) as Lie algebras and slo(R) is unimodular. Hence,
by Corollary all eccentricities vanish. Another possibility is to split sly(C) = sua@®b, where

b is a Borel subalgebra, this is a splitting as a regular Manin triple (since sug is unimodular).

Splitting into Bianchi VI, Lie subalgebras

It is a non-trivial fact that sla(C), endowed with a particular invariant bilinear form, admits a
splitting into isomorphic subalgebras (i.e. can be seen as the double of a self-dual Lie bialgebra).
The algebra that these subalgebras are isomorphic to is called type VII, in the Bianchi clas-
sification of 3-dimensional Lie algebras. This was proven in [Gom00]. Let a € R and consider
the 3-dimensional Lie algebra s(a) with basis eg, e1, e2 and commutation relations

[eo, e1] = ae; — eg

[e, e2] = e1 + aea (4.18)

[61, 62} =0.

Define a Lie coalgebra structure A on s(a) by

)\60 = 0,
el =eg A (61 + aeg)

Aea = eg A (—aep + e2).
It is straightforward to check the cocycle condition, e.g.

A[eo, e1]) = ader — Aea = eg A (2ae1 + (a® — 1)es)

ade,Ne1 — ade, Neg = eg A ([eo, e1] + aleg, e2]) = ep(A2ae; + (a2 — 1)eq),
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and so on (the fact that this is a Lie bialgebra is proven in more general terms in [Gom00]). Let
us compute the eccentricity of the corresponding Manin triple: We have u};i = 2adyo and /\fj =
20k0. It follows that the eccentricity of the Drinfeld double d(a) of s(a) is E(9,s(a),s(a)*) = 4a.
It follows that the quadratic Casimir of the double is ¢2(9(a)) = 48a. We now have the following

claim.

Claim 4.4.1. 9(a) is isomorphic to sla(C) as a Lie algebra for all a. For a = 0, this is an

isometry with By above.

It follows that there is a family of non-isometric invariant bilinear forms B, on sl2(C) which

allows eccentric splittings.

Proof. This claim is proven indirectly in [Gom00|, but here we construct an explicit isomor-
phism. For this, we explicitly spell out the brackets. The brackets on s(a)* spanned by €%, ¢!, £2
are

[0, el = —ae?, [0 e =ae! + &2, [, = 0. (4.19)

The mixed brackets can be deduced from Proposition and are

[60,60] =0, [50,61] = —e1 — aeg, [50,62] = ae; — e
[517 60] = ael + ‘52’ [617 61] = _aSO + €0, [517 62] = _50 — a€g
[€%,e0) = —' +ac®, [e%e1] =¥ +aen, [€% ea] = —ac® + ep.

Remember that h,z,y,ih, iz, iy is a real basis for sly(C). Consider first the case a = 0. In that
case, define a map 0(0) — sl2(C) by

i

ﬁy

i 1
eg — —h,e1 = —y,eq —

2 V2
e — %h,sl > \2:@",52 — \;506

Using the commutation relations of [h, x] = 2z, [h,y] = 2y it is a straightforward check that this
is a Lie algebra homomorphism on s(0) and s(0)*. Also, since this map is an isometry between
the canonical invariant bilinear form on 9 and By and, it defines a Lie (bi)algebra isomorphism
0(0) — (sl2(C), By).

Next, consider the case a # 0. The first guess is to deform the images of eq and £°, such that
one obtains the commutation relations in s(a) (resp. (4.19) s(a)*). One quickly finds
that sending eq — i/2h — a/2h, €° +— h/2 + ai/2h does the job. However, this destroys the

commutation relations [¢%,e;] for i = 1,2. Hence we also have to deform the image of these
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vectors. The trick is that multiplying e;, e/ by the same complex factor does not destroy the

commutation relations on the subalgebras, since the bracket is a actually complex linear. The

commutators of [, ;] of interest are either [2,e1] = —[e!, ea] = aeg +e¥ = aih + (1 —a?)/2h =
(14 ai)?/2h or [e1,e1] = [€2,ea] = eg — ae® = i(1 + ai)?/2h. Hence, simply scaling ej, ez, !, &2
by (1 + ai) does the job. O

From the proof we can extract the following statement.

Proposition 4.4.2. The map d(a) — sla(C) defined by

i-a, o l4ia o i(ltia)
e ——h,e1 —» ———vy,e -
0 5 1 /2 Y, €2 /2 Y
L+ (14 Lt
20 —Hah,gl i( +za)x7€2 +ia
2 V2 2

is a Lie algebra isomorphism for all a. For a = 0, it is an isometry with 1/2 the imaginary part

of the Killing form of sla(C).

Interestingly, the results of |[Gom00| imply that the bilinear form on sl3(C) induced by the
isomorphism with 9(1) is (proportional to) the Killing form of so(1,3), the Lie algebra of
the Poincaré group. Therefore B, interpolates continuously between the Killing form and
the Poincaré group and the imaginary part of the Killing form of sla(C): (sl2(C),Bi) =
(50(1,3), Akigo(1,3)) and (sl2(C), Bo) = (sl2(C), 1/21Im 4, (c)), where #g denotes the Killing form
of g. Also, this shows that these two quadratic Lie algebras are not isometric since their Casimir

invariants are different: cz(sl2(C), Im g, (c)) = 0 while ca(s0(1,3), Aigo(1,3) = 48.

4.4.4 Splittings associated to compact simple groups

The example of sla(C) above can be generalized to complexifications of compact simple groups.
The usual choice of gauge group in Chern-Simons theory is a compact simple group, the first
of which is su(2). However, it is well-known that on simple groups the space of invariant bi-
linear forms is spanned by the Killing form, and that the Killing form of a compact group is
negative definite. This implies that compact simple Lie algebras can never be polarized, since
a polarization of a real Lie algebra requires the invariant bilinear form to have split signature,
i.e. signature (dim g/2,dim g/2). However, one can ask the question whether one can associate
a polarized Lie algebra with a compact simple Lie algebra such that certain invariants are the
same (e.g. the quadratic Casimir) or at least related.

There are some standard constructions of Manin triples associated to compact simple Lie al-

gebras with Killing form (g, kg). Namely, one can complexify the Lie algebra and consider the
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imaginary part of the complexified bilinear form (which is the Killing form of complex Lie alge-
bra gc). It is well known that this form has split signature, and the corresponding Manin triples
have been classified by Delorme ([Del01]). However, one can easily see that these quadratic al-
gebras admit a Manin triple of the form (gc, g, b) (see e.g. [Kos97]). Since g is a compact simple
Lie algebra, it is unimodular, hence the quadratic Casimir and the eccentricities vanish.

One can also consider the Lie algebra gc @ gc with the difference of the Killing forms. This
admit Manin triples of the form (gc @ gc, gc, h), where go C go @ gc is the diagonal subalgebra.
But since g is unimodular, so is gc, and these are also regular Manin triples, so the associated
invariants vanish.

Hence, none of these standard constructions yields a polarized Lie algebra which is of interest to
us. An idea for future investigation is the following. Considering Chern-Simons theory with po-
larized target is an attempt to consider Chern-Simons theory as an AKSZ theory with polarized
target. Rather than polarizing the target, we should consider the entire space of fields with its
algebraic structure (a dg-Frobenius Lie algebra, as in [CMO§]). One should then consider also
the algebra of boundary fields, and consider polarizations therein (not just in the Lie algebra

of coefficients), and their compatibility with the algebraic structure in the space of bulk fields.
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Chapter 5

Split Chern-Simons Theory in the
Axial (Gauge

In this chapter we turn towards split Chern-Simons Theory. There are two main results.

The first is that in the case where (g, V, W) is a Manin triple, the weight of the theta graph
on lens spaces is compatible with the results of Kuperberg-Thurston-Lescop reviewed in
Namely, the weight coincides with the Casson-Walker invariant of A\cw (Lpq) = %s(q, p), plus a
term which changes by % if the framing of the lens space is changed by one unit.

The other main result is that if (g, V, W) fails to be a Manin triple, the weights of the two
possible orientations of the theta graph do not agree. This shows that the theory is anomalous.

Possible reasons for this are discussed in Section [5.6

The main tool that we use is the BV-BFV formalism developed by Cattaneo, Mnev and
Reshetikhin in [CMR14; CMR17], reviewed in Section Let us give a brief overview of
the chapter. In section we recall the definition of split Chern-Simons theory and of its BV-
BFYV extension. In section we consider the perturbative quantization of split Chern-Simons
theory, and explicitly give the Feynman diagrams at low orders on handlebodies. We discuss
the evaluation of these diagrams in the axial gauge on the solid torus in Section , explicit
computations can be found in Appendix [A] In Section [5.4 we discuss how to glue lens spaces
from solid tori. Explicit results for the low-order effective action on lens spaces are discussed in
Section while the longer computations are carried out in Appendix [Bl The implications for
the weights of theta graphs are discussed in Section In Section we discuss an alternative

procedure to evaluate the weights of Feynman diagrams, and evaluate the effective action on
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lens spaces from this point of view in Section [6.2] Finally, in Section [6.3] we give some remarks
about how one could extend the methods of this chapter to arbitrary 3-manifolds, and comment

on the various obstacles that present themselves.

5.1 Definition of Split Chern-Simons Theory

5.1.1 Split Chern-Simons Theory as an AKSZ theory

Let (g,V,W) be a polarized Lie algebra, i.e. a quadratic Lie algebra (g, (-,-)) with a choice
of two Lagrangian subspaces V', W such that g = V & W. Split Chern-Simons theory is an
example of an AKSZ theory (see Section . The target is the 2-shifted Hamiltonian manifold

M = (g[L],wq, ©) (5.1)

where

wg(A, B) = (A, B) (5.2)

is a 2-shifted symplectic form on g[1], and © is the function
1
O(a) = 1 (a,[a,a) (5.9

which satisfies

{6,0} =0 (5.4)

with respect to the Poisson structure induced by w, i.e. © is a solution of the CME ((2.13)).
Equation follows from invariance of the inner product and the Jacobi identity. Alterna-
tively, applying the splitting g =V & W =2 V & V*, the Poisson bracket becomes that of the
cotangent bundle of V1], i.e. the big bracket of Section and equation becomes
equivalent to the system of equations .

Definition 5.1.1. BV-extended split Chern-Simons theory is the BV-BFV theory arising from

the AKSZ construction with target M = (g[1],wy, ©) for a polarized Lie algebra g.

Let us recall what this means explicitly. We use the superfield notation: C € Q°*(M, g)[1] means
that C is an inhomogeneous differential form with values in g. The shift [1] denotes the total
degree, hence the p-form component of C has ghost number 1 — p, in particular, the one-form
component has ghost number 0, i.e. is the classical field. By (-,-) and [, -] we denote (by abuse
of notation) extensions of the bilinear form and the Lie bracket to Lie algebra-valued differential

forms.
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We briefly recall the output of the AKSZ construction of classical Chern-Simons theory on
manifolds with boundary for an arbitrary Lie algebra g from |[CMR14]. The BFV space of
boundary fields associated to a 2-manifold X is (}"g ,w? = 604‘%, Qg) where

Fo=0%2,9)[1] > C

wz/(scmc

E-/C/\(SC
- [ (s 9ae)

Here wg has degree 0, and Qg is a Hamiltonian cohomological vector field. The BV-BFV space

Far associated to a 3-manifold is (Fas, war, Sar, @ar, ) where
Fu=Q%(M,g)[1]>C
wy = / dC A SC
Sur = / (C,dC) + <c, c, )

QM:/MdC/\(S 1<[c a, 55C>

and m: Fpr — ]-"g 2 1s the projection to the BFV space of boundary fields .7-" 57 Which is given

by restriction of forms. These data satisfy the BV-BFV compatibility axioms

LQuwn = 08y + T ady,

om(Qum) = QgM
Note that so far this is just the classical AKSZ formulation of Chern-Simons theory and we
have not yet made use of the splitting. This will be the next step.

5.1.2 Formulation as a BF-like theory

Let us recall from [CMR17] how to formulate split Chern-Simons theory as a BF-like theory.

Consider the BV-extended Chern-Simons action functional
1 1 1 arb 1 arbre
S[C] = o <C7dc> + = <C7 [Ca C]> = 7Babc C + 7fabcc c°C
M 2 6 M 2 6

which arises from the AKSZ construction as explained in the paragraph above. Here, in the
second expression we pick a basis e, of g and define By, = (eq,€p), fare = (€a,[€p,€c]) and

expand the field as C = C%,. Since g admits a splitting g = V & W into maximal isotropic
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subspaces, we can choose a basis & of V and a dual basis ¢ of W. Then the space of fields
splits as Q°(M, g) = Q*(M,V) @ Q*(M, W) and the superfield C splits as A + B = A%¢; + B;&/.
By (i, A, ¢,1%) we denote the structure maps of the polarized Lie algebra as defined in
Integrating by parts one can rewrite the action as

SIA,B] = /M<B,dA> + %(A, (A, A]) + %(B, AL A]) + %(A, B, B]) + é(B, B,B]). (5.5

The quadratic term is
Sno = / B;dA’, (5.6)
M

hence the theory is “BF-like” in the sense of [CMR17] with interaction term

6
1 inipak o 1 goaiak . Lyikai 1 ik
= GUIRAN AT £ Sl BN AT + SNTATB; B + <V BiB; By

V(A,B) = ~(A, [A,A]) + %(B, A, A]) + %(A, B,B]) + %(B, B, B])

where we introduced the structure constants wijk,uék,)\‘gk,apijk defined in (4.6)). If (g,V, W)
form a a quasi-Manin triple (i.e. V is a subalgebra), by isotropy the interaction term simplifies
to

1 1 1

V(A,B) = §<B, (A, A]) + §<A’ (B, B]) + 6<B’ (B, B]). (5.7)

In the special case where (g, V, W) is a Manin triple (i.e. V, W are subalgebras), by isotropy we
get that the interaction term simplifies to

V(A,B) = %(B, A, A]) + %(A, B, B]) (5.8)

Remark 5.1.1. We can go even further, and assume that W has the trivial bracket. In that case,
V can be an arbitrary Lie algebra b, since any Lie algebra admits the trivial bialgebra struture
~ = 0, which leads to the Manin triple (g = h ® b*, b, h*) (g is called T*-extension of b, see e.g.

[Bor97]). In that case, the interaction term is simply
1

which is the interaction term of non-abelian BF theory, i.e. non-abelian BF theory in dimension

3 is a special case of split Chern-Simons theory.

5.2 Perturbative Quantization of split Chern-Simons Theory

In this section we consider the perturbative quantization of split Chern-Simons theory on han-
dlebodies Hy. Since handlebodies are manifolds with boundary, we will use the perturbative

quantization method of the BV-BFV formalism explained in section
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5.2.1 Polarization

In split Chern-Simons theory, the space of boundary fields splits as
FO=Q*(0M,V)[1] @ Q*(dM, W)[1]. (5.10)

By the isotropy condition this is a splitting into Lagrangian subspaces, so we can use either of
them as base or fibers of a polarizatiorﬂ The coordinate on the base is denoted by a blackboard
bold letter A or B, and we speak of A- or B-representation respectively. This terminology comes
from the p- and g-representations in Quantum Mechanics.

Recall from section that the a choice of decomposition OM = 04M U oM defines a
polarization by choosing the A-representation on 91 M and the B-representation on do M. If
OM 1is connected, the only choice is between the A- or the B-representation on dM. For

computations we will use the A-representation, i.e. we will split the A-field as
A=A+A
where A is an extension of A = (*A to the bulk. However, as we will explain below, for split

Chern-Simons theory the computations in A- and B-representations are analogous.

5.2.2 Residual fields

After choosing the polarization and a decomposition Fj; = Bﬁ X Y, we must choose a decom-
position Y = V), x )’ such that there exists a Lagrangian £ C ) on which the action Sy; has
a unique non-degenerate critical point. For the case of abelian BF theory this has been carried
out in [CMR17], see the brief review in section m This is the construction that we will also

use in split Chern-Simons theory, as we consider it as a perturbation of abelian BF theory.

Residual fields on Handlebodies

We briefly recall the definition of a handlebody.

Definition 5.2.1. i) A handlebody H is a 3-dimensional manifold with boundary such that
there is a properﬂ embedding of a disjoint union of disks f: | |, D; — H such that H\im f =
B3, where B? denotes a 3-ball.

If one thinks of Chern-Simons theory as an AKSZ theory as explained above, this amounts to lifting a target

polarization instead of using a source polarization.
*Here by proper we mean that f(| |, 0D;) C 9H.
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ii) If H is a handlebody, then an embedding f of a disjoint union of disks is called a system

of disks for H. It is minimal of the number of disks is minimal among all system of disks.
iii) The genus of a handlebody is the number of disks in a minimal system of disks.

It is a standard result (see e.g. [Joh|) that there is a unique (up to diffeomorphism) handlebody
of genus g, obtained from the 3-ball by attaching g handles, for all g > 0, and that its boundary
is a closed surface of genus g. The handlebody of genus 0 is a 3-ball.

Since the boundary of a handlebody is connected, we can define either 0H, = 01 H, or O0H, =
O2Hy, i.e. choose either A or B representation on the boundary. We will discuss only the first

case, the other one works analogously. In that case we have
Vi, = (H*(Hy,0Hy) © H*(H,))[1] > (a, b).

In the case g = 0, we have H°(Hy) = H?(Hy,dHy), while other cohomology groups vanish.
Let v be a normalised volume form on B3, then we can define a basis for residual fields by

xo = v, X" = 1. The residual fields a, b are then defined by

(5.11)

where the coordinate 20, (resp. z7,) is a linear V (resp. W) valued functions on H®(M, M)

(resp. H*(M)).

Now let us consider the case g > 0. We have that HY(H,) = H3(H,, 0H,) 2 R and H'(H,) =
H?*(H,,0H,) = RY. A useful choice of basis is the following. Let D,..., D, be a (minimal)
system of disks for H,. Let ui,...,us be the dual basis of H?(H,, 0H,) whose existence is
asserted by the universal coefficient theorem (i.e. we have [ p, i = dij). Choose Poincaré-
Lefschetz dual 1-forms dti,...,dty to p, ..., pg (ie. ng pidt; = d;5). We can then pick as a
volume form v = Y7 | p;dt;. Its total volume is g. We can hence define the basis of residual

fields as, fori =1,...,9g

Xo=v X =-
g (5.12)

Xi = Mi X' = dt;
We then have
a=20+ 2 (5.13)

1
b= zgg + 2 dt; (5.14)
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where the coordinates 20, z° (resp. z{, z;r

H*(M,0M) (resp. H*(M)).

) are again linear V' (resp. W) valued functions on

Remark 5.2.1 (Genus 1 case). The notation is suggestive for the genus 1 case Hy = S! x D, in
that we can choose dt; = dt, the differential of the longitudinal coordinate. Dual to it we have
a volume form p € H?(D,dD) with total volume 1. These are the ultra-harmonic forms with

respect to the product metric on the solid torus (where S*, D carry the euclidean metric).

Remark 5.2.2 (Cohomology of 0H,). Let g # 0. Restricting the representatives of the absolute
cohomology to the the boundary of the handlebody 0H, = 3, we obtain representatives for
cohomology classes in ¥,. We can choose 1-forms db,...,df, such that ng dt;df; = d;;. The
df;’s are Poincaré dual of the g 1-cycles in X, that generate the first homology group of the
handlebody after composing with the inclusion. There is a volume form vy on ¥, given by
vg = >.9_; dt;df; of volume g. In that way a choice of generators of H*(H,,0Hy) & H*(H,)
yields a basis of H'(X,) which is a basis in which the Poincaré pairing is the standard symplectic

form.

Remark 5.2.3. The residual fields on handlebodies in the A-representation have the particular
property that a A a = 0, since a only has 2- and 3-form components. Similarly, any power of b
fields only has 0- and 1-form components, since b has only components of form degree 0 or 1.

This will rule out some the Feynman diagrams that could in principle appear.

5.2.3 Gauge fixing

After choosing the polarization and the space of residual fields, one also has to choose a gauge-
fixing Lagrangian £ C ). In the case of abelian BF theory (which we use to gauge fix here)
such a Lagrangian can be obtained from a contracting triple (¢, p, K) for the complex Q;D(M ),
as discussed in chapter |3 Here Qp (M) are forms which satisfy an “ultrified” set of boundary
condition (see [CMR17]), which is quasi-isomorphic to Q°*(M,0M). The Lagrangian is then
L =imK' @&imK (see section . The propagator 7 is the integral kernel of K, and can be

used to extend the chain contraction K to the complex Q(M,0M) by the formula
K[Oé] = 7T1,*(7’]127T§Oé). (5.15)

If (¢, p, K) is a normal contracting triple, denote by x; the image of a basis of H®(M, M) under
t, and by x* the image of the dual basis of H*(M) under p*. The properties K o1 =0, K? =0
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of the normal contracting triple translate into the following properties of n (cf. |[CMOS]):

/ Maxi = / max' = 0, (5.16)
2 1

/7712?723 =0 (5.17)
2
(5.18)
We then define the state ¢ € H@ by
W(A,a,b) = / enSM (5.19)
L

where the integral on the right hand side is understood as the power series expansion of the

formal 77 — 0 limit of the integral, as explained in Section [2.1

5.2.4 Feynman graphs and rules

After integration over L, we can label the terms in the perturbative expansion by graphs as

follows. Fix k,l,m € Ny. We consider graphs I with three types of vertices (see also [CMW17]:

- Boundary background vertices: There are k of these distributed on M. They are labeled by
Ba if they lie on 9o M and bA if they lie on 01 M.

- Boundary source vertices: There are m boundary source vertices distributed on M = 01 M

labeled by AS with an arrowhead pointing towards them.

- Internal interaction vertices: There are [ internal vertices. They come with three half-edges
which are labeled by «;’s in {a, , b, 8}. These half-edges are either marked as leaves if they
are labeled by a background, as an arrow tail if they are labeled by «, or an arrowhead if they

are labeled by f.
- Divide by the number of automorphisms |[Aut(I")| of T.

If it is possible to connect every arrow tail a to an arrowhead § (possibly at the same vertex),
then the graph resulting from this procedure is called an admissible graph. To such a graph we
can associate a functional on the space of boundary fields as follows (we set ¢ = % = —ih) to

simplify the power counting):

- For every background boundary vertex, multiply by % = (i/h) times the label and integrate

over the corresponding boundary point.
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- For every internal vertex multiply by % = (i/h) times the correct structure constants (specified

by the half-edge labels) and integrate over M. See figure
- For every leaf, multiply by the corresponding background field evaluated at the point.

- For every arrow between vertices in different positions ¢ # j, with tail labeled by o* and head

B, multiply by a propagator ed6Fn(x;, ;).

- For every short loop (also called tadpole), i.e. an arrow starting and ending at the same vertex
i ,with tail labeled by o and head f;, multiply by s&fa(xi), where o € Q%(M) is a so-called
“tadpole form” F|

- For every source boundary vertex, we multiply by % times the corresponding boundary field

and integrate over the corresponding boundary point.

We denote the result by 1Zp. Denoting the set of all admissible graphs for k,I,m by A ,,, we
get
JM(A,B,E],b) = TM Z Z IZ)\F‘

k,,m FeAk,l,m
Remark 5.2.4. We can factor out the non-interacting diagram parts (background boundary
vertices and source boundary vertices connecting to other source boundary vertices). This will

yield a prefactor of enS6" where SSH is the free effective action

St = — </81M<b,A>> (5.20)

i.e. the effective action of the unperturbed theory.

The remaining interaction diagrams have [ > 1 internal vertices and m < 3l boundary vertices.

Denoting the set of admissible interaction diagrams by A%%, the above expression becomes

oo 3l

Uar(A,B,a,b) = TyedSs [ 1433 3 4r

I=1 m=0pepint

Definition 5.2.2. We say that a graph is of n-point order if there are exactly n interaction

vertices.

3These contributions can be ignored if the vertex coefficients are unimodular or the Euler characteristic of M

is 0, since in this case the tadpole form can be chosen to vanish.
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(a) BBB vertex (b) ABB vertex (c) AAB vertex

1
~ —1,/.. i — )
jIm e Vijk Jpens Y s e YA W) [oeom

(d) AAA vertex (e) Univalent boundary vertex

Figure 5.1: Feynman graphs and rules for split Chern-Simons theory: Vertices

x T )
°. °. ) :

. ~~s g0
é/)z - al(m) @Z - bz(x) r e——eY € ]n(x,y)

(a) A half-edge ending in an a (b) A half-edge coming from a (¢) An edge between vertices &

residual field. b residual field. and y

Figure 5.2: Feynman graphs and rules for split Chern-Simons theory: Decorations and edges

5.2.5 Graphs on handlebodies up to 2-point order

In this subsection we explicitly give the connected Feynman graphs appearing in split Chern-
Simons order appearing on handlebodies, up to 2-point order (in the A polarization). The single
boundary of the handlebody is depicted as a circle, and the interaction vertices are drawn inside

the circle.

0-point order

At this order there is just a single graph depicted in corresponding to a single residual field at
the boundary. Since we consider only one boundary component, this coincides with the free

effective action.

1-point order

At the next order, we will see graphs with one interaction vertex. In principle, it could be any
of the four possible vertices, i.e. either A3, A2B, AB? or B3. However, the last vertex is ruled
out since it has only arriving arrows, but there are no source terms, so there can be no arrows

arriving there. Hence the only possibility is to attach three b residual fields at this vertex.
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bA

Figure 5.3: Single diagram I'g contributing to zero-point effective action

As explained in Remark the resulting form has form degree one, so integration over the
3-dimensional manifold vanishes. Also, again invoking Remark we can place at most

one a residual field at this vertex. The resulting tree graphs are depicted in [5.4] In principle,

‘ @
a) I'io

(b)F11 ()F'i)2

A A

(d) T3 5 ()13

Figure 5.4: Trees graphs in the handlebody H, with one interaction vertex. A bullet denotes a

point we integrate over, a long arrow denotes a propagator.

there can be a short loop starting and ending at the interaction vertex. This results in the
graphs shown in Figure The usual way to exclude tadpoles is to require that the structure
constants at each vertex satisfy a unimodularity condition. However, as we saw in the discussion
in the last chapter, requiring unimodularity of the maps i and A requires the eccentricity of the
polarized Lie algebra to vanish (Proposition . So, we will formally consider tadpoles, and
talk about other ways of regularizing them later. There are two graphs with a tadpole at this

order, depicted in Figure Notice that for degree reasons we cannot put a tadpole and an a
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residual field at the same vertex (both have form degree > 2).

A

) Fo (5) T3,

Figure 5.5: Graphs with one interaction vertex and a tadpole

2-point order

At this order there is already a considerable number of Feynman diagrams. Let us first consider

tree diagrams only. We have the following Lemma.

Lemma 5.2.5. With the choice of residual fields as in[5.19 and a propagator satisfying condition
(5.16),the contribution of a 2-point tree diagrams with a B3 vanishes after integration.

Proof. In a 2-pt tree diagram, there can be at most one edge between the two interaction
vertices. It has to end at the B3 vertex. The remaining two half-edges have to be connected to
b residual fields. But b Ab is again a linear combination of the x’. Hence, after integrating over

that vertex, the contribution vanishes by assumption on the propagator. O

The remaining diagrams are listed in Figure below. Here the label x can mean one of a, b.

At this order one also sees loop graphs appearing. There can be both one- and two loop graphs.
One-loop graphs are listed in figure Notice that here we can have any orientation in the
arrows between the two vertices, so they are drawn unoriented. There are two possible two-loop
graphs (counting orientation), depicted in figure These correspond to the theta invariant
of the handlebody itself. Also, there can be graphs with a tadpole, they are listed in figure
0.9

81



(2l
> )
=
=
>
=
=2

(a) I3, (b) I'$% (c) T

=)
D

A ARRAA A A

(d) T3 (e) Toy (f) T 5

Figure 5.6: Tree Graphs with 2 interaction vertices. A bullet denotes a point we integrate over,

long arrow denotes a propagator. x € {a,b}.

1
(®) Tz (b) 1) () %)

Figure 5.7: One-Loop diagrams in the 2-point effective action

(a) TS) 4 (b) T'(2),5.0. 5

Figure 5.8: 2-Loop diagrams in the 2-point effective action.



A

(b) 5,

Figure 5.9: Tadpoles diagrams at 2-point order
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5.3 Evaluation of Feynman diagrams on the solid torus in the

axial gauge

In this section we explain how use the axial gauge introduced in Chapter [3|to explicitly compute
the weights of the Feynman graphs collected in the last section on the solid torus, i.e. the
handlebody of genus 1. Since the computations (and the results) are still quite lengthy, the
bulk of them is moved to Appendix [A]

5.3.1 Axial gauge propagator

On the solid torus M = S' x D, which is a product manifold, we have an axial gauge propagator

as explained in Chapter The identity these distributional propagators satisfy is
d — . P * 1
dnpr = 87 (@1, 22) + (=11 Y (~1) B (5.21)
i

On the solid torus, we have two choices for a distributional propagator. The horizontal propa-

gator is

0" (21,40), (22, £2)) = mp (21, 22)05) (b1, t2) + punsa (11, 2) (5.22)
while the axial propagator is
0 (21, 11), (22, 82)) = 35 (21, 220 (1, 2) + mp (21, 20) (dts — dt) (5.23)
where np and ng1 are propagators on the the disk and the circle, respectively.

Lemma 5.3.1. These propagators satisfy
dn = 61 (21,02) + Y (— 1) Xemi xumix = 61 (21, w2) — pudty + pudty. (5.24)
i
Proof. First note that in the distributional sense we have

dpnp = 5g)(217 z2) — 1
dslnsl = 52}1) (tl,tg) — (Cltl — dtg)
dgi165) =0

where the first two identities are (5.21]) for D and S* respectively, and the third is for dimensional
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reasons. Using this, we evaluate (omitting the arguments)

dnr = dnpdgr + pydng
= (0p — p1)ds1 + p1 (61 — (dt1 — di2))
= 6D551 — Ml(dtl — dtg)

= 0p — padty + prdts
and

d?]ax = 5D(551 —dt] + dtz) + (5D — ,ul)(dtl — dtz)

= 0p — padty + pidts.
O

We will now state some other desirable properties the propagators have which allow us to

simplify the computations considerably.

Proposition 5.3.2. Suppose the disk propagator np satisfies
1. [p, np12p2 =0,
2. [p,mp12np,23 =0 and

8. Jop, M2 = 1.

Suppose the circle propagator satisfies fS% ns1 12dte = 0 and ng1(t1,t2) = —ng1(te,t1). Then the
following identities hold for n € {n®, nhor}:

i) [ym2=0,

i) [, dtyma =0,
iii) [, madts =0,
w) [, map2 =0,

v) [y mapedts =0,
vi) [, manes =0,

m’z’) f2,8 me = 1.
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Proof. Notice that a form needs to have degree 2 on the disk and degree 1 on the circle to
contribute to the integral. After expanding the axial and horizontal propagator, the assertions
become straightforward verifications by degree counting and using the assumptions. As an

example, let us prove (vi) in detail. For the horizontal propagator, we get

1 1
(nD,lQéél)JQ + NlﬂSl,lz)(nD,235él),23 + p2ns1 23)

1 1 1 1
= _nD,IQnD,Q?)6‘(5*1)7125‘(5*1)723 + 77D7125él)712/127751,23 + M1n51,12nD,235é1),23 + pngt 1212751 23-

Now integrate over point 2. The first term vanishes by assumption 2 on the disk propagator.
The second term vanishes by assumption 1 on the disk propagator. The third term vanishes for
degree reasons, since it only has form degree 1 at point 2 in the disk. The last term vanishes

also for degree reasons, since it has form degree 0 in the circle. For the axial propagator, we get

(1151120805 + (dts — dt2)7D,12) (Ns1 2305 s + (dtz — dt3)ip 23)
2 2 2
= 7751,125(D7)12(dt2 — dt3)np,23 + 7751,125(D,)127781,235§:)7)23

+ (dtl — dtg)?]D7127751’235g7)23 + (dtl — dt2)77D,12(dt2 - dt3)77D,23-

The first term vanishes by the assumption on the circle propagator, the second term vanishes
since it has form degree 0 in the circle, the third term also vanishes by assumption on the circle

propagator, and the last by the second assumption on the disk propagator. O

5.3.2 Gauge fixing on the disk and on the circle

In this section we fix the residual gauge freedom on the circle and the disk. On the circle there

is a uniqueﬁ propagator satisfying the assumptions of Proposition namely
1
ns1(t1,t2) = 5 sgn(ty —t2) —t1 +to. (5.25)

This propagator can be seen as the periodic extension of the first Bernoulli polynomial By (x) =
1/2 — z defined on the open interval (0,1) to the real line, which coincides with minus the

sawtooth function

x— x| —1/2 xz€Z
(@)= 1z e (5.26)
0 r €7

at non-integer points.

On the disk, we will use the propagator given in Example in Section - the Riemann-Hodge

“See e.g. the discussions in [BCM12; |(CMR17; |AM11).
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propagator for the Euclidean metric, given by the formula

std

1 zdz — zdZz
nh(z,w) = n(z,w) = oy (darg(z — w) + darg(l — 2w0)) — —————.

(5.27)

4i

As a metric propagator, it satisfies the assumptions of Proposition [5.3.2] and hence the axial

gauge propagator has all the properties listed there.

5.3.3 Computation of the effective action in A-representation on solid torus

In this thesis we used a particular method to compute the weights of Feynman graphs on the
solid torus. The weights of the Feynman graphs are functionals on residual and boundary ﬁeldsﬂ
given, in the case of the axial gauge, by a pushforward of distributions. Let I' be a graph with

k bulk vertices and [ boundary vertices, then

Yr = mewr = / wr (5.28)
Mk xoM!
where the pushforward along the canonical map
7 MF x oM — oM! (5.29)

is often denoted by an integral as in (5.28)). For tree diagrams, the computation of the pushfor-

ward is carried out along the following four steps.

1) Use the decomposition

N =1ND,12651 12 + M17s1 12 =1 Mg + 013 (5.30)

and the splitting of the residual fields to decompose wr into disk and circle contributions.

This is carried out in Appendix
2) Compute the pushforwards of the currents on the circle. This is done in Appendix

3) Decompose the disk propagator 7np 12 into “elementary 1 forms” defined in (A.61)) as np 12 =
$12 + 112 — 1. This is done in Appendix [A4]

4) Use complex analysis (residue calculus) to compute integrals of products of elementary 1-

forms. This is the content of Appendix

5To be more precise, formal i-densities on residual fields with values in a certain space of functionals on

2
boundary fields, see [CMR17|.
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Loop diagrams have to be regularized using the definition made in section [3.4 In the next
subsection we explain in detail how this is done. As a result we obtain explicitly the functional
1r. The computation is carried out for all 1-point graphs. For 2-point graphs we only perform
the computation for graphs that come from the Manin triple condition, i.e. graphs with only
A?B and AB? vertices. For the explicit formulae we refer to the appendix. Here we only give

some remarks about the structure.

5.3.4 Regularization of loop diagrams

We want to show that the 2-point loop graphs, with S the subset of bulk vertices, are horizontal

gauge regularizable, and compute their regularized weights. First, we have the following Lemma:

Lemma 5.3.3. The regularized weight of both orientations of the two-loop graph (figure
and figure vanishes.

Proof. This is an easy consequence of degree counting and hence Proposition Namely,
notice that n! has bidegree (1,1) and 5’/ has bidegree (2,0). The only possibility to get a

form of bidegree (4,2) is n'n’n!!, where orientations are arbitrary. However, n'n! regardless of

orientation of the two factors contains the square of 55;1), whose regularization is 0 by Example

B.4Tl O

Next, let us turn to the 1-loop graphs shown in figure 5.7}

Lemma 5.3.4. The regularized weight of the 1-loop graph with two residual fields (figure
1s nonzero if and only if the propagators are oriented in the opposite way and the residual field

1s b. In that case, its reqularized weight is

—1 ..
wrglg - ﬁfyzjyflz;iz;l. (5.31)

Proof. Again, the proof goes by degree counting. Since the propagators give a total degree of
4, the two residual fields must give a total degree of 2. This is possible if either both are b fields
and contribute a dt or one of them is an a field and contributes p. However, that case is ruled
out by looking at the possible bidegrees (the only possibility is to combine it with two 1, but
this vanishes as above). If both residual fields give a dt, then again bidegree counting shows

that the only term that survives is dt1n{iniidt,. This gives the contribution

/ dtl/llnsl (t17t2)77.5'1 (tg,tl),ugdtg = / Nst (tl,tg)nsl (tg,tl)dtldtg
SIxDxS'xD Slx gl



Here Bs(t) is the second Bernoulli polynomial, defined by equations (5.39),(5.40)),(5.41)), and

where the equality between the first and the second line follows from Lemma below. [

Now let us turn to the next one-loop diagrams, ng% given in figure [5.7b| respectively. We claim

(2)

that there similarly to the graph I'; 5 above, the only term that survives in the regularization

is the one with two 1y oriented in the opposite way.

(2)

Lemma 5.3.5. The diagram 'y given in figures|5.7Y is horizontal gauge regularizable. The

reqularized weight of Fg% is monzero only if the corresponding residual field is b and given by

-1 ..
Yra = E'ﬁcju;lz;’i /6 y doA". (5.32)

1

Proof. Denote the bulk points by z1 and zo and the boundary points by z3 and z4. We have
already established that the regularized weight is zero if there two 1!’s between the same points.
Also, ngng = 0 for degree reasons and 77{5775{ after regularization gives —uqpong: (t1,t2)?. It
remains to look at terms of the form n{,n{Z. First let us look at I‘g} If the residual field in
the graph is a, then the contribution vanishes for degree reasons: The total degree in the disk
between the two bulk points is 5 (recall that ! has bidegree (1,1) and 5! has bidegree (2,0).
If the residual field is b, this does not add any degree to the disk. Now suppose we have an 7753{
between the bulk and the boundary point. In the A — 0 limit this corresponds to placing pu
at point 2, which gives the situation of the Lemma above, therefore this contribution vanishes.
Consider therefore the product niynfini, (if ns is oriented in the other way then the disk degree
at 1is 1, hence integration over 1 gives 0). Expanding the corresponding terms of 7* in terms

of eigenfunctions with Dirichlet boundary conditions (gbZD )72, with eigenvalues A; on the disk,

where ¢ is the harmonic form u, we get

DS 22
oL Ties (i + /\al21)()\j + )\al22)(/\k + )\alz3)

d*67 (21) (07 (22))07 (21) (307 (22))d* O (22) (x7, (23) Jexg.
Here a; = 2mil, and « is a product of eigenfunctions on the circle, and z; are the disk coordinates
of x; The only terms that possibly survivelﬂ in the A — 0 limit are the ones where one of
Ai, Aj, A, = 0 and we can cancel the A in the numerator. However, \; and A, cannot be 0 since
these eigenforms are killed by d*. Therefore, we need to look at the terms where j = 0. In
that case, *(ﬁf = 1. In 29, we then have the terms *gzﬁf)(zz)d*gka(zQ). By Hodge decomposition,

integration over zz can only be nonzero if ¢ is d*-exact: But in that case, the form df which

5This is not completely trivial - one has to take into account integration over both 1 and 2 to prove it.
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is appears at z; in the product above is zero.

O]

Remark 5.3.6. This proof relies on the fact that, disregarding the divergent factors on the circle,

the product of the disk contributions in the axial gauge vanishes after integration, because it

contains the integral | p"ID,127D,23- For the last diagram in question, Fglg given in figure [5.7c}

this is in fact not true. At the moment, it is unknown whether this diagram is horizontal gauge
regularizable or not according to Definition [3.4.1] or whether one can extract a term that is
divergent as A — 0 as suggested in Remark [3.4.1] This does not affect our computation of the
2-loop function on lens spaces since this diagram does not survive after reducing the residual
fields if one glues against 0-point fields. However, at the next loop order there is a contribution
where one glues this diagram to its counterpart in the B-representation. These issues need to

be investigated with more care in the future.

5.3.5 Some remarks on the 2-point effective action

The evaluation of the weights of tree diagrams is quite lengthy, and deferred to Appendix [A]
However, there are already some interesting phenomena that one can observe, on which we

briefly comment in this subsection.

Appearance of boundary propagator

From graph after splitting the residual field we get the contribution (Lie algebra indices

suppressed)

Urish :/ TamsAoAs =/ MaghaAs (5.33)
M1><8M2><8M3 8M2><6M3

where nl; is the axial gauge propagator on the torus, given by
M3 = N5 (02, 03)05) (t2, t3) + (d2 — dBs )1y (12, t3): (5.34)

The same phenomenon can be observed on the disk (follows from equations (A.64)), where we

have

/ nD,121D,13 = N1 (02, 03). (5.35)
D

)

Theorem [6.1.1] shows that under certain assumptions this can be adapted to more general

manifolds with boundary.

90



Feynman diagrams on the disk

The weights of all diagrams in the 1-point effective action on the disk can be expressesd through
complex logarithms and polynomials. However, at the 2-point level we start to dilogarithms

appearing, see equation ({A.39). In general, we expect the following conjecture to hold:

Conjecture 5.3.7. The weights of n-point tree graphs on the disk in cubic perturbations of
abelian BF' theory with gauge fixing given by the Riemann-Hodge propagator can be expressed

using multiple polylogarithms and polynomzials.

By definition, a multiple polylogarithm (|Gon97]) is of the form

mi mn

. z
LZkL...,kzn (217 ceey Zn) = E W (5.36)
T my

ez

mi,....MnE€Z
O<mi<me<...<mn

and its weight is w = k1 + ... + k,. A stronger conjecture is the following.

Conjecture 5.3.8. The weight of a k-point graph with [ boundary points denoted z1,. ..,z can
be expressed in terms of the | — 1 quotients z;Z;+1 through polylogarithms with at most [ — 1

arguments and at most weight k, and polynomaials.

Weights of Feynman diagrams on the disk (or on on the upper half plane) have been of math-
ematical interest since the Formality Theorem by Kontsevich ([Kon03]) and the subsequent
realization by Cattaneo and Felder that the weights of the Formality morphism are weights
of Feynman diagrams of the Poisson Sigma model on the disk ([CF00]). In this approach the
weights are numbers - and not functions on the circle - but the weights computed in the ap-
pendix might play in the role in S'-equivariant L..-morphism ([CF11]). Recentlym the weights
of such diagrams have been of interest also as coefficients of Drinfeld associators. In particular,
similar computations were performed in [Ale+16] and [RW14], where it was argued that a the

“logarithmic propagatorﬂ’

1 2] — 2z
log - 1 2
18 (21, 22) 27ridlog ( ) (5.37)

21 — 22
might have better number-theoretic properties. In principle, the machinery developed in Ap-
pendix [A77] should allow to perform computations also with this propagator. It might allow for
a “logarithmic equivariant ” Ls,-morphism.

Even more recently (Summer 2018), Pym, Banks and Panzer announced a proof of the fact

"The author was made aware of this fact by M. Felder.
8This is a propagator for the upper halfplane, but of course there is a corresponding one on the disk.
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that all weights of Feynman diagrams can be expressed as linear combinations of even-weight
multiple zeta values (Video of a talk available, see [Pan18|). Since the multiple zeta values are

just values of polylogarithms

C(k1,..., kn) = Lig, _k,(1,1,...,1), (5.38)

this can be seen as supporting the conjectures above.

Another remark on Feynman diagrams in the disk is that the complexity seems to increase
due to two things: First, the inclusion of zero modes makes the propagator not closed. The
primitive of the volume form which is added to the propagator for that purpose increases the
complexity of the computations. The second reason seems to be vertices with three outgoing
arrows. Notice that these do not appear in the Poisson Sigma model. Understanding the deeper
reason for these phenomena might help to understand the polarization anomaly that results as

a direct consequence of these vertices (see [5.6)).

Bernoulli Polynomials and numbers

On the circle, the propagator coincides with the periodic extension of the first Bernoulli polyno-
mial. This allows to compute all pushforwards explicitly by the following relation. Remember
that the Bernoulli polynomials are defined by

bo(z) =1, (5.39)
Tba(x) = by (2), (5.40)

1
/ bn(z) =0 (n>1). (5.41)

0
Lemma 5.3.9. Denote B,, the periodic extension to the real line of the restriction of the n—th

Bernoulli polynomial to (0,1). Then for n > 2 we have for x1,x3 € R that
1
1
/ Bn_l(xl — :L'Q)Bl (2?2 — (IZg)da}Q = —;Bn(:ﬂl — 1‘3). (5.42)
0

Proof. By periodicity we can shift the integral to
1 1
/ B, _1(x1 — x2)B1(x2 — x3)dze = / B,—1(x1 — 23 — x9) B1(x2)dzs.
0 0

Now since z2 € (0, 1) we have By (z2) = b1(z2) = x2—1/2. Note that (5.41]) implies faaﬂ B, (z)dx

0 for any a € R, hence, the integral above is (setting y = x1 — x3)

1 1
/ By_1(y — z2)Bi(x2)dxe = / 22 Bpn_1(y — x2)dxs
0 0

= [—miBn(y - a:a)]: + /01 %Bn(y — T3) = %Bn(y)
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where we have used (5.40) (which holds for B,, on all of R for n > 3, and on R\Z forn =2.) O

Hence the pushforwards of currents on the circle can be expressed in terms of Bernoulli poly-

nomials, numbers, and delta functions. See also Appendix

5.3.6 Effective action on solid torus in B-representation

So far we have only considered the A representation. However, since the theory is symmet-
ric under the exchange A <> B, the B-representation can be inferred directly from the A-
representation. More precisely, for every diagram in the A-representation there is a diagram in
the B-representation obtained by exchanging the direction of all arrows, exchanging all residual
fields and all boundary fields. See figure We will call this diagram I'® the dual diagram of

I'*. However, since we have

A A B B

(a) T4 (b) Corresponding T'®

Figure 5.10: Corresponding diagrams in A- and in B-representations.

nt(z1,22) = =" (22, 71),

and the form parts of a® and b® (resp. a® and b*) are the same, the form parts of I'* and T'® are
the same up to a sign. The structure constants and coordinates on the space of residual fields
have to replaced with their “dual” counterparts. This amounts to the following prescription.

To compute the state ¢¥re from the state 1ra,
e replace zFA by z;r,;B, zj,;A by z; kB,
e replace ,u;k by wijk, ik by "% and vice versa,

e replace every A’ by B;,

e multiply by (—1)#F(I'4) where E(T's) denotes the set of edges of T'y.
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5.4 Gluing of lens spaces from axial gauge fixing on solid tori

We now know the 1- and 2-point functions on the solid torus in both the A and the B-
representation. In this section we will describe how to compute the 2-point effective action

on lens spaces by applying the gluing procedure described in [CMR17].

5.4.1 Lens spaces

Let us describe the conventions we use for lens spaces. Consider two solid tori M; = S' x D =
Ms. The boundary is S! x S! with coordinates (t,6) € (R/Z)?. Pick two coprime integers p
and q. Since they are coprime, there exist m,n such that mq — np = 1. Let ¢ € Diff(S* x S1)

be defined by

t m t mt + pd
©: — P = P (5.43)
0 n q 0 nt + qf

Then we define the lens space L, , by
Lp7q = M Uy M. (5.44)

Note that with this convention L; o = S3 and Lo, = S x S%.

Remark 5.4.1 (Dependence on choices). It is well known that the diffeomorphism type of Ly,
is independent of the choice of m and n and also independent of the choice of ¢ (mod p).
Hence the diffeomorphism type of L, , is well-defined by (5.44). However, the framing of the
resulting lens space depends on the gluing diffeomorphism. Namely, we can either change

m—m-+kp,n—>n+kqgorq— q+kp,n—>n+km. Let

T =
1 1

Then the former change corresponds to multiplying ¢ with 7% from the right, while the latter
corresponds to multiplying with 7% from the left. Since in the gluing we identify OM; > = ~
o(x) € OMs, geometrically the second operation corresponds to gluing after performing & Dehn
twists around the meridian in 9 M, while the first operation corresponds to performing k inverse
Dehn twists around the meridian in 0M;. Dehn twists around the longitude extend to the solid

torus: Using polar coordinates on the disk a possible representationﬂ is{T_U]

T: (t,r,0) — (t,r,0 +1).

9Remember that only the isotopy class of a Dehn twist is well-defined.
10The following formula can be extended to r = 0 by the identity.
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Such a Dehn twist changes the homotopy class of the framing on the solid torus by one generator.
The first operation will change the framing of L, , by +k units, the second operation by —k
units. This is discussed in detail in [FG91, Appendix B].

Remark 5.4.2 (The case p = 0). If p = 0, then gm = 1, so we have ¢ = m = 1. That case needs
to be considered separately: The resulting space S' x S? is not a rational homology 3-sphere,
unlike all other lens spaces. In the following we will always assume p # 0 unless otherwise

stated.

5.4.2 Gluing perturbative expansions in BV-BFV

The gluing procedure discussed in [CMR17] amounts to the following prescription:

e Take a diagram I'; in the A-representation and a diagram I's in the B-representation
with the same number n of legs and multiply ¢r, = f(aMl)" wr, Ay - A, and Yp, =
f(aMQ)" wr,B; ---B,. Here the diagrams can be non connected, since the state is the

exponential of the effective action.
e Sum over all ways of contracting A and B fields to a delta form 5(d 1)(30, o(x)).
e Perform the integration over (OM;)"™ x (9Ma)™.
e Reduce the residual fields.

Equivalently, the state glued from ¥r, and Wr, can de defined as follows. Let o € S, be a
permutation and denote ®,: (IM)™ — (OM)™ the map defined by

($17 e 7:1:71) = (QO(SCG-(U), SRR Qp(xo(n)))

Then the above prescription results in
| Xk sz . Z / Wry ‘I);WF2.
€Sy oM)n
In this integral only the top degree part survives. Sometimes it will be convenient to use the

reformulation

Yr, *Pp, = Z/

oESH

*(wp, Phwr,) Z / )*(wry )wr, - (5.45)

M)n oESH

In all the examples that we consider, the graphs are invariant with respect to permuting the

boundary points. Hence, the sum is a constant times the pairing computed using ®;q, which we
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will also denote ¢, abusing notation.
Notice also that for graphs not depending on boundary fields the gluing procedure is trivial, i.e.
the corresponding contributions are simply multiplied with the rest, or, equivalently, added to

the effective action.

5.4.3 The effective action on M,

On M; we will choose the opposite polarization, namely, )M = 0o M (the B-representation). To
avoid confusion, from now on we decorate objects with a superscript depending on which rep-
resentation they are computed in, e.g. ® (resp. ¥®) denotes the state in the A-representation
(B-representation). The residual fields change roles: a® = 21 + 28dt, b® = zf’Budt + z; ’Bu.

The effective action can be computed from the procedure described in section [5.3.6

5.4.4 Reducing the residual fields

Naively, after pairing the states ¥y, ,%¥nr,, the new state is a function on the direct sum of
the spaces of residual fields E\; = Vu, @ Var,. This produces a valid state in the sense that
it satisfies the mQME. However, in most cases it is not the minimal possible space of residual
fields and it is possible to reduce it using the methods of [CMR17]. We will discuss the reduction
first since it will allow us to simplify the computations later.

In the case of lens spaces there is a significant difference between the cases p # 0 and the case

p = 0, and we will discuss these separately.

Case p#0

We will first discuss the example of M = S = Lio. Recall that My = My = D? x S,
OLMy = oMy = S x S' =: T? and 9y M1 = 01 Mo = ). Now, let M = S3 and ¢: T? — T2 be
the diffeomorphism given by t = —0,0 +— ¢ so that M = M; U, M>. Denote

QDJ' (Ml) = Q(MZ, ale)
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Then we have Hp,(M;) = H®(M;,0M;) = H*(D? S') ® H*(S') and H},;(M;) = H*(S") for
i # j. We have the following spaces of residual fields
YV, & (H*(D?,0D%) & H*(S")) @ (H*(S"))

Vi, = (H*(SY)) @ (H*(D?,0D%) ® H*(S"))

Vi = H*(S?) @ H*(S®)
Now, we have generators u € H?(D? St),dt € H*(S'),v € H3(S?) so that
Vi, = (s, p A dt) & (1, dt)
Vi, =2 (1,dt) & (u, p A dt)

Vi

(1,v) & (1,v)

Obviously, the “naive” space of backgrounds after gluing Vy; = Vi, @ Vi, is not isomorphic to

V. We need to reduce the p’s and dt’s. We will follow the method in [CMR17]. Let
T1: Hpo(My) — H*(X)

To: Hpy(Ms) — H*(X)

be the restrictions induced by the inclusion maps ¥ < M;. Since o M7 = Oy My = ) they are
maps 7;: H*(S') — H*(T?) given by (denoting the generators of the torus cohomology by dt
and df)

T1:1—1
dt — dt
To:1—1
dt — p*(dt) = —db
(since we glue ¥ C M; to ¢(X) C Ms). Denoting L; = im7;, we get Ly = (1,dt) and Ly =
(1,d6). Using the Poincaré pairing, we get L = L1 = (1,dt) and Ly = Ly = (1,d#) so that
we can choose as the complement inside Ly to Ly N Ly = (1) the space L} = (dt). The same
argument goes through for Ly, yielding Ly = (df).
Using the other formula proposed in [CMR17], L = 7; (H®*(M;,0M; \ %)) = 7;(H*(M;)) = Li,
yields the same answer and we can still choose Ly = (dt), LS = (df).

For these choices of the Ll-l, we indeed get fz bias = fz by‘ay. The reduced state is defined by

o= [0 (5.46)



where £* is the zero section of T*[—1](L{ @ L3). This amounts to contracting a pair of z;’A

and 22B coordinates to the number

V=A1l= </T2 dtgp*(dt)) - ,

while setting 2?4 = z; B = 0. TFor the 3-sphere S we have V. = —1. Now let us check
what the gluing of cohomology of the backgrounds produces. For this, we choose the sections
o;: Ly — H*(M;) by 0;(1) = 1,01(dt) = dt,02(df) = dt. We recall the following notation from

[CMR17]. Since Ly N Ly = Li N Ly = L1 N Ly = (1) and ker 7y = ker p = 0, we get
Hpy(My) = 01(L1 N Ly) = (1)

Hpy) (Ms)' = 02(Ly N Ly) = (1)

Hpyy (My)° = 01(Li N L3)* = (u A dt)
Hpy(Ma)® i= (o2(Li N L) = (u A dt).

Therefore

Hp) ((My, My) := Hpy (M1)° & Hpyy (Mz)' = (1 Adty, 1)
a = Zl’Aul A dtq, Bl = brf = ZT’AlMl

Hpyo (M, My) := Hpo(My)' @ Hpo(My)° = (2 A dtz, 1pr,)

- +,B < N 1,B
b2:Z1 ug/\dtg,agzaQ =z 1,

There are maps
hy: HY, (My, My) — H*(S%)

hy: H,(My, My) — H*(5%)

given by extending the classes in M, My respectively to the other manifold. We can see in our
case that the maps are isomorphisms, but it is proven in [CMR17] that this is a general fact.

. A
The extensions can be computed as as® = zLB1,, bt = 22" 1, and therefore
p 2 19 P1 1 2

< _ 1B

a‘Mz =z 1,

< 1B 1A
a‘Mlzz 1ar, + 27w Adty
B’Ml = ZT7A1M1

- _ _+A +.,B
b‘M2—z1 T, + 277 2 Adta

98



so we have induced representatives of the cohomology on the sphere

X1 = 153

w1 Adty on My
X2 =
0 on M2

with coordinates z! = 2B 22 = 212 and dual basis (with respect to the Poincare pairing)

1 0 on M1
X =
w2 Adta  on My
X =1g
. . . . . m p
with coordinates zfr = ZIF’B, z; = zf A Now consider the diffeomorphism v = of the

n q
torus. Then we get m(dt) = ¢*(dt) = mdt + pdf for some a,b € R, Ly = (1, adt + bdf) and

hence

LiNLy =LiNLy=LiNLy=(1,dt) N (1, mdt + pdf) = (1)

if p # 0. We still have L = (dt), but now Ly = (mdt + pdf). The glued representatives
of the cohomology are exactly the same as above, replacing 1gs by 1z, ,. We now have A =
ng dt(mdt + pdf) = p and hence V' = 1/p, but otherwise the reduction procedure is the same:

+,B

;“A and 22® coordinates to V and set 224 = 29" = 0. We can use this to

Contract a pair of z
simplify the calculation of the state on L, , by ignoring pairings of diagrams that would vanish
after reducing residual fields.

The case p=0

In this case the spaces Ly and L; are empty and we do not have to perform the reduction.

The resulting manifold is M = S? x S!. Sticking to the same conventions as above, we will get
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representatives of cohomology

x1=1
XQZdt
W on My
X3 =
LO on My
wAdt on M
X4 =
0 ODM2

with coordinates z! = 218 22 = 22B ;3 — ;24 24 — ;1A The dual basis is

L 0 on M
X =

wAdt on M,
9 0 on M1
X =

o on My
P =dt
xt=1

_l’_

. . B B A
with coordinates z]” = zf’ Ay NP A = zo+, A.

5.5 The effective action on L, ,

Since we are interested in the two-point effective action after gluing, we have to consider all
pairs of diagrams with a total of at most two interaction vertices. Also, since we are interested
in the state only after reduction of the residual fields, only pairings with no residual fields or
the same number of z, A and 2B survive, all others can be ignored. We now compute all the

relevant pairings for the case where (g, V, W) form a Manin triple.

5.5.1 2-point tree contribution

In principle, tree diagrams with two points could contribute to the 2-point effective action after
gluing. However, in this subsection we will argue that it is not so. The point is that in the
gluing process 2-point graphs can only be paired with O-point graphs on the other side, i.e.

graphs from the free effective action. As explained below in section pairing against a
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0-point diagram on the other side amounts to placing a linear combination of 1, dt and df at

this point and integrating over it. The claim then follows from the following Lemmata:

Lemma 5.5.1. For xo € OM, we have

/7712dt2 = dtq
2
zdzZ — zZdz

/7712d92 =—¢= gy
2 T
Proof. We have

/77261752 = /(77D,125sl,12 + pangt q2)dts :/ 77D,12/ dg1 12dt2 = diy
2 2 oD,2 512

)

since [ 5 7p,12 = 1 and

/772d92 = (ND,12051 12 + H1Ms1 12)db2 = / np,12d02
2 oD,2

= / 2(p12 — P1)dbs = —in
oD,2

since |, ap.2 @12d02 = 0, as can easily be checked by the residue theorem. O

Lemma 5.5.2. Integrating n against dt,y or ydt placed either at head or boundary vanishes.

Proof. This follows from the fact that g1 (resp. np) vanish when integrated against dt (resp.
1). For the disk propagator this follows directly from (A.62al),(A.62b) and 2 = 0. O

Now consider a two-point tree diagram as in figure It consists of a single arrow between
the two points, some legs on the boundary, and maybe some residual fields. Now integrate all
the legs against dt or dfl. The result is a graph consisting of single arrow with a product ~; of
residual fields, dt’s and df’s on both ends (figure . From the two Lemmata above together

with Proposition [5.3.2]it now follows that the contribution of such a graph is zero after gluing.
5.5.2 Case of a Manin triple

In this case, the A% and B? vertices vanish and the number of diagrams to be considered is
considerably reduced.

Pairing against order 0 diagram

First we consider all pairings against the single order 0 diagram on Ms. Its contribution to the

state, since My is in the B-representation, is

B k,B kB
¢F0 = —z / By — 29 / dtBy,.
oM oM
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(b) After integrating all legs

AR A

(a) Example of a two-point tree

) against dt, df
diagram

Figure 5.11: Two-point tree diagrams

We have p*dt = mdt + pdf. Hence (as used already in section gluing a boundary point
on the A side against the 0-point action up to constants corresponds to multiplying the corre-
sponding form with 1,dt or df and integrating over that boundary point. Often, it is best to
perform this integration first - the results are known from Lemma [5.5.1] - and then compute

the integral. Notice also that this diagram does not pair to diagrams with no boundary vertices.

We can pair the two 0-point terms on either side, see figure 5.12] The result is

* A * A
1/;1@0 * ¢1@0 = / bhp*al = z;’k ZQ’B/ dte™dt :pz;,f 228, (5.47)
oM oM

My My

Figure 5.12: Pairing order 0 diagrams on either side.

These are precisely the fields that we ought to reduce in the reduction of the redshirt residual
fields as discussed in section We will perform this reduction in [5.5.2

Let us turn to the 1-point diagrams. The first one (Ffo) does not contain A fields and hence
does not pair to F]g. The two possible pairings are shown in figure Using Lemma
one quickly sees that the pairing in figure vanishes. Alternatively one can use that
fSl,i ng1 (t1,t2)dt; = 0 for i = 1,2, Together with degree counting this implies the same. The

remaining pairing shown in figure [5.13a] evaluates to

A 15 A2
+, 1],A_Z2+i, Z2JA)Z119,B

A . B ; A _2jA
Yia *Pr, = (2] 2 + mplyzy 2 2B (5.48)
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My Mo My Mo

(a) wrf;l * e (b) wrfil * (wrlg)Q

Figure 5.13: Pairing 1-point diagrams on M; to O-point diagram on Mo.

We can also pair against the loop diagrams, see figure to obtain

A B M +A_21B_ij k
wr‘g’l * Q[)FO = EZQi Z2 ’7]2{.71“][ (549)
UL, * UF, = C2PRE2IB g (5.50)

Here C' is an unknown constant which is possibly ill-defined. See Remark

My My

My Mo
@ 0

Figure 5.14: Pairing 2-point diagrams on M; to O-point diagram on Mo.

Pairing the 1-point functions

Pairing the 1-point functions is computationally more intense, since we have to take the pull-
back of non-constant forms. The graph I' o with no legs does not depend on boundary, hence
its contribution and the one of its dual diagram simply add to the effective action. Part of
it survives after reducing residual fields, and in fact we will show this is the only one-point

contribution to the effective action.

Under the Manin triple assumption, the other pairings are the ones described in figure [5.15

The next diagram I'y ; has only constant form coefficients and the pairings are (see Appendix
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My = My M, My My = My

OO
3 e° eea’a

(#) s, * e, (b) Yrag * (¥rg, ¥rs) (©) vres * Yras

Figure 5.15: Pairing 1-point diagrams on M; to 1-point diagrams on Ms.

for the computations)

p ks = —npl ARl EA20A Im B 4B 5.51
rd, FYrE, HjkYm =1 21
i kim_+A_2j,A_+A_+B

(Tﬁr?lwrfg) *wptlug = et 2y 2 (5.52)
ki, 2, 158 1mB_+B

wr*{é * (1/;F1%;,1¢F]§> =i Ym? 2 2y (5.53)

—p 0
Ypos * Ypos = Hi] 2 2% (5.54)

p=0

che

Reducing the residual fields

If p # 0, we have to reduce the residual fields as discussed in We recall that this amounts

to pairing Z;,A with 2298 to 5? -1/p and setting their conjugates variables z%%* = ZZJ’-B = 0.

This eliminates many of the pairings above, namely, (5.50)),(5.51),(5.52) and (5.53)). We denote

the resulting effective action with Sﬁ??, where MT stands for Manin triple. We have that
MT,(1 MT,(2

where

MT,(1 ; A 14 1 yB 1; ik ( 1iB +A +B , L 1A 15
S ():%?/J}k (Z;; LA IRE Lt Zl],Ilek,IB%>+%g (zll’Bz ah B S b liA kA

eff 2 1j 9
(5.56)
and
MT,2) _ 2 i k(1 q+m

Sepr =T (28((1,1)) + 12])) (5.57)

The powers of € here are understood with the convention that the state on L, 4 is

1

Vr,.,(a,b) = exp { —Sejys(a,b) (5.58)
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5.5.3 The general case

At this order, the Manin triple condition amounts to ignoring diagrams I'{ , and I'y 3. Consid-
ering them amounts to computing the additional pairings described in figures and
respectively. To simplify the computations we will now drop terms that vanish after reduc-

2,i,A

ing fields, i.e. we keep only terms that contain no z and z; ?—variables and exactly the

same number of z; {A and 229 variables. In figure this eliminates the diagrams
together with degree counting: Ths dimension of the domain of integration is
3+2+2+3=10 in all cases, but the corresponding form degrees are 12, 11, and 14 respectively.
On the other hand, diagram yields a contribution corresponding to the a3 vertex on the

glued lens space, while its dual will contribute the b3 vertex.

My Mo My Mo My Mo

()
@) ° @ O oS0

(a) s * (rg) (b) s * (s, or (€) thpas, * Vyas
My M,

(d) Yros *pes

Figure 5.16: Pairing diagram Fi’é on M to diagrams on Ms. Here we excluded the diagrams

including T" 1153’3, we will get them from symmetry from the ones for I‘f&

Now let us look at the diagrams in figure [5.17] The first two diagrams in figures
and also the one in figure do not contribute, even if we do not reduce residual fields,
this follows from the discussion on vanishing of two-point tree contributions after gluing. After
reducing residual fields, diagram vanishes for degree reasons: only the zero-form part of
a survives, so the total form degree is 10, while integration is over a 12-dimensional space. By
degree counting, the only nonzero term contains the one-form parts of b® and aP. After reducing

residual fields, this corresponds to part of a theta diagram for the glued propagator, together
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with the last diagram Below we list the weights of the glued graphs, we only list the ones

Ne

3
(a) wl“’id * ("/)FE) (b) wFA * ’L/}FB (wl—\m)Q (C) ’(/}FQJ * (1%;@1/@3)
M, M, M, M, My M,

()
B4 ® ™
] -
< @ ‘
® (2
(@) Yoy 02+ (rg,02) () s ry * (g, rs) () vy, * (vre, )

Figure 5.17: Pairing diagram I”ﬁ3 on M to diagrams on Ms. Here v € {a,b}.

yielding a non-zero contribution after reducing the residual fields.
2 1 o
Vs * (Urp)” = etz (5.59)
1 .
Vs Pra * (wrm @/JFB) = @ epyspag 21B4 /(8M)4(wrl,3)123dt4(<ﬂX4) (wry 5)234dt1)  (5.60)

1 ijk / X3\ *
- iy 5.61
%gg * %5,@ 4 Vijk " )3(wrl,3)(<ﬁ )" (wry 5) (5.61)
The contribution of ([5.60]) is computed in Appendix The contribution of ((5.61)) is com-

puted in Appendix The resulting effective action is

Serr = SMT + SNYT = SMT + 53T 4+ SN (5.62)
where

SNMT) _ ,% LA 1B 1KB ;¢11k e (5.63)
and

Nmry2) 1 — Hy /(g +m)
Sepp = Wure™ | s(ap) + Y ms (k/p) f(ak/p) + ns1 (k/p) f (mb/p) + ——5—
k=0

(5.64)
where the function f: S' — R is given by

1
f(0) = cos(2m0)ng1(0) — — sin 276 log 2| sin 76|
v
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for 0 ¢ Z, and f(k) =0 for k € Z.

5.6 Weights of theta graphs on lens spaces

The effective action on L, , after gluing has the rough form that would be expected from
computing the perturbative expansion of split Chern-Simons theory on lens spaces. Namely,
the terms Sé\}[;r’(l) and SZ?T’(I) are given by corollas, i.e. 1-point graphs that contain no
edges, just decorations with the various residual fields. These residual fields are the ones that
stem from the presentation of the lens space as a solid torus. Then, there are the two-point
terms. Since the reduced residual fields are concentrated in form degrees 0 and 3, a quick degree
count shows that the only two-point terms with residual fields that survive are the products of
corollas. The only connected two-point graphs appearing are the 2-loop graphs. Here, we are
in for a surprise. With the non-symmetric propagator that arises from the gluing procedure,
there are two different orientations for the 2-loop graphs depicted in Figure Notice that
the orientation given in Figure can only appear if (g, V, W) fails to be a Manin pair (i.e.
both V', W fail to be subalgebras). As our computation shows, the weights of the two different
orientations are not the same. This is unexpected, since on a closed manifold one could also

choose a symmetric propagator, and then one would expect the two contributions to agree.

Remark 5.6.1. We could have computed the effective action on L, , by starting directly with
the formula for the glued propagator for reduced residual fields from [CMR17, Appendix D].
One can check that this produces exactly the same integrals over the boundary. However, for

the weight of a particular diagram this is perhaps a more efficient way of computing it.

- <

(a) ©4 (b) O3

Figure 5.18: Oriented two-loop diagrams. v € {a,b}.
Let us discuss the results in the two cases (Manin triple vs. General Case) in more detail.

5.6.1 The Manin triple case

In this case, there is only the orientation of theta graph shown in Figure The weight of
this graph is given by
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i (1 q+m
Yo = 1V (28(61;29) + p) : (5.65)

This is coherent with the results of Kuperberg, Thurston and Lescop recalled in Section [2.1
Namely, in this case the weight of the theta graph is equal to the Casson-Walker invariant
Aew (Lpgq) = %s(q,p), plus a framing dependent term which changes by 1—12 when the framing
is changed by one unit (recall from Section that changing ¢, m by +1 amounts to changing
the framing by one unit). Up to this discrepancy, these results reproduce the known results
for Theta invariants on lens spaces. However, at the moment it is unclear to the author how
exactly the term qfrT;” can be interpreted as a fraction of a Pontryagin numbe associated with
(My, Ms, ). Also notice that in this case the Lie algebra coefficient is the quadratic Casimir
Cs(g), as expected from the closed manifold computation.

The way that the Dedekind sum - i.e. the Casson-Walker invariant - in arises in Appendix
B.1.2] is encouraging. Namely, it comes from computing an integral involving a product of a
pullback of delta currents. These have the effect of localizing the integral at the intersection
of the meridian circle on M; and the image of the meridian circle under ¢. Along these circles
the integrand is the sawtooth function, summing over the intersection points yields precise the
Dedekind Sum. This bears great resemblance with the combinatorial formulae for the Theta

Invariant given in [Lesl5; Les16| in terms of Heegard diagrams. A possible generalization of

this is the following conjecture, which at the moment has the status of wild speculation at best.

Conjecture 5.6.2. Let M be a rational homology 3-sphere presented in terms of a genus g

Heegard diagram (o;(t), 5;(t)))_y). Then, the Casson-Walker invariant is given by
Y (@)ai((@)s, (5.66)
anm,Bj

where ((z))y = ((y71(x))) is the sawtooth function along a curve 7.

A problem with this conjecture is that in higher genus, there is no good choice for the parametriza-
tion of the curves «;, 8; which on the torus is simply given by the meridians where the longitudi-
nal coordinate is an integer (this can be achieved rotational invariance). See also the discussion

in section

10 most treatments of perturbative Chern-Simons theory in the literature, the correctional term is controlled

by some version of a Pontryiagin number.
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5.6.2 The general case

In the general case, we can also have other orientation of the theta graph (Figure [5.18b)). The
weight of this graph is

1 ijk = Hyp(g+m)
Wi | s(q,p) + > nsi(k/p)f(qk/p) + ns (k/p) f (mk/p) + — 52 |- (567
k=0

In particular, it does not agree with the weight of the other orientation of the theta graph .
Let us discuss in more detail why this result is curious.

In Chern-Simons theory on a closed manifold, the propagator can be chosen to be symmetric,
and of course in that case the weights of both orientations of the Theta graph agree. Of course
in our computations we use an asymmetric propagator, but in principle this should not change
the weight of the graph.

Notice that in principle also is an invariant of framed lens spaces, but one that changes
by an irrational number as one changes the framing. There are two related facts that might
play a role here.

A general remark is that, if we require the eccentricity of the splitting (g, V, W) to be non-zero,
the vertex tensors are not unimodulaﬂ This might in principle destroy the Quantum Master
Equation, which ensures that the overall state changes coherently under gauge transformations.
The fact that the different orientations of the same diagram are different might be a conse-
quence of this fact. If one forces all structure maps to be unimodular, then the the eccentricity
of (g,V,W) is zero, and the weight is zero, and the discrepancy is no longer there.

On another hand, letting (V, W) be arbitrary means that the polarization we choose is incom-
patible with the algebraic structure on the space of fields, i.e. the map F? — B” associated to
the polarization is not a Lie algebroid morphism (notice that it is when both base and fibers
are subalgebras). This might be related to the influence of the polarization on the quantization
that was observed in the geometric quantization of symplectic groupoids integrating Poisson
manifolds, see e.g. [Wei91] and [Haw0§|. So, if one imposes the condition that the splitting
should respect the algebraic structure, the weight vanishes and therefore the discrepancy
between the weights of the two graphs disappears. Notice that in the completely regular case
(i.e. V, W are unimodular subalgebras), both of the weights are zero, and there is not much left

to discuss.

12Meaning that pt,, \** does not vanish for all k.
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Chapter 6

A Cohomological Approach to

Feynman Diagrams

6.1 Evaluation through cohomological approach

In this section we discuss an alternative approach to evaluate Feynman diagrams on manifolds
with boundary. This method can be summarized as follows. Let M be a manifold with only
one boundary component, which we give the A representation, and let us choose a propagator n
and residual fields x?, x; induced by a contracting triple as explained in section Let I" be a
Feynman graph of the theory with associated differential form wr ( a product of k propagators
and residual fields). By Lemma the differential dwr also can be expressed in terms of
propagators and residual fields, but there will be one edge less, i.e. there will only be £ — 1
propagators in the product. So, assuming that we know the pushforwards over the bulk of all
diagrams with one edge less, we can compute the differential of the pushforward by the Stokes’

theorem for pushforwards along fibers with boundary,
medw = wa + (—l)dimdew (6.1)

where F' denotes the fiber of the projection m (see e.g. [BT94], Appendix [E]). The restriction to
the boundary of wr in this case (only one boundary component) contains less propagators since
by the boundary conditions for the propagator the only boundary components which contribute
are the ones where two bulk points with a propagator between them collide. Apart from knowing
the differential of m.wr, we also have information about its behavior when integrated against
cohomology classes of the boundary (see Lemma. Together with some information on the

cohomology of the boundary configuration space, this can help to identify weights of low-order
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diagrams. In this section we will restrict ourselves to splittings of g respecting the Manin triple

condition.

6.1.1 Propagators on the boundary from propagator in the bulk

We will start by analyzing how chain contractions on differential forms can relate relative
cohomology classes and cohomology classes on the boundary. This will allow us to extract
conditions on when one can extract a boundary propagator from the bulk propagator.

We assume that M has a non-empty boundary M so that the short exact sequence of complexes
0 — Q*(M,dM) 5 Q*(M) & Q*(OM) — 0 (6.2)

is nontrivial. Let x; € Q(M,0M) be representatives of a basis of H*(M,0M), and x’ repre-
sentatives of the dual basis of H®(M), yielding a system R of representatives. Let (tg,pr, K)
be a continuous contracting triple (see ) of Q*(M,0M). Denote by n € Q1 (Cy(M)) the

integral kernel of K. The conventions on the propagator are that

Kw= 71'1’*71';007712 = / Maow2. (6.3)
Mo

The purpose of this section is to prove the following result.

Theorem 6.1.1. Suppose that the map i, in the short exact sequence [6.9 vanishes identically.
Then

i) The set {j(x*),v; := j(K[ixi])} gives representatives of a basis of HF(OM),
ii) j(x?) is Poincaré dual to 1,

iii) The forwﬂ
M2 ;:/ 101702 (6.4)
My

defines a propagator for abelian BF theory on OM with choice of residual fields j(x"), ;.
The condition of this theorem is rather strong, but it holds e.g. in the case of handlebodies -

the main focus of interest in this work. We postpone the proof of this theorem and establish

some facts that are needed for the proof first.

! Again, the notation means that we integrate the point labelled 0 over M.
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Relating cohomology classes

Define a map K: QF(OM) — QF(M) by
Ka= / N20 = T xNM2TH (6.5)
OM>

Proposition 6.1.2. The map K: Q*(OM) — Q*(M) is a section of j, i.e. the short exact
sequence (6.2)) is split by K.

Proof. Let @ = Ka. We want to show that j(&) = 10 = a, so let 1 € OM. For x1 € M,
the fiber of 71 has two strata: Stratum S; = OM — {x1} on which the propagator vanishes
due to boundary conditions, and stratum Srr, the “infinitesimal” half-sphere H,, around z; on

which the propagator integrates to £1 (see [CMR17, Section 3.3]). Therefore

K(a)e, = m1s(mza2)

2/ 12 Oéz—i-/ n(x1,z2) a(xy)
A L e

=0+ ax).
O
Denote by 6: H*(M) — H*T'(M,0M) the induced map in the long exact sequence
s HE(M) B HRE(0M) S HFYY(M,OM) B HMY (M) D (6.6)

The section above allows to give explicit representatives for this map.

Proposition 6.1.3. If a € QF(OM) is closed then dKa € Q¥Y(M, M) and this induces the

map § in cohomology.
Proof. This is a a completely standard argument in homological algebra. O
The interesting statement for us is the following.

Lemma 6.1.4. Suppose that j, is injective on H*(M). Let [x"], ..., [x"] be a basis of H*(M)
and extend j.([x"]), ..., 3«([x*]) to a basis of H*(OM) with dual basis (with respect to Poincaré

pairing) [V, ..., Wi, .... Then

where x;; is the Poincaré dual to X
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Proof. Notice that the fibers of w1 : C 1(M,0M) — M have empty boundaries over bulk points.

Hence, we can apply Stokes theorem to compute

df(wz‘j = dm «m2ma s,
= 1«25,

= Tl Z Xi,lxé%‘ﬂ
i
=2_%,Xi
i
= Xij,1
where we have applied the notation 7} x; = x; and used that by definition my .x't); = 6; O
On the other hand, we have the following statement.
Lemma 6.1.5. Suppose that the map j. is injective on H*(M). Then
| il = = (63)
oM
for those representatives X* of form degree k and x; of form degree d — k respectively.
Proof. Again, we use Stokes’ theorem to compute
| i) = [ dCK )
oM M
= [ YRl = [ it £ i) i)

Since the x; are closed we have dx; = 0. On the other hand, the assumption that j, is injective

at level d — k implies that i, is zero, which implies that p o4 vanishes. Hence the integral equals

+ [, X'x; = £1. O
We now have enough material to prove the theorem.

Proof of theorem[6.1.1. By assumption, there is a short exact sequence
0 — H*(M) — H*(0M) — H*Y(M,0M) — 0.
First, notice that the assumption of the theorem makes jK4i a morphism of complexesﬂ

jKi = jdKi = jKdi+ ji + jpi =jKid
0 0

2We suppress composition symbols for brevity.
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where in the third equality, the second term vanishes trivially, and the third by assumption.
Therefore the map descends to cohomology. We first prove that (jK1i), is injective. Indeed,
suppose a € Q*(M,0M) satisfies that jKic = df is exact. Then, we have

/8 iR~ [ itias=o

oM
for all x*. Since a is closed, it has a decomposition a = A’y; + dy. But now Lemma

implies that all \; vanish, hence « is exact. We conclude that (jK7), is injective.
Next, we claim that jKi(H®*(M,0M)) N j(H*(M)) = {0}. This follows immediately from the
nondegeneracy of the Poincaré pairing and the fact that the Poincaré pairing vanishes on

j(H®*(M)) (by Stokes’ theorem). It follows that j(x!),; = jKi(x;) form a basis of H*(OM).
This is point i) of the theorem. Lemma also implies point ii). Finally let us prove point
iii). First, compute the differential of 7 (here w12 denotes projection to the boundary point in
Ol,Z(Mv 8M))

dmi2,4m01M02 = T12,xdM01M02 £ Mo1dn02

= Z T12,4X4,0X 4702 % 101 X1,0X5

7
= it £ diaxh.
A

Second, we have to check that 7 behaves correctly on the boundary of the configuration space

0C5(0M). Namely, we want to prove that the pushforward of 71 along the fibration
802(8M) — 8M1 (6.9)

is the constant function 1 (i.e. we want to fix the first point and integrate over the second). To

this end, notice 7 is itself a pushforward along the fibration
Ci2(M,0M) — C2(0OM) (6.10)
whose pullback to the boundary of Cy(0M) is
0C2(OM) xgn C11(M,0M) — 0C2(OM). (6.11)

Hence we are interested in the pushforward of ng17mp2 along the composition of fibrations

and (6.11)), namely
7T18: (902(8M) X oM 01,1(M, 8M) — OM. (6.12)

Now, consider the fibration

! CQ((?M) XoM 0171(M, 8M) — OM (6.13)
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where we consider the first factor as a fiber bundle over M via the map py: Co(OM) — OM
which projects to the second point. The boundaries of the fibers of 7 are disjoint unions of the

fibers of 72 and the fibers of
78 9C(OM) xgpr OCy 1 (M, dM) — OM. (6.14)
Hence, we can apply Stokes’ theorem for integration along the fiber as

dmeno1m02 = Tedno1m02 + 7M01702 + T8 M01702- (6.15)

We claim that

dmenoino2 = 0,
mdno1no2 = £1,

77377017702 =0.

The last equality follows from the fact that 192 vanishes for zo € M. The first equality follows
from degree reasons: Integrating nyi7ng2 over point xo € dM yields 791 by normalization of the
propagator. Integrating this over point xg € M yields 0, since 7 is a d — 1 form. So we are left

with proving the second equation. To see this, recall that
dnor =) xaox™
i

Since M is compact and connected, the cohomology H®(M) is one-dimensional and spanned by
the constant function 1. We can assume that the corresponding residual fields (denoted x°, xo)

are normalized:
Y0 = 1,/ xo = 1. (6.16)
M

Now, notice that the only terms which survives in mw,dngi7m92 are the ones of form degree d
in the bulk and form degree d — 1 at point 2 in the boundary. Also, notice that the total
degree of the form is 2d — 1, so there is a nonzero contribution only if there is no form degree
concentrated at point 0. There are only two terms for which this is possible: The first arises
when the differential hits the first propagator and produces a volume form at the bulk point
and the constant function at the first boundary point: X?XQ()UOQ. The pushforward of this is
1, by normalization of the propagator (notice that normalization of the volume form does not
matter). The other possibility is that there is a class in H?~!(M) which restricts to a volume

form on the boundary. However this is ruled out by the assumptions: We know that there is a
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short exact sequence
0— H"YM) - H"Y(oM) — HY(M,0M) — 0

in which the two right hand terms are 1-dimensional. Hence H%~!(M) vanishes. This finishes

the proof that 7 is normalized on the boundary, and therefore the proof of theorem O
Remark 6.1.6. The proof, together with Lemma shows a little more, namely:
e The exact sequence
0— H*Y(M) — HY(OM) — H¥(M,0M) — 0
is split by the map (jK7i),.
e j(H*1)(M) is a Lagrangian subspace of H*~1(9M).

o jKi(H*(M,0M)) is Lagrangian if the product xiX; = 0 for all 4, j (this happens e.g. in

the case of handlebodies, for degree reasons).

The second point maybe requires some justification. That the Poincaré pairing vanishes on

J(H®*(M)) is a consequence of Stokes’ theorem:

/ XX = / dx'x’ = 0.
oM M

Similarly, for ¢; = jKi(x;) we have

/ iﬁﬂ/}j:/ d/ X4,17710X4,27120
oM My Mi2

All terms appearing in the differential are proportional to x;X;-

6.1.2 Invariant differential forms on the solid torus

The cohomological approach to the evaluation of Feynman diagrams gets greatly simplified by
its symmetries. Namely, the solid torus M has an action of the usual 2-torus T? = 9M by
rotations (this action comes from identifying the solid torus with S! x D and realizing D as the
unit disk). We denote a point in the two-torus 72 by (¢,6) € (R/Z)? and a point in the solid
torus by (t,z) € R/Z x D. Then, the action is given by

(t,0).(t',2) = (t +t', exp(2mif)2). (6.17)

On the boundary torus of the solid torus, this action reduces to the multiplication in the Lie

group. Now, we can use the fact that on the solid torus there exist 7?-invariant propagators
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(e.g. the ones induced by T2-invariant metrics, but also the axial gauge propagator of sections

to simplify our computations, from the following elementary fact:

Proposition 6.1.7. Letw € Cy, ,(M,0M) be a T? invariant form. Then for anyng < ni,my <
my its pushforward along the fibers of Cpy my (M, M) — Cpy iy (OM) is also T?-invariant.

Proof. This follows immediately from the fact that the pushforward commutes with the pull-
back: Let L, be the diffeomorphism induced by g € T? (on both Cy, (M, M) and Cp,(OM),

then L;ﬂ*w = W*L;w = T,W. O

The invariant forms on T2 are of course dual to the Lie algebra of the torus: It is the linear
span of the constant forms 1, dt, df, dtdf. On the solid torus, the invariant forms are the ones
only depending on the radial coordinate. Of course, on C,,(T2) or C,,(M) there are a lot more

invariant forms for n > 1, e.g., all forms that depend only on the difference t; —t;, 0; — 0.

6.1.3 Weights of Feynman diagrams from invariant propagators

In this section we will assume that we have a propagator on the solid torus for a choice of

residual fields x1 = pudt, xo = p, X2 = dt, x* = 1, which also satisfies the assumptions

/7712M2 = /mzuzdtz =0, (6.18)

2 2

/dt17712 =0, (6.19)
1

/77127723 =0, (6.20)
2

These assumptions are satisfied e.g. by Riemann-Hodge propagators of T2-invariant metrics,
or the axial gauge propagator. It turns out that we can evaluate low-order Feynman diagrams

just from the assumptions on the propagator.

Proposition 6.1.8. Letn be an invariant propagator on M = S' x D satisfying the assumptions

above. Then, there exists a function f: [0,1] = R and a 1-form a € Q(M) such that we have

/,U17712 =2 +df(r2), (6.21)
1
/,uldtmlg = Yodts + da, (622)
1
/771261752 =0, (6.23)
2
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where we put 1 = %(idz — 2zdZ). Moreover, if xo € OM we have

i

/M1?712 = dbs (6.24)
1
/,uldtl’l’]lg = degdtg (625)
1
/7701dt1 = dto (6.26)
2

Proof. Let us start with (6.21). Here we consider fl pime = K[p]. The properties of the
propagator imply that dKpu = p. Since diy = p, the 1-form = Kpu — 4 is closed and hence of

the form 8 = A\dt + df, for some function f on M and a constant A € R. Since

/ Bp = / B+Y)u= / pamepz = 0,
M M M,12
where the last equality follows from assumption (6.18]), we have A = 0 and hence § = df. But

since 3 is T?-invariant, so is f, since for X € {0, 9y},
0=LxB=Lxdf =dL.,f

which implies that Lx f is constant (since f is periodic in ¢ and #). This means that f = f(r).
Consequently ¢},,df = 0, which proves .

Next let us look at . This is proven exactly in the same way. Note that };,da is an exact
invariant form. This implies that it is zero.

To see , we first observe that f2 ni2dts is closed. This follows from the Stokes’ theorem

for integration along the fiber:
d/7712dt2 = dmy wadty = T dnradts + W?,*mzdh = T (prdtidts) — dto = 0.
2

Hence, it is a constant function. But by the boundary conditions on the propagator in vanishes
on the boundary, hence it is zero.

To prove equation (|6.26)), take the differential of equation (6.23)). This yields

0= d/nlzdtz = / dniadts + dt1 — / No1dt1.
2 12 Mo

Here the last two terms are the integral over the two boundary faces, one where points 1 and 2
collapse in the bulk and one where the second point is on the boundary. Now the claim follows

from the fact that the first term on the left hand side vanishes for degree reasons. O

Equations (6.24]) and (6.25) tells us that the choice of residual fields induced on the torus by
our bulk gauge fixing is x' = 1 = x4, x> = dt = x3, x1 = didt = x*, x2 = df = —x>. Next, we
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are interested in the forms K*y; € Q°*(M) defined by . By theorem we know that the
diagram with two legs evaluates to a propagator 77 on the torus for that choice of residual fields,
moreover that propagator is invariant under the 72 action on the boundary. We will need one
further assumption on the bulk propagator. Denote by T'q1 the map Co(M) — Co(M) given by
extending the map that exchanges the two copies of S in M x M. More precisely, let Tg1 be
the extension of the restriction of Tg1: M x M — M x M to M x M — A, where Tq1 is defined
by

Ts,: (ST x D) x (8* x D) — (8! x D) x (S* x D)
((t1, 21), (t2, 22)) = ((t2, 21), (t1, 22))
Then we say that the bulk propagator is S'-odd if
T;qn = —n.

Examples of S'-odd propagators are e.g. the ones defined by product metricsﬂ or the axial
gauge propagator (with the definition adapted to distributional propagators). We now make

the following claim:

Proposition 6.1.9. If the propagator on the solid torus is S'-odd, the induced propagator on

the torus vanishes when integrated against the induced residual fields. More precisely, we have

/ﬁlgdtg = /ﬁmd@g = /ﬁlgdezdtg =0. (6.27)
2 2 2

Proof. Since the forms f2 Modts, f2 Madbo, f2 M2dfadty are all invariant, they are linear combi-

nations of 1 resp dt and df. Hence the claim follows by showing that

/ No1Mo2dt1dtadls = / No1Mo2db1dtadbs = 0,
0,1,2 0,1,2

since these are the projections to the subspace spanned by 1 of f2 Todts, f2 T2dfy or the pro-
jections to the subspaces spanned by dt, df of f2 Madtadfy. Vanishing of the first integral follows
directly from : Performing first integral over point 1 we get
/ No17Mo2dt1dtadfy = / No2dtodtadfs = 0.
0,1,2 0,2
For the second integral we have to work a bit more, and the proof relies on the assump-

tion of S'-oddity. By Lemma we have know that a = K*df = faMz No2df2 and B =

3This follows from the heat kernel expansion W
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K*dfdt = [,,, no2dfadts are primitives of y and pdt respectively. Moreover, since [y, pf3 =
I} My o, Hh2dfs = faMl df, A df; = 0, we know that up to exact invariant forms we have
a = 9 and = dt, where ¢ = (47i) "1 (2dz — 2dZ) = r2df (note that in our normalization
= 2rdrdf). We have

/ Mo17M02d01dt2dbs = / alfB= / (Y +df)(dt + dr)
0,1,2 M M

where df,dr are invariant forms. We now claim that this integral vanishes. Since 12 = 0 and

drt vanishes on the boundary, this is equivalent to saying that

/M wdr = — /M dfvdt.

For this, we first claim that actually a possible choice for f is f(xg) = fl no1¥1. Indeed, by the

fiberwise Stokes theorem we have

/d(7701¢11) = d/7701¢1 + 1 —/ n01%1-

1 1 oM,
The first term on the right hand side is df and the last is &. On the other hand

/1d(7701¢1) = /1((17701)% +/17701M1-

The first term vanishes for degree reasons and the second term vanishes by assumption [6.18

Hence a =1 +d f01 No1Y1. Since f vanishes on the boundary we have

/ dfydt = / fudt = / no1Y1 podty = —/ podtono1r -
M M M,0,1 M.,0,1

Similarly, we can show that a possible choice for 7 is 7 = f01 No1Y1dt; and then

/ lde:/ MTZ/ Hono1P1diy .
M M M.0,1

By our assumption that the propagator is S'-odd, the claim follows.

O]

With the material already collected in this section, we can compute almost all 1-point diagrams
in the Manin triple case. We are only missing one single piece, namely the diagram with two
legs and an b residual field (figure on page . Here we get a term fo dtonoimoz. For this

term, we have the following claim.

Proposition 6.1.10. Let 1) be the boundary propagator induced by a S*-odd bulk propagator ng.

Then fo dtonoinoz is cohomologous to ﬁ’%ﬂ, i.e we have
_dty + dto
/dtoﬁoﬂm =N—7p — tdA (6.28)
0

where X\ is a 1-form on Co(M) that satisfies O\ = 0.
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Proof. First, it is a straightforward check that the differentials of the two forms agree. Hence
their difference is a closed form. We want to show that its cohomology class is zero. But this
follows from the well-known fact that for any compact manifold the cohomology of the 2-point

configuration space satisfies

H*(M) ® H*(M)

H(Co(M) = === 57—

(6.29)

where A is the diagonal class. For the case of the torus this means that a cohomology class
vanishes if its Poincaré pairing with any product of cohomology classes dt; and df; vanishes
(where ¢ = 1,2). In our case, proposition shows that both sides of (6.28]) vanish when

integrated against any such product. For the last statement notice that

_dty + dto
TIN = moud) = Ta, /Odton017702 - UlT

but both these integrals vanish independently (the first by degree reasons, the second by Propo-

sition ) O

6.1.4 Summarizing weights of Feynman graphs in the cohomological ap-
proach

Let us summarize the findings for the weights of one-point Feynman diagrams. Namely, we find

1 0 o ‘

Ur, o = 5%3 (zO’za}erk + 2211,28},212) (6.30)

Yr,, = —ij(zoviz&j — z“zfrj)/ d92dt2A]§ — uszl’iz(;fj/ dﬁgAg (6.31)
6M2 6M2

1 ‘ ,

— S J Ak

Ure, = 2/<9M oAl H1 212, 12887 Ag
’ X

1 it
9 Hik“o; \ 12,12
OM xOM

Remark 6.1.11. Even though we showed that the induced propagator on the torus is smooth,
we can evaluate ((6.32)) with the axial gauge propagator (3.64)) on the torus. This does not agree
with the result (A.12). Indeed, the difference is

t .
dh vdby | dA) AJ AL (6.32)

1 . .
1 / ,uz»kz;;nsq (t1, tg)(deg(dtg - dtl) + d91 (dtg - dt1))AJ1A12€,
OM xOM

which is
1 . .
= SORAIY
OM xOM
where ( is defined by
C(t) = 1/2(|t] — ¢*)(d6: + dbo)
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for —1 < ¢t < 1, and extended periodicallyﬁ Note that the distributional derivative of |z| is
sgn(z) so that d{(ty — t2) = (Ssgn(t1 — t2) — t1 + t2)(dt1 — dt2)(d61 + d6-). This gives some
evidence for the expectationﬂ that the difference of two states should be (A2A + Q)-exact, since
the first term in 2 is the lift of the de Rham differential Qg = f oM dAdiA.

6.2 Gluing Lens Spaces, Again

We can use the results of the section above to give another computation of (parts of) the effective
action on lens spaces. Namely, we can pick a propagator ny2 on the torus and evaluate

1 . dt; + dt dt; + dt
= — i, A0k ah T . aty + aty
P*Wptl’é * 7/@&;}2) = gptari /CQ(W) <7711"2,12 5+ d>\12> P <7711‘2,12 5+ d>\12> :
(6.33)

Here we already reduced the residual fields. This integral can be rewritten as

dt1 + dto « dty + dto
77T2,12T ¥ 77T2,12T
CQ(TZ)

dty+dty ¢ v 1y
T /C P (gp dr— (¢ )d)\)

+ / AdA.
C>(T2)

One possible choice for the propagator on the torus is the “standard” one, i.e. the one corre-
sponding to the standard metric, derived in [C| which can be expressed in terms of Jacobi theta
functions by

i (21, 20) = 121, 22) = %dargﬁl(zl — 29]i) (6.34)

(see Appendix [C| for the conventions on Theta functions). Another possible choice is the axial
gauge propagator given by

155 ((t1,601), (t2, 02) = ng1 (01, 02)0W) (11, 1) + mg1 (1, 12) (dB2 — dbr). (6.35)

For these propagators it is possible to compute the integrals above not containing dA. For the
standard propagator on the solid torus we cannot evaluate those, but we have the following

conjectures ordered by increasing strength:

“Note that ((t) satisfies ¢(t + 1) = ¢(t) for —1 <t < 0.
SFor propagators that extend to configuration spaces it was proven in [CMR17], but for distributional propa-

gators there is no general result yet.
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Conjecture 6.2.1. There is a propagator on the solid torus inducing the standard propagator

for which the form X\ satisfies:
Lg)\lg =0 (6.36)
/ A127102 =0 (6.37)
My 2
where v,0 € {dt,dl,dodt}.
A stronger version of this is:

Conjecture 6.2.2. There is a propagator on the solid torus which induces the standard prop-

agator on the boundary and for which \ vanishes.
A yet stronger version of this conjecture is:

Conjecture 6.2.3. This propagator is the one corresponding to the standard metric on the

solid torus.

Notice however that Conjecture is enough to ensure vanishing of the terms in (6.33|)

involving ~, which can be seen integrating by parts.

6.2.1 Weight of the theta graph

For a bulk propagator satisfying Conjecture we can now compute the weight of the theta
graph on the glued lens space, up to terms that come from loops on the solid torus. Possibly,
there are also contributions from 2-point trees after gluing. For them we have the following

result.

Lemma 6.2.4. Contributions of two-point trees to the theta graph vanish after gluing and

reducing the residual fields, if the bulk propagator is S'-odd.

Proof. The theta graph has degree 0 in the reduced residual fields. Since for two-point trees

B residual field glued to every boundary vertex, so we need a two-point tree exactly

there is an a
the same number of b® residual fields and boundary vertices and no a® residual fields. A quick
check of figure on |82 shows that the only possible 2-point tree is with two b* residual
fields. The only possibly nonzero contribution appears when we take the dt component of both
b4 fields and the df component of both a® fields. This yields the integral

K* [d@]gdtoT]Oldth* [d@] 1-
Mo,1
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S1-oddity now provides an orientation reversing involution ¢ la Kontsevich which leaves the

integrand invariant (there is an additional minus sign from exchanges the two dt’s). O
With this we can finally present the following computation.

Proposition 6.2.5. Let n be an S'-odd propagator on the torus satisfying Conjecture |6.2.1.

Then we have

. 1 m+q 1 1 .
I:= P*wr*{’é * wFi’g =3 (s(q,p) oy + 5 + o arg(n —p —i(m + Q))) (6.38)

Proof. By our assumption that the propagator satisfies Conjecture we have

I= le ) (77181‘26{12&1;&2) @* <7718rt2€f12dt1—;dt2> .
First, we claim that

I= ;/W 77%1:2(%1290*77181}2%12'

This follows from the fact that the standard propagator depends only on the differences 12 =
t1 —to, 012 = 01 — 65 and is periodic in both ¢ and 6. The factor of p comes from the pullback of
df. This integral can be computed using the method explained in Appendix [C| where we prove
first

" =n", (6.39)

where 7/ = ((T¢) .7), ((T¢) is the transpose about the anti-diagonal and .7 is the standard
SL(2,7Z)-action on the upper halfplane H. Then we have by proposition

/ 1 1
/11,'77'7,’7' — S(q,p) — Tnl;_pq + 5 + % arg(n’T‘Q +m7 — qT — p) (640)

In our case 7 =i, so the proof follows. ]

Remark 6.2.6. Equation (6.40) implies that if 7 =i for 5 > 0, and we take the limit 5 — oo,
the term % arg(n|T|?> 4+ mT — qr — p) vanishes. In this case the propagator 7' approaches the
axial gauge propagator, by Remark Indeed, the integral I can also be computed with the

axial gauge propagator, and this yields the same result.

Comparing with the weight of the theta graph computed from the axial gauge on the solid torus
given in ([5.65)), this computation shows that the contribution of the loop diagrams on the solid
torus to the weight of the theta graph for a propagator satisfying Conjecture [6.2.1] is

mtq

1 1
15 3 + arg(n|7'\2 +mT —qT — D) (6.41)

2
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6.3 Remarks on gluing of arbitrary 3-manifolds

Let us end this Chapter with some very sketchy remarks on how one could extend these methods
to the case of arbitrary 3-manifolds. Any compact 3-manifold M can be expressed in terms of

a Heegard splitting M = H, U, H, (see e.g. |Joh; Sch00a]).

6.3.1 Reducing residual fields

Consider now a Heegard splitting M = H, U, H, of arbitrary genus g > 1, with ¢ € MCG(%,).
The action of ¢ on H'(X,) by pullback is symplectic, and we denote by

Al B
C|D

o =

its representation in the basis induced by the choice of residual fields on the handlebody. In the

same notation as above, we have

Ly = L = (1,dty,...,dt,)

L2 = LQL = <1, gp*dtl, PN QO*dtg>

= <1’
J

and we want to determine the spaces LiX as complements to L1 N Ly inside L;. We claim that

LiNLy=ATker CT. Indeed, let o € Ly N Ly. Then

M=

Aljdtj + C1jd9j>
1

g
a=Mdt1+ ...+ )\gdtg = Z i (Aijdtj + deﬁj) .
ij=1

It follows that Y, 14,C;; = 0 for all j = 1,...,g, i.e. (v,...,1v5) € kerCT. Then, we have
N =Y viAy, e A= ATw.

Since ¢ is invertible, A restricted to ker CT does not have a kernel, i.e. dim L1NLy = dimker C
and dim L = rkC. In particular, the pairing for the reduction of residual fields is induced by

the restriction of C' to Ly'.

6.3.2 Weight of Theta graph

The weight of the theta graph on arbitrary 3-manifolds can be expressed by the Feynman
diagrams on handlebodies, given in Section In the genus 1 case, the main information
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about the weight was contained in the gluing of diagram FE"Q to its counterpart in the B-
representation. We no longer have the axial gauge available in higher genus E| However, from
theorem [6.1.1] we know that the weight of this graph can be expressed in terms of a boundary

propagator, on a handlebody of higher genus, it should have the form

7/’1“b

1,2

= /z ns, (2, w)a(z, w)A1 Ay (6.42)

g
where ¥, denotes the Riemann surface of genus g, and a can be expressed as product of the
representatives of cohomology on Y, induced by restriction from H 1 (Hy). Propagators on
Riemann surfaces are known explicitly, seeﬂ e.g. [Fer0§|, they can be constructed through the

Riemann theta Functions on C9. Explicitly, they take a form similar to (C.23)), namely,
1 . .
nzg(zaw) = gdarg@(j(z),j(w),ﬁ) +B(27w) (643)

where © denotes the Riemann theta function on CY x G, G, is the Siegel upper half space of
complex matrices with positive imaginary part, 2 € G,, j: ¥; — C9 is the Abel-Jacobi map
and 3 is a smooth form which serves only make the combination of the two terms periodic, and
for which explicit expressions are also available. Inspired by the discussion of one might
ask what is the relation between the integral

/ Ny, (2, w)a(z, w)p* (ngg (z,w)a(z,w)) (6.44)

g
to the Casson-Walker-Lescop invariant of M = H, Uy H,, and whether it can be computed
similarly through residue calculus. A first obstacle is the absence of the symmetry that allowed

us to reduce this integral to the integral of a single variable on the solid torus.

SHowever, one might try to investigate propagators that arise from degenerate metrics similar to the axial

gauge.
"In [Fer08|, different boundary conditions were used (on the boundary of a fundamental polygon of ¥,), in

our case periodic boundary conditions are required
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Chapter 7

Conclusions and Outlook

It is the opinion of the author that this thesis raises many more questions than it answers.
As a conclusion of this thesis, let us summarize some answers that have been given, and some

questions that require further investigation.

7.1 Questions that have been answered

7.1.1 How can one approximate the axial gauge?

One previously open question that has found a satisfying answer is whether the axial gauge
propagator can be approximated by propagators that extend smoothly to the compactified
configuration space, and if yes, what the corresponding family isﬂ The answer given in Theorem
is that on any product manifold, the axial gauge propagator can be obtained by “blowing

up” one of the factors.

7.1.2 What is the weight of the theta graph on a lens space?

Another question that has been answered is what the weight of theta graph on lens spaces is, at
least in the gauge that corresponds to gluing it from two solid tori in the axial gauge. Explicit
formulae have been presented in Equations and , for the two different orientations
of the graph. In the case of a Manin triple, this weight behaves very similarly to what would
have been expected by the observations of Kuperberg-Thurston-Lescop: Namely, there is an
invariant of framed lens spaces (m + ¢q)/(12p) such that the difference of the weight and this

other invariant is the Casson-Walker invariant. This answer was first obtained for the case of a

1This question was posed to the author by P. Mnev while on a visit to Bonn.
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Manin triple. Naturally, it lead to the next question.

7.1.3 Does the weight depend on the type of polarization used in the gluing?

The answer here is a clear yes. In the general case, the weight of one orientation of the Theta
graph is irrational and transforms by irrational shifts under change of framing (as induced by
the gluing diffeomorphism). The results of Chapter |4/ rule out that this dependence is somehow
cancelled by the quadratic Lie algebra: We have seen explicit examples of quadratic Lie algebras
that admit splittings as Manin triples, but also splittings in which the complentary eccentricity
(the Lie algebra coefficient of the other orientation of the Theta graph) are non-zero, and these

splittings are related via a sequence of twists.

7.2 Questions that have not been answered

The author believes that most of the results in this work are not final, but give rise to more

questions. Some of them are discussed below.

7.2.1 Some questions about the axial gauge

One question about the axial gauge was answered in this thesis. However, this immediately

yields to a flurry of other questions, non of which was addressed in this work.

What is the homotopy between regular gauges and axial gauges?

Since the axial gauge can be seen as a limit of smooth gauges, one can ask about the homotopy
between the propagators. Understanding better how the state defined using the regular gauge
approaches the (regularized) state in the axial gauge is important in understanding whether the

fact that the axial gauge is singular has an effect on the polarization anomaly (see below).

Can the axial gauge on product manifolds with more factors be approximated

similarly to Theorem [3.3.2[

In this work, we only prove theorem for at most two factors. However, a similar con-
struction is relatively straightforward for products of two or more manifolds with or without
boundary, to define a propagator on a manifold with corners: see, e.g. [Mne08, Section 6],

where a propagator for the D-cube is considered. It can be speculated that a generalization of
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can be proven for these constructions by “blowing up” or “degenerating” the gauge-fixing

metrics on the factors successively in the right order.

Can the axial gauge be extended to non-trivial fiber bundles?

In this work, we only consider manifolds which are products, i.e. trivial fiber bundles. A
natural question is whether one can extend the construction of the axial gauge to non-trivial
fiber bundles, e.g. in the simple case of an S'-bundle S' < M — B. One challenge is to send
to volume of the circle fibers to infintiy in a compatible way. A variant of this approach has
been explored by Blau and Thompson ([BT06]). It would be interesting to see whether there

are connections between the axial gauge approach discussed here and their work.

Does our regularization of the axial gauge lead to a well-defined quantum theory?

Here, by well-defined theory we mean that the theory satisfies a version of the modified Quantum
Master Equation. This has not been achieved. In particular, there is no good criterion as to
when diagrams are axial gauge regularizable or not, and, in the case when diagram are divergent
as one approaches the axial gauge, what a good way to extract a convergent term could be.
However, this seems like a rather hard problem, at least on general manifolds. It might be best
to start by investigating examples with a 1-dimensional factor, in particular, the “universal”

regularization of the axial gauge proposed in [3.4

7.2.2 What is the precise nature of the framing correction?

We showed that in the case of a Manin triple, the weight of a Theta graph is the Casson-Walker
invariant up to a framing correction. However, at the moment we do not have a geometric
interpretation of this term. According to the literature, it should be given by the Chern-Simons
invariant of a residual connection, or - equivalently - by a Pontryagin number associated to the

data (M, M, @). This issue could certainly be clarified with a some more work.

7.2.3 What is the origin of the “Polarization anomaly”?

We have seen that the weight of the Theta graph on lens spaces in the “glued gauge” depends
on the type of polarization that was chosen before gluing. We offered several possible reasons
for this: the non-unimodularity of the vertex coefficients, or the fact that general polarizations

are not compatible with the algebraic structure on the space of fields. It would be interesting to
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compare with the complex polarizations that are usually used in Chern-Simons theory, however,
these seem to be harder to accomodate in the BV-BFV formalism, especially in the view of

perturbative quantization (some results have been obtained in [ABM13].

7.2.4 Is there a general relation between Theta graphs on 3-manifolds and

Casson-Walker-Lescop invariants?

Using the theory of effective BV actions, one can - in principle - define the weight of the theta
graph on any 3-manifold, as a function on residual fields. An interesting question - of which
this work has barely touched the beginnings - is what the relation between this graph and the
Casson-Walker-Lescop invariant is. Notice that the Casson-Walker-Lescop invariant depends
rather strongly on the dimension of H'(M). This could be interpreted as the dependence on

residual fields.
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Appendix A

Computation of Feynman weights on

the solid torus

A.1 Some definitions and conventions

We usually consider the disk as the unit disk in the complex plane and use its complex coordinate
2 = re?™0 | Tts boundary is a circle S1 with a coordinate 0 < # < 1 but formulas will usually
be valid for —1 < # < 1 which is useful when considering differences. We often make use of the

elementary formulas

1

Imz; Imzg = 3 Re(z122 — z122) (A1)
1

Imz; Im 2o Im 23 = 1 Im(z12023 — 212223 + 212223 — 212223) (A.2)
1

= Z Im(zlz’gég — 212923 + 212223 + 512223) (A3)

By log we always denote the principal branch given by log(1 — 2) = — 322, 2K /k for |z < 1,
and by Lis(z) the corresponding branch of the dilogarithm

4 “log(1 —¢ — zF
Lia) = - [ D=5 (el <.
k=1

We also use the double logarithm (|zy| < 1,|y| < 1)

Lipg(z,y) = Y —. (A.4)
0<m<n

Also we will use the elementary fact that if

//D f(z,2)dzdz = 27iK
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then

/ /D f(z2)dzdz = — / /D f(z,2)dzdz = 27iK.

We introduce the following condensed notation.

B Ui
Zij = % T Zj, Lz‘j = log Zij, Us5 = 1-— ZiZj, Kij = log Usgj, Mij = log <|241'J|2> (A5)

ij
In passing we note that zj; = —z;; and uj; = 4;j, and hence dLj; = dL;; while dKj; = dK;;.

We also define

. 1 . 1 . 1 dz19 dZ19
P12 = %d arg 212 = 5 Imdlog(z12) = = < 1o 1o ) (A.6)
1 1 1 dz1 + z1d dzo + Zod
T2 = —darguis = — ImdKij9 = — 2 le_ 2102 2102 + 202 (A.7)
2 2 471 U192 U12
1 1
1 = —(2Zdz — zdz) = — Im(zdz) (A.8)
471 2
1
IR —2m(d2dz) = din (A.9)

and call them “elementary 1-forms”: all Feynman diagrams on the disk can be expressed in

terms of those forms.

A.2 Results

In this section we present in a compact form the weights of the Feynman diagrams before
and after the pushforward over the bulk vertices. We present the results in tables for each
order. Each graph carries a label, the corresponding figure can be found in section The
computations are carried out over the next 2 sections. First we split the contribution into
contributions on the circle and contributions on the disk in Section [A.3l The contributions of
the circle can be immediately evaluated. For the integrals over the disk, a systematic way to
compute the resulting parameter integrals over the disk is developed in[A5] Also, some words of
warning on the notation. There are four different types of indices. The indices i, j, k, . . . are Lie
algebra indices. The first index on z and z* coordinates denotes the index of the background.
Finally, a differential form w can carry one or two indices w; or w;;: This means the form is
placed at vertex i, i.e. w; = mw, or w;; = W;‘jw. Finally, the indices on M = D x S' and
OM = S' x 8! denote the label of the vertex there, and projections to the corresponding factor
carry that index. We will often abbreviate OM; x OM; = (OM )?j, and similarly for higher

powers (the need for abbreviations is abundant).

A.2.1 O-point order
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Graph label | Figure | Before Pushforward After pushforward

Iy 5.3 — Jour (b, A) —zafi faMA—in Jons dtA?

Table A.1: Contributions of 0-point graphs

A.2.2 1-point order

Graph label | Figure Before Pushforward After pushforward
I 5.4a JCHER) 2 (g 70 + 22127
—,uék(za;zoj - zfizlj)/ dtdoAk
INR 5.4b) - fMlxaMg M?kb1,ia{n12A’§ ] ‘ oMz
—M;-,ng;zl] / doAL
OMo
F?Q 5.4¢ %,u;k fMp((@M)% b17i7]127]13AgA§ A.12
re, 5.4d 5Vigie Jan w(onnyz, aimemsASAL (A14)
I3 5.4el | Sij Jan, X (OM)2,, MmamanahbALAk (A.16)

Table A.2: Contributions of 1-point graphs

A.2.3 2-point order

Trees, one boundary vertex
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Graph label | Figure Before Pushforward After pushforward
. ,
rs, 5.6 | 1y [ar, ety xons, @1 D1LEM2D2 B AT 0
IS1 5.6a) | 105347, Jrr, %ty xongs 2101 ET2A5N13AY 0

Table A.3: Contribution of 2-point trees with 1 boundary vertex

Trees, two boundary vertices

Graph label | Figure Before Pushforward After pushforward
Fgg 5.6b @bij/ﬁ% fM1 x My x OMsxdM; aimanizba 2 0
Pg?Z 5.6b ij%ﬁ fMlxM2X6M38M4 b1 kmi3nizbe maALAT (A.22)
Ish B.6b0 | 1 il [ xanons, xonr, 21PLATI225013AT! (A20)
I, 5.61 ,ufj,u{m fM1><M2><aM3 aiby pmigabmiz AL (A.24)

Table A.4: Contribution of 2-point trees with 2 boundary vertices

Trees, three boundary vertices
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Graph label | Figure Before Pushforward After pushforward
Flé,% 5.6d ’Yk w]lm sz (OM)3,5 b1, im3n21m2an2s AFALAT
%3 5.6d | 1 biim Jaez, <o, @ ana1 s ASAL AT (A.26)
33 5.6 | 4 1, Jarz,xonng, bl,i7713771277247725A]§Aﬁ1A§”
I3 p.6c | Yijri, fM122X(aM)g45 al 32174t ALALAT (A-29)

Table A.5: Contribution of 2-point trees with 3 boundary vertices

Trees, four boundary vertices

Graph label | Figure Before Pushforward After pushforward
Iy 5.66 sz X (DM o TIBTATI2T1257]26 (A-30)

Table A.6: Contribution of the 2-point tree with four boundary vertices

Loop diagrams

The loop diagrams in the axial gauge are regularized by the approximation by metric propa-
gators. The loop diagrams in question were analyzed in Section The two-loop diagrams

vanish in this regularization. For the one-loop graphs, only the oriented loops survive.

A.3 Splitting of contributions

In this appendix we will compute the splitting of contributions in Section into disk and
circle contributions. To this end we expand the propagator n12 = 1p 12051 12+ p1mg1 12. We will
identify the integrals that have to be computed on the disk and directly evaluate the integrals
on the circle (where the integrals are really pushforwards of currents). We give the explicit
result for all weights, using the computation of the pushforwards in the next section.

For future use let us briefly compute the product al A b;:

a' Abj = (2% pdt + zl’iu)(zafjl + szjdt) = (—zo’izafj + 2z udt + 21 zafju. (A.10)
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Here the minus sign in the first term comes from commuting the odd coordinate z(T ; with the

odd pudt.

A.3.1 1-point order

Let us proceed by number of boundary vertices.

One boundary vertex

The contribution of I'1 o (figure is

. A N
- / (b1 ialni2As
M1 ><8M2

K
= pi; (2% g — 2V )/M . pdti(np,i20s1 12 + pans 12) A
1X 2

k L+ k
— bz ZZO,]/ 1 (np,12051 12 + pans 12)Ag
M1X3M2

= —um(zl“zo] lezf /aM /Dl,umD 12/1 551712dt1A’§
2

—usz“zw/ / 1D, 12/ Ss1,12A%
oM; J Dy

0,2+ 14+ k k1,
- _:ul] (Z ’LZO J -z ’LZI ]) oM ¢2dt2A ,LL,LJZ ’LZO J / ¢2A2
2

(A.11)

where we denoted 2 == [, p1np,12 € QY(D).

Two boundary vertices

The contributions from TI'} 2 (figure |5.4d)) is

Yo = M;k/ (29,1 + 2 dt1)mamsALAL.
’ M1 xOMaxdMs

The first term is

i+
HikZo i /
M1 X@MQ ><8M3

= Ky / / ~D,1211D13 / 0511208113 + ( / D12 / N5t 1301 12 + 2 ¢ 3) AJAE
(aM)g3 D7]- Sll D.1 St

= Mé‘kzah /(a s (—wa3bs1 03 + (V2 — 13)ns1 23) AJAE

23

(ND,12051 12 + 11151 12) (MD,13051 13 + K751 13)

where w3 == fD 1 Mp,121p,13 € Qo(C2(D)), and similarly, for the second term we compute

/dt177127713 = —/ 77D,1277D713/ dt10g1 12061 13 + </ M177D,12/ dt1ng1 13051 12 + 2 <> 3)
1 D1 51 D1 S11

) 1 )

dto + dt
220 4 (gadts — Y3dt3)ng: o3

= —wa3051 93 5
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The entire contribution is therefore

Ure, = Kk <ZJ / (—n15(02,03)651 23 + msn (t2, £3) (A0 — df3)) AGAY
12 My xMa x Mz
dty + dt A
+ Zf/ <—n§(92, 03)551,23%3 + g1 (ta, t3)(dbadts — d93dt3)> AJA%
M7 xOMs X@Mg
(A.12)
The contribution of I'{ 5 (figure |5.4d) is
Qﬁf‘i 5 = wuk/ (Zo’i,uldtl + Zl’iul)nlgnlgAgAlg. (A.13)
' M1 xOMaxOMs3

In the second term, we get
/M177127713 = /M1(77D,12551,12 + panst 12)(Mp,130s1 13 + p17s1 13)
1 1
= —/ ,U177D,1277D,13/ 05112051 13 = V23051 23
D1 St

where —193 = fD | H17MD,127D,13 € O2?(Cy(D)) and similarly, in the second term we have the

contribution
dts + dts
/Mldt177127713 = —/ M177D,1277D,13/ dt1551,12551,13 = V23551,237-
1 D1 51 2
Overall we obtain
. : . dto + dts
vria = wijkzo,z/ vasdsn psARAL + 1/)ijkzm/ V23081 23— AJAS
M1X8M2><8M3 M1 X3M2X8M3
(A.14)
with vo3 given by ({A.33]).
Three boundary vertices
The contribution of I' 3 (figure [5.4¢]) is
1 o
g Wik /M o MmamsmaASALAL. (A.15)
1X 234

We expand the integrand:

/771277137714 = /(nD,12551,12 + p1ms1 12)(MD,13051 13 + 101 13) (MD,14081 14 + P78 14)
1 1

= —/ 77D,12?7D,1377D,14/ 531,12531,13551,14
D,1 St

— </ M177D,1377D,14/ ns1 12051 13051 14 + cycl. >
D1 sl

1

= —234051 93051 34 + (V34751 23051 34 + cycl.)

137



where a3 == fD 1 MD,12MD,1371D,14 € QY(C3(D)). Summarizing, we have
1 o
Yr,, = ?,bijk;/ — 01234051 23051 34 + (V34n51 23051 34 + Cycl.) ALALAL (A.16)
6 My (OM)3s,

where « is given by (A.35)) and v is given by (A.33]).

A.3.2 2-point contribution

Next let us look at the 2-point contributions. We will first consider only the tree diagrams. By
the properties of the propagator, and the fact that residual fields are closed under multiplication,

the weights of all tree diagrams with no boundary vertices vanish.

One boundary vertex

For one boundary vertex, we have the diagrams FSJ and '3 ; (figure F;l has the contri-

bution

Yry, = 'ué’k’yfrf/ by 2] miaby 1mas AL’ (A.17)
’ My xMoxOMs

and contains the following integrals:

/ 1223 = 0,
1,2

/ p1ni2dtanas =/ P11, 12051 12dt2(1ND 23051 93 + Hanst 23)
1,2 1,2

)

= —/ M177D,12?7D,23/ dg1 12dt20g1 93
D,1,2 1

317

—I—/ N177D,12M2/ dg1 12dtangt o3 =0
D,12 1

Pkl

where we have made use of Proposition and the properties of the disk propagator (which
satisfies the assumptions of Similarly, the I'5 ; contributions also vanish for degree reasons

(the disk form degree at point 2 is too high).

Two boundary vertices

Next let us turn to the diagrams with 2 boundary vertices. We look at the first case F;BQ
(figure [5.6D)). If x; = xo = a, then the contribution is zero for degree reasons (the total form
degree of the pushfoward in the disk is at least 1 +1+1+2+2—4 = 3 > 2 = dim Cy(S')).
Let us look at the other diagrams. First, FSE’Q gives the contribution

Urgp, = wijwﬂi/ almaMaba ma ASAT (A.18)
’ M1><M2><8M3><8M4
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and contains the integrals

/ msp1ni2n24 = 0,
2

1,

/ Mmap1dtini2neg = 0,
1,2

/ M3p1n12dt2n24 =/ ND,13051 13111 D,12051 12dt2(1D 24051 24 + H2Ns1 24)
1,2 1,2

)

= —/ 77D,13M177D,12"7D,23/ 051 13051 12dt2dg1 94
D12 51

717

0

+/ 77D,13M177D,12M2/ dg1 13061 12dtangr 93 =0
D12 511,2

J/

0

/ Mmaprdtinadtane, = —/ 77D,13M177D,1277D,23/ dg1.13dt10g1 19dt20g1 94 = 0
1,2 D,1,2 S1,1,2

)

0

so all contributions from this diagram vanish. Next, FBE’Q gives

Uy, = ,u;k%j,i/ b1,in13n12b2 m2a AFAT (A.19)
’ M1><M2><3M3><8M4

and contains the integrals

/ manizns = 0,
1,2

/ dt1m13n121m23 = 0,
1,2

)

/ maniz2dtanzg = / (MD,13051 13 + H1Ms1,13) (MD,12051 12 + 151 12)dE2(1D 24051 24 + HaMs1 24)
1,2 1,2

=/ 11177D,13M2/1 dg1 13dtang 12Ms1 24 = P3h3a
D12

71)

/ nzdtiniadtanag =/ ,1117]D,13,MQ/1 dt10g1 13dtangt 19M51 24 = Y3dizhsa
1,2 D 1

? 1172 S (R E)

where hay = f2 Ns1 327t 24dt2. By Lemma we have hgs = %Bg(t34), where By the second
Bernoulli polynomial. The first two integrals vanish because of proposition [5.3.2] in the next
two integrals almost all integrals over the disk vanish for degree reasons or properties of the

disk propagator. So, we can give the weight of this diagram explicitly as

1 ..
ry, = gl [ 403 B (t31) AL AT
' Mx(0M)3,,

(A.20)

1.
+ Qu;-k’y%ziizil/ ) d@gdthQ(tM)A]gAT
Mx(0M)34,
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Finally, I‘gf’Q evaluates to

Uy, = ,uéku{m/ b1,imiamaabnea ASAT (A.21)
’ M1><M2><8M3><8M4

which contains the integral

/ M3N12p2723 = / (nD,13651 13 + 11051 13) (MD,12081 12 + p1Mst 12) H2(1MD,24081 24 + paTs1 24)
1,2

1,2

= / 7)D,1377D,12M277D,24/ 05113051 12051 24
D12 s1

?172

+ / u177D,12M27]D,24/ Ns1,13051 12051 24
1 S11.2

1,2 1

+/ M177D,13#277D,24/ 7751,12551,13551,24
D,1,2 S511,2

717

= 34051 34 + V3Yang1 34,

where (34 == fD 12 MD,131D, 122D 24 € Q!(Cy(D)), and the second term vanishes for the fol-
lowing reason: The integral over the first point on the disk produces a 1-form at the second
point, but we already placed the 2-form uo there. The other diagrams in Fgf‘z evaluate to
/ dtimsmapan23 =/ TID,1377D,12M2770,24/ dt10g1 13051 12051 24
1,2 D S1,1,2

u1?7D,12M277D,24/ dt1ms1 13051 12051 24
51,1,2

,U177D,13N277D,24/1 dt1mst 12051 13051 24

[Rat]

1,2
“
D,1,2
“
D,1,2
dts + dty

34551,34T + P3thangt 34dts,

=™

/ M3n12p2dtanes —/ 771:),1377D,12M277D,24/1 dg1.13051 12dt2051 24
1,2 D,1,2

) 717

M177D,12M277D,24/ Ns1 13051 12dt201 24
1,2 S1,1,2

M177D,13M277D,24/ Ns1 12051 13dt201 24
1,2 5112

dts + dty
= 534551,34? + P3hangt 34dty,

/ dt1mi3nizp2dtana =/ M177D,13M277D,24/ dt1ng 19061 13dt2dg1 24
1,2 D,1,2 S11,2

)

= P3angt 34dtzdiy,
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Putting everything together we obtain

R [zafizl’l /( o (B805108 - OsdBims s ASAT
34

+ szl- ok /
(OM)

2! (

2

4

+ ZS:Z»ZO’I ( )2 (534551734(61153 + dt4)/2 + d93d94?751734)A§AT
OM)3,

534(551734<dt3 + dt4)/2 + d93d94n51’34dt3)A§AT

3

(A.22)

+ 212 / (AB3d0smgn sqdtsdts) AEAT
’ (OM)2,
The last diagram with two boundary vertices is F'272 (figure . It gives the contribution

Uy = Wil / by 2] m2m2sn2a A AL (A.23)
’ M1><M2><(9M3><(9M4

which contains the integrals

/ s = / p1(np,12051 12 + panst 12) (MD,230s1 23 + f27s1 23) (11,2401 24 + H2N51 24)

1, 1,2

= —/ M177D,127]D,2377D,24/ 51,1201 23051 24
D12 S1,1,2

+ / M177D,12M277D,23/ 05112051 23M51 24 + 3 <> 4
D12 51

iRt

0

= 34034

Here 34 == fD 19 117D, 121D ,23MD,24 and the second (and therefore also the third) term vanish

for the same reason as above. Similarly,

/ p1dtinian2sneg = —/ M177D,1277D,2377D,24/ dt15sl,125sl,235sl,24
1,2 D,1,2

S11,2
dts + dty
= V34034 ————
2
so overall we obtain
Yry, = T [Zaﬁzl’j / V34051 34 AFAT
8M3><8M4 (A,24)

et = o) [ (s + dia) 2A5AT
8M3><8M4
Three boundary vertices

Let us now turn to diagrams containing three boundary vertices. We will start with Fé’% (figure

5.6d)). This gives the contributions

Yrib :’Y}?%lm/ b1 imsna1neanes AFAL AL
23 ME, < (OM)3,5
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It contains the integralls

/ Mman217m24n25 = 0,
2

)

/ dt1m13121M24M25 Z/ A61ﬁ6277D,2477D,25/1 dtlﬁsl,137731,21581,24551,25
1,2 D

. 1,2 Sh1,

= 1/34551’45}134

while all terms above that involve an 7p 12 vanish upon integration. The result is

1 .
Vrag = St /(a sl a5 Paltan) ASALAT (A.25)

)345
with v given by (A.33)). Continuing with Flg’j’g, we have
Yria = Wi iim / al N a2 A5 AL AL
>3 M3, x(OM)35
which contains the integrals

/ N13M14712 42725 =/ M277D,137)D,1477D,1277D,25/ 05113051 14081 1201 925

2 D,1,2 St1,

- </ M1M277D,1477D,1277D,25/
D,1,2 g1

/ "7D,1377D714M1,U277D,25/ 551,13551,147751,12551,25
D,1,2 S$1,1,2

)

7]S1,13531,145SI,12531,25 + Similar)
1,2

(it

)

!
= €345051 34051 45 — V34Y5051 34751 45
dts + dt4 + dts

3 — 13495051 3451 45dts5

/ N13714M122dt21)25 = 6%45551,34551,45
1,2

)

where we introduced the notation 6345 = fD,1,2 121D, 1371D,14MD,1271D,25 and noticed that

/ 127D 147D, 127D 25
D,1,2

and one of the similar terms vanish for degree reasons. In total we end up with
i |0
¢F12773 ,Uf]szlm |:Z /(aM)

+ zl’j/
(OM)

Next let us look at F;:g, where we have

dts + dts + dt .
<€:1345551,453?:l5 — U34d05051 34Ms1 a5 dts ASAL AT >

3
345

! kal am
, (6345551,45 - V34d95551,347751,45) Az A AT }
345

(A.26)

Yprs = Wbt / b1 imamanaansA5ALAL".
’ M7, x (OM)3,45
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It contains the integral

/ M3714721725 = / (—nD,137D,14051 13051 14 + 11D, 14751 13081 14 + 117D,13751 14051 13)
2

) )

(—77D,2177D,25551,21551,25 + panp 25nst 21051 25 + MQTZD,217751,25551,21)

Notice that the disk part of the second term in the second bracket does not talk to the first
bracket at all. Furthermore, products of the third term in the second bracket with the last two
terms in the first bracket will vanish after integrating over 1 for the reason discussed above. In
the terms with three propagators we recover the forms § and « from above. The only new form
is o345 == fD71’2 ND,137MD,14MD,21MD,25- In total we obtain

/ M13M14M21725 = —0345051 34091 45 + W34P5051 34751 45 + V34051 34751 45
2

)

+ (B53051 35Ms1 45 + V3Wsns1 34m51 35 + 3 <> 4)

and then also

dts + dt4 + dts

3 + w3495051 34Ms1 45dts + V34051 34751 45015

/ Mma3nan21dianzs = —0345551,34551,45
1,2

dts + dts

+ (553551,35 5

NSt 45 + Y31sns1 3anst 35dts + 3 < 4)

Summarizing, the contribution is

Ppee = U;‘kﬂ{m [zoi /( ( — 0345081 34051 45 + N1 (03, 04)d056 51 34M51 45 + V34051 34781 45

8M)g45

+ B53051 35751 45 + dO3db5m61 34ms1 35 + 3 > 4> ASALAY

(8M)§45

dts + dt
+ (553531,3535

dts + dt4 + dts
( - 0345551,34551,45f + 151 (03,04)d05051 34ms51 45dts + 34051 34751 45t

5 Nstas + d03d0sns1 zanst gsdts + 3 4) >A’§AQA?

(A.27)

where 0345 is given by (A.39)), B34 is given by (A.37)), 34 is given by (A.33). In Fg’g, whose

contribution is

Yrra = Yijkijim / . | aImamanans ATALAL' (A.28)
' M7y X (OM) 3,5
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only a single term survives:

/ M37147)21 27)25 = / (—=1D,13MD,14051 13051 14 + P1ND,14M51 13051 14 + H17D,13751 14051 13)
2

) 172

- mu277D,2177D,25551,21551,25

=/ 77D,1377D,14mu277D,2177D,25int51,1,2551,13551,14551,21551,25
D717

26545551,34545/ N13M14721 H2dtanos

)

dts + dty + dts

T
= 6:’,45551,34545’) 3

All other terms vanish for degree reasons as in the contribution of Fé’g In total the contribution
is
dts + dt4 + dits

3 ARALAT (A.29)

_ J 0 r
Yrra = Yijkh,, 2 / , €345051,34045
' d

345

4 boundary vertices

There is also a single diagram with 4 boundary vertices I'; 4 (figure [5.6€]), whose contribution is

Yry, = Mé’kwilm/ Manamanasn2eALATALAL.
M, % (OM)3456

It contains the new integral

—/ 77D71377D,1477D,1277D,2577D,26/ 51,1301 14051 12051 25051 26
D12 S112

)

= 23456

Then we have the terms

/ ,U177D,1377D,14/ 7713,257717,26/1 051,13051,14751,12051 25051 26
D1 2

) )

= V34w26051 34751 45051 56

/ M1MD,13MD,127D,257D,26 /1 531,137751,14551,12551,25551,26 -Be4) = 6§565357734556 — (3¢ 4)
D,1,2 S112

)

/ ND,137D,14MD,12/427D,26 /1 0511305114051 12751 25081 26 — (5 <> 6)
D,1,2 S1.12

l
= €346951 34051 46751 56 — (5 > 6)
/ ,U177D,1377D,14/ M277D,26/ 5113051 14M51 127571 25081 26 — (5 <> 6)
D1 D2 S1,12

= 13496935 — (5 <> 6).
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In total, we get

< — 23456 + 34751 (05, 06) 051 34751 45051 56

¢F2,4 = M;szlm/

(OM) 3,56

+ (€356035734056 — (3 > 4))

+ 6%46551,34551,467751,56 + v34Ba(t35)/2d0s — (5 <> 6)) AéA’ZAéA?

A.4 Pushforwards on the disk

(A.30)

In this section we compute the pushforwards that we collected before. To this end we expand

the disk propagator np 12 = ¢12 + 712 — 11 and use the results of the next section. Here we

understand the free points to lie on the boundary of the disk.

A.4.1 Results

If z; € 9D then we write z; = exp(i2w6;), for 6 € [0, 1).

One bulk point
With this notation we have
1 _
pinp,i2 = P2 = r(22d22 — 2dZy) = db
D1 e
wo3 = / ND,12MD,13 = 15, (02, 63)
D1

Vo3 = / p1np,12np,13 = —g(02, 03)db2d03
D1

1 sin w6
Q234 = / 11D,127D,13"D,14 = o log ~ 13 cot(mba3)dba3
Dy s Sin o3
1
o (1 — f(02,03)) (db2 + dbs)
+ cycl.

where

f(92, 93) = COS(27T(923))7T7]31 (92, 93) — sin 27’[‘923 log 2‘ sin 71'023

g(62,03) = 1 + 2cos(2m0ha3) log 2| sin whag| + 27 sin(27wla3)ng1 (6263)
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Two bulk points

B3a = / ) H21D,137D,127D,24 = %7751 (02,04)(cos(2miflas) — 1) — log 2| sin whay | sin(2m624)]db4
(A.37)
V34 = /D1 2 L2MD 217D 13ND,14 = % (7 cos(2m034)n g1 (63, 04) — sin 27034 log 2| sin 7wls4]) (b5 + dby)
| (A.38)
0345 = /D1 ] 1D,131MD,147D,211D,25 = g (034(2035 + 2045 — 1)) + %(log | sin 34| — 1/4)(cos 4wy — cos4mhs).

(A.39)
6%),45:/ H27)D,127D, 131D 147D, 25 (A.40)
D12

1
= 2d03d95{ -2 log ’ sin 7T934’ sin 271'934 — 271'7]51 (93, 94)
™

Kuszss + Ky3Z34 _ L
+1Im [ . Z325F (2425, 23%5)
35

+ (Ks4uss — Ks3uss)icot mhss + Kszuss

[ Z . 1 Lio(23z
+ 2325 <K53(K34 + Kz + Ky + ugs) — Lia <_35> + Lio () - 2(35)> } — (3¢ 4)
Z45 Us4 2

(A.41)

A.4.2 Proofs

Proof of ({A.31))

We have

/ HinNpi2 = / pi(pr2 + T2 — Y1) = 1o
Dy D1

by equations (A.62d), (A.62c).

Proof of (A.32)
We have
/ ND,127D,13 = / (P12 + 112 — 1) (P13 + T13 — 1)
D1 Dl
= P12013 + P12713 + T12013 + T12T13 — Y1(P13 + T13 — P12 — T12)

Dy

1 1
= E(arg(qu) + arg(ug3) — arg(usz) + arg(uzs)) = = arg(us3) = ng, (02, 63)
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where we have used equations (A.62)) and the last equality is Proposition Alternatively,
one could directly apply equations (A.64). Alternatively, we can make use of the fact that for

z9 € 0D we have 119 = ¢12 — Y9 to obtain the same result.

Proof of ((A.33)
We have

/ H1MD,127D,13 = / pi(e12 + 112 — Y1) (13 + 113 — ¥1)
D1

Dy

= / 1912913 + p1¢12T13 — H1P13T12 + [H1T127T13
Dy

= / Ay Pr2¢13 — pd12v3 — p1Yad13 — pP12¥3 — p1P2ad13 + 1213
Dy
1
=4 §d92d93 [1 — COS(27T923) log(2] sin 71'023‘) - 7TSiIl(27T923)’I751 (92, 03)] — 3d92d03

= —d02d93 [1 +2 COS(27T¢923) log 2| sin 7T923’ + 27 Sin(271'923)7751 ((92, 93)]

using equation (|A.65h)).
Proof of ({A.35)

/D 1D 121D,131D,14 = / (P12 + 112 — Y1) (d13 + T13 — V1) (P14 + T14 — Y1)

Dy

= /D (2012 — 1 — 2) (2013 — 1 — P3) (214 — Y1 — 1)
= /D 812013014 — 41 (P12013 + Prad12 + P13014)

— 4(P12013%4 + Prad12¢3 + P13P1472)

where terms with less than two ¢’s vanish for degree reasons or because [ D Y115 = 0 (this is

equation (A.62a))). From (A.64b)) we know that fDl 12013 = 1/4n51(02,03), so the last term

equals
/D —4(P12013v4 + P1401203 + P1301412) = —(ng1 (02, 03)dbs + cycl.)).

Also, we have

1 . .
1/11¢12¢)13 = E (7‘1’ COS(2W923)7731 (02, 93) — Sin 271'(923 log 2| Sin 7r923|) (d92 + d93)
Dy

so for the second term we get

1 . .
/ A1 (P12¢13 + P14012 + P13014) = (COS(27r023)7751(92, 03) — = sin(27fs3) log 2| sin 7T923|> (dfs + dbs)
D1

+ cycl.
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Combining this with the expression (A.654) for |, p, 912613914, we arrive at

1

934 — % lo

sin 7T943

cot (7‘(‘923)d923

sin 7T923

1
+ 7 ((1 — COS(27T923))7T’I751 (92, 03) + sin 27023 log 2| sin7r923|) (d92 + d93)
T

+ cycl.
(here cycl. means one should sum over cylic permutations of both terms).

Proof of (|A.37))

We start to compute fl np,12np13 if z3 ¢ OD. In that case we have

/177D,127]D,13 = /1(2¢>12 — 1 — P2) (13 + 113 + Y1)
= 2/1¢12¢13 + 2/1¢127'13 = %arg(um).

Hence we are now interested in computing (remember that z4 € 9D)
Bos = /arg(u23)M3nD,34 = /Im Kosp3(2¢34 + 1 — 13).
3 3
By (A.60a)), this reduces to

1 1 _
— /Im KozImdLgyps = — Re/(K23dL34 — Ko3dL3zs)ps
3

T J3 27
1 1 Kosdzsdzsdzy  Kozdzsdzsdz 1
— — Re— 23 _3 304 + 23Ue3the3tbod _ 7Re(24 —|—K24(224)dZ4)
2w 211 3 Z34 Z34 2

The first term vanishes by (A.60d)) since zo € 0D, the second term gives, using equation ((A.60e)

1 B _ 1 _

27 Re [24 + K24224] dZ4 = ? Re —KQ4U42Z4dZ4 =Im K24U42d(94
T T
= [ng1(02,04)(cos(2mifa4) — 1) — log 2| sin whay| sin(27624)]db,.
Proof of ((A.38)
Since | D, H1T2 = 19 we immediately get
V34 = / 271D 2171 D,137D,14 = 1/}177D71377D,34-
D12 Dy

Using that np, ; = 2¢13 + 11 — 3 we get that this equals

1 .
Y34 = / 47,/J1¢13¢14 = ; (7T COS(27T934)7751 (93, 94) — sin 271'934 10g 2| Sin 7T934|) (d93 + d04)
D1
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Proof of ((A.39)

We have
0345 —/ 1D,137MD,14"D,2171D 25
D,1,2

= / ND,13MD,142(P21 + T21) P25
D12

(other terms vanish for degree reasons or because of (A.62b)), (A.62a))). Expanding further we

get

/ 813014 (P21 + T21) P25 + (/ dp1p1a(d12 + T12) P25 — (3 & 4))
D12 D12

1 . _ _ .o
= % Re [L2171(Z423, 2524) =+ L’LQ(Z5Z3) =+ K45M43 — (3 — 4)]

1
+ - Re [Z1K34(Z32; — 1) + 2324+ 73 /2 — (3 <> 4)]
1 . _ . o . .
=5 Re[Li1,1(Z423, Z524) — Li1 1(2423, Z523) + Lio(Z523) — Lig(Z524) — Kas K34 + K35K43]

1
+ - Re((25 — 23) (K34 + Kyg — 1/2)]

To simplify it further, we use the relation (|Zag07])

Liv1(z,y) = Liy(z) Liy(y) + Liz (”) ~ Liy <xy - ””) (A.42)

11—z 1—2
We apply this equation to Liyi(x,y1) — Lii1(x,y2) appearing above with x = 23Z4,y1 =
24Z5,Y2 = Z325) ( we conjugate the arguments of second double logarithm inside the real part
to this end). Notice that Liq(z;2;) = —log(1 — 2;%Z;) = —Kjj, so that the K's above cancel, and

we are left with

Re[Li1,1(Z423, Z524) — Li11(24723, Z523) + K34(Ks3 — Ky5)]

= Re | Liy w — Lig w = Re [Lig(—5325) — Lig(—Z455)]
1— 2324 1 — 2324

Now we can use the duplication formula

Lig(2) + Lig(—2) = %Lig(zﬂ)

to simplify the first term above to

% Re[Liz((2375)%) — Liz2((2475)%)]-

The real part of the dilogarithm can be evaluated exactly on the unit circle: For 0 <0 <1

Re Lio (62“19) = 2 <(15 -0+ 02>
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which follows e.g. from Fourier series expansion of the RHS, or from the more general equation

(27r1)"
n!

Lin (™) + (=1)"Li, (e *™%) = — B, (z). (A.43)

So
Re[Lia((252)) — Lia((%524))] = Re | Liz (¢¥%) — Lij (4% ) |
= 7%[By(2635) — Bo(2045)]

= 7T2[—2(935) + 4(935)2 + 2045 — 4925] = 71'2[2943 + 49§ — 492 + 805943]

= 27T2934(2935 + 2945 — 1)

Also, notice that K34+ K43 = 2Re K34 = 2log | sin 34| is purely real. With this, we can make

the following simplifications:

1
o345 = g (034(2035 + 2045 — 1)) + 2—(log |sin 34| — 1/4)(cos 4wy — cos 4mh3).
T

Proof of (A.41))

We will first prove the following very technical lemma.

Lemma A.4.1. For z3,z4 € 0D, (but not necessarily z2) we have
1
/ MD121D18ND,14 = 5 Re [2(K24 — Kog)dL3y + (K34 + K43)(dLog — dLos)
D

z2d dz z2d dz
b K <2223+22 _ dL%) Ky (W _ dL24>
Z2U32 Z2U42
+ K34 (23d§3 + Zydzg — Zydzg — ng§4):|

1 1 K K
+ ) Re [<23K32 + 22— — — = 223> dzy — <22K23 + 23) dzs
T 29 25 z2

1
+ (1= |22*)dLa3 — (3 < 4)} + - [d03 arg(ug2) — dby arg(uas)]

(A.44)
and
1 dz dz
/ 1D.211D,187D,14 = ;5 Re [(K43 — K34)(dLas — dLgs) — K34 <_3 - 4>
D,1 s z3 24
72d dz 72d dz
Ky (W N dL%) o (W N dL24>

Zoug2 ZoUy2 (A.45)

1 23K 1
- <Z3K32 + Z2 + - + 32223) dzy + K3 <22 - Z2> dz3
2

+ (1 — |22|2)dL23 — (3 < 4):| — 1!12% arg(U34).
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Notice that the first term reduces to for z9 € 0D, while the second vanishes for z9 € 9D.
Proof. In the first case we have
/D 1D,121MD,131D,14 = /D (P12 + 712 — Y1) (213 — Y1 — ¥3) (214 — Y1 — Vy)
] .
= /D 4(P12013014 + T12013014) — V1(4P13014 + 2014012 + 2014712 + 2012013 + 2T127T13)
]

— 203(P14012 + P14T12) — 204(P12013 + T1213).

The last two terms integrate to +xdfs arg(ugs) and —1dfyarg(uss) respectively. Now let us

look at the terms in middle. If z3 € 9D we get (equation (A.63€))

1 29|% — | 232
112613 = 15 5 Re [— (Z3Ma3 — z2) dzg + (22 M2 — Z3) d23 + Mdégz}
D, ™ 223
1
= W Re [(§3K32 + ZQ)dZQ — Z9Ko3dzg + (1 — |2’2‘2)dL23] (A.46)

(notice Re zgdzs = 0 if |23/ = 1) and (equation (A.63g))

1 K. 2 K
Y1 TI2013 = — 3 Re || z3 + =2 dzg + 7‘{3’ + 723_232 dza + (1 — ‘Z3|2)dK23
Dy 167 k) 22 z5

1 Kos 1 Z3 K39 _
=— —=d — d A4
1672 Re [ s 23 + <22 + 2 > zz} (A.47)

Taking the sum of (A.46)) and (A.47) we obtain

1 1 =K
V12014012 + 2014712 + 2¢12¢13 + 2T12T13) = 3.2 Re [(23K32 +E - — =2 223> dz
i 22 z5
1
— Kos <22 + ) dzs
22

+ (1 — ‘ZQ’Z)CZLQ?, — (3 <~ 4)]

Now let us look at the first two terms. When z3, z4 € 0D we have
1
/ 12013014 = T62 Re [(May — M3s4)dLas + cycl]
Dy T

= 162 Re [(K43 — Ka2)dLoz + (K4 — Ko3)dL3s + (K32 — K34)dLgs] (A.48)

(notice that M;; = —Kj; if one of z;,z; € 9D). Also

1 [ Z3dzg + dz Z3dzy + dz
/ Tiad13d14 = —s Re |(Kos — Kog)dLaz + Mug(dKaz — dKa3) + Kip 2 —> 2 K3t =
Dy 167 L Z2U32 2242
1 [ Z3dzs + dz Z3dzy + dz
= 162 Re (Ka4 — Ko3)dLsy + Kay(dKos — dKys) + Kyp 2 2 K3t 2
T I Zou32 ZoUgn
1 [ dzzs —— dz
= —— Re | (Ka4 — Ko3)d L3y + K34 | dLas + 5 Ly —
167 L Z3 24
K zgdfg +dz Ky Egdf4 + dzg]
Zau3g ZoU4g
(A.49)
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Taking the sum of (A.48) and (A.49)) we obtain

1
/ 4(p12¢13014 + T12013P14) = 2 Re [2(K24 — Kog)dLgy + (K34 + Ku3)(dLag — dLoa)
Dy

— _2 —
+ K34 <dZB - dz4> + Ky (W — dL23>

z3 Z4 Z2U32

— K39 <22 f4 L. dL24> }
ZoU42
(A.50)

So, taking the sum of (A.50) and (A.48]), in total we arrive at

1
/ 1D,121D,187D 14 = ;5 Re [2(K24 — Ko3)dL3s + (K34 + K43)(dLa3 — dLaa)
Dy

724 dz 724 dz
v K (W _ sz3> Ky <2224+Z2 _ dL24>
29U32 22U42

+ K34 (23d§3 + Zadzg — Zadzy — 23d24)]

1 1 K K
+ 32 Re |:<53K32 + 20— — — =3 223> dzg — <22K23 + 23> dzs
T 29 z5 z2

1
+ (1 — |22)*)dLa3 — (3 +> 4)] + p [dOs arg(ua2) — dO4 arg(usgs)] .

In the second case we have

/ ND21MD,131D,14 = / (P12 — T12 — ¥2) (2013 — 1 — ¥3) (214 — Y1 — P4)
D1 Dl
= /D 4(P12013014 — T12013014) — 42013014 — 201 (P1ad12 — P14T12 + 12013 — T12013)

— 2p3(P1ag12 — P14T12) — 20a(P12d13 — T1213).

The last two terms integrate to zero by ({A.62)). Next, taking the difference of (A.46) and (A.47),

we obtain

2¢1 (1412 — d14T12 + P12013 — T12013)

1 1 z3 K. 1
= WRe [<Z3K32+22++ 3 223>d22+K23 <_Z2> dz3
Y z2 z5 <2

+ (1 — ’ZQ‘z)dng — (3 <> 4)] .
The next term is

/ dipodpi3pia = z,/12% arg(us4).

)
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Finally, the difference of (A.48)) and (A.49)) is

1 dz dz
/ P12013014 — T12013014 = T6:2 Re {(K43 — K34)(dLo3 — dLaq) — K34 <_3 - 4)
D,1 i z3 24
Ky (W n dLQg) Ko (W% N dL24) }
Zoug2 ZoUgo

Taking the sum we obtain

1 dz dz
/ 1D.21ND,187D 14 = 45 Re {(K43 — K34)(dLo3 — dLoy) — K34 (_3 - 4>

zZ3 Z4
_9 _
Z5dz3 + dz
<3 2
— Ky | ——
22U32

,1
Z2dzy + dz

+ dL23> + K3 (
ZoUy2

+ dL24>

1 =K 1
- (53K32 +Z2 + P, + 32223) dza + Ka3 (22 - 22) dz3
2

+ (1 - |22|2)dL23 - (3 <~ 4):| — Q,Z)Q% arg(U34).

Now we are interested in

€hys = / ND,121D, 137D, 141427 D 25 = / ND,121D,131D, 14142 (2025 — V5)
D1 D

1,2
1
= / RQ[X234]/LQ ( Im dL25 — d¢95)
Do ™

Notice that pu = % = @ is real, so we can take p inside the real part to get

1 1 -
ehys = dbs RG/D Xogapio + o Im/D XogapiodLos — o Im i XogaptodLos
2 2 2

(since RezImw = 1/2Im(zw — zw).) The product of X34 with po is

1 dz dz
Xogapo = 2 [2(K24 — Ko3)podLzy + (K34 + Ky3) 2 <22;1 — @;’)

Z: 1
+ <K42M2d23 <u2 + z) -3+ 4)> + K34 (23dZ3 + Z4dzz — Zadzy — 23dZ4) pio
32 223

1 K 1 — |29 j
— W |:/L2 <dZ3 <§2K23 + 23 + |Z2’ ) — (3 ~ 4)) :| — %(K24d93 — K23d94)
us Z2 223 T

Now we integrate this over zo. The first and last terms will drop out because f p1Kq2 = 0. For

the second term we use Z’% = —Z9, so integrates to
d24 ng _ _
/(K34 + Ka3) a2 ( - ) = (K34 + Ka3)(Z3dz3 — 24dz4).
2 24 223
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For the next term, we have that ng ,LLQ%U?,Q = 0 and ng 52432 = Z3+ K43( + Zz3). In

the next, we simply get [, p2 = 1. In the last row, we get [, p2(22Ka3) = —Zz3/2 and

1—|z2]2
223

fD paKo3 /29 = —Zz3, but also fD 142 —7z3(1 — 1/2|23]%) = —Z23/2, i.e. in total we get

—2Z3. So over all we have

1
Xozapp = ) [(K34 + Ky3)(Z3dzg — Z4dzg)
Dy 4

1
+ (253 + K43( + 23))d23 — (3 — 4) + K34(23d53 + 24d2’3 — Zydzg — 23d54)
zZ4

+ Zzdz3 — Z4dZ4:|

Notice again that Rezdz = 0 if |z| = 1, so upon taking the real part the first and the last line

vanish. The remaining second line results in (using K34 = K43)

1
Re Xosqpto = —5 Re [K34(Z4d53 4 23dZs — Z3dzy — Zadzy + 23dZ3 + Z4dzsy — Zadzy — Z3d§4]
7I8

D» 4
1
= 4771_2 Re [K34(Z4d23 + Zadzg + 223dzZ3 — (3 > 4))]
1
= ﬁ Re [K34(47T sin 271'(9346193 — 47Tid93 — (3 4 4))]
7

= l(log ’ sin 71’934‘ sin 2mwls4 + TNg1 (93, 04))(d93 + d04)
T

Now let us turn to the next two terms. We have that

dzs Xozapo
XogapodLos = — X234M2* = dzs 22342
Ds Dy 225 D, %25

and similarly for the other term. To compute it we take the above expression for Xosqpo,
multiply with zo5, and intergrate over zo. Let us look at the result line by line. The first line
integrates to (ignoring the prefactor)

Koy — K d d
2dL34/(24223)m+(K34+K43)/M2( N )
2

25 2 224725 223225

1— 252 Z
4J(K54 — Ks3) + (K34 + Ky3) <dz — 45dz4>
<5 235 245

= 2dLs

Note that the first term vanishes for |z5| = 1. The first term in the next line is more complicated

and we will look at it later. The second term simply integrates to

K34(2’3d23 + Zadzg — Z4dzy — Z3d24) / 572 = K34(Z3d23 + Zydzg — Zydzy — 23d54)(—25).
2 <25
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In the last line, the first term integrates to

Z K K 1 — |29]? 1 1
dzs/m ( 272 L B 122 ) = dz3 ( <5355|25\2 + (2 - 55%) (K53 +Z553)>
2 225 22225 223225 2 25
1 1 |22 | 22|
2575 + — (1 — |25]2) (K3 + 2 —(z(1-5) — g (1 - B8
+2375 + 22( |25%) (K53 + Z325) + o <Z5 ( 5 5

5
Since |z5| = |z3| = 1, this simplifies to
232 2
dzs 235 + 2325 — 2350 = 2z3z5dz3

2 2Z35
where the second equality follows from the fact that Zs5/z35 = —Z2325 for |z3| = |25] = 1. The

last term in the last line integrates to 0 (for |z5] = 1). Now let us look at the terms that we

skipped before. We have

K 1 1 1

e <535 + K5 <55 - ) — Ky3 <55 - >>
z4 Z4

<35

2 7237225
KysZsa  KyzZaa

235

= —2Z3Z5 +
Z35

while the other term can be expressed in terms of the function

)  Lig (1__yy> — Lig(x) = Liy1 (2/y, y)

by
Kyozops 1 o _ K5
———— = — | F(2425,23%5) — 2325 | 1 — K45+ ——
2 U32225 z3 2475
= 23F (2475, 23%5) — 2375 + 2375 Kas — 2374 Kas
where in the second line we have used |z3] = |z4] = |25| = 1. Let us put everything together
We obtain

iz [(K34 + K43)(§425d24 — 53256[23) — K34§5(2’3d§3 + Zadzg — Zadzy — 23d§4)

d
Im [ XosqpodLos = Im
47

Do
+ Z4Z5dzy — Z3Z5dz3
Ky5Z54 — Ka3Z34

+ <d23 (—2355 +
235
Notice that Im zZ32z5dz3dzs = Im —(472)df3dfs = O for z; = exp(2mif;). Le. the first term in the

first line, the second line and two terms in the last line vanish. The remainder in the first line

+ Z%F(Z4Z5, Z325) — 23Z5 + 2325 K45 — 5354K45> — (3 <
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is

-1
477]_2 Im[§5dZ5K34(23d23 + Zydzg — Zadzy — 23d24))]

 —dbs

Re[K34(23d23 + Zydzg — Zydzg — Z3df4)]
= dfs Tm[K34(—dbs + ™ %4d05 — df, + e*™%4d0,))
= (df3 + dBy)dBs Tm K34(1 — *7i051)

= (d@g -+ d94)d95(— log ’ sin 7T934’ sin 27wl34 + TNg1 (03, 94)(1 — COs 271'934)).

Now let us look at the last line, we get

1 Ky57Z54 — Ky3Z
12 Im <dZ5d23 < 45754 43734 + Z;F(Z4Z5, Z325) + Z3Z5 K45 — 2324[(45) — (3 > 4))
7

235
Z3Z _ _ _ _ _ _ _
= d03d95 Im Z325 ((/;:) (K45Z54 - K432’34) + Z%F(Z4Z5, 2325) + 2325K45 - 2324K45> - (3 <~ 4)
Z54 Z34 | _ o _
= df3dfs Im <K452 + K437 + Z325F (2425, 232’5) + Ky5(1 — Z4Z5)> — (3 —4)
53 35
S0 we get
Z54 234 o
Im X234p,2dL25 = d03d95 Im <K34U34 + K4527 + K4327 + 232:5F(Z4Z5, 2325) + K45U54> — (3 ~ 4)
Do 53 35
Then we have
- X
XogapodLos = dzs Sl
Dy Dy <25

and as before, we take the above expression for Xos4ps and integrate. We then obtain

X dz 1 1
dzs 23402 i52 2( Ksa | — —25 ) — K53 | — — 25 | | dL3a + (K34 + Kus)(dzaMys — dz3 Mss)
Do 295 47 zZ4 Z3

Kus(1 — |25 Faza — _3
—|-(dz3<45(|25|)+f(45M35+Li2 (w>—Li2 ('2524)>_(3<_>4))

U35 1— 2524 1 — 2475

— K34(23d23 + Zydzg — Zydzg — Z3d§4)Z5:|

dz z . _ _
_ 872 |: (dz3(|2’52 + K53 <5§ — |Z5|2> + L12(2’325) + M35(1 — 2325) + |2’3‘2 + |Z5|2 — 1> — (3 &

5 (s (L)) -0 0)
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Using that z3, 24, 25 lie on the unit circle, we obtain

X dz
dzs 2;24:2 = ﬁ {2 (Ks4245 — Ks3235) dL3g + (K34 + Ku3)(—dzaKsq + dz3Ks3)
Do

z 1

(dZ3 (—K45K53 + Lip <Z35> — Lig ()) — (3« 4))
245 Us4

— K34(Z3d23 + Zadzg — Zadzy — 23d54)25:|

dz ) _
— 872 |:(d2’3(1 — Ks3uss + L22(2325) — Ks3uss + 1) — (3 <~ 4):|

idz
+ 75 (dby (25 + Ks53235)))
Notice that (for z; = e?™95) we have Zij = ZiUj = —2ju;j, 2;dZ; = —2midf; = —Zjdz; and

dLi; = 7 cot mh;; + im(dB; + db;). Applying these identities, we find that

X
d§5 234142 = (K54U45 — K53U35) (d@g + d94 — ¢ cot 7T934d934)d95

Dy ?25

+ (K34 + Ku3)(K54€2™0%d0, — K532 d63)d0s

. 2 1
+ <e27”935d03d95 <K45K53 + Lis (f35> — Liy <)> A 4))
Z45 Us4

+ (df3 + d4)dfs K3, (1 — 2™031)

. Li _
+ (62W1935d03d95 <1 — Ks3uss + ZZ(SBZE))) — (3 <~ 4)>

+ (2d93d95(1 — K54U45) - (3 <~ 4))

Taking imaginary part, we find

X .
Im d25/ 23452 _ 163d65 Tm [(K54U45 — Kszuss) (1 — i cot mh3g) — (K + Ky3)(K53e2™935)
Do

. 5 1 .
+ (627”035 <—K45K53 + Lig <i35> — Lig <>)> + Ky (1 — 2m034)

225

Z45 Us4
‘ Li _
+ <627r1935 <1 — Kssuss + 22(22325)>> + 2 — K45u54):| — (3 <~ 4)
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In total we have
1 X 1 X
el = dbs Re/X234u2 b Tmde | B2 D pygm [ 224K2
2 2m D2 %25 2m D2 %2

1
= —dbs (log ’ sin 7T934‘ sin 27034 + TNg1 (93, 94))(d93 + d94)

m
234 | _ _ _
— + 23251 (2425, 2375) + K45U54> — (3 4)]

1 z
+ —dbf3dfs Im [K34u34 + K52 4 Kys
2 Z53 Z35

1 ' iy
- %d93d95 Im |:(K54U45 — Ks3ugs) (1 —icot mhsg) — (K34 + K43)(K5362 Z035)

. 5 1 )
+ <627r1935 (_K45K53 + Lio (23’5> — Liy ())) + K34(1 - 627”934)
Z45 Us4

, Lt Z
+ (627”935 <1 — Ks3uss + ’Q(;:ﬂk—)))) + 2K45U54):| - (3 A 4)
1 KysZz Ky3Zz
= 27rd93d95{ — 2log | sin w034 | sin 27034 — 2wng1 (03, 04) + Im [ 45245;5 15734 Z325F (2425, 2375)

+ (Ksquas — Ks3uss)icot mhzs + Kszugs

-~ . Lin(ze3
+ 2325 <K53(K34 + Ku3 + Ky + ugs) — Lis <i35> — Liy <> - ZQ(ZW) } — (3 4)
Z45 Us4 2

A.5 Parameter integrals on the disk

The functions we look at will often have integrable singularities. We sort them first by number

of parameters and then by number of singularities.

A.5.1 One Parameter

No singularity

/ / adzda _ (A51)
D1 U2
One singularity
/ / L (A.52a)
Dy *12
dzd
// FIELTEL _ omi(1 — |20]?) (A.52b)
D, 212
2 —
// |z1*dz1dz —riZ| | (A.52¢)
Dy 212
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A.5.2 Two parameters

No singularity

// dzidz . Kog
— = —2mi—
Dy U12U13 2223

2 —
// z7dz1dz _0
D, U12U13

// z%déldzl B
D, U12U13

27 [ K: Z
R <52 14 Zm)
Zy \ Z223 2

B 21 (2’223 + K23)

// ‘Zl|2d,§1d2’1 .
D, U12u13 (2273)*

One singularity

// z3dz1dz1
D, Al12U13
// zZ1dz1dz
D, Z12U13
// zZ1dz1dz
D, *12U13
// Z%dildzl
D, Z12u13
// ’21‘2d21d2:1 o
D, Al12U13

Two singularities

// dz1d=
Dy *12713
// dz1dz;

D, ?12713

// z1dz1dz
D, *12%13

// z1dzZ1dz1
D, 12713

A.5.3 Three parameters

No singularity

= —2m <Z23>
223

= 27TiM23

2 2
o (’Z2| | 23] )
223

= 27i (29 Ma3 — z3)

21

// —z124dZ1d2
D; U12U13U14

= —— (23Ky2 — 22 Ky3)
2923223
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(A.53a)
(A.53Db)
(A.53c)

(A.53d)

(A.54a)
(A.54b)
(A.54c)
(A.54d)

(A.54e)

(A.55a)
(A.55D)
(A.55¢)

(A.55d)

(A.56)



One singularity

z123dZ1dz 271 1
// ——— = — | 24K34 — — K32
Dy U12U13214 Ug2 Zo

z1dz1dz 271
// A T (53K — 22 Kug)
Dy u12U13(214) 2223(223)

z3dz1dz1 21
// ————— = — (K34 — K39)
D; U12U13214 U42

Two singularities

z1dz1dz 211
// e (Ko + 2223 Msy)
D, U12213(Z14)  Z2(U23)

dz1dz 271
// Gl S — (K2 + Msy)
D, W12213(Z14) o3

ZodZz1dz 211
// St Lt — (K32 — Ky2)
D

L u12Z13(Z14) 234

Functions with three singularities
dz1dz; 271’2
// ————— = — (M4 — M3y)
Dy z12213(214) 223

Integrals involving a logarithm

/ Ki9dz1dz1 =0
Dy

// zZ1K19dz1dz1 = —mizo
D1

K
/ idzl dz1 = —2miZs
Dy

<1

K K
/ 22 05dey = omi(1 — |z3)?) —= 32
D, 213 23

K 1
/ ﬁdzldzl = 2m <Z3 + K23 ( — Z3>>
Dy 13 22
K 5.\2
// A1l dz1dz1 = 7t ( (K23 + 2923 (Z2Z3) ) — 532)K23>
D1 Z13 2

K
/ 22 2 dzy = 0
D; U13

Kiodz1d . .
/ St 2;1 " o (Li11(Z324, 2223)) + Lia(2224) + KzaMsy)
Dy

213214
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(A.57a)
(A.57b)
(A.57¢)

(A.57d)

(A.58a)
(A.58h)

(A.58¢)

(A.59)

(A.60a)
(A.60D)
(A.60c)
(A.60d)
(A.60¢)
(A.60f)
(A.60g)

(A.60h)



A.6 Pushforwards of forms on the disk

We are intersted in pushforwards of the following “elementary” forms:

L . 1 B 1 lez d212
d12 = 27Tdarg 212 = o Imdlog(z12) = gy ( o £ > (A.61a)
1 1 1 dz1 + z1d dzs + Zod
Tig = —dargus = — ImdKjs = — 22 zlj_ A0z 2102+ 2202 (A.61D)
2 27 4mi U12 U12
1 1
— sdz — 2dz) = — Im(z A.61
U1 4m,(zdz zdZ) 5 m(zdz) (A.61c)
1
= —(dzdz) = di (A.61d)

211

Again, in this section we will collect only the results, while the proofs are postponed to the next

section.

A.6.1 Pushforwards in the bulk
Pushforwards of a product of two forms

We have the following identities.

Y112 =0

D1

Y1112 =0
D1

/ itz =0
D

/ 112 = V2
D1

1
P12¢13 = — arg

47 (uzs)

D1

1
T12713 = in arg(u23)
D1 ™

¢127_13 =

1
— arg(us3)
D1 ™

4
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(A.62a)
(A.62b)
(A.62c)
(A.62d)
(A.62e)
(A.62f)

(A.62g)



Pushforwards of a product of three forms

We have the following identities:

1 dz
drad13014 = 62 Re [(M24 — Msy) e + cycl. (A.63a)
D; ™ 223
1 Z2dzo + dZ Z2dzs + dZ
P1213714 = 15 Re [(K43 — K12)dLos + Mo (dK a3 — doq) + Ky 120 o, 122 107
D, @ Z4U24
(A.63b)
1 Zad dz Zad dz 72d dz
P12T13T14 = = Re [K42WM _ wa _ K43w (A.63c)
Dy ™ Uu23 U24 Uu23
72d dz Kyo — 24K
o L +dzy L 28K = 2K (2adzs — 23d24)}
U24 2324234
1 [ 2o K43 — Za K,
/ T19T13T14 = 3 Re =2 %3, ,ZS 42 (53d22 — Egdig) + CyCl.:| (A63d)
D, 167T L Z923293
1 e _ _ _ |z2]® — |zs|* ,_
112013 = 162 Re |— (23Ma3 — Z2) dzo + (ZaM3p — Z3) dzz + ——————dZ32| (A.63e)
Dy ™ L 223
1 (/1 K23> _ < 1 K32) _ :|
TioTi3 = —=Re || —+ 55— |dzs — | — + =5— | dz A.63t
. P1T12T13 162 _<23 22 3 % T 5 2 ( )
1 [ K. 2?2 HK.
161273 = 7 Re <z2 + 32) dzo + <|2| + 2223> dzs + (1 — 22|2)ng2]
D; 7T L z3 z3 z3
(A.63g)
1 _ 2923
12913 = 7 Re | Magdzodzs + —dzodzs (A.63h)
D, 8 Z923
1 (2273 + Ko3) _ .
p1Ti12T13 = —5— Re |:_dz2d23 (A.63i)
/131 872 (2273)°
1 z K 1-— 2
/ ,u1¢12713 =53 Re 2 + % dzodzg — ﬂ dzodZs (A.63j)
Dy 8m zZ3 23 U923

A.6.2 Restrictions to the boundary

We are mostly (but not always) interested in the case when one or several of the free points are
on the boundary. In this section we show how the results of the pushforwards above simplify

when restricted to the boundary.

Proposition A.6.1. We have
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i) If z = exp(27if) € 0D, then

ii) If z; = exp(2mif;) € OD, then

1

iii) If z = exp(2mif) € 0D, then

i) If z; = exp(27if;) € D then

dlog(z1 — z2) = weot w(601 — 62)(dO — dby) + im(d6y + db-)

|1 — z| = 2sin7d)|.

1 1
= arg(uig) = - arg(l — z122) = ng1(01,02) = 5 sgn(fy — 01) + 01 — 6.

dlog(l — 2122) = 7T(C0t 7T(01 — 92) + ’L)(d91 — d92)

v) If z1 € OD or z9 € D then

vi) If z4 € OD then

Using these results, one obtains the following simplifications:

Pushforwards of a product of two forms restricted to the boundary

We have

Zidzo + dzy

My = —Kj3 = —Ko;.

EdeQ — 22(12’4

dZQ — d24

Z4U24

Z4U24

/ H1p12 = db
D1

1
12013 = 1781 (62,03)
D1

1
/ T12T13 = 17751(92793)
D1

1
12713 = 178! (62,03)
D1
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—d 10g Z294.

(A.64a)
(A.64b)
(A.64c)
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Pushforwards of a product of three forms restricted to the boundary

We have
1 sin w0
Pr2¢13014 = Tor [log S ot (m3)dOas + m(ng1 (04, 02) — g1 (04, 03))(dba + dfs) + cycl.
Dy T sin w49
(A.65a)
1
G12013T14 = d12013014 — —ng1(02,603)d04 (A.65D)
D1 Dl 4
1 1
12713714 = / P12013014 — —ng1(02,03)d0s — —ng1(04,02)d03 (A.65c¢)
Dy Dy 4 4
1
/ 712713714 — ¢12¢13¢14 — *(7731 (92, 93)d04 + cycl.) (A.65d)
D1 Dl 4

1
/ 1/}1¢12¢)13 = g (71' COS(27T923)’I’]51 (02, (93) — sin 27‘(’023 log 2| sin 7T923|)(d92 + d03) (A65€)
Dy

1
YP1T19T13 = 8?((71' COS(27F923)T]S1 (92, 093) — sin 2763 log 2| sin 7r923|)(d02 + d@g) (A.65f)
Dy

1 . .
'lpl(leTlg = 87((71’ COS(27['923)7751 (92, (93) — Sln 271'(923 log 2| Sin 7l'923’>(d92 + d@g) (A.65g)
Dy
1
/ ,u1¢12¢13 = 5d92d93 (1 — COS(27T923) 10g(2| sin 7T923|) — 7TSin(27T923)7751 (92, 93)) (A.65h)
Dy
1
/ WU1T12T13 = —§d02d93 (1 + cos(2mh23) log (2| sin mhas|) + 7 sin(2mha3)ng1 (02,603)) (A.651)
D1

1
/ H1¢127—13 = —§d92d93 (1 + COS(27T923) log(2] sin 7T(923D + ﬂ'sin(27r923)7751 (92, (93)) (A65J)

Dy
A.6.3 Pushforwards over 2 points

Here we always assume that points 23, z4,... € 0D, and we integrate over points z; and zs.

Then, we have

1
/ P13912412024 = — o5 Re KsaZsadz (A.66)
K 72
1 2 2 2 _ 2
P13012¢2024 = 39, Re [2{K34(z525 — 1) + 2324 + 24 /2] (A.67)
717

1 . _ _ L
/ $13014P12025 = 3or Re [Liy1(Za23, Z524) + Lia(Z523) + Kas Maz — (3 <> 4)] (A.68)

717

1 . _ _ .
/ D13014T21 P25 = 397 Re [Liy1(Z423, Z524) + Lig(Z523) + Kas Mz — (3 < 4)] (A.69)
D,1,2
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A.7 Proofs

A.7.1 Computation of the Parameter integrals

The proofs of these identities can be done as follows. First, using partial fraction decomposition

one can decompose an integrand of the form

Zkz

“1(z—2) Hj]\/il(z — w;)

into a sum of products of rational functions of the z;, w; with terms of the form

1

R
z wy

or

(z—2i)(z —w)

An integral containing a logarithm K;j = log(1 — z;Z;) can be converted into a series of rational

functions by using the power series

Lemma A.7.1. We have for k,1 >0

//D (2 — Zz)té — wj)dZdZ =

Fdzdz = Okl

log(l —x) = kzg;{:

In the next lemma we summarise the results of integrating these terms over the disk.

211

E+1

27 Z/f-l—l 2 € D

T k+1%

T k1%

omi  —(hH1) ¢ D

271 wk—H w; eD

T k1

TEHI Y
—2milog(1 — z; ')
—2milog(1 — Zﬂf);l)
1

—2milog(1 — z; " wy)

2milog < é:ﬁ;—)"z)

2mi ——(k+1) w; ¢ D

ZZ‘%D,’UJ]‘QED
ZZ'ED,U)J'¢D
ZigD,ijD

ZZ'ED,’LU]'GD

(A.70)

(A.71)

(A.72)

(A.73)

(A.74)

Proof. (A.71]) is standard in complex analysis, it can be proved e.g. by applying the Stokes

theorem

// Fldzdz :/
D 15)

kzl+1

b l1+1
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20

(&)

Figure A.1: Integration contours. The small disk around w; has orientation opposite to the big

disk.

(A.73]) is of course the conjugate of (A.72|), which again follows from standard complex analysis

equalities. For example, the Cauchy-Pompeiu formula tells us that

// ded 1 / Zh+1 0 ( )Zk-H 1 / 1 P
zZdz = — 2mixp(z TiZ; .
z—z k+1 Jopz—2 XV T Tk + 1 op 2"t(z — 2;)

The claim now follows from the residue theorem by noting that the residues at 0 and z; cancel

out if z; € D.
(A.74) requires a bit more work. The hard case is the one where both z;, w; € D, we prove only
this one, the others follow along similar lines. In that case, choose zodD and cut the disk from

z; to zg. Now, we can use Stokes’ theorem to write

//D (Z—zi)tg_ dzdz = — // dlog Z—zz )dz

1 —2z;)dz 1 — z;)dz oo dz
_ _/ og(z zz) z +/ og(_z ;zfz) z 27”,/ _ z_
oD zZ— w.] aD'wj,s z = w.j 20 g = 'LU]

where D, . is a disk of radius € around w;. The sign of the integral along the cut follows from

the fact that in the positive direction (from zg to z1) the logarithm has acquired 27i argument

more. The last term evaluates to

zZi d*
/ U2 og(z — ;) — log(20 — ;). (A.75)
Z0

Z—U}j

The second term is, using a parametrization z = w; + eet?

/ log(z — zi)dz _ /2“ log(w; + ¢ — z) — cie~’df
D, -

zZ— 'lZ)j 0 56710

2m
= —i/ log(z3 + ee')do 20 _oni log(w; — ;). (A.76)
0
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We rewrite the first term using that Z = 2=, when z € 9D, and get
/ log(z — z)dz / log(z — z)dz
oD 2~ Wj op 2*(Z—w;)
B / log(z — z;)dz
op (1 — zw;)
log(z — 2 ]
— omiRes, [ 12802 2) %ﬁ/ —
z(1 — zwy) 2 21— zwy)

= 2milog(—z;) + 2mi (log(z0) — log(z;) — log(1 — zow;) + log(1 — z;w;))
(A.77)

The terms in which zp appears cancel out (this is obvious e.g. for zyp = 1 and the fact that
the integral does not depend on the cut). Next, note that log(—z;) — log(z;) — log(w; — z;) —
log(z; — w;) = —log(|z; — wj|) (this can be seen e.g. from taking z;, w; real and the fact that

the derivatives agree). From this, the claim follows after taking the sum (with appropriate signs

and prefactors) of (A.75),(A.76) and (A.77). O

We now give some examples of proofs of the parameter integrals over the disk.

Proof of (|A.54d])
Consider e.g. (A.b4c|). We want to compute

// z1dz1dz
D *12713

First, perform partial fraction decomposition of the integrand:

z 1 ( 29 23 >
Z12213 223 \Z12 213

Now apply Lemma to compute the integrals of the terms. We get

dzd 1
// flazidz —2mi— (2022 — 2373)
D

212213 223

2 .13
_ o (M> ‘
223

Proof of ({A.60h)

As an example of a more complicated integral consider

Kiadz1dz

D,1 *13%14
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First, expand K2 in a power series to obtain

Kipdzidz i z5 /
2 D,

D1 Z13%14 k

1 13214

oo,k klll k
:_Ziz S L%

k z 2132
P D 14 13214

o0 ko g 1-1 _k—I+1 —k k

2oz z ZoZ
:2-2 223 4 _ 273
™ ( k kl+1> ko

k=1 \il=1

where in the last line we applied equations (A.73) and (A.74]). The last term sums up to Ko Msza.

In the first term, relabel n = k — [ to obtain

i zk:zgzé 1 Zz]f I+1 ii Zgﬂzzls 1ZZ+1
E k—1+1 — = (n+l)(n+1)

k=1 \i=1
parot (n+0n
This is almost a series for the double logarithm
. /Y)Y o~ 2"y
Liya(z/y,y) (K%;n - mz::l ; i D

except for the fact that the first index starts at 0 rather than 1. However, the [ = 0 sum over

n is

X (3 n
% .o
Z ( 2 ;) = L'LQ(ZQZ4)
n=1 n

so that overall we get

Kiadz1dz

= 271 (Liy 1 (2324, Z223) + Lig(Z224) + KoaMs3y)
D,1 *13%14

A.7.2 Computation of the pushforwards of forms

Proof of (|A.62a))
We will show (A.62a)).

Y112 = L1

D1 47i Ame

d dz
(Z1dz1 — z1d7Zy) <Zl2 — _212>
D1

212 212

1\? 21 Z1
= <) / dzldzl < — >
4me D1 Z12 212

1
= (1= ]z2> = (1—1]22*) =0

T 8ri

using (A.52b).
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Proof of (A.62b) and (A.62c)

We have

47 U12 U112

1 \2 _ -
= <4> lele <ZIZ2 — z_1Z2> = O,
e D1 U12 U12

where we have used (A.51). (A.62c) leads to the same parameter integral.

1\? B _ z9dZ1 + Z1dz z1dZy + Zodz
D,1 D1

Proof of (A.62d)) and (A.64al)

We will compute (A.62d)).

1 1 _ dz12  dzi2
/ Ho12 = i A dz1dz; ( -
Dy T AT J Dy 212 Z12

1 1 _ dZzs dzo
=S5 dzidz; | — — —
2midmi Jp, Z12 212

1

el

Zodzy — 2odZa) = 1

using ({A.52a)) and its conjugate.

If 2o = exp(27ify) then we get
/ P12 = h = dbs
Dy

by Proposition

Proof of (A.62¢) and ((A.64b))
We will prove (|A.62¢]).

1 1 leg dilg d2’13 d213
P12013 = — —— - = -
Dy dridmi Jp, \ 212 Z12 Z13 213

1\? 1 1
= <> dzidz= < — — — )
4mi Dy 212213  Z12%13

1
= % (M23 - M32)

1
= arg(uzs)

using (A.55b) and noticing that the real number in the denominator does not change the

argument.

If z; = exp(27if;) then by proposition we have

1 1
. P12013 = yp arg(usg) = 178! (62,065).
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Proof of (|A.62f))

Let us prove ((A.62f]).
/ 1 1 <d212 d2’12> <23dzl + Z1dz3 z1dzs + 23d21>
T12013 = —— —— - — — -
D1 dmidmi Jp, \ 212 Z12 U13 u13
2 _
1 _ z3 Z3
(i) Jmm (i~ i)
4mi Dy Z12u13  Z12U13
1
= — (Ky3 — K
" (K23 32)
= i arg(u23)

If z; = exp(27if;) then by proposition we have

1 1
= -_— = — 9 0 .
/131 T12¢13 e arg(ug3) 4"751( 2,03)

Proof of (A.62g)

Let us prove (A.62g)).

1 1 zodz1 + Z1dzo  z1dZs + Zodz z3dz1 + Z1dzg  z1dZ3 + Zzdz
12013 = — —— _ _
D1 D1

4 4 U12 U192

2 _ _
1 _ 2329 2923
= o dzldzl — — =
4i D, U2U13  UI12U13

1
= 3m (K23 — K32)
1

= arg(ug3)

u13 u13

If z; = exp(27if;) then again by proposition we have
T19T13 = — arg(ugg) = — .
1 12718 = glu23 4 '1s1\92, 03

Proof of (A.635]) and (A.654)

We have

/ P12013014 =
D1

3
/ Im dL12 Im dL13 Im dL14
Dy

dLy2dLy3dL14 — dL12dL13dL14 + dL12dL13dL14 + dL12dL13d L4

=

D,

Im dngdngdLM + Cycl.
Dy

e i

d
m [ dzdz [223 + cycl.]
Dy 212213214

d
— —Re [(M24 — M) B cycl.]
223
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In the second equation notice that the integral of the second term is zero because it contains
only holomorphic differentials. Now assume that we have z; = exp(27i6;). By proposition

we get that the above equals

1

= W Re [(K43 — K42)dlog 293 + cycl.]

(using Re z = Re Z for the last term). Noticing that

sin 943

Ky3 — K40 = log + i?T(nsl (94, 03) — Ng1 (94, 92))

sinm 942

we obtain

1
167 | &

T l6n |8

+ 71’(?751 (92, 93)d94 + ng1 (93, 94)d92 + ng1 (94, 92)d93)

sin w43

- cot(mha3)dbas + m(ng1 (04, 02) — ng1(04,03))(db2 4+ dbs) + Cycl.:|
sin 7049

sin 7T943 sin 7T932 sin 7['924

cot mha3dba3 + log cot mha4dbs4 + log cot ml34d034

sin whsy

sin mwlyg

sin 7w 942

+ 7 (151 (62, 03) + n51(03, 04) + 051 (04, 02)) (db2 + db3 + d94)]

Proof of (A.63b) and(A.65b])

We have

1\3
P12¢13T14 = <2> / ImdLisImdLi3ImdK4
D1 ™ D1
1\%1 -
= % Z Im dL12dL13dK14 — dngdngdKM + dngdngdKM — dngdngdKM
Dy
_ <1>3 llm dzydz [ Z4d23:2 n 24dZ27+ z1dZ4 _ z4d237+ %1dz4
2m) 4 Dy 212213114 212213U14 212213U14
1 dzo3 Zadzo
= Re | (K3 — Ky9)—— K M:
16:2 e {( 43 42) P, + (K34 + Ma3) Vo1
_ dZy z4dZ
+ (K34 + Z429Mo3) — — (K42 + Ma3) >
24U24 U43
dz
— (K42 + 2423 Moa3) 1
24U43
1 d Zad dz dz Zad
~ 1672 Re [(K43 - K42)7z23 + Mos <Z4 Z2 + Zo0z4  Z4dZ3 + Z3 Z4>
™ 223 U24 U43
Z4Uo4 Z4u34
1 Zydzy +dzy X Z3dz3 + dzy

= —5Re [(K43 — Kag)d Loz + Moz (dKy3 — dKaq) + K34

- 2 -
167 Z4U24 Z4U34
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where we used equations (A.58al), (A.58b)), (A.58¢|) and also in the last equality also Re z = Re Z.

Observe that for z4 € 0D we have

52 - 52 52

Zidzo + dzy _ Zidzo — Zjdzy _ dzo — dzy — _dlog 2
Z4U24 Z4U24 Z4 — 22

so on the boundary we get

1

6.2 Re [(Ku3 — Ka2)dlog 203 + K32(dK24 — dlog usz) + Kosdlog 234 — Ksadlog z24]

167 8

+ 10g(2| sin 7T932 \)(cot 7T924d924 — cot 71'9436[943) — TTg1 (93, 92)(d024 - d943)

sin 71'943

cot mha3dbagz + 7T(’I751 (94, 02) — Ng1 (92, 93))((192 + d@g)

sin 942

+ 10g(2’ sin 7T024‘) cot wh34db34 — TNg1 (92, 94)(d93 + d64)

— 10g(2’ sin 7T934D cot whaydBag + 7ng1 (03, 04)(dbs + d94):|

167 &

+ |:(T]S1 (92, 93) + ng1 (937 94) + ngt (94, 92))(d92 + dOs + d94)

sin w043 sin w039

SIN 034

sinm 024

SN w23

cot mha3dfy3 + log

cot 7T(924d924 + log

- cot mh34d034
S1n w49
+ 151 (63, 04)d02 + ng1 (04, 02)d03 — 3ng1 (02, 93)d94]

1
= P12013014 — —Ng1(02,63)db,4
D, 4

Proof of (A.63c) and(A.65c|

We have
3
> / Im dL12 Im dK13 Im dK14
D1

3
1 - - .
= (2 > 1 Im dL19dK13d K14 — dL12dK13d K14 + dL12d K13d K14 — dL19d K13d K14
T D1

_ <1>3 i - dz1d |:z4(23dZ2 + Z1d23) B Z3(§4dZ2 + Z1d54) 21(Z4d23 — ngZ4)

Dy Z12U13U14 Z12U13U14 Z12U13U14

1 Z3 24
= " _Re |2 Ky — Kug)doa — 2L (K35 — K31)d
1672 € [uzs (Ka2 43) dzo on (K32 34) dzo
1 1 1 1
+ — <22K42 - _K43> dzzs — — <22K32 - _K34) dzy
u23 Z3 U24 Zs
Kyo — 24 K-
e = 2le o Z3dz4)]
2324234
1 Z3d dz Zad dz. 72d dz 72d dz
_ 2Re K4223 Z9 + 29 Z3_K32Z4 Z9 + 29024 —K43Z3 z9 + Z3—|—K34Z4 29 + dZzZy
167 U923 U24 U923 U24

23K 42 — 24 K39
= (z4dz3 — 2z3dz4)
2324234
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Note that for 23, z4 € 9D we have

z4dz3 dzy 24dZ3 Z3dzy 24dZ3 + Z3dzy
_—— = —— — — = — == dK43
23234 234 23234 23234 U43

Using this for the last term, on the boundary we get

161%2 [K32d Koy — K49d Koz + Ky3dlog zog — Ksqdlog zog — K30d K43 + Kg2dK34]

= # Re [Kgg(ng4 — dKy3) — K42(dKa3 — dK34) + Kzy(dlog 293 — dlog 224)]
1; [log(2| sin ml32]|)(cot mhasdbfas — cot mly3dbs3) — mng1 (03, 02)(db2s — dO43)

+ log (2] sin wl42|) (cot mh34dbs4 — cot mhazdbag) + mng1 (04, 02)(dbas — dOs4)

+ 10g(2] sin 7T934D((30t mha3db93 — cot 7T024d924) + gt (03, 04)(d92 + df3 + dfs + d94)]

_ L
~ 16n | 8

+7 [(7751 (02, 03) +ng1(03,04) + ng1(04, 02))(dO2 + dbi3 + db,)

sin w43 sin w39 sin mhoy

cot mha3dba3 + log cot mha4dbs4 + log cot mh34d034

sin 7wly9 sin whsy sin wha3

+ng1(03,04)d02 — 3ng1 (04, 02)d03 — 3151 (02, 93)d94}

1 1
/ P12013014 — 17751(92, 03)dbs — 17)51(94, t2)do3
Dy

Proof of (A.63d) and(A.65d])

We have

3

7'127’137'14 = Im dK12 Im dK13 Im dK14

3
Im dK12dK13dK14 — dK12dK13dK14 + dK12d K13d K14 + dK12d K13d K14

1
)
1
)
1)° I
27r> Im dKlgdKlgdK14+ cycl.
1
)
1

3 21Z4(53d§2 — 22d53)

»MH HA\!—‘ »M»—‘
5

(
~
-
(

Im ledzl [ + cycl.]

3

U12U13UL4
Z2K43 — 23Ky

dza — ZadZz L.
1672 [ Z9Z3%Z93 (23dz = 22dz) + cye ]
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Here we have used equation (A.56)). Restricting to the boundary we obtain

Re [K43dK32 — Ky9dKo3 + CyCl. }

1672
= K3 — K. K 1.
6.2 Re [(K43 24)dK39 + cycl. |
1 sin mly3
=—1 - 04,03)do 05,04))do 1.
T6m [Og S0 g1 (04, 03)d032 + mns1 (02, 04))db32 + cyc
1
= | ¢12013014 — 1(7751 (0,05)d0s + cycl.)
Dy
Proof of (A.63¢) and (A.65¢)
We have
1\3
P1o12013 = (2) / Im(zdz) Im dLi2 Im dLq3
Dl a D1

1)* —zid z1d 71(dz
_ () Im [ dzide [ ads | adz | oz f‘”)}
2m D Z12713 Z12713 212713
_ _ _ _ _ |22f* — |25 _
= 5 Re | — (23 Ma3 — 22) d2z2 + (22 M3z — 23) d2g + —————dZz33
167T 293

using equations (A.55c|) and (A.55d)). If z; = exp(27if;) € 0D, the third term vanishes and the

other terms evaluate to

@ Re [— (23M23 — 52) dzo + (ZgMgQ — 53) ng]

1
=~ 1672 Re 27i [(exp(2mifla3 K32 + 1))) df2 — (exp(27ifisa Koz + 1) dbs]

1 ) ‘
= g, (Im (exp(2mifiz2) K23)df3) — Im (exp(2mifizs) K32) db2)
1 .
= 8?(1111 (exp(27ifs2) K23)) (df2 + dbs)

= 8%7 (7 cos(2m0a3)ng1 (62, 03) — sin 27053 log 2| sin wha3]) (dh2 + db3)

Proof of (A.63f) and (A.65f)

We have

1\3
/ Y1 Ti2T13 = () / Im(zdz) Im dK12 Im dK3
Dy 2w ) Jp,

1\*1 — e
= <2> 1 Im [ (Zidz1dK12d K13 — Z1d21dK12d K13 + Z1d21dK12d K13 — Z1d21dK12dK13)
T Dy
1\3 1 2 2 2
— <> “Im [ dzda [|Z1|_23d22 P A (22dz3 — z3dz)
2r ) 4 Dy U12U13 U2u13 U12U13
1

1 K23 _ 1 K32 _
1672 ¢ |:<§3 + 2%22) 3 <§2 + Z%Z3> Z2:|
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using equations (|A.53b]) and (A.53d)). Let now z; = exp(27if;) € 0D, then we get

1 1 Ko\ 1 Ks
L Rel|( =+ 28 ) gm - (= d
1672 ¢ |:<53 + Z§ZQ> =3 <§2 + Z%Zg) 22:|

— gz Rozet | (14 22 ) ao - (14 22 )

167 Z923 2923
1 K K
- — [d@gl 2B 40,1 32}
8 223 2223
1

= g((w cos(2mba3)ng1 (02, 03) — sin 2wha3 log 2| sin wha3]) (dO2 + db3)

Proof of (A.63g) and (A.65g)

We have

Il
7/ N
|~
S~
w
S
Hn—i
=4
N
SH
R
o
=
QL
h
o
—
B
QL
=
w

P112713
Dy

1\%1 - . .
= (> Im (EldzldngdKlg — Z1dz1dL19d K13 + Z1dz1dL19d K13 — ildzldngdKlg)

d22:|

z3(1 — |2?)

U3

27T 1 D
1\%1 2 72 7
_ () ~Im dzldz[ 4% gy Pl g A g, 22
2r) 4 D1 212113 Z12u13 Z12113 Z12U13
1 [ K 22 2K Zo(1 — |29]?
= — (22+32> dz2+<’_2‘ +2 23>d‘ a0l
167 L z3 Z3 Z3 Uu23
1 [~ Ks 2212  ZKas\ .. (1—|z)?),_ _
=— Re || Z2+ —— | dz + — +t—— dzg — 77(226&’3 + 23d2:2)
167 L z3 z3 23 u23
1 [ K. 2 5K
= 2Re 52—}-& dzo + |Z_2| +M dz 3+(1—|2’2’ )d K39
167 | 23 Z3 23

using equations (A.54bl),(A.54c),(A.54d),(A.b4e)). If now z; = exp(27ib;), the last two terms

vanish. The first two terms evaluate to

1 K3 |22 ZaKa3\ ,_
—— Re —= | dz d
B | (24 B2 o (120 252 ) o

1
= oz Re27i [(1 + exp(2mifls) Ks) dbly — (1 + exp(2rifiss) Kos) dbs]

1 . .
= 8?(1111 (exp(2771932)K23)d93) —Im (eXp(Qﬂlegg)Kgg) d92)

= 8%((7r cos(2mha3)ng1 (02, 03) — sin 2mla3 log 2| sin whas|) (dO2 + db3)
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Proof of (A.63h) and (A.65h])

We have

1/ 1)\? dz dz dz dz
/ H1P12913 = 507 <) / dz1dz < 2 _ 12) ( B 13)
Dy i\ 4mi Dy 212 Z12 213 Z13

1/ 1)? dzodzy  dZadz
=—[—— dz1dz 2055 + _Z2 _23
2me \ 4w Dy 212213 2127213

_ngng B d22d23:|

212213 212213

1 2
= <> [—deQdZ;g — 7d2’2d23 — MdiZQng — M32d2’2d23]
41 2923

Re [MdiZQng + dZ2d23:|

82 223

using ([A.5ba) and (A.55b). If now z; = exp(27if;), we get (taking care of the signs)

z 1
Re |:M23d22d23 + j23d22d23:| = —Re
23

872 872 29 — 23

11
—K3odzodzs + 2= dZQng]

_ T Re [(m)? log(1 — exp(2rmifiss)) exp(2ifas)dfadfs — dZQdZS]
s

29223

= §d92d93 (1 — cos(2m023) log (2| sin whag|) — 7 sin(27wbha3)ng1 (62, 03))

Proof of (A63]) and (A.G5]

1 1 2 _ z9dZ1 + Z1dz9 z1dZ9 + Zodzy z3dz1 + Z1dz3 z1dZ3 + z3dz
pw1T12T13 = =— | — dz1dz, — — — _
Dy 2mi \ 4mi Dy U12 u12 u13 u13

2 _ o
_ i <1> / %1 d [z%dzzdzg N 22dzydz3
21 \ 47 Dy U12U13 (u12)uis

_|Zl|2d§2d2’3 B |Zl|2d22d,§3:|

U12U13 U12u13
1)? 7o + K. 73 + K.
:<_>K%@+ﬁ»mm+cmﬁgmwM4
Am (23%2) (2223)
Zs + K
8 (2223)
where we have used equations (A.53b]) and (A.53d)).
If now z; = exp(27ib;),
Zs + K. dzodZz K
—~ Re [(3223-1- 223)d22d23} _ ——R [ Z2023 <1+ 2_3)}
87T (z2§3) 87T 2023 Z9Z3

= %d@gd@g, Re[1 + exp(27ifs2) log(1 — exp(27ifas))]
1
= —§d92d93 (1 + COS(27T932) 10g(2\ sin 7T932D — 7TSiH(932)7751 (92, 93))

1
= —§d92d93 (1 + cos(2mh23) log (2| sin whas|) + 7 sin(ba3)ng1 (02, 63))
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Proof of (A.63j)and (A.65j)

We have
1 1\?2 _ dz1o  dZis z3dzZ1 + Z1dzg3  z1dZ3 + Z3dzy
H1P12T13 = 971 \ dmi dzidz - = - -
D1 mi \4mi ) Jp, 212 212 u13 u13

1 1 2 _ z1dzodZ3 Z1dzodz3
== \|-= dzydz - —
2w \ 47 D, zZ12U13 Z12U13

Z1dZodzg B Z1d22d23:|

Z12U13 Z12U13

2 2 2
1-— 1-—
( ) |:< ‘Z2’ ) dzodZ3 + <_‘Z2|> dZodzs
U23 U23
K log(u
< + 32) ngng . <Z2 + Og(332)> d22d23:|
z3 z3
K o 2
= jRe [<Z2 + 32) dzodzs — (@1) d22d23:|
8T 23 23 U23

where we have used (A.54b)) and (A.54c).

If now z; = exp(27if;), the second term vanishes and the first equals

8—12 Re [(? + KSQ) dZQdZ3:| = 8% Re [(271)2(df2d0s + exp(27i(623)) log(1 — exp(2mifss))dadbs)
™ 23 ™

1
= —§d92d93 (1 4 cos(2mh23) log (2| sin whas|) + 7 sin(ba3)ng1 (02, 63))

Proof of ({A.66))

We have

1
/ P13P12 = = Im K3
D,1 m

)

and therefore

1
/ P1301202024 = 82/ Im(Ks2p2) Im dLay
D,1,2 7 Ipa

1 _
Re/ (K3ap2d Loy — K3apipdLoy)
167T D2
_ 1 Re Ksopodzy — Kszppiodzy
1672 D2 Zo4 224
1
- 504 Kau(3a — 2
162 [(24 + 34(23 Z4)dZ4]
1 _
= —W Re K34234d254.

Here we used that [, K12/2z13 = 0 for 23 € 9D.
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Proof of (A.67)

1
/ P13P122024 = 2 Im(K32) Im(2dz) Im d Loy
D,1,2 ™ JD,2

1
Im KgQZQdZQdL24 + K3929dZod Loy,
327T D2

with two other terms vanishing because they contain no top form. This gives

1 1 ZoK30dzodZ Zo K 30dZod
—— Im KgQZQdZQdL24+K32Z2dZQdL24 =——Im 2 3% 2242 + 2270 320%20%
3272 D2 3272 D2 Zo4 294
1 I / Z9 K 39dZadzo 29K 93dZadzs
= m _
322 D2 224 224
1 1 (2324)2 z2 9
= — K — —=K3—(1-— K
T6m Re [2 5 < sat ezt — 5 K (1 — |24|7) K42

by equations (A.60d)) and (A.60f). Now we can use that z3,z4 € 9D to obtain

1 1 2374)? Z2
1677'( Re |:222 <K34 + 2324 + ( 324) ) — 54K34 — (1 — ‘24’2)K42:|
3

37 Re [z4K34(z3z4 — 1)+ 2324 + 24/2]

Proof of (A.68) and (A.69)

Here we first perform pushforward over z5. Then we get

1
/ $13014P12¢25 = 13014 Im ZKL’)
D,1,2 7T

D,1
1
= — / Im K15 Im dL13 Im dL14
167'('2 D,1
Im/ K15 dngdle,L + dL13dL14)
~ 64n?
1 I K15d21d2’1 K15d2’1d21
= m —_
6472 D1 213714 2147213
o 1 I Kisdz1dz Ki5dz1d=
6472 D1 Z13%14 Z14213

1
37 Re [Lll 1(Z4Z3, 2524) + L22(2’5Z3) + K5 Mys — (3 <~ 4)]

using (A.60L). This implies the proof of (A.69), since the pushforwards [ ¢12¢13 = [| d12713

are identical.

A.8 Pushforwards of currents on the circle

The pushforward of currents on the circle can be evaluated as follows. For products of delta

functions
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Lemma A.8.1. We have

/S % 65 (41 — £2)65) (11 — t3) = 64) (12 — t3) (A.78)
/sl dt15(311) (t1 — t2)5(511) (t1 —t3) = 5(511) (ta — t3)w (A.79)
!
; 60 (1 — 12)65 (1 — 3)65) (11 — ta) = 650 (t2 — 13)65) (85 — ta) (A.80)
/S 35 (1~ )08 (4 — 13080 (41 — 1a) = 63 (12 — )03 (13 - u)W (A81)

1
Proof. These identities can be checked by the definition of the pushforward. E.g. for the first

equation, we have to check that for all forms a € Q*(S! x S!) we have

/ 5;11) (tg — t3) No = / 5;11) (tl — t2)5gl) (tl — t3) N«
51,23 511,2,3

In this case this is simple because both sides equal ¢y o, where ¢ is the embedding of the diagonal

in S* x S'. The other cases can be check by straighforward computation. O
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Appendix B

Computations in the gluing of lens

spaces

In this appendix we perform the explicit computations that appear when gluing two lens spaces
to a solid torus. Often we will choose not to evaluate integrals that disappear when reducing

2,4,A

the residual fields. Recall that reducing residual fields corresponds to setting z = 22 ;. =0

2,4,B

and pairing z with z; ;A to %, in particular, if in a product of residual fields does not contain

the same amount of z; Z’A and z2%® fields, it vanishes after reducing residual fields.

B.1 Pairing the 1-point functions

B.1.1 Pairing I'1;

As noted above I'y 1 pairs to zero against Fliz and I'y 3 (notice that wré( * @Z)FI% = 0 is equivalent
to wr@; * wrj)g( = 0). For the remaining pairings note that ¢*dtdd = (¢~!)*(dtdf) = dtdf, and
©*df = ndt + qdf), (p~1)*df = —ndt + mdfh. Then we get

o Kkl _+,A QJA 1,B +,B * o Kkl _+,A ZJA 1m,B +B
iy, = vy, = AR [ dogtan = <ol

To pair against I'] 5, take the disjoint union of I'; 1 with I'g. Since we integrate over 2 boundary

points, only the 4-form part survives - this is the product of the 3-form part of ¢rs & with the
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1-form part of ¢r, ; and the O-form part of ¢r,. The result is

_ i Klm_+A_2jA_+A_+B s 1)
(¢F?1¢F§) * e =~y 2y 2 A ZQ,m/ (o7 )"(dO) 1112061 (T — t2)
’ ’ OM xOM
i Klm A _2jA_+A_+B
=nue 2y 2N

. . 5 .
Yra, * <¢r1§1¢ﬂg> = —thigp2” Ay 2 B T / V1280 (11 — t2)@* ()
’ ’ OM xOM

)

kl_2i,A _15B_1mB _+,B
= Ny e 2 Zy)

All these terms vanish after reducing residual fields.

B.1.2 Pairing I},

The nonzero pairings of I‘ll’72 are with itself or - in a product with I'g - to I'y 3.

Pairing I‘Li2 with itself
In the pairing with itself, only the 2-form part contributes, and we get
1 .
Pros * Prop = M}szkZZAZZ’B(/ ns1 (01, 02)051 (t1 — ta)dt1dta™ (ng1(01,02)051 (1 — t2)dtrdtz)
Lz iz 2 OMxOM
+ / Ng1 (01, 92)551 (tl — tg)dtldtg)gp* (7751 (tl, t2)(d91dt1 — degdtg))
OM xOM
+ / NSt (tl, t2)(d91dt1 - degdtg)gD* (7751 (91, 92)551 (tl — t2)dt1dt2)
OM xOM

+ / Ns1 (tl, tg)(dﬁldtl — degdtg)(p* (1751 (tl, t2)<d(91dt1 — d@zdt2)>
OM xOM

The integral in the third line is equal to the integral in the second line if we replace ¢ by ¢!,

which in turn is equal to zero (the forms do not multiply to a top form).
For the other two integrals assume first p = 0, then m = ¢ = +1 and ¢ = ¢id. The integral in
the first line is zero and the integral in the last line is —2 fslxsl(nsl712)2dtldt2 =1
Now assume p # 0. The integral in the last line is then (—2) times (we set v = dt1df1dt2d6s))
/ ns1(t1, t2)@" (s (t1,t2))v = / ns1(t1, t2)ng: (mty + por, mta + pba)v
OM xOM OM xOM

= / ns1(t1, t2)ng: (mty + pdy — mta, pa)v
OM xOM
= p/ ng1 (t1, t2)ngi (mty + pby — mta, 02)v = 0.
OM xOM
Here we have used rotational invariance and periodicity of ng1, and in the last equality the fact

that f2 7751?12d92 =0.
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The integral in the first line is

_p? / Nt (61, 02)851 (1 — t2) 0" (nga (61, 62)651 (1 — 1))
OM xOM

To compute it, notice that d¢1 is actually a Dirac Comb with period 1, whichwe denote I11;.

This allows us to write
o551 (11, 12) = TTT1 (1t — 1) + p(0h — 62)) = I11, (p (Z’m o)+ (6 92)»

1 m
= ];IIIl/p (p(tl —t9) + (61 — 92)>
124 k
= 721111 <m(t1 —tz) + (01 — 92) + >
P20 p p

Plug this in the integral and integrate over 2, which leaves us with

p—1

1 m k
/ *27751 (91,<t1 —t2)+91+>
T2x S P 1=, p p
m k
751 <nt1 + qb1,nts + ¢q (p(tl — tg) + 61 + p)) (S(tl — tz)dtldgldtz.

Now, we integrate over t9, which forces ¢; and 9 to agree, leaving us with

122 k k
/ — ZT}S1 (91, 01 + > Ng1 <nt1 + qb1,nt1 + qb1 + q) dt1db.
Slxs1 P s b p

Because of rotational invariance of 751 we find this equals

—1 p—1
— 110, — 1 0,— | dt1df; = — 110, — 1|0, —
p s kzzoﬁs D s p 1aby » kzzoﬁs P s D

which is precisely % times the Dedekind sum s(g,p). Hence overall the pairing evaluates to

I
b,A * bB — U, Zo:
¢p1‘2 wr‘lyz Mjkal 2

: s(q,p) p#0
kA 2LB 2 (B.1)

p=20

She

Pairing Fliz with I'; 3

To pair Fll’,2 U Tp with ¢r, 5, notice that the form

Wry 3 2/ 101702703
Mo

which is the weight of the graph tr, ; is a 3-form. Hence the only term contributing to the

pairing is the one containing the product of the 2-form term of wrli , and the 1-form part of
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Yr,. We have
+,A_+,A 4 j *
(wrvaFé) s = 2 2y M / (wry 5)12dt3(07) (wry )
b2 ’ (OM)3
i ik *
e, * (Vrygvng) = 25l [y (079 (o ahadta)
s 1,2 (8M)3

These terms vanish after reducing the background fields.

B.1.3 Pairing I'; 3I'y with itself

In this section we compute the integral
J = (wrys)123dta (™) (wry g )23adt). (B.2)
(oM)*
The first step is to rewrite wr, ; as an integral over the bulk and then use Lemma to

compute integral over boundary points 1 and 4, like so:

J = / (wF1,3)123dt4(¢X4)*(WF1,3)234dt1)
(oM)*

/ no1mo2n03dta (™) * (M52ms3m54)dt1)
Mo x Ms X (8M)4

n01102703 (™) * (N52153) 540+ (dL4) ) (mdty + pdf;)

/MOXM5><(8M)4

no1noz2(mdty + po) @™ (msn2s(qdts — pis))

/VM0><M5><(8M)2
= /( oy mqw, @ Wy, — mpwy,*w s, + qpwi et — pPwnetws,
M
where we defined wy, := [ dtonoinoz and wy, := [, %ono1mo2. We already have the explicit

expression

Wy, = —1abg1 1adtydty + (dfadty — dfsdts)nG: o

and already computed that
/ wy p wy, = —ps(q,p)
(0M)?

if p # 0. Let us compute wy,. We have

wr, = /1/1077017702 = /¢(TID,01581),0177D,025§11)702)
0 0

= 5211)712(4 /Do Yodo1¢02)

1

= 55&{12 £(61,05)(d6; + dbs)
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where

1
f(gl, 92) = COS(271'912)7751 (91, 92) — —sin 27T912 log 2‘ sin 7('912‘.
T
Now let us compute
1 *
/ W, (p*wJ2 = / (77?2551712dt1dt2 + (d@ldtl — d@gdtz)ngq 12) © (551 (tlg)f(912)dt12(d91 + d@g))
(9M)?2 2 Jom)e ’
= PQ/ (77?2551,1290*(551 (t12)f(912))) v — / Mg 199" (51 (t12) f(612))v
(oM)? (0M)?

where v = dt1dtadf1dfs. If o = +£id then this expression vanishes, so from now on we assume

@ # +id < p # 0. Now we use that

p 1
k
©*ogi(ti2) = » Z dg1 <pt12 + 012 + >

k=0

to compute the first term above as

k L k k
Z / nly f(nt1a + qb12)0g1 (t12)0g1 (ptu + 012 + p> v = QZW (p) / <q>

k=0 p
similarly to before. The second term is a bit more complicated since we lack a second delta

function. We get

k
/(a - Maw™ (651 (t12) f(612)) Z / 120 <t12 + 612 + > f(nti2 + gbh2)v
M
1
= Z - / nst(ti2) f((n —mq/p)tiz — qk/p)dtidts
St xSt

== Z / nsi(t12) f(1/pt1a + gk /p)dtidts
St

XS t2
To compute the last integral, note that
1 ) 1 2mitl
net(t) = = Imlog(l — e*™) = ——Im ¢ ,
T T
>1
1 A . 1 p2mit(l—1)
)= =1 —27rzt1 1— 2mit —_1
F#) = = Tm(e 2" log(1 — ¢27) = ——Tm Y~ S

>1
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where the sums converge conditionally for every t ¢ Z, so we can rewrite the integral using

ImzImw = 1/2Re(Zw — zw). Further, we have

p—1 p—1
> F(/pt+ak/p) = f(1/pt+k/p)
k=0 k=0

Pl omi(l-1)(1/pt+k/p)

1>1 k=0
Iy p—1
— 1 e2milt/p Z o2mikl/p
s +1
>0 k=0
1 eQm'lt
= - b )
T =0 l+1
where we used that
p—1
. p llp
Z e2mkzl/p _ (B.?))
k=0 0 Ifp

Plugging everything into the integral we find
p—1 1
S [ s )£ et + akfp)dnde
o P /st xst,

:;ZZ;Re/S

k>11>0 txst

e*2ﬂ'ik‘tlg e2Trilt12 eQﬂ'iktlg 62Trilt12

k pl+1 k  pl+1

dtydts
1 1
. e = |
22 ;;1 k(kp+1) 272 %’

since f Sly gl e2mi(k—Ut12 dti1dty = 6. Here H1 denotes analytic extension of the harmonic num-

p

bers H, = Yj_; + evauluated at 1/p. In total, we get

Joersn=aSe (3) () + on
= 1| — — —H1.
(OM)? S S\ p P 2727 %

k=0

Similarly, we can compute

P
k mk 1
wi, o wy = w N =m () <>—|—H
/(azvz)? RP W, /(aM)2 5L (e ) wy, E: s f » PCREE

Finally, we can compute, exploiting again the delta functions
1
/ WP W, = 4/ 85 (t12) £ (61, 62) (dOy + dB2) 0" (857 (t12) f (61, 62) (d6y + )
(0M)? (0M)?

p—1
=nY_ f(k/p)f(ak/p)
k=0
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Summing everything, we get

e S ()12 0 () () 2 () () -
ot (1 (5) o ()1 ()

S (o (5) o (5)) (o (1) () i

where we used that mg = 1 + np and

S (5(28) - S (22

which follows from periodicity of 7, f and the fact that ¢gm = 1(modp).

B.1.4 Pairing I'; 3

It only remains to compute the pairing of ¢Fli , with itself. It is given by

1 .. %
wpt;,g * ¢r‘;*‘§ = Gfijkfwk/ wFLs(‘PXS) (WF1,3)'

(0M)3
Recall that wy 3 is given by

w13 = a1235é~11)(t1, t2)5é~11) (to,t3) + (V127751 (t2,t3)0W) (t1,12) + CYCI-)

= (a123512523dt12dt23) + <h§277§3612d91d02dt12 + CyCL)

wr

wrr
l?;.
introduced h by v;; = hf df;df;. Also note that dflydfzdtio = vidbfy + vodbty where v; = dt;db);.

J

where we have condensed the notation a little: is short for f(x;,z;), 0 for 6 and we have

Let us compute the pairings. We will do so by considering seperately

/WISO*WL/WI (¢*(wrr) — (™ (wir)) ,/WHSD*WH-

Let us start with the last one. We have to check what are the coefficients of a top form

v = v1vavs. Since p*(v1dly) = vy (ndt + qdb), we get

/WHSO*WH = —n/ (h?277§351280*(h3377§1523 + hg17732531) + Cyd-) v

(e.g. v1dfy conspires with vs(ndts) to give a top form, etc.). We claim that all terms integrate

to 0. To see this, let us look closer at the first term. We have

152 m k
/h§2773351290*(h237]§1523)v =5 > / h(6h2n(t23)d(t12) h(ntas + qbas)n(mis + pbs1)d <p7523 + 023 + p) v
k=0
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where we treat the delta function as above. Now integrating over 83 forces 63 = %tgg + 6y + %.

The integrand above then becomes

/h(elzn(t23)5(t12)h(nt23 — qm/ptas — k/p)n(mitsy + mtag + pha1 + k)vivadts

= /h(912n<t13)h(1/pt13 + k/p)n(pegl)vldﬁgdtg

where in the second line we integrated over t5. Now the claim follows from the following lemma:

Lemma B.1.1. For any p € Z,p # 0 we have

1
/ h(912)1751 (p912)d91 =0.
0

Proof. Since both h and ng1 are periodic, we can shift the domain of integration and equivalently

prove
1

| 1oms: 9 =0,

2

which follows from the simple fact that h is even and g1 is odd. O

Now consider a pairing of the form f wre*wrr. Rewriting df1dfsdt1o = %(d@l + dfy)db12dt12 we
see that ¢*wrr always contains a term of the form dt;; (since ¢*(d;;dt;;) = db;;dt;;). Any such
term wedges to zero against dtiodtes, therefore the mixed terms all vanish.

Now consider

wre*wr = (aq23012023dt12dt23) ©* (123012023dt12dt23)

= p? (a123¢™ (123)6120230™ (512023 ) dtr12dta3d0r2d0a3) .

Since « does not contain any dt’s, this shows that the only surviving terms in « are the ones
of the form f(df; + df;). Inspection of o shows that that these terms are of the form 1/2(77% +

%)(d@i + df;). Hence the integral we have to evaluate is

np? /(77?2 + fiy + eyel)g* (nly + fio + cycl.) 8120230 (512623)v

= 3np? /(77?2 + 1) (i + fiy + cycl.) 8120230 (512623)v

where the equality follows from the cyclic invariance of a. Now the dependence of the integrand

on the ¢ variables in the pullback is immediately cancelled by the delta functions (here it is very
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helpful that the integrand is only a function of the differences ¢;;!). To wit,

/(77‘192 + f1)* (s + fio + cycl.)d12023¢" (612023)v

p—1
= plQ > /(77('912) + f(012))(n(nt12 + qb12) + f(nt12 + qb12) + cycl.)d(t12)0(ta3)
k,1=0

k l
) <mt12 + 610 + ) 1) (mtzg + 023 + ) v
p p p p

p—1
= p12 > / (n(012) + f(012))(n(q012) + f(gb12) + cycl)d (012 + k/p)d (023 + 1/p)d01dh2dbs
k,1=0

S 00 C) 00 s (5) ()= () o (52) = (45))

We can now perform the sum over [. Since both 1 and f are periodic and odd about half-periods,

the terms depending on [ sum to zero and we are left with

S (0(5) () (%) (%))

so that in total we get

-1

R TP k k qk qk
g vy = gt (0 (5) 41 (5)) (0(5) 47 (5))- @9
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Appendix C

Theta Functions and Propagators on

the torus

C.1 Theta functions

In this Section we set up notation for theta functions and collect some results that are needed
in the sequel. The main references are [Mumford2007. Whittaker2009], but we will deviate
at times. Denote H C C the upper half plane. We will use the following definition of the four
Jacobi theta functions 9;: C x H — C:

Oy(zm) = D T =z, 7) (C.1)
° . 4 1

Jo(z,7) = nz_:oo(—l)ne’””QT”m”Z =9 (z + 2,7) (C.2)

Do) = =i 35 (e Loy (s THL) o
> . 2 . . .

192(2’ 7_) _ nzz_oo ewz(n+%) T+27rz(n+%)z _ eﬂ'z‘r/4+7rzz19 (Z + g7T> (04)

(C.5)

Here 9(z, 7) is the theta function as defined by Mumford. More generally for a,b € %Z one can
define

ﬁab(zﬂ—) — Z eﬂi(a+n)27+27ri(n+a)(z+b) (06)

n=—oo
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and recover

Wz, 1) =vo0(2,7),
Yo(z,7) = 1907%(,2,7‘),
M (z,7) = -0

11(2,7),

292(277—) = 19%,0('277—)

Theta functions satisfy a wide range of interesting identities. We will collect some of them for

future reference.

Proposition C.1.1 (Periodicity). The theta function is periodic in both variables:

Hz+1,7) =9(z,71)
Wz, 74+ 2) =9z, 1)
Remark C.1.2. The same holds for ¥g. 91 and 15 however are not periodic with respect to these
periods, because of the exponential prefactor in their definition. In fact, one has
191(2’ + 1,7’) = —191(2,7’)
N (z,7+2) =it (z,71)
and the same holds for 9. If one writes the Theta functions in terms of the nome ¢ = €7, one

has to interpret the multi-valued function q/\ as €™, Otherwise 91 and ¥ have branch cuts

from 0 to —1 inside the unit g disk.

Proposition C.1.3 (Quasi-Periodicity). The theta function is quasiperiodic with respect to
z +— z 4+ 7, namely,

Iz +7,7) = e TTEEY (2, 7). (C.7)

This implies the following quasiperiodicity for the other theta functions:

Yo(z 4+ 7,7) = —e T2, (2, T)
91 (24 7,7) = —e T2 (2, 7)

Vo(z 4 7,7) = e T2 (2, 7)
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Proof. We have

9] oo
o ) L ) )
19(2 + 7, 7_) — E : emin TH2min(z+7) _ § : emin TH2minT+27inz
n=—o0 n=—o0
0o
. o . ) o I
_ § : 67rz(n—‘,—1) T—miT+2mi(n+1)z—2miz — o TIT 2wzz§(

2,T).
n=-—o0o
Then

190(2, + 7_’7_) _ 19(2 +T+ 1/2,7_) _ e—m"r—?m’(z-i-l/2)q9(z + 1/2’ 7_) _ _e—m"r—27riz,lgo(z77_),

and

O (z+7,7) = oTiT /At mi(z T ) <z n T—;— 1 . 7_>

_ e7ri7'e—7ri’r—27ri(z+7/2+1/2)191(Z’ 7_) _ _e—7ri7'—27riz191(z’ ,7_)7

and similarly for 5. O

Without proof we quote [WWO09| a product formula for ¢;:

Proposition C.1.4. Denoting ¢ = '™ we have
o0

D1(z,7) = 2Gq"* sinz H(l — 2¢*" cos(272) + ¢'™) (C.8)
n=1

where
G=1[a-¢m.
n=1
C.1.1 Zeroes

To find the zeroes of the theta function we can look at their logarithmic derivatives, but they

will also be interesting on their own. They have the following property:
Proposition C.1.5. Denote L] (z) = V,(z,7)/U(z,7). Then we have

Li(z+1) = Li(2)

Li(z+7)=L](z) —2mi

Proof. This follows from propositions [C.1.1{and |C.1.3| (7 and )2 are not periodic with respect

to z — z + 1 but change sign, this however does not influence the logarithmic derivative). [
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By integrating the logarithmic derivative along the boundary of a fundamental domain of the
lattice A, it follows that the 1¥; have exactly one simple zero inside that domain. However,
we do not know exactly where they are. For this we need another property of 91, namely
Y1(—2) = —01(2), i.e. ¥ is odd. To see this, replace z — —z and put m = —n — 1 in the

defining sum:

Di(—z7) = —i S (~1)nemi(nts) razmi(nt5)(-2)
=—i > 1yremi(—n—3) r+2mi(-n—3)=
= —t Z (_1)7m716m(m+%)27+2“i(m+%)z = —t1(z,7).

(Using similar tricks one can show that ¥;,j # 1, are even.) Oddness of ¥; requires that it
vanishes at 0. By quasi-periodicity, this implies that it vanishes at all elements of the lattice A,

so we have proven the following proposition:

Proposition C.1.6 (Zeroes). The zeroes of ¥1(z,T) as a function of z are all simple and given

by the integral lattice A = Z + Zr.

From this one can also deduce the zeroes of the other ;.
There is another consequence of this which is important for us. Namely, one has the following
formulas for the ratios of derivatives of theta functions to themselves, which again we quote

without proof from [WWO09]:

Proposition C.1.7. Let z = x + 7y with |y| < 1. Then

/(Z T) o e2minT
T(2) = 191(277) = mcot(mz) + 47rz T gaminr sin 2mnz (C.9)
’ n=1
9! 00 2minT
’ n=1
N T -
Li(z) = Ja(z.7) =dr Z(—l) WSID%WLZ (C.11)
’ n=1
i) = BT s T Gy C.12
1(2) = Buler) — F; e Sin2mne (C.12)

C.1.2 Change of argument

Later it will be important to now exactly the change of argument as we move around the lattice.
First, notice that the quasiperiodicity of the theta functions immediately implies the following

lemma.
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Lemma C.1.8. Let z =z + 7y with x,y ¢ Z. Then

dargdi(z+1,7) = dargvi(z, 1)

darg¥y(z + 7,7) = darg ¥ (z,7) — 2rd Re z

For the explicit change of argument along some path we have the following formulae:

Lemma C.1.9. Let 7 € H, z9,y0 € R and zyp = z¢ + 7yo. Consider the paths v,: [0,1] —
C,t— 2o+t and v2: [0,1] — C,— 29 + 7t. Then we have that if yo ¢ Z

/ dargdi(z,7) = —7 — 27| yo | (C.13)
7
On the other hand, if xo ¢ 7, we have
/ darg¥i(z,7) = w(1 — ReT — 2(z9 — |x0]) — 2ReTyo). (C.14)
Y2
Here |yo| is the largest integer less or equal than yo.
Proof. First, we use that
darg¥i(z + 7y, 7) = Im L (x + Ty)dr + Im(7L" (z + Ty))dy.

So
1
/ darg¥(z,7) = / Im L7 (x 4+ xo + Tyo)dx.
71 0
Now we reduce to the case where 0 < zg,1o < 1. For this, notice that by Proposition we
have

Im Li (2 + xo + 7yo) = Im L (z + (20 — [2o]) +7(y0 — |w0])) — 27 [w0]-

So, to prove (C.13)) it is enough to prove that for zq, yo in (0,1)? we have fm dargv(z,7) = —m.
To see this, use equation (C.9)) with z(z) = x + xo + Tyo:

/01 Im L{(z(x))dzr = Im |:7T /01 cotm(z(x)) + 42 . 322% sin(2mnz(z))dx
=7 Im [/01 cot(z + zo + Tyo)]
= -7
where the integrals of the sine vanish, and we have used that for any y > 0 we have

1
/ cot m(x + iy)dr = —i
0
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(this follows from observing that the integral is independent of y and lim,_,~ cot(x +iy) = —1).

Similarly, we have
1
/ darg91(z,7) = / Im(7L] (x0 + 7(y + v0))dy
72 0
1
— [t (LT (o — Lo + 7y + )y
0
So, we have to prove that for 0 < xg < 1
1
/ Im 7L (20 + 7(yo + v))dy = (1 — ReT — 229 — 2Re Typ).
0

By lemma we know that the difference between the two sides (divided by 7) is an even
integer which varies continuously in (zg,y0) € (0,1) x R (since both sides vary continuously
in xg,yo in that region). Hence, we can compute the constant at any point in that region, for

example in (1/2,—1/2). This reduces the problem to showing that

1/2
/ Im7L7(1/2+ 7y)dy = 0.
~1/2

Since |y| < 1, we can again apply formula (C.9). Now notice that cot(n/2 + 7y) = tanTy is an
odd function of y, as is sin27n(1/2 4+ 7y) = (—1)"sin 2rn7y. Hence the integrals vanish and

the claim is proven. ]
We are interested in changes of argument between zeros of ¥1. We have the following result:

Lemma C.1.10. We have

1
/ dargdi(z,7) =0 (C.15)
0
1
/ dargdi(z7,7) = —mReT. (C.16)
0
(C.17)

Note that from this one can easily compute similar integrals between any two zeros.

Proof. The first claim follows from formula and the fact that cotx is odd about 1/2. To
see the second, close the contour from e7 to (1 — e7) with quartercircles around 0 and 7 of
radius € and a straight vertical line. The total integral is zero. By the previous lemma, the
straight line contributes m Re7 — 7 + 2mwe. In the limit as € — 0, the quartercircles contribute

with 7, since the argument of the theta function behaves like
darg 1 (z(7), ) ~ darg z(7)
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Figure C.1: Closing the contour

around 0 and by Lemma we can “transport” the quartercircle around 1 to 0 to form a

half-circle there.

C.1.3 Transformation properties

As we have seen, the functions ¢; are quasi-periodic in the z variable with respect to both
z+— z+1and z — z+ 7. They also satisfy interesting identities under modular transformations
of 7. Consider the two generators of the modular group, T: 7+— 7+ 1 and S: 7+— —1/7. The

first of them e.g. exchanges 9¥3 and vy:
Mz, 7+ 1) =Hz+1/2,7) = Vo(2,7)

(this follows n? —n = n(n—1) € 2Z). This already shows that the 7-transformations are slightly
more intricate. However, the function 1J; is the one we are concerned with most in this note,

and it is carried to itself under both transformations:

Proposition C.1.11 (Modular transformations on 7). The function 91 satisfies

D1(z, 7+ 1) = ™91 (2, 7) (C.18)
0 <27 _1> = —i(—ir) 2T (2, 7). (C.19)
T T

where we choose the principal branch of the square root (notice that Re —iT > 0).

Proof. For the first equality we can write

Vi(z, 7+ 1) = emTH) /A4 mi(z+1/2) g (z + 7(7— + ;) +1 , T+ 1)

— T/ gmiT/A+mi(2+1/2) g (z i g’ _— 1)

— oTi/4miT/Admi(24+1/2) g <z+ % + ;’T) _ e7ri/4,191(277_)'
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For the proof of the second equality we refer to the literature, e.g. [WW09). O

In particular, we can compute the transformation property of the logarithmic derivative:

Corollary C.1.12 (Modular transformation of L]). We have

L7H(z) = Li(2), (C.20)
Ly (;) = 9miz + 7L7(2). (C.21)

Proof. Equation (C.20) is a direct consequence of equation (C.18). For the second equation,
deriving (C.19) we get

1 z —1 d z —1
bt VA (A B T e
71<7"T> dzl<7"7>

_ i - N1/2 im2? )T
_dz< i(—iT) e 191(2,7'))
_ 2Zimz z =L\ 0 iy
= 9 (7'7 > i(—iT) /e (2, 7)
so that .
-1/ (% 191 (%7_?) . . T
L (T) I (=20 =2miz + 7L"(2). (C.22)
O

C.2 Integral kernels of chain contractions on the torus

In this section we construct some particular integral kernels for chain contraction on the circle

that depends on a the choice of modulus 7 € H.

C.2.1 Definition

Let 7 € H and denote A = Z + Z7. We define a 1-form n” on C — A by

0 (2) = %darg 9(2,7) + (2= 2)d(z + 2) (C.23)

43 ImT
Proposition C.2.1. 0" is A-periodic, i.e. n7(z +1) =n"(z +7) =n"(z2).
Proof. We have
1 -
darg?i(z,7) = Im (dlog¥1(z,7)) = % (LI(z)dz — L{(z)di) .

It follows that d arg; is invariant under z — z + 1, implying periodicity of n7(z) with respect

to z — z + 1. On the other hand, Proposition implies that

dargi(z + 7,7) = darg ¥ (z,7) — w(dz + dz).
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This is cancelled by the shift of —1—(z — 2)d(z + 2). O

deImT

We denote T = R?/Z? the real torus with coordinates x,y. we introduce the complex coordinate

z =z + Ty on T, thus identifying T' = C/A.
Definition C.2.1. The 1-form 17 (z) € QY(T — {(0,0}) is called the T-propagator on T.

We can express the 7-propagator in real coordinates as

1

n (z,y) = %d arg V1 (x + 1y, 7) + y(dz + Re 7dy) (C.24)
1

=5 (Im L7 (z + 7y)(dx + Re 7dy) + Re LT (x + Ty) Im 7dy) + y(dz + Retdy) (C.25)
1

= %(Im Li(z + ty)dz + Im(7L7 (z + 7y))dy) + y(dx + Re 7dy) (C.26)

In the following, it is important to remember that the complex parameter z depends on the

modular parameter 7, and sometimes we will write z = z(7) to emphasize this.

C.2.2 Chain contraction

In this subsection we prove that the m-propagators deserve their name, namely, they are prop-
agators for abelian BF theory. This means that every 7-propagator is an integral kernel of a

chain contraction, i.e. a linear map
K:Q%(T) — QYT
satisfying dK + Kd = id — 1 o P, where
v: H*(T) — Q*(T)

is a specific embedding of the de Rham cohomology of the torus into differential forms, and
P:Q*(M) — H*(M) is a specific projection to cohomology. See also section 3.1|for a discussion
of propagators in abelian BF theory. Both the embedding and the projection depend on the
parameter 7. In particular, we claim that the 7-propagator is the Hodge propagator K =

dy o (Ag + Pharm) ! associated to the metric

dz - dz = da® + 2Rerdx - dy + |7)*dy? (C.27)
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(here - denotes the symmetric product, and powers are powers in the symmetric product). In

this metric, we have
T
detg =Im7,vy = ?dz ANdz
i
*(dx + Rerdy) = Im7dy

*(Im7dy) = —(dx + Re tdy)

or xdz = —idz,*dZ = idz. From this facts, the codifferential can be expressed as d5 = —2(0,t9,+
0z95).
Proposition C.2.2. Let g = dz-dz = do?+2Re rdz-dy+|7|>dy* and K™ = d;o(Ag—l—Pharm)*l.
Then for all w € Q*(M) and x € T, we have
K w(z) = / N (z — w)w(w).
weT

Proof. The Green’s function for this metric is (see |Oogl5|, [BL17])

1 Dz —w,7)|?  (Im(z — w))?
T =——1 . 2
97(zw) v og‘ n(7) 2ImT (C.28)
It satisfies ¢"(z,w) = g" (2 — w,0) =: ¢ (2 — w) and
1
Ayg” =6z —w) — —. 2
7 (zrw) = 8z —w) — (€29
Its derivatives are, rewriting log |2|?> = log z + log Z and (Im 2)? = —1/4(z — 2)?
. 1 Y(z,7) z-2
O:97(2) = 4w O(z,7)  4AlmT (C.30)
1 (9(z,7) z2—Z
0:9" (2) = —— - C.31
97(2) 471(19(2,7)>+4Im7' ( )
In this case, the Green’s form is simply
1
a= %gT(z, w)(dz — dw)(dz — dw) = a(z — w,0) =: a(z).
The metric propagator is therefore, using (C.30) and (C.31))
1 1
n(z,0) = dja(z) = =-0.9" (2,0)dz + ~0zg" (2)dz
i i
1 ¥(z,7) z2-—2% 1 [(¥(z,71) z _
— (- dz 4 | —— d
<4Tri Uz, T) +4iIm7’> i ( 47ri<19(z,7‘) +4iIm7’ :
1 _ _
= %d arg V1(z,7) + 4iImT((Z —2))(dz + dz)
=1"(2).
O
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C.2.3 SL(2,Z) action

a b
For a matrix ¢ = € SL(2,7Z) we define a diffeomorphism of the torus, also denoted ¢,
d

by
(z,y) = o.(z,y) = (ax + by, cx + dy). (C.32)

This provides an identification of SL(2,7Z) with the mapping class group of 7. On the other
hand, SL(2,7Z) acts on the upper halfplane via the standard modular action

ar +b
b= (C.33)

SL(2,7Z) acts on T-propagators in two ways: Once by pullback via the corresponding diffeomor-
phism of the torus, once by acting directly on 7. We will now describe how these actions are
related.

For a matrix ¢, we denote the transpose by ¢’, and the anti-transpose (reflection along the

anti-diagonal) by 7o, i.e.

T
a b d b
= . (C.34)
c d c a
Equipped with this notation we can state the following proposition:
Proposition C.2.3. For any 7 € H and any ¢ € SL(2,7Z) we have
T
't =n 7. (C.35)

Proof. Like the transpose, the anti-transpose is an antihomorphism of the matrix algebra, i.e.

it satisfies
T(801<P2) =T T (C.36)
Therefore, both sides of (C.35]) define right actions of SL(2,Z) on 1-forms and it is enough to

check equation((C.35)) on generators of SL(2,7Z). First, notice that —I acts trivially on both
sides, so the action factors through PSL(2, 7). Next, let

1 1 0 1
T= . S= (C.37)
01 10

be the standard generators of PSL(2,7). Notice that 7S = S and 7T = T. For this proof it is
easier to work with real coordinates. We have T'.(z,y) = (v +y,y) and S.(z,y) = (—y,x). On

the other hand, we have T.7 = 7+ 1, S.7 = —1/7. So, we have to prove that
n(z+y,y) =" (2,y) (C.38)
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and
0 (—y.2) =07 (2,y) (C.39)
The proof of equations (C.38)) and (C.39) is by direct computation: Let 7/ = 7 + 1, then we

have

W@+ yy) = %(ImL{(x 4y +7y)(d(z +y) + Rerdy) + Re LT (x +y + 7y) Tm 7dy
+ y(d(x +y) + Re7dy)
S %(Im Li(z+ (7 4+ 1)y)(dx + Re(7 + 1dy) + Re L] (z + (7 + 1)y) Im(7 + 1)dy
+ y(dx) + Re(r + 1)dy)
_ %(Im L7 (@ + (')y)(dz + Re(r'dy) + Re LT (z + (7')y) Tm(~')dy
+ y(dz) + Re(r')dy)
=" (2,y)

where we have used that L7(z) = L™"!(z) (equation ((C.20])). For the the next equation denote
7/ = —1/7. Notice that by equation (C.21]) we have

Li(—y+r2) = LI (r(z —y/7)) = %L{' (& +7'y) — 2i(z + 'y).
So
Im L7 (—y + 72) = Im <iLT (x + 7'y) — 2mi(x + T'y))
= —Im (7')Re LT (z +7'y) — Re (7') Im LT (x4 7'y) — 27 (2 + Re7'y)
=— Im(T’L{/(x +7'y) — 2n(z + Re7'y)
and
Im L7 (~y + 72) = Im (L{/ (x+71'y) — m2mi(x + Hy))
=Im(L] (z + 7'y)) — 27 Re 72 4 27y,
since 77/ = —1. Plugging this into equation we obtain
n (—y,z) = % (—Im LY (—y + 72)dy + Im(7L] (—y + 72))dz) + x(—dy + Re 7dx)
= - ((r' L] (o + 7'y))dy + T L] (a + 7'y)d)
+ (z + Re'y)dy — Re tzdr + ydz + z(—dy + Re Tdx)
= %(Im(T/L‘{/(I +7'y))dy +Im LT (z + 7'y)dz) + y(dz + Re 7'dy)

=n" (z,y).

200



Remark C.2.4. Notice that for the corresponding equality in complex coordinates we also need

to transform z. Le. if we denote 7/ = (Tcp) .T, we have

O
C.3 Computation of an Integral
Fix some 7 € H, and let
m p
o= € SL(2,Z)
noq
as above. In this section we want to compute the integral
I= / n . (C.40)
T

Note that this integral is zero if ¢ = +id, which is equivalent to p = 0, so we exclude this case

from now. We first rewrite the integral as, letting again 7/ = (Tap) T

I= / netT = / .
T T
This integral can be computed explicitly.

Proposition C.3.1. Let 7,7 € H. Then

1

™

177 arg(i(7 — 7). (C.41)

(argn(r') —argn(7)) + 5

I(T7 Tl) — / 77T,’77-/ _
T

Here argn(7) is the imaginary part of the branch of logn(r) defined on the upper half plane

(this branch exists because n(7T) never vanishes) normalized as argn(ix) =0, for x € R.
Remark C.3.2. For this proposition to it is not necessary that 7/ = (Tgo) .T.
The proof of this proposition will be deferred to section For now, let us look at the case

7= (To) 7 = Lt

nr+m’

Proposition C.3.3. Let 7/ = 22 with n > 0. Then

nt+m’

/ m + sgn + sgn 1
/ n'n" =sgn(p)s(q,p) — 1,% (@) + sgn(ap) + —arg(n|r|> +m7 — g7 —p). (C.42)
T

12p 4 21
If n =0, then
J— P 1 mp
= — — —arct . C.43
/T"” 12 27 M oy (C.43)
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Here s(b, ¢) is the Dedekind sum

ws-E(ON(E)

and ((x)) is the sawtooth function
x—|z]—-1/2 z¢Z
((z)) =
0 r €L
Proof. 1t is well known how the logarithm of the Dedekind eta function behaves under this

transformation:

ops g+ .
Proposition C.3.4 (Apostol). Let 7' = ;L= with n > 0. Then

qg+m
12n

1
logn(7') = logn(T) + mi ( + s(—m, n)> + 5 log(—i(nT +m)). (C.45)
On the other hand, if n =0, we have m = q = +1, 7/ = 7+ mp and

logn(t") = logn(t) + mimp/12. (C.46)

For n < 0 one can replace q, p,n, m by their negatives, which yields the same 7/. For n = 0, we

obtain
mp 1 ) P 1 mp
1="P 4 2 arg(— 2Tm7) = & — — arct 4
1 + 5 arg(—imp + 2Imr) 15~ 5, Arctan oo — (C.47)
If n > 0, we obtain
1="20 4 (—mn) + o= arg(—i(nr +m)) + — arg(i( — 7)) (C.48)
= s(—m,n) + — arg(—i(nT +m — arg(i(T — ) .
12n S on BT T

Since Imn7 +m > 0 and Im(7 — 7') < 0 we have

arg(—i(nt +m)) + arg(i(7 — 7)) = arg((nt + m)(7 — 7))

= arg(n]T\Q +mT — qr — p).

We can rewrite the Dedekind sum in terms of p and ¢ by applying some properties of Dedekind

sums (see e.g. [RG0Y|), namely that
s(b,c) = +s(b, c)

if b = +1(mod ¢), and the reciprocity law

sgn(b)s(b, ¢) + sgn(c)s(c,b) = % (i + i + z> - sgnibc) (C.49)
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if b and ¢ are both nonzero. We can apply these two rules, and the fact that mg = 1(mod p)

and np = —1(mod q), to rewrite (remember that n > 0)

S(_m7n> = _S<m7n> = _3<q7n) = Sgn(Q)S(n, Q) — % (Z + i + q> + Sgl’l(q)

ng n 4
1 n 1 q sgn(q
=—sgn(Q)8(p,cJ)—12<q+nq+n + 4( )
_ 1 [/q 1 p 1 /n 1 q sen(q) + sgn(pq)
—snpstan) — gy (L0 o+ D) - gy (B L 0) R

We can rewrite mqg —np =1as n/q=m/p—1/qp and 1/ng = m/n — p/q, arriving at

I fg+m m+q sgn(q) + sgn(pg
S(m,n)zsgn(p)S(q,p)m< PE >+ g()4g( ),

Plugging this into (C.48)), we obtain (for n > 0)

mtq sgn(q) + sgn(pq)

1
12 1 + o zaulrg(nh'|2 +mT —qT —p) (C.50)

I =sgn(p)s(q,p) —

d

C.3.1 Proof of Proposition [C.3.1]

First, we expand

/ 1
/nTnT - 2/ darg ¥y (z + Ty, 7)d arg V1 (z + 7'y, 7')
T am® Jr

1

+ — [ darg¥i(z + 7y, 7)y(dz + Re 7'dy)
2 T
1

— — [ dargVi(z + 7'y, 7")y(dx + Re Tdy)
2 T
+ / y(dz + Re 7dy)y(dz + Re 7'dy)
T
=L+ 1 — I3+ 1.

Now, we represent the torus as 0 < x,y < 1. Then the last integral is immediately computed as

Iy = (Ret’ —ReT)/

1
o y?drdy = g(Re 7 —Rer).

To compute I, expand

darg 91 (z + 7y, 7)y(dx + Re7'dy) = (Im L] (z + 7y)dx + Im(7 L] (z + 7y))dy) y(dx + Re 7' dy)

=y (Im L (z + 7y) Re 7’ — Im(7L](z + 7y))) dady.
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Figure C.2: The contour I'; is made up of four straight segments and four quarter-circles of

radius €.

Now we can apply Lemma to evaluate the integral over x first, the result is independent

of y so:
/
/ y (Im L] (z + 7y) Re ') dady = _mRer
[071}2 2
/ y(Im7L](z + 1y)) dedy = _mRer
[071]2 2

I = g(ReT —Re7)

Similarly I3 = 7/2(Re 7' —Re ). It remains to compute I;. To do this we want to apply Stokes’
theorem to rewrite the integral as a line integral. Since 11 has zeros on the corners of [0, 1]?
we have to choose a contour I'. that makes quartercircles of radius € around the corners and
otherwise follows the boundary of the square. Then we have
/ darg 91 (z + 7y, 7)darg ¥y (z + 7'y, ') = lir% arg ¥y (z + Ty, 7)darg V1 (z + 7'y, 7).
(0,12 e JT.

First we consider the part I'! of I'. that follows the boundary of the square. Parametrising, we

obtain
/ arg V1 (z + 7y, 7)darg V1 (z + 7'y, 7')
i
1—e 1—¢
= / arg 91 (t, 7)darg 91 (¢, ') + / arg¥1(1 +tr,7)darg 91 (1 + t1,7)
&€ &g

&

€
+ / arg¥1(t + 7, 7)dargd (t + 7', 7') + / arg 91 (tr, 7)d arg 9y (7', 7')
1

—€ 1—¢

204



Now we can use quasi-periodicity of ¥; to combine the integrals. Namely, we have Lemma[C.1.9]

which allows us to combine the second and the fourth integral into
1=e —0
/ —ndarg(tr’,7') = m* Re 1’
3
using also Lemma We can rewrite the third integral as
1—¢
— / larg 91 (t,7) — T(ReT — 1) — 27t] [darg v (¢, 7') — 2mdt]
: 1—¢ 1—¢ 1—¢
=— / arg V1 (t, 7)darg 1 (¢, ') + m(ReT — 1) / dargdy (¢, 7') + / 2rtd arg ¥y (¢, ')
j 1—¢ 1—¢ ) 1—¢ )
+ 27r/ arg ¥ (t,7)dt — m(ReT — 1) / 2mdt — / 2rt27dt
g g 13

The first integral cancels with the first one above. The second vanishes by Lemma [C.1.10, The
last two terms together computed give —27%2 Re . The fourth term can be integrated by parts
and gives

1—e 1—¢
/ argv(t,7)dt = limarg¥1(1 — e, 7) — / tdarg vy (t, 7).
c e—0 c

The limit can of the argument can be evaluated using the product formula in Proposition.

Namely, for x € R we have

I(w,7) = 2Gq"*sina [[ (1 - 2¢°" cos(2mz) + ¢*)

n=1

with G = [[02,(1 — ¢*") and ¢ = '™, so that

arg¥(z, 7) = arg <Gq1/4 H(l — 2¢°" cos(2mx) + q4n)> .

n=1

In the limit x — 1~ we get
lim arg(d(x, 7)) = arg (q1/4G3) .
rz—1
In terms of the g-Pochhammer symbol
o0 .
(av Q)oo = H(l - aq])
§=0
we can express G = (¢%, ¢%)oo, Which in turn be expressed by the Dedekind eta function
) oo
77(7—) _ ezrr‘r/l2 H(l - q2l~c).
k=1

So, we find that

lim arg (¥, (x, 7)) = argn(7)>.
r—1
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We are left with evaluating the integral

1
/ tdarg ¥(t, 7).
0

We can use again the expansion (C.9)). Since y = 0, and we are only interested in the imaginary
part, the first term with the cotangent drops out and we are left with

2n

1
/ tdargd(t,7) = 4w Imz g / t sin 2mnitdt

0
q2n
= —2Im _
; n(l—q*")

00 X2 2nli+1)

= —QImZZ

n=1 [=0

= QImZIOg ZH) = 2argH Hl = 2arg(q2, qz)_

The equality in the last line is true up to a multiple of 2w, but since both sides vanish as
Im7 — oo, they agree. In the equations above we have used a geometric series and the series

expansion of the logarithm. Let us summarise the contribution of I'j:

/ arg V1 (z + Ty, 7)d arg 91 (z + 7'y, 7')
rl
= 71?Re7’ — 212 Ret + 2rargn(7)® + 4w arg((¢')?, (¢)?) — 4w arg(q?, ¢%).

Now let us turn to the quartercircles around the corners. The idea is to exploit the quasi-
periodicity to piece them together to a small circle around 0. Notice that the quarter-circles in
the boundary are traversed in clockwise direction. We parametrise a small circle around 0 from
—7 to 7 and choose the branch of arg; defined on [~1,1]? — {(x,0)|z < 0}. The contribution

of the quartercircles is then

/ ’ argV1(2(7) + 7+ 1,7)darg V1 (2(7") + 7' + 1, 7')

0

+ arg¥1(z(7) + 7, 7)darg V1 (2(7") + 7', 7")

—

SERTN

+ [ argdi(z(7),7)darg i (z(7'), )

:N

+ [ argdi(2(7) + 1, 7)darg 9 (2(7) + 1,7)

Wl
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where z(7) = ¢(cost + 7sint). Using lemma we can express this as

/7r arg ¥y (z(7))d arg 91 (2(7"))

—T

+ /Q(W(— Re7 — 2Rez(7))(darg 91 (2(7)) — 2nd Re 2(7')) — 2w arg 91 (2(7))d Re 2(7)

0
+ / (7(1 — ReT — 2Re2(7))(darg 91 (2(7")) — 2nd Re 2(7")) — 2w arg 91 (2(7))d Re 2(7')

ME]

+ /7T —ndarg ¥y (z(7"))

us

2

In the limit € — 0, we can neglect all the terms containing Re z(7) or Re z(7'), as they carry a

factor of . Around 0, we have by proposition [C.1.4 and according to the computations above,
91(2(),7) = 29(7)°2(7) + O(2°) (C.51)

So, in the limit we have darg¥,2(7) = darg z(7) and so

™

/ ’ dargd12(7') = arg’ — 7 — (—7) = arg 7’
—T

0
/ darg12(7') =0 — (arg 7’ — ) = 7 — arg 7’

Bl

RS

/ dargz(7') = 7 — arg 7.

2

(where we have used that Im 7’ > 0 so that arg —7' = arg 7’ — 7).so that the above evaluates to

/7r arg V1 (z(7))d arg 91 (2(7'))

—T

+m(—Ret)arg 7 + (1l —ReT)(m —arg7’) — nn(r — arg 7’)

= /7r arg 91 (z(7))darg 91 (2(7")) — 7> Re T

—T

The remaining integral is

/_7r arg ¥1(z(7))d arg 91 (2(7)) =9 /_7r arg(n(7)3z(r))d arg z(7').

Integrating by parts we get

™

/ " arg(n(r)Pz(r))darg (') = [arg(n(r)*=(r)) arg 2(+")] . — / arg(2(r'))d arg(x()).

—T —T
Notice that for this, the two arguments need to have different branch cuts. The branch cut of
argn(7)3z(7) is with an angle arg n(7) + 7, while the branch cut of arg z(7') is on the negative

real axis. So, the part in brackets evaluates to
(arg(7)” + m)m — (arg(n(r)*) — m)(—7) = 2w arg n(r)°.
The computation of the last integral is the following Lemma:
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Lemma C.3.5. Denote 7 =0+ 18,7 =0 +1i'. Then

/7r arg(z(7'))d arg(z(7)) = 27 arg <1 + 5/ + 20;/9/> . (C.52)
Proof. We have
darg z(1) = pdi pdt L

(cost + Osint)2 + f2sin®t  sin2t (cott+ 6)2 + B2
If we denote ¢ = arg(z(7')), we have

cost +0'sint 1

/
COtSO = W = @(Cott—l-ﬁ )
Hence, we have
d 1 1 dt
" ;O Z—dCOt(p:—f/dCOtt:f/T
sin® I} B’ sin” t
Substituting ¢ for ¢, we obtain the integral
B [7 pdp _ / " pdep
/ , 2 - . 2 2 . 2 9
B sin? o ((compJr 00y y <§) ) —x (cosp + asinp)? + b2 sin? ¢

where we put a = (6 —0")/5’,b = 3/8’. This integral can be computed using a keyhole contour.

Let

blog z
2) — = g(z)logz.
M e s r@e_yy

Then if 2z = €' we get

pde
dz = — .
f(z)dz (cos ¢ + asin )2 + b2sin? ¢

Let C' be a keyhole contour with a cut on the negative real axis, then we have

" pdyp / /
dz = — 2 d dz.
/Cf(z) ® /_7T (cos ¢ + asin )2 + b2sin? ¢ +em cut 9(2)dz + C. f(z)d=

Since f(z) ~ zlog z around 0, one immediately sees that the integral over the small circle around

0 vanishes in the limit € — 0. We rewrite

B 4bzlog 2z
1) = Gy i) (1)
B 4bz log z
(22414 (b—ia)(22 = 1)) (22 +1— (b+ia)(22 — 1))
4bz log 2

1+7)2=7) (2“2 - %) (22 - %D
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where we introduced 7 := b+ ia. Notice that b = 8/5" > 0, so |(7 —1)/(7 + 1)| < 1, while
(¥+1)/ (f‘y —1)| > 1. So, f has two singularities inside the unit disk (except from 0), namely

212 =% The residue at z1 is

’+1
4bz1 log 21 2blog 21 _logz

e ] e ) A L

9

and similarly, Res(f, z2) = log(22)/2. Next we compute the integral along the cut, which is

0 Abtdt
/ 9(z)dz :/ - 5 -1\ (45 A+l
cut “1(1+9)(1=7) (t —ﬁ) (t —ﬁ>
CR— t
= + —dt
+1 -1
/1 -7 -3

1 7-1 v+ 1\

= |log(t?—L1— ) —log (#? - 1 —=

1 2 2
1 1 ) —log [ —— log [ ——
[Og( D~ log(-5) Og<1+7> ! Og(l—v>]

So, applying the residue theorem, we arrive at

/’r pdy
_r (cosp + asing)? + b2sin? ¢

zgm/ dz—/f

= i [log 22 —log(—z;?) — log

+ log T log(z1) — log(—21)

1+7

Notice that the real parts of the two integrals cancel out. In fact, we have

1 B _
log |21 | = i(log!'y — 1| —=log|y +1|)

so that the real parts of the two middle and two last terms add up to —4log |z1, while the real
parts of the two first terms add up to 4log|z1|. The imaginary parts of the two first terms

1

cancel since argz~' = argz. The remaining arguments combine into —2i arg(1l + ), up to a

integer multiple of 274 that depends continuously on 7 and 7/. But since the integral vanishes

in the limit 8" — oo, as does 27 arg(1 + ), this constant is zero and the Lemma is proven. [

Hence, the total contribution of the quartercircles is

/ arg¥1(z + 1y, 7)darg 91 (z + 7'y, 7') = 7* Re 1 — 2margn(7)® + 2marg(8 + ' +i(6 — 0))
2

209



where the total sign comes from the fact that we parametrised the quartercircles in the opposite

direction. So, we obtain

I = / darg 91 (x + Ty, 7)d arg V1 (z + 7'y, 7')
[0,1)2
— 72 (Re7’ — Rer) + dn(arg((¢)?, (¢)?) — ans(e,¢2) + 2mans(8 + §' +i(0 — ). (C.53)

Here all arguments are given by the the principal branch of the argument. Now we can compute

1 1
—T — Iy — — I3+ 1
12 1+2712 27T3-i-4

= i(Re 7 —ReT) + %(arg((q’){‘), (¢)?) —arg(q®,¢%))) + % arg(8 + 8 +i(0 — 0))
1 , 1 , 1 ,

+ Z(RGT —Re7’) — Z(RG’T —ReT) + g(ReT — ReT)

= %(RGT +Re7’) + %(arg((q/)2, (¢)?) — arg(¢®, ¢%))) + % arg(B+ B +i(0 —0))

— ~(ang(r') — argn(r) + 5 arg(8 + 8 +i(0 - )

which concludes the proof of proposition
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Appendix D

Currents

In this appendix we briefly review de Rham’s theory of double forms and double currents as
integral kernels of operators on forms explained in [Rha84], and establish the signs that appear
in our conventions. We also explain when these currents extend to compactified configuration
spaces.

We follow de Rham’s book [Rha84], but we assume all manifolds to be compact and oriented. We
endow Q°(M) with a Fréchet topology as follows. Choose finitely many compact sets K1, ..., K,
that cover M and are contained in coordinate charts. The C*¥-norm of a form w in K ; is the
maximum of the C*-norms of all coefficients in that coordinate chart. The Fréchet topology on

Q*(M) is the one generated by all C*-norms on Kjforj=1,...nand k=0,...,

D.1 Double forms

Definition D.1.1. Let M, N be manifolds of dimensions m and n respectively. Then a double

form on M x N is a form on M whose coeflicients are forms on N.

Equivalently, it is a form on N with coefficients in forms on M. In local coordinates z!,...z™

on M and local coordinates y',...4y" on N a double form v can be written as
V@) = D Ciripirony (A2 Ao Ada) (dyt A NdyPe) =) epgdatdy’
11<...<ip I,J
J1<...<Jq
for smooth functions ¢;; on M x N. The space of double forms on M x N will be denoted

P(M x N) and also carries a Fréchet topology defined analogously to the one on Q*(M x N).

!For non-compact manifolds one can just choose a countable cover of M with compact sets contained in

coordinate charts.
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The only difference to single forms Q®(M x N) is that the dz’ and dy/ commute instead of
anticommuting. If v is homogeneous of degrees (p,p’) and 7/ is homogeneous of degrees (g, q’)
then

YA = (1P Ay,

There are two commuting differentials on Z(M x N), the one on forms on M valued in forms
on N and the one on forms on N valued in forms on M. They will be denoted d, and d, and
satisfy

A2y = dZy = 0,d.dyy = dydy.

One can integrate double forms over a chain in a single factor, let e.g. C' be a chain in M, then
JRCTE

If a(x) is a single form on M and f(y) is a single form on N then a(x)S(y) is a double form
on M x N, this double form is called the tensor product of o and S. On the other hand, the

wedge product a(x) A B(y) is a single form on M x N.

Theorem D.1.1 (de Rham [Rha&4]). Every double form on M x N is the limit of a sequence

of finite sums of tensor products with respect to the Fréchet topology on Z(M x N).

D.2 Currents

Definition D.2.1. A current on an n-dimensional manifold M is a linear functional on Q°*(M)
that is continuous with respect to the Fréchet topology Q°(M). The space of currents on M is
denoted by (Q°*(M))'.

If T is a current and w is a form, we denote evaluation of 7' on w by T[w].

There are two main examples of currents.

Example D.2.1. If C' is a chain in M, then

MHAW (D.1)

defines a current.

Example D.2.2. If « is a form on M, then

wb—>/Ma/\w (D.2)

defines a current.
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If C' is homogeneous of dimension p, then the corresponding current vanishes on homogeneous
forms not of degree p. On the other hand, if « is homogenoues of degree p, then the associated
current vanishes on homogeneous forms of degree not equal to n—p. This motivates the following

definition.

Definition D.2.2. Let T be a current that vanishes on homogeneous forms of degree not equal

to p. Then we say that T" has dimension p, or degree n — p.

Depending on whether one thinks of currents as a generalisation of chains, or forms, either the
dimension or the degree is more natural. For us currents are a generalisation of forms, hence we
will mostly work with the degree. If we think of a current of degree 0 as a generalised functionE|7
then locally, we can write any current as a form with coefficients generalised functions. Namely,
let 2%, ..., 2™ be local coordinates on U C M and let T be a current of degree p on M. If f is

a function on U, define
Ty iyl fdzt Ao Ada"] i= e T fdg?t A A da?r).

Then we have that

T = Z Trda?.
[I|=p

D.2.1 Operations on currents

We briefly review the most important operations on currents. These definitions extend the op-

erations that we already have on forms (or chains) to currents via the equations (D.1]) and (D.2)).

Wedge product
If T is a current, and « is a form, then we define the exterior product T' N a by
TAaw]: =TaAw.
Notice that if T" is the current associated to a form [, then
T A afw] :/ BA(aAw) :/ (BAa)Aw,
M M

so that T' A « is the current associated to 8 A «.. In this spirit, we also define the current oo AT

by asking that if T" has degree p and « has degree ¢, then

aNT = (-1)PMT Aa.

2Currents of degree 0 are not exactly distributions, since they form the dual of top forms, not of functions.

On compact oriented manifolds one can identify the two using a volume form.
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Boundary and differential

One can both define the boundary or differential of a current, generalising the notions of bound-

aries of chains or differential on forms. Namely, let T be a current, then we define
T w]: = T[dw],

generalising Stokes’ theorem. If T is a homogeneous current of degree p, we can define the
differential of T" by
dT[w]: = (-1)PT[dw]

generalising integration by parts. Obviously, the differential of a degree p current is a current
of degree p + 1 and we have
dT = (-1)PoT

so that also the boundary operator increases the degree by 1, or decreases the dimension by 1.
From the definition it is also clear that d?> = 9% = 0. Both operators are compatible with the

wedge product: Let T" be a current of degree p, 5 be a current of degree ¢, then

AT AB)=dT AB+ (~1)PT A dB

AT AB) = (—1)19T A B+ T Addg

Pushforward and pullback

If f: M — N is a smooth map between manifolds and T is a current on M, then the pushforward
of T is defined by
FTL] = T(fw]

If f is a diffeomorphism then one can define also the pullback of a current as the pushforward

of the inverse. The boundary always commutes with pushforward
of.T = f.0T

but the differential only commutes up to a sign:

df.T = (=)™ £ 4T (D.3)

where m and n are the dimensions of M and N respectively.
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Integral

One can also define the integral of a current by

/MT: — Q).

This is the same as the pushforward of T" along the map M — {pt}. This generalises the integral

of forms. In particular, it is zero unless T has a homogeneous component of top degree.

D.3 Double Currents

The main purpose of double currents is to serve as integral kernels for operators on forms. For
us it will be interesting how to get a single current on M x M from the double current which

is the integral kernel for the inverse of the de Rham differential.

D.3.1 Definition

Double currents are defined analogously to currents.

Definition D.3.1. Continuous linear functionals on D(M x N) are called double currents. The

space of double currents is denoted by D'(M x N).
A double current L on M x N is called homogeneous of bidegree (m — p,n — q) if it vanishes on

homogeneus double forms which are not bidegree (p, q).

D.3.2 Operations on double currents

All operations on single currents have generalisations to double currents. The wedge product

of a double current L with a double form « is defined by
L Aajw]: = LlaAw]
and we define boundaries and differentials 0, dz, 9y, dy by
OpL[w]: L[dew], dp Llw]: = (=1)PL[dsw]

where the second definition is for homogeneous currents of degree p, and 9, d, are defined
similarly.

If T'= T(z) is a single current on M, and v = 7(z,y) is a double form in M x N, there is
well-defined single form on N denoted by T'(z)[y(z,y)] or [, ., T(x) Avy(z,y), and the induced
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map T': D(M x N) — Q°*(N) is continuous ([Rha84],Theorem 9). If S is a single current on N,
we can thus define a double current ST, t as the composition of S with T". This double current
is called the tensor product of T' and S, and we have ST = T'S ([Rha84], Theorem 10).

D.3.3 Double currents and operators on forms

Let L(x,y) be a double current on M x N, homogeneous of degree p in M, and ¢ € Q*(M ), €
Q°*(N). Then we have

/ / 6(2) A Lz, 5) A(y) = (~1)™ P L(z, y)[$(x)b )]
zeM JyeN

and we can think of it as a map Az : (Q*(M) — (Q°(N))’, or vice versa, as a map A} : Q*(N) —
(Q*(M))". Combining de Rham’s theory of currents with the Schwartz kernel theorem one can
show that L — A defines a bijective homeomorphism between double currents on M x N and
continuous linear maps (Q°*(M) — (Q*(N))’.

D.3.4 Double and single currents

To a double current on M x N we can associate a single current on M x N as follows [Rha84].
One can easily associate to a single form w on M x N, represented in coordinates * on M and
y/ on N by w =Y ¢rjdx! Adx’, the double form A*w: = ZI,J dz'dz’. To a double current

L(x,y) one can then associate the single current AL by
ALlw] = L[A™w].

Our propagators will be the single currents associated to double currents associated to certain

maps on forms, as discussed below.

D.4 Currents and Hodge theory

Let g be a Riemannian metric on a compact manifold M. Denote * the Hodge star of g and by

d* the codifferential, i.e. the formal adjoint of d with respect to the scalar product

)= [ anss

i.e. the unique operator satisfying

(da, ) = (a,d*B)
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for all smooth forms a and 5. On homogeneous forms of degree p one has
d*a = (=1)"PTPT s d x .

The Hodge-de Rham Laplacian is
A =dd* +d*d.

If A: Qe (M) — Q°*(M) is a continuous linear operator, it has an integral kernel L(z,y) which

is a double current on M x M as explained above. It also has a metric kernel l(x,y) defined by

Ad(x) = / Iz, y) A *d(y),
)

it satisfies (z,y) = *, 'L(y, ). The following is a central theorem of de Rham about finding
solutions to the equation A¢ = 1 (|[Rha84], Theorem 23):

Theorem D.4.1. There exist linear operators H and G on Q (M), that both commute with d,d*
and *, with GH = HG = 0, such that

AG=GA=1-H.

If hy, ..., hy denotes a basis of harmonic forms on n, the metric kernel of H is given by the

smooth double form

h(z,y) = Zhi(w)hi(y)-

The metric kernel g(x,y)of G is a double current which is smooth away from the diagonal and

O(r?=™) on the diagonal.

The last statement means the following. For a compact manifold M, and a chart U on M, there
is € > 0 such that the diagonal D C U x U has a neighbourhood V such that V — D is isometric
to U x (0,¢) x 8"~ 1. Here the second coordinate r > 0 measures the geodesic distance of the
two points. We say that a form is O(r*) if all its coefficients f7 in all such charts satisfy that

r~* fr is bounded for r — 0.

D.5 Alternative proof of Theorem [3.3.2

In this section we give an alternative proof of theorem which does not require heat kernel

techniques. For better readibility we briefly recall the definition of the Hodge propagator.
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D.5.1 Hodge propagators

Let g be a Riemannian metric on M with codifferential dj and Laplace-Beltrami operator A,.
Recall that it gives rise to a Hodge decomposition of Q*(M) = Qg @ Q%I with Qp :=ker A, the
harmonic forms and that from these data we can form a contracting triple (tharm, Pharm, Kg)

with ¢4 inclusion of harmonic forms, pperm the projection onto harmonic forms, and
Kg = d} o (Ag + tharm © Pharm) (D.4)

This is the Riemann—Hodge contracting triple. We frequently denote tparm © Prarm =: Prarm-

Remark D.5.1. Using the Hodge decomposition we can rewrite K, as
Ky =d:o <deH @ (Aglg. ) ) —d5o (Aglg,) o Py
D.5.2 Proof

We recall the statement of the theorem:

Theorem D.5.2. Let a € Q*(M). Then as A — 0, Ko — Khoro. It follows that Ngr — nher

in the sense of distributions.

Proof. We recall the following facts from Riemannian geometry: Scaling a Riemannian metric
by a constant scales codifferential and Laplacian by the inverse of that constantﬂ Hence we
have d’\ = dj 4 Ad; and Ay = Ay + AAy. The harmonic forms are constant and hence also
the projection Pharm = Py, ® Py,. To show that K x — K hor weakly, it is enough to check that
K (w1 Awa) — K" (wy Aws) for every wy € Q°(My),ws € Q°(Ms), since every form in Q(M)

can be approximated by finite sums of such forms. For such a form we have

Kg(wl VAN CUQ) = (A1 + A+ P ® Pz)_l(d*wl Awa + Awi A d*(.UQ)

= (Al + A+ P ® Pz)_l(d*wl AN U)Q) + (Al + A\ + P ® PQ)_l()\wl A d*wQ)

since A and d* commute. We claim that the first term converges to Kiw; A wsy, and the second

to Piwi ® Kows. Indeed, using remark the first term equals

-1
(Al + A+ P ® Pg)fl(d*wl AN wg) = ((Al + /\A2)|Qﬁ) (d*wl A (/.)2)

3this can be seen e.g. from the expression in local coordinates for the Laplace-Beltrami operator (the degree

0 part of the Hodge-de Rham Laplacian)

(D.5)

where g% denotes the inverse of g.
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Notice that on the image of d}, A; is invertible and in the limit A — 0 of the above expression
we get (Al)*ld*wl A wa. Since on the image of d] any operator of the form P; ® Ay vanishes,

we can add P; ® id to this expression and get
(A) 7 Mdwi Aws = (A1) 7+ Py ®ids) d*wi Aws = (K1 @ ida)wr A ws.
As for the other term, write w1 = Piw; + (id; — Py)w;. Using again remark we can write
(A1 + Mo+ P& P2) ™ Ad'n) = (A4 AMM)*I (APwi A d*ws)

—1
+ (A4 28) g, ) Aidy — Prwn Ad'ws

—-1 -1
On (Qp (M) ® Q(M2))NQ7 (M), Ay = 0 and the operator ((A1 + )\Az)‘QL> equals ()\AQ}QL>
H H
Hence, in the first term A cancels, and the expression converges to Py ® Kowi A ws. On
—~1 -1
Qu (M)t @ Q(Ms) N QH(M), ((Al + )\Az)‘QJ_) converges to (Al‘QL) as A — 0. Since
H H

the argument converges 0, the second term goes to 0. O
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Appendix E

Conventions

In this section we list the numerous conventions that we use, especially concerning signs and

gradings.

E.1 Configuration Spaces and Pushforwards

E.1.1 Configuration spaces
If M is a compact manifold, then the open configuration space of n points is denoted
CUM) = {(z1,...,2n) € M™: x; # x; for all i # j}.

Its Fulton-MacPherson-Axelrod-Singer (FMAS) compactification is denoted C,, (M) ([FM94;
AS94], see also [Sin03]), and is a manifold with corners. In particular, the boundary of Co(M)
is isomorphic to the tangent sphere bundle over M, dCy(M) = ST M. The restriction to CO (M)
of the natural projection maps

mi: M"™ — M
to the i-th factor extends to the compactification as a smooth map
i Cp(M) — M.
Similarly, projection to i-th and j-th factor yields a smooth map

Tij - Cn(M) — CQ(M)
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We often denote the pullback of a form on M or Cy(M) to Cp(M) by the indices of the
projection, that is, for a € Q*(M),3 € Q*(Cy(M)), we denote

a; i =ma e Q(Ch(M)) (E.1)

Bij = m; B € Q*(Cn(M)) (E2)

Similar statements apply for projections 77: Cy (M) — Cj; (M), where I C {1,...,n}. The
orientation on C, (M) is induced by the product orientation on M". The orientation for the

boundary is such that Stokes’ theorem

/ dw = / w (E.3)
Cn (M) OC, (M)

holds without extra signs.

Similarly, for M a manifold with boundary, we have the open configuration space
Crom(M,0M) = {(21,...,Tn, Tpi1,- s Tpym) € M x OM™: x; # xj for all i # j}.

It also has a FMAS compactification, which we denote by Cy, (M, OM) see e.g [Cam+18] and
references given there. We use identical notations for the extensions of the projection maps
T, 7Tij .

E.1.2 Pushforwards

Since all the projection maps 7; have compact fibers, there is a well-defined notion of pushfor-
ward

Tre: Q(Co(M)) — Q- HdmM (L (M) (E.4)
given by integration along the fibers. Consider now a general fiber bundle
F—ESB,

where F, E/, B are manifolds, possibly with boundary. Our convention for orientations for fiber
bundles in general is that which is locally F' x B 5 B, i.e the pushforward of the volume form

volp on the fiber times a basic form « equals the basic form, without sign:
mx(volp A5 a) = a. (E.5)

We sometimes denote integrals along the fiber by [ > in particular, in the case where 7 is

the projection mgye: Cp(M) — Cy—1(M) on all but the i-th point, we will write fMi’ fxieM or
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sometimes simply fl if there is no danger of confusion. The crucial identity is Stokes’ theorem for
pushforwards along the fiber (see e.g. [BT94]), which with this convention carries the following
signs:

To(dw) = n2w + (=1)4 Fdr,w (E.6)

where 79 is the fiber bundle whose fibers are the boundaries of the fiber F. If B is a point, we

recover Stokes’ theorem. If the boundary of F' is empty, we get

/Fd — (—1)dimFQ

which allows the interpretation of | 7 as an object of degree —dim F. All discussions in this

subsection can be extended straightforward to the case where M has a boundary.

E.1.3 Integral kernels

The convention for operators Q*(M) — Q°(M) is that their integral kernels are single forms
or currents (see Appendix D)) that act on forms from the left. Concretely, if K is a form on

Cy(M), then the induced operator K on forms is given by (in three different notations)

Klw] = m «(Kmw) = / o K(x1,22) Nw(za) = /2K12w2 (E.7)

where in the last we dropped the wedge product. We will do this very often, according to the
fact that the wedge product is the natural product on differential forms which makes them into

a commutative algebra.

E.2 The Graded Algebra of Differential forms

E.2.1 Different degrees on differential forms

If M is a smooth manifold, there is a natural identification C*°(T[1]M) = Map(T[1]M,R) =
Q°* (M) (see e.g. [CS11)). Similarly, for a graded vector space N, there is a natural identification
Map(T[1]M,N) = Q*(M) ® N. This is a bigraded algebra: An element A € QF(M)® A has a
well-defined de Rham form degree k. However, it is also a map from the degree & component
of T[1]M to N. In particular, the component A; of A in (N); has the degree [ — k as a map
from T[1]M — N. In the AKSZ formalism (see [2.1.7)), this degree is called the ghost number,
and denoted by gh(A). The total degree is the sum of the form degree and the ghost number.
Note that in particular if N is concentrated in degree [, then forms of form degree k have ghost

number | — k and total degree [, i.e. all forms have the same total degree. This is the case in
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Chern-Simons theory, where the target of the AKSZ construction is g[1]. By slight abuse of
notation, we denote

Map(T[1]M, g[1]) = Q(M, g[1]) = Q(M, g)[1] (E-8)

where the last shift acts on the total degree.

E.2.2 Lie algebra valued differential forms

E.3 Exterior algebra

We always work in characteristic 0. Denote T'(V') the tensor algebra on V and by I C T'(V') the
two-sided ideal spanned by elements of the form z ® x, where x € V. We identify the exterior

algebra
N\V)=T(V)/I (E.9)
with the subspace of totally antisymmetric tensors, i.e. the image of the map
Alt: T(V) = T(V)

1
T1Q - @ Ty > — ZS sgn(a)xa(l) R+ @ Ty(n)
oEon

which is extended to all tensors by linearity. Here S, denotes the symmetric group of a set with

n elements. Exterior multiplication of two antisymmetric tensors is given by
aAp:=Alt(a® B) (E.10)

This multiplication is graded commutative. We will often use index notation. Let o € /\k V.

Let eq,...,e, be a basis of V. Then we define the components o' of a by
0= Laitthe @e; (E.11)
k! ke i

Let «, 8 be homogeneous tensors of degree k and [ respectively. Then we have that

11 (k+1)!

(O[ /\ B)il...ik+l — Eﬁ Z Oéa'(il)“'o'(ik)ﬁo'(ik«kl)~'~U(ik+l) — k'l' a[i1~~~7;k/6ik+1~“ik+l]
O'Gsk+l (E12)
= (k - l> a[i1~~~ik6ik+1-~ik+l]
k
where
Oé[“Zp} — ;" Z aio'(l)"'ia(p) (E13)

" o€eSp

is the antisymmetrisation, i.e. the action of the map Alt on tensor components. The factor

comes from our convention of excluding the factor from the components.
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E.3.1 Exterior algebra of V @ V*

In the special case where we consider the exterior algebra AV @ V*  which we denote by Ay,

we have the isomorphism of graded algebras

Ay = A\Vevy= A\ve \V" (E.14)
Here the tensor product is the tensor product of graded algebras, meaning that

(041 X a2) A (,31 ® PBa) = (_1)\a2||,81|a1 AP ®ag A Bs. (E.15)
Again we often use index notation: Picking a basis ej,...,e, of V with corresponding dual
basis el,...,e" of V*, and letting « € APV @ A?V*, we write

R ST

Let g € NP Ve /\q/ V*. Then the wedge product in this notation is expressed by

/ /
(an B = <p+p>(q+q>aﬁi gl (E17)

Jrdgtq! P q Jat1---Jh1q

The important thing here is the combinatorial factor.

Interior product

The exterior algebra Ay of V @ V* is naturally a bigraded algebra via the isomorphism .
We denote the part of bidegree (p,q) by A®9),

The algebra Ay carries another operation, called the interior product ¢. It is the generalization
of the usual interior product to of a form and a multi-vector to our setting, and can be defined

as follows.
Definition E.3.1. The interior product is the bilinear operation
v AP 5 AR gl mhatd =)
(a,B) = talB
defined by the following properties:
i) If « € k or g € k then
ii) If « € V, then 1,8 =0,

iii) If « € V*, 8 € V, then 1,08 = a(S),
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iv) ¢ is a derivation in the first argument:
LayranBB = 1 A Loy B+ (=1)12l102lag Ay, B, (E.18)
v) ¢ is a derivation of degree |a| in the second argument:

La(Br A B2) = ta(Br A B2) + (—=1)1151 81 A1 5. (E.19)

In index notation, the antisymmetry of the tensors allows us to write

(1) i = <p e 1) (q e 1)@““’? griv -l (g )

Jedgig'—1 P q [1--dg—1k"dq - Jgrqr—1]
where by definition we sum over repeated indices and they are excluded from the antisym-

metrization. The generalized interior product still satisfies the following property:

Lemma E.3.1. Let o, € Ay. Then the graded commutator of the the derivations tq,tg
vanishes. In other words,

lalg = (—1)'“”'8‘L/BLQ. (E.21)

Proof. This follows since the graded commutator is a derivation which vanishes on generators

of the algebra Ay . O

Contractions

Another operation on Ay is given by the contraction. By definition, the (k,1) contraction of a

(not necessarily antisymmetric) (p, q)-tensor ¢ is the (p — 1,¢q — 1) tensor C*¢ given by

(k’l) ’il...ipfl il...ik_lm’ik...ip71
(C t)jl...jq,1 = g1 Jl—1Mipdg—1 "

On totally antisymmetric tensors all contractions agree up to a sign, and we can define a contra-
tion C': Ag’q) — A%ffl’qfl) by C = Zhl(—l)kHC(k’l). By our convention on the normalization

of the coefficients of a totally antisymmetric tensor, this means that

i1..0p—1 _ kip.dipq
(Ca)jl---jz;—l - akjl...ji_l‘ (E22)

Definition E.3.2. Let a € Ag}f’p). Then the total contraction of «, denoted (), is the number
CPa € k.

By the equation (E.22) above, we have that

(a) = aft (E.23)



E.3.2 Shifted exterior algebra of V @ V*

In Section [ on polarized Lie algebras, we consider a shifted version Ey of this bigraded algebra
where both degrees are shifted by —1, i.e. an element o € A V@ A?V* has bidgree (p—1,¢—1).
With shift notation we have Ey = Ay [—2| as graded vector spaces or By = Ay[(—1,—1)] as
bigraded vector spaces. Ey is still a graded commutative algebra with respect to the wedge

product.

Lemma E.3.2. Ey carries a graded Poisson bracket {-,-} (of degree 0) defined by
{a, B} = 1o — (~1)Pl 150 (E.24)
(here |a|,|B| denote the degree in Ey!).

Proof. Ttis clear that this bracket is bilinear and graded antisymmetric. By definition of ¢, it

satisifies the graded Leibniz rule. The Jacobi identity follows from Lemma O
Proposition E.3.3 (([Kos92|)). The bracket {-,-} on Ey satisfies the following properties:

1. If o,0" € k, then {0,0'} =0,

2. If 0,0’ €V, then {o,0'} =0,

3. If 0,0’ € V*, then {0,0'} =0,

4. If c € Vo' € V*, then {o,0'} = d/(0),

5. {-,-} satisfies a graded Leibniz rule with respect to the wedge product and the total degree

on FEy, i.e.

{o,0' No"} = {o,0"} A" + (=1)lIlo" A {o, 5"} (E.25)
Proof. This follows immediately from the properties of the interior product. O

Proposition implies that this Poisson bracket coincides with the Poisson bracket of the
canonical symplectic structure by identifying Ey = C°°(IIT*V'), where II denotes the parity

shift (both in the base and the fibers), since the two brackets agree on generators.
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