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Summary

Outline

This thesis is devoted to the study of low-order perturbative quantization in Chern-Simons

theory with polarized coefficient Lie algebra (“split Chern-Simons theory”) through methods of

the BV-BFV formalism, and connections to theta invariants. The theta invariant is an invariant

of framed rational homology spheres that arises in the study of perturbative quantization of

Chern-Simons theory. The BV-BFV formalism is a tool which allows to compute the pertur-

bative quantization of a gauge theory on manifolds with boundary, in a way compatible with

cutting and gluing. The thesis is divided into six main chapters. After an introduction, in

the second chapter we recall some preliminaries. The third chapter is devoted to a particu-

lar choice of gauge on product manifolds, the axial or lightcone gauge. The fourth chapter

contains some facts about polarized Lie algebra. The fifth chapter applies the methods of

the previous two chapters to the study of the perturbative quantization of split Chern-Simons

theory on 3-manifolds, using the axial gauge. In the sixth chapter we discuss an alternative

method to evaluate Feynman diagrams which can in principle be applied arbitrary Heegaard

splittings. Several appendices are added that cover technical material, especially computations,

some background material on de Rham currents and theta functions, and conventions.

Main results

Chapter 2 is just review and contains no original material. In Chapter 3 there are several results

about the axial gauge. This gauge is not regular, in the sense that the associated propagator

defined on C0
2 (M) = M ×M −∆ does not extend to a smooth form on the Fulton-MacPherson-

Axelrod-Singer (FMAS) compactification of the configuration space C2(M) = C0
2 (M). We show

that the axial gauge can be seen as a certain limit of regular gauges defined by Riemannian

metrics, and give a physical interpretation of this result. We use this approximation to de-
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fine a regularization of the axial gauge, i.e. a way to define the products of the distributional

propagator. We show that this regularization reproduces some regularizations in the litera-

ture. In Chapter 4 we consider polarized Lie Algebras and prove some new results concerning

contractions of structure constants. In particular, we show that certain contractions are not

independent under twists. In Chapter 5 we consider split Chern-Simons theory. We describe

the Feynman graphs and rules of theory, and give an explicit description of the Feynman graphs

of the theory on handlebodies. Using the results of chapter 3, we then present explicit com-

putations in the case of Heegard splittings of genus one, i.e. the decomposition of a lens space

into two solid tori. We show that this reproduces the result of Kuperberg-Thurston-Lescop

that the theta invariant coincides with the Casson-Walker invariant, up to a framing dependent

term. Interestingly, this depends on an assumption on the choice of polarization, which seems

to indicate that the polarization has to be compatible with the algebraic structure on the space

of fields. This follows from the results of Chapter 4. Finally, we describe another approach

to compute the Feynman diagrams of the theory using the cohomology of configuration spaces

and Jacobi theta functions on the torus, that might generalize to Heegard splittings of higher

genera.
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Chapter 1

Introduction

This thesis is devoted to the study of the low-order perturbative quantization of Chern-Simons

theory through methods of the BV-BFV formalism, and connections to invariants of framed

3-manifolds.

Let us briefly attempt to explain the concepts in this sentence and their origins. We will start

with the BV-BFV formalism.

1.1 Path Integrals and BV-BFV formalism

A great challenge for mathematical physics is to explain the vast success that Feynman path

integrals have had in physics, especially quantum field theory, by attributing them a rigorous

meaning. Feynman path integrals are formal expressions of the form

Z =

∫
FM

e
i
~S[φ]Dφ, (1.1)

for some manifold M that we think of as the d-dimensional space-time, FM a space of fields

associated to it and SM : FM → R an action functional.

A subset of theories where this seems especially feasible, and which is related to many interesting

mathematical problems, is given by topological theories (in the sense of Schwarz [Sch00b]), i.e.

theories whose action functional does not depend on the metric of spacetime. Most known

examples of topological theories, and the ones relevant for this work, are gauge theories, i.e.

theories where there is a form of symmetry1 acting on FM that leaves SM invariant. There are

at least two well-known different ways to formalize expression (1.1):

1This symmetry should be a symmetry of FM which is not induced by the symmetries of M , in physics

language, a local rather than a global symmetry.
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• Perturbative Quantization: Using that ~ is very small, replace (1.1) by the formal asymp-

totics of an oscillatory integral.

• Functorial Quantization: Axiomatize the properties that (1.1) is expected to have from

locality (especially the Fubini theorem for integrals). In the easiest formulation this yields

a (symmetric monoidal) functor

Z : Cobd → Vect (1.2)

from the d-dimensional cobordism category to the category of vector spaces.

Both these approaches are struggling with their own problems.

The problem of the first approach is that first of all it treats ~ as a formal parameter - rather

than a physical constant -, and that it is also notoriously plagued with infinities that have to

be made sense of - the problems of regularization and renormalization. However, it is also the

approach which is closest to praxis in physics.

The second approach is mathematically more appealing and its proposal by Atiyah [Ati88] and

Segal [Seg88] sparked a new field of mathematical research. However, if one is given a classical

theory from physics in the form a space of fields FM and an action functional SM , it is quite

hard (and indirect) to extract the corresponding functor, see [FQ93] for an example.

The BV-BFV formalism, proposed by Cattaneo, Mnev and Reshetikhin in [CMR14; CMR17],

aims at closing the gap between the these two approaches by providing a perturbative quanti-

zation scheme for gauge theories on manifolds with boundary that is compatible with cutting

and gluing, i.e. which can be made functorial in a certain sense.

1.2 Chern-Simons theory and topological invariants

This thesis is concerned with a particular example of the BV-BFV formalism, namely, its

application to Chern-Simons theory. Chern-Simons theory (in its simplest form) is the 3-

dimensional gauge theory with space of fields FM = Ω1(M, g) and action functional

SM [A] =

∫
1

2
〈A,dA〉+

1

6
〈A, [A,A]〉

where (g, 〈·, ·〉) is a quadratic Lie algebra, i.e a Lie algebra with a non-degenerate invariant

symmetric bilinear pairing. In this thesis we will study the case where g = V ⊕V ∗ decomposes as

a sum of Lagrangian (i.e. maximally isotropic) subspaces (“split Chern-Simons theory”) which

are not necessarily Lie subalgebras. Such Lie algebras are studied more closely in Chapter 4.
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After the seminal paper on Chern-Simons theory by Witten [Wit89] and related work by e.g. by

Jeffrey [Jef92], Freed and Gompf [FG91] there were many related constructions of topological

invariants (of 3-manifolds, or links and knots) in mathematics. A famous one is the Reshetikhin–

Turaev construction [RT91] of a functorial quantum field theory (FQFT), which can be seen as

an answer to the Chern-Simons path integral from the second approach above. In the realm of

perturbative quantization (the first approach), the first mathematical constructions were given

by Axelrod–Singer [AS91; AS94] and by Kontsevich [Kon94]. It was later shown by Kuperberg,

Thurston and Lescop [KT99; Les04a; Les04b] that the lowest order coefficient in the perturbative

expansion - on rational homology 3-spheres - evaluates, up to correctional terms, to the Casson-

Walker invariant [Wal92]. These results, however, work only on closed manifolds, and only for

the case of rational homology 3-spheres. In this thesis, we recover these results in particular

cases, and suggest that extension to all 3-manifolds might be possible. A long-term goal of

the BV-BFV program is to compare the perturbative quantization of Chern-Simons theory on

manifolds with boundary with the asymptotics of the Reshetikhin-Turaev FQFT. In this thesis,

a first step towards this goal is taken by analyzing the behavior of split Chern-Simons theory

on manifolds with boundary.

1.3 Contents of this thesis

In this thesis, we describe the perturbative quantization of Chern-Simons theory on manifolds

with boundary. We take on a rather naive approach, whose only inputs are the Chern-Simons

action functional, which by assumption on the Lie algebra can be seen as a perturbation of the

abelian BF functional, so we can apply the results of [CMR17]. In the example of lens spaces,

we obtain results similar to the ones in the literature. Let us explain in detail how the thesis is

laid out.

• In Chapter 2, we recall some concepts that this thesis relies upon, with the goal of a min-

imal amount of self-containedness. Technical details are avoided for the sake of examples.

In Section 2.1 we review the perturbative quantization of gauge theories through the BV

formalism. In Section 2.2 we sketch the methods of the BV-BFV formalism. In Section 2.3

we recall some constructions and results regarding perturbative Chern-Simons invariants.

• In Chapter 3, we analyze a particular gauge fixing for abelian BF theory known as the

axial gauge. We recall first the “Riemann–Hodge” gauge-fixing, i.e. gauge fixing via a
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Riemannian metric, on closed manifolds (Section 3.1) and manifolds with boundary (Sec-

tion 3.2). We then define the axial gauge and show that it can be seen as a particular limit

of Riemann-Hodge gauge fixings (Section 3.3). Using this, we propose a regularization of

the axial gauge in Section 3.4.

• In Chapter 4, we investigate polarized Lie algebras, i.e quadratic Lie algebras endowed

with a splitting g = V ⊕ V ∗ into Lagrangian subspaces. We show that the quadratic

Casimir of these Lie algebras can be expressed in terms of invariants of the splitting.

We give examples that show that these invariants are not invariants of the quadratic Lie

algebra.

• Chapters 5 and 6 contain the bulk of the thesis. In Chapter 5 we analyze the split Chern-

Simons theory mainly from the axial gauge. In Sections 5.1, 5.2 we present the pertur-

bative quantization of split Chern-Simons theory on handlebodies, and list the Feynman

diagrams up to 2-point order. In Section 5.3, we evaluate those Feynman diagrams in the

solid torus in the axial gauge. In Sections 5.4 and 5.5, we explain how to compute the

effective action on lens spaces . The implications for the weights of theta graphs for lens

spaces are explained in Section 5.6.

• In Chapter 6, we pursue an alternative “cohomological” approach to the evaluation of the

Feynman diagrams, which has the advantage that it might be generalized to 3-manifolds

of higher Heegaard genus. The general idea is laid out in 6.1. Again, we consider the

example of lens spaces in Section 6.2. Finally, we give some ideas as to how one might

proceed for arbitrary 3-manifolds in Section 6.3.

• In Chapter 7 we review the results that were obtained, and some of the many questions

that are left open.

There are five appendices that mainly contain computations and some background material.

Namely,

• Appendix A contains computations for the effective action on the solid torus,

• Appendix B contains the computations necessary for the gluing of lens spaces,

• Appendix C contains some background material on Jacobi Theta functions, and compu-

tations that are used in the “cohomological” approach to the gluing of lens spaces,
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• Appendix D contains some background material on de Rham currents,

• Appendix E contains a summary of conventions and notations.
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Chapter 2

Preliminaries

In this chapter we review some concepts that are of central importance to this thesis. Namely,

in Section 2.1 we discuss the perturbative quantization of gauge theories, i.e. how to compute

a formal power series which serves as interpretation of the Feynman path integral, for a field

theory with gauge symmetries. In Section 2.2, we review the BV-BFV formalism, a method to

extend the perturbative quantization of gauge theories to manifolds with boundary in a way

that is compatible with cutting and gluing. In Section 2.3 we review previous work on how the

perturbative quantization of the Chern–Simons field theory gives rise to topological invariants.

The aim of this chapter is not to provide complete and detailed reviews of these topics, but

rather to make the thesis somewhat self-contained, while providing ample references to more

detailed discussions of these subjects.

2.1 Perturbative quantization of gauge theories

In this section we specify what we mean by classical and quantum field theories, and gauge

theories, in this work. Throughout this chapter we assume for simplicity that M is a compact

oriented manifold without boundary.

2.1.1 Classical Field Theories

For the purpose of this work, we will say that a classical field theory in dimension d associates to

each d-dimensional manifold M , possibly equipped with extra structure such as a Riemannian

metric, a topological space FM and a function SM : FM → R. We will call FM the space of fields

and SM the action functional. The theories that we consider will always be local. This means

that both the space of fields and the action functional should satisfy the physical concept of
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locality, whose precise mathematical implementation depends on the context. For this work it

is sufficient to require that FM is modeled on a space of sections of a bundle over M , and SM

is of the form

SM [φ] =

∫
x∈M
L[φ](x) (2.1)

where L is a density-valued functional on FM such that L[φ](x) depends only on a finite number

of jets of φ at x. For a more detailed discussion of locality, see e.g. [Cos11], [CMR11] or [Chr99].

Example 2.1.1. A standard example is free scalar field theory, which is defined on Riemannian

manifolds (M, g) of any dimension d. Here the space of fields is FM = C∞(M) and the action

functional is

SM [φ] =

∫
M
||dφ||2dvolg, (2.2)

where || · || denotes the norm on Ω•(M) induced by g, and dvolg the Riemannian volume form.

2.1.2 Gauge theories

We will usually think of FM as equipped with the structure of a Banach or Fréchet manifold. It

this sense, one can say that gauge theories are theories where there is a distribution X on FM

that annihilates the action SM . In some cases this distribution might not be globally integrable,

but we require that its restriction to the critical locus of S be integrable (i.e. that it be integrable

“on-shell”). The most well-known cases are when FM is the space of connections of a principal

G-bundle P → M , and the distribution on FM is given the fundamental vector fields of the

automorphism group of P .

Example 2.1.2. A famous example in both mathematics and physics is Yang-Mills theory with

gauge group G ⊂ GL(n), defined in 4-dimensional Riemannian manifolds. Here the space of

fields is the space of connections on a principal G-bundle P →M , and the action functional is

SM [A] =

∫
M

tr(FA ∧ ∗FA)

where FA is the curvature of the connection A. This action is invariant under automorphisms

of P by cyclicity of the trace.

The importance of gauge theories for mathematics was realized in the famous work of Donaldson

[Don83] (see also [Jos11] for a more detailed exposition). In this work we will only be concerned

with gauge theories where the distribution X has this particular form, but there are other case.

A well-known example of case where the distribution does not close is the Poisson Sigma Model

([SS94],[Ike94]).

7



2.1.3 Topological Field Theories

In this work we focus on topological field theories1, i.e. field theories defined on manifolds

without any extra structure2 Two examples of topological field theories that will be important

in this thesis are the BF and Chern–Simons theory.

Example 2.1.3 (BF theory). BF theory3 is defined for any dimension d ≥ 1. The space of

fields is given by Ω1(M, g) ⊕ Ωd−2(M, g∗) 3 (A,B), where g is a Lie algebra and we think of

Ω1(M, g) as the space of connections on a trivial principal G bundle, for some Lie group G

integrating g (and we set Ω−1(M) = {0}). The action functional is zero for d = 1, and for d ≥ 2

is given by

SM [A,B] =

∫
M
〈B,FA〉 =

∫
M
〈B, dA〉+

1

2
〈B, [A,A]〉 (2.3)

where 〈·, ·〉 denotes the canonical pairing of g∗ and g extended to g∗ and g-valued forms, and

[·, ·] the extension of the Lie bracket to g-valued forms. For further discussions of BF theory,

see e.g. [Cat+95], [Mne08] or [Ros02].

Another theory which became famous after the breakthrough paper by Witten ([Wit89]) is

Chern–Simons theory.

Example 2.1.4. Chern–Simons theory4 is defined in dimension d = 3 only. Here the space

of fields is FM = Ω1(M, g) again interpreted as the space of connections on trivial principal

bundle, and g is a Lie algebra with an invariant bilinear symmetric pairing 〈·, ·〉. The action

functional is

SM [A] =

∫
M

1

2
〈A, dA〉+

1

6
〈A, [A,A]〉. (2.4)

Both examples discussed here are notably also gauge theories. In Chern–Simons theory, there

are some subtleties to that statement, especially in the case of non-trivial principal bundles. A

detailed discussion of these issues and related constructions in classical Chern–Simons theory

can be found in [Fre95; Fre02].

1In mathematics, there is a precise meaning associated with Topological Field Theory or TFT, which can be

interpreted as generalization of our “definition”.
2Although it should be noted that our manifolds are always oriented.
3The name stems from the fact that the action functional is the integral of BF , see below.
4Its name comes from the fact that the action functional is the integral of the Chern–Simons 3-form, named

after [CS74].
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2.1.4 Critical Points

Of particular importance in physics are the critical points of an action functional, usually called

the Euler–Lagrange space

ELM = {φ ∈ FM : δSφ = 0} ⊂ FM (2.5)

Here δ is the variational derivative, which we interpret as the de Rham differential on FM . The

equation

δSφ = 0 (2.6)

is called the Euler–Lagrange equation. Elements of ELM , i.e. solutions to the Euler–Lagrange

equation, give the classical configurations of the theory. This is called the principle of least

action. For example, the Euler–Lagrange space in scalar field theory (Example 2.1.1 above) is

the space of harmonic functions on M (with respect to the Laplace–Beltrami operator).

2.1.5 Quantum Field Theory and Perturbative Quantization

There are many aspects to quantum field theory, and many mathematical formulations of various

problems related to it (see e.g. the two volumes [Del99a; Del99b]). A particular question that

arises in quantum field theory is the computation of expectation values of observables. For

us, an observable is a functional O : FM → R. According to Feynman’s interpretation of the

principle of least action ([Fey42; Fey49; Fey50]), its expectation value 〈O〉 can be computed as

a weighted average over all fields by

〈O〉 =
1

Z

∫
FM

e
i
~SMO(φ)Dφ (2.7)

where

Z =

∫
FM

e
i
~SMDφ (2.8)

is called the partition function. These integrals, as they stand, are not defined: There is no

measure Dφ on FM that gives sensible answers. If the field theory is one-dimensional, then one

can make sense of similar integrals using the Wiener measure [Wie27; WP34], but in higher

dimensions these approaches have been unsuccessful, see [GJ87] for a detailed discussion. Hence,

other approaches to define the integrals (2.7), (2.8) were required. The mathematical version of

an approach that has been very successful in physics is called perturbative quantization, of which

we give a very brief recollection here. The procedure is discussed in detail in [Mne17, Section

9



3], [Res10] and [Eti02]. A more leisurely exposition can be found in [Pol05]. For integral (2.8)

it takes the following form. The idea is to start with a finite-dimensional oscillatory integral

I~ =

∫
F
e

i
~Sµ (2.9)

where F is a manifold of finite dimension dimF = n and µ some density on F . We are then

interested in the ~→ 0 limit. We quote the following theorem (3.48 in Reference [Mne17]):

Theorem 2.1.1. Assume that S has finitely many non-degenerate critical points. As ~ → 0,

integral (2.9) has an asymptotic expansion of the form

I~ ∼
∑

x0∈Crit(S)

e
i
~S(x0)(2π~)

n
2 | det(S′′(x0)|−

1
2 e

πi
4

signS′′(x0)µx0

· exp

(
i

~
∑

Γ

(−i~)#loops(Γ)

|Aut(Γ)|
ψΓ

) (2.10)

where S′′(x0) is the Hessian of S at x0, signS′′(x0) denotes its signature, µx0 is the value

of the density around x0 (we assume we have chosen coordinates y1, . . . , yn such that µ =

µx0 |dy1 · · · dyn| is constant on a neighborhood of x0). The sum in the second line runs over

connected graphs where every vertex has valence at least 3, and ψΓ is the weight of the graph

(briefly explained below).

The weight of a graph ψΓ is constructed by a state sum, roughly as follows:

1. Label all half-edges of the graph with indices ik ∈ {1, . . . , n}.

2. To every vertex v with incident half-edges i1, . . . ival(v) (here val(v) denotes the valence of

v, i.e. the number of incident half-edges) associate the number

Nv :=

(
∂

∂yi1
· · · ∂

∂yival(v)

S

)
(x0)

3. To every edge e connecting half-edges i1, i2, associate Ne := (S′′(x0))−1
i1i2

(here S′′(x0))−1

is the matrix of the inverse of the Hessian of S in the given coordinate system)

4. For every labeling, multiply the corresponding numbers Nv and Ne over all vertices and

edges,

5. sum over all labelings.

A labeling is also called a state of the graph, hence the weight ψΓ is called a state sum. Note

that if S is a polynomial, every term is S of homogeneous degree k ≥ 3 will give rise to vertices

10



of valence k. Again, for more details we refer to the references above.

After having understood the behavior of finite-dimensional integrals of the form (2.9), we now

define the value of the integrals (2.7) and(2.8) by an infinite-dimensional analogue of the asymp-

totic series (2.10). All actions above can be brought to the form

S[φ] =

∫
M

(φ,Dφ) + higher order terms in φ, (2.11)

where D is a differential operator on sections of a bundle over M and (·, ·) some pairing on

sections of this bundle. Hence, the asymptotic series will be constructed from the determinant

of D, and the integral kernel of the inverse of D - the “propagator”, and takes the form

Z = (detD)−
1
2 exp

(∑
Γ

(−i~)#loops(Γ)

|Aut(Γ)|
ψΓ

)
, (2.12)

where, again, the sum goes over all connected graphs where all vertices have valence greater

than 3. The graphs Γ appearing in the sum are known as Feynman graphs, and the rules for the

evaluation of ψΓ are known as Feynman rules. In addition, we label the vertices by points xi ∈

M , and integrate over all these points. Since integral kernels of inverses to differential operators

are usually distributional, some extra care is needed in the multiplication (of distributions) and

integration processes in the construction of the state sum. This is the problem of regularization

and renormalization, see e.g. Section 3.4 or the discussion in [Mne17, Section 3.11.2] and

references given there.

2.1.6 BV Formalism

Theorem 2.1.1 has the crucial assumptions that the function in question has finitely many

critical points, and that they are non-degenerate. However, in gauge theories with non-trivial

symmetries this is never the case: for any critical point x ∈ FM , the orbit of x under the

distribution X consists of critical points, in particular, non of these is isolated. The perhaps

most advanced solution to this problem goes under the name of BV formalism, after Batalin and

Vilkovisky who introduced it in the early 1980’s ([BV81; BV83], see also [HT94] for a general

review of gauge fixings from a physical perspective). It consists of two steps, the classical and

the quantum BV formalism. The classical BV formalism can be summarized as follows5.

• Find a −1-shifted graded symplectic manifold 6 (FM , ω) , such that FM ⊂ (FM )0.

5Detailed discussions and more pedagogical introductions can be found in [Mne08],[Mne17],[Cos11],[Sch93].
6All gauge fixing formalisms require the language of supergeometry, and sometimes graded manifolds. See

[CS11] for an introduction to these concepts, and the Appendix of [CMR14] for an extension to the infinite-

dimensional context.
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• Find an action functional SM ∈ O(FM ) such that SM
∣∣
FM

= SM .

SM is subject to the condition

{SM ,SM} = 0 (2.13)

where {·, ·} is the Poisson bracket induced by ω. Equation (2.13) is called the Classical Master

Equation. The Quantum BV formalism can be summarized as follows:

• Find a Lagrangian L ⊂ FM (called the gauge-fixing Lagrangian) such that SM
∣∣
L has

isolated critical critical points.

• Define the partition function ZL as of

ZL =

∫
L⊂FM

e
i
~SM (2.14)

Under the assumption that SM satisfies the Quantum Master Equation

∆e
i
~SM = 0 (2.15)

the partition function ZL is independent of the deformation class of L. Here ∆ denotes the

“BV operator” or “BV Laplacian”, which in Darboux coordinates (x, p) can be expressed by

∆ =
∑
i

± ∂

∂xi
∂

∂pi
,

see e.g. [Šev06] or [Khu04]. Again, all of this makes sense in the finite-dimensional case, and

has to extended to the infinite-dimensional case with care. In particular the Quantum Master

Equation (2.15) has to be regularized, and integral (2.14) has to defined by formal asymp-

totic expansion similar to Theorem 2.1.1, but extended to supermanifolds. Independence of the

gauge-fixing choices has to be proven a posteriori.

The Batalin-Vilkovisky formalism and related conceptes feature in many mathematical ap-

proaches to Quantum Field Theory, we will only name a few of them here, for example the long

line of work of Cattaneo, Felder and others on the Poisson Sigma Model7 ([CF00; CF01c; CF01b;

CF01a; CF01d; CFT02; CF04; CF11; BCM12]), the Costello-Gwilliam approach to Factoriza-

tion algebras [CG16], its use in algebraic perturbative Quantum Field Theory by Fredenhagen

and Rejzner [Rej11; FR12]. Worth mentioning is also the recent work by Felder and Khazdan

[FK14] on the existence of BV actions given a classical action functional, and the uniqueness of

7The Poisson Sigma Model is a gauge theory where other gauge fixings fail, and one has to resort to the BV

formalism.
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the “BRST cohomology”, i.e. the cohomology of the operator Q = {S, ·}. More recently it was

generalized by Cattaneo, Mnev and Reshetikhin [CMR14; CMR17] to a gauge-fixing formalism

on manifolds with boundary compatible with cutting and gluing, see the next section.

Residual fields and effective actions

In topological theories, it is often the case that it is not possible to find a gauge-fixing Lagrangian

L ⊂ FM , i.e. such that the action restricted to it has a unique (or at least finitely many) isolated

critical point(s). This happens e.g. when there is a continuous family of critical points of the

original action functional unrelated by gauge transformations, or when the symmetry does not

act freely. As an easy example, consider abelian BF theory, i.e. BF theory from example 2.1.3

with Lie algebra g = R, say, in dimension 2. The space of fields is FM = Ω1(M)⊕ Ω0(M), the

action functional is

S[A,B] =

∫
M
B ∧ dA

and its critical points are given by dA = dB = 0. A gauge transformation is given by A 7→ A+dc,

where c ∈ Ω0(M). IfM is a compact surface, then the critical points up to gauge transformations

are H1(M) ⊕ H0(M). The solution in the BV formalism is to use the formalism of effective

theories: Rather that integrating over all fields FM , one splits out a finite-dimensional BV

subspace VM , called the space of residual fields, such that there exists a gauge-fixing Lagrangian

L in a complement Y to VM , i.e FM ∼= VM × Y, and one defines the partition function to be

Z[c] =

∫
γ∈L⊂Y

e
i
~SM [c+γ]. (2.16)

The effective action is then defined by

exp

(
i

~
Seff [c]

)
= Z[c]. (2.17)

The partition function now is a BV cocycle on VM , i.e. ∆VMZ[c] = 0, and only its cohomology

class is invariant under deformations of the gauge fixing Lagrangian L. See also [CM08; BCM12].

2.1.7 AKSZ construction

Usually, when given an action functional SM , finding the correct BV extension is a long (but

straightforward) procedure. The AKSZ construction [Ale+97], named after Alexandrov, Kont-

sevich, Schwarz and Zaboronsky, can be seen as a procedure that directly outputs a BV theory,

i.e. the association of data (FM ,ΩM ,SM ) to any compact oriented manifold of dimension d. It

can be summarized as follows.
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• The input is dg Hamiltonian manifold of degree d− 1, called the target, i.e.

– a graded manifold N ,

– a symplectic form ω = δα of degree d− 1,

– a Hamiltonian function of degree d − 1, i.e. a function Θ of degree d − 1 satisfying

{Θ,Θ} = 0.

• The output is the BV theory which associates to a manifold M the data

– space of fields FM = Map(T [1]M,N )

– symplectic form ΩM =
∫
M ωabδX

a ∧ δXb

– action functional SM [X] =
∫
M αa(X

a)dXa + Θ(X).

Here Xa is the component of the map X ∈ Map(T [1]M,N ) in coordinates x1, . . . xk on the

target N . Map(M,N ) denotes the internal Hom in the category of graded manifolds (see e.g.

[CMR14, Appendix D]) and T [1]N the shifted tangent bundle. See [Mne17] for a coordinate

independent formulation and further references.

In the cases of relevance to us,N will be a graded vector space, so we can identify Map(T [1]M,N ) ∼=

Ω•(M)⊗N . Two examples are of particular interest:

Example 2.1.5 (BV extension of BF theory). Let N = g[1] ⊕ g∗[d − 2]. Let ei a basis for g

with dual basis ei. Then
∑

i dei ∧ dei defines a symplectic form of degree d− 1 on N , and the

function (a, b) 7→ 〈b, [a, a]〉 is Hamiltonian of degree d. The corresponding BV theory is given

by

FM = Ω•(M, g)[1]⊕ Ω•(M, g∗)[d− 2] 3 (A,B)

SM [A,B] =
1

2

∫
M
〈B, dA〉+

1

2
〈B, [A,A]〉

ωM =

∫
M
〈δA, δB〉

Here Ω•(M)[l] means that we give k forms internal degree (or “ghost” number) l − k (see also

Appendix E.2). In particular, the fields of ghost number 0 are FM = Ω1(M, g)⊕ Ωd−2(M, g∗),

and the action functional evaluated on those fields is the action functional of BF theory from

example 2.1.3.

Example 2.1.6 (BV extension of Chern–Simons Theory). Also Chern–Simons has an AKSZ

formulation. Namely, N = g[1], where (g, 〈·, ·〉) is a quadratic Lie algebra, and let Θ(a) =
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〈a, [a, a]〉. Let ei be a basis of g, and ω = 1
2

∑
i,j〈ei, ej〉dei ∧ dej defines a 2-shifted symplectic

form on N . Then the output of the AKSZ construction with target N is

FM = Ω•(M, g)[1] 3 A

SM [A,B] =
1

2

∫
M
〈A,dA〉+

1

6
〈A, [A,A]〉

ωM =

∫
M
〈δA, δA〉

(2.18)

2.2 BV-BFV formalism

The discussion above considers only the cases when the spacetime manifold M does not have a

boundary. The case when the spacetime manifold does have a boundary requires extra consid-

erations. In particular, gauge theories on manifolds with boundary are usually invariant under

gauge transformations only up to boundary terms. A common approach is to fix boundary

conditions on the fields, and in many cases this is enough to proceed with quantization.

However, from the perspective of functorial quantum field theories (FQFTs) after Atiyah-Segal

[Ati88; Seg88], it is not desirable to fix a particular boundary condition 8. A formalism for the

treatment of gauge theories which is compatible both with the cutting and gluing of manifolds,

and perturbative quantization, is the BV-BFV formalism, developed by Cattaneo, Mnev and

Reshetikhin in a series of papers [CMR11; CMR15; CMR14; CMR17] (a condensed introduc-

tion can be found in [CMR16]). Here BFV is short for Batalin, Fradkin and Vilkovisky, who

developed an approach to deal with gauge theories in the Hamiltonian setting [BV77; BV83;

BF86]. Like the BV formalism, it comes in a classical and quantum version.

Remark 2.2.1. From now on we will restrict the discussion to the case when the spaces of fields

are vector spaces. This is the case for the examples that are of importance of this paper, and

simplifies the discussion somewhat, especially for perturbative quantization. Extension to the

non-linear case for the classical case can be found in [CMR14]. A version of the quantum

BV-BFV formalism for AKSZ models with nonlinear target was developed in [CMW18a].

2.2.1 Classical BV-BFV formalism

The main reference for the classical case is [CMR14], an introduction can also be found in

[Sch15]. First, we define a BFV vector space (for background on the BFV complex see [Sta97;

Sch10]).

8The reason being that - in the formal Fubini theorem for path integrals which is encoded in the functoriality

of FQFTs - one wants to “integrate” over the space of boundary fields.
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Definition 2.2.1. A BFV vector space is a triple (F∂ , ω∂ ,Q∂), where F∂ is a Z-graded vector

space, ω∂ is a symplectic form of degree 0 on F∂ , and Q∂ is a degree +1 vector field which is

symplectic and satisfies (Q∂)2 = 0.

By degree reasons Q∂ is automatically Hamiltonian with Hamiltonian function S∂ .

We now also formalize the idea of a BV vector space that was implicit in the discussion above.

Definition 2.2.2. A BV vector space is a quadruple (F , ω,Q,S), where F∂ is a Z-graded

vector space, ω∂ is a symplectic form of degree −1 on F∂ , Q∂ is a degree +1 vector field which

is Hamiltonian with Hamiltonian function S and satisfies (Q∂)2 = 0.

Notice that Q2 = 0 is equivalent to {S,S} = 0, i.e. the CME (2.13). In accordance with the

above, we say that a d-dimensional BV theory is an association of a BV vector space to every

closed d-dimensional manifold. We now want to extend this to manifolds with boundary. The

idea is to associate to the boundary of a manifold a BFV vector space, and to the bulk a suitable

generalization of a BV vector space such that these data are compatible. The solution is the

notion of BV-BFV vector space as introduced in [CMR14].

Definition 2.2.3. Let F∂ = (F∂ , ω∂ = δα∂ ,Q∂) be a BFV vector space with exact symplectic

form ω∂ . A BV-BFV vector space over F∂ is a quintuple (F , ω,Q,S, π), where F is a Z-graded

vector space, ω is a degree −1 symplectic form, Q is a degree +1 vector field, S is a degree 0

function on F and π : F → F∂ is a surjective submersion such that Q2 = 0, δπQ = Q∂ and

ιQω = δS + π∗α∂ . (2.19)

Remark 2.2.2. Equation (2.19) should be thought of as a generalization of the CME (2.13). In

fact, in the case F∂ = {0} the definition of BV-BFV vector space reduces to that of an ordinary

BV vector space.

We are now ready to define the notion of classical BV-BFV theory. Namely, a d-dimensional

BV-BFV theory associates to closed d− 1-dimensional manifold Σ an exact BFV vector space

F∂Σ and to a d-dimensional manifold M with boundary ∂M a BV-BFV vector space FM over

the BFV vector space F∂∂M . Let us give some remarks on this construction.

Remark 2.2.3. i) Like the linearity condition, i.e. the fact that we consider only vector spaces,

the exactness condition on ω∂ can be dropped. See [CMR14, Remark 3.3] for a short

discussion.

16



ii) We continue to require locality from BV-BFV theories. That means the vector spaces

F ,F∂ are given by sections of a sheaf and as such are typically infinite-dimensional (over

R or C). They can be equipped with natural Banach or Fréchet topologies depending on

the situation. S is subject to similar locality conditions as above. Again, a good reference

for further discussion is [Cos11].

iii) With enough care, a BV-BFV theory yields a functor from a cobordism category (perhaps

equipped with extra structure) to a category of vector spaces where composition is given by

(homotopy) fibered product. We refer to [CMR14, Section 4] for a more detailed discussion.

2.2.2 Quantum BV-BFV formalism

In [CMR17], the Quantum BV-BFV formalism was introduced, which allows to perform per-

turbative quantization of BV-BFV theories in a way that is still compatible with cutting and

gluing. Roughly, the idea is to combine geometric quantization of (F∂ , ω) and perturbative

quantization as discussed in Section 2.1. The main steps can be summarized as follows.

i) Polarizing: Choose a polarization P on (F∂ , ω) with smooth leaf space BP . In our case it

will be enough to find a splitting

F∂ = BP1 ⊕ BP2 , (2.20)

where both BP1 and BP2 are Lagrangian subspaces of F∂ . One can choose either BPi as base

space or fibers of the polarization respectively. If necessary, change α∂ by an exact term

such that it vanishes on the fibers of P. To preserve Equation (2.19) one has to change S

by a boundary term.

ii) Extraction of boundary fields: Choose a section σ of F → F∂ → BP , and a splitting

F = σ(BP)× Y (subject to certain requirements discussed in [CMR17]). We immediately

suppress σ from the notation.

iii) Choice of residual fields: Proceed to split Y = V × Y ′ into odd symplectic vector spaces,

such that V is finite-dimensional and there is a Lagrangian L ⊂ Y ′ on which the action S

has isolated critical points. We now have a splitting F = BP ×V ×Y ′, and accordingly we

write X = X + x + ξ for X ∈ F .

iv) Perturbative Quantization: Finally, define the state or partition function formally by

ψ(X, x) =

∫
ξ∈LM⊂Y

e
i
~S[X+x+ξ] (2.21)
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where again, (2.21) is to be computed by formally extending the superspace version of

Theorem 2.1.1 to infinite dimensions.

In the finite-dimensional case, Equation (2.21) is an example of a “BV pushforward in families”

introduced in [CMR17]. In the infinite-dimensional case, definition (2.21) has to be interpreted

via the Feynman graphs and rules discussed in [CMR17] and [CMW17]. See Section 5.2.5 for a

discussion of Feynman graphs and rules relevant in our case.

The state (2.21) is a functional on both V and BP . We think of it as an element of ĤP =

ŜV∗ ⊗ HP , where HP is a certain space of functionals on BP that should be thought of as

a geometric quantization of (F∂ , ω), and Ŝ denotes the formal completion of the symmetric

algebra. The geometric quantization of the boundary action S∂ yields a coboundary operator

ΩP on HP . The precise construction of this space and the coboundary operator Ω are not

relevant for this work, the interested reader is again referred to [CMR17, Section 4.1]. Also V

carries a coboundary operator, the BV Laplacian ∆V , and the state is a cocycle in the bicomplex

ĤP :

(~2∆ + ΩP)ψ = 0. (2.22)

Equation (2.22) is called the modified Quantum Master Equation (mQME).

An important feature of the quantum BV-BFV formalism is that the perturbative expansions

associated to manifolds with boundary can be glued together using a form of the BKS9 pairing

discussed in [CMR17]. We will briefly review how this works in Section 5.4 below.

2.2.3 BV-BFV quantization of abelian BF theory

As an example of BV-BFV quantization we briefly review the example of abelian BF theory

that was discussed in [CMR17]. Namely, consider a manifold M with boundary ∂M . The space

of fields is

F = Ω•(M)[1]⊕ Ω•(M)[d− 2]. (2.23)

The space of boundary fields is

F∂ = Ω•(∂M)[1]⊕ Ω•(∂M)[d− 2] 3 (A∂ ,B∂). (2.24)

The symplectic form on the boundary fields is given by

ω∂ =

∫
∂M

δA∂ ∧ δB∂ . (2.25)

9For Blattner, Kostant, Sternberg. See [BW97]
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There are two obvious polarizations of the space of boundary fields by declaring either the A∂

or the B∂ fields to be coordinates along the base. We will denote coordinates on the quotient

by A and B respectively, and we call the first polarization the A-representation and the second

polarization the B-representation. Compatibility with cutting and gluing motivates the following

choice of polarization: Choose a decomposition ∂M = ∂1M t ∂2M . Then we choose the A-

representation on ∂1M and the B-representation on ∂2M . This means that we have

BP = Ω•(∂1M)[1]⊕ Ω•(∂2M)[d− 2]. (2.26)

The next is the extraction of the boundary fields. Here we opt for a singular extension by fields

which drop to zero immediately outside the boundary10 This yields

Y = Ω•(M,∂1M)[1]⊕ Ω•(M,∂2M). (2.27)

Here for ι : V ↪→ M a submanifold we denote by Ω•(M,V ) = {ω ∈ Ω•(M), ι∗ω = 0} the

subcomplex of forms whose pullback to the boundary vanishes. In the next step, we choose the

space of residual fields

VM = H•(M,∂1M)[1]⊕H•(M,∂2M)[d− 2] 3 (a, b). (2.28)

A gauge-fixing Lagrangian and the corresponding propagator η ∈ Ωd−1(M ×M − ∆M )11 are

constructed in [CMR17], see also section 3.2. Then one can compute the state ψ explicitly and

it given by

ψ = TM exp

(
i

~
Seff

)
(2.29)

where TM is a constant related to the Reidemeister-Ray-Singer torsion of M and the effective

action is given by

Seff = (−1)d−1

(∫
∂1M

bA−
∫
∂2M

aB
)
−
∫
∂1M×∂2M

π∗1B η π∗2A. (2.30)

These three terms come from the very simple Feynman diagrams depicted in figure 2.1 below.

2.3 Perturbative Chern–Simons Invariants

It was an idea of Schwarz that quantities such as the partition function, or expectation val-

ues of observables, computed for topological theories, should yield topological invariants of the

10This should be understood as a suitable limit, see [CMR17].
11Here ∆M ⊂M ×M denotes the diagonal.
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a

B
∂2M

(a) Diagram corresponding to∫
∂2M

aB.

b

A
∂1M

(b) Diagram corresponding to∫
∂1M

bA.

B

A
∂1M

∂2M

(c) Diagram corresponding to∫
∂2M×∂1M

π∗1B η π∗2A.

Figure 2.1: Feynman graphs in abelian BF theory. The boundaries are depicted schematically.

A black vertex denotes integration.

underlying space-time. He gave a first example of this fact in [Sch78], where he argued that

the partition function of abelian BF theory is the Ray-Singer ([RS71]) torsion of the spacetime

manifold. See also the review [Sch00b]. Applying this line of thought to perturbative quantiza-

tion, the weights of Feynman graphs (or rather, the weighted sum over Feynman graphs of the

same loop order) should yield topological invariants as well.

Let us turn to the theory which is of key interest for this work, the Chern–Simons theory.

The seminal paper by Witten [Wit89], and, shortly after, the construction of the Reshetikhin–

Turaev TQFT [RT91], sparked a huge interest in both the mathematical and physical aspects

of this theory, see e.g. the collection [And+11], and its links to a wide variety of fields of

mathematics and physics12. In this work we will restrict ourselves entirely to the perturbative

formulation of Chern–Simons theory. The first investigations in that direction were probably

done by Guadagnini, Martellini and Minchev ([GMM89]) and Bar-Natan [Bar91]. After that,

there were two slightly different approaches which explained how the weights of Feynman graphs

in Chern–Simons theory give rise to topological invariants of M , one by Axelrod and Singer

[AS91; AS94] and the one by Kontsevich [Kon94]. In both approaches, one sees the framing

anomaly observed by Witten in [Wit89], but it arises in different ways. We will briefly review

these results13.

12On a personal note, the author recalls N. Berkovits calling Chern–Simons theory “almost trivial” during a

lecture series he gave at the Villa da Leyva summer school 2015, which - at least to the author’s understanding -

is exactly the intersection of “non-trivial” with “accessible” which allows for fruitful mathematical investigations.
13An important concept that we do not mention here is the idea of graph cohomology introduced by Kontsevich

in the same paper, namely, that the perturbative invariants are indexed by cocycles in a certain graph complex,

which has led to the study of other graph complexes with rather remarkable results e.g. by T. Willwacher [Wil14].
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2.3.1 Perturbative Chern–Simons Invariants after Axelrod-Singer

In a sequence of two papers ([AS91; AS94]) Axelrod and Singer constructed a perturbative

quantization of Chern–Simons theory along the following lines.

i) Fix a flat “reference” connection A0 in a principal G-bundle whose associated local system

is acyclic, i.e. H•(M,dA0) = 0.

ii) Because A0 is flat, one can then decompose the Chern–Simons action functional of any

connection A = A0 +α as SCS [A] = SCS [A0] + SA0
CS [α], where SA0

CS [α] is the Chern–Simons

functional twisted by A0, i.e.

SA0
CS [α] =

∫
M

1

2
〈α,dA0α〉+

1

6
〈α, [α, α]〉. (2.31)

iii) Gauge fix SA0
CS [α]. In our language, pass to the BV-extended14 twisted Chern–Simons

functional, given by

SA0
CS [A] =

∫
M

1

2
〈A, dA0A〉+

1

6
〈A, [A,A]〉. (2.32)

iv) Pick a Riemannian metric g on M and consider the adjoint d∗A0
of dA0 . Then, a gauge-

fixing Lagrangian is given by L = Ωcoex = {A ∈ Ω•(M, g),d∗A0
A = 0}. Here the last equality

follows from vanishing of dA0-cohomology. On L, 0 is an isolated critical point of (2.32).

v) Let η be the integral kernel of K = d∗A0
◦∆−1

A0
, here ∆A0 = dA0d∗A0

+d∗A0
dA0 is the associated

Laplacian. This is a left inverse of dA0 on L. Also, let fabc be the structure constants of g

in an orthonormal basis.

vi) Construct the perturbative series by Feynman graphs and rules: Roughly, Feynman graphs

are connected 3-valent graphs. We label the half-edges by indices 1 ≤ a, b, c ≤ dim g, and

vertices by a point xi ∈ M . Then we associate i
~fabc to a vertex with half-edges labeled

by a, b, c and to an edge between vertices x and y we associate ~
i δabη(x, y). Then multiply

all this contributions and sum over all labelings of half-edges, and integrate over all points

xi ∈M .

14Axelrod and Singer use the Faddeev-Popov description, but it is equivalent to this BV formulation, see e.g.

[Mne17, Section 4].
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They show that the integrals in question always converge, but depend on the choice of metric

g. Explicitly, the lowest order contributions have the form

Θg(M) =
1

12

∑
a,b,c

fabcfabc

∫
M×M

η3
12 (2.33)

D g(M) =
−1

8

∑
a,b,c

faabfbcc

∫
M×M

η11η12η22 (2.34)

coming from the Theta graph15, and the “dumbbell graph”, depicted below in figure 2.2a

and 2.2b below. They show that the weights of these graphs depend on the metric g, how-

(a) The theta, or sunset, graph. (b) The dumbbell graph.

Figure 2.2: Lowest order graphs in Chern-Simons theory

ever, they argue that for any framing f the combination I2(M,A0, f) = Θ(M,f) + Dg(M) −
dimGh

48π CSgrav(g, f) is independent of the metric g, where CSgrav(g, f) is the Chern–Simons

action evaluated on the Levi-Civita connection using the framing.

Later work

In two papers some years after, Bott and Cattaneo [BC98; BC99] described how the approach

of Axelrod and Singer could be translated to the setting of the trivial connection on a trivial

bundle, at least for homology 3-spheres. Here the “zero modes” need to be taken care of: In this

case, the problem is that the trivial connection has a nontrivial stabilizer given by the constant

function, and they discover a framing dependence similar to the one observed by Axelrod and

Singer. Later, it was explained by Cattaneo and Mnev how to generalise this construction to

arbitrary 3-manifolds ([CM08]) by using the language of BV effective actions, briefly mentioned

in section 2.1.6 above.

2.3.2 Perturbative Chern–Simons Invariants after Kontsevich

Kontsevich proposed a different way of constructing the Chern–Simons perturbation series:

Namely, using a framing of the manifoldM in question, define the propagator on the boundary of

C2(M) (which is isomorphic to the sphere bundle of the tangent bundle over M) by the standard

15Which Axelrod and Singer call the “sunset” graph - a rather more poetic terminology which unfortunately

hasn’t persisted.
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volume form in S2, and then extend it to all of M . The main difference is that the gauge is fixed

from the beginning, but in a way that does not introduce Riemannian metrics. His construction

was later rephrased by Kuperberg and Thurston [KT99]. They show that that one can extract

from it an invariant of framed homology spheres Zn(M) (given, essentially, by configuration

space integrals), for any n ≥ 1. They prove that there exists a correction δn(M), which is also

an invariant of framed homology spheres, such that the difference Jn(M) = Zn(M) − δn(M)

is independent of the framing, and identify J1(M) as a multiple of the Casson invariant (see

[AM89]) for integral homology spheres. Building upon their work, Lescop shows in [Les04a;

Les04b] that the same is true also for rational homology 3-spheres: Namely, the first of these

invariants, given by
∫
C2(M) ω

3, where ω is constructed using a choice of framing is the Casson-

Walker invariant, up to a framing-dependent term. However, there is a particular framing in

which the correction vanishes. In the present work, we shall find a similar statement from the

BV-BFV formalism, in the case of lens spaces. See Section 5.6.
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Chapter 3

Axial Gauge

In this chapter we review gauge-fixings in the BV formalism for abelian BF and abelian Chern–

Simons theories on closed manifolds and manifolds with boundary. We discuss two different

types of gauge fixings: The Riemann-Hodge gauge constructed by a choice of Riemannian

metric, and the axial gauge on product manifolds. The main new result is that the propagator

in the axial gauge can be seen as a limit of Riemann–Hodge propagators (Theorem 3.3.2)

associated to degenerating metrics. Based on this, we propose a regularization of the axial

gauge, and show that it has some desirable properties (Section 3.4).

3.1 Gauge fixing in BF and Chern–Simons Theories on closed

manifolds

In this section we review in detail the ideas of gauge fixings for abelian BF and abelian Chern–

Simons theories in the context of effective actions in the BV formalism and its relation to the

homological algebra of the complexes of forms.

3.1.1 Some facts about contracting triples

We use the following conventions for contracting triples. For more information, see e.g. [CM08]

and references therein.

Definition 3.1.1 (Contracting triple). Let V = (V •,d) be a cochain complex with cohomology

H = H•(V ). Then a contracting triple for V is a triple of linear maps (ι, p,K), where ι : H ↪→ V

p : V � H are of degree 0 and K : V → V is of degree −1 satisfying
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1. For all closed elements α ∈ V , there exists some β ∈ V such that

ι([α]) = α+ dβ (3.1)

p(α) = [α] (3.2)

2. (ι, p,K) satisfies the following relations1

d ◦K +K ◦ d = idV − ι ◦ p (3.3)

K ◦ ι = p ◦K = K ◦K0 (3.4)

We think of K as a partial inverse of d, after making a choice of embedding of the cohomology

and projection to the cohomology.

3.1.2 Contracting triples and Hodge decompositions

Any contracting triple (ι, p,K) on a cochain complex (V,d) defines a weak Hodge decomposition

of this complex

V = im ι⊕ im d⊕ imK. (3.5)

Maybe this merits a short proof. Indeed, (3.3) implies that any v ∈ V can be decomposed

as v = dKv + KdV + ιpv. We thus have to prove that the intersections are trivial. First,

if v ∈ im ι ∩ im d, then v = ι[α] (for some closed form α) and (using (3.1),(3.3)) 0 = [v] =

pv = pι[α] = [α], whence v = 0. If v ∈ imK ∩ im ι, then v = ι[α], but [α] = pι[α] = pv = 0

(since pK = 0), hence v = 0. Finally if v ∈ imK ∩ im d we have dv = Kv = pv = 0 (since

d2,K2, pK = 0) and then v = dKv +Kdv + ιpv = 0. This completes the proof2.

the Restricted to imK, the operator d: imK → im d is invertible, with inverse K. Assume

that V is equipped with nondegenerate symmetric pairing (·, ·) : V ⊗V → R. Then the function

S : V → R

v 7→ 1

2
(v,dv)

has 0 as a unique non-degenerate critical point when restricted to imK.

We can also consider the complex (V ∗,d∗) dual to V . The contracting triple (ι, p,K) defines a

1In the literature, the requirements in Equation (3.4) are sometimes relaxed. However, any contracting triple

is homotopic to one satisfying (3.4), see [CM08].
2Conversely, choosing a complement L of ker d in V and a complement H ∼= H•(V ) of im d in ker d defines a

weak Hodge depcomposition V = H ⊕ im d⊕ L, one obtains a contracting triple with ι : H•(V ) ∼= H, p : V � H

and K(dα) = pL(α) and K = 0 on the complement of im d.

25



Hodge decomposition

V ∗ = im p∗ ⊕ imK∗ ⊕ im d∗. (3.6)

Consider the function

S : T ∗[−1]V = V ⊕ V ∗[−1]→ R

(a, b) 7→ 〈b,da〉

where 〈·, ·〉 : V ⊗V ∗ → R denotes the canonical pairing (notice that this pairing is nonzero only

on the degree 0 term). Then this function has 0 as a unique critical point when restricted to

imK ⊕ imK∗ where the operator d⊕ d∗ is invertible. This is as a special case of the example

above in the case where V = (W ⊕W ∗[−1], d ⊕ d∗) and pairing the natural extension of the

canonical pairing to V .

3.1.3 On closed manifolds: Gauge fixing in the BV formalism

Throughout this section we let M be a closed manifold of dimension d. The BV space of

fields of abelian BF theory is FM = Ω•(M)[1] ⊕ Ω•(M)[d − 2] 3 (A,B) which we think of as

T ∗[−1](Ω•(M)[1]) via the Poincaré pairing

(A,B) 7→
∫
M

A ∧ B. (3.7)

Here the shift acts on the total degree, meaning that the p−form component of A has ghost

number (internal degree) 1−p and the p−form component of B has ghost number d−2−p. The

superfields A and B have total degree (ghost number plus form degree) 1 and d−2, respectively.

It is equipped with the canonical symplectic structure of ghost number −1 given by

ω =

∫
M
δB ∧ δA (3.8)

where we denote δ the de Rham differential on the space of fields. Explictly, this means that

we consider the bilinear pairing of ghost number -1 on FM given by

ω((A1,B1), (A2,B2)) =

∫
M

B1 ∧ A2 − B2 ∧ A1 (3.9)

The BF action is

S[A,B] =

∫
M

B ∧ dA = (B,dA). (3.10)

For an operator L on differential forms, we will denote its (formal) adjoint with respect to the

Poincaré pairing by L′. The notation L∗ will be reserved for formal adjoints with respect to
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pairings induced by a metric.

To define the BV gauge-fixing we must find a splitting FM = VM ×Y and a Lagrangian L ⊂ Y

such that the action restricted to L has a unique non-degenerate critical point. According to

the above, given any contracting triple (ι, p,K) of Ω•(M)3, we can define VM = im ι ⊕ im p′

and the gauge fixing Lagrangian L = imK ⊕ imK ′ (the fact that L is Lagrangian follows from

K2 = 0).

In the case of abelian Chern–Simons theory we have dimM = 3, FM = Ω•(M)[1] 3 A and

S = 1
2

∫
M A ∧ dA. In this case, a contracting triple for Ω•(M) defines a BV gauge-fixing via

VM = ι(H),LK = imK.

Propagators for abelian BF theory

We endow Ω•(M) with its natural Fréchet topology. Contracting triples for Ω•(M) introduced

above are closely related to propagators of abelian BF theory. Namely, if the maps in the

contracting triple (ι, p,K) are continuous, then they can be represented by integral kernels

which are currents on M ×M (see Appendix D for a brief summary of the theory of currents).

Denote by η the integral kernel of K, it is a current on M ×M of degree d − 1. We will call

any such η an abelian BF propagator. We will say that such a propagator is regular if it can be

represented by a smooth form, also denoted η, on M ×M − diag, that extends smoothly to the

FMAS4 compactification of the configuration space C2(M).

Now let us fix some notation for the following. Namely, any ι : H•(M) → Ω•(M) satisfying

(3.1) is specified by a choice of a system of representatives R = {χ1, . . . , χk} ⊂ Ω•(M) (via

ιR[χi] = χi). The Poincaré pairing on H•(M) defines an isomorphism H•(M)∗ → H•(M) and

via composition with ι an injective map H•(M)∗ → Ω•(M). The images under this map of the

basis of H•(M)∗ dual to [χ1], . . . , [χk] are denoted χ1, . . . , χk, these are forms with property

that
∫
M χiχj = δij . This defines a projection pR : Ω•(M)→ H•(M) by

pR(α) =

k∑
j=1

(−1)d degχiχj

∫
M
χj ∧ α

which satisfies pR ◦ ιR = idH (see Appendix E for the choice of signs). We will now specialize

to contracting triples which are of the form (ιR, pR,K). The integral kernels of such chain

contractions have special properties given in the next two Lemmata.

3Notice that a contracting triple for V is also a contracting triple for V [1].
4For Fulton-MacPherson-Axelrod-Singer [FM94; AS94], see also Appendix E
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Lemma 3.1.1. Fix a system of representatives R = {χ1, . . . , χk}. Then (ιR, pR,K) is a con-

tinuous contracting triple for Ω•(M) if and only if the integral kernel η of K satisfies

dη = δ
(d)
M + (−1)d−1

∑
i

(−1)d·degχiχiχ
i (3.11)

in the sense of currents.

Proof. As usual, we will write pushforward of currents by integrals, see appendix D. Let η(x, y)

be the kernel of a map K. Then we have∫
y
(dη) ∧ ω(y) =

∫
y

d(η(x, y) ∧ ω(y))− (−1)d−1η ∧ dω(y)

= (−1)d
(

d

∫
y
η(x, y) ∧ ω(y) +

∫
y
η(x, y) ∧ dω(y)

)
= (−1)d(dKω +Kdω).

Here we have used that the pushforward commutes with the differential of currents up to a sign

(equation (D.3)). This shows that dη is the integral kernel of (−1)d(dK + Kd). K therefore

defines a chain contraction if and only if

dη = δ
(d)
M + (−1)d−1

∑
i

(−1)d·degχiπ∗1χiπ
∗
2χ

i

which is the integral kernel of (−1)d(id− ι ◦ p)5.

Lemma 3.1.2. Let (ιR, pR,K) a continuous contracting triple for Ω•(M) such that its integral

kernel η extends smoothly to C2(M). Then the integral kernel satisfies

dη = (−1)d−1
∑
i

(−1)d·degχiπ∗1χiπ
∗
2χ

i (3.12)

π∂∗η ≡ (−1)d−1 (3.13)

where π∂ : ∂C2(M)→M is the natural projection. Conversely, any differential form satisfying

(3.12), (3.13) for a system of reprentatives R = {χ1, . . . , χk} defines a continuous contracting

triple (ιR, pR,K).

Proof. Let η be a form on C2(M) which is the integral kernel of a map K. Then, by the fiberwise

Stokes’ theorem (Equation (E.6)) we have∫
y
(dη(x, y)) ∧ ω(y) = (−1)d

(
dx

∫
y
η(x, y)ω(y) +

∫
y
η(x, y)dω(y)

)
+

(∫
∂
η(x, y)

)
ω(x)

= (−1)d(dKω +Kdω) +

(∫
∂
η(x, y)

)
ω(x)

5In our conventions, δ
(d)
M is the integral kernel of (−1)d the identity, which can be verified from the local

expression, i.e. the case M = Rn
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If η satisfies (3.12), (3.13), then K is a chain contraction. On the other hand, if K is a chain

contraction, then∫
y
(dη(x, y)) ∧ ω(y)−

(∫
∂
η(x, y)

)
ω(x) = (−1)d(ω(x)− ι ◦ pω(x)).

This is equivalent to∫
y
(dη(x, y) + (−1)dP (x, y))ω(y)) =

(
(−1)d +

∫
∂
η(x, y)

)
ω(x).

Since this property holds for all ω we conclude that both sides vanish independently.

3.1.4 Riemann–Hodge propagators

In this section we discuss a particular class of propagators used in Chern–Simons theory and

abelian BF theory, the Riemann–Hodge propagators, introduced in [AS91]. As we will explain,

they generalize the classical Lorenz gauge used in electromagnetism.

Definition

Let (M, g) be a compact6 Riemannian manifold of dimension n and denote ∗g the Hodge star

defined by g. Define the L2-inner product on Ω•(M) by

(ω, η) =

∫
M
ω ∧ ∗gη (3.14)

for ω, η ∈ Ω•(M). Forms of different degree are orthogonal to each other with respect to this

inner product. Denote by d∗g the codifferential on M associated to g, i.e. the formal adjoint of

the de Rham differential d with respect to (·, ·). It satisfies

(dω, η) = (ω,d∗η) (3.15)

for all ω, η ∈ Ω•(M).

Definition 3.1.2. For any 0 ≤ p ≤ n, the Hodge-de Rham Laplacian on p-forms ∆
(p)
g : Ωp(M)→

Ωp(M) is defined by

∆(p)
g = dd∗g + d∗gd.

6Compactness is only needed so that we do not have to take care of convergence in the integrals, all concepts

in this section can be generalized to non-compact manifolds by making the right adjustments.
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The Hodge–de Rham Laplacians on p-forms assemble into an operator, also known as Hodge–de

Rham Laplacian, ∆g : Ω•(M)→ Ω•(M). The operator ∆
(0)
g is also known as Laplace-Beltrami

operator, and reduces to (minus) the ordinary Laplace operator if (M, g) is Rn with the Eu-

clidean metric. Also notice that both d and d∗ commute with the Laplacian.

It follows directly from (3.15) that the Hodge-de Rham Laplacian on closed manifolds is sym-

metric with respect to the L2-inner product on forms, i.e. for ω, η ∈ Ω•(M) we have

(∆ω, η) = (η,∆ω). (3.16)

Definition 3.1.3. The kernel of ∆
(p)
g is called space of harmonic p-forms and denoted

ker ∆(p)
g =: Harmp

g(M).

We quote two essential theorems in Hodge theory (see e.g. [Rha84]):

Theorem 3.1.3. The space of harmonic p-forms is isomorphic to degree p de Rham cohomology

of M :

Harmp
g(M) ∼= Hp(M).

Theorem 3.1.4 (Hodge decomposition). Ω•(M) has a decomposition given by

Ω•(M) ∼= ker ∆g ⊕ (ker ∆g)
⊥ ∼= Harmp(M)⊕ im d⊕ im d∗g (3.17)

which is orthogonal with respect to the L2-inner product (3.14) on forms.

Denote ιharm the inclusion Harm(M) ↪→ Ω•(M), where Harm(M) =
⊕n

p=0 Harmp(M), and

pharm the projection Ω•(M) → Harm(M) and Denote by Pharm = ιharm ◦ pharm : Ω•(M) →

Ω•(M) the orthogonal projection onto harmonic forms. Consider the operator (∆g + Pharm)

on Ω•(M). Since the operator ∆g is invertible when restricted to (ker ∆g)
⊥, and Pharm is just

the identity when restricted to harmonic forms, this operator is the direct sum of two invertible

operators, and hence also invertible. We are now ready to define the Hodge chain contraction.

Definition 3.1.4. The Riemann–Hodge contraction is the operator Kg : Ω• → Ω•−1 defined by

Kg := d∗g ◦ (∆g + Pharm)−1. (3.18)

The following are standard properties of the Riemann–Hodge contraction (see e.g. [AS91; AS94;

CM08]).

Proposition 3.1.5. The Riemann–Hodge contraction satisfies
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i) dKg +Kgd = id− Pharm,

ii) pharm ◦Kg = 0,

iii) Kg ◦ ιharm = 0,

iv) Kg ◦Kg = 0,

i.e. (ιharm, pharm,Kg) is a continuous contracting triple. In addition, the Hodge contraction is

symmetric with respect to the Poincaré pairing on forms, i.e. we have∫
M
ω ∧K[τ ] =

∫
M
K[ω] ∧ τ (3.19)

The Riemann–Hodge contraction specifies the gauge-fixing Lagrangian Lg = im(K) = im(d∗)

for BV Chern–Simons theory, or Lg = im(K)⊕ imK ′ = im d∗ ⊕ im d∗ in BF theory.

Relation to Lorenz gauge

Let us briefly explain the relation to the Lorenz gauge fixing in electromagnetism. There we

have a 1-form electromagnetic potential A = Aµdx
µ, say, on R4, with the standard metric. The

action is S =
∫
R4 FµνF

µν , where F = dA = Fµνdx
µdxν is the field strength. Hence the action

is invariant under the gauge symmetry A → A + df , where f is any smooth function. The

traditional Lorenz gauge fixing is given by ∂µAµ = d∗A = 0. This is only a partial gauge fixing

as one can still change A by a harmonic form, but e.g. imposing that we consider only gauge

transformations vanishing at infinity fixes the gauge completely. In that case d∗A = 0 ⇔ A ∈

im d∗, i.e. A lies in the gauge-fixing Lagrangian associated to the Riemann–Hodge contraction.

3.1.5 Integral kernel of the Riemann–Hodge contraction

The following result was proven by Axelrod and Singer ([AS91; AS94]):

Lemma 3.1.6. Kg has an integral kernel ηg ∈ Ωd−1(C0
2 (M)) which extends smoothly to the

compactified configuration space C2(M), and thus defines a smooth propagator for abelian BF

theory.

The integral kernel of the Riemann–Hodge contraction can be constructed from the inhomoge-

neous Green’s form, i.e. the fundamental solution of

(∆g + Pharm)ω = τ, (3.20)
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where ω, τ ∈ Ω•(M) are inhomogeneous forms. It can be understood as the integral kernel of

the operator G (see Appendix D.4 ) satisfying ∆gG = G∆g = 1−Pharm. If α ∈ Ω•(M×M−∆)

is the Green’s form, then

η12 = d∗1α (3.21)

is the integral kernel of Kg. Green’s functions are usually quite hard to obtain, and for Green’s

forms this is even harder. But in some special cases there are explicit formulas for the Green’s

form, most notably in the case of Rn (or some particular subsets) with the standard metric, or

Tn. Let us briefly look at the example of the 2-torus T2.

3.1.6 Example: The 2-torus T2

On the 2-torus T2 we have the usual euclidean coordinates (t, θ) ∈ (R/Z)2. Thinking of it as

quotient of the plane, rather than a product of circles, we will often denote the coordinates also

by (x, y) ∈ R2/Z2. Representing the 2-torus as a quotient of the complex plane by the lattice

generated by 1, τ , where τ ∈ H = {z ∈ C, Im z > 0} defines a complex structure on the torus,

and hence - since T2 has complex dimension 1 - a conformal structure. The complex coordinate

on the torus is z = x+ τy, and a particular representative of the conformal structure is

g = dz · dz̄ = (dx+ τdy) · (dx+ τ̄ dy) = dx2 + 2 Re τdxdy + |τ |2dy2. (3.22)

In particular the metric associated to a purely imaginary τ = iβ, for β > 0, is a product metric.

The Green’s function for this metric is known explicitly (see e.g. [Oog15] or [BL17]) and given

by g(z, w) = g(z − w) where

g(z) =
−1

4π
log

∣∣∣∣ϑ1(z, τ)

η(τ)

∣∣∣∣2 +
1

2

(Im z)2

Im τ
. (3.23)

Here ϑ1 is the Jacobi theta function vanishing at integer lattice points, and η(τ) is the Dedekind

eta function. See Appendix C for the conventions on theta functions. From this Green’s

function, in this example one can find the Green’s form α by simply multiplying α = g(z, w)(dz̄−

dw̄)(dz−dw) (this is particular to the case of the torus). One can then compute (see Proposition

C.2.2) the propagator7 corresponding to the metric induced by τ as

ητ (z, w) =
1

2π
d arg(ϑ1(z − w, τ))− Im(z − w)

Im τ
d Re(z − w) (3.24)

7The notation is slightly unfortunate but unambiguous: η(τ) denotes the Dedekind eta function while ητ

denotes the propagator associated to τ .
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It comes as no surprise that this propagator behaves well with respect to changing to an equiv-

alent complex structure, namely, if

ϕ =

m p

n q

 ∈ SL(2,Z)

we have (Proposition C.2.3)

ϕ∗ητ = η(Tϕ).τ (3.25)

where on the left hand side we interpret ϕ as acting on R2/Z2 (by matrix multiplication), and

on the right hand side we denote

Tϕ =

q p

n m


the anti-transpose of ϕ, and by (Tϕ).τ the standard action of SL(2,Z) on H:

(Tϕ).τ =
qτ + p

mτ + n
. (3.26)

3.1.7 Expression in terms of the heat kernel

Below it will be useful to express the Riemann–Hodge propagator in terms of the heat kernel.

For us it will be convenient to use the inhomogeneous heat kernel on differential forms, and

unless explicitly stated otherwise, if we speak of the heat kernel associated to a Riemannian

metric we mean the associated heat kernel on inhomogeneous forms. Let us recall some basic

facts about heat kernels. A good reference for general heat kernel techniques is [BGV03].

Heat kernel on differential forms

The heat kernel on differential forms was considered e.g. by Patodi ([Pat71]), but it appeared

first in the work of Conner ([Con56]). It can be seen as the fundamental solution of the heat

equation on Ω•(M). Let ω ∈ Ω•(M). Then u(x, t) ∈ C∞(R>0,Ω
•(M)) solves the heat equation

with initial condition ω if 
(∂t + ∆)u(x, t) = 0, x ∈M, t ∈ R,

limt→0 u(x, t) = ω(x) x ∈M.

(3.27)

The fundamental solution p(t, x, y) ∈ C∞(R>0,Ω
•(M)⊗ Ω•(M)) of the heat equation satisfies

(∂t + ∆x)p(t, x, y) = 0, x, y ∈M, t ∈ R,

limt→0 p(t, x, y) = δ(x, y) x, y ∈M
(3.28)
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where the second limit is understood in the distributional sense. As a fundamental solution, it

has the property that if ω ∈ Ω•(M), then

u(t, x) =

∫
y∈M

p(t, x, y) ∧ ω(y) (3.29)

solves the heat equation with initial condition ω.

The Hodge-de Rham Laplacian is a generalized Laplacian in the sense of [BGV03]. As estab-

lished in loc. cit., its symmetry (3.16) implies that its heat kernel is self-adjoint and hence it

is essentially self-adjoint. Denoting its unique self-adjoint extension also by ∆, it follows that

the heat kernel pt is the kernel of the operator Pt = exp(−t∆). On compact manifolds, the

Laplacian has discrete spectrum8, and Pt has an expansion in terms of eigenforms {φj}j of the

Laplacian9

pt(x, y) =
∑
j

e−tλjφj(x) ∧ ∗φj(y). (3.30)

It follows that

lim
t→∞

Ptω = Pharmω. (3.31)

The heat kernel can be used to construct the kernel of the inverse of the Laplace operator needed

in the definition of the Hodge contraction. Namely, the operator G defined on the orthogonal

complement of harmonic forms by

(Gω)(x) =

∫ ∞
0

Ptω(y)dt (3.32)

satisfies

(∆Gω)(x) = ∆x

∫ ∞
0

∫
y∈M

p(t, x, y)ω(y)dt

=

∫
y∈M

∫ ∞
0
−∂tp(t, x, y)ω(y)dt

=

∫
y∈M

lim
t→0

p(t, x, y)ω(y)− lim
t→∞

p(t, x, y)ω(y) = ω(y),

i.e. G inverts the Laplace on the orthogonal complement of harmonic forms. If we define G to

vanish on harmonic forms, then we claim that (∆ + Pharm)−1 = G+ Pharm. Indeed,

(∆+Pharm)(G+Pharm) = ∆G+PharmG+∆Pharm+P 2
harm = id−Pharm+Pharm = id, (3.33)

since PharmG = ∆Pharm = 0.

8More precisely, the spectrum of its unique self-adjoint extension is discrete, and its eigenforms are smooth

by elliptic regularity.
9The appearance of the Hodge star is due to our conventions on kernels, which, in the language of de Rham

([Rha84]), are topological rather than metric (even though that book uses different conventions for topological

kernels).
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The propagator in terms of the heat kernel

Equipped with these facts we can now express the propagator in terms of the heat kernel.

Namely, since (∆ + Pharm)−1 = G+ Pharm, we can write

K = d∗ ◦ (∆ + Pharm)−1 = d∗ ◦G, (3.34)

since d∗ ◦ Pharm = 0. Thus we can write the integral kernel of the propagator as

η(x, y) =

∫ ∞
0

d∗xp(t, x, y). (3.35)

Expanding in terms of Eigenforms, this yields

η(x, y) =

∫ ∞
0

∑
j

e−tλjd∗φj(x) ∧ ∗φ(y) (3.36)

The realization that Heat kernels can be used to give expansions of propagators goes at least

back to Feynman [Fey42]. An extensive list of references on the use of heat kernel techniques

in physics can be found in [Vas03].

Example: The propagator on the circle

The heat kernel on the circle (with respect to the standard metric) is

pS1(t, θ1, θ2) =
∑
k∈Z

e−(2πk)2te2πik(θ1−θ2)(dθ1 − dθ2). (3.37)

The codifferential sends 0-forms to 0 and acts on 1-forms as d∗f(θ)dθ = −f ′(θ). Hence, the

codifferential of the heat kernel is

d∗θ1pS1(t, θ1, θ2) =
∑
k∈Z

(2πik)e−(2πk)2te2πik(θ1−θ2). (3.38)

Integrating over t, we get∫ ∞
0

∑
k∈Z\{0}

(2πik)e−(2πk)2te2πi(θ1−θ2)dt =
∑

k∈Z\{0}

−1

2πik
e2πik(θ1−θ2). (3.39)

Notice that this series converges in the L2 sense. We claim that this is precisely the Fourier

series of

ηS1(θ1, θ2) = Θ(θ1 − θ2)− (θ1 − θ2)− 1

2
(3.40)

where 0 ≤ θ1, θ2 ≤ 1 and Θ(x) is the Heaviside function defined by

Θ(x) =


1 x > 0

0 x < 0.

(3.41)
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Indeed, we can rewrite the propagator as

ηS1(θ1, θ2) = θ2 − θ1 − bθ2 − θ1c −
1

2
= ((θ1 − θ2)), (3.42)

where ((x)) = x−bxc−1/2, x /∈ Z, is the sawtooth function (usually defined to vanish at integer

points). The Fourier coefficients of the sawtooth function are given by

ak =

∫ 1

0
((θ))e−2πikθdθ =

∫ 1

0
(θ − 1/2)e−2πikθdθ =


0 k = 0

−1
2πik k 6= 0

as claimed, i.e. the series (3.39) converges to the propagator (3.42) in the sense of distributions.

This example was considered also in [GG14].

Example: The torus, again

The heat kernel expansion allows us to give a different representation of the propagator on the

torus, at least for the standard metric, for which the heat kernel on forms is pT2(t, (x1, y1), (x2, y2) =

pT2(t, (x1 − x2, y1 − y2), 0) and

pT2(t, (x, y), 0) ≡ pT2(t, (x, y)) =
∑
k,l∈Z2

e−(2π)2(k2+l2)te2πi(kx+ly)dxdy. (3.43)

The codifferential of the heat kernel is given by

d∗p(t, (x, y)) =
∑
k,l∈Z2

(2πik)e−(2π)2(k2+l2)te2πi(kx+ly)dy−(2πil)e−(2π)2(k2+l2)te2πi(kx+ly)dx. (3.44)

Integrating over t we obtain

ηstdT2 ((x, y), 0) = − 1

2πi

∑
k,l∈Z2−{(0,0}

k

k2 + l2
e2πi(kx+ly)dy − l

k2 + l2
e2πi(kx+ly)dx. (3.45)

From the uniqueness of distributional kernels it follows that ηstdT2 = ηi in the sense of distributions

on T2, where ηi is defined by (3.24) for τ = i.

3.1.8 Regularization and renormalization

In this short section we briefly explain the view on regularization and renormalization taken in

this work.

To evaluate Feynman diagrams one wants to take products of the distributional forms intro-

duced above. If done naively this quickly leads to divergent integrals. The treatment of the

divergencies goes under the name regularization. Usually, in quantum field theory there is also
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the problem of renormalization: How the theory and the interactions depend on the length or

energy scales that are considered. Often, these two notions interact, since a common source of

divergencies is trying to take into account all energy or length scales. One way of regularization

corresponds to cutting off the heat kernel expansion below low times ε (corresponding to high

energies and so-called ultra-violet (UV) divergences). ε is sometimes called a regulator. One

then subtracts the divergent parts as ε → 0 according to a choice of renormalization scheme.

Another cut-off is introduced at long length scales to take care of “infrared” (IR) divergencies.

Renormalization in this language is analyzing how the theory depends on the cut-offs. Again,

we refer to the review articles [Vas03] and [Avr02] for further references. A write-up of renor-

malization using the heat kernel from the mathematical point of view can be found in [Cos11].

Working on compact manifolds there is no need for a cut-off at high length scales. The only

possible problem on compact manifolds is posed by the zero-energy eigenmodes of the Laplacian,

but in the BV effective action approach, these are taken care of using the residual fields, which

can be interpreted as our choice of infrared cutoff. The UV divergences in principle persist in

topological theories. However, it is a crucial feature of Chern–Simons and BF theories that

the integrals appearing in the perturbative expansion are finite. This can be proven using the

method of compactified configuration spaces as developed by Bott and Taubes ([BT94]) and

Axelrod-Singer ([AS91; AS94]) based on compactification as defined by Fulton and MacPherson

([FM94]). The key result is that the metric propagator is regular, i.e. extends to the compact-

ification C2(M) of the two-point configuration space C0
2 (M) = M ×M −∆. This provides an

immediate proof of the fact that all integrals are finite, since they are now integrals of smooth

forms over compact manifolds.

Remark 3.1.7 (Renormalization in BV-BFV formalism). In principle, in the BV-BFV formalu-

ation of abelian BF theory, we are free to choose any finite-dimensional space of residual fields

containing the kernel of the Laplacian. One can pass between different spaces of residual fields

using BV fiber integration, see [CM08; CMR11]. This is a shadow of renormalization group

methods in Quantum Field Theory, see also the discussion in [CMR17, Appendix F]. This is

important when cutting and gluing manifolds. The “naive” space of residual fields is usually

larger than the minimal one, and depends on choices. Only the minimal one - in case of abelian

BF theory this is the cohomology of the manifold - is canonically associated to the manifold.

Therefore if one wishes to obtain topological invariants from cutting and gluing, “renormaliz-

ing” to the minimal space of residual fields is strictly necessary. An example of this are the

results of Chapter 5 in this thesis. The weights of the Feynman graphs directly after gluing are
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not invariants of framed lens spaces. However, after reduction of the residual fields, we obtain

invariants of framed lens spaces.

3.2 Gauge fixing in BF theory on manifolds with boundary

The Riemann-Hodge propagators introduced above for closed manifolds have a generalization

to manifolds with boundary. However, the introduction of boundaries complicates the analysis

of the Hodge-de Rham Laplacian considerably. We therefore start by a brief discussion of

boundary conditions. When working with Riemannian metrics on manifolds with boundary,

we always make the assumption that the metric has product structure near the boundary, i.e.

there exists a collar U ∼= ∂M × [0, ε) on which the metric takes the form g = g∂M + dt2.

3.2.1 A short digression on boundary conditions

We will review parts of the material in [CMR17, Appendix A], to which we refer for proofs

of the statements. Consider a manifold M with boundary ∂M (possibly empty, in which case

the entire discussion below reduces to the closed case). Let ι∂ : ∂M ↪→ M and denote by

Ω•(M,∂M) ⊂ Ω•(M) the complex of forms with which vanish on the boundary, i.e.

Ω•(M,∂M) = {ω ∈ Ω•(M), ι∗∂ω = 0}.

We will also call this the space of forms satisfying vanishing Dirichlet boundary conditions, and

denote it by Ω•D(M). By ΩN we denote the subspace of forms satisfying Neumann boundary

conditions:

Ω•N = {α ∈ Ω•(M), ι∗∂(∗α) = 0.} (3.46)

Note that ∗Ω•D(M) = Ω•N (M). Notice that Ω•D(M) is not closed with respect to d∗. Looking

for a subspace of Ω•(M) of forms vanishing on the boundary which is closed with respect to

both d and d∗, we are led to introduce the subspaces of ultra-harmonic, ultra-Dirichlet, and

ultra-Neumann boundary conditions:

Definition 3.2.1 ([CMR17]). Let α ∈ Ω•(M).

i) α is called ultra-harmonic if it is closed with respect to both d and d∗. The subspace of

ultra-harmonic forms is denoted Ĥarm
•
(M).
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ii) α is called ultra-Dirichlet if the pullbacks to the boundary of all even normal derivatives

of α and all odd normal derivatives of ∗α vanish. The subspace of ulta-Dirichlet forms is

denoted Ω•
D̂

(M).

iii) α is called ultra-Neumann if the pullbacks to the boundary of all even normal derivatives

of ∗α and all odd normal derivatives of α vanish. The subspace of ultra-Neumann forms is

denoted Ω
N̂

(M).

Notice that harmonic forms are ultra-harmonic on closed manifolds, but the converse is not

true. Again we have ∗Ω•
D̂

(M) = Ω•
N̂

(M). Also, Ω•
D̂

(M) is closed with respect to both d and

d∗, and they are formally adjoint with respect to the L2-inner product. It follows that the

Hodge–de Rham Laplacian is symmetric on this space. There are several ways to see that this

operator is essentially self-adjoint: One of them is to construct a self-adjoint heat kernel (see

below) as done e.g. in [Con56; RS71].

3.2.2 Riemann–Hodge Contracting triples on manifolds with boundary

The space of fields is

FM = Ω•(M,∂M)[1]⊕ Ω•(M)[d− 2].

Again the propagator has a formulation in terms of a contracting triple. Now, we will be

interested in a contracting triple (ι, p,K) of Ω•(M,∂M) such that its dual (with respect to the

Poincaré pairing) (p′, ι′,K ′) forms a contracting triple of Ω•N (M). The construction of this goes

via a small detour: First, one constructs a contracting triple (ιR, pR,K
D̂) for Ω•

D̂
(M) by letting

K be the Riemann–Hodge chain contraction given by

KD̂ = d∗g ◦ (∆g + Pharm)−1. (3.47)

and R the system of ultra-harmonic representatives10 of the relative cohomology. Here (∆g +

Pharm)−1 is the Green’s operator for the ultra-Dirichlet problem (with vanishing boundary

condition) on M : 
(∆g + Pharm)ω = τ

ι∗∂ω = 0

(3.48)

10This are representatives of the cohomology of Ω•
D̂

(M), a complex which is quasi-isomorphic to Ω•D(M) as

remarked in [CMR17].
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for ω, τ ∈ Ω•
D̂

(M). The integral kernel ηg associated with this chain contraction via KD̂ =

π1,∗ηg,12π
∗
2(•) extends to smooth d− 1 form on the compactified configuration space11 C2(M).

The chain contraction (KD̂)′ of Ω•
N̂

(M) is given by the same formula, but with the Green’s form

of the Neumann problem for vanishing boundary condition on M . Its integral kernel η′12 satisfies

T ∗ηg,12 = (−1)dη′g,12. Here T is the extension to C2(M) of the restriction of (x, y) → (y, x) to

M ×M \∆. Therefore, ηg,12 satisfies ultra-Dirichlet boundary condition in the first and ultra-

Neumann boundary condition in the second argument. Now, we define the chain contraction

K : Ω•D(M)→ Ω•−1
D (M) by the same integral kernel ηg: For α ∈ Ω•D(M), we let

Kα = π1,∗ηg,12π
∗
2α (3.49)

and the other two maps in the contracting triple are given by ι = ιR, p = pR, where R is still

the system of ultra-harmonic representatives. This has the desired property that (p′R, ι
′
R,K

′) is

a contracting triple of Ω•(M).

3.2.3 Heat kernel expansion

Like the propagator on closed manifolds, the propagator on manifolds with boundary admits

a heat kernel expansion. The heat kernel on differential forms on manifolds with boundary

is constructed e.g in [Con56] and [RS71]. It is the fundamental solution of the initial value

problem 
(∂t + ∆)ω(x, t) = 0

limt→0 ω(x, t) = ω(x)

ι∗∂ω(·, t) = 0

(3.50)

If {φj}∞j=1 ⊂ Ω•(M,∂M) is a system of eigenforms for the Laplacian with vanishing Dirichlet

boundary conditions, where φj has eigenvalue λj , then the heat kernel pt(x, y) has the expansion

pt(x, y) =
∞∑
j=1

e−tλjφj(x) ∧ ∗φj(y). (3.51)

Note that ∗φj is also an eigenform of the Laplacian of eigenvalue λj satisfyingv vanishing

Neumann boundary conditions. Similar to the case without boundary we have that

(∆ + Pharm)−1 = G+ Pharm, (3.52)

where G is the operator with integral kernel
∫∞

0 ptdt.

11This space can be identfied with a certain subspace of the usual FMAS compactified configuration space of

the double of M , see [CMR17; Cam+18].
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3.2.4 Example: The disk

We consider the example of the unit disk D and give two representations of the propagator

corresponding to the standard metric. First, we use the Green’s form approach. In the case

of the circle and the torus, determining the Green’s form from the Green’s function for the

Laplacian on functions was easy. The disk is a good example to see the additional complications

that come with boundaries. First, on the disk we have to specify the boundary conditions: We

can impose either Dirichlet or Neumann boundary conditions. The Green’s function on the unit

disk for Dirichlet boundary conditions is well known to be

gD(z, w) =
1

2π
(log |z − w| − log |1− zw̄|). (3.53)

The Green’s function for Neumann boundary conditions is

gN (z, w) =
1

2π

(
log |z − w|+ log |1− zw̄| − 1

2
|z|2
)
, (3.54)

this is the Green’s function whose radial derivative vanishes on the boundary and whose Lapla-

cian satisfies

∆zg
N (z, w) = δ(z − w)− 1

π
. (3.55)

To see the relation to the discussion above, let Ω0
N (D) denote 0-forms with vanishing normal

derivative on the boundary. Here the Laplacian has a kernel given by constant functions. If L

denotes the operator on Ω0
N (D) with integral kernel gNµ (where µ is a normalized volume form

on the disk), then one can check that (∆ + P )Lf = f for all f ∈ Ω0
N (D) (where Pf =

∫
fµ is

the projection to constant functions).

We denote by G(j) the part of the Green’s form G that has form degree j in the first argument,

this is the integral kernel of the Laplacian on j-forms. Note that we have

G(0)(z, w) = −gD(z, w)
dw̄dw

2i
(3.56)

G(2)(z, w) = −gN (z, w)
dz̄dz

2i
(3.57)

since the Dirichlet problem on 2-forms is Hodge dual to the Neumann problem on 0-forms (the

minus sign comes from our conventions on the Laplacian: The Hodge-de Rham Laplacian of the

standard metric is minus the usual Laplacian). In two dimensions, the Green’s form on 1-forms

can be obtained from Hodge decomposition. Since we are interested in the propagator

η(z, w) = d∗zG = d∗zG
(1) + d∗zG

(2) (3.58)
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it is enough to invert the Laplacian on exact one-forms, since coexact one-forms are killed by

the codifferential. Since the de Rham differential commutes with the Laplace operator, and is

invertible on exact 1-forms, we can write

(d(0))−1 = K(1) = (d∗)(1) ◦ (∆(1))−1 = (∆(0))−1 ◦ (d∗)(1) (3.59)

where d(j) : Ωj(D) → Ωj+1(D), (d∗)(j) : Ωj(D) → Ωj−1(D), (∆)(j) : Ωj(D) → Ωj(D) are the

components of the de Rham and Laplace operators. Also notice that in this degrees there are

no harmonic forms, so the Laplacian is invertible on the nose. Equation (3.59) implies that

d∗zG
(1)(z, w) = d∗wG

(0)(z, w) = ∗wdw ∗w G(0)(z, w) = ∗wdwg
D(z, w)

=
1

4π
∗w
(

dw
∂

∂w
+ dw̄

∂

∂w̄

)
(log(z − w) + log(z̄ − w̄)− log(1− zw̄)− log(1− z̄w))

= ∗w
1

4π

(
− dw

z − w
− dw̄

z̄ − w̄
+

z̄dw

1− z̄w
+

zdw̄

1− zw̄

)
= − 1

4πi

(
dw

z − w
+

z̄dw

1− z̄w
− dw̄

z̄ − w̄
− zdw̄

1− zw̄

)
where we have used that on the disk, we have d∗ = − ∗ d∗12, ∗1 = 1

2idz̄dz, ∗dz = −idz = dz/i

and ∗dz̄ = idz̄ = −dz̄/i. Also, we have

d∗zG
(2)(z, w) = ∗zdz ∗z G(2)(z, w) = ∗zdzgN (z, w)

=
1

4π
∗z
(

dz
∂

∂z
+ dz̄

∂

∂z̄

)
(log(z − w) + log(z̄ − w̄) + log(1− zw̄)− log(1− z̄w)− z̄z)

=
1

4π
∗z
(

dz

z − w
− w̄dz

1− zw̄
− z̄dz +

dz̄

z̄ − w̄
− wdz̄

1− z̄w
− zdz̄

)
=

1

4πi

(
dz

z − w
− w̄dz

1− zw̄
z̄dz − dz̄

z̄ − w̄
+

wdz̄

1− z̄w
+ zdz̄

)
.

Taking the sum, we obtain

η(z, w) =
1

2π
(d arg(z − w) + d arg(1− zw̄))− z̄dz − zdz̄

4πi
. (3.60)

This is the propagator presented in [CF11], and also the one we will use in this work when

computing Feynman diagrams on the disk. On the disk one can also find an explicit set of

eigenforms given in terms of Bessel functions: Namely, the degree 0 Dirichlet eigenfunctions are

given by

φ(0),D
m,n (z) = CmnJm(kmnr)e

2πimθ,m ≥ 0, n ≥ 1 (3.61)

12In general the sign of the codifferential is d∗ = (−1)nk+n+1 ∗ d∗, so it −1 for all degrees on manifolds of even

dimension.
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where Jm is the m-th Bessel function, kmn is its n-th zero, and Cmn is a normalizing constant.

Likewise, the degree 0 eigenfunctions Neumann eigenfunctions are given by

φ(0),N
m,n (z)C ′mnJm(k′mnr)e

2πimθ,m ≥ 0, n ≥ 1 (3.62)

where k′mn is the n-th zero of the derivative J ′m of the m-th Bessel function, and C ′mn is another

normalizing constant. Notice that k′01 = 0, and hence φ
(0),N
0,1 ≡ 1 is the constant (the only

eigenfunction of eigenvalue 0). From these eigenfunctions it is possible to obtain a complete

system of eigenforms by applying the operators ∗,d, ∗d. It is a unique feature of two dimensions

that one can (in principle) solve the Laplace equation in all degrees from the solution in degree

0.

3.3 Axial gauge on product manifolds

We now come to the first main section of this chapter, where we introduce the axial gauge on

product manifolds and show how it (that is, the corresponding chain contraction) can be ap-

proximated arbitrarily well by Riemann–Hodge chain contraction. This involves taking a limit

where the volume of one of the two manifolds becomes arbitrarily large. The axial gauge, a

well-known tool in the physics literature (often under the name light-cone gauge) featured under

this name in [BCM12], but it was already used for the construction of knot invariants through

quantization of Chern–Simons theory by Fröhlich and King in [FK89], and later implicitly by

Kontsevich in [Kon93] and then Bar-Natan in [Bar95]. The link with contracting triples was

explained in [Mne08].

3.3.1 Definition

The following is a standard construction on contracting triples.

Proposition 3.3.1. Let V1 = (V •1 , d1) and V2 = (V •2 , d2) be two finite dimensional cochain

complexes with contracting triples (ι1, p1,K1) and (ι2, p2,K2) respectively. Then

ι = ι1 ⊗ ι2

p = p1 ⊗ p2

K = K1 ⊗ id2 + ι1 ◦ p1 ⊗K2
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is a contracting triple for V = (V •1 ⊗ V •2 , d1 ⊗ id2 + id1 ⊗ d2)13

This is the chain contraction that arises from the composition of the quasi-isomorphisms

V1 ⊗ V2 → H1 ⊗ V2 → H1 ⊗H2. (3.63)

The goal of this section is to extend and study this construction for the case when the complexes

V • are the de Rham complexes of manifolds. Let M = M1 ×M2 be the direct product of two

manifolds. On manifolds of this type we have a special choice of gauge fixing, called the axial

gauge. In this gauge the propagator no longer is a smooth form on the compactified configuration

space, but rather a form with distributional coefficients on M ×M . The goal of this section

is to show how axial gauge propagators can be approximated by smooth ones. After recalling

some generalities we give the construction on closed manifolds and then extend to the case with

boundary.

3.3.2 Axial gauge construction

Now let M = M1 ×M2. Suppose that we have continuous contracting triples (ι1, p1,K1) and

(ι2, p2,K2) for Ω•(M1) and Ω•(M2) respectively. Mimicking the construction of proposition

3.3.1, we can define two contracting triples for Ω := Ω•(M1) ⊗ Ω•(M2), the axial one with

Kax = id1⊗K2 +K1⊗ι2◦p2 and the horizontal one with Khor = K1⊗id2 +ι1◦p1⊗K2
14. These

are continuous on Ω, since Ω ⊂ Ω•(M1 ×M2) is dense, they extend to continuous contracting

triples of Ω•(M1×M2) and as such have integral kernels ηax, ηhor which are currents on M×M .

Example 3.3.1. As an example let us consider the 2-torus T2 = S1 × S1 which we give

coordinates (t, θ) ∈ (R/Z)2. The axial gauge propagator is

ηaxT2((t1, θ1), (t2, θ2)) = ηS1(θ1, θ2)δ(1)(t1, t2) + ηS1(t1, t2)(dθ2 − dθ1). (3.64)

The horizontal propagator is

ηhorT2 ((t1, θ1), (t2, θ2)) = ηS1(t1, t2)δS1(θ1, θ2) + ηS1(θ1, θ2)(dt2 − dt1). (3.65)

See [BCM12] for a computation using this propagator in the Poisson Sigma Model.

13We are using Koszul sign rules for tensor products of graded complexes: Explicitly, in this case id1⊗ d2(v1⊗

v2) = (−1)|v1|v1 ⊗ d2v2, which implies that this differential squares to zero (the sign arises from exchanging the

degree 1 linear map d2 with v1).
14Terminology should correspond to [CMR17].
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3.3.3 Approximation of axial gauge propagators by Riemann–Hodge propa-

gators

Now suppose that the contracting triples used before are Hodge contracting triples coming from

Riemannian metrics g1, g2 on M1 and M2 respectively. We will denote by d∗1, d
∗
2,∆1,∆2, P1, P2

the corresponding codifferentials, Laplacians and projections to harmonic forms. Then also M

carries a natural Riemannian metric g = g1 + g2. This will give rise to a Hodge contracting

triple on M . For λ > 0 we can also consider the family of Riemannian metrics

gλ = g1 + λ−1g2. (3.66)

In the limit λ → 0 the second component gets ”infinitely large”. Intuitively this should cor-

respond to the fields not propagating along that component. The next proposition makes this

intuition more precise.

Theorem 3.3.2. As λ → 0, Kgλα → Khorα and hence also ηgλ → ηhor in the sense of

distributions.

Before the proof, let us state some remarks on the intuitions behind this result:

Remark 3.3.3. The physical interpretation that - even when the second factor of spacetime is

“infinitely large” - the fields that are spread out infinitely far over the first factor (namely, the

fields of zero energy, a.k.a. the zero modes) still “propagate” along the second factor.

Remark 3.3.4. In the physical context, the axial gauge is often used to set the components of

the fields along the “axis” (the second component) to 0. In scale invariant theories, the theorem

shows that this can be achieved by sending the volume of the second factor to infinity, but only

if there are no zero modes in the first component, which at first is somewhat counter-intuitive,

but explained by the remark above.

Using the expression for the propagator in terms of heat kernels developed in the previous

section one can give an elegant proof15 of Theorem 3.3.2. This uses two simple properties of

the heat kernel (see e.g. [BGV03], or [RS71]):

Proposition 3.3.5. Let (M, g) be a Riemannian manifold (with or without boundary) with heat

kernel p(t, x, y).

i) If (M, g) = (M1 ×M2, g1 + g2), where (M1, g1) and (M2, g2) are Riemannian manifolds

with heat kernels p1, p2, then

p(t, (x1, x2), (y1, y2)) = p1(t, x1, y1) ∧ p2(t, x2, y2). (3.67)
15However, the theorem can be proven without referring to heat kernel techniques, see Appendix D.5.
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ii) For λ > 0, the heat kernel pλ associated to (M,λg) is

pλ(t, x, y) = p(λ−1t, x, y). (3.68)

Proof of theorem 3.3.2. Let p1, p2 be the heat kernels of (M1, g1) and (M2, g2). Consider the

metric gλ = g1 + λ−1g2 on M1 ×M2. By Proposition 3.3.5, the heat kernel pλ of gλ is

pλ(t, (x1, x2), (y1, y2)) = p1(t, x1, y1)p2(λt, x2, y2), (3.69)

hence the propagator is given by

Kλ =

∫ ∞
0

dtd∗xp1(t, x1, y1)p2(λt, x2, y2) =

∫ ∞
0

dt(d∗x1
+ λd∗x2

)p1(t, x1, y1)p2(λt, x2, y2)

=

∫ ∞
0

dtd∗x1
p1(t, x1, y1)p2(λt, x2, y2) + λp1(t, x1, y1)d∗x2

p2(λt, x2, y2)

(3.70)

We are interested in the λ→ 0 limit. Consider the first term of the expression above. Here we

have

lim
λ→0

∫ ∞
0

dtd∗x1
p1(t, x1, y1)p2(λt, x2, y2) =

∫ ∞
0

dtd∗x1
p1(t, x1, y1)δM2(x2, y2) = η1(x1, y1)δM2(x2, y2).

(3.71)

Here, δM2 denotes the integral kernel of the identity map on differential forms. In the second

term we do a change of variables s = tλ:∫ ∞
0

dtλd∗x2
p1(t, x1, y1)p2(λt, x2, y2) =

∫ ∞
0

dsp1(λ−1s, x1, y1)d∗x2
p2(s, x2, y2)

λ→0→ pharm(x1, y1)η2(x2, y2).

where pharm,1 denotes the integral kernel of Pharm,1 and is the limit of p(t, x1, y1) as t→∞.

Notice the obvious symmetry in the proof above: Instead of sending λ → 0, we could have

equally well sent λ→∞, implying the following corollary:

Corollary 3.3.6. Let Kλ be the Riemann–Hodge contraction of gλ = g1+λ−1g2, then if λ→∞

we have that Kλ → Kax.

3.3.4 Example: The torus, yet again

Let us consider again the example of the torus. The convergence becomes clear if we consider

the expansion in terms of eigenforms. From the discussion above it follows that

ηλT2((x, y), 0) =
1

2πi

∑
k,l∈Z2\{(0,0)}

k

k2 + λl2
e2πi(kx+ly)dy − lλ

k2 + λl2
e2πi(kx+ly)dx. (3.72)
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As λ→ 0, the first term converges to

1

2πi

∑
k,l∈Z2\{(0,0)}

k

k2 + λl2
e2πi(kx+ly)dy

λ→0→ 1

2πi

∑
k∈Z−{0},l∈Z

1

k
e2πi(kx+ly)dy

=
∑
k 6=0

e2πikx

2πik

∑
l∈Z

e2πilydy = ηS1(x)δ
(1)
S1 (y)

and the second term converges to 0 unless k = 0, in which case we can cancel one λl and we get

−
∑
l 6=0

1

2πil
e2πi(ly)dx = −dxηS1(y).

This recovers the axial gauge propagator of (3.64) if applied to x1 − x2 and y1 − y2.

Remark 3.3.7. Indirectly, this shows that the propagator ηβi, the propagator associated to the

complex structure on the torus by τ = βi converges to ηhor as β →∞ and ηax as β → 0, in the

sense of distributions. It would be nice to have a proof of this fact starting directly from the

theta function formulation of propagators on the torus.

3.3.5 Extension to manifolds with boundary

The axial gauge propagator can be defined similarly for products of manifolds with boundary.

In this work, we will consider only manifolds of the form M = N1 ×N2 where N1 is closed and

N2 possibly has a boundary, so that M is a manifold with boundary. The axial and horizontal

gauges are given by the same formulae. In particular, theorem 3.3.2 still holds: Since both the

formula for the Hodge contraction and the heat kernel expansion generalize to the case with

boundary, both proofs of theorem 3.3.2 generalize to the case with boundary.

Example 3.3.2. Let us consider the example of the solid torus M = S1 × D with boundary

∂M = S1×S1 that will be of central importance in this paper. Here, the horizontal propagator

for the A-representation (i.e. Dirichlet boundary conditions in the first argument) is

ηhorH = ηDδ
(1)
S1 + µ1ηS1 , (3.73)

where µ1 is the volume form on the disk which in this case is also the integral kernel of the

projection, ηD is a propagator on the disk, δ
(1)
S1 is the integral kernel of minus the identity on

S1 and ηS1 a propagator on the circle.

3.4 Regularization

The key point of theorem 3.3.2 is that it allows us to define a regularization for the axial gauge.

For the axial gauge, the proof of finiteness via compactified configuration space is not possible,
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since the support d-dimensional delta current δ
(d)
M defined by integration over the diagonal in

M ×M is the diagonal. Hence there exists no smooth form on M ×M −∆ representing the

delta current (such a form would have to vanish everywhere, leading to a contradiction). In this

section we will propose a different regularization of the axial gauge, and show that it behaves

well in certain easy examples.

3.4.1 Definition of the regularization

Let M = N1 × N2 be a product manifold with or without boundary with a family of metrics

gλ = g1 + λ−1g2. In the case with boundary, we will assume that it is endowed with a choice

of boundary conditions on each boundary component. Consider now the family of propagators

ηλ, converging to the horizontal gauge for λ → 0 and to the axial gauge for λ → ∞. Recall

that to a Feynman graph Γ we associate a differential form ωΓ as a product of propagators and

residual fields. In particular, denote ωλΓ the product of the propagators ηλ and residual fields

corresponding to Γ. We are now interested in taking the pushforward of this form over a subset

S ⊂ V (Γ) of the vertices of Γ:

ψΓ = πS,∗ωΓ. (3.74)

We now have the following definition.

Definition 3.4.1. Let Γ be a Feynman graph and let S ⊂ V (Γ). The we say that (Γ, S) is

horizontal gauge regularizable if the limit

ψhorΓ,S := lim
λ→0

ψλΓ,S = lim
λ→0

πS,∗ω
λ
Γ (3.75)

exists (in the sense of distributions). In that case, we say that the (regularized) weight of (Γ, S)

in the horizontal gauge is ψhorΓ . Similarly, we say that (Γ, S) is axial gauge regularizable if

ψaxΓ,S := lim
λ→∞

ψλΓ,S = lim
λ→∞

πS,∗ω
λ
Γ (3.76)

exists, and ψaxΓ,S is called the (regularized) weight of (Γ, S) in the axial gauge.

In BV-BFV quantization, the Feynman graphs will have bulk and boundary vertices, and the

subset S will usually be the set of all bulk vertices.

Remark 3.4.1. It might be that the limit as λ→ 0 does not exist. In that case, there should be

a refined definition of the regularization above where one identifies the terms that are divergent

as λ → 0 and subtracts them according to a certain renormalization scheme. This problem

should be addressed with more care in the future.

48



3.4.2 Some special cases

At the moment, there is no general result as to what (Γ, S) are axial (or horizontal) gauge

regularizable but there are some special cases where regularizability can be proven, and we have

explicit results for the regularized weight. The first case is when the graph is a tree.

Proposition 3.4.2. For any tree T the product of the axial or horizontal gauge propagators is

well-defined, i.e. (T, ∅) is both axial and horizontal gauge regularizable.

Proof. The key observation is that the wavefront sets of the distributions one needs to multiply

all intersect transversally, hence, the Hörmander product [Hör03] of the distributions can be

defined (we will not explain details of this here: A nice introduction can be found in [BDH14]).

The best way to see this is inductively on the number of vertices in the tree. Indeed, if the tree

has just one vertex there is nothing to prove. Suppose the result holds true for trees with n

vertices. Now let T ′ be a tree with n+ 1 vertices, and write it as T ∪{v1}. Then the statement

holds for T . Since the singular support of the delta distributions and propagators are the

diagonal, their wavefront sets are contained in {(x, x, k, k) : x ∈M,k ∈ T ∗xM−{0}} ⊂M0×M1.

Since T ′ is a tree, the wavefront set of the distribution ωT is nonzero only along the cotangent

direction of M2. See also the example 19 in [BDH14].

An approach that is often used in the literature on the axial gauge (e.g. [BCM12] or [IM18]) is

degree counting. Notice that if M = N1 ×N2 and N1, N2 have dimensions d1, d2 respectively,

then both the axial gauge and the horizontal gauge propagator have a term of bidegree (d−1, d)

and (d, d − 1). We have the following easy consequence of the heat kernel expansion (3.70) of

ηλ. Consider a product coordinate chart U = U1×U2 ⊂M . In this chart, any current T can be

written as a sum of products of distributions fT,I (currents of degree 0) and coordinate forms

dxI : T =
∑

I fT,Idx
I . We call the differential form T̂ =

∑
I,fT,I 6=0 dx

I the form part of T in

this coordinate system.

Proposition 3.4.3. If the form part of a product of axial (or horizontal) gauge propagators

vanishes in some (and hence all) coordinate system then so does the regularized product of the

axial (or horizontal) gauge propagators.

Proof. The form part of the heat kernel expansion (3.70) is the same as the form part of the

axial gauge propagators, but the coefficients are smooth, hence the product vanishes.

While the proof of this fact is very simple, this has some very direct and useful consequences.
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Example 3.4.1. Take the horizontal gauge on a manifold S1 ×M , η = ηMδS1(1) + PMηS(1) .

Then the product of the propagator with itself contains the square of δ
(1)
S1 . Since this is a 1-form,

its square vanishes in the horizontal gauge regularization. Hence, any product that contains a

square of δ
(1)
S1 vanishes in the regularization since its form part vanishes.

Remark 3.4.4. Essentially, this argument was used already in [BCM12], where it was argued that

one could “smear out” the distributional coefficient to make this statement precise. The reg-

ularization through Riemann–Hodge gauges provides such a smearing, but with the important

benefit that all the “smeared out” forms are propagators as well.

Remark 3.4.5 (“Universal” regularization). Instead of trying to regularize the axial gauge by

approximating it with Riemann–Hodge gauges, for the case where one manifold is a circle factor

there is a simpler but somewhat ad hoc regularization. Denote η = ηMδ
(1)
S1 +PMηS1 = ηI + ηII .

Namely, any regularization compatible with degree counting should regularize ηIηI to 0. After

integrating, ηIηII yields a factor proportional to the ill-defined constant ηS1(0). One can argue

heuristically that since the circle propagator is antisymmetric away from the diagonal, the only

meaningful value one could associate to this constant is 0. These two prescriptions provide a

complete regularization of the axial gauge on manifolds with a circle factor, thus they provide

a somehow “universal” regularization of axial gauge on manifolds with a circle factor. This is

compatible with the examples studied in Section 5.3.4. It would be interesting to understand

the relationship between this rather ad hoc regularization and the one proposed in Remark 3.4.1

above. Concerning this we have the following slightly vague conjecture.

Conjecture 3.4.6. The universal regularization of the axial gauge on manifolds with a circle

factor can be obtained by adding a single counterterm to the action which cancels the divergencies

coming from ηS1(0).
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Chapter 4

Polarized Lie algebras

In this section we explore the notion of polarized Lie algebra which plays a central role in split

Chern-Simons theory. After the basic definitions we will treat in more detail the possible al-

gebraic structure of polarized Lie algebras, especially, certain contractions of tensors which are

naturally associated with this structure and that we call the eccentricity and complementary ec-

centricity. These will turn out to be important in the study of split Chern-Simons theory. Then

we will look at a couple of examples which imply that the eccentricity and the complementary

eccentricity are not invariant under twists, i.e. deformations of the splitting.

4.1 Definitions

The first important notion is that of a quadratic Lie algebra1. Let g be a Lie algebra over k = R

or k = C.

Definition 4.1.1. A k-bilinear 〈·, ·〉 form on g is called invariant if for all x, y, z ∈ g we have

that

〈[x, y], z〉 = 〈x, [y, z]〉. (4.1)

Definition 4.1.2. A Lie algebra g over k together with k-bilinear symmetric invariant non-

degenerate form is called quadratic.

We will usually suppress the bilinear form from the notation and just say that g is a quadratic

Lie algebra.

Notice that also in the complex case, we require the bilinear form to be symmetric, not sesquilin-

ear. However, given the considerable differences between real and complex bilinear forms, and

1Sometimes also called symmetric ([Gom00]), symmetric self dual ([FS96]) or metrised ([Bor97]).
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between real and complex Lie algebras, it comes as no surprise that complex and real quadratic

Lie algebras differ considerably. For this reason we will distinguish between real and complex

polarized Lie algebras. Recall that, in a vector space V with a bilinear form 〈·, ·〉, a vector

v ∈ V is called isotropic if 〈v, v〉 = 0. A subspace W ⊂ V is called isotropic if it consists of

isotropic vectors, or, equivalently, if W ⊂ W⊥. An isotropic subspace of maximal dimension is

said to be Lagrangian. If the bilinear form is non-degenerate, in the complex case the dimen-

sion of any Lagrangian subspace satisfies dimW = bdimV/2c. Over R, the maximal dimension

of an isotropic subspace is an invariant of the bilinear form known as the Witt index (of the

corresponding quadratic form).

Definition 4.1.3. A real (resp. complex) polarized Lie algebra (g, V,W ) is a real (resp. com-

plex) quadratic Lie algebra together with a splitting g = V ⊕W into Lagrangian subspaces.

We list some immediate consequences of this definition. A simple dimension counting shows that

a real (resp. complex) polarized Lie algebra must have even real (resp. complex) dimension.

In the complex case, even dimension together with non-degeneracy of 〈·, ·〉 already implies the

existence of a splitting. In the real case, such splittings exist if and only if the bilinear form has

signature (dimR g/2,dimR g/2), such bilinear forms are sometimes called split ([HM13, Chapter

I]). In both cases, the bilinear form induces an isomorphism W ∼= V ∗.

Remark 4.1.1. Let us explain briefly why we call such Lie algebras polarized. The symmetric

bilinear form endows the shifted Lie algebra g[1] with an 2-shifted symplectic form given by

ω(A,B) = 〈A,B〉. A splitting into Lagrangian subspaces is a particular choice of polarization

of this 2-symplectic vector space. Thus, we can use polarized Lie algebra as the target of an

AKSZ construction (see Section 2.1.7) to obtain a polarized AKSZ theory (see also [CMW18b]).

Also, notice that if the bilinear form is not split, then this is an example of a symplectic vector

space not admitting polarizations (and, in fact, not even Darboux coordinates).

4.2 Algebraic structures related to polarized Lie algebras

In the definition of polarized Lie algebras, we did not make any assumption on the Lie algebraic

nature of the Lagrangian subspaces V and W . In particular, one of them or even both of them

could be Lie subalgebras. These are cases which have been studied in the literature, and as

such have their own names.
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Definition 4.2.1. Let (g, V,W ) be a polarized Lie algebra.

i) If V is a subalgebra of g, then (g, V ) is called a Manin pair, and (g, V,W ) is called a

quasi-Manin triple.

ii) If both V and W are subalgebras of g, then (g, V,W ) is called a Manin triple.

Equivalently, one can look at the restriction of the Lie bracket of g to the subspaces V and

W , and compose the restrictions with the projection to V and W . This yields a total of four

structure maps associated to the polarized Lie algebra. To analyze them, let us introduce a

structure sometimes called the “big bracket” [Kos92; Kos95].

4.2.1 The big bracket

Let V be a vector space and consider the graded algebra EV =
∧•(V ⊕V ∗) where we define the

bidegree of an element of E(p,q) = ∧p+1V ⊗∧q+1V ∗ to be (p, q). Also let E(k) =
⊕

p+q=k E
(p,q),

elements σ ∈ E(k) are said to have degree k and we write |σ| = k. With this bidegree this

algebra is graded isomorphic to C∞(T ∗ΠV ), where Π denotes the parity shift. As such, we can

equip the algebra EV with the natural (even) graded Poisson bracket of T ∗ΠV , which for this

section we will denote {·, ·}. This bracket can be described in terms of elements of V and V ∗

as follows.

If e1, . . . , en is a basis of V and ε1, . . . , εn the dual basis of V ∗, we can expand any element of

σ ∈ E(p,q) as2

σ =
1

(p+ 1)!(q + 1)!
σ
i1···ip+1

j1...jq+1
ei1 ∧ · · · ∧ eip+1 ⊗ εj1 ∧ · · · ∧ εjq+1

where the upper and lower indices are totally antisymmetric. Fixing a basis of V , we can

represent tensors by their components σi1...j1...
. With this representation we can give an explicit

formula for the Poisson bracket, see Appendix E.

Example 4.2.1. Let us look in detail at an example. Consider an element µ ∈ ∧2V ∗ ⊗ V .

Picking a basis ei of V and the dual basis εi, expand µ = µkijε
iεjek. The µ has bidegree (1, 0),

so the equation {µ, µ} = 0 is nontrivial. In fact we claim that it is equivalent to the Jacobi

2We always use Einstein notation, meaning that repeated indices are summed over.
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identity if we think of µ as a Lie bracket on V . Indeed, notice that

{µ, µ} = µkijµ
n
lm{εiεjek, εlεmen}

= µkijµ
n
lm

(
εiεj(δlkε

m − δmk εl)en − (δinε
j − δjnεi)εlεmek

)
= −4µmijµ

n
kmε

iεjεken.

Here we have used the graded Leibniz rule in the second equation and relabeled indices in the

last line. Now notice that

µmijµ
n
kmε

iεjεk = µm[ijµ
n
k]mε

iεjεk, (4.2)

where the square brackets denote antisymmetrization of the indices: In particular,

µm[ijµ
n
k]m =

1

3!

(
µmijµ

n
km − µmjiµnkm + µmkiµ

n
jm − µmikµnjm + µmjkµ

n
im − µmkjµnim

)
=

1

3

(
µmijµ

n
km + µmkiµ

n
jm + µmjkµ

n
im

)
whose vanishing is indeed the Jacobi identity.

4.2.2 Big bracket and polarized Lie algebras

Let (g, V,W ) be a polarized Lie algebra. The Lie bracket [·, ·] on g induces four tensors in EV

by restriction to V,W and composition with the projections pV , pW . Namely we have the maps

µ : V × V → V

(v1, v2) 7→ pV [v1, v2]

ψ : V × V →W

(v1, v2) 7→ pW [v1, v2]

λ : W ×W →W

(w1, w2) 7→ pW [w1, w2]

ϕ : W ×W → V

(w1, w2) 7→ pV [w1, w2]

(4.3)

Identifying W ∼= V ∗, this yields four ensors µ ∈ V ⊗ ∧2V ∗, ψ ∈ ∧3V ∗, λ ∈ ∧2V ⊗ V ∗, ϕ ∈ ∧3V ,

which have bidegrees (0, 1), (−1, 2), (1, 0) and (2,−1) respectively (antisymmetry follows from

the fact that the bilinear form is invariant). In particular, the element M = µ+ ψ + λ+ ϕ has

total degree 1.

Definition 4.2.2. M is called a structure on V if M satisfies {M,M} = 0, i.e. M is a Maurer-

Cartan element in the graded Lie algebra EV .
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In [WL88; LR90] it is proven that {M,M} = 0 if and only if [·, ·] is a Lie bracket on g. Splitting

the condition {M,M} = 0 up into its various bidegrees gives a total of five structural equations:

1

2
{µ, µ}+ {λ, ψ} = 0 (4.4a)

{µ, λ}+ {ϕ,ψ} = 0 (4.4b)

1

2
{λ, λ}+ {µ, ϕ} = 0 (4.4c)

{µ, ψ} = 0 (4.4d)

{λ, ϕ} = 0 (4.4e)

The tuple (V, µ, λ, ψ, ϕ) is called a proto-Lie-bialgebra ([Kos92]). From the discussion above

it follows that proto-Lie-bialgebras are in 1-to-1 correspondence with polarized Lie algebras

(g, V, V ∗) (g is called the double of the proto-Lie-bialgebra). Again there are subcases: If

ψ = 0, then equation (4.4a) implies by the results of Example 4.2.1 that V is a Lie algebra. In

this case one speaks of a Lie quasi-bialgebra (or Jacobian quasi-bialgebra), and (g, V ) is a Manin

pair. In ϕ = 0, then V ∗ is a Lie algebra, and V is called a quasi-Lie bialgebra (or co-Jacobian

quasi bialgebra), and (g, V ∗) is a Manin pair. If ϕ = ψ = 0, then equations (4.4a - 4.4c) imply

that V is a Lie bialgebra, and (g, V, V ∗) is a Manin triple.

4.2.3 Twists

In this paragraph, we introduce a notion of twist following [Kos11; ABM13] that generalizes

the twists of Lie bialgebras introduced by Drinfeld ([Dri90]). We follow closely the exposition

of [Kos11].

Let σ ∈ EV be a homogeneous element of bidegree (1,−1) or (−1, 1) (i.e. σ ∈ ∧2V or σ ∈ ∧2V ∗).

Consider the right adjoint action of σ, adσ = {·, σ}. This is a degree 0 derivation of the algebra

EV , and its exponential e−adσ (which is a finite sum for degree reasons) is a homomorphism of the

bracket, i.e. e−adσ{τ, τ ′} = {e−adστ, e−adστ ′}. It follows that for an M ∈ E1
V with {M,M} = 0,

also M ′ := e−adσM satisfies {M ′,M ′} = 0. In the language of deformation theory, e−σ is a

gauge transformation in EV which takes Maurer-Cartan elements to Maurer-Cartan elements,

see e.g. [DMZ07, Section 5].

Definition 4.2.3. The structure e−adσM on V is said to be obtained from the structure M by

twisting via σ.
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In terms of the double g, twists can be interpreted as a deformation of the splitting g = V ⊕W

of g. Let M be the corresponding structure on V . Now, let ei be a basis of V with dual basis εi.

Then, the twist of M by an element s = sijeiej of bidegree (1,−1) corresponds to the structure

induced by the splitting (e′i, (ε
i)′) via

e′i = ei,

(εi)′ = εi + sijej .

Compare e.g. the discussion of twists in [AK00]. Similarly, a twist of M by an element t = tijε
iεj

of bidegree (−1, 1) corresponds to transforming the splitting as

e′i = ei + tijε
j

(εi)′ = εi.

The composition of two twists of same bidegree is given simply by their sum. In general,

the composition of twists is defined by the Baker-Campbell-Hausdorff formula (again, see e.g.

[DMZ07]).

We can expand the twisted structure M ′ = e−ads in terms of bidegrees. First, let s = sijeiej be

an element of bidegree (1,−1). Then the components of M ′ are ([Roy02; Kos11])

ϕ′ = ϕ− {λ, s}+ {{µ, s}, s} − {{{ψ, s}, s}, s}

λ′ = λ− {µ, s}+ {{ψ, s}, s}

µ′ = µ− {ψ, s}

ψ′ = ψ

(4.5)

and similar formulae hold in the case of twisting by an element of bidegree (−1, 1).

4.3 Invariants of polarized Lie algebras

In this section we will introduce certain numbers naturally associated with polarized Lie alge-

bras, namely, the eigenvalue of the quadratic Casimir, which is an invariant of quadratic Lie

algebras, and two contractions that we call the eccentricity and complementary eccentricity of

a polarized Lie algebra. We will discuss to what extent they form invariants of polarized Lie

algebras, and invariants under twists.
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4.3.1 Some identities on the structure constants

Let (g, V,W ) be a polarized Lie algebra. Then the bilinear form identifies W ∼= V ∗. Let

e1, . . . , en ∈ V be a basis of V and let ε1, . . . , εn ∈ W be the dual basis of W . Then

(e1, . . . ,n , ε
1, . . . , εn) is a basis of g that we denote collectively by (ξ1, . . . , ξ2n), i.e. ξi = ei

for 1 ≤ i ≤ n and ξi = εi−n, for n+ 1 ≤ i ≤ 2n. Let µ, λ, ψ, ϕ be the maps induced by the Lie

bracket on g introduced in (4.3) above. We adopt the convention that letters from the beginning

of the alphabet a, b, c, . . . ... run from 1 to 2n and letters i, j, k, . . . run from 1 to n. We have

the following sets of structure constants:

[ξa, ξb] = f cabξc

µ(ei, ej) = µkijek

ψ(ei, ej) = ψijkε
k

ϕ(εi, εj) = ϕijkek

λ(εi, εj) = λijk ε
k

(4.6)

Notice that the constants agree when the arguments agree, e.g. for i, j ≤ n we have

[ξi, ξj ] = [ei, ej ] = µ(ei, ej) + ψ(ei, ej) = µkijek + ψijkε
k.

The mixed brackets can be expressed using µ and λ.

Proposition 4.3.1. We have

[ei, ε
j ] = λjki ek − µ

j
ikε

k.

Proof. We can write

〈[ei, εj ], ek〉 = 〈[ek, ei], εj〉 = −µjik

and

〈[ei, εj ], εk〉 = 〈[εj , εk], ei〉 = λjki

from where we conclude

[ei, ε
j ] = λjki ek − µ

j
ikε

k.

Using the metric Bab = 〈ξa, ξb〉 we can form the totally antisymmetric structure constants

fabc = fdabBcd.
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Definition 4.3.1. The quadratic Casimir invariant of (g, B) is

c2(g, B) = fabcf
abc. (4.7)

It is well known that the quadratic Casimir invariant does not depend on the basis and is invari-

ant under isometries of quadratic Lie algebras, hence it is an invariant of quadratic Lie algebras.

However, the quadratic Casimir does not have any particular information about polarized Lie

algebras. This leads to the definition of eccentricity and complementary eccentricity that we

give now.

Definition 4.3.2. Let (g, V,W ) be a polarized Lie algebra with structure maps (µ, λ, ψ, ϕ).

1. We define the eccentricity E(g, V,W ) of (g, V,W ) to be

E(g, V,W ) ≡ E(g) := µikiλ
kj
j . (4.8)

2. (g, V,W ) is called regular if E(g, V,W ) = 0 and eccentric otherwise.

3. The complementary eccentricity Ẽ(g, V,W ) is defined to be

Ẽ(g, V,W ) ≡ Ẽ(g) := 〈ϕ,ψ〉 = ϕijkψijk (4.9)

where 〈·, ·〉 is the extension of the pairing V × V ∗ → k to EV .

Clearly, these numbers do not depend on the basis of V . They are therefore an invariant of the

polarized Lie algebra (g, V,W ). There are a few immediate consequences of this definition.

Proposition 4.3.2. i) Let (g, V,W ) be a quasi-Manin triple (i.e. either V or W is a subal-

gebra). Then the complementary eccentricity of (g, V,W ) vanishes.

ii) Suppose either µ or λ is unimodular (i.e. satisfies µiik = 0 resp λiik = 0 for all k). Then

the eccentricity of (g, V,W ) vanishes, i.e. (g, V,W ) is a regular polarized Lie algebra.

Proof. i) If V (resp. W ) is a subalgebra, then ψ (resp. ϕ) vanishes, and in particular Ẽ(g) = 0.

ii) Immediate from the definition, since E = µikiλ
kj
j = µiikλ

jk
j which clearly vanishes if V or

W is unimodular.

The following proposition gives an interesting formula for the quadratic Casimir in polarized

Lie algebras.
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Proposition 4.3.3. Let (g, V,W ) be a polarized Lie algebra, then we have

c2(g) = 2ϕijkψijk + 6µkijλ
ij
k = 2〈ϕ,ψ〉+ 6〈µ, λ〉

where 〈·, ·〉 is the extension of the pairing V × V ∗ → k to EV .

Proof. We can compute

fabcf
abc =

n∑
i,j,k=1

fijkf
ijk + 3

n∑
i,j=1

2n∑
k=n+1

fijkf
ijk + 3

n∑
i=1

2n∑
j,k=n+1

fijkf
ijk +

2n∑
i,j,k=n+1

fijkf
ijk

= 2
n∑

i,j,k=1

fijkf
ijk + 6

n∑
i,j=1

2n∑
k=n+1

fijkf
ijk

= 2ϕijkψ
ijk + 6µkijλ

ij
k

In the first equality we have used total antisymmetry and in the second equality the fact that

lifting an index is just shifting it by n (modulo 2n).

The following theorem allows us to go even further and express the quadratic Casimir of g in

terms of the eccentricity and complementary eccentricity.

Theorem 4.3.4. Let (g, V,W ) be a polarized Lie algebra with invariant bilinear form B. Then

c2(g, B) = 12E(g, V,W ) + 8Ẽ(g, V,W ). (4.10)

The proof of the theorem follows from two Lemmas:

Lemma 4.3.5. If g is a quadratic Lie algebra, then

〈[x, y], [z, w]〉 = 〈[x, z], [y, w]〉 − 〈[x,w], [y, z]〉

Proof. The proof is a straightforward application of invariance and the Jacobi identity:

〈[x, y], [z, w]〉 = 〈x, [y, [z, w]]〉 = 〈x, [[y, z], w] + [z, [y, w]]〉

= 〈[x, z], [y, w]〉 − 〈[x,w], [y, z]〉.

We can express ϕijkψ
ijk in terms of other structure constants:

Lemma 4.3.6. We have

〈µ, λ〉 = 2E(g, V,W ) + Ẽ(g, V,W ).
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Proof. We compute 〈[ei, ej ], [εi, εj ]〉 in two different ways, once directly and once using Lemma

4.3.5. First, we have

〈[ei, ej ], [εi, εj ]〉 = ψijkϕ
ijk + µkijλ

ij
k .

On the other hand, using Lemma 4.3.5 and proposition 4.3.1, we get

〈[ei, ej ], [εi, εj ]〉 = 〈[ei, εi], [ej , εj ]〉 − 〈[ei, εj ], [ej , εi]〉

= 〈λiki ek − µiikεk, λ
jk
j ek − µ

j
jkε

k〉 − 〈λjki ek − µ
j
ikε

k, λikj ek − µijkεk〉

= 2µkijλ
ij
k − 2µiikλ

jk
j .

The proof of the theorem is now simple.

Proof. We simply combine Lemma 4.3.6 with Proposition 4.3.3 to get

fabcf
abc = 2ψijkϕ

ijk + 6µkijλ
ij
k

= 8ψijkϕ
ijk + 12µiikλ

jk
k

While the proof of this theorem is simple, it has several immediate corollaries which are quite

interesting.

Corollary 4.3.7. Let (g, B) be a quadratic Lie algebra.

1. The eccentricities of all quasi-Manin triples (g, V,W ) are identical and satisfy

E(g, V,W ) =
1

12
c2(g, B). (4.11)

2. The complementary eccentricities of all regular splittings (g, V,W ) agree, and are given by

Ẽ(g, V,W ) =
1

8
c2(g,B). (4.12)

3. Suppose (g, B) admits a regular Manin triple (g, V,W ). Then

c2(g) = E(g, V,W ) = Ẽ(g, V,W ) = 〈µ, λ〉 = 0. (4.13)

The last case justifies the name eccentric, since regular Manin triples are quite common (see

also the discussion below).

60



One might ask whether E, Ẽ are not in fact invariants of the quadratic Lie algebra itself. The

example in Section 4.4.2 below shows that this is not the case. Notice that for a quasi-Manin

triple, we have 2E = 〈µ, λ〉. Hence a good candidate for eccentric Manin triples are ones that

correspond to self-dual Lie bialgebras b (in the sense that the Lie algebra structures on b, b∗

are isomorphic). We consider such examples in 4.4.2, and 4.4.3.

Let us relate this to some other discussions in the literature. In [Kos11], a Poisson (resp. pre-

symplectic) map with respect to a structure M is defined to be an element σ ∈ E(1,−1)
V (resp.

τ ∈ E(−1,1)
V such that after twisting one has ϕ′ = 0 (resp. ψ′ = 0). In this context we have the

following result.

Proposition 4.3.8. For regular structures (in the sense of Definition 4.3.2), the complemen-

tary eccentricity provides an obstruction to the existence of Poisson (or pre-symplectic) maps.

On another hand, in [AK00], quasi-Manin triples (g, V,W ) and their twists are considered. Here

one requires that V is a subalgebra and considers only twists of W . In this context we have the

following result.

Proposition 4.3.9. Let g be a quadratic Lie algebra which allows polarizations.

i) The eccentricity is an invariant of the Manin pair (g, V ) which does not depend on the

choice of isotropic complement W . In particular, it is invariant under twists (of W ).

ii) The quadratic Casimir of a quadratic Lie algebra g is an obstruction for the existence of a

unimodular Lagrangian subalgebra.

Proof. 1. The complementary eccentricity of every quasi-Manin triple (g, V,W ), where V is

a Lie subalgebra, vanishes. Hence the eccentricity of this Manin pair is equal to a multiple

of the quadratic Casimir of g, and hence does not depend on W .

2. If there exists a unimodular Lagrangian subalgebra, then there exists a splitting for with

both the eccentricity and the complementary eccentricity vanish. Hence the quadratic

Casimir of the Lie algebra vanishes.

4.4 Examples

In this section we will consider various examples of polarized Lie algebras and their associated

invariants. The lowest dimension a polarized Lie algebra can have is 2, however in this case all

structure maps vanish, which follows from equations (4.4a - 4.4e) or simple computations.
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4.4.1 A 4-dimensional example

As an example, we can consider the Manin triple g associated to the Lie bialgebra [x, y] = x with

dual Lie bracket [x∗, y∗] = x∗. In this case we have µ1
12 = 1 = λ12

1 , so µkijλ
ij
k = 2 (since µ1

21 =

λ21
1 = −1). Also, µiik = δk2 (in particular this Lie algebra is not unimodular). We see that the

eccentricity E(g) = 1. The totally antisymmetric structure constants of g are f123 = 1 = f134,

implying that fabcf
abc = 12 = 6gkijh

ij
k = 12E(g). Notice that for any 4-dimensional split Lie

algebra, the structure maps ϕ,ψ vanish (since they are totally antisymmetric). However, these

maps can be nontrivial for a 6-dimensional Lie algebra, as we will see in the next example. This

example also shows that the eccentricity and the complementary eccentricity are not invariants

of quadratic Lie algebras, but depend on the splitting.

4.4.2 Example of a bad Lie algebra splitting

This is an example of a “bad” splitting of a Lie algebra where, starting from a splitting into

Lie subalgebras, a sequence of twists produces a splitting in which the complementary eccen-

tricity does not vanish. This shows that the complementary eccentricity is not an invariant of

quadratic Lie algebras.

The Lie bialgebra

Consider the 3-dimensional Lie algebra3 g(ρ) given by

[e0, e1] = e1, [e0, e2] = ρe2 and [e1, e2] = 0.

Consider δ : g→ ∧2g given by

δ(e0) = 0, δe1 = e0 ∧ e1, δe2 = −ρe0 ∧ e2.

The first observation is that (g(ρ), [, ], δ) is a Lie bialgebra. Indeed, the cocycle condition

δ([X,Y ]) = adXδ(Y )− adY δ(X)

is satisfied:

δ([e0, e1]) = δ(e1) = e0 ∧ e1,

3This is one of the two self-dual 3-dimensional Lie bialgebras discovered in [Gom00], from where we adapt the

notation.
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while

ade0δ(e1)− ade1δ(e0) = ade0(e0 ∧ e1) = e0 ∧ e1,

similarly for [e0, e2], while

ade1δ(e2)− ade2δ(e1) = −ρade1e0 ∧ e2 − ade2e0 ∧ e1

= −ρ[e1, e0] ∧ e2 − [e2, e0] ∧ e1

= ρ(e1 ∧ e2 + e2 ∧ e1) = 0 = δ([e1, e2]).

In fact, the Lie bracket on the dual g∗ induced by δ is the one identical to g(−ρ). Let us define

structure constants µ and λ by

[ea, eb] = µcabec

[εa, εb] = λabc ε
c

(here εa is the basis dual to ea). Then we have

µ1
01 = 1, µ2

02 = ρ, λ01
1 = 1, λ02

2 = −ρ

and all other structure constants not related by symmetry vanish. The contraction of interest

µcabλ
ab
c = 2(1−ρ2) vanishes precisely if ρ = ±1. Alternatively, we could compute µiki = δk0(1+ρ),

λkii = δk0(1− ρ) which implies that the eccentricity of this splitting is (1− ρ2).

The Drinfeld double

Consider the double d = d(ρ) = g(ρ) ⊕ g(−ρ) of g. We denote the bilinear form on d induced

by the canonical pairing by B. The new brackets are given by [ea, ε
b] = −µbacεc + λbca ec so that

[e0, ε
0] = 0, [e0, ε

1] = −ε1, [e0, ε
2] = −ρε2,

[e1, ε
0] = e1, [e1, ε

1] = ε0 − e0, [e2, ε
1] = 0,

[e2, ε
0] = −ρe2, [e2, ε

1] = 0, [e2, ε
2] = ρ(ε0 + e0).

(4.14)

We claim that (d, B) is isometric to sl2(R) ⊕ sl2(R), where each of the two factors carries a

certain multiple of the Killing form. Let us make this isometry explicit. Define a basis of sl2(R)

by

h =

1 0

0 −1

 , x =

0 1

0 0

 , y =

0 0

1 0

 . (4.15)

The commutators are [h, x] = 2x, [h, y] = −2y, [x, y] = h. The Killing form is given by

K(A,B) = 4tr(AB), hence, for this basis we have K(h, h) = 8,K(x, y) = 4, and K(y, h) =
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K(x, h) = K(x, x) = K(y, y) = 0. Define a new basis u = h/2, v = (x+ y)/2, w = (x− y)/2. In

this new basis, we have [u, v] = w, [u,w] = v, [v, w] = −u, u, v, w are orthogonal with respect to

the Killing form and K(u, u) = K(v, v) = 2 = −K(w,w).

Now, consider the elements e+
a , e−a of d given by e±a = ea ± εa. Then this is a B-orthogonal

family and B(e±a , e
±
a ) = ±2. Now, the commutation relations (4.14) imply that

[e−0 , e
+
1 ] = 2e−1 , [e

−
0 , e

−
1 ] = 2e+

1 , [e
−
1 , e

+
1 ] = −2e−0 . (4.16)

So g1 = 〈e−0 , e
−
1 , e

+
1 〉 ⊂ d is a Lie subalgebra and e−0 7→ 2u, e−1 7→ 2v, e+

1 7→ 2w defines an

isometry (g1, B) → (sl2(R),−1
4K). Similarly, g2 = 〈e+

0 , e
+
2 , e

−
2 〉 is a subalgebra of (g) which

is isometric to (sl2(R), 1
4ρ2K). It is a straightforward check that [g1, g2] = 0. Hence, (d, B) ∼=

(sl2(R), 1
4ρ2K)⊕ (sl2(R),−1

4K). We can also compute the structure constants fijk = f lijBlk and

f ijk = BilBjmfklm in the basis (u1, v1, w1, u2, v2, w2). Namely, fijk is nonzero only if (i, j, k) is

a permutation of (1, 2, 3) or (4, 5, 6), and we have f123 = − 1
2ρ2 , f456 = 1

2 , f
123 = 4ρ4, f456 = +4.

In particular, fijkf
ijk = 12(1− ρ2) = 12E(g).

Twisting to a bad splitting

We will now consider a sequence of twists: (d, g(ρ), g(−ρ))  (d, V, g(−ρ))  (d, V,W ) such

that the last splitting is “bad”, i.e. has non-vanishing contraction ψijkϕ
ijk, where ψ : V × V →

W,ϕ : W ×W → V are the restrictions of the bracket to V resp. W composed with projection

to W resp. V as defined in (4.3), i.e. the measure the failure of V,W to be subalgebras.

The first twist is ea 7→ e′a = ea + tabε
b, where t12 = λ = −t21 and all other entries 0, where

λ > 0. The new structure maps can be computed using formula (4.5), but it is simpler to do it

directly. Since [e′1, e
′
2] = λ([ε2, e2]− [e1, ε

1]) = λ((1− ρ)e0 − (1 + ρ)ε0) we have

ψ′012 = 〈e′0, [e′1, e′2]〉 = −λ(1 + ρ)

and

(µ′)0
12 = 〈ε0, [e′1, e

′
2]〉 = λ(1− ρ).

These are the only structure constants which change. In the second twist, we map εa 7→ (εa)′ =

εa + sabe′a where s12 = 1 = −s21 and all other entries 0. This results in the new bases (e′a) of
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V with dual bases (εa)′ of W given by

e′0 = e0, (ε0)′ = ε0,

e′1 = e1 + λε2, (ε1)′ = (1− λ)ε1 + e2,

e′2 = e2 − λε1, (ε2)′ = (1− λ)ε2 − e1

Then, we have

[(ε1)′, (ε2)′] = [(1− λ)ε1 + e2, (1− λ)ε2 − e1] = (1− λ)([e1, ε
1] + [e2, ε

2])

= (1− λ)((1− ρ)e0 + (1 + ρ)ε0),

[(ε0)′, (ε1)′] = (1− λ)ε1 + ρe2

[(ε0)′, (ε2)′] = −ρ(1− λ)ε2 + e1

The following structure constants change:

(ϕ′′)012 = 〈(ε0)′, [(ε1)′, (ε2)′]〉 = (1− λ)(1− ρ)

(λ′′)12
0 = 〈e0, [(ε

1)′, (ε2)′]〉 = (1− λ)(1 + ρ)

(λ′′)01
1 = 〈e′1, [(ε0)′, (ε1)′]〉 = (1− λ) + λρ

(λ′′)02
2 = 〈e′2, [(ε0)′, (ε2)′]〉 = −ρ(1− λ)− λ

(µ′′)1
01 = 〈(ε1)′, [e0, e

′
1]〉 = (1− λ)− λρ

(µ′′)2
02 = 〈(ε2)′, [e0, e

′
2]〉 = ρ(1− λ)− λ.

From this we compute (µ′′)iki = δk0(1 − 2λ − 2ρλ + ρ) = δk0(1 + ρ)(1 − 2λ), (λ′′)kii = δk0(1 −

2λ + 2λρ − ρ) = δk0(1 − 2λ)(1 − ρ). Hence the eccentricity E(g, V,W ) of this splitting is

(1− 2λ)2(1− ρ2). The complementary eccentricity of this splitting is

Ẽ(g, V,W ) = 6ψ012ϕ
012 = 6λ(1− λ)(1− ρ2). (4.17)

Notice that both eccentricities are non-zero only if λ 6= 1, ρ 6= 1. In passing, note that we have

8Ẽ(g, V,W ) + 12E(g, V,W ) = 48λ(1− λ)(1− ρ2) + 12(1− 4λ+ 4λ2)(1− ρ2) = 12(1− ρ2) = c2(g, B)

in agreement with Theorem 4.3.4.

4.4.3 Different invariant forms on sl2(C).

In this subsection we provide an example of how the invariants defined above depend on the

invariant bilinear form. Namely, we will construct splittings of sl2(C) (considered as a real Lie
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algebra) with respect to different invariant bilinear forms, such that the eccentricity (and all

other invariants) associated with the first bilinear form vanish, while they do not for the second

one, which comes from presenting sl2(C) as a sum of Bianchi V IIa factors (see e.g. [Gla+14]).

Imaginary part of the Killing form

Consider sl2(C) with invariant bilinear form B0(X,Y ) = Im 2 tr(XY ). This is a multiple of

the imaginary part of the Killing form on sl2(C). The matrices h, x, y introduced above span

sl2(C) over C. From the fact that 2 tr(h2) = 4, 2 tr(xy) = 2 and all other traces vanish, we see

that the splitting (g, V,W ) given by V = 〈h, x, y〉R,W = 〈ih, iy, ix〉 is a splitting of sl2(C) as

regular quasi-Manin triple, since V ∼= sl2(R) as Lie algebras and sl2(R) is unimodular. Hence,

by Corollary 4.3.7 all eccentricities vanish. Another possibility is to split sl2(C) = su2⊕b, where

b is a Borel subalgebra, this is a splitting as a regular Manin triple (since su2 is unimodular).

Splitting into Bianchi V IIa Lie subalgebras

It is a non-trivial fact that sl2(C), endowed with a particular invariant bilinear form, admits a

splitting into isomorphic subalgebras (i.e. can be seen as the double of a self-dual Lie bialgebra).

The algebra that these subalgebras are isomorphic to is called type V IIa in the Bianchi clas-

sification of 3-dimensional Lie algebras. This was proven in [Gom00]. Let a ∈ R and consider

the 3-dimensional Lie algebra s(a) with basis e0, e1, e2 and commutation relations

[e0, e1] = ae1 − e2

[e0, e2] = e1 + ae2

[e1, e2] = 0.

(4.18)

Define a Lie coalgebra structure λ on s(a) by

λe0 = 0,

λe1 = e0 ∧ (e1 + ae2)

λe2 = e0 ∧ (−ae1 + e2).

It is straightforward to check the cocycle condition, e.g.

λ([e0, e1]) = aλe1 − λe2 = e0 ∧ (2ae1 + (a2 − 1)e2)

ade0λe1 − ade1λe0 = e0 ∧ ([e0, e1] + a[e0, e2]) = e0(∧2ae1 + (a2 − 1)e2),
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and so on (the fact that this is a Lie bialgebra is proven in more general terms in [Gom00]). Let

us compute the eccentricity of the corresponding Manin triple: We have µiki = 2aδk0 and λkjj =

2δk0. It follows that the eccentricity of the Drinfeld double d(a) of s(a) is E(d, s(a), s(a)∗) = 4a.

It follows that the quadratic Casimir of the double is c2(d(a)) = 48a. We now have the following

claim.

Claim 4.4.1. d(a) is isomorphic to sl2(C) as a Lie algebra for all a. For a = 0, this is an

isometry with B0 above.

It follows that there is a family of non-isometric invariant bilinear forms Ba on sl2(C) which

allows eccentric splittings.

Proof. This claim is proven indirectly in [Gom00], but here we construct an explicit isomor-

phism. For this, we explicitly spell out the brackets. The brackets on s(a)∗ spanned by ε0, ε1, ε2

are

[ε0, ε1] = ε1 − aε2, , [ε0, ε2] = aε1 + ε2, [ε1, ε2] = 0. (4.19)

The mixed brackets can be deduced from Proposition 4.3.1 and are

[ε0, e0] = 0, [ε0, e1] = −e1 − ae2, [ε0, e2] = ae1 − e2

[ε1, e0] = aε1 + ε2, [ε1, e1] = −aε0 + e0, [ε1, e2] = −ε0 − ae0

[ε2, e0] = −ε1 + aε2, [ε2, e1] = ε0 + ae0, [ε2, e2] = −aε0 + e0.

Remember that h, x, y, ih, ix, iy is a real basis for sl2(C). Consider first the case a = 0. In that

case, define a map d(0)→ sl2(C) by

e0 7→
i

2
h, e1 7→

1√
2
y, e2 7→

i√
2
y

ε0 7→ 1

2
h, ε1 7→ 1√

2
x, ε2 7→ i√

2
x.

Using the commutation relations of [h, x] = 2x, [h, y] = 2y it is a straightforward check that this

is a Lie algebra homomorphism on s(0) and s(0)∗. Also, since this map is an isometry between

the canonical invariant bilinear form on d and B0 and, it defines a Lie (bi)algebra isomorphism

d(0)→ (sl2(C), B0).

Next, consider the case a 6= 0. The first guess is to deform the images of e0 and ε0, such that

one obtains the commutation relations (4.18) in s(a) (resp. (4.19) s(a)∗). One quickly finds

that sending e0 7→ i/2h − a/2h, ε0 7→ h/2 + ai/2h does the job. However, this destroys the

commutation relations [εi, ej ] for i = 1, 2. Hence we also have to deform the image of these
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vectors. The trick is that multiplying ei, ε
j by the same complex factor does not destroy the

commutation relations on the subalgebras, since the bracket is a actually complex linear. The

commutators of [εi, ej ] of interest are either [ε2, e1] = −[ε1, e2] = ae0 + ε0 = aih+ (1−a2)/2h =

(1 + ai)2/2h or [ε1, e1] = [ε2, e2] = e0 − aε0 = i(1 + ai)2/2h. Hence, simply scaling e1, e2, ε
1, ε2

by (1 + ai) does the job.

From the proof we can extract the following statement.

Proposition 4.4.2. The map d(a)→ sl2(C) defined by

e0 7→
i− a

2
h, e1 7→

1 + ia√
2
y, e2 7→

i(1 + ia)√
2

y

ε0 7→ 1 + ia

2
h, ε1 7→ i(1 + ia)√

2
x, ε2 1 + ia

2
x

is a Lie algebra isomorphism for all a. For a = 0, it is an isometry with 1/2 the imaginary part

of the Killing form of sl2(C).

Interestingly, the results of [Gom00] imply that the bilinear form on sl2(C) induced by the

isomorphism with d(1) is (proportional to) the Killing form of so(1, 3), the Lie algebra of

the Poincaré group. Therefore Ba interpolates continuously between the Killing form and

the Poincaré group and the imaginary part of the Killing form of sl2(C): (sl2(C), B1) ∼=

(so(1, 3), λκso(1,3)) and (sl2(C), B0) ∼= (sl2(C), 1/2 Imκsl2(C)), where κg denotes the Killing form

of g. Also, this shows that these two quadratic Lie algebras are not isometric since their Casimir

invariants are different: c2(sl2(C), Imκsl2(C)) = 0 while c2(so(1, 3), λκso(1,3) = 48.

4.4.4 Splittings associated to compact simple groups

The example of sl2(C) above can be generalized to complexifications of compact simple groups.

The usual choice of gauge group in Chern-Simons theory is a compact simple group, the first

of which is su(2). However, it is well-known that on simple groups the space of invariant bi-

linear forms is spanned by the Killing form, and that the Killing form of a compact group is

negative definite. This implies that compact simple Lie algebras can never be polarized, since

a polarization of a real Lie algebra requires the invariant bilinear form to have split signature,

i.e. signature (dim g/2,dim g/2). However, one can ask the question whether one can associate

a polarized Lie algebra with a compact simple Lie algebra such that certain invariants are the

same (e.g. the quadratic Casimir) or at least related.

There are some standard constructions of Manin triples associated to compact simple Lie al-

gebras with Killing form (g, κg). Namely, one can complexify the Lie algebra and consider the
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imaginary part of the complexified bilinear form (which is the Killing form of complex Lie alge-

bra gC). It is well known that this form has split signature, and the corresponding Manin triples

have been classified by Delorme ([Del01]). However, one can easily see that these quadratic al-

gebras admit a Manin triple of the form (gC, g, b) (see e.g. [Kos97]). Since g is a compact simple

Lie algebra, it is unimodular, hence the quadratic Casimir and the eccentricities vanish.

One can also consider the Lie algebra gC ⊕ gC with the difference of the Killing forms. This

admit Manin triples of the form (gC⊕gC, gC , h), where gC ⊂ gC⊕gC is the diagonal subalgebra.

But since g is unimodular, so is gC, and these are also regular Manin triples, so the associated

invariants vanish.

Hence, none of these standard constructions yields a polarized Lie algebra which is of interest to

us. An idea for future investigation is the following. Considering Chern-Simons theory with po-

larized target is an attempt to consider Chern-Simons theory as an AKSZ theory with polarized

target. Rather than polarizing the target, we should consider the entire space of fields with its

algebraic structure (a dg-Frobenius Lie algebra, as in [CM08]). One should then consider also

the algebra of boundary fields, and consider polarizations therein (not just in the Lie algebra

of coefficients), and their compatibility with the algebraic structure in the space of bulk fields.
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Chapter 5

Split Chern-Simons Theory in the

Axial Gauge

In this chapter we turn towards split Chern-Simons Theory. There are two main results.

The first is that in the case where (g, V,W ) is a Manin triple, the weight of the theta graph

on lens spaces is compatible with the results of Kuperberg-Thurston-Lescop reviewed in 2.1.

Namely, the weight coincides with the Casson-Walker invariant of λCW (Lp,q) = 1
2s(q, p), plus a

term which changes by 1
12 if the framing of the lens space is changed by one unit.

The other main result is that if (g, V,W ) fails to be a Manin triple, the weights of the two

possible orientations of the theta graph do not agree. This shows that the theory is anomalous.

Possible reasons for this are discussed in Section 5.6.

The main tool that we use is the BV-BFV formalism developed by Cattaneo, Mnev and

Reshetikhin in [CMR14; CMR17], reviewed in Section 2.2. Let us give a brief overview of

the chapter. In section 5.1 we recall the definition of split Chern-Simons theory and of its BV-

BFV extension. In section 5.2 we consider the perturbative quantization of split Chern-Simons

theory, and explicitly give the Feynman diagrams at low orders on handlebodies. We discuss

the evaluation of these diagrams in the axial gauge on the solid torus in Section 5.3), explicit

computations can be found in Appendix A. In Section 5.4 we discuss how to glue lens spaces

from solid tori. Explicit results for the low-order effective action on lens spaces are discussed in

Section 5.5, while the longer computations are carried out in Appendix B. The implications for

the weights of theta graphs are discussed in Section 5.6. In Section 6.1, we discuss an alternative

procedure to evaluate the weights of Feynman diagrams, and evaluate the effective action on

70



lens spaces from this point of view in Section 6.2. Finally, in Section 6.3 we give some remarks

about how one could extend the methods of this chapter to arbitrary 3-manifolds, and comment

on the various obstacles that present themselves.

5.1 Definition of Split Chern-Simons Theory

5.1.1 Split Chern-Simons Theory as an AKSZ theory

Let (g, V,W ) be a polarized Lie algebra, i.e. a quadratic Lie algebra (g, 〈·, ·〉) with a choice

of two Lagrangian subspaces V , W such that g = V ⊕W . Split Chern-Simons theory is an

example of an AKSZ theory (see Section 2.3). The target is the 2-shifted Hamiltonian manifold

M = (g[1], ωg,Θ) (5.1)

where

ωg(A,B) = 〈A,B〉 (5.2)

is a 2-shifted symplectic form on g[1], and Θ is the function

Θ(a) =
1

3
〈a, [a, a]〉 (5.3)

which satisfies

{Θ,Θ} = 0 (5.4)

with respect to the Poisson structure induced by ω, i.e. Θ is a solution of the CME ((2.13)).

Equation (5.4) follows from invariance of the inner product and the Jacobi identity. Alterna-

tively, applying the splitting g = V ⊕W ∼= V ⊕ V ∗, the Poisson bracket becomes that of the

cotangent bundle of V [1], i.e. the big bracket of Section 4.2.1, and equation (5.4) becomes

equivalent to the system of equations (4.4).

Definition 5.1.1. BV-extended split Chern-Simons theory is the BV-BFV theory arising from

the AKSZ construction with target M = (g[1], ωg,Θ) for a polarized Lie algebra g.

Let us recall what this means explicitly. We use the superfield notation: C ∈ Ω•(M, g)[1] means

that C is an inhomogeneous differential form with values in g. The shift [1] denotes the total

degree, hence the p-form component of C has ghost number 1 − p, in particular, the one-form

component has ghost number 0, i.e. is the classical field. By 〈·, ·〉 and [·, ·] we denote (by abuse

of notation) extensions of the bilinear form and the Lie bracket to Lie algebra-valued differential

forms.
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We briefly recall the output of the AKSZ construction of classical Chern-Simons theory on

manifolds with boundary for an arbitrary Lie algebra g from [CMR14]. The BFV space of

boundary fields associated to a 2-manifold Σ is (F∂Σ, ω∂ = δα∂Σ, Q
∂
Σ) where

F∂Σ = Ω•(Σ, g)[1] 3 C

ω∂Σ =

∫
Σ
δC ∧ δC

α∂Σ =

∫
Σ
C ∧ δC

Q∂Σ =

∫
Σ

〈
C,

δ

δC

〉
+

1

2

〈
[C,C],

δ

δC

〉
.

Here ω∂Σ has degree 0, and Q∂Σ is a Hamiltonian cohomological vector field. The BV-BFV space

FM associated to a 3-manifold is (FM , ωM ,SM , QM , π) where

FM = Ω•(M, g)[1] 3 C

ωM =

∫
M
δC ∧ δC

SM =

∫
M

1

2
〈C, dC〉+

1

6
〈C, [C,C]〉

QM =

∫
M

dC ∧ δ

δC
+

1

2

〈
[C,C],

δ

δC

〉
and π : FM → F∂∂M is the projection to the BFV space of boundary fields F∂∂M which is given

by restriction of forms. These data satisfy the BV-BFV compatibility axioms

ιQMωM = δSM + π∗α∂∂M

δπ(QM ) = Q∂∂M

Note that so far this is just the classical AKSZ formulation of Chern-Simons theory and we

have not yet made use of the splitting. This will be the next step.

5.1.2 Formulation as a BF-like theory

Let us recall from [CMR17] how to formulate split Chern-Simons theory as a BF-like theory.

Consider the BV-extended Chern-Simons action functional

S[C] =

∫
M

1

2
〈C, dC〉+

1

6
〈C, [C,C]〉 =

∫
M

1

2
BabC

aCb +
1

6
fabcC

aCbCc

which arises from the AKSZ construction as explained in the paragraph above. Here, in the

second expression we pick a basis ea of g and define Bab = 〈ea, eb〉, fabc = 〈ea, [eb, ec]〉 and

expand the field as C = Caea. Since g admits a splitting g = V ⊕W into maximal isotropic
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subspaces, we can choose a basis ξi of V and a dual basis ξi of W . Then the space of fields

splits as Ω•(M, g) = Ω•(M,V )⊕ Ω•(M,W ) and the superfield C splits as A + B = Aiξi + Biξ
j .

By (µ, λ, ϕ, ψ) we denote the structure maps of the polarized Lie algebra as defined in 4.3.

Integrating by parts one can rewrite the action as

S[A,B] =

∫
M
〈B, dA〉+

1

6
〈A, [A,A]〉+

1

2
〈B, [A,A]〉+

1

2
〈A, [B,B]〉+

1

6
〈B, [B,B]〉. (5.5)

The quadratic term is

SM,0 =

∫
M

BidA
i, (5.6)

hence the theory is “BF-like” in the sense of [CMR17] with interaction term

V(A,B) =
1

6
〈A, [A,A]〉+

1

2
〈B, [A,A]〉+

1

2
〈A, [B,B]〉+

1

6
〈B, [B,B]〉

=
1

6
ψijkA

iAjAk +
1

2
µijkBiA

jAk +
1

2
λjki AiBjBk +

1

6
ϕijkBiBjBk

where we introduced the structure constants ψijk, µ
i
jk, λ

jk
i , ϕ

ijk defined in (4.6). If (g, V,W )

form a a quasi-Manin triple (i.e. V is a subalgebra), by isotropy the interaction term simplifies

to

V(A,B) =
1

2
〈B, [A,A]〉+

1

2
〈A, [B,B]〉+

1

6
〈B, [B,B]〉. (5.7)

In the special case where (g, V,W ) is a Manin triple (i.e. V,W are subalgebras), by isotropy we

get that the interaction term simplifies to

V(A,B) =
1

2
〈B, [A,A]〉+

1

2
〈A, [B,B]〉 (5.8)

Remark 5.1.1. We can go even further, and assume that W has the trivial bracket. In that case,

V can be an arbitrary Lie algebra h, since any Lie algebra admits the trivial bialgebra struture

γ = 0, which leads to the Manin triple (g = h⊕ h∗, h, h∗) (g is called T ∗-extension of h, see e.g.

[Bor97]). In that case, the interaction term is simply

V(A,B) =
1

2
〈B, [A,A]〉 (5.9)

which is the interaction term of non-abelian BF theory, i.e. non-abelian BF theory in dimension

3 is a special case of split Chern-Simons theory.

5.2 Perturbative Quantization of split Chern-Simons Theory

In this section we consider the perturbative quantization of split Chern-Simons theory on han-

dlebodies Hg. Since handlebodies are manifolds with boundary, we will use the perturbative

quantization method of the BV-BFV formalism explained in section 2.2.
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5.2.1 Polarization

In split Chern-Simons theory, the space of boundary fields splits as

F∂ = Ω•(∂M, V )[1]⊕ Ω•(∂M,W )[1]. (5.10)

By the isotropy condition this is a splitting into Lagrangian subspaces, so we can use either of

them as base or fibers of a polarization1. The coordinate on the base is denoted by a blackboard

bold letter A or B, and we speak of A- or B-representation respectively. This terminology comes

from the p- and q-representations in Quantum Mechanics.

Recall from section 2.2.3 that the a choice of decomposition ∂M = ∂1M t ∂2M defines a

polarization by choosing the A-representation on ∂1M and the B-representation on ∂2M . If

∂M is connected, the only choice is between the A- or the B-representation on ∂M . For

computations we will use the A-representation, i.e. we will split the A-field as

A = Â + Ã

where Ã is an extension of A = ι∗A to the bulk. However, as we will explain below, for split

Chern-Simons theory the computations in A- and B-representations are analogous.

5.2.2 Residual fields

After choosing the polarization and a decomposition FM ∼= BPM × Y, we must choose a decom-

position Y ∼= VM × Y ′ such that there exists a Lagrangian L ⊂ Y ′ on which the action SM has

a unique non-degenerate critical point. For the case of abelian BF theory this has been carried

out in [CMR17], see the brief review in section 2.2.3. This is the construction that we will also

use in split Chern-Simons theory, as we consider it as a perturbation of abelian BF theory.

Residual fields on Handlebodies

We briefly recall the definition of a handlebody.

Definition 5.2.1. i) A handlebody H is a 3-dimensional manifold with boundary such that

there is a proper2 embedding of a disjoint union of disks f :
⊔
iDi ↪→ H such that H\im f ∼=

B3, where B3 denotes a 3-ball.

1If one thinks of Chern-Simons theory as an AKSZ theory as explained above, this amounts to lifting a target

polarization instead of using a source polarization.
2Here by proper we mean that f(

⊔
i ∂Di) ⊂ ∂H.
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ii) If H is a handlebody, then an embedding f of a disjoint union of disks is called a system

of disks for H. It is minimal of the number of disks is minimal among all system of disks.

iii) The genus of a handlebody is the number of disks in a minimal system of disks.

It is a standard result (see e.g. [Joh]) that there is a unique (up to diffeomorphism) handlebody

of genus g, obtained from the 3-ball by attaching g handles, for all g ≥ 0, and that its boundary

is a closed surface of genus g. The handlebody of genus 0 is a 3-ball.

Since the boundary of a handlebody is connected, we can define either ∂Hg = ∂1Hg or ∂Hg =

∂2Hg, i.e. choose either A or B representation on the boundary. We will discuss only the first

case, the other one works analogously. In that case we have

VHg = (H•(Hg, ∂Hg)⊕H•(Hg))[1] 3 (a, b).

In the case g = 0, we have H0(H0) ∼= H3(H0, ∂H0), while other cohomology groups vanish.

Let v be a normalised volume form on B3, then we can define a basis for residual fields by

χ0 = v, χ0 = 1. The residual fields a, b are then defined by

a = z0v

b = z+
0

(5.11)

where the coordinate z0, (resp. z+
0 ,) is a linear V (resp. W ) valued functions on H•(M,∂M)

(resp. H•(M)).

Now let us consider the case g > 0. We have that H0(Hg) ∼= H3(Hg, ∂Hg) ∼= R and H1(Hg) ∼=

H2(Hg, ∂Hg) ∼= Rg. A useful choice of basis is the following. Let D1, . . . , Dg be a (minimal)

system of disks for Hg. Let µ1, . . . , µ2 be the dual basis of H2(Hg, ∂Hg) whose existence is

asserted by the universal coefficient theorem (i.e. we have
∫
Di
µj = δij). Choose Poincaré-

Lefschetz dual 1-forms dt1, . . . , dtg to µ1, . . . , µg (i.e.
∫
Hg
µidtj = δij). We can then pick as a

volume form v =
∑g

i=1 µidti. Its total volume is g. We can hence define the basis of residual

fields as, for i = 1, . . . , g

χ0 = v χ0 =
1

g

χi = µi χi = dti

(5.12)

We then have

a = z0v + ziµi (5.13)

b = z+
0

1

g
+ z+

i dti (5.14)
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where the coordinates z0, zi (resp. z+
0 , z

+
i ) are again linear V (resp. W ) valued functions on

H•(M,∂M) (resp. H•(M)).

Remark 5.2.1 (Genus 1 case). The notation is suggestive for the genus 1 case H1
∼= S1 ×D, in

that we can choose dt1 = dt, the differential of the longitudinal coordinate. Dual to it we have

a volume form µ ∈ H2(D, ∂D) with total volume 1. These are the ultra-harmonic forms with

respect to the product metric on the solid torus (where S1, D carry the euclidean metric).

Remark 5.2.2 (Cohomology of ∂Hg). Let g 6= 0. Restricting the representatives of the absolute

cohomology to the the boundary of the handlebody ∂Hg
∼= Σg we obtain representatives for

cohomology classes in Σg. We can choose 1-forms dθ1, . . . , dθg such that
∫

Σg
dtidθj = δij . The

dθi’s are Poincaré dual of the g 1-cycles in Σg that generate the first homology group of the

handlebody after composing with the inclusion. There is a volume form v∂ on Σg given by

v∂ =
∑g

i=1 dtidθi of volume g. In that way a choice of generators of H•(Hg, ∂Hg) ⊕ H•(Hg)

yields a basis of H1(Σg) which is a basis in which the Poincaré pairing is the standard symplectic

form.

Remark 5.2.3. The residual fields on handlebodies in the A-representation have the particular

property that a ∧ a = 0, since a only has 2- and 3-form components. Similarly, any power of b

fields only has 0- and 1-form components, since b has only components of form degree 0 or 1.

This will rule out some the Feynman diagrams that could in principle appear.

5.2.3 Gauge fixing

After choosing the polarization and the space of residual fields, one also has to choose a gauge-

fixing Lagrangian L ⊂ Y ′. In the case of abelian BF theory (which we use to gauge fix here)

such a Lagrangian can be obtained from a contracting triple (ι, p,K) for the complex Ω•
D̂

(M),

as discussed in chapter 3. Here ΩD̂(M) are forms which satisfy an “ultrified” set of boundary

condition (see [CMR17]), which is quasi-isomorphic to Ω•(M,∂M). The Lagrangian is then

L = imK ′ ⊕ imK (see section 3.2). The propagator η is the integral kernel of K, and can be

used to extend the chain contraction K to the complex Ω(M,∂M) by the formula

K[α] = π1,∗(η12π
∗
2α). (5.15)

If (ι, p,K) is a normal contracting triple, denote by χi the image of a basis of H•(M,∂M) under

ι, and by χi the image of the dual basis of H•(M) under p∗. The properties K ◦ ι = 0,K2 = 0
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of the normal contracting triple translate into the following properties of η (cf. [CM08]):∫
2
η12χi =

∫
1
η12χ

1 = 0, (5.16)∫
2
η12η23 = 0 (5.17)

(5.18)

We then define the state ψ ∈ HPM by

ψ(A, a, b) =

∫
L
e
i
~SM (5.19)

where the integral on the right hand side is understood as the power series expansion of the

formal ~→ 0 limit of the integral, as explained in Section 2.1.

5.2.4 Feynman graphs and rules

After integration over L, we can label the terms in the perturbative expansion by graphs as

follows. Fix k, l,m ∈ N0. We consider graphs Γ with three types of vertices (see also [CMW17]:

- Boundary background vertices: There are k of these distributed on ∂M . They are labeled by

Ba if they lie on ∂2M and bA if they lie on ∂1M .

- Boundary source vertices: There are m boundary source vertices distributed on ∂M = ∂1M

labeled by Aβ with an arrowhead pointing towards them.

- Internal interaction vertices: There are l internal vertices. They come with three half-edges

which are labeled by γi’s in {a, α, b, β}. These half-edges are either marked as leaves if they

are labeled by a background, as an arrow tail if they are labeled by α, or an arrowhead if they

are labeled by β.

- Divide by the number of automorphisms |Aut(Γ)| of Γ.

If it is possible to connect every arrow tail α to an arrowhead β (possibly at the same vertex),

then the graph resulting from this procedure is called an admissible graph. To such a graph we

can associate a functional on the space of boundary fields as follows (we set ε = h
i = −i~) to

simplify the power counting):

- For every background boundary vertex, multiply by 1
ε = (i/~) times the label and integrate

over the corresponding boundary point.
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- For every internal vertex multiply by 1
ε = (i/~) times the correct structure constants (specified

by the half-edge labels) and integrate over M . See figure 5.1.

- For every leaf, multiply by the corresponding background field evaluated at the point.

- For every arrow between vertices in different positions i 6= j, with tail labeled by αk and head

βl, multiply by a propagator εδkl η(xi, yj).

- For every short loop (also called tadpole), i.e. an arrow starting and ending at the same vertex

i ,with tail labeled by αk and head βl, multiply by εδkl α(xi), where α ∈ Ω2(M) is a so-called

“tadpole form”.3

- For every source boundary vertex, we multiply by 1
ε times the corresponding boundary field

and integrate over the corresponding boundary point.

We denote the result by ψ̂Γ. Denoting the set of all admissible graphs for k, l,m by Λk,l,m, we

get

ψ̂M (A,B, a, b) = TM
∑
k,l,m

∑
Γ∈Λk,l,m

ψ̂Γ.

Remark 5.2.4. We can factor out the non-interacting diagram parts (background boundary

vertices and source boundary vertices connecting to other source boundary vertices). This will

yield a prefactor of e
i
~S

eff
0 where Seff

0 is the free effective action

Seff
0 = −

(∫
∂1M
〈b,A〉

)
(5.20)

i.e. the effective action of the unperturbed theory.

The remaining interaction diagrams have l ≥ 1 internal vertices and m ≤ 3l boundary vertices.

Denoting the set of admissible interaction diagrams by Λintl,m, the above expression becomes

ψ̂M (A,B, a, b) = TMe
i
~S

eff
0

1 +

∞∑
l=1

3l∑
m=0

∑
Γ∈Λintl,m

ψ̂Γ

 .

Definition 5.2.2. We say that a graph is of n-point order if there are exactly n interaction

vertices.

3These contributions can be ignored if the vertex coefficients are unimodular or the Euler characteristic of M

is 0, since in this case the tadpole form can be chosen to vanish.
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x

i

j k
 ε−1ϕijk

∫
x∈M

(a) BBB vertex

x

i

j k
 ε−1λjki

∫
x∈M

(b) ABB vertex

x

i

j k
 ε−1µkij

∫
x∈M

(c) AAB vertex

x

i

j k
 ε−1ψijk

∫
x∈M

(d) AAA vertex

A
y

i

 ε−1Ai(y)
∫
y∈∂M

(e) Univalent boundary vertex

Figure 5.1: Feynman graphs and rules for split Chern-Simons theory: Vertices

a

x

i
 ai(x)

(a) A half-edge ending in an a

residual field.

b

x

i
 bi(x)

(b) A half-edge coming from a

b residual field.

yx
i j

 εδijη(x, y)

(c) An edge between vertices x

and y

Figure 5.2: Feynman graphs and rules for split Chern-Simons theory: Decorations and edges

5.2.5 Graphs on handlebodies up to 2-point order

In this subsection we explicitly give the connected Feynman graphs appearing in split Chern-

Simons order appearing on handlebodies, up to 2-point order (in the A polarization). The single

boundary of the handlebody is depicted as a circle, and the interaction vertices are drawn inside

the circle.

0-point order

At this order there is just a single graph depicted in corresponding to a single residual field at

the boundary. Since we consider only one boundary component, this coincides with the free

effective action.

1-point order

At the next order, we will see graphs with one interaction vertex. In principle, it could be any

of the four possible vertices, i.e. either A3,A2B,AB2 or B3. However, the last vertex is ruled

out since it has only arriving arrows, but there are no source terms, so there can be no arrows

arriving there. Hence the only possibility is to attach three b residual fields at this vertex.

79



bA

Figure 5.3: Single diagram Γ0 contributing to zero-point effective action

As explained in Remark 5.2.3, the resulting form has form degree one, so integration over the

3-dimensional manifold vanishes. Also, again invoking Remark 5.2.3, we can place at most

one a residual field at this vertex. The resulting tree graphs are depicted in 5.4. In principle,

a

b b

(a) Γ1,0

A

b a

(b) Γ1,1

b

A A

(c) Γb
1,2

a

A A

(d) Γa
1,2

A
A

A

(e) Γ1,3

Figure 5.4: Trees graphs in the handlebody Hg with one interaction vertex. A bullet denotes a

point we integrate over, a long arrow denotes a propagator.

there can be a short loop starting and ending at the interaction vertex. This results in the

graphs shown in Figure 5.5. The usual way to exclude tadpoles is to require that the structure

constants at each vertex satisfy a unimodularity condition. However, as we saw in the discussion

in the last chapter, requiring unimodularity of the maps µ and λ requires the eccentricity of the

polarized Lie algebra to vanish (Proposition 4.3.2). So, we will formally consider tadpoles, and

talk about other ways of regularizing them later. There are two graphs with a tadpole at this

order, depicted in Figure 5.5. Notice that for degree reasons we cannot put a tadpole and an a
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residual field at the same vertex (both have form degree ≥ 2).

b

(a) Γ◦1,0

A

(b) Γ◦1,1

Figure 5.5: Graphs with one interaction vertex and a tadpole

2-point order

At this order there is already a considerable number of Feynman diagrams. Let us first consider

tree diagrams only. We have the following Lemma.

Lemma 5.2.5. With the choice of residual fields as in 5.12 and a propagator satisfying condition

(5.16),the contribution of a 2-point tree diagrams with a B3 vanishes after integration.

Proof. In a 2-pt tree diagram, there can be at most one edge between the two interaction

vertices. It has to end at the B3 vertex. The remaining two half-edges have to be connected to

b residual fields. But b∧b is again a linear combination of the χi. Hence, after integrating over

that vertex, the contribution vanishes by assumption 5.16 on the propagator.

The remaining diagrams are listed in Figure 5.6 below. Here the label x can mean one of a, b.

At this order one also sees loop graphs appearing. There can be both one- and two loop graphs.

One-loop graphs are listed in figure 5.7. Notice that here we can have any orientation in the

arrows between the two vertices, so they are drawn unoriented. There are two possible two-loop

graphs (counting orientation), depicted in figure 5.8. These correspond to the theta invariant

of the handlebody itself. Also, there can be graphs with a tadpole, they are listed in figure

5.9.
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A

b

a

x

(a) Γx
2,1

A A

x x

(b) Γxx
2,2

A AA

x

(c) Γr,x
2,3

A AA

x

(d) Γl,x
2,3

A A AA

(e) Γ2,4

b a

A A

(f) Γ′2,2

Figure 5.6: Tree Graphs with 2 interaction vertices. A bullet denotes a point we integrate over,

long arrow denotes a propagator. x ∈ {a, b}.

x x

(a) Γ
(1)
2,0

x

A

(b) Γ
(1)
2,1

AA

(c) Γ
(1)
2,2

Figure 5.7: One-Loop diagrams in the 2-point effective action

(a) Γ
(2)
2,0,A (b) Γ(2)2,0,B

Figure 5.8: 2-Loop diagrams in the 2-point effective action.
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a

b

(a) Γ◦2,0

A

x

(b) Γ◦2,1

AA

(c) Γ◦2,2

Figure 5.9: Tadpoles diagrams at 2-point order
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5.3 Evaluation of Feynman diagrams on the solid torus in the

axial gauge

In this section we explain how use the axial gauge introduced in Chapter 3 to explicitly compute

the weights of the Feynman graphs collected in the last section on the solid torus, i.e. the

handlebody of genus 1. Since the computations (and the results) are still quite lengthy, the

bulk of them is moved to Appendix A.

5.3.1 Axial gauge propagator

On the solid torus M = S1×D, which is a product manifold, we have an axial gauge propagator

as explained in Chapter 3.3. The identity these distributional propagators satisfy is

dηM = δ
(d)
M (x1, x2) + (−1)d−1

∑
i

(−1)d·degχiπ∗1χiπ
∗
2χ

i (5.21)

On the solid torus, we have two choices for a distributional propagator. The horizontal propa-

gator is

ηhor((z1, t1), (z2, t2)) = ηD(z1, z2)δ
(1)
S1 (t1, t2) + µ1ηS1(t1, t2) (5.22)

while the axial propagator is

ηax((z1, t1), (z2, t2)) = δ
(2)
D (z1, z2)ηS1(t1, t2) + ηD(z1, z2)(dt1 − dt2) (5.23)

where ηD and ηS1 are propagators on the the disk and the circle, respectively.

Lemma 5.3.1. These propagators satisfy

dη = δ
(3)
M (x1, x2) +

∑
i

(−1)degχiπ∗1χiπ
∗
2χ

i = δ
(3)
M (x1, x2)− µ1dt1 + µ1dt2. (5.24)

Proof. First note that in the distributional sense we have

dDηD = δ
(2)
D (z1, z2)− µ1

dS1ηS1 = δ
(1)
S1 (t1, t2)− (dt1 − dt2)

dS1δ
(1)
S1 = 0

where the first two identities are (5.21) for D and S1 respectively, and the third is for dimensional
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reasons. Using this, we evaluate (omitting the arguments)

dηhor = dηDδS1 + µ1dηS1

= (δD − µ1)δS1 + µ1(δS1 − (dt1 − dt2))

= δDδS1 − µ1(dt1 − dt2)

= δM − µ1dt1 + µ1dt2

and

dηax = δD(δS1 − dt1 + dt2) + (δD − µ1)(dt1 − dt2)

= δM − µ1dt1 + µ1dt2.

We will now state some other desirable properties the propagators have which allow us to

simplify the computations considerably.

Proposition 5.3.2. Suppose the disk propagator ηD satisfies

1.
∫
D2
ηD,12µ2 = 0,

2.
∫
D2
ηD,12ηD,23 = 0 and

3.
∫
∂D2

ηD,12 = 1.

Suppose the circle propagator satisfies
∫
S1

2
ηS1,12dt2 = 0 and ηS1(t1, t2) = −ηS1(t2, t1). Then the

following identities hold for η ∈ {ηax, ηhor}:

i)
∫

1 η12 = 0,

ii)
∫

1 dt1η12 = 0,

iii)
∫

2 η12dt2 = 0,

iv)
∫

2 η12µ2 = 0,

v)
∫

2 η12µ2dt2 = 0,

vi)
∫

2 η12η23 = 0,

vii)
∫

2,∂ η12 = 1.
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Proof. Notice that a form needs to have degree 2 on the disk and degree 1 on the circle to

contribute to the integral. After expanding the axial and horizontal propagator, the assertions

become straightforward verifications by degree counting and using the assumptions. As an

example, let us prove (vi) in detail. For the horizontal propagator, we get

(ηD,12δ
(1)
S1,12

+ µ1ηS1,12)(ηD,23δ
(1)
S1,23

+ µ2ηS1,23)

= −ηD,12ηD,23δ
(1)
S1,12

δ
(1)
S1,23

+ ηD,12δ
(1)
S1,12

µ2ηS1,23 + µ1ηS1,12ηD,23δ
(1)
S1,23

+ µ1ηS1,12µ2ηS1,23.

Now integrate over point 2. The first term vanishes by assumption 2 on the disk propagator.

The second term vanishes by assumption 1 on the disk propagator. The third term vanishes for

degree reasons, since it only has form degree 1 at point 2 in the disk. The last term vanishes

also for degree reasons, since it has form degree 0 in the circle. For the axial propagator, we get

(ηS1,12δ
(2)
D,12 + (dt1 − dt2)ηD,12)(ηS1,23δ

(2)
D,23 + (dt2 − dt3)ηD,23)

= ηS1,12δ
(2)
D,12(dt2 − dt3)ηD,23 + ηS1,12δ

(2)
D,12ηS1,23δ

(2)
D,23

+ (dt1 − dt2)ηD,12ηS1,23δ
(2)
D,23 + (dt1 − dt2)ηD,12(dt2 − dt3)ηD,23.

The first term vanishes by the assumption on the circle propagator, the second term vanishes

since it has form degree 0 in the circle, the third term also vanishes by assumption on the circle

propagator, and the last by the second assumption on the disk propagator.

5.3.2 Gauge fixing on the disk and on the circle

In this section we fix the residual gauge freedom on the circle and the disk. On the circle there

is a unique4 propagator satisfying the assumptions of Proposition 5.3.2, namely

ηS1(t1, t2) =
1

2
sgn(t1 − t2)− t1 + t2. (5.25)

This propagator can be seen as the periodic extension of the first Bernoulli polynomial B1(x) =

1/2 − x defined on the open interval (0, 1) to the real line, which coincides with minus the

sawtooth function

((x)) =


x− bxc − 1/2 x ∈ Z

0 x ∈ Z
(5.26)

at non-integer points.

On the disk, we will use the propagator given in Example in Section 3.2.4 - the Riemann-Hodge

4See e.g. the discussions in [BCM12; CMR17; AM11].
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propagator for the Euclidean metric, given by the formula

ηstdD (z, w) = η(z, w) =
1

2π
(d arg(z − w) + d arg(1− zw̄))− z̄dz − zdz̄

4πi
. (5.27)

As a metric propagator, it satisfies the assumptions of Proposition 5.3.2, and hence the axial

gauge propagator has all the properties listed there.

5.3.3 Computation of the effective action in A-representation on solid torus

In this thesis we used a particular method to compute the weights of Feynman graphs on the

solid torus. The weights of the Feynman graphs are functionals on residual and boundary fields5

given, in the case of the axial gauge, by a pushforward of distributions. Let Γ be a graph with

k bulk vertices and l boundary vertices, then

ψΓ = π∗ωΓ =

∫
Mk×∂M l

ωΓ (5.28)

where the pushforward along the canonical map

π : Mk × ∂M l → ∂M l (5.29)

is often denoted by an integral as in (5.28). For tree diagrams, the computation of the pushfor-

ward is carried out along the following four steps.

1) Use the decomposition

η = ηD,12δS1,12 + µ1ηS1,12 =: ηI12 + ηII12 (5.30)

and the splitting of the residual fields to decompose ωΓ into disk and circle contributions.

This is carried out in Appendix A.3.

2) Compute the pushforwards of the currents on the circle. This is done in Appendix A.8.

3) Decompose the disk propagator ηD,12 into “elementary 1 forms” defined in (A.61) as ηD,12 =

φ12 + τ12 − ψ1. This is done in Appendix A.4.

4) Use complex analysis (residue calculus) to compute integrals of products of elementary 1-

forms. This is the content of Appendix A.5.

5To be more precise, formal 1
2
-densities on residual fields with values in a certain space of functionals on

boundary fields, see [CMR17].
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Loop diagrams have to be regularized using the definition made in section 3.4. In the next

subsection we explain in detail how this is done. As a result we obtain explicitly the functional

ψΓ. The computation is carried out for all 1-point graphs. For 2-point graphs we only perform

the computation for graphs that come from the Manin triple condition, i.e. graphs with only

A2B and AB2 vertices. For the explicit formulae we refer to the appendix. Here we only give

some remarks about the structure.

5.3.4 Regularization of loop diagrams

We want to show that the 2-point loop graphs, with S the subset of bulk vertices, are horizontal

gauge regularizable, and compute their regularized weights. First, we have the following Lemma:

Lemma 5.3.3. The regularized weight of both orientations of the two-loop graph (figure 5.8a

and figure 5.8b) vanishes.

Proof. This is an easy consequence of degree counting and hence Proposition 3.4.3. Namely,

notice that ηI has bidegree (1, 1) and ηII has bidegree (2, 0). The only possibility to get a

form of bidegree (4, 2) is ηIηIηII , where orientations are arbitrary. However, ηIηI regardless of

orientation of the two factors contains the square of δ
(1)
S1 , whose regularization is 0 by Example

3.4.1.

Next, let us turn to the 1-loop graphs shown in figure 5.7.

Lemma 5.3.4. The regularized weight of the 1-loop graph with two residual fields (figure 5.7a)

is nonzero if and only if the propagators are oriented in the opposite way and the residual field

is b. In that case, its regularized weight is

ψ
Γ

(1)
2,0

=
−1

12
γijk γ

kl
j z

+
2,iz

+
2,l. (5.31)

Proof. Again, the proof goes by degree counting. Since the propagators give a total degree of

4, the two residual fields must give a total degree of 2. This is possible if either both are b fields

and contribute a dt or one of them is an a field and contributes µ. However, that case is ruled

out by looking at the possible bidegrees (the only possibility is to combine it with two ηI , but

this vanishes as above). If both residual fields give a dt, then again bidegree counting shows

that the only term that survives is dt1η
II
12η

II
21dt2. This gives the contribution∫

S1×D×S1×D
dt1µ1ηS1(t1, t2)ηS1(t2, t1)µ2dt2 =

∫
S1×S1

ηS1(t1, t2)ηS1(t2, t1)dt1dt2

=
1

2

∫
S1

B2(0)dt = − 1

12
.
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Here B2(t) is the second Bernoulli polynomial, defined by equations (5.39),(5.40),(5.41), and

where the equality between the first and the second line follows from Lemma 5.3.9 below.

Now let us turn to the next one-loop diagrams, Γ
(2)
2,1 given in figure 5.7b respectively. We claim

that there similarly to the graph Γ
(2)
2,0 above, the only term that survives in the regularization

is the one with two ηII oriented in the opposite way.

Lemma 5.3.5. The diagram Γ
(2)
2,1 given in figures 5.7b is horizontal gauge regularizable. The

regularized weight of Γ
(2)
2,1 is nonzero only if the corresponding residual field is b and given by

ψ
Γ

(1)
2,1

=
−1

12
γijk µ

jl
j z

+
2,i

∫
∂M

dθAl. (5.32)

Proof. Denote the bulk points by x1 and x2 and the boundary points by x3 and x4. We have

already established that the regularized weight is zero if there two ηI ’s between the same points.

Also, ηII12η
II
12 = 0 for degree reasons and ηII12η

II
21 after regularization gives −µ1µ2ηS1(t1, t2)2. It

remains to look at terms of the form ηI12η
II
12 . First let us look at Γ

(1)
2,1. If the residual field in

the graph is a, then the contribution vanishes for degree reasons: The total degree in the disk

between the two bulk points is 5 (recall that ηI has bidegree (1, 1) and ηII has bidegree (2, 0).

If the residual field is b, this does not add any degree to the disk. Now suppose we have an ηII23

between the bulk and the boundary point. In the λ → 0 limit this corresponds to placing µ

at point 2, which gives the situation of the Lemma above, therefore this contribution vanishes.

Consider therefore the product ηI12η
II
12η

I
13 (if ηII is oriented in the other way then the disk degree

at 1 is 1, hence integration over 1 gives 0). Expanding the corresponding terms of ηλ in terms

of eigenfunctions with Dirichlet boundary conditions (φDi )∞i=0 with eigenvalues λi on the disk,

where φ0 is the harmonic form µ, we get

∞∑
i,j,k=0

∑
l1,l2,l3∈Z

al2λ

(λi + λa2
l1

)(λj + λa2
l2

)(λk + λa2
l3

)

d∗φDi (z1)(∗φDi (z2))φDj (z1)(∗φDj (z2))d∗φDk (z2)(∗φDk (z3))αS1 .

Here al = 2πil, and α is a product of eigenfunctions on the circle, and zi are the disk coordinates

of xi The only terms that possibly survive6 in the λ → 0 limit are the ones where one of

λi, λj , λk = 0 and we can cancel the λ in the numerator. However, λi and λk cannot be 0 since

these eigenforms are killed by d∗. Therefore, we need to look at the terms where j = 0. In

that case, ∗φDj = 1. In z2, we then have the terms ∗φDi (z2)d∗φDk (z2). By Hodge decomposition,

integration over z2 can only be nonzero if φDi is d∗-exact: But in that case, the form dφi which

6This is not completely trivial - one has to take into account integration over both 1 and 2 to prove it.
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is appears at z1 in the product above is zero.

Remark 5.3.6. This proof relies on the fact that, disregarding the divergent factors on the circle,

the product of the disk contributions in the axial gauge vanishes after integration, because it

contains the integral
∫
D ηD,12ηD,23. For the last diagram in question, Γ

(1)
2,2 given in figure 5.7c,

this is in fact not true. At the moment, it is unknown whether this diagram is horizontal gauge

regularizable or not according to Definition 3.4.1, or whether one can extract a term that is

divergent as λ→ 0 as suggested in Remark 3.4.1. This does not affect our computation of the

2-loop function on lens spaces since this diagram does not survive after reducing the residual

fields if one glues against 0-point fields. However, at the next loop order there is a contribution

where one glues this diagram to its counterpart in the B-representation. These issues need to

be investigated with more care in the future.

5.3.5 Some remarks on the 2-point effective action

The evaluation of the weights of tree diagrams is quite lengthy, and deferred to Appendix A.

However, there are already some interesting phenomena that one can observe, on which we

briefly comment in this subsection.

Appearance of boundary propagator

From graph 5.4c after splitting the residual field we get the contribution (Lie algebra indices

suppressed)

ψΓ12b =

∫
M1×∂M2×∂M3

η12η13A2A3 =

∫
∂M2×∂M3

ηT23A2A3 (5.33)

where ηT23 is the axial gauge propagator on the torus, given by

ηT23 = ηS1(θ2, θ3)δ
(1)
S1 (t2, t3) + (dθ2 − dθ3)ηS1(t2, t3). (5.34)

The same phenomenon can be observed on the disk (follows from equations (A.64), where we

have ∫
D,1

ηD,12ηD,13 = ηS1(θ2, θ3). (5.35)

Theorem 6.1.1 shows that under certain assumptions this can be adapted to more general

manifolds with boundary.
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Feynman diagrams on the disk

The weights of all diagrams in the 1-point effective action on the disk can be expressesd through

complex logarithms and polynomials. However, at the 2-point level we start to dilogarithms

appearing, see equation (A.39). In general, we expect the following conjecture to hold:

Conjecture 5.3.7. The weights of n-point tree graphs on the disk in cubic perturbations of

abelian BF theory with gauge fixing given by the Riemann-Hodge propagator can be expressed

using multiple polylogarithms and polynomials.

By definition, a multiple polylogarithm ([Gon97]) is of the form

Lik1,...,kn(z1, . . . , zn) =
∑

m1,...,mn∈Z
0<m1<m2<...<mn

zm1
1 · · · zmnn
mk1

1 · · ·m
kn
n

(5.36)

and its weight is w = k1 + . . .+ kn. A stronger conjecture is the following.

Conjecture 5.3.8. The weight of a k-point graph with l boundary points denoted z1, . . . , zl can

be expressed in terms of the l − 1 quotients ziz̄i+1 through polylogarithms with at most l − 1

arguments and at most weight k, and polynomials.

Weights of Feynman diagrams on the disk (or on on the upper half plane) have been of math-

ematical interest since the Formality Theorem by Kontsevich ([Kon03]) and the subsequent

realization by Cattaneo and Felder that the weights of the Formality morphism are weights

of Feynman diagrams of the Poisson Sigma model on the disk ([CF00]). In this approach the

weights are numbers - and not functions on the circle - but the weights computed in the ap-

pendix might play in the role in S1-equivariant L∞-morphism ([CF11]). Recently7 the weights

of such diagrams have been of interest also as coefficients of Drinfeld associators. In particular,

similar computations were performed in [Ale+16] and [RW14], where it was argued that a the

“logarithmic propagator8”

ηlog(z1, z2) =
1

2πi
d log

(
z1 − z2

z̄1 − z2

)
(5.37)

might have better number-theoretic properties. In principle, the machinery developed in Ap-

pendix A.7 should allow to perform computations also with this propagator. It might allow for

a “logarithmic equivariant ” L∞-morphism.

Even more recently (Summer 2018), Pym, Banks and Panzer announced a proof of the fact

7The author was made aware of this fact by M. Felder.
8This is a propagator for the upper halfplane, but of course there is a corresponding one on the disk.
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that all weights of Feynman diagrams can be expressed as linear combinations of even-weight

multiple zeta values (Video of a talk available, see [Pan18]). Since the multiple zeta values are

just values of polylogarithms

ζ(k1, . . . , kn) = Lik1,...kn(1, 1, . . . , 1), (5.38)

this can be seen as supporting the conjectures above.

Another remark on Feynman diagrams in the disk is that the complexity seems to increase

due to two things: First, the inclusion of zero modes makes the propagator not closed. The

primitive of the volume form which is added to the propagator for that purpose increases the

complexity of the computations. The second reason seems to be vertices with three outgoing

arrows. Notice that these do not appear in the Poisson Sigma model. Understanding the deeper

reason for these phenomena might help to understand the polarization anomaly that results as

a direct consequence of these vertices (see 5.6).

Bernoulli Polynomials and numbers

On the circle, the propagator coincides with the periodic extension of the first Bernoulli polyno-

mial. This allows to compute all pushforwards explicitly by the following relation. Remember

that the Bernoulli polynomials are defined by

b0(x) = 1, (5.39)

d

dx
bn(x) = nbn−1(x), (5.40)∫ 1

0
bn(x) = 0 (n ≥ 1). (5.41)

Lemma 5.3.9. Denote Bn the periodic extension to the real line of the restriction of the n−th

Bernoulli polynomial to (0, 1). Then for n ≥ 2 we have for x1, x3 ∈ R that∫ 1

0
Bn−1(x1 − x2)B1(x2 − x3)dx2 = − 1

n
Bn(x1 − x3). (5.42)

Proof. By periodicity we can shift the integral to∫ 1

0
Bn−1(x1 − x2)B1(x2 − x3)dx2 =

∫ 1

0
Bn−1(x1 − x3 − x2)B1(x2)dx2.

Now since x2 ∈ (0, 1) we haveB1(x2) = b1(x2) = x2−1/2. Note that (5.41) implies
∫ a+1
a Bn(x)dx =

0 for any a ∈ R, hence, the integral above is (setting y = x1 − x3)∫ 1

0
Bn−1(y − x2)B1(x2)dx2 =

∫ 1

0
x2Bn−1(y − x2)dx2

=

[
−x2

1

n
Bn(y − x2)

]1

0

+

∫ 1

0

1

n
Bn(y − x2) =

1

n
Bn(y)
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where we have used (5.40) (which holds for Bn on all of R for n ≥ 3, and on R\Z for n = 2.)

Hence the pushforwards of currents on the circle can be expressed in terms of Bernoulli poly-

nomials, numbers, and delta functions. See also Appendix A.8.

5.3.6 Effective action on solid torus in B-representation

So far we have only considered the A representation. However, since the theory is symmet-

ric under the exchange A ↔ B, the B-representation can be inferred directly from the A-

representation. More precisely, for every diagram in the A-representation there is a diagram in

the B-representation obtained by exchanging the direction of all arrows, exchanging all residual

fields and all boundary fields. See figure 5.10. We will call this diagram ΓB the dual diagram of

ΓA. However, since we have

b

A A

(a) ΓA

a

B B

(b) Corresponding ΓB

Figure 5.10: Corresponding diagrams in A- and in B-representations.

ηA(x1, x2) = −ηB(x2, x1),

and the form parts of aA and bB (resp. aB and bA) are the same, the form parts of ΓA and ΓB are

the same up to a sign. The structure constants and coordinates on the space of residual fields

have to replaced with their “dual” counterparts. This amounts to the following prescription.

To compute the state ψΓB from the state ψΓA ,

• replace zi,k,A by z+,B
i,k , z+,A

i,k by zi,k,B,

• replace µijk by γjki , ψijk by ϕijk and vice versa,

• replace every Ai by Bi,

• multiply by (−1)#E(ΓA), where E(ΓA) denotes the set of edges of ΓA.
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5.4 Gluing of lens spaces from axial gauge fixing on solid tori

We now know the 1- and 2-point functions on the solid torus in both the A and the B-

representation. In this section we will describe how to compute the 2-point effective action

on lens spaces by applying the gluing procedure described in [CMR17].

5.4.1 Lens spaces

Let us describe the conventions we use for lens spaces. Consider two solid tori M1 = S1 ×D =

M2. The boundary is S1 × S1 with coordinates (t, θ) ∈ (R/Z)2. Pick two coprime integers p

and q. Since they are coprime, there exist m,n such that mq − np = 1. Let ϕ ∈ Diff(S1 × S1)

be defined by

ϕ :

t
θ

 7→
m p

n q

t
θ

 =

mt+ pθ

nt+ qθ

 (5.43)

Then we define the lens space Lp,q by

Lp,q = M1 ∪ϕM2. (5.44)

Note that with this convention L1,0
∼= S3 and L0,1

∼= S1 × S2.

Remark 5.4.1 (Dependence on choices). It is well known that the diffeomorphism type of Lp,q

is independent of the choice of m and n and also independent of the choice of q (mod p).

Hence the diffeomorphism type of Lp,q is well-defined by (5.44). However, the framing of the

resulting lens space depends on the gluing diffeomorphism. Namely, we can either change

m→ m+ kp, n→ n+ kq or q → q + kp, n→ n+ km. Let

T =

1 0

1 1

 .

Then the former change corresponds to multiplying ϕ with T k from the right, while the latter

corresponds to multiplying with T k from the left. Since in the gluing we identify ∂M1 3 x ∼

ϕ(x) ∈ ∂M2, geometrically the second operation corresponds to gluing after performing k Dehn

twists around the meridian in ∂M2, while the first operation corresponds to performing k inverse

Dehn twists around the meridian in ∂M1. Dehn twists around the longitude extend to the solid

torus: Using polar coordinates on the disk a possible representation9 is10

T : (t, r, θ) 7→ (t, r, θ + t).

9Remember that only the isotopy class of a Dehn twist is well-defined.
10The following formula can be extended to r = 0 by the identity.
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Such a Dehn twist changes the homotopy class of the framing on the solid torus by one generator.

The first operation will change the framing of Lp,q by +k units, the second operation by −k

units. This is discussed in detail in [FG91, Appendix B].

Remark 5.4.2 (The case p = 0). If p = 0, then qm = 1, so we have q = m = ±1. That case needs

to be considered separately: The resulting space S1 × S2 is not a rational homology 3-sphere,

unlike all other lens spaces. In the following we will always assume p 6= 0 unless otherwise

stated.

5.4.2 Gluing perturbative expansions in BV-BFV

The gluing procedure discussed in [CMR17] amounts to the following prescription:

• Take a diagram Γ1 in the A-representation and a diagram Γ2 in the B-representation

with the same number n of legs and multiply ψΓ1 =
∫

(∂M1)n ωΓ1A1 · · ·An and ψΓ2 =∫
(∂M2)n ωΓ2B1 · · ·Bn. Here the diagrams can be non connected, since the state is the

exponential of the effective action.

• Sum over all ways of contracting A and B fields to a delta form δ
(d−1)
∂M (x, ϕ(x)).

• Perform the integration over (∂M1)n × (∂M2)n.

• Reduce the residual fields.

Equivalently, the state glued from ΨΓ1 and ΨΓ2 can de defined as follows. Let σ ∈ Sn be a

permutation and denote Φσ : (∂M)n → (∂M)n the map defined by

(x1, . . . , xn) 7→ (ϕ(xσ(1)), . . . , ϕ(xσ(n))).

Then the above prescription results in

ψΓ1 ∗ ψΓ2 :=
∑
σ∈Sn

∫
(∂M)n

ωΓ1Φ∗σωΓ2 .

In this integral only the top degree part survives. Sometimes it will be convenient to use the

reformulation

ψΓ1 ∗ ψΓ2 =
∑
σ∈Sn

∫
(∂M)n

(Φ−1
σ )∗(ωΓ1Φ∗σωΓ2) =

∑
σ∈Sn

∫
(∂M)n

(Φ−1
σ )∗(ωΓ1)ωΓ2 . (5.45)

In all the examples that we consider, the graphs are invariant with respect to permuting the

boundary points. Hence, the sum is a constant times the pairing computed using Φid, which we
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will also denote ϕ, abusing notation.

Notice also that for graphs not depending on boundary fields the gluing procedure is trivial, i.e.

the corresponding contributions are simply multiplied with the rest, or, equivalently, added to

the effective action.

5.4.3 The effective action on M2

On M2 we will choose the opposite polarization, namely, ∂M = ∂2M (the B-representation). To

avoid confusion, from now on we decorate objects with a superscript depending on which rep-

resentation they are computed in, e.g. ψA (resp. ψB) denotes the state in the A-representation

(B-representation). The residual fields change roles: aB = zB1 1 + zB2 dt, b
B = z+,B

1 µdt + z+,B
2 µ.

The effective action can be computed from the procedure described in section 5.3.6.

5.4.4 Reducing the residual fields

Naively, after pairing the states ψM1 , ψM2 , the new state is a function on the direct sum of

the spaces of residual fields ṼM = VM1 ⊕ VM2 . This produces a valid state in the sense that

it satisfies the mQME. However, in most cases it is not the minimal possible space of residual

fields and it is possible to reduce it using the methods of [CMR17]. We will discuss the reduction

first since it will allow us to simplify the computations later.

In the case of lens spaces there is a significant difference between the cases p 6= 0 and the case

p = 0, and we will discuss these separately.

Case p 6= 0

We will first discuss the example of M = S3 = L1,0. Recall that M1 = M2 = D2 × S1,

∂1M1 = ∂2M2 = S1 × S1 =: T2 and ∂2M1 = ∂1M2 = ∅. Now, let M = S3 and ϕ : T2 → T2 be

the diffeomorphism given by t 7→ −θ, θ 7→ t so that M = M1 ∪ϕM2. Denote

ΩDj(Mi) = Ω(Mi, ∂jMi).
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Then we have H•Di(Mi) = H•(Mi, ∂Mi) ∼= H•(D2, S1) ⊗ H•(S1) and H•Dj(Mi) ∼= H•(S1) for

i 6= j. We have the following spaces of residual fields

VM1
∼=
(
H•(D2, ∂D2)⊗H•(S1)

)
⊕
(
H•(S1)

)
VM2

∼=
(
H•(S1)

)
⊕
(
H•(D2, ∂D2)⊗H•(S1)

)
VM = H•(S3)⊕H•(S3)

Now, we have generators µ ∈ H2(D2, S1), dt ∈ H1(S1), v ∈ H3(S3) so that

VM1
∼= 〈µ, µ ∧ dt〉 ⊕ 〈1, dt〉

VM2
∼= 〈1, dt〉 ⊕ 〈µ, µ ∧ dt〉

VM = 〈1, v〉 ⊕ 〈1, v〉

Obviously, the “naive” space of backgrounds after gluing ṼM = VM1 ⊕VM2 is not isomorphic to

VM . We need to reduce the µ’s and dt’s. We will follow the method in [CMR17]. Let

τ1 : H•D2(M1)→ H•(Σ)

τ2 : H•D1(M2)→ H•(Σ)

be the restrictions induced by the inclusion maps Σ ↪→ Mi. Since ∂2M1 = ∂1M2 = ∅ they are

maps τi : H
•(S1) ↪→ H•(T2) given by (denoting the generators of the torus cohomology by dt

and dθ)

τ1 : 1 7→ 1

dt 7→ dt

τ2 : 1 7→ 1

dt 7→ ϕ∗(dt) = −dθ

(since we glue Σ ⊆ M1 to ϕ(Σ) ⊆ M2). Denoting Li = im τi, we get L1 = 〈1, dt〉 and L2 =

〈1, dθ〉. Using the Poincaré pairing, we get L⊥1 = L1 = 〈1, dt〉 and L⊥2 = L2 = 〈1, dθ〉 so that

we can choose as the complement inside L1 to L1 ∩ L⊥2 = 〈1〉 the space L×1 = 〈dt〉. The same

argument goes through for L2, yielding L×2 = 〈dθ〉.

Using the other formula proposed in [CMR17], L⊥i = τi (H•(Mi, ∂Mi \ Σ)) = τi(H
•(Mi)) = Li,

yields the same answer and we can still choose L×1 = 〈dt〉, L×2 = 〈dθ〉.

For these choices of the L⊥i , we indeed get
∫

Σ b1a2 =
∫

Σ b×1 a
×
2 . The reduced state is defined by

ψ̌ =

∫
L×

ψ̃ (5.46)
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where L× is the zero section of T ∗[−1](L×1 ⊕ L
×
2 ). This amounts to contracting a pair of z+,A

2

and z2,B coordinates to the number

V = Λ−1 =

(∫
T2

dtϕ∗(dt)

)−1

,

while setting z2,A = z+,B
2 = 0. For the 3-sphere S3 we have V = −1. Now let us check

what the gluing of cohomology of the backgrounds produces. For this, we choose the sections

σi : Li → H•(Mi) by σi(1) = 1, σ1(dt) = dt, σ2(dθ) = dt. We recall the following notation from

[CMR17]. Since L1 ∩ L⊥2 = L⊥1 ∩ L2 = L1 ∩ L2 = 〈1〉 and ker τ1 = ker τ2 = 0, we get

H•D2(M1)′ := σ1(L1 ∩ L⊥2 ) = 〈1〉

H•D1(M2)′ := σ2(L⊥1 ∩ L2) = 〈1〉

H•D1(M1)◦ := σ1(L1 ∩ L⊥2 )∗ = 〈µ ∧ dt〉

H•D2(M2)◦ := (σ2(L⊥1 ∩ L2)∗ = 〈µ ∧ dt〉.

Therefore

H̃•D1(M1,M2) := H•D1(M1)◦ ⊕H•D1(M2)′ = 〈µ1 ∧ dt1, 1M2〉

ǎ1 = z1,Aµ1 ∧ dt1, b̌1 = b∩1 = z+,A
1 1M1

H̃•D2(M1,M2) := H•D2(M1)′ ⊕H•D2(M2)◦ = 〈µ2 ∧ dt2, 1M1〉

b̌2 = z+,B
1 µ2 ∧ dt2, ǎ2 = a∩2 = z1,B1M2

There are maps

h1 : H̃•D1(M1,M2)→ H•(S3)

h2 : H̃•D2(M1,M2)→ H•(S3)

given by extending the classes in M1, M2 respectively to the other manifold. We can see in our

case that the maps are isomorphisms, but it is proven in [CMR17] that this is a general fact.

The extensions can be computed as aext
2 = z1,B1M1 , b

ext
1 = zA,+1 1M2 and therefore

ǎ
∣∣
M2

= z1,B1M2

ǎ
∣∣
M1

= z1,B1M1 + z1,Aµ1 ∧ dt1

b̌
∣∣
M1

= z+,A
1 1M1

b̌
∣∣
M2

= z+,A
1 1M2 + z+,B

1 µ2 ∧ dt2
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so we have induced representatives of the cohomology on the sphere

χ1 = 1S3

χ2 =


µ1 ∧ dt1 on M1

0 on M2

with coordinates z1 = z1,B, z2 = z1,A and dual basis (with respect to the Poincare pairing)

χ1 =


0 on M1

µ2 ∧ dt2 on M2

χ2 = 1S3

with coordinates z+
1 = z+,B

1 , z+
2 = z+,A

1 . Now consider the diffeomorphism ψ =

m p

n q

 of the

torus. Then we get τ2(dt) = ψ∗(dt) = mdt + pdθ for some a, b ∈ R, L2 = 〈1, adt + bdθ〉 and

hence

L1 ∩ L⊥2 = L⊥1 ∩ L2 = L1 ∩ L2 = 〈1, dt〉 ∩ 〈1,mdt+ pdθ〉 = 〈1〉

if p 6= 0. We still have L×1 = 〈dt〉, but now L×2 = 〈mdt + pdθ〉. The glued representatives

of the cohomology are exactly the same as above, replacing 1S3 by 1Lp,q . We now have Λ =∫
T2 dt(mdt+ pdθ) = p and hence V = 1/p, but otherwise the reduction procedure is the same:

Contract a pair of z+,A
2 and z2,B coordinates to V and set z2A = z+,B

2 = 0. We can use this to

simplify the calculation of the state on Lp,q by ignoring pairings of diagrams that would vanish

after reducing residual fields.

The case p = 0

In this case the spaces L×1 and L×2 are empty and we do not have to perform the reduction.

The resulting manifold is M = S2 × S1. Sticking to the same conventions as above, we will get
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representatives of cohomology

χ1 = 1

χ2 = dt

χ3 =


µ on M1

0 on M2

χ4 =


µ ∧ dt on M1

0 on M2

with coordinates z1 = z1,B, z2 = z2,B, z3 = z2,A, z4 = z1,A. The dual basis is

χ1 =


0 on M1

µ ∧ dt on M2

χ2 =


0 on M1

µ on M2

χ3 = dt

χ4 = 1

with coordinates z+
1 = z+,B

1 , z+
2 = z+,B

2 , z+
3 = z+,A

1 , z+
4 = z2+,A.

5.5 The effective action on Lp,q

Since we are interested in the two-point effective action after gluing, we have to consider all

pairs of diagrams with a total of at most two interaction vertices. Also, since we are interested

in the state only after reduction of the residual fields, only pairings with no residual fields or

the same number of z+,A
2 and z2,B survive, all others can be ignored. We now compute all the

relevant pairings for the case where (g, V,W ) form a Manin triple.

5.5.1 2-point tree contribution

In principle, tree diagrams with two points could contribute to the 2-point effective action after

gluing. However, in this subsection we will argue that it is not so. The point is that in the

gluing process 2-point graphs can only be paired with 0-point graphs on the other side, i.e.

graphs from the free effective action. As explained below in section 5.5.2, pairing against a
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0-point diagram on the other side amounts to placing a linear combination of 1, dt and dθ at

this point and integrating over it. The claim then follows from the following Lemmata:

Lemma 5.5.1. For x2 ∈ ∂M , we have∫
2
η12dt2 = dt1∫

2
η12dθ2 = −ψ =

zdz̄ − z̄dz
4πi

.

Proof. We have∫
2
η2dt2 =

∫
2
(ηD,12δS1,12 + µ1ηS1,12)dt2 =

∫
∂D,2

ηD,12

∫
S1,2

δS1,12dt2 = dt1

since
∫
∂D,2 ηD,12 = 1 and∫

2
η2dθ2 = (ηD,12δS1,12 + µ1ηS1,12)dθ2 =

∫
∂D,2

ηD,12dθ2

=

∫
∂D,2

2(φ12 − ψ1)dθ2 = −ψ1

since
∫
∂D,2 φ12dθ2 = 0, as can easily be checked by the residue theorem.

Lemma 5.5.2. Integrating η against dt, ψ or ψdt placed either at head or boundary vanishes.

Proof. This follows from the fact that ηS1 (resp. ηD) vanish when integrated against dt (resp.

ψ). For the disk propagator this follows directly from (A.62a),(A.62b) and ψ2 = 0.

Now consider a two-point tree diagram as in figure 5.11a. It consists of a single arrow between

the two points, some legs on the boundary, and maybe some residual fields. Now integrate all

the legs against dt or dθ. The result is a graph consisting of single arrow with a product γi of

residual fields, dt’s and dθ’s on both ends (figure 5.11b). From the two Lemmata above together

with Proposition 5.3.2 it now follows that the contribution of such a graph is zero after gluing.

5.5.2 Case of a Manin triple

In this case, the A3 and B3 vertices vanish and the number of diagrams to be considered is

considerably reduced.

Pairing against order 0 diagram

First we consider all pairings against the single order 0 diagram on M2. Its contribution to the

state, since M2 is in the B-representation, is

ψB
Γ0

= −zk,B1

∫
∂M

Bk − zk,B2

∫
∂M

dtBk.
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A A A

γ

(a) Example of a two-point tree

diagram

γ1 γ2

(b) After integrating all legs

against dt, dθ

Figure 5.11: Two-point tree diagrams

We have ϕ∗dt = mdt + pdθ. Hence (as used already in section 5.5.1) gluing a boundary point

on the A side against the 0-point action up to constants corresponds to multiplying the corre-

sponding form with 1, dt or dθ and integrating over that boundary point. Often, it is best to

perform this integration first - the results are known from Lemma 5.5.1 - and then compute

the integral. Notice also that this diagram does not pair to diagrams with no boundary vertices.

We can pair the two 0-point terms on either side, see figure 5.12. The result is

ψA
Γ0
∗ ψB

Γ0
=

∫
∂M

bAϕ∗aB = z+,A
2,k z

2,B
∫
∂M

dtϕ∗dt = pz+,A
2,k z

2,B. (5.47)

b a

M1 M2

Figure 5.12: Pairing order 0 diagrams on either side.

These are precisely the fields that we ought to reduce in the reduction of the redshirt residual

fields as discussed in section 5.4.4. We will perform this reduction in 5.5.2.

Let us turn to the 1-point diagrams. The first one (ΓA
1,0) does not contain A fields and hence

does not pair to ΓB
0 . The two possible pairings are shown in figure 5.13. Using Lemma 5.5.1

one quickly sees that the pairing in figure 5.13b vanishes. Alternatively one can use that∫
S1,i ηS1(t1, t2)dti = 0 for i = 1, 2, Together with degree counting this implies the same. The

remaining pairing shown in figure 5.13a evaluates to

ψA
1,1 ∗ ψB

Γ0
= µijk(z

+,A
1i z1j,A − z+,A

2i z2jA)z1k,B +mµijkz
+,A
1i z2j,Az1k,B. (5.48)
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a

b

a

M1 M2

(a) ψΓA
1,1
∗ ψΓB

0

b

a

a

M1 M2

(b) ψΓA
1,1
∗ (ψΓB

0
)2

Figure 5.13: Pairing 1-point diagrams on M1 to 0-point diagram on M2.

We can also pair against the loop diagrams, see figure 5.14 to obtain

ψA
Γ2,1
∗ ψB

Γ0
=
m

12
z+,A

2i z2,l,Bγijk µ
k
jl (5.49)

ψA
Γ2,2
∗ ψB

Γ0
= Cz2,k,Bz2,l,Bγijk µ

k
jl (5.50)

Here C is an unknown constant which is possibly ill-defined. See Remark 5.3.6.

a

b

M1 M2

a

a

M1 M2

Figure 5.14: Pairing 2-point diagrams on M1 to 0-point diagram on M2.

Pairing the 1-point functions

Pairing the 1-point functions is computationally more intense, since we have to take the pull-

back of non-constant forms. The graph Γ1,0 with no legs does not depend on boundary, hence

its contribution and the one of its dual diagram simply add to the effective action. Part of

it survives after reducing residual fields, and in fact we will show this is the only one-point

contribution to the effective action.

Under the Manin triple assumption, the other pairings are the ones described in figure 5.15.

The next diagram Γ1,1 has only constant form coefficients and the pairings are (see Appendix
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b

a

b

a

M1 M2

(a) ψΓA
1,1
∗ ψΓB

1,1

a
b

b

a

M1 M2

(b) ψΓb,A
1,2
∗
(
ψΓB

1,1
ψΓB

0

)

b a

M1 M2

(c) ψΓb,A
1,2
∗ ψΓb,B

1,2

Figure 5.15: Pairing 1-point diagrams on M1 to 1-point diagrams on M2.

B for the computations)

ψΓA
1,1
∗ ψΓB

1,1
= −nµijkγklmz

+,A
1i z2j,Az1m,Bz+,B

2l (5.51)(
ψΓA

1,1
ψΓA

0

)
∗ ψ

Γb,B
1,2

= nµijkϕ
klmz+,A

1i z2j,Az+,A
1,l z

+,B
2,m (5.52)

ψ
Γb,A

1,2
∗
(
ψΓB

1,1
ψΓB

0

)
= nψijkγ

kl
mz

2i,Az1j,Bz1m,Bz+,B
2,l (5.53)

ψ
Γb,A

1,2
∗ ψ

Γb,B
1,2

= µijkγ
jk
l z

+,A
2i z2l,B


−p
2 s(q, p) p 6= 0

q
12 p = 0

(5.54)

Reducing the residual fields

If p 6= 0, we have to reduce the residual fields as discussed in 5.4.4. We recall that this amounts

to pairing z+,A
2i with z2,j,B to δji · 1/p and setting their conjugates variables z2,i,A = z+,B

2,j = 0.

This eliminates many of the pairings above, namely, (5.50),(5.51),(5.52) and (5.53). We denote

the resulting effective action with SMT
eff , where MT stands for Manin triple. We have that

SMT
eff = S

MT,(1)
eff + S

MT,(2)
eff (5.55)

where

S
MT,(1)
eff = εµijk

(
z+,A

1i z1j,Az1k,B +
1

2
z+,B

1i z1j,Bz1k,B
)

+ γjki

(
z1i,Bz+,A

1j z+,B
1k +

1

2
z+,A

1i z1j,Az1k,A
)

(5.56)

and

S
MT,(2)
eff = ε2µijkγ

jk
i

(
1

2
s(q, p) +

q +m

12p

)
(5.57)

The powers of ε here are understood with the convention that the state on Lp,q is

ψLp,q(a, b) = exp

(
1

ε
Seff (a, b)

)
(5.58)
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5.5.3 The general case

At this order, the Manin triple condition amounts to ignoring diagrams Γa
1,2 and Γ1,3. Consid-

ering them amounts to computing the additional pairings described in figures 5.16 and 5.17,

respectively. To simplify the computations we will now drop terms that vanish after reduc-

ing fields, i.e. we keep only terms that contain no z2,i,A- and z+B
2,j -variables and exactly the

same number of z+,A
2,i and z2,j,B variables. In figure 5.16 this eliminates the diagrams 5.16b,

5.16c, 5.16d, together with degree counting: Ths dimension of the domain of integration is

3+2+2+3=10 in all cases, but the corresponding form degrees are 12, 11, and 14 respectively.

On the other hand, diagram 5.16a yields a contribution corresponding to the ǎ3 vertex on the

glued lens space, while its dual will contribute the b̌3 vertex.

a

a

a

M1 M2

(a) ψΓa,A
1,2
∗
(
ψΓB

0

)2

a

a

b

a

M1 M2

(b) ψΓa,A
1,2
∗
(
ψΓB

1,1
ψΓB

0

)

a a

M1 M2

(c) ψΓa,A
1,2
∗ ψΓb,B

1,2

a b

M1 M2

(d) ψΓb,A
1,2
∗ ψΓb,B

1,2

Figure 5.16: Pairing diagram Γa,A
1,2 on M1 to diagrams on M2. Here we excluded the diagrams

including ΓB
1,3, we will get them from symmetry from the ones for ΓA

1,3.

Now let us look at the diagrams in figure 5.17. The first two diagrams in figures 5.17a,5.17b,

and also the one in figure 5.17d do not contribute, even if we do not reduce residual fields,

this follows from the discussion on vanishing of two-point tree contributions after gluing. After

reducing residual fields, diagram 5.17c vanishes for degree reasons: only the zero-form part of

a survives, so the total form degree is 10, while integration is over a 12-dimensional space. By

degree counting, the only nonzero term contains the one-form parts of bA and aB. After reducing

residual fields, this corresponds to part of a theta diagram for the glued propagator, together

105



with the last diagram 5.17f. Below we list the weights of the glued graphs, we only list the ones

a

a

a

M1 M2

(a) ψΓA
1,3
∗
(
ψΓB

0

)3

a

a

b

a

M1 M2

(b) ψΓA
1,3
∗
(
ψΓB

1,1
(ψΓB

0
)2
)

a

γ

M1 M2

(c) ψΓA
1,3
∗
(
ψΓa,B

1,2
ψΓB

0

)

b

b

a

a

M1 M2

(d) ψΓA
1,3
ψ2

ΓA
0
∗
(
ψΓB

1,3
ψ2

ΓB
0

)

b

a

M1 M2

(e) ψΓA
1,3
ψΓA

0
∗
(
ψΓB

1,3
ψΓB

0

)

M1 M2

(f) ψΓA
1,3
∗
(
ψΓB

1,3

)
Figure 5.17: Pairing diagram ΓA

1,3 on M1 to diagrams on M2. Here γ ∈ {a, b}.

yielding a non-zero contribution after reducing the residual fields.

ψ
Γa,A

1,2
∗
(
ψΓB

0

)2
=

1

2
ψijkz

1iAz1jBz1kB (5.59)

ψΓA
1,3
ψΓA

0
∗
(
ψΓB

1,3
ψΓB

0

)
= ϕijkψljkz

+,A
2i z2l,B 1

4

∫
(∂M)4

(ωΓ1,3)123dt4(ϕ×4)∗(ωΓ1,3)234dt1) (5.60)

ψ
Γb,B

1,3
∗ ψ

Γb,A
1,3

=
1

6
ϕijkψijk

∫
(∂M)3

(ωΓ1,3)(ϕ×3)∗(ωΓ1,3) (5.61)

The contribution of (5.60) is computed in Appendix B.1.3. The contribution of (5.61) is com-

puted in Appendix B.1.4 The resulting effective action is

Seff = SMT
eff + SNMT

eff = SMT
eff + S

NMT,(1)
eff + S

NMT,(2)
eff (5.62)

where

S
NMT,(1)
eff =

1

2
ψijkz

1iAz1jBz1kB +
1

2
ϕijkz+,B

1i z+,A
1j z+,A

1k (5.63)

and

S
NMT,(2)
eff =

1

2
ψijkϕ

ijk

(
s(q, p) +

p−1∑
k=0

ηS1(k/p)f(qk/p) + ηS1(k/p)f(mk/p) +
H1/p(q +m)

2π2

)
(5.64)

where the function f : S1 → R is given by

f(θ) = cos(2πθ)ηS1(θ)− 1

π
sin 2πθ log 2| sinπθ|

106



for θ /∈ Z, and f(k) = 0 for k ∈ Z.

5.6 Weights of theta graphs on lens spaces

The effective action on Lp,q after gluing has the rough form that would be expected from

computing the perturbative expansion of split Chern-Simons theory on lens spaces. Namely,

the terms S
MT,(1)
eff and S

NMT,(1)
eff are given by corollas, i.e. 1-point graphs that contain no

edges, just decorations with the various residual fields. These residual fields are the ones that

stem from the presentation of the lens space as a solid torus. Then, there are the two-point

terms. Since the reduced residual fields are concentrated in form degrees 0 and 3, a quick degree

count shows that the only two-point terms with residual fields that survive are the products of

corollas. The only connected two-point graphs appearing are the 2-loop graphs. Here, we are

in for a surprise. With the non-symmetric propagator that arises from the gluing procedure,

there are two different orientations for the 2-loop graphs depicted in Figure 5.18. Notice that

the orientation given in Figure 5.18b can only appear if (g, V,W ) fails to be a Manin pair (i.e.

both V , W fail to be subalgebras). As our computation shows, the weights of the two different

orientations are not the same. This is unexpected, since on a closed manifold one could also

choose a symmetric propagator, and then one would expect the two contributions to agree.

Remark 5.6.1. We could have computed the effective action on Lp,q by starting directly with

the formula for the glued propagator for reduced residual fields from [CMR17, Appendix D].

One can check that this produces exactly the same integrals over the boundary. However, for

the weight of a particular diagram this is perhaps a more efficient way of computing it.

(a) ΘA (b) ΘB

Figure 5.18: Oriented two-loop diagrams. γ ∈ {a, b}.

Let us discuss the results in the two cases (Manin triple vs. General Case) in more detail.

5.6.1 The Manin triple case

In this case, there is only the orientation of theta graph shown in Figure 5.18a. The weight of

this graph is given by
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ψΘA = µkijγ
ij
k

(
1

2
s(q, p) +

q +m

12p

)
. (5.65)

This is coherent with the results of Kuperberg, Thurston and Lescop recalled in Section 2.1.

Namely, in this case the weight of the theta graph is equal to the Casson-Walker invariant

λCW (Lp,q) = 1
2s(q, p), plus a framing dependent term which changes by 1

12 when the framing

is changed by one unit (recall from Section 5.4 that changing q,m by ±1 amounts to changing

the framing by one unit). Up to this discrepancy, these results reproduce the known results

for Theta invariants on lens spaces. However, at the moment it is unclear to the author how

exactly the term q+m
12p can be interpreted as a fraction of a Pontryagin number11 associated with

(M1,M2, ϕ). Also notice that in this case the Lie algebra coefficient is the quadratic Casimir

C2(g), as expected from the closed manifold computation.

The way that the Dedekind sum - i.e. the Casson-Walker invariant - in (5.65) arises in Appendix

B.1.2 is encouraging. Namely, it comes from computing an integral involving a product of a

pullback of delta currents. These have the effect of localizing the integral at the intersection

of the meridian circle on M1 and the image of the meridian circle under ϕ. Along these circles

the integrand is the sawtooth function, summing over the intersection points yields precise the

Dedekind Sum. This bears great resemblance with the combinatorial formulae for the Theta

Invariant given in [Les15; Les16] in terms of Heegard diagrams. A possible generalization of

this is the following conjecture, which at the moment has the status of wild speculation at best.

Conjecture 5.6.2. Let M be a rational homology 3-sphere presented in terms of a genus g

Heegard diagram (αi(t), βi(t))
g
i=1). Then, the Casson-Walker invariant is given by

∑
x∈αi∩βj

((x))αi((x))βj (5.66)

where ((x))γ = ((γ−1(x))) is the sawtooth function along a curve γ.

A problem with this conjecture is that in higher genus, there is no good choice for the parametriza-

tion of the curves αi, βi which on the torus is simply given by the meridians where the longitudi-

nal coordinate is an integer (this can be achieved rotational invariance). See also the discussion

in section 6.3.

11In most treatments of perturbative Chern-Simons theory in the literature, the correctional term is controlled

by some version of a Pontryiagin number.
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5.6.2 The general case

In the general case, we can also have other orientation of the theta graph (Figure 5.18b). The

weight of this graph is

1

2
ψijkϕ

ijk

(
s(q, p) +

p−1∑
k=0

ηS1(k/p)f(qk/p) + ηS1(k/p)f(mk/p) +
H1/p(q +m)

2π2

)
. (5.67)

In particular, it does not agree with the weight of the other orientation of the theta graph (5.65).

Let us discuss in more detail why this result is curious.

In Chern-Simons theory on a closed manifold, the propagator can be chosen to be symmetric,

and of course in that case the weights of both orientations of the Theta graph agree. Of course

in our computations we use an asymmetric propagator, but in principle this should not change

the weight of the graph.

Notice that in principle (5.67) also is an invariant of framed lens spaces, but one that changes

by an irrational number as one changes the framing. There are two related facts that might

play a role here.

A general remark is that, if we require the eccentricity of the splitting (g, V,W ) to be non-zero,

the vertex tensors are not unimodular12 This might in principle destroy the Quantum Master

Equation, which ensures that the overall state changes coherently under gauge transformations.

The fact that the different orientations of the same diagram are different might be a conse-

quence of this fact. If one forces all structure maps to be unimodular, then the the eccentricity

of (g, V,W ) is zero, and the weight (5.65) is zero, and the discrepancy is no longer there.

On another hand, letting (V,W ) be arbitrary means that the polarization we choose is incom-

patible with the algebraic structure on the space of fields, i.e. the map F∂ → BP associated to

the polarization is not a Lie algebroid morphism (notice that it is when both base and fibers

are subalgebras). This might be related to the influence of the polarization on the quantization

that was observed in the geometric quantization of symplectic groupoids integrating Poisson

manifolds, see e.g. [Wei91] and [Haw08]. So, if one imposes the condition that the splitting

should respect the algebraic structure, the weight (5.67) vanishes and therefore the discrepancy

between the weights of the two graphs disappears. Notice that in the completely regular case

(i.e. V,W are unimodular subalgebras), both of the weights are zero, and there is not much left

to discuss.

12Meaning that µiik, λ
ik
i does not vanish for all k.
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Chapter 6

A Cohomological Approach to

Feynman Diagrams

6.1 Evaluation through cohomological approach

In this section we discuss an alternative approach to evaluate Feynman diagrams on manifolds

with boundary. This method can be summarized as follows. Let M be a manifold with only

one boundary component, which we give the A representation, and let us choose a propagator η

and residual fields χi, χi induced by a contracting triple as explained in section 3.2. Let Γ be a

Feynman graph of the theory with associated differential form ωΓ ( a product of k propagators

and residual fields). By Lemma 3.1.2, the differential dωΓ also can be expressed in terms of

propagators and residual fields, but there will be one edge less, i.e. there will only be k − 1

propagators in the product. So, assuming that we know the pushforwards over the bulk of all

diagrams with one edge less, we can compute the differential of the pushforward by the Stokes’

theorem for pushforwards along fibers with boundary,

π∗dω = π∂∗ω + (−1)dimFdπ∗ω (6.1)

where F denotes the fiber of the projection π (see e.g. [BT94], Appendix E). The restriction to

the boundary of ωΓ in this case (only one boundary component) contains less propagators since

by the boundary conditions for the propagator the only boundary components which contribute

are the ones where two bulk points with a propagator between them collide. Apart from knowing

the differential of π∗ωΓ, we also have information about its behavior when integrated against

cohomology classes of the boundary (see Lemma 6.1.4). Together with some information on the

cohomology of the boundary configuration space, this can help to identify weights of low-order
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diagrams. In this section we will restrict ourselves to splittings of g respecting the Manin triple

condition.

6.1.1 Propagators on the boundary from propagator in the bulk

We will start by analyzing how chain contractions on differential forms can relate relative

cohomology classes and cohomology classes on the boundary. This will allow us to extract

conditions on when one can extract a boundary propagator from the bulk propagator.

We assume that M has a non-empty boundary ∂M so that the short exact sequence of complexes

0→ Ω•(M,∂M)
i→ Ω•(M)

j→ Ω•(∂M)→ 0 (6.2)

is nontrivial. Let χi ∈ Ω(M,∂M) be representatives of a basis of H•(M,∂M), and χj repre-

sentatives of the dual basis of H•(M), yielding a system R of representatives. Let (ιR, pR,K)

be a continuous contracting triple (see 3.1)) of Ω•(M,∂M). Denote by η ∈ Ωd−1(C2(M)) the

integral kernel of K. The conventions on the propagator are that

Kω = π1,∗π
∗
2ωη12 =

∫
M2

η12ω2. (6.3)

The purpose of this section is to prove the following result.

Theorem 6.1.1. Suppose that the map i∗ in the short exact sequence 6.2 vanishes identically.

Then

i) The set {j(χi), ψi := j(K[iχi])} gives representatives of a basis of Hk(∂M),

ii) j(χi) is Poincaré dual to ψi,

iii) The form1

η̂12 :=

∫
M0

η01η02 (6.4)

defines a propagator for abelian BF theory on ∂M with choice of residual fields j(χi), ψj.

The condition of this theorem is rather strong, but it holds e.g. in the case of handlebodies -

the main focus of interest in this work. We postpone the proof of this theorem and establish

some facts that are needed for the proof first.

1Again, the notation means that we integrate the point labelled 0 over M .
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Relating cohomology classes

Define a map K̃ : Ωk(∂M)→ Ωk(M) by

K̃α =

∫
∂M2

η12α = π1,∗η12π
∗
2α (6.5)

Proposition 6.1.2. The map K̃ : Ω•(∂M) → Ω•(M) is a section of j, i.e. the short exact

sequence (6.2) is split by K̃.

Proof. Let α̃ = K̃α. We want to show that j(α̃) = ι∗∂M α̃ = α, so let x1 ∈ ∂M . For x1 ∈ ∂M ,

the fiber of π1 has two strata: Stratum SI = ∂M − {x1} on which the propagator vanishes

due to boundary conditions, and stratum SII , the “infinitesimal” half-sphere Hx1 around x1 on

which the propagator integrates to ±1 (see [CMR17, Section 3.3]). Therefore

K̃(α)x1 = π1,∗(η12α2)

=

∫
SI

η12︸︷︷︸
0

α2 +

∫
SII

η(x1, x2)︸ ︷︷ ︸
≡±1

α(x1)

= 0 + α(x1).

Denote by δ : Hk(M)→ Hk+1(M,∂M) the induced map in the long exact sequence

. . .
i∗→ Hk(M)

j∗→ Hk(∂M)
δ→ Hk+1(M,∂M)

i∗→ Hk+1(M)
j∗→ . . . (6.6)

The section above allows to give explicit representatives for this map.

Proposition 6.1.3. If α ∈ Ωk(∂M) is closed then dK̃α ∈ Ωk+1(M,∂M) and this induces the

map δ in cohomology.

Proof. This is a a completely standard argument in homological algebra.

The interesting statement for us is the following.

Lemma 6.1.4. Suppose that j∗ is injective on Hk(M). Let [χi1 ], . . . , [χil ] be a basis of Hk(M)

and extend j∗([χ
i1 ]), . . . , j∗([χ

il ]) to a basis of H•(∂M) with dual basis (with respect to Poincaré

pairing) [ψi1 ], . . . , [ψil ], . . .. Then

dK̃ψij = χij , (6.7)

where χij is the Poincaré dual to χij .
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Proof. Notice that the fibers of π1 : C1,1(M,∂M)→M have empty boundaries over bulk points.

Hence, we can apply Stokes theorem to compute

dK̃ψij = dπ1,∗η12π
∗
2ψij

= π1,∗dη12π
∗
2ψij

= π1,∗
∑
i

χi,1χ
i
2ψij ,2

=
∑
i

δiijχi,1

= χij ,1

where we have applied the notation π∗kχi = χi,k and used that by definition π1,∗χ
iψj = δij .

On the other hand, we have the following statement.

Lemma 6.1.5. Suppose that the map j∗ is injective on Hd−k(M). Then∫
∂M

j(χi)j(K[iχj ]) = ±δij (6.8)

for those representatives χi of form degree k and χi of form degree d− k respectively.

Proof. Again, we use Stokes’ theorem to compute∫
∂M

j(χi)j(K[i(χj)]) =

∫
M

d(χiK[χj ])

=

∫
M
χidK[i(χj)] =

∫
M
χi(Kdi(χj)± i(χj)± p[i(χj)]).

Since the χj are closed we have dχj = 0. On the other hand, the assumption that j∗ is injective

at level d− k implies that i∗ is zero, which implies that p ◦ i vanishes. Hence the integral equals

±
∫
M χiχj = ±1.

We now have enough material to prove the theorem.

Proof of theorem 6.1.1. By assumption, there is a short exact sequence

0→ Hk(M)→ Hk(∂M)→ Hk+1(M,∂M)→ 0.

First, notice that the assumption of the theorem makes jKi a morphism of complexes2:

djKi = jdKi = jKdi± ji︸︷︷︸
0

± jpi︸︷︷︸
0

= jKid

2We suppress composition symbols for brevity.

113



where in the third equality, the second term vanishes trivially, and the third by assumption.

Therefore the map descends to cohomology. We first prove that (jKi)∗ is injective. Indeed,

suppose α ∈ Ω•(M,∂M)cl satisfies that jKiα = dβ is exact. Then, we have∫
∂M

j(χi)jKiα =

∫
∂M

j(χi)dβ = 0

for all χi. Since α is closed, it has a decomposition α = λiχi + dγ. But now Lemma 6.1.5

implies that all λi vanish, hence α is exact. We conclude that (jKi)∗ is injective.

Next, we claim that jKi(H•(M,∂M)) ∩ j(H•(M)) = {0}. This follows immediately from the

nondegeneracy of the Poincaré pairing and the fact that the Poincaré pairing vanishes on

j(H•(M)) (by Stokes’ theorem). It follows that j(χi), ψi = jKi(χi) form a basis of H•(∂M).

This is point i) of the theorem. Lemma 6.1.5 also implies point ii). Finally let us prove point

iii). First, compute the differential of η̂ (here π12 denotes projection to the boundary point in

C1,2(M,∂M)):

dπ12,∗η01η02 = π12,∗dη01η02 ± η01dη02

=
∑
i

π12,∗χi,0χ
i
1η02 ± η01χi,0χ

i
2

=
∑
i

±χi1ψi,2 ± ψi,1χi2.

Second, we have to check that η̂ behaves correctly on the boundary of the configuration space

∂C2(∂M). Namely, we want to prove that the pushforward of η̂12 along the fibration

∂C2(∂M)→ ∂M1 (6.9)

is the constant function 1 (i.e. we want to fix the first point and integrate over the second). To

this end, notice η̂ is itself a pushforward along the fibration

C1,2(M,∂M)→ C2(∂M) (6.10)

whose pullback to the boundary of C2(∂M) is

∂C2(∂M)×∂M C1,1(M,∂M)→ ∂C2(∂M). (6.11)

Hence we are interested in the pushforward of η01η02 along the composition of fibrations (6.9)

and (6.11), namely

π∂1 : ∂C2(∂M)×∂M C1,1(M,∂M)→ ∂M. (6.12)

Now, consider the fibration

π : C2(∂M)×∂M C1,1(M,∂M)→ ∂M (6.13)
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where we consider the first factor as a fiber bundle over ∂M via the map p2 : C2(∂M) → ∂M

which projects to the second point. The boundaries of the fibers of π are disjoint unions of the

fibers of π∂1 and the fibers of

π∂2 : ∂C2(∂M)×∂M ∂C1,1(M,∂M)→ ∂M. (6.14)

Hence, we can apply Stokes’ theorem for integration along the fiber as

dπ∗η01η02 = π∗dη01η02 + π∂1η01η02 + π∂2η01η02. (6.15)

We claim that

dπ∗η01η02 = 0,

π∗dη01η02 = ±1,

π∂2η01η02 = 0.

The last equality follows from the fact that η02 vanishes for x0 ∈ ∂M . The first equality follows

from degree reasons: Integrating η01η02 over point x2 ∈ ∂M yields η01 by normalization of the

propagator. Integrating this over point x0 ∈M yields 0, since η is a d− 1 form. So we are left

with proving the second equation. To see this, recall that

dη01 =
∑
i

χi,0χ
i,1.

Since M is compact and connected, the cohomology H0(M) is one-dimensional and spanned by

the constant function 1. We can assume that the corresponding residual fields (denoted χ0, χ0)

are normalized:

χ0 ≡ 1,

∫
M
χ0 = 1. (6.16)

Now, notice that the only terms which survives in π∗dη01η02 are the ones of form degree d

in the bulk and form degree d − 1 at point 2 in the boundary. Also, notice that the total

degree of the form is 2d − 1, so there is a nonzero contribution only if there is no form degree

concentrated at point 0. There are only two terms for which this is possible: The first arises

when the differential hits the first propagator and produces a volume form at the bulk point

and the constant function at the first boundary point: χ0
1χ0,0η02. The pushforward of this is

1, by normalization of the propagator (notice that normalization of the volume form does not

matter). The other possibility is that there is a class in Hd−1(M) which restricts to a volume

form on the boundary. However this is ruled out by the assumptions: We know that there is a
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short exact sequence

0→ Hd−1(M)→ Hd−1(∂M)→ Hd(M,∂M)→ 0

in which the two right hand terms are 1-dimensional. Hence Hd−1(M) vanishes. This finishes

the proof that η̂ is normalized on the boundary, and therefore the proof of theorem 6.1.1.

Remark 6.1.6. The proof, together with Lemma 6.1.4 shows a little more, namely:

• The exact sequence

0→ Hk−1(M)→ Hk−1(∂M)→ Hk(M,∂M)→ 0

is split by the map (jKi)∗.

• j(Hk−1)(M) is a Lagrangian subspace of Hk−1(∂M).

• jKi(Hk(M,∂M)) is Lagrangian if the product χiχj = 0 for all i, j (this happens e.g. in

the case of handlebodies, for degree reasons).

The second point maybe requires some justification. That the Poincaré pairing vanishes on

j(H•(M)) is a consequence of Stokes’ theorem:∫
∂M

χiχj =

∫
M

dχiχj = 0.

Similarly, for ψi = jKi(χi) we have∫
∂M

ψiψj =

∫
M0

d

∫
M12

χi,1η10χj,2η20

All terms appearing in the differential are proportional to χiχj .

6.1.2 Invariant differential forms on the solid torus

The cohomological approach to the evaluation of Feynman diagrams gets greatly simplified by

its symmetries. Namely, the solid torus M has an action of the usual 2-torus T 2 = ∂M by

rotations (this action comes from identifying the solid torus with S1×D and realizing D as the

unit disk). We denote a point in the two-torus T 2 by (t, θ) ∈ (R/Z)2 and a point in the solid

torus by (t, z) ∈ R/Z×D. Then, the action is given by

(t, θ).(t′, z) = (t+ t′, exp(2πiθ)z). (6.17)

On the boundary torus of the solid torus, this action reduces to the multiplication in the Lie

group. Now, we can use the fact that on the solid torus there exist T 2-invariant propagators
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(e.g. the ones induced by T 2-invariant metrics, but also the axial gauge propagator of sections

5.3.1, 5.3) to simplify our computations, from the following elementary fact:

Proposition 6.1.7. Let ω ∈ Cn,m(M,∂M) be a T 2 invariant form. Then for any n2 ≤ n1,m2 ≤

m1 its pushforward along the fibers of Cn1,m1(M,∂M)→ Cn1,m1(∂M) is also T 2-invariant.

Proof. This follows immediately from the fact that the pushforward commutes with the pull-

back: Let Lg be the diffeomorphism induced by g ∈ T 2 (on both Cn,m(M,∂M) and Cm(∂M),

then L∗gπ∗ω = π∗L
∗
gω = π∗ω.

The invariant forms on T 2 are of course dual to the Lie algebra of the torus: It is the linear

span of the constant forms 1, dt, dθ, dtdθ. On the solid torus, the invariant forms are the ones

only depending on the radial coordinate. Of course, on Cn(T 2) or Cn(M) there are a lot more

invariant forms for n > 1, e.g., all forms that depend only on the difference ti − tj , θi − θj .

6.1.3 Weights of Feynman diagrams from invariant propagators

In this section we will assume that we have a propagator on the solid torus for a choice of

residual fields χ1 = µdt, χ2 = µ, χ2 = dt, χ1 = 1, which also satisfies the assumptions

∫
2
η12µ2 =

∫
2
η12µ2dt2 = 0, (6.18)∫

1
dt1η12 = 0, (6.19)∫

2
η12η23 = 0, (6.20)

These assumptions are satisfied e.g. by Riemann-Hodge propagators of T 2-invariant metrics,

or the axial gauge propagator. It turns out that we can evaluate low-order Feynman diagrams

just from the assumptions on the propagator.

Proposition 6.1.8. Let η be an invariant propagator on M = S1×D satisfying the assumptions

above. Then, there exists a function f : [0, 1]→ R and a 1-form α ∈ Ω1(M) such that we have∫
1
µ1η12 = ψ2 + df(r2), (6.21)∫

1
µ1dt1η12 = ψ2dt2 + dα, (6.22)∫

2
η12dt2 = 0, (6.23)
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where we put ψ = 1
4πi(z̄dz − zdz̄). Moreover, if x2 ∈ ∂M we have∫

1
µ1η12 = dθ2 (6.24)∫

1
µ1dt1η12 = dθ2dt2 (6.25)∫

2
η01dt1 = dt0 (6.26)

Proof. Let us start with (6.21). Here we consider
∫

1 µ1η12 = K[µ]. The properties of the

propagator imply that dKµ = µ. Since dψ = µ, the 1-form β = Kµ− ψ is closed and hence of

the form β = λdt+ df , for some function f on M and a constant λ ∈ R. Since∫
M
βµ =

∫
M

(β + ψ)µ =

∫
M,12

µ1η12µ2 = 0,

where the last equality follows from assumption (6.18), we have λ = 0 and hence β = df . But

since β is T 2-invariant, so is f , since for X ∈ {∂t, ∂θ},

0 = LXβ = LXdf = dLxf

which implies that LXf is constant (since f is periodic in t and θ). This means that f ≡ f(r).

Consequently ι∗∂Mdf = 0, which proves (6.24).

Next let us look at (6.22). This is proven exactly in the same way. Note that ι∗∂Mdα is an exact

invariant form. This implies that it is zero.

To see (6.23), we first observe that
∫

2 η12dt2 is closed. This follows from the Stokes’ theorem

for integration along the fiber:

d

∫
2
η12dt2 = dπ1,∗η12dt2 = π1,∗dη12dt2 + π∂1,∗η12dt2 = π1,∗(µ1dt1dt2)− dt2 = 0.

Hence, it is a constant function. But by the boundary conditions on the propagator in vanishes

on the boundary, hence it is zero.

To prove equation (6.26), take the differential of equation (6.23). This yields

0 = d

∫
2
η12dt2 =

∫
12

dη12dt2 + dt1 −
∫
∂M2

η01dt1.

Here the last two terms are the integral over the two boundary faces, one where points 1 and 2

collapse in the bulk and one where the second point is on the boundary. Now the claim follows

from the fact that the first term on the left hand side vanishes for degree reasons.

Equations (6.24) and (6.25) tells us that the choice of residual fields induced on the torus by

our bulk gauge fixing is χ1 = 1 = χ4, χ
2 = dt = χ3, χ1 = dθdt = χ4, χ2 = dθ = −χ3. Next, we

118



are interested in the forms K∗χi ∈ Ω•(M) defined by (6.5). By theorem 6.1.1 we know that the

diagram with two legs evaluates to a propagator η̂ on the torus for that choice of residual fields,

moreover that propagator is invariant under the T 2 action on the boundary. We will need one

further assumption on the bulk propagator. Denote by TS1 the map C2(M)→ C2(M) given by

extending the map that exchanges the two copies of S1 in M ×M . More precisely, let TS1 be

the extension of the restriction of T̄S1 : M ×M →M ×M to M ×M −∆, where T̄S1 is defined

by

T̄S1 : (S1 ×D)× (S1 ×D)→ (S1 ×D)× (S1 ×D)

((t1, z1), (t2, z2)) 7→ ((t2, z1), (t1, z2))

Then we say that the bulk propagator is S1-odd if

T ∗S1η = −η.

Examples of S1-odd propagators are e.g. the ones defined by product metrics3, or the axial

gauge propagator (with the definition adapted to distributional propagators). We now make

the following claim:

Proposition 6.1.9. If the propagator on the solid torus is S1-odd, the induced propagator on

the torus vanishes when integrated against the induced residual fields. More precisely, we have∫
2
η̂12dt2 =

∫
2
η̂12dθ2 =

∫
2
η̂12dθ2dt2 = 0. (6.27)

Proof. Since the forms
∫

2 η̂12dt2,
∫

2 η̂12dθ2,
∫

2 η̂12dθ2dt2 are all invariant, they are linear combi-

nations of 1 resp dt and dθ. Hence the claim follows by showing that∫
0,1,2

η01η02dt1dt2dθ2 =

∫
0,1,2

η01η02dθ1dt2dθ2 = 0,

since these are the projections to the subspace spanned by 1 of
∫

2 η̂12dt2,
∫

2 η̂12dθ2 or the pro-

jections to the subspaces spanned by dt, dθ of
∫

2 η̂12dt2dθ2. Vanishing of the first integral follows

directly from (6.26): Performing first integral over point 1 we get∫
0,1,2

η01η02dt1dt2dθ2 =

∫
0,2
η02dt0dt2dθ2 = 0.

For the second integral we have to work a bit more, and the proof relies on the assump-

tion of S1-oddity. By Lemma 6.1.4, we have know that α = K∗dθ =
∫
∂M2

η02dθ2 and β =

3This follows from the heat kernel expansion 3.70.
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K∗dθdt =
∫
∂M2

η02dθ2dt2 are primitives of µ and µdt respectively. Moreover, since
∫
M µβ =∫

M1×∂M2
µη12dθ2 =

∫
∂M1

dθ1 ∧ dθ1 = 0, we know that up to exact invariant forms we have

α = ψ and β = ψdt, where ψ = (4πi)−1(z̄dz − zdz̄) = r2dθ (note that in our normalization

µ = 2rdrdθ). We have∫
0,1,2

η01η02dθ1dt2dθ2 =

∫
M
α ∧ β =

∫
M

(ψ + df)(ψdt+ dτ)

where df,dτ are invariant forms. We now claim that this integral vanishes. Since ψ2 = 0 and

dτ vanishes on the boundary, this is equivalent to saying that∫
M
ψdτ = −

∫
M

dfψdt.

For this, we first claim that actually a possible choice for f is f(x0) =
∫

1 η01ψ1. Indeed, by the

fiberwise Stokes theorem we have∫
1

d(η01ψ1) = d

∫
1
η01ψ1 + ψ1 −

∫
∂M1

η01ψ1.

The first term on the right hand side is df and the last is α. On the other hand∫
1

d(η01ψ1) =

∫
1
(dη01)ψ1 +

∫
1
η01µ1.

The first term vanishes for degree reasons and the second term vanishes by assumption 6.18.

Hence α = ψ + d
∫

01 η01ψ1. Since f vanishes on the boundary we have∫
M
dfψdt =

∫
M
fµdt =

∫
M,0,1

η01ψ1µ0dt0 = −
∫
M,0,1

µ0dt0η01ψ1.

Similarly, we can show that a possible choice for τ is τ =
∫

01 η01ψ1dt1 and then∫
M
ψdτ =

∫
M
µτ =

∫
M,0,1

µ0η01ψ1dt1.

By our assumption that the propagator is S1-odd, the claim follows.

With the material already collected in this section, we can compute almost all 1-point diagrams

in the Manin triple case. We are only missing one single piece, namely the diagram with two

legs and an b residual field (figure 5.4c on page 80). Here we get a term
∫

0 dt0η01η02. For this

term, we have the following claim.

Proposition 6.1.10. Let η̂ be the boundary propagator induced by a S1-odd bulk propagator η0.

Then
∫

0 dt0η01η02 is cohomologous to η̂ dt1+dt2
2 , i.e we have∫

0
dt0η01η02 = η̂

dt1 + dt2
2

+ dλ (6.28)

where λ is a 1-form on C2(M) that satisfies π∂∗λ ≡ 0.
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Proof. First, it is a straightforward check that the differentials of the two forms agree. Hence

their difference is a closed form. We want to show that its cohomology class is zero. But this

follows from the well-known fact that for any compact manifold the cohomology of the 2-point

configuration space satisfies

H•(C2(M)) =
H•(M)⊗H•(M)

(∆)
, (6.29)

where ∆ is the diagonal class. For the case of the torus this means that a cohomology class

vanishes if its Poincaré pairing with any product of cohomology classes dti and dθi vanishes

(where i = 1, 2). In our case, proposition 6.1.9 shows that both sides of (6.28) vanish when

integrated against any such product. For the last statement notice that

π∂∗λ = π2,∗dλ = π2,∗

∫
0
dt0η01η02 − η̂

dt1 + dt2
2

but both these integrals vanish independently (the first by degree reasons, the second by Propo-

sition 6.1.9.)

6.1.4 Summarizing weights of Feynman graphs in the cohomological ap-

proach

Let us summarize the findings for the weights of one-point Feynman diagrams. Namely, we find

ψΓ1,0 =
1

2
γjki (z0iz+

0jz
+
0k + 2z1iz+

0jz
+
1k) (6.30)

ψΓ1,1 = −µkij(z0,iz+
0,j − z

1,iz+
1,j)

∫
∂M2

dθ2dt2Ak2 − µkijz1,iz+
0,j

∫
∂M2

dθ2Ak2 (6.31)

ψΓb
1,2

=
1

2

∫
∂M×∂M

µijkz
+
1iηT2,12A

j
1A

k
2

+
1

2

∫
∂M×∂M

µijkz
+
2i

(
ηT2,12

dt1 + dt2
2

+ dλ

)
Aj1A

k
2 (6.32)

Remark 6.1.11. Even though we showed that the induced propagator on the torus is smooth,

we can evaluate (6.32) with the axial gauge propagator (3.64) on the torus. This does not agree

with the result (A.12). Indeed, the difference is

1

4

∫
∂M×∂M

µijkz
+
2iηS1(t1, t2)(dθ2(dt2 − dt1) + dθ1(dt2 − dt1))Aj1A

k
2,

which is
1

4

∫
∂M×∂M

µijkz
+
2idζ(t1 − t2)Aj1A

k
2

where ζ is defined by

ζ(t) = 1/2(|t| − t2)(dθ1 + dθ2)
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for −1 ≤ t ≤ 1, and extended periodically4. Note that the distributional derivative of |x| is

sgn(x) so that dζ(t1 − t2) = (1
2sgn(t1 − t2) − t1 + t2)(dt1 − dt2)(dθ1 + dθ2). This gives some

evidence for the expectation5 that the difference of two states should be (~2∆ + Ω)-exact, since

the first term in Ω is the lift of the de Rham differential Ω0 =
∫
∂M dA δ

δA .

6.2 Gluing Lens Spaces, Again

We can use the results of the section above to give another computation of (parts of) the effective

action on lens spaces. Namely, we can pick a propagator ηT2 on the torus and evaluate

P∗(ψΓb,A
1,2
∗ ψ

Γa,B
1,2

) =
1

2p
µijkγ

jk
i

∫
C2(T2)

(
ηT2,12

dt1 + dt2
2

+ dλ12

)
ϕ∗
(
ηT2,12

dt1 + dt2
2

+ dλ12

)
.

(6.33)

Here we already reduced the residual fields. This integral can be rewritten as∫
C2(T2)

(
ηT2,12

dt1 + dt2
2

)
ϕ∗
(
ηT2,12

dt1 + dt2
2

)
+

∫
C2(T2)

ηT2,12
dt1 + dt2

2

(
ϕ∗dλ−

(
ϕ−1

)∗
dλ
)

+

∫
C2(T2)

λdλ.

One possible choice for the propagator on the torus is the “standard” one, i.e. the one corre-

sponding to the standard metric, derived in C, which can be expressed in terms of Jacobi theta

functions by

ηstdT2 (z1, z2) ≡ ηi(z1, z2) =
1

2π
d arg ϑ1(z1 − z2|i) (6.34)

(see Appendix C for the conventions on Theta functions). Another possible choice is the axial

gauge propagator 3.64, given by

ηaxT2((t1, θ1), (t2, θ2) = ηS1(θ1, θ2)δ(1)(t1, t2) + ηS1(t1, t2)(dθ2 − dθ1). (6.35)

For these propagators it is possible to compute the integrals above not containing dλ. For the

standard propagator on the solid torus we cannot evaluate those, but we have the following

conjectures ordered by increasing strength:

4Note that ζ(t) satisfies ζ(t+ 1) = ζ(t) for −1 ≤ t ≤ 0.
5For propagators that extend to configuration spaces it was proven in [CMR17], but for distributional propa-

gators there is no general result yet.

122



Conjecture 6.2.1. There is a propagator on the solid torus inducing the standard propagator

for which the form λ satisfies:

ι∗∂λ12 = 0 (6.36)∫
M1,2

λ12γ1δ2 = 0 (6.37)

where γ, δ ∈ {dt, dθ, dθdt}.

A stronger version of this is:

Conjecture 6.2.2. There is a propagator on the solid torus which induces the standard prop-

agator on the boundary and for which λ vanishes.

A yet stronger version of this conjecture is:

Conjecture 6.2.3. This propagator is the one corresponding to the standard metric on the

solid torus.

Notice however that Conjecture 6.2.1 is enough to ensure vanishing of the terms in (6.33)

involving γ, which can be seen integrating by parts.

6.2.1 Weight of the theta graph

For a bulk propagator satisfying Conjecture 6.2.1 we can now compute the weight of the theta

graph on the glued lens space, up to terms that come from loops on the solid torus. Possibly,

there are also contributions from 2-point trees after gluing. For them we have the following

result.

Lemma 6.2.4. Contributions of two-point trees to the theta graph vanish after gluing and

reducing the residual fields, if the bulk propagator is S1-odd.

Proof. The theta graph has degree 0 in the reduced residual fields. Since for two-point trees

there is an aB residual field glued to every boundary vertex, so we need a two-point tree exactly

the same number of bA residual fields and boundary vertices and no aA residual fields. A quick

check of figure 5.6 on 82 shows that the only possible 2-point tree is 5.6b with two bA residual

fields. The only possibly nonzero contribution appears when we take the dt component of both

bA fields and the dθ component of both aB fields. This yields the integral∫
M0,1

K∗[dθ]0dt0η01dt1K
∗[dθ]1.
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S1-oddity now provides an orientation reversing involution à la Kontsevich which leaves the

integrand invariant (there is an additional minus sign from exchanges the two dt’s).

With this we can finally present the following computation.

Proposition 6.2.5. Let η be an S1-odd propagator on the torus satisfying Conjecture 6.2.1.

Then we have

I := P∗ψΓb,A
1,2
∗ ψ

Γa,B
1,2

=
1

2

(
s(q, p)− m+ q

12p
+

1

2
+

1

2π
arg(n− p− i(m+ q))

)
(6.38)

Proof. By our assumption that the propagator satisfies Conjecture 6.2.1 we have

I =
1

2p

∫
C2(T2)

(
ηstdT2,12

dt1 + dt2
2

)
ϕ∗
(
ηstdT2,12

dt1 + dt2
2

)
.

First, we claim that

I =
1

2

∫
T2

ηstdT2,12ϕ
∗ηstdT2,12.

This follows from the fact that the standard propagator depends only on the differences t12 =

t1− t2, θ12 = θ1− θ2 and is periodic in both t and θ. The factor of p comes from the pullback of

dθ. This integral can be computed using the method explained in Appendix C, where we prove

first

ϕ∗ητ = ητ
′
, (6.39)

where τ ′ = (
(
Tϕ
)
.τ), (

(
Tϕ
)

is the transpose about the anti-diagonal and ϕ.τ is the standard

SL(2,Z)-action on the upper halfplane H. Then we have by proposition C.3.3∫
T
ητητ

′
= s(q, p)− m+ q

12p
+

1

2
+

1

2π
arg(n|τ |2 +mτ̄ − qτ − p). (6.40)

In our case τ = i, so the proof follows.

Remark 6.2.6. Equation (6.40) implies that if τ = iβ for β > 0, and we take the limit β →∞,

the term 1
2π arg(n|τ |2 +mτ̄ − qτ − p) vanishes. In this case the propagator ηβi approaches the

axial gauge propagator, by Remark 3.3.7. Indeed, the integral I can also be computed with the

axial gauge propagator, and this yields the same result.

Comparing with the weight of the theta graph computed from the axial gauge on the solid torus

given in (5.65), this computation shows that the contribution of the loop diagrams on the solid

torus to the weight of the theta graph for a propagator satisfying Conjecture 6.2.1 is

m+ q

12p
+

1

2
+

1

2π
arg(n|τ |2 +mτ̄ − qτ − p) (6.41)
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6.3 Remarks on gluing of arbitrary 3-manifolds

Let us end this Chapter with some very sketchy remarks on how one could extend these methods

to the case of arbitrary 3-manifolds. Any compact 3-manifold M can be expressed in terms of

a Heegard splitting M = Hg ∪ϕ Hg (see e.g. [Joh; Sch00a]).

6.3.1 Reducing residual fields

Consider now a Heegard splitting M = Hg ∪ϕHg of arbitrary genus g ≥ 1, with ϕ ∈ MCG(Σg).

The action of ϕ on H1(Σg) by pullback is symplectic, and we denote by

Sϕ =

 A B

C D


its representation in the basis induced by the choice of residual fields on the handlebody. In the

same notation as above, we have

L1 = L⊥1 = 〈1, dt1, . . . , dtg〉

L2 = L⊥2 = 〈1, ϕ∗dt1, . . . , ϕ∗dtg〉

=

〈
1,

g∑
j=1

A1jdtj + C1jdθj

〉

and we want to determine the spaces L×i as complements to L1 ∩ L2 inside Li. We claim that

L1 ∩ L2 = AT kerCT . Indeed, let α ∈ L1 ∩ L2. Then

α = λ1dt1 + . . .+ λgdtg =

g∑
i,j=1

µi (Aijdtj + Cijdθj) .

It follows that
∑

i νiCij = 0 for all j = 1, . . . , g, i.e. (ν, . . . , νg) ∈ kerCT . Then, we have

λj =
∑

i νiAij , i,e. λ = AT ν.

Since ϕ is invertible, AT restricted to kerCT does not have a kernel, i.e. dimL1∩L2 = dim kerC

and dimL×i = rkC. In particular, the pairing for the reduction of residual fields is induced by

the restriction of C to L×1 .

6.3.2 Weight of Theta graph

The weight of the theta graph on arbitrary 3-manifolds can be expressed by the Feynman

diagrams on handlebodies, given in Section 5.2.5. In the genus 1 case, the main information
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about the weight was contained in the gluing of diagram Γb
1,2 to its counterpart in the B-

representation. We no longer have the axial gauge available in higher genus 6 However, from

theorem 6.1.1 we know that the weight of this graph can be expressed in terms of a boundary

propagator, on a handlebody of higher genus, it should have the form

ψΓb
1,2

=

∫
Σg

ηΣg(z, w)α(z, w)A1A2 (6.42)

where Σg denotes the Riemann surface of genus g, and α can be expressed as product of the

representatives of cohomology on Σg induced by restriction from H1(Hg). Propagators on

Riemann surfaces are known explicitly, see7 e.g. [Fer08], they can be constructed through the

Riemann theta Functions on Cg. Explicitly, they take a form similar to (C.23), namely,

ηΣg(z, w) =
1

2π
d arg Θ(j(z), j(w),Ω) + β(z, w) (6.43)

where Θ denotes the Riemann theta function on Cg × Gg, Gg is the Siegel upper half space of

complex matrices with positive imaginary part, Ω ∈ Gg, j : Σg → Cg is the Abel-Jacobi map

and β is a smooth form which serves only make the combination of the two terms periodic, and

for which explicit expressions are also available. Inspired by the discussion of 6.2, one might

ask what is the relation between the integral∫
Σg

ηΣg(z, w)α(z, w)ϕ∗
(
ηΣg(z, w)α(z, w)

)
(6.44)

to the Casson-Walker-Lescop invariant of M = Hg ∪Σ Hg, and whether it can be computed

similarly through residue calculus. A first obstacle is the absence of the symmetry that allowed

us to reduce this integral to the integral of a single variable on the solid torus.

6However, one might try to investigate propagators that arise from degenerate metrics similar to the axial

gauge.
7In [Fer08], different boundary conditions were used (on the boundary of a fundamental polygon of Σg), in

our case periodic boundary conditions are required
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Chapter 7

Conclusions and Outlook

It is the opinion of the author that this thesis raises many more questions than it answers.

As a conclusion of this thesis, let us summarize some answers that have been given, and some

questions that require further investigation.

7.1 Questions that have been answered

7.1.1 How can one approximate the axial gauge?

One previously open question that has found a satisfying answer is whether the axial gauge

propagator can be approximated by propagators that extend smoothly to the compactified

configuration space, and if yes, what the corresponding family is1. The answer given in Theorem

3.3.2 is that on any product manifold, the axial gauge propagator can be obtained by “blowing

up” one of the factors.

7.1.2 What is the weight of the theta graph on a lens space?

Another question that has been answered is what the weight of theta graph on lens spaces is, at

least in the gauge that corresponds to gluing it from two solid tori in the axial gauge. Explicit

formulae have been presented in Equations (5.65) and (5.67), for the two different orientations

of the graph. In the case of a Manin triple, this weight behaves very similarly to what would

have been expected by the observations of Kuperberg-Thurston-Lescop: Namely, there is an

invariant of framed lens spaces (m + q)/(12p) such that the difference of the weight and this

other invariant is the Casson-Walker invariant. This answer was first obtained for the case of a

1This question was posed to the author by P. Mnev while on a visit to Bonn.

127



Manin triple. Naturally, it lead to the next question.

7.1.3 Does the weight depend on the type of polarization used in the gluing?

The answer here is a clear yes. In the general case, the weight of one orientation of the Theta

graph is irrational and transforms by irrational shifts under change of framing (as induced by

the gluing diffeomorphism). The results of Chapter 4 rule out that this dependence is somehow

cancelled by the quadratic Lie algebra: We have seen explicit examples of quadratic Lie algebras

that admit splittings as Manin triples, but also splittings in which the complentary eccentricity

(the Lie algebra coefficient of the other orientation of the Theta graph) are non-zero, and these

splittings are related via a sequence of twists.

7.2 Questions that have not been answered

The author believes that most of the results in this work are not final, but give rise to more

questions. Some of them are discussed below.

7.2.1 Some questions about the axial gauge

One question about the axial gauge was answered in this thesis. However, this immediately

yields to a flurry of other questions, non of which was addressed in this work.

What is the homotopy between regular gauges and axial gauges?

Since the axial gauge can be seen as a limit of smooth gauges, one can ask about the homotopy

between the propagators. Understanding better how the state defined using the regular gauge

approaches the (regularized) state in the axial gauge is important in understanding whether the

fact that the axial gauge is singular has an effect on the polarization anomaly (see below).

Can the axial gauge on product manifolds with more factors be approximated

similarly to Theorem 3.3.2?

In this work, we only prove theorem 3.3.2 for at most two factors. However, a similar con-

struction is relatively straightforward for products of two or more manifolds with or without

boundary, to define a propagator on a manifold with corners: see, e.g. [Mne08, Section 6],

where a propagator for the D-cube is considered. It can be speculated that a generalization of
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3.3.2 can be proven for these constructions by “blowing up” or “degenerating” the gauge-fixing

metrics on the factors successively in the right order.

Can the axial gauge be extended to non-trivial fiber bundles?

In this work, we only consider manifolds which are products, i.e. trivial fiber bundles. A

natural question is whether one can extend the construction of the axial gauge to non-trivial

fiber bundles, e.g. in the simple case of an S1-bundle S1 ↪→ M � B. One challenge is to send

to volume of the circle fibers to infintiy in a compatible way. A variant of this approach has

been explored by Blau and Thompson ([BT06]). It would be interesting to see whether there

are connections between the axial gauge approach discussed here and their work.

Does our regularization of the axial gauge lead to a well-defined quantum theory?

Here, by well-defined theory we mean that the theory satisfies a version of the modified Quantum

Master Equation. This has not been achieved. In particular, there is no good criterion as to

when diagrams are axial gauge regularizable or not, and, in the case when diagram are divergent

as one approaches the axial gauge, what a good way to extract a convergent term could be.

However, this seems like a rather hard problem, at least on general manifolds. It might be best

to start by investigating examples with a 1-dimensional factor, in particular, the “universal”

regularization of the axial gauge proposed in 3.4.

7.2.2 What is the precise nature of the framing correction?

We showed that in the case of a Manin triple, the weight of a Theta graph is the Casson-Walker

invariant up to a framing correction. However, at the moment we do not have a geometric

interpretation of this term. According to the literature, it should be given by the Chern-Simons

invariant of a residual connection, or - equivalently - by a Pontryagin number associated to the

data (M1,M2, ϕ). This issue could certainly be clarified with a some more work.

7.2.3 What is the origin of the “Polarization anomaly”?

We have seen that the weight of the Theta graph on lens spaces in the “glued gauge” depends

on the type of polarization that was chosen before gluing. We offered several possible reasons

for this: the non-unimodularity of the vertex coefficients, or the fact that general polarizations

are not compatible with the algebraic structure on the space of fields. It would be interesting to
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compare with the complex polarizations that are usually used in Chern-Simons theory, however,

these seem to be harder to accomodate in the BV-BFV formalism, especially in the view of

perturbative quantization (some results have been obtained in [ABM13].

7.2.4 Is there a general relation between Theta graphs on 3-manifolds and

Casson-Walker-Lescop invariants?

Using the theory of effective BV actions, one can - in principle - define the weight of the theta

graph on any 3-manifold, as a function on residual fields. An interesting question - of which

this work has barely touched the beginnings - is what the relation between this graph and the

Casson-Walker-Lescop invariant is. Notice that the Casson-Walker-Lescop invariant depends

rather strongly on the dimension of H1(M). This could be interpreted as the dependence on

residual fields.
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Appendix A

Computation of Feynman weights on

the solid torus

A.1 Some definitions and conventions

We usually consider the disk as the unit disk in the complex plane and use its complex coordinate

z = re2πiθ. Its boundary is a circle S1 with a coordinate 0 ≤ θ ≤ 1 but formulas will usually

be valid for −1 ≤ θ ≤ 1 which is useful when considering differences. We often make use of the

elementary formulas

Im z1 Im z2 =
1

2
Re(z1z̄2 − z1z2) (A.1)

Im z1 Im z2 Im z3 =
1

4
Im(z1z2z̄3 − z1z2z3 + z1z̄2z3 − z1z̄2z̄3) (A.2)

=
1

4
Im(z1z2z̄3 − z1z2z3 + z1z̄2z3 + z̄1z2z3) (A.3)

By log we always denote the principal branch given by log(1 − z) = −
∑∞

k=1 z
k/k for |z| < 1,

and by Li2(z) the corresponding branch of the dilogarithm

Li2(z) = −
∫ z

0

log(1− t)
t

dt =
∞∑
k=1

zk

k2
(|z| < 1).

We also use the double logarithm (|xy| < 1, |y| < 1)

Li1,1(x, y) =
∑

0<m<n

xmyn

mn
. (A.4)

Also we will use the elementary fact that if∫∫
D
f(z, z̄)dz̄dz = 2πiK
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then ∫∫
D
f(z, z̄)dz̄dz = −

∫∫
D
f(z, z̄)dz̄dz = 2πiK.

We introduce the following condensed notation.

zij := zi − zj , Lij = log zij , uij = 1− ziz̄j ,Kij = log uij ,Mij = log

(
uij
|zij |2

)
(A.5)

In passing we note that zji = −zij and uji = ūij , and hence dLji = dLij while dKji = dKij .

We also define

φ12 :=
1

2π
d arg z12 =

1

2π
Im d log(z12) =

1

4πi

(
dz12

z12
− dz̄12

z̄12

)
(A.6)

τ12 :=
1

2π
d arg u12 =

1

2π
Im dK12 =

1

4πi

(
z2dz̄1 + z̄1dz2

ū12
− z1dz̄2 + z̄2dz1

u12

)
(A.7)

ψ1 :=
1

4πi
(z̄dz − zdz̄) =

1

2π
Im(z̄dz) (A.8)

µ1 :=
1

2πi
(dz̄dz) = dψ1 (A.9)

and call them “elementary 1-forms”: all Feynman diagrams on the disk can be expressed in

terms of those forms.

A.2 Results

In this section we present in a compact form the weights of the Feynman diagrams before

and after the pushforward over the bulk vertices. We present the results in tables for each

order. Each graph carries a label, the corresponding figure can be found in section 5.2.5. The

computations are carried out over the next 2 sections. First we split the contribution into

contributions on the circle and contributions on the disk in Section A.3. The contributions of

the circle can be immediately evaluated. For the integrals over the disk, a systematic way to

compute the resulting parameter integrals over the disk is developed in A.5. Also, some words of

warning on the notation. There are four different types of indices. The indices i, j, k, . . . are Lie

algebra indices. The first index on z and z+ coordinates denotes the index of the background.

Finally, a differential form ω can carry one or two indices ωi or ωij : This means the form is

placed at vertex i, i.e. ωi = π∗i ω, or ωij = π∗ijω. Finally, the indices on M = D × S1 and

∂M = S1×S1 denote the label of the vertex there, and projections to the corresponding factor

carry that index. We will often abbreviate ∂Mi × ∂Mj = (∂M)2
ij , and similarly for higher

powers (the need for abbreviations is abundant).

A.2.1 0-point order
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Graph label Figure Before Pushforward After pushforward

Γ0 5.3 −
∫
∂M 〈b,A〉 −z+

0,i

∫
∂M A− z+

1,i

∫
∂M dtAi

Table A.1: Contributions of 0-point graphs

A.2.2 1-point order

Graph label Figure Before Pushforward After pushforward

Γ1,0 5.4a
∫
M 〈b, [a, a]〉 1

2γ
jk
i (z0iz+

0jz
+
0k + 2z1iz+

0jz
+
1k)

Γ1,1 5.4b −
∫
M1×∂M2

µijkb1,ia
j
1η12Ak2

−µijk(z+
0iz

0j − z+
1iz

1j)

∫
∂M2

dtdθAk2

−µijkz+
0iz

1j

∫
∂M2

dθAk2

Γb
1,2 5.4c 1

2µ
i
jk

∫
M1×(∂M)2

23
b1,iη12η13Aj2Ak3 (A.12)

Γa
1,2 5.4d 1

2ψijk
∫
M1×(∂M)2

23
ai1η12η13Aj2Ak3 (A.14)

Γ1,3 5.4e 1
6ψijk

∫
M1×(∂M)2

234
η12η13η14Ai2A

j
3Ak4 (A.16)

Table A.2: Contributions of 1-point graphs

A.2.3 2-point order

Trees, one boundary vertex
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Graph label Figure Before Pushforward After pushforward

Γb
2,1 5.6a µkijγ

jl
m

∫
M1×M2×∂M3

ai1b1,kη12b2,lη13Am3 0

Γa
2,1 5.6a µkijµ

j
lm

∫
M1×M2×∂M3

ai1b1,kη12a
l
2η13Am3 0

Table A.3: Contribution of 2-point trees with 1 boundary vertex

Trees, two boundary vertices

Graph label Figure Before Pushforward After pushforward

Γab
2,2 5.6b ψijkγ

jl
m

∫
M1×M2×∂M3×∂M4

ai1η13η12b2,lη24 0

Γbb
2,2 5.6b µkijγ

jl
m

∫
M1×M2×∂M3∂M4

b1,kη13η12b2,lη14Ai3Am4 (A.22)

Γab
2,1 5.6b µkijµ

j
lm

∫
M1×M2∂M3×∂M4

ai1b1,kη12a
l
2η13Am3 (A.20)

Γ′2,2 5.6f µkijµ
j
lm

∫
M1×M2×∂M3

ai1b1,kη12a
l
2η13Am3 (A.24)

Table A.4: Contribution of 2-point trees with 2 boundary vertices

Trees, three boundary vertices
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Graph label Figure Before Pushforward After pushforward

Γl,b2,3 5.6d γijk ψjlm
∫
M2

12×(∂M)3
345

b1,iη13η21η24η25Ak3Al4Am5 (A.25)

Γl,a2,3 5.6d µjikψjlm
∫
M2

12×(∂M)3
345

a1,iη13η21η24η25Ak3Al4Am5 (A.26)

Γr,b2,3 5.6c µijk µ
j
lm

∫
M2

12×(∂M)3
345

b1,iη13η12η24η25Ak3Al4Am5 (A.27)

Γr,a2,3 5.6c ψijkµ
k
lm

∫
M2

12×(∂M)3
345

ai1η13η21η24η25Aj3Al4Am5 (A.29)

Table A.5: Contribution of 2-point trees with 3 boundary vertices

Trees, four boundary vertices

Graph label Figure Before Pushforward After pushforward

Γ2,4 5.6e
∫
M2

12×(∂M)4
3456

η13η14η12η25η26 (A.30)

Table A.6: Contribution of the 2-point tree with four boundary vertices

Loop diagrams

The loop diagrams in the axial gauge are regularized by the approximation by metric propa-

gators. The loop diagrams in question were analyzed in Section 5.3.4. The two-loop diagrams

vanish in this regularization. For the one-loop graphs, only the oriented loops survive.

A.3 Splitting of contributions

In this appendix we will compute the splitting of contributions in Section 5.3 into disk and

circle contributions. To this end we expand the propagator η12 = ηD,12δS1,12 +µ1ηS1,12. We will

identify the integrals that have to be computed on the disk and directly evaluate the integrals

on the circle (where the integrals are really pushforwards of currents). We give the explicit

result for all weights, using the computation of the pushforwards in the next section.

For future use let us briefly compute the product a1 ∧ bj :

ai ∧ bj = (z0,iµdt+ z1,iµ)(z+
0,j1 + z+

1,jdt) = (−z0,iz+
0,j + z1,iz+

1,j)µdt+ z1,iz+
0,jµ. (A.10)
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Here the minus sign in the first term comes from commuting the odd coordinate z+
0,j with the

odd µdt.

A.3.1 1-point order

Let us proceed by number of boundary vertices.

One boundary vertex

The contribution of Γ1,0 (figure 5.4b) is

−
∫
M1×∂M2

µijkb1,ia
j
1η12Ak2

= µkij(z
0,iz+

0,j − z
1,iz+

1,j)

∫
M1×∂M2

µ1dt1(ηD,12δS1,12 + µ1ηS1,12)Ak2

− µkijz1,iz+
0,j

∫
M1×∂M2

µ1(ηD,12δS1,12 + µ1ηS1,12)Ak2

= −µkij(z0,iz+
0,j − z

1,iz+
1,j)

∫
∂M2

∫
D,1

µ1ηD,12

∫
S1,1

δS1,12dt1Ak2

− µkijz1,iz+
0,j

∫
∂M2

∫
D1

µηD,12

∫
S1,1

δS1,12Ak2

= −µkij(z0,iz+
0,j − z

1,iz+
1,j)

∫
∂M2

ψ2dt2Ak2 − µkijz1,iz+
0,j

∫
∂M2

ψ2Ak2

(A.11)

where we denoted ψ2 :=
∫
D,1 µ1ηD,12 ∈ Ω1(D).

Two boundary vertices

The contributions from Γb
1,2 (figure 5.4c) is

ψΓb
1,2

= µijk

∫
M1×∂M2×∂M3

(z+
0,i1 + z+

1,idt1)η12η13Aj2A
k
3.

The first term is

µijkz
+
0,i

∫
M1×∂M2×∂M3

(ηD,12δS1,12 + µ1ηS1,12)(ηD,13δS1,13 + µ1ηS1,13)

= µijkz
+
0,i

∫
(∂M)2

23

(∫
D,1
−ηD,12ηD,13

∫
S1

1

δS1,12δS1,13 +

(∫
D,1

µ1ηD,12

∫
S1,1

ηS1,13δS1,12 + 2↔ 3

))
Aj2A

k
3

= µijkz
+
0,1

∫
(∂M)2

23

(
−ω23δS1,23 + (ψ2 − ψ3)ηS1,23

)
Aj2A

k
3

where ω13 :=
∫
D,1 ηD,12ηD,13 ∈ Ω0(C2(D)), and similarly, for the second term we compute∫

1
dt1η12η13 = −

∫
D,1

ηD,12ηD,13

∫
S1

1

dt1δS1,12δS1,13 +

(∫
D,1

µ1ηD,12

∫
S1,1

dt1ηS1,13δS1,12 + 2↔ 3

)
= −ω23δS1,23

dt2 + dt3
2

+ (ψ2dt2 − ψ3dt3)ηS1,23.
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The entire contribution is therefore

ψΓb
1,2

= µijk

(
z+

0

∫
M1×∂M2×∂M3

(
−η1

S(θ2, θ3)δS1,23 + ηS1(t2, t3)(dθ2 − dθ3)
)
Aj2A

k
3

+ z+
1

∫
M1×∂M2×∂M3

(
−η1

S(θ2, θ3)δS1,23
dt2 + dt3

2
+ ηS1(t2, t3)(dθ2dt2 − dθ3dt3)

)
Aj2A

k
3

(A.12)

The contribution of Γa
1,2 (figure 5.4d) is

ψΓa
1,2

= ψijk

∫
M1×∂M2×∂M3

(z0,iµ1dt1 + z1,iµ1)η12η13Aj2A
k
3. (A.13)

In the second term, we get∫
1
µ1η12η13 =

∫
1
µ1(ηD,12δS1,12 + µ1ηS1,12)(ηD,13δS1,13 + µ1ηS1,13)

= −
∫
D,1

µ1ηD,12ηD,13

∫
S1

1

δS1,12δS1,13 = ν23δS1,23

where −ν23 =
∫
D,1 µ1ηD,12ηD,13 ∈ Ω2(C2(D)) and similarly, in the second term we have the

contribution∫
1
µ1dt1η12η13 = −

∫
D,1

µ1ηD,12ηD,13

∫
S1

1

dt1δS1,12δS1,13 = ν23δS1,23
dt2 + dt3

2
.

Overall we obtain

ψΓa
1,2

= ψijkz
0,i

∫
M1×∂M2×∂M3

ν23δS1,23A
j
2A

k
3 + ψijkz

1,i

∫
M1×∂M2×∂M3

ν23δS1,23
dt2 + dt3

2
Aj2A

k
3

(A.14)

with ν23 given by (A.33).

Three boundary vertices

The contribution of Γ1,3 (figure 5.4e) is

1

6
ψijk

∫
M1×(∂M)3

234

η12η13η14Ai2A
j
3A

k
4. (A.15)

We expand the integrand:∫
1
η12η13η14 =

∫
1
(ηD,12δS1,12 + µ1ηS1,12)(ηD,13δS1,13 + µ1ηS1,13)(ηD,14δS1,14 + µ1ηS1,14)

= −
∫
D,1

ηD,12ηD,13ηD,14

∫
S1

1

δS1,12δS1,13δS1,14

−

(∫
D,1

µ1ηD,13ηD,14

∫
S1

1

ηS1,12δS1,13δS1,14 + cycl.

)
= −α234δS1,23δS1,34 +

(
ν34ηS1,23δS1,34 + cycl.

)
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where α234 :=
∫
D,1 ηD,12ηD,13ηD,14 ∈ Ω1(C3(D)). Summarizing, we have

ψΓ1,3 =
1

6
ψijk

∫
M1(∂M)3

234

−α234δS1,23δS1,34 +
(
ν34ηS1,23δS1,34 + cycl.

)
Ai2A

j
3A

4
k (A.16)

where α is given by (A.35) and ν is given by (A.33).

A.3.2 2-point contribution

Next let us look at the 2-point contributions. We will first consider only the tree diagrams. By

the properties of the propagator, and the fact that residual fields are closed under multiplication,

the weights of all tree diagrams with no boundary vertices vanish.

One boundary vertex

For one boundary vertex, we have the diagrams Γb
2,1 and Γa

2,1 (figure 5.6a. Γb
2,1 has the contri-

bution

ψΓb
2,1

= µijkγ
kl
m

∫
M1×M2×∂M3

b1,ia
j
1η12b2,lη23Am3 (A.17)

and contains the following integrals:∫
1,2
µ1η12η23 = 0,∫

1,2
µ1η12dt2η23 =

∫
1,2
µ1ηD,12δS1,12dt2(ηD,23δS1,23 + µ2ηS1,23)

= −
∫
D,1,2

µ1ηD,12ηD,23

∫
S1,1,2

δS1,12dt2δS1,23

+

∫
D,1,2

µ1ηD,12µ2

∫
S1,1,2

δS1,12dt2ηS1,23 = 0

where we have made use of Proposition 5.3.2 and the properties of the disk propagator (which

satisfies the assumptions of 5.3.2. Similarly, the Γa
2,1 contributions also vanish for degree reasons

(the disk form degree at point 2 is too high).

Two boundary vertices

Next let us turn to the diagrams with 2 boundary vertices. We look at the first case Γx1x2
2,2

(figure 5.6b). If x1 = x2 = a, then the contribution is zero for degree reasons (the total form

degree of the pushfoward in the disk is at least 1 + 1 + 1 + 2 + 2 − 4 = 3 > 2 = dimC2(S1)).

Let us look at the other diagrams. First, Γab
2,2 gives the contribution

ψΓab
2,2

= ψijkγ
jl
m

∫
M1×M2×∂M3×∂M4

ai1η13η12b2,lη24Ak3Am4 (A.18)
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and contains the integrals∫
1,2
η13µ1η12η24 = 0,∫

1,2
η13µ1dt1η12η24 = 0,∫

1,2
η13µ1η12dt2η24 =

∫
1,2
ηD,13δS1,13µ1ηD,12δS1,12dt2(ηD,24δS1,24 + µ2ηS1,24)

= −
∫
D,1,2

ηD,13µ1ηD,12ηD,23︸ ︷︷ ︸
0

∫
S1,1,2

δS1,13δS1,12dt2δS1,24

+

∫
D,1,2

ηD,13µ1ηD,12µ2︸ ︷︷ ︸
0

∫
S1,1,2

δS1,13δS1,12dt2ηS1,23 = 0

∫
1,2
η13µ1dt1η12dt2η24 = −

∫
D,1,2

ηD,13µ1ηD,12ηD,23︸ ︷︷ ︸
0

∫
S1,1,2

δS1,13dt1δS1,12dt2δS1,24 = 0

so all contributions from this diagram vanish. Next, Γbb
2,2 gives

ψΓbb
2,2

= µijkγ
jl
m

∫
M1×M2×∂M3×∂M4

b1,iη13η12b2,lη24Ak3Am4 (A.19)

and contains the integrals∫
1,2
η13η12η23 = 0,∫

1,2
dt1η13η12η23 = 0,∫

1,2
η13η12dt2η24 =

∫
1,2

(ηD,13δS1,13 + µ1ηS1,13)(ηD,12δS1,12 + µ1ηS1,12)dt2(ηD,24δS1,24 + µ2ηS1,24)

=

∫
D,1,2

µ1ηD,13µ2

∫
S1,1,2

δS1,13dt2ηS1,12ηS1,24 = ψ3h34∫
1,2
η13dt1η12dt2η24 =

∫
D,1,2

µ1ηD,13µ2

∫
S1,1,2

dt1δS1,13dt2ηS1,12ηS1,24 = ψ3dt3h34

where h34 :=
∫

2 ηS1,32ηS1,24dt2. By Lemma 5.3.9, we have h34 = 1
2B2(t34), where B2 the second

Bernoulli polynomial. The first two integrals vanish because of proposition 5.3.2, in the next

two integrals almost all integrals over the disk vanish for degree reasons or properties of the

disk propagator. So, we can give the weight of this diagram explicitly as

ψΓbb
2,2

=
1

2
µijkγ

jl
mz

+
0,iz

+
1,l

∫
M×(∂M)3

234

dθ3B2(t34)Ak3Am4

+
1

2
µijkγ

jl
mz

+
1,iz

+
1,l

∫
M×(∂M)3

234

dθ3dt3B2(t34)Ak3Am4
(A.20)
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Finally, Γba
2,2 evaluates to

ψΓba
2,2

= µijkµ
j
lm

∫
M1×M2×∂M3×∂M4

b1,iη13η12a
l
2η24Ak3Am4 (A.21)

which contains the integral∫
1,2
η13η12µ2η23 =

∫
1,2

(ηD,13δS1,13 + µ1ηS1,13)(ηD,12δS1,12 + µ1ηS1,12)µ2(ηD,24δS1,24 + µ2ηS1,24)

=

∫
D,1,2

ηD,13ηD,12µ2ηD,24

∫
S1,1,2

δS1,13δS1,12δS1,24

+

∫
D,1,2

µ1ηD,12µ2ηD,24

∫
S1,1,2

ηS1,13δS1,12δS1,24

+

∫
D,1,2

µ1ηD,13µ2ηD,24

∫
S1,1,2

ηS1,12δS1,13δS1,24

= β34δS1,34 + ψ3ψ4ηS1,34,

where β34 :=
∫
D,1,2 ηD,13ηD,12µ2ηD,24 ∈ Ω1(C2(D)), and the second term vanishes for the fol-

lowing reason: The integral over the first point on the disk produces a 1-form at the second

point, but we already placed the 2-form µ2 there. The other diagrams in Γba
2,2 evaluate to∫

1,2
dt1η13η12µ2η23 =

∫
D,1,2

ηD,13ηD,12µ2ηD,24

∫
S1,1,2

dt1δS1,13δS1,12δS1,24

+

∫
D,1,2

µ1ηD,12µ2ηD,24

∫
S1,1,2

dt1ηS1,13δS1,12δS1,24

+

∫
D,1,2

µ1ηD,13µ2ηD,24

∫
S1,1,2

dt1ηS1,12δS1,13δS1,24

= β34δS1,34
dt3 + dt4

2
+ ψ3ψ4ηS1,34dt3,∫

1,2
η13η12µ2dt2η23 =

∫
D,1,2

ηD,13ηD,12µ2ηD,24

∫
S1,1,2

δS1,13δS1,12dt2δS1,24

+

∫
D,1,2

µ1ηD,12µ2ηD,24

∫
S1,1,2

ηS1,13δS1,12dt2δS1,24

+

∫
D,1,2

µ1ηD,13µ2ηD,24

∫
S1,1,2

ηS1,12δS1,13dt2δS1,24

= β34δS1,34
dt3 + dt4

2
+ ψ3ψ4ηS1,34dt4,∫

1,2
dt1η13η12µ2dt2η23 =

∫
D,1,2

µ1ηD,13µ2ηD,24

∫
S1,1,2

dt1ηS1,12δS1,13dt2δS1,24

= ψ3ψ4ηS1,34dt3dt4,
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Putting everything together we obtain

ψΓba
2,2

= µijkµ
j
lm

[
z+

0,iz
1,l

∫
(∂M)2

34

(β34δS1,34 + dθ3dθ4ηS1,34)Ak3Am4

+ z+
1,iz

1,l

∫
(∂M)2

34

(β34δS1,34(dt3 + dt4)/2 + dθ3dθ4ηS1,34dt3)Ak3Am4

+ z+
0,iz

0,l

∫
(∂M)2

34

(β34δS1,34(dt3 + dt4)/2 + dθ3dθ4ηS1,34)Ak3Am4

+ z+
1,iz

0,l

∫
(∂M)2

34

(dθ3dθ4ηS1,34dt3dt4)Ak3Am4

(A.22)

The last diagram with two boundary vertices is Γ′2,2 (figure 5.6f). It gives the contribution

ψΓ′2,2
= µijkµ

k
lm

∫
M1×M2×∂M3×∂M4

b1,ia
j
1η12η23η24Ak3Am4 (A.23)

which contains the integrals∫
1,2
µ1η12η23η24 =

∫
1,2
µ1(ηD,12δS1,12 + µ1ηS1,12)(ηD,23δS1,23 + µ2ηS1,23)(ηD,24δS1,24 + µ2ηS1,24)

= −
∫
D,1,2

µ1ηD,12ηD,23ηD,24

∫
S1,1,2

δS1,12δS1,23δS1,24

+

∫
D,1,2

µ1ηD,12µ2ηD,23︸ ︷︷ ︸
0

∫
S1,1,2

δS1,12δS1,23ηS1,24 + 3↔ 4

= γ34δ34

Here γ34 :=
∫
D,1,2 µ1ηD,12ηD,23ηD,24 and the second (and therefore also the third) term vanish

for the same reason as above. Similarly,∫
1,2
µ1dt1η12η23η24 = −

∫
D,1,2

µ1ηD,12ηD,23ηD,24

∫
S1,1,2

dt1δS1,12δS1,23δS1,24

= γ34δ34
dt3 + dt4

2

so overall we obtain

ψΓ′2,2
= µijkµ

k
lm

[
z+

0,1z
1,j

∫
∂M3×∂M4

γ34δS1,34Ak3Am4

+ (z+
1,1z

1,j − z+
0,1z

0,j)

∫
∂M3×∂M4

γ34δS1,34(dt3 + dt4)/2Ak3Am4
] (A.24)

Three boundary vertices

Let us now turn to diagrams containing three boundary vertices. We will start with Γl,b2,3 (figure

5.6d). This gives the contributions

ψ
Γl,b2,3

= γijk ψjlm

∫
M2

12×(∂M)3
345

b1,iη13η21η24η25Ak3Al4Am5 .
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It contains the integralls∫
1,2
η13η21η24η25 = 0,∫

1,2
dt1η13η21η24η25 =

∫
D,1,2

µ1µ2ηD,24ηD,25

∫
S1,1,2

dt1ηS1,13ηS1,21δS1,24δS1,25

= ν34δS1,45h34

while all terms above that involve an ηD,12 vanish upon integration. The result is

ψ
Γl,b2,3

=
1

2
γijk ψjlmz

+
1,i

∫
(∂M)3

345

ν34δS1,45B2(t34)Ak3Al4Am5 (A.25)

with ν given by (A.33). Continuing with Γl,a2,3, we have

ψ
Γl,a2,3

= µijkψilm

∫
M2

12×(∂M)3
345

aj1η13η21η24η25Ak3Al4Am5 .

which contains the integrals∫
1,2
η13η14η12µ2η25 =

∫
D,1,2

µ2ηD,13ηD,14ηD,12ηD,25

∫
S1,1,2

δS1,13δS1,14δS1,12δS1,25

−
(∫

D,1,2
µ1µ2ηD,14ηD,12ηD,25

∫
S1,1,2

ηS1,13δS1,14δS1,12δS1,25 + similar

)
∫
D,1,2

ηD,13ηD,14µ1µ2ηD,25

∫
S1,1,2

δS1,13δS1,14ηS1,12δS1,25

= εl345δS1,34δS1,45 − ν34ψ5δS1,34ηS1,45∫
1,2
η13η14η12µ2dt2η25 = εl345δS1,34δS1,45

dt3 + dt4 + dt5
3

− ν34ψ5δS1,34ηS1,45dt5

where we introduced the notation εl345 :=
∫
D,1,2 µ2ηD,13ηD,14ηD,12ηD,25 and noticed that∫

D,1,2
µ1µ2ηD,14ηD,12ηD,25

and one of the similar terms vanish for degree reasons. In total we end up with

ψ
Γl,a2,3

= µijkψilm

[
z0,j

∫
(∂M)3

345

(
εl345δS1,45

dt3 + dt4 + dt5
3

− ν34dθ5δS1,34ηS1,45dt5Ak3Al4Am5
)

+ z1,j

∫
(∂M)3

345

(
εl345δS1,45 − ν34dθ5δS1,34ηS1,45

)
Ak3Al4Am5

]
(A.26)

Next let us look at Γr,b2,3, where we have

ψ
Γr,b2,3

= µijkµ
j
lm

∫
M2

12×(∂M)3
345

b1,iη13η12η24η25Ak3Al4Am5 .
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It contains the integral∫
1,2
η13η14η21η25 =

∫
1,2

(
−ηD,13ηD,14δS1,13δS1,14 + µ1ηD,14ηS1,13δS1,14 + µ1ηD,13ηS1,14δS1,13

)
(
−ηD,21ηD,25δS1,21δS1,25 + µ2ηD,25ηS1,21δS1,25 + µ2ηD,21ηS1,25δS1,21

)
Notice that the disk part of the second term in the second bracket does not talk to the first

bracket at all. Furthermore, products of the third term in the second bracket with the last two

terms in the first bracket will vanish after integrating over 1 for the reason discussed above. In

the terms with three propagators we recover the forms β and γ from above. The only new form

is σ345 :=
∫
D,1,2 ηD,13ηD,14ηD,21ηD,25. In total we obtain∫

1,2
η13η14η21η25 = −σ345δS1,34δS1,45 + ω34ψ5δS1,34ηS1,45 + γ34δS1,34ηS1,45

+
(
β53δS1,35ηS1,45 + ψ3ψ5ηS1,34ηS1,35 + 3↔ 4

)
and then also∫

1,2
η13η14η21dt2η25 = −σ345δS1,34δS1,45

dt3 + dt4 + dt5
3

+ ω34ψ5δS1,34ηS1,45dt5 + γ34δS1,34ηS1,45dt5

+

(
β53δS1,35

dt3 + dt5
2

ηS1,45 + ψ3ψ5ηS1,34ηS1,35dt5 + 3↔ 4

)
Summarizing, the contribution is

ψ
Γr,b2,3

= µijkµ
j
lm

[
z+

0,i

∫
(∂M)3

345

(
− σ345δS1,34δS1,45 + ηS1(θ3, θ4)dθ5δS1,34ηS1,45 + γ34δS1,34ηS1,45

+ β53δS1,35ηS1,45 + dθ3dθ5ηS1,34ηS1,35 + 3↔ 4

)
Ak3Al4Am5

+ z+
1,i

∫
(∂M)3

345

(
− σ345δS1,34δS1,45

dt3 + dt4 + dt5
3

+ ηS1(θ3, θ4)dθ5δS1,34ηS1,45dt5 + γ34δS1,34ηS1,45dt5

+

(
β53δS1,35

dt3 + dt5
2

ηS1,45 + dθ3dθ5ηS1,34ηS1,35dt5 + 3↔ 4

))
Ak3Al4Am5

(A.27)

where σ345 is given by (A.39), β34 is given by (A.37), γ34 is given by (A.33). In Γr,a2,3, whose

contribution is

ψΓr,a2,3
= ψijkµjlm

∫
M2

12×(∂M)3
345

ai1η13η12η24η25Ak3Al4Am5 . (A.28)
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only a single term survives:∫
1,2
η13η14η21µ2η25 =

∫
1,2

(
−ηD,13ηD,14δS1,13δS1,14 + µ1ηD,14ηS1,13δS1,14 + µ1ηD,13ηS1,14δS1,13

)
−mu2ηD,21ηD,25δS1,21δS1,25

=

∫
D,1,2

ηD,13ηD,14mu2ηD,21ηD,25intS1,1,2δS1,13δS1,14δS1,21δS1,25

= εr345δS1,34δ45

∫
1,2
η13η14η21µ2dt2η25

= εr345δS1,34δ45
dt3 + dt4 + dt5

3

All other terms vanish for degree reasons as in the contribution of Γl,a2,3. In total the contribution

is

ψΓr,a2,3
= ψijkµ

j
lmz

0,i

∫
(∂M)3

345

εr345δS1,34δ45
dt3 + dt4 + dt5

3
Ak3Al4Am5 . (A.29)

4 boundary vertices

There is also a single diagram with 4 boundary vertices Γ2,4 (figure 5.6e), whose contribution is

ψΓ2,4 = µijkψilm

∫
M2

12×(∂M)4
3456

η13η14η12η25η26Aj3A
k
4Al5Am6 .

It contains the new integral

−
∫
D,1,2

ηD,13ηD,14ηD,12ηD,25ηD,26

∫
S1,12

δS1,13δS1,14δS1,12δS1,25δS1,26

= −z3456

Then we have the terms∫
D,1

µ1ηD,13ηD,14

∫
D,2

ηD,25ηD,26

∫
S1,12

δS1,13δS1,14ηS1,12δS1,25δS1,26

= ν34ω26δS1,34ηS1,45δS1,56∫
D,1,2

µ1ηD,13ηD,12ηD,25ηD,26

∫
S1,12

δS1,13ηS1,14δS1,12δS1,25δS1,26 − (3↔ 4) = εr356δ35η34δ56 − (3↔ 4)∫
D,1,2

ηD,13ηD,14ηD,12µ2ηD,26

∫
S1,12

δS1,13δS1,14δS1,12ηS1,25δS1,26 − (5↔ 6)

= εl346δS1,34δS1,46ηS1,56 − (5↔ 6)∫
D,1

µ1ηD,13ηD,14

∫
D,2

µ2ηD,26

∫
S1,12

δS1,13δS1,14ηS1,12ηS1,25δS1,26 − (5↔ 6)

= ν34ψ6g35 − (5↔ 6).
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In total, we get

ψΓ2,4 = µijkψilm

∫
(∂M)4

3456

(
− z3456 + ν34ηS1(θ5, θ6)δS1,34ηS1,45δS1,56

+ (εr356δ35η34δ56 − (3↔ 4))

+ εl346δS1,34δS1,46ηS1,56 + ν34B2(t35)/2dθ6 − (5↔ 6)

)
Aj3A

k
4Al5Am6

(A.30)

A.4 Pushforwards on the disk

In this section we compute the pushforwards that we collected before. To this end we expand

the disk propagator ηD,12 = φ12 + τ12 − ψ1 and use the results of the next section. Here we

understand the free points to lie on the boundary of the disk.

A.4.1 Results

If zi ∈ ∂D then we write zi = exp(i2πθi), for θ ∈ [0, 1).

One bulk point

With this notation we have∫
D1

µ1ηD,12 = ψ2 =
1

4πi
(z̄2dz2 − z2dz̄2) = dθ2 (A.31)

ω23 =

∫
D1

ηD,12ηD,13 = ηS1(θ2, θ3) (A.32)

ν23 =

∫
D1

µ1ηD,12ηD,13 = −g(θ2, θ3)dθ2dθ3 (A.33)

α234 =

∫
D1

ηD,12ηD,13ηD,14 =
1

2π
log

∣∣∣∣sinπθ43

sinπθ23

∣∣∣∣ cot(πθ23)dθ23 (A.34)

+
1

2π
(1− f(θ2, θ3)) (dθ2 + dθ3)

+ cycl.

where

f(θ2, θ3) = cos(2πθ23))πηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23 (A.35)

g(θ2, θ3) = 1 + 2 cos(2πθ23) log 2| sinπθ23|+ 2π sin(2πθ23)ηS1(θ2θ3) (A.36)
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Two bulk points

β34 =

∫
D,1,2

µ2ηD,13ηD,12ηD,24 =
1

π
ηS1(θ2, θ4)(cos(2πiθ24)− 1)− log 2| sinπθ24| sin(2πθ24)]dθ4

(A.37)

γ34 =

∫
D1,2

µ2ηD,21ηD,13ηD,14 =
1

π
(π cos(2πθ34)ηS1(θ3, θ4)− sin 2πθ34 log 2| sinπθ34|) (dθ3 + dθ4)

(A.38)

σ345 =

∫
D1,2

ηD,13ηD,14ηD,21ηD,25 =
π

2
(θ34(2θ35 + 2θ45 − 1)) +

1

2π
(log | sinπθ34| − 1/4)(cos 4πθ4 − cos 4πθ3).

(A.39)

εl345 =

∫
D1,2

µ2ηD,12ηD,13ηD,14ηD,25 (A.40)

=
1

2π
dθ3dθ5

{
− 2 log | sinπθ34| sin 2πθ34 − 2πηS1(θ3, θ4)

+ Im

[
K45z̄45 +K43z̄34

z̄35
z̄3z5F (z4z̄5, z3z̄5)

+ (K54u45 −K53u35)i cotπθ34 +K53u35

+ z3z̄5

(
K53(K34 +K43 +K45 + u35)− Li2

(
z̄35

z̄45

)
+ Li2

(
1

u54

)
− Li2(z3z̄5)

2

)}
− (3↔ 4)

(A.41)

A.4.2 Proofs

Proof of (A.31)

We have ∫
D1

µ1ηD,12 =

∫
D1

µ1(φ12 + τ12 − ψ1) = ψ2

by equations (A.62d), (A.62c).

Proof of (A.32)

We have∫
D1

ηD,12ηD,13 =

∫
D1

(φ12 + τ12 − ψ1)(φ13 + τ13 − ψ1)

=

∫
D1

φ12φ13 + φ12τ13 + τ12φ13 + τ12τ13 − ψ1(φ13 + τ13 − φ12 − τ12)

=
1

4π
(arg(u23) + arg(u23)− arg(u32) + arg(u23)) =

1

π
arg(u23) = ηS1(θ2, θ3)
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where we have used equations (A.62) and the last equality is Proposition A.6.1. Alternatively,

one could directly apply equations (A.64). Alternatively, we can make use of the fact that for

z2 ∈ ∂D we have τ12 = φ12 − ψ2 to obtain the same result.

Proof of (A.33)

We have∫
D1

µ1ηD,12ηD,13 =

∫
D1

µ1(φ12 + τ12 − ψ1)(φ13 + τ13 − ψ1)

=

∫
D1

µ1φ12φ13 + µ1φ12τ13 − µ1φ13τ12 + µ1τ12τ13

=

∫
D1

4µ1φ12φ13 − µφ12ψ3 − µ1ψ2φ13 − µφ12ψ3 − µ1ψ2φ13 + µ1ψ2ψ3

= 4 · 1

2
dθ2dθ3 [1− cos(2πθ23) log(2| sinπθ23|)− π sin(2πθ23)ηS1(θ2, θ3)]− 3dθ2dθ3

= −dθ2dθ3 [1 + 2 cos(2πθ23) log 2| sinπθ23|+ 2π sin(2πθ23)ηS1(θ2, θ3)]

using equation (A.65h).

Proof of (A.35)∫
D1

ηD,12ηD,13ηD,14 =

∫
D1

(φ12 + τ12 − ψ1)(φ13 + τ13 − ψ1)(φ14 + τ14 − ψ1)

=

∫
D1

(2φ12 − ψ1 − ψ2)(2φ13 − ψ1 − ψ3)(2φ14 − ψ1 − ψ4)

=

∫
D1

8φ12φ13φ14 − 4ψ1(φ12φ13 + φ14φ12 + φ13φ14)

− 4(φ12φ13ψ4 + φ14φ12ψ3 + φ13φ14ψ2)

where terms with less than two φ’s vanish for degree reasons or because
∫
D1
ψ1φ1j = 0 (this is

equation (A.62a)). From (A.64b) we know that
∫
D1
φ12φ13 = 1/4ηS1(θ2, θ3), so the last term

equals ∫
D1

−4(φ12φ13ψ4 + φ14φ12ψ3 + φ13φ14ψ2) = −(ηS1(θ2, θ3)dθ4 + cycl.)).

Also, we have∫
D1

ψ1φ12φ13 =
1

4π
(π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|) (dθ2 + dθ3)

so for the second term we get∫
D1

4ψ1(φ12φ13 + φ14φ12 + φ13φ14) =

(
cos(2πθ23)ηS1(θ2, θ3)− 1

π
sin(2πθ23) log 2| sinπθ23|

)
(dθ2 + dθ3)

+ cycl.
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Combining this with the expression (A.65a) for
∫
D1
φ12φ13φ14, we arrive at

α234 =
1

2π
log

∣∣∣∣sinπθ43

sinπθ23

∣∣∣∣ cot(πθ23)dθ23

+
1

2π
((1− cos(2πθ23))πηS1(θ2, θ3) + sin 2πθ23 log 2| sinπθ23|) (dθ2 + dθ3)

+ cycl.

(here cycl. means one should sum over cylic permutations of both terms).

Proof of (A.37)

We start to compute
∫

1 ηD,12ηD,13 if z3 /∈ ∂D. In that case we have∫
1
ηD,12ηD,13 =

∫
1
(2φ12 − ψ1 − ψ2)(φ13 + τ13 + ψ1)

= 2

∫
1
φ12φ13 + 2

∫
1
φ12τ13 =

1

π
arg(u23).

Hence we are now interested in computing (remember that z4 ∈ ∂D)

β24 =

∫
3

arg(u23)µ3ηD,34 =

∫
3

ImK23µ3(2φ34 + ψ1 − ψ3).

By (A.60a), this reduces to

1

π

∫
3

ImK23 Im dL34µ3 =
1

2π
Re

∫
3
(K23dL34 −K23dL34)µ3

=
1

2π
Re

1

2πi

∫
3
−K23dz̄3dz3dz̄4

z̄34
+
K23dz̄3dz3dz4

z34
=

1

2π
Re(z̄4 +K24(z̄24)dz4)

The first term vanishes by (A.60d) since z2 ∈ ∂D, the second term gives, using equation (A.60e)

1

2π
Re [z̄4 +K24z̄24] dz4 =

1

2π
Re−K24u42z̄4dz4 = ImK24u42dθ4

= [ηS1(θ2, θ4)(cos(2πiθ24)− 1)− log 2| sinπθ24| sin(2πθ24)]dθ4.

Proof of (A.38)

Since
∫
D1
µ1η12 = ψ2 we immediately get

γ34 =

∫
D1,2

µ2ηD,21ηD,13ηD,14 =

∫
D1

ψ1ηD,13ηD,34.

Using that ηD1,3 = 2φ13 + ψ1 − ψ3 we get that this equals

γ34 =

∫
D,1

4ψ1φ13φ14 =
1

π
(π cos(2πθ34)ηS1(θ3, θ4)− sin 2πθ34 log 2| sinπθ34|) (dθ3 + dθ4).
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Proof of (A.39)

We have

σ345 =

∫
D,1,2

ηD,13ηD,14ηD,21ηD,25

=

∫
D,1,2

ηD,13ηD,142(φ21 + τ21)φ25

(other terms vanish for degree reasons or because of (A.62b), (A.62a)). Expanding further we

get∫
D,1,2

8φ13φ14(φ21 + τ21)φ25 +

(∫
D,1,2

4ψ1φ14(φ12 + τ12)φ25 − (3↔ 4)

)
=

1

2π
Re [Li1,1(z̄4z3, z̄5z4) + Li2(z̄5z3) +K45M43 − (3↔ 4)]

+
1

4π
Re
[
z̄2

4K34(z̄2
3z

2
4 − 1) + z̄3z̄4 + z̄2

4/2− (3↔ 4)
]

=
1

2π
Re[Li1,1(z̄4z3, z̄5z4)− Li1,1(z4z̄3, z̄5z3) + Li2(z̄5z3)− Li2(z̄5z4)−K45K34 +K35K43]

+
1

4π
Re[(z̄2

3 − z̄2
4)(K34 +K43 − 1/2)]

To simplify it further, we use the relation ([Zag07])

Li1,1(x, y) = Li1(x)Li1(y) + Li2

(
−x

1− x

)
− Li2

(
xy − x
1− x

)
(A.42)

We apply this equation to Li1,1(x, y1) − Li1,1(x, y2) appearing above with x = z3z̄4, y1 =

z4z̄5, y2 = z̄3z5) ( we conjugate the arguments of second double logarithm inside the real part

to this end). Notice that Li1(ziz̄j) = − log(1− ziz̄j) = −Kij , so that the K ′s above cancel, and

we are left with

Re[Li1,1(z̄4z3, z̄5z4)− Li1,1(z4z̄3, z̄5z3) +K34(K53 −K45)]

= Re

[
Li2

(
z̄4z5 − z̄3z5

1− z3z̄4

)
− Li2

(
z̄5z3 − z̄5z4

1− z3z̄4

)]
= Re [Li2(−z̄3z5)− Li2(−z4z̄5)]

Now we can use the duplication formula

Li2(z) + Li2(−z) =
1

2
Li2(z2)

to simplify the first term above to

1

4π
Re[Li2((z3z̄5)2)− Li2((z4z̄5)2)].

The real part of the dilogarithm can be evaluated exactly on the unit circle: For 0 ≤ θ ≤ 1

ReLi2

(
e2πiθ

)
= π2

(
1

6
− θ + θ2

)
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which follows e.g. from Fourier series expansion of the RHS, or from the more general equation

Lin(e2πix) + (−1)nLin(e−2πix) = −(2πi)n

n!
Bn(x). (A.43)

So

Re[Li2((z̄5z3))− Li2((z̄5z4)2)] = Re
[
Li2

(
e4πiθ35

)
− Li2

(
e4πiθ45

)]
= π2[B2(2θ35)−B2(2θ45)]

= π2[−2(θ35) + 4(θ35)2 + 2θ45 − 4θ2
45] = π2[2θ43 + 4θ2

3 − 4θ2
4 + 8θ5θ43]

= 2π2θ34(2θ35 + 2θ45 − 1)

Also, notice that K34 +K43 = 2 ReK34 = 2 log | sinπθ34| is purely real. With this, we can make

the following simplifications:

σ345 =
π

2
(θ34(2θ35 + 2θ45 − 1)) +

1

2π
(log | sinπθ34| − 1/4)(cos 4πθ4 − cos 4πθ3).

Proof of (A.41)

We will first prove the following very technical lemma.

Lemma A.4.1. For z3, z4 ∈ ∂D, (but not necessarily z2) we have∫
D,1

ηD,12ηD,13ηD,14 =
1

4π2
Re

[
2(K24 −K23)dL34 + (K34 +K43)(dL23 − dL24)

+K42

(
z̄2

2dz3 + dz̄2

z̄2u32
− dL23

)
−K32

(
z̄2

2dz4 + dz̄2

z̄2u42
− dL24

)
+K34 (z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)

]
+

1

8π2
Re

[(
z̄3K32 + z̄2 −

1

z2
− z3K23

z2
2

)
dz2 −

(
z̄2K23 +

K23

z2

)
dz3

+ (1− |z2|2)dL23 −
(
3↔ 4

)]
+

1

π
[dθ3 arg(u42)− dθ4 arg(u23)]

(A.44)

and ∫
D,1

ηD,21ηD,13ηD,14 =
1

4π2
Re

[
(K43 −K34)(dL23 − dL24)−K34

(
dz̄3

z̄3
− dz4

z4

)
−K42

(
z̄2

2dz3 + dz̄2

z̄2u32
+ dL23

)
+K32

(
z̄2

2dz4 + dz̄2

z̄2u42
+ dL24

)
−
(
z̄3K32 + z̄2 +

1

z2
+
z3K23

z2
2

)
dz2 +K23

(
1

z2
− z̄2

)
dz3

+ (1− |z2|2)dL23 − (3↔ 4)

]
− ψ2

1

π
arg(u34).

(A.45)
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Notice that the first term reduces to (A.35) for z2 ∈ ∂D, while the second vanishes for z2 ∈ ∂D.

Proof. In the first case we have∫
D1

ηD,12ηD,13ηD,14 =

∫
D1

(φ12 + τ12 − ψ1)(2φ13 − ψ1 − ψ3)(2φ14 − ψ1 − ψ4)

=

∫
D1

4(φ12φ13φ14 + τ12φ13φ14)− ψ1(4φ13φ14 + 2φ14φ12 + 2φ14τ12 + 2φ12φ13 + 2τ12τ13)

− 2ψ3(φ14φ12 + φ14τ12)− 2ψ4(φ12φ13 + τ12φ13).

The last two terms integrate to + 1
πdθ3 arg(u24) and − 1

πdθ4 arg(u23) respectively. Now let us

look at the terms in middle. If z3 ∈ ∂D we get (equation (A.63e))∫
D1

ψ1φ12φ13 =
1

16π2
Re

[
− (z̄3M23 − z̄2) dz2 + (z̄2M32 − z̄3) dz3 +

|z2|2 − |z3|2

z̄23
dz̄32

]
=

1

16π2
Re
[
(z̄3K32 + z̄2)dz2 − z̄2K23dz3 + (1− |z2|2)dL23

]
(A.46)

(notice Re z̄3dz3 = 0 if |z3| = 1) and (equation (A.63g))∫
D1

ψ1τ12φ13 = − 1

16π2
Re

[(
z̄3 +

K23

z2

)
dz3 +

(
|z3|2

z̄2
+
z̄3K32

z̄2
2

)
dz̄2 + (1− |z3|2)dK23

]
= − 1

16π2
Re

[
K23

z2
dz3 +

(
1

z̄2
+
z̄3K32

z̄2
2

)
dz̄2

]
(A.47)

Taking the sum of (A.46) and (A.47) we obtain

ψ1(2φ14φ12 + 2φ14τ12 + 2φ12φ13 + 2τ12τ13) =
1

8π2
Re

[(
z̄3K32 + z̄2 −

1

z2
− z3K23

z2
2

)
dz2

−K23

(
z̄2 +

1

z2

)
dz3

+ (1− |z2|2)dL23 −
(
3↔ 4

)]
Now let us look at the first two terms. When z3, z4 ∈ ∂D we have∫

D1

φ12φ13φ14 =
1

16π2
Re [(M24 −M34)dL23 + cycl.]

=
1

16π2
Re [(K43 −K42)dL23 + (K24 −K23)dL34 + (K32 −K34)dL42] (A.48)

(notice that Mij = −Kji if one of zi, zj ∈ ∂D). Also∫
D1

τ12φ13φ14 =
1

16π2
Re

[
(K24 −K23)dL43 +M43(dK42 − dK23) +K42

z̄2
2dz3 + dz̄2

z̄2u32
−K32

z̄2
2dz4 + dz̄2

z̄2u42

]
=

1

16π2
Re

[
(K24 −K23)dL34 +K34(dK23 − dK42) +K42

z̄2
2dz3 + dz̄2

z̄2u32
−K32

z̄2
2dz4 + dz̄2

z̄2u42

]
=

1

16π2
Re

[
(K24 −K23)dL34 +K34

(
dL23 +

dz̄3

z̄3
− dL42 −

dz4

z4

)
+K42

z̄2
2dz3 + dz̄2

z̄2u32
−K32

z̄2
2dz4 + dz̄2

z̄2u42

]
(A.49)
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Taking the sum of (A.48) and (A.49) we obtain∫
D1

4(φ12φ13φ14 + τ12φ13φ14) =
1

4π2
Re

[
2(K24 −K23)dL34 + (K34 +K43)(dL23 − dL24)

+K34

(
dz̄3

z̄3
− dz4

z4

)
+K42

(
z̄2

2dz3 + dz̄2

z̄2u32
− dL23

)
−K32

(
z̄2

2dz4 + dz̄2

z̄2u42
− dL24

)]
(A.50)

So, taking the sum of (A.50) and (A.48), in total we arrive at∫
D1

ηD,12ηD,13ηD,14 =
1

4π2
Re

[
2(K24 −K23)dL34 + (K34 +K43)(dL23 − dL24)

+K42

(
z̄2

2dz3 + dz̄2

z̄2u32
− dL23

)
−K32

(
z̄2

2dz4 + dz̄2

z̄2u42
− dL24

)
+K34 (z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)

]
+

1

8π2
Re

[(
z̄3K32 + z̄2 −

1

z2
− z3K23

z2
2

)
dz2 −

(
z̄2K23 +

K23

z2

)
dz3

+ (1− |z2|2)dL23 −
(
3↔ 4

)]
+

1

π
[dθ3 arg(u42)− dθ4 arg(u23)] .

In the second case we have∫
D1

ηD,21ηD,13ηD,14 =

∫
D1

(φ12 − τ12 − ψ2)(2φ13 − ψ1 − ψ3)(2φ14 − ψ1 − ψ4)

=

∫
D1

4(φ12φ13φ14 − τ12φ13φ14)− 4ψ2φ13φ14 − 2ψ1(φ14φ12 − φ14τ12 + φ12φ13 − τ12φ13)

− 2ψ3(φ14φ12 − φ14τ12)− 2ψ4(φ12φ13 − τ12φ13).

The last two terms integrate to zero by (A.62). Next, taking the difference of (A.46) and (A.47),

we obtain

2ψ1(φ14φ12 − φ14τ12 + φ12φ13 − τ12φ13)

=
1

8π2
Re

[(
z̄3K32 + z̄2 +

1

z2
+
z3K23

z2
2

)
dz2 +K23

(
1

z2
− z̄2

)
dz3

+ (1− |z2|2)dL23 − (3↔ 4)

]
.

The next term is ∫
D,1

4ψ2φ13φ14 = ψ2
1

π
arg(u34).
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Finally, the difference of (A.48) and (A.49) is∫
D,1

φ12φ13φ14 − τ12φ13φ14 =
1

16π2
Re

[
(K43 −K34)(dL23 − dL24)−K34

(
dz̄3

z̄3
− dz4

z4

)
−K42

(
z̄2

2dz3 + dz̄2

z̄2u32
+ dL23

)
+K32

(
z̄2

2dz4 + dz̄2

z̄2u42
+ dL24

)]

Taking the sum we obtain∫
D,1

ηD,21ηD,13ηD,14 =
1

4π2
Re

[
(K43 −K34)(dL23 − dL24)−K34

(
dz̄3

z̄3
− dz4

z4

)
−K42

(
z̄2

2dz3 + dz̄2

z̄2u32
+ dL23

)
+K32

(
z̄2

2dz4 + dz̄2

z̄2u42
+ dL24

)
−
(
z̄3K32 + z̄2 +

1

z2
+
z3K23

z2
2

)
dz2 +K23

(
1

z2
− z̄2

)
dz3

+ (1− |z2|2)dL23 − (3↔ 4)

]
− ψ2

1

π
arg(u34).

Now we are interested in

εl345 =

∫
D1,2

ηD,12ηD,13ηD,14µ2ηD,25 =

∫
D1,2

ηD,12ηD,13ηD,14µ2(2φ25 − ψ5)

=

∫
D2

Re[X234]µ2

(
1

π
Im dL25 − dθ5

)
Notice that µ = dz̄dz

2πi = dxdy
π is real, so we can take µ inside the real part to get

εl345 = dθ5 Re

∫
D2

X234µ2 +
1

2π
Im

∫
D2

X234µ2dL25 −
1

2π
Im

∫
D2

X234µ2dL25

(since Re z Imw = 1/2Im(zw − zw̄).) The product of X234 with µ2 is

X234µ2 =
1

4π2

[
2(K24 −K23)µ2dL34 + (K34 +K43)µ2

(
dz4

z24
− dz3

z23

)
+

(
K42µ2dz3

(
z̄2

u32
+

1

z23

)
− (3↔ 4)

)
+K34 (z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)µ2

]
− 1

8π2

[
µ2

(
dz3

(
z̄2K23 +

K23

z2
+

1− |z2|2

z23

)
− (3↔ 4)

)]
− iµ2

π
(K24dθ3 −K23dθ4)

Now we integrate this over z2. The first and last terms will drop out because
∫
µ1K12 = 0. For

the second term we use
∫ µ1

z12
= −z̄2, so integrates to∫

2
(K34 +K43)µ2

(
dz4

z24
− dz3

z23

)
= (K34 +K43)(z̄3dz3 − z̄4dz4).
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For the next term, we have that
∫
D2
µ2

K42
z̄2
u32 = 0 and

∫
D2

K42
z23

= z̄3 + K43( 1
z4

+ z̄3). In

the next, we simply get
∫
D2
µ2 = 1. In the last row, we get

∫
D2
µ2(z̄2K23) = −z̄3/2 and∫

D2
µ2K23/z2 = −z̄3, but also

∫
D2
µ2

1−|z2|2
z23

= −z̄3(1 − 1/2|z3|2) = −z̄3/2, i.e. in total we get

−2z̄3. So over all we have∫
D2

X234µ2 =
1

4π2

[
(K34 +K43)(z̄3dz3 − z̄4dz4)

+ (z̄3 +K43(
1

z4
+ z̄3))dz3 − (3↔ 4) +K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)

+ z̄3dz3 − z̄4dz4

]
Notice again that Re z̄dz = 0 if |z| = 1, so upon taking the real part the first and the last line

vanish. The remaining second line results in (using K34 = K43)

Re

∫
D2

X234µ2 =
1

4π2
Re [K34(z4dz̄3 + z3dz̄3 − z̄3dz4 − z̄4dz4 + z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4]

=
1

4π2
Re [K34(z4dz̄3 + z̄4dz3 + 2z3dz̄3 − (3↔ 4))]

=
1

4π2
Re [K34(4π sin 2πθ34dθ3 − 4πidθ3 − (3↔ 4))]

=
1

π
(log | sinπθ34| sin 2πθ34 + πηS1(θ3, θ4))(dθ3 + dθ4)

Now let us turn to the next two terms. We have that∫
D2

X234µ2dL25 = −
∫
D2

X234µ2
dz5

z25
= dz5

∫
D2

X234µ2

z25

and similarly for the other term. To compute it we take the above expression for X234µ2,

multiply with z25, and intergrate over z2. Let us look at the result line by line. The first line

integrates to (ignoring the prefactor)

2dL34

∫
2

(K24 −K23)µ2

z25
+ (K34 +K43)

∫
2
µ2

(
dz4

z24z25
− dz3

z23z25

)
= 2dL34

1− |z5|2

z5
(K54 −K53) + (K34 +K43)

(
z̄35

z35
dz3 −

z̄45

z45
dz4

)
Note that the first term vanishes for |z5| = 1. The first term in the next line is more complicated

and we will look at it later. The second term simply integrates to

K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)

∫
2

µ2

z25
= K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)(−z̄5).
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In the last line, the first term integrates to

dz3

∫
2
µ2

(
z̄2K23

z25
+

K23

z2z25
+

1− |z2|2

z23z25

)
= dz3

(
1

2

(
z̄3z̄5|z5|2 +

(
1

z2
5

− z̄2
5

)
(K53 + z5z̄3)

)
+z̄3z̄5 +

1

z2
5

(1− |z5|2)(K53 + z̄3z5) +
1

z35

(
z̄5

(
1− |z

2
5 |
2

)
− z̄3

(
1− |z

2
3 |
2

)))
Since |z5| = |z3| = 1, this simplifies to

dz3

(
z̄3z̄5

2
+ z̄3z̄5 −

z̄35

2z35

)
= 2z̄3z̄5dz3

where the second equality follows from the fact that z̄35/z35 = −z̄3z̄5 for |z3| = |z5| = 1. The

last term in the last line integrates to 0 (for |z5| = 1). Now let us look at the terms that we

skipped before. We have∫
2

K42µ2

z23z25
=

1

z35

(
z̄35 +K45

(
z̄5 −

1

z4

)
−K43

(
z̄5 −

1

z4

))
= −z̄3z̄5 +

K45z̄54

z35
− K43z̄34

z35

while the other term can be expressed in terms of the function

F (x, y) := Li2

(
x− y
1− y

)
− Li2

(
−y

1− y

)
− Li2(x) = Li1,1(x/y, y)

by ∫
2

K42z̄2µ2

u32z25
=

1

z2
3

(
F (z4z̄5, z3z̄5)− z3z̄5

(
1−K45 +

K45

z4z̄5

))
= z̄2

3F (z4z̄5, z3z̄5)− z̄3z̄5 + z̄3z̄5K45 − z̄3z̄4K45

where in the second line we have used |z3| = |z4| = |z5| = 1. Let us put everything together.

We obtain

Im

∫
D2

X234µ2dL25 = Im
dz5

4π2

[
(K34 +K43)(z̄4z̄5dz4 − z̄3z̄5dz3)−K34z̄5(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)

+ z̄4z̄5dz4 − z̄3z̄5dz3

+

(
dz3

(
−z̄3z̄5 +

K45z̄54 −K43z̄34

z35
+ z̄2

3F (z4z̄5, z3z̄5)− z̄3z̄5 + z̄3z̄5K45 − z̄3z̄4K45

)
− (3↔ 4)

)]
Notice that Im z̄3z̄5dz3dz5 = Im−(4π2)dθ3dθ5 = 0 for zi = exp(2πiθi). I.e. the first term in the

first line, the second line and two terms in the last line vanish. The remainder in the first line
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is

−1

4π2
Im[z̄5dz5K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4))]

=
−dθ5

2π
Re[K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)]

= dθ5 Im[K34(−dθ3 + e2πiθ34dθ3 − dθ4 + e2πiθ34dθ4)]

= (dθ3 + dθ4)dθ5 ImK34(1− e2πiθ34)

= (dθ3 + dθ4)dθ5(− log | sinπθ34| sin 2πθ34 + πηS1(θ3, θ4)(1− cos 2πθ34)).

Now let us look at the last line, we get

1

4π2
Im

(
dz5dz3

(
K45z̄54 −K43z̄34

z35
+ z̄2

3F (z4z̄5, z3z̄5) + z̄3z̄5K45 − z̄3z̄4K45

)
− (3↔ 4)

)
= dθ3dθ5 Im z3z5

((
z̄3z̄5

z̄53

)
(K45z̄54 −K43z̄34) + z̄2

3F (z4z̄5, z3z̄5) + z̄3z̄5K45 − z̄3z̄4K45

)
− (3↔ 4)

= dθ3dθ5 Im

(
K45

z̄54

z̄53
+K43

z̄34

z̄35
+ z̄3z5F (z4z̄5, z3z̄5) +K45(1− z̄4z5)

)
− (3↔ 4)

so we get

Im

∫
D2

X234µ2dL25 = dθ3dθ5 Im

(
K34u34 +K45

z̄54

z̄53
+K43

z̄34

z̄35
+ z̄3z5F (z4z̄5, z3z̄5) +K45u54

)
− (3↔ 4)

Then we have ∫
D2

X234µ2dL25 = dz̄5

∫
D2

X234µ2

z̄25

and as before, we take the above expression for X234µ2 and integrate. We then obtain

dz̄5

∫
D2

X234µ2

z̄25
=
dz̄5

4π2

[
2

(
K54

(
1

z̄4
− z5

)
−K53

(
1

z̄3
− z5

))
dL34 + (K34 +K43)(dz4M45 − dz3M35)

+

(
dz3

(
K45(1− |z5|2)

u35
+K45M35 + Li2

(
z̄3z4 − z̄5z4

1− z̄5z4

)
− Li2

(
−z̄5z4

1− z4z̄5

))
− (3↔ 4)

)
−K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)z5

]
− dz̄5

8π2

[(
dz3(|z5|2 +K53

(
z̄5

z̄3
− |z5|2

)
+ Li2(z3z̄5) +M35(1− z3z̄5) + |z3|2 + |z5|2 − 1

)
− (3↔ 4)

]
− idz̄5

π

(
dθ3

(
z5 +K54

(
1

z̄4
− z5

))
− (3↔ 4)

)
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Using that z3, z4, z5 lie on the unit circle, we obtain

dz̄5

∫
D2

X234µ2

z̄25
=
dz̄5

4π2

[
2 (K54z45 −K53z35) dL34 + (K34 +K43)(−dz4K54 + dz3K53)(

dz3

(
−K45K53 + Li2

(
z̄35

z̄45

)
− Li2

(
1

u54

))
− (3↔ 4)

)
−K34(z3dz̄3 + z̄4dz3 − z̄4dz4 − z3dz̄4)z5

]
− dz̄5

8π2

[
(dz3(1−K53u35 + Li2(z3z̄5)−K53u35 + 1)− (3↔ 4)

]
+
idz̄5

π
(dθ4 (z5 +K53z35)))

Notice that (for zj = e2πiθj ) we have zij = ziuji = −zjuij , zjdz̄j = −2πidθj = −z̄jdzj and

dLij = π cotπθij + iπ(dθi + dθj). Applying these identities, we find that

dz̄5

∫
D2

X234µ2

z̄25
= (K54u45 −K53u35) (dθ3 + dθ4 − i cotπθ34dθ34)dθ5

+ (K34 +K43)(K54e
2πiθ45dθ4 −K53e

2πiθ35dθ3)dθ5

+

(
e2πiθ35dθ3dθ5

(
−K45K53 + Li2

(
z̄35

z̄45

)
− Li2

(
1

u54

))
− (3↔ 4)

)
+ (dθ3 + dθ4)dθ5K34(1− e2πiθ34)

+

(
e2πiθ35dθ3dθ5

(
1−K53u35 +

Li2(z3z̄5)

2

)
− (3↔ 4)

)
+ (2dθ3dθ5(1−K54u45)− (3↔ 4))

Taking imaginary part, we find

Im dz̄5

∫
D2

X234µ2

z̄25
= dθ3dθ5 Im

[
(K54u45 −K53u35) (1− i cotπθ34)− (K34 +K43)(K53e

2πiθ35)

+

(
e2πiθ35

(
−K45K53 + Li2

(
z̄35

z̄45

)
− Li2

(
1

u54

)))
+K34(1− e2πiθ34)

+

(
e2πiθ35

(
1−K53u35 +

Li2(z3z̄5)

2

))
+ 2−K45u54)

]
− (3↔ 4)
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In total we have

εl = dθ5 Re

∫
2
X234µ2 +

1

2π
Im dz5

∫
D,2

X234µ2

z25
− 1

2π
Im dz̄5

∫
D,2

X234µ2

z̄25

=
1

π
dθ5(log | sinπθ34| sin 2πθ34 + πηS1(θ3, θ4))(dθ3 + dθ4)

+
1

2π
dθ3dθ5 Im

[
K34u34 +K45

z̄54

z̄53
+K43

z̄34

z̄35
+ z̄3z5F (z4z̄5, z3z̄5) +K45u54

)
− (3↔ 4)]

− 1

2π
dθ3dθ5 Im

[
(K54u45 −K53u35) (1− i cotπθ34)− (K34 +K43)(K53e

2πiθ35)

+

(
e2πiθ35

(
−K45K53 + Li2

(
z̄35

z̄45

)
− Li2

(
1

u54

)))
+K34(1− e2πiθ34)

+

(
e2πiθ35

(
1−K53u35 +

Li2(z3z̄5)

2

))
+ 2K45u54)

]
− (3↔ 4)

=
1

2π
dθ3dθ5

{
− 2 log | sinπθ34| sin 2πθ34 − 2πηS1(θ3, θ4) + Im

[
K45z̄45 +K43z̄34

z̄35
z̄3z5F (z4z̄5, z3z̄5)

+ (K54u45 −K53u35)i cotπθ34 +K53u35

+ z3z̄5

(
K53(K34 +K43 +K45 + u35)− Li2

(
z̄35

z̄45

)
− Li2

(
1

u54

)
− Li2(z3z̄5)

2

)}
− (3↔ 4)

A.5 Parameter integrals on the disk

The functions we look at will often have integrable singularities. We sort them first by number

of parameters and then by number of singularities.

A.5.1 One Parameter

No singularity

∫∫
D1

z1dz̄1dz1

u12
= 0 (A.51)

One singularity

∫∫
D1

dz̄1dz1

z12
= −2πiz̄2 (A.52a)∫∫

D1

z1dz̄1dz1

z12
= 2πi(1− |z2|2) (A.52b)∫∫

D1

|z1|2dz̄1dz1

z12
= −πiz̄2|z2|2 (A.52c)
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A.5.2 Two parameters

No singularity

∫∫
D1

dz̄1dz1

ū12u13
= −2πi

K23

z2z̄3
(A.53a)∫∫

D1

z2
1dz̄1dz1

u12u13
= 0 (A.53b)∫∫

D1

z2
1dz̄1dz1

u12ū13
= −2πi

z̄2
2

(
K32

z̄2z3
+ 1 +

z̄2z3

2

)
(A.53c)∫∫

D1

|z1|2dz̄1dz1

ū12u13
= −2πi (z2z̄3 +K23)

(z2z̄3)2 (A.53d)

One singularity

∫∫
D1

z3dz̄1dz1

z12ū13
= 2πiK32 (A.54a)∫∫

D1

z̄1dz̄1dz1

z̄12ū13
= 2πi

(
1− |z2|2

u23

)
(A.54b)∫∫

D1

z̄1dz̄1dz1

z12ū13
= 2πi

(
z̄2

z3
+
K32

z2
3

)
(A.54c)∫∫

D1

z̄2
1dz̄1dz1

z̄12ū13
= 2πi

(
z̄2

1− |z2|2

u23

)
(A.54d)∫∫

D1

|z1|2dz̄1dz1

z12ū13
= 2πi

(
|z2|2

z3
+
z2

z2
3

K32

)
(A.54e)

Two singularities

∫∫
D1

dz̄1dz1

z12z13
= −2πi

(
z̄23

z23

)
(A.55a)∫∫

D1

dz̄1dz1

z12z̄13
= 2πiM23 (A.55b)∫∫

D1

z1dz̄1dz1

z12z13
= 2πi

(
|z2|2 − |z3|2

z23

)
(A.55c)∫∫

D1

z1dz̄1dz1

z12z̄13
= 2πi (z2M23 − z3) (A.55d)

A.5.3 Three parameters

No singularity

∫∫
D1

−z1z4dz̄1dz1

u12u13ū14
=

2πi

z̄2z̄3z̄23
(z̄3K42 − z̄2K43) (A.56)
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One singularity

∫∫
D1

z1z3dz̄1dz1

u12ū13z14
=

2πi

u42

(
z4K34 −

1

z̄2
K32

)
(A.57a)∫∫

D1

z1dz̄1dz1

u12u13(z̄14)
=

2πi

z̄2z̄3(z̄23)
(z̄3K42 − z̄2K43) (A.57b)∫∫

D1

z3dz̄1dz1

u12ū13z14
=

2πi

u42
(K34 −K32) (A.57c)

(A.57d)

Two singularities

∫∫
D1

z1dz̄1dz1

u12z13(z̄14)
=

2πi

z̄2(ū23)
(K42 + z̄2z3M34) (A.58a)∫∫

D1

dz̄1dz1

u12z13(z̄14)
=

2πi

ū23
(K42 +M34) (A.58b)∫∫

D1

z̄2dz̄1dz1

u12z̄13(z̄14)
=

2πi

z̄34
(K32 −K42) (A.58c)

Functions with three singularities

∫∫
D1

dz̄1dz1

z12z13(z̄14)
=

2πi

z23
(M24 −M34) (A.59)

Integrals involving a logarithm

∫∫
D1

K12dz̄1dz1 = 0 (A.60a)∫∫
D1

z̄1K12dz̄1dz1 = −πiz̄2 (A.60b)∫∫
D1

K12

z1
dz̄1dz1 = −2πiz̄2 (A.60c)∫∫

D1

K12

z13
dz̄1dz1 = 2πi(1− |z3|2)

K32

z3
(A.60d)∫∫

D1

K21

z13
dz̄1dz1 = 2πi

(
z̄3 +K23

(
1

z2
− z̄3

))
(A.60e)∫∫

D1

z̄1K21

z13
dz̄1dz1 = πi

(
1

z2
2

(
K23 + z2z̄3

(z2z̄3)2

2

)
− z̄2

3K23

)
(A.60f)∫∫

D1

K12z1

u13
dz̄1dz1 = 0 (A.60g)∫∫

D1

K12dz̄1dz1

z13z̄14
= 2πi (Li1,1(z̄3z4, z̄2z3)) + Li2(z̄2z4) +K32M34) (A.60h)
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A.6 Pushforwards of forms on the disk

We are intersted in pushforwards of the following “elementary” forms:

φ12 :=
1

2π
d arg z12 =

1

2π
Im d log(z12) =

1

4πi

(
dz12

z12
− dz̄12

z̄12

)
(A.61a)

τ12 :=
1

2π
d arg u12 =

1

2π
Im dK12 =

1

4πi

(
z2dz̄1 + z̄1dz2

ū12
− z1dz̄2 + z̄2dz1

u12

)
(A.61b)

ψ1 :=
1

4πi
(z̄dz − zdz̄) =

1

2π
Im(z̄dz) (A.61c)

µ1 :=
1

2πi
(dz̄dz) = dψ1 (A.61d)

Again, in this section we will collect only the results, while the proofs are postponed to the next

section.

A.6.1 Pushforwards in the bulk

Pushforwards of a product of two forms

We have the following identities. ∫
D,1

ψ1φ12 = 0 (A.62a)∫
D,1

ψ1τ12 = 0 (A.62b)∫
D,1

µ1τ12 = 0 (A.62c)∫
D,1

µ1φ12 = ψ2 (A.62d)∫
D,1

φ12φ13 =
1

4π
arg(u23) (A.62e)∫

D,1
τ12τ13 =

1

4π
arg(u23) (A.62f)∫

D,1
φ12τ13 =

1

4π
arg(u23) (A.62g)
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Pushforwards of a product of three forms

We have the following identities:∫
D1

φ12φ13φ14 =
1

16π2
Re

[
(M24 −M34)

dz23

z23
+ cycl.

]
(A.63a)

∫
D1

φ12φ13τ14 =
1

16π2
Re

[
(K43 −K42)dL23 +M23 (dK43 − dK24) +K34

z̄2
4dz2 + dz̄4

z̄4u24
−K24

z̄2
4dz3 + dz̄4

z̄4u34

]
(A.63b)

∫
D1

φ12τ13τ14 =
1

16π2
Re

[
K42

z̄3dz2 + z2dz̄3

u23
−K32

z̄4dz2 + z2dz̄4

u24
−K43

z̄2
3dz2 + dz̄3

u23
(A.63c)

+K34
z̄2

4dz2 + dz̄4

u24
+
z3K42 − z4K32

z3z4z34
(z4dz3 − z3dz4)

]
∫
D1

τ12τ13τ14 =
1

16π2
Re

[
z̄2K43 − z̄3K42

z̄2z̄3z̄23
(z̄3dz̄2 − z̄2dz̄3) + cycl.

]
(A.63d)

∫
D1

ψ1φ12φ13 =
1

16π2
Re

[
− (z̄3M23 − z̄2) dz2 + (z̄2M32 − z̄3) dz3 +

|z2|2 − |z3|2

z̄23
dz̄32

]
(A.63e)

∫
D1

ψ1τ12τ13 =
1

16π2
Re

[(
1

z̄3
+
K23

z̄2
3z2

)
dz̄3 −

(
1

z̄2
+
K32

z̄2
2z3

)
dz̄2

]
(A.63f)

∫
D1

ψ1φ12τ13 =
1

16π2
Re

[(
z̄2 +

K32

z3

)
dz2 +

(
|z2|2

z̄3
+
z̄2K23

z̄2
3

)
dz̄3 + (1− |z2|2)dK32

]
(A.63g)

∫
D1

µ1φ12φ13 =
1

8π2
Re

[
M23dz2dz̄3 +

z̄23

z23
dz2dz3

]
(A.63h)

∫
D1

µ1τ12τ13 = − 1

8π2
Re

[
(z2z̄3 +K23)

(z2z̄3)2 dz2dz̄3

]
(A.63i)

∫
D1

µ1φ12τ13 =
1

8π2
Re

[(
z̄2

z3
+
K32

z2
3

)
dz2dz3 −

(
1− |z2|2

u23

)
dz2dz̄3

]
(A.63j)

A.6.2 Restrictions to the boundary

We are mostly (but not always) interested in the case when one or several of the free points are

on the boundary. In this section we show how the results of the pushforwards above simplify

when restricted to the boundary.

Proposition A.6.1. We have
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i) If z = exp(2πiθ) ∈ ∂D, then

dz

z
= −dz̄

z̄
= 2πidθ, ψ =

1

4πi
(z̄dz − zdz̄) = dθ.

ii) If zi = exp(2πiθi) ∈ ∂D, then

1

π
arg(u12) =

1

π
arg(1− z1z̄2) = ηS1(θ1, θ2) =

1

2
sgn(θ2 − θ1) + θ1 − θ2.

iii) If z = exp(2πiθ) ∈ ∂D, then

|1− z| = 2 |sinπθ| .

iv) If zi = exp(2πiθi) ∈ ∂D then

d log(z1 − z2) = π cotπ(θ1 − θ2)(dθ1 − dθ2) + iπ(dθ1 + dθ2)

d log(1− z1z̄2) = π(cotπ(θ1 − θ2) + i)(dθ1 − dθ2)

v) If z1 ∈ ∂D or z2 ∈ ∂D then

M12 = −K12 = −K21.

vi) If z4 ∈ ∂D then

z̄2
4dz2 + dz̄4

z̄4u24
=
z̄2

4dz2 − z̄2
4dz4

z̄4u24
=
dz2 − dz4

z4 − z2
= −d log z24.

Using these results, one obtains the following simplifications:

Pushforwards of a product of two forms restricted to the boundary

We have ∫
D,1

µ1φ12 = dθ2 (A.64a)∫
D,1

φ12φ13 =
1

4
ηS1(θ2, θ3) (A.64b)∫

D,1
τ12τ13 =

1

4
ηS1(θ2, θ3) (A.64c)∫

D,1
φ12τ13 =

1

4
ηS1(θ2, θ3) (A.64d)
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Pushforwards of a product of three forms restricted to the boundary

We have∫
D1

φ12φ13φ14 =
1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣ cot(πθ23)dθ23 + π(ηS1(θ4, θ2)− ηS1(θ4, θ3))(dθ2 + dθ3) + cycl.

]
(A.65a)

∫
D1

φ12φ13τ14 =

∫
D1

φ12φ13φ14 −
1

4
ηS1(θ2, θ3)dθ4 (A.65b)

∫
D1

φ12τ13τ14 =

∫
D1

φ12φ13φ14 −
1

4
ηS1(θ2, θ3)dθ4 −

1

4
ηS1(θ4, θ2)dθ3 (A.65c)

∫
D1

τ12τ13τ14 =

∫
D1

φ12φ13φ14 −
1

4
(ηS1(θ2, θ3)dθ4 + cycl.) (A.65d)

∫
D1

ψ1φ12φ13 =
1

8π
(π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|)(dθ2 + dθ3) (A.65e)

∫
D1

ψ1τ12τ13 =
1

8π
((π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|)(dθ2 + dθ3) (A.65f)

∫
D1

ψ1φ12τ13 =
1

8π
((π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|)(dθ2 + dθ3) (A.65g)

∫
D1

µ1φ12φ13 =
1

2
dθ2dθ3 (1− cos(2πθ23) log(2| sinπθ23|)− π sin(2πθ23)ηS1(θ2, θ3)) (A.65h)

∫
D1

µ1τ12τ13 = −1

2
dθ2dθ3 (1 + cos(2πθ23) log(2| sinπθ23|) + π sin(2πθ23)ηS1(θ2, θ3)) (A.65i)

∫
D1

µ1φ12τ13 = −1

2
dθ2dθ3 (1 + cos(2πθ23) log(2| sinπθ23|) + π sin(2πθ23)ηS1(θ2, θ3)) (A.65j)

A.6.3 Pushforwards over 2 points

Here we always assume that points z3, z4, . . . ∈ ∂D, and we integrate over points z1 and z2.

Then, we have∫
D,1,2

φ13φ12µ2φ24 = − 1

16π2
ReK34z̄34dz4 (A.66)∫

D,1,2
φ13φ12ψ2φ24 =

1

32π
Re
[
z̄2

4K34(z̄2
3z

2
4 − 1) + z̄3z̄4 + z̄2

4/2
]

(A.67)∫
D,1,2

φ13φ14φ12φ25 =
1

32π
Re [Li1,1(z̄4z3, z̄5z4) + Li2(z̄5z3) +K45M43 − (3↔ 4)] (A.68)∫

D,1,2
φ13φ14τ21φ25 =

1

32π
Re [Li1,1(z̄4z3, z̄5z4) + Li2(z̄5z3) +K45M43 − (3↔ 4)] (A.69)
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A.7 Proofs

A.7.1 Computation of the Parameter integrals

The proofs of these identities can be done as follows. First, using partial fraction decomposition

one can decompose an integrand of the form

f(z, z̄) =
zkz̄l∏N

i=1(z − zi)
∏M
j=1(z̄ − w̄j)

into a sum of products of rational functions of the zi, w̄j with terms of the form

zkz̄l,
z̄k

z − zi
,

zk

z̄ − w̄j
, or

1

(z − zi)(z̄ − w̄)
.

An integral containing a logarithm Kij = log(1− ziz̄j) can be converted into a series of rational

functions by using the power series

log(1− x) = −
∞∑
k=1

xk

k
(A.70)

In the next lemma we summarise the results of integrating these terms over the disk.

Lemma A.7.1. We have for k, l ≥ 0∫∫
D
zkz̄ldz̄dz = δkl

2πi

k + 1
(A.71)

∫∫
D

z̄k

z − zi
dz̄dz =


− 2πi
k+1 z̄

k+1
i zi ∈ D

− 2πi
k+1z

−(k+1)
i zi /∈ D

(A.72)

∫∫
D

zk

z̄ − w̄j
dz̄dz =


− 2πi
k+1w

k+1
j wj ∈ D

− 2πi
k+1 w̄

−(k+1)
j wj /∈ D

(A.73)

∫∫
D

1

(z − zi)(z̄ − w̄j)
dz̄dz =



−2πi log(1− z−1
i w̄j) zi /∈ D,wj /∈ D

−2πi log(1− z̄iw̄−1
j ) zi ∈ D,wj /∈ D

−2πi log(1− z−1
i wj) zi /∈ D,wj ∈ D

2πi log
(

1−ziw̄j
|zi−wj |2

)
zi ∈ D,wj ∈ D

(A.74)

Proof. (A.71) is standard in complex analysis, it can be proved e.g. by applying the Stokes

theorem ∫∫
D
zkz̄ldz̄dz =

∫
∂D

zkz̄l+1

l + 1
dz =

∫
∂D

zk−(l+1)

l + 1
dz = δkl

2πi

l + 1
.
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zi

z0

wj

Figure A.1: Integration contours. The small disk around wj has orientation opposite to the big

disk.

(A.73) is of course the conjugate of (A.72), which again follows from standard complex analysis

equalities. For example, the Cauchy-Pompeiu formula tells us that∫∫
D

z̄k

z − zi
dz̄dz =

1

k + 1

∫
∂D

z̄k+1

z − zi
− 2πiχD(zi)

z̄k+1

k + 1
=

1

k + 1

(∫
∂D

1

zk+1(z − zi)
− 2πiz̄k+1

i

)
.

The claim now follows from the residue theorem by noting that the residues at 0 and zi cancel

out if zi ∈ D.

(A.74) requires a bit more work. The hard case is the one where both zi, wj ∈ D, we prove only

this one, the others follow along similar lines. In that case, choose z0∂D and cut the disk from

zi to z0. Now, we can use Stokes’ theorem to write∫∫
D

1

(z − zi)(z̄ − w̄j)
dz̄dz = −

∫∫
D

d log(z − zi)dz̄
z̄ − w̄j

= −
∫
∂D

log(z − zi)dz̄
z̄ − w̄j

+

∫
∂Dwj,ε

log(z − zi)dz̄
z̄ − w̄j

− 2πi

∫ zi

z0

dz̄

z̄ − w̄j

where Dwj ,ε is a disk of radius ε around wj . The sign of the integral along the cut follows from

the fact that in the positive direction (from z0 to z1) the logarithm has acquired 2πi argument

more. The last term evaluates to∫ zi

z0

dz̄

z̄ − w̄j
= log(z̄i − w̄j)− log(z̄0 − w̄j). (A.75)

The second term is, using a parametrization z = wj + εeiθ,∫
∂Dwj,ε

log(z − zi)dz̄
z̄ − w̄j

=

∫ 2π

0

log(wj + εeiθ − zi)− εie−iθdθ

εe−iθ

= −i

∫ 2π

0
log(z3 + εeiθ)dθ

ε→0→ −2πi log(wj − zi). (A.76)
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We rewrite the first term using that z̄ = z−1, when z ∈ ∂D, and get

−
∫
∂D

log(z − zi)dz̄
z̄ − w̄j

=

∫
∂D

log(z − zi)dz
z2(z̄ − w̄j)

=

∫
∂D

log(z − zi)dz
z(1− zw̄j)

= 2πiRes0

(
log(z − zi)
z(1− zw̄j)

)
− 2πi

∫ zi

z0

1

z(1− zw̄j)

= 2πi log(−zi) + 2πi (log(z0)− log(zi)− log(1− z0w̄j) + log(1− ziw̄j))

(A.77)

The terms in which z0 appears cancel out (this is obvious e.g. for z0 = 1 and the fact that

the integral does not depend on the cut). Next, note that log(−zi) − log(zi) − log(wj − zi) −

log(z̄i − w̄j) = − log(|zi − wj |) (this can be seen e.g. from taking zi, wj real and the fact that

the derivatives agree). From this, the claim follows after taking the sum (with appropriate signs

and prefactors) of (A.75),(A.76) and (A.77).

We now give some examples of proofs of the parameter integrals over the disk.

Proof of (A.54c)

Consider e.g. (A.54c). We want to compute∫∫
D

z1dz̄1dz1

z12z13
.

First, perform partial fraction decomposition of the integrand:

z

z12z13
=

1

z23

(
z2

z12
− z3

z13

)
.

Now apply Lemma A.7.1 to compute the integrals of the terms. We get∫∫
D

z1dz̄1dz1

z12z13
= −2πi

1

z23
(z2z̄2 − z3z̄3)

= −2πi

(
|z2|2 − |z3|3

z23

)
.

Proof of (A.60h)

As an example of a more complicated integral consider∫
D,1

K12dz̄1dz

z13z14
.

167



First, expand K12 in a power series to obtain∫
D,1

K12dz̄1dz

z13z̄14
= −

∞∑
k=1

z̄k2
k

∫
D,1

zk1
z13z̄14

= −
∞∑
k=1

z̄k2
k

∫
D,1

∑k
l=l z

k−l
1 zl−1

3

z̄14
+

zk3
z13z̄14

= 2πi

∞∑
k=1

(
k∑
l=1

z̄k2z
l−1
3

k

zk−l+1
4

k − l + 1

)
− z̄k2z

k
3

k
M34

where in the last line we applied equations (A.73) and (A.74). The last term sums up to K32M34.

In the first term, relabel n = k − l to obtain

∞∑
k=1

(
k∑
l=1

z̄k2z
l−1
3

k

z̄k−l+1
4

k − l + 1

)
=
∞∑
l=1

∞∑
n=0

z̄n+l
2 zl−1

3 zn+1
4

(n+ l)(n+ 1)

=
∞∑
l=0

∞∑
n=1

(z̄2z3)l(z̄2z4)n

(n+ l)n

This is almost a series for the double logarithm

Li1,1(x/y, y) =
∑

0<m<n

(x/y)myn

mn
=

∞∑
m=1

∞∑
l=1

xmyl

m(m+ l)
,

except for the fact that the first index starts at 0 rather than 1. However, the l = 0 sum over

n is
∞∑
n=1

(z̄2z4)n

n2
= Li2(z̄2z4)

so that overall we get∫
D,1

K12dz̄1dz

z13z14
= 2πi (Li1,1(z̄3z4, z̄2z3) + Li2(z̄2z4) +K24M34)

A.7.2 Computation of the pushforwards of forms

Proof of (A.62a)

We will show (A.62a).∫
D,1

ψ1φ12 =
1

4πi

1

4πi

∫
D,1

(z̄1dz1 − z1dz̄1)

(
dz12

z12
− dz̄12

z̄12

)
=

(
1

4πi

)2 ∫
D,1

dz̄1dz1

(
z̄1

z̄12
− z1

z12

)
=

1

8πi

(
1− |z2|2 − (1− |z2|2

)
= 0

using (A.52b).
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Proof of (A.62b) and (A.62c)

We have ∫
D,1

ψ1τ12 =

(
1

4πi

)2 ∫
D,1

(z̄1dz1 − z1dz̄1)

(
z2dz̄1 + z̄1dz2

ū12
− z1dz̄2 + z̄2dz1

u12

)
=

(
1

4πi

)2 ∫
D,1

dz̄1dz1

(
z1z̄2

u12
− z̄1z2

ū12

)
= 0,

where we have used (A.51). (A.62c) leads to the same parameter integral.

Proof of (A.62d) and (A.64a)

We will compute (A.62d).∫
D1

µφ12 =
1

2πi

1

4πi

∫
D1

dz̄1dz1

(
dz12

z12
− dz̄12

z̄12

)
=

1

2πi

1

4πi

∫
D1

dz̄1dz1

(
dz̄2

z̄12
− dz2

z12

)
=

1

4πi
(z̄2dz2 − z2dz̄2) = ψ2

using (A.52a) and its conjugate.

If z2 = exp(2πiθ2) then we get ∫
D1

µφ12 = ψ2 = dθ2

by Proposition A.6.1.

Proof of (A.62e) and (A.64b)

We will prove (A.62e).∫
D1

φ12φ13 =
1

4πi

1

4πi

∫
D1

(
dz12

z12
− dz̄12

z̄12

)(
dz13

z13
− dz̄13

z̄13

)
=

(
1

4πi

)2 ∫
D1

dz̄1dz1

(
1

z12z̄13
− 1

z̄12z13

)
=

1

8πi
(M23 −M32)

=
1

4π
arg(u23)

using (A.55b) and noticing that the real number in the denominator does not change the

argument.

If zi = exp(2πiθi) then by proposition A.6.1 we have∫
D1

φ12φ13 =
1

4π
arg(u23) =

1

4
ηS1(θ2, θ3).
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Proof of (A.62f)

Let us prove (A.62f).∫
D1

τ12φ13 =
1

4πi

1

4πi

∫
D1

(
dz12

z12
− dz̄12

z̄12

)(
z3dz̄1 + z̄1dz3

ū13
− z1dz̄3 + z̄3dz1

u13

)
=

(
1

4πi

)2 ∫
D1

dz̄1z1

(
z̄3

z̄12u13
− z3

z12ū13

)
=

1

8πi
(K23 −K32)

=
1

4π
arg(u23)

If zi = exp(2πiθi) then by proposition A.6.1 we have∫
D1

τ12φ13 =
1

4π
arg(u23) =

1

4
ηS1(θ2, θ3).

Proof of (A.62g)

Let us prove (A.62g).∫
D1

τ12φ13 =
1

4πi

1

4πi

∫
D1

(
z2dz̄1 + z̄1dz2

ū12
− z1dz̄2 + z̄2dz1

u12

)(
z3dz̄1 + z̄1dz3

ū13
− z1dz̄3 + z̄3dz1

u13

)
=

(
1

4πi

)2 ∫
D1

dz̄1dz1

(
z3z̄2

u12ū13
− z2z̄3

ū12u13

)
=

1

8πi
(K23 −K32)

=
1

4π
arg(u23)

If zi = exp(2πiθi) then again by proposition A.6.1 we have∫
D1

τ12τ13 =
1

4π
arg(u23) =

1

4
ηS1(θ2, θ3).

Proof of (A.63a) and (A.65a)

We have∫
D1

φ12φ13φ14 =

(
1

2π

)3 ∫
D1

Im dL12 Im dL13 Im dL14

=

(
1

2π

)3 1

4
Im

∫
D1

dL12dL13dL14 − dL12dL13dL14 + dL12dL13dL14 + dL12dL13dL14

=

(
1

2π

)3 1

4
Im

∫
D1

dL12dL13dL14 + cycl.

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz1

[
dz23

z12z13z̄14
+ cycl.

]
=

1

16π2
Re

[
(M24 −M34)

dz23

z23
+ cycl.

]
170



In the second equation notice that the integral of the second term is zero because it contains

only holomorphic differentials. Now assume that we have zi = exp(2πiθi). By proposition A.6.1

we get that the above equals

=
1

16π2
Re [(K43 −K42)d log z23 + cycl.]

(using Re z = Re z̄ for the last term). Noticing that

K43 −K42 = log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣+ iπ(ηS1(θ4, θ3)− ηS1(θ4, θ2))

we obtain

1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣ cot(πθ23)dθ23 + π(ηS1(θ4, θ2)− ηS1(θ4, θ3))(dθ2 + dθ3) + cycl.

]
=

1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣ cotπθ23dθ23 + log

∣∣∣∣sinπθ32

sinπθ34

∣∣∣∣ cotπθ24dθ24 + log

∣∣∣∣sinπθ24

sinπθ23

∣∣∣∣ cotπθ34dθ34

+ π(ηS1(θ2, θ3)dθ4 + ηS1(θ3, θ4)dθ2 + ηS1(θ4, θ2)dθ3)

+ π (ηS1(θ2, θ3) + ηS1(θ3, θ4) + ηS1(θ4, θ2)) (dθ2 + dθ3 + dθ4)

]

Proof of (A.63b) and(A.65b)

We have∫
D1

φ12φ13τ14 =

(
1

2π

)3 ∫
D1

Im dL12 Im dL13 Im dK14

=

(
1

2π

)3 1

4
Im

∫
D1

dL12dL13dK14 − dL12dL13dK14 + dL12dL13dK14 − dL12dL13dK14

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz1

[
z4dz32

z12z13ū14
+
z̄4dz2 + z1dz̄4

z12z̄13u14
− z4dz̄3 + z̄1dz4

z12z̄13ū14

]
=

1

16π2
Re

[
(K43 −K42)

dz23

z23
+ (K34 +M23)

z̄4dz2

u24

+ (K34 + z̄4z2M23)
dz̄4

z̄4u24
− (K42 +M23)

z4dz̄3

u43

− (K42 + z4z̄3M23)
dz4

z4u43

]
=

1

16π2
Re

[
(K43 −K42)

dz23

z23
+M23

(
z̄4dz2 + z2dz̄4

u24
− z4dz̄3 + z̄3dz4

u43

)
+ K34

z̄2
4dz2 + dz̄4

z̄4u24
−K24

z̄2
4dz3 + dz̄4

z̄4u34

]
=

1

16π2
Re

[
(K43 −K42)dL23 +M23 (dK43 − dK24) +K34

z̄2
4dz2 + dz̄4

z̄4u24
−K24

z̄2
4dz3 + dz̄4

z̄4u34

]
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where we used equations (A.58a), (A.58b), (A.58c) and also in the last equality also Re z = Re z̄.

Observe that for z4 ∈ ∂D we have

z̄2
4dz2 + dz̄4

z̄4u24
=
z̄2

4dz2 − z̄2
4dz4

z̄4u24
=
dz2 − dz4

z4 − z2
= −d log z24

so on the boundary we get

1

16π2
Re [(K43 −K42)d log z23 +K32(dK24 − d log u43) +K24d log z34 −K34d log z24]

=
1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣ cotπθ23dθ23 + π(ηS1(θ4, θ2)− ηS1(θ2, θ3))(dθ2 + dθ3)

+ log(2| sinπθ32|)(cotπθ24dθ24 − cotπθ43dθ43)− πηS1(θ3, θ2)(dθ24 − dθ43)

+ log(2| sinπθ24|) cotπθ34dθ34 − πηS1(θ2, θ4)(dθ3 + dθ4)

− log(2| sinπθ34|) cotπθ24dθ24 + πηS1(θ3, θ4)(dθ2 + dθ4)

]
=

1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣ cotπθ23dθ23 + log

∣∣∣∣sinπθ32

sinπθ34

∣∣∣∣ cotπθ24dθ24 + log

∣∣∣∣sinπθ24

sinπθ23

∣∣∣∣ cotπθ34dθ34

+ π

[
(ηS1(θ2, θ3) + ηS1(θ3, θ4) + ηS1(θ4, θ2))(dθ2 + dθ3 + dθ4)

+ ηS1(θ3, θ4)dθ2 + ηS1(θ4, θ2)dθ3 − 3ηS1(θ2, θ3)dθ4

]
=

∫
D1

φ12φ13φ14 −
1

4
ηS1(θ2, θ3)dθ4

Proof of (A.63c) and(A.65c)

We have∫
D1

φ12τ13τ14 =

(
1

2π

)3 ∫
D1

Im dL12 Im dK13 Im dK14

=

(
1

2π

)3 1

4
Im

∫
D1

dL12dK13dK14 − dL12dK13dK14 + dL12dK13dK14 − dL12dK13dK14

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz1

[
z4(z̄3dz2 + z1dz̄3)

z12u13ū14
− z3(z̄4dz2 + z1dz̄4)

z12ū13u14
− z̄1(z4dz3 − z3dz4)

z12ū13ū14

]
=

1

16π2
Re

[
z̄3

u23
(K42 −K43) dz2 −

z̄4

u24
(K32 −K34) dz2

+
1

u23

(
z2K42 −

1

z̄3
K43

)
dz̄3 −

1

u24

(
z2K32 −

1

z̄4
K34

)
dz̄4

+
z3K42 − z4K32

z3z4z34
(z4dz3 − z3dz4)

]
=

1

16π2
Re

[
K42

z̄3dz2 + z2dz̄3

u23
−K32

z̄4dz2 + z2dz̄4

u24
−K43

z̄2
3dz2 + dz̄3

u23
+K34

z̄2
4dz2 + dz̄4

u24

+
z3K42 − z4K32

z3z4z34
(z4dz3 − z3dz4)

]
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Note that for z3, z4 ∈ ∂D we have

z4dz3

z3z34
− dz4

z34
= −z4dz̄3

z̄3z34
− z̄3dz4

z̄3z34
= −z4dz̄3 + z̄3dz4

u43
= dK43.

Using this for the last term, on the boundary we get

1

16π2
Re [K32dK24 −K42dK23 +K43d log z23 −K34d log z24 −K32dK43 +K42dK34]

=
1

16π2
Re
[
K32(dK24 − dK43)−K42(dK23 − dK34) +K34(d log z23 − d log z24)

]
=

1

16π
[log(2| sinπθ32|)(cotπθ24dθ24 − cotπθ43dθ43)− πηS1(θ3, θ2)(dθ24 − dθ43)

+ log(2| sinπθ42|)(cotπθ34dθ34 − cotπθ23dθ23) + πηS1(θ4, θ2)(dθ23 − dθ34)

+ log(2| sinπθ34|)(cotπθ23dθ23 − cotπθ24dθ24) + πηS1(θ3, θ4)(dθ2 + dθ3 + dθ2 + dθ4)]

=
1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣ cotπθ23dθ23 + log

∣∣∣∣sinπθ32

sinπθ34

∣∣∣∣ cotπθ24dθ24 + log

∣∣∣∣sinπθ24

sinπθ23

∣∣∣∣ cotπθ34dθ34

+ π

[
(ηS1(θ2, θ3) + ηS1(θ3, θ4) + ηS1(θ4, θ2))(dθ2 + dθ3 + dθ4)

+ ηS1(θ3, θ4)dθ2 − 3ηS1(θ4, θ2)dθ3 − 3ηS1(θ2, θ3)dθ4

]

=

∫
D1

φ12φ13φ14 −
1

4
ηS1(θ2, θ3)dθ4 −

1

4
ηS1(θ4, θ2)dθ3

Proof of (A.63d) and(A.65d)

We have∫
D1

τ12τ13τ14 =

(
1

2π

)3 ∫
D1

Im dK12 Im dK13 Im dK14

=

(
1

2π

)3 1

4
Im

∫
D1

dK12dK13dK14 − dK12dK13dK14 + dK12dK13dK14 + dK12dK13dK14

=

(
1

2π

)3 1

4
Im

∫
D1

dK12dK13dK14 + cycl.

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz1

[
z1z4(z̄3dz̄2 − z̄2dz̄3)

u12u13ū14
+ cycl.

]
=

1

16π2
Re

[
z̄2K43 − z̄3K42

z̄2z̄3z̄23
(z̄3dz̄2 − z̄2dz̄3) + cycl.

]
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Here we have used equation (A.56). Restricting to the boundary we obtain

1

16π2
Re [K43dK32 −K42dK23 + cycl. ]

=
1

16π2
Re [(K43 −K24)dK32 + cycl. ]

=
1

16π

[
log

∣∣∣∣sinπθ43

sinπθ42

∣∣∣∣− πηS1(θ4, θ3)dθ32 + πηS1(θ2, θ4))dθ32 + cycl.

]
=

∫
D1

φ12φ13φ14 −
1

4
(ηS1(θ2, θ3)dθ4 + cycl.)

Proof of (A.63e) and (A.65e)

We have∫
D1

ψ1φ12φ13 =

(
1

2π

)3 ∫
D1

Im(z̄dz) Im dL12 Im dL13

=

(
1

2π

)3 1

4
Im

∫
D1

(z̄1dz1dL12dL13 − z̄1dz1dL12dL13 + z̄1dz1dL12dL13 − z̄1dz1dL12dL13)

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz

[
−z̄1dz2

z12z̄13
+
z̄1dz3

z̄12z13
+
z̄1(dz̄32)

z̄12z̄13

]
=

1

16π2
Re

[
− (z̄3M23 − z̄2) dz2 + (z̄2M32 − z̄3) dz3 +

|z2|2 − |z3|2

z̄23
dz̄32

]
using equations (A.55c) and (A.55d). If zi = exp(2πiθi) ∈ ∂D, the third term vanishes and the

other terms evaluate to

1

16π2
Re [− (z̄3M23 − z̄2) dz2 + (z̄2M32 − z̄3) dz3]

=
1

16π2
Re 2πi [(exp(2πiθ23K32 + 1))) dθ2 − (exp(2πiθ32K23 + 1) dθ3]

=
1

8π
(Im (exp(2πiθ32)K23)dθ3)− Im (exp(2πiθ23)K32) dθ2)

=
1

8π
(Im (exp(2πiθ32)K23)) (dθ2 + dθ3)

=
1

8π
(π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|)(dθ2 + dθ3)

Proof of (A.63f) and (A.65f)

We have∫
D1

ψ1τ12τ13 =

(
1

2π

)3 ∫
D1

Im(z̄dz) Im dK12 Im dK13

=

(
1

2π

)3 1

4
Im

∫
D1

(z̄1dz1dK12dK13 − z̄1dz1dK12dK13 + z̄1dz1dK12dK13 − z̄1dz1dK12dK13)

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz1

[
|z1|2z3

u12ū13
dz̄2 −

|z1|2z2

ū12u13
dz̄3 +

z̄2
1

ū12ū13
(z2dz3 − z3dz2)

]
=

1

16π2
Re

[(
1

z̄3
+
K23

z̄2
3z2

)
dz̄3 −

(
1

z̄2
+
K32

z̄2
2z3

)
dz̄2

]
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using equations (A.53b) and (A.53d). Let now zi = exp(2πiθi) ∈ ∂D, then we get

1

16π2
Re

[(
1

z̄3
+
K23

z̄2
3z2

)
dz̄3 −

(
1

z̄2
+
K32

z̄2
2z3

)
dz̄2

]
=

1

16π
Re 2πi

[(
1 +

K32

z̄2z3

)
dθ2 −

(
1 +

K23

z2z̄3

)
dθ3

]
=

1

8π

[
dθ3 Im

K23

z2z̄3
− dθ2 Im

K32

z̄2z3

]
=

1

8π
((π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|)(dθ2 + dθ3)

Proof of (A.63g) and (A.65g)

We have∫
D1

ψ1φ12τ13 =

(
1

2π

)3 ∫
D1

Im(z̄dz) Im dL12 Im dK13

=

(
1

2π

)3 1

4
Im

∫
D1

(z̄1dz1dL12dK13 − z̄1dz1dL12dK13 + z̄1dz1dL12dK13 − z̄1dz1dL12dK13)

=

(
1

2π

)3 1

4
Im

∫
D1

dz̄1dz

[
z̄1z3

z12ū13
dz2 +

|z1|2

z̄12u13
dz̄3 −

z̄2
1

z̄12ū13
dz3 −

z3z̄1

z̄12ū13
dz̄2

]
=

1

16π2
Re

[(
z̄2 +

K32

z3

)
dz2 +

(
|z2|2

z̄3
+
z̄2K23

z̄2
3

)
dz̄3 −

z̄2(1− |z2|2)

ū23
dz3 −

z3(1− |z2|2)

ū23
dz̄2

]
=

1

16π2
Re

[(
z̄2 +

K32

z3

)
dz2 +

(
|z2|2

z̄3
+
z̄2K23

z̄2
3

)
dz̄3 −

(1− |z2|2)

ū23
(z̄2dz3 + z3dz̄2)

]
=

1

16π2
Re

[(
z̄2 +

K32

z3

)
dz2 +

(
|z2|2

z̄3
+
z̄2K23

z̄2
3

)
dz̄3 + (1− |z2|2)dK32

]

using equations (A.54b),(A.54c),(A.54d),(A.54e). If now zi = exp(2πiθi), the last two terms

vanish. The first two terms evaluate to

1

16π2
Re

[(
z̄2 +

K32

z3

)
dz2 +

(
|z2|2

z̄3
+
z̄2K23

z̄2
3

)
dz̄3

]
=

1

16π2
Re 2πi [(1 + exp(2πiθ23)K32) dθ2 − (1 + exp(2πiθ32)K23) dθ3]

=
1

8π
(Im (exp(2πiθ32)K23)dθ3)− Im (exp(2πiθ23)K32) dθ2)

=
1

8π
((π cos(2πθ23)ηS1(θ2, θ3)− sin 2πθ23 log 2| sinπθ23|)(dθ2 + dθ3)
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Proof of (A.63h) and (A.65h)

We have∫
D1

µ1φ12φ13 =
1

2πi

(
1

4πi

)2 ∫
D1

dz̄1dz1

(
dz12

z12
− dz̄12

z̄12

)(
dz13

z13
− dz̄13

z̄13

)
=

1

2πi

(
1

4πi

)2 ∫
D1

dz̄1dz1

[
dz2dz3

z12z13
+
dz̄2dz̄3

z̄12z̄13

−dz2dz̄3

z12z̄13
− dz̄2dz3

z̄12z13

]
=

(
1

4πi

)2 [
− z̄23

z23
dz2dz3 −

z23

z̄23
dz̄2dz̄3 −M23dz2dz̄3 −M32dz̄2dz3

]
=

1

8π2
Re

[
M23dz2dz̄3 +

z̄23

z23
dz2dz3

]
using (A.55a) and (A.55b). If now zi = exp(2πiθi), we get (taking care of the signs)

1

8π2
Re

[
M23dz2dz̄3 +

z̄23

z23
dz2dz3

]
=

1

8π2
Re

[
−K32dz2dz̄3 +

1
z2
− 1

z3

z2 − z3
dz2dz3

]

=
1

8π2
Re

[
(2πi)2 log(1− exp(2πiθ32)) exp(2πiθ23)dθ2dθ3 −

dz2dz3

z2z3

]
=

1

2
dθ2dθ3 (1− cos(2πθ23) log(2| sinπθ23|)− π sin(2πθ23)ηS1(θ2, θ3))

Proof of (A.63i) and (A.65i)

∫
D1

µ1τ12τ13 =
1

2πi

(
1

4πi

)2 ∫
D1

dz̄1dz1

(
z2dz̄1 + z̄1dz2

ū12
− z1dz̄2 + z̄2dz1

u12

)(
z3dz̄1 + z̄1dz3

ū13
− z1dz̄3 + z̄3dz1

u13

)
=

1

2πi

(
1

4πi

)2 ∫
D1

dz̄1dz1

[
z̄2

1dz2dz3

ū12ū13
+
z2

1dz̄2dz̄3

(u12)u13

−|z1|2dz̄2dz3

u12ū13
− |z1|2dz2dz̄3

ū12u13

]
=

(
1

4πi

)2 [((z3z̄2 +K32)

(z3z̄2)2

)
dz̄2dz3 +

(
(z2z̄3 +K23)

(z2z̄3)2

)
dz2dz̄3

]
= − 1

8π2
Re

[
(z2z̄3 +K23)

(z2z̄3)2 dz2dz̄3

]
where we have used equations (A.53b) and (A.53d).

If now zi = exp(2πiθi),

− 1

8π2
Re

[
(z2z̄3 +K23)

(z2z̄3)2 dz2dz̄3

]
= − 1

8π2
Re

[
dz2dz̄3

z2z̄3

(
1 +

K23

z2z̄3

)]
=

1

2
dθ2dθ3 Re [1 + exp(2πiθ32) log(1− exp(2πiθ23))]

= −1

2
dθ2dθ3 (1 + cos(2πθ32) log(2| sinπθ32|)− π sin(θ32)ηS1(θ2, θ3))

= −1

2
dθ2dθ3 (1 + cos(2πθ23) log(2| sinπθ23|) + π sin(θ23)ηS1(θ2, θ3))
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Proof of (A.63j)and (A.65j)

We have∫
D1

µ1φ12τ13 =
1

2πi

(
1

4πi

)2 ∫
D1

dz̄1dz1

(
dz12

z12
− dz̄12

z̄12

)(
z3dz̄1 + z̄1dz3

ū13
− z1dz̄3 + z̄3dz1

u13

)
=

1

2πi

(
1

4πi

)2 ∫
D1

dz̄1dz1

[
z1dz2dz̄3

z12u13
− z̄1dz2dz3

z12ū13

+
z̄1dz̄2dz3

z̄12ū13
− z1dz̄2dz̄3

z̄12u13

]
=

(
1

4πi

)2 [(1− |z2|2

u23

)
dz2dz̄3 +

(
1− |z2|2

ū23

)
dz̄2dz3

−
(
z̄2

z3
+
K32

z2
3

)
dz2dz3 −

(
z2

z̄3
+

log(ū32)

z̄2
3

)
dz̄2dz̄3

]
=

1

8π2
Re

[(
z̄2

z3
+
K32

z2
3

)
dz2dz3 −

(
1− |z2|2

u23

)
dz2dz̄3

]
where we have used (A.54b) and (A.54c).

If now zi = exp(2πiθi), the second term vanishes and the first equals

1

8π2
Re

[(
z̄2

z3
+
K32

z2
3

)
dz2dz3

]
=

1

8π2
Re
[
(2πi)2(dθ2dθ3 + exp(2πi(θ23)) log(1− exp(2πiθ32))dθ2dθ3

]
= −1

2
dθ2dθ3 (1 + cos(2πθ23) log(2| sinπθ23|) + π sin(θ23)ηS1(θ2, θ3))

Proof of (A.66)

We have ∫
D,1

φ13φ12 =
1

4π
ImK32

and therefore ∫
D,1,2

φ13φ12µ2φ24 =
1

8π2

∫
D,2

Im(K32µ2) Im dL24

=
1

16π2
Re

∫
D,2

(K32µ2dL24 −K32µ2dL24)

=
1

16π2
Re

∫
D,2

K32µ2dz̄4

z̄24
− K32µ2dz4

z24

= − 1

16π2
Re [(z̄4 +K34(z̄3 − z̄4)dz4]

= − 1

16π2
ReK34z̄34dz4.

Here we used that
∫

1K12/z13 = 0 for z3 ∈ ∂D.
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Proof of (A.67)

∫
D,1,2

φ13φ12ψ2φ24 =
1

8π2

∫
D,2

Im(K32) Im(z̄dz) Im dL24

=
1

32π2
Im

∫
D,2

K32z̄2dz2dL24 +K32z2dz̄2dL24,

with two other terms vanishing because they contain no top form. This gives

1

32π2
Im

∫
D,2

K32z̄2dz2dL24 +K32z2dz̄2dL24 =
1

32π2
Im

∫
D,2

z̄2K32dz2dz̄2

z̄24
+
z̄2K32dz̄2dz2

z24

=
1

32π2
Im

∫
D,2

z̄2K32dz̄2dz2

z24
− z2K23dz̄2dz2

z24

=
1

16π
Re

[
1

2z2
3

(
K34 + z3z̄4 +

(z3z̄4)2

2

)
− z̄2

4

2
K34 − (1− |z4|2)K42

]
by equations (A.60d) and (A.60f). Now we can use that z3, z4 ∈ ∂D to obtain

1

16π
Re

[
1

2z2
3

(
K34 + z3z̄4 +

(z3z̄4)2

2

)
− z̄2

4

2
K34 − (1− |z4|2)K42

]
=

1

32π
Re
[
z̄2

4K34(z̄2
3z

2
4 − 1) + z̄3z̄4 + z̄2

4/2
]

Proof of (A.68) and (A.69)

Here we first perform pushforward over z2. Then we get∫
D,1,2

φ13φ14φ12φ25 =

∫
D,1

φ13φ14 Im
1

4π
K15

=
1

16π2

∫
D,1

ImK15 Im dL13 Im dL14

=
1

64π2
Im

∫
D,1

K15(dL13dL14 + dL13dL14)

=
1

64π2
Im

∫
D,1

K15dz̄1dz1

z̄13z14
− K15dz̄1dz1

z̄14z13

=
1

64π2
Im

∫
D,1

K15dz̄1dz1

z̄13z14
− K15dz̄1dz1

z̄14z13

=
1

32π
Re [Li1,1(z̄4z3, z̄5z4) + Li2(z̄5z3) +K45M43 − (3↔ 4)]

using (A.60h). This implies the proof of (A.69), since the pushforwards
∫

1 φ12φ13 =
∫

1 φ12τ13

are identical.

A.8 Pushforwards of currents on the circle

The pushforward of currents on the circle can be evaluated as follows. For products of delta

functions
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Lemma A.8.1. We have∫
S1

1

δ
(1)
S1 (t1 − t2)δ

(1)
S1 (t1 − t3) = δ

(1)
S1 (t2 − t3) (A.78)∫

S1
1

dt1δ
(1)
S1 (t1 − t2)δ

(1)
S1 (t1 − t3) = δ

(1)
S1 (t2 − t3)

dt2 + dt3
2

(A.79)∫
S1

1

δ
(1)
S1 (t1 − t2)δ

(1)
S1 (t1 − t3)δ

(1)
S1 (t1 − t4) = δ

(1)
S1 (t2 − t3)δ

(1)
S1 (t3 − t4) (A.80)∫

S1
1

dt1δ
(1)
S1 (t1 − t2)δ

(1)
S1 (t1 − t3)δ

(1)
S1 (t1 − t4) = δ

(1)
S1 (t2 − t3)δ

(1)
S1 (t3 − t4)

dt2 + dt3 + dt4
3

(A.81)

Proof. These identities can be checked by the definition of the pushforward. E.g. for the first

equation, we have to check that for all forms α ∈ Ω•(S1 × S1) we have∫
S1,2,3

δ
(1)
S1 (t2 − t3) ∧ α =

∫
S1,1,2,3

δ
(1)
S1 (t1 − t2)δ

(1)
S1 (t1 − t3) ∧ α

In this case this is simple because both sides equal ι∗∆α, where ι is the embedding of the diagonal

in S1 × S1. The other cases can be check by straighforward computation.
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Appendix B

Computations in the gluing of lens

spaces

In this appendix we perform the explicit computations that appear when gluing two lens spaces

to a solid torus. Often we will choose not to evaluate integrals that disappear when reducing

the residual fields. Recall that reducing residual fields corresponds to setting z2,i,A = z+,B
2,i = 0

and pairing z2,i,B with z+,A
2,i to 1

p , in particular, if in a product of residual fields does not contain

the same amount of z+,A
2,i and z2,i,B fields, it vanishes after reducing residual fields.

B.1 Pairing the 1-point functions

B.1.1 Pairing Γ1,1

As noted above Γ1,1 pairs to zero against Γb
1,2 and Γ1,3 (notice that ψΓA

X
∗ψΓB

Y
= 0 is equivalent

to ψΓA
Y
∗ ψΓB

X
= 0). For the remaining pairings note that ϕ∗dtdθ = (ϕ−1)∗(dtdθ) = dtdθ, and

ϕ∗dθ = ndt+ qdθ, (ϕ−1)∗dθ = −ndt+mdθ. Then we get

ψΓA
1,1
∗ ψΓB

1,1
= µijkγ

kl
mz

+,A
1i z2j,Az1l,Bz+,B

2j

∫
∂M

dθϕ∗dθ = −nµijkγklmz
+,A
1i z2j,Az1m,Bz+,B

2l

To pair against Γa
1,2, take the disjoint union of Γ1,1 with Γ0. Since we integrate over 2 boundary

points, only the 4-form part survives - this is the product of the 3-form part of ψΓa
1,2

with the
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1-form part of ψΓ1,1 and the 0-form part of ψΓ0 . The result is(
ψΓA

1,1
ψΓA

0

)
∗ ψΓB

1,2
= −µijkϕklmz

+,A
1i z2j,Az+,A

1,l z
+,B
2,m

∫
∂M×∂M

(ϕ−1)∗(dθ)1ν12δ
(1)
S1 (t1 − t2)

= nµijkϕ
klmz+,A

1i z2j,Az+,A
1,l z

+,B
2,m

ψΓA
1,2
∗
(
ψΓB

1,1
ψΓB

0

)
= −ψijkz2i,Aγklmz

1j,Bz1m,Bz+,B
2,l

∫
∂M×∂M

ν12δ
(1)
S1 (t1 − t2)ϕ∗(dθ)1

= nψijkγ
kl
mz

2i,Az1j,Bz1m,Bz+,B
2,l

All these terms vanish after reducing residual fields.

B.1.2 Pairing Γb
1,2

The nonzero pairings of Γb
1,2 are with itself or - in a product with Γ0 - to Γ1,3.

Pairing Γb
1,2 with itself

In the pairing with itself, only the 2-form part contributes, and we get

ψ
Γb,A

1,2
∗ ψ

Γb,B
1,2

=
1

2
µijkγ

jk
l z

+,A
2i z2l,B

(∫
∂M×∂M

ηS1(θ1, θ2)δS1(t1 − t2)dt1dt2ϕ
∗(ηS1(θ1, θ2)δS1(t1 − t2)dt1dt2)

+

∫
∂M×∂M

ηS1(θ1, θ2)δS1(t1 − t2)dt1dt2)ϕ∗ (ηS1(t1, t2)(dθ1dt1 − dθ2dt2))

+

∫
∂M×∂M

ηS1(t1, t2)(dθ1dt1 − dθ2dt2)ϕ∗(ηS1(θ1, θ2)δS1(t1 − t2)dt1dt2)

+

∫
∂M×∂M

ηS1(t1, t2)(dθ1dt1 − dθ2dt2)ϕ∗ (ηS1(t1, t2)(dθ1dt1 − dθ2dt2)

)
The integral in the third line is equal to the integral in the second line if we replace ϕ by ϕ−1,

which in turn is equal to zero (the forms do not multiply to a top form).

For the other two integrals assume first p = 0, then m = q = ±1 and φ = qid. The integral in

the first line is zero and the integral in the last line is −2
∫
S1×S1(ηS

1,12)2dt1dt2 = 1
6 .

Now assume p 6= 0. The integral in the last line is then (−2) times (we set v = dt1dθ1dt2dθ2))∫
∂M×∂M

ηS1(t1, t2)ϕ∗(ηS1(t1, t2))v =

∫
∂M×∂M

ηS1(t1, t2)ηS1(mt1 + pθ1,mt2 + pθ2)v

=

∫
∂M×∂M

ηS1(t1, t2)ηS1(mt1 + pθ1 −mt2, pθ2)v

= p

∫
∂M×∂M

ηS1(t1, t2)ηS1(mt1 + pθ1 −mt2, θ2)v = 0.

Here we have used rotational invariance and periodicity of ηS1 , and in the last equality the fact

that
∫

2 ηS1,12dθ2 = 0.
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The integral in the first line is

−p2

∫
∂M×∂M

ηS1(θ1, θ2)δS1(t1 − t2)ϕ∗(ηS1(θ1, θ2)δS1(t1 − t2))v.

To compute it, notice that δS1 is actually a Dirac Comb with period 1, whichwe denote III1.

This allows us to write

ϕ∗δS1(t1, t2) = III1(m(t1 − t2) + p(θ1 − θ2)) = III1

(
p

(
m

p
(t1 − t2) + (θ1 − θ2)

))
=

1

p
III1/p

(
m

p
(t1 − t2) + (θ1 − θ2)

)
=

1

p

p−1∑
k=0

III1

(
m

p
(t1 − t2) + (θ1 − θ2) +

k

p

)
Plug this in the integral and integrate over θ2, which leaves us with∫

T2×S1

1

p

p−1∑
k=0

ηS1

(
θ1,

m

p
(t1 − t2) + θ1 +

k

p

)
ηS1

(
nt1 + qθ1, nt2 + q

(
m

p
(t1 − t2) + θ1 +

k

p

))
δ(t1 − t2)dt1dθ1dt2.

Now, we integrate over t2, which forces t1 and t2 to agree, leaving us with∫
S1×S1

1

p

p−1∑
k=0

ηS1

(
θ1, θ1 +

k

p

)
ηS1

(
nt1 + qθ1, nt1 + qθ1 +

kq

p

)
dt1dθ1.

Because of rotational invariance of ηS1 we find this equals

1

p

∫
S1×S1

p−1∑
k=0

ηS1

(
0,
k

p

)
ηS1

(
0,
kq

p

)
dt1dθ1 =

1

p

p−1∑
k=0

ηS1

(
0,
k

p

)
ηS1

(
0,
kq

p

)

which is precisely 1
p times the Dedekind sum s(q, p). Hence overall the pairing evaluates to

ψ
Γb,A

1,2
∗ ψ

Γb,B
1,2

= µijkγ
jk
l z

+,A
2i z2l,B


−p
2 s(q, p) p 6= 0

q
12 p = 0

(B.1)

Pairing Γb
1,2 with Γ1,3

To pair Γb
1,2 t Γ0 with ψΓ1,3 , notice that the form

ωΓ1,3 =

∫
M0

η01η02η03,

which is the weight of the graph ψΓ1,3 is a 3-form. Hence the only term contributing to the

pairing is the one containing the product of the 2-form term of ψΓb
1,2

and the 1-form part of
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ψΓ0 . We have(
ψ

Γb,A
1,2
ψΓA

0

)
∗ ψΓB

0,3
= z+,A

2i z+,A
2l µijkϕ

jkl

∫
(∂M)3

(ωΓ1,2)12dt3(ϕ×3)∗(ωΓ1,3)

ψΓA
1,3
∗
(
ψ

Γb,B
1,2
ψΓB

0

)
= z2i,Bz2l,Bµjki ϕjkl

∫
(∂M)3

ωΓ1,3((ϕ×3)∗(ωΓ1,2)12dt3)

These terms vanish after reducing the background fields.

B.1.3 Pairing Γ1,3Γ0 with itself

In this section we compute the integral

J =

∫
(∂M)4

(ωΓ1,3)123dt4(ϕ×4)∗((ωΓ1,3)234dt1). (B.2)

The first step is to rewrite ωΓ1,3 as an integral over the bulk and then use Lemma 5.5.1 to

compute integral over boundary points 1 and 4, like so:

J =

∫
(∂M)4

(ωΓ1,3)123dt4(ϕ×4)∗(ωΓ1,3)234dt1)

=

∫
M0×M5×(∂M)4

η01η02η03dt4(ϕ×4)∗(η52η53η54)dt1)

=

∫
M0×M5×(∂M)4

η01η02η03(ϕ×3)∗(η52η53)η54ϕ∗(dt4))(mdt1 + pdθ1)

=

∫
M0×M5×(∂M)2

η01η02(mdt0 + pψ0)ϕ∗(η15η25(qdt5 − pψ5))

=

∫
(∂M)2

mqωJ1ϕ
∗ωJ1 −mpωJ1ϕ

∗ωJ2 + qpωJ2ϕ
∗ωJ1 − p2ωJ2ϕ

∗ωJ2

where we defined ωJ1 :=
∫

0 dt0η01η02 and ωJ2 :=
∫

0 ψ0η01η02. We already have the explicit

expression

ωJ1 = −ηθ12δS1,12dt1dt2 + (dθ2dt2 − dθ3dt3)ηtS1,23

and already computed that ∫
(∂M)2

ωJ1ϕ
∗ωJ1 = −ps(q, p)

if p 6= 0. Let us compute ωJ2 . We have

ωI2 =

∫
0
ψ0η01η02 =

∫
0
ψ(ηD,01δ

(1)
S1,01

ηD,02δ
(1)
S1,02

)

= δ
(1)
S1,12

(4

∫
D0

ψ0φ01φ02)

=
1

2
δ

(1)
S1,12

f(θ1, θ2)(dθ1 + dθ2)
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where

f(θ1, θ2) = cos(2πθ12)ηS1(θ1, θ2)− 1

π
sin 2πθ12 log 2| sinπθ12|.

Now let us compute∫
(∂M)2

ωJ1ϕ
∗ωJ2 =

1

2

∫
(∂M)2

(
ηθ12δS1,12dt1dt2 + (dθ1dt1 − dθ2dt2)ηtS1,12

)
ϕ∗(δS1(t12)f(θ12)dt12(dθ1 + dθ2))

= pq

∫
(∂M)2

(
ηθ12δS1,12ϕ

∗(δS1(t12)f(θ12))
)
v −

∫
(∂M)2

ηtS1,12ϕ
∗(δS1(t12)f(θ12))v

where v = dt1dt2dθ1dθ2. If ϕ = ±id then this expression vanishes, so from now on we assume

ϕ 6= ±id⇔ p 6= 0. Now we use that

ϕ∗δS1(t12) =
1

p

p−1∑
k=0

δS1

(
m

p
t12 + θ12 +

k

p

)
to compute the first term above as

p−1∑
k=0

q

∫
(∂M)2

ηθ12f(nt12 + qθ12)δS1(t12)δS1

(
m

p
t12 + θ12 +

k

p

)
v = q

p−1∑
k=0

ηS1

(
k

p

)
f

(
qk

p

)
similarly to before. The second term is a bit more complicated since we lack a second delta

function. We get∫
(∂M)2

ηt12ϕ
∗(δS1(t12)f(θ12))v =

p−1∑
k=0

1

p

∫
(∂M)2

ηt12δ

(
m

p
t12 + θ12 +

k

p

)
f(nt12 + qθ12)v

=

p−1∑
k=0

1

p

∫
S1
t1
×S1

t2

ηS1(t12)f((n−mq/p)t12 − qk/p)dt1dt2

= −
p−1∑
k=0

1

p

∫
S1
t1
×S1

t2

ηS1(t12)f(1/pt12 + qk/p)dt1dt2

To compute the last integral, note that

ηS1(t) =
1

π
Im log(1− e2πit) = − 1

π
Im
∑
l≥1

e2πitl

l
,

f(t) =
1

π
Im(e−2πit log(1− e2πit) = − 1

π
Im
∑
l≥1

e2πit(l−1)

l
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where the sums converge conditionally for every t /∈ Z, so we can rewrite the integral using

Im z Imw = 1/2 Re(z̄w − zw). Further, we have

p−1∑
k=0

f(1/pt+ qk/p) =

p−1∑
k=0

f(1/pt+ k/p)

= − 1

π
Im
∑
l≥1

p−1∑
k=0

e2πi(l−1)(1/pt+k/p)

l

= − 1

π
Im
∑
l≥0

e2πilt/p

l + 1

p−1∑
k=0

e2πikl/p

= − 1

π
Im p

∑
l≥0

e2πilt

pl + 1
,

where we used that

p−1∑
k=0

e2πikl/p =


p l | p

0 l - p
(B.3)

Plugging everything into the integral we find

−
p−1∑
k=0

1

p

∫
S1
t1
×S1

t2

ηS1(t12)f(1/pt12 + qk/p)dt1dt2

=
1

π2

∑
k≥1

∑
l≥0

1

2
Re

∫
S1×S1

e−2πikt12

k

e2πilt12

pl + 1
− e2πikt12

k

e2πilt12

pl + 1
dt1dt2

=
1

2π2

∑
k≥1

1

k(kp+ 1)
=

1

2π2
H 1

p
,

since
∫
S1×S1 e

2πi(k−l)t12dt1dt2 = δkl. Here H 1
p

denotes analytic extension of the harmonic num-

bers Hn =
∑n

k=1
1
n evauluated at 1/p. In total, we get

∫
(∂M)2

ωJ1ϕ
∗ωJ2 = q

p−1∑
k=0

ηS1

(
k

p

)
f

(
qk

p

)
+

1

2π2
H 1

p
.

Similarly, we can compute∫
(∂M)2

ωJ2ϕ
∗ωJ1 =

∫
(∂M)2

ωJ1(ϕ−1)∗ωJ2 = m

p−1∑
k=0

ηS1

(
k

p

)
f

(
mk

p

)
+

1

2π2
H 1

p
.

Finally, we can compute, exploiting again the delta functions∫
(∂M)2

ωJ2ϕ
∗ωJ2 =

1

4

∫
(∂M)2

δ
(1)
S1 (t12)f(θ1, θ2)(dθ1 + dθ2)ϕ∗(δ

(1)
S1 (t12)f(θ1, θ2)(dθ1 + dθ2))

= n

p−1∑
k=0

f(k/p)f(qk/p)
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Summing everything, we get

J = mqp

(
s(q, p) +

p−1∑
k=0

ηS1

(
k

p

)
f

(
mk

p

)
+ ηS1

(
k

p

)
f

(
qk

p

))
np2

p−1∑
k=0

f

(
k

p

)
f

(
qk

p

)
+ (q −m)

H1/p

2π2

= p

(
s(q, p) +

p−1∑
k=0

ηS1

(
k

p

)
f

(
mk

p

)
+ ηS1

(
k

p

)
f

(
qk

p

))

+ np2
p−1∑
k=0

(
ηS1

(
k

p

)
+ f

(
k

p

))(
ηS1

(
qk

p

)
+ f

(
qk

p

))
+ (q +m)

H1/p

2π2
(B.4)

where we used that mq = 1 + np and

p−1∑
k=0

ηS1

(
k

p

)
f

(
mk

p

)
=

p−1∑
k=0

ηS1

(
qk

p

)
f

(
k

p

)
which follows from periodicity of η, f and the fact that qm ≡ 1(modp).

B.1.4 Pairing Γ1,3

It only remains to compute the pairing of ψΓb
1,3

with itself. It is given by

ψ
Γb,B

1,3
∗ ψ

Γb,A
1,3

=
1

6
fijkf

ijk

∫
(∂M)3

ωΓ1,3(ϕ×3)∗(ωΓ1,3).

Recall that ω1,3 is given by

ω1,3 = α123δ
(1)
S1 (t1, t2)δ

(1)
S1 (t2, t3) +

(
ν12ηS1(t2, t3)δ(1)(t1, t2) + cycl.

)
= (α123δ12δ23dt12dt23)︸ ︷︷ ︸

ωI

+
(
hθ12η

t
23δ12dθ1dθ2dt12 + cycl.

)
︸ ︷︷ ︸

ωII

where we have condensed the notation a little: fxij is short for f(xi, xj), δ for δt and we have

introduced h by νij = hθijdθidθj . Also note that dθ1dθ2dt12 = v1dθ2 + v2dθ1 where vi = dtidθi.

Let us compute the pairings. We will do so by considering seperately∫
ωIϕ

∗ωI ,

∫
ωI
(
ϕ∗(ωII)− (ϕ−1)∗(ωII)

)
,

∫
ωIIϕ

∗ωII .

Let us start with the last one. We have to check what are the coefficients of a top form

v = v1v2v3. Since ϕ∗(v1dθ2) = v1(ndt+ qdθ), we get∫
ωIIϕ

∗ωII = −n
∫ (

hθ12η
t
23δ12ϕ

∗(hθ23η
t
31δ23 + hθ31η

t
12δ31) + cycl.

)
v

(e.g. v1dθ2 conspires with v3(ndt2) to give a top form, etc.). We claim that all terms integrate

to 0. To see this, let us look closer at the first term. We have∫
hθ12η

t
23δ12ϕ

∗(h23η
t
31δ23)v =

1

p

p−1∑
k=0

∫
h(θ12η(t23)δ(t12)h(nt23 + qθ23)η(mt31 + pθ31)δ

(
m

p
t23 + θ23 +

k

p

)
v
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where we treat the delta function as above. Now integrating over θ3 forces θ3 = m
p t23 + θ2 + k

p .

The integrand above then becomes∫
h(θ12η(t23)δ(t12)h(nt23 − qm/pt23 − k/p)η(mt31 +mt23 + pθ21 + k)v1v2dt3

=

∫
h(θ12η(t13)h(1/pt13 + k/p)η(pθ21)v1dθ2dt3

where in the second line we integrated over t2. Now the claim follows from the following lemma:

Lemma B.1.1. For any p ∈ Z, p 6= 0 we have∫ 1

0
h(θ12)ηS1(pθ12)dθ1 = 0.

Proof. Since both h and ηS1 are periodic, we can shift the domain of integration and equivalently

prove ∫ 1
2

− 1
2

h(θ)ηS1(pθ) = 0,

which follows from the simple fact that h is even and ηS1 is odd.

Now consider a pairing of the form
∫
ωIϕ

∗ωII . Rewriting dθ1dθ2dt12 = 1
2(dθ1 + dθ2)dθ12dt12 we

see that ϕ∗ωII always contains a term of the form dtij (since ϕ∗(dθijdtij) = dθijdtij). Any such

term wedges to zero against dt12dt23, therefore the mixed terms all vanish.

Now consider

ωIϕ
∗ωI = (α123δ12δ23dt12dt23)ϕ∗ (α123δ12δ23dt12dt23)

= p2 (α123ϕ
∗(α123)δ12δ23ϕ

∗(δ12δ23)dt12dt23dθ12dθ23) .

Since α does not contain any dt’s, this shows that the only surviving terms in α are the ones

of the form f(dθi + dθj). Inspection of α shows that that these terms are of the form 1/2(ηθij +

fθij)(dθi + dθj). Hence the integral we have to evaluate is

np2

∫
(ηθ12 + fθ12 + cycl.)ϕ∗(ηθ12 + fθ12 + cycl.)δ12δ23ϕ

∗(δ12δ23)v

= 3np2

∫
(ηθ12 + fθ12)ϕ∗(ηθ12 + fθ12 + cycl.)δ12δ23ϕ

∗(δ12δ23)v

where the equality follows from the cyclic invariance of α. Now the dependence of the integrand

on the t variables in the pullback is immediately cancelled by the delta functions (here it is very
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helpful that the integrand is only a function of the differences tij !). To wit,∫
(ηθ12 + fθ12)ϕ∗(ηθ12 + fθ12 + cycl.)δ12δ23ϕ

∗(δ12δ23)v

=
1

p2

p−1∑
k,l=0

∫
(η(θ12) + f(θ12))(η(nt12 + qθ12) + f(nt12 + qθ12) + cycl.)δ(t12)δ(t23)

δ

(
m

p
t12 + θ12 +

k

p

)
δ

(
m

p
t23 + θ23 +

l

p

)
v

=
1

p2

p−1∑
k,l=0

∫
(η(θ12) + f(θ12))(η(qθ12) + f(qθ12) + cycl.)δ(θ12 + k/p)δ(θ23 + l/p)dθ1dθ2dθ3

=
1

p2

p−1∑
k,l=0

(
η

(
k

p

)
+ f

(
k

p

))(
η

(
qk

p

)
+ f

(
qk

p

)
+ η

(
ql

p

)
+ f

(
ql

p

)
+ η

(
q(k + l)

p

)
+ f

(
q(k + l)

p

))

We can now perform the sum over l. Since both η and f are periodic and odd about half-periods,

the terms depending on l sum to zero and we are left with

1

p

p−1∑
k=0

(
η

(
k

p

)
+ f

(
k

p

))(
η

(
qk

p

)
+ f

(
qk

p

))
so that in total we get

ψ
Γb,B

1,3
∗ ψ

Γb,A
1,3

=
1

2
ψijkϕ

ijknp

p−1∑
k=0

(
η

(
k

p

)
+ f

(
k

p

))(
η

(
qk

p

)
+ f

(
qk

p

))
. (B.5)
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Appendix C

Theta Functions and Propagators on

the torus

C.1 Theta functions

In this Section we set up notation for theta functions and collect some results that are needed

in the sequel. The main references are [Mumford2007. Whittaker2009], but we will deviate

at times. Denote H ⊂ C the upper half plane. We will use the following definition of the four

Jacobi theta functions ϑi : C×H→ C:

ϑ3(z, τ) =

∞∑
n=−∞

eπin
2τ+2πinz = ϑ(z, τ) (C.1)

ϑ0(z, τ) =

∞∑
n=−∞

(−1)neπin
2τ+2πinz = ϑ

(
z +

1

2
, τ

)
(C.2)

ϑ1(z, τ) = −i
∞∑

n=−∞
(−1)neπi(n+ 1

2)
2
τ+2πi(n+ 1

2)z = −eπiτ/4+πi(z+ 1
2)ϑ

(
z +

τ + 1

2
, τ

)
(C.3)

ϑ2(z, τ) =

∞∑
n=−∞

eπi(n+ 1
2)

2
τ+2πi(n+ 1

2)z = eπiτ/4+πizϑ
(
z +

τ

2
, τ
)

(C.4)

(C.5)

Here ϑ(z, τ) is the theta function as defined by Mumford. More generally for a, b ∈ 1
lZ one can

define

ϑa,b(z, τ) =

∞∑
n=−∞

eπi(a+n)2τ+2πi(n+a)(z+b) (C.6)
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and recover

ϑ(z, τ) = ϑ0,0(z, τ),

ϑ0(z, τ) = ϑ0, 1
2
(z, τ),

ϑ1(z, τ) = −ϑ 1
2
, 1
2
(z, τ),

ϑ2(z, τ) = ϑ 1
2
,0(z, τ)

Theta functions satisfy a wide range of interesting identities. We will collect some of them for

future reference.

Proposition C.1.1 (Periodicity). The theta function is periodic in both variables:

ϑ(z + 1, τ) = ϑ(z, τ)

ϑ(z, τ + 2) = ϑ(z, τ)

Remark C.1.2. The same holds for ϑ0. ϑ1 and ϑ2 however are not periodic with respect to these

periods, because of the exponential prefactor in their definition. In fact, one has

ϑ1(z + 1, τ) = −ϑ1(z, τ)

ϑ1(z, τ + 2) = iϑ1(z, τ)

and the same holds for ϑ2. If one writes the Theta functions in terms of the nome q = eiπτ , one

has to interpret the multi-valued function qλ as eiπτλ. Otherwise ϑ1 and ϑ2 have branch cuts

from 0 to −1 inside the unit q disk.

Proposition C.1.3 (Quasi-Periodicity). The theta function is quasiperiodic with respect to

z 7→ z + τ , namely,

ϑ(z + τ, τ) = e−πiτ−2πizϑ(z, τ). (C.7)

This implies the following quasiperiodicity for the other theta functions:

ϑ0(z + τ, τ) = −e−πiτ−2πizϑ0(z, τ)

ϑ1(z + τ, τ) = −e−πiτ−2πizϑ1(z, τ)

ϑ2(z + τ, τ) = e−πiτ−2πizϑ(z, τ)
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Proof. We have

ϑ(z + τ, τ) =

∞∑
n=−∞

eπin
2τ+2πin(z+τ) =

∞∑
n=−∞

eπin
2τ+2πinτ+2πinz

=

∞∑
n=−∞

eπi(n+1)2τ−πiτ+2πi(n+1)z−2πiz = e−πiτ−2πizϑ(z, τ).

Then

ϑ0(z + τ, τ) = ϑ(z + τ + 1/2, τ) = e−πiτ−2πi(z+1/2)ϑ(z + 1/2, τ) = −e−πiτ−2πizϑ0(z, τ),

and

ϑ1(z + τ, τ) = eπiτ/4+πi(z+τ+ 1
2)ϑ

(
z +

τ + 1

2
+ τ, τ

)
= eπiτe−πiτ−2πi(z+τ/2+1/2)ϑ1(z, τ) = −e−πiτ−2πizϑ1(z, τ),

and similarly for ϑ2.

Without proof we quote [WW09] a product formula for ϑ1:

Proposition C.1.4. Denoting q = eiπτ we have

ϑ1(z, τ) = 2Gq1/4 sinπz

∞∏
n=1

(1− 2q2n cos(2πz) + q4n) (C.8)

where

G =

∞∏
n=1

(1− q2n).

C.1.1 Zeroes

To find the zeroes of the theta function we can look at their logarithmic derivatives, but they

will also be interesting on their own. They have the following property:

Proposition C.1.5. Denote Lτi (z) = ϑ′i(z, τ)/ϑ(z, τ). Then we have

Lτi (z + 1) = Lτi (z)

Lτi (z + τ) = Lτi (z)− 2πi

Proof. This follows from propositions C.1.1 and C.1.3 (ϑ1 and ϑ2 are not periodic with respect

to z 7→ z + 1 but change sign, this however does not influence the logarithmic derivative).
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By integrating the logarithmic derivative along the boundary of a fundamental domain of the

lattice Λ, it follows that the ϑi have exactly one simple zero inside that domain. However,

we do not know exactly where they are. For this we need another property of ϑ1, namely

ϑ1(−z) = −ϑ1(z), i.e. ϑ1 is odd. To see this, replace z 7→ −z and put m = −n − 1 in the

defining sum:

ϑ1(−z, τ) = −i
∞∑

n=−∞
(−1)neπi(n+ 1

2)
2
τ+2πi(n+ 1

2)(−z)

= −i
∞∑

n=−∞
(−1)neπi(−n−

1
2)

2
τ+2πi(−n− 1

2)z

= −i
∞∑

m=−∞
(−1)−m−1eπi(m+ 1

2)
2
τ+2πi(m+ 1

2)z = −ϑ1(z, τ).

(Using similar tricks one can show that ϑj , j 6= 1, are even.) Oddness of ϑ1 requires that it

vanishes at 0. By quasi-periodicity, this implies that it vanishes at all elements of the lattice Λ,

so we have proven the following proposition:

Proposition C.1.6 (Zeroes). The zeroes of ϑ1(z, τ) as a function of z are all simple and given

by the integral lattice Λ = Z + Zτ .

From this one can also deduce the zeroes of the other ϑj .

There is another consequence of this which is important for us. Namely, one has the following

formulas for the ratios of derivatives of theta functions to themselves, which again we quote

without proof from [WW09]:

Proposition C.1.7. Let z = x+ τy with |y| < 1. Then

Lτ1(z) =
ϑ′1(z, τ)

ϑ1(z, τ)
= π cot(πz) + 4π

∞∑
n=1

e2πinτ

1− e2πinτ
sin 2πnz (C.9)

Lτ2(z) =
ϑ′2(z, τ)

ϑ2(z, τ)
= −π tan(πz) + 4π

∞∑
n=1

(−1)n
e2πinτ

1− e2πinτ
sin 2πnz (C.10)

Lτ3(z) =
ϑ′3(z, τ)

ϑ3(z, τ)
= 4π

∞∑
n=1

(−1)n
e2πinτ

1− e2πinτ
sin 2πnz (C.11)

Lτ4(z) =
ϑ′4(z, τ)

ϑ4(z, τ)
= 4π

∞∑
n=1

e2πinτ

1− e2πinτ
sin 2πnz (C.12)

C.1.2 Change of argument

Later it will be important to now exactly the change of argument as we move around the lattice.

First, notice that the quasiperiodicity of the theta functions immediately implies the following

lemma.

192



Lemma C.1.8. Let z = x+ τy with x, y /∈ Z. Then

d arg ϑ1(z + 1, τ) = d arg ϑ1(z, τ)

d arg ϑ1(z + τ, τ) = d arg ϑ1(z, τ)− 2πd Re z

For the explicit change of argument along some path we have the following formulae:

Lemma C.1.9. Let τ ∈ H, x0, y0 ∈ R and z0 = x0 + τy0. Consider the paths γ1 : [0, 1] →

C, t 7→ z0 + t and γ2 : [0, 1]→ C, 7→ z0 + τt. Then we have that if y0 /∈ Z∫
γ1

d arg ϑ1(z, τ) = −π − 2πby0c (C.13)

On the other hand, if x0 /∈ Z, we have∫
γ2

d arg ϑ1(z, τ) = π(1− Re τ − 2(x0 − bx0c)− 2 Re τy0). (C.14)

Here by0c is the largest integer less or equal than y0.

Proof. First, we use that

d arg ϑ1(x+ τy, τ) = ImLτ1(x+ τy)dx+ Im(τLτ (x+ τy))dy.

So ∫
γ1

d arg ϑ1(z, τ) =

∫ 1

0
ImLτ (x+ x0 + τy0)dx.

Now we reduce to the case where 0 < x0, y0 < 1. For this, notice that by Proposition C.1.5 we

have

ImLτ1(x+ x0 + τy0) = ImLτ1 (x+ (x0 − bx0c) + τ(y0 − by0c))− 2πby0c.

So, to prove (C.13) it is enough to prove that for x0, y0 in (0, 1)2 we have
∫
γ1

d arg ϑ1(z, τ) = −π.

To see this, use equation (C.9) with z(x) = x+ x0 + τy0:∫ 1

0
ImLτ1(z(x))dx = Im

[
π

∫ 1

0
cotπ(z(x)) + 4

∑ q2n

1− q2n
sin(2πnz(x))dx

]
= π Im

[∫ 1

0
cotπ(x+ x0 + τy0)

]
= −π

where the integrals of the sine vanish, and we have used that for any y > 0 we have∫ 1

0
cotπ(x+ iy)dx = −i
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(this follows from observing that the integral is independent of y and limy→∞ cot(x+ iy) = −i).

Similarly, we have ∫
γ2

d arg ϑ1(z, τ) =

∫ 1

0
Im(τLτ1(x0 + τ(y + y0))dy

=

∫ 1

0
Im τ(Lτ1(x0 − bx0c+ τ(y + y0))dy

So, we have to prove that for 0 < x0 < 1∫ 1

0
Im τLτ1(x0 + τ(y0 + y))dy = π(1− Re τ − 2x0 − 2 Re τy0).

By lemma C.1.8, we know that the difference between the two sides (divided by π) is an even

integer which varies continuously in (x0, y0) ∈ (0, 1) × R (since both sides vary continuously

in x0, y0 in that region). Hence, we can compute the constant at any point in that region, for

example in (1/2,−1/2). This reduces the problem to showing that∫ 1/2

−1/2
Im τLτ1(1/2 + τy)dy = 0.

Since |y| < 1, we can again apply formula (C.9). Now notice that cot(π/2 + τy) = tan τy is an

odd function of y, as is sin 2πn(1/2 + τy) = (−1)n sin 2πnτy. Hence the integrals vanish and

the claim is proven.

We are interested in changes of argument between zeros of ϑ1. We have the following result:

Lemma C.1.10. We have ∫ 1

0
d arg ϑ1(z, τ) = 0 (C.15)∫ 1

0
d arg ϑ1(zτ, τ) = −πRe τ. (C.16)

(C.17)

Note that from this one can easily compute similar integrals between any two zeros.

Proof. The first claim follows from formula (C.9) and the fact that cotx is odd about 1/2. To

see the second, close the contour from ετ to (1 − ετ) with quartercircles around 0 and τ of

radius ε and a straight vertical line. The total integral is zero. By the previous lemma, the

straight line contributes πRe τ − π + 2πε. In the limit as ε → 0, the quartercircles contribute

with π, since the argument of the theta function behaves like

d arg ϑ1(z(τ), τ) ' d arg z(τ)
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ε

Figure C.1: Closing the contour

around 0 and by Lemma C.1.8 we can “transport” the quartercircle around 1 to 0 to form a

half-circle there.

C.1.3 Transformation properties

As we have seen, the functions ϑi are quasi-periodic in the z variable with respect to both

z 7→ z+1 and z 7→ z+τ . They also satisfy interesting identities under modular transformations

of τ . Consider the two generators of the modular group, T : τ 7→ τ + 1 and S : τ 7→ −1/τ . The

first of them e.g. exchanges ϑ3 and ϑ0:

ϑ(z, τ + 1) = ϑ(z + 1/2, τ) = ϑ0(z, τ)

(this follows n2−n = n(n−1) ∈ 2Z). This already shows that the τ -transformations are slightly

more intricate. However, the function ϑ1 is the one we are concerned with most in this note,

and it is carried to itself under both transformations:

Proposition C.1.11 (Modular transformations on ϑ1). The function ϑ1 satisfies

ϑ1(z, τ + 1) = eπi/4ϑ1(z, τ) (C.18)

ϑ1

(
z

τ
,
−1

τ

)
= −i(−iτ)1/2eiπz

2/τϑ1(z, τ). (C.19)

where we choose the principal branch of the square root (notice that Re−iτ > 0).

Proof. For the first equality we can write

ϑ1(z, τ + 1) = eπi(τ+1)/4+πi(z+1/2)ϑ

(
z +

(τ + 1) + 1

2
, τ + 1

)
= eπi/4eπiτ/4+πi(z+1/2)ϑ

(
z +

τ

2
, τ + 1

)
= eπi/4eπiτ/4+πi(z+1/2)ϑ

(
z +

τ

2
+

1

2
, τ

)
= eπi/4ϑ1(z, τ).
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For the proof of the second equality we refer to the literature, e.g. [WW09].

In particular, we can compute the transformation property of the logarithmic derivative:

Corollary C.1.12 (Modular transformation of Lτ1). We have

Lτ+1
1 (z) = Lτ1(z), (C.20)

L
−1/τ
1

(z
τ

)
= 2πiz + τLτ (z). (C.21)

Proof. Equation (C.20) is a direct consequence of equation (C.18). For the second equation,

deriving (C.19) we get

1

τ
ϑ′1

(
z

τ
,
−1

τ

)
=

d

dz
ϑ1

(
z

τ
,
−1

τ

)
=

d

dz

(
−i(−iτ)1/2eiπz

2/τϑ1(z, τ)
)

=
2iπz

τ
ϑ1

(
z

τ
,
−1

τ

)
− i(−iτ)1/2eiπz

2/τϑ′1(z, τ)

so that

L
−1/τ
1

(z
τ

)
=
ϑ′1
(
z
τ ,
−1
τ

)
ϑ1

(
z
τ ,
−1
τ

) = 2πiz + τLτ (z). (C.22)

C.2 Integral kernels of chain contractions on the torus

In this section we construct some particular integral kernels for chain contraction on the circle

that depends on a the choice of modulus τ ∈ H.

C.2.1 Definition

Let τ ∈ H and denote Λ = Z + Zτ . We define a 1-form ητ on C− Λ by

ητ (z) =
1

2π
d arg ϑ1(z, τ) +

1

4i Im τ
(z − z̄)d(z + z̄) (C.23)

Proposition C.2.1. ητ is Λ-periodic, i.e. ητ (z + 1) = ητ (z + τ) = ητ (z).

Proof. We have

d arg ϑ1(z, τ) = Im (d log ϑ1(z, τ)) =
1

2i

(
Lτ1(z)dz − Lτ1(z)dz̄

)
.

It follows that d arg ϑ1 is invariant under z 7→ z + 1, implying periodicity of ητ (z) with respect

to z 7→ z + 1. On the other hand, Proposition C.1.5 implies that

d arg ϑ1(z + τ, τ) = d arg ϑ1(z, τ)− π(dz + dz̄).
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This is cancelled by the shift of 1
4i Im τ (z − z̄)d(z + z̄).

We denote T = R2/Z2 the real torus with coordinates x, y. we introduce the complex coordinate

z = x+ τy on T , thus identifying T ∼= C/Λ.

Definition C.2.1. The 1-form ητ (z) ∈ Ω1(T − {(0, 0}) is called the τ -propagator on T .

We can express the τ -propagator in real coordinates as

ητ (x, y) =
1

2π
d arg ϑ1(x+ τy, τ) + y(dx+ Re τdy) (C.24)

=
1

2π
(ImLτ1(x+ τy)(dx+ Re τdy) + ReLτ1(x+ τy) Im τdy) + y(dx+ Re τdy) (C.25)

=
1

2π
(ImLτ1(x+ τy)dx+ Im(τLτ1(x+ τy))dy) + y(dx+ Re τdy) (C.26)

In the following, it is important to remember that the complex parameter z depends on the

modular parameter τ , and sometimes we will write z = z(τ) to emphasize this.

C.2.2 Chain contraction

In this subsection we prove that the τ -propagators deserve their name, namely, they are prop-

agators for abelian BF theory. This means that every τ -propagator is an integral kernel of a

chain contraction, i.e. a linear map

K : Ω•(T )→ Ω•−1(T )

satisfying dK +Kd = id− ι ◦ P , where

ι : H•(T )→ Ω•(T )

is a specific embedding of the de Rham cohomology of the torus into differential forms, and

P : Ω•(M)→ H•(M) is a specific projection to cohomology. See also section 3.1 for a discussion

of propagators in abelian BF theory. Both the embedding and the projection depend on the

parameter τ . In particular, we claim that the τ -propagator is the Hodge propagator K =

d∗g ◦ (∆g + Pharm)−1 associated to the metric

dz · dz̄ = dx2 + 2 Re τdx · dy + |τ |2dy2 (C.27)
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(here · denotes the symmetric product, and powers are powers in the symmetric product). In

this metric, we have

det g = Im τ, vg =
1

2i
dz̄ ∧ dz

∗(dx+ Re τdy) = Im τdy

∗(Im τdy) = −(dx+ Re τdy)

or ∗dz = −idz, ∗dz̄ = idz̄. From this facts, the codifferential can be expressed as d∗z = −2(∂zι∂z̄+

∂z̄ι∂z).

Proposition C.2.2. Let g = dz ·dz̄ = dx2+2 Re τdx·dy+|τ |2dy2 and Kτ = d∗g◦(∆g+Pharm)−1.

Then for all ω ∈ Ω•(M) and x ∈ T , we have

Kτω(z) =

∫
w∈T

ητ (z − w)ω(w).

Proof. The Green’s function for this metric is (see [Oog15], [BL17])

gτ (z, w) = − 1

4π
log

∣∣∣∣ϑ1(z − w, τ)

η(τ)

∣∣∣∣2 +
(Im(z − w))2

2 Im τ
. (C.28)

It satisfies gτ (z, w) = gτ (z − w, 0) =: gτ (z − w) and

∆gg
τ (z, w) = δ(z − w)− 1

Im τ
. (C.29)

Its derivatives are, rewriting log |z|2 = log z + log z̄ and (Im z)2 = −1/4(z − z̄)2

∂zg
τ (z) = − 1

4π

ϑ′(z, τ)

ϑ(z, τ)
− z − z̄

4 Im τ
(C.30)

∂z̄g
τ (z) = − 1

4π

(
ϑ′(z, τ)

ϑ(z, τ)

)
+
z − z̄
4 Im τ

(C.31)

In this case, the Green’s form is simply

α =
1

2i
gτ (z, w)(dz̄ − dw̄)(dz − dw) = α(z − w, 0) =: α(z).

The metric propagator is therefore, using (C.30) and (C.31)

η(z, 0) = d∗zα(z) = −1

i
∂zg

τ (z, 0)dz +
1

i
∂z̄g

τ (z)dz̄

=

(
1

4πi

ϑ′(z, τ)

ϑ(z, τ)
+

z − z̄
4i Im τ

)
dz +

(
− 1

4πi

(
ϑ′(z, τ)

ϑ(z, τ)

)
+

z̄

4i Im τ

)
dz̄

=
1

2π
d arg ϑ1(z, τ) +

1

4i Im τ
((z − z̄))(dz + dz̄)

= ητ (z).

198



C.2.3 SL(2,Z) action

For a matrix ϕ =

a b

c d

 ∈ SL(2, Z) we define a diffeomorphism of the torus, also denoted ϕ,

by

(x, y) 7→ ϕ.(x, y) = (ax+ by, cx+ dy). (C.32)

This provides an identification of SL(2,Z) with the mapping class group of T . On the other

hand, SL(2,Z) acts on the upper halfplane via the standard modular action

ϕ.τ =
aτ + b

cτ + d
. (C.33)

SL(2,Z) acts on τ -propagators in two ways: Once by pullback via the corresponding diffeomor-

phism of the torus, once by acting directly on τ . We will now describe how these actions are

related.

For a matrix ϕ, we denote the transpose by ϕT , and the anti-transpose (reflection along the

anti-diagonal) by Tϕ, i.e.
Ta b

c d

 =

d b

c a

 . (C.34)

Equipped with this notation we can state the following proposition:

Proposition C.2.3. For any τ ∈ H and any ϕ ∈ SL(2,Z) we have

ϕ∗ητ = η
Tϕ.τ . (C.35)

Proof. Like the transpose, the anti-transpose is an antihomorphism of the matrix algebra, i.e.

it satisfies

T (ϕ1ϕ2) = Tϕ2
Tϕ1. (C.36)

Therefore, both sides of (C.35) define right actions of SL(2,Z) on 1-forms and it is enough to

check equation(C.35) on generators of SL(2,Z). First, notice that −I acts trivially on both

sides, so the action factors through PSL(2, Z). Next, let

T =

1 1

0 1

 , S =

 0 1

−1 0

 (C.37)

be the standard generators of PSL(2,Z). Notice that TS = S and TT = T . For this proof it is

easier to work with real coordinates. We have T.(x, y) = (x+ y, y) and S.(x, y) = (−y, x). On

the other hand, we have T.τ = τ + 1, S.τ = −1/τ. So, we have to prove that

ητ (x+ y, y) = ητ+1(x, y) (C.38)
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and

ητ (−y, x) = ητ
′
(x, y) (C.39)

The proof of equations (C.38) and (C.39) is by direct computation: Let τ ′ = τ + 1, then we

have

ητ (x+ y, y) =
1

2π
(ImLτ1(x+ y + τy)(d(x+ y) + Re τdy) + ReLτ1(x+ y + τy) Im τdy

+ y(d(x+ y) + Re τdy)

=
1

2π
(ImLτ1(x+ (τ + 1)y)(dx+ Re(τ + 1dy) + ReLτ1(x+ (τ + 1)y) Im(τ + 1)dy

+ y(dx) + Re(τ + 1)dy)

=
1

2π
(ImLτ

′
1 (x+ (τ ′)y)(dx+ Re(τ ′dy) + ReLτ

′
1 (x+ (τ ′)y) Im(τ ′)dy

+ y(dx) + Re(τ ′)dy)

= ητ
′
(x, y)

where we have used that Lτ (z) = Lτ+1(z) (equation (C.20)). For the the next equation denote

τ ′ = −1/τ . Notice that by equation (C.21) we have

Lτ1(−y + τx) = Lτ1(τ(x− y/τ)) =
1

τ
Lτ
′

1 (x+ τ ′y)− 2πi(x+ τ ′y).

So

ImLτ1(−y + τx) = Im

(
1

τ
Lτ
′

1 (x+ τ ′y)− 2πi(x+ τ ′y)

)
= − Im

(
τ ′
)

ReLτ
′

1 (x+ τ ′y)− Re
(
τ ′
)

ImLτ
′

1 (x+ τ ′y)− 2π(x+ Re τ ′y)

= − Im(τ ′Lτ
′

1 (x+ τ ′y)− 2π(x+ Re τ ′y)

and

ImLτ1(−y + τx) = Im
(
Lτ
′

1 (x+ τ ′y)− τ2πi(x+ τ ′y)
)

= Im(Lτ
′

1 (x+ τ ′y))− 2πRe τx+ 2πy,

since ττ ′ = −1. Plugging this into equation (C.26) we obtain

ητ (−y, x) =
1

2π
(− ImLτ1(−y + τx)dy + Im(τLτ1(−y + τx))dx) + x(−dy + Re τdx)

=
1

2π
(Im(τ ′Lτ

′
1 (x+ τ ′y))dy + ImLτ

′
1 (x+ τ ′y)dx)

+ (x+ Re τ ′y)dy − Re τxdx+ ydx+ x(−dy + Re τdx)

=
1

2π
(Im(τ ′Lτ

′
1 (x+ τ ′y))dy + ImLτ

′
1 (x+ τ ′y)dx) + y(dx+ Re τ ′dy)

= ητ
′
(x, y).
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Remark C.2.4. Notice that for the corresponding equality in complex coordinates we also need

to transform z. I.e. if we denote τ ′ =
(
Tϕ
)
.τ , we have

ϕ∗(ητ (z(τ))) = ητ
′
(z(τ ′)).

C.3 Computation of an Integral

Fix some τ ∈ H, and let

ϕ =

m p

n q

 ∈ SL(2,Z)

as above. In this section we want to compute the integral

I =

∫
T
ητϕ∗ητ . (C.40)

Note that this integral is zero if ϕ = ±id, which is equivalent to p = 0, so we exclude this case

from now. We first rewrite the integral as, letting again τ ′ =
(
Tϕ
)
.τ

I =

∫
T
ητϕ∗ητ =

∫
T
ητητ

′
.

This integral can be computed explicitly.

Proposition C.3.1. Let τ, τ ′ ∈ H. Then

I(τ, τ ′) =

∫
T
ητητ

′
=

1

π

(
arg η(τ ′)− arg η(τ)

)
+

1

2π
arg(i(τ̄ − τ ′)). (C.41)

Here arg η(τ) is the imaginary part of the branch of log η(τ) defined on the upper half plane

(this branch exists because η(τ) never vanishes) normalized as arg η(ix) = 0, for x ∈ R.

Remark C.3.2. For this proposition to it is not necessary that τ ′ =
(
Tϕ
)
.τ .

The proof of this proposition will be deferred to section C.3.1. For now, let us look at the case

τ ′ =
(
Tϕ
)
τ = qτ+p

nτ+m .

Proposition C.3.3. Let τ ′ = qτ+p
nτ+m , with n > 0. Then∫

T
ητητ

′
= sgn(p)s(q, p)− m+ q

12p
+

sgn(q) + sgn(qp)

4
+

1

2π
arg(n|τ |2 +mτ̄ − qτ − p). (C.42)

If n = 0, then ∫
T
ητητ

′
=

p

12
− 1

2π
arctan

mp

2 Im τ
. (C.43)
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Here s(b, c) is the Dedekind sum

s(b, c) =
b−1∑
k=1

((
b

c

))((
kb

c

))
(C.44)

and ((x)) is the sawtooth function

((x)) =


x− bxc − 1/2 x /∈ Z

0 x ∈ Z

Proof. It is well known how the logarithm of the Dedekind eta function behaves under this

transformation:

Proposition C.3.4 (Apostol). Let τ ′ = qτ+p
nτ+m , with n > 0. Then

log η(τ ′) = log η(τ) + πi

(
q +m

12n
+ s(−m,n)

)
+

1

2
log(−i(nτ +m)). (C.45)

On the other hand, if n = 0, we have m = q = ±1, τ ′ = τ +mp and

log η(τ ′) = log η(τ) + πimp/12. (C.46)

For n < 0 one can replace q, p, n,m by their negatives, which yields the same τ ′. For n = 0, we

obtain

I =
mp

12
+

1

2π
arg(−imp+ 2 Im τ) =

p

12
− 1

2π
arctan

mp

2 Im τ
(C.47)

If n > 0, we obtain

I =
m+ q

12n
+ s(−m,n) +

1

2π
arg(−i(nτ +m)) +

1

2π
arg(i(τ̄ − τ ′)). (C.48)

Since Imnτ +m > 0 and Im(τ̄ − τ ′) < 0 we have

arg(−i(nτ +m)) + arg(i(τ̄ − τ)) = arg((nτ +m)(τ̄ − τ ′))

= arg(n|τ |2 +mτ̄ − qτ − p).

We can rewrite the Dedekind sum in terms of p and q by applying some properties of Dedekind

sums (see e.g. [RG09]), namely that

s(b, c) = ±s(b′, c)

if bb′ ≡ ±1(mod c), and the reciprocity law

sgn(b)s(b, c) + sgn(c)s(c, b) =
1

12

(
b

c
+

1

bc
+
c

b

)
− sgn(bc)

4
(C.49)
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if b and c are both nonzero. We can apply these two rules, and the fact that mq ≡ 1(mod p)

and np ≡ −1(mod q), to rewrite (remember that n > 0)

s(−m,n) = −s(m,n) = −s(q, n) = sgn(q)s(n, q)− 1

12

(
n

q
+

1

nq
+
q

n

)
+

sgn(q)

4

= − sgn(q)s(p, q)− 1

12

(
n

q
+

1

nq
+
q

n

)
+

sgn(q)

4

= sgn(p)s(q, p)− 1

12

(
q

p
+

1

pq
+
p

q

)
− 1

12

(
n

q
+

1

nq
+
q

n

)
+

sgn(q) + sgn(pq)

4

We can rewrite mq − np = 1 as n/q = m/p− 1/qp and 1/nq = m/n− p/q, arriving at

s(−m,n) = sgn(p)s(q, p)− 1

12

(
q +m

p
+
m+ q

n

)
+

sgn(q) + sgn(pq)

4
.

Plugging this into (C.48), we obtain (for n > 0)

I = sgn(p)s(q, p)− m+ q

12p
+

sgn(q) + sgn(pq)

4
+

1

2π
arg(n|τ |2 +mτ̄ − qτ − p) (C.50)

C.3.1 Proof of Proposition C.3.1.

First, we expand ∫
T
ητητ

′
=

1

4π2

∫
T

d arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′)

+
1

2π

∫
T

d arg ϑ1(x+ τy, τ)y(dx+ Re τ ′dy)

− 1

2π

∫
T

d arg ϑ1(x+ τ ′y, τ ′)y(dx+ Re τdy)

+

∫
T
y(dx+ Re τdy)y(dx+ Re τ ′dy)

= I1 + I2 − I3 + I4.

Now, we represent the torus as 0 ≤ x, y ≤ 1. Then the last integral is immediately computed as

I4 = (Re τ ′ − Re τ)

∫
[0,1]2

y2dxdy =
1

3
(Re τ ′ − Re τ).

To compute I2, expand

d arg ϑ1(x+ τy, τ)y(dx+ Re τ ′dy) = (ImLτ1(x+ τy)dx+ Im(τLτ1(x+ τy))dy) y(dx+ Re τ ′dy)

= y
(
ImLτ1(x+ τy) Re τ ′ − Im(τLτ1(x+ τy))

)
dxdy.
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ε 1− ε

Figure C.2: The contour Γε is made up of four straight segments and four quarter-circles of

radius ε.

Now we can apply Lemma C.1.9 to evaluate the integral over x first, the result is independent

of y so: ∫
[0,1]2

y
(
ImLτ1(x+ τy) Re τ ′

)
dxdy = −πRe τ ′

2∫
[0,1]2

y (Im τLτ1(x+ τy)) dxdy = −πRe τ

2

I2 =
π

2
(Re τ − Re τ ′)

Similarly I3 = π/2(Re τ ′−Re τ). It remains to compute I1. To do this we want to apply Stokes’

theorem to rewrite the integral as a line integral. Since ϑ1 has zeros on the corners of [0, 1]2

we have to choose a contour Γε that makes quartercircles of radius ε around the corners and

otherwise follows the boundary of the square. Then we have∫
[0,1]2

d arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′) = lim
ε→0

∫
Γε

arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′).

First we consider the part Γ1
ε of Γε that follows the boundary of the square. Parametrising, we

obtain ∫
Γ1
ε

arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′)

=

∫ 1−ε

ε
arg ϑ1(t, τ)d arg ϑ1(t, τ ′) +

∫ 1−ε

ε
arg ϑ1(1 + tτ, τ)d arg ϑ1(1 + tτ, τ ′)

+

∫ ε

1−ε
arg ϑ1(t+ τ, τ)d arg ϑ1(t+ τ ′, τ ′) +

∫ ε

1−ε
arg ϑ1(tτ, τ)d arg ϑ1(tτ ′, τ ′)
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Now we can use quasi-periodicity of ϑ1 to combine the integrals. Namely, we have Lemma C.1.9

which allows us to combine the second and the fourth integral into∫ 1−ε

ε
−πd arg(tτ ′, τ ′)

ε→0−→ π2 Re τ ′

using also Lemma C.1.10. We can rewrite the third integral as

−
∫ 1−ε

ε
[arg ϑ1(t, τ)− π(Re τ − 1)− 2πt]

[
d arg ϑ1(t, τ ′)− 2πdt

]
= −

∫ 1−ε

ε
arg ϑ1(t, τ)d arg ϑ1(t, τ ′) + π(Re τ − 1)

∫ 1−ε

ε
d arg ϑ1(t, τ ′) +

∫ 1−ε

ε
2πtd arg ϑ1(t, τ ′)

+ 2π

∫ 1−ε

ε
arg ϑ1(t, τ)dt− π(Re τ − 1)

∫ 1−ε

ε
2πdt−

∫ 1−ε

ε
2πt2πdt

The first integral cancels with the first one above. The second vanishes by Lemma C.1.10. The

last two terms together computed give −2π2 Re τ . The fourth term can be integrated by parts

and gives ∫ 1−ε

ε
arg ϑ1(t, τ)dt = lim

ε→0
arg ϑ1(1− ε, τ)−

∫ 1−ε

ε
td arg ϑ1(t, τ).

The limit can of the argument can be evaluated using the product formula in Proposition. C.1.4:

Namely, for x ∈ R we have

ϑ(x, τ) = 2Gq1/4 sinx
∞∏
n=1

(1− 2q2n cos(2πx) + q4n)

with G =
∏∞
n=1(1− q2n) and q = eiπτ , so that

arg ϑ(x, τ) = arg

(
Gq1/4

∞∏
n=1

(1− 2q2n cos(2πx) + q4n)

)
.

In the limit x→ 1− we get

lim
x→1

arg(ϑ1(x, τ)) = arg
(
q1/4G3

)
.

In terms of the q-Pochhammer symbol

(a, q)∞ =

∞∏
j=0

(1− aqj)

we can express G = (q2, q2)∞, which in turn be expressed by the Dedekind eta function

η(τ) = eiπτ/12
∞∏
k=1

(1− q2k).

So, we find that

lim
x→1

arg(ϑ1(x, τ)) = arg η(τ)3.
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We are left with evaluating the integral∫ 1

0
td arg ϑ(t, τ).

We can use again the expansion (C.9). Since y = 0, and we are only interested in the imaginary

part, the first term with the cotangent drops out and we are left with∫ 1

0
td arg ϑ(t, τ) = 4π Im

∞∑
n=1

q2n

1− q2n

∫ 1

0
t sin 2πntdt

= −2 Im
∞∑
n=1

q2n

n(1− q2n)

= −2 Im

∞∑
n=1

∞∑
l=0

q2n(l+1)

n

= 2 Im

∞∑
l=0

log(1− q2(l+1)) = 2 arg

∞∏
l=0

(1− q2(l+1)) = 2 arg(q2, q2).

The equality in the last line is true up to a multiple of 2π, but since both sides vanish as

Im τ → ∞, they agree. In the equations above we have used a geometric series and the series

expansion of the logarithm. Let us summarise the contribution of Γε1:∫
Γ1
ε

arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′)

= π2 Re τ ′ − 2π2 Re τ + 2π arg η(τ)3 + 4π arg((q′)2, (q′)2)− 4π arg(q2, q2).

Now let us turn to the quartercircles around the corners. The idea is to exploit the quasi-

periodicity to piece them together to a small circle around 0. Notice that the quarter-circles in

the boundary are traversed in clockwise direction. We parametrise a small circle around 0 from

−π to π and choose the branch of arg ϑ1 defined on [−1, 1]2 − {(x, 0)|x ≤ 0}. The contribution

of the quartercircles is then∫ −π
2

−π
arg ϑ1(z(τ) + τ + 1, τ)d arg ϑ1(z(τ ′) + τ ′ + 1, τ ′)

+

∫ 0

−π
2

arg ϑ1(z(τ) + τ, τ)d arg ϑ1(z(τ ′) + τ ′, τ ′)

+

∫ π
2

0
arg ϑ1(z(τ), τ)d arg ϑ1(z(τ ′), τ ′)

+

∫ π

π
2

arg ϑ1(z(τ) + 1, τ)d arg ϑ1(z(τ ′) + 1, τ ′)
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where z(τ) = ε(cos t+ τ sin t). Using lemma C.1.9 we can express this as∫ π

−π
arg ϑ1(z(τ))d arg ϑ1(z(τ ′))

+

∫ −π
2

−π
(π(−Re τ − 2 Re z(τ))(d arg ϑ1(z(τ ′))− 2πdRe z(τ ′))− 2π arg ϑ1(z(τ))dRe z(τ ′)

+

∫ 0

−π
2

(π(1− Re τ − 2 Re z(τ))(d arg ϑ1(z(τ ′))− 2πdRe z(τ ′))− 2π arg ϑ1(z(τ))dRe z(τ ′)

+

∫ π

π
2

−πd arg ϑ1(z(τ ′))

In the limit ε→ 0, we can neglect all the terms containing Re z(τ) or Re z(τ ′), as they carry a

factor of ε. Around 0, we have by proposition C.1.4 and according to the computations above,

ϑ1(z(τ), τ) = 2η(τ)3z(τ) +O(z3) (C.51)

So, in the limit we have d arg ϑ1z(τ) = d arg z(τ) and so∫ −π
2

−π
d arg ϑ1z(τ

′) = arg τ ′ − π − (−π) = arg τ ′∫ 0

−π
2

d arg ϑ1z(τ
′) = 0− (arg τ ′ − π) = π − arg τ ′∫ π

π
2

d arg ϑ1z(τ
′) = π − arg τ ′.

(where we have used that Im τ ′ > 0 so that arg−τ ′ = arg τ ′− π).so that the above evaluates to∫ π

−π
arg ϑ1(z(τ))d arg ϑ1(z(τ ′))

+ π(−Re τ) arg τ ′ + π(1− Re τ)(π − arg τ ′)− π(π − arg τ ′)

=

∫ π

−π
arg ϑ1(z(τ))d arg ϑ1(z(τ ′))− π2 Re τ

The remaining integral is∫ π

−π
arg ϑ1(z(τ))d arg ϑ1(z(τ ′))

ε→0−→
∫ π

−π
arg(η(τ)3z(τ))d arg z(τ ′).

Integrating by parts we get∫ π

−π
arg(η(τ)3z(τ))d arg z(τ ′) =

[
arg(η(τ)3z(τ)) arg z(τ ′)

]π
−π −

∫ π

−π
arg(z(τ ′))d arg(z(τ)).

Notice that for this, the two arguments need to have different branch cuts. The branch cut of

arg η(τ)3z(τ) is with an angle arg η(τ)3 +π, while the branch cut of arg z(τ ′) is on the negative

real axis. So, the part in brackets evaluates to

(arg η(τ)3 + π)π − (arg(η(τ)3)− π)(−π) = 2π arg η(τ)3.

The computation of the last integral is the following Lemma:
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Lemma C.3.5. Denote τ = θ + iβ, τ ′ = θ′ + iβ′. Then∫ π

−π
arg(z(τ ′))d arg(z(τ)) = 2π arg

(
1 +

β

β′
+ i

θ − θ′

β′

)
. (C.52)

Proof. We have

d arg z(τ) =
βdt

(cos t+ θ sin t)2 + β2 sin2 t
=

βdt

sin2 t

1

(cot t+ θ)2 + β2
.

If we denote ϕ = arg(z(τ ′)), we have

cotϕ =
cos t+ θ′ sin t

β′ sin t
=

1

β′
(cot t+ θ′).

Hence, we have
dϕ

sin2 ϕ
= −d cotϕ = − 1

β′
d cot t =

1

β′
dt

sin2 t
.

Substituting ϕ for t, we obtain the integral

β

β′

∫ π

−π

ϕdϕ

sin2 ϕ

(
(cotϕ+ θ−θ′

β′ )2 +
(
β
β′

)2
) = b

∫ π

−π

ϕdϕ

(cosϕ+ a sinϕ)2 + b2 sin2 ϕ
,

where we put a = (θ− θ′)/β′, b = β/β′. This integral can be computed using a keyhole contour.

Let

f(z) =
b log z

z
(

1
2

(
z + 1

z

)
+ a

2i

(
z − 1

z

))2
+ b2

(
1
2i

(
z − 1

z

))2 = g(z) log z.

Then if z = eiϕ we get

f(z)dz = − ϕdϕ

(cosϕ+ a sinϕ)2 + b2 sin2 ϕ
.

Let C be a keyhole contour with a cut on the negative real axis, then we have∫
C
f(z)dz = −

∫ π

−π

ϕdϕ

(cosϕ+ a sinϕ)2 + b2 sin2 ϕ
+ 2πi

∫
cut
g(z)dz +

∫
Cε

f(z)dz.

Since f(z) ' z log z around 0, one immediately sees that the integral over the small circle around

0 vanishes in the limit ε→ 0. We rewrite

f(z) =
4bz log z

(z2 + 1− ia(z2 − 1))2 − b2(z2 − 1)2

=
4bz log z

(z2 + 1 + (b− ia)(z2 − 1)) (z2 + 1− (b+ ia)(z2 − 1))

=
4bz log z

(1 + γ̄)(1− γ)
(
z2 − γ̄−1

γ̄+1

)(
z2 − γ+1

γ−1

) ,

208



where we introduced γ := b + ia. Notice that b = β/β′ > 0, so |(γ̄ − 1)/(γ̄ + 1)| < 1, while

|(γ̄ + 1)/(γ̄ − 1)| > 1. So, f has two singularities inside the unit disk (except from 0), namely

z1,2 = ±
√

γ̄−1
γ̄+1 . The residue at z1 is

4bz1 log z1

(1 + γ̄)(1− γ)(z1 − z2)
(
z2

1 −
γ+1
γ−1

) =
2b log z1

(|γ + 1|2 − |γ − 1|2)
=

log z1

2
,

and similarly, Res(f, z2) = log(z2)/2. Next we compute the integral along the cut, which is∫
cut
g(z)dz =

∫ 0

−1

4btdt

(1 + γ̄)(1− γ)
(
t2 − γ̄−1

γ̄+1

)(
t2 − γ+1

γ−1

)
=

∫ 0

−1

−t
t2 − γ+1

γ−1

+
t

t2 − γ̄−1
γ̄+1

dt

=
1

2

[
log

(
t2 − γ̄ − 1

γ̄ + 1

)
− log

(
t2 − γ + 1

γ − 1

)]t=0

t=−1

=
1

2

[
log(−z2

1)− log(−z̄−2
1 )− log

(
2

1 + γ̄

)
+ log

(
2

1− γ

)]
So, applying the residue theorem, we arrive at∫ π

−π

ϕdϕ

(cosϕ+ a sinϕ)2 + b2 sin2 ϕ

= 2πi

∫
cut
g(z)dz −

∫
C
f(z)dz

= πi

[
log−z2

1 − log(−z̄−2
1 )− log

1

1 + γ̄
+ log

1

1− γ
− log(z1)− log(−z1)

]
Notice that the real parts of the two integrals cancel out. In fact, we have

log |z1| =
1

2
(log |γ̄ − 1| − log |γ̄ + 1|)

so that the real parts of the two middle and two last terms add up to −4 log |z1, while the real

parts of the two first terms add up to 4 log |z1|. The imaginary parts of the two first terms

cancel since arg z̄−1 = arg z. The remaining arguments combine into −2i arg(1 + γ), up to a

integer multiple of 2πi that depends continuously on τ and τ ′. But since the integral vanishes

in the limit β′ →∞, as does 2π arg(1 + γ), this constant is zero and the Lemma is proven.

Hence, the total contribution of the quartercircles is∫
Γ2
ε

arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′) = π2 Re τ − 2π arg η(τ)3 + 2π arg(β + β′ + i(θ − θ′))
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where the total sign comes from the fact that we parametrised the quartercircles in the opposite

direction. So, we obtain

I1 =

∫
[0,1]2

d arg ϑ1(x+ τy, τ)d arg ϑ1(x+ τ ′y, τ ′)

= π2(Re τ ′ − Re τ) + 4π(arg((q′)2, (q′)2)− arg(q2, q2)) + 2π arg(β + β′ + i(θ − θ′)). (C.53)

Here all arguments are given by the the principal branch of the argument. Now we can compute

1

4π2
I1 +

1

2π
I2 −

1

2π
I3 + I4

=
1

4
(Re τ ′ − Re τ) +

1

π
(arg((q′)2, (q′)2)− arg(q2, q2))) +

1

2π
arg(β + β′ + i(θ − θ′))

+
1

4
(Re τ − Re τ ′)− 1

4
(Re τ ′ − Re τ) +

1

3
(Re τ ′ − Re τ)

=
1

12
(Re τ + Re τ ′) +

1

π
(arg((q′)2, (q′)2)− arg(q2, q2))) +

1

2π
arg(β + β′ + i(θ − θ′))

=
1

π
(arg η(τ ′)− arg η(τ)) +

1

2π
arg(β + β′ + i(θ − θ′))

which concludes the proof of proposition C.3.1.
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Appendix D

Currents

In this appendix we briefly review de Rham’s theory of double forms and double currents as

integral kernels of operators on forms explained in [Rha84], and establish the signs that appear

in our conventions. We also explain when these currents extend to compactified configuration

spaces.

We follow de Rham’s book [Rha84], but we assume all manifolds to be compact and oriented. We

endow Ω•(M) with a Fréchet topology as follows. Choose finitely many compact sets K1, . . . ,Kn

that cover M and are contained in coordinate charts. The Ck-norm of a form ω in Kj is the

maximum of the Ck-norms of all coefficients in that coordinate chart. The Fréchet topology on

Ω•(M) is the one generated by all Ck-norms on Kj for j = 1, . . . n and k = 0, . . . ,∞1.

D.1 Double forms

Definition D.1.1. Let M,N be manifolds of dimensions m and n respectively. Then a double

form on M ×N is a form on M whose coefficients are forms on N .

Equivalently, it is a form on N with coefficients in forms on M . In local coordinates x1, . . . xm

on M and local coordinates y1, . . . yn on N a double form γ can be written as

γ(x, y) =
∑

i1<...<ip
j1<...<jq

ci1...ipj1...jq
(
dxi1 ∧ · · · ∧ dxip

) (
dyj1 ∧ · · · ∧ dyjq

)
=
∑
I,J

cIJdx
IdyJ ,

for smooth functions cIJ on M × N . The space of double forms on M × N will be denoted

D(M ×N) and also carries a Fréchet topology defined analogously to the one on Ω•(M ×N).

1For non-compact manifolds one can just choose a countable cover of M with compact sets contained in

coordinate charts.
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The only difference to single forms Ω•(M × N) is that the dxi and dyj commute instead of

anticommuting. If γ is homogeneous of degrees (p, p′) and γ′ is homogeneous of degrees (q, q′)

then

γ ∧ γ′ = (−1)pp
′+qq′γ′ ∧ γ.

There are two commuting differentials on D(M ×N), the one on forms on M valued in forms

on N and the one on forms on N valued in forms on M . They will be denoted dx and dy and

satisfy

d2
xγ = d2

yγ = 0, dxdyγ = dydxγ.

One can integrate double forms over a chain in a single factor, let e.g. C be a chain in M , then∫
C
γ(x, y) ∈ Ω•(N).

If α(x) is a single form on M and β(y) is a single form on N then α(x)β(y) is a double form

on M × N , this double form is called the tensor product of α and β. On the other hand, the

wedge product α(x) ∧ β(y) is a single form on M ×N .

Theorem D.1.1 (de Rham [Rha84]). Every double form on M ×N is the limit of a sequence

of finite sums of tensor products with respect to the Fréchet topology on D(M ×N).

D.2 Currents

Definition D.2.1. A current on an n-dimensional manifold M is a linear functional on Ω•(M)

that is continuous with respect to the Fréchet topology Ω•(M). The space of currents on M is

denoted by (Ω•(M))′.

If T is a current and ω is a form, we denote evaluation of T on ω by T [ω].

There are two main examples of currents.

Example D.2.1. If C is a chain in M , then

ω 7→
∫
C
ω (D.1)

defines a current.

Example D.2.2. If α is a form on M , then

ω 7→
∫
M
α ∧ ω (D.2)

defines a current.
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If C is homogeneous of dimension p, then the corresponding current vanishes on homogeneous

forms not of degree p. On the other hand, if α is homogenoues of degree p, then the associated

current vanishes on homogeneous forms of degree not equal to n−p. This motivates the following

definition.

Definition D.2.2. Let T be a current that vanishes on homogeneous forms of degree not equal

to p. Then we say that T has dimension p, or degree n− p.

Depending on whether one thinks of currents as a generalisation of chains, or forms, either the

dimension or the degree is more natural. For us currents are a generalisation of forms, hence we

will mostly work with the degree. If we think of a current of degree 0 as a generalised function2,

then locally, we can write any current as a form with coefficients generalised functions. Namely,

let x1, . . . , xn be local coordinates on U ⊂ M and let T be a current of degree p on M . If f is

a function on U , define

Ti1...ip [fdx
1 ∧ · · · ∧ dxn] := εi1...ipj1...jpT [fdxj1 ∧ · · · ∧ dxjn−p ].

Then we have that

T =
∑
|I|=p

TIdx
I .

D.2.1 Operations on currents

We briefly review the most important operations on currents. These definitions extend the op-

erations that we already have on forms (or chains) to currents via the equations (D.1) and (D.2).

Wedge product

If T is a current, and α is a form, then we define the exterior product T ∧ α by

T ∧ α[ω] : = T [α ∧ ω].

Notice that if T is the current associated to a form β, then

T ∧ α[ω] =

∫
M
β ∧ (α ∧ ω) =

∫
M

(β ∧ α) ∧ ω,

so that T ∧ α is the current associated to β ∧ α. In this spirit, we also define the current α ∧ T

by asking that if T has degree p and α has degree q, then

α ∧ T = (−1)pqT ∧ α.
2Currents of degree 0 are not exactly distributions, since they form the dual of top forms, not of functions.

On compact oriented manifolds one can identify the two using a volume form.
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Boundary and differential

One can both define the boundary or differential of a current, generalising the notions of bound-

aries of chains or differential on forms. Namely, let T be a current, then we define

∂T [ω] : = T [dω],

generalising Stokes’ theorem. If T is a homogeneous current of degree p, we can define the

differential of T by

dT [ω] : = (−1)pT [dω]

generalising integration by parts. Obviously, the differential of a degree p current is a current

of degree p+ 1 and we have

dT = (−1)p∂T

so that also the boundary operator increases the degree by 1, or decreases the dimension by 1.

From the definition it is also clear that d2 = ∂2 = 0. Both operators are compatible with the

wedge product: Let T be a current of degree p, β be a current of degree q, then

d(T ∧ β) = dT ∧ β + (−1)pT ∧ dβ

∂(T ∧ β) = (−1)q∂T ∧ β + T ∧ d∂β

Pushforward and pullback

If f : M → N is a smooth map between manifolds and T is a current on M , then the pushforward

of T is defined by

f∗T [ω] := T [f∗ω].

If f is a diffeomorphism then one can define also the pullback of a current as the pushforward

of the inverse. The boundary always commutes with pushforward

∂f∗T = f∗∂T

but the differential only commutes up to a sign:

df∗T = (−1)(m+n)f∗dT (D.3)

where m and n are the dimensions of M and N respectively.
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Integral

One can also define the integral of a current by∫
M
T : = T [1].

This is the same as the pushforward of T along the map M → {pt}. This generalises the integral

of forms. In particular, it is zero unless T has a homogeneous component of top degree.

D.3 Double Currents

The main purpose of double currents is to serve as integral kernels for operators on forms. For

us it will be interesting how to get a single current on M ×M from the double current which

is the integral kernel for the inverse of the de Rham differential.

D.3.1 Definition

Double currents are defined analogously to currents.

Definition D.3.1. Continuous linear functionals on D(M×N) are called double currents. The

space of double currents is denoted by D′(M ×N).

A double current L on M ×N is called homogeneous of bidegree (m− p, n− q) if it vanishes on

homogeneus double forms which are not bidegree (p, q).

D.3.2 Operations on double currents

All operations on single currents have generalisations to double currents. The wedge product

of a double current L with a double form α is defined by

L ∧ α[ω] : = L[α ∧ ω]

and we define boundaries and differentials ∂x, dx, ∂y, dy by

∂xL[ω] : L[dxω],dxL[ω] : = (−1)pL[dxω]

where the second definition is for homogeneous currents of degree p, and ∂y, dy are defined

similarly.

If T = T (x) is a single current on M , and γ = γ(x, y) is a double form in M × N , there is

well-defined single form on N denoted by T (x)[γ(x, y)] or
∫
x∈M T (x)∧ γ(x, y), and the induced
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map T : D(M ×N)→ Ω•(N) is continuous ([Rha84],Theorem 9). If S is a single current on N ,

we can thus define a double current ST , t as the composition of S with T . This double current

is called the tensor product of T and S, and we have ST = TS ([Rha84], Theorem 10).

D.3.3 Double currents and operators on forms

Let L(x, y) be a double current on M ×N , homogeneous of degree p in M , and φ ∈ Ω•(M), ψ ∈

Ω•(N). Then we have∫
x∈M

∫
y∈N

φ(x) ∧ L(x, y) ∧ ψ(y) = (−1)mp+pL(x, y)[φ(x)ψ(y)]

and we can think of it as a map ΛL : (Ω•(M)→ (Ω•(N))′, or vice versa, as a map Λ∗L : Ω•(N)→

(Ω•(M))′. Combining de Rham’s theory of currents with the Schwartz kernel theorem one can

show that L 7→ ΛL defines a bijective homeomorphism between double currents on M ×N and

continuous linear maps (Ω•(M)→ (Ω•(N))′.

D.3.4 Double and single currents

To a double current on M ×N we can associate a single current on M ×N as follows [Rha84].

One can easily associate to a single form ω on M ×N , represented in coordinates xi on M and

yj on N by ω =
∑
cI,Jdx

I ∧ dxJ , the double form A∗ω : =
∑

I,J dx
IdxJ . To a double current

L(x, y) one can then associate the single current AL by

AL[ω] = L[A∗ω].

Our propagators will be the single currents associated to double currents associated to certain

maps on forms, as discussed below.

D.4 Currents and Hodge theory

Let g be a Riemannian metric on a compact manifold M . Denote ∗ the Hodge star of g and by

d∗ the codifferential, i.e. the formal adjoint of d with respect to the scalar product

(α, β) =

∫
M
α ∧ ∗β,

i.e. the unique operator satisfying

(dα, β) = (α,d∗β)
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for all smooth forms α and β. On homogeneous forms of degree p one has

d∗α = (−1)np+p+1 ∗ d ∗ α.

The Hodge-de Rham Laplacian is

∆ = dd∗ + d∗d.

If Λ: Ω • (M)→ Ω•(M) is a continuous linear operator, it has an integral kernel L(x, y) which

is a double current on M ×M as explained above. It also has a metric kernel l(x, y) defined by

Λφ(x) =

∫
y
l(x, y) ∧ ∗φ(y),

it satisfies l(x, y) = ∗−1
y L(y, x). The following is a central theorem of de Rham about finding

solutions to the equation ∆φ = ψ ([Rha84], Theorem 23):

Theorem D.4.1. There exist linear operators H and G on Ω(M), that both commute with d, d∗

and ∗, with GH = HG = 0, such that

∆G = G∆ = 1−H.

If h1, . . . , hn denotes a basis of harmonic forms on n, the metric kernel of H is given by the

smooth double form

h(x, y) =
∑
i

hi(x)hi(y).

The metric kernel g(x, y)of G is a double current which is smooth away from the diagonal and

O(r2−n) on the diagonal.

The last statement means the following. For a compact manifold M , and a chart U on M , there

is ε > 0 such that the diagonal D ⊂ U ×U has a neighbourhood V such that V −D is isometric

to U × (0, ε) × Sn−1. Here the second coordinate r > 0 measures the geodesic distance of the

two points. We say that a form is O(rk) if all its coefficients fI in all such charts satisfy that

r−kfI is bounded for r → 0.

D.5 Alternative proof of Theorem 3.3.2

In this section we give an alternative proof of theorem 3.3.2 which does not require heat kernel

techniques. For better readibility we briefly recall the definition of the Hodge propagator.
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D.5.1 Hodge propagators

Let g be a Riemannian metric on M with codifferential d∗g and Laplace–Beltrami operator ∆g.

Recall that it gives rise to a Hodge decomposition of Ω•(M) = ΩH ⊕Ω⊥H with ΩH := ker ∆g the

harmonic forms and that from these data we can form a contracting triple (ιharm, pharm,Kg)

with ιharm inclusion of harmonic forms, pharm the projection onto harmonic forms, and

Kg := d∗g ◦ (∆g + ιharm ◦ pharm)−1. (D.4)

This is the Riemann–Hodge contracting triple. We frequently denote ιharm ◦ pharm =: Pharm.

Remark D.5.1. Using the Hodge decomposition we can rewrite Kg as

Kg = d∗g ◦
(
idΩH ⊕

(
∆g

∣∣
Ω⊥H

)−1
)

= d∗g ◦
(

∆g

∣∣
Ω⊥H

)−1
◦ PΩ⊥H

.

D.5.2 Proof

We recall the statement of the theorem:

Theorem D.5.2. Let α ∈ Ω•(M). Then as λ→ 0, Kgλα→ Khorα. It follows that ηgλ → ηhor

in the sense of distributions.

Proof. We recall the following facts from Riemannian geometry: Scaling a Riemannian metric

by a constant scales codifferential and Laplacian by the inverse of that constant3. Hence we

have d∗
gλ

= d∗1 + λd∗2 and ∆gλ = ∆1 + λ∆2. The harmonic forms are constant and hence also

the projection Pharm = Pg1 ⊗Pg2 . To show that Kgλ → Khor weakly, it is enough to check that

Kgλ(ω1 ∧ ω2)→ Khor(ω1 ∧ ω2) for every ω1 ∈ Ω•(M1), ω2 ∈ Ω•(M2), since every form in Ω(M)

can be approximated by finite sums of such forms. For such a form we have

Kg(ω1 ∧ ω2) = (∆1 + λ∆2 + P1 ⊗ P2)−1(d∗ω1 ∧ ω2 + λω1 ∧ d∗ω2)

= (∆1 + λ∆2 + P1 ⊗ P2)−1(d∗ω1 ∧ ω2) + (∆1 + λ∆2 + P1 ⊗ P2)−1(λω1 ∧ d∗ω2)

since ∆ and d∗ commute. We claim that the first term converges to K1ω1 ∧ ω2, and the second

to P1ω1 ⊗K2ω2. Indeed, using remark D.5.1 the first term equals

(∆1 + λ∆2 + P1 ⊗ P2)−1(d∗ω1 ∧ ω2) =
(

(∆1 + λ∆2)
∣∣
Ω⊥H

)−1
(d∗ω1 ∧ ω2)

3this can be seen e.g. from the expression in local coordinates for the Laplace-Beltrami operator (the degree

0 part of the Hodge-de Rham Laplacian)

∆g =
1√

det g

∂

∂xj

(√
det ggij

) ∂

∂xi
(D.5)

where gij denotes the inverse of g.
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Notice that on the image of d∗1, ∆1 is invertible and in the limit λ→ 0 of the above expression

we get (∆1)−1d∗ω1 ∧ ω2. Since on the image of d∗1 any operator of the form P1 ⊗ A2 vanishes,

we can add P1 ⊗ id to this expression and get

(∆1)−1d∗ω1 ∧ ω2 =
(
(∆1)−1 + P1 ⊗ id2

)
d∗ω1 ∧ ω2 = (K1 ⊗ id2)ω1 ∧ ω2.

As for the other term, write ω1 = P1ω1 + (id1−P1)ω1. Using again remark D.5.1, we can write

(∆1 + λ∆2 + P1 ⊗ P2)−1(λω1 ∧ d∗ω2) =
(

(∆1 + λ∆2)
∣∣
Ω⊥H

)−1
(λPω1 ∧ d∗ω2)

+
(

(∆1 + λ∆2)
∣∣
Ω⊥H

)−1
λ(id1 − P1)ω1 ∧ d∗ω2

On (ΩH(M1)⊗ Ω(M2))∩Ω⊥H(M), ∆1 = 0 and the operator
(

(∆1 + λ∆2)
∣∣
Ω⊥H

)−1
equals

(
λ∆2

∣∣
Ω⊥H

)−1
.

Hence, in the first term λ cancels, and the expression converges to P1 ⊗ K2ω1 ∧ ω2. On

ΩH(M1)⊥ ⊗ Ω(M2) ∩ Ω⊥H(M),
(

(∆1 + λ∆2)
∣∣
Ω⊥H

)−1
converges to

(
∆1

∣∣
Ω⊥H

)−1
as λ → 0. Since

the argument converges 0, the second term goes to 0.
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Appendix E

Conventions

In this section we list the numerous conventions that we use, especially concerning signs and

gradings.

E.1 Configuration Spaces and Pushforwards

E.1.1 Configuration spaces

If M is a compact manifold, then the open configuration space of n points is denoted

C0
n(M) = {(x1, . . . , xn) ∈Mn : xi 6= xj for all i 6= j}.

Its Fulton-MacPherson-Axelrod-Singer (FMAS) compactification is denoted Cn(M) ([FM94;

AS94], see also [Sin03]), and is a manifold with corners. In particular, the boundary of C2(M)

is isomorphic to the tangent sphere bundle over M , ∂C2(M) ∼= STM . The restriction to C0
n(M)

of the natural projection maps

πi : M
n →M

to the i-th factor extends to the compactification as a smooth map

πi : Cn(M)→M.

Similarly, projection to i-th and j-th factor yields a smooth map

πij : Cn(M)→ C2(M).
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We often denote the pullback of a form on M or C2(M) to Cn(M) by the indices of the

projection, that is, for α ∈ Ω•(M),β ∈ Ω•(C2(M)), we denote

αi := π∗i α ∈ Ω•(Cn(M)) (E.1)

βij := π∗i β ∈ Ω•(Cn(M)) (E.2)

Similar statements apply for projections πI : Cn(M) → C|I|(M), where I ⊂ {1, . . . , n}. The

orientation on Cn(M) is induced by the product orientation on Mn. The orientation for the

boundary is such that Stokes’ theorem∫
Cn(M)

dω =

∫
∂Cn(M)

ω (E.3)

holds without extra signs.

Similarly, for M a manifold with boundary, we have the open configuration space

Cn,m(M,∂M) = {(x1, . . . , xn, xn+1, . . . , xn+m) ∈Mn × ∂Mm : xi 6= xj for all i 6= j}.

It also has a FMAS compactification, which we denote by Cn,m(M,∂M) see e.g [Cam+18] and

references given there. We use identical notations for the extensions of the projection maps

πi, πij .

E.1.2 Pushforwards

Since all the projection maps πI have compact fibers, there is a well-defined notion of pushfor-

ward

πI,∗ : Ω•(Cn(M))→ Ω•−|I| dimM (C|I|(M)) (E.4)

given by integration along the fibers. Consider now a general fiber bundle

F ↪→ E
π
� B,

where F,E,B are manifolds, possibly with boundary. Our convention for orientations for fiber

bundles in general is that which is locally F ×B π→ B, i.e the pushforward of the volume form

volF on the fiber times a basic form α equals the basic form, without sign:

π∗(volF ∧ π∗α) = α. (E.5)

We sometimes denote integrals along the fiber by
∫
F , in particular, in the case where π is

the projection π{i}c : Cn(M)→ Cn−1(M) on all but the i-th point, we will write
∫
Mi

,
∫
xi∈M or
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sometimes simply
∫
i if there is no danger of confusion. The crucial identity is Stokes’ theorem for

pushforwards along the fiber (see e.g. [BT94]), which with this convention carries the following

signs:

π∗(dω) = π∂∗ω + (−1)dimFdπ∗ω (E.6)

where π∂ is the fiber bundle whose fibers are the boundaries of the fiber F . If B is a point, we

recover Stokes’ theorem. If the boundary of F is empty, we get∫
F

d = (−1)dimFd

which allows the interpretation of
∫
F as an object of degree −dimF . All discussions in this

subsection can be extended straightforward to the case where M has a boundary.

E.1.3 Integral kernels

The convention for operators Ω•(M) → Ω•(M) is that their integral kernels are single forms

or currents (see Appendix D) that act on forms from the left. Concretely, if K is a form on

C2(M), then the induced operator K̃ on forms is given by (in three different notations)

K̃[ω] = π1,∗(Kπ
∗
2ω) =

∫
x2∈M

K(x1, x2) ∧ ω(x2) =

∫
2
K12ω2 (E.7)

where in the last we dropped the wedge product. We will do this very often, according to the

fact that the wedge product is the natural product on differential forms which makes them into

a commutative algebra.

E.2 The Graded Algebra of Differential forms

E.2.1 Different degrees on differential forms

If M is a smooth manifold, there is a natural identification C∞(T [1]M) = Map(T [1]M,R) =

Ω•(M) (see e.g. [CS11]). Similarly, for a graded vector space N , there is a natural identification

Map(T [1]M,N ) = Ω•(M)⊗N . This is a bigraded algebra: An element A ∈ Ωk(M)⊗N has a

well-defined de Rham form degree k. However, it is also a map from the degree k component

of T [1]M to N . In particular, the component Al of A in (N )l has the degree l − k as a map

from T [1]M → N . In the AKSZ formalism (see 2.1.7), this degree is called the ghost number,

and denoted by gh(A). The total degree is the sum of the form degree and the ghost number.

Note that in particular if N is concentrated in degree l, then forms of form degree k have ghost

number l − k and total degree l, i.e. all forms have the same total degree. This is the case in

222



Chern-Simons theory, where the target of the AKSZ construction is g[1]. By slight abuse of

notation, we denote

Map(T [1]M, g[1]) = Ω(M, g[1]) = Ω(M, g)[1] (E.8)

where the last shift acts on the total degree.

E.2.2 Lie algebra valued differential forms

E.3 Exterior algebra

We always work in characteristic 0. Denote T (V ) the tensor algebra on V and by I ⊂ T (V ) the

two-sided ideal spanned by elements of the form x⊗ x, where x ∈ V . We identify the exterior

algebra ∧
(V ) := T (V )/I (E.9)

with the subspace of totally antisymmetric tensors, i.e. the image of the map

Alt : T (V )→ T (V )

x1 ⊗ · · · ⊗ xn 7→
1

n!

∑
σ∈Sn

sgn(σ)xσ(1) ⊗ · · · ⊗ xσ(n)

which is extended to all tensors by linearity. Here Sn denotes the symmetric group of a set with

n elements. Exterior multiplication of two antisymmetric tensors is given by

α ∧ β := Alt(α⊗ β) (E.10)

This multiplication is graded commutative. We will often use index notation. Let α ∈
∧k V .

Let e1, . . . , en be a basis of V . Then we define the components αi1...ik of α by

α =
1

k!
αi1...ikei1 ⊗ eik . (E.11)

Let α, β be homogeneous tensors of degree k and l respectively. Then we have that

(α ∧ β)i1...ik+l =
1

k!

1

l!

∑
σ∈Sk+l

ασ(i1)...σ(ik)βσ(ik+1)...σ(ik+l) =
(k + l)!

k!l!
α[i1...ikβik+1...ik+l]

=

(
k + l

k

)
α[i1...ikβik+1...ik+l]

(E.12)

where

α[i1...ip] =
1

p!

∑
σ∈Sp

αiσ(1)...iσ(p) (E.13)

is the antisymmetrisation, i.e. the action of the map Alt on tensor components. The factor

comes from our convention of excluding the factor from the components.
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E.3.1 Exterior algebra of V ⊕ V ∗

In the special case where we consider the exterior algebra
∧
V ⊕ V ∗, which we denote by AV ,

we have the isomorphism of graded algebras

AV =
∧

(V ⊕ V ∗) ∼=
∧
V ⊗

∧
V ∗. (E.14)

Here the tensor product is the tensor product of graded algebras, meaning that

(α1 ⊗ α2) ∧ (β1 ⊗ β2) = (−1)|α2||β1|α1 ∧ β1 ⊗ α2 ∧ β2. (E.15)

Again we often use index notation: Picking a basis e1, . . . , en of V with corresponding dual

basis ε1, . . . , εn of V ∗, and letting α ∈
∧p V ⊗

∧q V ∗, we write

α =
1

p!q!
α
i1...ip
j1...jq

. (E.16)

Let β ∈
∧p′ V ⊗

∧q′ V ∗. Then the wedge product in this notation is expressed by

(α ∧ β)
i1...ip+p′
j1...jq+q′

=

(
p+ p′

p

)(
q + q′

q

)
α

[i1...ip
[j1...jq

β
ip+1...ip+p′ ]

jq+1...j′q+q ]
. (E.17)

The important thing here is the combinatorial factor.

Interior product

The exterior algebra AV of V ⊕ V ∗ is naturally a bigraded algebra via the isomorphism (E.14).

We denote the part of bidegree (p, q) by A(p,q).

The algebra AV carries another operation, called the interior product ι. It is the generalization

of the usual interior product to of a form and a multi-vector to our setting, and can be defined

as follows.

Definition E.3.1. The interior product is the bilinear operation

ι : A
(p,q)
V ×A(p′,q′)

V → A
(p+p′−1,q+q′−1)
V

(α, β) 7→ ιαβ

defined by the following properties:

i) If α ∈ k or β ∈ k then

ii) If α ∈ V , then ιαβ = 0,

iii) If α ∈ V ∗, β ∈ V , then ιαβ = α(β),
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iv) ι is a derivation in the first argument:

ια1∧α2β = α1 ∧ ια2β + (−1)|α1||α2|α2 ∧ ια1β, (E.18)

v) ι is a derivation of degree |α| in the second argument:

ια(β1 ∧ β2) = ια(β1 ∧ β2) + (−1)|α||β1β1 ∧ ιαβ2. (E.19)

In index notation, the antisymmetry of the tensors allows us to write

(ιαβ)
i1...ip+p′−1

j1...jq+q′−1
=

(
p+ p′ − 1

p

)(
q + q′ − 1

q′

)
α

[i1...ip
[j1...jq−1k

β
kip+1...ip+p′−1]

jq ...jq+q′−1] (E.20)

where by definition we sum over repeated indices and they are excluded from the antisym-

metrization. The generalized interior product still satisfies the following property:

Lemma E.3.1. Let α, β ∈ AV . Then the graded commutator of the the derivations ια, ιβ

vanishes. In other words,

ιαιβ = (−1)|α||β|ιβια. (E.21)

Proof. This follows since the graded commutator is a derivation which vanishes on generators

of the algebra AV .

Contractions

Another operation on AV is given by the contraction. By definition, the (k, l) contraction of a

(not necessarily antisymmetric) (p, q)-tensor t is the (p− 1, q − 1) tensor C(k,l)t given by

(C(k,l)t)
i1...ip−1

j1...jq−1
7→ t

i1...ik−1mik...ip−1

j1...jl−1mil...iq−1
.

On totally antisymmetric tensors all contractions agree up to a sign, and we can define a contra-

tion C : A
(p,q)
V → A

(p−1,q−1)
V by C =

∑
k,l(−1)k+lC(k,l). By our convention on the normalization

of the coefficients of a totally antisymmetric tensor, this means that

(Cα)
i1...ip−1

j1...jq−1
= α

ki1...ip−1

kj1...jq−1
. (E.22)

Definition E.3.2. Let α ∈ A(p,p)
V . Then the total contraction of α, denoted 〈α〉, is the number

Cpα ∈ k.

By the equation (E.22) above, we have that

〈α〉 = α
i1...ip
i1...ip

. (E.23)
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E.3.2 Shifted exterior algebra of V ⊕ V ∗

In Section 4 on polarized Lie algebras, we consider a shifted version EV of this bigraded algebra

where both degrees are shifted by −1, i.e. an element σ ∈
∧p V ⊗

∧q V ∗ has bidgree (p−1, q−1).

With shift notation we have EV = AV [−2] as graded vector spaces or EV = AV [(−1,−1)] as

bigraded vector spaces. EV is still a graded commutative algebra with respect to the wedge

product.

Lemma E.3.2. EV carries a graded Poisson bracket {·, ·} (of degree 0) defined by

{α, β} = ιαβ − (−1)|α||β|ιβα (E.24)

(here |α|, |β| denote the degree in EV !).

Proof. Itis clear that this bracket is bilinear and graded antisymmetric. By definition of ι, it

satisifies the graded Leibniz rule. The Jacobi identity follows from Lemma

Proposition E.3.3 (([Kos92])). The bracket {·, ·} on EV satisfies the following properties:

1. If σ, σ′ ∈ k, then {σ, σ′} = 0,

2. If σ, σ′ ∈ V , then {σ, σ′} = 0,

3. If σ, σ′ ∈ V ∗, then {σ, σ′} = 0,

4. If σ ∈ V, σ′ ∈ V ∗, then {σ, σ′} = σ′(σ),

5. {·, ·} satisfies a graded Leibniz rule with respect to the wedge product and the total degree

on EV , i.e.

{σ, σ′ ∧ σ′′} = {σ, σ′} ∧ σ′′ + (−1)|σ||σ
′|σ′ ∧ {σ, σ′′}. (E.25)

Proof. This follows immediately from the properties of the interior product.

Proposition E.3.3 implies that this Poisson bracket coincides with the Poisson bracket of the

canonical symplectic structure by identifying EV = C∞(ΠT ∗V ), where Π denotes the parity

shift (both in the base and the fibers), since the two brackets agree on generators.
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[Hör03] L. Hörmander. The Analysis of Linear Partial Differential Operators I. Springer

Berlin Heidelberg, 2003.

[HM13] D. Husemoller and J. Milnor. Symmetric Bilinear Forms. 2013.

[Ike94] N. Ikeda. “Two-Dimensional Gravity and Nonlinear Gauge Theory”. In: Ann.

Phys. 235.2 (1994), pp. 435–464.

[IM18] R. Iraso and P. Mnev. Two-Dimensional Yang-Mills Theory on Surfaces With

Corners in Batalin-Vilkovisky Formalism. 2018. arXiv: 1806.04172v1 [math-ph].

[Jef92] L. C. Jeffrey. “Chern-Simons-Witten invariants of lens spaces and torus bun-

dles, and the semiclassical approximation”. In: Commun. Math. Phys. 147 (1992),

pp. 563–604.

[Joh] J. Johnson. Notes on Heegard Splittings. url: http://www.jessejohnson.me/

old_notes.pdf.

[Jos11] J. Jost. Riemannian Geometry and Geometric Analysis. Springer Berlin Heidel-

berg, 2011.

[Khu04] H. M. Khudaverdian. “Semidensities on Odd Symplectic Supermanifolds”. In:

Commun. Math. Phys. 247.2 (2004), pp. 353–390.

[Kon93] M. Kontsevich. “Vassiliev’s knot invariants”. In: Adv. in Sov. Math 16.2 (1993),

pp. 137–150.

[Kon94] M. Kontsevich. “Feynman Diagrams and Low-Dimensional Topology”. English.

In: First European Congress of Mathematics Paris, July 6–10, 1992. Ed. by A.

Joseph, F. Mignot, F. Murat, B. Prum, and R. Rentschler. Vol. 120. Progress in
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