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Introduction

These notes were originally intended to supplement lectures given at the Buenos Aires meeting in
December 2006, and have been extended to give a lot more background for a course in cohomology
at Ottawa (Summer term 2007). They introduce some of the family of crossed algebraic gadgetry
that have their origins in combinatorial group theory in the 1930s and ‘40s, then were pushed
much further by Henry Whitehead in the papers on Combinatorial Homotopy, in particular, [275].
Since about 1970, more information and more examples have come to light, initially in the work of
Ronnie Brown and Phil Higgins, (for which a useful central reference will be the forthcoming, [63]),
in which crossed complexes were studied in depth. Explorations of crossed squares by Loday and
Guin-Valery, [111, 18] and from about 1980 onwards indicated their relevance to many problems in
algebra and algebraic geometry, as well as to algebraic topology have become clear. More recently
in the guise of 2-groups, they have been appearing in parts of differential geometry, [15, 51] and
have, via work of Breen and others, [17-50], been of central importance for non-Abelian cohomology.
This connection between the crossed menagerie and non-Abelian cohomology is almost as old as
the crossed gadgetry itself, dating back to Dedecker’s work in the 1960s, [103]. Yet the basic
message of what they are, why they work, how they relate to other structures, and how the crossed
menagerie works, still need repeating, especially in that setting of non-Abelian cohomology in all
its bewildering beauty.

The original notes have been augmented by additional material, since the link with non-Abelian
cohomology was worth pursuing in much more detail. These notes thus contain an introduction to
the way ‘crossed gadgetry’ interacts with non-Abelian cohomology and areas such as topological
and homotopical quantum field theory. This entails the inclusion of a fairly detailed introduction
to torsors, gerbes etc. This is based in part on Larry Breen’s beautiful Minneapolis notes, [50].

If this is the first time you have met this sort of material, then some words of warning and
welcome are in order.

There is much too much in these notes to digest in one go!
There is probably a lot more than you will need in your continuing research. For instance, the
material on torsors, etc., is probably best taken at a later sitting and the chapter ‘Beyond 2-types’
is not directly used until a lot later, so can be glanced at.

I have concentrated on the group theoretic and geometric aspects of cohomology, since the
non-Abelian theory is better developed there, but it is easy to attack other topics such as Lie
algebra cohomology, once the basic ideas of the group case have been mastered and applications in
differential geometry do need the torsors, etc. I have emphasised approaches using crossed modules
(of groups). Analogues of these gadgets do exist in the other settings (Lie algebras, etc.), and most
of the ideas go across without too much pain. If handling a non-group based problem (e.g. with
monoids or categories), then the internal categorical aspect - crossed module as internal category
in groups - would replace the direct method used here. Moreover the group based theory has the
advantage of being central to both algebraic and geometric applications.

The aim of the notes is not to give an exhaustive treatment of cohomology. That would be
impossible. If at the end of reading the relevant sections the reader feels that they have some
intuition on the meaning and interpretation of cohomology classes in their own area, and that they
can more easily attack other aspects of cohomological and homotopical algebra by themselves, then
the notes will have succeeded for them.

Although not ‘self contained’, I have tried to introduce topics such as sheaf theory as and when
necessary, so as to give a natural development of the ideas. Some readers will already have been



introduced to these ideas and they need not read those sections in detail. Such sections are, I
think, clearly indicated. They do not give all the details of those areas, of course. For a start, those
details are not needed for the purposes of the notes, but the summaries do try to sketch in enough
‘intuition’ to make it reasonable clear, I hope, what the notes are talking about!

(This version is a shortened version of the notes. It does not contain the material on gerbes,
nor material on TQFTs etc. That is still being revised. The full version may be made available
later.)
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Chapter 1

Preliminaries

1.1 Groups and Groupoids, some basic ideas

Before launching into crossed modules, we need a word on groupoids.

1.1.1 Groupoids

By a groupoid, we mean a small category in which all morphisms are isomorphisms. (If you have
not formally met categories then do not worry, the idea will come through without that specific
formal knowledge, although a quick glance at Wikipedia for the definition of a category might
be a good idea at some time soon. You do not need category theory as such at this stage.)
These groupoids typically arise in three situations (i) symmetry objects of a fibered structure,
(ii) equivalence relations, and (iii) group actions. It is worth noting that several of the initial
applications of groups were thought of, by their discoverers, as being more naturally this type of
groupoid structure.

For the first, assume we have a family of sets {X, : a € A}. Typically we have a function
f:X = Aand X, = f~'a for a € A. We form the symmetry groupoid of the family by taking
the index set, A, as the set of objects of the groupoid, G, and, if a,a’ € A, then G(a,a’), the set of
arrows in our symmetry groupoid from a to d’, is the set Bijections(X,, X4/). This G will contain
all the individual symmetry groups / permutation groups of the various X,, but will also record
comparison information between different Xs.

Of course, any group is a groupoid with one object and, conversely, if G is any groupoid, we
have, for each object a of G, a group G(a,a), of arrows that start and end at a. This is the
‘automorphism group’, autg(a), of a within G. It is also referred to as the vertex group of G at a,
and denoted G(a). This later viewpoint and notation emphasise more the combinatorial, graph-like
side of G’s structure. Sometimes the notation G[1] may be used for G as the process of regarding
a group as a groupoid is a sort of ‘suspension’ or ‘shift’. It is one aspect of ‘categorification’, cf.
Baez and Dolan, [11].

That combinatorial side is strongly represented in the second situation, equivalence relations.
Suppose that R is an equivalence relation on a set X. Going back to basics, R is a subset of X x X
satisfying:

(a) if a,b,c € X and (a,b) and (b,c) € R, then (a,c) € R, i.e., R is transitive;

(b) for all a € X, (a,a) € R, alternatively the diagonal A C R, i.e., R is reflexive;

15
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(c) if a,b € X and (a,b) € R, then (b,a) € R, i.e., R is symmetric.

Two comments might be made here. The first is ‘everyone knows that!’, the second ‘that is not the
usual order to put them in! Why the change?’

It is a well known, but often forgotten, fact that from R, you get a groupoid (which we will
denote by R). The objects of R are the elements of X and R(a,b) is a singleton if (a,b) € R and
is empty otherwise. (There is really no need to label the single element of R(a,b), when this is
non empty, but it is sometimes convenient to call it (a, b) at the risk of over using the ordered pair
notation.) Now transitivity of R gives us a composition function: for a,b,c € X,

o:R(a,b) x R(b,c) = R(a,c).

(Remember that a product of a set with the empty set is itself always empty, and that for any set,
there is a unique function with domain () and codomain the set, so checking that this composition
works nicely is slightly more subtle than you might at first think. This s important when handling
the analogues of equivalence relations in other categories., then you cannot just write (a,b)o (b, c) =
(a,c), or similar, as ‘elements’ may not be obvious things to handle.) Of course this composition
is associative, but if you have not seen the verification, it is important to think about it, looking
for subtle points, especially concerning the empty set and empty function and how to do the proof
without ‘elements’.

This composition makes R into a category, since (a) gives the existence of identities for each
object. (Id, = (a,a) in ‘elementary’ notation.) Finally (c) shows that each (a,b) is invertible, so
R is a groupoid. (You now see why that order was the natural one for the axioms. You cannot
prove that (a,a) is an identity until you have a composition, and similarly until you have identities,
inverses do not make sense.) We may call R, the groupoid of the equivalence relation R.

This shows how to think of R as a groupoid, R. The automorphism groups, R(a), are all
singletons as sets, so are trivial groups'. Conversely any groupoid, G, gives a diagram

Arr(G) =% OM(G)

7

with s = ‘source’, t = ‘target’ and 1= ‘identity’ as it picks out the identity arrow on each object.
It thus gives a function,
it
Arr(G) 2 0b(G) x OB(G) .

The image of this function is an equivalence relation as is easily checked. We will call this equivalence
relation, R, for the moment. If G is a groupoid such that each G(a) is a trivial group, then each
G(a,b) has at most one element (check it), so (s,t) is a one-one function and it is then trivial to
note that G is isomorphic to the groupoid of the equivalence relation, R.

Examples: (i) We denote by Z, the interval groupoid which has two objects, 0 and 1, and
morphisms ¢ : 0 — 1 and its inverse, together with, of course, the identity arrows at each object.
This is the groupoid that corresponds to the equivalence relation on {0,1} which makes 0 and 1
equivalent. It is used within the theory of groupoids as the analogue of the topological unit interval,

[0, 1].

!The groupoid is simply connected.
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(ii) If X is any set, we get two ‘extreme’ forms of equivalence relation on X, and thus two
‘extreme’ examples of groupoids.

Definition: a) The discrete groupoid on the set, X, denoted Disc(X), has X as its set of
objects and, for each ordered pair, (z1,x3), of elements of X

. o
Disc(S)(z1,22) = lide} 1 o
0 if x1 # 29

b) The codiscrete groupoid on a set, X, denoted Codisc(X), has X as its set of objects and,

for each ordered pair, (z1,z2), of elements of X, Codisc(X)(x1,z2) is a singleton set, the unique
element of which is conveniently denoted (z1, z2).

The two extreme examples of equivalence relations on X are, of course, (i) the relation of
equality, or identity, in which R is just A, the diagonal of X x X, and (a,b) € R if, and only if,
x =y, and (ii) the relation in which everything is related, so R = X x X. The groupoid, Disc(X),
corresponds to the first, whilst Codisc(X) corresponds to the second. The example, Z, given in (i),
above, is the case Codisc({0,1}).

We have looked at these simple cases in some detail as in applications of the basic ideas,
especially in algebraic geometry, arguments using elements are quite tricky to give and the initial
intuition coming from these set-based examples can easily be forgotten.

The third situation, that of group actions, is also a common one in algebra and algebraic
geometry. Equivalence relations often come from group actions. If G is a group and X is a G-set
with (left) G-action,

GxX—X ,

(g,(l?) g-z

(i.e., a function act(g,x) = g - =, which must satisfy the rules 1 -2z = z and for all g;,92 € G,
g1 (92 -x) = (g192) - x, a sort of associativity law), then we get a groupoid Actg(X), that will be
called the action groupoid of the G-set, as follows:

o the objects of Actg(X) are the elements of X;

e ifa,b, € X,
Act(X)(a,b) ={g|g-a=0b}.

An important word of caution is in order here. Logical complications can occur here if Actg(X)(a,b)
is set equal to {g | g - a = b}, since then a g can occur in several different ‘hom-sets’. A good way
to avoid this is to take
Acta(X)(a,b) = {(g,a) | g-a = b}.

This is a non-trivial change. It basically uses a disjoint union, but although very simple, it is
fundamental in its implications. We could also do it by taking Arrg(X) = G x X with source and
target maps s(g,z) = z, t(g,z) = g-z. (It is useful, if you have not seen this before, to see how the
various parts of the definition of an action match with parts of the structural rules of a groupoid.
This is important as it indicates how, much later on, we will relax those rules in various ways.)
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We will sometimes use the notation, G ~ X, when discussing a left action of a group G on X.

In a groupoid, G, we say two objects, x and y are in the same connected component of G, if
G(z,y) is not empty. This gives an equivalence relation on the set of objects of G, as you can
easily check. The equivalence classes re called the connected components of G and the set of
connected components is usually denoted m(G), by analogy with the usual notion for the set of
connected components of a topological space.

We have not discussed morphisms of groupoids. These are straightforward to define and to
work with. Together groupoids and the morphisms between them form a category, the category of
groupoids, which will be denoted Grpd.

(As we introduced structures of various types, we will usually introduce a corresponding form
of morphism and it will be rare that the resulting ‘context’ of objects and morphisms does not form
a category. It is important to look up the definition of categories and functors, but for the moment
you will not need to know very much ‘category theory’ to read the notes. It will suffice to get to
grips with that as we go further and have good motivating examples for what is needed.)

Most of the concepts that we will be handling in what follows exist in many-object, groupoid
versions as well as single-object, group based ones. For simplicity we will often, but not always,
give concepts in the group based form, and will leave the other many-object form ‘to the reader’.
The conversion is usually not that difficult.

For more details on the theory of groupoids, two good sources are Ronnie Brown’s book, [5¥]
and Phil Higgins’ monograph, now reprinted as [119].

1.2 A very brief introduction to cohomology

Partially as a case study, at least initially, we will be looking at various constructions that relate
to group cohomology. Later we will explore a more general type of (non-Abelian) cohomology,
including ideas about the non-Abelian cohomology of spaces, but that is for later. To start with
we will look at a simple group theoretic problem that will be used for motivation at several places
in what follows. Much of what is in books on group cohomology is the Abelian theory, whilst we
will be looking more at the non-Abelian one. If you have not met cohomology at all, take a look at
the Wikipedia entries for group cohomology. You may not understanding everything, but there are
ideas there that will recur in what follows, and some terms that are described there or on linked
entries, that will be needed later.

1.2.1 Extensions.

Given a group, G, an extension of G by a group K is a group F with an epimorphism p: £ — G
whose kernel is isomorphic to K (i.e., a short exact sequence of groups

1K -ELHG 1.

As we asked that K be isomorphic to Ker p, we could have different groups E perhaps fitting into
this, yet they would still be essentially the same extension. We say two extensions, £ and &', are
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equivalent if there is an isomorphism between E and E’ compatible with the other data. We can
draw a diagram

£ 1 K E G 1

T

g 1 K E’ G 1

A typical situation might be that you have an unknown group E’ that you suspect is really E (i.e.,
is isomorphic to E). You find a known normal subgroup K of E is isomorphic to one in E’ and
that the two quotient groups are isomorphic,

1 K E G 1
I
:l 7| i:
v
1 K ——>F el 1

(But always remember, isomorphisms compare snap shots of the two structures and once chosen
can make things more ‘rigid” than perhaps they really ‘naturally’ are. For instance, we might have
G a cyclic group of order 5 generated by an element a, and G’ one generated by b. ‘Naturally’
we choose an isomorphism ¢ : G — G’ to send a to b, but why? We could have sent a to any
non-identity element of G’ and need to be sure that this makes no difference. This is not just
‘attention to detail’. It can be very important. It stresses the importance of Aut(G), the group of
automorphisms of G in this sort of situation.)

A simple case to illustrate that the extension problem is a valid one, is to consider K = (3 =
(a|a3), G=Cy=(b|b?).

We could take F = S3, the symmetric group on three symbols, or alternatively Ds (also called
Dg to really confuse things, but being the symmetry group of the triangle). This has a presentation
{a,b | a®,b%, (ab)?). But what about Cg = (c | ¢5)? This has a subgroup {1, ¢?, ¢*} isomorphic to K
and the quotient is isomorphic to G. Of course, S3 is non-Abelian, whilst Cg is. The presentation of
Cg needs adjusting to see just how similar the two situations are. This group also has a presentation
{a,b | a,b% aba='b), since we can deduce aba~'b = 1 from [a,b] = 1 and b?> = 1 where in terms
of the old generator ¢, a = ¢ and b = ¢3. So there is a presentation of C3 which just differs by a
small ‘twist’ from that of Ss.

How could one be sure if S3 and Cg are the ‘only’ groups (up to isomorphism) that we could
put in that central position? Can we classify all the extensions of G by K?

These extension problems were one of the impetuses for the development of a ‘cohomological’
approach to algebra, but they were not the only ones.

1.2.2 Invariants

Another group theoretic input is via group representation theory and the theory of invariants. If
G is a group of n x n invertible matrices then one can use the simple but powerful tools of linear
algebra to get good information on the elements of G and often one can tie this information in to
some geometric context, say, by identifying elements of G as leaving invariant some polytope or
pattern, so G acts as a subgroup of the group of the symmetries of that pattern or object.

If, therefore, we use the group Gl(n,K) of such invertible matrices over some field K, then we
could map an arbitrary G into it and attempt to glean information on elements of G from the
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corresponding matrices. We thus consider a group homomorphism
p: G — Gl(n,K),

then look for nice properties of the p(g). of course, p need not be a monomorphism and then we
will loose information in the process, but in any case such a morphism will make G act (linearly)
on the vector space K". We could, more generally, replace K by a general commutative ring R, in
particular we could use the ring of integers, Z, and then replace K" by a general module, M, over
R. If R = Z, then this is just an Abelian group. (If you have not formally met modules look up a
definition. The theory feels very like that of vector spaces to start with at least, but as elements
in R need not have inverses, care needs to be taken - you cannot cancel or divide in general, so
rx = ry does not imply = = y! Having looked up a definition, for most of the time you can think of
modules as being vector spaces or Abelian groups and you will not be far wrong. We will shortly
but briefly mention modules over a group algebra, R[G], and that ring is not commutative, but
again the complications that this does cause will not worry us at all.)

We can thus ‘represent’ G by mapping it into the automorphism group of M. This gives M the
structure of a G-module. We look for invariants of the action of G on M - what are they? Suppose
that G is some group of symmetries of some geometric figure or pattern, that we will call X, in
R™ then for each g € G, gX = X, since g acts by pushing the pattern around back onto itself. An
invariant of GG, considered as acting on M, or, to put it more neatly, of the G-module, M, is an
element m in M such that g.m = m for all g € G. These form a submodule,

MY = {m | gm =m for all g € G}.

Clearly, it will help in our understanding of the structure of G if we can calculate and analyse
these modules of invariants. Now suppose we are looking at a submodule N of M, then N¢
is a submodule of M© and we can hope to start finding invariants, perhaps by looking at such
submodules and the corresponding quotient modules, M/N. We have a short exact sequence

0—-+N—-M-— M/N —D0,
but, although applying the (functorial) operation (—)& does yield
0— NY = MY = (M/N)®,

the last map need not be onto so we may not get a short exact sequence and hence a nice simple
way of finding invariants!

Example: Try G = Cy = {1l,a}, M = Z, the Abelian group of integers, with G action,
a.n = —n, and N = 27Z, the subgroup of even integers, with the same G action. Now calculate the
invariant modules M“ and N; they are both trivial, but M/N = Z,, and ..., what is (M/N)% for
this example?

The way of studying this in general is to try to to continue the exact sequence further to the right
in some universal and natural way (via the theory of derived functors). This is what cohomology
does. We can get a long exact sequence,

0— N% = MY~ (M/N)® - H(G,N) - H\(G,M) - H'(G,M/N) = H*(G,N) — ....
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But what are these H*(G, M) and how does one get at them for calculation and interpretation?
In fact, what is cohomology in general?

Its origins lie within Algebraic Topology as well as in Group Theory and that area provides
some useful intuitions to get us started, before asking how to form group cohomology.

1.2.3 Homology and Cohomology of spaces.

Naively homology and cohomology give methods for measuring the holes in a space, holes of different
dimensions yield generators in different (co)homology groups. The idea is easily seen for graphs
and low dimensional simplicial complexes.

First we recall the definition of simplicial complex as we will need to be fairly precise about
such objects and their role in relation to triangulations and related concepts.

Definition: A simplicial complex, K, is a set of objects, V(K), called vertices and a set, S(K),
of finite non-empty subsets of V(K), called simplices. The simplices satisfy the condition that if
o C V(K) is a simplex and 7 C o, 7 # (), then 7 is also a simplex.

We say 7 is a face of 0. If 0 € S(K) has p + 1 elements it is said to be a p-simplex. The set of
p-simplices of K is denoted by Kj,. The dimension of K is the largest p such that K, is non-empty.

We will sometimes use the notation, P(X), for the power set of a set X i.e., the set of subsets
of X. Later when there are more demands on the notation, we will often use a substitute notation,
writing Vi for V(K), and Sk for S(K), thus freeing up the notation used here for other uses. This
should cause very little confusion, but does need noting.

Suppose, now, that X = {0,...,p}, then there is a simple example of a simplicial complex,
known as the standard abstract p-simplex, Aln], (or sometimes A™),with vertex set, V(A[n]) = X
and with S(A[n]) = P(X) \ {0}, in other words all non-empty subsets of X are to be simplices. (If
you have not met simplicial complexes before this is a good example to work with working
out what it looks like and ‘feels like’ for n = 0,1,2 and 3. It is too regular to be general, so we
will, below, see another example which is perhaps a bit more typical.

Comment on notation: We have alternative notations A[n] and A™ for a good reason. The
topic of simplicial complexes naturally leads on to that of simplicial sets both in these notes and
historically. The notation A[n| can stand for both the simplicial complex version of the standard n-
simplex or the analogous simplicial set. Most of the time this reuse is harmless but once in a while,
especially when comparing what happens in the two settings, it will be necessary to distinguish
them in which case we will use A[n] for the simplicial set, with A™ for the simplicial complex. This
latter notation will also serve for the geometric n-simplex. In any case, we will try to make it clear
which context is the relevant one if this is not immediately clear from the surrounding discussion.

When thinking about simplicial complexes, it is important to have a picture in our minds of
a triangulated space (probably a surface or similar, a wireframe as in computer graphics). The
simplices are the triangles, tetrahedra, etc., and are determined by their sets of vertices. Not every
set of vertices need be a simplex, but if a set of vertices does correspond to a simplex then all its
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non-empty subsets do as well, as they give the faces of that simplex. Here is an example:

Here V(K) = {0,1,2,3,4} and S(K) consists of {0,1,2}, {2,3}, {3,4} and all the non-empty
subsets of these. Note the triangle {0, 1,2} is intended to be solid, (but I did not work out how to
do it on the Latex system I was using!)

Simplicial complexes are a natural combinatorial generalisation of (undirected) graphs. They
not only have vertices and edges joining them, but also possible higher dimensional simplices
relating paths in that low dimensional graph. It is often convenient to put a (total) order on the
set V(K) of vertices of a simplicial complex as this allows each simplex to be specified as a list
o = (vo,v1,...,0,) With vg < v1 < ... < vy, instead of as merely a set {vg,vy,...,v,} of vertices.
This, in turn, allows us to talk, unambiguously, of the k¥ face of such a simplex, being the list
with v omitted, so the zeroth face is (vy,...,v,), the first is (vg, v, ..., v,) and so on.

Although strictly speaking different types of object, we tend to use the terms ‘vertex’ and ‘0-
simplex’ interchangeably and also use ‘edge’ as a synonym for ‘1-simplex’. We will usually write Ky
for V(K) and may write K for the set of edges of a graph, thought of as a 1-dimensional simplicial
complex.

An abstract simplicial complex is a combinatorial gadget that models certain aspects of a spatial
configuration. Sometimes it is useful, perhaps even necessary, to produce a topological space from
that data in a simplicial complex.

Definition: To each simplicial complex K, one can associate a topological space called the
polyhedron of K often also called or geometric realisation of K and denoted |K]|.

This can be constructed by taking a copy K (o) of a standard topological p-simplex for each
p-simplex of K and then ‘gluing’ them together according to the face relations encoded in K.

Definition: The standard (topological) p-simplex is usually taken to be the convex hull of the
basis vectors eq,es,...,€e,11 in RPHL to represent each abstract p-simplex, o € S(K), and then
‘gluing’ faces together, so whenever 7 is a face of o we identify K (7) with the corresponding face
of K (o). This space is usually denoted AP.

There is a canonical way of constructing |K| as follows: |K| is the set of all functions from
V(K) to the closed interval [0, 1] such that

e if a € |K|, the set
{v e V(K) | a(v) £ 0}

is a simplex of K;
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e for each v € V(K), Z a(v) = 1.
aeV(K)

We can put a metric d on |K| by

1

do,B) = (Y ole) = pu(8)?)’

veV(K)

This however gives |K| as a subspace of R#(V(K)) and so is usually of much higher dimension then

might seem geometrically significant in a given context. For instance, the above example would be
represented as a subspace of R®, rather than R?, although that is the dimension of the picture we
gave of it.

Given two simplicial complexes K, L, then a function on the vertex sets, f : V(K) — V(L)
is a simplicial map if it preserves simplices. (But that needs a bit of care to check out its exact
meaning! ... for you to do. Look it up, or better try to see what the problem might be, try to
resolve it yourself and then look it up! )

1.2.4 Betti numbers and Homology

One of the first sorts of invariant considered in what was to become Algebraic Topology was the
family of Betti numbers. Given a simple shape, the most obvious piece of information to note would
be the number of ‘pieces’ it is made up of, or more precisely, the number of components. The idea
is very well known, at least for graphs, and as simplicial complexes are closely related to graphs,
we will briefly look at this case first.

For convenience we will assume the vertices V' = V(I') of a given finite graph, I, are ordered, so
for each edge e of I, we can assign a source s(e) and a target t(e) amongst the vertices. (This gives
us a ‘directed graph’ or ‘quiver’?). Two vertices v and w are said to be in the same component of
T if there is a sequence of edges, eq,...,ex, of I' joining them?®. There are, of course, several ways
of thinking about this, for instance, define a relation ~ on V' by : for each e, s(e) ~ t(e). Extend
~ to an equivalence relation on V in the standard way, then v ~ w if and only if they are in the
same component. The zeroth Betti number, y(T"), is the number of components of T'.

The first Betti number, 8;(I"), somewhat similarly, counts the number of cycles of I'. We have
ordered the vertices of I', so have effectively also directed its edges. If e is an edge, going from u
to v, (so u < v in the order on I'y), we write e also for the path going just along e and —e for
that going backwards along it, then extend our notation so s(—e) = t(e) = v, etc. Adding in these
‘negative edges’ corresponds to the formation of the symmetric closure of ~. For the transitive
closure we need to concatenate these simple one-edge paths: if €’ is an edge or a ‘negative edge’
from v to w, we write e + €’ for the path going along e then ¢’. Playing algebraically with s and ¢
and making them respect addition, we get a ‘pseudo-calculation’ for their difference 9 =t — s:

dle+e)=tlet+e)—s(e+e)=tle)+tle)—s(e)—s(e)=t()—s(e) =u—w,

since t(e) = v = s(¢’). In other words, defined in a suitable way, we would get that 9, equal to
‘target minus source’, applies nicely to paths as well as edges, so that, for instance, two vertices

2We will return to discuss directed graphs aka quivers, in section 2.2.3.
3In fact here, the ordering we have assumed on the vertices complicates the exposition a little, but it is useful
later on so will stick with it here.
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would be related in the transitive closure of ~ if there was a ‘formal sum’ of edges that mapped
down to their ‘difference’. We say ‘formal sum’ as this is just what it is. We will need ‘negative
vertices’ as well as ‘negative edges’.

We set this up more formally as follows: Let
Co(T') = the set of formal sums, > ayv with a, € Z, the additive group of integers, (an
alternative form is to take a, € R.;

C1(T') = the set of formal sums, »  p, bee with be € Z,
where I'1 denotes the set of edges of I', and 0 : C1(I") — Cp(I") defined by extending additively the
mapping given on the edges by 9 =t — s.

The task of determining components is thus reduced to calculating when integer vectors differ by
the image of one in C1(I"). The Betti number 5y(T") is just the rank of the quotient Cy(I")/Im(9),
that is, the number of free generators of this commutative group. This would be exactly the
dimension of this ‘vector space’ if we had allowed real coefficients in our formal sums not just
integer ones.

Having reformulated components and ~ in an algebraic way, we immediately get a pay-off in
our determination of cycles. A cycle is a path which starts and ends at the same vertex; a path is
being modelled by an element in C;(I'), so a cycle is an element = in C;(v) satisfying 9(x) = 0.
With this we have 1 (I") = rank(Ker(0)), a similar formulation to that for 5y. The similarity is
even more striking if we replace the graph I' by a simplicial complex K. We can then define in
general and in any dimension p, C,(K') to be the commutative group of all formal sums K, 40

We next need to get an analogue of the 0 = t — s formula. We want this to correspond to
the boundary of the objects to which it is applied. For instance, if o was the triangle / 2-simplex,
(vo,v1,v2), we would want do to be (v1,v2) + (v, v1) — (vg, v2), since going (clockwise) around the
triangle, that cycle will be traced out:

vel

(vo, v2)

If we write, in general, d;o for the i'" face of a p-simplex o = (v, ... ,Up), then in this 2-
dimensional example 0o = dgo — dio + doo, changing the order for later convenience. This is the
sum of the faces with weighting (—1)? given to d;o. This is consistent with 0 =t — s in the lower
dimension as t = dp and s = dy. We can thus suggest that

8=0,: Cp(K) — Cp1(K)

be defined on p-simplices by

and then extended additively to all of C},(K).
As an example of what this does, look at a square K, with vertices vy, v1, v2, v3, edges (v, viy1)
for i = 0,1,2 and (vg,v2), and 2-simplices o1 = (vg,v1,v2) and o3 = (vg,va,v3). As the square
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has these two 2-simplices, we can think of it as being represented by o1 + o2 in C2(K), then
(o1 + 02) = (vg, v1) + (v1,v2) + (v2,v3) — (vo,v3), as the two occurrences of the diagonal (vg,va)
cancel out as they have opposite sign, and this is the path around the actual boundary of the
square.

It is important to note that the boundary of a boundary is always trivial, that is, the composite

mapping ) )
oK) 25 Cpr(K) 275 Cpa ()

is the mapping sending everything to 0 € Cp,_;(K).

The idea of the higher Betti numbers, 3,(K), is that they measure the number of p-dimensional
‘holes’ in K. Imagine we has a tunnel-shaped hole through a space K, then we would have a cycle
around the hole at one end of the tunnel and another around the hole at the other end. If we
merely count cycles then we will get at least two such coming from this hole, but these cycles are
linked as there is the cylindrical hole itself and that gives a 2 dimensional element with boundary
the difference of the two cycles. In general, a p-cycle will be an element = of C,(K) with trivial
boundary, i.e., such that dz = 0, and we say that two p-cycles x and z’ are homologous if there is
an element y in Cpq1(K) such that dy = 2 — 2’. The ‘holes’ correspond to classes of homologous
cycles as in our tunnel.

The number of ‘independent’ cycle classes in the various dimensions give the corresponding
Betti number. Using some algebra, this is easier to define rigorously, but, at the same time, the
geometric insights from the vaguer description are important to try to retain. (They are not always
put in a central enough position in textbooks!) This algebraic approach identifies 5,(K) as the
(torsion free) rank of a certain commutative group formed as follows: the p!* homology group of
K is defined to be the quotient:

_ Ker(9,: Cp(K) = Cp—1(K))
Hy(K) = Im(0p : Cps1(K) = Cp(K))

and then £, (K) = rank(Hy(K)).

Thus far we have from K built a sequence of modules, C(K),, generated by the n-simplices
of K and with homomorphisms 9, : Cp(K) — Cp—1(K) satistying 9,10, = 0.. (We abstract this
structure calling it a chain complex. We will look at in more detail at several places later in these
notes.)

Exercises: Try to investigate this homology in some very simple situations perhaps including
some of the following:
(a) V(K) ={0,1,2,3}, S(K) = P(V(K)) \ {0,{0,1,2,3}}. This is an empty tetrahedron so one
expects one 3-dimensional hole., i.e., f3(K) =1 but the others are zero.
(b) A[2] is the (full) triangle and 9A[2] its boundary, so is an empty triangle. Find the homology
of 0A[2] x OA[2], which is a triangulated torus.
(c) Find the homology of A[1] x OA[2], which is a cylinder.

Note, it is up to you to find the meaning of product in this context. Remember the discussion
of the square, above, which is, of course A[1] x A[1].

Often cohomology is more use than homology. Starting with K and a module M work out
C"(K,M) = Hom(C(K),,M). Now the boundary maps increase (upper) degree by one. The
cohomology is H"(K, M) = Ker 0"/Im d"~!. Again this measures ‘holes’ detectable by M! What



26 CHAPTER 1. PRELIMINARIES

does that mean? The cohomology groups are better structured than the homology ones, but how
are these invariants be interpreted?

A simplicial map, f : K — L, will induce a map on cohomology groups. Try it! We can
equally well do this for chain or ‘cochain complexes’. There is a notion of chain map between chain
complexes, say, ¢ : C' — D and such a map will induce maps on both homology ad cohomology.
Of special interest is when the induced maps are isomorphisms. The chain map is then called a
quasi-isomorphism.

1.2.5 Interpretation

The question of interpretation is a very crucial one but, rather than answering it now, we will return
to the cohomology of groups. The terminology may seem a bit strange. Here we have been talking
about measuring holes in a space, so how does that relate to groups. The idea is that one builds a
space from a group in such a way as the properties of the space reflect those of the group in some
sense. The simplest case of this is an Eilenberg - Mac Lane space, K(G,1). The defining property
of such a space is that its fundamental group is G whilst all other homotopy groups are trivial.
Eilenberg and Mac Lane showed that however such a space was constructed its cohomology could be
got just from G itself and that cohomology was related with the extension problem and the invariant
module problem. Their method was to build a chain complex that would copy the structure of the
chain complex on the K (G, 1). This chain complex, the bar resolution, was very important because
although in the group case there was an alternative route via the topological space K(G,1), for
many other types of algebraic system (Lie algebras, associative algebras, commutative algebras,
etc.), the analogous basic construction could be used, and in those contexts no space was available.
Thus from G, we want to construct a nice chain complex directly. The construction is reasonably
simple. It gives a natural way of getting a chain complex, but it does not exploit any particular
features of the group so if the group is infinite, the modules will be infinitely generated, which will
occupy us later, as we use insights from combinatorial group theory to construct smaller models
for equivalent resolutions, and better still look at ‘crossed’ versions.
For the moment we just need the definition (adapted from the account given in Wikipedia):

1.2.6 The bar resolution

The input data is a group G and a module M with a left G-action (i.e., a left G-module).
For n > 0, we let C"(G, M) be the group of all functions from the n-fold product G™ to M:

C"(G,M)={p:G"— M}

This is an Abelian group; its elements are called the n-cochains. We further define group homo-
morphisms

o C™(G, M) — C"™HG, M)
by

9"()(go,--- 9n) = go-¢(g1,---,9n)
n—1
+ Z(_I)H‘lw(g[)’ -3 9i—-1,9i9i4+1, Gi+2, - - - 7gn)
=0

_{_(_1)71—1—1%0(90’ cee 7gn—1)
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These are known as the coboundary homomorphisms. The crucial thing to check here is 8"t 09" =
0, thus we have a chain complex and we can ‘compute’ its cohomology. For n > 0, define the group
of n-cocycles as:

Z"(G,M) = Kerd"

and the group of n-coboundaries as

and
H"(G,M)=27"(G,M)/B"(G,M).

Thinking about this topologically, it is as if we had constructed a sort of space / simplicial complex,
K, out of G by taking K,, = G"™. We will see this idea many times later on. This cochain complex
is often called the bar resolution. It exists in a normalised and a unnormalised form. This is the
unnormalised one. It can also be constructed via a chain complex, sometimes denoted SG, so that
this C'(G, M) is formed by taking Hom(SG, M), in a suitable sense.

There are lots of properties that are easy to check here. Some will be suggested as exercises for
you to do. For others, you can refer to some of the standard textbooks that deal with introductions
to group cohomology, for instance, K. Brown’s [55].

One further point is that this cohomology used a module, and so encodes ‘commutative’ or
Abelian information. We will be also looking at the non-Abelian case.

Before we leave this introduction to cohomology, it should be mentioned that in the topological
case, if we do not have a simplicial complex to start with, we either use the singular complex (see
next section) which is a simplicial set and not a simplicial complex, but the theory extends easily
enough, or we use open covers of the space to build a system of simplicial complexes approximating
to the space. We will see this later as Cech cohomology. This is most powerful when the module
M of coefficients is allowed to vary over the various points of the space. For this we will need the
notion of sheaf, which will be discussed in some detail later.

1.3 Simplicial things in a category

1.3.1 Simplicial Sets

Simplicial objects are extremely useful. Simplicial sets extend ideas of simplicial complexes in a neat

way. They combine a reasonably simple combinatorial definition with subtle algebraic properties.

Their original construction was motivated in algebraic topology by the singular complex of a space.
If X is a topological space, Sing(X) denotes the collection of sets and mappings defined by

Sing(X), = Top(A"™, X), neN,
where A" is the usual topological n-simplex given, for example, by

{z € R+ | Ziﬁl =1; all z; > 0}.
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There are inclusion maps, §; : A”"! — A" and ‘squashing’ maps, o; : A"™! — A" and these
induce the face maps,

d; - Sing(X)yn — Sing(X)n—1, 0<i<n,
and degeneracy maps,

si 2 Sing(X)n — Sing(X)n+1, 0<i<n.
These satisfy the simplicial identities,

didj = dj_ldi if i< j,

Sj_ldi if i<y,
dis; = { id ifi=j orj+l1,
dei—l ifi>j+1,

8i8j = SjS8i—1 if 7> J-

This structure is abstracted to give a family of sets, {K,, : n > 0}, face maps, d; : K,, - K,_1 and
degeneracy maps, s; : K, — K, 1, satisfying these simplicial identities. The result is a simplicial
set.

Remark: Using the singular complex, we can proceed much as in our earlier discussion to
define singular homology groups for a space. Starting from Sing(X), take a free Abelian group in
each dimension then take the alternating sum of the faces to get a boundary map and thus a chain
complex, C(X), then take the homology of that. (We do not give details as this is very readily
available in standard texts on algebraic topology.)

If C is any category, a simplicial object in C is given by a family of objects of C, {K,, : n > 0},
and morphisms d; and s; as above. If A denotes the category of finite ordinal sets, [n] = {0 <1 <
... < n} and order preserving functions between them, then a simplicial object in C is simply a
functor, K : A° — C, so the obvious definition of a simplicial map will be a natural transformation
of functors, f : K — L. This translates as a family of morphisms, f, : K,, — L,, compatible in
the obvious way with the d; and s;.

Notation and terminology: Of particular importance amongst the maps of A are two
families of very simple maps, the coface morphisms and the codegeneracy morphisms. The coface
maps, d; or, using a more precise notation, 6/ : [n — 1] — [n] for 0 < i < n are injective maps, and
07" misses out ¢ from its image. For instance, for n = 2, 67 sends 0 to 0 and 1 to 2, so picks out the
face opposite the object 1 in the above picture.

For 0 < i < n, the i'" codegeneracy morphism, o? : [n + 1] — [n], is the surjective order
preserving map that ‘doubles up’ the image of 4, so, for instance, for n = 1, 0%(0) = 0, whilst 03(1) =
02(2) = 1. Usually for both coface and codegeneracy morphisms, we will omit the dimensional
superfix if there is little danger of confusion.

These morphisms generate A with some simple relations between them given by ‘cosimplicial
identities’.
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We denote the category of simplicial objects in C by Simp(C) or Simp.C, but will shorten
Simp(Sets) to S.

The category, S, models all homotopy types of spaces. It is a presheaf category, so is a topos
and has a lot of nice structure including products, and mapping space objects S(K, L), where

S(K,L), = 8(K x An], L).

Here A[n] = A(—,[n]), the standard simplicial n-simplex. This has a special n-simplex, namely
the element ¢, in A[n], determined by the identity map.

The Yoneda lemma, from category theory, gives us an isomorphism S(A[n], K) & K,,, and so,
for any m-simplex, x, gives us a simplicial map "z : A[n] — K, which is sometimes called the
name, or representing map of x. From "z, you get x back by evaluating on "z on ¢,.

Examples of simplicial sets.
First let us have a trivial example, ..., trivial but often very useful.

Definition: Given a set, X, the discrete simplicial set, K(X,0), is defined to have K(X,0), =
X for all n and to have all face and degeneracy maps given by the identity function on X. A
simplicial set, K, is said to be discrete if it is isomorphic to one of form K (X,0) for some set X.
(An easy extension gives the notion of discrete simplicial object in a category.)

With more substance, we have the following examples:

(i) If A is a small category or a groupoid, we can form a simplicial set, Ner(A), defined by
Ner(A), = Cat([n], A), with the obvious face and degeneracy maps induced by composition with
the analogues of the §; and o;. The simplicial set, Ner(A), is called the nerve of the category A.
An n-simplex in Ner(A) is a sequence of n composable arrows in A.

This is easier to understand in pictures:

Ner(A)p is the set of objects;
Ner(A); is the set of arrows or morphisms;
Ner(A)z is the set of composable pairs of morphisms, so 0 € Ner(A)s will be of form o =
(a0 B a1 B ag). Visualising this as a triangle shows the faces more clearly:

ai
2N

ao alan

a2
The case Ner(A), for n = 3, etc. are left to you. This is worth doing if you have not seen it before.

Note that in these contexts, we will sometimes use composition in the ‘left-to-right’ order, but
in general categorical settings will use gf being first do f then g. To stick exclusively to one or the
other is usually awkward, so we use both as appropriate. This sometimes means we have to take
extra care over the conventions that we are using at a particular time.

If we have a group, G, consider it as the one object groupoid G[1] as before, then Ner(G[1]) is
really the simplicial set corresponding to our construction of the bar resolution of G. It is called
the nerve of G, and is a classifying space for G, an aspect that we will explore later in some detail.

If we have a discrete category A, i.e., A has no non-identity morphisms between objects, then
A is really just a set, and Ner(A) is a discrete simplicial set.
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(ii) Suppose we have a simplicial complex K, then it almost is a simplicial set. There are some
problems, but they are easily resolved. If we, a bit naively, set K, to be the set of n-simplices of
K, then how are we to define the face maps, and if K has no simplices in dimensions greater than
n say, K,11 will be empty so degeneracies cause problems as you cannot map from a non-empty
set to an empty one!

That was too naive, so we pick a partial order on the vertices of K such that any simplex is totally
ordered, (for instance, a total order on V(K) does the job, but may not be convenient sometimes
and so may be ‘overkill’). Now, reset K, to be the set of all ordered strings, o = (zg,...,xy)
of vertices, for which the underlying (unordered) set is a simplex of K. The degeneracies now
can be handled simply. For example, if 0 = (xg,z1) is a 1-simplex in this simplicial set, then
soo = (0, To, 1), whilst s10 = (xg,x1,21). (The details are left to you to complete. Note we did
not specify how to define the face maps, so you need to do that as well and to verify that it all fits
together neatly.) This construction gives a reasonably small simplicial set model of the simplicial
complex, but is not a functorial construction.

There is another way of going from simplicial complexes to simplicial sets that we will explore
in detail later on, in section 4.4.3. For the moment, we will merely give the ‘formula’. If K is a
simplicial complex, this time we take K" to be the set of (n+ 1)-tuples of elements from the set,
V(K), of vertices of K such that the underlying set (i.e., removing any repetitions) is a simplex of
K. This construction is functorial, so it converts maps of simplicial complexes to maps of simplicial
sets as well as converting the objects. This is an advantage over the first method we mentioned,
but at the price of a much larger set of simplices in all dimensions.

If you want to learn more about basic simplicial set theory, the old paper of Curtis, [96] and
Peter May’s monograph, [196], are very readable. There is a fairly well behaved notion of homotopy
in S, and simplicial homotopy theory is the subject of many good books. A chatty introduction to
it can be found in Kamps and Porter, [169], which, of course, is highly recommended!

The homotopy theory of simplicial sets yields a notion of weak equivalence. (This is similar to
‘quasi-isomorphism’ in the homotopy theory of chain complexes.) There are homotopy groups and
f: K — L is a weak equivalence if f induces isomorphisms on all homotopy groups. We will not
need the detailed definition yet.

We next look at some simplicial algebraic gadgets, especially simplicial groups and simplicially
enriched groupoids. We will concentrate on the first but must mention the second for completeness.

1.3.2 Simplicial Objects in Categories other than Sets

If Ais any category, we can form Simp.A = AA™. (Sometimes we will use a variant notation:
Simp(A), as occasionally the first notation may be ambiguous.)

These categories often have a good notion of homotopy as briefly mentioned above; see also the
discussion of simplicially enriched categories in [169]. Of particular use are:

(i) Simp.Ab, the category of simplicial Abelian groups. This is equivalent to the category of
chain complexes by the Dold-Kan theorem, which we will mention in more detail later.

(ii) Simp.Grps, the category of simplicial groups. This ‘models’ all connected homotopy
types, by Kan, [171] (cf., Curtis, [96]). There are adjoint functors, G : Sconn — Simp.Grps,
W : Simp.Grps — Seonn, with the two natural maps GW — Id and Id — WG being weak
equivalences.
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Results on simplicial groups by Carrasco, [75], generalise the Dold-Kan theorem to the non-
Abelian case, (cf., Carrasco and Cegarra, [70]).

(iii) ‘Simp.Grpd’: in 1984 Dwyer and Kan, [111], (and also Joyal and Tierney, and Duskin and
van Osdol, cf., Nan Tie, [210, ]) noted how to generalise the (G, W) adjoint pair to handle all
simplicial sets, not just the connected ones. (Beware there are several important printing errors in
the paper [111].) For this they used a special type of simplicial groupoid. Although the term used
in [111] was exactly that, ‘simplicial groupoid’, this is really a misnomer and may give the wrong
impression, as not all simplicial objects in the category of groupoids are used. A probably better
term would be ‘simplicially enriched groupoid’, although ‘simplicial groupoid with discrete objects’
is also used. We will denote this category by &—Grpd.

This category ‘models’ all homotopy types using a mix of algebra and combinatorial structure.

We will later describe both G' and W in some detail, and will use simplicially enriched groupoids
and simplicially enriched categories as well.

(iv) Nerves of internal categories: Suppose that D is a category with finite limits and C' is an
internal category in D. What does that mean? In our earlier discussion on groupoids, we had the
diagram that looked a bit like

s
— >

Cl Ht- C() .
%
1
We complete this one stage to build in the set of composable pairs Cy = C; X¢, C; and the
multiplication/ composition map, which we denote here by m.

p1 s
_— _S5 .
m
Cr 5= 1= Co.

%

We did this previously within the category of sets, but could do it equally well in D. We should also
mention an object C3 given by a ‘triple pullback’, which is useful when discussing the associativity
of composition. This will give us the analogue of a small category, but in which the object of objects
and the object of arrows are both themselves objects of D and the source target and composition
maps are all morphisms in that category.

If one interprets this for D = Sets, it becomes clear that this diagram that we seem to be
building is part of the diagram specifying the nerve of the small category, C, with Cy the set of
objects, Cq that of morphisms, Cy that of composable pairs and so on. (We have not specified the
two degeneracies from C] to Cy in the diagram, but this is merely because we left the details of
the rules governing identities out of our earlier discussion.) This builds a simplicial object in D as
follows: take an n-fold pullback to get

Cn=C1 xg, C1 Xc, C1 Xy - - Xy C1s

n

define face and degeneracies by the same sort of rules as in the set based nerve, that is, in dimension
n, dy and d, each leave out an end, whilst the d; use the composition in the category to get a
composite of two adjacent ‘arrows’; and the degeneracies are ‘insertion of identities’. (Working out
how to do these morphisms in terms of diagrams is quite fun!) We thus get a simplicial object in
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D called the nerve of the internal category, C. We will use this in several situations later in a key
way. In particular, we will use the case D = Grps.

Later on, we will use internal functors and natural transformations as well. For the moment, the
description of these structures is left to you. Notationally, we will write C'at(D) for the category
of internal categories in D. As you might expect, the above nerve construction is a functor from
Cat(D) to Simp(D). (If you know about such things, you might also expect that Cat(D) can be
thought of as a 2-category, ..., you would be right, but we will leave that until much later on.)

(v) Bisimplicial and multisimplicial objects: A useful category in which we can take simplicial
objects is S itself, and the same is true for other categories of form Simp(A). For simplicity we
will start by looking at simplicial objects in S.

As a simplicial object in a category A is just a functor from A to A, a simplicial object in
S is such a functor taking values that themselves are functors from A to Sets. Another way to
look at these is a ‘functor of two variables’ using a categorical version of the way that a function
of two variables, f : X XY — Z, can be thought of as a function f : X — ZY from X to the set of
functions from Y to Z. Of course, f(z,y) = f(z)(y) and similarly for the functors. We thus have
a description of a simplicial object in S as corresponding to a functor X : A% x A° — Sets.

Definition: A bisimplicial set is a functor X : A% x A°? — Sets. . A morphism of bisimplicial
sets, f : X — Y is a natural transformation between the corresponding functors. More generally a
bisimplicial object in a category A is a functor X : A% x A°? — A, similarly for the corresponding
morphisms. The corresponding categories will denoted BiS := BiSimp(Sets) and in general
BiSimp(A).

A simplicial set can be specified by giving sets X,, and face and degeneracy ‘operators’ between
them satisfying the simplicial idenities. A bisimplicial set is similarly specified by a bi-indexed
family of sets X, , and two families of simplicial operators. We may use the terms ‘horizontal” and
‘vertical’ for these two families as that is how the corresponding diagrams are often drawn. For
instance, the bottom part of a bisimplicial set will look a bit like the following;:

(As usual in such diagrams, there is not really room to show the degeneracy maps and so these
are omitted from the picture.) In addition to the simplicial identities holding in each direction,
each horizontal face or degeneracy has to be a simplicial map between the vertical simplicial sets.
Practically this means that the diagram must commute.

We will later meet bisimplicial groups, and also briefly multisimplicial objects in which the
number of variables is not limited to two. For instance, the nerve of a simplicial group is most
naturally viewed as a bisimplicial set, and similarly the nerve of a bisimplicial group is a trisimplicial
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set, that is a functor from A% x A% x A to Sets. There are ways of passing between such things
as we will see later.

(vi) Cosimplicial things: At certain points in the development of cohomology and related areas
we will have need to talk of cosimplicial sets.

Definition: A cosimplicial set is a functor, K : A — Sets, and a morphism of such is a
natural transformation between the corresponding functors. The category of such will be denoted
CoSimp(Sets), and similarly for the obvious generalisations to other settings, namely cosimplicial
objects in a category A, being functors K : A — A with corresponding morphisms forming a
category CoSimp(A).

This looks at one and the same time very similar and very different to simplicial objects.
Certainly analysis of, say, simplicial groups is much easier than that of cosimplicial groups, but, as
any functor, K : A — A, gives uniquely a functor, K : AP — A a cosimplicial object is also
a simplicial object in the opposite category. The problem, thus, is that often the opposite category
of a well known category, such as that of groups, is a lot less nice. Even the dual of Sets is not
that ‘well behaved’.

Conjugation: There is an ‘inversion’ operation on each finite ordinal in A, which reverses the
order on the ordinal, that is, it sends {0 < 1 < ... <n} to {0 >1> ... > n}. Of course the
resulting object is isomorphic to the original, but this isomorphism is not compatible with the face
or degeneracy maps. This operation induces an operation on simplicial objects, that we will call
conjugation.

Definition: Given a simplicial object, X in a category A, the conjugate simplicial object,
ConjX, is defined by
(ConjX), = Xn,

di : (ConjX)y, — (ConjX)p—1=dn—i: Xn— Xpn_1

for each 0 <4 < n, and, similarly,

i (CongX)p — (ConjX)pi1 = sn—i: Xn — Xnt1.

Clearly X and ConjX are closely related. For instance, they have isomorphic geometric re-
alisation, isomorphic homotopy groups, ..., but the actual comparisons are quite difficult to give
because there are, in general, very few simplicial morphisms from X to ConjX. The conjugate of a
simplicial set is also sometimes called its opposite. This works well with regard to the construction
of the nerve of a category.

Example: In some contexts, a situation naturally leads to a variant form of the nerve functor
being used. Suppose that A is a category. Our usual notation for an n-simplex in Ner(A) would
be something like (ag = a; — ... %3 a,), but sometimes the order of the terms is reversed as it

. . . . / O"/n / Oél / . . . .
may be more natural, in certain situations, to use (al, =% a/,_; —— ajy). This might typically arise
if one has a right action of some group instead of the left actions that we will tend to meet more
often. It also occurs sometimes in the way that terms of the Bousfield-Kan form of the homotopy
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colimit construction are presented, (see the comment on page 688). The link between the two forms
is a} = ap—; and o, = a,—_;11. The face operators delete or compose in the conjugate way. Of
course, the nerve based on this notational form is the conjugate of the one we have defined earlier.
We will refer to it as the conjugate nerve of the category.

We should also note that, if A is a (small) category, and A its opposite then Ner(A°) and
ConjNer(A) are isomorphic simplicial sets. Because of this we may occasionally write Ner(A)°P
as a synonym for ConjNer(A).

1.3.3 The Moore complex and the homotopy groups of a simplicial group
Given a simplicial group G, the Moore complezr, (NG, ), of G is the chain complex defined by

n
NG, = mKerd?
i=1

with 0, : NG,, = NG,—1 induced from dfj by restriction. (Note there is no assumption that the
NG,, are Abelian.)
The nt" homotopy group, m,(G), of G is the n*" homology of the Moore complex of G, i.e.,

™ (G) H,(NG,0),

n o Kerd?) /dPH (ML Ker d? ™).
=0 ) 0 i=1 7

(You should check that ONG,+1 < NG,,.)
The interpretation of NG and m,(G) is as follows:
forn=1, g € NGy,

le _9. eJg

[ ]
1 dg
g
[ ] ﬁ [ ]
and so on.

We note that g € NG5 is in Ker 0 if it looks like

whilst it will give the trivial element of mo(G) if there is a 3-simplex = with g on its third face and
all other faces are the identity element of the corresponding dimension.

This simple interpretation of the elements of NG and m,(G) will ‘pay off’ later by aiding
interpretation of some of the elements in other situations. The homotopy groups we have introduced
above have been defined purely algebraically as homology of a related complex. Any simplicial

and g € NG looks like
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group gives us a base pointed simplicial set simply by forgetting the group structure and taking
the identity element as the base point. Any pointed simplicial set gives homotopy groups in two
different ways. There is an intrinsic way that is described in detail in, for instance, May’s book,
[196], but they can also be defined via a geometric realisation, which produces a space from the
simplicial set. These two ways always give the same answer, and in the case that we are looking
at of an underlying simplicial set of a simplicial group, this group coincides with that defined via
the Moore complex. (This is easily found in the literature if you want to check up on it, so we will
not repeat it here.)

n-equivalences and homotopy n-types Let n > 0. A morphism, f : G — H, of simpli-
cial group(oid)s is an n-equivalence if the induced homomorphisms, 7 (f) : 7 (G) — mx(H) are
isomorphisms for all k < n.

Inverting the n-equivalences in Simp.Grps gives a category H o, (Simp.Grps) and two simplicial
groups have the same n-type if they are isomorphic in Ho, (Simp.Grps).

Remark and warning: For a space or simplicial set K, mx(K) = m,—1(G(K)), so these
simplicial group n-types correspond to restrictions on m(K) for k < n in the spatial context.

To consider the application of this to homotopical and homological algebra, we will also need
the following:

Definitions: (i) A simplicial group, G, is augmented by specifying a constant simplicial group
K(G_1,0) and a surjective group homomorphism, f = dj : Go — G_1 with fd} = fd} : G1 — G_1.
An augmentation of the simplicial group G is then a map

G — K(G_l,O),

where K(G_1,0) is the constant simplicial group with value G_;.
(ii) An augmented simplicial group, (G, f), is acyclic if the corresponding complex is acyclic,
i.e., Hy(NG) =1 for n > 0 and Ho(NG) = G_;.

Remarks: (i) The above notions are just particular instances of the general notion of an
augmented simplicial object in a category, and the corresponding idea of acyclic such things in
settings where the definition makes sense.

(ii) When considering augmented simplicial objects, we sometimes use the notation dy or d for
the augmentation map as then the condition fd = fd} becomes dody = dod;, which is a natural
extension of the simplicial identities.

1.3.4 Kan complexes and Kan fibrations

Within the category of simplicial sets, there is an important subcategory determined by those
objects that satisfy the Kan condition, that is the Kan complezes.

As before we set A[n] = A(—,[n]) € S, then, for each i, 0 < i < n, we can form, within A[n],
a subsimplicial set, A’[n], called the (n,4)-horn or (n,i)-bor, by discarding the top dimensional n-
simplex (given by the identity map on [n]) and its i** face. We must also discard all the degeneracies
of those simplices.

By an (n,i)-horn or bor in a simplicial set K, we mean a simplicial map f : A’[n] — K. Such
a simplicial map corresponds intuitively to a family of n simplices of dimension (n — 1), fitting
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together to form a ‘funnel’ or ‘empty horn’ shaped subcomplex within K. The family is thus a
sequence, (Ko, ...,ki—1,—,Kit1,...,kn), with each ky € K,,_1, satisfying d¢k; = d;j_1ke, for £ < j,
whenever both k, and k; are in the sequence. The idea is that a Kan fibration of simplicial sets
is a map in which the horns in the domain can be ‘filled’ if their images in the codomain can be.
More formally:

Definition: A map, p: E — B, is a Kan fibration if, for any n, i as above, given any (n,)-horn
in F, specified by a map fi : A'[n] — E, together with an n-simplex, fo: A[n] — B, such that

f E
incl lp
B

commutes, then there is an f : A[n] — FE such that pf = fo and f.inc = fi, i.e., f lifts fy and
extends fi.

>
3
:

We also say that p satisfies the Kan lifting condition if this is true.

Definition: A simplicial set, K, is a Kan complex if the unique map K — A[0] is a Kan
fibration. This is equivalent to saying that every horn in K has a filler, i.e., any fi : A'[n] = Y
extends to an f: A[n] = Y.

Singular complexes, Sing(X), and the simplicial mapping spaces, Top(X,Y), are always Kan
complexes.

Lemma 1 The nerve of a category, C, is a Kan complex if and only if the category is a groupoid.
[ |

The proof is left to the reader.

This is very important as the filler structure involves compositions and inverses, so encodes the
algebraic structure of C. Later we will use this many times, sometimes explicitly, but often it will
be giving structure behind the scenes, for instance, internally within some other category.

There is a property of Kan fibrations, that is very useful, namely that the pullback of a Kan
fibration along a simplicial map is again a Kan fibration. More precisely:

Proposition 1 Let p: E — B be a Kan fibration, and let f : X — B be a simplicial map, and
form the pullback of p along f, written f*(p) : Ey — X. This map is a Kan fibration.

Proof: (Just to help you think about f*(p) : £y — X more concretely, first note that f*(p) :
E; — X is only really defined up to isomorphism as it is given by a universal property in the usual
way, but we can find a particular ‘model’ of that isomorphism class of potential things as follows.
Look at the simplicial set X xpg E, where

(X xg E)n ={(z,€) |z € Xn,e € En, f(z) =ple)}
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and where face and degeneracy maps are defined componentwise, so d;(x,e) = (d;(x), d;(e)), etc.
The map, f*(p) is then represented by the first projection. We will not use this model explicitly.
It is just there to help you if need be. Make sure you have looked up the universal property of
pullbacks as we will need it.)

We have a pullback square:

BT

FE
f*(p)i lp
B.

X ——

Now assume we are given a diagram

and we seek a lift of fo to E¢. Composing fy and f on the base, and f; and f’ up top, and using the
Kan fibration property of p, we get a lift, g, of ffy to E. (Draw the diagram.) Using the maps
fo and g, you check that ffy = pg, and the universal property of the original pullback square gives
you a map, h, say, to Ey. It now just remains to check that this is a lift of fp, and an extension of
f1, and checking that is left to you. ]

This result is often stated by saying that the class of Kan fibrations is pullback stable.

1.3.5 Simplicial groups are Kan

If G is a simplicial group, then its underlying simplicial set is a Kan complex. Moreover, given a
box in G, there is an algorithm for filling it using products of degeneracy elements. A form of this
algorithm is given below. More generally if f : G — H is an epimorphism of simplicial groups,
then the underlying map of simplicial sets is a Kan fibration.

The following description of the algorithm is adapted from May’s monograph, [190], page 67.

Proposition 2 Let G be a simplicial group, then every box has a filler.

Proof: Let (yo, .-, Yk—1, — Yk+1,---,Yn) give a horn in G,_1, so the y;s are (n — 1) simplices that
fit together as if they were all but one, the k& one, of the faces of an n-simplex. There are three
cases:

(i) k = 0: Let w, = sp,_1y» and then w; = w;y1(s;_1d;wir1) ts;_1y; for i = n, ..., 1, then wy

satisfies d;wy = y;, © # 0;

(i) 0 < k < n: Let wo = soyo and w; = w;_1(s;djw;_1) ‘s;y; for i = 0,...,k — 1, then
take w, = wk,l(sn_ldnwk,l)*lsn_lyn, and finally a downwards induction given by w; =
wi+1(si,ldinl)_lsi,lyi, for 1 = n,... ,k + 1, then Wk+1 giVGS diwk+1 =Y; for ¢ 75 k;

(iii) the third case, k = n uses wg = soyo and w; = w;_1(s;d;w;_1) 's;y; for i = 0,...,n — 1, then
wp—1 satisfies d;w,—1 = y;, ¢ # n. [ |
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Some discussion of how you can think of this algorithm can be found in [169].

(You could see if you can adapt the idea of this proof to prove the result mentioned immediately
before the statement, namely: if f : G — H is an epimorphism of simplicial groups, then the
underlying map of simplicial sets is a Kan fibration. What about the converse?)

Later on we will meet the simplicial mapping space, S(K, L), of simplicial maps from K to L.
It is defined by S(K, L),, = S(K x Aln], L), with the obvious induced maps. It is easy to see that
if L is a Kan complex, then so is S(K, L), for any K. (Try to prove it, but then look at May,
[196], to compare your attempt with his proof.) This result has a useful generalisation that we will
state as a lemma, but again will leave you to give or find a proof.

Lemma 2 Ifp: L — M is a Kan fibration, and K is an arbitrary simplicial set, then the induced
map, S(K,p) : S(K,L) — S(K, M), is also one. |

(To give you a hint consider what a horn in S(K, L) looks like, and likewise what an n-simplex
in S(K, M) is. Why should you be able to put the information together to build an n-simplex in
S(K,L)? Look at low dimensional examples to build up some geometric intuition about what is
going on. That is important even if you later look up a proof as not every proof that you will find
gives the intuitive idea behind.)

1.3.6 T-complexes

There is quite a difference between the Kan complex structure of the nerve of a groupoid, GG, and
that of a singular complex. In the first, if we are given a (n,7)-horn, then there is ezactly one
n-simplex in Ner(G), since the (n,i)-horn has a chain of n-composable arrows of G in it (at least
unless (n,7) = (2,0) or (2,2), which cases are left to you) and that chain gives the required
n-simplex. In other words, there is a ‘canonical’ filler for any horn. In Sing(X), there will usually
be many fillers. (Think about why this is true.)

One attempt to handle ‘canonical fillers’ interacts with a notion that we will encounter later on,
namely that of crossed complexes, for which see section 3.1. The resulting notion of a simplicial
T-complex is one sort of ‘Kan complex with canonical fillers’ and various of the intuitions and
arguments that this introduces will recur frequently in the following chapters. It assumes there is
always a unique special filler. There may be other non-special ones, but that is not controlled in
the process, as we will see. Simplicial T-complexes were introduced by Dakin, [97]:

Definition: A simplicial T-complex consists of a pair (K,T'), where K is a simplicial set and
T = (Th)n>1 is a graded subset of K with 7,, C K,,. Elements of T are called thin. The thin
structure satisfies the following axioms:

T.1 Every degenerate element is thin.
T.2 Every box in K has a unique thin filler.

T.3 A thin filler of a thin box also has its last face thin.

Example: The nerve of a groupoid has a T-complex structure in which each simplex of dimen-
sion greater than or equal to 2 is thin. Our earlier comments give the proof. Conversely, if (K,T)
is a T-complex with T,, = K, for all n > 2, then K is the nerve of a groupoid with set of objects
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K and set of arrows, K;. (It is left to you to see how to compose arrows, to prove that it is an
associative composition, and that there are identities at all objects.)

A box or horn is, of course, as in section 1.3.4, a collection of n-simplices that fits together
like the collection of all but one faces of an (n + 1)-simplex. The collection of such n-boxes with
given face missing can be formulated in terms of a pullback and hence axioms 72 and T3 can be
encoded in a form suitable for adapting to other contexts. Similar ideas are used by Duskin, [105],
and Nan-Tie, [216, ], and also by Street, [251], and Verity, [264-267], and we will have occasion
to refer back to both of these later. We will need to adapt those ideas initially to T-complexes
within the setting of groups (group T-complexes as below) but later we may need them in various
other settings. Group T-complexes were briefly considered by Ashley, [12], but their main theory
has been clarified and extended by Carrasco, [75], and Cegarra and Carrasco, [70], using ideas that
will be discussed briefly later.

1.3.7 Group T-complexes

Definition: A group T-complex is “a T-complex, (G,T), in which G is a simplicial group and T
is a graded subgroup of G”, (Ashley, [12]).

Ashley proved a series of results that gave a neat alternative formulation of this concept. We
note the following observations:

Lemma 3 Let D = (Dy,)n>1 be the graded subgroup of G generated by the images of the degeneracy
maps, S; : Gn — Gna1, for all i and n, then any box in G has a standard filler in D.

Proof: In fact, the algorithmic formulae used when proving that any simplicial group is a Kan
complex (cf., Proposition 2) give a filler defined as a product of degenerate copies of the faces of
the box. |

Proposition 3 If (G,T) is a group T-complex then T = D.

Proof: To see this, we note that axiom 7’1 implies that D C T'. Conversely if ¢t € T,,, then it fills
the box made up of (_,dit,...,d,t). This, in turn, has a filler, d, in D, but, as this filler is also
thin, it must be that ¢ = d, since thin fillers are uniquely determined (7°2). [

This is neat since it says there is essentially at most one group T-complex structure on any
given simplicial group. The next results says when such a structure does exist.

Theorem 1 (Ashley, [12]) If G is a simplicial group, then (G, D) is a group T-complex if and only
if NGN D is the trivial graded subgroup.

Proof: One way around, this is nearly trivial. If (G, D) is a group T-complex and = € NG, then
x fills a box (,,1,...,1), so if x € NG, N D,,, © must itself be the thin filler, however 1 is also a
thin filler for this box, so x = 1 as required.

Conversely if NG N D = {1}, then we must check 72 and T'3, T'1 being trivial. As any box has
a standard filler in D, we only have to check uniqueness, but if x and y are in D,,, and both fill the
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same box (with the k' face missing) then z = xy~! fills a box with 1s on all faces (and the k"
face missing).

If k=0, then as z € NG, N D, we have z = 1 and x and y are equal. If £ > 0, assume that
if ¢ <kandz€ DN, Kerd; then z = 1, (i.e, that we have uniqueness up to at least the
(k — 1)t case). Consider w = zsy_1dz~ 1. This is still in D,, and d;w = 1 unless i = k — 1, hence
by assumption w = 1. Of course, this implies that z = s;_1dgz, but then di_12z = dpz. We know
that dp_12=1,s0dgz=1and z =1, i.e., x = y and we have uniqueness at the next stage.

To verify T3, assume that x € D, and each d;x € D, for ¢ # k, then we can assume that
k = 0, since otherwise we can skew the situation around as before to get that to be true, verify it
in that case and ‘skew’ it back again later. Suppose therefore that d;x € D,, for all 0 < ¢ < n. As
x must be the degenerate filler given by the standard method, we can calculate x as follows: let
Wy, = Sp_1dnpT, W; = wiH(si,ldiwiH)_lsi,lyi for ¢ = 1, then = w;. We can therefore check that
dox € D,, as required. |

Remark: Ashley, [12], in fact assumes a seemingly stronger conclusion, namely that D, N
Ur—o (N 2o Kerd;) =1. The reduction to the single case is noted by Carrasco, [75].

A group T-complex is, thus, a simplicial group in which the Moore complex contains no non-
trivial product of degenerate elements.

It is often useful to have a ‘dimensionwise’ terminology in the following sense. We could say that
a group T-complex satisfies the thin filler condition or simply, the T-condition, in all dimensions.
That suggests that we extract that condition ‘dimensionwise’ as follows:

Definition: A simplicial group G satisfies the thin filler condition in dimension n if NG, N D,
is trivial. We may abbreviate that to T'-condition in dimension n.

This terminology lends itself well to such variants as ‘G satisfies the thin filler condition in
dimensions greater that k’ meaning that NG, N D,, is trivial for all n > k, and so on.

It is left as an exercise to prove that any simplicial Abelian group is a group T-complex. (At
this stage, this is moderately challenging, and it may help to take a brief look at the later section
on Conduché’s decomposition and the Dold-Kan theorem.)



Chapter 2

Crossed modules - definitions,
examples and applications

We will give these for groups, although there are analogues for many other algebraic settings.

2.1 Crossed modules

Definition: A crossed module, (C,G, ), consists of groups C' and G with a left action of G on
C, written (g,¢) — 9cfor g € G, ¢ € C, and a group homomorphism § : C' — G satisfying the

following conditions:
CM1) for all c € C and g € G,

CM2) for all ¢1,¢9 € C,

(CM2 is called the Peiffer identity.)

If (C,G,9) and (C',G', ") are crossed modules, a morphism, (u,n) : (C,G,0) — (C',G", ),

of crossed modules consists of group homomorphisms p: C' — C’ and 1 : G — G’ such that
(i) &'u=mno and (ii) pu(9c) = "9Dpu(c) for all c € C, g € G.

Crossed modules and their morphisms form a category, of course. It will usually be denoted
CMod.

There is, for a fixed group G, a subcategory CModg of CMod, which has, as objects, those
crossed modules with G as the “base”, i.e., all (C,G,J) for this fixed G, and having as mor-
phisms from (C, G, ¢) to (C',G,d’) just those (u,n) in CMod in which 7 : G — G is the identity

homomorphism on G.

Several well known situations give rise to crossed modules. The verification will be left to you.

2.1.1 Algebraic examples of crossed modules

(i) Let H be a normal subgroup of a group G with ¢ : H — G the inclusion, then we will
say (H,G,1i) is a normal subgroup pair. In this case, of course, G acts on the left of H by

41
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conjugation and the inclusion homomorphism i makes (H,G,i) into a crossed module, an
‘inclusion crossed modules’. Conversely it is an easy exercise to prove

Lemma 4 If (C,G,0) is a crossed module, OC is a normal subgroup of G. |

Suppose G is a group and M is a left G-module; let 0 : M — G be the trivial map sending
everything in M to the identity element of G, then (M, G, 0) is a crossed module.

Again conversely:
Lemma 5 If (C,G,0) is a crossed module, K = Ker 0 is central in C and inherits a natural
G-module structure from the G-action on C'. Moreover, N = 0C acts trivially on K, so K

has a natural G /N -module structure. |

Again the proof is left as an exercise.

As these two examples suggest, general crossed modules lie between the two extremes of normal

(iii)

subgroups and modules, in some sense, just as groupoids lay between equivalence relations
and G-sets. Their structure bears a certain resemblance to both - they are “external” normal
subgroups, but also are “twisted” modules.

Let G be a group, then, as usual, let Aut(G), denote the group of automorphisms of G.
Conjugation gives a homomorphism

t: G — Aut(G).

Of course, Aut(G) acts on G in the obvious way and ¢ is a crossed module. We will need this
later so will give it its own name, the automorphism crossed module of the group, G and its
own notation: Aut(G).

More generally if L is some type of algebra then U(L) — Aut(L) will be a crossed module,
where U(L) denotes the units of L and the morphism send a unit to the automorphism given
by conjugation by it.

This class of example has a very nice property with respect to general crossed modules.
For a general crossed module, (C, P,0), we have an action of P on C, hence a morphism,
a: P — Aut(C), so that a(p)(c) = Pe. There is clearly a square

C C
|
P — Aut(C)

and we can ask if this gives a morphism of crossed modules. ‘Clearly’ it should. The re-
quirements are that the square commutes and that the actions are compatible in the obvious
sense, (recall page 41). To see that the square commutes, we just note that, given ¢ € C, dc
acts on an x € C, by conjugation by ¢: %z = c.x.c™' = 1(c)(z), whilst to check that the
actions match correctly remember that a(p)(c) = Px by definition, so we do have a morphism
of crossed modules as expected.
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We suppose given a morphism
0:M— N

of left G-modules and form the semi-direct product N x G. This group we make act on M
via the projection from N x G to G.

We define a morphism
O0:M— NxG

by d(m) = (6(m),1), where 1 denotes the identity element of G, then (M,N x G,0) is a
crossed module. In particular, if A and B are Abelian groups, and B is considered to act
trivially on A, then any homomorphism, A — B is a crossed module.

Suppose that we have a crossed module, C = (C, G, ), and a group homomorphism ¢ : H —
G, then we can form the ‘pullback group’ H xg C = {(h,c) | p(h) = dc}, which is a subgroup
of the product H x C. There is a group homomorphism, ¢’ : H xg C — H, namely the
restriction of the first projection morphism of the product, (so ¢'(h,c) = h). You are left
to construct an action of H on this group, H xg C such that ¢*(C) := (H xg C,H,d') is a
crossed module, and also such that the pair of maps ¢ and the second projection H xqC — C
give a morphism of crossed modules.

Definition: The crossed module, ¢*(C), thus defined, is called the pullback crossed module
of C along ¢

As a last algebraic example for the moment, let
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be an extension of groups with K a central subgroup of E, i.e., a central extension of G by
K. For each g € G, pick an element s(g) € b~1(g) C E. Define an action of G on E by: if

xz € FE, g€, then

Iz = s(g)as(g) ™

This is well defined, since if s(g), s'(g) are two choices, s(g) = ks'(g) for some k € K, and
K is central. (This also shows that this is an action.) The structure, (E,G,b), is a crossed
module.

A particular important case is: for R a ring, let E(R) be the group of elementary matrices
of R, E(R) C G/¢(R) and St(R), the corresponding Steinberg group with b : St(R) — E(R),
the natural morphism, (see later, page 111, or [203], for the definition). This, then, gives a
central extension

1— K9(R) — St(R) —» E(R) — 1
and thus a crossed module. In fact, more generally,
b: St(R) — G{(R)

is a crossed module. The group, G¢(R)/Im(b), is Ki(R), the first algebraic K-group of the
ring.
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(vii)

2.1.2 Topological Examples

In topology there are several examples that deserve looking at in detail as they do relate to
aspects of the above algebraic cases. They require slightly more topological knowledge than
has been assumed so far.

Let X be a pointed space, with o € X as its base point, and A a subspace with zg € A.
Recall that the second relative homotopy group, ma(X, A, xg), consists of relative homotopy
classes of continuous maps

where 91 is the boundary of I?, the square, [0,1] x [0,1], and J = {0,1} x [0,1]U[0, 1] x {0}.
Schematically f maps the square as:

i) X i)

Lo

so the top of the boundary goes to A, the rest to zg and the whole thing to X. The relative
homotopies considered then deform the maps in such a way as to preserve such structure,
so intermediate mappings also send J to xg, etc. Restriction of such an f to the top of the
boundary clearly gives a homomorphism

0: 7I'2(X,A,JZ‘0) — WI(A7$0)

to the fundamental group of A, based at xg. There is also an action of 71 (4, z¢) on w2 (X, A, x0)
given by rescaling the ‘square’ given by

f

where f is partially ‘enveloped’ in a region on which the mapping is behaving like a.

Of course, this gives a crossed module
WQ(X, A, 1:0) — 7'('1(14, xo).

A direct proof is quite easy to give. One can be found in Hilton’s book, [I51] or in Brown-
Higgins-Sivera, [63]. Alternatively one can use the argument in the next example.
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Suppose F' % B 2 Bis a fibration sequence of pointed spaces. Thus p is a fibration,
F = p~1(bgy), where by is the basepoint of B. The fibre F is pointed at fy, say, and fo is taken
as the basepoint of E as well.

There is an induced map on fundamental groups

m(F) ™9 5 (')

and if ¢ is a loop in E based at fy, and b a loop in F based at fy, then the composite path
corresponding to aba~! is homotopic to one wholly within F. To see this, note that p(aba™!)
is null homotopic. Pick a homotopy in B between it and the constant map, then lift that
homotopy back up to E to one starting at aba™!. This homotopy is the required one and its
other end gives a well defined element ®b € 71 (F') (abusing notation by confusing paths and
their homotopy classes). With this action (w1 (F'),7(E),m1(7)) is a crossed module. This will
not be proved here, but is not that difficult. Links with previous examples are strong.

If we are in the context of the above example, consider the inclusion map, f of a subspace A
into a space X (both pointed at xyp € A C X). Form the corresponding fibration,

if - MF = X,

by forming the pullback
i Lf> x!

| Jo

A—>X

so M7 consists of pairs, (a, \), where a € A and \ is a path from f(a) to some point A(1). Set
if =eymf, soif(a,\) = A(1). It is standard that i/ is a fibration and its fibre is the subspace
Fn(f) ={(a,\) | \(1) = x}, often called the homotopy fibre of f. The base point of F(f) is
taken to be the constant path at g, (zg, ¢z,)-

If we note that
71 (Fr(f)) = ma(X, A, 20)
(M) 2 71 (A, 0)

(even down to the descriptions of the actions, etc.), the link with the previous example becomes
clear, and thus furnishes another proof of the statement there.

The link between fibrations and crossed modules can also be seen in the category of simplicial
groups. A morphism f : G — H of simplicial groups is a fibration if and only if each f,, is an
epimorphism. This means that a fibration is determined by the fibre over the identity which
is, of course, the kernel of f. The (G, W)-links between simplicial groups and simplicial sets
mean that the analogue of 71 is mp. Thus the fibration f corresponds to

KerfiG

and each level of this is a crossed module by our earlier observations. Taking m, it is easy to
check that
mo(Ker f) = mo(G)
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is a crossed module. In fact any crossed module is isomorphic to one of this form. (Proof left
to the reader.)

IfM = (C,G,d) is a crossed module, then we sometimes write mo(M) := G/IC, 71 (M) := Ker 0,
and then have a 4-term exact sequence:

0= mM) = C3G = m(M) — L.

In topological situations when M provides a model for (part of) the homotopy type of a space X
or a pair (X, A), then typically m (M) = mo(X), mo(M) = m(X).

Mac Lane and Whitehead, [193], showed that crossed modules give algebraic models for all
homotopy 2-types of connected spaces. We will visit this result in more detail later, but loosely
a 2-equivalence between spaces is a continuous map that induces isomorphisms on 7 and 73, the
first two homotopy groups. T'wo spaces have the same 2-type if there is a zig-zag of 2-equivalences
joining them.

2.1.3 Restriction along a homomorphism ¢/ ‘Change of base’

Given a crossed module, (C, H,0), over H and a homomorphism ¢ : G — H, we can form the
pullback:
P

D—C
J |

in Grps. Clearly the universal property of pullbacks gives a good universal property for this, namely
that any morphism (¢’, ) : (C',G,0) — (C, H, D) factors uniquely through (¢, ¢) and a morphism
in CModg from (C',G,6) to (D,G,d"). Of course this statement depends on verification that
(D,G,d) is a crossed module and that the resulting maps are morphisms of crossed modules, but
this is routine, and will be left as an exercise. (You may need to recall that D can be realised,
up to isomorphism, as G xg C = {(g,¢) | ¢(g) = Oc}. It is for you to see what the action is.)

This construction also behaves nicely on morphisms of crossed modules over H and yields a
functor,

90* :CModpg — CModg,

which will be called restriction along .

We next turn to the use of crossed modules in combinatorial group theory. This will involve us
in giving some background on presentations, and Cayley graphs, which will provide some useful ex-
amples for later use as well as, hopefully, providing some motivation / intuition for the constructions
involved.

2.2 Group presentations, identities and 2-syzygies

Before turning towards the uses of crossed modules in the theory of group presentations, we must set
up some of the basics of group presentations for later use. We first sketch the links with identities
among relations for a presentation, but then will look at Cayley graphs and some of the ideas there,
before returning to crossed modules in earnest.
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2.2.1 Presentations and Identities

(The source for some of this material is the article by Brown and Huebschmann, [61]).
We consider a presentation, P = (X : R), of a group G. The elements of X are called generators
and those of R relators. We then have a short exact sequence,

1--N->F—G—1,

where F' = F(X), the free group on the set X, R is a subset of F' and N = N(R) is the normal
closure in F' of the set R.

Sometimes we may use an alternative notation (X : R), for a presentation. The type of ‘braces’
used in a context usually has no significance. It is sometimes useful to refer to a group together
with a presentation of it as a presented group.

A standard if somewhat trivial example is given by the standard presentation of a group, G.
We take X = {z, | g € G, g # 1}, to be a set in bijective correspondence with the underlying set of
G. (You can take X equal to that set if you like, but sometimes it is better to have a distinct set,
for instance, it make for an easier notation for the description of certain morphisms.) The set of
relations will be R = {xg.2,, = 24 | g,h € G}, s0 as a set is just a copy of G x G as the relations
are indexed b pairs of elements of G.

1

The group F acts on N by conjugation: “c = ucu™", ¢ € N,u € F and the elements of N are

words in the conjugates of the elements of R:

e =" () () L ()

where each ¢; is +1 or —1. One also says such elements are consequences of R. Heuristically an
identity among the relations of P is such an element ¢ which equals 1. The problem of what this
means is analogous to that of working with a relation in R. For example, in the presentation (a : a®)
of C3, the cyclic group of order 3, if a is thought of as being an element of Cs, then a® = 1, so why
is this different from the situation with the ‘presentation’, (a : a = 1)? To get around that difficulty
the free group on the generators F(X) was introduced and, of course, in F({a}), a® is not 1. A
similar device, namely free crossed modules on the presentation will be introduced in a moment to
handle the identities. Before that consider some examples which indicate that identities exist even
in some quite common-or-garden cases.

Example 1: Suppose r € R, but it is a power of some element s € F, i.e. r = s". Of course,
rs = sr and
sprt =1

so *r.r~! is an identity. In fact, there will be a unique z € F with r = 29, ¢ maximal with this

property. This z is called the root of r and if ¢ > 1, r is called a proper power.

Example 2: Consider one of the standard presentations of S3, (a,b : a®,b?, (ab)?). Write
r=a3 s =%t = (ab)?. Here the presentation leads to F, free of rank 2, but N(R) C F, so it
must be free as well, by the Nielsen-Schreier theorem. Its rank will be 7, given by the Neilsen index
formula or, geometrically, it will be the fundamental group of the Cayley quiver or Cayley graph
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of the presentation'. This group is free on generators corresponding to edges outside a maximal

tree as in the following diagram:

2

1"; =7
The Cayley graph or Cayley and a maximal tree in it.

quiver of S3

The set of normal generators of N(R) has 3 elements; N(R) is free on 7 elements (corresponding
to the edges not in the tree), but is specified as consisting of products of conjugates of r, s and ¢,
and there are infinitely many of these. Clearly there must be some slight redundancy, i.e., there
must be some identities among the relations!

A path around the outer triangle corresponds to the relation r; each other region corresponds to
a conjugate of one of r, s or t. (It may help in what follows to think of the graph being embedded on
a 2-sphere, so ‘outer’ and ‘outside’ mean ‘round the back face’.) Consider a loop around a region.
Pick a path to a start vertex of the loop, starting at 1. For instance the path that leaves 1 and
goes along a, b and then goes around aaa before returning by b=ta~! gives abrb~'a~!. Now the
path around the outside can be written as a product of paths around the inner parts of the graph,
e.g. (abab)b=ta='b=1(bb)(b='a"'b~ta~!)... and so on, thus r can be written in a non-trivial way
as a product of conjugates of r, s and t. (An explicit identity constructed like this is given in [64].)

Example 3: In a presentation of the free Abelian group on 3 generators, one would expect the
commutators, [z,y], [z, 2] and [y, z]. The well-known identity, usually called the Jacobi identity,
expands out to give an identity among these relations (again see [04], p.154, or Loday, [185].)

2.2.2 Directed graphs, quivers and their reflexive ‘cousins’

To finish up with the basics on group presentations, we will recall, fairly formally, the construction
of the Cayley graph, or Cayley quiver, of a presentation that we have used above, as it will be
convenient to have it available later for reference purposes. We need this in several equivalent
forms as, being a basic construction, it tends to crop up (or creep in) in different contexts in
which its appearance is slightly ‘variable’. We will also discuss results on the construction of free
categories and free groupoids on a quiver.

To start we had better be a bit more formal about some ideas on directed graphs, also known
as quivers, so we will start by recalling the notion of ‘directed graph’ or‘quiver’.

A graph in the combinatorial sense of the word has vertices or nodes, and edges going between
(some of) them, but there is often no ‘direction’ to the edges. For instance, a simplicial complex,
K, in which there are no simplices of dimension 2 (or higher therefore) is essentially just a graph
in this combinatorial sense.

'For convenience, we will discuss the Cayley quiver of a presentation separately in section 2.2.3.



2.2. GROUP PRESENTATIONS, IDENTITIES AND 2-SYZYGIES 49

If there is a direction (so the edge, e, ‘goes from vertex v to vertex w’ say), the terminology
‘“directed graph’ is sometimes used. As a directed edge is usually drawn as an arrow, a directed
graph is pictured as a collection of arrows, and hence the term ‘quiver’ is used as a more graphic
way of referring to such. Both terms are used in the literature, so we will use both in these notes,
but they are synonyms. More formally we give:

Definition: A quiver, @), consists of a set, V@Q, of vertices and a collection, FQ, of edges,
together with a function,

(s,t): EQ - VQ xVQ,

that assigns a source vertex, s(e), and a target vertex, t(e), to each edge e € EQ. We write
Q= (EQ,VQ,s,t), or sometimes just Q = (EQ,VQ).

Other terminology is sometimes used including ‘initial’ and ‘final vertices’ of an edge, or some-
times ‘tail’ and ‘head’ of an arrow”?. We note that several edges may share a source and target.
We often write the quiver @) as a diagram,

EQ ? VQ.

In this form it is easy to generalise the notion of quiver (in the category of sets) to an internal
quiver or internal directed graph in an arbitrary category.

There is a category, Quiv, of quivers with a fairly obvious notion of morphism between them?.
(We will also write DGrph for this category following the literature where appropriate to make
reading beyond the brief summary notes here slightly easier than otherwise.)

Remark: There is another form of quiver that we will be needing later on and so will introduce
it here in preparation. A reflerive quiver, or reflexive directed graph, has the additional structure
that at each vertex there is a distinguished ‘loop’, so if v is a vertex in such a quiver, then there
is an edge i(v) with si(v) = ti(v) = v. This gives a map, i : VQ — EQ, satisfying some obvious
equations. We think of, and talk of i(v) as being the identity loop at the vertex v, although that
is there is no composition around to make sense of that term.

This notion of reflexive quiver leads to a very natural idea of morphism of reflexive quivers and
this has the advantage over the non-reflexive version that a morphism can ‘kill off” an edge. For
instance, let @ be the quiver with one edge, e, going between two vertices, 0 and 1, and @', be a
quiver with one vertex, v, and no edges. There are no morphisms from @ to @', as there are no
maps from a non-empty set to an empty one. The category of reflexive quivers will be denoted
Quivg, or DGrphg, depending on the context.

There is a functor from Quivy to Quiv that forgets the extra piece of information.

We can make any quiver into a reflexive one by replacing EQ by EQ U V@, adjusting s and
t accordingly, and finally setting i : VQ — EQ U VQ to be the inclusion into the disjoint union.
We will write Q¢! for this reflexive variant of Q, but now going back to our two quivers, Q and
@', there is a morphism from Q"¢/! to (Q')"¢f! as a morphism can ‘kill’ e, sending it to i(v). The

2... so always check on notation since t(e¢) may mean the tail of a directed edge, i.e., its source, in some sources
in the literature.

3... but see below.
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reader is left to explore the relationship between this construction and the forgetful
functor mentioned just above®.

Examples of quivers: (i) Taking V' to be a singleton gives us that any set, E, gives a graph
with one vertex. For instance, let E = {a,b} and V' = {x}. There is no choice for the maps,
s,t,: E — V', as both must send all edges to *. We can picture this as

a C * 3 b,
a bouquet of two loops. In general, if X is a set, we write X[1] for the quiver having F = X,
V = {x}, and s and ¢ the evident source and target maps. This follows and extends the convention
that a group, G, gives a groupoid, G[1], with a single object, and which is thought of as a ‘shifted
group’; see page 15. It may also be convenient to write Bouq(X) for this same object for instance
if the other notion risks potential confusion in a discussion.

If the set, X, is ‘pointed’, i.e., has a ‘basepoint’ or ‘distinguished point’, then X[1] is more
naturally considered as a reflexive quiver.

(ii) If K is a simplicial set, then its 1-skeleton is the simplicial subset determined by the vertices
and the 1-simplices, i.e., the edges of K. This gives us a (reflexive) quiver. It is reflexive as each
vertex x in Koy gives an edge so(x), (but remember that, in the theory of simplicial sets, s is
nearly always used for the degeneracy operations, whilst if e € K; is thought of as an edge in the
corresponding quiver, s(e) = dy(e), and t(e) = dg(e), as d; is the face opposite the i'" vertex®). This
1-skeleton as a simplicial set still has higher dimensional simplices but those will all be degenerate
and all the information is given by the vertices and edges, so in dimensions 0 and 1.

(iii) Given any (small) category, C, we have a (reflexive) directed graph, U(C) underlying C.
In fact, from one point of view, a category can be specified as being a (reflexive) directed graph
together with a partial composition operation, and the above functor U just forgets the composition
(and thus, if forgetting ‘all the way down to Quiv’, also the ‘identity’ label on the special loops).
There are thus two things going on here. If we think of the category as being the quiver,

Arr(€) =5 00(C)

i
plus the composition, then the corresponding quiver is just, of course,

Arr(C) t: 0b(C) .

Of course, this is a functor, U : Cat — Quivg, or to Quiv, depending how much you ‘forget’,
and those functors have left adjoints giving rise to the free category on a quiver. We will briefly
sketch this construction, leaving the reader to search out more detailed treatments® if they have not
met the ideas before. We will start with a reflexive quiver / directed graph”, Q. A string of non-
identity edges, 0 = €1 ...ey, in @, is said to be composable if, for i = 1,2,...,n—1, t(e;) = s(ej+1),

4For instance, checking it is functorial, which is straightforward, then looking for if they form an adjoint pair.

5This notational convention may sometimes lead to a little bit of confusion, but as the two subject areas interact
in useful and interesting ways the reader just has, as always, to take care with the notation being used in any source.

6 for instance, in Phil Higgins monograph, [149], page 25 of the main text.

7..., as otherwise, the first part of the construction for a quiver, Q, that is not reflexive, would be to make it
reflexive, replacing it by Q"¢f!, as above!
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so the edges fit together to give a ‘directed path’ in (). Such a string has source, s(o) := s(e1) and
target, t(o) := t(e,), thus extending both the terminology and the notation for source and target
to composable strings. In addition, we write the ‘empty string at vertex v’ as if it was the (invalid)
string 1, := i(v). Composition is by concatenation of strings and the identities as they are empty
strings do act like identities. There has to be some checking that this does give one a category, but
that is routine and well known. (The only tricky problem that occurs is deciding how to handle
the empty string at a vertex. Various means, such as replacing an edge e by a notation, such as,
(v, e,w) with v = s(e) and w = t(e), so a path is of form (vg, e1,v1,€2,...,€n,v,), and then defining
i(v) = (v), allowing there to be no edge, and so on, can be used; see page 180 for more discussion
of this in a slightly more general context.)

If we restrict to bouquets, then for @ = X[1], the free category on @ is Mon(X)[1], the small
one object category corresponding to the free monoid on X.

Restricting to groupoids, and thus to Grpd, the underlying quiver functor again has a left
adjoint, namely the free groupoid functor. The free groupoid, FreeGrpd(Q), on @ can also be
obtained from the free category, FreeCat(Q), on @ by using the construction that inverts all
arrows. In other words, using a hopefully fairly obvious notion,

FreeGrpd(Q) = FreeCat(Q)(Arr(FreeCat(Q))™).

Again we leave the reader to check up on the details of these constructions in the
literature, but will give some pointers below.

The free groupoid on @ is also its fundamental groupoid, II(Q)). This, of course, has VQ as its
set of objects and all reduced paths between vertices as its arrows. As we are handling the groupoid
case, every directed edge, e, in @ will give not only an arrow e : s(e) — t(e), but that arrow’s inverse
e~!:t(e) = s(e). A (composable) string or path is then a string, ef! ... e}, almost as before, but
with a letter of the string now being either an edge or an inverse of an edge. The path is reduced if
no edge in the string is adjacent to its inverse. If in a path, we find a ee™! le, we can reduce
the length of the path by 2 by deleting that two element substring. In particular, the path ee™!
reduces to the empty path / identity, 1) at the source of e, whilst e e reduces to Lite)-

We list some results below without proof.

a) If Q@ = X[1] for a set, X, then II(Q) = F(X)[1], where F(X) is the free group on the set X.
More generally, if @ is connected and v is a vertex of @, then the vertex group II(Q)(v) is a free
group.

b) If @ is a tree then II(Q) is trivial as any path between two vertices, v and w, can be reduced
to a unique form depending on the single direct path from v to w.

c¢) If @Q is a finite quiver having n, vertices and n. edges, then a maximal tree in @ has n, — 1
edges. It then follows that II(Q)(v) is free on ne — n, + 1 elements (corresponding to the edges not
in a chosen maximal tree in Q). This is almost the Niesen index formula.

or e

2.2.3 Cayley quiver of a ‘generated group’

Given a group, G, and some set of generators, X, of GG, we will sometimes call the resulting pair,
(G, X), a generated group. It may be necessary, sometimes, to augment the notation (G, X) by a
function ¢ : X — U(G), from X to the underlying set of G, a function that interprets the elements
of X as actual elements of G. This would give (G, X, ). Most of the time this is being a bit
pedantic, but, for instance, when working with transformations of a presentation, it can be crucial
as a transformation may lead to two copies of a particular generator. We will return to this shortly.
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How, then, is one to find a complete set of relations for G relative to these generators. ‘Complete’
means that no more are needed to get G. Later on, in section 4.1.1, we will continue this by asking
for complete sets of identities among relations, and then on to higher syzygies.

Returning to finding enough relations, ‘trial and error’ might work with a bit of luck, but is
haphazard. In this a useful aid is to try to ‘visualise’ the information that we have. (This will be
illustrated here for finite groups, GG, but some of the ideas will work for any discrete group, and the
definition we will give is independent of any finiteness assumption.)

We assume that G is known and X is known to be a set of generators®. We construct a quiver
having a set, V = V(Q) = {v, | g € G}, of vertices corresponding to the elements of G (and usually
thought of as being the elements of ), and, for each vertex vy, and generator, x € X, we draw an
edge, labelled by z, with source v, and target, vg,. (We note that this edge has a definite direction
from vy to vy, so this is a quiver.)

Definition: The above quiver is usually called the Cayley quiver of G, but really we should
add ‘with respect to the given set, X, of generators’. We will say, more briefly, that it is the Cayley
quiver, Cay(G, X) of the generated group, (G, X).

If we are given a presentation P = (X : R) of G, then we will say this is the Cayley quiver of
the presentation or of the presented group (G,P), even though the relations do not enter into the
actual definition of the quiver.

The terms ‘Cayley graph’, ‘Cayley diagram’, etc. are also used interchangeably for this, and
hopefully, if we use a different term later on, no confusion will arise! In fact, it is not quite exact to
say that a Cayley graph is a quiver, as clearly it is more than that. Each edge in a Cayley quiver,
Cay(G, X), is labelled” by an element of the generating set, X, so it is a labelled quiver. Similar
ideas of labelling combinatorial objects with algebraic data will be encountered several times in
what follows.

For a fairly elementary introduction to Cayley quivers, see section 6.3. of [131], starting on p.
118.

Examples: The Cayley quiver of S3 with respect to the set of generators consisting of a = (123)
and b = (12) is shown here in section 2.2.1, (page 48), and for an even simpler example, C5 = (z : 2°)
yields a pentagon.

Drawing a Cayley quiver rarely is as easy as it looks when you see nice neat examples done in
textbooks! If you manage to draw one as a planar graph then relations can easily be spotted, as
in our example os S3 above. If the quiver is non-planar, then a neat embedding on a surface then
may enable the further analysis of relations; see Coxeter and Moser, [93], for some discussion of
this, although the theory has been developed much further since that book was first written. This
subject has links with the action of a group on a graph, as clearly G acts on the Cayley quiver
relative to any set of generators. This then relates to the action of groups on graphs giving graphs
of groups as in the Bass-Serre theory, [241], and on simplicial complexes, and thus to the idea of a

8This avoids us having to handle non-connected graphs which would be the result if X did not generate G.
9Some people say ‘coloured’.
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complex of groups as we will meet later on in section 4.5.2. (We leave that aspect here, although
it would be great fun to develop it further, and perhaps we will return to it later!)

Another aspect of drawing a Cayley quiver is that it may, in fact, be very difficult or even
impossible actually to draw a Cayley quiver in some cases. The difficulty occurs when you have v,
and an z in X. You want to draw the edge, labelled x from v, to the vertex vy, but how are you
to determine which of the elements of G is this new element gz. For an example in which it is not
that hard to see what is going on, we have S3 = {1, a, a2, b, ab, ba}, according to the list of elements
that we used on page 48. When building that graph, we have to know how to rewrite ga and gb
in terms of the listed elements. As we have that a stands for (123) and b for (12), we can do this
quite easily, and if we did have a presentation of the group concerned, we could use that, e.g., to
discover what the target is of the edge whose source is v,p, and which corresponds to the generator
a. In fact as abab = 1, and b? = 1, we see that v, = vp, and that is clear from the picture we had!
This seems frustrating, but it just says that trying to find a complete set of relations for a given
set, of relations can be hard. All this is further complicated by its nearness to the ‘Word Problem’,
that is, in general deciding whether two elements in the free group on the generators represent the
same element of G. In its full generality it is undecidable. If normal forms for the elements of G
can be specified, then things are much better.

Despite these difficulties Cayley quivers have considerable importance and also there are im-
portant related constructions in other contexts.

We have given the construction of the Cayley graph for a ‘generated group’, (G, X), and have
noted how there is a sort of interplay between knowing the relations to work out the quiver,
and using the quiver to ‘see’ the relations. Of course, there is always one presentation where all
the relations are known from the start'’, and that is the standard presentation of G given by
X ={z,| g € G,g# 1}, the set of element of G, and R = {zg.2,, = zgn | g, h € G}, so X ‘is’ the
set of elements in G, and R is similarly G x G.

For this, the Cayley graph of the group G, relative to X = G has vertices labelled by the
elements of GG, and, if vy and vy are two such, there is always a unique k € X such that v, = vg
simply because k = g~ 'h is a generator! We thus have that Q is the underlying quiver of Codisc(G),
the codiscrete groupoid on the set of elements of G. In fact, this is such that the evident morphism

Codisc(G) — G[1]

is a covering groupoid.

This is an important special case of a type of (covering) map of (labelled) quivers that has a role
to play in our later discussion of crossed modules and their applications to group presentations and
which we will explore in more generality. We start with our example of the Cayley graph for S3 and
the generators a and b. This will be the domain of our map. The codomain will be Boug({a,b}),
the bouquet on X = {a,b}. The morphism,

p: Cay(S3, X) — Boug(X),

sends, as it must, all the vertices of the Cayley quiver to the single vertex of the bouquet, whilst
the corresponding map on edges is determined by requiring that it preserves the labelling. If we
look at each vertex of Cay(Ss, X), it has two incoming edges and two outgoing ones, with labels

%35 they correspond to the multiplication



54 CHAPTER 2. CROSSED MODULES - DEFINITIONS, EXAMPLES AND APPLICATIONS

as at the single vertex in Boug({a,b}), thus locally the above map looks like an isomorphism. It is
a covering map in a fairly obvious graph theoretic sense''. This map induces a map of groupoids:

P« I(Cay(S3, X)) — 1(Boug(X)) = F(a, b)[1],

which is a covering map of groupoids'?. We note that the fibre of this covering, p~!(*), is a discrete
groupoid on the elements of S3, i.e., essentially just that set of elements. There is an action of
F(a,b) on that discrete groupoid since, as you would expect, laths in the base lift to the top quiver.
Of course, that action is generated, algebraically, by the obvious action of the two generators, a
and b, which can be visualised as an automorphism of the fibre (but note this is by multiplication,
S0 is not a group automorphism; the abstract fibre identifies with the underlying set of Ss only
when we pick one element to correspond to the identity element). If we look at the action of any
relation, then it will be trivial on the fibre, so the action is actually one of S3 on its underlying set,
by multiplication on the right. If we look at the subgroup of F'(a,b) corresponding to the image
of a vertex group of II(Cay(Ss, X)) in II(Boug(X)), it will be a free subgroup (and one does not
need to quote the Nielsen - Schreier theorem'® from the theory of free groups, to see this, as that
theorem’s proof can be framed in the setting of covering graphs, and covering groupoids, and this
is then just a very special instance of that). The Nielsen index formula'* gives that that subgroup
has rank 7 as we indicated back in section 2.2.1.

Of course, this example yields a general construction. If we form Cay(G, X) for a generated
group, (G, X), and then Boug(X) = X[1], then mapping all the vertices of Cay(G, X) to the single
vertex of X[1] and the edges according to their labels gives a covering of quivers

p: Cay(G,X) — X]1].

We can also view this on the level of groupoids, or look at the fundamental groups of the two
quivers, etc., but we will leave this to the reader to explore as we need to get back to crossed
modules, and identities among relations at a more formal level.

2.2.4 Free crossed modules and identities

The idea that an identity is an equation in conjugates of relations leads one to consider formal
conjugates of symbols that label relations. Abstracting this a bit, suppose G is a group and
f:Y — G, a function ‘labelling’ the elements of some subset of G. To form a conjugate, you need
a thing being conjugated and an element ‘doing’ the conjugating, so form pairs (p,y),p € G,y € Y,
to be thought of as Py, the formal conjugate of y by p. Consequences are words in conjugates of
relations; formal consequences are elements of F'(G x Y). There is a function extending f from
G XY to G given by

fo.y) =pfyp~ ",

111 one realises the quivers as topological space, for instance by thinking of them as simplicial sets and taking their
geometric realisation, the the realisation of this covering map of quivers is a covering map of spaces in the classical
sense.

12For the moment, this is in a sense we have not seen yet, but we will meet it in some detail in section 4.5.14. The
idea is similar both to that of graphs, as here, and to topological covering spaces. For the moment we argue more by
analogy, sketching some consequences of the theory of coverings.

3Every subgroup H of a (discrete) free group G is itself a free group.

' Continuing from the previous footnote: if G is free on k generators and H has index n in G, then H is free on
nk — n + 1 generators; see Phil Higgins’ monograph, [149], for a groupoid proof, or Gilbert and Porter, [131], for a
discussion. The proof is discussed in many other sources.
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converting a formal conjugate to an actual one and this extends further to a group homomorphism
p: F(GXxY)—=G

defined to be f on the generators. The group G acts on the left on G x Y by multiplication:
p-(p',y) = (pp',y). This extends to a group action of G on F(G x Y). For this action, ¢ is
G-equivariant if G is given its usual G-group structure by conjugations / inner automorphisms.
Naively identities are the elements in the kernel of this, but there are some elements in that kernel
that are there regardless of the form of function f. In particular, suppose that g1,go € G and
y1,y2 € Y and look at

(91, 1) (92, ¥2) (g1, y1) " ((91.f (1) g7 ) go, y2) L.

Such an element is always annihilated by ¢. The normal subgroup generated by such elements is
called the Peiffer subgroup. We divide out by it to obtain a quotient group. This is the construction
of the free crossed module on the function f. If f is, as in our initial motivation, the inclusion of
a set of relators into the free group on the generators we call the result the free crossed module on
the presentation P and denote it by C(P).

We can now formally define the module of identities of a presentation, P = (X : R). We form
the free crossed module on R — F(X), which we will denote by 0 : C(P) — F(X). The module
of identities of P is Ker 0. By construction, the group presented by P is G = F(X)/Im 0, where
Im 0 is just the normal closure of the set, R, of relations and we know that Ker 0 is a G-module.
We will usually denote the module of identities by 7p.

We can get to C(P) in another way. Construct a space from the combinatorial information in P
as follows. Take a bunch of circles labelled by the elements of X; call it K(P);, it is the 1-skeleton
of the space we want. We have m (K (P)1 = F(X). Each relator r € R is a word in X so gives
us a loop in K(P), following around the circles labelled by the various generators making up r.

This loop gives a map S* i (P)1. For each such 7, we use f. to glue a 2-dimensional disc e?

to K (P); yielding the space K(P). This space is sometimes known as the presentation complex of
‘P, whilst its universal covering complex is the Cayley complex of the presentation. The crossed

module, C(P), is isomorphic to ma(K(P), K(P)1) 4 1 (K(P)1.

The main immediate problem here is how to calculate 7p, or equivalently mo(K(P)). One
approach is via an associated chain complex. This can be viewed as the chains on the universal
cover of K(P), but can also be defined purely algebraically, for which see Brown-Huebschmann,
[61], or Loday, [185]. That algebraic - homological approach leads to ‘homological syzygies’.

2.3 Cohomology, crossed extensions and algebraic 2-types

2.3.1 Cohomology and extensions, continued

Suppose we have any group extension
E: I%K%EgGﬁl,

with K Abelian, but not necessarily central. We can look at various possibilities.
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If we can split p, by a homomorphism s : G — E, with ps = Idg, then, of course, F 2 K x G
by the isomorphisms,
e — (esp(e) ™", ple)),

ks(g) <— (k,9),

which are compatible with the projections etc., so there is an equivalence of extensions

1 K E G 1

k]

l—K—KxG@—G——1.

Our convention for multiplication in K x G will be
(k. 9)(K',g') = (k7K', 99").

But what if p does not split. We can build a (small) category of extensions Ezt(G, K) with objects
such as £ above and in which a morphism from £ to £’ is a diagram

1 K E G 1
1 K E’ G 1.

By the 5-lemma, a will be an isomorphism, so £xt(G, K) is a groupoid.

In &, the epimorphism p is usually not splittable, but as a function between sets, it is onto so we
can pick an element in each p~!(g) to get a transversal (or set of coset representatives), s : G — E.
We get a comparison pairing / obstruction map or ‘factor set’ :

f:GxG—FE

flg1,92) = s(g1)s(g2)s(g192) ",

which will be trivial, (i.e., f(g1,92) = 1 for all g1,92 € G) exactly if s splits p, i.e., if s is a
homomorphism. This construction assumes that we know the multiplication in E, otherwise we
cannot form this product! On the other hand given this ‘f’, we can work out the multiplication.
As a set, E¥ will be the product K x G, identified with it by the same formulae as in the split case,
noting that pf(g1,g92) = 1, so ‘really’ we should think of f as ending up in the subgroup K, and
then we have

(k1,91) (K2, 2) = (k1*9kaf (g1, 92), 9192).

The product is twisted by the pairing f. Of course, we need this multiplication to be associative
and, to ensure that, f must satisfy a cocycle condition:

90 £ (g2, 93) f (91, 9293) = f(g1,92) f(g192, 93)-

This is a well known formula from group cohomology, more evidently so if written additively:

s(91)f(92,93) — f(9192,93) + f(91,9293) — f(91,92) = 0.
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Here we actually have various parts of the nerve of GG involved in the formula. The group G ‘is’ a
small category (groupoid with one object), which we will, for the moment, denote G[1]. The triple
o = (g1,92,93) is a 3-simplex in Ner(GJ[1]) and its faces are

doo (92, 93),;
dic = (g192,93),
dao = (91,9293),
dzo = (g91,92)

This is all very classical. We can use it in the usual way to link 7o (Ext(G, K)) with H?(G, K) and
so is the ‘modern’ version of Schreier’s theory of group extensions, at least in the case that K is
Abelian.

For a long time there was no obvious way to look at the elements of H3(G, K) in a similar way.
In Mac Lane’s homology book, [189], you can find a discussion from the classical viewpoint. In
Brown’s [54], the link with crossed modules is sketched although no references for the details are
given, for which see Mac Lane’s [191].

If we have a crossed module ' % P, then we saw that Kerd is central in C' and is a P/0C-
module. We thus have a ‘crossed 2-fold extension’:

K502 p2a,
where K = Ker 0 and G = P/0C. (We will write N = 0C.)
Repeat the same process as before for the extension

N—P—G,

but take extra care as N is usually not Abelian. Pick a transversal s : G — P giving f : GXxG — N
as before (even with the same formula). Next look at

K% C =N,

and lift f to C via a choice of F(g1,g2) € C with image f(g1,92) in N.
The pairing f satisfied the cocycle condition, but we have no means of ensuring that £’ will do
S0, i.e. there will be, for each triple (g1, g2, g3), an element (g1, g2, g3) € C such that

SO F(go, g3)F (g1, gag3) = i(c(g1, g2, 93)) F (91, 92) F (9192, 93),

and some of these c(g1, g2, g3) may be non-trivial. The ¢(g1, g2, g3) will satisfy a cocycle condition
correspond to a 4-simplex in Ner(G[1]), and one can reconstruct the crossed 2-fold extension up
to equivalence from F' and c¢. Here ‘equivalence’ is generated by maps of ‘crossed’ exact sequences:

1 K C P G 1
1 K c P G 1,

but these morphisms need not be isomorphisms. Of course, this identifies H3(G, K) with 7o of the
resulting category.

What about H*(G, K)? Yes, something similar works, but we do not have the machinery to do
it here, yet.
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2.3.2 Not really an aside!

Suppose we start with a crossed module, C = (C, P,9). We can build an internal category, X'(C),
in Grps from it. The group of objects of X(C) will be P and the group of arrows C' x P. The
source map

s:CxP—P is s(cp) =p,

the target
t:CxP—P is t(e,p)=dcp.

(That looks a bit strange. That sort of construction usually does not work, multiplying two
homomorphisms together is a recipe for trouble! - but it does work here:

t((c1,p1)-(c2,p2)) = t(ciPe2,p1p2)
= 0(ciP'e2).pip2,

whilst ¢(c1,p1)-t(ce,p2) = Ocy.p1.0c2.pa, but remember O(ciPleg) = 801.p1.802.pf1, so they are
equal.)

The identity morphism is i(p) = (1, p), but what about the composition. Here it helps to draw
a diagram. Suppose (c1,p1) € C' x P, then it is an arrow

(c1,p1)
p 5 deypr,

and we can only compose it with (ca,p2) if pa = dc1.p1. This gives

(

c1, c2,0c1 .
(c1,p1) 2,0¢1.p1) dcadcy.pr.

p1 —— dcr.py
The obvious candidate for the composite arrow is (cac1,p1) and it works!
In fact, X'(C) is an internal groupoid as (c;*,dci.p1) is an inverse for (c1, py).
Now if we started with an internal category

S
e

GlT)GOa

—
(2

etc., then set P = Gy and C' = Ker s with 0 =t |¢ to get a crossed module.

Theorem 2 (Brown-Spencer,[09]) The category of crossed modules is equivalent to that of internal
categories in Grps. |

You have, almost, seen the proof. As beginning students of algebra, you learnt that equivalence
relations on groups need to be congruence relations for quotients to work well and that congru-
ence relations ‘are the same as’ normal subgroups. That is the essence of the proof needed here,
but we have groupoids rather than equivalence relations and crossed modules rather than normal
subgroups.

Of course, any morphism of crossed modules has to induce an internal functor between the
corresponding internal categories and wice versa. That is a good exercise for you to check that
you have understood the link that the Brown-Spencer theorem gives.

This is a good place to mention 2-groups. The notion of 2-category is one that should be fairly
clear even if you have not met it before. For instance, the category of small categories, functors
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and natural transformations is a 2-category. Between each pair of objects, we have not just a set
of functors as morphisms but a small category of them with the natural transformations between
them as the arrows in this second level of structure. The notion of 2-category is abstracted from
this. We will not give a formal definition here (but suggest that you look one up if you have not
met the idea before). A 2-category thus has objects, arrows or morphisms (or sometimes ‘1-cells’)
between them and then some 2-cells (sometimes called ‘2-arrows’ or ‘2-morphisms’) between them.

Definition: A 2-groupoid is a 2-category in which all 1-cells and 2-cells are invertible.
If the 2-groupoid has just one object then we call it a 2-group.

Of course, there are also 2-functors between 2-categories and so, in particular, between 2-groups.
Again this is for you to formulate, looking up relevant definitions, etc.

Internal categories in Grps are really exactly the same as 2-groups. The Brown-Spencer theorem
thus constructs the associated 2-group of a crossed module. The fact that the composition in the
internal category must be a group homomorphism implies that the ‘interchange law’ must hold.
This equation is in fact equivalent via the Brown-Spencer result to the Peiffer identity. (It is left
to you to find out about the interchange law and to check that it is the Peiffer axiom in disguise.
We will see it many times later on.)

Here would be a good place to mention that an internal monoid in Grps is just an Abelian group.
The argument is well known and is usually known by the name of the Eckmann-Hilton argument.
This starts by looking at the interchange law, which states that the monoid multiplication must
be group homomorphism. From this it derives that the monoid identity must also be the group
identity and that the two compositions must coincide. It is then easy to show that the group is
Abelian.

2.3.3 Perhaps a bit more of an aside ... for the moment!

This is quite a good place to mention the groupoid based theory of all this. The resulting objects
look like abstract 2-categories and are 2-groupoids. We have a set of objects, Ky, a set of arrows,
K1, depicted z SN y, and a set of two cells

In our previous diagrams, as all the elements of P started and ended at the same single object, we
could shift dimension down one step; our old objects are now arrows and our old arrows are 2-cells.
We will return to this later.

The important idea to note here is that a ‘higher dimensional category’ has a link with an
algebraic object. The 2-group(oid) provides a useful way of interpreting the structure of the crossed
module and indicates possible ways towards similar applications and interpretations elsewhere. For
instance, a presentation of a monoid leads more naturally to a 2-category than to any analogue of
a crossed module, since kernels are less easy to handle than congruences in Mon.
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There are other important interpretations of this. Categories such as that of vector spaces,
Abelian groups or modules over a ring, have an additional structure coming from the tensor product,
A ® B. They are monoidal categories. One can ‘multiply’ objects together and this is linked to a
related multiplication on morphisms between the objects. In many of the important examples the
multiplication is not strictly associative, so for instant, if A, B, C are objects there is an isomorphism
between (A ® B) ® C' and A ® (B ® ('), but this isomorphism is most definitely not the identity
as the two objects are constructed in different ways. A similar effect happens in the category of
sets with ordinary Cartesian product. The isomorphism is there because of universal properties,
but it is again not the identity. It satisfies some coherence conditions, (a cocycle condition in
disguise), relating to associativity of four fold tensors and the associahedron that we gave earlier,
is a corresponding diagram for the five fold tensors. (Yes, there is a strong link, but that is not for
these notes!) Our 2-group(oid) is the ‘suspension’ or ‘categorification’ of a similar structure. We
can multiply objects and ‘arrows’ and the result is a strict ‘gr-groupoid’, or ‘categorical group’, i.e.
a strict monoidal category with inverses. This is vague here, but will gradually be explored later
on. If you want to explore the ideas further now, look at Baez and Dolan, [11].

(At this point, you do not need to know the definition of a monoidal category, but remember
to look it up in the not too distance future, if you have not met it before, as later on the
insights that an understanding of that notion gives you, will be very useful. It can be found in
many places in the literature, and on the internet. The approach that you will get on best with
depends on your background and your likes and dislikes mathematically, so we will not give one
here.)

Just as associativity in a monoid is replaced by a ‘lax’ associativity ‘up to coherent isomorphisms’
in the above, gr-groupoids are ‘lax’ forms of internal categories in groups and thus indicate the
presence of a crossed module-like structure, albeit in a weakened or ‘laxified’ form. Later we will
see naturally occurring gr-groupoid structures associated with some constructions in non-Abelian
cohomology. There is also a sense in which the link between fibrations and crossed modules given
earlier here, indicates that fibrations are like a related form of lax crossed modules. In the notion
of fibred category and the related Grothendieck construction, this intuition begins to be ‘solidified’
into a clearer strong relationship.

2.3.4 Automorphisms of a group yield a 2-group

We could also give this section a subtitle:
The automorphisms of a 1-type give a 2-type.

This is really an extended exercise in playing around with the ideas from the previous two
sections. It uses a small amount of categorical language, but, hopefully, in a way that should be
easy for even a categorical debutant to follow. The treatment will be quite detailed as it is that
detail that provides the links between the abstract and the concrete.

We start with a look at ‘functor categories’, but with groupoids rather than general small
categories as input. Suppose that G and H are groupoids, then we can form a new groupoid, HY,
whose objects are the functors, f : G — H. Of course, functors in this context are just morphisms
of groupoids, and, if G, and H are G[1] and H|[1], that is, two groups, G and H, thought of as one
object groupoids, then the objects of HY are just the homomorphisms from G to H thought of in
a slightly different way.
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That gives the objects of HY . For the morphisms from fq to fi, we ‘obviously’ should think
of natural transformations. (As usual, if you are not sufficiently conversant with elementary cate-
gorical ideas, pause and look them up in a suitable text or in Wikipedia.) Suppose n : fo — f1 is
a natural transformation, then, for each x, an object of G, we have an arrow,

n(z) : folx) = fi(2),

in ‘H such that, if g : x — y in G, then the square

fol@) L2 i (a)

fo(g)i J/ﬁ(g)
Joy) — fi(y)

n(y)
commutes, so 7 ‘is’ the family, {n(z) | x € Ob(G}. Now assume G = G[1] and H = H[1], and that
we try to interpret n(x) : fo(z) — fi(x) back down at the level of the groups, that is, a bit more
‘classically’ and group theoretically. There is only one object, which we denote *, if we need it, so
we have that 7 corresponds to a single element, n(x), in H, which we will write as h for simplicity,
but now the condition for commutation of the square just says that, for any element g € G,

hfo(g) = fi(g)h,

i.e., that fo and fi are conjugate homomorphisms, fi = hfoh™'..

It should be clear, (but check that it is), that this definition of morphism makes HY into a
category, in fact into a groupoid, as the morphisms compose correctly and have inverses. (To get
the inverse of 7 take the family {n(x)~! | z € Ob(G} and check the relevant squares commute.)

So far we have ‘proved’:

Lemma 6 For groupoids, G and H, the functor category, HY, is a groupoid. ]

We will be a bit sloppy in notation and will write H for what should, more precisely, be written
H[1])¢M,

We note that it is usual to observe that, for Abelian groups, A, and B, the set of homomorphisms
from A to B is itself an Abelian group, but that the set of homomorphisms from one non-Abelian
group to another has no such nice structure. Although this is sort of true, the point of the above
is that that set forms the set of objects for a very neat algebraic object, namely a groupoid!

If we have a third groupoid, K, then we can also form K™ and K9, etc. and, as the objects of
K™ are homomorphisms from H to C, we might expect to compose with the objects of HY to get
ones of KY. We might thus hope for a composition functor

K" x HY — KY.

(There are various things to check, but we need not worry. We are really working with functors
and natural transformations and with the investigation that shows that the category of small
categories is 2-category. This means that if you get bogged down in the detail, you can easily find
the ideas discussed in many texts on category theory.) This works, so we have that the category,
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Grpd has also a 2-category structure. (It is a ‘Grpd-enriched’ category; see later for enriched
categories. The formal definition is in section 12.1.1, although the basic idea is used before that.
A groupoid-enriched category is a (2, 0)-category, adopting the same convention as is adopted for
oo-categories, see page 508.)

We need to recall next that in any category, C, the endomorphisms of any object, X, form
a monoid, End(X) := C(X,X). You just use the composition and identities of C ‘restricted to
X’. If we play that game with any groupoid enriched category, C, then for any object, X, we will
have a groupoid, C(X, X), which we might write End(X), (that is, using the same font to indicate
‘enriched’) and which also has a monoid structure,

C(X, X) x C(X, X) = C(X, X).

It will be a monoid internal to Grpd. In particular, for any groupoid, G, we have such an internal
monoid of endomorphisms, GY, and specialising down even further, for any group, G, such an
internal monoid, G&. Note that this is internal to the category of groupoids not of groups, as its
monoid of objects is the endomorphism monoid of G, not a single element set. Within G¢, we
can restrict attention to the subgroupoid on the automorphisms of G. We thus have this groupoid,
Aut(G), which has as objects the automorphisms of G and, as typical morphism, n : fo — fi, a
conjugation. It is important to note that as 7 is specified by an element of G and an automorphism,
fo, of G, the pair, (g, fo), may then be a good way of thinking of it. (Two points, that may be
obvious, but are important even if they are, are that the morphism 7 is not conjugation itself, but
conjugates fo. One has to specify where this morphism starts, its domain, as well as what it does,
namely conjugate by g. Secondly, in (g, fo), we do have the information on the codomain of 7, as
well. It is gfog~! = f1.)

Using this basic notation for the morphisms, we will look at the various bits of structure this
thing has. (Remember, 1 : fo — f1 and f1 = gfog~ ', as we will need to use that several times.)
We have compositions of these pairs in two ways:

(a) as natural transformations: if

n:fo— fi, n=1(9f)),
and n:fi—fo, n=(,fN)

then the composite is 7’117 = (¢'g, fo). (That is easy to check. As, for instance, fo = ¢'fi(¢') "' =
(d'9)fo(d'9)~ ", ..., it all works beautifully). (A word of warning here, (¢'g)fo(¢’g)"" is the
conjugate of the automorphism fy by the element (¢'g). The bracket does not refer to fy applied
to the ‘thing in the bracket’, so, for € G, ((¢'g) fo(¢'g)~1)(z) is, in fact, (¢'g)fo(x)(g’g)~". This
is slightly confusing so think about it, so as not to waste time later in avoidable confusion.)

b) using composition, fp, in the monoid structure. To understand this, it is easier to look at
that composition as being specialised from the one we singled out earlier,

KM x 1Y — K9,

which is the composition in the 2-category of groupoids. (We really want G = H = K, but, by
keeping the more general notation, it becomes easier to see the roles of each G.)

We suppose fo, f1: G = H, fo, f1: G — H,and thenn : fo — fi, 7" : f} — fi. The 2-categorical
picture is
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fo £ fofo

\U,T] . l}n/ L= . \Un// .
i M fih

with 7" being the desired composite, n'fyn, but how is it calculated. The important point is the
interchange law. We can ‘whisker’ on the left or right, or, since the ‘left-right’ terminology can
get confusing (does ‘left’ mean ‘diagrammatically’ or ‘algebraically’ on the left?), we will often use
‘pre-’ and ‘post-’ as alternative prefixes. The terminology may seem slightly strange, but is quite
graphic when suitable diagrams are looked at! Whiskering corresponds to an interaction between
1-cell and 2-cells in a 2-category. In ‘post-whiskering’, the result is the composite of a 2-cell followed
by a 1-cell:

Post-whiskering:

foton = fotofo — fotofr,

(It is convenient, here, to write the more formal f{fo fo, for what we would usually write as f§fo.)
The natural transformation, 7 is given by a family of arrows in H, so fj#on is given by mapping
that family across to K using f). (Specialising to G = H = K = G[1], if n = (g, fo), then
foton = (f5(9), fofo), as is easily checked; similarly for f{fon.)

Pre-whiskering:

n'4ofo : fobofo — fitofo,

fo TN

Here the morphism fy does not influence the g-part of ' at all. It just alters the domains. In the
case that interests us, if ' = (¢/, f{)), then n'to fo = (¢', £ fo)-

The way of working out 7'fgn is by using #;-composites. First,

n'ton = fofo — f1f1,

and we can go
n'tofo : fofo — fifo,

and then, to get to where we want to be, that is, f{f1, we use

fiton « fifo — fifr.
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This uses the #1-composition, so

n'ton = (fifon)t(n'fofo)
= (fi(g), fifot(d's fofo)
= (f{(g)glaféf())v

but f1(g9) = ¢'fo(g9)(g")~!, so the end results simplifies to (¢'fo(g), f5fo). Hold on! That looks
nice, but we could have also calculated 1#yn using the other form as the composite,

n'ton = (0'fof1)h (follon)
= (¢, fof)t1(fo(9), fofo)
= (9'f0(9), fofo),

so we did not have any problem. (All the properties of an internal groupoid in Grps, or, if you
prefer that terminology, 2-group, can be derived from these two compositions. The ff; composition
is the ‘groupoid’ direction, whilst the f is the ‘group’ one.)

We thus have a group of natural transformations made up of pairs, (g, fo) and whose multipli-
cation is given as above. This is just the semi-direct product group, G x Aut(G), for the natural
and obvious action of Aut(G) on G. This group is sometimes called the holomorph of G.

We have two homomorphisms from G x Aut(G) to Aut(G). One sends (g, fo) to fo, so is just
the projection, the other sends it to f; = gfog~! = tg © fo. We can recognise this structure as
being the associated 2-group of the crossed module, (G, Aut(G),t), as we met on page 42. We call

Aut(Q), the automorphism 2-group of G..

2.3.5 Back to 2-types

From our crossed module, C = (C, P, ), we can build the internal groupoid, X(C), as before, then

apply the nerve construction internally to the internal groupoid structure to get a simplicial group,
K(Q).

Definition: Given a crossed module, C = (C, P, 9), the nerve (taken internally in Grps) of the
internal groupoid, X' (C), defined by C, will be called the nerve of C or, if more precision is needed,
its simplicial group nerve and will be denoted K (C).

The simplicial set, W (K (C)), or its geometric realisation, would be called the classifying space
of C.

We need this in some detail in low dimensions.
K({Cy = P
K(C)l = (CxP dozt,dlzs
K(C)2 = Cx(CxP),

where do(cz, ¢1,p) = (c2,0¢1.p), di(cz, c1,p) = (c2.c1,p) and dy(cz,¢1,p) = (c1,p). The pattern
continues with K(C),, = C x (... x (C x P)...), having n-copies of C. The d;, for 0 < i < n, are
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given by multiplication in C, dy is induced from ¢ and d,, is a projection. The s; are insertions of
identities. (We will examine this in more detail later.)

Remark: A word of caution: for G a group considered as a crossed module, this ‘nerve’ is not
the nerve of GG in the sense used earlier. It is just the constant simplicial group corresponding to G.
What is often called the nerve of G is what here has been called its classifying space. One way to
view this is to note that X'(C) has two independent structures, one a group, the other a category,
and this nerve is of the category structure. The group, G, considered as a crossed module is like a
set considered as a (discrete) category, having only identity arrows.

The Moore complex of K(C) is easy to calculate and is just NK(C); =1ifi >2; NK(C); = C;
NK(C)p = P with the 0 : NK(C); — NK(C)o being exactly the given 0 of C. (This is left as an
exercise. It is a useful one to do in detail.)

Proposition 4 (Loday, [15/]) The category CMod of crossed modules is equivalent to the subcat-
egory of Simp.Grps, consisting of those simplicial groups, G, having Moore complexes of length 1,
ie. NGy =1ifi> 2. [

This raises the interesting question as to whether it is possible to find alternative algebraic descrip-
tions of the structures corresponding to Moore complexes of length n.

Is there any way of going directly from simplicial groups to crossed modules? Yes. The last two
terms of the Moore complex will give us:

8:NG1—>NGO:G0

and Gg acts on NG1 by conjugation via sg, i.e. if g € Gog and 2 € NGy, then so(g)wso(g) ! is

also in NGj. (Of course, we could use multiple degeneracies to make g act on an =z € NG, just
as easily.) As 0 = dp, it respects the G action, so CM1 is satisfied. In general, CM2 will not be
satisfied. Suppose g1,92 € NG and examine %91g, = s0dog1-92-50dog; ! This is rarely equal to
919297 . We write (g1, 92) = [91, 92][92, s0dog1] = 919297 *-(%91g2) ", so it measures the obstruction
to CM2 for this pair g1, go. This is often called the Peiffer commutator of g1 and gs. Noting that
sodo = dops1, we have an element

{g1, 92} = [s091, $092][s092, s191] € NG2

and 0{g1,92} = (g1, 92). This second pairing is called the Peiffer lifting (of the Peiffer commutator).
Of course, if NG3 = 1, then CM2 is satisfied (as for K(C), above).
We could work with what we will call M(G, 1), namely
- NG
a: !
ONG>

with the induced morphism and action. (As dydy = dopd;, the morphism is well defined.) This is a
crossed module, but we could have divided out by less if we had wanted to. We note that {gi, g2}
is a product of degenerate elements, so we form, in general, the subgroup D,, C NG, generated
by all degenerate elements.

—)NG(),

Lemma 7 NG
9:—— 1 NG
(NG2 N Dy) 0

18 a crossed module. [ |
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This is, in fact, M (sk1G, 1), where sk1G is the 1-skeleton of G, i.e., the subsimplicial group gener-
ated by the k-simplices for k = 0, 1.
The kernel of M(G,1) is m1(G) and the cokernel mo(G) and

NG,

7T1(G) — BNGQ

— NG() — 7T0<G)

represents a class k(G) € H3(mo(G), m1(G)). Up to a notion of 2-equivalence, M (G, 1) represents
the 2-type of G completely. This is an algebraic version of the result of Mac Lane and Whitehead
we mentioned earlier. Once we have a bit more on cohomology, we will examine it in detail.

This use of NGy N Dy and our noting that {g1, g2} is a product of degenerate elements may
remind you of group T-complexes and thin elements. Suppose that G is a group T-complex in the
sense of our discussion at the end of the previous chapter (page 39). In a general simplicial group,
the subgroups, NG, ND,, will not be trivial. They give measure of the extent to which homotopical
information in dimension n on G depends on ‘stuff’ from lower dimensions., i.e., comparing G with
its (n — 1)-skeleton. (Remember that in homotopy theory, invariants such as the homotopy groups
do not necessarily vanish above the dimension of the space, just recall the sphere S? and the subtle
structure of its higher homotopy groups.)

The construction here of M (sk1G, 1) involves ‘killing’ the images of our possible multiple ‘D-
fillers’ for horns, forcing uniqueness. We will see this again later.



Chapter 3

Crossed complexes

Accurate encoding of homotopy types is tricky. Chain complexes, even of G-modules, can only
record certain, more or less Abelian, information. Simplicial groups, at the opposite extreme, can
encode all connected homotopy types, but at the expense of such a large repetition of the essential
information that makes calculation, at best, tedious and, at worst, virtually impossible. Complete
information on truncated homotopy types can be stored in the cat”-groups of Loday, [181]. We will
look at these later. An intermediate model due to Blakers and Whitehead, [275], is that of a crossed
complex. The algebraic and homotopy theoretic aspects of the theory of crossed complexes have
been developed by Brown and Higgins, (cf. [00, (1], etc., in the bibliography and the monograph
by Brown, Higgins and Sivera, [(63]) and by Baues, [24-26]. We will use them later on in several
contexts.

3.1 Crossed complexes: the Definition

We will initially look at reduced crossed complexes, i.e., the group rather than the groupoid based
case.

Definition: A crossed complex, which will be denoted C, consists of a sequence of groups and

morphisms
C:...—>Cn640n,16’5>1...403302201

satisfying the following:
CC1) 62 : Cy — (1 is a crossed module;
CC2) each C,,, (n > 2), is a left C7/61Co-module and each d,,, (n > 2) is a morphism of left Cy /§2C5-
modules, (for n = 3, this means that d3 commutes with the action of C; and that d3(C3) C Cs
must be a C1/d2Co-module);
CC3) 66 = 0.

The notion of a morphism of crossed complexes is clear. It is a graded collection of morphisms
preserving the various structures. We thus get a category, Crs,.q of reduced crossed complexes.

As we have that a crossed complex is a particular type of chain complex (of non-Abelian groups
near the bottom), it is natural to define its homology groups in the obvious way.

67
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Definition: If C is a crossed complex, its n** homology group is

Kerd,
H,(C)= ——.
( ) I'm 641

These homology groups are, of course, functors from Crs,..q to the category of Abelian groups.

Definition: A morphism f : C — C’ is called a weak equivalence if it induces isomorphisms on
all homology groups.

There are good reasons for considering the homology groups of a crossed complex as being its
homotopy groups. For example, if the crossed complex comes from a simplicial group then the
homotopy groups of the simplicial group are the same as the homology groups of the given crossed
complex (possibly shifted in dimension, depending on the notational conventions you are using).

The non-reduced version of the concept is only a bit more difficult to write down. It has C4
as a groupoid on a set of objects Cp with each C}, a family of groups indexed by the elements
of Cy. The axioms are very similar; see [63] for instance or many of the papers by Brown and
Higgins listed in the bibliography. This gives a category, Crs, of (unrestricted) crossed complexes
and morphisms between them. This category is very rich in structure. It has a tensor product
structure, denoted C® D and a corresponding mapping complex construction, Crs(C, D), making it
into a monoidal closed category. The details are to be found in the papers and book listed above
and will be recalled later when needed.

It is worth noting that this notion restricts to give us a notion of weak equivalence applicable
to crossed modules as well.

Definition: A morphism, f : C — C’, between two crossed modules, is called a weak equivalence
if it induces isomorphisms on 7y and 71, that is, on both the kernel and cokernel of the crossed
modules.

The relevant reference for my and m; is page 46.

3.1.1 Examples: crossed resolutions

As we mentioned earlier, a resolution of a group (or other object) is a model for the homotopy
type represented by the group, but which usually is required to have some nice freeness properties.
With crossed complexes we have some notion of homotopy around, just as with chain complexes,
so we can apply that vague notion of resolution in this context as well. This will give us some neat
examples of crossed complexes that are ‘tuned’ for use in cohomology.

A crossed resolution of a group, G, is a crossed complex, C, such that for each n > 1, Imd,, =
Ker §,-1 and there is an isomorphism, C7/02Cs = G.

A crossed resolution can be constructed from a presentation P = (X : R) as follows:

Let C(P) — F(X) be the free crossed module associated with P. We set Cy = C(P), C1 =
F(X), 61 = 0. Let k(P) = Ker(0 : C(P) — F(X)). This is the module of identities of the
presentation and is a left G-module. As the category G-Mod has enough projectives, we can form
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a free resolution P of k(P). To obtain a crossed resolution of G, we join P to the crossed module
by setting C,, = P,,_o for n > 3, d,, = d,,—2 for n > 3 and the composite from Py to C'(P) for n = 3.

3.1.2 The standard crossed resolution

We next look at a particular case of the above, namely the standard crossed resolution of G. In
this, which we will denote by CG, we have

(i) C1G = the free group on the underlying set of G. The element corresponding to u € G will
be denoted by [u].

(ii) C2G is the free crossed module over CpG on generators, written [u, v], considered as elements
of the set G x G, in which the map §; is defined on generators by

Su,v] = [uv]_l [u][v].

(iii) For n > 3, C,,G is the free left G-module on the set G™, but in which one has equated to zero
any generator [uq,...,u,] in which some u; is the identity element of G.
Ifn>2 6:Ch1G — C,G is given by the usual formula

6[U1, e ,un+1] = [u1] [UQ, . ,un+1]

n
A (D) s i - ]+ (D) g
=1

For n =2, 0 : 3G — C2G is given by
S[u, v, w] = v, w].[u, v] . [uv, w] " u, vw).

This is the crossed analogue of the inhomogeneous bar resolution, BG, of the group G. A groupoid
version can be found in Brown-Higgins, [59], and the abstract group version in Huebschmann, [157].
In the first of these two references, it is pointed out that CG, as constructed, is isomorphic to the
crossed complex, m(BG), of the classifying space of G considered with its skeletal filtration.

For any filtered space, X = (X,,)nen, its fundamental crossed compler, w(X), is, in general, a
non-reduced crossed complex. It is defined to have

E(l)n = (Wn(Xnv Xn—la a))aEXo

with 7(X);, the fundamental groupoid II; X Xy, and 7(X)2, the family, (m2(X2, X1,a))eex,- It
will only be reduced if Xy consists just of one point.

Most of the time we will only discuss the reduced case in detail, although the non-reduced case
will be needed sometimes. Following that, we will often use the notation Crs for the category of
reduced crossed complexes unless we need the more general case. This may occasionally cause a
little confusion, but it is much more convenient for most of the time.

There are two useful, but conflicting, conventions as to indexation in crossed complexes. In the
topologically inspired one, the bottom group is C, in the simplicial and algebraic one, it is Cj.
Both get used and both have good motivation. The natural indexation for the standard crossed
resolution would seem to be with C), being generated by n-tuples, i.e. the topological one. (I am
not sure that all instances of the other have been avoided, so please be careful!)
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G-augmented crossed complexes. Crossed resolutions of G are examples of G-augmented
crossed complexes. A G-augmented crossed complex consists of a pair (C, ) where C is a crossed
complex and where ¢ : C1 — G is a group homomorphism satisfying

(i) ¢d7 is the trivial homomorphism;

(ii) Ker ¢ acts trivially on C; for 7 > 3 and also on C’{‘b.

A morphism
(aaldG) : (C,(,O) - (C,a 90/)

of G-augmented crossed complezes consists of a morphism
a:C—=C

of crossed complexes such that ¢'ag = ¢.
This gives a category, Crsg, which behaves nicely with respect to change of groups, i.e. if
@ : G — H, then there are induced functors between the corresponding categories.

3.2 Crossed complexes and chain complexes: I

(Some of the proofs here are given in more detail as they are less routine and are not that available
elsewhere. A source for much of this material is in the work of Brown and Higgins, [(1], where
these ideas were explored thoroughly for the first time; see also the treatment in [63].)

We have introduced crossed complexes where normally chain complexes of modules would have
been used. We have seen earlier the bar resolution and now we have the standard crossed resolution.
What is the connection between them? The answer is approximately that chain complexes form
a category equivalent to a reflective subcategory of C'rs. In other words, there is a canonical way
of building a chain complex from a crossed one akin to the process of Abelianising a group. The
resulting reflection functor sends the standard crossed resolution of a group to the bar resolution.
The details involve some interesting ideas.

In section 2.1.1, we saw that, given a morphism, 8 : M — N, of modules over a group G,
0: M — N x G, given by 9(m) = (0(m), 1) is a crossed module, where N x G acts on M via the
projection to G. That example easily extends to a functorial construction which, from a positive
chain complex, D, of G-modules, gives us a crossed complex Ag(D) with Ag(D), = D, if n > 1
and equal to D1 x G for n = 1.

Lemma 8 A¢g : Ch(G—Mod) — Crsg is an embedding.

Proof: That Ag is a functor is easy to see. It is also easy to check that it is full and faithful, that
is it induces bijections,

Ch(G—Mod)(A,B) = Crsg(Ag(A), Ag(B)).
The augmentation of Ag(A) is given by the projection of A; x G onto G. |

We can thus turn a positive chain complex into a crossed complex. Does this functor have a
left adjoint? i.e. is there a functor {g : Crsg — Ch(G—Mod) such that

Ch(G—Mod)(£c(C),D) — Crsg(C,Ag(D))?
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If so it would suggest that chain complexes of G-modules are like G-augmented crossed complexes
that satisfy some additional equational axioms. As an example of a similar situation think of
‘Abelian groups’ within ‘groups’ for which the inclusion has a left adjoint, namely Abelianisation
(G4’ = G/|G, G]. Abelian groups are of course groups that satisfy the additional rule [z,y] = 1.
Other examples of such situations are nilpotent groups of a given finite rank ¢. The subcategories
of this general form are called varieties and, for instance, the study of varieties of groups is a very
interesting area of group theory. Incidentally, it is possible to define various forms of cohomology
modulo a variety in some sense. We will not explore that here.

We thus need to look at morphisms of crossed complexes from a crossed complex C to one of
form Ag(D), and we need therefore to look at morphisms into a semidirect product. These are
useful for other things, so are worth looking at in detail.

3.2.1 Semi-direct products and derivations.

Suppose that we have a diagram

f K xG
X %
G

where K is a G-module (written additively, so we write ¢g.k not 9% for the action). This is like the
very bottom of the situation for a morphism f: C — Ag(D).
As the codomain of f is a semidirect product, we can decompose f, as a function, in the form

f(h) = (fi(h), a(n)),

identifying its second component using the diagram. The mapping fi is not a homomorphism. As
f is one, however, we have

(fi(h1h2), a(hih2)) = f(h1) f(h2) = (fi(h1) + a(h1) fi(h2), a(hih2)),

i.e. fi satisfies

H

fi(hih) = fi(h1) + a(h1) fi(he)
for all hy, ho € H.

3.2.2 Derivations and derived modules.

We will use the identification of G-modules for a group G with modules over the group ring,
Z|G], of G. Recall that this ring is obtained from the free Abelian group on the set G by defining a
multiplication extending linearly that of G itself. (Formally if, for the moment, we denote by e,, the
generator corresponding to g € G, then an arbitrary element of Z[G] can be written as deG Ngeg
where the ng are integers and only finitely many of them are non-zero. The multiplication is by
‘convolution’ product, that is,

(Z ngeg) (Z mgeg> = Z ( Z nglmg1_1geg).

geqG geqG geG  g1€CG
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Sometimes, later on, we will need other coefficients than Z in which case it is appropriate to use
the term ‘group algebra’ of G, over that ring of coefficients.

We will also need the augmentation, € : Z[G] — Z, given by e(}_ ccngeg) = > cq ng and its
kernel I(G), known as the augmentation ideal.

Definitions: Let ¢ : G — H be a homomorphism of groups. A ¢-derivation
0:G—->M
from G to a left Z[H]-module, M, is a mapping from G to M, which satisfies the equation

d(g192) = (1) + (91)9(g2)

for all g1, g2 € G.
Such ¢-derivations are really all derived from a universal one.

Definition: A derived module for ¢ consists of a left Z[H]-module, D, and a ¢-derivation,
0, : G — D, with the following universal property:
Given any left Z[H]-module, M, and a p-derivation 0 : G — M, there is a unique morphism

B:Dy,— M

of Z[H]-modules such that 30, = 0.
The derivation 0, is called the universal ¢ derivation.

The set of all p-derivations from G to M has a natural Abelian group structure. We denote
this set by Der,(G, M). This gives a functor from H-Mod to Ab, the category of Abelian groups.
If (D, 0,) exists, then it sets up a natural isomorphism

Dery,(G,M) = H—-Mod(D,, M),

i.e., (Dy,0,) represents the (p-derivation functor.

3.2.3 Existence

The treatment of derived modules that is found in Crowell’s paper, [91], provides a basis for what
follows. In particular it indicates how to prove the existence of (D, 0,) for any ¢.

Form a Z[H]-module, D, by taking the free left Z[H]-module, Z[H]X), on a set of generators,
X ={dg: g € G}. Within Z[H]™) form the submodule, Y, generated by the elements

9(9192) — 9(g1) — #(91)9(92)-
Let D = Z[H]™) /Y and define d : G — D to be the composite:
G 2 z[H)X) guotient, D,

where 7 is “inclusion of the generators”, n(g) = dg, thus d, by construction, will be a ¢-derivation.
The universal property is easily checked and hence (D, d,) exists.
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We will later on construct (D, d,) in a different way which provides a more amenable descrip-
tion of D, namely as a tensor product. As a first step towards this description, we shall give a
simple description of D¢, that is, the derived module of the identity morphism of G. More precisely
we shall identify (Dg,dq) as being (I(G),0), where, as above, I(G) is the augmentation ideal of
Z|G] and 0 : G — I(G) is the usual map, d(g) =g — 1.

Our earlier observations give us the following useful result:

Lemma 9 If G is a group and M is a G-module, then there is an isomorphism
Derg(G,M) — Hom/G(G,M x G)

where Hom /G(G, M xG) is the set of homomorphisms from G to M xG over G, i.e., 0 : G - MxG
such that for each g € G, 0(g) = (9,6’ (g)) for some 0'(g) € M. |

3.2.4 Derivation modules and augmentation ideals

Proposition 5 The derivation module, D¢, is isomorphic to I1(G) = Ker(Z|G] — Z). The uni-
versal derivation is

dG G — I(G)
given by dg(g) = g — 1.

Proof:
We introduce the notation f5: I(G) — M for the Z[G]-module morphism corresponding to a
derivation

0:G — M.

The factorisation fsdg = 0 implies that fs must be defined by fs(¢ — 1) = d(g). That this works
follows from the fact that I(G), as an Abelian group, is free on the set {g —1: g € G} and that
the relations in I(G) are generated by those of the form

gi(g2 —1) = (192 — 1) — (91 — 1).

We note a result on the augmentation ideal construction that is not commonly found in the
literature.
The proof is easy and so will be omitted.

Lemma 10 Given groups G and H in C and a commutative diagram

G—-M (%)
P 2
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where §, &' are derivations, M is a left Z[|G]-module, N is a left Z[H]-module and ¢ is a module
map over 1, i.e., p(g.m) = 1(g)p(m) for g € G, m € M. Then the corresponding diagram

j{(e) LAy Y, (+%)
wl ls@
I(H) I e N
is commutative. |

The earlier proposition has the following corollaries:

Corollary 1 The subset Imdg = {9 —1: g € G} C I(G) generates I(G) as a Z[G]-module.
Moreover the relations between these generators are generated by those of the form

(9192 —1) — (g1 — 1) — g1(g2 — 1).

|
It is useful to have also the following reformulation of the above results stated explicitly.
Corollary 2 There is a natural isomorphism
Derq(G,M) = G—Mod(I(G), M).
|

3.2.5 Generation of I(G).

The first of these two corollaries raises the question as to whether, if X C G generates GG, does the
set Gx = {x —1:2 € X} generate I(G) as a Z|G]-module.

Proposition 6 If X generates G, then Gx generates I(G).

Proof: We know I(G) is generated by the g — 1s for g € G. If g is expressible as a word of length
n in the generators X then we can write g — 1 as a Z[G|]-linear combination of terms of the form
x—11in an obvious way. (If ¢ = w.z with w of lesser length than that of g, g— 1 =w—14+w(x—1),
so use induction on the length of the expression for g in terms of the generators.) |

When G is free: If G is free, say, G = F(X), i.e., is free on the set X, we can say more.

Proposition 7 If G = F(X) is the free group on the set X, then the set {x —1:x € X} freely
generates 1(G) as a Z[G]-module.

Proof: (We will write I’ for F/(X).) The easiest proof would seem to be to check the universal
property of derived modules for the function  : F — Z[G]X), given on generators by

W ={ ¢ ot
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then extended using the derivation rule to all of F' using induction. This uses essentially that each
element of F' has a unique expression as a reduced word in the generators, X.

Suppose then that we have a derivation 8 : ' — M, define 9 : Z[G]X) — M by d(e,) = d(x),
extending linearly. Since by construction 6 = @ and is the unique such homomorphism, we are
home. |

Note: In both these proofs we are thinking of the elements of the free module on X as being
functions from X to the group ring, these functions being of ‘finite support’, i.e. being non-zero
on only a finite number of elements of X. This can cause some complications if X is infinite or
has some topology as it will in some contexts. The idea of the proof will usually go across to that
situation but details have to change. (A situation in which this happens is in profinite group theory
where the derivations have to be continuous for the profinite topology on the group, see [224].)

3.2.6 (D,,d,), the general case.

We can now return to the identification of (D, d,) in the general case.

Proposition 8 If ¢ : G — H is a homomorphism of groups, then Dy, = Z[H]| ®¢ I(G), the tensor
product of Z[H] and I(G) over G.

Proof: If M is a Z[H]-module, we will write ¢*(M) for the restricted Z[G]-module, i.e. M with
G-action given by g.m := ¢(g).m. Recall that the functor ¢* has a left adjoint given by sending a
G-module, N to Z[H] ®¢ N, i.e. take the tensor of Abelian groups, Z[H| ® N and divide out by
x®gn=zp(g) @n.

With this notation we have a chain of natural isomorphisms,

Dery(G,M) = Derg(G,¢*(M))

G Mod(I(G), ¢" (M)
H—-Mod(Z[H] ®¢ I(G), M),

12

12

so by universality,
Dy, = Z[H] ®¢ I(G),

as required. |

A

3.2.7 D, for p: F(X)—G.

The above will be particularly useful when ¢ is the “co-unit” map, F(X) — G, for X a set
that generates G. We could, for instance, take X = G as a set, and ¢ to be the usual natural
epimorphism.

In fact we have the following;:

Corollary 3 Let ¢ : F(X) — G be an epimorphism of groups, then there is an isomorphism

D, = Z[G)X)
of Z|G]-modules. In this isomorphism, the generator 0., of Dy corresponding to x € X, satisfies
do(x) = Op
forallz € X. [ |

(You should check that you see how this follows from our earlier results.)
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3.3 Associated module sequences

3.3.1 Homological background

Given an exact sequence
1 K—>L—->Q—1

of abstract groups, then it is a standard result from homological algebra that there is an associated
exact sequence of modules,

0— K4 5 7Z[Q) oL I(L) — I(Q) — 0.

There are several different proofs of this. Homological proofs give this as a simple consequence of
the Torl-sequence corresponding to the exact sequence

0—I(L)—>Z[L] = Z—0

together with a calculation of Torf(Z[Q],Z), but we are not assuming that much knowledge of
standard homological algebra. That homological proof also, to some extent, hides what is happening
at the ‘elementary’ level, in both the sense of ‘simple’ and also that of‘what happens to the ‘elements’
of the groups and modules concerned.

The second type of proof is more directly algebraic and has the advantage that it accentuates
various universal properties of the sequence. The most thorough treatment of this would seem to
be by Crowell, [91], for the discrete case. We outline it below.

3.3.2 The exact sequence.

Before we start on the discussion of the exact sequence, it will be useful to have at our disposal
some elementary results on Abelianisation of the groups in a crossed module. Here we actually
only need them for normal subgroups but we will need it shortly anyway in the more general form.
Suppose that (C, P,0) is a crossed module, and we will set A = Kerd with its module structure
that we looked at before, and N = 9C, so A is a P/N-module.

Lemma 11 The Abelianisation of C' has a natural Z[P/N]-module structure on it.

Proof: First we should point out that by “Abelianisation” we mean C4% = C/]C,C], which is,

of course, Abelian and it suffices to prove that N acts trivially on C4?, since P already acts in a

natural way. However, if n € N, and d¢ = n, then for any ¢ € C, we have that "¢ = %°¢/ = ¢/c !,

hence "/ (¢)~! € [C, C] or equivalently
"(dle, ) = e,

so N does indeed act trivially on C4?. |

Of course N4? also has the structure of a Z[P/N]-module and thus a crossed module gives one
three P/N-modules. These three are linked as shown by the following proposition.

Proposition 9 Let (C, P,0) be a crossed module. Then the induced morphisms
A— Y% 5 N 0

form an exact sequence of Z[P/N]-modules.
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Proof: It is clear that the sequence
12A—-C—->N-=>1

is exact and that the induced homomorphism from C4 to N4 is an epimorphism. Since the
composite homomorphism from A to N is trivial, A is mapped into Ker(CA4? — N4*) by the
composite A — C' — CAP. Tt is easily checked that this is onto and hence the sequence is exact as
claimed. |

Now for the main exact sequence result here:
Proposition 10 Let

1oKAL5%0 51

be an exact sequence of groups and homomorphisms. Then there is an exact sequence

0 K4 3 7[Qle (L) % 1(Q) 0
of Z[Q]-modules.

Proof: By the universal property of Dy, there is a unique morphism
¥ Dy — 1(Q)

such that 18, = I(¥)dL.
Let § : K — KA = K/[K, K] be the canonical Abelianising morphism. We note that dy¢ :
K — Dy is a homomorphism (since

Opp(kike) = Oypp(k1) +Pp(k1)0pe (k)
= Opp(k1) + Oypp(ks),)

so let ¢ : KA — Dy, be the unique morphism satisfying ¢d = Oy with K 4% having its natural
Z]Q]-module structure.

That the composite P =0 follows easily from 3¢ = 0. Since Dy, is generated by symbols d¢
and 1 (dl) = (¢) — 1, it follows that 1 is onto. We next turn to “Ker ¢» C Im ¢”.

If we can prove a : Dy — I(Q) is the cokernel of ¢, then we will have checked this inclusion
and incidentally will have reproved that 1 is onto.

Now let Dy — C be any morphism such that a¢ = 0. Consider the diagram
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The composite ady, vanishes on the image of ¢ since adyp = a@d and a@ is assumed zero.
Define d : Q — C by d(q) = ady(¢) for £ € L such that ¢(¢) = q. As ady vanishes on Im ¢, this
is well defined and

d(Q1Q2) = 0481/,(5152)
= ady(f) + a(ip(61)dy(la))
= d(q1) + q1d(qe)

so d factors as @dg in a unique way with @ : I(Q) — C. It remains to prove that o = ¥, but
oy = Ic(¥)or

by the naturality of 0. Now finally note that adg = d and dip = ady, to conclude that 1[181/, and ady
are equal. Equality of o and a2 then follows by the uniqueness clause of the universal property of

(D, D)
Next we need to check that K4° — Dy, is a monomorphism. To do this we use the fact that
there is a transversal, s : Q — L, satisfying s(1) = 1. This means that, following Crowell, [91] p.

224, we can for each £ € L, q € ), find an element ¢ x ¢ uniquely determined by the equation
pla x 0) = s(q)ts(qp(0) ™,
which, of course, defines a function from @ x L to K. Crowell’s lemma 4.5 then shows
g x lily = (g x £1)(q(b1) x £a) for £y,4y € L.
Now let M = Z[Q)™), with X = {0/ : £ € L}, so that there is an exact sequence
M — Dy — 0.

The underlying group of Z[Q)] is the free Abelian group on the underlying set of Q). Similarly M,
above, has, as underlying group, the free Abelian group on the set @ x X.
Define a map 7 : M — K4 of Abelian groups by

T(a,00) = §(q x £).

We check that if p(m) = 0, then 7(m) = 0. Since Ker p is generated as a Z[Q]-module by elements
of the form

O(l103) — Oy — 1p(£1)0l,

it follows that as an Abelian group, Ker p is generated by the elements

(Qa 8(5162)) - (q7 agl) - (Q¢(€1)a 862)

We claim that 7 is zero on these elements; in fact

7(q,0(lil2)) = (g x (Lr1ls))
= 6(g x 1) +6(qp(lr) x £2)
= 7(q,01) + 7(q(b1), £2).
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Thus 7 induces a map 1 : Dy, — K 4b of Abelian groups.
Finally we check n¢ = identity, so that ¢ is a monomorphism: let b € K4%, k € K be such that
0(k) = b, then

np(b) = ngdi(k)
1m0y (k)
5(1 x p(k)),

but 1 x ¢(k) is uniquely determined by

p(1 x p(k)) = s(L)p(k)s(Lp(k)) ™t = (k)
since s(1) = 1, hence 1 x ¢(k) = k and np(b) = (k) = b as required. |

A discussion of the way in which this result interacts with the theory of covering spaces can
be found in Crowell’s paper already cited. We will very shortly see the connection of this module
sequence with the Jacobian matrix of a group presentation and the Fox free differential calculus. It
is this latter connection which suggests that we need more or less explicit formulae for the maps ¢
and 1/; and hence requires that Crowell’s detailed proof be used, not the slicker homological proof.

3.3.3 Reidemeister-Fox derivatives and Jacobian matrices

At various points, we will refer to Reidemeister-Fox derivatives as developed by Fox in a series of
articles, see [129], and also summarised in Crowell and Fox, [95]. We will call these derivatives Fox
derivatives.

Suppose G is a group and M a G-module and let § : G — M be a derivation, (so d(g192) =
0(g1) + ¢10(ge) for all g1,g2 € G), then, for calculations, the following lemma is very valuable,
although very simple to prove.

Lemma 12 If§: G — M is a derivation, then
(i1) 6(g~") = —g~'d(g) for all g € G;
(iii) for any g € G and n > 1,

Proof: As was said, these are easy to prove.
0(g) = 6(1g) + 1(g), so 6(1) = 0, and hence (i); then

0(1) =d(g~'g) =d(g™") + 97 "4(g)
to get (ii), and finally induction to get (iii). [

The Fox derivatives are derivations taking values in the group ring as a left module over itself.
They are defined for G = F(X), the free group on a set X. (We usually write F' for F/(X) in what
follows.)
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Definition: For each z € X, let
9 :F > 7ZF
be defined by
(i) for y € X,

gy [ 1 ifx=y
or | 0 ify#ux

(ii) for any words, wi,wy € F,

gg T2 T 0t T Wi e

Of course, a routine proof shows that the derivation property in (ii) defines %—f for any w € F.
This derivation, 8%’ will be called the Foz derivative with respect to the generator x.

Example: Let X = {u,v}, with r = wouv™'u"'v™! € F = F(u,v), then

or o

— = 14w —uwuw tu 1,

ou

or _ 1o
90 uw—wvuvt — wvuv tu o
v

This relation is the typical braid group relation, here in Brs, and we will come back to these simple
calculations later.

It is often useful to extend a derivation § : G — M to a linear map from ZG to M by the simple
rule that 6(¢g + h) = d(g) + 6(h).
We have
Der(F,ZF) = F—Mod(IF,ZF),
and that
IF =2 7F%),

with the isomorphism matching each generating x — 1 with e, the basis element labelled by z € X.
(The universal derivation then sends z to e,.)
For each given x, we thus obtain a morphism of F-modules:

dy : ZFX) 5 7F
with

de(ey) = 1 ify=zx
dr(ey) =0 1fy;é$,

i.e., the ‘projection onto the z‘*-factor’ or ‘evaluation at x € X’ depending on the viewpoint taken
of the elements of the free module, ZF ).
Suppose now that we have a group presentation, P = (X : R), of a group, G. Then we have a
short exact sequence of groups
1-NSFL G,
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where N = N(R), F = F(X), i.e., N is the normal closure of R in the free group F. We also have
a free crossed module,

c2F

constructed from the presentation and hence, two short exact sequences of G-modules with k(P) =
Ker 0, the module of identities of P,

0— k(P) = C4 —» N4 0,

and also _
0 NP5 IFopZG— IG — 0.

We note that the first of these is exact because N is a free group, (see Proposition 12, which will

be proved shortly), further
cAb = 7.6",

(the proof is left to you to manufacture from earlier results), and the map from this to N 4b in the
first sequence sends the generator e, to r[N, N].

We next revisit the derivation of the associated exact sequence (Proposition 10, page 77) in
some detail to see what ¢ does to r[IN, N]. We have @(r[N, N]) = 0yp(r) = 0(r), considering r
now as an element of F', and by Corollary 3, on identifying D~ with ZGX) using the isomorphism
between IF and ZFX), we can identify d,(z) = e,. We are thus left to determine 0, (r) in terms
of the 0,(z), i.e., the e;. The following lemma does the job for us.

Lemma 13 Let § : F' — M be a derivation and w € F, then

ow
ow = —ox.
w=Y Mo,
zeX
Proof: By induction on the length of w. |
In particular we thus can calculate
or
9y(r) = 87613

Tensoring with ZG, we get
or
o(r[N,N]) = —e, ® 1.
PrINN) =Y Shep @

There is one final step to get this into a usable form:
From the quotient map v : FF — G, we, of course, get an induced ring homomorphism, = :
ZF — 7G, and hence we have elements 'y(%) € ZG. Of course,

or or

%eaz ®l=¢€,® 7(%)7

so we have, on tidying up notation just a little:

Proposition 11 The composite map

ZGB 5 N 5 765

sends e, to Z'y(g—;)em and so has a matriz representation given by Jp = ('y(g;; ). [
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Definition: The Jacobian matriz of a group presentation, P = (X : R) of a group G is

7= (1(50)

in the above notation.

The application of v to the matrix of Fox derivatives simplifies expressions considerable in the
matrix. The usual case of this is if a relator has the form rs~!, then we get

ors™t or —rs_lﬁ
or  Ox ox

and if r or s is quite long this looks moderately horrible to work out! However applying v to the
answer, the term 7s~! in the second of the two terms becomes 1. We can actually think of this as
replacing r7s~! by r — s when working out the Jacobian matrix.

1 1 1

Example: Brs revisited. We have r = wvuv~'u~!v™!, which has the form (uvu)(vuv)~ .

This then gives
7((22) =14+uv—v and ’y(gr

—)=u—1-—vu,
v
abusing notation to ignore the difference between u,v in F(u,v) and the generating u,v in Brs.

Homological 2-syzygies: In general we obtain a truncated chain complex:
7GR B 760 K 7a 8 7, 0,

with dy given by the Jacobian matrix of the presentation, and d; sending generator el to 1 — z, so
I'md; is the augmentation ideal of ZG.

Definition: A homological 2-syzygy is an element in Ker ds.

A homological 2-syzygy is thus an element to be killed when building the third level of a
resolution of G. What are the links between homotopical and homological syzygies? Brown and
Huebschmann, [64], show they are isomorphic, as Ker dy is isomorphic to the module of identities.
We will examine this result in more detail shortly.

Extended example: Homological Syzygies for the braid group presentations: The
Artin braid group, Br,11, defined using n 4 1 strands is given by

e generators: y;, 1 =1,...,n;

e relations: 7;; = yiyjyi_lyj_l fori4+1 < j;
Tiitl = yiyz‘+1yiyi_+l1y¢_13/f+11 for 1 <@ <n.
We will look at such groups only for small values of n.

By default, Brs has one generator and no relations, so is infinite cyclic.

The group Brs: (We will simplify notation writing u = y1, v = y2.)
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This then has presentation P = (u,v : r = vouv~lu~tv~!). Tt is also the ‘trefoil group’, i.e.,

the fundamental group of the complement of a trefoil knot. If we construct X (2) = K(P), this is
already a K (Brs, 1) space, having a trivial mo. There are no higher syzygies.

We have all the calculation for working with homological syzygies here. The key part of the
complex is the Jacobian matrix as that determines ds:

dgz(l—i—uv—v u—l—vu).

This has trivial kernel, but, in fact, that comes most easily from the identification with homotopical
syzygies.

The group Br,: simplifying notation as before, we have generators u, v, w and relations

Ty = vwvw_lv_lw_l,
Ty = uwu_lw_l,
Tw = wouv Ty

The 1-syzygies are made up of hexagons for r,, and r,, and a square for r,. There is a fairly obvious
way of fitting together squares and hexagons, namely as a permutohedron, and there is a labelling
of such that gives a homotopical 2-syzygy.

The presentation yields a truncated chain complex with da

ZG(ru,rv Tw) & ZG(u,v,w)

with
0 1+vw—w v—1—wv
do = 1—w 0 u—1
14uv—w u—1—vu 0
and Loday, [185], has calculated that for the permutohedral 2-syzygy, s, one gets another term of

the resolution, ZG®), and a d3 : ZG®) — ZG"wv"w) given by
d3:(1+vu—u—wuv v —ovwu — 1 — uv — vuwv 1—|—vw—w—uvw).
For more on methods of working with these syzygies, have a look at Loday’s paper, [185], and some
of the references that you will find there.
3.4 Crossed complexes and chain complexes: 11

(The source for the material and ideas in this section is once again [(1].)

3.4.1 The reflection from Crs to chain complexes

It is now time to return to the construction of a left adjoint for Ag.

Theorem 3 ( Brown-Higgins, [01] in a slightly more general form.) The functor, Ag, has a left
adjoint.
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Proof: We construct the left adjoint explicitly as follows:
Let f.: (C,¢) = Ag(M.) be a morphism in Crs¢, then we have the following commutative
diagram

O 61

Co Cy Co—"—G
NN
My~ My —L My 1 G 6 G
Since the right hand square commutes, fy is given by some formula
fo(e) = (9(c), ¢(c)),

where 0 : Cy — M is a ¢-derivation. Thus 0 = fOQD for a unique G-module morphism, fj : D, —
My, and fj factors as

fQXG

Co 5 Dy G5 Myx @,

where @(c) = (05(c), ¢(c)).
The map 0,01 : C1 — D, is a homomorphism since
830(51(0162) = 39081 (01) + goc‘)l (61)a¢81 (Cg)
= 0y01(c1) + 0,01(c2),
0 being trivial (because (C, ) is G-augmented). We thus obtain a map d : Cf‘b — D, given
by d(c[C, C]) = 0,01 (c) for ¢ € C1. As we observed earlier the Abelian group C{® has a natural

Z|G]-module structure making d a G-module morphism.
Similarly there is a unique G-module morphism,

fl : ClAb — Ml,
satisfying .
S, C) = fi(o).
Since for ¢ € C1, . )
(difi(c),1) = fo(drc) = (f0Op(01c1),1),

we have that the diagram

commutes.
We also note that since do : Co — C7 maps into Ker 41, the composite

Cy B cy ™t b,
being given by d(d2(c)[C, C] = 9,6102(c), is trivial and that fid2(c[C, C]) = f1da(c) = dafa(c), thus
we can define £ = £5(C, ¢) by
& = Chifn>2
&G = o,
o = Dy,
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the differentials being as constructed. We note that as Ker ¢ acts trivially on all C,, for n > 2, all
the C), have Z[G]-module structures.
That £g gives a functor
Crs — Ch(G—Mod)

is now easy to check using the uniqueness clauses in the universal properties of D, and Abeliani-
sation. Again uniqueness guarantees that the process “f goes to f” gives a natural isomorphism

Ch(G - MOd)(EG(Ca QO), M) = CTSG((Cv 90)’ AG(M))

as required. [

It is relatively easy to extend the above natural isomorphism to handle morphisms of crossed
complexes over different groups. For a detailed treatment one needs a discussion of the way that
the change of groups functors work with crossed modules or crossed complexes, that is, if we have
a morphism of groups 6 : G — H then we would expect to get functors between Crsg and Crsy
induced by 6. These do exist and are very nicely behaved, but they will not be discussed here, see
[224] for a full treatment in the more general context of profinite groups.

3.4.2 Crossed resolutions and chain resolutions

One of our motivations for introducing crossed complexes was that they enable us to model more
of the sort of information encoded in a K(G,1) than does the usual standard algebraic models,
e.g. a chain complex such as the bar resolution. In particular, whilst the bar resolution is very
good for cohomology with Abelian coefficients for non-Abelian cohomology the crossed version can
allow us to push things further, but then comparison on the Abelian theory is very necessary! It is
therefore of importance to see how this K (G, 1) information that we have encoded changes under
the functor £ : Crs — Ch(G—Mod).

We start with a crossed resolution determined in low dimensions by a presentation P = (X : R)
of a group, G. Thus, in this case, Cy = F(X) with ¢ : F(X) — G, the ‘usual’ epimorphism, and
Cy — Cyis C — F(X), the free crossed module on R — F(X). It is not too hard to show that
C{ = 7]G])®), the free Z[G]-module on R. (The proof is left as an exercise.) This maps down
onto N(R)4?, the Abelianisation of the normal closure of R in F(X) via a map

d, : Z[GQ)) — N(R)4,

given by O«(e,) = r[N(R), N(R)], where e, is the generator of Z[G|] corresponding to r € R.
There is also a short exact sequence

15 NR) S FX) 561
and hence by Proposition 10, a short exact sequence

7

0= NR)AM S ZIG)@r I(F) 5 I(G) = 0

(where we have written F' = F(X)).
By the Corollary to Proposition 8, we have

Z|G) @ I(F) = Z|G])X).
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The required map Cf‘b — D, is the composite

Z[G) P % N(R)A & Z]q) .

We have given an explicit description of 0, above, so to complete the description of d, it remains to
describe 7, but 7 satisfies i6 = Oyi, where § : N(R) — N(R)*", so i(r[N(R), N(R)]) = dy(r). Thus
if r is a relator, i.e., if it is in the image of the subgroup generated by the elements of R, then O(e,)
can be written as a finite sum of the form ) ae, and the elements a, € Z[G] are the images of
the Fox derivatives.

This operator can best be viewed as the Alexander matrix of a presentation of a group, further
study of this operator depends on studying transformations between free modules over group rings,
and we will not attempt to study those here.

The rest of the crossed resolution does not change and so, on replacing I(G) by Z|G] — Z, we
obtain a free pseudocompact Z[G]-resolution of the trivial module Z,

.= 7GR 4 761X 5 z(6) - 7

—_—~—

built up from the presentation. This is the complex of chains on the universal cover, K (G, 1), where
K (G, 1) is constructed starting from a presentation P.

3.4.3 Standard crossed resolutions and bar resolutions

We next turn to the special case of the standard crossed resolution of G discussed briefly earlier.
Of course this is a special case of the previous one, but it pays to examine it in detail.

Clearly in £ = £(CG, ¢), we have:
& = the free Z|G]-module on the underlying set of G, individual generators being written [u], for
u € Gj
& = the free Z|G] -module on G x G, generators being written [u, v];
¢, = C,G, the free Z|G] -module on G"H!| ete.

The map ds : & — &1 induced from § is given by

dafu, v, w] = ufv, w] — [u,v] — [uv, w] + [u, vw],
and the map d; : &1 — & by
di([u,v]) = dy(fuv] " [u]fv])
= o b (= [uv] + [u] + ufv]),
a unit times the usual bar resolution formula. Thus, as claimed earlier, the standard crossed
resolution is the crossed analogue of the bar resolution.
3.4.4 The intersection AN [C,C].

We next turn to a comparison of homological and homotopical syszygies. We have almost all the
preliminary work already. The next ingredient is a result that will identify the intersection of the

kernel of a crossed module, A = Ker(C LA P) and the commutator subgroup of C.
The kernel of the homomorphism from A to C4? is, of course, AN [C,C] and this need not be
trivial. In fact, Brown and Huebschmann ([64], p.160) note that in examples of type (G, Aut(G), 9),
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the kernel of 0 is, of course, the centre ZG of G and ZG N [G, G| can be non-trivial, for instance,
if G is dicyclic or dihedral.

We will adopt the same notation as previously with N = 9P etc.

Proposition 12 If, in the exact sequence of groups
15A>CHB N1,

the epimorphism from C to N is split (the splitting need not respect G-action), then AN [C,C] is
trivial.

Proof: Given a splitting s : N — C, (so ps is the identity on N), then the group C can be written
as A x s(N). The commutators in C, therefore, all lie in s(N) since A is Abelian, but then, of
course, AN [C,C] cannot contain any non-trivial elements. [

We used this proposition earlier in the case where N is free. We are thus using the fact that
subgroups of free groups are free, in that case. Of course, any epimorphism with codomain a free
group is split.

Brown and Huebschmann, [64], p. 168, prove that for an group G with presentation P, the

module of identities for P is naturally isomorphic to the second homology group, Ha (K (P)), of the
universal cover of K (P), the 2-complex of the presentation. We can approach this via the algebraic
constructions we have.

Given a presentation P = (X : R) of a group G, the algebraic analogue of K(P), we have

argued above, is the free crossed module C(P) 4 F (X) and the chains on the universal cover of
K (P) will be given by &g of this, i.e., by the chain complex

Z[GIR) 4 7]G) X,
In general there will be a short exact sequence
0— k(P)N[C(P),C(P)] = k(P) = H2(&(C(P)) — 0.

This short exact sequence yields the Brown-Huebschmann result as N(R) will a free group so
the epimorphism onto N(R) splits and we can use the above Proposition 12. We thus get

Proposition 13 If P = (X : R) is a free presentation of G, then there is an isomorphism
Kk — Hy(£(Ce(P)) = Ker(d : ZIG)® — Z[G]Y).
[ |
Note: Here we are using something that will not be true in all algebraic settings. A subgroup

of a free group is always free, but the analogous statement for free algebras of other types is not
true.
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3.5 Simplicial groups and crossed complexes

3.5.1 From simplicial groups to crossed complexes

Given any simplicial group G, the formula,

NG,

Ot = (NG A D) do (NGt N Do)’

in higher dimensions with, at its ‘bottom end’, the crossed module,

NG,

- N
do(NG2 N Dg) = NGo

gives a crossed complex with 0 induced from the boundary in the Moore complex. The detailed
proof is too long to indicate here. It just checks the axioms, one by one.

We should have a glance at this formula from various viewpoints, some of which will be revisited
later. Once again there is a clear link with the non-uniqueness of fillers for horns in a simplicial
group if it is not a group T-complex. We have all those (NG, N D,,) terms involved!

Suppose that we had our simplicial group G and wanted to construct a quotient of it that was a
group T-complex. We could do this in a silly way since the trivial simplicial group is clearly a group
T-complex, but let us keep the quotient as large as possible. This problem is related to the question
of whether the category of group T-complexes forms a reflective subcategory of Simp.Grps. The
condition NGND = 1 looks like some sort of ‘equational specification’. Our question can thus really
be posed as follows: Suppose we have a simplicial group morphism, f : G — H, and H is a group
T-complex. Remember that in group T-complexes, as against the non-algebraic ones, the thin
structure is not an added bit of structure. The thin elements are determined by the degeneracies,
so whether or not H is or is not a group T-complex is somehow its own affair, and nothing to do
with any external factors! Does f factor universally through some ‘group T-complexification’ of
G? Something like

H

G /

G/T(G

with G/T(G) a group T-complex and f uniquely determined by the diagram.

One sensible way to look at such a question is to assume, provisionally, that such a factorisation
exists and to see what T'(G) would have to be. In general, if f : G — H is any simplicial group
morphism (with no restriction on H for the moment), then with a hopefully obvious notation,

fn(NG, N D(G),) C NH, N D(H),,

since f sends degenerate elements to degenerate elements and preserves products! Back in our
situation in which H is a group T-complex, then f,(NG, N D(G),) = 1, for the simple reason that
the right hand side of that displayed formula is trivial by assumption. We thus have that if some
such T'(G) exists, then we must have NG, N D(G),, C T(G),, and our first attempt might be to
look at the possibility that they should be equal. This is wrong and for fairly trivial reasons. The
subgroup T'(G),, of G, has to be normal if we are to form the quotient by it, and there is no reason
why NG, N D(G),, should be a normal subgroup in general.
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We might then be tempted to take the normal subgroup generated by NG, N D(G),, but that
is ‘defeatist’ in this situation. We might hope to do detailed calculations with the subgroup and
if it is specified as a normal closure, we will lose some of our ability to do that, at least without
considerable more effort. (Let’s be lazy and see if we can get around that difficulty.) If we look
again, we find another thing that ‘goes wrong’ with any attempt to use NG,, N D(G),, as it is. This
subgroup would be within NG,,, of course, and we want to induce a map from the Moore complex
of G to that of G/T(G). For that to work, we would need not only NG, N D(G),, C T(G),, but
the image of NG,, N D(G),, under dy to be in T'(G),—1. Going up a dimension, we thus need not
only NG, N D(G)y, but do(NGp41 N D(G)pt1) € T(G),. We thus need the product subgroup
(NG, N D(G)p)do(NGrs1 N D(G)p1) to be in T'(G)y,. This looks a bit complicated. Do we need
to go any further up the Moore complex? No, because dydy is trivial. We might thus try

T(G)n = (NGn N D(G)n)do(NGn_H N D(G)n+1).

You might now think that this is a bit silly because we would still need this product subgroup to
be normal in order to form the quotient ... , but it is! The lack of normality of our earlier attempt
is absorbed by the image of the next level up. (That is pretty!)

Of course, there are very good reasons why this works. These involve what are sometimes called
Peiffer pairings. We will see some of these later.

As a consequence of the above discussion, we more or less have:

Proposition 14 If G is a group T-complex, then NG is a crossed complex. |
We certainly have a sketch of

Proposition 15 The full subcategory of Simp.Grps determined by the group T-complezes is a
reflective subcategory. [ ]

Of course, the details of the proofs of both of these are left for you to write down. Nearly all of the
reasoning for the second result is there for you, but some of the detailed calculations for the first
are quite tricky.

The close link between group T-complexes and crossed complexes is evident from these results.
You might guess that they form equivalent categories. They do. We will look at the way back from
crossed complexes (of groups) to simplicial groups later on, but we need to get back to cohomology.

3.5.2 Simplicial resolutions, a bit of background

We need some such means of going from simplicial groups to crossed complexes so because we can
also use simplicial resolutions to ‘resolve’ a group (and in many other situations). We first sketch
in some historical background.

In the 1960s, the connection between simplicial groups and cohomology was examined in detail.
The basic idea was that given the adjoint “free-forget” pair of functors between Groups and Sets,
one could generate a free resolution of a group, G, using the resulting comonad (or cotriple) (cf.
Mac Lane, [189]). This resolution was not, however, by a chain complex but by a free simplicial
group, F', say. It was then shown (Barr and Beck, [19]) that given any G-module, M, and working
in the category of groups over G, one could form the cosimplicial G-module, Hom,,s /G(F, M), and
hence, by a dual form of the Dold-Kan theorem, a cochain complex C(G, M), whose homotopy
type, and hence whose homology, was independent of the choice of F'. This homology was the
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usual Eilenberg-Mac Lane cohomology of G with coefficients in M, but with a shift in dimension
(cf. Barr and Beck, [19]).

Other theories of cohomology were developed at about the same time by Grothendieck and
Verdier, [9], André, [0, 7], and Quillen, [230, . The first of these was designed for use with
“sites”, that is, categories together with a Grothendieck topology.

André and Quillen developed, independently, a method of defining cohomology using simplicial
resolutions. Their work is best known in commutative algebra, but their methods work in greater
generality. Unlike the theory of Barr and Beck (monadic cohomology), they only assume there
is enough structure to construct free resolutions; a (co)monad is just one way of doing this. In
particular, André, [6, 7], describes a step-by-step, almost combinatorial, process for constructing
such resolutions. This ties in well with our earlier comments about using a presentation of a group
to construct a crossed resolution and the important link with syzygies. André’s method is the
simplicial analogue of this.

We will assume for the moment that we have a simplicial resolution, F', of our group, G.
Both André and Quillen then consider applying a derived module construction dimensionwise to
F, obtaining a simplicial G-module. They then use “Dold-Kan” to give a chain complex of G-
modules, which they call the “cotangent complex”, denoted Lg or LAb(G), of G (at least in the
case of commutative algebras). The homotopy type of LAb(G) does not depend on the choice of
resolution and so is a useful invariant of G. We will need to look at this construction in more detail,
but will consider a slightly more general situation to start with.

3.5.3 Free simplicial resolutions

Standard theory (cf. Duskin, [105]) shows that if F' and F” are free simplicial resolutions of groups,
G and H, say, and f : G — H is a morphism, then f can be lifted to f’ : FF — F’. The method
is the simplicial analogue of lifting a homomorphism of modules to a map of resolutions of those
modules, which you should look at first as it is technically simpler. Any two such lifts are homotopic
(by a simplicial homotopy).

Of course, f will also lift to a morphism of crossed complexes, f : C(F) — C(F’), and any
two such lifts will be homotopic as crossed complex morphisms. Thus whatever simplicial lift,
'+ F — F', we choose, C(f") will be a lift in the “crossed” case, and although we do not know at
this stage of our discussion of the theory if a homotopy between two simplicial lifts is transferred
to a homotopy between the images under C, this does not matter as the relation of homotopy is
preserved at least in this case of resolutions.

Any group has a free simplicial resolution. There is the obvious adjoint pair of functors

U : Groups — Sets
F . Sets — Groups

Writing 0 : Id — UF and € : FU — Id for the unit and counit of this adjunction (cf. Mac Lane,
[189, 1), we have a comonad (or cotriple) on Groups, the free group comonad, (FU,e, FnU).
We write L = FU, § = FnU, so that

e: L —1T

is the counit of the comonad whilst
§:L— L?
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is the comultiplication. (For the reader who has not met monads or comonads before, (L,7,?)
behaves as if it was a monoid in the dual of the category of “endofunctors” on Groups, see Mac
Lane, [190] Chapter VI. We will explore them briefly in section 13.3.4, starting on page 627.)

Now suppose G is a group and set F(G); = L'TY(G), so that F(G)y is the free group on the
underlying set of G and so on. The counit (which is just the augmentation morphism from FU(G)
to G) gives, in each dimension, face morphisms

di = L"eLY(@Q) : L"™Y(G) — L"(G),
for ¢ = 0,...,n, whilst the comultiplication gives degeneracies

s L"(G) — L"TY(@)

s; = LV LY,
for i =0,...,n — 1, satisfying the simplicial identities.
Remark: Here we follow the conventions used by Duskin, in his Memoir, [105], so as to aid

comparison and ‘follow-up’. Later we will also need to look at similar resolutions where the labelling
of the faces and degeneracies are reversed, so that the above formula for d; would be, instead, for
dp—i-

This simplicial group, F(G), satisfies mo(F(G)) = G (the isomorphism being induced by £(G) :
Fy(G) — G) and mp(F(G)) is trivial if n > 1. The reason for this is simple. If we apply U once
more to F(G), we get a simplicial set and the unit of the adjunction

n:1—=-UF

allows one to define for each n
nU(FU)" : UL™ — UL",

which gives a natural contraction of the augmented simplicial set, UF(G) — U(G), (cf. Duskin,
[105]). We will look at this in detail in our later treatment of augmentations, etc. For the moment,
it suffices to accept the fact that we do get a resolution, as we do not need to know the details of
why this construction works, at least not yet.

If we denote the constant simplicial group on G by K (G, 0), the augmentation defines a simplical
homomorphism

z: F(G) — K(G,0)

satisfying Uz.inc = Id, where inc : UK (G,0) — UF(G) is the ‘inclusion’ of simplicial sets given by
7, and then these extra maps, (UF)"nU, in fact, give a homotopy between inc.Uz and the identity
map on UF(G), i.e., € is a weak homotopy equivalence of simplicial groups. Thus F(G) is a free
simplicial resolution of G. It is called the comonadic free simplicial resolution of G.

This simplicial resolution has the advantage of being functorial, but the disadvantage of being
very big. We turn next to a ‘step-by-step’ method of constructing a simplicial resolution using
ideas pioneered by André, [7], although most of his work was directed more towards commutative
algebras, cf. [0].
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3.5.4 Step-by-Step Constructions

This section is a brief résumé of how to construct simplicial resolutions by hand rather than
functorially. This allows a better interpretation of the generators in each level of the resolution.
These are the simplicial analogues of higher syzygies. The work depends heavily on a variety of
sources, mainly [6], [177] and [208]. André only treats commutative algebras in detail, but Keune
[177] does discuss the general case quite clearly. The treatment here is adapted from the paper by
Mutlu and Porter, [213].

Recall of notation: We first recall some notation and terminology, which will be used in the
construction of a simplicial resolution. Let [n] be the ordered set, [n] = {0 <1 < --- < n}. Define
the following maps: the injective monotone map 6} : [n — 1] — [n] is given by

6?(k)_{k it k<,

k+1 if k>,

for 0 < i < n # 0. The increasing surjective monotone map o] : [n + 1] — [n] is given by

win [ K if k<,
O‘i(k)_{k;—1 it k>,

for 0 < i < n. We denote by {m,n} the set of increasing surjective maps [m| — [n].

3.5.5 Killing Elements in Homotopy Groups

Let G be a simplicial group and let & > 1 be fixed. Suppose we are given a set, 2, of elements:
Q={z): A€ A}, z) € m,_1(G), then we can choose a corresponding set of elements 6y € NGj_1 so
that ) = 0\ Ox(NGy). (If k =1, then as NGy = Gy, the condition that 0\ € NGy is immediate.)
We want to ‘kill’ the elements in Q.

We form a new simplicial group F;, where

1) F,, is the free G,-group, (i.e., group with G,-action)

Fp = [[ Gn{yrs} with X € A and t € {n,k},
At

where G, {y} = Gp* < y >, the co-product of G,, and a free group generated by y.
2) For 0 < i < n, the group homomorphism s} : F;, — Fj, 11 is obtained from the homomorphism
57+ Gy — Gp41 with the relations

st(yae) = Yau With w=tal, t:[n] — [k].

3) For 0 < i < n # 0, the group homomorphism d : F;,, — F,,_; is obtained from d} : G,, —
G, —1 with the relations
Yru if the map w=19]" is surjective,
d?(y%t) = t/(a)\) if U= 5;275/,
1 if U= (5}%’ with j # k,

by extending multiplicatively.
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We sometimes denote the F, so constructed by G(2).

Remark: In a ‘step-by-step’ construction of a simplicial resolution, (see below), there will
thus be the following properties: i) F,, = G, for n < k, ii) F}, = a free Gy-group over a set of
non-degenerate indeterminates, all of whose faces are the identity except the k", and iii) F, is a
free Gp-group on some degenerate elements for n > k.

We have immediately the following result, as expected.

Proposition 16 The inclusion of simplicial groups G — F, where F = G(2), induces a homo-
morphism
Tn(G) — mp(F)

for each n, which for n < k — 1 is an isomorphism,
Tn(G) = 70 (F)

and for n = k—1, is an epimorphism with kernel generated by elements of the form 0y = 0y0, NG},
where Q = {x): A € A}. |

3.5.6 Constructing Simplicial Resolutions
The following result is essentially due to André, [0].
Theorem 4 If G is a group, then it has a free simplicial resolution F.

Proof: The repetition of the above construction will give us the simplicial resolution of a group.
Although ‘well known’, we sketch the construction so as to establish some notation and terminology.
Let G be a group. The zero step of the construction consists of a choice of a free group F and
a surjection g : F' — G which gives an isomorphism F'/Ker g = G as groups. Then we form the
constant simplicial group, FO) for which in every degree n, F,, = F' and d}' = id = s;? for all 4, j.
Thus F(©©) = K(F,0) and mo(F(®) = F. Now choose a set, Q°, of normal generators of the closed
normal subgroup N = Ker (F -+ @), and obtain the simplicial group in which F 1(1) = F(Q°%) and
for n > 1, Fr(bl) is a free Fj,-group over the degenerate elements as above. This simplicial group will
be denoted by F(V) and will be called the I-skeleton of a simplicial resolution of the group, G.
The subsequent steps depend on the choice of sets, Q°, QY. Q2. ..., QF .... Let F*) be the
simplicial group constructed after k steps, that is, the k-skeleton of the resolution. The set QF is
formed by elements a of F,gk) with d¥(a) = 1 for 0 < i < k and whose images @ in 7, (F(¥)) generate

that module over F]gk) and F(+1),
Finally we have inclusions of simplicial groups

FOcprp®Wc...c pt-Dcpk c...

and in passing to the inductive limit (colimit), we obtain an acyclic free simplicial group F' with

F, = FT(Lk) if n < k. This F, or, more exactly, (F,g), is thus a simplicial resolution of the group G.
The proof of theorem is completed. [ |

Remark: A variant of the ‘step-by-step’ construction gives: if G is a simplicial group, then
there exists a free simplicial group F' and a continuous epimorphism F' — G which induces iso-
morphisms on all homotopy groups. The details are omitted as they should be reasonably clear.
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The key observation, which follows from the universal property of the construction, is a freeness
statement:

Proposition 17 Let F®) be a k-skeleton of a simplicial resolution of G and (QF, g(k)) k-dimension
construction data for F*tY . Suppose given a simplicial group morphism © : F®) — G such that
0.(g"¥) =0, then © extends over F*+1),

This freeness statement does not contain a uniqueness clause. That can be achieved by choosing
a lift for ©g™ to NG}, 1, a lift that must exist since O, (m(F®)) is trivial.

When handling combinatorially defined resolutions, rather than functorially defined ones, this
proposition is as often as close to ‘left adjointness’ as is possible without entering the realm of
homotopical algebra to an extent greater than is desirable for us here.

We have not talked here about the homotopy of simplicial group morphisms, and so will not dis-
cuss homotopy invariance of this construction for which one adapts the description given by André,
[6], or Keune, [177]. Of course, the resolution one builds by any means would be homotopicallly
equivalent to any other so, for cohomological purposes, it makes no difference how the resolution
is built.

Of course, from any simplicial resolution, F', of G, you can get an augmented crossed complex
C(F') over G using the formula given earlier and this is a crossed resolution.

3.6 Cohomology and crossed extensions

3.6.1 Cochains

Consider a G-module, M, and a non-negative integer n. We can form the chain complex, K (M, n),
having M in dimension n and zeroes elsewhere. We can also form a crossed complex, K(M,n), that
plays the role of the n'* Eilenberg-Mac Lane space of M in this setting. We may call it the n'?
Eilenberg-Mac Lane crossed complex of M:

Ifn=0,K(M,n)o=M xG, K(M,n); =0,i > 0.

Ifn>1, KM,n)y=G, K(M,n), =M, K(M,n); =0, i# 0 or n.

One way to view cochains is as chain complex morphisms. Thus on looking at Ch(BG, K (M, n)),
one finds exactly Z" (G, M), the (n + 1)-cocycles of the cochain complex C(G, M). We can also
view Z"THG, M) as Crsg(CG,K(M,n)).

In the category of chain complexes, one has that a homotopy from BG to K(M,n) between
0 and f, say, is merely a coboundary, so that H"T'(G, M) = [BG, K(M,n)], adopting the usual
homotopical notation for the group of homotopy classes of maps from the bar resolution BG to
K(M,n). This description has its analogue in the crossed complex case as we shall see.

3.6.2 Homotopies

Let C, C' be two crossed complexes with QQ and Q' respectively as the cokernels of their bottom
morphism. Suppose A, : C — C’' are two morphisms inducing the same map ¢ : Q — Q.

A homotopy from A to p is a family, h = {hy : kK > 1}, of maps hy : Cy — C’,’ngl satisfying the
following conditions:

H1) ho : C1 — CY is a derivation along po (i.e. for x,y € Cy,

ho(zy) = ho(z)(*ho(y)), )
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such that
51h0(£ﬂ) = )\0($)u0($)_1, z € Cy.

H2) h; : C1 — €Y is a Cp-homomorphism with Cy acting on C% via Ao (or via pg, it makes no
difference) such that
Sohy(x) = p1(z) "L (hody(x) "t A1 (2)) for x € C4.

H3) for k > 2, hy is a Q-homomorphism (with @ acting on the C} via the induced map
¢ : Q@ — Q') such that
Okyrhi + hip—10 = A — g

We note that the condition that A and g induce the same map, ¢ : Q — @', is, in fact, superfluous
as this is implied by H1.

The properties of homotopies and the relation of homotopy are as one would expect. One finds
H" (G, M) = [CG,K(M,n)]. Given that in higher dimensions, this is the same set exactly as
[BG, K(M,n)] means that there is not much to check and so the proof has been omitted.

3.6.3 Huebschmann’s description of cohomology classes

The transition from this position to obtaining Huebschmann’s descriptions of cohomology classes,
[157], is now more or less formal. We will, therefore, only sketch the main points.
If G is a group, M is a G-module and n > 1, a crossed n-fold extension is an exact augmented
crossed complex,
O—-M-—->C,—...>Cy—-Cy -G — 1.

The notion of similarity of such extensions is analogous to that of n-fold extensions in the Abelian
Yoneda theory, (cf. Mac Lane, [189]), as is the definition of a Baer sum. We leave the details to
you. This yields an Abelian group, Opext™ (G, M), of similarity classes of crossed n-fold extensions
of G by M.

Given a cohomology class in H"1(G, M) realisable as a homotopy class of maps, f : CG —
K(M,n), one uses f to form an induced crossed complex, much as in the Abelian Yoneda theory:

Jn(Q) Cp . Cy G
f’l pushout l l
0 M M, e M, G

where J,(G) is Ker(C,,G — C,_1G). (Thus J,G is also Im(Cy,+1G — C,G) and as the map f
satisfies f0 = 0, it is zero on the subgroup 0(C),42G) (i.e. is constant on the cosets) and hence passes
to Im(Cp41G — C,G) in a well defined way.) Arguments using lifting of maps and homotopies
show that the assignment of this element of Opext™(G, M) to cls(f) € H"1(G, M) establishes an
isomorphism between these groups.

3.6.4 Abstract Kernels.

The importance of having such a description of classes in H"(G, M) probably resides in low di-
mensions. To describe classes in H3(G, M), one has, as before, crossed 2-fold extensions

O—>M—>C22>Cl—>G—>1,
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where 0 is a crossed module. One has for any group G, a crossed 2-fold extension
0 Z2(G) = G % Aut(G) = Out(G) — 1

where J¢ sends g € G to the corresponding inner automorphism of G. An abstract kernel (in the
sense of Eilenberg-Mac Lane, [119]) is a homomorphism v : Q — Out(G) and hence provides, by
pulling back, a 2-fold extension of @ by the centre, Z(G), of G.

3.7 2-types and cohomology

In classifying homotopy types and in obstruction theory, one frequently has invariants that are
elements in cohomology groups of the form H™ (X, ), where typically 7 is the n* homotopy group
of some space. When dealing with homotopy types, m will be a group, usually Abelian with a ;-
action, i.e., we are exactly in the situation described earlier, except that X is a homotopy type not
a group. Of course, provided that X is connected, we can replace X by a simplicial group, bringing
us even nearer to the situation of this section. We shall work within the category of simplicial
groups.

3.7.1 2-types

A morphism
f:G—H

of simplicial groups is called a 2-equivalence if it induces isomorphisms
mo(f) : mo(G) — mo(H,)

and

m1(f) : m(G) — w1 (H).

We can form a quotient category, Hoa(Simp.Grps), of Simp.Grps by formally inverting the
2-equivalences, then we say two simplicial groups, G and H, have the same 2-type, (or, more
exactly, homotopy 2-type), if they are isomorphic in Hoq(Simp.Grps).

This is, of course, just a special case of the general notion of n-type in which “n-equivalences”
are inverted, thus forming the quotient category H o, (Simp.Grps).

We recall the following from earlier:

Definition: An n-equivalence is a morphism, f, of simplicial groups (or groupoids) inducing
isomorphisms, m;(f), for : =0,1,...,n— 1.

Definition: Two simplicial groups, G and H, have the same n-type (or, more exactly, homotopy
n-type if they are isomorphic in Ho, (Simp.Grps).

Sometimes it is convenient to say that a simplicial group, G, is an n-type. This is taken to mean
that it represents an n-equivalence class and has zero homotopy groups above dimension n — 1.
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3.7.2 Example: 1-types

Before examining 2-types in detail, it will pay to think about 1-types. A morphism f as above is
a l-equivalence if it induces an isomorphism on 7, i.e., mo(f) is an isomorphism. Given any group
G, there is a simplicial group, K (G, 0) consisting of G in each dimension with face and degeneracy
maps all being identities. Given a simplicial group, H, having G = mo(H), the natural quotient
map

Hy — TF()(H) =

G,
extends to a natural 1-equivalence between H and K (m(H),0).
It is fairly routine to check that

mo : Simp.Grps — Grps

has K(—,0) as an adjoint and that, as the unit is a natural 1l-equivalence, and the counit an
isomorphism, this adjoint pair induces an equivalence between the category Hoj(Simp.Grps) of
1-types and the category, Grps, of groups. In other words,

groups are algebraic models for 1-types.

3.7.3 Algebraic models for n-types?

So much for 1-types. Can one provide algebraic models for 2-types or, in general, n-types? We
touched on this earlier. The criteria that any such “models” might satisfy are debatable. Perhaps
ideally, or even unrealistically, there should be an isomorphism class of algebraic “gadgets” for each
2-type. An alternative weaker solution is to ask that a notion of equivalence between the models
is possible, and that only equivalence classes, not isomorphism classes, correspond to 2-types, but,
in addition, the notion of equivalence is algebraically defined. It is this weaker possibility that
corresponds to our aim here.

3.7.4 Algebraic models for 2-types.

If G is a simplicial group, then we can form a crossed module

NG,
0 ——L Gy,
do(NGs) 0

where the action of Gy is via the degeneracy, sp : Go — G1, and 0 is induced by dy. (As before we
will denote this crossed module by M (G, 1).) The kernel of 9 is

KerdynN Kerd;

= G

do(NG>) (&),

whilst its cokernel is o
0

_— = G

GoiNGy) -~ m@);
and so we have a crossed 2-fold extension

NGy
0 G G G 1
- m(G) = W0 (NGy) — Gy — m(G) —

and hence a cohomology class k(G) € H?(mo(G), 71(Q)).
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Suppose now that f : G — H is a morphism of simplicial groups, then one obtains a commu-
tative diagram

0——=m(G) TV Go m0(G) —=1
7r1(f)l i Lfo lﬂo(f)
00— (H) a0 Hy mo(H) — 1

If, therefore, f is a 2-equivalence, mo(f) and 71 (f) will be isomorphisms and the diagram shows
that, modulo these isomorphisms, k(G) and k(H) are the same cohomology class, i.e. the 2-type
of G determines 7, 71 and this cohomology class, k in H3(m, m1).

Conversely, suppose we are given a group 7w, a m-module, M, and a cohomology class k €
H3(w, M), then we can realise k by a 2-fold extension

O—>M—>C’2>G—>7r—>1

as above.
The crossed module, C = (C, G, 9), determines a simplicial group K(C) as follows:
Suppose C = (C, P,0) is any crossed module, we construct a simplicial group, K (C), by

K(C)QIP, K(C)1:C>4P,

so(p) = (1,p), dj(c,p) = de.p, di(c,p) = p.

Assuming K (C),, is defined and that it acts on C' via the unique composed face map to K (C)g = P
followed by the given action of P on C, we set

K(Chur1 = CxK(Cus

dg+l(cn+1,...,cl,p) = (Cpils--es C2, 0C1.D);
d?+1(cn+1,...,Ci+1,Ci,...,Cl,p) = (Cngls---sCit1Ciy---C1,P)
for0<i<n+1;
dZﬁ(an,...,cl,p) = (cny...,c1,p);
si(eny.-ye,p) = (enye.oy 1,00 c1,Dp),

where the 1 is placed in the i*" position.

Clearly Kerdl = {(c,p) : p = 1} = C, whilst Kerd? N Kerds = {(c2,c1,p) : (c1,p) =
(1,1) and (c2c1,p) = (1,1)} = {1}, hence the “top term” of M(K(C),1) is isomorphic to C
itself, whilst K(C)g is P itself. The boundary map 0 in this interpretation is the original 9, since
it maps (¢, 1) to do(c), i.e., we have

Lemma 14 There is a natural isomorphism
C M(K(C),1).
|

This construction is the internal nerve of the corresponding internal category in Grps, as we
noted earlier. All the ideas that go into defining the nerve of a category adapt to handling internal
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categories, and they produce simplicial objects in the corresponding ambient category. As we have a

simplicial group K (C), we might check if it is a group T-complex, but this is more or less immediate

as NK(C),, =1 for n > 2, whilst NK(C); is {(¢,p) : p =1} and so(K(C)g = {(¢,p) : ¢ = 1}.
Suppose now that we had chosen an equivalent 2-fold extension

0oMoC S 5ro1

The equivalence guarantees that there is a zig-zag of maps of 2-fold extensions joining it to that
considered earlier. We need only look at the case of a direct basic equivalence:

0 M c-92.¢a T 1
0 M o9 l’ 1

giving a map of crossed modules, ¢ : C — C', where C' = (C’,G’,d’). This induces a morphism of
simplicial groups,
K(p): K(C) = K(C'),

that is, of course, a 2-equivalence. If there is a longer zig-zag between C and C’, then the in-
termediate crossed modules give intermediate simplicial groups and a zig-zag of 2-equivalences so
that K(C) and K(C') are isomorphic in Hoa(Simp.Grps), i.e. they have the same 2-type. This
argument can, of course, be reversed.

If G and H have the same 2-type, they are isomorphic within the category Hoa(Simp.Grps),
so they are linked in Simp.Grps by a zig-zag of 2-equivalences, hence the corresponding coho-
mology classes in H?(mo(G), 71(G)) are the same up to identification of H3(mo(G), 71 (G)) and
H3(mo(H), 71 (H)). This proves the simplicial group analogue of the result of Mac Lane and
Whitehead, [193], that we mentioned earlier, giving an algebraic model for 2-types of connected
CW-complexes.

Theorem 5 (Mac Lane and Whitehead, [193]) 2-types are classified by a group mo, a mo-module,
71 and a class in H3(mg,m). [

We have handled this in such a way so as to derive an equivalence of categories:
Proposition 18 There is an equivalence of categories,

Hoy(Simp.Grps) =2 Ho(CMod),
where Ho(C'Mod) is formed from CMod by formally inverting those maps of crossed modules that
induce isomorphisms on both the kernels and the cokernels. |
3.8 Re-examining group cohomology with Abelian coefficients

3.8.1 Interpreting group cohomology
We have had
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e A definition of group cohomology via the bar resolution: for a group G and a G-module, M:
H"(G,M)=H"(C(G,M))

together with an identification of C'(G, M) with maps from the classifying space / nerve, BG,
of G to M, up to shifts in dimension;

e Interpretations

HY(G,M) = M€, the module of invariants
HY(G,M) = Der(G,M)/Pder(G, M)
— by inspection, where Pder(G, M) is the submodule of
principal derivations;
H%*(G,M) = Opext(G, M), i.e. classes of extensions

0—-M-—-H-—->G—1
and we also have
H"(G,M)

12

Opext™(G,M),n > 2, via crossed resolutions
= [C(G),K(M,n)]

Another interpretation, which will be looked at shortly is as FExt™(Z, M), where Z is given the
trivial G-module structure. This leads to

H"(G, M) = Ezt" ' (I1(G), M),
via the long exact sequence coming from

0—I(G) = Z|G] - Z — 0.

3.8.2 The Ezt long exact sequences

There are several different ways of examining the long exact sequence that we need. We will use
fairly elementary methods rather than more ‘homologically intensive’ one. These latter ones are
very elegant and very powerful, but do need a certain amount of development before being used.
The more elementary ones have, though, a hidden advantage. The intuitions that they exploit
are often related to ones that extend, at least partially, to the non-Abelian case and also to the
geometric situations that will be studied later in the notes.

The idea is to explore what happens to an exact sequence of modules

£ 05A43BA 00

over some given ring (we need it for G-modules so there the ring is Z[G], the group ring of G),
when we apply the functor Hom(—, M) for M another module. Of course one gets a sequence

Hom(€, M) : 0 — Hom(C, M) 5> Hom(B, M) % Hom(A, M)

and it is easy to check that this is exact, but there is no reason why a* should be onto since a
morphism f : A — M may or may not extend to some g defined over the bigger module B. For
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instance, if M = A, and f is the identity morphism, then f extends if and only if the sequence
splits (so B = A & C). We examine this more closely.

We have
| PR S B s —
|
M
and can form a new diagram
0—=A—2>p- 0

|

0 M

N

N C 0

Rl

where the left hand square is a pushout. You should check that you see why there is an induced
morphism 3 : N — C ‘emphusing the universal property of pushouts. (This is important as
sometimes one wants this sort of construction, or argument, for sheaves of modules and there
working with elements causes some slight difficulties.) The existence of this map is guaranteed
by the universal property and does not depend on a particular construction of N. Of course this
means that the bottom line is defined only up to isomorphism although we can give a very natural
explicit model for N, namely it can be represented as the quotient of B & M by the submodule
L of elements of the form (a(a), —f(a)) for a € A. Then we have 3(b,m) = B(b). (Check it is
well defined.) It is also useful to have the corresponding formulae for @(m) = (0,m) + L and for

f(b) = (b,0) + L. This gives an extension of modules

FE: 0-MINL oo

If f extends over B to give g, so go = f, then we have a morphism ¢ : N — M given by
g ((m,b) + L) =m+ g(b). (Check that ¢’ is well defined.)

Lemma 15 f extends over B if and only if f*(€) is a split extension.

Proof: We have done the ‘only if’. If f*(£) is split, there is a projection g : N — M such that
g'a(m) = m for all m. Define g = ¢’ f to get the extension. [ |

We thus get a map
Hom(A, M) > Ext'(C, M)

o(f) = [F(€)]

which extends the exact sequence one step to the right.
Here it is convenient to define Ext!(C, M) to be the set (actually Abelian group) of extensions
of form
0—-M—=?7—=C—0

modulo equivalence (isomorphism of middle terms with the ends fixed). The Abelian group struc-
ture is given by Baer sum (see entry in Wikipedia, or many standard texts on homological algebra).
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Important aside: ‘Recall’ the ‘snake lemma: given a commutative diagram of modules with
exact rows

0—>M—=N——>P—>0
|
0—>M —=N —>P — >0

there is an exact sequence

0— Keru— Kerv— Kery i>C’0ker,u—> Cokerv — Cokery — 0

This has as a corollary that if © and ¢ are isomorphisms then so is v. (Do check that you can
construct ¢ and prove exactness, i.e. using a simple diagram chase.)

Back to extensions: It is fairly easy to show that Hom(&, M) extends even further to 6 terms
with . .
S Batt (B, M) XS Bt (A, M)

Here is how «* is constructed. Suppose & : 0 - M — N — B — 0 gives an element of
Ext'(B, M), then we can form a diagram

a* (&) - OHTHaI(N)LTHO
& 0 M N m B 0

by restricting & along « using a pull back in the right hand square. We can give a~!(V) explicitly
in the form that the usual construction of pullbacks in categories of modules gives it to us

a—l(N) =~ {(a,n) | a(a) =p(n)}

and p’ and o/ are projections. The construction of 3* is done similarly using pullback along 3. It is
then easy to check that the obvious extension to Hom(E, M), mentioned above, is exact, but that
there is again no reason why a* should be onto. (Of course, knowledge of the purely homological
way of getting these exact sequence will suggest that there is an Ext?(C, M) term to come.)

We examine an obstruction to it being so. Suppose given &' : 0 - M — N; E) A — 0, giving
us an element of Ext'(A, M). If a* were onto, we would need a & : 0 - M — N — B — 0 such
that a~'(N) = Ny leaving M fixed and relating to a as above by a pullback. We can splice £ and
&1 together to get a suitable looking diagram

ExE: 0—M-—-N —B—-C—0

/ (6

and the row is exact. If we change £ by an isomorphism than clearly this spliced sequence would
react accordingly. If you check up, as suggested, on the Baer sum structure if Ext'(A, M) and
Ext?(C, M) then you can again check that the above splicing construction yields a homomorphism
from the first group to the second. Moreover there is no reason not to extend the splicing con-
struction to a pairing operation on the whole graded family of Ext-groups. This is given in detail
in quite a few of the standard books on Homological Algebra, so will not be gone into here.
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Two facts we do need to have available are about the structure of Ext?(C, M). Let Ext?(C, M)
be the category of 4-term exact sequences

0O M—-N—-P—-C—=0

and morphisms which are commuting diagrams

0 M N P C 0,
0 M N P’ C 0

then Ext?(C, M) is the set of connected components of this category. The important thing to note
is that the morphisms are not isomorphisms in general, so two 4-term sequences give the same
element in Ext?(C, M) if they are linked by a zig-zag of intermediate terms of this form. The
second fact is that the zero for the Baer sum addition is the class of the 4-term extension

0—>M—>M£>C—>C—>O

with ‘equals’ on the unmarked maps.
Suppose now that the top row in

0 M N LA 0
0 M N-——>B 0

is obtained by restriction along « from the bottom row. We now form the spliced sequence

0—>M—>N1§B—>C—>O.

We would hope that this 4-term sequence was trivial, i.e. equivalence to the zero one. We clearly
must use the given element in Ext!(B, M) in a constructive way in the proof that it is trivial, so
we form the pushout of ap along o’ getting us a diagram

0 M Ny B C 0,
o B B
0 M N B’ C 0

with the middle square a pushout. It is now almost immediate that the morphism from B to B’ is
split, since we can form a commutative square

NliB
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giving us the required splitting from B’ to B. It is now a simple use of the snake lemma, to show
that the complementary summand of B in B’ is isomorphic to C. We thus have that the bottom
row of the diagram above is of the form

0O0—-M-—-N-—-=-BpC—=C.

This looks hopeful but to finish off the argument we just produce the morphism:

0 M M—L - C 0
e
0 M N — BaC—C——=0
inclip

and we have a sequence of maps joining our spliced sequence to the trivial one. (A similar argument
goes through in higher dimensions.) Now you should try to prove that if a spliced sequence is
linked to a trivial one then it does come from an induced one. That is quite tricky, so look
it up in a standard text. An alternative approach is to use the homological algebra to get the
trivialising element (coboundary or homotopy, depending on your viewpoint) and then to construct
the extension from that. Another thing to do is to consider how the Ext-groups, Ext*(A, M), vary
in M rather than with A. This will be left to you.

3.8.3 From Ext to group cohomology

If we look briefly at the classical homological algebraic method of defining Ext™ (A, M), we would
take a projective resolution P. of A, apply the functor Hom(—, M), to get a cochain complex
Hom(P., M), then take its (co)homology, with H"(Hom(P., M)) being isomorphic to Ext™(A, M),
or, if you prefer, Ext™(A, M) being defined to be H"(Hom(P., M)). This method can be studied in
most books on homological algebra (we cite for instance, Mac Lane, [189], Hilton and Stammbach,
[150] and Weibel, [272]), so is easily accessible to the reader - and we will not devote much space
to it here as a result. We will however summarise some points, notation, definitions of terms etc.,
some of which you probably know.
First the notion of projective module:

Definition: A module P is projective if, given any epimorphism, f : B — C, the induced map
Hom(P, f) : Hom(P, B) — Hom(P, C) is onto. In other words any map from P to C can be lifted
to one from P to B.

Any free module is projective.

Of the properties of projectives that we will use, we will note that Fxzt"(P,M) = 0 for P
projective and for any M. To see this recall that any n-fold extension of P by M will end with an
epimorphism to P, but such things split as their codomain is projective. It is now relatively easy
to use this splitting to show the extension is equivalent to the trivial one.

A resolution of a module A is an augmented chain complex

P:..oP—FP—M

which is exact, i.e., it has zero homology in all dimensions. This means that the augmentation
induces an isomorphism between Py/0P; and M. The resolution is projective if each P, is a
projective module.
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If P. and Q. are both projective resolutions of A, then the cochain complexes Hom(P., M)
and Hom(Q., M) always have the same homology. (Once again this is standard material from
homological algebra so is left to the reader to find in the usual sources.)

An example of a projective resolution is given by the bar resolution, BG., and the construction
C™(G, M) in the first chaper is exactly Hom(BG., M). This reolution ends with BGy = Z|G| and
the resolution resolves the Abelian group Z with trivial G-module structure. (This can be seen
from our discussion of homological syzygies where we had

Z|G)® = z[G)X) - Z|G] — Z.

In fact we have
H"(G,M) = Ext"(Z, M)

by the fact that BG. is a projective resolution of Z and then we can get more information using
the short exact sequence
0—I(G) = Z[G] - Z — 0.

As Z[G] is a free G-module, it is projective and the long exact sequence for Ext(—, M) thus has
every third term trivial (at least for n > 0), so

Ext™(Z, M) = Ext" Y (I(G), M)

giving another useful interpretation of H"(G, M).

3.8.4 Exact sequences in cohomology

Of course, the identification of H"(G, M) as Ext™(Z, M) means that, if
0O—=L—-M-—N=—=0

is an exact sequence of G-modules, we will get a long exact sequence in H"(G, —), just by looking
at the long exact sequence for Ext"(Z, —).
What is more interesting - but much more difficult - is to study the way that H"(G, M) varies
as G changes. For a start it is not completely clear what this means! If we change the group in a
short exact sequence,t
1-G—-H—-K-—1

say, then what type of modules should be used fro the ‘coefficients’, that is to say a G-modules or
one over H or K. This problem is, of course, related to the change of groups along an arbitrary
homomorphism, so we will look at an group homomorphism ¢ : G — H, with no assumptions as
to monomorphism, or normal inclusion, at least to start with.

Suppose given such a ¢, then the ‘restriction functor’ is

©*: H—Mod — G—Mod,

where, if N is in H—Mod, ¢*(N) has the same underlying Abelian group structure as N, but is a
G-module via the action, g.n := ¢(g).n. We have already used that ¢* has a left adjoint ¢, given
by p«(M) =7ZH ®zc M. Now we also need a right adjoint for ¢*.
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To construct such an adjoint, we use the old device of assuming that it exists, studying it and
then extracting a construction from that study. We have M in G—Mod and N in H— Mod, and
we assume a natural isomorphism

G—Mod(¢*(N),M) = H—Mod(N, ps(M)).

If we take N = ZH, then, as H—Mod(ZH, @4(M)) = p4(M), we have a construction of ¢y(M), at
least as an Abelian group. In fact this gives

py(M) =2 G—Mod(p*(ZH), M)

and as ZH is also a right G-module, via h.g := h.¢(g), we have a left G-module structure of ¢y(M)
as expected. In fact, this is immediate from the naturality of the adjunction isomorphism using the
left hand position of G—Mod(p*(ZH), M), as for fixed M, the functor converts the right G-action
of Z to a left one on ¢4(M). This allows us to get an explicit elementwise formula for this action
as follows: let m* : ZH — M be a left G-module mrphsim This can be specified by what it does
to the natural basis of ZH (as Abelian group), and so is often written m* : H — M, where the
function m* must satisfy a G-equivariance property: m*(¢(g).h) = g.m*(h). Any such function
can, of course, be extended linearly to a G-module morphism of the earlier form. If g € G, we get
a morphism

—(9) : ¢*(ZH) — " (ZH)
given by ‘h goes to hy(g)’. This is a G-module morphism as the G-module structure is by left
multiplication, which is independent of this right multiplication. Applying G—Mod(—, M), we get
g.m* is given by
g.m*(h) —m*(h.p(g).
This is a left G-module structure, although at first that may seem strange. That it is linear is easy

to check. What take a little bit of work is to check (g1g2).m* = g1(g2.m*): applying both sides to
an element h € H gives

(9192).m*(h) = m* (hp(g1)p(g2)),
whilst
g1(g2-m*)(h) = (g2.m")(h.¢(g1)) = m*(he(g91)p(g2))-

(The checking that g;.m* does satisfy the G-equivariance property is left to the reader.)

Remark: There are great similarities between the above calculations and those needed later
when examining bitorsors. This is certainly not coincidental!

We built ¢4(M) in such a way that it is obviously functorial in M and gives a right adjoint to
@*. This implies that there is a natural morphism

i: N = " (N).

We denote this second module by N*, when the context removes any ambiguity, and especially
when ¢ is the inclusion of a subgroup. The morphism sends n to n* : H — N, where n*(h) = h.n.
(Check that n*(¢(g).h) = g.n*(h). This reminds us that the codomain of n* is infact just the set
N underlying both the H-module N and the G-module ¢*(N).)
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We examine the cohomology groups H"(H, N*). These are the (co)homology groups of the
cochain complex Hom(P., N*), where P. is a projective H-module resolution of Z. The adjunction
shows that this is isomorphic to Hom/(¢*(P.), ¢*(N)). If ¢*(P.) is a projective G-module resolution
of the trivial G-module Z then the cohomology of this complex will be H"(G, N), where N has the
structure ¢*(N).

The condition that free or projective H modules restrict to free or projective G-modules is
satisfied in one important case, namely when G is a subgroup of H, since ZH is a free Abelian
group on the set H and H is a disjoint union of right G-cosets, so ZH splits as a G-module into a
direct sum of copies of ZG. This provides part of the proof of Shapiro’s lemma

Proposition 19 If p: G — H is an inclusion, then for a H-module N, there is a natural isomor-
phism
H"(H,N*)= H"(G,N).

Corollary 4 The morphismi: N — N* and the above isomorphism yield the restriction morphism

H"™(H,N) — H"(G, N).

This suggest other results. Suppose we have an extension
1--N->G—Q—1

(so here we replace H by G with N in the old role of G, but in addition, being normal in G).

If we look at BN and BG in dimension n, these are free modules over the sets N and G"
respectively, with the inclusion between them; G is a disjoint union of N-cosets, indexed by elements
of (), so can we use this to derive properties of the cokernel of ZG ®7zny BN — BG, and to tie them
into some resolution of ), or perhaps, of Z as a trivial )-module. The answer must clearly be
positive, perhaps with some restrictions such as finiteness, but there are several possible ways
of getting to an answer having slightly different results. (You have in the (¢, ") and (¢*, ¢3)
adjunctions, enough of the tools needed to read detailed accounts in the literature, so we will not
give them here.)

This also leads to relative cohomology groups and their relationship with the cohomology of
the quotient Q). We can also consider the crossed resolutions of the various groups in the extension
and work, say, with the induced maps

C(N) = C(C)

looking at its cokernel or better what should be called its homotopy cokernel.

Another possibility is to examine C(/V) and C(Q) and the cocycle information needed to specify
the extension, and to use all this to try to construct a crossed resolution of G. (We will see
something related to this in our examination of non-Abelian cohomology a little later.) A simple
case of this is when the extension is split, G = N x @ and using a twisted tensor product for crossed
complexes, one can produce a suitable C(N) ®, C(Q) resolving G, (see Tonks, [262]).
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Chapter 4

Syzygies, and higher generation by
subgroups

Syzygies are one of the routes to working with resolutions. They often provide insight as to how a
presentation relates to geometric aspects of a group, for instance giving structured spaces such as
simplicial complexes, or, better, polytopes, on which the group acts. Syzygies extend the role of
‘relations’ in group presentations to higher dimensions and hence are ’relations between relations

. between relations’. They thus form a very well structured (and thus simpler) case of higher
dimensional rewriting. Later we will see relations between this and several important aspects of
cohomology. We will also explore some links with ideas from rewriting theory.

4.1 Back to syzygies

There are both homotopical and homological syzygies. We have met homological syzygies earlier
and also have:

4.1.1 Homotopical syzygies

We have built a complex, K(P), from a presentation, P, of a group, G. Any element in ma(K (P))
can, of course, be represented by a map from S? to K(P) and, by cellular approximation, can be
replaced, up to homotopy, by a cellular decomposition of S? and a cellular map ¢ : S? — K(P).
We will adopt the terminology of Kapranov and Saito, [172], and Loday, [185], and say

Definition: A homotopical 2-syzygy consists of a cellular subdivision of S? together with a
map, ¢ : S? — K(P), cellular for that decomposition..

Of course, such an object corresponds to an identity among the relations of P, but is a specific
representative of such an identity. The specification of the cellular decomposition provides valuable

combinatorial and geometric information on the presentation.

Definition: A family, {¢)}rca, of such homotopical 2-syzygies is then called complete when
the homotopy classes {[dx]}ren generate mo (K (P)).
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In this case, we can use the ¢, to form the next stage of the construction of an Eilenberg-Mac
Lane space, K (G, 1), by killing this ma. More exactly, rename K (P) as X (2) and form

X@)=x2u e,
AEA

by, for each A € A, attaching a 3-cell, e?\, to X (2) using ¢y. Of course, we then have
m(X(3) =G, m(X(3))=0.

Again 73(X(3)) may be non-trivial, so we consider homotopical 3-syzygies. Such a thing, s, will
consist of an oriented polytope decomposition of S? together with a continuous map, fs from S3
to X (3), which sends the i-skeleton of that decomposition to X (i), i = 0,1, 2.

At this stage we have X (0) = K(P)o, a point, X (1) = K(P)1, and X(2) = K(P)2. One wants
enough such 3-syzygies, s, identified algebraically and combinatorially, so that the corresponding
homotopy classes, {[fs]} generate 73(X(3)).

It is clear, by induction, we get a notion of homotopical n-syzygy. We assume X (n) has been
built inductively by attaching cells of dimension < n along homotopical k-syzygies for k < n, so
that

ﬂl(X(n))’EG, Fk(X(n)):O, k:2,...,n—1,

then a homotopical n-syzygy, s, is an oriented polytope decomposition of S™ and a continuous
cellular map fs: S™ — X(n).

After a choice of a set, R,, of n-syzygies, so that {[ss] | s € R,} generates m,(X(n)) as a
G-module, we can form X(n + 1) by attaching n + 1-dimensional cells e?*! along these f; for
s €Ry.

If we can do this in a sensible way, for all n, we say the resulting system of syzygies is complete
and the limit space X (co) = [J X (n) is then a cellular model for BG, the classifying space of the
group G. We will look at classifying spaces again later.

This construction is, of course, just a homotopical version of the construction of a free resolution
of the trivial G-module, Z.

Remark: Some additional aspects of this can be found in Loday’s paper [185], in particular
the link with the ‘pictures’ of Igusa, [159, ].

Example and construction: Given any group, G, we can find a presentation with {(g) | g #
1,9 € G} as set of generators and a relation, ry , := (g)(g'}(¢’g) ™!, for each pair (g, ¢’) of elements
of G. (We write (1) = 1 for convenience.) We will have earlier call this the standard presentation
of the group, G. It is closely related to the nerve of G[1], and also to the various bar resolutions.
(There may be a need later to consider a variant in which the identity element of G is not excluded
as a generator, however that will still be loosely called the standard presentation. Note that since
then (1).(g) = (1.9) = (g), the identification (1) = 1 is automatic. )

The relation 74 o gives a triangle
N

>,
/
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and, for each triple (g,¢’,¢”), we get a homotopical 2-syzygy in the form of a tetrahedron.

Higher homotopical syzygies occur for any tuple, (g1,...,gn), of non-identity elements of G,
by labelling a n-simplex. The limiting cellular space, X (00), constructed from this context is just
the usual model of the classifying space, BG, as geometric realisation of the nerve of G, or if you
prefer, of the groupoid G[1] with one object. The corresponding free resolution, (C«(G),d), is the
classical normalised bar resolution. Using the bar resolution above dimension 2 together with the
crossed module of the presentation at the base, one gets the standard free crossed resolution of the
group, G, as we saw in section 3.1.2.

4.1.2 Syzygies for the Steinberg group

(This is adapted from Kapranov and Saito, [172].)

Let R be an associative ring with 1. Recall that the (n!” unstable) Steinberg group, St,(R),
has generators, z;;(a), labelling the elementary matrices ¢;;(a), having

1 ifk=1
gijla)ry =19 a if (k1) =(ij)acR
0 otherwise,

and relations
Stl xi,j(a):rm(b) = acl-,j(a + b);

St2  [xs5(a), vxe(b)] = { alcig(ab) f;?f’if k, and in which all indices are positive integers

less than or equal to n.

The terminology ‘n*” unstable’ is to make the contrast with the group St(R), the stable version.

The unstable version, St,,(R), models ‘universal’ relations satisfied by the nxn elementary matrices,
whilst, in St(R), the indices, i, j, k etc. are not constrained to be less than or equal to n. We will
look at the stable version later.

The identities / homotopical 2-syzygies are built from three types of polygon:
a) a triangle, Tj;(a, b) for each 4, j, i # j, coming from St1;
b) a square,

z;5(a)

—_—

r1(D) wr(D)

zi5(a)

corresponding to the first case of St2 and
c) a pentagon, for the second:
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For any pairs (4, j), (k,1), (m,p) with z;;(a), xx(b), Tmp(c), commuting by virtue of St2’s first
clause, we will, then, have a homotopical syzygy in the form of a labelled cube.
There is also a homotopy 2-syzygy given by the associahedron labelled by generators as shown:

(D)

Remark: Kapranov and Saito, [172], have conjectured that the space X (c0) obtained by gluing
labelled higher Stasheff polytopes together, is homotopically equivalent to the homotopy fibre of

f: BSt(R) — BSt(A)*,

where (—)T denotes Quillen’s plus construction. The associahedron is a Stasheff polytope and,
by encoding the data that goes to build the identities / syzygies schematically in a ‘hieroglyph’,
Kapranov and Saito make a link between such hieroglyphs and polytopes.

4.2 A brief sideways glance: simple homotopy and algebraic K-
theory

The study of the Steinberg group is closely bound up with the development of algebraic K-theory.
That subject grew out of two apparently unrelated areas of algebraic geometry and algebraic
topology. The second of these, historically, was the development by Grothendieck of (geometric
and topological) K-theory based on projective modules over a ring, or finite dimensional vector
bundles on a space. (The connection between these is that the space of global sections of a finite
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dimensional vector bundle on a nice enough space, X, is a finitely generated projective module over
the ring of continuous real or complex functions on X. We will look at vector bundles and this link
with K-theory a bit more in detail later on; see section ?7?. We will be discussing other forms of
K-theory in that section as well, so will not give more detail on that more purely topological side
of the subject here.)

Algebraic K-theory was initially a body of theory that attempted to generalise parts of lin-
ear algebra, notably the theory of dimension of vector spaces, and determinants to modules over
arbitrary rings. It has grown into a well developed tool for studying a wide range of algebraic,
geometric and even analytic situations from a variety of points of view.

For the purposes here we will give a short description of the low dimensional K-groups of a
ring, R, with for initial aim to provide examples for use with the further discussion of rewriting,
group presentations, syzygies, and homotopy. The discussion will, however, also look a bit more
deeply at various other aspects when they seem to fit well into the overall structure of the notes.

4.2.1 Grothendieck’s Ky(R)

For our discussion here, it will suffice to say that, given an associative ring, R, we can form the set,
[Projsq(R)] of isomorphism classes of finitely generated projective modules over R. Direct sum
gives this a monoid structure. This is then ‘completed’ to get an Abelian group. We will give a
more detailed discussion of this later in Proposition 77, but here we will just give the formula:

Ko(R) := F([Projy(R)])/{[P] + Q] — [P ® Q)

in which P and @ are finitely generated projective modules, F' is the free Abelian group functor
and [P] indicates the isomorphism class of P. The relations force the abstract addition in the free
Abelian group to mirror the direct sum induced addition on the generators.

4.2.2 Simple homotopy theory

The other area that led to algebraic K-theory was that of simple homotopy theory. J. H. C. White-
head, following on from earlier ideas of Reidemeister, looked at possible extensions of combinatorial
group theory, with its study of presentations of groups, to give a combinatorial homotopy theory;
see [276]. This would take the form of an ‘algebraic homotopy theory’ giving good algebraic models
for homotopy types, and would hopefully ease the determination of homotopy equivalences for in-
stance of polyhedra. The ‘combinatorial’ part was exemplified by his two papers on ‘Combinatorial
Homotopy Theory’ [274, ], but raised an interesting question. In combinatorial group theory, a
major role is played by Tietze’s theorem:

Theorem 6 (Tietze’s theorem, 1908, [258]) Given two finite presentations of the same group, one
can be obtained from the other by a finite sequence of Tietze transformations. ]

Proofs of this are easy to find in the literature. For instance, one based on a series of exercises
is given in Gilbert and Porter, [131], p.135.

We clearly need to make precise what are the Tietze transformations.

Let P = (X : R) be a group presentation of a group, G and set F'(X) to be the free group on
the set X. We consider the following transformations:
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T1: Adding a superfluous relation: (X : R) becomes (X : R'), where ' = RU {r} and
r € N(R), the normal closure of the relations in the free group on X, i.e., r is a consequence of R;

T2: Removing a superfluous relation: (X : R) becomes (X : R') where R' = R—{r}, and
r is a consequence of R';

T3: Adding a superfluous generator: (X : R) becomes (X' : R’), where X' = X U{g}, ¢
being a new symbol not in X, and R = RU {wg '}, where w is a word in the other generators,
that is w is in the image of the inclusion of F(X) into F(X');

T4: Removing a superfluous generator: (X : R) becomes (X' : R'), where X’ = X — {g},
and R = R — {wg~!} with w € F(X’) and wg~! € R and no other members of R’ involve g.

Definition: These transformations are called Tietze transformations.

The question was to ask if there was a higher dimensional version of the Tietze transformations
that would somehow generate all homotopy equivalences.

Let us imagine the transformation of the complex, K (P), of P under these moves. The complex
is, of course, a simple form of CW-complex, built by attaching cells in dimensions 1 and then 2.
If we add a superfluous generator to P as above (T3), then effectively we add a 2-cell labelled by
wg™! and it will be glued on by an attaching map that is defined on a semi-circle in its boundary
and on which the path represents the word, w. The other semi-circle yields the loop representing
the new generator. This process therefore does not change the homotopy type of K(P). On the
other hand, adding a superfluous relation will change the homotopy type of the complex. The new
relation corresponds to a 2-cell glued on to K (P), but the attaching map is already null-homotopic
in K(P) as it represents a consequence of the relations. The effect is that K (P’) has the homotopy
type of K(P)V S2, and the module of identities has an extra free summand.

These thus show both types of behaviour when attaching a cell to a pre-existing complex. In the
first, the relation 2-cell is attached by part of its boundary. In the second the new cell is attached
by gluing along all of its boundary, so will change the homotopy type of K(P). It will not change
its fundamental group, just its higher homotopy groups. This raises and interesting question, and
that is to mirror these Tietze transformations by higher order ones which do not change the n-type,
for some n, but may change the whole homotopy type, but we need to get back towards simple
homotopy theory.

Tietze transformations had given a way of manipulating presentations and thus suggested a
way of manipulating complexes. The thought behind simple homotopy theory was to produce a
way of constructing homotopy equivalences between complexes. This, if it worked, might simplify
the task of determining whether two spaces (defined, say, as simplicial complexes) were of the same
homotopy type, and if so was it possible to build up the homotopy equivalences between them in
some simple way.

The resulting theory was developed initially by Reidemeister and then by Whitehead, culmi-
nating in his 1950 paper, [277]. The theory received a further important stimulus with Milnor’s
classic paper, [202], in which the emphasis was put on elementary expansions.

(A good source for the theory of simple homotopy is Cohen’s book, [79].)
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We will work here with finite CW-complexes. These are built up by induction by gluing on
n-cells, that is copies of D" = {z € R" | Y 2? < 1}, at each stage. Each D" has a boundary
an (n — 1)-sphere, S"~1 = {z € R" | Y. 2? = 1}. The construction of objects in the category of
finite CW-complexes is by attaching cells by means of maps defined on part of all of the boundary
of a cell. This will usually change the homotopy type of the space, creating or filling in a ‘hole’.
The homotopy type will not be changed if the attaching map has domain a hemisphere. We write
Sn=l = pn~ty D", with each hemisphere homeomorphic to a (n — 1)-cell, and their intersection
being the equatorial (n — 2)-sphere, S"~2, of S*~ 1.

Given, now, a finite CW-complex, X, we can build a new complex Y, consisting of X and two
new cells, e” and "' together with a continuous map, ¢ : D" — Y satisfying

(1) p(D5Y) € X

(ii) (S"?) C Xoa;

iii) the restriction of ¢ to the interior of D™ is a homeomorphism onto e";
and

(iv) the restriction of ¢ to the interior of D"~! is a homeomorphism onto ™!

There is an obvious inclusion map, 7 : X — Y, which is called an elementary expansion. There
is also a retraction map r : ¥ — X, homotopy inverse to 7, and which is called an elementary
contraction. Both are homotopy equivalences. Can all homotopy equivalences between finite CW-
complexes be built by composing such elementary ones? More precisely if we have a homotopy
equivalence f : X — X', is f homotopic to a composite of a finite sequence of elementary expansions
and contractions? Such a homotopy equivalence would be called simple. Whitehead showed that
not all homotopy equivalences are simple and constructed a group of obstructions for the problem
with given space X, each non-identity element of the group corresponding to a distinct homotopy
class of non-simple homotopy equivalences.

4.2.3 The Whitehead group and K;(R)

We will very briefly sketch how the investigation goes, skimming over the details; for them, see
Milnor, [202], or Cohen’s book, [79].

Starting with a homotopy equivalence, f : X — Y, we can convert it to a deformation retraction
using the mapping cylinder construction. (We will see this in more detail later, but do not need that
detail here). This means that we have a CW-pair, (Y, X), with a deformation retraction from Y to
X. Classifying the simple homotopy types of X is then transformed into a problem of classifying
these. Passing first to their universal covering spaces, Y and X, and then to the cellular chain
complexes associated to both these, the problem is reduced to examining the relative cellular chain
complex, C(Y, X), obtained from the exact sequence

05 CX)=CY)=CY,X)=0

All of these can be considered as chain complexes of modules over the group ring of w1 X. As there
are only finitely many cells in X and Y, this chain complex has only finitely many non-zero levels
in it. It is also acyclic, i.e., has zero homology because the inclusion of C(X) into C(Y) induces
isomorphism on homology. The cells in Y — X give a preferred basis to the modules concerned.
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One further reduction takes the direct sum of the even dimensional C(Y, X),, and similarly
that of the odd ones, and the induced boundary from the odds to the evens. (At each stage the
reduction is checked to preserve what one want, namely whether or not the inclusion of X into Y
is given by some combinations of elementary expansions and contractions. (The last part of this
can be examined intuitively by thinking about what happens if you add in an n-cell by a n — 1-cell
in its boundary.)

This reduces the task to one of examining an isomorphism between two based free modules over
Zm1 X, and that brings us, finally, to the main point of this section namely the definition of the
group K7(R). (For this original application to simple homotopy theory, one takes R = Zm X.)

We will not take a historical order, concentrating on K7, which was extracted from Whitehead’s
work, and studied for its own sake by Bass, [21]. Other aspects relating to simple homotopy theory
may be looked at later on when we have more tools available.

Let R be an associative ring with 1. As usual G¢,(R) will denote the general linear group of
n x n non-singular matrices over R. There is an embedding of G/, (R) into G¥¢,11(R) sending a
matrix M = (m; ;) to the matrix M’ obtained from M by adding an extra row and columnof zeros
except that m/, +1n+1 = 1. This gives a nested sequence of groups

Gl1(R) C Gla(R) C ... C GLyp(R) C Glpi1(R) C ...

and we write G¢(R) for the colimit (union) of these. It will be called the stable general linear group
over R

Definition: The group, K (R), is G/(R)4® = G/(R)/[GL(R), GL(R))].

This is functorial in R, so that a ring homomorphism, ¢ : R — S induces Ki(p) : K1(R) —
Kq(9).

The main initial problem with the above definition of K;(R) is that of controlling the commu-
tator subgroup of G¢(R). The key is the stable elementary linear group, E(R).

We extend the earlier definition of elementary matrices (on page 127 from the finite dimensional
case, i.e., within G¢,(R), to being within G¢(R). Here an elementary matriz is of the form
eij(a) € GU(R), for some pair (7,j) of distinct positive integers and which, thus, has an a in the
(i,4) position, 1s in every diagonal position and 0 elsewhere. Although there is a small risk of
confusion from notational reuse, we will, none-the-less, follow the standard notational convention
and write E,(R) for the subgroup generated by the elementary matrices in G¢,(R) and E(R) for
the corresponding union of the E,,(R) within G/(R). We will call E,(R) the elementary subgroup
of Glp(R),

Lemma 16 If,j, k are distinct positive integers, then
eij(a) = [eir(a), ex; (1)].
|

This was already commented on when looking at the Steinberg group, St,(R), which abstracts the
‘generic’ properties of the elementary matrices. The following is now obvious.
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Proposition 20 For n > 3, E,(R) is a perfect group, i.e.,

Now let M = (m;;) be any n x n matrix over R. (It is not assumed to be invertible.)
We note that in G, (R),

I, M n o n
( 0 I > =TT 11 €ijentmis),
" i=1j=1
L. . I, O
so this is in Eg,(R). Similarly ( Mo ) € Eon(R).
Next, let M € G¢,(R) and note

M 0 _ I, 0 I, I, I, 0 I, —M™!
0 M) \M*'-1I, I, 0 I, M—1, I, 0 I

(as is easily verified). We thus have

< Y ) € Eon(R),

hence it is a product of commutators.

Lemma 17 If M, N € G{,(R), then

(M0 2)- () () (0 )

50 is in Eopn(R).

Proof: Just calculation. [ |

Passing to the stable groups, we get the famous Whitehead lemma:

Proposition 21
[GU(R),Gl(R)] = E(R).

This was, thus, very easy to prove, but it is crucial for the development of algebraic K-theory. It
should be noted that it did depend on having ‘enough dimensions’, so [G¥y,(R), G¢n(R)] C E2,(R).
For our purposes here, we do not need to question whether ‘unstable’ versions of this hold, however
we will mention that, if n > 3 and R is a commutative ring, then [G/,(R), G¢,(R)] = E,(R). The
proof is given in many texts on algebraic K-theory.
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4.2.4 Milnor’s Ky

We have already met the definition of Ko(R) (page 43). The stable elementary linear group, F(R), is
a quotient of the stable Steinberg group, St(R). (It will help to glance back at the presentation given
on page 111 and to check that these are ‘generic’ relationships between elementary matrices.) This
stable Steinberg group is obtained from the various St,(R) together with the inclusions St,(R) —
ST, +1(R) obtained by including the generators of the first into the generating set of the second in
the obvious way. the colimit of these ‘unstable’ groups yields the stable Steinberg group

As we mentioned early and will prove shortly, there is a central extension:
1 = Ky(R) = St(R) & E(R) — 1

and thus ¢ : St(R) — E(R), a crossed module. The group, G¢(R)/Im(b), is Ki(R), the first
algebraic K-group of the ring.

In fact, this is a universal central extension and certain observations about such objects will
help interpret what information is contained in Ko(R). We will ‘backtrack’ a bit so as to keep
things relatively self-contained.

Let, as usual, Z(G) denote the centre of a group G.

Lemma 18 (i) Z(E(R)) =1;
(i1) Z(St(R)) = K2(R).

Proof: This is elementary, but fun!
Suppose that N € Z(E(R)), then N € E,(R) for some n. Within Fs,(R),

(o 1)) =)0 7)

since N is central in F(R). This works out as

N N\ (N I
o 1) \o0 I)
t.e., N=1.

Next suppose that M € Z(St(R)), then, as ¢ is surjective, (M) € Z(E(R)), so must be trivial,
as required. [

Proposition 22
1 — Ky(R) = St(R) & E(R) —» 1

is a central extension. [ |
We next need to examine universal central extensions.

Definitions: (i) A central extension

15K5 S0 51
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is said to be weakly universal if, given any other central extension of G,
14 o’
l1-L—>F—G—1,

there is a homomorphism v : H — F making the diagram

1 K-—t.g_°.¢q 1
0 B
1 L E G 1
K’ o’

commutes.
(ii) The central extension, as above, of G is universal if it is weakly universal and, in the
previous definition, the morphism, ¢, is unique with that property.

Proposition 23 Every group has a weakly universal central extension.

Proof: Suppose that we have a presentation (X : R) of G, or more usefully for us, a presentation
sequence:

1~>K£>F£>GH1,

(so F' = F(X), the free group on X, and K = N(R) is the kernel of p). The subgroup, [K, F|. of
F generated by the commutators, [k(x),y], with x € K, and y € F, is normal , as is easily checked
and is in K, so we can form an extension

K F

[K,F]%[K,F]—)G_H'

1—

(Note that ‘dividing out by this subgroup identifies all k(z)y and yk(z), so should make a central
extension. It ‘kills’ the conjugation action of ' on K.)

We will write H = F/[K, F] with 0 : H — G for the induced epimorphism, so we now have
E:1— Keroc - HZSG— 1.

This is a central extension, as is easily checked (left to you).
Now suppose

E:1oL5 % a1

is another central extension. We have to construct a morphism, ¢ : E — E/, i.e., o : H — E,
compatibly with the projections to G, (and their kernels). As F' is free and ¢’ is an epimorphism,
we can find 7 : F — F such that o7 = p. Now o7k = 1, so 7k = K'¢|x : K — L. We
examine a commutator [k(z),y] with x € K, y € F. The image of this under 7 will be 7[k(z),y] =
[Tk(x),7(y)] = [K'7|k(x),7(y)] = 1, since E’ is a central extension, so 7 induces a ¢p : H — E
compatibly with the projections to GG, and hence with their kernels. |

When will G have a universal central extension? The answer is: when G is perfect.

Definition: Suppose G is a group, it is perfect if [G,G]| = G, i.e., it is generated by commuta-
tors.
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Proposition 24 Every perfect group, G, has a universal central extension.

Proof: (We can pick up ideas and notation from the previous proof.) As G is perfect, we can
restrict 0 : H — G to the subgroup [H, H] and still get a surjection. We thus have

l1— KN[H,H — [H,H— G —1

! S

1 K H G 1

g

It is clear that as the bottom is weakly universal, so is the top one.
We next need a subsidiary result.

Lemma 19 If1 - Kero — H 5 G — 1 is a weakly universal central extension and H is perfect,
then G is perfect and the central extension is universal.

Proof: The first conclusion should be clear, so we are left to prove ‘universal’. Suppose we have
[E' as before and obtain two morphism ¢ and ¢’, from H to E such that ¢’¢ = o'’ = 0. We have,
for hi,he € H, o(h1) = ¢'(h1)ec, and ¢(hg) = ¢'(h2)d for some ¢,d, € L. we calculate that

p(hhahy hy ') = ¢ (hihahy 'y,
since ¢ and d are central in E, but as commutators generate H, ¢ = ¢’ everywhere in H. |

To complete the proof of the proposition, we show that, back in case [[H, H] is itself perfect.
We have

[Hﬂ}:[ F F ] [F, F]

K, F'[K,F]| ~ [K,F]’
now as G is perfect, every element in F' can be written in the form =z = ck with ¢ € [F, F] and
k € K. (One could say ‘F is perfect up to K’.)
Take, now, a [z,y] € [H, H], i.e., a commutator of T,y € F/[K, F| with T denoting the coset
z[K, F], etc. Set x = ck, y =dl, ¢,d, € [F, F|
cyr~ly~l = zyz ly!
= edctd
cde=TdT & [[H, H], [H, H]|
since elements of K commute with elements of F' mod [K, F]. We thus have [H, H| = [[H, H], [H, H]],
as claimed. |

To summarise, suppose we have a group presentation, G = (X : R), of a perfect group, G. This
gives us an exact ‘presentation sequence’

1 K—-F—-G—1

where we abbreviate N(R) to K. There is, then, a short exact sequence:

KN[F,F| [F, F]

K, F) _>[K,F]_>G_>1
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and this is its universal central extension.

Remark: The term on the left is the usual formula for the Schur multiplier of G and is one of
the origins of group homology. It gives the Hopf formula for Hs(G,Z), the second homology of G
with coefficients in the trivial G-module, Z.

To apply this theory and discussion back to the Steinberg group, St(R), we need to check that
St(R) is a perfect group and that the central extension that we have is weakly universal. the first
of these is simple.

Lemma 20 The group St(R) is perfect.

Proof: We can write any generator x;j(a) as [z;(a),zy;(1)] for some k other than i or j, so the
proof is the same as that F, (R) is perfect (for n > 3), that we gave earlier. [

This leaves us to check that the central extension
1 = Ks(R) = St(R) & E(R) — 1

that we saw earlier is weakly universal (as it will then be universal by the previous lemma).
Suppose that we have
1-L—-EZSER)—1

is a central extension. We have to define a morphism ¢ : St(R) — E projecting down to the identity
morphism on F(R). As we have St(R) defined by a presentation, the obvious way to proceed is
to find suitable images in E for the generators, x;;(a), and then see if the Steinberg relations are
satisfied by them.

To start with, for each generator z;;(a) of St(R), we pick an element, y;;j(a), in E such that
o(yij(a)) = e;j(a), the corresponding elementary matrix, which is, of course, the image of z;;(a) in
E(R). (Note that any other choice of the y;;(a) will differ from this by a family of elements of the
kernel, L, and hence by central elements of E.)

We will prove, or note, various useful identities, which will give us what we need.

o [u, [v,w]] = [uv, w][w, u][w,v] for u,v,w, € E;

e for convenience, for u € E, write @ = o(u) € E(R), and for u,v € E, write u ~ v if uv™! € L,

then note that if u ~ u' and v ~ v/, we have [u,v] = [u/,'];
o if u,v,w, € E with [u,v] = [u,w] = 1, then
[u, [v,w]] = 1.

To see this, put a = [u,v], b = [u,w], so, by assumption, @ = b = 1 and a,b € L. We then

have uvu~! = av, vwu~! = bw, and [av, bw] = [v, w], since a,b € L. Next look at

1

[u, [v,w]] = u[v,w]u_l[v,w]_ = [u’uu_l,uwu_l][v,w]_1 =1

by our previous calculation.



122 CHAPTER 4. SYZYGIES, AND HIGHER GENERATION BY SUBGROUPS

We are now ready to look at the y;;(a)s and see how nearly they will satisfy the Steinberg relations,
(St1 and St2 of page 111). (They will not necessarily satisfy them ‘on-the-nose’, but we can use
them to get another choice that will work.)

o Ifi £ j, k # ¢, so the corresponding ys make sense, and further i # ¢, j # k (to agree with the
condition of the first part of the St2) relation), then [y;;(a), yxe(b)] = 1. To see this we choose
n bigger than all the indices involved here, so that we can have ygs(b) ~ [yrn (D), yne(1)], as
they give the same element when mapped down to E(R). We thus have

[Yi(@), yke(b)] = [yi5(a), [Ykn (D), Yne(1)]] = 1,

by the above, so the ys do go some way towards what we need, (but the other relations need
not hold). We will use them, however, to make a better choice.

e Suppose i, j and n are distinct, and, as always, a € R. Set

zi5(a) = [Yin(a), yjn(1)].

It is easy to see that this depends on %, j and a, and, slightly less obviously, that it does not
depend on the choice of the ygs. Actually it does not depend on n at all. (The details are
left for you to check, but use the commutator rules above to show 2} (ab) = [y;;(a), y;r(b)].
That is independent of n.) We write z;j(a) for 2f5(a), as n is irrelevant, as long as it is
sufficiently large. These z;;(a) will do the trick!

We define ¢ : St(R) — E by defining ¥(x;j(a)) = z;(a) and will check that z;;(a) satisfies the
relations of St(R), (as that will mean that this assignment does define a homomorphism by what
is sometimes known as von Dyck’s Theorem).

Most have been done (and checking this is again left to you), except for

zij(@)2ij(b) = zij(a + b).
Clearly their difference is central in F/, but that is not enough. We calculate

zijla+b) = z;(b+a)
= [zik(b+a), z;(1)]  with k #4,j
= [zik(b)zir(a), z,j(1)]  as the ‘difference is central’
= [2ik(D), zij(a)]zij(a)zij(b)  using the first commutator identity above
= zj(a)z5(b)

as required.
We have checked, in quite a lot of detail, that

Proposition 25
1 — Ky(R) = St(R) & E(R) — 1

1s a universal central extension. [ |
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4.2.5 Higher algebraic K-theory: some first remarks

Milnor’s definition of K3(R) was initially given in a course at Princeton in 1967. The search for
higher algebraic K-groups was then intense; see Weibel’s excellent history of algebraic K-theory,
[273]. The breakthrough was due to Quillen, who in 1969/70, gave the ‘plus construction’, which
was a method of ‘killing’ the maximal perfect subgroup of a fundamental group, m1(X). Applying
this to the classifying space, BG/(R), of the stable general linear group, gave a space BG/(R)™,
whose homotopy groups had the right sort of properties expected of those mysterious higher groups
and so were taken to be K, (R) := m,(BG{(R)™).

Several other constructions of K,,(R) were given in 1971 and were gradually shown to be equiva-
lent to Quillen’s. One of these which was based upon the theory of ‘buildings’ and upper triangular
subgroups was by I. Volodin, [270]. We will look at the general construction in the next few sections
as it relates closely to our theme of higher szyzygies.

We note that there are several other approaches that were developed at about the same time,
but will not be looked at in this chapter. There are also generalisations of these ideas.

4.3 Higher generation by subgroups

We now return to more general discussions relating to presentations, syzygies and rewriting, al-
though we will see the link with ideas and methods from K-theory coming in later on.

Often one has a group, G, and a family, H, of subgroups. For example (i) suppose G is
given with a presentation, (X : R), then subsets of X yield subgroups of G, and a family of subsets
naturally leads to a family of subgroup, or (ii) a group may be a symmetry group of some geometric
or combinatorial structure and certain substructures may be fixed by a subgroup, so families of
subgroups may correspond to families of substructures. It is common, in this sort of situation, to
try to see if information on G can be gleaned from information on the subgroups in H. This will
happen to some extent even if it is simply the case that the union of the elements in the subgroups
generate G.

A simple example would be if G is generated by three elements, a, b and ¢, with some relations
(possibly not known or not completely known), H consists of the subgroup generated by a, and
that generated by b. There is a possibility that c is not in the subgroup generated by a and b, but
how might this become apparent.

It may be that we have, instead of a presentation of G, presentations of the subgroups in
‘H, can we find a presentation of G, and, more generally, suppose we have knowledge of higher
(homotopical or homological) syzygies of the presentations of the subgroups in H, can we find
not only a presentation of G, but build up knowledge of (at least some of) the syzygies for that
presentation?

The key to attacking these problems is a knowledge of the way that the subgroups interact and
by building up knowledge of the correspondence between the combinatorics of that interaction and
of the induction process of building out from H to the whole group, G.

Various instances of this process had been studied, notably by Tits, e.g. in [259-261], since, in
the situations studied in those papers, the combinatorics leads to the building of a Tits system.
They also occur in the work of Behr, [27] and Soulé, [217], but, because of their general approach
and the explicit link made to identities among relations, we will use the beautiful paper by Abels
and Holz, [2]. This, and some subsequent developments, provides the basis for a way of calculating
some syzygies in some interesting situations.
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There is also a strong link with Volodin’s approach to higher algebraic K-theory, but that will
be slightly later in the notes. Here we sketch some of the background and intuition, giving some
very elementary examples. When we have more knowledge of how to work with syzygies using
both homotopical and homological methods, whether ‘crossed’ or not, we will return to look in
more detail. We will see that this study of ‘higher generation’ leads in some interesting directions,
towards geometric constructions and concepts of use elsewhere.

4.3.1 The nerve of a family of subgroups

We start, therefore, with a group, G, and a family, H = {H; | i € I} of subgroups of G. Each
subgroup, H, determines a family of right cosets, Hg, which cover the set, G. Of course, these
partition G, so there are no non-trivial intersections between them. If we use all the right cosets,
H,g, for all the H; in H, then, of course, we expect to get non-trivial intersections.

Remark: There is some disagreement as to which terminology for cosets is the most logical, so
we should say exactly what we mean by ‘right coset’. A subgroup H of G gives a left action, H ~ G
on the set, G, by multiplication on the left, and hence a groupoid whose connected components are
the right cosets, Hg. The terminology ‘right coset’ corresponds to the g being on the right. If we
considered the right action then we would have left cosets in the corresponding role.

Another notational point is that when writing cosets, we follow the usual rule that there is
some informal set of coset representatives being used, or more exactly that the notation looks like
that! This can be delicate if we step outside a set based situation, as choosing a set of coset
representatives uses the axiom of choice, and in some contexts that would be ‘dodgy’.

Let
9 =[[H\G = {Hig | H € H},
el
where the g is more as an indicator of right cosets than strictly speaking an index. This is the
family of all right cosets of subgroups in H. This covers G and we write N (£)) for the corresponding
simplicial complex, which is the nerve of this covering.

In many situations, ‘nerves’ in some form are used to help ‘integrate’ local information into
global, since they record the way the ‘localities’ of the information fit together. (We will refer
to this type of problem as a ‘local-to-global’ problem. They occur in many different contexts.)
We have met nerves of categories, and will later meet nerves of open covers of topological spaces,
but in that latter situation, the topological features of the construction are not central to that
construction. We will consider the fairly general case of the nerve of a relation in a while, but for
the moment, we will give a working definition, specific to the application that we have in mind
here. We will refine and extend that definition later on.

Definition: Let G be a group and ‘H a family of subgroups of G. Let $) denote the corresponding
covering family of right cosets, H;g, H; € H. (We will write $ = $H(G,H) or even $ = (G, H),
as a shorthand as well.) The nerve of § is the simplicial complex, N($)), whose vertices are the
cosets, H;g, i € I, and where a non-empty finite family, { H;g; };cs, is a simplex if it has non-empty
intersection.
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Examples: (i) If H consists just of one subgroup, H, then § is just the set of cosets, H\G and
N($) is O-dimensional, consisting just of O-simplices / vertices.

(i) If H = {H1, Ha2}, (and H; and Hy are not equal!), then any right H; coset, Hig, will
intersect some of the right Hs-cosets, for instance, H1g N Hag always contains g. The nerve, N($)),
is a bipartite graph, considered as a simplicial complex. (If the group G is finite, or more generally,
if both subgroups have finite index, the number of edges will depend on the sizes or indcices of Hi,
Hy and Hy N Hj.) It is just a graphical way of illustrating the intersections of the cosets, a sort
of intersection diagram. (There is an error in [18] in which it is claimed that each coset H; will
intersect with each of those of H».)

As a specific very simple example, consider:

e S3=(a,b:a=0?= (ab)? = 1), (so a denotes, say, the 3-cycle (1 2 3) and b, a transposition

(12)).
e Take H; = (a) = {1,(1 2 3),(1 3 2)}, yielding two cosets H; and H;b.

2

e Similarly take Hy = (b) = {1, (1 2)} giving cosets Hy, Hoa and Hya?.

The covering of S3 is then $ = {Hy, H1b, Hy, Hya, Hya?} and has nerve

4.3.2 n-generating families

Abels and Holz, [2], give the following definition:

Definition: A family, H, of subgroups of G is called n-generating if the nerve, N(£)), of the
corresponding coset covering is (n — 1)-connected, i.e., m;N($) = 0 for i < n.

The following results illustrate the idea and motivate the terminology. (They are to be found

in [2].

Proposition 26 The group, G, is generated by the union of the subgroups, H, in H if, and only
if, N($)) is connected.

We will take this apart rather than use the short proof given in [2]. (Hopefully this will show how
the idea works and how simple minded the proof can be!)

Proof: Suppose we have that G is generated by the various H in H and we are given two
vertices Hgy and Kgo for H K € H. (The case H = K is allowed here.) Of course, 9192_1 € G,
so is a product of elements from the various H;s, say, glggl = h;, ...h;, with h;, € H;, . (This
observation suggests an induction on the length of this expression.)

To ‘test the water’, we assume glggl = hi1 € Hi, but then g1 € Hg1 N Hige and also go €
Hyigs N Kga. (We can indicate this diagrammatically as

g1 g2

Hg

Higo Kgs,
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where each edge is decorated by an element that witnesses that the intersection of the two cosets
is non-empty.)
If we try next with gng_I = hiho, then g1 = h1hogo, so we have

h
Hgi —2 Hy(hago) 22— Hogy —2— Kgs,

and the pattern gives the model for an induction on the length of the expression giving g1g,5 Lin
terms of elements of the H;s. (Note the link between the expression and the path is very simple.)

Conversely, suppose that N($)) is connected, then if g € G, we look at Hg and H for some
choice of H. There is a sequence of edges in N(£)) joining these two vertices. We examine the
length, ¢, of such an edge path. If £ =1, there issome h € HNHg,sog € H. If { =2,

1 z2

H

H'gy Hy,

and we have x1 = hy = hogy with hy € H', whilst 9 = h3gy = hyg. We thus obtain g = hilhggl
and g1 = h;lhl, SO0 g = thhghQ_Ihl, i.e., we have an expansion of g in terms of elements of the
various Hs. A proof of the general case is now easy. |

We next form a diagram, D, consisting of the subgroups, H;, and all their pairwise intersections,
together with the natural inclusions, and we write H := IHIH for colimD. (Note that this colimit is
within the category of groups.) More exactly, there is a poset {H;, H; N Hy, | j,k € I}, ordered by
inclusion and D is the inclusion of this diagram into the category of groups. There is a presentation
of H with generators x4, g € |J H; and with relations x, - x, = 4y, if g and h are both in some H;.
(This group, H, is thus a ‘coproduct’ with amalgamated subgroups.)

There is an obvious homomorphism

H = %IH —+ G
induced by the inclusions.
Proposition 27 The family, H, is 2-generating if, and only if, the natural homomorphism,

H:IHIH—>G,

18 an isomorphism. |
In fact,

Proposition 28 There are isomorphisms:
(a) N (9) = G/(U Hj);
(b) WlN(ﬁ)%Ker(lﬁlH%G). [ |

We almost have shown (a) in our above argument, but will postpone more detailed proofs until
later. (They are, in fact, quite easy to give by direct calculation.)

Remark: It is often helpful to take the family, H, of subgroups and to close it up under (finite)
intersection and sometimes the inclusion order on the intersections comes in useful as well. This
closure operation does not change the homotopy type of the nerve of the corresponding coverings by
cosets, in fact, the process of taking intersections corresponds to taking the barycentric subdivision
of the original nerve.
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4.3.3 A more complex family of examples

An important example of the above situation is in algebraic K-theory. It occurs with the general
linear group, G/, (R), of invertible n x n matrices together with a family of subgroups corresponding
to lower triangular matrices, .... but with some subtleties involved.

Let R be an associative ring with identity and n a positive integer.
Let A ={(i,7) | i # j,1 < 1,7 <n} be the set of non-diagonal positions in an n x n array. We
will say that a subset, o C A, is closed if

(1,7) € a and (j, k) € o implies (4, k) € a.

Note that if (i,7) € a and « is closed then (j,7) ¢ a.

Let ® = {a C A | avis closed}. There is a reflexive relation < on ® by o < 8 if & C 3. These
as are transitive relations on subsets of the set of integers from 1 to n, so essentially order the
elements of the subset. The reason for their use is the following: suppose (i,j) € A and r € R.
The elementary matriz, €;;(r), is the matrix obtained from the identity n x n matrix by putting
the element 7 in position (i, j),

1 ifk=1
i.€., gij(Mer=qr if (k1) = (4,5)
0 otherwise .

Let G;,(R)q, for o € ®, denote the subgroup of G¢,,(R) generated by
{eij(r) | (i,7) € o, € R}

It is easy to see that (ax;) € G4, (R)q if and only if

1 ifk=1
ar,; = | arbitrary if (i,7) € «
0 if (i,7) € A\

If a < 3, then there is an inclusion, G/, (R)a<p of G4y (R)s into G4y (R)g.
We will consider the G/, (R), as forming a family, G/, (R), of subgroups of G/, (R).

Remark: Although a similar idea is found in Wagoner’s paper [271], I actually learnt the idea
for this approach to these subgroups from papers by A. K. Bak, [16, 17], and, with others, in [15],
and from talks he gave in Bangor and Bielefeld. In these sources, this construction leads on to a
discussion of his notion of a global action, and, in the third paper cited, the variant known as a
groupoid atlas. The motivation, there, is to study the unstable algebraic K-theory groups, whilst
Volodin’s original and Wagoner’s approach are more centred on the stable version.

There is a lot more that could be said about these groupoid atlasses, which were introduced
to handle the intrinsic homotopy involved in Volodin’s definition of a form of algebraic K-theory,
[270]. We will not use them explicitly here, but will attempt to show the link between the above
and the question of syzygies, higher generation by subgroups, etc.
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The nerve of this family would consist of the cosets of these subgroups, linked via their inter-
sections. We need to extract another description of the homotopy type of this simplicial complex
and for that will examine the intersections of cosets, and of the subgroups. We will do this in a
slightly strange way in as much as we will turn first, or rather after some preparation, to descrip-
tions related to Volodin’s version of the higher K-theory of an associative ring. Our approach will
be via Volodin spaces as used, for instance, in a paper by Suslin and Wodzicki, [253] and then an
examination of the various nerves of a relation, before returning to this setting.

4.3.4 Volodin spaces

Let X be a non-empty set, and denote by E(X), the simplicial set having E(X), = XP*1 so a
p-simplex is a p 4+ 1 tuple, z = (xo, ..., xp), each z; € X, and in which

dz(g) = (.CC(], . ,:fi, . $p>,

and
sj(x) = (xo,...,Tj,25,...2p),

so d; omits x;, whilst s; repeats x;.
Lemma 21 The simplicial set, E(X), is contractible.

Proof: We thus have to prove that the unique map F(X) — A[0] is a homotopy equivalence. (That
this is the case is well known, but we will none the less give a sketch proof of it as firstly we have not
assumed that much knowledge of simplicial homotopy and also as it gives some interesting insights
into that subject in a very easy situation.) We pick some ag € X and obtain a map A[0] 2% F(X)
by mapping the single 0-simplex of A[0] to the O-simplex, (ag) in F(X). We now show that the
identity map on E(X) is homotopic to the composite map, F(X) — A[0] 2% E(X), that ‘sends all
simplices to ag’.

We will look at simplicial homotopies in more detail later, (in particular around page 338), but
clearly, a homotopy h : f ~ g : K — L, between two simplicial mapsa f,g : K — L, should be a
simplicial map h : K x A[l] — L, restricting to f and g on the two ends of K x A[l].. Here we
need a homotopy h : E(X) x A[l] — E(X) and we look at what this must be on a cylinder over a
simplex, (zo,...,p). To see what to do, look at almost the simplest case, p = 1, then a schematic
representation of h on (zg,z1) X A[l] must look like:

ag ——> Qg

]

To —>=T1
More precisely, the two simplices of E(X) x A[l] that we need have two forms

o1 = ((20,0), (x1,0), (z1,1))
and
o2 = (20,0), (20,1),21,1))

being, respectively the bottom right and the top left hand ones. We need h(o1) = (zox1,a0) and
h(o2) = (xo, ap, ap). Now it is easy to see how to set up h, in general, giving the required contracting
homotopy. |
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Remark: Any homotopy can be specified by a family of maps, A} : K,, = Lp41, satisfying
some rules that will be given later (page 340). It is then easy to specify the A’ : E(X),, = E(X)n41
generalising the formula we have given above. (We leave this to you if you have not seen it before,
as it is easy, but also instructive.)

The case we are really interested in is when we replace the general set, X, by the underlying
set of a group, G. (As usual, we will not introduce a special notation for the underlying set of G,
just writing G for it.) In this case we have the simplicial set, F(G), and the group, G, acts freely
on E(G) by

9-(90,----9p) = (990, - - - 99p)-

(Here we have used a left action of G, and leave you to check that the evident right action could
equally well be used and we will use it later on.)

The quotient simplicial set of orbits, will be denoted G\E(G). It is often useful to write

[91,- .., gp| for the orbit of the p-simplex (1,91, 9192,...,9192-..9p) € E(G)p.
It is ‘instructive’ to calculate the faces and degeneracy maps in this notation. We will only look
at [g1, g2] in detail. This element has representative (1, g1, g192). We thus have:

e do(1,91,9192) = (91,9192) = (1, g2), so dolg1, g2] = [g2];
o di(1,91,9192) = (1,9192), so di[g1, 2] = [9192];

o dy(1,91,9192) = (1,91), so da[g1, g2] = [91]-

(That looks familiar!)
For the degeneracies,

e s0(1,91,9192) = (1,1,91,9192), so solg1,92] = [1, 91, 92];

e s1(1,91,9192) = (1, 91,91, 9192), 50 s1[g1, 92) = [91, 1, g2};

and similarly s2[g1, g2] = [91,92,1].
The general formulae are now easy to guess and to prove - so they will be left to you, and
then the following should be obvious.

Lemma 22 There is a natural simplicial isomorphism,

G\E(G) = Ner(G[1]) = BG.

We thus have that G\E(G) is a ‘classifying space’ for G.

We note that this shows that G\ E(G) is a Kan complex, since we already have that Ner(G[1])
is one. It is easy enough to check it directly. Of course, F(G) is Kan as well. Jumping ahead of
ourselves, we will sketch that the fundamental group of G\E(G) is m(G\E(G)) = G, whilst for
k> 1, m(G\E(Q)) is trivial. (We will have to ‘fudge’ the details as they either need material that
will not be directly handled in these notes (and hence, for which the reader is referred to standard
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texts on simplicial homotopy theory), or they may depend on ideas that will be only explored later
on in the notes, so we will try to sketch enough to whet the appetite!)

First we take on trust that if K is a connected Kan complex, then the k' homotopy group of
K can be ‘calculated’ by looking at homotopy classes of mappings from the boundary of a k + 1-
simplex into K, based at a base point. If you have a map, 0A[k + 1] — Ner(G[1]), then you have
all the information needed to extend it to a map defined on A[k+ 1], i.e., the map you started with
is null homotopic. (If you want more intuition on this, try looking at the case k = 2 and writing
down what the various faces in JA[3] will give and then see how they determine a 3-simplex in
Ner(G[1]).)

For dimension 1, the construction of m is, of course, that of the fundamental group(oid), so
gives a presentation with set of generators, {[g] | ¢ € G}, and, for each pair (g1,¢2), a relation
Tg1.g. corresponding to [g1, g2] € G\E(G)2, and which gives [g1][g2][g192] "', but this was our prime
example of a presentation of G, so m(G\E(G)) = G.

There is, here, another useful fact for the reader to check. The quotient map from E(G)
to G\E(G) is a Kan fibration (and this is a useful example to do in detail if you are not
that conversant with Kan fibrations). The fibre of this quotient map is a constant (or ‘discrete’)
simplicial set with value G, sois a K(G,0). Asis well known, and as we will introduce and use later,
there is a long exact sequence of homotopy groups for any pointed fibration sequence, ' — E — B,
so we can apply this to

K(G,0) - E(G) — G\E(G)

to get m(G\E(G) = m—1(K(G,0)) and another proof that G\E(G) is an ‘Eilenberg Mac Lane
space’ for G, i.e., a K(G,1) in the usual notation, (... and yes, this is related to covering spaces

).

Returning to the construction of what are called ‘Volodin spaces’ (cf. [253]), we put ourselves
back in the context of a group, G, and a family, H, of subgroups of G. We suppose that H = {H; |
i € I} for some indexing set, I. (We may assume extra structure on I, as before, when we get
further into the construction.)

Definition: (Suslin-Wodzicki, [253], p. 65.) We denote by V(G,H), or V($), the simplicial
subset of E(G) formed by simplices, (go, ..., gp), that satisfy the condition that there is some i € I
such that, for all 0 < j, k < p, gjgk_1 € H;.

The simplicial set, V(G,H), will be called the Volodin space of (G, H).

Remark: The actual definition given in [253] uses g;lgk € H;, as there the convention on
cosets is gH rather than our Hg.

The subobject, V(G,H), of E(G) is a G-subobject, i.e., it is invariant under the action of G.
The corresponding quotient simplicial set G\V (G, H) coincides with the union of the BH; within
the classifying space, BG.

Remark: The construction of V(G,H) is usually ascribed to Volodin in his approach to the
higher K-theory groups of a ring, but, in fact, the basic construction is essentially much older,
being due to Vietoris in the 1920s, but in a different setting, namely that of a simplicial complex



4.3. HIGHER GENERATION BY SUBGROUPS 131

associated to an open cover of a space. This was further studied by Dowker, [104], in 1952, where
he abstracted the situation to construct two simplicial complexes from a relation between two sets.

4.3.5 The two nerves of a relation: Dowker’s construction

The results of the next few sections are of much more general use than just for a group and a family
of its subgroups. We therefore present things in an abstract version.

Let X,Y be sets and R a relation between X and Y, so R & X xY. We write xRy for (z,y) € R.

Fairly generic example: Let X be a set (often a topological space) and Y be a collection of
(usually open) subsets of X covering X, i.e., |JY = X. The classical case is when Y is an index
set for an open cover of X. The relation is xRy if and only if x € y, or, more exactly, x is in the
subset indexed by y.

Returning to the abstract setting, we define two simplicial complexes associated to R, as follows:
(1) K = KR .

(a) the set of vertices is the set X;

(b) a p-simplex of K is a set, {zo, - ,2,} C X, such that there is some y € Y with z; Ry
fori=0,1, ---, p.

(il) L=Lg:

(a) the set of vertices is the set, Y;

(b) p-simplex of K is a set, {yo, - ,yp} C Y, such that there is some z € X with zRy; for
jZO,l, T, D

Clearly the two constructions are in some sense dual to each other. The original motivating example
was as above. It had X, a space, and Y =U = {U,, : @ € A}, an open cover of X, and, in that case,
Kp is the Vietoris complex of U, V(U) or V(X,U), of the cover. The ‘dual’ construction has the
open cover, U, or better, the indexing set, A, as its set of vertices, and o = (ag, a1, ..., ), belongs
to Lg if and only if the open sets, U,;, 7 = 0,1,...,p, have non-empty common intersection.
This is the simplicial complex known as the Cech complex, Cech nerve or simply, nerve, of the
open covering, U, and it will be denoted N(X,U), or N(U). We will have occasion to repeat
this definition later, both when considering Cech non-Abelian cohomology, (starting on page 290),
and also when looking at triangulations when examining methods of constructing some simple
topological quantum field theories, page ?77.

We will extend the terminology so that for a given relation, R, Kr will be called the Vietoris
nerve of R, whilst Lp is its Cech nerve. (This is rather arbitrary as the Vietoris nerve of R is the
Cech nerve of the opposite relation, R, from Y to X )

In the situation in this chapter, we have a pair, (G, H), and X is G, whilst Y is the family, £,
of right cosets of subgroups from the family H. The relation is ‘x Ry if and only if z € y’.

The simplicial complex, Kg, thus has G as its set of vertices and (go,...,gp) is a p-simplex of
Kp if, and only if, all the gis are in some common right coset, H;x, in the family $. It is then just
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a routine calculation to check that this is the same as saying that the simplex is in V($)). In other
words, the Volodin complex of (G, H) is the same as the Vietoris complex of §), and it is convenient
that both names begin with the letter ‘V’! The one difference is that the Vietoris complex is a
simplicial complex, whilst the Volodin space is a simplicial set. For each p-simplex {go, ..., gp}, of
V($), there are p! simplices in the Volodin space.

The corresponding Cech nerve, Lg, is N($)) as introduced earlier, so, if ¢ € N($),, 0 =
{Hogo, "+ , Hygp} with the requirement that No = ﬂopHZ-gi # 0.
1=

Before turning to Dowker’s result, we will examine barycentric subdivisions as these play a neat
role in his proof.

4.3.6 Barycentric subdivisions

Combinatorially, if K is a simplicial complex with vertex set, Vi, then one associates to K the
partially ordered set of its simplices. (We avoid our earlier notation of V(K) for the vertex set as
being too ambiguous here.) Explicitly we write S(K) (or sometimes Sk ), for the set of simplices of
K and (S(K), Q) for the partially ordered set with C being the obvious inclusion. The barycentric
subdivision, K', of K has S(K) as its set of vertices and a finite set of vertices of K’ (i.e., simplices
of K) is a simplex of K’ if it can be totally ordered by inclusion.) We may sometimes write Sd(K)
instead of K'.)

Remark: It is important to note that there is, in general, no natural simplicial map from K’
to K. If, however, Vi is given an order in such a way that the vertices of any simplex in K are
totally ordered (for instance by picking a total order on Vi), then one can easily specify a map,

0:K' — K,
by:
if o' = {xo, -+ ,xp} is a vertex of K’ (so 0’ € S(K)), let ¢o’ be the least vertex of ¢’ in the given
fixed order.

This preserves simplices, but reverses order so if o} C o) then p(o]) > ¢(dh).
If one changes the order, then the resulting map is contiguous to the old one:

Definition: Let ¢, : K — L be two simplicial maps between simplicial complexes. They are
said to be contiguous if for any simplex o of K, ¢(0) U (o) forms a simplex in L.

Contiguity gives a constructive form of homotopy applicable to simplicial maps between sim-
plicial complexes.

If ¢ : K — L is a simplicial map, then it induces ¢/ : K’ — L’ after subdivision. As there is no
way of knowing/picking compatible orders on Vi and V7, in advance, we get that on constructing

(pK:K/—>K

and
o L' — L

that @1 and 1 will be contiguous to each other, but rarely equal.
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4.3.7 Dowker’s lemma

Returning to Kr and L, we order the elements of X and Y, then suppose v is a vertex of L,
soy ={yo, -+ ,yp}, a simplex of Lr and there is an element x € X with zRy;,7 =0,1,--- ,p. Set
1y’ = x for one such z.

If o = {yp,- -, vy} is a g-simplex of L', assume y; is its least vertex (in the inclusion ordering)

orL(y) € y, C v for each y; € o,
hence Yy; Rpr(yp) and the elements vy, - -+ , 1y, form a simplex in Kg, so ¢ : L'y — Kpg is a
simplicial map. It, of course, depends on the ordering used and on the choice of x, but any other

choice T for vy’ gives a contiguous map.
Reversing the roles of X and Y in the above, we get a simplicial map,

Y : Kjy — Lg.
Applying barycentric subdivisions again gives
V' Kf — L,
and composing with ¢ : L'y — Kg gives a map
P K — Kg.

Of course, there is also a map
cngolK : K}é — KR.

Proposition 29 (Dowker, [10/] p.88). The two maps ¢k @y and Y1)’ are contiguous.

Before proving this, note that contiguity implies homotopy and that ¢’ is homotopic to the
identity map on K after realisation, i.e., this shows that

Corollary 5

|KR| >~ |Lg|.
[ |
The actual homotopy depends on the ordering of the vertices and so is not natural.
Proof of the Proposition:
Let 0" = {xg, 27, , 2} be a simplex of K7 and as usual assume z is its least vertex, then

forall i >0
:Ug - a;;’.
We have that ¢ is clearly order reversing, so ¢z C ¢rxy. Let y = @plaq, then for each

z € phay, xRy. Since o] € ¢lx! C ohxy, we have px @z} Ry.
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/ "7 /i / 1/ 2 /! — A /! /i
For each vertex z' of z}, vz’ € ¥'x}, hence as ¢ -xg € x5 C 27,y = Yy'ray € Y'x] for each

z!!, so for each 2/, ¢z Ry, however we therefore have
Prlic(0") U (0”) = | onpli (2f) U s af
forms a simplex in Kg, i.e., oy and ¥y are contiguous. [ |

To prove this we had to choose orders on the two sets, and thus we were working with the
non-degenerate simplices of the corresponding simplicial sets. (Abels and Holz, [2], use the neat
notation of writing N*"™P(R), etc. for the corresponding simplicial set, either dependent on order
or taking all possible orders, i.e., a p-tuple is a simplex in the simplicial set if its underlying set
of elements is a simplex in the simplicial complex. Which method is used make essentially no
difference much of the time. Their notation can be useful, but we will sometimes tend to ignore
the difference as the homotopy groups and homotopy types are independent of which approach one
takes. We have briefly discussed this on page 30 and we will revisit it in more detail later in this
chapter, in section 4.4.3.)

4.3.8 Flag complexes

The construction of the barycentric subdivision is closely related to that of a flag complex of a
poset.

Suppose that P = (P, <) is a partially ordered set (poset), then we can consider is as a category
and hence look at its nerve. This is the associated simplicial set of the flag complex of P, which
is a simplicial complex, whose construction uses some ideas that can be of use later on, so we will
briefly discuss how it relates to our situation.

Definition: A subset, o, of P = (P, <) is said to be a flag if it satisfies, for all x,y € P, either
r<yory<ux.

A finite non-empty flag, thus, is a linearly ordered subset of P, i.e., is of the form {zo, ...y},
where xg < ...x, are elements of the set P.

Definition: Let P = (P, <) be a poset. The flag complex, Flag(P) of P is the simplicial
complex having the elements of P as its vertices and in which a p-simplex will be a non-empty flag,
zo < ...Tp.in P.

This is often also called the order complex of the poset.

Lemma 23 The flag complex construction gives a functor
Flag : Posets — SimComp,

from the category of partially ordered sets and order preserving maps, to the category of simplicial
complexes and simplicial morphisms between them. |
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As a simplicial complex, K, consists of a set, V(K) of vertices and a set S(K) C P(V(K)) — {0},
S(K) can naturally be ordered by inclusion to get a partially ordered set U(K) = (S(K),C). This
gives a functor,

U : SimpComp — Posets.

The composite functor,
Flago U : StmpComp — SimpComp

is the barycentric subdivision functor, Sd.

If X is aset and d = {U; | i € I} is a family of subsets of X, we may think of U as being
ordered by inclusion and thus get a poset. (Of course, this will only be significant if there are some
inclusions between the U;s, for instance if U is closed under finite intersection.) This gives a poset,
(U, C) and we will abbreviate Flag(U,C) to F(U).

The links between nerves and flag complexes are strong.

Proposition 30 (Abels and Holz, [2], p. 312) Suppose given (X,U) as above, and that U is such
that, if U and V are inUU and UNV is not empty, then UNV € U, then there is a natural homotopy
equivalence,

IN(U)| ~ [F(U)].

We cannot give a full proof here as it involves a result, namely Quillen’s Theorem A, [229], that
will not be discussed in these notes. We can however give a sketch (based on the treatment in [2]).

Sketch proof: Abusing notation so as to consider the simplicial complex, N (Uf), as being the
same as the poset of its simplices, we define a mapping:

fNU) —-U

sending o = {Uy, ..., Up} to U, = ﬂﬁ-?:OUi. This is order reversing. (Note that it, of course, needs U
to be closed under pairwise non-empty intersections.) Writing 4P for the poset, (U, D), that is with
the opposite order, the poset U | f of objects under some U € U is just {T € N(U) | U D U},
so is a directed poset, and hence is contractible. By Quillen’s theorem A, f induces a homotopy
equivalence as claimed. [ |

Remark: An interesting variant of these nerve and flag complex constructions combines some
aspects of the Vietoris complex construction with the idea of flags to construct a bisimplicial
set. A (p,q)-simplex will be pair consisting of a subset {xg,...,x,} of X together with a flag,
Uy C Uy C ... C Uy, such that all the x; are in Uy. We will not explore this idea here as we have
not discussed bisimplicial sets in any detail yet.

Within geometric group theory, the term ‘flag complex’ is also applied to a closely related, but
distinct, concept. These ‘flag complexes’ are abstract simplicial complexes that satisfy a particular
defining property, rather than being defined by how they are constructed. We will see other similar
ideas later on in less geometric contexts, but for the moment will give a brief discussion based on
the treatment of Bridson and Haefliger, [53], p. 210.

Definition: Let L be a simplicial complex with set of vertices V. It satisfies the no triangles
condition if every finite subset of V7, that is pairwise joined by edges, is a simplex. More precisely,
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if {vo,...,vp} is such that for each i,j € {1,...,n}, {v;,v;} is a 1-simplex of L, then {vo,...,v,}
is a simplex of L.

An alternative name for the condition are the ‘no empty simplices’ condition. It is also said
that in this case L is “determined by its 1-skeleton”. The point is

Proposition 31 If simplicial complex, L, is an order complex of some partially ordered set then
it 1is determined by its 1-skeleton. |

The proof should be evident.

Geometric group theory contains many other examples of this sort of construction, especially
with relation to Coxeter groups. (Perhaps we will return to this later one)

4.3.9 The homotopy type of Vietoris - Volodin complexes

Returning to V($)), the second complex associated to a pair (G, H), it is possible to extract some
homotopy information from it using fairly elementary methods. To go into its structure more deeply
we will need to bring more explicitly in the group action of G as well, but that is for later.

The great advantage now is that as we know N($)) and V(£)) have the same homotopy type
(after realisation) so we can use either when working out homotopy invariants. We can also use
N3P (§3), or V™P(§) the corresponding simplicial sets, although, in fact, the Volodin space was
actually defined as a simplicial set. We will usually leave out the difference between the simplicial
complex and the simplicial set as that distinction is largely unnecessary.

If we look at any gH; € H, then we have a subcomplex of V($)) consisting of those (go, - - ., gp)
all of which are in gH;. In the simplest case, where g = 1, this is a copy of F(H;), and, in general,
it is a translated copy of E(H;), so each forms a contractible subcomplex.

Example: (already considered in section 4.3.1)

G = S3=(a,b|a®=0b*=(ab)? =1), witha=(1,2,3), b= (1,2);
H = (a)=1{1, (1,2,3), (1,3,2)},

Hy = (b)=A{L (L,2)}

H = {H, Hy}

The intersection diagram given in our earlier look at this example, on page 125, is just the nerve,
N($), having 5 vertices and 6 edges. The other complex, V(£)), is almost as simple. It has 6
vertices corresponding to the 6 elements of S3, and each orbit yields a simplex

e Hy ={1,a,a?} gives a 2-simplex (and three 1-simplices),
e Hib= {b,ab,a’b} also gives a 2-simplex;
e Hy = {1,b} yields a 1-simplex, as do its cosets Hoa and Hoa?.

We can clearly see here the contractible subcomplexes mentioned earlier. We have that V' ($)) looks
like two 2-simplices joined by 1-simplices at the vertices, (see below).
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ab

V(Ss, {(a), (0)})

As N($) is a connected with 5 vertices and 6 edges, we know 71 N (9) is free on 2 generators. (The
number of generators is the number of edges outside a maximal tree.) This same rank can be read
of equally easily from V() as that complex is homotopically equivalent to a bouquet of 2 circles,
(i.e., a figure eight). The generators of mV($)) can be identified with words in the free product
Hy % Hj (one such being shown in the picture) and relate to the kernel of the natural homomorphism
from H;y * Hy to S3. The heavy line in the figure corresponds to a loop at 1 given by

1 (1,b) (b,ab) ab (ab,a?) a2 (a?,1)

b

We write gg M g1 as there is an edge, (go, g1) joining go to g1 in V($). We, thus, have that

there is a g and an index i such that {go,g1} € H;g, but the index and the elements are not
necessarily uniquely determined. We saw that this means that g;g, L e H;, so g1 = hgo for some

h € H;, and we could equally well abbreviate the notation to gg LN g1. Note that the only condition
required is that A is in some H;, so the lack of uniqueness mention above is without importance.
In our example, we can redraw the diagram corresponding to the heavier loop and we get

1bbaabba2a1

so the loop, representing an element in w1 N($)), is given by the word baba € Cs x C3, which, of
course, is in the kernel of the homomorphism from C5 * C3 to S3. The reason that this works is
clear. Starting at 1, each part of the loop corresponds to a left multiplication either by an element
of Hy 2 (5 or of Hy = (5. We thus get a word in Hy x Hy = Cy x (3. As the loop also finishes at
1, we must have that the corresponding word must evaluate to 1 when projected down into Ss.

Note that the two subgroups had simple presentations that combine to give a partial presenta-
tion of S3. The knowledge of the fundamental group, 71N ($)), then provides information on the
‘missing’ relations.

In more complex examples, the interpretation of 71 (V' ($)), 1) will be the similar, but sometimes
when G has more elements, N($)) may be easier to analyse than V($), but the second may give
links with other structure and be more transparent for interpretation. The important idea to retain
is that the two complexes give the same information, so either can be used or both together.
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Example: G = Ky, the Klein 4 group, {1,a,b,c} = Cy x Co, 50 a2 =b?> = c? = 1 and ab = ¢;
H ={H,, Hy, H.} where H, = {1, a}, etc. Set Hxa4 = (K4, H).
The cosets are H,, H,b, Hy, Hya, H., H.a, each with two elements, so V($x4) = the 1-skeleton

AN
3/

N($Hk4) is “prettier” and a bit more ‘interesting’: Labelling the cosets from 1 to 6 in the order
given above, we have 6 vertices, 12 1-simplices and 4 2-simplices. For instance, {1,3,5} has the
identity in the intersection, {1,4,6} gives H, N Hya N H.a, so contains a and so on. The picture is

of the shell of an octahedron with 4 of the faces removed.
1

2

N($Hxa)

From either diagram it is clear that m1$) x4 is free of rank 3. Again explicit representations for
elements are easy to give. Using V() and the maximal tree given by the edges la, 1b and lc, a
typical generating loop would be

l—sa—>b—1,

i.e., (1,a,b,1) as the sequence of points. There is an obvious representative word for this, namely

1—%g—sp—Lo1.

In general, any based path at 1 in an V (G, H) will yield a word in LIH, the free product of the
family H. We will think of the path as being represented by a (finite) sequence (f(n)) of elements
in G, linked by transitions, h; in the various subgroups. Whether or not that representative is
unique depends on whether or not there are non-trivial intersections and “nestings” between the
subgroups in the family #, since, for instance, if H; is a subgroup of Hj, then if f(n) — f(n +1)
using g € H;, it could equally well be taken to be g € H;. As we have mentioned before, the
characteristic of the Vietoris-Volodin spaces, V (G, H), is that there is only one possible element of
G linking f(n) to the next f(n + 1) namely f(n + 1)f(n)~!, but this may be in several of the H;.
We thus have a strong link between 71 (V (G, H)) and IHIH, the ‘amalgamated product’ of H over

its intersections, and an analysis of homotopy classes will prove (later) that

m(V(G,H),1) = Ker(HH - G),
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since a based path (g1, g2, -, gn) ends at 1 if and only if the product g; - - - g, = 1. These identifi-
cations will be investigated more fully shortly.

We note that composites of such ‘paths’ may involve two adjacent transitions between elements
being in the same H; in which case we can use the rewriting system determined by the contractible
E(H;) to simplify the representatives.

Example: The number of subgroups in #H clearly determines the dimension of N($)), when
$H = H(G,H). Here is another 3 subgroup example.

Take ¢8 = {1,4, j, k, —1,—i, —j, —k} to be the quaternion group, so i* = j4 = k* = 1, and ij = k.
Set H; = {1,—1,i,—i} etc., so H; NH; =H;NH,=H;NH = {1,—1} and let H = {Hi,Hj,Hk},
and g8 = H(¢8, H).

Then N ($)4s) is, as above in Example 4.3.9, a shell of an octahedron with 4 faces missing. Note
however that V' (£),s) has 8 vertices and, comparing with V($)k4), each edge of that diagram has
become enlarged to a 3-simplex. It is still feasible to work with V' ($)4s) directly, but N(£)4s) gives
a clearer indication that

71(9g8, 1) is free of rank 3.

Example: Consider next the symmetric group, Ss3, given by the presentation
S3 = (1,20 | 22 = 235 = 1, (z122)® = 1)

Take Hy = (x1), Ha = (x2), so both are of index 3. Each coset intersects two cosets in the other
list giving a nerve of form (see below):

NS

Example: The next symmetric group, S4, has presentation

so TN ($(S3,H)) is infinite cyclic.

Sy = (1,20, 23 | 22 = 22 = x% =1, (z122)3 = (z223)® = 1, (z123)% = 1).
Take Hy = (x1,x2), Ha = (x2,x3), H3 = (x1,x3). Hy and Hj are copies of S3, but Hj is isomorphic
to the Klein 4 group, K4. Thus there are 4 + 4 4 6 cosets in all. There are 36 pairwise intersections
and each edge is in two 2-simplices. Fach vertex is either at the centre of a hexagon or a square,
depending on whether it corresponds to a coset of Hyi, Hy or of Hs. There are 24 triangles, and
N(Sy,H) is a surface. Calculation of the Euler characteristic gives 2, so this is a triangulation of
52 the two sphere. (Thanks to Chris Wensley for help with the calculation using GAP.)
The fundamental group of N(S4,H) is thus trivial and, using the result mentioned above,

Sy = HHi,

the coproduct of the subgroups amalgamated over the intersection.
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Accepting Proposition 28 for the moment, we can examine an important class of examples.

Example: Some graphs of groups. Let us suppose that H = {H;, Ha}, so just two sub-

groups of GG, then we have

H, U Hy,—G.

H{NHy

This is an isomorphism if and only if N($)) is a connnected graph which has trivial fundamental
group, thus exactly when N($) is a tree. The vertices of N()) are the cosets in (H1\G) U (H2\G)
and Hyg7 and Hogo are connected by an edge if they intersect. This gives us one of the two basic
types of a graph of groups as defined by Serre, [213, 1,

Hl W HQ
corresponding to a free product with amalgamation. Note this does not give us the other basic type
of graph of groups, which corresponds to an HNN-extension. We will explore the connection with
this theory in more detail a bit later or, more exactly, we will see a connection with the generalisation

complezxes of groups due to Corson, [52, 89-92] and Haefliger, [113, 1411], and developed extensively
in the book by Bridson and Haefliger, [53].

We have now seen, somewhat informally, discussions of the low dimensional homotopy invariants
of these two nerves, both in examples and, to some extent, in general. We turn now to more formal
calculations of those, and in the process will prove Proposition 28.

We will approach the determination of the invariants in an ‘elementary’ but reasonably formal
way. We will repeat some arguments that we have already seen partially to get everything in the
same place, but also to impose some more consistent notation.

The set, 7o(V(G,H)), of connected components: The vertex set of V(G,H) is the set of
elements of G, so we have to work out when two vertices, g and ¢’, are in the same connected
component.

Suppose they are connected by a path, that is a sequence of edges, ({(go, 91), (91,92); - - - (gn—1,9n)),
in V(G,H) and for some n. We have that an edge such as (go,g1) has do(g90,91) = g1 and
d1{g90,91) = go and it is an edge because there is some H,, € H and some z; € G such that
go and g; are in the coset Hy, 1. Of course, this means that there are hg, h1 € H,, with go = hox1
and g1 = hjx1, hence that gogl_1 € H,,. (Conversely if gogl_1 € H,,, then both gg and g; are in
Ha, g1, 50 (go, g1) is an edge.)

We thus have from our path that there are indices aj,...,a, such that g;_1g; 1 e H,, for
cach i, whilst g = go and ¢ = g,. We then note that g¢’~ ' is in ((JH), the subgroup generated
by the union of the subgroups in the family #, so, if ¢ and ¢’ are in the same component, then
99" € (UH).

Conversely, suppose gg' ' € ((JH), then there is a finite sequence of indices, oy, ..., ay for
some n and elements h; € H,, such that gg’_1 = hihs...hy,. We define g9 = g, g; = hi_lgi,l and
note that g;_1,g; € Ha,gi, thus giving us a path from g to g, = h;'gn—1 = h,*... hl_lgo =4

We thus have proved that mo(V (G, H)) is in bijection with G/{|J#H), that is the first part of
Proposition 28.
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The fundamental group, m (V(G,#H),1), and groupoid, II;(V(G,H)): Although V(G,H)
comes with a natural choice of basepoint, namely 1, and we will eventually be looking at loops
at 1, it is more in tune with our just previous discussion to look at the fundamental groupoid,
I1;(V(G,H)), rather than the fundamental group 71 (V(G,H),1) of V(G,H) based at 1. We will
sometimes abbreviate IT1 (V (G, H)) to I119.

The set of objects of this groupoid will be the vertices of V(G,H) and so are the elements of G,
and the set of arrows I11$(g, ¢’) will be the set of homotopy classes of paths from g to ¢’. We saw
that a path from, g to ¢’ corresponds to a finite sequence, h = (hy, ho, ..., hy), of elements from
the various subgroups H,, in ‘H. It is convenient to write

(h17h2’~~~,hn) ﬁ
d=9=4,

where 1. .. hl_1 g = ¢g’. We can see that given two composable paths

h /Q/ 4
g9—"9 —g,

the defining sequence of the composite is given by the concatenation of the two sequences,

L]’I/:(hl’h27...,hn,h/1, é;’h;n)

Remark: This notation is not quite accurate. The h does not indicate from where the arrow,
so labelled, starts. Of course, it is visually clear, but ‘really’ we should denote the arrows by (g, h),
so then

(g,h) - (h™'g,h) = (g, hh)),

or similar. This is clearly a form related to, but not identical, to some sort of ‘action groupoid’, but
that does not quite fit. For a start, it does not give a groupoid as where are the inverses? It does
give a category, however. (It is left for you to check that (go, go) is the identity at the ‘object’

go-)

The paths between the vertices are not the actual arrows in the fundamental groupoid II;$).
For that we need to divide out by relations coming from 2-simplices.

For any simplicial complex or simplicial set, K, one can form the fundamental groupoid, (also
called in this context the edge path groupoid), by taking the free groupoid on the directed graph or
quiver, given by the 1-skeleton and then dividing out by the 2-simplices. (We will see this several
times later; see pages 250, and 77. It is the classical edge-path groupoid to be found, for instance,
in Spanier’s book, [248].) The arrows are sequences of concatenated edges and then, if (vo, v1,v2)
is a 2-simplex, we add a ‘relation’

(vo,v1)(v1,v2) = (vo,v2),

or if you prefer, rewrite rules:
(vo, v1)(v1,v2) & (v, v2).
For 1119, a 2-simplex in V(G,H) will, of course, be a triple, (go, g1, 92), of elements of G contained

in some H,z. We explore this in detail as before. There will be three elements, hg, h1, ho in H,
with g; = h;x for ¢ = 0,1,2 and thus gigj_1 € H,, for each ¢ and j.
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Dividing out by these relations has several neat consequences which ‘control’ the paths and their
compositions. For instance, working in the simplicial set version of V (G, H), if we have (g, g1) in
V(G,H), then (g1, go) is there as well, and so is {go, go) and as (go, g1, go) is in V (G, H)2, we have
that

(90, 91)(91, 90) = (90, 90),

so (go, g1) has (g1, go) as its inverse. Another important result of these relations is that it allows
simplification of the path labelling sequences. Suppose we have a composite path

hy ha
go — g1 — 92

which stays more than one step in a given coset, i.e., both h; and ho are in some H,. In this case
we can clearly replace that path, up to homotopy, that is, modulo the relations, by

hiha
go — 92

as (9o, 91,92) is a 2-simplex. This means that every arrow in II;$) has a representative whose
corresponding sequence h corresponds to an element of the coproduct (aka free product), UH;, of
the groups in H. This is still not a unique representative however. We may have a situation

h1 ha hs
go —> 91 —> g2 — g3

where hi, hy € H; and hg, hs € Hj, so we will have an overlap with (go, 1) (g1, 92) (92, g3) rewriting
both to (go, 92){g2, g3) and to {(go,g1){g1,93), and so we have to amalgamate the coproduct over
intersections.

Let us be a bit more precise about this. We form up a diagram of the subgroups H; in H,
together with their pairwise intersections, H; N H;. We write H = IHIH for its colimit.

Definition: Given a family, H, of subgroups of G, its free product or coproduct amalgamated
along the intersections is the colimit, H, specified above.

This group, H, can be given as simple presentation. Take as set of generators a set, X = {xz, |
g € UH,}, in bijection with the elements of the union of the underlying sets of subgroups in #,
and for relations all zp,zp, = n,n, Where hy and hy are both in some group, H;, of the family.

The inclusion of each H; into G gives a cocone on the diagram of groups, so induces a homomor-
phism, p : Iﬁl’H — G, which will be essential in our description. This homomorphism, p, thus takes
a sequence h = (hy, ..., h,) representing some element of H and evaluates it within G mapping it
to the product hy...h, € G.

Clearly we have

Proposition 32 The fundamental groupoid, 1115, has for objects the elements of G and an arrow
from g to ¢’ is representable, uniquely, by an element h in H”H such that g = p(h)g'. |

The proof is by comparison of the two presentations.

Corollary 6 There is an isomorphism

m$H = Ker(p: HH —G)
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Proof: The group m (V(G,H),1) is the vertex group at 1 of the edge path groupoid, so consists
of the hin H, which evaluate to 1, since here g = ¢’ = 1, i.e., the vertex group is just Ker p. [ ]

This means that we have p : H — G, whose ‘cokernel’;, G/p(H), ‘is’ mo(V(G,H)) and whose
kernel is w1 (V (G, H), 1).

What about mV ($)? We will limit ourselves, here, to a special case, and will merely quote
a result from the paper of Abels and Holz, [2]. We suppose as always that we are given (G, H)
and now assume that we use the standard presentation P; := (X : R;) of each H;. Combining
these we get X = |JX;, R = JR;. We have H is 2-generating for G if and only if P = (X, R) is
a presentation of G. (That is nice, since it says that there are no hidden extra relations needed,
and that corresponds to the intuitions that we were mentioning earlier. There is better to come!)
Assuming that P is a presentation of G, we have a module of identities, mp. We also have all
the 7p,, the identity modules for each of the presentations, P;. The inclusions of generators and
relations induce morphisms of the crossed modules, C'(P;) — C(P), and hence of the modules
np;, — 7p, although here there is the slight complication that this is a morphism of modules over
the inclusion of H; into G, which we will not look further into here. We let 73 be the sub G-module
of mp generated by the images of these mp,. We can think of 73, as the sub-module of 7p consisting
of those identities that come from the presentations of the subgroups.

In the above situation, i.e., with standard presentations for the subgroups, we have ([2] Cor.
2.9.)

Proposition 33 If H is 2-generating, then there is an isomorphism:
ma(N(H)) = mp /T
[ |

We should therefore, and in this case at least, interpret m2(/N($))) as telling us about the 2-syzygies
that are not due to the presentations of the subgroups. We will give shortly a neat example of this
but first would note that this does not interpret the 2-type of V($)) in general, and that somehow
is a lack in the theory as developed so far. Abels and Holz do extend thie away from the standard
presentations of the subgroups, but this requires a bit more than we have available at this stage in
the notes so will be ‘put on hold’ until later.

This gives all the easily available data on these Vietoris-Volodin complexes as far as their
elementary homotopy information is concerned. We can, and will, extract more later on, but now
want to look at the main example for their original introduction.

4.3.10 Back to the Volodin model ...

Our ‘more complex family’ of section 4.3.3 leads to a link with higher algebraic K-theory in the
version developed initially by Volodin. The usual approach, however, uses a slightly different
notation and for some of its details ends up looking different, so here we will give the version of
that example nearer to that given by, for instance, Suslin and Wodzicki, [253], or Song, [2416]. Let,
as before, R be an associative ring, and now let o be a partial order on {1,...,n}. If 7 is less that

7 in the partial order o, it is convenient to write % Z j. (Note that this means that some of the
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elements may only be related to themselves and hence are really not playing a role in such a o.)
We will write PO(n) for the set of partial orders of {1,...,n}.

(e}
Definition: We say an n x n matrix, A = (a;;) is o-triangular if, when i £ j, a;; = 0, and all
diagonal entries, a;; are 1.

We let T)7(R) be the subgroup of G/, (R) formed by the o-triangular matrices.

Lemma 24 Ifn > 3, T7(R) has a presentation with generators x;;(a), where i < jand a € R,
and with relations:

zij(a)wij(b) = wij(a +b) i<j, abeR
and o
[23j(a), 2k (D)] = ik (ab) i<j<k, abéeR,
zij(a)xge(b) = zpe(b)xij(a), i#L,j#k, a,be R.
[
Remark: In fact, Kapranov and Saito, [172], mention that, not only is this a presentation of

T7(R), but with the addition of the syzygies that they describe (and which up to dimension 2 are
those given in our section 4.1.2) gives a complete set of syzygies, of dimension 3.

We can ‘stablise’ the above, since it o is a partial order on {1,...,n}, then it extends uniquely
to one on {1,...,n+ 1} by specifying that n + 1 is related to itself in the extended version, but to
no other. (The notation and treatment for this is not itself that ‘stable’ and some sources do not
go into a detailed handling of this point, presumably because it is clear what is going on.) We will
write T, = (Gl,(R),Ty), where T, = {T.7(R) | 0 € PO(n)}, and then, letting n ‘go to infinity’
write T for the corresponding system based on G¢(R) with all o-triangular subgroups for all partial
orders having finite ‘support’, i.e., in which outside some finite set, (its support), the partial order
is trivial.

Proposition 34 Forn > 3, the subgroup of G¢,(R) generated by the union of the T)] (R) is En(R),
the elementary subgroup of Gl,(R).

Proof: This should be more or less clear as, by definition, any elementary matrix is o-triangular
for many o’, and conversely, any 7.9 (R) is given as a subgroup of E,(R). [ |

Corollary 7 The Volodin nerve, V (%), has
WOV(‘Z) = Kl(R).
|

The obvious next question to pose is what m1(V (%), 1) will be. We know it to be the kernel of
HT “(R) — E(R), and the obvious guess would be that it was Milnor’s K»(R). That’s right. Proofs

are given in several places in the literature, but usually they require a bit more machinery than
we have been assuming up to this point in these notes, so we will not give one of those proofs
here. The most usual proofs use the natural action of G on N($)) and a covering space argument.
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We will mention this in a bit more detail after we have looked at a sketch proof and will explore
aspects of this sort of approach more in a later chapter, but here will attempt to give that sketch
proof which, it is hoped, seems more direct and which starts from the descriptions of 7V (%)
that are consequences of what we have already done above. (We will still need a covering space-
type argument, which, since central extensions behave like covering spaces from many points of
view, is suggestive of a general approach that is, it seems, nowhere given in the literature with
the conceptual simplicity it seems to deserve. Kervaire’s treatment of universal central extensions,
[176], perhaps goes some way towards what is needed.) We start by looking at paths in V(T),
especially, but not only, those which start at 1. We will be, in part, following Volodin’s original
treatment in [270] as this is very elementary and ‘constructive’ in nature. As we said above, he
uses covering space intuitions as well, as this seems almost optimal for the identification we need.
(Remember that one classical construction of universal covering spaces is from the space of paths
that start at the base point, followed by quotienting by fixed end point homotopy as a relation.)

A path in V(%) as it is of finite length, must live in some V(T,). We thus can represent it by
a pair, (g,t), with ¢t = (¢1,...,%x) for some k, a word with each ¢; in some T.7/(R), and g in E,(R)
which will be the starting element of the path. (Of course, this representation is not unique, because
of the amalgamated subgroups, and we will need to break each t; up as a product of elementary
matrices shortly. The non-uniqueness will be taken account of later on.)

We say that t; is a segment of the path, and that the paths is elementary if all the ;s used are
elementary matrices.

We now need some ‘elementary’ linear algebra. We will look at it with respect to the standard
maximal linear order on {1,...,n} and hence for upper triangular matrices.

Lemma 25 Let B = (b;;) be an upper triangular matriz (with 1s on its diagonal), so byj is zero if
J <. There is a factorisation
B = H ew ,]

(4.3)
with the order of multiplication given by increasing lexicographic order, so (i,7) > (i1,71) if either

a)j>jyorb)j=7j andi>i. [ |

The proof should be obvious.

We can replace t; by a path consisting only of elementary matrices (for the orderlng 0;) and

with the order of terms given by a lexicographic order in the (i, j)s relative to 2. The resulting
tk = I1; ) €ij(bij) and can be ‘lifted’ to an element

ik = H 6@'(3?@') S Stn(R).
(4,9)

This element maps down to the element, tg, in E,(R).

Suppose s is a loop, based at 1, in V(T), but consisting just of elementary matrices in some
T7+(R). (We will say s is an elementary loop. We will work with the standard linear order.) As s is
a loop at 1, it has a representation as (1, s), where s = (s1,...,sy) and the sis are in lexicographic
order, each sy, is some e;;(a;j) and, as the path s is a loop, H(i,j) eij(ai;) = 1.
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Lemma 26 If s is an elementary loop at 1 in T,,(R), then its lift 5 is 1 € St,(R).

Before giving a proof, remember the intuition that seems to be built in Volodin’s approach. The
T7(R) are seen as patches over which there is a way of lifting paths, so you decompose a long
path into bits in the various patches, and then lift them successively. The lifted bits give elements
in St,(R), and ‘up there’ we have divided out by the homotopy that comes from the relations /
rewriting 2-cells. In each patch we expect to get that the lift of s that we are using gives a trivial
element (i.e., something like a null-homotopic loop. We thus expect to have to use the presentation
of St(R) and, in particular, the embryonic homotopies given by the rewriting 2-cells / relations.
As we will see that is exactly what happens.

Proof: We let m be larger than all the ¢, j involved in the expression for s. (We will gen-
erally write x;j(a) etc where a is variable and is really just a ‘place marker’.) As xjy,(a)zy;(b) =
xj(b)xim(a) for i # j, k # m, and

Tim(a)T1i(b) = T (—ab) w1 (b)Tim (a) = 24i(b) T (—ab)Tim(a),

we can move all terms of form x;,,(a) to the right of the product expression for 5. In St,,(R), we

thus have
H inj(a) = H l’ij(a) : H Tim(a),

1<j<m 1<j<m—1 i<m

where, as we said, the a is just a place marker. We thus have that 5 in St(R) can be decomposed
as the product of two parts corresponding to loops (down in E(R)). These are [[,_,,, 1 %ij(a)
and [[;.,, Zim(a). (As this latter is in the subgroup of St,,(R) generated by the xy,(a), this must
itself evaluate to 1 as the product does, hence also the other factor must.) Working on the product
[Licsn Zim(a) and using the facts firstly that the terms commute with each other by the first rule
we recalled above, and then using the first Steinberg relation: St1 : zim(a)Zim (b) = Tim(a +b), we
can now check that this word must itself be trivial as it evaluates to 1.

We now can use backwards induction on m to gradually you get back to the minimal value
possible and get the result. |

Corollary 8 Ifs is an elementary loop in some T2 (R), then the corresponding lifted word in St(R)
1s trivial.

Proof: We have done most of this, except it was in the case of the standard linear order. One can
either adapt the above to the general case, or more neatly note that s conjugates, using permutation
matrices, to give an element in that linear case. The lifting goes across to St(R) and so the result
follows after a bit of checking. |

Now look at any path in V(¥), starting at 1. Take an elementary representative and examine
the initial segment, 1 t7, so tp € TTH(R). We can lift ; to give an element #; € St,(R).
This will, in general, depend on the choice of o1, but if ¢} is another possible partial order (i.e.,
t1 € TS(R) N Tgll(R), then the resulting two lifts of ¢; will form a ‘loop’ #; -Fl_l in St,(R), but
then this loop must be trivial by the lemma and its corollary. We pass to the next ‘node’ in the
path and continue. The next segment does not start at 1, but the argument adapts easily as the
corresponding labelling element in the coproduct with amalgamation is all that is used.

This gives that each path s in V(%) uniquely determines an element s in St(R). It is now fairly
clear where the argument has to go. The standard classical construction of a universal covering
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space is via paths starting at some base point ‘modulo’ fixed endpoint homotopy, so one checks
that homotopic paths lift to the same element of St(R). (This is Volodin’s Lemma 3.4 of [270], but
it is easy to see how it is to go.) Volodin is using the ‘patches’ given by the 7,7 (R) to lift a path in
E,(R). (This mix of topological intuition with combinatorics and algebra is the starting point of
Bak’s theory of global actions, [16, 17], that was mentioned earlier.)

It is now feasible to complete the proof & la Volodin, that the universal cover of V(E,(R),{T)7(R)})
is ‘related to’ St,(R), but that is not really satisfactory as it mixes the categories in which we are
working. (A simplicial complex is not a group!) We have a more limited aim, namely to note that
if we have an element in 71 (V(%),1), then we can pick a loop, s, representing it. We can lift s
uniquely by lifting over each ‘patch’ T)7(R) that it uses, to obtain an element in St(R), but as it
is a loop its evaluation, back down in G¢(R) will be trivial. (Topologically its endpoint is over
the basepoint!) It is in the kernel of the homomorphism from St(R) to G/(R), so determines an
element of Ko(R). Finally one reverses the argument to say that if 5 € Ks(R), then it is in the
image of this morphism. We have thus given an idea of how Volodin’s theorem, below, can be
proved, using fairly elementary ideas.

Theorem 7 (Volodin, [270], Theorem 2)
m(V(%),1) = Kz(R).
]

Remark: The usual proofs of this result given in more recent sources tend to use the classifying
spaces, BT?(R) together with the induced mappings to BG{(R) to obtain

BT (R) - BGU(R),

which is then shown to give the ‘homotopy fibre’ of the map to BG/(R)™. This does seem slightly
too reliant on spatially based methods from homotopy theory and a more purely combinatorial
group theoretic or ‘rewriting’ analysis of the constructions, related to Volodin’s original proof,
should be possible.

We hope to return to the study of the Volodin model for higher algebraic K-theory later on,
but are near to the limit of what can be done with the limited tools at our disposal here, so will
put it aside for the moment.

4.3.11 The case of van Kampen’s theorem and presentations of pushouts

The above example / case study coming from algebraic K-theory is very rich in its structure and
its applications, but is complex, so we will return to a simpler situation to indicate the direction
that this theory of ‘higher generation by subgroups’ can lead us to. To motivate this recall the
formulation of the classical form of van Kampen’s theorem.

Theorem 8 (van Kampen) Let X = U UV, where U, V and U NV are non-empty, open and
arc-wise connected. Let xg € U NV be chosen as a base point, then the diagram

(U N V) 2 (V)

jU*l iiv*

m(U) m1(X)

LU«



148 CHAPTER 4. SYZYGIES, AND HIGHER GENERATION BY SUBGROUPS

is a pushout square of groups, where each fundamental group is based at . |

Proofs can be found in many places in ‘the literature’, for instance, in Massey’s introduction, [195],
or in Crowell and Fox, [95]. A proof of a neat more general form of the result is given in Brown’s
book, [58]. There the result is given in terms of fundamental groupoids, which is very useful for
many applications and several variants are also given there. We may have need for some of these
later on, but for the moment what we want is the version in terms of group presentations, cf. [95],
page 71, for example. This just translates the above pushout result into one about presentations.

Theorem 9 (van Kampen: alternative form) Let X = U UV, etc., be as above. Suppose
e that m (U, xo) has a presentation, (X : R),

o that m1(V,zg) has a presentation, (Y : S),
and

o that m (U NV, z0) has one, (Z:T),

then w1 (X, xo) has a presentation,

(XUY :RUSU{(ju«(2))Gv«(2)) " | z € Z}),
where ju«(z) is a word in the free group, F(X) representing ju«(z), and similarly for jy.(z). N

This form gives a way of calculating a presentation, P, of m(X,zo) given presentations of the
parts. If we see a presentation as the first part of a recipe to construct a resolution of a group,
or alternatively to construct an Eilenberg-Mac Lane space for the group, then this is useful and,
of course, is used in courses on elementary algebraic topology to calculate the fundamental groups
of surfaces. The obvious points to note are that we take the union of the two generating sets, X
and Y, to be the generating set of m (X, xg), but use the generators in Z to help form relations
in the pushout presentation, then we use the union of the two sets of relations to give the other
relations (which seems sort of natural). This leaves a query. Whatever happened to the relations
in the presentation of w1 (U NV, x0)? To get some idea of what they do, think along the following
somewhat vague lines. As those relations correspond to maps of 2-discs into the complex, K(P),
of the presentation, P, used to ‘kill’ the corresponding words, we have two 2-discs with ‘the same’
boundary and hence map of a 2-sphere into K (P) with no reason for it being homotopically trivial.
This suggests that the relations in T are going to give homotopical 2-syzygies, and this is the case.
It also suggests that to build an Eilenberg-MacLane / classifying space from the presentation, P, we
could do worse than take the pushout of the complexes of the various other presentations involved.

It is a good idea to abstract this out a bit away from the van Kampen situation for the moment.
We suppose that G = Ax¢ B is a ‘free product with amalgamation’, so we can describe G by means

of a pushout of groups:
C B
A G

It is a standard result that if 4 and j are injective, then so are ¢ and j’.

J

—

-
-/

J
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The van Kampen examples can be a bit complex to work through, but we can, in fact, gain some
intuition about them from one of the simplest examples of such situations. Consider the trefoil
knot group, G(Ty3). This has a presentation (a,b : a®v=2 = 1). It is therefore an amalgamated
coproduct / pushout of three infinite cyclic groups:

(a . @) _— G(T273)

where i(z) = a® and j(2) = b%.. We note that all the input presentations are with empty sets of
relations, yet G(7%3) has a single non-trivial relation. If we took the complexes of each presentation,
we would merely have a circle for each, and that of the presentation of G(753) has to have a 2-cell
in it, hence we can see that the construction of the presentation of G(1%3) does not just result from
a ‘pushout of presentations’! (In fact, what is needed is a homotopy pushout, or, in more general
situations than the pushout of a diagram of group, a homotopy colimit. We will say a bit more on
this shortly.) We now return to our general situation.

Our abstracted situation is that we have presentations, Pg = (Xg : Rg) for Q = A, B and C,
and get the corresponding presentation for GG, given by the analogue of that in the above discussion.
We take complexes K (Pg modelling each of the presentations in turn. The morphisms between
the groups in the diagram lift give a diagram

K (Po) —~ K (Pp)

K(Pa) 5 K(Pg)

but as the lifts have to be chosen, they are only determined up to homotopy, and this will in general
only be a square that is homotopy coherent, i.e., commutative up to a specified homotopy, (see the
later discussion in Chapter 11). In fact, as we do not know that i, and j, are injective, the result
need not be a pushout, so does not tell us much. An alternative is to see what we can construct
from the ‘corner’:

K (Po) —> K (Pp)

K(Pa)

from this we can take its ‘homotopy pushout’ which begins to be more like the square we had. We
have not met this construction yet; it is a double mapping cylinder. This would form a cylinder
on K(P¢) and use the maps to glue copies of the other spaces to its two ends. In here, we will be
getting a cylinder with the discs corresponding to the relations in Pc and these will to cylindrical
2-cells in that double mapping cylinder and hence to a potential homotopical 2-syzygy. This will
be picked up by the crossed module of that space or better still the crossed complex. An analysis of
this can be found in Brown-Higgins-Sivera, [03], starting on page 338. This is based on an earlier
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paper by Brown, Moore, Porter and Wensley, [67]. (As an exercise, it is worth looking at the
trefoil group from this viewpoint and to draw what intuitively the mapping cylinder must look
like ... as much as this is feasible.)

We have used this discussion above for two main reasons, first to suggest that the situation
naturally leads to having to take the homotopies seriously and that implies a study of (at least
some) homotopy coherence theory, and homotopy colimits in particular. The other reason is that
it suggests that it provides a key set of concepts, as yet at a vague intuitive level, to understand
more fully the theory of ‘higher generation by subgroups’ of Abels and Holz, [2]. If we get our
group G, and a 1-generating family of subgroups, H, and want to work out the ‘syzygies of G’, i.e.,
some combinatorial information to enable a (crossed) resolution or a small model of a K (G, 1) to be
formed, then the idea is that by calculating the syzygies of each of the input groups, the n-syzygies
of G should involve those of the H;s, but also the (n — 1)-syzygies of the pairwise intersections,
H;N Hj, and then, why not, the (n — 2)-syzygies of the triple intersections, and so on. We certainly
do not have the machinery to pursue this here, and so will leave it vague, at least for now.

(In addition to the above references on the pushout, which use homotopy colimits of crossed
complexes over groupoids, the original paper of Abels and Holz, [2], also uses homotopy colimit
techniques, but this time with chain complexes. It uses these to prove results on the homological
finiteness properties of certain groups. That paper is well worth reading. This use of homotopy
colimits is also explored in Stephan Holz’s thesis, [155].)

4.4 Group actions and the nerves

Although we will be continuing the theme of the previous section, we will be expanding out our
view of the area slightly so as to gain additional tools for the study of the nerve and those Vietoris
-Volodin complexes, but also some more interesting potential applications.

Further information on the nerve, N($)), and the Vietoris-Volodin complex, V (£)), of the coset
covering corresponding to a family, H, of subgroups of G, can be obtained by exploiting the natural
action of G on these simplicial complexes. This leads to a further connection of these objects to
simple examples of key ideas from geometric group theory via the notion of a complex of groups
due to Haefliger, [113, 144] and Corson, [89-01].

4.4.1 The G-action on N($)

Let G be a group, and, as before, H = {H; | i € I}, a family of subgroups of G. Usuall we will
assume that $ = (G,H) is 1-connected, so that G is generated by the union of the subgroups in
H. We, again as before, write N($)) for the nerve of the covering of G formed by the right cosets
of the H;s and V($)) for the corresponding Vietoris complex / Volodin space.

There is an obvious right G-action on N($)) given as follows:
An n-simplex of N () has the form

o ={Huyxo,...,Ha,Tn},
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where
n
o= () s
k=0

is non-empty. If we have g € G, we define o - g = {Hy,209, ..., Ha, Tng} multiplying each coset
representative on the right by g.

It is easy to see that if y € (o, then yg € (o - g), so ¢ - ¢ is an n-simplex of N(§).

This action has various very nice features. The terminology on these is a bit of a minefield. The
action is ‘without inversion’ in the sense of Haefliger, [143], (but, in his later paper, he changed
terminology and redefined that term). That type of action is also called ‘regular’ by Abels and
Holz, [2], but ‘regular’ is used for another type of condition in several other articles. We will define
both these slightly later. (This confusing situation is not that serious for us as the action we
have satisfies all the different variants, so for what we need we do not have to worry about which
form is being used or if they are equivalent conditions. When we need to consider a more general
case, we will take the approach used in Bridson and Haefliger, [53], and so will avoid the potential
confusion.)

Proposition 35 If 0 = {Hy,xo,...,Ha,Tn} is a simplex in N($), there is an element g of G
such that o - g = 0¢ := {Hayg, - - -, Ha, }-

Proof: As o is a simplex of N($)), (o is non-empty . Let h € (o, then h € Hy,xo, so has the
form h = hoxo for some hg € H,,. It equally well has the form h = h;x; for some h; € H,,. Now
take g = h™!, then we have H,,x;g = H,, for all 4, that is, 0 - g = 0. [ |

We will sometimes refer to the oy determined as here, as the basic ‘supporting’ simplex of o.
We will be using this slightly later on.

One of the definitions of ‘regular action’ is as follows (cf. Corson, [92]):

Definition: Suppose the G act simplicially on a simplicial complex, K, then the action is
regular and we say that K is a reqular G-complex if given elements g, ..., g, € G and a simplex,
o ={vg,...,v,} of K such that 7 = {vggo, ..., vngn} is also a simplex of K, then there is a single
element, g € GG such that o - g = 7.

We will see, a bit later on, that this definition as stated hides a difficulty in its interpretation.
That difficulty does not, however, occur in this case, so we will ignore it for the moment.

Corollary 9 The action of G on N($) is reqular.

Proof: Suppose o = {Hy, %o, ..., Ha,Tn}, and go, . .., g, are in G, then the 7 that we get, according
to the definition, will be {H,,x090, - - -, Ha,, Tngn }-

Let us write 09 = {Hay, - - -, Ha,, } for the basic ‘supporting’ simplex of o

Using the proposition, we have there is a hy € G such that o-h; = gg. Similarly we have hy € G
such that 7-h — 1 = 0y, as the basic supporting simplex of 7 is once again o as it involves exactly
the same subgroups from H. Now it is easy to take g = hlhgl to get o - g = 7, as required. ]
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We note that if we needed to write down such a g explicitly, we need only pick hy and ho
according to the recipe in the proof of the proposition.

As we said before, Abels and Holz, [2], use ‘regular’ in a seemingly different way, one that is
the same as ‘action without inversion’ of Haefliger, [113].

Definition: An action without inversion of a group, G, on a simplicial complex, K, is an
action by simplicial automorphisms such that if o = {vp,...,v,} and ¢ - g = o, then v;g = v; for
all i €{0,...,n}.

Proposition 36 The action of G on N($)) is without inversion. In more detail, if
o ={Huyxo,...,Ha,Tn}

is a simplex of N (), as before, and g € G is such that o - g = o, then g fizes all the cosets, Hy,x;,
that is to say, Hy,x;9 = Hp,x; for alli € 1.

Proof: As we are working with the simplicial complex, N($)), (and not with a corresponding
simplicial set), all the H,, must be distinct (since otherwise the simplex would have empty inter-
section). Now suppose o - g = o, then H,,x;g = H,, x) for some k, and it is then immediate that
H,, and H,, must be equal. [ |

Stabilisers: One of the ways to understand an action is via its stabiliser subgroups. If we have
a simplex, o = {Hq, %0, ..., Ha, Tn}, it is now quite easy to work out the stabiliser of o. First, for
convenience, recall that

Stabg(o) ={g|o-g9g=0}.

If o-g=o0,then Hy,x;9 = Hy,xi, 50 g € x;lHaixi. This does not seem to be that useful, but we
can take all the z;s to be the sme, and that then gives a complete answer. Let us backtrack a bit.
We have that if @ € (o, then 0 = 0g - a, so if 0 - g = 0, aga™! € Stabg(0op). It therefore remains
to ask when H,,¢' = H,, for all i and clearly this is when ¢’ € ()o. We thus have

Proposition 37 For o € N($)) and a €0,

Stabg(o) = a~! ﬂ oa.

Note that this is independent of the choice of a in (0.

The ‘space’ of orbits, N(£))/G: Suppose H is a finite family of subgroups of G, then we have
a special maximal dimensional simplex in N($)), namely the family H itself. If H has n members
then the dimension of this simplex will be n — 1. This acts like a fundamental domain of a group
action, say on the plane, so we will call it the fundamental domain simplex of N($). It will usually
be denoted oy. We have:

Proposition 38 If H has n elements, then N($)/G is an (n — 1)-simplex. [
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Examples: We will look back at some of the examples of nerves that we have given before. In
many cases, it is possible to see the group action on the nerve quite clearly and to illustrate the way
in which each maximal dimensional simplex is a ‘translate’ of the fundamental domain simplex.

1. G=53,H ={1,(123),(132)},Hy ={1,(1 2)}, as on page 125. The nerve N(£)) in this case
is the graph given in example 4.3.1 with vertices

H, Hib

H2 HQCL H2a2

(where, as there, a = (1 2 3), b = (1 2)). The action is given by: a fixes H; and H;b and
permutes the cosets of Hy in the obvious way; b permutes H; and Hib and Hoa and Hsa?, but
fixes Hy (of course). On 1-simplices, the action follows on an edge is determined by what it does
to the two ends. so, for instance,

a€ HHNHya so Hja ‘N Hyaa ' = H,NH, # ()

and so on. It is thus easy to see directly that N(£)/S3 = A[l].
As to the stabilisers: on vertices,
Stab53 (Hl) = Hl;
Stabs, (H1b) = b~ Hb = Hjy,
and note that, in this case, 0 = {H1b}, so b € (o, and the result is as predicted by the
proposition on stabilisers.
On 1-simplices, as o9 = {H1, H2}, this has trivial stabiliser, hence so do all 1-simplices.
2. G=Ky=1{1,a,b,c} with H = {H,, Hy, H.}, where H, = (x), (cf. page 138). Here N($k4) is
the octahedral shell with 4 faces removed.

Using the same notation as before: a fixes 1 and 2, permutes 3 and 4, and also 5 and 6, so in
the diagram in example 4.3.9, a corresponds to a rotation through 180° about the vertical axis.
Similarly for b and ¢, but about the two horizontal axes. The orbit space is A[2] as this example
has 3 subgroups.

We will leave the determination of the stabilisers to the reader.
3. G =¢8, (cf. page 139): N($)43) is as in the previous example and has the action of ¢8 given via
the quotient homomorphism to Ky and the action outlined before in 2. Of course, N($43)/¢8

is again a 2-simplex. (Again the stabilisers are left to you. It is interesting to reflect on the
relationship between the stabilisers here and in that previous example.)

4. Sy with three subgroups, H; = ((1,2),(2,3)), H» = ((2,3),(3,4)) and Hs = ((1,2),(3,4)), as on
page 139. Of course, N(£))/Sy is a 2-simplex. The stabilisers are not too difficult to calculate.

5. For our last example, for the moment, we will consider a ‘generic’ one and take up the example
of an amalgamated ‘free product’ / coproduct from page 140. We will write G = A % B, where

C = AN B. (The change in notation is for convenience of typing and has no significance.) The
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family of subgroups is H = {A, B} or more exactly the images of A and B in G, so the cosets
have form Aw,4 and Bwy. If we think about the coset representatives w4 may be assumed to
start with a b that is not in C', and similarly in the wp, we may assume that it starts with an a
not in C. The nerve, N(£)), is a bipartite graph and is, in fact, a tree as each w4 or wp provides
a unique direct path back to A or B. For instance,

A Bas Absas Baibsas Abiaibaas

whilst A is linked to B.
The action is fairly easy to visualise and the orbit space is a 1-simplex, of course.

What about stabilisers? The result we showed earlier reduces the problem to looking at the
stabilisers of the vertices of the ‘fundamental domain’ simplex. These we will denote simply by
va = {A}, vp = {B} and, the edge joining them, o¢ = {v,,vp}.

Staba(va) ={g | Ag = A},
so is simply A, and similarly Stabg(vg) is B, whilst
Stabg(ao) = {g | ao - gO’o} =C.

If we draw the fundamental domain simply labelled by the corresponding stabilisers, we get
(surprise, surprise!)

A ANB B,
which is the usual picture for a graph of groups, (cf. Serre, [243, ]) and which we saw earlier
on page 140.

This last example suggests the generic case for more subgroups should be related to some ‘simplex
of groups’ or more generally to ‘complexes of groups’, and, of course, that is what we will be
discussing shortly.

4.4.2 The G-action on V($))

There is, of course, an equally natural group action of G on V($)), but its properties are not so
‘combinatorial’.

If o = {g0,...,9n} is an n-simplex of V($)) and g € G, then the ‘obvious’ guess for o-g would be
{909, --,9n9}. (We saw and used the corresponding left G-action earlier when we first introduced
Volodin spaces on page 129.) It is immediate that this is a simplex in V(£)), since there is some
coset H,x containing o as a subset, and o - g C H,xg.

Where this action is different from that on N($)) is that it is not ‘without inversion’ in general.
For instance, if one of the subgroups of H, say Hy C G is a subgroup of order 2, H; = {1,a} with
a’® =1, then o = {1,a} is a 1-simplex of V(§)), but o - a = o, whilst a moves both vertices of o.

This ‘irregular’ behaviour is not a worry as any simplicial action can be made regular by passing
to a barycentric subdivision.

We saw that V' ($)) was related to the simplicial set, E(G), which had a G-action whose quotient
gave Ner(GJ1]), the nerve, or simplicial classifying space, BG, of G. We have, for any coset H,z,
a sub-simplicial set of V() consisting of those simplices that are within H,z. This is really just
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a copy of E(Hyx) and is isomorphic to E(H,)x, which, in turn, is isomorphic to E(H,). What
about the action? How does it operate on these parts? For ease of analysis let us suppose we make
a choice of a set of coset representatives for H, in G, then given g € GG, we can write g = hx
for h € H, and for some (chosen) coset representative, . Now if we have o € E(H,) C V(9),
o-g = (0-h)edotz, so we can think of the action of g as consisting of a part that shifts o around
within E(H,), followed by a part that ‘translates’ E(H,) to E(Hy)z. If 0 € E(Hy)y to start with
then o -y~! € o0 € E(H,) so we write yg = hx and use the simpler analysis above.

In other words, the action can be thought of as being partially within each E(H, )z and partially
as permuting the different F(H,)xs amongst themselves. This seems, of course, very ‘H,-centric’,
i.e., seen from the viewpoint of H, and its cosets, but, as the action is defined the same way
irrespective of where one is in V(£)), the different viewpoints are compatible. (Here a detailed
treatment would be simpler if H is closed under intersection, but is not to difficult to write down
in any case.)

If we now look at V($)/G, we can easily check that:

Proposition 39 The inclusion of V() into E(G) induces an isomorphism

V(9)/G = | JE(H,)/Hy =| ) BH,,

between V($))/G and the union of the classifying spaces, BHy, = NerHg[1], within BG. [
Remarks: (i) This result is to be found in Suslin and Wodzicki’s treatment, [253], of Volodin
spaces.

(ii) Just as |J H, will not usually be a subgroup of G, in general, | J BH, will not be a Kan
complex (within BG which is a Kan complex). For instance, in a 2-horn the two given edges may
be in different groups of the family, #, so the filler (within BG) will not necessarily be in | BH,.

4.4.3 Group actions on simplicial complexes

We have been using some ideas on actions of groups on simplicial complexes. For future use, we
need this in a bit more depth and generality than merely on the nerves of coverings by cosets. We
will not give full details, but need to discuss the regularity conditions that we have already met.

Suppose, as ever, that G is a group and K is a simplicial complex with vertex set Vx and
with Sk as its poset of simplices. We have group of simplicial automorphisms, Aut(K) (not to be
confused with the simplicial group of automorphisms of the simplicial set K*™). An action of G
on K is, by definition, a homomorphism from G to Aut(K), so it is a simplicial action or an action
by simplicial automorphisms. The regularity conditions are needed to help ensure that ‘obvious’
quotienting operations are well behaved.

Remark: From some points of view, some of the problems that we will be examining are
partially obscured by our use of group actions rather than converting those actions into some sort
of ‘action groupoid’ as we introduced in section 1.1.1 for the simpler case of a group acting on a
set. That viewpoint is highly relevant and will be taken on board in more detail later on, however
the links with more ‘traditional’ viewpoints are also very important not only as the allow transfer
of results and ideas between the differently focussed ways of seeing a particular area but also as a
source of examples, interpretation and intuition.
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Example: The most obvious simple example is the 1-simplex, A', with the C5 action that flips
the interval about, so let us set this up a bit formally. Let G = C5, the cyclic group of order 2, which
we will write as {1,a} where, of course, a? = 1. We take K = A! so with vertex set, {0,1} and in
which the action is given by 0a = 1, which immediately implies 1la = 0. The 1-simplex, o = {0,1}
is fixed by a, but clearly the individual vertices are not, so this is an action that is not ‘without
inversion’ (see page 152 for the definition). The action is not ‘regular’ either, and here we meet the
slight problem that we mentioned back on page 151 when we introduced the term ‘regular’. The
problem is one of interpretation. That definition uses the phrasing ‘if given elements gg,...,gn € G
and a simplex, o = {vg, ..., v} of K such that T = {vogo, - .., Ungn} is also a simplex of K’. In our
case, taking go = 1, g1 = a, then are we to take {0, 1la} to be a simplex or not? Is it the 0-simplex
{0}? The answer is ‘yes’, so as to be consistent with the definition of simplicial map. (You may
recall or check that we left this to you to workout or look up. The complication is that if f: K — L
is a simplicial map, then it is a map on the vertices, which preserves ‘simplexness’. This means
that if 0 € Sk then f(o) € Sr, but note f(o) is the subset of V7, given by the images of the vertices
in o, hence it may, and usually will, have smaller dimension. (We will look at this point in quite a
lot of detail very shortly.) This means that saying 7 = {vogo, ..., Ungn} is a simplex, is not quite
accurate as it does not mean that the elements in the listing are distinct. (We will introduce some
additional terminology to keep track of this shortly, but for the moment please excuse the slightly
sloppy notation.) In our case, this is {0}. Now it is clear that the action is not regular, as there is
no g € Cy sending {0, 1} to {0}!

This example is simple but quite important as it highlights some weaknesses in both terminology
and notation. It also suggests that we should ask the question: ‘what are these conditions ‘about’?
To answer this, we need to look at ‘quotienting’ and its relationship with the passage from simplicial
complexes to simplicial sets and to clarify several issues in the process.

Quotienting operations on simplicial complexes

We will give this in more generality then we actually need. Suppose that K is a simplicial
complex with vertex set, Vi, and V7, is a set (not yet of ‘vertices’ of anything). Suppose we have
a surjection f : Vx — Vi. We want to construct a simplicial complex, L from the set V; and the
function, f. There is an obvious way to do it.

Definition: Define a subset {wy, ..., w,} C V7, to be a simplex if there is a simplex {vg, ..., v,} €
Sk such that f(v;) = w; for i =0,1,...,n. We will call {vy,...,v,} a witness for {wo, ..., w,} in
this case.

It should be clear that this i¢s a simplicial complex structure on V; and we will call it the
induced simplicial complex along f, or similar terminology. If f is obtained explicitly by some
equivalence relation (and, of course, it can always be considered to be given in such a way), then
L would be called the quotient of K by that equivalence relation.

Lemma 27 With this structure, f induces a morphism of simplicial complexes, f: K — L.
Proof: This is more or less obvious, at least at first sight. There is a detail, however, that is worth

pointing out. If o = {vg,...,v,} is a simplex in K, f(o) is a subset of V7, but it may have fewer
than the n 4+ 1 elements that o had, so we cannot, necessarily, use o as a witness for f(o) being a
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simplex of L. There will, however, be a subset / face of o that maps bijectively onto f(o), so f(o)
is a simplex of L. [ ]

As an example of this construction, we can return to the 1-simplex, A, with the Cy-action. To
recap, we have K = Al Vi = {0,1}, 0a = 1, 1a = 0 and we take V;, = Vi /Cy = {0G}, so it isa 1
element set. (In general, here we will write vG for the orbit {vg : g € G} of v under the G-action,
as being a fairly self evident notation.) The only simplex in L is thus the 0-simplex, {0G}. This
again illustrates the point in the proof, as f : K — L sends {0, 1} to {0G}, which is a 0-simplex of
L, since, for instance, it is witnessed by {0} in K.

We note that this, of course, works well with G-complexes in general, and not just in this
simple example. If G acts on the right of K, we can take V7, to be the set of orbits, Vi /G, with
f : Vik = Vi, the obvious function assigning the orbit vG to a vertex v. The resulting simplicial
complex will then be what we have been calling the quotient of K by the G-action. The usual
notation will then be K/G for this.

Quotienting operations on simplicial sets

A (right) G-action on a simplicial set, K can be most elegantly defined as a functor K : G[1]? —
S, from the opposite of the category G[1] (with a single object, conveniently denoted by * if needed
and with G[1](*, *) = G with composition given by the multiplication) to the category of simplicial
sets. Equivalently, we can write the action as a group homomorphism G — Aut(K), where
Aut(K) is the group of automorphisms of K, or, again equivalently, as a simplicial map

K x K(G,0) > K

satisfying certain fairly obvious properties, where K(G,0) is the constant simplicial group with
value GG in each dimension.

A simplicial set with GG action also corresponds to a simplicial G-set, that is, as simplicial object
in the category of G-sets.

The quotient simplicial set of orbits is obtained as (K/G), = K,/G, the set of G-orbits of
n-simplices, with d;(cG) = (d;o)G, etc. (This works because G is acting via simplicial automor-
phisms, but that is left to you to check and to think of other ways of putting it). If we
think of the G-action as a functor (as above) then K/G is the colimit of K : G[1]? — S; again left
to you to check, but this is important when considering the homotopical aspect, such as homotopi-
cal syzygies of presentations, as it is then natural that, in such a context, one should replace these
colimits by homotopy colimits, ..., but that comes quite a lot later!

From simplicial complexes to simplicial sets

Earlier (page 30) we briefly discussed ways of converting a simplicial complex to a simplicial
set. We there concentrated on a construction that was going to give a fairly small simplicial set.
This picked a total order, <, on the vertices of the simplicial complex, K, and then used each
o = {vg,...,v,} by saying that we will put the v; in order according to the given order. (For
ease of notation we will assume that this is the given order we wrote them in, in the ’set’ o, so
the corresponding simplex will be 0 = {vg < ... < v,}. We thus have, for example, that the
simplicial complex, Al converts to the simplicial set, A[1]. (Of course, this is almost cheating
as we might have chosen a total order on {0,1} in which 1 < 0, or in the general case have
vy < vy <wg < v < w, < ...} within 0. In the case of A', the example is so simple that we
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get isomorphic simplicial sets whichever way we choose the order.) We will write (vo,...,v,) for
the simplex corresponding to {vg < ... < v,}. The resulting structure will have nicely behaved
face maps but not yet degeneracies. For those we have to add in more simplices and it helps to
introduce some terminology, that will be useful in other places as well.

Definition: Let X be a set and z = (zo,...,%,), an (n + 1)-tuple of elements of X. The
support or range of x is the set of components of z.

As an example, the support of the 5-tuple, (5,1,3,2,1) is the set {1,2,3,5}.

Given a total order on Vi, an n-simplex in the associated simplicial set (N.B., ‘associated’ to
the pair (K, <), not just to K) will be an (n + 1)-tuple, (vo,...,vy), of elements of Vi such that
(i) {vo < ... <wy} in the order < on Vi and (ii) the support of (vo, ..., v,) forms a simplex of K.
Faces and degeneracies are defined in a fairly obvious way by deletion of a position and its entry
and repetition of a component, so s1(vg, v1,v2) = (vg, v1,v1,v2), for instance.

This construction is very useful as it gives a fairly small simplicial set that models the homotopy
type of the simplicial complex, however it is not functorial on simplicial complexes as such because
of the choice of order. If one works with simplicial complexes with an order on vertices together with
order preserving simplicial maps between them then it will be functorial, but this is not feasible for
most situations in which there is a G-action involved. The G-action is very unlikely to preserve the
order and so the associated simplicial set will not inherit a G-action. We thus discard this method
here, although it can be useful elsewhere.

The second construction does not need a choice of an ordering of the vertex set and so gives us
a functor.

Definition: If K is a simplicial complex with vertex set Vi, the associated simplicial set,
K*™P_of K is the simplicial set having o € (K*"P),, if and only if o € (Vx)"*! and the support of
o is a simplex of K. The face and degeneracy mappings are defined in the usual way via deletions
and repetitions.

This is much bigger than the ordered version, for instance if {vg,v1,v2} € Sk is a simplex of
K, then not only do we have (vg,v1,v2) € (K*"P)y, but also (v1,vg,v2), (v2,v1,v0), etc. as they
all have support {vg,v1,v2}. Also in Ky there will be degenerate 2-simplices such as (vg, vg, v1),
and (vg,v2,v9), but that is not all as (vo,v1,v2) is there, but is not a degenerate simplex as in
degenerate 2-simplices either the first two or the last two vertices will be the same. These all have
support that is a non-empty subset of {vg,v1,v2}, so are simplices in K P,

With regard to our example, we note that (A)*™? is not A[1], as in addition to (0, 1), we also
have (1,0) in (A1)5"™,

We record for future use the lemma:

Lemma 28 (—)%™P gives a functor from the category, Simp.Comp, of simplicial compleves, to
that of simplicial sets.

Proof: Although this is really left to you to check as being more-or-less ‘obvious’, it is worth
commenting that if f : K — L is in Simp.Comp, we can have 0 = {vg < ... < v,} in K, so
there are (n + 1)!-different simplices in K*™P corresponding to o; now f(o) may contain fewer
elements than o if f is not 1-1 on vertices. Each o* that corresponds to o will be of the

form o*"P = (vy,...,v,) for some ordering of the elements of o, and f*™P(g*"P) will then be
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(f(v0), ..., f(vn)), which will be an n-simplex of L*P for the ‘obvious’ reason. This assignment
will, of course, respect the faces and degeneracies, as is easily checked. |

Corollary 10 If K ia a simplicial G-complex, i.e., a simplicial complex with simplicial G-action,
then K3 is a simplicial G-set, i.e., the simplcial set, K*"P inherits a simplicial G-action.

Proof: A (right) G-action on K ‘is’ a functor K : G[1]°? — Simp.Comp, now compose that with
(_)simp to get K simp.

If you prefer a more ‘hands-on’ viewpoint, if 0 = {vg < ... < w,}, theno-g = {vog < ... < wvng},
and any simplex, 0% = (v, ..., v,) with support o gets sent by the action of g to (vog, ..., v,g)
which has support o - g. it then just remains to check that it all fits together well. [ ]

This corollary means that we seem to have two ways of getting a simplicial set of orbits from a
simplicial G-complex K. We can either form (K/G)*™ or K™ /G. They need not be the same.

Example revisited: Again K = A, G = Oy, with 0a = 1, 1a = 0.
e K/Gis AY so (K/G)*™P is A[0];

o KS™P has Kgimp = {(0), (1), and the two O-simplices are swapped by the G-action, Kfimp =
{(0,0),(1,1),(0,1),(1,0)}, and a exchanges the first two of these and also the last two, so
(0,1)a = (1,0), etc. and thus

(KSimp/G)l = {<07 0>G7 <07 1>G}7

so two orbits. (You are left to identify what happens in higher dimensions, and to check
that (K™ /G) = St = A[1]/0A[1], one version of the simplicial circle. Note that this is not
the simplicial set associated to any simplicial complex.

Another example: There is a similar example with a bit more subtlety. This time take K = 9AZ2,
the 1-skeleton of the 2-simplex, hence an empty triangle. The vertex set of this is {0, 1,2}, whilst
the simplices are {0, 1},{1,2}, and {0,2}, together with the obvious singletons coming from the
vertices. Take G = C3 = {1,a,a?} (and, of course, a® = 1), with action on K given by 0-a = 1,
1-a =2 and, of course, 2-a = 0, so a rotation.

e Again K/G has just one vertex, so (K/G)*™P is A[0].

e The corresponding K*"? /G, has just one vertex, but has two non-degenerate 1-simplices,
(0,1)G, and (1,0)G.

e In fact, it also has some non-degenerate 2-simplices, (0, 1,0)G and (1,0,1)G

e ...and so on.

This is quite neat. The two non-degenerate 1-simplices are, in some sense, homotopy inverses
to each other with the homotopies encoded by the 2-simplices that we have given. Those two
homotopies are themselves homotopic by the next level and so on. This is very much typical of a
homotopy coherent situation, for the meaning of which see later.

This is an example of an action which is ‘without inversion’ but is not regular.

Our examples have had (K/G)*™ a 0-simplex, and so there is a unique map from K" /G to
(K/G)%"™P by virtue of that, but such a map always exists.
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Proposition 40 For any simplicial complex, K, with G-action, there is a natural degreewise sur-
jective simplicial morphism,

o K5MP )G — (K )G)*™P.

Proof: Suppose that (vg,...,v,) € K3, take o((vo,...,v,)G) = (0G,...,v,G), and check
this is a simplicial morphism. We are left to check it is a degreewise surjective morphism.
(Naturality is easy to verify, so is left to you. In fact, as K" /G is the colimit of the functor
giving the action, naturality is more-or-less forced to be the case.)

Suppose we have 0 = (v9G, . .., v,G) is an n-simplex in (K/G)*™P, then its support is a simplex
of K/G. Deleting repeats if any from the list, (voG, ..., v,G), we get a sublist, (v;,G,...,v; G),
whose elements give the support of o, so {v;,G, ..., v; G} € Sk /G- By the definition of the simplicial
complex structure on K /G, this means that there are elements g;; of G, for j =0,...,k, such that
{vioGigs - -+ Vi G } 18 In Sk We will write I = {ip, ..., 0}

We can now use this to build a simplex of K*"P, as follows:

e cxamine vgG; there is some index, which we suppose to be jo € I such that vgG = v;,G,
hence we have some gg € G such that vogo = vj,95,;

e we repeat for vy; there is some index j; € I such that v1G = v;, G, hence we have some g1 € G
such that v1g1 = vj, gj,

e and so on.

This gives us a potential simplex (vogo, . . . Ungn). Its support is {vi,giq, - - - , Vi, Gi, }, Which is in Sk,
80 T = (V0go, - - - Ungn) € K*"P and p(7G) = 0, so ¢ is degreewise surjective. [

It is a natural question to ask when ¢ has additional properties and, for us most importantly,
when ¢ is an isomorphism.

Theorem 10 The natural morphism,
@ : K G — (K/G)*™,
is an isomorphism if, and only if, K is a reqular G-complex.

Proof: Suppose that ¢ is one-to-one, (and hence is an isomorphism by the above proposition),
and now suppose {vg,...,v,} € Sk and go,...,g, € G are such that {vogo,...,vngn} is also a
simplex of K. We look at (v, ...,v,)G and (vogo, - - . , Ungn)G, and note that ¢ maps then both to
(vo@G, ..., v, G), hence, as @ is one-to-one, those two simplices must, in fact, be equal. The second of
these contains (vggo, - - . , Ungn), so there must be a g € G such that (vo,...,v,9) = (V090 - - -, Ungn),
so the action makes K into a regular G-complex.

Conversely, suppose that K is a regular G-complex and that (vo,...,v,)G and (v(,...,v,)G
have the same image under G. This translates to there being an equality

(0@, ..., v,G) = (V)G, ... ,u,G),

so there are elements go, ..., g, € G such that, for each i, v;g; = v;, We can thus use the condition
of regularity to find a single g € G such that (vg,...,v,)g = (v}, ...,v}), but that implies that in
fact

(00, -+, )G = (v, ..., v0)G,

N
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SO  is one-to-one, hence an isomorphism. ]

We could continue looking at the various conditions of G-complexes for instance, the ‘without
inversion’ one that we mentioned earlier, but will rather leave that to the reader to follow up, for
instance, in Prasolov’s book, [228], or in Bredon’s notes, [10], and will start on some of the simpler
ideas of the theory of Complexes of Groups.

4.5 Complexes of groups

This situation that we saw with the group actions on the nerve, N(£)), is a simple form of a general
one considered by Haefliger (cf. [53, 143, 144]) and Corson (cf. [89-91]). They consider a simplicial
complex (or more generally a simplicial cell complex, cf. Haefliger, [143] or a scwol (small category
without loops), cf. Bridson and Haefliger, [53] ) on which a group G acts ‘without inversion’ or, in
the variant used by Corson, with a regular G-complex. Their work introduced complexes of groups,
a notion generalising that of graphs of groups as in Bass-Serre theory, [243, 244] and also, [22], but
developed into a central part of geometric group theory later on. We will give definitions shortly,
but first need to revise some of the more detailed notation and terminology relating to barycentres,
barycentric subdivisions, etc. extending our discussion in section 4.3.6. Here we will be limiting
ourselves initially to the simpler form of the ideas, but will generalise later.

These complexes of groups are important not only for discussion of properties relating to syzy-
gies, but because they provide fairly simple examples of orbifolds, and topological stacks, both of
which are ideas that we will encounter (much) later on in these notes.

4.5.1 Simplicial complexes, barycentres and scwols

If K is a simplicial complex, we can encode the information in K in a simply way by considering K
as a partially ordered set. The elements of this partially ordered set are the elements of Sk, the set
of simplices of K, ordered by inclusion. As we mentioned earlier, the barycentric subdivision of K
is then just the (categorical) nerve of the poset (Sk, C). We will follow Haefliger [143] in orienting
the edges of K’ in the following way:

The vertices of K'(= Sd(K)) are the simplices of K. An (unoriented) edge of K’ consists of a
pair (o,7) with either o C 7 or 7 C 0. If @ is an edge of K’ contained in a simplex, o, of K, then
the initial point i(a) of a will be the barycentre of o, (i.e., o as a vertex of K') and its terminal
point, t(a), will the barycentre of some smaller simplex, 7. We write i(a) = o, t(a) = 7 and so have
a = (7,0), with 7 C 0. (This is perhaps the opposite order from that which seems natural, but it
avoids considering dual posets later.)

Examples:

(i) The simplest case is for the 1-simplex, A!, which has, as we have said earlier, vertex set
{0,1} or if you prefer, {1,2}, (to keep the same notation as Haefliger), and all non-empty subsets
are simplices. This gives, a slightly abbreviated notation,

{1} =—A{1,2} —{2}

(ii) For the 2-simplex, considered as the simplicial complex of non-empty subsets of {1, 2,3},
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this gives

{2}

{1,2} {2,3}

~ | 7

{1,2,3}

[ — LT

{1} {1,3} {3}

It is quite usual to consider partially ordered sets as categories, so we could just leave things
like this and use this partially ordered set of simplices in K as the categorical model of subdivision.
Haefliger, however, wanted a more general type of complex than merely simplicial complexes,
so introduces a specific construction of a small category associated to K, (cf. [113]), extracts
an abstraction of the key properties that he needs from this subdivision category and the uses
that abstraction (a scwol) as a means to build the generalisation he wanted. We will follow his
construction explicitly, including the notation, as his conventions are not always identical to those
we have used earlier (e.g., because of the graph-theoretic link with graphs of groups, the terminology
initial and terminal instead of source and target for the two ends of an arrow in a small category,
are used. This results in a use of ¢ and ¢, instead of s and ¢ as notation. This should not be
too confusing, but otherwise the comparison and cross referencing to the original sources would be
difficult.) Before giving the precise definition of a small category without loops, or scwol, we will
given the example of the scwol associated to a simplicial complex.

Example: Given a simplicial complex, define a category, C(K), with set of objects, Sk, the set
of vertices of the barycentric subdivision, K’, of K and with arrows, Arr(C(K)) = Exs U Sk, the
set of edges of K’ together with Sg. (Of course, the vertices are being considered as identity arrows
at themselves.) Two edges a and b are considered composable if i(a) = t(b) and the composite is
¢ = ba such that a, b, ¢ form the boundary of a 2-simplex in K':

v

b

This category, C'(K), is an example of a small category without loops as introduced by Haefliger
[53, 143]. In general, in this section, we shall consider a small category, C, to consist of a set, V(C),
of vertices or objects (denoted here by Greek letters, T, o, etc.) and a set, E(C), of edges (denoted
by Latin letters, a, b, ...), together with maps:

e identity, id : V(C) — E(C);

e i: E(C)—V(C), the initial vertex or map,
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e t:E(C)—V(C), the terminal vertex or target map,
and a composition:

e« EX(C) — E(C),
where E@)(C) = {(a,b) € E(C) x E(C) :i(a) = t(b)},

together with rules requiring associativity of composition, correct behaviour of the identities, so
i(id(v) = t(id(v)) = v, etc., and the rules i(ba) = i(b), t(ba) = t(a) for ba, the composite of a and
b.

Definition: A small category, C, is a small category without loops, or scwol, if for all a in E(C),

i(a) # t(a).

Remark: Haefliger’s definition of a small category without loops in [53] (p.521) is optimised
for the statement of the no loops condition, but actually omits to define composition of an arbitrary
arrow with an identity at a vertex. This is handled correctly (p.573) in an appendix. This does
not influence the later development.

In general, it is clear that scwols need not be posets, and so are not restricted to come from
simplicial complexes. Scwols do have associated simplicial cell complexes, essentially obtained by
taking their nerve, (cf. page 29), and then taking the geometric realisation so this is the classifying
space of the scwol. This is sometimes considered, however, together with explicit orderings on the
cells that result, retaining in this way the important amount of ‘directionality’ that is within the
scwol, but not in the classifying space as such. In this case, the term ordered simplicial cell complex
is used by Haefliger, [113, ]. Some neat examples of ordered simplicial cell complexes are given
by Bridson and Haefliger, starting on page 524 of [53].

For the moment, we will move attention back to the ‘geometric’ situation and the definition of
a complex of groups and will pretend that we have a simplicial (cell) complex, K. We will later
make the necessary changes to get a complex of groups defined directly on a scwol and will give,
somewhat later in the noted, categorical interpretations of what the ‘geometry’ is handling here.

4.5.2 Complexes of groups: introduction

As we said above, we will start by giving a ‘geometric’ form of the notion of a complex of groups,
here. Our aim is not to explore all the resulting theory, so we will restrict attention to those aspects
that seem to have evident uses as examples, etc., later on.

Definition: A complez of groups, G(K), on K is specified by the data, ({Go},{%¥a},{gas})
given by

1) a group, Gy, for each simplex, o, of K;

2) an injective homomorphism,
Yo : Gia) = Gia),

for each edge, a € Fi, of the barycentric subdivision of K;
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3) for each pair of composable edges, a and b, in Ek, an element g, € Gy(,) is given such that

ggéwba(—)ga,b = Yathp

and such that the “cocycle condition”

ga,cbwa (gb,c) = Jab,cYa,b
holds.

(If the dimension of K is less than 3, this last condition is trivially satisfied, since the existence
of a triple of composable (non-identity) edges implies that there would be some 3-simplices in

The groups, G, are sometimes called the local groups of the complex of groups.

This definition is quite ‘bare hands’ and so we will, of course, need some examples. Later we
will generalise and through that generalisation obtain a neater more elegant formulation as well.
We will give some simple examples shortly, but before that there is a construction giving a ‘generic’
example, or almost.

Almost generic example: Developable complexes of groups.

Suppose we have a simplicial complex, K , with a right G-action, which is “without inversion”
or is regular, both are used. Write K = K /G for the quotient complex. We will specify a complex
of groups, G(K), on K:

Set p: K — K to be the quotient mapping.
For a simplex, o, of K, pick a ¢ € K with p(6) = 0. We say & is the chosen lift of o. Set

G, =G5, the stabiliser subgroup of &,
={g:69=0c}.
For each a € Ex with i(a) = o, let a be the edge in &, whose projection is a, i.e., p(@) = a and
i(a) = &. There is then some h, € G with t(a.h,) = 7, where 7 is the chosen lift of 7 = t(a). (If

t(a) = 7 already, we agree to take H, to be the identity of G.)
Define

Ya : Gita) = Gia)
by
Ya(g) = hy'gha  for g € Gy(,).

Given two composable edges a and b, we have a configuration such as

and hence a diagram
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but there is no reason why it should be commutative, in fact:

Yat(g) = hy ' hy  ghyha,

whilst
wba = h;alghba,

so we take
Gap = hy, hoha.
Verification of conditions (Although easy to do, this helps the intuition.):
(i) Suppose g € Gj(q), then a = (7h;1,6) or a.hy = (7,6.hy). As 6g =&, and 7h, ' C &, we have
Fhytg = 7hy?
and h, lgh, € Gi(a), i€ Va(9) € Gya)-
(ii) It is clear that g, 4 as defined above does the job as it was chosen to do so!

(iii) There remains the cocycle condition:
ga,cbwa(gb,c) = h;,}lhcbha'hglh;}hchbha

Ya,cb-Ga,b = h&;}lhchba ‘h[;ll hyha,

so it all does check out correctly.

In the case of a group, G, acting on the nerve of a family of subgroups, H, where H =
{Hy,--- ,Hy,} with H; < G, then N($)/G = A", Suppose 0 € Spn-2 then if 0 = {a1, -+, ;. },
we can always choose ¢ = {Hy,, -+, Ha,}. If a is an edge of Sd(A™ 1) then, for i(a) = ¢ and
t(a) = 7,7 C &, hence

Gr=Gs=({H:|ic7},
Go=Gs = ){H:|i€d},
so there is no need to have h, # 1. Because of this, v, is simply an inclusion of a subgroup and g,

can be chosen to be 1. The Abels-Holz situation, thus, leads to simplices of groups of a particularly
simple kind.

In general, not all complexes of groups are developable. Shortly we will give Haefliger’s char-
acterisation of the developable ones. All graphs of groups are developable and we turn to them
next.
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4.5.3 Graphs of groups

The notion of a complex of groups was a natural development of that of a graph of groups due to
Bass and Serre, [243, 244] and also, [22]. It seems a good idea to give some definitions of some main
elementary ideas from that theory as they provide some insight into the generalised form. (We will
adapt the definition as given by Corson in [89].)

We first introduce some notation. Let I" be a graph and e an edge of I'. We will choose an
orientation for each edge, and e together with that chosen orientation will be denote either by e,
itself, or if more precision is needed by e*. That edge with the opposite orientation will be denoted
e”. As we will be using both, this does not mean that we have a directed graph, merely that,
for convenience we need to be able to talk of each edge together with both possible orientations
and this is one way of handling that need. We will adopt the notation i(e) for the initial vertex of
e = eT, and t(e) for the ‘other end’. Of course, i(e”) = t(e™), etc. Note that we can also think of
this as being a directed graph, or quiver,

i
Er Vr,

—_
t

together with an involution on the edges,
. Er — Er

called edge reversal, satisfying some obvious properties. This is particularly useful for various
definitions slightly later on.

Definition: A graph of groups, G, is a pair, G = (I', G), consisting of an (abstract) connected
graph, I' and an assignment, G, which assigns to each vertex, v of I', a group G,, and to each
oriented edge (i.e., an edge of " together with a direction on it), a group G, such that G, = G-
and an monomorphism, pe : Ge — Gj(e).

If we consider I" as a 1-dimensional simplicial complex, and work with its associated poset,
Sr, then the above gives a functor from the opposite category, Sf¥ to the category of groups and
monomorphisms between them. This category, S;’, has objects the vertices and the edges and for
each edge there is one morphism e — i(e), (and, of course, another e — i(e™)).

It should be fairly obvious that a graph of groups is a simple example of a complex of groups.
We leave the detailed checking to the diligent reader. (Note the exposition here is adapted from
various sources on graphs of groups, so there will be some minor things to check, in particular that
the extra structure given in the case of complexes of groups has no content in this simple case.)

Examples: Suppose that T is a tree, and therefore, in particular, a graph, and there is a group
7 acting on the right on 7' (an action, which is assumed to be without inversions). The orbit graph
I' = T'/7 supports a natural structure of a graph of groups. In this, the vertex groups, G,, are the
vertex stabilisers of the actions, so

Gy, ={g€m|vg=nuv},
and the edge group of an edge, e, is

Ge={germ]|eg=ru}
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As any automorphism of T that fixes e must fix both i(e) and t(e), the group G, is a subgroup of
both G(i(e)) and G(t(e)). This gives the information necessary for a graph of groups based on I'.

In fact, given any graph of groups, one can find a tree, T', and a group acting on it, but for this
we need the idea of the fundamental group of a graph of groups.

4.5.4 The fundamental group(oid) of a graph of groups

The fundamental group of a graph of groups, (I',G), can be defined in several equivalent ways.
There are basically two approaches one topological and the other algebraic. In the algebraic one
the usual starting point is to choose a maximal tree in I'. This seems a bit counter to our approach
so we will, instead, first define the fundamental groupoid of (I', G), a definition first given Higgins in
[118] and an equivalent one is given in [207], where the formulation is optimised for computational
uses. We will explicitly use the description of I' as having an involution, ~, which ‘reverses’ arrows.

Definition: Given a graph of groups, G = (I', G), its fundamental groupoid, 111, 11;(G) or, if
more detail is needed, I1; (', G), is the groupoid specified as follows:

e the objects of II; are the vertices of I';

e a generating graph of arrows for II; is given by I', together with the elements of all the groups,
Gy, for v € Vp, where

e if v € VP and g € G, both the source and target of g are equal to v, i.e., for each g € G, we
have a loop labelled g at the vertex v in this generating graph.

The defining relations are
(i) if v € Vp, and a,b, c € Gy, satisfy ab = ¢, then ab = ¢ € I1;

(ii) if e € Er and a € G, then
pre(a) = epe(a)e.

Remarks: (i) As a consequence of the last relation, we get € = e, so the algebraic inverse within
the groupoid coincides with the more ‘geometric’ inverse obtained by the edge reversal involution.

(ii) Again in this last relation, it is worth taking this apart a bit as it is here that the edge groups
interact with the vertex groups, whilst it is only the vertex groups that give generators. (It is worth
comparing this situation with our earlier discussion on the van Kampen theorem and presentations
of pushouts of groups in section 4.3.11, as that was a closely related situation, although, as there,
we still do not have enough machinery to do it justice, and to explain ‘what is going on’.)

We have e € Er is an edge, going from i(e) to t(e), there is an edge, €, going in the reverse
direction. We therefore have two injections, pe : Ge — Gy() and pe : Ge — Gy.). We also have
two generators in Iy, e : i(e) — t(e) and € : t(e) — i(e). If a € Ge, we have pe(a) € Gy and the
composite efiz(a)e is also in this vertex group, Gj). (We are reading off the composite as

e ( ) pe(a)

i(a) S t(e t(a) S i(e),

so in ‘concatenation order’.)
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Definition: The fundamental group of (I',G) at a vertex v, is the vertex group, II;(G)(v), of
I1;(G) at v.

As T is connected, the fundamental groups at any two vertices are isomorphic. This is slightly
deceptive, however, as they may be isomorphic by many different isomorphisms corresponding
to different paths between those vertices. This is essentially the same point as saying that a
presentation of a group has, really, to be given together with an explicit isomorphism to the group,
although for many (most?) purposes this is not useful information.

If a presentation of I11(G)(v) is desired, it can be obtained by choosing a maximal tree, T, in
the graph I

Proposition 41 Given a maximal tree, T, in T", the fundamental group, 111(G)(v), has a presen-
tation, (X : R), where X is the disjoint union of the G,s and the set Er, of edges of T', and the
relations, R, are the relations are

(i) if v € Vp, and a,b,c € G, satisfy ab = ¢, then ab = c € 111(G)(v);

(ii) if e € Er and a € G, then
pie(a) = epz(a)e,
and

(iii) e=1ifecT. |

4.5.5 A graph of 2-complexes

If we have a graph of groups, G = (I',G), then one way to obtain a ‘presentation’ of G is via a
graph of 2-complexes. The ideas is easily accessible in Corson, [39], but is also discussed in the
lecture notes of Scott and Wall, [240], where graphs of spaces, in more generality, are introduced.
We will return to this later.

Clearly the graph of groups G can be considered as a functor G : S — Grp, with the proviso
that each morphism of St is sent to a monomorphism of groups. This viewpoint will be useful very
shortly.

Definition: (i) A graph of 2-complexes, (I, X) is a functor, X : Sf" — CW, from S{¥ to the
category of CW-complexes such that, for each vertex, v, (resp. each edge, e) of I, the space X,
(resp. X¢) is a (pointed connected) 2-complex, and, for each edge, e, the maps X. — Xj() (and
Xe — Xy(e)) are cellular and preserve base points.

(ii) The graph of 2-complexes, (I', X) is a presentation of a graph of groups, G = (', G), if there
are (given) isomorphisms

L4 7T1(Xva *v) = Gy

® 7T1(Xea *e) = G€7

which are compatible with the edge monomorphisms, so

R

7r1(X67 *e) = Ge
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commutes; similarly for ps.

Put more succinctly, applying the fundamental group functor, 71, to (I', X) gives (I, G) up to
natural isomorphism.

Of course, the various X, and X, are essentially given by a presentation of the corresponding
groups (except that we do not state that the 2-complexes will be reduced), so it is natural to extend
our prebvious discussion of higher syzygies to this case. We mention that in the case of a pushout
of groups, a double mapping cylinder allowed one to write out the 2-syzygies in at least a simple
case. In this more general case, we have an analogous construction, which generalises that and
which we introduce next. (We will later on see this as a simple example of a homotopy colimit.)

Definition: Given a graph of 2-complexes, (I', X), its total space is the space constructed as
follows:

e take the coproduct (so disjoint union) of the spaces X, for v € Vp together with the spaces
Xe x [0,1] for e € Er;

e identify along the following maps:

— X x [0,1] = Xz x [0,1] sending (z,t) to (z,1 —t);

— on the subspace, X, x {0}, of X, x [0,1], use X x {0} = X, — Xj(), given by the
structure map of X : Sf¥ — CW, (and similarly for €).

We will denote the resulting space by T'ot(I', X'), or sometimes simply Xr.

Example: Take I' to be the graph with two vertices, 0 and 1, and one edge, (0,1), joining
them, then a graph of 2-complexes is given by a ‘span’ diagram

X(] X(]’l X1 .

The resulting total space is given by the colimit of the diagram:

Xo01 X1

lel

Xo1 —2% Xo4 x [0,1]

i

Xo

where e; : Xo1 — Xo1 % [0,1] sends = to (x,i) for i = 0,1, so is the appropriate double mapping
cylinder.

Proposition 42 If (I', X) is a graph of 2-complezes that presents (I',G), then the fundamental
group of Tot(I', X) is isomorphic to the fundamental group of (I, G) (based at any vertex). [ |
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We will not give a proof. One is given in [240] and we will later see a generalisation of it, so
including one here seems inessential. A proof can be given using the van Kampen theorem in a
more general form than we have quoted above.

The above strays out of our usual, more algebraic, territory as it uses topological methods.
An intermediate approach which uses the algebraic ideas combined with some combinatorial con-
structs can be usefully obtained by looking at the corresponding construction within the category of
groupoids. This is taken, here, from Emma Moore’s thesis, [207]. As usual, Z denotes the interval
groupoid, which has two objects 0 and 1 and morphisms ¢ : 0 — 1 and its inverse, together with,
of course, the identity arrows at each object, also, if H is a group, H[1] denotes the one object
groupoid to which it corresponds. (Reminder we will be working within the category of groupoids
in the following definition, so, in particular, coproduct, LI, has to be interpreted accordingly.)

Definition: Given a graph of groups, G = (I', G), the total groupoid, Tot(G) is defined as the
quotient of (| {Gy[1] | v € Vr}) U (| J{Ge[1] X Z | e € Er}) by the relations corresponding to

o Gl xZ Vit Ga[l] x I by (g,¢) < (g,07Y),
and

o Ge[l] x {0} — Gy(¢)[1] given by (g,0) > pe(g)-

Example: For a graph of groups, G = (I',G), where I' has just two vertices and one edge,
Tot(G), is the groupoid double mapping cylinder.

Theorem 11 The total groupoid of a graph of groups, G, is isomorphic to the fundamental groupoid
of G.

Sketch proof: First of all we note that the set of objects of II1G is Vr, whilst that of T'ot(G)
is obtained by quotienting from a set made up as the disjoint union of V¢ with two copies of
Er, one labelled Er x {0}, the other Er x {1}. The first relation identifies each (e,0) with the
corresponding (€, 1), so after that there is but one copy of each ‘edge vertex’, then that edge vertex,
(e,0), is identified with the vertex of Gjy. We thus have Ob(T'0ot(G)) is bijective with Vi, and
as each equivalence class of objects contains exactly one element naturally identify the two sets
without risk of losing naturality.

We next construct a morphism from Tot(G) to I1;G. To do this, we use the natural morphisms
from the coproduct used to construct Tot(G) to II;G, and then check that the relations / identi-
fications are consistent with the relations in the presentation of IIyG. This is easy to check at an
intuitive level, but needs a bit of care for the detail. (We will see generalisations of such results
later, so leave these details for your consideration.) |

This does not directly help in our search for machinery to calculate syzygies, but note that
for calculations with graphs of 2-complexes should be mirrored by calculations with some sort of
graph of crossed modules, and this is in part suggested by the result of Abels and Holz that we
mentioned earlier, (Proposition 33, page 143), and also our comments on the 2-syzygies of a pushout
presentation, discussed in section 4.3.11, however these idea would seem to be better explored in
the more general context of complexes of groups, so we will put them aside for the moment.
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4.5.6 A brief glance at the Bass-Serre theory

We will, very briefly, now turn to some aspects relating to the formulation and (sketch) proof of one
of the main theorems of Serre’s theory of graphs of groups. (We will, in part, use ideas from the
discussion in K. Brown’s book, [55], on cohomology of groups, as it links the theory into standard
material on equivariant homology, and for that is thoroughly to be recommended. The relevant
sections are at the end of Chapter II, starting on page 52, and then section 9 of Chapter VII, page
178.)

Suppose G acts on a tree, I', and let e € Er be an edge of I', having vertices v and w.

Definition: The edge, e, is called a fundamental domain for the G-action if (i) given any edge,
e’ of T, there is a ¢ € G such that e- g = ¢/, and (ii) every vertex of T" is equivalent, modulo the
action, to eith v or w, but not both.

This second condition, of course, implies that, if we have some v € Vi and g € G such that
v'=wv-g, then {h | h € G,v" =w-h} is empty. We thus have that the subgraph given just by e, v
and w maps isomophically to I'/G under the projection from I' to I'/G.

Lemma 29 Suppose e is a fundamental domain for the action of G on I, then
Ge = Gy N Gy,

Proof: First note that as I' is a tree, G 2 G, N Gy, since there is only the edge, e between v and
w, so, if v- g =v and w - g = w, then the only possibility is that e- g = e.

On the other hand, v and w are not in the same G-orbit, by the fact that e is a fundamental
domain, hence, if e - g = e, then g must fix both v and w, which proves the opposite inclusion. W

Theorem 12 (Serre) Let G be a group acting on a tree I' in such a way that there is a fundamental
domain, (which is an edge, e, as above), then G is a ‘free product with amalgamation’ G = G, Ug,
Gy, i.e., there is a pushout square,

G, —— G,

|

Gy ——G

in which the top horizontal and left vertical arrows are inclusions of subgroups, (and hence the other
two arrows are monomorphisms).
Conversely given a pushout,
A—— Gy

L

Gy ——G

i which A — G1 and A — Go are monomorphisms, there is a tree on which G acts, as above,
with G1, Gy and A being G, Gy and G for the obvious notational choice, and in which e is a
fundamental domain.
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Sketch proof: There is clearly a morphism from G, Ug, Gy, to G since the square given in the
statement of the result clearly commutes. We have to show this is an isomorphism.
We form the graph of groups corresponding to the G-action on I', which will be

Gy Gu

Ge
or, in the notation we have used earlier,
Gy<=—Ge— Gy ,

and which has G, Ug, Gy, as its fundamental group. If, now, g € G, we can look at the unique
path in the tree, I, from v to v - g. This must start something like the following

e €g1 €9192
v w Vg1 wgi 92 eey

but then, as wG1 = w, g1 € Gy, and as g2 € Gyg, glgzgfl € Gy, and you continue on in this
form until eventually you get to v - g. Hence g can be written as a word in the elements of G,
and G,,. This shows that the natural map in onto. (There is ambiguity in the word one gets but
the amalgamation handles that. That also handles the injectivity of the natural map. We leave
the details for you to complete. They are very similar to the arguments we looked at when
examining 71 (N ($)). The similarity is not by accident as is fairly clear it is hoped.)

We now turn to the converse. Given that G = G L G, there is virtually no choice as to
how to construct a graph, I' which will ‘undo’ the construction above. We must take the set of
vertices to be (G1\G) U (G2\G), and the set of edges to be A\G, in each case the set of right
cosets of the respective subgroup. As A C G1, there is a natural map A\G — G1\G, and similarly
A\G — G2\G, giving the source and target maps of the graph, I', that we are constructing, so
Ag € A\G joins G1g to Gag. The group, G, acts on the right on I" with any edge a fundamental
domain and with G, G2 and A as the corresponding stabilisers. The graph I' is connected by an
argument similar to that above, whilst it can have no non-trivial reduced loops, so is a tree. |

Remark: The observant reader will, of course, have noticed that, as G; and G5 are subgroups
of G, we can form N(9), for H = (G1,G2). This means, as we have stated before when discussing
families of groups and their nerves, that N () has as vertices the elements of (G1\G) U (G2\G).
What about the 1-simplices?

We have o0 = (G1g,G2h) is a 1-simplex of N($) if there is an x € G1g N Gah, and, as we saw
earlier, then oz~! = (G, G3). This edge of N($) is Al, the coset of A with representative 1, and
hence the basic edge of the graph, I', going between the cosets / vertices G11 and Ga2l. We can
thus define

N($)—-T

by (G;g) goes to G,g, of course, and (G1g, Gah) = (G1,G2)x goes to Az in I'. This is a simplicial
isomorphism (or as both are 1-dimensional simplicial complexes, i.e., graphs, an isomorphism of
graphs). There is thus a considerable overlap between the Abels-Holz theory and (part of) the
theory of graphs and complexes of groups. It is only a part of that theory, however, since the above
result, and these remarks, only handle the case of actions having a fundamental domain.

If the action of G has no fundamental domain then some edges would have both ends within
the same G-orbit. This means that the action would not be regular. Examples of this occur with
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HNN-extensions. We have some group, H, with a subgroup, A, together with a monomorphism,
0 : A — H. The HNN-extension, Hx(4g), is obtained by adjoining an element ¢t to H, subject to
the relations:

t~tat = 6(a)

for all @ € A. To see the relationship with graphs of groups examine the fundamental group of
the graph of groups, G, with underlying graph the graph with one vertex, v, and one edge, e, and
nothing else. Take the vertex group, G,, to be H, the edge group, G¢, to be A, and the two
morphisms from G, to Gv are the inclusion of A into H and the given monomorphism, §. Clearly
I (G)(v) = Hx(4,)-

The interesting question is: if we have (higher) presentation data on A and H, can we get
similar information on H 4 g)?

Remark: There is a neat way of considering HNN-extensions via pushouts of groupoids, (rather
than of groups) that ties in nicely with our glance at total groupoids above. As before, we let H
be a group and A a subgroup together with a monomorphism, 6 : A — H. We form a pushout of
groupoids:

{0,1} x A[1] £~ H[1

7 x A[l]

where, as ever, Z is the interval groupoid, k(0,1) = a, k(1,a) = 6(a), and i is the inclusion of the
two ends of the cylinder. As H[1] is a 1-object group so is G , so it is G[1] for some group, G. This
group, G can be written as a factor group

Coo x H/{(t 'a™'t)0(a) | a € A},

where Cop = (t | (), is the infinite cyclic group generated by an element ¢, so G is H#(4 ) in our
earlier notation.

For HNN-extensions as here, there is also a tree, I', with an action of the group H#(4 ) in this
case, but it is not as easy to describe. In general, given any graph of groups, G with fundamental
group G = II1(G)(v), there is a tree, T, with an action of G on it, such that the graph of groups
that results from that action is isomorphic to G. The idea of the construction is an analogue of the
construction of a universal covering space using homotopy classes of paths based at a base point.
We will not give it here, as we will see generalisations later on.

4.5.7 Fundamental group(oid) of a complex of groups

We now will go back to the higher dimensional situation, since, apart from any other reason, the
Abels - Holz context with a family of n subgroups naturally leads to a (n — 1)-simplex of groups, so
graphs of groups are not general enough for their study. In fact, as we mentioned earlier, general
complexes of groups are closely related to orbifolds and more generally to topological stacks, so the
families of groups case is just one example of a situation leading to their study.

We now need to extend the definition of a fundamental group from applying to graphs of groups
to the more general case.
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Let G(K) = (K,Gs,vaq, gap) be a complex of groups as before, and, for convenience, let E[i(
denote the set of edges of the barycentric subdivision, K’, with an orientation, a™ = a, and a~ to
be a with the opposite orientation, so i(a™) = t(a™), etc.

First define FG(K) to be the group generated by

| {Go:o e Vk}UEE

subject to the relations

the relations of each G,

- (at) ' =a" and (a7) ' =at,

- wa(g) = a_ga+ for g € Gi(a)a

- (ba)Tgap = bTa™ for composable a, b.

The image of G, in FG(K) will be denoted G,.
Haefliger defines m (G(K), 00) in two equivalent ways:

Definition: Version 1: If 09,01 € Vi, the vertices of K, a G(K)-path, ¢, from oy to o1
is a sequence, (go,€1,91," " ,€n,gn), where (e1,--- ,e,) is an edge path in K’ from i(e1) = o to
t(en) =01, €, € EL, fori=1,--- ,n, and where g, € Gier) = Gi(erin)-

Such a G(K)-path, ¢, represents goej - - engn € FG(K). Two such paths from o( to o are
said to be homotopic if they represent the same element of FG(K). We set II1(G(K), 09, 01) equal
to the subset of FG(K) represented by G(K)-paths from o to o1. These can be used to form a
fundamental groupoid of G(K). When o¢ = o1, we write

WI(G(K)a 00) =1L (G(K)7 00, UO)'
This is a subgroup of F(G) and is called the fundamental group of G(K).

Definition: Version 2: Assume K is connected and pick a maximal tree, T, in the 1-skeleton
of Sd(K) = K'. Let N(T) be the normal subgroup of FG(K) generated by {at : a € T}, then

m(G(K),T)= FG(K)/N(T),

and hence has a presentation:
- generators UG, U Ex
- relations : - g1 - g2 = g190 within any particular G,
- Ya(g) = a7 'ga g 