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Abstract

We establish a natural identification of cobordism classes of framed links with the fundamental group of the
group-completed configuration space of points in the plane, by appeal to Okuyama’s previously underappreciated
interval configuration model for the latter. Under Segal’s theorem, these classes are integers generated by the
Hopf generator in the 2-cohomotopy of the 3-sphere, and we identify these knot-theoretically with the writhe
sum of the linking and framing number of links. We observe that this link invariant is the properly regularized
“Wilson line observable” of abelian Chern-Simons theory, and show, in consequence of the main theorem, that
this arises equivalently as the expectation value of pure quantum states on the group algebra, under link sum,
of cobordism classes of framed links. Observing that these quantum states regard framed links as worldlines of
anyons, in that they assign a fixed complex phase factor to each crossing (braiding) of strands, we close with an
outlook on implications for the identification of anyonic solitons in 2D electron gases as exotic flux quantized in
Cohomotopy instead of in ordinary cohomology.
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1 Introduction and Overview

Motivation and Background. In differential topology (cf. [Mi97][Be21]), there are famous and profound relations
between the submanifolds of a smooth manifold X and continuous maps from X to higher dimensional spheres Sd.
Historically, the first of these was Pontrjagin’s theorem in its original unstable and framed form ([Pon38][Pon55], cf.
[Mi97, §7][Br93, §II.16][Kos93, §IX][Be21, §17], before it became more widely known in the stable and structured
guise of the Pontrjagin-Thom theorem, cf. [Ko96, §1.5]): This identifies the homotopy classes of maps X −! Sd,
hence the d-Cohomotopy [Sp49][Hu59, §VII][FSS23, Ex. 2.7] of X, denoted

πd(X) := π0 Map
(
X, Sd

)
, (1)

with cobordism classes Cobdfr(X) (cf. [Ko96, §1.5]) of normally framed closed submanifolds of co-dimension d inside
X:

πd(X) ≃
Pontrjagin

Cobdfr(X) . (2)

In the special case where d = dim(X), this relation is easy but instructive to describe: The normally framed closed
submanifolds are configurations of points in X and their normal framing is equivalently a choice of sign carried by
each point in the configuration. In this simple situation, normally framed cobordism is readily seen to identify pairs
of oppositely signed points with the empty subset of points, so that cobordism classes are found to be in bijection
with the integer net number of signs in a configuration:

πdim(X)(X) Cob
dim(X)
fr (X) Z .≃ ≃ (3)

The resulting identification of the dim(X)-Cohomotopy of X with the integers recovers the Hopf degree theorem
[Kos93, Cor. 5.8][Mi97, p. 62], which labels homotopy classes of maps X −! Sdim(X) by their winding number.

Outline and Results. In §2 we give an analogous (but much richer) formulation of the Pontrjagin theorem in
terms of geometric configurations, now in the special case X = S3 and d = 2, where the normally framed closed
submanifolds are framed links (cf. [Oh01, pp. 15] and Def. 2.9 below). It does not previously seem to have found
due attention that in this case Pontrjagin’s theorem on cobordism relates to knot theory (cf. [CF63][So23]). We
identify the knot-theoretic mechanism which corresponds to the Pontrjagin theorem, in this case. In §3 we explain
how this result may be understood as a previously missing geometric justification for the traditional but ad hoc
renormalization of Wilson loop observables in Chern-Simons theory, and in §4 we indicate how it has implications
in application to the identification of anyonic solitons in quantum materials [SS25e].

Concretely, since the Hopf fibration S3 h
−! S2 (cf. [Ly03]) freely generates the abelian group

π2(S3) ≃ π3(S
2) ≃ Z , (4)

Pontrjagin’s theorem (2) implies that the cobordism classes of framed links must also be labeled by integers. Our
main Thm. 2.19 shows that this characteristic integer is equivalently the total crossing number or writhe #L (Def.
2.10) of a give link diagram L, namely the sum of the linking number and the framing number of a framed link. This
combined quantity appears, as we observe in §3, in the exponent of “Wilson loop” expectation values in abelian
Chern-Simons theory.

Equivalently, this means, as we observe in §3, that any pure quantum state |ζ⟩ (in the sense of quantum
probability theory) on the group algebra of

Cob2fr
(
S3

)
≃ Z (5)

is determined by a unimodular phase ζ ∈ U(1) ⊂ C and as such given by assigning to a framed link L — regarded
as presenting a homogeneous element [L] in the group algebra C

[
Cob2fr(S

3)
]
— the value

⟨ζ|L|ζ⟩ = ζ#L ∈ U(1) ⊂ C , (6)

hence one factor of the phase ζ for each braiding of one strand in the link diagram over another (with the inverse
phase for braidings of the opposite orientation). Exactly such assignment of braiding phases to their worldlines is the
characteristic property of physical particles (solitons, really) known as (abelian) anyons. We close by explaining how
this is not a coincidence, but reflective of a more general result [SS25e] by which (abelian) anyons such as observed
in “fractional quantum Hall systems” may be understood as solitons of exotic flux quantized in 2-Cohomotopy
instead of in ordinary cohomology.

Approach and Methods. The method by which we prove these results is via refinement of Pontrjagin’s theorem
by Segal’s theorem ([Se73, Thm. 1], recalled as Prop. 2.2, which is well known to experts) and then by invoking a
more recent result by Okuyama ([Ok05], recalled as Prop. 2.5, which may not have found due attention before) to
obtain a more concrete handle on the situation:

Segal’s theorem gives the full homotopy type of the mapping space (1) – instead of just its set of connected
components – in the special case that X = Sd itself is a sphere of the same dimension as the coefficient sphere.
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Concretely, by observing the isomorphisms (cf. Rem. 2.6 below)

π3(S2) ≡ π0 Map
(
S3, S2

)
≃ π0 Map∗

(
S3, S2

)
≃ π1 Map∗

(
S2, S2

)
, (7)

we find that framed links may equivalently be understood as loops is the pointed mapping space from the 2-sphere
to itself — and Segal’s theorem describes this latter mapping space as the group completion GConf(R2) (see Def.
2.1 below) of the space of (unordered) configurations of points in the plane, known as the configuration space
Conf(R2), hence:

π3(S2) ≃ π1 GConf(R2) . (8)

Here “group completion” G(−) refers to adjoining formal inverses to the topological partial monoid (semi-group)
of configurations of points under disjoint union. Naively this may appear to be exhibited just by making the points
in the configurations carry signs, with oppositely signed pairs of points allowed to coincide and annihilate — and
indeed we saw that this gives the correct description of the connected components, via Pontrjagin’s theorem (3).

However, the effect of group completion on the full homotopy type of the mapping space is well-known to be
more subtle [McD75, p. 96][CW81] and a tractable configuration model was long missing. This gap was filled by
Okuyama’s observation [Ok05] that the group-completed configuration spaces may be modeled by configurations
not of signed points but of intervals with signed endpoints, see Figure 1 and Ex. 2.8 below.

With (7) we are thus reduced to understanding the loops of such intervals, and the main steps in our proof in
§2 consist of identifying these with framed links (Prop. 2.15, using facts from functorial knot theory, Fig. 4) and
their continuous deformation with link cobordism. From this analysis the claims about quantum observables follow
in §3.

Acknowledgements. We thank Sadok Kallel and Shingo Okuyama for comments on the material in §2, following
the first preprint version of this article. In particular, Shingo Okuyama kindly informed us of a talk he gave [Ok18]
where graphical representations of his interval relations, as in our Fig. 1, were already made use of. Last but not
least, we fondly remember inspiring discussion with the late Jack Morava, after a first version of this manuscript
was made available, and we are grateful to him for pointing out his work [MR23], which has some tantalizing points
of contact with our discussion, such as one highlighted in Rem. 2.20 below.

2 Configuration Loops and Links

Group-completed configuration space of points. We need just some minimum of notions concerning config-
uration spaces of points; for further background we refer to [Wi20][Ka24][FH01].

Definition 2.1 (Plain configuration space of points [Se73, p. 215]). For d ∈ N, we write Conf(Rd) for the
topological space of finite subsets of (i.e. configurations of plain points in) Rd. This is a partial topological monoid
under the partial operation

Conf(Rd)× Conf(Rd) Conf(Rd) ,⊔ (9)

which is defined when the pair of configurations is disjoint, in which case it is given by their union. We write

GConf(Rd) := Ω
(
B⊔Conf(Rd)

)
(10)

for the topological group completion of this partial monoid, namely the based loop space of the topological real-
ization of its simplicial nerve.

Proposition 2.2 (Segal’s theorem: Group-completed configurations as iterated loops [Se73, Thm. 1]).
The cohomotopy charge map (cf. [Br93, Fig. II.13][SS23, Fig. D], also: “scanning map”) constitutes a weak
homotopy equivalence between the group completion of the configuration space of plain points in Rd (Def. 2.1) and
the d-fold based loop space of the d-sphere:

GConf(Rd) ∼ ΩdSd. (11)

Not to overburden the discussion with minutiae, we state slightly informally the following Def. 2.3 of the
configuration space of signed intervals, relying on graphical appeal to Figure 1, since it is an easy exercise to give
a fully formal description of the situation indicated on the right of the figure, or else to look it up in [Ok05, Def.
3.1-2]. Conversely, our graphical rendering in Fig. 1 of the definition offered in [Ok05, Def. 3.1-2] shows what is
“really going on” there 1 and opens the door to the following analysis.

1After the first version of this manuscript was made available, we were kindly informed that the same graphical description was
once presented in a talk by Okuyama [Ok18].
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Definition 2.3 (Configuration space of signed intervals [Ok05, Def. 3.1-2]). For d ∈ N≥1, we write 2

ConfI(Rd) for the quotient space by the equivalence relations indicated on the right of Figure 1 of the topological
space of disjoint unions of bounded (half-)open/closed line segments in Rd parallel to the first coordinate axis, where
(in Fig. 1) a filled (black) circle indicates that the corresponding point is included in the interval, while an empty
(white) circle indicates that it is not.

Figure 1: Configurations of signed points and inter-
vals. Indicated in the left column is the equivalence relation
([McD75, p. 94]) controlling the configuration space of signed
points in some Rd, where configurations involving a positively
and a negatively signed point are connected by a continuous
path to the corresponding configuration where both of these
points are absent (have mutually annihilated). This config-
uration space is close to but not (weak homotopy) equiva-
lent (by [McD75, p. 6]) to the group-completed configuration
space GConf(Rd) (10).

Indicated in the right column are the analogous rela-
tions (from [Ok05, Def. 3.1-2]) in the configuration space
ConfI(Rd) of signed intervals (Def. 2.3), where signed points
are replaced by line segments of finite length whose endpoints
are signed, parallel to a fixed coordinate axis. This config-
uration space is (weak homotopy) equivalent to the group-
completed configuration space GConf(Rd) (by [Ok05, Thm.
1.1], Prop. 2.5).

In both cases, the curvy lines indicate continuous paths
in these configuration spaces, here realizing the pair-
annihilation processes. Running along these paths in the op-
posite direction reflects the corresponding pair-creation pro-
cesses.

The bottom graphics highlights that the processes repre-
sented by these continuous paths in both cases are grosso
modo the same — in that pairs of opposite signs mutually
annihilate when coincident—, the difference being that on
the right the process is “smoothed out” in the same way
in which string interactions in string theory smooth out
point-interactions of particles in particle physics (cf. [Ve12,
Fig. 2.3-2.4]): Where the latter trace out “worldlines” with
point interactions (Feynman diagrams) the former trace out
“worldsheet” surfaces.

On the other hand, in contrast to usual strings of string the-
ory, the intervals here are constrained to be straight and par-
allel to a fixed coordinate axis in the plane. Our key obser-
vation in the following is that, for d = 2, this makes loops of
such intervals be equivalent to (world)lines equipped with a
(normal) framing, hence to framed links. This is as expected
from Pontrjagin’s theorem (2), when with Segal’s theorem
(Prop. 2.2) we understand homotopy classes of such loops as
forming the 2-cohomotopy of S3 (Rem. 2.6).

Configurations of signed

points intervals

∅

∅

tracing out

“worldlines” “worldsheets”

∅

∅

Example 2.4 (Connected components of configurations of signed intervals). For c ∈ ConfI(Rd) a con-
figuration of signed intervals (Def. 2.3) and with nblack/white(c) ∈ N denoting its total numbers of black/white
endpoints, respectively, it is clear that

n(c) := 1
2

(
nblack(c)− nwhite(c)

)
∈ Z (12)

is an integer which is constant under the above interaction processes, hence which constitutes a continuous function

n(−) : ConfI(Rd) Z , (13)

and that this establishes an isomorphism on path-connected components (cf. also Rem. 2.6 below):

π0

(
n(−)

)
: π0 Conf

I(Rd) Z .∼ (14)

Hence for n ∈ Z we shall denote the corresponding connected component by

ConfIn(Rd) ⊂ ConfI(Rd) . (15)

2The space that we denote ConfI(Rd) in Def. 2.3 would be denoted “Id−1(S
0)R” in the notation of [Ok05, Def. 3.3].
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Proposition 2.5 (Okuyama’s theorem: Interval configurations group-complete points [Ok05, Thm. 1]).
For d ∈ N≥1 there is a weak homotopy equivalence between the configuration space of signed intervals (Def. 2.3)
and the group completion of the plain configuration space of plain points (Def. 2.1):

ConfI(Rd) ∼ GConf(Rd) . (16)

Remark 2.6 (Signed interval configurations reflecting Cohomotopy moduli). In summary, this identifies
the d-Cohomotopy moduli vanishing at infinity on Rd with the configuration space of signed intervals in Rd:

Configuration space of
signed intervals

ConfI(Rd) ∼
(16)

GConf(Rd) group-completed confi-
guration space of points

∼
(11)

ΩdSd ≡ Map∗
(
Sd, Sd

)
≃ Map∗

(
Rd

∪{∞}, S
d
)

Cohomotopy moduli
vanishing at infinity,

(17)

where (−)∪{∞} denotes the one-point compactification obtained by adjoining the point at infinity, and Map∗(−,−) ⊂
Map(−,−) denotes the pointed mapping space (cf. [Ja84, §3]). (This perspective on ConfI(R2) shows that it wit-
nesses configurations flux quantized in 2-Cohomotopy, discussed in §4.)

This implies:

Proposition 2.7 (Fundamental group of signed interval configurations in the plane). The fundamental
group of the configuration space of signed intervals in the plane (d = 2, Def. 2.3) is the group of integers:

π1

(
ConfI0(R2)

)
≡ π0

(
ΩConfI0(R2)

)
≃
(17)

π0

(
Ω3S2

)
≡ π3(S

2) ≃
(4)

Z . (18)

The generator on the right of (18) is well-known to be represented by the complex Hopf fibration (4). Our goal
is to understand the corresponding generator on the left, i.e., the signed interval loop whose composites and their
reverses are deformation-equivalent to general loops of signed intervals. A key observation for this identification is
the following:

Example 2.8 (Continuous deformations of paths of signed interval configurations). Continuous defor-

mations of paths of signed intervals, i.e., continuous maps of the form [0, 1]
2 −! ConfI(R2), evidently subsume the

following “moves” (and their images under the exchange of positive with negative endpoint signs):

(19)

(20)

∅ . (21)

In these graphics and in the following:
(i) the plane R2 in which the intervals are embedded is visualized as sharing its horizontal axis with the page and

having its other axis perpendicular to the page,
(ii) the parameter t ∈ [0, 1] of paths of interval configurations [0, 1] ! ConfI(R2) runs vertically along the page.
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In partciular therefore, the third move (21) is a path of based loops in ConfI(R2), which thus witnesses that the
class of the annulus worldsheet in the fundamental group of the configuration space vanishes:


= e ∈ π1

(
ConfI0(R2)

)
. (22)

Hence the annulus is not the generator of π1

(
ConfI0(R2)

)
that we are after, and we need to look further:

Loops of signed intervals as framed oriented links. Our first observation now is that based loops in the
configuration space of signed intervals (Def. 2.3) may be identified (as indicated in Figure 3) with framed oriented
links. For examples of framed link diagrams see (32), (33) and (34); for background on framed links in knot theory
and quantum topology compare [Oh01, p. 15][EHI20]. We recall the relevant basics:

Definition 2.9 (Framed oriented links).
(i) A framed oriented link diagram is an immersion of k oriented circles

(
S1

)⊔k

, for k ∈ N, into the plane R2 with
isolated crossings at Euclidean distance > 1 from each other, at each of which one segment is labeled as crossing over
the other. Here we demand in addition (and without essential restriction of generality) that no strictly horizontal
segments appear, hence that the restriction of a link diagram to any R1 ↪! R2 parallel to R×{0} consists of finitely
many points – this is used in (26) below.
(ii) A pair of oriented link diagrams are regarded as equivalent if they may be transformed into each other by a
sequence of isotopies (continuous paths in the space of framed link diagrams) and the three Reidemeister moves
shown in Figure 2.
(iii) The framed oriented links are the corresponding equivalence classes of framed oriented link diagrams.

Figure 2: Reidemeister moves for
framed link diagrams (cf. [Oh01, Thm.
1.8]). For oriented framed links there
are the evident oriented versions of
each of these moves [Po10]. To obtain
a fully combinatorial description of
(framed oriented) link diagram equiva-
lence it is sufficient to include also the
zig-zag yanking move, see Figure 4.

1st

2nd

3rd

Definition 2.10 (Crossing-, Linking-, Framing-numbers and Writhe).
(i) Any crossing in a framed oriented link diagram L (Def. 2.9) locally is either of the following (up to local

orientation-preserving diffeomorphism), which we assign the crossing number ±1, respectively, as shown:

#

( )
:= +1 , #

( )
:= −1 . (23)

(ii) For (Li)
N
i=1 the connected components of L, the linking number lnk(Li, Lj), defined for i ̸= j, is half the sum

of crossing numbers between Li and Lj (cf. [Oh01, p. 7]).
(iii) The framing number fr(Li) is the sum of crossing numbers of Li with itself.
(iv) The sum #L of the crossing numbers of all crossings of L – hence the total crossing number, also called the

writhe [Ad94, p. 152][Oh01, p. 523] 3 – is hence the sum of all the framing and linking numbers:

Total crossing number
/ writhe

#(L) :=
∑
c∈

crssngs(L)

#(c) =
∑
i

frm(Li) +
∑
i ̸=j

lnk(Li, Lj) . (24)

3To beware that some authors, especially in the physics literature, use the term “writhe” only in reference to connected (components
of) links, where it is the framing number. Hence a more unambiguous term for “writhe” in our context is “total crossing number”.
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Example 2.11 (Link invariants). The framing and linking numbers (Def. 2.10) are individually invariants of
framed links, in that they depend only on the equivalence class of a framed oriented link diagram. The following
moves show how successive self-crossings of opposite crossing number cancel out under the Reidemeister moves,
(Fig. 2):

−

+

−

+

+

−

+

−

(25)

Definition 2.12 (Signed interval loops as framed oriented links). From a framed oriented link diagram
(Def. 2.9), we obtain a based loop in the configuration space of signed intervals in R2 (Def. 2.3) by thickening the
underlying link to a string worldsheet as illustrated in Figure 3 below:

FrmdOrntdLnkDgrm ΩConfI0(R2) . (26)

To note that this is well-defined due to our condition in Def. 2.9 that link diagrams have well-separated crossings
and no straight horizontal segments: These conditions imply that the intersection of the link diagram with any
horizontal line R1 ↪! R2 is a finite set of points, and that as we move the horizontal line vertically, these points (i)
move, (ii) cross, (iii) (e)merge over well-separated intervals, thus translating to the corresponding string worldsheets,
where the orientation of the link determines the charges on the endpoints of these strings.

Figure 3: Framed oriented links
as loops of interval configurations.
Here it is the stringy nature of the loops
of configurations on the right (via Def.
2.3) that reflects the “blackboard fram-
ing” of the link diagrams on the left. This
framing would be absent for configura-
tions of charged points as on the left of
Fig. 1.

7!

7!

7!

7−!

Next we want to show that this construction (in Def. 2.12 of signed interval loops from framed oriented link
diagrams) descends to equivalence classes on both sides. For this we need a more combinatorial description of
equivalence of link diagrams. This is provided by functorial knot theory [Ye01] via Shum’s theorem (Prop. 2.13,
Fig. 4).
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Ribbon
category
axiom

Figure 4: Ribbon category presentation of framed oriented
links according to Shum’s theorem (recalled as Prop. 2.13). For
the slide moves there is also the corresponding mirrored version,
which we are not showing just in order to save space.
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Proposition 2.13 (Shum’s Theorem [Sh94]). Framed oriented links (Def. 2.9) are equivalently the endomor-
phisms of ∅ in the category of framed oriented tangles, which is the ribbon category (aka tortile category) freely
generated by a single object.

What this means here is (cf. [Ye01, §9.1]) that for a function on link diagrams to descend to equivalence classes
and hence to be a link invariant, it is sufficient that it respects (beyond wiggling of edges) the moves shown in
Figure 4, which subsume the Reidemeister moves (Figure 2) but also contains zig-zag yank moves to combinatorially
account for diagram isotopy. While we do not need more than Fig. 4 here, the interested reader may find more
background on it in [Sel11] (going back to [JS93, Prop. 2.7] for the case of the 3rd Reidemeister move).

This gives us a good handle on equivalence classes of framed link diagrams. On the other side, we find the
corresponding equivalences of loops of signed intervals as follows:
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Example 2.14 (Link cobordism). The first and third move of signed interval loops from Ex. 2.8 relate diagrams
whose pre-images under (26) are framed oriented link diagrams as shown in the following moves on the left:

∅ ∅

(27)

These relations (which go beyond those from Fig. 4 defining basic link diagram equivalence) happen to be known,
respectively, as the birth/death move and the fusion moves ([Kh00, §6.3][Jac04, Fig. 15], cf. [Lo24, Fig. 12]) or
oriented saddle point moves (e.g. [Kau15, Fig. 16]) generating (on top of usual link diagram equivalence) the
relation of link cobordism 4.

Proposition 2.15 (Configuration loop classes as link invariants). The map (26) descends to equivalence
classes, here sending framed oriented links (instead of their representing diagrams) to elements in the fundamental
group of the interval configuration space:

FrmdOrntdLnk π1

(
ConfI0(R2)

)
. (28)

Proof. By Shum’s theorem (Prop. 2.13) it is suffi-
cient to see that the moves in Fig. 4 are respected.
This is clear for the sliding moves and hence for
the 1st and 2nd Reidemeister moves; while the
zig-zag move is respected by (20).

What remains to be shown is that also the 1st
Reidemeister move is respected.
For this, it is sufficient to show that the extra
moves (27) imply the 1st Reidemeister move.
How this is the case is shown on the right.

That the map (28) thus established is furthermore
surjective is implied by the following analysis, cul-
minating in Thm. 2.19 below.

− + − +

□

Example 2.16 (Group of stringy images of framed unknots). The images of the framed unknots under (28)
constitute an integer subgroup Z ⊂ Z ≃ π1

(
ConfI0(R2)

)
(cf. Prop. 2.7) whose group operation corresponds to the

addition of total crossing/framing number (Def. 2.10). For instance, the following is the move corresponding to
the equation 1 + 1 = 2 in this subgroup:

4Beware that early authors (e.g. [Ho68][CS80]) say “link cobordism” for what is now called “link concordance”, with cylindrical
cobordisms only. In this case, the corresponding equivalence classes of links are non-trivial. The modern use of “link cobordism” for
actual cobordisms considered here seems to originate with [Kh00, §6.3], cf. [Lo24, Fig 12]. With this notion, all (framed) links are
equivalent to (framed) unknots (Lem. 2.17 below), and hence the broader interest in general link cobordism is instead in characterizing
the cobordisms themselves, notably through their associated homomorphism between Khovanov homologies [Jac04].
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In fact, this subgroup inclusion is surjective (36), hence exhausts the full fundamental group, by the following
further analysis.

Lemma 2.17 (Framed links are cobordant to framed unknots). Every framed oriented link is related by
the cobordism moves (27) to a framed oriented unknot.

Proof. Using the zig-zag move (20) and the saddle move (27), every crossing may be turned into an avoided crossing
of a straight edge with a twisted edge, like this:

(29)

Applying such a move to all crossings of a given link diagram yields a framed unlink. Then forming the connected
sum of its connected components (as in Ex. 2.16) yields a framed unknot.

Example 2.18 (Framed links turned into framed unknots). The Hopf link becomes the unknot with framing
±2 by applying the saddle move either on the right or in the middle, depending on the given orientations:

(30)

(31)
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If we understand the stringy moves applied already to the corresponding framed link diagrams, then we may
draw the above example more succinctly as

−

−

(32)

Further examples in this notation are the following: The trefoil knot becomes

++

+

(33)

and the figure-eight knot becomes

−

−

++

(34)

Using all this we finally obtain our main result in this section:

Theorem 2.19 (Interval configuration loops classified by crossing number). The map (28) from framed
oriented links to the fundamental group of the configuration space of signed intervals in the plane is, under the
latter’s identification with the integers (18), given by sending a link L to its total crossing number/writhe #L (24):

FrmdOrntdLnk π0

(
ΩConfI0(R2)

)
Z

L #L .

≃
(35)

Proof. By Lem. 2.17, the image of L is equivalently a framed unknot via the saddle moves (27). Since all framed
unknots are multiples of the unit-framed unknot, by Ex. 2.16, this exhibits the unit framed unknot as the generator



= 1 ∈ Z ≃ π1

(
ConfI(R2)

)
. (36)

(which hence corresponds to the Hopf fibration under the identification of Prop. 2.7).
Moreover, since the saddle move (29) used in Lem. 2.17 manifestly preserves writhe # (24), the writhe of the

resulting unknot (being its framing number) is that of L (cf. Ex. 2.18), and hence it represents the #(L)-fold
multiple of the generator (36).

Remark 2.20 (Relation to discriminants of configurations). A statement similar to Thm. 2.19 appears as
[MR23, Thm. 5.2] following [GL69, Lem. 3.6] (we are grateful to Jack Morava for pointing this out): There is a
locally trivial fibration

∆k : Confk(C) C× ,

called the discriminant and given by the product of C-coordinate differences of distinct points in a configuration,
which is such that under passage to π1 it becomes the writhe function (24)

#k =π1(∆k) : Brk Z
on plain braids (counting their signed number of crossings). We may thus think of the discriminant as giving a
complex-analytic formula for the “restriction” from framed links to plain braids of our assignment (35) (in that
every framed link can be obtained from adding framing to a plain braid and then closing it by connecting endpoints).
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Remark 2.21 (Loops based in the n-component).
(i) Since the group completed configuration space GConf(R2) is, by construction, a topological group, it follows
abstractly that all its connected components are (weak homotopy) equivalent, hence so are the connected compo-
nents (15) of the interval configuration space ConfI(R2), by Prop. 2.5, and hence so are also the loop spaces based
on any of these connected components:

∀
n,n′∈Z

ΩConfIn(R2) ∼ ΩConfIn′(R2) . (37)

(ii) Concretely, we may now exhibit this equivalence in terms of the interpretation of loops in ConfI0(R2) as framed
links that we have established. Or rather, this interpretation applies to the loops in the 0-component, while loops
in the n-component may be understood more generally as braids on n strands interlinked with any number of links,
as illustrated in Fig. 5:

Figure 5: A loop in ConfI(R
2)

based in the n = 3 component. ∈ ΩConfI3(R2) .

(iii) To see the equivalences ΩConfIn(R2) ∼ ΩConfI0(R2), and thereby also all the others (37), in terms of such
“framed link-braids” (Fig. 5) being equivalently framed links with un-braids, and hence equivalently just framed
links, observe that the saddle move from Lem. 2.17 in the following symmetrized form

(38)

un-braids any braid-link at the cost of picking up a corresponding collection of further framed link components,
e.g.:

(39)

3 Quantum States and Braiding

In consequence and elaboration of Thm. 2.19, we show here that pure quantum states on the group algebra of any
of the groups

π3(S2) ≃ π1GMap∗(S2, S2) ≃ π1 Conf
I(R2) (40)

are naturally identified with the “Wilson loop observables” of abelian Chern-Simons theory, automatically with
the correct expected regularization (cf. Rem. 3.5), and assign braiding phases to links in the way corresponding to
worldlines of abelian anyonic particles/solitons. We close in §4 with outlook on what this means for physics.

Quantum states. In quantum probability theory (cf. [St08, §2.4]), given a complex star-algebra thought of as an
algebra of quantum observables and hence here to be denoted

QObs ∈ CAlg ,

QObs QObs

cO 7−! cO∗

O1O2 7−! O∗
2O∗

1

(−)∗

for
c ∈ C
Oi ∈ QObs ,

the corresponding quantum states are (cf. [Mey95, §I.1.1][Wa10, §7][La17, Def. 2.4], exposition in [Gl11, p. 6])
embodied by the expectation values that they induce, which are linear forms ρ on observables subject to (i) reality,
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(ii) semi-positivity, and (3.) normalization:

QStates :=

{
ρ : QObs C

linear

∣∣∣ ∀
O∈QObs

(
ρ
(
O∗) = ρ(O)∗

reality

, ρ(O∗ ·O) ≥ 0 ∈ R ↪! C
(semi-)positivity

)
, ρ(1) = 1
normalization

}
. (41)

This subsumes all mixed states (“density matrices”), for which the expectation values are not required to preserve
the algebra product. Among them, the pure states (those which form a Hilbert space of states) are characterized
as not being non-trivial convex combinations of other states. Those (expectation values of) states that do preserve
the algebra structure called multiplicative states:

ρ ∈ QStates is multiplicative :⇔ ∀
O,O′∈QObs

ρ
(
O · O′) = ρ

(
O
)
ρ
(
O′) . (42)

We will need the following fact:

Lemma 3.1 (Multiplicative states are pure (e.g. [Zh93, Ex. 13.3-4][Wa10, Lem. 7.20-21])). Every multiplica-
tive state (42) is pure; and on central observables the multiplicative states coincide with the pure states.

Quantum states of framed link cobordism. We now study the case where the algebra QObs happens to be
the group algebra C[−] (cf. [FH91, §3.4]) of homotopy classes of loops in the signed interval configuration space
(Def. 2.3):

QObs := C
[
π0

(
ΩConfI0(R2)

)]
(43)

(we explain in §4, following [SS25e], how this arises as the algebra of topological quantum observables on effective
flux through certain 2D quantum materials), whose elements are equivalently compactly supported functions

O : π0

(
ΩConfI0(R2)

)
C . (44)

Now, by Thm. 2.19, these quantum observables detect the total crossing number/writhe #L (Def. 2.10) of the
framed links L which these loops equivalently form by Prop. 2.15. A choice of C-linear basis of the underlying
vector space is hence given by:

QObs ≃C C
〈
Ow : [L] 7! δ

(
#L, w

)〉
w∈Z

(45)

(with δ(−,−) being the Kronecker symbol) on which the product and star-operation is readily found to be:

Ow · Ow′ = Ow+w′ ,
(
Ow

)∗
= O−w . (46)

Proposition 3.2 (The pure quantum states). The (expectation values of) pure quantum states (41) on QObs
(45) are precisely the linear maps of the form

QObs C
Ow 7−! ζn ≡ exp

(
πi
K w

)ρw

for any K ∈ R \ {0} . (47)

Proof. With (46) and by Lem. 3.1, a pure state ρ on the commutative observables QObs restricts to and is fixed
by a group homomorphism

ρ
(
Ow+w′

)
= ρ

(
Ow · Ow′

)
= ρ

(
Ow

)
ρ
(
Ow′

)
from the additive group of integers to the multiplicative group of non-vanishing (due to the normalization condition)
complex numbers, hence: Z C×

n 7−! ρ
(
Ow

)
= ρ(O1)

w .
(48)

Moreover, using also the reality condition (41) gives that ρ(Ow) is unitary

ρ
(
Ow

)∗
=
(41)

ρ
(
O∗

w

)
=
(46)

ρ
(
O−w

)
=
(48)

ρ
(
Ow

)−1
(49)

and hence of the claimed form (47).
Conversely it just remains to observe that every map of the form (47) really is (the expectation value of) a

quantum state (41), which is immediate.

The combination of Prop. 3.2 with Thm. 2.19 now gives:

Corollary 3.3 (Pure states on framed links). When regarded as functions on framed links via Prop. 2.15, the
pure quantum states ρk are given by

ΩConfI0(R2) π0

(
ΩConfI0(R2)

)
C

L 7−! O
#L

7! exp
(
πi
K #L

)
.

ρk

(50)
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This is remarkable because it coincides with the traditional form of quantum states/observables of abelian
Chern-Simons theory:

Remark 3.4 (Identification with quantum observables of abelian Chern-Simons theory).
(i) For Chern-Simons theory with abelian gauge group it is widely understood by appeal to path-integral arguments
([Wi89, p. 363][FK89, p. 169] following [Pol88]) that

• the quantum states of the gauge field are labeled by a level K5 (cf. [SS25e, (8)]),

• the quantum observables are labeled by framed oriented links C as such known as Wilson loops,
then considered as equipped with labels (charges) qi on their ith connected component Ci,

and the expectation value of these observables in these states is the charge-weighted exponentiated framing- and
linking numbers (Def. 2.10) as follows ([Wi89, p. 363][Ha04a, §9][Ha04b, §5][GT08, §5.2], cf. review in [Kau99,
(9)][MPW19, (5.1)] 6 ):

Wk(C) = exp

(
πi
K

(∑
i q

2
i frm(Ci) +

∑
i,j qiqj lnk(Ci, Cj)

))
. (51)

(ii) However, with the charges qi being integers, we may equivalently replace a qi-charged component Ci with
qi unit-charged parallel copies of Ci, and hence assume without loss of generality that we have ∀i qi = 1 for a
framed link L. With this, we observe that the traditioanl expectation values of abelian Chern-Simons Wilson loops
(51) coincide exactly with our expectation values (50) of, ultimately, pure quantum states on the 2-Cohomotopy,
vanishing at infinity, of the plane:

expectation value of
ab. Chern-Simons

Wilson loops
Wk(L) =

(51)
exp

(
πi
K

(∑
i

frm(Li) +
∑
i,j

lnk(Li, Lj)
))

=
(24)

exp
(

πi
K#(L)

) expectation value of
quantum states

on 2-Cohomotopy .
(52)

Remark 3.5 (Renormalization of Wilson loop observables). In the Chern-Simons field theory literature,
going back to [Pol88][Wi89], the all-important framing of links is imposed in an ad hoc manner as a renormal-
ization choice (cf. [GMR94, §1]) to work around an otherwise ill-defined expression appearing from path-integral
arguments (going back to [Pol88, p. 326]). In contrast, our approach uses only well-defined constructions, and
the framing emerges systematically from the differential topology of cohomotopy via the Pontrjagin theorem. This
highlights that Lagrangian field theories (like Chern-Simons, as traditionally conceived) are intrinsically incomplete
as quantum field theories without a renormalization choice, while the intrinsically non-Lagrangian formulation here
provides a complete theory right away (more on this in [SS25e][SS25f]).

Remark 3.6 (Comparison to the literature on Hopfions). The construction and arguments in §2 are closely
related to the traditional analysis of “Hopf-charged solitons” (or Hopfions) on R3 in Lagrangian field theories like
the Skyrme-Fadeev model ([FaNi97], review in [Fa02][MS04, §9.11]) or the 3D CP 1 sigma-model (cf. [RTY13]), as
can be seen from Prop. 2.7 and its proof. Indeed, the authors of [WZ83] already proposed (by at least implicit
appeal to the Pontrjagin theorem) to identify the worldlines of such Hopfions on R1,2 with that of anyons in much
the way that we find is the case here. What seems not to have been noticed before in previous literature is the
finer identification of Thm. 2.19 using the finer theorems by Segal-Okuyama [Ok05] and the resulting identification
with Chern-Simons Wilson loop observables (Rem. 3.4), which, we suggest, fully nails down this identification.

4 Conclusion and Outlook

Summary of Results. We have naturally identified the fundamental group of the mapping space Map∗(S2, S2)
with cobordism classes of framed oriented links (Prop. 2.15), by combining a classical theorem of Segal, relating
iterated loop spaces to group completed configuration spaces of points, with a more recent and maybe previously
underappreciated result by Okuyama, modeling the latter by configurations of intervals. We found that, under this
identification, the multiple of the Hopf generator corresponds to the sum #L of the linking number and framing
number of the framed links L (Thm. 2.19), which we observed happens to be the properly regularized “Wilson
loop observable” of abelian Chern-Simons theory (Rem. 3.4, 3.5). Finally we captured this relation to quantum

5In abelian Chern-Simons theory with non-compact gauge group, the level K may indeed be any non-zero real number (cf. [FK89,
p. 169]), just as in (47). The level quantization in U(1) (spin) Chern-Simons theory, constraining K to be integer, arises via our
cohomotopical analysis when considering quantum states not just on the plane Σ2 ≡ R2 as considered here (cf. §4) but also on the
torus Σ2 ≡ R2/Z2: This is discussed in [SS25e, (8) & §3.4].

6Beware that [Wi89] drops a factor of 2 in passing from (1.3) to (2.27) there (followed by [Kau99, (1)]). This amounts to tacitly
shifting the level by a factor of 2. The end result for the Wilson loop in equation (2.31) of [Wi89] is expressed with respect to this
shifted level. Transforming back to the original and usual normalization in (1.3) there cancels the factor of 2 in (2.31) there, which
thereby agrees with [GT08, (5.2)][MPW19, (5.1)] and with our (51).
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invariants more systematically by showing how the main result implies that these Wilson loop obseravbles are the
expectation values of the pure quantum states (in the sense of quantum probability theory) on the group algebra
of cobordism classes of framed links (Cor. 3.3), given as such by assigning one fixed complex phase factor to each
crossing of strands in the framed link diagram.

But, regarding framed links as wordlines of (solitonic) particles moving in a plane, such an assignment of
complex quantum phases to braidings is exactly the characteristic property of (abelian) anyonic quantum particles.
Therefore we close with a brief outlook on how this is not just a coincidence but a profound relation between anyons
and cohomotopy (due to [SS25e], to which we refer for extensive details and referencing).

Exotic quantization law for FQH flux. In quantum materials known as fractional quantum Hall systems
(FQH), a strong magnetic field transversally penetrates a gas of electrons confined to an effectively 2-dimensional
plane

Σ2 ≃ R2 . (53)

Around critical values of the total magnetic flux through Σ2, a subtle effect of the strong coupling of the electrons
makes any further magnetic flux quantum through Σ2 induce an exotic kind of vortex in the electron gas (called a
quasi-hole) which as such becomes anyonic, in that each braiding of worldlines of such surplus flux- quanta/quasi-
holes makes the quantum state of the system pick up a fixed braiding phase ζ, just as seen in the above discussion.

While experimental observation of this phenomenon has been consistently reported in recent years by various
groups and in various materials, the theoretical understanding of the effect remains shallow, this being a general
problem with strongly coupled quantum systems.

Concretely, in the absence of a strongly coupled electrons, the standard theory of electromagnetism predicts
[SS24] that the topological quantum observables of the flux quanta through Σ2 form the group algebra

C
[
π1 Map∗

(
Σ2

∪{∞}, CP
∞)]

≃ C
[
π0 Map∗

(
S2, S1

)]
≃ C , (54)

where the infinite projective space CP∞ is a model for the classifying space BU(1) ∼ K(Z, 2) of charges of an
abelian Maxwell gauge field, reflecting that ordinary magnetic flux is quantized in ordinary 2-cohomology.

This algebra (54) being trivial means that ordinary magnetic flux through a plane shows no anyonic effect — as
expected. But the way this is deduced hereby from nothing but the algebraic topology of the the classifying space
of the electromagnetic field suggests that the effect of the strong electron coupling, which is experimentally seen
to substantially deform the situation, might be mathematically modeled by a deformation of the classifying space,
reflecting an effective exotic flux quantization law [SS25a] for the surplus magnetic field, due to the strong electron
coupling.

The results which we found in this article show that exactly this is the case: If we postulate that the surplus
FQH flux is effectively quantized in 2-cohomotopy instead of in ordinary 2-cohomology, and hence if we replace the
ordinary classifying space by just its 2-skeleton, the 2-sphere,

S2 ≃ CP 1 ↪−! CP∞ , (55)

then the algebra of topological quantum observables becomes

C
[
π1 Map∗

(
Σ2

∪{∞}, CP
1
)]

≃ C
[
π1 Map∗

(
S2, S2

)]
≃ C

[
Z
]
,

generated by the Hopf fibration, and the results of §3 show that its pure quantum states are naturally identified
with the abelian Chern-Simons Wilson loop observables assigning a fixed braiding phase to each crossing of soliton
worldlines – just as seen in experiment.

Specifically, the loops in the 0-component ConfI0(R2) that we have been dealing with correspond this way to
“vacuum-to-vacuum” anyon processes, which are precisely those envisioned in application of anyon braiding to
topological quantum computing, see Fig. 6.

This novel re-derivation of anyonic braiding phenomena from the algebraic topology of exotic flux quantization
in 2-Cohomotopy immediately generalizes to more general surface geometries Σ2 (disks, tori, annuli, ...) where it
reproduces subtle effects expected in the literature, and makes new predictions. This is further discussed in [SS25e].

Figure 6. In the traditional picture of anyon braiding processes im-
plementing topological quantum computations (e.g. [Kau02, Fig. 17]
[FKLW03, Fig. 2][NSSFD08, p. 10][Ro16, Fig. 2][DMNW17, Fig. 2]
[RW18, Fig. 3] [Ro22, Fig. 1]), the computation is:

(i) initialized by creating anyon/anti-anyon pairs out of the vacuum ∅,

(ii) executed by adiabatically braiding their worldlines,

(iii) read-out by annihilating the anyons again into the vacuum ∅.

This means that the computation is encoded by a link diagram and that
its result is the corresponding Wilson loop observable, just as here we
naturally find realized here (for the case of abelian anyons). ∅ ∅

∅ ∅
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Relation to high energy physics. Finally, the inclined reader may wonder whether there is deeper rationale for
deforming, in certain situations, the traditional classifying space CP∞ ≃ BU(1) for electromagnetic charge by one
of its skeleta CPn ⊂ CP∞ — apart from the above curiosity that for n = 1 this captures the nature of FQH anyons,
by our main theorem here. And indeed (exposition in [SS25c]): In discussion of “UV-completion” of particle physics
one may consider “geometrically engineering” gauge fields on branes, specifically on M5-branes [GSS24] probing
orbi-singularities [SS26]. A careful analysis of the admissible quantization laws [SS25a] for the higher flux on these
5-branes suggests that its classifying space should indeed be CP 3, which on an A-type orbi-singularity reduces to
CP 1 ≃ S2 [SS25d][SS25b]. This is how we originally discovered the phenonema presented here.

References

[Ad94] C. C. Adams, The Knot Book – An elementary Introduction to the Mathematical Theory of Knots, W. H.
Freedman and Co. (1994), [ISBN:978-0-8218-3678-1].

[Be21] R. Benedetti, Lectures on Differential Topology, Graduate Studies in Mathematics 218, AMS (2021),
[ISBN:978-1-4704-6674-9], [arXiv:1907.10297].

[Br93] G. Bredon, Topology and Geometry, Graduate Texts in Mathematics 139, Springer, Berlin (1993),
[doi:10.1007/978-1-4757-6848-0].

[CS80] S. E. Cappell and J. L. Shaneson, Link cobordism, Commentarii Mathematici Helvetici 55 (1980), 20–49,
[doi:10.1007/BF02566673].

[CW81] J. Caruso and S. Waner, An Approximation to ΩnΣnX, Trans. Amer. Math. Soc. 265 1 (1981), 147-162,
[doi:10.2307/1998487].

[CF63] R. H. Crowell and R. H. Fox, Introduction to knot theory, Graduate Texts in Mathematics 57, Springer
(1963), [doi:10.1007/978-1-4612-9935-6].

[DMNW17] A. Di Pierro, R. Mengoni, R. Nagarajan, and D. Windridge, Hamming Distance Kernelisation via
Topological Quantum Computation, in: Theory and Practice of Natural Computing. TPNC 2017, Lecture Notes
in Computer Science 10687, Springer (2017), 269-280, [doi:10.1007/978-3-319-71069-3 21].

[EHI20] M. Elhamdadi, M. Hajij, and K. Istvan, Framed Knots, Math. Intelligencer 42 (2020), 7–22,
[doi:10.1007/s00283-020-09990-0], [arXiv:1910.10257].

[Fa02] L. D. Faddeev, Knotted solitons, Proceedings of the ICM Beijing 2002 1, Higher Education Press (2002),
235-244, [arXiv:math-ph/0212079].

[FaNi97] L. D. Faddeev and A. J. Niemi, Knots and Particles, Nature 387 (1997), 58–61, [doi;10.1038/387058a0],
[arXiv:hep-th/9610193].

[FH01] E. Fadell and S. Husseini, Geometry and topology of configuration spaces, Springer Monographs in Mathe-
matics (2001), [doi:10.1007/978-3-642-56446-8].

[FSS23] D. Fiorenza, H. Sati, and U. Schreiber, The Character map in Nonabelian Cohomology — Twisted, Dif-
ferential and Generalized, World Scientific, Singapore (2023), [doi:10.1142/13422], [arXiv:2009.11909].

[FKLW03] M. Freedman, A. Kitaev, M. Larsen, and Z. Wang, Topological quantum computation, Bull. Amer. Math.
Soc. 40 (2003), 31-38, [doi:10.1090/S0273-0979-02-00964-3], [arXiv:quant-ph/0101025].
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