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ABSTRACT. After global completion of higher gauge fields (as appearing in
higher-dimensional supergravity) by proper flux quantization in extraordi-
nary nonabelian cohomology, the (non-perturbative, renormalized) topological
quantum observables and quantum states of solitonic field histories are com-
pletely determined through a topological form of light-front quantization. We
survey the logic of this construction and expand on aspects of the quantization
argument.

In the instructive example of 5D Maxwell-Chern-Simons theory (the gauge
sector of 5D SuGra) dimensionally reduced to 3D, a suitable choice of flux
quantization in Cohomotopy (“Hypothesis h”) recovers this way the fine detail
of the traditionally renormalized (Wilson loop) quantum observables of abelian
Chern-Simons theory and makes novel predictions about anyons in fractional
quantum (anomalous) Hall systems.

An analogous choice (“Hypothesis H”) of global completion of 11D higher
Maxwell-Chern-Simons theory (the higher gauge sector of 11D SuGra) realizes
various aspects of the topological sector of the conjectural “M-theory” and its
MS5-branes.
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These are expanded lecture notes, prepared as handout material for a mini-course
of the same title [Sch25Db], held at the workshop [SG25]:

“Geometry, Higher Structures and Physics”, ICMS, Edinburgh (2025).

The notes are to provide a concise overview of our program [SS24a; SS24b] of non-
Lagrangian global completion of (supergravity-type, cf. [FV12; Fré13, §6; nLa25t])
higher gauge field theories (cf. [SS26f]) and of the non-perturbative quantization
of their solitonic topological sector. This is motivated by:

(i) the open problem of global completion [GSS24a; FSS20] of 11D SuGra
(“M-theory”, cf. [Duf99; nLa25m]) and [GSS24b; FSS21a; FSS21b] of its
M5-probes (“Theory X7);

(ii) relatedly [SS25b; SS25]], the open problem of global understanding [SS25¢;
SS26g; SS25f] of anyons in fractional quantum (anomalous) Hall materials
(“topological quantum”).

Our aim here is to provide a transparent picture of the main steps of the con-
struction, while relegating mathematical background to the references. (Much of
that background has been laid out in the monographs [FSS23; SS26d; SS26e], while
further exposition of the approach is in [SS25d; SS25¢; SS26j].)

Required of the audience is, in the first part of these lectures, nothing more
than familiarity with basics of differential forms and algebraic topology, as found
for instance in [BT82], and with applications to physics in [Frall]. At the end of
§ 1 and in parts of § 2 we invoke basics of geometric [Lur09] and stable homotopy
theory [BR20], such as surveyed in [Schl18; FSS23, §1]. But after the dust has
settled, the examples and applications in § 3 again require only classical homotopy
theory, such as found in [Whi78; Bre93].

Familiarity with physics jargon will aid the reader to orient themselves, but is
not strictly necessary. In particular, nowhere do we rely on string/M-theory folklore
— all our concepts have definitions, and our claims have proofs.

For lists of background references beyond the scope of what can reasonably be
cited here we will point to entries of the nLab research wiki at ncatlab.org.
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1. GLOBAL COMPLETION OF HIGHER GAUGE FIELDS

Our ground field is the real numbers. All manifolds and their differential forms
are understood to be smooth. Repeated indices imply that we sum over them.

1.1. Higher Flux Densities. '

We discuss the Bianchi identities and equations of motion of higher flux densities,
generalizing Maxwell’s equations for the electromagnetic field in vacuum. Below in
§ 1.3, the on-shell higher flux densities (those satisfying their equations of motion)
are promoted to globally well-defined higher gauge fields with higher gauge poten-
tials. While non-abelian Yang-Mills fields are not part of our discussion, we do
crucially pay attention to non-linear relations in the Bianchi identities/Gauf} laws
of the flux density. These lead to the corresponding charges being in extraordinary
non-abelian cohomology (in § 1.2).

1.1.1. Nonlinear Flux Densities. °

Ever since Faraday discovered magnetic field lines in the 1850s, the field strength
of gauge fields is expressed as the density of fluz of the field through infinitesimal
hypersurfaces in spacetime, which is measured, in modern mathematical language,
by differential forms (cf. Fig. 1)

FIGURE 1. The local field strength B of the magnetic field may be

understood as a density of magnetic flux lines through any given surface,

as such measured by a differential 2-form F5 on space(time) (the Faraday

tensor). In higher-dimensional generalization, flux densities of higher

gauge fields are encoded by differential forms of higher degree. Graphics

adapted from [Nav17].
e

~

magnetic flux
through surface element

Fg(&xl,ﬁﬁ)
= B -Az'-Ax?

. J

The flux density of the electromagnetic field on a spacetime X3 is encoded by
a differential 2-form F» € Q33(X"?) (the Faraday tensor) subject to Mazwell’s
equations of motion (here: in vacuum, cf. [Frall, §3.5 & §7.2b]):
dFy =0,
(1) d* F2 =0.
IThis section parallels [SS25d, §2]. The closest in traditional literature is the “geometric”

formulation of higher-dimensional supergravity reviewed in [CDF91]. cf. ftn. 8.
2We follow [SS25d, §2.4; SS24a, §2.1].
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It is a surprisingly good idea (cf. [HOO03; nLa25p]) to reformulate this equiv-
alently as a pair of differential forms Fy, F} € Q(%R(Xw) subject to a pair of
differential equations complemented by a Hodge-duality constraint:

dF, = 0,
(2)

Fy = %P
dFy =0, ‘27

1.1.2. The equations of Motion. In this “pre-geometric” or “duality-symmetric”
formulation we say that:

Flux densities of a higher gauge field of higher Maxwell-type on a higher-dimensional
spacetime X % are a finite set I of fluz species and an I-tuple of differential forms
F® (the fluz densities themselves) of positive degree deg(i) > 0 on spacetime,

oo i deg(i 1,d
(3) F = (FO e il (xtd)) .,
subject to equations of motion of this form:
(4) Vier dF® = PO(F),  «F® = 0O(F),

where the P() are wedge-polynomials and the () are invertible linear functions in
the set I of variables. Hence, in evident shorthand, the equations of motion read:

(5) dF = P(F), «F = ji(F).

Example 1.1 (Higher gauge fields).

Self-dual/chiral field: on X147+ (e.g.. gauge sector on M5 for k = 1)

(6) dHop41 =0,  *Hopt1 = Hopya -

Type ITA RR-field: on X (gauge sector of type IIA 10D SuGra)

(7) dFye = 0, *Fhe = Flo_2e .

5D Maxwell-Chern-Simons: on X'* (gauge sector of minimal 5D SuGra)
dF, = 0,

®) dFy = LR A Fy,

11D higher Maxwell-Chern-Simons: on X!!0 (gauge sector of 11D SuGra)
dGy = 0,

©) dGr = 1G4 NGy,

Beware that nonabelian Yang-Mills fields are not an example of Maxwell-
type higher gauge fields (5) — we discuss this subtlety in Ex. 1.18.

F3 = *FQ.

G7 = *G4.

More generally, given a background G of such higher flux densities then higher
flux densities F' coupled to (“twisted by”) the background are subject to differential
equations of the more general form:

(10) dF® = PO(F,G).
Example 1.2 (Twisted higher gauge fields).
Twisted Type IIA RR-field: a Kalb-Ramond B-field background on X9
dHs =0
(11) dH; = 0,
twists the type ITA RR-field as:
(12) dFye = Foe_o A Hs.

H7 = *Hg
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Twisted self-dual field: A C-field background flux G4 twists the self-dual field
on an M5-probe as ©1° 2 x110
1.1.3. On-shell Fluz Densities. *

We proceed to analyze the space of solutions of such equations of motion on
higher flux densities (which is the precursor of the full phase space stack of the
corresponding completed higher gauge fields in § 1.3).

For that purpose, assume from now on that spacetime is globally hyperbolic,
(14) Xbd ~ RV x X4,

with Cauchy surface
Lt

(15) X4~ {to} x X4 <0y x|

Let us denote the set of germs of solutions of our equations of motion, around ¢y,
by

erms of solutions
= of'%zeﬁ?;tign;’ ?)F flf)c:;;on

(16) LocSoly, : q .

0 around {to} x X¢
Hence, an element in this set is represented by a solution

17) F = (F® € Qd°g((—¢, 4€) x X . dF = P(F), «F = ji(F
i
iel

for some positive time interval ¢ > 0, and two such representatives are identified if
they agree on the time interval where they are both defined.

It turns out that the above duality symmetric formulation of the equations of
motion lends itself to the formulation of their initial value problem:

Proposition 1.3 ([SS24a, Thm. 2.2]). Pullback of duality-symmetric flur densities
(5) to the Cauchy surface (15) identifies the local solution space (16) with the space
of I-indexed flur densities on X% that satisfy the higher GauB law:

higher Gauf} law

gy Locsol, SN {é = (B® € 0fFY(x4),_, | dB = ﬁ(é)}

F — B := Lz‘oﬁ.
Proof. This follows by direct computation spelled out in [SS24a, §A]. O

We next reformulate the local solution set (18) in a neat way via L.o-algebras.
To that end, first we recall how finite-type L..-algebras are dual to dgc-algebras
whose underlying graded algebra is free.

1.1.4. CE-Algebras of Lie algebras. First, for (g,[—, —|) a finite-dimensional Lie al-
gebra, its Chevalley-Filenberg algebra CE(g) is the differential graded-commutative
(dgc) algebra, which is the Grassmann algebra A®g* on the dual vector space g*
equipped with the differential which on generators is the dual of the Lie bracket.
So if (ti)?i:nll(g) is a linear basis for g with structure constants [t;,¢;] = filg»tk, and

with (t’f)?i:nf(g) denoting the dual basis of A'(g*) (in degree 1), then
(19) CE(g) = (A%, d: i o —3fheid])

3For more on on-shell flux densities in our context see [SS25d, §2.5 & §3.1; SS24a, §2.1].
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is a dgc-algebra. In fact, the condition that d?> = 0 in CE(g) is equivalent to the
Jacobi identity on g. Moreover, the passage g — CE(g) is faithful: Lie algebra

homomorphisms g 2 h are in natural bijection with dgc-algebra homomorphisms

CE(g) < CE(h).

1.1.5. Loo-Algebras via CE-Algebras. *

After this passage, regarding Lie algebras as duals of certain dgc-algebras, it is
straightforward to generalize. For g an N-graded vector space of finite type (finite
dimensional in each degree) and with g¥ denoting its degreewise dual, consider a
differential d on its graded Grassmann algebra A®gY. Dually, this encodes a tower
of higher graded skew-symmetric brackets on g:

djpgr =[] + === ]" 4o

(20) /\lgv /\29\/ @/\SQV Q- C /\og\/7

on which the condition d?> = 0 is equivalently a system of higher Jacobi identities.
These structures

d € Der'(A®gY) with
(21) (97[_a_]v[_7_7_]7".) s.t. d\Algv = [_3_]*+[_a_7_]*+.'.
satisfies d2 = 0

are the (real, connected and finite-type) Lo.-algebras.

If we denote by Rq[I] the free dgc algebra on a set I of graded generators, then
we may conveniently present the CE-algebras of such L.-algebras as quotients by
differential ideals, as follows:

(22) CE(g) ~ Rq [{bt(iigg(i)}iel]/<db(i) = Pt (I;))

for some (graded symmetric) polynomials P(*) in the set I of graded variables. (You
are surely seeing now where this is headed!)

For example, when the Lie algebra g in (19) carries an ad-invariant metric g,
then p := g(—,[—, —]) is a cocycle, d(u;,t't7t*) = 0, so that we obtain a 2-term
Leo-algebra (a Lie 2-algebra) string, characterized by

(ti)?iﬁ(g)] (dt’f — kg t{>.

iel

(23) CE(string,) ~ Ry b
(stringy) by dby = prie t] ] 8}

The string Lie 2-algebra (23) is an important example of Lo.-algebras, which serves
as coefficients of gauge potentials of higher gauge fields. However, we are now
actually interested in a rather different class of examples of L..-algebras, namely
those that serve as coefficients of flux densities of higher gauge fields.

1.1.6. Whitehead bracket Lo.-Algebras. °
For our purpose, the key source of (connected, finite-type) nilpotent Lo.-algebras
is the following:

4For general introduction to Leo-algebras cf. [LS93; Reil9; KS24]. For our discussion of finite-
type Loo-algebras via their CE-algebras (“FDAs”) see [SSS09, Def. 13; FSS19, §3; FSS23, §4;
CD25].

5For detailed surveys of R-rational homotopy theory, Sullivan models and their dual Whitehead
Loo-algebras see [FSS23, §5 & Prop. 5.11, Rem. 5.4]. For more examples, see [SS25d, p. 16].
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Proposition 1.4 (Whitehead L.-algebras and minimal Sullivan models, cf. [FSS23,
Prop. 5.11]). Given A a connected topological space with abelian fundamental group
and finite-dimensional rational cohomology in each degree, then there exists an es-
sentially unique Loo-algebra (A such that:

(1) its underlying graded vector space is that of the R-rationalized homotopy
groups of the loop space of A:
(24) (lA)e ~ 7o (Q.A) ®zR;
(i) dts brackets are such that the cochain cohomology of its CE-algebra is the
R-cohomology of A:
(25) H*(CE(IA)) ~ H*(A, R).
Some jargon:
e the brackets of [4 are the higher Whitehead brackets of A over R,
e the CE-algebra CE(LA) is known as the minimal Sullivan model of A.
For example:

(i) An Eilenberg-MacLane space A = K(n,Z) = B"Z is characterized by the
fact that its homotopy is concentrated on 7, (B"Z) = Z, whence CE(IB"Z)
has a single generator w, spanning 7w, ® R ~ R, which therefore must
necessarily be closed, and hence:

(26) CE(IB"Z) ~ Rq|wn]/(dw, = 0).

The same result is obtained for K(n,Q) ~ B"Q: [(—) and CE(I(—)) retain
(only) the rational homotopy type.
(ii) For a product of EM-spaces, A = B™Z x B™Z, their homotopy groups
are the products of the factors, and hence:
dwp, =0
/ dw,, =0/

(iii) The classifying space of the stable unitary group A = KU = U
has homotopy groups concentrated on mae (BU) ~ Z and hence

(28) CE(IBU) ~ Rq[wse]/(dwae = 0).

Moreover, by the Serre finiteness theorem we have:

Wnq

!/
na

(27) CE(((B"Z x B™Z)) ~ Ry

nen BU(n)

(iv) For A = S?*! an odd-dimensional sphere, the only non-torsion homotopy
group is mopy1(S%¥*t1) ~ Z and also the R-cohomology is concentrated on
H2k+1(§%+1R) ~ R. Therefore CE(1S?*1) has a single generator way 41
spanning o1 ® R ~ R, which must be closed to also span H?**!, Being
of odd degree, it generates no further cohomology under wedge product,
and hence:

(29) CE([SQIH_l) ~ Rd [W2k+1]/(dw2k+l = O) 5

just as for B2*+17 (26).

(v) An even dimensional sphere A = S2¥ however has non-torsion homotopy
concentrated not just on 7oy (S?*) ~ Z but also on my,_1(S?*) ~ Z, while
the real cohomology is still concentrated on H?#(S?*:R) ~ R. Therefore
CE(IS?F) has two generators, woy, and wyx_1 spanning mo, ® R ~ R and
Tar—1 ® R >~ R, of which woyj still needs to be closed in order to span
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H?F. But now its square wyy wor does not vanish, while still being closed.
In order to remove this contribution from the cochain cohomology of the
CE-algebra, the other generator must be a coboundary of the square, and
hence:

Wak dwa = 0
E(1S%%) ~ R
(30) C (S ) d |:w4k1:| / <dW4k1 = ;WQICWZI@)

(where the prefactor of 1/2 is just convention: one could use any nonvanish-
ing factor here without changing the isomorphism class of the CE-algebra).

By (21), the corresponding L..-algebra [S?* has generators vy, _; and
vUgk—2 on which the unique nonvanishing bracket is

(31) [U2k—1>U2k—l] = —UV4k-2 -

For k = 2 this is also known as the gauge algebra of 11D SuGra [Cre+98,
(2.6); Sat10, §4; SV23, Ex. 2.2; nLa25¢e| and as such it appears below in
Ex. 1.6.

1.1.7. Closed Loo-valued Forms. ©

Given an Lo.-algebra g (21), we say that the (flat or) closed g-valued differential
forms on a manifold X are the dg-algebra homomorphisms from its CE-algebra
(22) to the de Rham algebra of differential forms on X:

(32) chiR(X§ g)cl = HomdgAlg(CE(9)7 QER(X)) .
For example, given g an ordinary Lie algebra (g,[—, —]) as in § 1.1.4, then
Qr(X) . CE(g)

Al ot

chiR (X§ g)cl = Id. [

dA’ d

(33) x

— 5 AT NAF L fh T

{A € QY(X)|Fa = dA+ L[AA 4] = 0}
~ QUr(X; 0)fat

is the familiar set of flat g-valued 1-forms.
On the other hand, consider the inner automorphism Lie 2-algebra inn(g) of this
Lie algebra g, characterized by:

(t’i)?ir?(g)l <dt’f _ ipkgig Hg)

(34) CE(inn(g)) =~ Ra | ' :
(i) \dry = = fHh

The closed inn(g)-valued differential forms are nominally pairs consisting of an
unconstrained g-valued 1-form A and a 2-form F' which is constrained to be its
curvature, and whose flatness/closure condition is the classical Bianchi identity

6For more on closed Loo-algebraic forms see [FSS23, §6], following [SSS09, Prop. 26].
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(which is no further constraint but a consequence):

A€ Qp(X;g) | dA = —J[ANA] - Fy
Fq € Q2r(X;0) | dFa =  [ANAF4]

~ Qir(X;0).

It is this kind of constraint that we are after: Flatness of L..-valued forms
understood as Gauf$ laws or Bianchi identities on flur densities. But because the
word “flatness” invokes the situation of gauge potentials satisfying a non-generic
constraint, whereas Gaufl laws/Bianchi identities are generic identities specializing
to closure for the case of an abelian gauge field, we will speak of closed L.-valued
forms. It is the same mathematical concept, just a more suggestive word for it, in
our context (cf. Tab. 1).

(35) Q}m (X; inn(g)) ~

TABLE 1. It is a common idea in higher gauge theory to consider local
gauge potentials with coefficients in Loo-algebras (cf. [Alf25, §§2, 4;
Bor+25], going back to [BS07]). In contrast, ” in our discussion here the
Lo.-algebras appear as coeflicients of the fluz densities (while the gauge
potentials are provided globally and need not have any local expression
in terms of Loo-value forms, cf. Rem. 1.17). This change of role is not as
widely appreciated, though it is implicit in the old “geometric” approach
to supergravity via “FDAs” (cf. ftn. 8 and Rem. 1.10).

L.-algebras g/a as coefficients

For gauge potentials flux densities
considered elsewhere here
are su(n), string(n), ... nilpotent
and these g/a-valued forms
are generically always flat, aka closed:
not flat Bianchi identity/Gauf} law
L J

For example, we now have that the Bianchi identities on the duality-symmetric
flux densities of 11D supergravity equivalently characterize closed [S*-valued dif-
ferential forms:

(36) Qg (X;18%), = . 1

1.1.8. Gauf Law L..-Algebras. ©
The expression (18) for the solution space of the equations of motion for higher

"For nonabelian Lo-algebras there is no tight relation between the two perspectives inTab. 1.
However, gauge potentials in the left column with coefficients in g tend to provide representatives
(“cycle data”) for differential cocycles defined (in § 1.3) via the right column with coefficients
in Loo-algebras of invariant polynomials on g [SSS09, §8.3; ['SS12]). The archetypical example
here is the representation of classes in differential K-theory (RR-fields according to Hypothesis K,
Ex. 1.11) by principal connections (Yang-Mills gauge potentials), see Ex. 1.18.

8This notion of GauB law Loo-algebras is due to [SS24a, Rem. 2.4], reviewed in [SS25d, §3.1],
going back to [FSS17; Satl8, §2.5; FSS19, §7]. In some form this may also be recognized in
the “geometric formulation” of supergravity theories via “FDA”s (a misnomer for the semi-free
Chevalley-Eilenberg DGAs) due to [NR78; DF82; Nie83], cf. [CDF91; nLa25g], reviewed in [Frél13,
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flux densities resembles the expressions (22) and (32) for closed L.-algebra valued
forms: the graded-symmetric polynomials P in each case satisfy the same kind of
condition and play the same role:

Proposition 1.5. Given equations of motion for higher flux densities (5), then
there exists a unique Loo-algebra a (21) such that the solution set of on-shell fluzx
densities (§ 1.1.3) is in natural bijection with that of closed a-valued forms on any
Cauchy surface X:

(37) LocSol ~ Qlg (X% a)

cl’

FIGURE 2. The higher GauB} law condition on higher electric/magnetic
flux densities on any Cauchy surface, and with it the space of on-shell
spacetime field histories of higher flux densities (Prop. 1.3), are equiv-
alently the closure conditions on differential forms valued in a charac-
teristic Loo-algebra a (§ 1.1.7). Under time evolution, this closed a-
valued differential form data undergoes a concordance, which preserves
exactly the total flux image in a-valued nonabelian de Rham cohomol-
ogy (§ 1.2.1).

t QQR(Xd)

. By,
Ltl

on-shell Q% (X9 x[to, t1]) « #— CE(a)
Lto éto
o QYR(XY)

Example 1.6. Direct comparison shows that the characteristic Lo,-algebra a is:

(i) a = (B%Z x B?Z) (27) for the Maxwell field in vacuum (2),
(i) a = [B?*17Z (26) for the self-dual field in D = 4k + 2 (6),
(iii) a = [BU (28) for the RR-field in type IIA 10D SuGra (7), *
(iv) a = 152 (30) for the 5D MCS theory in 5D SuGra (8),

(v) a = 15* (30) for the 7D MCS theory in 11D SuGra (9).

§6] and, with dual the Loo-algebra structure made manifest, in [FSS15a; FSS18; HSS19; GSS26;
CD25].

9Since we have been assuming connected classifying spaces here for simplicity, the degree=0
RR-flux is not included as stated, but the generalization is straightforward, cf. [HSS19, (91)].
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This shows how the equations of motion of higher flux densities are actually
“homotopy theoretic” in nature, reflecting the rationalization of potentially richer
topological structure. This perspective is what allows us now to naturally progress
to flur quantization of these flux densities, by lifting them through the rationaliza-
tion process, concretely by lifting them through the character map on nonabelian
cohomology.

1.2. Total Flux Quantization. '°

With the on-shell flux densities understood, the task is now to impose their
flux quantization. The key to progress on that matter is that, with Prop. 1.5, we
have identified the solution space of flux densities purely as an object of R-rational
homotopy theory. This allows us to understand it as the image of a rationaliza-
tion/character map of spaces of discrete (“quantized”) charges in nonabelian coho-
mology.

1.2.1. Total fluz in nonabelian dR cohomology. ‘'

First, we need to grasp the notion of total flux embodied by flux densities:

The flux densities seen on a Cauchy surface {to} x X¢ < X149 (18) depend on
to, but differ by the flux densities at another time ¢; by a concordance of closed
a-valued differential forms (37), namely by a joint extension to the interval [to, t1]
provided by the spacetime flux density F (cf. Fig. 2):

{tl} x X é(tl) € QéR(Xd; U.)Cl
thl Lt*l
(38) [to,tl] x X4 ﬁ € QéR([to,tl] X Xd;a)d
I”O ILzl
{to} x X4 é(to) S Qtl:lR(Xd;a)cl'

Hence, the total flux [é] — which should be that quantity which is preserved under
time evolution of flux densities — is the concordance class of a flux density B. The

10The notion of fluz quantization (often: “charge quantization”) goes back to [Dir31] for the
case of the ordinary magnetic flux quantized in ordinary 2-cohomology (“Dirac charge quantiza-
tion”); modern accounts are [Alv85; Frall, §16.4e]. The idea that magnetic “B-field” flux can and
should analogously be quantized in ordinary 3-cohomology is due to [Gaw88] and was popularized
by [FW99]. The idea that magnetic “C-field” flux can and should analogously be quantized in a
(shifted form of) ordinary 4-cohomology is due to [Wit97b; Wit97a] and motivated the definition
of Whitehead-generalized (meaning: abelian generalized) differential cohomology by [HS05]. The
proposal that “D-brane charge is in twisted K-theory” (Hypothesis K, cf. Ex. 1.11) is, originally
somewhat implicitly [MWO00; nLa25f], the further generalization to flux quantization of the RR~
field. Understanding this in a general context of higher fluxes quantized in Whitehead-generalized
(meaning: abelian) cohomology theories is due to [Fre02].

But quantizing RR-flux in K-theory means, implicitly, to quantize not just the magnetic but
also the electric fluxes (cf. again Ex. 1.11), an evident fact whose significance may have remained
underappreciated. That in the presence of non-linear Bianchi identities the joint quantization of
magnetic and electric fluxes must be in nonabelian cohomology was made fully explicit in [FSS22,
§3; SS24a; SS25d], with the required nonabelian character map established in [FSS23], following
the specific discussion for 11D SuGra fluxes in [F'SS20] (which provides a twisted nonabelian
solution to the above “shifted quantization” problem of the C-field, by [FSS20, §3.4 Prop. 3.13]).

1 The notion of total flux in nonabelian de Rham cohomology is made explicit in [SS25d, §3.1].
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set of the concordance classes of flat a-valued forms is the nonabelian de Rham
cohomology Hix(—;a):

(39) [B] € Hig(X%a) = (QéR(Xd;a)d) /concordance .
For example:
e For a = [B™Z (26), the nonabelian de Rham cohomology (39) reduces to
ordinary de Rham cohomology:
(40) Hig(X;B"Z) ~ HiR(X).

Therefore, the total magnetic flur, in the above sense, encoded in the or-
dinary Maxwell flux density F5 (1) is its de Rham cohomology class, as it

should be.
1.2.2. Charge in Nonabelian Cohomology. '*
In the case that
X4 ~ R —RP

(1) ~ RP x Ry x 47771

is the complement of a “p-brane” submanifold (assumed Cartesian here, just for
the moment and for simplicity) then the total flux on X% (39) is to be thought
of as “sourced” by and thus reflecting charge distributed on RP. But generically
this charge comes in indivisible units, hence is “quantized” in (for the moment) the
naive sense of being discretized, while the total flux as defined so far does a priori
vary continuously, cf. (40).

In other words, there ought to be:

(i) a set of charges, to be denoted H'(X?; QA), depending contravariantly on
the homotopy type of X<, only,
(ii) a map assigning to these charges the total flux which they source, to be
denoted
A

ch
(42) HY(X% QA) —2 s HI (X% a)

and being natural in X?.

The first demand on charges in § 1.2.2 may be satisfied by choosing any (con-
nected, pointed) topological space A as a classifying space of charges and taking
the set of charges to be the homotopy classes mo(—) of the continuous maps into
this classifying space

(43) HY (X% QA) == moMap (X%, A).

This is the nonabelian cohomology with coefficients in the loop co-group of A. 3

12Early consideration of this elegant notion (43) of generalized higher nonabelian cohomology
(subsuming the component-based definitions going back to Giraud) is in [Toé02, Def. 6.0.6;
Sch09b, Def. 2.3; NSS15; Lurl4, Def. 6], monographs include [FSS23, §2-3; SS26e].

The relation to physical charges is further discussed in [SS25d, p. 24], going back to [Sch09b].

13Evidently, the right hand side of (43) immediately applies also to non-connected A, in which
generality we write H?(X;.A) := mo Map(X¢, A). But the restriction to connected A and the
understanding of (43) as cohomology in degree 1 with coefficients in Q2.4 makes a little more
transparent the nature of the nonabelian character map in § 1.2.3 below, where the Whitehead
Loo-algebra [A (§ 1.1.6) is really the rational incarnation of QA. Of course, one could alternatively
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Example 1.7 (Charges in Generalized and Nonabelian Cohomology).

Ordinary cohomology: With A = B"Z we obtain ordinary cohomology

(44) HYX;QB"Z) ~ H"(X;7Z),
such as, for instance,

(45) H'(X;Q(B*Z x B*Z)) ~ H*(X;Z)*.
This is the set of ordinary electromagnetic charges in 1+3D, such as carried
by any integer numbers of electrons and magnetic monopoles (which are 0-
branes), respectively:

(46) H?*(R*-R% Z) ~ H*(5%) ~ Z.

Topological K-Cohomology: With A = Z x BU we obtain (complex topologi-
cal) K-theory

(47) H°(X;Z x BU) ~ [[ H'(X;QBU) ~ K(X),

nez

which witnesses integer numbers of Dp-branes for even p = 2k:

(48) K(R®—RP) ~ K(S572%) ~ 7.

Cohomotopy: With A = S™ we obtain Cohomotopy

(49) HY(X;Q8™) ~ 7"(X),
which for n = 4 witnesses integer numbers of M5-branes

(50) ™R —R%) ~ 7($*) ~ Z,
and integer numbers of M2-branes (together with some fractional M2-
charges):

(51) (RO —R?) ~ 1%(S7) ~ Z x Zjy5.

1.2.3. The Character Map. **

The second demand in § 1.2.2 is then satisfied by the cohomology operation
which is represented by the rationalization unit map 77% followed by extension of
scalars from Q to R:

Q
(52) ATa, pog Bee) gy
L o 4

which lands in nonabelian de Rham cohomology with a-coefficients iff A is admis-
sible in that its Whitehead L..-algebra is isomorphic to the Gauf-law L..-algebra:

(53) A~ a.

In this case a nonabelian de Rham theorem [FSS23, §6] gives the identification on
the right of the following diagram (54) and hence defines:

instead consider Whitehead Loo-algebroids. In any case, this means that the connectedness of A
is at most of notational relevance.

14The nonabelian character map is due to [FSS23, §IV; SS25h], following [FSS22, Def. 3.7],
which in turn follows [FSS15b, §4] (the case of 4-Cohomotopy) and [F'SS20] (the case of tangentially
twisted 4-Cohomotopy, reviewed in [FSS23, §12]).
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Definition 1.8. The nonabelian character map ch™*, from nonabelian cohomology
with coefficients in Q.4 to nonabelian de Rham cohomology with coefficients in [A,
is the nonabelian cohomology operation induced by R-rationalization 775 (52) of
the classifying space A, as follows:

Charge in Q.A-valued
nonabelian cohomology

Total flux in [A-valued

character de Rham cohomology

A
chy

1 . 1 .
(54) H (X QA) Hlp (X;1A)
i i &
o Map(X, A) (n2)- mo Map (X, LRA) .

Example 1.9 (Character maps).

(i) On ordinary cohomology, the nonabelian character map (54) reduces to the
ordinary de Rham homomorphism:

(55) ch®"Z . H™(X;Z) —— H7H(X).

(ii) On K-theory, the nonabelian character map (54) reduces to the ordinary
Chern character:

(56) ch™PY: K(X) —— @y HIR(X).

(iii) On 4-Cohomotopy the nonabelian character is a novel cohomotopical char-
acter map (whose properties are reviewed in [FSS23, §12]):

(57) b+ A (X) — Hig(X;159).

Remark 1.10 (The set of choices of flux quantizations). Given a characteristic Loo-
algebra a there exist either none or infinitely many admissible choices (53) of clas-
sifying spaces A:

(i) If A is an admissible choice, then also A x BK is admissible for all finite
groups K € Grp(FinSet). This is just one way of many for spaces A to
have the same rational homotopy type LA.

In other words: A choice of flux quantization law A is a choice of torsion
completion of the charges of the theory, and there are infinitely many ways
that torsion may appear.

(ii) The above assumption that A is simply connected excludes flux quantiza-
tion of any theory involving 1-form flux densities. But we may assume more
generally that A has nilpotent fundamental group acting nilpotently on all
higher homotopy groups (cf. [Hil82; nLa25n]), since in that case Thm. 1.4
still holds. In this generality, the Whitehead L..-algebras [A that appear
are precisely those which are (connected and of finite type and) nilpotent
in that its iterated brackets eventually vanish.

Beware that this class of L,-algebras (playing the role of coefficients of
nonlinear flux densities) is essentially disjoint (away from the abelian cases)
from that one is interested in when considering L.-algebras as coefficients
for gauge potentials (cf. Tab. 1).
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1.2.4. Total Fluz Quantization.

In summary so far, the equations of motion for higher flux densities (5) are to
be complemented by a flur quantization law represented by a classifying space A,
subject to the admissibility condition that its Whitehead L.-algebra (Thm. 1.4)
reproduces the Gaufl law L.o-algebra a (37): 14 ~ a.

Given such a flux quantization law, the solution space of flux densities (§ 1.1.3)
is to be both restricted and extended:

e to the extent that the A-character map ch™ (54) is not surjective,
the physical flux densities are just those whose total flux [B] is in its image;
e to the extent that the character map is not injective,

the lift of the total flux [B] to a charge preimage X is to be part of the
physical field content, alongside the flux densities:

HY (X% 0A4) > X
chAl $
[-]

(58) QUr(X314) , ——— Hi(X;14) > ch(X)

cl

e = /
B —— > [B]
For example,

(i) when A = B?Z, so that the character map is the de Rham homomorphism
(55), then the electromagnetic flux densities Fy whose total flux [F5] is in
the image of the character maps are the integral forms.

This total flur quantization of the magnetic field is observed in exper-
iment: When confining magnetic flux density on a slab X3 = Ruz{oo} X
[—€, +¢€] of type II superconductor material, one observes an integer num-
ber

(59) n €l ~ HZ(RUQ{OO} X [—€,+e); Z)

of magnetic flur quanta penetrating the superconductor, visible via electron
microscopy in the form of (an integer number of) Abrikosov vortices that
these induce in the material’s electron sea.
So, a choice of flux quantization law A for given on-shell fluxes characterized by
a ~ [A is part of the definition of the higher gauge field theory. In fact, below in
§ 1.3 we see that:

The choice of A completes the definition of the higher gauge field content.

Therefore, the choice of A is part of the specification of the physical model. If
the physics to be described by that model is thought to be fixed, then the choice of
A is a hypothesis about the correct mathematical description of that physics, each
such choice entailing predictions about the global behavior of the given physical
fields.

Some choices of A are mathematically more canonical than others, in that they
are minimal in terms of cell complex structure, as already reflected in our notation
above for the corresponding Gauf-law L..-algebras:

15For more on total flux quantization, cf. [SS25d, §3.1-2; BSS26, §2].
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Example 1.11 (Some flux quantization hypotheses).
Dirac charge quantization: For the vacuum Maxwell field (2) characterized by
item (i) in Ex. 1.6
(60) a = [(B’Z x B’Z)
the evident choice of flux quantization is
A = B*Z x B*Z

(61) ~ BU(1) x BU(1)

implying both magnetic as well as electric charges in integral cohomology.
This is the duality symmetric form of traditional Dirac charge quantization,
considered in this form in [FMS07; Bec+17, Rem. 2.3; LS22a, Def. 4.1;
LS22Db, Def. 4.3].

Hypothesis K: For the type ITA RR-field (7) characterized by item (iii) in Ex. 1.6,

(62) a = [(Zx BU),
the evident choice of flux quantization is
(63) A = Z x BU ~ KUy,
implying charges in topological K-theory.
The hypothesis that this is the “correct” choice of flux quantization of
type ITA RR-flux [MWO00; GS22] has received much attention in the past

(cf. [SS25d, §4.1; nLa25{]) and could be called Hypothesis K to distinguish
it from other hypotheses on the global nature of RR-fields (cf. [SS23a, Rem.

Hypothtsli'i. h: For the 5D SuGra gauge field (8) characterized by item (iv) in
Ex. 1.6,

(64) a = 152
the evident choice of flux quantization is

(65) A= 5%,

implying charges in 2-Cohomotopy.

Since 5D Maxwell-Chern-Simons theory has a constrained KK-reduction
to abelian 3D Chern-Simons theory, one may regard this as a hypothesis
about the flux quantization also of the latter [SS26j, §3], and as such we
have called this Hypothesis h (with lower-case “h”) [SS25¢]. This flux quan-
tization turns out to imply fine detail of quantum Chern-Simons theory
[SS25¢, §3] and makes novel predictions on where and how to find (non-
abelian) anyons in fractional quantum (anomalous) Hall systems [SS25e,
Fig. D; SS26g; SS25f; SS25¢, §4.2].

Hypothesis H: For the C-field in 11D SuGra (9) characterized by item (v) in

Ex. 1.6,
(66) a = [5*,
the evident choice of flux quantization is
(67) A= 8%,

implying charges in 4-Cohomotopy.
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The hypothesis that this is at least close to the “correct” choice for the
global completion of 11D SuGra to “M-theory” we have called Hypothesis
H and shown to imply a whole list of subtle topological effects expected in
“M-theory” (cf. [FSS20; FSS21a; FSS21b; SS21]).

Remark 1.12. Tt is important to note that the above nonabelian flux quantization
process concerns quantization not just of the magnetic charges but compatibly so
also of the electric charges. Quantization of electric charges has not received due
attention elsewhere, and it is with the quantization of the electric charges included
that the flux quantization laws generically become non-abelian.

But total flux quantization is not yet the whole story: The full higher gauge field
involves also a gauge potential A (experimentally seen in Aharonov-Bohm effects)
which witnesses a local form of flux quantization. But this turns out to be induced
from the same flux quantization choice A, which is what we turn to next.

1.3. Completed Phase Space. '©

In this section, we need to invoke some geometric homotopy theory (higher topos
theory, cf. [Lur09]) in order to describe the geometry of the phase space of higher
gauge fields, globally completed by a flux quantization law A according to § 1.2.

But a central result (Prop. 2.2 below) says that the “topological sector” of this
phase space (its shape) is equivalently just (the homotopy type of) A! Since this
is all that enters the discussion of the quantization of the topological sector in § 2
below, the reader willing to take this step for granted may want to skip ahead to

§2.

1.3.1. Smooth Sets of Flux Densities. "

So far, we have been considering the set LocSol ~ Qlg (Xd;a)d of on-shell
flux densities (§ 1.1.3), but now we need to regard this as a kind of smooth space
amenable to differential geometry. In fact, we will need to do differential geometry
on a kind of moduli space of on-shell flux densities. But it is an open secret in
mathematical physics that the differential geometry of spaces of fields of almost
any kind falls outside the scope of traditional differential geometry: These spaces
are generically not even infinite-dimensional manifolds.

Therefore, we need to invoke a better differential geometry where smooth spaces
of flux densities do naturally exist. This is the cohesive topos theory of smooth sets:

Definition 1.13. Let CartSp denote the category whose objects are the Cartesian
spaces R™ for n € N and whose morphisms are the smooth functions between these.
Regard this as a site via the coverage (Grothendieck pre-topology) of differentiably
good open covers (covers by open subsets all whose non-empty finite intersections
are diffeomorphic to an R™).

Whatever a smooth set X is, it should be probeable by these R™, in that we
should know of X:
(i) the sets of smooth probes (“plots”) PIt(R", X) := {R" ---> X},
(ii) the (contravariant) functoriality of these sets under precomposition with

ordinary smooth functions R™ EA Plt(R™2, X) RN Plt(R™, X),

16For more on the completed phase space see [SS24a; SS25d, §3.1].
17For more on the topic of smooth sets in physics see [Sch25¢c; GS25; IM25]
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(iii) and the fact that probes by some R™ may be glued together from compatible
probes by covering open subsets.
Jointly, this says that the sets of probes/plots of a generalized smooth space X
should form a sheaf of sets on CartSp — and that’s actually all we need to know
about such X:

Definition 1.14. Smooth sets are the sheaves on CartSp:
(68) SmthSet := Sh(CartSp).

The morphisms X — Y of these sheaves are the smooth maps between smooth
sets.

For example:

(i) Smooth manifolds X are smooth sets via the ordinary smooth functions
into them: PIt(R"”, X) := C*°(R", X).

(ii) In particular, the R™ themselves become smooth sets this way (Yoneda
embedding) and the given plots R --- X of any smooth set are equivalently

the smooth maps R" — X (Yoneda lemma).
(iii) For smooth sets X;, X, their product smooth set X1 x Xo is given by
Plt(Rn,Xl X XQ) = Plt(Rn,Xl) X Plt(]Rn,XQ)
(iv) For any pair of smooth sets X, A the set of smooth maps between them be-
comes a smooth set Map(X, A) via Plt(R", Map(X, A)) := {R" x X — A}.
The last of these examples shows how typical spaces of fields are naturally smooth
sets. This has evident variants, of which one of key interest to us is:

(v) For an Le-algebra a (22) the moduli smooth set of closed a-valued differ-
ential forms is

(69) Qir(—;a)a € SmthSet
whose R™-plots are just the closed a-valued forms on the probe space R™:
(70) PIt(R", Qig(—1a)a) = Qr(R";a)a,
The definition (70) bootstraps, over Cartesian probe spaces, the idea that there
is to be a universal closed a-valued form F,;, on the smooth moduli space whose

pullback along smooth classifying maps uniquely produces all others — which then

in fact follows generally, for X any smooth manifold (and generally any smooth set
X):

Hom (X, Qg (—;a)a) —=— Qir(X;a)a

¢

(71) B
(X - chiR(_;a)Cl) — ¢*Funiv~

1.3.2. Deformation moduli of flur densities. '°

We have seen deformation classes of closed a-valued forms in the form of con-
cordances over the interval Al = [0,1] (in § 1.2.1). These deformations serve as

18The object J QLR (—;a)c1 was introduced in [Sch13, §4.4.14.2; FSS23, (9.2)], more exposition
is in [SS25d, p. 26].

The ambient co-topos of smooth co-groupoids goes back to [FSS12, §A; Sch13, §3.3] following
[Dug98]. The definition is reviewed in [FSS23, §1], monograph accounts are [FSS23, §1; SS26d,
§4].
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coboundaries between closed a-valued forms. But in a higher gauge theory with
flux densities of higher degrees, there are in general also higher order such defor-
mations/concordances, parameterized over the topological k-simplices Afop. The
tower of these higher-order deformations enhances the smooth set (70) of closed

a-valued forms on R"” to a simplicial smooth set

(72) fﬂ}m(—;a)cl € SmthSeta ,
whose simplicial sets of plots are
(73) Plt (Rn x AR ] Qg (= a)cl) = Qlg (R” X AL a) 1

Here, in evident generalization of (68), simplicial smooth sets are the objects of
the sheaf topos

(74) SmthSeta := Sh(CartSp x A)

over the product site of CartSp (Def. 1.13) with the simplex category (the latter
equipped with the trivial Grothendieck topology), whose objects are formal prod-
ucts

(75) R™ x A* € CartSp x A, n,k € N

of a Cartesian space probing smooth structure and of a cellular simplex probing
higher homotopy structure.
We will regard as homotopy-invertible the simplicial smooth maps in the class

(76) W := {Local weak homotopy equivalences} C Mor(SmthSeta),

whose simplicial maps of probes, when restricted to arbitrarily small probes (to
stalks), are simplicial weak homotopy equivalences. Doing so means to regard
simplicial smooth sets as presentations of smooth oco-groupoids (cf. [FSS12, §A;
FSS23, §1; SS26d, §4]):

(77) SmthGrpd,, := L" SmthSet .
The plain smooth sets may be faithfully understood as simplicially constant
simplicial smooth sets,
(78) SmthSet < SmthSeta ,
and as such there is a canonical smooth simplicial inclusion morphism from the

smooth moduli space of closed a-valued forms (69) to this simplicial smooth moduli
space (72) of their deformations:

(79) Op(—0) < [ Ul (—5 )t

This map witnesses how a fixed flux density, on the left, becomes deformable, on
the right. For example:

e for a = [B"Z, then
(80)  JQln(—ia)a = DK(0 — Q% (=) <> - < Qi (-)a)

is equivalently, as a smooth co-groupoid (77), the simplicial incarnation of
the n-shifted de Rham complex (cf. [FSS23, Lem. 9.2]).
Conversely this means that we may regard [ Q}g (—; a) as the nonabelian de Rham
complex with coefficients in the L.-algebra a.
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1.3.3. The differential character map. **

Where smooth sets are simplicially constant simplicial smooth sets (78), on the
other extreme every topological space A induces its fundamental oo-groupoid or
shape (cf. [SS26d, §4.3.2; SS26e, §9.1.1]) 2°

(81) J A € SmthSeta —— SmthGrpd__,

which is represented by a geometrically discrete (hence constant on CartSp) sim-
plicial smooth set, given by its singular simplicial complex:

(82) Plt(R" x A*, [ X) = Hom(A[,,, A).
The general formula for the shape [ X of a smooth co-groupoid X is
(83) Plt(R" x A", [X) ~ Hom(R" x Af,,,X),

and despite the superficial dependence on the Cartesian probes in this formula, the
result is, up to equivalence, a geometrically discrete oo-groupoid (hence is “pure
shape”, not carrying geometry):

(84) JX € Grpd,, “— SmthGrpd, .

In fact, all previous constructions related to a choice of classifying space “A”
(connected, with abelian fundamental group and of rational finite-type) only depend
on its shape, whence we will understand from here on that A denotes the pure shape
of a classifying space:

(85) A= [A € Grpd,, “—— SmthGrpd,, .

Now, a reframing of the fundamental theorem of dg-algebraic rational homotopy
theory ([FSS23, §5 & Def. 9.2]) gives a differential nonabelian character map of
smooth oco-groupoids

(86) A0 Tl (1A),

which is an equivalent incarnation in SmthGrpd, of the rationalization map nili in
Grpd,, that defines the nonabelian character map (54).
1.3.4. The completed phase space. >*

With all this in hand, we may now refine the picture (58) of flux quantization
from total fluxes (being nonabelian cohomology classes) to the actual flux densities.
We have produced a pair of coincident maps of smooth co-groupoids

A
(87) lch““ (where a ~ [A),

chiR(_§ a)el 1 IchiR(_Q a)el

19T he differential nonabelian character map (86) is due to [FSS23, Def. 9.2] (a reinterpretation
of the classical rationalization map in dg-algebraic rational homotopy theory reviewed as [FSS23,
(5.17)]). The expression (83) for the shape of smooth co-groupoids is due to [BBP24].

201y, (81) the functor v regards a simplicial smooth set as a smooth oco-groupoid via the
simplicial localization of (77).

21The construction of nonabelian differential cohomology is due to [FSS23, Def. 9.3] and its
interpretation as providing the completed phase space of higher gauge fields is made explicit in
[SS24a, Def. 2.6].
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which describe universally how flux densities (on the bottom left) may correspond
(on the bottom right) with A-valued charges (on the top right).
Concretely, for X7 a Cauchy surface and

o x4 B, QL (—; a)o modulating (71) on-shell flux densities B,

o X4 X5 Aclassifying a charge in nonabelian cohomology (43),

their compatibility is expressed by homotopies A filling the resulting square of
smooth oco-groupoids:

Definition 1.15 (Global phase space and Nonabelian differential cohomology).
Given equations of motion (5) for higher flux densities characterized by an Lo-
algebra a (Thm. 1.4) and an admissible flux quantization law A (53) then a globally
complete on-shell gauge field configuration is a dashed cone of smooth co-groupoids
over (87) with tip X%

(88) 5} %
‘ I
Qlr (= a)a —— [ Qir(— a)a .

Equlvalently, if we denote the universal such cone by Ajg;g, then the choice of gauge
potential A for given on-shell flux densities Bis equivalently a dashed lift as shown
here:

Xuniv
Adlff —

(89) o Buniy ’ chA

Xt B 0l (—a)g —T s [l (5 a)a.

The gauge (homotopy) equivalence classes of such data are the nonabelian differ-
ential cohomology of X

(90) Héiﬂ‘(Xd;QA) = ﬂOHom(Xd,Adiff) )
Example 1.16.
(i) For A = B?Z, the data (89) are equivalently U(1)-principal bundles with
connection, the usual model for the electromagnetic field.
(ii) For A = B3Z, the data (89) are equivalently U(1)-bundle gerbes with con-
nection, the usual model for the B-field (11) [FSS23, Ex. 9.4].
(iii) For A = Z x BU, (89) are cocycles in “canonical” differential K-theory
[FSS23, Ex. 9.2].
(iv) Generally, for A = E,, a stage in an Q-spectrum of spaces, the nonabelian

differential cohomology (90) reduces to “canonical” differential E™-cohomology

[FSS23, Ex. .
(v) For A = [S™, we say that (90) is (unstable/nonabelian) differential coho-
motopy.

Accordingly, given an admissible flux quantization law A, then

(91) PhsSpc := Map(X?, Aqig) € SmthGrpd,,
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is the phase space of the higher gauge theory: the “space” (smooth oo-groupoid) of
globally completed on-shell field configurations.

Remark 1.17 (The higher gauge potentials). It is not obvious that the homotopy
denoted A in Def. 1.15 locally corresponds to the usual (higher) gauge potentials
seen in the physics literature, in cases such as in Exs. 1.1 and 1.11. That this is
indeed the case is remarkable and is shown:

(i) for higher U(1)-gauge fields in [FSS23, Ex. 9.4],
(i) for the 11D supergravity C-field in [GSS24a, Prop. 2.48],
(iii) and for the self-dual gauge field on the M5 in [SS25¢, §B].

The cases of the RR-field and of the 5D MCS field follow analogously.

In view of all these examples of higher gauge fields one is naturally left wondering
about the common case of nonabelian Yang-Mills fields. Here we have the following
interesting subtlety:

Example 1.18 (The (non-)example of Yang-Mills fields). Beware that Yang-Mills
fields (cf. [RS17; nLa25x]) for a nonabelian gauge Lie group G (with Lie algebra
g) such as U(n), n > 2, are not an example of Mazwell-type higher gauge fields in
the sense of § 1.1.2 (as the term “Maxwell-type” suggests). This is because:

(i) their flux densities {F* € Q3g ()A( )}ji:ml(g) in general are not globally de-

fined on spacetime X as required in (3), but only on a good open cover
X=X ,
(ii) the Bianchi identity d F* = f2 A A F© (involving the structure constants

(fe € R)if:gi)l of g) is not a polynomial in the flux densities alone, as

required in (4) and (5), but depends also on the gauge potential 1-forms
{A" € Qir(X)}.

Accordingly, there cannot be a classifying space A whose character map § 1.2.3
witnesses the quantization of nonabelian Yang-Mills charges as it does exist for the
higher Maxwell-type field species in Ex. 1.11.

But one can turn this around: There is an evident “candidate” classifying space,
namely the traditional classifying space of G-principal bundles, denoted A := BG
(cf. [RS17, Thm. 3.5.1; SS26d, §3.3.1 & Thm. 5.2.13]), and one can ask which
kinds of higher gauge fields are described by using that in Def. 1.15:

Given that in the (co)limit of infinite rank this goes to the classifying space of
(reduced) topological K-theory, BU(n) "= BU (63), we already see that setting
A = BG generally gives a differential refinement of the nonabelian cohomology
theory sometimes called unstable K-theory [HK04]. The cocyles of such differential
unstable K-theory have been worked out in [FSS23, Prop. 9.4], following [HSO05,
p. 28]: They are indeed represented by principal connections, hence by Yang-
Mills fields, but subject to a stronger equivalence relation than principal gauge
isomorphism.

This stronger equivalence relation is of course that which in the stable case,
n — 00, has been argued to reflect D-brane/antibrane pair creation/annihilation
[Wit98, §3]. This is an immediate consequence of the traditional Hypothesis K
which may remain underappreciated: If D-brane charge is really classified in K-
theory, then the Yang-Mills fields commonly considered on coincident D-branes
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(following [Wit96, p. 7]) are not as such actually physically observable, only their
class in differential K-theory is (cf. [BSS19]).

2. QUANTIZATION OF THEIR TOPOLOGICAL SECTOR

Now that we quantize, our ground field becomes the complex numbers.
2.1. Topological Observables. >*

In quantizing the topological sector of a globally completed (flux-quantized)
higher gauge theory, we first consider the topological observables, in order to then
pass to their quantization as an algebra of topological quantum observables, and to

the determination of the topological quantum states.

2.1.1. Ordinary topological observables. **
Ordinary observables O are the smooth scalar functions on phase space (91):

(92) PhsSpc -2 C.

Since C € SmthSpc — SmthGrpd,, is O-truncated, these are automatically gauge
invariant.

A topological observable is one that is sensitive only to the global shape of the
phase space, but not to its local geometry, hence is such a map (92) that factors
through the shape unit:

o
( I ¥
(93) PhsSpc —— [ PhsSpc ----- > C.

As before, since C is O-truncated, this factors furthermore through the O-truncation
of the shape of the phase space, which is the set of connected components 7y(—):

o
( 77-|' 77[_]0 l’
(94) PhsSpc —— [ PhsSpc ———— 7o) PhsSpc ------- > C.

Moreover, realistic observables (those realizable in experiment) are nonvanishing
only on a finite number of connected components of the phase space. Therefore the
realistic topological observables form the 0th homology of the shape of the phase
space:

(95) TopObs = Hy( PhsSpe; C).

2.1.2. Higher topological observables. **

Beyond its connected components, (the shape of) the phase space encodes infor-
mation about higher global symmetries of the higher gauge fields, also known as
“categorified symmetries” (cf. [SS09]), “generalized symmetries” (cf. [GRT24]) or
“higher-form symmetries” (cf. [Per25]), for more see [Kai26; nLa25h]. If we imagine
(as has become common these days) that these are also observable in experiment,

220ur discussion of topological observables follows [SS24b, §3] and [SS22, §2.5; CSS23, §4].

23Tor the ordinary notion of observables as smooth functions on phase space see [SW76]. For
ordinary topological observables as the 0-homology of phase space see [SS26j, §4.1.4].

24The notion of higher observables as the higher homology of a higher stacky phase space
appears in [CSS23; SS24b, §4] following [SS22, §2.5].

The homotopy theory of co-vector spaces modeled as simplicial chain complexes is established
in [SS26¢, Def. 3.2, Thm. 3.3].
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then we should say that we have an N-graded vector space of topological higher
observables, given by the higher homology groups of the shape of the phase space:

(96) TopObs, := H,(J PhsSpc; C).

We may further resolve this structure by passing from homology classes to chains.
To that end, consider the category of simplicial chain complexes

(97) Ch(Vect) , := Sh(A, Ch(Vect))

and force into homotopy equivalences the maps that induce quasi-isomorphisms on
totalizations:

(98) W = {Total—quasi—isomorphisms} C Mor (Ch(Vect) A) ,

to obtain the oco-category of co-vector spaces (equivalently: HC-modules, cf. [SS26a]):
(99) Vectos := L™ Ch(CVect) , .

Now, since simplicial chain complexes support a combinatorial simplicial model
category structure with the above weak equivalences (98), there is a canonical
“tensoring” of oo-vector spaces over oo-groupoids

(100) Grpd,, X Vecteo o), Vect oo

which on the tensor unit 1 € Vect, sends co-groupoids to their C-linearization or
C-motive (cf. [Schl4, §8.2; SS25i, Prop. 2.10; SS26a, §2.3]), represented by what
classically is their singular chain complex C[X]:
(101) X € Grpd,, F Clx] = x-1.

Therefore, the motive of the shape of the phase space is
(102) TopObs = C[[ PhsSpc| € Vecto
and the higher topological observables (96) are its stable homotopy groups:
(103) TopObs, ~ m,(TopObs) = 7,(C|[[/PhsSpc|) .
2.1.3. The shape of phase space. *°

Hence, to proceed with analyzing the topological observables, we need a good
handle on the shape of the completed phase space of flux-quantized higher gauge
fields.
Lemma 2.1 (Smooth Oka principle). For X € SmthMfd < SmthGrpd, and
any A € SmthGrpd_ we have natural equivalences
['Map(X,A) ~ Map(JX,[A)

(104) Map (X, IA) .

R

Proposition 2.2. The shape of the nonabelian differential cohomology moduli Aqgig
(89) is the classifying shape A:

(105) I.Adiﬂr ~ A
and under this equivalence the shape unit is the universal charge map:
(106) 77{4(“3 =~ Xuniv .

25For more on the shape of smooth co-groupoids see [SS26d, §4.3]. The smooth Oka principle
(Prop. 2.1) is due to [BBP24; SS26d, §1.1.2]
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Proof. Using that the shape modality is idempotent, whence [’ ~ id and [ch®* ~
ch?, and that it preserves pullbacks over pure-shape objects we obtain the following
pullback on the right

Aaifr % A T Agin % A
(107) I | B [ |~ Buw| Jont
:
QéR(_;a)clL)jQ(liR(_;a)cl jQéR(—;a)Cl :IQéR(*W)Cy

Since equivalences are preserved under pullback, this shows that [Xuuiv is an equiv-
alence, proving the first statement.
Moreover, the universal property of the shape implies that a map to a pure shape
object like A factors through the shape unit of its domain, so that
Xuniv
( I R
(108) Agit —— [Agix —— A,

for some pure shape map F. But with [X,u, and /%’ being equivalences, also
JF ~ F is an equivalence, which proves the second claim. ([

Corollary 2.3. The shape of the phase space of A-flux-quantized higher gauge fields
is that of the mapping space of the Cauchy surface X? into A:

I PhsSpe 5 I Map(X?, Aqisr) &, Map (X4, Agirr)
(109) '
~ Map(X?
(105) ap (X7, A)
and hence the higher topological observables (103) are the homology groups of this
mapping space (the homotopy groups of its “motive” (102)):

(110) TopObs, ~ 7, <(C [Map(Xd,A)D.

2.1.4. Solitonic fields. *°
Generally, the field configurations of topological interest are solitonic, meaning
that their flux densities and charges vanish at infinity. To model this, take:
(i) the charge classifying space A to be equipped with a (“base”) point, to be
thought of as the classifier for zero-charge:

(111) {0} — A,
(ii) the spatial domain le{oo} to be the one-point compactification of a manifold
X4
(112) Xﬁ{oo} = X?/ends,

identifying the ends of a non-compact space (such as the evident two ends
+00 of the real line) with a point at infinity

26Djscussion of solitonic charges classified by pointed maps is in [SS25d, §2.2; SS24b, §A.2].
The solitonic phase space is discussed in [SS26j, §A.2 (91)].

For the classical notion of one-point compactification (—)L{oo} cf. [Kel75, pp. 150; Bre93, p.
199; nLa250].
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which we take to be equipped with a neighborhood of infinity, Oss — Xglpt.

Then the solitonic phase space PhsSpcSOl is the variant of the phase space (91)
where the fluxes and charges are constrained to vanish on the neighborhood of
infinity. Its shape is computed in corresponding variation of Cor. 2.3 and comes
out as the pointed mapping space Map™(—, —) out of the one-point compactification:

(114) [PhsSpe™! ~ Map® (X .y, A) -

To appreciate this: When modeled via the compact-open topology on the set of
continuous maps to a representative pointed topological space A (with A ~ [A)
out of a CW-complex Xud{oo}7 then the pointed mapping space (114) is the space
of maps X that literally vanish at infinity in that they take the value 0 € A when
evaluated at co € X%

Ky e 4
(115) X € Map* (Xfoy 4) = el J

{oo} ——— {0}.
Accordingly, in generalization of (110) have the solitonic topological observables

TopObsiOl = Te (TopObsSOl) = Te ((C UPhSSpCSOl])

= Te ((C [Map* (Xﬁ{oo}, A)]) .
When X? is already compact, then its point at infinity is disjoint
(117) X compact = Xy = X U{oo},

(116)

in which case the pointed maps reduce to unpointed maps:
(118) Map* (Xﬁ{oo},A) ~ Map(Xd,A) .
Therefore we will suppress the superscript (—)*! in the following and understand

“topological field sectors” and “topological observables” to refer to solitonic fields.
For example: 27

(i) The end of Euclidean space R? is the proverbial “(d — 1)-sphere at infinity”
whose identification with a single point oo closes R? to the d-sphere:

(119) Ry =~ S¢.
(ii) If a space is already compact, then its infinity is disjoint:
(120) X compact = Xifoo} = Xifoo} -

(iii) The one-point-compactification of a product space is the smash product
(=) A (=) of the compactifications of the factors:

Xifooyd X Yifooy}

(20 DOV )y = Katoe) M 0htoed) = g o O g x 0]

(iv) The pointed maps out of a smash product with a circle are based loops of
maps out of the remaining factor:

(122) Map* (S1 AX,A) ~ QMap* (X, A).

27The following statements about the one-point compactification apply to locally compact
Hausdorff spaces.
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2.1.5. Higher-dimensional solitons. **

Yet more generally, a higher-dimensional soliton is a field configuration which is
constrained (only) to vanish at transverse infinity, namely transverse to its higher-
dimensional soliton core.

This is mathematically modeled by adjoining the point-at-infinity to the trans-
verse directions but keeping it disjoint to the longitudinal directions. For instance
Rﬁ (oo} N Rﬁ {_Oz} is the pointed domain space on which to measure “cartesian” or
“flat” p-solitonic charge in d-dimensional space.

FIGURE 3. Abrikosov vortices (cf. [Fra+96; nLa25w], figure adapted
from [LMO09, Fig. 1]), in flat slabs of 2-dimensional type II supercon-
ductors, are the solitonic 1-branes of ordinary electromagnetism (cf.
Ex. 2.4).

A A 3
K\ ) ) R\ ) } oSy
electron
T

§ density
T2

>
7 e *
electron !'
J current o
current, g
‘ { 1 } 1 ‘ ( + 4* density J °
B ' magnetic flux lines s g
% 3
2 2
[ superconductor 3 8
L l]vortex in electron current i )

Example 2.4. The solitonic 1-branes of ordinary Maxwell electromagnetism are
the Abrikosov vortices (cf. Fig. 3): Here spacetime is the wedge product of the locus
RUQ{OO} of an essentially 2-dimensional (type II) superconducting slab of material
on which transverse magnetic flux is localized (not escaping to infinity), with the
remaining Rb’{loo}. With magnetic flux quantized in BU(1) it follows that there are
any integer number of 1D magnetic flux concentrations

mo Map* (R, ARZ(y, BU(1)) = mo Map™ (%, BU(1)) = m(BU(1))
~ 7,

which is famously what is seen in experiment, as indicated in Fig. 3.

(This is the actual experimental test that Dirac charge quantization, Thm. 1.11,
of the magnetic field is the correct hypothesis for the global completion of the elec-
tromagnetic field; while the traditional argument via magnetic monopoles remains
hypothetical.)

(123)

Therefore, in full generality we are to consider any
(124) (Xiom,00) € TopSp*,  with X4 ~ X4  —{oc}

as the spatial domain on which to observe the topological quantum behavior of
higher-dimensional solitons in {2.4-cohomology.

28The content of this section follows [SS25d, §2.2]. Further discussion of different pointed spatial
domains for the same Cauchy surfaces corresponding to different dimensional soliton species is in
[SS22, §2.1; BSS26, §3.2).
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As before in (126), in the base case of no topology-change in the light-front
direction this specializes to

(125) Xom ~ Rl AXS

dom *

2.2. Light Front Quantization. We ask now for the quantization of the higher
solitonic topological observables (116) to quantum observables, hence for the struc-
ture of a generally non-commutative complex star-algebra on the graded vector
space TopObs, that qualifies as the appropriate graded star-algebra of quantum
observables.

Since there is no established non-perturbative quantization prescription for higher
phase space stacks of globally completed higher gauge fields, we will propose one (in
§ 2.2.3), at least for the solitonic topological sector in light-front form, and justify
it by demonstrating the following plausibility checks:

§ 2.2.3: it reflects the (light-front) time-ordering phenomenon characterizing quan-
tum operator products (recalled in §§ 2.2.1 and 2.2.2);

§ 2.2.4: seen after KK-reduction on the transverse space X?~! it yields a (Chas-
Sullivan-Godin string topology) open TQFT,[X %] on the remaining R!;

§ 2.3.3: seen as a d-dimensional Euclidean TQFT on X¢ it fully extends to an
(00, d)-cobordism representation (§ 2.3.3);

§ 3.1.1: it reproduces the non-perturbative topological quantum observables of
Maxwell theory;

§ 3.1.2: it reproduces the phase space structure of topological flux observables in
5D and 11D Maxwell-Chern-Simons theory.

2.2.1. The light front. %°

In order to couple the purely topological nature of the observables from § 2.1
to time evolution on a globally hyperbolic spacetime X% ~ RYM0 x X4 (14), we
consider now quantization in light front form hence for evolution along a lightlike
foliation of X1:@ (cf. Fig. 4). In this situation, as the parameter ¢ € R%? evolves,
the system is necessarily evolving monotonically in space X%, no matter which local
Lorentz frames are chosen in (14).

Of course, light front quantization of 11D supergravity has famously been sug-
gested [Ban+97; Sus97; nLa25¢c] as a non-perturbative quantization capturing as-
pects of “M-theory”, but has traditionally only been applied to local degrees of
freedom (in fact mostly to graviton scattering amplitudes). Our aim here is to
give the topological form of light front quantization which applies to solitons in the
globally completed higher gauge field content.

In the simplest base case, the light front evolution proceeds without “topology
change” in the spatial direction, along a cylinder (cf. Fig. 5):

(126) Rb4 = RV x Xxd4-1 X4 = Rt x x4°1,

(Here X9~ is the transverse space whose notational suppression in (126) yields ex-
actly the picture in Fig. 5.) The quantum observables in this situation are discussed
in §§ 2.2.2 and 2.2.4.

29The light front form (also known as: “infinite momentum frame”) of Hamiltonian evolution
in relativistic field theory was first highlighted by [Dir49, §5]; for review of traditional light front
quantization cf. [Bur96; nLa25]].

The suggestion to think of what we consider in § 2.2.3 as the globally completed and topological
version of light front quantization originates with [SS24b, §4].
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FI1GURE 4. The light front form of relativistic field theory re- A
gards evolution along a fixed lightlike foliation of spacetime \\:\ R0
(such as by the wave fronts of a plane wave of electromagnetic \\:\:\: =
radiation). With respect to a temporal foliation by space- > M \‘:\ T
like (Cauchy) hypersurfaces X%, this means that as the actual \‘:‘:\:\ \\ \\:\\ xd
timelike parameter evolves (along R in the graphics) the - : > I
system is monotonically translating in space, along a foliation AN \\:\:‘:\t\\‘
of X?. Therefore, time-ordered products of light-front observ- \:\:\z\?
ables are equivalently spatially ordered along a foliation of X 9. o

N A 1,0
FIGURE 5. In the case that spacetime and with it the S0 R
Cauchy surface has a line factor, X? = R' x X! (126), Sooe N
the light-front foliation in Fig. 4 may be taken to be the >\>\ >0 JON0K7T
product of X?~! with the canonical light-front folia of 2D \‘:\:\:\ S \\:\\ R1
Minkowski spacetime R'''. We refer to the factor R' here > : > N R e
as the M-fiber, since it plays the role of the extra dimension AN \\:‘\\\\:\?‘
that opens up in describing branes in 10D SuGra via 11D \:\:\:\?3 +'P?\
SuGra [Duf+87; Wit95; Ban+97]. o ’

More generally, there may be “topology change” in that X¢ is a cobordism be-
tween (ends which are) different transverse spaces X{, ! and X% '. The general-
ization of the quantization to this more general situation we discuss in § 2.3.3.

2.2.2. Algebras of Quantum Observables. *°

In order to understand what we are looking for, here we highlight a field-theoretic
generalization of an old insight of [Fey48, p. 381-2] that has echoes in modern
discussion of time-ordered products of quantum fields, but which in itself may be
underappreciated. As a slogan:

The quantum (operator) product O (7)*O1(7) of observables on the 7th folium
(Fig. 4) is their ordinary product Oz (7+€)-O1(7) after slightly shifting (e — 0)
their folium domain into operator order.

Since this may not be citable from the literature, we briefly indicate how to see it
(for more details and pointers cf. [nLa25r, §3]). To that end, we now use standard
notation and terminology from Lagrangian field theory (such as found in [HT92]).

Consider:

e a Lagrangian field theory on a coordinate chart ~ R!*¢,
e with a regular Lagrangian density L (including all of the usual examples,
just excluding pathological field dependencies);

30The observation that the quantum (operator) product of observables is their ordinary product
after shifting their time domains into operator order is due to [Fey48, p. 381-2], there argued with
the time-discretized path integral in quantum mechanics, in this form recalled in [FHS10, §7.3;
Nag99, pp. 33].

We may observe that Feynman’s “very important relation” [Fey48, (45-6)] is (the 1d discretized
version of) what is now called the Schwinger-Dyson equation (cf. [HT92, (15.25)]), which has a
rigorous formulation in general relativistic field theory (not relying on path integral heuristics, cf.
[Rej16, Rem. 7.7]). This may be used to generalize Feynman’s old observation to quantum field
theory (cf. physics.SE:a/685812), including its light-front formulation.


https://physics.stackexchange.com/a/685812/5603

30 HISHAM SATI AND URS SCHREIBER

e ¢ one of its field species (which may be a scalar field or a component of a
more complex field);

° <> the path integral expectation value of fields observables (in some
state), if it exists or can be imagined, or else the time-ordered product,
of its field operator argument.

The key fact now is the Schwinger-Dyson equation for field insertion ¢, which is
the statement that:

o) (G5 -tgi) @ o) = (250 @)) = i+t ).

Multiply this equation with a smearing function f € C°°(R?) (a smooth function
of compact support on a spatial slice), integrate the result over all of space and
over a time interval (1 — €, 7 + ¢) for 7 := y° and € € Ry, and take the limit
e — 0. In this limit all bulk summands in the left term in (127) vanish (using here
our assumption that L depends regularly on the fields) and what remains, under
integration by parts, is just the temporal boundary evaluation of the term involving
the canonical momentum:

oL
128 T = —.
12 5(009)
The result is the value of the following distributional equation on the arbitrary
smearing function f, where we now decompose coordinates as x = (2%, 7):

(120)  lim(r(r+e,7) - 6(r.7) = 6(r.7) - m(r—,7)) = ~ih6" (7T~ F).

e—0

If we think of (---) as the expectation value computed by a path integral, then its
arguments 7 - ¢ are ordinary (pointwise, commutative) products of observables, and
yet this equation (129) expresses the expectation value of the equal-time canonical
commutation relation between field operators and their canonical momenta:

(130) m(Z) % d(§) — o(§) x7(F) = —ihd*(F - 7).

As advertized, we see that the operator product order in (130) is reflected in the
temporal order in (129).

This derivation applies verbatim also after passage to light front form (Fig. 4):
In this case the integral is over an z*-interval (where 2% := % (2° F2')), erected
over a lightlike hypersurface T = 7, and yields the following identity, ** where we
now decompose coordinates as x = (m+, T, i“]_):

lim<7r(7'—|—e,33_,f) . ¢(T,m_,gj) — (;5(7'7 37) ~7r(7'—e,f)>
(132) o
= —ihdd(z~ —y )o (T - 7).

31The factor of 1/2 on the right of (132) originates as a factor of 2 on the left due to the fact
that Lorentz invariant Lagrangians have kinetic terms of the form L = (84+¢) - (0—¢) + --- for
which

oL
(131) Byl = 0_(046) +04(0-0) + -+ = 204(0_9).
9(0,)

This exactly matches a corresponding factor of 1/2 in the canonical derivation of (134), whose
derivation, however, requires more work, see [Bur96, §A].
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Here 7 is the canonical light-front momentum
oL
9(9+0)
and even though its nature in canonical formalism is quite different (being a sec-
ond class constraint, cf. [Bur96]) from that of the ordinary momentum (128), its

operator commutator is again exactly of this form (cf. [Bur96, Table 2.1]), under
replacing time-ordered ordinary products with operator products:

Tr(xia 'fl) * ¢(y7a gL) - QS(yia gl) * W(xia fl)
= —ih %5(1‘7 — y7)5d(fL — ZjL) .
In conclusion, we see again that the operator product order in (134) is reflected in
the light-front parameter order of ordinary products in (132).
This suggests that the quantum product on topological observables should sim-

ilarly be their pointwise product after suitably shifting their light-front domains
into the intended product order.

(133) T o=

(134)

2.2.3. Topological Quantum Observables. **

In the base case that the light front evolution proceeds without “topology change”,
hence along a cylinder Rb4 = R x X9-1X4 = R x X9=1 (126), the solitonic
topological observables (116) are the homology of the based loop space of a topo-
logical phase space in codimension=1,

(135) M := [PhsSpc,_; := Map” (Xud{oi},A),

namely:

TopObs, (E H, Map ‘{OO},A),(C)

(
(Map* ((R! x X%°1) oc), A); C)
(
.

H,
(136) ~  H,(Map*(S* A X4 A),(C)

u{oo}?

d .
QMap XH{O;},A),(C)

= H, (Q M; (C) .
As such, the observables carry the graded Pontrjagin algebra structure induced by

pushforward in homology

(137) H(QM) ® Hy (M) = Hy (M) x (QM)) —=C5 H, (M) x (M)

L . 2

along concatenation of loops

. 1
(138) J2R RU{OO} - M

b o l(2h),

32The discussion of Pontrjagin algebras as algebras of quantum observables follows [SS24b,
§3-4; (0SS23, §4; SS22, p. 18; SS25¢, Fig. 11].
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given by:
OM x QM —*— QM
(139) 0 (In(—2)) if 2!

SO;
> 0.

Ly, £ — loxl : xt =
(2, 1) 2 {Eg(ln(—l—xl)) if 1

Here we are notationally (ab)using the happy coincidence that both concatenation
of loops as well as quantum products of observables are commonly denoted by the
symbol “x”.

Let’s see what this means under the identification (136):

(i)

(ii)

(iii)

(140)

(iv)

A loop
{e QM

is the spatial component (the temporal component being topologically triv-
ial) of a light-front field history (“path”) of solitonic charges.

As such, this is best understood, equivalently, as a path through moduli
space which happens to be constant on the vanishing field configuration in
the far past and future.

Topological observables are sensitive exactly to the homotopy class of such
loops:
0] € m(QM) ~ m(M).
Specifically, the corresponding homology class
RS (C[m(M)} ~ HO(QM;(C)

is equivalently the characteristic function of [¢] among the compactly sup-
ported functions

H, (QM; (C) ~ Map(ﬂ'l(M),(C)

cpt
and as such is to be understood as being the binary observable (classically:
the projection operator) which asks:
“Is the solitonic light-front charge history of form ¢, up to contin-
uous deformation?”
The Pontrjagin product of a pair of such observables,

5[52]*5[61] = 5[(2 *41]

is hence the observable which asks:

“Is the solitonic field history, up to continuous deformation, first

of form ¢; and then of the form #¢57”
This is like the product of these characteristic functions after shifting their
light-front domain into product order.

In this way, the Pontrjagin product (137) of solitonic topological observables is the
analog of the time-ordered product of local observables (from § 2.2.2) and therefore
a good candidate for a quantum “operator” product.

Therefore, we regard the graded Pontrjagin algebra structure (137) on the soli-
tonic topological observables as the algebra of topological quantum observables on
solitonic fields:

(141)

(TopObs,, *) € Alg(CVect”).

Here the ordinary topological observables (those in degree=0) form a subalgebra

(142)

(TopObsO,*) € Alg(Vect),
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which is the group algebra of the fundamental group w1 (—) of the codimension=1
phase space (based at the zero-charge configuration):

(143) TopObs, =~ (C[mMap* (x5! )] .

dom>

On the other extreme, before passage to homology we have A..-algebra structure

Wy n,

on the phase space motive (102), which suggestively we will still denote by “x”:
(144) (TopObs, ) € Alg(Vecto),

being the oco-group oo-algebra structure (cf. [AS16; nLa25j]) on the based loop
oo-group of the codim=1 phase space:

(145) TopObs = C[QMap* (X4, 1 A)].

dom>?

Finally, we note that a respectable algebra of quantum observables needs to be a
complex star-algebra, hence equipped with a anti-C-linear involution (—)* reflecting
time reversal. Such a structure is naturally present on the Pontrjagin algebra
(137), given by complex conjugation of coefficients combined with pushforward in
homology:

H, (@;C) H, (QM;§>
(146) H,(QM;C) H,(QM;C) H,(QM;C)
: ) 2
along reversal of loops:
oM~ am

(147) _
L — L:s—Ll1-39).

In fact, the co-group structure of QM induces on TopObs, the structure of a
graded cocommutative Hopf algebra whose antipode is this star-involution.

2.2.4. The 2D TQFT of the M-fiber. *3

The usual global Hamiltonian formulation of a QFT means to regard it as
quantum mechanical evolution along the parameter 7 indexing the spacetime folia
(Fig. 4). For a topological field theory, this retains no evolution information unless
and until spatial topology changes with the parameter 7.

At the other extreme, the extended functorial formulation of 1 + d-dimensional
QFT keeps track of its evolution in all 1 4+ d spacetime directions. This retains
more information about topological field theories, even locally. In fact, the cobor-
dism hypothesis asserts that a fully extended topological field theory is completely
characterized by its restriction to any spacetime point.

Interpolating between these extremes, Kaluza-Klein-style reduction over a prod-
uct decomposition X4 = X194 x X4-4" means to describe a (1 4 d)-dimensional
QFT via a(n-extended) QF T, 4 (X9~ in (1+d')-dimensions indexed by the fiber
space X4,

Considering this for d’ = 1 in the cylindrical situation (126), we expect to obtain
a 2-dimensional TQFT, X 4=1] which describes the propagation of a “string”

33The open/closed TQFT perspective on Chas-Sullivan-type string topology operations was
proposed by [God07] and worked out in [Kupl1]. The observation of Prop. 2.5 (not surprising but
noteworthy) that in the open string 0-brane sector the string topology product coincides with the
Pontrjagin product (137) is due to [SS26j, §4.1.5] using [Kupll, p. 136-7].
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(the M-theory fiber) in the moduli space of fields on X9~!. Specifically, due to
the restriction that solitonic fields vanish at infinity, this is effectively an “open
string” whose endpoints are stuck on the “0-brane” (the base point) of vanishing
field moduli in the moduli space X = Map* (Xd_1 A), cf. Fig. 6.

dom?

FIGURE 6. The topological dynamics (of higher gauge fields flux-
quantized in .A-cohomology) on a globally hyperbolic spacetime X4
with an “M-fiber”, X4 ~ R x X4 (Fig. 5), yieldsa D = 1+1
genus=0 open TQFT on the “M-sheet” R? x R}, which is the “HCFT”
induced by open string topology operations over the moduli space of
topological charges on X?~!. Here the solitonic nature of the topolog-
ical charges, namely their vanishing at infinity, entails that the spatial
ends oo of the “M-sheet” R x R}, are stuck on the “0O-brane” lo-
cus 0o +— {*} — Map” (Xg;i,A) in the moduli space, which reduces
(Prop. 2.5) the string product to the Pontrjagin product of topological
quantum observables from § 2.2.3.

( . . )
open ~ moduli space of charges
string on X1 quantized
topology in A-cohomology
—_—
d—1 d—1
TQFT, X : Mefiber  —  Ho( Qo Map*(Xg,1,4) 5C)
| —
topological dynamics o
seen on the M-sheet TopOb:
ar////”"“‘\\\\\bo TopObs
RLO
— Pontrjagin T product
M-fiber TopObs ® TopObs
. J

Open-closed 2d TQFTs describing propagation on bare target space manifolds
X are known as Chas-Sullivan-Godin string topology operations. In the case of
open strings attached to 0-branes these exist in the further generality that X is any
topological space and one has (using [Kupll, p. 136-7]):

Proposition 2.5. The string-topology TQFT of open strings attached to a 0-brane
by in any topological space X exists and assigns:

(i) to the interval the homology He(Q,X) of the base loop space of X;
(i) to the concatenation of intervals the Pontrjagin product on He (S, X).

For our case, X = Map* (X971, A), this is exactly the topological quantum data
that we obtained in § 2.2.3.

2.3. Topological Quantum States. **

With the solitonic topological quantum observables understood (in § 2.2), we
turn to the corresponding (solitonic topological) pure quantum states. We under-
stand them first as modules over the algebra of quantum observables for trivial
light-cone topology and then in more detail as values of a holographic TQFT func-
tor.

34The following discussion of topological quantum states on solitonic field histories goes back
to [SS22, §3.5; CSS23, §4] with further discussion in [SS25e, §2.1].
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2.3.1. Local systems of topological quantum states. *°
In the case X¢ = R! x X9~ (126), consider the algebra of ordinary solitonic
topological quantum observables TopObs, according to (142). The corresponding
spaces of ordinary topological pure quantum states must be modules over this algebra
of observables. But this being a group algebra (143), these modules are equivalently
the linear representations of the group, and that group being a fundamental group
of a space, these are equivalently the local systems of vector spaces on the connected

component Map(—, —) of the codim=1 phase space:
TopQStSpcs := (TopObsO)Mod(Vect)
(148) ~ (m Map*(Xﬁ{;Ol},A))Rep(Vect)
~ VectMapg(XUd{;}’A) .

Here in the last line,
(149) X € Grpd,, F Vect® := Func(X, Vect) € Cat
denotes the category of local 1-systems on an oco-groupoid X (the shape of some

topological space), being equivalently the category of functors X --» Vect to the
1-category of vector spaces.

Over general base spaces, such local systems are equivalently tuples of linear
representations of the fundamental groups of the base space, indexed by the con-
nected components 7y, which in our case are the total charge sectors in nonabelian

cohomology Hl(XUd{;}, QA) (43):

Map(X

ALA) d—1
(150) Vect (o0}~ H (mMap(XJ{OC}, A))Rep(Vect) .

[z]ef’ (Xf{;} £.4)

This means (cf. Fig. 7) that in generalizing quantum state spaces from local systems
over the connected component of O-charge in (148) to local systems over all of M
(135) we are allowing for all possible topological asymptotic boundary conditions in
terms of asymptotic charge sectors (not necessarily that of vanishing charge) in the
longitudinal direction. (In the picture of Fig. 6, this means that we are allowing
the M-fiber string to be attached to any “O-brane” in the moduli space.)
FIGURE 7. For an inclusion®®
¢ of an asymptotic boundary Xd-1 ¢ L xd
of space (for us: at longitu-
dinal infinity), its nonabelian WoMap*(XUd{;}, A) FoMap*<XCi{oo}, A)
coho;n:.lolg)gy cclzassiﬁzs thet }(1184; I I

mptotic bounaary charges a ~ ~
fnai serve as asyrgptoticg bound- ! (Xucf{;oly QA) ! (Xtci[oo}’ Q'A)
ary conditions for fields.

Map* (t,4)
Map” (b, A)

(Lu{oo})*

35For background on local systems in our context, see [MSS24, Lit. 2.22; SS25¢, Rem. 2.12;
SS25f, Fig. 1].

36We are using that the one-point compactification (—)L{oo} is functorial on proper maps
(between locally compact Hausdorff spaces), such as on boundary inclusions of manifolds: Such
maps extend continuously to the point at infinity. Therefore, while the middle map in Fig. 7 is
really Map* (LU{OO},.A), we are notationally suppressing the subscript (7)U{Oo} on ¢, here and in

the following, for notational brevity.
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In a key example [SS23a], the codim=1 phase space for a suitable theory with
intersecting solitonic branes (a situation slightly outside the scope that we have
reviewed here) is the configuration space of some number of ordered points in the
plane (reflecting the positions of defect branes in their transverse space), whence the
corresponding spaces of solitonic topological quantum states (148) are pure braid
representations witnessing (nonabelian) anyonic “statistics”, a hallmark property of
topological quantum states in 2 dimensions. The variant of this example describing
specifically the anyons of fractional quantum Hall systems we discuss in more detail
in § 3.2.

2.3.2. oo-Local systems of higher topological quantum states. 37

As the full motive TopObs (102) refines the topological observables, so the local
systems of quantum states § 2.3.1 refine to oo-local systems of higher topological
quantum states (cf. [SS26¢, Rem. 3.11]):

TopQStSpc = (TopObs) Mod (Vectoo)

* d—1
(QMap (Xb{oo},A))Rep(Vectoo)
~ VectﬁapS(X:l{;}’A),

1

(151)

2

where in the last line
(152) X € Grpd,, F  Vect® := Func (X, Vectos) € Catoo

is the oo-category of oco-local systems on an oo-groupoid X, consisting of the oco-
functors X' --> Vectq, to the co-category of oo-vector spaces (99).

Since every homotopy type X is equivalently the disjoint union of the deloop-
ings BG, of its loop oco-groups €2, X as the base point x ranges through its con-
nected components, the oco-local systems on X are equivalently tuples of linear

oo-representations of these co-groups (in refinement of (150), cf. [SS26¢, Rem.
3.11]):

(153) Vect® ~ H (Q:X)Rep(Vecoo ) -
[z]emo (X)

Incidentally, this makes manifest that the algebraic K-theory of TopQStSpc
(151) is the HC-linear Waldhausen A-theory of the shape of the phase space ([HS16;
nLa25b]).

2.3.3. The holographic TQFT. **
‘We have seen:

37In dg-categorical language, C-linear oo-local systems go back to [BS14]. A model category
presentation of C-linear co-local systems modeled as simplicial functors is in [SS26¢, §3.2]. Discus-
sion in quasi-category language is in [HL13, §4.3], with relevant points surveyed, in our context,
in [Schl4, Exs. 3.11, 5.6].

38The notion of (co,n)-extended topological field theory is of course due to [Lur08]. The
construction of “classical” examples via mapping spaces into classifying spaces is considered in
[Fre+10, §3; Sch13, v2 §5.2.18.3]. Their quantization by pull-push of coefficients via motivic
yoga (6-functor formalism [Sch25a], here in “Wirthmiiller form” where f' ~ f*, cf. [FHMO03]),
including the Beck-Chevalley condition (158), is considered in [Sch14, Cor. 5.10, Def. 7.6; Sch13,
v2 §5.2, Def. 7.6; Ste25]. That this motivic yoga may be understood as axiomatics for dependent
linear homotopy types which formalize the logic of quantum systems in general was envisioned in
[Schl14, §3.2], syntactically realized in [Ril22, §2.4], and developed for application to (topological)
quantum information/computation (as in § 3.2) in [SS25i]
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in § 2.1: that associated with the full codim=0 phase space space is the motive
TopObs of (solitonic) topological observables;

in §§ 2.3.1 and 2.3.2: that, associated with the codim=1 phase space (in the
case of trivial lightcone topology) is an co-category TopQStSpc of spaces
of quantum states given by the oco-local systems.

But in fact, also the first item is naturally expressed in terms of oco-local systems:
The motive of the shape of the phase space, TopObs (102), is equivalently the
result of pull-pushing the tensor unit co-local system through this correspondence
(cf. [Schl4, Ex. 4.1; SS25i, Prop. 2.7]):

Map* (Xj{oo}a A)

% \p

(154) * S *
ap™ (X4 A . .
Vect?, # Vectar? Kieer® 2w Vect’,
1 C[Map*(Xﬁ{oo}7A)]E TopObs.

Here we are using that for a map f of oco-groupoids there is an induced adjoint pair
of base change functors of co-local systems:

f
7Zf5f!—>

X y

Vect?jo ,

(155) VectfO 1
<~ A;=f——
where the right adjoint A ¢ is pullback, while the left adjoint 7 is given by forming
oo-colimits of co-vector spaces over the homotopy fibers of f — which for constant
systems reduces to the tensoring (100).

However, from this perspective, the system of observables and quantum states
generalizes to spacetimes X% which are not necessarily topologically trivial in
the lightcone direction as in (126), but where X¢ may be a non-trivial cobordism,
hence®” a d-manifold with “longitudinal” boundary I~ U041 := X9, included
as:

(156) i1 o t— 2 o1
Associated with such data is first, under Map*((—)y{oo},A) (Fig. 7), the corre-
spondence which restricts the topological field configurations to their in/out-going
values, and then, under Vect(Z) (152) and pull-push (155), a linear co-functor be-
tween categories of in/out-spaces of higher topological quantum states (cf. [Schl4,
Def. 7.6]):

cad Map" (X A) u,

* (rd—1 *(yd—1
(157) Map (Iu{oo}’ A) Map (Ou{oo}’ A)
Map™ (17} A)  Map™ (i, 4) Map™ (X 0y>A)  Map*(0,4) Map™ (071, A)
Vect oo —— > Vecteo —— = Vecteo .

39We are allowing the cobordisms and their in/out-boundaries to be non-compact manifolds,
but we only ever map out of their one-point compactification, cf. Fig. 7. This slightly non-standard
construction is the relevant one for application to actual physics.
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Due to the Beck-Chevalley condition satisfied by oo-local systems (cf. [HL13,
Prop. 4.3.3]):

XxpY
pry X >:B)) pry, XAPT}* Vect?, g:y )
(158) X \ / Y = Vecty VectZ, ,
\ /
f B ! > Vect? A,

this construction (157) is in fact (symmetric-monoidal) functorial under composi-
tion of correspondences (cf. [Sch14, Cor. 5.10]) to be denoted:

Map* (%=1, A)

It Vectse Y
(159) TopObs(—) : x4 — Map*%{:&},m Map* (ig ooy )

L -

Map™ (O R
041 — Vectoso v{e}

A)

In fact, [Ste25, Thm. 1.2] suggests that this construction extends to a symmetric
monoidal (oo, d)-functor on d-dimensional cobordisms and as such makes a “fully
extended topological quantum field theory” in the sense of [Lur08].

But, while this is technically a TQFT in the mathematical sense, it is not yet the
description of the (light front) time evolution of our topological quantum states in
the Schrodinger picture (cf. [Sch09a, §1, Table 1]): The latter should assign specific
(Hilbert) spaces H of quantum states in dimension d— 1, while TopObs(—) instead
assigns here categories of all possible spaces of states, namely the representation
categories of the algebras of observables, hence equivalently the Morita classes of
algebras of observables. *°

Also note that the coefficients of TopObs(—) are really those of a (d + 1)-
dimensional field theory, which suggests that the physical d-dimensional QFT should
be a boundary field theory of TopObs(—).

We make this precise next.

2.3.4. The Schrédinger picture TQFT. *
The choice of an actual space H(X9~1) of topological quantum states, among
the oo-category TopQStSpc (151) of all possible such spaces, may naturally and

40 ynctorial field theories which assign algebras of observables in codim=1 (instead of spaces
of quantum states) have recently been highlighted [BMS25b, (4.7); BMS25a, (5.3b)] as the Func-
torial Quantum Field Theory (FQFT) equivalent to the local nets of observables from Algebraic
Quantum Field Theory (AQFT).

41The observation that “twisted” or “anomalous” (d—1)-dimensional TFTs may be understood
as natural transformations between extended d-dimensional TFTs we first communicated in 2006
(cf. [nLa25v]). The insight was popularized under the name “twisted field theory” by [ST11, §5]
and then again under the name “relative field theory” by [FT14], from where the broader theo-
retical physics community picked it up, now under names such as “anomaly TFT” or “symmetry
TEFT” (cf. [Apr+23; nLa25v]).

The special case relevant here, of such transformations into the kind of anomaly TQFTs from
§ 2.3.3, we had discussed in [Schl4, §7.3].
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equivalently be encoded as a choice of an oo-functor which is Vect.-linear and of the
following form (therefore determined by its value on the tensor unit 1 € Vecto,):

Map* (X%~ 1 A
(160) Vect,, — Vectoo PT(Xieoy )

1 — H(XIL).
But this is the form of a component morphism over objects of a natural transfor-

mation TopQSts(—) into the functor QObs(—) (159) out of the unit functor, 1
(constant on Vect):

(161) TopQSts(—) : 1 —— TopObs(—).

The codim=0 component of TopQSts(X9) is itself a linear natural transformation
(cf. [Sch14, Prop. 7.9]),

(162)
d—1 M * Idfl 7"4
11— Vects AoHET) Vectoo Utoer
| |
[ o
TopQSts(X?) X4 /\5@” Map*((%{:oc},A) Map* (i, { o} +A)

d—1 Map™ (07 A)
O — Vectoo W Vectoo 5

determined by its tensor unit component:

(163) Uy (X9 ) o A HITY —— H(O.
Map* (0y{oc}»A)  Map™ (iv{so}»A)

Adjointly (155), this is a block multi-matrix (a categorified integral kernel, cf.
[Sch14, Def. 4.12]),

(164) Up(X?) - A HI) —— A H(O4L),
Map* (iufoc} »A) Map* (0yfoc} »A)

indexed by asymptotic boundary conditions (cf. Fig. 7), ** and the pasting compo-
sition of the natural transformations (162) corresponds to the matrix multiplication
of these kernels (164), cf. [Sch1l4, §6.1]. It is hereby that a choice of transforma-
tion TopQSts(—) in (162) encodes, in addition to the spaces H(X 1) of quantum
states themselves, also their quantum evolution U (X?).

“2Namely, (153) shows that Up(X9) (164) it is equivalently a block matrix of size
mo Map* (Iud{;ol} , A) X mo Map* (Ojl{;i}, A) (hence indexed by the asymptotic charge sectors, Fig. 7)
of homomorphisms between co-representations, or rather a block multi-matriz (the incidence ma-
trix of a multi-graph) with entry sets given by the fibers of 7 (Map* (t{o0}»A) xMap™ (0,{ 0} .A)) :
There is one linear quantum evolution operator per topological sector of field trajectories between
given asymptotic topological charge sectors.

One may consider “quantizing further” by summing over these charge sectors to obtain a single
linear evolution map. This is considered in [Sch14, Def. 7.10]. While interesting in itself ([Sch14,
Prop. 7.11]), such “further quantization” is not what the physics and applications suggest to do
in the present case: Pushing the co-local systems on Map* (X&;} ,A) to the point means to form
the coinvariants of the corresponding representations and thereby discards exactly the action of
our topological observables.
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Of course, a globally consistent (“anomaly free”) choice of U(—) is delicate. We
next consider this in the very special but important case of evolution just along
diffeomorphisms.

2.3.5. The modular functor. *3

We consider now the restriction of the above TQFTs from general cobordisms
to those that reflect diffeomorphisms. This is known (at least for 3d TQFT) as
restricting to the modular functor, which records the spaces of states in codim=1
and the action of diffeomorphisms on them.

If we think of TopObs(—) (159) as extended to an (0o, d)-functor then this means
([Lur08, Warning 2.2.8]**) to record also the higher isotopies of diffeomorphisms;
namely to record the topological action of the diffeomorphism group Diff(—).

Now, restricted to the sub-oco-groupoid on X?~!, the transformations (161) are
equivalent to cones indexed over BDiff(X¢~!) and hence to

: o d—1
ﬂBDiH(del)M&p ((X )J{oo}7A)

Map? ((X*71).(o0) 4) ~ Vect
= )

%i_ Vectoo
BDiff(Xd-1)

Map* (X471 {0} A ) /Diff (X471

~ Voot 1 (X900} A) //Dif( ).
whence the moduli space of charges is promoted to the homotopy quotient (aka
Borel construction):

(165) Map® (X {1y, A) /Diff(X47") ~ Map™(X{ly,A)  x  EDiff(X7").
Diff(x9~1)

The correspondingly generally covariantized quantum observables are hence

TopObs, = C {m (Map* (Xj{;}, A) /Dift (Xud{;})ﬂ
(166)
o C [(m Map* (Xud{;}, A)) X (woDiff (Xd_l))] ;

P. 2.24]

where on the right we have the mapping class group
(167) MCG (X9 = mDiff (X4').

This entails that the generally covariantized quantum states are still representations
of the fundamental group of the charge moduli as in (148), but now need to admit
and be equipped with extensions to the semidirect action of the mapping class
group.

3. APPLICATION TO TOPOLOGICAL QUANTUM MATERIALS

Here we connect the general theory of topological quantization of higher gauge
fields, as laid out in §§ 1 and 2, to experimental physics and questions of engineering
of topologically ordered quantum materials.

430ur discussion of equivariance of topological quantum states under diffeomorphisms and
mapping class groups (general covariance in homotopy theory, cf. [Dul23]) is due to [SS25e, Def.
2.11, §2.2; SS25¢].

44This is inside a warning in [Lur08] to highlight that, for d > 3, the equivariance group may
be even larger than the diffeomorphism group, due to the existence of exotic h-cobordisms.
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3.1. Canonical Flux Observables. *°
First, to demonstrate backwards compatibility, we begin by showing how our
general formula (143) for ordinary topological flux observables reproduces quanti-
zation of traditional “canonical” Poisson brackets of topological flux observables —
first for 4D Yang-Mills theory (§ 3.1.1), then for 5D Maxwell-Chern-Simons theory
§ 3.1.2. The case of 11D MSC theory follows analogously.

3.1.1. Yang-Mills Fluz Observables.

We begin with comparing to the quantization of fluxes in ordinary Yang-Mills
theory and show that for the special case of Maxwell theory (to which our setup
applies, by § 1.1) a traditional quantization of the topological observables coincides
with the result of our general formula (143). To that end, consider:

e g a Lie algebra with ad-invariant metric (—, —),
e Y2 a closed orientable surface, not necessarily connected,
o X3 := R x 32 a 4D spacetime of the form (126),

and consider g-valued functions o € C*°(X, g) as observables of g-Yang-Mills flux
through ¥ given by evaluating flux densities Bs, F inside

(168) Jola, =) : Q3 (R' x B;9) —— R — C .

A careful analysis of the standard Poisson brackets of fluxes in g-Yang-Mills
theory reveals the following fact (where gj denotes g with Lie bracket rescaled by
h € R>O):

Proposition 3.1. The phase space of electromagnetic fluxes through ¥ in g- Yang-
Mills theory is the Lie-Poisson manifold corresponding to the Fréchet Lie algebra

(169) c* (2795 X a go) = (C*> (2795) X a c* (E,go)
(where gy, denotes g with Lie bracket rescaled by i € R).

Non-perturbative quantization of such brackets is given by a choice of Lie group
G % (go/A) integrating g x_, go (hence with A C g a G,q invariant lattice) with the
quantum observables forming the convolution C*-algebra of the Fréchet Lie group

(170) C™(%,G xgo/A) = C™(Z,G) x C(,g0/A).

Given this, the topological quantum observables therefore form the group algebra
(cf. [BIJMI10, p. 51, 197]) of the group of connected components:

(171) TopObs = C[my C™ (%, G x go/A)] .

Specializing this to electromagnetism (Maxwell theory) with g = u(1) ~ R an
evident choice of integrating group is

(172) U(1) x R/Z ~ U(1) x U(1)

450n basics of Poisson brackets of observables in field theory, derived from Lagrangian densities,
see for instance [Nasl9, §9]. The role of Pontrjagin algebras in uniformly reformulating the
quantization of topological flux observables was indicated in [SS24b].

46The Poisson brackets of fluxes in ordinary Yang-Mills theory (Prop. 3.1) are due to [SS24b,
Thm 1.1, §A.1], building on the key observation of [CP17]. The non-perturbative quantization
of these brackets in the topological sector is [SS24b, Thm. 1.2], by appeal to Rieffel deformation
quantization [Haw08, §2; nLa25a] of Lie-Poisson structures by group convolution algebras [Rie90;
LRO1, Ex. 11.1; Lan99, Ex. 2].
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in which case the topological observables (171) become:
TopObs = C[my € (2, U(1)?)]
(173) ~ (C[wo Map(E,U(l))Q]
~ c{m Map* (EU{OO},BU(l))Q] .

This result for the topological observables on Maxwell flux, derived via an estab-
lished quantization procedure, coincides with our general formula (145) for the
choice of flux quantization of Maxwell theory from Ex. 1.11.

For example, over the torus ¥ = 72, the magnetic sector gives:

m Map* (T, BU(1)) =~ mo Map* (T ..y, m BU(1))
mo Map(T2,U(1))

1

(174) ~ 1o Map*(T*, BZ)
~ HYT? 7)
~ Za X Zb .
The generators
(175) Wa/b =1 € Za/b > Zig X Ly — C[Za X Zb]

may be understood as the Wilson loop observables for a pair of basis 1-cycles on
the torus. In Maxwell theory, these commute with each other.

Next, we see how this situation changes as the classifying space BU(1) is de-
formed (in § 3.2.1).
3.1.2. Mazwell-CS Flux Observables. **

The local Lagrangian density for 5D Maxwell-Chern-Simons theory (Ex. 1.1) is

1 1 FQ = dA

(176) L = §F2/\*F3—6A/\/\F2/\F2, where Fy = «Fy,
whence the canonical momentum to the field observable A on a Cauchy surface
1: X4 o RMO % X9 (15) is, cf. (18):

~ oL
B3 = By = *F
(177) 37 B(@hA) where { 32 . F2
:Bg—%A/\BQ, 3=t
with Poisson bracket
(178) {/ wi A Bs 7A(gc)} = wi(z), for wy € Qg(X).
X4
The gauge invariant momentum observable is however
(179) By = B3+ AN By,

47The Lagrangian density of 5D Maxwell-Chern-Simons theory is discussed in the context of
minimal 5D SuGra in [CN18, (0.1)] and in the context of quantum electrodynamics in [Hil06,
(2)]. Our observation here on the Poisson structure among the canonical flux observables is a
straightforward consequence, but may not be citable from the literature.
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which therefore has a non-trivial Poisson bracket with itself:

(180) {/ wl/\Bg,/ (4//\33}:;1/ wl/\w’/\Bg.
X4 X4 X4

The topological flux observables should be those for which the smearing form w
is closed,

(181) dw, = 0.

On these, the remaining mixed Poisson bracket vanishes:

(182) {/ wl/\B3,/ ngBQ}Z/ (.dg/\du.q,
X4 X4 X4 ~~—

=0

so that the topological Poisson structure (180) is that of a Heisenberg algebra. *®

After an electric/magnetic flux quantization law is imposed (which is unclear
how to properly do in the traditional “canonical” formalism), we are therefore to
expect that the topological quantum observables on fluxes in 5D MSC theory form
a discrete Heisenberg algebra. This is exactly what we will find below in § 3.2.3 via
the complete construction of flux-quantized flux quantum observables from § 2.

A completely analogous argument, just up to degree shifts, applies to the C-field
gauge sector of 11D SuGra, and again we find the suggested discrete Heisenberg
algebra structure brought out, below in § 3.3.1, by the complete construction of
flux-quantized flux quantum observables from § 2.

3.2. Anyons in FQ(A)H-Materials. *

After a long history as a theoretical curiosity in mathematical physics, (abelian)
anyons (cf. [Gol23; nLa25d]) have consistently been experimentally reported in
recent years (starting with [Nak+20], see [Gho+25] for the state of the art), in
the guise of surplus magnetic flux quanta (and their induced “quasi-hole” vortices)
in cold 2-dimensional electron gases penetrated by transverse magnetic flux with
an exact integer (or rational) multiple of background flux quanta per electron (cf.
Fig. 8).

These fractional quantum Hall systems (FQH, cf. [Sto99; nLa25q]) have thereby
become the leading (currently the only) known hardware platform potentially sup-
porting topological quantum operations plausibly necessary for non-trivial quantum
computing technology. However, for that application one needs more than the mere
presence of solitonic anyons that has so far been established, one will crucially need
fine-grained control over their movement and hence a detailed understanding of
their fundamental nature.

However, the theoretical understanding of these FQH anyons has remained im-
mature. The traditional description by effective Chern-Simons field theory is fraught
with internal inconsistency at the global level and in general relies on an outdated
hierarchical picture of FQH anyons (cf. [SS25¢, Rems. A.1-3]).

4875 we further pass to the connected component of topological observables understood as
the de Rham class their closed smearing coefficient w, then (180) is a Heisenberg extension of
HéR(Xd) by HiR(Xd). On a 2-torus, the bracket structure (180) coincides with the degree=0
Lie algebra of the toroidified Loo-algebra tor?(S2, cf. [SV25b, p. 10; GSS26, (83)].

49The construction of topologically ordered anyonic quantum states of FQ(A)H systems via
flux quantization in 2-Cohomotopy (Hypothesis h in Ex. 1.11) is due to [SS25e; SS26b; SS26g;
SS25f], exposition is in [SS25a; SS26]].
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FIGURE 8. Anyons in fractional quantum Hall (FQH) systems are
(quasi-hole vortices in a 2D electron gas induced by) surplus magnetic
flux quanta on top of an exact filling fraction of some integer/rational
number K of flux quanta per electron. The adiabatic braiding of their
worldlines causes the quantum state of the whole system to change by a
global phase. This phenomenon is experimentally well established, but
challenges traditional theory which does not readily apply to strongly-
coupled and global topological phenomena.

i
K flux-quanta absorbed § - ek “II>
by each electron: (cf. [St099, Fig. 16])
P /‘ b ol 1-
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Turning this situation right-side-up, since FQH anyons are, remarkably, magnetic
flux quanta (in a strongly coupled electron gas environment), the description of their
quantum topology calls for a globally consistent description of flux of the kind we
have discussed in § 1. By the results there, we are thus to ask for a classifying space
A which serves as a deformation of the ordinary magnetic classifying space BU(1)
from § 3.1.1, now modelling the effective behavior of surplus flux in FQH systems.

We turn to A = S? the 2-sphere.

3.2.1. Solitonic strings in 5D. °°

We are going to model the anyonic solitons in FQH materials as the KK-
compactification of anyonic strings in 5D Maxwell-Chern-Simons theory flux-quantized
according to Hypothesis h (Ex. 1.11).

By the general discussion of solitonic branes in § 2.1.5, this means that we are
to take our spatial domain (124) to be
(183) Xélom = Rb{oo} A (RI x 22)u{oo} ’
whence the string-solitonic topological quantum observables (in the 0-charge sector)
are (143):

TopObs, ~ C|myMap*

(184) I

(
~ € |mo Map* (R x 22%{00}»“4)}
~ € |mo Map” (Rloy A 520y, A)}

~ C ™ Map* (Zuz{oo}, A)] .

50An old suggestion that strings in the AdSs-factor of type IIB 10D SuGra on AdSs x S® may
be higher-dimensional analogs of abelian anyons is given in [Har07, §3]. We follow the argument
in [SS26j, §3], for 5D supergravity, which is at least nominally different.
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Moreover, if ¥2 is already compact, then ZUQ{OO} = 32 {00y and the above reduces
to

(185) ¥? compact =  TopObs, =~ C|:7T1 Map (X2, A)} .

3.2.2. Fluzx quantization in 2-Cohomotopy. The 2-sphere classifying space A = S?
here is usefully regarded as the 2-skeleton of the ordinary magnetic classifying space:

(186) A= 82 «—— BU(1).

Given that we are looking for a global completion which at least locally mimics
abelian Chern-Simons theory, we may already see that this is a promising choice by
noting that the further Bianchi identity encoded by the corresponding Whitehead
Loo-algebra (30),

(187) a = 15?2 —— [BU(1),

is exactly the relation characterizing an abelian Chern-Simons form Hj for a given
abelian flux form Bs:

QR (—15?) ——— QL (—;1BU(1))
(188) {de —0

dHy = Bg/\BQ} — (4B =0}

In the following, we may just take this choice A = S? at face value and find its
consequences (as in [SS25¢]). But according to Ex. 1.1 we may also think of this
step as passing from 4D Maxwell theory to 5D Maxwell-Chern-Simons theory, the
latter flux-quantized according to “Hypothesis h” from Ex. 1.11, and thought of as
dimensionally reduced to 3D abelian Chern-Simons theory according to [SS26j, §3].

3.2.3. FQH Anyons on the Torus. '
Remarkably, this deformation of the classifying space A := S? < BU(1) (186)

deforms the situation (174) of the magnetic flux observables on the torus as follows:
Proposition 3.2. The fundamental group of maps from the torus to the sphere
(189) 71 Map(T?, S%) ~ 72

is the integer Heisenberg group at level=2.

Definition 3.3 (Integer Heisenberg group at level=2, cf. [DF03, Ex. 11 on p. 35;
nLa25k]). The underlying set is

(190) 72 =go; (Zo x L) % Z
with generating elements
W, := ((1,0),0)
(191) Wy = ((0,1),0) 3 € (Zg x Zp) X Z
¢ = ((0,0),1)
51The result that m Map(T2, 52) is an integer Heisenberg group is due to [Han74], and that
it is specifically the one at level=2 is due to [LT80], see also [Kal01l, Prop. 1.5, Cor. 7.6]. (Here

we give a much shorter and more transparent re-derivation of this fact, due to [KSS26].) The
observation that this relates to quantum observables of anyons on the torus is due to [SS25¢].
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on which the only non-trivial group commutator is
[Waawb] = CZ'
We spell out a proof of Prop. 3.2. To that end, recall the following facts from
basic homotopy theory:

(i) The Samelson product [—, —]sam on a loop space QX (being an H-group)
is the “H-group commutator” descended from the Cartesian product to the
smash product (cf. [Whi78, §X.5]):

(@2,£1> b (Zg *€1>*(E*E)

(QX) x (2X) * 0x

(192)
-

(QX) A (QX)

(ii) The Samelson product induced on 7, (2.X) relates to the Whitehead bracket
[—, —]wn on Ter1(X) as (cf. [Whi78, Thm. 7.10 on p. 476])

(193) [ah az]Sa = (*Udeg(al) [O‘aQQ]Wha

m

where me41(X) <(—:)> e (2X) is induced from the hom-isomorphism of the
3. 4 Q-adjunction on pointed spaces:
(194) {ZY AN X} AN {Y L QX}.
(iii) The Whitehead bracket of the generator ¢, := 1 € Z ~ 7,(S™) satisfies
(cf. [Whi78, Thm. 2.5 on p. 495]):

I:LQ,LQ}Wh = Q[h(c] =: 277
(195) [tasta]yy, = 2[hu] =: 2v
[Lg,Lg}Wh = Q[h@} = 20’,

where hg : S(K?) — KP! denotes the C/H/Q-Hopf fibration (cf. [SS25g,
§3.2.3)).
Moreover we need:

e The suspension of TUQ{OO} is homotopy equivalent to ([Hat02, Prop. 41.1]) a
wedge sum of spheres:

2
_ 5

a

i Spr

(196) E(TUQ{OO}) = StviS2vSEvS3 —spr,— S8

mtp -
Xpry,
—_ Sg’
via the suspensions of the maps pr, s, onto the 1-cells and pr, onto the 2-cell
of the standard CW-complex structure of T2.

With this, we have:
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Proof of Prop. 3.2. The underlying set (190) follows immediately from (196); the
generators (191) being represented by the projectors (196), respectively. Then, by
(192), the group commutator [W,, W3] is represented by the outer composite map
of the following diagram:

[Wa 7Wb]

197 dia \prc 2}7/ [—,—]sam
( ) ¢ ~ /
Ty N ooy =i S A ST ——=— (25%) A (25?)

Lo Nty

and we identify the left diagonal map by inspection via (196) and the right diagonal
map by (193) and (195). This shows that [W,, W;] = (2.

Similarly, [W,s,(] is represented by the outer composite map of the following
diagram

[Wa/b»c]

T2y 052
(198) diagl ™~ 0~ T[*f]sam
T2 AT? SIAS? ——— (QSQ)/\(QSQ),

_
plus L{OO} pra/b/\prc s AT

but the diagonal map is null(homotopic), as indicated, already by degree reasons.
This shows that [W,;,(] = e and hence completes the proof. O

But this statement of Prop. 3.2 is remarkable, because the group algebra of the
integer Heisenberg group at level 2, which we have thereby found to be the algebra
of topological quantum observables (143) on 2-cohomotopical flux over the torus,

(199) C[z?] &, C[miMap(T?, 5%)] = TopObsy ,

—
—

is exactly the algebra of observables of, equivalently ([WN90, (4.9); Ten92, (4.14);
Fral3, (4.21); Tonl6, (5.28)]):

(i) abelian Chern-Simons Wilson loops,
(ii) abelian FQH anyons

on the torus. This shows that:

Changing the flux quantization law of magnetic flux from ordinary cohomology
to 2-Cohomotopy makes magnetic flux quanta on the torus become anyonic
in just the way expected of surplus flux quanta (attached to quasi-holes) in
fractional quantum Hall materials.

This indicates that 2-Cohomotopy serves as the effective non-abelian flux quanti-
zation law for surplus flux (above the exact rational filling fraction) in FQH systems.
This turns out to be verified from a variety of angles:
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3.2.4. Wilson loop observables. °2
To see more transparently how these observables (199) reflect anyons, consider the
same situation but just on the plane R? instead of the torus 72, so that we may
disentangle the pure anyon braiding phases from their Zak phases associated with
the nontrivial topology of the torus.

First of all, we find that the quantum algebra of ordinary topological observ-
ables (143) on solitonic 2-cohomotopical flux through the plane is simply the group
algebra of the integers:

TopObs, = C[r; Map”* (Rﬁ{oo}, 52)] ~ C[Map* (Rf{oo}, 52)]

(200) Clma(5?)] = C[z] .

R

FIiGURE 9. The unstable

Pontrjagin theorem (cf. i
[Bre93, §II1.16; Kos93,
§IX]) physically iden- 1

tifies (cf.  [SS20, §2.1; i /N
SS23b, §§2.2, 3.2]) 2- ] A

cohomotopical charge /‘/.o\

with topological classes !

of trajectories of flux —dtme 2
. . ~ W
quanta whose density is - 2-sphere S?
the pullback of a Thom T~ 00
form tha supported on a e

neighborhood of 0 € S2.

By the Pontrjagin theorem (cf. Fig. 9), these observables Oy, are spanned by
characteristic functions on topological equivalence classes [L] of vacuum diagrams
of flur quanta, given by cobordism classes of framed links L!

By (200), these topological classes of flux vacuum diagram are labeled by the
integers, and hence the remaining question is which integer this is:

Proposition 3.4. The integer invariant of framed link diagrams detected by the
topological observable O, (200) is the total crossing number or writhe #L of the
link, which is exactly the renormalized Wilson loop observables of abelian spin
Chern-Simons theory.

Namely, evaluated in a pure topological quantum state |K) we have
(K|OL|K) = exp (} #L)

exp <%< > k(L L;) + Y frm(Ly) ))

s linking . framing
i#j€mo(L) numbers i€mo(L) numbers

(201)

5210r background on framed knots and links cf. [OhtO1, pp. 15]. For the writhe of framed
links (the signed total number of crossings in their diagrams) cf. [Ada94, pp 152, 185; Oht01, p.
523).

The traditional definition of renormalized Wilson loops in abelian Chern-Simons goes back to
[Pol88], and its now widely accepted “renormalization” via framing was proposed in [Wit89, §2.1],
reviewed in [SS26j, §2]. Our systematic (re-)derivation via 2-cohomotopical flux quantization is
due to [SS26b; SS26j] with further exposition in [SS25¢, §3; SS25j]. The proof of Prop. 3.4 given
there makes crucial use of the classical result [Seg73, Thm. 1] and its more recent elaboration
provided by [Oku05].
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which is the traditional formula for renormalized Wilson loop observables in abelian
Chern-Simons theory. °® For instance, for the vacuum flux diagram which is the
trefoil knot, we obtain:

o (DI - LI - wen

But this means equivalently that a braiding phase

(203) ¢ = e%

(or its inverse, depending on orientation) is picked up for each braiding of worldlines
of flux quanta — exactly as seen in FQH materials (cf. Fig. 8).

3.2.5. Superconducting Island Anyons. °*

Since 2-cohomotopical flux quantization thereby matches the expected and ex-
perimentally observed nature of solitonic FQH anyons on the torus (§ 3.2.3) and on
the plane (§ 3.2.4), we gain confidence that this is the correct globally completed
model for FQH topological order. Any further consequences of 2-cohomotopical flux
quantization therefore become predictions about novel anyonic phenomena possible
in FQG materials.

Consider therefore now as a domain a punctured surface
2 2
(204) Y b0 = Xy, — 1,

punctured at a finite set n C Ez,b of points. Under one-point compactification, each
puncture is identified with the point-at-infinity (§ 2.1.4), so that the mathematical
situation of puncturing models a physical situation where flux solitons are prevented
from approaching any of the n punctures, cf. Fig. 10.

This may be realized in experiment (cf. [Giil+22]) by doping the semiconducting
host material of the FQH systems by superconducting islands at the position of the
punctures. 99

In the solid state physics literature it is argued in somewhat roundabout ways
that such superconducting islands in FQH materials are associated with non-abelian
parafermionic anyons. From our formalism we obtain an unambiguous prediction:

Proposition 3.5 ([SS25e, Ex. 3.59]). The covariantized (§ 2.3.5) 2-cohomotopical
quantum observables on the 3-punctured sphere form the group algebra of the framed
symmetric group on 3 strands with total framing divisible by 3:

(205) ™ (Map* (224, 52) //Diﬁ“(EaO’BD C 73 x Sym,.

53The traditional renormalization process of these observables is somewhat ad hoc, and the
end result (201) is traditionally more of a definition than a derivation.

54Djscussions of theoretical and experimental aspects of doping FQH electron liquids by su-
perconducting islands are listed in [SS26i; nLa25s].

The prediction, from 2-cohomotopical flux quantization, that superconducting islands in FQH
systems support parastatistical anyons is due to [SS25e, Fig. D & §3.8], based on Thm. 3.50
there, with exposition in [SS26i].

55This is because a superconductor tends to expel magnetic flux, by the Meissner effect. The
engineering challenge is to have the superconducting phase survive the high magnetic field strength
that is needed for the ambient FQH phase.
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F1GURE 10. The understanding of FQH anyons as surplus flux effec-
tively quantized in 2-Cohomotopy first retrodicts (§§ 3.2.3 and 3.2.4)
the expected behaviour of solitonic anyons (quasi-hole vortices) but then
furthermore predicts (§ 3.2.5) non-abelian defect anyons associated with
points where magnetic flux is expelled (such as superconducting islands
in the FQH liquid).
e M)
flux-expelling flux quantum
defect (puncture): soliton (vortex):
non-abelian anyon abelian anyon
N J

Accordingly, the corresponding topological quantum states are Symg-representations,

exhibiting the superconducting islands as parastatistical defect anyons (cf. [SS25e,
Rem. 3.61; SS26i]).

3.3. Anyonic C-Field Flux Quanta. °°

With the above effective description of FQH anyons (in § 3.2) naturally embedded

(by [SS26j]) into the gauge sector of 5D supergravity globally completed according
to Hypothesis h (Ex. 1.11), we are led to ask whether analogous phenomena appear
in the gauge sector of 11D SuGra when globally completed according to Hypothesis
H. Indeed this is the case, essentially by the same arguments shifted in degrees.

3.3.1. Solitonic 5-branes. °"

According to the general formula for solitonic p-brane domains § 2.1.5 and in

higher-dimensional analogy to (183), the spatial domain on which to measure 3-
soliton charge in 11d SuGra is of the form

(206) Xiom = Rioy A (R' x )

dom

u{oo}

However, the Pontrjagin theorem (as in Fig. 9) makes the 4-Cohomotopy charge
on such a domain correspond to 6 — 4 = 2-manifolds inside X6, whose further

extension along the R3-factor therefore makes up the worldvolume of M5-branes.

56This section § 3.3 presents a new result, not published before. The end result has some

structural similarity with the proposal in [Har07, §2], but the details are nominally different.

Further different but related realizations of anyons, as higher flux quanta on M5-brane probes

in globally completed 11D SuGra, have been found in [SS23a] (realizing more enticing non-abelian

su(2)-anyons, but at the cost of a more complex notion of intersecting solitons due to [SS22,

§2.4-5]), and in [SS25b; SS25¢; BSS26] (via a variant flux quantization in equivariant twistorial
cohomotopy introduced in [F'SS22; SS25h], cf. [FSS23, §12]). The latter construction is not unlike
what is suggested by informal physics arguments in [CGK20], followed up on in [CQW23; BSW24].

All of these are examples of what is called geometric engineering (cf. [Dupl7; nLa25i]) of

(FQH) anyons (on M5-branes) in 11D SuGra/M-theory, whereby a model for a strongly coupled
quantum system is identified in a subsector of M-brane theory and thereby made amenable to
tools of analysis that would not otherwise be evident.

57The observation in this § 3.3.1 is due to [KSS26].
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In any case, the 3-solitonic ordinary topological observables (143) are

TopObs, ~ C|my Map* (Ri{oo} A (R x Eﬁ)u{oo}, 54)]

(207) ~ C|my Map* (Rul{oo} X ZS{OO}, 54)}

~C :71'1 Map* (E?{OO}, 5'4)] ,
and if X% is already compact then this reduces to:
(208) 6 compact =  TopObs, ~ (C{m Map(26, 5’4)} )
3.3.2. The higher analog of anyons on the torus. Consider the 11D background
spacetime of the form:
(209) X110 = AdS; x R? x 83 x 3,

which is the near-horizon geometry of a certain intersection of black M2/M5-branes
(cf. [BPS98, §2.2, p. 9, 16]). Taking here physical spacetime to occupy an entan-
glement wedge subregion of AdSs (which is globally hyperbolic, in contrast to the
full AdS spacetime, cf. [Hea+14]), the actual Cauchy surface is diffeomorphic to

(210) X100 ~ R?2 x R? x §3 x §2,

whence the spatial domain for 3-soliton charge topological observables
10 . 3 1 3 3

(211) Xiom = Rijfoey A (R x 82 x 87)

The charge as fixed light-front time is classified by the 4-Cohomotopy of the
remaining sphere factors:

Lemma 3.6. On the above spacetime (209) there are two 4-cohomotopical charge
sectors:

(212) (5% x %) = 1o Map(9® x S, §1) =~ 76(S?) = Zjs.

Proof. The standard CW-complex structure of S3 x S3 has two 3-cells S%V S3 and
a single 6-cell attached via the Whitehead product of their identity maps (this by
the very definition of the Whitehead product):

S5 [L37L3]Wh 53 Vi 53

(213) f | _ f

DS — 5 §3x 53,

But since 74(53) ~ m3(S*) = 0, it follows that all maps S3 x S — 4 factor

through the cell attachment along S® — %, which is S This shows the first
claimed isomorphism. The second is by the standard tables of low homotopy groups
of spheres. O

Proposition 3.7. The fundamental group of both of these charge sectors, [k] € Z,5
18:

(214) 1 Mappy (5% x %, §%) > Z2 x Zys,

where 72 is the integer Heisenberg group at level=2 (Def. 3.3).
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Proof. First to see that the claim holds for the sector of charge 0 mod 2:

The proof of Prop. 3.2 in § 3.2.3 immediately generalizes from flux on the torus
T? = S' x S' with classifying space S? to higher flux on S2F+1 x §2+1 with
classifying space S?**2_ for all k € N: The stable splitting in (196) generalizes to

(215) (s34 x $2H1) | ) = STV IRy g2y gkt

v{oo}
and from there the diagrams (197) and (198) apply verbatim up to the evident
shifts in degrees. For k = 1 this gives the claim to be proven. (The torsion factor
in (214) comes from m7(S*) ~ Z x Z12.)

Hence, to conclude, it is sufficient to see that the other charge sector has the
fundamental group. This is the content of the following Lem. 3.8. (I

Lemma 3.8. The two connected components (212) of Map(5’3 x S3, 5’4) have
isomorphic fundamental groups.

Proof. We adapt the proof idea of [Han74, Prop. 1].

First observe that the pointed mapping space has the same fundamental groups,
as shown by the homotopy long exact sequence of the fibration of evaluation at a
basepoint in the component [k] € Z/, and using the the 2-connectedness of the
4-sphere:

Mapfy, (5% x $%, §%) —5 Mapy, (5% x 53, §4) —Y5> g4
/-/()\\

(216) 5t )

C> WlMaprk] (53><S3, 54) B m1Mapyy (53><S37 54) R oSt
I

Therefore, it is now sufficient to show that the connected components of the pointed
mapping space are homotopy equivalent:

(217) Mapyq, (5% x 53,8 hn%tp Mapy (5% x §%,5%).

To that end, consider the pinching map ¢
i

S5 s D6y Dbt g3y g3

(218) l o s
; (5% x §%) v 56

and use it to construct an endo-map
(219) Map® (5% x §3,8%) —2> Map* (5% x $3,5%)
by setting

(220) O(f) : (S3x5%) 4 (53x53) v 56 LY g1y g4 Y, g4

Now observe that © swaps connected components, and that © o © is homotopic to
the identity (because ¢ is homotopy co-associative, V is homotopy associative and
[2] is homotopic to [0]). Therefore, © restricts on the [0]-components to a homotopy
equivalence as claimed in (217). O
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But Prop. 3.7 has the remarkable consequence that, with 11D SuGra globally
completed by flux quantization in 4-Cohomotopy:

C-Field flux quanta on entanglement wedges of AdS3 x 52 x §% x R? (209) have
the same anyonic quantum observables as surplus magnetic flux quanta, hence
as quasi-hole anyons, of toroidal FQH materials.

This suggests further possibilities for modelling anyonic topological quantum
materials (which remain ill-understood) by embedding their theory into global com-
pletions of higher supergravity theories. See also the outlook in § 4.2.

4. OUTLOOK: BEYOND THE TOPOLOGICAL SECTOR
We close with some comments on what to do next.

4.1. Quantum 11D Supergravity. °°

We have focused in § 1 on the (higher) gauge field sectors of (higher-dimensional)
supergravity theories, disregarding the backreaction of these fields on a background
field of (super-)gravity. But for the special case of 11D supergravity (at least),
we can actually characterize the topological quantum observables of the full 11D
SuGra theory globally completed by flux quantization — including the dynamical
super-gravitational sector, keeping just the bare choice of underlying manifold as
background:

4.1.1. The phase space of completed 11D SuGra. *°
This is due to the following ‘miracle’:

Proposition 4.1 ([GSS24a, Thm. 3.1]). An (11|32)-dimensional super-spacetime
X with super-frame field (e, ) (the gravity & gravitino field) is a solution of 11D
supergravity with C-field flux density G4 iff the super-flux densities

GZ = G4 + %(@Falaz,w)e“leaz
G5 = Gr+ 31 (Ylayas)e™ - €™
constitute a closed [S*-valued differential super-form (36):

(222) (Gi.G3) € Qqr(X;187)

(221)

cl’

58Basic review of 11D SuGra includes [Duf99, §1; MS06; FV12, §10].

59Something close to Prop. 4.1 has been claimed in [CF80; BH80] with little indication of its
proof, and then again in [CDF91, §I11.8.5] with indication of a couple of the easy steps of the
proof. The full proof is laid out in [GSS24a, Thm. 3.1], using computer algebra to double-check
the easier steps and to complete the computationally intensive steps (the verification takes over
11 minutes on a contemporary notebook computer). The observation that this allows to construct
the higher phase space of global completions of 11D SuGra by flux quantization follows [GSS24a,
Claim 1.1].

The analogous statement for the dynamics of Mb5-brane probes in 11D SuGra originates in
[HS97; Sor00, §5.2], with a streamlined rederivation in [GSS24b] and the first-ever nontrivial
example rigorously constructed in [GSS25].

60This means that (222) is equivalent to all of:

(i) the Einstein equation for e sourced by G4,
(ii) the Rarita-Schwinger equation of motion for ¢
(iii) the Mazwell-Chern-Simons equation for G4 (Ex. 1.1)

including the constraint that G7; = *11|0G4.
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But this reduces all of dynamical 11D SuGra to the (rational) homotopy theoretic
form of its gauge sector established in § 1, subject to the constraint (221). In
consequence, the flux-quantized phase space stack of the full gravitational theory,
PhsSpc®, is obtained much like that of its gauge sector in § 1.3, just replacing the
sheaf of all closed [S*-valued differential forms with the sheaf of super-frame fields
and closed [S*-valued super-forms subject to the constraint (221). Otherwise the
homotopy pullback construction (89) of the phase space stack is the same. From
there we may again form the shape of this phase space, [PhsSpc®", and thereby
obtain the complete topological observables of the theory, just as in § 2.1.

Of course, the complication now is that, due to the constraint (221), Prop. 2.2
no longer applies (at least not directly), so that we lose the more explicit description
of Cor. 2.3 and with it much of the computational control over these topological
observables of 11D SuGra. This is both expected and desired: The observables in
the full SuGra theory must be much richer and hence harder to analyze than in
the pure gauge sector. But at least we thereby have their abstract description and
may eventually find mathematical means to further unravel their structure.

(Analogous statements apply when including M5-brane probes into 11D SuGra:
Their phase space is again given by promoting their worldvolume Bianchi identity
(13) from the plain flux density Hj to its constrained super-space form, cf. [GSS24b,
Prop. 3.18)).

4.1.2. Effective Quantum Supergravity of FQH Excitations. °!

We have seen in §§ 3.2 and 3.3 that the topological gauge sector of (higher-
dimensional) supergravity allows to “geometrically engineer” the effective topolog-
ical physics of FQH anyons in a globally consistent and predictive way. This raises
the question whether the remaining gravitational, fermionic and non-topological
aspects of SuGra (as in § 4.1) might naturally serve to engineer the finer non-
topological physics of FQH systems, too.

There is growing indication that just this is the case, namely the density wave
excitations in the FQH electron gas, above the topological Laughlin ground state,
have the following properties:

(i) The long-wavelength limit of the bosonic mode looks like a (chiral) graviton

(theoretically: [Lio+19], and experimentally: [Lia+24]).

(ii) The long-wavelength limit of the fermionic mode looks like a gravitino
(cf. [Hall3; WY23, p. 8]).

(iii) The bosonic/fermionic modes exhibit an emergent (broken) supersymmetry,
(theoretically: [GMR20; LZX24], and experimentally: [Pu+23]),

(iv) whose key properties are usefully modeled by supergravity
(cf. [Ngu+23; Du25]).

All this suggests that — where we found (§§ 3.2 and 3.3) the anyonic topological
ground state of FQH systems faithfully embedded into the topological gauge sectors
of higher-dimensional supergravity, after cohomotopical flux quantization — we
may expect the full (geometric, non-topological) completed quantum supergravity
indicated in § 4.1.1 to know about the non-topological physics of FQH excitations.

61)More references on effective super-symmetry/gravity of the density wave modes in FQH
systems are listed in [SS26h; nLa25u]. The relevant supergravity is necessarily a non-relativistic
(Newton-Cartan) limit of ordinary SuGra (cf. [BR24)).
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This remains to be seen. But something like this will be needed in order to
proceed from the above understanding of the fundamental nature of FQH anyons
to an understanding of their physical control:

4.2. Topological Quantum Gates. °*
The mere presence of anyonic topological order is fascinating, but to live up to
the promise of topological quantum hardware, the anyons (their positions) need to
be controllable (by adiabatic tuning of the material’s external parameters), so as
to operate topological quantum gates on the material’s ground state by controlled
braiding of anyon worldlines (cf. Fig. 11).

FIGURE 11. The original and still most substantial idea of topologically
protected quantum operations assumes the controlled movement of de-
fect anyons. This will require understanding the fine-grained response of
these defect anyons to “adiabatic” external tuning of parameters of the
host material and hence a refinement of their quantum theory beyond
the topological sector. For geometric engineering of anyons in SuGra
(as in § 3.3) this may mean entering the quantum gravity regime proper

(asin § 4.1).
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At the hardware level, this requires first understanding and then implementing
non-topological interactions of anyons with perturbations in their host material.
But if our derivation of anyonic order from the topological gauge sector of glob-
ally completed supergravity is more than a coincidence, then this understanding of
anyon /substrate interaction will involve understanding completed quantum super-
gravity beyond the topological sector, along the lines indicated above in § 4.1. Tt
remains to see how this works out.

62Exp0sition of topological quantum gates in our context is in [MSS24, §3]. The idea goes
back to [Kit03; Fre+03], traditional review includes [Nay+08; SV25a]. The plausible necessity
of topological quantum protection for non-toy quantum computers has been highlighted (besides
[Fre+03, abst.]) by [Das22]. And yet, the theoretical understanding of the required controllably
movable defect anyons (cf. Fig. 11) has remained immature and may require a new theoretical
approach that properly handles the traditionally elusive global topology of higher gauge fields.
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