DRINFELD CENTER AS QUANTUM STATE MONODROMY OVER BLOCH
HAMILTONIANS AROUND DEFECTS

HISHAM SATI AND URS SCHREIBER

ABSTRACT. The Drinfeld center fusion category Z(Vecg ) famously models anyons in certain lattice
models. Here we demonstrate how its fusion rules may also describe topological order in fractional
topological insulator materials, in the vicinity of point defects in the Brillouin zone.

Concretely, we prove that Z(Vecg) reflects, locally over a punctured disk in the Brillouin zone,
the monodromy (topological order) of gapped quantum states over the parameter space of Bloch
Hamiltonians whose classifying space has fundamental group G.
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1. INTRODUCTION

The Drinfeld center Z(Vecg) of the category of G-graded vector spaces (recalled in § A.3) is
a basic example of a fusion category (cf. [ENOO05]) ' and as such has received much attention
(originating with [Kit03], cf. [BV25]) as a category of anyon species (cf. [Gol23]) in lattice models
([Kit03, §4; Kit06, §E], cf. [Sim23, §29]).

However, while there are many theoretical models for anyons like this, a single anyon model
currently stands out as being consistently observed in actual experiments, in recent years (starting
with [Bar+20; Nak+20], review in [FH21], most recent confirmations in [Vei+24; Gho+25]): namely
quasi-holes in fractional quantum Hall (FQH) liquids (cf. [St099; PB24]).

Yet more recently, the “anomalous” version (FQAH) of the fractional quantum Hall effect has
been experimentally observed in crystalline quantum materials known as fractional Chern insulators
(FCI, cf. [CLM23; Zha+25]). This is potentially of great practical relevance for future applications,
notably to topological quantum computing hardware (cf. [Nay-+08; SV25]), since the FQAH effect is
seen under much more practical conditions (requiring less extreme cooling and no extreme magnetic
field). Therefore, an acutely relevant open question, both experimentally and theoretically, is the
potential nature of anyonic topological order in such FCI materials (cf. [SS26a; SS25d]).

However, the topological phases of such crystalline insulators are naturally described not by lattice
models, but by the homotopy of their Bloch Hamiltonians (cf. [RS78, §XIIL.16; Ser23]): These are
continuous maps from the Brillouin zone %% of electron momenta in the crystal (cf. [Thi25, §2.1]),
to a (classifying) space A of admissible Hamiltonians modeling the internal degrees of freedom of
electrons of fixed quasi-momentum.

Moreover ([SS25d, §I-1I], recalled in § 2 below), since the single-electron Bloch Hamiltonian
serves as the external parameter of crystal couplings on which the interacting electron quantum
ground states must adiabatically depend, any topological order in these systems ought to manifest
as representations of the fundamental groups in the space of Bloch Hamiltonians H.

Our main result here (in § 3) is a proof that, locally around point defects in the Brillouin torus
(such as around band nodes), this parameter monodromy over spaces of Bloch Hamiltonians is
faithfully reflected by the simple objects and their fusion rules in Z(Vecg).

2. TOPOLOGICAL ORDER AND PARAMETER MONODROMY

To start with, we recall, with [SS25d, §I-11], that topological order of quantum materials [Wen91;
Wen95], exhibiting anyonic quantum states, is generally about nontrivial monodromy of gapped
quantum ground states with respect to adiabatic transport along paths of external parameters
(local systems of ground state Hilbert spaces over parameter space). Then we specialize this to the
situation of interest here, where the parameter space is that of Bloch Hamiltonians in the vicinity
of a defect in momentum space.

2.1. Classifying Spaces of Bloch Hamiltonians. We consider a path-connected topological
space A admitting the structure of a CW-complex, to be regarded as a classifying space for Bloch
Hamiltonians. Typical examples, classifying fragile topological phases [BBS20] of sequences of groups
of gapped electron bands, are flag manifolds of the form

(1) A~ UJ(U - x Uy),

where U C U(H) is a subgroup of unitary transformations (of the single electron’s internal quantum
states) preserved by the material’s quantum symmetries, and the U; C U are the disjoint symmetry
subgroups under which the gapped groups of bands transform.

1By the finiteness condition on the set of simple objects of a fusion category, Z(Vecg) is fusion when G is a finite
group, as is well-known. While our results all hold in the generality where G may be non-finite, we will generally refer
to Z(Vecg) as a fusion category, in order not to overburden the terminology.
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Example 2.1. Consider the simple but important case of 2-band (fractional) Chern insulators (cf.
[CLM23, §A.1], which assumes that a single valence band and a single conduction band are accessible
to the system under deformations, subject to no other symmetry constraints). Here we have that
the classifying space is homotopy equivalent (42) to the 2-sphere (cf. [Ser23, (8.3-4); SS26a, (4)]):

(2) A~ U(2)/(U(1) x U(1)) =~ CP' ~ S%

Simplistic as this classifying space may appear, it plays a remarkable role in witnessing FQH-type
anyons in the momentum space of FQAH systems, see Ex. 2.3 below.

But for the purposes of the present article, we will instead be focused on examples of classifying

spaces that have trivial o but interesting 71, such as the following:

Example 2.2. The classifying space of Bloch Hamiltonians for a PT-symmetric crystalline system
with 3 gapped bands (considered in [WSB19; Bou23, pp. 11]) is:

o) A ~ 0(3)/(0(1)%) = 50(3)/D
This space has trivial w9, and its fundamental group is the quaternion group:
(4) m(A) ~ {£1, i, £, £k} C S(H), ma(A) = 0.

2.2. Homotopy of spaces of Bloch Hamiltonians. With a Bloch Hamiltonian classifying space
A given (§ 2.1), and denoting by ¥? a domain of crystal momenta, the space of Bloch Hamiltonians
on the domain with the given properties is homotopy equivalent (42) to the following mapping space:

(5) {Bloch Hamiltonians on ¥? classified by .A} = Map(Ez,A) = {22 --> A}.
Since Bloch Hamiltonians encode the crystal/potential structure seen by valence electrons, this may
be regarded as the space of classical external parameters for the multi-electron quantum system.

But this means [SS25d, §I-II], by the quantum adiabatic theorem (cf. [RO12]), that gapped
quantum ground states of interacting electrons form local systems (cf. [MSS24, Lit. 2.22]) of Hilbert
spaces over this external parameter space, hence here form representations of the fundamental groups
71 of this mapping space (cf. Fig. 1):

(1) [p] € 7TO<Map(Z2 .A)) is a topological phase,

(il) m (Map(22 A) ) is the parameter monodromy in that phase (cf. Fig. 2).

FIGURE 1. Under adiabatic tuning of classical parameters p [

along paths v, ground states of gapped quantum systems H un- R ; -
dergo unitary transformations U,. For topological states, these U, N O
U, depend only on the homotopy class of v (relative endpoints), 7'[ 12 p3

thus making the Hilbert spaces H, constitute a local system or

flat bundle over parameter space, equivalently a representation /\I\/‘/7 “\x\f\(&
of the fundamental group of closed paths (loops) ¢ at any base pl D
/\/\/\/\/\/\/\/\> 3

point po.
FIGURE 2. For interacting electrons in crystalline materials, their external H
parameter is the crystal lattice structure encoded in the single-electron 9 —7 ‘ A
Bloch Hamiltonian H, hence the parameter monodromy of their quantum )\ ///‘f

ground states (Fig. 2) is along loops in the space of Bloch Hamiltonians.

For global analysis, the momentum domain £2 must be the full Brillouin torus $2 = T2.

Example 2.3. In the case of 2-band (fractional) Chern insulators (2) this yields [KSS26], as pa-
rameter monodromy in the topological phase with Chern class C' € C, the integer Heisenberg group
at level 2 and Planck constant i = 2C

(6) 7T1(M&pS(f2,CP1>,C) ~ Heis3(Z, 2C).

Remarkably, this is exactly the group whose representations give fractional quantum Hall anyon
states on the torus ([SS26a, Thm. 1; SS25¢, §3], review in [SS25a]).
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2.3. Local Bloch Hamiltonian Monodromy. However, in the following we consider just the local
situation, where (as suggested in [Bou+20; SS22; Bou23]) %2 is taken to be a punctured submanifold
of the Brillouin torus, where we think of the punctures as exhibiting (externally fixed) defect loci,
such as a band nodes where the gapped band structure degenerates.

Specifically, we consider (in § 3.1) X2 to be the annulus, hence the once-punctured version
(7) 52 = D2, — {0)
of the open disk in the complex plane
Dir = {z € (C||z| < 7“},

understood as modelling (only) the local situation in the vicinity of a defect in momentum space.
However, towards globalizing this picture, we crucially consider (in § 3.2) also the situation where a
pair of punctures approaches each other, reflected by the following cospan diagram (cf. Fig. 4):

Im(z)

(D2y = {=1/5,+/3}) ' 2

D<1
N A TR
Qi et R

3. LocAL PARAMETER MONODROMY VIA THE DRINFELD CENTER Z(G)

Tt is now a matter of homotopical topology (cf. § A.1) to work out the parameter monodromy
from § 2.2, hence the potential topological order, in the local situation (7), namely to compute the
groups

(9) m(Map(EQ,A),p> = wl(Map(Dil - {O},A),p).

We will find (in § 3.1) that these local parameter monodromies around a defect point correspond
exactly to the simple objects in the Drinfeld center fusion category Z(Vecg), for G := m1(A), and
(in § 3.2) that, as a pair of defect approaches each other, the local monodromies fuse according to
the fusion rules of this category.

3.1. Simple objects of Z(G) as Local Parameter Monodromy. Given a choice of classifying
space A (§ 2.1), which we assume to be path-connected, mo(A) ~ *, we will be concerned with its
based and free loop spaces (43):

(10) QA := Map*(S', A), LA := Map(S', A).

The point is that, up to homotopy equivalence ~ (42), the free loop space is also the space of maps
from the 1-punctured disk (7):

(11) LA ~ Map(D? — {0}, A).
As such, by the discussion in § 2.2, we may think of:

(i) LA as the space of Bloch Hamiltonians on an open neighborhood of a puncture in the Brillouin
torus;
(ii) [g] € mo(L.A) as a “local topological phase™;
(iii) (LA, [g]) as the “local parameter monodromy” in the local topological phase [g].

We want to describe this situation in terms of the fundamental group of A, which is:
(12) G = m(A) = m(QA).
First, note that:

2Here the adjective “local” refers to the fact (11) that we are dealing with Bloch Hamiltonians only locally in the
vicinity of a puncture.
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Lemma 3.1. The local topological phases form the set of conjugacy classes of elements of G:

mo(LA) ~ Conj(G)

(13) . {{gk — kgk’llk c G}’g € G}.

Proof. This is standard, but for the following discussion it is worth making the proof explicit: A
path% : [0,1] — LA in the free loop space moves the loop’s base-point along an underlying path

in A, v :[0,1] — A, whence 7(1) is based homotopic to the result of conjugate-concatenating ~
with 4(0), like this (cf. Fig. 3):

(14) :Y\(l) ~based ’Y*/’)\/(O)*W'

This way, first all elements of LA are seen to be path-connected to based loops (recalling that we
assume A to be connected), and then among these based loops precisely those are path-connected
which correspond to conjugate elements in 7 (A). O

FIGURE 3. A path 7 in a free
loop space LA and the path ~
traced out by the basepoint of
the loops in A. The loop (1)
is based-homotopic to the con-
jugate concatenation of 7(0) by

v, cf. (14).

It remains to determine the parameter monodromy groups m1(£A) in each of these phases:
Proposition 3.2. In every topological phase [g] € Conj(G) ~ mo(LA) (13) we have:

(i) Generally, the image of the parameter monodromy w1 (LA) in G maps isomorphically onto
the centralizer group (68) of g:

(15) mi(ev)(m(LA)) ~ Zg(g) C G.
(ii) But when A has trivial mo, then the parameter monodromy already coincides with the central-
izer:
(16) mo(A) =~ * = m(LA) ~ Za(g).

Proof. Consider any v € QA which represents the local topological phase [g]:
G —> m(QA) — mo(LA) = Conj(G)
g © D = b < [

With that used as the base point, consider the homotopy long exact sequence (Prop. A.1) induced
by the map ev (53) that evaluates a loop at its base point:

(17) QA CLs LA - A,
which is of this form:

m(04,7) —— m(£A ) P m (A N ml@An) — m(tA) G
(18) N _ T

Ad—y(9)
L mo(QA) ——— mo(LA) E G ——— Conj(G).

(Here the symbol “G” in the bottom right denotes the underlying set of the group, pointed by the
element g, cf. (57).)
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On the right of (18) we are claiming that the connecting homomorphism dy (54) acts by con-
jugation on g € G. To see this, recall (54) that Jy is generally given on the class of a based loop
¢ € Py A by first lifting it through ev to a based path ¢ € P LA and then evaluating that at its

endpoint: 9y([(]) = [Z(l)] Here we may take  to be given (cf. again Fig. 3) by

(19) ()(=) = L(t=) v+ L(t=),
which implies the intermediate claim (18).

From this, the first claim (15) follows by exactness: The image of 7 (ev) is now identified with
the kernel of Ad(_)(g), and that is Z¢(g), by definition.

Similarly for the second claim (16): If mo(A) = w1 (QA) is trivial, then exactness gives that 7 (ev)
is injective and hence an isomorphism onto its image. U

In words, we may summarize Lem. 3.1 and Prop. 3.2 as follows, recalling that quantum states
falling into irreducible representations constitute the superselection sectors of a quantum system (cf.
[FGM90, Def. 2.1; Bakl13, p. 273]), and assuming now that m2(.A) is trivial (as in Ex. 2.2):

The topological phases in the vicinity of a defect are labeled by conjugacy classes [g] € Conj(G),
and the superselection sectors of the topological orders in such a phase are labeled by irreps
p € Irr(Z(g)) of the centralizer.

Strikingly, this exactly coincides with the characterization (cf. Lem. A.3) of the simple objects
in the Drinfeld center fusion category Z(Vecg). Hence we have equivalently:

The superselection sectors of topological orders near defect points are labeled by the simple
objects of the fusion category Z(Vecg).

Our next goal is to show that also the fusion rules match.

3.2. Fusion in Z(G) as Fusion of Local Parameter Monodromy. To describe the situation
of a pair of nearby defect points, consider the space of maps from the 2-punctured disk (8), to be
denoted:

(20) LA = Map(D? — {+1/3,—1/3}, A) .
First, we consider the homotopy of this space. In an immediate variation of Lem. 3.1, we have:

Lemma 3.3. The connected components of L2 A (20) correspond to joint conjugacy classes of pairs
of group elements:

oL A) ~ Conj?(G)

21 — {{(g’ﬁgﬁ“) - (kglk*17kggk*1)‘k e G}

91,92 € G}.

Similarly, the immediate but crucial variation of Prop. 3.2 is:
Proposition 3.4. In every phase [g1, ga] € Conj(z)(G) ~ Wo(E(Q)A) (21) we have:

(i) Generally, the image of the parameter monodromy w1 (LA) in G is isomorphic into the joint
centralizer of (g1, 92):

(22) 7T1(€V)(7T1(£(2)A)> ~ Za(g1)NZa(g2) C G.

(ii) But when A has trivial 7o, then the parameter monodromy already coincides with the joint
centralizer:

(23) m(A) ~x = m(L®A) ~ Zalg) N Zalgs) .
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Proof. Consider a pair of loops (71, v2) which represent [g1, g2] € G?/:
G? —~— 7r0<(QA)2) — WO(E(Q)A) — G?/.
(91,92) < el = el < (ol

With that used as the base point, consider the homotopy long exact sequence (cf. Prop. A.1) induced
by the evaluation map (53)

(24) (QA)? s LOIA s A,

of the form:

m1(ev) 71 (ev)

m(£®A, (1,72)) =y (4) ) m(£®A (1,72)) 2 @ )
(25) o = Ad(—y(g1,92)
[> m0((Q2A)?) —> mo(LPA) [ G? —> G?/..

Here “G*” on the right denotes the underlying set of pairs of groups elements, cf. (57), pointed by
(91,92), and Adg(g1,92) := (kgik™", kgak™").

This identification follows by the same logic as in the proof of Prop. 3.2, the lifted path now
being

U o= (0(t=) %y % L(t=), £(t=) xya % (=) .

The claim follows by exactness, as before. O

Now consider a topological phase [g1, g2] € Conj(z)(G) ~ 7T0(£(2)A) (21) locally around the pair
of defects. Then, for every choice of representatives

(71,72) € QA,

we obtain a span of groups, by homming the cospan (8) into A and passing to m:
2
m(g( A, (11, 7)) (D%, — {-1/3,+1/3})

(26) \ := 71 Map / \ CA
m1(LAY2) (£ " ) (D2<1 - {_1/3}) (D2<1 D2<2/3)
x71(LA1) m 2 u (D2<1 - {JFI/S}) ~ (D2<1 - {0})

This encodes how the parameter monodromy in the vicinity of each defect separately relates to that
of their joint vicinity. Concretely:

Lemma 3.5. The span of groups (26) is

m (LD A, (y1,72)) Ze(g2) N Za(gr)
(27) / \ = / \
Xm((fj’f) 1 (LA, v2 *71) Za(92) % Za(g1) Za(g291) -
Proof. This follows by Props. 3.2 and 3.4. O

We still need to say how the quantum states in the vicinity of the separate defects relate to the
quantum states in their joint vicinity, hence how quantum states “fuse” as the defects approach each
other. The natural mathematical reflection of this process is the “pull-tensor-push” or “integral
transform” (cf. [Schl4, Def. 7.6; SS25b, (148)]) of quantum states through the span (27), where

(i) the “pull”-operation i* moves the quantum states around the pair of separate defects to the
joint situation;
(ii) the tensor product combines them to states of the composite system;
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(iii) the “push”-operation oy sums up the resulting contributions to quantum states around the
single defect obtained by merging the separate defects:

II‘I‘(Zc;(gg)) X Irr(Zg(gl)) 4 Rep(Z(;(gg, gl)) 2 Rep(Zg(gggl))

(28) . ‘ , .
(b2, p1) = i (p2) @i (p1) o o(i(p2) @47 (p1)) s

where i*(—) denotes restriction of representations and oy(—) denotes (left) induction of repre-
sentations (cf. § A.2.3), and where we are now abbreviating joint centralizers as Zg(g2,91) =
Za(92) N Za(91) -

This is the natural TQFT operation on parameter monodromy which is associated with the trinion
cobordism (two incoming punctures, one outgoing) illustrated on the right of (8), cf. Fig. 4.

FIGURE 4. The fusion process of a pair of defects into a single defect,
modeled as punctures in the Brillouin torus as in (8), traces out the

cobordism known as the trinion or pair-of-pants. The quantum states
are thereby transformed by the integral transform (28) through the
corresponding span of parameter monodromy groups (26).

But by Frobenius reciprocity, oy - 0*, this means that the multiplicity of an irrep p € Irr(ZG (92 gl))
in the result of this pull-push is

(29) dim Hom(o;i*(pg X p1), p) = dim Hom(i*(pg X p1), o*p) .
On the right this is the expression for the contribution, over a fixed decomposition g = g2g1, to the
fusion coefficient in the Drinfeld center of G-graded vector spaces (Prop. A.8).

So far, this describes the fusion of quantum states in a pair of fixed topological phases [y1,72]. In
order to account also for the fusion of these topological phases, we need to sum the above construction
over all ways that the pair of topological phases ([g1], [g2]) may fuse to the topological phase [g1g2].
This count is established by the following (here we are abbreviating g* := kgk™!):

Lemma 3.6. For gy, g2 € G, the fiber over a conjugacy class [g] € Conj(G) of the group multiplica-
tion map restricted to their G-orbits, (—) - (=) : [g1] X [92] — G, and quotiented by the (diagonal)
adjoint action, is in bijection with the set

(30) R o= (b1 0] € Za(0\G*/(Zalor) x Zalon))| o ok = o}
in that:

RY g, — (lo1] % [92]) /aaG
(31) l lm-(f)

[9] > G//54G-

Proof. Unwinding the definitions, one finds that the following maps between RJ . and the fiber
set are well-defined:

- R, 4, ’ {lar,qe] € (lg1] * [92)) a4 G | lre] = (91}
(K1, k2] — {(9?17952)16 = (kkwlk‘flk_l’kkzgzk‘glk_l)‘k € G}
and
{lar. @) € (9] x [92]) /aaG | [m122) = [g]} > RS, 4,
(33)
[q1, q2] — [lng1 (qllm“q2 (g)),lng2 (q;n‘““z(g))] ,

where Ing(¢') € G denotes any choice of solution to the equation:

(34) gnel) =g
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But these functions are inverse to each other, since

& (8(1k1,a])) = o ([, 087 3¢/ (v, a21)) = 0{[1ngy ("), 1ng, (=)}
= [lny, (¢"). Ing, (o5)] @ o )
= [k ko], = a1, 42,
which establishes the claimed bijection. O

In summary, this says that the fusion of a pair of local topological orders ([g1],p1), ([g2], p2)
contains a superselection sector topological order ([g], p) with multiplicity

(35) Nioiotosto = 2 dimHom(i*p1 @i%pa,0%p).

[kl,kZ]ERZlng
Remarkably, these are exactly the fusion coefficients in the Drinfeld center fusion category
Z(Vecg), as we prove in Prop. A.8. In summary, expanding on the conclusion of § 3.1:

With the topological orders in the vicinity of defect points labeled by simple objects of Z(Vecg),
the fusion of topological orders when defect points merge is described by the fusion rules of
Z(Vecg).

4. CONCLUSION

After recalling (in § 2.2) that (anyonic) topological order is characterized by representations on
gapped quantum ground states of the external parameter monodromy, we computed this monodromy
for crystalline systems in the vicinity of a defect point in the Brillouin zone (set up in § 2.3), as it
may be relevant notably for recently established fractional Chern insulators.

Under the assumption that the classifying space A of Bloch Hamiltonians (recalled in § 2.1) has
trivial 7o (as is the case in systems of interest, cf. Ex. 2.2), we found (in § 3.1) that the superselection
sectors (where the parameter monodromy representation is irreducible) correspond precisely to the
simple objects of the Drinfeld center fusion category Z(Vecg) (recalled in § A.3), and (in § 3.2)
that under merging of defects these topological orders fuse according to the fusion rules of Z(Vecg)
(which we establish in §A.3.3).

This seems to be noteworthy, since (as recalled in § 1) fusion categories in general and the Drinfeld
double model in particular are well-known from theoretical lattice models of anyonic topological
order, but have not previously been explicitly related to the fractional crystalline topological phases
that are currently the most prominent, if not the only, candidate platform for real-world topologically
ordered quantum materials.

In particular, contrary to common lattice models, the topological order analyzed here is localized
not in position space but in the crystal’s momentum space (around a defect point there, such as a
band node), in line with the recent arguments of [SS26a; SS25d].

Notably, by extension our analysis suggests/predicts that, besides the local quantum state mon-
odromy in the vicinity of each defect point in momentum space, the adiabatic movement of the
defect points themselves around each other should induce on the quantum states the braiding oper-
ation (79) of Z(Vecg) — which is nonabelian when G is nonabelian (as in Ex. 2.2), as required for
universal topological quantum hardware. A similar result in FQH systems, of nonabelian braiding
of defects, was recently argued in [SS26b].

In this way, the theoretical analysis presented here may help guide ongoing experimental searches
for topological order in quantum materials, and thus eventually for much anticipated future hardware
for topologically stabilized quantum computers.
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APPENDIX A. BACKGROUND

For reference in the main text, here we briefly set up and cite relevant background material. Most
is classical or well-known, but the specific account of Drinfeld fusion in §A.3.3 appears to be new,
cf. Rem. A.9.

A.1. Homotopy. We assume background in basic homotopical topology (cf. [Hat02; FF16; Ark11]);
this here is just to briefly recall the phenomenon of homotopy long exact sequences (Prop. A.1).

We work in the category Top of compactly generated topological spaces.

For a pair X,Y € Top, the set of continuous maps between them becomes a topological space,
Map(X,Y), via the compact open topology. If both spaces are equipped with base points, zy € X
and yp € Y, then we write Map”(X,Y) for the subspace of maps that respect these base points:

(36) Map*(X,Y) C Map(X,Y).
For example, for
(37) "= 1[0,1]" c R"

the closed n-cube, an n-path in Y is a continuous map I” — Y and this is based if it takes the

boundary 9(I") to the basepoint of Y. Endpoint evaluation of unbased 1-paths is an equivalence
relation

(-)(0)
(38) Map(I,Y) ———=Z Y.

-

(=)@
The corresponding equivalence classes form the set of path connected components
(39) 7T0(Y) € Set.
Notably the homotopy class [f] of a map X EN Y is its connected component in the mapping
space (36),
(40) [f] € mo(Map(X,Y)),

and a map is a homotopy equivalence if that class has an inverse class:

(41) f is homotopy equivalence & 3 f € Map(Y, X) s.t. {iof_[[flx%
og = Y-

Existence of homotopy equivalences (41) between spaces is an equivalence relation, to be denoted
(42) X~Y & 3 homotopy equivalence X — Y.

Similarly, the mapping spaces (36) of the circle X = S' (equipped with any base point) gives
the based loop space and the free loop space of Y, respectively:
(43) QY := Map*(S',Y), LY := Map(S',Y).

Generally for X = S™ the usual n-sphere (with any choice of base point), we have the n-fold based
loop space

(44) Q"X ~ Map*(S™, X).
Under the evident homeomorphism
(45) S" ~ I"/@(I”)

an element of Map(*)(S’"7 Y) is equivalently a (based) n-path which is constant on 9(I™).
Now, with x denoting the first and ¢ denoting the remaining canonical coordinate functions on
1™, the concatenation of a k-tuple of based n-paths ('yi I — Y) f:_ol is the based path

Yo(kz, ) for0 <z < ¢
(46) Y-y * - xv0 : (2,Y) > 71(/€ x—%),ﬂ) for 1 <z <2
’y,-(k(;z:— %),g]) for £ <2 < %7
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and the reversal of a path ~ is the path
(47) 7 (2,7) — ((1-2),9).

Since the concatenation operation (46) is associative up to homotopy and the reversal operation
(47) is an inversion up to homotopy, the connected components (39) of the based loop spaces (44)
form groups under concatenation, called the fundamental group for n = 1 and generally the nth
homotopy group:

(48) (Y, y0) = mo(S2y,Y),
where the subscript (which we will suppress when understood) highlights that this depends on the
chosen basepoint, in general.

But in fact, up to isomorphism these groups depend only on the connected component [yg] €
7mo(Y) of the base point, since conjugate-concatenation with a path v connecting a pair of base
points, 7(0,%) = yo and ¥(1,%) = y}, gives a group isomorphism:

(49) T (Y, 40) L L, Yo) -

Moreover, the homotopy groups (48) are functorial: Associated to pointed continuous maps are
evident group homomorphisms, and this assignment preserves identities and composition (and sends
homotopy equivalences (41) to group isomorphisms):

Y 7, (V)

(50) %’ f& — &’ %
go

X 7z Tn(X) mn(90f)

m(Z),

Next, a Serre fibration is a continuous map X Jy such that all paths of n-paths in Y may be
lifted to paths of n-paths in X for every choice of lift of the starting point:

{0y x 1" Y X
(51) p is Serre fibration & Vaen f /3//” lf
IxIm —Y .y,
We write
(52) {$€X’f(l‘)=yo}=:F(#>X$y
for the fiber space of a pointed Serre fibration (51),

A key example of a Serre fibration (51) is * the basepoint-evaluation map on the mapping space

(36) out of a pointed space, whose fiber is the pointed mapping space:
(53) Map*(X,Y) —— Map(X,Y) —— Y
[ f(xo).

By functoriality (50), a Serre fibration (52) induces homotopy group homomorphisms of the form

Tn(F) — mp(X) — 7, (Y). But, in fact, there are further connecting homomorphisms
On
(54) Toi1 (V) =2y (X)
defined as follows: Given [y] € m,41(Y), we may choose
(i) a representativey : I"T! — Y,

(ii) amapA : I"" — Y,
(iii) such that (a) 7[(@I"T — {1} x I"") = const,, and (b) fo7 = 7.

3Under mild conditions, it is sufficient that X and Y are CW-complexes.
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Then

(55) an(h]) = {WI{I}XI"} € 7T7L(F)

is the well-defined value of the connecting homomorphism on [y].
The key fact now is:

Proposition A.1 (Homotopy long exact sequence (cf. [FF16, §9.8])). Given a Serre fibration (51),
the long sequence of homomorphisms of homotopy groups given by (50) and (54)

Tn L Tn f
T (F) —=28 e (x) ——2 (7) )
(56) O
L n(F) — 9 x) — i)y

is exact, meaning that at each vertex the image of the incident map coincides with the kernel of the
outgoing map. This continues to hold for the maps of pointed sets in degree 0,

m1(Y)
. )

[» mo(F) —2 s mo(x) 20 2o (v),

(57)

where kernels are understood as preimages of the base point.

A.2. Groupoids. Introduction to groupoids and their representation theory may be found in [IR21].

A.2.1. Groupoid Representations. For G a groupoid (regarded as small category), a (finite-dimensional,
complex) representation is simply a functor to the category Vec, the category of finite-dimensional
complex vector spaces, and a homomorphism /intertwiner of representations is a natural transforma-
tions between these functors. Hence the category of G-representations is just the functor category:

(58) Rep(G) := Func(G, Vec) .

For instance, for G a group, with delooping groupoid

(59) BG:z{(iD‘geG},

the category of ordinary G-representations is equivalently that of groupoid representations of BG.

In fact, for m(G) the set of connected components, and 71(G, ¢) the isotropy group of an object
¢ € Obj(G), the following inclusion (of the delooping groupoids (59) of the isotropy groups on
representative objects in each connected component) is an equivalence

|_| B(m(g,c)) T

(60) [clemo(G)

% > ¢

)

so that groupoid representations are equivalently indexed tuples of isotropy group representations:

(61) Rep(G) —~ ][] Rep(m(G.c)).
[c]emo(G)

Notice that for any other choice of representative ¢’ in the connected component [c] we find a

morphism ¢ - ¢ in G. This induces a group isomorphism along which representations pull back:

’Y:lo(_)o"/c

(62) m1(G, ) . m(G,c)

Rep(m1(G, ') 2 Rep(m1(G,c)),
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whence the above equivalence (61) transforms as follows under change of base points along such
choices of morphisms ~,:

[T Rep(mi(G, c))
(63) Rep(G) lnm(_)%
[ Rep(m1(G, c’)) .

A.2.2. Inertia Groupoids. For example, for GCS a group action on a set, the corresponding action
groupoid is

g1-s
1 \9—\2 s€S
v 9291 gi€G (0

g
§ —————> §2g1-S

(64) S)G =

its connected components are the orbits of the action, and the isotropy group of s € S is the
stabilizer group

(65) m(S)G,s) ~ {g € Glg-s = s}.

Specifically, for the adjoint action GCaq G of the group on itself, the action groupoid (64) is also
known as the inertia groupoid:

k1
(66) AG = GG = B 7 N kig e Gy,
k?zkl

g —— gk

where we denote conjugation by
(67) g* = kgk™L.
Its isotropy groups (65) are the centralizer subgroups:
(68) m(AG.g) ~ Za(g)-
Notice that we have group isomorphisms

Za(9") — Zaly)
g — q*

along which we may pull back group representations:

k

(69) Rep(Za(g)) ——— Rep(Za(g")).

A.2.3. Induced Representations. For H <~ G a subgroup inclusion, the delooping groupoid BH (59)
is equivalent to the action groupoid of G acting by left multiplication on the cosets G/G

BH ~ G\G/H.
This resolves B. by a Kan fibration:

B

( ¥
BH — G\G/H ——— BG.

Along the Kan fibration p, pushforward p, is given simply by direct sum of fibers. Under the
equivalence e this coincides with forming left induced representations.
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A.3. Drinfeld Center. We recall the Drinfeld center Z(G) := Z(Vecg) of the category of G-
graded vector spaces, and the nature of its simple objects (which is classical, cf. [Eti+15, Ex.
8.5.4]), making explicit that it is equivalently the representation category of the adjoint action
groupoid (Lem. A.3). Then we derive its fusion rules (Prop. A.8, which seem not to be readily

citable from the literature; in dual Hopf-algebraic formulation it was only recently claimed in [Li26,
Thm. 3.2]).

A3.1. The Fusion Category. We begin with recalling relevant definitions and establishing notation
(cf. [Eti+15] for background on braided tensor categories).

By Vec := (FDCVec, ®, C) we denote the monoidal category of finite-dimensional complex vector
spaces with the usual tensor product.

For G a group, the monoidal category Vecg of G-graded vector spaces has (cf. [Eti+15, Ex.
2.3.6)):

(i) as objects vector spaces V' € Vec equipped with G-indexed direct sum decomposition
(70) v=v,.
geG

(ii) as morphisms linear maps that respect the G-grading,
(iii) as tensor product ® the ordinary tensor product of underlying vector spaces equipped with
the convolution grading:

(71) (VaW)y == P (Ve ® Wy-1y).
keG

We shall refer to ® in (71), and its incarnation (78) in the Drinfeld center below, as the fusion
product, in order to distinguish it from the degreewise tensor product (cf. Rem. A.5 below).

Equivalently, with
(72) C(G) = Map(G,C)

denoting the Hopf algebra of complex-valued functions on the underlying set of G (with product
the pointwise product of functions and with coproduct and antipode induced by precomposition
of functions with the group multiplication and group inverse, respectively), we have that Vecq is
equivalent (as a monoidal category) to the category of modules over C(G):

(73) Vecg ~ Mod(C(G)).

(The pointwise product in C(G) induces the G-grading and the coproduct induces the degree con-
volution in (71).)
For example, with X € Vec an ungraded vector space and g9 € G a group element, we write
X ifg=go
74 Xé,, € Veca, X6 =
(74) go ¢ ( go)g {0 otherwise

for the G-graded vector space which is concentrated on X in degree go.

Now, the Drinfeld center Z(Vecg) is, by its general definition (cf. [Eti+15, §7.13]), the braided
monoidal category which has:

(i) as objects pairs, (V, (), consisting of a V' € Vecg and a natural isomorphism (the half-
braiding)

(75) By + (F)BV —= VE(-),
satisfying for all W, W' € Vecg the relation
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(i) as morphisms (V,8) — (V', ') linear maps f : V — V' such that for all W € Vecg the
following diagram commutes (cf. [Eti+15, (7.41)]): *

wav —EL ey
(77) e e
vew L2 pigw,
(iii) as tensor product the operation which on the underlying vector spaces is (71) and extended
to the half-braiding as:

(78) (V.B)B(V'.8) = (VEV. (idv@8) o (5&idv))
(iv) as braiding (cf. [Eti+15, (8.15)]) on a pair of objects the half-braiding (75) of the second
object around the first:
(79) b(V,ﬂ),(V’,B’) = 6(/ : Vévl ~ > V/év

Remark A.2 ([Eti+15, §7.14]). This Drinfeld center Z(Vecg) is equivalent, as a monoidal category,
to the category of modules over the Drinfeld double Hopf algebra D(C(G)) of (72):

(80) Z(Vecg) =~ Mod(D(C(@))).

Much of the literature discusses the Drinfeld center in this dual Hopf algebraic form.

A.3.2. Simple Objects via Inertia Irreps. The above general definition of the Drinfeld center applied
to the case of Vecg may be simplified using the notion of groupoid representations from § A.2.1:
Since every vector space is isomorphic to a direct sum of copies of C, the linear maps 5y (75)

are determined already by their values on Cd,, (74); and if we understand that C®V = V, then,
by degree reasons, their ggg-components must be linear isomorphisms go - (—) of this form:

(BCSQO )go g

(Cdgo év)gog (VQB(C(SQO)QOQ
(81) [ . [
Vg go-(—

Vgoggg_ L
For these, the coherence condition (76) reduces to the action property
(82) g2 - (91 : (—)) = (9291) - (—)-

This way, the objects of Z(Vecg) are bijectively identified with (complex, finite-dimensional) groupoid
representations of the inertia groupoid AG (66):

AG —— Vec

g —  V
83 C
(53) ©h e, [
g99r — Vorgor.

In this representation-theoretic description, the morphisms (77) of Z(Vecg) are equivalently the
homomorphisms of groupoid representations (the intertwiners). This shows that:

Lemma A.3. The Drinfeld center of Vece is equivalently the representation category (58) of the
inertia groupoid of G:

(84) Z(Vecg) ~ Rep(AG).

4We are notationally suppressing the associators.
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Lem. A.3 implies at once that simple objects in Z(Vecg) (those admitting no nontrivial direct
sum decomposition) are supported on conjugacy classes of group elements

(85) 9] := {g* = kgh™1 |k € G},

where they form an (irreducible) groupoid representation (cf. § A.2.1) of the connected compo-
nent [g]/,qG C G/xqG- Since these connected groupoids are equivalent (60) to the delooping
of their isotropy group, [g]/,qG =~ BZa(g), these groupoid representations are equivalently (61)
representations of the centralizer group Zg(g) (68):

Proposition A.4. The simple objects of Z(Vecg) are pairs ([g], p) consisting of a conjugacy class
[g] and an irrep of Za(g):

(86) {Simple objects} o~ |_| Irr([g] f4aG) =~ |_| Irr(Za(g)) -
[g]€Conj(G) [g]€Conj(G)
A.3.3. The Fusion Product.

Remark A.5. Beware that the above equivalence (84) is not a monoidal equivalence, as the standard
tensor product on groupoid representations is degree-wise, not convolutive as in (71).

Instead, the fusion product in the Drinfeld center is category-theoretically given as follows:

Lemma A.6. For a pair of objects F1, Fy € Rep(AG) ~ Z(Vecg) (84), their fusion tensor product
® (78) is equivalently given by the following pull-tensor-push operation:

(GaaG) % (GflaaG) T2 (G % @) 0,6 =2 a6

(F,F') m;((prTF) ® (prgF)) ,
in that there is a natural isomorphism

(88) FIQF, ~ m;((prlF) ® (prQF)>

(87)

Proof. Since the functor m is a Kan fibration, the left base change m, is given by forming the direct
sum over fibers. (It is immediate to check the universal property of the left adjoint explicitly.) This
reproduces the definition (71). The induced G-action on these direct sums is the diagonal one, which
under the equivalence (84) reproduces the definition (78). O

Lemma A.7. For gi,92 € G, with [g1] X [g2] C G? denoting the Cartesian product of their conju-
gacy classes (85), the action groupoid (64) of the diagonal adjoint action is equivalent to the following
disjoint union of delooping groupoids (59):

(89) (lo) [ /na@ =~ || B(Zaldh . 98)).

[9]€Conj(G)

[k, kz]equ 92

where the direct sum on the right is indexed over the set (30):
Rgl g2 T {[klakQ] € ZG \G2/<ZG 91 >< ZG 92 ‘gll ky _ g}

Proof. By Lem. 3.6, the disjoint union on the right of (89) is indexed by the set of orbits of the

groupoid on the left. Since Zg (gfl , 952) is clearly the isotropy group of the given connected compo-
nent, the claim follows by (60). O

We now have the following formula for the fusion coefficients

(lgl,p)
Ntgil.p) (g2l o) € N

which count the multiplicity of simple objects appearing in the fusion product of pairs of simple
objects:

(90) (lg:),p1) & ([g2]: p2) = €D NG (gatopm (191 )
(Lgl.p)
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Proposition A.8. The fusion coefficients (90) in Z(Vecg) are given by:

([g]:p) _ . k k
(91) N([gl],pl%([m],pz) - Z dlmHomZG(gf17g§2)(p11 ® pzzap) )

[k1,k2]€RG, g

where Ry = {[k’l,kg] € Zg(g)\G2/(Zg(gl) X Zg(gg)) ‘g]flg§2 = g} (30).

Proof. By Lem. A.6, the fusion product of simple objects (86) is given by pull-push through

(pry,pry) m
([g]//AdG) X ([g/]//AdG) e ([g] X [g/])//AdG —— G5qG-
By Lemma A.7 and with (63) and (69), this yields on the orbit [g] the isotropy representation

Za(g) Za(9y"952) ( k Za(9y"952) ( K
(92) B maZe o (ResZe ) o Reo o8
(k1,k2]€ERY, g,

where we are using, with § A.2.3, that on group representations the left base change m is given by
forming induced representations.

This yields the claim: By Schur’s lemma, the multiplicity of the irrep p in this expression is the
dimension of the hom-space from the latter to the former. Finally, by Frobenius reciprocity the
induction is left adjoint to restriction, whence we have (91). O

Remark A.9. Up to immediate translation, Prop. A.8 coincides with [Li26, Thm. 3.2], proven there
by different methods (Mackey theory applied to the Drinfeld double, cf. Rem. A.2). As remarked
there, this is in turn the untwisted specialization of a formula given by [Gof12, Thm. 4.5].
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