Equivariant 2-Cohomotopy of 2-Tori

— incomplete draft —
(Dated: March 2, 2026)

We compute covariantized equivariant 2-Cohomotopy of the torus, in degrees 0 and -1, hence the
homotopy in degrees 0 and 1 of equivariant mapping spaces Map(T?, S 2)¢ and of their homotopy-
quotients by the equivariant diffeomorphism group Diff (T’ 2)G, for GC T? ranging over point group

actions of 2D space groups.

In application to solid state physics, the results may be understood [1] as classifying fragile
topological phases and topological order of 2D 2-band crystalline (fractional) Chern insulators.
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I. INTRODUCTION AND RESULTS

Unstable n-cohomotopy [2, §VII] is the unsta-
ble/nonabelian cohomology theory [3, §2] whose classi-
fying space is the m-sphere S™, hence whose cohomol-

ogy sets (X)) assigned to a space (CW-complex) X are
the connected components 7y of the mapping space (AR)
from X to S™:

(X)) = mo Map(X, S"). (1)

(Accordingly, the higher homotopy groups 7 of this
mapping space may be thought of as the n-cohomotopy
of X in degree —k.)

While dating back all the way to the 1930s, cohomo-
topy is only recently being revived with the understand-
ing of its relevance for the description of solitonic topo-
logical effects in physics.

In particular, a seminal case of the celebrated phe-
nomenon of topological phases of quantum materials
(plausibly needed as hardware for much anticipated
robust quantum computers) — namely that of 2-
dimensional 2-band Chern insulators such as described
by the famous Haldane model — is well-known to have its
topological phases classified by the 2-cohomotopy of the
material’s Brillouin torus T? of crystal momenta, namely
by the winding number of the normalized Bloch Hamil-
tonian, which is an integer

C € Z ~ moMap(T?,5?) = 7*(T?)

that, in this case, happens to be the (first and only)
Chern class of the vector bundle of Bloch quantum states
of the material’s valence electrons.

Of course, in this case the role of cohomotopy is sub-
tle and has traditionally been missed, because the Hopf
degree theorem entails that the n-cohomotopy of closed
n-manifolds X" is nothing but their ordinary integral co-
homology:

(X" ~ HY(X™Z) ~ 7.

However, this coincidence of cohomotopy with ordinary
cohomology is lifted as soon as more details are resolved.

Crucially, the topological phases of realistic crystalline
materials are typically constrained to respect point group
symmetries G of the crystal lattice up to unitary con-
jugation of their Bloch Hamiltonians. Mathematically
this means that the cohomotopy classification is refined
to G-equivariant cohomotopy, this being the connected
components of the space Map(—, —)% of G-equivariant
maps

7 (X) = mo Map(X,S")%. (2)



Action Action
i R TN S T B | cobtiton

0 §IV A

1 pl 0 7 Z X9 72 §IVAI
Dihy pm 0 * Z §IV A2
Dih, cm 0 * 1 §IVA2
Dih, pe 0 Zs Zyo X L §IVA2
Zys p2 0 {C € 27} Zc §IVA2
Zyy pmm 0 §IV A2
Zyy cmm 0 §IV A2
Zs p3 0 {C € 37} Z/gc §IVA2
Dihs p31m 0 * 1 §IVA2
Dih3 p3ml 0 * 1 §IVA2
Zy, p4 {C € 47} Z/%C §IVA2
Dihy p4m 0 §IV A2
Zys p6 0 {C € 67} 7 /Lo §IVA2
Dihg p6m 0 8IV A2

symmorph 1 §IVB

Dih; pm I 27 x {n,s}? 7? §IVB 1
Dih; cm I Zys x {n,s} Zys §IVB2
Zs p2 I 27 x {n,s}* /e §IVB3
Dih, pmm I {n,s}* z3 §IV B4
Dih, cmm I {n,s}? 73 §IVB5
Zs p3 I 3Z x {n,s}? VA §IVB6
Dihj p3lm I {n,s}? Vi §IVB7
Dih; p3ml I 7? x {n,s}? 7? §IVBS
Zy, p4 I {n,s}? VA §IVB9
Dihy pdm I §IVB 10
Dihg p6 I 6Z x {n,s}® VA §IVB 11
Dihg p6m I §IVB 12

diamorph 1
symmorph II %] — §IV C
diamorph 1I

TABLE I. Our results (blank if no result yet). The integer labels of connected components are shown as the multiple as which
they appear under the forgetful map to the non-equivariant components. The notation “E xo A” signifies an as yet unspecified
group extension of A by E, while Z;c X2 Z? denotes specifically the level=2 integer Heisenberg group extension (Def. A.1) of

72,

While therefore in particular the equivariant 2-
cohomotopy of (Brillouin) 2-tori is bound to be central to
the understanding of the “fragile” (unstable) topological
phases of (fractional) Chern insulators, the computation
of these classes

72(T?) = mo Map(T?, 5%)¢ (3)

has not received attention before. Our first result here

is a comprehensive tabulation of these topological indi-
cators, for all possible G-actions.

But we go further and also investigate the equivariant
2-cohomotopy of tori in degree -1, hence the fundamen-
tal groups 7 of these mapping spaces. This is motivated
by the observation that in the non-equivariant case these
fundamental groups are surprisingly rich and non-abelian
(recalled in §IV A 1). This has dramatic implication for



the application to topological phases of what are called
fractional Chern insulators, and a key motivation for our
computations here is to see how this situation generalizes
to the case of crystalline insulators and hence to equiv-
ariant 2-cohomotopy.

II. EQUIVARIANT 2-TORI

a. Background. A 2D space group or wallpaper
group (cf. [4, §26][5, §2]) is a group extension S of a
finite point group G C O(2) by a lattice Z2 <& R2 fit-
ting into a diagram of exact sequences of groups (cf. [6,
Thm. 2.3][7, (22)]) like this:

|

>—<—Q<—CQ<—)Nwe»—~
o
o
=
N
=

whence the resulting torus inherits a continuous action
by the point group, making it a G-space (A37):

GCT? := GCR?/,Z2. (5)

Here S is called symmorphic if the extension is semidi-
rect, otherwise we will call it diamorphic (which is
not a standard term, but more succinct than non-
symmorphic).

It is a classical fact that there are, up to isomorphism,
exactly 17 such groups, cf. Table II, of which 13 are
symmorphic.

We write Z;, := Z/n for the cyclic group of order
n and Dih,, >~ Z;, x Z; for the corresponding dihedral
group of order 2n (obtained by adjoining a reflection gen-

erator o subject to 0> = eand o - [n] -0 = [-n], cf. [4,
§4]).
b. Result. We determine (Table IT) minimal equiv-

ariant cell decompositions for finite group G actions
(minimal G-CW complex structures, cf. [8, §1.1-2][9, Ex.
1.3.6] and §A 2 below) on the G-torus G CT? (5) accord-
ing to the 13 symmorphic wallpaper groups (4).

c¢. Proof. The proof of the following cell decompo-
sitions (referenced in Table IT) is by immediate inspec-
tion: It may take work to find a cell decomposition but
it is easy to recognize one when found. The rule is that
cells appear in G-orbits (coset spaces G/H for subgroups
H C G, as shown on the right of the following figures)
subject to no further constraint except that their bound-
aries are equivariantly glued to lower-dimensional cells
(as shown on the left of the following figures).

Space Point Minimal cell
group group structure on
S G G(R?/7?
pl 7y Fig. 1
pm Dihy Fig. 2
cm Dih, Fig. 3
Pg Dih; Fig. 4
p2 Zyy Fig. 5
pmm Dihs Fig. 6
cmm Dihso Fig. 7
pmg Dih, Fig. 8
pgg Dihs Fig. 9
p3 Zy3 Fig. 10
p31lm Dihs Fig. 11
p3ml Dihs Fig. 12
p4 Zy4 Fig. 13
p4m Dihy Fig. 14
p4dg Dihy Fig. 15
p6 Zys Fig. 16
pbm Dihg Fig. 17

TABLE II. The names of the 2D space groups, arranged ac-
cording to their point groups G and referenced to the minimal
equivariant cell decomposition of the corresponding G-torus.

d. Status. The concept of G-equivariant cell com-
plexes is fundamental in equivariant homotopy theory,
and equivariant cell decomposition of a domain G-space
is pivotal for general computation of its equivariant (gen-
eralized) cohomology. Moreover, cell decompositions of
G-tori are among the simplest non-trivial examples of the
general concept and of key importance for computations
of crystalline topological phases (where they appear as
Brillouin tori of crystal momenta subject to crystal sym-
metries). And yet, we are not aware that the following
cell decompositions (Tbl. II) have been spelled out be-
fore.



FIG. 1. Minimal cell structure on the torus without symme-
try, corresponding to the space group pl.

Zn x (R?/2%) 2L (R2/22)
(WLfes))  — [y

o+ ¥

’ Cell decomposition ‘

D° x Zn |Zp
D' x 7,7, !
D' x Z | Zp —_

D% X 7y /7 O

FIG. 2. Minimal equivariant cell structure on the torus with
mirror symmetry corresponding to the space group pm.

7, x (R?)72) 225 (R2/72)

(Uv [.’E, y]) — [7:6? y]
A
D s B
04 A O A O A
D s B
2 I ) I - —>
1 0 +1
’ Cell decomposition ‘
D° X Zy2 /75 .
DO X Z/Q/Z/g °

D' X Zy3 /7

R

D' X Zy2 /75

——

D' x Zy/1

D? x Z/1

FIG. 3. Minimal equivariant cell structure on the torus with
mirror symmetry corresponding to the space group cm.

Dih; x (R?/7%) <25 (R?/7?)
(@ fzyl)  —  [yal

Y

-3 0 +3

Cell decomposition ‘

D° x Dih; /Dih; o

D' x Dih; /Dih,;

D' x Dihy /1 +\
—_——
. e
D? x Dih; /1
x Dihy/ \O

FIG. 4. Equivariant cell structure on torus of Dih;-action
according to the space group pg.

Dihy x (R?/22) — & 5 (R?/22)
(o, [z,9]) — [z + 5,y

Cell decomposition ‘

D° x Dih; /1 o< >e
D' x Dihi /1  S=lom
D' x Dih; /1 +X+

D? x Dih; /1 %\\Q«




FIG. 5.

Minimal equivariant cell structure on torus with

2-fold rotation symmetry corresponding to the space group

P2.

S

Zys x (R?/72) P2, (R2/Z2)

([1],[{1?,:[/]) — [—JZ, _y]
A
- @ @ —
- O @ —
| | | >
I I I .

Cell decomposition

D° X Zy2/Zs
D° X Zy2/Zs

D° X Zy3/Zs
DO X Z/Q/Z/Q

Dl

Dl

Dl

D2

X Z/2/1

X Z/2/1

X Z/Q/].

X Z/g/].

FIG. 6.

pmm.

Minimal equivariant cell structure on torus with
2-fold dihedral symmetry corresponding to the space group

Dihy x (R?/z2) P (R2/72)
([1]7[xay]) — [—:L', )
(07 [wa y]) — [1’, _y]

A

T- O . 4 —0
y f\% A

0+ G ® —Q

A Vj \

T O @ p—
| | | >
I I I .
5 0 +3

Cell decomposition

DO X Dlhg/Dth °

DO X Dlhg/Dth )

D° x Dihy/Dihs .

D2

X DihQ/Dihg

X Dlhz/ Dlh1
N
(o-(1])
X Dihg/ Dih1
~—~—
(o)
x Diha/ Dihy
——
(o-[1])
X Dih2/ Dihl
(o)

X Dih2/1

C

—— ——

f




FIG. 7.

cmim.

Dihy x (R?/7z?) S, (R?/72)
(1], [z, 91) — [z, -y
(0 [z, ]) — [y.q]

Minimal equivariant cell structure on torus with
2-fold dihedral symmetry corresponding to the space group

Y

Cell decomposition

D° x Dihy/Dih,
DO X Dlhz/Dlhg
D x Dihy/Z)»

D" x Dihs/Dih;
D*' x Dihy/Dih;

D' x Dihg/1

D? x Dihy/1

(U'[l}v [xvy])

A

pmg (R2 /ZQ)

[—:12, _y]
[IL’ + %7 _y]

Minimal equivariant cell structure on torus with
symmetry corresponding to the space group pmg.

Dihy x (R?/Z?)
(O] fw,9])  —
(o, [z,9]) —

— [~z —3),y]

Y

-1 0 +3
Cell decomposition ‘
D° x Diha/Zs **
D° x Dihy/ Dihy °*
(o-[1]) . o
D° x Diha/Z, '~
D° x Dihy/ Dihy °«>*
(o-11])
D' x Dihy/1
2/ SR
D! x Dihy/1
2/ SR AR
D1 X Dih2/1 ><¢:)
D x Dita/1 qxt)
D2 X Dih2/1 @
D? x Dih2/1 @




FIG. 9. Minimal equivariant cell structure on torus with FIG. 10. Minimal equivariant cell structure on torus with
rotation and glide reflection symmetry corresponding to the 3-fold rotation symmetry corresponding to the space group
space group pgg. p3.
. pgg 3
Dihz x (R?/2?) —==— (R?/Z") Zs x (R?)72) — 225 (R2/72)
(L lzg) = 7yl (1 [#9)  — [y —y—a]

(U,[w,y]) — [x+%’_y+%]
(U-[l},[m,y]) — [—3;4_%73/_'_%]

A
o —————9
A \ A
U o O <« 0
Y \ A 4
R O - o
| | | Cell decomposition
: : L D° X 7375 R
- ’ - D° x Zy3/Z .
Cell decomposition ‘ DO % 23] 73 .
N
[ )
D° x Dihy /7, AW D' x Zs/1 l\*/
o
[}
D° x Dihs/Z),
% \. D' x Zy3/1 (/ i
m @
—
D' x Diha/1 >Z R
U D? x Zys/1 o0
+ A
<>
D' x Dihg/1
+<—>
(ORING)
D? x Diha/1




FIG. 11. Minimal equivariant cell structure on torus with
3-fold dihedral symmetry corresponding to the space group
p31lm.

Dihg x (R2/72) —P310, (2 /72y
([1]7 [xvy]) — [Z/, 73/737]
(07 [(l?, y]) — [_yv —CL‘]

Cell decomposition

D° x Dih3/Dihj .

D° x Dihz/Dihj o

D° x Dihz/Dihj o
F N
N

D' x Dih3/ Dihy
(@)

A
Y

D1 X Dlhg/ Dlh1
~—~
(o-[1])

BN

OO
ORENE’
<o

D' x Dihs/ Dih;
(@)
o

D? x Dihz/1

FIG. 12. Minimal equivariant cell structure on torus with
3-fold dihedral symmetry corresponding to the space group
p3ml.

Dihs x (R2/z2) P30, (g2 /72
([1],[.7},3/]) — [yv 73/737]
(07 [az,y]) — [ac,—y—x]

Cell decomposition ‘

D° x Dih3/Dihj

D° x Dihs/Z3

[ ]

§

[ ]
D° x Dihs/ Dihy
~—~—~
(o) ©
DO X Dlhg/ D1h1 @o

©

(o)

D' x Dihs/ Dihy
N——

(o) Q\V\

D' x Dihs/ Dih;
N~

@ "
D" x Dihs/1 4/&:

D? x Dihz/1




FIG. 13. Minimal equivariant cell structure on torus with
4-fold rotation symmetry corresponding to the space group

p4.

Zs % (R?/72) LN (R%/Z2)

([1]7 [xvy]) — [yv_m]

5 0 +1
Cell decomposition
D® X Zy4 /%4 .
D° X Zy4 )74 .
D° X Zy4/Zs ¢ Y

D' x Z4/1 _V/:.t\_
D1 X Z/4/1 _._*—q—

D? x Zy4/1

Y

Minimal equivariant cell structure on torus with

A

Dihy x (R2/72) —PAM, (R2/72)
([1]7 [fE,yD — [y77x]
(0-7 [xa y]) — [xa _y]

4-fold dihedral symmetry corresponding to the space group

Y

3 0 +3
Cell decomposition ‘
D x Dihy/Dihy .
DY x Dihy/Dihy .
[}
D° x Dihy/ Dihg
\v./ [
(2ho) |
D' x Dihy/ Dihy Y _(,\_
N——
(@) -
D' x Dihy/ Dihy _._*:\V_
N——
(@) }A
A
D' x Dihy/ Dih; K\/ E
(o-T1]) KN
O G
D? x Dihy/1 N
ISP




FIG. 15. Minimal equivariant cell structure on torus with
rotation and glide reflection symmetry corresponding to the
space group p4g.

Dihy x (R2/22) — P8, (R?/72)
([1]7 [{E, y]) — [y7 7"”]

(07 [wa y])

A

— e+ g, -y + 3]

Y

— 0 +3
Cell decomposition ‘
[
D x Dihy/Z), N
[ ]
[
D° x Dihy/ Dihy AW
N~ °
(210 [1]) .
D° x Dihy/ Dih;
N—— o o
(o-13)) i
e
D' x Dihg/1 Ly
->—+—<-
A
D' x Dihy/1 {
W
@ Q
2 . O O
D? x Dihg/1 ——
O O

10

FIG. 16. Minimal equivariant cell structure on torus with
6-fold rotation symmetry corresponding to the space group
p6.

Zye x (R?/72) _PO (r2/z22)
([12 [, 91)

— [y, —

Cell decomposition

D° X Zys/Zs .
D° X Zys/Zy3 AR
0“ e

D° x Zys/Zs
D' x Zys/1
Dl X Z/G/]- *) <+

D2 X Z/G/l
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FIG. 17. Minimal equivariant cell structure on torus with TABLE III. Quotients of the torus by actions of the sym-

6-fold dihedral symmetry corresponding to the space group morphic point groups (where “~” denotes identification up
p6m. to homotopy equivalence, otherwise up to homeomorphism).
6 These may be read off from the equivariant cell decomposi-
Dihg x (R?/Z?) B (R?/Z7) tions shown above,
([1]» [z, y]) — [y, y — 7] Space | 12/~
group /
(07 [xay]) — [w7x_y]
pl T?
pm ~ St
cm ~ ok
p2 52
pmm
cmm
p3 S?
p3lm | ~ x
p3ml | ~ x
p4 52
pdm
p6 S?
p6m
Pg K?
Cell decomposition
D° x Dihg/Dihg o
D° x Dihg/ Dihs =
N [
([2], o-[1])
D° x Dihg/ Dih Oh'\
1Ne 1n9
~—~—~ \\ ®

([8L,e-11])

»/r\
D' x Dihg/ Dihy 4:> <
(o)) >

. AVA

X Z/G/ Dih1 —— ——
—~—

s AN

a R

D' x Dihg/ Dihy ]
—— *

(1)) N4

D? x Dihg/1 -




IIT. EQUIVARIANT 2-SPHERES

We consider the 2-sphere S? ~ S(R3) as equipped
with G-actions of finite subgroups G C SO(3), under
the defining action of SO(3). These subgroups famously
fall into an ADE-classification, cf. Table. IV.

TABLE IV. The finite subgroups of SO(3).

Type Name Symbol Range
An cyclic ZLyns1 n €N
D, dihedral Dih,,—o n € Nx>o
Es tetrahedral T
Er octahedral 0]

FEs icosahedral 1

But what matters in the following are only the fixed
point sets of these actions, which fall into three classes
according to Table V. The case I of exactly 2 fixed points
is illustrated in Fig. 18.

TABLE V. The fixed point structure of the actions of finite
subgroups of SO(3) (Table IV) on the 2-sphere.

Case 1;(;3235 Groups
0 all 7
1 two Zyp,m > 2
1I none all other

FIG. 18. The action on the 2-sphere of the non-trivial cyclic
groups Zs,, n > 1, is by rotation around a fixed axis and
hence fixes precisely an antipodal pair of points, to be denoted
n and s.

Here:

e The case (0) of the trivial action on the coeffi-
cients 2-sphere uniformly reduces G-equivariant 2-
Cohomotopy to the ordinary 2-Cohomotopy of the
domain’s quotient space T?/G. This situation we
discuss in §IV A.

e The case (II) of no fixed points on the coefficient
2-sphere makes the equivariant 2-cohomotopy be

12

empty as soon as there is a fixed point in the do-
main, which is the case for all symmorphic actions
(cf. Table II).

e Therefore case (I) of exactly 2 fixed points on the
coeflicient sphere is the only substantially relevant
one for symmorphic 2-tori. This situation we dis-
cuss in §IV B.

IV. EQUIVARIANT 2-COHOMOTOPY OF
2-TORI

A. Any G-Tori and Type 0 Coefficients

When the G-action on the 2-sphere coefficient is trivial
(“type 0”7 according to Table V), G-equivariant cohomo-
topy reduces to the ordinary cohomotopy of the quotient
domain:

G(CS%trivial = Map(T2,52)G ~ Map(TQ/G,Sz).

The homotopy types of quotients that appear this way
are those of the point, the circle and the 2-sphere (cf.
Table III).

1. pl

The case of trivial G action both on the domain 2-
torus and on the coefficient 2-sphere is the case of non-
equivariant 2-cohomotopy of the 2-torus. For complete-
ness, we recall the remarkable fact (Prop. A.3, due to
Larmore & Thomas 1980 [10], going back to Hansen
1974[11], reproved in [12]) how that yields (besides the
usual winding number in degree 0) a non-abelian funda-
mental group, namely an integer Heisenberg group (re-
called as Def. A.1 below):

The 1-skeleton in Fig. 1 is the wedge of two circles

>
|

Skl(TQ) ~ Styst =<1 A

Y

and the 2-cell attachment is

St —— 9 sk (T?)

l (po) l (6)

D? — 77

where the top map picks the boundary of the 2-cell as
shown in Fig. 1.

Definition A.l. For k € Z, the level=2 Z,,-extended
integer Heisenberg group has underlying set Zy;, x 72 with



group operation
(Zk XQZQ) X (Zk X2Z2) EE—— Zk ngz
Y/ Y/ /
a+a, [n+n'+
(@bl @) — (570 )
(7)
A.2. The

Proposition pointed mapping  space
Map* (T2, 5%) has connected components
7o Map*(T?, 8?) ~ 7Z (8)

and each component C' € 7Z has fundamental group the
level=2 Z-extended integer Heisenberg group (A.1)

m1 Mapg (T2, S%) ~ Zyg x2 Z° . (9)
Proof. Regarding the 2-cell attachment (6) as a pushout
of pointed spaces and using that Map*(D?,T?) ~ x, we

have the following homotopy fiber sequence and its in-
duced homotopy long exact sequence:

Map* (T2, 52) —» (25%)2 & 082

72 0 .7
D

(10)
G mMap*(12,52) — 72 —2 > 7 B

C> moMap* (T2, 5%) —— * —— *.

Here 7, (0*) = 0, for n > 0, because its image is man-
ifestly in group commutators inside abelian groups (cf.
[11, Prop. 2]).

This already implies the first statement (8) and the sec-
ond statement (9) up to the determination of the group
extension. That the latter is indeed the central extension
at level=2 is due to Kallel 2001 [13, Cor. 6.14]. O

Proposition A.3. (i) The plain mapping space
Map(T?, S?) has connected components

7o Map(T?,5%) ~ 7Z (11)

and the component C' € 7Z has fundamental group the
level=2 Zyc-extended integer Heisenberg group (7)

m Mape (T2, 8%) = Zppe x2 72 (12)

(ii) Moreover, the canonical map from the pointed map-
ping space yields the canonical surjections on these ho-
motopy groups (cf. Prop. A.2).

Proof. The statement (12) is due to Larmore & Thomas
1980 [10, Thm. 1] following [11]; a transparent new proof
is given in [12, Thm. 3.3]. O

13
2. Other

For the nontrivial space groups in Table IIT we have:

mo Map (x, 5%) =~ *

13

71 Map(, %) ~ 1 (13)

mo Map(S*, 5%) ~ « (14)

m Map(Sl,SQ) ~ 7

0 Map(Sz,SQ) ~ 7 (15)
m MapC(Sz,SQ) ~ Zpc,

7o Map (K2, 5?) ~ Lyo (16)

~ Z/Q X Z,

( )
T Mapg (KQ, 52)
(27,

where (14) follows by (A27), (15) follows by [14, Thm.
5.3(1)][15, Lem. 3.1] and (16) is [11, Thm. 2].

B. Symmorphic Tori and Type I Coefficients

We compute here the equivariant 2-cohomotopy of 2-
tori equipped with symmorphic G-action according to
Table I1. Since these G-actions all have fixed points, their
equivariant 2-cohomotopy for coefficient 2-sphere with
actions of Type II (Table V) is empty. Therefore we may
focus on 2-spheres with type I actions, hence with non-
trivial finite rotation actions of Z;,, (Fig. 18) which we
regard as G-actions via any non-trivial homomorphism

G — Zy,, (which clearly exists for each symmorphic &).

In this situation, the G-action on S2 has precisely two
fixed points (Fig. 18) and the following results depend
otherwise only on the given G-action on T2,

In this situation, the following computation strategy
works uniformly for essentially all cases (the few excep-
tions being discussed separately below); the reader may
want to compare the following general prescription to,
say, the first example in §IV B 1 below:

(i) Observe that equivariance forces each of kg 0-cells
of the 2-torus to be mapped to a fixed point, hence
to one of the two fixed poles n,s € S? (Fig. 18).
This decomposes the equivariant mapping space
into a set {n,s}*® of disjoint components.

(i) Observe that the images of orbits of the ky 1-cells
of the 2-torus are determined by the image of any
one of their members, which is free except that its
endpoints are stuck to the fixed poles as per the pre-
vious choice of images of the 0-cells. This makes the
equivariant mapping space out of the equivariant 1-
skeleton sk&(72) (A5) be the ko-fold disjoint union
of ki-fold products of bipointed mapping spaces,



the latter each equivalent (A34) to the based loop
space:

Map(sk?(TQ), S2)G

Map*l‘*Q(Dl,S2)
~ H xMap*3:*4(D!, 5?)
{n s}ko (17>

~ [T (25"

{ns}*o

(where for the disk x9; = 0 € D' and *9i11 =
1 € D', while for the sphere x; € {n,s} as per the
given disjoint component).

(iii) Observe that the images of the ko 2-cells are simi-
larly fixed by that of any one of its members, which
now means that equivariantly mapping out of the
2-cell attachment diagram (A43) characterizes the
equivariant mapping space as a pullback (A48) of

this form:
G
IIs* x a1 O 672y
Map " fubz o l , 52
[[0% < G/t ——— 12
ko
(07);2, (18)
p
()" — (28" < T ( 952

ko
HL;T {n.s}
(pb)

(Map(D?, 5%))" < Map(7?, 5%)¢

where for the top map we have recognized, on
the left, the free loop space £5% = Map(S!,S?)
and, in the middle, that the map actually factors
through the inclusion of based loops into free loops
(A10), due to the previous observation that all 0-
vertices must map locally constantly to a fixed pole.

(iv) Observe that with its left map being a fibration
(A20), this pullback square (18) is actually a homo-
topy pullback (A29), in which guise we may replace
D? ~ x and use the pasting law (A35) to factor as

sy ko
(;CSQ)kZ -— (952)k2 % H (QSZ)kl
cns {n,s}Fo 19
m tT (hpb) T (hpb) T ( )
(SQ)kQ * 1\/[21’13(1127 SQ)G’

where the left square follows by (A36).

(v) In most cases the dual attachment map ( Of )fio
in (19) happens to be null homotopic (homotopic to
a map factoring through the point), in which case:
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Observe that the right square in (19) factors further
as

(052,
v B
(252)" » [T (25"
2
T fn,s}0 T 20)
(hpb) (hpb)

b (278%) — Map(1?, 5)°

where the left square is a homotopy pullback by
(A31), and then the right square is so again by the
pasting law (A35). But this implies (A32) that

-~ H (952)k1

{n,s}*o

Map (T2, 52)¢ x (225%)  (21)

and hence in particular that its first homotopy
groups are, for all basepoints:

mo Map(T2,8%)¢ ~ 7Z*2 x {n, s}
2,80 ~ M x ZF2 . 22

71 Map(T

(vi) Generally, observe that (19) exhibits the equivari-
ant mapping space as the homotopy fiber (A30) of
the dual 2-cell attachment map (©*)F2, exhibited
on its free 1-cell data, and thus induces, for any
choice of basepoint b, the corresponding long exact

sequence of homotopy groups (A21)

Map(7?,5%)¢ — T]( 952 QS2)
{ns}*
M — 2 ks
J s
G 71 Map, (T2, §2)€ /R

zk
)

— {n,s}ko —> *,

E> 7o Map (T2, 5%)¢

where the Z* entries follow (A15) from the homo-
topy groups of the 2-sphere (A16), and where the
homomorphism ¢ is known explicitly as the matrix
reflecting how the 1-cells are composed (and hence
linearly added up, under looping) to boundaries of
2-cells under the attaching map.

In conclusion then, the truncation (A28) of this long ex-
act sequence (23) yields the desired connected compo-
nents and fundamental group of the equivariant mapping
space (the latter up to extension), in that it gives short
exact sequences

zk2
I > @

1 — iéti) — 7 Map(T?, $?)¢

— 7 Map, (T2, 5?)¢ — ker(¢) — 1

—— {n,s}ko - X%,



finally implying that

mo Map(T?, §2)¢ ~ Zk=dm(m@) » fn syko (24)
and for each (C,s) € mo Map(T?, S%)¢
m Map ¢ ) (T2, §%)C ~ ZF~dmim©@) [ ker(¢), (25)

where “F x4 A” denotes an unspecified group extension
of A by E.

We next spell out this computation strategy for each
of the symmorphic actions from Table IT (except for the
case p1, since this has only type 0 coefficients and as such
is discussed in §IV A 1).

1. pm

Specializing the mapping out of the 2-cell attachment
(18) to the situation for space group pm shown in Fig. 2,
and then factoring the dual attaching map through based
loops (19) gives

o

v A
LS? Qs? [[Map=* (D', 5?)

T {n,s}? T
(hpb) (hpb)

52 * Map(72, 5%)¢

where the top map assigns
O*: v = enc(v,7) .
Since this is null homotopic, we find with (21) that:

7o Map(T?, 5% ~ Z x {n,s}?, (26)
m Map o o (T2, 8%)¢ ~ 72, (27)

Finally, the map forgetting the G-action on 1-skeleta
is homotopic to multiplication by 2 on the attachment

cnst l

ene(T 71, 71)

H Map** (D", §?) ——————— Map(skq (1), S?)

{n,s}? lo* lo*
A/Q

0S? 52

2

which implies that so is the comparison map on the Z-
factor in (26):

Map(72, 5%)¢ ——— Map(T2, 5?)
[ I

7, X {n,S}2 W Z
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Mapping out of the 2-cell attachment (Fig. 3) and
factoring the dual attaching map through based loops
gives

5

v )
LS? 082 [[Map=+ (D', 5?)

T {n.s} T
(hpb) (hpb)

52 * Map(T?, 5%,

where the top map assigns, up to homotopy:
O*: v = enc(v,7) .
In the induced homotopy LES, for any basepoint,
Map(7?,5%)¢ —— Q5% — QS?

ZLZU

)

[> 7 Map(72,5%)¢ —— 7 AN/

L 7 Map(T2,5%)%2 — {n,s}* —
we therefore have, as a 1 x 1 matrix,
¢ =(2).
This implies that
Zjim(o) ~ Zp and ker() ~ 1
so that the homotopy LES truncates to

1 > Zjy — mMap(T?,§%)¢ — 1 — 1,
1 > Zjy — moMap(T?,52)¢ — « > {n,s}.

3. p2

Mapping out of the 2-cell attachment (Fig. 5) and
factoring the dual attaching map through based loops
gives

o

£ A
Map™*>* (DI,S2)
OS2 H XMap™* (D',S2)
)

I& {n,s}4 XMap*’”(Dl,S2

(hpb) (hpb) T

Map(T?, 5%)¢




where the top map assigns, up to homotopy:

o™ (71772,”‘/3) — CHC(%”;Q,”‘/?W:;,?Q,W)~
Since this is null-homotopic, (22) gives:

o Map (72, 52)Z/2 ~ 74
mo Map (T2, 52)2/2 ~ 27 x {n,s}*.

4. pmm

Mapping out of the 2-cell attachment (Fig. 6) and
factoring the dual attaching map through based loops
gives

o
s A
Map** (DI,SQ)
9 9 ><M'1p*"'(l)'732)
LS QS H4 XMap™ " (DI,SZ)
{n,s} XMap*’% (])1752)
(hpb) (hpb) T
S2 X Map(T?, S%)¢,

where the top map assigns:

O: (7’/]7’}/2773774) — CDC(’}/17’72,’}’37",7/4), .

In the induced homotopy LES, for any basepoint,

Map(7?,52)¢ — [[(25%)" — Q52
{n,s}*

Z4—¢>Z

G 71 Map(T?2, §2)C A

[> 71 Map(T2,5%)¢ — {n,s}* —
we therefore have
p=1[11-1-1].
This implies
Z/im(¢) ~ 1 and ker(¢) ~ Z3,
so that the homotopy LES truncates to

1 > 1— mMap(T? 8*)%2 —— 73 — 1,

1 - 1 — moMap(T?,8%)%> — {n,s}* > *.
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5. cmm

(Assuming that the action of [1] € Dihy on S? is non-
trivial, so that the O-cell D° x Dihy/Z, maps constantly
to one of the fixed poles.)

Mapping out of the 2-cell attachment (Fig. 7) and
factoring the dual attaching map through based loops
gives

(0,0)"

- )
Map*’*(Dl,SZ)
(£52)2 - (952)2 H xMap™ (l)i,SZ)
s xMap™ (D ,S )
{n,s} XMap*’ (1)17542)

(hpb) (hpb) T
(s2)* . Map(T?, %)<,

where the top map assigns, up to homotopy,

OO+ rrw) o (0T,

cnce (’)’1 V2 7T)

In the induced homotopy LES, for any basepoint,

Map(TZ,SZ)DihZ — H(QS2)4 s (QS2)2
{n,s}?

Z4—¢>Z2

” 7

L 7 Map(T?,5%)%2 —— {n,s}* —— =«

& Map(e2, 5722 7t —2

we therefore have

11 -1 0
¢ = [1 10 —1]'
This implies that

7?/im(¢) ~ 1 and ker(¢) ~ Z3,

so that the homotopy LES truncates to
1> 1— mMap(T? 8%)¢ —— 7% — 1,
1 -1 — mMap(T?, 9?)¢ — {n,s}® > *.
6. p3

Mapping out of the 2-cell attachment (Fig. 10) and
factoring the dual attaching map through based loops



gives

( A
2 2 Map™ ™ (Dl,S2)
cs 0s 11 (Mp (D17S2))
I {n,s}®
(hpb) I (hpb) T

S2 * Map(72, 5%)¢

where the top map assigns, up to homotopy,

O*: (’71’7'2) — CHC("/’17’7>2,“/,2,’}/1)7

and is hence null homotopic.
Therefore the induced homotopy LES, for any base-
point,

Map(T2,52)¢ —— [[(25%)* 2> as?
fs}°

Z2—0>Zj

“J

L 7 Map(T2,5%)¢ —— {n,s}? ——

L 71 Map(T?, §?)¢ 72 —2

truncates to

1 - 7Z — mMap(T?,5%)¢ —— 72 — 1,

1 - Z — moMap(T?,5%)¢ — {n,s}3 - x.

7. p3lm

Mapping out of the 2-cell attachment (Fig. 11) and
factoring the dual attaching map through based loops
gives

£ A
Map*’*(Dl7S2)

L£S? Qs? I { xmepe (0.52)

I\ {n,s}® XMap*"(T)l,Sz)

(hpb) (hpb) T

Map(72,5%)¢

52 *

where the top map assigns, up to homotopy,

O*: (717/\//277’3) — CHC(%?W’ZFT%% .
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In the induced homotopy LES, for any basepoint,

Map (72, §2)¢ — H(QS2)3 — Q82
{n,s}®

[) 71 Map(T?, 5%)¢ 73

L 7o Map(72,5%)¢ — {n,s}® ——
we therefore have
p =111 —1].
This implies that
Z/im(¢) ~ 1 and ker(¢) ~ Z>
so that the homotopy LES truncates to

1+ 1— 7 Map(T? %)% —— 72 — 1,

1 > 1 — moMap(T?,5%)¢ — {n,s}3 - x.

8. p3ml

We consider specifically the action on the 2-sphere to
be through

A — [
o — [0]

Then

(i) the images of the blue and orange 0-cells have to
coincide;

(ii) the images of the orange 1-cells are 1-pointed paths
and as such form a contractible space, so that the
equivariant maps out of the 1-skeleton are homo-
topy equivalent to

Map(sk?(Tz), 52)G ~ H 0SsZ,
{n;s}?

(iii) the images of the green and red cells in Fig. 12 are
actually free and thus can be absorbed with the
images of the 2-cells;

(iv) The resulting attaching map of these composite 2-
cells then is null homotopic.



Therefore, the equivariant mapping space is equivalent
to

Map(T2,5%) ~ [ 08% x (2252)°

{n,s}?
and hence
0 Map(Tz,Sz)G ~ 7% x {n,s}?
™1 Map (T2, 52)¢ ~ 77

9. p4

(Assuming that [2] € Z, does not act trivially on the
2-sphere.)

Mapping out of the 2-cell attachment (Fig. 13) and
factoring the dual attaching map through based loops
gives

f A

2 2 Map™* (D',5?)
LS Qs H (XMap*‘ (771,52>>
I (hpb) I

52 *

where the top map assigns
*: (1,0 A1 A A AT
O*: (71,72,) — enc(y1,72,72, 71)-

This is null homotopic, so that we have the further
factorization

Y(2 ) Map*’*(Dl,S2)
LS 25 : H <><Map*”(D',S2)>

I T fn,s)?
(hpb) (hpb)

(hpb) T
S? * 028% <« Map(T?, 5?)¢

o*

which exhibits
Map(T2,5%) ~ [T (252)* x 0252,
{ns}?

10. p4m

Fig. 14

(...
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11. p6

(Assuming that [2],[3] € Zj do not act trivially on
the 2-sphere.)

Mapping out of the 2-cell attachment (Fig. 16) and
factoring the dual attaching map through based loops
gives

o
Y( )
o o Map*'*(Dl,Sz)
Ls Qs {]_‘I}s(xMap*,ﬂ ([)1752)>
I (hpb) W (hpb) T

(8%) * Map(T?, S?)¢,

where the top map assigns, up to homotopy,
Q*: ('\/’/'l ’ 7’2) — CDC(",’] V2572, V15 )7 .
Since this is null-homotopic, (21) gives

w1 Map (77, 52)2/6 ~ 7 xZ?
m Map(TQ, SQ)Z/G ~ Z x {n,s}?

12. pbm

()

C. Symmorphic Tori and Type II Coefficients

Since all symmorphic actions have fixed points, while
the Type II action on the 2-sphere by definition has no
fixed point, there is no equivariant map from a symmor-
phic G-torus to such a 2-sphere coefficient.

D. Diamorphic Tori



V. THE EQUIVARIANT MODULAR GROUPS

Here we analyze the equivariant mapping class groups
of the torus (the equivariant modular groups), for various
point group symmetries.

Ultimately we are interested in the homotopy quotients
of equivariant mapping spaces to the sphere by these
equivariant mapping class groups.

A. Generalities

Definition A.1 (Equivariant mapping class group).
Given a smooth action G (¥ of a finite group G on a (con-
nected, orientable) surface %2, say that the G-equivariant
mapping class group is the group of connected compo-
nents of the equivariant orientation-preserving diffeomor-
phism group of X2

MCGY(2?) := 7o (Diff H(x2)9) . (28)

For G = 1 this reduces to the plain mapping class group
MCG(%2?), and for ©2 = T2 this is also called the equiv-
ariant modular group.

Since equivariant maps send fixed points to fixed
points, evaluation of equivariant mapping classes (28)
constitutes a group homomorphism

MCGY(2?) — Sym((2?)%). (29)

to the symmetric group of the set (32)¢ of fixed points.

Example A.2. With the G-action on T? ~ R?/Z? in-
duced from a linear action of L C O(2), rigid translation

T2 T2
[z] = [z+Dp]

by the vector representative p € R? of any fixed point

= {b}

is an equivariant diffeomorphism, since

v L-jx+p]=[L-z+L-p
2
[e]eT = [L-z+7p].

For some of the following computations we need to
compare G-equivariant maps to more general maps that
are only required to preserve the fibers of the G-quotient
coprojection:

Definition A.3 (Coprojection fiber-preserving maps).
With ¢ denoting the quotient coprojection of the G-

action on Y2, a fiber-preserving homeomorphism qAS of ¥.2
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is a homeomorphism of 2 which fits into a commuting
diagram of this form:

¢

»2 32

éq éq (30)

22/G —2 - ¥2/G .

for ¢ a homeomorphism of the quotient space. Write
Diff,(%2?) c Diff(%?) (31)
for the subgroup of fiber-preserving diffeomorphisms and
MCG,4(?) := mo(Difff (x2)) (32)
for the fiber-preserving mapping class group.

Remark A.4. Beware that the influential work [16] con-
siders instead fiberwise diffeomorphisms modulo contin-
uous paths of general diffeomorphisms (cf. p. 432 there).
That definition however makes the main Theorem 5 there
fail in general (cf. Rem. B.5 below) while with our defini-
tion (32) the relevant cases are salvaged (cf. Lem. B.6).

Example A.5. Equivariant diffeomorphisms are copro-
jection fiber-preserving, henre there are group homomor-
phisms:

Diff *($2)¢ —— Diff}(x2)

¢ L e

MCGY(£2) —— MCG,(%2)

Lemma A.6 (Covering maps). If the action of G
is effective and orientation-preserving, then the fiber-
preserving homeomorphisms (30) which cover the iden-
tity map (the covering maps) are precisely those given by
the action of an element g € G:

2~ o2

N A

$2/G .

G ~ C Difff(32).  (34)

Proof. 1t is clear that every element of G acts as a cov-
ering map. Conversely, given a covering map ¢ we are to
find the corresponding unique group element:

Consider the subset Efeg C X2 of regular points of the
G-action. Since the action is effective, this is a dense sub-
sect (by Newman’s theorem, cf. [17]), and since the ac-
tion is orientation-preserving, its non-regular points are
isolated (by Kerékjartd’s theorem, cf. [18]) so that with
¥? also 32, is connected.

Now for s € Zfeg any such a regular point, regular-
ity of the action on Y2, . implies that there is a unique

g € G such that &S\(s) = g s. But since X2, is connected,
the unique lifting property of covering spaces ([19, Prop.
1.34]) implies that ¢(—) = ¢ - (—) everywhere on X2
Finally, by continuity, this also holds away from the reg-
ular points on all of X2, O



Lemma A.7. If the action of G 1is effective and
orientation-preserving, then the covering maps (34) are
normal as a subgroup of the fiber-preserving diffeomor-

phisms ¢ (31):

~ —~

o(—)odl: G —a. (35)

Proof. By Lem. A.6 it is sufficient to check, for g € G,
that:

gol(pogoo) = q.
But this follows by repeated use of the fiber-preserving

property (30) of ¢ and of the covering-map property (34)
of ¢

gopogod ' = ¢ogogog™!

= ¢ogog!
= pog~log
=gq. O

Lemma A.8. A continuous path of fiber-preserving dif-
feos that starts at an equivariant map (33) consists en-
tirely of equivariant maps.

Proof. Observing that a fiber-preserving diffeo qg is equiv-
ariant iff the iduced isomorphism (35) is the identity, this
follows by continuity, since the automorphism group of
our discrete group G is itself discrete. O

B. Examples

Here we work out examples of equivariant modular
groups, hence of equivariant mapping class groups (Def.
A1) of G-tori.

1. p2

We discuss aspects of the equivariant modular group
for p2-symmetry (cf. Fig. 5).
An easy but consequential observation gives:

Proposition B.1. We have a subgroup inclusion
SLy(Z) x (Zj2)*> C MCG”2(T?).

Proof. Since Z;-symmetry is implemented by the action
of the diagonal matrix —ids, it is immediate that all el-
ements of SLy(Z) ~ MCG(T?) are Zjs-equivariant. The
remaining normal subgroup in the claim is that by trans-
lation along fixed point vectors according to Ex. A.2. [
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2. p3

For the case of p3 equivariance (Fig. 10) with G =
Zy3 we analyze the equivariant modular group. First we
explicitly construct some elements (in Prop. B.2) and
then we use Birman-Hilden theory to show that these
generate the full group (Thm. B.10).

Proposition B.2. For the p3-action of Zs3 on T? (Fig.
10), the equivariant modular group (Def. 28) contains,
besides Zys itself, the symmetric group on the three G-
fized points via a section of the evaluation map (29):

MCG#3(T?)

2] (36)

Symg x Zy3 s Aut((T2)%3) .

Proof. A matrix representative of the generator [1] € Z3
acting on R?/Z? is (using the “hexagonal” lattice from

Fig. 10):
0 -1

whose fixed points [p] have coordinate representatives

oo () )

Consider now the equivariant diffeomorphisms given
by translation along these fixed points (per Ex. A.2)
and the further one given by m-rotation: [z] — [—z].
Inspection shows that their action on the set of fixed
points is:

WIN Wl
Wl Wt

(i) for translation by pi: a cyclic permutation
[po] = [p1] = [p2] = [po],

(i) for translation by pe: the inverse cyclic permuta-
tion

[po] = [p2] = [p1] = [po],
(iii) for m-rotation: a transposition
[po] = [pol, [p1] = [p2] = [p1].

But a cyclic permutation and a transposition gener-
ate Symg, so that the evaluation homomorphism (29) is

surjective. To see that it has a section (—) (36), it is
sufficient to observe that setting

—

(123) : [z] — [z + p1]

and



constitutes a group homomorphism, because the relations
characterizing the symmetric group are respected:

——3
(123) = e,
(1)(23)

o — — o — ——1

(123) o (1)(23) = (1)(23) o (123)

But this is immediate (note that the last one translates
to: [-z + p1] = [—(z —p1)]). This establishes the Symy,
subgroup.

Finally, it is clear that Lj;) and L[Ql] are equivariant.
Since their representing matrices (37) are not the iden-
tity matrix, the corresponding diffeomorphisms are not
homotopic to the identity matrix even non-equivariantly.
Since by definition these elements fix the fixed points, this
yields in total the claimed product group Symg x Zs3. [

Proposition B.3. The inclusion (36) is retractive, in
that there is a surjective homomorphism which postcom-
poses it to the identity:

Zs3 x Symy & MCG™3(T?) —> Zs3 x Symg. (38)
L id )

Proof. We appeal to aspects of Birman-Hilden theory (cf.
[20]). We will write S ,, for the oriented surface of genus
g with n punctures.

To set this up, notice that the complement of the three
fixed points inside the quotient space (Tbl. III) is the 3-
punctured sphere Sg 5:

(S20 = (S20)) /25 =~ S,
so that equivariant homeomorphisms of the torus de-

scend to homeomorphisms of the 3-punctured sphere, via
a topological group homomorphism:

Diff(7%)%2 —> Diff (33 ). (39)
Now by Lem. B.7 we have an isomorphism
MCG,(S7 ) = Zy3 x Symy
and by Lem. B.4 we have a surjective homomorphism
MCG?3(S2) » MCGy(S2) =~ Z3 x Sym, .

which is the claimed retraction. O

Lemma B.4. The p3-equivariant modular group (28)
homomorphically surjects onto the fiber-preserving map-
ping class group (32):

MCG#3(S3 ) - MCGy(S3) - (40)
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Proof. Given a fiber-preserving diffeo $ and writing 7T for
a generator of Zj; C Diffq(SiO) (34), Lem. A.7 implies
that there exists [k] € Z;3 such that

ao?oa—l _ /\k.

Hence the claim is equivalent to the statement that [k] =
[1] for all orientation-preserving o.

To that end, consider the differentials d¢, and d7, at
a fixed point [p]. Applying the chain rule to the above
conjugation condition implies

dpp o dry, = d(T%) 4y 0 Ay -

Here dr : R? — R? is given by the rotation matrix
Ry /3, hence d(7%) by Raryys, and de, may be parame-
terized by a real matrix

b
dop = (Z d) ’

with det(d¢,) = ad — bc > 0.

Now observe that we only need to rule out [k] = [2],
since k = [0] cannot happen for a homeomorphism
(whose conjugation action must take generators to gen-
erators).

So it remains now to derive a contradiction from the
above chain rule equation for [k] = 2, which is:

ab cosf —sinf B cosf sinf ab
cd sinf cosf ~ \—sinf cosf cd)’

for § = 27/3. But in its left column this matrix equation
implies b = ¢ and d = —a, and hence implies:

d¢, = (Z _ba> .

But invertible real matrices of this form manifestly have
negative determinant, which contradicts the assumption
that ¢ is orientation-preserving.

Therefore [k] = [2] is seen to be inconsistent and hence
only the claimed case [k] = [1] remains. O

Remark B.5. The following Lemma B.6 is a corrected
version of [16, Thm. 5] for our case, using our Definition
A3 of fiberwise mapping classes (cf. Rem. A.4).

Beacause, as stated, [16, Thm. 5] actually fails in our
case: This was noticed in [21] and acknowledged in the
erratum [22]. (Our p3-action is just the case (n = 3,k =
3) excluded in [21, Thm. 1.3].)

In fact, this failure is also seen immediately from our
analysis: The subgroup Sym; C Diﬁ'q(Tz) (36) permut-
ing the fixed points is generated by translations along
the fixed points (Ex. A.2), and translations clearly are
homotopic to the identity if we do not require the ho-
motopy itself to be fiber preserving. Therefore fiber-
preserving maps modulo unconstrained homotopy cannot
surject onto the mapping classes of 53’3.



Lemma B.6. We have an isomorphism:
MCG,(S3)/Z/3 —— MCG(S3 5).

Proof. Tt is sufficient to show that the comparison homo-
morphism is both surjective and injective.

The claim that this kind of map is surjective goes back
to [16]; and despite a missing assumption there (cf. Rem.
B.5), this does remain true in our case, by [21, Thm. 1.1]:
In the notation there, we are in the case n = 3, k = 3,
A = Zys, and (ay,az,a3) = ([1],[1],[1]).

For injectivity it is sufficient to show that for $ a fiber-
preserving diffeo such that the restriction ¢g of its base
map ¢ to S§5 C S5, ~ Sio/Zs has a homotopy ¢; to
bo = idsgys; then there exists a fiber-preserving homo-

topy ¢ connecting it to a covering map. But over S%3
this follows by the homotopy lifting property (cf. [19,

Prop. .30]) of the covering space Sf3 > 53 3 and from

there it extends uniquely to ,5'1270. O

Lemma B.7. The fiber-preserving mapping class group
(32) is:

MCG(T?) ~ Z3 x Symy,

where the second factor Syms records the permutation
action on the fixed/branch points.

Proof. By Prop. B.2 and via Lem. B.4, the right hand

side is indeed a subgroup

Zs3 x Symy > MCG™3(T?) —> MCG,(T?).
e )

(The composite is still an injection since the representing
integer matrices of distinct group elements on the left are
clearly distinct.)

But since (by Lem. B.6 and [23, Prop. 2.3]) we also
have

MCG,(T?)/Z3 ~ MCG(S3 3) ~ Symy,
this subgroup must already be the full group. O

Lemma B.8. The p3-equivariant modular group is a
semidirect product with normal subgroup Zsz X Symg:

MCG(T?) =~ K5 % (Z3 x Symg),

where K5 is the kernel of (40).

Proof. This follows by Prop. B.3 from standard facts (cf.
[24, Lem. 7.20]). O

Lemma B.9. The kernel of (40) is trivial:

K, ~ 1.

p
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Proof. Lem. B.7 implies that every element in the kernel

K3 —— MCGZ/S(S%p) - MCGQ(S%p)
|

Zy3XSymg

preserves the three fixed/branch points, individually.
Therefore if S7; denotes the torus with one of the
fixed /branch points removed, the alternative kernel

KJ; —— MCG"™*(S7,) —> MCG,(S%,)
surjects onto the kernel in question
K {) s —> K.

Therefore it now suffices to show that K, is trivial.
But in this case of the punctured torus S}, [16, Thm.
1] applies and implies that any representative ¢ of an
element [¢] € K4 is connected to the identity by a path
of fiber-preserving maps. By Lem. A.8 this must be a
path of Z3-equivariant maps, and hence [¢] is the trivial
element. O

In conclusion:
Theorem B.10. The p3-equivariant modular group is
MCG?2(T?) ~ Z3 x Symy..
Proof. By Lem. B.9 used in Lem. B.8. O

VI. CONCLUSION AND OUTLOOK

The above computations of low degree (covariantized)
equivariant 2-Cohomotopy of G-tori appear to be largely
novel, despite these being among the first nontrivial ex-
amples that suggest themselves mathematically, and de-
spite the considerable interest that these have as classes
of fragile crystalline phases of matter [1].

In particular, we found (cf. Thl. II) that:

(i) in degree=0 the usual Chern classification known
in the condensed matter literature splits into finite
sets of further topological sectors labeled by the as-
signment of the high symmetry points (fixed points)
of the domain torus to those of the coefficient 2-
sphere;

(ii) in degree=—1 that the remarkable anyonic signa-
ture (the nonabelian integral Heisenberg group) of
the non-equivariant 2-Cohomotopy of the torus (cf.
§IV A 1) gets replaced by abelian groups as soon as
there is nontrivial symmetry;

but that

(iii) interesting nonabelian groups appear after “co-
variantization”, namely in the equivariant mod-
ular groups (§V) acting on the equivariant 2-
Cohomotopy.

()



Appendix A: Mathematical background

For reference, we briefly recall some basics from homo-
topy theory and algebraic topology that are used in the
main text. Introductory references include [19, 25, 26].
For introduction in our context see [27, §A.3|[3, §1] and
specifically for the case of equivariant homotopy theory
see [9].

1. Basic homotopy theory

By a space X € Top we mean a compactly gener-
ated topological space (cf. [9, Ntn.1.0.16]), and we speak

of maps f : X — Y for the continuous maps between

these. The set of path-connected components of a space
is denoted 7y(X) € Set.

First recall some basic notions of category theory (for
pointers in our context see [28][27, §A.2]). Given a pair of
maps into the same space, the pullback (pb) of one along
the other is their universal completion to a commuting
square:

A - > A VQ\E!—V\
P ] e W
B ——> B o

B —— B.

For instance, the pullback of a map along a point inclu-
sion * ~ {z} > B is its fiber A, over that point:

Ay —— A

v !

{z} — B.

(A2)

Dually, for a pair of maps out of the same space, their
pushout (po) is again the universal completion to a com-
muting square

—r 1
l p0) L ~ A B a'v\/ (A3)
A B \v;/: VP

For instance, the pushout along the inclusion of (a dis-
joint union of) n — 1-spheres S"~! as the boundary of (a
disjoint union of) closed n-balls D™ is an n-cell attach-
ment:

11, sm! 1 / X

attaching map
;e /
* "f (po) l

HiDn (Hz Dr) Ur X,

(A4)
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and constructing a space by iterative cell attachments
starting with S~! = @ means to give it a cell complex
structure or a cell decomposition, specifically a finite CW-
complex structure if the dimension of cell attachments in-
creases monotonically in the process. The resulting sub-
spaces of cells of dimension < n are called the n-skeleta
sk, (X) C X, so that a CW complex structure on X
filters X by n-dimensional skeleta

& C sko(X) C sky(X) C ---
X ~ | ska(X).

Cc X
(A5)

Now, a homotopy n : f = g between a pair of maps
is a map

77(_7 1) = f(_ )
n:Xx[0,1] =Y s.t.{ A6
o w0 = g(-). A9
For (pointed) spaces X, A € Top™) we write
Map(X,4) = ¥ — Y} (A7)

for the mapping space of all maps X — Y, equipped with
the compact-open topology [25, §VIIL.2], and we write
Map*(X, A) C Map(X, A) (A8)
for the subspace of maps that preserve the basepoints.
Homotopies (AG) are precisely the continuous paths in
these mapping spaces (A8), whence their path-connected
components are the homotopy classes [—] of maps

f

[X 2> Y] € moMap™(X,Y). (A9)

For X = S? the circle, these mapping spaces (AS8) are
the based and the free loop space, respectively, cf. (A24):
QA C LA. (A10)

Forming mapping spaces is covariantly functorial in the
second variable, and forming mapping spaces into a pull-
back (A1) yields again a pullback:

A — A Map™(X,A") — Map™ (X, A)

lamﬂ l - l (ph)

B" — B Map™(X,B') — Map™ (X, B).

(A11)

Dually, forming mapping space is contravariantly functo-
rial in the first variable (reverses the direction of maps),
and forming mapping spaces out of a pushout (A3) gives
a pullback (Al):

A —> A Map™ (4, X) < Map™ (4, X)

bwl= 1
(po) (pb)

B"— B Map™ (B, X) <— Map™ (B, X) .

(A12)



The fundamental group of a pointed space A is the
connected components of its based loop space (A10):
m(A) = m(QA), (A13)

and iteratively so for the higher homotopy groups:

Tn(A) = m(Q"A) = 1(Q2---QA), (A14)
nfold loop space
which implies in particular that
T (WFA) = Tak(A). (A15)

For example, the non-torsion homotopy groups of the 2-
sphere are
2
WQ(S ) = Za

m3(S%) ~ 7. (A16)

A map f : X — Y induces a map of connected com-

ponents 7y as well as homomorphisms between all ho-
motopy groups m, (Al4) for all basepoints z € X and
induced basepoints f(z) € Y:

X f Y
mo(X) —— D () (A17)
(X, 2) — s (v, F()) -

If mo(f) is a bijection and 7, (f,x) is an isomorphism for
all n and x, then f is called a weak homotopy equivalence,
to be denoted “= and X is said to be (weak homotopy)
equivalent to Y, denoted

X ~Y.

If: X 3Y) & (A18)

A map f: X — Y is a (Serre-)fibration, to be de-

“ 2

noted “ - 7, if all families of paths continuously param-
eterized by higher dimensional disks D™ may be lifted
through f for arbitray lifts of their starting points:

D" x {0} —Y—— X
7

[

D" x [0,1] ———> Y.

(A19)

For instance, the restriction of maps (A8) along cell
boundary inclusion (A4) is a fibration:

Map(D", X) —%>» Map(5™~1, X) . (A20)

For A % B a fibration (A19) of pointed spaces with
fiber F' (A2) — hence: homotopy fiber (A30) —, there is
induced a long exact sequence of homotopy groups (A14)

24

of the following form (ending in an exact sequence of
pointed sets of connected components):

P—"r 4" B
= > m3(S) —— m(B) j
02
[) ’/TQF 72 fibp 7T1A b 7T2.B (A21)
1
[)ﬂ'lF 7 by 7T1A UER 7T]_Bj
do
[) 7TOF o by 7TOA TP 7T()B,
where & factors through the center Z(—) [29]:
( %0 Y
7T1B ***** > Z(T('lF) — 7T1<F>. (A22)

These long exact sequences are natural in that a commut-
ing square of pointed maps induces a commuting ladder
of homotopy groups:

Y Y
7rn+1B/‘>7rn+1B
A — A ¥ v
& i:> ﬂn¢F’—>7r,lF (A23)
B'"—B A — g, A
¥ \

7wy B —— 7, B.

For example, the based loop space (A10) is the fiber of
the point-evaluation map of its free loop space

fib

Map*(S', A) —= Map(S*, 4A) — s A (A24)
QA LA cnst

(as well as the fiber of the based path space fibration

ﬁbe"l * Vi1
Map*(S', A) —> Map* (D!, A) — A, (A25)
—————
QA
where in the second case * := 0 € D! is one endpoint

of the interval, while 1 € D; is the other). Due to the
section cnst (A24) the induced homotopy long exact se-
quence (A21) splits to yield:

LA = 1, QA X T, A (A26)

(where the base point of the loop spaces is the loop con-
stant on the base points of A). For the case A = S? this



gives, with (A16) and (A15):

mQe2 — e o g2

I , [

7 id Z,

g __ mfibey , o menst o (A27)
WQQS 7-(2[:5' = 7.‘.25
T ev
H . H
1 9 <— —
Z H z L[M]AZ

Note in this context that from long exact sequences of
groups there are induced short exact sequences by trun-
cation

f-2 f-1

A, A, Ay - A,

f-1 f1 (A28)
1 — Afl/A,Q — A(] — 1m(f1) — 1.

More generally, a commuting diagram of spaces is said
to be a homotopy pullback (hpb) if there exists a factor-
ing via weak homotopy equivalences through an ordinary
pullback of a fibration:

A— A
Al —— A 4 v
f’l (hpb) lf o 3y Iillﬁ A f
B/ _— B £

B —— B

(A29)

For example a general homotopy fiber F, of a map

F — B is the homotopy pullback of that map to the
given base point b:

hfib
P, —————>F

\L (hpb) i,p
b B,

(A30)

and a based loop space (A10) is equivalently the homo-
topy pullback of the base point inclusion along itself:

QX — «

l{ (hpb) !

¥ —> X |

(A31)

while a product is just a homotopy pullback from the
point:

XXY —Y

¢/ (hpb) l/

X ——— *.

(A32)

A further important class of example of homotopy fiber
sequences (A30) are homotopy quotients X J/ G of spaces
X by the continuous actions G'C X of (well-pointed) topo-
logical groups G, modeled by the Borel construction, as

follows [9, Lem. 3.3.23] (here EG > BG is the universal
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principal G-bundle and X Xg EG its associated X -fiber
bundle, cf. [9, §3.3.1]):

hfib,,

X X x¢ EG — s BG.
N—_——

X)G

(A33)

Homotopy pullbacks (A29) are invariant, up to equiv-
alence, under homotopy (AG). For example, the space
of xg-based loops in a connected space X is equivalent

to the space of paths (maps D! — X) whose endpoints
are pinned to a pair of not necessarily coincident points
To,r1 € X:

Map***1 (D!, X) ———— Map* (D', X)

(
S |

0 (hpb

! (A34)

X.

—

Moreover, homotopy pullbacks (A29) satisfy the past-
ing law saying that if in a commuting diagram of the
form

A" A’ A
¢ ¢ (hpb) ¢ (A35)
B” B’ B.

the right square is a homotopy pullback, then the left
square is so if and only if the total rectangle is.

For example, the left square in the following diagram
is a homotopy pullback:

*
l (hpb) l (hpb)
X cnst ,CX ev

id

(A36)

> <— %

because the right square is so by (A24) and the total
rectangle is so because the (homotopy) pullback of an
identity is (equivalent to) an identity.

2. Equivariant homotopy theory

All of the above generalizes to spaces equipped with an
action G CX (G-spaces) by a finite group G (regarded as
a discrete topological group), given by maps
axx 920 x

— g-
(9, %) g-x (A3T)
x

e-r =
s.t. Vg, G{
9 Wg2-91) - = go- (g1 - 2).



The subspace of fized points (or fized locus) of such a
G-space is

G ._ o
X" = {xeX‘geVng x}CX. (A38)

and the equivariant maps between pairs of such G-spaces

G(CX and GCY are the maps X J+ ¥ between the un-
derlying spaces which respect the G-action:

G G
o’ P o’
Yol =g f@) e X Loy, (a30)

zeX

For example, for a pair of G-spaces G CX and GCY,
the mapping space (A7) between their underlying spaces
becomes a G-space via the conjugation action

G x Map(X,Y) —— Map(X,Y)

b (A40)
whose G-fixed points (A38) are exactly the G-equivariant
maps (A39). Therefore the equivariant mapping space is

Map(X,Y)¥ C Map(X,Y). (A41)

Another basic example of G-spaces are the (discrete)
coset spaces G/ H for subgroups H C G (with the action
given by left multiplication in G). These are the canon-
ical orbits of points under G, in that for a point x € X
with stabilizer or isotropy group

Stab(z) == {g € G|g-2 =z} C G (A42)

the G-orbit of all images of x under the action of G is
G-equivariantly identified with G/Stab(z).

The special case G/G = x of the point equipped with
the trivial G-action is important: An equivariant map
(A39) out of G/G is a fized point

Pullbacks (A1) and pushouts (A3) along G-equivariant
maps are constructed as for the underlying plain maps
and inherit a unique G-space structure (cf. [9, Lem
1.1.10)).

For example, an equivariant n-cell attachment to a G-
space G (X is like a plain cell attachment (A4) but now
by G-orbits of cells:

n—1 f
Hi S X G/H equiv. attaching map X
L L(n’H)»f (po) l (A43)
II,D" xG/H —— (D" xG/H) Uy X .

Constructing a space by iterative G-cell attachments
starting with S™! x G/H = @ means to give it a G-
cell complex structure or a G-cell decomposition (cf. [9,
Ex. 1.3.6]).

For example, the G/G-orbits of cells in a G-space are
its G-fized points which in crystallography, with G a crys-
tallographic point group, are known as the high symmetry
points.
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In equivariantly mapping out of an equivariant cell
complex, note that, for X € Top™) a (pointed) space
with trivial G-action and G CY any (pointed) G-space:

e (G-Equivariant maps out of a free action permuting
disjoint components are equivalently ordinary maps
out of one component:

Map(X x G/1, V)% ~ Map(X,Y). (A44)

e G-Equivariant maps out of a trivial action are
equivalently maps to the G-fixed locus (—)¢ (A38)
inside the domain space:

Map(X x G/G, Y)S ~ Map(X,Y%),  (A45)

In a similar vein, now for Y with trivial G-action and
G (X any G-space, we have:

e G-Equivariant maps into a trivial G-action are
equivalentlly maps out of the quotient space X/G:

Map(X,Y x G/G)° ~ Map(X/G,Y).  (A46)

Passage to G-fixed loci (A38) preserves pullbacks (Al):
GCA —— GCA A9 5 AG

¢ (pb) ¢ = ¢ (pb) ¢
G(B' — G(B  BY — BY.

(A47)

In particular, with (A41) and (A12) this implies that
forming equivariant maps out of an equivariant pushout
yields a pullback:

GCA —— GCA
¥ oV
GCB' —— G(B

b (A48)
Map™) (A, X)C < Map*) (A, X)¢

T w |

Map™) (B, X)¢ «— Map™ (B, X)% .
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