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What this book is about.

In this book we prove (Thm. 5.4.24) unified classification results for stable G-equivariant I'-principal bundles
when the underlying homotopy type JT of the topological structure group I is truncated, meaning that its homotopy
groups vanish in and above some degree n. We discuss (Thm. 5.3.7.ii) how this coincides with the classification of
equivariant higher non-abelian gerbes and generally of equivariant principal oo-bundles [NSS12a] with structure
n-group JT'; and we show how the equivariant homotopy groups of the respective classifying G-spaces are given
by the non-abelian group cohomology of the equivariance group with coefficients in [T (Thm. 5.4.7).

The result is proven in a conceptually transparent manner as a consequence of a smooth Oka principle (Thm.
4.3.54, 5.2.55, based on [BBP19][Pav14]), which is available after faithfully embedding traditional equivariant
topology into the singular-cohesive homotopy theory of globally equivariant higher stacks [SS26-Orb]. This works
for discrete equivariance groups G acting properly on smooth manifolds (“proper equivariance” [DHLPS19]) with
resolvable singularities (Ntn. 4.3.57), whence we are equivalently describing principal bundles on good orbifolds.

In setting up this proof, we re-develop the theory of equivariant principal bundles from scratch by systematic
use of Grothendieck’s internalization (Ntn. 2.1.23). In particular we prove (Thm. 5.3.7.i) that all the intricate
equivariant local triviality conditions considered in the literature [tD69][Bi73][LM86] are automatically implied
by regarding G-equivariant principal bundles as principal bundles internal to the BG-slice of the ambient cohesive
oo-topos. We also show that these conditions are all equivalent (Thm. 3.2.1). Generally we find (see §5.4) that
the characteristic subtle phenomena of equivariant classifying theory all reflect basic modal properties of singular-
cohesive homotopy theory (hence of cohesive “global” equivariant homotopy theory [Rel4a], see e.g. Prop. 5.4.5).

A key example is the projective unitary structure group I' = PU,,, in which case (Ex. 6.1.2) we are classifying 3-
twists of equivariant KU-theory (related to equivariant bundle gerbes, Ex. 5.2.26), recovering the results [TXLGO04,
Cor. 2.41][ASO4, Thm. 6.3][BEJU14, Thm. 1.10][LU14, Thm. 15.17]. Our general theorem immediately
enhances this to the conjugation-equivariant graded projective unitary structure group Z,, ¢ PU3 with fixed locus
(PU§)22 = PO§ (Ex. 2.4.19), where we are classifying the twists of equivariant KR-theory in degrees 1 and 3
combined, restricting on “O-planes” to the twists of KO-theory in degrees 1 and 2 combined. This is the generality
in which equivariant K-theory twists are conjectured to model quantum symmetries of topological phases of matter
(Rem. 6.2.6) and the B-field in string theory on orbi-orientifolds (Rem. 6.2.7).

Our focus on the class of truncated structure groups is largely complementary to the classical literature on
equivariant classifying spaces [tD69][Bi73][La82][LM86][May90], which is mostly concerned with the class of
compact Lie structure groups I (see Tab. 1). The two classes intersect when I' = T¢ x K is the extension of a finite
group K by a compact abelian Lie group, i.e., the case of equivariant sheeted torus bundles (“bundle 0-gerbes”). In
this case our general classification recovers (Ex. 6.1.1) the results of [LMSe83, Lem. 1, Thm. 2][May90, Thm. 3,
Thm. 10] and [Rel8, Thm. 1.2] and generalizes them to the case of non-trivial G-action on I'.

A classification result for general topological structure groups had previously been claimed in [MS95] but, as
highlighted in [GMM17, §3.12], the proof had remained open. Besides characterizing its classification property for
truncated structure groups, we show that the Murayama-Shimakawa construction of [MS95] generally produces
the underlying equivariant homotopy type of the correct equivariant moduli stacks (Thm. 5.4.19).

While compact Lie structure groups I' have received much attention due to the role of equivariant vector
bundles as cocycles of equivariant K-theory, the complementary case of truncated structure groups I" that we discuss
will generally be relevant for equivariant bundles in their role as twists of equivariant generalized cohomology
theories, since such twists will typically be considered in a finite number of degrees, with [T a truncation of the oo-
group of units of a ring spectrum. This combined twisted & equivariant enhancement of generalized cohomology
theory has previously received little attention (except for a brief note in [Lil4]) beyond the example of KU-theory.
We mean this book to be laying previously missing foundations (§6.2).

In particular, a twisted generalization of ElImendorf’s Theorem (Thm. 6.2.3) provides a good notion of twisted
orbifold cohomology (Rem. 6.2.4) further discussed in [SS26-Orb], and our equivariant classifying spaces are
domains (pp. 239) for twisted equivariant enhancements of Chern-Dold character maps (as in [SS25-TEC]) which
allow systematic definition and construction of twisted equivariant differential generalized cohomology theories in
equivariant generalization of the construction in [FSS23, §8]. This is to be discussed elsewhere [SS26-TED].
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Part I

Introduction



We assume that the reader already appreciates principal bundles and their classifying theory (e.g., as in [Hu94]
[Coh17][RS17, §1.1][Tam21]) and is already motivated towards their equivariant generalization (due to [Stw61]
[tD69][Bi173][La82][LM86]), though we will effectively review and re-develop much of the classical theory.

The content of part II is a self-contained discussion of equivariant principal bundles entirely in point-set topol-
ogy, which may be read independently of part III and may be of interest in itself, as a comprehensive, streamlined,
and completed review.

The purpose of part III is to embed this classical topic into the relatively new context of higher geometry,
where the nature of equivariant classifying spaces becomes more transparent and where cohesive homotopy the-
ory ([SSS12, §3.1][Sc13][ScSh14][Sh15][SS26-Orb, §3]) provides new tools even for the classical theory, which
we use to prove a new classification theorem. This higher geometric perspective on principal bundles (follow-
ing [SSS12, §3][NSS12a][NSS12b]) and on equivariance (following [Rel4a][SS26-Orb]) may conceptually be
understood as follows.



Chapter 1

Introduction

1.1 Overview and Summary

1.1.1 Higher Cohesive Geometry as Convenient Topology

For the classical algebraic topologist, one way to appreciate the passage to higher geometric and to cohesive
homotopy theory is as a completion of the pursuit of ever more convenient categories of topological spaces in
the famous sense of [St67]. This starts out with compactly generated spaces (used in part II, see Prop. 2.1.16)
but proceeds, along the general lines of [Vo71][Wy73][FRO08], to the really convenient category [Sm][Dug03] of
Delta-generated topological spaces (used in part III, see Ntn. 4.3.17).

At this point, we may observe with [SYH10, §3] (see Prop. 4.3.19 below) that D-topology faithfully embeds
first into diffeology ([1Z13], see Ntn. 4.3.15 below) and from here further into the cohesive topos SmthGrpd,, of
over the site of smooth manifolds and then into the cohesive oo-topos SmthGrpd,, ([SS26-Orb], Ntn. 4.3.27 below):

77777777777777777777777777777777777777 convenience @— - - - - - - - — -

cartesian closed

category of category of

topological compactly generated
spaces topological spaces

quasi-topos of cohesive topos of cohesive co-topos of
diffeological smooth smooth
spaces sets co-groupoids

Dtplg

TopS kTopS DTopS DffigS SmthGrpd, SmthGrpd
opSpc L opSpc L opSpc L gSpc mthGrpd, mthGrpd,,

k Cdfflg iy, i " (l . 1)
= w 3
S 5 2
. =k ‘[ [a
underlying homotopy types are preserved @

form path co-groupoids

Pth

(singlr simplcl complexes)

-topos of
groupoids

This diagram is homotopy-commutative, saying that the usual underlying homotopy type' [ X of topological spaces
X is preserved under all these embeddings (Props. 4.3.24 & 4.3.51 below). Moreover, the underlying homotopy
type of mapping spaces coincides with that of the corresponding mapping stacks (Prop. 4.3.25 below) 2:

given k-spaces yields shape of mapping space shape of topological mapping stack

X,Y € KkTopSpc - IMap(X,Y) ~ [Map(Cdffig(X), Cdffig(Y)). (1.2)

IThe “esh”-symbol “[” (4.251) stands for shape [Sc13, 3.4.5][Sh15, 9.7], following [Bor75], which for the well-behaved topological
spaces of algebraic topology is a convenient synonym for their underlying weak homotopy type [Lur09, 7.1.6][Wanl7, 4.6]. It is in this
sense that we use the term “shape” generalized to objects of cohesive co-toposes (Def. 4.3.1).

This is consistent (by Prop. 4.3.5 below) with the established generalization of shape theory to co-topos theory (Def. 4.2.19), in that
the weak homotopy type of any topological space X is equivalently the shape of the slice of the co-topos SmthGrpd,, over its continuous-
diffeological incarnation Cdffig(X) (by Prop. 4.3.53 below).

2Throughout this book, we use the notation “A - S” to abbreviate statements of the form “Given A we have S” or “A yields/entails S”.

7



8 CHAPTER 1. INTRODUCTION

1.1.2 The Smooth Oka Principle

After this embedding of differential topology into cohesive homotopy theory, a wonderful theorem becomes avail-
able, which we call the smooth Oka principle 3 (Thm. 4.3.54 below, based on [BBP19] going back to [Pav14], see
also [CI21, Thm. B]), saying that, for smooth maps out of a smooth manifold into any smooth eo-groupoid, the
underlying homotopy type of the mapping stack is that of the mapping space of underlying homotopy types:

shape of mapping stack mapping space of shapes

- IMap(X,A) ~ Map([X,JA). (1.3)

smooth
Oka principle

When A = B¥ is the moduli co-stack for ¢&-principal o-bundles (see Prop. 1.2.1, Thm. 4.2.100) of a smooth
co-group ¢, then the smooth Oka principle immediately implies that its shape

X a smooth manifold
& A any smooth co-groupoid

moduli «-stack for classifying shape for concordance of
4-principal co-bundles ) smooth ¢-principal co-bundles

BY = x/|¥ LT} BY = [BY ~ BJ9 ¢ Grpdm,(E>SmthGrpd<>o (1.4)

send bundles to their
characteristic classes

is the homotopy type of a classifying space (the classifying shape) for concordance classes (Def. 5.2.5) of smooth
¢ -principal co-bundles (Thm. 5.2.12). When ¢ = T is an ordinary Hausdorff topological group, this BI is
equivalently its traditional Milgram classifying space (Prop. 5.2.11). But, since ordinary topological principal
bundles are isomorphic if they are concordant (Thm. 3.2.8), this means that the smooth Oka principle specializes
to an elegant cohesive re-proof of the classical classification theorem for principal bundles (Thm. 5.2.13).

1.1.3 An Orbi-Smooth Oka Principle

Our strategy is to generalize this cohesive bundle theory to the equivariant context, using that G-equivariant prin-
cipal «-bundles on G (X are equivalently principal «-bundles on the cohesive orbispace (e.g. orbifold) X |G
(§5.2.2, see [SS26-Orb] for background on orbifolds in cohesive homotopy theory). While the smooth Oka prin-
ciple cannot hold for general domains X beyond smooth manifolds, it will hold with given codomain A for those
oco-stacks X that may be approximated by smooth manifolds to a degree of accuracy which the coefficients A do not
resolve. Specifically, if I is a topological group whose shape JT is n-truncated, then BT does not distinguish (Lem.
5.2.31) the abstract G-orbifold singularity * /G from its “blowup” S”+2 /G to a smooth spherical space form (Def.
4.3.55) of dimension above the truncation degree. Accordingly, an orbi-smooth Oka principle holds for truncated
I"-principal bundles on orbifolds with resolvable singularities which are “stable” (Ntn. 5.2.33) against the blowup
(Thm. 5.2.55):

shape of stable part of slice mapping stack

G discrete with resolvable singularities
& T Hausdorff of truncated shape +  JMap(X/G,BI) G)]S;gl ~ Map(JX/G,BT)G),, (1.5)
& G (X a proper smooth G-manifold orbi-smooth

Oka principle

slice mapping space of shapes

As before, this immediately specializes to the classification theorem for equivariant bundles up to concordance,
and this — since also equivariant principal bundles are isomorphic if they are concordant (Lem. 5.3.6) — proves the
full classification theorem (Thm. 5.3.7) under the given assumptions.

Notice that every oo-group is the shape [T of some Hausdorff topological group I' (Prop. 4.2.75), and that
the assumption of discrete equivariance group G and truncated shape JT is generically verified in applications of
equivariant principal bundles as twists for generalized cohomology of good orbifolds (Ex. 6.1.1, Ex. 6.1.2):

30ur terminology smooth Oka principle is meant to rhyme on the established Oka-Grauert principle in complex analysis, which says
(reviewed in [FL11, Cor. 3.5, 3.2][FL13, (1.1)]) that over Stein manifolds: (a) the homotopy type of the space of holomorphic maps into
an Oka manifold coincides with that of continuous maps between the underlying topological spaces; (b) the classification of holomorphic
vector bundles coincides with that of topological vector bundles. In fact, also the co-topos over the site of complex-analytic manifolds is
cohesive (this is implicit in [HQ15, §2.1]), suggesting that the classical Oka-Grauert principle and our smooth Oka principle are just two
special cases of one unifying geometric homotopy principle in cohesive homotopy theory.
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G-equivariant I'-principal bundles: Structure group I
examples and applications Compact Lie Truncated
B — torus-principal bundles — torus-principal bundles
& — finite covering spaces — ordinary cohomology twists
e Discrete — K-theory cocycles — K-theory twists
:ﬂ — tangential twists — differential twists
2
’5 on good orbifolds
>
E b
= Compact Lie asa .ove, .
on bad effective orbifolds

Table 1.1

1.1.4 Proper Equivariant Cohesive Homotopy Theory

A remarkable aspect of the classification result Thm. 5.3.7 is (see §5.4) that (1) the moduli co-stacks of equivariant
principal bundles always exist in Borel-equivariant cohesive homotopy theory, and that (2) under the truncation
condition on [T also the corresponding classifying spaces exist in Borel equivariant homotopy theory. While the
first of these is a general fact, the second is a happy coincidence (often used without further amplification, e.g. in
[FHTO07]) conditioned on stability and the truncation of [T.

General equivariant classifying spaces require more fine-grained proper-equivariant homotopy theory of spaces
parameterized over the category of orbits (Ntn. 4.3.63) of the equivariance group (e.g. [tD79, §8][May96][Blul7]).
Following [Rel4a][SS26-Orb], we may understand this (see §4.3.3) through an embedding of the category of
topological G-spaces (Ntn. 2.2.1) into, once again, a yet more convenient ambient category of G-actions, namely
the slice of a singular-cohesive oo-topos (Def. 4.3.70) over the generic G-orbi-singularity )Q (Ntn. 4.3.62):

******************************* convenience — - - - - - - - - - - - - - ————————————————)

category of co-topos of slice of cohesive co-topos of slice of singular-cohesive co-topos of
topological G-spaces smooth G-co-actions smooth co-groupoids over BG G-orbi-singular c-groupoids

Smth GOrbSpc
G Act(kTopSpc) Ldihg G Act(SmthGrpd,,) LI//G) SmthGrpd,, p; | ¥ SnglrSmthGrpd,, ¢ Ug | GSmthGrpd,,

Sngl GOrbSmth
{ { orbi-singular = ;§ I g G-orbi-spatial L? (1 6)

SnglrGrpd.,, /G GGrpd,,

adeys

_—
underlying proper G-equivariant homotopy type GOrbSmth
sub-co-topos of
proper G-equivariant
homotopy theory

slice of base co-topos of
global equivariant homotopy theory

1.1.5 Elmendorf’s Theorem as a Generalized Equivariant Oka Principle

On the right, GGrpd,, (Ex. 4.3.68) denotes the co-presheaves over the category of G-orbits (Def. 4.3.63). This is the
modern context of G-equivariant homotopy theory, traditionally motivated by Elmendorf’s theorem ([E183][DK84],
recalled as Prop. 6.2.1 below). With the hindsight of cohesive homotopy theory, this classical theorem may
conceptually be understood as enforcing an “‘equivariant Oka principle”: For G ¢ X a G-CW-complex (Ex. 2.4.6)
and G CY any topological G-space, the simplicial enhancement of Elmendorf’s theorem due to Dwyer & Kan
([DK84, Thm. 3.1], see also [CP96][Blul7, Thm. 1.3.8]) says, after the above embedding into singular-cohesive
homotopy theory (by Prop. 4.3.98 below), that one may take the shape operation inside the equivariant mapping
stack if in the process one enhances G-orbifolds X // G to their orbi-singularization ¥ (X //G) (Ex. 6.2.2 below):

shape of equivariant mapping stack mapping space of equivariant shapes
IMap(X/G,Y)G)g, =~ UMap([r(X/G),[r(Y/G))

Elmendorf-Dwyer-Kan
theorem

1.7)

G -
¥
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(We prove below, in Thm. 6.2.3, a rwisted generalization of the EKD theorem and give an outlook of how this
provides a good notion of twisted geometric orbifold cohomology, cf. §6.2.4 and [SS26-Orb].)

1.1.6 Proper Equivariant Classifying Spaces

Therefore, chasing a topological G-space through the above diagram produces its usual proper-equivariant ho-
motopy type as a G-orbi-space (Prop. 4.3.98). But we may now also feed the above moduli stack BI' /G of
G-equivariant I'-principal bundles through this machine, and we find (Thm. 5.4.19) that the resulting equivariant
homotopy type is that of the Murayama-Shimakawa construction ([MS95][GMM17], §3.3):

proper equivariant classifying space concordances of equivariant
for equivariant principal bundles bundles over the point

BT = U, [ v (BT/G) : G/H ~— [Map(BH,BI/G)yc =~ Pth|Map(EG,BD)|”. (1.8)

Murayama-Shimakawa construction

In the special case when (G-singularities are resolvable and) T is truncated, the above orbi-smooth Oka prin-
ciple (1.5) applies to these values of the equivariant classifying space and gives (Prop. 5.4.9):

G discrete with resolvable singularities Map(BH, BT/ G)pg
& T topological of truncated shape F Bl ~ Bs(JT) : G/H —
& G (X a proper smooth G-manifold

(1.9)
~ Pth|Map(|EG/, [BT|)|".

1.1.7 Classification Statement in Proper-Equivariant Cohomology

These proper-equivariant homotopy types are the coefficient systems that represent Borel-equivariant cohomology
inside proper-equivariant cohomology (Prop. 5.4.21), so that our classification result may be re-stated in the
following equivalent forms (Thm. 5.4.24):

G discrete with

resolvable singularities (GEquvI"PmFibBdl(DTopSpe)y™) Jruigy Slablecquivariant princpaltopo. andies

& F Hausdorff Of Borel-equivariant cohomology with
l_ ~ I‘I1 (X J‘F) = HO (X BF) coefficients in classifying >|);1’«:c (1 . 10)
truncated shape - GV G\ ‘
- 1 ~ 0 . ~ 0 . tbl\ proper-equivariant cohomology wit

& G C X SmOOth G manlf()ld - H)g (X7 BG (IF)) — H)g (X9 (BGF)S ) IL)()zII:I‘kIL‘I:Ill& in‘cqlu]i‘\:lr)i::n:]:'lz:ss\il'_\il‘l;‘, space.

(proper)

Specialized to trivial G action on I and the cases where I"is either a 1-truncated compact Lie group or the projective
unitary group PUy, this theorem reproduces (when X /G is a good orbifold with resolvable singularities) a series
of statements found in the literature (Ex. 6.1.1, Ex. 6.1.2).

1.1.8 OQutline

In order to make the presentation of these results reasonably self-contained also for the non-expert reader, we lay
out a fair bit of the required background in chapter 2 (equivariant differential topology) and chapter 4 (equivariant
cohesive homotopy theory). The new constructions and results are the content of chapter 3 (equivariant topological
bundles) and, particularly, of chapter 5 (equivariant co-bundles).

1.1.9 Conclusion and Outlook

In conclusion, we find that the unifying mechanism behind a large class of equivariant classification results and
their generalization to higher truncated structure groups is a smooth Oka principle in cohesive homotopy theory,
which seamlessly embeds the theory of equivariant bundles into a transparent modal homotopy theory of higher
geometry, in particular into the context of higher principal bundles over orbifolds and more general cohesive
orbispaces.
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By way of outlook, notice that there is a large supply of equivariance groups with resolvable singularities (Prop.
4.3.56) including key examples of interest in applications (Ex. 4.3.60); and there is a large supply of truncated
structure groups, as every oo-group is the shape of some Hausdorff topological group (Prop. 4.2.75). In particular,
for R a ring spectrum and GL(1,R) its co-group of units (see [FSS23, Ex. 2.37] for pointers), there is for every n
a Hausdorff group I" with shape its n-truncation [T ~ 1,GL(1,R). The corresponding G-equivariant I'-principal
bundles are candidate geometric twists for equivariant R-cohomology theory, generalizing the archetypical case of
twisted complex K-theory (where R = KU, I = PU§ with [PU§ ~ 7, GL(1,KU)).

In all these cases, the classification theorem of §5.4 shows, in particular, that the equivariant classifying spaces
of twists are, generically, equivariantly non-simply connected, which means that many traditional tools, notably of
rational homotopy theory, do not apply without extra care. For example, in the case of twisted complex K-theory,
this fact (see Ex. 5.2.57 and (6.6)), explains, we claim, the otherwise somewhat unexpected (cf. [FHTO07, (3.22)])
appearance of local systems in the twisted equivariant Chern character ([TX06, Def. 3.10]). Generally, one may use
the equivariant classifying theory developed here to give a general construction of twisted equivariant Chern-Dold
character maps and hence of twisted equivariant differential cohomology theories, in equivariant generalization of
the construction in [FSS23, Def. 5.4] (along the lines of [SS25-TEC]):

universal local coefficient bundle
for I'-twisted G-equivariant
A-cohomology theory

I'r@A)T)a6) Lo(Ir (A/(T)G)))
l proper equivariant sliced rationalization l (1 11 )

representing the
twisted equivariant A-character map

equivariant classifying
space of twists (§5.4)

The homotopy pullback (formed in SnglrSmthGrpd,,) of stacks of flat equivariant L..-algebra valued differential
forms ([SS25-TEC, Def. 3.57]) along this rationalization operation (in direct equivariant generalization of [FSS23,
Def. 4.38]) solves the open problem of providing a general construction of G-equivariant I'-twisted differential
A-cohomology. This application will be discussed in detail in [SS26-TED].
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1.2 Tools and Techniques

1.2.1 Higher Cohesive Geometry as Intrinsically Equivariant Geometry

The point of higher homotopical geometry is (see [SS26-Orb, p. 4-5]) that the notion and presence of gauge
transformations (homotopies) and higher gauge-of-gauge transformations is natively built into the theory, so that
absolutely every concept formulated in higher geometry is intrinsically equivariant with respect to all relevant sym-
metries. This makes higher geometry the natural context for laying foundations of equivariant algebraic topology.

configuration

X-shaped probes of /
higher geometric space .2

7 = s

(““ brane”)

2 ey e Grpd,. (1.12)

& space

gauge transf.

value of co-stack 2

on site-object = \i /

configuration

1.2.2 The Machinery of -Category Theory

While higher stacks and their higher geometry are often perceived as an esoteric and convoluted mathematical
subject, this is rather a property of their presentation by models in simplicial homotopy theory (reviewed in §4.1,
[FSS23, §A]) and must be understood as a reflection of their precious richness, not as of their intractability. In-
deed, with co-category theory [Jo08a][JoO8b][Lur09][Ci19][RV21] (see §4.1), and specifically with co-topos theory
[Si00][Lur03][TVO05][Jo08c][Lur09][Re10] (see §4.2), there is a high-level language, abstracting away from the
zoo of models (e.g. [Be07b]), to admit efficient reasoning about higher stacks via elementary categorical logic.
This point is made fully manifest by the existence of an elementary internal logic of co-toposes [Sh19], now known
as Homotopy Type Theory [UFP13] (in our context see [ScSh14][SS26-Orb, p. 5]) which condenses all such
reasoning to coding in a kind of programming language.

For example, once Cartesian (pullback) squares are understood as homotopy Cartesian squares, namely filled
with a homotopy which exhibits the expected unique factorization property up to homotopy and in the sense of a
contractible space of homotopy-factorizations:

XxpY ——Y

[z [

v XXxgYy —— Y || (1.13)

homotopy Cartesian square /
homotopy pullback square

ba<—“<

X — B

then they follow patterns familiar from 1-category theory: For instance, the pasting law in 1-categories (recalled
as Prop. 2.1.9 below) continues to hold verbatim in any co-category [Lur(09, Lem. 4.4.2.1]:

X 4/ Y — 7 X P Z X 4/ Y 4/ Z
7 7 7
l (pb) l / l = l (pb) 7 l = l (pb) l (pb) l ; (1.14)
174 %4 174 174
A— B ——C A C A—— B ——C

and it still makes sense, for instance, to say that a morphism f is a monomorphism if and only if its homotopy fiber
product with itself is equivalently its domain ([Lur09, p. 575][Rel9, p. 10], see also Ex. 4.1.16):

< .y & idl o Lf (1.15)

monomorphism
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(In the following we will leave the homotopies filling these squares notationally implicit.)

As another example: For any co-category C and any pair X,A of its objects, we have their hom(omorphism)
oco-groupoids (see [DS11])

. homomorphism
hom-co-groupoid

from X to A
in co-category C

C(X,A) — domain X

object

higher

A codomain c Grpdoo , (1 . 1 6)

object

homotopies

N\ /

homomorphism

\hnmolnp)/

which are well-defined (model-independent) up to (weak homotopy-)equivalence, and homotopy functorial in the
two arguments in the expected way.
For instance, an co-functor is fully faithful if it induces a natural equivalence on values of hom-co-functors:

Cer oD o  Cl-) — L DFE),F(-). (1.17)

fully faithful

Moreover, the hom oo-functor satisfies the expected category-theoretic properties in homotopy-theoretic form:

(i) hom-oo-groupoids respect homotopy (co)-limits via natural equivalences of the form

C(limXi, limAj) ~ limlim C(X;, A;) ; (1.18)
— — — —
ic.s j€s ics je s

(ii) for a pair of adjoint functors between oco-categories, there is a natural equivalence between these hom-oo-
groupoids (1.16), of the usual form [JoO8b, p. 159][Lur09, Def. 5.2.2.7][RV21, Prop. E.5.6]:
left adjoint
D I C & C(CR(D) ~ D(L(C),D); (1.19)

right adjoint natural equivalence of hom co-groupoids

(iii) in usual consequence, right (left) co-adjoint co-functors preserve co-limits (eo-colimits) via natural equivalences:

R(limX;) ~ limR(X;), L(limX;) ~ limL(X;). (1.20)

Therefore, with a good supply of systems of adjoint co-functors (1.19) — which we gain by invoking modal and
specifically cohesive homotopy theory ([SSS12, §3.1][Sc13][SS26-Orb], see §4.3 below) — many proofs in higher
geometry, which may be formidable when done in simplicial components, are reduced to formal manipulations
yielding strings of such natural equivalences. This is how we prove the main theorems in chapter 5.

1.2.3 Homotopy Fibers and c-Groups

While oo-category theory thus parallels category theory in the abstract, a key difference is that fiber sequences in
co-categories (Whenever they exist) are, generically, long:

fib®(f)

- — QP

fib(f)

ays 3/,
LQA fib*(f) op ™ (f) QC? (1.21)
fib*(f)

L AT g ! C.




14 CHAPTER 1. INTRODUCTION

In particular, the (homotopy-)fiber of a point inclusion is not in general trivial (as it necessarily is in 1-category
theory), but is the looping

QX *
| w | (122)
* X,

whence the long homotopy fiber sequences (1.21) follow by the pasting law (1.14):
QC — o«

\
fib>(f) (pb) l
\4

QA fib*(f) QB *
|
l w WO o l (1.23)
\4
$  ——— QC —fir*(f) — A ———— > x
\
(pb) fib(f) (pb) J
v
* B f C

1.2.4 co-Toposes

In co-categories H of higher stacks (1.12), namely in co-toposes [LurO3][TVO05][Lur09][Re10], every group object
(co-group) 4 € Grp(H) arises, uniquely up to equivalence, as the looping (1.22) of its delooping stack BY € H

(recalled in Prop. 1.2.1):
9 ~ Q,BY. (1.24)

Accordingly, the connected components 7y(—) (see Prop. 4.2.53 below) of hom-co-groupoids (1.16) in co-toposes
H may be understood as (non-abelian, generalized) cohomology theories ([FSS23, §2][SS26-Orb, p. 6]):

X A €eH = H*(X,A) = H(X,Q "A). (1.25)
domain coefficient stack/ A-cohomology of X
space classifying stack N

in degree o
Specifically, for 4 € Grp(H) we have first non-abelian cohomology sets:
H'(X;9) := nH(X;BY). (1.26)

Moreover, the fundamental theorem of co-topos theory ([Lur09, Prop. 6.5.3.1], see around Prop. 4.2.48 below)
says that for every object B € H in an co-topos, the slice co-category H 5, with

/_N
slice l}m;_} X:-gr(;upni(l Xl @E) X2
in H over B W
H((X1,p1), (X2,p2)), = L/ € Grpd,,, (1.27)
P P2

is itself an co-topos. When B = BY, the cohomology in the slice H gy is Borel-4-equivariant cohomology of H
(see Def. 5.4.20 below™):
Hy(X;A) = nH(X )Y, Q55 (A)9Y))g, - (1.28)

Borel-equivariant
A-cohomology of X

This is a consequence of the following fact:

40n the right of (1.28) the double slash denotes homotopy quotients (4.198), Qp; denotes looping in the slice over BG and the sign
reflects the familiar fact that cohomology in degree n — 1 is represented by the looping of the classifying space of cohomology in degree n,
while de-loopings need not exist in the non-abelian generality.
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1.2.5 Transformation Groups in an «-Topos

The key fact which propels our general theory in chapter 5 is (following [NSS12a] and [SS26-Orb, §2.2]): that
the notions of groups, of group actions, of principal bundles and their moduli stacks and associated fiber bundles
are all native to oo-topos theory, in that these concepts and their pertinent properties are available internal to any
co-topos without needing further axiomatization:

Proposition 1.2.1 (Groups, actions and principal bundles in any co-topos (Props. 4.2.72, 4.2.77, Thm. 4.2.100 )).
Let H be an oo-topos.

(i) The operation of forming loop space objects (1.22) constitutes an equivalence® of group objects with pointed
connected objects in H (Ntn. 4.2.54):

base
group stack

Q point
Gp(H) <~ =~ B/ .. v . (1.29)
B l (pb) lPth
G ——————— )Y )
« — 8 By
hence
X € H* is connected & X ~ BQX. (1.30)

(ii) For 4 € Grp(H), the 9-actions (Def. 4.2.76) and 9-principal bundles (Def. 4.2.97) are both identified with
the slice objects (1.27) over the delooping B4 (1.2.1), as follows:

~

¢ Act(H) -y % PmBdl(H) <~——— H/py
( P ) (P//%) (1.31)
GCP — 1 — 1
1% BY
ie.,
¢-principal universal
bundle o -
P ¢-principal bundle
action ¢ P * g g
- / (1.32)
l (pb) lpth
action quotient- FP universal
) /hus‘cl-s'l;lck P//g cocycle Bg moduli .\lulcl\

1.2.6 Equivariant Principal «-Bundles

With the conceptualization of Prop. 1.2.1 in hand, there is an evident general-abstract definition of G-equivariant
I-principal co-bundles (Def. 5.2.22): These must simply be the ¢ := (I" // G)-principal co-bundles internal to the
slice eo-topos H /g over the delooping BG of the equivariance group:

G-equivariant I'-principal c-bundles in H I' / G-principal c-bundles in H p;

GEquvT'PmBdI(H)xy = (I'/G)PmBdI(Hgc)x/c- (1.33)

We prove (in (5.209) of Thm. 5.3.7) that, for the case H := SmthGrpd,, and restricted to topological G-spaces
X and topological structure groups I, this canonical co-topos-theoretic definition recovers the traditional definition
of topological equivariant principal bundles, including their equivariant local triviality property (which are all
reviewed and developed in Chapter 3).

By extension, this means that for more general H and/or more general X,I" € H g, we obtain sensible gener-
alizations of these classical definitions. For example, by taking H to be the cohesive co-topos of super-geometric
co-groupoids ([SS26-Orb, §3.1.3]) the general theory developed here immediately produces a good theory of equiv-
ariant higher super-gerbes (as needed, e.g., in super-string theory on super-orbifolds [FSS13][HSS18]).

SThis is the May recognition theorem [May72] generalized from Grpd.,, to co-toposes by [Lur09, 7.2.2.11][Lurl7, 6.2.6.15].
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Finally, this abstract definition in combination with the orbi-smooth Oka principle (1.5) implies the classifica-
tion of stable G-equivariant I'-principal bundles, at least in the case that G-singularities are cover-resolvable (Ntn.
4.3.57) and I is a truncated Hausdorff group. This is the content of our main Theorems 5.2.13 and 5.4.24 below.

Even though this classification result concerns only equivariant “1-bundles” instead of more general equiv-
ariant co-bundles, the cohesive co-topos theory drives the proof: For example, our generalization of the existing
classification results to non-trivial discrete G-action on the structure group I' is a direct consequence (see the end
of the proof of Thm. 4.3.96) of the general fact (Prop. 4.3.8) that the shape operation in cohesive co-toposes
preserves homotopy fiber products over geometrically discrete groupoids (such as BG for discrete G).
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1.3 Notation and Terminology

Table 1.2

Table 1.3

Table 1.4

Table 1.5

Table 1.6

17

Category of
kTopSpc cg topological spaces Ntn. 2.1.16
kHausSpc cg Hausdorff spaces Ntn. 2.1.16
G Act(kTopSpc) topological G-spaces Ntn. 2.2.1
Grp(Set) discrete groups -
Grp(kHausSpc) Hausdorff groups -
FrmI"PrnBd1(%) formally principal internal bundles ~ Ntn. 2.1.25
GEquvI'PrnBdl equivariant principal bundles Def. 3.1.3
GEquvI'PrnFibBdl ... equivariantly locally trivial Def. 3.2.2
CartSpc Cartesian spaces -
DffigSpc diffeological spaces Ntn. 4.3.15
DTopSpc D-topological spaces Ntn. 4.3.18
ASet simplicial sets Ntn. 4.1.1
ACat simplicial categories Ntn. 4.1.3
APSh simplicial presheaves Ntn. 4.2.26
2-Category of
Grpd groupoids -
Grpd(kTopSpc) topological groupoids Ntn. 2.3.1
Ho, (PresCat..) presentable co-categories Prop. 4.1.6
co-Category of
Grpd,, co-groupoids Ntn. 4.1.10
SmthGrpd., smooth co-groupoids Ntn. 4.3.27
SnglrSmthGrpd., singular smooth co-groupoids Ntn. 4.3.71
Functor producing
N simplicial nerve Ntn. 2.3.24
| —| topological realization Ntn. 2.3.28
Cdffig continuous diffeology Ex. 4.3.17
Dtplg D-topology Ex. 4.3.17
Types of groups
G € Grp(Set) — Grp(H) equivariance group Ntn. 2.2.1
GCT € Grp(kTopSpc) equivariant structure group Def. 3.1.2, Lem. 3.1.4
9 € Grp(H) structure co-group Prop. 1.2.1
G(I € Grp (G Act(H)) o
equivariant structure co-group ~ Def. 5.2.16
r/G € Grp(H /g¢)
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Ambient «-Toposes.
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G-orbi-singularity H/ }(/;

H‘/T

SnglrGrpd,, /G

—

§4.3.3 Si"gl(lxlij:(:l.:::(ﬁiw SngerrpdDO llmmyil:l;{\,'“tlllml'_\
GCncl
1
GSpc
Cncl 1
L1 GSmth (1.34)
Spc L
1
Smth GSngl
1
Sngl G-equivariant
/ GHU / GGrpdDO hn;no:np; th‘mr_\
smooth cohesive ase
§4.3.2 co-topos HU Shp — Dsc 4 Pnt - Cht Grpdoo (x)!)t‘npus
Here:
H,6 = SmthGrpd,, := Sh.(CartSpc) (Ntn. 4.3.27, [SS26-Orb, Ex. 3.18]),
H := SnglrSmthGrpd,, := Sh.(CartSpc x Snglrt) (Ntn. 4.3.71, [SS26-Orb, Ex. 3.56]).
Modalities.
C h . shape discrete sharp
Dgf. ZSI;)II J = DscoShp b := DscoPnt chaotic := ChtoPnt
S' l 't' conical smooth orbisingular
Table 1.7 Ingularities ¥ = Snglro Smth

Def. 4.3.67 I := SpcoCncl

U = Spco Smth

G-conical

G-singularities L, == GSpcoGCncl

Def. 4.3.84

G-orbisingular

¥s = GSnglro GSmth
G

G-smooth

Ug = GSpc o GSmth
v

Notions of Space.

Ntn. 2.1.16 Ntn. 2.2.1 Ntn. 4.3.71
kTopSpc ¢ G Act(kTopSpc) /) (SnglrSmthGrpd.,,) , ¢
orbi-singularized homotopy quotient g 3 /)/
X G(X Z
topological topological orbi-stack /
space G-space cohesive orbi-space
(1.35)
nm4t10  Grpd,, © (Sngh‘GI‘pdm)/ g
X X
(shape of) orbi-
space space
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Chapter 2

Equivariant Topology

We recall and develop basics of equivariant algebraic topology (see [1172][Bre72][tD87][May96][Blul7]) that we
invoke below in chapter 3. The expert reader may want to skip this chapter and refer back to it just as need be.

§2.1 briefly recalls basics of category theory, in particular the notion of internalization that we will make crucial
use of.

§2.2 recalls basics of equivariant point-set topology, highlighting how the change-of-group adjoint triple governs
the theory, and establishing lemmas needed in chapter 3.

§2.3 recalls basics of topological groupoids, generalizing to equivariant topological groupoids, and establishing
lemmas needed in §3.3.

§2.4 recalls basics of proper equivariant homotopy theory, recording lemmas needed in §3.3 and §5.3.

Throughout, we make extensive use of a hierarchy of internalizations of mathematical structures (Ntn. 2.1.23)
into categories with pullbacks (Ntn. 2.1.5), starting in a convenient category of topological spaces (Ntn. 2.1.16).
Here is the basic terminology and notation that we are using:

2.1 Categorical Preliminaries

2.1.1 Categories

In §2.2 and chapter 3 we need just basic notions of (co)limits and adjoint functors in plain category theory (e.g.,
[AHS90][B094I][B0o941I]), while in §2.3 and §5.3 we need these notions in their Grpd-enriched enhancement
(e.g., [Bo94ll, §6][Riel4, §3][JY21, §1.3]) — but we only need the most basic concepts: enriched adjunctions and
conical (i.e., non-weighted) enriched (co-)limits, and here mostly just finite ones.

Notation 2.1.1 (Basic categories). We write
(i) Set for the category of sets with functions between them;
(ii) Grpd = Grpd(Set) for the category of small groupoids with functors between them.

Notation 2.1.2 (Morphisms). Let % be a category and X,Y € % a pair of its objects. We write
(i) €(X,Y) € Set for the set of morphisms X — Y in € (the hom-set);
(i)) X == Y to indicate isomorphisms.

Notation 2.1.3 (Grpd-enriched categories). With Grpd (Ntn. 2.1.1) regarded as a cartesian monoidal category, a
strict (2,1)-category, namely a Grpd-enriched category [FM83], has for each pair of objects X,Y € € a hom-
groupoid € (X,Y) € Grpd. Equivalently, this is a strict 2-category or Cat-enriched category (e.g. [JY21,
§2.3][Ric20, §9.5]) whose hom-categories happen to be groupoids.

20
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Notation 2.1.4 (Adjoint functors). We denote pairs of adjoint functors as shown on the left here:

p i - - %(;,R(d)) ™ _@(L(c;,d) o
R c>R(d) << L(c)=d

meaning that for all objects ¢ € ¢ and d € € there is a natural isomorphism (“forming adjuncts”) between the
hom-objects (Ntn. 2.1.2, 2.1.3) out of the image of left adjoint functor L and into the image of the right adjoint
functor R, as shown on the right.

Notation 2.1.5 (Cartesian/pullback squares). We indicate that a commuting square of morhpisms in some category
% (Ntn. 2.1.2) — here typically in the category of G Act(kTopSpc) (2.19) — is a pullback square (also: Cartesian
square or fiber product) by putting the symbols “(pb)” at its center. This means that each pair of morphisms
forming another commuting square with its right and bottom morphisms (a “cone”) factors uniquely through its
top left object such that the resulting triangles commute:

%y
o v v
!
(G % % %
l (pb) l l (pb) J]
X —B X — %
(" (" (" ("

fiber product / pullback product
% ET %
Over the terminal object, denoted by a point: Q --=-—+ , a fiber product is a plain product, as shown on the right.

Proposition 2.1.6 (Finite limits, e.g. [Bo94I, Prop. 2.8.2]). In the presence of a terminal object, every finite limit
is an iteration of pullbacks (Ntn. 2.1.5).

Example 2.1.7 (Pullback preserves isomorphisms). A commuting square with a bottom isomorphism (Ntn. 2.1.2)
is a pullback square (Ntn. 2.1.5) if and only if also the top morphism is an isomorphism:

ot T

A——P 7

J (pb) J & A —— P. 2.3)
X — B

(= (&

Proposition 2.1.8 (Right adjoint functors preserve limits). A right adjoint functor R (Ntn. 2.1.4) preserves all
limits, in particular it preserves all finite limits (Prop. 2.1.6) and hence terminal objects and pullbacks (Ntn.
2.1.5):

R(X xpP) =~ R(X) xg)R(P). 2.4)
Proposition 2.1.9 (Pasting law (e.g. [AHS90, Prop. 11.10])). Given two adjacent commuting squares where the
right one is a pullback (Ntn. 2.1.5) then the left square is a pullback if and only if the total rectangle is:

% % %y
Py P, P3
v oo (2.5)
X, X, X3.
() (> ()

Notation 2.1.10 (Effective epimorphism [Gr6111I1, p. 101][Bo94Il, Def. 2.5.3]). A morphism p is called a regular
epimorphism if it is the coequalizer of some parallel pair of morphisms, and an effective epimorphism, to be denoted
by double-headed arrows, if it is the coequalizer specifically of the two projections out of its pullback (Ntn. 2.1.5)

along itself: pr,
PxxP — 3P —1 » X. (2.6)
P12 q
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Definition 2.1.11 (Regular categories ([BGvO71][Bo94lIl, §2][Gra21])). A category is called regular if

(i) for every morphism X — Y,
(a) the fiber product X xy X exists (the “kernel pair”);

coeq

(b) the coequalizer X xy X = X — X /(X xy X) exists (the image);
(ii) pullbacks of regular epimorphisms (Ntn. 2.1.10) exist and are again regular epimorphisms.

In this Part I, we are interested in the exceptional example of the category of compactly generated topological
spaces (Prop. 2.1.20 below). A generic class of examples of regular categories are toposes (such as the category of
simplicial sets, which is of interest in Part II, see Ntn. 4.1.1 below):

Example 2.1.12 (Toposes are regular [BGvO71, p. 17][Bo94I1l, Prop. 3.4.14][Jo02a, p. 92]). Every topos (hence
in particular every category of presheaves) is a regular category (Def. 2.1.11). Moreover, in toposes the classes
of (i) epimorphisms, (ii) regular epimorphisms and (iii) effective epimorphisms (Ntn. 2.1.10) all coincide (e.g.
[MLMO92, §IV.7, Thm. 8 (p. 197)][Bo94lll, Prop. 3.4.13, 3.4.15]).

Lemma 2.1.13 (Effective epimorphisms in regular categories (e.g. [Bo941, Prop. 2.5.7][Bo941, Prop. 2.3.3])). In
a regular category (Def. 2.1.11), the notions of regular and of effective epimorphisms (Ntn. 2.1.10) coincide, and
pullback along any morphism f preserves effective epimorphisms p together with their coequalizer diagrams:

(f*P) xx (f"P) ——— PxxP

Pﬁl lpfz (pb) Prll lprz

f*P P 2.7)
coeq l f*p b coeql p
X' f X.

In regular categories, there are partial reverses to the implications of Ex. 2.1.7 and Prop. 2.1.9 (see also the
oo-category theoretic version in Lem. 4.3.9 below):

Lemma 2.1.14 (Reverse pasting law in regular categories (e.g. [Gra21, Lem. 1.15])). Given a commuting diagram
in a regular category (Def. 2.1.11) of the form

R

lj | 3)

—_ —

where the left square is Cartesian (Ntn. 2.1.5) and the bottom left morphism is an effective epimorphism (Ntn.
2.1.10), then the right square is Cartesian if and only if the total rectangle is Cartesian.

Lemma 2.1.15 (Local recognition of isomorphisms in regular categories). In a regular category (Def. 2.1.11), if
the pullback p* f of a morphism f along an effective epimorphism p (Ntn. 2.1.10) is an isomorphism, then f was
already an isomorphism itself.

Proof. By assumption, we have a pullback square as on the bottom of the following diagram:
?XXf——;L—>?Xy?

Woow

(2.9)

Here the bottom left morphism is an effective epimorphism by Lem. 2.1.13, since p is so by assumption. Since
limits commute with each other, we get the top pullback squares, where the topmost morphism is an isomorphism
as the pullback of the isomorphism p* f (by Ex. 2.1.7). By the nature of effective epimorphisms (Ntn. 2.1.10), this
now exhibits f as the image under passage to coequalizers of an isomorphism of coequalizer diagrams, hence as
an isomorphism. O
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2.1.2 Topological Spaces

We use the following convenient category of topological spaces [St67] which has become the standard foundation
for algebraic topology:

Notation 2.1.16 (Category of compactly generated topological spaces). We write

locally compact
Hausdorff spaces

TopSpc 1 kTopSpc <—— kHausSpc <«—— LCHausSpc (2.10)
k

topological spaces topological k-spaces Hausdorff k-spaces

for the coreflective subcategory of those topological spaces whose subsets are open iff all their preimages under
continuous maps from compact spaces are open (k-spaces going back to [Ga50, §1]), and its full subcategory of
Hausdorff spaces among these (subsuming all locally compact Hausdorff spaces), hence of compactly generated
topological spaces (e.g. [Du66, §XI1.9][St67][Le78] [HSt97, §3.4][Strk09], concise practical review is in [FHThOO,
§0], and specifically for the equivariant context in [LU14, §16]).

Remark 2.1.17 (Mapping spaces). In particular, the category of k-spaces is Cartesian closed, which means that,
for X, Y € kTopSpc (2.10), the mapping space

Maps(X,Y) € kTopSpc (2.11)

(namely the set of continuous functions X — Y equipped with the k-ified compact-open topology) serves as an
exponential object or cartesian internal hom, (e.g., [Nie78, §9][Pic92, Thm. B.10][B094l1l, §7.1-7.2]). That is,
Maps(X, —) is right adjoint (Ntn. 2.1.4) to forming the categorical product (the k-ified product topological space)
with X:
Xx(-)
kTopSpc 1 kTopSpc. (2.12)
Maps(X, —)

Besides making the adjunction (2.12) work, compactly generated topological spaces behave essentially like
plain topological spaces:

Remark 2.1.18 (Colimits of compactly generated topological spaces). Colimits of k-spaces (Ntn. 2.1.16) are
computed as usual colimits of topological spaces. For instance:

(i) Orbit spaces —i.e., the usual quotient topological spaces of continuous group actions (see Lem. 2.2.16 and Cor.
2.2.23 below) — are (split) coequalizers in kTopSpc (2.10).

(ii) It is still true that the functor 7y : kTopSpc — Set assigning sets of path-connected components preserves
coequalizers (quotients by relations) and it preserves finite products:

7o (COCq(R = X)) = coeq (Eo(R) = EO(X)) € Set. (2.13)

X,Y € kTopSpc = { (X X Y) 70(X) x T(Y)
Remark 2.1.19 (Relation to locally compact Hausdorff spaces).

(i) If X € LCHausSpc — kTopSpc (2.10) then, for any Y € kTopSpc, the usual product topological space is the
category-theoretic product X xY € kTopSpc in k-spaces ([Le78, Lem. 2.4][Pic92, Thm. B.6]).

(i) Any topological space is a k-space if and only if it is a quotient topological space of a locally compact Hausdorff
space. ([ELS04, Lem. 3.2 (v)], strengthening [Du66, §XI, Thm. 9.4][Pic92, Thm. B.4]).

Moreover:

Proposition 2.1.20 (Compactly generated topological spaces form a regular category [CMV95, p. 3]).
The categories KTopSpc and kHausSpc (Ntn. 2.1.16) are regular (Def. 2.1.11).
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Example 2.1.21 (Open covers are effective epimorphisms). For X € kTopSpc and {U; < X}, an open cover,
then the canonical map ‘I_IIU —> Xis an effective epimorphism (Def. 4.2.11), in that the canonical maps
S

U U,NUj, —=% [JU; — X (2.14)

Juj2€l icl

make a coequalizer diagram. (Namely, this is the case on underlying sets, by the fact that the covering is surjective;
hence the remaining condition is that a subset of X is open precisely if its intersection with each U; is open, which
is the case by the fact that the covering is by open subsets.)

Example 2.1.22 (Isomorphisms of bundles are detected on covers). Given a commuting diagram in kTopSpc (Ntn.
2.1.16) of the form

P . p
— X P (2.15)
then f is an isomorphism as soon as it is locally so, hence if its pullback to any open cover X = [IU; is an
icl
isomorphism:
Plz P
\ ) \\A
Pl P (2.16)
¥ o \\ i
X X.

Namely, here the bottom morphism is an effective epimorphism by Ex. 2.1.21, hence the middle morphism is an
effective epimorphism by regularity of kTopSpc (Prop. 2.1.20). Now with the rear square also the top square is
Cartesian, by the pasting law (Prop. 2.1.9), whence the top square exhibits the pullback of f along an effective
epimorphism as an isomorphism, so that Lem. 2.1.15, implies that it is itself an isomorphism.

2.1.3 Internal Mathematical Structures

We find below that equivariant topology is both a beautiful example of and is itself beautified by a systematic use
of internalization of mathematical structures into ambient categories other than Set; a basic point that seems not to
have received due attention.

Notation 2.1.23 (Internal mathematical structures). For S a mathematical structure expressible in terms of finite
limits (a “finite limit sketch” [BE72][BW83, §4][AR94, §1.49]), hence by operations on fiber products (Prop.
2.1.6), and for ¥ any category with all finite limits,

(i) we write S(%) for the category of S-models in €, hence the category of S-structures internal to ¢ in the original
sense of [Gro601L, p. 370].

(i) For F a functor that preserves finite limits (denoted lex), there is the evident induced functor on S-structures,
which we denote as follows:

F: 459 +  S(F):S(%)— S2). 2.17)
Example 2.1.24 (Archetypical examples of internal structures). We have the categories:
* Grp(%) of internal groups (e.g., [EH61][EH62][EH63][BW83, §4.1], see Def. 3.1.2 below);
» I"'Act(%) of internal group actions, (e.g., [Boa95, §7][BJKO5, p. 8], see Def. 3.1.3 below);
* Grpd(%) of internal groupoids (e.g., [Bo94L, §8][NP19, §1], see Ntn. 2.3.1 below);

all originally due to [Gr61111, §4]. We consider these notions mainly internal to the category ¢’ = G Act(kTopSpc)
(2.19) of, in turn, group actions internal to topological spaces (2.10).
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Notation 2.1.25 (Internalization of principal bundle theory). The key example of internal structures for our pur-
poses is the category

o FrmI"PrBdl(%) of formally principal bundles ([Gr60l, p. 312 (15 of 30)][Gr71, p. 9 (293)],
also: pseudo-torsors [Gr67, §16.5.15]),

which is the subcategory of I'Act(%’) (Ex. 2.1.24) on those actions that are either fiberwise principal or empty
(3.9), see Rem. 3.1.8 below.

We observe in Cor. 3.1.6 that these (formally) principal bundles, when internalized in " = G Act(kTopSpc),
are equivalently G-equivariant principal bundles in the original and general sense of [tD69], see Rem. 3.1.7 below.
While this might not be a surprising observation for experts with the relevant background, it is, we find, absolutely
foundational to the subject of equivariant bundle theory, and seems not to have been made explicit before in existing
literature.
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2.2 G-Actions on Topological Spaces

Notation 2.2.1 (Equivariant topology (“transformation groups”, “G-spaces”, e.g.[Bre72][tD79][tD87])).
Throughout:

* G € Grps(kHausSpc) denotes a Hausdorff topological group, with group operation denoted (—) - (—);
* H C G denotes a topological subgroup (necessarily Hausdorff, since G is);

* N(H) C G denotes its normalizer subgroup , and

* W(H) := N(H)/H its Weyl group (e.g. [May96, p. 13]):

normalizer

subgroup N(H) —>> N(H) /H = W(H) Weyl group (2 1 8)

e We write (with Ex. 2.1.24)

Xe kT‘OpSpC7 (=)(=)
G Act(kTopSpc) = = {G X=xX—— } 2.19
( PP ) {(p G _>p Aut(X) )} C G continuous )g ( )

actions

for the category whose objects G ¢ X are topological spaces X equipped with continuous left G-actions and
whose morphisms are G-equivariant continuous functions between these (often: “G-spaces”, for short).

¢ For G (X € GAct(kTopSpc), we write
o XY = {xeX| VG g x=x} =X € kTopSpc for the G-fixed subspace;
ge

o X— X =X/G:={[x]:=G-x|XeX} € kTopSpc for the G-quotient space (G-orbit space).
e For G (X € GAct(kTopSpc) and x € X, its isotropy subgroup is denoted
G, = Stab,(x) = {g€Glg-x=x} CG. (2.20)

From §3.2 on, we make the following further assumptions on the equivariance group:

Assumption 2.2.2 (Proper equivariant topology (following [DHLPS19][SS26-Orb])). We speak of proper equiv-
ariant topology if:

* equivariance groups G are Lie groups with compact connected components;

* subgroups H C G are compact;

* domain spaces X are locally compact and Hausdorff;

* equivariance actions G ¢ X are proper. !

Lemma 2.2.3 (Equivariance subgroups in proper equivariant topology). Under Assumption 2.2.2,
(i) every H C G (namely every compact subgroup of a Lie group with compact connected components) is:
(@) a closed subgroup;
(b) a compact Lie group;
(ii) every G, C G (namely the isotropy subgroup (2.20) of a proper action at any point x) is of this form.

Proof. For the first statement, it is sufficient to consider the connected components of the neutral element. Here
statement (a) follows since Lie groups are Hausdorff spaces and compact subspaces of compact Hausdorff spaces
are equivalently closed subspaces. With this, statement (b) follows from Cartan’s closed-subgroup theorem (e.g.
[Lel2, Thm. 10.12]). The assumption that X is locally compact and Hausdorff ensures that all notions of proper
action agree, and it follows that all stabilizer subgroups of points are compact. With this, the second statement
follows from the first. O

Under the previous assumption that domain spaces are locally compact and Hausdorff, all of otherwise distinct notions of proper action
agree [Pa61, Thm. 1.2.9]; see also [Kal6, Rem. 5.2.4].
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2.2.1 Basic Examples of G-Actions

To fix notation and conventions, we make explicit the following basic G-actions.

Example 2.2.4 (Left and right-inverse multiplication action). Each G € Grp(kTopSpc) carries canonical left G-
actions (2.19), by left multiplication and by inverse right multiplication, respectively,

G CG* € G Act(kTopSpc) G CG® € G Act(kTopSpc) (.21
GxGt — Gt GxGR —— GR

2.22

(gh) > gh (gh) > h-gl. (2.22)

Under inversion, these two actions are isomorphic:

-1
G- L gr ¢ G Act(kTopSpc) . (2.23)

Example 2.2.5 (Diagonal action). For G (X;, G(X, € GAct(kTopSpc), one can consider the diagonal action
G C (X1 x X3) on the product space of the underlying spaces:

G x (X1 xX3) X x Xo (224
(8, (x1,x2)) — (g-x1,8°x2).

Example 2.2.6 (Conjugation action on mapping space (e.g. [GMR19, p. 5])). Let G (X}, G (X, € G Act(kTopSpc).
(i) The mapping space (2.11) of the underlying topological spaces carries a G-action given by conjugation:

G C Maps(X1,X3) € GAct(kTopSpe) (2.25)
Xl g4f>- X2
f € Maps(X1,Xa) ggG g"-(f)l g-(*)T ie., xeb)/q (g f)x) =g (flg " x). (226

X ——X»

f

(ii) The fixed locus of the conjugation action (2.26) is the subspace of G-equivariant functions

G-fixed subspace

o of Coeiivars i ) . ! N space of all
subspace of G-equivariant maps of conjugation action

continuous maps

{f € Maps(X1,X2) | f(—=) =g~ f(g-—)} = Maps(X1,X2)¢ — Maps(X1, Xa) . (2.27)

(iii) This construction (2.25) is functorial in both arguments, contravariantly in the first. With (2.23) this means, in
particular, for G (X € G Act(kTopSpc) that

Maps(G*,X) ~ Maps(G®,X) € G Act(kTopSpc). (2.28)
(iv) With the first argument fixed, this construction (2.25) is a right adjoint to the product operation from Ex. 2.2.5:

G(Xx(-)
. X
G Act(kTopSpc) L G Act(kTopSpc) . (2.29)

G (Maps(X,—)

2.2.2 Change of Equivariance Group

Much of our formulation of equivariant topology proceeds by applying the change of equivariance group adjoint
triple from the following Lem. 2.2.7, in numerous ways.

Lemma 2.2.7 (Change of equivariance group (e.g. [May96, §I.1][DHLPS19, p. 9])). Given a continuous homo-
morphism of topological groups o
G —— Gy, (2.30)

we have a triple of adjoint functors (Ntn. 2.1.4) between their categories of continuous actions (Ntn. 2.2.1):
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Gaxg, (=)= (0 (GH)*(2),

1

G Act(TopSp) $ GrAct(TopSp), (2.31)
1

Maps(G,, —)C1 == Maps((p*(Gé), —)Gl

where:
— the G1-pullback action on ¢*Y is through ¢, on the same underlying topological space;
— the induced Gy-action on Gy X, X is that given by left multiplication of G, on the Ga-factor;
— the co-induced Gy-action on Maps(Ga,X)! is given by right multiplication on the Gy-argument.

Example 2.2.8 (Quotient spaces, fixed loci and trivial action). For G — 1 the unique group homomorphism to the
trivial group, the corresponding pullback action (Lemma 2.2.7) is the trivial G-action, whose adjoints (2.31) form
the quotient space (—)g and the G-fixed space (—)¢ (Ntn. 2.2.1), respectively:

(-)/G
quotient space ———>
1
GACt(kTOpSpC) <——— trivial G-action kTopSpC (232)
Iixc(ﬁ<>cl|s e

()¢

Example 2.2.9 (Underlying topological spaces and (co-)free actions). For 1 < G the unique inclusion of the trivial
group, the corresponding pullback action (Lemma 2.2.7) is the forgetful functor from continuous G-actions to their
underlying topological spaces, whose adjoints (2.31) form the free action and cofree action, respectively:

Gx(—)
free action —>

1
kTOpSpC <—— forget G-action
4
co-free action ——>

Maps(G,—)

G Act(kTopSpc) . (2.33)

Lemma 2.2.10 (Forgetting G-action creates limits and colimits). The forgetful functor from topological G-actions
to underlying topological spaces (Example 2.2.9) creates limits and colimits, in that a diagram of topological
G-actions is a (co)limiting (co)cone diagram precisely if its underlying diagram of topological spaces is:

forget G-action

G Act(kTopSpc) kTopSpc
GCX ~ lim(GCX)) & X ~ lim (X))
il — (2.34)
G(CX ~ lim(G (X)) & X ~ lim(X;) .
— —

i i

Proof. That the forgetful functor preserves all limits and colimits follows (Prop. 2.1.8) from it being a right and a
left adjoint (2.33). A general abstract way to see that it also reflects and hence creates all limits and colimits is to
notice that G-actions are algebras for the monad G x (—), and that monadic functors create all limits which exist
in their codomain, and create all colimits which exist and are preserved by the monad (e.g., [ML71, pp. 137-138]).
But the monad here is the composite of the two left adjoints in the change of group adjoint triple (2.31) along
1 — G and hence preserves all colimits. The resulting claim also appears in [Schw18, §B]. For the record, we
spell out the reflection of pullbacks/fiber products (Ntn. 2.1.5, the general proof is directly analogous), which is
the main case of interest in chapter 3:

Consider a commuting square of topological G-actions whose underlying square of topological spaces is a
pullback, and consider a cone with tip G C Q over this square, as shown on the left here:
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. GxP
GxQ U G (xxsP) T | .
S~ GxB
R % — .
X xgP — > l l GxX It l (2.35)
R SRt Et
X_ .8 T~ S B
(G G X

We need to show that there exists a unique dashed morphism making the full diagram on the left commute. But
since the underlying square of topological spaces is a pullback, there exists a unique such continuous function,
in the bottom part of the diagram on the right of (2.35). Hence it remains to show that this unique function is
necessarily G-equivariant. But the functor G x (—), preserves limits, being itself a limit, so that also the top square
on the right is a pullback. Therefore also the top dashed morphism exists uniquely, and makes the square commute
as shown, by functoriality of limits.

The argument for colimits is analogous, now using that G x (—) also preserves colimit diagrams, by (2.12). [

Proposition 2.2.11 (Compactly generated topological G-actions form a regular category). For G € Grp(kTopSpc),
the category G Act(kTopSpc) (2.2.1) is regular (Def. 2.1.11).

Proof. Since regularity is entirely a condition on limits and colimits of a category, it transfers through any forgetful
functor which creates all limits and colimits. Therefore the statement follows by the combination of Lem. 2.2.10
with Prop. 2.1.20. O

In generalization of Example 2.2.9, we have:

Example 2.2.12 (Restricted actions). Let H — G any subgroup inclusion. Then the corresponding pullback H-
action (Lemma 2.2.7) of a G ('Y € G Act(kTopSpc) is just its restriction to the action of H C G

Gxpu(—)
HAct(TopS 1 GAct(TopS
( p p) restricted action ( p p) (236)
HCY < GCY,

and the adjunction (2.31) corresponds to a natural bijection (2.1) of hom-sets of the following form:

H H. - G G
Y © G&JX Y
. (2.37)
[

induction/restriction
x — fx) gx] — g flx

Example 2.2.13 (Fixed loci with residual Weyl-group action). Let H C G be a subgroup inclusion. Consider the
functor which sends a G-action to its H-fixed subspace equipped with its residual Weyl group action (Ntn. 2.2.1)

(—)¥ = Maps(N(H)/H.X)*®)

N(H)Act(TopSp) W (H)Act(TopSp) 5 38
N(H) (X — W(H) ¢XP = {xeX]| hegCGh-x:x}. 239

This fixed locus functor (—)# is, equivalently, the pull-push of change-of-equivariance-groups (Lemma 2.2.7)

through the normalizer correspondence
G T (2.39)

in that it is the composite right adjoint in the following composite of change-of-equivariance group adjunction
(2.31):
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G/H X Nym (=)
J Gy (=) (N(H)—»N(H)/H)" W
GAct L N(H)Act L (N(H)/H) Act. (2.40)
L (N(H)—=G)* Maps(N(H)/H,— )M §)

(=)
Example 2.2.14 (Coset spaces (e.g. [Bre72, p. 34])). For H — G a subgroup inclusion, the induced G-action
(2.36) of the unique trivial H-action on the point is the coset space

Gxy*x = G/H = {gH C G|g € G} € GAct(kTopSpc) (2.41)
equipped with its G-action by left multiplication of representatives in G.

2.2.3 Quotient Spaces

In generalization of Example 2.2.8 we have:

Example 2.2.15 (Partial quotient spaces). For G,G’ € Grps(HausSp) and G x G’ 2, G’ the projection homo-
morphism out of their direct product, the corresponding pullback action in Lemma 2.2.7 assigns trivial G-actions

(-)/G
(G x G")Act(TopSp) 1 G'Act(TopSp) (2.42)

trivial G-action

and its left adjoint (2.31) forms G-quotients G’ X (—) = (—)/G. The unit of this adjunction is the natural
transformation which sends any G x G’-action to the coprojection gx : X — X/G onto its G-quotient space, and
any G-equivariant continuous function f : X — Y to a commuting square of G’-actions:
“©y f “
X ——>Y
axy Vay (2.43)
X/G —— Y/G
() f/G ()

Lemma 2.2.16 (Hausdorff quotient spaces (e.g. [Bre72, Thm. 3.1])). If the equivariance group G is compact and
the topological space underlying X € G Act(kTopSpc) (Nn. 2.2.1) is Hausdorff, then the quotient space X /G is
Hausdorff.

Remark 2.2.17 (Recognition of pullbacks of quotient coprojections). (i) The quotient coprojection squares (2.43)
are not in general pullbacks (Ntn. 2.1.5); and it is important to recognize those situations in which they are.

(ii) A general recognition principle applies to compact quotient groups (Lemma 2.2.18 below) which is however of
little value in the applications to twisted cohomology theory, where the quotient groups generically are topological
representatives of general co-groups (topological realizations of general simplicial groups) and thus rarely compact.
(iii) Without assuming compactness of the quotient group we may still recognize pullbacks of free (principal)
quotients (Lemma 2.2.19) from just the fact that the left one is locally trivial below (compare Ntn. 3.2.2). This is
a basic fact of principal bundle theory, but rarely, if ever, stated in the general form of Lemma 2.2.19 in which it
drives much of the proofs in §3.2.

Lemma 2.2.18 (Recognition of pullbacks of compact group quotients ([BF15, Prop. 4.11)). If G is compact and
the underlying topological spaces of X,Y € G Act(kTopSpc) are Hausdorff then, for any morphism f:X — Y,
its quotient naturality square (2.43) is a pullback square (Ntn. 2.1.5) if and only if f preserves isotropy groups (as
subgroups of G):

X ! Y

w| e e e ¥ (Gi6p). (2.44)

xeX
X/G —— Y/G
/ f/G /
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Lemma 2.2.19 (Recognition of pullbacks of principal quotients). A homomorphism of G-principal fibrations (cov-
ering any morphism of base spaces) is a pullback square (Ntn. 2.1.5) as soon as the domain is a locally trivializable
fiber bundle:

% 7 %
Py P, Py P
pll lpz = ml (pb) ipz (2.45)
/G
X] il X2 X1 X2
G-principal &

. G-principal
locally trivial = !

Proof. First, consider the special case when the domain bundle is actually trivial and that the base morphism is the
identity

GxX —9%9 - p
Py \Lp (2.46)
X ——X

(equivalently a global section ¢ (e)(—)). In that case, a continuous inverse of ¢ is given by the composite

idx p (o(e,p(-)),id)

GxX «—— GxP <= PxxP

P, (2.47)

where the second map is the inverse of the shear map (see (3.9)) of the codomain bundle, and where e € G denotes
the neutral element. From this it follows that morphisms out of any locally trivial principal bundle over the identity
base morphism are isomorphisms, by local recognition of homeomorphisms (Ex. 2.1.22). Finally, in the general
case the universal comparison morphism

P, -l P> XXl Xy — P,
! ob) | (2.48)

X] —>X2

from P; to the pullback of P, in (2.45) is such a homomorphism over a common base space X;, hence is an
isomorphism, thus exhibiting P; as a pullback. O

2.2.4 Slices of G-Orbits

The existence of local slices through families of orbits of group actions is guaranteed by the Slice Theorem (Prop.
2.2.21) below and serves to ensure or detect local triviality of plain principal bundles (Cor. 2.2.23) below and of
equivariant principal bundles (around Ntn. 3.2.32 below).

Definition 2.2.20 (Slices of G-orbits). For G ¢ U € G Act(kTopSpc) and H C G a subgroup, an H-subspace

58 S %
Sty U (2.49)
is called a slice through its G-orbit modulo H if its induction/restriction-adjunct (2.37) is an isomorphism
(y ;O
GxgS ——— U (2.50)
lg.s] — gs.

Specifically, for G ¢ X € G Act(kTopSpc) and x € X a point, by a slice through x one means (e.g. [Bre72, §II, Def.
4.1]) a slice (2.49) relative to the isotropy group G, (2.20) through x of an open G-neighborhood G C U, of x

£y £y
x € S, — U,. (2.51)
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Proposition 2.2.21 (Slice Theorem ([Pa61, Prop. 2.3.1][Kal6, Thm. 6.2.7])). Under the assumption 2.2.2 of
proper equivariance, given G (X € G Act(kTopSpc) then for every x € X there exists a slice through x (Def.
2.2.20).

Remark 2.2.22 (Technical conditions in the slice theorem). The slice theorem for compact Lie group actions is
due to [Mo57, Thm. 2.1][Pa60, Cor. 1.7.19], and for proper actions of general Lie groups it is due to [Pa61],
reviewed in [Kal6]. Beware that [Pa61] goes to some length to further generalize beyond proper actions, which
leads to a wealth of technical conditions that, it seems, have been of rare use in practice. But, under the assumption
2.2.2 that all G-spaces are locally compact, all these conditions reduce to properness [Pa61, Thm 1.2.9][Kal6,
Rem. 5.2.4], and thus the theorem reduces to the statement in Prop. 2.2.21.

Corollary 2.2.23 (Quotient coprojection of free proper action is locally trivial [Pa61, §4.1]). Under the assumption
2.2.2 of proper equivariance, the quotient space coprojection P 4 p /G of a free action G C P admits local sections.

2.2.5 Equivariant Open Covers

Definition 2.2.24 (Properly equivariant open cover). Given G ¢ X € G Act(kTopSpc) (2.2.1), we say that an open

cover (Ex. 2.1.21) of the underlying space R
X=UU—-»X (2.52)
icl
is:
(i) equivariant if the G-action on X pulls back to X

GCX —2» G¢X € GAct(kTopSpe) ; (2.53)
(ii) regular equivariant if (i) holds and there is a G-action on the index set such that
Ui = Ug/

a vV V = i=7j); 2.54
(@) i,jel geG )E ;; J ( )

U —1U
(b)) V V (U,-ﬂg'Uj#® = ¢ YP>; (2.55)

icl geG X i X

u,Nn---NU;, # @
c v v 0 n = 3V
© neN ig.in€l ( g()'U,'O N---g,-U; 75 1) g€G 0<k<n

80, :8n€G

g Ui = 8k~ Uik> ; (2.56)

(iii) properly equivariant if (ii) holds and each H-fixed locus of X is an open cover of that of X:

Y H
v OXH P xH. (2.57)
ch dG open cover

(iv) properly equivariantly good if all the restrictions (2.57) are good open covers (Def. 4.3.14).

Proposition 2.2.25 (Smooth G-manifolds admit properly equivariant regular good open covers). At least for

Grp(Ds
G € Grp(FinSet) M Grp(kTopSpc), every smooth G-manifold G (X € G Act(SmthMfd) — G Act(kTopSpc)

admits a regular properly equivariant and good open cover (Def. 2.2.24).

Proof. This follows with the equivariant triangulation theorem [I172, Thm. 3.1][1183]; see [Yan14, Thm. 2.11]. [

Remark 2.2.26. If an equivariant open cover (3.2.12) is regular (2.54) then for x € U; — X the stabilizer group
G, := Stabg(x) of x € X also fixes the index i:

xelU ——— U;

' A (2.58)

X %59 x.
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2.3 G-Actions on Topological Groupoids

The theory of universal equivariant bundles turns out to be most naturally formulated in the language not just of
topological spaces equipped with G-actions, but of topological groupoids equipped with G-actions. This observa-
tion, which is due to [MS95] and was only more recently amplified again in [GMM17], we turn to in §3.3 and then
especially in part III below. Here we recall and develop some basics of equivariant topological groupoids that will
make the theory of universal equivariant bundles in §3.3 be transparent and run smoothly. (The material here is not
needed for chapter 3.)

2.3.1 Topological Groupoids

Notation 2.3.1 (Topological groupoids). We write Grpd(kTopSpc) for the strict (2,1)-category (Ntn. 2.1.3) of
groupoid objects internal (Ntn. 2.1.23) to kTopSpc (2.10), hence of topological groupoids ([Eh59], survey in
[Mk&7, §1I], exposition in [We96, p. 6]):
(i) Its objects are diagrams of topological spaces

space of composable  composition space of source, target & unit space of

pairs of morphisms map morphisms maps objects

N

(XI)IXS(XI) —_— X — e Xo (2.59)
0 1) t

version ()1

map

such that the composition operation o is associative, unital with respect to e and with inverses given by (—)~!. We

will mostly denote such an object by
X; =Xop € Grpd(kTopSpc), (2.60)

with the rest of the structure understood from the given context.
(ii) Its morphisms are continuous functors hence continuous functions Fy, F; compatible with all this structure:

- s
(X1>I§S X)) —— Xi ==——c¢ Xo
0 t
Flr;(sFli J{Fl J{F{) (261)
0 P
(Yl)[XS(Y]) *O> Y] <——F¢ YO

X0 ) ’

(iii) Its 2-morphism M : F = F' are continuous natural transformations, hence continuous functions n(—) : Xy —
Y making all the naturality squares commute:

F 1)
T T x F(x) ———— F'(x)
(X1 = Xo) Hn (Yi=Yo) iy Lo l”” lpm (2.62)
T~ ¢ F) — s pi().

(iv) An isomophism of topological groupoids (X; = Xo) ~ (Y1 = Yo) is an isomorphism in the underlying
1-category (ignoring the 2-morphisms).

(v) An equivalence of topological groupoids is a pair of morphisms going back and forth between them, together
with 2-morphisms (2.62) relating their composites to the identity morphism:

(X1 =X0) =~ (Y1 =Y) & (X1:§XO)$(Y1:;YO),LOR:>id, id=RoL. (2.63)
mtpy
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Example 2.3.2 (Topological spaces as constant topological groupoids). Each X &€ kTopSpc (2.10) becomes a
topological groupoid (Ntn. 2.3.1)

id
Cnst(C) := (X=X) € Grpd(kTopSpc) (2.64)
id

by taking all structure maps (2.59) to be the identity on X. This construction constitutes a full subcategory inclusion

KTopSpe « %3 Grpd(KTopSpe). (2.65)

Example 2.3.3 (Topological pair groupoid). For X € kTopSpc, its chaotic groupoid or pair groupoid is the topo-
logical groupoid (Ntn. 2.3.1) whose space of morphisms is the product of X with itself (the space of pairs of
elements of X)), with source and target given by the two canonical projection maps

pr
Cht(X) = (XxX=X) € Grpd(kTopSpc) (2.66)

pry

and equipped with the unique admissible composition operation:

(X% X) s (X x X) = X x X x X PPl yo x, (2.67)
X
This construction constitutes another full subcategory inclusion
Ch
KTopSpe <—» Grpd(kTopSpe) . (2.68)

Definition 2.3.4 (Space of components of a topological groupoid). For (X; =2 Xj) a topological groupoid (Ntn.
2.3.1), its space of connected components (or: O-truncation)

T0(X1 =2 Xo) € kTopSpe (2.69)

is the quotient space by the source/target relation, hence the coequalizer of its source and target maps:

coeq(s,t)

X f Xo (X1 = Xo). (2.70)

All these basic notions are unified as follows:

Proposition 2.3.5 (Adjunctions between topological groupoids and topological spaces). The underlying I-category
of topological groupoids (Ntn. 2.3.1, disregarding the 2-morphisms) is related to that of topological spaces (Ntn.
2.1.16) by a quadruple of adjoint functors (Ntn. 2.1.4)

T0 —>
1
<— Cnst —

Grpd(KTopSpe) — (o — KTopSpe, 2.71)
1

<— Cht —

where
* Cnst assigns constant groupoids in the sense of Ex. 2.3.2;
» Cht assigns pair groupoids in the sense of Ex. 2.3.3;
* (=)o assigns spaces of objects (2.59);
* Ty assigns spaces of connected components (Def. 2.3.4).
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Proof. The hom-isomorphisms (2.1) are readily seen by unwinding the definitions:
(i) For 7y 4 Cnst, the natural bijection

kTopSpe(7o(X; = Xo), Y) =~ Grpd(kTopSpe) ((X; = Xo), Cnst(Y)) (2.72)
exhibits the universal property of the coequalizer:
X Y
(| s H
Xo — Y (2.73)
coequ(s.1) | e
70(X1 = Xo)
(ii) For Cnst 4 (—)o, the natural bijection
Grpd(kTopSpc) (Cnst(X), (Y1 = Y)) =~ kTopSpe(X, Yo) (2.74)

reflects the unitality of the groupoid composition:

el et (2.75)

(iii) For (—)o 1 Cht, the natural bijection
kTopSpc(Xo, Y) =~ Grpd(kTopSpc) (X1 = Xo), Cht(Y)) (2.76)

reflects the universal property of the Cartesian product:

Xy ------- > Y XY
syt Prl‘L‘LPrz (2.77)
Xg ————— Y UJ

We continue to list some classes of examples of topological groupoids that we need later on.

Example 2.3.6 (Topological action groupoid). For G (X € GAct(kTopSpc) (2.19), the corresponding action
groupoid is the topological groupoid (Ntn. 2.3.1) given by

pry
idx ((=)-(-)) id
XXGPxGP —— 7, X xGP S X € Grpd(kTopSpc)  (2.78)
(xaglag2) — (xagZ'gl) — (gZ'gl'x)

with composition given by the reverse of the group operation in G.

Example 2.3.7 (Topological delooping groupoid). For I' € Grp(kTopSpc), its delooping groupoid is the topo-
logical left action groupoid (Ex. 2.3.6) of the unique I'P-action I'®? Cx € I"Act(kTopSpc) on the point space:

BI' = (xxI'=2%) = (U2 %) € Grpd(kTopSpc), (2.79)

with composition given by the group operation in I':

81°82

.« . e & _ 3 cBPBL. (2.80)
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Example 2.3.8 (Action groupoid of group multiplication is pair groupoid). For I" € Grp(kTopSpc), the topological
pair groupoid (Ex. 2.3.3) on its underlying topological space is isomorphic to the action groupoid (Ex. 2.3.6) of
both the left and inverse-right action of G°P on itself (2.21)

left multiplication . id right multiplication
action groupoid pair groupoic action groupoid

(GXxG=G) «~—— (GXG=2G) ——=—— (GxG=G) 2.81)
o] -1,
(gl (81,8185 ) gz) . (gl (21,82) gz) . (gl (81,81 -82) gz)

Example 2.3.9 (Topological mapping groupoid). Given a pair of topological groupoids (Ntn. 2.3.1), their mapping
groupoid or functor groupoid (e.g. [NP19, §2])

Maps(X; = Xo, Y1 = Yo) € Grpd(kTopSpc) (2.82)

has as object space the subspace of the product of mapping spaces Maps(Xy, Yo) X Maps(X,Y;) (2.11) on the
elements that satisfy the functoriality condition (2.61), and as morphism space the subspace on the product of that
space with the mapping space Maps(Xg, X1 ) on those elements which satisfy the naturality condition (2.62).

This construction is a Grpd-enriched functor in both arguments, contravariant in the first argument:

Maps(—, —) : Grpd(kTopSpc)° x Grpd(kTopSpc) — Grpd(kTopSpc). (2.83)

With the first argument fixed, it constitutes a Grpd-enriched right adjoint (Ntn. 2.1.4) to the product functor (e.g.
[NP19, Prop. 3.1]):

(X1=Xo)x(—)
Grpd(kTopSpc) L Grpd(kTopSpc) . (2.84)

Maps((X1=Xo),—)

Example 2.3.10 (Mapping groupoid between delooping groupoids). For G,I" € Grp(kTopSpc), the mapping
groupoid (Ex. 2.3.9) between their topological delooping groupoids (Ex. 2.3.7) is isomorphic to the topological
action groupoid (Ex. 2.3.6) of the adjoint action of I" on the hom-set of group homomorphisms G — I" (topologized
as a subspace of Maps(G,I")):

Maps(G = x, I =% %) ~ (Grp(G,I') xI'® = Grp(G,T))

(2.85)

18

.
(3-13)9

% v % — (02 o' = ady00).
J J

2.3.2 Crossed Homomorphisms and first Non-abelian Group Cohomology

The classical notion of crossed homomorphisms, recalled as Def. 2.3.11 below, turns out to play a pivotal role in
equivariant bundle theory (e.g., Lem. 3.2.11 and Prop. 3.3.17), often implicitly so (Rem. 2.3.15 below). Here we
highlight a transparent groupoidal understanding of crossed homomorphisms with crossed conjugations between
them (Prop. 2.3.18 below).

Definition 2.3.11 (Crossed homomorphisms and first non-abelian group cohomology). Let G € Grp(kTopSpc)
and G CT" € G Act(Grp(kTopSpc)), with & : G — Autgr (') the underlying automorphism action (Lem. 3.1.4).
(i) A continuous crossed homomorphism from G to I is a continuous map ¢ : G — I' which satisfies the following
G-crossed homomorphism property:

Vo 9(g1-82) = 0(g1) a(g1)(9(s2)) - (2.86)

81,82€G
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We write
CrsHom(G, G(CTI') C Maps(G,I') € kTopSpc (2.87)

for the subspace of the mapping space (2.11) on the crossed homomorphisms.
(ii) A crossed conjugation between two crossed homomorphisms ¢ — ¢ is an element ¥ € I" such that

T8 =1 0(g)-al)m). (2.88)
We denote the continuous I'-action by crossed conjugation by
['¢ CrsHom(G, GCT) € T'Act(kTopSpc). (2.89)

We write ¢ ~,q ¢’ for the corresponding equivalence relation.

(iii) The non-abelian group cohomology of G in degree 1 with coefficients in G CT is — at least when G is discrete?
— the set of connected components® of the quotient space by crossed conjugation classes (2.88) of the space (2.87)
of crossed homomorphisms (2.86):

H(G,GCT) == my(CrsHom(G, GCT)/~ag) € Set™. (2.90)

Remark 2.3.12 (Crossed homomorphisms in the literature). Since the notion of crossed homomorphisms, in the
generality that we need them here (Def. 2.3.11), tends to be neglected in the literature, we record some pointers:
Crossed homomorphisms (2.86) appear first, already in full non-abelian generality, in [Wh49, (3.1)]. Much later,
following [ML75, §IV.2], they became widely appreciated only in the special case when I is an abelian group, as
a tool in ordinary group cohomology (e.g. [Br82, p. 45]). Crossed homomorphisms in their non-abelian generality
appear again in [tD69, §2.1] (not using the “crossed” terminology, though) and in [MS95, p. 2][GMM17, Def.
4.1], all in the context of equivariant bundle theory (in which we consider them in §3.3). Textbook accounts in
this generality are in [NSWOS, p. 16][Mil7, §15.a-b]. The corresponding definition (2.90) of non-abelian group
1-cohomology is rarely made explicit; exceptions are [GiS06, Def. 2.3.2][GMM17, Def. 4.17][Mil7, §3.k]*.

We also need to recall the following standard fact (e.g. [Mil7, Ex. 15.1]):

Lemma 2.3.13 (Crossed homomorphisms are sections of the semidirect product projection).
(i) Crossed homomorphisms ¢ : G — I (Def. 2.3.10) are in bijective correspondence to homomorphic sections of

the semidirect group projection (3.12):
I'G

2
OO 2.91)
G=——=0G

(ii) Under this identification, crossed conjugations (2.88) are equivalently plain conjugations with elements in
I 5TxG.

Proof. Having a section means that g — (¢(g), g) € I' x G, and this being a homomorphism means that

(0(g1-82),81-82) = (9(81),81) (9(82).22) = (9(g1) (g2)(9(g2)) 81-82), (2.92)

where the second equality on the right is the definition of the semidirect product group operation, evidently repro-
ducing the defining condition (2.86) in the first argument.
Analogously, plain conjugation in the semidirect product group with elements of the form (y,e) € I' x G gives

(r.6) " (9(8): ) (v:e) = (v 0() (g)(7). 8), (2.93)
reproducing the formula (2.88) in the first argument. O

2For non-discrete domain groups the notion of crossed homomorphisms need no longer capture all 1-cocycles in non-abelian group
cohomology, when the latter is formulated in proper stacky generality; see [WW15] for pointers.

3The passage to connected components in (2.90) seems not to be considered in existing literature. It makes no difference when the
coefficient group is discrete, (which tends to be tacitly understood in this context, but is not the most general case of interest), as well
as under other sufficient conditions discussed in Prop. 2.3.20 below. But in general the correct homotopy-meaningful definition of non-
abelian group 1-cohomology (see Rem. 2.3.19 below) is only obtained with passage to connected components included. (The statement
in [GMM17, §4.3], that any groupoid is equivalent to the coproduct of its automorphism sub-groupoids, is patently false for topological
groupoids, in general. It does hold under suitable extra conditions, such as in Prop. 2.3.20 below).

4These are sections 16.a-b & 27.a in the expanded version of Milne’s book at www. jmilne.org/math/CourseNotes/iAG200. pdf
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Similarly elementary, but maybe less widely appreciated (see Rem. 2.3.15), is the following:

Lemma 2.3.14 (Graphs of crossed homomorphisms [tD69, §2.1][GMM17, Lem. 4.5]).
(i) The graph of a crossed homomorphism ¢ : G — ' (Def. 2.3.11) is a subgroup

G € I'xG, suchthat pr,(G)~G and GNi(l) ~ {(e,e)}, (2.94)

where i : 1" — I x G is the canonical subgroup inclusion (3.12).
(ii) Every such subgroup (2.94) is the graph of a unique crossed homomorphism.

Proof. The first statement is immediate from the definitions. For the converse statement (ii), consider a subgroup
G as in (2.94). Then the subgroup property implies that

(1.8, (v.8) €G = (.8 (e =g (agHr')g") =(rrv'e €G. (295

From this, the second condition in (2.94) implies that

(1,8), (v, e) €eG = y=v" (2.96)

Together with the first condition in (2.94), this implies that G is the graph of a function ¢ : G x I'. From this the
claim follows by Lem. 2.3.13. O

Remark 2.3.15 (Graphs of crossed homomorphisms in the literature). Subgroups of the form (2.94) were used in
early articles on equivariant bundle theory (e.g. [LM86, Thm. 10][May90, Thm. 7]). That these are equivalently
(graphs of) crossed homomorphisms (Lem. 2.3.14) and hence homomorphic sections of the semidirect product
group (Lem. 2.3.13) may have been (in view of Prop. 2.3.18 below) one of the key observations that led to the
construction in [MS95] (discussed in §3.3 below); however, Lem. 2.3.14 is still not made explicit there.

Notation 2.3.16 (Conjugation groupoid of crossed homomorphisms). We write
CrsHom(G, G(T) faT == (CrsHom(G, GCT)xI' = CrsHom(G, G(T)) (2.97)

for the topological action groupoid (Ex. 2.3.6) of crossed conjugations (2.88) acting on the space (2.87) of crossed
homomorphisms (2.86).

Definition 2.3.17 (Topological groupoid of sections of delooped semidirect product projection). For G € Grp(kTopSpc)
and G CT" € G Act(kTopSpc), consider the topological mapping groupoid (Ex. 2.3.9) from the delooping groupoid
(Ex. 2.3.7) of G into that of the semidirect product group I" x G (Lem. 3.1.4) restricted to those functors and
natural transformations which are sections, in that their composition with the projection (3.12) back to BG is the
identity:
-7 B(I'x G)
Map(BG,B(I'x G)),. = Maps(BG,B(I'xG)) x  {id} = R e prrQ . (2.998)
Maps(BG, BG) / -7

BG =—— BG

Proposition 2.3.18 (Conjugation groupoid of crossed homomorphisms is sections of delooped semidirect prod-
uct). The groupoid of sections of the delooped semidirect product projection (Def. 2.3.17) is isomorphic to the
conjugation groupoid of crossed homomorphisms (Ntn. 2.3.16):

Map(BG, B(T' x G))gg ~ CrsHom(G, G CT) JaaT. (2.99)

Hence its connected components (Def. 2.3.4) are bijective to the non-abelian group I-cohomology (2.90):
%Map(BG, B(I'x G)),, ~ Hp(G, GCT). (2.100)
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Proof. By definition, a morphism in the groupoid (2.98) is a commuting diagram of functors and natural transfor-
mations as shown on the left of the following:
crossed crossed

homo- conjugation
morphism

— e — o (1,e) °
7 B(I'xqG) ) \
S5 P 81 3 |(o(an).g (9'(s1),81)=(r"9(g1)-a(e1) (7))
G N . 5 ¥ (2.101)
/ \\\\\"{, // Bpr, o — S e (y_e) °
/ N F " s ‘
,’I /,//' 82 = |(9(22): (9'(22),2) = ("9 (22)-@(2) (7))
BG =———— BG & \
> o > o (1.e) °
By unwinding the definition and using Lem. 2.3.13 the claim follows, as indicated on the right. O

Remark 2.3.19 (General abstract perspective on non-abelian group 1-cohomology). Prop. 2.3.18 says that non-
abelian group cohomology (here in degree 1) is an example of the general notion of twisted non-abelian cohomol-
ogy in [SS26-Orb, §2.2], for local coefficient bundle being the fibration B(I" x G) — BG.

Proposition 2.3.20 (Discrete spaces of crossed-conjugacy classes of crossed homomorphisms). let

(a) G be a compact Lie group® (e.g. a finite group),

(b) I be any Lie group, and

(c) : G — Autgy(I') be trivial on the center of G.

Then:

(i) the crossed-conjugation quotient space in (2.90) is discrete, hence already is the group 1-cohomology as a set:

HYp(G,GCT) =~ CrsHom(G, GCT)/ ~a € Set —— KTopSpc. (2.102)

(ii) The crossed homomorphism space equipped with its crossed conjugation action (2.89), decomposes as a dis-
Jjoint union, indexed by this group I-cohomology set (2.102), of the coset spaces (Ex. 2.2.14) of I" by the crossed
conjugation stabilizer subgroups Cr(¢) C I':

CrsHom(G,G(CI') ~ [] T/Cr(¢) €T Act(kTopSpc). (2.103)

[¢]e
H,p(G, GCT)

Proof. For the special case when the action « is entirely trivial, the statement is observed in [Rel4a, Rem. 2.2.1].
To deduce from this the more general statement, identify crossed homomorphisms ¢ : G — I' with constrained plain
homomorphisms G — I' % G according to Lem. 2.3.13. Applied to these, the previous version of the statement
guarantees for nearby ¢, ¢’ an element (y,h) € I' x G, such that:

Vo (0'(8).(9) = (i) (9(8).8) (v h). (2.104)

geG

In the second component this implies that 2 € C(G) is in the center of G. Therefore, further conjugation of this
equation with (e, ) € I' x G, and using assumption (c), yields

T (0. (8) = (o) - (0(e).8)- (10, (2.105)
which implies the claim as in (2.93). ]

SProp. 2.3.20 is one of many instances of statements in equivariant topological which hold (only) in the generality that the equivariance
group is a compact Lie group. This condition, which may seem surprising from the point of view of general topology, ultimately originates in
the fact that the equivariant triangulation theorem (cf. Prop. 2.2.25) requires this assumption, whence so does the existence of CW-complex
structure on the group’s coset spaces. Even so, proofs in equivariant homotopy theory make a jump in complexity as one generalizes the
equivariance group from discrete to Lie groups. We mention the Lie group case here just for the record, otherwise we are content with
discrete (albeit not necessarily finite) equivariance groups, cf. Rem. 5.1.3.
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Proposition 2.3.21 (Weyl group action on group 1-cohomology of subgroup). For G € Grp(kTopSpc) and G CT €
Grp(G Act(kTopSpc)), let H C G be a subgroup, with H CT € Grp(H Act(kTopSpc)) denoting the restricted
action (Ex. 2.2.12). Then:

(i) The assignment
N(H) x CrsHom(H, H CT') —— CrsHom(H, H CT)

(2.106)
(n, ¢) — Op: hes am)(n™'-h-n)

is a continuous action of the normalizer subgroup N(H ) (Ntn. 2.2.1) on the space (2.87) of crossed homomorphisms
out of H.

(ii) This descends to the quotient by crossed conjugations, hence to the non-abelian group 1-cohomology set (2.90),
(iii) where it passes through an action of the Weyl group W (H) = N(H)/H (Nm. 2.2.1):

GCT € Grp(H Act(kTopSpc))  F HXG W(H) CHérp(H,HCF) € W(H)Act(Set). (2.107)

Proof. The first two statements are immediate in the equivalent incarnation of crossed homomorphisms ¢ : H —
I" as plain homomorphisms of the form (¢(—),(—)): G — I' x G (Lem. 2.3.13), observing that, under this
identification, the assignment (2.106) is just the “conjugation action by the adjoint action™:

(@a(=) (=) = (€)= (¢ (n"-(=)-n), (n7"-(=)-n)) - (n,e) . (2.108)

For the last statement we need to exhibit a crossed conjugation between ¢, and ¢ whenevern € H C N(H). The
following direct computation shows that this is given by ¢ (n) (which is defined for such n):

Pu(h) = a(n)(¢p(n"-h-n)) by definition (2.106)
= a(n) (d)(n*l) co(n~ ) (9 (h)- a(h)((])(n)))) by crossed hom. property (2.86) (2.109)
= o) -o(h)-ah)(o(n)) by action property of ¢ . .
2.3.3 Simplicial Topological Spaces
Notation 2.3.22 (Simplicial topological spaces). We denote by
AkTopSpc := Fnctr(A°® kTopSpc) (2.110)

the category of simplicial topological spaces, hence of simplicial objects internal to (Ntn. 2.1.23) the category of
compactly generated weak Hausdorff spaces (2.10).

Definition 2.3.23 (Homotopy Kan fibrations [Lurl1, Def. 3][MG14, p. 2]). We say that a morphism of simplicial
topological spaces (2.110) f, : Xo — Y, is a homotopy Kan fibration, to be denoted

fo € hKanFib C Mor(AkTopSpc), (2.111)

if for all positive n € N every solid homotopy-commutative diagram as follows has a dashed lift up to homotopy,
as shown:

A X,

% 7

| P lf. o 7o (X (&) = X (A7) x"

Y(A")) is surjective, 2.112)
Y(A)

-
-

AN'V— Y,

where the morphism on the far left is the (n,k)-horn inclusion of simplicial sets regarded as degreewise discrete
simplicial topological spaces. The equivalent condition on the right of (2.112) simplifies when horn filling in Y, is
a Serre fibration, in which case the homotopy fiber product in (2.112) is given by the plain fiber product, so that:

neNy neNL Y (A
0<k<n (

0<k<n

< v X(A”)%Y(AZ)) = ((f. S hKanFib)@( v m(X(A") = X(A}) xn)Y(A"))surj.)) (2.113)
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Notation 2.3.24 (Nerve of topological groupoids). We denote the nerve functor from topological groupoids (Ntn.
2.3.1, disregarding the 2-morphisms) to simplicial topological spaces (2.3.22) by

N : Grpd(kTopSpc) AkTopSpc
N
(X1 = X) — ([n) = (Xp) s x5 (X1)) (2.114)
t Xo Xo

/

n factors

Example 2.3.25 (Nerves of action groupoids have horn filling by Serre fibrations). For I € Grp(kTopSpc) and
X 2T e I'P Act(kTopSpc), the nerve (2.114) of the corresponding action groupoid (Ex. 2.3.6) is of the form

NXxI'=T), ~ XxI* e kTopSpc. (2.115)

from which it is readily seen that the horn filler maps are all Serre fibrations (for » = 1 by Lem. 2.4.2):

Pry

1 ~

X =~ NXxI=TI)(AD)

N (2.116)
11\22 N(XXFjF)(An) ~ XXFX" m
0<k<n

XxI" ~ NXxI'=T)(A}).

Example 2.3.26 (Nerves of morphisms of delooping groupoids are homomotopy Kan fibrations). Let ' ﬂ I, €
Grp(kTopSpc) be a homomorphism of topological groups which is surjective on connected components of under-
lying topological spaces:

mo(I'y) LU (o). (2.117)

Then its image under taking nerves (2.114) of delooping groupoids (Ex. 2.3.7) is a homotopy Kan fibration (Def.

2.3.23):
N(¢p=tx)e

—— N([2 = %) (2.118)

N(F] = *).

Proof. By (2.116) in Ex. 2.3.25 the condition to be checked is that on the right of (2.113), which in degree 1 is
satisfied by assumption, since here the comparison map is ¢ itself:

NLi=#@) 2T 2 T NT =00 x  ([=@)), (2.119)
N(T> = %)(A%)

while in higher degrees the condition is trivial, as here the comparison map is an isomorphism (since the pullbacks
of the isomorphisms in (2.116) are isomorphisms):
V NIy =2 #)(A") ~ T —= I ~ NI =#)(A]) X (I = *)(A"). (2.120)

>2
Og;gn N(Fz = *)(AID

O]

Example 2.3.27 (Base morphisms out of nerves of action groupoids are homotopy Kan fibrations).
For I' € Grp(kTopSpc) and X ) T" € I'°P Act(kTopSpc), the image under taking nerves (2.114) of the canonical
morphism from the action groupoid (Ex. 2.3.6) to the delooping groupoid (Ex. 2.3.7) is a homotopy Kan fibration

(Def. 2.3.23):

N(XxT=X) N =) . 2.121)

_
€ hKanFib

Proof. Again, by (2.116) in Ex. 2.3.25 the condition to be checked is that on the right of (2.113). One readily sees
that the comparison maps are in fact isomorphisms, hence in particular surjective on connected components. [
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2.3.4 Topological Realization of Topological Groupoids

Notation 2.3.28 (Topological realization functors). We denote
(i) the cosimplicial topological space of standard topological simplices by

Aiop A kTopSpc
% (2.122)
[n} — {XER”}ZI,xi: landvl(ogxlgl)}
(i) the ropological realization of simplicial topological spaces (IML70, §6][May72, §11]) by
| —| : AkTopSpc KTopSpc
mjea (2.123)
X — X% Ay

(iii) the topological realization of topological groupoids by the same symbol, leaving the nerve (2.114) notationally
implicit: o
|—| : Grpd(kTopSpc) —*— AkTopSpc — > KTopSpc . (2.124)

Remark 2.3.29 (Classifying spaces and realization). The realization (2.124) of topological groupoids has tradi-
tionally been denoted B(—). This may seem like a good idea if one already notationally conflates topological
groups I" with their delooping groupoids I" == * (Ex. 2.3.7), because then Bl denotes the intended classifying
space. But, since a group is crucially not the same as its delooping groupoid, we give the latter its own symbol
(following [NSS12a][SS26-Orb]): BI" := (I = %), and denote topological realization of topological groupoids by
the same symbol |—| as that of topological spaces (see corresponding discussion in [GMM17, p. 4]). Therefore,
in our notation, the classifying space (3.112) of a topological group I" (rather: of I'-principal bundles, when I is

well-behaved) arises as
BT = |BT. (2.125)

This typesetting serves to express that the classifying space BI is but a shadow (namely: the shape, cf. §4.3) of
the richer moduli stack BI" (see Prop. 5.2.11 below).

Example 2.3.30 (Topological realization of constant groupoids). The topological realization (2.124) of constant
topological groupoids (Ex. 2.3.2) is the topological realization (2.123) of the corresponding constant simplicial
space, and hence is homeomorphic to the underlying topological space:

’Cnst(X)| ~ X € kTopSpc. (2.126)

Lemma 2.3.31 (Topological realization preserves finite limits). The topological realization functors (Ntn. 2.3.28),
both (i) of simplicial topological Hausdorff spaces (2.123) and (ii) of Hausdorff topological groupoids (2.124),
preserve finite limits:

|—| : Grpd(kHausSpc) —<> kHausSpc. (2.127)

Proof. The second statement follows from the first by the fact that the nerve (2.114) is a right adjoint ([Kan58,
§3]) and hence preserves all limits.

For the first statement it is sufficient (e.g. [Bo94I, Prop. 2.8.2]) to see that topological realization (a) preserves
the terminal object (here: the point) and (b) preserves all pullbacks. Here (a) follows by Ex. 2.3.30 and (b) is the
statement of [May72, Cor. 11.6] (making crucial use of compact generation (2.10), see [May72, p. 1]). 0

Lemma 2.3.32 (Topological realization of equivalence is homotopy equivalence). An equivalence (2.63) of topo-
logical groipoids induces a homotopy equivalence between their topological realizations (2.124):

(X] = Xo) ~ (Y] = Yo) = |(X1 = X0)| ~ |<Y1 = Yo)‘ . (2.128)
htpy htpy



2.3. G-ACTIONS ON TOPOLOGICAL GROUPOIDS 43

Proof. Observe that a 2-morphism F L (2.62) of topological groipoids is equivalently a morphism 7 out of the

product of the domain groupoid with the codiscrete groupoid (Ex. 2.3.3) on the 2-element set:

1~'] : (X] = Xo) X Cht({*,*/}) _ (Y] = Yo)

(x s ¥y x % —  F) 2 F W)
o (2.129)
(x LX) x #' —  F(x) =5 F)
XX (% = #) s F )Y F.
The topological realization of this morphism is, by Lem. 2.3.31, of the following form
(X1 = Xo)|
id(*)x*l IFl
(X1 = Xo)| % [Cht({x,%'})] | |(Y1 = Yo)] - (2.130)
id(—)xx* T i
(X1 = Xo)|
Observing that v
g 3
{#,#} —— |Cht({*,¥})] —— = (2.131)

is a cylinder object for the point in the classical model structure on topological spaces, this exhibits a homotopy of

continuous functions ,
|F| = |F']. (2.132)

Applying this to the two homotopies involved in the data (2.63) constituting an equivalence of topological groupoids,
this yields a homotopy equivalence of topological spaces as claimed. O

2.3.5 Topological 2-Groups

Notation 2.3.33 (Topological strict 2-groups). An internal group (Ntn. 2.1.23) in the underlying 1-category of
topological groupoids (Ntn. 2.3.1) is also called a topological strict 2-group:

2Grp(kTopSpc) = Grp (Grpd(kTopSpc)) . (2.133)

By Lem. 2.3.31, topological realization (2.124) induces (2.17) a functor from topological 2-groups to topological
groups -
2Grp(kTopSpc) = Grp (Grpd(kTopSpc)) —— Grp(kTopSpc) . (2.134)

Example 2.3.34 (Topological groups as topological 2-groups). For I' € Grp(kTopSpc), its constant groupoid (Ex.
2.3.2) carries the structure of a topological strict 2-group (Ntn. 2.3.33)

('=T) € 2Grp(kTopSpc) (2.135)

with group structure given degreewise by that of L.

Example 2.3.35 (Strict 2-groups delooping abelian groups). For A € AbGrp(kTopSpc) an abelian topological
group, its delooping groupoid (Ex. 2.3.7) carries the structure of a topological strict 2-group (Ntn. 2.3.33)

(A=21) € 2Grp(kTopSpc) (2.136)



44 CHAPTER 2. EQUIVARIANT TOPOLOGY

with group structure given degreewise by that of A. The topological group which is the topological realization

(2.134) of this 2-group
BA = |A =2 x| € Grp(kTopSpc) (2.137)

has as underlying space the Milgram classifying space (3.112) of A.

Example 2.3.36 (Long exact sequence of 2-groups from central extension of groups). Given a central extension
of topological groups

] > A1 T b r—1
< or (2.138)
Z(T)

the action groupoid (Ex. 2.3.6) of the canonical A action on T on becomes a strict 2-group (Ntn. 2.3.33) under the
direct product group structure:

(TxA=T) € 2Grp(kTopSpc). (2.139)
This sits in the following diagram of 2-groups
Exa=t) 2= 4o
((id.e) = id) l (popry) = p) (2.140)
A=a) — 20 L Fah) 2 ra

with the constant 2-groups from Ex. 2.3.34 on the bottom, and the delooping 2-group from Ex. 2.3.35 on the top
right.

2.3.6 Equivariant Topological Groupoids

Definition 2.3.37 (Equivariant topological groupoids). We write Grpd(G Act(kTopSpc)) for the category of inter-
nal groupoids (Ntn. 2.1.23) internal to equivariant topological spaces (2.19), hence of diagrams of the form (2.59)
but where all spaces involved are equipped with continuous G-actions and all maps involved are G-equivariant.
With the equivariance group regarded as a group object in topological groupoids via the inclusion (2.65) of Ex.
232

Grp(Cns
G € Grp(kTopSpc) & Grp (Grpd(kTopSpc)), (2.141)
this is equivalent to the category of internal G-actions (Ntn. 2.1.23) in Grpd(kTopSpc) (Ntn. 2.3.1):
Grpd (G Act(kTopSpc)) ~ G Act(Grpd(kTopSpc)) . (2.142)

Example 2.3.38 (Right action groupoid inherits left group actions). Let G,Gg € Grp(kTopSpc) and
GL(X2Gr € (GLxGy)Act(kTopSpc). (2.143)

Then the G})ep-action groupoid of X (Ex. 2.3.6) inherits the left Gy -action to become a Gy -eqivariant topological

id (Def. 2.3.37):
groupoid (De ) GLC (XxGr=X) € GyAct(Grpd(kTopSpc)) . (2.144)

In generalization of Ex. 2.2.6, we have:

Example 2.3.39 (Conjugation action on mapping groupoid). Given a pair of G-equivariant topological groupoids
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the mapping groupoid (2.82) of their underlying topological groupoids (Ntn. 2.3.1) inherits the conjugation action

G (Maps((X; =2 Xo), (Y1 = Yo)) € GAct(Grpd(kTopSpc)) (2.146)

given on the spaces of morphisms and of objects by the restriction of the ordinary conjugation action (2.26). With
the first argument fixed, this construction constitutes a right adjoint to the product operation, in joint generalization
of (2.29) and (2.84):
G C(X1=Xo) x(—)
G Act (Grpd(kTopSpc)) L G Act(Grpd(kTopSpc)) - (2.147)
G CMaps((xl =Xo), 7)

2.3.7 Equivariant Topological Realization of Equivariant Topological Groupoids

The simplicial nerve functor (2.114) is a right adjoint and as such preserves all limits; but it preserves only a small
class of colimits, among them the class of the following Lem. 2.3.40, where this preservation secretly underlies
classical constructions (Prop. 3.3.4 below) of universal principal bundles via realization of topological groupoids
(as amplified in [GMM17, p. 11]):

Lemma 2.3.40 (Nerve preserves left quotients of right action groupoids). Let I'1,I'r € Grp(kTopSpc) and
I (X2Tg € (I xIy)Act(kTopSpce). (2.148)

Then the canonical comparison morphism from the nerve (2.114) of the left I'r-quotient of the equivariant right
action groupoid (Ex. 2.3.38) to the I'y-quotient of the nerve is an isomorphism:

NI \(XxTg=X)) ~ I\(NXxTg =X)). (2.149)

Proof. The point is that in each degree n € N, the I';-action is non-trvial only on the leftmost factor of the n-th
component space of the nerve:

n factors

—

NXxI'=X), =~ XxIx--xT
coprejecticn l l (2.150)
N\(NXxT=X),) ~ M\X)xIx--xI ~ N\(XxI'=X)) .

n factors

O]

Proposition 2.3.41 (Topological realization of topological groupoids respects equivariance).
For any G € Grp(kTopSpc), topological realization (2.124) of topological groupoids extends to a functor from
G-actions on topological groupoids (Def. 3.1.2) to G-action on topological spaces (Ntn. 2.2.1):

|—| : GAct(Grpd(kTopSpc)) — G Act(kTopSpc). (2.151)

Proof. Under the equivalence (2.142) the functor in question is of the form

(1=1) Act(1-1)

G Act(Grpd(kTopSpc)) G Act(kTopSpc) , (2.152)

in the notation (2.17), and hence exists since |—| preserves finite limits (here in particular: finite products), by
Lemma 2.3.28. (Here we are using that form of the group object is indeed preserved, by Ex. 2.3.30). O
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2.3.8 Equivariantly Equivariant Topological Groupoids

In equivariant generalization of Def. 3.1.2, we have:

Definition 2.3.42 (Equivariantly equivariant topological groupoids). Let G € Grp(kTopSpc) and G CT';, € Grp (G Act(kTopSpc)
be a G-equivariant group (Def. 3.1.2). With G-equivariant topological groups regarded as constant G-equivariant
topological groupoids

Grp((Cnst(G)) Act(Cnst(-)) )
(GCT) € Grp(G Act(kTopSpc)) < Grp (GAct(Grpd(kTopSpC))> , (2.153)

we obtain the category of (G ( I')-equivariant G-equivariant topological groupoids:

(GCT)Act (Grpd(GAct(kTopSpc))) ~ (G(T)Act (GAct(Grpd(kTopSpc))> : (2.154)

In equivariant generalization of Ex. 2.3.38, we get:

Example 2.3.43 (Right equivariant action groupoid inherits left equivariant group action). For G € Grp(kTopSpc),
let

G(TI'L,G(Tg € Grp(GAct(kTopSpc)) (2.155)
be two G-equivariant groups (Def. 3.1.2) and consider a topological G-space X (2.19) equipped with commuting
equivariant left and right actions by these, respectively:

(GCTL)C(GCX)2(GCTR) € ((GCTIy) % (GCTI)®) Act(GAct(kTopSpc)) . (2.156)

Then the evident (G C T'g)-action G-groupoid (formed just as in Ex. 2.3.6 with Ex. 2.3.38, only that now all com-
ponent spaces carry G-action and all structure maps are G-equivariant) inherits a (further, G-equivariant) (G CI')-
action:

(GCTI) ¢ ((GCX) x (GCTg) = (GCX)) € (GCTy)Act(Grpd (G Act(kTopSpc))) . (2.157)

Ve
G-equivariant G-equivariant

left I'-action right action groupoid
In equivariant generalization of Ex. 2.3.7, we get:

Example 2.3.44 (Equivariant topological delooping groupoid). For (G CT') € Grp(G Act(kTopSpc)), its equivari-
ant delooping groupoid is the G-equivariant topological left action groupoid (Ex. 2.3.43) of the unique (G CT')-
action on (G Cx):

G(BI == GC(*xTP = %) = GC(T? = %) € Grpd(GAct(kTopSpc)) . (2.158)
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2.4 G-Equivariant Homotopy Types

We recall and develop some of equivariant homotopy theory needed in §3.3. for identifying equivariant homotopy
groups of equivariant classifying spaces.
Notation 2.4.1 (Classical model structure on topological spaces). (i) We write

kTopSpcq, € MdICat (2.159)

for the classical model category on (compactly generated, Ntn. 2.1.16) topological spaces, whose weak equiva-
lences are the weak homotopy equivalences WHmtpEq and whose fibrations are the Serre fibrations SerFib (e.g.,
[Ho99, Thm. 2.4.23]).
(ii) We write

Ho(kTopSpcq,) € Cat (2.160)

for the classical homotopy category; the localization of (2.159) at the weak equivalences.
For example:

Lemma 2.4.2 (Locally trivial bundles are Serre fibrations [tDOS, p. 130, Thm. 6.3.3]). A map E %X e kTopSpc,
which over some open cover X = ,|—|1Ui —» X (Ex. 2.1.21) restricts to a Cartesian product, is a Serre fibration:
IS

UxXF —E

lprl o lp = p € SerFib. (2.161)
U—Fa > X

Notation 2.4.3 (Homotopy fiber sequence). A sequence of morphisms

FLEALX ¢ (2.162)
in a model category % is a homotopy fiber sequence for a given point * — X, to be denoted
i ~ hofib,(p), (2.163)

if, for any choice of replacement p : X — X of p by a fibration p, the sequence is isomorphic, in the homotopy
category, to the ordinary x-fiber mapping into the fibration:

F d E b X

ew lew H € Ho(%). (2.164)
= ﬁbx(ﬁ) by p
Ex, E eFib

2.4.1 Proper Equivariant Homotopy Theory of G-Spaces

Proposition 2.4.4 (Proper equivariant model category of G-spaces [DK84, §1.2]). For G € Grp(CptSmthMfd) —
Grp(kTopSpc) the topological group underlying a compact Lie group, there exists a model category structure on
the category of topological G-spaces (Ntn. 2.2.1), to be denoted

GAct(kTopSchu)prop € MdICat (2.165)

whose weak equivalences GWHmtpEq and fibrations GSerFib are those morphisms whose underlying continuous
maps between H-fixed loci, for all closed © subgroups H lcd G, are weak equivalences or fibrations in the Serre-
CIs

Quillen model structure on topological spaces, (Ntn. 2.4.1) hence are weak homoropy equivalences or Serre
fibrations, respectively.

This model category structure itself exists for any topological group and any non-empty subset of subgroups, but for it to be equivalent
to G-CW-complexes localized at the G-equivariant homotopy equivalences one needs to make sufficient restrictions, such as to compact
Lie groups and their closed subgroups.
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Proposition 2.4.5 (Cofibrant generation of the proper equivariant model structure).

The model category G Act(kTopSpcgy, )prop from Prop. 2.4.4 is
(i) a proper model category;

(i) a cofibrantly generated model category (see e.g. [Hi02, §11]) whose class of generating (acyclic) cofibrations
is the product of coset spaces (Ex. 2.2.14) with the generating (acyclic) cofibrations of the Serre-Quillen

model structure
idG/H X1y

Inop = {G/H x §"! G/H x D"} (2.166)

neNHCG
clsd

idG/H X Jn

Jprop = {G/H x D" x {0} G/H x D" x [0, 1]}neN,HlCdG; (2.167)

(iii) an enriched model category (see e.g. [GM11, §4.3]) over kTopSpcqy, (Nin. 2.4.1), in that
(a) the functor assigning spaces (2.27) of equivariant maps

Maps(—,—)% : G Act(kTopSpcg, ) x G Act(kTopSpcq, ) — kTopSpcg, (2.168)
is a right Quillen bifunctor;

(b) for GCX —= ceCol 6 CY a cofibration, and G C A —— JERD G (B a fibration, the morphism
Maps(Y, A) SGEDN Maps(X,A) x  Maps(Y,B) (2.169)

Maps(X,B)
is a fibration,

(¢) and is in addition a weak equivalence (in KTopSpcq,) if ¢ or f is a weak equivalence.

Proof. The first two statements may be found as [Fa08, Prop. 2.11][Stel6, Prop. 2.6]. With the third statement
included this appears in [GMR19, Thm. 3.7][Schw18, Prop. B.7]. O

Example 2.4.6 (G-CW complexes are cofibrant objects in the proper equivariant model category).

(i) A G-CW complex [Mat71a] is, by definition, a G-space obtained by a sequence, monotone in the dimension ,
of cell attachments with the generating cofibrations (2.166). Hence Prop. 2.4.5 implies that G-CW complexes are
cofibrant objects in the proper equivariant model structure (Prop. 2.4.4).

(ii) By the equivariant triangulation theorem [I172, Thm. 3.1][I183], every smooth manifold with a smooth action
by a compact Lie group G admits an equivariant triangulation, hence is a G-CW complex and hence a cofibrant
object in the proper equivariant model category:

)cof

G Act(SmthMfd) — GCWCplx «— (G Act(kTopSpcg, )prop (2.170)

Proposition 2.4.7 (Monoidalness of the proper equivariant model structure). The model category G Act(kTopSchu)prop

from Prop. 2.4.4 is a monoidal model category, in that its Cartesian product is a left Quillen bifunctor, meaning

f1€Cof f1€Cof

that for for any pair of cofibrations G ( X| —— Y1, G (X, ——— G (Y the pushout-product morphism

XixYs II YixXa # X, x X, (2.171)
Y1><Y2

is a cofibration, and is in addition a weak equivalence if f| or f> is such.

Proof. 1t is folklore that this follows from the fact that products of coset spaces G/H; x G/H, admit a G-CW
complex structure, by Ex. 2.4.6 (making crucial use of the assumption that G is a Lie group, so that its coset spaces
are smooth manifolds with smooth G-action). The conclusion has more recently been made explicit in [DHLPS19,
Prop. 1.1.3 (iii)]. O

Proposition 2.4.8 (Equivariant mapping space Quillen adjunction). For X € (GAct(kTopSchu)pmp)COf a cofi-
brant G-space, the equivariant mapping space adjunction (2.29) for X is a Quillen adjunction from the proper

equivariant model structure (Prop. 2.4.4) to itself:
GCXx(-)
.
G Act(kTopSpc gy ) prop Lou G Act(kTopSpcgy ) prop - (2.172)

G CMaps(X,—)
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Proof. This is a standard consequence of the monoidal model category structure due to Prop. 2.4.7, which im-
mediately implies that the operation of forming the cartesian products with a cofibrant object is a left Quillen
functor. O

Example 2.4.9 (Equivariant classifying shapes for pure shape structure).
For G € Grp(FinSet) and ¢ € Grp(AkTopSpc)welipt (Ntn. 2.4.17), the topological G-space
Map(|EG|, |B¥Y|) € G Act(kTopSpc) (2.173)
has fixed loci at H C G naturally weakly homotopy equivalent to
Pth(Map(|EG|, |B¥|)") ~ Pth(Map(|[EG|/H, |B¥))
Pth(Map(|BH/|, |B¥|))
ShpMap(BH, BY) .

l

12

12

Hence FxdLoc Shp

G Act(DTopSpc) GSmthGrpd,, GGrpd.,, .
G(Map([EG|, [BY|) +—  Map([B(-)|, BY|) +~— Map(B(-),BY)

(2.174)

2.4.2 Borel Equivariant Homotopy Theory of G-Spaces

In fact, the above statements and proofs about the proper equivariant model structure apply more generally to any
choice of subset of closed subgroups of G containing the trivial subgroup, the above being the case of the maximal
such subset. For the mininal subset containing only the trivial group one obtains the coarse or Borel equivariant
model structure:

Proposition 2.4.10 (Borel model structure on G-spaces). For G € Grp(kTopSpc), there exists a model category
structure on the category of topological G-spaces (Ntn. 2.2.1), to be denoted (cf. Ntn. 4.1.36)

GAct(kTopSchu)malrse € MdICat, (2.175)

whose weak equivalences and fibrations are those G-equivariant functions whose underlying maps are weak equiv-
alences or fibrations, respectively, in the classical model structure on topological spaces (Ntn. 2.4.1).

Proof. This is also the special case of the general projective model structure on kTopSpcg,-enriched presheaf
categories ([Pi91, Thm, 5.4]) for the site being the topological delooping groupoid (G = *); see Ex. 2.3.7. U

Proposition 2.4.11 (Cofibrant generation of the Borel equivariant model structure).
The Borel model structure G Act(KTopSpc)coarse from Prop. 2.4.10 is
(i) Cofibrantly generated with generating cofibrations

idG Xy,

Leoarse = {G x "1 5 G x D" (2.176)

}neN'

(i) Cartesian monoidal, in that the pushout-product f10 f> (2.171) of a pair of cofibrations is itself a cofibration,
and in addition is a weak if f1 or f> is so.

2.4.3 Good Simplicial Topological Spaces
Notation 2.4.12 (H-cofibrations). We write
hCof C Mor(kTopSpc) (2.177)

for the class of Hurewicz cofibrations — to be called h-cofibrations, following [MMSSO1, p. 16] — in the category
(2.10) of compactly generated weak Hausdorff spaces, hence for those maps i: A — X, such that every solid
commuting diagram as follows admits a dashed lift, as shown (e.g. [May99, p. 43]):
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A —— MapS([O, 1}7 Y)
,i 3T Mty (2.178)
L

-

.

Notice that, due to the weak Hausdorff property assumed in (2.10), such maps are necessarily injections with
closed images, hence these are equivalently closed cofibrations (e.g. [May99, p. 44]).

Proposition 2.4.13 (Equivalent characterizations of h-cofibrations).

A closed subspace inclusion i : A — X is a Hurewicz cofibration, i € hCof (Ntn. 2.4.12) if and only if the following
equivalent conditions hold:

(i) ([Str68, Thm. 2], review in [Bre93, §VII, Thm. 1.3][May99, p. 45]): The pushout-product i00 of i with the
endpoint inclusion 0 : x — [0, 1] admits a retraction map r:

Xx{0} U Ax[0,1] 2% X x[0,1]. ---> Xx{0} U Ax[0,1]. (2.179)
L id 4

(ii) ([Str66, Thm. 2], review in [Bre93, §VII, Thm. 1.5]): There exists

(@) a neighborhood A — U — X of A in X;

(b) a homotopy M deforming this neighborhood into A relative to A, in that its makes the following diagram
commute:

Ax[0,1]

(2.180)

(2.181)

Lemma 2.4.14 (Composition preserves h-cofibrations (e.g. [AGP02, Ex. 4.2.17])). If A 1 B and B 2 X are
h-cofibrations (Ntn. 2.4.12) then so is their composite i o ij.

Lemma 2.4.15 (Products preserve h-cofibrations). For A ﬂ X an h-cofibration (Ntn. 2.4.12) and any Y €

kTopSpc, also their product is a closed cofibration:

Y x A SNy X (2.182)

Proof. By Prop. 2.4.13 it is sufficient to show that from a retraction r of iTJ0 we obtain a retraction of (idy x i) 0O.
But since the product operation Y x (—) is a left adjoint (2.12), it preserves the pushout-product:

(idy x )00 = idy x (i00). (2.183)

Therefore, the required retraction is given by idy X r. O
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Definition 2.4.16 (Good simplicial topological space [Se74, Def. B.4]). (i) A simplicial topological space X, €
AkTopSpc (2.110) is called good if all its degeneracy maps are h-cofibrations (Ntn. 2.4.12, Prop. 2.4.13).

o; €hCof
vV X, —
neN
0<i<n

Xt (2.184)

(i) We denote the full subcategory of good simplicial topological spaces by:
AkTopSpc,y,oq — AkTopSpe . (2.185)

Notation 2.4.17 (Well-pointed simplicial topological group). (i) A topological group I' € Grp(kTopSpc) is called
well-pointed (e.g., [Bre93, § VII, Def. 1.8]) if the inclusion of its neutral element is an h-cofibration (Ntn. 2.4.12):

e}y 0, (2.186)

(ii) We denote the full subcategory of well-pointed topological groups by:
Grp(kTopSpc)weiipe — Grp(kTopSpc). (2.187)

(iii) More generally (see Rem. 2.4.22), a simplicial topological group ¥, € Grp(AkTopSpc) is called well-
pointed if all component maps of the the unique homomorphism from 1 := const({e})s € Grp(AkTopSpc) are
h-cofibrations: €hCof
VN {e} ——— 9,. (2.188)
ne
(iv) We denote the full subcategory of well-pointed simplicial topological groups by

Grp(AkTopSpe)weiipe — Grp(AkTopSpc). (2.189)

Proposition 2.4.18 (Banach Lie groups are well-pointed). Every (paracompact Hausdorff) Banach Lie group,
hence in particular every ordinary Lie group, is well-pointed (Ntn. 2.4.17).

Proof. Paracompact Banach manifolds are “absolute neighborhood retracts” (ANRs), by [Pa66, Cor. to Thm. 5,
p- 3]; and closed inclusions of ANRs are h-cofibrations, by [AGP02, Thm. 4.2.15]. The claim follows since points
are ANRs, trivially, and are closed by assumption of Hausdorffness. O

2.4.4 Infinite Projective Groups

The following infinite-projective groups are examples of well-pointed groups which are not special cases of the
class in Prop. 2.4.18:

Example 2.4.19 (Projective unitary groups).

i) W it
1) We write Uy = U(#H) € Grp(TopSpc) — Grp(kTopSpc) (2.190)

for the topological group of unitary linear operators (on any countably infinite-dimensional separable complex
Hilbert space #), equipped with its strong operator topology [Scho95, Thm. 3.2][Scho08, Prop. 3.11] 7 (which is
equal to the weak operator topology [HN93, Cor. 9.4] as well as to the compact-open topology [EU14][Scho18],
but strictly coarser than the norm topology that would make it a Banach Lie group).

Notice that this group (which is famously contractible in the norm topology by Kuiper’s theorem) is still
contractible in the strong operator topology ([DD63, Lem. 3 on p. 251][Scho18, p. 4]):

Up ~ *. (2.191)
htpy

"Beware of confusion on this point in the literature: The multiplication of bounded operators in () is not generally continuous in
the strong operator topology [Nai59, §33.2], which led authors to wrongly conclude ([Sim68, p. 10][AS04, p. 39 & app.]) that U(H)
cannot be a topological group in this topology. And indeed, GL(#) is not a topological group in the strong topology — still, its subgroup
U(H) C GL(#) is so, as re-amplified in [Scho18].
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(ii) We write
PU, = Up/U; € Grp(kTopSpc)welipt (2.192)

for the topological quotient group of (2.190) by its subgroup of operators acting by multiplication with a complex
number of unit norm. This projective unitary group (2.192) is well-pointed (Ntn. 2.4.17), see [HSa20, p. 23]. The
quotient coprojection is a locally trivial U(1)-principal bundle [Sim70, Thm. 1]:

U &—— Uy
} (2.193)
PU, .

(iii) Under the canonical Z,-action by complex conjugation, these are compatibly Z,-equivariant topological

groups (Def. 3.1.2) )
& (" %2
U ¢ Uw PUy € Z, Act(Grp(kTopSpc)) . (2.194)

Their fixed locus is the group of orthogonal operators on any countably infinity-dimensional real Hilbert space
equipped with its operator topology,

Op = (Uy)?2 € Grp(kTopSpc). (2.195)

In turn, the quotient of the latter by the subgroup of operators acting by multiplication with real units is the infinite
projective orthogonal group [Ro89, §3][MMSO03]:

PO, = (PUp)%2 = 0y/Zp € Grp(KTopSpe)weiip: - (2.196)

This is again well-pointed, see [HSa20, p. 23].
(iv) These statements generalize to the Z,-graded projective group PU§ [MP88, Prop. 2.2] (see also [CWO07, p.
5]), which is obtained from the graded unitary group

U, 0 0 U
o — ++ e 5
o = {(0 U>’ (U+ 0 > .. € U(”{)} c U(#HaC?), (2.197)
that itself is a U x Ug-extension of Z,
Us Uy 7
U, 0
(U++7 ——) — o — e
0 U (2.198)

by quotienting out the diagonal subgroup U; < Uy, — U§:
U «—— Uy — PU}. (2.199)

(v) The Z »-action (2.194) evidently extends to these graded groups (2.199) (acting trivially on the {£1}-grading)
Zp CPUG € Zp Act(Grp(KTopSpe)welpt) (2.200)
with fixed locus being the analogous graded projective orthogonal group:

PO; = (PU§)%2 ~ OF/Z,, € Grp(kTopSpc). (2.201)
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(vi) This allows to form semidirect products of all these (projective, graded) unitary groups with their complex
conjugation action, yielding the following system of short exact sequences of well-pointed topological groups:

U U; 1
W s USuZ, — ) 7, %2, (2.202)

i i

U2 /U] > PUS % Z)

(CvprZ) Z/Z X Z/z )

(vii) The projective graded unitary group (2.199) (and thus its semidirect product (2.202)) has a canonical contin-
uous action on the following space of Fredholm operators 8 ([AS04, Def. 3.2], see also [FHT11, Def. A.39]):

F' =F,

Fred? :={ F ¢ B(H,  ®H_)| deg(F) = odd € Zp,
FPolet (H,®&H )

2_
) B X Haem (0 5) (2203)

(where “4. ,.” denotes the space of bounded operators with the compact-open topology and “#;m,”” denotes space
of compact operators with the norm topology), namely by conjugation, where

Uu. U
7o | € PUG % Zp) (2.204)
U, U_

acts as
Fred©) Fred©)

-1
0 F\ . (u,u\ (o F?\ (U, U\ (2.205)
Fi 0 U. U_ Ffo 0 U. U_

(Hereeither U, ,U , =0orU,, ,U =0; the square bracket denotes the diag(Uj )-equivalence class of the matrix;

and F° equals F when ¢ = e and equals its complex conjugate operator otherwise, see also [Mat71b, §5.B].)

Lemma 2.4.20 (Good connected simplicial groups are well-pointed). If ¥, € Grp(AkTopSpc) is trivial in degree
0, % = 1, and such that its underlying simplicial space is good (Def. 2.4.16), then it is well-pointed (Ntn. 2.4.17).

Proof. For all n € N, the inclusion of the neutral element in that degree is the composition of a sequence of
degeneracy maps with the inclusion of the neutral element in degree O:

—_— o- o- .. 0-
{e} D oot N ancer oot~ In- (2.206)
By assumption, all these morphisms are h-cofibrations, and hence so is their composite, by Lem. 2.4.14. O

Proposition 2.4.21 (Nerves of action groupoids of well-pointed topological group actions are good).
Let T € Grp(kTopSpc) be well-pointed (Ntn. 2.4.17). Then for every X € I Act(kTopSpc) the nerve (2.114) of
the topological action groupoid (Ex. 2.3.6) is a good simplicial space (Def. 2.4.16).

Proof. This follows by Lemma 2.4.15 with the observation that all degeneracy maps in the action groupoid are of
the form

idyyron X ({e} 5 T) € € hCof. .20

8The invertibility up to compact operators in (2.203) is equivalent to the more traditional definition of Fredholm operators, by Atkinson’s
theorem, e.g., [Mu94, Thm. 2.1].
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Remark 2.4.22 (Well-pointed groups are those with good delooping). Specialized to the trivial action on the point,
Prop. 2.4.21 says that a topological group is well-pointed (Ntn. 2.4.17) if and only if the nerve of its delooping
groupoid (Ex. 2.3.7) is good (Def. 2.4.16), and if and only if it is well-pointed in the sense (2.188) of a (constant)
simplicial topological group.

Moreover:

Lemma 2.4.23 (Well-pointed simplicial groups are good simplicial spaces [RS12, Prop. 3 (1)]). Underlying any
well-pointed simplicial topological group (Ntn. 2.4.17) is a good simplicial topological space (Ntn. 2.4.16).

Grp(AkTopSpc )wellpt ””””” > AkTopSpc good
i I (2.208)
Grp(AkTopSpc) underlyine AkTopSpc

Proposition 2.4.24 (Good resolutions of simplicial topological spaces [Se74, p. 308-309]). For every X, €
AkTopSpc there exists a good simplicial space xgd ¢ AKTopSpc,,oq (Def. 2.4.16) and a morphism

xgood EWE®S (2.209)
which is degreewise a weak homotopy equivalence.

2.4.5 Topological Realization of Good Simplicial Spaces

Proposition 2.4.25 (Realization of well-pointed simplicial group is well-pointed [RS12, Prop. 3][BS09, Lem. 1]).
If a simplicial topological group is well-pointed (Ntn. 2.4.17), then its topological realization (2.123) — with its
induced structure (2.17) of a topological group, by Lem. 2.3.31 — is again well-pointed (2.186):

Grp(AKTopSpe)welipt —=-------- > Grp(kTopSpc )welipt
v ¢ (2.210)

Grp(AkTopSpc) _Geh Grp(kTopSpc) .
Remark 2.4.26 (Topological realization of good simplicial spaces models their homotopy colimit). The point
of good simplicial spaces (Def. 2.4.16) is that their topological realization (Ntn. 2.3.28) is weakly homotopy
equivalent to the “fat” realization [Se74, Prop. A.1 (iv)] (also [tD74, Prop. 1] with [RS12, §A]) which, in turn, is
a standard model for their homotopy colimit (e.g., [A@18, Ex. 6.4]):

X. € AkTopSpc = Pth|X,| ~ hocolim (Pth(X,)) € Ho(ASetqy). (2.211)

good e A

In view of this fact (2.211), we quote the following statements about homotopy colimits of simplicial spaces
(Prop. 2.4.27) in terms of topological realizations of good simplicial spaces:

Proposition 2.4.27 (Sufficient conditions for topological realization to preserve homotopy fibers). Sufficient con-
ditions for a homotopy fiber sequence (Ntn. 2.4.3) of good simplicial topological spaces (Def. 2.4.16), hence a
degreewise homotopy fiber product of topological spaces, to remain a homotopy fiber sequence under topological
realization (Ntn. 2.3.28)

le De
(F. ~hofib(p.) E. X.e € AkTopSpcg00d> = QF.]

lie|

~hofib(|p.)

|E,| dal Xe| € kTopSpc)

. . .. (2.212)
include any of the following conditions on ps:
(i) [An78, p. 2]:
* on simplicial sets of connected components, T(p)e is a Kan fibration,
* the component spaces E,, Y, (n € N) are connected or discrete.
(i) [Rel4b, Prop. 5.4][Lurl7, Lem. 5.5.6.17]:
* the simplicial set of connected components of the base is constant: (Y )s ~= const(m(¥y))
(iii) [MG14, Cor. 6.7][Lurl1, Prop. 10]:
* pe is a homotopy Kan fibration: ps € hKanFib (Def. 2.3.23).



Chapter 3

Equivariant Principal Bundles

We give a streamlined account of basic notions of topological equivariant principal bundles:
— §3.1 discusses the basic definitions.
— §3.2 discusses equivariant local triviality.
— §3.3 constructs universal equivariant principal bundles.

55
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3.1 As Bundles Internal to G-Actions

3.1.1 Definition of Equivariant Principal Topological Bundles

We consider the definition of equivariant principal topological bundles as principal bundles internal (Ntn. 2.1.23)
to topological G-actions (Def. 3.1.3 below), extract what this means externally (Cor. 3.1.6 below), and explain
how this compares to previous definitions found in the literature (Remark 3.1.7 below).

Remark 3.1.1 (Assumption of local trivalizability). Here we consider (formal) principal bundles which are not
required to be locally trivial, and we shall say “principal fiber bundles” for those that are, discussed further below
in §3.2, see Def. 3.2.2. To note that this terminology in line with:

(i) Cartan’s original definition of “principal bundle”, which did not include the local triviality clause (whence
[Pa61, Def. 1.1.2] speaks of “Cartan principal bundles” in this more general case),

(ii) tradition in equivariant topology, where the equivariant local triviality condition is more subtle (see §3.2) and
not included (see [tD69][Bi73][La82]) in the bare definition of equivariant principal bundles.

In part III we show that this issue is an artefact of internalization into a 1-category of topological spaces, instead
of into an co-topos of higher geometric spaces: When (G-equivariant) ordinary principal bundles are regarded in-
ternal to (the BG-slice of) the co-topos SmthGrpd.,, then their (equivariant) local triviality is automatically implied
(Thm. 5.2.2, Thm. 5.3.7 below).

Definition 3.1.2 (Equivariant topological group). We say that an equivariant topological group is a group object
internal (Ntn. 2.1.23) to G Act(kTopSpc) (Ntn. 2.2.1), hence:

G

(i) an objectl” € G Act(kTopSpc) 3.1
. 0 S o S o S 0 S G SO S R
(ii) morphlsms* neutral element F7 F X F multiplication F’ F inverses F’ (32)
such that the following diagrams commute:
> e (O O N e G
I x « 2 1T xr e x T 2 v r
(a) (Unitality) J,: J,m and \L: i,m
| ———1T [ —————T
(& (& (o> g
A G "
I'x T xT 2", Txr
(b) (Associativity) lmxid lm (3.3)
r xI —" T
(Gr Gr ()
A Okia G O A daxer GG
dag I'Xx I' —— T x I’ dag I'x I' ————— 1 x I’
7 ©
(¢) (Invertibility) T lm and T lm
€ \ €

$ —— T,

& (G

6% 04
A homomorphism of equivariant groups is a morphism I'y N 'y € GAct(kTopSpc) which makes commuting
diagrams with the structure morphisms in the evident way. This yields the category

GEquivTopGrp := Grps (G Act(kTopSpc)) . (3.4)
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Definition 3.1.3 (Equivariant principal bundle). We say that a (topological) G-equivariant princial bundle with
equivariant structure group G CT" € Grp (GActions(kTopSpc)) (Def. 3.1.2) is a formally principal bundle (|Gr601,
p. 312 (15 of 30)][Gr71, p. 9 (293)], also: pseudo-torsor [Gr67, §16.5.15], see Rem. 3.1.8) internal (Ntn. 2.1.23)
to G Act(kTopSpc) (Ntn. 2.2.1), hence:

(i) (Bundle) a morphism

&, ©
P ——— X € G Act(kTopSpc) . (3.5)
(ii) (Action) an internal left (G CF)—action (e.g. [MLM92, §V.6][BJKOS, p. 8]), on its total space, namely a
morphism
A G, G
' xP——P € G Act(kTopSpc) (3.6)
making the following diagrams commute:
00 T g A S T G T G T A&
« x P2 T p FXFXP%FXP
(unitality) lz lp (action property) lmXid lp 3.7
(> (> (B &>

such that, moreover:

(a) (Fiberwise action) the action p (3.6) is fiberwise relative to p (3.5), in that the following diagram commutes:

6 T o S (%
I' x P———> P

pow~ 7 38

X
(F
(b) (Principality) The resulting commuting square is a pullback square (shown on the left), meaning equivalently
that the fiberwise shear map (the universal morphism factoring through the fiber product, shown on the right)
is an isomorphism:
@ O
I' xP

~

@G &, &
'xP ———P

Przl o) il’ <~ (3.9)
P— X
@ 7 (&
We denote the category of these objects by:
GEquvI'PrnBdl(kTopSpc) := Frm(G (TI")PrnBdl(G Act(kTopSpc)) . (3.10)
We extract what the internal definition (Def. 3.1.3) of equivariant principal bundles means externally:
Lemma 3.1.4 (G-Equivariant groups are semidirect products with G). There is a fully faithful functor (1.17)
GEquivTopGrp ——— Grp(kTopSpC)%
(3.11)

T — I'xg G
<’
which identifies G-equivariant topological groups (Def. 3.1.2) with the topological semidirect product groups with
G, regarded as pointed objects in the slice over G, via the canonical group homomorphisms
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g (e i g
G ' +TxgG pjz > G (3.12)
(7,8) — g

that jointly exhibit the semidirect product as a split group extension of G by I.

Proof. This is a matter of straightforward unwinding of the definitions:

First, observe that an equivariant topological group in the internal sense of Def. 3.1.2 is equivalently a topo-
logical group I" equipped with a continuous left G-action by group automorphisms ¢ : G — Autg(I).

In terms of this identification, the functor is defined on objects by sending the pair (I', &) to the semidirect
product I x4 G. The functor sends a morphism f : (I',¢) — (I, &’), determined by an equivariant continuous
homomorphism f: T'— I, to the map f; : I’ x4 G — " X G, defined by f.(v,g) = (f(7),g), which is a morphism
in the pointed slice over G. This association is clearly faithful. Any morphism 4 :T" x4 G — I” X G in the slice
over G determines a map /' : I' — I"". The group structure on the semidirect product forces /' to be an equivariant
homomorphism. Hence the functor is also full. O

Lemma 3.1.5 (Equivariant group actions seen externally). Under the identification from Lemma 3.1.4, actions of
G-equivariant topological groups (T, o) (Def. 3.1.2) on G-equivariant topological spaces (X,p) (Ntn. 2.2.1) are
equivalently actions of the corresponding semidirect product groups (3.11) on the underlying plain topological
space:

(G CT)Act(GAct(kTopSpc)) ————— (I’ x4 G)Act(kTopSpc)

®P), Aut(x),

R (3.13)
(I'a) = Aut(X,p) — ['xq G — Aut(X

where the semidirect product group action on the right is (R, p)(7,8)(x) == R(y)(p(g)(x)).

Proof. This is again a matter of straightforward unwinding of the definitions. The morphism R can be identified
with a continuous homomorphism R : I" — Aut(X) that is equivariant with respect to @ and the conjugacy action
on automorphisms. Given an action by the semidirect product I x4 G on X, we can recover R by restricting the
action to elements (7,1) € I' x4 G. This map is indeed equivariant since for all x € X,

(alg)r)x=(a(@)r,)x=(1,8)(r.e " )x=2gv(s"'x) . (3.14)
With these identifications, it is trivial to verify that the functor (3.13) is fully faithful. O

Corollary 3.1.6 (External description of equivariant principal bundles). For (G CT') a G-equivariant group, hence
a topological group T equipped with an action o : G — Aut(T), the category of equivariant (G CT')-principal
bundles in the internal sense of Def. 3.1.3 is equivalently described as follows:

(i) (Bundle) Objects are topological bundles, i.e., continuous functionsP 'S
(ii) (Action) equipped with continuous actions

—)-(=)
TxgG)XP ——— P, (3.15)

(=)(=)

GxX — 70 X,

such that

(a) (Fiberwise action) the bundle projection is G-equivariant and the I'-action is G-equivariant and fiber-
wise, in that this square commutes:
(CxG)xP —
pr, Xpl ll’ (316)
(-)()

GxX —m—»
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(b) (Principality) the fiberwise shear map is an isomorphism (i.e., a homeomorphism)

'xP ———— Px,P
(r,p) — (r-p,p)-

Morphisms between these objects are I X o G-equivariant continuous functions:

(3.17)

fref # fpaf
pp—" P
\ ¥ (3.18)
Xy —— X,

G ("

For archetypical classes of examples of equivariant principal bundles, see Lemma 3.2.11 and Prop. 3.3.16
below.

Remark 3.1.7 (Comparison to the literature on equivariant principal bundles). The external description of equiv-
ariant principal bundles obtained in Cor. 3.1.6 from the canonical internal definition in Def. 3.1.3:

(i) recovers the definition of equivariant bundles due to [tD69, §1.1][tD87, §1.8], followed in e.g. [Ni78][MS95];
(ii) while much of the literature (e.g. [Bi73][La82][LU14]) considers the definition recovered in Cor. 3.1.6 only
in the special case when o (3.11) is trivial, hence when the semidirect product group I' x4 G reduces to the direct
product group I" x G, hence when the action of the structure group I" and the equivariance group G commute with
each other.

(iii) In the other direction, [LM86][LMSt86, IV.1] proposed to consider group extensions of G by I" more gen-
eral than semidirect products (which are the split extensions); but followups [May90][GMM17] fall back to the
semidirect product group actions originally considered in [tD69] and recovered in Cor. 3.1.6 from our Def. 3.1.3.

In fact, the internal definition subsumes one degenerate boundary case which is traditionally disregarded, but
which is important to include for the equivariant theory to work well:

Remark 3.1.8 (The role of formal principality). Beware that the formal principality condition [Gr60I, p. 312 (15
of 30)][Gr71, p. 9 (293)] in Def. 3.1.3 does not explicitly demand that the base space X be the quotient P/I" of
the total space by the structure group action, as would be demanded for actual principal bundles/torsors. We claim
that this is the right definition for equivariant principal bundles, for two reasons:

(i) The internal Def. 3.1.3 involves only finite limits (products and fiber product, but no colimits such as quo-
tients), which guarantees (Prop. 2.1.8) that every right adjoint functor (Ntn. 2.1.4) on the ambient category of
G Act(kTopSpc), hence notably the fixed locus functor (Ex. 2.2.13), preserves these principal bundle objects
(crucial in the form of Cor. 3.1.9 below).

(ii) Once equivariant local triviality is imposed (in §3.2 below) the quotient condition is either implied or cir-
cumvented. Namely, in that case the underlying bundle P — X (Cor. 3.1.10) is a locally trivial fiber bundle
(Prop. 3.2.19), whence there are two cases:

(a) If fibers are inhabited (i.e., not empty), it follows that P — X is an effective epimorphism (Ntn. 2.1.10),
in which case the shear map isomorphism (3.17) implies the quotient condition: X ~ P/X (Lem. 3.1.11).
(b) If the fibers are empty then, while the quotient condition is of course not met (unless X itself is empty),
the bundle is still formally principal in the sense of Def. 3.1.3, Cor. 3.1.6, as the shear map is indeed an
isomorphism o
I'Kg —————— I xxO (3.19)

(since both its domain and codomain are the empty space). Hence: Empty bundles are formally principal.
While this degenerate case is irrelevant in ordinary topological bundle theory and hence traditionally
ignored (not so in algebraic geometry [Gr67, §16.5.15]), its inclusion is crucial for equivariant principal
bundle theory to work well, since the fixed loci (Cor. 3.1.9) of equivariant principal bundles are frequently
empty (see Example 3.2.29).
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We see this effect clearly brought out in the universal equivariant principal bundles, Rem. 3.3.21 below.

Corollary 3.1.9 (Fixed loci bundles of equivariant principal bundles). For H C G a subgroup inclusion, passage
to H-fixed loci constitutes a functor from G-equivariant T-principal bundles to W(H )-equivariant (Nm. 2.2.1)
I principal bundles: .

Frm(G ¢ T) PmBdl(GActions) — —— Frm(W(H) ¢ ) PmBdl(W(H)Act) . (3.20)

Proof. By Example 2.2.13, the functor (—)f : GActions — W(H)Actions is a right adjoint, hence preserves finite
limits (Prop. 2.1.8), hence induces (2.17) a functor of internal groups (Def. 3.1.2), and internal formally principal
bundles (Def. 3.1.3). O

For completeness, we also record:

Corollary 3.1.10 (Underlying principal bundles of equivariant principal bundles). Passage to underlying topolog-
ical spaces (forgetting the equivariance group action) (Example 2.2.9) constitutes a functor from equivariant to
ordinary principal bundles:

Frm(G CT') PrnBdl(G Act(kTopSpc)) FrmI PrnBdl(kTopSpc).. (3.21)

forget G-action
Proof. This is immediate from inspection of the definitions, but it also follows abstractly, as in the proof of Cor.
3.1.9, from the fact that the forgetful functor (2.33) is a right adjoint, hence preserves limits (Prop. 2.1.8), and
therefore (2.17) preserves internal groups and internal principal bundles. 0

3.1.2 Basic Properties of Equivariant Principal Topological Bundles

We discuss some basic aspects of equivariant bundles related to effective epimorphy.

The following Lem. 3.1.11 is a slight strengthening of the fact that effective epimorphisms in topological
spaces are equivalently quotient maps, which is worth recording (and holds more generally for formally principal
bundles internal to any ambient category):

Lemma 3.1.11 (Effective equivariant principal bundles). Given an equivariant principal bundle G C P 2 GCX €
FrmI'PrnBdl(kTopSpc) in the sense of Def. 3.1.3 (i.e. not requiring any local trivializability) the following two
conditions are equivalent:

(i) P2 X is the I'-quotient coprojection.

(ii) P 5 Xisan effective epimorphism (Ntn. 2.1.10).

Proof. By definition, the two conditions mean equivalently that the following vertical diagrams on the left or right,
respectively, are coequalizer diagrams

I'xP % P xxP

P‘L i,prz pryy | pr
P P (3.22)
VP %
X=—7=X

But the shear map (3.9) is readily seen to provide a morphism between the top diagrams (makes the two parallel
squares commute) and is an isomorphism by principality. Therefore the two vertical diagrams are equivalent, and
one is a coequalizer diagram if and only if the other is. 0

The following may seem obvious, but does need an argument given that we define principality via shear iso-
morphisms:

Lemma 3.1.12 (Locally trivial I-actions are principal bundles). LetT" € Grp(kTopSpc) and I’ (P &€ T Act(kTopSpc)

such that P 2 P /T =: X is locally, over an open cover, I'-equivariantly isomorphic to a trivial T-principal bundle.
Then P is itself a (locally trivial) I'-principal bundle, in that its shear map is an isomorphism.
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Proof. Let {U; — X}es be a trivializing open cover and abbreviate X = I_IIU Consider the following pasting

diagram of pullbacks, whose left side follows by the assumption of local triviality:

I'<xP

(XxT) — 5> PxxP (3.23)

By local recognition of homeomorphisms (Ex. 2.1.22) it follows that the shear map itself is an isomorphism. [
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3.2 Equivariant Local Triviality

We consider equivariant principal bundles which are equivariantly locally trivial (in Thm. 3.2.1, Def. 3.2.2 below,
recall Rem. 3.1.1) and prove that isomorphism classes these equivariant principal fiber bundles coincide with
concordance classes (Thm. 3.2.8 below). This is a key ingredient in the proof of the classification theorem for
equivariant principal bundles fiber bundles in Thm. 5.3.7 below.

3.2.1 Notions of Equivariant Local Triviality

There is a curious subtlety in the notion of equivariant local trivializability (whose resolution is provided by the
perspective of higher geometry in §5.2 below): While internalization (Ntn. 2.1.23) of the notion of principal
bundles into equivariant topology is the method of choice for understanding the plain definition of equivariant
principal bundles (as discussed in §3.1), it fails when it comes to understanding their local triviality.

That is, using that G Act(kTopSpc) is a regular category (Prop. 2.2.11), internal local triviality of an equivariant
principal bundle G C P would be the existence of an effective epimorphism (such as an equivariant open cover, by
Ex. 2.1.21) G (X — G ( X and of a pullback diagram of the form

«%y ¢ E} )

I'xX — P
P2, ob) | € G Act(kTopSpc) , (3.24)

X —— X

(s (G

(such that the top morphism is also I'-equivariant). That this notion of local triviality would be too restrictive in
practice is readily seen in the special case when the action & of G on I'' is trivial: In this case (3.24) essentially says
that the G-action is trivial on total spaces of equivariant principal bundles, relative to the action on the base.

Putting the systematics of internalization aside for the moment, one may guess what the “correct” equivariant
local trivialization condition should be, and several authors have done so. Below we review the existing definitions
in streamlined form, generalize them where necessary to the case when the structure group carries a non-trivial
G-action, and then show that the resulting definitions are all equivalent to each other (Thm. 3.2.1). Further below
in §5.2 we show that these equivariant local triviality conditions do follow from systematic internalization after all:
though not in the 1-category of topological spaces but in a higher category of, in particular, D-topological stacks.

One way to motivate the correct definition of equivariant local trivialization (without yet passing to co-topos
theory) is to observe that equivariantly there is no longer a single local model for principal bundles: A trivial un-
derlying I'-principal bundle I x U — U in general carries several inequivalent G-actions that make it an equivariant
(G CTIN)-principal bundle. We consider three different ways of parametrizing the possible equivariant local model
bundles, which we name after the original authors who put these models into focus:

] Definition \ Local model ‘
tom Dieck G/H
§3.2.5 b
G/H
Table 3.1 Gns
Local models of Lashof-May *h
equivariant principal bundles. §3.2.6 v
G XH S
Bierstone Gixg, Us
§3.2.7 v
Gx X Gy Ux
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Arguably, tom Dieck’s definition is the most conceptual (here one derives the general form of the local model
bundles, instead of prescribing them, see Prop. 3.2.17 below) and also the most general (its underlying local
triviality follows for G any topological group, by using the first item of Lemma 3.2.14 in Lemma 3.2.15), while
Bierstone’s definition makes manifest (Lem. 3.2.27 below) that the underlying bundles are indeed locally trivial,
only that the G-action on the local models is not, in general. In particular, this makes manifest that equivariant
local triviality is preserved by passage to fixed loci (Prop. 3.2.30 below). Finally, Bierstone’s definition (in the
special case when « is trivial) is the one traditionally used (albeit without attribution to Bierstone) in the seminal
example of the equivariant degree-3 twisting bundle of complex K-theory (following [AS04, p. 28], cf. Ex. 6.2.5).

Notice that [Bi73] and [La82] considered only the special case when « in (3.11) is trivial; we generalize their
definitions and proofs; see Remark 3.2.28 and Remark 3.2.34 below. Moreover, the relation to tom Dieck’s original
notion of equivariant local trivialization seems to not have been discussed before.

Theorem 3.2.1 (Equivalent notions of equivariant local triviality). Under the assumption of proper equivariance
(Assump. 2.2.2), the three notions of local trivializability of equivariant principal bundles (Def. 3.1.3) are all

equivalent:

(Def. 3.2.13) (Def. 3.2.26)
2 />
% Y )
\ Z (3.25)
Lashof-May

(Def. 32.21)

Prop. 3.2.36

Definition 3.2.2 (Equivariant principal fiber bundles). We write
GEquvI PrnFibBdl(kTopSpc) C GEquvI'PrBdl(kTopSpc) := Frm(G CI') PrBdl(G Act(kTopSpc))  (3.26)

equivariantly locally trivial equivariant principal bundles equivariant principal bundles formally principal internal actions

for the full subcategory of (3.10) on those equivariant principal bundles (Def. 3.1.3, see Rem. 3.1.1) which satisfy
the equivalent equivariant local triviality conditions of Thm. 3.2.1.

3.2.2 Immediate Consequences of Equivariant Local Trivialization

Proposition 3.2.3 (Passage to fixed loci preserves equivariant local triviality). For H C G any closed subgroup,
the functor (Cor. 3.1.9) sending G-equivariant principal bundles to their WgH -equivariant H-fixed loci bundles
respects the subcategories in Def. 3.2.2 of equivariant principal fiber bundles (Def. 3.2.2):

equivariantly locally trivial equivariant principal bundles

GEquvI PrnFibBdl(kTopSpc) ——— GEquvI'PrnBdl(kTopSpc)
passage 1o 3 . 27
l(*)H passage ( l(,)H ( )

H-fixed loci

W (H) Equv I PrnFibBdl(kTopSpc) «——— Wy (H ) Equv I PrnBdl(kTopSpc).

Proof. This is manifest in Bierstone’s formulation (Prop. 3.2.30) and hence holds generally, by Theorem 3.2.1. [

Lemma 3.2.4 (Equivariant principal fiber bundles are proper equivariant Serre fibrations). An equivariant principal
bundle G CP L5 G X which is equivariantly locally trivial (Def. 3.2.2) is a fibration in the proper equivariant
model structure (Prop. 2.4.4):

GEquv I PrnFibBdl(kTopSpc) C GSerFib. (3.28)

Proof. By Thm. 3.2.1 and Prop. 3.2.3, we have for all H C G that WzH CP? — W H (X satisfies Bierstone’s
condition (Def. 3.2.26). By Lem. 3.2.27, this implies that the underlying principal bundle P? — X (3.21) is
locally trivial, hence a Serre fibration by Lem. 2.4.2. O
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Lemma 3.2.5 (Quotiented fiber product of equivariant principal fiber bundles is proper equivariant fibration).
Given a pair of equivariant principal fiber bundles G (P, G (P, € GEquvI PrnFibBdl(kTopSpc) (Def. 3.2.2),
the G CT-quotient of their fiber product is a proper equivariant fibration (according to Prop. 2.4.4):
"
(Pl XX Pz) / r
l € GSerFib . (3.29)

X
(G~

Proof. By Prop. 3.2.3 and Lem. 3.2.27, we have for all H C G that the underlying ' -principal bundle of the
cpt

fixed locus bundle P is locally trivial, for i € {0,1}. Let X# — X¥ be an open cover over which both trivialize

and consider the following commuting diagram:

(XH 5 TH) sty (XH x TH) x TH —— (P xxu PHYyxT

I w

(XH 5 TH) sty (XH xTH) ———— P xxu PH

i - i (3.30)
XH x TH (PH xxu PH)/TH

i (pb) l

XH xH

Here, the right vertical column is given and we are pulling back to the cover. The form of the top square fol-
lows by the pasting law (Prop. 2.1.9) and the left middle morphism is an effec/tive epimorphism by regularity of
G Act(kTopSpc) (Prop. 2.2.11). This identifies is codomain with the quotient X x I''’, as shown. In conclusion,
the bottom square shows that each H-fixed locus of (3.29) is a locally trivial fiber bundle, hence a Serre fibration
by Lem. 2.4.2. O

3.2.3 Concordance of Equivariant Principal Bundles

Below, in chapter 5, we find that the classification of equivariant principal bundles up to concordance follows on
general abstract grounds, after embedding them into cohesive co-topos theory, from the orbi-smooth Oka principle
(Thm. 4.3.54, Thm. 5.2.55). Here we show that for topological equivariant principal fiber bundles, their concor-
dance classes actually coincide with their isomorphism classes (Thm. 3.2.8 below). Together with the orbi-smooth
Oka principle, this hence implies the full classification theorem (Thm. 5.3.7 below).

Definition 3.2.6 (Concordance of equivariant principal bundles). For G (X € G Act(kTopSpc),
(i) we say that a pair of equivariant principal fiber bundles G C Py, G (P; € GEquvI PrFibBdlyx (Def. 3.2.2) are
concordant if there exists an equivariant principal fiber bundle
G (P € GEquvI'PmBdly, (3.31)

on the cylinder G C X x [0, 1] with trivial G-action on the topological interval, whose restriction to the endpoints is
isomorphic to these bundles:

GCPy =~ GCPlxe and GCPy ~ GCPlx.q-. (3.32)
(ii) We denote the sets of equivalences classes of equivariant principal bundles under isomorphisms and under
concordance, respectively, by:

(GEquvI'PrnFibBdlx),  —~—— (GEquvI'PmFibBdlx)

isomorphism classes concordance classes

(3.33)

~iso / ~conc



3.2. EQUIVARIANT LOCAL TRIVIALITY 65

We are going to show (Thm. 3.2.8) that (3.33) is in fact a bijection. For this purpose, we need the following
Lemma 3.2.7, whose statement is not surprising but whose proof requires some care:

Lemma 3.2.7 (Isomorphisms of equivariant principal bundles as sections of their quotiented fiber product).
Given G(X € GAct(kTopSpc), and G CP,G (P, € GEquvI'PrnBdl(kTopSpc)x a pair of G-equivariant T-
principal fiber bundles ' (Def. 3.2.2), then there is a natural bijection

G

T'x T'x ( }’
S (Py x P2)/T
~ < o " | (3.34)
(o~ (o

between their homomorphisms (necessarily isomorphisms, by Lem. 2.2.19) and the continuous sections of the
diagonal T'-quotient of their fiber product.

Proof. We spell out a proof in the non-equivariant case, i.e. for the case G = 1, in a way that uses nothing but
the fact (Prop. 2.1.20) that kTopSpc is a regular category. The general case then follows by observing that these
arguments lift through the forgetful functor (since this creates limits and colimits, Lem. 2.2.10) to the regular
category G Act(kTopSpc) (Prop. 2.2.11). In other words, the general proof is verbatim the following proof with
G C (—) adjoined to all objects appearing.
Noticing that the underlying bundles of Py, P; are locally trivial (Lem. 3.2.27), first observe that the quotient
coprojection
Pl Xx Pz
\ is locally trivial and an effective epimorphism. (3.35)
(Pl Xx Pz)/r

Namely, restriction of the fiber product bundle to any patch U — X over which both factor bundles P; and P,
trivialize gives the pullback diagram shown on the left here:

erx3 —_—> (Pl Xsz)XF erx3 e (Pl ><XP2)><F
i i (pb) l l i l (pb) l J]
UxI< P xx P, UxI* P xx P,
= icoeq (pb) icoeq (3.36)
(ob) UxD - > (P xxPy)/T
l |
U« X Uc X.

Passage to coequalizers of the top morphism pairs factors the left diagram as shown on the right, which exhibits
the resulting middle square as a homomorphism of I'-torsors over X, whose domain is a trivial principal bundle.
This implies that the middle square on the right is a pullback, by Lem. 2.2.19. Therefore regularity of kTopSpc
(Prop. 2.1.20) implies with Lem. 2.1.14 that also the bottom square on the right is a pullback. Since this holds for
all patches U in any joint trivializing cover of the two bundles, this proves the local triviality in (3.35). From this,
the effective epimorphy follows with Lem. 3.1.12 and Lem. 3.1.11.

!In fact, the proof of Lem. 3.2.7 only uses that the underlying principal bundles are locally trivial, not that this also the case for all
H-fixed loci.
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Now, given a section ¢ as on the right of (3.34), complete it to the following commuting diagram, fori € {1,2}:

wid
PxI —— (Py xxP)) xI — 2% . pxT

[l ||

Pr;

1

i ’(ph) i i 3.37)
). G — o R > (Py xxPp)/T pr/T X
L b)

id

Here the squares on the left are pullbacks by definition, the top right square commutes by nature of the diagonal
action, and the bottom left square is induced by passage to quotients.

But the right part of this diagram exhibits the projection pr; as a homomorphism of I'-torsors over X out of a
locally trivial principal bundle (3.35), whereby Lem. 2.2.19 implies that also the bottom right square is a pullback.
From this the pasting law (Prop. 2.1.9) implies that the total bottom rectangle is a pullback, hence (by Ex. 2.1.7),
that the total horizontal middle morphisms are isomorphisms of I'-torsors over X, for i € {1,2}, which we may

. 1
suggestively denote by: p % P, P %} P, hence: Py 42) Py, (338)

Conversely, given such f, form the top part of the diagram (3.37) with P := P; and ¢ := id. Then passage
to coequalizers as in the bottom part of (3.37) yields a section o. By effective epimorphy of the bottom vertical
morphisms, these two constructions are inverse to each other, as claimed. O

Theorem 3.2.8 (Concordant equivariant principal fiber bundles bundles are isomorphic). For

~ G (T € Grp(GAct(kTopSpc)),

-G (X € GCWCplx — G Act(kTopSpc) (e.g., a smooth G-manifold),
concordance classes (Def. 3.2.6) of topological G-equivariant T'-principal fiber bundles over X (Def. 3.2.2)
coincide with their isomorphism classes in that the quotient projection (3.33) is a bijection:

(GEquvI'PmFibBdl(kTopSpe)x) .., — (GEquvI'PmFibBdl(kTopSpe)x), . . - (3.39)

The following proof adapts the idea of the proof of [RS12, Cor. 15] to equivariant bundles.

Proof. Given a concordance, as shown on the left, we need to produce an isomorphism, as shown on the right here:

) y 4 ; .

PO P Pl ](— (i - 5 ?/

lpo (pb) ip (pb) lp] s PO S (3 40)
X x {0} —— X x[0,1] <~ Xx{1} X

() () (>

(O

Consider the following solid commuting square in G Act(kTopSpc), showing a local section oy which exhibits,
under Lem. 3.2.7, that the restriction of Py x [0,1] to {0} C [0, 1] is isomorphic to Py, by construction:

) 0"

X x {0} @ (P x (Pyx[0,1]))/T
Xx[0,1]
N GWimipEq ak I |<csarn (3.41)
X x[0,1] = X x [0, 1]
d (W

Now observe that, with respect to the proper equivariant model structure (from Prop. 2.4.4):
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(i) the left morphism is an acyclic cofibration, since it is the image of the generating acyclic cofibration G/G X
(D° — D x [0,1]) (2.167) under the the product functor X x (—), which is left Quillen (by Prop. 2.4.8) since
G-CW-complexes are cofibrant (Ex. 2.4.6);

(ii) the right vertical morphism is a fibration, by Lem. 3.2.5.

Therefore, the proper equivariant model structure implies that a dashed lift in (3.41) exists. The resulting com-
mutativity of the bottom right triangle in (3.41) means that this lift is a section which, under Lem. 3.2.7, exhibits
an isomorphism G CP ~ G (P x [0, 1] of equivariant principal bundles over G C X x [0, 1]. The restriction of this
isomorphism to {1} C [0, 1] is of the required form (3.40). O

Remark 3.2.9 (Generalized conditions such that concordance classes coincide with isomorphism classes). The
proof of Thm. 3.2.8 clearly works internal to any (regular) model category in which fiber bundles are fibrations
and X x {0} — X x [0,1] exists and is an acyclic cofibration. In particular, there ought to be a suitable such
model structure on diffeological spaces®> which would imply that concordance classes coincide with isomorphism
classes also for the case of diffeological principal bundles — in particular of smooth principal bundles with structure
Lie groups. Moreover, if a proper equivariant version of such a model structure on diffeological spaces existed,
it would imply the identification of concordance classes with isomorphism classes also for smooth equivariant
principal bundles. When used further below in the proof of Thm. 5.3.7, this would imply, under the assumptions
used there, the classification of smooth equivariant principal bundles not just for D-topological but for more general
diffeological structure.

3.2.4 Proof of Equivalence of Notions of Equivariant Local Triviality

We now turn to the proof of equivalence of the three notions of equivariant local triviality (Thm. 3.2.1). The
following notion plays a pivotal role in all three perspectives:

Notation 3.2.10 (Lifts of equivariance subgroups to semidirect product with structure group). Given a G-equivariant
topological group (T, t) (Def. 3.1.2), we will now abbreviate the semidirect product group (3.11) as G. Moreover,
given a closed subgroup H C G, we will write H C G for any choice of lift of H to a subgroup of G:

~

H Cc G:=Tx4G G/H
r_)( ): lprz [P (3.42)
H c G G/H

Equivalently, such His (by Lem. 2.3.14) the graph of a crossed homomorphism H — I' (Def. 2.3.11).
These choices of lifts H are at the heart of the local characterization of equivariant principal bundles:

Lemma 3.2.11 (Equivariant principal H-twisted product bundles). Consider H C G a subgroup, with a lift HcC
G =T x4 G (Nm. 3.2.10) and S € HAct(TopSp). Then sufficient conditions for the canonical projection of twisted
product spaces

e
GxpS = Ang)s /(((y,g>,s) ~ ((%g)-za,h—l.s))
e ids [(yi),sJ (3.43)
[g:5]
G C?s = {9} (g) ~ (et 1)

(equipped with their canonical left multiplication actions) to be a G-equivariant (I, &)-principal bundle, according
to Def. 3.1.3 and via Cor. 3.1.6, are:

2This is claimed to be the case by Dmitri Pavlov, in private conversation.
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* the underlying I'-principal bundle is locally trivial;

e or 1 is compact.

Proof. The equivariance conditions (3.16) are immediate by construction. Principality (3.17), follows from con-
sideration of the following diagram:

()/,[(Yg),S])H [(’J/y yg)‘s]

I'x ((TxgG)xg58) ~ (CxT)%xgG) x5S —— (CxgG) x5S
1 .
(%‘Yz ,[(Yzyg),.\DH[(Y],Yz,g),s] lp o lprzxﬁids (344)
(FXIOCG) XI’_I\S W GxygS.

Here the square on the right of (3.44), regarded in ['Act(TopSp) with respect to the left multplication action on the
left of the two I'-factors, is recognized as a pullback:

« if the underlying I"-principal bundle is locally trivial: by Lemma 2.2.19, observing that any local trivializa-
tion of pr, X 5 ids induces one of p

* if I" is compact: by Lemma 2.2.18, observing that all spaces are Hausdorff by assumption on G, H, and I
and by Lemma 2.2.16.

With this, the shear map (3.17) has an evident continuous inverse, as shown on the top left of (3.44); where the
point is to observe that these formulas are indeed compatible with the given quotient space structures. O

Accordingly, in order to apply Lemma 3.2.11 we consider now classes of choices of H and S such that the
twisted product projections (3.44) are locally trivial as I'-principal bundles.

3.2.5 Tom Dieck Local Trivialization

Definition 3.2.12 (Equivariant open cover). For G (X € G Act(kTopSpc), a G-equivariant open cover is an index
set I € Set, and an /-indexed set of open G-subspaces
{(% s ¢ 4 &
Ui open XJier i‘gllUi open X (3.45)
such that, forgetting the G-action, the underlying open subsets cover X (cf to “proper equivariant cover” below in
Def. 2.2.24)

Definition 3.2.13 (tom Dieck’s equivariant local trivializability). (i) A G-equivariant principal bundle P 2, X (Def.
3.1.3, Cor. 3.1.6) is locally trivial in the sense of [tD69, §2.177 if there exists a G-equivariant open cover (Def.
3.2.12)

UU; ——— X (3.46)

of its base space such that for each i € I the restriction of P to U is the pullback of an equivariant principal bundle
P; over a coset space G/H; for some closed subgroup H; C G:
i oo
Py —— P
l{ (pb) Hlprincipal (3.47)
U, —— G/H,.

() 3 ()

3In fact, [tD69] does not require the square in (3.47) to be a pullback, but instead adds to the definition of equivariant bundles in the sense
of Cor. 3.1.6 the condition that the underlying ordinary principal bundles are locally trivial. These conditions are immediately equivalent
to the ones we use, as shown by Prop. 3.2.19 and Prop. 3.2.20. We find the order of the conditions as used here a bit more systematic.
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Lemma 3.2.14 (Coset space coprojections admitting local sections). Let G be a topological group and H a topo-
logical subgroup. Then the following are sufficient conditions” for the coset space coprojection G 4, G/H to admit
local sections:
(i) G is arbitrary, and
H is a compact Lie group;
(ii) G is a locally compact separable metric space of finite dimension, and
H is a closed subgroup;
(iii) G is a Lie group;
H is a closed subgroup.
Proof. The first statement is [G150, Thm. 4.1], the second is [Mos53, Thm. 3], see also [Ka58, Thm. 2]. The third
statement may be found in [tDB85, Thm. 4.3]. ]

Lemma 3.2.15 (Semidirect pAroduct coset bundles [tD69, Lem. 2.1] are locally trivial). Let H C G a compact Lie
group and H any lift of H to G :=1T x4 G (Ntn. 3.2.10). Then the ordinary I'-principal bundle, underlying (by Cor.
3.1.10) the equivariant principal H-twisted coset space bundle from Lemma 3.2.11 for S = x (Ex. 2.2.15):

&

Gxpv — G/fi
local model
pryx ﬁid*i lprz H e (3.48)
bundle
G X H * G/H
(&

is locally trivial.

(Compare the following proof with its re-derivation in geometric homotopy theory, below in Ex. 5.3.8.)

Proof. Under the given assumption on H C G, Lemma 3.2.14 says that there exists an open cover of G/H such
that over each of its charts U C G/H we have a continuous section &

Gy — G

R (3.49)
U - U~ G/H
With this, observe that
() = [1.0(u) _
I'xU — (TxqG)/H)|,
or l (pri (r0)-5 7o (16 [g]) «— [ | (3.50)
U U

is a I'-equivariant homeomorphism over U: The top map is clearly I'-equivariant, the bottom map is clearly its
inverse and both are continuous, by the continuity of all the maps from which they are composed, as shown. [

Lemma 3.2.16 (Isomorphisms of local model equivariant principal bundles [tD69, §2.2] ). Let H C G be any
subgroup and I:il,ﬁz cG=T X G be two lifts of H as in (3.42). There exists an isomorphism of equivariant
principal bundles between the corresponding semidirect product coset space bundles from Lemma 3.2.15, covering
an isomorphism of their base spaces, precisely if H, and H> are conjugate in G by an element ¢ € G:

() () o
G/H ————— G/H, Hy C §oHg8, C G
(8]~ [880]
l l o lprz 3.51)
H ~ H,. H, = goHei! Cc G
G/ 1 W G/ 2 1 80128,
(o (o)

4Regarding necessity of these conditions, see counter-examples given in [Ka58, §3].
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Proof. Any (A;—equivariant map of G-coset spaces is determined, via equivariance, by its image [$o] of the element
[e]; and the condition that this assignment is consistent, in that it descends to the quotient space

SO )
G &—[880] G /1,:\127

,L ///,,7

G/H, ~

(3.52)

is equivalent to the condition H, 8o C goﬁz. If this inclusion is an isomorphism of subgroups, as assumed and as
shown on the left here:

H = g;" H-30 2 H =g H- g, (3.53)

then the analogous argument (with g replaced by g~!) shows that we have an inverse map. Under the equivariant
projection map, pr,, the analogous statement holds for the image subgroups in G. U

Proposition 3.2.17 (Characterization of equivariant principal bundles over orbits [tD69, §2.1]). Given a subgroup
H C G, every G- equivariant U-principal bundle P — G/H (Def. 3.1.3, Cor. 3.1.6) whose base space is the coset
space G/H is either empty (Rem. 3.1.8) or isomorphic to a semidirect product coset bundle from Lemma 3.2.15,
for some lift H (3.42):

(A PG
1 (I'xqG)/H ————— P 354
| | (3.54)

G/H =——— G/H

Proof. In the case when the bundle is not empty, there exists an element in some fiber; and hence, by G-equivariance

—

and transitivity of the G-action on G/H, we may find a point [eg] € Py in the fiber over [eg] € G/H. Let then
A = Stabry,o ([ZE]) C G i=TxyG (3.55)
be its isotropy group under the action of the full semidirect product group. We observe that this H is a lift of H as
required in (3.42):
(i) HcC G is a closed subgroup, since it is the preimage of the closed (by Hausdorffness, Assump. 2.2.2)
singleton subset {[;;]} C P under the continuous function G ol | P.

(ii) The restriction of G 22 G to H factors through H C G, since for all h € H we have
[ec]) (3.56)

(iii) This map pr, : H — H is an isomorphism since (Example 2.1.7) it is a pullback of (a restriction of) the
I"principality isomorphism (3.17):
(1:8) ¢ =

H {lec]} xH
(1:8) g
i (pb) 1 3.57)
! . (er.2)-[e
— Y (Y.e6)-[ec]
{fec]} xT S Py
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Example 3.2.18 (Adjusting the classifying maps in a tom Dieck local trivialization). Given a tom Dieck local
trivialization (Def. 3.2.13) over a G-equivariant patch U;, consider any point x € U; and write [go] € G/H; for its
image under the given classifying map (3.47). Now choosing any identification of the local model bundle with
a semidirect product coset projection G/H; (Lemma 3.2.17) and choosing any lift [go] € G/H; (Ntn. 3.2.24), we
may then form the pasting composite of this pullback square with the corresponding isomorphism of local model
bundles from Lemma 3.2.16:

]H[giéal] = e~ ~ ~

Py, G/H; G/H! H = gHg' < G

| o i o | with | (3.58)
U; G/H; = G/H! o= o]

le—[go]> / zm / i H goH g, Cc G

Since the square on the right is a pullback (by Example 2.1.7), the total rectangle is a pullback (by the pasting law,
Prop. 2.1.9) and hence exhibits another, equivalent, tom Dieck local trivialization, whose classifying map takes x
to [EG].

Proposition 3.2.19 (tom Dieck’s local triviality implies underlying ordinary local triviality). An equivariant prin-
cipal bundle (Def. 3.1.3, Cor. 3.1.6), which is locally trivial in the sense of tom Dieck (Def. 3.2.13), has an
underlying principal bundle (Cor. 3.1.10) which is locally trivial in the ordinary sense:

forget G-action

Frm(G CT) PrnFibBdl (G Act(kTopSpc)) FrmI PrnFibBdl(kTopSpc) . (3.59)
Proof. By Prop. 3.2.17 and Lemma 3.2.15, the statement is true for the local model bundles over coset spaces.
By Lemma 2.2.10 the pullback of this local model bundle is given by the pullback of the underlying topological
spaces. With this, the condition (3.47) implies the claim, since any pullback bundle of an ordinary locally trivial
bundle is again locally trivial. d

Proposition 3.2.20 (Homomorphisms of tom Dieck-locally trivial equivariant bundles are pullbacks). Let G be
a Lie group. Then every homomorphism f (3.18) between tom Dieck-locally trivial G-equivariant I'-principal
bundles (Def. 3.2.13) is a pullback square:

fref ; T “y / “y
Pp——— P Pp——— P
¥ \ = A ) ¥ (3.60)
Xy — X X ————> X3
G T A

Proof. Prop. 3.2.19 says that, under the given assumptions, the ordinary principal bundles underlying the given
equivariant principal bundles are locally trivial. With this, the claim follows from the fact that morphisms of
ordinary locally trivial bundles are pullbacks (Lemma 2.2.19) and that underlying pullbacks reflect equivariant
pullbacks (Lemma 2.2.10). O

3.2.6 Lashof-May Local Trivialization

Definition 3.2.21 (Lashof-May’s equivariant local trivialization). An equivariant principal bundle P 2 x (Def.
3.1.3, Cor. 3.1.6) is locally trivial in the sense of [La82, p. 258][LM86, p. 267] if there exists a G-equivariant open

Y %y
cover (Def. 3.2.12) |_| U; —ope” X by orbits of H;-slices (Def. 2.2.20)
N ™" "
U, =G-S; <o GxpSi, Si——X (3.61)
for closed subgroups losed
H; <<, G, (3.62)

such that, for each i € 1,
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* either the restriction Py, is empty (Rem. 3.1.8),

« or there is a lift ﬁi (3.42) of H; (3.62) to G=T X G (Ntn. 3.2.10), such that the the restriction of P to U; is
isomorphic, as a G-equivariant I'-principal bundle, to the equivariant principal H;-twisted product bundle of
the slice, from Lemma 3.2.11: . G

%) R )

Py, — GxgS;

lp\Ui lpr2 Xﬁids[

[Ji —= -G XH Si
(& (&

(3.63)

Lemma 3.2.22 (Local triviality of H-twisted product bundles). Let H C G be a compact subgroup (Assump. 2.2.2)
and H (S € HAct(TopSp).
(i) There exists a tubular neighborhood D X S of S in G xg S (D an open ball), and hence an open cover of
G Xy S by its G-translates.

(ii) For every HcG:=Tx o G (Ntn. 3.2.10), the induced H-twisted product bundle (Lemma 3.2.11) has under-
lying I'-principal bundle (Cor. 3.1.10) which is locally trivial over this open cover:
) A( D
I'xXDxS ——— Gx58S

przl (ob) l (3.64)

DxS ——— GxygS

open

Proof. The core of this argument is indicated inside the proof of [La82, Lem. 1.1] for the special case when o
(3.11) is trivial. We spell it out and generalize it.

Since the connected component of G is a compact Lie group (Assump. 2.2.2), we may find a bi-invariant
Riemannian metric on G (by [Mi76, Cor. 1.4]). With respect to this metric, let

Dt = D*N.H (3.65)

be an open €-ball for any € € R in the normal bundle at the neutral element, and hence in a tubular neighborhood
of H. By right invariance of the metric, the multiplication action yields a homomorphism

DxH —X— D-H

dh) +— d-h (3-66)

which is surjective (since for each /4 it restricts to an isometry D ~ D) and continuously invertible (with inverse
given by right multiplication with the inverse of the normal projection into H) so that by dimensional reasons we
have that
DxS ~ (D-H)xygS C GxygS (3.67)
is an open neighborhood of § C G x g S. This proves the first statement.
For the second statement, consider the following diagram, whose top morphisms are I'-equivariant:

I'xDxS ——— (Cxg(DxH)) x5S ——— (I'xgD-H) x5S —— éxﬁs
| (pw | (pb) | o | (3.68)
DxS ——~——— DxHxgS # (D-H)xpuS T GxyS.
H1ds

Here the two squares on the right are pullback squares since they have parallel isomorphisms (by Example 2.1.7),
induced from (3.66). This witnesses the second vertical morphism from the right as a trivialized I"-principal bundle.
With this, the right square is a pullback by Lemma 2.2.19. In conclusion, the total rectangle in (3.68) is a pullback
by the pasting law (Prop. 2.1.9), and hence exhibits the restriction of the twisted product bundle to the open subset
D x S of its base space as a Cartesian product projection. O
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Proposition 3.2.23 (Lashof-May’s local trivializability implies tom Dieck’s). If a G-equivariant (G C T')-principal
bundle (Def. 3.1.3, Cor. 3.1.6, Assump. 2.2.2) is locally trivial in the sense of Lashof-May (Def. 3.2.21) then it is
also locally trivial in the sense of tom Dieck (Def. 3.2.13).

Proof. Observe the evident commuting square of equivariant maps shown on the left in the following (3.69), where
G acts by left multiplication on itself (and on G, through pr,), while H; acts by right inverse multiplication on G
(and on G through pr,), by its given action on S; and diagonally on the Cartesian products:

) ) (%) (%)
~ id~ xpr ~ -~ 5y
G xS, i G x * . GxpSi — G/H;
—/H;
| M LN l (3.69)
GXS[ dgpr G GXH,' Si —_— G/Hl
(<'r><ﬁ,vy éxﬁ? (G} (G)\

Passage to ﬁ,-—quotients (Example 2.2.15) yields the commuting square shown on the right, where the vertical map
on the left is the Lashof-May local model bundle (3.63), while the vertical map on the right is a tom Dieck local
model bundle (3.47), by Lemma 3.2.15.

Hence it is now sufficient to see that the square on the right of (3.69) is in fact a pullback square, as required
in tom Dieck’s local trivialization condition (3.47). By Lemma 2.2.10, this is equivalent to showing that the
underlying square of topological spaces is a pullback. But the square is a homomorphism of ordinary I"-principal
bundles (since I" C 6) which are both locally trivial, by Prop. 3.2.19 and by Lemma 3.2.22. Therefore its pullback
property follows by Lemma 2.2.19. O

3.2.7 Bierstone Local Trivialization

Notation 3.2.24 (Lift of isotropy groups to semidirect product with structure group). Given an action G (X and a
point x € X, recall from (2.20) the isotropy group Gy C X. Thinking of the semidirect product group G :=1 x4 G
(Ntn. 3.2.10) as acting on X through the projection pr,, we write

(A}x = S‘[aba (x) == I'xg Gy. (3.70)
Hence, further following Ntn. 3.2.10, a choice of lift (3.42) of G, C G to CA}X is to be denoted Z}: (note the scope of
the hat):

i" 3.71)

Lemma 3.2.25 (Beck-Chevalley for lift of isotropy groups). Given an isotropy subgroup Gy — G, its two inclu-
sions into G (via Ntn. 3.2.24) form a commuting square as shown on the left here:

Gy G Actions
7 \ NG
(A}x (pb) G GxActions / GActions (3.72)
X / GX@H\« /
G GActions

and the pull-push change-of-group operations (Lemma 2.2.7) via inductions/restriction (Example 2.2.12) from left
to right through this square coincide to yield the commuting diagram of functors shown on the right of (3.72).
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Proof. This is a direct consequence of the basic fact that Gy /T = (I'xq Gy)/T" ~ G,. Explicitly, we claim that
the natural transformation filling the square on the right of (3.72) is

Gy (N D
P—s Gxg P ———— GxAxP (3.73)
(g, P] — [(er,2),p] -

This is manifestly equivariant under the left multiplication action by G ST x « G and it is manifestly natural under
G,-equivariant maps P — P’ on the right. Moreover, (3.73) is surjective because the general element [(Y,g), p] on
the right is equal to

[(Y:g)ap] = [(eryg)'(a(gil)(y)aeG)ap] = [(eng)v (a(gil)(}/)veG)'p/]a (374)

and it is injective because

[(er,g1),p1] = [(er,gz),pz] PN gécx{(er’gl).(%g/):(er’gl)’

(’}/7g/)71 ‘P1= P2
= { (er,g1)- (er,g') = (er,&1) - (3.75)
g'€G, (eragl)_l P1=Pp2
& [g1,81] = [82, P2

In conclusion, this gives a G-equivariant natural bijection, as claimed. O

Definition 3.2.26 (Bierstone’s equivariant local trivializability). A G-equivariant (G ¢ I')-principal bundle P LN'¢
(Def. 3.1.3, Cor. 3.1.6) is locally trivial in the sense of [Bi73, §4] generalized to non-trivial ¢ (3.11), if for every

) 3 N
point x € X there exists a G-equivariant (2.20) open neighborhood x € U, W Xand a lift G, C Gy =T x4 Gy

(3.71) such that the restriction of P to U, is

* either empty (Rem. 3.1.8),

* or isomorphic, as a G,-equivariant (I', &)-principal bundle under restriction along G, — G (Ex. 2.2.12), to
the equivariant direct product bundle from Lemma 3.2.27:

Gy ()

Py, ——> Gy xg U,

| | (3.76)
Uy ——— U,.

G G

Lemma 3.2.27 (Underlying principal bundles of Bierstone local model bundles are trivial). Any Bierstone local
model bundle (3.76) is isomorphic, as a bundle of topological G.-actions, to the projection out of the Cartesian
product of G, C Uy with a G-action pronl:

(™M Oy €

~

GxxGAxe —I' x

~

@
Ux
pry X@iduxl J{sz (377)

Gx X Gy Ux Ux
(3 ()
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Proof. The point is that the Z};—action is transitive on the G,-factor in Gx, which implies that there are canonical
representatives of the elements in the twisted product quotient (namely those with the neutral element in the G-
factor) passing to which yields, first of all, an isomorphism of underlying topological spaces:

o~

G, x+U - I'xS
$%G o x (3.78)
[(v:¢6),5] — (7,5)-
One readily checks that, under this identification, the G,-action on the left turns into the claimed Cartesian product
tion: a
action g-[(re0),ul = [(a(e)(¥), &), ul = [((e)(1),2)-& " g u] = [(px(8)(V), €5), g-u] , (3.79)
with (7,8) — px(g)(y) € I defined by the rightmost equation. O

Remark 3.2.28 (Bierstone’s local model bundles and generalization). In the special case when ¢ (3.11) is trivial,
the equivariant bundles appearing on the right of (3.77) are the local model principal bundles considered in [Bi73].
We may regard Lemma 3.2.27 as providing the consistent generalization of Bierstone’s notion to equivariant prin-
cipal bundles with nontrivial action ¢ of the equivariance group on the structure group.

Example 3.2.29 (Fixed/lgci in Bierstone local model bundle for trivial o). Consider the special case when o (3.11)
is trivial. Then any lift G, in (3.70) is equivalently the graph of an injective group homomorphism ¢

G, = {(q)(g),g)]gEGx} CTxGy, GyoT (3.80)

and the action p, in (3.79) is just the right inverse multiplication action through this homomorphism

Gx(TxU,) — T'xU,

(g,(}/,s)) — (’}/-gb(g)*ljg.s). (3.81)

Since this action is free, it has no H-fixed points as soon as H C G, is nontrivial. Therefore the H-fixed locus
bundle (Cor. 3.1.9) of a Bierstone local model bundle for trivial ¢ is necessarily of the following form:

Oy Oy

N - ' x U | H=1

(GixgS)" =~ wn, (3.82)
@ x U | otherwise

Proposition 3.2.30 (Bierstone local triviality is preserved by passage to H-fixed loci). If a G-equivariant principal
bundle is locally trivial in the sense of Bierstone (Def. 3.2.26), then for all H C G so is its W(H )-equivariant
H-fixed locus bundle (Cor. 3.1.9).

Proof. Letx € X" Cc Xbean H -fixed point and consider a Bierstone local trivialization (3.76) over an open neigh-
borhood U, C X with given lift G,. It is sufficient to show that the H-fixed locus of this G-equivariant Bierstone
local model bundle is W(H )-equivariantly isomorphic to a W(H )-equivariant Bierstone local model bundle:

Since the fixed locus functor (—) is a right adjoint (2.40), it preserves (Prop. 2.1.8) the Cartesian product on
the right hand side of the identification (3.77) of the Bierstone local model model with a Cartesian product (Lemma
3.2.27). Hence we just have to observe that this isomorphism (3.78) passes to the fixed locus:

WH) W(H),  W(H),
) Cw () L T N
(/;\XXCA;UX -~ T xU, (W(H))XXW/(.H\)XUX — I x U}
pry X g idu, pr, P X g idys prd
= (3.83)
G, X Gy S e U, W(H) XW(H)X U}IC-I = UXH
(G) ) €V(H)? V(V(H )T

[('}’, ecx)vu] — (% ”) [(y, eW(H)X),u} — (Y, u)
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Here in the left column of the right square we systematically follow our notation conventions (Ntn. 2.2.1, 3.2.10,
3.2.24) to the new equivariance group W(H) at the fixed locus

W(H), = Stabyp(x) = (G:NNH)) /(GeNH), (W(H)), = T x4 W(H), (3.84)
and take the lift to be the subquotient of the given lift
W(H), == G.nN#H)/H. (3.85)

The computation (3.79) now applies verbatim to check that the homeomorphism (3.83) is indeed W(H ) ,-equivariant

we [ (gt = (@) w),u] = [(@w)(7),w) -3~ weu] = [(paw)(D), € weu] . (386)

In conclusion, this shows that if a G-equivariant principal bundle is isomorphic in a neighborhood U, of an H-
fixed point x to a Bierstone local model bundle of the form (3.77), then its H-fixed locus is W(H)-equivariantly
isomorphic over Uf to the Bierstone local model (3.83). ]

We proceed to discuss the relation of Bierstone’s local trivalizability condition to that of tom Dieck and of
Lashof-May.
"y &y

Lemma 3.2.31 (Intersection with open neighborhoods preserves slices through points). Letx € U, P X be a
G-equivariant open neighborhood in a given G (X € G Act(kTopSpc), of some x € X. Then, with every slice

&y Oy & O Oy
x € S, & G-S, (2.51) through x, the intersection S, = S N Uy is also a slice through x (Def. 2.2.20).
Proof. We need to see that the image o
G, (S.NU) 2% G.(S.NU,) > G-S, <P X (3.87)

is still an open subset of X, hence an open neighborhood of x. Observe that for any slice S, under Assump. 2.2.2,

(8,5)—gs
_

the mapG x S G- Sis an open map ([Anl7, Thm. 2.1 (1)]), hence sends open subsets to open subsets.

With this, and since G x (S, NU,) P Gx S x 1s open by assumption on U,, it follows that its image is open in

G- S/, which in turn is open in X by assumption on S’. O

Notation 3.2.32 (Slices inside Bierstone patches). Given an equivariant local trivialization (3.76) in the sense of
Bierstone (Def. 3.2.26), we may choose (by the slice theorem, Prop. 2.2.21, using Assump. 2.2.2) for each point
x € X a G-slice S/, through that point. Furthermore, by Lemma 3.2.31, we obtain from this a slice S, := S, NU,
which is still through x but also contained in U,:

xe {Z,j \ > X (3.88)

(G)

Lemma 3.2.33 (Bierstone local trivializations restricted to slices of the base are slices in the total space). Given
an equivariant local trivialization (3.76) in the sense of Bierstone (Def. 3.2.26), then the further restrictions of
the equivariant bundle to slices Sy — U, inside the Bierstone patches (according to Nota 3.2.32) are slices (Def.
2.2.20) in the total space of the bundle. That is, the induction/restriction-adjunct (2.37) of their inclusions are
isomorphisms:

oy . £ , i “,
123 x
P‘Sx — P|G<SX (j) G XGXP‘SX ~ P|G'Sx
I (pb) } - J } (3.89)
Sx(l—>G-Sx Gxg, Sy ——— G-S;
(G} ' (G} (GJ N (G)\
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Proof. First we claim that the underlying I"-principal bundle (Cor. 3.1.10) of G X, P|s, is locally trivializable:

By Lemma 3.2.22, there exists a tubular neighborhood D x S, < G - S, (using Assump. 2.2.2). Since this
is contractible to Sy, and since the underlying I"-principal bundle of P|s, is trivializable — being the restriction,
along (3.88), of that of P|y_, which is trivializable by assumption (3.76) and by Lemma 3.2.27 — it follows that the
underlying bundle of P|pys, is trivializable. By G-equivariance the same is then true for all its G-translates; and
since the G-translates of its base space D x S, — G - S, form a cover, this implies the claim.

Second, we claim that the adjunct square on the right of (3.89) is a morphism of I'-principal bundles, hence
that its top map is I'-equivariant. A formal way to see this is to notice, with Lemma 3.2.25, that the top morphism
is equivalently the induction/restriction-adjunct (2.37) along the lifted inclusion (A}x G (Ntn. 3.2.24).

These two claims together imply that the square on the right of (3.89) is a pullback square, by Lemma 2.2.19.
Since its bottom morphism is an isomorphism (2.50) by the assumption that S, is a slice, the top morphism is
exhibited as the pullback of an iosmorphism and thus is itself an isomorphism (Example 2.1.7), which is the
statement to be shown. O

Remark 3.2.34 (Comparison to the literature). In [La81, Proof of Lem. 1.3] the adjunct (3.89) is written down
in the special case when o is trivial (Rem. 3.2.28) but no reason is offered for it being an isomorphism. While
it is clear by point-set analysis that the underlying function is a bijection, its homeomorphy is a little subtle. The
above category-theoretic proof of Lem. 3.2.33 makes this transparent and immediately generalizes the argument
to equivariant bundles internal to other ambient categories, such as to differentiable equivariant bundles.

Proposition 3.2.35 (Bierstone’s local triviality implies Lashof-May’s). An equivariant principal bundle over X
(Def. 3.1.3, Cor. 3.1.6) that is locally trivial in the sense of Bierstone (Def. 3.2.26) is also locally trivial in the
sense of Lashof & May (Def. 3.2.21).

Proof. For x € X, the given Bierstone trivialization (3.76) over a Bierstone patch U, further restricted to a slice S,
through x inside U, (Ntn. 3.2.32) yields the following diagram, by Lemma 2.2.18

Pls, — (/;\xXan
| ! (3.90)
Sy —— S,

using that the underlying I'-principal bundle (Cor. 3.1.10) of P|g, is trivializable, by Lemma 3.2.27. Consider then
the following pasting composite of the image of this diagram (3.90) under the induction functor G x¢, (—) (2.36)
with, on the left, the inverse of the identification (3.89) from Lemma 3.2.33, and, on the right, the equivalence
induced via Lemma 3.2.25:

P|G-Sx — GXGXP|SX —= GXG,\. G\x Xa\sx —= (/;\Xa\ SX
| | | [ (3.91)
G-S; = G xg, Sy =——— G x5, Sy =—— G Xg, Sx.

The resulting composite rectangle manifestly exhibits a Lashof-May local trivialization (3.63), with open subsets
indexed by the points of X. 0

Proposition 3.2.36 (tom Dieck’s local trivialization implies Bierstone’s). An equivariant principal bundle over X
(Def. 3.1.3, Cor. 3.1.6) that is locally trivial in the sense of tom Dieck (Def. 3.2.13) is also locally trivial in the
sense of Bierstone (Def. 3.2.26).

Proof. Consider a tom Dieck local trivialization (Def. 3.2.13), over patches U; (3.47) given via Prop. 3.2.17 by
Hi-coset space coprojections over H;-cosets (Ntn. 3.2.10) for closed subgroups H; C G.

In view of Ntn. 3.2.10 for the given tom Dieck local models and Ntn. 3.2.24 for the Bierstone local models
that we have to reproduce, it is suggestive to write (A},' for the corresponding semidirect product subgroups:
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é\,‘ = FNQH,‘
¢ ¢ (3.92)
G = "~y H;

By Lemma 3.2.22 (for S = H;), we may find an open ball (3.65) around e € G normal to H; C G
D; = D*°N:H; C G (3.93)
which is an H-equivariant subspace under the conjugation action of H on itself

("yaa (" Yaa

D; —— H; 3.94)
and such that we have an isomorphism
Dl' X Hl' M Dl‘ -Hi (395)
and hence an H;-equivariant open neighborhood
"y ")
Using this isomorphism (3.95), observe the following G X ﬁ,»—equivariant homeomorphism (where h — T is the
given lift (3.42)): ~ ~
X H, X H,
() N (!
FNa(Hi'D,') (FNQH,')XDI'
(v, -d) — ((a(d)(), 1), d) (3.97)

Iﬁeﬁ, I};E Al.

Here the vertical maps define the H;-action, given by inverse right multiplication on I" x4 G and by the conjugation
action (3.94) (through pr,), and where the remaining G-action is by left multiplication (through s). This is such that
passage to I-Ali—quotients (Example 2.2.15) yields a G-equivariant homeomorphism of the following form, where on
the right we use the adapted notation (3.92):

(FNa(Hi‘Di))/ﬁi —_— é\ixﬁiDi' (3.98)
It follows (with Lemma 2.2.18) that the following square is a pullback:

é\i XH[Dl' _— @/ﬁ,
i ob) ¥ (3.99)
D;——— G/H;

because the top morphism is manifestly I'-equivariant, while the left vertical morphism is trivial as a I'-principal
bundle (by Lemma 3.2.27).

Now consider any point x € U;. Without restriction of generality, we may assume that this point is taken by the
classifying map of the given tom Dieck local trivialization to [eg| € G/H;, for if not then we may adjust the local
trivialization, by Ex. 3.2.18.

Then consider the open neighborhood of x which is the preimage of D; under the classifying map:

¢y (y v O O

Ux —_—> Di {x} C Ux Dl'

f o) j \ (Pb) f (3.100)
U, ——— G/H,; U — G/H;

W W oW
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This inherits H;-equivariance from D;, but we may restrict this (Ex. 2.2.12) to the isotropy group G, C H; C H,
shown on the right.
Finally, consider the following diagram:

Ply, G/H,

i

(/;\x X@,Ux
" l (3.101)
k M P G/t

D;

Here the rear face is the given tom Dieck local trivialization and, as such, is a pullback. The bottom square is
the above pullback (3.100) which defines the open neighborhood of any given point x in the given cover. To
prove that we have a local trivialization in the sense of Bierstone, it is sufficient to prove it for this particular open
neighborhood U,, which means to produce a pullback square as shown on the left of (3.101).

But the right square of (3.101) is a pullback by (3.99), while the front square is similarly recognized as a
pullback by Lemma 2.2.19, using that the underlying front left I'-principal bundle is trivial, by Lemma 3.2.27.
Therefore, the rear, right, and front squares are all pullbacks. Hence it follows that the left square is indeed a
pullback, by the pasting law (Prop. 2.1.9). O

This concludes the proofs of the propositions that make up Thm. 3.2.1.
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3.3 Equivariant Classifying Spaces

We give a streamlined account of the Murayama-Shimakawa construction (IMS95][GMM17]) for would-be equiv-
ariant classifying spaces of equivariant principal topological bundles (their actual classifying property is discussed
further below in §5.4). A transparent formulation is obtained by first establishing all relevant properties for equiv-
ariant principal bundles infernal (Ntn. 2.1.23) to equivariant topological groupoids (discussed in §2.3), where the
proofs amount to elementary verifications, and from where most of the desired statements are functorially induced
(2.17) by the fact that topological realization preserves all finite limits (Lem. 2.3.31).

3.3.1 Ordinary Classifying Spaces

As a transparent template for the following equivariant discussion, we start by briefly discussing the classical
construction of ordinary (i.e., not equivariant) universal principal bundles via topological realization of a universal

formally principal bundle EI" s B internal to topological groupoids (Ex. 3.3.1 below). The elegance of this
construction rests in the fact that the pertinent properties of the bundle EG — BG internal to topological groupoids
are elementary and immediate to check explicitly (Lem. 3.3.3, Lem. 3.3.2), from where they are then simply
inherited due to the good abstract properties of the topological realization functor that we have established in §2.3.
The resulting topological realization |
ET = |E[| — [BI| =: BG (3.102)
is the classical universal I'-principal bundle in its incarnation as the Milgram bar-construction [Mil67], which
[ML70, §6] observed to be the realization coend (2.124) applied to the simplicial topological space which we
recognize as the nerve (2.114) of the topological groupoid EI".

Example 3.3.1 (Universal principal topological groupoid). Consider any I' € Grp(kTopSpc) with its combined
left and right multiplication action:

ICTEROT € (T'x ) Act(kTopSpe). (3.103)

We denote the resulting left I'-equivariant right I'-action groupoid (Ex. 2.3.38) by:

p
=

[CEl == T'¢ (rxr
(=)-(

Ty

r) € T Act(Grpd(KTopSpc)) - (3.104)
)

Its left I'-quotient is the delooping groupoid of I" (Ex. 2.3.7):
El -4 I'\(EI') ~ BI' € Grpd(kTopSpc). (3.105)

We discussed below (Rem. 5.2.4) that EI' — BI" (3.104) is the universal I'-principal bundle not over the
classifying space BT, but over the moduli stack BI" (see Prop. 5.2.1).

Lemma 3.3.2 (Universal principal groupoid is formally principal). The quotient projection (3.105) exhibits the uni-
versal I'-principal groupoid (3.104) as a formally principal bundle (Ntn. 2.1.25) internal to topological groupoids
(Ntn. 2.3.1), in that the shear map is an isomorphism:

()=

I'xET _ (ET) x (ET) € Grpd(kTopSpc). (3.106)
BI'

Proof. Since limits of topological groupoids are computed degree-wise, this is equivalent to the following two
horizontal component morphisms being isomorphisms of topological spaces (i.e., homeomorphisms):

Ve 15 %)= (e, v 1)

FLX(FXFR) F1XF2XFR
l l i l € KTopSpc, (3.107)
I, xT %, V= (v ) I x Ty

which is clearly the case. (We show subscripts only for readability, all these objects I'_ are copies of I'.) O
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Lemma 3.3.3 (Universal principal groupoid is equivalent to the point). There is an equivalence (2.63) of topolog-
ical groupoids between the universal T-principal groupoid (Def. 3.3.1) and the point * := Cnst(x).

El k€ Grpd(kTopSpc) . (3.108)
tpy

Proof. The canonical choice of equivalence (2.63) is

pr L=e -1
(CxT = T) <= (x=#), LoRZ=id, id = RoL. (3.109)
(=)-(=) 'R
0

These lemmas readily imply the following classical fact:

Proposition 3.3.4 (Topological realization of universal principal groupoid is universal principal bundle).
ForT" € Grp(kTopSpc), the topological realization (2.124)

ET = |[EI'| € kTopSpc (3.110)
of the universal I'-principal groupoid EI" (Ex. 3.3.1)

(i) is contractible
ET ~ «x; (3.111)

htpy
(ii) inherits a T-action T CET € T Act(kTopSpc) whose quotient coprojection coincides with the topological
realization of the groupoid quotient (3.105)

Milgram classifying space

ET —T\(ET) ~ |BI| =: BT; (3.112)

(iii) and is principal, in that the shear map is a homeomorphism:

()().pm2)
T,

I'<xET ET X ET € kTopSpc. (3.113)

B’

Proof. (1) That ET is contractible follows from Lem. 2.3.32 applied to Lem. 3.3.3.
(ii) That ET" — BT is the I'-quotient projection follows from Lem. 2.3.40 applied to Ex. 3.3.1, which yields that the
nerve preserves the quotient projection, followed by the fact that the remaining topological realization of simplicial
spaces (2.123) preserves all colimits.
(iii) That the I'-action on ET  is principal over BI" follows from the principal bundle structure on EI" (from Lem.
3.3.2) since topological realization preserves finite limits, by Lem. 2.3.31, thus inducing a functor (2.17) of internal
formally principal bundles:

FrmI"PrnBdl (Grpd(kTopSpc))

Frm(|—) PrBdl(| )

FrmI"PrnBdl(kTopSpc) . (3.114)
O

Example 3.3.5 (Topological groupoid refinement of the Borel construction). For X ) T' € I Act(kTopSpc)), its

right I'-action groupoid (Ex. 2.3.38) is isomorphic to the quotient, in the 1-category Grpd(kTopSpc), of the product

of the constant groupoid on X (Ex. 2.3.2), regarded with its induced inverse left action, with the universal principal

groupoid on I' (Ex. 3.3.1), regarded with its canonical left I'-action (3.104), by the resulting product action:

Cnst(X) x ET’
r

Since topological realization (2.124) preserves all quotients, finite products (by Lem. 2.3.31) and constant groupoids
(by Ex. 2.3.30), this means that the topological realization of the right action groupoid on X is its Borel construc-
tion:

XxI'=X) ~ € Grpd(kTopSpc) . (3.115)

|Cnst(X)| x [ET| X xET
Tl T
whose path-connected components are those of the plain quotient, by (2.13) and (3.111):

X x ET X
n0< XF ) ~ 7r0<r> € Set (3.117)

XxT=X| ~ € kTopSpc, (3.116)
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Example 3.3.6 (Higher classifying spaces). For A € AbGrp(kTopSpc), its classifying space (3.112) itself carries
the structure of a topological group, by Ex. 2.3.35. Therefore the classifying space construction (3.112) may be
iterated, and we write, recursively:

B’A = A (3.118)

and B""'A := B(B"A) = B|(B"A) = %| € KkTopSpc. (3.119)

3.3.2 The Murayama-Shimakawa Construction

In equivariant generalization of Ex. 3.3.1, we make the following Def. 3.3.7, which, upon its topological realization
(Prop. 3.3.16 below), is a streamlined rendering of the construction due to [MS95, p. 1293 (5 of 7)], specialized to
discrete equivariance groups G according to the remark at the bottom of [MS95, p. 1294 (6 of 7)] (which seems to
be the greatest validated generality, as observed in [GMM17, Scholium 3.12]):

Definition 3.3.7 (Universal equivariant principal groupoid via Murayama-Shimakawa construction).
(i) Given a discrete group G € Grp(Set) — Grp(kTopSpc), consider any G CT" € Grp(G Act(kTopSpc)) (3.4) with
its combined left and right multiplication action

(GCT) C (GCI™®) 5 (GCT) € ((GCT) % (GCI))Act(GAct(kTopSpc)). (3.120)

By Ex. 2.3.43, we obtain the resulting left (G  I'z)-equivariant right (G C T'g)-action G-groupoid

= (GCF)) € (GCT)Act(Grpd (G Act(kTopSpc))). (3.121)
(=)-(=)

(GCT) CE(GCT) = (GCI) ¢ ((G ¢T) % (GCT)

Notice that after forgetting the (G CT")-action on (3.121) there still remains the G-action inherited from the G-action

onl™ pr
GCEI = GC (I'xT = I') € Grpd(GAct(kTopSpc)). (3.122)
(=)-(=)

The left (G CT')-quotient of (3.121) is the equivariant delooping groupoid (Ex. 2.3.44):

GCEr 5% (GCT)\ET ~ GBI € GAct(Grpd(kTopSpc)). (3.123)

(ii) We say that the universal equivariant principal groupoid over (G CT') is the G-equivariant mapping groupoid
(Ex. 2.3.39) of G CEG (3.104) into G CEI" (3.122) with its (G ¢ I')-action inherited from (3.121):

(GCT) ¢ Maps(EG, ET) € (GCT)Act (Grpd(GAct(kTopSpc))) . (3.124)

Remark 3.3.8 (Conceptual nature of universal equivariant principal groupoid). It may be surprising on first sight —
and is the key innovation of [MS95] — that Def. 3.3.7 involves not just the evident G-groupoid G C EI" (3.122), but
the mapping groupoid G ¢ Maps(EG, EI') (3.124). Of course, one recognizes the fixed locus Maps(EG, X)¢ ~
XhG as a model for the homotopy fixed locus (going back to [Th83], see also [Vi21]), but this is more of a hint than
an explanation. Instead, the construction had been justified (in [MS95][GMM17]) a posteriori by proof that its
topological realization does happen to satisfy (under suitable conditions on G and I'') abstract properties known to
characterize universal equivariant principal bundles. Below in Thm. 5.4.19 we give a more conceptual derivation of
Def. 3.3.7, showing that this construction arises naturally as the equivariant shape (5.236) of the proper-equivariant
moduli stack of equivariant principal bundles.

Using our internalization technology, we prove in Prop. 3.3.16 that the topological realization of Def. 3.3.7 is
an equivariantly contractible equivariant principal bundle, as a formal consequence of the following sequence of
Lemmas, which establish elementary properties of the underlying equivariant principal groupoid.
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Lemma 3.3.9 (Universal equivariant principal groupoid is right action groupoid). The universal equivariant prin-
cipal groupoid (3.124) is a left (G CT')-equivariant right action (G CT')-groupoid of the form of Ex. 2.3.38:

pr
(GCT) ¢ Maps(EG, EI') ~ (Fnctr(EG, ED)ER x Maps(G, T = Fnctr(EG, EF)) , (3.125)
()-()

where
Fnctr(EG, EI') := Maps(EG, EI') (3.126)
is equipped with the argument-wise induced left and right (G CT')-actions.

Proof. This is a direct unwinding of the definitions: The point to observe is only that the space of natural trans-
formations out of any fixed functor EG — EI is already isomorphic to that of all possible component functions,
which is

Maps((EG)o, (ET);) ~ Maps(G,T). (3.120
Lemma 3.3.10 (Mapping groupoid into universal principal groupoid preserves canonical quotient).
Let " € Grp(kTopSpc) and let (X = Xo) € Grpd(kTopSpc) be topologically discrete and connected as a groupoid.
Then pushforward q. along the quotient coprojection EI' 4, I'\EI" = BI" (3.105) of the mapping groupoid (2.84)
into T CEI (3.104) exhibits the quotient of the latter by its induced pointwise left T-action:

Maps ((X; = Xo), EI')

! — (3.128)

I\ Maps ((X; = Xo), EI') ——=—— Maps((X; = Xo), BI) .

This statement corresponds to the last part of [GMM17, Thm. 2.7]. We mean to give a transparent proof:

Proof. By the assumption that the domain groupoid is connected and discrete, we may choose a base object xy and
a continuous assignment f(_) of morphisms connecting all objects to this one:
f(,) : XO — X
xo € Xo, f (3.129)
X ——> X0 = X)
Using this, we obtain the following component functions, where g : EG — BG is the coprojection (3.105) from
Ex. 3.3.1:

F — (Fo(xO),qOF)
Maps((Xl = XO); EF) (F = F) X Maps((X1 = X()), BF) (3.130)
(1 dx) = (roth) 2 7-0(i) 7.0).

Unwinding the definitions readily reveals that this is a pair of inverse continuous funcors. Moreover, the top
morphism is evidently I'-equivariant, with respect to the canonical left I'-action on the (I' =2 I')-factor and the
trivial action on the remaining factor on the right. Therefore, passing the quotient operation by I' along the top
isomorphism implies the claim. O

Lemma 3.3.11 (Quotient coprojection of universal equivariant principal groupoid). Let G € Grp(Set) — Grp(kTopSpc)
be a discrete group and (G CT') € Grp(G Act(kTopSpc)), then pushforward along the G-equivariant quotient co-

projection G CET G—Cq> G CBT (3.123) of the equivariant mapping groupoid (2.147) out of G CEG (3.104) exhibits
the equivariant quotient of the latter by its induced left I"-action:

universal equivariant G C MapS(EG, El")

principal groupoid
} — (3.131)

universal equivariant (G Cl—‘) \MapS(EG, EF) -~ @5 G C MapS(EG’ BF) .

base groupoid
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Proof. Since the functor which forgets the G-action is a left adjoint (Ex. 2.2.9) and hence preserves colimits such as
the quotient considered here, and since EG is connected (by definition) and topologically discrete (by assumption
on G), the statement follows with Lem. 3.3.10. ]

In equivariant generalization of Lem. 3.3.3, we have:

Lemma 3.3.12 (Universal equivariant principal groupoid is equivalent to the point). There is an equivalence of G-
equivariant topological groupoids between the universal equivariant principal groupoid (3.124) from (Def. 3.3.7)
and the point:

G C Maps(EG, EI') = GCx € GAct(Grpd(kTopSpc)). (3.132)
tpy
In particular, for all subgroups H C G the H-fixed subgroupoid of the mapping groupoid is equivalent to the point:
H
v G ( Maps(EG, ET ~ G Act(Grpd(kTopS . 3.133
ulo (GCMaps(EG,ED))" ~ + & GAct(Grpd(kTopSpc)) (3.133)

Proof. Since the G-action on I' is by group automorphisms (Lem. 3.1.4) the equivalence (3.109) contracting the
universal principal groupoid EI" is clearly G-equivariant, so that it is also contractible as a G-groupoid (3.122)

GCED % € Grpd(G Act(kTopSpc)) . (3.134)

tpy
The required equivalence (3.132) is obtained as the image of this equivalence (3.134) under the equivariant map-
ping groupoid 2-functor G ( Maps(EG, —) (2.147). O

Lemma 3.3.13 (Equivariant mapping groupoid out of universal principal groupoid preserves constant groupoids).
For (GCT) € Grp(GAct(kTopSpc)), we have an isomorphism of group objects

eve

G C Maps(EG, Cnst(T')) ——=—— GCI' € Grp(G Act(Grpd(kTopSpc))) (3.135)

between T and the equivariant mapping groupoid (Ex. 2.3.39) out of G CEG (3.104) into the constant groupoid
(Ex. 2.3.2) on T

Proof. Maps (EG,Cnst(I'))  ~ Maps(7(EG),I') by Prop. 2.3.5
~ Map(x, T (3.136)
~TI. -

In equivariant generalization of Lem. 3.3.2, we have:

Lemma 3.3.14 (Universal equivariant principal groupoid is formally principal). The quotient coprojection (3.131)
exhibits the universal equivariant principal groupoid (3.124) as a formally principal bundle (Ntn. 2.1.25) internal
to G-equivariant topological groupoids (Def. 2.3.37),

(GCT) ¢ Maps(EG,EI') 2= G ¢ Maps(EG,BI') € Frm(G CI') PrnBdl (GAct(Grpd(kTopSpc))> , (3.137)
in that the shear map is an isomorphism:

(GCT) x (G ¢ Maps(EG, ED)) — ™ (G ¢ Maps(EG,ET))  x (G Maps(EG,ED)). (3.138)

G ¢ Maps(EG, BT

Proof. First, observe that the coprojection (3.123) is formally (G ¢ I')-principal:

(GCT)CEr -L GCBI € Frm(GCT) Pranl<GAct(Grpd(kTopSpc))) . (3.139)
This follows by Lem. 3.3.2 combined with Lem. 2.2.10, observing that the isomorphisms (3.107) are clearly
G-equivariant (Lem. 3.1.4).

Now, since the equivariant mapping groupoid functor G ¢ Maps(EG, —) is a right adjoint (2.147) it preserves
finite limits (Prop. 2.1.8) and hence induces (2.17) a functor of formally principal bundles, which by Lem. 3.3.13
is an endo-functor:

Frm(G ¢ T') PrBdl (Grpd(G Act(kTopSpc))) MEG ), Brm(G ¢T) PrBdl (Grpd(GAct(kTopspc))> . (3.140)

The image of (3.139) under this functor gives the required structure (3.137). ]
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After this series of lemmas, we may finally conclude, in equivariant generalization of Prop. 3.3.4:

Notation 3.3.15 (Murayama-Shimakawa construction).
For G € Grp(Set) — Grp(kTopSpc) and I' € Grp(G Act(kTopSpc)), we denote the topological realization (2.124)
with its induced G-action (Prop. 2.3.41) of the G-equivariant universal (G C I')-principal groupoid Maps(EG, EI')

(Def. 3.3.7) by
GCE(G(TI) := G |Map(EG, EI')| € GAct(kTopSpc) . (3.141)

Proposition 3.3.16 (Murayama-Shimakawa construction as equivariant principal bundle).
Let G € Grp(Set) — Grp(kTopSpc) and I € Grp(G Act(kTopSpc)).

(i) Then the Murayama-Shimakawa construction (3.141) is G-equivariantly contractible

GCE(GCT) z, GCx. (3.142)

(ii) Hence, in particular, it has contractible fixed loci

E(GCD)! ~ 3.143
H\z/G ( ( C )) htpy *s ( )
and inherits a (G CT)-action
(GCT) CE(GCT) € GAct(kTopSpc) . (3.144)
(iii) The corresponding quotient coprojection
E(GCT) —T\E(G(CT) =: B(G(I) (3.145)
is a G-equivariant I'-principal bundle (Def. 3.1.3)
E(GCT)
——f—
& Map(EG, ET) & |[Map(EG, EI)|
kq* ﬂ> lm_) € Frm(G CT') PrnBdl(G Act(kTopSpc)) .
& Map(EG, BI') & [Map(EG, BI)|
N——
B(GCT)

(3.146)

Proof. (i) The equivariant contraction is the image under Lem. 2.3.32 and Prop. 2.3.41 of the contraction as an
equivariant groupoid from Lem. 3.3.3.

(ii) The quotient coprojection is the image of the coprojection of equivariant groupoids from Lem. 3.3.11, using
that this is preserved first by the nerve operation (2.114), due to Lem. 2.3.40 with Lem. 3.3.9, and then by
topological realization (2.123), which preserves all colimits.

(iii) Formal principality follows from that that of Lem. 3.3.14 under the functor which is induced (2.17) from the
fact that topological realization preserves finite limits (Prop. 2.3.31) and using that it sends the constant groupoid
Cnst(I) to its underlying topological space I' (Ex. 2.3.30)

Frm(|—[) PrnBdI(|—|)

FrmI"PrnBdl(G Act (Grpd(kTopSpc))) FrmI"PrnBdl (G Act(kTopSpc)) . (3.147)

O]

3.3.3 Fixed Loci of Equivariant Classifying Spaces

For the purposes of equivariant homotopy theory, the key property of the above equivariant universal bundles are
(the homotopy types of) their fixed loci.
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Lemma 3.3.17 (Fixed loci of base of universal equivariant principal groupoid). For G € Grp(Set) — Grp(kTopSpc)
a discrete group and I' € Grp(G Act(kTopSpc)), we have for each subgroup H C G an equivalence (2.63) of
W (H )-equivariant (Ntn. 2.2.1) topological groupoids (Def. 2.3.37):

Map(EG, BI')# (3.148)

= Map(BH,B(I' x H))g,, (3.149)

~ (CrsHom(H, H CT)aq x I’ = CrsHom(H, H CT),q) € W(H)Act(Grpd(kTopSpc)) (3.150)
between

(a) the H-fixed sub-groupoid of the universal equivariant base groupoid (3.131), and
(b) the groupoid of sections of B(I' x H) (Def. 2.3.17), hence (by Prop. 2.3.18)
(¢) the conjugation groupoid of crossed homomorphisms (Ntn. 2.3.16).

This statement corresponds to that of [GMM17, Thm. 4.14, Cor. 4.15]. We mean to give a detailed proof. Its
ingredients are needed below in the proof of Prop. 3.3.19.

Proof. First, observe that a G-equivariant function (2.27) on G* x G* (2.21) is equivalently a general function on
G:

Maps (G* x G*, F)G =~ Maps(G,T) <—— Maps (G,I'xG)
((g1,82) = F(g1,82)) — (g = Fle,g) v+ (g = (Fle,s), g)) (3.151)
((81.82) = g1 f (87" - 82)) . (&= fl®) | (g = (f(8); g))

Using the isomorphism of EG with the pair groupoid on G (Ex. 2.3.8), this applies to the component functions of
functors and natural transformations to yield the claim for the special case H = G:

Maps((GLxGL:iGL),F“ZK*)G ~ Maps, . (G=#,TxgG =2 %) (3.152)
n(e) (ne), e)
€ e ————> 0 [} [ ] [}
| rea) Flea)| o s (Fles)|
g1 — o n(g) —— o — ° = ° (n(e)7e)4> o - (3153)
F(gugz)i F(gugz)i lg?{; (F(e.,g/)vgl)l (F'(e.g) g/)l
_
52 TP * T ee

To note here that it is the semidirect product group structure which makes the assignment on the right be functorial,
given the data on the left, e.g.:

(F(e,81),81)-(n(e),e) = (F(e,g1)-a(gi)(n(e)), &1) = (F(e,g1)-n(g1): 81)- (3.154)
In order to generalize this proof to arbitrary H C G, choose a section of the coset space projection
c __-T G
-7 ¥ suchthat o([e]) =e, (3.155)
G/H G/H,

which exists and is continuous by the assumption that G is discrete. This induces a decomposition of the underlying
set of G into H-orbits
G ~ |J Ho(g]) € Set (3.156)
lsleG/H

and thus implies that the pair groupoid (G- x G* = G*) is generated, under (i) composition, (ii) taking inverses
and (iii) acting with elements of H, by the following two classes of morphisms:
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{e—=h)|heH}, {(e—=0(g])|[gl € G/IH} <C GxG. (3.157)
Using this, consider the following expression for a pair of continuous functors:
((¢1,82) = F(g1,21)) u = (7= (F(e,h), )
Maps ((G x G = G), (' = %)) - Maps/(Hj*)((H:i*), (TC'xH = %)) (3.158)
(a0 ™?) — (h > (008,

where L is restriction along (H x H = H) — (G x G = G) followed by the isomorphism (3.152) for G = H, while
R is given on morphisms as follows:

O S e > o —— " >0

n(h):=a(h)(n(e)) 3 lh i“’“’”’” l”’/(’””” (3.159)
S T e O = e
l i l l (n(e).0)

ole) = ¢ @

One readily checks that this is well-defined and that Lo R = id. Therefore, it now suffices to give a continuous
natural transformation id = Ro L. This is obtained by choosing for any functor F in the groupoid on the left of

(3.158) a natural transformation g : F = RoL(F), given by the following component function:

— . ' °

(&
| F(e,h)l e l(RoL(F))(er) —F(eh)
h —> ° °
(3.160)
c — ° o
ne(e):=e
l F(eﬁ([’l]))l l(ROL(F))(Cﬁ([é’])):e
o([g]) > . .

n.(c([g)):=F(e.o([s)) -

It only remains to see that this is indeed natural in F', which amounts to checking that for any H-equivariant natural
transformation 3 from F to F’ the following two squares on the right commute (in BI):

np(h):e
[ ] [ ]
e lﬁ(h) l(RoL(ﬁ»(m:a(h)(B(e))
F—"  RoL(F) . = .
. T'F/ h)=e
lﬁ lR"L(B) ‘ (6 ([g]) =Fleo([s))"! (3.161)
F —" . RoL(F')
o(lg]) — lﬁ(c([g])) l(RaL(B))(a([gD):Me)
[ ]

M (o(g]) =F'(e.a([g])) !

But the top square commutes by the H-equivariance of § (2.27), the bottom one by the naturality of  (2.62). [

Proposition 3.3.18 (Connected components of fixed loci in equivariant classifying spaces).
(i) Let

(a) G € Grp(FinSet) — Grp(kTopSpc) be a finite group;

(b) T € Grp (G Act(kTopSpc));
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(¢) such that CrsHom(G, G CT)/ ~uq (2.90) is a discrete space (e.g. via Prop. 2.3.20).
Then for each subgroup H C G, the connected components of the H-fixed locus of the base space G ( B(G(T)
(3.145) of the universal G-equivariant I'-principal bundle; are the non-abelian group cohomology in degree 1
(2.90) of H with coefficients in the restricted action H CT':

n0<(B(GCr))H) ~ Hi (H,HCT) € Set. (3.162)

(ii) If, moreover,
(d) I is a Lie group and o : G — Autgy,(I) restricts to the identity on the center of G,
then the underlying topological space of the fixed locus itself is homotopy equivalent to

" I'/C.(¢) x ET
(B(GCT)) = H % € kTopSpc, (3.163)
Hérp(l;p,HCr)

hence (when the I' — I'/Cr (@) admits local sections...) to a disjoint union, indexed by classes [9] in the group
1-cohomology set, of ordinary classifying spaces of the stabilizer groups of the cocycles ¢:

B@Ger)" ~ ] B(C.(9)) € Ho(KTopSpeg,)- (3.164)
Hg,m&ﬁ ¢r)
Proof. First, observe that we have a homotopy equivalence of the fixed locus with the Borel construction (3.116)
of the space of crossed homomorphisms H — I (2.87) by the I'-action of crossed conjugations (2.88):

n _ CrsHom(G, G(I)
(B(GCT)) - T

€ kTopSpc. (3.165)

obtained as the following composite:

(B(G cT))” :(F\\Maps(EG,GCF)DH by (3.145)

~ |["\Maps(EG, ET)|" by Lem. 2.3.40 & Lem. 3.3.9,
~ [Maps(EG, BI)|" by Lem. 3.3.11
(3.166)
~ |(Maps(EG, BI))" | by Lem. 2.3.31
= |CrsHom(H, H CT') flaaT'| by Lem. 3.3.17
tpy
~ CroHom(H.H Cr)xer by Ex. 3.3.5.
With this, the first claim is proven by the following sequence of bijections:
o ((B(GCF))H) ~ T (CrsHom(H,FHCF) ><EF> by (3.165)
~ (CrsHom(lfl,HCF)) by 3.117)
(3.167)
~ CrsHom(lfl, H(CT) by (iii)
~ Hérp (H,H(CT) by (2.90),
and the second by the following homeomorphisms:
(B(GCF))H ~ CrsHom(H,FHCF)xEF by (3.165)
r/c ET 3.168
~ I % by Prop. 2.3.20 . (3.168)

[¢]e
HE, (H, HCT) O
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Proposition 3.3.19 (Weyl group action on connected components of fixed loci in equivariant classifying space).
Under the equivalence of Prop. 3.3.18 the residual W (H)-action on (B(G CF))H (Ex. 2.2.13) is, on the set of
connected components, the Weyl group action on non-abelian first group cohomology from Prop. 2.3.21:

W(H)Cﬂ:o((B(GCF))H> ~ W(H) CHs (H,HCT) € W(H)Act(Set). (3.169)

Proof. We may transport the action along the explicit equivalence established inside the proof of Lem. 3.3.17: For
neN(H)and ¢ € CrsHom(H, H CT) we need to check that
[L(n- (R))] = [¢s] € Hep(H, H(T), (3.170)
where L and R are from (3.158), ¢, is from (2.106), and n- (—) is the conjugation action by n € G on Maps(EG, BI').
Notice in the case n € H C N(H) that the n-action on the H-fixed locus is trivial by definition, while that on
HClh'p is trivial by (2.107) in Prop. 2.3.21, so that there is nothing further to be proven.
Therefore, we may assume now that n is not in H. Since L does not depend on the choice of section o in
(3.155), the bijection of connected components induced by L and R is independent of this choice, so that for any n
we may choose any such section convenient for the analysis. We now choose a ¢ (3.155) that takes n~! to be the

representative of its coset class:
P o(jn"]) = n", (3.171)

With this choice, the definition of R (3.159) says that R¢ sends morphisms (in EG) between n~! and the neutral

element to the neutral element:
(R§)(e,n ') =e, (RP)(n'e) =e. (3.172)

Now for any & € H, we compute as follows:

L(n-(R9)) (h) (n-(R9)) (e, h) by (3.158)

= a(n) (RY)(n~',n""-h)) by (2.26)
= o(n)((R9)(e,n""-h)) by (3.172)
=o' h-n-n)((RY)(n~"-h~'-n,n"")) by H-equivariance of R¢ (3.173)
= o " hon-n)((RY)(n'-hne)) by (3.172)
= a(n)((R9)(e,n""-h-n)) by H-equivariance of R
= a(n)(¢p(n'-h-n)) by (3.159)
= ¢u(h) by (2.106).
This manifestly implies the desired (3.170). O

Remark 3.3.20 (Fixed loci of equivariant classifying spaces for Lie groups). Applied to the special case when
both G and I' are compact Lie groups, Prop. 3.3.18 with Prop. 3.3.19 reproduces most of the content of [LM86,
Thm. 10, Thm. 11]. The statement of Prop. 3.3.18 is essentially that of [GMM17, Thm. 4.23] (though it seems
some topological conditions are missing there).

Remark 3.3.21 (Pseudo-principal nature of fixed loci in universal equivariant principal bundle). Since the total
space of the equivariant universal bundle has contractible fixed loci (3.143), while Prop. 3.3.18 says that its base
space has, in general, fixed loci with several connected components, it follows that all except one of these base
components carry empty fibers:

(EGen)" ~ ET) U @
‘ ' ! (3.174)
(BGer)” = BT U 1 BG() |
He,,(H, H CT)

While a bundle with empty fibers cannot be principal, these fixed loci of the universal equivariant principal bundle
are still W (H)-equivariant formally principal TH -principal bundles (Rem. 3.1.8), by Cor. 3.1.9.
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3.3.4 Homotopy Types of Ordinary Classifying Spaces

We begin by establishing some homotopy theoretic properties of ordinary (not equivariant) classifying spaces
(3.112).

Remark 3.3.22 (Local triviality). Prop. 3.3.4 does not establish local trivializability of the Milgram I'-princial
bundle (compare Rem. 3.1.1), and this cannot be expected to hold for general I'. Prop. 3.3.24 below is classical
only in the case when ET" — BI" has been shown to be locally trivial (using that then it is guaranteed to be a Serre
fibration, by Lem. 2.4.2). While Prop. 3.3.4 follows, by Rem. 2.4.26 and also by general facts of co-topos theory
discussed in [NSS12a], the following is a more topological derivation (though it does crucially invoke Prop. 2.4.27)
which is useful in the present context.

Lemma 3.3.23 (Homotopy fibration property of Borel construction). Let I" € Grp(kTopSpc) be well-pointed (Ntn.
2.4.17) then for any X )T € T°P Act(kTopSpc) the Borel construction (Ex. 3.3.5) sits in a homotopy fiber sequence
(Ntn. 2.4.3) of the form

X 20 x « ET)/T
s (3.175)
BT

Proof. By Ex. 3.3.5, the sequence (3.175) is the image under topological realization (Ntn. 2.3.28) of the sequence
of simplicial topological spaces which, in turn, is the image under taking nerves (2.114) of the evident sequence of
topological action groupoids:

N(X:;X) G (XxT® = X) > (FOP:;*> = K < XXX o> T, (3.176)

Therefore, the claim follows by Prop. 2.4.27 as soon as we verify the following conditions:

(i) All simplicial spaces in (3.176) are good (Def. 2.4.16).

(ii) For each n € N we have that X — X x I'*» — I',‘ is a homotopy fiber sequence (Ntn. 2.4.3).

(iii) The morphism on the right of (3.176) satisfies the homotopy Kan fibration property (2.112).
Condition (i) follows by Prop. 2.4.21. Condition (ii) is immediate from the fact that the projections X x I"*» — I"*»
are Serre fibrations (by Lem. 2.4.2) with ordinary fiber X. Condition (iii) follows by Ex. 2.3.27. O

Proposition 3.3.24 (Milgram bundle is homotopy fiber sequence). If I' € Grp(kTopSpc)weip: is a well-pointed
topological group (Def. 2.4.17), then the sequence (3.112)

- ET
€ hofib(g)

q

BI’ (3.177)
is a homotopy fiber sequence (Ntn. 2.4.3).
Proof. This is Lem. 3.3.23 for the case when X =T [

Lemma 3.3.25 (Borel construction for free locally trivial actions). IfI" € Grp(kTopSpc) and T" (X € G Act(kTopSpc)
are such that

(i) both underlying spaces are connected, Ty = *,

(ii) The coprojection X 4, X /G is a locally trivial G-fiber bundle.

Then the Borel construction (3.116) is weakly homotopy equivalent to the plain quotient space:

(X % EF)/F € WHmtpEq

X/T" € kTopSpcg,- (3.178)
Proof. Observe that any local trivialization of X 2 X /G lifts to a local trivialization of X x EG — (X x EG)/G
through the morphism that projects out the £EG-factor. This makes the resulting commuting diagram a morphism
of Serre fiber sequences and hence of homotopy fiber sequences (Ntn. 2.4.3). The statement now follows from
the five-lemma (in its generality for possibly non-abelian groups) applied to the resulting morphism of long exact
sequences of homotopy groups. O
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Lemma 3.3.26 (Classifying spaces of realizations of homotopy fibers of simplicial topological groups). If

ie - De
WA hofb(p.) 9, —hKaFn % € Grp(AkTopSpc)welipt (3.179)

is a sequence of morphisms simplicial topological groups such that, as indicated:

(i) all three simplicial groups are well-pointed (Ntn. 2.4.17);

(ii) the underlying sequence of simplicial spaces is a homotopy fiber sequence (Ntn. 2.4.3);

(iii) the underlying morphism p, is a homotopy Kan fibration (Def. 2.3.23);

and in addition

(iv) under topological realization (2.123), | pe| is surjective on connected components;

then the image of (3.179) under passage to classifying spaces B(—) (3.112) of topologically realized groups | — |
(2.123) is still a homotopy fiber sequence (2.164), now of topological classifying spaces:

B|%.|

Blia|
~hofib(B|p.|)

B|.A)| Blp.|

B|9,| € kTopSpc. (3.180)

Proof. First, with assumption (i), Lem. 2.4.23 implies that the underlying simplicial topological spaces in (3.179)
are good (Def. 2.4.16). Together with assumptions (ii) and (iii), this implies, by Prop. 2.4.27, that the topological
realization of (3.180) is a homotopy fiber sequence (Ntn. 2.4.3):

|l°| 22 .
7| ~ hofib(|p|) %] e |%.| € Grp(kTopSpc)welpt , (3.181)

all of whose entries are well-pointed simplicial topological groups, by Prop. 2.4.25 with assumption (i).

Next, by condition (iv) with Ex. 2.3.26, this implies that the image of (3.181) under forming nerves (2.114) of
delooping groupoids (Ex. 2.3.7) is the homotopy fiber sequence of a homotopy Kan fibration (Def. 2.3.23):
N(Jia|=1)

i N4l = D)

€ hofib(| p.|

N(|p.|)

N(|%‘ = 1) € hKanFib

N(|%| =1) € AKTopSpCgppd (3.182)

all of whose entries are good simplicial spaces (Def. 2.4.16), by Prop. 2.4.21.
Therefore Prop. 2.4.27 applies also to (3.182) and thus yields the claim (3.180). O

Proposition 3.3.27 (2-Cocycle from topological central extension). LetA s> T % The a central extension
(2.138) of topological groups such that

@) IF>Tisa locally trivial A-fiber bundle;

(ii) all groups are well-pointed (Ntn. 2.4.17);

(iii) A and T are connected topological groups.

Then there is a homotopy fiber sequence (Ntn. 2.4.3) of classifying spaces (3.112) and higher classifying spaces
(Eq. 3.3.6) of this form: Bt

c 2
~hofib(c) BT B°A < HO(kTopSpCQu) : (3183)

Proof. Consider the following image under topological realization (2.124) of the diagram (2.140) of topological
2-groups from Ex. 2.3.36:

~ o~ |(id.e) =id]| = = lpry =1

|F:§F‘ ~hofib(|pr,=1]) ‘FXAjF‘ ‘A:;*|
H popr jpllew € Grp(kTopSpc), (3.184)
r r BA

where in the bottom row we have used (2.126) and (3.112). Observe that, as indicated:

(i) the top sequence is a homotopy fiber sequence (Ntn. 2.4.3), by Lem. 3.3.23;

(ii) the middle morphism is a weak homotopy equivalence, by Lem. 3.3.25.
It follows by Lem. 3.3.26 that the same two properties are enjoyed by the further image of this diagram under
passage to classifying spaces:
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~ =~ B|(id,e) =id] =~ =~ Blpr,=1|
BIF =T — e B’F xA:;F‘ B|A = «|
P lgw € Ho(KTopSpeg,),  (3.185)
BD ] R — - B2A

where the dashed morphism is the unique morphism making the right square commute in the homotopy category.
Now the commutativity of the left square implies the claim. O

Example 3.3.28 (Homotopy fiber sequence of the circle group). Regarding the real line with its additive group
structure and its Euclidean topology as a topological group

R € Grp(kTopSpc), (3.186)

consider the defining sequence of the circle group U

7 — R — Uj. (3.187)
Under passage to higher classifying spaces (Ex. 3.3.6) and using that topological realization preserves finite limits
(Lem. 2.3.31) and hence fibers, this induces for each n € N a fiber sequence of topological groups

B"Z —— B"R —— B"U;. (3.188)

Prop. 3.3.27 says that there is a continuous map B"U; — B"*!Z which extends this to a homotopy fiber sequence

of the form
hofib(c)

B'Z B"R B"U; —— B""'Z € Ho(kTopSpcy,)- (3.189)

where on the left we are using (1.21) in order to identify the homotopy fiber of the homotopy fiber of ¢. But

R = implies B"R = B"1 ~ x for all n € N, from which the long exact sequence of homotopy groups induced
tpy tpy
by (3.188) implies that the map ¢ is a weak homotopy equivalence, as indicated.

Example 3.3.29 (Homotopy fiber sequence of the projective unitary group). From the defining fiber sequence
(2.193) of projective unitary group from Ex. 2.4.19, Prop. 3.3.27 implies a homotopy fiber sequence of classifying
spaces of the form

BU, —— BPU, —— B?U; —— B’Z € Ho(kTopSpc,) . (3.190)
where on the right we have appended the equivalence (3.189). But since Uy, hf: x (2.191) also BU, ~, whence
tpy

htpy
the corresponding long exact sequence of homotopy groups implies that ¢ is an equivalence, as indicated.

In summary, the combined 2-cocycle maps from Prop. 3.3.27 witness that the classifying space of the infinite
complex projective group is an Eilenberg-MacLane space concentrated in degree 3:

BPU, ~ B’Z = K(Z,3) € Ho(kTopSpcg,)- (3.191)

We discuss a stacky refinement of this situation below in Ex. 4.3.33.
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Chapter 4

Equivariant c-Topos Theory

We recall and develop some background in modal and specifically in cohesive and globally equivariant co-topos the-
ory that are needed below in chapter 5. Some of the following material is recalled from [Lur09][Sc13][SS26-Orb]
[FSS23], but several statements are new or at least not readily quotable from the literature. Nevertheless, the expert
reader may want to skip this chapter and just refer back to it as needed.

— §4.1: Abstract homotopy theory (presentable co-categories).
— §4.2: Geometric homotopy theory (general co-toposes).
— §4.3: Cohesive homotopy theory (cohesive co-toposes).

4.1 Abstract Homotopy Theory

We record and develop some facts of the abstract homotopy theory of presentable co-categories in the guise of com-
binatorial simplicial model category theory. Then we highlight some aspects of the homotopy theory of simplicial
transformation groups.

— §4.1.1: The Homotopy 2-Category of Presentable co-Categories,
— §4.1.2: Homotopy Theory of Simplicial Transformation Groups.

4.1.1 The Homotopy 2-Category of Presentable c-Categories

Besides the original [Qu67], standard textbook accounts of model category theory include [Ho99][Hi02][Lur09,
A.2]. For review streamlined towards our context and applications see [FSS23, §A].

We briefly put this in perspective:

The idea of Abstract Homotopy Theory

An abstract homotopy theory is meant to be a kind of category which adheres to what we may call the higher gauge
principle, where instead of asking if a given pair of parallel morphisms are equal one must ask whether there is a
gauge transformation between them — here called a homotopy — and then for any two such homotopies one is to
ask for higher gauge transformations, namely higher homotopies between these; and so forth. See diagrams (1.12)
and (1.16) in §1.2.

Model Categories

This informal idea had famously been formalized by the notion of model categories [Qu67], among which the
“combinatorial” ones have come to be understood (see Rem. 4.1.6 below) as presenting exactly the “presentable”
homotopy theories [Lur09], essentially meaning: those that have any relevance in practice. Since model categories
present homotopy theories in terms of ordinary categories equipped with an ingenious construction principle for

94
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higher homotopies, they have proven to serve as useful toolboxes for operationally handling abstract homotopy in
practice. In fact, those combinatorial model categories which are also locally cartesian closed (in an evident model
category-theoretic sense) are so very well-adapted to this task that their presentation of homotopy theories can be
entirely mechanized via a kind of programming language now known as homotopy type theory (([UFP13][Sh19]).

Homotopy Theory of Homotopy Theories

But in the all-encompassing spirit of the gauge principle, there ought to be a homotopy theory of homotopy theories,
necessary for making gauge-invariant sense of crucial notions such as that reflecting upon sub-homotopy theories
of objects with special qualitative properties. By analogy (in fact: by de-categorification), ordinary categories form
a (“very large”) 2-category Cat which provides the formal context ([Gry74]) for making invariant sense of notions
such as that of reflective subcategories.

Accordingly, it eventually came to light that homotopy theories may be understood as homotopy-theoretic cat-
egories, now technically known as (o, 1)-categories (or co-categories, for short, see [Lur09][Ci19][Rie19][Lan21]
for introduction), whose homotopy theory of homotopy theories is a (“very large”) homotopical 2-category Cat.,
hence an “(e0,2)-category”. While it transpired that the resulting (oo, 1)-category theory formally behaves much
along the lines familiar from ordinary category theory, thus providing the expert with a powerful way of effec-
tively reasoning inside it, the sheer volume of technical detail needed to rigorously set up the (eo,2)-category of
(o0, 1)-categories, in any of its multitude of interdependent models, can be prohibitive.

The Homotopy 2-Category of Homotopy Theories

However, as highlighted in [RV15], this is often more than is necessary in practice, as much of the relevant formal
theory of homotopy theories is reflected already within just the homotopy 2-category Ho,(Cat..) that is obtained
from the (e0,2)-category by identifying gauge equivalent 2-morphisms [RV20][RV21]. In particular, adjunctions
(1.19) between homotopy theories, such as the above-mentioned reflections onto sub-theories, may be fully under-
stood already in Ho, (Cat.) [RV15, §4.4.5].

The Homotopy 2-Category of Combinatorial Model Categories

We observe here that this opens the door to short-cutting the rigorous construction of co-category theory in a
dramatic way, if the homotopy 2-category of homotopy theories has a usefully direct construction from model
category theory. This is indeed the case, at least for the practically relevant presentable homotopy theories (Prop.
4.1.6 below). The homotopy 2-category of presentable homotopy theories turns out to be simply the 2-localization
of the 2-category of combinatorial model categories at the Quillen equivalences, i.e. the 2-category obtained from
that of combinatorial model categories by universally forcing its Quillen equivalences to become actual homotopy
equivalences. This is a technical theorem (proven by [Pav21], inspired by [Ren06]) if one starts with existing
definitions of (oo, 1)-categories. But we may thus take it to be the very definition of what might be called the
formal category theory of homotopy theories:

homotopy 2-category of 2-localization 2-category of
presentable homotopy theories combinatorial model categories

Ho, (PresCat..) := Locy"(CombMdICat). 4.1)

This definition turns out to give a powerful but convenient handle on abstract homotopy theory.

Notation 4.1.1 (Category of simplicial sets). We write A € Cat for the simplex category, and ASet := PSh(A, Set)
for the category of simplicial sets (see e.g. [Fr12][GJ09, §1]). For n € N we write [n] € A and then A[n] :=
y([n]) € ASet for the objects of the simplex category, regarded as the standard simplicial simplices.

Remark 4.1.2 (Cartesian closed structure on simplicial sets). ASet being a category of presheaves means that the
product of simplicial sets exists and is given for X, Y € ASet by

(X XY), = X, xY,. 4.2)
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Notation 4.1.3 (Simplicial categories).
(i) All categories in the following are simplicial categories ([Hi02, §9.1.1]), i.e., enriched ([Ke82][B094I, §6]) in
the category of simplicial sets (Ntn. 4.1.1) with respect to its cartesian monoidal structure (Rem. 4.1.2).
We write ACat for the large category of simplicial categories.
(ii) This means, in particular, that for any pair of objects of some ¢ € ACat, we have their simplicial hom-complex,
to be denoted
X,Ae ¥ F €X,A) € ASet. 4.3)

(iii) For € € ACat, its homotopy category Ho(€) is the 1-category with the same objects and with hom-sets being
the connected components of the hom-complexes (4.3):

Ho(%)(X,A) = my (€ (X,A)). 4.4)

Notation 4.1.4 (2-Category of simplicial combinatorial model categories).
(i) We write CombMdICat, for the very large strict 2-category whose
(a) objects are combinatorial model categories ([DuOla, Def. 2.1][Lur09, §A.2.6] review in [Ral4]) that are
also simplicial model categories ([Qu67, §I1.2][Hi02, §9.1.5][Lur09, Ex. A.3.1.4]);
(b) morphisms are left Quillen functors, to be denoted
L
Cg J—Qu .@ , (45)
IR
(iii) 2-morphisms are natural transformations between these left adjoints

¢ | "9 (4.6)

Definition 4.1.5 (Homotopy 2-category of presentable homotopy theories). We write
LOCXEqs QuE
CombMdICaty, ————— Loc," (CombMdICaty) 4.7
for the 2-localization [Pr96, §2][Ren06, §1.2] of the 2-category CombMdICaty (Ntn. 4.1.4) at the class of left
Quillen equivalences.

This localization exists by [Ren06, §2.3].!

Proposition 4.1.6 (Recovering the homotopy 2-category of presentable co-categories [Pav21]). The 2-localization
of the 2-category of simplicial combinatorial model categories in Def. 4.1.5 is equivalent to the homotopy 2-
category of the (,2)-category PresCat.. of presentable -categories with left adjoint co-functors, according to
[Lur09, §5]:

Loc$"™(CombMdICaty) =~ Ho,(PresCat..) . (4.8)

Remark 4.1.7. Prop. 4.1.6 is the culmination of several well-known results:

(i) That presentable co-categories in the sense of [Lur(09, §5.5], are, up to equivalence, the simplicial localizations
of combinatorial model categories is [Lur09, Prop. A.3.7.6][Cil9, Thm. 7.11.16, Rem. 7.11.17].

(ii) That the images under simplicial localization of left Quillen functors between combinatorial model categories
are left adjoint eo-functors between these oo-categories in the sense of [Lur09, §5.2], is [MG15]. More specifically,
left Quillen functors between left proper combinatorial model categories functorially lift (by [BR14, Prop. A.3])
to simplicial Quillen adjunctions between Quillen-equivalent simplicial model categories, and these in turn lift
functorially (by [Lur09, Prop. 5.2.4.6]) to adjunctions between the corresponding quasi-categories.

(iii) That every equivalence of presentable co-categories arises from a composite of (such simplicial localizations
of) simplicial Quillen adjunctions between simplicial combinatorial model categories is claimed in [Lur09, Rem.
A3.7.7].

IConsidered in [Ren06] is the 2-localization of the category of all combinatorial model categories, but by [DuOla, Thm 1.1] every

combinatorial model category is Quillen equivalent to a (left proper) simplicial combinatorial model category, so that the above localization
(4.7) exists equivalently.
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co-Groupoids

In higher analogy to how Set is the archetypical category, the archetypical co-category is that of co-groupoids (e.g.
[Lur09, §1.1.2]):

Notation 4.1.8 (Kan-Quillen model category of simplicial sets). The classical Kan-Quillen model category of
simplicial sets ([Qu67, §I1.3][GJ09]), regarded as a simplicial combinatorial model category (Ntn. 4.1.4), we

denote
ASetg, € CombMdICat, . 4.9)

Remark 4.1.9 (Simplicial tensoring Quillen adjunction). For every ¢ € CombMdICats (Ntn. 4.1.4) and X € €*°,

we have a morphism ASetq, X & in CombMdICat,, namely the left Quillen functor given by the tensoring (co-
powering) of the simplicial model category € over simplicial sets (Ntn. 4.1.8):

(=)-X
Cg J-Qu ASetQu . (4. 10)
R ——
(g(Xvi)

Notation 4.1.10 (co-Groupoids). We denote the homotopy theory (Def. 4.1.5) presented by the classical Kan-
Quillen model category of simplicial sets (Ntn. 4.1.8) by
Grpd,, := Locy *(ASetq,) € Hoy(PresCat..). (4.11)

Definition 4.1.11 (Hom co-groupoid). For C ~ Loc} *(%’) € Ho(PresCat..) (Def. 4.1.6) and for X,A € €
two bifibrant objects, we write

LOCAW
C(X,A) == €(X,A) € ASetg, — Grpd.,, (4.12)
for the image of their simplicial hom-complex, regarded as an co-groupoid via Ntn. 4.1.10.

In fact, it suffices that the domain be cofibrant and the codomain fibrant to obtain the homotopy type of the
hom-eo-groupoid, as shown by the following standard observation:

Lemma 4.1.12 (Hom co-groupoid from cofibrant domains into fibrant codomains). For ¢ € MdICaty, let X € €
be a cofibrant object and A € gy be a fibrant object, and consider any fibrant replacement X — X, PXand

€CofnNW
cofibrant replacementQA e}?fﬁ?v A Then the canonical comparison map
€
C(x.A) — 2" @(PX, QA) = C(PX, QA) € Grpd., 4.13)

is an equivalence to the hom-oo-groupoid from Def. 4.1.11

Proof. Since py is an acyclic cofibration and g4 is an acylic fibration, the axioms of simplicially enriched model
categories (e.g. [Lur09, Rem. A.3.6.1 (2’)]) imply that both morphisms in the following factorization are equiva-
lences: % (idx.qa) % (qxida)

©(px;qa) + €(X,4) EWNFib EWNFib

Hence the composite is an equivalence. O

%€ (PX,0A) € (PX,0A) . (4.14)

Proposition 4.1.13 (co-Groupoids form a cartesian closed oo-category). For S € Grpd,, (Ntn. 4.1.10), there is a
pair of adjoint co-functors (1.19) of the form

Sx(=)
Grpd, < 1 Grpd,, . (4.15)

Grpd...(S,—)

Notation 4.1.14 (Objects and equivalences in co-categories). For C = Loc} (¢’) (Def. 4.1.5), we say that objects
X € € are presentations for their images, up to isomorphism, in the homotopy category of the model category €

X €% —2 5 Ho(%) (4.16)
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Example 4.1.15 (Points of co-Groupoids). All S € Grpd,, (Ntn. 4.1.10) are equivalent to the hom-oo-groupoid (Def.
4.1.11) into themselves out of the point:

S ~ Grpd,(*,S) € Grpd,. 4.17)
Example 4.1.16 (Monomorphisms of co-groupoids). A morphism of co-groupoids is a monomorphism (1.15) pre-
cisely if it is fully faithful (1.17), hence if it is, up to equivalence, the inclusion of a disjoint summand of connected

components:

S—S & S ~85uUS\S € Grpd,,. (4.18)

Moreover, by the homotopy-pullback definition (1.15) of monomorphisms, a morphism f in any co-category C

is a monomorphism iff the induced map on hom-eo-groupoids out of any object is a monomorphism of co-groupoids

(4.18):
C(X,i)

AL BeC & Y C(X,A) —5 C(X,B) € Grp... 4.19)
S
Notation 4.1.17 (1-Groupoids). Let € be a category with finite products. For G € Grp(%’), we denote
* its delooping groupoid by:
(G=x%) € Grpd(%) ; (4.20)
* its action groupoid of right multiplication action on itself by:
pr
(GxG=G) = (GXG = G) € Gpd(¥). 4.21)
)
More generally, for G (X € GAct(%) a left action
G % X left action X ’ X « G induced right action X (422)
(g,%) — g-x x,8 — x-gi=g'x
we denote
* its right action groupoid by
pr
(XxG=X) = (X xG = ) € Grpd(?) 4.23)
)
whose nerve hence has 2-cells of the following form:
X-81
® I xeX,
A
x X-81-80
(x,81°80)
For ¢ = Set, we denote the images of these groupoids in Grpd,, (4.11) as follows:
Grpd(Set) N Grpd,,
(XxG=G) — X/G (4.25)
(G=%) — %G =: BG .

Limits and Colimits
We record some facts about homotopy (co-)limits (cf. [DHKSO04]) that we will need.

Example 4.1.18 (Homotopy pullback preserves projections out of Cartesian products). We have the following
diagram: i f
XxA — XxXB

pry l (hbp) lpr2

A——— 8B

(4.26)
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Proof. Since homotopy limits commute over each other, this homotopy Cartesian diagram is the objectwise product
of the following two homotopy Cartesian diagrams:

f
_

l (hbp) l idl (hbp) lid 4.27)
 ———> %, A —f> B 0

Example 4.1.19 (Colimits over simplicial diagrams of O-truncated objects are coequalizers (e.g., [Riel4, Ex.
8.3.8])). The colimit of a simplicial diagram of O-truncated objects

X, : A% — Heg (4.28)

is the coequalizer of the first two face maps, hence the quotient of the set Xy by the equivalence relation generated
by Xi: J
limX, ~ coeqk| 0 X) =: Xo/X,. (4.29)
H

d]%

Free Homotopy Sets

We will need to rephrase some statements about homotopy groups, hence about homotopy classes of pointed maps
of n-spheres, in terms of free homotopy sets, namely homotopy classes of unconstrained (unpointed) maps out of
n-spheres.

Lemma 4.1.20 (Detecting weak homotopy equivalences via free homotopy sets [MMSu84, Thm. 2]).

A map X i> Y € (Grpd,,)>1 of connected o-groupoids is an equivalence, namely a weak homotopy equivalence
Vo m(X) —L m(Y), (4.30)

if and only if it induces

(a) isomorphisms on all free homotopy sets and

(b) a surjection on homotopy classes of maps out of the wedge of circles indexed by (the underlying set of) m (Y ):

¥ %Map($",X) —-» Map(s",¥) and 7 Map( v, 5%) L 2y Map( v SLY). @3
m Y m (Y

n€N+

Lemma 4.1.21 (Truncation and n-fold free loop spaces). For X € Grpd.,, and n € N, the following are equivalent:

(i) Foralld > nandall x € X, we have my(X,x) = *, that is, X is n-truncated, 7,(X) ~ X.

(ptg)”
€ WHmtpEq
(ia)

) d
€ WHmtpEq Map(S ’ X) ’

(ii) For all d > n the point evaluation map is a weak equivalence: Map(S4*!, X)

(iii) For all d > n the equatorial evaluation map is a weak equivalence: Map(S¢*+!, X)

This is an elementary argument using standard ingredients, but since the statement is rarely made explicit in this
form we spell out the proof:

Proof. First, to amplify the standard fact that the homotopy groups of a based loop space at each loop ¢ € QX
(not necessarily the constant loop) are the shifted homotopy groups of the underlying space at the given basepoint
x € X, since the standard fiber sequence with the contractible based path space P.X yields a long exact sequence
of homotopy groups of this form:

k 2 Mo (PX,0) —> Tay1(X,Xx) —> Te(QX, ) —> W (PX, ) ~ x. (4.32)

By induction, this implies that for all iterated loops ¢ € QX we have
T (QUX,0) ~ Tara(X,x). (4.33)
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Similarly, for any choice of 6 € Map($9, X) with basepoint x = pt;(o) € X, the d-fold loop space is the homo-
topy fiber of the evaluation map (pt,)* Map(* P, S¢, X) out of the mapping space from $¢ into X:

fibx((pty)*)
_—

Qix Map(s?, x) </ x | 4.34)

With (4.33), this induces a long exact sequence of homotopy groups of the following form:
> T (X,x) — Tara(X,x) — m(Map(S%,A), 6) P m (X x) — Terg 1 (X,x) — oo (435)
The implication (i) = (ii) follows immediately from the exactness of (4.35).

Next, since the equatorial embeddings §d 1y gd+1 clearly respects the basepoint inclusion, we have for each
x € X a commuting diagram of this form:

fib:((pty)")

Qd+lx Map(s+!, x) ", x
l (id)*l (4.36)
QgX ﬁbx((ptd)*) Map(Sd7 X) (ptzi)* X

This gives the implication (ii) = (iii) by the 2-out-of-3 property for weak equivalences.
Moreover, for each ¢ € Map(S?*!, X) the morphism of long exact sequences of homotopy groups induced
from (4.36) is of this form:

Tot1 (Map($9t1, X), 0) —— Tai1(X, %) ——> Tara1(X,x) —— m(Map($9t!, X), 0) —— ma(X,x)

. H lo . H

e (Map(89,X), 0) ——— Tay1(X,x) —— Toyq(X,x) —— m(Map(§,X),0) —— m(X,x).

Here the middle vertical morphism is the function constant on 0, as shown, since an equatorial extension of aﬁ)ase
map from ¢ to S7*! is in particular an extension to D?*! and hence a contracting homotopy.

So when (iy)* is a weak homotopy equivalence, then the (non-abelian) five lemma for the above diagram
implies that this O-map is an isomorphism, which means that 7, ,(X,x) = O for all x. This is the implication
(iii) = (i) and hence concludes the proof. ]

4.1.2 Homotopy theory of simplicial transformation groups

Simplicial Groups

In analogy to how plain simplicial sets model bare co-groupoids, so simplicial groups (e.g. [May67, §1V.17][Cu71,
§3]) model bare oo-groups:

Notation 4.1.22 (Homotopy theory of simplicial groups ([Qu67, §II 3.7][GJ09, §V])). We write

Grp(ASet) oy € MdICat (4.38)

for the model category of simplicial groups ([May67, §17][Cu71, §3]), whose weak equivalences and fibrations
are those of the underlying ASetq,.

Lemma 4.1.23 (Simplicial groups are Kan complexes ([Moo54, Thm. 3][May67, Thm. 17.1][Cu71, Lem. 3.1])).
The underlying simplicial set of any simplicial group (4.38) is a Kan complex.

The following model category theoretic version (Prop. 4.1.26) of the general looping/delooping equivalence
(1.29) relates simplicial groups to reduced simplicial sets:
Notation 4.1.24 (Homotopy theory of reduced simplicial sets ([GJ09, §V Prop. 6.12])). We write
ASetZl’inj € MdICat (4.39)

for the model category of reduced simplicial sets (those S € ASet with a single vertex, Sop = * ) whose weak
equivalences and cofibrations are those of the underlying ASetq, (Ntn. 4.1.8).
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Lemma 4.1.25 (Fibrant reduced simplicial sets are Kan complexes [GJ09, §V, Lem. 6.6]). While the forgetful

r
f uncto undrlng

(ASetZl )inj _— ASetQu (4.40)

does not preserve all fibrations, it does preserve fibrant objects.

Proposition 4.1.26 (Quillen equivalence between simplicial groups and reduced simplicial sets [GJ09, §V, Prop.
6.3]). The simplicial classifying space construction (Def. 4.1.27) is the right adjoint of a Quillen equivalence
between the projective model structure on simplicial groups (Ntn. 4.1.22) and the injective model structure on
reduced simplicial sets (Nota 4.1.24):
Gl‘p(ASet)prOj ~Qu (ASetZl)inj . “4.41)
w(-)

Universal Principal Simplicial Complex

With co-groups presented by simplicial groups ¢, ¢-principal co-bundles are presented by the construction tradi-
tionally denoted “W¥%”’:

Definition 4.1.27 (Universal principal simplicial complex [Kan58, Def. 10.3][May67, p. 87-788][GJ09, p. 269]).
Let ¢ € Grp(ASet).
(i) Its standard universal principal complex is the simplicial set

W% < ASet (4.42)
whose
* component sets are
WE), =4, X% 1 X XY, (4.43)
 face maps are given by
(d(yl’l)7 d'—l (’Yn—l)a Tty dO(’}/n—‘) . ’yn—'—la ’}/I’l—'—27 Tty ’}/0) fOf 0 <i<n
d; (an Vo151, YO) = l l l l l . (4.44)
(dnmln)vdn—l(?/n—l)a"‘7d1(}/])) for 1=n,
* degeneracy maps are given by
Si (%lv yn—la Tty ’)/0) = (Si(yn)7 Si—1 (%1—1)7 Tty SO(’}/n—i)v e, %l—i—l? Tty YO) ) (445)
* and equipped with the left ¢-action (Ex. 4.1.34) given by
Y xWY w¢ (4.46)
(hn; (Yn»%z—l-,"'-,y())) — (hn'Yn7Yn—]1"'7Y0)-
(ii) Its standard simplicial delooping or simplicial classifying complex W% is the quotient by that action (4.46):
Wy Wy = (WY )9 . (4.47)

Example 4.1.28 (Low-dimensional cells of universal simplicial principal complex). Unwinding the definition
(4.44) of the face maps of W¥ (Def. 4.1.27) shows that its 1-simplices are of the form

_ (81.80) ) 80 €%
W) = fule) — " dofer) 20| £ C ) (448)

and its 2-simplices are of this form:

doda(g2) -di(g1) = dido(g2) -di(g1)

// 8o € g(%
(Wg)z = (82.81.,80) g1 €9, . (4.49)
2 €D

/ dodo(g2)-do(g1)-go
=dd\(g2) (d1(g2),do(g1)-20) =dod(82)-do(g1)-80
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Example 4.1.29 (Universal principal simplicial complex for ordinary group G). If
G € Grp — Grp(ASet) (4.50)

is an ordinary discrete group, regarded as a simplicial group (hence the functor constant on G on the opposite
simplex category), then the standard model of its universal principal complex (Def. 4.1.27) is isomorphic to the
nerve of the action groupoid (4.21) of the right multiplication action of G on itself:

WG = N(Gx G = G). (4.51)
8281
QS .
(WG)y = & (oagg0) N 80,81,82 € G ;. (4.52)

A

(£2,8180)

82 828180

Accordingly, the standard simplicial delooping (4.47) of an ordinary group is isomorphic to the nerve of its de-
looping groupoid (4.20):
WG ~ N(G= ). (4.53)

Proposition 4.1.30 (Basic properties of standard simplicial principal complex [GJ09, §V, Lem. 4.1, 4.6, Cor. 6.8]).
For ¢ € Grp(SimplSets), its standard universal principal complex (Def. 4.1.27) has the following properties:

(i) W¥ is contractible;

(ii) W9 and W% are Kan complexes.

Proof. That W¥ is Kan fibrant follows as the combination of Lem. 4.1.23, Prop. 4.1.26, and Lem. 4.1.25. This
implies that W¥ is Kan fibrant since W¥ 4, W4 is a Kan fibration (4.71) (by Prop. 4.1.26, see Ex. 4.1.40). O

Proposition 4.1.31 ([GJ09, §V, Cor. 6.9]). Let %, g) % be a homomorphism of simplicial groups which is a Kan

fibration of underlying simplicial sets. Then the induced morphism of simplicial classifying spaces W%, M W%,
(Def. 4.1.27) is a Kan fibration if and only if ¢ is a surjection on connected components.

For plain groups ¢ € Grp(Set) < Grp(ASet), the statement of Prop. 4.1.31 is also readily seen by direct
inspection. Elementary as it is, it has some important consequences (see Lem. 4.2.89, Prop. 4.2.90 below).

Simplicial Group Actions

With bare oo-groups presented by simplicial groups, their oo-actions are presented by the homotopy theory of
simplicial group actions (Ntn. 4.1.36 below), sometimes referred to as the Borel model structure.

Notation 4.1.32 (Simplicial group actions). For & € Grp(ASet), we denote
(i) by
B9 € ASetEnrCat, BY(x,x) := ¥, (4.54)

9

the simplicial groupoid with a single object *, with ¢ as its unique hom-object and with composition “o” given by
the reverse of the group product “-”

I xg ¢ (4.55)
(gnshn) — I 8n s

(ii) the category of ¢-actions on simplicial sets by:
& Act(ASet) := AFnctr(B¥, ASet), (4.56)
identified with the category of ASet-enriched functors from the delooping (4.54) of ¢ to ASet (4.9).
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Remark 4.1.33 (Simplicial group actions are from the left). The convention (4.55) for the delooping BY (4.54)
implies that the simplicial &-actions (4.56) are left actions:

B¥¢ & ASet

I }1-()
l Ve

I xX X (4.57)
(g'lsxﬁ) — 8nXn -

(-)-(15-23)

g2(

X

Example 4.1.34 (Universal principal simplicial complex in ¢-actions). For & € Grp(ASet), the universal principal
simplicial complex W% (Def. 4.1.27) becomes an object of (4.56) by the formula (4.46).

G (WY € 4 Act(ASet) . (4.58)

Making explicit the following elementary Ex. 4.1.35 serves to straighten out a web of conventions about
(simplicial) group actions.

Example 4.1.35 (Simplicial group canonically acting on itself). Any ¢ € Grp(ASet) becomes an object of the
category of simplicial ¢-actions (4.56) in three canonical ways:

left right inverse adjoint/conjugation
multiplication action multiplication action action

G xY 9, g x9 9, 9 x9 9 . (4.59)
(gnyhn) — gn'hn (gmhn) — hn'g;l (gnwhn) — gn'hn'g;I
The first two are isomorphic in ¢ Act(ASet) via the inversion operation:
(gn-,hn) f ef gn‘hn
g % g multiplication g
s |2 zle)fl (4.60)

GxY ———— 9
right inverse
multiplication

(gn by ') hytgyt

Notation 4.1.36 (Model category of simplicial group actions ([DDKS80, §2][Gu06, §5][GJ09, §V Thm. 2.3])). For
% € Grp(ASet), we have on the category of ¢-actions (4.56) the projective model structure (the coarse- or Borel-
equivariant model structure, cf. Prop. 2.4.10) whose fibrations and weak equivalences are those of the underlying
ASetq, (Ntn. 4.1.8), which we denote as:

& Act(ASet)proj := AFnctr(BY, ASet)pro; - (4.61)

Lemma 4.1.37 (Cofibrations of simplicial group actions [DDK80, Prop. 2.2 (ii)][Gu06, Prop. 5.3][GJ09, §V Lem.
2.4)). The cofibrations of 4 Act(ASet)proj (4.61) are the monomorphisms such that the &-action on the simplices
not in their image is free.

Lemma 4.1.38 (Equivariant equivalence of simplicial universal principal complexes). For ¢ 4G q simplicial
subgroup inclusion, the induced inclusion

W W)

2%
of their standard simplicial principal complexes (Def. 4.1.27) equipped with their canonical 7 -action (4.46) is a
weak equivalence in the Borel-equivariant model structure (4.61).

WY € H Act(ASet) pr; (4.62)

Proof. The underlying simplicial sets of both are contractible, by Prop. 4.1.30), so that underlying any equivariant
morphism between them is a simplicial weak homotopy equivalence. O
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Proposition 4.1.39 (Quillen equivalence between Borel model structure and the slice over classifying complex).
(i) For any 4 € Grp(ASet), there is a simplicial adjunction

homotopy fiber (_) XW@ Wg _| ((_) X Wg) /g Borel construction (463)

between the Borel model structure (4.61) and the slice model structure of ASetqy (4.1.8) over the simplicial classi-
fying complex W9 (4.47).
(ii) Hence there is a natural isomorphism of hom-complexes

G Act(8Set) (=) xigy W, (=) = ASet g (), (=) x WH) /9) € ASet, (4.64)
which is a Quillen equivalence:
(=) Xy WY
7 Act(ASet) proj =Qu (ASetqu) W - (4.65)
(=)xWw9)/9

Proof. The plain adjunction constituting a Quillen equivalence (4.65) is [DDK80, Prop. 2.3]. The simplicial
enrichment (4.64), hence the natural bijections

Hom (((—)X¢) x Alk], (=)) =~ Hom((—) x Ak], (=) x W¥) /¥) € Set, (4.66)

are left somewhat implicit in [DDK80, Prop. 2.4], but it follows readily from the plain adjunction via the natural
isomorphism
(=) Xy WG) x Alk] =~ ((—) x Alk]) Xy WY, (4.67)

which, in turn, follows from the pasting law (1.14):

(X Xy WG) x Alk] ~ (X X A[k]) Xy WG X x Alk]
v (pb) i,prl
X X5y WG X (4.68)
\L (pb) i
WG WG. O

Example 4.1.40 (Coprojections out of Borel construction are Kan fibrations). For 4 ¢ X € ¢ Act(ASet) such that
the underlying simplicial set X being a Kan complex, hence such that

G X <%« € & Act(ASet)pro), (4.69)

the projection from the Borel construction (4.63) to the simplicial classifying space (Def. 4.1.27) is a Kan fibration,
due to the right Quillen functor property (4.65):

x P9 we x x) /4

X
fIleFib = (W% X (i)) /9. (4.70)
w9
The fiber of this fibration, hence the homotopy fiber is clearly X.

In the special case where ¥ CX = ¢ (%, is the multiplication action of the simplicial group on itself, this
construction reduces to the universal principal simplicial bundle (4.47)

g —— WY
qleFib - (W% x (‘i)) /9. @.71)
1%

By Prop. 4.1.30 this (4.71) exhibits ¢ as the looping (1.22) of W, whereby (4.70) exhibits the simplicial model for
the abstractly characterizedhomotopy quotient according to Prop. 4.2.77.
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Therefore it makes sense to use the following:

Notation 4.1.41 (Homotopy quotient of simplicial group actions). For &4 € Grp(ASet), we denote the right derived
functor of the Borel construction right Quillen functor (4.65) by

(V)9 = R(((—) < W) /%) : Ho (% Act(ASet) rj) — Ho(ASetqy) . 4.72)

Applied to the point &4 C *, we also write
BY = /9. 4.73)

As an example:

Proposition 4.1.42 (G-Sets in the homotopy theory over BG). For G € Grp(Set) — Grp(ASet), we have an equiv-
alence between G-actions on sets and O-truncated objects in the homotopy theory over BG (Ntn. 4.1.17):

GAct(Set) =~ ((Grpdw)/BG)SO —— (Grpd..) /56 4.74)
GlX — (X /G — BG)

Proof. Since (X x G = X) — (G = %) is clearly a Kan fibration with fiber X, the latter is the homotopy fiber of
X/G 5 G. with this, the statement follows by Prop. 4.1.39. O
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4.2 Geometric Homotopy Theory

We recall and develop basics of higher topos theory [Si00][LurO3][TVO05][Jo08c][Lur09][Re10] with focus on the
discussion of transformation groups in this context.

— §4.2.1: Fundamental Notions of co-Toposes

— §4.2.2: Simplicial Sheaves and oco-Stacks.

— §4.2.3: General Constructions in co-Toposes.
— §4.2.4: Transformation Groups in co-Toposes.

4.2.1 Fundamental Notions of «-Toposes

As usual, we say co-fopos for co-categories of co-sheaves (of co-stacks), in contrast to the broader concept of ele-
mentary oo-toposes.

Basic Notions
For our purposes, the reader may take the following characterization of co-toposes to be their definition:

Proposition 4.2.1 (co-Giraud theorem [Lur09, Prop. 6.1.0.6][Lur03, §2.2]). A presentable «-category H € Ho, (PresCat.,)
(Def. 4.1.5, Prop. 4.1.6) is an co-topos if and only if it satisfies the following three conditions:

(a) coproducts are disjoint,

(b) colimits are universal (see Prop. 4.2.6),

(c) groupoid objects are effective (see Prop. 4.2.15).

Example 4.2.2 (The canonical base co-topos of co-groupoids). The co-category Grpd,, of co-groupoids (Ntn. 4.1.10)
is an co-topos (Prop. 4.2.1), being the oo-category of co-sheaves on the point:

Grpd,, =~ She(x). 4.75)

Proposition 4.2.3 (Terminal co-geometric morphism [Lur09, Prop. 6.3.4.1 with Def. 6.1.0.4]). Given an co-topos
H (Prop. 4.2.1) there is an essentially unique pair of adjoint co-functors (1.19) between H and Grpd,, (Ex. 4.2.2)

LCnst !
H . L * Grpd,, (4.76)
r
such that, in addition to the default (co-)limit preservation (1.20):
(a) the left adjoint LCnst preserves finite co-limits;
(b) the right adjoint T is accessible ([Lur09, Def. 5.4.2.5]).

Remark 4.2.4 (Constructing locally constant co-stacks preserves finite products). That LCnst preserves finite limits
means in particular that it preserves, via natural equivalences:
(a) the terminal object
LCnst(*) ~ *g; 4.77)

(b) finite products
LCnst(# x --- x %) ~ LCnst(.¥) x --- X LCnst(.¥). (4.78)
Example 4.2.5 (Global sections are co-represented by the terminal object). Global sections (Prop. 4.2.3) are
equivalently maps out of the terminal object:
(=) ~ H(*, —). (4.79)

This is because:
I'(X)

12

Grpd,, (*,I'(X)) byEx. 4.1.15
H(LCnst(x),X) by (4.76) with (1.19) (4.80)
H(x, X) by (4.77).

12

12
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Proposition 4.2.6 (Colimits are universal in an co-topos [Lur09, p. 532]). In an co-topos H (Prop. 4.2.1), given a
morphism f; A — B and a diagram X, : .9 — Hp,
(i) pullback along f preserves its co-colimit:
f*(limX,) ~ lim f*(X,) —— lim X,
— — —
l ) l (4.81)
A % B
(ii) In particular, products preserve colimits:
Ax (limX,) ~ lim (A x X,) — lim X,
— —

l ob) 1 (4.82)
A *

Groupoid Objects in an c-Topos

Definition 4.2.7 (Groupoid objects in an co-topos [Lur09, Def. 6.1.2.7]). Given an co-topos H (Prop. 4.2.1),
(i) a simplicial object

Ze 1 A — H (4.83)
is called a groupoid object if it satifies the groupoidal Segal conditions, hence if for all n € N and all partitions
(not necessarily order-preserving)

{07 1) e 7”} ~ {i()v e )ik} {I—l} {ika U 7ln} (484)
Uk
the corresponding diagram of evaluations of 2, is homotopy Cartesian
(i .’"‘71' )*
Py ———— 2
(ik‘,.“ﬂi)‘l*k)*l (o) l(llx)* (4'85)
‘%f[”*k] (i) ‘%O] ’
Here (ig,--- ,ix) : A[k] — A[n] denotes the unique unique order-preserving map of finite sets, whose image contains
the vertices ig, - - - , ig.
(ii) We write
Grpd(H) — PSh..(A, H) (4.86)

for the full sub-co-category of groupoid objects.

Example 4.2.8 (2-Horn fillers in groupoid objects). For n = 2 the condition (4.85) says that
Zio<1<ay = Zjo<1y x Zi1<2y s
21y

35/{0<1<2} = <%{o<2}g;< 3&/{0<1}7
{0}

and Zio<1<0) ~ L« X Zjo<a) s
22y

expressing the fact that morphisms of the groupoid objects (namely the elements of 27;)) have
(a) essentially unique composites when composable,
(b) essentially unique left inverses, and
(c) essentially unique right inverses.

Example 4.2.9 (Plain objects as constant groupoid objects in an co-topos). For an object X € H, the simplicial
object Cnst(X)e which is constant on this value is a groupoid object (Def. 4.2.7). This construction extends to a
full-sub-co-category inclusion

Cnst(—)e : H—— Grpd(H). (4.87)

In particular, the groupoid constant on the terminal object « € H is the terminal groupoid object

Cnst(x)e ~ * € Grpd(H). (4.88)
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Example 4.2.10 (Cech groupoids). Given a morphism X L5 2 in H, its iterated fiber products with itself form a
groupoid object (Def. 4.2.7):
C(p)e == X 7 € Grpd(H). (4.89)

Effective Epimorphisms and Atlases

Definition 4.2.11 (Effective epimorphism in an co-category [Lur09, §6.2.3]). A morphism in an co-category with

finite limits and simplicial colimits is called an effective epimorphism, to be denoted in the formX P 2 ifit
is equivalently the co-colimit coprojection out of its Cech groupoid (Ex. 4.2.10)

X X
&1’ l%
n ~ (4.90)
lim X*2 Z
—
[n]€A%P

In view of Prop. 4.2.15, we also say that an effective epimorphism X — 2 is an atlas for 2~ (cf. [SS26-Orb,
Prop. 3.1.70]) and we write
Atl(H) < PSh(A!, H) 4.91)

for the sub-co-category of the arrow category on the effective epimorphisms.

Notation 4.2.12 (Inhabited objects). An object X € H is called inhabited if the morphism to the terminal object
is an effective epimorphism: X — * (Def. 4.2.11).

Proposition 4.2.13 (Detecting effective epimorphisms on O-truncations [Lur09, Prop. 7.2.1.14]). A morphism
[ X — Z inanco-topos H, is an effective epimorphism (Def. 4.2.11), precisely if its O-truncation To(f) : To(X) —
T0(Z") is an effective epimorphism in Hy.

Example 4.2.14 (Pointed connected objects are those with point atlas). In an co-topos H, given a pointed object

« B g , it is connected, in that 79(2Z") ~ % (Ntn. 4.2.54), precisely if the pointing is an effective epimorphism
(Def. 4.2.11). Therefore, the pointed connected objects in H form a full sub-co-category of the pointed objects in
Atl(H):

HY, ¢ Atl(H) )/
(=5 2) — ! Lo |
« B2

Proof. By Prop. 4.2.13 and using that 7, preserves the terminal object, it is sufficient to show that 2" is connected

precisely if * M T0(Z") is an effective epimorphism in the 1-category Hy. But in a 1-category any fiber product

of the terminal object with itself is the terminal object itself. Therefore, the Cech nerve of 7o(pt) in Hy is Cnst()e,
whose colimit coprojection is x — *. O

Proposition 4.2.15 (Groupoid objects in an eo-topos are effective [Lur09, Cor. 6.2.3.5]).
Given an oo-topos H, the operation of forming Cech groupoids (Ex. 4.2.10) constitutes an equivalence of oo-

categories )
(=)o — lim ()

Atl(H) = Grpd(H) (4.93)
C(—)e

between effective epimorphisms and groupoid objects (Def. 4.2.7)

Proposition 4.2.16 (The effective-epi/mono factorization system). In an oo-topos H, the classes of (—1)-truncated
morphisms (hence of monomorphisms (1.15)) and of (—1)-connected morphisms (hence of effective epimorphisms,
Def. 4.2.15)), form an orthogonal factorization system. In particular:

(i) Diagrams of the following form have essentially unique lifts
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- s A
7z

X
| (4.94)
v /4\7> o

v

(ii) An co-limit in the arrow category over (—1)-truncated morphisms is again (—1)-truncated

lim f;
lim (X; <55 )~ <(limXi)<L>(limI/,-)>. (4.95)

Shape Theory of «-Toposes
Definition 4.2.17 (Pro-co-groupoids [Lur09, Def. 7.1.6.1]). We write
ProGrpd,, — Fnctr(Grpd,,, Grpd,, )? (4.96)

for the opposite of the full sub-eo-category on those co-functors which preserve finite co-limits and k-filtered oco-
colimits for some regular cardinal x.

Lemma 4.2.18 (Factorization through pro-eo-groupoids). The oo-Yoneda embedding (4.110) of Grpd,, factors
through pro-co-groupoids (4.96):

Grpd.,, « 2 ProGrpd,, .

s — Grpd,. (S, —)

4.97)

Proof. By cartesian closure, Grpd,, (S, —): Grpd,, — Grpd,, is a right adjoint and as such preserves finite co-limits
(1.20) and k-filtered colimits for some regular cardinal k (by [Lur09, Prop. 5.4.7.7]). L]

Definition 4.2.19 (Shape of an co-topos [Lur09, Def. 7.1.6.3]). The shape of an co-topos of the form (4.76) is the
pro-co-groupoid (4.96) given by

Shp(H) := I'(—)oLCnst € ProGrpd,,. (4.98)

Remark 4.2.20 (Shape of co-topos is well-defined). The formula (4.98) is well-defined, in that I" o LCnst preserves
finite co-limits and k-filtered co-colimits, by (4.76) and (1.20).

Proposition 4.2.21 (Shape of co-topos is étale pro-homotopy type of its terminal object [Hoy17, Def. 2.3]). The
shape of an co-topos in the sense of Def. 4.2.19 is equivalently the étale pro-homotopy type of its terminal object
xg € H, namely the image of the terminal object under the pro-left adjoint to LCnst:

Shp: H———— Grpd,, (4.99)
X — H(X, LCnst(—))
in that:
shape of étale pro-homotopy type
co-topos of terminal object
Shp(H) =~ Shp(xg) € ProGrpd,, . (4.100)

Proof. This is the composite of the following sequence of natural equivalences:

Shp(H) = I'oLCnst(—) by Def. 4.2.19
~ Grpd,, (*, ToLCnst(—)) by Prop. 4.1.13
~ H(LCnst(x),LCnst(—)) by (4.76) (4.101)
~ H (xg,LCnst(—)) by (4.77)
=: Shp(*g) by (4.99) .
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4.2.2 Simplicial Sheaves and --Stacks

With eo-groupoids presented by simplicial sets, oo-stacks are presented by simplicial presheaves, an observation
that really goes back to [Bro73]. A textbook account with focus on the injective model structures on simplicial
presheaves may be found in [Jal5]. Here we need to focus on their projective model structures whose role was
first highlighted in [Du0O1b]. A more detailed review of the specific constructions of interest here may be found in
[FSS23, pp. 105].

Simplicial Sites and co-Sites

When discussing oo-toposes we need some would-be oo-categories which need not and typically are not presentable,
and as such are outside the scope of our defining Prop. 4.1.6. These are the co-sites (Def. 4.2.23) over with co-
(pre-)sheaves are defined and which hence serve to present oo-toposes (see Prop. 4.2.27 below). But in fact, their
presentation of co-toposes is practically the only purpose of co-sites, and for this it is sufficient to model the co-site as
a simplicially enriched (preferably Kan complex-enriched) category (Ntn. 4.1.3). Last but not least, the o-Yoneda
lemma (Prop. 4.2.29) says that every co-site in this sense is a full sub-co-category of its associated co-topos, hence
of a presentable co-category (where either the co-site is small or else the ambient presentable co-category is “very
large”).
Therefore:

Definition 4.2.22 (Simplicial sites and co-sites [TVO05, Def. 3.1.1]). A simplicial site (. ,J) is a simplicial category
7 € ACat (Ntn. 4.1.3) equipped with a Grothendieck topology on its homotopy category (4.4).

Notation 4.2.23 (co-Sites). In order to notationally indicate that a construction depends only on the corresponding
co-category of an co-site, we write S for it, as in (4.107) below.

Example 4.2.24 (co-Sites from full sub-co-categories of presentable co-categories). For C € PresCat., Prop. 4.1.6
provides a presenting simplicial combinatorial model category % .
Hence for any class of objects of ¥ we obtain an co-site (with trivial Grothendieck topology) given by the
corresponding simplicial full subcategory
S G € (4.102)

of the full simplicial subcategory of fibrant- and cofibrant objects of & (i.e. with hom-co-groupoids as in Def.
4.1.11). The equivalence class of the simplicial categories .7 arising this way as the presentation ¢ varies up to
equivalence in Locy"™(CombMdICat,) is labeled by the corresponding co-site S (Ntn. 4.2.23).

The main instance of this class examples (Ex. 4.2.24) that is of interest below is the 2-category of orbi-
singularities (or global orbit category), see Ntn. 4.3.62. A variation of this example is the orbit category of a
topological group, which will appear for us (in Def. 5.4.14 below) as a special case of the following variant of the
above construction:

Example 4.2.25 (o-Sites from Cartesian closed presentable co-categories). If C € PresCat., is Cartesian closed
(as in Prop. 4.2.56 below) with mapping object co-functor

Map((—),(=)) : C?*xC—C (4.103)

and if

R : C— Grpd,, (4.104)
is any eo-functor which preserves products, then we obtain an co-site S with objects any sub-class of that of C and
mapping complex for for X, Y a pair of objects given by

S(X.,Y) := R(Map(X,Y)) (4.105)

and with composition given by

S(X,Y)xS(Y,Z) ~ R(Map(X,Y)) x R(Map(Y, Z)) ~ R(Map(X,Y) x Map(Y, Z)) MMap(X,Z).

(4.106)
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Simplicial Presheaves and c-Stacks

Notation 4.2.26 (Model categories of simplicial presheaves). Given a simplicial site (.,J) (Def. 4.2.22), we
write:

(i) APSh(.’) € ACat for the simplicial category of simplicial presheaves on .7,

(ii) APSh(.” )proj € CombMdICaty prop for the global projective model category structure,

(iii) APSh(.,J) pro € CombMdICat prop for the J-local projective model category structure, whose weak equiv-
alences are the J-stalk-wise weak equivalences in ASetq, (the “hypercomplete” local model structure).

For our purposes, the following may be taken to be the definition of co-toposes:

Proposition 4.2.27 (Presentation of co-stacks by simplicial presheaves ([TV05][Lur09], following [Du0O1b][Bro73])).
Let (.,J) be a simplicial site.
(i) The Cech/stalk-local projective model category structure on simplicial presheaves over . presents the topo-
logical/hypercomplete oo-topos over . :

LoclelWEgs

APSh(.%) proj ——— Locy™" " (APSh(.%,J) I;rqj) ~ Sh.(S,J) € Hos(PresCat.),. (4.107)

loc

(i) In particular, for all cofibrant X and fibrant A in APSh(%) i there is a natural equivalence of hom-eo-groupoids

loc

APSh(.#)(X,A) =~ Sh., (Loc™"V5(X), Loc"""*(4)) . (4.108)

Notation 4.2.28 (Presentation of «o-presheaves by simplicial presheaves). When the Grothendieck topology J on
< (in Prop. 4.2.27) is trivial, we write, as usual,

PShe(S) := Shw(S,triv) € Ho,(PresCat..) (4.109)
for the co-category of co-presheaves over the co-category S.
Proposition 4.2.29 (co-Yoneda lemma [LurYo, Prop. 8.2.1.3, Thm. 8.2.5.4][Lur09, Prop. 5.1.3.1, 5.5.2.1][RV09,

Thm. 7.2.22]). Let . € ACat, not necessarily small.
(i) The assignment of representable oo-presheaves is a fully faithful embedding (1.17)

U — S(—,U)
(ii) For U € S and X € PSh..(S),
PSh.. (y(U), X) ~ X(U). 4.111)

Handling «-Stacks via Presenting Simplicial Presheaves

We discuss a few techniques for reasoning about co-stacks — on the right of (4.107) — by constructions in the
1-category of simplicial presheaves — on the left of (4.107).

Lemma 4.2.30 (Objectwise connected co-sheaves are connected). A sufficient (but not necessary) condition for an
object X € Shu(S) to be connected is that it is connected as an object of PShw(S), i.e., that for allU € S we have
that X(U) € Grpd,, is connected.

Proof. Consider a presentation of Sh..(S) by a model category of simplicial presheaves. Then O-truncation T is the
derived functor of objectwise truncation of simplicial sets followed by ordinary sheafification. But under the given
assumption, the objectwise truncation is the presheaf with constant value the singleton set. This is a sheaf, the
terminal sheaf (by the fact that inclusion into presheaves preserves the empty limit), hence is already the derived
truncation operation in question. O
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Lemma 4.2.31 (Simplicial presheaves model homotopy colimit of their component sheaves). The localization
const

(4.107) of any Xo € APSh(.¥) is equivalently the homotopy colimit of its components X,, € PSh(.#) —— APSh(.¥):
Loc"™(X,) ~ lim Loc*™(X,) € Locy"" " (APSh(.#)p ). (4.112)
— loc

[n]eA®P

Proof. The analogous statement for simplicial sets (i.e. for . = %) is classical. This implies the statement for the
global projective model structure since its homotopy colimits are computed objectwise. The full statement now
follows since Bousfield localization to the local model structure is a (Quillen/derived/eo-) left adjoint. ]

The following Lem 4.2.32 is clearly a special case of a much more general statement, but we highlight it in this
form for definiteness, as we will have crucial use of this, for instance in the proof of Prop. 5.3.4 below:

Lemma 4.2.32 (Computing homotopy pullbacks of co-stacks). Given a simplicial site (.#,J) and a diagram of
simplicial presheaves (Ntn. 4.2.26) of the form

P
J€PjWEqs
X xAﬁ - . p € APSh(.¥) (4.113)
! . | €PriFib

X —— A

then the homotopy pullback (1.13) of P with respect to the local projective model structure APSh(S,J) o is
loc

presented already by the homotopy pullback in the global projective model structure, which in turn is presented by
the ordinary pullback of any projective fibration resolution P:

Loc™™B (X x4 P) o~ Loc™™B*(X) x  Loc™™E(P) & Locy™ (APSh(.,J)). (4.114)
Loc™VEe(4)

Proof. The point is that the left Bousfield localization of the model categories has underlying identity functors

but models the lex localization of presentable co-categories which preserves finite co-limits, in particular homotopy
pullbacks (1.13):

id
Loc!e @PSh(y,J) - fﬂ APSh(y,J)pm)
1
4.115)

lex
=~ e (Loc) ™ () . PSh. (Locy™ ().

This shows that the local homotopy pullback is given, by the image of the global homotopy pullback under the left
derived functor of the identity, hence by a global cofibrant resolution of the global homotopy pullback. But left
Bousfield localization does not change the class of cofibrations (just the class of acyclic cofibrations) so that global
cofibrant resolution is implied by local cofibrant resolution, so that, under simplicial localization, the plain global
homotopy pullback does present the local homotopy pullback.

Hence it just remains to see that for computing the global homotopy pullback of a cospan diagram of simplicial
presheaves it is sufficient to resolve one of the two morphisms by a global fibration. Since the global projective
model strcuture is evidently right proper (since ASetgy is s0), this follows by a classical result (e.g. [Lur09, Prop.
A.2.4.4]). O

This Lemma 4.2.32 is useful because there is a convenient way to achieve the factorization in (4.113):

Notation 4.2.33 (Canonical projective path object for simplicial presheaves). For A € APSh(.’) (Ntn. ref(Ntn.
4.2.26)), we write
A5 — (A(s))" == Map(A', A(s)) := ASet((—) xA', A(s)) € ASet (4.116)

for the simplicial presheaf A’ € APSh(.#) which assigns to any object s € . the simplicial function complex
from A! into the value A(s) € ASet of the presheaf on that object.
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This is evidently a path space object for A (in the sense of [Qu67, Def. 1.4], review in [FSS23, Def. A.0.12])
in that with the evident face and degeneracy maps it sits in a diagram of simplicial presheaves of this form:
c ; (evoevi)

'Lt €PrjWEqs diag €PrjFib A;A 4.117)

Lemma 4.2.34 (Factorization lemma for projective simplicial presheaves (specializing [Bro73, p. 421])). Given a
morphism

PLA € (APSH(S)pj) (4.118)

of projectively fibrant simplicial presheaves (Ntn. 4.2.26), the following pullback (formed by using the path space
object A from Ntn. 4.2.33) exhibits a factorization of this morphism through a weak equivalence followed by a
fibration in APSh(.7 ) proj:

; / l o) 7 (4.119)

Example 4.2.35 (Quotient stack of coset space is delooping of subgroup). For (., J) a (simplicial) site, consider
a presheaf G of ordinary groups, presenting a group stack in the oo-topos over the site, and a subgroup-object H:
Lo LchEqs)

H<% G e Grp(PSh(.#)) — Grp(APSh(.%)) Grp(Loct ) Grp(She(S, 7)) - (4.120)

Then the homotopy fiber of the oo-stackification of the induced morphism of presheaves of nerves of delooping
groupoids

i » LcIWEqgs
NH =) Y E NG = %) e APSh() BT sho () 4.121)

is computed as follows, where we are applying Lemma 4.2.32 to the projective vibration resolution of the above
morphism which is provided by the factorization lemma 4.2.34:

N((G/H) = (G/H)) N (H = %)
G/H —> BH

€PrjWEgs N((conste7 (im,(— 1)) :{conste) €PrjWEqs lz lz

' . (4.122)
N(Gx H 5G) — N(GX (G x H™) = ) Lo G/jH . (G/T//G

* — BG

(pb) lN (pr, =X const, ) € PrjFib

N =% %) ———— > N(G= %)

Comparison with Prop. 1.2.1 on the right shows first of all (for the case H = 1 the trivial subgroup), that the co-
stackification of the nerve of the delooping groupoid of G is the oo-topos theoretic delooping of the eo-stackification
of G:

Loc""V* (N (G = %)) ~ BG; (4.123)
and then, more generally, that the homotopy quotient of any H C G-coset object in the co-topos by its residual
G-action is equivalently the delooping stack of H:

(G/H)//G ~ BH € Shw(S,J). (4.124)
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Example 4.2.36 (Double homotopy coset stacks). In direct generalization of Ex. 4.2.35 the Factorization Lemma
4.2.34 combined with Lemma 4.2.32 shows that for a pair of presheaves of sub-groups

Grp (LOCLCIWEqs
Hi,H, € Grp(PSh(.)) < Grp(APSh(.)) ———— Grp (Locgdw‘iqs (APSh(-, ) pr )) (4.125)

the homotopy fiber product of the delooping of their inclusion is the homotopy double coset object:

(G/H)//H, — > BH,

l (pb) lB("Hl) € Sh.(S,J). (4.126)
BH, ——— BG
in,)

Here H; acts by multiplication from one side, H, by residual multiplication from the other side. Notice that the
symmetry of the Cartesian diagram shows as once that

(G/H\)/H, ~ (G/H)//H,. (4.127)

This way, while the Factorization Lemma 4.2.34 serves to handle most of our fibrancy needs (together with
Prop. 4.3.29, Prop. 4.3.31 below), the following Prop. 4.2.37 is our tool for ensuring cofibrancy (in Ex. 4.3.42 and
Ex. 4.3.45 below):

Proposition 4.2.37 (Dugger’s cofibrancy recognition [DuO1b, Cor . 9.4]). Let .7 be a I-site. A sufficient con-
dition for X € SimplPSh(. ) woj (Ntn. 4.2.26) to be projectively cofibrant is that in each simplicial degree k, the
loc

component presheaf X; € PSh(.%) is
(i) a coproduct Xy ~ 1{U;, of representables U;, € .-/ < PSh(.¥);
ik

(ii) whose degenerate cells split off as a disjoint summand: X; ~ Ny [[im(o) for some Nj.

Example 4.2.38 (Basic examples of projectively cofibrant simplicial presheaves). Let . be a 1-site. Examples of
projectively cofibrant simplicial presheaves over .# include:

(i) every representable U € % < SimplPSh(.¥);
(ii) every constant simplicial presheaf S € SimpSets S SimpIPSh(.¥);

and in joint generalization of these two cases:
(iii) every product U x S of a representable with a simplicial set.

In all cases the defining lifting property is readily checked. Alternatively, these follow with Prop. 4.2.37.

Kan Extension to Presheaves

A central operation in §4.3 below is the induction, by Kan extension of quadruples of adjoint co-functors between
oco-gtacks from pairs of adjoint functors between simplicial presheaves. For completeness, we make explicit the
elementary but crucial operations.

Lemma 4.2.39 (Kan extension of co-functor to co-presheaves). If S; i> S, is an oco-functor between small co-sites
(Nin. 4.2.23), then precomposition f* = PShw(S;) (LN PSh..(S1) preserves both limits and colimits, and hence
has left- and right adjoint co-functors, called the left Kan extension f, and right Kan extension f,, respectively:

B

_

1
PShe.(S1) <— /" —— PSh..(S,) . (4.128)
1

- =

S
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Lemma 4.2.40 (Left Kan extension on representables is original functor). On representables, the left Kan extension
fi (Lem. 4.2.39) acts as the original functor f:

Lil(s1) = y(f(s1))- (4.129)

Proof. Fors; € S; and X € PSh.(S,) we have the following sequence of natural equivalences:

PShe(S2) (f1(y(s1)), X) =~ PSho(S1)(y(s1), f*(X))
X(f(s1)) (4.130)
PSh..(S») (y(f(sl)),X> :

1

12

Since these equivalences are natural in X, the co-Yoneda lemma (Prop. 4.2.29) for PSh..(S;)°P, implies the claim.
O]

Lemma 4.2.41 (Left Kan extension preserves binary products if original functor does). If a pair of small oo-

categories S1,S, has binary products and an co-functor S| i> S, preserves these, in that for s,s' € Sy there is a
natural equivalence f(s x s') ~ f(s) x f(s'), then its left Kan extension also preserves binary products. That is,
for X, X' € PShw(S1), there is a natural equivalence

X xX) ~ AX)x f(X). (4.131)

Proof. We have the sequence of natural equivalences

FXxX') = fi((timy(s)) x (limy(s)))

~ ﬁ(ﬁ%ﬂlig(y(S) Xy(S')))

~ lgﬁllgnﬁy(s) x (")) (4.132)
~ hgxligﬁ(y(S)) x fi (v(5))

> (1m i 0(0) > (1im: ().

Lemma 4.2.42 (Left Kan extension of fully faithful functor is fully faithful). The left Kan extension f| of a fully
faithful functor f between small co-categories is itself fully faithful (1.17):

S <158, =  PShu(S;) <~ PSh.(S,). (4.133)

Proof. For X, X' € PSh.(S;), we have the following sequence of natural equivalences:
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PShe(S1) (2(X), #:(X")) = PSha(S1) (i (1im(s), i (1im ¥(s')))

s—X s/ —x!
~ PShe(1) (imi: (v(s)) , lim i (v(s')))
s—=X s'—x!
~ PShw<sl>(1g§1y<i<s>>, tim y (i(s)))
5= s'—x!
~ . . . . !
~ lgl,ggPShm(S]) (0 (i(s)), ¥ (i(s))
o DN 4.134
~ {E}]Ln Si (i(s),i(s")) ( )
s2X §/ x!
~ lim lim Sy (s, s")
— —
s=X /o x!
~ 1; . /
~ g%PShw(Sz) (¥(s), ¥(s"))
~ . . /
~ PShw<s2>(1§y<s>, lim ))
~ PSh..(S) (X, X'). -

Lemma 4.2.43 (Kan extensions of an adjoint pair yields adjoint quadruple). Given a pair of adjoint co-functors
between small co-categories

Si L S (4.135)

the corresponding pullback functors on presheaves are adjoint to each other, {* - r*, and their adjoint triples of
Kan extensions (from Lem. 4.2.39) overlap:

4
1

Z*:ry
PSh..(S:) LL PSh..(S;) . (4.136)
€

Proof. The characterizing hom-equivalence of the adjunction £* - r* is the composition of the following sequence
of natural equivalences, for X; € PSh.(S;) is checked along the lines of the proof of Lem. 4.2.40. From this, the
overlap of the adjoint triples of Kan extensions follows by essential uniqueness of adjoints. O

Systems of Local Sections

Notation 4.2.44 (co-Yoneda embedding of slices). For S a small co-category and X € S an object, we have both
the c-Yoneda embedding (4.110) of the slice S x

Y x)
S/X C PShoo(S/X) (4.137)
U x) — Sx(— (U5 x))
and also the slicing of the Yoneda embedding on S:
(rs)/x
S/x & PShu(S) /,s(x) (4.138)

w5 x) — (S(—,U) Mse.x))i
Proposition 4.2.45 (Systems of local sections of bundles internal to co-presheaves). For B an co-topos, S a small
oo-category and X € S an object, the oo-functor which assembles local sections of bundles of oo-presheaves over
(the image under the oo-Yoneda embedding of) X is an equivalence of co-categories:
L)(=):=PSh(S,B) s x) (Os) /x (=), =
PSh(S, B) /5, (x) —— L’S"”( Sx():) PSh(S x, B), (4.139)

where (ys) /x is from (4.137).
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Proof. For the analogous equivalence for 1-categories (which is classical, e.g. [KS06, Lem. 1.4.12]) one readily
checks? that:

(1) the analogous functor is a right adjoint, and

(2) generalizes to a simplicial adjunction of simplicial presheaves over simplicial sites,

(3) where it is a Quillen equivalence for the projective model structure and its slice model structure.
This implies the claim, by Prop. 4.1.6. O

An alternative general argument for some equivalence of co-categories as in Prop. 4.2.45 is given in [Lur(9,
Cor. 5.1.6.12], in terms of quasi-categories. On the other hand, in our formulation the proof of Prop. 4.2.45 applies
verbatim also in the case when the base presheaf is not necessarily representable (not necessarily in the image of
the Yoneda embedding), if we use the following more general notion of slice co-site:

Definition 4.2.46 (Slice co-site). Given an co-site (Ntn. 4.2.23) S and an co-presheaf X in PSh..(S) (Ntn. 4.2.28) the
slice oo-site S x is the full sub-co-category of the slice PShe(S)

S;x & PSh.S)x. (4.140)

on the morphisms with representable domain, i.e. those of the form yg(U) %, X for some U e S.

By Prop. 4.2.64 this means that the hom-co-groupoids in a slice co-site (4.140) are given by the following
homotopy fiber product of ce-groupoids:

!

Sx (0s(U) 5 X), (5(U") 5 X)) ———— PSha(8) (35(U), ys(U"))
l o lq,/o(_) (4.141)

* - PSh..(S) (ys(U), X)

With this, the proof of Prop. 4.2.45 generalizes to:

Proposition 4.2.47 (Fundamental theorem of co-presheaf co-topos theory). For S an eo-site and any X € PSh.(S)
there is an equivalence of co-categories between the slice of all «o-presheaves over X and the oo-presheaves over
the slice oo-site (Def. 4.2.46):

PSh..(S) x =~ PSh., (Sx)- (4.142)

A proof for this statement in the special case when X is 1-truncated also essentially appears as [HoO8, Thm.
6.2(a)].

The equivalence (4.142) in Prop. 4.2.47 shows in particular that every slice of a presheaf co-topos (on the left)
is again an co-topos (manifest on the right). This is the archetypical special case of the fundamental theorem of
oco-fopos theory (e.g. [Vel9, Rem. 2.2.10], following the terminology for 1-toposes [Mc95]), which says that any
slice of any co-topos is again an oo-topos:

Proposition 4.2.48 (Fundamental theorem of co-topos theory [Lur09, Prop. 6.3.5.1]).
For H an «-topos and B € H an object, the slice «-category H g (1.27) is also an oo-topos.

Example 4.2.49. In H 5 the terminal object is (B,idp).

2This is spelled out also at ncatlab.org/nlab/show/slice+of +presheaves+is+presheaves+on+slice


https://ncatlab.org/nlab/show/slice+of+presheaves+is+presheaves+on+slice
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4.2.3 General Constructions in «-Toposes
Base Change of «-Toposes

In higher generalization of Lem. 2.2.7, much of the theory of (equivariant) eo-toposes is driven by their base change
adjoint triples:

Proposition 4.2.50 (Base change). For H € Topos,, and B; EN By a morphism in H, there is an adjoint triple of
oco-functors between the slice oo-toposes (Prop. 4.2.48):

fi=Xy

left base change
L

H/Bl f* H/B2 base change (4 1 43)

€L

right base change

Jx* :Hf
where f* is given by pullback along f and f, is given by postcomposition with f.

Example 4.2.51 (Base change to absolute context). For B € H any object the base change (Prop. 4.2.50) along its

terminal morphism B 24 % is the operation of taking the Cartesian product with B, and the corresponding adjoint
triple (4.143) looks as follows:
dom=Yp
L

Hp (=)xB H,~H. (4.144)

€L

[z

Lemma 4.2.52 (Frobenius reciprocity). For B i> By a morphism in an eo-topos H, we have for E; € H/p and
E, € Hp, a natural equivalence

SI(Evx fY(E2)) =~ fi(E1) xp, B2 € Hyp, (4.145)
of left base changes (4.143).

Proof. Since, by Prop. 4.2.50, the left base change is given by postcomposition with f, this follows by the pasting

law (1.14):
( ) P fi(E1 %, *(E2))

! v

fg(El) xp, By ——— f*(Ez) — F

v »b) v (»b) VPE2 (4.146)
h)
PhE, =

Truncation and Connectivity

Proposition 4.2.53 (n-Truncation modality [Lur09, 5.5.6.18, 6.5.1.2]). For n € {—2,—1,0,1,---} and H an oo-
topos, its full sub-co-category of n-truncated objects is reflective, and the reflector T, preserves finite products:

T

H, =  “H. (4.147)

i
Notation 4.2.54 (Connected objects). An object X € H is connected if 19X ~ *. We write
H/ —H.—H (4.148)

for the full sub-eo-categories of (pointed and) connected objects.
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Lemma 4.2.55 (Truncation of co-stacks modeled by simplicial coskeleta of simplicial presheaves). Forn € N, the
n-(co-)skeleton adjunction on simplicial sets (see [FSS23, Prop. A.0.41] for review and further pointers) extends
objectwise to simplicial presheaves

sk sk
ASet L ASet, APSh(CartSpc) L APSh(CartSpc) € H, (4.149)
cosky cosky

and under the presentation of oo-stacks by simplicial presheaves (Prop. 4.2.27), the n+ 1 coskeleton operation

models n-truncation (Prop. 4.2.53):
LOCLCIWEqs

Z € APSh(SJ)pg ———H  +  Loc"™*(cosk,41.27) ~ 1,(Loc™"VF*.27). (4.150)
loc

Proof. Since co-sheafification preserves all colimits and finite homotopy limits, the recursive definition of n-
truncation [Lur09, Lem. 5.5.6.1] implies that we may equivalently compute it on co-presheaves. Here it is ob-
jectwise given by n-truncation in Locy "**(ASet) ~ Grpd,,, which in turn is given by the (n + 1)-coskeleton
construction according to classical results (e.g. [FSS23, Prop. A.0.41]). ]

Mapping Stacks

Proposition 4.2.56 (Mapping stacks). For H an co-topos and X € H any object, the Cartesian product functor
X X (—) has a right adjoint

Xx(-)
H T H. (4.151)
Map(va)
IfS is an oo-site forH lex — PShe,(S) then for U € S the value of the mapping stack Map(X,Y) € H is naturally
equivalent to
Map(X, Y)(U) ~ H(U,Map(X,Y)) ~ HU xX,Y) € Grpd,, . (4.152)

Notation 4.2.57 (Evaluation map on mapping stacks). The counit of the mapping stack adjunction (4.151) is the

evaluation map: evya
X xMap(X,A) ——A. (4.153)

Example 4.2.58 (Mapping space consists of global points of mapping stack).
H(x,Map(X,A)) ~ H(X,A). (4.154)
Lemma 4.2.59 (eo-Stacks consist of their internal points). For X € H there is a natural equivalence
X ~ Map(x, X). (4.155)

Proof. For U € S, there is the natural equivalence (4.152)
HU,X) ~ H(U x%,X) ~ H(U,Map(x,X)). (4.156)
With this, the claim follows by the e-Yoneda lemma (Prop. 4.2.29). ]

Lemma 4.2.60 (Looping of mapping stack is mapping stack into looping). We have a natural equivalence

QMap(X,A) ~ Map(X, QA) . (4.157)
Proof. Since the looping operation is a limit, this follows from (4.151) by (1.20). ]

Lemma 4.2.61 (Internal hom-adjointness). The kind of hom-equivalence that characterizes the right adjoint
(4.151) also holds internally, in that for all X, Y,A € H there is a natural equivalence

Map(X x Y,A) ~ Map(X, Map(Y,A)). (4.158)
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Proof. For U € S, there is the natural equivalence (4.152)

H(U,Map(X,Map(Y,A))) ~ H(UxXxY,A) ~ H(U,Map(X xY,A)). (4.159)
With this, the claim follows by the e-Yoneda lemma (Prop. 4.2.29). ]
Proposition 4.2.62 (Mapping stack construction preserves co-limits). The mapping stack construction (Prop.

4.2.56) preserves not only oo-limits in its second argument, but also turns co-colimits in its first argument into
co-limits: For A € Hand X(_y: I — H a small diagram, we have a natural equivalence

Map(limX;, A) ~ limMap(X;,A) < H. (4.160)
el et

Proof. For S any oo-site for H consider the following sequence of natural equivalences for U € S any object:
H(U, Map(limX;,4)) = H((lmX) xU,A) by @152
= =

~ H(lim(X;xU),A) by @s1)
el
~ limH(X; x U, A) by (1.18) (4.161)
Sier

~ l<iLnH(U, Map(X;,A)) by (4.152)

l

iel
~ H(U, limMap(X;,A)) by (1.18)
H

i€l

With this, the claim follows by the co-Yoneda lemma (Prop. 4.2.29). O

Proposition 4.2.63 (Base change preserves mapping stacks). For By E By any morphism in an oo-topos H we have
Jor XY € H/p, a natural equivalence

F*Map(X, ¥) = Map(f*(X), f'(Y)) € Hyp, (4.162)
between the base change (Def. 4.2.50) of the mapping stack (4.151) and the mapping stack of the base changes.

Proof. Forany U € H p,, consider the following sequence of natural equivalences of Grpd,,

Hp (U, f*Map(X,Y)) =~ Hp, (iU, Map(X,Y)) by (4.143)
~ Hyp, ((fiU) xp, X, Y) by (4.151)
~ Hyg, (AU x f*(X)),Y) by (4.145) (4.163)
~ Hy, (U Xf*(X),f*(Y)) by (4.143)

~H g, (U, Map(f*(X), f*(Y))) by 4.151).

With this, the claim follows by the c-Yoneda lemma (Prop. 4.2.29). O

Slice Mapping Stacks

Proposition 4.2.64 (Hom-co-groupoids in slice toposes [Lur09, Prop. 5.5.5.12]). Let H an co-topos over a base
co-topos B. Then for B € Hand (E1, p1),(Ea, p2) € H)p, the hom-co-groupoid (1.16) in the slice H  (Prop. 4.2.48)
is naturally identified with the fiber of the plain hom-oo-groupoid:

H3(E\,E;) —— H(E, E2)
Hjp(E,E>) ~ H(ELE) x {pi} e, l o lnwl,pz) (4.164)
H(E, .B)

" i H(E,,B)
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Proposition 4.2.65 (Slice mapping space is space of sections of pullback bundle). There is a natural equivalence
H 3 (E\,E2) ~ H), (Ey, piE2) - (4.165)

Proof. Factoring the bottom morphism I p; in (4.164) as p; o (- idg, ) and using the pasting law (1.14) yields the
following identification:

H/B(El,Ez) e H(El,Ez) H/E, (ElapTEZ) >~ H(ElapTEZ) > H(ElaEZ)
l (pb) H(El 7p2) ~ l (pb) l (pb) iH(E| ,pz)
\4
Fpi - > S
% H(E],B) * FidEl H(E17E1) H(Elvpl) H(EI’B)

4.166
Here the pullback square on the far right is identified as shown by the fact that H(E;, —) preserves all limitsg hencg
in particular the pullback of p; along p;. Hence the claim follows by recognizing the left square on the right as the
claimed hom-space over E, by Prop. 4.2.64. O

Definition 4.2.66 (Slice mapping stack). For B € H and (Ey, p1), (E2, p2) € H/p a pair of objects in the slice over
B (Prop. 4.2.48), we say that the slice mapping stack between them is the object of H which is the fiber of the
H-internal hom between their total space objects:
Map(E\, Ez)p —— Map(E\, Ex)
Map(Ey, E»)p == Map(E1, E2)  x  {p1}, ie., l (b lMap(Ehpz) € H. (4.167)

Map(ElvB) Fpl
* ————> Map(E}, B)

When E| = B, this may also be called the stack of sections of E5:
['s(E) := Map(B, E)p. (4.168)

Remark 4.2.67. The slice mapping stack (Def. 4.2.66) only depends on the connected component BQ,, Map(E1, B)
of - p; in Map(E|, B) in that it is equivalently the top fiber product in the following diagram (obtained by applying
the pasting law (1.14) to the homotopy image factorization as recalled in [SS26-Orb, Prop. 3.1.66])

Map(E1, E»)p {p1}
i (pb) ¢
Map(E, E3)P" ——— BQ, Map(Ey, B) (4.169)

[ -]

Map(E, E) RSV Y Map(E\, B)
Example 4.2.68 (Slice mapping stack into product projection). In the case when E, = X x B with py = pr, the
projection on the second factor, we have Map(E|, E;) ~ Map(E;, X) x Map(E;, B) with Map(E, p;) being again
the projection onto the second factor, so that the slice mapping stack in Def. 4.2.66 reduces to the plain mapping
stack (by Ex. 4.1.18):
Map(E;, X x B)p ~ Map(E;, X). (4.170)

Lemma 4.2.69 (Plots of slice mapping stack are slice homs). The slice mapping stack (Def. 4.2.66) is equivalently
the right base change (Prop. 4.2.50) of the internal hom in the slice co-topos down to the base, in that
() for B,U € Hand (Ey, p1),(E2,p2) € H/p (Prop. 4.2.48), we have a natural equivalence

Map(E;, E2)s ~ [ [Map(pi, p2). (4.171)
B

(ii) This means that there is a natural equivalence between the value of the slice mapping stack at U and the slice
hom-space (Def. 4.2.64) between (U X Ey,pry0 p1) and (Ea2, p2):
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H(U,Map(E\, E»)p) ~ H(U X Ey, E»)g. (4.172)
(iii) In particular, the global points of the slice mapping stack constitute the slice mapping space (4.164):
H(*,Map(E|, E2)5) ~ H(Ey, E2)s. (4.173)
(iv) and the space of sections (4.168) is equivalently the right base change to the point:
I'3(E) = Map(B,E)s ~ [](E,p). (4.174)
(v) Generally, thinking of E; = U s B as alocal patch of B, the sI;ice mapping stack gives the U-local sections:
I'y(E) := Ty (iyE) ~ Map(U,E)p ~ I;[ it (E,p). (4.175)

Proof. The first equivalence is the pre-image under the co-Yoneda lemma (Prop. 4.2.29) of the composite of the
following sequence of natural equivalences for U € H:

H(U, I;MaPS((E1,P1)7(E2,P2))) ~H((U x B,pr,), Maps ((E1, p1), (E2, p2))) 5 by (1.19) with Prop. 4.2.50

~H((U x E1,p1opry), (E2,p2)), by (4.152) with Prop. 4.2.48
~H(U XE\,E;) x {piopr,} by Prop. 4.2.64
H(U xE|,B)

~H(U, Map(E}, E;)) X H(U, {p1}) by 4.152)

H(U,Map(E,B))
:H(U,Map(El,Eg) x {p1}> by (1.20)

Map(E;,B)
~H(U, Map(Ey, E»)g) by Def. 4.2.66.

(4.176)
With this, the second statement is equivalently the first step in this sequence. 0

Lemma 4.2.70 (Iterated slice maps). Between objects E1, E; of a slice topos (over some B 4 pB) of a slice topos
(over some B'), the slice mapping stack (Def. 4.2.66) is naturally equivalently that between these objects regarded
in the slice over B:

Eq E,

>~ —~
P P , /
P% lfp Az - Map(El/B , E2/B )B/B’ ~ Map(E, E2)p. 4.177)
B/

Proof. The left side of (4.177) is, by definition, the result of first taking the vertical limits and then the remaining
horizontal limit in the following commuting diagram, while the right side is clearly the result of first taking the
horizontal limits and then the remaining vertical limit:

Map(E, E») & Map(E, B) L * Map(E, E»)p
(pop2)« P+
/ / )_(Popl)
Map(E,, B') =———= Map(E|,B’) ~——— *
(4.178)
F(pop1) F(pop1)
* * * *

(pZ)*/

—B> Map(E17B)B/ M *

Map(E,, Ey)p Map (E1 /B, EZ/B/)B/B/

The claim hence follows since limits commute over each other (1.20). ]
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4.2.4 Transformation Groups in c-Toposes

We discuss basics of higher transformation group theory, i.e., of higher groups and their group actions, internal to
oco-toposes.

Group Objects in an c-Topos

Definition 4.2.71 (Group objects in an co-topos). Given an co-topos H,
(i) a group object 94, is a groupoid object (Def. 4.2.7), to be denoted (B¥ )., which is equipped with a morphism
Cnst(x)e LN (B%), from the terminal groupoid object (4.88), such that this is an equivalence in degree 0: (BY)o ~
*.
(ii) We write

Grp(H) — Grpd(H)*/ (4.179)

for the full sub-eo-category of group objects. among the pointed groupoid objects.

Proposition 4.2.72 (Looping and delooping equivalence). Under the equivalence of groupoid objects with atlases
(Prop. 4.2.15) group objects G (Def. 4.2.71) are identified as the loop objects G ~ QBY of pointed connected
objects x — BY,

H, ~ Grp(H)
Q(-)
[ [ (4.180)
(=)o —1im ()
Atl(H)(**}*)/ = Grpd(H)C“St(*)°/,
C(_)E*A*)/
where the delooping BY is the homotopy colimit:

. q I —

BY = lin @G * S G 3% . (4.181)

[n]ea®P

Proof. By the equivalence at the bottom (Prop. 4.2.15) and by the definition of Grp(H) (Def. 4.2.71), the oo-
category in the top left is the full sub-co-category of that on the bottom left on the point atlases. These are equiva-
lently the pointed connected objects, by Prop. 4.2.14. Under this identification (4.92) the Cech nerve construction
on a point atlas x — B% clearly is the loop space construction:

* X x ~ QBY ~ ¢, (4.18%
BY

Example 4.2.73 (Delooping preserves products). The operation of delooping (Prop. 4.2.72) preserves products,
in that the delooping of the direct product of ¢;,% € Grp(H) is the naturally equivalent to the product of the
separate deloopings:

B(% x %) ~ (B%)x (B%). (4.183)

This follows from the inverse looping equivalence in Prop. 4.2.72, the fact that B4, x B%, is connected, and using
that looping, being itself a limit operation, commutes with products:

Lemma 4.2.74 (co-Groups presented by presheaves of simplicial groups [NSS12b, Prop. 3.35, 3.73, Rem. 3.67]).
Let (.,J) be a I-site with a terminal object and H := She, ((€',J)) its co-topos.
(i) Presheaves of simplicial groups represent co-groups

Loc’

4 € Grp(APSh(.#)) = Grp(H) (4.185)
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with delooping equivalent to the objectwise W(—) (4.47)
B(¥) ~ Loc’ (W(9)) . (4.186)
(ii) For ¢ C X, the homotopy quotient is represented by the right derived simplicial Borel constuction functor (4.65)
given by the diagonal quotient of the Cartesian product with W (—) (Def. 4.1.27):
Loc’(X) /Loc’(¢9) ~ Loc’ (X xW%)/9) . (4.187)
We consider examples of this construction in Ex. 4.3.33 below.

Proposition 4.2.75 (All bare co-groups are shapes of topological groups). For every bare eo-group ¥ € Grp(Grpd,,),

there exists a Hausdorff topological group I € Grp(kHausSpc) Caffe, Grp(SmthGrpd.,, ), such that

Grp(Dsc)
JT ~ 9 € Grp(Grpd,,) —— Grp(SmthGrpd,,) . (4.188)

Proof. By Lem. 4.2.74, we have
Grp(Grpd,,) ~ Locy ™™ (Grp(ASet)) . (4.189)

Under this equivalence, we may think of the given co-group as a simplicial group ¢.
Now since topological realization (2.123) preserves finite products (Lem. 2.3.31), the adjoint pair Quillen
equivalence o

TopSpcq, =Qu ASetqy (4.190)
Pth

induces (2.17) an adjoint pair between group objects

Grp(|-|)
Grp(TopSpc) L Grp(ASet) . (4.191)
Grp(Pth)
Hence
r:=19, (4.192)

is a Hausdorff topological group (since all CW complexes are Hausdorff, e.g. [Ha02, Porp. A.3]) such that

JT Pth|¥| by Prop. 4.3.49

g € Locy "™ (Grp(ASet)) by (4.190) .

1R

(4.193)
O

4.2.5 Group Actions in an c-Topos

Definition 4.2.76 (Group actions internal to an eo-topos). Given an co-topos H, for X € Hand ¢ € Grp(H),
(i) we say that a &-action groupoid on X is a groupoid object (Def. 4.2.7) which in degree k is equivalent to the
cartesian product of X with k copies of ¢:

(X4)s € Grpd(H), (X9 ~ Xxg", (4.194)

compatibly with the group structure on ¢, hence for which the two simplicial objects form a diagram of homotopy
Cartesian squares:

GxGxX ~(X)9) ao—s 9%xY

WH ) “m (4.195)

GxX ~(X|9) R

e w ]

X ~(X/)9)o o ——> %
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(ii) We write
gACt(H) — GI’pd(H)/(Bg)_

GCX — (X)9).

(4.196)

for the full sub-eo-category of the slice of that of groupoid objects over the groupoid object underlying ¢ .

Proposition 4.2.77 (Homotopy quotients of co-actions). Under the equivalence of groupoid objects with atlases
(Prop. 4.2.15), 4-actions (Def. 4.2.76) are identified with objects in the slice of H over B9 :
(X—=X)4) <+ GCX

H/py ~ ¢ Act(H)
j (=)o —1lim () f (4.197)
At(H) /(. By) ~ Grpd(H) (8y). »
C(-)[—89)
where the base is the homotopy quotient
X/ ~ lim 9% x X 1 X T 9xX ——=9GxIxX . (4.198)
H <

[n]eA°P

Proof. By the bottom equivalence (Prop. 4.2.15) and the definition of ¢ Act(H) (Def. 4.2.76), the co-category that
appears in the top left must be the full sub-co-category of Atl(H) J(+ > BY) whose objects are those squares

X X9
l J (4.199)
* BY

which arise under the colimit operation from Cartesian morphisms of groupoid objects (4.195). But these are
precisely the Cartesian such squares, by the theory of equifibered transformations ([Lur09, 6.1.3.9(4)][Re10, 6.5],
see [SS26-Orb, Prop. 3.1.73]). (This is consistent, since effective epimorphisms are stable under pullback; so that
for every such Cartesian square the top horizontal morphism is an effective epimorphism, since * — B¥ is.) But
by the universal property of pullbacks, morphisms of pullback squares over * — B¥ are equivalent to morphsims
of their right vertical component over B, hence to morphisms in H gy . U

Remark 4.2.78 (co-Topos of c-Actions). A key consequence of Prop. 4.2.77 is that ¢-actions in an co-topos form
themselves an co-topos:
¢ Act(H) ~ H/gy € Topos,,, (4.200)

by the Fundamental Theorem of co-topos theory (Prop. 4.2.48).
In higher generalization of Lem. 2.2.7 we have:

Proposition 4.2.79 (Induced oo-actions). For%,,%, € Grp(H) and ¢ : %, — % a homomorphism, there is naturally
induced an adjoint triple of co-functors between the corresponding oo-categories of oo-actions (4.196)

¢ —>
% Act(H) ~— d)L — % ActH, (4.201)

b
where ¢ is given by pullback of the quotient coprojection (4.199) and preserves the objects X € H being acted on:

g cx L g ex

X 4>X//%1 4>X//g2

|-

B¢, B B9,

(4.202)
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Proof. Under the equivalence of Prop. 4.2.77, the existence of the adjoints to the given ¢* is just the statement of
base change between slice toposes (Prop. 4.2.50). That ¢* preserves the acted object then follows by the pasting
law (1.14). O

In higher generalization of Ex. 2.2.8 we have:

Example 4.2.80 (Fixed loci of eo-actions). For & € Grp(H), the operations of forming

(i) the homotopy quotient of ¢-actions (4.198)

(ii) the trivial ¥-action

(iii) the fixed points of a ¥-action
constitute an adjoint triple of co-functors as shown on the left below, which under the equivalence of Prop. 4.2.77
is identified with the base change adjoint triple (4.143) along BY — x:

() Eas

4 Act(H) wivial H ~ H g < B7%(-)—— H. (4.203)
1 1
(-)? [Isy

(For the homotopy quotient this is part of the result of Prop. 4.2.77, for the trivial action it is evident, and for the
fixed locus it is the very definition [SS26-Orb, Def. 3.2.24].)

Example 4.2.81 (Fixed loci as slice mapping stacks into homotopy quotients over deloopings). Via (4.174), the
fixed loci (4.203) of any & C X are equivalently given by the slice mapping stack (Def. 4.2.66) out of the base B¥
into the homotopy quotient (cf. [SS26-Orb, Ex. 3.2.25]):

X7 ~ Map(BY,X |¥) (4.204)

BY *

More generally, via (4.175), for .77 Ly any homomorphism of ee-groups, hence Bi : B7# — B, the fixed loci
of the induced action 5# C X are given by the slice mapping stack out of B.%# over B¥:

X7 ~ Map(BA X |9y, - (4.205)

Example 4.2.82 (co-Stack of equivariant maps). Given ¥ € Grp(H) and ¥ (X, ¥4 CY € ¢ Act(H) (Prop. 4.2.77),
the ¢-equivariant mapping stack between them is equivalently the slice mapping stack (Def. 4.2.66) between their
homotopy quotients:

Map(¢ X, 9 CY)”

~ [IMap(X /¥.,Y ¥) by (4.203) (4.200)
BY

~ Map(X [9,Y |9)g, by &171).
In higher generalization of Ex. 2.2.9 we have:

Proposition 4.2.83 (Free- and cofree ¢-action). The forgetful functor from 4-actions (Def. 4.2.76) to underlying
objects has a left adjoint and a right adjoint of the following form:

G C((—)x9)
H H~<«~—— undlrlng

4 CMap(¥,—)

undrlng

¢ Act(H)

4P ———> P

4 Act(H) . (4.207)

Proof. Just to observe that, under Prop. 4.2.79, the underlying object functor is equivalently the pullback along

e,
« T87, B

PIY PIY
P ~ undrlng(GCP) ~ ﬁb( i ) ~ (pth)*< i ) (4.208)
BG B¢
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Therefore, the existence of the adjoints is a special case of the base change adjoint triple (Prop. 4.2.50). By the
discussion there, the left adjoint, seen on the slice topos, is given by postcomposition, which implies — by the
pasting law (1.14) and using the looping equivalence (1.2.1) — that its underlying object is (—) x G:

XxG —— X

\L (pb) l
(Ptpey)" (Ptpy )1 (X) G ——— % (Ptpg )1 (X) (4.209)
l (pb) ‘L
* BY
Plgy

Now observing the induced adjoint pair

(ptpy )" o(ptpy )1 = (—) X9
H 1 H 4.210)

(Ptey ) o(Ptpy )

implies the form of the right adjoint by the defining adjunction (4.151) and the essential uniqueness of adjoints. [l

Some Properties of «-Group Actions
We establish some properties of co-actions in co-toposes that we will need later on.

Lemma 4.2.84 (Homotopy quotient preserves connectedness). If 4 (X € ¢ Act(H) is an action on a connected
object X € Hxy, then also the homotopy quotient X || is connected.

Proof. By [Lur(09, Prop. 6.5.1.12], an object is connected precisely if its image under O-truncation

To
Hoo 1 _H 4.211)

is equivalent to the terminal object. But truncation is a left adjoint and hence sends homotopy quotients to ho-
motopy quotients, 7(X /%) ~ 7(X)/%(%). Finally, homotopy quotients in the subcategory H< of O-truncated
objects are plain quotients, which send the point to the point. O

In higher generalization of Ex. 2.2.12, we have:

Proposition 4.2.85 (Restricted and left induced oo-actions). For G € Grp(Set) and K <—l> G a subgroup inclusion,
the induced left base change (via Prop. 4.2.79)

GAct(H) ~ Hypg 22> Hyper ~ G' Act(H) 4.212)

satisfies

(Bi)(K(CX) ~ GC(XxgG) and XK ~ (X xkG)/G. (4.213)
Proof. Unwinding the definitions, and using Prop. 1.2.1 and the pasting law (1.14), this follows from the following
pasting diagram
XXKG —_— X//K ~ (XXKG)//G

[ ]

G/K — > BK (4.214)
i (pb) lBi
* —— BG. O

Lemma 4.2.86 (Presentation of homotopy fixed point spaces of equivariant moduli stacks). For U € CartSpc,
G € Grp(ASet) — Grp(SmthGrpd,,), and (I',p) € G Act(Grp(APSh)) — G Act(Grp(SmthGrpd,.)), we have a

natural equivalence of Grpd,,

(SmthGrpd.,.) g (U x BG, (BT) // G) =~ APSh(CartSpc) i7(U x WG, (WI' x WG) /G). (4.215)
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Proof. By Lemma 4.2.74, we have that W(—) represents B(—) and that ((—) x WG) /G represents (—) / G. It
hence remains to see that the simplicial hom-set on the right has the correct homotopy type of the derived hom-set.
For this it is sufficient, by Lemma 4.1.12, to show that:

(i) U x WG is projectively cofibrant,

(i) (WY x WG) /G is projectively fibrant.

The first statement is Example 4.2.38. The second statement follows since W is projectively fibrant as a simplicial
presheaf (Prop. 4.1.30), hence is projectively fibrant as a G-action (4.61), and since ((—) x WG) /G is a right
Quillen functor (Prop. 4.1.39) and thus preserves fibrancy. O

Base Change of «~-Actions along Discrete Group Covers

We discuss (Prop. 4.2.90 below) the base change of oo-actions (Def. 4.2.76) along coverings of discrete groups,
hence along deloopings of surjective homomorphism

Grp(LChnst) LCnsteq. (4.76)
, i AN

G —2> G € Grp(Set) Grp(H,, deloopingto BG —'~ BG & Grpd, H,. (4.216)

The following Prop. 4.2.90 is one key aspect of “globalizing” G-equivariant homotopy theory (see also Rem.
5.2.28).

Lemma 4.2.87 (Terminal epimorphisms of delooping 1-groupoids). For all G € Grp(Set) the terminal map out of
its delooping groupoid
BG — x € Grpd, 4.217)

is an epimorphism in Grpd,, in that for all * € Grpd; — Grpd,, the induced map
Map(BG — *, Z") : & — Map(BG, Z") (4.218)
is a monomorphism (1.15), namely a fully faithful functor, i.e. the full inclusion of a connected component.

Remark 4.2.88 (Epimorphisms of n-groupoids). The proof of Lem. 4.2.87 is immediate by inspection, due to
the fact that a natural transformation between functors out of BG ~ Loc™"™" (G = %) has a single component
corresponding to the point * — BG.

The subtlety to notice here is just that this situation crucially relies on the ambient category being Grpd,, as it
fails in Grpd, and thus in Grpd,,: If 2" is a 2-groupoid (or higher) then a (pseudo-)natural transformation between
maps BN — 2 has, in general, not just a component on the point, but also components over each element of G,
which are not faithfully reflected on * — BG. Indeed, for BG — * to be an epimorphism in Grpd,, the group G
must be perfect, in that its abelianization is trivial ([Ral19][Hoy19, Lem. 3]).

Lemma 4.2.89 (eo-Action base change comonad along discrete group extension). If G—L>Gisa surjective
homomorphisms in Grp(Set) (4.216), then the induced base change comonad (Prop. 4.2.79) of G-eo-actions in H
along Bp (Bp),

~ _ >

GAct(H) ~ H/BG L H s ~ GAct(H) (4.219)

(Bp)®

is naturally equivalent to the cartesian product with the delooping groupoid BN of the kernel N := ker(p) C G
equipped with its conjugation action:

(Bp): (Bp)* (GC(=)) = GC((=) xBN) . (4.220)
In particular, on O-truncated objects the operation is the identity, in that for GCW € G Act(Hp) we have:

% (Bp)1 (Bp)*(GCW) ~ GCW. (4.221)
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Proof. Consider the following diagram in H:

W x BN — ((Bp)*W) /)G —— W /G

l (pb) l (pb) l

BN BG Bp BG

| e ow

* — > BG.

(4.222)

Here the total middle vertical morphism is (Bp), (Bp*) (W), by Prop. 4.2.50, so that the total left Cartesian rect-
angle computes, in its top left corner, its underlying object. The bottom left rectangle is Cartesian by Prop. 4.2.74
with Lemma 4.1.31. Hence, by repeated use of the pasting law (1.14), the top left object is equivalently the pull-
back exhibited by the top left square and hence that by the total top rectangle. But by the factorization at the
bottom, this total top pullback is the Cartesian product of the underlying object of G (W with BN, as claimed. [

Proposition 4.2.90 (Base change of 2-actions along surjective group homomorphisms is faithful). If p is a sur-
Jjective homomorphisms of discrete groups (4.216), then the induced base change (Prop. 4.2.50, via Prop. 1.2.1)
along Bp is
(i) fully faithful (1.17) on O-truncated objects

(Bp)”

G—L>G b GAaHy) =~ (H,g) «——"— (H), ~ GAct(Ho). (4.223)

(ii) faithful on I-truncated objects, in the sense that (Bp)* induces a monomorphism, hence (Ex. 4.1.16) an
injection of connected components of hom-co-groupoids:

G G - Hom((Bp)* (W), (Bp)'(V)) ~—"" 5 Hom(W. V). (4224
and GCW,GCVEGACt(Hl)} om(( p)( )7( p)( )) <~ Om( ; ) ( )

Proof. For the first statement, consider the following sequence of natural equivalences, for O-truncated G CV, GCW €
G Act(Hp):
Hom((Bp)*W, (Bp)*V) =~ Hom((Bp):(Bp)*W,V) by (1.19)
~ Hom(1y(Bp)(Bp)*W,V) Prop. 4.2.53 with (1.19) (4.225)

~ Hom(W, V) by (4.221).

By the c-Yoneda lemma (Prop. 4.2.29) the composite natural equivalence is a left inverse to (Bp)?,_,) and hence
exhibits fully faithfulness on O-truncated objects. '

The second statement follows by analogous reasoning. For readability, we display the proof only for the special
case when G 2 G is a central extension, so that the G-action on BN is trivial, hence the case when

G (BN =~ (Bpg)*(BN), for pg:G — *. (4.226)

Then we have the following natural equivalences:
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éAct(H1>(<Bp>*<GCW> (Bp)*(GCV))

~ GAct(H,)((Bp )*(GCW),GCV) by (1.19)
~ GAct(H)) (G C W xBN,G(V) by (4.220) in Lem. 4.2.89
~ GAct(H;) (G Cx,Maps (GCW xBN,G(V)) by (4.154)
~ GAct(H,)(G Cx,Maps (G CBN,Map(GCW,G(V))) byLem. 4.2.61
~ GAct(H;)(G CBN,Map(GCW,GCV)) by (4.151) with (1.19) @27
~ GAct(H;)((Bpg)*BN,Map(G (W, GCV)) by (4.226)
~ H; (BN, (Bpg)Map(GCW,G(V)) by Prop. 4.2.83
~ H; (LCnst(BN), (Bpg)Map(G (W, G (V)) by (4.216)
~ Grpd, (BN, T (Bpg):Map(G CW, G (V)) by (4.76) with (1.19)
~ Grpd, (BN, GAct(H,)(GCW,GCV)) by (4.79) with (4.154)
= Maps (BN,Hom(W,V)) .
With this, the claim follows by Lem. 4.2.87. O

Higher Shear Maps

In preparation of the discussion of principal co-bundles (Def. 4.2.97 below), we discuss the higher analogs of the
shear map (3.9):

Definition 4.2.91 (Higher shear maps). Given ¥ (X € G Act(H) (Def. 4.2.76),
(i) we say that its shear map is the universal morphism shear; in the following pasting diagram, whose front and
rear faces are Cartesian, by construction:

G xX X \
s/] ~

| xx ™S X

| v (4.228)
X \ X9
X \ *
(ii) More generally, we say that the higher shear maps

Gxn o x S xntl e N (4.229)

are the universal morphisms given by functorially forming the Cech nerves of idx canonically mapping into X /
4 — x (4.93):

shear,

YxGdxX XxXxX
N
GxX —— L XxX (4.230)
N shoarg W
X X
i )

X )

*
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Example 4.2.92 (Recovering the traditional notion of shear map). Let H = (SmthGrpd,,) x be the slice c-topos
—)xX
over some X € DTopSpc < SmthGrpd,., and let I" € Grp(DTopSpc) & Grp(H) and " C P € G Act(DTopSpc /x)

— G Act(H) be a fiberwise topological group action on a topological bundle P over X.
Then its shear map (4.228) according to Def. 4.2.91 is the universal dashed morphism in the following diagram:

p

I'xP - P
sl\ie\a\r]u pry ‘ \
prs PxxP P
| v (4.231)
P P/.T
~.
P X

This manifestly coincides with the traditional shear map (3.9).

Free «o-Actions

Definition 4.2.93 (Free, transitive and regular oo-actions). We say that 4 CX € ¢ Act(H) (Def. 4.2.76) is
* free if its shear map (4.228) is (—1)-truncated:

shear

G(Xisfree & IxX —1 > XxX; (4.232)

* transitive if its shear map is (—1)-connected:

@ (X is transitive < ZxX T X x X, (4.233)
* regular if its shear map is an equivalence:
GCXisregular & GxX I X xX. (4.234)

Lemma 4.2.94 (Higher shear maps are (—1)-truncated if first shear map is). Given 4 CX € G Act(H), ifits shear
map sheary is (—1)-truncated or an equivalence, then so are all higher shear maps (Def. 4.2.91), respectively:

shear; shear,

IxX —"s IxEY = VN%XX<—>3£”><%, (4.235)
ne

GxxX My = ngxxﬂ%x%. (4.236)
ne

Proof. Observe that for all effective epimorphisms X — 2~ we have, for all n € N, homotopy-cartesian squares as

follows:
anZ

X2

2

n+l1
z

\
X *% (pb) X

(4.237)

X* (pb) (pb) X

VA

Z Z
Namely, the two bottom squares are cartesian by construction of Cech nerves, while the top square is cartesian by

the groupoidal Segal conditions (4.85) satisfied by groupoid objects.
Applied to the morphism of effective epimorphisms

X X

\ J (4.238)
X4 —— «
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this implies that the n + 1st shear map is the following homotopy pullback in the arrow category of H:

n+1

X x> Xx¥ “
~<o - Car.
Sbear,;:j\A o o \
X X xX
l (4.239)
n Pry
X x@* X

Sh, \
kﬁx Xxn+l

Since the classes of (-1)-truncated morphisms and of equivalences (include all identity morphisms and) both are
stable (4.95) under co-limits in the arrow category (by Prop. 4.2.16), the claim follows by induction. O

X

Proposition 4.2.95 (Inhabited homotopy quotients of regular co-actions are terminal). If X € H is inhabited (Ntn.
4.2.12) then an «-action 9 C X € 4 Act(H) (Def. 4.2.76) is regular (Def. 4.2.93) iff its homotopy quotient (Prop.
4.2.77) is terminal:

(X — %) = (9 (Xisregular < X/)9 ~ x). (4.240)

Proof. This follows by inspection of the defining diagram (4.230) of the higher shear maps, noticing that, under
the given assumption on X, not only its left but also its right bottom morphism is an effective epimorphism, so
that the bottom rectangle is the image under forming homotopy quotients of the morphisms of simplicial objects.
Therefore: If the action is regular in that shear; is an equivalence (4.234), then all top horizontal morphisms in
(4.230) are equivalences, by Lem. 4.2.94, whence all top squares are Cartesian, so that the bottom morphism is the
image of an equivalence under the co-colimit functor, and hence itself an equivalence.

Conversely, if the homotopy quotient is terminal, then the bottom morphism is an equivalence, and hence so is
the shear map, by its defining diagram (4.228). O

Proposition 4.2.96 (Homotopy quotient of free actions is ordinary quotient of O-truncation). For H an co-topos,
with 9 € Grp(H) if 4 CX € ¢ Act(H) is free (Def. 4.2.93) and X is inhabited (Ntn. 4.2.12), then the homotopy
quotient (4.198) coincides with the ordinary quotient of the O-truncation:

X//g ~ io(To(X)/To(g)) = io<coeqé:0(%) XT()(X) %; T()(X>> GHo‘i)H. 4.241)

Proof. First we show that X /% is O-truncated. For this it is sufficient to demonstrate that, for all U € H and

Grp(LC . S L
A € Grp(Grpd,,) M GrpH, every morphism out of U x B_#" into it factors through the projection onto U:

U xBX v X )%
prli 3 l (4.242)

To see this, consider the following square diagram of augmented simplicial objects, obtained by choosing atlases
as shown in the bottom row and then forming the four Cech groupoids running vertically (Ex. 4.2.10):



4.2. GEOMETRIC HOMOTOPY THEORY 133
X H xU %X%XX\
l L\U il X x X xX
L [ N ‘ l
H xU 4 xX
I T
xX 4.243)
) (
U — X
\ U T ‘ \ X
¥
UxBX X9
\ U el *

Here in all of the upper horizontal squares
o the left morphism is (—1)-connected —, since every co-group .# € Grp(Grpd,,) is inhabited (Ntn. 4.2.12)
and LCnst, being lex left adjoint, preserves this property;

* the right morphism is (—1)-truncated <, by Lem. 4.2.94.
Since n-connected/truncated morphisms in eo-presheaf categories such as PSh..(A, H) are detected objectwise, this
means that the total square diagram of simplicial objects is a (—1)-connected/truncated-lifting problem, and since
PSh..(A,H) is again an eo-topos this lifting problem has an essentially unique solution (4.94), hence a compatible
set of dashed lifts as shown above. Therefore, forming again the oo-colimit over the vertical simplicial diagrams
recovers the bottom square (Prop. 4.2.15) but now itself equipped with a lift. This is the required lift which proves
that X /¢ is O-truncated:

To

0T (X/9) ~ X[9, Hy_ _~ “H. (4.244)
With this, we may conclude as follows: ’
X)9 ~iy(n(X)]9)) by (4.244)
~ io(%( lim 4" x X)) by (4.198)
injcacp
~ lo([gp (0(9)) " x fo(x>) by (4.147) (4.245)
~ i (coeq(ro(%) x 17(X) = ro(X))) by Ex. 4.1.19
= io (T0(X)/70(¥)) .

Definition 4.2.97 (Principal co-bundles (cf. [NSS12a][NSS12b])). Given an co-topos H, with X € H and ¥ €
Grp(H) w Grp(H )y ),

(i) we say that a regular co-action & C P (Def. 4.2.93) of ¢ internal to the slice topos H /x (Prop. 4.2.48) is a
formally 4 -principal «-bundle over X and an actual & -principal e-bundle over X if it is inhabited, P — * (Ntn.
4.2.12).

(ii) We write

4PmBdI(H)x < Frm¥PmBdI(H)x — GAct(Hy) (4.246)

for the full sub-eo-categories of the co-category of all ¥-actions (4.196) on the (formally) principal ones.
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Remark 4.2.98 (Local triviality). In contrast to the 1-category theoretic analog Def. 3.2.2 (Rem. 3.1.1), the above
Def. 4.2.97 does not include an explicit local triviality clause, but just formulates the internal notion of (formally)
principal bundles (Ntn. 2.1.25). It is instead the nature of the ambient co-toposes which implies the local triviality
of internal principal bundles (Thm. 5.2.2, Thm. 5.3.7 below).

Proposition 4.2.99 (Every co-action is principal over its homotopy quotient). In an co-topos H, every oo-action
G (P € 9 Act(H) (Def. 4.2.76) is principal (Def. 4.2.97) relative to the coprojection into its homotopy quotient
X = P//¥ (4.198).

Proof. Since the left base change functor }. : H/x — H (Prop. 4.2.50)
X

— preserves co-colimits and hence homotopy quotients, being a left adjoint,
— sends products to fiber products (as products in a slice topos are given by fiber products),
the defining diagram on the left is sent by Yy to the following diagram on the right:

(X x ) x P P\ 293 P\
PxP | P p xP P
Hjy € ! = € H
P P(X x¥) MH p//g
\ N
P * P X
(4.247)
Here the dashed morphism on the right is manifestly an equivalence. Since left base change also reflects equiva-
lences, so is the dashed morphism on the left, which is the claim to be proven. O

Theorem 4.2.100 (Delooping groupoids are moduli stacks for principal e-bundles [NSS12a, Thm. 3.17]). In
an oo-topos H, for every co-group ¢ € Grp(H) (Def. 4.2.71) there is for each X € H a natural equivalence of
co-categories

H(X, BY) 4 PmBdI(H)y —— ¢ Act(H ) (4.248)
L hofib JA
P *
X 5BY) — || oo ¥ (4.249)
X BY

c

between ¢ -principal co-bundles over X (Def. 4.2.97) and morphisms from X to the delooping BY (4.181).

Proof. The homotopy fiber functor is fully faithful by Prop. 4.2.15, factors as shown by Prop. 4.2.99, and its
factorization is essentially surjective by Prop. 4.2.95. O
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4.3 Cohesive Homotopy Theory

Where general oo-toposes reflect geometry (geometric homotopy theory, §4.2) in a broad sense, encompassing
exotic notions of space such as encountered, say, in arithmetic geometry, some of their properties may be too exotic
compared to tamer notions of space as expected in classical differential topology ([Mi64][Be21]); for instance in
that their shape (Def. 4.2.19) may be a pro-co-groupoid that is not represented by a plain co-groupoid.

The notion of cohesive oo-toposes (Def. 4.3.1 below) narrows in on those gros oo-toposes that share more of
the abstract properties of categories of spaces expected in differential topology; for instance in that
(1) all their slices have genuine oo-groupoidal shape (Prop. 4.3.5 below) and
(2) they contain a good supply of concrete spaces, namely of sets equipped with cohesive (e.g. topological or
smooth) structure (see Prop. 4.3.40 below).

We first discuss the general concept of cohesive co-groupoids and then consider standard models that encapsu-
late traditional differential and equivariant topology:

—§4.3.1: General Cohesion,
—84.3.2: Smooth Cohesion,
— §4.3.3: Singular Cohesion.

4.3.1 General Cohesion

Definition 4.3.1 (Cohesive co-topos [SSS12, §3.1][Sc13][SS26-Orb, §4.1.1], following [Law07]).
Pnt:=I"
(i) An co-topos H, equipped with a geometric morphism H, ~ 1 _ B to some (“base”) co-topos B is called
Dsc:=LCnst
cohesive if this geometric morphism extends to an adjoint quadruple of the following form:

X Shp shape
1
Dsc ) discrete
L
H, Pnt B points (4.250)
1
Cht ) chaotic

meaning that:

(a) Dsc := LCnst is fully faithful (1.17) and has a left adjoint (1.19), denoted Shp, which preserves finite
products.

(b) Pnt := T has a right adjoint, denoted Cht.

(ii) We denote the induced adjoint triple of endo-co-functors on H by:

pure shape .
aspect I — DSC o) Shp
1
rely discrete
e b = DscoPnt (4.251)
1
purely continuous .
aspect ﬁ — Cht (¢] Pnt .

Remark 4.3.2 (Idempotency of cohesive adjoints). The fact that the adjoints Dsc and Cht in (4.250) are fully
faithful is equivalent to the following (co)unit transformations being equivalences
i b
Shp oDsc —£ ~id, id LN> PntoDsc, PntoCht % id, (4.252)

and equivalent to the (co)monads (4.251) being idempotent, in that their (co)multiplications are natural equiva-
lences:
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Dsc sghp Dsc( py, Cht SFE"‘
foy Zta) gy Pl g 2y (4.253)
as well as
Dsc ellm Dsc gy,
Job % b, # hof. (4.254)

It is this idempotency which makes these (co)monads act as projecting out certain qualities or modes of being of
objects, here: being pure shape, being purely discrete and being chaotic®, while the adjointness | 4 b - # makes
them project out dual such qualities, with the (co)unit transformations exhibiting every object X € H as having
quality in between the given opposing extremes, €.g.:

purely pure
discrete aspect ) ) shape aspect

X — X L x ™ oqx. (4.255)
L A

points-to-pieces transform

The following simple class of examples of cohesive co-toposes (Ex. 4.3.3) is already interesting in itself (as in
our key Def. 4.3.67 below); and other important examples (such as the pivotal SmthGrpd,,, Ntn. 4.3.27 below) are
obtained by (co-)restricting an example in this class from co-presheaves to co-sheaves (when possible):

Example 4.3.3 (Discrete cohesion). Let S be a small co-category regarded as an co-site with trivial Grothendieck
topology. If S has a terminal object, then its co-(pre-)sheaves H = Sh.,(S) form a cohesive oo-topos (Def. 4.3.1).
A transparent abstract way to see this is to note that the existence of a terminal object means equivalently that its
inclusion i is right adjoint to the unique functor p to the terminal category. This implies the adjoint quadruple by
Lem. 4.2.43 with Lem. 4.2.42:

PN p!
< p*éi! e
_ ) — €L
S : x =  PSh.(S) p=i'——> Sha(x) = Grpd,, (4.256)

I 0

Moreover:

(i) the left Kan extension i is fully-faithful since i is (by Lem. 4.2.42) and it preserves finite products since p does
(by Lem. 4.2.40, Lem. 4.2.41)

(ii) a right adjoint of a right adjoint of a fully faithful functor is itself fully faithful.

Remark 4.3.4 (The axioms on the shape modality). That the cohesive shape operation | (4.251) preserves finite
products means that
(a) it preserves binary products, in that for all X,¥Y € H we have natural equivalences
JXxY) ~ (JX)x(JY), equivalently Shp(X xY) ~ Shp(X) x Shp(Y). (4.257)
(b) it preserves the terminal object, in that
Jx ~ %, equivalently :  Shp(x) =~ x*. (4.258)

The following are some key implications of the fact/requirement that the shape modality preserves finite products:
(i) together with idempotency of modalities (Rem. 4.3.2), it implies the projection formula:

JX xJY) ~ (JX)x(JY), equivalently:  Shp(X x Dsc(S)) ~ Shp(X) x S. (4.259)

(ii) together with the preservation (1.20) of simplicial colimits and the effectiveness of group objects (Prop. 4.2.15),
it implies that passage to shape preserves group objects (Def. 4.2.71) and their deloopings (4.181) and more
generally action groupoids (Def. 4.2.76) and their homotopy quotients (4.198):

(5.27)

BY ~ Bj9 2V By, [(X)9) ~ (X)) (%) (4.260)

3This follows the traditional terminology for “chaotic topology”; see Ex. 4.3.21.
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The analogous statement holds for b, for the same reasons:
(5.27)

bBY ~ BvY = BV, b(X)¥) ~ (X)) (9), (4.261)

but b preserves also all fiber products (in particular) and hence preserves all groupoid objects (Def. 4.2.7, not just
the group action objects);
(iii) concretely, (4.258) implies that b computes the underlying (geometrically discrete) co-groupoid of points

bX ~ Grpd,(x,bX) by (4.17)
~ H(J*x,X) by (4.250) with (1.20) (4.262)
~ H(x, X) by (4.258);

(iv) together with the mapping-stack adjunction (4.151), it implies a canonical natural transformation for X,A € H

[Map(X, A) % Map(JX, [A), (4.263)
this being the adjunct (1.19) of the shape of the evaluation map (4.153):
(IX) x (JMap(X,A)) = (X x Map(X, A)) =5 JA. (4.264)

Less immediate is that the shape operation also preserves certain classes of homotopy fiber products: this is
the content of Prop. 4.3.8 and Prop. 4.3.10 below.

Some Basic Properties of Cohesive «o-Toposes

Proposition 4.3.5 (Shape of slice of cohesive co-topos is cohesive shape). Let H be a cohesive oo-topos (Def. 4.3.1)

with shape modality (4.251) Shp Dsc

J: H—— Grpd,, — H. (4.265)

Then for any X € H the shape of the slice oo-topos over X, in the sense of Def. 4.2.19, is equivalently the cohesive
shape of X, under the embedding (4.97) of co-groupoids into pro-co-groupoids:

Shp(H/X) ~ Shp(X) € Grpd,, — ProGrpd,, . (4.266)
Proof. The base change adjoint triple of the slice (Prop. 4.2.50) combines with part (1) of cohesion (Def. 4.3.1)
Yx X Shp
i 1
Xx(-) Disc )
I'x @ Hyx 1 H 1L Grp,, : LCnsty (4.267)
ITx Pnts

and by essential uniqueness of adjoints and of the terminal geometric morphism, the composite is equivalently the
global section geometric morphism (I'y ) of the slice, as shown above.
Now consider, for S1,5, € Grpd,, the following sequence of natural equivalences:
Grp., (S1, Ix oLCnstx(S2)) ~ H(LCnstx(S1), LCnstx(S2)), ) by the composite adjunction in (4.267)
~ H(X x Disc(S1), X x Disc(S2)),) by the factorization in (4.267)

~ H(X x Disc(S}), Disc(S>)) by the left adjunction in (4.267)
~ Grp,, (Shp (X x Disc(S81)), S2) by the right adjunction in (4.267)
~ Grp,, (Shp(X) x S, S2) by (4.259)

=~ Grp,, (81, Grp., (Shp(X ), $2)) by (4.15).

(4.268)
With this, the co-Yoneda lemma (Prop. 4.2.29) implies the natural equivalence that is to be proven. O

Lemma 4.3.6 (Cohesive points are intrinsic points). If H is cohesive over Grpd,,, then for all X € H we have a

natural equivalence
Pnts(X) ~ H(x,X). (4.269)
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Proof.
Pnts(X) =~ Grpd,, (%, Pnts(X)) by (4.17)
~ H(Dsc(*),X) by cohesion (4.270)
~ H(x,X) by cohesion. O

Lemma 4.3.7 (Mapping space consists of cohesive points of mapping stack). If H is cohesive over B, then for all
X,A € H we have a natural equivalence between their hom-space (1.16) and the cohesive points of their mapping
stack (4.151):

H(X,A) ~ PntMap(X,A). (4.271)
More generally, for B € H and E\,E, € H p, the cohesive points of the slice mapping stack (Def. 4.2.66) yield the
mapping space of the slice:

H(El, EZ)B ~ PntMap(El, EQ)B . (4.272)
Proof. For the first case:
H(X,A) =~ H(x,Map(X,A)) byEx.4.2.58 4273)
~ PntMap(X,A) by Ex. 4.3.6. '
More generally, for the second case:
H(E|,E»)p =~ Map(x, Map(E|, E>)g) by Lem. 4.2.69 4274)
~ PntMap(E1 , EZ)B by Ex. 4.3.6. 0

Proposition 4.3.8 (Shape preserves fiber products over discrete objects [Sc13, Thm. 3.8.19][SS26-Orb, Lem.
4.1.5]). For H a cohesive oo-topos (Def. 4.3.1) over Grpd,,, for B € Grpd,, 3 H a discrete object and X ,Y € H p

two cohesive objects fibered over B, there is a natural equivalence

J(X;;Y) ~ ([X) x (IY) (4.275)

between the shape (4.251) of their homotopy fiber product over S and the homotopy fiber product of their shapes.

Proof. The Shp - Dsc-adjunction passes to slices ([Lur09, Prop. 5.2.5.1]) and, by a generalization of the Grothendieck
construction, slices of co-toposes over inverse images of co-groupoids B are equivalent to the co-categories of func-
tors from B to them ([BP22, Lem. 3.10]):

Fnctr(B, Shp)
( Shp g l

Fnctr(B,H) ~ Hpy(s 1 Grpd,, )y =~ Fnctr(B, Grpd.,) . (4.276)

t Dsc/p J

Fnctr(B,Dsc)

Under these equivalences, the right adjoint is readily seen to be given by objectwise application, as shown at the
bottom, from which it follows by uniqueness of co-adjoints that the left adjoint is similarly given by objectwise
application of the shape operation, as shown at the top. But since limits of co-presheaves (here: over B) are
computed objectwise, and since both Shp and Dsc preserve finite products, it follows that so do their slicings over
S. Now the claim follows since the fiber product in question is equivalently the plain product in the slice H/g. [

Lemma 4.3.9 (Reverse pasting law for co-groupoids). Given a homotopy pasting diagram in Grpd,, of the form

X —Y —7Z7

l o l l 4.277)

A*p»BHC,

such that
- the total rectangle and the left square are homotopy Cartesian (1.13),
- the bottom left morphism is an effective epimorphism (Def. 4.2.11),
then also the right square is homotopy Cartesian.



4.3. COHESIVE HOMOTOPY THEORY 139

Proof. Using the presentation of the situation in the classical model structure on simplicial sets (Ntn. 4.1.10), we
may consider the analogous pasting diagram in ASet, such that the two bottom morphisms, say, are Kan fibrations.
Since ASet is a presheaf category and hence regular (by Ex. 2.1.12) we are thus reduced to showing that the 1-
category theoretic reverse pasting law from Lem. 2.1.14 applies, which is the case if the bottom left Kan fibration
(representing) p is a regular epimorphism. Since ASet is in fact a topos, this is equivalent to showing that this
Kan fibration is an epimorphism (again by Ex. 2.1.12), hence a degreewise surjection of simplicial sets. But the
assumption that p is an effective epimorphism of Grpd_, means that it is a surjection on connected components
(by Prop. 4.2.13), and every Kan fibration which is a surjection on connected components is already surjective
in degree 0 (seen by lifting against the acyclic cofibrations A® < A!) and hence in each degree n (seen by lifting
against A? < A"). 0

Proposition 4.3.10 (Shape preserves homotopy fibers of deloopings out of discrete domains). For H a cohesive
co-topos (Def. 4.3.1) over Grpd.., the shape operation preserves homotopy fibers of morphisms out of cohesively
discrete «-groupoids, X ~ bX, into deloopings of cohesive oo-groups 9 :

fib(f) — X > BY - ffib(f) ~ fib([f) — X 5 BY | (4.278)

Proof. Since every X € Grpd,, & SmthGrpd,, is a coproduct of its connected components, and since coproducts
are preserved by homotopy pullback (Prop. 4.2.6) and by | (1.20) we may assume without loss of generality that X
is connected, hence (due to Prop. 4.2.72) that X ~ B.Z for some co-group %, so that the point inclusion * - X
is an effective epimorphism of (smooth) co-groupoids (by Prop. 4.2.13). Consider then the pasting diagram shown
on the left below, where we are using the pasting law (1.14) and the looping/delooping equivalence (1.29) in order
to identify ¢ as the fiber appearing in the top left:

G —— fib(f) — * |9 —— [fib(f) — =
l (pb) l (pb) l I— J (pb) l (pb) l (4279)
%« — > B¥ — > BY * —>> B —— BY.

f Ir

Under applying the shape modality to this diagram, shown on the right, the total rectangle remains a homotopy
pullback square with the bottom left morphism remaining an effective epimorphism (both by Rem. 4.3.4), and
the left square remains a pullback by Prop. 4.3.8. Therefore the reverse pasting law for homotopy pullbacks
(Prop. 4.3.9) implies that also the right square remains a homotopy pullback, which is equivalently the claim to be
shown. 0

Cohesive Charts

Notation 4.3.11 (Cohesive charts [SS26-Orb, Def. 4.1.9]). Given a cohesive co-topos H we say that an oo-site
Chrt for H is an oo-category of cohesive charts if, under the o-Yoneda embedding (4.110), all its objects have

contractible shape: y
VU € Chit<— H : JU =~ x; (4.280)

equivalently:
YU € Chrt < H : Shp(U) =~ . (4.281)

Example 4.3.12 (Flat modality over a site of cohesive charts). If a cohesive co-topos H over Grpd,, has cohesive
Chrt (Ntn. 4.3.11) then for all § € Grpd,, the corresponding geometrically discrete cohesive object is constant as
an oo-presheaf on the charts, in that for all U € Chrt there is a natural equivalence:

(Disc(S)) (U) =~ S € Grpd.,, . (4.282)
Moreover, for A € there is a natural equivalence

(bA)(U) =~ A(x). (4.283)
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Proof. The first statement is the composite of the following sequence of natural equivalences:

(Disc(S)) (U) =~ H(U,Disc(S)) by @.111)
H (Shp(x)S) by (4.251)

12

(4.284)
~ H(x,S) by (4.281)
~ S by (4.17) .
From this the second statement follows by Lem. 4.3.6. O

Lemma 4.3.13 (Mapping stack into discrete object is discrete). Let H be a cohesive co-topos with a category Chrt
of cohesive charts (Ntn. 4.3.11). Then:

(i) the hom-equivalence of the | - b-adjunction also holds internally,

(ii) a mapping stack (4.151) into a discrete object is itself discrete:

bA ~ A = XVH Map(X,A) ~ Map(JX,A) ~ bMap(X, A) IMap(X A). (4.285)
S

Proof. By the c-Yoneda lemma (Prop. 4.2.29), we may check the statement on U &€ Chrt:

Map(X,A)(U) ~ H(UxX,A) by (4.152)
~ H(U x X, bA) by assumption
~ H([(UxX),A) by (4.251)
~ H((JU) x (IX),A) by (4.257)
~ H(JX,A) by (4.280)
~ H(X,bA) by (4.251) (4.286)
~ H(X,A) by assumption
~ H(xx X,A)
~ PtsMap(X,A) by (4.152)
~ (DscPntMap(X,A))(U) by (4.282)
= (PMap(X,A)) (U) by (4.251) .

4.3.2 Smooth Cohesion

We turn attention now to the archetypical example of those cohesive co-toposes (Def. 4.3.1) given by generalized
spaces that are built from (are co-colimits of) Cartesian spaces R" glued by smooth functions between them, i.e.
built from the elementary charts of differential topology. The concrete O-truncated objects among these smooth
co-groupoids are known as diffeological spaces (Ntn. 4.3.15 below) and we begin by recalling and developing
general topology as seen inside the category of diffeological spaces.

Diffeological Spaces

Definition 4.3.14 (Good open covers). For X € TopSpc a topological manifold,
(i) an open cover {U; — X}c; is good if all finite intersections of patches are (empty or) homeomorphic to an open

ball: R or

N-NU; ~ 4.287
YooY Uyneny, {@. (4.287)

(ii) If X is a smooth manifold, we say a good cover is differentiably good ([FStS12, Def. 6.3.9]) if the identifications
in (4.287) can be taken to be diffeomorphisms instead of just homeomorphisms.
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Notation 4.3.15 (Cartesian spaces and Diffeological spaces). (i) We write
CartSpc — SmthMfd (4.288)

for the category whose objects are the R" for n € N and whose morphisms are the smooth functions between these.
(ii) We regard this as a site with respect to the coverage (Grothendieck pre-topology) whose covers of R" are
the differentiably good open covers ([FStS12, Def. 6.3.9]) hence the open covers {U; — R"};c;, such that all
non-empty finite intersections U;, N ---NU;,, k € N, of patches are diffeomorphic to an open ball, and hence to R".
(iii) We say that a sheaf on this site is a smooth set and is a diffeological space ([So80][S084][1Z85], see [BHO8]
[[Z13]) if it is a concrete sheaf ([Du79b])):

i
DffigSpc SN SmthGrpd,, := Sh(CartSpc) . (4.289)

This means that a functor
X : CartSpc®® ——— Set

4.290
R" — X(Rn) set of plots ( )

encodes a diffeological space if and only if (i) it is a sheaf and (ii) for all # € N the following natural morphism is

a monomorphism, hence an injection of the set of plots into the set of all functions of underlying point sets:
X(R") ~ SmthGrpdy(R",X) —— Set(SmthGrpd(*, R"), SmthGrpd,(*, X)) =: (4X)(R"). (4.290)
R % x) — (« SR = (+ SR S X)) '

(iv) The category of diffeological spaces contains the category of smooth manifolds as a full subcategory, via the

extended Yoneda embedding: y
CartSpc — SmthMfd —— DffigSpc. (4.292)

Remark 4.3.16 (Diffeological mapping spaces). On general grounds, the category of diffeological spaces (Ntn.
4.3.15) is Cartesian closed, in that for any X € DfflgSpc the cartesian product operation with X, given by

XxY: R"— X(R")xY(R"), (4.293)
has a right adjoint Xx(0)
DffigSpc 1 DffigSpc (4.294)
Map(th)
given by
Map(X,Y) : R" — DfflgSpc(X xR", Y). (4.295)

Example 4.3.17 (Continuous diffeology and D-topology). For any X € DffigSpc (4.289) the underlying set be-
comes a topological space Dtplg(X) € TopSpc via the D-fopology ([1Z85, Def. 1.2.3][1Z13, §2.8][CSW 14, §3]),
which is the final (i.e. finest) topology such that all plots (4.290) become continuous functions:

4(1)’ Dtplg(X) . (4.296)

Conversely, for any X € TopSpc the underlying set becomes a diffeological space (4.289) via the continuous
diffeology Cdfflg(X) € DffigSpc whose plots (4.290) are the continuous functions

(R" % X) € DffigSpe(R", X) ~ X(R") + R

Cdffig(X) : R" — TopSpc(R", X). (4.297)
Notation 4.3.18 (D-topological spaces). We write
TopSpc L DTopSpc (4.298)
Cdffig

for the coreflective subcategory on the Delta-generated spaces [Dug03] also called numerically generated spaces
[SYH10] (see also [CSW 14, §3.2]), hence the topological spaces whose open subsets U C X are precisely those

whose pre-images ¢ ~!(U) are open under all continuous functions of the form A" ﬂ) X, or, equivalently, under all

those of the form R” ﬂ) X, foralln € N.
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The following statement justifies abbreviating “Delta-generated topological spaces” to “D-topological spaces’:

Proposition 4.3.19 (Adjunction between topological and diffeological spaces fixes Delta-generated spaces).

The constructions in Ex. 4.3.17 constitute a pair of adjoint functors between tological and diffeological spaces
(Ntn. 4.3.15) which factors through compactly generated spaces (Ntn. 2.1.16) and further through D-topological
spaces (Ntn. 4.3.18) as follows:

. . Delta-generated D-topology
topological spaces topological k-spaces diffeological spaces

topological spaces Dtp]g
TopSpc 1 kTopSpc 1 DTopSpe . L DffigSpc e SmthGrpd,, (4.299)
k Cdfflg

continuous diffeology

Proof. This is essentially the observation of [SYH10, §3], see also [CSW 14, §3.2]: One checks that Dtplg 4 Cdfflg
is an adjunction ([SYH10, Lem. 3.1]) whose associated comonad is idempotent ([SYH10, Lem. 3.3]),
Dtplg o Cdffig o Dtplg o Cdfflg Dtplg o Cdfflg, (4.300)

Dtplg(€carng(-))

~

and whose fixed objects Dtplg o Cdfflig(X) 8%\ X are precisely the Delta-generated spaces ([SYH10, Prop. 3.2]).
This implies the claimed factorization relative to all topological spaces by the factorization theorem for idempotent
adjunctions (e.g. [Grd21, Thm. 3.8.8]). Moreover, Delta-generated spaces are also coreflective among k-spaces
(by [Vo71, Prop. 1.5], see also [Gau09, p. 7]), whereby the full factorization (4.299) is implied by uniqueness of
adjoints. 0

Example 4.3.20 (D-topology on smooth manifolds is their ordinary topology). Given an ordinary smooth manifold
— hence a topological space X equipped with a smooth structure smx — regarded as a diffeological space (4.292),

(X,smx) € SmthMfd — DfflgSpc, (4.301)
then its D-topology (Ex. 4.3.17) is its ordinary topology (cf. [CSW14, Ex. 3.2 (1)]):
Dtplg(X,smyx) ~ X. (4.302)

With the adjunction from Prop. 4.3.19 this implies that for any topological space A € TopSpc we have a
natural bijection between smooth maps out of smooth manifolds into its continuous diffeology (Ex. 4.3.17) and
continuous maps between the plain topological spaces:

Hom((X, smy) Cdfﬂg(A)) ~ Hom (Dtplg(X7 smy), A) by adjunction (4.299)

(4.303)
~ Hom(X, A) by Ex. 4.3.20.

Since general maps out of smooth eo-groupoids 2~ € SmthGrpd,, are presented by degreewise maps out of
cofibrant simplicial resolutions which are degreewise smooth manifolds (cf. Prop. 4.2.37 and Ex. 4.3.45 below)
this justifies the strategy of regarding topological (classifying) spaces as objects of SmthGrpd,, via their continuous
diffeology.

Example 4.3.21 (Chaotic topology). For § € Set — Grpd,, & SmthGrpd,, its sharp or chaotic aspect, in the
notation of Def. 4.3.1, is the D-topological space obtained by equipping S with the chaotic topology, i.e., the
coarsest or initial topology

#Dsc(S) ~ Cdffig(S,Opg:={2,S}). (4.304)
Definition 4.3.22 (Smooth extended simplices). Write
omth - A — CartSpc — SmthMfd < DffigSpc (4.305)
for the cosimplicial diffeological space (Ntn. 4.3.15) given by the extended smooth simplices:
= { (%0, x) € R Y (e =1} (4.306)

with co-degeneracy and co-face maps given by addition of consecutive variables and by insertion of zeros, respec-
tively.
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Notation 4.3.23 (Diffeological singular complex). We write
Pth: DffigSpc ——  ASet
X —  DffigSpc (A?, i, X)
for the nerve operation induced by Def. 4.3.22.

(4.307)

Proposition 4.3.24 (Singular simplicial complex of continuous-diffeology represents weak homotopy type). For
X € TopSpc there is a natural transformation to the ordinary singular simplicial complex of a topological space
from the diffeological singular simplial complex (4.307) of its continuous-diffeological space (4.299) which takes
values in weak homotopy equivalences:

Pth (Cdffig(X)) Pth(X) € ASet— Grpd,,. (4.308)

_
€WHmtpEq

Proof. The existence of these weak homotopy equivalences is the content of [CW14, Prop. 4.14]. Inspection of
the proof given there shows that these are indeed natural transformations. O

Proposition 4.3.25 (Diffeological mapping spaces have correct underlying homotopy type). The ordinary singular
simplicial complex of the mapping space between a pair of k-topological spaces (2.11) is naturally weakly homo-
topy equivalent to the diffeological singular simplicial complex (4.307) of the diffeological mapping space (4.295)
of their continuous-diffeological incarnations (4.299):

X,Y € kTopSpc +  PthCdfflg (Map(X, Y)) — Pth Map(Cdiflg(X), Cdffig(¥)).  (4309)

_
€WHmtpE

Proof. We deduce this as a corollary of results proven in [SYH10]. This gives the existence of a weak homotopy
equivalence ¢ € WHmtpEq, whose image under Cdfflg is of this form:
Cdfflg(Map(X,Y)) > Cdfflg (smap(X,A)) ~ Map(Cdffig(X), Cdffig(Y)), (4.310)

Catfig(9)
€Cdffig(WHmtpEq

where smap is some topologization of the set of maps (defined on [SYH10, p. 6]) of which we only need to know
that:

* its continuous-diffeological incarnation is the diffeological mapping space (by [SYH10, Prop. 4.7]) as shown
on the right of (4.310),

* it is weakly homotopy equivalent to the topological mapping space with its compact-open topology (by
[SYH10, Prop. 5.4]) hence to the k-fication of that (by [Vo71, Prop. 1.2 (h)]), as shown on the left of
(4.310).

Now consider the naturality square of ¢ (4.310) under the natural weak homotopy equivalence from Prop. 4.3.24:

PthCdfflg (Map(X,Y))

PthCdfflg

MY, PthCdfflg (smap(X, Y)) = PthMap (Cdffig(X), Cdffig(Y))

l €WHmtpEq i €WHmtpEq (4 311 )

Pth(¢)
€WHmtpEq

Pth(Map(X,Y)) Pth (smap(XY)) .

With the bottom morphism and the vertical morphisms being weak homotopy equivalences, it follows that also the
top morphism is a weak homotopy equivalence (by the 2-out-of-3 property), which is the claim to be shown. [J

For maps out of discrete spaces, we have stronger statements, such as the following:

Lemma 4.3.26 (Diffeological mapping groupoid out of discrete into continuous-diffeological groupoid).

Let (S1 = Sp) € Grpd(Set) — Grpd(DTopSpc) be a topologically discrete groupoid and I' € Grp(kTopSpc) a
topological group.

(i) We have an isomorphism of diffeological groupoids:

Map((S1 = So), (Cdffig(I’) =% %)) ~ CdffigMap((S; = So), (' =% *)) € Grpd(DffigSpc), (4.312)

where on the left the mapping groupoid is formed in DffigSpc, while on the right it is formed in kTopSpc.
(ii) In particular, for G € Grp(Set) we have an isomorphism

Map(EG, BCdffig(I')) ~ CdffigMap(EG, BI) . (4.313)
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Proof. The mapping groupoids are equalizers of maps between product spaces, e.g.

eq FF(fof')
Map((S1 = So), T = %)) ——— [IT [1T. (4.314)
fes FF(f)-F(f) (f.f1)e
S1S>E)Sl
Since Cdfflg is a right adjoint, it preserves all these limits. O

Smooth co-Groupoids

Much like diffeological spaces (Ntn. 4.3.15) are “geometric sets probeable by smooth manifolds” so smooth
co-groupoids (Ntn. 4.3.27 below) are “geometric co-groupoids probeable by smooth manifolds” ([SSS12, Def.
3.1][Sc13, §4.4][SS26-Orb, Ex. 4.1.18][FSS23, Def. A.57]). In fact, diffeological spaces are equivalently the
concrete O-truncated smooth eo-groupoids (recalled as Prop. 4.3.40 below). The generalization from concrete
sheaves on CartSpc to all sheaves embeds diffeological spaces into a cohesive topos, and discarding the truncation
condition makes this a cohesive co-topos (Prop. 4.3.39 below).

Notation 4.3.27 (Smooth co-groupoids). We write
SmthGrpd,, = Sh..(CartSpc) (4.315)

for the hypercomplete co-topos over CartSpc (Ntn. 4.3.15), presented by the local projective moel structure (Ntn.
4.2.26) on simplicial presheaves over CartSpc:

SmthGrpd,, := Loc"""™* (APSh(CartSpc) p; )
loc

4.316)
~ Loc""VF* (APSh(SmthMfd) i) € Hoa(Topos,,) . (
loc
Remark 4.3.28 (Smooth co-groupoids presented over smooth manifolds). Since every smooth manifold has, es-
sentially by definition, an open cover by objects of CartSpc, the canonical inclusion

CartSpc —— SmthMfd (4.317)
dense
is that of a dense subsite with respect to (differentiably good) open covers, and as such induces an equivalence sheaf
toposes over these sites (by the comparison lemma, e.g. [Jo02b, §C.2.2]), and hence of hypercomplete co-toposes:

SmthGrpd,, ~ Sh..(CartSpc) ~ Sh..(SmthMfd). (4.318)

Conceptually this means that the site of SmthMfd has redundancy when regarded as a generating class for smooth
homotopy types, due to the fact that smooth manifolds are themselves already built from simpler smooth building
blocks (charts). Indeed, for many purposes the presentation of SmthGrpd,, over CartSpc is the more convenient
(cf. for instance Prop. 4.3.29 and Ex. 4.3.45 below). But for some purposes we will invoke the presentation over
SmthMfd, such as in the proof of the smooth Oka principle (Thm. 4.3.54 below).

In addition to the general recognition of projectively co-fibrant simplicial presheaves (from Prop. 4.2.37),
we have the following convenient recognition principle for fibrant simplicial presheaves presenting smooth oo-
groupoids (Ntn. 4.3.27), based on results in [Pav22]:

Proposition 4.3.29 (Recognition of fibrant simplicial presheaves over CartSpc). An object 2~ € APSh(CartSpc) pro
(4.316) is fibrant precisely if it satisfies the following conditions for all R" € CartSpc:
(i) the value 2 (R") € ASetgy, is a Kan complex, i.e. 2" is globally projectively fibrant;
(ii) given a pair of disjoint collections of parallel rectangular strips, which jointly cover R": (cf. Fig. 4.1)
2i+1

(U2,~:=(4i,4i+3)xR"—‘<L>R") : (Uzi+1 = (4i+2,4i+5) xR 2

R”) (4.319)
i€Z i€Z
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Figure 4.1: The situation in (4.319).

4 Rnfl
4i 4ifl 4it2 4i+3 4it4 4it5 R
Usio1 NUy; UriNUzig
Uy Uy ~ Uy
200 Us(i—1)+1 ’ Va1 Ay
then the resulting square (2 ()
C\12i));
Z (R ——5 [12(Uy)
i€Z
(2 (12i41 ))fezl (bpb) l (4.320)
[12 (V2is1) — [1Z(U;NUj11)
i€Z JEL

exhibits a homotopy pullback.

Proof. On general grounds, the projectively locally fibrant simplicial presheaves are those which are objectwise
Kan complexes and which satisfy homotopy descent. That over the site of smooth manifolds homotopy descent is
equivalent to the above Brown-Gersten type condition (4.320) follows from [Pav22, Thm. 4.11]. O

This has the following remarkable consequences (see also [Pav22, Prop. 4.13]):

Lemma 4.3.30 (Local fibrancy of delooping groupoids over Cartesian spaces). For I" € Grp (Sh(CartSpc)) any
sheaf of groups over the site CartSpc (4.288), the simplicial nerve of its delooping groupoid is locally projectively

fibrant:
NI =%) € (APSh(CartSpc) pmj>ﬁb. (4.321)

loc

Proof. * In the given case, the homotopy pullback in (4.3.29) is readily seen to be the groupoid whose objects are
tuples of transition functions (cf. Fig. 4.2)

(101 € D(@i+22i+3) xR @322)

and whose morphisms are gauge transformations between these, of the following form, with composition given by
the group operations in the groups I'(27,2j+ 3):

oy n =
(r € T((2),2j+3) xR ))‘/GZ L (Wn)jer —— (B] (g2 Tt i (2j+2,2j+3)).,-ez' (4.323)

4We thank Dmitri Pavlov for discussion of the following proof.
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Figure 4.2: The situation in (4.322).

-
4i 4it1 4i12 4i+3 4it4 445 R
| | | | | | >
Usi1 NUy; UziNUzit1
— A
Us(i-) = Uy ~~ Us(iy1)
( Us(i-1)+1 Uait 1

\ 72'—12-\}121‘ Y2 2it1 /
hai N \// —
~

We need to show that this groupoid (4.323) is equivalent to I'(R") = %, which means to show that (i) it is
connected and (ii) that the automorphisms of the element with trivial transition functions (e)jcz are in bijection
with T'(R").

The second statement (ii) is clear: For a gauge transformation (4.323) to preserve the trivial transition functions
(7j,j+1 =€) jez its components (/) jcz must agree on intersections, hence they glue by the assumed sheaf property
of I'.

For the first statement (i), the strategy is to use gauge transformations “on the left” to gauge away transition
functions “on the right of their domain”, and vice versa. The subtlety is to do this gauging “on the left” without
destroying the trivial gauge already achieved “on the right”.

We close by spelling out in detail one way to do this. So let (¥; j+1) cz be any tuple of transition functions
(4.322). We will produce a morphism (4.323) of the form (¥;,j+1) jez — () jez.

To this end, choose diffeomorphisms (by the usual methods for bump functions, e.g. as in [Lel2, Prop. 2.25])
of this form (cf. Fig. 4.3):

(2,2j+2) = (2j+2,2j+2b<j+2,2j+25) = (2j+2,2j+2%)
~ ) ;

rj+1

Uy =(2j,2j+3) LN’\ (2j+2,2j+3) <— (2j+2,2j+5)=Ujn (4.324)

3 ;o

(2j425,2j+3) = (2j+25,2j+3) (2j+23,2j+3) < (2j+3,2j+5)

Uji
AL e
Figure 4.3: i HE
The situation in (4.324). 2 2itl 2i+2? 2j+3 ij“ 2j+3

.t
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Now, to start with, consider the morphism

_ J &) | j=0 . /
<hj B { e | otherwise | + Weiez = (Wi )jEZ (3323
JEZ
to new transition functions which satisfy ) 136
=e; .
Y1 (21 5) ( )
and from there the further morphism
— rT(yél)il | J: 1 . / "
(hj - { e | otherwise /. ' (yj’jH Jiez (yj’jH )jez (+:327)
JEZ
to new transition functions which satisfy ¥ =e. (4.328)

Next, consider the following morphism, whose components to the right are all trivial, while those to the left
are defined inductively:

¢ | j=z0 " ) ( i )
hj = : (Vi iv1)jez —— (Yiix1) i - (4.329)
o <y{{. (T T ) | j<0 G.it1)i j.+1) jez
J\ gt }(2]+2,2]+3) jez
This yields transition functions with the property
v . =e; 4.330
jez Vi1 | (2j+25 2j+3) ¢ ( )
i<o
and from there we have a morphism
e L
(= {imy | J20) e — G e
J Jr jeZ
to transition functions with the property "
Y. Y = e (4.332)
IAS
i<o

Finally, applying the analogous inductive construction also mirror-symmetrically for j — oo serves to trivi-
alize a%so the remaining tran/sition functionj to the right, %i/ving a morph/i/im (yj”;’ 1)jez = (e) jez. T}.le composite
morphism (¥j j+1) jez = (V] j11)jez = (Vi j11)jez = (V]iy1)jez = (V]'j11)jez — (€) jez is the desired one, ex-
hibiting the connectedness of the descent groupoid. O

More generally:

Proposition 4.3.31 (Local fibrancy of simplicial deloopings of locally fibrant presheaves of simplicial groups).
Given a presheaf of simplicial groups whose underlying simplicial presheaf is locally projectively fibrant (Ntn.
4.2.26) then its (objectwise) simplicial delooping (4.47) is itself locally projectively fibrant:

loc

G c Grp<<APSh(CartSpc)pmj>ﬁb) = WY < (APSh(Cartspc)%?)ﬁb. (4.333)

We again thank Dmitri Pavlov for discussion of the following proof.
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Proof. Since W(—) takes objectwise values in Kan complexes (Prop. 4.1.30) it is immediate that W¥ is globally
projectively fibrant; what we have to show is that it also satisfies homotopy descent. For this, by Prop. 4.3.29, it is

sufficient that for a good open cover {U b <l> R" }j ¢z, of the special form (4.319) the descent morphism

APSh(CartSpe) (1, W )

W% (R") ~ APSh(CartSpc) (R", W¥) — APSh(CartSpc) (%, W¥) (4.334)
S mtpEq
is a weak homotopy equivalence, where
X0 .
U = ([_[U,-) " % ,R" ¢ APSh(CartSpc) (4.335)
j

denotes the Cech nerve of the cover. Here the special property of the cover (4.319) implies that it has no non-trivial
intersections beyond double intersections, hence that its Cech nerve is fixed by the k-skeleton functor (4.149) for
allk>1:

ske>1 (%) ~ % € APSh(CartSpc). (4.336)

Notice here, by the special properties of Cartesian products of simplicial simplices (e.g. [Fr20, §B.6]), that the
skeletal degree is additive in a Cartesian product of simplicial sets, so that with sk;(A!) ~ A! the above property
(4.336) gives:

sko (% % x A') ~ %% x A' € APSh(CartSpc). (4.337)

Now to see that (4.334) is a weak equivalence, hence an isomorphism on all 7,, we will show that:
(1) it is an isomorphism on 7y, in that, with the left hand side manifestly being connected, also the right hand side
is connected;
(ii) it is an isomorphism on 7,>1, in that its looping (1.22) is a weak homotopy equivalence.

Here (i) holds by the following sequence of equivalences:
7y APSh(CartSpe) (% *&, W¥)
~ APSh(CartSpe) (% *i», W), / APSh(CartSpe) (%% x A, W),
~ APSh(CartSpc) (Skz (% i), W%)O / APSh(CartSpc) (Skz (%<7 x A, W%)O by (4.336) & (4.337)
~ APSh(CartSpe) (%, cosky (We9) ) /APSh(CartSpe) (% 5 x Al, coska (W) ) by (4.149)

~ 79 APSh(CartSpc) (% <k cosks (WY) )

~ 7y APSh(CartSpc) (02/ Xk, W (cosk; (g))) lg&;ﬁif%
~ x by Prop. 4.3.30
(4.338)

The last step uses that cosk;(¥) is equivalent to a presheaf of plain groups to which the previous Prop. 4.3.31
applies.

Finally, to see that (ii) holds: Due to the natural weak homotopy equivalence QW% ~ ¢ (Ex. 4.1.40) and
using that the simplicial hom-functor preserves looping of Kan complexes (like all limits of simplicial sets) in its
second argument, the image under looping (1.22) of the descent morphism (4.334) is (up to globally projective
weak equivalence) of this form

& (R") ~ APSh(CartSpc) (R", %) APSh(CartSpe) (1,

€WHmtpEq APSh(CaI'tSpC) (%" {4) : (4.339)

But this is just the descent morphism for ¢ itself, which is a weak equivalence by the assumption that ¢ is locally
projectively fibrant. O
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Topological Transformation Groups seen in SmthGrpd,,

Before discussing the cohesion of smoooth co-groupoids (Prop. 4.3.39 below), we showcase some aspects of
topological transformation groups seen under the embedding of D-topological spaces into smooth co-groupoids:

Example 4.3.32 (Stabilizer groups as the loop objects of homotopy quotient stacks). Given a D-topological group
action
-T' € Grp(DTopSpc) — Grp(SmthGrpd.,)
-T' (X € T'Act(DTopSpc) < I' Act(SmthGrpd,, )
seen in SmthGrpd,, under (4.299), then the simplicial nerve of their topological action groupoid (Ex. 2.3.6)
N((XxI'=X)) € ADTopSpc — ADfflgSpc — APSh(CartSpc)
represents the co-topos theoretic homotopy quotient (according to Prop. 4.2.77)

Loc?VEe <N( (XxT = X) )) ~ XJT € SmthGrpd... (4.340)
Moreover, for any x € X its topological stabilizer group is canonically identified with the looping (1.22) of the

homotopy quotient at that point:

Stabr (x) _— > %

l o) lkx € SmthGrpd,, . (4.341)

Proof. For the first statement, it is immediate to see that we have a pullback diagram of simplicial presheaves as
shown on the left below, which hence gives the required homotopy pullback of co-stacks shown on the right, due
to Lem. 4.2.32:

NX=X) — > N(XxT = X) v X ———— X/T
l (o) leperib Locni> l ob) l (4.342)
N(x= %) ———— N(I=%) # —— BI

Similarly, for computing the looping, the same Lemma 4.2.32 (together with direct inspection of the right mor-
phism, or else appeal to the factorization lemma, 4.2.34) gives:

N(x = %)
kxlePerEqs
N (Stabr(x) = Stabr(x)) — N(({x} xT) xT = ({x} xT)) Stabr(x) ——————> * (4.343)
PrjWEqs
l (Pb) lePerib M, l o) Fx
N(x = %) — (XxT = X) * ——— XT 0

Example 4.3.33 (Projective representations of finite groups seen via simplicial presheaves). The topological action
groupoid (Ex. 2.3.6) of the circle group Uj acting by multiplication on the unitary group U, (2.190) carries
an evident structure of a group object (by the degree-wise group operations in U, and in U; x Uy), hence of a
topological strict 2-group (Ntn. 2.3.33), so that its simplicial nerve (Ntn. 2.3.24) is a simplicial topological group:

(Up x Uy = Uy) € Grp(Grpd(kTopSpc)), N((UpxU; =Uy)) € Grp(AkTopSpc) . (4.344)

Under the inclusion from Prop. 4.3.19

KTopSpe ™ DTopSpe < DffigSpe < SmthGrpd., (4.345)
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and using Lemma 4.3.32, this becomes a smooth 2-group, represented by a presheaf of simplicial groups on
CartSpc:

Cdfﬂg(N((Ua, < U :;Uw))) L R"  N((Map(R", Up) x Map(R", Uj) = Map(R", Up))) . (4.346)

Since the Uj-quotient projection U, — PUy, is locally trivial (2.193), so that every map from an R” to PUy, lifts
to a map to Uy, it follows that the canonical map from the simplicial classifying space (4.47) of (4.346) to that of
the group object represented by PU, (2.192) is a weak equivalence in the projective model structure over CartSpc
(Ntn. 4.2.26 which presents SmthGrpd,, (Ntn. 4.3.27) of models for the delooping BPU,, (Lemma 4.2.74):

Cdfflg (WN( (Up x Uy = Uy) )) Cdffig(W(PUy)) =~ BPU,. (4.347)

_—
€PrjWEqgs
Inspection of the formula (4.44) for W shows that this simplicial presheaf presentation of BPUy, € SmthGrpd,,

looks as shown in the middle right of the following diagram, where the top right shows an analogous presentation
of BUy, such that the delooped quotient BU;, — BPUj, is presented by a fibration in APSh(CartSpc) o

D G
/ \ 5 ) / N
BG ~ P ___ ¢ ~ BU,

representation of e ——MM s> o
central extension
gl 82,7(81,82) €1 Cz (U"UZ’UCIICz)
} )
(g,-.c,-) (Uiv("i)
i (pb) I €PrjFib
g C,“Ui
1
° °
\%\\ %\\
2 2 p A 1 %, (4.348)
/ \ projective o C:T(gl ’gz) < ~ BPU(D
r('|)r0;cnmtiun ° y’ °
¢ grg * cUrUr=r(g1.82)p(81°82)
€PrjFib

/gl gx >~ B2U1

The bottom left of this diagram shows WG ~ BG (still by Lemma 4.2.74) for a finite group G, which, since G is
discrete, is a projectively cofibrant simplicial presheaf (by Prop. 4.2.37). It follows (by Lem. 4.1.12) that the ele-
ments of the hom-groupoid SmthGrpd,, (BG7 BPUw) are all representable by morphisms of simplicial presheaves
denoted “p” in this diagram, which, again by Prop. 4.3.19, are equivalently morphisms of simplicial D-topological
spaces (in fact of topological 2-functors between D-topological 2-groupoids).

The upshot is that the presentation for BPU, chosen on the right makes transparently manifest how such
projective unitary representations G LN PUy (e. g. [Ta77][Co09][EU14, §5], review in [Mel7]) encode:
(i) a U;-valued 2-cocycle 7, by postcomposition with BPU,, — B?U; (this construction is the stacky refinement of
Ex. 3.3.29);
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(ii) a genuine unitary representation p of the Uj-extension G of G which is classified by 7, this being simply the
pullback of p along the top right projective fibration (compare [EU14, §5]).

Abstracting away from the presentations by simplicial presheaves, the bottom right fibration in (4.348) implies
(by Lem. 4.2.32) that we have a homotopy fiber sequence BU, — BPU,, — B?U; in SmthGrpd,,, which, by Prop.
1.2.1 gives an identification

BPU, ~ BU, /BU; € SmthGrpd,, . (4.349)

It follows that for 7 € Hérp(G; U ), the isomorphism classes of [t]-projective unitary representations of G are in

natural bijection with the connected components of the slice hom-groupoid (4.164)

(4.350)

(Repm (G)) ~ % H((BG,7), BUy /BU )y, -

/Nisﬂ

We use the occasion of Ex. 4.3.33 to record that key facts of standard character theory generalize to projective
representations and to establish a fact (Prop. 4.3.38 below) which we need below in Lem. 5.2.45:

Lemma 4.3.34 (Characters of projective representations of finite groups [Chel5, Prop. 2.2 (1)]).
For G a finite group and [7] € Hérp(G, U) a 2-cocycle, the characters

X, € Map(G,U) (4.351)

of [t]-projective unitary representations (Ex. 4.3.33)

BG —2 BU,/BU; — BU, /BU; ~ BPU,

T _— (4.352)

B2U,

of any finite dimension d € N, which are still given by the trace of the unitary operators p(g) € Uy (4.348)
Xp(g) = Tr(p(g)), (4.353)

still detect isomorphy of projective representations (4.350):

Xoo =Xy = Ipl=1Ip] € (Rep(G)) (4354)

/Niso

This means that projective character theory looks much like plain character theory; for instance:

Example 4.3.35 (Ordinary characters act on projective characters). The tensoring (see also (5.124) below) of an

ordinary unitary G-representation BG LN BU, with a [t]-projective representation BG LN BU, (Ex. 4.3.33) is again
a [t]-projective representation

&

[7] [7]
Rep(G) x Rep!™(G) Rep'®(G) (4.355)
(p.p") — pep,
and under this operation the characters (4.353) multiply, as usual:
Xoop = Xp-Xpr. (4.356)

Example 4.3.36 (Projective regular representation). For G a finite group and [7] € Hérp(G; U)),
(i) the regular [t]-projective representation (Ex. 4.3.33) is the complex linear span of the underlying set of G

C[G]17 € Repl™(G) (4.357)
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with action defined on the canonical basis elements {v;|g € G} C C[G] by the formula

p(g)(vk) == 7(8,k) V- (4.358)

That this definition satisfies the action property is equivalently the cocycle condition on 7:

p(g1)(P(g2)(ves)) = P(81)(7(82,83) Vergs) by (4.358)
= 7(81,82-83) - T(82,83) Vgr.g0gs DY (4.358)
(4.359)
= 7(g1,82) - T(81-82,83) ' Vg,00¢s DY cocycle property
= 1(81,82) P (g1 82)(vg;) by (4.358) .

(ii) The character (4.3.34) of the regular projective representation evidently is, independently of 7, the same as that
of the ordinary regular representation:

ord(G) | g=e
X T ol . .
cer 8 { 0 | otherwise. (4.360)
Proposition 4.3.37 (Regular projective representation decomposes into all projective irreps [Chel5, Prop. 2.3]).
For G a finite group and [t] € Hérp(G; U), the [t]-projective regular representation (Ex. 4.3.36) decomposes
as the direct sum of all irreducible [T]-projective representations, each appearing with multiplicity equal to the
complex dimension of its representation space:

clG)l ~ @ dim, (1) - p € Repl?(G) . (4.361)
[u] €

(Rept(G)ir ) .

We deduce from this the following fact (which will be needed in Lem. 5.2.45 below):

Proposition 4.3.38 (Tensoring projective representations with the plain regular representation). For G a finite
group, and 1] € Hérp(G; U)), the tensoring (4.355) of any [t]-projective representation p (Ex. 4.3.33) with the
plain regular representation is the direct sum of dimg(p) copies of the [t]-projective regular representation (Ex.
4.3.36), and hence a direct sum of all irreducible [T]-projective representations:

ClGl®p = dimc(p)-Clg]*

p e Repm(G) - ~ [e]a dim.(p)-dim.(u)-u by Prop. 4.3.37. (4.362)
u e
(Rep[f] (G)m) .

Proof. The character (4.353) of the tensor product representation is

x(ClGlep) = x(C[G])-x(p) by (4.356)
= (|G,0,0,---,) - (dimc(p),tr(p(g1)),---) by (4.360)
= (|G|-dim¢(p),0,0,---) (4.363)
= dimc(p)- (’G‘70707"')
= dimc(p) - x (C[G]Y) by (4.360) .
Hence the claim follows by (4.354). ]

Smooth co-Groupoids

Smooth co-groupoids constitute the main example of cohesive co-toposes that we consider here (see also [SS26-Orb,
§4.1] for this case and further variants):
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Proposition 4.3.39 (Smooth cohesion [SSS12, §3.1][Sc13, Prop. 4.4.8]). The c-topos SmthGrpd,, of smooth oo-
groupoids (Ntn. 4.3.27) is cohesive in the sense of Def. 4.3.1: The adjoint quadruple arises just as in Ex. 4.3.3
from the inclusion * ~ {R} — CartSpc of the terminal object into the site (4.288) of smooth Cartesian spaces,
and is then seen to factor through the full inclusion SmthGrpd,, ~ Sh.,(CartSpc) — PSh...

Properties of smooth cohesion are derived in [Sc13, §4.4] and key facts are summarized in [SS26-Orb, Ex.
4.1.18][FSS23, Ex. A.58] and above in §1.1. We proceed to highlight some of these in more detail.

To start with, contact with the differential topology discussed above, is made by observing that diffeological
spaces, and with them the D-topological spaces (Prop. 4.3.19), are most naturally included among smooth oo-
groupoids:

Proposition 4.3.40 (Diffeological spaces are the concrete O-truncated smooth co-groupoids [Sc13, Prop. 4.4.15]).
The canonical inclusion of diffeological spaces (Ntn. 4.3.15) into smooth oo-groupoids (Ntn. 4.3.27) is equivalently
the inclusion of the concrete O-truncated smooth oo-groupoids (cf. [SS26-Orb, Ex. 4.1.18(ii)]):

DffigSpc ~ SmthGrpd,, ;, < SmthGrpd,, . (4.364)

Cohesive Shape of Smooth Manifolds

Proposition 4.3.41 (Quillen functor for shape modality on smooth co-groupoids). Consider the shape-adjunction

on smooth co-groupoids (Def. 4.3.27)
Shp

SmthGrpd., L Grpd,, . (4.365)
Dsc

(i) This adjunction is, equivalently, the left derived functor of the colimit operation on simplicial presheaves over
Cartesian spaces, regarded as functors CartSpc® — SASet, in that the following is a Quillen adjunction:
lim

APSh(CartSpc) pr; Lou ASetqy - (4.366)

loc const

(ii) Moreover, on a simplicial presheaf satisfying Dugger’s cofibrancy condition (Prop. 4.2.37)
o S 1R —=Y, X € APSh(CartSpc) pon (4.367)

INSA loc

the shape is given by the simplicial set obtained by contracting all copies of Cartesian spaces to the point:

[x ~ ]+ € ASetqu. (4.368)

io€ls

Proof. First, observe that the colimit over a representable functor is the point (e.g. [SS26-Orb, Lem. 3.1.40])
ImR" := limy(R") ~ % € Set <~ ASet, (4.369)
— —

so that the colimit of a simplicial presheaf of the form (4.367) is the simplicial set obtained by replacing all copies

of Cartesian spaces by a point:

lim( 11 R"f-) o~ (limR”"-) since colimits commute with coproducts
— iel -

(4.370)

12

I = by (4.369).
iv€l,

Next, it is clear that (4.366) is a simplicial Quillen adjunction for the global projective model structure. To show
that it is also Quillen for the local model structure it is hence sufficient, by [Lur09, Cor. A.3.7.2], to see that
the right adjoint preserves fibrant objects. By adjunction, this is equivalent to the statement that for {U; — X} a

differentiably good open cover, with U = []U;, we have a simplicial weak homotopy equivalence
i

lim y(U %) =5 «. 4.371)
—
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But, by (4.370), the left hand side of (4.371) is the simplicial set obtained by contracting summands of the Cech
nerve of the good cover to the point. Therefore, since any Cartesian space is contractible, the nerve theorem
([IMC67, Thm. 2], review in [Ha02, Prop. 4G.3]) implies (4.371). With this, the last statement follows from the
fact that left derived functors may be computed on any cofibrant resolution:

IX ~ (Llm)(X) by (4.366)
—
~ lim( [[ R") by Prop. 4.2.37

— il (4.372)
~ ] * by (4.370).
io€ls ]

Example 4.3.42 (Good open covers are projectively cofibrant resolutions of smooth manifolds).

Every X € SmthMfd s APSh(CartSpc) admits a differentiably good open cover (Def. 4.3.14), namely an open
cover such that all non-empty finite intersections of patches are diffeomorphic to an open ball, and hence to R4m(X):
~ Tdim(X ) ) o modimX) .
{U,- ~ RIMX) X}iel’ s.t. kEVN U, NU; N---NU;, = RYmM(X) if non-empty . (4.373)
i1, ig €l

By Dugger’s recognition (Prop. 4.2.37), this means that the corresponding Cech nerve is projectively cofibrant
(hence also locally projectively cofibrant); moreover, its canonical morphism to X is clearly a stalkwise weak
equivalence, so that it provides a cofibrant resolution of X in the local model structure (Def. 4.3.27):

~ _ e

X*x
€LclPrjCof €LcIWEqgs

X € APSh(CartSpc) o, for X :=UU; . (4.374)
loc 1

In conclusion:

Proposition 4.3.43 (Cohesive shape of smooth manifolds is their homotopy type). For X € SmthMfd < SmthGrpd,,
(Def. 4.3.27), their cohesive shape (4.251) is their standard underlying homotopy type.

Proof. By Ex. 4.3.42, the smooth manifold admits a differentiably good open cover whose Cech nerve constitutes
a cofibrant resolution of the manifold in the local projective model structure on simplicial presheaves. By Prop.
4.3.41, this implies that the shape of the manifold is the homotopy type of the simplicial set obtained by replacing
each direct summand in this Cech nerve by a point. That this simplicial set represents the standard homotopy type
of the manifold is the classical nerve theorem ([MC67, Thm. 2], review in [Ha02, Prop. 4G.3]). O]

Example 4.3.44 (Standard cofibrant resolution of the smooth circle). Considering the smooth circle as the quotient
of the real numbers by the integers

Z <'s R s S'c SmthMfd < APSh(CartSpc) o , (4.375)

loc

Dugger’s recognition principle (Prop. 4.2.37) shows that the Cech nerve of p constitutes a cofibrant resolution of
the circle in the projective local model structure (Def. 4.3.27)

o <L Rx 2 ~ R Y gl (4.376)
(r, 1) — (r,(r+n1),(r+n1+n2),---). '

Equivariant Cech Cocycles from Projectively Cofibrant Resolution of Action Groupoids

In immediate generalization of Example 4.3.42 we have the following further consequence of Dugger’s cofibrancy
condition (Prop. 4.2.37):
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Example 4.3.45 (Cech-action groupoid of equivariant good open cover is local cofibrant resolution). For G €
Grp(Set) < Grp(APSh(CartSpc)), let GCX € GAct(SmthMfd), with properly equivariant good open cover
GCX = G C(Uie/U;) - G CX (Def. 2.2.24, which exists by Prop. 2.2.25). Then the diagonal of the Cech
nerve of its action groupoid is a cofibrant replacement of the simplicial nerve of the action groupoid of X in
APSh(CartSpc) poi

~

~ ~ pry
op — op
—tamcer VXXX GP —2 X) — e N(XX G =X)

(X,l) % (gx,gz)

T, | (4.377)
(tmiri).e) Yy (emgigie)

v ~N
(x, ) YT Y I (g-x,87)

Remark 4.3.46 (Equivariant Cech cocycles). Example 4.3.45 implies that, under the conditions stated there, we
have for 4 € Grp (APSh(CartSpc)) an equivalence of co-groupoids

~ pr _
SmthGrpd..(X /G, BY) = Loc"™"APSh(CartSpe) (& x, X x 6P — 2 %), W¥), (4.378)
pr3-pry
where in the second argument we used Lemma 4.2.74. The elements on the right may be thought of as G-
equivariant Cech -cocycles on X:

modulating map

X/ G BI' € SmthGrpd,,
N()’i XX 5\( « G j )’Z) equivariant Cech cocycle N(F j *) c APSh(CartSpC)
. : Py (x:j)
(6, j) —— g (x.J) °« s — . (4.379)
N NG N
() — ) g (k) — S « — /)
/@7 7
"t
[ ] [ ]

pg(xvi)

These will serve to represent equivariant principal eo-bundles in §5.2 and §5.3 below.

Smooth Path co-Groupoids

It is a familiar fact that the singular simplicial complex® Pth(X) of a topological space X, being a Kan complex and
as such representing an oo-groupoid (4.11), may be thought of as the co-groupoid of paths in X, whose objects are
the points of X and whose 7+ 1-morphisms are the continuous paths between n-dimensional paths in X. Here we
discuss how this phenomenon is subsumed by the concept of co-groupoids of smooth paths not just in D-topological
spaces, but more generally in smooth co-groupoids (Def. 4.3.47 below).

Below, Prop. 4.3.49 [BBP19] (following [Pav14], see also [Bu20, §3] and [CI21, Thm. B] — a precursor
argument is in [BNV16, Lem. 7.5]) says that these co-groupoids of smooth paths in smooth co-groupoids still reflect

SThis is the standard singular simplicial set often denoted Sing(—) or similar. Even though this notation is classical and standard, it
clashes badly with any appropriate notation for “singularities” in the sense of orbifolds (as well as of schemes, stacks, etc.) that we need
below (in Def. 4.3.62, Def. 4.3.67 and Prop. 4.3.83). Moreover, in the generalization of this classical construction from topological spaces
to diffeological spaces (Ntn. 4.3.23 below) and further to smooth co-groupoids (Def. 4.3.47 below) it becomes increasingly manifest that
the actual conceptual nature of the singular simplicial complex is as a model for the path co-groupoid of a space. For these reasons we
choose the non-standard but more suggestive notation Pth(—) instead of Sing(—).
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their smooth shape. This is a cornerstone fact for analysis of the cohesion of smooth eo-groupoids. In particular,
it implies the smooth Oka principle (Thm. 4.3.54 below) which in turn implies the fundamental classification
theorems for smooth principal co-bundles (Prop. 5.2.12 below) and for suitable equivariant principal co-bundles
(Thm. 5.2.56 below) over smooth manifolds, as we show below in §5.2.

Conceptually, this result (Prop. 4.3.49) says that morphisms out of the shape of a smooth co-groupoid X
encode parallel transport of flat co-connections ([SSS12, p. 22], see also [ScSh14]) or equivalently local systems
of constant co-coefficients ([FSS23, §2.2])

smooth co-groupoid of el ¢ tof Jocal syst ¢
. . ara el tran DI't O '’ Y em ¢
smooth higher paths in X parafle nsport ¢ ocal system of
flat co-connection (1.19) constant co-coefficients

Pth(X) ~ [X BY X PBY . (4.380)

shape of X

Conversely, this means that in any cohesive co-topos the shape modality encodes, in particular, flat co-connections
on principal co-bundles. This was the key motivation for axiomatic cohesion on co-toposes in [SSS12][Sc13].°

Definition 4.3.47 (Smooth path e-groupoid). For A € SmthGrpd,, := Sh..(CartSpc), we write
Pth(A) — h—r>n A( ;lmth) c Grpdoo oco-groupoid of smooth paths (4381)

and their gauge transformations.

[n]ea®P

for the co-groupoid whose n-morphisms are k-gauge transformations of (n — k)-dimensional smooth paths in X, in
the sense of plots from the smooth extended n-simplices from Def. 4.3.22.

Example 4.3.48 (Smooth shape of diffeological space given by diffeological singular simplicial complex). For X €
DffigSpc — SmthGrpd,. , the smooth path co-groupoid (4.383) coincides with the diffeological singular simplicial
complex (4.307) up to weak homotopy equivalence:

WHmtpEq

Pth(X) € ASet —=— Grpd,, . (4.382)

Proposition 4.3.49 (Smooth cohesive shape given by smooth path «o-groupoid [Pav14][BBP19]).
(i) For A € SmthGrpd,,, the smooth path oo-groupoid of A (Def. 4.3.47), namely the presheaf

Pth(4) : U +— Pth([U,4]) = lim (A(Aly, xU)) € Grpd,, (4.383)

smth
[n]eAP

of smoothly parameterized paths (Def. 4.3.47) in A, is in fact an co-sheaf
Pth(A) € Sh..(SmthMfd) ~ SmthGrpd,, . (4.384)
(ii) As such, this is equivalent to the cohesive shape (4.251) of A:
JA ~ Pth(A). (4.385)
(iii) In particular, this means, by evaluation on RO e CartSpc, that

Shp(A) ~ Pth(A) and Pth(A) ~ DscPth(A). (4.386)

Example 4.3.50 (Connected components of smooth shape are concordance classes). For A € SmthGrpd,., there is
a natural isomorphism

TfA =~ 19 lim A by Prop. 4.3.49
et
~ lim 1A by (1.20) (4.387)
[n]e?’?

~ (1A(x))/ (tA(AL,;)) by Lem. 4.1.19

®Notice that this relation of cohesive co-toposes to higher gauge theory is invisible in the cohesive 1-toposes considered in [Law07]:
The shape modality of a cohesive (n, 1)-topos reflects parallel transport for flat (n — 1)-connections. Here 1-connections are the traditional
Cartan-Ehresmann connections, while 0-connections are just functions, and flat O-connections are just locally constant functions. Hence it
takes at least a cohesive (2, 1)-topos (such as SmthGrpd, ) for its cohesion to axiomatically reflect ordinary connections/gauge fields.
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between the connected components of the shape of A and its concordance classes

0A(x) =t (A)/o, —> (A)/o. = (0AK))/(0AALm)) - (4.388)

~iso

Notice that concordance classes are a coarsening, in general, of isomorphism classes on the point by isomorphism
classes on the interval. In particular, if two smooth eo-groupoids are equivalent after O-truncation, then they already
have the same concordance classes:

A = nA' € SmthGrpd., = (4),., = (4),. € Set. (4.389)

Proposition 4.3.51 (Smooth cohesive shape of topological spaces is their weak homotopy type). The weak homo-
topy type of any topological space is naturally identified with the cohesive shape (4.251) seen in SmthGrpd.,, (Ntn.
4.3.27) of its continuous-diffeological incarnation (4.299):

Cdffig

kTopSpc SmthGrpd.,
= 4.390
T S (*:3%0)
Grpd,,
Proof. For X € TopSpc, we need to exhibit a natural equivalence
Shp o Cdffig(X) —— Pth(X) . (4.391)

But we have:
Shpo Cdffig(X) ~ PthoCdffig(X) by Prop. 4.3.49

=~ Pth(X) by Prop. 4.3.24 with Ex. 4.3.48. (4.392)

More generally:

Proposition 4.3.52 (Smooth shape of good simplicial spaces is weak homotopy type of their realization). The weak
homotopy type of the topological realization |Xe| (Ntn. 2.3.28) of any good simplicial topological space X (Def.
2.4.16) is naturally identified with the cohesive shape (4.251) seen in SmthGrpd,, (Ntn. 4.3.27) of its degreewise
continuous-diffeological incarnation (4.299):

AKTOPSPC,004 j?)') SmthGrpd,, .
= (4.393)
Pm Grpd lS/hp

Proof. We have the following sequence of natural equivalences in Grpd,.:

Shp (Cdffig(X).) = Shp lim Cdffig(X,) by Lem.4.2.31
—
[n]ea®p

~ lim ShpCdffig(X), by (1.20)
—

[n]€A%P (4.394)
~ lim Pth(X,) by Prop. 4.3.51

—

[1]ca%P
~ Pth|X,| by Rem. 2.4.26. O

Proposition 4.3.53 (Shape of smooth co-topos over continuous-diffeology is weak homotopy type). For X €
TopSpc, its weak homotopy type coincides with the shape (in the sense of Def. 4.2.19) of the slice co-topos (Ntn.
4.2.48) over its continuous-diffeological incarnation Cdfflg(X) € SmthGrpd,, (4.299) in that

Shp ((SmthGrpd..) /carme(x)) =~ Pth(X) € Grpd,, — Pro(Grpd.,). (4.395)
Proof. Shp((SmthGrpd..) jcamex)) = Shp (Cdffig(X)) by Prop. 4.3.5 (4396
~ Pth(X) by Prop. 4.3.51 . ' ﬁ
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Theorem 4.3.54 (Smooth Oka principle for maps out of smooth manifolds).
Let A € SmthGrpd,, and X € SmthMfd — SmthGrpd,, .
(i) The shape of the mapping stack (4.151) from X to A is naturally equivalent the mapping stack from X to the

shape of A:
JMap(X,A) ~ Map(JX,[A) € SmthGrpd,, . (4.397)

(ii) This means, equivalently, that

Shp (Map(X,A)) ~ Grpd,, (Shp(X), Shp(A)). (4.398)

The following proof is a direct consequence of Prop. 4.3.49 (due to [Pav14][BBP19]). After the preprint of
this book appeared, we learned that an alternative proof is claimed in [CI21, Thm. B/Cor. 6.4.8], and then the
statement also appeared in the published version of [BBP19] as Prop. 1.4.

Proof. Recalling that also SmthMfd is a site of definition for SmthGrpd,, (by Rem. 4.3.28), observe the following
sequence of natural equivalences of co-groupoids, for U € SmthMfd:

Map(X, JA)(U)

~ She(SmthMfd) (X x U, [A) by Prop. 4.2.56

~ PSho.(SmthMd) (X x U, (U = lim A (U" x At,))) by Prop. 4349
[n]eA®P

~ lim PShe.(SmthMfd) (X x U, (U' — A (U' x Ath))) by [Lur09, Cor. 5.1.23]

[n]ea®P

2

~ lim PSh.(SmthMfd) (X x U, Map(All,y, A)) by Prop. 4.2.56 (4.399)
[n)ea®P

~ lim PSh..(SmthMfd) (A, x X x U, A) by Prop. 4.2.56
[n]eA%P

~ lim (Map(X, A) (Afpy, x U)) by Prop. 4.2.56
[n]eAOP

~ (JMap(X,A))(U) by Prop. 4.3.49.

By the c-Yoneda lemma (Prop. 4.2.29), the composite of these natural equivalences yields the first claim. From
this the second claim follows by cohesion (the definition | ~ Dsc o Shp, the adjunction Shp < Dsc and the fully
faithfulness of Dsc). O

Resolvable Orbi-Singularities

The smooth Oka principle (Thm. 4.3.54) applies, a priori, in the generality of domains that are smooth manifolds X
with maps X — A into any coefficient objects A € SmthGrpd,.. However, for particular coefficients it may happen
that maps into them do not distinguish a given domain co-stack from its approximation by some smooth manifold,
in which case the smooth Oka principle will generalize to that particular situation as well.

A first class of examples of this generalization occurs when the domain is the moduli stack BG of a finite
group G, hence the orbifold * / G consisting of a single point which is a G-singularity. We may observe that a
canonical choice of approximation in this case is given by the “blow-up” of this point (e.g. [Tu20, §29.2], Ntn.
4.3.57 below) to a smooth spherical space form (Def. 4.3.55 below) namely to the quotient manifold S’ /G of
a smooth n-sphere (possibly exotic) by a smooth and free action of the group G: For any given coefficients A, the
distinction between BG and S’/ /G is carried by morphisms S"-t> — A, and hence disappears whenever A, or at

least its shape, is suitably n-truncated (see Ntn. 5.2.30 below).

Therefore, if G-singularities are resolvable in this sense, and the coefficients are suitably truncated, we obtain
an orbi-smooth Oka principle, which is Thm. 5.2.55 below. Here we first recall relevant facts about free actions of
finite groups on spheres and the resulting smooth spherical space forms.
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Definition 4.3.55 (Smooth spherical space forms 7). If G € Grp(FinSet) and G ¢ S,? € G Act(SmthMfd) is a
free action on a smooth n + 2-sphere (possibly exotic), then the quotient smooth manifold

SM2)G ~ §M2/G € SmthMfd — SmthGrpd,, , (4.400)
is a smooth spherical space form.

Proposition 4.3.56 (Existence of smooth spherical space forms). For G a finite group, the following conditions
are equivalent:

() For each prime number p, if H C G is a subgroup of order p* or 2p, then H is a cyclic group.
(ii) G has a continuous free action on a topological d-sphere Sfop for some d € N.

(iii) For each n € N, there exists d > n+ 2 and a smooth manifold structure S&_ on the d-sphere (possibly exotic)
such that G has a smooth free action on S¢., hence such that S&, /G is a smooth spherical space form (Def.
4.3.55).

Proof. The equivalence of the first two statements is [MTW76, Thm. 0.5]. The implication of the third from
the second statement is [MTWS83, Thm. 5], which asserts, in more detail, that G has a smooth action (at least)
on smooth spheres of dimension 2%¢(%)~1 for all k € N, where ¢(G) € N, is the Artin-Lam exponent of G
[La68][Ya70], the only feature of which that matters here is that it is positive. Both of these statements are
reviewed in [Ham14, Thm. 6.1]. Finally, the implication of the second from the third statement is trivial. 0

Notation 4.3.57 (Resolvable orbi-singularities). (i) If a finite group G satisfies the equivalent conditions of Prop.
4.3.56, we say that there exist resolutions of G-singularities or that G-singularities are resolvable.
(ii) We write

finite groups that have finite groups with covers that
resolvable singularities have resolvable singularities

Grp(FinSet)gyvb1 <> Grp(FinSet)coyrsivoi —> Grp(FinSet)
v v ¥

rslvblSnglrt ———— covrslvblSnglrtt —— Snglrt

(4.401)

for the full subcategories on finite groups G and on orbi-singularities )Q (Ntn. 4.3.62) on the resolvable ones, and,
respectively, for those which admit a cover, hence a surjective homomorphism

G 5 G, (4.402)

such that G has resolvable singularities.
(iii) Given G € Grp(FinSet)yb We say that the canonical morphism

sd G SnIIG G~ B, (4.403)
Sty /G —SoIE g (4.404)
is a blow-up of the G-orbi—singularity.
(iv) Notice that the homotopy fiber of this morphism is the smooth sphere:
sS4 *
l o l (4.405)
si /G —SnIIG G

THistorically and by default, the term “spherical space form™ refers to Riemannian geometry, where the G-action on a round S’5+2 is

required to be (free and) by isometries (e.g. [Wol1][Al18]). In generality, if the action is just required to be (free and) continuous, one
speaks of “topological spherical space forms” [MTW76], see review in [Ham14]. The terminology “smooth spherical space form” for the
case of concern here, where the action is (free and) by diffeomorphisms seems to originate with [Mad78] following the construction of
interesting examples in [MTW76], see Prop. 4.3.56.
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ADE-Singularities

We observe (Ex. 4.3.60 below) that ADE-singularities (whose isotropy groups are finite subgroups of SU, ~ Sp,
acting canonically on quaternion space, cf. [Dur79, §5][S1080, p. 73][Lam86, §4]) are cover-resolvable. First to
briefly recall:

Definition 4.3.58 (Quaternions, cf. [MGS14, §1]). We write
* H for the R-algebra of quaternions,

* which is a real star-algebra via conjugation (—)*,

« equipped with a norm |-| given by |g|* = g¢".

» Hj, C H for the real subspace of imaginary quaternions, g* = —g,

* for which we choose, as usual, an orthonormal linear basis i, j,k € Hjy, such thatij = k,

« which in fact generates H subject to the further relations ij = —ji and i* =j> = —1,
C—H

* and exhibits a star-algebra inclusion of the complex numbers:

i — i.

Thereby we also have the following spheres of unit norm quaternions:

Sp(1) > U(1)

S(Him) C S(|]|HI) ) s('<'c)
| ? [? [?
s2 c § > st

Remark 4.3.59 (Pauli matrices). The Pauli matrices define a homomorphism of real star-algebras from the quater-
nions (Def. 4.3.58) to the linear operators on C:

Y

H—' - 3(C?

1 1 0]

L O 1_

1 — 1_ 1 0-
| 0 1] (4.406)

— 1 _ 0 1

J 10

o i

k — 1 _—i 0_ .

One immediately checks that for a general quaternion x := xo + x1i + xj +x3k € H, with (x; € R)?:O, one has
det(yx) = Z?:o (x;))*> = ¥! 7. This implies that under the matrix representation (4.406) the unit norm quaternions
are identified with the special unitary 2 x 2 matrices:

S(H) = Sp(1) ——— SU(2) C B(C?). (4.407)

Example 4.3.60 (ADE-groups have (cover-)resolvable singularities). For G C SU, ~ Sp, a finite subgroup of
(4.407) its left quaternion multiplication action on the unit sphere S#+3 ~ §(H*!) in k + 1-Quaternion space
H**1 (Def. 4.3.58) is evidently smooth and free, for each k € N.

(i) For example, for k = 0 this is just the restriction of left multiplication action of Sp; ~ S3 on itself; while for
k =1 this is the restriction of the Sp,-action which exhibits the 7-sphere as a Sp,-principal bundle over the 4-sphere
via the quaternionic Hopf fibration #g (cf. [GWZ86]):
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3 o
Sim Spl — Ssm

sm
ltﬂ{ quaternionic

(4.408)

Hopf fibration
S4
sm *

(ii) Indeed, by the famous ADE-classification of finite subgroups of SU, ~ Sp, (for pointers to modern proofs see
[HSS18, Rem. A.9]) these must be, up to isomorphism, among the following list (Table 4.1):

’ Label Finite subgroup Order Name ‘
Table 4.1 Ar L1 " . Cydlic
The finite subgroups D4 2D, 1> 4(r+2) Blnary dihedral
of SUs =~ Sp,. Ee¢ 2T 24 Binary tetrahedral
E, 20 48 Binary octahedral
Eg 21 120 Binary icosahedral

Incidentally, for all these finite G C Sp, their integral group cohomology is (e.g. [EG17, p. 12]):

| n=0

G® = G/|G,G] | n=2mod4
|
|

n a positive multiple of 4 (4.409)

otherwise.

and this means (by the exact sequence R — Z — Uj and using that Hér;(G; R) = 0 for all finite groups) in
particular that the abelianization of G is identified with its group of multiplicative characters:
Hom(G, U)) ~ Hgy(G:Uy) ~ Hg(G: Z) ~ G™. (4.410)
By the above ADE classification, the subgroups of G C Sp; which are not cyclic can only be of order
¢ 22.(r+2) (for 2D,42, r € N)
© 24 =23.3 (for 27)
e 48 =2%.3 (for 20)
e 120 =23-3-5 (for 21,
and none of these orders are of the form p? or 2p, in accord with Prop. 4.3.56.
(ii) This is in contrast to the plain dihedral groups D,, whose order 2(r+ 2) can violate the condition in Prop.

4.3.56, showing that not all finite subgroups of SO act freely (and continuously) on any sphere.
However, every subgroup G C SOxs is (double-)covered by a finite subgroup G € SUy;:

G — S
i o i (4.411)
G —— S0;s.

(iii) In conclusion, the finite subgroups of SU, have resolvable singularities in the sense of Ntn. 4.3.57, and the

finite subgroups of SOs have covers by groups that have resolvable singularities (4.401):

FinSub (SU,) C Grp(FinSet)sivbl,

FinSub (SO3) C Grp(FinSet)coyrsivbl -
These ADE equivariance groups already subsume key examples of general and recent interest, e.g. all those
considered in: [GSV83][HHR16][BG10, §8][SS19-Tad][KL20][Lu21].

Remark 4.3.61 (Further cover-resolvable singularities). A necessary condition for a finite group to have cover-
resolvable singularities in the sense of Ntn. 4.3.57 is (see [Saw21]) that it be a ?’-group in the sense of [Wal3],
where the classification of groups with this necessary property is discussed.



162 CHAPTER 4. EQUIVARIANT «-TOPOS THEORY

4.3.3 Singular Cohesion

Here we review and develop basics of cohesive global homotopy theory or singular cohesion from [SS26-Orb,
§4.2], combining the cohesive homotopy theory from [Sc13] with the cohesive perspective on global homotopy
theory from [Rel4a].

The Orbit Category

The following Ntn. 4.3.62 is known under a variety of different names and notations in the literature on global
homotopy theory (see [SS26-Orb, Rem. 4.2.2]). Since none of the symbols in use seem particularly illuminating
and no common convention has been established, we follow the notation in [SS26-Orb], which has the advantage
of transparently expressing the conceptual role of this definition in cohesive global homotopy theory (Def. 4.3.67
below):

Notation 4.3.62 (2-Category of orbi-singularities [SS26-Orb, Def. 3.64]).
(i) We write .
Snglrt = Grpdlzl ——— Grpd,, (4.412)
¢ — BG
for the co-site (Ntn. 4.2.23) of finite connected groupoids, namely the full sub-category (via Ex. 4.2.24) of Grpd,,
(Ntn. 4.1.10) on the delooping groupoids BG (4.20) of finite groups G € Grp(FinSet).
(ii) When regarded as objects in Snglrt we denote these by the symbol g ”.

(iii) This means that for )5 , )(,3 € Snglrt corresponding to K,G € Grp(FinSet) we have
Snglrt(X, ¢) ~ Grp(K,G)/G, (4.413)

where on the right we have the conjugation-action groupoid of G acting by conjugation on group homomorphisms
K—G.

Notation 4.3.63 (Category of G-orbits [Br67, §1.3]). For G € Grp(Set), the category of G-orbits or G-orbit cate-
gory is the full subcategory of G-actions (on sets) on the connected transitive G-sets (the types of G-orbits), hence
on the quotient sets G/H for any subgroup H C G (the stabilizer subgroup of any one point in the orbit):

G/H € Orb(G) —— GAct(Set). (4.414)
(We consider the generalization of the orbit category, from finite groups to topological groups, below in Def.
5.4.14.)

Lemma 4.3.64 (O-Truncated slice of singularities). For G € Grp, the full sub-(2,1)-category of the slice of Snglrt
(Def. 4.3.62) over )(,; (4.412) on the O-truncated objects (those whose homotopy fiber is a set) is
(a) reflective and
(b) given by the subgroup inclusions H 2 G:
To )f 7777777 ” )f

> r)
Snglrt, G I (Snglrt/ 9) <™ )lﬁ\t ‘/% (4.415)

for the full sub-(2,1)-category of the slice of Snglrt (Def. 4.3.62) over )Q (4.412) on the O-truncated objects, hence

. g . . . i
on the morphisms ){1 — E corresponding to subgroup inclusions H — G.

Lemma 4.3.65 (G-orbits are the O-truncated objects in slice over G-orbi-singularity). For G € Grp the singularities
in the O-truncated slice over )Q (4.415) are equivalently the G-orbits (Ntn. 4.3.63) in that we have an equivalence
in Cato,

((Grpd?,nzl)/BG) <0 = (Sngm/;Q)go = Orb (G)

Biy

| (4.416)
Bupgy = (50 — G/H,

(BH

where iy : H — G are subgroup inclusions.
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Proof. By Prop. 4.1.42, we have an equivalence

((Grpd..) /3G) -y ——=—> GAct(Set). (4.417)
This implies the statement by the observation that the homotopy fiber of Biyy : BH — BG is G/H. U

In summary:

Proposition 4.3.66 (G-Orbit category is reflective subcategory of slice over G-singularity). For G € Grp(FinSet),
the G-orbit category (Ntn. 4.3.63) is a reflective subcategory of the slice of Snglrt (Ntn. 4.3.62) over £:

T

Snglrt, ¢ " 1 S Orb (G)
r (4.418)
ks — G/K = G/im(¢).
G
Proof. This follows by Lem. 4.3.64 combined with Lem. 4.3.65. O

Equivariant Homotopy Theories

Definition 4.3.67 (G-Equivariant and globally equivariant homotopy theories). For H,, an co-topos and G €
Grp(Set),

: ’
Wwewrte g olr(H,) = Sh.(Snglt,Hy)  and  G(H,) — Sh..(Orb(G), H,) (4.419)

for the co-toposes of co-(pre-)sheaves on the 2-site of orbi-singularities (Def. 4.3.62) and the site of G-orbits (Ntn.
4.3.63), respectively.

(ii) Since their oo-sites have trivial Grothendieck topology and a terminal object, these co-toposes (4.419) are cohe-
sive over H, (by Ex. 4.3.3), witnessed by adjoint quadruples which we denote like this:

X Cncl conical
1
SpC o) spatial
1
SngerU Smth HU smooth (4420)
1
Sngl 0 singular
(iii) We denote the resulting modalities by:
cely conical
P aspeet > == SpcoCncl
1
rely s th
l)ul;ip:llluo h U _ Spc oSmth (4421)
1
rely orbi-singular
ey == SnglroSmth.

Example 4.3.68 (Classical equivariant homotopy theory). In the base case H,, = Grpd,., the co-toposes from Def.
4.3.67 are:
(1) the classical equivariant homotopy theory

GGrpd,, ~ PSh.,(Orb(G)) (4.422)

from Elmendorf’s theorem in its homotopically enhanced version (1.7) due to [DK84] (see also [CP96], review in
[Blul7, Thm. 1.3.8]),
(ii) the global equivariant homotopy theory SnglrGrpd,, in its unstable form first highlighted in [Rel4a].

More general instances of Def. 4.3.67 enhance this classical equivariant homotopy theory by cohesive geomet-
ric structure:



164 CHAPTER 4. EQUIVARIANT «-TOPOS THEORY

Singular-Cohesive co-Toposes

Notation 4.3.69 (Smooth charts). Given a cohesive co-topos H,, we say that a category of smooth charts is an

oco-category Chrt of charts for H,, according to Ntn. 4.3.11, subject to the additional condition that all U € Chrt
are O-truncated, hence that Chrt is in fact a 1-category.

Definition 4.3.70 (Singular-cohesive co-toposes). We say that an co-topos H is singular-cohesive over Grpd,, if it

is equivalently the global homotopy theory (Def. 4.3.67) of a cohesive co-topos H, (Def. 4.3.1) which admits a
site Chrt of smooth charts (Def. 4.3.69):

H ~ Sh. (Snglrt, H,) ~ Sh. (Snglrt x Chrt, Grpd.,) . (4.423)
This implies® that it carries a system of adjoint co-functors of the following form:
« Shp shape
1 .
singular-cohesive co-topos Dsc discrete ) singular base c-topos
1 .
H = Snglr(H,) Pnt ponte SnglrGrpd.,
% CJ}ilt chaotic 5 x
4.424
U%J)—gl—%)—g U%’FEF%’FQ ( )
R =3 o [N N =3 I'e) [}
x Shp -
1
Dsc 0
L L » L L
H, Pnt Grpd.,,
smooth cohesive co-topos CJ]jlt )} base co-topos
We are going to focus on the special case relevant to the differential topology of orbifolds:
Notation 4.3.71 (Singular-smooth co-groupoids [SS26-Orb, Ex. 4.2.11]). We write
SnglrSmthGrpd,, := Sh(Snglrt, SmthGrpd,,) ~ Sh. (Snglrt x CartSpc) (4.425)

for the singular-cohesive oo-topos (Def. 4.3.70) over that of smooth co-groupoids (Ntn. 4.3.27).

Proposition 4.3.72 (Singular-cohesive oo-topos is topos-product). Any singular-cohesive oo-topos H (Def. 4.3.70)

is the Cartesian product in the (very large) oo-category Topos of oo-toposes with geometric morphism between
them:
Snglr(H,,) ~ SngltGrpd,, x H,,. (4.426)
Topos
Proof. This is an instance of the general fact that sheaf toposes on product sites are Topos-products of the sheaf

toposes over the individual sites (cf. [Pi85, proof of Thm. 2.3]), where the product site is understood with the
topology generated by that of the two factors:

Shoo(S1 xS2) =~ Shw(S1) x Shw(S). (4.427)

Topos

81t would be desirable to state a converse implication, hence to characterize singular-cohesive co-toposes by specification of the system

of adjoint functors they carry, instead of resorting to a presentation over a site. While desireable, this is not necessary for the present
purpose, and we leave this question for elsewhere.
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To see this, note that geometric morphisms f, : H; <+ Hj : f* between locally presentable co-categories are
equivalent to functors f* preserving all colimits (whence they have a right adjoint, by the adjoint functor theory)
and finite limits. Assuming, without restriction of generality, that the co-sites S; have all finite products, it is then
immediate to check that for every pair of such functors f; : Sho(S;) — X there is an essentially unique dashed such
functor (f1, f2)* making the following diagram commute:

A
(A J‘zf

It w
She, (S] X Sz) (4-428)
el
She.(S1) She.(S2),
where p; is given by precomposition with the projection p; : S; x §; — S; out of the product category. O

Example 4.3.73 (Singular-cohesive aspects of orbi-singularities). For H a singular-cohesive co-topos (Def. 4.3.70)
Grp(Dsc)

and G € Grp(FinSet) ——— Grp(H), the canonical G-orbisingularity (Ntn. 4.3.62)
@110 (4424)
¢ e Snglrt<—> PSh(Snglrt, Grpd,,) = SnglrGrpd,, LN ¢ (4.429)

has the following modal aspects (4.421):

(1) its purely conical aspect is the point:
Vg~ ok, (4.430)

(2) Its purely smooth aspect is the delooping (4.181):

Ug ~BG. (4.431)
(3) Itis the orbi-singularization (4.421) of the delooping of G (4.181):

¢ ~ yBG. (4.432)

Proof. The first statement (4.430) follows via Lem. 4.2.40, as Cncl ~ p, is the left Kan extension of (see Ex.

4.3.3) »

Snglrt _ L 7 *. (4.433)

This implies, for U x € € Chrt x Snglrt, the following natural equivalences:
H(U>< K uf) ~H(LUx £), £) by (4.421)
~ H((LU) x (L 9), £€) by (4.420) & (4.430)
——"

N——
~ LU _d
~U =r

~ H(Ux 1, )

~ H(Ux b )

~ H(J(Ux }), €) (4.434)
~H(}, )

~ Snglrt(}}, £) by (4.110)

Grpd(B1, BG)

BG

H(Ux ¥, BG),

12

12

12
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and this implies the statement (4.181) by the co-Yoneda lemma (Prop. 4.2.29).
Similarly, for the last statement (4.432):

12

H(Ux ¥, yBG) x (¥BK), YBG)

(U
(r(

(U x BK, BG)

1

H
H(r (U xBK), ¥BG)
H

1

12

H(Dsc(BK), Dsc(BG)) (4.435)

1

Grpd,.(BK, BG)
~ Snglrt()g, )Q)

~ H(f. §
f:H(Ux ),K, )Q) -

Example 4.3.74 (Cohesive loci of orbi-singularities). Given a singular-cohesive oo-topos H, and G € Grp(FinSet),

then

(4.2.29) (4.154)
~ ~

2(9) H(E, 2) Smth (Map( %)) (4.436)

is the cohesive mapping space of G-orbi-singularities into 2. In particular, if 2~ € His smooth UZ ~ %, then
it has no orbi-singularities and hence these mapping spaces are equivalently those out of the point:

U2)~2 = UMap(g,2)~ 2. (4.437)

More generally, given any other smooth object U, the cohesive U-parameterized loci of orbi-singularities in a
smooth object form the smooth mapping space out of U:

OU)~U = UMap(Ux £, 2) ~ UMap(U, Z'). (4.438)
Proof. The equivalence (4.438) is, under the co-Yoneda lemma, the composite of the following sequence of natural
equivalences:

H(U X Q, %) ~ H(U X )g, U%) by assumption
~ H(V(Ux ), 2Z) by (4.421)
~ H((VU)x (v £), 2) by (4.420) & (4.430) (4.439)
M~ ——
~U
~ HU, Z).
The statement (4.437) is the special case of (4.438) for U = . [

Example 4.3.75 (Orbi-singularization does not preserve deloopings). Beware that the rightmost adjoint modality
¥ (4.421) has no reason to preserve co-colimits, hence no reason to preserve homotopy quotients (4.198) such as
deloopings B(—) (4.181); and indeed generically it does not:

Grp(Ds
(i) For G € Grp(FinSet) and I € Grp(Set) ‘M H, the value of the orbi-singularization of the delooping BI"

on the G-orbi-singularity )Q is the I"-conjugation action groupoid of group homomorphisms G —I":

YBI)(C) ~ Grpd(BG,BT) ~ (Gip(G,T) xT = Grp(G,T)) € Grpd — Grpd_ =5 H,  (4.440)
¥ p p p Ip p

(4.441)
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because:
(YBD)(¥) =~ H(E, ¥BI) by Prop. 4.2.29
~ H(U ¢, BY) by (4.421)
~ H(BG, BY) by Ex. 4.3.73 (4.441)

~ H(bBG, bBI) by (4.261)

~ Grpd,(BG,BTI") by Def. 4.3.1.
So as soon as there is more than one conjugacy class of group homomorphisms G — I, (4.440) says that ¥ BI" has
non-trivial 7y, hence is not connected, hence cannot be a delooping, by Prop. 4.2.72.

(ii) This failure of the rightmost singular modality ) to preserve deloopings is ultimately (we discuss this in §5.4
below) the source of the rich set of connected components of equivariant classifying spaces that we had seen in
Prop. 3.3.18, Rem. 3.3.21.

(iii) This state of affairs is what makes twisted equivariant cohomology rich and subtle: While plain twisted
cohomology is about sections of higher fiber bundles, twisted equivariant cohomology is about sections of the
image under ) of such higher fiber bundles.

Remark 4.3.76 (Singularity-wise evaluation of cohesive modalities). Def. 4.3.70 means that under the identifica-
tion

H = SnglrtH,, = Sh(Snglrt, H)) (4.442)
the cohesive modalities on H act functorially over each )Q € Snglrt as the cohesive modalities on H, in that for
Z € Hregarded as 2" : )Q — 2 ( )Q ), we have the following natural equivalences:

12)() = 1(2(9). (4.443)
62)($) =5(2(£)
t2)(£) =~ 1(2(9).

Proposition 4.3.77 (Some singular modalities commute with some cohesive modalities). In a singular-cohesive
oo-topos H (Def. 4.3.70) such that H, admits cohesive charts (Ntn. 4.3.11)

— the modalities §f (4.251) and Y (4.421) commute with each other,

— all cohesive modalities (4.251) commute with (U (4.421),

— all singular modalities (4.421) commute with b (4.251),
in that there are natural equivalences of the following form:

b ol
~ |yobh
JoU boU foU
4.444
~ Uof |~ Uob | ~ Uot (4.444)
boy for
~ Yob | ~ Yot

Proof. The first case follows by Prop. 4.3.72: Since # and ) are geometric morphisms (have left adjoints that
preserve finite co-limits) the Topos-product property of SnglrH, implies that this diagram commutes:

id x 4
H ~ SngltGrpd,, x H, —> SnglrGrpd,, x H,,
Topos Topos
¥ x id ¥ x id (4.445)
Topos id x ﬁ Topos

SnglrGrpd,, x H, —» SnglrGrpd,, x H, ~ H.

Topos Topos
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But since none of the remaining modalities are geometric, the other cases need another argument:
For Chrt denoting any site (of charts) for H, we have, by Def. 4.3.67, equivalences of co-categories of the

following form:
H
12 (4.446)
Sh(Snglrt, H,) =~ Sh(Snglrt x Chrt, Grpd,,) ~ Sh(Chrt, SnglrGrpd.,,) .

Here we may assume without restriction, by (4.258), that Chrt contains the terminal object
x, € Chrt SN H,. (4.447)

But this means that, under the equivalence on the right of (4.446), b is the operation of evaluating on *, and then
extending as a constant sheaf, by Ex. 4.3.12, in that there are natural equivalences:
GZ2)U) ~ Z(x,) € SngltGrpd,,. (4.448)
U € Chrt

The analogous statement holds for & under the equivalence on the left of (4.446), by definition (4.420) via Ex.
4.3.3:

v (U2)(E) ~ Z(}) € H. (4.449)

)g € Snglrt

Moreover, under the equivalence on the left of (4.446), the cohesive modalities act objectwise over singularities
(by Rem. 4.3.76), e.g. for [ we have natural equivalences

(2)(9) = 1(2(9) €H; (4.450)

while under the equivalence on the right the singular modalities act objectwise over sharts, e.g. for - we have
natural equivalences

(r2Z)U) ~ r(ZU)) € SngltGrpd,,. (4.451)
Using this, the claim follows with the co-Yoneda lemma (Prop. 4.2.29). For example, for the cases of ([, () and
(b, ¥) we have the following sequences of natural equivalences in )Q € Snglrt and in U € Chrt, respectively:
(UI2)(#) = T2)(h by (4.449)
~ (2} by (4.450)
(4.452)
~ J((U2)(€)) by @a49)
~ (Ju2) (L) by (4.450),
and analogously:
OGrZ)YU) ~ (rZ)(x) by (4.448)
~ ¥ by (4.451
(#(x0)) by @ash (4.453)
~ r(G2)(U)) by (4.448)
~ (yYbZ)(U) by (4.451).
The proof of the remaining cases is obtained by substitution. O

Remark 4.3.78 (Noncommuting modalities). For the remaining pairs of singular/cohesive modalities remain-
ing, besides those in Prop. 4.3.77, we do not have a general argument that they should commute. In fact on
SnglrSmthGrpd,., the modalities [ and ) crucially do not commute with each other [SS26-Orb, Ex. 4.2.26]

[ oY
# rol

reflecting a key phenomenon of cohesive equivariant homotopy theory:

(4.454)
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- Y o[ (X//G) extracts homotopy fixed points of a topological G-space G C X,

- [o ¥(X/G) extracts the geometric fixed points (Def. 4.3.91).

The fact that the latter are a finer invariant than the former is the hallmark of proper-equivariant homotopy theory,
here brought out as an aspect of cohesive homotopy theory.

Example 4.3.79 (Smooth charts are smooth and orbisingular). In a singular-cohesive co-topos H (Def. 4.3.70) all
smooth charts U € Chrt (Def. 4.3.69) are both smooth as well as orbisingular ([SS26-Orb, Lem. 3.65], because
they are O-truncated)

UeCht——»H +  OU)~U, and ¥(U)~U. (4.455)

Remark 4.3.80. Ex. 4.3.79 shows that being )»-modal is to be read as “all singularities that appear are orbi-
singularities”, subsuming the trivial case where no singularities are present in the first place.

S
Example 4.3.81 (Morphisms between orbi-singularizations of smooth objects). For X,A € H, i H, we have
that the hom-space (1.16) between their orbi-singularization is naturally equivalent to their hom-space as smooth

objects:
H(rX, yA) = H(SngloSmth(X), Snglo Smth(A))

H (Sngl(X), Sngl(A)) (4.456)
~ HU (X, A)
S
by the fact that Sngl : H, — H s fully faithful. More generally, for G € Grp(H,) and G (X, GCA € GAct(H,)) e
G Act(H) the slice hom-spaces (4.164) of (the orbisingularizations of) the homotopy quotients are equivalent as

follows: H) 56 (r(X/G), ¥(A)G)) = Hpys(X/G,A/G). (4.457)

Remark 4.3.82. This means that effects of proper equivariance appear only for coefficients that are neither smooth
nor just orbisingularizations of smooth objects. The canonical example of interesting coefficients for proper equiv-
ariance is the shape of orbi-singularizations of smooth objects.

1

G-Singular Cohesive «-Toposes

Finally we connect the general singular-cohesive homotopy theory to traditional proper G-equivariant homotopy
theory by observing, with [Rel4a], that the latter serves as a base of cohesion for the slice of the former over the
generic G-orbi-singularity:

Proposition 4.3.83 (G-Singular-cohesive oo-topos). For G € Grp(Set) a discrete group, the slice oo-topos (Prop.
4.2.48) of any singular-cohesive oo-topos H (Def. 4.3.70) over the orbi-singularity ¢ (4.412) is cohesive over the
proper G-equivariant homotopy theory of H(, (Def. 4.3.67) in that there exists an adjoint quadruple of this form:

X:

GOrbCncl ——> G-orbi-conical

< GOI‘J];SPC R G-orbi-spatial
1
H/ % = Snglr(HU)/ % GOrtj_Smth — G(H(_/) 5 G-orbi-smooth (4458)
< GOI‘bSl’lgl — G-orbi-singular
h
where GOrbSmih(2) = G/H ~ Smth (Map(#, 2) ¢ (4.459)

assigns the smooth aspect (4.420) of the slice mapping stack (Def. 4.2.66) (the geometric fixed loci, Def. 4.3.91).

Essentially this was observed in [Rel4a], there for the base case H = Grpd,, and for compact (hence finite if
discrete) Lie groups G. For the discrete equivariance groups considered here the statement, for any H, is a formal
consequence of the reflection from Prop. 4.418 (as in [Rel4a, §7.1, 7.2]), spelled out in the following proof.
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Proof. With the equivalence from Prop. 4.2.45, the adjoint quadruple follows as the Kan extension from Lem.
4.2.43 of the adjunction of sites in Prop. 4.3.66:

T
Snglrt) ¢ L Orb(G) (4.460)

X

T —
< T*éi! —
1
= Snglr(H,),¢ —— PSh. (Snglrt/ G HU) — t.~i* — She (GOrb, HU) = GH,, . (4.461)
<7L iy —
Moreover, that the left adjoint 7) preserves finite products follows (by Lem. 4.2.40, Lem. 4.2.41) since T preserves
finite products after extension to free cocompletions.
The second statement (4.459) follows with the explicit realization of the equivalence in Prop. 4.2.45 and using
the definition of i*:

GOrbSmth(Z")
~ G/H s PSh (Snglrta H(J)/)g ({ﬁ’ , %)) by Prop. 4.2.45
~ (G/H — PSh Snglrtc HU) ( , %) . <5ngiju) e { )’ﬁ}) by Prop. 4.2.64
~ G/H = 2 () x {i }) by Prop. 4.2.29 (4.462)
08
~ (G/H + Smth (Map( ) : x G){Qf}) by (4.436)
Smth (Map( ¥, )
~ (G/H S Smth Map( %)M (>;1 . { %})) by (1.20)
ap(y, ¥
o~ G/H — Smth(Map( {# %))g)) by Def. 4.2.66. 0

Definition 4.3.84 (G-orbi-singular modalities). Given a singular-cohesive eo-topos (Def. 4.3.70) and G € Grp(Set),
we write, in generalization of (4.421):

singular aspect relative —

to G-orbi-singularities \/fr’ T GOrbSpC © GOI‘anCl
1

smooth aspect relative —

to G-orbi-singularities U{r’ T GOI'bSpC © Gorbsmth (4-463)
1

orbisingular aspect relative .
to G-orbi-singularities )/é = Gsngl o GOI'bSmth .

Example 4.3.85 (Idempotency of G-orbi-singular modalities). By the general idempotency of cohesive modalities
(Rem. 4.3.2) we have, for instance, that G-orbi-spaces (4.3.83) are G-orbi-smooth (Def. 4.3.84) and hence coincide
with their G-orbi-conical aspect (4.463):

GOrbSpe ~ U; 0 GOrbSpe, ;0 GOrbSpe ~ GOrbSpe. (4.464)

Example 4.3.86 (Orbi-singularization of homotopy quotient). For H a singular-cohesive co-topos, given G CX €
GAct(H,) — G Act(H), we may naturally regard the orbi-singularization (4.421) of its homotopy quotient (Ntn.
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4.1.41) as an object in the slice of H over the G-orbisingularity (4.458):

X/)G Y(X/G)
)f( i(X%*)//G) = ( 4 > GH/)Q. (4.465)
+//G ¥

If X here is O-truncated, then this construction lands in Ug-modal objects (by the following Prop. 4.3.98).

Lemma 4.3.87 (Conical quotient of orbi-singularity relative to a G-orbi-singularity). Let K,G € Grp(FinSet) and
K i) G any group homomorphism, regarded as an object )5 € Snglrt /G S H /- Then the G-relative conical
aspect (4.463) of ¢ is given by the image factorization K — im(¢9) — G, in that:

V() ~ im0 eH . (4.466)

Proof. By (4.461) with Lemma 4.2.40 and Prop. 4.3.66. 0

Cohesive G-Orbispaces

The following terminology (Ntn. 4.3.88) is the direct generalization of that of [Rel4a] (following [HGO7]) from
discrete to cohesive global homotopy theory, as discussed in [SS26-Orb, §4.1].

Notation 4.3.88 (Cohesive G-orbispace). For H a singular-cohesive co-topos and G € Grp(Set), we say that those
objects 2" € H /6> which are Ug-modal (Def. 4.3.84), hence in the image of the full inclusion (4.458)

GOrbSpc
G(Hy) —— Snglr(Hy) /¢ (4.467)

are the cohesive G-orbi-spaces.

Remark 4.3.89 (Interpretation of G-orbispaces). The cohesive G-orbispaces (Ntn. 4.3.88) may be thought of
as those singular-cohesive spaces which are smooth away from G-singularities or smooth except possibly for G-
singularities.

Example 4.3.90 (The terminal G-orbispace). For G € Grp(Set) with BG € H g and )9 €H, G regarded as the
identity maps on themselves, hence as the respective terminal objects (by Ex. 4.2.49), we have that the G-smooth
aspect (4.463) of the shape (4.251) of the orbi-singularization (4.421) of the former terminal object BG is the latter
terminal object )9 , hence the terminal G-orbispace (Ntn. 4.3.88):

G GOrbSpc
UJYBG ~ 7 ~ *g € GHy, —— Snglr(Hy) /g (4.468)

This follows immediately since ) and (g are right adjoints and hence preserve all limits (1.20) and since | pre-
serves all finite products (Rem. 4.3.4).

Geometric Fixed Loci
We expand on the construction of geometric fixed loci from (4.458).

Definition 4.3.91 (Geometric fixed loci [SS26-Orb, Def. 4.2.24]). For

— G € Grp(FinSet),

~G(X € GAct(H,)) — GAct(H):
(i) We say, for H C G a subgroup, that the geometric H-fixed locus of G (X is the smooth aspect (4.421) of the
stack of sections (4.167) of the orbi-singularization (4.421) of its homotopy quotient (4.198):

HFxdLoc(G(X) = (FxdLoc(G(X))(G/H)

= UMap( ¥, r(X)G)); € H,—H. (4.469)

¢
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Since orbi-singularization ) is fully faithful on smooth ((-modal) objects (by Def. 4.3.67), this is equivalently
the stacky fixed locus of Ex. 4.2.80, as it should be:

HFxdLoc(GCX) =~ CMap(f, r(X//G))g

~ Map(BH, X /Gy, (4.470)
~ xH by (4.205)

(ii) We say that the shape of the geometric H-fixed locus in X is the co-groupoid of sections of the shape of the

orbi-singularization of the homotopy quotient, regarded as a discrete spatial object:

Prop. 4.3.97
[HFxdLoc(GCX) ~  SpeDscH({,[r(X/G)), € Grpd,—H. 4.471)

g
Remark 4.3.92 (Orbi-spaces).

(i) By functoriality of the mapping stack construction as H C G varies, the fixed loci (4.469) arrange into an object
of the G-equivariant homotopy theory of H, (Def. 4.3.67), which, according to Prop. 4.3.83, coincides with the
smooth aspect relative to G-singularities (4.459) of the orbi-singularization of the homotopy quotient:

FxdLoc(G(X) = GOrbSmth( ¥ (X /G)) W SmthMap ( §-, V(X//G))g € GH,,. (4.472)

(ii) Similarly, as H C G varies the shape of the fixed loci (4.471) arrange into an object of the G-equivariant

homotopy theory of Grpd,, & H,, (Def. 4.3.67), which, according to Prop. 4.3.83, coincides with the smooth
aspect relative to G-singularities (4.459) of the shape of the orbi-singularization of the homotopy quotient:

yGHU%

[FxdLoc(G CX) =~ GOrbSmth(f »(X/G)) e GGrpd.., Sngle(Ho) 6 (4.473)
SnglrGrpd,, /G
Regarded under this embedding, we have
JFxdLoc(G CX) ~ UgJFxdLoc(G CX) ~ UgJr(X ) G), (4.474)
reflecting the fact that any such G-orbi-space (see [SS26-Orb, §5.1] for more discussion and further pointers to the
literature) is smooth (non-singular) except for orbi-singularities corresponding to subgroups of G.

Remark 4.3.93 (Cocycle «-groupoids on cohesive orbi-spaces). In summary, the above implies that, for G (X €
GAct(H) and &/ € GH_,, we have a natural equivalence

H(r(X/G), GOrbSngl(</)) ¢ ~ GH, (FxdLoc(X), ) (4.475)
obtained as the following composite:
H(r(X/G), GOrbSngl(;z%))g ~ GH,(GOrbSmth (¥(X /G)) , ) by (4.458)
~ GH,, (SmthMap( P, r(X)G)) g, gf) by (4.459) (4.476)
= GH, (FxdLoc(X), <) by (4.472).

This is the basis for the definition of proper-equivariant cohomology in cohesive co-toposes (Def. 5.4.20 below).

Remark 4.3.94 (Subsuming generalized geometric fixed points).

(i) If X € H, o is smooth and O-truncated, then the geometric fixed loci of X /|G, according to Def. 4.3.91, consist
of the expected fixed loci of the given G-co-action on X.

(ii) However, if X is not O-truncated, then its isotropy groups, as far as they receive non-trivial homomorphisms
from the subgroups H C G, do contribute to the geometric fixed loci in the sense of Def. 4.3.91.

(iii) The archetypical example of this effect occurs when X = BI' is a delooping (4.2.72), hence a single point
with isotropy. This is exactly the case of equivariant moduli stacks, discussed in §5.4 below. Their generalized
geometric fixed loci is the source of all the interesting and characteristic structure of equivariant classifying spaces
embodied by the Murayama-Shimakawa construction (Thm. 5.4.19 below).
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We proceed to demonstrate the equivalence (4.473) in Prop. 4.3.97 below:

Lemma 4.3.95. The shape of the geometric fixed locus (4.471) is the smooth aspect (4.421) of the internal fixed
locus

SpeDscH(,J27) ¢ =~ UMap({,]2). (4.477)
Proof. For )5 x U € Snglrt x Chrt, we have the following sequence of natural equivalences:
G K ~ G ;
(UMap( CAX) g) (V X U) S (Map( 2, I,%”)g) (U) by Def. 4.3.70 with (4.430)
~H(ZxUJZ), by Lem. 4.2.69
" (4.478)
~H(F,[2)g by (4.280)
~ (SpchcH()g,f%)g) (;f X U) :
Thereby the claim follows with the c-Yoneda lemma (Lem. 4.2.29). ]

The following (Prop. 4.3.96) simple version of an “orbi-smooth Oka principle” (1.5) will serve as a workhorse
lemma in following proofs. To note here that the groups H and G are discrete (by assumption), but that there is
absolutely no condition on the geometry embodied in 2.

Proposition 4.3.96 (Orbi-smooth Oka principle for maps out of relative orbi-singularities). Let H be a singular-
cohesive co-topos (Def. 4.3.70). Then for

— @ ¢ Snglrt (Ntn. 4.3.62),

— )IZI € Snglrt /G

- Z e€eH /G
we have a natural equivalence

fMap()fI, Z) ~ Map()fl,f%)yg (4.479)

I
exhibiting the shape modality (4.251) as commuting over the slice mapping stack construction (Def. 4.2.66) out of
orbi-singularities.

Proof. First, for the special case when )Q = %, i.e. G = 1 the trivial group, hence the case when )Ij € Snglrt, and

X € H and Map( )fl , X) the ordinary mapping stack (4.151), consider the following sequence of natural equiva-
lences:
IMap(#,27) = J((K.U) = Map(#, 27) (U x £))

by (4.152)

S
X
Nz
X
T
\éﬁ/ i

H
~ I<()IS,U) — (%(ﬂx >£<><U)>> by (4.111)

o~ I<()5,U) > (%({jx f))(U)) by (4.423)
(4.480)
~ (ﬁ — I(%(ﬂx %‘)) > by (4.443)
~ ({K > ((j%)(ﬂx {S))) by (4.443)
~ (({S,U) > ((L%”)(ﬂx )l{xU)>> by (4.423)

~ Map({#,[2) by (4.152).
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The composite of these equivalence yields (4.479) for the special case )Q =%,

To obtain from this the statement for general )Q , consider the following sequence of natural equivalences:

[Map(#,X) =I<Map( ,X)Map(ﬁ G)*) by Def. 4.2.66
Y

)IL-I
~ (fMap({j,X))

X ([*) by Prop. 4.3.8 with Lem. 4.3.13
Map( /', ) (4.481)
~ Map(#,[X) x by (4.480) and (4.258)
Map(f/, )
= Map(#,[X) ¢ by Def. 4.2.66.
The composite of these equivalences yields the desired (4.479). O

Proposition 4.3.97 (Shape of geometric fixed locus). The shape of the geometric fixed locus in the sense of (4.471)
in Def. 4.3.91 is indeed the image under [ of the geometric fixed locus (4.469)

I UMap( £, r(X//G))E ~ SpchcH()g,I)f(X//G))g. (4.482)

Proof. JuMap(£, r(X/G))g =~ UIMap(¥, r(X/G))g by Prop. 43.77
~ UMap()g,f)’(X//G))g by Prop. 4.3.96 (4.483)

~ SpchcH()Q,IV(X//G))E by Lem. 4.3.95 .
O

With this in hand we may prove the following equivalence (Prop. 4.3.98), which is crucial for identifying
traditional proper equivariant homotopy theory inside slices of singular co-toposes:

Proposition 4.3.98 (Orbi-space incarnation of G-space is orbi-singularization of homotopy quotient).
For H a singular-cohesive o-topos (Def. 4.3.70), consider G (X € GAct(H, )
(i) Then there are natural equivalences:

GOrbSpe ( FxdLoc(G (X)) (X/G) € Hg (4.484)
GOrbSpe (JFxdLoc(G (X)) ~ [r(X/G) € H,),¢ > H)g (4.485)

12
~

between

(a) the G-orbispace (4.458) associated with the image (4.472) of G CX in cohesive G-equivariant homotopy
theory, and

(b) the orbisingularization of its cohesive homotopy quotient (Ex. 4.3.86).

(ii) In particular, the orbi-singularization of the homotopy quotient of a O-truncated cohesive space is smooth away
from G-singularities (Def. 4.3.84):

(X/G (X/G
Ug( \4 ~ ( v c H/)g7
¢ g

Y(X)G Y(X)G
2 Y

Proof. We show the proof of (4.485) (the proof of (4.484) follows by the exact same steps just with all occurences
of “|” removed). For )5 € Snglrt /G, We have the following sequence of natural equivalences in H,:
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SnglrH,, (¥, GOrbSpc (/FxdLoc(X)))

G
g
~ GHU(GOrancl( ), JFxdLoc(X)) by (4.458)

~ GH,, ({™X), [FxdLoc(X)) by Lem. 4.3.87

~ [GH,, ({m(K) deLoc(X)) by (4.443)

~ [SmthMap (™), »(X/ G)) by Prop. 4.2.29 & Def. 4.3.91 (4.486)
~ [SmthMap( X, »(X/G) ) by Lem. 4.3.99

~ Smth[Map( £, r(X/G))¢ by Prop. 4.3.77

~ SmthMap( ¥, [ r(X/G)) by Prop. 4.3.96

G

g
~ SnglrH,, (¥, [ V(X//G))g by (4.271) .

Therefore, the claim follows by the co-Yoneda lemma (Prop. 4.2.29). U

Lemma 4.3.99 (Orbi-singularizations of homotopy G-quotients of O-truncated objects have only G-singularities).
Given a singular-cohesive o-topos H let G € Grp(FinSet) and G (X € G Act(Hy). Then for ¥ € Snglrt /¢ there

is a natural equivalence

SmthMap( £, (X /G)) g =~ Smth Map ({m(K), r(X/6)g. (4.487)

where .
K —im(K) — G (4.488)

is the image factorization of the group homomorphism (4.413) that underlies )f .

Proof. The assumption that X € H, is O-truncated implies that for U € Chrt also H(U, X) = X(U) € Grpd, —
Grpd.,, is O-truncated, hence a set. This implies that the homotopy qouotient of this set of U-plots (see [SS26-Orb,
Lem. 3.12]) is a 1-groupoid and as such the disjoint union of deloopings of its isotropy groups, which are the

stabilizer subgroups Stabg(¢) C G of plots U 9 x:

G ~ U BStabg(x) € Grpd, . (4.489)
X)) e (R EEPG () rpd;

With this, we first have the following sequence of natural equivalences for U &€ Chrt:

SmthMap (X, V(X//G)) c(U)

~ H(U x K, (X//G))y by Lem. 4.2.69
~ H((rU) x (¥BK), V(X//G))g by (4.3.79)
~ H(r(U x BK), (X//G))E by (1.20)
~ H(U xBK, X )|G))sc by Ex. 4.3.81 (4.490)
~ Grpd,,(BK,X(U) [ G)) g by [SS26-Orb, Lem. 3.12]
~ Grpd|( BK, L BStabg(x by (4.489)
b ( plenitwye Do 0o! )>Bc ’

~ L Grpd(BK , BStab since BK is connected

O 601
~ L Grpd(Bim(¢), BStabg(x)) 5, by Prop. 4.3.66 .

[9lem (X (U))G)

Now, running backwards through this chain of equivalences, but with K replaced by im(K) throughout, implies the
claim, by the co-Yoneda lemma (Prop. 4.2.29). O
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Base Change of Proper Equivariant Homotopy Theories

Lemma 4.3.100 (Base change in equivariant homotopy theory along coverings of the equivariance group).

(i) A surjective homomorphism of finite groups, p :G —> G(4.216) induces a reflective subcategory inclusion of

orbit categories (Ntn. 4.3.63)
P

o
GOrb ) Orb (G) . (4.491)
<~

(ii) Moreover, by Kan extension (Lem. 4.2.39) this induces, for H, any co-topos, an adjoint quadruple between the
proper equivariant homotopy theories: (Def. 4.3.67) of this form:

P —
<~ pL* —
p.—> GGrpd., (4.492)

< p! >

(A;Grpdw

Proof. The second statement follows from the first by Lem. 4.2.43 with Lem. 4.2.42.
A transparent way to see the adjunction in the first statement is to use the identification from Lem. 4.3.65, in
terms of which the adjunction is the composite

- (Bp): T
GOrb ~ ((Grpdi'1) pg)y > (GrpdTS)) g f s (Grpdi™ 1) /s L5 ((Grpdf™)/s6), = Orb(G)
Bp)*

(4.493)
of the left base change along Bp (Prop. 4.2.50) with the O-truncation reflection (Prop. 4.2.53), observing that the
right adjoint preserves O-truncation and hence factors.

Under the equivalence of Lem. 4.3.65, the right adjoint is of course given by regarding a G-set as a G-set by
acting through p. It is immediate to see that this operation is fully faithful when p is surjective. O



Chapter 5

Equivariant Principal «-Bundles

In this last and main chapter we introduce the notion of equivariant principal co-bundles, show how these subsume
the traditional equivariant bundles (from chapter 3) and use smooth cohesive homotopy theory (from §4.3.2) to
prove a new classification theorem for the case of truncated structure groups. Finally we use singular-cohesive
homotopy theory (from §4.3.3) to show that the equivariant moduli stacks of equivariant bundles are generally
given by the Murayama-Shimakawa construction and to re-formulate the classification theorem in terms of proper-
equivariant homotopy theory.

— §5.2: introducing G-equivariant principal eo-bundles as principal bundles internal to BG-slices of co-toposes.
— §5.3: recovering the classical notion of equivariant bundles and proof of the classification theorem.
— §5.4: equivariant moduli stacks and the proper-equivariant formulation of the classification theorem.

5.1 Context and Assumptions

Notation 5.1.1 (Singular cohesion with cohesive charts). In all of the following, H denotes a singular-cohesive
co-topos (Def. 4.3.70) hence such that the cohesive sub-topos H, < H has cohesive 1-charts (Def. 4.3.69), hence
a 1-site Chrt of definition, such that JU ~ x for all U € Chrt. For all classification results we consider the case
H,, = SmthGrpd_, from §4.3.2.

Assumption 5.1.2 (Proper equivariant cohesive homotopy theory). In all of the following we strengthen the As-
sumption 2.2.2, used in chapter 2, and demand that

— equivariance groups G are discrete groups (not necessariliy finite);
and for all classification results discussed in the following we also assume that

— domain spaces X carry the structure of smooth manifolds.

The first of these assumptions Dsc
G € Grp(Set) — Grp(H) (5.1)

implies (by Rem 4.3.4) that also the delooping (1.29) of the equivariance group is discrete and hence pure shape:

Mg
bBG BG /BG = BG, (5.2)

~ ~
Def .5.2.9

and the same holds (by bo ¥ =~ )y ob, Prop. 4.3.77) for its orbi-singularization (Ex. 4.3.73):

5 J
e g
G

e § e IS 63

Remark 5.1.3 (Discrete equivariance co-groups in cohesive global homotopy theory). Assumption 5.1.2 (5.1) is
used in our proofs (in Thm. 5.2.55 below, just as in Prop. 4.3.96 above) to guarantee, via Prop. 4.3.8, that [

preserves homotopy fibers over )Q .

177
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(i) At this point it is worth recalling ([SS26-Orb, Rem. 3.64]) that in cohesive global homotopy theory according to
Def. 4.3.70 it is not useful to promote the 2-category Snglrt (Ntn. 4.3.62) from discrete to compact Lie groups with
shapes of mapping stacks of their delooping between them, as commonly done in non-cohesive global homotopy
theory. The reason is, conceptually, that this secretly introduces a notion of cohesion into the site, which does not
properly interplay with the cohesion that is seen inside the cohesive co-topos over this site. For example, the crucial
relations (4.431) and (4.432) would fail, in general.

(ii) On the other hand, in contrast to traditional equivariant homotopy theory (and aside from the particular classifi-

cation Theorems 5.3.7 and 5.4.24 below), cohesive global homotopy theory works just as well for higher equivari-

ance groups in Grp(Grpd,,) M Grp(H), as long as they are geometrically discrete, hence for plain equivari-

ance oo-groups. But if G; are topological 1-groups, then their shapes [G; are such geometrically discrete eo-groups,
and there is the canonical comparison morphism (4.263) between their usual hom-co-groupoids:

[Map(BG1, BGy) 1% Map(BJGy, BIG). (5.4)

(iii) The cohesive global homotopy theory as set up here captures all those aspects of non-discrete equivariance
groups that are still reflected on the right of (5.4). For these, no further condition on the topologies is required, for
example the G; could even be non-compact topological groups such as loop groups.
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5.2 As Bundles Internal to G-~-Actions

In higher analogy with the discussion in (3.1) we introduce equivariant principal co-bundles as principal bundles
internal to co-toposes of G-eo-actions (Def. 5.2.22 below). We show that ordinary topological equivariant bun-
dles (according to chapter 3) faithfully embed into this higher geometric theory, and we use this to prove their
classification theorem for truncated structure groups (Thm. 5.3.7).

In order to warm up and to establish some preliminariries, we first present an analogous re-proof of the classical
Milgram-classification of ordinary topological principal bundles (Thm. 5.2.2, Thm. 5.2.13):

—§5.2.1: Smooth principal eo-bundles.
—§5.2.2: Smooth equivariant principal eo-bundles.

5.2.1 Smooth Principal «-Bundles

We begin by recalling and developing some facts about plain (i.e. not equivariant) principal eo-bundles ([NSS12a][NSS12b])
with focus on their incarnation in SmthGrpd,, (Ntn. 4.3.27).

Recovering Principal Bundles among Principal «-Bundles

We discuss first how ordinary principal bundles embed into the theory of principal eo-bundles in the sense of Prop.
1.2.1. The following Prop. 5.2.2 is the blueprint for the analogous embedding of equivariant principal bundles into
the theory of equivariant principal co-bundles which we prove in Thm. 5.3.7 below.

Proposition 5.2.1 (Universal I'-principal bundle over the ["-moduli stack). For a diffeological group
I' € Grp (DffigSpc) — Grp (PSh(CartSpc)), (5.5)

such as a D-topological group or a Lie group:
(i) the simplicial nerve (Ntn. 2.3.24) of the delooping groupoid of I (Ex. 2.3.7)

NGrpd(Cdfflg)
BI' = (I' = %) € Grpd(kTopSpc) ——— APSh(CartSpc) (5.6)

is fibrant in the local projective model structure of simplicial presheaves over the site of Cartesian spaces (Ntn.
4.3.27), and hence a fibrant representative of the delooping of I in the co-topos according to Prop. 1.2.1:

LOCLC]WEqs
BI' € (APSh(CartSpc) pmj ) 5, ———— SmthGrpd,,. (5.7)
loc
(ii) Moreover, pullback of the universal I'-principal groupoid (3.104)
NGrpd(Cdfflg)
El' = (I'xI'=T) € Grpd(kTopSpc) ——— APSh(CartSpc) (5.3)

along morphisms of simplicial presheaves X — BT represents their homotopy fibers in SmthGrpd,,:

X xEI' — EI'
Bl; ow | € APSh(CartSpc) =  Loc"“™™*(X x EI') ~ Loc"™™(X) x x € SmthGrpd.,,. (5.9)
BT BI
X —— BI

Proof. The local fibrancy is Lemma 4.3.30 and the delooping property is Lemma 4.2.74in view of Ex. 4.1.27. The
second statement (as well as this delooping property) follows by Lem. 4.2.32 since

* €PrjWEgs ED € PrjFib (5.10)

is evidently a fibration resolution of the point inclusion in the global projective model structure. O
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Theorem 5.2.2 (Topological/smooth principal bundles embed among smooth principal co-bundles). Let

Grp(Cdfflg)
—-TI' € Grp(DHausSpc) —— Grp(DfflgSpc) < Grp (PSh(CartSpc)),

or
- T € Grp(SmthMfd) ——— Grp(DffigSpc) < Grp (PSh(CartSpc)) .

Then the groupoid of traditional I'-principal fiber bundles over X (Rem. 3.1.1), respectively topological or smooth,
is naturally equivalent to the groupoid of I'-principal co-bundles over SmthMfd internal to SmthGrpd.., in the sense
of Prop. 1.2.1:

['PrnFibBdl(DffigSpc)y ~ TI'PrnBdl(SmthGrpd,, )y € Grpd — Grpd,, . (5.11)

ordinary topological/smooth-principal bundles among smooth principal co-bundles

Proof. Since X is assumed to be a smooth manifold, it admits a differentiably good open cover (4.373) {U,- o~
RIm() <, X,

Now we consider three consecutive equivalences of groupoids:

(i) Since the cover is good, every I"-principal bundle has a trivialization over the cover, which gives a diffeological
Cech 1-cocycle with coefficients in I':

P
"
i{ > {UiﬂUj @ F}w.e[ s.t igl (7i = const) and l_7j7VkEI (yij-yjk = yl-k) , (5.12)

and that morphisms of I'-principal bundles over X bijectively correspond to diffeological Cech coboundaries be-
tween these cocycles:

h h;
PSP {Uimr\iyelhi-%}:yﬁ-hj}, (5.13)

so that this construction constitutes a natural equivalence between the groupoid of principal fiber bundles and the
action groupoid of Cech coboundaries acting on Cech cocycles:

T PmFibBdl(DfflgSpe)x =~ <Zl X D) x B°X:T) = 2'(X; r)) . (5.14)

(ii) By direct inspection (see Rem. 4.3.46) and using the defining fully-faithful embedding DffigSpc < PSh(CartSpc),
the nerve of this latter groupoid is manifestly isomorphic to the hom-complex (4.3) of simplicial presheaves from
the Cech nerve of the open cover

N(XxxX=X) ~ X*** ¢ APSh(CartSpc) (5.15)
to the nerve of the delooping groupoid of I':
N (21 (X:T) x BO(X; ) = 2'(X; r)) ~ APSh(CartSpc) (X%, N (T = #)). (5.16)
(iii) This has the homotopy type of the correct hom-co-groupoid (Def. 4.1.11)
APSh(CartSpc) (XX%, N(I = %)) ~ SmthGrpd,.(X,BG) € Grpd.,, (5.17)
because:
* N(I' = ), which represents (4.16) the delooping (1.2.1) of I (by Prop. 4.2.74), is fibrant in APSh(CartSpc) pr; ,
loc
by Prop. 5.2.1,

« X*% is a local projective cofibrant resolution of X, by Example 4.3.42.

Therefore, (5.17) follows by Prop. 4.1.12. In conclusion, the composite of the equivalences (5.14), (5.16), and
(5.17) yields the desired equivalence (5.11). 0

Remark 5.2.3 (Local triviality of principal bundles internal to co-topos is implied). Thm. 5.2.2 gives an equiv-
alence to locally trivial topological principal bundles (Rem. 3.1.1), even though the Definition 4.2.97 of smooth
principal eo-bundles, as principal bundles internal to the co-topos SmthGrpd,,, does not explicitly state a local triv-
iality clause. The equivariant generalization of this phenomenon is the content of Thm. 5.3.7 below; see also the
discussion at the beginning of §5.3.
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Remark 5.2.4 (Universality of the universal principal bundle over the moduli stack).

(i) While the above proof of Thm. 5.2.2 handles principal bundles entirely in terms of their Cech cocycles, it entails
a systematic way of reconstructing the actual bundles from these Cech cocycles, as follows: By Prop. 5.2.1 and
Prop. 1.2.1, the following pullback of simplicial presheaves

([xXxxX=3TxX) —— ([xI'=I) = EG

| o | | (5.18)

X €LcIWEgs (X xxX = X) (F = *) = BI'

P«~—m—
l €LcIWEqs

c

computes the I'-principal co-bundle classified by a Cech cocycle ¢, according to Thm. 4.2.100. But inspection of
the pullback diagram shows that this bundle P — X is precisely the principal bundle reconstructed from a Cech
1-cocycle in the traditional way.

(ii) Therefore, the groupoid EI' from (3.104) (whose topological realization EG = |EI'| (3.110) is the universal
I"-principal bundle over the classifying space BG) plays the role of the universal I"-principal bundle over the moduli
stack BI'.

Concordance of Principal co-Bundles

The notion of concordance of principal bundles (Def. 3.2.6) has an evident generalization to principal e-bundles
(and, of course, yet more generally to any contravariant structure over spaces with cylinder objects).

Definition 5.2.5 (Concordance of smooth principal eo-bundles). Let 4 € Grp(SmthGrpd.,,).
(i) We say that a concordance between P, P, € 4 PrnBdl(SmthGrpd,,)x is a principal co-bundle on the cylinder

X xR ~
P € ¢ PrnBdl(SmthGrpd,, )x xr (5.19)
such that over the two endpoints it restricts to the two bundles, respectively, up to equivalence:
Plycjoy ~ Ry and  Ply.qy = P, P, P, € 4PrmBdl(SmthGrpd,,)x . (5.20)
(ii) We write
(¢PmBdly), =~ € Set (5.21)

for the set of concordance classes of ¢-principal bundles in SmthGrpd,..

The equivalence between isomorphism classes and concordance classes of topological principal bundles (Thm.
3.2.8) still holds after including them among smooth principal co-bundles:

Proposition 5.2.6 (Concordant topological principal bundles are isomorphic as smooth co-bundles). Given
- X € SmthMfd — SmthGrpd,,,

Grp(Cdiflg)

-TI" € Grp(DHausSpc) ——— Grp(SmthGrpd,,),

the canonical comparison morphism (5.26) from isomorphism classes to concordance classes (Def. 5.2.5) of I'-
principal co-bundles over X is a bijection

(I'PrnBdl(SmthGrpd., )x) Jrio —— (I'PrnBd](SmthGrpd.,, )x) Jrveone * (5.22)
Proof. This is the following composite of natural bijections:
(I PrnBdl(SmthGrpd,, )x) I
~ (1—‘PrnFidel(DfﬂgSpC)X)/Niso by Prop. 5.2.2
~ (I'PrnFibBdl(DTopSpe)x )., by Prop. 4.3.19 (5.23)
~ (I'PrnFibBdl(DTopSpe)x) .. by Thm.3.2.8
~ (1—‘Pranl(SmthGrpdm)X)/NConc by Props. 4.3.19,5.2.2. d
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Proposition 5.2.7 (Shape of mapping stack into moduli stack is ee-groupoid of concordances). Let H = SmthGrpd,..
Then, for any 4 € Grp(H) and X € SmthMfd < H, the O-truncation of the shape of the mapping stack from X to
the G -moduli stack is in natural bijection to the set of concordance classes (Def. 5.2.5) of 4 -principal c-bundles
onX:

ToShpMap (X, BY) ~ (¢ PrnBdl(SmthGrpd,,)x) (5.24)

/"‘conc N

Proof. In the following sequence of natural bijections, the key step is the “smooth Oka principle” (Thm. 4.3.54)
which allows to take the shape-operation out of the mapping stack construction:

T ShpMap(X,BY) =~ 1yPthMap(X, BY) by Prop. 4.3.49
o~ Toli_r>n(Map(X, BY)(A%m) by Def. 4.3.47
~ tlim (H(X x A%y, BY)) by Prop. 4.2.56
~ 7olim (% PrnBdly «a¢ h) by Prop. 1.2.1 (5.25)
— 'smt]
~ 1lim 7y (% PrBdly s+ ) by Prop. 4.2.53
— 'smtl

12

(70 (¢4 PmBdly) )/ (ro ({4 PrnBdly Almm>) by Lem. 4.1.19

~ (¢ PrnBdly) by Def. 5.2.5. O

~conc

Remark 5.2.8 (The oo-groupoid of concordances). Without applying O-truncation, the argument in Prop. 5.2.7
shows that the full shape of the mapping stack into a moduli stack is the eo-groupoid of concordances and higher
order concordances between principal oo-bundles. Here the points-to-pieces transformation b — [ (4.255) on these
mapping stacks regards higher morphisms of principal co-bundles inside higher concordances:

co-groupoid of morphisms of co-groupoid of concordances of
principal ¢-bundles on X principal ¢-bundles on X

%PmBdly ~H(X,B%) ~ bMap(X,BY) —"°% -~ [Map(X,B¥) "> (%PmBdly) (5.26)

/Nconc °

Classification of Principal «-Bundles

We demonstrate the existence of classifying spaces for concordance classes of principal bundles over smooth
manifolds in the full generality of principal co-bundles internal to SmthGrpd.,,.

Definition 5.2.9 (Classifying shapes for smooth principal c-bundles). Let H a cohesive co-topos (Def. 4.3.1).
Then for &4 € Grp(H) we write (recalling (4.260))

BY = |(BY) € H,—H (5.27)
for the shape (4.251) of the universal moduli stack (according to Prop. 1.2.1) of ¢-principal bundles.

Example 5.2.10 (Classifying shapes for discrete structure co-groups). If G € Grp(Grpd,,) Grp(Dse) Grp(H) so that
bG ~ G =~ [G then the object BG from Def. 5.2.9 coincides with the delooping BG:
bBG ~ BG ~[BG = BG ~ bhBG, (5.28)
by (4.260) and (4.261). In particular this means that for all " € Grp(H)
BT ~ BJT. (5.29)
For instance if G € Grp(Set) — Grp(H) and n € N, then
BG ~ K(G,1) € Gipd 25 H (5.30)

is the homotopy type of a traditional Eilenberg-MacLane space, regarded among cohesive homotopy types.
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Proposition 5.2.11 (Milgram classifying spaces models classifying shape).
Grp(Cdffl
If ' € Grp(DTopSpc) M Grp(SmthGrpd,,) is well-pointed (Ntn. 2.4.17), then the homotopy type of its

Milgram classifying space BU (3.112) coincides with the classifying shape B (Cdffig(T")) (5.27):

Shp (Cdffig(BI')) ~ B(Cdffig(T')) € Grpd,, & SmthGrpd,, . (5.31)
Proof.
B(Cdffig(T')) = Shp(B(Cdffig(T"))) by Def. 5.2.9

1

Shp( lim Cdfﬂg(F)X"> by (4.181)
—

[n]ea®pP

lim Shp (Cdfflg(I)*") by (1.20)

[n]eA®P

12

12

lim (Shp(Cdffig(T")))*" by Rem. 4.3.4

[n]ea®pP

12

lim (Pth(Cdffig(T")))™" by Prop. 4.3.49
H

(5.32)
[n]eA®P
~ lim (Pth(I'))™" by Prop. 4.3.24
—
[n]ea®P
~ Pth|[™* by (2.211)
~ Pth(BT) by (3.112)
~ PthCdffig(BI") by (4.3.24)
~ ShpCdffig(BT") by Prop. 4.3.49. 0

Theorem 5.2.12 (Concordance classification of smooth principal eo-bundles).
For any ¥ € Grp(SmthGrpd,,), the space BY (Def. 5.2.9) classifies the concordance classes (Def. 5.2.5) of
& -principal oo-bundles over any X € SmthMfd — SmthGrpd,, in that there is a natural bijection

(¢ PrnBd1(SmthGrpd,, )x ) = 1 [/Map(X,BY)
T Map([X, BY)
= H' (X:]9) € Set.

/ ~conc

1R

Proof. We may compute as follows:
wH(X,BY) =~ tPntMap(X,B¥) byLem.43.7
~ 7oPntMap(X, JBY) by Def. 5.2.9

~ 7yPnt/Map(X, B¥) by Thm. 4.3.54 (5.33)

1

T ShpMap(X,B¥) by (4.3.2)

~ (¢ PrnBdly) by Prop. 5.2.7. O

/Nconc
Theorem 5.2.13 (Isomorphism classification of topological principal bundles). In H = SmthGrpd,,, consider

Grp(Cdfflg)
—TI' € Grp(DHausSpc) ——— Grp(H) being well-pointed (Ntn. 2.4.17);

Cdfflg
— X € SmthMfd —— H.

Then there is a natural bijection
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(T PrnFibBdl(DTopSpc)x) Jp = ToMap([X, BT) (5.34)

between isomorphism classes of I-principal fiber bundles over X (Ntn. 3.2.2) and homotopy classes of maps from
(the shape of) X to the classifying shape of I (Def. 5.2.9, Prop. 5.2.11).

Proof. We may compute as follows:

(FPrnFidel(DTopSpc)X)/Nv o~ (FPrnFidel(DTopSpc)X)/N by Thm. 3.2.8
~ (CPrBdl(SmthGrpd..)x), .~ byProp. 522 (5:35)
~ 1yMap(JX, BI') by Prop. 5.2.12.

Remark 5.2.14 (Recovering the classification theorem for topological principal bundles via cohesion).
(i) The statement of Thm. 5.2.13 reproduces the time-honored classification result for topological principal bundles
by Milgram ([Mil67], review in [RS17, Thm. 3.5.1]) for the special case when the domain is a smooth manifold.

(ii) While the statement of Thm. 5.2.13 is classical, the new proof via cohesive homotopy theory has the advantage
that it generalizes to equivariant principal bundles, where it provides a new classification result for the case of
truncated structure groups (Thm. 5.2.56 below).

This is what we turn to next.

5.2.2 Smooth Equivariant Principal c-Bundles

The general theory of principal e-bundles in any oo-topos, discussed in §5.2.1 immediately generalizes to the
equivariant case, by internalizing it into the corresponding co-category of G-co-actions, in direct analogy with the
discussion in §3.1, and using that G-ee-actions in any co-topos form themselves again an oo-topos. Moreover, the
classifying theory of smooth principal eo-bundles (from Prop. 5.2.12) generalizes to a general classification result
for smooth equivariant principal co-bundles, by the “singular-smooth Oka principle”.

Equivariant co-Groups

We generalize (Def. 5.2.16 below) the notion of G-equivariant topological groups (Def. 3.1.2) to co-group stacks in
oco-toposes, and (in higher analogy with Lem. 3.1.4) identify them with semidirect product eo-groups (Prop. 5.2.19).
We currently fail to show that all eo-groups internal to G-eo-actions are of this form (Rem. 5.2.20).

Recall from [SS26-Orb, Def. 2.101] that for ¢4 € Grp(H) (Def. 5.2.16) we have the group-automorphism
group Autg., (H) equipped with canonical actions on ¢ and on B¢ preserving their basepoints:

*

BAutGm(%) - * — BAutGrp(%) -
\ \

Plgg B0 (ptgy)fAutG(Z) D efAutg(¥)
¥ ¥
Autgp(9) = Aut,(BY) BY —— (BY)/Autgp(9) |id I' —— I'/Autgp(9)

(pb) k (pb) k

5 —— BAutgp(¥) < x —— BAutgp(¥) <

o

d

=
-

(5.36)

group-automorphism group pointed action on delooping canonical action on group

Proposition 5.2.15 (Quotient groups by group automorphisms [SS26-Orb, Prop. 2.102]). Consider G,I" € Grp(H)
(1.29) and an action of G on I (1.31) by group automorphisms, i.e., a pasting diagram in H of this form:
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G-action on I" (1.31) by group automorphisms (5.36)

r r)G T/ Autgr(T)
l o lp o l” (5.37)
x - BG - BAutG(T)

Then there is group structure on the homotopy quotient in the slice

I'/G € Grp(H pc) (5.38)
such that
B(I'/G) ~ (BI')/G € Hgg- (5.39)
Definition 5.2.16 (Equivariant co-groups). We write
GEquvGrp(H) < Grp(H gs) =~ Grp(GAct(H)) (5.40)

for the co-category of group objects in the slice over BG that arise via Prop. 5.2.15 from group objects equipped
with G-actions by group automorphisms.

Example 5.2.17 (Equivariant co-group for trivial G-action). A G-action on I' s trivial precisely if '/G ~ I" x BG,
which by (5.39) is the case (using Ex. 4.1.18) precisely if

B(I'/G) =~ (BI)x (BG) €Hpg. (5.41)

2

Definition 5.2.18 (Split «o-group extensions). Given G € Grp(H),
(i) a split group extension of G is a diagram of the form

G

iy

\ € GEquvGrp(H), (5.42)
fib(p) p

I' ————TI'xG G

where the horizontal sequence is a fiber sequence.

(ii) We write G/
Splt GExtnss — Grp(H)/G (5.43)

for the full subcategory on the split extensions.

Proposition 5.2.19 (Equivariant groups are equivalent to split extensions of equivariance group). The operation

of delooping of split extensions T - T x G L Def. 5.2.18). exhibits their equivalence with G-equivariant groups

(Def. 5.2.16):
Splt GExtnss(H) —— GEquvGrp(H), (5.44)

such that (5.39) is further identified with
(BI')/G ~ B(I'xG) . (5.45)

Proof. First, to see that we have a functor, consider for any split extension the following pasting diagram:

PteG BG

*
PtBri 0 lBi
Bl Bfib(p) B(I'xG) |id (5.46)
J (pb) pr
* — BG

Here the bottom Cartesian square is the delooping of the given fiber sequence (5.42) (using (1.29) in Prop. 1.2.1),
from which the top Cartesian square follows by the pasting law (1.14) and using that the pullback of an equivalence
is an equivalence. Hence the bottom square exhibits a G-action on BI" (by (1.31) in Prop. 1.2.1) with homotopy
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quotient as claimed in (5.45); and the top square exhibits ptgr as a homotopy fixed point of this action ([SS26-Orb,
Def. 2.97]), and hence a G-action on I" by group automorphisms ([SS26-Orb, Def. 2.101]).

Similarly, n-morphism of split extensions are n-morphisms of the diagrams (5.46) which fix the top and bottom
copies of BG and hence the top and bottom copies of the point. These are equivalently the pointed n-morphisms
between G actions on the BI" and hence are equivalently n-morphisms between the G-actions by group automor-
phisms on I'. This means that we have a fully faithful functor.

It just remains to see that this is essentially surjective. Hence for a given G-action on I by group automorphisms
consider the following pasting diagram:

x BG e BAut(I) —
) l o (ptar)Autrp (1)
Bl (BI) /G (BD) //AvutGrp(l") id (5.47)
(pb) Jp (pb) p/lul
\4
X — BG = BAutgr(I') <

Here the bottom square is that which defines the given automorphism action (5.37) and all the other squares follow
with the pasting law (1.14) from (5.36). Now the two squares on the left exhibit the delooping of a split group
extension since (BI') /G is connected (by Lemma 4.2.84), and hence of the form (5.45). O

Remark 5.2.20 (Are all groups in G-Actions equivalent to semidirect product groups?). One might expect that
any group object in the slice I' /G € Grp(H ) is an equivariant group in the sense of Def. 5.2.16, hence that the
full inclusion (5.40) is in fact essentially surjective and hence an equivalence.

(i) We currently do not have a proof that this is the case, but the following pasting diagram shows something close,

at least:
G ——— %

(e)id)|, @ J

G——TIxG prp — I° *
o e © / (b) I (5.48)
* r r/G BG~T//(I'xG)

l (®) l @ ‘L

* BG %}B(F//G) ~B(I'xG).

Here:

(a) is the homotopy pullback that exhibits I" /G as a group object in the slice over BG;

(b) is the homotopy pullback that exhibits I' /G as the homotopy quotient of a G-action on I’;

(c) is the homotopy fiber product which exhibits the shear map equivalence of I" as a principal G-bundle over I'//G;

(d) is a homotopy pullback implied from this by the pasting law (1.14).

We see from this that I" X G carries a group structure, to be denoted I' x G, whose delooping is the bottom right

object: Y B(T'/G) ~ B(I'x G). (5.49)
BG

Moreover, G M I' X G is exhibited as a homomorphism of group objects. Also, we see that G (e’—ld)> rxc4r

are G-equivariant maps for G acting by right multiplication on itself. This implies that p is the given G-action.

(ii) In conclusion, this shows almost all the structure required of a split extension according to Prop. 5.2.19, except

that we have yet to conclude group structure on I' itself, such that the morphism I' - I'/G ~ I" x G is in fact a

homomorphism.

Lemma 5.2.21 (Homotopy quotients by equivariant actions of equivariant groups). Given
-T'//G € GEquvGrp(H) — Grp(H/pg) (Def: 5.2.16)
-(C)G)CA)G) € (T)G)Act(H p5)
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then the underlying object of the homotopy quotient of this equivariant action formed in Hgg ~ G ActH is equiv-
alent to the homotopy quotient of A by I' x G in H, as exhibited by the following diagram

A—— AJG — AJ(TxG) = (A)G) ) (T)G)

l ) l ®b) l *0) l (5.50)

x* —— BG — B(FNG)WBF//G
N T
BG
Proof. This uses Prop. 5.2.19 for the identification in the bottom right and then Prop. 4.2.77 with Prop. 4.2.48,
and the pasting law (1.14) to identify the pullbacks. O

Equivariant Principal «-Bundles

In view of Prop. 1.2.1 and in direct analogy with Def. 3.1.3, we consider the following evident definition of
equivariant principal e-bundles in any co-topos:
Definition 5.2.22 (Equivariant principal e-bundles). For

-G € Grp(H),

-T'//G € GEquvGrp(H) (Def. 5.2.16),
the G-equivariant T-principal bundles on any G CX € GAct(H) ~ H /BG are the ¢-principal bundles (1.31) for
¢ :=T'J/G from (5.38), hence the objects of the following equivalent co-groupoids:

GEquvI'PmBdI(H)x := (['/G)PmBdl(H/gg)(xc) internalization into slice
H(X /G, BT/ G))g, by Prop. 1.2.1 (5.51)
GAct(H) (GCX,GC(BI)) by Prop. 1.2.1.

12

12

Remark 5.2.23 (Equivariant principal eo-bundles and their underlying principal co-bundles). Let I' € GGrp(H).

The base change (4.143) along P89, BG exhibits plain I'-principal bundles (1.31) underlying (Rem. 4.2.83)
G-equivariant I'-principal bundles on any G C X (Def. 5.2.22):

undring

GEquivI PrnBdI(H)x I'PrmBdI(H)y
12 1
(ptpg)"=fib 5.52
Hy (X /G, (BI) | G) ——" H(X, BI) 52
(FPJG) ~ (FP))G — P
This situation is shown in the following diagram on the left, all whose squares are Cartesian:
principal - bundle orincipal - bandie
P)G x| G
\ underlying ‘ \
principal co-bundle
pJG P *
ulluli\:'lriunl l(ptBl")//G cohesive equivariant
modulating map . ceve lassifying shape
PG equivarian Crorbispace o ri=(P, G o o
X//G // BF//G I]‘Ill(llllll o-ste 1ld\ Y(X//G) % IV(BF//G) 5 53
/ Ptar classifying map ( N )
X FP Bl" mu:lu]ll
underlying co-stac
/ modulating map

rBG

D, G abstract
\x )/ G-orbi-singularity
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The diagram on the right shows the corresponding classifying map to the proper-equivariant classifying shape,
discussed in §5.4 below (Def. 5.4.1).

Example 5.2.24 (Semidirect product-group homotopy quotient of underlying equivariant principal co-bundles).
Let G (T € GEquvGrp(H) (Def. 5.2.16) with semidirect product co-group I" x G (5.45) then the total space P of
the underlying I"-principal bundle P (5.52) of a G-equivariant I'-principal bundle satisfies

P/IT'xG) —=— X /|G

\ A@

B(I'x G) (5.54)
i{Bpr2
BG.

This follows via Prop. 1.2.1 by applying the pasting law (1.14) to this diagram:

P *
| -]
P/G BG
l o l (5.55)
X/)G -PJG B(I'x G)
T BG.

In particular, (5.54) implies a natural identification of the fixed loci of G-equivariant I"-principal bundles, for (sub-)
groups 1 — ' x G, with the local sections of its modulating morphism:
P1~ Map(Bn, P/(TxG))yr,q (4205

(5.56)
~ Map(Bn, X/ G)B(m 6 by (5.2.24).

We come back to this phenomenon in Ex. 5.4.17 below.

Proposition 5.2.25 (Equivariant principal co-bundles for trivial action on structure co-groups). When the G-action
on the structure e-group I is trivial, so that (BI") /G ~ (BI') x (BG) (Ex. 5.2.17), then G-equivariant T-principal
co-bundles (Def. 5.2.22) are equivalently:

(i) I'-principal bundles on the G-quotient stack:

GEquvI'PmBdI(H)y ——=— I'PmBdl(H)y g

/G (5.57)
(GCX 5 BI) — (X )G~ BI)
(ii) G-Actions on I'-principal bundles
GEquvI'PrnBdI(H)x = G Act(I'PrBdI(H)); ¢ x
um (m . (5.58)
(5.52) I'PrnBdI(H)y , @283)

where on the right we consider G base-changed (4.144) to a group object in I'-principal bundles (1.31):

G € Grp(H) 2P, Gy (H ) = Grp (% PmBdi(H)) . (5.59)

Proof. The first equivalence in the composite of the following sequence of natural equivalences:
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GEquvI'PmBdI(H)x ~ Hjs(X/G,B(I'/G)) by (5.51)
~ H/ps (X /G, (BI')/G) by (5.39)
~ H/ps (X /G, (BT) x (BG)) by (5.41) (5.60)
~ H(X /G, BI) by (4.144)
~ I'PmBdl(H)y /¢ by (1.31).

This already implies also the second equivalence, since now both sides are identified with maps of the form
X/)G ﬂ BT It just remains to see that the underlying objects coincide, in that the diagram in (5.58) commutes.
To find the underlying object of a G-action in I'-principal bundles, we need to compute (by (4.208)) the base change

PtBr)

(H/Br) /8r)x(BG) DP9, Hpr. (5.61)

Since fiber products in a slice are computed in the underlying oo-topos (e.g. [SS26-Orb, Prop. 2.53]) we are thus
reduced to checking the pullback square as shown on the top of the following diagram on the left:

X X/G X X/)G
J (P l(C//G#’G) l (P l(e//capa
BI' — (idprptse) = (BI') x (BG) BI" — (idsrptse) - (BT) x (BG) (5.62)
a o l @b lprz
BI' * BG
By forming the pasting composite shown on the right, this follows by the pasting law (1.14). O

Example 5.2.26 (Equivariant bundle gerbes). Let H = SmthGrpd,, (Ntn. 4.3.27).

(i) If we regard the circle Lie group U; € Grp(SmthMfd) — Grp(H) as equipped with trivial equivariance action,
and consider its delooping 2-group I' = BU; € Grp(H) (Prop. 4.2.72), then the equivariant BU;-principal oo-
bundles —in the sense of Def. 5.2.22, Prop. 5.2.25 — are equivalently “equivariant bundle gerbes” [NiSc11][MRSV17]
(with several equivalent precursors, e.g. [GT09, §5], and generalizing earlier discussion in [MSt03][Me03]). This
follows from an analysis over action-Cech groupoids (Ex. 4.3.45 below) analogous to that in the proof of Prop.
5.3.4 below, see around [Sc13, Obs. 1.2.71] for more.

(i) If instead we consider as structure 2-group the discrete underlying 2-group I' = bBU; (4.262), then equiv-
ariant bBUj -principal e-bundles are equivalent to flat equivariant bundle gerbes, classified by “discrete torsion”
[Sh03a][GTO09, §5].

(i) If we regard Z,, CUj as a Z,-equivariant group with respect to the complex conjugation action, then G =
Z p-equivariant Z ¢BU; -principal co-bundles are equivalently “Jandl gerbes” [SSWO7][GSW11] or “real bundle
gerbes” [HSMV16].

(iv) Generally, if the equivariance group is given as an extension of Z

l NG5 7, —>1 (5.63)

and we let G act on BU; through p (this is the situation of “orbi-orientifolds”, see [SS19-Tad, (67)] ), then G-
equivariant Z,, C BU;-principal e-bundles are the equivariant generalization of Jandl gerbes.

(iv) Notice that the cohesive shape of this structure 2-group coincides with that of the infinite projective unitary

1-group (Ex. 2.4.19): [ |
n n
BU; — B2Z <2 PU,. (5.64)

It is in this second guise that equivariant bundle gerbes (Jandl gerbes) model the general 3-twists of equivariant
K-theory (KR-theory); see Ex. 6.1.2 and Rem. 6.2.7 below.
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Example 5.2.27 (Higher Jandl gerbes). Proceeding as in Ex. 5.2.26 for any p € N,

(i) the Z ,-equivariant (p+ 1)-groups which are the higher deloopings Z,» (I" = Z,, ( BPU; of the circle group are
the structure groups of Z,-equivariant B”Uj (1)-principal bundles which are, equivalently, “higher Jandl gerbes”
according to [FSS15, §4.4]; see also [FSS23, Ex. 2.12] for further pointers on higher bundle gerbes;

(ii) for geometrically discrete equivariant structure 2-group Z,, CI' = Z,» ChB?U; (4.262), these equivariant 2-
bundles are classified by higher “discrete torsion”, in the sense of [ShO3b].

Equivariant Bundles under Base Change of the Equivariance Group

We discuss the behaviour equivariant bundles under base change of the equivariance group
— along an inclusion: Rem. 5.2.28;
— along a surjection: Prop. 5.2.29.

Remark 5.2.28 (Globally equivariant nature of equivariant principal bundles). Given G € Grp(Set) and a subgroup

inclusion K — G, the induced left base change adjunction (Bi), - (Bi)* (Prop. 4.2.85) says, for G-equivariant
structure groups G CI” (Def. 5.2.16), that

(i) K-equivariant I-principal bundles (Def. 5.2.22) on some K CX are equivalently G-equivariant I'-principal
bundles on X x g G:

KEquvIPrnBdI(H)x ~ GEquvI'PrnBdl(H)xx 6
(Bi)(X/K) ~ (X xkG)/G — BI'J/G XK —— BI'JK ~ (Bi)"(B'/G). (5.65)
N = N
BG BK

(ii) In particular, when the equivariance group action on the structure group I is trivial, so that (by Ex. 5.2.17)
(Bi)*(B'/G) ~ (Bi)* (BT x BG)

~ BI' x BK
~ BI'JK
holds for every pair of groups and monomorphism K ;l> G, then
KEquvI'PrnBdI(H)y o~ GEquvI'PrnBdl(H)x«
(Bi)) (X JK) ~ (X xkG))/G —— BI'xBG X /K —— BI'xBK ~ (Bi)* (BI' x BG)
N “ N (5.66)
BG BK
(X xxG))G —— BT — X/K —— BT

reflects the fact (Prop. 5.2.25) that equivariant I'-principal bundles only depend on the homotopy quotient stack of
their domain, and that (X xx G) /G ~ X /K (4.213).

(iii) This state of affairs is (as previously highlighted in [Re14a, §1.3][Schw18, p. xi]) the avatar of the incarnation
of equivariant structures in globally equivariant homotopy theory, which we discuss as such in Prop. 5.4.5 below,
and in view of orbifold cohomology in Rem. 6.2.4 below.

Proposition 5.2.29 (Equivariant bundles under extensions of the equivariance group). For p :G — Ga surjec-
tion of equivariance groups (4.216), there is for
— I-truncated G CX € GAct(H;) and
— O-truncated G CT G Act (Grp(Hy)),
a natural full inclusion

GEquvTPmBdI(H)y <*”’s GEquvIPmBdI(H)x (5.67)

of the 1-groupoid G-equivariant into that of 6—equivariant I'-principal bundles on X, where G acts on T and on X
through p.

Proof. Under the given assumption, both G C X as well as G ¢ BI" are 1-truncated. Therefore, the statement follows
(recalling Def. 5.2.22) as an immediate consequence of (4.224) in Prop. 4.2.90. ]
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Conditions for Classification of Equivariant Principal «-Bundles

We proceed to generalize the cohesive classification result for principal eo-bundles (Thm. 5.2.13) to equivariant
principal eo-bundles. The crucial step in the plain proof was the smooth Oka principle (Thm. 4.3.54) and our proof
strategy here is to reduce the equivariant case to this plain case by “blowing-up” all orbifold singularities to smooth
spherical space forms (Def. 4.3.55) after stabilizing the dimension. This requires assuming that

(1) G-orbisingularities are resolvable (via Ntn. 4.3.57) and

(2) the equivariant bundle do not detect the difference between an orbi-singularity and its resolution, which is
guaranteed by

(i) a truncation condition on the structure group, Ntn. 5.2.30 below,
(ii) a “stability” condition on the bundles, Ntn. 5.2.33 below.

The first condition is satisfied, for instance, by all finite subgroups of SU,, but not by all finite subgroups of SO;
(by Ex. 4.3.60). The second is mainly a truncation condition which, while rarely satisfied by compact Lie groups,
is the default assumption for twists in twisted equivariant Whitehead-generalized cohomology theory, where it just
means that the twist has a bounded degree. The archetypical example of this are the degree-3 twists of equivariant
K-theory, whose classification result is recovered by the following result (discussed in Ex. 6.1.2).

Notation 5.2.30 (Cohesive groups with truncated classifying shape). We say that a O-truncated smooth group
I' € Grp(SmthGrpd,,) <o, ToI" ~ T, has truncated classifying shape if
(i) its shape is truncated:

3 1,JT ~ |T; (5.68)

neN

(ii) isomorphism classes of I'-principal bundles over smooth manifolds are already concordance classes (4.388):

vV (I'PrnBdl(SmthGrpd,,)x) (5.69)

Xe /"‘iso
SmthMfd

—~» (I'PrnBdl(SmthGrpd_.)x)

/ ~conc

This second condition is equivalent, by Prop. 5.2.12, to BI" (5.27) being a classifying space for isomorphism
classes of I'-principal bundles over smooth manifolds:

vV (I'PrnBdl(SmthGrpd..)x),

Xe
SmthMfd

—~— toMap(JX, BI') ~ H'(X;|T). (5.70)

~iso

Notice that, by possibly increasing the truncation degree n in (5.68) a little, Prop. 4.3.56 guarantees that we may

always assume, just for notational definiteness, that G has a smooth free action on some smooth n + 2-sphere S”.2
ossibly exotic):

(possibly exotic) 3 GCS? € GAct(SmhMfd)nee and %, /T = JT. (5.71)

ne

We shall say for short that I" has n-truncated classifying shape to indicate such a compatible choice of truncation

degree.

Lemma 5.2.31 (Principal bundles on blow-ups for structure group with truncated classifying shape). Let G €
Grp(FinSet)giyp; (Ntn. 4.3.57) and T € Grp(SmthGrpd,,)<o with n-truncated classifying shape (Nm. 5.2.30).
Then, for G (X € G Act(SmthMfd), pullback along the projection

pX ::prl//G
<~ = -

X/ G (X% SL2) )G ~ (X xSH2)/G (5.72)

from the product with a compatible G-sphere (5.71) is a natural surjection

*

(GEquvI PmBdl(SmthGrpd..)x) ., — > (FPranl(SmthGrpdw)(XX 52, /G) / (5.73)

180

from isomorphism classes of G-equivariant I'-principal bundles on X (5.57) onto the set of isomorphism classes of
plain T-principal bundles on (X x S%2)/G.
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Proof. In terms of cocycles we need to show that 1o H(X /G, BI') s H((X x S2%)/G,BI) . To see this,

consider the homotopy colimit diagram that exhibits the G-quotients:

(XXSH2Y)xGXG —— XxGxG
b b
(X xSE2)x G X><G
b
XSt » (5.74)

(XxS5%)/G \\

‘T Bl

Hence given any cocycle ¢ : (X x S2) /G — BI" we need to show that it is isomorphic to one in the image of p*.
But by the universal property of the middle vertical colimit in (5.74), such cocycles ¢ on the quotient are equivalent
to cocycles c¢p: X X S’”r2 — B% on the covering space which are equipped with descent data in the form of an

isomorphism 9;'co ., ¢ co such that!

3;8500 == 86681*60

3N I
- v
(5.75)

82* 81* Co 86‘ 83 Co
z

I
l 81* (96‘(‘0

~

Now, by the assumption that I" has truncated classifying shape, the cocycles on X x S!+2 must be trivial along the
sphere, in that we we have the following natural bijections:

(rPranl(SmthGrpdw)Xxsg#)/ ~ 7yMap(Shp(X x S%2), BT) by (5.70)
~ ToMap(5""2 x ShpX, BI') by (4.257)
~ ToMap(ShpX, Map($"*2, BI')) by Lem. 4.2.61

~ Ty Map(ShpX, BI) by Lem. 4.1.21 using (5.71)

12

(I'PrmBdl(SmthGrpd.,)x) .., by (5.70).

(5.76)
This implies that the required isomorphism to a cocycle in the image of p* exists:

'We are displaying the standard form of the descent condition. If one unwinds the universal property of the homotopy colimit in (5.74)
one finds the diagram (5.75) with another cocycle ¢ : X x S&F 2% G — BT at its center and equipped with isomorphisms to all three
corners. These three isomorphisms (which are not shown) clearly carry the same information as the three that are shown in (5.75), up to
gauge equivalence of descent data.
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ch: X—BY, % picg. (5.77)

Via this isomorphism, the above equivariant structure y on ¢ is transported to an equivariant structure " on cj:

i*t)*tl

ok Yk 0 ok Yk ok ) ok ok Yk ) *x ]

i*djc) ———— i"9djp*c) == i*p*djc} == J;¢|

|
Zl"*y 'y (5.78)
S Yk Ad
o )k i"oin Yk ok ) sk Yk ) * ./
i*dfci ———— "I p*c| == i"p*dc| == I/c].

By its conjugation nature, (5.78) clearly inherits the descent condition (5.75), hence constitutes a co-cone under the
right vertical homotopy colimiting diagram in (5.74), as shown there. Thus, by the universal property of homotopy
colimits in the bottom row of (5.74) , this gives the required isomorphism

c % pc. (5.79)
As this holds for every given ¢, p* is surjective. O

The point of the pullback (5.73) is that it gives a handle on the classification of G-equivariant I'-principal
bundles on X through that of ordinary I'-principal bundles on (X x $"+2) /G:

Lemma 5.2.32 (Classifying maps on blowups for structure group of truncated shape). Ler G € Grp(FinSet)giyb)
(Ntn. 4.3.57) and T" € Grp(SmthGrpd,,) <o with n-truncated classifying shape (Ntn. 5.2.30). Then

Map (J (X x S244%)/G, BT') ~ Map(/X /G, BT) . (5.80)

Proof. We compute as follows:

l

Map ([ (X x S%2)/G, BT') ~ Map([ (X x S2%) /G, B) by Prop. 4.2.96

~ Map (I lim (X x S%2) x G*n, BF) by (4.198)
—
[n)eacP

o~ Map( lim [(X x S%2) x G*n, BF) by (1.20)
—_—

[n]ca%P

~ lim Map(J(X x S&%) x G**, BT') by Prop. 4.2.62
P
[k]eAOP

~ 13 X n+2
~ 1<£n Map((fX X G*k) x (JSn ),BF) by (4.257) (5.81)

[kjeaoP

~ lim Map(fX x G**, Map(§"™%, BI')) by Lem. 4.2.61
—

[k]eA°P

~ lim Map([X x G**, B by Lem. 4.1.21 using (5.71)
acr
~ Map( lim [X x G*, BF) by Prop. 4.2.62
eatr
~ Map(J/X /G, BT) by (4.198).

O]

While the pullback operation (5.73) is always a surjection, it is often far from being injective. The following
terminology captures the idea of choosing a natural sub-class of equivariant bundles that makes this pullback a
bijection:

Notation 5.2.33 (Blowup-stable equivariant principal bundles). Consider I' € Grp(SmthGrpd,,) of truncated clas-
sifying shape (Ntn. 5.2.30).
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(i) We say that a natural system of sub-groupoids of G-equivariant I'"-principal bundles on smooth G-manifolds X
with resolvable singularities (Ntn. 4.3.57)

H(X/G,BI)*™ « H(X/G,BI) (5.82)

is a system of blowup-stable equivariant bundles if restriction along this inclusion makes the surjections (5.73) into
bijections:

v HH(X /G, BI)™ - g H(X /G, BI) —» 1 H((X x S2)/G,BI).  (5.83)
Ge GI‘p(FiI‘lSet)rslvH
G (X € GAct(SmthMfd) A

~

(ii) By naturality of the inclusion (5.82) in the domain manifold, we have this inclusion also over products of the
form U x X /G with U € CartSpc (Ntn. 4.3.15) (regarded as equipped with the trivial G-action), so that a choice
of stable equivariant bundles (5.83) induces a monomorphism of their moduli stacks:

Map(X /G, BI)* <« Map(X /G, BT, (5.84)
where, in view of (4.152), we write
Map(X /G, BD)*® € SmthGrpd,,,  Map(X /G, B[)*™®(U) := H(U x X /G, B[)*®'. (5.85)

(iii) If I" above is equipped with a G-action, and there is a notion of stable equivariant bundles for structure group
I' x G-bundles then we have also the corresponding subgroupoid of stable objects

H(X/G,BT/G)pe H(X/G,B(I'xG)) x x
H(X/G,BG) (5.86)

— H(X G,BFNG stbl X * X
(X/G,B(I'xG)) e LY H(X )G, BTGy, -

among all G-equivariant G ¢ I'-principal bundles according to (5.51).
(iv) Finally, in the case (iii) we obtain also the corresponding monomorphism of moduli stacks of equivariant
bundles formed as slice mapping stacks (Def. 4.2.66):

Map(X /G, BI')/G)gs Map(X/G,BI'/G) x x
. s — Map(X/G,BG) (5.87)
= Map(X/G,BT/G)*® x « A

X/ /6) Map(X/G. BG) “2” Map(X /G, BT/ G)gc -

Remark 5.2.34. While blowup-stability in Ntn. 5.2.33 may look like a strong assumption to make, the condition
can in fact be solved nicely explicitly by “averaging coboundaries of equivariant Cech cocycles over blowup
spheres”, at least in the following classes of examples:

(i) equivariant bundles with truncated compact Lie structure groups (Thm. 5.2.35 below).

(ii) ADE-equivariant stable projective bundles are blowup-stable (Thm. 5.2.47, Thm. 5.2.52 below).

Theorem 5.2.35 (Equivariant bundles with truncated compact Lie structure are blowup-stable). Let I' = T" x K
be the semidirect product of a connected compact abelian Lie group (an r-torus T ~ (Ul)xr ) with a discrete
group K. If the equivariance group G € Grp(Set) has a free action on some S with n > 1, then for all G (X €
G Act(SmthM(fd) the pullbacks (5.73) are injections:

WH(X )G, B(T" xK)) ——— 1H((X x $%42) /G, B(T" x K)). (5.88)

With Lem. 5.2.31 this means that the full class of equivariant bundles with truncated compact Lie structure is
blowup-stable in the sense of Ntn. 5.2.33.
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Proof. We need to show the implication

Py (FP) Lp
/_\ /\
3 (X xSr2)/G ~ﬂf B(T" x K) = 3 X/G ~ﬂf B(T" xK). (5.89)
\_/ \_/
Py (FP) e

Choosing, by Prop. 2.2.25, any proper equivariant good open cover X of X, we may equivalently express, by Ex.
4.3.45, the isomorphism f as a continuous natural transformation between continuous functors on the product of
the G-action Cech groupoid (4.377) with S

sm

Py (FP)
/\/x
ﬂf N((T"xK = %)) (5.90)
\_/7

py (FF)

N<)A(XX)A(ng’szG°P:;)?xS$Z>

(&) (% p)=f(g1-%,81-p)

/

N ° (5.91)
[ ]
f(&p)
fitx,p)
°
N
° ° (5.92)

fi(x,p)

We need to show that f may compatibly be replaced by an equivariant functions which is constant on S, Our
strategy is to replace the function on the n +2-sphere by its average f as seen by integration against the unit volume
form on the sphere. Since this is a continuous operation, it turns Cech cocycles into Cech cocycles.

The key point to achieve this is that T” x K is 1-truncated while the dimension of S”-2 is larger than 1, by
assumption. This implies that every map from the (n + 2)-sphere lifts to a map through the universal covering
space:

R"x K *
VE0E) l o) l (5.93)
sn2 T IO gk L B(ZuK).
Therefore, it makes sense to assign
f— fx) = ( /f()?,p)dvol(p), q)()?)) € R"xK—-T xK, (5.94)
St

which is evidently well-defined as a map to T” x K, in that it is independent of the choice of lift. Here ¢ (x) € K
is the K-component of the original function, which is already constant along the sphere, since K is assumed to be
discrete and S} is connected.

It remains to check that the averaged component function f; : U; — I x K is again a natural transformation
of the form (5.90). The key point here is that the automorphism group of the r-torus acts linearly on component
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vectors by matrix multiplication with invertible integer-valued matrices, which implies that it is compatible with
the integration operation:
Autgp(T") ~ GL(r,Z) C Autg(R"). (5.95)

Using this we find:

/Sﬁz (g-)?,g~p)dvol(p)7¢(g-f)> = </S$2( -f(® p)) dvol(p), ¢(g-£)> by (5.94)

(/.7
= </S,¢2 <0‘(f7 8)71<f(x p)+o(x )( (%, g p(x,8) >dvol ax,g) - o(x)- o (%, g)) by (5.91)
(O‘ / f(X, p)dvol(p) +¢(x)(p'(x. g)) — P&, g))a a® g) ' 9(X)- a(x, g)> by (5.95)

(i) (FR)+ 0 ) - B(E.). alfe) - 0(7) (i) by (5:94

= (g-f)(u) asin (5.91) .

This demonstrates that f still makes the equivariance naturality diagrams (5.91) commute. Verbatim the(gélgrr?e):
computation, just with equivariant transitions replaced by transition functions, shows that it also makes the Cech
naturality squares (5.92) commute. Therefore f is an isomorphism between p’ (- P) and pZ (- P') which is itself
the pullback to 72 of an isomorphism between - P and |- P’ themselves. O

Blow-up Stability of ADE-Equivariant Projective Bundles

We now solve the blowup-stability condition (Ntn. 5.2.33) for G-equivariant projective bundles in the case of
ADE equivariance groups G C Sp(1) (Ex. 4.3.60) and show that this recovers the traditional stability condition
(5.97) due to [ASO4, §6]. This is Thm. 5.2.47 below. We prove this by an explicit construction on the level
of equivariant Cech cocycles. This proof immediately generalizes to the garded and semidirect product structure
group PUS x Z,, (Thm. 5.2.52 below). In this generality, the result eventually implies the classification theorem
for stable equivariant Z,, ¢ PU§ -principal bundles twisting equivariant KR-theory, see Ex. 6.1.2 below.

Traditionally, for ¢ a compact Lie group, a projective ¢-representation & C P(#) is called stable if it is stable
under tensoring with the regular Hilbert space representation L2(%) of square-integrable functions on the group
G (with respect to the Haar measure), equipped with the canonical ¢-action given by pullback of such functions
along the left multiplication action of G on itself ([AS04, p. 28]):

G CH € G Act(Hilb) isstable & G C(H @ LHY)) ~ GCH. (5.97)

This means equivalently that all projective irreps of the given projective twist appear as direct summands with
infinite multiplicity (see Lem. 5.2.45 below). Likewise, an equivariant PU(7¢)-bundle V is called stable if its
total space is stable against tensoring with L?%, hence if all its isotropy actions are stable in the above sense (see
[BEJU14][LU14, §15][EU16, §5]).

This condition is traditionally motivated as ensuring that the space of Fredholm operators on ¢ ¢ # is a clas-
sifying ¢-space for equivariant KU-theory (see Ex. 6.1.2 below).

Since our blow-up stability condition (Ntn. 5.2.33) is a purely bundle-theoretic notion, it is interesting to
observe how it recovers the traditional operator-algebraic notion: In our situation ¢4 = Sp;, ~ SU, is the compact
Lie group that contains our finite equivariance groups G, and find that under the identification L* (Sp;) ~ L*(S3.),
the stable ¢-Hilbert space of equivariant K-theory at a G-orbi-singularity is identified with that of quantum states
on the blow-up S* —  of the singularity: The proof of Thm. 5.2.47 below crucially proceeds by “quantizing”
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cocycle data on the blowup S° of an orbifold singularity, identifying it with components of the “wavefunction” that
the cocycle takes values in, and vice versa.

Notation 5.2.36 (Infinite tensor product of L?-Hilbert spaces). We write Hilb € Cat for the category of complex
countably-dimensional Hilbert spaces.
(i) For (X,dvol) a Riemannian manifold, regarded as a measure space, of unit volume

/ ldvol = 1 (5.98)
X

(these are already the most general measure spaces that we need here) we write

L*(X, dvol) € Hilb (5.99)

for the usual Hilbert space of its square-integrable complex-valued functions modulo those supported on subsets
of vanishing measure.

(ii) Recalling that the tensor product of L?-Hilbert spaces reflects the Cartesian product of underlying measure
spaces

L*(X,dvol) @ L*(X',dvol’) ~ L2 (X x X', dvol Advol'), (5.100)
consider the (co)limiting case of an infinite number of (tensor) products:
(X,dvol)*” = lim X5 — lim L2(X,dvo)®  =: L2(X,dvol)®", (5.101)
— —
FinSﬁlel)(N) FinSﬂEl)(N)

where the (co)limit is over the directed system of inclusions of finite subsets of N:
s’ " S
xS’ Xi X5 (5.102)
22(X)® — iy — 2(X)?

(iii) This means that the colimiting Hilbert space L>(X,dvol)®~ (5.101) is that generated by those square-integrable
functions f on (X,dvol)*” that depend on any finite number of variables (hence those which factor as (X,dvol)*” —
X537 — C for some finite subset S + C N) with the inner product on these generating elements being

) = [ Ungs) = / 7,() - g:(x") dvol (x'). (5.103)
SEFfUFg

SEFfUFg

Remark 5.2.37 (Interpretations and properties of infinite tensor products of L>-Hilbert spaces).
(i) The space (5.103) may equivalently be identified with:

(a) the Hilbert space of square integrable functions on the infinite product measure space (Xxw,dvolxm) (e.g., by
[Par05, Ex. 6.3.11]),

(b) the (“incomplete” [vN39, §4.1], or “Guichardet” [Gui69], or “grounded” [BSZ92, p. 126]) infinite tensor
product of Hilbert spaces (review in [WeaOl, Def. 2.5.1]), if we regard each L?(X,dvol) as equipped with the
vacuum state given by

% X
L*(X, dvol) (5.104)

1 — const; =: |vac).
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(ii) In this notation, the inclusions of Hilbert spaces in (5.102) operate by “adding more copies of the system in its
vacuum state”, where necessary. For example:

{1,3} " {1,2,3} N
X2 <~<—— (pry,pr3) X3 (pry,pry,pry) ————— X~ (5 105)
L2(x)®2 (X)* L2(x)®3 L2(x)®°° )
V1) @|ys) — ly1) @ |vac) @ |ys3) — y1) @ |vac) @ |ys) @ (|vac))

(iii) This construction is functorial; in particular, for U € U (L2 (X)) a unitary operator acting on a single copy
of the Hilbert space which fixes the vaccum state (5.104), it extends to a diagonal unitary action on the infinite
Guichardet tensor product:

U € U(L*(X)),

U e U(L2(X)¥T). 5.106
U|Vac>:lvac>} € VLX) ( )

For example, a diagonal unitary action on the state (5.105) is of this form:

U (Jyn) @ vac) @ |ys) @ (Ivac) ) = |U(y)) @ |vac) @ |U (y3)) @ (vac)) (5.107)

While all countably infinite-dimensional Hilbert spaces are abstractly isomorphic, functorial families of them
— such as the combined tensor products and representation spaces that we encounter in a moment — have a more
individual structure. We next turn attention specifically to the following Hilbert space:

Example 5.2.38 (Hilbert space of finite higher spin chains). The infinite Guichardet tensor product (5.101)
H = 12($3)7 = [*(sp)” e Hilb (5.108)
of copies of the Hilbert space of square-integrable functions on the round unit 3-sphere:
Hang = L*(S3,) € Hilb (5.109)

is generated by the (necessarily finite-dimensional) complex irreducible representations (irreps) of the Spin(3)
group. Indeed, under the isomorphism

§3 ~ Sp, ~ SU, ~ Spin(3) € RiemMfd (5.110)

(for these compact Lie groups equipped with their normalized Haar measure), the Peter-Weyl theorem implies that
under the canonical action (5.127) by pullback along the (inverse) left multiplication action of these groups on
themselves we have the following direct sum decomposition of G-Hilbert spaces (e.g. [HM20, Thm. 3.28]):

Spin(3) CL*(S2,) =~ @ n-n € Rep(Spin(3)). (5.111)

[n] € (Rep(Spin(3))ir), .,
dim (n) =n € Ny

It is suggestive to observe that the G-subspaces

®=

Spin(3) € 2@2®2®---®2 — Sp; CL*(S3,)° € Spin(3) Act(Hilb) (5.112)

which are finite tensor products of the fundamental representation (the defining representation of SU,)

2 =~ Span(|}), 1)) (5.113)
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are known as the Hilbert spaces of finite Heisenberg spin chain-models (e.g. [Sab18, §4][Sto20, §2]), and the
subspaces of finite tensor products of any given higher dimensional representation

Spin(3) ¢ n®n@N®---©n — Spin(2) CL*($3,)*" € Spin(3) Act(Hilb) (5.114)

are those of higher spin chain models. Since the Hilbert space (5.108) naturally includes these finite higher spin
chain Hilbert spaces, together with all finite “mixed higher spin” chains,

Spin(3) ¢ m @ @n;®---®n, — Spin(3) C L*(S3) (5.115)
we will loosely refer to it as the higher spin chain Hilbert space.?

Definition 5.2.39 (Projective-unitary group on higher mixed spin chains).
(i) We now write

Up = Uy 1= U(L2(83,)%") € Grp(kTopSpe) 2, Grp(SmthGrpd..) (5.116)

for the unitary group (2.190) specifically of the Hilbert space (5.108) of “higher spin chains”, so that the projective
unitary group PU,, (2.192) is now specifically the quotient of (5.116) by the (topological) circle group

1 U ¢ L2(S3.)% PU, 1. (5.117)

Of course, this is isomorphic to any other construction of the bundle U; — Uy, — PUy,, but in this incarnation we
have a manifest inclusion of the following non-isomorphic but weakly-equivalent version of the circle group.

(ii) We write
Uy = h_r)nMap((ng)F ,Ui) € Grp(DTopSpc) (5.118)

Fe
FinSub(N)

for the colimit of D-topological groups of Uj-valued continuous functions on the 3-sphere over the system (5.102).
(This is the space of Uj-valued functions on (S3,)*” (5.101) which depend on any finite number of the factor
spaces.)

(iii) The system of evident multiplication actions

F,F’ € FinSub(N) + Map((S3,), Ur) x L2((S3,)F) —— L2((S3,)FVF)) — L2(S3,)°7  (5.119)
passes to the double colimit to yield an action of Uy, (5.118) on Uy (5.116)
Uy x L2(S3 ) —— L2(S3 )% (5.120)
which is manifestly unitary and hence, adjointly, an inclusion into the unitary group (5.116)

Uy —— U(L*(S$3,)%7) = Uy (5.121)

(iv) The quotient of the unitary group Uy (5.116) by its subgroup Uy (5.121) we denote PUyy:

Uy € Uy PU, = Uw//Ul/
. H 3 \F nfed \&F (5.122)
lim Map((S3,)", Ur) ————— U(  lim L?(S},)
FinSub(N) FinSub(M)

2Some authors also consider the infinite Heisenberg spin chain given by the Guichardet tensor product 22 with respect to regarding
|[4) € 2 as the vacuum state. Beware that this space is not naturally a subspace of our Hilbert spaces, whose selected vacuum state is instead
|vac) € 1.
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Remark 5.2.40 (Adjoining a spinor system to the chain). The notions in Def. 5.2.39 are such as to seamlessley
allow “adjoining one more copy” of the elementary system (5.109) to the infinite tower (5.108):

(i) For example, the tensor product of the Hilbert space (5.108) with one elementary system (5.109) from the left
is canonically re-included into the former by shifting all other copies up:

oo ® oo
L(Sp) @ L2 (Sp) ¥ L*(Spn)®
J J 5.123
L2(S3,) @ L3 (S5,)°" ™ ¢ sy B
)@ (lys) @ ®|ysy,)) — (W) @ly) @ 0|w))

and this tensoring induces a corresponding inclusion of unitary and projective unitary groups from Def. 5.2.39:

1 x U] U] 1 x Ul/ Ul/
v J v !
U(L*(S3,)) x Uy « % LUy U(L*(S3,)) x Uy « 2 LUy (5.124)

Il | ) )

U(L*(83,)) xPUy ——— PU,,  U(L*(S3,)) xPUy ———— PUy.

(i) Similarly, since S2, is compact (certainly in the traditional sense, but also as an object of the co-topos SmthGrpd,, =
Sh..(SmthMfd), still in the sense that all of its covers have a finite sub-cover, see [Sc13, §3.6.4]) and since the col-
imit (5.118) is over monomorphisms, it follows ([Sc13, Prop. 3.6.61]) that every map from ng to Uy (5.118)
factors through one of its finite stages, so that Map(S2, Uy/) is naturally re-included into Uy:

Map (83, Ur) — Uy, (5.125)
namely as follows:
Map($3,,Uy) = Map (ng, 1i_n>1Map((S§m)F, Ul)> by (5.118)
Finéil%(N)
~ lim Map (ng, Map((S3,,)", Ul)) by [Sc13, Prop. 3.6.61]
Fe (5.126)
FinSub(N)
~  lim Map<(S§0p)*UF, Ul> = lim Map((S?Op)F, U1) by (4.151)
FinsFu%(N) FinS£b€(N+)
— hi? Map((Sg’Op)F , U1) by inspection
FinSIil%(N)
= Uy by (5.118).

Example 5.2.41 (G-Action on space of higher spin chains). For G C Sp; any subgroup (in particular a finite sub-
group, Ex. 4.3.60), its left multiplication action on S3 = Sp, induces, by isometric pullback of square-integrable
functions, a unitary representation of G on L2 (Sfm) (5.109):

G U(L* (Stm))

g — (7)) = /g’l-p><p| (5.127)
S,

3
m

which diagonally extends (5.106) to an action by U,y (5.116) on the inhnite tensor product Hilbert space (5.108):

G U =U(22(53)")

. (5.128)
g — (&) = %’/Ig“m)(ph
s,
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Lemma 5.2.42 (Shape of projective unitary group on higher spin chains).
(i) The shape of the modified circle group (5.118) is still that of a K(Z,1):

JUy ~ BZ. (5.129)
(ii) The shape of the modified projective unitary group (5.122) is still that of a K(Z,2):
JPU, ~ B’Z. (5.130)

Proof. Since m>>(S!) = *, the long exact sequence of homotopy groups induced by the homotopy fiber sequence

QU — ) Map(s?, 51

€V 1

€WHmtpEq (5.131)

shows that the map on the right (evaluating at any chosen basepoint) is a weak homotopy equivalence. Therefore:

[Map(S3,,U) =~ Map([S$3,,/U;) by Thm. 4.3.54
~ Map(S3, Sl) by Prop. 4.3.43 and Prop. 4.3.49 (5.132)
~ S' ~ BZ by (5.131).

By induction on the number k € N of 3-sphere factors, it follows more generally that:

IMap ((83,)°", 1)

1

[Map (ng, Map((S3,)%, Uy )) by Lem. 4.2.61

Map ( 83, IMap((S3,,)%, U1)> by Thm. 4.3.54

Map($3, 5') by induction from (5.132)
~ §' ~ BZ by (5.131).

1

(5.133)

1

Finally, since passing to shape commutes over colimits, we find that the large circle group Uy still has the shape of
the plain circle, as claimed:

o, = jn_n3 Map((83,)F,U;) by (5.118)
FinSFui(N)
~ lim [Map((S3,)", U1) by (1.20)
FinSub(1) (5.134)
~ lim §' by (5.133)
—
Fe
FinSub(N)
~ S' ~ BZ colimit over constant diagram .

With this, the second claim follows as for the ordinary PU,,:

JPU, = [(Uy/Uy) by (5.122)
~ [(Uy /Uy) by Prop. 4.2.96

~ (JUy)/(JUp) by (1.20) (5.135)
~ x//BZ by (2.191) & (5.134)
~ B%7, by (4.181) . .

Example 5.2.43 (Inclusion of standard into modified projective unitary group is weak equivalence). Arguing as
Lem. 5.2.42, one sees that

(a) the canonical inclusions of the ordinary projective unitary group PUy, into PUyy;

(b) the self-inclusion of the latter under the infinite tensoring (5.124)
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are both weak homotopy equivalences:

U ¢ U(L*(S3)%7) PU,

f H lGWHmtqu

Uy ¢ U(L*(83,)°7) PU,y (5.136)
f U(Lz(s§m>®“)®(—>£ leWHmtqu

Uy ¢ U(L*(S3)97) PU,y

Definition 5.2.44 (Blowup-stable ADE-equivariant projective bundles). For a finite subgroup G C Sp; (Ex. 4.3.60)
and G (X € G Act(SmthMfd), consider any equivariant good open cover GC X = G ( ( 'I_II Ul-) (by Prop. 2.2.25).
e

(i) On its Cech action groupoid (Ex. 4.3.45), we have the following canonical equivariant Cech cocycle (Rem.
4.3.46) with values in U(Lz(Sfm)) (5.127), acting via the canonical unitary G-action from Ex. 5.2.41:

reg

twt (XxX)xG=X) L ((G=9) (=) ((U(s?) = ). (5.137)

(ii) We say that a G-equivariant principal bundle X /X ﬂ> BPU,, (Def. 5.2.22) with structure group PU, or PU,
(Def. 5.2.39) is stable if the operation of tensoring (5.124) any of its representing equivariant Cech cocycles (4.378)

c: (()? < X) x G = f() s (PUy = %) (5.138)

with the canonical cocycle (5.137)
c+—c. Qc

reg

PU(LES)) 5 c((idle) m— [letniploc(niig e U(Ls) o Lsh) ) (5.139)

Sin

is stable, in that it fixes the cocycle up to isomorphism:
[clisstable <[] = [c, ®c]. (5.140)

Lemma 5.2.45 (Stable projective isotropy representations; cf. [BEJU14][LU14, §15][EU16, §5]). For G C Sp, a
finite subgroup and [t] € Hérp(G; U1), a [t]-projective unitary G-representation (Ex. 4.3.33)

BG d

BU, /BU,
i (5.141)

T

B2U,
is stable in the sense of Def. 5.2.44, in that it is stable under tensoring with G QLZ(Spl), iff it is is isomorphic to
the direct sum of all irreducible [t]-projective representations each appearing with countably infinite multiplicity.
p? stable & pf P ue. (5.142)
[u] €
[1(G):
(Rep (G)m) .

Proof. In view of (5.111) and by Schur’s Lemma, the restriction map

Sp, d > G
- (5.143)
GCL*(Sp)) —— L*(G) =~ GCC[G]

exhibits the regular G-representation C[G] as a direct summand of L?(Sp; ) (which, of course, itself is the regular
Sp, -representation).

But tensoring a [t]-projective representation with the regular representation adjoins a positive finite number of
copies of all []-projective irreps, by Prop. 4.3.38. This operation is thus stable if and only if an infinite number of
direct summands of each [t]-projective irrep is already present in ple. O
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Example 5.2.46 (Blowup-stabilization of ADE-equivariant PUgy-principal bundles). If we equip the infinite tensor
Hilbert space (5.108) with the diagonal canonical G-action (5.128), then it is stable under tensoring with one copy
of its G-tensor factors, regarded as equipped with its canonical G-action (5.127):
(Y (Y (Y
L2(S3) @ L2(S3)®7 ~ L[*(S3)%" € GAct(Hilb). (5.144)
More generally, for G C # any G-Hilbert space, its tensor product with G ¢ L?(S2 )®” is stable under tensoring
with a single copy of the G-Hilbert space L>(S5,,). In this manner, if we write, in analogy with (5.137),

U,
¢ (()2 %y X) xG:;)?) e (G %) (077 ~) ((U(L2(S3)®°°)>> (5.145)

then tensoring with this cocycle serves to stabilize G-equivariant PU,- and PU,y -principal bundles [c] according to
Def. 5.2.44) in that:

[creg ® (cieg ® €)] = [(cieg ®¢)] € (GEquvPU, PmBdI(SmthGrpd..)), (5.146)

~iso

Theorem 5.2.47 (Blowup-stability of ADE-equivariant PUag;—principal bundles). For G C Sp(1) a finite subgroup
(Ex. 4.3.60):

(i) The stable G-equivariant PUZ’;f—principal bundles according to Def. 5.2.44 do form a blow-up stable class in the
sense of Ntn. 5.2.33 with respect to blowing up by the Hopf action G C S!, (4.408).

(ii) Every stable ADE-equivariant PUf;-principal bundle reduces to a stable equivariant PUS) -principal bundle
along the comparison map PU§ — PUg (5.136).

Proof. With any equivariant good open cover chosen as in Def. 5.2.44, we need to show that the pullback operation
on equivariant Cech cocycles (Rem. 4.3.46)

~ o~ ~ P, ~ o~ ~
(Fnctr((x x, XxG=X), (PUE = *))> /% (Fnctr(((X x X x ST )xG= X xS, (PUE = *))) B

(5.147)
restricts on stable equivariant PU,-principal bundles to a bijection and on stable equivariant PU,,-principal bundles
at least to a surjection. (Here “Fnctr” is short for the groupoid of morphisms of simplicial presheaves, hence, in
the present case, of functors of D-topological groupoids, Ntn. 2.3.1).

(1) Injectivity: Given a coboundary f between the pullback of a pair of cocycles

A
/_\
(X X X% Sy X G =3 X x SZm> NHf (PUy = *) (5.148a)
\_/’
*, p) o fxp) .
i = p(f,g)l lp/(f, ¢ € PUy (5.148Db)
= f(g-x,gp)
g : (x7 p) [ ] )
= f&p)
(x? p) [ ] )
i = c(ﬂf’)l lc'(m') € PUy (5.148¢)
f&,p)




204 CHAPTER 5. EQUIVARIANT PRINCIPAL «-BUNDLES

we will construct a coboundary f between the tensoring of the original cocycles with Creg (5.139):

creg ®c
/\
(i X XxG= i) ”Hf (PUy = *) (5.149a)
\_/
Creg ®C/
7 J®)
b% . .
l = ﬁ(ﬁg)l lf)’()?, g) € PUy (5.149b)
=~ f(g%)
g-x ° °
2 f®)
X . .
i = E()?,f’)l lg’(yy) € PUy . (5.149c¢)
= f(g%)
X . .

By the assumption that both ¢ and ¢’ are stable (5.140), this will imply that they were already isomorphic before
pullback.

To motivate the following construction of an isomorphism f (5.149a), notice that if the G-action on S/ had
a fixed point pg — S7_, then we could simply restrict both cocycles along its inclusion to immediately obtain the
desired isomorphism. Now, instead of a fixed point, the left G-action in question has for each point py € S% its

full 3-spherical Sp,-orbit S;,O < §7_, this being the fiber of the quaternionic Hopf fibration (4.408) over this point:

sm?

Po sm
i{ (pb) \L (5 . 1 50)
* ——— Sem

Therefore the strategy is to “evaluate” at some py € S5, and “average” the value of f over the remaining S}”,O 87
over this point, by absorbing its operator values on this 3-sphere fiber on the left of the higher spin chain:

7@ = [Ip)pl® fEp) € PU(L3(Sh) 913 (S)" ) = PUy. (5.151)
53
In order to check that this does yield a coboundary as desired, notice that we may lift the component function
f from a projective-unitary to a unitary map f:

UCO’ —_— %
L l - l (5.152)
/ PU, BU, .

_-

)A(XSZm

Namely, under the universal property of the pullback on the right, such a lift is induced by a trivialization of the
bottom composite map shown above, and this exists by the classification theory for PUg-principal bundles (Thm.
5.2.13) and since [PU,y is 2-truncated (by Lem. 5.2.42), while f()A( x 87 ) is a disjoint union of copies of .

Using an analogously constructed lift for p(—, —), the equivariance condition (5.148b) says that the two prod-
ucts of fand p make two lifts to Uy of the same map PU,y, which hence differ by a map to Uy,. This, of course,
remains the case after restriction to Sf,o < §7, where we hence have:

f(® ()P E8) = P e flg-F g () mod Map(S,,, Ur) == Uy (5.153)
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In fact, the projectivizing maps on the right exist in smooth dependence on X.
Using this, we may verify that £ (5.151) satisfies condition (5.149b):

f&)-p'(x8) = /\g L p)(pl @ p'(%,8) by (5.139)
= /Ig p){pl® fxg™" - p) -ﬁ’()?,g)] by (5.151)
= Sho (5.154)
= /\g p){pl®P(X.8)- A(g-)?,p)] by (5.153)
L S3
= p(x,8) - f(g-X) by (5.139) & (5.151).
Here square brackets denote Uyj/-equivalence classes of Uy -operators.
The remaining condition (5.149c¢) is verified analogously:
f@)-¢'(xx) = /|p><p| ® f®p) -7 55’)] by (5.139) & (5.151)
L SZO
- / p)(pl ® T 3)- (& ’,p)] by (5.148¢) (5.155)
L 57)0
=c'(® 3 f&) by (5.139) & (5.151) .

(2) Surjectivity: First, consider the further pullback of the equivariant bundles to the blowup by just the 3-spherical
fiber of the Hopf fibration over any chose basepoint py € S%., as in (5.150), hence all the way to the last item of
the following chain of morphisms:

(Xxty)/G (Xxipy)/G
D

X)G <2 X)Gx St (XxS!.)/G (X% (S3n)p0) /G Pss.. (5.156)

Observe that on this 3-spherical blowup, the regular unitary Cech cocycle Creg (5.137) and its infinite tensor product
reg » (5.145) both have a canonical trivialization after identifying S3, ~ Sp;:

Creg
o~ o~ ~ /_\
(X x XxSp; = X x Sp;) zﬂ Hilb (5.157)

const

—1\*
p 12(spy)™” — s 12(spy)*”
l — <g*'>*i H (5.158)
w (Y
gp L*(Sp,)® e L*(Sp,)”

By tensoring (5.124) with this trivialization and using that tensoring PU, with the constant L*(S? )®” is a weak
homotopy equivalence (5.136), it follows that for every isomorphism class [c| of a G-equivariant PUg-principal
bundle over X, its pullback to X x 51370 coincides with the pullback of its stabilization [052; ®c] (5.146):

Py [ce ®c] = Pl [d] € wH((XxS$3,)/G, PUy) . (5.159)
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But since the intermediate pullback along ij, (5.156) is an injection on isomorphism classes of PUgy-principal
bundles (Lem. 5.2.48)

((Xxi,,o)/c)*

oH((X x S1,)/G, PUy) oH((X x 83,)/G, PUy), (5.160)

we find that this equality between classes of equivariant bundles and their stabilization must hold already after
pullback to the blowup by §”:

Py [creg @] = pg [e] € HH((X%S3)/G, PUsy) . (5.161)

Since Lem. 5.2.31 says that pg, ] is surjective, we conclude that already p, [cfg; ® (—)] is surjective. Since

Creg @ (—) produces stable bundles (Ex. 5.2.46) this is the surjectivity statement to be proven, for structure group
PU, . Moreover, this surjectivity argument applies verbatim also to the structure group PUy. O

Lemma 5.2.48 (Pullback of PUg,- and PU,y-bundles from 7-spherical to 3-spherical blowup is injection). Pullback
of equivariant bundles with structure group PUg or PUy along iy, (5.156) is an injection on isomorphism classes:

H((Xx5")/G,BPU,,)) SN ©H((Xx 5% /G, BPU,))

H H (5.162)

(id.0) H'(JX/G:Z) & H(JX//G; Z).

H*(|X) G, Z) «

Proof. Since the G-action both on S7 as well as on S are free, the standard classification of principal bundles
over smooth manifolds (Thm. 5.2.13) applies, and since BPU,y ~ BJPU, ~ B>Z (Lem. 5.2.42) this says that the
classification for PUj,-structure is the same as that of PU,-bundles, given by integral 3-cohomology of the shape
of the domain manifold.

First observe, from the long exact sequences of homotopy groups induced by the fiber sequences

0 ~ Q'B37 —— Map(5", B’Z), 7 ~ Q3B37 — Map(S3, B’Z)
¢ev* ‘Lev* (5163)
B3Z BZ.

that we have equivalences

GCMap(S', B’Z) ~ B’Z =: A7, G(CMap($®,B’Z) ~ ZxB7Z =: A3 € GAct(Grpd,,), (5.164)

which identify the induced G-action (via the given G-action on the sphere) as trivial: In both cases the factor B3Z
comes from the maps that factor through the point, while the factor Z is the winding of S* over itself under any
factorization through a generator S — B3Z of 73(B37Z) ~ Z. Both of these are manifestly G-invariant. Moreover,
this shows that the pullback map between these mapping spaces is the inclusion of the 0-winding sector:

Map(S7, B37Z) _ ) Map(S3, B37Z)
lz lz (5.165)
a—(0,a)

A7 =B37 « 7. X B37 = As
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Now, for d € {3,7}, we compute much as in Lem. 5.2.32:

Map(f (X x54,)/G, B3Z) ~ Map((JX x §9) /G, B>Z)
~ Map( lim G*" x [X x 89, B3Z)
H

[n]€a%P

~ Map( lim []/X x ¢, B3Z> by discreteness of G
H

[n]eA®P G

~ lim [[Map(JX, B’Z) by (1.18)

<_0p Gn

e (5.166)
~ lim []Map(/X, Map(s?, B’Z))

— n

[n]ea®P G

~ lim [[Map(fX,As) by (5.164)
[ng’l’ Gn

~ Map(hgl LUX’A") by (1.18) & (5.164)

[n]eA®P G

~ Map([X /G, Aq).
The claim follows by appying this natural equivalence to (5.165). O

With this concrete cocycle model for stability of equivariant PUyy -principal bundles in hand, we may now
easily generalize to projective unitary operators on graded Hilbert spaces and/or to their semidirect product with
the action of complex conjugation.

Notation 5.2.49 (Grading and complex conjugation action on PUjy).
(i) In direct generalization of (2.194), the Z,;-action by complex conjugation on all the groups in Ex. 5.2.43 is
clearly compatible with all the morphisms there. In particular, we have Z ,-equivariant weak homotopy equiva-
lences
5 (% u(s)eo
PUo g™ P! T PUy € Zj Act(Grp(kTopSpc)) (5.167)

and the corresponding semidirect product groups

Uy xZ;p — Uy xZ;, —> PUy xZ, € Grp(DTopSpc). (5.168)

(ii) Moreover, all the above constructions on the Hilbert space L?(S3 )" evidently generalize to constructions on
its tensor product with any other Hilbert space, in particular to

(S 0C? ~ 1X(S3)5 e 12(83)". (5.169)

(iii) Under this identification we have, in analogous variation of PU% (2.199), the modified graded projective
unitary group and its semidirect product with complex conjugation:

Uy xZp — Uy xZp —> PUS, xZ;, € Grp(DTopSpe). (5.170)
(iv) Finally, the tensoring operation (5.124) evidently lifts to these semidirect products

U(L2(S2,)) % (PUE % Zp) ——— PUS X Z)p
(5.171)

US x (PUS X Z)y) ————— PUS X Z),
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Lemma 5.2.50 (Shape of graded projective groups). The shape of the graded projective groups PUg (2.199) and
PUE (5.170) is:
JPUY ~ [PUS ~ Z, x B*Z € Grp(Grpd..); (5.172)

o

and under this equivalence the complex conjugation action (2.194) becomes the sign involution Z, CZng:

%} @

JPUS =~ Z, x B*Zjy € Zp Act(Grp(Grpd,.)) . (5.173)

Proof. This is almost the same computation as in (5.135), the only difference being that [ U, ~ * gets replaced by
JUS ~ Z,, (on which the circle quotient action is trivial, by definition):

[pug = J(UZ /) by (5.170)
~ [(US /Ur) by Prop. 4.2.96
Jus/duon) by (1.20) (5.174)
~ (([Z12) x (JUp) x (JUp)) /(JUy) by (4.257)
~ Z,/|BZ by (2.191) & (5.134)
~ Z, x B*Z by (4.181) .
The second statement follows by observing that under the equivalence
U ~R/JZ (5.175)
the conjugation action on the left becomes sign inversion on real (hence on integer) numbers on the right. O

Now in direct generalization of Def. 5.2.44:

Definition 5.2.51 (Blowup-stable ADE-equivariant PUag; X Z ;»-principal bundles). We say that an ADE-equivariant
principal bundle with structure group PUG X Z, or PU, X Z,, (Ntn. 5.2.49) is stable if its class is invariant under
the tensoring (5.171) with the regular cocycle (5.137).

In direct generalization of Thm. 5.2.47, we have:

Theorem 5.2.52 (Blowup-stablility of ADE-equivariant PU;, x Z -principal bundles). For G C Sp(1) a finite
subgroup (Ex. 4.3.60),

(i) The G-equivariant principal bundles with structure group PUC%f X ZLp (Ntn. 5.2.49) which are stable according
to Def. 5.2.51 do form a blow-up stable class in the sense of Ntn. 5.2.33 with respect to blowing up by the Hopf
action G CS! (4.408).

(ii) Every stable ADE-equivariant PUag)f X Z pp-principal bundle reduces to a stable equivariant PUy X Z ,, -principal
bundle along the comparison map PUg, — PUy (5.136).

Proof. We just need to observe that the evident generalization of the proof of Thm. 5.2.47 still goes through.
First, since the argument there is manifestly natural in forming tensor products with the underlying Hilbert space,
it evidently generalizes to the graded structure groups PU§ and PUag)f. Moreover, since Z, is discrete and S/ is
connected, the equivariant cocycles and the coboundary (5.148a) now have components which are pairs

(p(x,p),0(x)), (f*p),k(X)) € PUSNZy (5.176)

with (not only o but also) k not depending on p € S . This implies that their conjugation actions are compatible
with the integrals in the computations (5.154) and (5.155), so that the proof given there generalizes straightfor-
wardly. O
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The Orbi-Smooth Oka Principle

We may now prove a constrained generalization of the “smooth Oka principle” (Thm. 4.3.54) from smooth mani-
folds to smooth orbifolds, subject to the conditions discussed above (truncated structure group and blowup-stability
over resolvable singularities).

Lemma 5.2.53 (Concordance of stable equivariant bundles on blowups).
Let G € Grp(FinSet)siyb1 (Ntn. 4.3.57) and T' € Grp(SmthGrpd,,)<o with truncated classifying shape (Ntn.
5.2.30), so that a notion of stable G-equivariant I'-principal bundles exists (Ntn. 5.2.33) then

TJMap(X /G, BI)™ ~ 7[Map((X x S2?)/G,BT). (5.177)

Proof. By stability (5.83) we have such a bijection already on isomorphism classes, both over X and over X x A;mth.

This implies the claimed bijection on concordance classes by (4.389) in Ex. 4.3.50. O

Remark 5.2.54 (Cardinality bound on homotopy classes of maps to structure group). In addition to the substantial
condition of blowup-stability for runcated structure group over resolvable orbi-singularities, the following proof of
the orbi-smooth Oka principle (Thm. 5.2.55) requires a mild technical condition (in the step (5.185) below): The
cardinality of the fundamental group

m Map(fX /G, BT x G) (5.178)

must be countable, at every basepoint. At the canonical basepoint this means that
HY(X;JTxG) = myMap(JX /G, JT x G) (5.179)

must be countable, and due to the assumption that [T is truncated, this essentially just means that the Borel-
equivariant cohomology of X in every degree is a countable set.

Theorem 5.2.55 (Orbi-smooth Oka principle for stable truncated maps out of good orbifolds with resolvable
singularities). Given

— G € Grp(FinSet)syp1 (Ntn. 4.3.57),
— G (T € GAct(Grp(kTopSpc))
such that
— I'x G is of truncated classifying shape (Nt. 5.2.30),
— there is a notion of blowup-stability of G-equivariant I" x G-principal bundles (Ntn. 5.2.33),

(i) then, for all
-G (X € GAct(SmthMfd) such that ;Map(X /G, B(T x G)) is countable (Rem. 5.2.54);
the canonical comparison morphism (4.263) restricted to stable equivariant bundles is an equivalence in Grpd.,:

[Map(X /G, BT /G —1= Map(fX /G, BT G)sc .- (5.180)
(ii) When the G-action on I is trivial, this reduces to
[Map(X /G, BD)™ = Map(IX /G, [BT). (5.181)

Proof. First, we may use the above lemmas to obtain the bijections (5.188) in the unsliced case, for any I' of
truncated classifying shape, notably for I'' € {I', " x G}:

7 Map(X /G, BI'")*™  ~ 75[Map((X x S%?)/G,BI'')  byLem. 5.2.53
~ tyMap(J (X x S2+?)/G,[BI’) by Thm. 4.3.54 (5.182)
~ tyMap(J X/ G, |BI"’) by Lem. 5.2.32.
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This implies, for K € SmthMfd — G Act(SmthMfd) a smooth manifold regarded as equipped with the trivial
G-action, that:

o Map (f K, [Map(X /G, Br’)stbl) ~ 1 jMap(K, Map(X /G, Br')stbl) by Thm. 4.3.54
)Stbl

12

7JMap(K x X /G, BI'/
o Map(f(Kx X/ G), [BI') by (5.182) (5.183)
Map((JK) x (JX/G)),/BI'') by 4.257)

~ t9Map(/K, Map(/X/G),/BI'')) byLem.4.2.61,

by Lem. 4.2.61

1

12

hence that

v TOMap(IK ,[Map(X /G, BI")™®! Map(jX//G,jBr’)> is a bijection. (5.184)
KeSmthMfd

Considering this for the cases
K = x, K = s keN., K:RZ\( N *) (5.185)
ﬂlMap( )

X /G, BT

(here the last item uses the assumption that 7r; Map (X /G, B(I'" x G)) is a countable set, Rem. 5.2.54, in order to
embed that many points into R?) and observing that, by Prop. 4.3.43,
[ ~ %, [8hy = S, I(Rz\( ¥ )) ~ v s, (5.186)
H(X/G:IT)

H'(X/G:T)
implies the second claim (5.181), by Lem. 4.1.20 applied to (5.184).
From this follows the first claim (5.180) by the fact that the shape modality preserves fiber products over
discrete objects (Prop. 4.3.8):

stbl

[Map (X /G, B(I' x G)),,,

~ f(Map(X//G,B(FNG))Stbl x {(X—>*)//G}> by Def. 4.2.66
Map(X//G,BG)

:I(Map(X//G,B(FxG))SIbl X {(IX—>*)//G}) by Lem. 4.3.13
Map(/ X/ G,BG)

(5.187)
~ [Map(X /G, B(I'x G)) X {(/X = %) ) G} by Prop. 4.3.8
Map(/X /G, BG)
~ Map(/|X /G, |BI')/G) X {(JX — %) ) G} by (5.181)
Map(I X/ G,BG)
~ Map(|X /G, |BI'))G)sc by Def. 4.2.66. 0

From this, we immediately obtain, in equivariant generalization of Thm. 5.2.12:

Theorem 5.2.56 (Concordance classification of smooth equivariant principal bundles). Given

— G € Grp(FinSet)sivbi (Ntn. 4.3.57),

-I'x G € Grp(SmthGrpd,)) of truncated classifying shape (Ntn. 5.2.30),

— a notion of blowup-stability of G-equivariant I" x G-principal bundles (Ntn. 5.2.33);

- G (X € GAct(SmthMfd) such that ;Map (X /G, B(T' x G)) is countable (Rem. 5.2.54);
there is a natural identification of concordance classes (Def. 3.2.6) of stable G-equivariant I'-principal bundles
(5.57) with first non-abelian Borel-equivariant cohomology:

(GEquvI PmBdl(SmthGrpd,,);) e HL(X;JT)

[ | (5.188)

7 /Map(X /G, B[ //G)er S TN tMap(IX/G, /BT /G,

~
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Proof. This is the restriction to connected components of (5.180) in Thm. 5.2.55. ]

Below in Thm. 5.3.7 we refine this classification statement from concordance classes to isomorphism classes
of stable equivariant bundles.

Example 5.2.57 (Orbi-smooth Oka principle for PU,-coefficients over ADE-singularities). Let G C Sp; be a finite
subgroup (Ex. 4.3.60) and consider the structure group PU, (Ex. 2.4.19) with the corresponding stability condition
(Thm. 5.2.47). We describe the shape of the topological space of conjugations of stable morphisms BG — BPU,,,
hence of isomorphisms of stable G-equivariant PU,-principal bundles over the point, according to the orbi-smooth
Oka principle (Thm. 5.2.55). This may be summarized by the following diagram:

Map(BG, B3Z) Ex. 3.3.29 Map(fBG, IBPU@) Thm. 5.2.55 JMap(BG, BPUw)stbl

~ ~

(5.190) lN ] (5.189)

BHom(G,U) x B3Z — ~ B(Hom(G, Up) x ( r(II)Jw)/Ul)
Irr(G

BAd((—)®(—)) (5.193)
(Here Irr(G) denotes the set of isomorphism classes of irredible unitary G-representations.)

The interesting point to highlight is what concretely the morphisms in Map(BG, BPUy,)*®! (on the top right)
are like and how exactly these have the shape predicted by the orbi-smooth Oka principle (on the top left). After
some re-casting of the mapping shape on the bottom left, this is brought out by the assignment on the bottom right,
which we describe in (5.193) below.

First to see the equivalence on the left of (5.189), we use that the integral group cohomology of G is concen-
trated in even degrees (4.409) and that the second integral cohomology gives the group characters (4.410): The first
fact gives 7o Map(BG, B3Z) ~ % which implies (with Prop. 4.2.72) that Map(BG, B*Z) ~ BQMap(BG, B*Z) ~
BMap(BG, QB*Z) ~ BMap(BG, B>Z); and then the second fact gives 7y Map(BG, B*Z) ~ Hom(G, Uy). Proceed-
ing in this manner shows that each of these connected components has homotopy groups concentrated in degree 2
on Map(BG, Q*B*Z) ~ Map(BG, Z) ~ Z, hence that Map(BG, B>Z) ~ Hom(G, U;) x B?Z. In conclusion:

Map(BG, B’Z) ~ B(HG,,(G: Z) x B°H,,(G; Z)) ~ B(Hom(G, U) x B*Z) ~ BHom(G, U;) x B’Z. (5.190)

The fact that the space (5.190) is connected means that there is an essentially unique stable morphism BG —
BPU,,. Indeed, by Lem. 5.2.45 these stable projective representations must be the direct sums of infinite copies of
all [t]-projective G-representations for some [7| € Hérp(G; U) ~ Hérp(G; Z); but since the third integral group
cohomology in the present case is trivial (4.409), there is only the case [7] = [0], and hence the only stable projective
representation is, up to isomorphism, the projectivization of

G—>U( D u@ﬂ{)

petn(G) (5.191)

g %u(g) ®id

for any countably infinite-dimensional Hilbert space #.

Therefore the question is: How can the group characters k € Hom(G, Uy ) encode projective endo-intertwiners
of the stable representation (5.191)? Direct inspection shows that on & p this is accomplished by the linear map
u

which direct summand-wise is the linear identification

H e (xxu C) (5.192)
v — vl

of the irrep u with its tensor product with «, the latter regarded as a complex linear representation on C with
canonical basis vector 1 € C. This operation fails, in general, to be a genuine unitary homomorphism, but the
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failure is exactly the phases x(g) € U, so that this does yield a projective intertwiner, as shown by the following
commuting diagram (using the 2-groupoidal notation for the projective group from Ex. 4.3.33):

BG \(Kb’ BU, /BU; ~ BPU,
? ((u%u@x) ®Uﬂ>
H H
e / DU (5.193)
g — Du(g)@id / x(g) O u(s) @id
. OueH / DueH
wEelrr(G) ? ((H%N®K> ®Uu> welr(G)

Here the U, € Uy, are any unitary operators acting on the Hilbert space of infinite copies of the irrep u.

Example 5.2.58 (Orbi-smooth Oka principle for PU,-coefficients over A-singularities). It is instructive to further

spell out the construction of the projective endo-intertwiners from Ex. 5.2.57 for the case when G = Z, is a cyclic

group. Here Irr(G) = Irr(Z,,) ~ Z,, and the standard n x n matrix presentation of the regular representation & u
u

is . -

1<qd <n b (Ueg(l)),, = exp(27mi-k5E)- 65y (5.194)

Moreover, the tensoring with k € Hom(Z,,, U;) ~ Z,, acts on these irreps by cyclically permuting them, so that
the matrix representation for the projective intertwiner (5.192) is

1<gqq<n = (U, = Sqx- (5.195)

That this gives the required diagram (5.193)

Ul fe))
[ ] [ ] [ ]
A
0 Unee (1) 6 () Ures (1) (5.196)
=
[ ] [ ] U [ ]

follows from a straightforward computation:

(Ureg(K]) - Ut e1) 5 = xp (271 KLY 8, 0k

e (5.197)
(Upi e Uree([1])) . = exp (271 - k*51=) - 89—

whence
O[K]([k]) = exp (27ri-k§). (5.198)

Curiously, the projective self-intertwining relation (5.196) of the [0]-projective regular Z,,-representation hap-
pens to coincide, in the case k¥ = 1, with the defining equation of the finite matrix approximation of the “non-
commutative torus” as in [LLSO1, (2.29)].
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5.3 Local Triviality is Implied

We have seen in §3.1 that the definition of principal bundles, in Cartan’s original sense and as formalized by
Grothendieck’s internal notion of pseudo-torsors, namely without requiring local triviality (Rem. 3.1.1), has ex-
cellent abstract mathematical properties that make their correct generalization to equivariant principal bundles (or
any other generalization) a purely formal matter. While a form of local triviality of bundles may also be formulated
internally as soon as the ambient category is regular, we have seen in §3.2 that, internal to 1-categories of group
actions, the resulting notion is overly restrictive, and that some ingenuity and labor is required to establish a notion
of equivariant local triviality that seems more appropriate.

However, in §5.2, we observed that the analogous internalization procedure that yields equivariant bundles
internal to the category of topological spaces applies to yield equivariant oo-bundles internal to any o-topos. Here
we prove (Thm. 5.4.24 below) that the latter, when seen externally, are automatically locally trivial in the proper
equivariant sense of §3.2. We may think of this as saying that Cartan’s original definition of principal bundles is
the correct one, when regarded, with Grothendieck, as a formal theory waiting to be internalized (interpreted) in
an ambient category with finite limits; and that the constraint of local triviality is not part of the formal theory of
principal bundles, but is to be provided by the semantic context in which the theory is interpreted.

Thm. 5.4.24 below shows that contexts which do provide this feature in a useful way are the Grothendieck(-
Simpson-Toén-Vezzosi-Lurie-Rezk) co-toposes. In fact, their underlying (2, 1)-toposes are sufficient for capturing
equivariant local triviality with respect to equivariance 1-groups, as (n+ 1, 1)-toposes will be sufficient for captur-
ing equivariance n-groups, but traditional 1-toposes are sufficient only for equivariance 0-groups, which includes
only the trivial group. Specifically, the model H = SmthGrpd,, is such that interpreting equivariant principal
bundles inside it, in Cartan-Grothendieck’s sense, and then restricting the resulting notion along the full inclusion
DTopSpc — SmthGrpd,,, recovers the traditional notion of equivariant principal bundles, including now the proper
equivariant local triviality constraint.

In this sense, the traditional theory of equivariant bundles is completed by embedding it into the more general
theory of equivariant eo-bundles in singular-cohesive co-toposes.

Notation 5.3.1 (Equivariance groups). Throughout this section,

G SC
(i) G € Grp(Set) & Grp (APSh(CartSpc))

denotes a discrete equivariance group regarded as a constant simplicial preaheaf of groups,

(ii) GCT € Grp(GAct(DHausSpc)) — Grp (G Act (APSh(CartSpc)))
denotes a G-equivariant D-topological Hausdorff group I', regarded as a group in G-actions on simplicially
constant simplicial presheaves.

5.3.1 The Universal Equivariant Principal Bundle over the Moduli Stack

First, we generalize the construction in Rem. 5.2.4 of universal principal bundles over the moduli stack to the
equivariant context.

Definition 5.3.2 (Crossed adjoint action through a crossed homomorphism). Given a crossed homomorphism
¢ : G — T, hence a homomorphic lift (—); G — I' x G, we denote by GCFE&j € G Act(kTopSpc) the adjoint
action which on the right is twisted by (/—\):

GxTI’ r
(&7) — a(@)(r o)) = (e.8) (ve)-8~"

(5.199)

Lemma 5.3.3 (The universal G-equivariant I'-principal bundle). The action groupoid of the crossed adjoint action

F;{Ej (Def. 5.3.2) provides a fibrant replacement APSh(CartSpc)pro; of the delooping of G m) I'xG:
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N(gr(e(e.8)))

N(G = x) N(Tgx (TxG)=T).

Ne €WEqgs ,
T ML (5.200)
€PrjFib

N(TC'xG) = x*)

Proof. 1t is clear that the diagram commutes and that the right morphism is a projective fibration. To see that the
top morphism is a weak equivalence it is sufficient to observe that we have in fact a homotopy equivalence between
the representing groupoids:

g — (r(r",8)
(xx G =3 %) (C'x('xG)=T) (5.201)
8 — (&(e,g)).

In one direction, the composite of these two functors equals the identity, in the other we have the following natural

transformation to the identity: (re)-!
Y.e)

Y e
(V’,g)l l@,g) (5.202)
a(g (7" — e 0

(ae™)(rr")e)
Proposition 5.3.4 (Equivariant principal bundles from Cech cocycles). For
-G € Grp(Set) — Grp(SmthGrpd,,),
—~G(T € Grp(GAct(DTopSpc)) — Grp (G Act(SmthGrpd,,)),
-G (X € GAct(SmthMfd),
the operation of forming the homotopy fiber of modulating morphisms lands in G-action groupoids of bundles in
DTopSpc — SmthGrpd,, and constitutes a natural fully faithful embedding

H(X/G,B(I'xG)),, =~ GEquvI'PmBdl(SmthGrpd,,)x — GEquvI'PmBdl(DTopSpc)x  (5.203)
L hofib 4

of the groupoids of G-equivariant I'-principal bundles internal to SmthGrpd,, and internal to DTopSpc, respec-
tively.

Proof. Abbreviating H := SmthGrpd,,, we want to compute the operation that sends a cocycle c to its homotopy
fiber in H/pg, which is equivalently given by the following homotopy pullback in H:

P/G BG
! b }
X )G c B(I' % G) (5.204)

We will compute this in model category APSh(CartSpc) i by using the following representatives:
loc
(1) By Prop. 2.2.25), we may find a properly equivariant good open cover G C X:=G¢ (_I_IlUi) — G (X (Def.
IS

2.2.24) and, by Ex. 4.3.45, this yields a local projective cofibrant representative N ()A( XX X x G = )A() of
X/G.

(2) By Prop. 5.2.1, we have a local projective fibrant representative for B(I' x G) given by N(I' x G = *) €
APSh(CartSpc) proj -
loc

(3) We have the evident projective fibration
N xG = %) N Map(R",T"x G) = *)
lePerib ;. R — JEKanFib (5.205)
N (G =) N Map(R",T"'x G) = ).
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(4) By the simplicial model enrichment of APSh(CartSpc)pyo;, this implies the following Kan fibration model:

Z

H(X/G,B(T'xG)) =~ APSh(CartSpc) (N(X xx X x GP = X), N(T'x G = *))
| | cKanFib (5.206)
H(X/G,BG)  ~  APSh(CartSpc) (N(f( xx X x G® = X), N(G = *)).

(5) Hence we have a presentation of the equivariant bundles by equivariant Cech cocycles (Rem. 4.3.46):

(X/G,B(I' % G)
H(X/G,B(T'xG)),, ~ ﬁb(H ¥ Bpr, )) by Prop. 4.2.64
H(X /G, BG)
APSh(CartSpc) (N()? xxXxG® = X),N(TxG= *)) (5.207)
~ fib J

APSh(CartSpc) (N()Z xx XX G® =2 X),N(G = %) ))
~ APSh(CartSpc) (N(i xx X x G® = X),N(T'xG = #) )N(G |
—x

(6) Therefore, and using Lem. 4.2.32, the homotopy pullback (5.204) is equivalently computed by the following
pullback of simplicial presheaves (in equivariant generalization of Rem. 5.2.4):

%y -~ - -
P (PxG® = P) i (MxXxxXxGP 2T xX) —— (T x (% G) =T)
l l l ) | €PriFib
X (X xGP = X) €LcIWEgs ()/Z XX& X GP = )/Z) - ((F X G) = *)

o T~ —
N(G= %)

(5.208)

The equivariant principal bundles obtained this way are by construction all locally trivializable over X, which
means that the morphisms between them are in natural bijection to the morphsims between their local trivialization
data, hence between the Cech cocycles on the right. O

Lemma 5.3.5 (Equivariant principal bundles constructed from Cech cocycles are proper equivariant fibrations).
The G-equivariant I'-principal o-bundles obtained as in (5.208) are proper equivariant Serre fibrations (as in
Prop. 2.4.4).

Proof. By Ex. 4.3.45, we may compute cocycles on Cech-action groupoids of equivariant good open covers. The
underlying bundle is evidently locally trivial while only the G-action may vary. Hence fixed-point-wise we have
locally trivial bundles, hence Serre fibrations. O

Lemma 5.3.6 (Concordant equivariant principal bundles constructed from Cech cocycles are isomorphic). Equiv-
ariant principal bundles in the image of (5.203) are isomorphic as soon as they are concordant.

Proof. With Lem. 5.3.5, this follows by the same proof as Thm. 3.2.8. 0
In equivariant generalization of Thm. 5.2.2 and Thm. 5.2.13, we now have:

Theorem 5.3.7 (Isomorphism classification of stable equivariant bundles with truncated structure over good orb-
ifolds with resolvable singularities). For
— G € Grp(FinSet) b (Ntn. 4.3.57),
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-T € GAct(Grp(DTopSpc)) well-pointed (Ntn. 2.4.17), of truncated classifying shape (Ntn. 5.2.30), with
countably many connected components, and with a notion of blowup-stability of G-equivariant I" x G-principal
bundles (Ntn. 5.2.33)
then:

(i) the construction (5.203) from Prop. 5.3.4 on stable equivariant bundles is an equivalence onto the full sub-
groupoid of equivariantly locally trivial bundles (Def. 3.2.2):

stbl

H(X/G,B(I'xG)),. ~ GEquvI'PmBdl(SmthGrpd,.)5*" — GEquvIPrmFibBdl(DTopSpc)i*. (5.209)

L hofib j‘

~

(ii) Isomorphism classes of these equivariant topological bundles are classified by [B(I' x G) ~ BT’ x G €
(Grpd.,) /BG (see Ex. 5.2.10), hence coincide with equivalence classes of of G-equivariant [T-principal s-bundles
(Def. 5.2.22) in that:

(GEquvI'PmBdl(SmthGrpd,){')  ~ 7 Map(/X/G, BT JG)o!

~iso BG
/ ~ (GEquv/TPrBdl(SmthGrpd.,)¥") o (5.210)
Proof. The second statement is the following composite bijection:
(GEquvI'PrmBdl(SmthGrpd,.)*) = =~ (GEquvI'PmBdl(SmthGrpd,,)™) = byLem. 5.3.6
~ 7y/Map(X /G, BT J/G)5er byEx. 4350 (5211
~ 7yMap (/X /G, B[ J/G)5er by Thm. 5.2.55.

Using this we now obtain the first statement: Consider an equivariant principal bundle G (P — G C X obtained as
in (5.208) relative to a choice of proper equivariant regular good open cover (Def. 2.2.24) G C (.I_IIU,-) - G(CX.
e

By Thm. 3.2.1 it is sufficient to exhibit, for every x € X with stabilizer subgroup G, := Stabg(x) C G, a G,-
equivariant neighborhood G, C U, of x over which G, (P restricts to a Bierstone local model (3.77).

Now, by the fact that we have an open cover, there exists i € I with x € U;; and by Rem. 2.2.26 this is already
a Gy-neighborhood U, := Uj;. Restricting the construction (5.208) to this patch yields the following diagram:

N (T X Uy)p, x G = (T'x Uy)p,) N(raAdj % (T'% G) :;F)
l (pb) l
N(Ui—#x(—)"'=2U;—x () =pr
N (Us x G = Uy) R N(G%p)’ N(TxG)=+)
lu;

Here the factorization, up to some simplicial homotopy shown at the bottom, of the restricted cocycle ¢y, through
a dashed morphism (as shown) follows by the classification statement (5.210) which we have already proven,
using now that U, is a patch in a good open cover and hence contractible, so that any cocycle for G,-equivariant
I'-principal bundles on U, factors through

J(Uy)Gy) ~ % /Gy =~ Loc"™E* (N (G, = %)) . (5.212)

But this dashed morphism of simplicial presheaves is manifestly a crossed homomorphism in the guise (2.3.13),
hence a lift G, as in Ntn. 3.2.10:

APSh((/:):{*)
N(Gy = %)

R

N(TxG)=+).

)%>

(5.213)
(G=+
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With Féﬁj from Def. 5.3.2, this identifies the above pullback bundle as the trivial I'-bundle over U, equipped with
the following action:

(T x Uy)p, X G¥ I x U, (5.214)

((r:u),8) — pry ((e.8) (v.e)-8")
This is precisely the action on local Bierstone models found in (3.79). Hence the above pullback exhibits the
claimed equivariant local trivialization. O

Example 5.3.8 (G-Equivariant principal bundles over G-coset spaces from basic geometric homotopy theory). For
G (T as in Thm. 5.2.13, we find, with Thm. 5.3.7, the form of locally trivial G-equivariant I'-principal bundles
on the coset spaces G/H as originally consider by tom Dieck in 1969 (Lem. 3.2.15) by a glance at the following
homotopy Cartesian diagram in SmthGrpd,, (using just the basic facts from Ex. 4.2.35. Ex. 4.2.36 and Prop.
2.3.18):

/—5;; o~ ~
(C'xG)/H (TxG)/H) )G BG
i l " B l (5.215)
G/H (G/H) )G — > BH — "= B(I'xG)
T |
\B(fyH) A

BG.

Lemma 5.3.9 ((I' x G)-CW-Complex structure on equivariant bundles over G-CW complexes). Given G (T as in
Thm. 5.3.7, with I connected, and given a G-equivariant I'-principal fiber bundle P over a G-CW complex X
-G (X € GCWCplx (Ex. 2.4.6)
- (U'x G) CP € GEquvI PrFibBdIx
then P is a proper (I' x G)-CW complex, namely a (I" X G)-equivariant cell complex with respect to cell attachments
of the form
(I'xG)/ x A, — (T'xG)/ X Ag,,. (5.216)

Proof. By the classification result of Thm. 5.3.7 we have a homotopy Cartesian square of the following form

P/G BG
l /G ) l
¢ 5.217
X/ G B(I' x G) ( )
BG
Denote the assumed G-CW-complex structure of X as follows:
X = @, X1 = Xo [ G/HexA,, X = @Xk (5.218)

G/H. x dAg, keN
Due to colimits in SmthGrpd,, being universal (Prop. 4.2.6) we find from this the above homotopy pullback that

P, = X, X %, P = lim Py. (5.219)
H

BI' keN

Hence, it is now sufficient to show that

Pori ~ Po ] (TxG)/Hoex A, (5.220)
(T'% G)/Hy x IA,

namely that, for each k € N, we have homotopy Cartesian squares of this form:
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Pi1)G =~ ( P 1 (TxG)/Hg x A?op) /G BG
([ G)/Hyg1 x 0Ay'
Prr1/G l (pb)

(5.221)

Xit1/G =~ (Xk I G/Hp x Aﬁﬁ?) yae; (Ck+17B(iﬁk+l)> — B(I'xG)

G/Hpy1 X OAE! /
\ BG'

top
But (again by universal colimits and using the classification result Thm. 5.3.7 and the connectivity assumption
to deduce that the cocycle must be trivializable on the simplex), this is the case as soon as we have homotopy
Cartesian squares of this form:

(0% G)/He) )G BG
l (pb) l
(G/Hyy1) |G ——— BHjy fB(i@) — B(I'x G) (5.222)
\ BG,/
and this holds by Ex. 5.3.8. 0

5.3.2 Equivariant Fiber Bundles

Specializing the general notion of associated fiber co-bundles ([NSS12a, Prop. 4.10] [SS26-Orb, Prop. 2.92]) to
the equivariant context of Def. 5.2.22, we obtain the following notion of equivariant fiber co-bundles, which by
Thm. 5.3.7 are immediately guaranteed to satisfy the traditional equivariant local triviality conditions.

Definition 5.3.10 (Equivariant associated co-bundles). For
-G (T € GEquvGrp(H) (Def. 5.2.16)
-(T)G)CAJG € (T)G)Act(H pg) (Prop. 4.2.77)

we say that

(1) the projection (recall the vertical equivalences from Prop. 5.2.19 and Lem. 5.2.21)

(A/G))(T)G) Bl /G
12 2
A% G) B(I'x G) (5.223)
T BG "

is the universal G-equivariant I'-associated A-fiber oo-bundle;

(ii) given a G-equivariant I'-principal co-bundle P (Def. 5.2.22) its associated G-equivariant A-fiber oo-bundle is
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the pullback of the universal such (5.223) along the modulating map of P:

ivari r//(r X G) L. . universal (:-c.qui\ ariant
equivariant equivariant associated I"-associated
principal co-bundle 1 A-fiber co-bundle A-fiber co-bundle
PJG BG E/G AJ(T'xG)
(pb) (pb)
- (5.224)
FPJG F
X)G / B(I' x G) X /G HG B(I' % G)
BG BG

Conversely, given an A-fiber co-bundle arising as on the right, we say that its equivariant structure co-group is I'.

It is a general fact that sections of I'-associated A-fiber co-bundles are equivalently I'-equivariant maps into
A out of the underlying I'-principal oo-bundle [NSS12a, Cor. 4.18]. The following lemma spells this out for
equivariant co-bundles.

Proposition 5.3.11 (G-Equivariant sections of I'-associated equivariant bundles as (I" x G)-eql\livariant maps).
Given G (T" € GEquvGrp(H) (Def. 5.2.16) with semidirect product (5.45) to be abbreviated as G := T’ x G, and

P a G-equivariant T-principal eo-bundle over X € H, modulated (according to Def. 5.2.22) by tw : X /G ﬂG)—)
B(T" x G) with E an associated A-fiber co-bundle (according to Def. 5.3.10), the following sliced mapping stacks
(Def. 4.2.66) are naturally equivalent:

e . S s : S oo-stack of I' X G-equivariant maps from
o-stac) F equivaris octi ; co-stack of lifts of modulating map through co-stack of maps of homotopy quotients in slice A I . N
stack of equivariant sections of 8 ma v I Py d equivariant principal bundle to typical fiber

associated equivariant A-fiber co-bundle universal equivariant I"-associated A-fiber c-bundle from equivariant principal bundle to typical fiber

Map(X/G, E[/G)y ;5 ~ Map((X,tw)/G,AJG)ys ~ Map(P/G,AJG)ys =~ Map<éCP,éCA>G

E/|G A/ (I'xG) AJ (T xG)
. Y T fg 1A
X)G=X)G X/G-w->B(I'xG) P/G — B(I'x G) P - - A
N ¥ N e N g
BG BG BG
(5.225)

Proof. (1) Under the identification (4.172) of plots of the slice mapping stack with slice homs, and using the
co-Yoneda lemma (Prop. 4.2.29), the first equivalence is the universal property of the defining pullback (5.224).
(i) The second equivalence follows immediately from the identification P /(I'x G) ~ X /G € H g (5.54).
(iii) The third equivalence is a special case of Ex. 4.2.82. O

Base change of concordances of equivariant bundles along coverings of the equivariance group We use the classifi-
cation Theorem 5.3.7 to describe the base change of concordances of equivariant principal bundles along coverings
of the equivariance group (Lem. 5.3.13 below).

Notation 5.3.12 (Equivariance group base change on mapping stacks). For
— H a cohesive co-topos with a 1-site Chrt of charts (Ntn. 4.3.11),
—p:G—G €Grp(Set),
~-GCZ,GCd €GAct(H),
(i) we write N N
(Bp)y .oy :Map(Z |G, o || G)y, — Map(2 |G, « |Gy (5.226)

for the component morphism of the base change of slice mapping stacks (Def. 4.2.66) along the delooping (Prop.
4.2.72) of p. Namely:
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(ii) Under Lem. 4.2.69 and the c-Yoneda lemma (Prop. 4.2.29), this is given at stage U € Chrt SH by the
(U x 2, % )-component of the base change functor (Prop. 4.2.50):

(BD) s (U) = (BP)iirs :H(UX 2 [IG, | G)yy — H(UX 2 [[G, o [Glye.  (5:227)

Lemma 5.3.13 (Base change of concordances of equivariant bundles along covering of equivariance group). For
— G € Grp(FinSet) b (Ntn. 4.3.57),

-p: G > Ga surjective homomorphism (4.216),
-G (X € GAct(SmthMfd) — GAct(SmthGrpd )s

— G(T € GAct(Grp(kHausSpc)) <—> G Act(Grp(SmthGrpd,,)), well-pointed (Nm. 2.4.17) and of trun-
cated classifying shape (Ntn. 5.2.30) with a notion of stable equivariant bundles (Ntn. 5.2.33),
the shape (4.250) of the base change (Bp)y /G BT O slice mapping stacks (Ntn. 5.3.12) — hence the induced mor-
phism (4.263) of concordance oo-groupoids (Rem. 5.2.8) of equivariant I'-principal bundles — is a monomorphism
(Ex. 4.1.16) for stable equivariant bundles:

J‘(BI’)T%‘,BF

[Map(X /G, BL/G)er [Map(X /G, BL /G2 - (5.228)

Proof. For A, € SmthMfd — SmthGrpd,, (Def. 4.3.22), Prop. 4.2.90 gives that (4.224)
% tbl tbl
(Bp)as wxpr @ H(ALn x X/ G, BLJG)p o —— H(ALy, < X//G, BT )Gz (5.229)

is a degreewise monomorphism of simplicial co-groupoids. With Prop. 4.3.49 and Lem. 4.2.69, it follows that the
morphism in question is equivalently the image under the simplicial eo-colimit operation of a monomorphism of
simplicial co-groupoids:
J(Bp)xpr = lim (H(Aly, xX/G, BL/G)ye — H(Alyy x X/ G, BL/G) ). (5.230)
[)1]€A°p

Now, since monomorphisms are characterized by a pullback property (1.15), it is sufficient to show that this
homotopy pullback is preserved by the colimit operation. Prop. 2.4.27 says that a sufficient condition for this to
be the case is that

TH(Al, x X /G, BLG)ag ~ H(X/G,BrG)pe (5.231)
is independent of n. But, since

J(ALm % (=) = JAL 4 < J(=) by 4.257)
~ [R" x [(=) by Def. 4.3.22 (5.232)
~ [(-) by Prop. 4.3.43,

this follows by the classification result for @-equivariant I'-principal bundles (Thm. 5.3.7, using here the assump-
tions on G and on I" and the stability condition). 0



5.4. EQUIVARIANT MODULI STACKS 221

5.4 Equivariant Moduli Stacks

The discussion in §5.2, culminating in Thm. 5.3.7, may be summarized as saying that the stacky delooping

B(I' % G) BI'/G
( ¥ ) x>~ ( ¥ > € (HU)/BG (5.233)
BG x /|G

is the moduli stack (as in Prop. 4.2.100) for (equivariantly locally trivial) G-equivariant I'-principal bundles.
Remarkably, this is always a Borel-equivariant object (though with higher geometric structure). But for these to
serve as twists in a good twisted equivariant generalized cohomology theory (this is discussed in §6.2 below) one
needs to equivalently regard these moduli stacks as orbi-singularized objects in the slice H /G of a singular-cohesive

oco-topos (§4.3.3).

This requires embedding the Borel-equivariant moduli stacks into proper-equivariant homotopy theory, which
we achieve (in Def. 5.4.1 below) simply by forming their orbi-singularization:

B(I'x G) r(BI'/G)
%< ¢ ):( \ ) € Hg. (5.234)
BG g

Notice that these proper equivariant moduli stacks (5.234) still modulate equivariant principal bundles, now re-
garded over cohesive orbi-spaces ¥ (X /G) (recall Prop. 4.3.98 and [SS26-Orb, §4]), in that:

2

H(r(X/G), r(BT/G))¢ ~ H(X/G,B[/G),,  byEx 438l

4 (5.235)
~ GEquvI'PmBdI(H,) by Def. 5.2.22.

The underlying equivariant homotopy type of these orbi-singular objects (5.234) is their pure shape (4.251)
hence the equivariant shape of the corresponding homotopy quotients:

B(I'x G) [r(BL/G)
IV( ¥ ):( M ) € Hg. (5.236)
BG ¢

We show (Thm. 5.4.19 below) that their G-(orbi-)spatial aspect (g Jr(BL'//G) (Def. 5.4.1 below) is given
equivalently by the Murayama-Shimakawa construction from §3.3, which serves to give that construction general
abstract meaning.

For example, this shows that the abstract reason why equivariant classifying spaces are not connected (see Rem.
3.3.21) even though they arise as the images of moduli stacks which are connected (according to Thm. 4.2.100), is
that they arise so under orbi-singularization ), which is the (only) one of the three singular modalities (4.421), that
does not preserve deloopings (Ex. 4.3.75). This is the conceptual origin (by Prop. 3.3.18 with Thm. 5.4.19 and
Thm. 5.4.7 below) of the rich sets of connected components labeled by non-abelian group cohomology classes of
crossed homomorphisms which are so characteristic for equivariant principal bundle theory (as witnessed by the
ubiquituous Ntn. 3.2.10).

Finally, we show (Thm. 5.4.24 below) how the Borel-equivariant classification of equivariant principal bundles
from Thm. 5.3.7 embeds into proper-equivariant theory (Thm. 5.4.24) and we conclude with a list of examples
and applications of the classification result in this form (Ex. 6.1.1, Ex. 6.1.2).

5.4.1 Proper Equivariant Classifying Spaces

In direct proper-equivariant generalization of the notation in Def. 5.2.9, we set:
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Definition 5.4.1 (Proper equivariant classifying shape). For H a singular-cohesive oo-topos (Def. 4.3.70),

-G € Grp(H),

-I'xwGe Grp(H/BG),
(i) we write

Dsc GOrbSpc
BsI' == U, [ rB(I'xG) € GGrpd,, ——— Hg (5.237)

for the G-smooth aspect (Def. 4.3.84) of the shape (Def. 4.3.1) of the orbi-singular aspect (Def. 4.3.67) of the
equivariant moduli stack (from Prop. 4.2.100, Thm. 5.3.7):

delooping orbi-singularization shape G-orbi-spatial

GOrbSpc

B )/ rbSmtl SC
Grp((HU)/BG) B M)y —> Hjg > SnghGrpd., ¢ "% GGrpd. &5 GH, <™ H g

r/G —  B(I'xG) = YB(I'xG) +> Shp ¥B(I' x G) — B, (5.238)

moduli stack of global-equivariant G-orbi-space

G-equivariant proper-equivariant homotopy type of underlying
I'-principal moduli stack proper-equivariant proper-equivariant
co-bundles moduli stack moduli stack

cohesive
G-equivariant
co-group

(i) For GCX € GAct(H,) with X € H,, o — H, we denote by

% : (GEquvI'PmBdI(H,)x) — H% (X; BgI) (5.239)

/Niso

the natural map from equivalence classes of G-equivariant I'-principal co-bundles over X to the non-abelian proper-
equivariant cohomology of the G-orbi-space underlying G ¢ X with coefficients in BsI" (5.237).

Remark 5.4.2 (The equivariant characteristic class map). The map x (5.239) is the image under O-truncation of
the following composite:

GEquvI'PrnBdI(H,,)x
~ H(X/G,BL[G)y,
Iy, H([¥(X/G).[ r(BL/G))¢

~ H(GOrbSpe(ShpFxdLoc(X)), | (BT /G)) by Prop. 4.3.98 (5.240)

SQ

2

~—

¥

~ H( , GOrbSpe (Shp FxdLoc (X)), [ (BT /G ) . byEx.4385
Y

~ H(GOrbSpc(ShprdLoc(X)), Gy J Y(BF//G)) by (4.463)

SQ

l

~ GGrpd,, (ShpFxdLoc(X), BsI') by (4.458).

We proceed to compute (in Thm. 5.4.19 below) the geometric fixed loci of the proper-equivariant classifying
spaces BsI" (5.237).

Lemma 5.4.3 (Geometric fixed loci of equivariant classifying spaces). In a singular-cohesive oo-topos H (Def.
4.3.70), given

— G € Grp(Set),

- G(T € Grp(GAct(H)),
(i) the geometric H-fixed loci (Def. 4.3.91) of the equivariant moduli stack (5.234) are

UMap(, ¥(BL/G))g =~ Map(BH,BI'/G)y: (5.241)
(ii) their shape is, equivalently, the H-fixed locus in the equivariant classifying shape (5.237):
B;I' : G/H — UMap(#, [ rBI'/G) = [Map(BH, BL'//G),,.- (5.242)
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Proof. For U x )Q € Chrt x Snglrt, we have the following sequence of natural equivalences:
<o (Map( . V(BF//G))Q»

o

~ (Map()fl, r(Br//G))g)(U) by Def. 4.3.67
~ H(# xU, yBL'JG) x  {*} by Prop. 4.2.64, Lem. 4.2.69
H( xU, §)

~ H()&I X )’U, )’(BF//G)) X {*} by (4.3.79) (5243)

H( 5 ru, )
~ H(r(BH xU), r(BI'/G)) X {x} by (1.20) & Ex. 4.3.73

H(r(BH xU), YBG)

~ H(BH x U, r(BI')/G)) X {x} by Ex. 4.3.81

H(BH x U, BG)
~ H(BH xU x ¥, r(BI'JG)) X {x} byEx.43.74

H(BH x U x £, BG)
~ (Map(BH, V(BF//G))BG) U x &) by Props. 4.2.64, 4.2.69.

Since this is natural in U x )5 € CartSpc x Snglrt < H, the first statement (5.241) follows by the c-Yoneda lemma
(Prop. 4.2.29). With this, the second statement (5.242) is implied as follows:

U(Map(ﬂ,IV(BF//G))VBG) ~ uf(Map(ﬁ, V(BF//G))VBG> by Prop. 4.3.96
~ JU (Map(#, YBL/G) ;) byProp. 4377 (5.244)

~ [Map(BH,BI'|/G),,. by (5.241). .

Example 5.4.4 (The case of trivial G-action on the structure co-group). In the special case when the action of G on
I is trivial, in that B[/ G ~ (BI') x (BG) (Ex. 5.2.17), we have (by Ex. 4.2.68)

Map(BH, BI'//G),, ~ Map(BH, BI'). (5.245)
Consequently, in the case the statement of Lem. 5.4.3 reduces to the following two equivalences

UMap(#, r(BL'//G)) ¢ ~ Map(BH,BI), (5.246)

G
g
BoI' : G/H — UMap( ][ V(BF//G))E ~ [Map(BH, BI'). (5.247)
In fact, in this case (Ex. 5.4.4) the equivariant classifying shapes have a “globally equivariant” incarnation
(in the terminology of [Schw18]), in proper-equivariant refinement of Rem. 5.2.28 and along the lines of [Rel4a,
§1.3-1.4]:

Proposition 5.4.5 (Globally equivariant classifying shape). If the action of the equivariance group G on the struc-
ture group I is trivial, so that their semi-direct product is their direct product

I'KG~I'xG, (5.248)
then the equivariant shape (5.236) of the delooping of the structure group

[¥Bl € H (5.249)
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is the globally equivariant classifying shape, in that, for all G € Grp(Set) and G (X € GAct(H,, ), we have a
natural equivalence

H(r(X/G),[rBI) ~ H(r(X/G),BcI)g (5.250)
between the global hom-oo-groupoid into (5.249) and the slice-hom-oo-groupoid into (5.237).

Proof. This is the composite of the following sequence of natural equivalences,

H(V(X//G),BGr)g = H(r(X/G), UsJ rB(I" % G))G by Def. 5.4.1
~ H(V; r(X/G),[ yB(I G)) by (4.463), (1.19)
~ H(r(X/G),J yB(I'x G)) by Prop. 4.3.98 with Ex. 4.3.85
~ H(r(X/G),] rB(I x G)) by (5.248) (5.251)
~ H(r(X/G),J v ((BI) x (BG)))g by Ex. 5.2.17 or (4.183)
~ H(r(X/G), | ¥BT) x (J ¥yBG))s by (1.20) and (4.257)
~ H(r(X/G),(J ¥BI) x y) by (4.432)
~ H(»r(X/G),] yBI) by Ex. 4.2.51. 0

Definition 5.4.6 (Stable proper equivariant classifying shape). Given G € Grp(FinSet)vy (Ntn. 4.3.57), and
G (T € Grp(SmthGrpd,,) of truncated classifying shape (Ntn. 5.2.30) and with a notion of stable equivariant
bundles (Ntn. 5.2.33), we write

(B! BT
(5.252)
G/H +~— |Map(BH,BI'JG)jY) «——————— Map(BH,BI')/G)sc

for the subobject of the proper-equivariant classifying shape (Def. 5.4.1) which is given on its values (5.242) by
the stable component in the sense of Ntn. 5.2.33.
Theorem 5.4.7 (Equivariant homotopy groups of equivariant classifying shapes). Given

— G € Grp(FinSet)sivbi (Ntn. 4.3.57),

-G (T € GAct (Grp(kTopSpC)) of truncated classifying shape (Ntn. 5.2.30) and with a notion of of blowup-
stable equivariant I" X G-principal bundles (Ntn. 5.2.33);

— such that myMap (BG, B(T" x G)) is countable (Rem. 5.2.54);
then the equivariant homotopy groups of the blowup-stable component of the equivariant classifying shape BsI'

(5.4.1) at stage H C G are given by the non-abelian group cohomology of H with coefficients in H [T, in that we
have natural isomorphisms as follows:

vooom ((BeD)™) =~ HEJ'(H;JT) = Héy(H; QIT). (5.253)
nen
Froct 7 ((BD)™) = 7, ((BoT)™(G/H))
~ 7,(/Map(BH, BI' JH);i") by Lem. 5.4.3
~ 1,(Map(JBH, [BD)gy) by Thm. 5.2.55
~ 7,(Map(BH, BIT' ) G)sn) by Def. 5.2.9, Ex. 5.2.10 (5.254)
ToMap(BH, BT )gy  |n=0
~ by Lem. 4.2.60

TMap(BH, BQ"[T') |n>0
= Hi,(H; Q") e.g. [FSS23, Ex. 2.4] . =
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Remark 5.4.8 (Proper equivariant classifying shapes may depend on structure group beyond its shape). While
plain classifying shapes (Def. 5.2.9) are sensitive only to the shape of the structure group, in that BI" ~ BT (Ex.
5.2.10), for proper equivariant classifying shapes (Def. 5.4.1) this generally fails, in as far as the geometric fixed
points of BI" differ from that of its shape (the “homotopy fixed points™):

Bl % Bg(IT). (5.255)

ig.

Concretely, Lem. 5.4.3 shows that the two are related by taking the shape operation into the mapping stack along
the comparison morphism (4.263):

BsT B(JT)
i (5.256)
= Map(BH, BF// G)BG .

G/H +— |Map(BH,BI')/G)c

In general, there is no reason for (5.256) to be an equivalence. However, it is so under suitable conditions
where a smooth Oka principle applies (such as in Prop. 5.2.55):

Proposition 5.4.9 (Stable equivariant classifying shape of truncated groups coincides with that of their shape).
Given
-G e Grp(FinSet)rslvbl (Ntn. 4.3.57),

—TI" € Grp(SmthGrpd,)) of truncated classifying shape (Ntn. 5.2.30),

then the stable proper G-equivariant classifying shape of I (Def. 5.4.6) is equivalent to the plain proper equivariant
classifying shape (Def. 5.4.1) of JT:

Bo(D)*® ~ B,(JT) € GGrpd,,. (5.257)

D
Proof. For H C G a subgroup, we have the following sequence of natural equivalences in Grpd_, 5 H, :

(BsI)™ (G/H) ~ [Map(BH, BT J/G){2 by Def. 5.4.6
Map(/BH, [BI'/G)gc by Thm. 5.2.55

12

~ Map(BH,BJT /G)sg by (4.260) (5.258)
~ [Map(BH,BJT'//G)sc by (4.285)
~ (BG( | r)) (G/H) by Lem. 5.4.3.

By naturality in G/H € Orb(G) (Ntn. 4.3.63), this establishes the claimed equivalence of co-presheaves. O

Lemma 5.4.10 (Base change of equivariant classifying shapes along a covering of the equivariance group). For

G (T € GAct(Grp(Hy)) and a surjective homomorphism of discrete groups p :G —> G(4.216), there is a natural
monomorphism (1.15) (Bp)"
Bs;I'—— p.B;I' € GGrpd,, (5.259)

from the equivariant classifying shape (Def. 5.4.1) of G CT to the direct image p, (4.492) of that of the cover
G (T = (Bp)*(G(I), see (4.219).

Proof. First, observe that for G/H € Orb(G) < GGrpd,, there is the following sequence of natural equivalences

GGrpd., (G/H, p.BsI')  ~ GGrpd,, (p*(G/H), BI') by (4.492) with (1.19)

12

GGrpd.,, ((/;\/I:\I, B@F) by Lem. 4.3.100 with Lem. 4.2.40
(5.260)

12

(BgT) (G/ﬁ) by Prop. 4.2.29
o~ fMap(Bﬁ, BF//@)Ba by Lem. 5.4.3;
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hence, by the c-Yoneda lemma (Prop. 4.2.29) an equivalence

pBsT =~ [Map(B(—),Bl/G),; ~ [Map((Bp)'B(-), (Bp)*BL/G),;- (5.261)
Under this identification, the natural monomorphism in question is that from Prop. 4.2.90:

(BeI) (G/(=)) =~ [Map(B(—),BI'/G),, byLem. 543

) [Map(B(—), BT /G), by Prop. 42.90 (5.262)
=~ (p+BgI) (G/(-)) by (5.261). 0

5.4.2 Proper Topological Orbits

We use the above characterization of equivariant classifying shapes (Lem. 5.4.3) to show (Prop. 5.4.15 below)
that the slice of the category of G-orbits over the G-equivariant I'-classifying shape is fully faithfully embedded
into the oo-site of proper I'-orbits (Def. 5.4.14 below) — under a common assumption on the topological group I'
(Def. 5.4.11 and Prop. 5.4.13 below). Further below, this embedding under this admissibility condition implies
the twisted Elmendorf theorem (Thm. 6.2.3).

Definition 5.4.11 (Admissible G-equivariant twisting). For G € Grp(FinSet) a finite group we say that a G-
equivariant topological group G CI" € Grp (GAct(DTopSpc)) — or rather its delooping stack — is admissible
G-equivariant twisting if for all (necessarily finite) subgroups H C G and all H C G-crossed homomorphisms
p € CrsHom(H,H CT) (2.3.11) the operations of

(i) passing to shape [ (4.251)

(ii) forming the looping €2, (1.22) at p (via the identification of Prop. 2.3.18)
commute on the slice mapping stack (Def. 4.2.66) from BH to B(I" x G) over BG, up to equivalence:

B(T" x G) is admissible
as G-equivariant twisting} H\Z ; Q, [Map(BH, B(T'xG)),. ~ JQpMap(BH,B(I'xG))g..-

p € CrsHom(H, H CT)

(5.263)
In the special case when the G-action on I' is trivial, this condition reduces to:
B(T" x G) is admissible
as G-equivariant twisting} Hi G Qp IMap (BH’ BF) N IQP Map (BH’ BF) ‘ (>-264)
p € Hom(H,T)
Remark 5.4.12 (Alternative formulations of admissible G-equivariant twists). Noticing that
QpMap(BH,BI')gg =~ Q,(Hom(H,I')/T) by (2.99)
(5.265)
~ Stabr(p) by (4.341)
is the topological stabilizer group of p under the conjugation action by I', and recalling
BStab ~ |[BStab by Prop. 5.2.11
r(p) =/ r(p) by Prop (5.266)

~ B[Stabr(p) by (4.260),

we may, under the looping/delooping equivalence (Prop. 4.2.72), equivalently rewrite (5.263) as follows, which
proves the claim:
B(I" x G) is admissible }

as G-equivariant twisting Hi/ G (fMap (BH, B(I'x G))BG) p = BStbr(p), (5.267)

p € CrsHom(H, H (T
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where on the right (—), denotes the connected component of p. Therefore, a sufficient condition for admissible
G-equivariant twists is that the I'-conjugacy classes of crossed homomorphisms bijectively label these connected
components:

B(T" x G) is admissible }

as G-equivariant twisting < HXG IMap(BH, B(I'x G))y; =~ H BStabr(p).  (5:268)

[p] €
CrsHom(H,H CT)/T

Moreover, noticing that

[1BStabr(p) ~ [[IBStabr(p) by Prop. 5.2.11

[p] [p] (5.269)
~ [ (T/Stabr(p)) /T by Ex. 4.2.35
o]

we find that a yet stronger (i.e., further from necessary but still) sufficient condition for admissibility is that the
conjugacy classes already label the connected components of the action groupoid of crossed homomorphisms (i.e.,
even before passing to its shape):

B(I" x G) is admissible }

as G-equivariant twisting < Ve Map (BH’ B(I' G)) BG

HcCG

1

[I (r/stabr(p))/T. (5.270)

[p] €
CrsHom(H,H CTI)/T

For trivial G-action on I" these specializations all simplify as in (5.264).

Proposition 5.4.13 (Examples of admissible G-equivariant twistings). The condition of Def. 5.4.11 holds at least
for:

(i) I" any Lie group (not necessarily compact) with trivial G-action,

(ii) I" a compact Lie group with any G-action,

(iii) I = PUy, (2.192) with trivial G-action.

Proof. (i) For I a Lie group with trivial G-action, the sufficient condition (5.270) follows readily from the classical
result [CF64, Lem. 31.8], as noticed in [Rel4a, p. 5]. In the special case when I' is almost connected (i.e. the
quotient space I'/Te by the connected component of the neutral element is compact), the sufficient condition
(5.268) is verified in [LU14, Thm. 6.3 with §13].

(ii) For I" a compact Lie group with any G-action, the sufficient condition (5.268) follows from the combination of
[LM86, Thm. 10][GMM17, Thm. 4.24] with [MS95][GMM17, Thm. 3.11].

(iii) For I' = PU, with trivial G-action, the sufficient condition (5.268) is verified in [LU14, §15 with §13]. O

We now consider the generalization of the orbit category (Ntn. 4.3.63) from finite groups G to topological
groups I'. The following Def. 5.4.14 is the usual definition of the orbit category of a topological group as in
[DK84, §2.1 and Thm. 3.1], only that we:

(i) consider that topological group to be decomposed as the semidirect product I" x G of a G-equivariant topo-
logical group I" with a finite group G (since this is the case of interest in the following);

(ii) restrict attention to orbits given by finite subgroups (indicated by the adjective “proper”);

(i1) understand (as in [Rel4a]) the ASet-enrichment considered in [DK84] as making an co-category (an oo-site
in the sense of Ntn. 4.2.23, by appeal to our Prop. 4.3.51);

(iv) immediately reformulate (5.272) the equivariant mapping space between the orbits as a slice mapping stack
between the corresponding delooped subgroups, in direct generalization of Lemma 4.3.65 (to which the
following reduces when I' = 1 is the trivial group).
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Definition 5.4.14 (Proper topological orbit co-category). For any G-equivariant D-topological group (not necessar-
ily compact)

— G € Grp(FinSet)

— G (T € Grp(GAct(DTopSpc))
we say that the proper orbit co-category of its semidirect product group I x G is the oo-site (Ntn. 4.2.23) Orb(I" x G)
whose objects are finite subgroups

n € Grp(FinSet), 1N —%TxG (5.271)

and whose hom-oo-groupoids are the shapes of the equivariant mapping spaces between the corresponding coset
spaces (I x G)/n, hence equivalently the shapes of the slice mapping stacks (4.167) between the deloopings of
the subgroups, relative to B(I' x G):

Oib(' % G) ((F % G)/my, (% G)/m2)

- f(Map<(r>4 G) C((T» G)/m), (T'x G) C((T' G)/”2)>(MG)>

(5.272)
~ [ TI Map(B(in,), B(ip,)) by Ex. 4.2.80
B(I'xG)
~ [ (Map (B, BNy G)) by Lem. 4.2.69.

Proposition 5.4.15 (Slice of finite orbit category over equivariant classifying shape inside proper topological orbit
category). For G € Grp(FinSet) and G (T € G Act(DTopSpc) such that B(T x G) is admissible G-equivariant
twisting (Def. 5.4.11), then the slice oo-site (Def. 4.2.46) of the G-orbit category (Ntn. 4.3.63) over the G-
equivariant classifying shape Bl (Def. 5.4.1) is equivalently the full sub-co-site of the topological orbit oo-category
of ' x G (Def. 5.4.14)

Orb(G) /p,r = Orb(I" x G)crs e Ob(I'xG) € Siteo. (5.273)
on orbits of the form F/ﬁfor subgroups HCTIxG (Ntn. 3.2.10) which are lifts of subgroups H C G:
~ ig
H——TxG

lprz (5.274)

H(LG.

~

Proof. Recall from Lem. 5.4.3 that, as an co-presheaf over Orb(G), the equivariant classifying shape is equivalently
given by the assignment

Bl : G/H — [Map(BH,B(I' X G)),,,- (5.275)

By the co-Yoneda lemma (Prop. 4.2.29) this implies that the objects of the slice Orb(G) /BT are lifts H of subgroups
H C GtoI %G as in (5.274); while the hom-eo-groupoid in the slice between a pair of such objects is naturally



5.4. EQUIVARIANT MODULI STACKS 229

equivalent to that between the corresponding (I" x G)-orbits, as follows:

Otb(G) 15,c ((G/Hy, Big, ), (G/H,Big,) )

~ Orb(G)(G/H,,G/H>) X {B(iﬁ)} by (4.141)
GGrpd..,(FxdLoc(G/Hy ), BeT) !
~ Map(BH,, BH X {B i } by Lem. 4.3.65 & Lem. 5.4.3
p( 1 2)BG IMap(BHl, B(F % G))BG ( Hl)
H .
~ Map(BH,, BH, x {B i } by (4.169)
p( ! )BGBQﬁIIMap(BH],B(MG)) (H‘)
~ Map(BHl,BHg)BG X {B(iﬁ)} by (5.263) & assmptn of admissibility ~ (5.276)
IBQAlMap(BHl,B(FxG)) !
~ f(Ma BH,, BH. x {B i }) by Lem. 4.3.10
p(BH, Z)BGBleMap(BHl,B(FMG))BG (Hl) g
~ f(Ma BH,, BH, x {B i }) by (4.169)
p( ! )BGMap(BHl,B(FxG))BG (Hl)
~ M (BH,B'A . (BH»,B(i ) by (5.277
(91135, (87.805), yom
~ Orb(I' % G) ((r % G)/H,, (T % G) /ﬁ;) by (5.272).

Here in the second but last step we used the following observation (which could be stated much more generally):

Map(BH,, BH Bi; ~ M BH;.B BH,, B(i . 5.277
ap(BH|, Z)BGMap(BHl,I);(FNG))BG{ ’st} ap(( 1, B(ig ))( 2, (Hz)))B(FxG) ( )

To see this, considering the following diagram in SmthGrpd,,, which commutes by (5.274):

B(iny) )o(-) FB(i
Map(BH;, BH,) (86) Map(BH;, BG) <" Map(BH;, BH: )sg

B(iﬁz)o(f) H

(B(pr2))o(-) - Blin,)
Map(BH,, B(I' x G)) Map(BH,, BG) <~—— =« Map(BH,, B(I' x G) )sg
FB(ig;) FB(iHI)I
* * * *

Map ((BH:, Biz;)), (B, B(iﬁz)))B(”G) * x

(5.278)
By Def. 4.2.66, forming limits horizontally over the rows or vertically over the columns yields the diagrams
of slice mapping stacks shown on the right and on the bottom, respectively. The further limits over these two
diagrams manifestly yield the two sides of the equivalence (5.277), which hence follows by the general fact that
limits commute over each other. O

Definition 5.4.16 (Systems of shapes of fixed loci in topological I'-spaces). For I' € Grp(kTopSpc) and T' (X €
I" Act(kTopSpc), we write
[FxdLoc(X) € PSh..(Orb(I')) (5.279)
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for the co-presheaf (Ntn. 4.2.26) over the proper orbit category of I' (Def. 5.4.14) which assigns the shapes
(presented by the classical singular simplicial complexes, via Prop. 4.3.25) of the fixed loci (Ntn. 2.2.1) of X:

FxdLoc : ['/n — I(Map(FC(F/n),FCX)F>. (5.280)

In the special case when I = G is a discrete group, this reduces equivalently to (4.471).

Example 5.4.17 (System of (I" x G)-fixed loci of a G-equivariant I'-principal topological bundle). Let

— G € Grp(Sets),

— G (T € Grp(G Act(kTopSpc)),

~ G (X € GAct(kTopSpc),

— G CP € GEquvI'PrnFibBdly.
Then the induced (I" x G)-action on the total space P has non-empty fixed loci only for finite subgroups which are
lifts H (3.55) of subgroups H C G, and for these the fixed locus is isomorphic to that of the base space:

pl | noH——>TxG

2 pr
P € GEquvI'PmFibBdl =  FxdLoc(P) : '/ ~— ;1 ¢ é; ’ (5.281)

@ | otherwise.

(To see this, recall the proof of Prop. 3.2.17: The I'-action is free, so that for each h € H C G which fixes a point
x € X in the base, there is a unique element v, (h) € I which compensates the h-action on the fiber P,.)

But this means that a morphism of presheaves out of [FxdLoc(P) is uniquely fixed by its restriction to the full sub-
so-site Orb(I" % G)crs (5.273) on orbits corresponding to these subgroups, in that for all & € PSh., (Orb(I" x G))
we have the following natural equivalences:

PSh.. (Orb(I" x G)) (jdeLoc(P), %)

P € GEQuIPmFibBdlxy = % PSh.(Orb(I' % G)er) (IdeLoc(P), y/) by (5.281)° (5.282)

by Prop. 5.4.15

~ PSh..(Orb(G) 1) (I (FxdLoc(X),c), o/ ) and (5.56).

Here in the last line ¢ : X — BI is the (G-equivariant) modulating morphism of the given equivariant bundle.

5.4.3 Recovering the Murayama-Shimakawa Construction

We show (Thm. 5.4.19 below) that the Murayama-Shimakawa construction of equivariant classifying spaces (re-
viewed in §3.3) may be understood as a natural topological groupoid model for the more abstractly defined proper-
equivariant moduli stacks (5.234) and hence for their proper-equivariant classifying shapes (Def. 5.4.1).

Lemma 5.4.18 (Geometric fixed loci of equivariant classifying spaces by Murayama-Shimakawa construction).
In H = SmthGrpd.,,

~G(T € Grp(GAct(kTopSpc)) —2*“™) Grp (G Act(SmthGrpd,,))
—H C G a subgroup,
there is a natural equivalence
[Map(BH, (BT) /G)y. =~ Pth( Map(EG, BF)\H) € Grpd,, 2% SmthGrpd, (5.283)

between the shapes of the slice mapping stack (Def. 4.2.66) and that of the H-fixed locus of the base of the
Murayama-Shimakawa construction (3.145).

3In more abstract terms: Since the full inclusion icrs 18 also a sieve, the left Kan extension of presheaves along i. is given by extending
by empty values.



5.4. EQUIVARIANT MODULI STACKS 231

Proof. First, for U € CartSpc we have the following sequence of natural equivalences in Grpd,,, where in the last
lines we are using Lem. 4.3.26 to notationally conflate Cdffig(I") with I":

Map(BH, BI'/G)pG(U) =~ (SmthGrpd,,) g (U x BH, (BI') /G) by Lem. 4.2.69
~ (SmthGrpd.,) g (U x BH, (BL) /H) by Prop. 4.2.65
~ APSh(CartSpc) sy (Ux WH, (WT' x WH) /H) by Lem. 4.2.86
~ H Act(APSh(CartSpc)) (U x WH, WT) by Prop. 4.1.39
~ H Act(APSh(CartSpc)) (U x WG, WT) by Ex. 4.1.38
~ H Act(APSh(CartSpc)) (U x (Gx G = G), (C = %)) by Ex. 4.1.29
~ (CdfﬂgMap( GxG=G), ([ =x) )H ) (U) as in [SS26-Orb, Lem. A.5].
(5.284)

By naturality (in U) of the composite equivalence, the Yoneda lemma (Prop. 4.2.29) implies that we have an
equivalence

Map(BG, BI'/G)gc ~ CdffigMap(EG, BI')” ¢ Grpd(DfflgSpc) — SmthGrpd.,, . (5.285)

Now the claim is implied from the following composite:

IMap(BH, BI'j/G)pg ~ [Cdffig(Map(EG, BI')?) by (5.285)
~ [Cdfflg ((CrsHom(H, H(T) xT = CrsHom(H, H CF))) by (3.150)
~ Pth | (CrsHom(H, H CT") x I' = CrsHom(H, H CT')) | by Prop. 4.3.52 & Prop. 2.4.21
~ Pth‘Map(EG, BF)H‘ by (3.150)
~ Pth(\Map(EG, B)[" ) by Lem. 2.3.31.
(5.286)

Here the passage through the action groupoid of crossed homomorphisms just serves to produce a homotopy
equivalent topological groupoid whose nerve is manifestly good, by Prop. 2.4.21, so that its plain topological
realization is seen to have the correct weak homotopy type. O

Theorem 5.4.19 (Murayama-Shimakawa construction gives shape of equivariant moduli stacks). For G € Grp(Set)
and GCT € GAct(Grp(DTopSpc)) with T well-pointed (Ntn. 2.4.17), the proper-equivariant classifying space
from Def. 5.4.1 is equivalent, under Elmendorf’s theorem (1.7), to the Muryama-Shimakawa construction (Ntn.
3.3.15)

GDsc GOrbSpc

BT == Us[ yB(I'xG) =~ Pth|Map(EG,BI)|"”) € GGrpd,,—— GH,, SngltG(H,) ¢ ~H g .
(5.287)
Proof. For H C G, we have the following natural equivalences in Grpd,,:
Bol' : G/H — (Us [ ¥(BT)G))(G/H) by Def. 5.4.1
~ UMap(#,[r (BI')/G) by (4.459)
( Y )BG (5.288)
~ [Map(BH,BI'/G)p¢ by Lem. 5.4.3
~ Pth|Map(EG, BI') | by Lem. 5.4.18.
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5.4.4 Classification in Borel-Equivariant and in Proper-Equivariant Cohomology

We now formulate the classification result for equivariant principal bundles in terms of equivariant cohomology.
Definition 5.4.20 (Borel-equivariant and proper-equivariant cohomology in a cohesive co-topos). Given a singular-
cohesive oo-topos H (Def. 4.3.70), and G (X € GAct(H,)),
(i) for GCA € GAct(H,), we say that
HY(X;A) = pH(X /G, A/ G (5.289)

is the Borel-equivariant cohomology of X with coefficients in A;
(ii) for o € GH,, we say that

(4.475)

Hg(X; /) = wH(r(XG), GOrbSngl(«/)) ¢ = % GH,(, (FxdLocX, /) (5.290)

is the proper equivariant cohomology of X with coefficients in <.

The following Prop. 5.4.21 generalizes the corresponding classical statement for bare global homotopy theory
to general singular-cohesive homotopy theory:

Proposition 5.4.21 (Proper-equivariant cohomology subsumes Borel-equivariant cohomology). For

~-G(X € GAct(Hy ),

-~ GCA € GAct(H,),
Borel-equivariant cohomology with coefficients in A is in natural bijection with the proper-equivariant cohomology
(Def. 5.4.20) with coefficients in FxdLoc(A) (Def. 4.3.91):

HY(X;A) ~ Hg (X; FxdLoc(A)) . (5.291)

Proof. We have the following sequence of natural equivalences:

H(X/G,A)Gpc ~ H(r(X/G), r(A)G)) by Ex. 4.3.81

G
g
~ H(GOrbSpc (FxdLoc(X)), Y(A/G by Prop. 4.3.98
(GOrbSpe (FxdLoc(X)), H(4/G))g by Prop 520
~ GH, (FxdLoc(X), GOrbSmth (¥ (A /G))) by (4.458)
~ GH_, (FxdLoc(X ), FxdLoc(A)) by Def. 4.3.91.
This implies the claim by passage to sets of connected components. O

Remark 5.4.22. Specialized to pure shape coefficients (which is essentially the only case considered in tradi-
tional literature on equivariant cohomology), Prop. 5.4.21 means that Borel-equivariant cohomology only captures
those proper-equivariant coefficients which are systems of homotopy fixed loci FxdLoc(fA), but not coefficients
JFxdLoc(A) which are systems of shapes of geometric fixed loci.

Example 5.4.23 (First non-abelian Borel-equivariant cohomology as coarse proper-eqjuivariant cohomology).
Specialized to delooped pure shape coefficients A == BY ~ B[¥ for any GCY € GAct(H,), Prop. 5.4.21
says that first non-abelian Borel-equivariant cohomology is equivalently proper equivariant cohomology with co-
efficients in the coarse equivariant classifying spaces from Rem. 5.4.8:

HL(X;IT) = HX(X; BT ~ HIVG(X;BG(IF)). (5.293)

Finally, we obtain the classification of stable equivariant principal bundles (Thm. 5.3.7) in terms of proper
equivariant cohomology and generalized from resolvable to cover-resolvable singularities:
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Theorem 5.4.24 (Classification of equivariant bundles with truncated structure over orbifolds with cover-resolvable
singularities). For

— G € Grp(FinSet)covrsivbl (Ntn. 4.3.57),

—T' € Grp(DHausSpc) of truncated classifying shape (Ntn. 5.2.30) and with a notion of stable equivariant
bundles (Ntn. 5.2.33),
isomorphism classes of stable topological G-equivariant T-principal bundles over any G (X € G Act(SmthMfd)
are classified equivalently by

(i) proper-equivariant cohomology (Def. 5.4.20) with coefficients in the stable proper-equivariant classifying
shape Bl (Def. 5.4.6);
(ii) proper-equivariant cohomology (Def. 5.4.20) with coefficients in the coarse equivariant classifying shape
Bs(JT) (Rem. 5.4.8);
(iii) first Borel-equivariant cohomology with coefficients in [T':

isomorphism classes of
stable equivariant principal topological bundles Borel-equivariant cohomology proper-equivariant cohomology

(GEquvI PrFibBdl(DTopSpe)$™) , ~ H5(X;T) = Ho(X; BT) ~ H%(X; B, (IT)) ~ H% (X; (BoT)™).
(5.294)

/

Proof. First, consider the case where G-singularities are resolvable. Then the first equivalence is Thm. 5.3.7 in
view of Def. 5.4.20, the second equivalence follows by Ex. 5.4.23 of Prop. 5.4.21, and then the third by Prop.
5.4.9.

It remains to generalize this statement to the case when G-singularities may not be resolvable but that there

exists a surjective homomorphism p :G — G(4.216) for which G has resolvable singularities. To this end, notice

that, for G (X € GAct(Hy), we have the natural monomorphism
GGrpd,, (X, BsT') — GGrpd.,(X7), p.BcT) by Lem. 5.4.10 with Ex. 4.1.16 (5.295)
~  GGrpd, (p*X'7)B;T) by Lem. 4.3.100 with (1.19). '

By naturality of the base change (Bp)*, this monomorphism is compatible with that from Prop. 5.2.29, making a
commuting square

(GEquvT'PmBdly), . ———— wGGrpd., (X"), B;T') — H(;G (X, BgI)
IProp. 5.2.29 fLem, 5.4.10, (5.295) (5.296)
<§EunFPranlx>/Nm —~ > ©GGrpd,, (p*X ), BsI) = H% (X, BgI) .

Here the bottom map is a bijection by the previous argument, which applies to G by assumption; therefore the top
map is also a bijection, being its restriction to the G-equivariant bundles among the G-equivariant bundles along
(Bp)". O
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Chapter 6

Examples and Applications

We close by briefly indicating examples and applications of the machinery of singular-cohesive homotopy theory
developed in the main text above:

—In §6.1 we apply the general classification result of Thm. 5.4.24 to cases of interest and compare to results
available in the literature.

— In §6.2 we use the singular-cohesive technology to show that there is a good notion of generalized orbifold
cohomology with local coefficients twisted by orbi-equivariant principal bundles — a globally-equivariant form of
proper equivariant cohomology (further discussed in [SS26-Orb]).

6.1 Classification Results

Example 6.1.1 (Equivariant bundles with truncated compact Lie structure group). Via Thm. 5.2.35, Thm. 5.4.24
subsumes the following special cases known in the literature (here over smooth G-manifolds G ¢ X with finite
equivariance group G satisfying the conditions of Ntn. 4.3.57):

(i) adiscrete group I' € Grp(Set) — Grp(DTopSpc).
In this case I' ~ [T’ ~ K(I',0) is an Eilenberg-MacLane space, hence truncated, and BT is classifying, by
Thm. 5.2.13. Hence I has truncated classifying shape, according to Ntn. 5.2.30.
The statement of Thm. 5.4.24 in this case recovers [May90, Thm. 5].

Notice that I'-principal bundles for I" a discrete group serve as twists for ordinary cohomology (“local co-
efficient bundles”, e.g. [BFGMO3, Def. 3.1, Lem. 4.2]), see [FSS23, Ex. 2.32]. In particular, in the case
I' =7/, these are the twists of integral cohomology [GS17a], reflecting the fact that Z, is the group of units
(see [FSS23, Ex. 2.37]) of the integral Eilenberg-MacLane spectrum: GL;(HZ) ~ {£1} ~Z,,.

Therefore, equivariant I™-principal bundles in this case constitute twists of equivariant ordinary cohomology.
Despite the relative simplicity of this example, the classification of these equivariant twists is already quite
rich, given by the non-abelian group cohomology of crossed homomorphisms with coefficients in I' (Thm.
5.4.7).

(ii) a compact abelian Lie group I' € AbGrp(CptSmthMfd).

Since compact abelian Lie groups are, up to isomorphism, direct products I' = T"x of finite abelian groups
A with r-dimensional tori (r € N) hence with k-fold direct products of the circle group with itself, their shape
is an Eilenberg-MacLane space

Shp (T" xA) ~ K(A,0)xK(Z',1), 6.1)

and hence truncated. Moreover, Bl is classifying, by Thm. 5.2.13.
The statement of Thm. 5.4.24 in this case recovers [LMSe83, Lem. 1, Thm. 2][May90, Thm. 3, Thm. 10].

235
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(iii) an extension of a discrete group K by a torus T" — "' — K.

This is the evident joint generalization of the above cases: The shape of BI in this case is a homotopy 2-type,
now possibly with a non-trivial k-invariant.

The statement of Thm. 5.4.24 in this case, restricted to the point and for trivial G-action on I', recovers [Rel8,
Thm. 1.2].

Namely, and in more generality:

Let I be a truncated compact Lie group, hence a semidirect product I ~ T” x K of a torus group T" = (U;)*"
with a finite group K; and G a finite equivariance group with resolvable singularities (Ntn. 4.3.57), assume that its
action on I" is such that

(T"xK)xG ~ T"x(KxG) € Grp(SmthGrpd,,). (6.2)

(The special case of this assumption which is considered in all the above references is that the G-action on I' is
trivial. On the opposite extreme, the assumption is satisfied for K = 1 and general G-action on T".)

With this assumption, Thm. 5.2.35 says that all G-equivariant bundles with structure group I" x G are blowup-
stable. Therefore the orbi-smooth Oka principal (Thm. 5.2.55) says, for all G (X € G Act(SmthMfd), that we
have an equivalence

IMap(X /G, B(T" xK) G)y,, ~ Map(/X /G, B(T*K)|G),, € Grpd,, (6.3)

and Thm. 5.3.7 says that this restricts on connected components to the classification theorem for equivariantly
locally trivial G-equivariant G ¢ I-principal bundles:

(GEquv (G CT') PrnFibBdlx ) ~ Map(JX/G,BL)/G),, = Hi(X,Tq). (6.4)

/Niso

Example 6.1.2 (Classification of equivariant PUg,-bundles). Equivariant bundles with structure group the infinite
projective groups, from Ex. 2.4.19, are meant to serve as geometric twists (cf. Ex. 6.2.5):

— for equivariant KU-theory (going back to [AR03][AS04, §6]),

— for KO-theory (going back to [DD63], the modern perspective is in [AGG14], considered via a variety of
explicit models in [Ro89][MMSO03][HJ13][GS18][GS19b][GY21]),

— and for their unification in KR-theory [At66] (considered via a variety of explicit models in [Moul1][Moul2]
[Moul4][FM13, §71[HSMV16][Gol7])).

So consider the above classification result, in turn, for:

(i) the projective unitary group on a Hilbert space I' = PU, (2.192).

This has the truncated shape of an Eilenberg-MacLane space [PU, ~ K(Z,2) (by Ex. 3.3.29), which is
classifying, by Thm. 5.2.13.

Via the characterization of blowup-stable projective bundles from Thm. 5.2.47 for ADE-equivariance groups,
the statement of Thm. 5.4.24 in this case recovers [AS04, Prop. 6.3][BEJU14, Thm. 3.8][LU14, 15.17] (see
also [TXLGO04, Cor. 2.41]), and the statement of Thm. 5.4.7 in this case recovers [BEJU14, Thm. 1.10].

(ii) the projective unitary group on a graded Hilbert space ' = PU, (2.199).

Via the characterization of blowup-stable projective graded bundles from Thm. 5.2.52 for ADE-equivariance
groups, this special case of Thm. 5.4.24 gives the classification of twists of equivariant K-theory in degrees
1 and 3 combined.
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(iii) the projective unitary group with complex conjugation action Z,, CT" = Z,, (PU, or = Z,, CPUS.

Via Thm. 5.2.52, the statement of Thm. 5.4.24 in this case generalizes the previous two cases to Atiyah’s
“Real” K-theory (KR-theory) [At66]; see also Ex. 5.2.26, whence we may refer to equivariant Z,, CPUg-
principal bundles as Real-equivariant projective bundles. Their classification result in this generality seems
to be new.

Namely:

For G C Sp, (Ex. 4.3.60) equipped with a homomorphism G <% Z, and for G ¢ X € G Act(SmthMfd), the
isomorphism classes of blowup-stable (Def. 5.2.51, Thm. 5.2.52) G-equivariant Z,, CPUag)f—principal bundles on X
(5.2.52) are in natural bijection with the Borel-equivariant integral cohomology of X with coefficients in degrees 1
and conjugation-local coefficients in degree 3:

isomorphism classes of stable Borel-equivariant integral cohomology
Real-equivariant projective graded bundles in degree 1 and conjugation-local degree 3

(GEquvPUy PmBdIY"™) - HL(X,Zpp) x H3(X, Ze)
Thm. 5.4.24 H (6.5)
Thin, 5.2.52 lz

wMap(IX /G JBPUS [2)  — o> wMap(IX//G,BZi x B°Z|Z)
2 2
(For trivial equivariance group G = 1 this subsumes the classification of [MP88, Thm. 3.6][AS04, Prop. 2.3].)
Moreover, Thm. 5.4.7 implies that the equivariant homotopy groups of the equivariant classifying shape are
given essentially by the integral group cohomology of the equivariance group with conjugation-local coefficients:

i (Bo(PUS)™) ~ wMap(BH,B' "7y x B Lejg)p, ~ Hoy (H:Zp) x Hiy (H3 Zejg) (6.6)

where we understand that B"~*(—) and H"*(—; —) vanish for k > n.
See also Ex. 5.2.57 for how exactly this encodes the space of projective intertwiners of stable projective
G-representations.
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6.2 Twisted Orbifold Cohomology

We use the above singular-cohesive homotopy theory to obtain (in Thm. 6.2.3 below) a twisted (parameter-
ized/sliced) generalization of the classical Elmendorf-Dwyer-Kan theorem (reviewed as Prop. 6.2.1 below) for
local coefficients given by equivariant bundles. Then we close by explaining how this gives rise to a good notion of
(generalized, non-abelian) twisted orbifold cohomology (Rem. 6.2.4 below) such as twisted orbifold K-theory (EX.
6.2.5 below). A comprehensive discussion of generalized twisted orbifold cohomology based on this foundation is
given in [SS26-Orb].

Before proving the twisted EDK theorem, we begin now by explaining how it serves as the foundation for a gen-
eral notion of twisted & equivariant generalized differential cohomology theory (subsuming the fairly well-known
example of twisted equivariant K-theory, Ex. 6.2.5 below) which we will lay out in [SS25-TEC][SS26-TED].

6.2.1 The Notion of Twisted Equivariant Cohomology

In asking for the proper conceptual nature for twisted & equivariant generalized cohomology, the first step must be
understanding the notion of “generalized cohomology” as such. The concept that traditionally goes by this ambi-
tious name — which here we rather refer to as Whitehead-generalized cohomology theories (i.e. those represented
by bare spectra, for review and pointers see [FSS23, Ex. 1.0.13]) — is an important example but not nearly general
enough, as it fails to subsume even common generalizations such as sheaf cohomology or non-abelian cohomol-
ogy, let alone the twisted equivariant differential non-abelian cohomology that is needed in many applications
envisioned notably in theoretical physics.

But some reflection shows (see [SS26-Orb, p. 6]) that a notion of generalized cohomology with a good chance
to live up to its name is: Hom-sets in the homotopy categories of co-toposes (as in §4.2). Concretely, for H an co-
topos and .7 € H any object, the generalized cohomology with coefficients in .o is simply the homotopy-classes
of maps into &7

truly generalized cohomology

H°(—; &) := myH(—, <) : Ho(H)°®® —— Set. (6.7)

The Giraud-Rezk-Lurie axioms which characterize co-toposes (Prop. 4.2.1) guarantee that these hom-sets have the
main properties expected of (non-abelian) cohomology sets. In particular, if <7 is pointed-connected, it follows
(Prop. 4.2.72) that &7 ~ B¥ for an co-group object ¢ € Grp(H) and that

first non-abelian generalized cohomology

H' (= 9) := H'(—;BY) : Ho(H)® —— Set (6.8)

classifies ¢-principal co-bundles in H (Prop. 1.2.1), in grand generalization of the classical statement from Chern-
Weil theory, for G a (compact) Lie group (review in [FSS23, §6]).

Remarkably, both rwisting as well as equivariance are native to this generalized notion of generalized cohomol-
ogy (6.7), and in a unified manner: Indeed, by the fundamental theorem of «o-topos theory (Prop. 4.2.48) the slice
co-category H, 5 over any % € H is again an co-topos and its intrinsic cohomology (6.7) on any (27,7) € H/ 5
with local coefficients (<7, p.s) € H 4 is the T-twisted cohomology of 2" ([FSS23, §3][SS26-Orb, Rem. 3.2.21]):

HY (2 py) = H((Z,7), (4, par)) (6.9)

with its correct functoriality in pairs consisting of a domain object and a twist:

twisted generalized cohomology

H*(—;pw) == H((—,); (¢,p.s)) : Ho(H;5)” — Set. (6.10)

The traditional “abelian” namely Whitehead-generalized twisted cohomology theories, i.e., those represented
by bundles of spectra, fit into this more general generalized notion of twisted cohomology (6.10) most neatly,
due to the remarkable fact that the co-category of bundles of spectra in any co-topos H is itself again an co-topos,
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the tangent co-topos TH ([Jo08c, §35.5][Sc13, §4.1.2][Lurl7, §7.3][BM21]), which is the amalgamation of the
stabilization of all the slices of H:

5 ()=
TH ~ | Tu4H, with T,H = Spectra(H ) ~ ©  H/, = 1 Hyy. (611
BecH Q) undrlg

Notice that for & € T.H a (sheaf of) ring spectra, this subsumes local coefficients over the Picard groupoid of &,
and hence the usual notion of twisting and grading of multiplicative cohomology Whitehead-generalized theories
(review and further pointers in [FSS23, Ex. 2.010]). This means that twisted Whitehead-generalized cohomology
theories together with their sheaf-hypercohomology-type generalizations (as in [Bro73]) all naturally are examples
[Sc13, §4.1.2.1] of the truly generalized notion of cohomology (6.7).

In fact, if H is cohesive (Def. 4.3.1) then TH (6.11) is also cohesive [Sc13, Prop. 4.1.9] and knows all about
differential generalized cohomology theory ([Sc13, §4.1.2.2][BNV16][ADH21]), in that it provides any coefficient
object & € T,H with compatible notions of curvature forms, Chern characters, and flat coefficients.

Last but not least, we have seen (Prop. 4.2.77) that equivariance is just another instance of twisting by slicing
(6.10):
¢ Act(H) ~  Hy

6.12)
A& s —  2)9.

However — and this is the major subtlety to be dealt with in the conceptual foundations of equivariant gener-
alized cohomology — while the intrinsic generalized cohomology of H gy itself is of some interest (for instance
it subsumes all notions of group cohomology) the traditional notion of proper- (as opposed to Borel-) equivariant
cohomology is concerned not with the (slice) hom-co-groupoids of (6.12), but with the shape of its slice mapping
stacks (cf. Ex. 4.2.82):

[ Map(2° )4, ;zf//sé)];g LN Map(j%//fg, w//fg)w ~ DscH(I%//I%, f;z%//f%)W. (6.13)

Here the left-hand side reduces to a traditional definitions of proper equivariant cohomology (such as of equivariant
K-theory, Ex. 6.2.5 below):

HE(—;A) = mJMap(— /G, A)G)y, : Ho(H/p)” — Set, (6.14)

equivariant mapping space of shapes

while the right-hand side captures only its coarse form of Borel-equivariant cohomology. This brings out

(i) that proper equivariant cohomology theory is intrinsically a concept of cohesive homotopy theory and

(ii) that in order for its definition (6.14) to qualify as an instance of truly generalized cohomology (6.7) there
must be some kind of equivariant Oka principle (along the lines indicated in §1.1) which allows to take the shape
modality from outside to inside a mapping stack construction.

The orbi-smooth Oka principle which we have proven above (Thm. 5.2.55) concerns special cases when the
comparison map (6.13) restricts to an equivalence. However, if we are content with the right-hand side being
any generalized cohomology theory (6.7) — not necessarily that in a slice of the given H — then we can ask for a
more general equivariant Oka-like principle which identifies the shape of an equivariant mapping stack with the
hom-eo-groupoid of the shape of its arguments regarded in some other oo-topos.

We highlight the perspective that this is what the classical Elmendorf-Dwyer-Kan theorem really accomplishes
(recalled as Prop. 6.2.1 below) by identifying (under mild conditions) the cohesive definition (6.14) of proper
equivariant cohomology with the intrinsic generalized cohomology (6.7) of the eo-topos of eo-presheaves over the
corresponding orbit category — hence (in the case of discrete equivariance groups, Ex. 6.2.2 below) with the
intrinsic cohomology of the G-equivariant co-topos GH (Def. 4.3.67).

But this means, in view of (6.10) that we have identified the correct general definition of twisted & G-
equivariant generalized cohomology: This is the intrinsic cohomology (6.7) of slices of GH:

twisted G-equivariant generalized cohomology

HY(—; o) == H°((—,0); (¢,py)) : Ho(GH,5)”" — Set (6.15)

(for given moduli of equivariant twistings € G(H) ).
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For this definition to be practically useful and to reproduce existing definitions (notably of twisted equivariant
K-theory, Ex. 6.2.5 below) we just need to verify one consistency condition: The equivariant principal bundles of
part II should serve, under suitable conditions, as twists in (6.15), in that twisted equivariant cohomology sets in
this abstract sense are given by concordance classes of equivariant sections (as in Prop. 5.3.11) of their associated
equivariant fiber bundles. That this is indeed the case, under suitable conditions (“admissible twists”. Def. 5.4.11)
is the statement of the twisted EKD theorem, which we prove as Thm. 6.2.3 below, as an easy consequence of a
couple of results in singular-cohesive homotopy theory that we have established above.

6.2.2 The Twisted Elemendorf Theorem

The classical Elmendorf-Dywer-Kan theorem (recalled in slight singular-cohesive re-formulation as Prop. 6.2.1
below), expresses the shape of equivariant mapping stacks between topological spaces equipped with topological
group actions as the hom-co-groupoid between the shapes of their systems of fixed loci (which are oo-presheaves
over the category of orbits of the equivariance group).

Below we use this classical EDK theorem and the singular-cohesive homotopy theory that we have developed
above in order to prove a twisted/parameterized/sliced generalization (Thm. 6.2.3) which identifies the shape of
spaces of equivariant sections of suitable equivariant fiber bundles with the slice hom-oo-groupoid of systems of
fixed loci slice over the respective proper equivariant classifying shape (Def. 5.4.1).

Proposition 6.2.1 (Elmendorf-Dwyer-Kan theorem [DK84]). For
—TI' € Grp(kTopSpc) a topological group (no further conditions whatsoever),
—T'CP € ITCWCplx — I' Act(kTopSpc) a I-CW complex with finite stabilizer groups,
— T CA € ' Act(kTopSpc) a topological T-space,
the operation of passing to shapes of fixed loci (Def. 5.4.16) constitutes a natural equivalence of oo-groupoids

/ (Map (CCP, FCA)F> —~> PSh..(Orb(I")) (f FxdLoc(P), | deLoc(A)) (6.16)

from the shape of the equivariant mapping stack to the hom-oo-groupoid of co-presheaves over the category of
proper T-orbits (Def. 5.4.14, hence here considered for finite stabilizer groups).

Proof. This is a slight re-formulation of the result of [DK84, Thm. 3.1] applied to the computation of derived
mapping spaces (see also [CP96], review in [Blul7, Thm. 1.3.8]):

Via Prop. 4.3.25 and Prop. 4.3.43, the left hand side of (6.16) is equivalently the singular simplicial complex
of the equivariant mapping space. (Similarly, the shapes appearing in the arguments on the right of (6.16) are
equivalently the singular simplicial complexes of the systems of fixed loci.)

By the assumption that P is a I'-CW complex, it is cofibrant in the simplicial model category structure on I'-
spaces considered in [DK84, §1.2 & Thm. 2.2]. Since every object is fibrant in this model structure, it follows by
standard facts of model category theory that the left-hand side of (6.16) is equivalently the derived hom-complex
—i.e., the hom-eco-groupoid — in this model structure. Now the Quillen equivalence of [DK84, Thm. 3.1] identifies
this hom-oo-groupoid with that (between the singular simplicial complexes of the systems of fixed loci) in the
projective model structure on simplicial presheaves (our Ntn. 4.2.26, corresponding to [DK84, §1.3]) which (by
Def. 5.4.14 and Prop. 4.2.27, Ntn. 4.2.28) presents the right hand side of (6.16). 0

Example 6.2.2 (Elmendorf-Dwyer-Kan theorem for discrete equivariance groups in terms of singular-cohesive ho-
motopy theory). If '=G € Grp(Set) — Grp(kTopSpc) is a discrete group, then with the notation and equivalences
of §4.3.3, the Elmendorf-Dwyer-Kan theorem (Thm. 6.2.1) reads equivalently as follows (under the assumption
that X is a G-CW-complex, Ex. 2.4.6):

I(Map(X//G, A//G)BG) 5 UMap(J ¥ (X//G), [ (A G)) 6.17)

g .
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This is the result of the following sequence of natural equivalences of co-groupoids:

J(Map(X /G, A Gy,

PSh.. (Orb(G)) ( [ExdLoc(X), [ deLoc(A)) by (6.16)

12

— GGrpd,, ( [FxdLoc(X), | deLoc(A)) by Def. 4.3.67, Ex. 4.3.68
(6.18)

= SnglrGrpd..., ¢ (GOrbSchFXdLoc(X), GOrbSpchdeoc(A)) by (4.458)
= SngltGrpd.., ¢ (J(X/G), S (A G)) by Prop. 4.3.98

= UMap(/r(X/G),I r(A)G)) by (4.173) .

g
Theorem 6.2.3 (Twisted EDK-theorem). Let

— G € Grp(FinSet),
~ G (T € Grp(GAct(DTopSpc)), such that B(T' x G) is admissible G-equivariant twisting (Def. 5.4.11),

-G (X € GCWCplx — G Act(TopSpc) a G-CW-complex (Ex. 2.4.6),

— G (P € GEquvI'PrnFibBdlx with modulating morphism tw /G € H(X /G, BT J/G)sg,
—(I'xG) CA € GCI' Act(GAct(DTopSpc)).

— E the equivariant A-fiber bundle associated to P (Def. 5.3.10).

Then we have a natural equivalence of oo-groupoids

shape of stack of G-equivariant sections of equivariant A-fiber bundle
shape of slice mapping stack of homotopy quotients from base to typical fiber
Prop. 5.3.11

j((Map(G CX, GCE)GCX>G> ~ [Map((X,tw) /G, A} (TxG))yr ¢ (6.19)

. . slice mapping space of shapes of orbi-singularizations
twisted EDK

~ UMap(f)f((X,tW)//G),JV(A//(F x G)))

IYB(T'% G)

between the shape of the stack of equivariant sections of the fiber bundle and the slice maps of shapes of orbi-
singularization over the equivariant classifying shape (Def. 5.237).

Proof. This may be obtained as the composite of the following sequence of natural equivalences:

JMap((X,tW)//G, A//(F A G))B(Fx G)

~ [Map(P/(L'xG),A)/(T x G))B(m & by Ex. 5.2.24

~ [ (Map((F xG) CP, (Tx G) CA) T ) by Prop. 4.2.77

~ PSh., (Orb(I" x G)) (JFxdLoc(P), [FxdLoc(A)) by Prop. 6.2.1

~ PSh..(Orb(G) .1 (jdeLoc(X,tw), fodLoc(A)) by brop. 2:&:13 (6:20)
~ PSh..(Orb(G)) (j FxdLoc(X, tw), fodLoc(A))B ) by Prop. 4.2.47

~ (Map ( <J V((X,tw)//G)) /2, <J y(AJ(T G)))/ Q) by Prop. 4.3.98.

(1B =G)/ ¢
~ (Map (IV((X,‘[W)//G), Ir(A)(T G)))m(r o by Lem. 4.2.70.

Here the key step is the identification of the slice co-site over the equivariant classifying shape BgI" via Prop. 5.4.15,
which is the step needing the assumption that B(I" x G) is an admissible G-equivariant twisting. O
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We point out how this result provides foundation for a good notion of (generalized nonabelian) twisted orbifold
cohomology, further discussion of which we relegate to [SS26-Orb].

Remark 6.2.4 (Twisted orbifold cohomology [SS26-Orb]). Recalling that twisted cohomology is homotopy classes
of sections (6.9), we have seen in Ex. 6.2.2 that G-equivariance of cohomology, once embedded into singular-
cohesive co-toposes, is actually an example of twisting, namely over BG or, rather, over )Q !

But conversely this means that in the generality where G-equivariant cohomology is itself twisted, the G-

equivariance is all absorbed into the given twist 7, (since that is already G-equivariant in itself):

7, -twisted G-equivariant wu(lt 7, -twisted cocycle

X/G o AJT%G)  X[G -t AT G)

=
P—j
x
&
12
=
ﬁ
x
&

(6.21)

BG

This is because the slicing over B(I" x G) already implies the slicing over BG (Lem. 4.2.70).

But the collection of dashed maps on the right hand side of (6.21), being formed in SmthGrpd,,, manifestly
depends only on the equivalence class of the quotient stacks involved, notably it depends only on the equivalence
class of the domain quotient stack
X ~X/G € SmthGrpd,,. (6.22)
If here X is a smooth manifold and the action G (X is smooth and proper with finite isotropy groups, then one says
that X is the quotient orbifold which is presented by the action G CX. (More general orbifolds are étale stacks X
which may look like such global quotients only locally, for references see [SS26-Orb]). The point is that there are
other actions G’ (X’ with equivalent quotient stack/orbifold: X /G ~ X'/ G'.

Of course, the codomain local coefficient bundle as it appears in (6.21) still depends on the choice of the group
G, but in practice (such as in Ex. 6.2.5 below) these arise as pullbacks of universal local coefficient bundles (global
equivariance, cf. Rem. 5.2.28), whence (by the universal property of the pullback and using Prop. 4.202, as shown
next) the twisted cocycles are equivalently sliced maps into these universal coefficients:

s -twisted cocycle t-twisted cocycle

D @ [ C R — - AJ(T'xG) AJYG X oo TIIEENE - AJY
\/ (Pb) ~ \ -
- \Bg.

BCxG) 5 BY

(6.23)

This final incarnation of the collection of twisted cocycles is manifestly an invariant of the stack/orbifold class of
X (equipped with the twist 7) and in particular independent of its presentation as a particular homotopy quotient
X/ G. As such, this provides intrinsic twisted orbifold cohomology with coefficients in A.

But if and when there is a choice of quotient presentation X ~ X /G and a factorization 7 ~ io 7., then
this twisted orbifold cohomology on the right of (6.23) is exhibited as equivalent to the twisted G-equivariant
cohomology on the left of (6.21), via the twisted EDK theorem:

def. of twisted

H (X; A) = ﬂofMap(X, Al g)B‘f orbifold cohomology
~ HT . o by (6.23), choosing 6.24
~ H% (X/G;A) := 7 Map (X//G, AJ/(T x G))B(”G) G reomntation (622 (6.24)

‘ by (6.21) & twisted
ToH o (”(X//G) (AT G)))M;(m 6) EDKThm.6.23.

~ HJ"(X;A)

This latter form of twisted orbifold cohomology is the required starting point for its differential refinement
[FSS23, §9] via the equivariant nonabelian character map [SS25-TEC] applied to the coefficients | » (A /(T x G)) .
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Example 6.2.5 (Twisted orbifold K-theory). The traditional definition of twisted G-equivariant complex K-theory
is as homotopy classes of sections of Fred©)-fiber bundles which are associated to stable G-equivariant PU,-
principal bundles [AS04, Def. 3.2][BEJU14, Def. 4.2]. By Prop. 5.3.11 we may equivalently reformulate this
in terms of lifts of the modulating map of the underlying equivariant principal PUg,-bundle, and with Thm. 6.2.3
(which does apply to PU,-twists due to Prop. 5.4.13) we then find that this traditional definition of twisted equiv-
ariant K-theory does qualify as a twisted equivariant cohomology theory in the general abstract sense discussed
above.

Concretely, with Ex. 6.1.2, the class [tw] of any stable equivariant bundle with structure group PUE X Ly
is represented by one with structure group PU§ x Z,, (Thm. 5.2.52 (2)), and since the latter has a canonical
conjugation action (2.205) on the space of Fredholm operators (2.203) on the graded Hilbert space H @ C> =
LA(S3)Y @ L(S3,)5 . see (5.169), we may use these equivariant principal bundles to define twisted K-theory
in the general stacky form (6.9) on (orbifold) stacks X, namely as the homotopy classes of sections of the stacky
Fred®)-fiber bundle associated (as in [NSS12a, §4]) to the given equivariant principal bundle tw:

twisted orbifold
KR-cohomology

KR™(X) := 1 fMap((X,tw), Fred© //(PU?;xz,z))

connected components of shape of sliced mapping stack

B(PUE % Z),)

0 gr
Fred®) // (PUS % Z,,)
7
eIt peory =7
“"91 el - stacky universal (6 25)
. tod DO Fredholm bundle :
Real w
— orbifold -7
- w B (PUgr
X XZLp)
modulation of stable Real-orbifold @ 2
projective graded bundle
I\)(‘('l/ s
[I‘"‘"u,.
e
BZ /
/ ~cnerdne

This twisted orbifold K-theory subsumes twisted and equivariant K-theory, to which it naturally reduces in the
respective special cases (as one would otherwise demand that it does, cf. [ARO3, Def. 3.4]). Namely if:

(1) X ~ X happens to be smooth (non orbi-singular) then (6.25) reduces to ordinary twisted K-theory of X,

(ii) X ~ X,/ G happens to be presented as a G-quotient and the twist factors as

tw:X~X/G— BG ----= > B(PUS % Z) (6.26)
then (6.25) reduces to the G-equivariant K-theory of X, by (6.24).

To note here that the sliced mapping space in (6.25) is formed in the cohesive co-topos SmthGrpd..:

(i) This makes the dashed section be an equivariant section of topological bundles, while the image of this sec-
tion in plain Grpd,,, under the shape operation [ev (4.263), sees only the coarser Borel-equivariant K-theory.
This cohesive-homotopy theoretic construction of twisted equivariant KR-theory generalizes a similar approach in
[Pav14, §3.19] to the twisted and Real case.

(ii) In particular, the bundle of Fredholm operators on the right of (6.25) is a stacky universal associated bundle
over the moduli stack B(PUj x Z,) (as for the stacky universal principal bundles in §5.3), instead of a plain
universal bundle just over the classifying space B(PU§ x Z,,) as considered in [LU14, §15] (whose local triviality
had remained open, see [EU16, p. 2]).

By way of outlook, we briefly highlight how the Real-equivariant projective graded bundles from Ex. 6.1.2
neatly encode the structure that has been argued to capture:

— quantum symmetries of gapped topological quantum systems (Rem. 6.2.6 below),

— B-field configurations on orbi-orientifold spacetimes in string theory (Rem. 6.2.7 below).
While both of these applications are meanwhile classical and have been widely discussed from a multitude of
angles, it seems that the nicely unifying perspective of equivariant principal bundles and for the full projective
graded conjugation-equivariant structure group PU§ % Z, (2.202) has not been fully brought out before:
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Remark 6.2.6 (Real-equivariant projective graded bundles as quantum symmetries). Consider the data encoded

in the geometric G-fixed locus (5.241) of the equivariant moduli stack (5.234) of the Real-equivariant projective

graded unitary bundles in (6.5). Postcomposition with the homomorphism PU§ x Z M Zip X Ly, see (2.202),

projects this onto the groupoid of crossed homomorphisms (Prop. 2.3.18) from the equivariance group to Z%Z:

(c,ct)s

GFxdLoc(G CBPUG) ~ Map(BG, B(PUG x Zp))y, Map(BG, B(Z;» X Zp))y, - (627)
This natural structure reflects exactly the data of “extended QM symmetry classes” according to [FM13, Def.
3.7] (review in [Thil8, pp. 88][SS22-Ord, §2.2]): For g € G the elements (c(g),ct(g)) in the target group Z,, x
Z, (denoted “€” in [FM13, (6.1)]) are interpreted as the charge-conjugation and its product with fime-reversal
symmetry, respectively, and their pre-image on the left is a projective representation (Ex. 4.3.33) of the quantum
symmetry, including the datum of a ct =: @-twisted extension ((FM13, Def. 1.7]) G of G:

(delooping of)
ct =: ¢-twisted extension of
quantum symmetry group
tw linear realization of gr
R
Ul BG quantum symmetry group B (U(D X Z/2)
l o l " | (6.28)
tw gor
* BG moduli of real-equivariant B (PUU) X Z/Z)

projective graded bundle Be sign of
charge conjugation
Bpr,

BZ,, BZ

lill)ll-bl[l)ll;ll:ll} 1}1 Bet
charge+time reversal

This and its relation to the following final remark is explained in more detail in [SS22-Ord, §2].

Remark 6.2.7 (Equivariant Z,, ¢ PUfj,r—principal bundles as B-fields on orbi-orientifolds).
(i) A famous hypothesis asserts that the massless RR/NS-fields of type II string theory are classified by some
form of geometrically twisted K-theory (see [BSS18, §1] for review and pointers and [GS19a] for a recent ac-
count), specifically that geometrically twisted equivariant KR-theory classifies the massless RR/NS-fields on orbi-
orientifolds [DFM11b][DFM11a][DMDR14][DMDRI15][HSMV16], hence, in particular, that the geometric twists
classified by our Ex. 6.1.2, reflect gauge-equivalence classes of the NS B-field in string theory on orbi-orientifolds.
(i) In fact, this traditional conjecture has been argued to require corrections ([dBD100, §4.5.2, 4.6.5]).

We have shown [SS19-Tad][BSS19] that such corrections are plausibly captured by replacing twisted equivari-
ant K-theory by twisted equivariant Cohomotopy (Ex. 6.2.8 below). The general nature of Thm. 5.4.24 provides
the proper theoretical backdrop for analyzing such variant definitions and their comparison.

Example 6.2.8 (Twisted orbifold Cohomotopy, cf. [SS26-Orb, §6]). For n € N and S, := S(R™1) the stan-
dard topological n-sphere, consider the canonical orthogonal group action O(n+ 1) CS{’OP. The correspondingly

associated universal n-spherical fibration is the classifying fibration for (unstable) twisted orbifold n-Cohomotopy:

v(X) = tJMap((X,tw), Stop //O(n+1))B(O(n+l))
m S?Op//O(n) (629)
0y c\%‘ v ““\0\“\‘3 .
. 3 \»(\tm'\\'\ (,/\\1\//’/ i
et
X = tw BO(n+ 1)

For smooth X = X (an ordinary manifold) this reduces to the twisted Cohomotopy of [Cr03, §5][FSS20, §2][FSS23,
§12], and further for vanishing twist tw : X — % — BO(n + 1) this reduces to the original notion of (unstable) Co-
homotopy [Sp49] [Hu59, § VII] going back to [Bor36][Po38].
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6.2.3 The Tautological Class in SU,-Equivariant K-Theory

In order to show these structures in action, we spell out the construction of the tautological complex line bundle
on the 2-sphere §? ~ CP' in SU,-equivariant K-theory, equivalently of the unstable Boardman homomorphism
from 2-Cohomotopy to K-theory (cf. [SS23-Mf, p. 21]) enhanced to a cohomology operation from twisted orbi
2-Cohomotopy (Ex. 6.2.8) to twisted orbi K-theory (Ex. 6.2.5), namely of a dashed map making the following
diagram commute (in SmthGrpd,,) thereby constituting a map of universal coefficient bundles for these twisted
orbifold cohomology theories: !
F,
Stopl/SP1 i Fred ) JPU,

universal coefficient bundle tautological K-cocycle universal coefficient bundle (6 30)
for twisted orbi 2-Cohomotopy for twisted orbi K-theory :

BSp,

BPU,,,

stable fundamental rep

such that the index bundle Ind(F_)) is isomorphic to the Bott class, represented by the basic (tautological, canon-
ical) complex line bundle on the 2-sphere minus the trivial complex line bundle:

[Ind (F(_))} c @O(Stzop)
I 12
1 €

(6.31)

This is Prop. 6.2.17 below. The ingredients of the construction are all classical by themselves, but their combi-
nation to the SU,-equivariant tautological class may not be otherwise citable from the literature. In any case, the
construction serves to give a nicely concrete and useful example of a cohomology operation in twisted orbifold
cohomology (notably it serves to explain subtleties concerning the topological phase of quantum materials called
symmetry protected fractional quantum anomalous Hall materials, cf. [SS25-FQAH]).

We proceed to construct (6.30) satisfying (6.31), via a sequence of simple Lemmas (concluding in Prop. 6.2.17
below):

Lemma 6.2.9 (Rotation action of unit quaternions, cf. [MGS14, §2][Lyo03, p. 5]). Via quaternion calculus (Def.
4.3.58), the rotation group action of SU, ~ Sp; — SOz (4.407) on R3 ~. Him is by quaternion conjugation:

Spy xR} ——— R
|2 K
S(H) X Him Him (6.32)

(g,x) — gxq*.

In particular therefore, each point of the 2-sphere of unit imaginary quaternions is of the form gig* for ¢ in the
3-sphere of unit quaternions, unique up to right multiplication by unit norm complex numbers:

Lemma 6.2.10 (Hopf fibration via quaternions, cf. [Lyo03, (3)][Fra97, §22.4c]). The complex Hopf fibration Ac
is equivalently the conjugation action of unit norm quaternions on a fixed unit imaginary quaternion (cf. Def.

4.3.58): ¢ g e &
2 12 o 2 (6.33)
S(C) —— S(H) — = §(Hiy).

In (6.30) we have pulled back the universal coefficient bundle (6.29) along the delooping of the canonical homomorphisms Sp; —
SO; < O3, and the coefficient bundle (6.25) along the delooping of the diagonal inclusion PUg, < PU§ < PUS x Z,. The former
extension of 2-Cohomotopy to Sp;-equivariance is necessary in order to make the construction work, while the latter is just for notational
convenience.



246 CHAPTER 6. EXAMPLES AND APPLICATIONS

Lemma 6.2.11 (Tautological line bundle as subbundle of a trivial bundle). The basic complex line bundle on the
2-sphere, hence the C-fiber bundle associated to the Hopf fibration, is equivalently

> = = ~ *
SU>(<1§C ~ S(H)S(TC)(C = {(%Z) € S(H) XC}/((%Z) (g™, az) VaeS((C)>7 (6.34)

and as such is a sub-bundle of the trivial rank=2 vector bundle, via the following map:

lg.d]  — <qiq*, Yo [8] )

SH) x C --------= > §2 x C2 (6.35)
S(C)
i lprl

Proof. The first statement (6.34) follows since under the identification (6.33) the fibers of the Hopf fibration are
u(l1) SU,

. . . N ﬁbqiq* ~ P . .
manifestly identified as g - S(C) ——————— S(H) From this it is manifest that (6.35) is a well-defined sub-bundle
inclusion, since ¥ (4.4006) is a star-algebra homomorphism. O

Lemma 6.2.12 (Tautological line bundle as eigenbundle). The tautological complex line bundle on the 2-sphere is
equivalently the —1 eigenspace bundle of the S*-parameterized operators

% YL ()

(6.36)
X — i(xlyi —i—xz}/j +x3yk) ,
hence is the kernel bundle of the parameterized projection operator
" {{ g2}
(6.37)
x — Poi= L(id+ip).
Proof. With Lem. 6.2.9 and (6.33) the parameterized operator (6.36) is equivalently given by
S(Him) — 2 B(C?
(Hi) —— ' (©) (6.38)
qiq* — IYqiq* )
in which form it becomes manifest that (6.35) consists of its —1 eigenspaces, as follows:
id
. < . ~——|Z
Yyig* (}/q [O} > = 1Y 0%oY;0Y [O} by Rem. 4.3.59
. |1 0] |z (6.39)
= 1%-1 [0 _1] [O] by (4.406)
-l
= —Y- )
0 O

Lemma 6.2.13 (Equivariance of parameterized projection operator). The parameterized operators in Lem. 6.2.12
are SU-equivariant with respect to

(i) the canonical action (6.32) of SU, ~ Sp, on §* ~ S(Hp),
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(ii) the conjugation action on %(C?) by the defining fundamental representation of SU, on C?:
SU, SU;
S -
S(Him ) - B(C?). (6.40)

Proof. Using again the presentation (6.38), this follows by the star-algebra homomorphy of ¥y (Rem. 4.3.59), which
shows that for g € Sp,, identified with ¥, € SU; (4.407), the following diagram commutes:

qiq" Ygigr
S(Him) — > #(C?)
lAdg lAdYg (6.41)
S(Him) —> B(C) i %Yy Ve

=~

29iq " ——————— Ygigrq - 0

Lemmas (6.2.12) & 6.2.13 establish the essential aspect of the construction (6.31) & (6.30), respectively. It

just remains to compatibly promote the parametrized projection operator F_) (6.40) to a parameterized Fredholm
operator F{_) as required in (2.203):

Definition 6.2.14 (Tautological bundle as parameterized Fredholm operator). Write

F : S(Him) ——> B(H 1, )

(6.42)
for the parameterized bounded linear operators given by
Ff Fy
Hy H_ H_ Hy
1R 1R 12 12
e C2 P— (2
¢ /\/PX/7 ® and o - ° (6.43)
2= p—s C? 2 —n—=C2 ‘
S 1P D @ I~p S
2 —p— 2 2 —pn—=C
S S @ S
respectively, where P, := % (id + iyx), from (6.37), and write
Foy=F' +F_ : 8 ———— Fred” (6.44)

for the resulting continuously S2-indexed Fredholm operator (2.203).

Lemma 6.2.15 (Equivariance of the parameterized Fredholm operator). The parameterized operator (6.44) is
SU,-equivariant with respect to

(i) the canonical action (6.32) of SUs ~ Sp, on §? ~ S(Hipn,)

(ii) the conjugation action on B(H) of the infinite direct sum of the defining representation of SU,:

SU, N SU;
! @Y ()
F(ﬂj) : S(Him) B(H) = B(Dy C*). (6.45)
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Proof. The claim clearly follows once the component functions F_) : §2 — %(C?) are SU, equivariant, which is
the case by Lem. 6.2.13. ]

Lemma 6.2.16 (The tautological class in K-theory). The parameterized Fredholm operator (6.44) represents the
tautological complex line bundle over S*> ~ CP' in K-theory.

Proof. One readily checks that ker(F;") = ker(P,) and ker(F,”) =0, whence the claim follows from Lem. 6.2.12.
[

In conclusion:

Proposition 6.2.17 (Tautological class in SU(2)-equivariant K-theory on the 2-sphere). A dashed map in (6.30)
satisfying (6.31) is given by F_ from (6.44).

Proof. By Ex. 4.3.20 and Ex. 4.2.82 the required dashed map is equivalently an equivariant continuous map of the
kind established by Lem. 6.2.15 and Lem. 6.2.16. O

Remark 6.2.18 (The induced twisted orbifold cohomology operation). It follows that postcomposition with the
commuting square formed by this F{_ and the stable fundamental representation of SU,

Fo

S2. /S Fred®) /PU,
el top // Py equivariant // ®
w7 . -
oel ““\0\‘// g tautological K-cocycle
O (6.46)
ot -7
7 oY
- i
X BSp, BPU,, ,

tw stable fundamental rep

constitutes a twisted cohomology operation ([FSS23, Def. 3.6]) from twisted orbi 2-Cohomotopy (6.29) to twisted
orbi K-theory (6.25):

(Fk*)p;riz)* pfsrl]l(’jotw
¥ (X) ——> KR™ (X) (6.47)
In applications to topological phases of crystalline quantum materials, with X the Brillouin torus orbifold of effec-
tive crystal momenta, this operation (6.47) that takes a symmetry-protected 2-band 2D gapped Bloch Hamiltonian

to the stable deformation class of its valence bundle, see [SS25-FQAH].
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