FQH Liquids with Flux-Expulsion Islands allow Nonabelian Anyons
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The idea that topologically protected quantum states, such as anyons, may be attached to su-
per/semiconductor heterostructures has received enormous attention, but experimental signatures
in 1D systems remain elusive. Here we revisit theoretical underpinnings of anyons in 2D fractional
quantum Hall (FQH) systems, whose signatures have been experimentally observed by independent
groups. We highlight novel theorems about the Hopfion or CP*-model, understood as quantization
of FQH surplus flux in 2-Cohomotopy, which retrodicts abelian FQH anyon properties in fine detail.
Examining this theoretical model further, we find that islands of expelled flux enlarge the ground-
state monodromy from an abelian group to a (framed spherical) braid group, nonabelian for two or
more islands, so that nonabelian anyonic states become topologically admissible; superconducting
islands are one candidate realization of such flux expulsion.
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I. INTRODUCTION

Anyonic topological order ([1], cf. [2, §IL.B]) could
be the holy grail of quantum materials research (cf. [3,
4]): Degenerate gapped quantum ground states unitar-
ily transforming under adiabatic parameter monodromy.
Besides their fundamental theoretical interest, such ma-
terials are candidate platforms for intrinsically stabilized
quantum computing hardware (cf. [5]), possibly nec-
essary for mitigating the decoding bottleneck faced by
quantum error correction at scale (cf. [6]).

Among proposals for where to find anyonic topologi-
cal order in materials (as opposed to in quantum sim-
ulations), only one stands out to date for having been
experimentally observed with confidence ([7], cf. [8]):
Fractional quantum Hall systems (FQH, cf. [9, 10]).
These are cold electron liquids confined to effectively 2-
dimensional surfaces (typically semiconductor junctions)
and subject to transverse magnetic fields so strong and
yet so fine-tuned that there is an odd integer (generally
rational) number 1/v of flux quanta per electron.

Against the backdrop of such a strongly correlated elec-
tron liquid, heuristically understood [11] as a sea of emer-
gent composite fermion bound states of electrons and flux
quanta, every surplus flux quantum appears as the lack
of the v-th fraction of an electron, thus called a fractional
quasi-hole. The adiabatic movement of these quasi-holes
is theoretically predicted [12] to transform the ground
state wave function |[¢)) € H of the entire system by a
complex phase

¢=e™" e ), (1)
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which depends solely on the topological crossing number
n € Z of their worldlines, robust against local perturba-
tions of the process.

This is the hallmark property of topological order, al-
beit at this point only in the abelian case (with ( €
U(1) € U(H)). Remarkably, this abelian anyon braiding
phase has been experimentally observed in recent years
by independent groups ([7], cf. [8]).

On the other hand, notably for their potential applica-
tion as universal quantum gates, one is interested (cf. [5])
in identifying variant processes in FQH systems which
may transform the ground states via monabelian groups
of unitaries, G C U(#). A famous proposal argued [13]
that this could happen for quasi-holes at v = 5/2, but
industry interest waned when quantum decoherence was
found [14] to be overwhelming in these systems.

This has led the community to shift focus to topo-
logical states that are argued [15, 16] to appear
in 1-dimensional semi/superconductor heterostructures
(“Majorana zero modes”). However, despite immense ef-
fort and prominent claims, conclusive experimental veri-
fication of this proposal remains elusive (cf. [17, 18]).

An alternative that may deserve more attention is the
possibility of nonabelian anyonic states induced by junc-
tions between 2-dimensional abelian FQH liquids and su-
perconductors, which has been variously argued for in
[19-25].

In order to put this proposal, of nonabelian anyons
induced by superconducting islands in 2D abelian FQH
liquids, on robust theoretical foundations, here we revive
a possibly underappreciated global formulation of the ef-
fective (infrared) nature of topological states: via “Hop-
fions” [26] (review in [27, §II.C]) which we have recently
developed further [28-30] in application to FQH systems
(survey in [31]) and also to their crystalline FQAH ver-
sions [2, 32].
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II. METHODS

Our methods [28-30] of effective anyon field theory are
decidedly different (in particular: non-Lagrangian [31])
from the traditional approach (recalled and critiqued in
§ IT A below) which is based on (Chern-Simons type) La-
grangian densities:

Instead of relegating the global topology of the effec-
tive fields to an afterthought on an intrinsically local La-
grangian description, we instead make the relevant choice
of topological flux quantization [33] (here: of the sur-
plus FQH flux quanta inducing vortex quasi-holes in the
electron liquid) the starting point of the discussion (in
§ IIC). From this one may systematically and rigorously
compute [34] the topological quantum observables of the
system, using mathematical tools of algebraic topology
and representation theory.

The key to this approach is that with a classifying
space A for surplus flux chosen we have that [30, §2]:

(i) the moduli space of topological parameters for a
system inhabiting a surface £2? is the pointed mapping
space Map”* (23{00}7 A) homotopy quotiented by the dif-

feomorphism group Diff(X2),
(ii) the adiabatic parameter monodromy is hence the
fundamental group 7;Map® (EUQ{OO}, A)//Diff(ZZ),

(iii) and hence the adiabatic transformations of the
Hilbert space H of quantum ground states, characteriz-
ing the system’s topological quantum order, form unitary

representations m(Map*(Ef{m},A)//Diff(ZZ)) — U(H).

A. Critique of Effective Lagrangians

With a careful re-analysis of FQH anyon quantum
states in mind, we critically review a couple of commonly
stated but, we argue, insufficiently justified steps in the
literature:

It is common to model FQH liquids at long wavelengths
by an effective Chern-Simons type Lagrangian density of
the form [1, (2.11)][35, (7.3.10)]:

L:=%anda—ANda—aNy, (2)

where A is the electromagnetic gauge potential with flux
density F' := dA, while J := da models the electron
current density, and j the quasi-particle current density.
This Ansatz is justified by the fact that the resulting
Euler-Lagrange equation of motion

oL
correctly expresses, at filling fraction v = 1/k, the

Hall conductivity law (J, = 1E,) and the fact (Jo =

+(B + jo)) that there is one electron per k flux quanta
(background and surplus).

Beyond this classical analysis, it is common to assume
that, upon quantization, the Chern-Simons term ga/\da
in (2) induces quantum U(1)-Chern-Simons theory (cf.
[36]) for the “statistical gauge field” a and with it the

signatures of abelian topological order (cf. [37, §5.2.3]).

Even setting aside the issue of artificially dropping the
remaining summands in (2), we highlight a conceptual
tension in this Ansatz: Since F' and j are necessarily inte-
gral forms (whose periods count background and surplus
magnetic flux quanta, respectively, by Dirac flux quan-
tization of the magnetic field, cf. [33, §2.1]), equation
(3) implies that J = da is fractional. While this accom-
modates the fractional quasi-particle charge that moti-
vates (2), it generally invalidates £a A da as a quantum-
consistent Chern-Simons term. An aspect of just this
problem has been noticed in [38, p 35][37, p 159], whose
resolution is admitted to be an “open question” in [39, p
40].

We point out that the problem goes deeper still: Even
with the source terms in (2) disregarded and with da
assumed integral and hence quantum-consistent, a more
careful analysis of the effective FQH field theory shows
that the statistical gauge field generally has a kinetic
Maxwell term besides the Chern-Simons term (cf. [40,
(11.41)][41, (402))):

Lyics, = %da/\*gda—i— ga/\da. (4)
The Maxwell term is commonly alleged to be “irrele-
vant”, and it certainly vanishes in the strong coupling
limit T" — oo where the Chern-Simons interaction en-
ergy dominates the kinetic energy.

However, for all finite T the phase space of the MCS
theory (whose canonical coordinate is a) is different from
that of CS theory (whose canonical coordinate is only a;

for da = 0), whence the T — oo limit of the MCS quan-
tum theory is different from plain Chern-Simons theory:
it still contains excitation modes, cf. [42, §IX] and [43],
the latter based on [44]. Beyond these references, this
subtle strong coupling limit of MCS theory may not have
found due attention.

B. Proper Topological Limit

This last problem, however, suggests a natural resolu-
tion of the issue, as follows:

In order to avoid taking a problematic limit in a pu-
tative space of quantum field theories and instead to
take an ordinary limit of observables in a single QFT,
we may consider higher-dimensional 5d Mazwell-Chern-
Simons theory, with Lagrangian density (cf. [45, §11])

LM085 = %da’ A *5da’ + %a’ A da' y (5)



and dimensionally reduce it (cf. [29, §3]) on a 2-
dimensional fiber of volume V carrying flux @ (a “flux
compactification”). A standard computation readily
shows that the reduced Lagrangian density in 3D is again
of the ordinary MCS3 form (4), but now with dynami-
cally rescaled parameters:

T=T/V and k=K. (6)

This way the strong coupling limit in 3D is now recast

equivalently as the dimensional reduction limit V" — 0
in 5D.

C. Proper Flux Quantization

This reformulation of the problem has the profound
consequence that we may now securely access the effec-
tive formulation of the topological FQH quantum phase
by understanding the topological quantum observables of
5D MCS theory. This has recently been discussed in [29]
(review in [34], based on [33]).

The key point is that the Gauss laws of 5D MCS theory
are non-linear

dby, = 0 des = %bg Abs, (7)
which implies [46] that magnetic (by) and electric (es)
flux densities can no longer be quantized in ordinary 2-
cohomology, since that fails to implement the nonlin-
ear relation in (7). In contrast, the basic admissible

flux quantization law in this case is (by [33, p 40]) 2-
Cohomotopy (cf. [47, §VII][48, Ex. 2.7]):

This means that where ordinary electromagnetic gauge
fields A are classified by maps to the usual classifying
space BU(1) ~ CP®, the 5D gauge field may be classi-
fied by maps to its 2-sphere subspace

classifying space for 1 classifying space for

5D iI(]S [Iluxcs Cp* c Cp™ 1l\Iauzwo{‘lé‘l I}ul)ios. (8)
(The reason for this is that the minimal Sullivan model

of the space CP! reflects exactly the differential relations
(7), cf. review in [33, §3.2] based on [48].)

Concretely, to model localized (solitonic) flux quanta
one needs to impose that flux vanishes at infinity (cf. [49,
(2.31)][50, (6.101)]), whence we are to consider (cf. [33,
§2.2][51, §A.2]):

(i) the spacetime domain Xgom as pointed by the point
at infinity, co € Xdom,

(ii) the charge classifying space A as pointed by the van-
ishing charge classifier, 0 € A,

so that the basepoint-preserving classifying maps

X € Maps™(Xdom, A) 9)

literally take the value 0 at oco:

Xdom 4X> A (10)
o = 0.

For instance, for an FQH liquid occupying a surface 32,
the spatial domain of the uplift to MCS5 on an e-small
fifth dimension interval is pointed homotopy equivalent
to

Xdom = (R! x X2 x [—e,+e])u{oo}

11)
1y 2 (

~ S AN ZL{OO} B
where “A” denotes the smash product of pointed spaces
(their product space with all points identified that are at
infinity in one or the other factor).

Hence with this spacetime domain (11) and with A =
CP! (8), the topological quantum observables, being the
compactly supported functions C[—] on the set of soli-
tonic field sectors, form the group algebra

Obs := (C[m) Maps*<Xdoma(CP1)}

~ (C[ﬂ’l Maps™ (ZUQ{OO} ,(CPIH ;

(12)

and hence topological quantum states (constituting mod-
ules over this algebra) fall into the corresponding irreps

(cf. [51, §3][34, §2]).

D. Relation to Hopfion/CP'-Model

In the default case of an FQH liquid on the plane/disk,
where 2 ~ R2in (11) with (by stereographic projection)

RZ oy = 5%, (13)

the topological soliton sectors (12) are labeled by integer
multiples of the Hopf fibration,

T Maps*(]Rf{oo},(CPl) ~ 713(82) ~zZ, (14)

as such known from the Hopfion model for abelian anyons
[26][27, §11.C].

Indeed, closer analysis via the classical Pontrjagin the-
orem (cf. [52, §3.2]) shows [28] that the left hand side of
(14) classifies framed oriented links L (of anyon world-
lines) by their total crossing number (or writhe) #L. This
is exactly [29, Thm. 1] the exponent of the renormalized
expectation value (v| — |v) of Wilson loop observables in
U(1)-Chern-Simons theory at level k = 1/v:

v ——————

o

Map*(X3,,,,CPY) —>> 73($%) ——— C  (15)
L — #IL —  eTV#L

reflecting exactly the anyonic braiding phases (1).



E. Covariantized Observables

However, the topological observables of MCS; flux-
quantization in 2-Cohomotopy go beyond the Hopfion
model. First, we may consider other FQH geometries.
Notably for the torus, 2 = T2, the topological observ-
ables (12) turn out to be [30, Prop. 3.19][53, Thm. 3.3]:

Obs = (C[mMap(T2,S2)]
~ C[Wa, W, /(W ris e

( central

(16)

which is exactly the algebra of quantum observables ex-
pected for abelian anyons on the torus ([54, (4.9)], cf.
[37, (5.28)]). That this follows as the fundamental group
algebra of maps from the torus to CP! is a remarkable
fact with deep relevance [2, 32] also for the putative crys-
talline (“anomalous”) form of FQH anyons.

But in more detail, topological quantum systems ought
to be “generally covariant”, meaning that any pair of
configurations differing only by a diffeomorphism of the
spacetime domain ought to be regarded as physically
equivalent. For the classifying maps (9), this means [30,
Def. 2.11] that their physically relevant space is the
homotopy quotient (—)//(—) (Borel construction) of the
mapping space by the action of the diffeomorphism group
at least of the surface ¥? (11). Hence, the algebra of co-
variantized topological quantum observables is:

CovObs = C[m (Maps*(£2, CP') /Diff* (£2))]
~ c[m(Maps*(EZ, CPY)) x MCG(E?)}.

As shown in the second line, this entails [30, Prop.
2.24] passing to the semidirect product of the fundamen-
tal group of maps by the surface’s mapping class group
MCG(%?) := mDiff (22) (cf. [55]).

Remarkably, over the torus X2 = T2, the condition
that topological quantum states, being finite-dimensional
irreps of (16), are generally covariant in that they extend
to representations of (17), implies [30, §3.4] the restric-
tion of the braiding phase ¢ (1) to a root of unity and the
expected ground state degeneracy reflecting the topolog-
ical order of the quantum system.

This shows that the covariantization of the topological
observables (17) captures crucial physical properties of
the FQH liquid.

III. RESULTS

The above discussion (§ IT) shows that the assumption
that surplus FQH flux is quantized in 2-Cohomotopy im-
plies right away the fine detail of the topological order of
the corresponding quasi-hole anyons, whose traditional
derivation via effective Chern-Simons Lagrangians is less
robust (§ ITA) and subject to ad hoc renormalization
choices [29].

It is thus compelling to use this novel theory to derive
predictions about FQH systems not obviously formulat-
able with Lagrangian effective field theory.

A. DModelling Flux-Expulsion Islands

Consider now the case that X2 in (11) is a punctured
surface. The experimentally most relevant case is that of
the n-punctured plane/disk

Zg,n = R? — {z1, - ,zn}. (18)

Mathematically, this is a standard choice of surface to
plug into the general formula for topological FQH observ-
ables found in (17). Let us see what this mathematical
model describes physically:

The key observation here is that each puncture in (18)
is an “asymptotic boundary” (being the complement of
a closed point), which implies that each of the points
deleted in (18) is “at infinity” as seen from ¥ . This
entails that adjoining infinity as a formal new point to the
spacetime domain (11) amounts to identifying all these
points with the single point-at-infinity, hence is the result
of pinching the sphere (13) at n + 1 points (cf. Fig. 1):

(S8 )utoor = 8% /{wo, -+ n}. (19)

FIG. 1. A disk (hosting an FQH fluid) with n islands (punc-
tures) is homeomorphic to a sphere with n + 1 punctures.
From the view of the complement bulk, all punctures are at
infinity (19), which entails with (10) that magnetic flux does

not enter here.
p
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To see the physical meaning of this mathematical re-
sult, recall that the flux classifying maps vanish at in-
finity (10). Before we punctured R?, this encoded just
the evident physical condition that the magnetic field
is threaded through the FQH liquid under considera-
tion, not extending beyond its boundary. Including these
punctures models a scenario in which magnetic flux is ex-
pelled also from the vicinity of each of the punctures.

Note that for instance a gate-depleted antidot or sim-
ilar common defect may remove the liquid but not the
flux, hence need not realize (10). Instead, the canonical
laboratory realization of the required flux-expulsion is a
superconducting island in the FQH liquid, via its Meiss-
ner effect (which will have to be stabilized against the



strong transverse magnetic field). We stress, however,
that the following depends only on the flux expulsion as
such and not on the microscopic physics realizing it, so
that superconducting islands are only one possibility.

Therefore, using the n-punctured disk (18) in the gen-
eral formula (17) yields the topological observables, and
hence the topological quantum states, of planar FQH lig-
uids hosting n flux-expulsion islands.

B. Deriving the Anyon Attachment

We have thereby reduced the physical analysis to the
question of computing the topological observable algebra
obtained from plugging (18) and (19) into the general
formula (17)

CovObs ~

20
(C[mMaps*((Z%)n)u{oo},(CPl) X MCG(Zan)] . (20)
Computing this is now a problem purely in low-
dimensional algebraic topology and may be attacked with
classical tools of that field. The computation is spelled
out in [30, §3.5-6] with the result that:

Proposition III.1. The topological quantum states on
the n-punctured disk according to (20) fall into unitary
irreps of the subgroup of the rot-quotient of the framed
spherical braid group with n + 1 strands

FBr,,1(S?)/rot := Z""" x Br,;1(5%)/rot  (21)
on framed braids whose total framing number is a multi-
ple of n + 1.

Here the formula (21) unwinds as follows:

(i) One factor of Z in Z"*! arises as the Hopfion con-
tribution in (14), accompanied by further factors for
each island, signifying that solitonic abelian anyons
now have one separate braiding phase (1) for braid-
ing in the vicinity of each island.

(ii) But the striking novel import of (21) is the appear-
ance of the nonabelian (for n > 1) spherical braid
group Br,;1(5%) (cf. [56, Lit. 2.20][30, Ex. 2.17]),
formally reflecting the motion of possibly nonabelian
defect anyons around each other (cf. [5, §I11.A]), here
associated with the flux-expulsion islands.

(iii) Specifically, the spherical braid group appearing here
(cf. Fig. 2) is the quotient of the usual Artin braid
group Bry, 41 (with its set of Artin generators {b;}7_;)
by the braid where one strand goes once around all
others (cf. [57, p. 245]):

Br,41(S%) = Bros1 /(b1 ba)(bn -+ b1)).  (22)

(iv) Furthermore, the element rot (cf. [55, (Fig. 9.6)])
denotes the braid whose strands jointly perform a
full rotation. Its square turns out to be equivalent
to the trivial braid and hence the expression (—)/rot
in (21) means the quotient by the corresponding Z /,
subgroup.

(v) These two quotients mean that the nonabelian braid-
ing operations appearing here are a little more
constrained than usually assumed for nonabelian
anyons. For example, for n = 2 the monodromy
(21) reduces to the framed symmetric group (cf. [30,

(42)])

FBr(S?)/rot ~ Z* x Sym, (23)
and hence exhibits the special case of “parastatisti-
cal” anyons (cf. [30, Rem. 3.60]). These may deserve
more attention as they still implement non-Clifford
quantum gates (cf. [30, Prop. 3.61)).

FIG. 2. Spherical braids (22) are braids of worldlines of punc-
tures on the 2-sphere (cf. Fig. 1). These are almost the same
as ordinary Artin braids of punctures in the plane. (Shown
is the element bib2bib2bi). The only difference being that
on the sphere, the Artin braid (b1 ---bn)(bn - - - b1) (where all
punctures are fixed except one, which is circling the others)
is topologically trivial.
s

~

While Prop. ITI.1 does not specify the spherical braid
representation in which the ground states will transform
(which will depend on microscopic details beyond the
presence of flux-expulsion islands), it shows that there
may be superselection sectors (irreps) beyond the abelian
phase which exhibit nonabelian anyonic braid statistics,
in contrast to the abelian situation (14) without flux-
expulsion islands.

IV. CONCLUSION

Given that abelian anyons in 2D FQH liquids have
been experimentally observed by independent groups,



while the popular idea of engineering nonabelian anyons
on super/semi-conductor heterostructures remains ex-
perimentally inconclusive in 1D, here we revisited the
theory of flux-expulsion islands in 2D FQH liquids, pos-
sibly via semi/superconducting heterostructures as pre-
viously explored by only a few authors.

Observing that these strongly correlated electron sys-
tems are non-perturbative and not as reliably captured
(effectively at long wavelengths) by 3D Chern-Simons La-
grangian densities as often assumed, our key move was
to invoke instead a recently proposed alternative effective
description [28-30]:

Here the ground-state monodromy characterizing any-
onic topological order is directly modeled by represen-
tations of fundamental groups of topological parameter
spaces of maps from the material’s sample to a deforma-
tion of the usual electromagnetic classifying space CP>°.

Taking the deformed classifying space to be the 2-
skeleton CP! C CP*, thought of as the effective quan-
tization law for the surplus FQH flux quanta (vortex
quasi-holes), turns out to accurately and reliably retrod-
ict fine detail of the familiar abelian FQH anyon states,

thus lending weight to its implications for the effect of
flux-expulsion islands in FQH liquids.

To this end, using computations in low-dimensional
algebraic topology which extend the old Hopfion model
for abelian anyons, we arrive at the striking result
(Prop. I11.1) that, besides a proliferation of abelian braid-
ing phases, the system’s ground states now fall into ir-
reps of (a mild quotient of) the framed spherical braid
group. Since this group is nonabelian (for n > 1), such
irreps may be higher-dimensional, in which case the is-
lands carry nonabelian anyons. Of course, which irrep
is actually realized depends on microscopic details of the
island and its boundary and is left to future work.

While it may be challenging to engineer flux-expulsion
islands in FQH liquids, even more so with controlled mo-
bility, our result suggests that this scenario may be a
worthwhile target for experiment to explore.

Declarations. The authors declare that they have no
conflict of interest. No data were generated during this
theoretical research.

Funding statement. This research was supported by
Tamkeen UAFE under the NYU Abu Dhabi Research In-
stitute grant CGOO8.

[1] X.-G. Wen, Topological orders and Edge excitations
in FQH states, Advances in Physics 44, 405 (1995),
arXiv:cond-mat/9506066.

[2] H. Sati and U. Schreiber, Identifying Anyonic Topolog-
ical Order in Fractional Quantum Anomalous Hall Sys-
tems, Applied Physics Letters 128, 023101 (2026), spe-
cial issue: Quantum Geometry in Condensed Matter:
Fundamentals and Applications, arXiv:2507.00138 [cond-
mat.str-el].

[3] T. D. Stanescu, Introduction to Topological Quantum
Matter & Quantum Computation (CRC Press, 2020).

[4] S. H. Simon, Topological Quantum (Oxford University
Press, Oxford, 2023).

[5] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and
S. Das Sarma, Non-Abelian anyons and Topological
Quantum Computation, Reviews of Modern Physics 80,
1083 (2008), arXiv:0707.1889 [cond-mat.str-el].

[6] X. Waintal, The Quantum House Of Cards, Proceedings
of the National Academy of Sciences 121, 2313269120
(2024), arXiv:2312.17570 [quant-ph].

[7] J. Nakamura, S. Liang, G. C. Gardner, and M. J. Manfra,
Direct observation of anyonic braiding statistics, Nature
Physics 16, 931 (2020), arXiv:2006.14115 [cond-mat.mes-
hall].

[8] A. Veillon, C. Piquard, P. Glidic, Y. Sato, A. Aas-
sime, A. Cavanna, Y. Jin, U. Gennser, A. Anthore, and
F. Pierre, Observation of the scaling dimension of frac-
tional quantum Hall anyons, Nature 632, 517 (2024),
arXiv:2401.18044 [cond-mat.mes-hall].

[9] H. L. Stormer, Nobel Lecture: The fractional quantum
Hall effect, Rev. Mod. Phys. 71, 875 (1999).

[10] Z. Papi¢ and A. C. Balram, Fractional quantum Hall ef-
fect in semiconductor systems, in Encyclopedia of Con-

densed Matter Physics, Vol. 1 (Elsevier, 2024) 2nd ed.,
pp. 285-307, arXiv:2205.03421 [cond-mat.mes-hall].

[11] J. K. Jain, Composite Fermions (Cambridge University
Press, Cambridge, 2007).

[12] D. Arovas, J. R. Schrieffer, and F. Wilczek, Fractional
Statistics and the Quantum Hall Effect, Physical Review
Letters 53, 722 (1984).

[13] S. Das Sarma, M. Freedman, and C. Nayak, Topologically
protected qubits from a possible non-Abelian fractional
quantum Hall state, Physical Review Letters 94, 166802
(2005).

[14] H. Inoue, A. Grivnin, Y. Ronen, M. Heiblum, V. Uman-
sky, and D. Mahalu, Proliferation of neutral modes in
fractional quantum Hall states, Nature Communications
5, 4067 (2014).

[15] R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Majo-
rana Fermions and a Topological Phase Transition in
Semiconductor-Superconductor Heterostructures, Phys-
ical Review Letters 105, 077001 (2010).

[16] Y. Oreg, G. Refael, and F. von Oppen, Helical Liquids
and Majorana Bound States in Quantum Wires, Physical
Review Letters 105, 177002 (2010).

[17] S. Das Sarma, In search of Majorana, Nature Physics 19,
165 (2023).

[18] L. Kouwenhoven, Perspective on Majorana bound-states
in hybrid superconductor-semiconductor nanowires,
Modern Physics Letters B 39, 2540002 (2025),
arXiv:2406.17568 [cond-mat.mes-hall].

[19] N. H. Lindner, E. Berg, G. Refael, and A. Stern, Frac-
tionalizing Majorana fermions: Non-Abelian statistics on
the edges of Abelian quantum Hall states, Physical Re-
view X 2, 041002 (2012).

[20] D. J. Clarke, J. Alicea, and K. Shtengel, Exotic non-


https://doi.org/10.1080/00018739500101566
https://arxiv.org/abs/cond-mat/9506066
https://doi.org/10.1063/5.0305441
https://arxiv.org/abs/2507.00138
https://arxiv.org/abs/2507.00138
https://www.routledge.com/Introduction-to-Topological-Quantum-Matter--Quantum-Computation/Stanescu/p/book/9780367574116
https://www.routledge.com/Introduction-to-Topological-Quantum-Matter--Quantum-Computation/Stanescu/p/book/9780367574116
https://doi.org/10.1103/revmodphys.80.1083
https://doi.org/10.1103/revmodphys.80.1083
https://arxiv.org/abs/0707.1889
https://doi.org/10.1073/pnas.2313269120
https://doi.org/10.1073/pnas.2313269120
https://doi.org/10.1073/pnas.2313269120
https://arxiv.org/abs/2312.17570
https://doi.org/10.1038/s41567-020-1019-1
https://doi.org/10.1038/s41567-020-1019-1
https://arxiv.org/abs/2006.14115
https://arxiv.org/abs/2006.14115
https://doi.org/10.1038/s41586-024-07727-z
https://arxiv.org/abs/2401.18044
https://doi.org/10.1103/RevModPhys.71.875
https://doi.org/10.1016/B978-0-323-90800-9.00007-X
https://doi.org/10.1016/B978-0-323-90800-9.00007-X
https://doi.org/10.1017/CBO9780511607561
https://doi.org/10.1103/PhysRevLett.53.722
https://doi.org/10.1103/PhysRevLett.53.722
https://doi.org/10.1103/PhysRevLett.94.166802
https://doi.org/10.1103/PhysRevLett.94.166802
https://doi.org/10.1038/ncomms5067
https://doi.org/10.1038/ncomms5067
https://doi.org/10.1103/PhysRevLett.105.077001
https://doi.org/10.1103/PhysRevLett.105.077001
https://doi.org/10.1103/PhysRevLett.105.177002
https://doi.org/10.1103/PhysRevLett.105.177002
https://doi.org/10.1038/s41567-022-01900-9
https://doi.org/10.1038/s41567-022-01900-9
https://doi.org/10.1142/S0217984925400020
https://arxiv.org/abs/2406.17568
https://doi.org/10.1103/PhysRevX.2.041002
https://doi.org/10.1103/PhysRevX.2.041002

Abelian anyons from conventional fractional quantum
Hall states, Nature Communications 4, 1348 (2013).

[21] A. Vaezi, Fractional topological superconductors with
fractionalized Majorana fermions, Physical Review B 87,
035132 (2013).

[22] R. S. K. Mong, D. J. Clarke, J. Alicea, N. H. Lindner,
P. Fendley, C. Nayak, Y. Oreg, A. Stern, E. Berg, K. Sht-
engel, and M. P. A. Fisher, Universal Topological Quan-
tum Computation from a Superconductor-Abelian Quan-
tum Hall Heterostructure, Physical Review X 4, 011036
(2014).

[23] Y. Kim, D. J. Clarke, and R. M. Lutchyn, Coulomb
Blockade in Fractional Topological Superconductors,
Physical Review B 96, 041123 (2017).

[24] O. Gil, Y. Ronen, S. Y. Lee, H. Shapourian, J. Zauber-
man, Y. H. Lee, K. Watanabe, T. Taniguchi, A. Vish-
wanath, A. Yacoby, and P. Kim, Andreev Reflection in
the Fractional Quantum Hall State, Physical Review X
12, 021057 (2022).

[25] G. M. Yoshitome and P. R. S. Gomes, Non-Abelian Zero
Modes in Fractional Quantum Hall-Superconductor Het-
erostructure (2025), arXiv:2511.15547 [cond-mat.str-el].

[26] F. Wilczek and A. Zee, Linking Numbers, Spin, and
Statistics of Solitons, Phys. Rev. Lett. 51, 2250 (1983).

[27] S. Forte, Quantum mechanics and field theory with frac-
tional spin and statistics, Rev. Mod. Phys. 64, 193
(1992).

[28] H. Sati and U. Schreiber, Cohomotopy, Framed Links,
and Abelian Anyons, in Proceedings of the Focus Pro-
gram on Algebraic Topology in Memory of Fred Co-
hen, Fields Institute Communications (Springer, 2026)
in press, arXiv:2408.11896 [hep-th].

[29] H. Sati and U. Schreiber, Renormalization of Chern-

Simons Wilson Loops via Flux Quantization in
Cohomotopy, Reviews in Mathematical Physics
https://doi.org/10.1142/S0129055X25500382 (2025),

arXiv:2509.25336 [hep-th].

[30] H. Sati and U. Schreiber, Fractional Quantum Hall
Anyons via the Algebraic Topology of Exotic Flux
Quanta (2025), arXiv:2505.22144 [cond-mat.mes-hall].

[31] H. Sati and U. Schreiber, Non-Lagrangian Construction
of Anyons via Flux Quantization in Cohomotopy, Journal
of Physics: Conference Series 3152, 012024 (2025), the
XXIX International Conference on Integrable Systems
and Quantum Symmetries, arXiv:2509.02577 [math-ph].

[32] H. Sati and U. Schreiber, Fragile Topological Phases and
Topological Order of 2D Crystalline Chern Insulators
(2025), arXiv:2512.24709 [cond-mat.str-el].

[33] H. Sati and U. Schreiber, Flux Quantization, in Encyclo-
pedia of Mathematical Physics, Vol. 4, edited by R. Szabo
and M. Bojowald (Academic Press, 2025) pp. 281-324,
2nd ed., arXiv:2402.18473 [hep-th].

[34] H. Sati and U. Schreiber, Complete Topo-
logical Quantization of Higher Gauge
Fields, SciPost Physics Lecture Notes 127,

https://scipost.org/10.21468/SciPostPhysLectNotes.127
(2026), arXiv:2512.12431 [hep-th].

[35] X.-G. Wen, Quantum Field Theory of Many-Body Sys-
tems: From the Origin of Sound to an Origin of Light
and FElectrons (Oxford University Press, Oxford, 2007).

[36] M. Manoliu, Abelian Chern-Simons theory, Journal
of Mathematical Physics 39, 170 (1998), arXiv:dg-
ga/9610001.

[37] D. Tong, Lectures on the Quantum Hall Effect (2016).

[38] E. Witten, Three Lectures On Topological Phases Of
Matter, Rivista del Nuovo Cimento 39, 313 (2016),
arXiv:1510.07698 [cond-mat.mes-hall].

[39] J. Willsher, The Chern—Simons Action & Quantum Hall
Effect: Effective Theory, Anomalies, and Dualities of a
Topological Quantum Fluid, Ph.D. thesis, Imperial Col-
lege London (2020).

[40] E. Fradkin, Field Theories of Condensed Matter Physics
(Cambridge University Press, 2013).

[41] E. Fradkin, Field Theoretic Aspects of Condensed Mat-
ter Physics: An Overview, in Encyclopedia of Condensed
Matter Physics, Vol. 1, edited by T. Chakraborty (Aca-
demic Press, 2024) 2nd ed., pp. 27-131, arXiv:2301.13234
[cond-mat.str-el].

[42] K. Haller and E. Lim-Lombridas, Maxwell-Chern-Simons
Theory in Covariant and Coulomb Gauges, Annals of
Physics 246, 1 (1996).

[43] H. Sati and U. Schreiber, Non-Perturbative SDiff Covari-
ance of Fractional Quantum Hall Excitations, FEuropean
Physics Letters 154, 16002 (2026), arXiv:2602.02292
[cond-mat.str-el].

[44] D. Pickrell, On the Action of the Group of Diffeomor-
phisms of a Surface on Sections of the Determinant Line
Bundle, Pacific Journal of Mathematics 193, 177 (2000).

[45] C. T. Hill, Anomalies, Chern-Simons Terms and Chiral
Delocalization in Extra Dimensions, Phys. Rev. D 73,
085001 (2006), arXiv:hep-th/0601154 [hep-th].

[46] H. Sati and U. Schreiber, Flux Quantization on Phase
Space, Annales Henri Poincaré 26, 895-919 (2024),
arXiv:2312.12517 [hep-th].

[47] S.-T. Hu, Homotopy Theory, Pure and Applied Mathe-
matics, Vol. 8 (Academic Press, New York and London,
1959).

[48] D. Fiorenza, H. Sati, and U. Schreiber, The Character
Map in Non-abelian Cohomology: Twisted, Differential,
and Generalized (World Scientific, 2023) https://ncat
lab.org/schreiber/show/The+Character+Map+in+No
n-Abelian+Cohomology, arXiv:2009.11909 [math.AT].

[49] S. J. Chapman, A Hierarchy of Models for Type-II Su-
perconductors, STAM Review 42, 555 (2000).

[50] C. Timm, Theory of Superconductivity, Lecture notes,
Technische Universitdt Dresden (2020-2026).

[61] H. Satiand U. Schreiber, Quantum Observables of Quan-
tized Fluxes, Annales Henri Poincaré 26, 4241 (2025),
arXiv:2306.01214 [hep-th].

[52] H. Sati and U. Schreiber, M/F-theory as M f-theory,
Reviews in Mathematical Physics 35, 23500289 (2023),
arXiv:2103.01877 [hep-th].

[63] S. Kallel, H. Sati, and U. Schreiber, Higher-
Dimensional Anyons via Higher Cohomotopy (2026),
arXiv:2601.03150 [cond-mat.str-el].

[54] X.-G. Wen and Q. Niu, Ground state degeneracy of the
FQH states in presence of random potential and on high
genus Riemann surfaces, Phys. Rev. B 41, 9377 (1990).

[65] B. Farb and D. Margalit, A Primer on Mapping Class
Groups, Princeton Mathematical Series (Princeton Uni-
versity Press, 2012).

[56] D. J. Myers, H. Sati, and U. Schreiber, Topological Quan-
tum Gates in Homotopy Type Theory, Commun. Math.
Phys. 405, 1 (2024), arXiv:2303.02382 [hep-th].

[57] E. Fadell and J. V. Buskirk, On the braid groups of E?
and S2%, Bull. Amer. Math. Soc. 67, 211 (1961).


https://doi.org/10.1038/ncomms2340
https://doi.org/10.1103/PhysRevB.87.035132
https://doi.org/10.1103/PhysRevB.87.035132
https://doi.org/10.1103/PhysRevX.4.011036
https://doi.org/10.1103/PhysRevX.4.011036
https://doi.org/10.1103/PhysRevB.96.041123
https://doi.org/10.1103/PhysRevX.12.021057
https://doi.org/10.1103/PhysRevX.12.021057
https://arxiv.org/abs/2511.15547
https://doi.org/10.1103/PhysRevLett.51.2250
https://doi.org/10.1103/RevModPhys.64.193
https://doi.org/10.1103/RevModPhys.64.193
https://arxiv.org/abs/2408.11896
https://doi.org/https://doi.org/10.1142/S0129055X25500382
https://arxiv.org/abs/2509.25336
https://arxiv.org/abs/2505.22144
https://doi.org/10.1088/1742-6596/3152/1/012024
https://doi.org/10.1088/1742-6596/3152/1/012024
https://arxiv.org/abs/2509.02577
https://arxiv.org/abs/2512.24709
https://doi.org/10.1016/b978-0-323-95703-8.00078-1
https://doi.org/10.1016/b978-0-323-95703-8.00078-1
https://arxiv.org/abs/2402.18473
https://doi.org/https://scipost.org/10.21468/SciPostPhysLectNotes.127
https://arxiv.org/abs/2512.12431
https://doi.org/10.1093/acprof:oso/9780199227259.001.0001
https://doi.org/10.1093/acprof:oso/9780199227259.001.0001
https://doi.org/10.1093/acprof:oso/9780199227259.001.0001
https://doi.org/10.1063/1.532333
https://doi.org/10.1063/1.532333
https://arxiv.org/abs/dg-ga/9610001
https://arxiv.org/abs/dg-ga/9610001
http://www.damtp.cam.ac.uk/user/tong/qhe.html
https://doi.org/10.1393/ncr/i2016-10125-3
https://arxiv.org/abs/1510.07698
https://ncatlab.org/nlab/files/Willsher-CSFQH.pdf
https://doi.org/10.1017/cbo9781139015509
https://doi.org/10.1016/B978-0-323-90800-9.00269-9
https://doi.org/10.1016/B978-0-323-90800-9.00269-9
https://arxiv.org/abs/2301.13234
https://arxiv.org/abs/2301.13234
https://doi.org/10.1006/aphy.1996.0019
https://doi.org/10.1006/aphy.1996.0019
https://doi.org/10.1209/0295-5075/ae57d7
https://doi.org/10.1209/0295-5075/ae57d7
https://arxiv.org/abs/2602.02292
https://arxiv.org/abs/2602.02292
https://doi.org/10.2140/pjm.2000.193.177
https://doi.org/10.1103/PhysRevD.73.085001
https://doi.org/10.1103/PhysRevD.73.085001
https://arxiv.org/abs/hep-th/0601154
https://doi.org/10.1007/s00023-024-01438-x
https://arxiv.org/abs/2312.12517
https://webhomes.maths.ed.ac.uk/~v1ranick/papers/hu2.pdf
https://doi.org/10.1142/13422
https://doi.org/10.1142/13422
https://doi.org/10.1142/13422
https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://arxiv.org/abs/2009.11909
https://doi.org/10.1137/S0036144599371913
https://tu-dresden.de/mn/physik/itp/cmt/ressourcen/dateien/skripte/Skript_Supra.pdf
https://doi.org/10.1007/s00023-024-01517-z
https://arxiv.org/abs/2306.01214
https://doi.org/10.1142/s0129055x23500289
https://arxiv.org/abs/2103.01877
https://arxiv.org/abs/2601.03150
https://arxiv.org/abs/2601.03150
https://arxiv.org/abs/2601.03150
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1007/s00220-024-05020-8
https://doi.org/10.1007/s00220-024-05020-8
https://arxiv.org/abs/2303.02382
https://projecteuclid.org/euclid.bams/1183524083

	 FQH Liquids with Flux-Expulsion Islands allow Nonabelian Anyons 
	Abstract
	Introduction
	Methods
	Critique of Effective Lagrangians
	Proper Topological Limit
	Proper Flux Quantization
	Relation to Hopfion/CP1-Model 
	Covariantized Observables

	Results
	Modelling Flux-Expulsion Islands
	Deriving the Anyon Attachment

	Conclusion
	References


