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ABSTRACT. We combine Sullivan models from rational homotopy the-
ory with Stasheff’s Loo-algebras to describe a duality in string theory.
Namely, what in string theory is known as topological T-duality be-
tween K%-cocycles in type IIA string theory and K'-cocycles in type
IIB string theory, or as Hori’s formula, can be recognized as a Fourier-
Mukai transform between twisted cohomologies when looked through
the lenses of rational homotopy theory. We show this as an example of
topological T-duality in rational homotopy theory, which in turn can be
completely formulated in terms of morphisms of L..-algebras..

1. INTRODUCTION

A connected and simply connected space X has a canonically defined
based loop space €2X, where the choice of the basepoint is irrelevant pre-
cisely due to the topological properties of X. From the space 22X one can
reconstruct X up to homotopy, as the classifying space for principal Q2.X-
fibrations, so the homotopy type of X is completely known to the co-group
QX. By analogy with the classical Lie group/Lie algebra correspondence,
it should then be possible to reconstruct at least part of the homotopical
content of X from an infinitesimal version of the co-group ©2X. One of
the main result of rational homotopy theoryE| [34] is that this rather vague

2010 Mathematics Subject Classification. Primary : ...

Key words and phrases. ....

Communicated by Urtzi Buijs.

lWe are going to provide a very quick review of the basic ideas of rational homotopy

theory in Section See e.g. [22] [12] [14] [T3] 23] for comprehensive surveys.
42


http://geo-top.org/GTMP/

T-DUALITY IN RATIONAL HOMOTOPY THEORY VIA L -ALGEBRAS 43

statement can be rigorously formalized, and that a considerable amount of
the homotopy type of X is actually reconstructed: the rational homotopy
type of X is completely and faithfully encoded into a suitable L.-algebra
([40) [41] [29]) X which one may think of as being the infinitesimal ver-
sion of the loop group QX see [7, Section 2] for a detailed account of this
approach.

The semifree DG-algebras of rational homotopy theory are then the Chevalley-
Eilenberg algebras of these Loo-algebras. The Ly,-algebra [X can always be
chosen to be concentrated in strictly negative degrees and with trivial differ-
ential, and these requirements determine [X up to isomorphism. The corre-
sponding Chevalley-Eilenberg algebras are the Sullivan model DG-algebras
of rational homotopy theory [42]. This can be summarized as follows:

topological space | loop co-group | Loo-algebra | Sullivan model

X Ox X CE(IX)

The differential graded commutative algebra Ax = CE([X) is then in
turn directly related to the geometry of X via the de Rham complexﬂ
Q°(X); namely, Ax comes equipped with a quasi-isomorphism of DGCAs
Ax — Q°(X). This gives a direct connection to the notion of Lie algebroid
cocycles on smooth manifolds, since, if X is a smooth manifold and 2 is a
Lie algebroid, a 2-valued cocycle on X is by definition a morphism of Lie
algebroids T'X — 2, and so, equivalently, a morphism of DGCAs

CE(A) — Q°*(X).

When 2l = TY, the tangent Lie algebroid of another manifold Y, by abuse
of notation we call Y-valued cocycles the TY -valued cocycles on X, i.e., the
DGCA morphisms Q2°(Y) — Q°*(X). In particular, every smooth morphism
between X and Y naturally induces an Y-valued cocycle on X and every
Y-valued cocycle on X is of this form. Indeed, any morphism of DGCAs
©: Q*(Y) — Q°(X) induces in particular a morphism of commutative al-
gebras Q°(Y) — QY(X) and so at the level of degree zero components the
morphism ¢ is the pullback along a smooth map f: X — YE| Since 2°(Y) is
generated by Q°(Y) as a differetial graded commutative algebra, this implies
that ¢ = f* in every degree. In other words we see that if Y is a smooth
manifold, then Y-valued cocycles on X are precisely smooth maps X — Y.

2We will be mostly concerned with smooth manifolds and so we will usually work over
the field R of real numbers; one can more generally work over a characteristic zero field K
by replacing de Rham complex of smooth differential forms with the de Rham complex of
piecewise polynomial differential forms with coefficients in K associated with a simplicial
set whose topological realization is homotopy equivalent to X, see [42].

3This is sometimes known as the Milnor’s exercise; see [28, Lemma 35.8; Corollaries
35.9, 35.10] for a proof.
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This suggests the following immediate generalization: if [Y" is a Sullivan
model for a smooth manifold Y, a smooth map X — [Y is by definition a
DGCA morphism

CE(lY) — Q*(X).

By definition of Sullivan minimal model, CE(IY") is a free polynomial algebra
on certain generators {zq,,...Zq, }, with a differential which therefore will
have the form

dza, = Po,(Tar, .. Za,,) -
for some polynomial P,,. Consequently, we see that a smooth map X — [Y

is equivalently the datum of a collection of differential forms w,, on X such
that

(1.1) dwe; = Py, (Ways - - - Way ),

where now d is the de Rham differential and the product is the wedge prod-
uct of differential forms. Read the other way round, this says that every
system of differential equations of the form can be seen as a smooth
map to a real Sullivan model. In particular, a field theory whose fields are
differential forms obeying equations of the form can be interpreted as a
o-model type field theory, with target space given by a real Sullivan model.
All this immediately generalizes to the case of a smooth supermanifold X.

An interesting example is provided by the fields in M-theory. We will not
need a detailed account for this theory, and the reader not familiar with it
need only consider the following points:

(1) M-theory is considered on eleven-dimensional spaces, usually en-
dowed with extra structures, such as a smooth structure, an ori-
entation, or a Spin structure.

(2) M-theory connects to string theories in ten dimensions by dimen-
sional reduction on a circle, leading to type IIA string theory, or
by taking boundaries (plus involutions), leading to heterotic string
theory.

(3) Other string theories are obtained from these two by dualities. In
our context, the most prominent of these is T-duality, which relates
type ITA string theory on a circle bundle to type IIB string on a dual
circle bundle.

(4) In addition to the gravity field and its partner under supersymmetry
(which we use in Section [3.4)), the fields in M-theory are mainly a
4-form G4 and a 7-form G7, satisfying dG4 = 0 and dG7 = G4 A Gy.
At times G~ is taken to be the Hodge dual of G4 with respect to
some given Riemannian or Minkowskian metric, but generally it is
an independent field.
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(5) The corresponding fields in type IIA string theory are obtained by
integrating the M-theory fields over the fibers of the S'-bundle of
dimensional reduction. Fields in other string theories are then in
turn obtained by applying the relevant dualities to the resulting
type IIA fields.

(6) From various physical considerations, these string theory fields orga-
nize themselves to take values in the K-theory of the corresponding
spacetime, namely in K for type IIA and in K for type IIB. T-
duality is then a duality that exchanges K° and K.

(7) In the presence of what is called the B-field, a cohomological twist
is involved, leading to the twisted versions of (rational) K" and K.
We will discuss this in detail in later sections and, in fact, it will
be our goal to make this cohomological description description of
ITA/IIB T-duality in terms of twisted K-theory as structural and
mathematically rigorous as possible, thereby providing a mathemat-
ical setting for otherwise somewhat vague physics statements.

For surveys of M-theory that emphasize the topological aspects see [37][38].
Further details and constructions on the underlying topological and geomet-
ric structures can be found in [I5][I6]. Details more directly related to our
present context of T-duality can be found in [I8][19] and [27][6].

As basic spaces to test the theory for various effects, physicists often use
flat Lorentzian spaces, i.e., analogues of R™ with the (+1,4+1,---,+1,—1)
signature E| for the metric, as appropriate for relativistic spacetime formula-
tions. The most basic example is Minkowski space R"~b! which for n = 4
is the usual spacetime from general relativity. Furthermore, supersymmetry
is a fundamental symmetry in the context of M-theory and string theory
and requires introducing a parity through which say m generators of ‘usual’
spaces are even and which requires introducing a set (say m) of odd nilpo-
tent generators, which together form the generators of the corresponding
superspaces. Doing so to Minkowski space R?~1! leads to superMinkowski
space R Ltm,

We will focus on the fields in M-theory usually denoted G4 and G7. As
recalled above, such a pair of fields is naturally identified with the datum of
a 4-form and a 7-form on the spacetime X with dG4 = 0 and dG7 = G4 N\ Gy,
see [11]. As emphasized in [38] [37], the Sullivan model of the 4-sphere over
R is the polynomial algebra R[z4, x7] on two generators x4 and x7 in degree
4 and 7, respectively, and with differential given by dzs = 0 and dxy = 242,
so that the pair (G4, G7) is precisely the datum of a smooth map from the

4There are also conventions in which the + and the — are swapped. See [I7][27] for
recent extensive descriptions.
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smooth (super-)manifold X to [S* and M-theory is consequently seen as a
o-model with values in [S*.

Remarkably, in the Chevalley-Eilenberg algebra of the superMinkowski
space R10132 one has a degree (4/0) element g4 corresponding to what is
called the C-field in M-theory and a degree (7|0) element g7 (called the dual
of the C-field) which satisfy dgs = 0 and dg; = g2, so that they define a
map R10182 5 (4 This implies that every worldvolume in the spacetime
R10:132 jg paturally equipped with a map to [S%, and so with M-theory
fields, by restriction.

The superMinkowski space R'%1132 behaves, from the point of view of ra-
tional homotopy theory, as a principal U(1)-bundle over the superMinkowski
space R%H16+16 The M-theory morphism R'%132 — (64 considered above
then leads to considering the following geometric situation: a principal U(1)-
bundle P — M together with a smooth map P — Y, for some space Y.
The total space P is the homotopy fiber of the classifying map M — BU(1)
for the bundle, and the general reduction in this case is described in [31].
The homotopy fiber functor has a right adjoint, called “cyclification”, map-
ping a space Y to the twisted loop space cyc(Y) = LY//U(1), given by the
homotopy quotient of the free loop space of Y by the rotation of loops action:

cyc
spaces spaces/BU (1).
\_/
hofib

The smooth map P — Y will, therefore, be equivalent to the datum of a
smooth map M — cyc(Y). This topological construction, capturing what
in the physics literature is known as “double dimensional reduction”, im-
mediately translates to the rational homotopy theory/L.-algebra setting,
where we find an adjunction

cyc

/\

L.-algebras Loo-algebras/buy .

\_/

hofib

When applied to the [S%-valued cocycle on R*132  this produces a cyc(1S4)-
valued cocycle on R%116+16 which can be identified with (part of the data
of) a twisted even K-theory cocycle. This corresponds to the double dimen-
sional reduction from M-brane charges in 11d to string and brane charges in
10d type IIA string theory. In particular, one recovers this way the string
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IIA twisted K°-cocycles of [I0]. See [19] for details. Note that while we
have chosen to use rational homotopy theory to describe T-duality, at times
using rational spectra is not a choice but rather a condition — see [30] for a
precise and general statement.

The superMinkowski space R%116+16 ig in turn, again from the point
of view of rational homotopy theory, a principal U(1)-bundle over the su-
perMinkowski space R®16+16 and  as such, it is classified by a 2-cocycle
cH in the (super-)Chevalley-Eilenberg algebra of R® 116416 Quite remark-
ably, CE(R8’1‘16+16) carries also another, independent, 2-cocycle ciB
responding to the superMinkowski space R%116+16 \oreover, the product

chcI;B is an exact 4-cocycle with an explicit trivializing 3-cochain. Thus,
9,1/116+16 T79,1|16+16
R91[16+16 R9.1[16+16)

, COT-

the pair of superMinkowski spaces ( realizes in ratio-
nal homotopy theory the data of a topological T-duality configuration [9].
As a consequence, one can bijectively transfer twisted K°-cocycles in type
IIA string theory to K !-cocycles in type IIB string theory. In particular the
string ITA twisted K°-cocycles of [10] are transformed into the string ITA
twisted K!-cocycles of [36]. This phenomenon, known as rational topolog-
ical T-duality and explicitly expressed by the Hori’s formula [25], can be
formally derived by the properties of the Lo,-algebra btfold, providing the
rational homotopy theory description of the universal space for T-duality,
see [20]. Here we emphasize an aspect that remains somehow hidden in
the exposition given in [20]. Namely, that the Hori’s formula is precisely a
Fourier-Mukai transform in the context of twisted Lso-algebra cohomology.
See [26] for general background on Fourier-Mukai transforms and also [5] [I]
[35] for other discussions in the context of T-duality.

The paper is organized as follows . The process of dimensional reduc-
tion by which the fields (and their moduli) in M-theory reduce the fields
(and their moduli) in type ITA string theory is described in |2l To prepare
for the construction in the setting of L..-algebras, we recall its classical
geometric counterpart, namely the Fourier-Mukai transform in twisted de
Rham cohomology in Sec. Basics of rational homotopy theory in the
L-theoretic context are then recalled in Of particular importance to
us are two constructions: The first is central extensions of Ly-algebras and
the second is twisted Loo-algebra cohomology, which we describe in Sec.
and Sec. respectively. Fiber integration along U(1)-bundles in rational
homotopy theory is described in Section [2.5] To establish the reduction, the
hofiber/cyclification adjunction and cyclification of L..-algebras are con-
sidered Sec. [2.6] where further geometric properties of the pushforward
morphism are provided. We start our explicit description of T-duality in
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Sec. where we describe rational homotopy theory of T-duality configu-
rations. In particular, the classifying spaces of T-duality configurations are
constructed in Sec. and then maps to the proposed classifying space
btfold are described in Compositions of Fourier-Mukai transforms are
then established in Sec. Finally, generalizing from L..-algebras to
super-L-algebras we we explain an interesting example from the string
theory literature, namely the case of SuperMinkowski space R1:8/16+16 jp

Sec. B4l

2. DIMENSIONAL REDUCTION IN RATIONAL HOMOTOPY THEORY

2.1. Twisted de Rham cohomology and twisted Fourier-Mukai trans-
forms. In order to prepare for the kind of construction we are going to de-
scribe in the setting of L..-algebras, let us first recall its classical geometric
counterpart: the Fourier-Mukai transform in twisted de Rham cohomology.
To that end, let X be a smooth manifold. One can twist the de Rham

differential d: Q°*(X;R) 4 Q°(X;R) by a l-form «, defining the twisted

de Rham operator d,: Q°(X;R) 4 Q*(X;R) as dow = dw + a Aw. The
operator d, does not square to zero in general: d2 is the multiplication by
the exact 2-form da. This means that precisely when « is a closed 1-form,
the operator d, is a differential, defining an a-twisted de Rham complex
(Q°(X),dq). The cohomology of this complex is called the a-twisted de
Rham cohomology of X and it will be denoted by the symbol Hgg.,(X).

The operator d, is a connection on the trivial R-bundle over X, which
is flat precisely when « is closed. This means that for a closed 1-form «,
the a-twisted de Rham cohomology of X is actually a particular instance
of flat cohomology or cohomology with local coefficients. This point of view
is discussed extensively in [2I]. Having identified d, with a connection, it
is natural to think of gauge transformations as the natural transformations
in twisted de Rham cohomology. More precisely, since we are in an abelian
setting with a trivial R-bundle, two connections d,, and d,, will be gauge
equivalent exactly when there exists a smooth function g on X such that
a1 = ag + df, i.e., when the two closed 1-forms «q and as are in the same
cohomology class. When this occurs, the two twisted de Rham complexes
(Q°(X),dq,) and (2°(X), dn,) are isomorphic, with an explicit isomorphism
of complexes given by the multiplication by the smooth function . That
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is, if w is a differential form on X, we have
doy (P ANw) =d(® Nw) +aa NP Aw

=dBAP Aw+eP Ndw+ as AP Aw

=P A ((dB + ) Aw + dw)

=P A (a1 Aw + dw)

= do,w .
In particular, multiplication by e? induces an isomorphism in twisted coho-
mology

et Hig.o, (X) = Higo,(X) .

We now investigate the functorial behavior of twisted cohomology with re-
spect to a smooth map n: Y — X. It is immediate to see that, since

the pullback morphism 7*: Q*(X) — Q°(Y) is a morphism of DGCAs, it
induces a morphism of complexes

T (Q2(X), da) — (Q(Y), drwa) -
In turn this gives a pullback morphism in twisted cohomology
T H(;R;a(X) - H(;R;ﬂ*a(Y) :

The pushforward morphism is a bit more delicate. To begin with, given a
smooth map n: Y — X we in general have no pushforward morphism of
complexes m,: Q°(Y) — Q°(Y). However we do have such a morphism of
complexes, up to a degree shift, if Y — X is not a general smooth map but it
is an oriented fiber bundle with typical fiber F' which is a compact closed ori-
ented manifold. In this case 7, is given by integration along the fiber and is
a morphism of complexes m,: (Q°(Y),d) — (Q°*(X)[— dim F], d[— dim F]).
Yet, 7, will not induce a morphism m,: (Q°(Y), do) — (2°(X)[— dim F], dy, o[- dim FY]),
and actually a minute’s reflection reveals that the symbol d; o just makes no
sense. However, when « is not just a generic 1-form on Y but it is a 1-form
pulled back from X, then everything works fine. Namely, the projection
formula

To(m*a Aw) = (—1)deeadimF o A
precisely says that 7w, is a morphism of chain complexes
Tt (Q°(Y), drva) — (Q°(X)[— dim F], do[— dim F)
and so it induces a pushforward morphism in twisted cohomology

Mot Higpea(Y) — Higa™ " (X).
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Fourier-Mukai transforms in twisted de Rham cohomology. All of the above
suggests as to cook up a Fourier-type transform in twisted cohomology.
Assume we are given a span of smooth manifolds

Y
T T2
X1 / \X27

with Y =2 X, an oriented fiber bundle with compact closed oriented fibers.
Let «; be a closed 1-form on X;, and assume that the two 1-forms 77, and
myap are cohomologous in Y, with 7oy — m3ae = dB. Then we have the
sequence of morphisms of chain complexes

(O°(X1), day) 5 (%Y ), ) > (2°(Y), dga) =255 (Q°(Xo)[— dim F], dy, [~ dim Fy))

whose composition defines the Fourier-Mukai transform with kernel S in
twisted de Rham cohomology

Dyt Higoy (X1) — Hipom 2 (X,) .

Writing “[}.” for mo, and writing “” for the right action of Q*(X) on Q*(Y)
given by n-w = n A mjw makes it evident why this is a kind of Fourier
transform
Pg: w— &l w.
Iy

If, moreover, m1: Y — X is an oriented fiber bundle with compact closed
oriented fibers, then we also have a Fourier-Mukai transform in the inverse
direction, with kernel —3. Notice that by evident degree reasons the trans-
forms ®3 and ®_g are not inverses of one another. A particular way of
obtaining a span of oriented fiber bundles X; + Y — X5 with compact
closed oriented fibers is to consider a single oriented fiber bundle Y — Z
with compact closed oriented fiber F; x F5. Then the manifolds X; and
Xy are given by the total spaces of the Fb-fiber bundle and Fi-fiber bun-
dles on Z, respectively, associated with the two factors of Fy x Fb together
with the canonical projections. In particular, an oriented 2-torus bundle
Y — Z produces this way a span X; < Y — Xs where both 7;: ¥ — X
are S'-bundles. It is precisely a configuration of this kind in which we will
be interested.

From 1-form twists to 3-form twists. Assume now that « is a 3-form on X
instead of a 1-form. Then we can still define the operator d, on differential
forms as dow = dw + a A w, but this will no more be a homogeneous degree
1 operator. We can heal this by adding a formal variable v with deg(u) = 2
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and with du = 0, and define the degree 1 operator
da: Q*(X)[[u™ u]] — Q*(X)[[u™", u]
as the R[[u~!, u]]-linear extension of
dow = dw +u ta Aw.

Doing so, the above discussion verbatim applies, with the de Rham com-
plex Q°*(X) replaced by the periodic de Rham complex Q°(X)[[u™!,u]]. In
particular, if we have a span X; < Y — X, of oriented S'-bundles and if
«; are 3-forms on X; such that 7oy — w5 = df for some 2-form 3 on Y,
then we have Fourier-Mukai transforms

Ot Higo, (Xi;u™u) — HIRL (Xoiu™'u) |
P_z: Hd'R;w(Xg;u*l,u) — H&P_{;lal(Xl;ufl,u) .

Having introduced the variable u, our cohomology is now endowed with a
natural shift, given by the multiplication by u, and we may wonder whether
the Fourier-Mukai transforms ®3 and ®_g may be inverses to one another
up to shift. As we are going to see, this is precisely what happens in rational
T-duality configurations.

The above construction actually works for any closed differential form of
odd degree, so there is apparently no point in considering 3-forms rather
than 1-forms or 5-forms (see e.g. [37]). There is, however, an important ge-
ometrical reason to focus on degree 3 forms: when the coefficients are taken
in a characteristic zero field, periodic de Rham cohomology is isomorphic
(via the Chern character) to K-theory. Under this isomorphism, K-theory
twists (which are topologically given by principal U(1)-gerbes and so are
classified by maps to B2U(1) ~ K(Z,3)) precisely become closed 3-forms.
In other words, for a; and ag closed 3-forms as above, the Fourier-Mukai
transform ®g is to be thought as a morphism (see [5])

®5: K§ (X1) @R — K3'(Xo) ©R .

where G and Gy are the twisting gerbes (see [4]). This is indeed the ratio-
nalization, with real coefficients, of a topological Fourier-Mukai transform
Og: K§, (X1) — K5 ' (Xa) .

A particular situation we will be interested in is the case when the span
X; « Y — X, of oriented S'-bundles is induced by a 2-torus bundle Y — Z,
and so by a classifying map Z — B(U(1) x U(1)) = BU(1) x BU(1). More
specifically, we will also require that the canonical U(1)-2-gerbe associated
with the torus bundle Y — 7 is trivialized, i.e., we will be considering what
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is known as a topological T-duality configuration [9]. We will be investigat-
ing these from the point of view of rational homotopy theory, realizing the
Fourier-Mukai transform as a morphism in twisted L.-algebra cohomology
and proving that a pair of L.,-algebras in a rational T-duality configuration
comes equipped with a canonical Fourier-Mukai transform which turns out
to be an isomorphism.

2.2. Basics of rational homotopy theory. The idea at the heart of ra-
tional homotopy theory is that, up to torsion, all of the homotopy type of a
connected and simply connected spacd’| with finite rank cohomology groups
is encoded in its de Rham algebra with coefficients in a characteristic zero
field, as a differential graded commutative algebra, up to homotopy [34] [42].
Moreover, since one has the freedom to replace the de Rham algebra with
any homotopy equivalent DGCA, one sees that up to torsion the homotopy
type of a simple space X is encoded into its so called minimal model or Sulli-
van algebra: a DGCA Ax equipped with a quasi-isomorphism of differential
graded commutative algebras Ax — Q°(X), which is semi-free, i.e., which is
a free graded commutative algebra when one forgets the differential, whose
degree 1 component A}( is zero, and such that the differential is decompos-
able, i.e., it has no linear component. In other words, Ax is a DGCA of the
form (A®IX*,d) = (Sym®(IX[1]*),d) for a suitable graded vector space [X
concentrated in strictly negative degrees (and finitely dimensional in each
degree) and a suitable degree 1 differential d with d(IX*) C AZ2IX*. Here
[X™* denotes the graded linear dual of [X, and the degree shift in the defini-
tion of A® is there in order to match the degree coming from geometry: the
de Rham algebra is generated by 1-forms, which are in degree 1.

The semi-freeness property together with the vanishing of Ak, the datum
of the quasi-isomorphism to the de Rham algebra and the decomposability of
the differential uniquely characterize the minimal model up to isomorphism
and the quasi-isomorphism to the de Rham algebra up to homotopy, so that
one can talk of the minimal model of a space X. The pair (A®1X™, d) is what
is called a minimal Loo-algebra structure on [X in the theory of Lo-algebras.
Equivalently, one says that the DGCA (A®IX*, d) is the Chevalley-Eilenberg
algebra of the Lo,-algebra [X (omitting the Lo, brackets of [X from the
notation), and writes

5The theory can be extended to a simple space, i.e., a connected topological space that
has a homotopy type of a CW complex and whose fundamental group is abelian and acts
trivially on the homotopy and homology of the universal covering space.

A classical example is S*, which we are actually going to meet several times in this
note.
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(Ax,dx) = (CE(IX),dx)

as the defining equation of the L..-algebra [X. We say that the L..,-algebra
[X is the rational approximation of X. Geometrically, it can be thought of
as the tangent L.,-algebra to the oco-group given by the based loop space
of X (as X is connceted and simply connected, the choice of a basepoint is
irrelevant). A smooth map f: Y — X is faithfully encoded into the DGCA
morphism f*: Q*(X) — Q°(Y), so that the rational approximation of f is
encoded into a DGCA morphism, which we will continue to denote f*,

f*: AX —>Ay.

In turn, by definition, this is a morphism of Ly.-algebras [f: [Y — [X. Fi-
nally, up to homotopy, every L ,-algebra is equivalent to a minimal one:
this is the dual statement of the fact that every (well behaved) DGCA is
homotopy equivalent to a minimal DGCA. Therefore we get the fundamen-
tal insight of rational homotopy theory: the category of simply connected
homotopy types over a characteristic zero field K is (equivalent to) the ho-
motopy category of Loo-algebras over K with cohomology concentrated in
strictly negative degrees.

Remark 2.1. For non-simply connected simple spaces, one drops the condi-
tion Aﬁ( = 0 and replaces it with the following nilpotency condition: one
requires [X* to be filtered by an increasing series

[X*(0) CIX*(1) CIX*(2) C --- C X*

of graded subspaces with d(IX*(0)) = 0 and d(IX*(n)) C AZ2X*(n —1) for
every n > 1. If [X* is finite-dimesnsional, this corresponds to requiring that
[X* is a nilpotent L.o-algebra. When A%, = 0 one has in particular that the
degree 1 component of [X[1]* vanishes, and so the degree filtration on [X*
automatically satisfies the nilpotency condition.

The above description of rational homotopy theory may have erroneously
suggested it is a quite abstract construction. So let us make a few examples
to make it concrete.

Example 2.1 (The Sullivan model of BU(1)). Consider the classifying
space BU(1). Its real cohomology is H*(BU(1);R) = Rzg|, where xg is
a degree 2 element, the universal first Chern class. As H*(BU(1);R) is a
free polynomial algebra, we can think of it as a semifree DGCA with trivial
differential. Moreover, choosing a de Rham representative for the first Chern
class defines a quasi-isomorphism

(R[z2],0) — (2*(BU(1)),d)
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exhibiting (R[z2],0) as the Sullivan model of BU(1). The equation
(R[z2],0) = (CE(IBU(1)),dBy(1))

then characterizes [BU (1)) as the Loo-algebra consisting of the cochain com-
plex R[1] consisting of the vector space R in degree -1 and zero in all other
degrees (with zero differential). We will denote this L.-algebra by the sym-
bol bu;. A principal U(1)-bundle P — X is classified by a map X — BU(1).
The rational approximation of this map is an Ls.-morphism

X — bul.
Equivalently, by definition, this is a DGCA morphism
(R[x2]> O) — (AX, dX)v

i.e., it is a degree 2 closed element in Ax. By pushing it forward along
the quasi-isomorphism (Ax,dx) — (2°(X),d) we get a closed 2-form wo
on X associated to the principal U(1)-bundle P — X. Since the quasi-
isomorphism (Ax,dx) — (2°(X),d) is only unique up to homotopy, the
2-form wo is only well defined up to an exact term so that it is the cohomology
class [ws] to be actually canonically associated with P — X. No surprise,
[wo] is the image in de Rham cohomology of the first Chern class of P — X.

Example 2.2 (compact abelian Lie groups). Another classical example is
the following. Given a compact Lie group G, then the inclusion Q°(G)¢ —
Q° of G-invariant differential forms on G into the de Rham complex of G
is a quasi-isomorphism. As a G-invariant form is completely and freely
determined by its restriction at the identity element of GG, we see that as
a graded vector space Q°(G)Y = A®g*, where g denotes the Lie algebra
of G. The de Rham differential on Q°*(G)¢ corresponds to the Chevalley-
Filenberg differential on A®g*, i.e., to the differential computing the Lie
algebra cohomology of g with coefficients in R as a trivial g-module. From
this we see that a semifree model for G is CE(g). However, CE(g) is not
a Sullivan model for G, unless g is nilpotent. This happens in particular
for compact abelian Lie groups, so that, for instance CE(u;) is indeed the
Sullivan model of U(1).

Example 2.3 (The Sullivan models of spheres). The real cohomology ring

of the n-sphere S™ is extremely simple: we have
R[ty] if n is odd
R[t,]/(t,?) if n is even

H*(S™;R) ~ {

as graded commutative rings, where t, is a variable in degree n. Notice
that the difference between the odd and the even case is only apparent:
in the odd case t,2> = 0 due to the graded commutativity of the product.
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However, we preferred to divide the two cases to stress that in the odd case,
the rational cohomology of S™ is a free graded polynomial algebra, and so
it essentially coincides with its own Sullivan model, we only need to add a
trivial differential to the picture:

CE([52k+1) = (R[xngrl]; dw2k+1 = O).

Namely, if wag1 is a volume form for S2k+1 the map Zog4+1 — wok+1 defines

a morphism of differential graded commutative algebras
(Rlzogi1]; daogr1 = 0) — (Q°(S*TLR); dar)

which is immediately seen to be a quasi-isomorphism, i.e., inducing an
isomorphism in cohomology. For even n = 2k we have to cure the con-
straint to,2 = 0. This is done by lifting the cohomology relation ;2 = 0
to the equation xor A Top = dxgr_1. It is then easy to see that, if we
consider the free polynomial algebra R[xog, z4x—1] and introduce on it the
differential d by the rule dzor, = 0 and dasr_1 = 95> then we see that
(R[.’Egk, Tak—1]; drop = 0, drgr—1 = Top, A ka) is a differential graded com-
mutative algebra and that

(Rlzok, Tag—1]; dwog =0, drag—1 = z2p A 21) — (Q°(S*M;R); dar)
Top —> Wak
Tap—1 >0

is a quasi-isomorphism of DGCAs. Moreover, R[zog, 245_1]" = 0 and the
differential is decomposable. In other words,

CE(15*) = (R[wok, Tap—1]; dzog =0, dvap—1 = ok A 2k).

Given the identification between simple homotopy types and L..-algebras
mentioned above, from now on we will mostly work directly with L..-
algebras, with no reference to the space of which they can be a rationaliza-
tion. Therefore, a span X; <+ Y — X5 as in the discussion of Fourier-Mukai
transforms in twisted de Rham cohomology will become a span

b
91 g2

of L-algebras. As we want that the 7;’s represent the (rationalization of)
S1-bundles our next step is the characterization of those L.,-morphism that
correspond to principal U(1)-bundles.
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2.3. Central extensions of L,,-algebras. A principal U(1)-bundle over a
smooth manifold X is encoded up to homotopy into a map f: X — BU(1)
from X to the classifying space U(1). The total space P as well as the
projection P — X are recovered by f by taking its homotopy fiber, i.e., by
considering the homotopy pullback

P *
o
X BU(1) .

As rationalization commutes with homotopy pullbacks, the rational approx-
imation of the above diagram is

| |
(X CA

Dually, this means that we have a homotopy pushout of DGCAs

(R[z2],0) (R,0)
) !
(Ax,dx) (Ap,dp) .

This is easily computed. All we have to do is to replace the DCGA morphism
R[z2] — R with an equivalent cofibration. The easiest way of doing this is
to factor Rlzs] — R as

(R[CCQ],O) — (R[ylwrﬂv dyl - 1:2) $’ R
Then Ap is computed as an ordinary pushout

(R[x2],0) (Ry1, z2], dy1 = x2)

2 i

(Ax,dx) (Ap,dp) ,

i.e.,
(Ap,dp) = (Ax[yl],dpw =dxw for we Ax, dpy1 = f*{L‘Q)

This immediately generalizes to the case of an arbitrary morphism f: g —
bui. The homotopy fiber of f will be the L..-algebra g characterized by

CE(g) = CE(g)[w1],

where y ia a variable in degree 1 and where the differential in CE(g) extends
that in CE(g) by the rule dgy1 = f*(x2).



T-DUALITY IN RATIONAL HOMOTOPY THEORY VIA L -ALGEBRAS 57

Example 2.4. If g is a Lie algebra (over R), then an L,,-morphism f: g —
buy is precisely a Lie algebra 2-cocycle on g with values in R. The Lo-
algebra g is again a Lie algebra in this case, and it is the central extension
of g by R classified by the 2-cocycle f.

The above construction admits an immediate generalization. Instead of
bu; we can consider the Lo-algebra b™u; given by the cochain complex R[n]
consisting of R in degree —n and zero in all other degrees. The corresponding
Chevalley-Eilenberg algebra is

(CE(bnul)’ db”ul) = (R[‘Tn-&-lL 0),

where z,.1 is in degree n + 1. One sees that b™uy is a rational model
(with coefficients in R) for the classifying space B"U(1) of principal U(1)-n
bundles (or principal U(1)-(n — 1)-gerbes), which is a K(Z,n +1). If g
is a Lie algebra, then an Ly,-morphism g — b™uy is precisely a Lie algebra
(n+1)-cocycle on g with coefficients in R. More generally, an Ly,-morphism
g — b™u; with g an Lo-algebra will also be called an (n + 1)-cocycle. The
dual picture makes this terminology transparent: an (n + 1)-cocycle on g is
a DGCA morphism

(R[zn11],0) — (CE(g), dy)

so it is precisely a closed degree n + 1 element in CE(g). The description
of homotopy fibers of 2-cocycles immediately generalizes to higher cocycles:
the homotopy fiber g of an (n + 1)-cocycle g — b™uy is characterized by

CE(g) = CE(9)[yn),

where y,, is a variable in degree n and where the differential in CE(g) extends
that in CE(g) by the rule dgy, = f*(ny1). By analogy with the case
of 2-cocycles on Lie algebras, one calls § a higher central extension of g.
Geometrically, g is to be thought as the total space of a rational U(1)-n-
bundle over g.

2.4. Twisted Ly,-algebra cohomology. As we explained in Section a
(finite dimensional in each degree) Loo-algebra g is encoded into its Chevalley-
Eilenberg algebra (CE(g),dg). As this is a DGCA, we can consider its co-
homology which, by definition, is the Ly,-algebra cohomology of g

H} (g;R) = H*(CE(g),dy)-

When g is a Lie algebra this reproduces the Lie algebra cohomology of g.
If g is the Lyo-algebra representing the rational homotopy type of a simple
space X, then the L,-algebra cohomology of g computes the de Rham
cohomology of X. That is,

Hi (IX;R) = H* (CE(LX),dx) = H® (Ax, dx)) = H* (9°(X),d)) = Hig(X).
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This is more generally true if instead of the Sullivan model CE(IX) one
considers an arbitrary semifree model CE(gx).

Example 2.5. If g is the Lie algebra of a compact Lie group G, then
one recovers the classical statement that the Lie algebra cohomology of g
computes the de Rham cohomology of G:

HPo(;R) = HiR(G).

This has actually been one of the motivating examples in the definition of
Lie algebra cohomology.

Exactly as we twisted de Rham cohomology in Section we can twist
Lo-algebra cohomology: if a is a degree 3 cocycle on g then we can consider
the degree 1 differential dg.q: v = dgz + v lax on the algebra of Laurent
series in the variable u with coefficients in the Chevalley-Eilenberg algebra
of g and define

H}ol@ Rl ul)) = H* (CE(@)[[u" ul) dya)

As in the de Rham case, if a; and as are cohomologous 3-cocycles with a1 —
ag = db then e~ ¥ is a cochain complexes isomorphism between (CE(g)[[u™", u]], dg.a, )
and (CE(g)[[u™,u]], dg.a,) and so induces an isomorphism

e HY o (G RI[w ul]) = HE o (e R u]])

If f: h — gis an Ly morphism, then by definition f is a DGCA morphism
f*: CE(g) — CE(h) so that f*a is a 3-cocycle on h for any 3-cocycle a on g,
and f* is a morphism of cochain complexes between (CE(g)[[u™!, u]], dgq)
and (CE(h)[[u™!, u]], dy.f+4), thus inducing a morphism between the twisted
cohomologies

FroH] o @RI ) — HE g (0 R ul)).

We, therefore, see that in order to define Fourier-Mukai transforms at the
level of twisted Lso-algebra cohomology the only ingredient we miss is a
pushforward morphism

et (CE(f),d3) — (CE(g)[—1], dg[—1])

for any central extension 7: g — g induced by a 2-cocycle g — buy, which is
a morphism of cochain complexes and which satisfies the projection formula
identity. We are going to exhibit such a morphism in the next section.

2.5. Fiber integration along U(1)-bundles in rational homotopy the-
ory. Let P — X be a principal U(1)-bundle. Since U(1) is a compact Lie
group, every differential form on P can be averaged so to become invariant
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under the U(1)-action on P. Moreover, taking average is a homotopy inverse
to the inclusion of U(1)-invariant forms into all forms on P so that

Q*(P)V() - Q*(P)

is a quasi-isomorphism of DGCAs. The DGCA Q°*(P)Y™ has a very simple
description in terms of the DGCA Q°(X). Namely, identifying Q°®(X) with
its image in Q°(P) via 7 one sees that °(X) is actually a subalgebra of
Q*(P)V(M. The subalgebra Q°(X) however does not exhaust all of the U(1)-
invariant forms on P: those forms that restrict to a scalar multiple of the
volume form on the fibers (for some choice of a U(1)-invariant metric on
P) are left out. Picking one such a form w; is equivalent to the datum of a
U(1)-connection V on P and

(Q(P)"W,d) = (Q°(X)[w1], dw1 = Fy),
where Fy is the curvature of V, so that we have a quasi-isomorphism of
DGCAs

(Q*(X)[w1],dwy = Fy) — (Q°(P), d).
This is the geometric counterpart of the isomorphism

(CE(9), dg) = (CE(g)[y1], dgyr = [ 22)
we met in Section 3, so that we see that the degree 1 element y; in the
Chevalley-Eilenberg algebra of the central extension § does indeed rep-
resent a vertical volume form. The fiber integration m.: (Q*(P),d) —
(Q*(X)[—1],d[—1]), restricted to U(1)-invariant forms reads

Tt (Q0(X)[wi], dwy = Fy) — (Q*(X)[—1], d[-1])
a+wi ABr— B,

so it is natural to define the fiber integration morphism m, associated with
the central extension 7: § — g determined by the 2-cocycle f: g — uy as

Tt (CE(g)[y1], dgyr = f*a2) — (CE(g)[-1], dg[-1])
a+y1br— 0,
It is immediate to see that 7, is indeed a morphism of chain complexes:
dg[=1](m«(a+y1 b)) = —dgb = T (dga + (f*x2) b—y1 dgb) = mi(dg(a+y1b)).
Next, let us show that the projection formula holds. Since the morphism

7*: (CE(g),dg) — (CE(g),dg) is the inclusion of CE(g) into CE(g)[y1], we
find:

m((7%a) (b+y1¢)) = m(ab+ (1)1 ac)) = (=1)%ac = (—=1)*am(b+y1 ¢)
for every b, c € CE(g), i.e.,
(2.1) (¥ a) w) = (—1)%a mw,
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for every w € CE(g). Summing up, we have reproduced at the L.-algebra/rational
homotopy theory level all of the ingredients we needed to define Fourier-
Mukai transforms. That is, given a span g1 <— § —2 gs of central extensions

(by the abelian Lie algebra R) of L..-algebras, and given a triple (a1, ag,b)
consisting of 3-cocycles a; on g; and of a degree 2 element b in CE(f) such

that dyb = m7a; — m3a2 we have Fourier-Mukai transforms

@y HY oy (o Rl o) — B3, (00 R [ ul)
@y Yoo R{[w ul)) — H3ZL,, (0 Rl )

given by the images in cohomology of the morphisms of complexes

W > T, (e"ilbﬂfw) and w— wl*(e_uilbﬂgw),

respectively.

2.6. The hofiber/cyclification adjunction and cyclification of L..-
algebras. We are going to see how to produce a quintuple (71, 72, a1, az,b)
inducing a Fourier-Mukai transform in Section [3] But first let us spend a
few more words on the geometric properties of the pushforward morphism
. As m,: (CE(g),dy) — (CE(g)[—1],dg[—1]) is a morphism of cochain
complexes, it in particular maps degree n + 1 cocycles in CE(g) to degree n
cocycles in CE(g). But, if h is any Loo-algebra, we have seen that a degree
k cocycle in CE(bh) is precisely an Lo-morphism b — b*~lu;. Therefore we
see that m, induces a morphism of sets

Homy__ (g, b"u1) — Homp,__(g,b" 1uy).

This is actually part of a much larger picture, to see which we need a di-
gression on free loop spaces. So let again X be our smooth manifold and
let 7: P — X be a principal U(1)-bundle over X, and let ¢: P — Y a
map from P to another smooth manifold Y. Let v: P x U(1) = Y be the
composition

PxU1)—P5SY

where the first map is the right U(1)-action on P. By the multiplication by
S /free loop space adjunction, + is, equivalently, a morphism from P to the
free loop space LY of Y. More explicitly, a point x € P is mapped to the
loop @,: U(1) = Y defined by o, () = p(z - €?). The map v: P — LY is
equivariant with respect to the right U(1)-action on P and the right U(1)-
action on LY given by loop rotation: 7 - e? = ppn, where pg: U(1) — U(1)
is the rotation by angle 6. Namely, one has

(62)€) (™) = (jpa)(€™) = pu(e?ei®) = ((w-€7)-€™) = o, o (™)
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Therefore, equivalently, « is a morphism between the homotopy quotients
P//U(1) and LY//U(1) over BU(1). Moreover, as P is a principal U(1)-
bundle over X, the homotopy quotient P//U(1) is equivalent to the ordi-
nary quotient and so is equivalent to the base X, and the natural map
P//U(1) — BU(1) is identified with the morphism f: X — BU(1) classi-
fying the principal bundle P. In other words, a morphism ¢: P — Y is,
equivalently, a morphism

LY//U(1)

X
X /
BU(1)

from f to the canonical morphism L£Y//U(1) — BU(1) in the overcate-
gory of spaces over BU(1). Writing cyc(Y") for the “cyclification” LY //U(1)
and recalling that the total space P is the homotopy fiber of the morphism
f: X — BU(1), we see that the above discussion can be elegantly summa-
rized by saying that cyclification is the right adjoint to homotopy fiber,

cyc
spaces spaces/ BU(1).
\_/
hofib

Cyclification of L.-algebras. The above topological construction immedi-
ately translates to the L..-algebra setting, where we find an adjunctionlﬂ

cyc

T

L.-algebras Loo-algebras/buy .

\_/

hofib

We have already seen that the homotopy fiber functor from L.-algebras over
buy (i.e., Loo-algebras equipped with an R-valued 2-cocycle) to L.-algebras
consists in forming the R-central extension classified by the 2-cocycle. So we
have now to complete the picture by describing the cyclification functor. As
usual, we start from geometry, and consider an Loo-algebra [X representing
the rational homotopy type of a simple space X. If X is 2-connected (so that
its free loop space is surely simply connected and therefore simple) an Lqo-
algebra representing the rational homotopy type of the free loop space £LX
is easily deduced from the multiplication by S*/free loop space adjunction.

6A more general statement and proof in co-toposes can be found in [39] (see Proposition
4.1).
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As a Sullivan model for Y x S'is Ay, g1 = Ay @ Ag1 = Ay [t1] with dt; = 0,
one sees that if Ax = (A*IX*,dx), then

AEX = (/\.([X* ) S[X*), dEX)
where s[X* = [X*[1] is a shifted copy of [X*, with dﬁX’Ax = dx and
[dex,s] =0, where s: Apx — Apx is the shift operator s: [X* =5 (s[X*)[—1]
extended as a degree -1 differential. See [43] for details. This immediately

suggests the following definition: for an arbitrary L.o-algebra g we write £g
for the L..-algebra defined by

(CE(Lg), dgg) = (A*(8" @ 5987), deg g = das [deg, 5] = 0]).

Deriving an L..-algebra model for the cyclification cyc(X) is a bit more
involved, ad has been worked out in [44]. One finds

Acyc(X) = (/\.([X* ©slX* D buT)a dcyc(X)) = (/\.((X* D S[X*)[l'g], dcyc(X))a

where xo is a degree 2 closed variable and dqy.(x) acts on an element a €
[X* @ slX™ as deyexa = dgga + x2 A sa. From this one has the natural
generalization to an arbitrary Lo.-algebra g: its cyclification is the Loo-
algebra cyc(g) defined by

CE(CyC(G)) = (/\.(g DsgD bul)*v dcyc(g)) = ((/\.(Q D Sg)*)[ﬂjg], dcyc(g))a
where 73 is a degree 2 variable with dcycg@r2 = 0 and d
element a € g*[—1] © g* as

cyc(g) acts on an

dcyc(g)a = dgqa + 72 A\ sa.

Notice that there is a canonical inclusion of DGCAs R|za] — CE(cyc(g)),
giving a canonical 2-cocycle cyc(g) — buy. It is then not hard to see that,
if f: g — buy is a 2-cocycle classifying a central extenson g, then there is a
natural bijection

HOHILOO (hOﬁb(f)7 h) = HomLoo/bul (gv CyC(h)),

for any Lso-algebra h, where on the right hand side with a little abuse of
notation we have written the sources in places of the morphisms. Namely,
in the dual Chevalley-Eilenberg picture this amounts to a natural bijection

Hompgca (CE(h), CE(g)) = Homgy,,)/paca (CE(cyce(h)), CE(g)).

As CE(h) is freely generated by h*[—1] as a polynomial algebra, a morphism
on the left amounts to a graded linear map h*[—1] — CE(g) constrained by
the compatibility with the differentials condition. As CE(g) = CE(g)[y1],
where 1 is a variable in degree 1 with dgy1 = f*(x2), as a graded vector
space we have

CE(g) = CE(g) ® y1 CE(g) = CE(g) & CE(g)[-1],
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so that a graded linear map h*[—1] — CE(g) is equivalent to a pair of graded
linear maps from h*[—1] to CE(g) and to CE(g)[—1], respectively. In turn,
this pair is a graded linear map h*[—1] @ h* — CE(g). We can extend this
to a graded linear map

b*[-1] & b @ bui[-1] — CE(g)

by mapping the linear generator za of buj[—1] to the element f*(x2) of
CE(g). This way we define a graded commutative algebra map

Sym®(h*[-1] ® b* @ bu}[—1]) — CE(g)
which a direct computation shows to be a morphism of DGCAs making the
diagram
R[.%Q]
/ %&
CE(cyc(h)) CE(g)

commute. See [20] for details.

Example 2.6. The Sullivan model for S* is
CE(ISY) = (Rz4, 27], dz4 = 0, dz7 = 24?).
Therefore, the Sullivan model for £5%//U(1) is
CE(cyc(I1SY) = (Rlza, y3, 24, Y6, 27], da = 0, dyz = 0, dzq = ysxo, dys = —2ys324, dzr = T4°+20ys).

Making the change of variables fo = x2, hs = y3, f1 = 24, f6 = —%y()-, and
h7 = z7, this can be rewritten as

CE(cyc(1S*)) = (R[fa, f1, fo, h3, hr], dfs = 0, dhg = 0, dfs = ha f2, dfs = ysts, dhy = f4>—2tate).

Therefore, a smooth cocycle X — cyc(LS*) on a smooth (super)manifold X
will be the datum of a closed 3-form Hs and of 2-, 4- and 6-forms F5, Fy
and Fgz on X such that

dFs = 0; dFy = H3 N\ Fy; dFg = H3 N Fy,

together with a 7-form Hy which is a potential for the closed 8-form FyAFy—
2F, A Fg. In particular, if Y — X is rationally a principal S'-bundle, then a
(54 cocycle on Y will induce, by the hofiber/cyclification adjunction, such a
set of differential forms on X. Notice in particular how the above equations
for the differentials of the Fy,’s are precisely (a subset of) the equations for
a Hs-twisted cocycle Y 00 Fhyu™ in (Q°(X)[[u™t,u]], dn,) with Fy = 0.
This is the mechanism by which the M-theory cocycle R1%132 — [§% induces
twisted (rational) even K-theory cocycles on on R%116+16; gee [19).



64 DOMENICO FIORENZA, HISHAM SATI, AND URS SCHREIBER

Fiber integration revisited. The L, algebras b™uy have a particularly simple
cyclification. Namely, as CE(b"uy) = (R[zy+1],0), we see from the explicit
description of cyclification given in the previous section that as a polynomial
algebra CE(cyc(b™u;)) is obtained from R|x,;] by adding a generator y,, =
S$Tp+1 in degree n and a generator zo in degree 2. The differential is given
by
dTn41 = 22 Yn; dy, = 0; dzg = 0.

From this one immediately sees that we have an injection (R[y,],0) —
(CE(cyc(b™u1)), d) and so dually a fibration

cyc(b”ul) — b"_1u1
of Loo-algebras. Then given an R central extension 7: § — g we can form
the composition of morphisms of sets
Homp__(g,0"u;) = Homy, _ /py, (g, cyc(b™uy)) — Homp__ (g, cyc(b™uy)) — Homy (g, b"_lul),

and a direct inspection easily reveals that this coincides with the fiber inte-
gration morphism

Ty - HOIIILoo (ﬁ, b”ul) — HOHILOO (g, b”_lul)
from Section

3. RATIONAL HOMOTOPY THEORY OF T-DUALITY CONFIGURATIONS

3.1. The classifying spaces of T-duality configurations. As we al-
ready noticed, the same way as the classifying space BU(1) of principal
U(1)-bundles is a K(Z,2), the classifying space B3U (1) of principal U(1)-3-
bundles (or principal U(1)-2-gerbes) is a K (Z;4). This implies that the cup
product map

U: K(Z,2) x K(Z,2) — K(Z,4)
is equivalently a map

U: BU(1) x BU(1) — B3U(1),

i.e., to any pair of principal U(1) bundles P; and P, on a manifold X is
canonically associated a U (1)-2-gerbe PUP» on X. By definition, a topolog-
ical T-duality configuration is the datum of two such principal U(1)-bundles
together with a trivialization of their cup product. In other words, a topo-
logical T-duality configuration on a manifold X is a homotopy commutative
diagram

X *

l i

BU(1) x BU(1) B3U(1) .
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By the universal property of the homotopy pullback this is in turn equivalent
to a map from X to the homotopy fiber of the cup product, which will
therefore be the classifying space for topological T-duality configurations.
To fix notations, let us call BT folds this classifying space, so that BT fold
is defined by the homotopy pullback

BTfold *

l l

BU(1) x BU(1) —=—= B3U(1) .

The rationalization of BTfold is obtained as the Ly-algebra btfold given by
the homotopy pullback

btjold 0
bup X buy —— = by |

and in order to get an explicit description of it we only need to give an

explicit description of the 4-cocycle bu; x buy Y, b3u;. This is easily read in
the dual picture: it is the obvious morphism of CGDAs

(Rlz4],0) — (R[d2, Z2],0) = (R]x],0) ® (R[x2], 0)
Ty —> T To.

The Chevalley-Eilenberg algebra of btfold is then given by the homotopy
pushout

(Rz4],0) (R,0)

| l

(Rl 3], 0) —— (CE(btjold), d) ,
i.e., by the pushout

(R[], 0) (Rlys, 4], dys = 24)

] l

(R[i2, %2], 0) (CE(btfold), d) .

Explicitly, this means that
(CE(btfold), d) = (R[Z2, 2, y3], di2 = 0,dTs = 0,dys = 2 T2),

and so an Lo.,-morphism g — btfold is precisely what we should have ex-
pected it to be: a pair of 2-cocycles on g together with a trivialization of
their product. Moreover, one manifestly has an isomorphism

(CE(btfold), d) = (CE(cyc(b*uy), d)
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so that the btfold L.o-algebra is isomorphic to the cyclification of b%u;. This
result actually already holds at the topological level, i.e., there is a ho-
motopy equivalence BT fold = cyc(K(Z,3)) = cyc(B2U(1)). Proving this
equivalence beyond the rational approximation is however harder; see [9] for
a proof.

The Lo-algebra btfold has two independent 2-cocycles f1, fo: btfolo — buy
given in the dual picture by fj(x2) = &2 and by f5(x2) = Z2. Let us denote
by p1 and p, the central extensions of btfold corresponding to fi and fo,
respectively. They are clearly isomorphic as Ly.-algebras; however they are
not equivalent as L..-algebras over btfold as the two classifying morphisms
f1 and fo are not homotopy equivalent.

Let us now write R[z3] for the Chevalley-Eilenberg algebra CE(b%u;), so
that in the notation of Section we have CE(cyc(b®w1)) = R[zs, y2, 20]
with drs = 2919, dys = 0 and dzo = 0, and with the canonical 2-cocycle
cyc(b?uy) — buy being given dually by

féyer Rlwo] — Rlas, y2, 29]
To —— 29.

The isomorphism of Ls.-algebras ¢1: btfold — cyc(b?u;) dually given by
T3 — Y3, Yo — o and 29 — &9 is such that the diagram of DGCAs

P CE(bul) £
y h \

CE(cyc(b®uy))

CE(btjold)

commutes, i.e., 1 is an isomorphism over bu;. Hence, by the hofiber/cyclification
adjunction, it corresponds to an L., morphism from the homotopy fiber of

f1 to b%uy, i.e., to a 3-cocycle as,1 over pi. Repeating the same reasoning for

f2 we get a canonical 3-cocycle a3 2 over p,. Therefore, we see how some of

the ingredients of a rational T-duality configuration naturally emerge form

the T-fold L..-algebra. The cocycles a3 and a2 can be easily given an ex-
plicit description, by unwinding the hofiber/cyclification adjunction in this
case. Let us do this for a;. The homotopy fiber p; of fi is defined by the
homotopy pushout of DGCAs

(R[xﬂ: 0) (R, O)

| l

(R[&2, &2, y3], dTe = dTs = 0,dy3 = &aZ2) —— (CE(p1),dp, ) ,
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and so it is given by
(CE(p1), dp,) = (R[1, T2, T2, y3], d1 = ¥2,dTe = d¥2 = 0,dys = T272).
One immediately sees the relation

dys = d(j172),

i.e., that y3 — g142 is a 3-cocycle on p;. Under the hofiber/cyclification ad-
junction this 3-cocycle corresponds to the morphism of DGCAs CE(cyc(b?u;)) —
CE(btfold) mapping z3 to y3, y2 to To and 23 to Zg, i.e., to the morphism
1. In other words,

as,1 = ys — Y1o2.

In a perfectly similar way a3 2 = y3 — @2¢1. Notice how we have

pie(azy) = =22,  palaza) = —Zo,

where p;: p; — btfold are the projections. Finally, let us form the homotopy
fiber product t = p1 Xpgen p2. It is described by the Chevalley-Eilenberg
algebra

(CE(t),di) = (R[y1, 71, 2, T2, Y3}, dij1 = T2, dy1 = T2, dy3 = T2T2),

with the projections m;: t — p; given in the dual picture by the obvious
inclusions. By construction, m; and my are R-central extensions, classified
by the 2-cocycles Zo and I, respectively. One computes

miaz1—m5a32 = (Y3—y102)—(y3—L2y1) = —Y122+E2f1 = —Y1(dy1)+(dy1)y1 = d(9171),
i.e.,
mas1 — myag = dby,

where by € CE(t) is the degree 2 element bo = ¢171. Thus we see that the
L-algebra btfold actually contains all the data of a quintuple (71, 72, a3 1, as 2, b2)
inducing a Fourier-Mukai transform.

3.2. Maps to btfold. All of the construction of the quintuple (7, w2, a1, az, b)
out of the the Ly,-algebra btfold can be pulled back along a morphism of
Loo-algebras g — btfold. That is, given such a morphism one has two R-
central extensions g; and g2 of g together with 3-cocycles a3 and az2 on
g1 and go, respectively, and a degree 2 element by on the (homotopy) fiber
product Loo-algebra g1 X4 g2 with ma3 1 —m5a32 = dba. Let us see in detail
how this works.

To begin with, the datum of a morphism g — btfold is precisely the datum
of two 2-cocycles ¢ and é; on g together with a degree 3 element hs € CE(g)



68 DOMENICO FIORENZA, HISHAM SATI, AND URS SCHREIBER

such that dhs = ¢oéo. The two cocycles ¢o and ¢y define the two R-central
extensions g, and go of g defined, respectively, by

(CE(g1),dg,) = (CE(g)[é1], dé1 = ¢
,dey

€1 2
(CE(g2),dg,) = (CE(g)[é1] 2

On the L..-algebra g we have the 3-cocycle a3 = h3 — é1¢2, and on the

Lo-algebra go we have the 3-cocycle a3 o = hz —¢aeq. Finally, the homotopy
fiber product g x4 g2 is given by

(CE(g1 Xg 82), dg; x40.) = (CE(g)[€1,€1]; dé1 = &, dé1 = &) ,

and so in CE(gy X4 g2) we have mfas 1 — miaz2 = dba, where 7{ and w3
are the obvious inclusions and by = é1€;. Notice that CE(g; x4 g2) is built
from CE(g1) by adding the additional generator é; and from CE(gs) by
adding the additional generator é;. We can now make completely explicit
the Fourier-Mukai transform

Dyt HY g, (0GR u]]) — H L (025 R[u™ u]).

Loosas 2

To fix notation, let

g1 Xg 02

T 2
91 / \92
g

be the homotopy fiber product defining g1 x4 go. Notice that the Beck-
Chevalley condition |Z|

(3.1) pépl* = 7T2*7TT
holds. Indeed, for any wy = ay + €18,—1 in CE(g1), we have
oMWy = T2T] (p+E€10k—1) = Tox(p+E€10k—1) = Br—1 = P14k = PoD1+W -

Let us write wa, = agy + €182,—1 for a degree 2n element in CE(g;) and
w =Y, c7 U Wy, for a degree 2k element in w € CE(gy)[[u~',u]]. The

. . -1 .
Fourier-Mukai transform ®;, maps the element w to ma.(e% *2mjw). Since

See [32] for a general discussion of this condition for proper maps of toposes.
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.. . . —1 -1z = 1w ~
w7} is just the inclusion and e“ by — gu” €161 — 1 4 4,7 1¢,6;, we find
1 ~
Py, (W) = mou(w +u” " €161w)

= Z T o (2n 4 €1P82n—1 + u T é181 (a2 + €182n-1))

neZ

= Z U o (a2 + €1 B2n—1 + uT E1E12y,)
neL

= Z uk_n</82n—1 + é1a2n—2) .
neZ

Let Qo1 = fon—1 + €102y 2 and @ = > -, wF"%9,_1, so that @ is a
degree 2k —1 element in CE(go)[[u™!,u]] and & = @y, (w). We know from the
general construction of Fourier-Mukai transforms we have been developing
that if w is an an a3 ;-twisted cocycle, then @ is an az 2-twisted cocycle. We
can directly show this as follows. The degree 2k cochain w is a a3 i-twisted
degree 2k cocycle precisely when

dg,w + u_1a3,1 w=0.
This equation is in turn equivalent to the system of equations
dglbUQn + a3 iwap—2 =0, n € 7.
Writing way, = a9, +€1P2,—1 and recalling that a3 1 = hg—€1¢2, this becomes
dgaiop + C2f2n-1 — €1dgfon—1 + haon—2 — €1C200p 2 — €1h3f2,-3 = 0,
ie.,
{dgazn + hzaop—2 = —C2f2n—1,
dgB2n—1 + h3fon—3 = —Coazp—2.
Then we can compute
dgy@an—1 = dg, (Ban—1 + €102n—2)
= dgflon—1 + Coaap—2 — €1dgaro, 2
= (—h3Ban—3 — Caqap—2) + Cacan—2 — €1(—hzazn—4 — é282n—3)
= —a32P2n—3 + 103,202, 4
= —a32(Pan—3 + €102—4)
= —ag32won-3 ,
which shows that w is a degree 2k — 1 a3 o-twisted cocycle.

Looking at the explicit formula for ®,, we have now determined above,
we see that @, acts as

> uF M agn + é1Ban-1) > D uF T (Bon 1 + Erazn2) -

nez neL
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So it is manifestly a linear isomorphism between the space of degree 2k
cochains in CE(gy)[[u~", u]] and degree 2k — 1 cochains in CE(gz)[[u!, u]].
Repeating verbatim the above argument one sees that ®;, is also a linear
isomorphism between degree 2k — 1 cochains in CE(g1)[[u~", u]] and degree
2k — 2 cochains in CE(g2)[[u~!,u]]. Not surprisingly, the inverse morphism
is u®_y, in both cases. This can be showed directly by repeating once more
the argument above, or specializing to a rational T-duality configuration
the general formula for the composition of two Fourier-Mukai transforms.
We are going to show this in the following section. Either way, as ®y, is
also a morphism of complexes, it is an isomorphism of complexes and so,
in particular one sees that the Fourier-Mukai transform associated to an
Loo-morphism g — btfold is an isomorphism

©p,: HY oy, (0u R u]]) = HY L (02 R[]

Loo;a3,2

3.3. Compositions of Fourier-Mukai transforms. Finally, let us de-
scribe the composition of Fourier-Mukai transforms. To that end, we will
consider a pair of quintuples (71,72, a3,1,a32,b2) and (71, T2, as 2, a3, 52),
which induce two corresponding Fourier-Mukai transforms @, : H} ., | (o1; R[[u=tu]]) —

1‘[}4;1;%2 (g2; R[[u~!, u]]) and D; Hl./oo§a3,2 (g2; R[[ut,u]]) — Hz;l;a&?)(gg;R[[u_l,u]]),
respectively. To describe the composition <I>52 o0 ®;,, we form the fiber prod-
uct b1 xg, b2, where by and b are the Lo, algebras appearing as “roofs” in
the spans defining ®; and ®p,, respectively. Notice that, as 72: b, — g and
m1: b, — g2 are fibrations, by xg, b2 is actually a model for the homotopy

fiber product of h; and hy over go. Then we have the diagram

bl XQZ b2
p1 / K D2
ﬁ\ / b2
g1 g2

where ¢; and g2 are the projections, and where p; = m1¢q; and ps = T2q2. By
definition of Fourier-Mukai transform and by the Beck-Chevalley condition

93,
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(equation (3.1))) Tim2. = q2.q7, for any w in CE(g;) we have

17 -1
22y (e 2 miw))

~ —1p -1
= To.(e" bQQQ*(fff@u bzfﬁﬁw))

Now recall the projection formula (equation , and use the fact that e*~ 02
is a degree zero element to get

17

go (g3 (e P2y e 0l prigy — M2 gy (M ER2 i),

Therefore,
~ —17 —1 %
(®;, © i) (W) = Taegaelgz (e’ ) e 4% piuw)
71(Q§52+qu2) p>(1<w)'
By definition of fiber product, the two morphisms ¢57] and ¢fm5 coincide.
Therefore,

diy x50 (2302 + q1b2) = ¢y, b2 + qidy, bo
= ¢5(Tiaz2 — Ta33) + qi (71a31 — m5a32)
= qi(m1as1) — ¢3(73a33) + (371 — qi73)as 2

>k *
= pP1a3,1 — P2Q3,3.

- p2*(eu

This shows that ®; o ®p, is indeed the Fourier-Mukai transform associated

with the quintuple (p1, p2,as1,as33,qiba + qé‘l;g). We write this as

7 O — * 7 .
(pb2 Py, (I)qleJrq’g*bz

Notice that p1: b1 Xg, b — g1 and pa2: b1 X, ho — g3 are not uj-central
extensions but u; x uj-central extensions, so the Fourier-Mukai transform
(I)qu2+q;l§2 lowers the degree by 2.

It is interesting to specialize this to the case where (7, 72, a3 1, a3 2, b2) is
the quintuple associated with a rational T-duality configuration g — btfold
and (71, T2, as2,a33,b2) = (72,71, a32,a31, —b2). In this case

(CE(h1xg,02), diy xg,0,) = (CE(g)[€1,1,1,€12]; dé1y = dé1p = &a,déy = é2)

and the morphisms ¢} : CE(h;) — CE(h1Xg,b2) are the inclusions of CE(g)[é1, é1]
into CE(g)[é1,1, €1, €1,2] given by é; + é; ;. Therefore, we have

qib2 + q3(—b2) = (qi — ¢3)(€1€1) = (é1,1 — €12)é1 .
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As a consequence, the Fourier-Mukai transform ® gy, 4 (—p,) acts on a de-
gree 2k element w = >, ., uF " (g, + €182,—1) in CE(g1)[[u™!, u]] as

D by ras(—ba) ( Z W o (14w (E1,1 — €1,2)€1) (a2n + €1,182n-1))
neL

_ . 1/« . ~ 1 ~ o
= Z u® "1xqos (Qan + €11 on—1 +u” (€11 — €12)E102, — U™ €12€1€1,102n—1)
nez

= Zu 1w (Ban—1 4+ u” 1, —uT é161 Ban1)
nez

= Z uF " gy + €1 Ban—1)
ne”L

=ulw.

The same holds for odd degree elements, so that ® . 1 «(_p,) = v 'Id and
q1 2+(I2( 2)
so u®_p, o &y, = Id. The same argument shows that &, o u®_;, = Id, so
that, finally,
O, = ud_y,,

i.e., we have shown that the Fourier-Mukai transform associated with a
rational T-fold configuration is indeed invertible, with inverse provided (up
to a shift in degree, given by the multiplication by u) by the Fourier-Mukai
transform with opposite kernel 2-cochain. This completes the proof of the
last statement in Section

3.4. The case of SuperMinkowski space RI:8I16+16 A]] of the above
constructions immediately generalize from L.-algebras to super-L.-algebras
(see [17][18] for generalities on extensions to the super case), and it is pre-
cisely in this more general setting that we find an interesting example from
the string theory literature.

Let 16 be the unique irreducible real representation of Spin(8,1) and let
{ya}fll;(l) be the corresponding Dirac representation on C' of the Lorentzian
d = 9 Clifford algebra. Write 16 4+ 16 for the direct sum of two copies of the
representation 16, and write ¢ = (ﬁ;) with 11 and 9 in 16 for an element

1 in 16 4 16. Finally, for a =0, --- , 8, consider the Dirac matrices

a_ (0 ma _ (0 1 ms _ (0 1 (il 0
F_<w0’ Fom=119) T I 0 and - To=1y )

where [ is the identity matrix. The super-Minkowski super Lie algebra
R&116+16 g the super Lie algebra whose dual Chevalley-Eilenberg algebra
is the differential (Z,7Z/2)-bigraded commutative algebra generated from el-
ements {e%}5_, in bidegree (1, even) and from elements {1)*}32 | in bidegree
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(1,0dd) with differential given by
dp* =0 , de® =T,

where ') = (CT%),p P, with C the charge conjugation matrix for the
real representation 16 + 16. Since di® = 0 for any «, both

A = yrlAy, and e N

are degree (2,even) cocycles on R8116+16  The central extensions they
classify are obtained by adding a new degree (1,even) generator 6?4 or egB to

CE(R31116+16) with differential
dedy =yrg™y  and  del = ¢gIgPy,
respectively. These two central extensions are, therefore, themselves super-
Minkowski super Lie algebras. Namely, the extensions classified by ch and
1B
cy o are

9,1/16+16 9,1/16416
RO RO ,

and

respectively. Finally, let 5 be the degree (3,even) element in CE(R%1/16+16)
given by

8
pit = pgy — WT§AT el = =i Y Pl Tiovhe® — il A Tigved .
a=0

The element p12 is actually a cocycle [I0], so that

8,1 — -
dppy = (uﬁI%IAFlO@[))(@ZJI‘gA ) -
A simple direct computation shows I'jiB = iFgAFlo, so that
81 _ —
dpipy = (P05 ) (W ) = 34
As the element ,uili, as well as the elements 0121A and ch actually belong to

the differential bigraded subalgebra CE(R3116+16) of CE(R%116+16)  the
relation
i =

actually holds in CE(R®16+16) 5o that the triple (¢4, cIQIB,,u%}) defines
an Lo,-morphism

R3I6H16 ., pisoo.
The 3-cocycles on R%H16+16 4nq on R%1H16+16 sgsociated with this Leo-
morphism are

81 9 1B 81  IIA 9
Hpp — €46 and Hpp —C2 €p

respectively. As I%IB = iI’SIBIAI’lo, we see that

8,1 9 IIB _ 81 9 7nIIB,, _ 81 —IIA 9 _ IIA
Ppy —€aCy = fipy — explg i = gy —iplg " Tiotey = iy
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We then set B = ,u% — cl"e%. An explicit expression for the (3,even)-

cocycle pltB on R%116+16 jg

8
81 . - -~
T = py — OT A el = =iy YTaT1gpe® — iy P
a=0

where we used I%IA = iFgBFlo. We have therefore an explicit Fourier-Mukai
isomorphism

(1)6?46%: Hzoo;u%?(R971|16+16;R[[u_l’u]]) _~ Hz;lguglf(RgJ‘lG—’—lﬁ;R[[u_lvUH)-

This isomorphism is known as Hori’s formula or as the Buscher rules for RR-

fields in the string theory literature [25]. A direct computation shows that

it maps the ,u%?—twisted cocycles of [10] on RO116+16 (4 the pB_twisted

cocycles of [36] on R%1116+16. see [20] for details.
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