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Myself, had started to think about non-abelian surface transport
in my PhD thesis, defended in 2005:

This was motivated from high energy physics (HEP).
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https://arxiv.org/abs/hep-th/0509163
https://arxiv.org/pdf/hep-th/0509163#page=262


Motivations and Perspectives.

• in classical HEP

classical background connection (“gauge field”) is the physical datum to be understood

probed by paths (“Wilson loops”)

or surfaces (“Wilson surfaces”)

that are chosen as prescribed observables

Theorem: Connections are fully characterized by their path holonomy.(e.g. [SW09])

Analogously for 2-connections and 2-holonomy. (e.g. [SW13])

• in quantum HEP

one imagines “averaging” (path integral) over all background fields

and now the averaged parallel transport characterizes the path!

cf. knot invariants via Chern-Simons theory

• in data science (I gather) it is currently

the background connection that is chosen by hand

in fact to be the most trivial/tautological one,

and information about the path/surface to be extracted

In HEP instead of using the free Lie algebra, one would use u(N) for arbitrary/large N .

In HEP one cares also about connections on non-trivial bundles: “instantons”, “solitons”.

This is relevant when the
target space X of the

paths/surfaces [0, 1]n −→ X
is no longer just Euclidean
space Rd.

In data science this case
may remain underappreci-
ated, but consider for in-
stance:

X :=

{
points on earth
& wind direction

}
= S(TS2) ≃ RP 3 ≃ S3/Z2

In this case the local sur-
face holonomy needs to be
accompanied by
Čech cocycle data

Indicated on the right,
now to be explained.
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https://arxiv.org/abs/0705.0452
https://arxiv.org/abs/0808.1923
https://arxiv.org/pdf/hep-th/0509163#page=309


The isse is:

On a general manifold X
connection data in general only exists locally
namely on an open cover

C :=
∐

i∈I Ui X
(ιi)i∈I

for
{

Rn ≃ Ui X
ιi
opn

}
i∈I

and so in order to continue parallel transport
from one chart Ui to the next Uj

one needs a gauge transformation
relating the connection on Ui with that on Uj

where they overlap, on Uij := Ui ∩ Uj

and this must be consistent:
gauge transforming from Ui to Uj and from there to Uk

must be the same as transforming directly from Ui to Uk

or at least these two gauge transformations
must be gauge-of-gauge equivalent on Uijk := Ui ∩ Uj ∩ Uk

and so on.

Such data subject to such consistency conditions
is called Čech cocycle data.
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Labelling surface elements by strict 2-groupoids coming from crossed modules of groups
means:

Consider a group homomorphisms H Gt

labelling surface elements with pairs g ∈ G and h ∈ H like this:

∗ ∗

g

t(h)·g

h ≡ ∗ ∗ ∗

e

t(h)

h
g

such that

∗ ∗ ∗

e

t(h1)

h1

e

t(h2)

h2 = ∗ ∗

e

t(h1h2)

h1·h2

and

∗ ∗

e

t(h)

t(h′h)

h

h′

= ∗ ∗ ∗e

t(h′)

h′

e

t(h)

h

= ∗ ∗

e

t(h′h)

h′h

and such that the order of horizontal/vertical composition doesn’t matter.
This implies that

∗ ∗ ∗ ∗g

e

t(h)

h
g−1

= ∗ ∗

e

g·t(h)·g−1

α(g)(h)

for some group homomorphism α : G Aut(H) such that t
(
α(g)(h)

)
= g · t(h) · g−1

and that

∗ ∗ ∗ ∗
t(h)

e

t(h′)

h′
t(h)−1

= ∗ ∗ ∗ ∗

e

t(h)

h

e

t(h′)

h′
t(h)−1

e

h−1

= ∗ ∗

e

t(h·h′·h−1)

h·h′·h−1

hence that α
(
t(h)

)
(h′) = h · h′ · h−1

The boxed items make a crossed module of groups.
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First consider the ordinary case of

Parallel 1-Transport along paths.
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https://arxiv.org/pdf/hep-th/0509163#page=318


To generalize this to

2-Transport along surfaces.
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https://arxiv.org/pdf/hep-th/0509163#page=327


Now

=

and hence the 2-holonomy is given by
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https://arxiv.org/pdf/hep-th/0509163#page=328
https://arxiv.org/pdf/hep-th/0509163#page=328
https://arxiv.org/pdf/hep-th/0509163#page=329


Consistency conditions. For this 2-homology not to depend on the choice of where to insert
the gauge transformations, the following conditions must be met:
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https://arxiv.org/pdf/hep-th/0509163#page=330
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https://arxiv.org/pdf/hep-th/0509163#page=331


This is the nonabelian Čech 2-cocycle condition for the principal 2-bundle underlying the 2-
connection.
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https://arxiv.org/pdf/hep-th/0509163#page=332

