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Abstract

We give a modernized and streamlined review, aimed at mathematical physicists, of the origin and nature
of the super Lie-algebra known as the (“hidden”) M-algebra, which arises somewhat subtly in analysis of 11D
supergravity. Following arguments that this (hidden) M-algebra serves in fact as the maximal super-exceptional
tangent space for 11D supergravity, we particularly make explicit here its integration to a (super-Lie) group.
This is equipped with a left-invariant extension of the “decomposed” M-theory 3-form, such that it constitutes
the Kleinian space on which super-exceptional spacetimes are to be locally modeled as Cartan geometries.

As a simple but consequential application, we highlight how to describe lattice subgroups Zk≤528 of the hidden
M-group that allow to toroidially compactify also the “hidden” dimensions of a super-exceptional spacetime,
akin to the familiar situation in topological T-duality.

In order to deal with subtleties in these constructions, we (i) provide a computer-checked re-derivation of
the “decomposed” M-theory 3-form, and (ii) present a streamlined conception of super-Lie groups, that is both
rigorous while still close to physics intuition and practice.

Thereby this article highlights modernized super-Lie theory along the example of the hidden M-algebra, with
an eye towards laying foundations for super-exceptional geometry. Among new observations which we touch on
along the way is the dimensional reduction of the hidden M-algebra to a “hidden IIA-algebra” which in [GSS24e]
we have explained as the exceptional extension of the T-duality doubled super-spacetime.
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1 Introduction

The problem of formulating M-theory (cf. [Du99a]) remains open [Du96, §6][Du20], but considerable attention
has been paid – and convincing progress has been made – towards its structure visible locally, in the (infinitesimal)
neighborhood of any spacetime point. This concerns (i) brane-extended super-symmetry (e.g. [To99]) and (ii)
exceptional duality symmetry (e.g. [Sam23]), which (iii) may be argued [We03, §4][GSS24d] to be neatly unified,
locally, via the maximal super-exceptional tangent space to be identified with the “M-algebra” (recalled in a moment)
equipped with its “brane-rotating automorphy” via the sl32-quotient of the local Lorentzian form k1,10 of e11-
symmetry.

M︷ ︸︸ ︷
R1,10+ 517 | 32

R1,10 | 32 R1,10+ 517

R1,10

Ordinary
tangent space

Basic
M-algebra

Super
tangent space

Exceptional
tangent space

However, the hallmark of non-perturbative physics in general and hence of M-theory in particular should be vis-
ible globally in topologically stabilized field configurations (solitons, skyrmions and anyons, cf. e.g. [Ra84][Zee10,
§V.6]), which in discussion of M-theory have received less attention. Global effects arise particularly due to comple-
tion of dynamics by flux/charge quantization laws [Fr02][MaS04][SS25] for the (higher) gauge fields: This is classical
for the electromagnetic field (where Dirac charge quantization in ordinary cohomology stabilizes Abrikosov vor-
tex solitons in type-II super-conductors, recalled in [SS25, §2.1]), famous for the RR-fields (where, conjecturally,
twisted K-cohomology stabilizes D-branes, see [GS22], recalled in [SS25, §4.1]) and as has been hypothesized for the
M-theory C-field [DFM07][Sa10][FSS20b] (reviewed in [SS25, §4.2], where twisted Cohomotopy stabilizes M-branes
subject to the notorious half-integral shift of the 4-flux and the tadpole cancellation of the 7-flux).

Global topology of super-exceptional geometry. While flux-quantization is ordinarily considered on ordinary
supergravity spacetimes (e.g. [LS22][LS23][GSS24a]) or on brane worldvolume submanifolds (e.g. [FSS21b][GSS24b]),
the same process should be applied after geometrically manifesting hidden duality-symmetries, but now on the
vastly higher dimensional (super-)exceptional geometric enhancement of spacetime, whose (choice of) global topol-
ogy thereby gains physical significance: Solitonic field configurations that are ordinarily localized in spacetime now
also depend on and may be localized along the exceptional geometric spacetime directions!

This effect may not before have received due attention in generality but it is apparent in the more well-studied
special case of T-duality, where “doubled spacetime” (e.g. [HLZ13]) globally has the structure of a torus-bundle
(the “correspondence space” in topological T-duality, cf. e.g. [Wa24, §1]).

Toroidal M-geometry. Towards a discussion of such toroidal (and eventually other) global topological structure
for super-exceptional geometries, we here review the globalization of the (hidden) M-algebra to a super-Lie group
– the (hidden) M-group (in §3, previously considered in [Var06, §6.7]):

super-
Lie groups

super-
Lie algebras

sLieGrp sLieAlg

Hidden M-group M̂ M̂ Hidden M-algebra

Basic M-group M M Basic M-algebra

super-Lie
differentiation

such that there are lattice subgroups, quotienting by which yields toroidally compactified super-exceptional geome-
tries:

Zk M̂ M̂/Zk
Toroidally compactified

super-exceptional
spacetime

Zk M M/Zk (0 ≤ k ≤ 528) .

(1)

While this is in principle “well-known”, it is worthwhile and our aim in this review to dwell on the details of
this construction, because it plays such an interesting role for the physics while being simple (namely: nilpotent,
see Rem. 3.11 below) as far as examples of super-Lie groups go, thus potentially enriching both the supergravity
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literature (which tends to shun super-manifold theory, cf. [CDF91, §II.2.4, p. 338]) as well as the mathematical
super-geometry literature (e.g. [Va04], which in turn is short on more cutting-edge physics examples).

To say this in a little more detail before we get to the full development:

The M-Algebra in some generality was named by [Se97], but in its “basic” form it was already highlighted in
[To95, (13)] (further so in [To98, (1)][To99]), and in its subtle “hidden” extension of the basic form it actually
goes way back to [DF82] (later generalized by [BDIPV04], and briefly reviewed many times, e.g. by [dAz05,
§5][Var06, §6][ADR16, §2][Ra18, §3][Ra21, §4][AD24, §5]), there discovered already with the ambition to identify
hidden symmetries of 11D SuGra.

The basic M-algebra M (as we shall call it here, just for disambiguation from its further extensions) is the
maximal extension of the (translational) 11D super-symmetry algebra by central charges identifiable (e.g. [SS17])
with conserved charges of probe M2- and M5-branes, the non-trivial super-Lie bracket having the emblematic form
(10):

[Qα, Qβ ]︸ ︷︷ ︸
super-bracket of
super-charges

= − 2Γaαβ Pa︸︷︷︸
space-time
momenta

+ 2Γa1a2αβ Za1a2︸ ︷︷ ︸
M2-brane
charges

− 2Γa1···a5αβ Za1···a5︸ ︷︷ ︸
M5-brane
charges

.

It is exceedingly useful to re-express this (and all other finite-dimensional super-Lie structure) equivalently in terms
of the linear-dual free graded super-algebra (the CE-algebra, recalled in §4) on which the above super-Lie bracket
is incarnated as the differential given on generators by (see §4 for our Clifford algebra conventions):

d ea = +
(
ψ Γa ψ

)
, d ea1a2 = −

(
ψ Γa1a2 ψ

)
, d ea1···a5 = +

(
ψ Γa1···a5 ψ

)
.

Here we are to think of the ordinary translational super-symmetry algebra as being super-Minkowski spacetime
R1,10 | 32 equipped (just) with its infinitesimal super-translational structure, and so the basic M-algebra may be
thought of as an extended super-spacetime with no less than 11+

(
11
2

)
+
(
11
5

)
= 11 + 517 = 528 bosonic dimensions

M̂ = R1,10+517 | 32⊕32

M = R1,10+517 | 32

R1,10 | 32

ϕ̂
ϕ

We are going to be very explicit (in §3) about what this means for the finite super-translation group structure, first
in this basic case and then for its further hidden extension.

The hidden M-algebra M̂ itself is not hard to describe, either: It is a fermionic (meaning: odd) extension of
the basic M-algebra by one further spinor-valued generator ϕ on which the differential is given by (21)(24)

dϕ = 2(1 + s) Γaψ e
a + Γa1a2ψ ea1a2 + 2 6+s

6! Γa1···a5ψ ea1···a5 ,

for any s ∈ R \ {0}; a standard exercise with Fierz identities checks that this differential really squares to zero (see
Prop. 2.5). But it is only through a heavy (and error-prone, Rem. 2.11) computation (see Prop. 2.10) that one

finds the crucial and maybe surprising property of M̂: There exists a rich super-invariant (34) on M̂,

P̂3 ∝ ea1a2 e
a1 ea2 + several more terms ,

which is a coboundary
d P̂3 = ϕ̂∗G4 , where G4 := 1

2

(
ψ Γa1a2 ψ

)
ea1 ea2 , (2)

for the super-avatar G4 of the super 4-flux density in 11D SuGra (e.g. [DF82, (3.15d)][DNP86, (2.2.7)][GSS24a,
(8)]).

Since this coboundary relation looks like the relation satisfied locally, namely on any super-chart U
ϕU

↪−−! X1,10 | 32,
by a C-field gauge potential CU3 (the original “3-index photon”) for vanishing bosonic 4-flux, original authors [DF82]

(cf. also [Se97, p. 9][Var06, §6.5-6]) thought of P̂3 as a “decomposition” of the gauge potential 3-forms CU3 into a
wedge product of the 1-form generators of (the CE-algebra of) the hidden M-algebra. However, we caution that
there are alternative interpretations which are not unrelated but different: Namely, given a 1/2BPS super-embedding

Σ1,5 | 2·8 ϕM5

↪−−−−−−! X1,10 | 32

of an M5-brane super-worldvolume [HoS97][So00][GSS24b] into a fluxless background, then the flux density H3

of the (non-linearly) self-dual tensor field on Σ also is a coboundary for (ϕM5)∗G4. Under this interpretation,

as the H3-factor in the M5-brane action functional, the “decomposed” 3-form P̂3 has been discussed in [Se97, p.
10][FSS20c][FSS21a].
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Yet an alternative interpretation of P̂3 is suggested by [GSS24e], where P̂3 is shown to be an M-theoretic lift
of the “Poincaré 2-form” P2 that controls T-duality on doubled 10D super-spacetime via the coboundary relation

dP2 = HA
3 − HÃ

3 .
Here our focus is on laying some super-geometric groundwork, namely to give a careful treatment of the global

extension of P̂3 to a left-invariant super 3-form on the hidden M-group M̂

M̂
Hidden
M-groupR1,10+ 517 | 32⊕32

Super-exceptional
Minkowski spacetime

M̂ .
Hidden

M-algebra

underl
ying

super-
manifold

underlyingsuper-Lie algebra

Super-geometry. Historically, the proper mathematical formulation of global differential super-geometry [Be87]
(super-manifolds, super-Lie groups and super-differential forms on them, cf. [DM99], hence what should ultimately
be the very foundation for formulations of supergravity on “super-space” [WZ77][Ho82][CDF91]) has had a bit of
a rough start, with competing definitions arguably tending to look a little clunky (such as in working over infinite-
dimensional Grassmann algebras [DW84] even for finite-dimensional manifolds, or resorting to the notion of locally
ringed spaces, [BL75], cf. [Ro07]), which may have discouraged (cf. [CDF91, §II.2.4, p. 338]) its wide adoption in
the supergravity literature, of all places.

As a consequence, authors in supergravity theory tend to either work with super-matrix groups only, or else
write symbolic exponentiations of super-Lie algebra elements. While this is useful as far as it goes, imagine the
analogous hypothetical situation where all that general relativists would know about manifolds were that, locally,
they may be parameterized by symbolic exponentials of vector fields.

Luckily, there is a rigorous, powerful, and slick 1 modern formulation of super-geometry which is secretly the
most abstract-general ([SS20b, §3.1.3]) but which neatly blends into the actual physics practice [GSS25a]. By way
of developing the example of the hidden M-group in §3, we give a lightweight explanation also of this underlying
super-geometry.

Acknowledgements. We thank Zoran Škoda for pointing out the historical references for the coordinate expres-
sions of Maurer-Cartan forms mentioned in the proof of Lem. 3.15.

2 The M-algebra

Here we recall the basic M-algebra (§2.1), re-derive the “decomposed” 3-form on its “hidden” extension (§2.2) and
discuss various related issues, such as phenomena at special values of the parameter that the hidden M-algebra
depends on.

2.1 The base case

The super-Minkowski algebra. By the (D = 11, N = 1) super-Minkowski Lie algebra we mean the super-
translational super-Lie sub-algebra of the super-Poincaré algebra 2 (commonly known as the supersymmetry algebra)
whose underlying super-vector space is (cf. our super-algebra conventions in §4)

R1,10 | 32 ≃ R
〈

(Qα)
32
α=1︸ ︷︷ ︸

deg= (0,odd)

, (Pa)
10
a=0︸ ︷︷ ︸

deg= (0,evn)

〉
(3)

1Namely, (i) To avoid the notion of locally ringed spaces one may observe that smooth super-manifolds X are faithfully characterized
already by their super-algebras C∞(X) of global super-functions (which in the language of algebraic geometry means that smooth super-
manifolds are in fact all affine – the analogous statement for ordinary smooth manifolds, “Milnor’s exercise”, is classical but also remains
under-appreciated) and by Batchelor’s theorem these are always the Grassmann algebras of smooth sections of a smooth vector bundle
over an ordinary manifold. (ii) To avoid infinite-dimensional Grassmann algebras one may observe that what is really needed at any
given time are finitely many but arbitrary Grassmann variables such that all constructions are covariant under their choice. This is
clearly not unlike the situation with choosing ordinary coordinates, and indeed the most general smooth super-space may hence be
characterized by the covariant system of generalized super-coodinate charts that it admits.

2The full super-Poincaré super Lie algebra (aka: “supersymmetry algebra”) is the semi-direct product R1,10 ⋊ so(1, 10) of the
super-Minkowski algebra (3) with the Lorentz Lie algebra so(1, 10) acting on R

〈
(Pa)10a=0

〉
as its defining/vector representation and on

R
〈
(Qα)32α=1

〉
≃ 32 as its irreducible Majorana spin representation (117). Similarly, there is the semidirect product with so(1, 10) of

the basic M-algebra (9) and the hidden M-algebra (26), which may be regarded as the full M-symmetry algebra. But since no further
subtleties are involved in forming these semidirect products with the Lorentz algebra, we do not further dwell on them here.
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with the only non-trivial super-Lie brackets on basis elements being 3[
Qα, Qβ

]
= −2ΓaαβPa . (4)

Its Chevalley-Eilenberg algebra (141) therefore has the underlying graded super-algebra

CE
(
R1,10 | 32) ≃ R

[
(ψα)32α=0︸ ︷︷ ︸

deg= (1,odd)

, (ea)10a=0︸ ︷︷ ︸
deg=(1,evn)

]
(5)

with the differential given on generators by

dψ = 0

d ea =
(
ψ Γa ψ

)
.

(6)

For the following, it is instructive to note that the 2-forms
(
ψ Γa ψ

)
∈ CE(R0 | 32) are non-trivial 2-cocycles on

the purely fermionic abelian subalgebra R0|32 — the super-point – whence (6) exhibits the super-Minkowski algebra
as a central extension of the superpoint (cf. [Chr+00, §2.1][HuS18]):

0 R1,10 R1,10 | 32 R0 | 32 0 . (7)

The basic M-algebra. Concerning
(
ψ Γa ψ

)
in (6) being a 2-cocycle, it is obvious that it is closed and not

exact — since ψ is closed and not exact (6) — but what is mildly non-trivial is that it exists as a non-vanishing
Spin(1, 10)-invariant 2-form in the first place: The only further expressions for which this is the case are(

ψ Γa1a2 ψ
)
,
(
ψ Γa1···a5 ψ

)
∈ CE

(
R0|32) , ai ∈ {0, · · · , 10} , (8)

since the spinor-valued 1-forms ψα are of bi-degree (1, odd), hence mutually commuting (115), and since (8) are
the only symmetric Spin(1, 10)-invariant pairings (132).

Therefore, the maximal Spin(1, 10)-invariant central extension of the super-point R0 | 32 has further central
generators Za1a2 , Za1···a5 (skew-symmetric in their indices), corresponding to (8),

M ≃ R
〈

(Qα)
32
α=1︸ ︷︷ ︸

deg= (0,odd)

, (Pa)
10
a=0︸ ︷︷ ︸

deg= (0,evn)

, (Za1a2 = Z[a1a2])
10
a=0︸ ︷︷ ︸

deg= (0,evn)

, (Za1···a5 = Z[a1···a5])
10
a=0︸ ︷︷ ︸

deg= (0,evn)

〉
(9)

with non-vanishing super-Lie bracket on generators now given by 4

[Qα, Qβ ] = − 2Γaαβ Pa + 2Γa1a2αβ Za1a2 − 2Γa1···a5αβ Za1···a5 . (10)

This fully extended version of (the translational part of) the D = 11, N = 1 supersymmetry algebra may be
understood ([To95, (13)][To98, (1)], cf. also [SS17]) as incorporating charges Za1a2 of M2-branes and Za1···a5 of
M5-branes, whence we shall call this the basic M-algebra, following [Se97][BDPV05][Ba17, (3.1)]. 5

Its CE-algebra is

CE
(
M

)
≃ R

[
(ψα)32α=1︸ ︷︷ ︸

deg=(1,odd)

, (ea)10a=0︸ ︷︷ ︸
deg=(1,evn)

, (ea1a2 = e[a1a2])
10
ai=0︸ ︷︷ ︸

deg=(1,evn)

, (ea1···a5 = e[a1···a5])
10
ai=0︸ ︷︷ ︸

deg=(1,evn)

]
, (11)

with differential on generators given by 6

dψ = 0

d ea = +
(
ψ Γa ψ

)
d ea1a2 = −

(
ψ Γa1a2 ψ

)
d ea1···a5 = +

(
ψ Γa1···a5ψ

)
.

(12)

Automorphy of the basic M-algebra. Essentially the following Prop. 2.1 has been highlighted in [We03, §4],
3 Our prefactor convention in (4) – ultimately enforced via the translation (141) by our convention for the super-torsion tensor in

[GSS24a] and [GSS24a] – coincides with that in [DF99, (1.16)][Fr99, p. 52].
4The signs in (10) are conventional; we use a different sign for the second summand in order to, further below, match conventions

used in the literature, see footnote 3 below.
5[Se97] uses the term “M-algebra” for a large further extension of (10) which includes the “hidden M-algebra” that we are concerned

with here; whereas other authors like [BDPV05] say “M-algebra” for just (10). Here we disambiguate this situation by speaking of the
“basic” M-algebra and its “hidden” extension, respectively, the latter term following the terminology introduced much earlier by [DF82]
(which, we suggest, nicely matches the terminology of “hidden symmetries” in generalized-geometric formulation of supergravity).

6 We have a minus sign in the equation for d ea1a2 in (21) to match the sign convention in [DF82, (6.2)][BDIPV04, (17)], which is
natural in view of (13) below, and hence ultimately due to the relative sign in the formula (137) for Fierz expansion.

Alternatively one could choose any other non-vanishing prefactor. In fact, [DF82, (6.2)] choose in addition a global factor of 1/2,
while [BDIPV04, (15)-(17)] choose in addition a global factor of −1, compared to our convention in (21). But the relative prefactors
agree throughout.
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following [BW00, §5], our proof follows [BDIPV04, (26)]:

Proposition 2.1 (Manifestly GL(32)-equivariant incarnation of basic M-algebra). Unifying all the bosonic
generators of (5) into a bispinorial form like this

eαβ := 1
32

(
ea Γαβa + 1

2e
a1a2 Γαβa1a2 +

1
5!e

a1···a5 Γαβa1···a5
)

(13)

which is symmetric by (132),
eαβ = eβα , (14)

the differential (12) acquires equivalently the compact form

dψα = 0

d eαβ = ψα ψβ
(15)

which makes manifest that g ∈ GL(32) acts via super-Lie algebra automorphisms of the M-algebra

g : CE
(
M

)
CE

(
M

)
ψα 7−! gαα′ ψα

′

eαβ 7−! gαα′ g
β
β′ eα

′β′

(16)

Proof. First, to see that the transformation (13) is invertible, the trace-property (126) allows to recover:

ea = Γaαβ e
αβ

ea1a2 = −Γa1a2αβ eαβ

ea1···a5 = Γa1···a5αβ eαβ .

(17)

Finally, the differential is as claimed due to the Fierz expansion formula (137):

d eαβ = 1
32

(
Γαβa

(
ψ Γa ψ

)
− 1

2Γ
αβ
a1a2

(
ψ Γa1a2 ψ

)
+ 1

5!Γ
αβ
a1···a5

(
ψ Γa1···a5 ψ

))
by (13) & (12)

= ψα ψβ by (137).

Example 2.2 (Exponentiated Clifford elements as brane-rotating symmetries). Since the Γa1···ap ∈
EndR(32) for 1 ≤ p ≤ 10 are trace-less (126), their exponentiations constitute special linear group elements

g := exp
(∑5

p=1
1
p!Aa1···apΓ

a1···ap
)

∈ SL(32) ⊂ GL(32) ⊂ EndR(32)

for all coefficients Aa1···ap ∈ R.
Observe then that as such, their “brane-rotating” action (16) on the adapted generators (13) of the M-algebra

translates to an action by “Dirac conjugation” (130) (-) on the Clifford algebra coefficients of the original defining
generators (12), in that for any ψ, ϕ we have

ψα
(
Γ
a1···ap
α′β′ gα

′

α g
β′

β

)
ϕβ =

(
gα

′

α ψ
α
)
Γ
a1···ap
α′β′

(
gβ

′

β ϕ
β
)

= −
(
( g · ψ ) Γa1···ap (g · ϕ)

)
by (121)

= −
(
ψ ( g · Γa1···ap · g)ϕ

)
= ψα

(
g · Γa1···ap · g

)
αβ
ϕβ by (121),

where, just for emphasis, “·” denotes matrix multiplication, hence composition in EndR(32).

Example 2.3 (Spinorial Lorentz-symmetry among brane-rotating symmetry). Restricting Ex. 2.2 to
p = 2 makes manifest a canonical inclusion

Spin(1, 10) SL(32)

of the ordinary local spacetime symmetry into the generalized/exceptional brane-rotating symmetry.

Example 2.4 (Mixing of T-dual coordinates among brane-rotating symmetry). Consider the special case
of Ex. 2.2 for

g = exp(rΓ10)

= cosh(r) id + sinh(r) Γ10 .
for r ∈ R
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Using (129), the resulting brane-rotating symmetry acts by (where all ai, bi < 10):

e10 = Γ10
αβ e

αβ 7!
(
exp(−rΓ10)·Γ10 ·exp(rΓ10)

)
αβ
eαβ = Γ10

αβ e
αβ = e10

ea = Γaαβ e
αβ 7!

(
exp(−rΓ10)·Γa ·exp(rΓ10)

)
αβ
eαβ =

(
Γa · exp(2rΓ10)

)
αβ
eαβ = cosh(2r) ea − sinh(2r) ea10

ea10 = −Γa10αβ e
αβ 7! −

(
exp(−rΓ10) · Γa10αβ · exp(rΓ10)

)
αβ
eαβ = −

(
Γa10αβ · exp(2rΓ10)

)
αβ
eαβ = cosh(2r) ea10 − sinh(2r) ea

eab = −Γabαβ e
αβ 7! −

(
exp(−rΓ10) · Γab · exp(rΓ10)

)
αβ
eαβ = −Γabαβ e

αβ = eab

and similarly one finds

ea1···a5 7! cosh(2r) ea1···a5 + sinh(2r) 1
5!ϵ

a1···a5 10 b1···b5eb1···b5

ea1···a4 10 7! ea1···a4 10 .
(18)

To interpret this, note that (this is discussed in detail by [GSS24e]), the generators

ẽa := ea10 , (19)

appear as the “M2-brane charges wrapping the M-theory circle”, and as such are to be understood as the type
IIA string-charges associated with “doubled” coordinates for T-duality in type IIA theory along all 10 spacetime
dimensions – cf. also (57) below –, and in view of (18) note that NS5-branes, and hence their charges, are supposed
to transform among each other under T-duality.

Therefore the above transformation may be seen to “admix” T-dual doubled coordinates. Beware that this is
not quite a T-duality transformation as such, which instead swaps ea ↔ ẽa. We discuss in [GSS24e] how T-duality
proper is enacted on the M-algebra.

2.2 The hidden extension

We turn to the further extension of the basic M-algebra (9) by odd generators Zα spanning another copy of
the Spin(1, 10)-representation 32. The idea and the following Propositions 2.5 and 2.10 are due to [DF82,
(6.4)][BDIPV04, (20)] (see also [BDPV05][dAz05, §5][FIdO15] [ADR16][ADR17][Ra21][AD24]), but here we spell
out the computations in order to secure crucial prefactors (cf. Rem. 2.11) below.

Proposition 2.5 (CE-Algebra of the hidden M-algebra). The free graded commutative algebra

CE
(
M̂

)
≡ R

[ (
ea
)10
a=0︸ ︷︷ ︸

deg=(1,0)

,
(
ea1a2 = e[a1a2]

)10
ai=0︸ ︷︷ ︸

deg=(1,0)

,
(
ea1···a5 = e[a1···a5]

)10
ai=0︸ ︷︷ ︸

deg=(1,0)

,
(
ψα

)32
α=1︸ ︷︷ ︸

deg=(1,1)

,
(
ϕα

)32
α=1︸ ︷︷ ︸

deg=(1,1)

]
(20)

carries a differential d making it a super-DGC algebra, defined by 7

dψ = 0

d ea = +
(
ψ Γa ψ

)
d ea1a2 = −

(
ψ Γa1a2 ψ

)
d ea1···a5 = +

(
ψ Γa1···a5ψ

)
dϕ = δ Γaψ e

a + γ1 Γ
a1a2ψ ea1a2 + γ2 Γ

a1···a5ψ ea1···a5 ,

(21)

for any triple of parameters δ , γ1 , γ2 ∈ R satisfying

δ + 10 · γ1 − 6! · γ2 = 0 . (22)

Proof. Direct inspection shows that the only non-trivial condition to check is d2 ϕ = 0. For that we get with (21):

−d2ϕ = δ Γaψ
(
ψ Γa ψ

)
− γ1 Γa1a2ψ

(
ψ Γa1a2 ψ

)
+ γ2 Γa1···a5ψ

(
ψ Γa1···a5 ψ

)
. (23)

By the general cubic Fierz identities (140), this expression vanishes if and only if the following system of equations
holds:

7On the sign in the second line, see again footnote 6.

7



δ 1
11 Γ

aΓaΞ
(32) −γ1 1

11 Γ
a1a2Γa1a2Ξ

(32) +γ2
−1
77 Γa1···a5Γa1···a5Ξ

(32) = 0

δ Γa Ξ
(320)
a −γ1 −2

9 Γa1a2Γ[a1Ξ
(320)
a2]

+γ2
5
9 Γ

a1···a5Γ[a1···a4Ξ
(320)
a5]

= 0

−γ1 Γa1a2Ξ
(1408)
a1a2 +γ2 2Γa1···a5Γ[a1a2a3Ξ

(1408)
a4a5]

= 0

γ2 Γa1···a5Ξ
(4224)
a1···a5 = 0 .

Here the last three equations turn out to hold identically (checked in [Anc]) for all values of δ, γ1, γ2, by the
irreducibility of the representations Ξ (139). On the other hand, the first line is equivalently the claimed condition
(22).

We consider the following parametrization of those solutions of (22) for which γ1 ̸= 0 (in which case we absorb
γ1 into a rescaling of ϕ and hence assume without essential restriction that γ1 = 1, all following [BDIPV04, (21)]): δ(s) = 2 (1 + s)

γ1(s) = 1
γ2(s) = 2

(
1
5! +

s
6!

)
 , s ∈ R . (24)

The single remaining solution (up to rescaling of ϕ) with γ1 = 0 may be understood as the re-scaled limit s!∞
of this parameterization.

Definition 2.6 (Hidden M-Algebra). We write M̂ for the super Lie algebra whose CE-algebra obtained in
Prop. 2.5 parametrized as in (24), and consider it fibered over super-Minkowski spacetime via

M̂ R1,10|32

CE
(
R1,10|32) CE

(
M̂

)
ea  − [ ea

ψα  − [ ψα .

ϕex

ϕ∗
ex

(25)

Concretely, M̂ has underlying vector space spanned by

M̂ ≃ R
〈 (
Pa

)10
a=0

,
(
Za1a2 = Z[a1a2]

)10
ai=0

,
(
Za1···a5 = Z[a1···a5]

)10
ai=0︸ ︷︷ ︸

deg= (0,evn)

,
(
Qα

)32
α=1

,
(
Oα

)32
α=1︸ ︷︷ ︸

deg= (0,odd)

〉
(26)

and the non-trivial Lie brackets between these basis elements are found – by translating (21) via (141) – to be:[
Qα, Qβ

]
= − 2Γaαβ Pa + 2Γa1a2αβ Za1a2 − 2Γa1···a5αβ Za1···a5[

Pa, Qα
]

= δ Γa
β
αOβ[

Za1a2 , Qα
]

= γ1 Γa1a2
β
αOβ[

Za1···a5 , Qα
]

= γ2 Γa1···a5
β
αOβ .

(27)

Remark 2.7 (History and literature).
(i) For a couple of special parameter values s (24) this is the “hidden” super-Lie algebra of [DF82, Table 4]; the
general form appears in [BDPV05, (1.2-4)] following [BDIPV04], while the first line by itself – disregarding the
extra fermionic generators Oβ – was independently considered in [To95, (13)][To98, (1)] by analogy with other
centrally-extended supersymmetry algebras.

(ii) The term “M-algebra” was coined by [Se97] for another extension of the first line in (27) but has since come
to be used (e.g. in [BDPV05]) to refer to the first line itself (within the super-Poincaré algebra).

(iii) Note that these and authors following them ([BDPV05][dAz05, §5][FIdO15][ADR16][ADR17][Ra21][AD24])
tend to speak of a “super-group” instead of just a super-Lie algebra, without however stating the super-Lie group
structure. We construct this in Ex. 3.14 below.

Of course, upon setting to zero the generators Za1a2 , Za1···a5 and Oα, (26) reduces to the ordinary super-
Minkowski Lie algebra, see Ex. 3.13 below where we warm up with revisiting the Lie integration of this familiar
case.
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Remark 2.8 (Trinary bracket in super-exceptional Lie algebra). A key difference between the super-
exceptional Lie algebra (27) and the ordinary super-Minkowski Lie algebra (4), for the purpose of their Lie inte-
gration (§3), is that the former has a non-vanishing trilinear super-bracket:[

Qγ , [Qα, Qβ ]
]

=
[
Qγ , −2Γaαβ Pa + 2 Γa1a2αβ Za1a2 − 2 Γa1···a5αβ Za1···a5

]
= 2

(
δ ΓaαβΓa

δ
γ − γ1 Γ

a1a2
αβ Γa1a2

δ
γ + γ2 Γ

a1···a5
αβ Γa1···a5

δ
γ

)
︸ ︷︷ ︸

=: [QQQ]δγαβ

Oδ .
(28)

When the parameter (24) takes the special value s = 0 (cf. §2.2.2), then equation (28) simplifies to

s = 0 ⇒
[
Qγ , [Qα, Qβ ]

]
= 64

(
δγβ Oα + δγαOβ

)
, (29)

because (by a standard argument, e.g. [FvP12, (3.65)])

δδαδ
β
γ = 1

32

∑5
p=0

(−1)p(p−1)/2

p! Tr
(
δ•αδ

β
• · Γa1···ap

)
(Γa1···ap)δγ by (136)

= 1
32

∑5
p=0

(−1)p(p−1)/2

p!

(
δδ

′

α δ
β
γ′(Γa1···ap)

γ′
δ′

)
(Γa1···ap)δγ

= 1
32

∑5
p=0

(−1)p(p−1)/2

p! (Γa1···ap)
β
α (Γ

a1···ap)δγ ,

(30)

which upon lowering spinor-indices with the spinor-metric ηαβ (119) and symmetrizing the indices gives:

ηδ(αηβ)γ = 1
2

(
ηδαηβγ + ηδβηαγ

)
= 1

32

(
(Γa)αβ(Γ

a)γδ − 1
2 (Γa1a2)αβ(Γ

a1a2)γδ +
1
5! (Γa1···a5)αβ(Γ

a1···a5)γδ

)
by (30) & (132) (134)

=
s=0

1
64

(
δ(Γa)αβ(Γ

a)γδ − γ1(Γa1a2)αβ(Γ
a1a2)γδ + γ2(Γa1···a5)αβ(Γ

a1···a5)γδ

)
by (24) .

(31)

Therefore, for general s ∈ R the expression (28) may equivalently be re-rewritten as[
Qγ , [Qα, Qβ ]

]
= 65

(
δγαOβ + δγβOα

)
+

(
4sΓaαβΓ

γδ
a + 4s

6! Γ
a1···a5
αβ Γγδa1···a5

)
Oδ . (32)

Automorphy of the hidden M-algebra. While the hidden extension breaks the GL(32)-automorphy of the
basic M-algebra (Prop. 2.1) to Pin+(1, 10), that action is still interesting, as it captures the “parity” symmetry of
the C-field in 11D SuGra under spatial reflection (following [FSS20a, Prop. 4.26]):

Example 2.9 (Parity symmetry/MO9-orientifolding). Consider the Clifford generator Γ10 as an element

g ≡ Γ ≡
(
Γ10

α
β

)
∈ GL(32) .

Note that as such it is in fact a conformal symplectic transformation, Γ ∈ CSp(32) (43) for the spinor metric, since
it preserves the spinor pairing up to a sign:(

Γ10ψ Γ10ϕ
)

=
(129)

(
ψ(−Γ10) Γ10ϕ

)
=

(123)
−
(
ψ ϕ

)
, (33)

as equivalently seen in components:

Γαα′ ηαβ Γ
β
β′ =

(121)
Γβα′ Γββ′ =

(133)
Γα′β Γ

β
β′ =

(121)
ηαα′Γαβ Γ

β
β′ =

(123)
ηαα′δαβ′ = ηβ′α′ =

(120)
−ηα′β′ .

To see its action on the bosonic generators note that

Γαα′ eα
′β′

Γββ′ =
(121)

−Γαα′ eα
′

β′ Γββ
′

=
(133)

−Γαα′ eα
′

β′ Γβ
′β ,

whence the vector components of the bispinorial eαβ are mapped as:

Γa e
a 7−! −

(
Γ10 · Γa · Γ10

)
ea = +

∑
a ̸=10 Γa e

a − Γ10 e
10

Γa1a2 e
a1a2 7−! −

(
Γ10 · Γa1a2 · Γ10

)
ea1a2 = −

∑
ai ̸=10 Γa1a2 e

a1a2 + 2
∑
a ̸=10 Γa 10e

a 10

Γa1···a5 e
a1···a5 7−! −

(
Γ10 · Γa1···a5 · Γ10

)
ea1···a5 = +

∑
ai ̸=10 Γa1···a5 e

a1···a5 + 5
∑
a̸=10 Γa1···a4 10e

a1···a4 10.

In fact, this is an automorphism of the hidden M-algebra for all values of the parameter s, as verified by the
following computations:

ψ Γ10ψ

0 0

Γ10

d d

Γ10

9



ea
{
+ea for a ̸= 10
−ea otherwise

{
+
(
ψ Γa ψ

)
for a ̸= 10

−
(
ψ Γa ψ

)
otherwise

(
ψ Γa ψ

) (
Γ10ψ Γa Γ10ψ

)

Γ10

d

d

Γ10

ea1a2
{
−ea1a2 for ai ̸= 10
+ea1a2 otherwise

{
+
(
ψ Γa1a2 ψ

)
for ai ̸= 10

−
(
ψ Γa1a2 ψ

)
otherwise

−
(
ψ Γa1a2 ψ

)
−
(
Γ10ψ Γa1a2 Γ10ψ

)

Γ10

d

d

Γ10

ea1···a5
{
+ea1···a5 for ai ̸= 10
−ea1···a5 otherwise

{
+
(
ψ Γa1···a5 ψ

)
for ai ̸= 10

−
(
ψ Γa1···a5 ψ

)
otherwise

(
ψ Γa1···a5 ψ

) (
Γ10ψ Γa1···a5 Γ10ψ

)

Γ10

d

d

Γ10

ϕ −Γ10ϕ

−δ Γ10Γaψ e
a

−γ1 Γ10Γa1a2ψ e
a1a2

−γ2 Γ10Γa1···a5ψ e
a1···a5

δ Γaψ e
a

+γ1 Γa1a2ψ e
a1a2

+γ2 Γa1···a5ψ e
a1···a5

δ
(
+

∑
a̸=0 ΓaΓ10ψ e

a − Γ10Γ10ψ e
10)

+γ1
(
−

∑
ai ̸=0 Γa1a2Γ10ψ e

a1a2 + 2Γa 10Γ10ψ e
a 10)

+γ2
(
+

∑
ai ̸=0 Γa1···a5Γ10ψ e

a1···a5 − 5Γa1···a4 10Γ10ψ e
a1···a4 10)

Γ10Γ10

d

d

Γ10

This reflection automorphism acts by sign inversion on G4:

G4 ≡ 1
2

(
ψ Γa1a2 ψ

)
ea1 ea2

Γ107! 1
2

∑
ai ̸=0

(
Γ10ψ Γa1a2 Γ10ψ

)
ea1 ea2 −

(
Γ10ψ Γa1 10 Γ10ψ

)
ea1 e10

= − 1
2

∑
ai ̸=0

(
ψ Γa1a2 ψ

)
ea1 ea2 −

(
ψ Γa1 10 ψ

)
ea1 e10

= −G4

as well as on P̂3 (by similar inspection)
P̂3

Γ107−! −P̂3 ,

and hence must be understood [FSS20a, §4.8] as the “parity symmetry” of 11D SuGra (e.g. [DNP86, (2.2.29)]) or
equivalently as the Hořava-Witten orientifolding (e.g. [Fa99, (3.1)][Ov04, p 1-2][Car06, p 94]), lifted from Minkowski

spacetime R1,10 to M̂.

2.2.1 The 3-form

Next, we discuss the construction of the coboundary P̂3 (2) for the avatar super-flux density G4 pulled back to M̂.

The idea is that, by the nature of (21), there are two evident elements in CE
(
M̂

)
whose differential contains ϕ∗exG4

as a summand, namely 1
2ea1a2e

a1ea2 and 1
2

(
ψ Γa ϕ

)
ea:

d
(
− 1

2ea1a2e
a1ea2

)
= ϕ∗exG4 + · · ·

d
(
1
2 (ψ Γa ϕ)e

a
)

= ϕ∗exG4 + · · · .
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However, both of these expressions contain different further summands “· · · ”, and a fairly rich correction term
needs to be found to cancel these off against each other. The remarkable result of the following Prop. 2.10 is that
such a correction term exists at all (this is originally due to [DF82, (6.6)] and in more generality due to [BDIPV04,
(30)]; we aim to show the full computation in transparent form, as much as possible).

Proposition 2.10 (The hidden 3-form). For s ∈ R \ {0} (24), the left-invariant form P̂3 ∈ CE
(
M̂

)
on the

hidden M-algebra (Def. 2.6) given by

P̂3 := α0 ea1a2 e
a1 ea2

+ α1 e
a1
a2 e

a2
a3 e

a3
a1 + β1

(
ψ Γa ϕ

)
ea

+ α2 e
a1···a4b1 eb1

b2 eb2a1···a4 + β2
(
ψ Γa1a2 ϕ

)
ea1a2

+ α3 ϵa1···a5b1···b5c e
a1···a5eb1···b5ec + β3

(
ψ Γa1···a5 ϕ

)
ea1···a5

+ α4 ϵa1a2a3b1b2b3c1···c5 e
a1a2a3d1d2 ed1d2

b1b2b3 ec1···c5

(34)

satisfies the Bianchi-equation
d P̂3 = ϕ∗exG4 ∈ CE

(
M̂

)
(35)

if and only if its coefficients take the following values:

α0 = 1
2

−1
5

6+2s+s2

s2

α1 = 1
2

1
15

6+2s
s2 β1 = −1 1

10 γ1
3−2s
s2

α2 = 1
2

1
6!

(6+s)2

s2 β2 = −1 1
20 γ1

3+s
s2

α3 = 1
2

1
5·5!·6!

(6+s)2

s2 β3 = −1 3
10·6!·γ1

6+s
s2

α4 = 1
2

−1
9·5!·6!

(6+s)2

s2 .

(36)

Proof. It is essentially straightforward to work out the differential of P̂3 via (21) (cf. [DF82, p. 134]):

d P̂3 =

α0

(
−
(
ψ Γa1a2 ψ

)
ea1 ea2 − 2 ea1a2

(
ψ Γa1 ψ

)
ea2

)
+ α1

(
−3

(
ψ Γa1a2 ψ

)
ea2a3 e

a3
a1

)
+ α2

(
2
(
ψΓa1···a4b1ψ

)
eb1

b2eb2a1···a4 +
(
ψΓb1

b2ψ
)
ea1···a4b1eb2a1···a4

)
+ α3

(
2 ϵa1···a5b1···b5c

(
ψΓa1···a5ψ

)
eb1···b5ec+ ϵa1···a5b1···b5c

(
ψΓcψ

)
ea1···a5eb1···b5

)
+ α4

(
2 ϵa1a2a3b1b2b3c1···c5

(
ψ Γa1a2a3d1d2 ψ

)
ed1d2

b1b2b3 ec1···c5 + ϵa1a2a3b1b2b3c1···c5
(
ψΓc1···c5ψ

)
ea1a2a3d1d2ed1d2

b1b2b3︸ ︷︷ ︸
(38)
= 3 ϵa1a2a3b1b2b3c1···c5

(
ψ Γc1···c5 ψ

)
ea1a2a3d1d1 ed1d1

b1b2b3

)

+ β1

(
δ
(
ψ ΓaΓb ψ

)
ea eb︸ ︷︷ ︸

δ
(
ψ Γab ψ

)
eaeb

+ γ1
(
ψ Γa Γb1b2 ψ

)
ea eb1b2︸ ︷︷ ︸

2γ1

(
ψ Γb ψ

)
ea eab

+ γ2
(
ψ ΓaΓb1···b5 ψ

)
ea eb1···b5︸ ︷︷ ︸

γ2
5! ϵa b1···b5 c1···c5

(
ψ Γc1···b5 ψ

)
ea eb1···b5

+
(
ϕΓa ψ

)(
ψ Γa ψ

))
+ β2

(
δ
(
ψ Γa1a2 Γb ψ

)
ea1a2 eb︸ ︷︷ ︸

2 δ
(
ψ Γa ψ

)
eab eb

+ γ1
(
ψ Γa1a2 Γb1b2 ψ

)
ea1a2 eb1b2︸ ︷︷ ︸

4γ1

(
ψ Γa

b ψ
)
eac ecb

+ γ2
(
ψΓa1a2Γb1···b5ψ

)
ea1a2 eb1···b5︸ ︷︷ ︸

10 γ2

(
ψΓa b1···b4ψ

)
eac ecb1···b4

−
(
ϕΓa1a2 ψ

)(
ψ Γa1a2 ψ

))
+ β3

(
δ
(
ψΓa1···a5Γbψ

)
ea1···a5 eb︸ ︷︷ ︸

δ
5! ϵa1···a5 b c1···c5

(
ψΓc1···c5ψ

)
ea1···a5 eb

+ γ1
(
ψΓa1···a5Γb1b2ψ

)
ea1···a5 eb1b2︸ ︷︷ ︸

10 γ1

(
ψ Γa1···a4 b ψ

)
ea1···a4c ecb

+ γ2
(
ψΓa1···a5Γb1···b5ψ

)
ea1···a5 eb1···b5︸ ︷︷ ︸

γ2 ϵa1···a5b1···b5c
(
ψ Γc ψ

)
ea1···a5 eb1···b5

− 200
5! γ2 ϵa1a2a3 b1b2b3 c1···c5

(
ψ Γc1···c5 ψ

)
ea1a2a3 d1d2 ed1d2

b1b2b3

+600 γ2
(
ψ Γa

b ψ
)
eac1···c4 ec1···c4b

+
(
ϕΓa1···a5ψ

)(
ψΓa1···a5ψ

))
,
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(where the equalities under the braces use, unless otherwise indicated, Clifford-Hodge duality (127), Clifford ex-
pansion (124) and the symmetry properties (132) (134) of the spinor pairings).

Therefore the Bianchi identity (35) holds if and only if the constants in (34) satisfy the following system of
linear equations:

d P̂3 = 1
2

(
ψ Γa1a2 ψ

)
ea1 ea2 ⇔



−α0 + δ β1 = 1
2

−2α0 + 2 γ1β1 + 2 δβ2 = 0

−3α1 − 4γ1β2 = 0

2α2 + 10 γ2 β2 + 10 γ1β3 = 0

α2 + 600 γ2 β3 = 0

2α3 +
γ2
5! β1 +

δ
5! β3 = 0

α3 + γ2 β3 = 0

3α4 − 200
5! γ2 β3 = 0

β1 + 10 · β2 − 6! · β3 = 0 ,

(37)

where the last line follows as (22) from (23).
Using mechanical algebra, one checks [Anc] that these equations have the unique solution (36), as claimed.

Remark 2.11 (Comparison to the literature).
(i) Essentially, the system of equations (37) was reported in [DF82, (6.6)] and in generality in [BDIPV04, footnote
7] — except for our factor 200/5!, which there instead (after normalizing conventions) is a 5. (Incidentally, our
factor of 1/5! is not shown in [BDIPV04, footnote 7] either, but does appear in [DF82, (6.6iv)] and later again in
[BDPV05, footnote 11].)

(ii) Accordingly, the general solution (36) is essentially that reported in [BDIPV04, (30)]: The global prefactors of
1
2 and −1 that we show in (36) are due to different normalization of dϕ (21) and are thus not substantial; similarly
notice from [BDIPV04, (28)] that λ in [BDIPV04, (30)] is our −α0, up to a global sign.

(iii) But this leaves one small actual difference, namely in the sign of α1 in [BDIPV04, (30)] compared to our (36).
Our sign comes out as shown because the second dark-orange term on p. 11 has an intrinsic sign difference to the
first term, since (

ψ Γa
b ψ

)
eac e

c
b = −

(
ψ Γa1a2 ψ

)
ea2a3 e

a3
a1 .

Above, we used the following identity:

Lemma 2.12 (Mixed 5-index contractions). In CE
(
M̂

)
, we have the following relation:

ϵa1a2a3b1b2b3c1···c5
(
ψ Γa1a2a3d1d2 ψ

)
ed1d2

b1b2b3 ec1···c5

= ϵa1a2a3b1b2b3c1···c5
(
ψ Γc1···c5 ψ

)
ea1a2a3d1d2 ed1d2

b1b2b3 .
(38)

Proof.
ϵa1a2a3b1b2b3c1···c5

(
ψ Γa1a2a3d1d2 ψ

)
ed1d2

b1b2b3 ec1···c5

= − 1
6!ϵa1a2a3b1b2b3c1···c5ϵ

a1a2a3d1d2f1···f6
(
ψ Γf1···f6 ψ

)
ed1d2b1b2b3 ec1···c5 by (128)

= 3!·8!
6! δ

d1d2f1···f6
b1b2b3c1···c5

(
ψ Γf1···f6 ψ

)
ed1d2

b1b2b3 ec1···c5 by (113)

= 3!·8!
6!

(
5
2

)
2!·6!
8! δ

d1d2
c4c5 δ

f1···f6
b1b2b3c1c2c3

(
ψ Γf1···f6 ψ

)
ed1d2

b1b2b3 ec1···c5 combinatorics using that
d/b-contraction vanishes

= 120 ·
(
ψ Γb1b2b3c1c2c3 ψ

)
ed1d2

b1b2b3 ed1d2c3···c5 by (113)

= 120
5! ϵb1b2b3c1c2c3a1···a5

(
ψ Γa1···a5 ψ

)
eb1b2b3d1d2 e

d1d2c3···c5 by (128).

Remark 2.13 (Induced 7-cocycle). Given P̂3 on M̂ satisfying (35), there exists a 7-form G̃7 ∈ CE
(
M̂

)
of the

famous form

G̃7 :=
(
ϕ∗exG7

)
− 1

2 P̂3

(
ϕ∗exG4

)
, where G7 := 1

5!

(
ψ Γa1···a5 ψ

)
ea1 · · · ea5 ∈ CE

(
R1,10 | 32) , (39)

which is closed
d G̃7 = 0

due to the fundamental quartic Fierz identity that governs 11D supergravity (recalled e.g. in [GSS24a])

dG7 = 1
2 G4G4 .
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A natural question then is whether with G4 also G̃7 admits a coboundary on M̂. At least for the special parameter
value s = −1 we answer this to the negative, below in §2.2.3.

Special values of the parameter. Some values of the parameter s ∈ R in (24) are noteworthy for special
properties enjoyed by the corresponding hidden M-algebra (21) and/or its super-invariant 3-form (34).

s = 0 : At exactly this parameter value a super-invariant P̂3 satisfying the basic Bianchi identity (35) does not
exist. On the other hand, at s = 0 the hidden M-algebra

– carries a closed super-invariant 3-form Ω3 (Rem. 2.18),

– has automorphism symmetry enhanced from so1,10 to the conformal symplectic algebra csp32 (Prop.
2.16).

s = −6 : At exactly this parameter value, the differential of ϕ is independent of the M5-brane charges (the 5-index

generators ea1···a5), as is the 3-form P̂3, so that these may entirely be discarded from the discussion.

s = −1 : At exactly this value, the differential ϕ is independent of the spacetime coframe ea, so that the hidden
M-algebra in this case is the fiber product of 11D super-spacetime with an extended “pure brane charge”-
algebra.

We now discuss further aspects of these special cases.

2.2.2 The case s = 0: CSp-symmetry

Enhanced symmetry. At generic parameter value s (24) the hidden extension M̂ breaks the GL(32)-equivariance
of the basic M-algebra (Prop. 2.1) down to the spinorial Lorentz subgroup Pin+(1, 10) ⊂ GL(32). However, at the
special parameter value s = 0 a much larger symmetry remains intact:

First, the following was noted in [BDIPV04, (26-7)]:

Proposition 2.14 (The hidden M-algebra at s = 0). At parameter value s = 0 (24) and in terms of the unified
bosonic generators eαβ (13), the differential (21) may equivalently be re-written as

dψα = 0

d eαβ = ψα ψβ
dϕα = 64 eαβ ψ

β ,

(40)

which makes manifest that the hidden extension inherits from the GL(32)-equivariance (16) of the basic M-algebra
at least the symplectic subgroup Sp(32,R) ⊂ GL(32) extended to act on the new spinor ϕ in the same way as on
the original spinor ψ:

Sp(32,R)× CE
(
R1,10 | 32) CE

(
R1,10 | 32)(

g, ψα
)

7−! gαα′ ψα
′(

g, eαβ
)

7−! gαα′ g
β
β′ eα

′β′(
g, ϕα

)
7−! gαα′ ϕα

′
.

(41)

Proof. The first two lines in (40) are as in Prop. 2.1. From this the third line follows by(
dϕ

)
γ

= δ (Γaψ)γ e
a + γ1 (Γa1a2ψ)γ e

a1a2 + γ2 (Γa1···a5ψ)γ e
a1···a5 by (21)

=
(
δ (Γa)γδ Γ

a
αβ − γ1 (Γa1a2)γδ Γ

a1a2
αβ + γ2 (Γa1···a5)γδ Γ

a1···a5
αβ

)
ψδ eαβ by (17)

= 64 ηδ(αηβ)γ ψ
δ eαβ by (31)

= +64ψα e
α
γ by (14)

= −64ψα eαγ by (121)

= +64 eγα ψ
α by (14).

This makes the Sp(32)-action fairly evident, but just to make it also explicit: We extend a transformation g ∈
GL(32) as in (16) from the basic M-algebra to the hidden extension by letting it act in the obvious way also on the
new spinor ϕ (more generally there is also a less obvious way, to which we come below in Prop. 2.16):

g : CE
(
M̂

)
CE

(
M̂

)
ψα 7−! gαα′ ψα

′

eαβ 7−! gαα′ g
β
β′ eα

′β′

ϕα 7−! gαα′ ϕα
′
.

(42)
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This preserves also the third line in (40) iff

g : eαβ 7−! gαα′ eα
′

β′ ḡβ
′

β ,

where ḡ denotes the inverse matrix. Now since eαβ = eαγηγβ this means equivalently that

(gαα′ eα
′γ′

) gγγ′ ηγβ = (gαα′eα
′γ′

)ηγ′β′ ḡβ
′

β ,

and hence equivalently that g preserves the spinor metric ηαβ in that gγγ′ ηγβ g
β
β′ = ηγ′β′ . But since the spinor metric

is skew-symmetric (120), this means by definition that g must be an element of the subgroup Sp(32) ⊂ GL(32).

However, we highlight that the automorphism group of M̂ is larger than the Sp(32) of Prop. 2.14, due to the
fact that there is extra freedom in transforming the new spinorial generator:

Definition 2.15 (Conformal symplectic group (e.g. [MT12, p. 7])). For n ∈ N the conformal symplectic group

CSp(2n) :=
{
g ∈ GL(n)

∣∣ η(g(−), g(−)
)
= λ(g) · η

(
−, −

)
, λ(g) ∈ R×} (43)

is the group of linear automorphisms of R2n which preserve the canonical (or any fixed) symplectic form up to
rescaling by a non-vanishing real number.

Extracting the rescaling multiplier λ is evidently a group homomorphism onto the multiplicative group R×,
whose kernel is the ordinary symplectic group:

0 Sp(2n) CSp(2n) R× 0 .λ (44)

Proposition 2.16 (Enhanced CSp(32,R)-symmetry of the hidden M-algebra). At s = 0 the automorphism
group of the hidden M-algebra contains the conformal symplectic group (43), acting on generators as

CSp(32)× CE
(
M̂

)
CE

(
M̂

)(
g, ψα

)
7−! gαα′ ψα(

g, eαβ
)

7−! gαα′ g
β
β′ eα

′β′(
g, ϕα

)
7−! λ(g) · gαα′ ϕα

′
.

Proof. The CSp-property of g says in components that

gαα′ ηαβ g
β
β′ = λ(g) · ηα′β′ .

With this, we find the respect of g for the differential of ϕ as:

ϕα λ(g)gαα′ ϕα
′

−2λ(g) gαα′ eα
′β′
ηβ′γ′ψγ

′

−2 eαβηβγψ
γ −2 gαα′eα

′β′
gββ′ ηβγ g

γ
γ′ψγ

′
.

g

d

d

g

Example 2.17 (Pin-action among automorphisms of hidden M-algebra). It is only the CSp(32) action
from Prop. 2.16 – but not the Sp(32)-action from (16) – which contains the reflection/parity automorphisms from
Ex. 2.9 (due to (33) there):

Pin+(1, 10) CSp(32) Aut
(
M̂

)
Spin(1, 10) Sp(32) Aut

(
M̂

)
.
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The 3-Form at s = 0. The following point was amplified in [ADR17, (3.13)]:

Remark 2.18 (The closed 3-form). While at s = 0 the super-invariant 3-form P̂3 according to (36) is not
defined, its rescaled limit is well-defined, as follows:

Ω3 := lim
s!0

s2 · P̂3 = − 3
5 ea1a2 e

a1 ea2

+ 1
5 e

a1
a2 e

a2
a3 e

a3
a1

+ 18
6! e

a1···a4b1 eb1
b2 eb2a1···a4

+ 18
5·5!·6! ϵa1···a5b1···b5c e

a1···a5eb1···b5ec

− 2
5!·6! ϵa1a2a3b1b2b3c1···c5 e

a1a2a3d1d2 ed1d2
b1b2b3 ec1···c5

− 3
10

(
ψ Γa ϕ

)
ea

− 3
20

(
ψ Γa1a2 ϕ

)
ea1a2

− 3
10·5!

(
ψ Γa1···a5 ϕ

)
ea1···a5 ,

(45)

and by Prop. 2.10 has differential equal to lim
s!0

s2 ·G4 = 0, hence is closed:

d Ω3 = 0 .

Proposition 2.19 (Space of super-Poincaré 3-forms). The space of solutions of the equation dΩ3 = 0 for
Ω3 parameterized as in (34) is (0-dimensional for parameter s ̸= 0 and) 1-dimensional for s = 0, spanned by (45).

2.2.3 The case s = −1: IIA-Algebra

This special case has not received further attention before, we further put it into perspective in [GSS24e].

The hidden IIA-algebra. For s = −1 (24) the differential (21) of ϕ is independent of the space-time generators
(ea)10a=0. This means that here the hidden extension exists already on sub-algebras of the M-algebra where some
or all of the space-time generators are discarded. Of particular interest are the cases of

– discarding just e10 from the M-algebra because the result may be understood as the (translational) extended
IIA super-algebra,

– discarding all ea, because the result may be understood as the pure brane charge algebra

Definition 2.20 (The fully brane-extended type IIA algebra). The translational type IIA fully extended
supersymmetry algebra IIA is (e.g. [Chr+00, (2.16)] 8) given by 9

CE
(
IIA

)
≃ Rd



(ψα)32α=1

(ea)9a=1

(ẽa)
9
a=1

(ea1a2 = e[a1a2])
9
ai=0

(ea1···a4 = e[a1···a4])
9
ai=0

(ea1···a5 = e[a1···a5])
9
ai=0


/


dψ = 0

d ea = +
(
ψ Γa ψ

)
d ẽa = −

(
ψ ΓaΓ10 ψ

)
d ea1a2 = −

(
ψ Γa1a2 ψ

)
d ea1···a4 = +

(
ψ Γa1···a4Γ10 ψ

)
d ea1···a5 = +

(
ψ Γa1···a5 ψ

)


. (46)

Remark 2.21 (Extended IIA-algebra and brane charges). The bosonic body of the fully extended type IIA
algebra (46) may suggestively be re-arranged as(

IIA
)
bos

≃R R1,9 ⊕ (R1,9)∗ ⊕ ∧2(R1,9)∗ ⊕ ∧4(R1,9)∗ ⊕∧5(R1,9)∗

≃R R1,9

space-time

⊕ (R1,9)∗
stringcharges

⊕∧2(R9)∗
D2-branecharges

⊕ ∧8(R9)
D8-branecharges

⊕∧4(R9)∗
D4-branecharges

⊕ ∧6(R9)
D6-branecharges

⊕∧5(R1,9)∗ ,
NS5-branecharges

(47)

8In [Chr+00, (2.16)] also the D0-brane charge with differential (ψ Γ10 ψ) – is included in the extended IIA-algebra (46). But
condensing D0-brane charge of course means opening up the 11th dimension, and hence here we regard this term instead as providing
the further extension to the M-algebra, see Ex. 2.23.

9The signs in (46) are a convention that is natural in view of the further extension by the M-algebra (11), where these signs align
with the Fierz identity (137), and makes the exceptional brane rotating symmetry in Prop. 2.1 come out naturally.
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where in the second line we Hodge-dualized all temporal components (following [Hu98, (2.12)]) by the rule

∧p(R1,d)∗ ≃R ∧p(Rd)∗︸ ︷︷ ︸
spatial

⊕ ∧1+d−p(Rd)︸ ︷︷ ︸
dualized
temporal

.

At s = −1, this construction lifts to the hidden M-algebra by discarding its e10-generator:

Proposition 2.22 (The hidden IIA-algebra). There exists a fermionic super-Lie algebra extension ÎIA of the
IIA-algebra (46) given by

CE
(
ÎIA

)
≃ Rd



(ψα)32α=1

(ea)9a=1

(ẽa)
9
a=1

(ea1a2 = e[a1a2])
9
ai=0

(ea1···a4 = e[a1···a4])
9
ai=0

(ea1···a5 = e[a1···a5])
9
ai=0

(ϕα)32α=1



/



dψ = 0

d ea = +
(
ψ Γa ψ

)
d ẽa = −

(
ψ ΓaΓ10 ψ

)
d ea1a2 = −

(
ψ Γa1a2 ψ

)
d ea1···a4 = +

(
ψ Γa1···a4Γ10 ψ

)
d ea1···a5 = +

(
ψ Γa1···a5 ψ

)
dϕ = Γa1a2ψ e

a1a2 + 2Γa10ψ ẽ
a

+ 10
6! Γa1···a5ψ e

a1···a5

+ 50
6! Γa1···a410ψ e

a1···a4



. (48)

Proof. This is just the hidden M-algebra (2.5) at s = −1 (24) with the generator e10 discarded and the remaining
generators decomposed into those that do or do not carry a 10-index, according to the isomorphism

Mbos ≃R R1,10 ⊕ ∧2(R1,10)∗ ⊕ ∧5(R1,10)∗

≃R R⊕ R1,9 ⊕ (R1,9)∗ ⊕ ∧2(R1,9)∗ ⊕∧4(R1,9)∗ ⊕ ∧5(R1,9)∗

≃R R⊕
(
IIA

)
bos

,

where in the second line we have decomposed into components that are parallel resp. orthogonal to the 10-coordinate
axis, by the rule

∧p
(
R1,d

)∗ ≃R ∧p−1
(
R1,d−1

)∗ ⊕ ∧p
(
R1,d−1

)∗
.

Another way to say this:

Remark 2.23 (M-Algebra as extension of IIA algebra). The basic M-algebra (11) is a central extension of
the fully extended type IIA algebra (46) by (the pullback of) the same 2-cocycle that classifies the M/IIA extension:

M̂ ÎIA bR

M IIA bR
ψ  − [ ψ

ea  − [ ea

ea10  − [ ẽa
ea1a2  − [ ea1a2

ea1···a410  − [ ea1···a4
ea1···a5  − [ ea1···a5 .

(ψΓ10ψ)

(ψΓ10ψ)

string charges /
doubled spacetime

wrapped M2-
brane charges

(49)

Alternatively, we may discard all the spacetime generators ea from the M-algebra, retaining only the brane
charges (equivalently the M-brane charges or IIA-brane charges, according to the above isomorphisms):

Definition 2.24 (Pure brane charge algebra). Write Brn for the super-Lie algebra given by

CE
(
Brn

)
≃ Rd


(ψα)32α=1(

ea1a2 = e[a1a2]
)
10
ai=0(

ea1···a5 = e[a1···a5]
)
10
ai=0

/
dψ = 0

d ea1a2 = −
(
ψ Γa1a2 ψ

)
d ea1···a5 = +

(
ψ Γa1···a5 ψ

)
 , (50)
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and B̂rn for its hidden extension given by

CE
(
B̂rn

)
≃ Rd


(ψα)32α=1(

ea1a2 = e[a1a2]
)
10
ai=0(

ea1···a5 = e[a1···a5]
)
10
ai=0

(ϕα)32α=1


/


dψ = 0

d ea1a2 = −
(
ψ Γa1a2 ψ

)
d ea1···a5 = +

(
ψ Γa1···a5 ψ

)
dϕ = Γa1a2ψ ea1a2 + 10

6! Γ
a1···a5ψ ea1···a5

 . (51)

Dimensional reduction from the hidden M-algebra to the hidden IIA-algebra. We are going to consider

graded derivations on the underlying graded algebra of CE
(
M̂

)
. Since this algebra is freely generated, by their

graded Leibniz rule these derivations are fixed by their value on generators, and hence the canonical linear basis of

all graded derivations as a module over CE
(
M̂

)
may be written as

Der
(
CE( M̂ )

)
≃ CE( M̂ )

〈
∂ψ︸︷︷︸

(−1,odd)

, ∂ea︸︷︷︸
(−1,evn)

, ∂ea1a2︸ ︷︷ ︸
(−1,evn)

, ∂ea1···a5︸ ︷︷ ︸
(−1,evn)

, ∂ϕ︸︷︷︸
(−1,odd)

〉
.

For example, the CE-differential (21) itself appears in this notation as

d =
(
ψ Γa ψ

)
∂ea −

(
ψ Γa1a2 ψ

)
∂ea1a2

+
(
ψ Γa1···a5 ψ

)
∂ea1···a5

+
(
δ Γaψ e

a + γ1 Γa1a2ψ e
a1a2 + γ2 Γa1···a5ψ e

a1···a5
)
∂ϕ .

(52)

Definition 2.25 (Dimensional reduction derivation). We write

pM∗ : CE
(
M̂

)
CE

(
ÎIA

)
(53)

for the derivation
pM∗ = ∂e10 (54)

but regarded as taking values in the hidden IIA-algebra (48). We may think of this as the operation of “fiber
integration over the M-theory circle” (cf. [GSS24e]).

Example 2.26 (Some fiber integrations). The fiber integration

(i) of the avatar super 4-flux density (2) is:

pM∗ ϕ
∗
exG4 ≡ pM∗

(
1
2

(
ψ Γa1a2 ψ

)
ea1ea2

)
= −

∑
a<10

(
ψ Γa10 ψ

)
ea︸ ︷︷ ︸

HA
3

(55)

(ii) of the hidden 3-form (34) is

pM∗ P̂3︸ ︷︷ ︸
P̂2

= −2α0

∑
a<10

ea10 e
a︸ ︷︷ ︸

P2

+ α3 ϵa1···a5 b1···b5 10 e
a1···a5eb1···b5 + β1

(
ψ Γ10 ϕ

)
, (56)

(iii) and that of its first summand alone gives, at s = −1:

pM∗
(
− 1

2ea1a2 e
a1ea2

)
=

∑
a<10

e10a e
a︸ ︷︷ ︸

P2

=
(19)

ea ẽa . (57)

(The symbols under the braces are explained and discussed in [GSS24e], here the reader may take them just as
shorthands.)

From (52) and (54), we have:

Lemma 2.27 (Hidden Lie derivative along M-theory circle). The graded commutator of the derivation (54)
with the CE-differential

[d, pM∗ ] ≡ d ◦ pM∗ + pM∗ ◦ d (58)

equals
[d, pM∗ ] = −δ

(
Γ10ψ

)
∂ϕ . (59)

It is then interesting to work out the fiber integration of the 3-form P̂3 (2.2.1) on the hidden M-algebra. For
completeness we first state this for general s, though only for s = −1 may the result be understood as being in

CE( ÎIA ).
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Example 2.28 (Hidden Lie derivative of the 3-form). The hidden Lie derivative (59) of P̂3 (36) is

[d, pM∗ ]P̂3 = β1δ
(
ψ ΓaΓ10 ψ

)
ea + β2δ

(
ψ Γa1a2Γ10 ψ

)
ea1a2 + β3δ

(
ψ Γa1···a5Γ10 ψ

)
ea1···a5

= β1δ
∑
a<10

(
ψ Γa10 ψ

)
ea︸ ︷︷ ︸

HA
3

− 2β2δ (−1)
∑
a<10

(
ψ Γa ψ

)
ea10︸ ︷︷ ︸

HÃ
3

+ β3δ
∑
ai<10

(
ψ Γa1···a510 ψ

)
ea1···a5 ,︸ ︷︷ ︸

=:HC
3

(60)

where the second step follows by Clifford expansion (124) and the vanishing of resulting skew terms (134), and
where under the braces we recognized the avatar super-flux densities of the NS B-field of type IIA and type IIB,
pulled back to the M-algebra (this is explained in [GSS24e], but for the present purpose the reader may take these
symbols to be defined thereby).

This then leads to the following:

Example 2.29 (Differential of fiber integration of the 3-form). For s ̸= 0, the differential of the fiber

integration P̂2 (56) of the 3-form (34) is

d P̂2 ≡ d(pM∗ P̂3) by (56)

= −pM∗ dP̂3 + [d, pM∗ ]P̂3 by (58)

= −pM∗ ϕ∗exG4 + [d, pM∗ ]P̂3 by (35)

= (1 + β1δ)H
A
3 − 2β2δ H

Ã
3 + 2β3δ H

C
3 by (55) & (60)

=


HA

3 for s = −1
17
12H

A
3 + 1

12H
Ã
3 for s = −6

2s2

5 HA
3 + 3s2

5 HÃ
3 − 6s2

5·5!H
C
3 for s! 0

So in particular, at the parameter value s = −1 of interest, where the dimensional reduction of the hidden 3-form
exists on the hidden IIA-algebra (53), it satisfies the direct IIA-analog of the Bianchi identity of the 3-form in
M-theory:

d P̂3 = ϕ∗exG4 ∈ CE
(
M̂

)
d P̂2 = ϕ∗exH

A
3 ∈ CE

(
ÎIA

)
.

dimensional
reduction (61)

The 7-Form on the hidden M-algebra. At s = −1 we may also say more about the avatar 7-flux:

Lemma 2.30 (Induced 7-cocycle is non-trivial). At s = −1, at least, there does -not- exists a Spin(1, 10)-

invariant coboundary for the induced 7-cocycle G̃7 (39).

Proof. We are looking for
P6 ∈ CE

(
M̂

)Spin(1,10)
such that

dP6 = 1
5!

(
ψ Γa1···a5 ψ

)
ea1 · · · ea5︸ ︷︷ ︸

G7

− 1
2

1
2

(
ψ Γa1a2 ψ

)
ea1ea2︸ ︷︷ ︸

G4

(
1
2e
a1 ea1a2 e

a2 + · · ·
)︸ ︷︷ ︸

P̂3

. (62)

In proving the statement, we will now use repeatedly that at s = −1 the differential (21) does not increase the
number of ea-s in monomials, since δ = 0. Therefore the only term which can give the first summand in (62), under
the differential, is 1

5!ea1···a5e
a1 · · · ea5 . The other summand that this term gives under the differential, shown in dark

blue below, does not appear in (62) and hence must be cancelled by a suitable counter-term. But again since the
differential does not increase the order of ea-s, the only possible counter-term is of the form

(
ψ Γa1···a4 ϕ

)
ea1 · · · ea4 .

Therefore, any candidate P6 must start out with monomials of this form

P6 := 1
5!ea1···a5e

a1 · · · ea5
+ r

(
ψ Γa1···a4 ϕ

)
ea1 · · · ea4

+ · · · ,
for some r ∈ R.
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Its differential thus is:

dP6 =
(

1
5!

(
ψ Γa1···a5 ψ

)
ea1 · · · ea5 − 1

4! eb a1···a4
(
ψ Γb ψ

)
ea1 · · · ea4

)
+ r

(
−
(
ψ Γa1···a4Γ

b1b2 ψ
)
eb1b2e

a1 · · · ea4︸ ︷︷ ︸(
ψ Γa1···a4 b1b2 ψ

)
eb1b2 ea1 · · · ea4

−12
((
ψ Γa1a2 ψ

)
ea1ea2

)
eb1b2e

b1eb2

− 10
6!

(
ψ Γa1···a4Γ

b1···b5 ψ
)
eb1···b5e

a1 · · · ea4︸ ︷︷ ︸(
ψ Γa1···a4 b1···b5 ψ

)
eb1···b5ea1 · · · ea4

− 120
(
ψ Γa3a4b3b4b5 ψ

)
ec1c2b3b4b5ec1ec2e

a3ea4

+120
(
ψ Γb5 ψ

)
ec1···c4b5ec1 · · · ec4

+4
(
ψ Γb a1a2a3 ϕ

)(
ψ Γb ψ

)
ea1ea2ea3

)
+ · · · ,

where under the braces we used Clifford expansion (124) and the fact (132) that
(
ψ Γa1···ap ψ

)
= 0 if p ∈

{0, 3, 4, 7, 8, 11}.
Now again since the differential does not increase the order of the ea-s, it follows that the omitted summands

do not contain monomials of either the darkblue or the purple kind. But since the monomials of the darkblue form
clearly do not appear in the induced 7-cocycle on the right of (62), the darkblue summands above must cancel
among each other, which is equivalent to

−r 1200
6! − 1

4! = 0 ⇔ r = − 6!
1200·4! = − 1

40 .

With this, the contribution of the purple monomial is fixed as

dP6 = 1
5!

(
ψ Γa1···a5 ψ

)
ea1 · · · ea5 − 12·8

40︸︷︷︸
̸=1

1
2

(
1
2

(
ψ Γa1a2 ψ

)
ea1ea2︸ ︷︷ ︸

G4

1
2e
b1eb1b2e

b2︸ ︷︷ ︸
P̂3 − ···

)
+ · · ·

But this has the wrong coefficient with respect to (62). Since, again, there is no other way to get this monomial
under the differential, it follows that P6 as in (62) does not exist.

Remark 2.31 (The hidden M-algebra as a correspondence space for twisted non-abelian cocycles).

The non-existence of a cobounding P6 on M̂ reinforces the interpretation of the hidden M-algebra advocated in
[GSS24e], namely as the correspondence space of an M-theoretic lift of T-duality, on which only the twisting cocycle
G4 underlying the full lS4-cocycle (G4, G7) is trivialized, with the latter viewed as a twisted non-abelian cocycle
as in [GSS24e, Ex. 2.19].

2.3 Further extensions

For completeness, we give a streamlined account of the further fermionic extensions of the hidden M-algebra,
making transparent the available choices.

To this end, note that what (22) really says is that the right hand side of the last line of (21) varies in a
2-dimensional space of 2-cocycles on the basic M-algebra. Hence instead of just extending by one of them, we may
extend by two of them at once, such as the ones for s = 0 and for s = −6:

d ϕ
(0)

= 2
(
Γaψ e

a + 1
2Γa1a2ψ e

a1a2 + 1
5!Γa1···a5ψ e

a1···a5
)

d ϕ
(−6)

= −10Γaψ e
a + Γa1a2ψ e

a1a2 .
(63)

While explicitly considered in this form in [ADR17, (3.6-7)], we find below in Ex. 2.35 that this further generator
is essentially implicit already in [Se97, p. 5][Cas11, (3.19)].

Further tensor-spinor generator.

Lemma 2.32 (Cubic Fierz relations). In CE
(
R1,10 | 32) from (5), the following identities hold

0 = Γa bψ
(
ψ Γb ψ

)
+ Γbψ

(
ψ Γa b ψ

)
,

0 = Γa1···a4 bψ
(
ψ Γb ψ

)
− Γ[a1a2ψ

(
ψ Γa3a4] ψ

)
+ 6Γbψ

(
ψ Γa1···a4 b ψ

)
.

(64)

Proof. We are looking for coefficients solving the following equations:

0 = δ′ Γa bψ
(
ψ Γb ψ

)
− γ′1 Γ

bψ
(
ψ Γa b ψ

)
0 = δ′′ Γa1···a4 bψ

(
ψ Γb ψ

)
− γ′′1 Γ[a1a2ψ

(
ψ Γa3a4] ψ

)
+ γ′′2 Γbψ

(
ψ Γa1···a4 b ψ

)
.

(65)
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Substituting the cubic Fierz identities (140) for the (ψ3) terms and using the Γ-tracelessness (139) of the resulting
representations Ξ, one finds that the summands appearing above evaluate as follows (cf. [Va07, §A], and mechanical
checks in [Anc]).

For the first equation, we have

Γa bψ
(
ψ Γb ψ

)
= Γa b︸︷︷︸

ΓaΓb−ηab

(
1
11Γ

bΞ(32) + Ξ(320)b
)

= 10
11ΓaΞ

(32) − Ξ
(320)
a ,

Γbψ
(
ψ Γa b ψ

)
= Γb

(
1
11Γa bΞ

(32) − 2
9Γ[aΞ

(320)
b]

)
= − 10

11ΓaΞ
(32) − 1

9 (Γ
bΓa + Γa Γ

b)Ξ
(320)
b︸ ︷︷ ︸
0

+ 1
9Γ

bΓbΞ
(320)
a

= − 10
11ΓaΞ

(32) + Ξ
(320)
a ,

whence the first condition is equivalently the system(
10
11 δ′ + 10

11 γ′1
)
ΓaΞ

(32) = 0(
− δ′ − γ′1

)
Ξ
(320)
a = 0 ,

which is clearly solved as claimed.
For the second equation, we have

Γa1···a4 bψ
(
ψ Γb ψ

)
= 1

11Γa1···a4 bΓ
bΞ(32) + Γa1···a4 bΞ

(320) b

= 7
11 Γa1···a4Ξ

(32) − 4Γ[a1a2Ξ
(320)
a3a4]

,

Γ[a1a2ψ
(
ψ Γa3a4] ψ

)
= Γ[a1a2

(
1
11Γa3a4]Ξ

(32) − 2
9Γa3Ξ

(320)
a4]

+ Ξ
(1408)
a3a4]

)
= 1

11Γa1···a4Ξ
(32) − 2

9Γ[a1a2a3Ξ
(320)
a4]

+ Γ[a1a2Ξ
(1408)
a3a4]

,

Γbψ
(
ψ Γa1···a4 b ψ

)
= − 1

77Γ
bΓa1···a4 bΞ

(32) + 5
9Γ

bΓ[a1···a4Ξ
(320)
b] + 2ΓbΓ[a1a2a3Ξ

(1408)
a4 b]

− 1
11Γa1···a4Ξ

(32) + 24
9 Γ[a1a2a3Ξ

(320)
a4]

+ 6Γ[a1a2Ξ
(1408)
a3a4]

,

whence the second condition is equivalent to the following system of linear equations:(
7
11 δ′′ − 1

11 γ′′1 − 1
11 γ′′2

)
Γa1···a4Ξ

(32) = 0(
− 4 δ′′ + 2

9 γ′′1 + 24
9 γ′′2

)
Γ[a1a2a3Ξ

(320)
a4]

= 0(
− γ′′1 +6 γ′′2

)
Γ[a1a2Ξ

(1408)
a3a4]

= 0

whose solution space is readily seen to be as claimed.

We now observe that given Fierz relations as in Lem. 2.32, one immediately obtains cocycles on the basic
M-algebra by replacing pairs ψψ = (ψαψβ) with the bispinorial generator e = (eαβ)(13); it follows immediately
from (64) that:

Proposition 2.33 (The vector-spinor valued form generator). In CE(M) we have

d
(
Γab eΓ

bψ + Γb eΓabψ
)

= 0 .

Hence there exists an extension of CE(M) by generators
(
ψαa

)
α∈{1,··· ,32}

a∈{0,1,··· ,10}
in deg = (1, odd) with differential

d ψa = 1
16

(
Γab eΓ

bψ + Γb eΓabψ
)
. (66)

Example 2.34 (Recovering the traditional differential of the vector-spinor valued generator). Inserting
into (66) the defining expression (13) of the generators eαβ in terms of the generators ea, ea1a2 and ea1···a5 , and
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then just performing the resulting Clifford contractions, we get

dψa

= Γab eΓ
bψ + Γb eΓabψ

= 1
16 Γab

(
Γcψ e

c + 1
2Γc1c2ψ e

c1c2 + 1
5!Γc1···c5ψ e

c1···c5
)
Γbψ + 1

16 Γ
b
(
Γcψ e

c + 1
2Γc1c2ψ e

c1c2 + 1
5!Γc1···c5ψ e

c1···c5
)
Γabψ

= Γacψ e
c − Γcψ e

ac + 0 .

This recovers the equations given in [Se97, p. 5][Cas11, (3.19)][Va07, (2.36)] (up to normalization conventions).

Reducibility of the extra generators. The vector-spinor valued generator from Ex. 2.33 is actually reducible
(which seems not to have been remarked before). Generally, given a tensor spinor ψa, we may split it into:

• its Γ-trace Γaψa (a plain spinor), and

• its Γ-trace free part
(
ψa − 1

11ΓaΓ
bψb

)
(a vector-spinor with vanishing Γ-trace).

Example 2.35. The Γ-trace of the vector-spinor ψa (66) behaves just as the spinor ϕ
(−6)

(63):

d(Γaψa) = 16Γa
(
Γacψ e

c − Γcψ e
ac
)

Ex. 2.34

= 16
(
10Γcψ e

c − Γacψ e
ac
)
.

Further terms in the super-invariant 3-form. With the further vector-spinor valued generator (66) included,

there is a further term that may be added to the ansatz (34) for P̂3, namely proportional to(
ψ Γab ψa

)
eb −

(
ψ Γb ψa

)
eab ∈ CE

( ̂̂M )
. (67)

Here, the relative factor between these two summands is already fixed by the requirement that in the differential
of this term the summands proportional to ψa cancel out among each other, analogous to the dark-green terms
proportional to ϕ in (37). Namely by (64) the following term over the brace vanishes:

d
((
ψa Γ

ab ψ
)
eb −

(
ψa Γb ψ

)
eab

)
=

((
ψa Γ

ab ψ
)(
ψ Γb ψ

)
+

(
ψa Γb ψ

)(
ψ Γab ψ

))
︸ ︷︷ ︸

=0

−
((
ψ Γab dψa

)
eb −

(
ψ Γb dψa

)
eab

)
. (68)

Proposition 2.36 (Three-form with vector-spinor). With the vector-spinor contribution (67) adjoined to the
ansatz (34) parameterized by β′

1 ∈ R,

P̂3 := α0 ea1a2 e
a1 ea2

+ α1 e
a1
a2 e

a2
a3 e

a3
a1

+ α2 e
a1···a4b1 eb1

b2 eb2a1···a4

+ α3 ϵa1···a5b1···b5c e
a1···a5eb1···b5ec

+ α4 ϵa1a2a3b1b2b3c1···c5 e
a1a2a3d1d2 ed1d2

b1b2b3 ec1···c5

+ β1
(
ψ Γa ϕ

)
ea

+ β2
(
ψ Γa1a2 ϕ

)
ea1a2

+ β3
(
ψ Γa1···a5 ϕ

)
ea1···a5

+ β′
1

((
ψ Γab ψa

)
eb −

(
ψ Γb ψ

)
eab

)
,

(69)
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the Bianchi identity (35) is solved, in addition to the previous solution (36) with β′
1 = 0, by

α0 = −1/20

α1 = −1/60

α2 = 0

α3 = 0

α4 = 0

β1 = 0

β2 = 0

β3 = 0

β′
1 = −1/20 ,

(70)

and the convex combinations of these two solutions, (36) and (70), exhaust the space of all solutions.

Proof. The differential of the last summand in (69) is (showing the computation in small steps in order to secure
the signs):

d
((
ψ Γab ψa

)
eb −

(
ψ Γb ψa

)
eab

)
= −

(
ψ Γab dψa

)
eb +

(
ψ Γb dψa

)
eab

)
by (68)

= −
(
ψ Γab (Γacψe

c − Γcψeac)
)
eb +

(
ψ Γb (Γacψe

c − Γcψeac)
)
eab

)
by Ex. 2.34

= −
(
ψ ΓabΓacψ

)
eceb +

(
ψ ΓabΓcψ

)
eaceb +

(
ψ ΓbΓacψ

)
eceab −

(
ψ ΓbΓ

cψ
)
eace

ab

= −(−9)
(
ψ Γbc ψ

)
eceb +

(
ψ Γa ψ

)
eace

c −
(
ψ Γa ψ

)
ebe

ab −
(
ψ Γbc ψ

)
eace

a
b

= −9
(
ψ Γbc ψ

)
ebec +

(
ψ Γa ψ

)
eabe

b +
(
ψ Γa ψ

)
eabe

b +
(
ψ Γbc ψ

)
ecae

a
b ,

where we used manipulations such as(
ψ ΓabΓc ψ

)
eaceb =

(
ψ (ηbcΓa − ηacΓb + Γabc)ψ

)
eaceb by (124)

=
(
ψ ηbcΓa ψ

)
eaceb by (134) .

(71)

Therefore the system of linear equations (37) to be solved generalizes to picking up the following boxed terms

d P̂3 = 1
2

(
ψ Γa1a2 ψ

)
ea1 ea2 ⇔



−α0 + δ β1 − 9β′
1 = 1

2

−2α0 + 2 γ1β1 + 2 δβ2 +2β′
1 = 0

−3α1 − 4γ1β2 +β′
1 = 0

2α2 + 10 γ2 β2 + 10 γ1β3 = 0

α2 + 600 γ2 β3 = 0

2α3 +
γ2
5! β1 +

δ
5! β3 = 0

α3 + γ2 β3 = 0

3α4 − 200
5! γ2 β3 = 0

β1 + 10 · β2 − 6! · β3 = 0 ,

(72)

By mechanical computation [Anc] this system is solved as claimed in (70).

3 The M-group

We now turn to promoting the hidden M-algebra (§2) — which is “just” a super-Lie algebra — to an actual group,
hence to a super-Lie group (Def. 3.7), to be called the hidden M-group (Ex. 3.14 below). The main effect here
is that (in contrast to the case of the basic M-algebra) the “hidden” fermionic extension makes, via the Dynkin
formula (the Hausdorff series), a trilinear fermionic term appear, first in the group product operation (106) and
thereby in the Maurer-Cartan form (109) and thereby finally in the coordinate expression for the super-invariant
3-form.

To make this important point rigorous, we develop, along the way, the relevant notions of super-Lie group
theory in a streamlined form that should be satisfactory both for physicists and mathematicians.
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3.1 Super-Lie groups

Our notation for super-geometry follows [GSS24a, §2.1], to which we refer for background and references.

Super-Manifolds. In view of Batchelor’s theorem [Ba79][Ba84, §1.1.3] and Milnor’s exercise [KMS93, §35.8-10],
we may considerably shortcut the definition of super-manifolds to the following:

Definition 3.1 (Category of supermanifolds). The category of (smooth, real) super-manifolds is the full sub-
category of the opposite of super-commutative R-algebras on those objects which are C∞(B)-Grassmann algebras of
smooth sections ΓB of a smooth vector bundle V over a smooth manifold B (the bosonic body of the supermanifold):

sSmthMfd sCAlgopR
X ≡ B|Vodd 7−! ∧•

C∞(B)ΓB(V
∗) = ΓB

(
∧•
B V

∗) .
C∞(−)

(73)

This means that for a pair of supermanifolds X(1), X(2), the maps (morphisms) between them are in bijection
to reverse super-algebra homomorphisms between their algebras of smooth functions (cf. [HKST11, Prop. 2.2])
according to (73): {

f : X(1) −! X(2)
}

≃
{
C∞(

X(1)
)
 − C∞(

X(2)
)
: f∗

}
. (74)

The archetypical examples of super-manifolds:

Example 3.2 (Ordinary smooth manifolds among super-manifolds). An ordinary smooth manifold X ∈
SmthMfd is a super-manifold via its ordinary algebra of smooth functions, C∞(X), regarded as a super-commutative
algebra without odd elements. This identification constitutes a full subcategory inclusion of ordinary into super-
manifolds:

SmthMfd sSmthMfd

CAlgopR sCAlgopR

C∞(−) C∞(−)

Example 3.3 (Super-points). For q ∈ R, the super-point R0|q is the supermanifold (Def. 3.1) whose bosonic

body is the point, R
⇝

0|q = ∗, equipped with the q-dimensional fermionic fiber space, so that its algebra of smooth
functions is the ordinary Grassmann algebra on q generators:

C∞(
R0|q) := ∧•

R(Rq)∗ ≃ R
[
ϑ1, · · · , ϑq

]
, ∀

i
deg(ϑi) = odd .

For n ∈ N we will abbreviate

ϑi1i2···in := ϑi1ϑi2 · · ·ϑin = ϵi1i2···in ϑ1ϑ2 · · ·ϑn ∈ C∞(
R0|q) . (75)

We denote the full subcategory of super-points among all supermanifolds by

sPnt sMfd (76)

Example 3.4 (Super-Cartesian spaces). For p, q ∈ N, the super Cartesian space Rp|q is, as a super-manifold
(Def. 3.1), the Cartesian product of the ordinary manifold Rp (via Ex. 3.2) with the super-point R0|q (Ex. 3.3)

Rp|q = Rp × R0|q

hence whose algebra of smooth functions is

C∞(
Rp|q

)
= C∞(Rp)⊗R C

∞(R0|q) ≃ C∞(Rp)
[
ϑ1, · · · , ϑq

]
.

We will need a generalization of the following example (e.g. [KoS05, §3.1][HKST11, Ex. 2.1, Prop. 3.1][CR12,
Ex. 5.3]):

Example 3.5 (The odd tangent bundle). For X ∈ SmthMfd, the total space of its odd-tangent bundle is the
super-manifold whose super-algebra of smooth functions is the de Rham algebra of differential forms on X with
the even/odd degree forms in even/odd super-degree, respectively:

ToddX := X|TX , C∞(
ToddX

)
= Ω•

dR(X) .

Consider more generally a super-manifoldX which, just for simplicity of presentation, we take to be super-Cartesian
X ≡ Rd|N . Then a map of super-manifolds from the point

R0|0 X

R C∞(Rd)⊗R[θ1, · · · , θN ]

xa0  − [ xa

0  − [ θα

x0

(x0)
∗

(77)
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is equivalently the choice of a point x0 ∈ X
⇝

= Rd in the bosonic body of X, hence a d-tuple of real numbers, while
a map from the first-order super-point

R0|1 X

R[ϑ1] C∞(Rd)⊗R[θ1, · · · , θN ]

xa0  − [ xa

θα1 ϑ
1  − [ θα

(x0,θ1)

(x0,θ1)
∗

(78)

is specified in addition by an N -tuple of real numbers
(
θα1 ∈ R

)N
α=1

to be thought of as defining an “odd tangent
vector” at x0 in X. The manifold formed by these super-points in X is the bosonic body of the odd-tangent bundle
of X:

C∞(
Todd
⇝

Rd|N
)

≃ C∞(
Rd+N

)
coordinatized by (xa0)

d
a=1 and

(
θα1

)N
α=1

. Thereby the odd coordinates of the original super-manifold X are detected

by ordinary bosonic coordinates on the bosonic body Todd
⇝
X of its odd tangent bundle. However, Todd

⇝
X sees only

the linearization of maps f : X −! X ′ between supermanifolds:

R0 | 1 X X ′

fαβ1
(x0)︸ ︷︷ ︸

Only linear contribution is
seen on this super-point

θβ1

1 · ϑ1  − [
∑
kf

α
β1···β2k+1

(x)︸ ︷︷ ︸
Full polynomial effect of
map on odd coordinates

· θβ1···β2k+1  − [ θ′α

(x0, θ1)

(x′
0, θ

′
1) ≡ f∗(x0, θ1)

f

However, to detect also the higher polynomial effects of maps, there is the following evident generalization of
the odd tangent bundle to higher order in the odd coordinates (cf. also [KoS05]):

Example 3.6 (Odd higher tangent bundles). In generalization of (78), a map from the qth super-point to a
super-Cartesian manifold X ≡ Rd|N

R0|q X

R[ϑ1, · · · , ϑq] C∞(Rd)⊗R[θ1, · · · , θN ]∑
k x

a
i1···i2kϑ

i1···i2k  − [ xa∑
k θ

α
i1···i2k+1

ϑi1···i2k+1  − [ θα

(xi1···i2k , θi1···i2k+1
)
k≤q/2

is specified by tuples of real numbers xai1···i2k = xa[i1···i2k] ∈ R and θαi1···i2k+1
= θα[i1···i2k+1]

∈ R which encode

(i) a point x in X,

(ii) an odd tangent vector θ1 at this point,

(iii) a
(
q
2

)
-tuple of actual tangent vectors xi1i2 at this point,

(iv) a
(
q
3

)
-tuple of odd 2-jets θi1i2i3 at this point,

(v) a
(
q
4

)
-tuple of actual 2-jets xi1···i4 at the point,

etc.

These are coordinates on the bosonic body of the odd super-geometric version of what in the terminology of [MR91,
Rem. 1.14]) is a prolongation or generalized jet bundle (cf. [KhS17]) super-manifold: 10

C∞
(
T
⇝(q)

odd
Rd|N

)
≃ C∞

(
R
(
d
∑

k (
q
2k)+N

∑
k (

q
2k+1)

))
.

These higher order coordinates serve to detect higher polynomial components of odd coordinates under maps
between supermanifolds. For instance, the action f∗ of a quadratic map f : X −! X on the coordinate functions
on ToddX is

10The super-algebra C∞(
T

(q)
odd X

)
is called in [KoS05] the algebra of differential worms on X.
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R0|q Rd|N Rd|N

fab
∑⌊q/2⌋
k=0 xbi1···i2kϑ

i1···i2k

+fab1b2
∑⌊q/2⌋
k=0

∑k
k′=0 x

b1
i1···i2k′x

b2
i2k′+1···i2kϑ

i1···i2k

+faβ1β2

∑⌊q/2⌋
k=0

∑k−1
k′=0 θ

β1

i1···i2k′+1
θβ2

i2k′+2···i2kϑ
i1···i2k

 − [ fab x
b + fab1b2x

b1xb2 + faβ1β2
θβ1θβ2  − [ xa

faβ
∑⌊q/2⌋
k=1 θβi1···i2k+1

ϑi1···i2k+1

+fαbβ
∑⌊q/2⌋
k=1

∑k
k′=1 x

b
i1···i2k′ θ

β
i2k′+1···i2k+1

ϑi1···i2k+1
 − [ fαβ θ

β + fαbβx
bθβ  − [ θα .

(xi1···i2k , θi1···i2k+1
)⌊q/2⌋
k=0

f∗(xi1···i2k , θi1···i2k+1
)
⌊q/2⌋
k=0

f

(79)

This makes the construction of the bosonic body of the odd q-tangent bundle a functor from super-manifolds to
ordinary smooth manifolds

sSmthMfd SmthMfd

X 7−! T
⇝(q)

odd
X xai1···i2k θαi1···i2k+17−

!

7−
!

Y 7−! T
⇝(q)

odd
Y f∗x

a
i1···i2k f∗θ

α
i1···i2k+1

T
⇝(q)

odd (−)

f T
⇝(q)

odd f

(80)

Moreover, as q ranges, these odd higher tangent bundles naturally pull back along maps between the probing
super-points,

sPntop SmthMfd

ϕjiϑ
i C∞(

R0|q) 7−! C∞(
T
⇝(q)

odd
X
)

xai1···i2k θαi1···i2k+1

7−
!

7−
!

7−
!

ϑj C∞(
R0|q′) 7−! C∞(

T
⇝(q′)

odd
X
)

xaj1···j2kϕ
j1
i1
· · ·ϕj2ki2k θαj1···j2kϕ

j1
i1
· · ·ϕj2ki2k .

T
⇝(−)

odd X

ϕ∗ϕ

This construction is used below to recognize super-point-wise ordinary Lie groups as being represented (cf. e.g.
[HKST11, p. 8]) by super-Lie groups, see around (102) and (106) below.

Super-Lie groups. The notion of super-Lie groups as originating around [Be87, Def. 2.1] is an instance of group
objects internal to an ambient category ([Gr61, §3], see also [BW85, p. 123]), here: internal to supermanifolds.

Definition 3.7 (Super-Lie group (e.g. [Va04, §7.1])). A super Lie group is a group object internal to the category
of supermanifolds (Def. 3.1), hence a super-manifold G equipped with maps of supermanifolds of the form

G×G G
prd

, ∗ Ge , G Ginv (81)

making the following diagrams commute

Associativity Unitality Invertibility

G×G×G G×G

G×G G

prd× id

id× prd prd

prd

G G× ∗ G×G

∗ ×G

G×G G

∼

∼

id× e

prd

e× id

prd

G G×G

∗ G

(id,inv)

(inv,id)

∃! prd

e

(82)

Examples. A first simplistic but important example, showcasing how ordinary Lie groups appear in this dual
perspective when regarded as super-Lie groups (with trivial odd components):

Example 3.8 (The circle group as a super-Lie group). Consider the short exact sequence of ordinary Lie
groups

Z R S1

as seen in the category of super-Lie groups. First, with respect to the canonical coordinate function x ∈ C∞(R),
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the additive group operation on the real line pulls back as

R× R R
ẋ+ x  − [ x .

+
(83)

Similarly, the algebra of smooth functions on the integers is of course the set of Z-tuples of real numbers

C∞(Z) ≃ RZ ≃
{
f ≡

(
f(n) ∈ R

)
n∈Z

}
,

all regarded in even degree, and equipped with the index-wise addition and multiplication in the real numbers:

(f · g)(n) := f(n) · g(n) , (f + g)(n) := f(n) + g(n) .

We may say that a “coordinate function” on Z is any injective function f : Z ↪! Z, and that the “canonical
coordinate function” x ∈ C∞(Z) is the canonical injection

x(n) := n . (84)

The additive group operation on the integers is uniquely characterized by how it pulls back coordinate functions,
and for the canonical coordinate functions it has the simple form

Z× Z Z
ẋ + x  − [ x ,

+

(85)

which is of the same form (83) as for the real line. This makes manifest the group homomorphism given by the
canonical inclusion of the integers into the real numbers

Z R
x  − [ x ,

where the bottom line reflects simply the restriction of the canonical coordinate function x on R to the integer
points. Forming the quotient of this inclusion of Lie groups, hence the pushout along the map to the trivial group,
means dually to consider only those functions on R whose restriction to Z is constant, hence only the 1-periodic
functions, hence those on the circle S1 = R/Z:

Z R

1 S1
(po)

C∞(Z) C∞(R)

R C∞(R)prdc = C∞(S1) .
(pb)

(86)

The following Ex. 3.9 must be well-known to experts but may not be citable in detail from the literature.11

We make it now fully explicit in order to prepare the ground for the construction of its extension by the hidden
M-group further below.

Example 3.9 (Super-Lie group structure on super-Minkowski spacetime). Denoting the canonical coor-
dinate functions on the product super-manifold R1,10 | 32 × R1,10 | 32 by (xa, θα) for the second factor and (xa′ , θ

α
′ )

for the first factor (adapted to thinking equivalently in terms of the canonical left-multiplication action of the group
on itself), consider the following definition of group operations (81) on the supermanifold R1,10 | 32:

R1,10 | 32 × R1,10 | 32 R1,10 | 32

x′ a + xa −
(
θ ′ Γa θ

) prd∗

 − [ xa

θ ′ + θ
prd∗

 − [ θ ,

prd ∗ R1,10 | 32

0
e∗
 − [ xa

0
e∗
 − [ θ

e R1,10 | 32 R1,10 | 32

−xa inv∗

 − [ xa

−θα inv∗

 − [ θα

inv

(87)

Here the second and third lines specify on coordinate functions the corresponding reverse homomorphisms of super-
function algebras via pullback, which uniquely characterize maps of super-manifolds (cf. [GSS24a, Ex. 2.13]).

The definition of e and inv (87) is obvious, while the extra summand appearing in the definition of prd is such
as to make the co-frame field

ea := dxa +
(
θ Γadθ

)
ψ := dθ

(88)

be left-invariant, namely invariant under the operation

C∞(
R1,10 | 32) ⊗̂Ω•

dR

(
R1,10 | 32) Ω•

dR

(
R1,10 | 32) ⊗̂Ω•

dR

(
R1,10 | 32) Ω•

dR

(
R1,10 | 32)

act∗

prd∗

dual to the left action of the supergroup on its odd tangent bundle (Ex. 3.5):

11The base case R1,0|1 of Ex. 3.9 is described in terms of functorial geometry in [Va04, p. 277] and the general product law prd from
(87) appears in [Chr+00, (2.1), (2.6)].
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R1,10 | 32 × T
odd

R1,10 | 32 T
odd

R1,10 | 32 × T
odd

R1,10 | 32 T
odd

R1,10 | 32.

act

prd∗

This is because

act∗ea = act∗
(
dxa +

(
θ Γa dθ

))
= dact∗xa +

(
act∗θ Γa d act∗θ

)
= d

(
x′ a + xa −

(
θ

′
Γa θ

))
+

(
( θ

′
+ θ) Γa d(θ ′ + θ)

)
= dxa −

(
θ

′
Γa dθ

)
+

(
θ

′
Γa dθ

)
+

(
θ Γa dθ

)
= dxa +

(
θ Γa dθ

)
= ea ,

act∗ψ = act∗dθ

= dact∗θ

= d
(
θ ′ + θ

)
= dθ

= ψ .

(89)

Here d denotes the differential on the second factor, hence acting on the un-primed coordinates only (with the
primed coordinates instead parametrizing the fixed group “element” along which to pull back).

Hence if (87) defines indeed a group structure and R1,10 | 32, then it carries a left-invariant coframe field (88)
whose de Rham differential relations (its Maurer-Cartan equations) coincide with those of the CE-algebra of the
super-Minkowski super-Lie algebra, thus exhibiting (88) as the corresponding super-Lie group.

Checking that (88) indeed does satisfy the group axioms (82) is straightforward, but it may still be interesting
to note how the bifermionic term is involved in making this work:

A
ss
o
c
ia
ti
v
it
y

x′′ a + x′ a +
(
θ

′′
Γa θ ′

)
+ xa +

(
(θ ′′ + θ ′) Γa θ

)
x′ a + xa +

(
θ

′
Γa θ

)
x′′ a + x′ a + xa +

(
θ

′
Γa θ

)
+
(
θ

′′
Γa (θ ′ + θ)

)

x′′ a + xa +
(
θ

′′
Γa θ

)
xa

θ ′′ + θ ′ + θ θ ′ + θ

θ ′′ + θ θ

U
n
it
a
li
ty

xa x′ a x′ a + xa +
(
θ

′
Γa θ

)
x′ a

x′ a + xa +
(
θ

′
Γa θ

)
xa

θ θ ′ θ ′ + θ

θ

θ ′ + θ θ

In
v
e
rt
ib
il
it
y xa − xa −

(
θ Γa θ

)
x′ a + xa +

(
θ Γa θ

)
0

0 xa

θ − θ θ ′ + θ

0

0 θ

In the last step on the left we used that
(
θ Γa θ

)
= 0 because the θα anticommute among each other, while their

pairing here is symmetric (132). □

3.2 The Lie integration

While the integration in Ex. 3.9 of the super-Minkowski Lie algebra by “educated guess followed by checking its
consistency” is efficient in this simple case, more general cases require a more systematic approach:

Integrating nilpotent super-Lie algebras. We may essentially reduce the question of integration of super-
Lie algebras (to super-Lie groups) to the classical theory of integration of ordinary Lie algebras (to ordinary Lie
groups) by regarding objects in super-algebra/geometry as systems of ordinary algebraic/geometric objects indexed
by super-points whose function algebras provide an arbitrary supply of “Grassmann variables”.

Here we focus on the nilpotent case (Rem. 3.11), which covers all super-Minkowski-like examples.
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Definition 3.10 (Super-Lie algebras probed by super-points (cf. [Sac08, §3])). Given a super-Lie algebra
g ∈ sLieAlg and a Grassmann algebra ∧•

R
(Rq)∗ ≃ C∞(

R0|q) (Ex. 3.3), the even part of the tensor product of the
underlying super-vector spaces

g(q) := C∞(
R0|q, g

)
evn

:=
(
C∞(R0|q)⊗R g

)
evn

≃ R
〈
ϑi1···in⊗T

∣∣∣∣n ∈ N, T ∈ gevn for n even
T ∈ godd for n odd

〉
(90)

is an ordinary vector space which carries the structure of an ordinary Lie algebra, with Lie bracket given by 12[
ϑi1···inT, ϑi

′
1···i

′
n′T ′] := ϑi1···ini

′
1···i

′
n′
[
T, T ′] (91)

(with the given super-Lie bracket appearing on the right).

This means that super-algebra homomorphisms C∞(R0|q)
f∗

 − C∞(R0|r) induce Lie algebra homomorphisms

g(q) g(r)

f∗(ϑi1···in)⊗ T  − [ ϑi1···in ⊗ T

f∗

thus incarnating the super Lie algebra g as a functor from the opposite of the category of super-points (76) to
(ordinary) Lie algebras:

g : sPntop LieAlgR
R0|q 7−! g(q) .

(92)

Remark 3.11 (Nilpotent super Lie algebras). The super-translation Lie algebras that we are concerned with
here are nilpotent, meaning that their n-fold adjoint action vanishes for large enough n. (The definition of nilpotent
super Lie algebras, e.g. [FrSS00, §26], is just as for ordinary Lie algebras, e.g. [Ser64, §V]).

Note that if a super Lie algebra g ∈ sLieAlgR is nilpotent, then its probes by super-points (92) evidently take
values in ordinary nilpotent Lie algebras:

g ∈ sLieAlgnilR ⇒ g : sPntop −! LieAlgnilR .

Recall now the following classical fact (e.g. from [CG04, §1.2]):

Proposition 3.12 (Lie theory for nilpotent Lie algebras). For (ordinary) nilpotent Lie algebras g, the Dynkin
formula (aka Campbell-Baker-Hausdorff series, e.g. [Ser64, §IV.7][DK00, §1.7]) 13

prd
(
T1 , T2

)
= T1 + T2 +

1
2 [T1, T2] +

1
12

([
T1, [T1, T2]

]
+

[
T2, [T2, T1]

])
+ 1

2

[
T2

[
T1, [T2, T1]

]]
+ · · · (93)

(which truncates and hence converges due to nilpotency) exhibits isomorphy of the exponential map onto the
corresponding connected and simply-connected nilpotent Lie group, thereby constituting an equivalence of categories
[Mi17, Thm. 14.37]: ∫

: LieAlgnilR LieGrpunip.∼

Example 3.13 (Systematic integration of the super-Minkowski Lie algebra). Probing the super-Minkowski
super-Lie algebra R1,10 | 32 (3) (4) with the super-point R0|2 (via Def. 3.10), the underlying ordinary vector space
(90) is

R1,10|32
(2) ≃ R

〈(
Pa

)10
a=0

,
(
ϑ12Pa

)10
a=0

,
(
ϑ1Qα

)32
α=1

,
(
ϑ2Qα

)32
α=1

〉
(94)

12The sign rule of super-algebra demands that (91) be multiplied by (−1) whenever both T and ϑi
′
1···i

′
n′ are in odd degree. But this

sign rule is readily seen to be equal to changing the formula (91) by pulling out the Grassmann-elements in reverse order (as in [Sac08,
(25)]), hence to modify it to[

ϑi1···inT, ϑi
′
1···i

′
n′ T ′]

sgn
:= ϑi

′
1···i

′
n′ i1···in [T, T ′] = (−1)nn′

ϑi1···in i′1···i
′
n′ [T, T ′] ,

and this is readily seen to be naturally isomorphic to our rule (91), by the transformation which reverses the order of Grassmann
generators in all products: (

g(p), [−,−]
) (

g(p), [−,−]sgn
)(

ϑi1···inT, ϑi1···i
′
n′ T ′) 7−!

(
ϑin···i1T, ϑi

′
n′ ···i1T ′)

7−
!

7−
!

ϑi1···in i′1···i
′
n′ [T, T ′] 7−! ϑi

′
n′ ···i′1 in···i1 [T, T ′] .

ϑi1···inT 7! ϑin···i1T
∼

Therefore we may stick with our rule (91), which is convenient because this is the rule actually picked up by functors on sPnt that are
represented by a super-Lie group, see (103) in Ex. 3.13 below.

13The left hand side of (93) would more traditionally be written with the exponential map exp and its local inverse log as

“log(prd
(
exp(T1), exp(T2)

)
)” or “log( exp(T1) ∗ exp(T2))”. But since the exponential map exp is globally an isomorphism due to

nilpotency, by Prop. 3.12, as is hence its logarithm log, we may as well suppress them notationally. It is with this suppression that the
usual expressions in the examples of super-translation groups are obtained.
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(where now the terms in parenthesis are to be regarded as primitive symbols, being the names of linear basis
elements, all in degree (0, evn)), and the non-vanishing Lie brackets on these basis elements are:[

ϑiQα, ϑ
jQα

]
= −2Γaαβ ϑ

ijPa , (95)

where on the right we are using the notation ϑij := ϑiϑj(75).

With R1,10|32 itself, also this ordinary Lie algebra R1,10|32
(2) is clearly nilpotent (cf. Rem. 3.11) and hence the

corresponding 1-connected Lie group has (Prop. 3.12) as underlying manifold the vector space (94), which we think
of as parameterized as follows

R1,10|32
(2) ≃


xa Pa

+ xai1i2 ϑ
i1i2Pa

+ θαi ϑiQα

∣∣∣∣∣∣∣∣
xa ∈ R

xai1i2 = −xai2i1 ∈ R

θαi ∈ R

,

a ∈ {0, 1, · · · , 10}
α ∈ {1, 2, · · · , 32}
i1, i2 ∈ {1, 2}

 , (96)

with group product given by applying the Dynkin formula (93) to (95), as follows

R1,10|32
(2) × R1,10|32

(2) R1,10|32
(2)

ẋa Pa

+ ẋai1i2 ϑ
i1i2Pa

+ θ̇αi ϑiQα

,
xb Pb

+ xbj1j2 ϑ
j1j2Pb

+ θβj ϑjQβ

 7−!


(
ẋa + xa

)
Pa

+
(
ẋaij + xaij − θ̇αi θ

β
j Γ

a
αβ

)
ϑijPa

+
(
θ̇αi + θαi

)
ϑiQα

 ,

prd(2)

(97)

where the extra summand in the second line is the one coming from the Dynkin formula (93):

prd
(
θ̇αi ϑ

iQα , θ
β
j ϑ

jQβ

)
= θ̇αi ϑ

iQα + θβj ϑ
jQβ + θ̇αi θ

β
j

1
2

[
ϑiQα, ϑ

jQβ
]︸ ︷︷ ︸

−2 Γa
αβ ϑ

ijPa

+ · · ·︸︷︷︸
0

.

The general case of probes by any super-point R0|q, q ∈ N, is not much different: In generalization of (94) we
have at any stage q the vector space

R1,10|32
(q) ≃ R

〈(
ϑi1···i2kPa

)
a ∈ {0, · · · , 10},
0 ≤ k ≤ q/2
ij ∈ {1, · · · , q}

,
(
ϑi1···i2k+1Qα

)
a ∈ {0, · · · , 10},
o ≤ k ≤ (q − 1)/2
ij ∈ {1, · · · , q}

〉
(98)

equipped with the Lie algebra structure whose only non-trivial brackets are, in generalization of (95),[
ϑi1···i2k′+1Qα, ϑ

j1···j2k+1Qβ
]
= Γaαβ ϑ

i1···i2k′+1j1···j2k+1Pa , (99)

and in generalization of (96) we may coordinatize this space as

R1,10|32
(q) ≃


∑
k x

a
i1···i2k ϑi1···i2kPa

+
∑
k θ

α
i1···i2k+1

ϑi1···i2k+1Qα

∣∣∣∣∣∣∣∣
xai1···i2k = xa[i1···i2k] ∈ R

θαi1···i2k+1
= θα[i1···i2k+1]

∈ R
,

a ∈ {0, 1, · · · , 10}
α ∈ {1, 2, · · · , 32}
ij ∈ {1, 2, · · · , q}

 , (100)

which the Dynkin formula (93) equips with the following group product, in generalization of (97):

R1,10|32
(q) × R1,10|32

(q)

 ∑
k ẋ

a
i1···i2k ϑi1···i2kPa

+
∑
k θ̇

α
i1···i2k+1

ϑi1···i2k+1Qα
,

∑
k x

a
i1···i2k ϑi1···i2kPa

+
∑
k θ

α
i1···i2k+1

ϑi1···i2k+1Qα



7−
!

R1,10|32
(q)

 ∑
k

(
ẋai1···i2k + xai1···i2k −

∑k−1

k̇=0
θ̇αi1···i2k̇+1

θβi2k̇+2···i2k
Γaαβ

)
ϑi1···i2kPa

+
∑
k

(
θ̇αi1···i2k+1

+ θαi1···i2k+1

)
ϑi1···i2k+1Qα


prd(q)

(101)

or expressed dually as:

C∞
(
R1,10|32

(q) × R1,10|32
(q)

)
ẋai1···a2k + xai1···a2k −

∑k−1

k̇=0
θ̇αi1···i2k̇+1

θβi2k̇+2···i2k
Γaαβ θ̇αi1···i2k+1

+ θαi1···i2k+1

7−
!

7−
!

C∞
(
R1,10|32

(q)

)
xai1···i2k θαi1···i2k+1

prd∗
(q)
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These formulas are clearly functorial across stages with respect to maps between the parameterizing super-points:

sPntop C∞(R0|q) C∞(R0|r)

7−
!

LieAlgnilR R1,10|32
(q) R1,10|32

(r)

7−
!

LieGrpunip R1,10|32
(q) R1,10|32

(q)

R1,10|32

ϑi 7! ϕi
jϑ

j

∫
ϑi1···i2kPa 7!

(
ϕ
i1
j1

···ϕi2k
j2k

)
ϑj1···j2kPa

ϑi1···i2k+1Qα 7!
(
ϕ
i1
j1

···ϕ
i2k+1
j2k+1

)
ϑj1···j2k+1Qα

xa
i1···i2k

7!
(
ϕ
i1
j1

···ϕi2k
ijk

)
xa
j1···j2k

Thereby, we have lifted the super-Minkowski super-Lie algebra R1,10|32 to a group-valued functor by applying
ordinary Lie integration to all its ordinary Lie algebras of probes by super-points

LieGrp

sPntop LieAlgR

R0|q 7−! R1,10|32
(q)

This functorial incarnation of super-Lie algebras and their super-Lie groups is an instance of the original definition
of internal group objects due to [Gr60, p. 270][Gr61, §3], for early discussion along these lines see also [Ya93], a
brief discussion may also be found in [DM99, §2.10], more details are in [Sac08, §3].

But we may observe now that this functor is represented by the super-Minkowski super-Lie group structure(
R1,10|32, prd, e, inv

)
of Ex. 3.9 in that we have a natural isomorphism as follows, intertwining the (dual) group

structures:

Odd tangents of
super-Lie group structure

naturally isomorphic to
integration of system of Lie algebras

of probes by any super-point

C∞
(
T
⇝(q)
oddR1,10|32

)
C∞(

R1,10|32
(q)

)

C∞
(
T
⇝(q)
oddR1,10|32× T

⇝(q)
oddR1,10|32

)
evn

C∞(
R1,10|32

(q) × R1,10|32
(q)

)
.

∼

(
T
⇝

(q)
oddprd

)∗
prd∗

(q)

∼

(102)

For instance, for q = 2 the operation on the left of (102) is given, via (79), by:

R0|2 R1,10|32 × R1,10|32 R1,10|32

(x′ a + x′ a
ijϑ

ij) + (xa + xaijϑ
ij)− Γaαβ(θ

′α
i ϑ

i)(θβj ϑ
j)  − [ x′ a + xa − Γaαβ θ

′αθβ  − [ xa

= (x′ a + xa) +
(
x′ a
ij + xaij − θ′αθβΓaαβ

)
ϑij

(θ′αi + θαi )ϑ
i  − [ θ′α + θα  − [ θα

(
(x′,x′

12,θ
′
1,θ

′
2), (x,x12,θ1,θ2)

)
prd

(103)

which manifestly coincides with what we found for the right-hand side in (97).

In conclusion, we have (re-)obtained the Lie integration of the super-Minkowski Lie algebra to its (1-connected)
super-Lie group by applying ordinary Lie integration to the system of ordinary Lie algebras formed by probing the
super-Minkowski Lie algebra with super-points.

This integration process may easily appear notationally more cumbersome than the alternative Lie integration
via “educated guess followed by consistency check” that we showed in Ex. 3.9; however:

(i) the functorial notation here looks heavy only superficially, in effect it just means to tensor everything with any
number of auxiliary Grassmann parameters, thereby shifting all expressions into even degree, and to check (a
simple observation) that these parameters remain mere “bystanders” in all expressions under all operations,

(ii) the functorial machinery provides a systematic Lie integration of any (nilpotent) super-Lie algebra, even in
cases where an “educated guess” does not so easily spring to mind – as is the case already for the next example.
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Thereby we come to our main example, in variation of Ex. 3.13:

Example 3.14 (Integrating the hidden M-algebra to the hidden M-group). The probes (90) of the hidden

M-algebra M̂ from §2.2, by the super-point R0|q form the following space, in variation of (100),

M̂(q) ≃



∑
k x

a
i1···i2k ϑi1···i2kPa

+
∑
k b

a1a2
i1···i2k ϑi1···i2kZa1a2

+
∑
k b

a1···a5
i1···i2k ϑi1···i2kZa1···a5

+
∑
k θ

α
i1···i2k+1

ϑi1···i2k+1Qα

+
∑
k ξ

α
i1···i2k+1

ϑi1···i2k+1Oα

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

xai1···i2k ∈ R

ba1a2i1···i2k ∈ R

ba1···a5i1···i2k ∈ R

θαi1···i2k+1
∈ R

ξαi1···i2k+1
∈ R

,

aj ∈ {0, · · · , 10}
α ∈ {0, · · · , 32}
ij ∈ {1, · · · , q}
0 ≤ k ≤ q/2


, (104)

which the Dynkin formula (93) equips, in variation of (101), with the group product

M̂(q) × M̂(q) M̂(q)

prd(q)

given by 

∑
k ẋ

a
i1···i2k ϑi1···i2k Pa

+
∑
k ḃ

a1a2
i1···i2k ϑi1···i2k Za1a2

+
∑
k ḃ

a1···a5
i1···i2k ϑi1···i2k Za1···a5

+
∑
k θ̇

α
i1···i2k+1

ϑi1···i2k+1Qα

+
∑
k ξ̇

α
i1···i2k+1

ϑi1···i2k+1Oα

,

∑
k x

a
i1···i2k ϑi1···i2k Pa

+
∑
k b

a1a2
i1···i2k ϑi1···i2k Za1a2

+
∑
k b

a1···a5
i1···i2k ϑi1···i2k Za1···a5

+
∑
k θ

α
i1···i2k+1

ϑi1···i2k+1Qα

+
∑
k ξ

α
i1···i2k+1

ϑi1···i2k+1Oα


7−
!



∑
k

(
ẋai1···i2k + ẋaii1 ···i2k

−
∑k−1

k̇=0
θ̇αi1···i2k̇+1

θβi2k̇+2···i2k
Γaαβ

)
ϑi1···i2kPa

+
∑
k

(
ḃa1a2i1···i2k + ba1a2i1···i2k +

∑k−1

k̇=0
θ̇αi1···i2k̇+1

θβi2k̇+2···i2k
Γa1a2αβ

)
ϑi1···i2kZa1a2

+
∑
k

(
ḃa1···a5i1···i2k + ba1···a5i1···i2k −

∑k−1

k̇=0
θ̇αi1···i2k̇+1

θβi2k̇+2···i2k
Γa1···a5αβ

)
ϑi1···i2kZa1···a5

+
∑
k

(
θ̇αi1···i2k+1

+ θ̇αi1···i2k+1

)
ϑi1···i2k+1Qα

+
∑
k


ξ̇αi1···i2k+1

+ ξαi1···i2k+1

+
∑k
k̇=0 ẋ

a
i1···i2k̇

θβi2k̇+1···i2k+1

δ
2Γa

α
β

+
∑k
k̇=0 ḃ

a1a2
i1···i2k̇

θβi2k̇+1···i2k+1

γ1
2 Γa1a2

α
β

+
∑k
k̇=0 ḃ

a1···a5
i1···i2k̇

θβi2k̇+1···i2k+1

γ2
2 Γa1···a5

α
β

−
∑k
k̇=0 x

a
i1···i2k̇

θ̇βi2k̇+1···i2k+1

δ
2Γa

α
β

−
∑k
k̇=0 b

a1a2
i1···i2k̇

θ̇βi2k̇+1···i2k+1

γ1
2 Γa1a2

α
β

−
∑k
k̇=0 b

a1···a5
i1···i2k̇

θ̇βi2k̇+1···i2k+1

γ2
2 Γa1···a5

α
β

+ · · ·


ϑi1···i2k+1Oα

+ 1
12

∑
k

k−1∑
k̈=0

k−1∑
k̇=k̈

 θ̇αi1···i2k̈+1
θ̇α

′

i2k̈+2···i2k̇+2
θβi2k̇+3···i2k+1

+ θαi1···i2k̈+1
θα

′

i2k̈+2···i2k̇+2
θ̇βi2k̇+3···i2k+1

 [QQQ]δαα′β ϑ
i1···i2k+1Oδ


Here the last summand in the last row arises via the 4th summand in the Dynkin formula (93) due to the non-
vanishing trilinear bracket (28).

This group-valued functor is evidently represented – analogous to (102) – by the following super-Lie group
structure (Def. 3.7). The underlying super-manifold is

M̂ := R528 | 64 ≃


xa Pa

+ ba1a2 Za1a2

+ ba1···a5 Za1···a5

+θα Qα
+ξα Oα

∣∣∣∣∣∣∣∣∣∣∣∣∣

xa ∈ R
ba1a2 = b[a1a2] ∈ R

ba1···a5 = b[a1···a5] ∈ R
θα ∈ R
ξα ∈ R

,
ai ∈ {0, 1, · · · , 10}
α ∈ {1, 2, · · · , 32}


(105)

31



on which the group operation is given by

M̂ × M̂ M̂

x′a + xa −
(
θ′ Γa θ

)
 − [ xa

b′a1a2 + ba1a2 +
(
θ′ Γa1a2 θ

)
 − [ ba1a2

b′a1···a5 + ba1···a5 −
(
θ′ Γa1···a5 θ

)
 − [ ba1···a5

θ′ + θ  − [ θ

ξ′ + ξ

+ δ
2x

′aΓaθ +
γ1
2 b

′a1a2Γa1a2θ +
γ2
2 b

′a1···a5Γa1···a5θ

− δ
2x

aΓaθ
′ − γ1

2 b
a1a2Γa1a2θ

′ − γ2
2 b

a1···a5Γa1···a5θ
′

+ 1
12 [QQQ](θ′, θ′, θ) + 1

12 [QQQ](θ, θ, θ′)


 − [ ξ

prd

(106)

We call this super-Lie group the hidden M-group.

The Maurer-Cartan form. With the super-Lie group in hand, we may explicitly construct its Maurer-Cartan
forms and with that, finally, the left-invariant form of P̂3.

Lemma 3.15 (Maurer-Cartan forms in coordinates). Consider a Lie algebra g ≃
〈
(Ti)

n
i=1

〉
with Lie bracket

[Ti, Tj ] = fkijTk which is nilpotent to third order, in that
[
− [−[−,−]]

]
= 0, so that the corresponding group product

(93) is
prd

(
x′ i Ti , x

i Ti
)

= x′i + xi + 1
2f

i
jkx

′jxk + 1
12f

i
jkf

k
k1k2x

′ jx′ k1xk2 + 1
12f

i
jkf

k
k1k2x

jxk1x′ k2 . (107)

Then the corresponding integrating group’s Maurer-Cartan forms may be given in these coordinates by:

ei = dxi − 1
2f

i
jkx

jdxk + 1
6f

i
jk′f

k′

kl x
jxkdxl (108)

in that

(i) (MC equation) dei = − 1
2f

i
jke

jek ,

(ii) (Left-invariance) act∗ei = ei .

Proof. Checking this directly is straightforward, if already somewhat tedious. For the terms quadratic in f the
check relies heavily on the Jacobi identity.

Alternatively, the expression follows from the general Hausdorff-like formula of Schur (see [He01, §II Thm. 7.4
& p. 36][Me13, Thm. C.2 & p. 99]), according to which ei is given at any point X = xiTi ∈ g as

ei = dxi
(

1−exp(−adX)
adX (∂xk)

)
dxk

:= dxi
(∑∞

n=0
1

(n+1)! (−adX)n(∂xk)
)
dxk .

Plugging in adX =
(
xjf•j•

)
into this formula, its first three summands are as claimed in (108).

Example 3.16 (Maurer-Cartan forms on the hidden M-group). By plugging in the structure constants
(21) (27) of the hidden M-algebra at any stage q (104) into this formula (108), we obtain a coordinate expression
for the Maurer-Cartan form on the hidden M-group (cf. also [Var06, (6.7.7)]):

ea =dxa +
(
θ Γa dθ

)
ea1a2 =dba1a2 −

(
θ Γa1a2 dθ

)
ea1···a5 =dba1···a5 +

(
θ Γa1···a5 dθ

)
ψ =dθ

ϕ =dξ − 1
2δ

(
xaΓadθ − Γaθ(dx

a)
)

− 1
2γ1

(
xa1a2Γa1a2dθ − Γa1a2θ(dx

a1a2)
)

− 1
2γ2

(
xa1···a5Γa1···a5dθ − Γa1···a5θ(dx

a1···a5)
)

+ 2
6

(
δ ΓaαβΓa γ − γ1Γ

a1a2
αβ Γa1a2 γ + γ2Γ

a1···a5
αβ Γa1···a5 γ

)
θγθαdθβ .

(109)

In this left-invariant basis of Maurer-Cartan forms, the left-invariant 1-form globalization of P̂3 takes exactly the
same form as in (34), while substituting the right hand side of these equations into (34) yields its expansion in the
coordinate 1-form basis.
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Toroidal compactifications. The hidden M-group M̂ in (3.14) is evidently the simply-connected Lie integration

of the hidden M-algebra M̂. From it we may obtain its non-simply-connected versions by quotienting out lattice
subgroups Zk. In straightforward variation of Ex. 3.8 this is now immediate, but consequential:

Example 3.17 (Fully toroidal version of the hidden M-group). Just for ease of notation, consider the case
of the inclusion of all of Z528 (more generally, just omit any factors of this direct product group in the following).
Denoting the 528 “canonical coordinate functions” (84) on Z528 by the same symbols as the bosonic canonical

coordinate functions on M̂ (105), it is readily seen from (106) that the following tautological-looking assignment
is a super-Lie group homomorphism as anticipated in (1):

Z528 M̂
xa  − [ xa

ba1a2  − [ ba1a2
ba1···a5  − [ ba1···a5

0  − [ θ
0  − [ ξ .

The same formulas show that this inclusion factors through an inclusion of R528 and descends to an inclusion into
the basic M-group:

Z528 R528 M̂

Z528 R528 M
Hence, passing to the quotient of this group inclusion – the fully toroidal hidden M-group – means, as in (86), to

restrict the bosonic elements in C∞(
M̂

)
to those which are suitably periodic. This is, of course, just as it should

be.

4 Conclusion

Motivated by a recent re-understanding of the relevance – for potentially formulating M-theory – of the hidden
M-algebra and of the “decomposed” M-theory 3-form it carries, we have given first a careful re-derivation and
then have discussed in detail its integration/globalization to a super-Lie group, the hidden M-group, carrying a
corresponding left-invariant super 3-form. Despite the common abuse of terminology that suggests otherwise, this
seems to be the first discussion of this super-Lie group, and therefore, we took the time to review the relevant
streamlined theory of super-Lie groups along the way.

In its vanilla form, the hidden M-group is simply-connected. But with this in hand, its toroidially compactified
versions are easy to come by, which we discussed as a first simple but important example of a topologically non-
trivial super-exceptional spacetime.

These are going to be important both in relating super-exceptional formulations of 11D SuGra to topological T-
duality, under dimensional reduction, but in particular due to the fact that the global completion of 11D SuGra by
a flux quantization law leads to new solitonic states of the C-field not only on topologically non-trivial spacetime
domains but now also on their much larger super-exceptional enhancement. Such global effects in exceptional-
geometric super-gravity seem not to have received attention before.
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Background

For ease of reference we briefly recall and cite some notation and facts used in the main text.

Tensor conventions
Our tensor conventions are standard, but since the computations below crucially depend on the corresponding
prefactors, here to briefly make them explicit:
• The Einstein summation convention applies throughout: Given a product of terms indexed by some i ∈ I, with
the index of one factor in superscript and the other in subscript, then a sum over I is implied: xi y

i :=
∑
i∈I xi y

i.
• Our Minkowski metric is “mostly plus”(

ηab
)d
a,b=0

=
(
ηab

)d
a,b=0

:=
(
diag(−1,+1,+1, · · · ,+1)

)d
a,b=0

. (110)

• Shifting position of frame indices always refers to contraction with the Minkowski metric (110):

V a := Vb η
ab , Va = V bηab .

• Skew-symmetrization of indices is denoted by square brackets ((−1)|σ| is sign of the permutation σ):

V[a1···ap] := 1
p!

∑
σ∈Sym(n)

(−1)|σ|Vaσ(1)···aσ(p)
.

• We normalize the Levi-Civita symbol to

ϵ012··· := +1 hence ϵ012··· := −1 . (111)

• We normalize the Kronecker symbol to

δ
a1···ap
b1···bp := δ

[a1
[b1

· · · δap]bp]
= δa1[b1 · · · δ

ap
bp]

= δ
[a1
b1

· · · δap]bp
(112)

so that
Va1···apδ

a1···ap
b1···bp = V[b1···bp] and ϵc1···cpa1···aq ϵc1···cpb1···bq = − p! · q! δa1···aqb1···bq . (113)

Super-algebra
Sign rule. For homological super-algebra, we consider bigrading in the direct product ring Z × Z2 — where the
first factor Z is the homological degree and the second Z2 ≃ {evn, odd} the super-degree – with sign rule

deg1 = (n1, σ1), deg2 = (n2, σ2) ∈ Z× Z2 ⇒ sgn
(
deg1, deg2

)
:= (−1)n1·n2+σ1·σ2 . (114)

For (vi)i∈I a set of generators with bi-degrees (degi)i∈I we write:

(i) R
〈
(vi)i∈I

〉
for the graded super-vector space spanned by these elements,

(ii) R
[
(vi)i∈I

]
for the graded-commutative polynomial algebra generated by these elements,

hence the tensor algebra on |I| generators modulo the relation

v1 · v2 = (−1)sgn(deg1,deg2) v2 · v1 , (115)

hence the (graded, super) symmetric algebra on the above super-vector space:

R
[
(vi)i∈I

]
:= Sym

(
R
〈
(vi)i∈I

〉)
.

(iii) Rd

[
(vi)i∈I

]
for the (free) differential graded-commutative algebra (dgca) generated by these elements and

their differentials
(dvi)i∈I

treated as primitive elements with deg(dei) = deg(ei) + (1, evn) and modulo the corresponding relation
(115), with differential defined by

ei 7−! dei , dei 7−! 0

and extended as a (graded) ‘derivation, hence the dgca

Rd

[
(vi)i∈I

]
:=

(
Sym

(
R
〈
(vi)i∈I , (dvi)i∈I

〉)
, d

)
. (116)

Spinors in 11d
We briefly record the following standard facts (proofs and references may be found in [MiS06, §2.5][GSS24a, §2.2.1]):
There exists an R-linear representation 32 of Pin+(1, 10) with generators

Γa : 32 −! 32 (117)

equipped with a Spin(1, 10)-equivariant skew-symmetric and non-degenerate bilinear form(
(−)(−)

)
: 32⊗ 32 −−! R (118)

which serves as the spinor metric whose components we denote
(
ηαβ

)32
α,β=1

:
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ψα ηαβ ϕ
β :=

(
ψ ϕ

)
, (119)

that are skew-symmetric in their indices
ηαβ = −ηβα (120)

which together with the inverse matrix (ηαβ) is and used to lower and raise spinor indices by contraction “from the
right” (the position of the terms is irrelevant, since the components ηαβ are commuting numbers, but the order of
the indices matters due to the skew-symmetry):

ψα := ψα
′
ηα′α , ψα = ψα′ηα

′α , ψαϕ
α = −ψβηβαηαγϕγ = −ψαϕα . (121)

This representation satisfies the following properties, where as usual we denote skew-symmetrized product of k
Clifford generators by

Γa1···ak := 1
k!

∑
σ∈Sym(k)

sgn(σ) Γaσ(1)
· Γaσ(2)

· · ·Γaσ(n)
: (122)

• The Clifford generators square to the mostly plus Minkowski metric (110)

ΓaΓb + ΓbΓa = +2 ηab id32 . (123)

• The Clifford product is given on the basis elements (122) as

Γaj ···a1 Γb1···bk =

min(j,k)∑
l=0

±l!
(
j

l

)(
k

l

)
δ
[a1···al
[b1···bl Γ

aj ···al+1]
bl+1···bk] . (124)

• The Clifford volume form equals the Levi-Civita symbol (111):

Γa1···a11 = ϵa1···a11 id32 . (125)

• The trace of all positive index Clifford basis elements vanishes:

Tr(Γa1···ap) =

{
32 | p = 0

0 | p > 0 .
(126)

• The Hodge duality relation on Clifford elements is:

Γa1···ap = (−1)(p+1)(p−2)/2

(11−p)! ϵa1···ap b1···a11−p Γb1···b11−p
. (127)

For instance:
Γa1···a11 = ϵa1···a11Id32 , Γa1···a6 = + 1

5! ϵ
a1···a6 b1···b5 Γb1···b5 ,

Γa1···a10 = ϵa1···a10b Γb , Γa1···a5 = − 1
6! ϵ

a1···a5 b1···b6 Γb1···b6 .
(128)

• The Clifford generators are skew self-adjoint with respect to the pairing (118)

Γa = −Γa in that ∀
ϕ,ψ∈32

(
(Γaϕ)ψ

)
= −

(
ϕ (Γaψ)

)
, (129)

so that generally
Γa1···ap = (−1)p+p(p−1)/2 Γa1···ap . (130)

• The R-vector space of R-linear endomorphisms of 32 has a linear basis given by the ≤ 5-index Clifford elements

EndR
(
32

)
=

〈
1, Γa1 , Γa1a2 , Γa1a2a3 , Γa1···a4 , Γa1···a5

〉
ai=0,1,··· , (131)

• The R-vector space of symmetric bilinear forms on 32 has a linear basis given by the expectation values with
respect to (118) of the 1-, 2-, and 5-index Clifford basis elements:

HomR
(
(32⊗ 32)sym, R

)
≃

〈(
(−)Γa(−)

)
,
(
(−)Γa1a2(−)

)
,

(
(−)Γa1···a5(−)

)〉
ai=0,1,··· ,

(132)

which means in components that these Clifford generators are symmetric in their lowered indices (121):

Γaαβ = Γaβα , Γa1a2αβ = Γa1a2βα , Γa1···a5αβ = Γa1···a5βα , (133)

while a basis for the skew-symmetric bilinear forms is given by

HomR
(
(32⊗ 32)skew, R

)
≃

〈(
(−)(−)

)
,

(
(−)Γa1a2a3(−)

)
,

(
(−)Γa1···a4(−)

)〉
ai=0,1,··· ,

(134)

which means in components that these Clifford generators are skew-symmetric in their lowered indices (121):

ηαβ = −ηβα , Γa1a2a3αβ = −Γa1a2a3βα , Γa1···a5αβ = −Γa1···a5βα (135)

• Any linear endomorphism ϕ ∈ EndR(32) is uniquely a linear combination of Clifford elements as:

ϕ = 1
32

5∑
p=0

(−1)p(p−1)/2

p! Tr
(
ϕ ◦ Γa1···ap

)
Γa1···ap ; (136)
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• which implies in particular the Fierz expansion(
ϕ1 ψ

)(
ψ ϕ2

)
= 1

32

((
ψ Γa ψ

)(
ϕ1 Γa ϕ2

)
− 1

2

(
ψ Γa1a2 ψ

)(
ϕ1 Γa1a2 ϕ2

)
+ 1

5!

(
ψ Γa1···a5 ψ

)(
ϕ1 Γa1···a5 ϕ2

))
. (137)

Proposition .1 (The general Fierz identities [DF82, (3.1-3) & Table 2][CDF91, (II.8.69) & Table II.8.XI]).
(i) The Spin(1, 10)-irrep decomposition of the first few symmetric tensor powers of 32 is:(

32⊗ 32
)
sym

∼= 11 ⊕ 55 ⊕ 462(
32⊗ 32⊗ 32

)
sym

∼= 32 ⊕ 320 ⊕ 1408 ⊕ 4424(
32⊗ 32⊗ 32⊗ 32

)
sym

∼= 1 ⊕ 165 ⊕ 330 ⊕ 462 ⊕ 65 ⊕ 429 ⊕ 1144 ⊕ 17160 ⊕ 32604 .

(138)

(ii) In more detail, the irreps appearing on the right are tensor-spinors spanned by basis elements〈
Ξαa1···ap = Ξα[a1···ap]

〉
ai∈{0,··· ,10},α∈{1,···32} ∈ RepR

(
Spin(1, 10)

)
with Γa1Ξa1a2···ap = 0

(139)

(jointly to be denoted Ξ(N) for the case of the irrep N) such that:

ψ
(
ψ Γa ψ

)
= 1

11 Γa Ξ
(32) + Ξ

(320)
a ,

ψ
(
ψ Γa1a2 ψ

)
= 1

11 Γa1a2 Ξ
(32) − 2

9 Γ[a1 Ξ
(320)
a2]

+ Ξ
(1408)
a1a2 ,

ψ
(
ψ Γa1···a5 ψ

)
= − 1

77Γa1···a5Ξ
(32) + 5

9Γ[a1···a4Ξ
(320)
a5]

+ 2Γ[a1a2a3 Ξ
(1408)
a4a5]

+ Ξ
(4224)
a1···a5 .

(140)

Super-Lie algebras
Our ground field is the real numbers R and all super-vector spaces are assumed to be finite-dimensional.

Given a finite dimensional super-Lie algebra g ≃ gevn ⊕ godd, the linear dual of the super-Lie bracket map

[-, -] : g ∨ g g

may be understood to map the first to the second exterior power of the underlying dual super-vector space, and as
such it extends uniquely to a Z×Z2-graded derivation d of degree=(1, evn) on the exterior super-algebra (where
the minus sign is just a convention)

∧1g∗ ∧2g∗

∧•g∗ ∧•g∗

−[-,-]∗

d

With this, the condition d◦d = 0 is equivalently the super-Jacobi identity on [-, -], and the the resulting differential
graded super-commutative algebra is known as the Chevalley-Eilenberg algebra of g:

CE
(
g, [-, -]

)
:=

(
∧• g∗, d

)
and this construction is fully faithful

sLieAlgR sDGCAlgopR
CE

in that (1) for every super-vector space V a choice of such differential d on ∧•V ∗ uniquely comes from a super-Lie
bracket [-, -] on V this way, and (2) super-Lie homomorphisms ϕ : g −! g′ are in bijection with sDGC-algebra
homomorphisms ϕ∗ : CE(g′) −! CE(g).

More concretely, given (Ti)
n
i=1 a linear basis for g with corresponding structure constants

(
fkij ∈ R

)n
i,j,k=1

, then

the Chevalley-Eilenberg algebra is equivalently the graded-commutative polynomial algebra

CE
(
g, [-, -]

)
≃

(
R
[
t1, · · · , t1

]
, d

)
on generators of degree (1, σi) with corresponding structure constants for its differential:

Super
Lie algebra

Super
dgc-algebra

Generators
(
Ti︸︷︷︸

deg= (0,σi)

)n
i=1

(
ti︸︷︷︸

deg= (1,σi)

)n
i=1

Relations [Ti, Tj ] = fkij Tk d tk = − 1
2f

k
ij t

itj

(141)
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