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Abstract

We give a modernized and streamlined review, aimed at mathematical physicists, of the origin and nature
of the super Lie-algebra known as the (“hidden”) M-algebra, which arises somewhat subtly in analysis of 11D
supergravity. Following arguments that this (hidden) M-algebra serves in fact as the maximal super-exceptional
tangent space for 11D supergravity, we particularly make explicit here its integration to a (super-Lie) group.
This is equipped with a left-invariant extension of the “decomposed” M-theory 3-form, such that it constitutes
the Kleinian space on which super-exceptional spacetimes are to be locally modeled as Cartan geometries.

As a simple but consequential application, we highlight how to describe lattice subgroups Z*<528 of the hidden
M-group that allow to toroidially compactify also the “hidden” dimensions of a super-exceptional spacetime,
akin to the familiar situation in topological T-duality.

In order to deal with subtleties in these constructions, we (i) provide a computer-checked re-derivation of
the “decomposed” M-theory 3-form, and (ii) present a streamlined conception of super-Lie groups, that is both
rigorous while still close to physics intuition and practice.

Thereby this article highlights modernized super-Lie theory along the example of the hidden M-algebra, with
an eye towards laying foundations for super-exceptional geometry. Among new observations which we touch on
along the way is the dimensional reduction of the hidden M-algebra to a “hidden ITA-algebra” which in [GSS24e]
we have explained as the exceptional extension of the T-duality doubled super-spacetime.
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1 Introduction

The problem of formulating M-theory (cf. [Du99a]) remains open [Du96, §6][Du20], but considerable attention
has been paid — and convincing progress has been made — towards its structure visible locally, in the (infinitesimal)
neighborhood of any spacetime point. This concerns (i) brane-extended super-symmetry (e.g. [To99]) and (ii)
exceptional duality symmetry (e.g. [Sam23]), which (iii) may be argued [We03, §4][GSS24d] to be neatly unified,
locally, via the maximal super-ezceptional tangent space to be identified with the “M-algebra” (recalled in a moment)
equipped with its “brane-rotating automorphy” via the slsz-quotient of the local Lorentzian form £ 10 of eji-
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However, the hallmark of non-perturbative physics in general and hence of M-theory in particular should be vis-
ible globally in topologically stabilized field configurations (solitons, skyrmions and anyons, cf. e.g. [Ra84][Zeel0,
§V.6]), which in discussion of M-theory have received less attention. Global effects arise particularly due to comple-
tion of dynamics by fluz/charge quantization laws [Fr02][MaS04][SS25] for the (higher) gauge fields: This is classical
for the electromagnetic field (where Dirac charge quantization in ordinary cohomology stabilizes Abrikosov vor-
tex solitons in type-II super-conductors, recalled in [SS25, §2.1]), famous for the RR-fields (where, conjecturally,
twisted K-cohomology stabilizes D-branes, see [GS22], recalled in [SS25, §4.1]) and as has been hypothesized for the
M-theory C-field [DFMO07][Sal0][FSS20b] (reviewed in [SS25, §4.2], where twisted Cohomotopy stabilizes M-branes
subject to the notorious half-integral shift of the 4-flux and the tadpole cancellation of the 7-flux).

Global topology of super-exceptional geometry. While flux-quantization is ordinarily considered on ordinary
supergravity spacetimes (e.g. [LS22][LS23][GSS24a]) or on brane worldvolume submanifolds (e.g. [FSS21b][GSS24b]),
the same process should be applied after geometrically manifesting hidden duality-symmetries, but now on the
vastly higher dimensional (super-)exceptional geometric enhancement of spacetime, whose (choice of) global topol-
ogy thereby gains physical significance: Solitonic field configurations that are ordinarily localized in spacetime now
also depend on and may be localized along the exceptional geometric spacetime directions!

This effect may not before have received due attention in generality but it is apparent in the more well-studied
special case of T-duality, where “doubled spacetime” (e.g. [HLZ13]) globally has the structure of a torus-bundle
(the “correspondence space” in topological T-duality, cf. e.g. [Wa24, §1]).

Toroidal M-geometry. Towards a discussion of such toroidal (and eventually other) global topological structure
for super-exceptional geometries, we here review the globalization of the (hidden) M-algebra to a super-Lie group
— the (hidden) M-group (in §3, previously considered in [Var06, §6.7]):

super- super-

Lie groups super-Lie Lie algebras
. differentiation .
sLieGrp sLieAlg
Hidden M-group A N Hidden M-algebra
Basic M-group M It Basic M-algebra

such that there are lattice subgroups, quotienting by which yields toroidally compactified super-exceptional geome-
tries:

— — Toroidally compactified
Zk M M / Zk super—};xcquonal
‘ ‘ l i spacetime ( 1)
VA M M/ZF (0 <k <528).

While this is in principle “well-known”; it is worthwhile and our aim in this review to dwell on the details of
this construction, because it plays such an interesting role for the physics while being simple (namely: nilpotent,
see Rem. 3.11 below) as far as examples of super-Lie groups go, thus potentially enriching both the supergravity



literature (which tends to shun super-manifold theory, cf. [CDF91, §I1.2.4, p. 338]) as well as the mathematical
super-geometry literature (e.g. [Va04], which in turn is short on more cutting-edge physics examples).

To say this in a little more detail before we get to the full development:

The M-Algebra in some generality was named by [Se97], but in its “basic” form it was already highlighted in
[To95, (13)] (further so in [To98, (1)][To99]), and in its subtle “hidden” extension of the basic form it actually
goes way back to [DF82] (later generalized by [BDIPV04], and briefly reviewed many times, e.g. by [dAz05,
§5][Var06, §6][ADR16, §2|[Ral8, §3][Ra2l, §4][AD24, §5]), there discovered already with the ambition to identify
hidden symmetries of 11D SuGra.

The basic M-algebra 9t (as we shall call it here, just for disambiguation from its further extensions) is the
maximal extension of the (translational) 11D super-symmetry algebra by central charges identifiable (e.g. [SS17])
with conserved charges of probe M2- and M5-branes, the non-trivial super-Lie bracket having the emblematic form
(10):

— a a1 a2 ay---as
[QCH Qﬂ] - _QF(XB Pa +2FO¢B Za1a2 _QFOcﬁ Zal"'as .
N—— \/ N—— N——
super-bracket of space-time M2-brane Mb5-brane

super-charges momenta charges charges

It is exceedingly useful to re-express this (and all other finite-dimensional super-Lie structure) equivalently in terms
of the linear-dual free graded super-algebra (the CE-algebra, recalled in §4) on which the above super-Lie bracket
is incarnated as the differential given on generators by (see §4 for our Clifford algebra conventions):

de” = +(@Fa1/))7 d6a1a2 = 7($Fa1a2 7/))3 dealmas = +(@Fa1---a5 1/1)

Here we are to think of the ordinary translational super-symmetry algebra as being super-Minkowski spacetime
RL10132 equipped (just) with its infinitesimal super-translational structure, and so the basic M-algebra may be

11) = 11 4+ 517 = 528 bosonic dimensions

thought of as an extended super-spacetime with no less than 11+ (121) + ( 5

ﬁ — R1,10+517| 3232
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We are going to be very explicit (in §3) about what this means for the finite super-translation group structure, first
in this basic case and then for its further hidden extension.

The hidden M-algebra M itself is not hard to describe, either: It is a fermionic (meaning: odd) extension of

the basic M-algebra by one further spinor-valued generator ¢ on which the differential is given by (21)(24)
d¢ = 2(1+s)Tetp e + D" egia, + 25T gy
for any s € R\ {0}; a standard exercise with Fierz identities checks that this differential really squares to zero (see
Prop. 2.5). But it is only through a heavy (and error-prone, Rem. 2.11) computation (see Prop. 2.10) that one
finds the crucial and maybe surprising property of M There exists a rich super-invariant (34) on ﬁ,
ﬁg X €q,a, €" €? + several more terms,

which is a coboundary ~ ~ _
dP; = ¢*G4, where Gy := %(1/) | A, w)e‘“ e, (2)
for the super-avatar G4 of the super 4-flux density in 11D SuGra (e.g. [DF82, (3.15d)][DNP86, (2.2.7)][GSS24a,
®)])-

U
Since this coboundary relation looks like the relation satisfied locally, namely on any super-chart U A X1,10132
by a C-field gauge potential C{ (the original “3-index photon”) for vanishing bosonic 4-flux, original authors [DF82]
(cf. also [Se97, p. 9][Var06, §6.5-6]) thought of Py as a “decomposition” of the gauge potential 3-forms CY into a
wedge product of the 1-form generators of (the CE-algebra of) the hidden M-algebra. However, we caution that
there are alternative interpretations which are not unrelated but different: Namely, given a 1/2BPS super-embedding

M5
1,528 ¢ x1,10] 32

of an M5-brane super-worldvolume [HoS97][So00][GSS24b] into a fluxless background, then the fluz density Hj
of the (non-linearly) self-dual tensor field on ¥ also is a coboundary for (¢™°)*G4. Under this interpretation,

as the Hs-factor in the M5-brane action functional, the “decomposed” 3-form ]33 has been discussed in [Se97, p.
10][FSS20c¢][FSS21a].



Yet an alternative interpretation of 133 is suggested by [GSS24e], where ﬁg is shown to be an M-theoretic lift
of the “Poincaré 2-form” P, that controls T-duality on doubled 10D super-spacetime via the coboundary relation
dP, = H{* — Hj.

Here our focus is on laying some super-geometric groundwork, namely to give a careful treatment of the global
extension of P3 to a left-invariant super 3-form on the hidden M-group M

1yin —_ u .
““dersszo\d M Supe rnd‘?r lying
y lie alge,,
Hidden a
R1.10+517| 32632 M-group m
Super-exceptional Hidden
Minkowski spacetime M-algebra

Super-geometry. Historically, the proper mathematical formulation of global differential super-geometry [Be87]
(super-manifolds, super-Lie groups and super-differential forms on them, ¢f. [DM99], hence what should ultimately
be the very foundation for formulations of supergravity on “super-space” [WZ77][Ho82][CDF91]) has had a bit of
a rough start, with competing definitions arguably tending to look a little clunky (such as in working over infinite-
dimensional Grassmann algebras [DW84] even for finite-dimensional manifolds, or resorting to the notion of locally
ringed spaces, [BL75], cf. [Ro07]), which may have discouraged (cf. [CDF91, §I1.2.4, p. 338]) its wide adoption in
the supergravity literature, of all places.

As a consequence, authors in supergravity theory tend to either work with super-matrix groups only, or else
write symbolic exponentiations of super-Lie algebra elements. While this is useful as far as it goes, imagine the
analogous hypothetical situation where all that general relativists would know about manifolds were that, locally,
they may be parameterized by symbolic exponentials of vector fields.

Luckily, there is a rigorous, powerful, and slick ' modern formulation of super-geometry which is secretly the
most abstract-general ([SS20b, §3.1.3]) but which neatly blends into the actual physics practice [GSS25a]. By way
of developing the example of the hidden M-group in §3, we give a lightweight explanation also of this underlying
super-geometry.

Acknowledgements. We thank Zoran Skoda for pointing out the historical references for the coordinate expres-
sions of Maurer-Cartan forms mentioned in the proof of Lem. 3.15.

2 The M-algebra

Here we recall the basic M-algebra (§2.1), re-derive the “decomposed” 3-form on its “hidden” extension (§2.2) and
discuss various related issues, such as phenomena at special values of the parameter that the hidden M-algebra
depends on.

2.1 The base case

The super-Minkowski algebra. By the (D = 11, N’ = 1) super-Minkowski Lie algebra we mean the super-
translational super-Lie sub-algebra of the super-Poincaré algebra ? (commonly known as the supersymmetry algebra)
whose underlying super-vector space is (cf. our super-algebra conventions in §4)

e ’
— ~——

deg = (0,0dd) deg=(0,evn)

1Namely, (i) To avoid the notion of locally ringed spaces one may observe that smooth super-manifolds X are faithfully characterized
already by their super-algebras C°°(X) of global super-functions (which in the language of algebraic geometry means that smooth super-
manifolds are in fact all affine — the analogous statement for ordinary smooth manifolds, “Milnor’s exercise”, is classical but also remains
under-appreciated) and by Batchelor’s theorem these are always the Grassmann algebras of smooth sections of a smooth vector bundle
over an ordinary manifold. (ii) To avoid infinite-dimensional Grassmann algebras one may observe that what is really needed at any
given time are finitely many but arbitrary Grassmann variables such that all constructions are covariant under their choice. This is
clearly not unlike the situation with choosing ordinary coordinates, and indeed the most general smooth super-space may hence be
characterized by the covariant system of generalized super-coodinate charts that it admits.

2The full super-Poincaré super Lie algebra (aka: “supersymmetry algebra”) is the semi-direct product R19 x so(1,10) of the
super-Minkowski algebra (3) with the Lorentz Lie algebra so(1,10) acting on R{(P,)1% ;) as its defining/vector representation and on
]R< Qa > ~ 32 as its irreducible Majorana spin representation (117). Similarly, there is the semidirect product with so(1,10) of
the bas1c M algebra (9) and the hidden M-algebra (26), which may be regarded as the full M-symmetry algebra. But since no further
subtleties are involved in forming these semidirect products with the Lorentz algebra, we do not further dwell on them here.



with the only non-trivial super-Lie brackets on basis elements being *

[Qon Qﬁ] = 72Fg¢ﬁpa~ (4)
TIts Chevalley-Eilenberg algebra (141) therefore has the underlying graded super-algebra

CE(RM1%2) ~ R[ ()% , (ealo ] (5)

————’ ~——

deg = (1,0dd) deg=(1,evn)

with the differential given on generators by
dy = 0

_ 6
de* = (w Te ¢) . ( )

For the following, it is instructive to note that the 2-forms (@ re w) € CE(R° | 32) are non-trivial 2-cocycles on

the purely fermionic abelian subalgebra R°*2 — the super-point — whence (6) exhibits the super-Minkowski algebra
as a central extension of the superpoint (cf. [Chr™00, §2.1][HuS18]):

0 — Rl,lO ¢ R1’10|32 R0|32 0. (7)

The basic M-algebra. Concerning (JF‘Z w) in (6) being a 2-cocycle, it is obvious that it is closed and not
exact — since 1 is closed and not exact (6) — but what is mildly non-trivial is that it exists as a non-vanishing
Spin(1, 10)-invariant 2-form in the first place: The only further expressions for which this is the case are

(prmezy), (PT4% ) € CE(R32), a; €{0,---,10}, (8)

since the spinor-valued 1-forms ¢ are of bi-degree (1,0dd), hence mutually commuting (115), and since (8) are
the only symmetric Spin(1, 10)-invariant pairings (132).

Therefore, the mazimal Spin(1,10)-invariant central extension of the super-point RO132 has further central
generators Z%2 7% % (gkew-symmetric in their indices), corresponding to (8),
32 10 0 0
M~ R< (Qa)azl ) (Pa)azo 7(Zt11(12 = Z[a1a2])é:0 ’ (Zal‘“ﬂs = Z[a1~'a5])i:0> (9)
———— ~——

deg = (0,0dd) deg= (0,evn) deg = (0,evn) deg = (0,evn)

with non-vanishing super-Lie bracket on generators now given by *
Qa, Qs = — 2165 Pa + QFZ}}“Z Zoray — 21"21[3”"‘5 Zoy-as - (10)

This fully extended version of (the translational part of) the D = 11, N/ = 1 supersymmetry algebra may be
understood ([To95, (13)][To98, (1)], cf. also [SS17]) as incorporating charges Z?1%2 of M2-branes and Z% % of
M5-branes, whence we shall call this the basic M-algebra, following [Se97][BDPV05][Bal7, (3.1)]. °

Its CE-algebra is

CE(W) = R{ (¢Q)22:1 ) (ea)<110:9 > (ea1a2 = e[alaz])tlz?zov (ear"as = e[al"'aE)])tll?:O ) (11)
—— —
deg=(1,0dd) deg=(1,evn) deg=(1,evn) deg=(1,evn)

with differential on generators given by ©

Ao — 0
der = +(gToy)

_ 12
d €aias = - ( ’(/} Falag '(/J) ( )
deaycas = +(Vlayas?)-

Automorphy of the basic M-algebra. Essentially the following Prop. 2.1 has been highlighted in [We03, §4],

3 Our prefactor convention in (4) — ultimately enforced via the translation (141) by our convention for the super-torsion tensor in
[GSS24a] and [GSS24a] — coincides with that in [DF99, (1.16)][Fr99, p. 52].

4The signs in (10) are conventional; we use a different sign for the second summand in order to, further below, match conventions
used in the literature, see footnote 3 below.

5[Se97] uses the term “M-algebra” for a large further extension of (10) which includes the “hidden M-algebra” that we are concerned
with here; whereas other authors like [BDPV05] say “M-algebra” for just (10). Here we disambiguate this situation by speaking of the
“basic” M-algebra and its “hidden” extension, respectively, the latter term following the terminology introduced much earlier by [DF82]
(which, we suggest, nicely matches the terminology of “hidden symmetries” in generalized-geometric formulation of supergravity).

6 We have a minus sign in the equation for d eq,q, in (21) to match the sign convention in [DF82, (6.2)][BDIPV04, (17)], which is
natural in view of (13) below, and hence ultimately due to the relative sign in the formula (137) for Fierz expansion.

Alternatively one could choose any other non-vanishing prefactor. In fact, [DF82, (6.2)] choose in addition a global factor of 1/2,
while [BDIPV04, (15)-(17)] choose in addition a global factor of —1, compared to our convention in (21). But the relative prefactors
agree throughout.



following [BWO00, §5], our proof follows [BDIPV04, (26)]:

Proposition 2.1 (Manifestly GL(32)-equivariant incarnation of basic M-algebra). Unifying all the bosonic
generators of (5) into a bispinorial form like this

B .= 3%(6@ Fgﬁ + %eauzz FglﬁGQ + %em..-as ngﬁmas) (13)
which is symmetric by (132),
y y (132) B — oha (14)
the differential (12) acquires equivalently the compact form
dy* = 0
de = yoyf (15)

which makes manifest that g € GL(32) acts via super-Lie algebra automorphisms of the M-algebra
g :CE(EITI) e CE(im)
= gy (16)
e? v gl gg e’

Proof. First, to see that the transformation (13) is invertible, the trace-property (126) allows to recover:

e = I‘“5 P

(e}
ed142 = —I‘Zlﬁ“ e*P (17)
e as  — ]"‘alﬁ‘“as eaB

o .

Finally, the differential is as claimed due to the Fierz expansion formula (137):

de® = L(Te? (PT9) = 4058, (BT0% ) + FT60 0, (BT ) ) by (13) & (12)
P> B by (137). 0

Example 2.2 (Exponentiated Clifford elements as brane-rotating symmetries). Since the I'y,..q, €
Endgr(32) for 1 < p < 10 are trace-less (126), their exponentiations constitute special linear group elements

g = exp (30 LA .0, T4%) € SL(32) C GL(32) C Endg(32)

p=1p!
for all coefficients Ag,...q, € R.

Observe then that as such, their “brane-rotating” action (16) on the adapted generators (13) of the M-algebra
translates to an action by “Dirac conjugation” (130) (-) on the Clifford algebra coefficients of the original defining
generators (12), in that for any ¢, ¢ we have

pe ay--ap Oz/ B’ o Ot/ o ay--ap 5’
= —((g-9)Tu% (g-¢)) by (121)
= —(¢(g-Tm-g)9)
= Yo (g . Tarap 'g)a,ﬁ ¢ﬂ by (121),

where, just for emphasis, “” denotes matrix multiplication, hence composition in Endg(32).

Example 2.3 (Spinorial Lorentz-symmetry among brane-rotating symmetry). Restricting Ex. 2.2 to
p = 2 makes manifest a canonical inclusion

Spin(1,10) —— SL(32)
of the ordinary local spacetime symmetry into the generalized /exceptional brane-rotating symmetry.

Example 2.4 (Mixing of T-dual coordinates among brane-rotating symmetry). Consider the special case
of Ex. 2.2 for
g = exp(rl)

= cosh(r)id + sinh(r) Ty .

forr € R



Using (129), the resulting brane-rotating symmetry acts by (where all a;,b; < 10):

eV = Fi?ﬁ P - (eXp(—rFlo)T]D-eXp(TFlo)> ﬁeo‘ﬁ = F}SB e = el
@

e’ = Ty B (exp(—rf‘lo)-Fa~exp(7‘f‘10)) 5 e (F“ -exp(2rF10)) 5 e*? = cosh(2r) e® — sinh(2r) e
@ «

«

e = Tl el — — (exp(—rI‘lo) -Tag . exp(rI‘lo)) , e = — (Faalg -exp(2rF10)) 5 e = cosh(2r) e — sinh(2r) e®

et = —Faabﬂ e — — (exp(—rFlO) . Tab. exp(rflo))aﬂ e = —Fg% eh = eb
and similarly one finds

ca1--as — COSh(QT) a5 | Sinh(2’f‘)%€a1‘“a5 mbl..'b5eb1--~b5 18
—  eQ1a4 10 . ( )

To interpret this, note that (this is discussed in detail by [GSS24e]), the generators

€a = €qn, (19)
appear as the “M2-brane charges wrapping the M-theory circle”, and as such are to be understood as the type
ITA string-charges associated with “doubled” coordinates for T-duality in type IIA theory along all 10 spacetime

dimensions — cf. also (57) below —, and in view of (18) note that NS5-branes, and hence their charges, are supposed
to transform among each other under T-duality.

Therefore the above transformation may be seen to “admix” T-dual doubled coordinates. Beware that this is
not quite a T-duality transformation as such, which instead swaps e* < é,. We discuss in [GSS24e] how T-duality
proper is enacted on the M-algebra.

2.2 The hidden extension

We turn to the further extension of the basic M-algebra (9) by odd generators Z, spanning another copy of
the Spin(1,10)-representation 32. The idea and the following Propositions 2.5 and 2.10 are due to [DF82,

(6.4)][BDIPV04, (20)] (see also [BDPV05][dAz05, §5][FIdO15] [ADR16][ADR17][Ra21][AD24]), but here we spell
out the computations in order to secure crucial prefactors (cf. Rem. 2.11) below.

Proposition 2.5 (CE-Algebra of the hidden M-algebra). The free graded commutative algebra

CE(%\I) = R|: (ea)(llo:O 5 (ealaz = e[a1a2]>£:07 (eal..~a5 = e[al"‘as]):}i:o’ (wa)iila (¢a)i2:1 :| (20)
deg=(1,0) deg=(1,0) deg=(1,0) deg=(1,1) deg=(1,1)

carries a differential d making it a super-DGC algebra, defined by *

dy =0
de? = +(yI*9)
deaa, = —(¥Taya,®) (21)
deayas = +(¥Tasas?))
do = dlpe’ + T2 eq 0, + 72T 7Y €q,as
for any triple of parameters § ,v1,v2 € R satisfying

54107 —6!- 7, =0. (22)

Proof. Direct inspection shows that the only non-trivial condition to check is d? ¢ = 0. For that we get with (21):
- d2¢ = 00 (@Fa d)) - MTlaa? (EFalaQ 1/)) + 72 Faruasd’(aralw% 'L/)) . (23)

By the general cubic Fierz identities (140), this expression vanishes if and only if the following system of equations
holds:

7On the sign in the second line, see again footnote 6.




§ HTT,EBY —y LTamaT,  B6Y 4y, ZADarwasy, 262 = 0

i1 11
s TeEP %Fasz‘[alESﬁO) +72 SF“"'%F[MWME%O) =0
—n Tzl 492 20 g 0,0, Z0y) = 0
o res=0l = 0.

Here the last three equations turn out to hold identically (checked in [Anc]) for all values of 4, 71, 72, by the
irreducibility of the representations = (139). On the other hand, the first line is equivalently the claimed condition
(22). O

We consider the following parametrization of those solutions of (22) for which 41 # 0 (in which case we absorb
1 into a rescaling of ¢ and hence assume without essential restriction that 3 = 1, all following [BDIPV04, (21)]):
d(s) = 2(1+s)
m(s) =1 ) seR. (24)
Y2(s) 2(5+3)
The single remaining solution (up to rescaling of ¢) with v; = 0 may be understood as the re-scaled limit s — oo
of this parameterization.

Definition 2.6 (Hidden M-Algebra). We write M for the super Lie algebra whose CE-algebra obtained in
Prop. 2.5 parametrized as in (24), and consider it fibered over super-Minkowski spacetime via

m Pex R1,10[32
CE(RL1082) %= CR(7) (25)
e(l — ea
,ll)Ot — wa .
Concretely, M has underlying vector space spanned by
= 10 10 10 32 32
m = R< (Pa)a:07 (Z‘lla2 = Z[a1a2])ai:0’ (Zal“'% = Z[al-"as])aizo’ (Qa)azv (Oo‘)a:1 > (26)

deg = (0,evn) deg = (0,0dd)

and the non-trivial Lie brackets between these basis elements are found — by translating (21) via (141) — to be:

[Qm Qﬁ] = —2I%zFP. + 21"31;2 Zaray — QFZEnas Zaya

[Ptu Qa] = 9 FaBaO,B (27)
[Za1a27 Qa] = N Falagﬁaoﬁ
[Za1~--a5a Qa] = 72 Fal--<a56a05 .

Remark 2.7 (History and literature).

(i) For a couple of special parameter values s (24) this is the “hidden” super-Lie algebra of [DF82, Table 4]; the
general form appears in [BDPV05, (1.2-4)] following [BDIPV04], while the first line by itself — disregarding the
extra fermionic generators Og — was independently considered in [To95, (13)][To98, (1)] by analogy with other
centrally-extended supersymmetry algebras.

(ii) The term “M-algebra” was coined by [Se97] for another extension of the first line in (27) but has since come
to be used (e.g. in [BDPV05]) to refer to the first line itself (within the super-Poincaré algebra).

(iii) Note that these and authors following them ([BDPVO05][dAz05, §5][FIdO15][ADRI16][ADR17][Ra21][AD24])
tend to speak of a “super-group” instead of just a super-Lie algebra, without however stating the super-Lie group
structure. We construct this in Ex. 3.14 below.

Of course, upon setting to zero the generators Zg,a,, Za,.-as and O, (26) reduces to the ordinary super-
Minkowski Lie algebra, see Ex. 3.13 below where we warm up with revisiting the Lie integration of this familiar
case.



Remark 2.8 (Trinary bracket in super-exceptional Lie algebra). A key difference between the super-
exceptional Lie algebra (27) and the ordinary super-Minkowski Lie algebra (4), for the purpose of their Lie inte-
gration (§3), is that the former has a non-vanishing trilinear super-bracket:

[Qv, [Qa, Qs]] = [QV, =214, Py +2 T8 Zyya, —2 1057 Zal...as}

(5F @ "/ - M Falazra1a257 + 7 Fgg“a{jrar“asév) Os . (28)

=[QQQIL .5

When the parameter (24) takes the special value s = 0 (cf. §2.2.2), then equation (28) simplifies to

s=0 = (@7, [Qa, Qpl] = 64 (53 0a + 63 05), (29)
because (by a standard argument, e.g. [FvP12, (3.65)])
p(p— 1)/2
0ol = & Z;Lo 2 (0200 - Dy, ) (D905 oy (136)
p(p—1)/2 ’
= 32 Zp 0 o — ! (525 (Laya,)? 5’)(Fa1map)5'v (30)

5 _1)p(p—1)/2
= é szo % (Far"ap)'Ba (Do ap)gv )

which upon lowering spinor-indices with the spinor-metric 77, (119) and symmetrizing the indices gives:

Mgy = 3 (Moatlsy +NopTary)
= é((ra)aﬂ(ra)yé — 2(Taras)ap(T492).5 + é(l“al,..%)a@(ral"‘“f’)w;) by (30) & (132) (134)  (31)
sjo (%4(5(Fa)aﬁ(f‘“)75 ! (Falaz)aﬁ(rala2)75 + 72(Fa1---a5)aﬁ(ralmas)’ﬂ;) by (24) .

Therefore, for general s € R the expression (28) may equivalently be re-rewritten as

(@7, [Qa, Qs]] = 65(6105 +830a) + (4sTeaT00 + dsTeLo5r20 | )O; (32)

as

Automorphy of the hidden M-algebra. While the hidden extension breaks the GL(32)-automorphy of the
basic M-algebra (Prop. 2.1) to Pin™(1,10), that action is still interesting, as it captures the “parity” symmetry of
the C-field in 11D SuGra under spatial reflection (following [FSS20a, Prop. 4.26)):

Example 2.9 (Parity symmetry/MO9-orientifolding). Consider the Clifford generator I''" as an element
g=T = (Ty*) € GL(32).

Note that as such it is in fact a conformal symplectic transformation, I' € CSp(32) (43) for the spinor metric, since
it preserves the spinor pairing up to a sign:

(me 1“1%) (@( o) 1“1%) = _(Egﬁ) ’ (33)
as equivalently seen in components:
Fa ’ Fﬁ ’ = F IFB ’ == F ’ Fﬁ ’ = /Fa FB ’ = ,6(1, = . = — 1R .
o e 276 (121) pot =08 a3 prp (121) Moo 8278 (123) a0 118" (120) o
To see its action on the bosonic generators note that
Fa/ealﬁlFﬁ/ = —F /6 /Fﬁﬁ = —F /6 /FBH
¢ A ) o (133) o

whence the vector components of the bispinorial e*? are mapped as:

Fa e? — *(FlO . Fa . Flo)e“ = + Za;élO Fa e® — FlO 610

Lapa, €192 — —(1"]0 Taras - Flo)e‘“a? = — Zaﬁélo Paja, €9 + 2 Za;ﬂo [g10e?t0
Fa1~--a5 e —(Fm : Falv--a:) : F10>ea1~~a5 = + Zaﬁélo Fal...as e a5+ § Za;&lo Fal---a4 1pe®t 4 10,

In fact, this is an automorphism of the hidden M-algebra for all values of the parameter s, as verified by the
following computations:

Tyt
gd% Lo gd



- o {+ea for a # 10 poaz | i {_ealaz for a; # 10

et —e® otherwise . +e™9% otherwise
[s [s
d —|—(@Fa 1/)) for a # 10 d +(EFC‘1“2 1/)) for a; # 10
—(@F“ 1/)) otherwise —(EF‘““2 d)) otherwise
Va 7
($Toy) 2% (T T Ipy) —(Prmez ) 0y (T raes D)
ayas | T 4919 for a; # 10
e —e®%  otherwise

d + (T2 4) for a; # 10
{(z/;l“‘“""“ ¥) otherwise
7
(JF‘““'“S ¢) }F_m> (mf‘”“'% Flow)
¢ = —T'po
z Id
—§ TyTut) e
‘ =71 Tl a0, 9 €22
—Yol'ola,..asp €217798
7
0 Latpet 6 (+ Xaso Tal0tp e = Tol'igtp )
+71 Loy ant) €192 — +m( - > aiz0 LarasTotp €192 + 20 10 'pt) e 10)
+72 L0 as P ™% Y2 (+ 20,20 Tar-as D00 €174 = 504, a, 10T 03 €774 10)

This reflection automorphism acts by sign inversion on Gy:
Gy 3 (Y Taa, )€™ 2
0 45, (T T P e (T Ty o et
_% Zaﬁéo (Erallw 77[’)6&1 e*? — (EFal 10 ¢)ea1 el0
—Gy

—~

as well as on Pj (by similar inspection) - R
Py w2 Py,

and hence must be understood [FSS20a, §4.8] as the “parity symmetry” of 11D SuGra (e.g. [DNP86, (2.2.29)]) or
equivalently as the Horava-Witten orientifolding (e.g. [Fa99, (3.1)][Ov04, p 1-2][Car06, p 94]), lifted from Minkowski

spacetime RY10 to 9.

2.2.1 The 3-form

Next, we discuss the construction of the coboundary }33 (2) for the avatar super-flux density G4 pulled back to M.
The idea is that, by the nature of (21), there are two evident elements in CE(fm) whose differential contains ¢7, G4

as a summand, namely %eal@e‘“e“2 and %(@Fa gb)e“:
d(— Seqae™e?) = ¢5Ga+ -+
d(%(@ra¢)ea) = ¢ Ga+ .
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However, both of these expressions contain different further summands “---”, and a fairly rich correction term
needs to be found to cancel these off against each other. The remarkable result of the following Prop. 2.10 is that
such a correction term exists at all (this is originally due to [DF82, (6.6)] and in more generality due to [BDIPV04,

(30)]; we aim to show the full computation in transparent form, as much as possible).

Proposition 2.10 (The hidden 3-form). For s € R\ {0} (24), the left-invariant form Ps € CE(i/D\T) on the

hidden M-algebra (Def. 2.6) given by

Py = agega, €™ e
+aje,, e, e, + 4 (EF qb)
+ agetmabiey Loy o, + B2 (@F@ﬂw ¢) o
F O3 €ayanh; o boc @175 g1 -++bs e + B3 (@F QS) PROERCE

+ ay €ayanazbibabcy -cs ea1a2a3d1d2 €d, ds b1babs eC1Cs

satisfies the Bianchi-equation ~ —~
dP; = ¢5, Gy € CE(M)
if and only if its coefficients take the following values:

ap = § o

o= 3 5 B Br= -1 g &P

ap= L & L By = -1 b %
2

Qg = %% B3 = ~Lliger, 5

Q4 = %95&6'(6?25 :

Proof. Tt is essentially straightforward to work out the differential of 133 via (21) (cf. [DF82, p. 134]):
dp; =
ao( — (P Taran ) € €92 — 24,4, (PT™ 1/))6“2)

=3 ( P I, )6’ 13 e“f")“l)

Tharas,)) obibs e e, oar--as Jbi--bs
+ 043(2€a1---a5b1---b5c(1/)ral “ow)e 105 €€ 4 €q,naghy by (YT C) e 35 b )

I Taiazasdids )\, bibabs c1---c5 c1- ) aiasasdids
)(”'”’“’()'[”b 3C1Cs <(‘ r Y >("(1H/2 € +((1|(1>u)()|[)>b 3C1°C5 < T w)( €d,

o b1babs )

(3_8) 3e W1 c5 q) )earazagzdidy ¢ bybobg
3 €ajasagbybobyey ey \ Y 51 )e : dydy ‘

+ B4 ((5 (;rarb 1) et " (;RL oo, L) e ebibz 4 72(;1«“111)1“[)3 L,)(,,u ob1-bs

6(Wrapv)ecet 21 (PTP¥)eae®  Leany g ermcs (BTepog ¥)e et
+(6Taw) (VT v))

S (o 2 paitaz b ~ T N\ ,aiaz ,biba ~ (T 2 pa1a2 bi---bs
+/62(()(1'F(ung r/} L>(3 et + /1 (Uru,mg F()]hgl') et et + fZ(l'r(nu,grm---/)r,lr’)(’ 192 e

25 (FTatp) oy am (FTab ) eacecy 1072 (DT by by 9) eae ot

(% aras ’)) (Eralaz u))
(9

v o0\ pa1as b - T 1 0 ,a1--as ,biba - o a 2 pa1 a5 ,bi-bs
+ﬂ3( (ly"(ljllll»/)h : e+ ,’I(L'l(11~'u11]nb2‘»/)f” J e+ ,>2((»’1ulm(r,l]n»--l)»,lv)" : e’
i.ea,]...a,s bcl...cs(m“cl...cfd))e“l"'“f) e’ 'IUM(FTUI...”() u‘)ff”"””‘ ecb A s b b
5! ° Y2 6(11 ~asby---bsc ( (% I c L")‘— ‘ o ’
hTaras,/ 200 C1C5 ,f ayasag dyds
+ ((75 a- (lJ/}) (11—‘ ! “)) 5 — 751 V2 €ajazas bibabzci- ( lyr e (i/')e azts Gt €dyds

160072 (P TP p)emer s

c1rcqb
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(where the equalities under the braces use, unless otherwise indicated, Clifford-Hodge duality (127), Clifford ex-
pansion (124) and the symmetry properties (132) (134) of the spinor pairings).

Therefore the Bianchi identity (35) holds if and only if the constants in (34) satisfy the following system of
linear equations:

—ap+68p = 3

—2ag + 2mB1 + 26682 = 0

—3a1 — 4v18: = 0

200 + 10792 B2 + 1071183 = 0
dﬁS = %(w alazw) e A (37)

205+ BB+ 5P =0

a3 + 9 Y2 f: =0

3ag — 2910 283 = 0

f1+10-By—6!- 83 = 0,

where the last line follows as (22) from (23).

Using mechanical algebra, one checks [Anc] that these equations have the unique solution (36), as claimed. O

Remark 2.11 (Comparison to the literature).

(i) Essentially, the system of equations (37) was reported in [DF82, (6.6)] and in generality in [BDIPV04, footnote
7] — except for our factor 200/5!, which there instead (after normalizing conventions) is a 5. (Incidentally, our
factor of 1/5! is not shown in [BDIPV04, footnote 7] either, but does appear in [DF82, (6.6iv)] and later again in
[BDPVO05, footnote 11].)

(ii) Accordingly, the general solution (36) is essentially that reported in [BDIPV04, (30)]: The global prefactors of
1 and —1 that we show in (36) are due to different normalization of d¢ (21) and are thus not substantial; similarly
notice from [BDIPV04, (28)] that A in [BDIPV04, (30)] is our —ayg, up to a global sign.

(iii) But this leaves one small actual difference, namely in the sign of o in [BDIPV04, (30)] compared to our (36).
Our sign comes out as shown because the second dark-orange term on p. 11 has an intrinsic sign difference to the

first term, since T, b, \,a ,c _ VT ah)ed2 ,a3
(l ) c€ph = _< (2 as l“’)"' a3 € “ay -

Above, we used the following identity:
Lemma 2.12 (Mixed 5-index contractions). In CE(ﬁ), we have the following relation:

A 3dyd: b1babs ,c1--cs
6(1,1(1,2(1,31)1bzbgm---(:r,(/l;[}]:‘alaza‘3 142 1;[}) €dyds 19208 gl

(38)
= €ajasazbibsbsc---cs (EF"' G5 w)ealazasdldz edldzbﬂ)‘zbs.
Proof.
f €arasagbs bybacs-cs (@Fmazaschdz 1)[}) d, dy bibabs pe1vcs

= _éealazagblbgbgcl---C5€a1a2a3dld2flmf6 (@Ffr'-fe w)ed1d2b1b2b3 eC1Cs by (128)

= BB Ts (YT gy fe 1) €ayay 1 t2be €1 by (113)

= 3lél8‘ (2) % 6'52141352 5bf11b2bf§C1C203 ( (RN TZ}) €did, brbabs gerres 30/11171—25;18;(;2‘561211115\1/2515}};25

= 120 (D Thrpabyereacy 1) eaya, 120 edadacs s by (113)

= % €bibabscicacsar-as (@Falmas w)eblbzbgdldz etidzcscs by (128). O

Remark 2.13 (Induced 7-cocycle). Given P; on m satisfying (35), there exists a 7-form Gy € CE(ﬁ) of the

famous form
Gr = (¢2.Gr) — ; (¢2.G4), where G7 = & (¥ Tq,.a5¥0)e™ -+ e® € CE(RM0132) (39)

which is closed ~
dG; =0

due to the fundamental quartic Fierz identity that governs 11D supergravity (recalled e.g. in [GSS24al)
dGr; = $G4Gy.
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A natural question then is whether with G4 also é7 admits a coboundary on M. At least for the special parameter
value s = —1 we answer this to the negative, below in §2.2.3.

Special values of the parameter. Some values of the parameter s € R in (24) are noteworthy for special
properties enjoyed by the corresponding hidden M-algebra (21) and/or its super-invariant 3-form (34).

s =0 : At exactly this parameter value a super-invariant ﬁg satisfying the basic Bianchi identity (35) does not
exist. On the other hand, at s = 0 the hidden M-algebra
— carries a closed super-invariant 3-form Q3 (Rem. 2.18),

— has automorphism symmetry enhanced from soq 19 to the conformal symplectic algebra csps, (Prop.
2.16).

s = —6 : At exactly this parameter value, the differential of ¢ is independent of the M5-brane charges (the 5-index
generators €% ) as is the 3-form ﬁgn so that these may entirely be discarded from the discussion.

s = —1 : At exactly this value, the differential ¢ is independent of the spacetime coframe e®, so that the hidden
M-algebra in this case is the fiber product of 11D super-spacetime with an extended “pure brane charge”-
algebra.

We now discuss further aspects of these special cases.

2.2.2 The case s = 0: CSp-symmetry

Enhanced symmetry. At generic parameter value s (24) the hidden extension M breaks the GL(32)-equivariance
of the basic M-algebra (Prop. 2.1) down to the spinorial Lorentz subgroup Pin™(1,10) C GL(32). However, at the
special parameter value s = 0 a much larger symmetry remains intact:

First, the following was noted in [BDIPV04, (26-7)]:

Proposition 2.14 (The hidden M-algebra at s = 0). At parameter value s = 0 (24) and in terms of the unified
bosonic generators e*? (13), the differential (21) may equivalently be re-written as

dy* = 0
de®s = Vg (40)
do® = 64e*59P,

which makes manifest that the hidden extension inherits from the GL(32)-equivariance (16) of the basic M-algebra
at least the symplectic subgroup Sp(32,R) C GL(32) extended to act on the new spinor ¢ in the same way as on

the original spinor : Sp(32.R) x CE(R1>1O|32) CE(RUOI”)

(9 ¥%) —  ga v (41)
af a B a'p
(g, e*?) — gaigge
(9, %) — g% 9.
Proof. The first two lines in (40) are as in Prop. 2.1. From this the third line follows by
(do), = 0(Tath)ye® + M (Tayarth)y €% + 72 (Layasth)y €7 by (21)

= (5 (Fa)'yé FZB - N (Falaz)’yé FZ}EM + 72 (]‘—‘al“'a{))'Yé lebuas)wé e’ by (17)
= 064 N5(a"B)y wé eP by (31)
= 4641, ey by (14)
= —649%eqy by (121)
= +64de,q ™ by (14).

This makes the Sp(32)-action fairly evident, but just to make it also explicit: We extend a transformation g €
GL(32) as in (16) from the basic M-algebra to the hidden extension by letting it act in the obvious way also on the
new spinor ¢ (more generally there is also a less obvious way, to which we come below in Prop. 2.16):

g :CE(ﬁ) e CE(ﬁ)

P — g?;/ 'l/)a, (42)
eaﬁ — gg/ gg/ ea’ﬁ/

R S
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This preserves also the third line in (40) iff

g:es — ga e g;
where g denotes the inverse matrix. Now since e*g = €71,z this means equivalently that
(92 €Y gl s = (gore™ Myvpdy
and hence equivalently that g preserves the spinor metric 7, in that g;’, Ny g3 gg, = n,. But since the spinor metric
is skew-symmetric (120), this means by definition that g must be an element of the subgroup Sp(32) C GL(32). O

However, we highlight that the automorphism group of M is larger than the Sp(32) of Prop. 2.14, due to the
fact that there is extra freedom in transforming the new spinorial generator:

Definition 2.15 (Conformal symplectic group (e.g. [MT12, p. 7])). For n € N the conformal symplectic group

CSp(2n) = {g € GL(n) | n(g9(—), 9(=)) = Ag) -n(—, =) . Alg) € R*} (43)

is the group of linear automorphisms of R?" which preserve the canonical (or any fixed) symplectic form up to
rescaling by a non-vanishing real number.

Extracting the rescaling multiplier A is evidently a group homomorphism onto the multiplicative group R*,
whose kernel is the ordinary symplectic group:

0 —— Sp(2n) — CSp(2n) —2» R* —— 0. (44)

Proposition 2.16 (Enhanced CSp(32, R)-symmetry of the hidden M-algebra). At s =0 the automorphism
group of the hidden M-algebra contains the conformal symplectic group (43), acting on generators as

CSp(32) x CE(M) —— CE(M)

(9, v*) — g
(9 e?) — gl g e
(9, %) — Ag) g% 0

Proof. The CSp-property of g says in components that
9% as 9y = Mg) Mg -
With this, we find the respect of g for the differential of ¢ as:
o ’ Mg)ge ¢

Ja

—2X(g) g% ealﬁlnﬁw,w“/
=

—2e gt —L— —29%,e%%g0 np g1

O

Example 2.17 (Pin-action among automorphisms of hidden M-algebra). It is only the CSp(32) action
from Prop. 2.16 — but not the Sp(32)-action from (16) — which contains the reflection/parity automorphisms from
Ex. 2.9 (due to (33) there):

Pin"(1,10) —— CSp(32) —— Aut(9)

) ) |

Spin(1,10) «— Sp(32) —— Aut ().
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The 3-Form at s = 0. The following point was amplified in [ADR17, (3.13)]:

Remark 2.18 (The closed 3-form). While at s = 0 the super-invariant 3-form P; according to (36) is not
defined, its rescaled limit is well-defined, as follows:

~

+ % e, €0, €%,
+ % el €b, b2 €bray--ay
+ % €ay---asby---bsc g1 as ghi s e

(45)

ajasasdid bi1bsbs ,c1---c5
BL.61 Carazasbibsbscr-es € 0 0 0t R Cdydy 0 €T ‘

— 35 (¥Tad)e”
3 (P 9)
— 1051 (¥ Ty 0y @) €170,
and by Prop. 2.10 has differential equal to 511_,1% s2- G4 = 0, hence is closed:
dQs = 0.

Proposition 2.19 (Space of super-Poincaré 3-forms). The space of solutions of the equation dQ3 = 0 for
Q3 parameterized as in (34) is (0-dimensional for parameter s # 0 and) 1-dimensional for s = 0, spanned by (45).

2.2.3 The case s = —1: ITA-Algebra

This special case has not received further attention before, we further put it into perspective in [GSS24e].

The hidden ITA-algebra. For s = —1 (24) the differential (21) of ¢ is independent of the space-time generators

()10 ). This means that here the hidden extension exists already on sub-algebras of the M-algebra where some

or all of the space-time generators are discarded. Of particular interest are the cases of

— discarding just e from the M-algebra because the result may be understood as the (translational) extended
ITA super-algebra,

— discarding all e®, because the result may be understood as the pure brane charge algebra

Definition 2.20 (The fully brane-extended type IIA algebra). The translational type ITA fully extended
supersymmetry algebra IT12( is (e.g. [Chr00, (2.16)] ®) given by °

()32, dy =0
(e)ozt de® = +(¢I"9)
CE(IIA) ~ Ry (Eaams / e = _@F“FIO v) (46)
(Cayas = €layas]),—0 deaa, = —(¥laya, V)
(ayas = e[a1~~a4])2i:0 deg,..ay = Jr(EFal. asl0 1/1)
i (ea1-~~a5 = e[al--Aas])gi:o ] deg,...as = +(@Fa1---a5 77/])

Remark 2.21 (Extended ITA-algebra and brane charges). The bosonic body of the fully extended type ITA
algebra (46) may suggestively be re-arranged as

(Hgl)bos ~ Rl’g &) (Rl,Q)* D /\Q(Rl,s))* D /\4(R1’9)* e /\S(Rl,Q)*

=4
~. RY @ (RY)* @ A2(RY)* ® AB(RY) @ AY(RY)* ® AS(RY) @ AP (RMY)* (47)
e, o iy, Do, Dg, 4. Dg. Ngs
/1;,/”(/1;,,‘.{“(’1\ Uy 11,»,,/{’ ('/”'/1'./,/.;/"" g j'z;»,//(’ (-/[(_/]{“/';/,[(‘ ,.//'_:;2:;,“(,
Seg 8eg Seg 8e; Seg

o)

8In [Chrt00, (2.16)] also the DO-brane charge with differential () Ty ¢) — is included in the extended ITA-algebra (46). But
condensing DO-brane charge of course means opening up the 11th dimension, and hence here we regard this term instead as providing
the further extension to the M-algebra, see Ex. 2.23.

9The signs in (46) are a convention that is natural in view of the further extension by the M-algebra (11), where these signs align
with the Fierz identity (137), and makes the exceptional brane rotating symmetry in Prop. 2.1 come out naturally.
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where in the second line we Hodge-dualized all temporal components (following [Hu98, (2.12)]) by the rule
/\p(Rl’d)* ~g /\p(Rd)* D /\1+d_p(Rd) .
——— —_———

spatial dualized
temporal

At s = —1, this construction lifts to the hidden M-algebra by discarding its e'*-generator:

Proposition 2.22 (The hidden ITA-algebra). There erists a fermionic super-Lie algebra extension A of the
ITA-algebra (46) given by

_ ; dy =
(V)2%y de* = (1/11"@ )
(e")az1 dé, = —(PTaTp )
(€a)a=1 deaja, = (¥ Tara, )
CE(M) = Ra| (cuss = o)z | / | dewrooas = +(¥T0,0, T ) @)

(€ay--as = €lar-a])a—0 dea,as = +(¥Tay a5 1)

(€ar--as = €[ay-as])a,—0 do =Taeve™™ + 200 e”
(6*)3%1 + 5t Dayeagp €798

50
+ 6! Fa1-~~a4101/} eal aa

Proof. This is just the hidden M-algebra (2.5) at s = —1 (24) with the generator e discarded and the remaining
generators decomposed into those that do or do not carry a 10-index, according to the isomorphism

Mpos ~, RLIO @ AZ(R110)* ® AP (R1-10)*
o~ Ra Rl’g D (RLQ)* o) /\Z(RLS))* o) /\4(R1’9)* o) /\S(RLQ)*
—R R D (IIQ[) bos ’
where in the second line we have decomposed into components that are parallel resp. orthogonal to the 10-coordinate
axis, by the rule AP (Rl’d)* -~ A (Rl’dil)* & AP (Rl’dil)* . -
Another way to say this:

Remark 2.23 (M-Algebra as extension of ITA algebra). The basic M-algebra (11) is a central extension of
the fully extended type ITA algebra (46) by (the pullback of) the same 2-cocycle that classifies the M/ITA extension:

M m—T Y R
! L H
Mm my — TR
e — e

wrapped M2- €ald - éa string charges

brane charges doubled spacetime

ealag eala2

<«
€ay--aq10 — €ay-ay
<«

€ay-as €ay--as -

Alternatively, we may discard all the spacetime generators e® from the M-algebra, retaining only the brane
charges (equivalently the M-brane charges or ITA-brane charges, according to the above isomorphisms):

Definition 2.24 (Pure brane charge algebra). Write Bn for the super-Lie algebra given by

(¢a)i2:1 dy =0
CE(Btn) = Ra | (carar = a0 | /| dewns = ~(@Tae¥) | (50)
(Caras = €lar--as))ai=0 dearas = +(Tar05 9)
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and Brn for its hidden extension given by
(p*)32, dy
(€a1a2 = e[alazl)zlgzo / deqa, = _(aralaz w)

(eal"'% = e[al'~a5])<110i:0 deal"'as = +(El_‘al'“as 1/})
(¢a)’32 d(D = Palaz/{/} €ajas + % 1"(11---a5w €ay-as

a=1

0

CE(Bwm) =~ Ry

Dimensional reduction from the hidden M-algebra to the hidden ITA-algebra. We are going to consider
graded derivations on the underlying graded algebra of CE(EDI) Since this algebra is freely generated, by their
graded Leibniz rule these derivations are fixed by their value on generators, and hence the canonical linear basis of
all graded derivations as a module over CE(im) may be written as

Der (CE(M)) ~ CE(zm)< Bu o B Doy Doy Do > .

S N
(—1,0dd) (—1,evn) (=1l,evn) (—1,evn) (—1,0dd)

For example, the CE-differential (21) itself appears in this notation as
d = (EFCL 7»[))86“ - (@Falag 1/)>86a1a2 + (@Falvv-at—, ’(/})8ealma5

+(0Tave® + 1 Ta a1 e + 73T, azth €¥79%) 9, . .

Definition 2.25 (Dimensional reduction derivation). We write
pM . CE(M) —— CE(II) (53)
for the derivation oM = B (54)

but regarded as taking values in the hidden ITA-algebra (48). We may think of this as the operation of “fiber
integration over the M-theory circle” (cf. [GSS24e]).

Example 2.26 (Some fiber integrations). The fiber integration
(i) of the avatar super 4-flux density (2) is:

py¢:xG4 = p%(%(@f‘al% 1/})60«1 eaz) = — Zm(ﬂl“am 'L/))ea (55)
a<
—_————
Hg
(ii) of the hidden 3-form (34) is
PPy = =200 Y cane’ + g €uranbints e 0 4 51 (P 6), (56)
a<
Ps
) s
(iii) and that of its first summand alone gives, at s = —1:
piw( - %ealaz 6“16“2) = > epee® = e’€,. (57)
a<10 (19)
5

(The symbols under the braces are explained and discussed in [GSS24e], here the reader may take them just as
shorthands.)

From (52) and (54), we have:

Lemma 2.27 (Hidden Lie derivative along M-theory circle). The graded commutator of the derivation (54)

with the CE-differential
i d,pM] = dopl + pMod (59)

cauats pM] = —6(Tt)ds. (59)

It is then interesting to work out the fiber integration of the 3-form }33 (2.2.1) on the hidden M-algebra. For
completeness we first state this for general s, though only for s = —1 may the result be understood as being in
CE(II).
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Example 2.28 (Hidden Lie derivative of the 3-form). The hidden Lie derivative (59) of Py (36) is

[d,py]ﬁg = ﬂl(s (@FQFIO ¢)€a + /826 (@Falagrm w)echaz + 635 (@Far“at’)rlﬂ ,(/))ea1~~a5
= B16 Y (Vlanv)e® — 2826 (1) 3 (vT*®)eqrn + P36 Y. (VTayasoth)e™ % (60)
a<10 a<10 a; <10
—_————
H3! H =: HY

where the second step follows by Clifford expansion (124) and the vanishing of resulting skew terms (134), and
where under the braces we recognized the avatar super-flux densities of the NS B-field of type ITA and type IIB,
pulled back to the M-algebra (this is explained in [GSS24e], but for the present purpose the reader may take these
symbols to be defined thereby).

This then leads to the following;:

Example 2.29 (Differential of fiber integration of the 3-form). For s # 0, the differential of the fiber
integration P, (56) of the 3-form (34) is

dP, = d(pMP) by (56)
= —pMdPs + [d,pM]P5 by (58)
= —pM¢5Ga+ [d,pM] Py by (35)
— (14 B16) Hf* — 28,6 Hi* + 2836 HY by (55) & (60)
H3 for s = -1
= }—;H;‘ + T12H3Z for s = —6
%Hf + %HéZ - %Hg for s =0
So in particular, at the parameter value s = —1 of interest, where the dimensional reduction of the hidden 3-form

exists on the hidden ITA-algebra (53), it satisfies the direct IIA-analog of the Bianchi identity of the 3-form in
M-theory:

. ' APy = exGa € CE(ﬁ)
i ( (61)
dﬁQ = ZXH? € CE(ﬁﬁ) :

The 7-Form on the hidden M-algebra. At s = —1 we may also say more about the avatar 7-flux:

Lemma 2.30 (Induced 7-cocycle is non-trivial). At s = —1, at least, there does -not- exists a Spin(1,10)-
invariant coboundary for the induced 7-cocycle G (39).

Proof. We are looking for

P € CE(@)SPin(LlO)
such that
dbFs = é(aralmas 7;[})6(11 e — % %(@Falag d})ealeaz (%eal €ajay e* 4 - ) : (62)
Gy Gy [’(;,
In proving the statement, we will now use repeatedly that at s = —1 the differential (21) does not increase the

number of e®-s in monomials, since § = 0. Therefore the only term which can give the first summand in (62), under
the differential, is %eali..% €% -..e%, The other summand that this term gives under the differential, shown in dark
blue below, does not appear in (62) and hence must be cancelled by a suitable counter-term. But again since the
differential does not increase the order of e®-s, the only possible counter-term is of the form (@ | A (;5) el ... e,
Therefore, any candidate Ps must start out with monomials of this form

Py = %eal.“ase‘“ - e%
+ 7 ("/}Palwtu (b)eal e

+ SRR

for some r € R.

18



Its differential thus is:
dPs = (é(ﬂfal..,as w)e‘“ R % €bay-ay (@Fb 1/))6“1 e e“4>

+ T( - (@Fay'-az;l—‘blbrz w)elnbzeal et _%T? (Erm-“azxrblmbs 'l/})ebr'-bsea1 e

(BT, as pipy ¥) P02 €01 - 0 (B Taray by B)elr D50 - s
— on (T N\ crcabsbabs as ,a
12(('15:1(““2 'l,')(z“‘(z“z)r,‘b,b,,rﬁb‘(ﬁbZ 120 (9 Tagagbababs ©) 27301, e, e e

+4(Erba1a2a3 d)) (Erb¢)€a1€a26a3> + o,

where under the braces we used Clifford expansion (124) and the fact (132) that (¢ Ta,...a,t) = 0if p €
{0,3,4,7,8,11}.

Now again since the differential does not increase the order of the e®-s, it follows that the omitted summands
do not contain monomials of either the darkblue or the purple kind. But since the monomials of the darkblue form
clearly do not appear in the induced 7-cocycle on the right of (62), the darkblue summands above must cancel

among each other, which is equivalent to

1200 1 _ _ _ 1
6! 7 =0 e T = T13004 — " 10°

With this, the contribution of the purple monomial is fixed as

APs = 5 (T Taray @)ttt — BEL( L0000 0)e" e Leliey e ) + o
~

6! 1

-r

£1 Ga Py
But this has the wrong coefficient with respect to (62). Since, again, there is no other way to get this monomial
under the differential, it follows that Ps as in (62) does not exist. O

Remark 2.31 (The hidden M-algebra as a correspondence space for twisted non-abelian cocycles).

The non-existence of a cobounding Ps on M reinforces the interpretation of the hidden M-algebra advocated in
[GSS24e], namely as the correspondence space of an M-theoretic lift of T-duality, on which only the twisting cocycle
G4 underlying the full [S*-cocycle (G4, G7) is trivialized, with the latter viewed as a twisted non-abelian cocycle
as in [GSS24e, Ex. 2.19].

2.3 Further extensions

For completeness, we give a streamlined account of the further fermionic extensions of the hidden M-algebra,
making transparent the available choices.

To this end, note that what (22) really says is that the right hand side of the last line of (21) varies in a
2-dimensional space of 2-cocycles on the basic M-algebra. Hence instead of just extending by one of them, we may

extend by two of them at once, such as the ones for s = 0 and for s = —6:
d ¢(0) - Q(Faw e + %Falazwealaz + éraln.ag,w 6”1“'%) (63)
A6, = 10Tuet & Tppppenes

While explicitly considered in this form in [ADR17, (3.6-7)], we find below in Ex. 2.35 that this further generator
is essentially implicit already in [Se97, p. 5][Casll, (3.19)].

Further tensor-spinor generator.

Lemma 2.32 (Cubic Fierz relations). In CE(R1’10|32) from (5), the following identities hold

0 = Ta(oI%y)  +  T%(4Tapt), (64)
0 = Tapars? (V%) = Tiaa¥ (VTaga¥) + 6T (¥Taras¥) .
Proof. We are looking for coefficients solving the following equations:
0 = T (9I%%)  — NI (Y Tapp) (65)

0 = ¢ Fa1-~~a4 quzj (arb 1/)) - ’Y?F[alazw (Eragaz;] 1;[}) + ’Yél de) (@Falwcubq/}) .
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Substituting the cubic Fierz identities (140) for the (1/%) terms and using the T-tracelessness (139) of the resulting
representations Z, one finds that the summands appearing above evaluate as follows (cf. [Va07, §A], and mechanical
checks in [Anc]).

For the first equation, we have

Tyt (PTP¢) = Ty (Tllpba(:n) I E(320)b>
Tl —Nab

_ 107 =(32 =(320)
901,262 — =

by (7 _ mb( L = 21 =(320)
T(PTapt) = T(fTapEC? = FTWEy ™)
— —%FQE(:SQ) _ %(Fbra_i_ra Fb)Eéjzo)—f—%FbeEfzo)
—_———

_ —%FGE(BQ)—FESQO) 0

3

whence the first condition is equivalently the system

(19 0" +1% 4]) TLEG2 =0

(_ 5 — ’Y{) 58320) _ 07

which is clearly solved as claimed.
For the second equation, we have

Lapars(0T00) = LT010a,oTPECD 4 Dy, v2G200
= T, ..q,E0? — 41“[&1@55‘21?] ,
F[alww(arasm] w) = Daia, (%F%M]E(m) - %F%Egﬁo) + Efzﬁzg]s))
= %I‘al._ma(iﬁ) - %F[alazasagjo) +F[a10251(1i2?)’
Do (PTayap®) = =T, 020D + 30T, 0, B0 + 2T, 000,20
— AT B + BT 000,200 + 6 (a0, E ey
whence the second condition is equivalent to the following system of linear equations:
(8" ~h A~ %) TapaB9 =0
(<48 4§+ ) D= = 0
( — W 46 %) TiwaZegy =0
whose solution space is readily seen to be as claimed. O

We now observe that given Fierz relations as in Lem. 2.32, one immediately obtains cocycles on the basic
M-algebra by replacing pairs ¥ = (¥*1g) with the bispinorial generator e = (e%g)(13); it follows immediately
from (64) that:

Proposition 2.33 (The vector-spinor valued form generator). In CE(O) we have
d(Tapely + IPelgp) = 0.
) ae{t,...32y n deg = (1,o0dd) with differential

a€{0,1,---,10}

Ay = f5(TapelP + TPelopt). (66)

Example 2.34 (Recovering the traditional differential of the vector-spinor valued generator). Inserting
into (66) the defining expression (13) of the generators e*? in terms of the generators e®, e*1%2 and e % and

Hence there exists an extension of CE(ON) by generators (¢O‘

a
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then just performing the resulting Clifford contractions, we get
d g
=TLap el + TP elapy)
_ 1 F cico F cy- Fb 1 Fb c ll" cico LF cies T
16 ( e¢€ + (‘1(‘2w€ + Bl+c1e Fdwe ) 1/)+ ( c¢€ + 2 C1¢2¢6 + 5! Cl'“Cswe ) abq/}
=Tgctpet —Tepe® +0.
This recovers the equations given in [Se97, p. 5][Casl1, (3.19)][Va07, (2.36)] (up to normalization conventions).

Reducibility of the extra generators. The vector-spinor valued generator from Ex. 2.33 is actually reducible
(which seems not to have been remarked before). Generally, given a tensor spinor 1),, we may split it into:

e its I'-trace I'*y, (a plain spinor), and

e its I'-trace free part (wa — ﬁf‘af‘bwb) (a vector-spinor with vanishing I'-trace).

Example 2.35. The I'-trace of the vector-spinor 1, (66) behaves just as the spinor ¢ _, (63):
d(T%,) = 16T%(Taetpe® — Teppe™®)  Ex. 234
= 16(10T 1) e — Dyetp €€) .

Further terms in the super-invariant 3-form. With the further vector-spinor valued generator (66) included,
there is a further term that may be added to the ansatz (34) for Ps, namely proportional to

(YT ¢)ep — (PTyep)e® € CE(M). (67)
Here, the relative factor between these two summands is already fixed by the requirement that in the differential
of this term the summands proportional to v, cancel out among each other, analogous to the dark-green terms
proportional to ¢ in (37). Namely by (64) the following term over the brace vanishes:

d((2a T V)er = (D, Thw)e™)
= (T ) (BTo) + (3. To0) (PT0)) = (T dwa)er — (PTydiia)e). (68)

=0

Proposition 2.36 (Three-form with vector-spinor). With the vector-spinor contribution (67) adjoined to the
ansatz (34) parameterized by f] € R,

Py = Q0 €q,ya, €71 €77
+ o e as etlza3 e“:},al
+ (g e sl én, b2 €boay as
+ Qa3 €nyashy - bc et a5 g1 bs ge
+ Q4 €ayaza3b,bobsccs ea1a2a3d1d2 €d;do brbabs geres (69)
+ 61 (Y Tap)e”
+62 (¢F(11(lz ) e

+53(¢Fa1 -as d))
6} ( Fnb wa e, — (arb w)eab),
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the Bianchi identity (35) is solved, in addition to the previous solution (36) with 81 =0, by

o7
aq
0%
Qa3
Qy
B
Ba
B3
B

= —1/20
~1/60
0

I
oo oo

0

—1/20,

and the convexr combinations of these two solutions, (36) and (70

), exhaust the space of all solutions.

(70)

Proof. The differential of the last summand in (69) is (showing the computation in small steps in order to secure

the signs):
d((PIa)er = (DTyva)e)
BT da)e, + (DTydis,)er?)

7(79) ( (LR d}) ece’ + (Era 7/}) €ac€’

where we used manipulations such as

(T G)ewes, = (T (T -

—(¥
( YT (T erpe — I“%/}eac))eb + (ﬂFb (Tactpec — I‘Cd)eac))eab)
— (YT getp)eep + (VT ) eqeer + (P Telacth)ee® —

= ( E nbcra ¢) €acCh

Therefore the system of linear equations (37) to be solved generalizes to picking up the following boxed terms

dP; = %(’(/} alaz'(/J) “e® g

n°T? 4 [abe) z/;) €acty by (124)

by (134) .

(@Fbr(‘w) eaceab
- (Jra w)ebeab - (Erbc 1/})6,166%,
—9(@1—‘1)0 1/J>ebec + (@Fu w)eabeb + (@Fa 'l/})eabeb + (El—‘bc 'l/])ecaeab 3

—2ap + 2mpb + 25/32
—3aq1 — flﬂ,ldz =

2('%_) + 10 Y2 132 + l()flfj =

203+ BB+ 5B =

a3 T )),;

200
3ag — 203

31 + 10 - ﬂg —6!- “3

By mechanical computation [Anc] this system is solved as claimed in (70).

3 The M-group

o O

by (68)

by Ex. 2.34

N|—=

o O

(71)

We now turn to promoting the hidden M-algebra (§2) — which is “just” a super-Lie algebra — to an actual group,
hence to a super-Lie group (Def. 3.7), to be called the hidden M-group (Ex. 3.14 below). The main effect here
is that (in contrast to the case of the basic M-algebra) the “hidden” fermionic extension makes, via the Dynkin
formula (the Hausdorff series), a trilinear fermionic term appear, first in the group product operation (106) and
thereby in the Maurer-Cartan form (109) and thereby finally in the coordinate expression for the super-invariant

3-form.

To make this important point rigorous, we develop, along the way, the relevant notions of super-Lie group
theory in a streamlined form that should be satisfactory both for physicists and mathematicians.
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3.1 Super-Lie groups
Our notation for super-geometry follows [GSS24a, §2.1], to which we refer for background and references.

Super-Manifolds. In view of Batchelor’s theorem [Ba79][Ba84, §1.1.3] and Milnor’s exercise [KMS93, §35.8-10],
we may considerably shortcut the definition of super-manifolds to the following:

Definition 3.1 (Category of supermanifolds). The category of (smooth, real) super-manifolds is the full sub-
category of the opposite of super-commutative R-algebras on those objects which are C°°(B)-Grassmann algebras of
smooth sections I'p of a smooth vector bundle V' over a smooth manifold B (the bosonic body of the supermanifold):
sSmthMfd S

sCAlgy”
X = B|Voaa — /\&oo(B)FB(V*) — FB</\;3 V*)-

(73)

This means that for a pair of supermanifolds X, X the maps (morphisms) between them are in bijection
to reverse super-algebra homomorphisms between their algebras of smooth functions (cf. [HKST11, Prop. 2.2])

according to (73):
g to (73) [f: X0 5 XY~ (0o(XW) — 0%(X®) : 1. (74)
The archetypical examples of super-manifolds:

Example 3.2 (Ordinary smooth manifolds among super-manifolds). An ordinary smooth manifold X €
SmthMfd is a super-manifold via its ordinary algebra of smooth functions, C*°(X), regarded as a super-commutative
algebra without odd elements. This identification constitutes a full subcategory inclusion of ordinary into super-

manifolds:
SmthMfd «——— sSmthMfd

jc"o(—) jC”(—)

CAlgp? ——  sCAlgy®

Example 3.3 (Super-points). For ¢ € R, the super-point R is the supermanifold (Def. 3.1) whose bosonic

body is the point, ROle — %, equipped with the g-dimensional fermionic fiber space, so that its algebra of smooth
functions is the ordinary Grassmann algebra on ¢ generators:

C>®(R9) := AR(RY)* ~ R[¥',--- 9, V deg(¥’) = odd.

For n € N we will abbreviate

?9’L‘1i2"'in — ﬁilﬁw e 19’"” = eiliz"'i” ’191192 cee 19” € Coo (Rolq) . (75)
We denote the full subcategory of super-points among all supermanifolds by
sPnt —— sMfd (76)

Example 3.4 (Super-Cartesian spaces). For p,q € N, the super Cartesian space RPl9 is, as a super-manifold
(Def. 3.1), the Cartesian product of the ordinary manifold R? (via Ex. 3.2) with the super-point R%l¢ (Ex. 3.3)

RPl4 — RP x ROl2
hence whose algebra of smooth functions is
C™(RP17) = C=(RP) ®, C=°(R9) ~ C=(RP)[d", - ,09].
We will need a generalization of the following example (e.g. [KoS05, §3.1][HKST11, Ex. 2.1, Prop. 3.1][CR12,
Ex. 5.3]):

Example 3.5 (The odd tangent bundle). For X € SmthMfd, the total space of its odd-tangent bundle is the
super-manifold whose super-algebra of smooth functions is the de Rham algebra of differential forms on X with
the even/odd degree forms in even/odd super-degree, respectively:

TwX = X|TX, c> (I;ddX) = Q% (X).
Consider more generally a super-manifold X which, just for simplicity of presentation, we take to be super-Cartesian
X = RN Then a map of super-manifolds from the point

RO — %0 X
(z0)" o0

x4 — ¢

0 — 0~
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is equivalently the choice of a point z( € X = R4 in the bosonic body of X, hence a d-tuple of real numbers, while

a map from the first-order super-point
(20,01)

RO X
(20,61)" o
R[] Co(RY)@R[O, -+, 0] (78)
g — ¢
o9t — 0

is specified in addition by an N-tuple of real numbers (9‘1’ € ]R) Z:l to be thought of as defining an “odd tangent
vector” at zg in X. The manifold formed by these super-points in X is the bosonic body of the odd-tangent bundle
of X: ~
O> (zdd Rle) ~ O® (RdJrN)

d

coordinatized by (x%)%_; and (0?‘);\/:1. Thereby the odd coordinates of the original super-manifold X are detected

by ordinary bosonic coordinates on the bosonic body ﬂwddX of its odd tangent bundle. However, ﬁde sees only

the linearization of maps f : X — X' between supermanifolds:
(25, 01) = fulwo, 1)

r 1

RO 1 (z0,01) X f X!
a B1 91 a . 9B Barta PR I
fﬁl(ato) oyt -0 — Zkfﬁl...g%Jrl(x) 0 0
——
Only linear contribution is Full polynomial effect of
seen on this super-point map on odd coordinates

However, to detect also the higher polynomial effects of maps, there is the following evident generalization of
the odd tangent bundle to higher order in the odd coordinates (cf. also [KoS05]):

Example 3.6 (Odd higher tangent bundles). In generalization of (78), a map from the gth super-point to a
super-Cartesian manifold X = R4V

(‘Til'“i2k"9i1“‘i2k+1 )kgq/2

ROl4 X
R[] C>(RYQR[G', - -, 0]
F 8, 0 — 5
S iy O — o
is specified by tuples of real numbers T iy, = x‘[lil___m] € R and 9;’1“,1-%“ = 9%1___1.2“1] € R which encode

(i) a point z in X,
(i) an odd tangent vector #; at this point,
(iii) a (9)-tuple of actual tangent vectors z;,;, at this point,
(iv) a (§)-tuple of odd 2-jets 6;,5,:, at this point,
(v) a (1)-tuple of actual 2-jets z;,...;, at the point,
ete.

These are coordinates on the bosonic body of the odd super-geometric version of what in the terminology of [MRI1,
Rem. 1.14]) is a prolongation or generalized jet bundle (cf. [KhS17]) super-manifold: '°

C= (T RIN) = 0 (R (450 ()N T (a2)) )

These higher order coordinates serve to detect higher polynomial components of odd coordinates under maps
between supermanifolds. For instance, the action f, of a quadratic map f : X — X on the coordinate functions
on Ty, X is

10The super-algebra C'*° (ﬂsf) X) is called in [KoS05] the algebra of differential worms on X.
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La/2]
f*(au'“mmah sz+1)l\ =0

( Lla/2] l

ROla ($i1»-»i2k7011...i2k+1 k—0 RAN f RAIN

fa Z]E:q:/OZJ m’i)l 19i1‘.~7;2k

12k

+fb1b2 ZM/2J Zk/ ! izk’x?jk’i»l"-im‘,ﬂil“'iz}c - f,?xb + fz?lexblxbz + f§152951 02— z*
+18 4, Lq/2J Zk 10 95311 zzk/_H9i2k/+2~~i2kﬁilmi2k (79)
fa Lq/QJ ﬂ z27c+119i1mi2k+1 — agp o .bpB L]
+ /o5 Lq/2j Zk’ 1 :I;fl m/eik/ﬂ 12k+119i1”'i2k+1 f507 + fope — .

This makes the construction of the bosonic body of the odd ¢-tangent bundle a functor from super-manifolds to

ordinary smooth manifolds e

sSmthMfd —= ) grehMd

(@)
X — ,I;dz X xf}l"'iw@ 9;1 2k+1
W(q) (80)
Y odd ! I I
h(a)
Y — j;iz Y f*$(i11'“i2k f* eioi"‘i2k+1

Moreover, as q ranges, these odd higher tangent bundles naturally pull back along maps between the probing
super-points,

(=)
PP — et X g hMEd
(bzﬂl ce (ROlq) — C’OO(];({Z)X) x?l"'i2k 0?1"'i2k+1
[ o P* ] I

This construction is used below to recognize super-point-wise ordinary Lie groups as being represented (cf. e.g.
[HKST11, p. 8]) by super-Lie groups, see around (102) and (106) below.

Super-Lie groups. The notion of super-Lie groups as originating around [Be87, Def. 2.1] is an instance of group

objects internal to an ambient category ([Gr61, §3], see also [BWS85, p. 123]), here: internal to supermanifolds.

Definition 3.7 (Super-Lie group (e.g. [Va04, §7.1])). A super Lie group is a group object internal to the category
of supermanifolds (Def. 3.1), hence a super-manifold G equipped with maps of supermanifolds of the form

prd

GxG25a6, «—4G, 6@ (81)
making the following diagrams commute
Associativity Unitality Invertibility
GxGxq Pxd a0 @ GG xx X ax @ G&GXG
4 (inv,id) (82)
d * X G
id X prd prd prd 31 prd
J{e X id
GxG— ., q GxG prd G * —> 5 @

Examples. A first simplistic but important example, showcasing how ordinary Lie groups appear in this dual
perspective when regarded as super-Lie groups (with trivial odd components):

Example 3.8 (The circle group as a super-Lie group). Consider the short exact sequence of ordinary Lie
groups
7Z — R —— S!

as seen in the category of super-Lie groups. First, with respect to the canonical coordinate function x € C*°(R),



the additive group operation on the real line pulls back as
RxR —— R (83)
TH+x — x.

Similarly, the algebra of smooth functions on the integers is of course the set of Z-tuples of real numbers

C®(Z) ~ R ~ {f = (f(n) € R)nGZ} ,
all regarded in even degree, and equipped with the index-wise addition and multiplication in the real numbers:

(f-9)(n) = f(n)-g(n), (f+g9)(n):= f(n)+g(n).
We may say that a “coordinate function” on Z is any injective function f : Z <— Z, and that the “canonical
coordinate function” x € C'*°(Z) is the canonical injection

z(n) = n. (84)
The additive group operation on the integers is uniquely characterized by how it pulls back coordinate functions,
and for the canonical coordinate functions it has the simple form

ZxZ 17 (85)

T+ — T,

which is of the same form (83) as for the real line. This makes manifest the group homomorphism given by the
canonical inclusion of the integers into the real numbers

7Z —— R

T — x,
where the bottom line reflects simply the restriction of the canonical coordinate function x on R to the integer
points. Forming the quotient of this inclusion of Lie groups, hence the pushout along the map to the trivial group,
means dually to consider only those functions on R whose restriction to Z is constant, hence only the 1-periodic
functions, hence those on the circle S = R/Z:

Z—R C>(Z) «—— C=(R)
$ (po) $ T (pb) T (86)
] e—— 5t R ¢«——— C®°R)prac = C>=(S1).

The following Ex. 3.9 must be well-known to experts but may not be citable in detail from the literature.'!

We make it now fully explicit in order to prepare the ground for the construction of its extension by the hidden
M-group further below.

Example 3.9 (Super-Lie group structure on super-Minkowski spacetime). Denoting the canonical coor-
dinate functions on the product super-manifold RH10132 x R110132 by (29 6%) for the second factor and (z2, %)
for the first factor (adapted to thinking equivalently in terms of the canonical left-multiplication action of the group
on itself), consider the following definition of group operations (81) on the supermanifold R*10132;

rd :
R1,10182 y R1,10{32 _P R1,10]32 . —© , R1,10|82 RL,10[32 _inv  p1,10|32
— prd”* * inv*
4 % — (9’ re 9) — % 0 < ot AT . 24 (87)
prd” « S
0'+6 — 0, 0 < 9 —6° & (%

Here the second and third lines specify on coordinate functions the corresponding reverse homomorphisms of super-
function algebras via pullback, which uniquely characterize maps of super-manifolds (cf. [GSS24a, Ex. 2.13]).

The definition of e and inv (87) is obvious, while the extra summand appearing in the definition of prd is such
as to make the co-frame field

er = daz®+ (gF“dH) (88)
v = df
be left-invariant, namely invariant under the operation
act™®
L A

rd*

o> (R1,10\32) @QaR(RLlOBZ) Q:{R(RI,10|32) ®Q(.1R(R1’10|32) p QHR(R1,10|32)

dual to the left action of the supergroup on its odd tangent bundle (Ex. 3.5):

1 The base case R1:011 of Ex. 3.9 is described in terms of functorial geometry in [Va04, p. 277] and the general product law prd from
(87) appears in [ChrT00, (2.1), (2.6)].
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act

[ 1

prd
R1’10|32 X jzdde,l()\32 c jgdde,l()|32 X 1;(1(1R1’10|32 * I:ddRLlO‘SZ'

This is because

act*e® = act* (dxa—I- (?F“ d9)) act*y = act*dd
= dact*m“—i—(MFadact*e) = dact*d
= d(w*+a0— (0'T°0)) + (8" +O)Te a0’ +0)) = d(0'+0) )
= da®— (0'T%d6) + (6'T2de) + (61T do) = df
= da + (6T df) = 9.
= e

)

Here d denotes the differential on the second factor, hence acting on the un-primed coordinates only (with the
primed coordinates instead parametrizing the fixed group “element” along which to pull back).

Hence if (87) defines indeed a group structure and R"0132 then it carries a left-invariant coframe field (88)
whose de Rham differential relations (its Maurer-Cartan equations) coincide with those of the CE-algebra of the
super-Minkowski super-Lie algebra, thus exhibiting (88) as the corresponding super-Lie group.

Checking that (88) indeed does satisfy the group axioms (82) is straightforward, but it may still be interesting
to note how the bifermionic term is involved in making this work:

x//a+x/a+(5"Fa0/)+xa+((9//+9/)ra0) “— x/a+xa+(§’ra9)

2] 9 0" 40" +0 0" +0
> — —n ,

E x//a+x/a+xa+ (9 Fae) + (0 e (9 +9))

3)

; |

4 —n 0" +0 0
i ' 4%+ (0 Te 9) _— +0 —m
_ a9 e 1'%+ 2%+ (9T 9) 0«0 «—— 0" +90

2 1 T

E z' 0

z I [

T x’a+xa+(§raa) ] x® 0'+0 +———1 0

g z* — 2% — (6T0) +—— 2/ + 2 + (07" 0) 0—0 «——0'+6

2| 07 [ 0o ”

g

: |

EI |zt 0 10

In the last step on the left we used that (6T'*6#) = 0 because the #* anticommute among each other, while their
pairing here is symmetric (132). O

3.2 The Lie integration

While the integration in Ex. 3.9 of the super-Minkowski Lie algebra by “educated guess followed by checking its
consistency” is efficient in this simple case, more general cases require a more systematic approach:

Integrating nilpotent super-Lie algebras. We may essentially reduce the question of integration of super-
Lie algebras (to super-Lie groups) to the classical theory of integration of ordinary Lie algebras (to ordinary Lie
groups) by regarding objects in super-algebra/geometry as systems of ordinary algebraic/geometric objects indexed
by super-points whose function algebras provide an arbitrary supply of “Grassmann variables”.

Here we focus on the nilpotent case (Rem. 3.11), which covers all super-Minkowski-like examples.
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Definition 3.10 (Super-Lie algebras probed by super-points (cf. [Sac08, §3])). Given a super-Lie algebra
g € sLieAlg and a Grassmann algebra A?(R?)* ~ C* (]RO"?) (Ex. 3.3), the even part of the tensor product of the
underlying super-vector spaces

n €N,

evin evn

8 = C*RM g),, = (C*RY)®,0),, =~ R<19"1'"in®T

T e Jevn for n even
T e Jodd for n odd (90)

is an ordinary vector space which carries the structure of an ordinary Lie algebra, with Lie bracket given by 2
[ in T, 9t ] = it [ ] (91)
(with the given super-Lie bracket appearing on the right).
This means that super-algebra homomorphisms C'>(R°I%) EAGES (R%") induce Lie algebra homomorphisms

.
9(q) 9(r)

f*(ﬁil'"i") KT —— Prtn @ T

thus incarnating the super Lie algebra g as a functor from the opposite of the category of super-points (76) to
(ordinary) Lie algebras:
g : sPnt®® —— LieAlgp (92)
RO\q [ g(q) .

Remark 3.11 (Nilpotent super Lie algebras). The super-translation Lie algebras that we are concerned with
here are nilpotent, meaning that their n-fold adjoint action vanishes for large enough n. (The definition of nilpotent
super Lie algebras, e.g. [FrSS00, §26], is just as for ordinary Lie algebras, e.g. [Ser64, §V]).

Note that if a super Lie algebra g € sLieAlgy is nilpotent, then its probes by super-points (92) evidently take
values in ordinary nilpotent Lie algebras:

gec SLieAlgﬁil = g: sPnt°P — LieAlgﬂ%“ )
Recall now the following classical fact (e.g. from [CG04, §1.2]):

Proposition 3.12 (Lie theory for nilpotent Lie algebras). For (ordinary) nilpotent Lie algebras g, the Dynkin
formula (aka Campbell-Baker-Hausdorff series, e.g. [Ser64, §IV.7][DKO00, §1.7]) '3

prd(T, 1) = Ty + o+ 5[0, o] + 5 ([T, (10 T]] + [T, [0, 10)) + [ [7, [0 1) + -+ (98)

(which truncates and hence converges due to nilpotency) exhibits isomorphy of the exponential map onto the
corresponding connected and simply-connected nilpotent Lie group, thereby constituting an equivalence of categories
[Mil7, Thm. 14.37]:

[ LieAlgh' —~— LieGrp™P.

Example 3.13 (Systematic integration of the super-Minkowski Lie algebra). Probing the super-Minkowski

super-Lie algebra R10132 (3) (4) with the super-point R°1? (via Def. 3.10), the underlying ordinary vector space

(90) is
1,032 10 12 110 1A 132 9 (32

R = R((P)) 0 (02P0))0 (91Qa) 2, (2Qu) 12, ) (94)

a=1’

12The sign rule of super-algebra demands that (91) be multiplied by (—1) whenever both T and 91 are in odd degree. But this
sign rule is readily seen to be equal to changing the formula (91) by pulling out the Grassmann-elements in reverse order (as in [Sac08,
(25)]), hence to modify it to
[191'1 cevlp T, 191,1121, Tl} = 197,/1 Z;, ARER 2% [T, Tl} — (71)77.11,1911 sl 1/1111, [T, Tl} ,
and this is readily seen to be naturally isomorphic to our rule (91), by the transformation which reverses the order of Grassmann
generators in all products:

sgn

191,1---1'" s 191,71---111
(g(p)7 [ »7}) £ ~ L (g(p)’ [7771580)
(9% inT, ﬂil“‘i;/T') — (9in-ia, ﬁi’n/‘““T’)
g in i ) — R

Therefore we may stick with our rule (91), which is convenient because this is the rule actually picked up by functors on sPnt that are
represented by a super-Lie group, see (103) in Ex. 3.13 below.

13The left hand side of (93) would more traditionally be written with the exponential map exp and its local inverse log as
“log(prd(exp(Tl),exp(TQ)) 7 or “log(exp(Th) * exp(T2))”. But since the exponential map exp is globally an isomorphism due to
nilpotency, by Prop. 3.12, as is hence its logarithm log, we may as well suppress them notationally. It is with this suppression that the
usual expressions in the examples of super-translation groups are obtained.

28



(where now the terms in parenthesis are to be regarded as primitive symbols, being the names of linear basis
elements, all in degree (0, evn)), and the non-vanishing Lie brackets on these basis elements are:
[ﬁiQav ﬁan] = -2 Pig ﬁijPa ) (95)
where on the right we are using the notation 9% := 9497 (75).
With R10132 itself, also this ordinary Lie algebra RBO‘
corresponding 1-connected Lie group has (Prop. 3.12) as underlying manifold the vector space (94), which we think
of as parameterized as follows

is clearly nilpotent (cf. Rem. 3.11) and hence the

¢ P, z*€eR  a€{0,1,---,10}
1,10132 i o
R(?) - 1112 v Py Tivia = 1211 €ER, ac {la 2, 532} ’ (96)
+ 9;?‘ 9'Qq 0 € R dy,i0 € {1,2}
with group product given by applying the Dynkin formula (93) to (95), as follows
1,10|32 1,10|32 prd(s) 1,10|32
Rig) 77 xRy Rz
T Pa .’L'b Pb (j?a + .’Ea) Pa (97)
G 00 s el 0Py | (il — 0007 T) 0UP, |
- eg VQn  + 95? ¥Qs + (0 +62) V'Qa

where the extra summand in the second line is the one coming from the Dynkin formula (93):
prd(ég 9 Qu , 0° mQﬁ) = 099 Qa + 0797Qp + 6207 L [9°Qu, P Qp] +
~——
—2Ta _ 9ii P, 0

The general case of probes by any super-point R%9, ¢ € N, is not much different: In generalization of (94) we
have at any stage g the vector space

1,10|32 1o 1o
Ry PR <(1911 ) e ooy, s (0THQa) e oo, > (98)
0<k<gq/2 0<k<(¢g—1)/2
ij€{l, - .q} i e{l,-,q}
equipped with the Lie algebra structure whose only non-trivial brackets are, in generalization of (95),
[ﬁilmi%q'lQa, ﬁjl..-jgk-{-l Qﬁ] _ Fgﬁ ﬂil"'i2k’+1j1"'j2k+1pa , (99)

and in generalization of (96) we may coordinatize this space as

a€{0,1, - ,10}

Lo Pir-izep, ¢ . = g%
Rz;];0|32 ~ Zk i1 dog e 1ok [i1-+i2k] , ac {]_7 2, 732} , (100)
«a 111 @ — A&
+3, O iy VTIHQ | 02, = e[il..-i2k+1] € ije{1,2,---,q}

which the Dynkin formula (93) equips with the following group product, in generalization of (97):

-.a LSRR : a i1%
R1’10|32 ~ R1a10|32 Zk Liy-ving LA Zk Liyoiop LA
(a) (a9) o P ) o E—
Tk O gy VT Qa0 00, UTEIQ,
prdg) I (101)
S (88, 28 = S 0% 07 L Te) 9P
R1,10|32 k 1112k 112k k=0 "t1"lgj g lgjqorizk af a
(9) o a iy ok
+ Zk (ail"'i2k+1 + 911"'i2k+1) PR Qg
or expressed dually as:
oo ((11,10|32 1,10/32 ca k=1 o 8 a o o
c (R(q) X R(q) Liywazy, +z Zk 0 21 12k+1912k+2 szraﬁ 9 “i2k41 + 9i1"'i2k+1
[or I I
00 1,10(32 a a
c (R(q) Ly wmioy, eil"'i2k+1
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These formulas are clearly functorial across stages with respect to maps between the parameterizing super-points:

o PR
sPnt°P C> (Rl9) C>=(ROI")
R1:10/82 I
LieAlgl! pijons U (o) Ry
PTG, o (s P
I |
LieGrp™® R1:10132 TF gy, (%i%f,ﬁ)w}ﬂm pli0js2

() (a)

Thereby, we have lifted the super-Minkowski super-Lie algebra R10132 to a group-valued functor by applying
ordinary Lie integration to all its ordinary Lie algebras of probes by super-points

LieGrp

sPut® —— LieAlgg

ROlg . R1:10/32
(9)

This functorial incarnation of super-Lie algebras and their super-Lie groups is an instance of the original definition
of internal group objects due to [Gr60, p. 270][Gr61, §3], for early discussion along these lines see also [Ya93], a
brief discussion may also be found in [DM99, §2.10], more details are in [Sac08, §3].

But we may observe now that this functor is represented by the super-Minkowski super-Lie group structure
(RY10182 prd, e, inv) of Ex. 3.9 in that we have a natural isomorphism as follows, intertwining the (dual) group
structures:

Odd tangents of
super-Lie group structure

integration of system of Lie algebras

naturally isomorphic to of probes by any super-point

2(0) 1, ~ 1,10/32
o> (Tongl 10|32) s (R(q) )
(102)
(?{fggmd) * prd?q)
o (fJ(gziRl,m\s,z % ifgllRLm\w)evn ~ oo (Rbﬁomz « R%{SW?&) .
For instance, for ¢ = 2 the operation on the left of (102) is given, via (79), by:
ROI2 (@212.61.85), (@,012.61 62) R1.10[32 o R1,10/32 prd R1.10/32
(' + 2507) + (x* + xf07) — Fgﬁ(%“ﬁi)(efﬁj) — 4zt =T, g'e68 — z° (103)
_ ra .a ra a rapnBra 17
= (2" 4 2%) + (2} + xf; — 0 *0°T% 5) 0%
(9;04 + 0?)191 — Q' + Jates — J2e7

which manifestly coincides with what we found for the right-hand side in (97).

In conclusion, we have (re-)obtained the Lie integration of the super-Minkowski Lie algebra to its (1-connected)
super-Lie group by applying ordinary Lie integration to the system of ordinary Lie algebras formed by probing the
super-Minkowski Lie algebra with super-points.

This integration process may easily appear notationally more cumbersome than the alternative Lie integration
via “educated guess followed by consistency check” that we showed in Ex. 3.9; however:

(i) the functorial notation here looks heavy only superficially, in effect it just means to tensor everything with any
number of auxiliary Grassmann parameters, thereby shifting all expressions into even degree, and to check (a
simple observation) that these parameters remain mere “bystanders” in all expressions under all operations,

(ii) the functorial machinery provides a systematic Lie integration of any (nilpotent) super-Lie algebra, even in
cases where an “educated guess” does not so easily spring to mind — as is the case already for the next example.
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Thereby we come to our main example, in variation of Ex. 3.13:

Example 3.14 (Integrating the hidden M-algebra to the hidden M-group). The probes (90) of the hidden
M-algebra 9 from §2.2, by the super-point R°l¢ form the following space, in variation of (100),

Dk Uiy VTR, Ty iy, ER a; €{0,---,10}
+ Zk alazl% ﬁilmi% Zal(lz ?11'(-1~2izk € R ’ {0 ’ 732}
v 5 ceeas Q€ sty
M = Y4 Do 00 e | B €R 5 T e
I J ’ ’
+ Ek 11"'i2k+11911 12k+1Qa 9%"‘i2k+1 E R O < k, < q/2
+ Zk ioi~~-i2;€+1 1911-"12k+10a ioi---iszrl cR -

which the Dynkin formula (93) equips, in variation of (101), with the group product

prd(g)
Mgy x Mgy ——2— M,

given by
Dok Ay, VT Py Dok Ty, VT Py
a1a2 i1 alag i1-iok
+ Zk b ok 19 ! 2w Zﬂlaz + Zk b ok 19 ! 2k Z(L1a2
ai---as i1eiok ai---as i1dok
+ Zk b 122 A Zal"'a5 y + Zk b 1l2k grre Zal"'a5
iqeeiog i1eiog
+ Zk S ok 10002 +1Qa + Zk i1'“1'2k+1’l9 10002 +1Qa
‘o G102k 1 a 11012k 41
+ Zk 11"'12k+119 OOé =+ Zk 21~~~7,2;€+119 OO!
. k—1 i1-ed
a a 112k
Zk (LE +le1 k=0 11 “lgjy 12k+2 ok ocﬁ) 0 Pa
aiaz a1a2 k=1 pa 5 alaz 1192k
+ Zk (b ik b ok +Zk 0911 o1 z2k+2 12k aﬁ ) v Za1a2
ai---as ap- _ vk pa B -as 1ok
+ Zk (b ik +b zzk k=0 i1 igj 44 lojyo-i2k aﬁ ) Y Za1--~a5
41 G2k 41
+ Zk( i1 12k+1 12k+1)19 QO‘
k -a B8 ) a
+ Dm0 &y, o1 izesn 21 0
a1a2 B ol o
+ Zk 0 b z2k912k+1 ceiggg1 2 Fal@ B
bl L BT
> R 2 L L e LI ey
k 2k 41 i2k+41 @ 183 5 @
_Zk—om g, i2k+1-~~i2k+1§ a B
_ a1<12 )8 Y1 o
Ek 0 g gy okl 2 Fﬂla2 B
_ B 2 67
Zk; 0 12k612k+1 ok4r 2 0 A1as B
e g g8
+ %E E E Thak41 t2k427 2k 42 ’;km"'mﬁ [QQQ]ia/ﬁ Pzt g
) .
90‘ ) [ . 0" .
k k=0 k=Fk + o1 P2k427  Y2k42 Y2k t2k41

Here the last summand in the last row arises via the 4th summand in the Dynkin formula (93) due to the non-

vanishing trilinear bracket (28).
This group-valued functor is evidently represented — analogous to (102) — by the following super-Lie group
structure (Def. 3.7). The underlying super-manifold is

M =

R528164

z* P,
+boja, L2
+bayoas L9
+0% Qq
+£*  Oa

ba1a2

ba

1--as
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x* € R

= Dlajay) € R
= baya5) € R 266{{1021315}}

0* € R

& eR

(105)



on which the group operation is given by

Mx M prd M
' + % — (@Fa 9) — x®
Vrray + bayas + (0 Tayay 0) — bayas
Wy oas + sy — (0 Tayay 0) — bas e
0+ 6 — 0 (106)
§+¢
+829T 0 + LY 492Dy, 0 + 2YD 0T, L, 0 . ¢

_d,.a /' Y1jaias /Y2 ha1--as ’
5(1} Fa9 7[) Fa1a29 7{) Fal...%@

+131QQQI(0',0',0) + 5[QQQI(0.0,0')
We call this super-Lie group the hidden M-group.

The Maurer-Cartan form. With the super-Lie group in hand, we may explicitly construct its Maurer-Cartan
forms and with that, finally, the left-invariant form of Pj.

Lemma 3.15 (Maurer-Cartan forms in coordinates). Consider a Lie algebra g ~ ((T;)I_,) with Lie bracket

1, T;] = fi’;Tk which is nilpotent to third order, in that [f [—[-, f}]] =0, so that the corresponding group product
(93) is prd(x'i T;, ' E) = 2"+ 2+ %f;km’jxk + %f;kf,fmx’jm’klxh + %f;kfﬁlkzxjxklx’k? (107)
Then the corresponding integrating group’s Maurer-Cartan forms may be given in these coordinates by:
el = da’ — %f;kxjdxk + %f;k,f,fl/xjmkdxl (108)
in that
(i) (MC equation) de’ = —1 ;kejek7

(ii) (Left-invariance) act*e’ = e'.

Proof. Checking this directly is straightforward, if already somewhat tedious. For the terms quadratic in f the
check relies heavily on the Jacobi identity.

Alternatively, the expression follows from the general Hausdorff-like formula of Schur (see [He01, §IT Thm. 7.4
& p. 36][Mel3, Thm. C.2 & p. 99]), according to which e’ is given at any point X = z'T; € g as

et = dat (%(@Jk)) da®
= Aot (0 by (—adX)"(0,0) ) da®
Plugging in adX = (xj j’.) into this formula, its first three summands are as claimed in (108). O

Example 3.16 (Maurer-Cartan forms on the hidden M-group). By plugging in the structure constants
(21) (27) of the hidden M-algebra at any stage ¢ (104) into this formula (108), we obtain a coordinate expression
for the Maurer-Cartan form on the hidden M-group (cf. also [Var06, (6.7.7)]):

e*  =dz*  +(0I"df)
€aras =dbaya, —(0Tq,q,d0)
€aras =dbay a5 +(0 g, a5 dO)

Y =de

¢ =d¢ ~16(2°T,df — T,0(dz"))
— 391 (2992T 4, 4,d0 — T, 0, 0(dz9172))
— 272 (2" %5 T, gy O — Ty gy O(dz®%5))
+% (5 FZBFM - 71Ffulﬂa2ra1a2 vt 'YZFaalbuasFal“-as 7)079ad05.

(109)

In this left-invariant basis of Maurer-Cartan forms, the left-invariant 1-form globalization of f’g takes exactly the
same form as in (34), while substituting the right hand side of these equations into (34) yields its expansion in the
coordinate 1-form basis.
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Toroidal compactifications. The hidden M-group M in (3.14) is evidently the simply-connected Lie integration

of the hidden M-algebra M. From it we may obtain its non-simply-connected versions by quotienting out lattice
subgroups Z*. In straightforward variation of Ex. 3.8 this is now immediate, but consequential:

Example 3.17 (Fully toroidal version of the hidden M-group). Just for ease of notation, consider the case
of the inclusion of all of Z%?8 (more generally, just omit any factors of this direct product group in the following).
Denoting the 528 “canonical coordinate functions” (84) on Z°?® by the same symbols as the bosonic canonical
coordinate functions on M (105), it is readily seen from (106) that the following tautological-looking assignment
is a super-Lie group homomorphism as anticipated in (1):

7528 ¢ M\

x < x
ba1a2 — balaz
bal as bal as
0 — 0
0 — .

The same formulas show that this inclusion factors through an inclusion of R%2% and descends to an inclusion into
the basic M-group:

7,528 R528 J\//\l
|
7,528 R528 M

Hence, passing to the quotient of this group inclusion — the fully toroidal hidden M-group — means, as in (86), to

restrict the bosonic elements in C'*° (M\ ) to those which are suitably periodic. This is, of course, just as it should
be.

4 Conclusion

Motivated by a recent re-understanding of the relevance — for potentially formulating M-theory — of the hidden
M-algebra and of the “decomposed” M-theory 3-form it carries, we have given first a careful re-derivation and
then have discussed in detail its integration/globalization to a super-Lie group, the hidden M-group, carrying a
corresponding left-invariant super 3-form. Despite the common abuse of terminology that suggests otherwise, this
seems to be the first discussion of this super-Lie group, and therefore, we took the time to review the relevant
streamlined theory of super-Lie groups along the way.

In its vanilla form, the hidden M-group is simply-connected. But with this in hand, its toroidially compactified
versions are easy to come by, which we discussed as a first simple but important example of a topologically non-
trivial super-exceptional spacetime.

These are going to be important both in relating super-exceptional formulations of 11D SuGra to topological T-
duality, under dimensional reduction, but in particular due to the fact that the global completion of 11D SuGra by
a flux quantization law leads to new solitonic states of the C-field not only on topologically non-trivial spacetime
domains but now also on their much larger super-exceptional enhancement. Such global effects in exceptional-
geometric super-gravity seem not to have received attention before.
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Background

For ease of reference we briefly recall and cite some notation and facts used in the main text.

Tensor conventions

Our tensor conventions are standard, but since the computations below crucially depend on the corresponding

prefactors, here to briefly make them explicit:

e The Einstein summation convention applies throughout: Given a product of terms indexed by some ¢ € I, with
the index of one factor in superscript and the other in subscript, then a sum over I is implied: z; y* := Y icr Ti yh.

e Our Minkowski metric is “mostly plus”

() pey = (1) g = (diag(=1,+1, 41, +1)0 . (110)

e Shifting position of frame indices always refers to contraction with the Minkowski metric (110):
V= V™, Vo = Ve
e Skew-symmetrization of indices is denoted by square brackets ((—1)°! is sign of the permutation o):
Viar ey = z% Z (_1)IU|V%<1>“'%@> :
o€Sym(n)
e We normalize the Levi-Civita symbol to
€o12... := +1 hence €% = —1. (111)

e We normalize the Kronecker symbol to

Spi =l ~-5Z;]] = o gy = o o] (112)
so that ..a . ., ai--a
Virway Oy = Vipon,) and €700 e oy, = —plgl gyl e (113)

Super-algebra
Sign rule. For homological super-algebra, we consider bigrading in the direct product ring Z x Z, — where the
first factor Z is the homological degree and the second Zs ~ {evn,odd} the super-degree — with sign rule

deg, = (n1,01), degy = (n2,02) € Z X Zy = sgn(degl, degz) = (—=1)mnztoroz (114)
For (v;);es a set of generators with bi-degrees (deg;)ic; we write:
(i) R{(vi)ier) for the graded super-vector space spanned by these elements,
(ii) ]R[(vi)ie I} for the graded-commutative polynomial algebra generated by these elements,
hence the tensor algebra on |I| generators modulo the relation
vy -vg = (—1)%en(desidess) 4y (115)
hence the (graded, super) symmetric algebra on the above super-vector space:
R{(vi)ier] = Sym(R{(vi)icr))-
(iii) Ra[(vi)ier] for the (free) differential graded-commutative algebra (dgca) generated by these elements and
their differentials
(dvi)ier

treated as primitive elements with deg(de;) = deg(e;) + (1,evn) and modulo the corresponding relation
(115), with differential defined by
e; — de; , de; — 0

and extended as a (graded) ‘derivation, hence the dgca
Ra[(vi)ier] = (Sym(R«Ui)iela (dvi)ier)), d)- (116)

Spinors in 11d
We briefly record the following standard facts (proofs and references may be found in [MiS06, §2.5][GSS24a, §2.2.1]):
There exists an R-linear representation 32 of Pin™ (1, 10) with generators

I, : 32— 32 (117)
equipped with a Spin(1, 10)-equivariant skew-symmetric and non-degenerate bilinear form
((-)(-)) : 3232 —R (118)

. . . 32
which serves as the spinor metric whose components we denote (na/g)a se1’
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P napd’ = (¥ 9), (119)
that are skew-symmetric in their indices
Nag = —NBa (120)
which together with the inverse matrix (n*?) is and used to lower and raise spinor indices by contraction “from the
right” (the position of the terms is irrelevant, since the components 7,3 are commuting numbers, but the order of
the indices matters due to the skew-symmetry):

Yo = P Mo’ s ¢a = ¢0¢'77a “, woz(ba = —1/)577&1770‘7(% = _wa¢a . (121)
This representation satisfies the following properties, where as usual we denote skew-symmetrized product of k
Clifford generators by L
Taoyar =4 > s80(0) T,y *Tayy - Tay, (122)
oeSym(k)
e The Clifford generators square to the mostly plus Minkowski metric (110)
Fal“b + Fbl“a = 42 Nab id32 . (123)
e The Clifford product is given on the basis elements (122) as
min(j,k) ] k :
re = Y () (7). (124)
1=0
e The Clifford volume form equals the Levi-Civita symbol (111):
Fa1---a11 = Gal...auid32 . (125)
e The trace of all positive index Clifford basis elements vanishes:
32 | p=0
Tr(Tyr ) = 126
Tay--ay) { 0 | p>0. (126)
e The Hodge duality relation on Clifford elements is:
o L eAD=2/2
Taap ( 1)(11—17)! €01 ap by an prl"'bll—p ) (127)
For instance: . -
o101 — a1 0], | roi-as — pLeuagbibsp,
32 & by b (128)
[araw — ¢a-anb ; roias — _% €a1-+as bi---bs Ty, -
e The Clifford generators are skew self-adjoint with respect to the pairing (118)
T, = -I', in that \ T, = —(¢(Tu)), 129
nthat ¥ (Td)0) = —(5(0w) (129)
so that generally
Toa, = (=1)PTP0=D/2D, (130)

e The R-vector space of R-linear endomorphisms of 32 has a linear basis given by the < 5-index Clifford elements
EndR(32) = <17 Fa17 F(L1a27 Fa1a2(l37 Falmaw Fa (131)

e The R-vector space of symmetric bilinear forms on 32 has a linear basis given by the expectation values with
respect to (118) of the 1-, 2-; and 5-index Clifford basis elements:

Homz (82 © 82)aym. B) ~ ((F0a(5) . (Dluea()) .+ ((ayns(5) ) (132)

a;i=0,1,,

"'“5>ai:O,1,--- J

which means in components that these Clifford generators are symmetric in their lowered indices (121):
Gy = T§,. Do = I, Ty = g0, (133)

while a basis for the skew-symmetric bilinear forms is given by

Homz (32 ® 32)uews B) = (D)) (larazas(=)) s (Olasai())) (134)

a;i=0,1,---,
which means in components that these Clifford generators are skew-symmetric in their lowered indices (121):

Map = e, TOGEO = TG poias . pories (135)

e Any linear endomorphism ¢ € Endg(32) is uniquely a linear combination of Clifford elements as:

5
6 = g5y SS90 Dy, )T (136)
p=0
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e which implies in particular the Fierz expansion

(919)(V62) = 35 ((P1°0) (3 Tud2) = §(BT™% ) (6 Taya b2) + & (BT ) (&) Dy 02) ) (137)

Proposition .1 (The general Fierz identities [DF82, (3.1-3) & Table 2][CDF91, (11.8.69) & Table I1.8.XT]).
(i) The Spin(1, 10)-irrep decomposition of the first few symmetric tensor powers of 32 is:

(32 ®32) = 11 @ 55 @ 462

sym
(3232©32) = 32 ¢ 320 ® 1408 & 4424 (138)
(32032©32032) = 101650 330 ® 462 © 65 © 429 ® 1144 © 17160 & 32604.

(ii) In more detail, the irreps appearing on the right are tensor-spinors spanned by basis elements

<Egl-~ap = Eﬁll---ap]>ai€{0,~--,10},&6{1,-~~32} € Repg(Spin(1,10)) (139)
with T2, = 0
(jointly to be denoted Z(™) for the case of the irrep N) such that:
V(PTa) = £ T 26 =00,
V(Plaa¥) =  FlaaZt? - 20, 207 + B, (140)
V(PTayas®) = —2Ta10,Z0 + 3000, B 4+ 200,000 By + Sy -

Super-Lie algebras
Our ground field is the real numbers R and all super-vector spaces are assumed to be finite-dimensional.
Given a finite dimensional super-Lie algebra g ~ geyn @ godd, the linear dual of the super-Lie bracket map
[-] 2 gvVg—— 9
may be understood to map the first to the second exterior power of the underlying dual super-vector space, and as
such it extends uniquely to a Z x Zs-graded derivation d of degree=(1,evn) on the exterior super-algebra (where
the minus sign is just a convention)

/\19* _[_’_] /\29*

/\og* d /\og*
With this, the condition dod = 0 is equivalently the super-Jacobi identity on [-, -], and the the resulting differential
graded super-commutative algebra is known as the Chevalley-Filenberg algebra of g:
CE(Q, [_a_]) = (/\. g*a d)
and this construction is fully faithful
sLieAlgy — <= sDGCAlgg”
in that (1) for every super-vector space V' a choice of such differential d on A®*V* uniquely comes from a super-Lie
bracket [-,-] on V' this way, and (2) super-Lie homomorphisms ¢ : g — g’ are in bijection with sDGC-algebra
homomorphisms ¢* : CE(g') — CE(g).

More concretely, given (T;)7_; a linear basis for g with corresponding structure constants ( i];- € R)jj p_q» then
the Chevalley-Eilenberg algebra is equivalently the graded-commutative polynomial algebra
CE(Q, [_a_]) = (R[tl’ T ’tl]’ d)
on generators of degree (1,0;) with corresponding structure constants for its differential:
Super Super
Lie algebra dgc-algebra
n ; n
Generators | ( T, ), ()i (141)
deg = (0,0;) deg=(1,05)
Relations (T3, T;] = £ Tx dtk = -1 bt
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