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Abstract. We highlight that integer Heisenberg groups at level 2 underlie
topological quantum phenomena: their group algebras coincide with the al-
gebras of quantum observables of abelian anyons in fractional quantum Hall
(FQH) systems on closed surfaces. Decades ago, these groups were shown to
arise as the fundamental groups of the space of maps from the surface to the
2-sphere — which has recently been understood as reflecting an effective FQH
flux quantization in 2-Cohomotopy. Here we streamline and generalize this the-
orem using the homotopy theory of H-groups: We show that for k ∈ {1, 2, 4},
the non-torsion part of π1 Map((S2k−1)2, S2k) is an integer Heisenberg group
of level 2, where we identify this level with 2 divided by the Hopf invariant of
the generator of π4k−1(S2k). In particular, this result implies the existence of
higher-dimensional analogs of FQH anyons in the cohomotopical completion
of 11D supergravity (“Hypothesis H”).
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1. Introduction

Here we prove a curious result in elementary homotopy theory (on the latter
cf. [Whi78]) with a striking relation to contemporary questions in quantum ma-
terials research, specifically in fractional quantum Hall systems (on the latter cf.
[Sto99; Ton16; nLa26d]) relevant for questions in topological quantum computing
(for which cf. [Fre+03; Nay+08; Sta20; SV25a]).

1.1. Background.

1.1.1. The original theorem. Back in 1974, Hansen [Han74] investigated the funda-
mental groups of the space of maps Map (−,−) (see (49)) from the torus T 2 = (S1)2

to the 2-sphere S2. He found them — in the connected component Mapn(−,−) of
winding number n ∈ Z — to be central extensions of Z2 by the cyclic group Z/2n:

(1) 1 Z/2n π1 Mapn(T 2, S2) Z2 1 .

Since such central extensions are classified by the cohomology group
(2) H2

grp(Z2;Z/n) ≃ H2(T 2;Z/n) ≃ Z/n ,

Hansen’s result determined these fundamental groups up to a level ℓn ∈ Z/2n. The
groups arising this way (often considered only for unit level ℓ = 1) are also known
as integer Heisenberg groups (cf. [nLa26b] and § 2.1 below).

In 1980, this problem was picked up by Larmore & Thomas, who could show
[LT80, Thm. 1] that the level in (1) is in fact equal to ℓ = 2, in all components.
In 2001, another proof of this fact was given by one of the authors [Kal01, Prop.
1.5, Cor. 6.14]. 1

1.1.2. A hint of quantum physics. We may make the following observations about
this result:

While the abstract group theory literature typically considers the integer Heisen-
berg groups at level ℓ = 1, the integer Heisenberg groups are subgroups of actual
Heisenberg groups Heis3(R, h) — the hallmark structures of quantum mechanics
(cf. [Ros04, p. 7]) at Planck constant h ∈ R (cf. Def. 2.1 below) to which Heisen-
berg’s name is referring here — exactly at this level ℓ = 2. Here the cocycle that
classifies the central extension is the restriction to the integers of the canonical
symplectic form ω on R2:

(3) R2 × R2 R
((q, p), (q′, p′)) qp′ − pq′.

ω

It is the two summands on the right of (3) that, when restricting ω to a Z/n-valued
group 2-cocycle on Z2, cause its class to be twice that of the generating class in (2).

1These authors considered more generally the mapping space out of any closed oriented surface
of genus g (Ex. 4.2). But this turns out to be a fairly straightforward generalization of the toroidal
case, g = 1, which we recover as Ex. 4.6 in § 4 (where the statement is generalized further to higher
dimensions). Focus on the case of the torus (g = 1) is also motivated by the physics application
(further discussed in § 5.1) where the experimental realization of FQH anyons becomes unfeasible
for higher g, and where FQAH systems necessarily have g = 1 (the Brillouin torus of crystal
momenta).
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This quantum-mechanically natural level ℓ = 2 for integer Heisenberg groups is
the case we consider here by default, whence the result of [LT80; Kal01] reads in
our notation (cf. Def. 2.2 and Thm. 3.5 below):
(4) π1 Mapn(T 2, S2) ≃ Heis3(Z, 2n) ⊂ Heis3(R, 2n).

In § 3 we give a new proof of this result (4), shorter and more transparent
than the previous arguments (by Thm. 3.3 below, invoking the classical theory of
Samelson brackets, cf. § 2.2), and generalizing the statement to higher dimensions.

1.1.3. Relation to FQH Anyons. It is worth further expanding on this striking ap-
pearance of quantum mechanical structures in algebraic topology and homotopy
theory (cf. [SS25d; SS25f]):

We recall that the group C∗-algebra of the ordinary Heisenberg group Heis3(R, h)
is essentially the Weyl algebra of quantum observables on a 1-dimensional quantum
system (cf. [Der06, (3)]) — such as the famous but idealized “particle on the
line” (or more realistically: a Josephson junction between superconductors in the
Transmon regime, where q is the practically continuous phase difference of super-
conducting order parameters across the junction).

Similarly, the group algebra of the level ℓ = 2 integer Heisenberg group Heis3(Z, h)
is essentially the algebra of observables on a quantum system whose canonical co-
ordinates q and canonical momenta p are constrained to discrete values.

This is notably the case for quantum observables on anyons in fractional quantum
Hall systems (FQH) on a torus (cf. [WN90, (4.9); Ien92, (4.14); Ton16, (5.28)]).
These FQH systems are 2-dimensional electron gases in a transverse magnetic field
that is sufficiently strong and yet so fine-tuned that there is an exact integer (gen-
erally: rational) multiple of magnetic flux quanta per electron (the inverse filling
fraction). On such a backdrop, the FQH anyons are elementary vortices in the
electron gas associated with surplus magnetic flux quanta on top of the exact fill-
ing fraction. Here it is the flux quantization of magnetic flux (now in the sense of
discretization, cf. [SS25e]) that makes the relevant Heisenberg group discrete.

What the discrete Heisenberg group here expresses is an intrinsic quantum me-
chanical braiding phase ζ picked up by the quantum state |ψ⟩ of the system as the
anyons are moved around each other (cf. Fig. 1).

Figure 1. Illustrating the non-trivial group commu-
tator [Wa,Wb] = ζ2 (11) in the integer Heisenberg
group Heis3(Z, h) at level ℓ = 2 (Def. 2.2). With
the group elements understood as observables on FQH
quantum systems (cf. § 5.1), the central element ζ is
represented on their quantum states |ψ⟩ by multiplica-
tion with a complex root of unity known as an anyon
braiding phase (cf. [Ton16, (5.28); SS26b, Fig. 4]).

T 2

ζ2|ψ⟩
7→
|ψ⟩

W−1
b

W−1
a

Wb

Wa

Remarkably, the FQH anyon braiding phase ζ has been experimentally observed
(for the moment not in toroidal but in planar electron gases, though) in recent
years by various groups (starting with [Nak+20; Bar+20], for further developments
see [Vei+24; Gho+25]). This is of considerable technological interest, since it is the
first and currently only observed case of fundamental anyonic topological quantum
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phenomena (cf. [Sta20; Sim23]). These are plausibly necessary (cf. [Das22]) for
the future construction of quantum computers (cf. [BG25]) of useful scale, namely
for the engineering of topological quantum gates (cf. [Fre+03; MSS24, §3; SV25a])
which would be intrinsically protected against the decohering noise that jeopardizes
all quantum circuits.

However, even from a theoretical standpoint, there have remained open questions
about the nature of FQH anyons (cf. [SS25f, §A.1]). The remarkable relation (4)
to homotopy theory may help shed some light on these:

1.1.4. Flux Quantization in Cohomotopy. The above situation § 1.1.3 points to a
curious physical interpretation [SS25f] of the result (4):

If we understand S2 BU(1) as a deformation (namely the 3-skeleton) of the
usual classifying space BU(1) ≃ B2Z for magnetic charge, then (4) says that
anyons in FQH systems may be understood as surplus magnetic flux quanta whose
interaction with the 2D electron gas effectively deforms their flux quantization law
[SS25e, §3] from ordinary cohomology Hn(−;Z) to Cohomotopy πn(−) (cf. [Hu59,
§VII; FSS23, Ex. 2.7]) in degree n = 2:

Hn(−;Z) ≃ π0 Map(−, BnZ)
πn(−) ≡ π0 Map(−, Sn) .

This suggests that FQH anyons may generally be understood as surplus magnetic
flux quantized in 2-Cohomotopy (“Hypothesis h”, [SS26a; SS26c; SS25f]) which
provides a new algebro-topological theory for the effective behavior of FQH anyons.
For example, it predicts [SS25f, Fig. D & §3.8] that superconducting islands in FQH
materials may support non-abelian defect anyons, the realization of which is the
holy grail of research on topological quantum materials.

In fact, flux quantization in Cohomotopy was first recognized as a physical pos-
sibility in higher-dimensional quantum field theory, specifically in 11-dimensional
supergravity, whose “C-field” flux admits quantization in 4-Cohomotopy (“Hypoth-
esis H”, [Sat18, §2.5; FSS20; FSS21; SS23b]). We expand on these matters at the
end in § 5.

1.2. Overview and Results. This motivates us to ask whether an analogue of
(4) may hold in higher dimensions. After briefly establishing the relevant context
in § 2, our main result in § 3 is to show (Thm. 3.5) that, indeed:

(5) π1 Map[n]((S3)2, S4) ≃ Heis3(Z, 0) × Z/12 ,

as well as

(6) π1 Map[n]((S7)2, S8) ≃ Heis3(Z, 0) × Z/120

(where in both cases the components are labeled by [n] ∈ Z/2).
Remarkably, this result therefore implies the rigorous mathematical possibility

of higher dimensional FQH-like anyon braiding phases in higher dimensions. We
explain in § 5.2 how this is indeed realized in the (physically hypothetical but
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mathematically well-defined) completion of 11D supergravity by cohomotopical flux-
quantization, where we find 2-dimensional (“2-brane”) anyons in 6D, 2 descending
from 5-dimensional (“5-brane”) anyons in 11D.

Our novel move in proving these higher-dimensional generalizations is the inter-
mediate Thm. 3.3, bringing the classical theory of Samelson products on H-groups
to bear on the problem (cf. Prop. 2.8), which also serves to make the proof of the
original 2-dimensional result much more transparent.

The proof strategy immediately generalizes to other situations, discussed in § 4.
We close in § 5 by expanding on the potential implications of this result on con-

temporary questions in the physics and engineering of anyonic quantum materials.

2. Preliminaries

Before we come to the main theorem in § 3, here we briefly set up the context.

2.1. Group theory. The ordinary Heisenberg group owes its name to its role as
a cornerstone of basic quantum mechanics (cf. [Ros04, p. 7]), where it reflects
the fact that the elementary phase space R2 with its canonical symplectic form (3)
becomes “noncommutative”:

Definition 2.1 (Ordinary Heisenberg group). For h ∈ R (“Planck’s constant”),
the underlying smooth manifold is

(7) Heis3(R, h) :=SmthMfd R2 × R/h ,

with generating elements to be denoted
W q

a := ((q, 0), [0])
W p

b := ((0, p), [0])
ζz := ((0, 0), [z])

 ∈ R2 × R/h ,

on which the only nontrivial group commutators are

[W q
a , W

p
b ] = ζ2qp.

Similarly, there are the higher-dimensional Heisenberg groups, for g ∈ N≥1,

(8) Heis2g+1(R, h) :=SmthMfd R2g × R/h ,

with generators (W q
ai
,W p

bi)g
i=1 and ζz on which the only nontrivial group commu-

tators are
[W q

ai
,W p

bi ] = ζ2qp , for 1 ≤ i ≤ g.

Definition 2.2 (Integer Heisenberg group at level ℓ = 2). For h ∈ Z, the under-
lying set is

(9) Heis3(Z, h) :=Set Z2 × Z/h ,

2Previous suggestions for anyonic effects in the higher dimensional braiding of 2-branes include
[Har07] (which argues also in the context of 11D supergravity) and [Fen+25] (which presents a
kind of lattice model for anyonic membranes in 4D).
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with generating elements

(10)
Wa := ((1, 0), [0])
Wb := ((0, 1), [0])
ζ := ((0, 0), [1])

 ∈ Z2 × Z/h ,

on which the only non-trivial group commutator is
(11) [Wa,Wb] = ζ2.

Similarly, there are the higher-dimensional integer Heisenberg groups, for g ∈
N≥1,
(12) Heis2g+1(Z, h) :=SmthMfd Z2g × Z/h ,

with generators (Wai
,Wbi)g

i=1 and ζ on which the only nontrivial group commuta-
tors are

[Wai ,Wbi ] = ζ2 , for 1 ≤ i ≤ g.

Remark 2.3 (Other levels). Over the integers, non-isomorphic groups are obtained
by instead taking the above group commutator (11) to be

[Wa,Wb] = ζn,

for some
n ∈ Z ≃ H2

Grp(Z2; Z) ,
which we call the level, since it is the central extension class. Authors in group the-
ory are usually concerned with the case n = 1 (cf. [nLa26b]); but for our purpose,
the case n = 2 is of paramount importance, so we take this to be understood by
default (11).

2.2. H-Group theory. We need the following concepts and results from the theory
of homotopy groups (for background see § B) which are classical but not always
readily citable (such as the crucial Prop. 2.8 below).

Definition 2.4 (cf. [Whi78, §X.5]). The Samelson product [−,−]Sam on a loop
space ΩX (Ex. B.4, and generally on an H-group, Def. B.3, and from there induced
on its homotopy groups) is (up to homotopy) the H-group commutator descended
from the Cartesian product to the smash product:

(13)

(ℓ2, ℓ1) (ℓ2 ⋆ ℓ1) ⋆ (ℓ2 ⋆ ℓ1)
(ΩX) × (ΩX) ΩX .

(ΩX) ∧ (ΩX)

[−,−]

[−,−]Sam

Definition 2.5 (cf. [FHT00, p. 176-7]). For X ∈ TopSp∗, the Whitehead product
on its homotopy group (in degrees n1, n2 ∈ N≥1),

πn1(X) ⊗Z πn2(X) πn1+n2−1(X) ,[−,−]Wh

is given on a pair of representatives

[ϕi : Sni X ] ∈ πni(X) , i ∈ {1, 2}
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by the homotopy class of the top composite map of the following diagram:

Sn1+n2−1 Sn1 ∨ Sn2 X

Dn1+n2 Sn1 × Sn2 ,

fn1,n2

[ϕ1,ϕ2]Wh

⌜

(ϕ1,ϕ2)

where fn1,n2 is the attaching map for the cell attachment to the wedge sum of
spheres that gives the product of spheres, as shown.
Proposition 2.6 (cf. [Whi78, Thm. 7.10 on p. 476]). For X ∈ TopSp∗, the
Whitehead bracket [−,−]Wh on π•+1(X) (Def. 2.5) is given by the Samelson product
on π•(ΩX) (Def. 2.4) as:

(14) [̃α, α2]Wh = (−1)deg(α1)[α̃1, α̃2 ]Sam ,

where π•+1(X) π•(ΩX)∼̃
(−) is induced from the hom-isomorphism (57):

π0 Map∗(Sn1 , ΩX) × π0 Map∗(Sn2 , ΩX) π0 Map∗(Sn1+n2 , ΩX)

π0 Map∗(Sn1+1, X) × π0 Map∗(Sn2+1, X) π0 Map∗(Sn1+n2+1, X).

[−,−]Sam

(̃−)×(̃−) (̃−)
±[−,−]Wh

Lemma 2.7 (cf. [Whi78, Thm. 8.20 on p. 485]3). The suspension (54) of any
Whitehead bracket (14) vanishes:

(15) πn(Sm) πn+1(Sm+1)
[α, β]Wh 0 .

Σ

Proposition 2.8. For k ∈ N, the following diagram commutes up to homotopy:

(16)
(ΩS2k) ∧ (ΩS2k)

S4k−2 ΩS2k.

[−,−]Samĩd2k ∧ ĩd2k

2 h̃K

Proof. The Whitehead bracket of the generator [id2k] := 1 ∈ Z ≃ πn(S2k) with
itself has Hopf invariant 2 (cf. [Whi78, Thm. 2.5 on p. 495]):

H([id2k, id2k]Wh) = 2 .
But for k ∈ {1, 2, 4} the only element in π4k−1(S2k) of Hopf invariant 2 is twice the
class of the corresponding Hopf fibration hK. (That H(hK) = 1 is due to [Hop35];
while torsion elements have vanishing Hopf invariant, due to the homomorphy of
H(−), cf. [Whi78, (2.1) on p. 495].) Hence:

(17)
[[id2], [id2]]Wh = 2[hC]
[[id4], [id4]]Wh = 2[hH]
[[id8], [id8]]Wh = 2[hO] .

The combination of (14) and (17) proves the claim. □

3Beware that [Whi78] writes “E” for the suspension functor, a notation introduced on p. 369
there.
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Remark 2.9. We will see that the factor of 2 appearing in (17) is the origin both
of the level of the Heisenberg group being 2 (this is the content of our new proof
Thm. 3.3), as well as its “Planck constant” being 2n when k = 1 (by Lem. 3.8
below, which was observed before).

3. The Theorem

We compute here the fundamental groups of the mapping spaces from (S2k−1)2

to S2k, for k ∈ {1, 2, 4}, using the H-group theory of § 2.2 and find them to
essentially be the integer Heisenberg groups of § 2.1.

3.1. The level two. This section contains our main new observation (proof of
Thm. 3.3 below). First, we make these basic observations:

Remark 3.1 (Cell structure of the squared sphere).
(i) The canonical CW-complex structure of (S2k−1)2 has, besides a 0-cell, two

(2k − 1)-cells and a single (4k − 2)-cell, attached via the Whitehead product
of their identity maps (by Def. 2.5), as shown by the following pushout square
on the left:

(18)

S4k−3 S2k−1 ∨ S2k−1 ∗

D4k−2 S2k−1 × S2k−1 S4k−2

S2k−1 .

[id2k−1,id2k−1]Wh

⌜ ⌜i4k−2 prc

prbpra

The pushout square on the right forms the smash product of the two (2k− 1)-
cells and thereby exhibits a canonical map denoted prc. The two projections
onto the (2k−1)-sphere factors are shown at the bottom of the above diagram,
which we denote by pra and prb, respectively.

(ii) Note that the following diagram commutes:

(19)
(S2k−1)2 ∧ (S2k−1)2

(S2k−1)2 S4k−2 .

pra ∧prb
prc

∆

(This follows by inspection; alternatively, it is a special case of Lem. 4.3 below).
(iii) The suspension of these projection maps yields the three coprojections out

of the stable splitting (using Lem. 2.7 or [Hat02, Prop. 4I.1]) of the squared
sphere:

(20)

Σ(S2k−1)2 ≃
hmtp

S2k
a ∨ S2k

b ∨ S4k−1

S2k
a S2k

b S4k−1 .

Σpra Σprb
Σprc

Notice that this homotopy equivalence does not respect the H-cogroup structure
on suspensions (from Ex. B.4).
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Proposition 3.2. The connected components of the pointed mapping space are:

(21) π0 Map∗((S2k−1)2, S2k) ≃


Z if k = 1
Z/2 if k = 2
Z/2 if k = 4 .

Proof. Generally, maps to a (2k − 1)-connected space like S2k factor through the
quotient of the domain by its (2k− 1)-skeleton. But, by the CW-structure (18), we
have:

(S2k−1)2/sk2k−1(S2k−1)2 ≃ (S2k−1)2/(S2k−1 ∨ S2k−1) ≃ S4k−2 ,

whence:
π0 Map∗((S2k−1)2, S2k) ≃ π0 Map∗(S4k−2, S2k) ≡ π4k−2(S2k) .

With the standard homotopy group of spheres (62), this proves the claim. □

Our central observation now is the proof of the following:

Theorem 3.3. For k ∈ {1, 2, 4}, we have a group isomorphism

(22) π1 Map∗
0((S2k−1)2, S2k) ≃ Heis3(Z, 0) ×


1 if k = 1
Z/12 if k = 2
Z/120 if k = 4 .

Proof. First, we observe the bijection (22) on underlying sets:
π1 Map∗

0((S2k−1)2, S2k) ≃ π0 Map∗(Σ(S2k−1)2, S2k) by (67)

≃ π0 Map∗(S2k ∨ S2k ∨ S4k−1, S2k) by (20)

≃ π2k(S2k)2 × π4k−1(S2k) by (59) and (60)

≃ Z2 × Z ×


1 if k = 1
Z/12 if k = 2
Z/120 if k = 4

by (62) .

(This is a sequence of bijections of sets, but not of homomorphisms of groups, since
the stable splitting used in the second step is not an H-cogroup homomorphism.)
Therefore, the candidate Heisenberg group generators (10) are represented by the
projectors (20) and the homotopy group generators (62) as:

(23)
Wa/b :=

[
Σ(S2k−1)2 S2k S2k

]
ζ :=

[
Σ(S2k−1)2 S4k−1 S2k

]
,

Σ pra/b id

Σ prc hK

and adjointly as:

(24)
W̃a/b =

[
(S2k−1)2 S2k−1 ΩS2k

]
ζ̃ =

[
(S2k−1)2 S4k−2 ΩS2k

]
,

pra/b ĩd

prc h̃K

while the generator of the further torsion group factor is represented as:

R :=
[
Σ(S2k−1)2 S4k−1 S2k

]
.

Σ prc rK



10 SADOK KALLEL, HISHAM SATI, AND URS SCHREIBER

Then, by Rem. B.6 and Def. 2.4, the group commutator [Wa,Wb] is represented by
the outer part of the following diagram:

(25)

(S2k−1)2 ΩS2k

(S2k−1)2 ∧ (S2k−1)2 S2k−1 ∧ S2k−1 (ΩS2k) ∧ (ΩS2k) .

∆

˜[Wa,Wb]

prc

W̃a ∧ W̃b

pra∧prb ĩd2k ∧ ĩd2k

2 h̃K [−,−]Sam

Inside this diagram, we identify (as shown)
(i) the left diagonal map by (19),

(ii) the right diagonal map by (16).
Hence, the top inner triangle in the diagram commutes and proves [Wa,Wb] = ζ2.

Similarly, [Wa/b, ζ] is represented by the outer part of the following diagram

(26)

(S2k−1)2 ΩS2k

(S2k−1)2 ∧ (S2k−1)2 S2k−1∧S4k−2 (ΩS2k) ∧ (ΩS2k) .

∆ 0

˜[Wa/b,ζ]

W̃a/b ∧ ζ̃

pra/b∧prc ĩd2k ∧ h̃K

[−,−]Sam

But here the left diagonal map is null-homotopic, as indicated, already by degree
reasons. This shows that [Wa/b, ζ] = e, and hence completes the proof. □

This result generalizes to the other connected components by the following ar-
gument adapted from [Han74, Prop. 1]:

Lemma 3.4. The connected components of Map∗((S2k−1)2, S2k) are all homotopy
equivalent.

Proof. Consider the H-action of the H-group Map∗(S4k−2, S2k) (Ex. B.5) on the
mapping space, which is induced by the pinching map (from Ex. B.7):

(27) Map∗(S4k−2, S2k) × Map∗((S2k−1)2, S2k) Map∗((S2k−1)2, S2k).Θ

Being an H-group action, each Θ(f,−) is a homotopy auto-equivalence of the map-
ping space. But then for [f ] a generator of π4k−2(S2k), Prop. 3.2 shows that Θ(f,−)
restricts to a sequence of homotopy equivalences between all its connected compo-
nents. □

Finally, we adapt these results to the unpointed mapping space:

Theorem 3.5. The fundamental groups of the unpointed mapping spaces from
(S2k−1)2 to S2k are integer Heisenberg groups at level ℓ = 2 (Def. 2.2), as follows:

π1 Mapn((S1)2, S2) ≃ Heis3(Z, 2n) ,(28a)
π1 Map[n]((S3)2, S4) ≃ Heis3(Z, 0) × Z/12 ,(28b)
π1 Map[n]((S7)2, S8) ≃ Heis3(Z, 0) × Z/120 ,(28c)

for all n ∈ Z and [n] ∈ Z/2, respectively (21).
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Proof. For k ≥ 2 the homotopy long exact sequence of the basepoint evaluation
fibration truncates:

(29)

Map∗
[n]((S2k−1)2, S2k) Map[n]((S2k−1)2, S2k) S2k

1︷ ︸︸ ︷
π2S

2k

π1Map∗
[k]((S2k+1)2, S2k) π1Map[n]((S2k−1)2, S2k) π1S

2k︸ ︷︷ ︸
1

,

fib∗ ev∗

∼ ev∗

whence the claim for k ≥ 2 follows immediately by Thm. 3.3 and Lem. 3.4.
In the case k = 1, the presence of π2(S2) ≃ Z obstructs this direct argument, and
our Thm. 3.3 and Lem. 3.4 gives (28a) without determining the Planck constant to
be 2n. But this value is fixed by Prop. 3.9 below. □

Remark 3.6. Readers familiar with rational homotopy theory (cf. [FHT00; FSS23,
§III]) may find it instructive to reproduce the statement of Thm. 3.5 at the level
of minimal Sullivan models: For a X connected nilpotent space of finite rational
type, we denote its minimal Sullivan model (over some rational ground field K) by:
(30) CE(lX) ∈ dgCAlgK

(being the Chevalley-Eilenberg algebra CE(−) of the rational Whitehead bracket
L∞-algebra lX of X, cf. [FSS23, Prop. 5.11 & Rem. 5.4]).
The minimal models of positive even-dimensional spheres are (cf. [Men15, §1.2])4

CE(lS2k) ≃ Kd

[
f

h

]/(d f = 0
dh = 1

2f ∧ f

)
,

deg(f) = 2k
deg(h) = 4k − 1 ,

and the generators of the minimal model for the mapping space out of a squared
odd-dimensional sphere are (cf. toroidification in [SV25b, p. 9; GSS25, p. 35])
given by:

CE(lMap((S2k−1)2, S2k)) ≃ Kd



f

h
asf
bsf
ash
bsh
asbsh



/


d f = 0
dh = + 1

2f ∧ f

d asf = 0

d bsf = 0
d ash = −f ∧ asf

d bsh = −f ∧ bsf

d asbsh = +asf ∧ bsf


, deg(•s(-)) =

deg(-) − 2k + 1.

These co-binary differentials dually exhibit the Whitehead brackets over K (cf.
[AA78, Thm. 6.1; FHT00, Prop. 13.16]). In particular, the last line dually is
the Whitehead bracket shown above in (25), now over K. For K ≡ R, this is the
nontrivial Lie bracket of the Lie algebra of the ordinary Heisenberg group (Def. 2.1).
Of course, the crucial level ℓ = 2 of this Whitehead bracket, which we established
above, cannot be discerned in rational homotopy theory (where all non-vanishing
factors correspond to isomorphic models).

4Here Kd[L] denotes the free differential graded-commutative algebra on a list L of graded
generators, and the quotient divides out the shown differential ideal.
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3.2. Planck’s constant. For completeness, we recall in streamlined form the argu-
ment (following [Han74]) for the order 2n of the integer Heisenberg group extension
(called Planck’s constant in § 2.1) in the case k = 1, (28a) in Thm. 3.5.

Lemma 3.7. The following forgetful map (from the fundamental groups of the
pointed to that of the unpointed mapping space) is an isomorphism:

π1Map∗(S1 ∨ S1, S2)︸ ︷︷ ︸
Z2

π1Map(S1 ∨ S1, S2) .∼

Proof. The evaluation fiber sequence has a section (landing in the single connected
component of Map(S1 ∨ S1, S2)), whence the connecting homomorphism vanishes,

π2S
2

π1Map∗(S1 ∨ S1, S2) π1Map(S1 ∨ S1, S2) π1S
2︸ ︷︷ ︸

1

,

0
∼

because the previous map is thus split surjective. □

Lemma 3.8 ([Hu46, Thm. 5.3(i); Koh60, Lem. 3.9]). For all n ∈ Z, we have

π1Mapn(S2, S2) ≃ Z/2n .

Proof. The evaluation homotopy fiber sequence yields the following homotopy long
exact sequence:

Map∗
n(S2, S2) Mapn(S2, S2) S2

Z︷ ︸︸ ︷
π2(S2)

π1Map∗
n(S2, S2)︸ ︷︷ ︸

π3(S2) ≃Z

π1Mapn(S2, S2) π1(S1)︸ ︷︷ ︸
1

,

ev∗

[[n·id2],−]Wh

where the connecting homomorphism is given by the Whitehead bracket with n·id2,
by [Whi46, (3.4)∗]. But, due to linearity of the Whitehead bracket and by (17),
this means that the connecting homomorphism is given by multiplication with 2n:

1 = [id2] 7−→ [[n · id2], [id2]]Wh = n · [[id2], [id2]]Wh

= n · [2hC]
= 2n ∈ Z ≃ π3(S2) .

From this, the claim follows by exactness of the above sequence. □

Proposition 3.9 (following [Han74, Prop. 2]). For n ∈ Z, we have a short exact
sequence of groups of this form:

1 Z/2n π1Mapn((S1)2, S2) Z2 1 .
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Proof. First note that the canonical CW-complex structure on (S1)2 gives rise to
a homotopy cofiber sequence of the form

(31) S1 S1 ∨ S1 (S1)2 S2,
[α, β]

where α and β denote a pair of representatives of a pair of generators of π1(S1 ∨S1),
so that their group commutator [α, β] is the fundamental polygon of the torus (as
seen in Fig. 1).

Consider then the homotopy long exact sequence induced by the homotopy fiber
sequence obtained by mapping out of (31):

π2Map(S1 ∨ S1, S2)

π1Mapn(S2, S2)︸ ︷︷ ︸
Z/2n

π1Mapn((S1)2, S2) π1Map(S1 ∨ S1, S2)︸ ︷︷ ︸
Z2

π0Mapn(S2, S2) ,

where under the braces we use Lems. 3.7 and 3.8. But the connecting homomor-
phisms vanish, because by (31) they are given by precomposition with a group
commutator but now of representatives of elements of abelian groups. Therefore
the middle piece shown is short short exact, as claimed. □

4. Generalizations

We may generalize the situation in § 3 from the case of “squared spheres”
(S2k−1)2 to more general CW-complexes M (such as higher genus surfaces, Ex. 4.2),
where the Whitehead product attaching map (18) is allowed to have more argu-
ments and to have multiplicities (Def. 4.1 below). With Lem. 4.3 below established,
the proofs in this generality follow the same logic as those in § 3, whence we may
be more brief.

Definition 4.1. For k ∈ N≥1 and i, j ranging through some finite set I, let M be
the CW-complex given by the following pushout square on the left

(32)

S4k−3 ∨
i S

2k−1 ∗

D4k−2 M S4k−2

S2k−1 ,

ϕ

⌜ ⌜
prc

prj

where the attaching map is a product

(33) ϕ :=
∏
i<j

([ιi, ιj ]Wh)λij , λij ∈ N ,
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of Whitehead products:

S4k−3 S2k−1 ∨ S2k−1 ∨
i S

2k−1

D4k−2 S2k−1 × S2k−1 ,
⌜

[ιi, ιj ]Wh

(ii,ij)

and where the map prj is induced by the evident projection onto the jth (2k−1)-cell
due to the fact that ϕ (33) becomes null-homotopic under this projection:

(34)

S4k−3 ∨
i S

2k−1

D4k−2 M

S2k−1.

ϕ

⌜
(δj

i
)i∈I

∗

prj

Figure 2. Oriented surfaces
arise by identifying boundary
segments of their fundamental
polygons such that their 2-cell
attaching map is an iterated
Whitehead product (35).

sphere

S2
0 ≃ S2

torus
a

bS2
1 ≃ T2

2-holed

toru
s

a1

b1

a2

b2

S2
2

Example 4.2. The closed oriented surface S2
g of genus g ∈ N is an instance of

Def. 4.1 for k = 1, where the pushout reflects the classical construction of S2
g by

identifications among the boundary segments of a fundamental polygon (cf. [Gib77,
Thm. 2.8] and Fig. 2):

(35)
S1 ∨2g

S1

D2 S2
g .

[ι1,ιg+1]···[ιg,ι2g ]

⌜

The key to generalizing the theorem of § 3 is now the following observation,
generalizing (19):

Lemma 4.3. With M as in Def. 4.1, the following diagrams commute up to ho-
motopy, for j < j′ ∈ I:

(36)
M ∧M

M S4k−2.

pr
j ∧pr

j ′∆
λjj′ ·prc

Proof. By the Hopf-Whitney theorem (cf. [Whi78, (6.19) on p. 244]), it is sufficient
to show that both the top and the bottom map in this diagram have the same degree,
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hence that the degree of the top composite is λjj′ , in that the pullback of the volume
class 1 ∈ Z ≃ H4k−2(S4k−2;Z) is λjj′ times the generator of H4k−2(M ;Z).

To that end, consider the following diagram:

S4k−3 S4k−3

∨
i S

2k−1 S2k−1 ∨ S2k−1

M M ×M S2k−1 × S2k−1

M ∧M

S4k−2 S4k−2.

ϕ

λjj′

λ
jj′ ·[ι,ι]Wh [ι,ι]Wh

pjj′

∆
prj×prj′

prj ∧prj′
λjj′

Here:

(i) The vertical parts are the homotopy cofiber sequences (“Puppe sequences”).
(ii) The map pjj′ denotes the projection onto the j and j′th wedge summand,

whence the top square commutes by definition of ϕ (33).
(iii) The middle square commutes by (34).
(iv) By functoriality of the pushout, the bottom map is the suspension of the top

map and as such of the same degree λjj′ , as shown.

But then the top right triangle in the bottom square commutes by definition, whence
the bottom left triangle exhibits the degree of the diagonal map as claimed. □

With this in hand, we have an immediate generalization of Thm. 3.3:

Theorem 4.4. With M as in Def. 4.1, and for k ∈ {1, 2, 4}, we have:

(37) π1 Map∗
0(M, S2k) ≃ ⟨(Wi)i∈I , ζ | [Wi,Wj ] = ζ2λij , [Wi, ζ] = e⟩ × T ,

where T stands for the same torsion groups as in (22).

Proof. Since the suspension of Whitehead products is null (by Lem. 2.7), it follows
from (32) and (33) that we have a stable splitting in generalization of (20):

ΣM (∨i S
2k) ∨ S4k−1.

((Σpri)i∈I ,Σprc)
∼

This gives the set of generators as claimed in (37).
To see that their group commutators are as claimed, consider the direct analogue

of diagram (25), where now the left inner triangle is given by Lem. 4.3:

(38)

M ΩS2k

M ∧M S2k−1 ∧ S2k−1 (ΩS2k) ∧ (ΩS2k) .

∆

˜[Wj ,Wj′ ]

λjj′ ·prc

W̃j ∧ W̃j′

prj∧prj′ ĩd2k ∧ ĩd2k

2 h̃K [−,−]Sam

Similarly, diagram (26) generalizes immediately, which completes the proof. □
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It is furthermore straightforward now to pass from Thm. 4.4 to the generalization
of Thm. 3.5:

Theorem 4.5. For M as in Def. 4.1, we have:

π1 Mapn(M, S2) ≃ ⟨(Wi)i∈I , ζ | [Wi,Wi] = ζ2λij , [Wi, ζ] = e , ζ2n = e⟩ ,(39a)

π1 Map[n](M, S4) ≃ ⟨(Wi)i∈I , ζ | [Wi,Wi] = ζ2λij , [Wi, ζ] = e⟩ × Z/12 ,(39b)

π1 Map[n](M, S8) ≃ ⟨(Wi)i∈I , ζ | [Wi,Wi] = ζ2λij , [Wi, ζ] = e⟩ × Z/120 .(39c)

Proof. With Thm. 4.4 in hand, the remaining argument is verbatim that of the
proof of Thm. 3.5, subject just to substituting M for (S2k−1)2. □

In particular:

Example 4.6. For k = 1 and in the case that M = S2
g is the closed oriented sur-

face of genus g (Ex. 4.2), Thm. 4.5 gives the higher-dimensional integer Heisenberg
groups (12):
(40) π1 Mapn(S2

g , S
2) ≃ Heis2g+1(Z; 2n) .

This is the generality of the situation originally discussed by [Han74; LT80, Thm.
1; Kal01, Prop. 1.5].

5. Applications

Here we expand (following up on the indications in § 1.1.3) on how the result of
§ 3 may be understood as saying that the quantum observables of (abelian) anyons
on the torus (Fig. 1) are equivalently the group algebra of the 2-Cohomotopy of the
suspended torus, and in fact also of the 4-Cohomotopy of the suspended squared
3-sphere and of the 8-Cohomotopy of the suspended squared 7-sphere.

By itself, this is just a mathematical fact (Thm. 3.5, 28a). But we recall here
how there is physical significance in magnetic flux quantized in Cohomotopy [SS25e]
which, if physically realized (“Hypothesis h” [SS25f], recalled below in § 5.1) renders
this mathematical fact, instead of a coincidence, one instance of a novel algebro-
topological effective theory of anyons — which makes predictions, potentially rele-
vant for contemporary materials research, not captured by previous theories.

This appears to be a remarkable new opportunity for (low-dimensional) alge-
braic topology and homotopy theory to interact with cutting-edge experimental
and industry-relevant research (quantum materials, topological quantum comput-
ing), potentially of impact comparable to what had been hoped would happen with
topological data analysis (TDA, where methods of algebraic topology and homotopy
theory are hoped to identify hidden structure in complex data sets).

Moreover, we explain (in § 5.2 below, following [SS25c]) how our generalized
result of Thm. 3.5 establishes that quantum observables of (abelian) FQH anyons (of
the kind that have been observed in experiment in recent years) arise as topological
observables in a completion of 11-dimensional supergravity (11D SuGra) by flux
quantization in 4-Cohomotopy (“Hypothesis H”, now with a capital “H”).

As before, by itself this is just a mathematical fact (Thm. 3.5, 28b), surprising as
it may sound. It does, however, call to mind the much-discussed “holographic” re-
lation between 11D SuGra and condensed matter theory [Her+07; Zaa+15; HLS18;
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nLa26a] and may be understood as a novel instance of a general idea of gauge/gravity
duality whereby strongly-coupled quantum systems (for which there is little tradi-
tional theory available) are thought to be mapped onto more tractable dynamics
of branes fluctuating in auxiliary higher-dimensional auxiliary spacetimes.

While this approach has seen immense activity in the last couple of decades,
it is notorious for its dearth of precise definitions and of provable theorems. Our
result may open the door to a new form of mathematically substantiated interac-
tion between completed quantum 11D SuGra (“M-theory” [Duf99]) and topological
quantum materials (following [SS23a; SS25b; SS25j; SS25d]).

5.1. Ordinary FQH Anyons via 2-Cohomotopy. In view of our theorems in
§§ 3 and 4, here we briefly review the understanding of FQH anyons [SS26a; SS25f]
and of FQAH anyons [SS26b; SS25g] via (magnetic or Berry-)flux quantization in
2-Cohomotopy (further surveyed in [SS25a]).

5.1.1. Ordinary Magnetic Flux. Envision a thin slab of material of the form of a
closed oriented surface S2

g (Ex. 4.2) of some thickness 2ϵ ∈ R>0 and penetrated
transversally by a magnetic field. The phenomenon of Dirac charge quantization
(cf. [Alv85; Fra11, §16.4e]) entails (cf. [SS24, §3.1; SS25c, Cor. 2.3]) that the
topological sectors of solitonic magnetic flux configurations through this material
form the set of homotopy classes of maps out of its one-point compactification
(−)∪{∞} (enforcing the vanishing of solitonic flux at infinity) to the classifying space
of the (“gauge”) group U(1):

(41)

Magnetic flux sectors = π0 Map∗((S2
g × (−ϵ,+ϵ))∪{∞}, BU(1))

≃ π0 Map∗
0((S2

g)+ ∧ S1, BU(1))
≃ π1 Map0(S2

g , BU(1)) .
This is a fundamental group of a mapping space much as we have been discussing
in § 4, only that here the coefficient is BU(1) ≃ CP∞ instead of S2 ≃ CP 1. With
this “stable” coefficient it is immediate to compute the fundamental group to be:

· · · ≃ π0 Map0(S2
g ,ΩBU(1))

≃ π0 Map0(S2
g , BZ)

≃ H1(S2
g ;Z)

≃ Z2g .

This is the abelian base group of which Heis2g+1(Z) (Def. 2.2) is a nonabelian
extension. The topological quantum observables on these magnetic flux sectors
form the group algebra of Z2 (by [SS25i, §1; SS25c, (132)]).

5.1.2. Anyons as Surplus FQH Flux. Envision next that our slab of material is
filled with a very cold electron gas and penetrated by a magnetic field so strong
and so fine-tuned that there are exactly some K magnetic flux quanta per electron.
This is called a fractional quantum Hall system at filling fraction 1/K (cf. [Sto99;
Ton16]).



18 SADOK KALLEL, HISHAM SATI, AND URS SCHREIBER

On such a backdrop, every surplus magnetic flux quantum appears as the lack of
1/Kth of an electron and as such is called a fractional quasi-hole. It is these quasi-
holes that behave as anyons, in that under their movement around each other the
quantum state of the entire system picks up a complex braiding phase ζ (cf. Fig. 3).

Figure 3. The anyons of fractional quantum Hall systems are vortices
in the 2D electon gas induced by surplus magnetic flux quanta on top of
an exact rational filling fraction of K flux quanta per electron. Under
each braiding of their worldlines the quantum state |ψ⟩ transforms by
multiplication with a braiding phase ζ = exp(πi/K).

surplus
flux quantum:

quasi-hole
vortex

K flux-quanta absorbed
by each electron: (cf. [Sto99, Fig. 16])

S 2
g

S 2
g

tim
e

surplus flux quanta

braiding

|Ψ⟩

ζ|Ψ⟩

This means that the interaction with the electron gas makes surplus magnetic
flux in an FQH system effectively behave differently than predicted by the ordinary
Dirac charge quantization of § 5.1.1. Therefore it stands to reason that the effective
FQH flux is quantized (in the general sense of flux quantization [SS25e]) instead by
a deformation of the usual classifying space BU(1). But our Ex. 4.6 suggests that
this deformation must be its 3-skeleton

(42) S2 ≃ CP 1 CP∞ ≃ BU(1) ,i

because if we substitute that for BU(1) in the above computation (41), then the ex-
perimentally observed braiding phase ζ does appear (by Thm. 4.5, 39a) as expected
(cf. [Ton16, (5.28)]):

(43)
FQH surplus flux sectors ≡ π1 Map∗

n(S2
g , S

2)
≃ Heis2g+1(Z; 2n) .

This match hence suggests the hypothesis (called “Hypothesis h” in [SS25f]) that
2-Cohomotopy is the correct global flux quantization law for effective anyonic FQH
surplus flux quanta.

Apart from neatly reproducing the quantum observables (43) of solitonic FQH
flux, this Hypothesis h predicts experimentally relevant phenomena such as notably
the possible attachment of nonabelian defect anyons to superconducting islands
inside the 2D electron gas (cf. [SS25f, Fig. D & §3.8]).

5.1.3. FQH Anyon Braiding. To see more concretely the actual braiding of anyons
in this description, note that (as indicated in Fig. 4) the Pontrjagin theorem (cf.
[Bre93, §II.16; SS23b, §3.2]) identifies π0 Map(S2

g , S
2) with (cobordism classes of)

normally framed codim=2 submanifolds of S2
g , hence with signed points in S2

g , to
be identified with the anyon cores seen in Fig. 3.

Along these lines, careful analysis shows [SS26a] that the loop space ΩMap∗(R2
∪{∞}, S

2)
may be identified with the space of framed links L (of anyon worldlines) subject
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Figure 4. The unstable
Pontrjagin theorem iden-
tifies homotopy classes of
maps to the n-sphere with
cobordism classes of nor-
mally framed codim=n
submanifolds. We may
understand the latter as
the cores of flux density
quanta obtained as pull-
back of a Thom form thn

of unit weight supported
around 0 ∈ Sn.

classifying mapn

∞

anyon

worldline fluxB2 =
n ∗(th2 )

2-sphere S2

Σ 2

to framed link cobordism, and that under this identification the topological equiv-
alence classes of these loops/worldlines are identified with the writhe #L of the
corresponding links, being the total crossing number of any of their link diagrams:

(44)
Ω Map∗(R2

∪{∞}, S
2) π1Map∗(R2

∪{∞}, S
2) ≃ Z

L #L .

But this says exactly that one power of the braiding phase generator ζ is picked up
for every crossing of anyon worldlines as seen in Fig. 3 (cf. [SS26a, §3]).

5.1.4. Identifying FQAH Anyons. While FQH systems (§§ 5.1.2 and 5.1.3) thereby
constitute the first (and currently only) experimentally verified candidate plat-
form for genuine topological quantum hardware, the extremely low temperatures
and strong magnetic fields they require obstruct their practical utility as such. It
is therefore remarkable that, very recently, an “anomalous” version of fractional
quantum Hall systems (FQAH, predicted by [TMW11; Sun+11; Neu+11], fur-
ther developed in [PRS13; Roy14], recently reviewed in [Ju+24; MSM24; Zha+25])
has been experimentally realized in various materials ([Cai+23; Zen+23; Par+23;
Lu+24]):

In these crystalline FQAH systems the role of the magnetic field in “real space”
is played instead by an intrinsic property of the “momentum space” of the crystal
electrons, called the Berry curvature (cf. [Sta20, §2; SS26b, Fig. 3]). Therefore,
if anyonic states in FQAH materials could be identified and controlled, this would
open the door to practically viable room temperature topological quantum hard-
ware.

While traditional theory has arguably remained inconclusive in identifying the
nature and signature of potential FQAH anyons, at this point the discussion in § 3
applies, since:
(i) Due to the translational symmetry of crystal lattices, the crystal momentum

space is always a torus — known as the Brillouin torus T̂ d (cf. [Thi25, §2.1]),
which is 2-dimensional for the effectively 2-dimensional FQAH systems: T̂ 2 ≃
T 2.

(ii) For the most prominent FQAH systems with 2 relevant electron bands, the
space of choices of valence electron states at each momentum [k] ∈ T̂ 2 is the
space of 1D complex subspaces among the 2D space of valence and conduction
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electron states, hence is the Grassmannian CP 1 ≃ S2 (cf. [Ser23, (8.3-4);
SS26b, (4); SS25h, Lem. 4.1]).

But this means that the moduli space of these crystal’s topological parameters is
just the kind of mapping space considered in § 3:

(45) Crystal parameter space ≃ Map(T̂ 2,CP 1) = Map(T 2, S2) .

In particular, the topological phases available to the FQAH system constitute
the connected components of this space, which is the set of integers known as the
Chern numbers of the valence bundles (cf. [SS26b, (8)]):

π0 Map(T 2, S2) π0 Map(T 2, BU(1)) ≃ Z ,∼
i∗

whence one refers to these topological quantum phases as (fractional) Chern insu-
lators (cf. [Ser23, §8; Neu+11]).

Furthermore, with [SS26b; SS25g] we may observe now that the quantum adia-
batic theorem entails (cf. Fig. 5) that anyonic topological order of quantum materi-
als is classified by local systems of Hilbert spaces (of gapped ground states) over the
system’s parameter space, hence here by linear representations of the fundamental
groups of the parameter space (45):

(46) Category of anyonic topological orders
in topol. phase with Chern number C = (π1 MapC(T 2, S2))Rep .

But this is exactly what Thm. 3.5 (28a) applies to, where it says that these any-
onic quantum states are representations of the integer Heisenberg group — just as
expected for FQH systems on a torus.

Figure 5. The adiabatic tuning of classical parameters p along paths
γ in parameter space induces unitary transformations Uγ between cor-
responding Hilbert spaces H of gapped ground states. For topological
states these transformations depend only on the homotopy class of γ, ex-
hibiting a local system or flat bundle of Hilbert spaces over the parameter
space. These are equivalently linear representations of the fundamental
groups of parameter loops ℓ at each base point, reflecting the topological
order of the system in any topological phase.

Hp2

Hp1
Hp3

Hp0

p2

p1 p3 p0

U
γ
23

Uγ13

Uγ 12 Uℓ

γ
23

γ13

γ 12
ℓ

In conclusion, Thm. 3.5 (28a), applied to the adiabatic monodromy (Fig. 5) in
the topological parameter space (45) of 2D 2-band (fractional) Chern insulators,
implies that the sought-after FQAH anyons are going to appear like the already
observed anyons in FQH systems, but now localized in momentum space. Further
details on experimental signatures predicted by this result are discussed in [SS25g].



HIGHER ANYONS VIA HIGHER COHOMOTOPY 21

5.2. 2-Dimensional Anyons via 4-Cohomotopy. In the above discussion of
FQ(A)H anyons (§ 5.1), the appearance of the 2-sphere and hence of 2-Cohomotopy
as a quantization law is tied to the fact that both magnetic flux density and Berry
curvature are differential 2-forms. For an analogous interpretation of the 4-sphere
coefficient appearing in Thm. 3.5 (28b) and Thm. 4.5 (39b) one needs to understand
4-Cohomotopy as a flux quantization law of a kind of higher gauge field whose
magnetic flux density is given by a differential 4-form.

5.2.1. The C-field in 11D Supergravity. A higher gauge field (the “C-field”) with
just such a higher 4-form flux density famously exists in 11-dimensional supergravity
theory (11D SuGra, cf. [MS06; FV12; GSS24a, §3]), where its electric Gauß law
implies that 4-Cohomotopy is a valid choice (“Hypothesis H”, now with capital
“H”) for its flux quantization.

This means5 that when the gauge field content of 11D SuGra is globally com-
pleted according to Hypothesis H, then the solitonic topological observables on a
globally hyperbolic spacetime X1,10 ≃ R1,1 ×X9 are spanned by
(47) π0 Map∗(X9

+ ∧ R1
∪{∞}, S

4) ≃ π1 Map0(X9, S4) .

5.2.2. Near-horizons of intersecting M2/M5-branes. In order that Thm. 3.5 (28b)
applies, we need to look for solutions of 11D SuGra where the spacetime topology
contains a factor topologically of the form S3 × S3.

Such solutions do exist in the form (cf. [BPS98, §2.2; GMT99])
(48) X1,10 ≃ AdS3 × S3 × S3 × R2

reflecting the near-horizon geometry of suitable M2/M5-brane intersections. (More
generally, the 1/2 BPS solutions of 11D SuGra of this form are products of AdS3 ×
S3 × S3 warped over a surface Σ2, by [DHo+08a; DHo+08b; DHo+09].)

5.2.3. Anyonic monodromy in 11d SuGra. If we restrict attention to a bulk causal
diamond D1,2 ⊂ AdS3 and take solitonic flux to be localized along one of the two
factors of R2, the monodromy group (47) becomes

π1 Map0(X9, S4) ≃ π1 Map0(D1,2 × R1 × S3 × S3, S4)
≃ π1 Map0(S3 × S3, S4)
≃ Heis3(Z, 0) × Z/12 ,

where in the first step we used that D1,2 × R1 is contractible, and in the last step
we applied our new Thm. 3.5 (28b).

But this means (following [SS25c, §3.3]) that the topological quantum states on
cohomotopically quantized C-field flux over such 11D SuGra backgrounds (48) are
of just the form (§ 5.1) expected for FQ(A)H anyons on a torus!

This is a novel realization of anyon statistics in quantum 11D SuGra. While the
quantum observables are just those of the experimentally observed FQH anyons,

5Generally, if the tangent bundle of the spacetime does not trivialize, the full Hypothesis H
demands ([FSS20; FSS21; SS21]) that plain 4-Cohomotopy be replaced by tangentially twisted
4-Cohomotopy, represented not by plain maps to the 4-sphere but by sections of 4-spherical
fibrations over spacetime. But here we may disregard this further refinement, since the example
spacetimes relevant here have trivializable tangent bundles, mainly owing to the fact that so does
S3 ≃ SU(2) and with it the product space S3 × S3.
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these anyonic C-field flux quanta are, at face value, higher-dimensional objects,
braiding in a higher-dimensional ambient space:6

5.2.4. 2-Dimensional anyons. The analogue of the argument in § 5.1.3, around
Fig. 4, via the Pontrjagin theorem shows that the anyonic C-field flux quanta iden-
tified above in § 5.2.3 are 2-dimensional inside S3 × S3 (hence are 2 + dim(AdS3 ×
R1) = 6-dimensional inside X1,10, hence are anyonic 5-branes of sorts). Hence, the
analogue of (44) says that the “worldvolume” traced out as these higher-dimensional
anyons propagate are 3-dimensional links inside S3 × S3.

Similar “d-dimensional anyons” have previously been discussed mostly for d = 1
as linear representations of loop braid groups (cf. [nLa26c]) potentially realizable
in 3-dimensional quantum materials. The role of d = 2-dimensional anyons in 6
ambient dimensions remains to be understood.

Appendix A. Some Topology

For reference in the main text and to establish our notation, we briefly recall
some notions and facts from basic topology.

We work in the category of compactly generated topological spaces, to be denoted
TopSp, and TopSp∗ for the pointed version. For X,Y ∈ TopSp we write
(49) Map(X,Y ) ∈ TopSp
for their mapping space, and for (X,x), (Y, y) ∈ TopSp∗ we write
(50) Map∗(X,Y ) ⊂ Map(X,Y ) ∈ TopSp
for their pointed mapping space.

For example, the circle is naturally a pointed space when realized as

S1 ≃ [0, 1]
{0, 1}

and the based loop space of a pointed space is
(51) ΩX := Map∗(S1, X) .

Given a pair of pointed spaces (X,x), (Y, y) ∈ TopSp∗, their smash product is

(52) X ∧ Y := X × Y

X×{y} ∪ {x}×Y
.

Notably
(53) Sn1 ∧ Sn2 ≃ Sn1+n2 ,

and generally
(54) ΣX := S1 ∧X

is the suspension of a pointed space.

6Alternatively, the usual point-like anyons in the cohomotopical guise of § 5.1.2 may be “geo-
metrically engineered” in 11D SuGra by realizing them on M5-probe worldvolumes (which in turn
are embedded into 11D SuGra backgrounds, cf. [HS97; GSS24b]), cf. [SS25b; SS26c], exposition
in [SS25j; SS25d].
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While the smash product is not Cartesian, it does have a natural diagonal map
induced by the Cartesian diagonal, which we thus denote by the same symbol:

(55) X X ∧X .

X ×X

∆

∆

The hom-adjunction is the natural homeomorphism which regards a map of two
arguments as a function of the first with values in maps of the second argument:

(56) Map∗(X ∧ Y, Z) Map∗(X, Map∗(Y,Z)).(̃−)
∼

Notably the suspension operation (54) is left-adjoint to forming based loop spaces
(51):

(57) Map∗(ΣX, Y ) Map∗(X, ΩY ).(̃−)
∼

Moreover, since the coproduct of pointed spaces is the wedge sum

(58) X ∨ Y := X ⊔ Y

{x, y}
.

we have
(59) Map∗(X ∨ Y, Z) ≃ Map∗(X,Z) × Map∗(Y,Z).

The homotopy groups of (X,x) ∈ TopSp∗ are
(60) πn(X,x) ≃ π0 Map∗(Sn, X) .

Appendix B. Some Homotopy Theory

For reference in the main text and to establish our notation, we briefly recall
some notions and facts from basic homotopy theory.

A homotopy is a path in a mapping space. The homotopy classes of maps are
the connected components of the mapping space (50):
Definition B.1. The pointed homotopy category Ho(TopSp∗) has as objects the
pointed topological spaces which admit CW-complex structure, and as hom-sets
the connected components of mapping spaces between these:

Ho(TopSp∗)(X,Y ) ≃ π0 Map(X,Y ) .

In particular, the homotopy groups of a pointed space X are
(61) πn(X) ≡ π0 Map∗(Sn, X).
Example B.2. Some well-known unstable homotopy groups of spheres in low de-
grees:

(62)
∀k<n∈N πk(Sn) ≃ 0 ,
∀n∈N≥1 πn(Sn) ≃ Z︸︷︷︸

⟨[id]⟩

,

π3(S2) ≃ Z︸︷︷︸
⟨[hC]⟩

π7(S4) ≃ Z︸︷︷︸
⟨[hH]⟩

×Z/12︸︷︷︸
⟨rH⟩

π15(S8) ≃ Z︸︷︷︸
⟨[hO]⟩

×Z/120︸ ︷︷ ︸
⟨rO⟩

,

π6(S4) ≃ Z/2

π14(S8) ≃ Z/2 ,
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where [hK] denotes the homotopy class of the K ∈ {C,H,O}-Hopf fibration hK (cf.
[SS25h, §3.2.3]), and rK represents an unstable remainder class.

Here the group structure on the homotopy groups is induced by the H-cogroup
structure on the spheres (cf. Rem. B.6 below):

Definition B.3 (cf. [Ark11, §2.2]). An H-group is a group internal to the pointed
homotopy category (Def. B.1), hence a pointed topological space (with CW-structure)
equipped with a binary operation and with inverses which satisfy the group axioms
up to (unspecified) homotopy.

Dually, an H-cogroup is a group object internal to the opposite of the pointed
homotopy category.

Example B.4. For (X,x) ∈ TopSp∗:

(i) The loop space ΩX (51) is an H-group (Def. B.3) with binary operation given
by concatenation of loops,

(63)
ΩX × ΩX ΩX

(ℓ1, ℓ2) 7−→ (s 7→

{
ℓ1(2s) if s ≤ 1/2
ℓ1(2s− 1) if s ≥ 1/2),

⋆

and inverses given by reversal of loops:

(64) ΩX ΩX
ℓ 7−→ (s 7→ ℓ(1 − s)).

(−)

(ii) The suspension ΣX (54) is an H-cogroup with binary cooperation

(65)
ΣX ΣX ∨ ΣX

(s, x) 7−→

{
((2s, x), ∗) if s ≤ 1/2
(∗, (2s− 1)) if s ≥ 1/2 ,

and coinverses given by

(66) ΣX ΣX
(s, x) 7−→ (1 − s, x) .

Here (co)associativity is witnessed by “thin” homotopies which exhibit reparame-
terizations of concatenated loops.

Example B.5. More generally, the mapping spaces (57) out of a suspension or into
a loop space inherit H-group structure by pointwise group operation, hence where
the binary operation on a pair of maps f, g : X ΩS is given by the following
composite with the smash diagonal (55) on the left and loop concatenation (63) on
the right:

X ΩA

X ×X ΩA× ΩA .

∆

f⋆g

f×g

⋆



REFERENCES 25

Remark B.6. Under passage to homotopy classes of maps, H-(co)group structure in-
duces genuine group structure: For (X,x), (A, a) ∈ TopSp∗ the H-group structure
on the mapping space (Ex. B.5) induces actual group structures

(67)
π0 Map∗(X,ΩA) ≃ π0 Map∗(ΣX,A)

≃ π1 Map∗(X,A) ∈ Grp .
In particular, the group structure on homotopy groups (61) in positive degree,

πd+1(A) ≃ π0 Map∗(ΣSd, A) ,
arises this way.

Further in this vein:

Example B.7. ForXd a CW-complex of dimension d ≥ 1, andSd−1 Dd X

an embedding of the boundary of a d-ball into the interior of a d-cell of Xd, then
the pinch map ϕ given by the pushout

(68)
Sd−1 ∗

Xd Xd ∨ Sd
⌜ϕ

exhibits an “H-coaction” (a coaction up to unspecified homotopies) of the H-cogroup
Sd ≃ ΣSd−1 (from Ex. B.4). For any A ∈ TopSp∗ this entails an actual action of
the homotopy group πd(A) ≃ π0Map∗(Sd, A) (from Rem. B.6) on the homotopy
classes of maps from Xd to A:

(69) πd(A) × π0 Map∗(Xd, A) π0 Map∗(Xd ∨ Sd, A) π0 Map∗(Xd, A) .∼ ϕ∗

This is used in the proof of Lem. 3.4 above.

References

[AA78] P. Andrews and M. Arkowitz. “Sullivan’s Minimal Models and Higher
Order Whitehead Products”. In: Canadian Journal of Mathematics
30.5 (1978), pp. 961–982. doi: 10.4153/CJM-1978-083-6 (cit. on
p. 11).

[Alv85] O. Alvarez. “Topological Quantization and Cohomology”. In: Com-
mun. Math. Phys. 100.2 (June 1985), pp. 279–309. doi: 10.1007/bf
01212452 (cit. on p. 17).

[Ark11] M. Arkowitz. Introduction to Homotopy Theory. Universitext. New
York, NY: Springer, 2011. isbn: 978-1-4419-7329-0. doi: 10.1007/97
8-1-4419-7329-0 (cit. on p. 24).

[Bar+20] H. Bartolomei et al. “Fractional statistics in anyon collisions”. In:
Science 368.6487 (2020), pp. 173–177. doi: 10.1126/science.aaz56
01 (cit. on p. 3).

[BG25] R. Buyya and S. S. Gill, eds. Quantum Computing: Principles and
Paradigms. Elsevier, July 2025. isbn: 9780443290961. url: https:
//shop.elsevier.com/books/quantum-computing/buyya/978-0-4
43-29096-1 (cit. on p. 4).

https://doi.org/10.4153/CJM-1978-083-6
https://doi.org/10.1007/bf01212452
https://doi.org/10.1007/bf01212452
https://doi.org/10.1007/978-1-4419-7329-0
https://doi.org/10.1007/978-1-4419-7329-0
https://doi.org/10.1126/science.aaz5601
https://doi.org/10.1126/science.aaz5601
https://shop.elsevier.com/books/quantum-computing/buyya/978-0-443-29096-1
https://shop.elsevier.com/books/quantum-computing/buyya/978-0-443-29096-1
https://shop.elsevier.com/books/quantum-computing/buyya/978-0-443-29096-1


26 REFERENCES

[BPS98] H. J. Boonstra, B. Peeters, and K. Skenderis. “Brane intersections,
anti-de Sitter space-times and dual superconformal theories”. In: Nucl.
Phys. B 533.1–3 (1998), pp. 127–162. doi: 10.1016/S0550-3213(98
)00512-4. arXiv: hep-th/9803231 [hep-th] (cit. on p. 21).

[Bre93] G. E. Bredon. Topology and Geometry. Vol. 139. Graduate Texts
in Mathematics. New York: Springer, 1993. isbn: 978-1-4757-6848-0.
doi: 10.1007/978-1-4757-6848-0 (cit. on p. 18).

[Cai+23] J. Cai et al. “Signatures of fractional quantum anomalous Hall states
in twisted MoTe2”. In: Nature 622 (2023), pp. 63–68. doi: 10.1038/s
41586-023-06289-w (cit. on p. 19).

[Das22] S. Das Sarma. “Quantum computing has a hype problem”. In: MIT
Technology Review (Mar. 2022). url: https://www.technologyrev
iew.com/2022/03/28/1048355/quantum-computing-has-a-hype-
problem/ (cit. on p. 4).

[Der06] J. Dereziński. “Introduction to Representations of the Canonical Com-
mutation and Anticommutation Relations”. In: Large Coulomb Sys-
tems — QED. Vol. 695. Lecture Notes in Physics. Springer, 2006,
pp. 63–143. doi: 10.1007/3-540-32579-4_3. arXiv: math-ph/0511
030 [math-ph] (cit. on p. 3).

[DHo+08a] E. D’Hoker et al. “Exact Half-BPS Flux Solutions in M-theory I: Local
Solutions”. In: JHEP 08 (2008), p. 028. doi: 10.1088/1126-6708/2
008/08/028. arXiv: 0806.0605 [hep-th] (cit. on p. 21).

[DHo+08b] E. D’Hoker et al. “Exact Half-BPS Flux Solutions in M-theory II:
Global solutions asymptotic to AdS7 × S4”. In: JHEP 12 (2008),
p. 044. doi: 10.1088/1126-6708/2008/12/044. arXiv: 0810.4647
[hep-th] (cit. on p. 21).

[DHo+09] E. D’Hoker et al. “Exact Half-BPS Flux Solutions in M-theory III:
Existence and rigidity of global solutions asymptotic to AdS4 × S7”.
In: JHEP 09 (2009), p. 067. doi: 10.1088/1126-6708/2009/09/067.
arXiv: 0906.0596 [hep-th] (cit. on p. 21).

[Duf99] M. J. Duff. The World in Eleven Dimensions: Supergravity, Superme-
mbranes and M-Theory. IOP Publishing, 1999. isbn: 978-0-750-30672-
0. doi: 10.1201/9781482268737 (cit. on p. 17).

[Fen+25] Y. Feng et al. Anyonic membranes and Pontryagin statistics. 2025.
arXiv: 2509.14314 [quant-ph] (cit. on p. 5).

[FHT00] Y. Félix, S. Halperin, and J.-C. Thomas. Rational Homotopy Theory.
Vol. 205. Graduate Texts in Mathematics. Springer, 2000. doi: 10.1
007/978-1-4613-0105-9 (cit. on pp. 6, 11).

[Fra11] T. Frankel. The Geometry of Physics: An Introduction. Cambridge
University Press, 2011. isbn: 9781139061377. doi: 10.1017/CBO9781
139061377 (cit. on p. 17).

[Fre+03] M. Freedman et al. “Topological quantum computation”. In: Bulletin
of the American Mathematical Society 40.1 (2003), pp. 31–38. doi:
10.1090/S0273-0979-02-00964-3. arXiv: quant-ph/0101025 (cit.
on pp. 2, 4).

[FSS20] D. Fiorenza, H. Sati, and U. Schreiber. “Twisted Cohomotopy Im-
plies M-Theory Anomaly Cancellation on 8-Manifolds”. In: Commun.

https://doi.org/10.1016/S0550-3213(98)00512-4
https://doi.org/10.1016/S0550-3213(98)00512-4
https://arxiv.org/abs/hep-th/9803231
https://doi.org/10.1007/978-1-4757-6848-0
https://doi.org/10.1038/s41586-023-06289-w
https://doi.org/10.1038/s41586-023-06289-w
https://www.technologyreview.com/2022/03/28/1048355/quantum-computing-has-a-hype-problem/
https://www.technologyreview.com/2022/03/28/1048355/quantum-computing-has-a-hype-problem/
https://www.technologyreview.com/2022/03/28/1048355/quantum-computing-has-a-hype-problem/
https://doi.org/10.1007/3-540-32579-4_3
https://arxiv.org/abs/math-ph/0511030
https://arxiv.org/abs/math-ph/0511030
https://doi.org/10.1088/1126-6708/2008/08/028
https://doi.org/10.1088/1126-6708/2008/08/028
https://arxiv.org/abs/0806.0605
https://doi.org/10.1088/1126-6708/2008/12/044
https://arxiv.org/abs/0810.4647
https://arxiv.org/abs/0810.4647
https://doi.org/10.1088/1126-6708/2009/09/067
https://arxiv.org/abs/0906.0596
https://doi.org/10.1201/9781482268737
https://arxiv.org/abs/2509.14314
https://doi.org/10.1007/978-1-4613-0105-9
https://doi.org/10.1007/978-1-4613-0105-9
https://doi.org/10.1017/CBO9781139061377
https://doi.org/10.1017/CBO9781139061377
https://doi.org/10.1090/S0273-0979-02-00964-3
https://arxiv.org/abs/quant-ph/0101025


REFERENCES 27

Math. Phys. 377.3 (Apr. 2020), pp. 1961–2025. doi: 10.1007/s0022
0-020-03707-2. arXiv: 1904.10207 [hep-th] (cit. on pp. 4, 21).

[FSS21] D. Fiorenza, H. Sati, and U. Schreiber. “Twisted Cohomotopy Im-
plies Level Quantization of the Full 6d Wess-Zumino Term of the M5-
Brane”. In: Commun. Math. Phys. 384.1 (Apr. 2021), pp. 403–432.
doi: 10.1007/s00220-021-03951-0. arXiv: 1906.07417 [hep-th]
(cit. on pp. 4, 21).

[FSS23] D. Fiorenza, H. Sati, and U. Schreiber. The Character Map in Non-
abelian Cohomology: Twisted, Differential, and Generalized. https:
//ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abe
lian+Cohomology. World Scientific, 2023. isbn: 9789811276705. doi:
10.1142/13422. arXiv: 2009.11909 [math.AT] (cit. on pp. 4, 11).

[FV12] D. Z. Freedman and A. Van Proeyen. Supergravity. Cambridge: Cam-
bridge University Press, 2012. isbn: 978-0-521-19401-3. doi: 10.1017
/CBO9781139026833 (cit. on p. 21).

[Gho+25] B. Ghosh et al. “Anyonic braiding in a chiral Mach–Zehnder interfer-
ometer”. In: Nature Physics 21.9 (July 2025), pp. 1392–1397. doi: 10.
1038/s41567-025-02960-3. arXiv: 2410.16488 [cond-mat.mes-hall]
(cit. on p. 3).

[Gib77] P. J. Giblin. Graphs, Surfaces and Homology: An Introduction to Al-
gebraic Topology. Chapman and Hall, 1977. doi: 10.1007/978-94-0
09-5953-8 (cit. on p. 14).

[GMT99] J. P. Gauntlett, R. C. Myers, and P. K. Townsend. “Supersymmetry
of rotating branes”. In: Phys. Rev. D 59 (1999), p. 025001. doi: 10.1
103/PhysRevD.59.025001. arXiv: hep-th/9809065 (cit. on p. 21).

[GSS24a] G. Giotopoulos, H. Sati, and U. Schreiber. “Flux quantization on 11-
dimensional superspace”. In: J. High Energ. Phys. 2024.7 (July 2024),
p. 82. doi: 10.1007/JHEP07(2024)082. arXiv: 2403.16456 [hep-th]
(cit. on p. 21).

[GSS24b] G. Giotopoulos, H. Sati, and U. Schreiber. “Flux Quantization on M5-
Branes”. In: J. High Energy Physics 2024.10 (Oct. 2024), p. 140. doi:
10.1007/JHEP10(2024)140. arXiv: 2406.11304 [hep-th] (cit. on
p. 22).

[GSS25] G. Giotopoulos, H. Sati, and U. Schreiber. “Super-Lie∞ T-Duality
and M-Theory”. In: Rev. Math. Phys. (2025). doi: 10.1142/S01290
55X25500187. arXiv: 2411.10260 [hep-th] (cit. on p. 11).

[Han74] V. L. Hansen. “On the space of maps of a closed surface into the 2-
sphere”. In: Mathematica Scandinavica 35.2 (1974), pp. 149–158. url:
https://www.jstor.org/stable/24490694 (cit. on pp. 2, 10, 12,
16).

[Har07] S. A. Hartnoll. “Anyonic strings and membranes in AdS space and
dual Aharonov-Bohm effects”. In: Phys. Rev. Lett. 98 (Mar. 2007),
p. 111601. doi: 10.1103/PhysRevLett.98.111601. arXiv: hep-th/0
612159 [hep-th] (cit. on p. 5).

[Hat02] A. Hatcher. Algebraic Topology. Cambridge University Press, 2002.
isbn: 9780521795401. url: https://pi.math.cornell.edu/˜hatch
er/AT/AT.pdf (cit. on p. 8).

https://doi.org/10.1007/s00220-020-03707-2
https://doi.org/10.1007/s00220-020-03707-2
https://arxiv.org/abs/1904.10207
https://doi.org/10.1007/s00220-021-03951-0
https://arxiv.org/abs/1906.07417
https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://ncatlab.org/schreiber/show/The+Character+Map+in+Non-Abelian+Cohomology
https://doi.org/10.1142/13422
https://arxiv.org/abs/2009.11909
https://doi.org/10.1017/CBO9781139026833
https://doi.org/10.1017/CBO9781139026833
https://doi.org/10.1038/s41567-025-02960-3
https://doi.org/10.1038/s41567-025-02960-3
https://arxiv.org/abs/2410.16488
https://doi.org/10.1007/978-94-009-5953-8
https://doi.org/10.1007/978-94-009-5953-8
https://doi.org/10.1103/PhysRevD.59.025001
https://doi.org/10.1103/PhysRevD.59.025001
https://arxiv.org/abs/hep-th/9809065
https://doi.org/10.1007/JHEP07(2024)082
https://arxiv.org/abs/2403.16456
https://doi.org/10.1007/JHEP10(2024)140
https://arxiv.org/abs/2406.11304
https://doi.org/10.1142/S0129055X25500187
https://doi.org/10.1142/S0129055X25500187
https://arxiv.org/abs/2411.10260
https://www.jstor.org/stable/24490694
https://doi.org/10.1103/PhysRevLett.98.111601
https://arxiv.org/abs/hep-th/0612159
https://arxiv.org/abs/hep-th/0612159
https://pi.math.cornell.edu/~hatcher/AT/AT.pdf
https://pi.math.cornell.edu/~hatcher/AT/AT.pdf


28 REFERENCES

[Her+07] C. P. Herzog et al. “Quantum critical transport, duality, and M-
theory”. In: Phys. Rev. D 75 (2007), p. 085020. doi: 10.1103/Phys
RevD.75.085020. arXiv: hep-th/0701036 [hep-th] (cit. on p. 16).

[HLS18] S. Hartnoll, A. Lucas, and S. Sachdev. Holographic Quantum Matter.
MIT Press, 2018. isbn: 9780262348010. arXiv: 1612.07324 [hep-th]
(cit. on p. 16).
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